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ABSTRACT 

Objective: By removing systematic differences across treatment groups, simple 

randomization is assumed to protect against bias. However, random differences may remain if 

the sample size is insufficiently large. We sought to determine the minimal sample size 

required to eliminate random differences, thereby allowing an unbiased estimation of the 

treatment effect. 

Study Design and Setting: We re-analyzed two published multicenter, large and simple 

trials: the International Stroke Trial (IST) and the CORONARY study. We reiterated 1,000 

times the analysis originally reported by the investigators in random samples of varying size. 

We measured the covariates balance across the treatment arms. We estimated the effect of 

Aspirin and Heparin on death or dependency at 30 days after stroke (IST), and the effect of 

off-pump coronary-artery bypass grafting on a composite primary outcome of death, nonfatal 

stroke, nonfatal myocardial infarction, or new renal failure requiring dialysis at 30 days 

(CORONARY study). In addition, we conducted a series of Monte Carlo simulations of 

randomized trials to supplement these analyses. 

Results: Randomization removes random differences between treatment groups when 

including at least 1,000 participants, thereby resulting in minimal bias in effects estimation. 

Below, substantial bias is observed. In a short review, we show such an enrollment is 

achieved in 41.5% of phase 3 trials published in the highest-impact medical journals. 

Conclusions: Conclusions drawn from completely randomized trials enrolling a few 

participants may not be reliable. In these circumstances, alternatives such as minimization or 

blocking should be considered for allocating the treatment. 

KEYWORDS: Randomization; sample size; bias.  
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INTRODUCTION 

The Randomized Controlled Trial (RCT) is considered as the gold standard to provide 

evidence for clinical decision-making [1]. In such an experimental design, the treatment 

allocation is completely at random with respect to the patient’s baseline characteristics. By 

doing so, the treatment groups are assumed to be balanced on measured and unmeasured 

confounders, allowing an unbiased estimation of the treatment effect [2]. However, although 

systematic differences between groups are removed, random differences can remain. One 

could speculate that simple randomization removes the random differences across the 

treatment groups only in sufficiently large trials. Rubin wrote: “complete randomization may 

not be good enough”, except “in very large experiments” [3]. Such as flipping a coin, it 

appears intuitive that simple randomization may not guarantee the balance in small trials, 

contrary to large trials. This refers to the Law of Large Numbers, firstly described by Jakob 

Bernoulli as his “Golden Theorem” [4]. According to this Law, the sample mean of a random 

variable converges to the population mean as the sample size approaches infinity. In RCTs, 

both treated and control patients are sampled from the same population. If the sample size is 

sufficiently large, the distribution of the baseline characteristics within each treatment group 

converges to the population distribution. In these circumstances, the treatment and the control 

groups are similar on average. This theorem remains often ignored in medical field. Because 

the probability of removing the random differences across the treatment groups increases with 

larger sample size, enrolling enough participants is of greatest importance to provide reliable 

evidence of the treatment effect. As previously demonstrated, this risk of bias induced by 

covariate imbalance (sometimes called “accidental bias”) converges asymptotically to null 

[5]. Furthermore, large-scale trials reduce variation in estimated effects and allow researchers 

to draw conclusions with a greater confidence [6]. Although this need of large RCTs has been 
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supported for years [7, 8], the actual sample sizes of contemporary RCTs remain small [9, 

10]. 

In this study, we investigated the minimal sample size required to remove the random 

differences between treatment groups in RCTs. We aimed to demonstrate that discarding the 

Law of Large Numbers leads to substantial bias in the treatment effect measurement. To this 

end, we re-analyzed two multicenter, large and simple trials assessing the effect of Aspirin 

and Heparin after stroke [11], and comparing off-pump versus on-pump Coronary Artery 

Bypass Grafting (CABG) [12]. In addition, we conducted a short review to illustrate our 

findings to the actual enrollment of participants in RCTs published in high-impact journals.  
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METHODS 

We evaluated how the Law of Large Numbers guarantees the covariate balance and thus the 

unbiased estimation of the treatment effect in RCTs, by using two multicenter, large and 

simple trials: the International Stroke Trial (IST) [11] and the CABG Off or On Pump 

Revascularization Study (CORONARY) [12]. In addition, we conducted a series of Monte 

Carlo simulations, through which the “true treatment effect” was known. Then, we explored 

the actual enrollment in RCTs published in the five leading general medical journals (Annals 

of Internal Medicine, the British Medicine Journal, the Journal of the American Medical 

Association, The Lancet, and the New England Journal of Medicine). 

 

Law of Large Numbers in RCTs 

To illustrate how the properties of the Law of Large Number may ensure the covariate 

balance and impact the results of RCTs, we re-analyzed two published studies. The IST, 

including 19,435 adult patients suspected of acute ischaemic stroke from 36 countries, 

evaluated the effect of Aspirin and Heparin on death or dependency at 6 months, by a two-by-

two factorial design [11]. The database of this trial has been made available by the 

investigators [13]. The CORONARY study, including 4,752 senior patients undergoing a 

CABG from 19 countries, compared the procedure off-pump versus on-pump regarding a 

composite primary outcome of death, nonfatal stroke, nonfatal myocardial infarction, or new 

renal failure requiring dialysis at 30 days [12]. For each RCT, we generated random 

subsamples with replacement from the original data set, by varying the sample size (n from 50 

to 5,000 subjects, stepwise 50), which replicated RCTs with different enrollments. For each 

size, 1,000 RCTs were simulated, in which we measured the covariate balance across the 

treatment groups and estimated the treatment effect. The balance reflects the average 
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difference between the two treatment groups of a sample, which is assumed to be minimal 

when the covariates converge to their population mean. As the balance is a sample property 

rather than a population property, we did not assess covariates balance with significance tests 

[14-18]. We used absolute standardized mean differences, which are not affected by the 

sample size variation. For a variable (or a category of a discrete variable) W, the absolute 

standardized mean difference across the treatment groups is defined by:  
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���
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We used this metric for assessing the baseline characteristics measured in the original articles. 

In the IST, we reported the standardized differences in delay of administration, age, sex, onset 

(awake; during sleep), conscious level (unconscious; drowsy; alert), cardiac rhythm (sinus 

rhythm; atrial fibrillation), systolic blood pressure, stroke syndrome (total anterior; partial 

anterior; posterior circulation; lacunar), leg weakness (present; absent; not assessable), pre-

randomization CT scan; appearance of CT scan (infarct visible; no infarct visible); pre-

randomization antithrombotic therapy (Aspirin within previous 3 days; Heparin within 

previous 24 hours) [11]. In the CORONARY study, we reported the standardized differences 

in age, sex, body mass index, previous myocardial infarction, previous percutaneous coronary 

intervention, previous stroke, peripheral arterial disease, diabetes, renal failure requiring 

dialysis, congestive heart failure, hypertension, left ventricular ejection fraction (grade 1: ≥ 

50%; grade 2: 35 to 49%; grade 3: 20 to 34%, grade 4: <20%), EuroSCORE grade (0 to 2; 3 

to 5; >5), urgent surgery, diseased vessels (left main; triple; double; single) [12].  

Like in the original articles, we calculated the treatment effect as an absolute mean difference 

in the IST, and as a hazard ratio in the CORONARY study. For each sample size n, we 
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compared the estimated effects to the reference values. We calculated the mean squared error, 

which measures the bias and variance of the estimated effects:  

���� = ���	[
� !���!�"	�$$��!� − ��$���	��	��%&��'] 

Though we recognize this metric did not allow us to distinguish accidental bias (related to the 

covariates imbalance) from random errors (related to the sample size), these two sources of 

error must be minimized to allow reliable conclusions from RCTs. Hazard ratios were log-

transformed in this calculation. We considered the reference values as the treatment effects 

originally presented by the investigators. As reported by the IST collaborative group, the 

effects of Aspirin and Heparin were, in absolute risk difference scale, equal to -1.25% and -

0.03%, respectively [11]. As reported by Lamy et al., the effect of off-pump CABG was equal 

to a hazard ratio of 0.95 [12]. 

As these analyses assumed that the reference values coincided with the “true treatment 

effects”, we conducted an additional series of Monte Carlo simulations to complete our 

approach. 

Monte Carlo simulations 

We emulated fictive RCTs in which the “true treatment effect” was known. We generated 14 

baseline covariates following random normal distributions. From these, we created a set of 

binary (W1 to W10), continuous (W11 to W13) and categorical (W14) variables that were all 

designed to approximate those described in perioperative populations (e.g. age, comorbidities 

and biological markers) [19, 20]. We fixed different correlation coefficients between these 

covariates. An additional variable (W15) was defined as the combination of others to 

reproduce the cardiac risk index proposed by Lee et al [21]. To simulate simple 

randomization, the treatment was allocated according to a random binomial distribution 
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B(0.5), with Z=1 and Z=0 denoting the treated and the control subjects, respectively. The 

occurrence of the outcome Y (binary variable) followed the model: 

logit[p(Y)] = α0 + α1W1 + α2W2 + α3W3 + α4W4 + α5W5 + α7W7 + α9W9 + α10W10 + α11W11   

+ α12W12 + α13W13 + α15W15 + γTZ 

The patient experienced the outcome (Y=1) if p(Y) was greater than a random number 

generated from an uniform distribution U(0,1). Introducing an error, this random process 

allowed us to consider a random outcome assignment rather than a fixed and deterministic 

one. In addition, we could compute Y1 and Y0, denoting for each patient her/his potential 

outcome value that would be observed if, possibly contrary to the fact, she/he were treated 

and not treated, respectively. Having her/his own counterfactual outcome value, each patient 

was thus compared to herself/himself (i.e. “utopian experiment” with perfect balance). Given 

a trial, we could therefore assessed the performance of the simple randomized experiment 

against the “utopian experiment” that exactly included the same set of patients. This allowed 

us to measure the loss of performance attributable to simple randomization. After calculating 

the average treatment effect as an absolute risk difference in both types of experiment 

(average difference in Y across the treatment groups and average difference between Y1 and 

Y0, respectively), we reported the mean squared error for both estimators. Then, we computed 

the difference in relative bias (i.e. bias expressed as a percentage of the reference value) 

between the two estimators and calculated the average standard error of the randomization-

based estimator which was compared with the empirical standard deviation of the estimated 

treatment effect across the simulations. This allowed us to separately evaluate the impact of 

the sample size on the performance of the randomization-based estimator and its variance 

estimator. The reference value (i.e. “true average treatment effect”) was equal to -2.55%. This 

marginal effect was obtained by fixing, in the outcome equation, a conditional odds ratio of 

0.80 (log-odds ration γT = -0.23) being consistent with real-life RCTs [22-24]. We varied the 
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sample size from 50 to 5,000 patients, stepwise 50 (1,000 generated samples per size). All 

parameters for data generation are described in Supplementary Material.  

Number of trial participants in medical literature 

To describe the actual enrollment in clinical trials, we extracted all of the studies indexed in 

PubMed as “clinical trials” and published on November 15th, 2015, in one of the top five 

highest-impact journals in Medicine (the Annals of Internal Medicine, the British Medicine 

Journal, the Journal of the American Medical Association, The Lancet, and the New England 

Journal of Medicine). Of these studies, we kept those reporting a link to ClinicalTrials.gov. 

After merging the two databases (PubMed and ClinicalTrials.gov) on the NCT registration 

number, we automatically extracted the number of enrolled participants in the interventional 

studies, in which the treatment was randomly allocated in a parallel or factorial design. 

Though some of these could use alternatives to simple randomization, such as blocked 

randomization or minimization on measured covariates, imbalance could remain in 

unmeasured covariates. We focused our analysis on the phase 3 trials, as they were especially 

designed to demonstrate the effectiveness of new treatments.  
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RESULTS 

Law of Large Numbers in RCTs 

We found a same “point of balance” in the IST and the CORONARY study (Figure 1). This 

threshold was found as the value of N, after which both the covariate balance and the mean 

squared error plateaued. In both trials, all of the baseline characteristics were correctly 

balanced across treatment groups only when enrolling 1,000 participants or more. Beyond this 

threshold, we reported minimal mean squared error in estimating the effects of Aspirin and 

Heparin (IST) and off-pump CABG (CORONARY study). Below, baseline characteristics 

were imbalanced, and substantial mean squared error in effects measurement were observed. 

These results were confirmed in our series of Monte Carlo simulations, across which the 

average treatment and outcome prevalence were equal to 50.0% and 15.5%, respectively. The 

covariate balance was appropriately achieved in sample sizes greater than 1,000. In Figure 2, 

we showed that the additional mean squared error (i.e. loss of performance) attributable to 

simple randomization was minimized when enrolling at least 1,000 participants. This result 

appeared to be related to the ‘accidental’ bias caused by the covariate imbalance in simple 

randomization. On a relative scale, the additional bias attributable to simple randomization 

plateaued at N = 1,000 participants (Figure 3). In contrast, the estimated standard error was 

consistent with the empirical standard deviation regardless of the number of participants, 

thereby suggesting that the performance of the variance estimator was not affected by the 

sample size (Figure 3). 

Number of trial participants in medical literature 

At the date of November 15th, 2015, a total of 11,416 RCTs were published in the top five 

highest-impact medical journals. Of these, 2,405 reported a link to ClinicalTrials.gov, from 



M
ANUSCRIP

T

 

ACCEPTE
D

ACCEPTED MANUSCRIPT

12 

 

which 2,172 records matched with publications. Randomized allocation and parallel or 

factorial assignment were reported in 1,918 studies and 1,004 were phase 3 trials (Figure 4). 

As illustrated in Figure 5, the number of published phase 3 RCTs substantially increased 

since the beginning of the century. However, the proportion of RCTs enrolling more than 

1,000 participants appeared constant in time, with less than a half of phase 3 trials (417 RCTs, 

41.5%). Unsurprisingly, this proportion varied according to the medical specialty (Table 1). 

Among the 215 phase 3 trials in cardiovascular diseases, 150 (69.8%) respected this threshold 

of 1,000 participants. This proportion was much lower in Oncology (58 trials among 187, 

31.0%). No substantial difference was found across the age groups, but trials enrolling all of 

the age categories (child, adult and senior) were fewer to include 1,000 subjects (32 trials 

among 94, 34.0%). Phase 3 trials, which benefited from multiple funding sources were more 

likely to include 1,000 participants or more (120 among 252 trials, 47.6%).   
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DISCUSSION 

We showed that simple randomization protects against bias only in trials enrolling 1,000 

patients or more. This threshold is necessary to insure the covariates balance across the 

treatment arms and subsequently, an unbiased estimation of the treatment effect. Enrolling 

fewer participants resulted in substantial bias in estimating the treatment effect. In addition, 

we found that not even a half of phase 3 RCTs published in the top five highest-impact 

journals actually achieved this number of inclusions. 

In experimental design, complete randomization is often assumed to protect against bias, 

because it removes the systematic differences across the treatment groups on average [25]. As 

the treated population is similar to the control population, randomization may protect against 

selection bias [26]. As well, by balancing measured and unmeasured prognostic factors across 

the treatment groups, randomization may protect against confounding [2]. However, random 

differences can remain. These assumptions are therefore verified only under the Law of Large 

Numbers, that is to say, the treated and the control groups are similar on average only if the 

sample is large enough. Within very large samples, the average values of covariates converge 

to their population expectations, resulting in no difference across the treatment groups. 

Previous studies have shown the accidental bias due to these random differences 

asymptotically approaches the null [5]. Although a minimal sample size of 200 has been 

previously proposed to ensure an equal treatment allocation (i.e. proportions of treated and 

controls that approach 50%), no threshold was found to ensure adequate balance of the 

covariates [5]. We showed that this balance occurs in samples including 1,000 subjects or 

more. Below this value, the assumptions attributed to randomization might be no more 

verified, thereby leading to bias in estimated effects. In response to this issue, one could 

advocate adjusting for imbalanced covariates. However, such an approach is limited. First, it 
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assumes no unmeasured confounders [27]. Second, adjusting allows the estimation of a 

conditional effect, which is not necessarily equal to the marginal effect estimated in the RCT 

[27, 28]. Third, adjustment is a model-dependent approach, which is criticized for causal 

inference purpose. Indeed, as the estimate depends on the model’s specification, the 

researcher might be tempted to report the result, which “fits its favorite hypothesis” [29, 30]. 

We recognize that the possibility of inclusion varies according to financial supports and 

medical specialties. Enrolling 1,000 participants may be difficult regarding certain conditions 

(e.g., rare diseases). In such situations, alternatives to simple randomization should be 

considered. For example, a greater power, efficiency and robustness of the fully blocked 

randomized experiment have been advocated [30-33]. In such a design, the imbalance is 

reduced to null, as the treated and the controls are blocked at the start on the covariates. 

Treatment allocation by minimization is also an alternative [34, 35]. As well, compared to 

parallel assignments, cross-over designs may reduce the variance of estimates [36]. 

In contrast with our findings, only a few RCTs actually enroll more than 1,000 participants. 

Califf et al. reported that 3.1% of studies registered on ClinicalTrials.gov between 2007 and 

2010 included more than 1,000 subjects [9]. According to Hopewell et al. [10], the median 

sample sizes of RCTs indexed in PubMed database in 2000 and 2006, were 32 and 36 in each 

treatment group. In the top five highest-impact journals, we report a larger proportion of 

RCTs enrolling more than 1,000 participants in phase 3. However, more than a half should 

still be considered too small to provide fair evidences. This finding is quite alarming, as these 

studies were designed to provide evidences of effectiveness of new treatments. “Studies of 

lesser quality and smaller scope should not carry equal weight to large-scale comprehensive 

trials just because they are randomized” said Gregg Stone and Stuart Pocock [37]. This 

necessity of working on large samples has been supported for years [7, 8]. As previously 

written by Richard Peto, “useful trials must usually be capable of distinguishing between the 
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alternative possibilities of a small treatment effect and no treatment effect” [38], referring to 

large RCTs with sufficient statistical power to detect significant (small) effects. In addition, 

we argue that sample size calculation should not be based only on statistical power. As a 

simple example, if a treatment has a major effect on reducing a highly frequent outcome, a 

power-based sample size calculation might lead to including less than 1,000 participants. 

Admittedly, the result of such a RCT would be significant, but probably biased. We agree 

with Martin Bland that sample size calculation should not be dominated by the “tyranny of 

power” [39]. As long as “a p value is no substitute for a brain”, considering statistical power 

is necessary but not sufficient for sample size calculation. In addition to these issues, some 

authors have previously revealed important deficiencies in the quality of reporting of RCTs 

[40-42]. 

Parallel to the strengths of our study, some limitations have to be considered. First, our 

analysis was conducted only in RCTs with an equal allocation. We focused on this allocation 

type, because it is very popular in practice. Through two illustrative RCTs, we found 

consistent results regardless of the type of outcome (binary or censored), the scale of 

treatment effect (absolute risk difference or hazard ratio), the age group (adult or senior) and 

the type of intervention (medical or surgical). In spite of a large set of baseline covariates, we 

found a unique “point of balance” in both RCTs. Because this corresponds to the point 

minimizing both bias and variation of measurement effects, we assume that unmeasured 

covariates were also balanced. This “point of balance” depends on the covariates variance 

within the population and might be therefore greater in populations with a widespread 

distribution of patient’s characteristics (e.g., populations including all the categories of age: 

child, adult and senior). Second, we explored the enrollment only in RCTs registered on 

ClinicalTrials.gov. We used this large and publically accessible database to extract data of 

trials published in the top five highest-impact medical journals, which are generally 
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considered as the highest-quality studies. As discussed before, the prospective registration of 

such database may reduce publication bias [43, 44]. In our case, regarding the number of trial 

participants, only a few discrepancies are expected between the registry and publications [43, 

45]. 

 

To conclude, simple randomization does not necessarily protect against bias without respect 

to the Law of Large Numbers. Insufficiently sized trials may exhibit substantial bias and 

wrong conclusions may be drawn.  
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FIGURE LEGENDS 

Figure 1. Differences in baseline characteristics across the treatment groups (A, B, C) and 

error on the effects measurement (D, E, F). In panels (A, B, C), each colored curve refers to a 

baseline characteristic (see Methods section). 

Figure 2. Monte Carlo simulations of randomized controlled trials. Differences in baseline 

characteristics across the treatment groups (A) and additional error on the effects 

measurement attributed to simple randomization (B). In panel (A), each colored curve refers 

to a baseline covariate. 

Figure 3. Monte Carlo simulations of randomized controlled trials. Additional relative bias 

attributable to simple randomization in estimated treatment effects (A) and ratio of estimated 

standard error to empirical standard deviation of simple randomization-based estimated 

treatment effects (B). 

Figure 4. Flow chart of randomized controlled trials recorded in ClinicalTrials.gov and 

published in the Annals of Internal Medicine, the BMJ, the JAMA, The Lancet or the New 

England Journal of Medicine at November 15th, 2015. 

Figure 5. Phase 3 randomized controlled trials recorded in ClinicalTrials.gov and published 

in the Annals of Internal Medicine, the BMJ, the JAMA, The Lancet or the New England 

Journal of Medicine on November 15th, 2015. 
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Table 1. Randomized controlled trials recorded on ClinicalTrials.gov and published in the 
Annals of Internal Medicine, the BMJ, the JAMA, The Lancet or the New England Journal of 
Medicine, at the date of November 15th, 2015. 

 

 
N 

≥ 1 000 
participants 

n = 417 (41.5%) 

< 1 000 
participants 

n = 587 (58.5%) 

Discipline 
   

Cardiovascular Disease 215 150 (69.8%) 65 (30.2%) 
Oncology 187 58 (31.0%) 129 (69.0%) 
Infectious Disease 173 79 (45.7%) 94 (54.3%) 
Endocrinology 73 29 (39.7%) 44 (60.3%) 
Rheumatology and Internal Medicine 67 3 (4.5%) 64 (95.5%) 
Others 289 98 (33.9%) 191 (66.1%) 
Age group 

   
Child only 77 35 (45.5%) 42 (54.5%) 
Adult only 65 29 (44.6%) 36 (55.4%) 
Senior only 7 3 (42.9%) 4 (57.1%) 
Child and adult 38 16 (42.1%) 22 (57.9%) 
Adult and senior 723 302 (41.8%) 421 (58.2%) 
Child. adult and senior 94 32 (34.0%) 62 (66.0%) 
Funding source 

   
Industry 520 216 (41.5%) 304 (58.5%) 
NIH 41 15 (36.6%) 26 (63.4%) 
U.S. Fed 11 4 (36.4%) 7 (63.6%) 
Others 180 62 (34.4%) 118 (65.6%) 
Multiple sources 252 120 (47.6%) 132 (52.4%) 
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Simple Randomization Should be Reserved for Sufficiently Large Trials. What 

Does “Large” Mean? 

Highlights 

- Simple randomization removes systematic differences across the treatment groups; 

random differences may remain in insufficiently large trials, however. 

- In small samples, random covariate imbalance leads to ‘accidental bias’. 

- When enrolling at least 1,000 participants, simple randomization may ensure the 

covariate balance and minimize the risk of measurement error. 


