Partial Equilibration of the Anti-Pfaffian edge due to Majorana Disorder
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We consider electrical and thermal equilibration of the edge modes of the Anti-Pfaffian quantum
Hall state at v = 5/2 due to tunneling of the Majorana edge mode to trapped Majorana zero modes
in the bulk. Such tunneling breaks translational invariance and allows scattering between Majorana
and other edge modes in such a way that there is a parametric difference between the length scales
for equilibration of charge and heat transport between integer and Bose mode on the one hand, and
for thermal equilibration of the Majorana edge mode on the other hand. We discuss a parameter
regime in which this mechanism could explain the recent observation of quantized heat transport

[Banerjee et all, Nature 559, 7713 (2018)].

Driven in part by the dream of building a quantum
computer! the goal of observing Majorana fermions in
condensed matter has been extremely prominent in the
last few years? ™, with much effort devoted to finding sig-
natures of Majorana zero modes in charge transport. In
addition, Majorana edge modes existing at the boundary
of a topological state of matter also have a unique sig-
nature in heat transport: they contribute one half of the
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thermal conductance quantum Ko = kT = —;
the thermal Hall conductance, qualitively different from
integer and abelian fractional quantum Hall states, whose
thermal conductance is quantized in integer multiples of
Ky. Recently, a half-integer thermal Hall conductance
was indeed observed in the v = 5/2 quantum Hall state®,

providing evidence for a Majorana edge mode.

The thermal Hall conductance is a universal charac-
teristic of a quantum Hall state, since it is independent
of details of the edge structure like disorder and inter-
actions. For this reason, it came as a surprise that the
experimental value of approximately gK o differs from the
theoretical value %K o for the Anti-Pfaffian quantum Hall
states, which is expected to be realized on the v = 5/2
plateau according to exact diagonalization in the absence
of disorder®”. Several other possible candidate states do
not agree with the experimentally observed thermal Hall
conductance either. While there does exist one proposed
state, the particle-hole symmetric Pfaffian state®, which
has %KO thermal Hall conductance, various arguments
have ruled this out for the experiments of Ref. 5 (See the
discussions in Refs. 9 and 10).

The ideal topologically protected thermal Hall con-
ductance can only be observed experimentally when all
edge channels are in thermal equilibrium with each other,
such that their contributions add up to the universal
value, assuming no heat dissipates into the bulk'!. If a
sample is shorter than the thermal equilibration length,
then deviations from the universal value are expected.
In particular, if the Majorana mode of the Anti-Pfaffian
edge is not equilibrated, a thermal Hall conductance of
gKO in agreement with the experimental observation is
expected®!213, (In contrast since the Pfaffian phase of
matter'® has only co-propagating edges, %K o is predicted

whether or not there is edge equilibration.) However,
under the assumption that scattering processes leading
to equilibration between edge modes are due to charge
disorder, it is unlikley that charge transport perfectly
equilibrates so as to give perfectly quantized electrical
conductance!®'6 while at the same time the Majorana
mode falls out of thermal equilibrium? 1?13,

In this letter, we present a different mechanism for edge
equilibration which relies on “Majorana disorder”, i.e. a
coupling between the edge Majorana mode and local-
ized Majorana zero modes in the bulk. In the current
discussion the disorder acts nonperturbatively to allow
for a new type of scattering process mediated by tunnel-
ing to Majorana zero modes on trapped quasiparticles
in the bulk. We give a detailed calculation of the ther-
mal conductance as a function of temperature in reason-
able agreement with experiment. Thus we suggest that
the Anti-Pfaffian is the only state of matter which is in
agreement with the experimental observations of Ref. 5.

Our strategy is to demonstrate the qualitatively new
Majorana disorder mechanism, but not necessarily to
precisely model the experiment — as there are many pa-
rameters of the experiment that are not accurately known
anyway. Nonetheless, we will show that for not too un-
reasonable parameters we can roughly describe the ex-
periment. We will later relax some of our assumptions
and suggest that our mechanism may be more general.

For a translationally invariant edge, the edge modes
of the Anti-Pfaffian comprise three (downstream) inte-
ger quantum Hall edge modes, an upstream (reverse-
running) bosonic edge mode and an upstream (reverse-
running) Majorana edge mode!™'® (See Fig. 1 inset). As
emphasized in Ref. 12, one typically expects a momen-
tum mismatch between different edge modes, so that
tunneling of an electron between edge modes requires
a change in momentum. Previous discussions have as-
sumed that such a momentum change is provided by
charge disorder?'?13. For the moment we will assume
that charge disorder is weak such that translational sym-
metry breaking can be neglected (i.e. we assume a clean
edge). While this seems like a rather strong assumption,
we will later discuss how essentially the same physics can



apply even in the presence of charge disorder.

We thus start by considering a translationally invari-
ant edge potential. Without disorder one might expect
neither electrical nor thermal equilibration between edge
modes. However, in the bulk there should be trapped
quasiparticles or quasiholes near the edge — each one
harboring a Majorana zero mode. In the absence of dis-
order these particles will form some sort of Wigner crystal
(or glass) minimizing their energies with the background
potential as well as minimizing their interaction energies
with each other. Let us assume that some of these quasi-
particle locations are not too far from the edge. We also
assume that the Coulomb energy is large enough so that
the trapped quasiparticles do not change their positions.

Generically, there will be coupling of the trapped Ma-
jorana zero mode to the Majorana edge mode as shown in
Fig. 1 inset. Such coupling of the edge to a trapped Majo-
rana has been analyzed in a number of different contexts
before'® 23, The result of such a coupling is to produce
an energy dependent scattering phase shift to the edge
Majorana of the following form

le(E) — M (1)
E— Z-Ecoupling

where Ecoupiing 18 the (temperature independent)
strength of the coupling between the trapped Majo-
rana mode and the edge (See supplement section III for
derivation4). This is analogous to the phase shift of an
electronic level coupled to a continuum?® — except that
here E must be positive since we have Majoranas.

The key here is to realize that at energies high com-
pared to the coupling energy, the Majorana edge mode
is undisturbed by its coupling to the trapped mode (¢ is
close to zero). However, at low energies compared to the
coupling energy, the Majorana mode is maximally phase
shifted by an angle of 7. In particular, for an edge Majo-
rana with wavevector k, such that £ = vok < Ecoupling,
with vy the Majorana mode velocity, the wavefunction
takes the form e*® for © < zo and —e™* for z > 0.
This function has Fourier modes ~ e*(4=F)%0 /(¢ — k), al-
lowing overlap of this Majorana edge mode with other
edge modes even with substantial momentum mismatch.
Thus, we should expect there should be scattering into
the Majorana edge mode at energies less than Fioyupling
but not at energies much greater than Ecoupiing-

Suppose further that the coupling energy happens to
be somewhat smaller than the temperature. In this case
we have a mechanism by which scattering of charge oc-
curs only when the energy of the Majorana is sufficiently
low, thus keeping the heat from being transferred to the
Majorana mode — potentially achieving charge equili-
bration without thermal equilibration.

Let us now be more precise about the details of the
scattering model we solve. We consider scattering to a

single integer mode (11 in the figure) which we write
using fermionic fields {¢(z),¥'(z')} = d(x — 2’). The
Majorana edge mode is &y, and we will use a convenient
representation'”'8:26 of the Bose mode in terms of two
Majorana operators &; and &. These Majorana fields are
self conjugate &/, = ¢, and have Fermionic anticommu-
tations {{q(x),&s(2")} = 0apd(x — 2’). The Hamiltonian
of the edges is then given by
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where v; < 0 is the integer mode velocity, vg > 0 is
the Majorana & velocity, and v; = vo = v, > 0 is the
Bose velocity. In the presence of large disorder scattering
Refs. 17 and 18 consider a fixed point where vy = v =
vo. However, here we are assuming low disorder limit
and generally we expect that the Majorana velocity vg
is somewhat less?” than the Bose or integer velocities vy,
and v;. On the right hand side we assume a reservoir
at temperature 7" and voltage 0; on the left we assume
reservoir with temperature 7'+ AT and voltage V.

In addition we add an interaction induced scattering
term to allow an electron to scatter from the integer to
the fractional edges. This is of the form
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where « is a coupling constant with dimensions of veloc-
ity which should be roughly on the order of the edge mode
velocity (to be detailed below and in the supplement?*),
and p is the wavevector mismatch between the integer
and fractional modes (assumed to be on the order of the
inverse magnetic length). Here the electron in the frac-
tional edges is made of a product of the three Majoranas.
In the absence of additional disorder, due to the wavevec-
tor mismatch p, there can be no scattering at low voltage
and low temperature difference between the edge modes.

Finally, we add the single Majorana impurity 7, zero
mode (72, = 1 and {7, &;(z)} = 0), via the Hamiltonian

Hy = i\ gy &o(20) (4)

where x( is the position of the coupling, and A is the
coupling constant. If we start by ignoring the Bose and
integer mode, it is easy to show that the phase shift to
the & mode due to the coupling Hy is given by Eq. (1)
where Ecoupling = A?/vo (See supplement section III for
detailed derivation??).

We now calculate the tunneling current between the
integer and fractional edges. See supplement?* section I
for details. We use Fermi’s golden rule to describe the
tunneling of an electron between edges. The complexity
comes from the fact that the electron is fractionalized be-
tween bose and Majorana modes. The tunneling current
through the impurity is?®
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where @ = e or E (for charge current or energy cur-
rent), X¢ = —e and X¥ = E with p the momen-
tum mismatch between the right- and left-moving edges
and V the voltage difference. On the left moving in-
teger edge, GL _(E,2',2) ~ etE/v)@=app(E),
where np(E) = 1/(1 + €F) denotes the Fermi
distribution, and 8 = 1/kgT.  The right mov-
ing electron Green’s function can be expressed as a
convolution of Bose and Majorana Green’s functions
G§,<(E,x,x’) ~[dE’ Gb>7<(E7E’,:E’,x)G5>7<(E',a:’,a:).
Here, G% _(E,z,a) ~ TFEnp(FE)eFiE/vw)@=2") The
Majorana Green’s function in the absence of the impu-
rity is Gi’?< (E,z,2") ~ np(FE)eFiE/v0)@=2") I the
presence of an impurity, the Majorana Green’s function is
given by G5>7<(E, x,x') = G§q<(E,a:,x’)F(E,x, x’) with
a phase shift F(F,z,z’) from the impurity at position
zo given by F(E,z,2') = ¢%F) for x > z9 > 2’ or
F(BE,z,2") =e ¥ forz < 29 < 2’ and F(F,z,2') = 1
otherwise, where ¢(F) is given by Eq. (1).

Evaluating the tunneling current Eq. (5) using the
above Green’s functions (See supplement?* section I) we
obtain results in line with the expectations described ear-
lier. We can easily examine the limit of very weak cou-
pling Ecoupiing With the assumption that the wavevector
mismatch p between the Bose mode and the integer mode
is larger than T'/vg. In this limit the electrical conduc-
tance from the integer to fractional (combination of Bose
and Majorana) modes is given by

7T|a‘2EcouplingT

G = (6)
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with Go = e?/h. The thermal conductance in this limit
is more complicated since the three edge modes can have

three different temperatures. We find the corresponding
thermal conductances to be

K® = (kg/e)*(n?/2)TG (7)
KiTn — GK’ib
K™ = 2¢K™

€ = (32/(97)) Ecoupting /T = 0.1Ecoupting /T

where i, b and m indicate the integer, Bose and Majorana
edge modes. (For example, the thermal current between
the integer and Bose mode is K® times the tempera-
ture difference between these two modes). There are no
thermo-electric couplings due to the particle-hole sym-
metry of the model?®, and the influence of Joule heating
on edge temperature and shot noise®? is neglected due to
the leading order expansion in the tunnel coupling «.
Assuming the coupling Ecoupiing is sufficiently smaller
than T, the parameter e¢ will be small and the ther-
mal conductance into the Majorana mode will be much
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less than that into the Bose mode. Thus one should
have a regime where there is electrical equilibration, and
the Bose mode is fully thermally equilibrated, but the
Majorana mode is not. Inclusion of Coulomb interac-
tion between the integer and Bose mode may change
the linear temperature dependence in Eq. (6) to 72473
(via a change in the scaling dimension of the tunneling
operator!®). In the absence of inter-mode Coulomb cou-
pling, A = 2, and for sufficiently strong Coulomb cou-
pling A < 3/2 causes a phase transition to a random
fixed point with perfect equilibration in the low temper-
ature limit!®. Since in the experiment® equilibration gets
worse with lower temperature, we conclude A > 3/2 and
the result Eq. (6) for A = 2 is representative for the non-
random fixed point. In addition, crucially, K% will still
be given by Eq. (7) up to order unity constant, and K™
and K™ will still be suppressed a factor of e.

Let us assume that heat is not flowing into the Ma-
jorana mode. If we further assume that the 171 integer
mode does not mix with the other integer edge modes,
then, this mode, along with the Bose mode form a sys-
tem of two counter-propagating edges similar to the case
of Ref. 15 and 16. In such cases thermal equilibration
is diffusive, and the system may not fully equilibrate.
This physics is certainly seen in experiment®! at v = 2/3,
and, as pointed out in Ref. 13, is likely also occurring in
experiment® at v = 2 + 2/3 with a similar assumption
that the outer two integer edge modes are not mixing
with the other modes. Since the conductances are drop-
ping proportional to T" at low temperature, we should ex-
pect that equilibration should be particularly bad at low
temperature. Should the Bose mode go out of thermal
equilibrium with the integer mode, the measured ther-
mal conductance should rise?, which is precisely what is
observed in experiment.

The conductances and thermal conductances calcu-
lated so far are conductances between edge modes
through a single scattering center. The electrical con-
ductance between edge modes per unit length is given
by G = nimpG where 1, is the number of scatterers
per unit length. We can define a characteristic charge
equilibration length ¢° = Go/G. To determine the total
electrical conductance along the edge we use the rela-
tionship between current and chemical potential being
given by jo, = Godpe with G; = Gy and Gy = Gp/2.
We then include scattering between the two edges via
OxJip = £G(0p; —dpp). The solutions of these equations
show us that corrections to the quantized electrical con-
ductance will be order e~L/% with L the length of the
edge. (See supplement?* section IV). Since the electri-
cal conductance is well quantized, we must assume that
L/t > 1.

Similarly to the electrical case the thermal conduc-
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Figure 1. Thermal conductance as a function of temperature.
Points are experimental data from Ref. 5. Red, green, blue
points are v = 2.50, 2.49, 2.51 respectively. The dashed curve
is the Ecoupting — 0 limit while keeping finite A = 1/mK. The
solid curve is Eq. 8 given in the text with A = 0.4/mK and
Ecoupting = 4mK. For both curves the only scattering mecha-
nism considered is the Majorana disorder, showing the robust-
ness of the mechanism to detailed parameters. Inset: Pro-
posed model of AntiPfaffian edge. Three integer edge modes
(solid) flow downstream 01, 0 and 11. A Bose edge mode
(long-dashes) and a Majorana edge mode (short dashes) flow
upstream. A trapped Majorana zero mode (marked X) is
coupled (dots) to the Majorana edge mode.

tances per unit length between edge modes «o,3 €
{i,b,m} are given by K = n;,,,K*? giving a char-
acteristic thermal length for equilibrating the Bose and
integer modes given by 62 = Ko/K® = 21°/3 with
Ko = (n?/3)Tk%/h. The thermal current along an edge
is given by J, = ¢q K0T, where a = {i,b,m} and
co = (—1,1,1/2) is the signed central charge of the dif-
ferent edge modes. We then include scattering between

edges via 9,J = =3 4 f(aﬁfSTg with K defined to
give energy conservation » 5 K af = (). Because we have
15,16,31,32

counter-propagating modes , as in the case of
v = 2/3, corrections to the measured quantized thermal
conductance will be algebraic. The solution of this sys-
tem of equations (detailed in supplement?* section IV.B
) gives us the net thermal conductance of the edge (in-
cluding 2K, from the lowest Landau level edges)

K/Ko = 2.5+ — ¢ C(AT) (8)

2
1+ AT
where A = L/(I’T) is a temperature independent con-
stant and where € = (32/(97°))(Ecoupting/T) is the above
discussed small parameter which we can approximate as
zero if the Majorana mode is decoupled from the integer
and Bose modes. For z > 1, we have C(z) =~ z. We ex-
pect the thermal equilibration length for the Majorana
mode to scale as lf/e which can be much longer than the
length of the sample.

In Fig. 1 we show example results of this theory com-
pared against experimental data from Ref. 5. The two
curves have values of A fit to the data given a fixed value

of Ecoupling = 0 or 4mK, showing that the curve shape is
relatively independent of E,oypiing. For all plotted val-
ues of T we have L/I} = (2/3)(L/1¢) substantially greater
than 1. Thus the measured electrical conductivity will be
well quantized.

One possible concern with our model is that the cou-
pling Hy between the isolated quasiparticle and the edge
is assumed to occur at one point xg. The fact that it
is a point coupling is responsible for the appearance of
arbitrarily large Fourier modes being active. More realis-
tically the coupling will be smeared out somewhat. The
tunneling from a Majorana impurity to the edge should
be exponential with some decay length (. If the impu-
rity is a perpendicular distance R from the edge, then
the smearing of the coupling along the edge should be
roughly ~ exp(—vR?+ 22/() =~ e~ R/Ce=v?/ (2RO with
x the distance along the edge, giving a smearing over a
length scale on order w ~ \/R(. preventing the above de-
scribed scattering mechanism from being effective if the
wavevector mismatch is p > w~!. We can use an esti-
mate of ¢ ~ 1.15¢p from prior numerical work?*33 so
that we also have Feoupiing = 1K e~ /¢ Given that we
want Eeoupling in the mK range, we estimate R ~ 6(p
thus bounding p < 0.3/¢p. See supplement section I1I.A
for more details?4.

We now relax our prior assumption that there is no
charge disorder along the edge. In the presence of charge
disorder, if the disorder wavelength is not as large as the
momentum mismatch p of the edges then scattering can
not occur due to this disorder wavevector alone. However
one can consider a situation where scattering can occur if
the Majorana impurity mechanism provides some of the
momentum and the disorder provides the remainder. A
detailed calculation of this more complicated mechanism
is beyond the scope of this work, but we expect that very
similar physics will result.

We now turn to the physical parameters
which will give wus this desired value of A =
(37/16)| > EcouptingMimpL/ (Jvilvivop?) =~  0.4/mK
used in the above figure (we need A to be not too much
less than 0.4/mK so that the electrical conductivity is
well quantized at experimental temperatures). Let us
assume the following reasonable parameters: velocity
v; = v, = 10° cm/sec for the integer and Bose modes
and vy = 10° cm/sec for the Majorana edge mode. The
coupling constant « also has dimensions of velocity and
should be roughly on the same scale. In the supplement
we detail why an estimate of this parameter should
be given by a? = m?uy\/opv9. We take p = 0.1/(g,
and in the experiment {p = 16nm and L = 150pum.
Finally we choose Ecoupling to be 4 mK < T as given
in the figure. In order to have A =~ 0.4/mK this would
require one impurity every 120 nm ~ 8¢p. Note in
addition that A scales as the inverse square of both p
and the velocities, so that a small reduction in either
would allow a much lower density of impurities. We
emphasize that there have been no detailed simulations
of the AntiPfaffian edge, and it is possible that the edge



potential is strongly screened by the outer edge modes
resulting in edge velocities being somewhat smaller than
in outer edge modes.

To summarize, we have provided a detailed mechanism
that potentially explains the observation of the K/Kj =~
2.5 from Ref. 5, by showing how the Majorana edge mode
can remain out of thermal equilibrium, despite the fact
that all of the edge modes are in electrical equilibrium.
Further we show how the same mechanism can roughly
explain the temperature dependence of the experimental
data.
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SUPPLEMENTARY MATERIAL

I. MAJORANA ASSISTED SCATTERING CALCULATION

The purpose of this part of the supplement is to derive Eq. 8,7 of the main text. This is a “standard” but tedious
calculation using the bosonized description of the edge[S1]. While some of the formulae appear messy, the procedure
is actually quite straightforward. We include quite a bit of detail for added clarity.

A. Tunneling Formalism

We begin by deriving a general formula for tunneling between two systems R and L with corresponding Hamiltonians
Hpr and Hy. The full Hamiltonian is of the form

H=H,+Hr+T+1T"

where the tunneling term T, the tunneling of a single electron from left to right, can be treated as a perturbation.
We will assume that 7 is a perturbation so both the left and right halfs can be described with density matrices py,
and pr and the state of the full system is a simple product p = pr ® pr.
Similarly the unperturbed eigenstates of the system can be described as simple direct products |a.b) = |ar) ® |br) =
larbr) with corresponding eigenenergies Eqp = E,, + Eb, where Hylar) = E,, |ar) and Hgrlar) = Eqplar).
Setting 7 = 1 throughout, the tunneling rate from Fermi’s golden rule is is given by

T=2my [(fIT15)]*(E; — Ef)P(i)
if

with |¢) the inital and |f) the final state (of the entire system) where here P(i) is the probability of the initial state
occurring. If there is a voltage difference between the two sides, we can just add that into the argument of the delta
function.

The net electrical current flowing from the left to the right can then be written as

J¢ = (=2me) > _|(frfr|T|irir)*6(EiL + Eir — By, — Egr + €V)P(liLir))
i, f

— (=2me) > [(frfrlT |irLir)*6(EiL + Eir — Efr — Egr — eV)P(liLin))
if

The energy current, on the other hand, is

J¥ =21 (Eip — Epp)|(fofrl|Tlivir)*6(EiL + Eir — By — Egg + eV)P(|ivir))
i, f

+ 21 (Bir — Ep)|(fufrlTMiLir)?0(EiL + Eir — Efr — Eyr — eV)P(|iLir))
if

Writing the delta function as an integration over energy, we get

Jo = —e/dtzP(|iLiR>)eit(EiL+EiR_EfL_EfR) [eitev|<foR\7A1|iLiR>|2 - e_itev|<foR|TT|iLiR>|2}
if
7= / At 3 (Bus, = Bpp ) Pigin))e Bt BB [tV frl Pliin) o e | frl T i) P
i f
This can be rewritten using time dependent operators as

Je=—e / dt Y Pllizin)) [ (ininl T O1f2 fr) FrfrlTO)izin) — e irin DOl o fr) f1frl T Olisin)]
i,f

=—c / 'y Pllizin)) | izinl T OTO)izin) = eV {izinlP(OT' O)]izir)



and

JE = /dt > (Eir — Eg)P(jirir)) {eitevﬁLiRlTT(t)|foR><foR|T(0)|iLiR) + 6_“8‘/(iLizle(tﬂfoR)<foR|TT(0)|iLiR>}
if

= [t Pivin) [V uinl?' (O] fr) Sl (FO), Hellivin) + Y Guinf (Ol fufn) i Fl[F1(0) Hollivir)]
of

= / dt» " P(lirir)) [eiteV@LiR\Tf(t)[T(O), Hilizir) + eV (igig|T(t)[T1(0), Hy]|irir)
The form of the tunneling is given by
Py / da ! (@) er, (@)cP” (S1)

where wl 1, and wl g are electron creation operators on the left and right side respectively, p is the wavevector mismatch
associated with the tunneling, and g is a coupling constant. This constant g differs from the coupling constant o used
in the main text by a dimensionful cutoff length scale, described below. We then obtain

Jo= *6\9\2/dt/dit/dm/zp(\iﬂlz» [eitevﬂp(x_ml)<iLiR|1/)2(37/>t)¢R($/vt)i/);r%(xv0)1/)L($»0)|iLiR>

— e MVERET G g (2 v (@ O] (2, 000 (2, 0)[iLik)
= —e\g\Q/dt/dx/dx' [e“evﬂp(m*x/)Gi(t,x',x)Gﬁ(t, o x) — etV GR (¢ oG (¢, o x)

where we have defined Green’s functions
G (t o a') = (W1 (', )9(x,0))
G (t,2',x) = (P, )¢ (2,0))
where the expectation inludes an expectation over the initial state. L.e., we really mean
Ge(t o' ) = Te[py! (o', )¢ (x, 0)]

with p the density matrix.
For the energy current we are going to need the following interesting identity (using the fact that the Green’s
function only depends on the difference in two times)

d

%G<(t71’/7$) =

d / _d /
%@/ﬁ(w D) Y(,0)) = £<¢T(l’ ,0)¢(z, —1))

= iy (@) [H, ¢ (z,~1)]) = i)' (2, 1) [ (=, 0), H])

and similarly

d by d / _d /
£G>(t,$ ,T) = %@b(:ﬂ at)qu(va» = %@/J(LL’ 70)77“(37: —t))
= —i(y(a")[H, ' (z, =1)]) = i( (@, ) [0 (2,0), H])

Using this identity, the similar manipulations give us
9@ =1 [at [[do [[da ST Pllcia)) [V ininlol (0 vne’ Ol 0 2.0, Hellivin)
+ e VI Gl (2! o (w, O[] (2, 0), Holyr(,0)|ivir)
= f|g|2/dt/dx/dx’ {eitev"'ip(z_x/)G};(t, x’,x)%Gﬂ(tw’,x) +e_itev_ip(x_m/)Gg(mx’x)%Gi(t,x/,x)
Let us define the Fourier transform conventions
G.(E,x,x) :/dte*“E('L/ﬂ(x',t)z/J(%O)) :/dt e UEG_(t,2,x)

Go(E, ' z) = / dt G (e, ) (2, 0)) = / dt G (10! )



implying the inverses

1 .
G<(t,x',2) = 7 /dE "G (B, 2 1)

1 .
Gs(t, o', x) = % /dEeﬂtEG>(E,a:/,x)_

such that
id 1 itE /
G<(t 2, x) = dE(—FE) e"*G(E,2',x)

G>(t o x) = T /dE( Je B G (.2, ).

We then have

Je = _e|g|2 /dt/dx/dgc /dE/dE’ (S2)

|:ezteV+zp(z—I )+iEt—iE’ tGL (E, z ,Z‘)GQ(E/, 1,/7 LE) _ 6—it6V—iP(I—I’)+iEt—iEltGR(E7 l‘/I)GL (E/, I/, x)i|

ol ]2
= e|g| / /dx /dE P GL(B o 2)GR(E + eV, 2/, z) — e P GE(E, 2/ 2)GL (B eV,x',w)]

olal2
= e|g| / /dz /dE e m)GL(E o' 2)GE(E + eV 2/ x) — e Pl x)GR(E+eVa:x)G§(E,m',a:)]

Similarly for the thermal current we obtain

JE = (_QLf)'z / dt / da / da’ / dE / dE' (S3)

[eiteV%»ip(:rfx')jLiEtfiE/t(_E)Gi (E7 1’/, aj)Gdj(E/7 :1,‘/, LE) + e*itevfip(mfz’)JriEtfiE/tG?(E’ 33/56’) (E)Gé (E/, x/’ -T)i|

2
_ lal® /dz/dm'/dE [eip(x*”” JEGE(E, o', 2)GR(E + eV, 2/, x) — (E — eV)e P GE(E, o/2)GL(E — eV, x’,x)}

2
_ o /dx/dx’/dEE {e”’(z*x )GL(B,2',2)GR(E + eV, x) — e PE=)GR(E + eV, 2'2)GE (B, x',ﬂc)}

B. Necessary Green’s Functions
1. Edge Green’s Functions

We are concerned with the tunneling from an integer edge to the fractional edges in the AntiPfaffian. We consider
the integer edge to be the R system in the above equation and the fractional edges (the Bose plus Majorana edges) to
be the L system. The Green’s functions for an integer edge (using our conventions) are simple to calculate, obtaining

G (E,2,x) = v B/ L(B)
G>(E, 1‘/,.1‘) _ ’U_lei(E/U)(zl_w)nF(fE)

where v is the edge velocity. The derivation of these results are not hard and are presented in section II C below.

2. Factoring the AntiPfaffian Fractional Edge

More interesting is to determine the R Green’s functions in Eqns. S2 and S3 above describing the electron when it

tunnels into the fractional edge.
The fractional part of the AntiPfaffian edge contains an upstream Bose b and an upstream Majorana mode &. These

have the commutation relations
{&(2),&(2")} = o(z — 2)
[b(x), b ()] = 6(z — ')



The electron operator along this fractional edge is a combination of the Bose and Majorana operators[S2].

Y(a) = v/l E@)b(x)

Here £, is a cutoff length scale. For a typical one dimensional system we use a cutoff 27 /¢mq where hugma, = A
with v the mode velocity and A the excitation gap energy. If we think about a system as being on a lattice we should
probably instead choose ¢ = 7/¢ to match the relationship between the unit cell and the Brillouin zone boundary.
Now in this case, we have an issue that the bose and majorana velocities can be quite different. As such we will
choose the geometric mean

0. = LZ’% (S4)

The Green’s function for the electron operator on the fractional edge can then be written as the product of the
Bose and Majorana edges which factorize

G<(tv xlv 1') = <¢T(xlv t)L/)(.Z‘, O)) = £C<bT (xlv t)b(x’ 0)><§(xl’ t)a f(.’L‘, O)> = ECGb< (ta xlv Jﬁ)Gg(t, xlv 1‘) (85)
Gs(t,2',z) = <1/J(x/,t)d)T(a:,0)) = c(b(x/,t)bT(a:,0)><§(m/,t)§(w,0)) = chg(t,w/,x)Gg(t,x/,x) (S6)
where here we have defined
Gb< (t,x',z) = (bT(x/7t)b(x,O)>
G (t,2,x) = (b(a', )b (z,0))
and
G* (tv .%'/, x) = <§($I? t)f(.%‘, O)>

Note, that since for Majorana fields £ = £' there is no < or > index on this Green’s function.
Defining the usual Fourier transforms

G (B2 2) = /dt e T EGY (t, 4/, x)
GY (B2 2) = /dt e"EGY (t,2, )
and for the Majorana field

G- (E,z,z) = /dt e M EGE(t, 2 x)

GE(B, o, 7) = / dt MEGE(t 2 x) = G (—F, o/, x) (S7)
Using the factorization from Eq. S5 for the electron field Green’s function, we obtain the convolutions
Le
Go(E,z',z) = o /dE’ GY(E - E' 2, 2)GS(E 2, x) (S8)

G- (E,z,2') = 5—; /dE’ G (B~ E 2 )G (E 2, x)
Note that the meaning of this expression is obviously to divide the energy into the piece going into the Bose mode
and the piece going into the Majorana mode in all possible ways.

When we consider the tunneling between edge modes, we will want to use the Green’s function for a free boson
mode appropriate for the AntiPfaffian edge, but the Majorana Green’s function will be calculated in the presence of
the tunneling impurity.

The Bose mode is equivalent to a v = 1/2 bosonic Laughlin edge theory. The Green’s function is the boson-boson
correlator, and is given by

EY, _ ,
b c W(E/vp)(z—x
G<(E,x,x') _ 27TU§nB(E)e (E/vp)( )
—Fl, _ ,
G2 (B,x,2") = “np(—E)e (E/mw)@=a)

2mvj;
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with np the Fermi function, v, the Bose mode velocity, and where gc = mup/A is a length scale cutoff. These result
are again fairly standard, but are derived in section II E for completeness.
Finally we turn to the Majorana Green’s function. In the absence of the impurity we have

G§<70(E71'71'/) - U;Llnp(E)ei(E/'U)(mfw/)
G%O(E'7I,1'/) — v;lnF<*E)6_i(E/”m)(x_z/)

where here v, is the Majorana mode velocity. These results are also standard, but are derived in section IID for
completeness. Note here we have inserted a superscript 0 to indicate that this is the Green’s function in the absence
of the impurity.

We next consider plugging these Green’s functions into Eq. S8 to obtain the electron Green’s function along the
fractional edge, then we use this in Eqs. S2 and S3 along with the Green’s function of the integer edge. So long as
p > T/v and p > eV /v , there will no way to have a momentum conserving scattering and both the electrical and
thermal conductance between the two edges will be zero, exactly as we expect.

Now let us consider the effect of the tunneling impurity. As mentioned in the main text, the effect of the impurity
is to incur a phase shift in the Majorana wave as it scatters past the impurity. The phase shift is given by (a simple
scattering problem, see section IIT)

giem) _ Etiko
E —iE,

where Fy = )\2/11 is the coupling energy (called Ecoupting in the main text). When evaluating the Green’s function
G¢(E,2',z), this phase shift will have no effect if both z and z’ are on the same side of the impurity. However, if =
and z’ are on different sides of the impurity, then the Green’s function picks up this additional phase. Thus assuming
the impurity is at position x = 0 we can write

G (E,z,2') = GL(B,z, 2"\ F(E, z,z')
where Gio is the unperturbed Green’s function and

1 x, 2" <0
1 z, 7' >0
(E‘FZE(])/(E*ZE()) x>0>2
(E—ZEo)/(E+ZEO) r<0<a

F(E,z,2") =

Let us make the assumption that there is no scattering without the impurity as discussed above. (This is not strictly
true at nonzero temperature, because even with a very large momentum mimatch there will be some tiny probability
that one can have a highly excited state which can scatter, but this is exponentially small so we may ignore this). It
is then useful to write

6GE (B, z,2') = G (E,z,2') — GL(E, z,z")
=GB, z,2') 0F(E,z,1')
= v e B/ om) @)y (B)SF(E, x,2')
where

0 x, ' <0
0 z, 2’ >0
2ZEQ/(E - ZE()) x>0>a
—2iEy/(E+iEy) z<0<a

SF(E,z,2') =

We may correspondingly write the electrons Green’s function
6G<(E7 z, $/) = G<(E7$7$/) - GO<(E7 z, $/)

where again the superscript 0 indicates no impurity. Using the factorization of the Green’s function in Eq. S8 we
obtain

5G<(E,x,x/)

Le
%/dE'GZ(E — E 2,2 )0GS (B x,a)

0.0,

_ i[(E—E")/vp+E" Jom](z—2z’ b 13
= Gy [ AE T I (B Bl (B - (B SF(E )



with ¢, and £, are the cutoff length scales. Note that we have labeled the Fermi and Bose functions with superscripts
& and b so that one can see that they correspond to the two different edges which most generally may not be at the
same temperature. To obtain dGs we can simply use Eq. S7 obtaining
L
G (B, x,2) = i/dE'/Gb> (E—E' x,2)6GS (B, x,2')

G- (B, z,2") = Lele 5

W /dE/e—i[(E—E )/ vo+E [vm](a’—x) (E/ - E)n%(E’ B E)n%(fE/) (5F(*El,x,x/)

C. Calculating Response
From Eqgs. S2 and S3 can write the general expression
2
JY = % /dx/dm//dEXo‘ [e”’(x_x )Gﬁ(E,a:/,x)Gf(EqL eV,z' x) — el )Gi(E,x/,x)G?(EJr eV, z'z) '

where a = e or E (for charge current or energy current) and X¢ = —e and X? = E
Let us take the R-system to be the integer edge and the L-system to be the combined fractional edges. Again
assuming that there is no transport in the absence of the impurity we can then write

J¢ = (|g| ] /d dr'dE X [ ip(mbz)éGé(E,ac,x/)Gf(E +eV,x,a’) — efip(xlfz)(SGé(E,x,x')GE(E + eV, :107:10')}

|g| E « ip(x’ —x i
= or )2/d wda' dBAE' X { @' DG (B — B 2,2")6G(E v, 2')GL (E + eV, z,2')—

e" @ =DGY (B — B 2,2/ )6GS (B, 2,2 )GL(E + €V, x,fvl)}

where G* means “integer” edge. Note that here we can also choose X = E’ to determine the thermal current flowing
into the Majorana edge mode only. Plugging in the above results for the Green’s functions we obtain

lg[*tL
(27)3vvE v,

[ei(*er(E*E/)/””E//”mHEJF@V)/“)(xﬂl)nl}g(E — E’)n%(E’)(SF(E', z, 2 \nb(—E — eV)+

Jo = / drdx'dEdE' X*(E,E')(E — E') (S9)

e P HE=ED fop B fumt(BteV) [0)@=a) pb (B _ B\pS (= E")0F (—E', z, 2" )n'’(E + V)
Note that the exponent of i(E + eV)(z — z’) of the integer mode has same sign as the i(E — E')(x — 2’), this is due
to the fact that the integer and fractional modes are opposite directed. Again, X* can equal —e, E for electrical or

thermal current leaving the integer mode or E’ for thermal current into the Majorana mode.
The integrals over x,z’ are now simple via

/dx/dx'(;F(E/,:c,:c/)eiA(w_wl) =

_ QZEO 1 iA(z—z') QZEO / / iA(z—2x')
E B, / dx/ dx'e E 1B, dx’ dxe
4E0

o 22E() QZEO -1
 E —iFE, (A+zO+) B +iEy (A—i0t)?  E?1E2 A2

where we have ignored the 0" pieces. This is valid assuming that A is never close to zero. Indeed, we are assuming
that in the exponents in Eq. S9 that the momenum mismatch p is much larger than the F/v for any of the energies
and velocities so there is never scattering in the absence of disorder. As a result we can replace the constant exponent
A by p in all occurances, obtaining

4)g|2t 0. E3 / , X*(E,E')(E - E')

oo Wl tee0 [ gpdE 1

I —(2m)3vvdv,p? dbd E? + E? (S10)
(W (B — B (B0 (—E — V) + nlg(E' = E)n(— B (E + V)]




As we would hope, if all three modes (Bose, Majorana, Integer) are at the same temperature, and if the Voltage is
zero, then the expression in brackets in the second line of Eq. S10 is exactly zero. Generally, though we should allow
for the possibility that there are three different temperatures in the Bose (b), Majorana (), and integer () mode.

Let us assume the voltage and temperature differences between the modes is small, we can then expand the brackets
to obtain

T =

PO [ XELNE ) [ B P B 50 + v

2m)Fo0Zomp? E7 4 B2 Sinh(BE) — sinh(BE') + sinh(3(F — E)) (S11)

From the symmetry of the integrand under £ — —F and E' — —E’ it is easy to see that we obtain a heat current
only for a thermal difference and an electrical current only for a voltage difference. This agrees with the intuition
that there should be no themoelectric effect for dispersionless edges?®.

For both the electric and thermal current from the integer into the Bose mode, we can assume Ey < T in which
case

1

N -1
o] B ~ mo(E")E;

and we obtain

lg[*¢eleEo / E(E(B" = ) + BeV)
Y= ———0—— [ dE X" 12
7 (27) 2002 vy, p? 2sinh(BE) (512)
with X® = —e or F for the electrical or energy current. This yields
Je = e2n2|g|20L.EoT . €|g[*(cl EgT (513)
CA2T)200Rmp? T 1600, p?
41129 7 ENT?2 204120 ) EnT?2
JE _ m |g| Ecgc 0 (AT) — ™ |g| gcéc 0 (AT) (814)

8(27) 200 vy, p? 32002V, p?

where we have used [dzxz/sinh(z) = 72/2 and [ dza®/sinh(z) = 7*/4. Here AT is the temperature difference
between the integer and Bose mode. Note that in the main text we use the standard definition of conductance in
terms of GGy and thermal conductance in terms of Ky which have factors of h rather than A.

The calculation of the thermal current into the Majorana mode is more challenging. Here we use X = E’ in Eqn. S9
and we are concerned only with the response to the temperature differnces. Here the limit of Ey — 0 is nonsingular.
Taking this limit we have

IRAN [ apar E=E) [ BB = (" 50+ B - 39

E' _
Jm = (27)3 002V p? E sinh(8E) — sinh(BE’) + sinh(B(E — E'))

(S15)

the integrals over E and E’ can be performed (see section II A ) to obtain

_ lglPel.E3T
9TV U,p?

JE (T —T%) +2(T" — T¢)].

We choose the coupling constant g (an interaction energy scale associated with scattering) to be the gap energy A.
As discussed below in sections ITE and IB 2 we have chosen

~ 7'('21)1)‘ /UmUp
bele="—pz
so that the coupling constant in the main text is given by

lof? = \g|2£cll = 720/ Up

II. SOME FURTHER DETAILS
A. Details of Integrals

There are two integrals we would like to evaluate

T\ (x —a')
I, = [ dxds' (=
/ vax (:c’) sinh z — sinh 2’ + sinh(z — 2/)




for n = 0,1. We will do the x integral first. Shift variables y = z — 2’ and rewrite the sinh as exponentials. This
allows us to rewrite the required integral as

2 1 y(' +y)"
L= [ do
' /dx 1+ e (a)n /dy(ey—l—e_””')(l—e—y)

The integrals over y can be performed using 3.419.2 and 3.419.3 of Ref. [S3]

/dy y 1 w42 ()"
(e +ev)(1—e¥) (2+4n) e~ +1
for n = 0,1. We thus obtain

72 4 o'
e +1

1 1
I, = da’
" 1+2n/ 1t e

Noting that
1 d 1

(I+e*)(1+e®)  drl+e®

the integral is not difficult giving

1 4x?
" 142n 3

B. Some Useful Identities for G < and G >

Here are some general relationships that the Green’s functions must obey. Note that these identities do not rely on
translational invariance. Nor is it required here the the operator 1) is a fermion creation operator.

Ge(t,z,a") = (Wt 2)9(0,2")) = (" PT(x)e "y ("))
G« (tv €L, Il)* = <wT($/)eitH’l/}(z)eiitH> = (dﬁ (07 »T/W(tv ‘T)> =Ge (7t> I/’ x)

Now consider
G (E,z,2') = /dte*“EG<(t,x,x’)
This gives us
G (B,r,2)* = /dteitEG(ft,x'x) = /dte*“EG(t,z’x) =G (E,z',x) (S16)

Note this equation is true for Fermi and Bose and Majorana correlators.
Assuming thermal equilibrium, we can derive a further relationship between G- and G-.

G<(t,I,$/) = <¢T(x,t)1/)(x’,0)>
= (1/2) > _(n|e" (z, t)|m) (m|¢(a', 0)|n)e =" Fn

nm

= (1/2))_(nld" (@)[m)(m|d(a’)|n) e’ En=Fm) e=FEn

nm

with Z =3 e~ BEn the partition function. Fourier transforming we get

Go(B,z,a') = (1/2) ) (! (@)[m)(m|t (2 )|n)8(E — En + Ep)e™

nm



Similarly let us calculate

G>(tvxlv'r) = (d’(fﬂlat)w(%()»
= (1/2) Y _(mlg(a’, ) [n) (n|¢" (,0)jm)e " Fm

nm

= (1/2) Y (ml(a’) [n) (n] )T () fm) P = En) =B

Fourier transforming (note the opposite transform convention)

G> (B, x) = (1/2) ) (nl! (z)|m) (m|¢(2)|n)6(E — Ey + Ep)e 75

=G (E,z,z")e’E (S517)

Note that this identity put into the expressions Eq. S2 and S3 show that there is no net electric or thermal current
if there is no voltage difference and no temperature difference between the two systems.

C. Integer Edge

As a warm-up let us calculate the edge Green’s function for an integer edge. We have Dirac fermions with commu-
tations

{t(), ¥ (a")} = 6(x — o)

Assuming a system size of L, we have k quantized as k = 2wn/L. We then have the Fourier transform

i = \% / dwe™oip(z)

and in reverse
V) = = e,
VL =
The commutations are then
t 1 ' ikz—ik'a’ foa 1 (k=)
{Ur, ¥} = 7 dr [ dx'e {(x), (2"} = I dxe = Ok 1
We calculate

Ge(t, ') = (W (2, t)e(x,0)) = LZ e~ R (L ()Y (0)) = Z R ()9 (0))
k

k,k’

Gt ) = (0l 501 2,0)) = 7 30 W (1] 0)) = 7 30 M ()] 0))

Kk’ k

Assuming the system is thermal with zero chemical potential, we then have
1 R .
/ _ - zk(ac —xz)+iE t
G (t,x',x) = T E ngp(E)

G tCL’ l‘ Zezk(:c z')— zEkt (_Ek))
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with np the Fermi function. We will now specialize to a linear edge dispersion Ej, = vk. Fourier transforming then
gives

. 1 . ’
G (E, 2 z) = /dt e "G _(t, 2! x) = I Zelk(z “np(E)2r8(E — vk)
k

= /dk R =2 (B)S(E — vk) = v~ e B/ =2)p (B
) 1 . ’
G- (E,x' z) = /dt eEGL (t 2 x) = T Zelk(m*z Inp(—E)S(E — vk)
k

— /dk R @)y (—E)§(E — vk) = v e B/@=2) L (_R)

Note that these expressions correctly satisfy Eq. S17.

The integer Green’s functions that we have calculated will constitute the R side of the tunneling system in Eqns.
S2 and S3 above.

D. Majorana Edge Without impurity

We start with the Majorana operators

{£(2),£(2")} = 6(x —2')

Assume the system is of size L, and k is quantized as k = 2an/L. Fourier transforming we get

& = \%L [ daeteia)

and in reverse
1 —ikx
x)=—=>» e
where L is the system size (assumed infinite). So that

{fk,gkl}:l/dl‘/d$/€ikw+ik/m,{f($),f(%l)}

/d:r/dx/elkxﬂk 5z — )
=7 /dxel(’”'k )z — = g1k

We can thus think of & with & > 0 as Dirac fermion creation operators with the corresponding &_j being the
annihilation operators. The vacuum is the absence of any fermions (or equivalently the negative k states are filled).
In the absence of a localized Majorana, the correlator is

GE (10!, ) = (€', (. 0)) = 7 3 e W (6 (164(0)) (S18)

kK’

_ %Z eik(ac/foc) t)&g(()) Z ezk(:p —z)—ikvmt <£7k£k>
k

1 3 ' —x)—ikv ik(z' —x)—ikv
= S (1)) = 3 R

k k

1 —_— ,
_ Z Z efzk(x —x)+ikvn,t TLF(vka) (819)
k

where v,,, is the Majorana mode velocity. Fourier transforming we obtain

]. - ’ . .
GE< (E, $/’ 1,) — Z Z efzk(x —x) ng (Umk) / dtefztEJrzkvmt
k

= v g (B)e B om) (' =)
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and correspondingly

G (E,2',z) =G (—E, 2, z) = v;llnp(—E)ei(E/”m)(z/*m)

E. Bose Edge

The v = 1/2 Bose mode can be viewed as two seperate Majorana modes[S2]. The boson operator for an edge with
velocity v is a product of the two Majoranas having the same velocity v. We thus write

o) = /1. & ()a(a)

with £, a cutoff length scale. As with the discussion above by Eq. S4 we should choose this to be

~ TUp
A
¢ A
with v, the bose mode velocity and A the gap.
We can thus have

Gb< (t7 (E/, 1‘) = €c<§2(x’v t)gl(x/v t)fl(x’ 0)52(x7 0)> = gc[Gg(t’ .Z‘/, I)]Q

Fourier transforming we have
le
G (B 2 x) = %/dE’Gi(E —E 2, 2)GL(E 2 x)

lC —i(E/v)(z—z’
= 55 el )/dE'np(E—E’)nF(E’)
The final integral can be performed by elementary methods to give Enpg(E) with np the Bose function. Thus we
have

l. .
GY(E,z',z) = me@/v)(w—w )Eng(E)

and correspondingly we have

l~c i -
GL(B.a',a) = 55 B/~ (_B) np(~E)

IIT. MAJORANA EDGE PLUS MAJORANA IMPURITY SCATTERING PROBLEM

The scattering phase shift problem of a Majorana edge tunnel coupled to a Majorana impurity has been addressed
a number of times previously (See Refs. 17-21 of the main text). For completeness we give the key steps of the
derivation here (in a slightly different language from that of the references).

We begin with a Hamiltonian density for the Chiral Majorana edge £(z) coupled to a trapped Majorana v at
position zero

1 = [ da [i(e/2) €2)0:¢(0) + X$(a)3(0)]

with v the Majorana velocity and A the coupling strength. Here v is a Majorana so v2 = 1 and {v,&(x)} = 0. Note
we also have {£(z),£(2")) = 6(x — 2').
The equations of motion are given by commutations 0,y = i[H,~] and 9;£(x) = i[H,&(x)] which yields
9€(x) = v0,€(x) + Myd(x)

Note that away from x = 0 this gives the wave equation with velocity v. At x = 0, keeping singular parts of this
equation we get

Xy = —v [£(0F) — £(07)]
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And our second equation of motion is

Ay = —A[€(07) +€(07)]
Replacing 9; by —iw and solving we get

07 = [t e0)

A. Bound on Fourier Component of Scattering

As mentioned in the main text, the tunneling from a Majorana impurity to the edge should be exponential with
some decay length (. While no calculations have been made of such couplings, we can use numerical estimates of the

decay length of the splitting E ~ Eqpe ™1/ ¢ between two quasiholes?® separated by a distance R which is ¢ = 2.3¢5.
Since the energy splitting between two putatively degenerate quasihole states is linear in the matrix element, whereas

here we have A\? /v with )\ the matrix element we instead obtain e~2R/C or a decay length ¢ = 6/2 ~ 1.150p.
The prefactor A has dimensions Energy+/length so its natural estimate should then be

A~ Egap\/lpe #/¢

Thus we obtain a coupling energy

N Ellp _
Ecoupling = r = ngp e R/C ~ 1Ke R/¢
m m

where we have used v,, ~ 105cm/sec and Fgqp ~ 1K and /g = 16nm. (We need not be too precise about the prefactor
since everything here is dominated by the exponent). To obtain Ecoupiing ~ 4mK, we then have

R~55(~6.3(p

As noted in the main text the smearing of the coupling along the edge should be over a length scale on order w ~ /R(
which is then

w%?’&g

IV. EDGE EQUILIBRATION
A. Charge Equilibration

The tunneling current leaving the integer edge at a single impurity is given by
6jr = —GA(u — pp) (520)

Denoting the density of impurities by nimp and considering a piece of the edge with length Az, we find for the
tunneling current

Aji = —Nimp Az G (1 — p1B) (S21)
Expressing the energy density of edge mode ¢ as % p7 — pipi, we find the relation p; = k; ;. Since the current density
is given by j; = vip;, and since k; = 52—, we find that
2

3

Here, the +-sign applies for the integer mode, and the —-sign for the Bose mode. We define 1/¢y = 27n;y,,G. Note
that in the main text we write G in terms of h rather than A absorbing the 27. We then obtain the following differential
equation for the the spatial change of the chemical potential of the integer edge mode

1
Ozpr = —5~ (1 — uB) - (523)
0
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For the change of the current of the Bose mode, one needs to take into account that the sign of tunneling current
is opposite, that the direction of the current is opposite to that of the integer mode, and that the filling fraction is
vp = 1/2. In total, one finds

2
Opiip = _%(Ml — iB) (524)

Taking the difference between the differential equations for integer and Bose mode, we finally obtain

0u(p — us) = (i = ) (525)

Introducing the abbreviation Ay = u; — up, we can express the solution as
Ap(z) = Ap(L)e@=0/t (526)

In addition, the total current j; + jp is conserved, which implies for the chemical potentials

1
H1— 5#13 = Mot - (827)

We now can express the chemical potentials of integer and Bose edge mode in terms of Ay and pior as
=20t —Ap,  pp = 2(fieor — Ap) (528)

We want to impose boundary conditions that the integer mode is injected into the edge at position x = 0 with chemical
potential p,,, and that the Bose mode is injected into the edge with zero chemical potential at spatial position z = L.
We then find the solutions

1
(@) = fom (1 - fwwo) C () = s (1 - ) (529)

giving the equilibration length of ¢;.

B. Thermal Edge Conductance
1. Two mode model

Here we assume the heat transferred between the Majorana mode and any other mode is negligible (Ecoupring very
small so K™ and K™ are effectively zero), so we can perform the thermal transport calculation by only considering
the integer and Bose modes. Here the energy density per unit length is kp(72/6)T?/(2rhv). We would write thermal
transport equations in terms of the thermal current density as

0p I = Ny K™ (T; — Ty)

for example where J? = (72/3)TT;/(2rh) where T; = T + small.
We thus have the transport equations

0, Ty = —K(T; — Ty) (S30)
0, Ty = —K (T = Th) (S31)

where
R = TlimpKib/KO
We then have 9,.(T; — Tp) = 0 so T; — T}, is a constant and 9, T; and 9,T; are both constants. We can thus write

T, =T — Bx (S32)
T,=T0+ (L —2)B (S33)
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where T is the value of T; at # = 0 and Tl? is the value of T, at © = L, i.e., these are the temperatures in the
reservoirs. We thus have

T,-T,=T) - T - L3
Plugging the form of T; from Eq. S32 into Eq. S30 we obtain
B=K(T} -T) - LB)

which we solve to get

5 K@ -m)
- 1+KL
The total heat current (for one edge only) is then
K
J=Ko(T; - Tp) = _ (1) - T})

1+ KL
2. Three mode model

We will now assume that the thermal conductance between the Majorana mode and the integer and Bose mode is
small, but not negligible (i.e., K™ and K®™ are small but not zero). This is a bit more complicated and we only
sketch the solution. Here we write an equation for all three edges

O Ko0uT* = 0, J% = —nimp Y K*PT)
B

where «, 5 are i,b or m and ¢* is the signed central charge of the three edges (—1,1,1/2) respectively. Here we take
the diagonal components to be

Koo — Z KB
B#a

so that the full K matrix is taken to be (with rows and columns in the order 7, b, m)

—e—1 1 € ‘
K = 1 —2—-1 2 |K®
€ 2¢ —3e

which gives us

M =y Ko () VK = iy KPP K 'M

with
~ e+1 -1 —€
M = 1 —2e—-1 2e¢
2e 4e —6e
which give us the equation
0, T = —M*PTP (S34)

where z is now measured in units of Ko/(K®njn,) = £° the bose relaxation length.
We thus solve for the eigenvalues \; and eigenvectors ¢ of the matrix NimpKo(c®) 1K @B The general solution
will be

To(z) = Z ajt?e)‘j””
J
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We set the initial conditions of the system to be

T;(0) =Ty
T, (L) =T
Tn(L) =T

and solve for the coefficients a;. The total thermal current (which can be calculated at any position) is J =
Yoo ¢ KoT®. While the general expression is rather messy, they can be solved analytically by Mathematica (The
precise expression is not enlightening).

We generally obtain an edge conductance (adding the two additional integer modes, and accounting for heat flowing
on both sides of the sample) given by

2
K/Ky=2. —_
/Ko 5+1+AT+0(6)

where € = (32/(973))(Ecoupling/T) is generally small. We will derive this next.

8. Analytic Derivation for small €

If we assume that K" and K% are small we can expand to linear order in these small parameters and obtain
analytically simple results. This is justified by the fact that we have been working to linear order in Ecoupiing/T -

We obtain an edge conductance (adding the two additional integer modes, and accounting for heat flowing on both
sides of the sample) given by

K/Ko =25+ AT)

2
Trar <
where A = L/(I5T) and

2+ 2z + 2

Clx)==x e

and € = (32/(972)) (Ecoupling/T). Since we will only be concerned with cases where z = AT > 1 we can approximate
Clx)~zx

which we use within the main text.

We now turn to derive this result. Our approach here will be to first solve the problem in the limit € = 0, then treat
€ as a perturbation. Since we are solving a linear system of equations which is invariant under all T' — T + const for
simplicity we can set Tp = 0 and 77 = 1. Since the equations we need to solve are invariant under shifting all 7’s by
a constant, this will help us avoid carrying around the average temperature.

In the e = 0 limit (as we have calculated before) we have

i
@) =177
1+2x
To(w) = 1+ L
T =1

where here we measure both x and L in units of ZqB is the bose relaxation length (we will continue to do this for
simplicity of notation).
We then have our differential equation for T, (The third line of the matrix Eq. S34)
0T = —2€6(T; + 2T, — 3Tw) (S35)
Plugging in the € = 0 results for the variables on the right hand side and integrating we get

—2L —3L?% + 2z + 6Lz — 3z2
1+ L

Tm(z)=1+¢ (S36)
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Note that this correctly gives T,,, =Ty =1 at x = L.
We still need to find T, and T;. Let us define

Ty =T, +1T
T_=T,—-1T

The first two lines of the matrix Eq. S34 can be subtracted to give
0, T_ = e(T; + 2T, — 3T},)
comparing this to Eq. S35 we realize that we have
T_=T,/2+C
with C7 some constant. Note that the heat current at & = 0 is precisely —KoC; = Ko(Tp(0) + T7,,(0)/2) since
b %:Chj eo(iuzt?(;n for Ty is given by adding the first two lines of the matrix Eq. S34

0, Ty = =24 €)T; + (24 2€)Ty, — €T,
= 2T —e(T; — 2T, + Tiy)

In the final € term we can use the unperturbed values of T}, and T,,, and for T_ we can use T,,/2 + C; yielding

2x + 2Lx + 6 L%z — 22 — 6Lx? + 22°
€

T, = —
=TT 21+ 1)

—2C1z + Cy

We then have to impose the boundary conditions. First, we have T;(0) = 0 giving

0="T_(0) 4+ T4 (0) = T, (0)/2 + C, + C,
—2L —3L% 1

0202+C1+6m+§

where in going to the second line we have used Eq. S36.
Secondly we impose T,(0) = 1, by

L? 4+ 2L +2L°
2=T.(L)-T_(L)=—-L _ - 2C4L —(1/2
L (L) (L) +e€ 20+ 1) ChiL+Cy—(1/24 Ch)

Subtracting these two equations from each other removes Cs giving

AL 4 4L% + 217
2=-201(L+1)+ (—L+e++> -1

2(1+ L)
which we can then solve for C; giving

_ 3+l —2L — 217 - L?
To1+L) ¢ 21+L)2

Ch

Multiplied by Ky give the thermal current, then we multiply by two to count both sides. This matches the above
quoted result.
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