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Supplementary Text: 
 

No invasion theorem 

In this section, we prove the key mathematical result for ecological invasions into well-mixed and stable 

bacterial communities: the invader cannot increase its invasion success by utilizing bacterial 

weapons if it invades from low density. Intuitively, invasion success is governed solely by the initial 

growth rate of the invader. Crucially, bacterial weapons decrease the growth of the attacked community 

members but do not immediately improve the initial growth rate of the invader. On the contrary, if 

weapon production is costly, then the initial growth rate of the invader decreases with weapon 

production. Therefore, the invader cannot invade the community with a weapon unless it can invade it 

without a weapon. 

To formalize this result, we consider consumer-resource models that are widely used to model well-

mixed bacterial communities and their chemical environment29,64. We assume that bacteria can utilize 

different nutrient sources17, exchange nutrients via cross-feeding65 or participate in bacterial warfare by 

producing bacterial weapons18, which can be broadly classified as contact-dependent weapons that 

require physical contact between bacterial cells, or diffusible weapons. The resulting population 

dynamics can be described by a general consumer-resource model as presented in the main text 
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= 𝑁$(𝜆$(𝐍, 𝐱) − 𝛿$)
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= 𝑔'(𝐍, 𝐱) − ∑ 𝑁$$ 𝑑'$(𝐍, 𝐱),
 (1) 

where 𝑁$ is the abundance of strain 𝜎 and 𝑥' the concentration of a chemical species 𝑖 (nutrient or 

toxin). Defining the vectors of strain abundance 𝐍 = (𝑁(, … ) and chemical concentration 𝐱 = (𝑥(, … ), 

𝜆$(𝐍, 𝐱) denotes the bacterial growth rate, 𝛿$ the bacterial dilution rate, 𝑔'(𝐍, 𝐱) the net chemical 

import rate and 𝑑'$(𝐍, 𝐱) the net uptake rate of chemical 𝑖 by strain 𝜎. With appropriate choice of the 

rate functions, this model can capture 

• nutrient utilization: the growth rate 𝜆$ of strain 𝜎 has a positive dependence on nutrient 

concentrations 𝑥', 

• cross-feeding: the production rate 𝑔' of nutrient 𝑖 has a positive dependence on the abundance 𝑁$ 

of the nutrient-producing strain 𝜎, 

• contact weapons: the growth rate 𝜆$ of the attacked strain 𝜎 has a negative dependence on the 

abundance 𝑁) of the attacking strain 𝜏, 
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• diffusible weapons: the import rate 𝑔' of toxin 𝑖 has a positive dependence on the abundance 𝑁) 

of the toxin-producing strain 𝜏, while the growth rate 𝜆$ of the toxin-affected strain 𝜎 has a 

negative dependence on the concentration 𝑥' of the toxin 𝑖. 

Importantly, the consumer-resource model in Eq. 1 can be utilized to study ecological invasions. In 

particular, we consider a community of strains 𝜎 ∈ 𝛴, invader strain 𝜏 ∉ 𝛴 and any chemical species 

𝑖 ∈ 𝐼 that any of these strains exchange with their environment. We assume that the system in Eq. 1 

describes the dynamics of community strains 𝛴 and chemicals 𝐼, which are assumed to have reached a 

stable ecological equilibrium 𝐍′, 𝐱′. Furthermore, we extend the dynamical system in Eq. 1 to include 

the invader strain 𝜏 with abundance 𝑁). The dynamics of the extended system with strains 𝛴 ∪ {𝜏} is 

described by equations of the same form as Eq. 1, but with extended rate functions 𝜆$*(𝑁), 𝐍, 𝐱), 

𝑔'*(𝑁), 𝐍, 𝐱) and 𝑑'$* (𝑁), 𝐍, 𝐱) for 𝜎 ∈ 𝛴 ∪ {𝜏} and 𝑖 ∈ 𝐼 that satisfy 

𝜆$*(0, 𝐍, 𝐱) = 𝜆$(𝐍, 𝐱),
𝑔'*(0, 𝐍, 𝐱) = 𝑔'(𝐍, 𝐱),
𝑑'$* (0, 𝐍, 𝐱) = 𝑑'$(𝐍, 𝐱),

 (S1) 

for any community strain 𝜎 ∈ 𝛴 and any chemical species 𝑖 ∈ 𝐼. With these definitions, we can 

formulate the main result. 

Theorem 1 (No invasion): The strain 𝜏 ∉ 𝛴 can invade the ecological equilibrium 𝑵′, 𝒙′ of the 

community 𝛴 from low density if and only if 

𝜆)*(0,𝑵′, 𝒙′) > 𝛿), (S2) 

which, up to the vector notation, is the same as equation (2) in the main text. Consequently, the invader 

strain 𝜏 that is equipped with a weapon cannot invade the community 𝛴 unless it can invade it without 

the weapon. Moreover, its invasibility depends: (a) negatively on the abundance of resident strains that 

carry a contact-dependent weapon against the invader, (b) negatively on the equilibrium abundance of 

toxins left in medium to which the invader is susceptible, and (c) positively on the equilibrium 

abundance of nutrients left in the medium which the invader can utilize. 

Proof: Due to the relationships in Eq. S1, the point 𝑁) = 0, 𝐍 = 𝐍′ and 𝐱 = 𝐱′ is a fixed point of the 

extended dynamical system with strains 𝛴 ∪ {𝜏}. The stability of this fixed point determines the 

invasibility of strains 𝜏 from low density. Moreover, the relationships in Eq. S1 imply that 



 3 

+,!#-.,𝑵$,𝒙$2
+"%

= +,!-𝑵$,𝒙$2
∂"%

,
+,!#-.,𝑵$,𝒙$2

∂&"
= +,!-𝑵$,𝒙$2

∂&"
,

∂3"
#-.,𝐍$,𝐱$2
∂"%

= +3"-𝑵$,𝒙$2
+"%

,
+3"

#-.,𝑵$,𝒙$2
∂&&

= +3"-𝑵$,𝒙$2
∂&&

,

+!"
#-.,𝑵$,𝒙$2
∂"%

= +!"-𝑵$,𝒙$2
+"%

,
+!"

#-.,𝑵$,𝒙$2
∂&&

= +!"-𝑵$,𝒙$2
∂&&

,

 (S3) 

 

for any 𝜎,𝜔 ∈ 𝛴 and 𝑖, 𝑗 ∈ 𝐼. Consequently, the Jacobian of the extended dynamical system at the fixed 

point 𝑁) = 0, 𝐍 = 𝐍′ and 𝐱 = 𝐱′ is given by 

𝐽* = B𝜆)
*(0, 𝐍′, 𝐱′) − 𝛿) 0

∗ 𝐽D, (S4) 

where 𝐽 is the Jacobian of the reduced dynamical system for the community strains 𝛴 and chemicals 𝐼 

evaluated at the fixed point 𝐍′ and 𝐱′. Since the matrix 𝐽* in equation (S5) is upper triangular, the 

characteristic polynomial for 𝐽* factorises, 

det(𝐽* − 𝑧𝐼) = (𝜆)*(0, 𝐍′, 𝐱′) − 𝛿) − 𝑧)det(𝐽 − 𝑧𝐼), (S5) 

and the eigenvalues of 𝐽* are given by 𝜆)*(0, 𝐍′, 𝐱′) − 𝛿) and the union of eigenvalues of 𝐽. Since the 

community 𝛴 is stable, the Jacobian 𝐽 has eigenvalues with negative real parts. Therefore, the fixed 

point 𝑁) = 0, 𝐍 = 𝐍′ and 𝐱 = 𝐱′ is unstable (i.e., the strain 𝜏 invades the community 𝛴 from low 

density) if and only if Eq. S2 holds. 

Crucially, weapons produced by strain 𝜏 do not increase its growth rate 𝜆)* but rather decrease the 

growth rate 𝜆$* of susceptible competitor strains 𝜎, either directly via 𝑁)-dependence for contact 

weapons or indirectly via 𝑥'-dependence for diffusible weapons mediated by toxin 𝑖. Consequently, if 

𝜆F)* (resp. 𝜆)*) corresponds to the growth rate of the invader 𝜏 equipped with a weapon (resp. lacking a 

weapon), then 

𝜆F)*(0, 𝐍′, 𝐱′) ≤ 𝜆)*(0, 𝐍′, 𝐱′), (S6) 

with equality if and only if there are no fitness costs associated with carrying the weapon. If the invader 

that lacks a weapon cannot invade the community, then Eq. S2 implies that 

𝜆)*(0, 𝐍′, 𝐱′) < 𝛿). (S7) 

Therefore, 
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𝜆F)*(0, 𝐍′, 𝐱′) ≤ 𝜆)*(0, 𝐍′, 𝐱′) < 𝛿) (S8) 

and Eq. S2 implies that the invader 𝜏 that is equipped with a weapon cannot invade the community 𝛴. 

Furthermore, as the initial growth rate 𝜆)*(0, 𝐍′, 𝐱′) of the invader strain 𝜏 has a negative dependence 

on the abundance 𝑁$ of any strain 𝜎 that carries a contact-dependent weapon against the invader, the 

abundance of such strains decreases the invasibility of the invader strain 𝜏 according to the invasion 

criterion in Eq. S2. Similarly, the initial growth rate 𝜆)*(0, 𝐍′, 𝐱′) of the invader strain 𝜏 has a negative 

(resp. positive) dependence on the abundance 𝑥' of any toxin (resp. nutrient) 𝑖 that is left over in the 

medium of the resident community and is potent against (resp. utilized by) the invader strain 𝜏, implying 

that the abundance of such toxins (resp. nutrients) decreases (resp. increases) the invasibility of the 

invader strain 𝜏 according to the invasion criterion in Eq. S2. □  

In summary, during the initial phase of invasion from low density, bacterial weapons do not provide an 

advantage to the invader strain in well-mixed cultures. This is true regardless of how toxin production 

functions 𝑔'(𝐍, 𝐱) are chosen, therefore will remain true irrespective of any weapon regulation. Instead, 

the invasion success is driven by nutrient competition and the access of the invader to private nutrients, 

as explained in17, as well as a lack of potent antimicrobials produced by the resident community against 

the invader strain. In the following section, we will illustrate these general principles for the case of a 

single resident strain and an invader strain that uses a single diffusible weapon. 

 

Invasion into a single resident strain 

In the previous section, we proved the key new result that characterizes ecological invasions into 

bacterial communities, see Theorem 1. In this section, we illustrate this result by studying a single 

resident strain that is being invaded by a potential producer of a single diffusible toxin that targets 

competing strains. 

Equilibrium of the resident strain 

Having introduced the model (Methods, Eq. 3), we can explore the ecology of the resident strain in the 

absence of the invader strain. If the invader is absent (𝑁6 = 0), the toxins are absent (𝑦 = 0), the private 

nutrient of the invader reaches a steady state (𝑥6 = 𝑚6/𝐷) and the dynamics of the resident 𝑁7 follows 

the equations 

𝑁̇7 = 𝑁7 O
8'&/:'*7'&'/;'
(*&/:'*&'/;'

− 𝛿P

𝑥̇ = 𝑚 − 𝐷𝑥 − 𝑁7
<'&/:'

(*&/:'*&'/;'

𝑥̇7 = 𝑚7 − 𝐷𝑥7 −𝑁7
='&/;'

(*&/:'*&'/;'

 (S9) 
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Tilman’s graphical approach28,29 can be used to show that this system admits a unique stable 

equilibrium, provided that the dilution rate is smaller than the maximal possible growth rate 

8'>/:'*7'>'/;'
?*>/:'*>'/;'

> 𝛿. (S10) 

If we further assume that the dilution rate is small (𝐷 → 0), then the unique stable equilibrium of the 

resident phenotype can be found analytically as 

𝑁7 ≈ (
@
O8'>
<'

+ 7'>'
='

P ≡ 𝑁′,

𝑥 ≈ 𝑘7
>@='

(8'B@)='>*(7'B@)<'>'
≡ 𝑥′,

𝑥7 ≈ 𝐾7
>'@<'

(8'B@)='>*(7'B@)<'>'
≡ 𝑥7′.

 (S11) 

Invasibility criterion 

Having found the ecological equilibrium of the resident strain, we can use Theorem 1 to formulate a 

mathematical criterion for the ecological invasion. In particular, the invader strain successfully invades 

from low density precisely when 

𝜆6*(𝑧) = (1 − 𝑧) 8(&D/:(*7(>(/?;(
(*&D/:(*>(/?;(

> 𝛿, (S12) 

where the initial growth rate of invaders 𝜆6*(𝑧) corresponds to the growth rate of the invader with toxin 

investment 𝑧 in the spent medium of the resident strain. Crucially, the invader growth rate 𝜆6*(𝑧) 

decreases linearly with toxin investment 𝑧 (Fig. ED2A) and is independent of toxin potency 𝑝 (Fig. 

ED2B). Therefore, consistently with Theorem 1, the invasion is successful only if it is successful 

without investing into the weapon, that is 

𝜆6*(0) > 𝛿. (S13) 

This condition can be interpreted as a condition for metabolic diversity, determined by the growth 𝜆6*(0) 

of the invader strain that lacks a weapon on the spent medium of the resident strain. In particular, if the 

invader cannot grow on the spent medium due to a large metabolic overlap (𝑟6𝑥′/(𝑘6 + 𝑥′) < 𝛿) and 

the invader does not have any available private nutrients (𝑚6 = 0), then 𝜆6*(0) < 𝛿 and the invader is 

diluted faster than it grows. In contrast, if the invader has a large amount of available private nutrients 

(𝑚6 → ∞) that can support its growth in the absence of the shared nutrients (𝑅6 > 𝛿), then 𝜆6*(0) ≈

𝑅6 > 𝛿 and the invader growth overcomes the dilution. Therefore, supplementation 𝑚6 of private 

nutrients to the invader promotes the success of invasion (Fig. ED2A-B). 

In summary, there are two dynamically distinct cases 
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• metabolic overlap: Dilution overcomes growth of the invader in the spent medium of the resident, 

𝛿 > 𝜆6*(0), and the invader cannot invade the resident, irrespective of the investment 𝑧 into toxin 

production. 

• metabolic diversity: The growth of the invader in the spent medium of the resident overcomes 

dilution, 𝛿 < 𝜆6*(0), and the invader can invade the resident provided the toxin investment does 

not impose a significant cost on the metabolism 

0 ≤ 𝑧 < 1 − @
,(
#(.)

≡ 𝑧EFGH%I. (S14) 

Population dynamics after invasion 

Once the invader successfully invades, it can either co-exist with the resident or displace it. Since the 

dynamics after the invasion phase is not analytically tractable, the possibility of coexistence must be 

studied numerically, for example by a numerical search for a positive fixed point in Eq. 3. Despite this 

limitation, if each strain can invade the resident population of the other strain, both strains must co-

exist. Therefore, the mutual invasibility of strains provides a sufficient condition for co-existence that 

can be studied analytically. Moreover, numerics suggest that mutual invasibility is also necessary for 

co-existence if private nutrients are abundant (Fig. 1; Fig. ED1). 

To study mutual invasibility, we can reverse the roles of the invader and resident in the previous 

calculations and notice that the dynamics of the original invader in the absence of the original resident 

(𝑁7 = 0, 𝑥7 = 𝑚7/𝐷) is given by 

𝑁̇6 = 𝑁6 O(1 − 𝑧)
8(&/:(*7(&(/;(
(*&/:(*&(/;(

− 𝛿P

𝑥̇ = 𝑚 − 𝐷𝑥 − 𝑁6(1 − 𝑧)
<(&/:(

(*&/:(*&(/;(

𝑥̇6 = 𝑚6 − 𝐷𝑥6 −𝑁6(1 − 𝑧)
=(&(/;(

(*&/:(*&(/;(
𝑦̇ = 𝑧𝑔𝑁6 − 𝑑𝑦.

 (S15) 

This system admits a unique stable equilibrium that can be found analytically, provided dilution rates 

are small (𝐷, 𝑑 → 0) 

𝑁6 ≈ (
@
O8(>
<(
+ 7(>(

=(
P ≡ 𝑁″,

𝑥 ≈ 𝑘6
>@=(

(8(((BJ)B@)=(>*(7(((BJ)B@)<(>(
≡ 𝑥″,

𝑥6 ≈ 𝐾6
>(@<(

(8(((BJ)B@)=(>*(7(((BJ)B@)<(>(
≡ 𝑥6″.

𝑦 ≈ J3
!@
O8(>
<(
+ 7(>(

=(
P ≡ 𝑦″.

 (S16) 

Using Theorem 1, we can deduce that the original resident can invade the original invader precisely if 
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𝜆7*(𝑧, 𝑝) =
8'&K/:'*7'>'/?;'
(*&K/:'*>'/?;'

− LMK
MK*;

> 𝛿. (S17) 

The growth 𝜆7*(𝑧, 𝑝) can be interpreted as the growth of the resident in the spent medium of the invader 

that produced toxins of potency 𝑝 after investment at level 𝑧. 

Since mutual invasibility implies co-existence, the resident strain can be displaced by a successful 

invader only if the condition in Eq. S17 is violated. Crucially, the resident growth 𝜆7*(𝑧, 𝑝) is a generally 

non-monotonic function of toxin investment 𝑧 (Fig. ED2C) and a linearly decreasing function of toxin 

potency 𝑝 (Fig. ED2D). While small levels of toxin investment 𝑧 reduce the growth of the resident 

strain, large levels are costly for the metabolism of the invader strain, improving the competitive 

advantage of the resident strain. Consequently, if the invader strain invests suitably in producing a 

sufficiently potent toxin, then there is an increased chance of displacing the resident strain after a 

successful initial invasion. Furthermore, increased supplementation of private nutrients to the invader 

strain can promote the displacement of the resident strain (Fig. ED2C-D). 

Summary 

In summary, we identified the condition when the invader strain can successfully invade a population 

of a resident strain from low density (section “Invasibility criterion”), as well as a necessary condition 

for the subsequent displacement of the resident strain (section “Population dynamics after invasion”). 

These conditions are summarized in Fig. ED2 and can be used to construct phase diagrams that relate 

metabolic diversity and toxin production to the outcome of the invasion dynamics (Fig. 1B, Fig. 

ED1A,F,K). In conclusion, the success of invasion depends critically on the availability of private 

nutrients and is independent of toxin investment or potency, consistently with the general result in 

Theorem 1 (Fig. 1, Fig. ED1). Moreover, a very large investment into toxin production can slow down 

the metabolism and impair the success of invasion. After a successful initial invasion, the invader can 

displace the resident if it produces a sufficiently potent toxin at a suitable level. Importantly, further 

supplementation of private nutrients to the invader can be critical, as a sufficient supplementation of 

private nutrients is necessary to empower the production of toxins (Fig. 1B, Fig. ED1). We also note 

that the supplementation of a private nutrients is not necessary if the invaders come with density larger 

than that of the residents and invest sufficiently in weapons to displace them (Fig. ED4). This 

observation suggests that the major benefit of supplementing the invaders with a private nutrient lies in 

boosting their initially small abundances, thereby allowing the invaders’ weapons to become effective. 

Spatial model 

No invasion theorem 

In this section, we prove that Theorem 1 extends to spatial contexts where bacteria, nutrients and 

toxins diffuse through space. In particular Eq. 1 can be extended to spatial contexts by replacing the 
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total abundances of bacterial strains 𝑁$(𝑡)	and chemical species 𝑥'(𝑡) by their spatial densities 

𝑁$(𝑡, 𝒛) and 𝑥'(𝑡, 𝒛), where 𝒛 ∈ ℝ? describes a spatial position on a line (𝐷 = 1), plane (𝐷 = 2), or 

in a three-dimensional space (𝐷 = 3). For simplicity, we assume that the spatial domain is infinitely 

large, but we note the following results can be easily generalized to finite domains with appropriate 

boundary conditions (reflective or periodic) 66. With these changes, Eq. 1 becomes 

+"!
+#

= 𝑀$∇N𝑁$ +𝑁$(𝜆$(𝐍, 𝐱) − 𝛿$)
+&"
+#

= 𝑀'∇N𝑥' + 𝑔'(𝐍, 𝐱) − ∑ 𝑁$$ 𝑑'$(𝐍, 𝐱),
 (S18) 

where 𝑀$ is the diffusivity of a bacterial strain 𝜎, 𝑀' is the diffusivity of a chemical species 𝑖, and 

∇N= 𝜕J)
N +⋯+ 𝜕J*

N  is the D-dimensional Laplacian operator. To study the invasion of a new strain, 

we consider a community of strains 𝜎 ∈ 𝛴, invader strain 𝜏 ∉ 𝛴 and all chemical species 𝑖 ∈ 𝐼 that any 

of these strains exchange with their environment. With these definitions, Theorem 1 can be extended 

to spatial contexts as follows: 

Theorem 2 (Spatial No invasion): Assume that the ecological equilibrium of the resident community 

is stable and spatially homogeneous, that is 𝑁$(𝑡, 𝒛) = 𝑁$′ and 𝑥'(𝑡, 𝒛) = 𝑥'′ for some constants 

𝑁$D , 𝑥'′. Then, the strain 𝜏 ∉ 𝛴 can invade the ecological equilibrium of the community 𝛴 from low 

density in the spatial system given by Eq. S18 precisely if Eq. 2 in Theorem 1 is satisfied, that is 

precisely if it can invade the well-mixed system given by equation Eq. 1. 

Proof: Consider small perturbations 𝜖$(𝒛), 𝜖'(𝒛) and 𝜖)(𝒛) around the spatially homogeneous 

equilibrium 𝑁$(𝑡, 𝒛) = 𝑁$′, 𝑥'(𝑡, 𝒛) = 𝑥'′ and 𝑁)(𝑡, 𝒛) = 0 given by 𝑁$(𝑡, 𝒛) = 𝑁$D + 𝜖$(𝒛), 

𝑥'(𝑡, 𝒛) = 𝑥'D + 𝜖'(𝒛) and 𝑁)(𝑡, 𝒛) = 𝜖)(𝒛). Linearization of the system in Eq. S18 yields 

+
+#
h
𝜖)
𝜖$
𝜖'
i = 𝑀*𝛻N h

𝜖)
𝜖$
𝜖'
i + 𝐽* h

𝜖)
𝜖$
𝜖'
i,			(S19) 

where 𝑀* = 𝑑𝑖𝑎𝑔(𝑀), 𝑀$ , 𝑀') is a matrix with diffusivities on the diagonal and 𝐽* is the Jacobian 

matrix of the well-mixed system as given by Eq. S4. Upon Fourier transformation 

l
𝜖)(𝒌)
𝜖$(𝒌)
𝜖'(𝒌)

n = ∫ l
𝜖)(𝒛)
𝜖$(𝒛)
𝜖'(𝒛)

n 𝑒B'𝒌𝒛 𝑑𝒛,   (S20) 

the system in Eq. S19 becomes 

!
!#l

𝜖)(𝒌)
𝜖$(𝒌)
𝜖'(𝒌)

n = (−𝑘N𝑀* + 𝐽*) l
𝜖)(𝒌)
𝜖$(𝒌)
𝜖'(𝒌)

n,  (S21) 
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where 𝒌 = (𝑘(, … , 𝑘?) is a vector of wavenumbers for each spatial dimension and 𝑘N = 𝒌 ∙ 𝒌 is its 

squared length. Therefore, the invader can invade from low density precisely if the spatially extended 

Jacobian matrix 

𝐽(𝑘N) = −𝑘N𝑀* + 𝐽*, (S22) 

 

has a positive eigenvalue for some wavenumber 𝑘N. Defining 𝑀 = 𝑑𝑖𝑎𝑔(𝑀$ , 𝑀') to be the diffusivity 

matrix without the invader strain, Eq. 4 implies that 

𝐽(𝑘N) = −𝑘N𝑀* + 𝐽* = B
𝜆)*(0, NQD , 𝑥$D ) − 𝛿) −𝑀)𝑘N 0

∗ 𝐽 − 𝑀𝑘N
D, (S23) 

where 𝐽 is the Jacobian of the reduced dynamical system for the community strains 𝛴 and chemicals 𝐼 

evaluated at the stable and spatially homogeneous steady state. Since the matrix 𝐽(𝑘N) in equation (S23) 

is upper triangular, its characteristic polynomial factorizes into 

det(𝐽* − 𝑧𝐼) = (𝜆)*(0, NQD , 𝑥$D ) − 𝛿) −𝑀)𝑘N − 𝑧)det(𝐽 − 𝑀𝑘N − 𝑧𝐼), (S24) 

implying that the eigenvalues of 𝐽(𝑘N)  are given by 𝜆)*(0, NQD , 𝑥$D ) − 𝛿) −𝑀)𝑘N and the eigenvalues of 

𝐽 − 𝑀𝑘N. Since the spatially homogeneous steady state is stable, the Jacobian 𝐽 − 𝑀𝑘N has eigenvalues 

with negative real parts. Therefore, the invaders can invade from low density precisely if 

𝐴(𝑘N) = 𝜆)*(0, NQD , 𝑥$D ) − 𝛿) −𝑀)𝑘N > 0,   (S25) 

for some wavenumber 𝑘N. Since 𝐴(𝑘N) decreases linearly with  𝑘N ≥ 0, this condition is satisfied 

precisely when 

𝐴(0) = 𝜆)*(0, NQD , 𝑥$D ) − 𝛿)0 > 0,   (S26) 

which is equivalent to Eq. 2. □ 

Invasion into a single resident strain 

In this section, we will illustrate the general spatial theory in Eq. S18 in the specific context of invasion 

into a single resident strain.  In particular, the dynamics of Eq. 3 generalizes into spatially explicit 

contexts as 



 10 

RS+
RT

= 𝑀"7∇N𝑁7 +𝑁7 O
8'&/:'*7'&'/;'
(*&/:'*&'/;'

− LM
M*;

− 𝛿P
RS+
RT

= 𝑀"6∇N𝑁6 +𝑁6 O(1 − 𝑧)
8(&/:(*7(&(/;(
(*&/:(*&(/;(

− 𝛿P
RU
RT

= 𝑀&∇N𝑥 +𝑚 − 𝐷𝑥 − 𝑁7
<'&/:'

(*&/:'*&'/;'
−𝑁6(1 − 𝑧)

<(&/:(
(*&/:(*&(/;(

RU+
RT

= 𝑀&7∇N𝑥7 +𝑚7 − 𝐷𝑥7 −𝑁7
='&/;'

(*&/:'*&'/;'
RU,
RT

= 𝑀&6∇N𝑥6 +𝑚6 − 𝐷𝑥6 −𝑁6(1 − 𝑧)
=(&(/;(

(*&/:(*&(/;(
RV
RT

= 𝑀M∇N𝑦 + 𝑧𝑔𝑁6 − 𝑑𝑦 − 𝑁7
WM
M*;

.

   (S27) 

 

To illustrate the key concepts, we consider a 1-dimensional space of length 𝐿 = 1 with reflective 

boundary conditions and simulate Eq. S27 numerically by the method of lines. As suggested by 

Theorem 2, the resulting invasion dynamics is very similar to the well-mixed contexts (compare Fig. 

1 to Fig. ED5). Specifically, invasion is only successful if the invading strain has access to private 

nutrients. Moreover, the successful invasion is followed by the displacement of the resident strain 

precisely if the invading strain produces a toxin in addition to having the access to its private nutrient. 

The spatially explicit model extends the results of the well-mixed model by showcasing the spatial 

profiles of invaders and residents in space over time. In particular, it can be noticed that successful 

invaders form a travelling wave that slowly fills the space. Moreover, in cases where the invaders 

displace the residents, the extending wave of invaders is balanced by a receding wave of residents with 

a clear interface between the two strains, until the residents are pushed away from the space completely. 
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