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Abstract: The paper considers constrained linear systems with stochastic additive disturbances
and noisy measurements transmitted over a lossy communication channel. We propose a
model predictive control (MPC) law that minimizes a discounted cost subject to a discounted
expectation constraint. Sensor data is assumed to be lost with known probability, and data
losses are accounted for by expressing the predicted control policy as an affine function of
future observations, which results in a convex optimal control problem. An online constraint-
tightening technique ensures recursive feasibility of the online optimization and satisfaction of
the expectation constraint without bounds on the distributions of the noise and disturbance
inputs. The cost evaluated along trajectories of the closed loop system is shown to be bounded
by the optimal predicted cost. A numerical example is given to illustrate these results.
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1. INTRODUCTION

Robust model predictive control often considers worst-case
disturbance bounds, so that hard constraints on system
states and control inputs are satisfied for all possible
disturbances (Mayne et al., 2000; Mesbah, 2016; Kou-
varitakis and Cannon, 2015). However, worst-case dis-
turbance bounds can be extremely conservative or even
non-existent, which motivates the development of stochas-
tic MPC with chance constraints. In many applications
of practical interest, system states cannot be measured
directly and instead have to be estimated from output
measurements. Existing stochastic MPC algorithms incor-
porating state estimation (e.g. Cannon et al., 2012; Dai
et al., 2015) typically do not consider optimizing state
feedback gains online, and the estimator gain is typically
chosen as the steady state Kalman filter gain.

Control systems that rely on sensor signals transmitted
over a network must tolerate communication delays and
data losses. These pose additional challenges for estimation
and control problems when constraints are present. From
a control perspective, these features can be modelled as
information losses by random processes, such as Bernoulli
processes (Sinopoli et al., 2004) or Markov chains (Leong
et al., 2017). In Sinopoli et al. (2004), the arrival of output
observations is modelled as a Bernoulli process and funda-
mental results are derived, including bounds on the critical
value for the arrival probability of the observation update
and convergence properties of the algebraic Riccati equa-
tion for Kalman filters with intermittent observations. In
Schenato et al. (2007), it is shown that the well-known sep-
aration principle holds with sensor packet losses, whereas
this is not the case if constraints are present. Mishra et al.
(2019) consider the problem of controlling linear systems
with unbounded additive disturbances and measurement
noise by using an affine policy, where both sensor measure-

ments and control actions are lost with given probabilities.
Alternatively, these problems can be modelled as jump
linear systems (Mariton, 1990) switching between different
states according to a transition probability matrix.

This paper designs an output-feedback MPC algorithm
to minimize a discounted cost function subject to a dis-
counted expectation constraint, assuming sensor measure-
ments to be lost with a given probability. The discount
setting is common to many control problems (e.g. Bert-
sekas, 1995; Van Parys et al., 2013; Kouvaritakis et al.,
2003; Kamgarpour and Summers, 2017), and an appro-
priate discounting factor can provide stability guarantees
(Postoyan et al., 2017). In this work, the discounting
factor allows consideration of unbounded disturbances and
measurement noise, and we derive bounds on the cost and
constraints for the closed loop system using a constraint-
tightening technique (Yan et al., 2018). Instead of choosing
the future control policy as pre-stabilising feedback with
perturbations (Cannon et al., 2011), we parameterise pre-
dicted control inputs as affine functions of future output
measurements and show that the problem of optimizing
the associated feedback gains is convex. This allows the
distributions of future states to be controlled even when
output measurements are lost.

This paper is organised as follows. We describe the control
problem in Section 2, and introduce the controller param-
eterization and implementation in Section 3. We compute
predicted state and control sequences via their first and
second moments in Section 4. In Section 5, we derive the
terminal conditions and give explicit expressions for the
cost and constraints. Our main results, including a closed
loop cost bound and constraint satisfaction, are in Section
6. Section 7 provides a numerical example and the paper
is concluded in Section 8.



Notation: The n xn identity matrix is I, x,, and the n xm
matrix with all elements equal to 1 is 1,,x.,,. The vectorized
form of a matrix A = [a; --- a,]is vec(A) :=[a{ --- a]]T
and A ® B is the Kronecker product. The Euclidean norm
is ||z|| and, for a matrix @, @ > 0 (Q = 0) indicates that

@ is positive definite (semidefinite) and Hx||2Q =z Qux.
2. PROBLEM DESCRIPTION
2.1 System model and feedback information

We assume a system with linear discrete time dynamics
Tht1 = Azxy + Bug + Dwy, (1&)
Yk = Cap + vky 26 = ViVk (1b)
where x € R" 4 € R™ y € R™, z € R™ are the state,
control input, sensor measurement, and the measurement
information received by the controller respectively. The
disturbance, measurement noise and packet loss sequences,
{wi}y, {vk}ee, and {yx}32,, are assumed to have
independent, identically distributed (i.i.d.) elements with
E{wy} =0, E{wpwy } = Ty = 0,
E{v} =0, E{vyvl } =%, = 0,
Py =0}=1-A  P{w=1}t=A\
The variable 7, € {0,1} indicates whether sensor data at
the kth sampling instant is received by the controller. The
information available to the controller at time k consists
of {u; }F=0, {(2i,7) }r_y, the initial mean E{zo} = &, and
covariance E{(xo—20)(xo—20) "} = o of the model state.

We define the information sets
T = A{Zk—1, (zr>s )} Ui = {U—1,u},

for all k > 0, where Z_; := {&¢, 30}, U_1 := {}. Finally,
we define conditional expectation operators as

Ee{-} = E{ [Up—1, i1}, E{}:=Eo{-}.
Assumption 1. The pair (A, B) is stabilizable, and (4, C)
is detectable.

2.2 Optimal control problem

We will employ a finite-horizon control policy with input
at time k in the form
Uiy = Ki (O, Unyi—1, Trti)

where u;);, for i = 0,1,. .. is the prediction of ux4; at time
k, and 6}, is a vector of controller parameters at time k. The
dependence of k;(-) on the sets Uyy;—1 and Zj4; ensures
causality and the dependence on 6y is chosen so that the
optimal parameter vector, denoted 0}, will be the solution
of a convex problem.

Assumption 2. (i). The probability, A, of successfully re-
ceiving sensor measurements is known. (ii). When 6; is
computed, (2k4i,Vk+i) are unknown for all ¢ > 0.

Assumption 2 requires §; to be a function of U,_; and
Zy—1, and we therefore assume that ¢; is computed online
prior to the kth sampling instant. However (zj,7g) is
known when the control law

ug = ko0, Up—1,Tx)
is applied to the plant.

We consider the problem of minimizing the discounted sum
of expected future values of |24 |3+ [lux[|%, where Q =0

and R > 0. This minimization is subject to a constraint

on the discounted sum of second moments of an auxiliary

output, defined for given matrix H by &, = Hxy, so that
o0

. ; 2 2
O = arg min Z%ﬁlEk{Hmi\k”Q + |lwikll 2}
i

st Y BE{||[Hewl*} <e. (2)
=0

Here 8 € (0,1) is a discounting factor and € is a given
bound on this infinite discounted sum of second moments.
Instead of solving (2) directly, the control problem to be
solved at time k is given by

o

0 = arg min > B Er{llzigld + k)
=0

(3)

o
st > BER{l Haiwl*} < g
i=0
Here g = € and, for all £ > 0, ux is chosen as described
in Section 6 to ensure that (3) is recursively feasible and
that the constraint in (2) is satisfied with & = 0 by the
closed loop system.

3. CONTROLLER PARAMETERIZATION

Consider the output feedback control law defined by an
observer and an affine feedback law:
&y = ATp—1 + Bup—1, T = & + M (yr — Cy), (4a)
up = K&, + ¢p. (4b)
with &9 = E{zo}, where &, and Z; are the a priori
estimate and the posteriori estimate of xj, respectively.
A simplistic parameterization of the predicted control
law k;(-) could be obtained if the observer gain M and
feedback gain K were fixed and the optimization variables
in problem (3) were defined as 0 = {cop,.-.,cN—1]k}
for some fixed N, with the predicted control sequence
defined as u;|, = K Z;|,+c;),. Although this would require a
number of optimization variables that grows only linearly
with N, the parameters {co,...,cn—_1x} constitute an
open loop control sequence that does not vary with the
future measurement noise and disturbance realizations.
This is likely to provide poor performance and small sets
of feasible initial conditions when the probability of packet
loss is non-zero.

By using a parameterization that allows the dependence
of the predicted control sequence on future realizations of
model uncertainty to be optimized, the predicted prob-
ability distributions of states and control inputs can be
controlled explicitly. This provides flexibility to balance
conflicting requirements for performance and constraint
satisfaction. However, similarly to the case of predicted
control laws in which state feedback gains are decision
variables (Lofberg, 2003; Goulart et al., 2006), the cost and
constraints of problem (3) are nonconvex if time-varying
gains M, K are considered as optimization variables. On
the other hand, if predicted control inputs are parameter-
ized in terms of affine functions of the future output mea-
surements received by the controller, then the dependence
of the first and second moments of predicted states and
inputs on controller parameters is convex. Moreover, by in-
corporating affine terms in the future innovation sequence,
a predicted control law with arbitrary linear dependence of



k;(+) on the received sensor measurements can be obtained.
This approach allows the future control sequence to be
optimized at every sampling instant, including those at
which information from sensors is lost.

We therefore express the i steps ahead predicted control
input u;, for all i =0,1,..., as

i = KT, + i + dij,s (5a)

dijk = Yok Lok (Yo — CZojk) + YiprLi 1k (Y1e —CZ1)r)

+ o+ Vi Lk (Wi — CZigw)s (5b)

Ty = AZipk + Bugje + Y AM (yir — C2jp) (5¢)

where ¢;;, = 0 and L; ;i = 0 for all i > N. Here ;.

and y;, are random variables, denoting the i-step-ahead

predicted packet loss and sensor measurement at time k,

respectively. Then, for all ¢ = 0,1,... the predicted state
estimate satisfies

Tig1e = P&+ Beipe +dij) v AM (Y — CZir) (6)
where ® := A+ BK. Since z;1x, = Az, + Bugjp + Dwj,
the predicted estimation error evolves according to

i1 —Zig1e = Vil (Tajp—24ik) = Vi g AM v o +Dwypy (7)
with W, := A(l — 7, MC). These relationships allow
the first and second moments of x;), to be determined in

terms of the decision variable 6y, which consists of the
parameters {cox,...,cn—1jx} and feedback gains Lo oz,

{L1,0|k7 L1,1|k}a seey {LNfl,OUm ..

The gains K and M in the predicted control law (5a-c)
are chosen offline and satisfy the following assumption.

Assumption 3. &;+1 = (A+BK)E,; is asymptotically stable
and &1 = A(I — v, MC)E; is mean-square stable (Kush-
ner, 1971).

Remark 1. Gains K and M exist satisfying Assumption 3
if Assumption 1 holds and if the probability, A, of success-
fully receiving a sensor measurement is greater than some
critical value (e.g. Sinopoli et al., 2004). Suitable choices
for K, M are the optimal gains for (3) in the absence of
constraints, or the certainty equivalent LQ feedback gain
for a problem with state and control weighting matrices Q
and R and the steady state Kalman filter gain (Sinopoli
et al., 2004). We note also that time-varying gains Ky, Mj
can be used within the framework of this paper, provided
their dependence on 7 is known in advance.

S Ly_1 NZ1jk )

3.1 Controller implementation

The control law is implemented by the following procedure.

(). Given Uy—1 and Zy_1, solve problem (3) for 65.
(ii). Given v and z; = Yryx:
(a). apply the control input
Ug = Ki’k + cé\k + /YkLS,O‘k@Jk - Ci’k)7
(b). update the state estimate
Tr+1 = ATy + Bug + ’)/kAM(yk — Ci:k).

Note that this receding horizon control law includes (4) as
a special case, since ug and k1 in step (ii) would be equal
to their counterparts in (4) if (cgyx, Lg op1,) = (¢, KM).

4. PREDICTED STATE AND CONTROL
SEQUENCES

To simplify notation we express the predicted control
law in terms of vectorized sequences, with x; denot-

ing the vectorized state sequence {xi‘;@}ﬁ\:ol, X the es-
timate sequence {ii|k}fi617 uy the predicted control se-
quence {u; k}f\;_ol, cj, the predicted control perturbations
{c,;|k}£V=61, wy, the disturbances {w”k}f\;f)l, v}, the sensor
noise sequence {vi‘k}ﬁv: 61, and ¢, the future innovation
sequence {7k (Yijx — Cic“k)}f\;gl at time k. For a given
sequence of matrices {¥; k}f\; 61 and matrix B let

W B
Sy = : s Tew.py = : A
0 1
IT war Il B BoO
i=N—2 i=N—2
0 r 1
s¥=1[ % Ths=|]] YixB- B
i=N-—1 Li=N—-1

where [T ;= Wy - - - Uy for m > n, and define

Lok
Liox Liak
Lk = . . )
Ln-vok Ln—1ak -+ Ln—1Nn—1pk

Ty, = diag{Yojk, - - > IN=1|k} @ In, xn,

K = IN><N®K7 M = [N><N®M and C = INXN®C-
Then from (7) we have

Xp — Xp = Sq,(xk — @k) — T(,I,yA)MI‘kvk + T(q;7D)Wk (8)
while (6) and (5b) give

X, = So?r + T(s,By(ck + LiCy) + T(a,4) M-

Here Ck = I‘kC(Xk—)A(k)—FFka and Sg, T(<I>7B) are defined
(analogously to Sy, T(y,p)) in terms of ® and B. Hence

X = SeZr+ T(@7B)Ck+ (T(¢7B)Lk + T(@,A)M)Ck7 (9&)

u, = Kxi + ¢ + L (. (9b)
Clearly the predicted estimation error, state and control
sequences in (8) and (9a,b) depend linearly on the decision
variables 0, := (cg, Lg).

4.1 First and second moments of predicted sequences

In order to express the cost and constraints of problem (3)
in terms of the parameterization introduced in Section 3,
we derive in this section expressions for the means and
variances of predicted state and control sequences.

First consider the state zj of the plant (la) and the
state estimate update &y in step (ii) of the controller
implementation in Section 3.1. By assumption we have
E{zo} = @0 and E{wi} = 0, E{vx} = 0 for all & > 0,

and hence the update of state estimates 2, in step (ii)(b)

ensures that Ep{zn} = i (10)
for all k > 1. Furthermore, from (1a) we have
T — Tp = V_1(Tp—1 — Tp—1) — —1AMuvg_1 + Dwy_1
for all £k > 1. Let ¥, denote the second moment of the
state estimate error at time k:
Ek = Ek{(l’k — ik)(xk — ik)T}.

Then X, evolves according to

=0 1Sk 1V e 1 AME,MTAT+DY, D" (11)
for all £ > 1, with initial condition X, and by Assumption
3 E{X;} remains upper bounded Vk.



We first derive the first and second moments of the
predicted state sequence xj, and control sequence uy:

Proposition 2. Let wy, I1i, and 2 be defined
g = SeZr + T@,B)Ck, Ik =T @ pLli+ T 4yM,

ac-m o] o)}

P E{xn) = B &} = 7, (12a)
Ek{uk} = KEk{f{k}+Ck = K + cg, (12b)

and 7
Ep{xix) } = mpm) + [ TIg] Q [H,ﬂ ) (13a)

Ek{uku;} = (Kﬂ'k + Ck)(KTl'k + Ck)—r

+[0 Lk+KHk]Qk|: 0

(L. + KHk)T] . (13b)

Proof: From (8), (10) we have Ei{xy — %} = 0. Therefore
¢ = T C(x;—%k)+T vy, implies Ex{¢;,} = 0 and (12a,b)
follow from the expectations of (9a,b). To determine the
second moments of x; and ug, let

s o] )

Then from (8) and (9a) we have
-
o0 10 10
NI T

and (13a,b) follow from Ey{x;x]} = [I I] Xy [/ I]T and
(9a,b), respectively. a

Since my and IIj are linear in (cg,Ly) and Qf is inde-
pendent of (cg,Lg), it is clear from (12a,b) and (13a,b)
that the first moments of the predicted state and input
sequences are linear in 0y = (cg,Ly) while their second
moments are quadratic functions of .

To determine €4, note that x; — X, and ¢, can be written
T — .fk
xp —Xp = F(T)ar, Co=GTr)ax, aw=| v& |,
Wi

with F(I‘k) = [Sq; —T(‘I,,A)MI‘,C T(\I/,D)] and G(Fk) =
I'yCF(T))+ [0 I'y; 0]. So, by the law of total expectation,

0, S~[FEN g o [FEO]
3 oo Blaan | 550 pr=T) 09
where E{qq, } is the block-diagonal matrix:

- E{qgy } = diag{Zk, 20, Bu},

Yy =INxN @ Xy, Yy =INxnN @ Xy,

and where T'U) for j = 1,...,2Y enumerates the 2V
matrices with binary-valued diagonal elements defined by

r =0, T® =diag{0,...,0,1} ® L, xn,

"D = diag{1,...,1,0} ® I, xn,, TG =1.
Remark 3. Q in (15) can be computed conveniently via
vec(Qy) =

F(I‘(j)) F(I‘(j)) ) Sk _
(zJ: {G(F(j)) “larw) P =) Vec([ Z”ng
where the first term on the RHS can be determined offline
given the probability distribution of . This allows € to

be computed online using the current value of Xj with a
single matrix-vector multiplication.

Using the same arguments as the proof of Proposition 2,
it can be verified that

. N T
_ TNk —EIN|k| [Nk — TNk
X Ek{{ ENk } { BNk ] }
0 0 I 0 7 01"
= Q 16
|:0 7TNk’/TJ—\r,k:| + |:0 HN|k:| N‘k |:O HNk:| ( )
where

My = 13,5yl +T(o )M, T = S5 8% + T3 5
i

oo B 5

with Fiy(Ty) = [S@V ~T{ 4)MT, T&D)}.
5. COST AND CONSTRAINTS
We next show that the cost and constraints of (3) can be

expressed as convex functions of 0, = (cg, Ly ). First note
that the objective in (3) can be written

> B Er{ i + luiellz )
i=0

= tI‘(Qng) + tI‘(RBUk) + fN(Gk:a Tk, Zk) (17)
where Xy, is given by (14), and
Uk = Ek{uku;—}u Qﬁ ::12><2 ® dlag{Q7 BQv e 7ﬁN_1Q}a

Ry := diag{R, BR,..., BN 'R},

IO, Zn) = Y BB {[lzagelld + Nl %}

i=N
Since Qp = 0 and Rg > 0, the term tr(QpXy)+tr(RgUyg)
in (17) can be expressed as a convex quadratic function
of 0, = (cy,Ly) using (13b) and (14). To determine the
terminal term, fn (6, T, Xg), let P, = > ooy B Xk, where

. . 4T
Tiln — & Tiln — &
X = 2|kA ilk z|kA ilk )
i ’“{{ Btk } { Zilk

Then for ¢ > N we have
Xiyijp = E{QU) X ¥ ()} + E{D()[> S DT ()}
where

= |A(I—~yMC) 0 ~ . _|—-—AM D

\I/(’Y)—[ ~YAMC (I):|7 D("Y)—{,YAM 0l

and v is a random variable identically distributed as .
Hence

E{¥(7) P 0" (1)}

=D 8" (X — E{DO) [ 5,107 (0})

w

N ~ ~
=B~ (Pe—B" X 1) —%E{D(V)[E" s, 1DT (M},

and the terminal term fx (0, 2k, Xg) in (17) is equal to

tr([g Q+I(QTRK:|PIC)

with the additional constraint

Py = BE{U (1) P ¥ T ()}
N+1

E{DM)[™5,| DT} (18)

+BNXN“€+ f—,@



Using (16) and Schur complements, (18) can be expressed
as a linear matrix inequality in 6 = (ck, L) and Pj.

Re-writing the constraints of problem (3) using the matrix,
Xk, of second moments yields the condition
oo

Zﬂi tr[(laxe ® H' H)Xy] < g,
which is eqﬁx(l)alent to the constraint
tr(HpXy) + tr[(loxo @ H'H)P,| < e (19)
where Hg = 1ayo @ diag{H "H,SH "H,...,N"'H " H}.

The expressions for the cost and constraints in (17)-(19)
allow the optimization (3) defining 6; to be formulated as

0 = arg aril’i}% tr(Q§Xk)+tr(RﬁUk)+tr( [8 Q+KTRK}Pk)

s.t. (18), (19). (20)
Remark 4. Problem (20) can be expressed as a semidefi-
nite program in the variables 6, = {c, Ly} and Py using
(13b), (14) and (16). Alternatively, we can eliminate Pj
from (20) by writing the solution of the Lyapunov equation
P, = ﬂE{\iJ(*y)Pk\i/T )} + Efor given E=Z=" as
P A A o3 0o (w] vec(z)
(where the matrix inverse can be computed offline), which
allows problem (20) to be expressed, using standard matrix
vectorization identities, as a convex quadratic program in
0 = (c, Lg) with a single quadratic constraint.

6. CLOSED LOOP PROPERTIES

This section considers the performance of the closed loop
system (1) with the control law of Section 3.1. We use
the solution 0 = {cj,L;} of (3) at time k to construct
a feasible, but possibly suboptimal, solution for (3) at
time k + 1 (i.e. given Uy, T), which we denote 07, , =

{eiit k+1} where

Cuk Lik,owc
Chyr1 = | ,° . Ye(ye — C2y), (21a)
CN-1|k LN—1,0|k
L0 0
[ LT
Rl = . - (21b)
Ly _1apk - Lnoin—1k
. 0 0

Following Yan et al. (2018), we define the constraint
threshold g, in (3) for all & > 0 in terms of #5. This ensures
recursive feasibility of the MPC optimization without
requiring bounds on the noise v and disturbance wy. Thus

€, k=0
Mk = {tr(Hﬂxg) + tr[um ® HTH)P,;’}, kol
where

Py = PE{U(7)PPUT (1)}

BNJrlE{D [ Ew}

. [0 0 10
Xi = {O WZWZT:| * [O Hz} {O Hk]
0 0 0
XS, = Q o
Nk {0 WNk”Nw] - [0 HNJ NI { Nk]

22)

+ BN X0 +

Wlth 772 = S(I)i']g + T(CP,B)CZ7 HZ = T(CIJ,B)LZ + T(cp’A)M.
Theorem 5. If problem (3) is feasible at k = 0, then (3)

remains feasible for all £ > 0 and the state of (1) under
the control law of Section 3.1 satisfies

Y AE{|Hae]?} < e
k=0
Proof: The definition (22) of py, trivially ensures feasibility
for all & > 0. The definitions (21a,b) ensure that, at time &k
(given Uy —1, Tj—1), the distributions of the state and con-
trol sequences {;x11 1520 and {u;|,41}:2, are identical to
the distributions of {2415 }72¢ and {u;41)x }72(- Therefore

> BE{|Haywl*} = tr(HpXy) + tr[(1axz @ H H)P;]
i=0
implies

BEk{pks1} < i — Bu{[|Heowl?} = i — Ea{[|Hax 1%}
Hence the trajectories of the closed loop system satisfy

> BER{|[Hpyil|*} < px — ZlggoﬁiEk{MkH} < Lk
1=0
for all £ > 0. O

Corollary 6. Let Jy, := J(0},Zr,X;) denote the optimal
value of the objective in (3). Then under the control law
of Section 3.1, the trajectories of (1) satisfy

> BE{[lkld + lukld} < Jo.

(23)

(24)

Proof: Applying the same argument used in the proof of
Theorem 5 to the definition of the objective in (3) yields

BER{J (0311, Zht1, Sea1)} = Jo — B {llznlley + llurl R},

and since J, < J(07, &k, L) Yk by optimality, the bound
n (24) follows. a

7. NUMERICAL EXAMPLES

This section gives a numerical example to demonstrate
that the closed loop system satisfies (23) and (24) and to
compare with the unconstrained optimal LQG controller.
We consider a system obtained by discretising a linearised
continuous time model of a double inverted pendulum with
a sample time of 0.01s as in (Kwakernaak and Westdyk,
1985). The system matrices are

1.0005 0.01  —0.0005 0
A= |: 0.098 1.0005 —0.0981 —0.0005:|
- b

—0.0005 0  1.0015 0.01
—0.0981 —0.0005 0.2942 1.0015
0.0001 —0.0001
B = {0.'0001 0.0003 ] , C=[§898], D=1,
—0.02  0.05
and wy, ~ N(0,3,), v NN(O, v); A = 0.6. Here %,
dlag{O 5,0.2,0.9,0.3} and ¥, = 1.11. Initial conditions are

given by

—0.8 0.1 0.5 —0.5 —0.5 0.5
so=| 4] 20— 45, == |58 82 82 202,

0.5 0.05 0.5 —0.5 —0.5 0.5
The constraint of (2) is defined by 5 = 0.95, e = 111 and

H=[0% 8,0

The weighting matrices in the cost function of (2) are given
by Q = diag{10,0.1,10,0.1}, R = 10~*I. We choose a
prediction horizon N = 5, K as the unconstrained LQ-
optimal, Kpg, with respect to (4,B,Q,R) and M =



YOT(CECT 4 %,)71, where ¥ is the solution of the
algebraic Riccati equation

Y =AYAT + %, - MECT(CEZCT +%,)7TCZAT.
Using the above information, we solve problem (20) and
obtain Jy = 2.368 x 10%.

Simulation A: To estimate empirically the LHS of (23) and
(24), we consider their average values over 10® simulations,
each of which has a length of 500 time steps. This gives
S BYE{|[Hzy ||} and 3572, BEE{ (a3 + llurll%} as
104.7 and 4.774 x 103 respectively. Therefore, these es-
timates agree with the bound (23) and (24). Moreover,
8599 = 7.3 x 10712, so a further increase in the horizon
length has negligible effect on these estimates.

Stmulation B: To compare with the above results, we
run the same number of simulations with the same {wy},
{vr},{7} sequences using the unconstrained optimal LQG
controller, where up = KrgZ and the estimator gain is
time-varying and given by M = ¥,CT(CX:CT + %,)7L.
Here X5 evolves as

Vi1 =AY AT+, - A C T (CECT+5,)T1O% AT,
This gives > .- B"E{||Hxy|?} as 123.8, violating the
bound (23), and Y% o BFE{ ||k | +/uk % } as 3.626x10%,
which is smaller than that in Simulation A, as expected.

8. CONCLUSION

This paper describes an output feedback MPC algorithm
for linear discrete time systems with additive disturbances
and noisy sensor measurements transmitted over a packet-
dropping communication channel. By designing a control
policy with an affine dependence on future observations,
we provide a convex formulation of a stochastic quadratic
regulation problem subject to a discounted expectation
constraint. Our controller parameterization ensures re-
cursive feasibility of the MPC optimization problem and
ensures a cost bound and constraint satisfaction in closed
loop operation. Future work will explore interconnections
between conditions for mean square stability of the MPC
law and the values of the packet loss probability and the
discount factor in the receding horizon optimization.

ACKNOWLEDGEMENTS

The authors would like to thank Prof. Subhrakanti Dey
for helpful discussions about early versions of this paper.

REFERENCES

Bertsekas, D.P. (1995). Dynamic programming and opti-
mal control, volume 2. Athena scientific Belmont, MA.

Cannon, M., Kouvaritakis, B., Rakovié¢, S.V., and Cheng,
Q. (2011). Stochastic tubes in model predictive control
with probabilistic constraints. IEEE Transactions on
Automatic Control, 56(1), 194-200.

Cannon, M., Cheng, Q., Kouvaritakis, B., and Rakovi¢,
S.V. (2012). Stochastic tube MPC with state estimation.
Automatica, 48(3), 536 — 541.

Dai, L., Xia, Y., Gao, Y., Kouvaritakis, B., and Cannon,
M. (2015). Cooperative distributed stochastic MPC for
systems with state estimation and coupled probabilistic

constraints. Automatica, 61, 89 — 96.
Goulart, P., Kerrigan, E., and Maciejowski, J. (2006).

Optimization over state feedback policies for robust
control with constraints. Automatica, 42(4), 523-533.
Kamgarpour, M. and Summers, T. (2017). On infinite
dimensional linear programming approach to stochastic

control. IFAC-PapersOnLine, 50(1), 6148 — 6153.

Kouvaritakis, B., Cannon, M., and Huang, G. (2003).
MPC as a tool for sustainable development integrated
policy assessment. IFAC Proceedings Volumes, 36(18),
513-518.

Kouvaritakis, B. and Cannon, M. (2015). Model Predictive
Control: Classical, Robust and Stochastic. Springer.
Kushner, H.J. (1971). Introduction to stochastic control.

Holt, Rinehart and Winston.

Kwakernaak, H. and Westdyk, H. (1985). Regulability of
a multiple inverted pendulum system. Control Theory
and Advanced Technology, 1, 1-9.

Leong, A.S., Quevedo, D.E., and Dey, S. (2017). State
estimation over Markovian packet dropping links in the
presence of an eavesdropper. In IFEEE Conference on
Decision and Control, 6616-6621.

Lofberg, J. (2003). Approximations of closed-loop mini-
max MPC. In IFEFE Conference on Decision and Con-
trol, 1438-1442.

Mariton, M. (1990). Jump linear systems in automatic
control. Marcel Dekker New York.

Mayne, D., Rawlings, J., Rao, C., and Scokaert, P. (2000).
Constrained model predictive control: Stability and op-
timality. Automatica, 36(6), 789-814.

Mesbah, A. (2016). Stochastic model predictive control:
An overview and perspectives for future research. IEEE
Control Systems Magazine, 36(6), 30—44.

Mishra, P.K., Chatterjee, D., and Quevedo, D.E. (2019).
Stochastic predictive control under intermittent ob-
servations and unreliable actions. arXiv preprint
arXiw:1911.03617.

Postoyan, R., Busoniu, L., Nesic, D., and Daafouz, J.
(2017).  Stability analysis of discrete-time infinite-
horizon optimal control with discounted cost. IFEE
Transactions on Automatic Control, 62(6), 2736-2749.

Schenato, L., Sinopoli, B., Franceschetti, M., Poolla, K.,
and Sastry, S. (2007). Foundations of control and
estimation over lossy networks. Proceedings of the IEEE,
95(1), 163-187.

Sinopoli, B., Schenato, L., Franceschetti, M., Poolla, K.,
Jordan, M., and Sastry, S. (2004). Kalman filtering
with intermittent observations. IEEE Transactions on
Automatic Control, 49(9), 1453-1464.

Van Parys, B.P.G., Goulart, P.J., and Morari, M. (2013).
Infinite horizon performance bounds for uncertain con-
strained systems. [EEE Transactions on Automatic
Control, 58(11), 2803-2817.

Yan, S., Goulart, P., and Cannon, M. (2018). Stochastic
model predictive control with discounted probabilistic
constraints. In FEuropean Control Conference, 1003—
1008.



