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Abstract
The Euler characteristic transform (ECT) is a signature from topological data analy-
sis (TDA) which summarises shapes embedded in Euclidean space. Compared with 
other TDA methods, the ECT is fast to compute and it is injective on a broad class 
of shapes. However, small perturbations of a shape can lead to large distortions in 
its ECT. In this paper, we propose a new metric on compact one-dimensional shapes 
and prove that the ECT is stable with respect to this metric. Crucially, our result 
uses curvature, rather than the size of a triangulation of an underlying shape, to con-
trol stability. We further construct a computationally tractable statistical estimator of 
the ECT based on the theory of Gaussian processes. We use our stability result to 
prove that our estimator is consistent on shapes perturbed by independent ambient 
noise; i.e., the estimator converges to the true ECT as the sample size increases.
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1  Introduction

Classifying shapes is a ubiquitous task in data science and machine learning. A 
wealth of theory has been developed to distinguish different shapes and a large array 
of applications of these methods in the natural sciences exist [1–4]. In particular, 
the Euler characteristic transform (ECT) [5], arising from topological data analysis 
(TDA), provides an injective signature on a large class of shapes [6, 7] (e.g., compact 
semi-algebraic sets) embedded in Euclidean space by considering intersections of a 
shape with half-spaces. Each half-space in Rd can be associated with an integer by 
computing the Euler characteristic of the part of the shape that lies within the given 
half-space. By this process, a map is induced from half-spaces in Rd to Z  which is 
defined to be the ECT. Typically, the ECT is viewed as a function from Sd−1 × R to 
Z , via an identification of half-spaces in Rd to Sd−1 × R. Related to the ECT is the 
smooth Euler characteristic transform (SECT), which encodes the same information 
as the ECT but is a continuous function.

The ECT is theoretically well-motivated, interpretable and has been successfully 
applied in practice [4, 8–11]. Further, the ECT signature lies in a vector space of 
functions and is thus well-suited for further statistical analysis. While the ECT is fast 
to compute, small perturbations in the input shape can lead to large differences in the 
output signature [12]. By contrast to other TDA methods, such as persistent homol-
ogy [13] and the persistent homology transform [5], we are not aware of any general 
stability results for the ECT which are independent of the triangulation of a shape.

1.1  Contributions

We propose a new metric on the embeddings of a finite one-dimensional CW com-
plex that is sensitive to changes in arc-length. Next, we introduce a norm on Euler 
characteristic transforms, in a similar vein to the norm introduced in Meng et al. 
[14, Equation 3.1], defined by taking first the 1-norm over the R component and 
then the ∞-norm over the Sd−1 component. We then prove a novel stability result 
for the ECT, showing that the ECT is continuous in our metric of embedded spaces 
(Theorem 2). In other words, if two embeddings of the same one-dimensional CW 
complex are sufficiently close in our metric, their corresponding ECTs are also close. 
To the best of our knowledge, our result is the first stability result for the ECT which 
is independent of the triangulation of a shape. Using similar ideas, we also show that 
the ECT of a smooth underlying shape can be approximated using sufficiently fine tri-
angulations (Theorem 14). Further, we propose a smoothing method for embeddings 
of one-dimensional CW complexes that were perturbed by independent Gaussian 
noise in ambient space. We use the two previous results to prove that our smoothing 
method does not only yield stability but also provides a consistent statistical estima-
tor for the ECT of a noisy data set (Theorem 23), i.e. the ECT of the smoothed shape 
converges to the ECT of the underlying shape in probability as we increase the num-
ber of noisy observations.

The well-known stability results in applied topology for Čech and Vietoris-Rips 
filtrations of point clouds are stated in terms of the Hausdorff distance [15]. Proving 
stability results for the ECT is complicated by the fact that this metric is too coarse 
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for the ECT to be continuous. Crucially, it is straightforward to construct examples of 
two shapes embedded in Euclidean space which are close in Hausdorff distance but 
whose ECTs are far apart. We loosely classify such instabilities into two categories.

The first type of instability arises when two shapes are close in Hausdorff distance, 
yet not homeomorphic to each other. Counterexamples can be constructed by adding 
a single point to a shape at an arbitrarily close distance, as visualised in Fig. 1 for 
the case of an embedded simplicial complex. We point out that classical persistent 
homology and the persistent homology transform (PHT) [5] suffer from the same 
instability. However, extended persistence [16] and the extended persistent homol-
ogy transform [17] can be used to partially overcome this type of instability. In this 
paper, we resolve the described type of instability by restricting ourselves to shapes 
that are homeomorphic. Restricting an ECT analysis to a homeomorphism class of 
shapes is common in applications, see for example [8, 10, 11, 18].

Secondly, the ECT can suffer from instability through excessive curvature. For 
example, in the case of shapes homeomorphic to S1 or I = [0, 1], which can be 
parametrised as curves, this type of instability occurs when two curves are close 
in the embedded space, but one curve changes curvature much more rapidly. An 
example of such curves is given in Fig. 2. Such instability is expected to occur if a 
shape is approximated based on points which are perturbed independently of each 
other by ambient noise.

Our work resolves instabilities of the second type for one-dimensional shapes by 
proposing a new metric which is sensitive to curvature. We also provide a statistical 
estimator of the ECT which is consistent under perturbations by independently dis-
tributed Gaussian noise. These perturbations are likely to produce changes in curva-
ture. While the PHT and extended PHT do not suffer from instabilities as illustrated 
in Fig. 2, neither method provides a consistent estimator. Furthermore, the ECT argu-

Fig. 1  We visualise two embedded simplicial complexes (top) which differ by a single vertex. Their 
SECTs (bottom), visualised for a filtration in the bottom-to-top direction, are significantly different. 
The illustrated behaviour persists when we move the disconnected vertex in the top right panel (indi-
cated by arrow) arbitrarily close to the larger connected component
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ably provides signatures more amenable to the application of further statistical and 
machine learning methods and are, by themselves as well as in conjunction with our 
new method, faster to compute.

1.2  Related Work

Already the work of Berkouk [19] shows that there is no metric on Euler curves that 
is stable against the interleaving distance of underlying persistence modules and sat-
isfies a few mild, desirable conditions. We note that the stability of the Wasserstein 
distance proved by Skraba and Turner [20] provides a straightforward stability result 
for the ECT. Further, Dłotko and Gurnari [21] prove a similar result for the Euler 
characteristic curve. Nadimpalli et al. [11] prove a stability result for the ECT on 
binary image data, which is linear in the number of voxels at which two images differ. 
However, these stability results depend on the number of simplices in the underly-
ing simplicial complex and the bound on the ECT becomes increasingly loose as the 
number of data points increases. Meng et al. [14] provide results that imply stability 
of the ECT when a shape is perturbed by rotations and translations but not for more 
general perturbations. Tameness assumptions, which are not needed in our results, 
are required for the stability they prove to hold. They also provide a statistical infer-
ence pipeline for shapes using the SECT. However, their pipeline considers param-
eterised families of shapes and random perturbations only happen in parameter space. 
As a result, the perturbations of points in shape space are correlated. By contrast, our 
results on the estimation of the ECT and SECT allow independent perturbations in 
ambient space.

Fig. 2  Two shapes homeomorphic to [0, 1] embedded into R2: A straight line (blue) and a wave (red) 
closely following the straight line with a small amplitude ε and high frequency. As long as the frequen-
cy is high enough for the wave to go through n := ⌈1/ε⌉ amplitudes, the distance of the ECTs of the 
two curves is at least 1 (fix the S1-component of the ECTs to be the bottom-up direction and compute 
the 1-norm over R), while the Hausdorff distance between the curves is ε
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1.3  Outline

The paper is structured as follows: We start by introducing background on one-
dimensional CW complexes, the ECT and SECT in Sect. 2. In Sect. 3 we propose a 
novel metric on the space of embeddings of a finite one-dimensional CW complex 
and prove that the ECT is stable against this metric for C2-embeddings in Theo-
rem 2. Then we propose a method for approximating the ECT of such an embedding 
by interpolating points in a finite subset in Theorem 14. We then introduce kernel 
methods and Gaussian processes in Sect. 4. In Theorem 21 of Sect. 5 we prove the 
probabilistic convergence of Gaussian processes on finite one-dimensional CW com-
plexes, given a suitable kernel. Next, we construct a statistical estimator of the ECT 
for a shape perturbed by independent Gaussian noise. In Theorem 23 we combine 
our deterministic stability results with our probabilistic convergence result to prove 
that the estimator is consistent. Finally, we illustrate the power of our estimator and 
results on an example in Sect. 6.

2  Topological Preliminaries

2.1  One-Dimensional CW Complexes

A topological space Z is called a one-dimensional CW complex if it is of the form

	
Z =

(
Z0 ⊔

⊔
λ∈Λ

[0, 1]
)
/ϕ,� (1)

where Z0 is a set with the discrete topology and ϕ is some map from the endpoints of 
the intervals in 

⊔
λ∈Λ[0, 1] to Z0. We refer to the map sending the λth copy of [0, 1] 

into Z by Φλ (note that Φλ must be injective everywhere except possibly the end-
points of the interval). The space Z is said to be a finite one-dimensional CW complex 
if it can be written as in Eq. (1) with Z0 and Λ finite. We refer to points in Z that are 
in the image of Z0 → Z as 0-cells and subsets of Z that are the image of a map Φλ 
as 1-cells. For convenience, we denote the set of 1-cells of Z by Z1. It may be pos-
sible for a space Z to be written as in Eq. (1) in many different ways. For instance, 
the circle admits the structure of a one-dimensional CW complex with n 0-cells and 
n 1-cells for any n. Sometimes, we need to fix a cellular decomposition of a shape. 
When fixing a choice of Z0 and {Φλ}λ∈Λ, we refer to Z∗ = (Z,Z0, {Φλ}λ∈Λ) as a 
CW structure on Z.

We are primarily interested in shapes with this structure that are subsets of Rd. 
To this end, we say that f : Z → X ⊆ Rd is a Cr map under Z∗ if f  is Cr on its 
restriction to each copy of [0, 1] in Eq. (1). We denote the set of such maps f  by 
Fr(Z∗, d). We denote the subset of Fr(Z∗, d) of maps that are also homeomor-
phisms by Er(Z∗, d) and the set of images of these homeomorphisms by Gr(Z∗, d).

The curvature of a twice differentiable curve α : [0, L] → Rd satisfying 
∥α′(t)∥2 = 1 for all t ∈ [0, L] is the real valued function κ(t) = ∥α′′(t)∥2. For a 
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twice differentiable curve α : [0, 1] → Rd, potentially not satisfying ∥α′∥2 = 1, we 
define the curvature of α to be the function κ(t) = (k ◦ s−1)(t), where s : R → R is 
an increasing map such that ∥(α ◦ s)′(t)∥2 = 1 for all t where (α ◦ s)(t) is defined, 
and k is the curvature of α ◦ s. For r ≥ 2, we say that f ∈ Fr(Z∗, d) has curvature 
bounded by M if the curvature of the map [0, 1] → Z → X  is bounded by M for 
every copy of [0, 1] in Eq. (1). By compactness of the unit interval, it follows that 
every f ∈ Gr(Z∗, d) has curvature bounded by some constant M whenever Z is a 
finite one-dimensional CW complex and r ≥ 2. We say X ∈ Gr(Z∗, d) has curva-
ture bounded by M under Z∗ if the curvature of any map h ∈ Er(Z∗, d) with image 
X has curvature bounded by M. It is straightforward to show that if X has curvature 
bounded by M under Z∗, then every map h ∈ Er(Z∗, d) with image X has curvature 
bounded by M.

2.2  The Euler Characteristic Transform

The Euler characteristic of a topological space X with finitely generated homology is 
defined as the following alternating sum, which is homotopy invariant

	
χ(X) :=

∞∑
k=0

(−1)k rank Hi(X;Z).

Here, the rank of a finitely generated abelian group is the number of Z summands in 
its canonical decomposition. If X is homotopy equivalent to a finite one-dimensional 
CW complex containing ck cells of dimension k for k = 0, 1, then the following 
alternate formula for χ(X) also holds

	 χ(X) = c0 − c1.

For a proof of this equation, see for example [22, Theorem 2.44]. In particular, if 
every path-component of X is contractible, then χ(X) is the number of path-compo-
nents of X.

For a subset X ⊆ Rd, we define the Euler characteristic transform (ECT) of X to 
be the following map:

	

ECTX : Sd−1 × R −→ Z
(v, t) �−→ χ({x ∈ X : 〈x, v〉 ≤ t}).

In words, the Euler characteristic transform of a shape X encodes the Euler character-
istic of the intersection of X with every closed half-space with affine boundary. When 
ECTX(v, t) is not well defined, we set ECTX(v, t) = ∞. In this context, we set 
∞+∞ = ∞, ∞−∞ = ∞, and ∞+ n = ∞ for any integer n.

The Euler characteristic transform has been of interest in the context of studying 
geometric data since, perhaps surprisingly, the map X �→ ECTX  is injective when 
X is a simplicial complex. Hence, researchers are able to convert geometric data into 
functional data, which can be more easily studied on a computer and by methods of 
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classical statistics and machine learning. Injectivity is not difficult to show in dimen-
sion one. In dimensions 2 and 3 it was first shown in [5, Theorem 3.1, Corollary 3.2]. 
This result was generalised using Euler calculus to any dimension independently in 
[6, Theorem 3.5] and [7, Theorem 5]. In fact, both of these papers show that the ECT 
is injective on families of constructible sets. In particular, the ECT is injective on 
compact semi-algebraic sets.

Often one restricts to constructible families of subsets of Rd when studying the 
ECT, however, for the results presented in this paper these assumptions are unneces-
sary and further mention of constructible sets will be limited.

If the subset X ⊂ Rd is bounded, as is the case for any Cr-embedding of a finite 
one-dimensional CW complex, we can restrict the ECT to being a function on 
Sd−1 × [−a, a], where a ∈ R is greater than the bound of X (in the Euclidean norm). 
For a fixed direction v ∈ Sd−1, we then define the Euler characteristic curve (ECC) 
as ECCX,v(t) = ECTX(v, t) for each t ∈ [−a, a]. The smooth Euler characteristic 
transform (SECT), introduced in [5], is then defined as

	

SECTX : Sd−1 × [−a, a] −→ R

(v, t) �−→
ˆ t

−a

ECTX(v, x)− ECCX,v dx,

where ECCX,v  is the mean of ECCX,v  over [−a, a]. The SECT contains the 
same information on X as the ECT. However, the SECT lies in the Hilbert space 
L2(Sd−1 × [−a, a]) and is, therefore, more amenable to the application of further 
statistical methods [4].

For the remainder of this paper, we endow the ECT (viewed as a function on 
Sd−1 × [−a, a]) with the norm

	
∥ECTX∥ := sup

v∈Sd−1

ˆ a

−a

|ECTX(v, t)|dt.� (2)

The norm is defined and considered analogously for the SECT.
It is also useful for us to define Euler characteristic transforms of functions f  from 

topological spaces into Rd. We define

	

ECTf : Sd−1 × R −→ Z
(v, t) �−→ χ

(
f−1{x ∈ Rd : 〈x, v〉 ≤ t}

)
.

Note that if f  is a homeomorphism it is immediate that ECTf = ECT im f . We pre-
scribe norms to Euler characteristic transforms of functions as before: restricting to 
functions bounded by a, we let

	
∥ECTf∥ := sup

v∈Sd−1

ˆ a

−a

|ECTf (v, t)|dt.
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3  ECT Stability of Non-random Data

3.1  Stability for Smooth Curves

As we observed in the introduction, controlling the proximity of two different one-
dimensional shapes is not enough to control the difference between their ECTs. This 
motivates the definition of a metric between such shapes which is also concerned 
with perturbations to length.

Definition 1  Let Z be a finite one-dimensional CW complex with a fixed CW structure 
Z∗ = (Z,Z0, {Φλ}λ∈Λ). Fix r ≥ 1. For X,Y ∈ Gr(Z∗, d), we define dZ∗(X,Y ) to 
be the infimum of all ε such that there exists hX , hY ∈ Er(Z∗, d), whose images are 
X and Y respectively, satisfying: 

1.	 The difference of arc lengths between hX ◦Φλ and hY ◦Φλ is less than or equal 
to ε for each λ.

2.	 Both hX ◦Φλ and hY ◦Φλ are curves of constant velocity for each λ.
3.	 ∥hX − hY ∥∞ ≤ ε.

By using the compactness of Z it is not difficult to show that dZ∗  is a metric on 
Gr(Z∗, d). For the remainder of this paper, we endow Gr(Z∗, d) with this metric 
and the topology arising from it. A key goal of this paper is to show that the ECT is a 
continuous map on Gr(Z∗, d) for r ≥ 2.

Theorem 2  Let Z be a finite one-dimensional CW complex with a fixed CW struc-
ture Z∗ = (Z ,Z0 , {Φλ}λ∈Λ). The map X �→ ECTX  is continuous on Gr(Z∗, d) for 
r ≥ 2 .

In particular, if X has curvature bounded by M, and the image of the λth  1-cell in 
X has arc length Lλ, then whenever dZ∗(X ,Y ) < ε, we have

	
∥ECTX − ECTY ∥ ≤ |Z0|ε+

∑
λ∈Λ

Gλ(ε),

where

	
Gλ(ε) :=

{
8
√
Lλnλε+ nλε Lλ/nλ > 2ε

11nλε Lλ/nλ ≤ 2ε

and

	
nλ := max

(⌈(
M2L3

λ

24ε

)1/3 ⌉
,

⌈
LλM

π

⌉)
.

We prove this theorem via the following proposition, which is useful when consid-
ering functional information in Section 5.
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Proposition 3  Let Z be a finite one-dimensional CW complex with a fixed CW struc-
ture Z∗ = (Z ,Z0 , {Φλ}λ∈Λ). Let f , g ∈ Fr(Z∗, d), with r ≥ 2 , and suppose that: 

1.	 The curves f ◦Φλ and g ◦Φλ have arc lengths that differ by at most ε for each 
λ.

2.	 The curves f ◦Φλ and g ◦Φλ have constant velocity for each λ.
3.	 ∥f − g∥∞ ≤ ε.
Then if f  has curvature bounded by M, and f ◦Φλ has arc length Lλ, we have

	

∥∥ECTf − ECTg

∥∥ ≤ |Z0|ε+
∑
λ∈Λ

Gλ(ε),

where Gλ and nλ are defined as above.
The idea of the proof of this proposition is as follows. We first show that the norm 

of the ECT of a curve can be controlled using its differential properties (Proposi-
tion 4). Using this observation, we can bound the difference in ECT of two curves 
that are nearly straight lines (Proposition 6). We can also refine the structure of a 
finite one-dimensional CW complex Z∗ with a map f : Z → Rd into enough pieces 
that the image of every 1-cell is a nearly linear curve (Proposition 8). The above 
proposition then follows from a glueing argument (making use of Lemma 11).

In this paper we let I denote the unit interval [0, 1] and say that f : I → Rd is 
piece-wise C1 if it is continuous and there exists a collection T1, . . . , Tk of closed 
intervals covering I, on the interiors of which f  is C1.

Proposition 4  Let γ : I → Rd  piece-wise C1  map, with X being the image of γ. Fix 
any v ∈ Sd−1 . Let a and b be the minimal and maximal values of f : x �→ 〈v, γ(x)〉 
on I, respectively. Then

	

ˆ b

a

|ECTγ(v, t)| dt ≤ V (f),

where V(f ) denotes the variation of f :

	
V (f) :=

ˆ 1

0
|f ′| dt.

For t ≥ b we have ECTγ(v, t) = 1 . For t < a we have ECTγ(v, t) = 0 . In par-
ticular, ECTγ(v, t) is defined almost everywhere.

Proof  The last two statements follow from the fact that I has Euler characteristic one 
and the empty set has Euler characteristic zero. We now prove the remainder of the 
proposition.

The main goal of the proof is to establish the following two equalities:
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ˆ b

a

|ECTγ(v, t)| dt =
ˆ b

a

∣∣∣π0
[
f−1(−∞, t]

]∣∣∣ dt

V (f) =
ˆ b

a

∣∣∣π0
[
f−1(t)

]∣∣∣ dt.

The first of these equalities follows from the fact that every subset of the unit interval 
is component-wise contractible. Hence, the Euler characteristic of any subset of I is 
the number of path-components it has. The second of these equalities is more dif-
ficult to show, and its establishment is the bulk of the proof. Once both equalities are 
shown, demonstrating that the first integrand on the right is less than or equal to the 
second integrand on the right completes the proof.

To begin, notice that f  is piece-wise C1 since γ is. For the proof, we let G(f ) be 
the set of points where f ′ is defined and positive, D(f ) be the set of points where f ′ is 
defined and negative, and C(f ) be the set of points in I neither in G(f ) or D(f ). Since 
f  is piece-wise C1, G(f ) and D(f ) are both open. Meanwhile, all but finitely many 
points of C(f ) satisfy f ′(x) = 0. Clearly, G(f ), D(f ), and C(f ) partition I. Hence,

	

V (f) =
ˆ

G(f)
f ′(x) dx+

ˆ

D(f)
−f ′(x) dx+

ˆ

C(f)
|f ′(x)| dx

=
ˆ

G(f)
f ′(x) dx+

ˆ

D(f)
−f ′(x) dx,

since f ′ = 0 almost everywhere on C(f ). Since both G(f ) and D(f ) are open, each 
is a countable union of open subintervals of I, which we denote by {Ik}k∈Ξ and 
{Jl}l∈Θ respectively. On each Ik f  is increasing and on each Jl, f  is decreasing. 
Hence, we get

	

V (f) =
ˆ

G(f)
f ′(x) dx+

ˆ

D(f)
−f ′(x) dx

=
∑
k∈Ξ

ˆ

Ik

f ′(x) dx+
∑
l∈Θ

ˆ

Jl

−f ′(x) dx

=
∑
k∈Ξ

ˆ

R

∣∣∣π0
[
(f |Ik)−1(t)

]∣∣∣ dt+
∑
l∈Θ

ˆ

R

∣∣∣π0
[
(f |Jl

)−1(t)
]∣∣∣ dt

=
ˆ

R

∣∣∣π0
[
(f |G(f))−1(t)

]∣∣∣ dt+
ˆ

R

∣∣∣π0
[
(f |D(f))−1(t)

]∣∣∣ dt

=
ˆ

R

∣∣∣π0
[
(f |G(f)∪D(f))−1(t)

]∣∣∣ dt.

Here, the last line follows from the fact that if x and y have the same f  value, each 
point in G(f ) or D(f ), then by the definition of these sets there must be a point 
between them that obtains either a smaller or larger value of f . The line before fol-
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lows from similar reasoning. If it is granted that f (C(f )) has measure zero we then 
have

	

V (f) =
ˆ

R

∣∣∣π0
[
(f |G(f)∪D(f))−1(t)

]∣∣∣ dt

=
ˆ

R

∣∣∣π0
[
(f |G(f)∪D(f))−1(t)

]∣∣∣ dt+
ˆ

R

∣∣∣π0
[
(f |C(f))−1(t)

]∣∣∣ dt

=
ˆ

R

∣∣∣π0
[
f−1(t)

]∣∣∣ dt

=
ˆ b

a

∣∣∣π0
[
f−1(t)

]∣∣∣ dt.

Here, the second to last equality follows from the fact that if x is in C(f ) and y is in 
G(f ) or D(f ), then by definition of G(f ) and D(f ) there is a point between x and y 
with an f  value not equal to f (y). In particular, the integrand at the end of this equa-
tion must be finite almost everywhere.

Now we show that indeed f (C(f )) has measure zero. Since f  is piece-wise C1, 
let T1, . . . , Tk be closed intervals covering I on the interiors of which f  is C1. Con-
sider Zi, the subset of the interior of Ii with f ′ = 0. By Sard’s Theorem (see for 
example [23, Theorem 7.2]), f(Zi) has measure zero. We have that C(f ) is a subset 
of Z1 ∪ . . . ∪ Zk ∪ ∂T1 ∪ . . . ∪ ∂Tk, whose image under f  has measure zero. Thus 
f (C(f )) has measure zero.

Hence, the desired result follows once we establish that for any t ∈ [a, b],

	

∣∣∣π0
[
f−1(−∞, t]

]∣∣∣ ≤
∣∣∣π0

[
f−1(t)

]∣∣∣.

This inequality implies that ECTf (v, t) is defined for almost all t since ECTf (v, t) 
is just the left-hand side of this inequality, which is positive-valued, and bounded by 
a function that is finite for almost all t.

To prove this statement, it suffices to show that any path-component of f−1(−∞, t] 
contains a point with f  value t. Suppose otherwise, that there is a path-component 
C of f−1(−∞, t] with f(C) < t. By continuity of f , C must also be a path-compo-
nent of f−1(−∞, b]. Indeed, suppose α is a path from the complement of C to C. 
Thus, every neighborhood of α−1(C) must intersect (f ◦ α)−1(t, b]. But this pro-
duces a contradiction of the intermediate value theorem. So C is a path-component 
of I = f−1(−∞, b] and hence is I. The fact that f(C) < t ≤ b thus contradicts the 
definition of b as the maximum of f , completing the proof. � □

Remark  Suppose γ : I → Rd is continuous and definable with respect to an o-mini-
mal structure on R. By [24, Chapter 7, Theorem 3.2], γ is piece-wise C1 and hence 
the above result applies.

Remark  In the case where f  is tame, this result is implied by a stronger result of [25, 
Corollary 4.6] for tame functions. The main contribution of this proposition is that 
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the stated bound still holds when f  is not tame. Another similar inequality to that 
given by our Proposition 4, but for Lipschitz functions, is stated in Section 4 of [26] 
without proof.

A first step to generalising our own results to shapes of higher dimension would 
be to prove an analogue of Proposition 4 for functions f  on, say, the unit disk of 
dimension greater than one. To our knowledge, the only result of this sort comes from 
Theorem 1.4.1 of [27], and only applies to functions with constant boundary condi-
tions. Our Proposition 4 imposes no boundary conditions and it is necessary that it 
does not do so. Should our methods be generalisable to higher dimensions, we would 
expect that a result analogous to Proposition 4 would need to be proven for functions 
on higher dimensional shapes without boundary conditions.

With the previous result in mind, we establish a bound on the variation of a curve 
that is approximately straight.

Lemma 5  Suppose γ : I → Rd  is a piece-wise differentiable path with length L and 
the first coordinate γ1  satisfies |γ1 (1 )− γ1 (0 )| = Lx . Then the variation of any 
other coordinate function γn  of γ is bounded by

	 V (γn) ≤
√
L2 − L2

x.� (3)

Proof  Without loss of generality, we can assume that γ(0) = 0, γ1(1) = Lx, and we 
can show this bound holds for γ2 only.

From γ we can construct another function γ̄ by

	
γ̄(t) :=

ˆ t

0
(γ′

1(t), |γ′
2(t)|, γ′

3(t), . . . , γ′
d(t)) dt.

Put differently, γ̄ has the same coordinate functions as γ except in the second coordi-
nate, where γ̄2 has the same absolute value of its derivative as γ, but is never decreas-
ing. It is immediate that γ and γ̄ have the same length, value of γ1(1), and variation 
in the second coordinate. Hence, it suffices to show that the lemma holds for γ2 for 
curves γ with length L, γ(0) = 0, γ1(1) = Lx, and γ′

2(t) ≥ 0 for all t.
The fact that γ has length L implies that γ(1) lies in the closed d-disk of radius L 

centred at the origin. The fact that γ1(x) = Lx implies that γ(1) lies on the hyper-
plane of points with the first coordinate Lx. Elementary geometry shows that the 
intersection of the disk and the hyperplane is

	 {(y1, y2, . . . , yn) ∈ Rd : y1 = Lx, y
2
2 + . . .+ y2d ≤ L2 − L2

x}.

It is easily seen that the greatest value of y2 on this set is 
√

L2 − L2
x. So γ2(1) is 

bounded above by this value. Hence,
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V (γ2) =

ˆ 1

0

∣∣γ′
2(t)

∣∣ dt =
ˆ 1

0
γ′
2(t) dt = γ2(1)− γ2(0) = γ2(1) ≤

√
L2 − L2

x.

� □
We can now bound the L1 distance between Euler characteristic transforms of 

nearby curves, assuming one of them is approximately straight.

Proposition 6  Let α : I → Rd  be a piece-wise C1  map such that the distance of 
α(0 ) to α(1 ) is L, with arc length no greater than L + ε. Let β : I → Rd  be another 
piece-wise C1  map with arc length no greater than L + 2ε, and endpoints within ε 
of the corresponding endpoints of α. Then

	

∥∥ECTα − ECTβ

∥∥ ≤
{

8
√
Lε L > 2ε

10ε L ≤ 2ε.

Proof  Let v be an arbitrary unit vector, w = α(1)− α(0), and θ be the angle between 
w and the hyperplane normal to v. After potentially applying a rotation to α and β, we 
may assume that v = (0, 1, 0, . . . , 0). By applying another rotation we may assume 
also that w is only non-zero in the first two coordinates.

Let f  denote the inner-product with v and let a and b be the minimum and maxi-
mum of f ◦ α and c and d be the minimum and maximum of f ◦ β. Throughout the 
proof, we use the fact that if both ECTα(v, t) and ECTβ(v, t) are non-zero, then

	 |ECTα(v, t)− ECTα(v, t)| ≤ ECTα(v, t) + ECTβ(v, t)− 2,

as both Euler characteristic transforms must be positive (since subsets of the interval 
are component-wise contractible) and greater than 1.

First, suppose max(a, c) ≤ min(b, d). Then

	

ˆ

R
|ECTα(v, t)− ECTβ(v, t)| dt =

ˆ max(a,c)

min(a,c)
|ECTα(v, t)− ECTβ(v, t)| dt

+
ˆ min(b,d)

max(a,c)
|ECTα(v, t)− ECTβ(v, t)| dt

+
ˆ max(b,d)

min(b,d)
|ECTα(v, t)− ECTβ(v, t)| dt.

Suppose also that b ≤ d. Then the above expression is bounded by
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ˆ max(a,c)

min(a,c)
ECTα(v, t) + ECTβ(v, t) dt+

ˆ b

max(a,c)
ECTα(v, t) + ECTβ(v, t)

−2 dt+
ˆ d

b

ECTβ(v, t)− 1 dt,

where we have only had to approximate the middle term. If we additionally suppose 
a ≤ c, then our bound is equal to

	

ˆ c

a

ECTα(v, t) dt+
ˆ b

c

ECTα(v, t) + ECTβ(v, t)− 2 dt+
ˆ d

b

ECTβ(v, t)− 1 dt.

Rearranging and by the linearity of the integral, the above is equal to

	

ˆ d

c

ECTβ(v, t) dt+
ˆ b

a

ECTα(v, t)dt− 2(b− c)− (d− b).

Similar analysis when a > c and/or b > d shows that when max(a, c) ≤ min(b, d),

	

ˆ

R
|ECTα(v, t)− ECTβ(v, t)| dt ≤

ˆ d

c

ECTβ(v, t) dt+
ˆ b

a

ECTα(v, t)

− 2|min(b, d)−max(a, c)| − |max(b, d)−min(b, d)|.
� (4)

Note that |b− a| = L| sin θ|. By hypothesis ∥α(0)− β(0)∥ ≤ ε, so |a− c| ≤ ε. 
Similarly |b− d| ≤ ε. Hence,

	 |min(b, d)−max(a, c)| ≥ L| sin θ| − 2ε

by the triangle inequality. Of course, the quantity on the left is also positive, so

	 |min(b, d)−max(a, c)| ≥ max(0, L| sin θ| − 2ε).

Trivially, we also have |max(b, d)−min(b, d)| ≥ 0. Applying these inequalities, 
Proposition 4, and Lemma 5 to Eq. (4), we have

	

ˆ

R
|ECTα(v, t)− ECTβ(v, t)| dt ≤

√
(L+ 2ε)2 −max(0, L| cos θ| − 2ε)2

+
√
(L+ ε)2 − L2| cos2 θ|

− 2max(0, L| sin θ| − 2ε).

� (5)

In the application of Lemma 5 for the first term, we use that 
|β1(1)− β1(0)| ≤ max(0, L| cos θ| − 2ε).

Otherwise, max(a, c) ≥ min(b, d), so either a ≤ b ≤ c ≤ d or c ≤ d ≤ a ≤ b. In 
either of these cases, we must have that L| sin θ| ≤ ε. Consider the first of these 
cases. We observe
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ˆ

R
|ECTα(v, t)− ECTβ(v, t)| dt =

ˆ b

a

|ECTα(v, t)− ECTβ(v, t)| dt

+
ˆ c

b

|ECTα(v, t)− ECTβ(v, t)| dt

+
ˆ d

c

|ECTα(v, t)− ECTβ(v, t)| dt.

This quantity is equal to

	

ˆ b

a

ECTα(v, t) dt+
ˆ c

b

1 dt+
ˆ d

c

ECTβ(v, t)− 1 dt,

Bounding from above, we have

	

ˆ

R
|ECTα(v, t)− ECTβ(v, t)| dt ≤

ˆ b

a

ECTα(v, t) dt+
ˆ d

c

ECTβ(v, t) dt

+ (c− b)− (d− c)

≤
ˆ b

a

ECTα(v, t) dt+
ˆ d

c

ECTβ(v, t) dt+ (c− b).

Similar analysis when c ≤ d ≤ a ≤ b shows that in general, if max(a, c) ≤ min(b, d), 
then

	

ˆ

R
|ECTα(v, t)− ECTβ(v, t)| dt ≤

ˆ b

a

ECTα(v, t) dt

+
ˆ d

c

ECTβ(v, t) dt+min(|c− b|, |d− a|).

By the triangle inequality, min(|c− b|, |d− a|) ≤ ε− L sin θ. Applying Proposition 
4 and Lemma 5 once again, we see

	

ˆ

R
|ECTα(v, t)− ECTβ(v, t)| dt ≤

√
(L+ 2ε)2 −max(0, L| cos θ| − 2ε)2

+
√
(L+ ε)2 − L2| cos2 θ|

+max(0, ε− L| sin θ|).

In summary, 
´
R |ECTα(v, t)− ECTβ(v, t)| dt is bounded by

	
√

(L+ 2ε)2 −max(0, L| cos θ| − 2ε)2 +
√

(L+ ε)2 − L2| cos2 θ| − 2max(0, L| sin θ| − 2ε)

whenever L| sin θ| ≥ ε. Otherwise, either we still have max(a, c) ≤ min(b, d) and 
the above bound still holds or max(a, c) ≥ min(b, d) and we instead have the bound
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√

(L+ 2ε)2 −max(0, L| cos θ| − 2ε)2 +
√

(L+ ε)2 − L2| cos2 θ|+max(0, ε− L| sin θ|).

Hence, in general,

	

ˆ

R
|ECTα(v, t)− ECTβ(v, t)| dt =

√
(L+ 2ε)2 −max(0, L| cos θ| − 2ε)2

+
√
(L+ ε)2 − L2| cos2 θ|

− 2max(0, L| sin θ| − 2ε) + max(0, ε− L| sin θ|).

The proof is complete once we have established the following tedious lemma. � □

Lemma 7  The function

	

f(θ) =
√

(L+ 2ε)2 −max(0, L| cos θ| − 2ε)2 +
√

(L+ ε)2 − L2| cos2 θ|
− 2max(0, L| sin θ| − 2ε) + max(0, ε− L| sin θ|)

is bounded above by

	
f(θ) ≤

{
8
√
Lε L > 2ε

10ε L ≤ 2ε.

Proof  Thanks to the symmetries of the sine and cosine functions and the absolute val-
ues present in the formula for f , we have that f(−θ) = f(θ) and f(π/2− θ) = f(θ). 
So f(θ) = f(π/2 + θ). Therefore it suffices to bound f  on the interval [0, π/2]. On 
this interval, we can remove the absolute values in the formula for f , giving

	

f(θ) =
√

(L+ 2ε)2 −max(0, L cos θ − 2ε)2 +
√

(L+ ε)2 − L2 cos2 θ
− 2max(0, L sin θ − 2ε) + max(0, ε− L sin θ).

With the exception of finitely many values of θ, the derivative of f  exists and is equal 
to

	

I(L cos θ > 2ε) L sin θ(L cos θ − 2ε)√
(L+ 2ε)2 − (L cos θ − 2ε)2

+ L2 sin θ cos θ√
(L+ ε)2 − L2 cos2 θ

−I(L sin θ > 2ε)2L cos(θ)− I(L sin θ < ε)L cos θ,

where I denotes the indicator function.
Notice that

	

L2 sin θ cos θ√
(L+ ε)2 − L2 cos2 θ

≤ L2 sin θ cos θ√
L2 − L2 cos2 θ

= L cos θ,

and similarly
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L sin θ(L cos θ − 2ε)√
(L+ 2ε)2 − (L cos θ − 2ε)2

≤ L2 sin θ cos θ√
L2 − L2 cos2 θ

= L cos θ.

Using these identities, we get that

	f ′(θ) ≤ I(L cos θ > 2ε)L cos θ + L cos θ − I(L sin θ > 2ε)2L cos(θ)− I(L sin θ < ε)L cos θ.

Hence f  is weakly decreasing whenever L sin θ > 2ε. When ε < L sin θ < 2ε, every 
non-zero term in f ′ is positive, and so f  is increasing. We now bound f ′ in absolute 
value when L sin θ < ε. In this case,

	

|f ′(θ)| ≤ I(L cos θ > 2ε) L sin θ(L cos θ − 2ε)√
(L+ 2ε)2 − (L cos θ − 2ε)2

+ L2 sin θ cos θ√
(L+ ε)2 − L2 cos2 θ

+ L cos θ

≤ 3L cos θ
≤ 3L,

using our approximations for the first and second terms from earlier.
Further, if L > 2ε,

	

f(0) =
√

(L+ 2ε)2 −max(0, L− 2ε)2 +
√
(L+ ε)2 − L2 − ε

=
√
8Lε+

√
2Lε+ ε2 − ε

≤ (
√
8 +

√
3)
√
Lε− ε.

Otherwise L ≤ 2ε and,

	

f(0) =
√

(L+ 2ε)2 −max(0, L− 2ε)2 +
√
(L+ ε)2 − L2 − ε

= L+ 2ε+
√
2Lε+ ε2 − ε

= L+ ε+
√
2Lε+ ε2

≤ (3 +
√
5)ε.

Hence, we can bound f(θ) for θ on the interval [0, sin−1(ε/L)] (or [0, π/2] if ε > L) 
by using our upper bounds for f (0) and |f ′(θ)| on this interval. By additionally using 
the inequality sin−1(x) ≤ πx/2 for positive x, we obtain that when L sin θ ≤ ε,
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f(θ) ≤





(
√
8 +

√
3)
√
Lε+ (3π/2− 1)ε L > 2ε

(3 +
√
5 + 3π/2)ε ε ≤ L ≤ 2ε

(3 +
√
5)ε+ (3π/2)L L < ε

≤
{

(
√
8 +

√
3)
√
Lε+ (3π/2− 1)ε L > 2ε

(3 +
√
5 + 3π/2)ε L ≤ 2ε

≤
{

(
√
8 +

√
3 + (3π/4− 1/2)

√
2)
√
Lε L > 2ε

(3 +
√
5 + 3π/2)ε L ≤ 2ε

≤
{

8
√
Lε L > 2ε

10ε L ≤ 2ε.

Otherwise, we know f  is weakly increasing until L sin θ > 2ε, after which point it 
is weakly decreasing. Hence, if f  is not maximised where L sin θ ≤ ε, it must attain 
its maximum when L sin θ = 2ε, or equivalently θ = sin−1(2ε/L). Note that this 
implies 2ε ≤ L. We compute

	

f(sin−1(2ε/L)) =
√
(L+ 2ε)2 −max(0,

√
L2 − 4ε2 − 2ε)2 +

√
(L+ ε)2 − L2 − 4ε2

=
√
(L+ 2ε)2 −max(0,

√
L2 − 4ε2 − 2ε)2 +

√
2Lε− 3ε2

=
{ √

4Lε+ 4ε2 + 2ε
√
L2 − 4ε2 +

√
2Lε− 3ε2 L > 2

√
2ε

L+ 2ε+
√
2Lε− 3ε2 2ε ≤ L ≤ 2

√
2ε

≤
{ √

6Lε+ 4ε2 +
√
2Lε L > 2

√
2ε

(2 + 2
√
2)ε+

√
2Lε 2ε ≤ L ≤ 2

√
2ε

≤
{

(
√
6 +

√
2 +

√
2)
√
Lε L > 2

√
2ε

(2 + 2
√
2)
√
Lε 2ε ≤ L ≤ 2

√
2ε

≤ 5
√
Lε.

Hence, to totally bound f(θ) on the interval [0, π/2] we need only use our earlier 
bound, namely

	
f(θ) ≤

{
8
√
Lε L > 2ε

10ε L ≤ 2ε.

� □
The goal of the following proposition is to bound from below the chord length of 

a short segment of a curve given that it has bounded curvature.

Proposition 8  Suppose γ : [0 ,L] → Rd  is a twice differentiable curve parametrised 
by arc length with curvature κ bounded in norm by M. Let 0 < ε < π/M . Then for 
any t ∈ [0 ,L − ε],

	
ε ≥ ∥γ(t+ ε)− γ(t)∥2 ≥ 2

M
sin

(
M

2
ε

)
.

1 3

812



Discrete & Computational Geometry (2026) 75:795–838

In particular,

	
∥γ(t+ ε)− γ(t)∥2 ≥ ε− M2

24
ε3.

To prove this we make use of the following theorem of Schwarz, which we cite 
from [28]:

Theorem 9  (Schwarz) Let C be an arc joining two given points A and B with curva-
ture κ(s) ≤ 1/R, such that R ≥ 1

2 δ, where δ is the distance between A and B. Let 
S be a circle of radius R through A and B. Then the length of C is either less than, 
or equal to, the shorter arc AB or greater than, or equal to, the longer arc AB on S.

Proof of Proposition 8  The first inequality is clear since γ is parameterised by arc 
length. Now fix t. For the second inequality, consider the optimisation problem 
of minimising ∥α(t+ ε)− α(t)∥2 subject to the constraints that ∥α′∥2 = 1 and 
∥α′′∥2 ≤ M . Consider an arc of length ε on the circle of curvature M, which has 
radius 1/M. Elementary geometry shows that the distance between the endpoints of 
such an arc is 2

M sin(Mε/2). We claim that this arc provides an optimal solution. 
Indeed, let γ be any curve that performs at least as well as this arc in the sense that

	
∥γ(t+ ε)− γ(t)∥2 ≤ 2

M
sin

(M
2
ε
)
,

while ∥γ′∥2 = 1, ∥γ′′∥2 ≤ M .
Let S be a circle of radius 1/M crossing both γ(t) and γ(t+ ε). Such a circle must 

exist since ∥γ(t+ ε)− γ(t)∥2 ≤ 2/M . The curve γ on the interval [t, t+ ε] is of 
length ε < π/M  while the longer arc on S connecting γ(t) and γ(t+ ε) has length 
greater than π/M . Hence, by the theorem of Schwarz, ε is less than or equal to the 
length of the shorter arc on S from γ(t) to γ(t+ ε). If this inequality is strict, we may 
take a shorter portion of the circular arc with length ε, which has a shorter distance 
between endpoints. This proves that an arc of length ε

 on a circle of radius 1/M is an optimal solution of the optimisation problem.
Thus for potentially suboptimal γ, we have

	
∥γ(t+ ε)− γ(t)∥2 ≥ 2

M
sin

(
M

2
ε

)
.

For the last statement of the proposition, by the Lagrange remainder theorem

	
sin x− x+ x3/6 =

ˆ x

0
cos t (x− t)5

5!
dt.

The right side is clearly positive provided that 0 < x ≤ π/2. Since 0 < M
2 ε < π/2, 

we have
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2
M

sin
(
M

2
ε

)
≥ 2

M

[
M

2
ε− M3

48
ε3
]
= ε− M2

24
ε3.

� □
We now use the results we have already proven about curves that are approxi-

mately straight to obtain a stability result for the Euler characteristic transform of 
more general shapes. To do this, we prove a lemma that allows us to glue together 
Euler characteristic transforms of functions restricted to different regions of a domain.

Definition 10  Let V ∗ = (V, V0, {Φλ}λ∈ΛV
) and W ∗ = (W,W0, {Φλ}λ∈ΛW

) be 
finite one-dimensional CW complexes, each with a fixed CW structure. Suppose 
there exist maps fV ∈ Fr(V ∗, d) and fW ∈ Fr(W ∗, d), a subset S ⊆ V0 and an 
injective map m : S → W0 such that fV = fW ◦m on S. We define the glue of V ∗ 
and W ∗ under m to be a finite complex with structure:

	Z
∗ = (Z,Z0, {Φλ}λ∈ΛZ

) :=
(
(V ⊔W )/m, (V0 ⊔W0)/m, {Φλ}λ∈ΛV ⊔ΛW

)
.

We define the glue of fV  and fW  under m to be the map fZ : Z → Rd which restricts 
to fV  on V and fW  of W. This map is well defined (since fV = fW ◦m on S) and is 
an element of Fr(Z∗, d).

Lemma 11  Using the notation of the previous definition, suppose ECTfV (v, t) and 
ECTfW (v, t) are defined for almost all t for any fixed v. Then

	 ECTfZ (v, t) = ECTfV (v, t) + ECTfW (v, t)− ECTfS (v, t)� (6)

for almost all t when v is fixed, where fS  is the restriction of fV  to S.

Proof  Fix a unit vector v in Rd. Let p1, . . . , pk be the points of S. We denote by V(v, t) 
the subset of points x in V satisfying that ⟨v, fV (x)⟩ ≤ t. We define W(v, t) and Z(v, t) 
analogously. We let S(v, t) denote the intersection of S and V(v, t).

Via the inclusions of V and W into Z, we can view Z as the union of V and W, 
with V and W intersecting in Z at S. Similarly, we can view Z(v, t) as the union of 
V(v, t) and W(v, t), with these two subsets intersecting at S(v, t). For almost all t ∈ R, 
v · fV (pi) ̸= t for all i. Fix any such t. Hence, we have that the interiors of V(v, t) 
and W(v, t) cover their intersection S(v, t), by continuity of fV  and fW . Therefore, we 
have a Mayer-Vietoris exact sequence of homology groups [22, 149]:

	 . . . → Hi

(
S(v, t)

)
→ Hi

(
V (v, t)

)
⊕Hi

(
W (v, t)

)
→ Hi

(
Z(v, t)

)
→ . . . .

A routine argument then deduces the identity

	 χ
(
Z(v, t)

)
= χ

(
V (v, t)

)
+ χ

(
W (v, t)

)
− χ

(
S(v, t)

)
,
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whenever all Euler characteristics on the right-hand side are defined. This happens 
for almost all t and is another way of writing the identity of Eq. (6). � □
We now have the prerequisites to prove Proposition 3.

Proof of Proposition 3  Let αλ := f ◦Φλ and βλ := g ◦Φλ. Since the index 
set Λ is finite, we let Λ = {1, . . . , k}. We define Z0 := Z0, and inductively, 
Zλ = Zλ−1 ∪ im Φλ for λ ∈ Λ. We then let fλ = f |Zλ  and gλ = g|Zλ .

Inductively, we assume that

	

∥∥ECTfλ−1 − ECTgλ−1∥ ≤ |Z0|ε+
λ−1∑
k=1

Gk(ε).

Indeed, as a base case, it is easily observed that

	
∥∥ECTf0 − ECTg0

∥∥ ≤ |Z0|ε.

We can split αλ into n pieces by restricting αλ,i : [ i−1
n , i

n ] → Rd. Analogously we 
can split βλ into curves βλ,i. By Proposition 8, the arc length of each αλ,i is at most 
M2L3

λ/24n3 greater than the distance between its endpoints, if n > LλM/π. We 
now apply Proposition 6. Thus, provided

	
M2L3

λ

24n3 ≤ ε, or equivalently, n ≥
(M2L3

λ

24ε

)1/3
,

we observe

	

∥∥ECTαλ,i
− ECTβλ,i

∥∥ ≤
{

8
√
Lλε/n Lλ/n > 2ε

10ε Lλ/n ≤ 2ε.

Let mλ ∈ {1, 2} be the number of 0-cells (i.e. elements of Z0) in the image of Φλ. 
By repeatedly applying Lemma 11 we have that

	
ECTαλ

(v, t) = (mλ − 2)ECTαλ(0)(v, t) +
n∑

i=1
ECTαλ,i

(v, t)−
n−1∑
i=1

ECTαλ,i(i/n)(v, t),

for almost all t when v is fixed. By the same argument, a similar equality holds for 
ECTβλ . Hence, by the triangle inequality, we deduce that ∥ECTαλ

− ECTβλ
∥ is 

bounded above by
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(mλ − 2)
∥∥ECTαλ(0) − ECTβλ(0)

∥∥+
n∑

i=1

∥∥ECTαλ,i
− ECTβλ,i

∥∥+
n−1∑
i=1

∥∥ECTαλ,i(i/n) − ECTβλ,i(i/n)
∥∥

≤
{

8
√
Lλnε+ (n+mλ − 3)ε Lλ/n > 2ε

(11n+mλ − 3)ε Lλ/n ≤ 2ε.

In particular, this bound hold when we let

	
n = nλ := max

(⌈(
M2L3

λ

24ε

)1/3 ⌉
,

⌈
LλM

π

⌉)
.

Applying Lemma 11 again, we have

	ECTfλ(v, t) = ECTfλ−1(v, t) + ECTαλ
(v, t)− ECTαλ(0)(v, t)− (mλ − 1)ECTαλ(1)(v, t),

for almost all t when v is fixed. Here, δλ,0 is 1 if Φλ(0) ∈ S and zero otherwise. 
The value δλ,1 is defined analogously for Φλ(1). Similarly, such an equation holds 
involving gλ, gλ−1, and βλ.

Applying the triangle inequality as before, along with our bound for 
∥ECTαλ

− ECTβλ
∥, we deduce

	
∥∥ECTfλ − ECTgλ

∥∥ ≤
∥∥ECTfλ−1 − ECTgλ−1

∥∥+
∥∥ECTαλ

− ECTβλ

∥∥+ (2−mλ)ε.

The last two terms sum to Gλ(ε)− ε, so in particular we have the bound

	

∥∥ECTfλ − ECTgλ

∥∥ ≤ |Z0|ε+
λ∑

k=1

Gk(ε).

Induction then proves the proposition. � □
From Proposition 3, Theorem 2 follows easily.

Proof of Theorem 2  Fix some X,Y ∈ Gr(Z∗, d) and suppose dZ∗(X,Y ) < ε. Hence, 
we may choose hX , hY ∈ Er(Z∗, d) with the properties given in Definition 1. Sup-
pose that X has curvature bounded by M under Z∗. It follows that hX  also has curva-
ture bounded by M. Proposition 3 gives that

	
∥ECThX

− ECThY
∥ ≤ |Z0|ε+

∑
λ∈Λ

Gλ(ε),

but ECTX = ECThX  and ECTY = ECThY  since hX  and hY  are homeomor-
phisms. The second statement of the theorem follows.
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For the first statement, note that every X ∈ Gr(Z∗, d) has a bound M on its curva-
ture and that Gλ(ε) → 0 as ε → 0 for all λ ∈ Λ. � □

3.2  Stability of Piecewise Linear Interpolation

If we are given X ⊆ Rd, the C2-image of a homeomorphism h from some one-dimen-
sional CW complex Z, it may not be easy to exactly compute ECTX . The main goal of this 
section is to show that a dense subset of Z can be used to approximate ECTf = ECTX . 
First, we make precise the kind of dense subset we need to properly estimate the ECTf .

Definition 12  Let Z∗ = (Z,Z0, {Φλ}λ∈Λ) be a connected finite one-dimensional CW 
complex with some fixed cellular decomposition and f  be a C2 map f : Z → Rd. We 
say that A = {a1, . . . , an} ⊆ Z is a compatible subset of Z∗ if the following hold: 

1.	 Z0 ⊆ A and
2.	 A− Z0 contains a point in each 1-cell of Z.

These requirements ensure that Z −A is a union of disjoint open intervals. If addition-
ally, the length of the image of each of these intervals under f  is less than ε, we say that 
A is an ε-dense subset for f . An infinite subset of Z is compatible and dense for f  if it 
contains an ε-dense subset for all positive ε.

Definition 13  Let f  be as in the previous definition and A = {a1, . . . , an} be a compat-
ible subset of Z∗. Let aij denote the line segment from ai to aj. We define a multiset E 
with elements in the set of unordered pairs in {1, . . . , n}. E contains a copy of (i, j) for 
each open curve in Z −A whose endpoints are ai and aj. We define

	

ECTA
f (v, t) =#{1 ≤ i ≤ n : ⟨f(ai), v⟩ ≤ t}

−#{(i, j) ∈ E : max(⟨f(ai), v⟩, ⟨f(aj), v⟩) ≤ t}.

The main theorem of the section says that we can use dense subsets to approximate 
the Euler characteristic transform of a one-dimensional CW complex:

Theorem 14  Let Z∗ = (Z ,Z0 , {Φλ}λ∈Λ) be a connected finite one-dimensional CW 
complex with some fixed cellular decomposition and f  be a C2  map f : Z → X ⊆ Rd. 
Suppose that f  has curvature bounded by M and let A be an ε-dense subset of Z, where 
0 < ε < π/M . Let L be the sum of the arc lengths of the images of 1-cells of Z under f . 
Then

	

∥∥ECTf − ECTA
f

∥∥ ≤ 1√
12

MLε.

In practice, the Theorem 14 implies that the ECT of a function on a one-dimen-
sional CW complex can be computed approximately via a dense subset. The proof of 
this theorem is similar to the proof of Theorem 2, but requires two additional lemmas.
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Lemma 15  Using the notation Definition 13, let bi := f (ai), and bij denote the line seg-
ment from bi to bj, and let ci denote the number of pairs in E containing i. Then

	
ECTA

f =
∑

(i,j)∈E

ECTbij −
n∑

i=1
(ci − 1)ECTbi .

Proof  Fix some v and t. If max(⟨bi, v⟩, ⟨bj , v⟩) ≤ t, then ECTbij (v, t) = χ(bij) = 1. 
If instead min(⟨bi, v⟩, ⟨bj , v⟩) > t, then ECTbij (v, t) = χ(∅) = 0. Otherwise, without 
loss of generality, suppose ⟨bi, v⟩ ≤ t and ⟨bj , v⟩ > t. Again, we have that ECTbij(v,t) 
is equal to the Euler characteristic of a line segment, which is equal to 1.

Define the submultisets

	

Eup = {(i, j) ∈ E : min(⟨bi, v⟩, ⟨bj , v⟩) > t},
Edown = {(i, j) ∈ E : max(⟨bi, v⟩, ⟨bj , v⟩) ≤ t},
Emid = {(i, j) ∈ E : max(⟨bi, v⟩, ⟨bj , v⟩) > t, min(⟨bi, v⟩, ⟨bj , v⟩) ≤ t}.

Note E = Eup ⊔ Edown ⊔ Emid. Therefore,

	

∑
(i,j)∈E

ECTbij (v, t)−
n∑

i=1
(ci − 1)ECTbi(v, t)

=
∑

(i,j)∈Eup

ECTbij (v, t) +
∑

(i,j)∈Edown

ECTbij (v, t)

+
∑

(i,j)∈Emid

ECTbij (v, t)−
n∑

i=1
(ci − 1)ECTbi(v, t)

=
∑

(i,j)∈Edown

1 +
∑

(i,j)∈Emid

1−
n∑

i=1
(ci − 1)ECTbi(v, t)

=
∑

(i,j)∈Edown

(2− 1) +
∑

(i,j)∈Emid

1−
n∑

i=1
(ci − 1)ECTbi(v, t)

=
∑

(i,j)∈Edown

2 +
∑

(i,j)∈Emid

1−
n∑

i=1
(ci − 1)ECTbi(v, t)−

∑
(i,j)∈Edown

1

=
n∑

i=1
ciECTbi(v, t)−

n∑
i=1

(ci − 1)ECTbi(v, t)−
∑

(i,j)∈Edown

1

=
n∑

i=1
ECTbi(v, t)−

∑
(i,j)∈Edown

1 = ECTA
f (v, t).

� □
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Lemma 16  Let f : R≥0 → R≥0  be any differentiable function with increasing positive 
derivative satisfying f (0 ) = 0 . For positive numbers L and ε consider the set

	
S(L) =

{
(x1, . . . , xk) ∈ Rk : 0 ≤ xi ≤ ε,

k∑
i=0

xi = L

}
.

If S(L) is non-empty, then

	

k∑
i=1

f(xi) ≤ Lf(ε)/ε

on S(L) (note that S(L) is always non-empty if k > L/ε).

Proof  Let a ≤ c and b ≥ 0. We have

	
f(b+ c)− f(a+ b)−

(
f(c)− f(a)

)
=

ˆ c

a

f ′(b+ t)− f ′(t) dt ≥ 0

and so

	 f(a+ b) + f(c) ≤ f(a) + f(b+ c) when a ≤ c and b ≥ 0.� (7)

Suppose S(L) is non-empty. Since S(L) is compact, f  must attain a maximum on 
S(L). Pick any such maximiser x = (x1, . . . , xk) ∈ S(L). By potentially reordering 
entries, we may assume the xi are in decreasing order without affecting the value of ∑

i f(xi). Let j be the smallest index with xj ̸= ε and l be the largest index with xl 
not equal to zero.

If l > j, let m = min(xl, ε− xj). Equation (7) shows that if we replace xj  
with xj +m and replace xl with xl −m, the value of 

∑
i f(xi) does not decrease. 

Therefore, by applying this replacement procedure several times, we can always 
find a maximiser of 

∑
i f(xi) on S(L) with j ≥ l. This condition forces the value of ∑

i f(xi) to be

	 ⌊L/ε⌋f(ε) + f
(
L− ⌊L/ε⌋ε

)
.

If L is divisible by ε, the result is immediate. Otherwise, since f  is convex,

	

f(L− ⌊L/ε⌋ε) = f
((

⌈L/ε⌉ − L/ε
)
0 +

(
L/ε− ⌊L/ε⌋

)
ε
)

≤
(
⌈L/ε⌉ − L/ε

)
f(0) +

(
L/ε− ⌊L/ε⌋

)
f(ε)

=
(
L/ε− ⌊L/ε⌋

)
f(ε).

Thus,
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	 ⌊L/ε⌋f(ε) + f
(
L− ⌊L/ε⌋ε

)
≤ ⌊L/ε⌋f(ε) +

(
L/ε− ⌊L/ε⌋

)
f(ε) = Lf(ε)/ε.

Since the value on the left is the maximum of 
∑

i f(xi) on S(L), we are done. � □

Proof of Theorem 14  For each e = (i, j) ∈ E, we let be = bij . Each e ∈ E corre-
sponds to some open interval in Z −A. We can always fix a finer CW structure 
Z† = (Z,A, {Φe}e∈E) of Z, and still have that f ∈ Fr(Z†, d). Let γe = f ◦Φe. 
Adopting the notation of Lemma 15, induction on the number of elements in E with 
Lemma 11 applied to Z† gives that for fixed v,

	
ECTf (v, t) =

∑
e∈E

ECTγe
(v, t)−

n∑
i=1

(ci − 1)ECTbi(v, t),

for almost all t.
Therefore, again fixing v and using Lemma 15,

	

ˆ

R

∣∣ECTf (v, t)− ECTA
f (v, t)

∣∣ dt

=
ˆ

R

∣∣∣∣
∑
e∈E

ECTγe(v, t)−
n∑

i=1
(ci − 1)ECTbi(v, t)−

[∑
e∈E

ECTbe(v, t)−
n∑

i=1
(ci − 1)ECTbi(v, t)

]∣∣∣∣ dt

=
ˆ

R

∣∣∣
∑
e∈E

ECTγe
(v, t)−

∑
e∈E

ECTbe(v, t)
∣∣∣ dt

≤
∑
e∈E

ˆ

R

∣∣∣ECTγe
(v, t)− ECTbe(v, t)

∣∣∣ dt.

� (8)

Focusing on any particular e = (i, j) ∈ E, let d1 be the minimum of ⟨γe(s), v⟩ over 
s, and d4 be the maximum of the same function over s. Let d2 = min(⟨bi, v⟩, ⟨bj , v⟩)) 
and d3 = max(⟨bi, v⟩), ⟨bj , v⟩)). It follows that d1 ≤ d2 ≤ d3 ≤ d4.

Since subsets of I and be always consist of contractible components, ECTγe  and 
ECTbe  never have negative values. We have

	

t ≥ d1 =⇒ ECTγe
(v, t) ≥ 1,

t ≥ d4 =⇒ ECTγe(v, t) = 1,
t < d1 =⇒ ECTγe(v, t) = 0,
t ≥ d2 =⇒ ECTbe(v, t) = 1,
t < d2 =⇒ ECTbe(v, t) = 0.

Combining these observations, we see
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ˆ

R

∣∣∣ECTγe
(v, t)− ECTbe(v, t)

∣∣∣ dt =
ˆ d4

d1

ECTγe
(v, t)− ECTbe(v, t) dt

≤
ˆ d4

d1

ECTγe
(v, t) dt− (d3 − d2).

After applying a rotation, we may assume that v = (0, 1, 0, . . . , 0). After applying 
another rotation about v we may assume that be is parallel to the plane spanned by 
the first two coordinates. Let le be the arc length of γe. By Proposition 8, the length 
of be is at least le −M2l3e/24. Suppose that the line segment be meets the hyperplane 
perpendicular to v at an angle θ ∈ [0, π/2].

Applying Proposition 4 and Lemma 5 to this scenario, we observe

	

ˆ d4

d1

ECTγe
(v, t) dt− (d3 − d2) ≤

√
l2e −

(
le −

M2

24
l3e

)2

cos2 θ −
(
le −

M2

24
l3e

)
sin θ.

We refer to the right side of this inequality as f(θ). Let G = le −M2l3e/24. G is posi-
tive since le < ε < π/M <

√
24/M . We have

	
f ′(θ) = G2 sin θ cos θ√

l2e −G2 cos2 θ
−G cos θ.

A routine calculation shows that f ′ is either zero only when θ = π/2 or for every θ. 
Meanwhile f ′(0) = −G. Since this value is negative, f  must be maximised at θ = 0. 
Hence,

	

ˆ

R
|ECTγe

(v, t)− ECTbe(v, t)| dt ≤
ˆ d4

d1

ECTγe
(v, t) dt− (d3 − d2)

≤

√
l2e −

(
le −

M2

24
l3e

)2

=
√

M2

12
l4e −

M4

242
l6e

≤ M√
12

l2e .

� (9)

For λ ∈ Λ, let Lλ denote the arc length of f ◦Φλ. Now for λ ∈ Λ, denote by Γ(λ) 
the submultiset of e ∈ E such that im Φe is a subset of im Φλ. By Eqs. (8) and (9), 
along with Lemma 16, we get that
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ˆ

R

∣∣∣ECTf (v, t)− ECTA
f (v, t)

∣∣∣ dt ≤ M√
12

∑
e∈E

l2e

= M√
12

∑
λ∈Λ

∑
e∈Γ(λ)

l2e

≤ M√
12

∑
λ∈Λ

Lλε
2/ε

= MLε√
12

.

Since this bound holds for any v, we are done. � □

4  Background on Kernel Methods and Gaussian Processes

Gaussian processes (GPs) are a model for random functions. Before defining GPs, we 
introduce the notion of a kernel:

Definition 17  Let X be as set. A kernel on X is a symmetric function k : X ×X → R 
such that for all x1, ..., xn ∈ X  and all a1, ..., an ∈ R we get

	

n∑
i,j=1

aiajk (xi, xj) ≥ 0.� (10)

Given finite subsets X ′ = {x′
1, ..., x

′
m} and X∗ = {x∗

1, ..., x
∗
n} of X, we denote by 

K(X ′, X∗) the m× n matrix with i,  j-entry K(X ′, X∗)ij = k
(
x′
i, x

∗
j

)
, which is 

called the Gram matrix of k at X ′ and X∗.

To each kernel k, we can associate its reproducing kernel Hilbert space (RKHS): 
define a vector space of functions on X by H0 = spanR{k( · , x) |x ∈ X} with inner-
product induced by

	 ⟨k( · , x), k( · , y)⟩ := k(x, y).� (11)

Then the RKHS of k is defined to be Hk = H0, the completion of H0.
Note that Eq. (10) is equivalent to each Gram matrix of the form K(X ′, X ′) being 
positive-definite.

Definition 18  Let X be a set, µ : X → R a function and k : X ×X → R be a kernel. 
The Gaussian process (GP) on X with mean function µ and kernel k is defined to be 
the random function f : X → R such that for each finite set X ′ = {x′

1, ..., x
′
n} ⊆ X  

we get
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

f(x′

1)
...

f(x′
m)


 ∼ N





µ(x′

1)
...

µ(x′
n)


 ,K (X ′, X ′)


 .� (12)

The theory of GPs can be used to estimate a deterministic function f : X → R given 
noisy observations of f  at points {x1, ..., xn} ⊆ X . Most commonly this is done 
by a Gaussian process regression (GPR), a nonparametric Bayesian method, which 
models f  as a random function. When performing a GPR with a given kernel k, one 
typically constructs a prior distribution by assuming

	



f(x′

1)
...

f(x′
m)


 ∼ N (0,K (X ′, X ′))� (13)

for any finite subset X ′ ⊆ X  [29]. Assume we make n observations of the form 
yi = f(x∗

i ) + ζi, where ζi ∼ N (0, σ2) i.i.d, for i = 1, ..., n and σ > 0. Importantly, 
ζi does not depend on f  in any way. Then, by our prior assumption and by the intro-
duction of the shorthand f(X ′) := (f(x1), ..., f(xm))T  and ζ := (ζ1, ..., ζm)T  we 
get that

	

[
f(X∗) + ζ
f(X ′)

]
∼ N

(
0,
[
K(X∗, X∗) + σ2In K(X∗, X ′)

K(X ′, X∗) K(X ′, X ′)

])
.

Thus, by conditioning the above multivariate normal distribution of f on the observa-
tions y := (y1, ..., yn)T , we get [29]

	
f(X ′)|f(X∗) + ζ = y ∼N (K(X ′, X∗)(K(X∗, X∗) + σ2In)−1y,

K(X ′, X ′)−K(X ′, X∗)(K(X∗, X∗) + σ2In)−1K(X∗, X ′)).
�(14)

The above distribution, for any finite X ′ ⊆ X , is the posterior distribution of f  given 
X ′. In the context of Bayesian modelling, we first summarise our knowledge in the 
values of f  by the prior distribution: unless we gain further information, we assume 
f  to be mean 0 with covariance K (Eq. 13). For any (noisy) observation of f  we 
make, we update our belief in the values of f  by conditioning our prior distribution 
on our observations. The posterior density at inputs X ′ can then be interpreted as 
how strongly we believe an output value to be the true output of f  at X ′, given our 
observations and modelling assumptions.

If m = 1 (i.e., X ′ = {t} for some t ∈ X), we denote the mean of the above con-
ditional normal distribution by f̂n(t) and its variance by vn(t). We henceforth call 
f̂n(t) the Gaussian smoothing of f  (on the set X∗ of size n). When needed, we 
explicitly denote the dependence of f̂n(t) on X∗ and f  by writing f̂n(t,X∗, f). From 
Eq. (14), it follows that f̂n always lies in Hk, the RKHS of k.

Under certain assumptions, one can show that f̂n → f  in mean. In our paper, we 
use results by Koepernik and Pfaff [30], which give strong probabilistic convergence 
results in the case of X being a compact metric space.
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We note that computing f̂n requires the inversion of an n× n-matirx and thus has 
a runtime of O(n3). By using the ECT on f̂n we thus lose some of the ECTs runtime 
advantage (compared to the PHT and extended PHT). However, both versions of the 
PHT require O(n3

s) computations per direction [31], where ns ≥ n is the number of 
simplices in the triangulation of a shape, which still gives a combined Gaussian pro-
cess and ECT pipeline an edge in terms of runtime. More importantly, it is common 
practice to approximate the (inverse) Gram matrix by a low-rank matrix approxima-
tion method, such as the Nystroem method [32] or random Fourier features [33]. 
Such methods run in O(l3 + l2n), where l ≪ n is the approximate rank of the Gram 
matrix and thus are significantly faster than O(n3).

5  ECT Stability of Random Data

In this section, we consider observations taken from an embedded finite one-dimen-
sional CW complex Z which are perturbed by ambient Gaussian noise. We show that 
the Gaussian smoothing of these observations converges to satisfy the assumptions 
of Proposition 3. In particular, we show that the ECT and SECT of the Gaussian 
smoothing give consistent estimators of the ECT and SECT of Z, respectively. To 
provide the theorems, we first need to introduce technical conditions on the kernel we 
use in the Gaussian smoothing:

Definition 19  (Definition 5 in [30]) Let Z be a topological space and k : Z × Z → R 
be a continuous kernel. Define

	 dk(t, s) =
√

k(t, t) + k(s, s)− 2k(t, s).

For any ε > 0 let N(Z, ε, dk) be the minimal numbers of dk-balls with radius ε 
needed to cover Z. Then define

	
J(Z, dk) =

ˆ ∞

0

√
logN(Z, ε, dk) dε.

Definition 20  Let Z∗ = (Z,Z0, {Φλ}λ∈Λ) be a connected finite one-dimensional 
CW complex with some fixed cellular decomposition. Let k : Z × Z → R be a con-
tinuous kernel. We say k is r-times differentiable on Z∗ if 

1.	 for each λ ∈ Λ the map kλ : I × I → R given by (s, t) �→ k(Φλ(s),Φλ(t)) is 
r-times continuously differentiable and

2.	 for each λ ∈ Λ and z ∈ Z the map kλ,z : I → R given by s �→ k(Φλ(s), z) is 
r-times continuously differentiable.

Differentiability is defined by one-sided limits at the boundaries of I × I  and I.
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Remark  For a given connected finite 1 one-dimensional CW complex 
Z∗ = (Z,Z0, {Φλ}λ∈Λ) with fixed cellular composition there is a straightforward 
way to construct an r-times differentiable kernel on Z∗: let f : Z → Rd be a continu-
ous function such that f ◦Φλ is r-times differentiable for each λ ∈ Λ. Then if k is 
an r-times differentiable kernel on Rd, it follows that k′(s, t) := k(f(s), f(t)) is an 
r-times differentiable kernel on Z by the chain rule.

While it might be tempting to define a geodesic distance on Z and then apply a 
stationary kernel (such as the Gaussian kernel) to this distance, it should be noted 
that, even in the case of Z being a manifold, the resulting function does not give a 
positive-definite kernel in general [34].
We can now state the first theorem of this section:

Theorem 21  Let Z∗ = (Z ,Z0 , {Φλ}λ∈Λ) be a connected finite one-dimensional 
CW complex with some fixed cellular structure. Let k : Z × Z → R be a continuous, 
four-times differentiable kernel on Z∗. Assume k satisfies J (Z , dk) < ∞.

Let f : Z → R be a function in the RKHS of k. Let a ⊂ Z  be a sequence which is 
dense. Denote by an  the first n terms of a and by an  the n-th term of a. Let f̂n  denote 
the Gaussian smoothing of f  based on observations yi = f (ai) + ζi  using kernel k, 
where i = 1 , ...,n and ζi ∼ N (0 , σ) i.i.d. for some σ > 0 . Then

	
E
[∥∥∥f̂n(t, an, f )− f (t)

∥∥∥
∞

]
→ 0

as n → ∞. Moreover, for each λ ∈ Λ define ̂fn,λ(t) = f̂n(Φλ(t)) and 
fλ(t) = f (Φλ(t)). Then

	
E
[∣∣∣V

(
f̂n,λ

)
−V (fλ)

∣∣∣
2
]
→ 0

on each 1-cell of Z∗ as n → ∞; i.e. the variation of ̂fn,λ converges to the variation 
of fλ in mean square.

When proving the above result, we write kx and ky  for the partial derivatives 
in the first and second components, respectively, and Kx and Ky  for their corre-
sponding Gram matrices. In particular, for fixed t ∈ I , λ ∈ Λ, and a, we write 
Kλ

x (t, an) =
[
kλ,a1
x (t), ..., kλ,an

x (t)
]
 and Kλ

y  for its transpose. A repeated subscript 
indicates repeated differentiation in that variable.

Let g : X → R be a GP with kernel k and a deterministic function h : X ′ → X . 
Then g ◦ h is a GP with kernel k′(x, y) := k(h(x), h(y)) for all x, y ∈ X ′. This insight 
immediately follows from the definition of a GP in Definition 18. In particular, for the 
GP f  in the statement of this theorem and any λ ∈ Λ, the composition f ◦Φλ is a GP 
for any number of observations n.

The derivative of a Gaussian process on I with a differentiable kernel is almost 
surely differentiable. As differentiation is a linear operator, the derivative of a Gauss-
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ian process is again a Gaussian process in such a case [29]. In particular, this deriva-
tive GP has kernel kxy and for any t ∈ I  we have the joint distribution

	

[
g(t)
g′(t)

]
∼ N

([
µ(t)
µ′(t)

]
,

[
k(t, t) ky(t, t)
kx(t, t) kxy(t, t)

])
.� (15)

In Theorem 21, we consider the GP regression of fλ based on observations at a for 
fixed λ. Even if not all elements in the sequence a need to be in the image of Φλ, 
the GP posterior pre-composed with Φλ defines a GP on I. We are interested in the 
convergence of the derivative of this GP.

For fixed λ ∈ Λ, we denote the variance of this derivative GP at t ∈ I  by 
v′n,λ(t) (which is not the same as the derivative of vn,λ(t) in t). In particular, we have

	 v′n,λ(t) = kλxy(t, t)−Kλ
x (t, an)(K(an, an) + σ2I)−1Kλ

y (an, t).

Lemma 22  Given the Gaussian processes of Theorem 21, we get that for each λ ∈ Λ 
the v′n,λ satisfy

	
v′n,λ(t) = E

[∣∣∣f̂ ′n,λ(t, an, f )− f ′λ(t)
∣∣∣
2
]
.

Furthermore, v′n,λ(t) is monotonically decreasing in n for all t ∈ I .

Proof  The first statement follows from Lemma 11 of [30]. In particular,

	

Ef ′
λ

[∣∣∣f̂ ′
n,λ(t)− f ′

λ(t)
∣∣∣
2
]
= Eζn

[
Ef ′

λ

[∣∣∣f̂ ′
n,λ(t)− f ′

λ(t)
∣∣∣
2
] ∣∣∣f(an) + ζn = yn

]

= Eζn

[
Ef ′

λ

[∣∣∣f ′
λ(t)− Ef ′

λ
[f ′

λ(t)|f(an) + ζn]
∣∣∣
2
] ∣∣∣f(an) + ζn = yn

]

= Eζn
[Var(f ′

λ(t)|f(an) + ζn)]
= Eζn [v′n,λ(t)] = v′n,λ(t).

For the second statement, we can write

	
v′n,λ(t) = kλxy(t, t)−Kλ

x (t, an+1)
[
B−1

n 0n×1
01×n 0

]
Kλ

y (an+1, t),

where Bn := (K(an, an) + σ2In). Using the bordering method to obtain an expres-
sion for B−1

n+1 in terms of Bn, we get

	 v′n,λ(t)− v′n+1,λ(t)

	
= ν−1Kλ

x (t, an+1)
[
B−1

n K(an, an+1)K(an+1, an)B−1
n −B−1

n K(an, an+1)
−K(an+1, an)B−1

n 1

]
Kλ

y (an+1, t)
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	= ν−1((Kλ
x (t, an)B−1

n K(an, an+1))2 − 2Kλ
x (t, an+1)Kλ

x (t, an)B−1
n K(an, an+1)

	 +kλx(t, an+1)2)

	 = ν−1(Kλ
x (t, an)B−1

n K(an, an+1)− kλx(t, an+1))2,

where ν := k(an+1, an+1) + σ −K(an+1, an)B−1
n K(an, an+1) = vn(an+1) + σ 

is the Schur complement of Bn inside Bn+1. As the ν is the Schur complement of a 
positive-definite matrix inside a positive-definite matrix, it is positive. As the second 
factor in the final line above is a square and thus positive too, we conclude that the 
sequence of functions v′n,λ(t) is monotonically decreasing. � □

Proof of Theorem 21  The first statement follows from Theorem 8 in [30].

To prove the remainder of the theorem, we recall from Eq. (15) that the covariance 
matrix of the distribution of (fλ(t), f ′

λ(t))
T  given n noisy observations of f  is

	

[
k(t, t)−K(t, an)B−1

n K(an, t) kλy (t, t)−K(t, an)B−1
n Kλ

y (an, t)
kλx(t, t)−Kλ

x (t, an)B−1
n K(an, t) kλxy(t, t)−Kλ

x (t, an)B−1
n Kλ

y (an, t)

]
.

As this matrix needs to be positive-definite, by taking the determinant and using the 
symmetry of k we get

	 (k(t, t)−K(t, an)B−1
n K(an, t))(kλxy(t, t)−Kλ

x (t, an)B−1
n Kλ

y (an, t)) � (16)

	 ≥ (kλx(t, t)−Kλ
x (t, an)B−1

n K(an, t))2 ≥ 0. � (17)

Thus, kλx(t, t)−Kλ
x (t, an)B−1

n K(an, t) → 0 uniformly on I as the first fac-
tor of (16) converges uniformly by Proposition 10 of [30] and the second fac-
tor of (16) is bounded by the monotonicity established in Lemma 22 and the 
compactness of I. Repeating the same procedure with f̂ ′′

n,λ in place of f̂ ′
n,λ gives 

kλxx(t, t)−Kλ
xx(t, an)B−1

n K(an, t) → 0 uniformly: in this case, the second factor 
is kλxxyy(t, t)−Kλ

xx(t, an)B−1
n Kλ

yy(an, t), which equals v′′n,λ(t), the variance of the 
second derivative of the GP fλ. We can show that v′′n,λ(t) monotonically decreases 
by a proof analogous to the case v′n,λ(t) given in Lemma 22. For v′′n,λ(t) to be well-
defined we require k to be four times differentiable.

Then, by Jensen’s inequality and Lemma 22, we can bound the expected value of 
the squared difference V

(
f̂n,λ

)
− V (fλ):

	
E

[∣∣∣∣
ˆ 1

0
|f ′

λ(t)| −
∣∣∣f̂ ′

n,λ(t, an, f)
∣∣∣ dt

∣∣∣∣
2]

≤ E

[(ˆ 1

0

∣∣∣|f ′
λ(t)| −

∣∣∣f̂ ′
n,λ(t, an, f)

∣∣∣
∣∣∣ dt

)2]
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≤ E

[ˆ 1

0

∣∣∣|f ′
λ(t)| −

∣∣∣f̂ ′
n,λ(t, an, f)

∣∣∣
∣∣∣
2
dt
]
=

ˆ 1

0
E
[∣∣∣|f ′

λ(t)| −
∣∣∣f̂ ′

n,λ(t, an, f)
∣∣∣
∣∣∣
2
]
dt

	
=

ˆ 1

0
v′n,λ(t) dt

	
=

[
kλx(t, t)−Kλ

x (t, an)B−1
n K(an, t)−

ˆ t

0
kλxx(s, s)−Kλ

xx(s, an)B−1
n K(an, s) ds

]1

0
.

The final equation above converges to 0 as n → ∞, as both the left-hand term and the 
function under in the integral of the right-hand term in the above difference converge 
uniformly to 0 by Eq. (17) and its analogue for v′′n,λ(t). � □
It follows that the ECT of the interpolation of the Gaussian smoothing f̂n of f , 
denoted ECTam

f̂n
, is a consistent estimator of the ECT of X:

Theorem 23  Let Z∗ = (Z ,Z0 , {Φλ}λ∈Λ) be a finite one-dimensional CW complex 
with some fixed cellular structure and f : Z → X ⊆ Rd  be a C2  homeomorphism 
with bounded curvature. Further, assume that all components of f  are functions in the 
RKHS of k, where k is a kernel satisfying the assumptions of Theorem 21. Moreover, 
assume that ∥f ′λ(t)∥2 = Lλ is constant on all 1-cells λ ∈ Λ. Let a be a sequence in Z 
which is compatible with Z∗ and dense for f . Let

	
f (t) :=

(
f 1 (t), ..., f d(t)

)T
, f̂n :=

(
f̂ 1n , ..., f̂ dn

)T
,

where for j = 1 , ..., d  and i = 1 , ...,n the function ̂f jn  is the Gaussian smoothing of 
f j  given observations yij = f j(ai) + ζij  using kernel k and ζij ∼ N (0 , σj) i.i.d for 
some σj > 0 . Then for each ε > 0

	
lim
n→∞

P
(∥∥∥ECTf̂n − ECT f

∥∥∥ < ε
)
→ 1 .

Note that as f  is a homeomorphism, ECTf = ECT im f = ECTX  and we thus 
have constructed a consistent estimator for ECTX . If for given observations yn the 
curvature of f̂n is bounded on each 1-cell, we can approximate ECTf̂n

 by ECTam
f̂n

 
arbitrarily closely for a sufficiently large m by Theorem 14. We conjecture that for 
sufficiently well-behaved kernels k, ECTam

f̂n
 converges to ECTf̂n

 in probability, 
where m is some function in n. Proving this conjecture will involve bounding the 
curvature with high probability and is beyond the scope of this paper.

Lemma 24  Let f  and ̂fn  be as in the statement of Theorem 23. Denote the arc-lengths 
of f̂λ,n := f̂n ◦Φλ and fλ := f ◦Φλ by Ln,λ and Lλ respectively for each λ ∈ Λ. 
Then Ln,λ → Lλ and
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ˆ 1

0

∣∣∣
∥∥f ′n,λ(t)

∥∥
2 − ∥f ′λ(t)∥2

∣∣∣ dt → 0

in probability.

Proof  First, note that 
√
x+ y ≤

√
x+√

y and |
√
x−√

y| ≤
√

|x− y| for all 
x, y ≥ 0. We have

	

∣∣∣∣
ˆ 1

0

∥∥f ′
n,λ(t)

∥∥
2 − ∥f ′

λ(t)∥2 dt
∣∣∣∣ ≤

ˆ 1

0

∣∣∣
∥∥f ′

n,λ(t)
∥∥
2 − ∥f ′

λ(t)∥2
∣∣∣ dt

≤
ˆ 1

0

√∣∣∣∥∥f ′
n,λ(t)

∥∥2
2 − ∥f ′

λ(t)∥
2
2

∣∣∣ dt

≤
d∑

j=1

ˆ 1

0

√∣∣∣|(f j
n,λ)′(t)|2 − |(f j

λ)′(t)|2
∣∣∣ dt

≤
d∑

j=1

[ˆ 1

0
|(f j

n,λ)
′(t)|+ |(f j

λ)
′(t)|dt

]

[ˆ 1

0

∣∣∣|(f j
n,λ)

′(t)
∣∣∣−

∣∣∣(f j
λ)

′(t)|
∣∣∣ dt

]
.

The first inequality follows from the triangle inequality for integrals. The second and 
third inequalities follow from the inequalities for square roots introduced at the start 
of the proof. The final inequality is the Cauchy-Schwarz inequality for integrals.

The first factor in the final line converges to 2V (fλ) and the second factor con-
verges to 0 for each j = 1, ..., d by Theorem 21 in probability. � □

Proof of Theorem 23  We recall that convergence in mean implies convergence in 
probability. By applying Theorem 21 to each component of f , we find that f̂n con-
verges to f  in mean in the ∞-norm. Note that f̂n,λ need not be parameterised to 
constant velocity. Denote the arc length of f̂n,λ by Ln,λ and the arc length of fλ by 
Lλ. By Lemma 24, Ln,λ → Lλ in probability for each λ ∈ Λ. Let sn,λ be the re-
parametrisation of f̂n,λ to constant-velocity on I, which is given by

	
sn,λ(t) =

1
Ln,λ

ˆ t

0

∥∥∥f̂ ′
n,λ(x)

∥∥∥
2
dx

and satisfies 
∥∥∥∥
(
f̂n,λ ◦ s−1

)′
(x)

∥∥∥∥
2
= 1 on I. Thus,

	
|sn,λ(t)− t| =

∣∣∣∣
ˆ t

0

∥∥∥f̂ ′
n,λ(x)

∥∥∥
2
/Ln,λ − 1 dx

∣∣∣∣
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≤

∣∣∣∣
ˆ t

0

∣∣∣
∥∥∥f̂ ′

n,λ(x)
∥∥∥
2
/Ln,λ − ∥f ′

λ(x)∥2 /Lλ

∣∣∣ dx
∣∣∣∣

	
≤ 1

Ln,λ

ˆ 1

0

∣∣∣∥∥f ′
n,λ(x)

∥∥
2 − ∥f ′

λ(x)∥2
∣∣∣ dx+ ∥f ′

λ(x)∥2

∣∣∣∣
1

Lλ,n
− 1

Lλ

∣∣∣∣ .� (18)

As both terms in Eq. (17) converge to 0 in probability independently of t by Lemma 
24, we get ∥sn,λ(t)− t∥∞

p.−→ 0.

We then define sn : Z → Z as

	
sn(z) =

{
z if z ∈ Z0,(
Φλ ◦ s−1

n,λ ◦Φ−1
λ

)
(z) if z ∈ Φλ((0, 1)).

The map sn is continuous as each s−1
n,λ is continuous, s−1

n,λ(0) = 0 and s−1
n,λ(1) = 1.

The result of the theorem then follows from Proposition 3:

	

∥∥∥ECTf̂n
− ECT f

∥∥∥ ≤
∥∥∥ECT f̂n

− ECT f̂n◦sn

∥∥∥+
∥∥∥ECT f̂n◦sn − ECTf

∥∥∥ .�(19)

Note that the first term is 0 as re-parametrisation does not change the image of a 
function. For the second term, we find that f̂n ◦ sn converges to satisfy the con-
ditions such that Proposition 3 yields increasingly tight bounds: the arc lengths of 
f̂n ◦ sn ◦Φλ = f̂n,λ ◦ s−1

n,λ converge to those of f ◦Φλ = fλ by Lemma 24 (the 
composition of fλ with s−1

n,λ does not change its arc length). Further, both aforemen-
tioned functions have constant velocity and

	

∥∥∥f̂n ◦ sn − f
∥∥∥
∞

≤
∥∥∥f̂n ◦ sn − f̂n

∥∥∥
∞

+
∥∥∥f̂n − f

∥∥∥
∞

p.−→ 0.

In the above, the second term converges in probability by Theorem 21. The first term 
converges in probability as

	
∥∥∥f̂n,λ ◦ s−1

n,λ − f̂n,λ

∥∥∥
∞

≤
∥∥∥f̂n,λ ◦ s−1

n,λ − fλ ◦ s−1
n,λ

∥∥∥
∞

+
∥∥∥fλ ◦ s−1

n,λ − fλ

∥∥∥
∞

+
∥∥∥fλ − f̂n,λ

∥∥∥
∞

p.−→ 0

on each 1-cell λ ∈ Λ. The first term converges in probability by Theorem 21 (as 
re-parametrisation does not change the ∞-norm). Note that fλ is continuous on 
I, which is compact, and therefore uniformly continuous. The second term equals ∥∥∥fλ ◦ sn,λ − fλ

∥∥∥
∞

 by pre-composition with sn,λ(t) and thus converges by Eq. (18) 

and the uniform continuity of fλ. The last term converges in probability by Theorem 
21. � □

Furthermore, our consistency result extends to the SECT of X.
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Lemma 25  Define the ECT on some interval [−a, a]. Assume the distance between 
the ECTs of two shapes X and Y is δ. Then the distance between their SECTs is at 
most (2a + 1 )δ.

Proof  Fix v ∈ Sd−1. Then

	 ∥SECTX(v, · )− SECTY (v, · )∥1

	
=

ˆ a

−a

∣∣∣∣
ˆ t

−a

ECTX(v, x)− ECTY (v, x)dx− t+ a

2a

ˆ a

−a

ECTX(v, x)− ECTY (v, x)dx
∣∣∣∣ dt

	
≤

ˆ a

−a

ˆ t

−a

|ECTX(v, x)− ECTY (v, x)|dx+ t+ a

2a

ˆ a

−a

|ECTX(v, x)− ECTY (v, x)|dxdt

	 ≤ 2aδ + δ = (2a+ 1)δ.

Since the above is independent of v, we are done. � □
The main limitation of our results is that the topology of our embedded space is 

assumed to be known and the results only work for a restricted class of CW com-
plexes. Extending our statistical estimator and the related results to perturbations in 
the topology of the underlying shape remains future work.

6  Examples

We now illustrate our methods by means of a simulated example. In our simulation, 
we focus on a single simple closed curve in R2 and sample different numbers of noisy 
points from the curve. Our curve has been constructed by judiciously choosing com-
plex Fourier coefficients. The samples are then taken by evenly spaced evaluations 
of our curve and are corrupted by adding independent multivariate Gaussian noise 
with mean 0 and covariance (0.002)2I2. The curve, together with the noisy samples, 
is visualised in Fig. 3.

As a kernel in our Gaussian smoothing, we pick the sine-squared exponential ker-
nel. Assuming our curve is parameterised by γ : [0, 2π] → R2 with γ(0) = γ(2π), it 
is given by

	
k(s, t) = exp

(
−2 sin

(
s− t

2

)2
)
.

It satisfies the conditions of Theorems 21 and 23 (see Lemma 26; it is infinitely dif-
ferentiable as it is the composition of infinitely differentiable functions). Its RKHS 
contains the curve we generated (see Lemma 27).

In Fig. 4, we visualise the SECT of our true curve (in a fixed direction) and com-
pare it to the SECT of curves sampled from Gaussian process regression (GPR) pos-
terior distributions based on 20, 50 and 100 noisy evaluations of our original curves, 
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respectively. In addition, we plot the distributions of the distance (given by the norm 
introduced in Eq. (2)) of the SECTs of the posterior samples with the SECT of the 
true curve.

In both types of plots, we see the posterior curves’ mass moving closer to the true 
SECT, thereby illustrating the results of our theorems. We furthermore report that the 
distance between the SECT of the true curve and the SECTs of Gaussian smooth-
ings are approximately 0.0627± 0.0064 (n = 20), 0.0366± 0.0105 (n = 50) and 
0.0214± 0.0087 (n = 100), respectively. However, while Fig. 4 illustrates that our 
results provide a consistent estimator of the SECT, the estimator need not be unbiased.

The example in this section illustrates how our estimator naturally gives rise to a 
posterior distribution over the space of SECT curves. We believe that there is poten-
tial to use this posterior distribution in a statistical inference or classification pipeline. 
Proving convergence rates for estimators like ours would help with quantifying the 
confidence of statistical ECT analyses.

6.1  Characterisation of the sine-squared exponential kernel

Lemma 26  For the sine-squared kernel, we have J (S1 , dk) < ∞.

Proof  For the sine squared kernel k, the metric dk is given by

	 dk(s, t) =
√
2− 2 exp(−2 sin2((s− t)/2).

It can be shown that dk is strongly equivalent to the angular metric d: let

	 f(x) =
√
2− 2 exp(−2 sin2(x)).

Then

	

f ′(x) = 4e−2 sin2(x) cos (x) sin (x)√
2− 2 exp

(
−2 sin2 (x)

) .

In particular, f ′(x) ≥ 0 on 0 ≤ x ≤ π/2 (we can show that limx→0+ f ′(x) = 2 by 
L’Hopital’s rule). Further, f  is concave as it is the composition of non-decreasing con-
cave functions. Thus, dk(s, t) = f(d(s, t)/2), we get d ≥ dk ≥ (2

√
2− 2e−2/π)d 

on S1, where the first factor is f ′(0)/2 and the second factor is the difference quotient 
of f  between 0 and π/2.

As S1 is bounded and d and dk are strongly equivalent, it is thus sufficient to show 
that J(S1, d) < ∞. For d and ε > 0, we get

	
N(S1, d, ε) =

⌈
π

ε

⌉
≤ π

ε
+ 1.
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Hence,

	

J(S1, d) =
ˆ ∞

0

√
logN(S1, d, ε)dε

≤
ˆ π

0

√
log

(π
ε
+ 1

)
dε

= π

ˆ ∞

1

√
log (x+ 1)

x2 dx

≤ π

ˆ ∞

1

1
x

3
2
dx = π

[
−2x− 1

2

]∞
1

= 2π < ∞.

� □

Lemma 27  Define the Hilbert space H′ of sequences wab ∈ R, a, b ∈ N 0 , satisfying

	

∞∑
n=0

n!
∑

a≥0, b≥0
a+b=n

w2
ab

Cn
a

< ∞,

where Cn
a  denotes n choose a. For {wab}, {vab} ∈ H′, the inner-product of H′ is 

given by

	

⟨{wab}, {vab}⟩H′ := γ

∞∑
n=0

n!
∑

a≥0, b≥0
a+b=n

wabvab
Cn

a

where γ > 0  is a constant. Define V to be the closed subspace of sequences 
{wab} ∈ H′ such that

	

∑
(a,b)∈N 2

wab cosa(t) sinb(t) = 0� (20)

for all t ∈ [0 , 2π). Then the Hilbert space H given by the functions

	
f(t) =

∑
(a,b)∈N 2

wab cosa(t) sinb(t)� (21)

with {wab} ∈ V⊥ and inner-product induced from H′ is isomorphic to the RKHS of 
the sine-squared-exponential kernel, denoted by Hk .

Proof  By using standard trigonometric identities, we see that the sine-squared kernel 
is proportional (by a positive constant) to the kernel

	 k(s, t) = exp (cos(s) cos(t) + sin(s) sin(t)) .
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Thus, by using the Taylor expansion of exp, k( ·, t) ∈ H for all t with coefficients

	
wab =

Ca+b
a

(a+ b)!
cosa(t) sinb(t).

Moreover, for f ∈ H with coefficients vab and fixed t, we get

	

⟨k( · , t), f⟩H =
∞∑

n=0
n!

∑

a ≥ 0, b ≥ 0
a+ b = n

Cn
a cosa(t) sinb(t)vab

n!Cn
a

=
∑

(a,b)∈N2

cosa(t) sinb(t)vab = f(t).

� (22)

Thus, the inner-product ⟨ ·, · ⟩H has the reproducing property and coincides with the 
inner-product induced by the kernel k (i.e. the inner-product of Hk) given in Eq. (11). 
Further, the coefficients of k( ·, t) lie in V ⊥: let {vab} ∈ V  and let {wab} be the coef-
ficients of k( ·, t). Then by Eq. (22), ⟨{vab}, {wab}⟩H′ = 0. As V ⊥ is closed as it is 
perpendicular to V, so is H, implying that H is a Hilbert space. We have that Hk ⊆ H. 
As Hk is complete by definition, we get H = Hk ⊕W  for some closed subspace W. 
Let f ∈ W . Then ⟨g, f⟩H = 0 for all g ∈ Hk and in particular f(t) = ⟨k( ·, t)⟩H = 0 
for all t ∈ [0, 2π). Thus, W = 0 and H ∼= Hk. � □

Lemma 28  Every f ∈ H is continuous and the inclusion H ↪→ C (S1 , d∞) is con-
tinuous, where C (S1 , d∞) is the space of continuous real-valued functions on S1  
endowed with the ∞-norm. Further, cos(nt) and sin(nt) are elements of H for all 
n ∈ N .

Proof  Note that ∥k( ·, t)∥H = 1 for all t. Thus, by the reproducing property of k and 
the Cauchy-Schwarz inequality, for all f ∈ H and any t ∈ S1 we get

	 |f(t)| = |⟨k( ·, t), f⟩H| ≤ ∥f∥H.

Hence, convergence in the H-norm implies convergence in the ∞-norm. As f  can be 
written as a series of continuous functions converging in the H-norm (c.f. Eq. (21)), 
it follows that f  is continuous. As for any f ∈ H with ∥f∥H ≤ ε and any t ∈ S1 we 
have |f(t)| ≤ ε, we get that the inclusion H ↪→ C(S1, d∞) is continuous.

Further, we can expand

	
cos(nt) =

n∑
k even

(−1) k
2

(
n
k

)
cosn−k(t) sink(t),

	
sin(nt) =

n∑
k odd

(−1)
k−1
2

(
n
k

)
cosn−k(t) sink(t).
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Thus, cos(nt) and sin(nt) can be expanded as powers of cos and sin with coefficients 
in {wab} ∈ H′ (as in Lemma 27). We can project these coefficients into V ⊥ without 
changing the value of our series at any t ∈ S1: the difference in the series we observe 
by subtracting from elements of V from {wab} is 0 for all t (c.f. Eq. (20)). Thus, 
cos(nt), sin(nt) ∈ H for all n ∈ N . � □
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