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Abstract

Photons have proven to be an effective test-bed for the fundamental concepts and ele-
ments of quantum-enhanced technologies. As systems become increasingly complex, how-
ever, practical considerations make the traditional approach of bulk optics and free-space
propagation progressively more difficult. The major obstacles are the physical space ne-
cessary to realise and operate such a complex system, its stability, and maintaining low
losses. In order to address these issues, quantum optical technologies can take a cue
from their classical counterparts and look towards an integrated architecture to provide
miniaturisation, greatly enhanced stability, less alignment, and low loss interfaces between
different system components.

In this thesis the feasibility of chip-based waveguides as a platform for metrology and
information processing will be explored. In Part I, the necessary criteria for a metrology
system to out-perform its classical counterpart will be investigated. It will be found
that loss is a major barrier to this aim and, critically, that it is unlikely to have been
achieved to date by any experiment which consumes resources of a fixed photon number.
The issue of loss will be addressed by developing a scalable heralded source of a class
of entangled photonic states which are both robust to losses and practically feasible to
prepare. A novel tomographic technique will be developed to characterize these states
and it will be explicitly demonstrated how it is possible to beat some bounds on classical
performance without being able to out-perform a comparable classical system. Finally, a
proof of principle demonstration of a waveguide-based interferometer with an integrated
phase-shifter will be undertaken. It will be shown that the device preserves quantum
interference, making it suitable for use in quantum-enhanced metrology applications.

In Part II, integrated optics in the context of information processing will be discussed.
First, a novel characterization technique will be developed which enables the behaviour of
complex circuits to be predicted. The technique is independent of loss in the device being
characterized. A method of simulating these circuits will be outlined that takes advantage
of the computational speed-up available from parallelisation and sparse matrix opera-
tions. A key increase in complexity for integrated photonic systems will be demonstrated
by showing quantum interference of three photons from two separate sources in eight spa-
tial modes. The resulting interference has a visibility which beats all possible classical
interference visibilities for similar circuits. Finally, a fully integrated waveguide-coupled
photon-number-resolving detector will be developed and demonstrated. This proof of
concept demonstration will show good resolution of different photon number events. The
device will be modelled and routes to high efficiency operation will be explored.
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Chapter 1
Introduction

Measurement is central to all experimental sciences as the connection between theoretical

understanding and the real world. Improving our ability to measure physical parameters

is therefore critical to increasing our understanding of the physical world. Improved tools

enable new science to be uncovered and new science leads to technological advances. These

in turn enable further improvements in measurement, leading to yet more rigorous tests

of fundamental understanding.

In physics, measurement is cast in the form of estimating the value of a parameter of

a system of interest. Physical examples of the parameter of interest may be length, time,

mass, charge, and density, among others. A probe, a separate system under the control of

the experimenter, is prepared in a known state and allowed to interact with the system.

This interaction must result in the probe evolving into a state which is dependent on the

value of the parameter of interest. The state of the probe is then measured. Each time

this process is repeated, one data point is collected. These data points come from an

underlying probability distribution and hence their value is described a random variable.

3



4 1.1 PART I OUTLINE

An estimate of the parameter is then derived from the data using an estimator. An

estimator can be any function of the data. Since the data values are random variables, the

value of the estimator is also a random variable with an associated probability distribution,

the distribution of estimates.

The utility of a measurement can be assessed using several criteria, however, there are

two with which scientists are largely concerned. The first is accuracy or bias. This is

the difference between the mean of the distribution of estimates and the true value of the

parameter as the number of estimates becomes large. The second is precision. This is the

standard deviation of the distribution of estimates and gives a measure of ‘how close’ an

estimate is likely to be to the true value. All other things being equal, estimators with

zero bias and small standard deviation (high precision) are more desirable.

Extending this, quantum-enhanced metrology aims to employ probe states which,

through their quantum mechanical behaviour, allow one to estimate a parameter of interest

with precision beyond what is possible using classical resources [1]. The key characteristic

which enables these probe states to achieve an enhancement in precision is entanglement [2],

or correlations in the state that are stronger than can be explained with classical physics

alone.

1.1 Part I outline

This thesis is presented in two parts. Part I continues the discussion so far, concentrating

on the issue of quantum-enhanced metrology while Part II, which begins with Chapter 4,

discuses quantum-enhanced information processing.

The remainder of this chapter will consist of a summary of work in the field of quantum-
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enhanced precision measurement, briefly for several different physical systems and in more

depth for systems using photons. The discussion will be centred on strategies using re-

sources of fixed photon number. This will be followed by an introduction to the problem of

parameter estimation in the absence of loss and a discussion of how quantum and classical

strategies are compared. The problem will then be generalised to situations including loss

and it will be shown that careful consideration of the resources consumed is critical in

order to prove any enhancement. Moreover, it will be shown that it is unlikely that most

of the optical experiments performed to date have achieved it.

In Chapter 2, a scheme for producing a class of state that is robust to losses will be

proposed and demonstrated and a novel technique will be developed to characterize it.

Using this source, it will be explicitly demonstrated that improper characterization of

device efficiencies can result in the conclusion that classical limits have been beaten while

a more complete characterization suggests that they have not.

The final chapter of Part I contains a proof of principle demonstration of an integrated

platform for quantum-enhanced metrology. The ability of the device to preserve quantum

properties of light is demonstrated and this is used to observe and control post-selected

quantum interference.

1.2 Previous work

No mention has so far been made of a specific physical implementation of quantum-

enhanced metrology. Several instantiations exist, each with advantages and disadvantages.

Trapped ions [3] have provided extremely high precision in measurements of frequency us-

ing single ion optical clocks [4]. Although extremely impressive, there is no entanglement
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involved in these measurements. The use of entangled trapped ions to improve spectro-

scopic sensitivity has, however, been proposed [5–10] and demonstrated [8,9,11–13]. Indeed the

largest entangled states to date have been created using trapped ions, where 14 Calcium

ions were entangled in a Greenberger-Horne-Zeilinger state [14]. Precision measurement us-

ing Bose-Einstein condensates (BECs) is also a promising possibility due to the large num-

bers of particles that can be prepared in a quantum-mechanically identical state. There

has been extensive theoretical work in the area [15–19], as well as promising experimental

results [20,21]. The ability to coherently split and interfere BECs has, however, only rel-

atively recently been demonstrated [22,23]. Progress in Mach-Zehnder type interferometry

has even been made using superconducting qubits [24,25].

In what follows, the discussion will be restricted to optical sensing where a single

parameter of interest is mapped onto an optical phase. The interaction will be limited

to linear metrology where the phase acquired depends linearly on the intensity of the

probe state and only resources of fixed total photon number will be considered. This

excludes protocols employing so called ‘squeezed’ states [26–30], which do not have a fixed

total photon number. Such an exclusion is necessary both because its inclusion would

require more discussion than can be reasonably accomplished here, and because it is not

yet clear how to compare these two classes of state. Specifically, the role of post-selection

and its impact is unclear in the context of squeezed states.

Several proof of principle experiments aimed at quantum-enhanced metrology in this

restricted class have been performed to date [31–39]. These typically rely on utilizing a

signature of non-classical behaviour in measurement outcomes which is not affected by

preparation, device, or detection efficiencies. It is then claimed that the presence of such a
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ρ

a

b

φ

{
Π̂j

}

Figure 1.1: A general, lossless two mode interferometer. The state ρ is prepared at the input
in modes a and b. The phase φ to be estimated is applied to mode a in the interferometer. At
the output a measurement is performed, the outcomes of which are represented by the operators
{Π̂j}.

signature is sufficient to prove that the system could in principle out-perform its classical

counterpart if it were to be used in a full phase-estimation protocol. Recent work has

shown, however, that practical imperfections such as loss, decoherence, state-preparation

and detector inefficiency make it difficult to deliver true quantum enhancements in metro-

logy [40–46]. The discrepancy between the experimental results and the theoretical analysis

stems from differences in how the consumed resources are counted. This critical issue will

be discussed in more detail in Section 1.4.

1.3 Single parameter estimation in the absence of loss

Figure 1.1 depicts a general two-mode interferometer with no losses. In the optical case,

these modes are usually either two orthogonal polarizations or two spatially separated

paths. To estimate the phase φ, a state ρ is prepared in modes a and b. This state then

evolves into the state ρ(φ) due to interaction with the phase-shifting element. Finally, a

measurement is performed at the interferometer output and the particular outcome is re-
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corded. Measurements are described by a set of operators, {Π̂j}, where each element in the

set is associated with a different outcome. The elements of the set are Hermitian positive

semi-definite, and they must sum to the identity. This prepare, evolve, measure process is

repeated ν times and the phase φ is estimated from the ν outcomes. The precision with

which φ can be estimated depends on both the state, ρ, and the measurements performed,

{Π̂j}. This makes intuitive sense since a state that experiences a larger change as a result

of the phase φ and measurements which are better able to distinguish this change should

give a more precise estimate. There exists, however, a rigorous way of quantifying this

through the Fisher Information (FI) [47] and the Cramér-Rao Bound (CRB) [48,49].

1.3.1 Fisher Information and the Cramér-Rao Bound

When a measurement, {Π̂j}, with several possible outcomes enumerated by j, is made

on ρ(φ), each outcome has an associated probability, pj(φ). The outcome is therefore a

classical random variable X with a point-mass probability distribution function fX(x;φ),

fX(x;φ) =



p1(φ) if x = x1

...
...

pj(φ) if x = xj

(1.1)

where the xj are arbitrary values associated with each measurement outcome and the

probabilities pj(φ) are given by the Born rule [50],

pj(φ) = Tr{ρ(φ)Π̂j}. (1.2)
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The score function of the random variable X is then defined to be [51]

sX(x;φ) =
1

fX(x;φ)

∂fX(x;φ)

∂φ
. (1.3)

It is a normalized measure of how much the probabilities of the measurement outcomes

change for a change in φ. The FI is then defined as the variance of the score function,

F (φ) = V(sX(x;φ)) = E(s2
X(x;φ))− (E(sX(x;φ)))2 , (1.4)

where E(·) denotes the expectation. Intuitively, this means that if a change in φ is as-

sociated with a certain change in pj(φ) (small variance), a large amount of information

about φ has been gained whereas if the associated change in pj(φ) is very uncertain (large

variance), a small amount of information about φ has been obtained. The expectation of

the score function is zero since

pi(φ) = 1−
∑
j 6=i

pj(φ). (1.5)

Hence the FI is defined as the expectation of the square of the score function,

F (φ) =
∑
j

1

pj(φ)

(
∂pj(φ)

∂φ

)2

. (1.6)

Finally, the precision with which φ can be estimated is determined by the CRB [52],

∆φ ≥ 1√
νF (φ)

= ∆φCRB. (1.7)



10 1.3 SINGLE PARAMETER ESTIMATION IN THE ABSENCE OF LOSS

This bound can be achieved for a large number of trials ν and an unbiased estimator, such

as a maximum likelihood estimator.

The CRB is bounded from below by the Quantum Cramér-Rao Bound (QCRB), which

is independent of the measurement and depends only on the state used,

∆φ ≥ 1√
νF (φ)

≥ 1√
νFQ(φ)

= ∆φQCRB, (1.8)

where FQ (φ) = FQ (ρ(φ)) is the Quantum Fisher Information (QFI) [52–55]. The QFI is

found by maximizing the FI over all possible measurements Π̂i. Note that in general both

the FI and the QFI depend on the value of the parameter φ. A method for obtaining

this maximum was developed by Braunstein and Caves [55], who showed that there always

exists a measurement that saturates the QCRB. The operator representing this optimal

measurement, called the symmetric logarithmic derivative, is obtained by applying a su-

peroperator to the derivative of the density matrix with respect to the parameter φ [55]. It

is important to note two things. First, that the symmetric logarithmic derivative does not

uniquely saturate the CRB and second, that there is currently no recipe for physically con-

structing a measurement device which implements the symmetric logarithmic derivative.

For pure states, the QFI is given by

FQ(φ) = 4(〈ψφ|ψφ〉 − | 〈ψ|ψφ〉|2), (1.9)

where |ψφ〉 ≡ d |ψ〉 /dφ.

Given a particular input state ρ and measurement with outcomes {Π̂j}, the CRB gives

the precision that can be achieved in estimating a parameter, φ. The QCRB gives the
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a

b

φ

η1 η2

ρ
{

Π̂j

}

Figure 1.2: A lossless Mach-Zehnder interferometer. Modes a and b interfere at the first beam
splitter which has reflectivity η1 (1/2 in the ideal case) before the relative phase φ is applied to
mode a. The two modes then interfere again at the second beam splitter, with reflectivity η2

(1/2 in the ideal case) before being detected at the output ports. Everything to the left of, and
including, beam splitter 1 is considered as preparing the state ρ while everything to the right of,
and including, beam splitter 2 is considered as part of the measurement.

best possible precision achievable with a given input state ρ.

1.3.2 Classical limits on precision: the Standard Quantum Limit

In order to assess whether a particular protocol is ‘better’ than its classical counterpart,

it is important to define classical limits to the precision that can be achieved with given

resources. In the absence of loss, this limit is called the Standard Quantum Limit (SQL).

The SQL is the best precision that can be achieved in an estimate of a parameter using

N independent photons. It can be derived using several methods, however, perhaps the

most instructive in this instance is to consider the Mach-Zehnder interferometer (MZI) in

Figure 1.2. In what follows and throughout this thesis, familiarity with Dirac notation is

assumed. The operator â† is the creation operator for a photon in mode a and b̂† is the

creation operator for a photon in mode b. The action of a creation operator on a mode is
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to add one more excitation to that mode so that, for example,

â† |n〉 =
√
n+ 1 |n+ 1〉 , (1.10)

where |n〉 represents a Fock state containing n photons. Similarly, the annihilation oper-

ator â acting on mode a reduces the number of excitations so that

â |n〉 =
√
n |n− 1〉 . (1.11)

To calculate the evolution of a photon through the MZI shown in Figure 1.2, and

hence calculate the associated FI, it is necessary to know the effect of a phase shifter

and a beamsplitter on the creation operator. The action of a phase shift φ on a mode is

to implement the transformation â† → eiφâ† while a beamsplitter transforms a creation

operator in one input mode into a superposition of creation operators in both output

modes. The exact ratio in the superposition is determined by the reflectivity of the

beamsplitter, η, so that for the first beamsplitter in Figure 1.2, the two input modes

evolve as

â† → √η1â† +
√

1− η1b̂†,

b̂† →
√

1− η1â† −√η1b̂†. (1.12)

The minus sign in the evolution of b̂† is due to the π phase shift that occurs when light

reflects off one side of all beamsplitters. Throughout this thesis, the convention will be

adopted that this phase shift occurs when light is reflected from the ‘bottom’ of the
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beamsplitter.

All the components necessary to calculate the evolution of a state through the MZI of

Figure 1.2 are now in place. A single photon launched into mode a of the interferometer

evolves as follows where the three steps represent passing through the first beamsplitter,

phase shifter, and second beamsplitter respectively.

â† |vac〉 → 1√
2

(â† + b̂†) |vac〉 , (1.13)

→ 1√
2

(eiφâ† + b̂†) |vac〉 , (1.14)

→ 1

2

[
(eiφ + 1)â† + (eiφ − 1)b̂†

]
|vac〉 . (1.15)

In order to calculate the FI for this output state, the probabilities associated with the two

possible outcomes must be obtained as a function of φ. The operators corresponding to

the two possible outcomes, detection of the photon in mode a or detection of the photon

in mode b, are

Π̂a = |1, 0〉〈1, 0| , (1.16)

Π̂b = |0, 1〉〈0, 1| , (1.17)

where |m,n〉 denotes a state with m photons in mode a and n photons in mode b. The

associated probabilities are easy to calculate since the Fock basis is orthonormal, meaning

that 〈n|m〉 = δn,m where δn,m is the Kronecker delta. The probabilities, which are given
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by the Born rule, are then

pa(φ) =
1

2
(1 + cosφ), (1.18)

pb(φ) =
1

2
(1− cosφ). (1.19)

The square of the derivatives of pa(φ) and pb(φ) are both (sin2 φ)/4 so that the FI for

each single photon is given by

F (φ) =
∑
j

1

pj(φ)

(
∂pj(φ)

∂φ

)2

(1.20)

=
1

2

[
1

1 + cosφ
+

1

1− cosφ

]
sin2 φ (1.21)

= 1. (1.22)

However, the total FI for the N photons sent through the MZI is FN (φ) = N since,

for independent events, FN (φ) = NF (φ) [51]. The FI for N uncorrelated photons in the

absence of loss is therefore F SQL = N . Finally, the precision that can be obtained for ν

trials, each of which involves sending N completely uncorrelated photons, one at a time,

into mode a of the MZI with vacuum in mode b is limited by the CRB which, in this case,

is referred to as the SQL,

∆φ ≥ 1√
νN

= ∆φSQL. (1.23)

1.3.3 Comparing classical and quantum strategies

With the CRB, QCRB, and SQL all now defined, the thresholds for deeming a quantum-

enhanced metrology protocol to be ‘better’ than its classical counterpart can be set as
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follows. In the absence of loss, a device can be said to beat its classical counterpart for

the same resources if

∆φCRB < ∆φSQL. (1.24)

This inequality expresses that the precision achievable using the particular state and de-

tector combination employed in the device must be smaller than the precision achievable

using a classical state of the same resources and a classical detector.

A second statement can also be made. The device is, in principle, capable of outper-

forming its classical counterpart for the same resources if

∆φQCRB < ∆φSQL. (1.25)

This inequality expresses that the state prepared is capable of providing greater precision

than a classical state, if optimal measurements on that state were performed.

In each of these descriptions, the phrase ‘for the same resources’ has been carefully

used. Several schools of thought exist. It is important to note that in the absence of

loss these schools are completely equivalent, however, when loss is considered, they can

differ significantly. The prevalent school of thought is that only the Nd photons which are

detected at the output of an interferometer should be considered as consumed resources.

This is a form of post-selection and can lead to an extreme underestimate of the number

of photons passing through the interferometer. The second school is that all photons

which are created and intended to be sent through the interferometer should be counted as

resources, regardless of whether they make it to the output. As will be shown theoretically

in Section 1.5 and experimentally in the Chapter 2, this leads to extremely stringent
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constraints on the allowable inefficiencies in the system.

The argument for using this second resource accounting strategy relies on the situations

in which quantum-enhanced metrology may be employed. In the case where the physical

system being probed is unaffected by the light passing through it, the practical reality is

that it is much more straight-forward to use a standard laser and a MZI. This is because

the SQL can be made arbitrarily small by using more and more photons. It is only when

the sample one wishes to probe is destroyed or affected by the total number of photons

sent through it, such as with a fragile biological specimen or state of matter such as a

Bose-Einstein condensate, that the increased precision achievable with quantum-enhanced

metrology becomes desirable. In this situation it is therefore problematic if photons are

lost by scattering off or being absorbed in the sample as they will not be detected at the

output, giving no information about the phase, but will damage the sample in the process.

The post-selector continues, unaware that the sample may have been damaged, and tries

again. In the event that transmission through the system is small, the measurement may

be attempted many times before the desired Nd event is detected, by which time the

sample has been damaged and the information gained about the phase is no longer useful.

1.4 Resource counting in the presence of loss

Much of the above discussion is based on the assumption of no photon loss and ideal beam

splitters inside the MZI. In any practical attempt to produce a device that will outperform

its classical counterpart, these assumptions will certainly no longer be true. As will be

shown, real-world imperfections, and especially loss, very quickly destroy the ability of a

device to beat any classical limit. The precise effect of loss depends on how the state being
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used evolves under that loss. In order to discuss these effects, it is therefore necessary to

introduce first the classical bounds that can be reached in the presence of loss, followed

by specific quantum states which can be used in quantum-enhanced metrology.

1.4.1 The Standard Interferometric Limit (SIL)

Figure 1.3a shows a general two mode interferometer with real world imperfections. There

are three stages at which loss can compromise precision: in the preparation of the probe

state, interaction of the state with the phase shifting element, and in measurement. These

are characterized by the efficiencies ξg, ξi, and ξm respectively. ξg is the generation or

heralding efficiency. It is the probability that we have generated the desired state given

some signal that the generation step has been carried out. This signal may be as simple as

knowledge that a light pulse has been emitted by a laser, or it may be the detection of one

or more photons to herald the generation of others [56–58]. ξi is the interaction efficiency,

the probability that the probe state, once generated, is transmitted through the two modes

reaching the interferometer. Finally, ξm is the measurement efficiency, the probability that

the measurement is made.

In general, states of multiple photons can retain phase sensitivity even after experi-

encing loss of one or more photons. It is also true that the state after loss depends on

the form of the state before loss. It is therefore necessary to introduce a specific model of

loss in order to assess its impact. This model is shown in Figure 1.3b. Loss at all stages

is modelled by beam splitters in the arms of the MZI. Note that in contrast to other

beam splitters, where reflectivities will be referred to with the symbol ηα, loss or efficiency

will be referred to with the symbol ξα representing a transmissivity. This is to maintain
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ρ(ξg)

a

b

φ(ξi)
{

Π̂j(ξm)
}

a)

b)

a

b

φ

η1 η2

ξp

ξp

ξ

ξ
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Figure 1.3: a) A general two mode interferometer with losses. The efficiencies ξg, ξi, and
ξm characterize state generation, interaction with the phase shifting element, and measurement
respectively. The phase shifting element has been extended across both modes to indicate that,
although the phase shift is only applied to mode a, the efficiency ξi can involve both modes.
b) A MZI with balanced loss in state preparation, interaction with the phase shifting element,
and detection. The efficiencies are modelled by beamsplitters with transmissivity ξp, ξ, and ξd

respectively, where one of the output ports of the beamsplitter is not monitored. The first and
second beam splitters of the MZI have reflectivities η1 and η2 respectively. In the ideal case,
η1 = η2 = 1/2.
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consistency with the literature where beamsplitters are frequently characterized by their

reflectivity, while it is customary to have an efficiency (associated with a loss) run from

0 to 1 where 1 is perfect efficiency. The beam splitters of transmissivity ξp model the

efficiency in state preparation. As will be discussed in Section 1.4.2, the coherent mixing

of two spatial modes on a beam splitter is not sufficient to prepare an arbitrary state for

quantum enhanced metrology, however, it is sufficient both to observe how a classical N

photon resource behaves, and to prepare a class of states which will be the focus of the

discussion in Part I of this thesis. It will therefore suffice for now. The beamsplitters of

transmissivity ξ model the efficiency of interaction, and the beamsplitters of transmissivity

ξd model the efficiency of measurement, or detection. Again, as with state preparation,

it is not in general sufficient to mix the two spatial modes of the MZI coherently on a

beamsplitter in order to saturate the CRB. As will be shown, however, it is sufficient for

the situations considered here.

The Standard Interferometric Limit (SIL) is the precision achievable in estimating

the phase φ using a MZI with non-unit transmission and detection efficiencies with a

coherent state of unknown phase and average photon number N at one input and vacuum

at the other [40]. Coherent states of unknown phase, or phase-averaged coherent states, can

be prepared perfectly since a coherent state, |α〉, with average photon number N = |α|2,

evolves under a loss ξp to become the coherent state
∣∣√ξpα

〉
, with average photon number

ξpN
[59]. Therefore, by calibration of the loss ξp, a coherent state with arbitrary photon

number can still be prepared and ξp can be ignored. The behaviour of this state can still

be mimicked by tracking the evolution of single photons through the MZI in Figure 1.3,

as in Section 1.3.2. In contrast to that analysis, however, for every photon sent into the
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MZI there are now four possible outcomes. Either the detector monitoring mode a fires,

the detector monitoring mode b fires, neither of the detectors fire, or both of them do. In

the absence of noise, the probability of both firing is zero and the other three outcomes

have the probabilities

pa(φ) =
ξξd

2
(1 + cosφ), (1.26)

pb(φ) =
ξξd

2
(1− cosφ), (1.27)

p0(φ) = 1− pa(φ)− pb(φ) = 1− ξξd. (1.28)

Since p0 does not depend on φ, the value of p0 does not give any information about the

phase. The QFI is therefore scaled by ξξd, the new pre-factor in pa and pb, giving a QCRB

of

∆φ ≥ 1√
νξξdN

= ∆φSIL, (1.29)

where ∆φSIL is the Standard Interferometric Limit. Note that this is the QCRB rather

than the CRB because the combination of a beamsplitter of reflectivity 1/2 and two single

photon sensitive detectors is still the optimal measurement under balanced loss.

In order to compare the precision obtainable with a given input state with the best

practical precision obtainable with a classical device using the same interferometer and

detectors, one can therefore compare ∆φCRB with ∆φSIL. If the inequality ∆φSIL >

∆φCRB holds, then a particular (imperfect) device will outperform its (imperfect) classical

counterpart. Since in this inequality the number of trials is the same for both the classical

and quantum cases, it may be expressed in terms of the FI only so that in order for the
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device to outperform its classical counterpart, the following inequality must hold:

ð =
F

F SIL
> 1. (1.30)

1.4.2 States for quantum-enhanced metrology

There are primarily three classes of state which have been explored for use in quantum-

enhanced metrology with fixed total resources.

N00N states

The first, and the most widely studied, is the N00N state [7,31–39,60–64].

|N :: 0〉± =
1√
2

(|N, 0〉a,b ± |0, N〉a,b). (1.31)

This path entangled state is an equal superposition of N photons in mode a and 0 photons

in mode b with 0 photons in mode a and N photons in mode b. If this state is launched into

the general lossless two mode interferometer shown in Figure 1.1, the portion of the state

with N photons in mode a picks up a phase shift of Nφ. Calculation of the symmetric

logarithmic derivative reveals that an optimal measurement for the N00N state are those

which project it onto the basis {|N :: 0〉+ , |N :: 0〉−}. The probabilities corresponding to

these outcomes are

p±(φ) =
1

2
(1± cosNφ). (1.32)
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This leads to a QFI of FQ(φ) = N2 and hence the achievable precision is bounded by the

QCRB,

∆φ ≥ 1√
νN

= ∆φHL. (1.33)

The limit is written as equal to ∆φHL to denote that this is in fact the Heisenberg Limit

(HL), the tightest known bound on precision in linear metrology [1,2]. Since the N00N

state is, in principle, capable of saturating the tightest known bound to precision, it has

been extremely well studied and several experiments have claimed to have beaten the SQL

using them [31,35,38,64].

There is, however, a major drawback to N00N states. Under the loss of even a single

photon, the resulting state is completely insensitive to phase. The intuitive explanation

of this is that if a photon is lost, it must have been lost from the mode which contains

N photons. Hence, if all of the possible loss modes from modes a and b were monitored,

an observer would be able to tell which component of the superposition the state was

in, collapsing it into that component. Critically, it is enough that an observer, even

in principle, could have known which mode carried N photons to collapse the state. The

resulting state, which carries 0 photons in one mode and N−1 photons in the other, is then

measured at the output, however, the outcome of the measurement is no longer affected

by the phase φ since there is no interference. The remaining N − 1 photons therefore

give no information about φ. Further to this, N00N states require not only the generation

of N or more photons but the manipulation of these photons by means of a complex

linear optical network [31,33,57,58,65–68]. The output of these networks is probabilistic since

it relies on detection and/or non-detection of ancillary photons and the success probability

usually decreases exponentially with increasing photon numbers. Schemes which can, in
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principle, generate N00N states with high probability require either a high nonlinearity [69]

or actively controlled cavities [70], which challenge current technology.

Optimal states

The second class of states are the so-called optimal states [40,71]. Optimal states are not

maximally entangled like N00N states, however, this fact makes them less sensitive to loss.

They take the form

|ψ〉 =

N∑
k=0

Ak |k,N − k〉a,b , (1.34)

where the Ak are a function of the loss in the system and are chosen specifically to maximize

the QFI [71]. As an example, consider a two photon state and an interferometer containing

a phase shifting element with a transmissivity of ξ = 0.45. The general form of a two

photon state input state is

|ψ〉 = A2 |2, 0〉+A1 |1, 1〉+A0 |0, 2〉 . (1.35)

The coefficients of the three terms making up the state are found by maximizing the FQ

subject to the constraints |A0|2 + |A1|2 + |A2|2 = 1 and Ai ≥ 0. For ξ = 0.45 this gives

A2 = 0.7570, A1 = 0.3740, and A0 = 0.5357, yielding FQ = 1.6035. In contrast, the QFI

for a N00N state in the same situation is 0.405.

Although these states achieve the best possible precision for a given efficiency, its

specific value must be known before hand. The form of the state which must be generated

is then dependent on the value of the loss. In addition, there is currently no known general

recipe for generating these states or implementing the corresponding ideal measurements.
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Despite these difficulties, however, a proof of principle experiment has been performed [71]

in which a known loss was introduced in a post-selected way and the optimal two-photon

state was prepared, demonstrating their robustness.

Holland-Burnett states

The final and less widely studied class of states are the Holland-Burnett (HB) or twin-Fock

states [72], which we denote HB(N = 2K), where K ∈ {1, 2, 3, . . .}. These can be prepared

by sending K photons to both inputs of a 50:50 beam splitter. The state of the field after

the beamsplitter and the phase shifter in Figure 1.2 is then

|HB(2K)〉 =
K∑
n=0

An |2n, 2K − 2n〉 , An =

√
(2n)!(2K − 2n)!

2Kn!(K − n)!
e2inφ. (1.36)

This notation differs slightly from the standard notation, where the state is specified by

N , the size of the Fock states impinging on either side of the beamsplitter at which the

state is created, and there are a total of Ntot = 2N photons. This is done so that N has

a consistent meaning for N00N and HB states.

The HB state has a similar structure to the optimal states, with the notable difference

that the method for preparing them is known, universal, and practically feasible. In

addition, their performance is not drastically diminished in the presence of losses [15,73–75],

making them significantly more practical than N00N states.
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Equation 1.9 can be used to calculate the QFI for the HB state in the absence of loss,

|ψφ〉 =
K∑
n=0

2inAn |2n, 2K − 2n〉 , (1.37)

〈ψφ|ψφ〉 = K(3K + 1)/2, (1.38)

〈ψ|ψφ〉 = iK. (1.39)

The QFI and QCRB are therefore

FQ = 2K(K + 1) = N(
N

2
+ 1), (1.40)

∆φQCRB =
1√

νN(N/2 + 1)
. (1.41)

The quadratic behaviour of the QFI with N shows that Heisenberg scaling is reached.

When there is no loss, the HB state does not achieve the same precision as the N00N state

which will out-perform it by a constant factor of
√

2.

Following the evolution of the state, interfering the two modes on the second beams-

plitter shown in Figure 1.2, yields

|ψout〉 =
1

K!

(
ieiφ sinφ

2

)K (
(â†)2 + (b̂†)2 − 2iâ†b̂† cotφ

)K
|vac〉 . (1.42)

The expansion of the operators gives

N !

(∑
K

(−2i cotφ)k3

k1!k2!k3!
(â†)2k1+k3(b̂†)2k2+k3

)
|vac〉 , (1.43)

where K = {(k1, k2, k3)|ki ∈ Z+, k1+k2+k3 = K}. Projecting the two modes onto the Fock
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states |n〉 |2K − n〉 gives the associated probabilities pn(φ) = n!
(2K−n)!

[
PK−nK (cosφ)

]2
,

where 0 ≤ n ≤ K, and P lK(·) are the Legendre polynomials. The expression for K ≤

n ≤ 2K, is obtained by substituting n → 2K − n. Perhaps surprisingly, by a continu-

ation of this train of analysis, one can show that a beamsplitter and two photon number

resolving detectors (PNRDs) that project onto the state |K〉 |K〉 are sufficient to attain

the Heisenberg scaling in the absence of loss [41].

1.4.3 Super-resolution and super-sensitivity

There are two effects attributed to quantum behaviour in interferometry: phase super-

resolution and phase super-sensitivity. Historically these effects have been used to de-

termine whether or not a quantum enhancement of phase estimation had been achieved.

However, as will be shown later, the observation of these phenomena may not properly ac-

count for all resources needed to truly go beyond what is possible classically. Nonetheless,

their importance in the development of the field is such that it is necessary to introduce

them.

Phase super-resolution is the sinusoidal variation of an Nd-fold detection signal, the

rate at which Nd events occur simultaneously, as a function of interferometer phase φ.

This signal is said to show super-resolution if the variation displays an Nd-times increase

in oscillation rate. It has been shown, however, that this can be observed using only

classical input states of light and projective measurements [60]. Recently, the visibility of

such super-resolving fringes was also shown to be able to distinguish between quantum

and classical input states of a MZI [61]. This signature of quantum behaviour does not,

however, quantify improved performance beyond classical interferometry.
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Phase super-sensitivity, a commonly employed measure of performance, is defined as

reduced phase uncertainty compared to that possible with classical resources [60]. The

model introduced in a paper by Resch et al. [60] incorporates experimental imperfection

through ‘efficiency’ and visibility parameters ξ′ and V , by means of a phenomenological

model of an Nd-fold detected coincidence signal. Here, ξ′ is the proportion of the input

state ρ that can lead to an Nd-fold detection event. Note that this immediately restricts

the applicability of the analysis to cases where a particular photon number event is being

post-selected and all others are ignored. In fact, the Authors state that their argument is

based on the comparison of a N00N state scheme with a classical scheme that consumes

the same amount of energy. The visibility is then required to satisfy ξ′V 2Nd > 1 in order

for the measurement to be regarded as ‘super-sensitive’.

In order to clarify the use of this criteria it is first necessary to briefly outline the

argument followed by Resch et al. and then compare it to an analysis based on con-

sideration of the QFI. Resch et al. argue that estimating a phase with a N00N state

amounts to measuring Nd-fold coincidence events of an observable Â which take the form

〈Â〉 = 1
2(1− V cosNdφ), giving

d〈Â〉
dφ

=
NdV

2
sinNdφ. (1.44)

Then, for small deviations about a particular value of φ, the precision with which φ can

be estimated, ∆φ, is given by

∆φ =
∆Â

d〈Â〉/dφ
=

2∆Â

NdV sinNdφ
. (1.45)
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Now, if the device has an ‘efficiency’ ξ′, Ntot = Nd/ξ
′ photons are consumed on average

for each Nd event. Here, ξ′ is the probability that the whole Nd photon N00N state is

transmitted and detected. The obtained precision should therefore be compared with a

classical strategy that consumes Ntot photons. The best possible classical strategy has no

loss and so the precision is bounded by the SQL, ∆φSQL =
√
ξ′/Nd. Then, in order to be

‘better than classical,’

∆φSQL > ∆φ, (1.46)

=⇒ ξ′

Nd
>

4(∆Â)2

N2
dV

2 sin2Ndφ
. (1.47)

The Authors then state that for an observable which is bounded between 0 and 1, the

worst case is ∆Â = 1/2 so that at the point of minimum uncertainty for the N00N state

scheme,

ξ′V 2Nd > 1 (1.48)

must be satisfied in order for a N00N state scheme to beat its classical counterpart. Fur-

ther, Resch et al. assume that a supply of N00N states is available on demand – that is,

that they can be prepared with a probability of one.

An alternative analysis based on the QFI proceeds as follows. Since there is no known

arbitrary N00N state generation scheme, one must be considered which has a heralding

or generation efficiency ξg. It is assumed that the non-unit heralding efficiency arises as a

result of loss or the probabilistic nature of the generation scheme. Under this assumption,

any states generated in failure cannot result in an Nd-fold detection event.

In a N00N scheme experiment using a general two mode interferometer with imperfect
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efficiency, an N -fold detection event corresponds to projection onto an N -photon N00N

state, |N :: 0〉± = (|N, 0〉 ± |0, N〉)/
√

2. This measurement set has three possible out-

comes: j = ± (detection of |N :: 0〉±) and j = 0 (otherwise). In the absence of loss,

the probabilities associated with these measurement outcomes are as described in Sec-

tion 1.4.2. In practice, however, it is impossible with current technology to realize lossless

single-mode sensors and this can lead to degraded interference due to unmeasured distin-

guishing information of the input state. Measurement outcomes therefore typically have

probabilities

p±(φ) = f [1± V cos(Nφ)]/2, (1.49)

and p0(φ) = 1− p+(φ)− p−(φ), where f and V both depend upon the presence of distin-

guishing information in the input state. f is also related to the probability that an input

state leads to an N -fold detection event, and V is the fringe visibility. The FI for this

configuration is given by

F (φ) = fN2V 2 sin2(Nφ)

1− V 2 cos2(Nφ)
, (1.50)

where we have made use of the first derivatives of p±(φ) with respect to φ,

∂p±(φ)

∂φ
= ∓f

2
NV sin(Nφ). (1.51)

Note that the denominator in Equation. (1.50) is greater than or equal to sin2(Nφ) for

0 ≤ V ≤ 1, which sets a bound on the FI,

F (φ) ≤ fV 2N2. (1.52)
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The phase uncertainty that can be achieved with ν trials is therefore bounded by the CRB

∆φ ≥ 1√
νfNV

. (1.53)

As in the previous analysis, this precision can be compared with the best possible classical

strategy that consumes the same energy. Such a strategy will consume an N photon

resource per trial but will experience no inefficiencies. Comparison should therefore be

with the SQL, implying that in order to demonstrate precision beyond the SQL,

V ≥ 1√
fN

= V
(SQL)

th . (1.54)

This is not the only comparison that can be made, however. If it is assumed that the same

channel and detectors are used in both classical and quantum schemes, the achievable

quantum precision should be compared with the SIL, implying that

V ≥

√
ξξd

fN
= V

(SIL)
th . (1.55)

For the general lossy two-mode interferometer, f can be straightforwardly calculated as

the probability that the N00N state is produced, transmitted, and detected, f = ξg(ξξd)N .

By comparing Equation 1.54 to Equation 1.48, it can be seen that an equivalent bound

has been reached with ξ′ = f . There is a significant advantage, however. Although, when

correctly applied, Equation 1.48 provides a helpful bound, it is useful only when using

a scheme under which all phase information is lost if any photons are lost. In contrast,

the analysis based on the FI and QFI is much more general and allows the objective
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comparison of different schemes. As well as this, it provides a route to a perhaps more

useful comparison between practical devices, Equation 1.55.

The usual application of these bounds deviates significantly from what is outlined

above. It is common practice to set f = ξintrinsic, the fraction of the expected input

state which could lead to a particular N -fold detection event, and all other efficiencies are

set to 1 [31,35,37,38,64,76]. This significantly underestimates the resources consumed and the

threshold on V. The impact of such an analysis is emphasised by a simple example. A

single parametric down-converter (PDC) emits a superposition of zero photons, one pair

of photons, two pair etc [59]. Consider such a photon source in a typical configuration,

pumped using a pulsed laser system with a repetition rate 80 MHz and probability of

producing one pair per pump pulse ∼ 0.03. Now, if the two output modes of the PDC are

degenerate, they can be interfered on a beam splitter with reflectivity 1/2. If two pairs

were generated, the state after the beam splitter is

√
3

4
|4 :: 0〉a,b +

1√
4
|22〉a,b . (1.56)

A measurement can be performed on this state which is only sensitive to the |4 :: 0〉

portion [35], but is only successful, in the ideal case, with probability 1/2. The post-selector

sets f = 3/4 × 1/2, the average probability (over the phase φ) that the idealised input

state leads to the particular 4-fold detection event, and obtains the visibility threshold

V
(SQL)

th = 0.82. Note that this analysis implicitly sets N equal to Nd = 4, the number of

detected photons, and only counts as a trial the number of times the Nd event occurred.

In any practically realisable device, this is not the case due to photon loss. The number of
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trials will be significantly larger than those which lead to Nd-fold events and, in the case

of PDC-based photon sources, there is a comparatively larger probability of generating

one pair of photons than two pairs.

A ‘worst case scenario’ analysis requires information about the probability of producing

two pairs per pump pulse to be incorporated. In the worst case scenario, the source is

viewed as a |4 :: 0〉a,b generator with generation efficiency ξg = 0.032×3/4, the probability

of producing two pairs per pulse times the fraction of the state which could lead to the

4-fold detection event. Even assuming perfect transmission through the device and a

deterministic detection scheme, this leads to the visibility threshold V
(SQL)

th = 19.25. As

visibilities greater that 1 are unphysical, this analysis implies that it is not possible to

beat the best possible classical counterpart of this system.

Although the worst case scenario is perhaps unfair, it serves as a stark indication of

the effect of resource accounting on the conclusion of whether or not a metrology system

has truly out performed its classical counterpart. It is also the case that both of these

analyses are limited by considering only a particular measurement outcome which consists

of a 4-fold detection event. This is because they were originally envisaged as thresholds on

visibility for N00N-state schemes where loss renders the lower photon number portions of

the state insensitive to phase. The CRB and QCRB analyses give a more general method

to quantify the resources consumed in an experiment and compare quantum with classical

strategies. These quantities are derived from the density matrix of the input state to the

interferometer through the FI and QFI respectively. To ascertain the best performance of

a given quantum strategy, one must therefore know the density matrix ρ of the input probe

state as prepared, as well as the device transmission and detector efficiency. The average
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photon number of the input state can then be calculated from ρ, giving N . Note that

although the HL is defined for states of fixed total photon number and the SQL is defined

for states of fixed mean photon number, these are interchangeable here. This is because

the SQL is also the precision that can be obtained by N single photons propagating in

turn through a MZI, as in Section 1.3.2. These photons are completely independent and

all correlation functions of order greater than 1, are zero. In this way, they mimic the

behaviour of a classical state. For a more general discussion of these issues, see Escher et

al. [77]

The FI of ρ is calculated in combination with a model of the particular detection scheme

used which has a known efficiency. The CRB then takes into account information from all

detector outcomes and all parts of the input state rather than a particular outcome cor-

responding to a particular Nd-fold detection event. Comparison with the SQL or SIL then

reveals whether the scheme beats the best possible or the best practical classical counter-

part respectively. Calculation of the QCRB based on the QFI and comparison with the

SQL reveals whether the input state combined with the most optimal, although perhaps

unknown, detection scheme is capable of beating the best possible classical counterpart

which consumes the same energy.

1.5 Including real-world imperfections

Imperfections are present in every real-world device. If quantum-enhanced technologies

are ultimately to prove their worth, they must be able to overcome the likely imperfec-

tions. Theoretical strategies to overcome common imperfections in quantum information

processing have been developed, however, there has been comparatively less attention paid
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to overcoming imperfections in metrology schemes. The analysis laid out above based on

the CRB and the QCRB provides a consistent, device independent way of comparing

different strategies, even in the presence of real-world imperfections. Here, the effect of

inefficiencies in state preparation, propagation, and detection on whether a device beats

its classical counterpart are considered.

1.5.1 Device transmission efficiency

Analysis of the performance of HB(N) states in interferometry in the presence of losses

begins with Equation (1.36). Here, only loss in a single arm of the interferometer is

considered so that only the beamsplitter labelled ξ in the same arm as the phase shifter in

Figure 1.3 is present. Loss in both arms can be treated similarly, but requires numerical

analysis and hence perhaps provides less insight into its effects. The state after loss is

|ψ〉 =
1

2K

K∑
n=0

2n∑
m=0

CnBn,m |2n−m〉 |2N − 2n〉 |m〉e ,

Cn =
(2n)!

n!

√
(2K − 2n)!

(K − n)!
e2inφ,

Bn,m =
ξn−m/2(1− ξ)m/2√

(2n−m)! m!
, (1.57)
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where m is the number of photons lost to the environment mode, labelled e. Since this

mode is to be traced over, the state can be rewritten as

|ψ〉 =
2K∑
m=0

|ψm〉 |m〉e ,

|ψm〉 =


1

2K

∑K−dm
2
e

k=0 Ck+dm
2
eBk+dm

2
e,m |2k〉a |2K − 2k〉b for m even

1
2K

∑K−dm
2
e

k=0 Ck+dm
2
eBk+dm

2
e,m |2k + 1〉a |2K − 2k − 1〉b for m odd

(1.58)

where d·e denotes rounding up to the nearest integer. Evaluating the QFI for the lossy

states in Equation (1.58) is simplified by their block diagonal form. Setting
∣∣∣ψ̃m〉 =

|ψm〉 /
√
Nm, with Nm = 〈ψm|ψm〉, enables the QFI for the lossy state to be written as

FQ =
∑2K

m=0 NmFQ(
∣∣∣ψ̃m〉). Here FQ(

∣∣∣ψ̃m〉) is given by Equation (1.9), where

〈
ψ̃(φ)
m

∣∣∣ψ̃(φ)
m

〉
=

4

Nm22K

K−dm
2
e∑

k=0

(
k +

⌈m
2

⌉)2 ∣∣∣Ck+dm
2
e

∣∣∣2 ∣∣∣Bk+dm
2
e,m

∣∣∣2 , (1.59)

〈
ψ̃m

∣∣∣ψ̃(φ)
m

〉
=

2i

Nm22K

K−dm
2
e∑

k=0

(
k +

⌈m
2

⌉) ∣∣∣Ck+dm
2
e

∣∣∣2 ∣∣∣Bk+dm
2
e,m

∣∣∣2 . (1.60)

To consider some specific cases, for N = 2 (K = 1),

F
(N=2)
Q = 8

ξ2

1 + ξ2
, (1.61)

which is identical to that obtained for two-photon N00N states in Dorner et al. [40]. This

is as expected, since HB(2) states and two photon N00N states are equivalent. For higher

photon numbers, N00N and HB(N) states differ. HB(N) states are much more resilient to

losses than the corresponding N00N states with the same number of photons, and track the
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Figure 1.4: Quantum Fisher information for phase estimation as a function of the transmissivity
of one arm, ξ, for a) 4, b) 10, c) 16, and d) 20 input photons. In each graph, the dashed cyan:
standard quantum limit, blue: optimal states [40], red: HB states, black: N00N states.

behaviour of the optimal states. This is demonstrated in Figure 1.4 where N00N states,

optimal states, and HB states are compared as a function of ξ for N = 4, 10, 16, 20 in

a), b), c), and d) respectively. As N increases, the threshold ξ for which N00N states

beat the SQL also increases while the threshold for which optimal and HB states beat the

SQL reduces. The difference in robustness between the HB and N00N states therefore

becomes more prominent for increasing N , highlighting the benefit of using HB states. In

contrast, the discrepancy between HB states and optimal states is both smaller and much

less sensitive on N .



1.5 INCLUDING REAL-WORLD IMPERFECTIONS 37

1.5.2 State preparation efficiency

The second source of imperfections that can be included in an analysis of the performance

of HB(N) states is in their preparation. In this section the effect of only state preparation

efficiencies is considered. Imperfections of this type are, as in the previous section, mod-

elled by inserting a fictitious beamsplitter at the two inputs shown in Figure 1.3b with

a transmissivity of ξp. It is then assumed that two perfectly pure and indistinguishable

Fock states, |K〉, are launched into each of these inputs and so imperfection arises from

loss. Such a beamsplitter implements the transformation

|K〉 → ρ ≡
K∑
n=0

K
n

 ξnp (1− ξp)K−n |n〉〈n| . (1.62)

The state after the first beam splitter of the MZI is then U(ρa ⊗ ρb)U †, where U =

eiπ(â†b̂+âb̂†)/4. Here, U is the operator representing the action of the beamsplitter. In

general, Ua,b(θ) = eiθ(â
†b̂+âb̂†) where ξp = cos2 θ. After the phase accumulation operator,

given by P = eiφâ†â, and the final beamsplitter operator are applied, the output state is

ρout = U(P ⊗ 1b)U(ρa ⊗ ρb)U †(P ⊗ 1b)†U †. (1.63)

Number resolving measurements on the two modes at the interferometer output then

give the probabilities pmn = 〈m,n| ρout |m,n〉. Note that the number of photons in the

interferometer can now be less than N and that pmn = 0 if m + n > 2K. The resulting

FI is, in general, a function of the phase to be estimated φ but its maximum is always

attained for φ = 0, giving by F
(max)
ξp

= 2K(K + 1)ξK+1
p . This is the QFI for a perfect HB
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state, Equation 1.40, scaled by ξK+1
p . It is interesting to note that the power of ξ is not

N = 2K. It is difficult to compare this effect across N00N and optimal states since the

preparation loss is specific to the state generation scheme.

1.5.3 Detection efficiency

Now the scenario of imperfect detection, in addition to imperfect preparation and trans-

mission loss, will be considered. This situation can be modelled, once again, by placing

beam splitters in front of perfectly number resolving detectors with transmissivity ξd.

Though obtainable analytically in terms of hyper-geometric functions, the form of the

expressions for the FI in the general case is verbose and brings little insight. A simple

case, however, is found for φ = 0 and ξ = 1 where

Fξp,ξd(φ = 0) = 2N(N + 1)(ξpξd)N+1, (1.64)

showing the symmetry of the FI under exchange of ξp and ξd.

More generally, by denoting the loss modes in Figure 1.3 as e1 to e6, remembering

that in the situation considered here the beamsplitter coupling mode a with mode e4 has

transmissivity 1, and adopting the abbreviation X ◦ Y = XYX†, the state after the first

beamsplitter may be written as

ρ1 = Ua,b(1/2) ◦ (ρa ⊗ ρb), (1.65)

where the ρα were defined in the previous section. After phase evolution, propagation loss,
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and the second beamsplitter, the state may be written as

ρ2 = Tre3

{
Ua,b(1/2) ◦ Ua,e3(ξ) ◦ (Pa(φ)⊗ 1b ⊗ 1e3) ◦ (ρ1 ⊗ |0〉e3〈0|)

}
. (1.66)

Finally, after detection losses, projection onto |m,n〉 gives the probabilities

pm,n(φ) = 〈m,n|Tre5,e6

{
(Ua,e5(ξd)⊗ Ub,e6(ξd)) ◦ (ρ2 ⊗ |0〉e5〈0| ⊗ |0〉e6〈0|)

}
|m,n〉 . (1.67)

Note that since pm,n(φ) = pn,m(φ),
∑

m,n pm,n(φ) = 1, and pm,n(φ) = 0 for m + n > 2K,

there are (N + 1)2 independent probabilities. From these probabilities, the FI can be

calculated according to Equation 1.6.

Consideration of the cases N = 2 (K = 1) and N = 4 (K = 2) will demonstrate the

benefit of these results, including the identification of regimes within which a quantum

advantage in metrology can be unambiguously demonstrated. For HB(2) states, the FI is

given by

F (N=2)(ξp, ξ, ξd, φ) =
8ξ2

pξ
2
dξ

2(1 + ξ2) sin2(2φ)

1 + ξ4 − 2ξ2 cos(4φ)
, (1.68)

which is maximized for φ = π/4, giving

F (N=2)(ξp, ξ, ξd) =
8ξ2

pξ
2
dξ

2

1 + ξ2
. (1.69)

To find values of ξp, ξ, and ξd for which a device will outperform its classical counterpart,

the value ðN=2 can be calculated using Equation 1.30, giving

ðN=2 =
4ξ2

pξdξ

1 + ξ2
> 1. (1.70)
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Figure 1.5: Feasibility region for beating the standard quantum limit using a) HB(2) states and b)
HB(4) states. The bottleneck in beating the standard quantum limit is the detector imperfection,
followed by the preparation imperfection and lastly, losses in the interferometer.

This inequality, the boundary of which is shown in Figure 1.5a, demonstrates exactly

the tradeoffs in state preparation, interferometer construction, and detection imperfection

when attempting to outperform classical interferometry with HB(2) states. Interestingly,

note that if ξd < 0.5, there is no way to beat the SIL with HB(2) states, thereby rendering

moot any discussion about the nature of the source and the interferometer.

For HB(4) states, the FI is significantly more complicated. The question of quantum

enhancement is again addressed by ðN=4 = F (N=4)(ξp, ξ, ξd)/(4ξξd), where the right hand

side is maximized over φ. The boundary of the region in which a quantum enhancement

can be achieved was calculated numerically and is shown in Figure 1.5b. It was found

numerically that ð2(0.687, 1, 1) ≈ ð2(1, 0.135, 1) ≈ ð2(1, 1, 0.547) ≈ 1, where the notation

ð2(ξp, ξ, ξd) has been used.

In general, higher photon states are more resilient to losses in the interferometer but

they also put stricter demands on ξp and ξd. Thus, with increasing photon numbers,

the feasibility region shrinks along the two axes denoting the preparation and detection
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imperfections and extends along the axis denoting loss in the interferometer.

To experimentally realize an improvement over its classical counterpart, quantum phase

estimation with HB states requires high-quality state preparation and detection in addition

to low-loss interferometers. In a realistic experiment with 95% interferometer transmission,

and 60% detection efficiency (at the high end for commercially available Silicon avalanche

photodiodes), the HB(2) state preparation must be better than ξp ≥ 0.91, which is beyond

the current state of the art [78]. Utilizing the highest-efficiency PNRDs available, with

detection efficiencies approaching 0.98 [79], relaxes the preparation of the HB(2) state to

ξp ≥ 0.71, which has recently been demonstrated [78], however, the necessary elements have

not to date been demonstrated in a single experiment.

1.5.4 Beam splitter imperfections

The reflectivities of the two beamsplitters labelled η1 and η2 in Figure 1.3b affect the

fidelity of the HB state produced and the measurement scheme which is implemented

respectively, limiting the FI that can be obtained. Here, the effect of these beamsplit-

ter reflectivities on the precision obtainable in estimating φ when there are no losses is

considered.

It is helpful to begin by defining the angular momentum operators in the Schwinger
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representation as

Ĵx =
1

2
(â†b̂ + âb̂†), (1.71)

Ĵy =
1

2i
(â†b̂− âb̂†), (1.72)

Ĵz =
1

2
(â†â− b̂†b̂), (1.73)

Ĵ2 = Ĵ2
x + Ĵ2

y + Ĵ2
z . (1.74)

In a basis defined by the mutual eigenbasis of Ĵ2 and Ĵz, the ideal input state |N〉a |N〉b

appears as |N, 0〉 . In this picture, the phase operator is [80]

P̂ (φ) = eiφĴz , (1.75)

while a beamsplitter is given by

B̂(θ) = e−2iθĴx , (1.76)

where cos2 θ = η1, the input beamsplitter reflectivity. The effective phase operator is then

given by

P̃ (φ) = B̂(θ)P̂ (φ)B̂(θ)†

= eiφ(cos 2θĴz−sin 2θĴy), (1.77)

where the commutation relations of the angular momentum operators have been used.

For a beamsplitter with reflectivity η1 = 1/2, θ = π/4, and the net effect of the

beamsplitter and the phase shift is a rotation about the −Ĵy axis. In general, the axis
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of rotation is given by (1.77), and given that the input state points along the z-axis,

the radius of rotation shrinks by a factor of sin 2θ = 2
√
η1(1− η1) ≤ 1, as depicted in

Figure 1.6a. The net effect is to suppress the phase picked up by the state |N〉a |N〉b.

This suppression of the effective phase picked up by the state manifests itself in the QFI

so that for the state created by the first beamsplitter, the QFI is given by

FQ = 4N(N + 1)η1(1− η1). (1.78)

This is consistent with the idea that the best attainable precision is provided by an

input beamsplitter with reflectivity η1 = 1/2. In that case, as shown in Section 1.4.2,

the best precision can be attained, in the lossless case, with a second beamsplitter of

reflectivity η2 = 1/2 and PNRDs. In every other case, however, there remains the issue of

attaining the reduced bound provided by Equation (1.78).

Allowing for a general beamsplitter at the detection end makes the calculation some-

what involved, so only the |1〉a |1〉b case is considered here. Then the classical FI, F ,

as a function of the input beamsplitter η1 and output beamsplitter η2 is shown in Fig-

ure 1.6b, assuming that perfect PNRDs are used. As expected, the peak FI is found at

η1 = η2 = 1/2, corresponding to the ideal case. Any deviation from this point results in a

reduction of the FI, however, the dependence is relatively weak with deviations of ±0.05

in both beamsplitters resulting in a FI of ∼ 3.7. It is only when significant imperfections

are present so that one of the beamsplitters has a reflectivity of > 0.8 does the CRB finally

drop below the SQL of 2.

In the subsequent two chapters, methods for creating and characterizing heralded
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Figure 1.6: a) Depiction of the effect of varying η1 on the effective phase operator. b) The Fisher
information, F , of the state generated by |1〉a |1〉b impinging on a beam splitter of reflectivity η1

when two photon number resolving detection is made after a beam splitter of reflectivity η2. For
each η1, η2 combination, F was maximized over the phase φ.

polarization Holland-Burnett states will be demonstrated and an integrated device for

preparing and manipulating path-based HB states will be presented. Such a device will

be central to developing measurement schemes which show a palpable enhancement over

their classical counterparts.



Chapter 2
Heralded Holland-Burnett state generation

and characterization

If photonic Holland-Burnett states are to be practically useful, an easy to realise scheme

for their generation is required. In this chapter, a scheme will be demonstrated which will

ultimately allow high efficiency, heralded generation of arbitrary Holland-Burnett states

using feasible and currently available technology. A novel tomographic technique for fully

characterizing these heralded states will also be introduced which allows their utility for

precision measurement to be objectively assessed.

2.1 A heralded source of Holland-Burnett states

HB states are generated by interfering two K photon Fock states on a beam splitter with

η = 1/2. The problem is therefore reduced to the generation of two indistinguishable K

photon Fock states. As discussed in Section 1.4, a critical component of being able to

compare a quantum and classical strategy is an accurate enumeration of the resources

45
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consumed. This is equivalent to requiring a signal that a state has been prepared, and an

accurate characterization of the prepared state.

The signal that a state has been prepared can take several forms. In the simplest

case, it can be given by a photodiode observing pulses being emitted from the laser which

pumps the source. This will typically significantly overestimate the number of trials in a

metrology scheme since photon sources are frequently probabilistic with the probability

of generating one or more photons per pump pulse being << 1. Sources based on PDC,

however, can provide a signal which gives a more accurate enumeration of the number of

trials undertaken.

The output of a PDC source is a coherent superposition of pairs of photons, so that

one pump pulse can produce no pairs, a single pair, two pairs et cetera [59]. If the PDC

emits into two perfectly distinguishable modes, orthogonal polarizations for example, then

a perfectly efficient photon number resolving detector detecting K photons in one of

the modes, heralds the presence of K photons in the other mode. There is, however, a

complication. In general, the spectra of the two photons are correlated due to conservation

of energy and momentum. The implication of this is that when one photon is detected

using a non-spectrally selective detector such as the commonly used avalanche photodiode

(APD), no spectral information about the herald photon is obtained so the spectral modes

of the heralded photon must be traced over, leaving it in a spectrally mixed state. This

mixedness degrades the quantum interference necessary to produce HB states using two

such heralded sources [56].

The traditional approach to resolving this problem is to apply tight spectral filters to

one or both modes emitted by the PDC, however, this can dramatically reduce the effective
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pair generation rate and reduce preparation efficiencies which, as discussed in Section 1.5,

severely reduces the ability of a quantum scheme to out-perform its classical counterpart.

An alternative solution relies on careful control of the phase-matching function in order

to remove spectral-temporal correlations between the photon pairs, allowing spectrally

pure heralded Fock states to be produced [56,78,81–88]. These schemes have the significant

advantage that spectral filtering is not required in order to achieve high visibility quantum

interference and hence there is, in principle, no barrier to achieving high efficiency and

brightness pure Fock state sources.

The scheme used to generate heralded HB states is shown in Figure 2.1a. In contrast

to the description above, this scheme produces polarization-based HB states, however,

they behave completely analogously to the path-based equivalent. The state is obtained

by combining two orthogonally polarized K = N/2-photon Fock states at a polarizing

beam splitter. In principle this source, with the use of photon-number-resolving heralding

detectors [79,89], generates ideal HB states of arbitrary N . To experimentally examine

realistic quantum sensors based on HB states, however, it is instructive to implement

the simplest scheme in which increased precision can in principle be shown: a scheme

employing HB(2) states.

A mode-locked Ti:Sapphire laser system operating at 80 MHz provides 100 fs duration

pulses centred at a wavelength of 830 nm with an average power of 2.38 W (Laser). These

pulses were focused using a 7.5 cm lens (L1) into beta barium borate (BBO) for second

harmonic generation (SHG) to a wavelength of 415 nm and the output was collimated

using a 10 cm lens (L2). Residual infrared radiation was filtered using two dichroic mirrors

(LPDMs) and a blue glass filter (BG), resulting in an average UV power of 600 mW. The
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Figure 2.1: Scheme for generating and characterizing heralded HB states. a) State generation
based on two parametric downconverters (PDC). Half- (H) and a quarter-wave plates (Q) after each
polarizing beam splitter (PBS) adjust the polarizations to combine photons at a fibre polarizing
beam splitter (FPBS). Coincidence detection between heralding avalanche photodiodes (Herald
APD) signals HB state preparation at the output of the FPBS. b) Applying a phase shift φ
between ±45◦ polarizations using a quarter-, half-, quarter- wave plate combination. Coincidence
detection between the APDs implements the optimal measurement for HB(2) state. c) Polarization
tomography using a quarter- and half-wave plate followed by a PBS. Outputs are coupled into
single-mode fibre (FC) with the reflected mode split by a 50:50 fibre beam splitter (FBS) for
partial number resolution.
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UV pulses were then split at a 50:50 beam splitter (BS), with one output mode delayed by

an optical delay line (τ). The pulses were then used to concurrently pump two potassium

dihydrogen phosphate (KDP) crystals (PDC) which were oriented for type-II collinear

parametric downconversion [56]. The input was focused using a 25 cm lens (L3) and the

output collimated with a 15 cm lens before undergoing filtering to reject the pump light

using two long-pass dichroic mirrors (LPDM) and a long-pass interference filter (LPF). In

this configuration, the two cones into which the daughter photons were emitted intersect

at a single point in a direction collinear with the pump beam. The photon pairs generated

in each KDP crystal were orthogonally polarized and central wavelength degenerate at

830 nm, but had different bandwidths. A polarizing beam splitter (PBS) was used to

split the modes and the vertically polarized mode of each source was detected by a fibre-

coupled APD (herald APD). This served as the herald signal for a photon being created

in a horizontal mode. Single photons were typically heralded with an efficiency of 0.18 in

this experimental configuration.

The heralded modes were coupled (FC) into the input fibres of a fibre-coupled polar-

izing beam splitter (FPBS). In order to combine the two heralded modes into a single

spatial mode, each mode was blocked in turn while one of the outputs of the FPBS

was minimized by adjusting a quarter-wave plate (QWP) and a half-wave plate (HWP).

This both rotated the polarization of one of the heralded modes to be orthogonal to

the other and pre-compensated both modes for polarization rotations occurring in the

non-polarization maintaining input single-mode fibre (SMF). The mode emitted from the

output fibre of the FPBS was collimated before being passed through another QWP/HWP

combination to compensate for polarization effects in the FPBS output SMF. These wave
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plates were aligned by minimizing the power in the transmitted mode of a polarizing

beam splitter (PBS) when the horizontally polarized input mode was unblocked and the

vertically polarized input mode was blocked.

Preparation of the HB(2) state was signalled by a coincidence detection event between

the two heralding detectors. When a single photon was registered at each herald detector,

the state that was in principle heralded (in the absence of loss and with perfect polariz-

ation compensation) was |1, 1〉HV where |n,m〉HV denotes n (m) horizontally (vertically)

polarized photons. Written in the 45◦ rotated basis, this is equivalent to the HB(2) state

(|2, 0〉DA− |0, 2〉DA)/
√

2, where D and A denote the diagonal polarization (D) (+45◦) and

anti-diagonal polarization (A) (−45◦) respectively.

2.2 Interference experiments

As already discussed, quantum enhanced metrology is based, like its classical counter-

part, on interference. Here, the polarization interferometry scheme is introduced and its

use in observing quantum interference is explained. The indistinguishability of the heral-

ded single photons is then tested by means of Hong-Ou-Mandel interference and finally,

post-selected quantum interference fringes which are characteristic of the HB(2) state are

presented.

2.2.1 Polarization interferometry

In order to implement a phase shift between the two arms (polarizations) of the interfero-

meter, a sequence of a QWP(0) HWP(θ) QWP(0) was inserted, as shown in Figure 2.1b.

QWP(α) and HWP(α) denote a quarter- and half-wave plate aligned with their fast axis
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at angle α to the horizontal axis respectively. It is straight forward to see the effect of this

wave plate combination by propagating the Jones vectors for horizontal polarization (H)

and vertical polarization (V) through it [90]. Beginning with the H mode,

 1

0

 →

 1 0

0 i


 cos 2θ sin 2θ

sin 2θ − cos 2θ


 1 0

0 i


 1

0

 , (2.1)

=

 cos 2θ

i sin 2θ

 . (2.2)

Similarly for the V mode,  0

1

→
 i sin 2θ

cos 2θ

 . (2.3)

It can now be seen that by setting θ = 0, the wave plate combination can be made to do

nothing or, by setting θ = π/8, H and V can be converted to right circular polarization

(R) and left circular polarization (L) respectively. Moreover, by expressing D and A

polarizations in terms of H and V by |D〉 = (|H〉 + |V 〉)/
√

2 and |A〉 = (|H〉 − |V 〉)/
√

2,

it can be seen that

|D〉 → 1√
2

cos 2θ + i sin 2θ

cos 2θ + i sin 2θ

 = ei2θ |D〉 , (2.4)

|A〉 → 1√
2

 cos 2θ − i sin 2θ

−(cos 2θ − i sin 2θ)

 = e−i2θ |A〉 . (2.5)

A relative phase shift between the D and A modes of φ = 4θ can therefore be introduced

by rotating the HWP.
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To align the wave plates, the following procedure was followed. First, the two QWPs

were inserted and only the H input was unblocked. Then, transmission through the PBS

was minimized by alternately adjusting first one, then the other QWP. This resulted

in the QWPs being aligned such that their fast axes were parallel to each other and at

45◦ to the horizontal. With the QWPs in this position, H was rotated to V which was

then completely reflected at the PBS. The QWPs were then rotated by 45◦ in the same

direction so that their optical axes lay either along the horizontal or vertical. In this

configuration no rotation occurs at either wave plate. Finally, the HWP was inserted

between the QWPs and again the transmission through the PBS was minimized. This

occurred when the HWP fast axis was at 45◦ to the horizontal so that H → H → V → V

at each of the wave plates. From this configuration, rotating the HWP introduces a phase

between the A and D modes which comprise the HB state. The state was then analysed

in the {H,V} basis by the PBS and the outputs of the PBS coupled into SMF connected

to two APDs.

2.2.2 Quality control by Hong-Ou-Mandel interference

The effect of distinguishability and mixedness in the heralded Fock states used to gener-

ate the HB state is to degrade the quantum interference that is critical for its creation.

Distinguishability may enter in the spatial, spectral, temporal or polarization degrees of

freedom. Although it is difficult to separate the effects of distinguishability and mixedness,

a lower bound on the average purity of two heralded single-photon sources can be set by

observing the visibility of the Hong-Ou-Mandel (HOM) interference [91] between them [56].

Since this inherently quantum interference effect is critical to many quantum-enhanced
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Figure 2.2: The four possible outcomes when two photons impinge upon a beam splitter of
reflectivity η with a relative arrival time of τ . The photons are indistinguishable apart from their
relative arrival time and the labels 1 and 2 are only to indicate the path of each photon. a) Photon
1 is reflected and photon 2 is transmitted. b) Photon 1 is transmitted and photon 2 is reflected.
c) Both photons are reflected. d) Both photons are transmitted.

metrology schemes as well as quantum information processing with linear optics, a brief

overview is useful.

Figure 2.2 shows the four possible outcomes when two photons impinge on a beam split-

ter of reflectivity η from either side with a relative arrival time of τ . If the photons are

indistinguishable in spatial mode, spectra, arrival times, and polarization, then outcomes

c and d occur with the same amplitude but a π phase difference due to the phase obtained

by one mode upon reflection at the beam splitter. Their amplitudes therefore interfere

destructively leaving only outcomes a and b. If the photons are completely distinguish-

able, as a result of a large time delay, τ , for example, then this destructive interference

will not occur and outcomes c and d will persist. Consider the two spatial modes shown

in Figure 2.2 with creation operators â†0 and b̂†τ , where the subscript indicates the relative

temporal mode. Then, continuing the convention of a π phase shift occurring upon re-

flection of the bottom mode, after propagation through the beam splitter, these creation

operators become
√
ηâ†0 +

√
1− ηb̂†0 and

√
1− ηâ†τ −

√
ηb̂†τ respectively. Hence the input
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state â†0b̂†τ |vac〉 evolves as

â†0b̂†τ |vac〉 → (
√
ηâ†0 +

√
1− ηb̂†0)(

√
1− ηâ†τ −

√
ηb̂†τ ) |vac〉 (2.6)

= [
√
η(1− η)(â†0â†τ − b̂†0b̂†τ )− ηâ†0b̂†τ − (1− η)â†τ b̂†0] |vac〉 , (2.7)

where the four terms in the output state are the four outcomes shown in Figure 2.2. From

this it can be seen that if η = 1/2 and τ = 0, then â†0b̂†τ = â†τ b̂†0 with equal amplitude and

opposite sign such that they cancel. Hence, if detection events of one click in mode a and

one click in mode b are monitored while the time delay, τ , between the modes is scanned

through 0, the rate of these events should, in the ideal case, drop to zero at τ = 0 so that

the visibility of this interference is 1. This is the Hong-Ou-Mandel interference effect. In

contrast, the classical limit to the visibility of this interference is 50% [92]. This occurs

when two phase-averaged coherent states of equal amplitude are interfered as above.

In order to obtain this interference for the two polarization modes discussed in Sec-

tion 2.1, the HWP must be rotated to 22.5◦. In this configuration, H evolves to R and

V evolves to L as H → H → D → R and V → V → A → L respectively. Although

the first QWP doesn’t effect any change to the polarization, it is a necessary part of the

second part of the experiment in which full interference fringes are measured. Leaving it

in place during the observation of HOM ensures that the experiment is well aligned and

the components are not introducing any distinguishability. It can now be seen that since
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Figure 2.3: Coincidence counts between the two output ports of a polarizing beam splitter when
the relative arrival time (τ ) of two heralded single photons in R and L modes impinging upon it
at one input port is scanned. a) Raw. b) With higher photon number contributions removed. The
error bars in each plot are theoretical and derived from Poissonian counting statistics.

|11〉RL can be written as

|11〉RL =
1

2
(â† + ib̂†)(â† − ib̂†) |vac〉 , (2.8)

=
1

2
(â†â† + b̂†b̂†) |vac〉 , (2.9)

=
1√
2

(|20〉HV + |02〉HV), (2.10)

where â† and b̂† are now creation operators for photons in H and V respectively, analysing

the state in the {H,V} basis reveals the desired HOM interference.

The quality of the heralded single photon Fock states produced by the source shown

in Figure 2.1 was tested by observing the coincidence counts in 60s as the relative ar-

rival time of the UV pump pulses was scanned through zero delay. Coincidence counting

was performed by field-programmable gate array (FPGA) electronics using a coincidence

window of 3 ns.

Figure 2.3a shows the raw measured counts with the theoretical fit which gives a
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visibility of 80± 3%. A PDC does not just produce a single pair of photons, however, and

so the coincidence signal is contaminated by those events where either PDC produces two

or more pairs. The relative probability of these events is small but their effect is amplified

by inefficiencies in the system [93,94]. Since the average purity of the heralded single photons

is the only parameter of interest, the number of these higher order contributions occurring

during each 60s sample can be estimated and subtracted. This is achieved by blocking the

heralded photon from one PDC while leaving the herald unblocked. A four-fold event can

then only occur when the partially blocked PDC produces one or more pairs and the fully

unblocked PDC produces two or more pairs. By swapping the partial block to the other

PDC and summing the two measured four-fold counts in 300 s, the total higher photon

contribution in 60s can be estimated and subtracted from the measurement.

Figure 2.3b shows the background subtracted measurement. The theoretical fit gives

a visibility of 90± 3%, setting a lower bound on the average heralded photon purity and

distinguishability, and an upper bound for the multi-photon fringe visibility achievable in

a full HB state experiment. The residual impurity is partly intrinsic [56] and partly due to

imperfect compensation of the optical fibre birefringence.

2.2.3 Post selected quantum interference

Positioning the time delay between the UV pump pulses to be at the minimum of the

measured HOM interference ensured that the heralded single photons were maximally

indistinguishable. At this delay, which ideally would result in complete indistinguishability,

the heralded HB(2) state is generated in the {D,A} basis, as discussed in Section 2.1. After

generation, the heralded HB states were launched into the sequence of three wave plates
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Figure 2.4: Post-selected quantum interference of photonic states by scanning the relative phase
between D and A modes in the interferometer. a) Single-photon (classical) interference. b) Two-
photon (HB state) interference. Error bars are derived from Poissonian statistics and contributions
from multiple PDC pair emissions are removed.

described in Section 2.2.1 in order to introduce a relative phase between the D and A

modes, dependent on the angle of the HWP, before being analysed in the {H,V} basis.

Figure 2.4a shows the detection count-rate phase-dependence for heralded single-photon

states with a theoretical fit showing a visibility of 90.9±0.5%. The remaining visibility is a

result of imperfect polarization compensation for the effects of the output FPBS SMF. Fig-

ure 2.4b shows the detection count-rate phase dependence for the heralded HB(2) states.

The theoretical fit shows a visibility of 80.6± 1.5% (76.4± 1.4% raw) which is consistent

with the bound on the state purity set by the visibility of the HOM interference.

It is important to note that the HB state interference observed is, in part, post-selected.

Only events which consist of both a herald signal, given by a coincidence between the

two herald detectors, and detection of two photons at the output of the polarization

interferometer are recorded. The herald signal does not guarantee that the HB(2) state

will be detected at the output of the interferometer. Instead, either one-click or zero-click

detection events may occur at the output. In general, these lower click detection events
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may contain information about the phase. Hence, their contribution to the heralded state

must be characterized in order to assess its utility for quantum-enhanced metrology. The

following section presents a scheme for tomographically reconstructing a state including

these lower photon number components.

2.3 State characterization

In general, a state tomography experiment can be described by a set of Mα detection

apparatus settings, labelled here with α, each of which has associated with it a set of

Mγ outcomes, labelled here with γ, so that MαMγ measurements are made. In photonic

experiments, the outcomes are usually a particular combination of physical detectors firing

simultaneously (“in coincidence”). The measurements implemented are modelled by a set

of positive operator value measure (POVM) elements {Π̂γ}α. In this scheme, the outcomes

for each setting are complete so that for every α,

∑
γ

Π̂γ = 1. (2.11)

The settings must be chosen so that the POVM elements span the space of states, allowing

reconstruction of any state in the space. In general there are optimal ways to choose both

the settings and the amount of time spent measuring at each setting, which is sometimes

referred to as optimal experiment design [95–98].

Once the settings have been chosen, the measurements are performed, usually with

a fixed time spent at each α. In this time, the number of events corresponding to each

outcome γ are recorded, giving a set of counts {mγ}α. The probability that any state, ρ,
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could produce the observed counts is then given by the likelihood function,

L = p({mαγ}|ρ), (2.12)

where {mαγ} denotes the set of all measured counts at all settings. We discuss here the

most common state reconstruction technique, maximum likelihood estimation, where the

estimated ρ is determined by maximizing the value of the likelihood function [99,100].

The exact form of L is dependent upon the system generating the state. With heralded

state generation, the number of times that the state has been prepared for each setting, mα,

is known so that for each herald signal a result is collected. The number of heralds limits

the values of mγ so that L is most appropriately described by a multinomial distribution,

L =
∏
αγ

Cα({mγ}α)p
mαγ
αγ , (2.13)

where Cα is a multinomial factor which accounts for the number of ways the observed

mγ could have occurred for each setting and pαγ = tr(ρΠ̂αγ). Since mα is known for

each setting, only Mγ−1 measurement results, are independent variables in the maximum

likelihood optimization. This can be expressed as the constraint equation

∑
γ

mαγ = mα. (2.14)

The maximization can then be performed directly using an iterative technique [100].

If mα is large and pαγ is small, the multinomial form can be approximated by a product
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of Mα(Mγ − 1) Gaussian distributed variables,

L =
∏
αγ

1√
2πσ2

αγ

exp{−(mαγ −mαpαγ)2

2σ2
αγ

}, (2.15)

where σαγ = mαpαγ(1−pαγ) ≈ mαpαγ for small pαγ . Current devices typically exhibit high

loss, so that the vacuum component of any heralded state will contain a large population.

While this might be expected to invalidate the assumption of small pαγ , the choice of which

outcome probability is the “dependent variable” for each measurement setting is still free.

Using the corresponding constraint equation, the vacuum term can be eliminated, leaving

only the lower probability terms which still satisfy the small p approximation. Expressing

the likelihood function in this form ultimately allows one to express the problem in a

weighted least-squares form which can be converted into a semi-definite program so that

the well developed tools of convex optimization can be employed [101,102].
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Figure 2.5: A typical scheme used to perform state tomography on ρ. ρ is assumed to be a
single polarization photonic state in two spatial modes. A MZI and two phase shifters allow a
tomographically complete set of measurements to be made. Detection is performed by avalanche
photodiodes (D1-D3). The spatial modes which lead to detectors are labelled a, b, and c while
loss modes are labelled l1i-l6i and l1o-l6o.

A necessary part of this optimization is knowledge of the POVM elements which model
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the particular outcomes observed. Since all photon number subspaces must be reconstruc-

ted, measurements are needed which access each of them. In the case of a perfectly efficient,

perfectly photon number resolving device, it can be precisely known which photon number

subspace is being projected onto. In the presence of any loss, however, even photon num-

ber resolving detectors project onto multiple photon number subspaces since registering a

single photon could be due to, for example, two photons where one is lost. The exact value

of the loss in the measurement device specifies the mixture of photon number subspaces

being projected onto and hence must be known if a state is to be accurately reconstructed.

As an example, the device shown in figure 2.5 will be considered. This device provides

tomographic measurements suitable for characterizing the HB(2) state. The detectors used

are perfect APDs which have a POVM set of {|0〉〈0| ,1− |0〉〈0|} meaning that they either

don’t fire and therefore project onto the vacuum, or they fire in which case at least one

photon was present but it is not known how many. This device is insensitive to coherences

between components in different photon number subspaces. Fortunately, however, these

coherences cannot affect the measurement statistics in our system, or indeed in any system

comprised of imperfect state preparation, lossy linear optical interactions, and inefficient

detection. This is true because all linear optical components conserve photon number by

definition (i.e. they operate only within each photon number subspace), loss is always in-

coherent, and photon counting detectors project onto incoherent mixtures of components

from within these different subspaces. A state reconstructed in this way therefore provides

sufficient information to predict all measurement outcomes of any subsequent system act-

ing on that state using linear optical interactions and photon counting measurement.

For the system in figure 2.5, there are five possible outcomes: no clicks; a click at either
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of detector 1 (D1) or detector 2 (D2); a click at detector 3 (D3); a click at D1 and D2;

a click at D1 and D3 or D2 and D3. These are labelled Π̂
(out)
γ where γ = 1 to 5. Losses

in the system are modelled by beam splitters with transmissivities ξ1 to ξ6. Detector

inefficiencies are incorporated into the losses directly before the detectors (ξ5 and ξ6) [103].

The modes leading to detectors are labelled a, b, and c while the loss modes are labelled l1o

to l6o for the “outer” modes and l1i to l6i for the “inner” modes. Typically, the projectors

for the detectors are back propagated and expressed in terms of projectors at the input

of the measurement device and the ξi are set to 1. If losses are considered, however, one

must back propagate both the click projectors for the APDs and identity projectors for

each of the outer loss modes since they are not monitored. The output POVM set is given

by the projectors

Π̂
(out)
1 = 1l1o ⊗ ...⊗ 1l6o ⊗ |0〉a〈0| ⊗ |0〉b〈0| ⊗ |0〉c〈0| , (2.16)

Π̂
(out)
2 = 1l1o ⊗ ...⊗ 1l6o ⊗ [(1− |0〉a〈0|)⊗ |0〉b〈0|+ |0〉a〈0| ⊗ (1− |0〉b〈0|)]⊗ |0〉c〈0| , (2.17)

Π̂
(out)
3 = 1l1o ⊗ ...⊗ 1l6o ⊗ |0〉a〈0| ⊗ |0〉b〈0| ⊗ (1− |0〉c〈0|) , (2.18)

Π̂
(out)
4 = 1l1o ⊗ ...⊗ 1l6o ⊗ (1− |0〉a〈0|)⊗ (1− |0〉b〈0|)⊗ |0〉c〈0| , (2.19)

Π̂
(out)
5 = 1l1o ⊗ ...⊗ 1l6o ⊗ [(1− |0〉a〈0|)⊗ |0〉b〈0|+ |0〉a〈0| ⊗ (1− |0〉b〈0|)]

⊗ (1− |0〉c〈0|) . (2.20)

By expanding the photon-number modes as |n〉〈n| = (1/n!)a†n |0〉〈0| an, these ideal

POVM elements can then be propagated backwards through the lossy circuit to determine

the complete POVM elements for the overall measurement apparatus, represented by Π̂
(in)
αγ .

The back-propagated projectors, however, can be dramatically simplified using a priori
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knowledge of the system. In the situation considered in Section 2.1, this amounts to

knowledge that the input loss modes l1i to l6i contain only the vacuum, and that the state

ρ contains no more than two photons. The back-propagated projectors can therefore be

conditioned using this information, which can be summarised by the following projector:

P̂ = (|0〉b〈0|+ |1〉b〈1|+ |2〉b〈2|)⊗ (|0〉c〈0|+ |1〉c〈1|+ |2〉c〈2|)⊗ |0〉〈0|l1i ⊗ ...⊗ |0〉〈0|l6i . (2.21)

This allows the final measurement POVM elements to be calculated according to:

Π̂αγ = P̂ Π̂(in)
αγ P̂ . (2.22)

When the transmissivities ξ1 to ξ4 are pair-wise symmetric so that ξ1 = ξ2 and ξ3 = ξ4,

the situation is further simplified. This is because the total population in the loss modes

is not a function of the phases θ, φ since every possible path to the detectors experiences

the same loss regardless of the phase settings. This approximation corresponds to the

situation considered here where loss does not typically depend on the polarization mode

occupied.

2.3.1 Tomographic reconstruction

For the source shown in Figure 2.1a, the heralded state populates two polarization modes

in a single transverse spatial mode. To perform state tomography on a state of this form,

either the two polarization modes must be deterministically separated and matched using

a PBS followed by appropriate wave plates, in which case the measurement device shown

in Figure 2.5 can be used, or the device shown in Figure 2.1c can be employed. In this
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device, a HWP is followed by a QWP, the angles of which determine the measurement

implemented. The wave plate combination is followed by a PBS with the transmitted mode

coupled into a SMF-coupled APD and the reflected mode coupled into a single-mode fibre

beam splitter (50:50) with outputs connected to fibre-coupled APDs.

The wave plate settings used to analyse the state were, {θ, φ}, were {0◦, 0◦}, {0◦, 11.25◦},

{0◦, 22.5◦}, {0◦, 45◦}, {22.5◦, 0◦}, {22.5◦, 22.5◦}, {22.5◦, 45◦}, and {45◦, 22.5◦}, where θ

and φ are the angles of the QWP and HWP respectively. These measurements form an

over-complete set on the whole space. Again, the measurement outcomes, including two-

, one-, and zero- click events, were recorded conditionally on observing a herald event

consisting of a coincidence between the two herald detectors in Figure 2.1. Although

these measurements are sufficient to estimate the effect of entanglement of the photons

with hidden or experimentally inaccessible degrees of freedom such as multiple spectral

modes [104,105], the situation considered here is one with a single spectral mode. This al-

lows for comparison with previous work on super-resolution and super-sensitivity as well

as straightforward estimation of f in Equation 1.54 which is essential for determining

whether the sensor has out-performed its classical counterpart.

Figure 2.6a shows the reconstructed density matrix of the heralded state, obtained by

maximum likelihood estimation [106] using the measurement outcomes. The heralded state

has populations of 0.686, 0.277, and 0.037 in the zero-, one-, and two-photon subspaces

giving an average photon number of 0.35. This state has an overlap of 0.031 with the ideal

2-photon HB state,

ρHB(2) =
1

2
(|2, 0〉DA − |0, 2〉DA)(〈2, 0|DA − 〈0, 2|DA), (2.23)
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Figure 2.6: Reconstructed heralded quantum state. a) The absolute value of the density matrix
including vacuum, one-, and two-photon subspaces. b) The ideal HB(2) state including lower
photon number subspaces. c) An enlargement of the two-photon subspace where the scale has
been re-normalized assuming that only the two-photon subspace is populated. |m,n〉 denotes m
diagonally polarized photons and n anti-diagonally polarized photons.
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shown in Figure 2.6b, while the re-normalized two photon subspace, shown in Figure 2.6c

has an overlap of 0.85. The latter of these overlaps is consistent with the visibility of the

HOM interference measured in Section 2.2.2.

The difference between the density matrix obtained in this way and that which would

have been obtained in post-selection is clear. The state reconstructed under post-selection

would have an apparent average photon number of 2 as only those events where two

photons are detected are considered. In reality, even with this state of the art heralded

source, the average number of photons in the heralded state is nearly 6 times smaller as a

result of inefficiencies in state preparation, ξp, resulting in less than 4% of the state being

in the 2-photon subspace.

2.3.2 Evaluating the state for precision measurement

With the heralded state completely characterized, its use for precision measurement tasks

can now be evaluated. For N = 2, HB and N00N states are equivalent and Equation 1.55

can be applied. Using post-selection, only data resulting in 2-fold outcomes are recor-

ded, ξ, ξd and f are set to 1, and N = 2, yielding a threshold visibility Vth = 1/
√

2.

The measured fringe visibility significantly exceeds this bound and so by this analysis

super-sensitivity is achieved, beating the SQL. If the post-selected two-photon subspace is

re-normalized and ξg = 0.85 is used while still neglecting ξ and ξd, a threshold of Vth = 0.77

is obtained. The measured fringe visibility also exceeds this threshold, again demonstrat-

ing super-sensitivity and beating the SQL. Since the whole state including lower photon

number subspaces is known, however, the correct ξg, given by the overlap of the recon-

structed state with the HB(2) state, can be calculated as ξh = 0.031. Applying the bound
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in [60] leads to Vth = 4.02, which is unphysical. So, by this analysis, the SQL cannot be

beaten.

The above thresholds are based on post-selection and re-normalization or neglect both

channel transmissivity and detector efficiencies, significantly underestimating the resources

required to reach a given precision. Heralding a characterized state affords a complete

reckoning of the resources used by counting all states put into the interferometer. f

and ξ can then be estimated experimentally, allowing Vth to be calculated according to

Equation 1.55. f is determined from the ratio of four-fold coincidences to heralding events,

giving f = 0.0047 ± 0.0001 and ξξd =
√
f/ξg = 0.39. For our detector ξd = 0.45, giving

ξ = 0.87, resulting in Vth =
√
ξ/Nf = 9.57. This is an even higher threshold on visibility,

showing that the SIL cannot be beaten.

The analyses above are based on the FI and are valid only for states where a single

measurement outcome is observed, such as with N00N states. However, since the full dens-

ity matrix has been reconstructed, the analysis outlined in Section 1.4.1 can be applied.

The QFI is given by [54]

FQ = 2
∑
k,l

(pk − pl)2

pk + pl
|〈ψk|n̂|ψl〉|2, (2.24)

where n̂ is the photon number operator in the sensor arm of the interferometer, and

{pk} and {|ψk〉} are the eigenvalues and corresponding eigenvectors of the reconstructed

density matrix. For the reconstructed state, FQ = 0.079, giving a QCRB ∆φ ≥ 3.56/
√
ν.

For a classical state with the same average photon number as the reconstructed state,

∆φSIL = 1.81/
√
ν, showing again that, despite the implications of the post selected and
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re-normalized analyses, the classical limits to precision can never be surpassed with this

state and arbitrary measurements.

Going beyond the classical performance limit with realistic quantum sensors requires

stringent bounds on throughput, probe-state preparation and detection efficiencies. For

heralded N00N states, f = ξh(ξξd)N must satisfy f ≥ ξ/NV 2. For the ideal two-photon

situation (V = 1) this implies ξhξξ
2
d ≥ 1/2. This benchmark for heralded two-photon states

provides a challenging goal which must be achieved in order to surpass the classical limit.

Even for perfect detectors (ξd = 1), this would require ξhξ ≥ 1/2. Conversely, perfect

preparation and transmission (ξhξ = 1) implies that detectors must have ξd ≥ 1/
√

2. The

above criteria have not yet been demonstrated together in a single experiment.

These results clearly demonstrate the impact of losses on the ability of a quantum

sensor to outperform its classical counterpart. If this practical roadblock is to be overcome,

it is necessary to develop a low-loss, adaptable platform for quantum-enhanced sensing.

This platform is likely to be waveguide based with integrated phase shifting elements. In

the next chapter, we will test the viability of such a platform for precision measurement.



Chapter 3
Integrated photonic sensing

Waveguides are structures in which the time-independent solutions of the electromagnetic

wave equation are invariant along the length of the structure [90]. If the electromagnetic

field is prepared in a superposition of these solutions, it therefore propagates without

change, avoiding the diffraction associated with propagating a beam in free-space. Optical

waveguides are usually, although by no means exclusively, formed by a region with a

refractive index that is higher than that of the surrounding material. This guiding of

electromagnetic waves has proved to be incredibly successful in classical photonics where,

for example, optical fibres have been used to transmit information over long distance with

losses below the 0.2 dB km−1 level [107].

By constructing a waveguide-based sensor, straightforward low-loss integration with

waveguide-based non-classical light sources [78,84,88,108–120] and integrated detectors [121–125]

is ultimately achievable. Such an approach hopes to reduce or remove the major sources of

inefficiency in photonic technologies which, in the work presented in the previous chapter,

resulted in the device being unable to outperform its classical counterpart.

69
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In this chapter, the fabrication, characterization and performance of integrated beam-

splitting and phase shifting elements will be discussed. The low loss and programmable

nature of these devices makes them both ideal for generating the HB state discussed above

and a promising candidate for future experiments that will truly beat the SQL.

3.1 The integrated platform

A multitude of material platforms exist for producing integrated devices and which one is

chosen depends upon the wavelength of operation, active or passive requirements, desired

switching speed, tolerable losses, and many others. Perhaps the most widely employed

materials are silica due to the already mentioned ability to draw it into flexible, long,

and extremely uniform fibres, and lithium niobate (LN) due to its excellent χ(2) optical

nonlinearity, electro- and acousto-optic properties. Methods to produce waveguides vary

widely and include lithographically defining and etching rib-like structures [126], in-diffusing

lithographically patterned metals such as Titanium [127], proton-exchange [128], annealed

proton-exchange [129] or reverse proton-exchange [130], and direct laser writing techniques

either with femtosecond pulsed laser systems for direct material modification [131,132] or

with continuous wave (CW) systems for modification of a photo-sensitive layer [133,134].

3.1.1 Waveguide structure

Figure 3.1 shows the basic waveguide structure of integrated devices used for experiments

described in this thesis. The host slab waveguides are fabricated by flame-hydrolysis

deposition (FHD) [135], utilizing 6” diameter silicon wafers with an 18µm thick thermal-

oxide silica layer which acts as an under-clad. The thermal-oxide layer relieves unwanted
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Waveguide region

18µm

Figure 3.1: A cross-section of the waveguide structure. A 1 mm thick Silicon substrate is topped
with an 18µm silica thermal oxide layer, a 4.5µm photosensitive layer of germanium doped silica,
and an 18µm top layer of silica.

stress, and therefore birefringence, due to lattice mismatch. Two layers of doped silica are

then deposited on top of this substrate. These layers consist of a 4.5µm thick photosensit-

ive germanium-doped silica layer (≈ 0.5 % atomic mass, measured by energy dispersive

X-ray (EDX) spectroscopy), and an 18µm thick top silica layer. Both layers are also doped

with boron and phosphorous to closely match their refractive indices while ensuring suc-

cessively lower melting points to enable deposition without melting previously deposited

layers. The photo-induced index change is therefore the dominant contribution to op-

tical guiding. The wafer is subsequently diced into chips with typical widths of 10 mm

and lengths of 25 mm to 70 mm depending on requirements. Once diced, the chips are

hydrogen loaded at high pressure to increase the photosensitivity of the germanium [136].

The individual waveguides are written by focusing a CW ultraviolet (UV) laser with a

wavelength of 244 nm into the Ge-doped layer and moving the chip transversely to the

surface normal with computer-interfaced 2D motion control, as depicted in Figure 3.2.

The core of the waveguide is formed by a local change in refractive index of the Ge-

doped planar silica layer that is proportional to the local fluence of the UV light, and

is roughly δn ≈ 4 × 10−3 [137,138]. The vertical extent of the refractive index contrast is
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Figure 3.2: Schematic of the UV-waveguide writing process.

defined by the thickness of the Ge-doped layer while the transverse extent is defined by

the beam waist of the UV beam. Since the thickness of the core layer is much less than

the Rayleigh range of the writing beam, the core is rectangular in cross-section and has

an effective step index. To ensure symmetric single transverse spatial mode operation of

the waveguides at a wavelength of 830 nm, to match the photons produced by the photon

source described in Section 2.1, care must be taken in choosing the core dimension, laser

focusing and fluence [137,138]. The UV laser was focused to a spot size of approximately

4.5µm to match the core thickness and ensure a circular guiding mode. The supported

transverse waveguide mode is well matched to single-mode optical fibres, with measured

butt-coupling efficiencies of up to 70% in a single channel.

The laser written waveguides discussed above allow creation of structures that are

not viable using the lithographic etching techniques of standard integrated optics man-

ufacturing, including x-couplers [137,138], and Bragg reflectors [139]. A second advantage is
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that since there is no lithographic step, the waveguide writing process is relatively rapid,

enabling quick development from prototype to completed device.

3.1.2 Beamsplitters

Beamsplitters in integrated optical devices can be constructed using evanescent couplers [140,141],

x-couplers [36], or multimode interference devices [142]. Evanescent couplers are fabricated

by bringing together two waveguides so that the evanescent fields of the two modes over-

lap, creating a coupling between them. The field then oscillates back and forth between

the waveguides as they propagate in parallel. The rate of this oscillation is determined by

the overlap of the two modes, which is dependent on the separation of the waveguides, and

their relative propagation constants. For such a device with a given waveguide separation,

the splitting ratio is determined by the length of the coupling region, and the wavelength

being used. They can be produced using either lithographic or direct-write techniques.

Multimode interference devices are constructed by creating a multimode region with mul-

tiple input waveguides. Light propagating into this region periodically re-phases along its

length into multiple localized regions of high intensity. If output waveguides are positioned

at these points, the light is split into a number of outputs. The coupling ratio and number

of modes depends significantly upon the particular geometry chosen for the device.

X-couplers, the beamsplitter technology employed here, are produced by physically

crossing the waveguides at a shallow angle. Photolithography methods cannot be used

to construct x-couplers as this technique leaves under-etched segments in the crossing

area, resulting in coupling ratios which are difficult to reproduce and high scattering

losses. The effective beam splitter reflectivity of the x-couplers is primarily governed by
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the intersection angle of the guides [137,143] (2.45◦ for 50:50 coupling) and the balance of

the UV-light fluence (and thus the index change δn) between both waveguides at the

crossing region. The x-couplers discussed here were formed by writing one channel at a

time taking care to decrease the UV laser flux at the crossing point to ensure a continuous

refractive index profile. Due to the dependence of the coupling ratio on geometry as

opposed to optical interference, which occurs in evanescent couplers, x-couplers are less

sensitive to fabrication imperfections, thermal fluctuations, and polarization state at the

coupling junction [137,138].

3.1.3 Phase shifters

Integrated optical phase shifting can also be achieved in several different ways. The

most common are implemented by thermo-optic [36,38] or electro-optic [144] means, however

stress-induced phase shifting has also been demonstrated [145]. Electro-optic phase shift-

ing is extremely common in commercially available LN devices for telecommunications

wavelengths where it has been used, for example, in amplitude modulators and frequency

converters for many years. In these devices, the refractive index of the material has a linear

dependence on the applied electric field. The electro-optic effect, defined by the electro-

optic tensor, can therefore be used to modulate the phase of one polarization with respect

to another. By applying an electric field across a crystal with a non-zero electro-optic

tensor, one that is non centro-symmetric or lacks inversion symmetry, the refractive index

along one or more crystal axes can be altered, thereby changing the phase of light which

is polarized along those axes. State of the art devices can modulate at many tens of GHz.

Speeds at this level are in principle sufficient, when combined with a quantum memory
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of sufficient time-bandwidth product [146–148], to realise true feed-forward measurements,

a critical component of one-way quantum computation [149].

Since the silica-on-silicon devices used have an electro-optic tensor of zero to first order,

phase control is implemented through a thermo-optic phase shifter. Again, the technology

for these devices is extremely advanced in the telecommunications industry and has been

used for many years [150]. Such devices operate via the thermo-optic effect governed by

the thermo-optic coefficient. The effect of temperature on the thermo-optic coefficient,

dn/dT , has two origins. First, the increased temperature results in material expansion,

making it less dense which tends to make dn/dT negative. Second, changes in T result in

changes in the thermal occupancies and spectra of the material energy levels. This tends

to increase n making dn/dT positive. For silica, this second effect dominates, resulting

in dn/dT ≈ 10−5 [151]. Due to the diffusion-speed limited thermal propagation, thermo-

optic phase shifters operate on milli to microsecond timescales rather than the nano to

picosecond timescales achievable by electro-optic devices. This potentially limits their

use in feed-forward measurements, however, they have been demonstrated to be robust

and repeatable in classical integrated photonics and hence are a promising technology, for

example, in ‘programming’ a general quantum photonic circuit.

In the devices considered in this thesis, thermo-optic phase shifting was achieved

through the use of small NiCr electrodes of dimensions 0.4µm × 50µm × 2.5 mm (height

× width × length) and 0.85 kΩ electrical resistance. These electrodes were deposited

directly over one of the waveguides and current was passed through it. Local Ohmic

heating causes the refractive index to change, thus inducing an optical phase difference

between two different waveguides. The inherent stability and low propagation loss of the
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integrated devices paired with the ability to control the phase between different optical

paths and high quality mode matching allows observation of phase-dependent quantum

effects [31,35,152,153].

3.2 Hong-Ou-Mandel interference at an integrated

Mach-Zehnder interferometer

The first question that must be answered is whether the UV-written waveguide devices

discussed above are capable of operating in the quantum regime. In order for this to be the

case, they must preserve quantum coherences and therefore quantum interference effects.

The clearest indication of this is by observing high visibility HOM interference between

two indistinguishable photons. Such interference is inherently quantum mechanical and

so observation of it in a waveguide device constitutes strong evidence that this platform

is suitable for quantum-enhanced photonic technologies, including metrology.

3.2.1 The MZI as a programmable beamsplitter

The device under test in this experiment was a fully integrated MZI. In order to observe

HOM interference, the MZI must behave as a beam splitter with reflectivity η = 1/2. In

fact, the MZI as shown in Figure 1.2 with ideal beam splitter reflectivities of η1 = η2 =

1/2 can in principle achieve any effective beamsplitting ratio by adjusting the phase φ.

This is analogous to the effect used in Section 2.2.2 for HOM interference between two

polarization modes through a polarization MZI. Consider the propagation of creation
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operators through a MZI,
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2
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and compare them with the transformation which occurs at a beamsplitter of reflectivity

η,

â† → √
ηâ† +

√
1− ηb̂†, (3.5)

b̂† →
√

1− ηâ† −√ηb̂†. (3.6)

It can be seen that with the addition of a −π/2 phase shift at the input and output

of mode b, these two pairs of transformations can be made identical and, by tuning φ

through the range [0, π], an effective reflectivity with any magnitude can be obtained.

It is sufficient, however, to set φ = π/2 without the additional −π/2 phase shifts in

order to observe the desired HOM interference. This can be seen by propagating the state

â†b̂† |vac〉 through the MZI with the correct phase setting which results in the output state

ieiφ(|2, 0〉a,b + |0, 2〉a,b)/
√

2. This output state contains only terms where the photons have

bunched together into the same mode due to HOM interference. Note that in more complex

cases, where η1 6= η2 6= 1/2 and multiple programmable beamsplitters are required across

more than two modes, care must be taken to ensure that optical phases are matched.
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3.2.2 Observing Hong-Ou-Mandel interference

τ

Waveguide chip

50:50 x-couplers

φ

APDs
IF PBS

PDC

HQP
QWP

SMF

Figure 3.3: Experimental scheme. Horizontally and vertically polarized photon pairs created
by a parametric downconverter (PDC) passed through an interference filter (IF) prior to being
separated by a polarizing beamsplitter (PBS). A temporal delay line (τ ) in one of the photon
paths controlled the relative arrival time of the photons to the MZI. A half- (HWP) and quarter-
wave plate (QWP) combination ensured the photons coupled into the single mode fibre (SMF)
arrived at the waveguide chip with identical polarization states. A computer-controlled voltage
supply (V) controlled the relative phase (φ) between the interferometer arms. The outputs of
the interferometer were sent to avalanche photodiodes (APDs). The single and coincidence count
rates were monitored by computer-interfaced FPGA electronics. Inset shows a schematic of the
waveguide chip.

The photon source used to observe HOM interference in the integrated MZI depicted

in Figure 3.3 is similar to that described in Section 2.1. In this configuration, since it

is the behaviour of the integrated device which is of interest, a single PDC was used

and measurements were performed in post-selection. The photons, centred at 830 nm
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wavelength, were created from a degenerate, collinear, type-II PDC [56,82]. The 5 mm

thick KDP crystal was pumped with 600 mW of 80 MHz pulsed, 415 nm centred, 3.5 nm

bandwidth light. This UV pump was obtained by frequency doubling a mode-locked,

80 MHz repetition rate Ti:Sapphire laser with 830 nm central wavelength and a bandwidth

of ∼15 nm in a 0.7 mm thick BBO crystal. The focussing into both the BBO and KDP

crystals was chosen to produce spectrally decorrelated photon pairs [81], however, this

configuration leads to generated photons of different bandwidths. The downconverted

light was therefore passed through an interference filter (IF) centred at a wavelength of

830 nm with a bandwidth of 3 nm to ensure good spectral overlap of the photons. The

orthogonally polarized photons were then separated using a PBS before a QWP and HWP

were used prior to launching each polarization state into SMFs to ensure that each photon

reached the MZI chip with the same polarization. A temporal delay line (τ) in the path of

one of the photons allowed control of the relative arrival time of the photons at the MZI.

The SMFs were directly coupled to the waveguides using a v-groove assembly (VGA) from

Oz Optics and fixed by a UV curing index-matched epoxy (Dymax Op-52). The pitch of

the waveguides (250 µm) was chosen to match the commercially available fibre array used

in the experiments.

The throughput of a single channel was maximized by measuring the output power

in each channel with a free-space power meter while adjusting the input coupling, giving

a value of ≈70%. This includes one coupling interface and propagation loss. Assuming

a coupling efficiency of 80%, which is consistent with theoretically modelled values, this

leads to a propagation loss of 0.3 dB cm−1. Using this estimate of the propagation loss,

typical coupling efficiencies of ≈60% at the inputs and outputs can be calculated for the
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experiments presented here. This reduction from the maximum observed value was due to

the difficulty of coupling multiple channels simultaneously. Such difficulty occurred for two

reasons. First, coupling of the VGA to the waveguide chip was achieved by mounting the

chip on a fixed stage while mounting the VGA on a five axis stage. In this configuration,

unless the point of common rotation of the stage is at the output facet of the VGA

overlapping with one of the fibre cores, the positions of the two fibre cores of interest are

not independently adjustable. This fact makes practical optimization difficult. Second,

although the position of the waveguides is both accurate and precise to a fraction of a

micron due to the high precision Aerotech translation stage used in writing, the tolerance

of the fibre core position in the VGA is ±1µm both horizontally and vertically resulting

in a ±
√

2µm uncertainty radially. The mode field diameter of the SMF fibres used in

the VGA is ∼ 4µm so this core position uncertainty can lead to a significant decrease in

coupling efficiency.

As previously mentioned, in order to observe HOM interference, the phase in the MZI

must be adjusted so that the MZI behaves like a beamsplitter with an effective reflectivity

of ηeff = 1/2. This phase setting was found using classical light by launching light into a

single input of the MZI measuring the optical power at the output of the chip and adjusting

the voltage across the phase shifter until the optical powers were balanced. The measured

phase setting was verified by launching light into the second input and measuring the

output optical power splitting ratio.

By setting the relative optical phase in the MZI so that it performed as a nearly 50:50

beam splitter and delaying the relative arrival time of the photons through zero delay

by adjusting the optical delay line, a two-photon HOM interference dip was obtained.
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The raw two-fold count rates measured per 10 s are shown in Figure 3.4a along with the

theoretical fit. The raw visibility of the theoretical fit to the data is 79 ± 1%. This

visibility beats the classical threshold of 50% by 29 standard deviations, however signific-

antly higher visibilities have been obtained using free space propagation and bulk optics,

including that reported in the original paper observing this effect by Hong, Ou, and Man-

del [91]. The main reason for this low visibility is significant contamination arising from

two or more pairs being produced by the PDC as a result of the high UV pump power

being used. To determine this background, one of the MZI inputs was blocked and the

number of coincidences in 300 seconds was counted. This was repeated with the other

input blocked and the sum of the two measured backgrounds normalized by the counting

time is the estimated total background (≈ 75 s−1). Figure 3.4b shows the background-

subtracted HOM interference with the theoretical fit. The visibility of the theoretical fit

to the background-subtracted data is 95.0± 1.4%, indicating the ability of the device and

this technology to preserve quantum mechanical coherences and its potential for use in

quantum-enhanced applications.

Since spectral indistinguishability is ensured by passing the central wavelength degen-

erate photons through the same filter, spatial indistinguishability is ensured by filtering

at the input and output with SMFs, and the relative arrival time of the photons is the

parameter being scanned, the remaining degree of freedom which can result in the residual

5% visibility is polarization. Distinguishability in this degree of freedom is likely to be a

result of imperfect compensation for the birefringence in the input SMFs. As well as this,

the waveguide chips display a small birefringence and, although the coupling ratio of the

x-couplers is not very sensitive to polarization, an input-dependent rotation may occur
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unless the photons are launched with their polarizations along one of the principal axes of

the waveguide index ellipsoid.
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Figure 3.4: Two-photon Hong-Ou-Mandel interference through a waveguide Mach-Zehnder in-
terferometer with the phase (φ) tuned so that it acts as a 50:50 beam splitter. Plots show a)
measured coincidence count rate (79 ± 1% visibility) and b) background subtracted coincidence
count rate (95.0± 1.4% visibility) as a function of the relative arrival time of photons to the beam
splitter. Error bars are calculated assuming Poisson count statistics and propagating errors for the
background subtraction.

3.3 Controllable quantum interference

As well as operating as a controllable reflectivity beamsplitter, the MZI, as previously

discussed, is also the system required to produce HB states and perform optimal measure-

ments on them. Demonstrating HB state interference over a range of phases is therefore

a critical step in developing a complete quantum-enhanced metrology platform. As well

as this, the introduction of a controllable optical phase in the arm of the MZI in which

the sample is not sitting is a necessary requirement for adaptive phase estimation schemes

[154,155].

In the previously presented experiment, the voltage across the thermo-optic phase

shifter was adjusted such that the MZI behaved as an effective beamsplitter with reflectiv-

ity of ηeff = 1/2 while the relative arrival time between the photons was scanned through
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zero delay. The complementary experiment is to set the relative arrival time at zero delay

and scan the voltage across the thermo-optic phase shifter. Under these conditions, the

interpretation is as follows. At the first beam splitter, which ideally has a beamsplitting

ratio of η1 = 1/2, two photon interference occurs between the two indistinguishable in-

put photons. This creates an unheralded HB(2) state. The thermo-optic phase shifter

then introduces a phase φ between the modes and the final beamsplitter, ideally of ratio

η2 = 1/2, followed by two APDs implements the ideal measurement to extract information

about the phase shift from the state.
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Figure 3.5: Two-photon Holland-Burnett state interference through a waveguide Mach-Zehnder
interferometer as a function of the phase induced by the thermo-optic phase shifter. Plots show a)
raw measured coincidence count rate (78.9± 3% visibility) and b) background subtracted coincid-
ence count rate (88± 3% visibility) at zero time delay. Error bars are calculated assuming Poisson
count statistics and propagating errors for the background subtraction.

The zero delay point was set by adjusting the optical delay to the position coinciding

with the minimum point in the theoretical fit to the data shown in Figure 3.4. Once

the time delay was set, the phase was scanned from 0◦ to 280◦. A full 2π scan was not

possible as the thermo-optic phase shifter on this device was fragile and likely to burn out

if the voltage was increased further. The phase applied is proportional to the dissipated

power, P, by φ = αP. Here, the constant of proportionality, α = 0.579 ± 0.006◦mW−1

was determined from the classical fringe pattern. The power is then given by P = V 2/R,
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where V is the voltage drop across the phase shifter and R = 850 ± 5 Ω is its measured

resistance. As in the observation of HOM interference, detection was achieved with APDs

and FPGA based counting logic, as shown in Figure 3.3. Counting was performed for 1 s

per phase setting. The raw two-fold coincidence rates as a function of the phase induced

by the thermo-optic phase shifter, φ, are plotted in Figure 3.5a along with a theoretical

fit to the data. The visibility of this fit is 79±3%. Again, however, there was a significant

background coincidence contribution from multi-pair emission events, similar to those

that occurred in the HOM interference experiment. This can be taken into account by

measuring the two-fold coincidence count rates as the phase is varied for each of the SPDC

modes blocked. These background count rates can then be subtracted from the raw data

giving a fringe visibility of 88±3% as shown in Figure 3.5b. The fringes show clear super-

resolution, the double frequency oscillations which are characteristic of the two-photon

state.

The visibility of the HB state interference should, in principle, be equal to the vis-

ibility of the HOM interference. The discrepancy can be attributed again to imperfect

polarization compensation for the effect of the SMFs in the input VGA. The polariza-

tion compensation was performed with a bright alignment beam prior to the HOM and

HB state experiments. During the time over which the experiments were performed, the

temperature of the lab fluctuates due to the cyclic action of the air conditioning unit

controlling the area with a period of ∼17 minutes. Both the axis and magnitude of any

birefringence in the SMFs as a result of stresses in the fibre may also wander over this

time, due to thermal expansion of the material, reducing the effectiveness of the previously

aligned compensation and the indistinguishability of the photons.
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In order to assess the ability of this configuration to outperform its classical counter-

part, the analyses of Chapter 1 must be applied. The visibility of the HB state fringes

is sufficient to beat the threshold of of 1/
√

2 necessary to claim super-sensitivity under

the assumption of no losses. The throughput of this device, however, is too low, so that

it will in reality never be able to outperform its classical counterpart, even using HB(2)

states where the constraints are at their least severe. For comparison with the previous

chapter, employing Equation 1.55 setting f = ξg(ξξd)N where ξg = 0.62, the probability

that two deterministically generated photons are coupled into the device, ξ = 0.94, the

estimated propagation efficiency, and ξd = 0.6 × 0.45, the probability that a photon is

coupled out of the device and detected by the APD, and assuming deterministic photon

generation, Vth = 2.3 so that the comparable classical device cannot be beaten. What the

work presented here has demonstrated, however, is the ability to robustly control quantum

interference through the mechanism of thermo-optic phase shifting and the ability of this

technology platform to support and maintain quantum coherences.

These experiments demonstrate the viability of integrated devices to preserve and

control quantum interference in a robust way. In the second part of this thesis the basic

building blocks investigated here will be employed to increase the complexity of integrated

devices, demonstrating its application in quantum information processing tasks. In addi-

tion, a major source of inefficiency in photonic experiments will be addressed - detection.
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Chapter 4
Introduction

Although Moore’s Law has held firm with the speed of computers doubling approximately

every eighteen months, some problems in computation remain extremely difficult to solve.

In fact, the computational time required to solve them often scales exponentially with

the size of the problem, very quickly making them infeasible. Examples of such problems

include factoring large numbers, searching an unsorted list, optimizing paths and many

more. One of the most exciting potential applications of quantum mechanics to techno-

logy is the possibility of dramatically improving computational power [50]. The foundations

of this idea are often credited to Feynman [156]. The power of quantum computation is

thought to arise from the ability of quantum systems to both occupy a coherent superposi-

tion of multiple states and have stronger-than-classical correlations, or entanglement. The

exact source of this computational improvement, however, is still an open question [157].

Quantum information processing splits into two practical sub-categories. The first

applies to systems where information is encoded and manipulated using a discrete set of

states, the so-called discrete variable regime, while the second applies when information is

89
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encoded and manipulated in a continuous set of variables [158,159]. Although there is much

promise in both approaches, the combination is too much to discuss here in any useful

depth and so this thesis is restricted to the former.

4.1 Part II outline

This chapter will continue with a discussion of the necessary theoretical background of

quantum information processing including an introduction to qubits and the controlled-

NOT gate, two of the basic concepts required to look at the field. A brief round up of

some broad theoretical and experimental results will be given followed by a discussion

of the two major schemes for linear optics quantum computation: the KLM and one-way

computing schemes. A review of the state of the art in linear optics quantum computation

follows. Finally, a scheme for managing fabrication imperfections in integrated photonic

devices will be presented.

Chapter 5 will discuss techniques for understanding the behaviour of integrated devices.

It will introduce and demonstrate a loss independent method for characterizing beams-

plitter reflectivities in integrated devices which can also be employed to calibrate phase

shifting elements. The second half of the chapter will present a method for effectively

simulating the behaviour of a linear optical circuit based on a parameterized model of its

structure.

In Chapter 6, the issue of complexity in linear optical circuits for quantum information

processing will addressed by experimentally investigating a circuit consisting of eight spa-

tial modes with twelve beamsplitters and five phase shifting elements. Two interpretations

of the theoretical operation of the circuit will be discussed. An experimental character-
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ization based on the techniques presented in Chapter 5 will be presented followed by the

observation of two- and three-photon interference beyond the classical limit. This limit

will be found by using the simulation techniques presented in Chapter 5.

The penultimate chapter of this thesis will present a proof of concept integrated photon

number resolving detector based on an evanescently-coupled superconducting transition

edge sensor. The absorption of the structure will be modelled numerically and measured

using a novel technique based on multiple bragg-reflectors. A proof of concept device

will then be used to measure a weak coherent state and its detection efficiency will be

characterized. Finally, routes to increasing the efficiency of the device will be investigated

by simulating the effect of different device geometries. Conclusions and an outlook on

future work follow in Chapter 8.

4.2 Background

4.2.1 Qubits and the controlled-NOT gate

In discrete quantum information processing, information is encoded in systems of two or

more levels. The former is a quantum bit, referred to as a qubit [160], while a general d level

system is similarly referred to as a qudit. Qudits show particular promise for violating Bell-

type inequalities in tests of local hidden variable theories, as well as increasing security

in quantum key distribution schemes [161], however, the discussion here will be centred

around systems of qubits.

The state of a qubit can be represented in Dirac notation as the state vector

|ψ〉 = α |0〉+ β |1〉 , (4.1)



92 4.2 BACKGROUND

where there is a normalization constraint on α and β, |α|2+|β|2 = 1. Here, α and β are the

usual complex probability amplitudes associated with the two orthonormal logical states

|0〉 and |1〉. In general, a computation is carried out by implementing a physical operation

on the system in which a register of logical states is encoded. This operation transforms

the register into an input state dependent output, |ψ〉 → |ψ′〉. In fact, it is sufficient to be

able to implement only one- and two- qubit operations to be able to construct all possible

transformations [162]. Perhaps even more surprisingly, only a single two-qubit gate, the

controlled-NOT (CNOT) gate, in combination with one-qubit Hadamard gates and phase

rotations is necessary [50].

The CNOT is part of a class of operations called ‘controlled’ unitaries. That is, they

implement a unitary on the target qubit(s) only if the control qubit(s) are in a particular

state. The logical states can be represented by the vectors

|0〉 =

 1

0

 ; |1〉 =

 0

1

 , (4.2)

while the unitary to be implemented is the NOT gate, represented by the matrix

UNOT ≡ σx =

 0 1

1 0

 , (4.3)
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so that the CNOT operation can be written as

UCNOT = |0〉〈0| ⊗ 1 + |1〉〈1| ⊗ σx, (4.4)

=



1

1

0 1

1 0


, (4.5)

where empty elements in a matrix are 0. Here, the unitary matrix representing the NOT

operation has also been denoted with the Pauli matrix σx.

As a brief aside, it will be useful for later discussions to define the other Pauli matrices,

σ0 ≡ 1 =

 1 0

0 1

 ,

σ1 ≡ σx =

 0 1

1 0

 ,

σ2 ≡ σy =

 0 −i

i 0

 ,

σ3 ≡ σz =

 1 0

0 −1

 . (4.6)

These matrices are unitary, Hermitian, and form a complete basis, making them extremely

useful for expressing two-qubit operations.

The CNOT gate has the classical truth table as shown in Table 4.1. It can be seen
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Input Output

Control Target Control Target

0 0 0 0
0 1 0 1
1 0 1 1
1 1 1 0

Table 4.1: Classical truth table for the controlled-NOT gate.

Input

Control Target Output

|D〉 |0〉 |Φ+〉 = (|00〉+ |11〉)/
√

2

|D〉 |1〉 |Φ−〉 = (|00〉 − |11〉)/
√

2

|A〉 |0〉 |Ψ+〉 = (|01〉+ |10〉)/
√

2

|A〉 |1〉 |Ψ−〉 = (|01〉 − |10〉)/
√

2

Table 4.2: Truth table for the controlled-NOT gate with superposition inputs as the control.

that in the classical situation, where the control and target bits can take the values 0 and

1 only, the state of the target bit is flipped only when the control bit has the value 1. The

operation of this gate is significantly more interesting in the quantum case, however, where

qubits can occupy a superposition of |0〉 and |1〉. Table 4.2 shows the two-qubit output

state if the control qubit is in the superposition |D〉 = (|0〉+|1〉)/
√

2 or |A〉 = (|0〉−|1〉)/
√

2.

In contrast to the output of the CNOT gate with classical inputs where the state of each

output bit can be separately written, in the quantum case the states of the two qubits

at the output cannot be written separately. In fact, the four two-qubit states generated

in this way are the maximally entangled Bell states. The ability of the CNOT gate to

produce this non-classical resource is central to its importance in quantum computation as

it is precisely states of this type, and their associated properties, that classical computers

do not have access to.
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4.2.2 Results in the field

Some of the broad theoretical advances in the field include the discovery of algorithms

which are computationally more efficient than their classical equivalents, including both for

factoring (Shor’s algorithm [163]) and searching (Grover’s algorithm [164]). These algorithms

scale O((logN)3) and O(N1/2) in time respectively, where N is the number to be factored

in the first case and the size of the database in the second. In contrast, the best known

classical algorithm for searching an unstructured database is O(N) in time while there

is no known classical algorithm which can factor in time O((logN)k) for any k. As well

as these theoretical demonstrations of the power of quantum computation, the discovery

of quantum error correcting codes by Shor [165] and Steane [166] has enabled experimental

progress to continue with the knowledge that, at least in principle, methods exist for

dealing with the inevitable imperfections that occur in the real world. Fundamentally,

error detection and correction is difficult in the quantum regime for two reasons. First,

any measurement on a qubit projects the state onto the eigenbasis of the measurement

operator and collapses the wavefunction into one of the eigenmodes, thereby potentially

destroying the information it previously contained. Second, the no-cloning theorem [167]

says that an unknown quantum state cannot be perfectly copied. This makes classical

error correction schemes, which rely on multiple copies or measurement results being sent,

impossible to implement.

In analogy with quantum-enhanced metrology, there are a range of physical sys-

tems which are suitable for implementing the requirements for quantum information pro-

cessing [168], each with advantages and disadvantages. Trapped atomic ions, currently

perhaps the most advanced platform, were proposed as a system for quantum compu-
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tation by Cirac and Zoller [169] and since then much progress has been made [3,170]. All

of the fundamental requirements have been demonstrated including high-fidelity read-out

of multiple qubits [171], multi-qubit entangling operations [14,172], teleportation [173,174], and

the implementation of small algorithms including a Fourier transform [175] and an error

correcting protocol [176]. Miniaturised chip-scale traps are already established [177], provid-

ing a route to scalability with optical manipulations, however, recent developments [178,179]

employ microwave transitions driven with the evanescent field from a transmission line.

This potentially simplifies the technical requirements for ion trap quantum computing as

extremely high quality microwave sources are already commercially available. Solid state

systems have also been proposed for quantum computing including quantum dots [180,181]

and superconducting circuitry [182,183]. Both of these platforms are at an earlier stage in

their development than ion traps. Conditional evolution has only recently been demon-

strated in quantum dots [184] although a single quantum dot has also been used to boost

the strength of photon-photon interactions [185]. Perhaps their greatest strength currently,

however, is their use as single photon sources [186–188]. Superconducting circuits have been

used to demonstrate coherent dynamics [189], a controlled-NOT gate [190], and even a two-

qubit processor [191]. Further advances with superconducting qubits have been claimed by

the commercial company D-Wave who have used flux qubits to simulate systems of eight

spins with programmable spin-spin couplings [192].

4.3 Linear optics quantum computation

Although there are several promising systems with the physical characteristics necessary to

implement general quantum information processing schemes, certain tasks naturally lend
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themselves to optical implementations. These include small-scale quantum computing

and quantum repeaters [193–197], and quantum cryptography [198–201] as well as metrology

as discussed in Part I of this thesis. This is a result of the ease and speed with which

light can traverse long distances with low loss and decoherence as well as its potential as

a medium for high bandwidth transmission.

As discussed in the previous section, the starting point for using a system to implement

quantum information processing is to identify a suitable two-level system in which a qubit

can be encoded. For photons there are several possible choices, however the two most

common are polarization and path encodings. Polarization naturally forms a two level

orthogonal basis where the logical states of the qubit can be encoded as, for example, H and

V. In path or ‘dual rail’ encodings, a pair of spatial modes forms the physical system and

the logical states are encoded in the presence of a single photon in one mode or the other.

A second requirement is single-qubit phase gates. These are easily implementable in both

polarization and path encodings where relative phase rotations between the logical states

can be performed using wave plates and a path length delay respectively. To complete

the toolbox for single qubit operations, the single-qubit Hadamard gate is required. This

gate, the unitary of which is

UH =
1√
2

 1 1

1 −1

 , (4.7)

performs the transformation |0〉 → |D〉 and |1〉 → |A〉. For polarization encodings, it can

be implemented by a HWP aligned at 22.5◦ while a simple beamsplitter with reflectivity

η = 1/2 is sufficient for path encodings. Finally, we need the CNOT gate. As discussed,

this gate applies an operation dependent upon the state of the control qubit, but the state



98 4.3 LINEAR OPTICS QUANTUM COMPUTATION

of the control qubit cannot be measured. It therefore necessarily requires a two photon

interaction. In fact, it can be shown that a CNOT gate can be written as a Hadamard

applied to the target qubit followed by a controlled-σz (CZ) and finally a second Hadamard

applied to the target qubit. This is easy to see either by multiplying out the operators or

noting that a Hadamard gate is unitary and Hermitian so that two consecutive applications

are the identity operator while UHσzUH = σx. Hence, a CNOT gate amounts to being

able to implement the necessary controlled sign flip operation, which is equivalent to a

CZ. It is possible to realise a system where one light beam deterministically undergoes a

phase shift conditional of the presence of a second beam, mediated by a material. Such

interactions are known as the cross-Kerr effect [202]. This non-linear effect is proportional

to the square of the electric field, however, and is extremely small for all known naturally

occurring materials. Hence, designing a system in which the requisite π phase shift is

obtained due to the presence of a single photon is extremely challenging.

Perhaps because of the difficulty in obtaining the required two-photon interaction,

many proposals for quantum information processing systems exist which involve photons

interacting with matter based systems including atoms in cavities [203,204] and optomech-

anical resonators [205,206]. It is, however, possible to achieve these conditional phase shifts

using only linear optics if one is prepared to give up determinism and accept an imple-

mentation which is only probabilistically successful.

4.3.1 The KLM scheme

Until the work of Knill, Laflamme, and Milburn (KLM) [207] it was commonly thought

that linear optics was not sufficient to realise a scalable quantum computer due to the
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Figure 4.1: Linear optical networks to implement a) a nonlinear sign flip and b) a controlled
sign flip. The convention of photons undergoing a sign flip upon reflection from the bottom of
a beamsplitter is adopted. The nonlinear sign flip requires η1 = η3 = 1/2 − 1/(2

√
2) and

η2 = (
√

2− 1)2 and implements the transformation α |0〉+ β |1〉+ γ |2〉 → −α |0〉 − β |1〉+ γ |2〉.
This is not identical to the one proposed by Knill, Laflamme, and Milburn but it is sufficient to
implement the controlled sign flip operation shown in b) where qubits 1 (Q1) and 2 (Q2) are
encoded using mode pairs {a,b} and {c,d} respectively with modes b and c the logical 1 rails.

probabilistic nature of the necessary two-qubit gates. Using a system built from these

gates, it was thought that for increasingly complex computations the probability of success

of the entire scheme would exponentially decrease, rendering any computational speed

increase due to quantum mechanics irrelevant.

KLM constructed a linear optical network to produce a nonlinear sign shift, applying

the transformation α |0〉+ β |1〉+ γ |2〉 → α |0〉+ β |1〉 − γ |2〉, where |n〉 here represents n

photons in a single mode. Figure 4.1a shows a network which implements the negative of

this transformation. Although not identical to the one proposed by KLM, it is sufficient

to achieve conditional phase shifts. It consists of three spatial modes: the mode which

will undergo the phase shift and two ancillary modes. At the first ancillary mode a single

photon is input while at the second there is vacuum. At the output of the network, the

success of the gate is determined by the result of measurements on the ancillary modes.

There must be one and only one photon detected in mode two and zero photons detected

in mode three for the operation to be judged successful. This is still probabilistic and

occurs with probability 1/4 but, critically, whether it has succeeded on any given attempt
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is known. In fact, the linear optical network proposed is capable of applying any phase

shift to the two photon component of the state.

Since there are no nonlinear elements in the network, this result is surprising. However,

although there are no non-linear optical elements, the projective measurement applied to

the two ancillary modes is an inherently nonlinear process. For this reason, it is often

referred to as a measurement-induced nonlinearity.

Figure 4.1b shows the incorporation of the nonlinear sign flip into a controlled sign flip

or CZ gate. It operates on photonic qubits formed with dual rail encoding. The operation

of this gate is more intuitive to understand. Qubit 1 is encoded in modes a and b, and

qubit 2 is encoded in modes c and d. The other modes shown are the ancillary modes

necessary for operating the nonlinear sign flip gates. The only way for the nonlinear sign

flip gates to apply a phase is for the photons to be in modes b and c, which is the logical

state |11〉. With this input, HOM interference occurs at the first beamsplitter, creating

the state (|20〉b,c− |02〉b,c)/
√

2. On passing through the two nonlinear sign flip gates, this

state acquires an overall π phase. This is the probabilistic operation and succeeds with

probability 1/16. Finally, the two modes of the sign-flipped state are interfered at the

second beamsplitter, deterministically returning the logical state |11〉.

The second realisation by KLM was that the CZ operation can be performed on two

ancillary qubits without potentially ‘wasting’ previously successful operations. Once the

CZ is successful, the state of the control and target qubits can be teleported onto the

ancillary qubits. Since the CZ and teleportation operations commute, this is equivalent

to having performed the CZ operation on the control and target qubits. Moreover, the

teleportation can be made asymptotically close to deterministic using linear resources and
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be done in a way which enables photon loss detection. The advantage is that the opera-

tions on the ancillary qubits can be performed offline in a massively parallel architecture,

reducing two qubit CZ gates to a problem of state preparation. These results raised the

prospects of linear optics quantum computation (LOQC) to a credible level, in stark con-

trast to the belief that such schemes would not be scalable and were therefore unsuitable

for all but the simplest of operations.

Although the results of KLM are remarkable, it is important to note the implicit

requirements of the system they envisaged. The first is that they require multiple single

photon sources that produce photons in indistinguishable pure states with high efficiency.

These are still very much under development across a range of physical platforms and none

have so far been demonstrated which fulfil the requirements of the KLM scheme. Secondly,

since the state generation aspect of the scheme is still essentially repeat until success, it is

necessary to have a device which enables the synchronisation of multiple parts of a larger

protocol. Such a device is a quantum memory and must operate with high fidelity and

efficiency. They must also operate with a high time-bandwidth product to enable many

repetitions of the state preparation, thereby increasing the probability of success. Again,

these are the subject of much research. Finally, photon number resolving detectors are a

critical element of this scheme, since they must be able to distinguish accurately between

states of one and two photons. Such detectors do exist [79], however they currently operate

too slowly to implement feed-forward adjustments.
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a)
b)

Photon

Controlled–σz

Figure 4.2: Two examples of cluster states. Each node represents a qubit while each edge
represents the application of a controlled-σz operation. a) The basic lattice cluster. b) A tree
cluster used in error correction schemes to encode against photon loss [208].

4.3.2 One-way quantum computing

An alternative scheme exists for quantum computation which can be implemented in

photonic architectures. It is called one-way or cluster state computation [149,209–211]. One-

way quantum computation begins with the creation of a cluster or graph state, depicted in

Figure 4.2. These states are highly entangled states of many qubits, conceptually created

by performing CZ gates between the qubits to form a two or three dimensional array of

entangled qubits. The most common arrangement is a regular rectangular grid in two or

three dimensions with CZ operations between nearest neighbours. This is as a result of

the schemes original inception as a route to quantum computation with atoms trapped in

optical lattices. In that situation, it is possible to create an interaction which applies a

CZ between nearest neighbours across the entire lattice at once while interactions between

non-nearest neighbours are difficult to engineer. For photons, the nearest neighbour re-

striction is lifted and graph states with complex layouts can be created. This is useful in

producing states which are tolerant to photon loss [208]. In contrast, however, each two-

qubit interaction must be individually applied. The difficulty of producing a linear optical
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CZ interaction therefore still remains, however, even with a probabilistic interaction an

efficient cluster state generation scheme exists [212].

Once a cluster state has been produced, information is routed, manipulated, and pro-

cessed using single qubit operations only, including projective measurement and feed for-

ward local operations. This is the real power of cluster state quantum computing. The

cluster state is a universal resource for quantum computation independent of the specific

algorithm that is to be implemented. It can therefore be prepared in exactly the same way

for each use. As well as this, ‘gates’ in cluster-state computing are deterministic rather

than asymptotically deterministic in the KLM scheme. In most physical implementations

of qubit systems, single qubit operations are significantly more straightforward than two

qubit operations. Unfortunately, however, this is not the case for atoms in optical lattices

where single qubit addressability is still a practical challenge.

Cluster state computation has also reduced the efficiency thresholds for loss tolerance

and the resource requirements in comparison with the KLM scheme [213]. If gate errors can

be neglected, it has been shown that the product of source and detector efficiencies must

be greater than 2/3 [212] in order to be efficient. With the inclusion of encoding against

gate errors, a trade-off can be found with a region of gate error rates and photon loss rates

within which an efficient scheme is possible [214].

Although the one-way quantum computation paradigm has improved resource usage,

error tolerance thresholds, and complexity for LOQC, the practical requirements are still

challenging. Tens of optical elements are necessary per logical operation using tens of

photons. The current state of the art is the generation of a post-selected eight photon

linear cluster state [215] using bulk optics and free space propagation. This result provides
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hope that the significant increase in complexities required to truly implement LOQC are

feasible.

4.3.3 The state of the art in linear optics quantum computation

Until recently, the only demonstrations of the necessary elements for a quantum inform-

ation processing device have been performed using free space propagation and bulk op-

tics. These include demonstration of post-selected [216–220] and heralded two [221,222] and

three [223] qubit gates. There have also been proof of principle demonstrations of cluster

state generation for one way computation [224–227] including classical feedforward [228]. Fi-

nally, proof of principle demonstrations of small algorithms and protocols have also been

performed including a compiled version of Shor’s factoring algorithm [229], and teleporta-

tion of a two-qubit system [230]. Despite the significant success demonstrated using bulk

optics, this is not a practicable approach to scalable implementations of more powerful

quantum protocols. This is due in part to the difficulty associated with aligning and

stabilizing the bulk optical elements that are necessary to create and maintain optimal

mode matching in several sequential interferometers. The sheer size of bulk devices is also

impractical for scalable manipulation of many photons. Approaches based on integrated

optics minimize alignment considerations, are inherently stable because of their small size

and monolithic structure, and allow straightforward construction of complex interferomet-

ric networks on the micro-scale. These characteristics, in combination with the control

over the electric field integrated devices enable, makes them well positioned to overcome

the limitations of bulk optics [231,232].

First steps toward integrated photonic quantum circuits were recently reported based
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on etched planar silica-on-silicon waveguides [141,233] and femtosecond-pulse-written wave-

guides in bulk silica [140]. Optical-fibre-based quantum logic gates have also recently been

demonstrated [234,235]. Such gates will play an important role in quantum communications,

but seem limited to a few gates, due to classical phase stability, rather than computa-

tional tasks with several cascaded gate operations. The experiments with silica-on-silicon

etched waveguides demonstrated that integrated optical devices can be used to perform

high-visibility classical [233] and quantum interference [141] at the few-photon level. HOM

interference at an evanescent coupler with a visibility of 94.8± 0.5%, and the implement-

ation of a controlled-NOT (CNOT) quantum logic gate in the logical basis [141] show the

feasibility of integrated optics for quantum interference.

4.4 Coping with imperfections

As with quantum-enhanced metrology, in order to be a viable technology, photonic quantum

information processing devices must be able to cope with fabrication imperfections. This

is especially true given that gate error rates in the 10−4 range are necessary before efficient

LOQC is possible [214]. By utilizing the controllability of quantum interference discussed

in Chapter 3, the tunability required to reach this level can be achieved.

4.4.1 Programmable beamsplitters revisited

As previously shown, each linear optics implementation of a two qubit gate can involve

many beamsplitters (see Figure 4.1). Imperfections in these beamsplitters will increase

gate errors which exponentially decrease the probability of overall computation success.

While integrated devices promise stability, reduced loss, and increased compactness com-
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pared with bulk optics, they can also reduce flexibility as a single faulty component ‘on

chip’ cannot be replaced. It is, however, possible to plan ahead and allow for post-

fabrication compensation of device imperfections.

Gate errors in integrated photonics arise primarily from fabrication imperfections in

beamsplitters, meaning that their true reflectivity is not their designed reflectivity. Highly

accurate gates therefore require precise control over the reflectivity of the beamsplitters

from which it is composed. Fortunately, the MZI provides a solution, since the combination

of two beam splitters and a phase shifter can be thought of as a single beam splitter whose

reflectivity, ηeff , is a function of the applied phase. In Section 3.2.1 it was shown how

a perfect MZI with beamsplitter reflectivities η1 = η2 = 1/2 can be tuned to reach any

effective beamsplitting ratio. For tolerance to fabrication imperfections, the converse

question is important: for what combinations of η1 and η2 can a particular effective

beamsplitting ratio be reached?

Consider the lossless MZI shown in Figure 1.2. For general η1 and η2, the evolution of

the creation operators for the two input modes is given by the transformations

â† → (eiφ
√
η1η2 +

√
(1− η1)(1− η2))â† + (4.8)

(eiφ
√
η1(1− η2)−

√
(1− η1)η2)b̂†,

b̂† → (eiφ
√

(1− η1)η2 −
√
η1(1− η2))â† + (4.9)

(eiφ
√

(1− η1)(1− η2) +
√
η1η2)b̂†.

Any phase differences between the rails can be corrected with a phase shift before and

after the MZI, however, it is the magnitude of the effective reflectivity, |ηeff |, which is of
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concern here. This is calculated from the modulus squared of the coefficient of â† in the

first transformation above or the modulus squared of the coefficient of b̂† in the second

transformation above. These are equal to each other and given by

|ηeff | = η1η2 + (1− η1)(1− η2) + 2
√
η1(1− η1)η2(1− η2) cosφ. (4.10)

In the case η1 = η2 = η, the effective reflectivity becomes

|ηeff | = 1− 4η(1− η) sin2(φ/2). (4.11)

The minimum effective reflectivity that can be reached in this case is

|η(min)
eff | = 1− 4η(1− η), (4.12)

while the maximum reflectivity which can be reached is always 1. If both beam splitters

have a splitting ratio of 1/2 then |η(min)
eff | = 0 and, by adjusting the phase, the full range

of reflectivities from perfectly reflective to perfectly transmissive can be realised. As η

deviates away from 1/2, the fraction of effective reflectivities that can be reached is given

by 4η(1 − η). This is true for deviations away from 1/2 in either direction due to the

symmetry of Equation 4.12.

Figure 4.3 shows values of η1 and η2 for which a range of desired effective reflectivity

magnitudes can be reached through the tuning of φ. In each plot, combinations outside the

ellipse do not allow tuning to the desired point. For an effective reflectivity magnitude of

1/2, the maximum tolerance is obtained, as shown by the size of the circle. As the desired
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|ηeff | is decreased, the circle deforms into an ellipse with its major axis along the line

η2 = 1− η1 and shrinking minor axis. For increasing |ηeff |, the same occurs but with the

major axis aligned along η2 = η1. This shrinking indicates that for a fully programmable

circuit, extremely tight fabrication tolerances are necessary in order to reach effective

reflectivities of 0 using this scheme.
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Figure 4.3: Values of the beamsplitter reflectivities in a Mach-Zehnder interferometer for which
a specified effective reflectivity can be reached. Contour plots a) to i) correspond to effective
reflectivities, |ηeff |, of 0.05, 0.1, 0.2, 1/3, 1/5, 2/3, 0.8, 0.9, and 0.95 respectively. Points outside
the ellipse in each case cannot be reached by tuning φ. For points inside the ellipse, contours of
constant φ are given where the colour denotes the value of the phase in radians as shown by the
colour bar.
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Figure 4.4: A perfectly programmable beamsplitter constructed from four imperfect beamsplit-
ters, with nominal reflectivities η1 = η2 = η3 = η4 = 1/2, and three phase shifting elements
φ1, φ2, and φ3.

4.4.2 Perfectly programmable beamsplitters

Ultimately, if LOQC is to be viable, a network must be produced that can be programmed

to implement a range of operations. In principle this could be implemented using pro-

grammable beamsplitters in the form of MZIs, where the beamsplitters comprising each

MZI have reflectivities of 1/2. In practice, however, the ability of these MZI-based beam-

splitters to reach extreme effective reflectivities is quickly lost as a result of fabrication

imperfections. Fortunately, the MZI again provides the solution. A MZI comprised of

two perfectly 1/2 reflectivity beamsplitters allows the full range of effective reflectivities

to be reached. This can be constructed as shown in Figure 4.4 from two further MZI, each

comprised of beamsplitters which have a nominal reflectivity of 1/2. Phases φ1 and φ3

must be tuned to achieve η
(eff)
1 (φ1) = η

(eff)
2 (φ3) = 1/2. Once set, the full range of effective

reflectivities from 0 to 1 can be obtained by tuning φ2.

By replacing single beamsplitters with MZIs as detailed above, any linear optical net-

work can be made significantly more robust to fabrication imperfections. Not only can

imperfections be tuned away but fabrication is simplified by writing beamsplitters of a

single reflectivity only. The behaviour of a linear optical circuit can also be tuned, en-

abling programmable operation across the whole range of possible operations. The ability
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to achieve this, however, relies upon accurate characterization of the elements which com-

prise the circuit. This is not trivial in an integrated optical device, since it is difficult to

gain access to individual modes at different locations within it. In the next chapter, a

method of characterizing individual elements in a linear optical integrated circuit will be

introduced along with a method for simulating the behaviour of such a circuit.



Chapter 5
Characterization and simulation of linear

optical circuits

As the complexity of linear optical networks increases, it becomes increasingly critical to

be able to accurately model their behaviour, both to verify that they are well understood

and to ensure accurate fabrication. It is possible to accomplish this by taking a ‘black-box’

approach, that is, without assuming anything about the network. Such an approach is

called quantum process tomography [217,236,237]. The distinct advantages of this approach

are that it is completely general and provides an accurate description of the exact opera-

tion that a linear optical circuit is performing. The down sides, however, are that in order

to create a predictive model of the operation across multiple photon-number subspaces, a

complete set of tomographic measurements must be performed in each of the subspaces.

As well as this, an exponentially larger set of measurements must be performed as the

system increases in size, O(22n) for an n qubit operation. This situation has been signific-

antly improved for processes that can be described using sparse matrices by compressive

111
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sensing techniques [238–240]. In this case, the process matrix can be estimated in O(n)

measurements.

Instead of these black-box approaches, a model-driven approach can be taken. Here, a

priori information about the structure of the circuit allows its behaviour to be paramet-

erized. Such an approach is obviously linear in the number of circuit elements and, if the

elements can be straightforwardly parameterized as in the case of beam splitting ratios,

can be predictive across multiple photon number subspaces without additional measure-

ments. In order to be predictive, it is necessary not only to have precise estimates of the

parameters but to be able to simulate the behaviour of the circuit. Linear optical circuits

are sufficient to realise quantum computation, however, and so the quantum behaviour

of photons in them cannot be efficiently simulated by a classical computer. If it could, a

quantum computer could be efficiently simulated on a classical computer and they would

fundamentally be no different. In this chapter, methods of characterizing individual ele-

ments of an integrated photonic circuit will be discussed and a loss-free characterization

method will be demonstrated. Subsequently, a method of simulating the behaviour of a

linear optical network will be presented.

5.1 Estimating reflectivity

As discussed in the previous chapter, only two devices are required to implement unitary

operations in LOQC: beamsplitters and phase shifters. In fact, as shown in Section 4.4,

only beamsplitters with a reflectivity of 1/2 in combination with phase shifters are ne-

cessary. Furthermore, the behaviour of phase shifters is also only significant in a linear

optical circuit when they are part of a MZI. Unless this is the case, a phase shifter will
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not change the probability of a photon being found at a particular output and so, for the

purposes of quantum computation, can be ignored. Since a MZI can be thought of as a

programmable reflectivity beamsplitter, it is enough to be able to characterize the effective

reflectivity of the MZI in order to have calibrated the phase shifter.

5.1.1 Naive reflectivity characterization

a

b

ξ1

ξ2

ξ3

ξ4

η
PDs

Figure 5.1: Schematic of a device consisting of a single beam splitter of reflectivity η with input
and output coupling efficiencies modelled by beam splitters with transmissivities ξ1, ξ2 for input
coupling efficiencies, and ξ3, ξ4 for output coupling efficiencies. The spatial modes are labelled a
and b. Detection is performed by photodiodes (PD).

Consider the single beamsplitter shown in Figure 5.1. Here, a single beamsplitter of

unknown reflectivity η is to be characterized, however, losses ξ1, ξ2, ξ3, ξ4 are present at

the four input and output modes.

The naive characterization method of the reflectivity of this beamsplitter is as follows.

Light of intensity I1 is launched into mode a. At the output of the beamsplitter, the

two intensities are measured. Expressed in terms of the input intensity, efficiencies, and

beamsplitter reflectivity, they are given by

Ia = ξ1ξ3ηI1, (5.1)

Ib = ξ1ξ4(1− η)I1. (5.2)
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The value of η is then estimated by

ηest =
Ia

Ia + Ib
(5.3)

=
ξ3η

ξ4 + (ξ3 − ξ4)η
. (5.4)

Clearly, unless ξ3 = ξ4, ηest 6= η. For polarization-based schemes in free space, it is

a reasonable approximation that there is no polarization dependent loss. In situations

where the transverse spatial mode of orthogonal polarizations can differ, however, losses

can be significantly different for each polarization. This is the case in some integrated

optical platforms, for example with titanium in-diffused waveguides in lithium niobate.

For path encoded schemes in integrated devices, it is perhaps more of a stretch to assume

equal losses. Even if the propagation losses in the waveguides are equal, the difficulty

of coupling into and out of multiple waveguides at the same time makes it unlikely to

be true overall. Finally, if the beamsplitter to be characterized is inside a larger optical

network then other beamsplitters will act as effective losses. Unless all the beamsplitters

in each path sum to the same effective loss, a fact that is reliant upon both extremely

tight fabrication tolerances and a favourable network design, the error introduced to the

reflectivity estimate is likely to be large.

5.1.2 Loss independent reflectivity characterization

Here, a ratiometric characterization technique is presented which allows measurement of

the splitting ratio independently of the input and output coupling efficiencies associated

with launching light into and collecting light from the device. Again, the situation being
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considered is shown schematically in figure 5.1. Although only a single beam splitter is

shown, this technique can be applied to any beam splitter embedded in a larger circuit

as long as both inputs to and both outputs from the beam splitter can be accessed in-

dependently. This applies even if the inputs or outputs can only be accessed through

other beamsplitters, as long as the path from the input mode to the beamsplitter doesn’t

introduce light at both input ports and the paths from the detectors to the output modes

of the beamsplitter never meet.

As in the previous section, coherent light with intensity I1 is coupled into mode a but

in addition, light with intensity I2 is coupled into mode b in a separate measurement. For

each of these two measurements light propagates through the circuit and is detected at the

outputs, having experienced propagation, coupling, and detection losses. At the outputs,

two intensities are measured in each case, I1a and I1b in modes a and b respectively for

the first case and I2a and I2b for the second case. These intensities can be written as

I1a = ξ1ξ3ηI1, (5.5)

I1b = ξ1ξ4(1− η)I1, (5.6)

I2a = ξ2ξ3(1− η)I2, (5.7)

I2b = ξ2ξ4ηI2. (5.8)

Now, taking the ratio r = I1bI2a/I1aI2b gives

r =
I1bI2a

I1aI2b
(5.9)

=

(
1− η
η

)2

, (5.10)
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a ratio which is independent of all coupling and propagation efficiencies. Solving for η

and taking the solution which gives 0 ≤ η ≤ 1 yields a loss independent estimate of the

reflectivity.

ηest =
1

1 +
√
r
. (5.11)

The only underlying assumptions made here are that the detectors used to measure the

intensity at the outputs are linear and have zero offset. The response coefficient does

not have to be the same for each detector since it would drop out in the expression for

r and any systematic zero offsets can be easily characterized and subtracted from the

measurements.

Although this technique provides an efficiency free estimate of a beamsplitters reflectiv-

ity, the requirement of being able to isolate both input and output modes independently

is practically difficult, even for moderately sized circuits. In general, the individual inputs

and outputs of some beamsplitters in LOQC circuits are not independently accessible, for

example in a CNOT gate where only three beam splitters may be characterized in this

way [241].

5.1.3 Camera-based characterization

The issue of requiring independent access to the output modes of beamsplitters can be

alleviated by using a camera to collect light scattered out of the mode in the transverse

direction. The outputs of a particular beam splitter can then always be independently

accessed, drastically increasing the applicability of the technique described in the previous

section. Light observed at the camera is a proportion of the light propagating in the mode.

As with the ratiometric technique discussed in the previous section for output intensities
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Figure 5.2: Experimental scheme used to compare reflectivity characterization techniques. A
continuous wave laser diode (LD) was passed through a polarizer (P), half-wave plate (H), and
polarizing beamsplitter (PBS) to produce two beams. These were then passed through a H and
a PBS for individual power control before a further H rotated the polarization to match the
polarization maintaining fibre (PM) at the fibre coupling stage (FC). A movable beam-block (B)
allowed each input to be launched individually. Polarization maintaining FCFC connectors (FCFC)
coupled the light into a polarization maintaining v-groove assembly (VGA1). This was butt coupled
to a direct-UV written Mach-Zehnder interferometer (MZI) using a six-axis translation stage. The
MZI was placed on a thermo-electrically stabilised mount (not shown) and kept at 20◦. Output
coupling was achieved with a second v-groove assembly (VGA2), whose single mode fibres were
connected to two photodiodes (PD). A camera (CCD) was used to simultaneously capture light
scattered in the transverse direction via a zoom lens (ZL) system. The effective reflectivity of the
(MZI) was tuned by setting the phase φ using a thermo-optic element connected to a programmable
voltage supply (not shown).

measured with linear detectors, the proportion scattered does not need to be constant for

different paths since the ratiometric analysis gives a reflectivity which is independent of the

scattering ratio and coupling efficiency. Consequently, however, the camera pixels must

display a linear response and the image of the output modes must not change position on

the camera sensor so that the pixel efficiency is constant when coupling into each input.

Figure 5.2 shows the experimental scheme used to compare the loss independent and

naive reflectivity characterization techniques. A diode laser capable of emitting 300 mW

at a wavelength of 825 nm was coupled into two polarization maintaining single mode

fibres. A QWP and HWP combination before the coupling stages allowed the polarization

of the light to be aligned along one of the same principle axis of the fibres by minimizing

the transmission through a PBS placed at the fibre output (not shown). Once aligned,

the polarization maintaining fibres (PMFs) were connected to two PMFs mounted in a
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VGA (Oz Optics) using two polarization maintaining FC-FC connectors. This VGA was

butt-coupled to an integrated MZI as described in Chapter 3. A thermo-electric element,

temperature transducer (AD 590), and PID controller (Newport 350B) were used to sta-

bilize the temperature of the device, to ensure constant conditions for all measurements.

Coupling was achieved by mounting the VGA on a computer interfaced six-axis stage

(Thorlabs NanoMax 603D and APT MPZ601). Index matching oil (Cargille AA 1.450)

was applied to the interface to reduce Fresnel reflections due to a small air gap.

Initial coupling was achieved manually by positioning a microscope objective (40x

Olympus Plan n) at its focal length from the output face of the chip. The movable camera

(Spiricon SP620U) and zoom lens (Navitar 12x system) allowed the waveguides and cores

of the fibres in the VGA to be located by eye, enabling rough alignment in the plane. From

this position, the vertical position of the VGA was adjusted until two bright spots could

be seen after the microscope objective using an infrared sensitive card. Once located, the

brightness of these spots was maximized by adjusting the position of the VGA in both

transverse dimensions. The final part of rough alignment was to move the camera to the

output face of the MZI chip and double check the coupling, optimizing if necessary. This

was necessary since the act of moving the camera would sometimes disturb the coupling,

due to unavoidable vibrations.

The second stage of coupling involved mounting the output VGA on the second six

axis stage, again using the camera to roughly position the face of the VGA with respect to

the output face of the MZI. The output fibres of the VGA were connected to photodiodes.

Manual coupling of the output was performed by adjusting the vertical position of the

output VGA until coupling of a few percent was achieved. From this point, an iterative
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algorithm was followed, maximizing the coupling by adjusting all three positions, first on

one stage and then on the other. Once a maximum was obtained, the angles of the VGAs

were optimized individually. The algorithm followed was a simple beam walk, using three

axes instead of the usual two.

With coupling optimized, the voltage across the thermo-optic phase shifter was set and

then left for ∼2 mins to ensure that any thermal transients had dissipated. 100 currents

from the photodiodes were recorded first with one input unblocked and then with the other.

The same was performed again for the camera, recording 100 images of the output modes

from the transverse direction. The voltage was then adjusted and the process repeated.

Since the photodiodes displayed negligible offset, the analyses outlined in the previous two

sections could be directly applied to obtain both a naive and loss-independent estimate of

the beamsplitter reflectivities as a function of the applied power.

Figure 5.3 shows the sequence of analysis which was applied to images of the transverse

scatter. The analysis was applied to two images for each estimate of the reflectivity, one

image taken with the first input fibre unblocked, and one image taken with the second

fibre unblocked. Figures a, b, and c show the analysis for a single image only. Figure 5.3a

shows the raw image. The exposure of the camera was adjusted so that as much of the

dynamic range of the camera as possible was used. Once taken, a region of interest (ROI)

was selected, as shown by the white rectangle superimposed on the image. This ROI was

selected to contain both waveguides and no bright scatter points due to dust on the surface

of the device. The selected area remained the same for the analysis of both images.

An enlargement of the ROI denoted by the white rectangle in Figure 5.3a is shown in

Figure 5.3b. A second rectangle was then selected from within the ROI but which did not
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Figure 5.3: The sequence of image analysis applied to the images of scatter from the output modes
of the beamsplitter to be characterized. a) The raw image. The white rectangle indicates a selected
region of interest. b) An enlargement of the region of interest. The white rectangle indicates a
region used to estimate the mean background pixel noise. c) The region of interest after integration
along the waveguide direction and background subtraction. Steps a, b, and c were applied to two
images of the output of a beamsplitter. d) The estimated beamsplitter reflectivity as a function of
the position of the dividing line (see text). The arrow shows the region of stability, the minimum
of which gives the reflectivity estimate.
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overlap with any of the scattered light. The pixel values in this rectangle were averaged

to give an estimate of the mean noise and this value was subtracted from every pixel

in the ROI. The background subtracted ROI was then integrated along the direction of

propagation in the waveguides, giving the data shown in Figure 5.3c.

Finally, the ratio of I1a/I1b was given by the ratio of areas underneath the two peaks

in the background subtracted integrated ROI. Once the ratios for the two images were

found, the ratio r = (I1bI2a)/(I1aI2b) could be calculated, allowing the reflectivity to be

estimated. One method of obtaining the two areas would be to fit to a Gaussian function

to each peak, integrate them analytically, and take ratio of analytic areas, however, the

true function is not necessarily a Gaussian, especially if the waveguides are tilted in the

frame of the ROI. Instead, a dividing line can be inserted and the pixel values can be

summed from the left edge to the line and from the line to the right hand edge, giving

numerical estimates of the areas under the peaks. This leaves some ambiguity about

where the dividing line should be placed, although it should be the same for each input.

Figure 5.3d shows the effect on the estimated reflectivity as a function of the position of

this dividing line. As long as the division is made near the centre of the integrated ROI,

as shown by the arrow, the estimate of the reflectivity is not very sensitive to its precise

position, however, positioning it at the maximum or minimum value of this region does

provide an objective way to choose its position.

Figure 5.4 shows the estimated effective reflectivity of the MZI for each of the three

techniques discussed above as the voltage across the thermo-optic phase shifter is scanned.

The red curve shows the reflectivity estimate when using the naive characterization tech-

nique and photodiodes, the blue curve shows the results of the loss-independent pho-
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Figure 5.4: A direct comparison of naive photodiode, loss-independent photodiode, and loss-
independent camera reflectivity characterization techniques. The effective reflectivity of a MZI,
ηest, was estimated as the phase was scanned. The phase is proportional to V 2. Measurements
were made using the naive photodiode characterization technique (red), the loss independent pho-
todiode technique (blue), and the loss independent camera technique (cyan). The error bars are
the standard deviation of one hundred measurements.

todiode method, and the cyan curve shows the results of the loss-independent camera

technique. For each data point, the error bars are given by the standard deviation of 100

measurements. Apart from the first point, the two photodiode techniques agree within

experimental error. This is as a result of balanced losses, both on the device itself and

at input and output coupling. Note, however, that while the loss-independent technique

is robust to imbalances in these losses, the naive technique is not. More importantly, the

loss-independent camera and photodiode measurements also agree within experimental

error. The error is significantly larger in the case of the camera, however, as a result of a

relatively low signal to noise. This could be improved by averaging many images but this

was not done here as the aim was to compare single-shot measurements. As well as this,

the reflectivity from the camera images tends to be an underestimate as the reflectivity
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approaches 1. The analysis applied to the data forces the value to be in the range [0, 1]

so that any noise on the measured intensities acts to push the estimate away from the

boundaries. This effect can also be reduced, however, by averaging multiple images.

The loss independent characterization techniques presented here allow the characterz-

ation of complex circuits consisting of many elements using a priori information about

the structure of the circuit. These techniques will become increasingly important as cir-

cuits increase in complexity. Once the elements of a circuit are characterized, the circuit

can be simulated in order to understand the effects of imperfections and errors, predict

interference patterns and visibilities, as well as to provide a check on the behaviour of the

circuit as a whole. A method for implementing such a circuit simulator is presented in the

subsequent section.

5.2 Linear optical circuit simulation

In general, a linear optical circuit can be thought of as mapping inputs to outputs, as shown

in Figure 5.5. This mapping is described by a unitary operation, Ucirc, since linear optical

elements preserve photon number. The aim of a circuit simulator is to provide a prediction

of the outcome of measurements on the output state of a circuit when a particular state is

launched into the input. In general, the input state may be any physically allowed state

including those which are pure, mixed, separable, and entangled. Here, however, only

input states which are products of coherent superpositions of Fock states in each mode are

considered. If these can be successfully simulated, then mixed states can be introduced

using beamsplitters of which one output is not monitored and entangled states can be

introduced by simulating a CNOT operation.
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...

a1

a2

a3

a4

aM

C1,1 |0〉+ C1,2 |1〉+ . . .+ C1,N+1 |N〉

C2,1 |0〉+ C2,2 |1〉+ . . .+ C2,N+1 |N〉

C3,1 |0〉+ C3,2 |1〉+ . . .+ C3,N+1 |N〉

C4,1 |0〉+ C4,2 |1〉+ . . .+ C4,N+1 |N〉

CM,1 |0〉+ CM,2 |1〉+ . . .+ CM,N+1 |N〉

...

|ψout〉

b1

b2

b3

b4

bM

Ucirc

Figure 5.5: A generic linear optical circuit. The M input modes a1 to aM , with creation
operators â†1 to â†M , are mapped to the outputs, with creation operators b̂†1 to b̂†M , by the unitary
operation Ucirc. Each input mode contains a superposition of Fock states up to a photon number
of N so that the total input state is a product state of each input mode. The output state, |ψout〉
is pure but is not in general a product state.

5.2.1 Method

Before describing the method used to simulate a general linear optical circuit, it is useful to

define some notation. Throughout this section, lowercase bold letters will signify vectors

while uppercase bold letters will denote matrices.

M - The number of modes, beginning with 1.

N - The number of photons in the highest photon number Fock state in any of the

input modes.

C - Matrix of coefficients of Fock states with dimensions M and (N + 1). Each row

contains the coefficients for a given input mode and therefore must be correctly

normalized. The first column are the coefficients of the vacuum for each input, the

second column are the coefficients of the Fock state |1〉 and so on.

nin - Vector of the highest photon number Fock states at each input mode.

UBS(i, j, η) - Unitary matrix of a beamsplitter with reflectivity η between modes i and j.
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UPS(i, φ) - Unitary matrix of a phase shifter applying a phase φ to mode i.

Defining the input state

The state at the input of the circuit is specified by the matrix of coefficients C. To be

explicit, the input state is the pure state

|ψin〉 =

M⊗
i=1

N+1∑
j=1

Ci,j |j − 1〉i

 (5.12)

=

M∏
i=1

N+1∑
j=1

Ci,j
(â†i )

(j−1)√
(j − 1)!

 |vac〉 . (5.13)

And the rows of the matrix C must each satisfy the normalization condition

N+1∑
j=1

|Ci,j |2 = 1. (5.14)

Constructing the circuit unitary

The circuit performs the linear mapping Ucirc so that the input mode creation operators

can be expressed in terms of the output mode creation operators by the matrix equation

â† = Ucircb̂
†. (5.15)

Here, â† is the vector of creation operators in the input modes 1 to M and b̂† is the

vector of creation operators in the output modes 1 to M . With the â†i expressed in terms

of linear combinations of b̂†i , a substitution can be made in Equation 5.13, allowing the

output state to be calculated.

First, then, the matrix Ucirc must be constructed. As previously discussed, only two
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optical elements are necessary for LOQC, beamsplitters and phase shifters. In order to

specify a beamsplitter, the two modes upon which it acts must be stated, along with its

reflectivity. Its elements are then given by the equation

(UBS(i, j, η))k,l = δk,l(1− δk,i)(1− δk,j) +
√
η(δk,iδl,i − δk,jδl,j) (5.16)

+
√

1− η(δk,iδl,j + δk,jδl,i), (5.17)

where δm,n is a Kronecker delta function with a value of 1 if m = n and 0 otherwise. This

is simply the identity matrix with the diagonal matrix elements (i, i) and (j, j) replaced

by
√
η and −√η respectively and the off-diagonal elements (i, j) and (j, i) replaced by

√
1− η. For example, in a three mode system, the matrix representing a beamsplitter

between modes 1 and 2 is

UBS(1, 2, η) =


√
η

√
1− η 0

√
1− η −√η 0

0 0 1

 (5.18)

Phase shifters are specified by the mode on which they operate and the phase applied.

The matrix elements are given by the equation

(UPS(i, φ))k,l = eiφδk,iδl,i + δk,l(1− δk,i). (5.19)

Again, this describes the identity matrix with the element (i, i) replaced by eiφ so that in
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the three mode system, a phase shifter applied to mode 2 is represented by the matrix

UPS(2, φ) =


1 0 0

0 eiφ 0

0 0 1

 . (5.20)

For a circuit consisting of K elements, in correct time order, Ucirc is then given by

Ucirc =
K∏
i=1

U(i)
α , (5.21)

where α is either PS or BS. This is the first opportunity for a computational speed improve-

ment. The large string of matrix multiplications can be performed in parallel, pair-wise.

That is that the first and second matrices can be multiplied together concurrently with

the third and fourth and so on. This process can be recursively continued until a single

matrix is obtained.

Calculating the size of the state space

The Fock basis in which the input state is written has a potentially infinite extent. In that

basis, the creation operators become matrices of infinite size operating on the state vector

representing the vacuum. Linear optical components conserve photon number, however,

and knowledge of the input state can be used to truncate this space. One way to estimate

the matrix size required is to sum up the photon numbers of the largest Fock states with

non-zero coefficients in each input mode, giving the maximum total photon number,

nmaxTot =
M∑
i=1

(nin)i. (5.22)
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The creation operators are then square matrices of dimension (nmaxTot + 1)M . This is

exponential in the number of modes, and hence matrices of this size rapidly become too

large to handle. There is an implicit assumption here that every photon at every input

can arrive at every output. In fact, this is frequently not the case. Instead, it is possible

to use the matrix Ucirc to calculate the dimension of the subspace associated with each

output mode. This is obtained by forming the indicator matrix with elements

(I)k,l =


1 if (Ucirc)k,l 6= 0.

0 otherwise.

(5.23)

Finally, the maximum number of photons for a particular output is given by the sum of

the maximum number of photons at each input that can reach it. The vector of maximum

output photon numbers is therefore

nout = I · nin. (5.24)

The dimension of each of the output mode subspaces is then given by the elements of

d = nout + 1, where one is added to include the vacuum for each mode. The dimension

of the total output state, D, is then the product of the dimensions of the output mode

subspaces. A state vector of this size allows the description of a superposition of Fock

state components from zero photons in each output mode to nout photons in each output

mode. D is therefore given by

D =
M∏
i=1

di. (5.25)
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Each creation operator can therefore be represented as a square matrix of dimension

D, constructed from a tensor product of a creation operator on a single mode with the

identity operator on all others. In general, a creation operator, Ô† operating on a mode

of dimension d is given by

Ô†(d×d) =



0 0 0 . . . 0

√
1 0 0 . . . 0

0
√

2 0 . . . 0

0 0
√

3 . . . 0

...
...

...

0 0 0
√
d− 1 0



. (5.26)

Therefore, the creation operator which creates a single photon in output mode i can be

written as the matrix

Ô
†(i)
(D×D) =

 i−1⊗
j=1

1dj

⊗ Ô†(di×di) ⊗

(
M⊗

k=i+1

1dk

)
. (5.27)

Transforming the creation operator matrices

With each creation operator written as a truncated matrix in the Fock basis as above,

Equation 5.15 becomes an equation relating a vector of matrices to another vector of

matrices. In order to expand Ucirc to operate on this vector of matrices, a tensor product

must be taken between it and a D dimensional identity matrix, 1(D×D)

U′circ = Ucirc ⊗ 1(D×D). (5.28)
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This square matrix has dimension M ·D, but has only a small number of non-zero elements.

For this reason it can be stored in sparse form, dramatically reducing memory constraints

and enabling the use of efficient matrix multiplication algorithms.

Having identified the size of each output mode subspace, the input creation oper-

ator matrices can be calculated in terms of the output mode creation operator matrices

according to Equation 5.15, which now reads


Â†1

...

Â†M

 = U′circ


B̂†1

...

B̂†M

 . (5.29)

Note that each element in each of the two column vectors is a square matrix with dimension

D. There areM elements, each representing one mode, and so the total number of elements

in the two vectors is D ·M vertically and D horizontally. All that remains is to perform the

substitution of these creation operators into Equation 5.13. The sums can be performed

in parallel since they are entirely independent and the multiplications can be performed

in pairwise parallel. The resulting matrix then left multiplies the vector representing the

vacuum, which is a vector of zeros with length D apart from the first element which is 1,

giving the output state |ψout〉.

To summarise, a generic input state to a linear optical circuit was defined from a

superposition of creation operators acting on the vacuum using Equation 5.13. These

operators were then expressed as matrices and propagated through the chip, resulting in

the input operators written in terms of the output operators. This was achieved using the

unitary matrix describing the circuit, as shown in Equation 5.29. A substitution was then
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made in Equation 5.13 to expresses the input state in terms of operators at the output

of the chip, yielding |ψ〉out. Three steps were taken to improve computational efficiency.

First, knowledge of the input state and the circuit allows an upper bound to be placed on

the size of the subspace at each output port, reducing the dimensionality of the overall

problem. Second, many of the matrices are sparse and so could be stored and manipulated

using efficient algorithms. Third, any opportunities to perform operations in parallel were

taken.

Predicting measurement outcomes

With |ψout〉 calculated, the result of any measurement can be simulated. All that is

required are the positive operator valued measure (POVM) elements associated with the

measurement outcomes. The workhorse detector for quantum optics, the APD, is a binary

detector that ‘clicks’ when one or more photons are incident upon it. The measurement

outcomes for such a detector, assuming unit efficiency, are ‘no click’ and ‘click’ and their

associated POVM elements are |0〉〈0| and 1−|0〉〈0| respectively. The matrix forms of these

POVM elements with a single APD acting on mode i and no measurements on any other

modes are

Π̂
(APD)
i (‘no click’) =

 i−1⊗
j=1

1dj

⊗


1 0 . . .

0 0 . . .

...
...

. . .


(di×di)

⊗

(
M⊗

k=i+1

1dk

)
, (5.30)

Π̂
(APD)
i (‘click’) = 1(D×D) − Π̂

(APD)
i (‘no click’). (5.31)
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The probability of these outcomes occurring is then given by

p(‘no click’) = 〈ψout| Π̂(APD)
i (‘no click’) |ψout〉 , (5.32)

p(‘click’) = 〈ψout| Π̂(APD)
i (‘click’) |ψout〉 . (5.33)

The POVM element for a particular multiple click pattern occurring can be calculated

by multiplying together the POVM elements for the individual clicks before taking the

expectation to calculate its probability of occurring.

There is a second measurement that is useful to model because of its use in calculating

the intensity correlation functions that will be discussed in the next section. It is an

intensity measurement. The operator representing this measurement on mode i is Îi = b̂†i b̂i

and its expectation gives the average photon number in mode i. It can be expanded to

operate on the whole space by writing

Îi = B̂†i B̂i. (5.34)

Although it is useful to be able to calculate the probability of a specific outcome,

quantum optics experiments are often, as discussed in Part I of this thesis, based on

observing an interference pattern, with special emphasis being placed on the visibility of

that interference pattern. It is therefore important to be able to predict the expected

visibility of interference occurring in a linear optical network.
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5.2.2 Predicting interference visibilities

Interference effects in linear optical networks can be divided broadly into two categories.

First, there are those which are observed as some parameter of the circuit itself is changed

while the inputs remain the same. An example of this was seen in Part I of this thesis

where the phase of a MZI was scanned in order to observe a sinusoidal interference pat-

tern. Second, interference can also be observed when the circuit remains constant but the

distinguishability of the input photons is changed, for example, in HOM interference. In

each of these cases, one important question is what the visibility of the interference will

be with classical versus quantum inputs.

Observing interference of the first kind can be thought of as observing either how

the probability of a particular measurement outcome or the value of an intensity cross-

correlation function, changes as a function of the parameter. Which it is depends on the

detectors used since the binary nature of APDs means that they do not measure a true

intensity cross-correlation function. It should be noted, however, that when true single-

photon inputs are used and the outcome being monitored is a coincidence between the

same number of detectors as input photons, these are equivalent. The expected interfer-

ence pattern can be straightforwardly simulated by performing the method discussed in

the previous section multiple times with the same input state but differing circuits and

applying the correct detector POVM. The visibility is then calculated from the simulated

interference pattern.

The classical equivalent is measuring an intensity cross-correlation function when phase

averaged coherent states of the same average photon numbers as the quantum input states

are used. For example, consider the case of a three mode network which is parameterized
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by a phase, φ. The input is the state |1, 1, 0〉, representing 1 photon in each of modes 1 and

2 but the vacuum in mode 3. The measurement of interest is the intensity cross-correlation

between output modes 2 and 3. This is given by

Γ
(0)
2,3(φ) = 〈ψout(φ)| Î2Î3 |ψout(φ)〉 , (5.35)

where the superscript in Γ
(0)
2,3 denotes that this is the intensity cross-correlation at zero

delay. The visibility in this case is then given by

Vquant =
Γ

(0)
2,3(φmax)− Γ

(0)
2,3(φmin)

Γ
(0)
2,3(φmax) + Γ

(0)
2,3(φmin)

, (5.36)

where φmax and φmin are the values of the parameter φ for which the cross-correlation takes

its maximum and minimum values respectively. Note that this form for the visibility is

used for interference patterns which are sinusoidal. If the pattern is not sinusoidal, as in

the case of HOM interference, the φmin term in the denominator is omitted.

The corresponding classical case is to input two classical fields into modes 1 and 2,

which have equal amplitude. The amplitude and phase of these fields can be expressed

by a vector of complex numbers, ein. Only the relative amplitude will affect the visibility

although their absolute values will affect the magnitude of the cross-correlations. As well

as this, it is only necessary to specify the relative phase between the input fields, θ. The

matrix Ucirc contains all the information required to predict the resultant fields in each of

the output modes and hence the intensity cross-correlation function for a particular value

of the circuit parameter φ. The resultant fields in each of the output modes in this case
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are given by

eout = Ucirc(φ)ein (5.37)

= Ucirc(φ)


1

eiθ

0

 , (5.38)

where eout is the vector of time-independent electric fields in each of the output modes

and similarly for ein. The θ dependent intensity cross-correlation function is then

Γ
′(0)
2,3 (φ, θ) = |(eout)2|2|(eout)3|2. (5.39)

Recall, however, that it is the cross-correlation function for a phase averaged input state

that is of interest and hence

Γ
′(0)
2,3 (φ) =

1

2π

∫ 2π

0
Γ
′(0)
2,3 (φ, θ) dθ, (5.40)

so that the expected classical visibility is

Vclass =
Γ
′(0)
2,3 (φ′max)− Γ

′(0)
2,3 (φ′min)

Γ
′(0)
2,3 (φ′max) + Γ

′(0)
2,3 (φ′min)

. (5.41)

Note that the values of φ for which the quantum interference reaches its maximum and

minimum value are not necessarily equal to the values for which the classical interference

reaches its maximum and minimum values.

For interference of the second type, where the circuit stays constant but distinguishab-
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ility is introduced in the input state, the situation can be thought of as one of the input

modes being time delayed with respect to the others. The visibility of interference ob-

served in this way is, as in the case of HOM interference, a function of only two points;

when the time delay, τ , is very large compared with the coherence time of the inputs and

when the time delay is zero. The exact form of the interference is a function of the tem-

poral structure of the input modes, however, it is assumed here that the input modes have

identical temporal structure but with one undergoing a temporal delay. At large delays,

which will be denoted as τ =∞, the temporal modes are considered to be orthogonal, that

is that their overlap is zero. At zero delay, they are considered to be indistinguishable. In

the former case, it is the probabilities which are summed as there will be no interference,

while in the latter case the probability amplitudes must be summed. Consider again the

three mode system discussed above but with the input mode 2 being the subject of the

delay. How to obtain Γ
(0)
2,3 in both quantum and classical cases has already been outlined

although note that the circuit parameter φ is not being varied here.

To obtain the intensity cross-correlation for τ = ∞, one must simulate the system

twice, as the method outlined above cannot directly simulate a mixed state. First, the

system must be simulated using the specified input state but with vacuum in mode 2 since

it is the one being delayed. This results in the output state
∣∣∣ψ(1,3)

out

〉
. Second, a simulation

using only photons in mode 2 and vacuum in modes 1 and 3 must be performed. This

results in
∣∣∣ψ(2)

out

〉
. The total output state is a classical mixture of the two and must therefore

be expressed in density matrix form as

ρout =
∣∣∣ψ(1,3)

out

〉〈
ψ

(1,3)
out

∣∣∣+
∣∣∣ψ(2)

out

〉〈
ψ

(2)
out

∣∣∣ . (5.42)
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The intensity cross-correlation function at large delay is then given by

Γ
(∞)
2,3 = Tr{ρoutÎ2Î3}, (5.43)

and the visibility is calculated as

Vquant =
Γ

(∞)
2,3 − Γ

(0)
2,3

Γ
(∞)
2,3

. (5.44)

The classical cross-correlation function is calculated is a similar way, using Ucirc to

calculate two sets of output fields, e
(1,3)
out and e

(2)
out. The theta dependent intensity cross-

correlation function in output modes 2 and 3 is then

Γ
′(∞)
2,3 (θ) =

(
|(e(1,3)

out )2|2 + |(e(2)
out)2|2

)(
|(e(1,3)

out )3|2 + |(e(2)
out)3|2

)
. (5.45)

Again, in general it is necessary to average over the phase θ, however in this case there

is no interference between the two temporal modes and hence θ can be safely set to 0 to

achieve the same result. The classical visibility is then

Vclass =
Γ
′(∞)
2,3 − Γ

′(0)
2,3

Γ
′(∞)
2,3

. (5.46)

These methods allow the visibility of classical and quantum interference observed at

the output of a linear optical network to be simulated. This is a critical ability as linear

optical networks become increasingly complex. Ultimately, linear optical networks will

reach such a complexity that the output cannot be simulated using a classical computer,

however, while this technology is still in its infancy it is necessary to be able to verify both
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our understanding and the behaviour of these networks.



Chapter 6
Three photon quantum interference in an

integrated device: increasing complexity

Significant progress has been made in integrated linear optical quantum computation

including proof of concept demonstrations of some of the basic building blocks. These

demonstrations, however, have been limited to relatively simple circuits that have either

already been demonstrated using bulk optics and free-space propagation, or would not be

significantly more difficult to implement in this way. If integrated photonics is going to be a

truly viable platform, the complexity of these circuits needs to be increased to a level where

it is not practical to achieve the same results using bulk optics and free space propagation.

This includes increasing the numbers of modes, photons, sources, and interference points.

In this chapter, for the first time, a circuit with three photons generated by two separate

sources propagating in eight spatial modes will be demonstrated. It incorporates three

interlocking interferometers which must remain phase-stable and therefore represents a

significant step in the level of complexity achievable in an integrated device. The device

139
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Figure 6.1: Schematic of the three qubit waveguide circuit. The circuit consists of eight modes,
labelled a to h, twelve beamsplitters with reflectivities η1 to η12, and five phase shifters applying
phases φ1 to φ5. Modes a and h are ancillary, while mode pairs (b, c), (d, e), and (f, g) are used
to implement qubits Q1, Q2, and Q3 respectively in dual rail encoding. For an explanation of its
operation see text.

will be presented and its operation will be explained in detail. Its characterization will

then be shown and both two and three photon quantum interference will be observed.

Numerical simulations will reveal that the visibility of the latter of these is higher than

that which could be obtained using three classical states and any comparable circuit.

Finally, the estimated parameters of the circuit will be used to provide evidence that the

device generates a tripartite entangled state from three initially separable photons.

6.1 The circuit

Figure 6.1a shows a schematic of the linear optical network with the qubit representation

of this linear optical network shown in b. The circuit consists of six central modes, labelled
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b-g, and two ancillary modes, labelled a and h. Modes b-g encode three qubits using dual-

rail encoding. The beamsplitters are labelled 1 to 12 and their respective reflectivities

are ηi. The phase shifters are labelled 1 to 5 and their respective phases are φi. All

beamsplitters before I and after II ideally have a reflectivity of 1/2 while all beamsplitters

between I and II ideally have a reflectivity of 1/3. Qubits are implemented using the path

encoding in this device, with qubits Q1, Q2, and Q3 occupying mode pairs (b,c), (d,e),

and (f ,g) respectively.

A circuit similar to this was originally proposed by Ralph [242]. There are two possible

interpretations of its operation. The first is that it creates a three qubit linear cluster state

and performs an arbitrary single qubit X rotation by measurement while the second is that

it performs a teleportation operation, teleporting the state of Q1 onto Q3. It should be

noted that this circuit only operates correctly upon the post selection of a single photon

in each pair of qubit rails at the output. It is therefore not scalable, however, its value

for integrated photonics lies in the proof of concept and significant increase in complexity

over previous devices. In either interpretation, it is also of interest to note that there is

no entanglement at the beginning of this network as the input photons are in a product

state.

In the cluster state interpretation, a three qubit cluster state is created by applying

two controlled sign-flip (CS) gates, first between Q1 and Q2 and then between Q2 and Q3.

The initial state of Q1 is set by the MZI which is implemented by beamsplitters 1, 2 and

phase shifter 1. The initial states of Q2 and Q3 are a logical 0. The four 1/3 reflectivity

beamsplitters between I and II implement the two CS operations, producing a three qubit

linear cluster state. Q1 is then measured in the diagonal basis, {|D〉L , |A〉L} and Q2 is
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measured in a phase rotated or anti-rotated basis determined by the phase setting φ3. The

state of Q3 is then identical to the initial state of Q1 but with an X rotation. The logical

basis in which this is the case is, however, is dependent upon the precise outcome of the

measurements on Q1 and Q2.

In the teleportation interpretation, a CNOT operation is first applied to Q2 and Q3

with inputs of |0〉L and |D〉L respectively. This produces a Bell state, providing the

necessary resource for teleportation. A single qubit superposition state is again prepared

by the MZI operating on Q1. A second CNOT operation between Q1 and Q2 acts as a Bell

state analyser, teleporting the state of Q1 onto Q3 up to a local unitary which depends

on the exact outcome of the Bell state measurement.

The final elements of the circuit shown in Figure 6.1, phase shifters 4 and 5 along with

beamsplitters 11 and 12, implement a single qubit unitary. This is sufficient to enable

single qubit state tomography, ideally verifying the operation of the circuit.

6.1.1 The Ralph-White controlled sign-flip gate

The central element of the circuit depicted in Figure 6.1a is shown in Figure 6.2a along

with its circuit model representation in 6.2b. It is a linear optic implementation of a CS

gate which operates under the post-selection of one photon in each qubit rail pair, the

‘coincidence basis,’ with success probability 1/9 [243].
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Figure 6.2: a) Schematic of the Ralph-White controlled sign-flip gate. The first qubit, Q1, is
encoded in modes (b, c) while the second, Q2, is encoded in modes (d, e). Modes a and f are
ancillary loss modes which are required to balance probability amplitudes. Each beam splitter
has reflectivity η = 1/3. b) Circuit model representation of the controlled sign-flip gate. The
white circle indicates that it is the |01〉L term that receives the sign flip. c) The circuit picture of
the operation implemented when two Ralph-White gates are concatenated by re-using one ancilla
mode. There is an additional sign flip to the |0〉L term of Q2, as indicated by the open circle.

Represented in the computational basis, the traditional CS gate implements the unitary

UCS =



1

1

1

−1


. (6.1)

That is, it flips the sign of the |11〉L term of any input state. In fact, the linear optical

network shown in Figure 6.2a implements an operation that is identical under local op-

erations; it implements a controlled sign flip where it is the |01〉L term whose coefficient

undergoes the sign flip. This fact is denoted by the open circle on the first qubit in its

circuit picture representation, shown in Figure 6.2b. The two can be made identical, for

example, by applying a σz operation to the second qubit either before or after the gate.

In order to see that the linear optical circuit implements this operation, each input
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state can be propagated in turn through the circuit. The output of this linear optical gate

can then be written for each logical input as:

|00〉L = b̂†d̂† |vac〉 → 1

3

(
b̂†d̂† + 2â†ĉ† −

√
2â†d̂† −

√
2b̂†ĉ†

)
|vac〉 ,

|01〉L = b̂†ê† |vac〉 → 1

3

(
−b̂†ê† +

√
2â†ê† + 2â†f̂† −

√
2b̂†f̂†

)
|vac〉 ,

|10〉L = ĉ†d̂† |vac〉 → 1

3

(
ĉ†d̂† +

√
2ĉ†ĉ† −

√
2d̂†d̂†

)
|vac〉 ,

|11〉L = ĉ†ê† |vac〉 → 1

3

(
ĉ†ê† +

√
2ĉ†f̂† +

√
2d̂†ê† + 2d̂†f̂†

)
|vac〉 . (6.2)

In each case, the output has been written so that the first term is the part of the state

which would lead to a single photon ending up in each qubit. The input state |10〉L is the

input for which two photons interfere at a beamsplitter. Since there are only two output

modes involved rather than the four involved in the other cases, the number of terms in

the output state is reduced. The square of the pre-factor of 1/3 in each case therefore

gives the probability of the gate operating successfully, (1/3)2 = 1/9. From Equation 6.2

it can be seen that, when only the coincidence basis terms in the output are retained, this

circuit implements the transformation

α1 |00〉L +α2 |01〉L +α3 |10〉L +α4 |11〉L → α1 |00〉L−α2 |01〉L +α3 |10〉L +α4 |11〉L . (6.3)

As expected, the output state is identical to the input state but with the sign of the

coefficient of the |01〉L term flipped.

If many of these gates are concatenated, one would expect the probability of success

to scale as 1/9n where n is the number of gates being concatenated. In fact, the ancillary

modes can be used as one of the logical rails in additional qubits so that there are still
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only two ancillary modes. If this approach is taken, the success probability scales as

1/3n+1 [242] so that the success probability of the two concatenated gates in the circuit

shown in Figure 6.1, is 1/27. In using the ancillary modes in this way, however, an

additional phase is accrued. To see this, each of the eight possible logical input states can

be propagated through the linear optical circuit. Taking only the coincidence basis terms

of the output, the two concatenated CS gates transforms a general input state as

α1 |000〉L + α2 |001〉L + α3 |010〉L + α4 |011〉L

+ α5 |100〉L + α6 |101〉L + α7 |110〉L + α8 |111〉L

→ 1

3
√

3
(−α1 |000〉L + α2 |001〉L − α3 |010〉L − α4 |011〉L

− α5 |100〉L + α6 |101〉L + α7 |110〉L + α8 |111〉L). (6.4)

This transformation is not the same as applying the controlled sign flip operation

implemented by the circuit shown in Figure 6.2 first between Q1 and Q2 and then between

Q2 and Q3. In fact, the true operation being performed is shown in Figure 6.2c. The

circuit implements an additional sign flip on the second qubit which is depicted by an

open circle, indicating that it is the sign of the coefficient of the |0〉L term which is flipped.

6.1.2 Operation under the cluster state single qubit rotation

interpretation

Figure 6.3a shows the circuit picture of the linear optical network shown in Figure 6.1.

Operations before I are thought of as state preparation while operations between I and

IV create the three qubit cluster state. Finally, operations after IV implement the single
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Figure 6.3: Circuit picture representations of the full linear optical circuit under the cluster state
single qubit rotation and teleportation interpretations. a) Circuit picture of the linear optical
circuit of Figure 6.1 under the cluster state single qubit rotation interpretation. b) Circuit picture
of the same linear optical circuit but under the teleportation interpretation. Since Hadamard
operations are unitary and Hermitian, fictional adjacent pairs of them can be inserted anywhere in
the circuit without affecting the overall behaviour since these pairs are equivalent to the identity.
The first circuit is then equivalent to the second circuit shown where lines joining two qubits with
a filled circle at one end and an open circle containing a plus at the other represent a CNOT
operation. All measurements are performed in the logical basis.
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qubit measurements necessary to perform an arbitrary single qubit X rotation. The input

state |000〉, where the ‘L’ denoting a logical state has been dropped for brevity, evolves so

that at I, the state is

|ψI〉 = (α1 |0〉+ α2 |1〉) |DD〉

= |ψinDD〉 . (6.5)

The input has now been prepared. Note that in general, it is not necessary to prepare

one qubit in the state |ψin〉 before the entangling operation as an arbitrary single qubit

state can be prepared by single qubit measurements on a five qubit linear cluster [209].

Performing the operation in this way would push the experimental requirements beyond

the current state of the art in LOQC, however, and hence the approach described was

adopted. Next, the CS operations are applied, giving

|ψII〉 = (α1 |0A〉+ α2 |1D〉) |D〉 , (6.6)

|ψIII〉 =
1√
2

[α1 |0〉 (|0A〉 − |1D〉) + α2 |1〉 (|0A〉+ |1D〉)] , (6.7)

|ψIV〉 = − 1√
2

(|ψin0A〉+ |ψ∗in1D〉) , (6.8)

where |ψ∗in〉 = α1 |0〉 − α2 |1〉, which is a three qubit cluster state of the first type in-

troduced by Raussendorf and Briegel [209]. Note that if U is set equal to a Hadamard

operation, {|ψin〉 , |ψ∗in〉} = {|D〉 , |A〉} and state |ψIV〉 is equivalent under local operations

to a Greenberger-Horne-Zeilinger state [244]. This is a three-qubit linear cluster state of

the second type introduced by Raussendorf and Briegel [209].
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Performing the arbitrary single qubit X rotation begins with a measurement on Q1 in

the diagonal basis, {|D〉 , |A〉}. The correct basis of measurement on Q2 is then dependent

upon the outcome of this measurement. If the outcome of the measurement on Q1 is |D〉

then Q2 must be measured in the phase anti-rotated basis {|−θ〉 , |−θ∗〉} where |−θ〉 =

|0〉+ e−iθ |1〉 and |−θ∗〉 = |0〉 − e−iθ |1〉. If the outcome of the the Q1 measurement is |A〉,

then Q2 must be measured in the phase rotated basis {|θ〉 , |θ∗〉} where |θ〉 = |0〉+ eiθ |1〉

and |θ∗〉 = |0〉 − eiθ |1〉. The measurement in the diagonal basis on Q1 is implemented in

the linear optical circuit of Figure 6.1 by setting φ2 = 0 and performing a measurement on

modes b and c after beamsplitter 9. Measurement in the phase rotated bases on Q2 can

be achieved by setting φ3 = −θ and performing a measurement on modes d and e after

beamsplitter 10. The minus sign in this relation is due to the phase shifter being on the

|0〉 rail of Q2. Expressing |ψIV〉 in the appropriate bases for Q1 and Q2 and the logical

basis for Q3 leads to

|ψIV〉 =− eiθ/2

2
|D〉 |−θ〉

{
(α1 cos

θ

2
− iα2 sin

θ

2
) |0〉+ (iα1 sin

θ

2
− α2 cos

θ

2
) |1〉

}
+
eiθ/2

2
|D〉 |−θ∗〉

{
(α1 cos

θ

2
− iα2 sin

θ

2
) |1〉+ (iα1 sin

θ

2
− α2 cos

θ

2
) |0〉

}
− e−iθ/2

2
|A〉 |θ〉

{
(α1 cos

θ

2
− iα2 sin

θ

2
) |0〉 − (iα1 sin

θ

2
− α2 cos

θ

2
) |1〉

}
+
e−iθ/2

2
|A〉 |θ∗〉

{
(α1 cos

θ

2
− iα2 sin

θ

2
) |1〉 − (iα1 sin

θ

2
− α2 cos

θ

2
) |0〉

}
. (6.9)

It is now clear that for each outcome of the measurements on Q1 and Q2, the X rotation

has been implemented, however, a single qubit operation is required in three of the four

possible measurement outcomes to correct for a basis transformation. For the outcomes

|D〉 |−θ〉, |D〉 |−θ∗〉, |A〉 |θ〉, and |A〉 |θ∗〉, the operations σz, σzσx, 1, and σx respectively
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should be applied to Q3 in order to realise the arbitrary X rotation.

6.1.3 Operation under the teleportation interpretation

The circuit picture for operating the circuit under the teleportation interpretation is shown

in Figure 6.3b. Note that the order of the two CS gates has been reversed and a fictitious

pairs of Hadamard operations have been inserted. This is possible because the two CS

operations commute with each other and two consecutive Hadamard operations implement

the identity due to their unitarity and so do not change the behaviour of the circuit. With

the addition of the Hadamard operations, the circuit can be written as equivalent to

the second circuit shown in Figure 6.3b. The equivalence is straightforwardly seen by

considering the different regions in turn. In the region to the left of I, the unitary on Q1

remains unchanged and the Hadamard on Q3 has been combined with the input state |0〉

to form the input state of |D〉. The remaining CS gate with Hadamard gates before and

after on Q2 implements the transformation

α1 |00〉+ α2 |01〉+ α3 |10〉+ α4 |11〉 → α1 |00〉 − α2 |11〉+ α3 |10〉 − α4 |01〉 . (6.10)

This is equivalent to a CNOT operation with the second qubit as the control, followed by

a σz operation on the second qubit. The gates between I and II implement the transform-

ation

α1 |00〉+ α2 |01〉+ α3 |10〉+ α4 |11〉 → −α1 |00〉 − α2 |01〉 − α3 |11〉 − α4 |10〉 . (6.11)
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This is equivalent to a −CNOT operation with the first qubit as the control. The minus

sign leads to a global phase shift in this case and can therefore be ignored. The second

circuit in Figure 6.3b also shows the single qubit measurements in the logical basis and the

classically controlled unitary, U ′, that must be applied to correct the final output state.

The teleportation protocol now proceeds in the usual way [50]. Operations to the left of

I are thought of as state preparation so that the unitary on Q1 prepares a superposition

state to be teleported onto Q3, while the CNOT gate between Q2 and Q3 with a |0〉 target

input and |D〉 control input creates the Bell state |Φ+〉 = (|00〉+ |11〉)/
√

2 which is then

turned into the Bell state |Φ−〉 = (|00〉 − |11〉)/
√

2 by the σz applied to Q3. The state at

I in Figure 6.3b is therefore

|ψI〉 =
1√
2

(α1 |0〉+ α2 |1〉)(|00〉 − |11〉). (6.12)

Expressing this state in terms of Bell states in the first two qubits gives

|ψI〉 =
1

2

∣∣Φ+
〉

(α1 |0〉 − α2 |1〉)

+
1

2

∣∣Φ−〉 (α1 |0〉+ α2 |1〉)

− 1

2

∣∣Ψ+
〉

(α1 |1〉 − α2 |0〉)

− 1

2

∣∣Ψ−〉 (α1 |1〉+ α2 |0〉), (6.13)

where |Ψ+〉 and |Ψ−〉 are the Bell states (|01〉+ |10〉)/
√

2 and (|01〉−|10〉)/
√

2 respectively.

The second CNOT between Q1 and Q2 now acts as a Bell state analyser on their joint

state, distinguishing between the four possibilities by disentangling the Bell states into

|Φ+〉 → |D0〉, |Φ−〉 → |A0〉, |Ψ+〉 → |D1〉, |Ψ−〉 → |A1〉. The state of the first qubit is
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measured in the diagonal basis, again by setting φ2 = 0 and performing a measurement on

modes b and c after beamsplitter 9 in Figure 6.1 while Q2 is already in the logical basis.

Once these measurements have been performed, the state of Q1 has been teleported onto

Q3 with a basis change that is dependent upon the outcome of the Bell state measurement

performed on Q1 and Q2. To complete the teleportation, the unitary U ′ must be σz, 1,

σzσx, and σx for the outcomes |Φ+〉, |Φ−〉, |Ψ+〉, and |Ψ−〉 respectively.

6.2 The device

The linear optical circuit shown in Figure 6.1 was implemented using the same direct

write UV silica-on-silicon platform described in Chapter 3. Beamsplitters were implemen-

ted using x-couplers and thermo-optic phase shifters were implemented by passing current

through resistive elements deposited above the waveguides. Coupling into the device was

achieved using a commercially available eight channel polarization-maintaining, single-

mode-fibre VGA (Oz Optics, VGA-8-250-0-X-10.3-3.8-2.03-P-830-5.5/125-3U-1-1-0.25) at

the input and a non-polarization-maintaining VGA at the output. These were coupled us-

ing a three-axis stage with a VGA mounted on it and a three angle stage for the waveguide

chip. One coupling interface was optimized and glued using an index matched UV-cure

epoxy (Dymax OP-52) before the second VGA was attached.

The device was fabricated with short waveguides for modes a and h. Initially, it was

thought that these waveguides did not need to propagate from the beginning to the end

of the device since their only function was as ancillary loss modes. In fact, this decision

impacted the characterization of the device since the two inputs to beamsplitters 5 and

8 could not be independently accessed, making the ratiometric characterization technique
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described in Section 5.1 impossible.

6.2.1 Characterization

Characterization of the device was carried out using a continuous wave 825 nm diode

laser. This was chosen because of its similarity to the wavelength of the photons used

in the main experiment, 830 nm, but much higher average powers could be coupled into

the device without damaging it than could be achieved using a pulsed laser system. The

higher average power ensured that light scattered out of the waveguides in the transverse

direction occupied a larger fraction of the dynamic range of the CCD camera, thereby

improving the signal to noise of the measurements.

The laser diode was coupled into a polarization maintaining single mode fibre and its

polarization was fixed by passing it through a PBS to filter it before adjusting HWPs

before and after the PMF to minimize the transmission through a second PBS at the

output of the fibre and after the second HWP. This ensured that the laser was polarized

along one of the principal axes of the PMF. The laser could then be coupled to any of

the PMF inputs of the input VGA using a FC-FC connector designed for use with PMFs

(Thorlabs). These connectors have a tighter tolerance on the keyhole width than non PM

FC-FC connectors, reducing possible rotation of the fibre tips which would misalign the

principal axes of the two fibres.

Throughput measurement

In order to characterize the throughput of the device, the diode laser was coupled into

each input in turn and then the power at each output was measured with a power meter.

The ratio of the sum of these output powers to the power at the output of the laser
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diode fibre gives the total throughput for that input. Note that the coupling efficiency

for each mode is likely to have varied and is likely to have been different at the input

and output. This is due to core placement imperfections in the VGAs as a result of

core concentricity in the fibres themselves and irregularities in the v-groove cross section,

as well as imperfectly optimized coupling. As well as this, the expected coupling ratios

to each output even with perfect input and output coupling and zero propagation loss

depend on the beamsplitter reflectivities and phase shifter settings. Finally, since modes

a and h were not accessible at either input or output, the throughput of input modes for

which light can reach beamsplitters 5 and 8 (modes b, c, f , g) was reduced. Never the

less, characterizing the throughput gives an indication of the average transmission of the

device.

Figure 6.4a shows the total transmission for each input. The maximum throughput

of 0.157 for input mode e is acceptable, however, the geometric mean of these efficiencies

is 0.097. The probability of three photons being transmitted by the device is therefore

0.0973 = 0.00073. This is before taking into account detector efficiency, gate success

probability, spectral filtering, and photon heralding efficiency. Throughputs at this level

represent a significant challenge for integrated photonics since they are a long way from

the level of 0.5 required to implement a scheme which is tolerant to photon loss only [212],

and even further from the 3 × 10−3 level required implement a scheme tolerant to more

general imperfections [214]. Not only that but even in this scenario, where particular output

events are post-selected, the average rate of occurrence of these events becomes so low as

to make proof of principle experiments extremely difficult.

Figure 6.4b shows the individual contributions to the values in a) and Figure 6.4c shows
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Figure 6.4: Transmission of the chip when light is coupled into each accessible input mode. a)
Total transmission when light is coupled into each input mode in turn. Each bar is calculated by
coupling light into the indicated input mode and measuring the power at each accessible output
mode. The sum of the output powers divided by the input power gives the total transmission for
that input. b) The matrix of measured transmissions for each accessible input/output combination.
The values in a) were calculated by summing bars of the same colour in b). c) The theoretical
matrix of transmissions assuming perfect coupling, ideal beamsplitter reflectivities, and φ1 = φ2 =
φ3 = φ4 = φ5 = 0. d) The matrix of transmissions which gives the minimum sum of square
differences between the elements of the measured and theoretical transmission matrix when the
phases are optimized over. The optimization also had as a free parameter an overall scale factor
to act like equally inefficient coupling across the modes at the input and output and uniform
propagation loss, however, this was optimized analytically at each iteration.
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their theoretical values assuming perfect coupling and transmission, ideal beamsplitter

reflectivities, and all phase shifters in the circuit set to zero. The device clearly deviates

from this ideal situation.

In order to assess whether this is due only to non-zero phases, the difference between

the measured and simulated throughput matrices can be minimized as a function of the

five phases in the circuit. First, the difference matrix, D, is formed as

D = Tmeas − xTsim, (6.14)

where Tmeas and Tsim are the measured and simulated throughput matrices respectively.

The coefficient x is a scaling parameter on the simulated throughput matrix and acts

like a global coupling efficiency, affecting all modes in the same way. The optimization

therefore assumes that all coupling efficiencies are equal, but not necessarily perfect. This

was done because if individual input and output coupling efficiencies were allowed to vary,

the measured throughput matrix is reproducible for any set of phases which match the

largest throughput in a row or column and give other throughput that are greater than

the measured value. The value to be minimized is then the Frobenius norm of the matrix

D. This is equivalent to the Hilbert-Schmidt norm since D is real. The Frobenius norm,

‖ · ‖F, is defined as

‖D‖F =

√∑
i,j

|Dij |2, (6.15)

=
√

Tr{DD†}, (6.16)

=⇒ ‖D‖2F = Tr{TmT†m} − xTr{TmT†s + TsT
†
m}+ x2Tr{TsT

†
s}, (6.17)
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where the subscripts have been shortened for brevity. This quadratic in x has a single

global minimum since the trace is positive and so ‖D‖2F can be analytically minimized over

x for each chosen set of phases. This leads to an x independent value to be minimized

which is a function of the five phases only,

min
x
‖D‖2F = Tr{TmT†m} −

Tr{TmT†s + TsT
†
m}2

2Tr{TsT
†
s}

. (6.18)

Figure 6.4d shows the results of this optimization over the five phases, which was performed

in Matlab using a bounded nonlinear minimization algorithm. The discrepancy has indeed

been reduced and some of the morphological features are reproduced, however, there is

still a very definite difference. Since the discrepancy cannot be totally explained by a

non-zero phase setting, the coupling efficiencies and losses cannot be uniform and/or the

beamsplitting ratios are not ideal.

Beamsplitter characterization

In order to simulate the expected behaviour of the linear optical circuit, its elements must

be characterized. The characterization method used was demonstrated in Section 5.1. Here

it is applied to the elements of this circuit. Again, due to the short waveguides of mode

a and g, beamsplitters 5 and 8 cannot be characterized using the ratiometric technique

as the inputs cannot be independently addressed. As well as this, the MZI formed from

beamsplitters 1 and 2 as well as the MZI formed from beamsplitters 11 and 12 can only

be characterized as a single effective reflectivity beamsplitter due to the inability to access

the input modes of both beamsplitters independently. For each beamsplitter that could

be characterized using the ratiometric technique, the laser diode was coupled into an
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Figure 6.5: The characterized beamsplitter reflectivities (blue bars) and with their ideal values
(red bars). The labels 1,2 and 11,12 denote that it is the effective reflectivity of the Mach-Zehnder
interferometer made up by these beamsplitters that was characterized. The corresponding ideal
reflectivity assumes φ1 = φ5 = 0. The asterisk on the bars for beamsplitters 5 and 8 indicate that
these modes could not be characterized using the loss-independent technique. These measurements
used the naive technique. The random error on each measurement was smaller than the width of
the border of the bars.

input mode leading to only one of the beamsplitter inputs and images of the output were

recorded using the same system described in Section 5.1.

Figure 6.5 shows a bar chart of the measured beamsplitter reflectivities, as charac-

terized using the ratiometric technique, alongside their ideal values. There is clearly a

significant difference between the intended reflectivities and the true reflectivities. This

highlights the importance of improving fabrication techniques, developing circuit elements

that are robust to fabrication imperfections, such as those discussed in Section 4.4, and

designing circuits that are capable of being characterized.

Phase shifter calibration

There are two important characteristics of the phase shifters. First, it is important to

know what phase shift is obtained for each power setting and second, what the phase shift
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is when there is no voltage applied. This latter phase shift most likely arises from stress

in the waveguide as a result of the deposition of the thin film which makes up the phase

shifter.

In order to characterize these two quantities, the MZI in which each phase shifter is

situated was treated as a single beamsplitter with an effective reflectivity. This reflectivity

was characterized using the loss-independent technique as the voltage was scanned. The

theoretical form was then fitted to the data, using the measured beamsplitter reflectivities

as a seed for the least squares minimization. The lack of data on the individual reflectiv-

ities of beamsplitters 1, 2, 11, and 12, meant that phase shifters 1 and 5 could not be

characterized. Again, if modes a and h had been accessible, calibration of these two phase

shifters would have been possible.

Figure 6.6 shows the effective reflectivity of the three central MZIs in Figure 6.1 as a

function of the square of the applied voltage. The theoretical least squares fits are shown

in red (solid), as well as the fringes expected as a result of the beamsplitter reflectivity

measurements, in cyan (dashed). Although the fits would be improved by measuring more

of the fringe, this was not possible due to the robustness of the phase shifters. Nevertheless,

the fits to the data are all very close and also match the expected fringes well in a) and

b). In c), there is a discrepancy between the expected fringe and the data. This may

arise for three reasons. First, beamsplitter 8 was characterized using the naive technique

and so may not be accurate. Second, since the loss-independent camera technique is

sensitive to noise when characterizing beamsplitters with reflectivities close to 0 or 1, and

the final beamsplitter in the third central MZI has a measured reflectivity of 0.92, this

may significantly underestimate the true reflectivity. Third, there may be significant loss
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Figure 6.6: Measured effective reflectivity, (ηeff ) of the three central Mach-Zehnder interfero-
meters as a function of the square of the applied voltage (V 2). a) Applying a voltage to φ2. b)
Applying a voltage to φ3. c) Applying a voltage to φ4. In each case, the measured data (blue)
is shown with its least squares theoretical fit (red, solid) and the expected fringe corresponding to
the measured beamsplitter ratios but using the phase offset and period from the fit (cyan, dashed).
The error bars on the data points are of the size of the markers.
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Phase shifter 0 V Phase offset Error Phase per Volt2 Error
(radians) (radians) (radians/V 2) (radians/V 2)

φ2 -4.556 0.388 7.306×10−3 2.000×10−3

φ3 -1.011 0.097 7.587×10−3 0.716×10−3

φ4 -3.854 0.038 9.438×10−3 0.375×10−3

Table 6.1: Extracted phase shifter parameters. The error given is one quarter of the width of the
95% confidence interval on the parameter, as returned by the fit. All values are in radians.

occurring inside the interferometer. The loss independent technique produces an estimate

that is free from input and output coupling inefficiencies, however, loss occurring inside the

interferometer will, in this case, result in a different effective reflectivity of beamsplitters

7 and 8. The net effect is to change the visibility and position, although not the period or

offset, of the interference fringe. Table 6.1 gives the zero voltage phase offsets and phase

per V 2 extracted from the fits as well as their associated errors.

The characterization of the beamsplitter ratios and the zero voltage phase offsets en-

ables the behaviour of the circuit to be simulated. This is especially important when

observing HOM interference in the device as both the expected quantum visibility and

the classical visibility limit can be calculated. Observing and analysing this interference

is the subject of the next section.

6.3 Two-photon interference

The first step in demonstrating the linear optical circuit shown in Figure 6.1 is to demon-

strate that two-photon HOM type interference can be observed. This is critical since it

shows that the device preserves the quantum characteristics of the input state, enabling

the interference effects on which its successful operation is dependent. As well as this, it

provides a method for ensuring optimal temporal overlap between the input photons.
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Figure 6.7: Experimental scheme for generating the photon pairs. A titanium sapphire laser,
830 nm central wavelength 80 MHz repetition rate (Laser) was focused (L1) into a BBO crystal
(SHG) oriented for second harmonic generation. The resulting 415 nm pulses were collimated (L2)
and filtered with two dichroic mirrors (LPDM) and a blue glass filter (BG) before being split at a
50:50 plate beamsplitter (BS). One arm was delayed with respect to the other by using an optical
delay line, τ1 before both were focused (L3) into KDP crystals aligned for type II, degenerate
collinear parametric downconversion. The downconverted photons were collimated (L4) and filtered
using two dichroic mirrors (LPDM) and an interference filter (LPF). Both photons from the first
parametric downconverter (PDC1) were filtered using a 3 nm band pass filter (IF1) while only the
narrowband photon from the second parametric downconverter (PDC2) was filtered (IF2). The
orthogonally polarized photon pairs were split at a polarizing beamsplitter (PBS) before passing
through half-wave plates (HWP) for polarization adjustment. The vertically polarized photons
from each PDC were also delayed using optical delay lines, τ2 and τ3 before all photons were
coupled into polarization maintaining fibre at coupling stages (A, B, C, and D).
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To operate the device in the manner described in Section 6.1, the logical input state

|000〉 is launched into the device, requiring three indistinguishable single photons. Fig-

ure 6.7 shows the source used to produce them. It is very similar to that used in Chapter 2

to generate heralded Holland-Burnett states in that it is based on parametric downcon-

version in two KDP crystals, generating spectrally disentangled photon pairs [56]. Rather

than generating two heralded single photons, however, the required three-photon input is

obtained by using both photons from one PDC and heralding a single photon from the

second. Since the photons from one PDC have differing bandwidths, they were filtered

using a 3 nm band pass filter at 830 nm (Semrock) to make them indistinguishable. A

second filter was used on the narrowband photon from the second PDC, again in order

to ensure spectral indistinguishability. Placing the filter only in the path of the photons

which would be launched into the device enabled the herald photon count rates to be kept

as high as possible, reducing the decrease in data rates as a result of the spectral filtering.

A second difference to the source shown in Chapter 2 is that two additional optical delay

lines were inserted in order to provide the ability to scan the arrival time of all three

photons independently. Although it is only the relative arrival time of the photons that

is important and hence only two delays are necessary, the extra range added by the third

delay was useful in increasing the path differences that could be compensated for. Rough

temporal alignment was achieved using a bright alignment beam derived from the resid-

ual infrared pump used in the second harmonic generation stage which was re-injected

into the same spatial mode as the downconversion pump in order to put a bright beam

into the same spatial mode as the downconverted photons. The temporal delay was then

scanned while the output spectrum at a single output was measured. Spectral fringes were
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Figure 6.8: Filtered and unfiltered marginal spectra for the downconverted photon pairs. a)
Unfiltered narrow (green) and broad (blue) band photons for PDC1. b) Unfiltered narrow (green)
and broad (blue) band photons for PDC2. c) Filtered marginal spectra from PDC1 (green and
blue), and the filtered narrow band photon from PDC2 (cyan). In each case, the spectra have had
their background removed and have been normalized to a unit integral.

observed as the delay approached the zero point and a particular optical delay line was

considered roughly aligned when a single fringe spanned the spectrum.

The photon pairs were split using PBSs and then coupled into PMF. The coupling was

optimized through trial and error by trying different aspheric lens pairs (new focus), in

each case optimizing the coincidence count rates. This resulted in unfiltered coincidence

rates of 160 Kcounts s−1 and raw heralding efficiencies of 28% being observed by connecting

the fibres directly to APDs when ∼300 mW of 415 nm wavelength pump was used. The
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polarization of the photons was adjusted to be along a principal axis of the PMF by

adjusting a HWP before coupling into the PMF and a HWP after the PMF to minimize

the transmission through a subsequent PBS. Once the second HWP was adjusted for

one fibre, it was locked in place and only the HWPs before the PMFs were adjusted for

the other modes. This ensured that all the photons would be launched with the same

polarization.

Figure 6.8 shows the unfiltered and filtered marginal spectra for the downconverted

spectra. The unfiltered marginal spectra for PDC1 are shown in a) while those for PDC2

are shown in b). These were obtained by connecting the PMFs in turn to a single-photon

sensitive spectrometer (Andor Shamrock 163 with iDus camera). The crystal angles were

then adjusted to ensure central wavelength degeneracy in the downconversion. Once the

unfiltered reference spectra were taken, the filters were inserted and angle tuned in order

to maximize the overlap. Figure 6.8c shows the filtered marginal spectra of the three

photons to be sent to the device. Assuming flat spectral phase and spectral purity, the

filtered spectra have fidelities of greater than 0.95 with each other.

There are three possible combinations of two-photon inputs to the device. Photons can

either be launched into modes b and d, d and f , or b and f . With inputs b and d, two-photon

interference effects can occur at beamsplitters 6, 9, and 10. Inputs b and f can lead to two-

photon interference effects at beamsplitters 7, 10, and the effective beamsplitter formed

by the MZI of beamsplitters 11 and 12. Depending on the zero offset of the phase shifters,

either dips or anti-dips may be observed in particular output detector combinations. When

photons are launched into modes b and f , however, two-photon interference can only occur

at beamsplitter 10, leading to an expected dip in coincidence counts between the detectors



6.3 TWO-PHOTON INTERFERENCE 165

0

3

6

9

12

0 1100 2200
0

75

150

225

300

Delay in fs

0

4.5

9

13.5

18

0 750 1500
0

125

250

375

500

Delay in fs

0

0.55

1.1

1.65

2.2

0

3

6

9

12

H
er

al
d

ed
tw

o
-f

ol
d

s
p

er
34

5
0

s

S
in

g
le

s
in

1
08

p
er

3
4
50

s

-1500 -750 0 750 1500
Delay in fs

-1500 -750

a) b)
T

w
o-

fo
ld

s
in

10
p

er
25

s

-2200 -1100 0 1100 2200
Delay in fs

-2200 -1100

c)

S
in

gl
es

in
10

5
p

er
25

s

d)

0 750 1500
Delay in fs

-1500 -750 0 750 1500
Delay in fs

-1500 -750

H
er

a
ld

ed
tw

o
-f

ol
d

s
in

10
2

p
er

57
90

s

H
er

a
ld

ed
si

n
gl

es
in

10
5

p
er

5
79

0
s

e) f)

de

ef

de

df

eg
fg
dg

de

bc
ce

cd

be

bd

Figure 6.9: Two-photon coincidence rates measured at the output of the device when photons
were launched into pairs of input modes while their relative arrival time was scanned. a) Heralded
two-fold coincidences as a function of delay τ1 with stage A connected to input f , stage D connected
to input b, stages B and C used as herald signals, outputs d and e monitored. b) Singles rates
as a function of τ1, corresponding to the two heralds and the two signals used in a). c) Two-fold
coincidences as a function of delay τ2 with stage A connected to input f , stage B connected to
input d, outputs d, e, f , and g monitored. d) Singles rates as a function of τ2, corresponding to
c). e) Heralded two-fold coincidences as a function of delay τ2 with stage D connected to input
b, stage B connected to input d, stages A and C used as herald signals, outputs b, c, d, and e
monitored. f) Heralded singles rates as a function of τ2, corresponding with e). In a), c), and
e), where appropriate, the theoretical fit to the data is shown and the output mode combination
corresponding to the data is indicated by the label.
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monitoring the output modes d and e.

Figure 6.9 shows the resulting coincidence and singles rates as a function of relative

time delay for the three situations. Figures 6.9a and b show the heralded two-fold and

heralded singles rates respectively at outputs d and e when stages A and D are connected

to inputs f and b respectively and stages B and C are connected directly to fibre-coupled

APDs so that coincidences between them act as a herald signal. The relative arrival

time was delayed using the optical delay line τ1. Figures 6.9c and d show the two-fold

coincidence and singles rates respectively when stages A and B are connected to inputs

f and d respectively. Since both photons from a single crystal were used, there was no

herald signal. Outputs d, e, f , and g were monitored and all pairwise combinations are

shown. Finally, Figures 6.9e and f show heralded two-fold coincidence and heralded singles

rates when stages B and D were connected to inputs d and b respectively and stages A

and C were connected directly to APDs to provide a herald signal. Outputs b, c, d, and e

were monitored and all pairwise combinations are shown.

Figure 6.10 shows a direct comparison of the measured interference visibilities with

different theoretical visibilities. Charts a), b) and c) correspond to the three different two-

input combinations: bf , df , and bd. The first bar in each group is the measured visibility;

the second is the interference visibility expected as a result of using the circuit paramet-

ers obtained from characterization; the final bar is the expected classical visibility using

the measured parameters. Theoretical visibilities were simulated using the techniques de-

scribed in Section 5.2. The red section of each bar denotes the 95% confidence interval

on the visibility. For the measured visibility, the confidence interval was retrieved from

the fit to the data. For the theoretical visibilities, these were calculated by performing
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Figure 6.10: A comparison of measured two-photon interference visibilities with the expected
two-photon interference visibilities based on the circuit characterization, and the classical limit on
visibility. For each bar, the red region indicates the 95% confidence interval, obtained by Monte-
Carlo simulation. a) The visibilities corresponding to Figure 6.9a, the coincidence rate at outputs
d and e. In b), c), and d), the first bar of each group corresponds to the measured visibility, the
second corresponds to the expected quantum visibility, and the third corresponds to the expected
classical visibility. Where the first bar is missing, the fit to the data was unstable as a result of a
negligible interference pattern. Since the confidence intervals are derived from this fit, there are
also no confidence intervals in these cases. b) The visibilities corresponding to Figure 6.9c. c)
The visibilities corresponding to Figure 6.9e. d) As in b) but with the effective reflectivity of the
Mach-Zehnder interferometer formed by beamsplitters 11 and 12 set to 0.999.
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Monte-Carlo simulations of the circuit where the circuit parameters were generated ran-

domly from normal distributions, centred at their estimated values and with a standard

deviation of 0.02 on the beamsplitter reflectivities and the errors on the zero voltage phase

offsets shown in Table 6.1. The circuit was simulated 100 times, chosen empirically as the

number by which the sample standard deviation had converged, and the sample standard

deviation was calculated. The 95% confidence interval on the visibility was then simulated

value using the estimated circuit parameters plus and minus twice the sample standard

deviation.

Charts a) and c) show agreement between the measured and expected visibilities. The

correct trends in visibility are observed: the 95% intervals for the measured and expected

quantum visibilities overlap in all but one case, and the measured visibility never has

a magnitude larger than the expected quantum visibility. In addition, the measured

visibility outperforms the expected classical visibility in six of the seven measurements.

Chart b) does not show the same agreement. Only the output combination de shows

agreement between the measured and expected quantum visibilities. As well as this,

the visibility of combination df outperforms its expected value. This lack of agreement

may be due to inaccurate beamsplitter reflectivity characterizations. The most likely

reflectivities to be poorly characterized are 8, due to the inaccessibility of both input

modes, and the effective reflectivity of the MZI formed by beamsplitters 11 and 12, due

to its proximity to a reflectivity of 1. Figure 6.10d is as in b), however, the effective

reflectivity of the Mach-Zehnder interferometer formed by beamsplitters 11 and 12 was

set to 0.999. This improves the situation considerably, with five out of the six combinations

showing agreement, suggesting that this could indeed be a source of error.
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These results show that the device is capable of operating in a manner which is incon-

sistent with classical predictions for two photon inputs. The characterization of the device

has been, to some extent, validated due to its agreement with the data, however it is by

no means perfect. It is clear that increasing the robustness of the phase shifters is critical

to improving the accuracy of their characterization, as is having access to all inputs and

outputs including ancillary loss modes.

6.4 Three-photon interference

In order to observe three-photon interference, stages A, B, and D were connected to inputs

b, d, and f respectively so that the logical input state to the circuit was |000〉. The two-

photon interference described in the previous section allowed the delays τ1 and τ2 to be set

to zero relative delay by taking the mean minimum position of all observed interference.

From this setting, three-photon interference effects could be observed by scanning τ2, the

relative arrival time of the photon coupled into stage B, through zero delay. Stage C was

connected directly to an APD to act as a herald signal for a photon at stage D. Since

photons at stage D were coupled into mode b and photons at this input cannot physically

reach modes f or g, a three-fold coincidence where one photon is detected in each pair

of qubit rails at the output of the device could only have been caused by at least one

pair being generated in each PDC. Noise terms arising from multiple pair emissions are

therefore a small contribution as they are a higher order process.

All six coupled outputs of the device were connected to APDs as well as the herald

signal, so that seven APDs were used in total. Seven singles, six heralded singles, fifteen

heralded two-fold, eight heralded three-fold, and twelve heralded four-fold rates were re-
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corded using custom-built FPGA electronics. In the heralded two- and three-fold rates,

only coincidences across qubits were recorded to mimic the behaviour of the circuit op-

erating in the coincidence basis and the heralded four-fold rates were recorded in order

to estimate the noise terms. The total number of heralded four-fold events was 23 in the

entire experiment. Monitoring all combinations was not possible due to the limitations of

the FPGA system that was used.

Data rates were extremely low as a result of the low throughput of the device. With

stages A, B, C, and D plugged directly into APDs and the 3 nm bandpass filters in place,

four-fold rates of ∼ 2 s−1 were observed. When coupled through the device, four-fold rates

of 0.01 s−1 were observed across all monitored combinations. This low data rate resulted

in an experimental duration on the order of 10 days. Over this timescale, fluctuations in

the laboratory environment including temperature result in a wandering of the coupling

efficiencies at the four stages. In order to mitigate this effect, the 11 points at which

the interference was sampled were repeated many times for 60 s per point. This meant

that laboratory conditions were approximately constant over the duration of a single pass,

allowing their effects to be averaged out in the final data.

Figure 6.11 shows the heralded three-fold rates recorded as the relative arrival time of

photons in input mode d, τ2, was scanned through zero delay. All monitored combinations

show some interference, however, combinations involving mode g consistently have a lower

count rate, making the uncertainty in those visibilities larger. One interesting feature is

that the minima of each fit to the data do not overlap. This suggests imperfect temporal

alignment of the photons launched into modes b and f , however, a closer inspection of the

errors on the fit parameters indicates that the minima agree within error.
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Figure 6.11: Heralded three-fold rates as a function of the time delay τ2. In each graph the data
for a particular output mode combination, denoted by the label, is shown along with its theoretical
best fit. The error bars on the data points are Poissonian. The zero point on the x-axes is the
mean of the delays corresponding to the minima of the fits to the data.
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Figure 6.12: Comparison of the measured, theoretically expected, and classical three photon
interference visibilities. In both charts, the first bar in each group is the measured visibility, the
second is the expected quantum visibility given the measured circuit parameters, and the third
is the classical visibility given the circuit parameters. The red sections of each bar denote the
95% confidence interval given by the fit, in the case of the first bar, or Monte-Carlo simulation,
in the case of the second and third bars. a) Using the measured beamsplitter reflectivities with
an uncertainty of 0.02 and the measured phase shifter offsets and uncertainties. The dashed
line denotes the classical limit on three-input visibility, found by optimizing over all beamsplitter
reflectivities and phase settings. b) As in a) but replacing the effective reflectivity of the Mach-
Zehnder interferometer formed by beamsplitters 11 and 12 with 0.999.
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A comparison of the measured and theoretical visibilities are shown in Figure 6.12a.

As in Figure 6.10, the first bar in each group is the measured visibility for a given output

mode combination, the second is the expected quantum visibility, and the third is the

expected classical visibility. The red section of each bar indicates the 95% confidence

interval on the value which is obtained either from the fit directly, or by Monte-Carlo

simulation. Figure 6.12b shows the comparison again, but using an effective reflectivity of

0.999 for the MZI formed by beamsplitters 11 and 12, in analogy with Figure 6.10d. The

difference is less pronounced in this case, demonstrating a reduced impact of this possible

mis-characterization on the final analysis.

There is good agreement between the measured and expected values for all output

combinations apart from bdf . As well as this, the measured visibility is beyond the 95%

confidence interval on the expected classical visibility for all eight combinations and there

is no overlap between the confidence intervals in six of them. This constitutes strong

evidence that the device is able to support non-classical interference and behave in a

manner which is inconsistent with classical predictions for three input photons. Finally,

numerical optimizations reveal an upper limit on the classical three-input interference

visibility of 0.593 which is shown by the dashed line. This was found by allowing a global

optimization algorithm to vary all of the beamsplitter reflectivities and phase settings in

order to maximize the three-photon interference visibility. Output combinations bef and

cef have a measured visibility greater than this maximum value, beating it by 2.9 and

1.66 standard deviations respectively, conclusively demonstrating the ability of this device

to support quantum behaviour.

In addition to observing a three-photon interference visibility greater than that which
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can be explained classically, what can be said about the entanglement of the photons in

the device? If the phase shifters were robust enough for extended operation and/or the

data rates were higher, it would be possible to implement an entanglement witness [245,246]

on the three qubit state at IV in Figure 6.3a by using phase shifters 2, 3, 4, and 5, as

labelled in Figure 6.1, to measure in different bases. The data rates and lack of phase

shifter robustness made this impossible. It is possible, however to perform a Monte-Carlo

simulation, as described in Section 6.3, of the state at IV in Figure 6.3a, given an input of

three indistinguishable photons. Since beamsplitters 9, 10, 11, and 12 and phase shifters 2,

3, 4, and 5 implement local operations on the qubits, their reflectivities and phase settings

will not affect the entanglement of the state. They will therefore be ignored and only the

effect of varying the first eight beamsplitter reflectivities along with the value of phase 1

will be considered in the simulation. For each set of circuit parameters, the state at IV in

the coincidence basis was simulated and the tangle [247] of the state was calculated. The

tangle is an entanglement monotone, that is, a value which ranges monotonically between

0 and 1, where a state with a tangle of 1 is maximally entangled and a state with a tangle

of 0 is somehow disentangled. Critically, the tangle distinguishes between bipartite and

tripartite entanglement so that tripartite states which are separable under any division

have a tangle of 0. Hence a non-zero tangle indicates genuine tripartite entanglement.

Given the estimated reflectivities of beamsplitters 1 to 8 and an ideal input of three

indistinguishable input photons into modes b, d, and f , the expected tangle of the state at

IV is 0.40± 0.07. This is larger than zero by 5.7 standard deviations, providing evidence

that the experimentally generated state also displays genuine tripartite entanglement.

This work shows, for the first time, a four-photon experiment in an integrated device
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demonstrating non-classical behaviour and provides some evidence that from three ini-

tially separable photons, a state with tripartite entanglement is generated. The multiple

interlocking interferometers in this device would be difficult to realise using bulk optics due

to the fraction of a wavelength stability which is necessary in such a scheme. The low data

rates in the experiments presented here ultimately meant that it was impossible to operate

the device in its originally intended form by demonstrating a single qubit teleportation or

cluster state based X rotation. The experimental duration made such experiments infeas-

ible since the coupling of the PDCs wandered over time and correcting the beam pointing

error resulted in misaligning the optical delay lines. This could perhaps be improved in

future experiments by using an active pointing stabilisation scheme but a more promising

route is to use integrated and pig-tailed sources whose alignment will not drift. In addi-

tion, the thermo-optic phase shifting elements were not robust enough to be in continuous

operation over the experimental duration. Although the exact failure mode of the phase

shifters is unknown, the thermal stress on it could be reduced in future work by adjusting

the dimensions of both the phase shifting element and the planar structure of the device

to make the over-clad layer thinner and the resistive element thicker and longer. This

would place a larger resistive element closer to the waveguide resulting in a lower voltage,

and hence heat build up, for the same phase shift.

The observation of three photon interference in a waveguide device with a visibility

beyond that which can be explained by classical physics represents a critical step forward

for integrated photonics. As previous discussed, however, the approach taken here is not

scalable. Fundamentally, the linear optical gates used in the device demonstrated here

do not scale, however, there is a more practical reason. The probabilistic method of
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generating the necessary single photons and the low throughput of the device itself results

in an extremely low data rate. A practical device must be able to generate high quality

input states in polynomial time otherwise any computational enhancement is rendered

useless. Ultimately, this is likely to require quantum memories for the synchronisation of

multiple probabilistic sources, as well as extremely high efficiency detection with photon

number resolution. The former is beyond the scope of this thesis, however, the latter will

be investigated in the next chapter.



Chapter 7
Integrated Transition Edge Sensors

Detection is a critical step in any experiment involving photons: in the KLM scheme of

LOQC it is the means by which two-photon interactions are achieved; in one-way quantum

computation schemes, measurements manipulate the encoded information; in precision

measurement they provide a way of extracting information about the parameter of interest;

in state generation, they can be used to conditionally prepare photons. In all of these areas,

the key requirements are high efficiency, low noise, photon number resolution, and high

speed. No detector technology to date has demonstrated all of these characteristics but

all apart from the latter have been demonstrated by one, the superconducting transition

edge sensor (TES). In this chapter, a proof of principle waveguide-coupled TES that

can be directly integrated with chip-based waveguides and operates at telecommunication

wavelengths will be demonstrated. Routes towards increasing the efficiency of the devices

towards those which have been achieved in non-waveguide coupled versions will also be

discussed.

As discussed throughout this thesis, photonics provides a promising path for building

177
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and using complex quantum systems for both exploring fundamental physics and deliv-

ering quantum-enhanced technologies in information processing, metrology, and commu-

nications. Currently, the only feasible route towards sufficient complexity is integration,

due to the high density of optical modes that can be contained within a single device

and the extraordinary level of control that can be exercised over them. Although much

research has gone into developing integrated elements at telecommunication wavelengths

for classical applications, their use in the quantum regime has been limited, in large

part because of intrinsic inefficiencies in input coupling, detector coupling, and propaga-

tion. The effect of these inefficiencies, as shown explicitly in Part I of this thesis with

respect to metrology, is to reduce or remove any quantum advantage attainable with a

given device [41,141,208,212,248–250]. Developing high-efficiency detectors that are compatible

with these complex, high-density systems is therefore a critical enabling step for quantum

photonics.

7.1 Superconducting transition edge sensors

Current single-photon-sensitive detectors for telecom wavelengths include APDs [251], su-

perconducting nanowires [252], and superconducting TESs [253,254]. Of these, indium gallium

arsenide (InGaAs) APDs are the only commercially available telecom-band, single-photon-

sensitive detector, however, they suffer from low efficiencies and high dark-count rates. Su-

perconducting nanowire detectors offer extremely fast detection with timing jitter reported

in the tens of picoseconds [252] and can have relatively high quantum efficiencies compared

to that of InGaAs APDs [125,255]. Neither of these detector technologies, however, has the

ability to intrinsically resolve photon number and either spatial [256] or temporal [89] multi-
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plexing must be employed in order to achieve even pseudo photon number resolution. In

contrast, TESs, which function well across a very broad range of wavelengths, have been

used to demonstrate the highest recorded detection efficiencies and number resolution,

reaching 98% [257] and can determining the photon number of pulses of light containing up

to between 10 and 30 photons depending upon the design [253].

TESs are sensitive detectors that use the electrical/thermal properties of a supercon-

ducting thin film to distinguish the energy of a discrete number of photons. Supercon-

ducting metals exhibit a resistance change from a high-temperature value of several ohms

to negligible material resistance values at temperatures below the critical transition tem-

perature, Tc. Materials used to make detectors sensitive to optical photon energy have

transition temperatures on the order of 100 mK with transition widths as narrow as 1 mK.

By thermally positioning the metal in its superconducting transition via voltage biasing,

single absorbed photons create a detectable resistance change [258]. By use of this tech-

nique, materials such as tungsten or titanium can be fabricated into microcalorimeters

sensitive enough to resolve the absorption of a single optical photon. These detectors

have advantages over other types of single-photon detectors which make them ideal for

integration into quantum optical systems. Efficiencies have been reported as high as 95 %

at 1550 nm and they have a wavelength range exhibiting high quantum efficiency from the

visible to the infrared. This makes them more efficient and wavelength-expansive than

any silicon or InGaAs detector [254,259]. Additionally, TES detectors exhibit a thermal re-

covery time as short as 1µs [259], and arrival-time jitter of less than 100 ns full width half

maximum. Unlike most conventional high temperature photodetectors, TESs are intrins-

ically number-resolving, meaning that they can distinguish the energy correlated to the
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absorption of not only a single photon, but to the absorption of several photons. In com-

bination with the high efficiencies that have been demonstrated, this enables projection

onto a particular Fock state with extremely high fidelities, something that is crucial for

LOQC.

To operate a TES, the bath temperature of the whole system is held below the critical

temperature of the TES and a voltage bias is applied to the TES itself. Joule heating

produced by this voltage bias is carefully controlled to increase the TES temperature in

order to position it within its sharp transition region. The TES will remain in a steady-

state at this temperature due to electrothermal feedback [258] until a photon is absorbed.

In a properly thermally engineered TES, the absorption of a photon will result in an

increase of the TES temperature, with a corresponding increase in the TES resistance and

therefore a decrease in the current. Under constant-voltage bias, the drop in the TES

current is proportional to the absorbed energy, and this current change is measured by

using DC-superconducting quantum interference device (SQUID) amplifier circuits.

All of the detector technologies discussed above typically employ designs in which the

detected photons are normally incident on the detector. In order to achieve high efficiencies

in this situation, care must be taken to impedance-match the incident field to the detector

in order to avoid reflections of the optical signal. This typically involves fabricating a high

reflecting layer behind the detector to reflect any light that passes through it unabsorbed

and an anti-reflection coating in front of the detector to minimize reflections at the front

face. Moreover, normal incidence-detection schemes are intrinsically limited to monitoring

the modes that emerge from the end facet of the device. By using this detection scheme,

inferring information about a quantum state or circuit element inside a device will only
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Figure 7.1: Schematic of the evanescently coupled photon counting detector. The detection
layer is deposited on top of a UV-laser written silica waveguide structure. The simulated intensity
distribution along the length of the device can also be seen at the front of the device schematic.

become more problematic as circuits move towards the complexities required to study

effects beyond the scope of classical computational power [142,241,250].

7.2 Evanescently-coupled photon counting detectors

In this chapter, the operation of a new concept for broadband, efficient, single-photon de-

tection is demonstrated, the evanescently-coupled photon counting detector (ECPCD), by

merging two well-established technologies: photonic circuits and photon-number-resolving

TESs. A conceptual schematic of such a device is shown in Figure 7.1. ECPCDs display

the low noise and single-photon sensitivity required to operate in the quantum regime and,

due to the evanescent coupling concept, are integration compatible as they target a single

guided mode at an embedded location within the circuit and maintain a fixed alignment.

The photon absorber, in this case a tungsten TES, is placed in the evanescent field of the

guided mode of a waveguide passing underneath the detector. As the mode propagates

through the detection region, it is coupled continuously into the detector via absorption.

The continuous, evanescent coupling and the confinement of the waveguide mode enables
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Figure 7.2: The cross sectional structure of the tungsten transition edge sensor based
evanescently-coupled photon counting detector. The refractive indices and material α values shown
were those necessary for simulation purposes. Those not shown were assumed to be zero.

extended interaction regions, providing a straightforward way to increase efficiency even

when the coupling is weak, without limiting the detector acceptance bandwidth. As will

be shown, a key feature of such a configuration is that the weak coupling allows use of a

detector design that does not significantly modify the effective index and spatial profile of

the guided mode, minimizing reflections at the beginning of the detection region. The de-

tector is therefore intrinsically almost fully impedance-matched. Finally, the lithographic

construction makes this concept compatible with fabrication techniques for conventional

telecommunications planar lightwave circuits, enabling sufficiently high detector densities

to be useful with complex circuit designs.

7.3 Device structure

A cross section of the structure of the devices that were fabricated and tested is shown in

Figure 7.2. The waveguide structure is similar in form to that described in Chapter 3 and

the actual waveguide was produced using the same method of focusing a UV laser into the

photosensitive germanium-doped silica core layer. Here, a 5.5µm core layer was deposited

on top of a 17µm underclad layer. No overclad was deposited so that the evanescent coup-
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Figure 7.3: Microscope image of the fabricated TES on the optical waveguide. The TES di-
mension is 25µm × 25µm × 40 nm. The tungsten TES bisects the waveguide in the centre. The
niobium wiring attaches top and bottom of the TES and exits off the chip to the right. Additional
arrows simply serve as alignment marks and guide.

ling to the TES could be maximized. The refractive index contrast between the core layer

and the underclad was 0.6 %. These layers were deposited onto a silicon wafer by FHD as

with the device discussed in Chapter 3. The waveguide itself was of width ∼ 6µm with a

gaussian horizontal refractive index profile and step vertical refractive index profile. The

index contrast between the waveguide and the core layer was 0.3 %. The optical proper-

ties of the tungsten and amorphous-silicon films were measured at NIST for a thickness

of 25 nm. A critical feature of this structure is that the surface roughness is typically

less than 1 nm, making it suitable for deposition of the TES structures. High surface

roughness increases thermal stresses in the TES at cryogenic temperatures, suppressing

its transition temperature. Although these stresses can be relieved to some extent by de-

positing an amorphous silicon layer underneath the TES, this material has unfavourable

optical characteristics, namely high real and imaginary parts of the refractive index, and

so must be kept to a minimum.

After waveguide fabrication, the TES structure was deposited on the top surface of the

chip. The deposition process was equivalent to the process used in other studies [79,254].

First, a 2 nm thick layer of amorphous silicon was deposited followed by a tungsten layer
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that was DC sputtered. The tungsten was then patterned and etched to produce the

final TES geometry. Wiring to the tungsten TES was established using niobium, which

was sputtered and lifted off. Due to the significantly higher superconducting transition

temperature of niobium compared to tungsten, these wires are superconducting during

TES operation. Figure 7.3 shows an image of a finished device, taken with a microscope.

7.4 Modelling a simple device

Several effects can affect the efficiency of the ECPCD. First, the transverse spatial mode

supported by the waveguide with no TES over it will be different from the mode supported

by the waveguide under the TES due to the presence of the tungsten which has a relatively

high refractive index. These two regions will be referred to as the ‘propagation’ and

‘detection’ regions respectively. At the interface between the two regions, two effects can

occur. First, the two modes may have different effective indices. If this is the case, a

Fresnel-type reflection will occur, introducing loss. Second, the overlap of the transverse

spatial mode may be reduced from unity. This can result in an imperfect transfer of light

from the fundamental mode of the propagation region to the fundamental mode of the

detection region. Since the waveguide is single mode in both regions, light not coupled

into the fundamental mode is coupled to radiative modes and can be lost without being

detected. In addition to these modal effects, the total absorption into the detector is

governed by the size and shape of the tungsten layer. The volume of a single detector is,

however, constrained by the detection mechanism. Absorbed photons create a temperature

change that can be measured via the resulting change in resistance [258]. To resolve this

temperature change, the heat capacity of the device must be carefully specified. This
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in turn limits the volume of superconducting material that may be used. The choice of

detector geometry is therefore critical to ensure good energy resolution and high-efficiency

absorption.

Fimmwave and Fimmprop (Photon Design Ltd), commercial numerical mode-solver

and propagation tools based on film mode matching and eigenmode expansion respectively,

were used to model the device and investigate suitable design parameters. The mode-solver

allows the mode overlaps between the two regions to be calculated so that mode mismatch

can be evaluated. The eigenmode expansion method implemented by Fimmprop was used

to propagate the modes through the device and obtain its overall scattering matrix, from

which the absorption coefficients due to the detector layer were deduced. This approach

takes account of any reflections and mode mismatches at the interfaces to give an estimate

of the modal absorption coefficients, α, at the detector region.

Figure 7.4a shows the calculated absorption coefficient for the transverse electric field

(TE) and transverse magnetic field (TM) modes of the waveguide as the thickness of a

tungsten layer 25µm wide is increased. This calculated absorption coefficient includes

both the absorption in the tungsten TES and leakage from the propagating mode, as our

modelling does not discriminate between them. A clear peak in the absorption coefficient

for the TM mode is visible at around 45 nm thickness. Initially, the absorption coeffi-

cient increases, due to the increase in volume of absorbing material interacting with the

propagating field, but as the layer thickness increases beyond the skin depth of tungsten

and the field no longer penetrates through the layer, the guided mode begins to be pushed

away from the tungsten, and the total flow of energy into the tungsten starts to be reduced.

Figure 7.4b shows the overlap of the TE and TM modes in the detection region with
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those in the propagation region. The TM mode is affected more than the TE mode,

however even for a 100 nm thick tungsten layer, the overlap is still ∼ 0.98, clearly demon-

strating how little the spatial mode is perturbed by the presence of the detector.

The peak in absorption and lack of mode mismatch suggested that a 45 nm thick layer

of tungsten should be used. A thickness of 40 nm has previously been shown to work

for fibre coupled detectors in the geometry 25µm × 25µm × 40 nm [253]. This geometry

provided number resolution of tens of photons while still exhibiting an easily accessible

superconducting transition temperature. As this geometry is both known to work and is

close to the optimal thickness for maximum modal α, it was chosen for the initial tests

presented here. The intensity distribution of the TM mode in the propagation region is

shown in Figure 7.4c while the intensity distribution of the TM mode in the detection

region for a tungsten thickness of 40 nm is shown in Figure 7.4d. The similarity of these

distributions highlights the high overlap of the modes in the two regions. Only a slight

distortion in the vertical profile of the mode in the detection region can be seen along with

a small clustering of intensity just under the detector.

The reflection at the interface between the regions due to effective index mismatch

was found to be small, at only 0.01 % and 0.03 % for the TE and TM modes respectively.

Finally, the simulated modal α for 40 nm thickness of tungsten are 2.3 cm−1 and 54.6 cm−1

for the TE and TM modes. This gives a calculated total absorption for the geometry

25µm×25µm×40 nm of 13.2 % for the TM and 1.2 % for the TE mode, a ratio of 0.0909.
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Figure 7.4: Simulated mode parameters for a simple superconducting transition edge sensor
based evanescently coupled photon counting detector. a) The absorption coefficient, α, of both
the TE (blue) and TM (red) as a function of the thickness of the tungsten layer for a 25µm wide
detector. The maximum absorption coefficient for the TM mode occurs at around 45 nm. b) The
numerical overlap between TE (blue) and TM (red) modes at the point where the transition edge
sensor begins as a function of tungsten thickness. c) The simulated intensity distribution of the
TM mode in the region without the detector. d) The simulated intensity distribution of the TM
mode in the region with the detector for a 40 nm tungsten thickness. A slight distortion in the
vertical direction can be seen along with a small amount of intensity near the detector layer.
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Figure 7.5: Schematic of a sample fabricated in order to measure the modal alpha underneath
the tungsten, testing the validity of the predictions of the model. A 40 nm thick strip of tungsten
100µm long was fabricated across the centre of a 2 cm long sample with a waveguide in it. Four
Bragg reflectors were written into the waveguide at 2 mm intervals before and after the tungsten
strip with a 3 mm gap in between. The reflection spectra of the reflectors, labelled 1–8, were
centred at wavelengths of 1555, 1560, 1565, 1570, 1575, 1580, 1585, and 1595 nm respectively, with
no overlap.

7.5 Experimental testing

7.5.1 Model verification by absorption measurement

To test the validity of the predicted modal α, a sample, shown schematically in Figure 7.5,

was fabricated with a 100µm long, 40 nm thick strip of tungsten across the waveguide.

In addition, four weak Bragg reflectors were written at 2 mm intervals both before and

after the tungsten with a 3 mm gap in between. The position of these Bragg reflectors

was accurate to better than 1µm due to the accuracy of the Aerotech stages used in the

writing process. The central wavelength of each of these reflectors was separated by 5 nm,

providing a reflection at 1555, 1560, 1565, 1570, 1575, 1580, 1585, and 1590 nm. These

reflectors are labelled 1 to 8 respectively.

The presence of the weak Bragg reflectors in the waveguide allows the absorption of

the tungsten to be characterized in a way that is independent of both coupling efficiency
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Figure 7.6: Schematic of experimental scheme for characterizing the absorption of a waveguide
with a strip of tungsten above it. A single-mode fibre coupled amplified spontaneous emission
source (ASE) was connected by an FC-FC connector to fibre polarizer (FP) followed by a fibre
beamsplitter (FBS) with reflectivity of 1/2. One output of the fibre beamsplitter was terminated
to avoid reflections while the other was coupled into the waveguide chip (Sample) using a v-groove
assembly (VGA). Index matching oil was applied to the back face of the chip, to suppress unwanted
back reflections. Light reflected by Bragg reflectors in the waveguide was directed into an optical
spectrum analyser (OSA) for analysis.

and propagation loss. The approach is based on a previously demonstrated method [260],

which was employed for in situ characterization of propagation losses. A schematic of the

experimental apparatus used is shown in Figure 7.6. A fibre coupled amplified spontaneous

emission (ASE) source was used as it emits an approximately flat power spectrum across

a broad spectral range, enabling the reflections from all of the Bragg reflectors to be

collected simultaneously. The polarization of the ASE source was filtered using a fibre

polarizer before being connected to a polarization maintaining fibre beamsplitter with

reflectivity 1/2. One output of the fibre beamsplitter was terminated while the other was

connected, using an FC-FC connector, to a polarization maintaining v-groove assembly.

A three axis stage enabled the v-groove to be butt coupled to the chip with the addition

of index matching oil. An aspheric lens was used to image the output of the chip onto

a 1550 nm sensitive CCD camera which allowed coupling to be roughly optimized. Once

coupling had been roughly optimized, index matching oil was applied to the output face of

the device, suppressing back reflections at it. Reflections from the Bragg reflectors in the

waveguide propagated back through the fibre beamsplitter and were directed to an optical
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Figure 7.7: Reflected spectra for the a) TM mode, coupling in the forward direction. b) TM
mode, backward direction. c) TE mode, forward direction. d) TE mode, backward direction.

spectrum analyser for analysis. The coupling was further optimized by maximizing the

reflected signal.

Figure 7.7 shows the reflected spectra for the TE and TM modes when coupling first

in the forward direction and then in the backward direction. When coupling in the for-

ward direction, the four higher wavelength reflection peaks are clearly reduced in height

compared to the four lower wavelength peaks for the TM mode which is indicative of the

strong absorption of this mode in comparison with the TE mode. When coupling in the

backward direction the four lower wavelength peaks are reduced in height since only light

reflected from these Bragg reflectors had passed underneath the tungsten.
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In order to extract the propagation loss of the mode underneath the tungsten, αw,

the reflection spectra were analysed as follows. First, it is assumed that the spectrum,

I(ω), coupled into the chip in both directions was the same. It is also assumed that the

coupling efficiency in the forward direction, ξf , and the backward direction, ξb, as well

as the propagation loss in the waveguide not underneath the tungsten, α, are wavelength

independent. Finally, it is assumed that the reflectivity of the Bragg reflectors, ηi(ω),

is the same when coupling in each direction. This corresponds to the case here where

the reflector is weak. The length of the chip will be denoted as L and the length of the

tungsten as d. It is not assumed that the spectrum coupled into the device was uniform

and neither is it assumed that the coupling efficiency was the same in each direction.

The reflected spectra for each of the 8 Bragg gratings can be written as

I
(f)
i (ω) =


ξ2

f e
−2αxiηi(ω)I(ω) for i = [1, 4]

ξ2
f e
−2α(xi−d)−2αwdηi(ω)I(ω) for i = [5, 8]

, (7.1)

where I
(f)
i (ω) denotes the reflection spectrum from Bragg reflector i when coupling in

the forward direction. Similarly, the reflection spectra when coupling in the backward

direction, I
(b)
i (ω), can be written as

I
(b)
i (ω) =


ξ2

be
−2α(L−xi−d)−2αwdηi(ω)I(ω) for i = [1, 4]

ξ2
be
−2α(L−xi)ηi(ω)I(ω) for i = [5, 8]

. (7.2)

The reflection spectra can be integrated to give the total reflected intensities, I
(f)
i and I

(b)
i .
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Figure 7.8: Logarithm of the ratio of forward- and backward-coupling reflected intensities for
each Bragg grating with the theoretical fit. a) The TM mode. b) The TE mode. The error bars on
the data were derived from the 95% confidence intervals on the parameters of Gaussian fits to the
peaks in Figure 7.7. The graphs are plotted on axes of the same scale to highlight the difference
in the step size between the TM and TE modes.

The logarithm of the ratio Ri = I
(f)
i /I

(b)
i is then taken, giving

lnRi =


2 ln ξf

ξb
+ 2α(L− d) + 2αwd− 4αxi for i = [1, 4]

2 ln ξf
ξb

+ 2α(L+ d)− 2αwd− 4αxi for i = [5, 8]

. (7.3)

These two equations describe straight lines with the same gradient but different intercepts.

The gradient provides a coupling efficiency independent estimate of the propagation loss

in the waveguide, α, while the difference between the intercepts, 4(αw−α)d, allows αw to

be estimated.

Figure 7.8 shows the logarithm of the ratio of forwards and backwards intensities along

with the least squares fit to the data. The function used to fit is a straight line minus a

step function to ensure that the best gradient that fits all eight reflected intensities was

obtained. For the TE mode, α = 0.128±0.005cm−1 and αW = 2.8±0.5cm−1. For the TM

mode, α = 0.092 ± 0.015cm−1 and αW = 56.5 ± 1.6cm−1. These are in good agreement
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with the predicted values of 2.3 cm−1 and 54.6 cm−1.

7.5.2 Measurement of a weak coherent state and efficiency

characterization

In order to test the concept of the ECPCD, two TES detectors were fabricated, one

positioned directly over the waveguide, as shown in Figure 7.3, and one 800µm away from

it (not shown). The former was the main interest of the study, while the latter provided

a useful reference and allowed the effects of scattered light to be observed.

Figure 7.9 shows the experimental schematic for measuring weak coherent pulses of

light with the ECPCD and characterizing its detection efficiency. The device was pigtailed

with SMF-28 v-groove arrays at both input and output. This allowed the device to be

tested in both directions and the overall throughput to be measured with a bright beam.

A dilution refrigerator (DR) was used to cool the device down to ∼ 12 mK, far below its

transition temperature of ∼ 90 mK. Voltage biasing allowed the ECPCD to be positioned

in its superconducting transition region. A pulsed laser diode (driven with a pulse gener-

ator) produced coherent state pulses at a wavelength of 1550 nm with a temporal width

of 10 ns and a repetition rate of ∼ 35 kHz. The laser pulses were sent through an array

of two fibre attenuators (A), a polarization controller (PC), and an optical fibre switch

(S). The attenuators were calibrated before each measurement by individually measuring

the un-attenuated and attenuated average laser power for each of the two attenuator set-

tings [261]. Typically, the laser pulses were attenuated by approximately 60 dB to reach a

mean photon number 〈n〉 = 28.5±0.8 at the input fibre after the optical switch. The fibre

polarization controller was used to modify the input polarization to the waveguide chip to
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Figure 7.9: Experimental scheme. A 35 kHz pulsed laser at 1550 nm (Laser) delivers attenuated
(A) weak coherent state pulses to the waveguide device (Sample) which is situated inside a dilution
refrigerator (DR). The polarization of the input light could be modified via a fibre polarization
controller (PC). A fibre switch (S) allowed the laser pulses to be directed to a calibrated power
meter (PM) or to the device. Coupling to the device was achieved using SMF-28 (SMF) v-groove
assemblies (VGA). The waveguide device along with the TES was cooled to about 12 mK. The TES
is voltage biased and the electrical output is fed into a SQUID circuit (not shown). The SQUID
output was amplified at room temperature and the signal was measured with data acquisition
electronics.

allow the TE or TM mode behaviour to be observed. The switch allowed either the output

power to be directly measured with a calibrated power meter (PM) or the attenuated laser

pulses to be sent to the waveguide chip. The electrical output of the TES was fed into

a SQUID circuit and amplified with a × 100 amplifier outside the DR (not shown). This

signal was recorded with data-acquisition electronics and post-processed to determine the

pulse height of each of the individual photon traces [254,262].

By adjusting the input polarization of an unattenuated beam, a total device throughput

of 19.1±0.4 % (maximum) and 17.7±0.4 % (minimum) was measured. These corresponded

to launching into the chip with TE and TM modes, respectively. The total throughput

was also measured in the opposite direction and these agreed within experimental error, as

expected. The beam was then attenuated and the response of the ECPCD was recorded.

The raw output pulses of the central TES for a TM input mode are shown overlaid on top

of each other in Figure 7.10c, with a histogram of pulse heights shown in Figure 7.10a.

The inset shows the histogram of pulse heights for a TE input mode. The clear separation
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Figure 7.10: Experimental results. a) photon pulse height distribution for a measured coherent
state with 〈n〉 = 0.986 for the optimal TM polarization (ηdet = 7.2 %). The inset shows the photon
pulse-height distribution for the anti-optimal TE polarization. The measured mean photon number
was 0.086 (ηdet = 0.65 %). b) photon pulse height distribution for the TES not evanescently
coupled to the waveguide (〈n〉 = 1.03; ηdet = 0.0056 %). c) electrical TES output traces for
different numbers of photons in the weak laser pulse; the photon number resolving capability is
clearly visible. The TES recovery time is about 10µs due to its low transition temperature. Note
that this detector was optimized for its photon-number-resolving capability and the evanescent
coupling strength, not for its recovery time.

between pulse heights, as demonstrated by the clearly resolved peaks in the histogram,

shows the capability of this detector to resolve photon number and indicates that simple

thresholding electronics are sufficient to determine the absorbed photon number. The

measured mean photon number per pulse was 〈ndetected〉 = 0.986 ± 0.02 for a TM input

mode and 〈ndetected〉 = 0.086 ± 0.008 for a TE input mode. These were obtained by

adjusting the polarization control to maximize and minimize respectively the detected

average photon number.

In order to characterize the efficiency of the ECPCD, three measurements are necessary

for each input mode. First, the total throughput efficiency, ξtotal. Second and third,

the device efficiency including coupling and propagation losses, from after the optical

switch, measured in each direction. These are defined as the ratio of the average photon
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number detected by the ECPCD to the average photon number at the input fibre after the

optical switch, giving ξ
(1)
device and ξ

(2)
device. As previously mentioned, the first of these can be

measured using bright light and a calibrated power meter by first measuring the output

power from mode 1 of the optical switch and then switching it and measuring the power

transmitted all the way through the device. Since it is the efficiency after the optical

switch that is of interest, however, the differential losses between the output modes the

switch must be characterized. This is straightforwardly modelled by inserting a fictitious

beamsplitter in the output of the switch that would be connected to the device. The

transmissivity of this beamsplitter, ξswitch, was measured to be 0.917± 0.01 %. The total

throughput efficiency can then be written as

ξtotal = ξa(1− ηint)(1− ξTES)ξb, (7.4)

where ξa and ξb are the coupling and propagation efficiencies from the optical switch

to the TES and from the TES to the output respectively. ηint is the reflectivity of a

fictitious beamsplitter modelling any reflections which occur at the interface between the

propagation and detection regions in the device while ξTES is the efficiency of the TES

itself. This latter efficiency is defined as the probability that a photon which successfully

enters the detection region is detected.

There is a further efficiency term that enters into this measurement; a reflective loss

is incurred at the air-silica interface of the fibre tip when used with a free space power

meter. This reflection cannot be characterized in every situation and so the theoretical

value of ηfibre = 0.036 is used. In this measurement, however, it occurs when measuring
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both the input and output powers and hence cancels out when the ratio is taken. This is

not the case when measuring the average photon number detected by the TES as there is

no second air-silica interface. Hence, the input average photon number must be corrected

for both the switch efficiency and the air-silica reflection, giving

〈ninput〉 = 〈nmeasured〉
ξswitch

(1− ηfibre)
. (7.5)

The two remaining required measurements were then obtained by attenuating the input

state using the calibrated fibre attenuators and measuring the detected average photon

number when coupling in each direction. These measurements can be written as

ξ
(1)
device =

〈n(1)
detected〉
〈ninput〉

= ξa(1− ηint)ξTES,

ξ
(2)
device =

〈n(2)
detected〉
〈ninput〉

= ξb(1− ηint)ξTES. (7.6)

For the TM input mode these were measured to be ξ
(1)
device = 2.9 ± 0.2 % and ξ

(2)
device =

3.5± 0.2 %. For the TE input mode they were measured to be ξ
(1)
device = 0.26± 0.02 % and

ξ
(2)
device0.30± 0.02 %.

Equations 7.4 and 7.6 provide three equations for four unknowns, however, solving for

ξTES and taking the positive solution leads to the expression

ξTES =

√
K(K + 4)−K

2
, (7.7)

where

K =
ξ

(1)
deviceξ

(2)
device

ξtotal(1− ηint)
. (7.8)
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ηint ξa ξb ξTES

0.03 % 39.8± 4.4 % 47.9± 5.0 7.2± 0.4 %
1.00 % 40.0± 4.4 % 48.2± 5.0 7.3± 0.4 %

Table 7.1: Extracted fibre-pigtail-waveguide transmission ηA/B and TES detection efficiency
ηTES.

Although ηint cannot be measured experimentally, the theoretical prediction can be used

in its place. In order to see its effect on the final value of ηTES, two values were taken, the

theoretical prediction of 3× 10−4 and a much higher value of 1× 10−2. The values of ξa,

ξb, and ξTES that were obtained in each case are shown in Table 7.1. It is clear that the

absolute value ηint does not have a large effect on the efficiency values obtained.

Applying this method for measurements taken with TM and TE input modes yielded

an absolute detection efficiency of 7.2± 0.5 % and 0.65± 0.05 % respectively. In compar-

ison, the modelling discussed in Section 7.4 predicted an absorption of 13.2 % and 1.2 %

for this detector geometry. Although close, these do not agree within the experimental

uncertainty of the measurements. Further exploration of the model showed a relatively

weak dependence of the predicted absorption on the material parameters, suggesting that

uncertainty in them was not the source of the discrepancy. One possible explanation is the

fact that the model prediction does not discriminate between absorption into the tungsten

TES and possible leakage of light from the waveguide structure, while the measurement

provides only the absorption in the TES. A second possible explanation is that fibre-splice

losses in the system contribute to a measured detection efficiency a few percent lower than

predicted [261]. Even though the absolute values for the estimated absorption are higher

than the measured detection efficiencies, the predicted ratio of the absorption of the TE

to the TM mode of 0.909 is in very good agreement with the experimental result of 0.913.
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Figure 7.10(b) shows a pulse-peak histogram for the reference detector after the input

mean photon number was increased by ∼32 dB and the input polarization was adjusted

to obtain the maximum detected mean photon number. This was 1.03± 0.02, implying a

detection efficiency of 0.0056 %, which is expected for a detector that measures only the

scattered photon contribution. From the scattered light signal it can be estimated that this

contribution to the central TES detection signal is ∼ 8× 10−4 per pulse. The main peaks

corresponding to direct photon number absorption are still present, however, there are

also intermediate pulse heights that contribute to an exponential tail on what is usually a

gaussian peak. These intermediate pulse heights could be caused by a parasitic absorption

of photons in the silica itself. An absorbed photon will create a cloud of hot electrons that

couple to the silica phonon system. A part of this heat diffuses into the tungsten, causing a

partial warm-up [263]. The effect is less pronounced in the central TES, as the vast majority

of the photon absorption is due to evanescent coupling into the tungsten directly. As well

as this, a very small peak at half the photon energy was observed. This could be a possible

indication of photon absorption in the niobium wiring [263]. These effects are expected to

be suppressed in more optimized detector geometries with higher efficiency.

7.6 Geometry optimization

The experiments described above are a proof of principle demonstration of the ECPCD

concept. In reality, however, the detection efficiency is significantly lower than that which

has been demonstrated using standard normal-incidence TES technology. In order to be

a viable technology, there must be a route towards improving the efficiency of TES-based

ECPCD devices.
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As previously discussed, the detection mechanism for TESs ensures that the heat capa-

city of the device, and hence its total volume, is a critical parameter. Here, the potential

absorption achievable for a range of simple geometries is explored. Figure 7.11 shows

nine plots, each of which models the absorption achievable for a device of fixed thickness

but different lengths and widths using its TM mode. An estimate of the absorption is

obtained by finding the α of the fundamental TM mode supported by the geometry. This

was done using the Fimmprop mode solver. The fractional absorption is then e−αz, where

z is the length of the device. Although this estimate does not include any reflections at

the interface between the propagation and detection regions, the modelling performed in

Section 7.4 suggests that this is a small effect.

In each case, the geometry is cuboid in shape and the colour indicates the expected

absorption while the contours show the volume of the detector normalized to the volume

used for the detector fabricated and tested in the work described in the previous section.

Tungsten thicknesses of 5, 10, 15, 20, 25, 30, 40, 50, and 60 nm were modelled and cor-

respond with figures a) to i) respectively. As expected, the fraction of power that can

be absorbed in a single detector increases with the volume of that detector, however, it

is much more sensitive to length than width, due to the exponential dependence of the

absorption on propagation distance. Hence, for a fixed volume, as given by the contours,

a longer and narrower device always outperforms a shorter and wider one. Unfortunately,

increasing the length of the device is not trivial. Primarily, it is more difficult to keep

an extended device in thermal equilibrium along its length, something which is critical to

the operation of the TES. This issue could potentially be circumvented by constructing

a multi-absorber ‘segmented’ detector, however, reading out multiple TESs in parallel is
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also not straightforward. Despite these issues, this model indicates that with a five times

increase in detector volume, absorption in the region of 80% is possible in a single pass.

In this chapter, the concept of an evanescently coupled photon-counting detector has

been realised and its operational feasibility has been demonstrated by constructing a

waveguide-based transition edge sensor, the first implementation of an on-chip, intrins-

ically photon number-resolving-detector. A clear and realistic route to high-efficiency

detection using this scheme has been shown by engineering the aspect ratio of the de-

tector. This wholly integrated solution for detection will be a key component of high

efficiency integrated devices functioning in the quantum regime.
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Figure 7.11: Estimated total absorption of the TM mode for different detector geometries. The
thickness of the detector is constant for each scan while the width and length of the detector is
varied. Colour represents the fraction of power absorbed for a detector of the indicated dimension.
The contours indicate the volume of the detector normalized to a volume of 625µm2 × 40 nm, as
used for the experiments described in the previous section. a) to i) correspond to tungsten layer
thicknesses of 5, 10, 15, 20, 25, 30, 40, 50, and 60 nm respectively.



Chapter 8
Conclusion

Quantum optics has been a hugely productive area over recent decades. It has enabled

relatively simple, experimentally speaking, tests of the foundations of quantum mechanics

as well as proof of principle demonstrations of quantum-enhanced technologies. This

is because it does not, in general, require large amounts of laboratory space, cryogenic

facilities, or complex trapping and cooling apparatus. Photons do not interact strongly

with their environment and so do not suffer from the same issues of decoherence as trapped

ions, atoms, and solid state systems. Two issues do impact photonic systems, however.

First, they suffer from loss. Second, up until recently, quantum optics was performed

using bulk optics and free space propagation. This meant that large systems of modes was

impractical due to space and stability constraints.

The work in this thesis discusses and experimentally demonstrates the importance of

considering loss in comparing classical and quantum technologies. It also demonstrates the

ability of an integrated approach to provide the necessary control, stability, and complexity

in manipulation, as well as efficiency and photon-number-resolution in detection for larger

203
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scale quantum metrology and quantum information processing tasks.

8.1 Summary

Chapter 1 introduced the problem of precision measurement. The theoretical tools used

in assessing the precision with which a physical parameter can be estimated were intro-

duced including Fisher information and the Cramér-Rao bound. Methods of comparing

quantum and classical approaches to precision measurement were introduced, including

commonly used limits and concepts such as the standard quantum limit, the standard

interferometric limit, super-resolution, and super-sensitivity. A discussion of the effect of

neglecting system inefficiencies in the quantum-classical comparison followed, including a

discussion of the fragility of the well-studied N00N state. A more robust class of states, the

Holland-Burnett or twin-Fock states was introduced and the effect of transmission, prepar-

ation, and detection inefficiencies as well as beamsplitter imperfections was theoretically

investigated. The results showed the existence of a region of the transmission, prepar-

ation, and detection efficiencies for which a quantum device employing Holland-Burnett

states can out-perform its classical counterpart in precision measurement. While these

loss thresholds are stringent, and have not yet been attained by any group experimentally,

there is a realistic hope of meeting them in the medium term.

The second chapter outlined a source of heralded Holland-Burnett states that, in prin-

ciple, is capable of heralding high photon number states with high fidelity. It was based

on heralded pure state generation in two parametric downconverters. These states used

polarization as the two modes of the interferometer and the experimental methods of

polarization interferometry were introduced. The quality of heralded single photons was
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tested by means of polarization Hong-Ou-Mandel interference after which heralded but

post-selected quantum interference fringes corresponding to Holland-Burnett state gener-

ation were observed. The concept of state tomography was introduced and a novel method

for reconstructing the heralded Holland-Burnett state including all photon number sub-

spaces, in contrast to a single photon number subspace, was presented. The heralded

state was then characterized using this method and its density matrix was presented. The

reconstructed density matrix was evaluated for precision measurement by applying several

of the analyses outlined in Chapter 1. This resulted in a clear demonstration that ignoring

system inefficiencies drastically over-estimates the utility of a state and can lead to the

conclusion that a system out-performs its classical counterpart when, in reality, it does

not.

Demonstrating the manipulation capabilities of an integrated approach to quantum-

enhanced precision measurement formed the basis of Chapter 3. First, the direct UV

written silica on silicon platform was introduced including a discussion of the way that

beamsplitters and phase shifters are produced using this technology. Second, the integ-

rated Mach-Zehnder interferometer was introduced and the concept of a Mach-Zehnder

interferometer acting as a single, programmable beamsplitter was described. The effect-

ive reflectivity of the Mach-Zehnder interferometer was tuned to be nominally 1/2 and

Hong-Ou-Mandel interference was observed at it using a single parametric downconver-

sion source. Finally, in analogy with Chapter 2, post-selected quantum interference fringes

consistent with two-photon Holland-Burnett state generation were observed. These ex-

periments demonstrate the ability of the direct UV written silica on silicon integrated

platform to support and manipulate quantum interference effects.
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Chapter 4, the first of Part II of this thesis, introduced the concept of quantum in-

formation processing including a basic overview of the qubit and the efficiency gains that

can be achieved using quantum algorithms that have been developed. The concept of

quantum error correction was also introduced. Quantum information processing as ap-

plied to photonics was then discussed including an overview of the linear optics quantum

computation scheme devised by Knill, Laflamme, and Milburn as well as one-way quantum

computation using cluster states. The robustness of linear optical circuits based on Mach-

Zehnder interferometers was then discussed and a simple scheme to produce programmable

beamsplitters which can be tuned from a reflectivity of 0 to 1 based on the fabrication of

nominally 1/2 reflectivity beamsplitters and phase shifters was outlined.

Methods of characterizing the individual elements of a complex linear optical circuit

were presented in the first half of Chapter 5 as a route to model-driven circuit behaviour

characterization. First, the problem of characterizing beamsplitter reflectivities and calib-

rating phase shifters was reduced to the same problem of reflectivity estimation. Second,

a naive method of reflectivity estimation was presented followed by a method that is inde-

pendent of coupling and propagation efficiencies. Third, the applicability of this technique

was extended by utilizing a camera to observe light scattered in the transverse direction

from the outputs of a particular beamsplitter. The three methods were compared by

characterizing the effective reflectivity of a Mach-Zehnder interferometer. In the second

half of this chapter, a method for simulating the behaviour of linear optical circuits with

input states that consist of products of Fock state superpositons at each mode was presen-

ted. Opportunities for computational speed-up based on sparse matrix operations and

parallelisation were identified.
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In Chapter 6, integrated optics was used to increase complexity towards a level that is

practically difficult to achieve using bulk optics and free space propagation. An integrated,

linear optical device consisting of eight spatial modes, twelve beamsplitters, and five phase

shifters forming five Mach-Zehnder interferometers of which three were interlinked was

presented. Its operation on three photons to implement a post-selected cluster state single

qubit X rotation or a teleportation in the coincidence basis was described. The device

was characterized using the techniques described in Chapter 5 and it was found that

there were significant deviations of the circuit elements away from their intended design.

Nevertheless, two-photon interference effects were observed at the output of the device for

each of three input combinations when the relative arrival time of the photons was scanned

through zero delay. The visibility of this interference was found to be beyond what could

be explained classically. Fitting a theoretical model to the observed interference allowed

the three inputs to be accurately temporally overlapped. Subsequently, all three input

photons, generated from two parametric downconversion sources, were launched into the

device and the relative arrival time of one of the photons was scanned through zero delay.

This time, three-photon interference effects were observed in the output and their visibility

was found to be beyond that which can be explained classically. Moreover, the circuit

characterization suggests that genuine tripartite entanglement was created from the three

initially separable photons. The extremely low data rates and the robustness of the phase

shifters over the resulting experimental duration meant that it was not possible to operate

the device in its originally intended form to show either teleportation or a cluster state

single qubit X rotation, however, the key barriers were identified and routes to overcoming

them were discussed.
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The penultimate chapter of this thesis contained the proposal of a novel integrated de-

tector design, the evanescently coupled photon counting detector, and a proof of principle

demonstration of its operation in the telecommunications band. First, superconducting

transition edge sensors were introduced and briefly contrasted with other single-photon

sensitive detectors. Then, the concept of an evanescently coupled photon counting de-

tector was introduced including a qualitative discussion of its characteristics and their

importance. The structure of the device was then described and its behaviour was mod-

elled using a commercially available modelling suite. The predictions of the model were

tested first by measuring the absorption coefficient of a mode propagating underneath

a tungsten layer. This measurement was performed using a novel ratiometric technique

based on Bragg reflectors making it coupling efficiency and propagation loss independent.

The measurement and the prediction were found to agree. Next, a full proof of principle

device was fabricated and tested by measuring the photon number statistics of a weak

coherent state. By measuring the total throughput of the device as well as the photon

number statistics with the weak coherent state propagating each way through the device,

a coupling and propagation loss-free estimate of the device efficiency was obtained. This

was less than the efficiency predicted by the model and reasons for the discrepancy were

discussed. Finally, routes towards increasing the efficiency of the device through geometry

optimization were discussed and modelled. It was found that there is a feasible route

towards high efficiency devices, paving the way for further developments to use this newly

demonstrated technology in quantum information processing or precision measurement

applications.
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8.2 Outlook

8.2.1 Femtosecond writing in bulk silica

For the three experiments presented in this thesis in which an integrated device is used,

the platform is the same, namely direct UV written silica-on-silicon. This demonstrates

the capability of this platform to support quantum phenomena, however, it is by no

means the only integrated platform which is capable of such experiments. Its major

advantages include: relatively low propagation loss at telecommunications wavelengths

(∼0.2 dB cm−1), although this is still high compared to the best fibres; the ability to write

Bragg reflectors without introducing additional losses to the waveguide; an extremely flat

surface which makes it compatible with tungsten transition edge sensors. There are also

significant downsides: no χ(2) non-linearity, preventing both electro-optic phase shifting

and parametric downconversion; a maximum theoretical coupling to SMF-28 of 87%, as

modelled using Fimmwave; an intrinsically planar structure which is incompatible with

writing three-dimensional structures.

Recent experiments not reported in this thesis have centred around fabrication of

devices in bulk silica using an infrared pulsed laser system with 100 fs duration [131,264].

Devices have been fabricated using a writing system based around an adaptive optical

element, a phase only spatial light modulator, leading to straight waveguides with pub-

lished coupling efficiencies to single mode fibre of up to 95% and propagation losses lower

than 0.4 dB cm−1 [265]. More recent results have reached 98% and 0.2 dB cm−1. As well

as this, the adaptability of the spatial light modulator enables Bragg structures to be

fabricated as well as waveguides with a profile that varies along their length. The second
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benefit of such a system is that it can be used to dynamically correct for aberration effects

that occur as a result of focussing deep into a block of silica, something that is critical

for large three dimensional structures. The flexibility and mode-matching capabilities

already demonstrated by this platform make it a promising technology, despite the lack

of an electro-optic coefficient.

8.2.2 Further work

Although the first steps have been taken for integrated quantum optics, there is an enorm-

ous amount still to be done. Continuing directly from the work presented here, it seems

that loss is the single biggest barrier for photonic quantum-enhanced technologies to be-

come viable. In the short to medium term, significant work is required to decrease the

losses experienced at all stages of photonic experiments.

Specific sources of single photons have not been discussed in detail in this thesis, how-

ever, the preparation of high purity single photons with high heralding efficiencies must

perhaps be the highest priority since heralding efficiencies of 20% for sources based on para-

metric downconversion are not uncommon. At this level, it is the single largest contributor

to inefficiency. Significant progress has been made in this area, for example, using four-

wave mixing in standard birefringent fibre [78]. In this experiment, an extremely impressive

heralding efficiency of 85% was observed. Due to fluctuations in the material parameters

of standard birefringent fibre, however, constructing two sources which interfere with high

visibility is not trivial. It is intended to use the femtosecond writing techniques described

above to develop heralded photon sources that are well mode-matched to both single mode

fibre and other waveguide devices. The ability to write multiple waveguides with the cor-
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rect birefringence will be a critical step towards fabricating multiple sources in a single

device which produce single photons that interfere with high visibility. Initial experiments

are promising, however. Waveguides have been produced with the correct birefringence

and four-wave mixing has been observed.

In manipulation, the largest source of loss is at the interfaces of the device. As seen

in Chapter 6, the difficulty of coupling multiple spatial modes at the same time led to

data acquisition times on the order of 10 days. Again, the femtosecond writing system

has the potential to alleviate this issue. The ability to shape and adiabatically alter

the transverse profile of the waveguides and to write in three dimensions provides the

possibility of fabricating high efficiency optical interconnects between, for example, a v-

groove assembly and a waveguide chip. High efficiency optical interconnects between

multiple material platforms would have a wider impact as they would enable a modular

approach to constructing photonic information processing platforms. In such a scheme,

the best platform is used and optimized for each individual task and then the interfaces

between the platforms are optimized.

Finally, following on from the work presented on integrated detection schemes, it is

clear that a second generation of devices must demonstrate significantly higher efficiencies.

Work already being undertaken is investigating more complex geometries than the ones

modelled in Chapter 7. It is anticipated that detection efficiencies of greater than 50%

will be achieved. Once detection efficiencies of this level are obtained, work will have to

be undertaken to improve the efficiency of coupling onto the device since that will then be

the dominant source of loss. Pushing the detection efficiency further will have implications

for other experiments. For example, a fully integrated implementation of an entanglement
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distillation scheme may be possible. Low loss and high detection efficiency is a critical

part of this scheme since high fidelity vacuum detection is necessary [266].

8.2.3 Future challenges

If loss is the most imminent hurdle to be crossed for photonic technologies, what are

the longer term challenges? The simple answer is more photons in more modes. The

difficulties in realising this goal lie in the nature of photon generation and manipulation.

Many of the component elements of photonic systems are probabilistic and those which

do show the promise of being deterministic, such as photon sources based on quantum

dots, currently operate with low efficiency. Even when high efficiency heralded elements

are used, the question of when they will succeed still has no answer. In order to realise

a scalable source of states of large photon number or many probabilistic operations, it is

therefore necessary to synchronise probabilistic events. The device required to do this is

a quantum memory [147,267]. As with sources, manipulation, and detection, the quantum

memories must operate with high efficiency and fidelity in order to be practically useful.

Much progress has been made in the development of quantum memories both in ef-

ficiency [268] and fidelity [269]. The next stage will be to further develop memories that

are compatible with integrated photonic devices [270,271] and can be used to synchron-

ise multiple probabilistic events with high efficiency. At that stage, all of the necessary

elements for demonstrating fully fledged quantum enhanced technologies will have been

demonstrated.
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