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Abstract

This study presents a mathematical model that describes the unsteady interstitial
fluid percolation through a solid tumour and its surrounding healthy tissue, as
well as the deformation of the cellular phase of the solid tumour and healthy tis-
sue. The tumour and its healthy host are assumed to be connected via a smooth,
fixed interface. Each of these tissue regions comprises interstitial fluid and solid
constituents (i.e., tumour cells and extracellular matrix). The general mixture
theory equations are adopted to represent conservation of mass and momentum
in each tissue region. The fluid phase is modelled as an incompressible Newto-
nian fluid, and the solid phase as an isotropic deformable porous material. The
governing equations are of mixed parabolic-hyperbolic type. We assume continu-
ity of the interface fluid velocity (IFV), the solid-phase displacement (SPD), and
the normal stress at the host-tumour interface, along with the Beavers-Joseph-
Saffman condition. We establish well-posedness in a weak sense for the unsteady
governing system using a Galerkin method and weak convergence. We then focus
on calculating the system energy using the velocity fields of the fluid and solid
components of the tumour and its host. The energy estimates in the context of
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well-posedness yield the maximum system energy (MASE), and the minimum
system energy is computed from the definitions of the L2 and H1 norms using
the 1D solution of the governing equations. The system energy assists in ranking
the viability of five types of tumours associated with five distinct carcinomas.

Keywords: Biphasic mixture theory, Weak formulation, Semi-discrete Galerkin
method, System energies, Well-posedness

MSC Classification: 76Txx , 76Zxx , 35Q74 , 35D30 , 35C10

1 Introduction

Understanding how interstitial fluid (IF) flow and solid deformation in porous mate-
rials are coupled is a classical problem in geomechanics and soft tissue mechanics
[1, 2, 5]. Several recent studies have used the theory of mixtures to study dynamic
transport processes associated with interstitial fluid percolation and the solid phase
(cells, Extracellular Matrix (ECM), etc.) deformation inside solid tumours [3–6, 11].
In this study, we focus on the mathematical modelling and analysis of the coupled
problem of interstitial fluid flow and deformation of cell populations and the extra-
cellular matrix (ECM) in the context of solid tumours.

The internal structure of tumours is complex and becomes a critical character of
the type of tumour and its impact. Typically, living, functioning cancer cells within
a tumour that are capable of metabolizing, proliferating, and potentially spreading
indicate the viability of a tumour. Hence, any estimates of these internal activities
would provide useful insights, reduce the number of animal experiments, and identify
new experimental programs and improved treatment strategies [12]. To achieve this
goal, we model tumour dynamics using mixture-theory-based governing equations,
where the interstitial fluid flow constitutes one phase and the solid tissue the other.

There is extensive literature focused on using multiphase mixture theory to model
tumour dynamics [6, 13–16]. Within this framework, variations in the density of
the constituent phases may be explained. The impact of phase interactions on the
mechanical stresses that develop within biological tissues can be investigated [16].
In brief, there are two main types of continuum models based on mixture theory
in the context of tumour biology. One approach focuses on situations where the
tumour cell volume density evolves and the time scale of interest is long. On this
timescale, the tumour constituents can be described as a fluid [14, 17, 18]. The second
approach focuses on interstitial hydrodynamics, the transport of blood-borne solutes
(e.g., nutrients and drug molecules) and their metabolism inside a tumour [5, 6, 19].
These processes typically act on short timescales (on the order of seconds). The cell
population (CP) and the extracellular matrix (ECM) respond to hydrodynamic drag
as an elastic material on short timescales. Therefore, the CP and ECM, together
or separately, can be viewed as solid continua, whereas the interstitial fluid (IF) is
viewed as a fluid continuum. The description above is similar to that of a deformable
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porous material at the macroscopic scale. In this context, when studying interstitial
fluid flow and the transport of blood-borne solutes in vivo, it is natural to view the
tumour and healthy tissue as two distinct deformable porous media. Dey et. al. [6]
studied transvascular and interstitial fluid transport inside a solid tumour surrounded
by healthy tissue. They employed a linearised biphasic mixture theory to describe the
steady poroelastohydrodynamics (interstitial hydrodynamics and the deformation of
tissue material) inside both tissue regions. The interstitial permeability is found to
vary widely in healthy tissue. As a result, the interstitial fluid can give rise to signifi-
cant viscous shearing inside the healthy tissue. Other researchers have used Darcy’s
equation (which neglects viscous shearing) to describe interstitial fluid flow inside a
solid tumour [17, 19, 20]. One can couple a linear elasticity model with an equation of
momentum balance for fluid [19] to describe the deformation of the solid phase inside
the tumour. As a result, the two momentum balance equations, one for fluid phase
and one for solid phase, yield a system analogous to Biot’s classical poroelasticity
model [5].

The existence and uniqueness of steady-state solutions to Darcy-type models of
deformable porous media ere studied in [21], and the time-dependent problem is
considered in [22]. Weak solutions to time-dependent models coupling Stokes flow
and linear elasticity are discussed in [23]. Further, the Navier-Stokes/Biot system is
investigated numerically in [24, 25]. The existence and uniqueness of weak solutions
to the coupled Navier-Stokes equations with poroelasticity (Biot’s) terms are devel-
oped in [26] via a semi-discrete Galerkin method. We note that the literature on the
existence and uniqueness of solutions for biphasic mixture models in the context of
tumours is limited. Alam et al. [3, 4] develop well-posedness, some regularity results
in 2D and 3D, and some closed-form solutions corresponding to a linear poroe-
lastohydrodynamic model of fluid flow in an isolated (in-vitro) solid tumour (1D
radially symmetric model). In separate studies, Alam et al. [27, 28] use a nonlinear
poroelastohydrodynamics model to describe in-vivo and in-vitro fluid flow in solid
tumours. The nonlinearities arose from the deformation-dependent hydraulic resis-
tivity. By applying fixed-point theorems and the Galerkin method, they established
well-posedness results in the weak sense.

This study considers a solid tumour within a healthy tissue (see Fig. 1). We are inter-
ested in unsteady poroelastohydrodynamics inside the solid tumour and surrounding
host tissue. We note that in many mathematical models, tumour growth induces move-
ment of the interface between the tumour and the surrounding tissue. However, in
this study, we assume the interface is fixed. In practice, the fluids and blood-borne
solutes from the tumour and host tissue are exchanged across the tumour-host inter-
face. In the first part of this article (sections 2–3), we establish results regarding the
existence, uniqueness, and continuous dependence in a weak sense of a poroelastohy-
drodynamic model of a tumour that mimics in-vivo conditions. In Sections 4-7, we
construct a closed-form solution for simplified, 1D Cartesian geometry. We use this
explicit solution to calculate the stress at the tumour-host interface and the system
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energy of the solid tumour. This serves as a tool for characterizing tumour viabil-
ity. The system energy depends on the velocity of interstitial fluid percolation and
the movement of the cells within the tumour. Hence, variation in the system energy
predicts an individual’s contribution to the viability of a tumour [3, 4]. We start our
analysis by introducing biphasic mixture theory.

2 Problem Definition

We suppose that Ω ⊂ Rd (d = 2, 3), denotes a bounded Lipschitz domain with two
disjoint components Ω1 and Ω2 such that Ω2 represents a tumour which is surrounded
by normal tissue Ω1. We denote by ∂Ω the boundary of Ω, and ∂Ωi, i ∈ {1, 2} the
boundary of Ωi. We let ΓI = ∂Ω1 ∩ ∂Ω2 be the common interface between Ω1 and
Ω2 and let Γ1 = ∂Ω1\ΓI , and Γ2 = ∂Ω2\ΓI , respectively denote the boundary of the

tumour and healthy tissue excluding the interface ΓI . We denote by Vf
i and Vs

i (for
i ∈ {1, 2}) the velocities of the extracellular fluid and solid constituents (cells and
extracellular matrix) of Ωi, respectively. The apparent densities and volume fractions

of the fluid and solid phases are denoted by ρ̃fi and ρ̃si , and φf
i and φs

i respectively.
The mass balance equations for the healthy host tissue region (Ω1) are:

∂

∂t
(ρ̃fi φ

f
i ) +∇ ·

[
(ρ̃fi φ

f
i )V

f
i

]
= ρ̃fi S

f
i , (1)

∂

∂t
(ρ̃si φ

s
i ) +∇ · [(ρ̃si φs

i )V
s
i ] = ρ̃si S

s
i , (2)

i ∈ {1, 2}. Here, Sf
i and Ss

i denote the corresponding source terms for the fluid and

solid phase, respectively. Typically, the fluid source Sf
i (x, t) is assumed to be driven

by the average transmural pressure so that [5, 19],

Sf
i = −

{
Lbv

(
Abv

V

)
+ Llv

(
Alv

V

)}
i

(Pi − PFi
), i ∈ {1, 2}, (3)

where Lbv and Llv are the wall conductivities of the blood and lymph vessels, respec-
tively. The ratios Abv/V and Alv/V represent the surface areas per unit volume of
vessels for the exchange of solute/fluid across the walls of the blood and lymph ves-
sels, respectively. The first term in the second bracket of Equation (3) represents the
distributed solute source through the blood vessels. The second term corresponds to
the drainage of solutes from the interstitial space through the lymphatic vessels. PFi

is
the weighted vascular pressure within the ith region (for more details, see [5], [6]). For
simplcity, we assume constant pressure PFi

= PF for i ∈ {1, 2}. Further, the volume

fractions φf
i and φs

i satisfy the following saturation assumption

φf
i + φs

i = 1, for i ∈ {1, 2} (4)

The fluid momentum balance equations can be written as follows
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Fig. 1: Geometry of the problem

ρji

(
∂Vj

i

∂t
+ (Vj

i · ∇)Vj
i

)
= ∇ ·Tj

i + bj
i +Πj

i, for j ∈ {f, s}, i ∈ {1, 2}, (5)

where Tj
i denotes the stress tensor for the jth phase in the ith tissue sub-domain.

Similarly, we denote by bj
i any body force acting on phase j in region i. We suppose

further that there is a drag force Πj
i between the fluid and solid phases due to their

relative motion, and that −Πs
i = Πf

i by Newton’s third law. We suppose that the

constitutive relations for the stress tensor Tj
i and drag force Πj

i are given by [5, 6, 13,
14],

Tf
i = −(φf

i )PiI+ λf (∇ ·Vf
i )I + µf

(
∇Vf

i + (∇Vf
i )

tr
)
, (6)

Ts
i = − [(φs

i Pi) + Ξs
i (φ

s
i ) + χs

i (φ
s
i )(∇ ·Us

i )] I+ µs
i

(
φs
i )(∇Us

i + (∇Us
i )

tr
)
, (7)

−Πs
i = Πf

i = Ki

(
Vs

i −Vf
i

)
− (∇φs

i )Pi, (8)

where tr denotes the transpose of a matrix andKi = µfk−1
i denotes the drag coefficient

(hydraulic conductivity) which accounts for deformation of the solid phase of the
porous medium. We denote by ki and P i the permeability and hydrodynamic pressure
of the ith tissue region. The constants λf and µf are the first and second coefficients
of the dynamic viscosity of the interstitial fluid. The constants χs

i and µs
i denote the

Lame coefficient and shear modulus, respectively, of the solid phase. We denote by Ξs
i

cell-cell interactions [6] and by Us
i and Vs

i = ∂Us
i /∂t the displacement and velocity

of the solid phase. The elastic moduli χs
i and µs

i can be expressed in terms of the
Young’s modulus (Ys

i ) and Poisson ratio (νsi ) as

χs
i =

νsi Ys
i

(1 + νsi )(1− 2νsi )
, µs

i =
Ys
i

2(1 + νsi )
.

We define the deformation and rate of deformation tensors Ds and Df as follows:

Ds(Us) =
1

2

(
∇Us + (∇Us)tr

)
, Df (Vf ) =

1

2

(
∇Vf + (∇Vf )tr

)
.
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It is common in the literature to assume that ki is isotropic and constant [14, 19, 20].
However, the supply of fluids and macromolecules within a tumour can be highly
heterogeneous due to the non-uniform distribution of blood and lymph vessels. Con-
sequently, the physiological transport parameters (e.g., hydraulic conductivity or
permeability) should depend on space and deformation [8, 29]. Also, some biological
tissues exhibit anisotropic permeability [30]. For example, articular cartilage is known
to be anisotropic [31]. In the present work, we assume that the hydraulic conductivity
Ki is an anisotropic matrix.

2.1 Assumptions on the present model

• In general, tumour growth depends on the percolation of interstitial fluid (containing
nutrients) from the interstitial space to the tumour cells. Within a solid tumour,
the permeability and elastic parameters (e.g., Ξs

i , χ
s
i and µs

i .) may depend on the
solid volume fraction [6, 14], which may vary with spatial position and time. It is
difficult to analyse tumour growth and fluid transport simultaneously. Therefore,
in this section, we specialise our model to describe fluid transport within a fixed-
size solid tumour surrounded by healthy tissue. Under this assumption, all elastic
parameters can be viewed as positive constants.

• Perfusion and percolation of fluid containing nutrients occur on much shorter
timescales than the timescale for tumour cell growth. Accordingly, we view the
tumour as a static perfused domain. On the short timescale associated with fluid
percolation within the tumour, cell death and proliferation are negligible. Therefore,
we fix Ss

i = 0 in the tumour and normal tissue regions. Further on the timescale of
interest, the volume fraction φs

i of the solid phase remains constant in both regions.
For simplicity, we assume that φs

i is independent of both spatial position and time.
Also, in the absence of cell growth, cell-cell interactions can be ignored so that
Ξs
i = 0 [5, 6].

• Cell movement and interstitial fluid flow are slow so that inertial terms can be
neglected in the momentum balance equations for both phases [14, 32].

Under the above assumptions, Equations (1)-(8) reduce to the following system of

equations for (Vf
1 , P1,U

s
1) in Ω1 × (0, T ) :

(M1a)



ρf
∂Vf

1

∂t −∇ · [2µfDf (Vf
1 ) + (λf∇ ·Vf

1 − φf
1P1)I] +K1(V

f
1 −Vs

1) = bf
1 ,

ρs1
∂Vs

1

∂t −∇ · [2µs
1Ds(Us

1) + (χs
1∇ ·Us

1 − φs
1P1)I]−K1(V

f
1 −Vs

1) = bs
1,

∇ ·
(
φf
1V

f
1 + φs

1V
s
1

)
− Lbv

(
Abv

V

)
1
{1 + (LlvAlv)/(LbvAbv)1} (P1 − PF ) = 0,
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and for (Vf
2 , P2,U

s
2) in Ω2 × (0, T ) :

(M1b)


ρf

∂Vf
2

∂t +∇ ·
(
φf
2P2I

)
+K2

(
Vf

2 −Vs
2

)
= bf

2 ,

ρs2
∂Vs

2

∂t −∇ · (2µs
2Ds(Us

2) + (χs
2∇ ·Us

2 − φs
2P2) I)−K2

(
Vf

2 −Vs
2

)
= bs

2,

∇ · (φf
2V

f
2 + φs

2V
s
2)− Lbv

(
Abv

V

)
2
{1 + (LlvAlv)/(LbvAbv)2} (P2 − PF ) = 0,

We assume 0 < T < Tmax < ∞ so that the upper bound for time Tmax is finite. To
close the above equations, we must impose suitable initial, boundary, and interface
conditions. We assume an interface separates the Brinkman-Darcy porous media.
Guided by the literature [33, 34], we impose the following conditions on the interface
ΓI that separates Ω1 and Ω2.

Interface Conditions:
Vf

1 · n1 +Vf
2 · n2 = 0, (9a)

−β
(
n1.T

f
1 · t

)
= Vf

1 · t, (9b)

−
(
n1 ·Tf

1 · n1

)
= φf

2P2, (9c)

Us
1 = Us

2, (9d)

Ts
1 · n1 +Ts

2 · n2 = 0, (9e)

where n1, n2 denote the outward unit normal vectors of Ω1 and Ω2, respectively,
and nI is the unit normal vector on the interface Γ1, pointing from Ω1 to Ω2. Hence
nI = n1|ΓI

= −n2|ΓI
. The unit vector t lies on the tangent plane to ΓI . Equation (9a)

ensures continuity of the normal component of the fluid phase velocity, and Equation
(9b) is the Beavers-Joseph-Saffman slip condition for the tangential component of

the fluid phase velocity. In Equation (9b), β = 1/
(
sc
√

µfK0

)
, where sc is the slip

coefficient, K0 is the constant hydraulic resistivity at the interface ΓI so that 1/β
denotes the resistance in the tangential direction. Equation (9c) ensures that the
normal component of the stress in the fluid phases is continuous across the interface
ΓI . Equations (9d) and (9e) guarantee continuity of the displacement of the solid
phase and the normal component of stress in the solid phase.

Boundary conditions:We assume that there is no displacement of the solid phase on
the domain boundaries and that the healthy tissue is subject to an externally applied
normal stress Tf

∞, so that

Tf
1 · n1 = Tf

∞, Us
1 = 0 on Γ1 × (0, T ), Us

2 = 0, Vf
2 · n2 = 0 on Γ2 × (0, T ). (10)

Initial conditions: We suppose that initially the velocity and displacement are
identically zero, so that

Vf
1 (x, 0) = 0, Vf

2 (x, 0) = 0, Us
1(x, 0) = 0, Us

2(x, 0) = 0, U̇s
1(x, 0) = 0, U̇s

2(x, 0) = 0.
(11)
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2.2 Non-dimensionalization

We denote by L the length of the d-cube in which Ω is contained and introduce the
following dimensionless variables and parameters.

x̂ =
x

L
, t̂ =

(
µf

L2ρf

)
t, ∇̂ = L∇, D̂f = LDf , D̂s = LDs, K̂i =

Ki

Kd
, K̂0 =

K0

Kd
,

P̂i =
Pi

PF
, V̂f

i =

(
LKd

PF

)
Vf

i , Ûs
i =

(
µfKd

LPF ρf

)
Us

i for i = 1, 2.

Here L is the characteristic length, Kd is the hydraulic conductivity of the tumour
in the absence of deformation. Pressures, velocities, and displacements are non-
dimensionalised as stated above. Under the above rescaling equations in (M1a)−(M1b)
and the interface, boundary and initial conditions (9a)-(11) reduce to give ( “̂” is
dropped for convenience)

daV̇
f
1 −∇ ·Tf

1 +K1(V
f
1 − U̇s

1) = bf
1 in Ω1 × (0, T ), (12)

daρR1
Üs

1 −∇ ·Ts
1 −K1(V

f
1 − U̇s

1) = bs
1 in Ω1 × (0, T ), (13)

∇ · (φf
1V

f
1 + φs

1U̇
s
1) + α2

1(P1 − 1) = 0 in Ω1 × (0, T ), (14)

daV̇
f
2 + φf

2∇P2 +K2(V
f
2 − U̇s

2) = bf
2 in Ω2 × (0, T ), (15)

daρR2Ü
s
2 −∇ ·Ts

l −K2(V
f
2 − U̇s

2) = bs
2 in Ω2 × (0, T ), (16)

∇ · (φf
2V2 + φs

2U̇
s
2) + α2

2(P2 − 1) = 0 in Ω2 × (0, T ), (17)

where

V̇f
1 =

∂Vf
1

∂t
, U̇s

i =
∂Us

i

∂t
, Üs

i =
∂2Us

i

∂t2
,

Tf
1 =

[
2daDf (Vf

1 ) + (λda∇ ·Vf
1 − φf

1P1)I
]
,

and

Ts
l =

[
2γs

l Ds(Us
l ) + (δsl (∇ ·Us

l )− φs
lPl) I

]
,

where γs
l = ϱsl /2(1 + νsl ), δ

s
l = νsl ϱ

s
l /(1 + νsl )(1− 2νsl ), l ∈ {1, 2}.

Tf
1 ·n1 = Tf

∞, Us
1 = 0 on Γ1×(0, T ), Vf

2 ·n2 = 0, Us
2 = 0 on Γ2×(0, T ). (18)

Vf
1 (x, 0) = 0, Vf

2 (x, 0) = 0, Us
1(x, 0) = 0, Us

2(x, 0) = 0, U̇s
1(x, 0) = 0, U̇s

2(x, 0) = 0
(19)
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for all x ∈ Ω.

Vf
1 · n1 +Vf

2 · n2 = 0, Us
1 = Us

2 on ΓI × (0, T ) (20)

β∗Vf
1 · t = −(Tf

1 · n1) · t, −(Tf
1 · n1) · n1 = φf

2P2, Ts
1 · n1 +Ts

2 · n2 = 0 on ΓI × (0, T )
(21)

In Equations (12)-(21) we have introduced the following dimensionless parameter
groupings:

• α1 = L
√

Kd

((
Lbv

Abv

V

)
1
+
(
Llv

Alv

V

)
1

)
, α2 = L

√
Kd

((
Lbv

Abv

V

)
2
+
(
Llv

Alv

V

)
2

)
:

These parameters represent the resistance to interstitial fluid movement and tran-
scapillary fluid exchange inside Ω1 and Ω2, respectively.

• λ = λf/µf : The ratio of the first and second coefficients of dynamic viscosity of
the interstitial fluid.

• da = µf/(L2Kd) : Darcy number.

• ϱs1 = Ys
1ρ

f/(µfKd), ϱ
s
2 = Ys

2ρ
f/(µfKd) : Scaled Young’s moduli for the host and

tumour tissues respectively.

• β∗ = sc
√
daK0: Slip coefficient.

• ρR1
= ρs1/ρ

f , ρR2
= ρs2/ρ

f : the ratios of the solid and fluid densities in Ω1 and Ω2,
respectively.

3 Well-posedness

Constructing analytical solutions to systems of partial differential equations (PDEs)
is generally challenging. In such cases, it is important to verify fundamental questions
relating to the well-posedness (existence, uniqueness, and continuous dependence) of
the governing equations, in the sense of Hadamard. We outline below the steps we
follow to establish well-posedness of Equations (12)-(21) in the weak sense.

• Step-1: Identify the solution and test function spaces.

• Step-2: Define a weak formulation (WF) in infinite-dimensional spaces, and call it
the infinite-dimensional weak formulation (IDWF).

• Step-3: Prove the existence, uniqueness, and continuous dependence of a solution
via relevant mathematical arguments.

• In step 3, we typically use Galerkin and weak convergence results, which can be
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summarised as follows.

▷ Step-(a) Construct the finite-dimensional (FD) subspaces of the infinite-dimensional
space under consideration.

▷ Step-(b) Project the IDWF onto the FD subspaces.

▷ Step-(c) Establish the well-posedness of the FDWF.

▷ Step-(d) Derive necessary estimates (or a priori bounds).

▷ Step-(e) Use the weak convergence method to pass to the limit in the FD WF.

3.1 Weak Formulation

Notation: Henceforth, for mathematical convenience, we omit the superscripts f, s
from the functions Vf

i , U
s
i , (i = {1, 2}) and denote them by Vi, Ui.

Assumptions on the given data: We assume that all non-dimensional parame-
ters listed in Sub-section-2.2 are known real positive constants. We assume that the
hydraulic resistivity Ki ∈ L∞(Ωi) is a time-independent, uniformly bounded, positive
definite matrix. Accordingly, there exist Ki

min, K
i
max > 0 such that

∀ x ∈ Ω, Ki
minx · x ≤ Kix · x ≤ Ki

maxx · x.

For i ∈ {1, 2} and j ∈ {f, s}, bj
i ∈ L2(0, T ;L2(Ωi)), T

f
∞ ∈ L2(0, T ;L2(Γ1)).

Weak Formulation:1. The triplets (V1, P1,U1) ∈ L2(0, T ;H1(Ω1)) ×
L2(0, T ;L2(Ω1))× L2(0, T ;H1

0,Γ1
(Ω1)), and (V2, P2,U2) ∈ L2(0, T ;H0,Γ2(div; Ω2))×

L2(0, T ;L2(Ω2)) × L2(0, T ;H1
0,Γ2

(Ω2)), with V̇1 ∈ L2(0, T ; (H1(Ω1))
∗),

V̇2 ∈ L2(0, T ;L2(Ω2)), U̇i ∈ L2(0, T ;L2(Ωi)), Üi ∈ L2(0, T ; (H1
0,Γ1

(Ωi))
∗),

1For function spaces and preliminary results, see Appendix Sub-section A.1 and [4]
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∇ · U̇i ∈ L2(0, T ;L2(Ωi)) are said to be a weak solution of (12)-(21) if

(Aw)



da⟨V̇1(t),η1⟩Ω1
+ 2da(Df (V1(t)),Df (η1))Ω1

+ λda(∇ ·V1(t),∇ · η1)Ω1

−φf
1 (P1(t),∇ · η1)Ω1 + (K1V1(t),η1)Ω1 − (K1U̇1(t),η1)Ω1

+β∗(V1 · t̂,η1 · t̂)ΓI
+ daρR1

⟨Ü1(t), ξ1⟩Ω1
+ 2γs

1(Ds(U1(t)),Ds(ξ1))Ω1

+δs1(∇ ·U1(t),∇ · ξ1)Ω1
− φs

1(P1(t),∇ · ξ1)Ω1
− (K1V1(t), ξ1)Ω1

+(K1U̇1(t), ξ1)Ω1
+ daρR2

⟨Ü2(t), ξ2⟩Ω2
+ 2γs

2(Ds(U2(t)),Ds(ξ2))Ω2

+δs2(∇ ·U2(t),∇ · ξ2)Ω2
− φs

2(P2(t),∇ · ξ2)Ω2
− (K2V2(t), ξ2)Ω2

+(K2U̇2(t), ξ2)Ω2 + da(V̇2(t),η2)Ω2 − φf
2 (P2(t),∇ · η2)Ω2

+(K2V2(t),η2)Ω2
− (K2U̇2(t),η2)Ω2

+ (∇ · (φf
1V1(t)

+φs
1U̇1(t)), w)Ω1 + α2

1(P1(t), w)Ω1 + (∇ · (φf
2V2(t) + φs

2U̇2(t)), q)Ω2

+α2
2(P2(t), q)Ω2

= (bf
1 (t),η1)Ω1

+ (Tf
∞(t),η1)Γ1

+ (bs
1(t), ξ1)Ω1

+(bf
2 (t),η2)Ω2

+ (bs
2(t), ξ2)Ω2

+ (α2
1, w)Ω1

+ (α2
2, q)Ω2

holds for all test functions η1 ∈ H1(Ω1), η2 ∈ H0,Γ2
(div; Ω2), ξ1 ∈ H1

0,Γ1
(Ω1), ξ2 ∈

H1
0,Γ2

(Ω2), w ∈ L2(Ω1), and q ∈ L2(Ω2) respectively
2 and for a.e. t ∈ (0, T ) with

V1(0) = 0, U1(0) = 0, U̇1(0) = 0, a.e. in Ω1, (22)

U2(0) = 0, U̇2(0) = 0, V2(0) = 0, a.e. in Ω2. (23)

Theorem 1. (Equivalence of the weak formulation). Let the data satisfy the
assumptions listed in the previous section. Then any solution (V1, P1,U1) ∈
L2(0, T ;H1(Ω1)) × L2(0, T ;L2(Ω1)) × L2(0, T ;H1

0,Γ1
(Ω1)), and (V2, P2,U2) ∈

L2(0, T ;H0,Γ2
(div; Ω2)) × L2(0, T ;L2(Ω2)) × L2(0, T ;H1

0,Γ2
(Ω2)), with V̇1 ∈

L2(0, T ; (H1(Ω1))
∗), V̇2 ∈ L2(0, T ;L2(Ω2)), U̇i ∈ L2(0, T ;L2(Ωi)), Üi ∈

L2(0, T ; (H1
0,Γi

(Ωi))
∗), ∇ · U̇i ∈ L2(0, T ;L2(Ωi)), (i = {1, 2}) of the system of

equations (12)-(21) is also a solution of the weak formulation (Aw) and conversely, in
distribution sense.

Proof: The proof of this theorem relies on standard arguments, which we omit for
brevity (see [35] for details).

2We assume the test functions ξ1, ξ2 and η1, η2 satisfy the continuity condition at the interface i.e.,
ξ1 = ξ2 and η1 · n1 = η2 · n1 at ΓI in order to implement the interface conditions (21). Further, ⟨ , ⟩Ω
represents the duality pairing between a Banach space (let X) and its dual (X∗).
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3.2 Main Results

Before presenting our main results, we introduce the following time-dependent
functions:

[G1(t)]
2 = ||bf

1 (t)||2Ω1
+

α3α4

min{2da,K1
min}

||Tf
∞(t)||2Γ1

+
1

2K1
min

||bf
1 (t)||2Ω1

+α2
1|Ω1|+

1

2K2
min

||bs
2(t)||2Ω2

+
1

2K2
min

||bf
2 (t)||2Ω2

+ α2
2|Ω2| (24)

[G2(t)]
2 = ||ḃf

1 (t)||2Ω1
+

1

2K1
min

||ḃs
1(t)||2Ω1

+
1

2K2
min

||ḃin
s (t)||2Ω2

+
1

2K2
min

||ḃin
f (t)||2Ω2

+
α3α4

min{2da,K1
min}

||Ṫf
∞(t)||2Γ1

(25)

and constants

||b(0)||Ω =
(
||ḃf

1 (0)||2Ω1
+ ||ḃs

1(0)||2Ω1
+ ||ḃs

2(0)||2Ω2
+ ||ḃf

2 (0)||2Ω2
+ α4

1|Ω1|+ α4
2|Ω2|

)1/2
,

(26)

β0 =
1

ρminda
exp

(
µ

ρminda
T

)
, β1 =

{
1 +

T

ρminda

[
1 + 4(K1

max +K2
max)

]
exp

(
µ

ρminda
T

)}
,

(27)

β2 =

[
ρmax

daα2
||b(0)||2Ω + ||G2||2L2(0,T )

]
, ρmin = min{1, ρR1

, ρR2
}, ρmax = max{1, ρR1

, ρR2
},

(28)
µ = max{(1 + 2K1

max), 2K
2
max}, α = min{1, ρR1 , ρR2 , α

2
1/da, α

2
2/da}. (29)

Theorem 2. Assume that bj
i ∈ L2(0, T ;L2(Ωi)), i ∈ {1, 2}, j ∈ {f, s},

Tf
∞ ∈ L2(0, T ;L2(Γ1)). Then the weak formulation (Aw) has at least one solution

(V1, P1,U,V2, P2) that satisfies the following a priori estimates3

||V1||2L∞(0,T ;L2(Ω1))
+ ||U̇||2L∞(0,T ;L2(Ω)) + ||V2||2L∞(0,T ;L2(Ω2))

≤ β0||G1||2L2(0,T ), (30)

3Here U is an auxiliary function defined as

U =

{
U1, in Ω1 × (0, T )
U2, in Ω2 × (0, T ),

with U1 = U2 on ΓI × (0, T ), and Ui ∈ L2(0, T ;H1
0,Γi

(Ωi)), for i ∈ {1, 2}, hence U ∈ L2(0, T ;H1
0(Ω)).

12



and

(E1)


min{2da,K

1
min}

α3
||V1||2L2(0,T ;H1(Ω1))

+ 2λda||∇ ·V1||2L2(0,T ;L2(Ω1))
+ 2β∗||V1 · t̂||2L2(0,T ;L2(ΓI))

+2γs
1 ||Ds(U)||2L∞(0,T ;L2(Ω1))

+ δs1||∇ ·U||2L∞(0,T ;L2(Ω1))
+ 2γs

2 ||Ds(U)||2L∞(0,T ;L2(Ω2))

+δs2||∇ ·U||2L∞(0,T ;L2(Ω2))
+ α2

1||P1||2L2(0,T ;L2(Ω1))
+ α2

2||P2||2L2(0,T ;L2(Ω2))
≤ β1||G1||2L2(0,T ).

Further,

||V̇1||2L∞(0,T ;L2(Ω1))
+||Ü||2L∞(0,T ;L2(Ω))+||V̇2||2L∞(0,T ;L2(Ω2))

≤ β0

[
ρmax

daα2
||b(0)||2Ω + ||G2||2L2(0,T )

]
,

(31)

(E2)


min{2da,K

1
min}

α3
||V̇1||2L2(0,T ;H1(Ω1))

+ 2λda||∇ · V̇1||2L2(0,T ;L2(Ω1))
+ 2β∗||V̇1 · t̂||2L2(0,T ;L2(ΓI))

+2γs
1 ||Ds(U̇)||2L∞(0,T ;L2(Ω1))

+ δs1||∇ · U̇||2L∞(0,T ;L2(Ω1))
+ 2γs

2 ||Ds(U̇)||2L∞(0,T ;L2(Ω2))

+δs2||∇ · U̇||2L∞(0,T ;L2(Ω2))
+ 2α2

1||Ṗ1||2L2(0,T ;L2(Ω1))
+ 2α2

2||Ṗ2||2L2(0,T ;L2(Ω2))
≤ β1β2,

and

φf
2 ||∇ ·V2(t)||Ω2

≤ φs
2||∇U̇2(t)||Ω2

+ α2
2||P2(t)||Ω2

+ α2
2|Ω2|1/2. (32)

Moreover,

||V̇1||2L2(0,T ;(H1(Ω1))∗)
≤ 2

da

∫ T

0

[2da||Df (V1(ζ))||2Ω1
+ λda||∇ ·V1(ζ)||2Ω1

+ φf
1 ||P1(ζ)||2Ω1

+K1
max(||V1(ζ)||2Ω1

+ ||U̇(ζ)||2Ω1
) + α4β

∗||V1(ζ) · t̂||2ΓI
+ ||bf

1 (ζ)||2Ω1
+ α4||Tf

∞(ζ)||2Γ1
] dζ

(33)

and

||Ü||L2(0,T ;H−1(Ω)) ≤ 2

∫ T

0

[2γs
1 ||Ds(U(ζ))||2Ω1

+ δs1||∇ ·U(ζ)||2Ω1
+ φs

1||P1(ζ)||2Ω1

+K1
max||V1(ζ)||2Ω1

+K1
max||U̇(ζ)||2Ω1

+ 2γs
2 ||Ds(U(ζ))||2Ω2

+ δs2||∇ ·U(ζ)||2Ω2

+φs
2||P2(ζ)||2Ω2

+K2
max||V2(ζ)||2Ω2

+K2
max||U̇(ζ)||2Ω2

+ ||bs
1(ζ)||2Ω1

+ ||bs
2(ζ)||2Ω2

] dζ.
(34)

Proof of Theorem 2: The proof of Theorem 2 involves of several steps. First, we
project the weak formulation (Aw) onto a finite-dimensional problem, which we refer
to as the Galerkin formulation (GF). Then, we use the semi-discrete Galerkin method
to demonstrate the existence of a unique solution to (GF) (see Section 3.3). Finally,
we derive a priori estimates (or energy estimates) (see Section 3.4) and use the method
of weak convergence in the Hilbert space to pass to the limit in (GF) (see Section 3.5).
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3.3 A semi-discrete Galerkin formulation

The spaces H1(Ω1), L
2(Ω1), H

1
0(Ω), H0,Γ2

(div; Ω2), L
2(Ω2), are separable Hilbert.

Thus, one can find a basis consisting of smooth functions {wi
1, q

i
1,Ψ

i,wi
2, q

i
2}

of Y = H1(Ω1) × L2(Ω1) × H1
0(Ω) × H0,Γ2

(div; Ω2) × L2(Ω2). Define Ym =
span{(wi

1, q
i
1,Ψ

i,wi
2, q

i
2), i = 1, · · · ,m}. Then a Galerkin approximation to the weak

formulation (Aw) is the finite-dimensional problem which is defined as:
Find (Vm

1 , Pm
1 ,Um,Vm

2 , Pm
2 ) ∈ L2(0, T ;Ym) with Vm

1 ∈ H1(0, T ;L2(Ω1)), V
m
2 ∈

H1(0, T ;L2(Ω2)) and Um ∈ H2(0, T ;L2(Ω)) such that4

(GF)



da⟨V̇m
1 (t),η1⟩Ω1

+ 2da(Df (Vm
1 (t)),Df (η1))Ω1

+ λda(∇ ·Vm
1 (t),∇ · η1)Ω1

−φf
1 (P

m
1 (t),∇ · η1)Ω1 + (K1V

m
1 (t),η1)Ω1 − (K1U̇

m
1 (t),η1)Ω1

+β∗(Vm
1 · t̂,η1 · t̂)ΓI

+ daρR1⟨Üm
1 (t), ξ1⟩Ω1 + 2γs

1(Ds(Um
1 (t)),Ds(ξ1))Ω1

+δs1(∇ ·Um
1 (t),∇ · ξ1)Ω1 − φs

1(P
m
1 (t),∇ · ξ1)Ω1 − (K1V

m
1 (t), ξ1)Ω1

+(K1U̇
m
1 (t), ξ1)Ω1

+ daρR2
⟨Üm

2 (t), ξ2⟩Ω2
+ 2γs

2(Ds(Um
2 (t)),Ds(ξ2))Ω2

+δs2(∇ ·Um
2 (t),∇ · ξ2)Ω2

− φs
2(P

m
2 (t),∇ · ξ2)Ω2

− (K2V
m
2 (t), ξ2)Ω2

+(K2U̇
m
2 (t), ξ2)Ω2 + da(V̇

m
2 (t),η2)Ω2 − φf

2 (P
m
2 (t),∇ · η2)Ω2

+(K2V
m
2 (t),η2)Ω2

− (K2U̇
m
2 (t),η2)Ω2

+ (∇ · (φf
1V

m
1 (t) + φs

1U̇
m
1 (t)), w)Ω1

+α2
1(P

m
1 (t), w)Ω1

+ (∇ · (φf
2V

m
2 (t) + φs

2U̇
m
2 (t)), q)Ω2

+ α2
2(P

m
2 (t), q)Ω2

= (bf
1 (t),η1)Ω1 + (Tf

∞(t),η1)Γ1 + (bs
1(t), ξ1)Ω1 + (bf

2 (t),η2)Ω2

+(bs
2(t), ξ2)Ω2 + (α2

1, w)Ω1 + (α2
2, q)Ω2

for a.e. t ∈ (0, T ), for all (η1, ξ,η2, w, q) ∈ Ym and

Vm
1 (0) = 0, Vm

2 (0) = 0, Um
1 (0) = 0, Um

2 (0) = 0, U̇m
1 (0) = 0, U̇m

2 (0) = 0. (35)

Lemma 1. For any m ∈ N, the Galerkin formulation (GF) has a unique solu-
tion (Vm

1 , Pm
1 ,Um,Vm

2 , Pm
2 ) ∈ L2(0, T ;Ym) with Vm

1 ∈ H1(0, T ;L2(Ω1)), Vm
2 ∈

H1(0, T ;L2(Ω2)) and Um ∈ H2(0, T ;L2(Ω)) for all t ∈ (0, T ).

4Here test function ξ ∈ H1
0 (Ω)d defined as

ξ =

{
ξ1, in Ω1

ξ2, in Ω2

with ξ1 = ξ2 on ΓI .
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Proof: We show that the (GF) has a unique solution. We look for an approxima-
tion of the solution (Vm

1 , Pm
1 ,Um,Vm

2 , Pm
2 ) in the following form

Vm
1 (x, t) =

m∑
j=1

amj (t)wj
1(x), Vm

2 (x, t) =

m∑
j=1

bmj (t)wj
2(x), P1(x, t) =

m∑
j=1

cmj (t)qj1(x),

P2(x, t) =

m∑
j=1

dmj (t)qj2(x),U
m(x, t) =

m∑
j=1

emj (t)Ψj(x),

where the coefficients amj , bmj , cmj , dmj , and emj are to be determined. With this form of
approximate solution, the finite-dimensional problem (GF) yields the following system
of autonomous second-order ordinary differential equations (ODEs) for the unknown
coefficients amj , bmj , cmj , dmj , and emj

A1
da

dt
+A2a−A3c−A4

de

dt
= F1 (36)

B1
d2e

dt2
+B2e−B6c−B4a+B3

de

dt
−B7d−B5b = F2 (37)

A5
db

dt
−A6d+A7b−A8

de

dt
= F3 (38)

A3a+B6
de

dt
+Q1c = F4 (39)

A6b+B7
de

dt
+Q2d = F5 (40)

a(0) = 0, b(0) = 0, e(0) = 0, ė(0) = 0,

where the expressions for the coefficient matrices Ai, i = 1, . . . , 8, Bi, i = 1, . . . , 7,
Qi i = 1, 2, and the functions Fi, i = 1, . . . , 5 on the right hand side are given in the
Appendix section A.3.2. The unknown coefficients are:

a =

 am1 (t)
...

amm(t)

 , b =

 bm1 (t)
...

bmm(t)

 , c =

 cm1 (t)
...

cmm(t)

 , d =

 dm1 (t)
...

dmm(t)

 , e =

 em1 (t)
...

emm(t)

 ,

Introduce a vector θ such that

de

dt
= θ (41)

and A = [a,b, e,θ]tr (tr : is abbreviated for transpose). From (39)-(40) we have
c = Q−1

1 (F4 −A3a−B6θ) and d = (F5 −A6b−B7θ). If we substitute for c and d
in (36)-(38) then ODEs (36)-(38) and (41) reduce to the following, equivalent system
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of autonomous first order ODEs in A(t):

Ȧ = −M−1NA+M−1F, where A(0) is given, (42)

and

M =


A1 0 0 0
0 A5 0 0
0 0 I 0
0 0 0 B1

 ,

N =


A2 +A3Q

−1
1 A3 0 0 A3Q

−1
1 B6 −A4

0 A6Q
−1
2 A6 +A7 0 A6Q

−1
2 B7 −A8

0 0 I −I
B6Q

−1
1 A3 −A4 B7Q

−1
2 A6 −B5 B2 B6Q

−1
2 B6 +B3 +B7Q

−1
2 B7

 ,

and F =
(
F1 +A3Q

−1
1 F4, F3 +A6Q

−1
2 F5, 0, F2 +B6Q

−1
1 F4 +B7Q

−1
2 F5

)T
.

We note as the basis functions are linearly independent, the matrices
A1, A5, B1, Q1, Q2 are symmetric and invertible, being Gram matrices. Hence,
the matrix M is also invertible. The matrices M, N are 4m × 4m and the vec-
tors A, F have length 4m. In eq. (42), the right-hand side of the system of ODEs
depends continuously (even Lipschitz) on the variables a, b, e, θ and time. Hence,
the Cauchy-Lipschitz theorem implies that the Eq. (42) has a unique solution
(a,b, e,θ) ∈ C1(0, T ;Rm)×C1(0, T ;Rm)×C1(0, T ;Rm)×C1(0, T ;Rm), and (c,d) ∈
C1(0, T ;Rm)×C1(0, T ;Rm). Thus, the finite dimensional problem has a unique solu-
tion (Vm

1 , Pm
1 ,Um,Vm

2 , Pm
2 ) ∈ L2(0, T ;Ym) with Vm

1 ∈ H1(0, T ;L2(Ω1)), V
m
2 ∈

H1(0, T ;L2(Ω2)) and Um ∈ H2(0, T ;L2(Ω)). The next step is to find a prior bounds
(or energy estimates ) on the finite-dimensional solution (Vm

1 , Pm
1 ,Um,Vm

2 , Pm
2 ).

3.4 Energy Estimates

Theorem 3. Assume that bji ∈ H1(0, T ;L2(Ωi)), i ∈ {1, 2}, j ∈ {f, s}, Tf
∞ ∈

H1(0, T ;L2(Γ1)), and Tf
∞(x, 0) = 0. Then the solution of the Galerkin formula-

tion (Vm
1 , Pm

1 ,Um,Vm
2 , Pm

2 ) ∈ L2(0, T ;Ym) with Vm
1 ∈ H1(0, T ;L2(Ω1)), Vm

2 ∈
H1(0, T ;L2(Ω2)) and Um ∈ H2(0, T ;L2(Ω)) satisfies the following a priori bounds (or
energy estimates) for all t ∈ [0, T ] :

||Vm
1 (t)||2Ω1

+ ||U̇m(t)||2Ω1
+ ||U̇m(t)||2Ω2

+ ||Vm
2 (t)||2Ω2

≤ β0||G1||2L2(0,T ) (43)

(E5)



min{2da,K1
min}

∫ t

0

[
||Df (Vm

1 (ζ))||2Ω1
+ ||Vm

1 (ζ)||2Ω1

]
dζ +

∫ t

0

[
2λda||∇ ·Vm

1 (ζ)||2Ω1

+2β∗||Vm
1 (ζ) · t̂||2ΓI

]
dζ + 2γs

1 ||Ds(Um(t))||2Ω1
+ δs1||∇ ·Um(t)||2Ω1

+ 2γs
2 ||Ds(Um(t))||2Ω2

+δs2||∇ ·Um(t)||2Ω2
+
∫ t

0

[
α2
1||Pm

1 (ζ)||2Ω1
+ α2

2||Pm
2 (ζ)||2Ω2

]
dζ ≤ β1||G1||2L2(0,T ).
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Also,

||V̇m
1 (t)||2Ω1

+||Üm(t)||2Ω1
+||Üm(t)||2Ω2

+||V̇m
2 (t)||2Ω2

≤ β0

[
ρmax

daα2
||b(0)||2Ω + ||G2||2L2(0,T )

]
,

(44)

(E6)



∫ t

0

[
min{2da,K1

min}[||Df (V̇m
1 (ζ))||2Ω1

+ ||V̇m
1 (ζ)||2Ω1

] + 2λda||∇ · V̇m
1 (ζ)||2Ω1

+2β∗||V̇m
1 (ζ) · t̂||2ΓI

]
dζ + 2γs

1 ||Ds(U̇m(t))||2Ω1
+ δs1||∇ · U̇m(t)||2Ω1

+2γs
2 ||Ds(U̇m(t))||2Ω2

+ δs2||∇ · U̇m(t)||2Ω2
+
∫ t

0

[
2α2

1||Ṗm
1 (t)||2Ω1

+2α2
2||Ṗm

2 (t)||2Ω2

]
dζ ≤ β1

[
ρmax

daα2 ||b(0)||2Ω + ||G2||2L2(0,T )

]
,

and

φf
2 ||∇ ·Vm

2 (t)||Ω2 ≤ φs
2||∇U̇m

2 (t)||Ω2 + α2
2||Pm

2 (t)||Ω2
+ α2

2|Ω2|1/2. (45)

Moreover,

||V̇m
1 ||2L2(0,T ;(H1(Ω1))∗)

≤ 2

da

∫ t

0

[
2da||Df (Vm

1 (ζ))||2Ω1
+ λda||∇ ·Vm

1 (ζ)||2Ω1

+φf
1 ||Pm

1 (ζ)||2Ω1
+K1

max||Vm
1 (ζ)||2Ω1

+K1
max||U̇m(ζ)||2Ω1

+ α4β
∗||Vm

1 (ζ) · t̂||2ΓI

+||bf
1 (ζ)||2Ω1

+ α4||Tf
∞(ζ)||2Γ1

]
dζ (46)

and

||Üm||L2(0,T ;H−1(Ω)) ≤ 2

∫ t

0

[
2γs

1 ||Ds(Um(ζ))||2Ω1
+ δs1||∇ ·Um(ζ)||2Ω1

+ φs
1||Pm

1 (ζ)||2Ω1

+K1
max||Vm

1 (ζ)||2Ω1
+K1

max||U̇m(ζ)||2Ω1
+ 2γs

2 ||Ds(Um(ζ))||2Ω2
+ δs2||∇ ·Um(ζ)||2Ω2

+φs
2||Pm

2 (ζ)||2Ω2
+K2

max||Vm
2 (ζ)||2Ω2

+K2
max||U̇m(ζ)||2Ω2

+ ||bs
1(ζ)||2Ω1

+ ||bin
s (ζ)||2Ω2

]
dζ.

(47)

Remark 1.

(i) (43) implies Vm
1 , U̇m, and Vm

2 , are bounded sequences in L∞(0, T ;L2(Ω1)),
L∞(0, T ;L2(Ω)), and L∞(0, T ;L2(Ω2)), respectively.

(ii) (E5) implies the sequences Vm
1 , Um, Pm

1 and Pm
2 are bounded in L2(0, T ;H1(Ω1)),

L∞(0, T ;H1
0(Ω)), L

2(0, T ;L2(Ω1)) and L2(0, T ;L2(Ω2)) respectively.
(iii) (44) implies V̇m

1 , Üm and V̇m
2 are bounded in L∞(0, T ;L2(Ω1)), L

∞(0, T ;L2(Ω))
and L∞(0, T ;L2(Ω2)), respectively.

(iv) (E6) implies the sequence V̇m
1 ∈ L2(0, T ;H1(Ω1)), and U̇m ∈ L∞(0, T ;H1

0(Ω)),
P1 ∈ L2(0, T ;L2(Ω1)), P2 ∈ L2(0, T ;L2(Ω2)), and are bounded.

(v) (43), (45) imply Vm
2 is bounded in H0,Γ2

(div; Ω2) and (46) implies V̇m
1 is bounded

in L2(0, T ; (H1(Ω1))
∗).
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(vi) (47) implies Üm is bounded in L2(0, T ;H−1(Ω)).

Proof of Theorem 3: We let η1 = Vm
1 (t), η2 = Vm

2 (t), ξ = U̇m(t), w = Pm
1 (t),

q = Pm
2 (t) in (GF) and using the Cauchy-Schwarz, trace, and Korn’s inequalities and

integrating with respect to ‘t’ where 0 < t < T , we get

(E8)



da||Vm
1 (t)||2Ω1

+min{2da,K1
min}

∫ t

0

[
||Df (Vm

1 (ζ))||2Ω1
+ ||Vm

1 (ζ)||2Ω1

]
dζ

+
∫ t

0

[
2λda||∇ ·Vm

1 (ζ)||2Ω1
+ 2β∗||Vm

1 (ζ) · t̂||2ΓI

]
dζ + daρR1

||U̇m(t)||2Ω1

+2γs
1 ||Ds(Um(t))||2Ω1

+ δs1||∇ ·Um(t)||2Ω1
+ daρR2

||U̇m(t)||2Ω2

+2γs
2 ||Ds(Um(t))||2Ω2

+ δs2||∇ ·Um(t)||2Ω2
+ da||Vm

2 (t)||2Ω2

+
∫ t

0

[
α2
1||Pm

1 (ζ)||2Ω1
+ α2

2||Pm
2 (ζ)||2Ω2

]
dζ ≤

∫ t

0

[
G1(ζ)

]2
dζ

+
∫ t

0

[
2K1

max||U̇m(ζ)||2Ω1
+ (1 + 2K1

max)||Vm
1 (ζ)||2Ω1

+ 2K2
max||U̇m(ζ)||2Ωin

+2K2
max||Vm

2 (ζ)||2Ω2

]
dζ.

Further, from (E8) we deduce the following

(E9)


||Vm

1 (t)||2Ω1
+ ||U̇m(t)||2Ω1

+ ||U̇m(t)||2Ω2
+ ||Vm

2 (t)||2Ω2
≤ 1

ρminda
||G1||2L2(0,T )

+ µ
ρminda

∫ t

0

[
||U̇m(ζ)||2Ω1

+ ||Vm
1 (ζ)||2Ω1

+ ||U̇m(ζ)||2Ω2
+ ||Vm

2 (ζ)||2Ω2

]
dζ.

where ρmin = min{1, ρR1
, ρR1

}, µ = max{(1 + 2K1
max), 2K

2
max}.

We define

Φ(t) = ||Vm
1 (t)||2Ω1

+ ||U̇m(t)||2Ω1
+ ||U̇m(t)||2Ω2

+ ||Vm
2 (t)||2Ω2

, (48)

so that (E9) can be rewritten as

Φ(t) ≤ 1

ρminda
||G1||2L2(0,T ) +

µ

ρminda

∫ t

0

Φ(ζ) dζ. (49)

Applying the Gronwall integral inequality, we have that

||Vm
1 (t)||2Ω1

+ ||U̇m(t)||2Ω1
+ ||U̇m(t)||2Ω2

+ ||Vm
2 (t)||2Ω2

≤ 1

ρminda
||G1||2L2(0,T ) exp

(
µ

ρminda
T

)
(50)

which proves (43). Further, using (50) and (E8) we obtain (E5).
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Bounds on the sequences V̇m
1 , V̇m

2 , Üm: Differentiate the Galerkin formulation
(GF) with respect to ‘t’ and let η1 = V̇m

1 (t), η2 = V̇m
2 (t), ξ = Üm(t), w = Ṗm

1 (t),
q = Ṗm

2 (t). Using the Cauchy-Schwarz, trace, and Korn’s inequalities and integrating
with respect to time t ∈ (0, T ) with zero initial conditions, we obtain

(E11)



da||V̇m
1 (t)||2Ω1

+
∫ t

0

[
min{2da,K1

min}[||Df (V̇m
1 (ζ))||2Ω1

+ ||V̇m
1 (ζ)||2Ω1

]

+2λda||∇ · V̇m
1 (ζ)||2Ω1

+ 2β∗||V̇m
1 (ζ) · t̂||2ΓI

]
dζ + daρR1

||Üm(t)||2Ω1

+2γs
1 ||Ds(U̇m(t))||2Ω1

+ δs1||∇ · U̇m(t)||2Ω1
] + daρR2

||Üm(t)||2Ω2

+2γs
2 ||Ds(U̇m(t))||2Ω2

+ δs2||∇ · U̇m(t)||2Ω2
+ da||V̇m

2 (t)||2Ω2

+
∫ t

0

[
2α2

1||Ṗm
1 (t)||2Ω1

+ 2α2
2||Ṗm

2 (t)||2Ω2

]
dζ ≤

∫ t

0
[G2(ζ)]

2 dζ

+
∫ t

0

[
(1 + 2K1

max)||V̇m
1 (t)||2Ω1

+ (2K1
max)||Üm(t)||2Ω1

+ 2K2
max||Üm(t)||2Ω2

+(2K2
max)||V̇m

2 (t)||2Ω2

]
dζ + da||V̇m

1 (0)||2Ω1
+ daρR1

||Üm(0)||2Ω1

+daρR2
||Üm(0)||2Ω2

+ da||V̇m
2 (0)||2Ω2

.

In order to apply the Gronwall inequality in (E11), we must find suitable bounds
on ||V̇m

1 (0)||2Ω1
, ||Üm(0)||2Ω1

, ||Üm(0)||2Ω2
, ||V̇m

2 (0)||2Ω2
. If we let η1 = V̇m

1 (0), η2 =

V̇m
2 (0), ξ = Üm(0), w = Pm

1 (0), q = Pm
2 (0) in the finite-dimensional formulation,

then (imposing zero initial conditions) we have that

(E12)


da||V̇m

1 (0)||2Ω1
+ daρR1 ||Üm(0)||2Ω1

+ daρR2 ||Üm(0)||2Ω2
+ da||V̇m

2 (0)||2Ω2

+α2
1||Pm

1 (0)||2Ω1
+ α2

2||Pm
2 (0)||2Ω2

≤ (ḃf
1 (0), V̇

m
1 (0))Ω1 + (ḃs

1(0), Ü
m(0))Ω1

+(ḃs
2(0), Ü

m(0))Ω2
+ (ḃf

2 (0), V̇
m
2 (0))Ω2

+ (α2
1, P

m
1 (0))Ω1

+ (α2
2, P

m
2 (0))Ω2

.

Using the Cauchy-Schwarz inequality, we get

||V̇m
1 (0)||2Ω1

+ ||Üm(0)||2Ω1
+ ||Üm(0)||2Ω2

+ ||V̇m
2 (0)||2Ω2

+ ||Pm
1 (0)||2Ω1

+||Pm
2 (0)||2Ω2

≤ 1

d2aα
2
||b(0)||2Ω, (51)

where α = min{1, ρR1 , ρR1 , α
2
1/da, α

2
2/da}. From (E11) we have

(E13)



||V̇m
1 (t)||2Ω1

+ ||Üm(t)||2Ω1
++||Üm(t)||2Ω2

+ ||V̇m
2 (t)||2Ω2

≤ ρmax

d2
aα

2ρmin
||b(0)||2Ω + 1

ρminda

∫ t

0
[G2(ζ)]

2 dζ + µ
ρminda

∫ t

0

[
||V̇m

1 (t)||2Ω1

+||Üm(t)||2Ω1
+ ||Üm(t)||2Ω2

+ ||V̇m
2 (t)||2Ω2

]
dζ.
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Now using the Gronwall integral inequality in (E13) we obtain (44). Further, from
(E11) and (44), we obtain the estimate (E6).
Next, we seek ∇ · Vm

2 (t) ∈ L2(Ω2), V̇m
1 ∈ L2(0, T ; (H1(Ω1))

∗) and Üm ∈
L2(0, T ;H−1(Ω)) and are bounded. We have that (GF) holds for all test functions
(η1, ξ,η2, w, q) ∈ Ym, and it suffices to choose a suitable set of test functions. Choosing
η1 = 0, ξ = 0, η2 = 0, w = 0, q = ∇ ·Vm

2 (t) and substituting in (GF) yields

φf
2 ||∇ ·Vm

2 (t)||2Ω2
= −φs

2(∇U̇m
2 (t),∇ ·Vm

2 (t))Ω2
− α2

2(P
m
2 (t),∇ ·Vm

2 (t))Ω2

+(α2
2,∇ ·Vm

2 (t))Ω2

For ∇ ·Vm
2 (t) ̸= 0 the Cauchy-Schwarz inequality gives (45).

Further5, we choose a W ∈ H1(Ω1) such that W = W1 +W2, where W1 ∈ Xm =
span{wi

1}mi=1 and W2 ∈ X⊥
m (the orthogonal complement of Xm). Clearly,

||W1||H1(Ω1) ≤ ||W||H1(Ω1). (52)

Substituting η1 = W1, ξ = 0, w = 0, q = 0 in (GF), we obtain

da⟨V̇m
1 (t),W⟩Ω1 = da(V̇

m
1 (t),W)Ω1 = da(V̇

m
1 (t),W1)Ω1

= −2da(Df (Vm
1 (t)),Df (W1))Ω1

− λda(∇ ·Vm
1 (t),∇ ·W1)Ω1

+ φf
1 (P

m
1 (t),∇ ·W1)Ω1

−(K1V
m
1 (t),W1)Ω1

+ (K1U̇
m(t),W1)Ω1

− β∗(Vm
1 (t) · t̂,W1 · t̂)ΓI

+(bf
1 (t),w

i
1)Ω1 + (Tf

∞(t),W1)Γ1 ,

Using the Cauchy-Schwarz, trace inequalities, and (52), we have

|da⟨V̇m
1 (t),W⟩Ω1 | ≤

[
2da||Df (Vm

1 (t))||Ω1 + λda||∇ ·Vm
1 (t)||Ω1 + φf

1 ||Pm
1 (t)||Ω1

+K1
max||Vm

1 (t)||Ω1 +K1
max||U̇m(t)||Ω1 + α4β

∗||Vm
1 (t) · t̂||ΓI

+ ||bf
1 (t)||Ω1

+α4||Tf
∞(t)||Γ1

]
||W||1,Ω1

(53)

Taking the supremum over non-zero W ∈ H1(Ω1) and integrating w.r.t t ∈ (0, T ),
we obtain (46). Similarly, W ∈ H1

0(Ω) is chosen such that W = W1 + W2, where
W1 ∈ Zm = span{Ψi

1}mi=1 andW2 ∈ Z⊥
m (the orthogonal complement of Zm). Clearly,

||W1||H1
0(Ω) ≤ ||W||H1

0(Ω). (54)

We introduce a weighted L2 inner product on H1
0(Ω) via

[[U, ξ]]Ω = daρR1
(U, ξ)Ω1

+ daρR2
(U, ξ)Ω2

, ∀ U, ξ ∈ L2(Ω). (55)

5Here, we follow Salsa [36].
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The norm induced on H1
0(Ω) via (55) is equivalent to the standard L2 norm || · ||Ω.

Substituting ξ = W1, ηi = 0, w = 0, q = 0 in (GF), we obtain

daρR1
⟨Üm(t),W⟩Ω1

+ daρR2
⟨Üm(t),W⟩Ω2

= daρR1
(Üm(t),W)Ω1

+daρR2
(Üm(t),W)Ω2

= daρR1
(Üm(t),W1)Ω1

+ daρR2
(Üm(t),W1)Ω2

= −2γs
1(Ds(Um(t)),Ds(W1))Ω1

− δ21(∇ ·Um(t),∇ ·W1)Ω1
+ φs

1(P
m
1 (t),∇ ·W1)Ω1

+(K1V
m
1 (t),W1)Ω1 − (K1U̇

m(t),W1)Ω1 − 2γs
2(Ds(Um(t)),Ds(W1))Ω2

−δs2(∇ ·Um(t),∇ ·W1)Ω2 + φs
2(P

m
2 (t),∇ ·W1)Ω2 + (K2V

m
2 (t),W1)Ω2

−(K2U̇
m(t),W1)Ω2

+ (bs
1(t),W1)Ω1

+ (bs
2(t),W1)Ω2

.

Using the Cauchy-Schwarz inequality and (55), we obtain

|[[Üm(t),W]]Ω| ≤
[
2γs

1 ||Ds(Um(t))||Ω1
+ δs1||∇ ·Um(t)||Ω1

+ φs
1||Pm

1 (t)||Ω1

+K1
max||Vm

1 (t)||Ω1
+K1

max||U̇m(t)||Ω1
+ 2γs

2 ||Ds(Um(t))||Ω2
+ δs2||∇ ·Um(t)||Ω2

+φs
2||Pm

2 (t)||Ω2
+K2

max||Vm
2 (t)||Ω2

+K2
max||U̇m(t)||Ω2

+ ||bs
1(t)||Ω1

+||bs
2(t)||Ω2

]
||W||1,Ω.

Taking the supremum over non-zero W ∈ H1
0(Ω) and integrating with respect to

t ∈ (0, T ), we obtain (47).
We have used energy estimates (see Theorem (3) and Remark (1)) and shown that

the finite-dimensional solution (Vm
1 ,Vm

2 ,Um, Pm
1 , Pm

2 ) is bounded in some Hilbert
space (say H). Thus, there exists a subsequence, still denoted by the same symbol,
and (V1,V2,U, P1, P2) in H such that

(Vm
1 ,Vm

2 ,Um, Pm
1 , Pm

2 ) ⇀ (V1,V2,U, P1, P2), (56)

and

(V̇m
1 , U̇m, Üm) ⇀ (V1, U̇, Ü) (57)

converge weakly in H. We use this weak convergence to pass to the limit in (GF).

3.5 Passing to the limits

Mathematically, the weak convergence results in (56) and (57) can be expanded to
following

Vm
1 ⇀ V1 in L2(0, T ;H1(Ω1)

d), V̇m
1 ⇀ V̇1 in L2(0, T ;L2(Ω1)

d),

Vm
1 ⇀ V1 in L2(0, T ;H1/2(∂Ω1)

d), Um ⇀ U in L2(0, T ;H1(Ω)d)

U̇m ⇀ U̇ in L2(0, T ;L2(Ω)d), Üm ⇀ Ü in L2(0, T ;L2(Ω)d),

Pm
1 ⇀ P1 in L2(0, T ;L2(Ω1)), Vm

2 ⇀ V2 in L2(0, T ;H0,Γin
(div; Ω2)),
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Pm
2 ⇀ P2 in L2(0, T ;L2(Ω2)), V̇m

2 ⇀ V̇2 in L2(0, T ;L2(Ω2)
d).

Next, in order to pass to the limit as m → ∞ in the finite-dimensional problem (GF),
we fix η1 ∈ L2(0, T ;H1(Ω1)), η2 ∈ L2(0, T ;H0,Γ2(div; Ω2)), ξ ∈ L2(0, T ;H1

0(Ω)),
w ∈ L2(0, T ;L2(Ω1)), and q ∈ L2(0, T ;L2(Ω1)), such that

η1(t) =

∞∑
k=1

ak(t)w
k
1 , η2(t) =

∞∑
k=1

bk(t)w
k
2 , ξ(t) =

∞∑
k=1

ek(t)Ψ
k,

w(t) =

∞∑
k=1

ck(t)q
k
1 , q(t) =

∞∑
k=1

dk(t)q
k
1 (58)

where (58) converges in H1(Ω1), H0,Γ2
(div; Ω2), H

1
0(Ω), L

2(Ω1), and L2(Ω2) respec-
tively, for a.e. t ∈ (0, T ). Let

ηN
1 (t) =

N∑
k=1

ak(t)w
k
1 , ηN

2 (t) =

N∑
k=1

bk(t)w
k
2 , ξN (t) =

N∑
k=1

ek(t)Ψ
k,

wN (t) =

N∑
k=1

ck(t)q
k
1 , qN (t) =

N∑
k=1

dk(t)q
k
1 . (59)

For m ≥ N , ηN
1 ∈ L2(0, T ; span{wk

1}mk=1), ηN
2 ∈ L2(0, T ; span{wk

2}mk=1),

ξN ∈ L2(0, T ; span{Ψk}mk=1), wN ∈ L2(0, T ; span{qk1}mk=1), and qN ∈
L2(0, T ; span{qk2}mk=1). Further, from (58) and (59) we have ηN

1 (t) → η1(t), η
N
2 (t) →

η2(t), ξ
N (t) → ξ, wN (t) → w, qN (t) → q converge weakly in H1(Ω1), H0,Γ2

(div; Ω2),

H1
0(Ω), L

2(Ω1), and L2(Ω2) respectively. We let η1 = ηN
1 (t), η2 = ηN

2 (t), ξ = ξN (t),
w = wN (t), q = qN (t) in (GF) and integrate with respect to t ∈ (0, T ).

For a fixed ‘N’, by the use of weak convergence of the finite-dimensional solution
and continuity of the trace operator as m → ∞, we get
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(E15)



∫ T

0

[
da(V̇1(t),η

N
1 (t))Ω1

+ 2da(Df (V1(t)),Df (ηN
1 (t)))Ω1

+ λda(∇ ·V1(t),∇ · ηN
1 (t))Ω1

−φf
1 (P1(t),∇ · ηN

1 (t))Ω1
+ (K1V1(t),η

N
1 (t))Ω1

− (K1U̇1(t),η
N
1 (t))Ω1

+β∗(V1 · t̂,ηN
1 (t) · t̂)ΓI

+ daρR1
⟨Ü(t), ξN (t)⟩Ω1

+ 2γs
1(Ds(U(t)),Ds(ξN (t)))Ω1

+δs1(∇ ·U(t),∇ · ξN (t))Ω1
− φs

1(P1(t),∇ · ξN (t))Ω1
− (K1V1(t),Ψ

i)Ω1

+(K1U̇(t), ξN (t))Ω1
+ daρR2

(Ü(t), ξN (t))Ω2
+ 2γs

2(Ds(U(t)),Ds(ξN (t)))Ω2

+δs2(∇ ·U(t),∇ · ξN (t))Ω2
− φs

2(P2(t),∇ · ξN (t))Ω2
− (K2V2(t), ξ

N (t))Ω2

+(K2U̇(t), ξN (t))Ω2 + da(V̇2(t),η
N
2 (t))Ω2 − φf

2 (P2(t),∇ · ηN
2 (t))Ω2

+(K2V2(t),η
N
2 (t))Ω2

− (K2U̇2(t),η
N
2 (t))Ω2

+ φf
1 (∇ ·V1(t), w

N (t))Ω1

+φs
1(∇U̇1(t), w

N (t))Ω1 + α2
1(P1(t), w

N (t))Ω1 + φf
2 (∇ ·V2(t), q

N (t))Ω2

+φs
2(∇U̇2(t), q

N (t))Ω2
+ α2

2(P2(t), q
N (t))Ω2

]
dt =

∫ T

0

[
(bf

1 (t),η
N
1 (t))Ω1

+(Tf
∞(t),ηN

1 (t))Γ1 + (bs
1(t), ξ

N (t))Ω1 + (bs
2(t), ξ

N (t))Ω2

+(bf
2 (t),η

N
2 (t))Ω2 + (α2

1, w
N (t))Ω1 + (α2

2, q
N (t))Ω2

]
dt.

Next letting N → ∞, we obtain the weak formulation (Aw) for a.e. t ∈ (0, T ) and
for all η1(t) ∈ H1(Ω1), η2(t) ∈ H0,Γ2

(div; Ω2), ξ(t) ∈ H1
0(Ω), w(t) ∈ L2(Ω1), and

q(t) ∈ L2(Ω1). Further, passing to the limits in the a priori estimates (43), (E5),
(44), (E6), (46) and (47), we obtain the bounds (30), (E1), (31), (E2), (33) and (34).
Passing to the limits in (GF) and recovery of initial conditions gives the existence of
a solution of (Aw). This completes the proof of Theorem 2. In the next section, we
ensure that there is only one solution that satisfies the weak formulation (Aw).

3.6 Continuous Dependence of the Solution on the Given Data

Theorem 4. Assume that bj
i ∈ H1(0, T ;L2(Ωi)), i ∈ {1, 2}, j ∈ {f, s},

Tf
∞ ∈ H1(0, T ;L2(Γ1)), and Tf

∞(x, 0) = 0. Then, the weak formulation (Aw) has a
unique solution that depends continuously on the given data.

Proof of Theorem 4: Define a function of ’t’,[
G∗

1(t)
]2

= ||bf
1,1(t)− bf

1,2(t)||2Ω1
+

α3α4

min{2da,K1
min}

||Tf
∞,1(t)−Tf

∞,2(t)||2Γ1

+
1

2K1
min

||bs
1,1(t)− bs

1,2(t)||2Ω1
+

1

α2
1

||α2
1,1 − α2

1,2||2Ω1
+

1

2K1
min

||bs
2,1(t)− bs

2,2(t)||2Ω2
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+
1

2K2
min

||bf
2,1(t)− bf

2,2(t)||2Ω2
+

1

α2
2

||α2
2,1 − α2

2,2||2Ω2
.

Let (V1
1,V

1
2,U

1, P 1
1 , P

1
2 ) and (V2

1,V
2
2,U

2, P 2
1 , P

2
2 ) be two solutions of (Aw) with two

sets of data
(bf

1,1,b
s
1,1,b

f
2,1,b

s
2,1, α

2
1,1, α

2
2,1,T

f
∞,1) and (bf

1,2,b
s
1,2,b

f
2,2,b

s
2,2, α

2
1,2, α

2
2,2,T

f
∞,2).

Define the differences

(V1,V2,U, P1, P2) = (V1
1 −V2

1,V
1
2 −V2

2,U
1 −U2, P 1

1 − P 2
1 , P

1
2 − P 2

2 )

and

bf
1 = bf

1,1 − bf
1,2, bs

1 = bs
1,1 − bs

1,2, bf
2 = bf

2,1 − bf
2,2, bs

2 = bs
2,1 − bs

2,2, α2
1 = α2

1,1 − α2
1,2,

α2
2 = α2

2,1 − α2
2,2, Tf

∞ = Tf
∞,1 −Tf

∞,2.

Choosing the test functions η1 = V1(t), η2 = V2(t), ξ = U̇(t), w = P1(t), q =
P2(t) in the weak formulation (Aw), and using the Cauchy-Schwarz, trace, and Korn’s
inequalities, and integrating with respect to t ∈ (0, t), we obtain

(E20)



da||V1(t)||2Ω1
+min{2da,K1

min}
∫ t

0

[
||Df (V1(ζ))||2Ω1

+ ||V1(ζ)||2Ω1

]
dζ

+
∫ t

0

[
2λda||∇ ·V1(ζ)||2Ω1

+ 2β∗||V1(ζ) · t̂||2ΓI

]
dζ +

[
daρR1 ||U̇(t)||2Ω1

+2γs
1 ||Ds(U(t))||2Ω1

+ δs1||∇ ·U(t)||2Ω1

]
+
[
daρR2

||U̇(t)||2Ω2
+ 2γs

2 ||Ds(U(t))||2Ω2

+δs2||∇ ·U(t)||2Ω2

]
+ da||V2(t)||2Ω2

+
∫ t

0

[
α2
1||P1(ζ)||2Ω1

+ α2
2||P2(ζ)||2Ω2

]
dζ

≤
∫ t

0
[G∗

1(ζ)]
2 dζ +

∫ t

0

[
2K1

max||U̇(ζ)||2Ω1
+ (1 + 2K1

max)||V1(ζ)||2Ω1
+ 2K2

max||U̇(ζ)||2Ω2

+2K2
max||V2(ζ)||2Ω2

]
dζ.

From (E20) we can extract

(E21)


||V1(t)||2Ω1

+ ||U̇(t)||2Ω1
+ ||U̇(t)||2Ω2

+ ||V2(t)||2Ω2
≤ 1

ρminda

[
||G∗

1||2L2(0,T )

]
+ µ

ρminda

∫ t

0

[
||U̇(ζ)||2Ω1

+ ||V1(ζ)||2Ω1
+ ||U̇(ζ)||2Ω2

+ ||V2(ζ)||2Ω2
] dζ.

Gronwall’s integral inequality supplies

||V1(t)||2Ω1
+ ||U̇(t)||2Ω1

+ ||U̇(t)||2Ω2
+ ||V2(t)||2Ω2

≤ 1

ρminda

[
||G∗

1||2L2(0,T )

]
exp

(
µ

ρminda
T

)
,

(60)
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or,

||V1
1 −V2

1||2L∞(0,T,L2(Ω1))
+ ||U̇1 − U̇2||2L∞(0,T,L2(Ω)) + ||V1

2 −V2
2||2L∞(0,T,L2(Ω2))

≤ β0

[
||bf

1,1(t)− bf
1,2(t)||2Ω1

+
α3α4

min{2da,K1
min}

||Tf
∞,1(t)−Tf

∞,2(t)||2Γ1

+
1

2K1
min

||bs
1,1(t)− bs

1,2(t)||2Ω1
+

1

α2
1

||α2
1,1 − α2

1,2||2Ω1
+

1

2K2
min

||b2
s,1(t)− b2

s,2(t)||2Ω2

+
1

2K2
min

||bf
2,1(t)− bf

2,2(t)||2Ω2
+

1

α2
2

||α2
2,1 − α2

2,2||2Ω2

]
,

(61)

where β0 = 1
ρminda

exp
(

µ
ρminda

T
)
. Further, using (60) and (E20) we obtain

(E22)



min{2da,K
1
min}

α3
||V1

1 −V2
1||2L2(0,T,H1(Ω1))

+ 2γs
1 ||Ds(U1)− Ds(U2)||2L∞(0,T,L2(Ω1))

+2γs
2 ||Ds(U1)− Ds(U2)||2L∞(0,T,L2(Ω2))

+ α2
1||P 1

1 − P 2
1 ||2L2(0,T,L2(Ω1))

+α2
2||P 1

2 − P 2
2 ||2L2(0,T,L2(Ω2))

≤ β1

[
||bf

1,1(t)− bf
1,2(t)||2Ω1

+ α3α4

min{2da,K1
min}

||Tf
∞,1(t)−Tf

∞,2(t)||2Γ1
+ 1

2K1
min

||bs
1,1(t)− bs

1,2(t)||2Ω1

+ 1
α2

1
||α2

1,1 − α2
1,2||2Ω1

+ 1
2K2

min
||bs

2,1(t)− bs
2,2(t)||2Ω2

+ 1
2K2

min
||bf

2,1(t)− bf
2,2(t)||2Ω2

+ 1
α2

2
||α2

2,1 − α2
2,2||2Ω2

]
,

where β1 =
{
1 + T

ρminda

[
1 + 4(K1

max +K2
max)

]
exp

(
µ

ρminda
T
)}

. Thus, if

(bf
1,1,b

s
1,1,b

f
2,1,b

s
2,1, α

2
1,1, α

2
2,1,T

f
∞,1) close to (bf

1,2,b
s
1,2,b

f
2,2,b

s
2,2, α

2
1,2, α

2
2,2,T

f
∞,2)

then left hand side of (61) or (E22) (the difference of solutions) must be small. Hence,
the solution continuously depends on the data. This also implies the uniqueness of
solutions. This completes the proof of Theorem 4.
Remark 2. We have shown that V1 ∈ L2(0, T ;H1(Ω1)), V̇1 ∈ L2(0, T ; (H1(Ω1))

∗),
implying V1 ∈ C([0, T ];L2(Ω1)). Further, we have shown U ∈ L2(0, T ;H1

0(Ω)), U̇s ∈
L2(0, T ;L2(Ω)), and Üs ∈ L2(0, T ;H−1(Ω)), implying U ∈ C([0, T ];L2(Ω)) and U̇s ∈
C([0, T ];H−1(Ω)).

Having proven the existence and uniqueness of results, we now wish to take a step
toward a realistic scenario. In this direction, we list the parameters involved in the
model and use the literature to estimate the range of their values. We then use these
data to compute the system energy and estimate its maximum value.
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4 Estimates of Parameter Values

A tumour mass can develop within a healthy tissue environment when cells divide
uncontrollably due to genetic and epigenetic mutations. Tumours and their surround-
ing healthy tissue have many structural and functional differences. When we model
a tumour and its surrounding host tissue as deformable porous media, the structural
and material parameters, such as interstitial hydraulic conductivity, interstitial fluid
viscosity, and the elasticity of the solid phase, distinguish them. In Table 1, we list
all the poroelastohydrodynamic parameters involved, along with reference values for
specific tissues. Based on these values, we compute the ranges of the dimensionless
model parameters that appear in the governing equations (see Table 2). Blood per-
fusion in tumours is significantly lower than the surrounding normal tissue due to
several reasons, including the presence of leaky and compressed blood vessels, hetero-
geneously distributed blood vessels, high interstitial fluid pressure, and dilated and
tortuous capillaries [55]. With this view in mind, we consider tumour tissue to be less
permeable than its host. We use a Darcy-type momentum equation to describe inter-
stitial fluid flow inside the tumour. By contrast, we use a Brinkman-type momentum
equation to describe fluid flow through the surrounding normal host tissue.

Solid tumours are typically stiffer than the surrounding normal tissue, and this
increased rigidity is often associated with a higher cancer risk, as well as contribut-
ing to tumour invasion and metastasis. This increased stiffness is attributed to the
overproduction and cross-linking of extracellular matrix (ECM) proteins, such as col-
lagen, within the tumour microenvironment [53, 54]. Hence, the magnitudes of the
Poisson ratio and Young’s modulus are considered accordingly. These parameters are
often clinically significant when diagnosing, treating, and predicting the malignancy.
Young’s modulus and Poisson ratio values are considered within a specific range, as
described in Table 2 [42]. On the other hand, the magnitudes of K1 and K2 vary
significantly depending on tumour type and host tissue. We report a broad range of
values for K2 and K1 in Tables 3 and 4, respectively, covering five tumour types and
their corresponding host values.

5 System Energy (SE) Bounds

Establishing the well-posedness of the governing unsteady poro-elastohydrodynamic
system for the tumour model considered validates the overall modelling approach.
Obtaining relevant stability estimates reveals the solution behaviour in response to
various parameters. Implementing Equations (12)-(21) using the Galerkin method
would provide a means to understand the behaviour of the present model for arbi-
trarily shaped tumours in higher dimensions.

To establish the well-posedness of the unsteady tumour poroelastohydrodynamics
model, it is necessary to show existence-uniqueness results over the Sobolev space
using L2 and H1 norms. The L2 norm of the velocity of a specific phase represents
the kinetic energy of that phase. On the other hand, the H1 norm of a phase velocity
represents a higher state of energy where the velocity gradient is involved. Alam et
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Parameter Description Baseline value References

RI Radius of tumour 0.007-0.013 m [37]

φs
1 and φs

2 Volume fractions of tumour 0.6-0.8 [37]
and normal cells

Kd hydraulic resistivity inside a tumour interior 32.28× 1012 [19, 20]
in the absence of deformation Pa sec m−2

µf Interstitial fluid viscosity 3.5× 10−3 kgm−1s−1 [38, 39]

ρf Interstitial fluid density 1× 103 kgm−3 [39]

ρs1 Normal tissue density 1.030× 103 kgm−3 [37]

ρs2 tumour tissue density 1.040× 103 kgm−3 [37]

Ys
1 Young’s modulus of normal tissue 0.5− 30 kPa [40]

(varies among various normal tissues)

Ys
2 Young’s modulus of tumour tissue 0.8− 11, 000 kPa [40]

(varies among various tumours)

PF Weighted vascular pressure 5 mmHg [6, 7, 20, 41]

Table 1: Different poroelastohydrodynamics parameters corresponding to the tumour and surrounding
healthy tissue with their baseline values

Dimensionless Description Range of values References
parameter

da Darcy’s number 10−4 − 10−3 [6, 7]
(Dimensionless specific permeability of tumour)

α1 and α2 Strength of transvascular solute α1, α2 ≥ 0 [6, 7]
perfusion inside normal and tumour tissue

ϱs1 and ϱs2 Dimensionless Young’s modulus (YM) corresponding to various 0.001 ≤ ϱs1 ≤ 1 [6, 7]
soft normal(host) and tumour tissues respectively 0.01 ≤ ϱs2 ≤ 1

νs1 and νs2 Poisson ratio (PR) corresponding 0.45 ≤ νs1 , ν
s
2 ≤ 0.49 [6, 7, 42, 43]

to normal and tumour tissues respectively

Table 2: Different dimensionless poroelastodynamics parameters corresponding to the tumour and sur-
rounding healthy tissue with their value range.
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tumour Hydraulic conductivity Calculated hydraulic Normalized K2 References
type resistivity

(cm2mmHg−1sec−1 × 10−8) (Pa sec m−2 × 1012) (= K2/Kd)
1 mmHg = 133.322 Pa

Fibrosarcoma 100− 1360 0.098− 1.33 ∼ 0.003− 0.04 [40]
(Human)

Hepatoma 3− 4.1, 28 4.76, 32.52− 44.44 0.15, ∼ 1− 1.377 [40]
(Human)

4T1 murine tumour 950− 2300 0.058− 0.14 ∼ 0.0018− 0.004 [40]
(Human)

U87 tumour 65− 7000 [40] 0.019− 2.05 ∼ 0.0006− 0.063
(Human)

MCaIV tumour 248 0.5376 ∼ 0.0167 [40]
(Rat)

Table 3: Estimated values of normalised hydraulic resistivity for different types of tumours.

Tumour Normal Hydraulic Calculated Normalized K1 References
tissue Host site conductivity hydraulic (= K1/Kd)
type (m2Pa−1 resistivity

sec−1 × 10−12) (Pa sec m−2 × 1012)

Fibrosarcoma Mesenchyme 0.0021− 0.0064 , 156.25− 476.19, ∼ 4.84− 14.75 [44, 45]
(Human) (fibrous 0.045− 0.141 7.092− 22.22 ∼ 0.22− 0.69 [40, 45]

connective tissue)

Hepatoma Hepatic sinusoids 6.5 0.154 ∼ 0.005 [45, 46]
(Human)

4T1 murine mammary 0.025− 1.5 0.67− 40 0.02− 1.24 Ch. 31 of [47]
tumour gland (primary),
(Human) lymph nodes,

lung, and bone.

U87 tumour Brain tissue 4− 1000 0.001− 0.25 3.1× 10−5 − 0.0077 [48, 49]
(Human) 0.015− 0.9 1.11− 66.67 0.034− 2.065

MCaIV tumour Rat abdominal 0.1125− 0.585 1.71− 8.89 0.053− 0.275 [40]
(Rat) muscle

Table 4: Estimated values of the normalised hydraulic resistivity for healthy host tissues
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al. [3, 4] introduce the term system energy or internal energy, which is calculated
using the composite velocity field. We can discuss the system energy behaviour using
upper and lower bounds of L2 and H1 norms of the composite velocity field inside
the tumour.

The L2 system energy (SE) within a tissue domain Ω is defined as ∥ V com
2 ∥2Ω.

Accordingly, we define

EΩ2 =∥ V com
2 ∥2Ω2

=∥ φf
2V

f
2 + φs

2V
s
2 ∥2Ω2

. (62)

We estimate the maximum of EΩ2
using the estimate (30) developed in Section 3

∥ V com
2 ∥Ω2 = ∥ φf

2V
f
2 + φs

2V
s
2 ∥Ω2

≤ φf
2 ∥ V f

2 ∥Ω2
+φs

2 ∥ V s
2 ∥Ω2

,

=
T

ρminda

[
α3α4

min{2da,K1}
(
T f
∞
)2

+ α2
1 + α2

2

]
exp

(
µτ

ρminda

)
, (63)

where τ > 0, ρmin = min{1, ρR1 , ρR2}, µ = max{(1+ 2K1), 2K2}. If we choose α1 = 1,

α2 = 1, and α3α4

(
T f
∞
)2

= 1, the following maximum of the system energy (MASE)
is obtained

EΩ2
=

(
T

ρminda

)2 [
1

min{2da,K1}
+ 2

]2
exp

(
2µτ

ρminda

)
, (64)
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Fig. 2: (Colour online) Maximum of system energy for tumour tissues with different
values of K1 and K2
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Figure 2 shows the variation of EΩ2 , (as defined by equation (64)) as K1 and K2,
vary between the values associated with different types of tumour. We find that EΩ2

attains its minimum value for U87 tumours and its maximum value for hepatoma
tumours, which evolve within brain tissue and hepatic lobes, respectively.

On the other hand, the minimum of system energy (MISE) can be computed from the
1D closed form solution of the poroelastohydrodynamic equations inside the tumour
tissue. We consider the geometry depicted in Figure 3, which represents a simplified
form of Figure 1 where the boundary Γ2 maps to the point x = 0, the tumour
boundary ΓI maps to x = xI and the host boundary Γ1 maps to x = xH. Attention is
restricted to short timescales for which cell proliferation and death can be neglected.

x = 0 

𝚪𝚪𝑰𝑰

Tumor Tissue 

Normal Tissue 

Host Tissue, 𝛀𝛀𝟏𝟏

Tumor Tissue, 𝛀𝛀𝟐𝟐

Tumor Tissue, 𝛀𝛀𝟐𝟐

Host Tissue, 𝛀𝛀𝟏𝟏 

𝚪𝚪𝟏𝟏

𝚪𝚪𝟐𝟐

x = xI 

x = xN𝚪𝚪𝟏𝟏 

𝚪𝚪𝟐𝟐 

𝚪𝚪𝑰𝑰 1D Form 

𝚪𝚪𝟏𝟏

𝚪𝚪𝟐𝟐

𝚪𝚪𝑰𝑰

Fig. 3: (Colour online) Schematic of domain for the 1D solution

Now, we seek an analytical solution of Equations M1: (12)-(14) and M2: (15)-(17)
for a 1D cartesian geometry subject to the boundary conditions (9a) and (9c)-(11).

We assume Pi(x, t) = Pi(x, t), U
s
i (x, t) = Us

i (x, t)êx and Vf
i (x, t) = V f

i (x, t)êx, for
i ∈ {H, T}. The 1D equations are as follows

∂

∂x

(
φf
1V

f
1

)
= S1,

∂

∂x

(
φs
1

∂Us
1

∂t

)
= 0, (65a)

and
∂

∂x

(
φf
2V

f
2

)
= S2,

∂

∂x

(
φs
2

∂Us
2

∂t

)
= 0, (65b)

da
∂V f

1

∂t
+ φf

1

∂P1

∂x
+K1

(
V f
1 − ∂Us

1

∂t

)
= da(λ+ 2)

∂2V f
1

∂x2
, (65c)

and

da
∂V f

2

∂t
+ φf

2

∂P2

∂x
+K2

(
V f
2 − ∂Us

2

∂t

)
= 0, (65d)
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daρR1

∂

∂t

(
∂Us

1

∂t

)
+ φs

1

∂P1

∂x
+K1

(
∂Us

1

∂t
− V f

1

)
− ϱs1(1− νs1)

(1 + νs1)(1− 2νs1)

∂2Us
1

∂x2
= 0, (65e)

and

daρR2

∂

∂t

(
∂Us

2

∂t

)
+ φs

2

∂P2

∂x
+K2

(
∂Us

2

∂t
− V f

2

)
− ϱs2(1− νs2)

(1 + νs2)(1− 2νs2)

∂2Us
2

∂x2
= 0. (65f)

In Equations (65a) and (65b), we note that

Si(x, t) = α2
i (1− Pi(x, t)) , i ∈ {H, T}. (66)

The interstitial fluid source term depends only on the IFP. We note that Equations
(65a) and (65b) involve multiple parameters, and simultaneously considering all of
them will be challenging. However, certain biological assumptions can be used to
simplify the parameter dependency. One can move to Appendix (A.3) for discussions
regarding parameter simplification and a detailed description of the analytical solu-
tion.

We can compute the minimum system energy (MISE) from the 1D closed-form solution
of poroelastohydrodynamics in tumour tissue. For the bounded domain Ω2 such that
in 1D form V com∗

2 ∈ L2([0, xI]) and 1 ∈ L2([0, xI]) then using Hölder’s inequality we
obtain ∣∣∣∣∣

∫
x∈IxI

V com∗

2 dx

∣∣∣∣∣ ≤
∫
x∈IxI

∣∣∣V com∗

2

∣∣∣dx ≤
√
xI

(∫
x∈IxI

∣∣∣V com∗

2

∣∣∣2 dx) 1
2

, (67)

where IxI
= [0, xI]. Similarly,

∣∣∣∣∣
∫
x∈IxI

∇xV
com∗

2 dx

∣∣∣∣∣ ≤
∫
x∈IxI

∣∣∣∇xV
com∗

2

∣∣∣ dx ≤
√
xI

(∫
x∈IxI

∣∣∣∇xV
com∗

2

∣∣∣2 dx) 1
2

. (68)

The corresponding minimum of the system energy based on the lower bounds of L2

and H1 norms is respectively given as

EL2(Ix2
) =

∣∣∣∣∣
∫
x∈IxI

V com∗

2 dx

∣∣∣∣∣ ≤
(∫

x∈IxI

∣∣∣V com∗

2

∣∣∣2 dx) 1
2

=
√
xI ∥ V com∗

2 ∥L2(IxI
), (69)

and

EH1(IxI
) =

∣∣∣∣∣
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x∈IxI

V com∗

2 dx
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2

+
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∫
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2
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≤
√
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[(∫
x∈IxI

∣∣∣V com∗

2

∣∣∣2)+

(∫
x∈IxI

∣∣∣∇xV
com∗

2

∣∣∣2)] 1
2

=
√
xI ∥ V com∗

2 ∥H1(IxI
),(70)

which can be further manipulated as

EH1(IxI
) =

∣∣∣∣∣
∫
x∈IxI

V com∗

2 dx

∣∣∣∣∣
2

+
∣∣∣V com∗

2 (x = xI)− V com∗

2 (x = 0)
∣∣∣2
 1

2

, (71)

where the first term on the right-hand side represents volumetric flux as above, and
the second term represents net velocity gradient within IxI

. The second term signifies
the velocity difference between the periphery and the tumour center. We identify two
parameters, dimensionless hydraulic resistivity (K2) and solute perfusion strength
(α2), through the vasculature that promote the lower limit of system energy (Ek).

We show the behavior of Ek changes as K2 varies for fibrosarcoma in Figure 4, where
α2 = 5 and ln(t) ∈

[
10−3, 101

]
. Our discussion utilizes a logarithmic time interval

scale ranging from 10−3 to 101. Based on our observation, it is apparent that for
the five tumour types listed in Table 3, EL2 is lower than EH1 within IxI

. The host
mesenchyme parameters are chosen as K1 = 0.22 and α1 is large (indicating signifi-
cant fluid (containing nutrients) perfusion through the vasculature ). We observe two
varied behaviors of Ek in two ranges: (1) 0.003 ≤ K2 ≤ 0.01 and (2) K2 > 0.01.
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Fig. 4: (Colour online) Minimum of system energies (MISE) (Ek) versus dimensionless
time (t) corresponding to six fibrosarcoma tumours which differ in terms of their
hydraulic resistivity values, i.e., K2 = 0.003, 0.005, 0.008, 0.01, 0.02, 0.03 within the
host mesenchyme tissue having hydraulic resistivity K1 = 0.22 when α1 → ∞, α2 = 5,
ν1 = ν2 = 0.45.

When K2 is below 0.01, Ek behaves inversely with K2; however, it becomes directly
proportional when K2 exceeds 0.01. Corresponding to the first range, Ek increases
due to decrease in K2. On the other hand, an increase in K2 corresponding to the
second range results in an increase in Ek. In the former case, an increase in the Ek

is due to the larger deformation in the solid phase of the tumour. The solid phase
velocity dominates the interstitial fluid velocity. In the latter case, higher interstitial
hydraulic resistivity opposes the interstitial fluid flow. Specifically, when K2 ≥ 0.01,
interstitial fluid flow dominates the solid phase velocity with increasing K2. For a
tumour with a larger volume of solid components, the effect of V f

2 on Ek is negligible.
In this case, there is a rapid change in the energy profile Ek over time.
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Fig. 5: (Colour online) The minimum of system energy (Ek) versus dimensionless time
(t) corresponding to six varieties of Hepatoma tumours differentiated in terms of their
hydraulic resistivity values, i.e., K2 = 0.14, 0.16, 0.22 within hepatic sinusoids (host)
having H.R. K1 = 0.005 when α1 → ∞, α2 = 5, ν1, ν2 = 0.45.

Figure 5 illustrates the variation in system energy over a small time interval of
10−3 − 10−1. The MISE profiles consistently behave in relation to K2. When the
hydraulic resistivity value of a hepatic lobe host is set at K1 = 0.005, the SE profile
increases with K2 ≥ 0.14, which differs from the corresponding changes observed in
fibrosarcoma. Generally, hepatoma exhibits higher interstitial hydraulic resistance
than its host hepatic lobe and shows a similar level of MISE to fibrosarcoma when K2

is at least 0.02. In comparison, we can conclude that the likelihood of system energy
deficiency is greater in hepatoma than in fibrosarcoma.
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K2 = 0.0018, k = L2

K2 = 0.0018, k = H1
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Fig. 6: (Colour online) The minimum of system energies (Ek) versus dimensionless
time (t) corresponding to six varieties of 4T1 murine tumours differentiated in terms
of their hydraulic resistivity values i.e., K2 = 0.0018, 0.0025, 0.003, 0.004 within
the mammary gland, lymph nodes, etc. (hosts) having standard hydraulic resistivity
K1 = 0.05 when α1 → ∞, α2 = 5, ν1, ν2 = 0.45.

In this section, we analyse the behaviour of Ek in 4T1 murine tumours concerning
K2 when the tumours are in the mammary gland, lymph nodes, and other similar
hosts (see Figure 6). It is worth noting that the 4T1 murine tumour and fibrosarcoma
show a similar dependency on K2. We found that Ek reaches its maximum value
when K2 = 1.8× 10−3, which is essential for promoting Ek. Lastly, when K1 > K2, it
suggests that the host-tumour interface is leaky and that an increase in the difference
between |K1 −K2| enhances the magnitude of Ek.

Figures 7(a)-7(b) illustrate the behavior of Ek over time within a U87 tumor
(glioma) for specific K2 values corresponding to two different host brain tissues, with
K1 = 5 × 10−2 and K1 = 8 × 10−4, respectively. The average magnitude of Ek is
higher for K1 = 8 × 10−4 compared to K1 = 5 × 10−2, which indicates that in the
former case, the hydraulic resistivity of the glioma tumour is lower than that of the
surrounding healthy tissue. In contrast, in the latter case, the internal hydraulic
resistivity of the glioma is higher than that of the surrounding healthy tissue. This
incident suggests that Ek has a more pronounced effect in the second case. The latter
case generally has more MISE.

Figures 8(a) and 8(b) illustrate the temporal changes in Ek for MCaIV tumours located
in different abdominal muscles of a rat (host site), with varying values of K1. The
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value of K2, which represents the rate of interstitial fluid flow, is set at 0.0167 for
MCaIV tumours. Despite the wide range of variations in K1, we observe only minimal
changes in Ek. We have considered two different ranges for K1: 0.053 ≤ K1 ≤ 0.275
and 0.22 < K1 ≤ 14. In these ranges, K2 < K1, and an increase in K1 generally
results in a decrease in Ek. Notably, when K1 ≥ 0.69, we observe a slight change in Ek,
as demonstrated in a zoomed-in plot. These findings suggest that an increase in K1

reduces the penetration of interstitial fluid from the host to the tumour interstitium.
Furthermore, when K1 is much greater than K2, the profiles of Ek for two different
K1 values show no significant variations. Thus, when K1 = 0.69 and K2 = 0.0167, we
reach a threshold combination beyond which further increases in K1 do not affect Ek.
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Fig. 9: (Colour online) Variation of the minimum of system energy (Ek) with α2 within
the range 0 < α2 ≤ 20 for (a) a fibrosarcoma with K2 = 0.005 inside mesenchyme
K1 = 0.3, (b) a hepatoma with K2 = 0.15 inside normal hepatic lobe K1 = 0.005,
(c) a 4T1 murine tumour with K2 = 0.003 inside any of mammary gland, lymph
nodes, lungs etc. having a standard hydraulic resistivity K1 = 0.05, (d) a U87 tumour
with K2 = 0.001 inside brain tissue with K1 = 0.0005, (e) a MCaIV tumour with
K2 = 0.0167 within Rat abdominal muscle with K1 = 0.06 with following tumour
sizes x2 = 2, 3, 4 when α1 → ∞, ν1, ν2 = 0.46.
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Figures 9(a)-9(e) show the variation of Ek for α2 (strength of perfusion through the
vasculature within tumour Ω2) corresponding to (1) fibrosarcoma, (2) hepatoma, (3)
4T1 murine tumour (4) U87 tumour (glioma) and (5) MCaIV tumour respectively.
Highest Ek can be achieved for hepatoma within the given interval α2 ≥ 0. We
consider three tumour radii x2 = 2, 3, 4. Both Ek=H1 and Ek=L2 increases with the
tumour size. Moreover, Ek=H1 > Ek=L2 in all these cases.

In case of fibrosarcoma, Ek increases with the fluid perfusion strength α2 for all pos-
sible tumour sizes. The internal hydraulic resistivity of a fibrosarcoma is supposed to
be less than that of its host mesenchyme. Under these circumstances, the tumour via-
bility becomes higher. On the other hand, Figure 9(b) shows the marginal growth of
Ek with increasing α2 in the case of a hepatoma due to the higher internal hydraulic
resistivity. Expect fibrosarcoma, strictly increasing behaviour in Ek is shown with
respect to α2 for 4T1 murine tumour (see Figure 9(c)). At a higher magnitude of
α2 two Ek profiles corresponding to k = L2 and k = H1 tend to coincide. However,
at a higher value x2 (e.g., x2 = 4), such coincidence may be delayed. Now Figure
9(d) depicts that similar to hepatoma, U87 tumours (glioma) show marginal growth
in Ek=H1 regarding α2, but Ek=L2 demonstrates significant growth. Therefore, the
composite velocity gradient has a marginal impact on Ek=H1 . There is a similarity
between the Ek profiles corresponding to a Hepatoma and U87 tumour, which is due
to the similar influence they receive from their respective host environments having
low hydraulic resistivity. Finally, in the case of MCaIV tumours, Figure 9(e) shows
an increase in Ek profiles with α2 for two different energy levels.

The overall observation on magnitudes of Ek corresponding to five tumours depicts
the following increasing sequence of minimum SE: MISE of hepatoma tumours <
MISE of MCaIV tumours < MISE of 4T1 murine tumours < MISE of fibrosarcoma
tumours < MISE of U87 tumours. The reciprocal of the MISE is the MASE. Hence,
the MASE should obey the increasing relation: MASE of U87 tumours < MASE of
fibrosarcoma tumours < MASE of 4T1 murine tumours < MASE of MCaIV tumours
< MASE of hepatoma tumours. However, Figure 2 shows a slight variation in the
order between 4T1 murine tumours and fibrosarcoma as illustrated through the order
mentioned above. Nevertheless, we are in a position to compare these MASEs Ek with
EΩ2 . Therefore, among these five tumours, U87 tumours and hepatomas attain the
minimum and maximum of the system energy, respectively. In other words, in terms
of the system energy, our study highlights that U87 tumours show the least viability,
and hepatomas show the most viability towards interstitial fluid percolation and solid
phase deformation. However, in terms of magnitude, no significant difference in the
system energy is observed between fibrosarcoma and the 4T1 murine tumour. They
can be treated as at most equally viable. Moreover, magnitudes of Ek corresponding
to U87-tumours and fibrosarcoma are very close. Therefore, in terms of viability, they
differ little. Hence, in the viability issue, our system energy analysis indicates that U87-
tumours, fibrosarcoma, and 4T1 murine tumours are almost equally viable, with 4T1
murine tumours being slightly more viable. On the other hand, in the issue of viability,
the hepatomas and MCaIV tumours are much higher among these five. However, the
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system energy analysis is just a theoretical prediction of tumour viability; one must
rely on clinical data. Some clinical evidence suggests the U87-tumours or glioblastoma
are the most aggressive kind of carcinoma with a low prognosis rate [56]. But the
aggressiveness of a cancer and its prognosis always depend on the disease diagnosis,
staging, etc., along with several interacting factors.

6 Conclusions

This paper studies poroelastohydrodynamics of a model of in-vivo tumour growth
on the short timescale for which changes in tumour volume can be neglected.
Based on the biphasic mixture models, the corresponding boundary value problem
is formulated. We have shown the well-posedness of this problem in a weak sense,
including the existence, uniqueness, and continuous dependence of the model on
the boundary data. First, the weak/variational formulation is derived, and then the
finite-dimensional problem is demonstrated using the semi-discrete Galerkin method.

Our analysis reveals that the upper and lower bounds of tumour system energy
are strongly governed by the dimensionless hydraulic resistivity of tumour and host
tissues. These regulate the interplay between interstitial fluid percolation and solid-
phase deformation across the tumour–host interface. Tumours with lower internal
resistivity relative to their host attain higher minimum system energy, indicating
enhanced poroelastohydrodynamic viability, whereas highly resistive tumours sup-
press interstitial perfusion and sustain reduced energy levels. These findings establish
hydraulic resistivity as a key mechanobiological parameter linking tissue microstruc-
ture to short-time tumour viability in the present framework. Further, it is observed
that these energy estimates are sensitive to the model parameters.

It is realized that upper bounds for the system energy are readily available by virtue of
the well-posedness results. However, one needs the fluid percolation velocity and the
solid-phase displacement explicitly to obtain the lower bounds of the energy. Thanks
to the 1D model, which enables us to obtain the closed-form analytical solution and,
subsequently, the MISE based on the lower bounds of the L2 and H1 norms. The five
tumour case studies we have chosen can be sorted in decreasing order of their system
energy upper bound as: hepatoma, MCaIV tumour, fibrosarcoma, 4T1 murine, and
U87 tumour. On the other hand, a similar sorting based on the lower bound is:
hepatoma, MCaIV tumour, 4T1 murine, fibrosarcoma, and U87 tumour. Hence, any
characterizations associated with the system energy can provide additional insights
into various types of tumours.

In the present model, we investigate short-time-scale fluid percolation and solid-phase
deformation within a tumour embedded in a host tissue. However, fluid perfusion
through the tumour vasculature network and interstitial percolation occur on a much
faster time scale than that required for cell growth. As a result, the growth of the cell
population has been neglected. The corresponding model appears more involved and
challenging, both in establishing well-posedness results and in numerical simulations.
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Accordingly, one may treat tumour cells as a fluid with a viscosity different from that of
the interstitial fluid [14, 16, 18]. The source terms in the mass conservation equations
would then depend on the nutrient concentration within both the tumour and the
host. One may further consider a pseudo–steady-state nutrient transport process in
both regions, incorporating a moving interface between the tumour and the host.
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A Appendix

A.1 Function spaces and useful results
6 We define below various function spaces, useful inequalities and certain results that
we use in the analysis of the weak formulation.

Let Ω ⊂ Rd, d = 2, 3 be a bounded, open, connected domain with a Lipschitz
continuous boundary. L2(Ω) denotes the space of square-integrable functions equipped
with standard norm ||u||Ω = (

∫
Ω
|u|2 dΩ)1/2. The corresponding vector and matrix-

valued space of square-integrable functions are denoted and defined by

L2(Ω) := [L2(Ω)]d, L2(Ω) := [L2(Ω)]d×d,

and the corresponding norm is || · ||Ω. The symbols ( , )Ω, and ( , )∂Ω denote inner
products in L2(Ω), and in the corresponding trace space L2(∂Ω), respectively.
L∞(Ω) : denotes the space of measurable functions which are essentially bounded on
Ω and equipped with the norm ||u||∞,Ω = esssupx∈Ω|u|. The corresponding vector and
matrix-valued space of essentially bounded functions are denoted and defined by

L∞(Ω) := [L∞(Ω)]d, L∞(Ω) := [L∞(Ω)]d×d,

and the corresponding norm is || · ||∞,Ω.
Further, H1(Ω) denotes the standard Sobolev space of order ‘1’ equipped with stan-
dard norm
||u||1,Ω =

[∫
Ω
(|u|2 + |∇u|2) dΩ

]1/2
. We denote the vector and matrix-valued Sobolev

spaces as follows:

H1(Ω) := [H1(Ω)]d, H1(Ω) := [H1(Ω)]d×d,

6see [4, 36]
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and still write || · ||1,Ω for corresponding norm.
H1

0(Ω) = {u ∈ H1(Ω) : u = 0 on ∂Ω} and H1
0,Γ(Ω) = {u ∈ H1(Ω) : u = 0 on Γ},

where Γ is an open subset of ∂Ω. (H1(Ω))∗ and H−1(Ω)d denote the dual space of
H1(Ω) and H1

0 (Ω)
d, respectively. The norm on a dual space X∗ is defined as

||f ||X∗ = sup
0̸=u∈X

|⟨f ,u⟩Ω|
||u||X

, (72)

where ⟨· , ·⟩Ω denotes the duality pairing.
Further, H1/2(∂Ω) = {τ0u|u ∈ H1(Ω)}, where τ0 is the trace operator on H1(Ω). A
norm on H1/2(∂Ω) defined as

||f ||1/2,Ω = inf
v∈H1(Ω),τ0v=f

||v||1,Ω. (73)

The space H1/2(∂Ω) is a Hilbert space continuously embedded in L2(∂Ω).
We define a function spaceH(div; Ω) = {v ∈ L2(Ω)|∇·v ∈ L2(Ω)} and its subspace

H0(div; Ω) = {v ∈ H(div; Ω)|v · n = 0 on ∂Ω}. The following relation holds

H1
0(Ω) ⊂ H0(div; Ω) ⊂ H(div; Ω).

Definition 1. Let X denote the real Banach space, with the norm || ||X. The space
Lp(0, T ;X) consists of all strongly measurable functions u : [0, T ] → X with
(i) 1 ≤ p < ∞,

||u||Lp(0,T ;X) :=

(∫ T

0

||u||pX dt

)1/p

< ∞

and
(ii) p = ∞,

||u||L∞(0,T ;X) := ess sup0≤t≤T ||u(t)||X < ∞.

Definition 2. The space C([0, T ];X) comprises all continuous functions u : [0, T ] →
X with

||u||C([0,T ];X) := max
0≤t≤T

||u(t)||X < ∞.

A.2 Coefficient matrices

We refer the system .()... that involve several coefficient matrices. We
define these here.

• A1 = (da(w
j
1,w

i
1)Ω1

)1≤i,j≤m,
• A2 = (2da(Df (wj

1,Df (wi
1)Ω1

+λda(∇·
wj

1,∇·wi
1)Ω1

+(K1w
j
1,w

i
1)Ω1

+β∗(wj
1 ·

t̂,wi
1 · t̂)ΓI

)1≤i,j≤m,

• A3 = (φf
1 (q

j
1,∇ ·wi

1)Ω1
)1≤i,j≤m,

• A4 = ((K1Ψ
j ,wi

1)Ω1
)1≤i,j≤m,

• A5 = (da(w
j
2,w

i
2)Ω2

)1≤i,j≤m,

• A6 = (φf
2 (q

j
2,∇ ·wi

2)Ω2
)1≤i,j≤m,

• A7 = ((K2w
j
2,w

i
2)Ω2

)1≤i,j≤m,
• A8 = ((K2Ψ

j ,wi
2)Ω2

)1≤i,j≤m,
• B1 = (daρR1

(Ψj ,Ψi)Ω1
+

daρR2
(Ψj ,Ψi)Ω2

)1≤i,j≤m,

41



• B2 = (2γs
1(Ds(Ψj),Ds(Ψi))Ω1 + δs1(∇ ·

Ψj ,∇·Ψi)Ω1+2γs
2(Ds(Ψj),Ds(Ψi))Ω2+

δs2(∇ ·Ψj ,∇ ·Ψi)Ω2)1≤i,j≤m,
• B3 = ((K1Ψ

j ,Ψi)Ω1
+(K2U̇

m
2 (t),Ψi)Ω2

)1≤i,j≤m,
• B4 = ((K1w

j
1,Ψ

i)Ω1
)1≤i,j≤m,

• B5 = ((K2w
j
2,Ψ

i)Ω2)1≤i,j≤m,
• B6 = (φs

1(q
j
1,∇ ·Ψi)Ω1)1≤i,j≤m,

• B7 = (φs
2(q

j
2,∇ ·Ψi)Ω2

)1≤i,j≤m,
• Q1 = (α2

1(q
j
1, q

i
1)Ω1

)1≤i,j≤m,
• Q2 = (α2

2(q
j
2, q

i
2)Ω2

)1≤i,j≤m.

Expressions for Fi (i = 1 . . . 5) are:

F1 =

 (bf
1 (t),w

1
1)Ω1 + (Tf

∞(t),w1
1)Γ1

...

(bf
1 (t),w

m
1 )Ω1 + (Tf

∞(t),wm
1 )Γ1

 , F2 =


(bs

1(t),Ψ
1)Ω1 + (bs

2(t),Ψ
1)Ω2

...
(bs

1(t),Ψ
m)Ω1

+ (bs
2(t),Ψ

m)Ω2



F3 =

 (bf
2 (t),w

1
2)Ω2

...

(bf
2 (t),w

m
2 )Ω2

F4 =

 (α2
1, q

1
1)Ω1

...
(α2

1, q
m
1 )Ω1

 , F5 =

 (α2
2, q

1
2)Ω2

...
(α2

2, q
m
2 )Ω2

 .

A.3 Analytical Solutions corresponding to 1D system

We exploit the relations (65a) and (65b) and perform some algebra to eliminate V f
1

and ∂Us
1/∂t from (65c) and V f

2 and ∂Us
2/∂t from (65d). This yields the following

equations for the corresponding pressure fields

∂

∂t
(P1 − 1)− χ2

1

∂2

∂x2
(P1 − 1) + χ2

2 (P1 − 1) = 0, (74a)

and
∂

∂t
(P2 − 1)− χ2

3

∂2

∂x2
(P2 − 1) + χ2

4 (P2 − 1) = 0, (74b)

where

χ2
1 = (λ+ 2) +

(
φf
1

)2
(daα2

1)
, χ2

2 =
K1

da
, χ2

3 =

(
φf
2

)2
(daα2

2)
, and χ2

4 =
K2

da
.

Note that P1 and P2 satisfy unsteady Helmholtz equations which decouple from V f
1 ,

V f
2 , Us

1 and Us
2 . Further, V

f
1 and V f

2 can be eliminated from the above equations with
the help of Eqs. (65a) and (65b), respectively:

∂3Us
1

∂x3
= E(νs1)

[
χ2
5

∂

∂t
(P1 − 1) + χ2

6 (P1 − 1)

]
, xI ≤ x ≤ xH, (75a)

and
∂3Us

2

∂x3
= E(νs2)

[
χ2
7

∂

∂t
(P2 − 1) + χ2

8 (P2 − 1)

]
, 0 ≤ x < xI, (75b)
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where

E(νs1) =
(1 + νs1)

(1− νs1)
, E(νs2) =

(1 + νs2)

(1− νs2)
, χ2

5 ≈ 1

χ2
1

,

χ2
6 ≈ χ2

2

(
1

χ2
1

+
φf

φs

)
, χ2

7 ≈ 1

χ2
3

, and χ2
8 ≈ 1

φs

(
χ2
4

χ2
3

)
.

This process leads to equations illustrating the relationships between solid phase
displacements and interstitial pressure fields (IPFs) in the two tissue domains. These
displacements are further required in Eqs. (65e)-(65f) to obtain IFVs.

Without loss of generality, one may assume φf
1 = φf

2 = φf that forces φs
1 = φs

2 = φs.
Next, we suppose that the host tissue is highly perfused, so α2

1 is large. Based on the

estimates of da in Table 2, we anticipate α2
1 ∼

(
φf
1

)2
/da such that χ2

1 ≈ (λ + 3).

Refereing again to Table 2, for the values of νs1 and νs2 and ϱs1 and ϱs2, we find estimate
that ((1− 2νs1)φ

s/(ϱs1)) ∼ 1 and ((1− 2νs2)φ
s/(ϱs2)) ∼ 1 respectively.

Eqs. (74a)-(74b), Eqs. (65e)-(65f), and Eqs. (75a)-(75b) comprise unsteady, non-
homogeneous linear partial differential equations with non-homogeneous boundaries.
In order to produce analytical solutions to these equations, it is convenient to propose
the following decompositions for the dependent variables, for i ∈ [1, 2]:

Pi(x, t) = P
(nh)
i (x) + P

(ho)
i (x, t),

V f
i (x, t) = V f(nh)

i (x) + V f(ho)

i (x, t), (76)

Us
i (x, t) = Us(nh)

i (x) + Us(ho)

i (x, t),

where the prefixes “nh” and “ho” denote for nonhomogeneous and homogeneous
parts respectively. We substitute the above decomposition into Eqs. (65c)-(75b) to
derive nonhomogeneous and homogeneous solutions for each variable. Clearly, the
steady part of Eqs. (74a)-(74b) are Helmholtz-type ordinary differential equations
and admit explicit solutions. We use the separation of variables technique to obtain
the general solution for the simplified domain shown in Fig. 3.

Here, we present analytical solutions to Eqs. (74a)-(74b), Eqs. (65e)-(65f), and Eqs.
(75a)-(75b). The general solution of Eqs. (74a)-(74b) can be obtained through any
ad-hoc method and written as follows

P1(x, t) = 1 + N1Θ1 (x− xI) +N2Θ2 (x− xI) (77a)

+

∞∑
n=1

(
M

(n)
1 ξ

(n)
1 (x− xI) +M

(n)
2 ξ

(n)
2 (x− xI)

)
exp

(
−λ2

n,1t
)
,
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and

P2(x, t) = 1 + T1Υ1(x) + T2Υ2(x) +

∞∑
n=1

(
R

(n)
1 ζ

(n)
1 (x) +R

(n)
2 ζ

(n)
2 (x)

)
exp(−λ2

n,2t),

(77b)
where

Θ1 (x− xI) = cosh (χ∗
2 (x− xI)) and Θ2 (x− xI) = sinh (χ∗

2 (x− xI)) ,

ξ
(n)
1 (x− xI) = cos (µn,1(x− xI)) and ξ

(n)
2 (x− xI) = sin(µn,1(x− xI)),

Υ1(x) = cosh(χ4x) and Υ2(x) = sinh(χ4x),

ζ
(n)
1 (x) = cos(µn,2x) and ζ

(n)
2 (x) = sin(µn,2x),

λ
(n)
1 =

√
χ∗2

1

{(
µ
(n)
1

)2
+ χ∗2

2

}
and λ

(n)
2 =

√
χ2
3

{(
µ
(n)
1

)2
+ χ2

4

}
,

Subsequently, P1 and P2 are substituted in (65a) and (65b) respectively, we deduce
that the IFVs can be written as

V f
1 (x, t) =

[
N3 −

1

χ∗
2

{N2Θ1 (x− xI) +N1Θ2 (x− xI)}
]

+

∞∑
n=1

1

µn,1

(
M

(n)
2 ξ

(n)
1 (x− xI)−M

(n)
1 ξ

(n)
2 (x− xI)

)
exp(−λ2

n,1t), (78a)

and

V f
2 (x, t) =

[
T3 −

1

χ4
{T1Υ2(x) + T2Υ1(x)}

]
+

∞∑
n=1

1

µn,2

(
R

(n)
2 ζ

(n)
1 (x)−R

(n)
1 ζ

(n)
2 (x)

)
exp

(
−λ2

n,2t
)
.

(78b)
Eqs. (77a) and (77b) are then used in Eqs. (75a) and (75b) respectively to determine
the corresponding solid phase displacements as

Us
1 (x, t) =

[(
N4

2
x2 +N5x +N6

)
+ E(νs1)

(
χ∗2

6

χ∗3

2

)
{N1Θ2 (x− xI) +N2Θ1 (x− xI)}

]

+

∞∑
n=1

Ξ
(n)
1

(
M

(n)
2 ξ

(n)
1 (x− xI)−M

(n)
1 ξ

(n)
2 (x− xI)

)
exp

(
−λ2

n,1t
)
, (79a)

and

Us
2 (x, t) =

[(
T4
2
x2 + T5x + T6

)
+ E(νs2)

(
χ∗2

8

χ
3

4

)
{T1Υ2(x) + T2Υ1(x)}

]
(79b)

+

∞∑
n=1

Ξ
(n)
2

(
R

(n)
2 ζ

(n)
1 (x)−R

(n)
1 ζ

(n)
2 (x)

)
exp

(
−λ2

n,2t
)
,
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where

Ξ
(n)
1 =

1

µ3
n,1

(
χ∗2

6 − χ∗2

5 λ2
n,1

)
and Ξ

(n)
2 =

1

µ3
n,2

(
χ∗2

8 − χ∗2

7 λ2
n,2

)
,

The arbitrary constants are obtained by imposing the boundary and interface
conditions (18)-(21), which are restated in simplified form in the next section.

A.3.1 Restatement of boundary and interface conditions

The boundary and interface conditions for the simplified geometry, shown in Fig.
3, follow from Eqs. (18)-(21). We first rewrite the conditions at the two boundaries
x = xH and x = 0 respectively as follows

T f
1 (x = xH, t) = −P1(x = xH, t) + (λ+ 2)

∂V f∗

1

∂x

∣∣∣∣∣
x=xH

= 1 (80a)

and
Us
1 (x = xH, t) = 0, V f

2 (x = 0, t) = 0, Us
2 (x = 0, t) = 0. (80b)

Here x = xI denotes the interface between tumour and host tissue. The ambient
fluid stress T f

∞ ∼ φf can be considered. The physics of the problem guarantees the
continuity of 1D velocities and displacements at the host-tumour interface so that,
actually, no mass gets transported from one tissue domain to another. Accordingly,
we set

V f∗

1 (x = xI, t) = V f∗

2 (x = xI, t), Us
1 (x = xI, t) = Us

2 (x = xI, t). (80c)

In addition, we have the continuity of normal stresses at x = xI:

(λ+ 2)
∂V f∗

1

∂x

∣∣∣∣∣
x=xI

= P1(x = xI, t)− P2(x = xI, t), (80d)

1

E(νs1)
∂Us

1

∂x

∣∣∣∣
x=xI

− 1

E(νs2)
∂Us

2

∂x

∣∣∣∣
x=xI

= φsφf {P1(x = xI, t)− P2(x = xI, t)} , (80e)

Note that x = 0 represents the boundary Γ2 here. In order to obtain Pi(x, t), V
f
i (x, t),

and Us
i (x, t) from (74a)-(74b), (65a)-(65b), and (75a)-(75b) respectively, we need to

assume additional conditions. Besides Us
1 (x = xH, t) = 0, we further assume T s

1 (x =
xH, t) = T s

∞ (ambient stress corresponding to the solid component inside the host
tissue) which gives

1

E(νs1)
∂Us

1

∂x

∣∣∣∣
x=xH

= 1 + φsφfP (x = xH, t), (81)

when we consider T s
∞ ∼ φs.
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Interface flux balance: In addition to the above conditions, we assume continuity
of the composite volumetric flux [6] across the surface ΓI (interface of tumour and
normal host tissue). Therefore, appending to Eqs. (14) and (17), we have:∫∫

ΓI

VH

com.êxdΓI =

∫∫
ΓI

VI

com.êxdΓI
Gauss-divergence−−−−−−−−−−−→

theorem

∫ xH

x=xI

(P1−1)dx =

∫ xI

x=0

(P2−1)dx.

(82)
Note that the right-hand side of (82) is simplified for the 1D case.

A.3.2 Eigenvalues, eigenvectors and the solution space

The derived solutions for P1(x, t), V
f
1 (x, t) and Us

1 (x, t) are used in (80a) and (81) to

equate with prescribed stresses due to interstitial fluid
(
T f∞

1

)
and solid components

of host tissue
(
T s∞

1

)
respectively within host tissue at a distance (xH − xI) away from

the tumour site. Accordingly, we obtain

[N1Θ1(xH − xI) + N2Θ2(xH − xI)−
1

(λ− 1)

]
(83a)

+

∞∑
n=1

[
M

(n)
1 ξ

(n)
1 (xH − xI) +M

(n)
2 ξ

(n)
2 (xH − xI)

]
× exp(−λ2

n,1t) = 0,

and

1

E(νs1)
(xHN4 +N5) (83b)

+

[{(
χ∗
6

χ∗
2

)2

− φsφf

}
(N1Θ1(xH − xI) +N2Θ2(xH − xI))−

(
1 + φsφf

)]

=

∞∑
n=1

(
φsφf + Ξ

(n)
1 µn,1

){
M

(n)
1 ξ

(n)
1 (xH − xI) +M

(n)
2 ξ

(n)
2 (xH − xI)

}
exp(−λ2

n,1t).

Corresponding to

M
(n)
1 ξ

(n)
1 (xH − xI) +M

(n)
2 ξ

(n)
2 (xH − xI) = 0, ∀n ∈ N, (84)

when (
φsφf + Ξ

(n)
1 µn,1

)
̸= 0 ∀n ∈ N. (85)

Consequently, we obtain

N1Θ1(xH − xI) +N2Θ2(xH − xI)−
1

(λ− 1)
= 0, (86a)
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and

1

E(νs1)
(xHN4 +N5) (86b)

+

[{(
χ∗
6

χ∗
2

)2

− φsφf

}
(N1Θ1(xH − xI) +N2Θ2(xH − xI))−

(
1 + φsφf

)]
= 0.

Now, we use Eq. (82), which shows the interfacial continuity of fluxes corresponding
to the composite velocity fields for two tissue domains, which leads to

1

χ∗
2

[N1Θ2(xH − xI) +N2 {Θ1(xH − xI)− 1}]− 1

χ4
[T1Υ2(xI) + T2 {Υ1(xI)− 1}]

+

∞∑
n=1

1

µn,1

[
M

(n)
1 ξ

(n)
2 (xH − xI) +M

(n)
2

(
1− ξ

(n)
2 (xH − xI)

)]
exp(−λ2

n,1t), (87)

=

∞∑
n=1

1

µn,2

{
R

(n)
1 ζ

(n)
2 (xI) +R

(n)
2

(
1− ζ

(n)
1 (xI)

)}
exp(−λ2

n,2t)

For all n ∈ N,

M
(n)
1 ξ

(n)
2 (xH − xI) +M

(n)
2

(
1− ξ

(n)
1 (xH − xI)

)
= 0, (88)

and
R

(n)
1 ζ

(n)
2 (xI) +R

(n)
2

(
1− ζ

(n)
1 (xI)

)
= 0, (89)

Eq. (87) gives

1

χ∗
2

[N1Θ2(xH − xI) +N2 {Θ1(xH − xI)− 1}]− 1

χ4
[T1Υ2(xI) + T2 {Υ1(xI)− 1}] = 0.

(90)

For nontrivial solution in M
(n)
1 and M

(n)
2 from Eq. (84) and Eq. (88), we have∣∣∣∣∣ξ(n)1 (xH − xI) ξ

(n)
2 (xH − xI)

ξ
(n)
2 (xH − xI) 1− ξ

(n)
1 (xH − xI)

∣∣∣∣∣ = 0, (91)

Therefore, Eq. (91) obtains ξ
(n)
1 (xH − xI) = 1 and consequently, µn,1 = 2nπ/(xH − xI)

are the eigenvalues. Next Eqs. (80d) and (80e) correspond to interfacial continuity
between the interstitial fluid and solid stresses. Subsequently, we obtain[

(N1 −
1

(λ+ 3)
(T1Υ1(xI) + T2Υ2(xI))

]
+

∞∑
n=1

M
(n)
1 exp(−λ2

n,1t)

+

∞∑
n=1

{
R

(n)
1 ζ

(n)
1 (xI) +R

(n)
2 ζ

(n)
2 (xI)

}
exp(−λ2

n,2t) = 0, (92a)
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and

1

E(νs1)
(xIN4 +N5)−

1

E(νs2)
(xIT4 + T5) (92b)

+

{(
χ∗
8

χ4

)2

+ φsφf

}
{T1Υ1(xI) + T2Υ2(xI)}+

{(
χ∗
6

χ∗
2

)2

− φsφf

}
N1

+

∞∑
n=1

(
1

E(νs2)
Ξ
(n)
2 µn,2 + φsφf

){
R

(n)
1 ζ

(n)
1 (xI) +R

(n)
2 ζ

(n)
2 (xI)

}
exp(−λ2

n,2t)

=

∞∑
n=1

(
1

E(νs1)
Ξ
(n)
1 µn,1 + φsφf

)
M

(n)
1 exp(−λ2

n,1t)

For ∀n ∈ N we consider

R
(n)
1 ζ

(n)
1 (xI) +R

(n)
2 ζ

(n)
2 (xI) = 0, (93a)

consequently Eqs. (92a) and (92b) result

N1 −
1

(λ+ 3)
(T1Υ1(xI) + T2Υ2(xI)) +

∞∑
n=1

M
(n)
1 exp(−λ2

n,1t) = 0, (93b)

and

1

E(νs1)
(xIN4 +N5)−

1

E(νs2)
(xIT4 + T5)

+

{(
χ∗
8

χ4

)2

+ φsφf

}
{T1Υ1(xI) + T2Υ2(xI)}+

{(
χ∗
6

χ∗
2

)2

− φsφf

}
N1

=

∞∑
n=1

(
1

E(νs1)
Ξ
(n)
1 µn,1 + φsφf

)
M

(n)
1 exp(−λ2

n,1t) (93c)

respectively. For non-trivial solution in R
(n)
1 and R

(n)
2 corresponding to Eqs. (93a) and

(89): ∣∣∣∣∣ζ(n)1 (xI) ζ
(n)
2 (xI)

ζ
(n)
2 (xI) 1− ζ

(n)
1 (xI)

∣∣∣∣∣ = 0. (94)

This gives µn,2 = 2nπ/xI as eigenvalues. Now last two conditions of (80b) produce

T3 −
1

χ4
T2 +

∞∑
n=1

1

µn,2
R

(n)
2 exp

(
−λ2

n,2t
)
= 0, (95a)

and

T6 + E(νs2)

(
χ∗2

8

χ
3

4

)
T2 +

∞∑
n=1

Ξ
(n)
2 R

(n)
2 exp

(
−λ2

n,2t
)
= 0, (95b)
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if we consider R
(n)
2 = 0 for all n ∈ N, we obtain

T3 − e1T2 = 0 and T6 + e3T2 = 0. (96)

Eq. (80c), which shows the continuity of IFVs and DSPs at the tumour-host interface,
produces[

(N3 − T3)−
1

χ∗
2

N2 +
1

χ4
{T1Υ2(xI) + T2Υ1(xI)}

]
+

∞∑
n=1

M
(n)
2 exp

(
−λ2

n,1t
)

=

∞∑
n=1

1

µn,2

(
R

(n)
2 ζ

(n)
1 (xI)−R

(n)
1 ζ

(n)
2 (xI)

)
exp

(
−λ2

n,2t
)

(97a)

and

x2I
2
(N4 − T4) + xI(N5 − T5) + (N6 − T6)

+ E(νs1)

(
χ∗2

6

χ∗3

2

)
N2 − E(νs2)

(
χ∗2

8

χ
3

4

)
{T1Υ2(xI) + T2Υ1(xI)} (97b)

+

∞∑
n=1

Ξ
(n)
1 M

(n)
2 exp

(
−λ2

n,1t
)
=

∞∑
n=1

Ξ
(n)
2

(
R

(n)
2 ζ

(n)
1 (xI)−R

(n)
1 ζ

(n)
2 (xI)

)
exp

(
−λ2

n,2t
)

Beside R
(n)
2 = 0 we now consider M

(n)
2 = 0. Consequently,[

(N3 − T3)−
1

χ∗
2

N2 +
1

χ4
{T1Υ2(xI) + T2Υ1(xI)}

]
= 0, (98a)

and

x2I
2
(N4 − T4) + xI(N5 − T5) + (N6 − T6) (98b)

+ E(νs1)

(
χ∗2

6

χ∗3

2

)
N2 − E(νs2)

(
χ∗2

8

χ
3

4

)
{T1Υ2(xI) + T2Υ1(xI)} = 0.

T3−N3 = 0 and N6−T6 = 0 are assumed within (98a) and (98b) respectively to reduce
number of arbitrary constants. Lastly, the first boundary condition in (80b) results[(

N4

2
x2H +N5xH +N6

)
+ E(νs1)

(
χ∗2

6

χ∗3

2

)
{N1Θ2(xH − xI) +N2Θ1(xH − xI)}

]

+

∞∑
n=1

Ξ
(n)
1

(
M

(n)
2 ξ

(n)
1 (xH − xI)−M

(n)
1 ξ

(n)
2 (xH − xI)

)
exp

(
−λ2

n,1t
)
= 0. (99)
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In the above expression, the term within the summation vanishes once we force the

values of M
(n)
2 and µn,1. Consequently, we have left with

(
N4

2
x2H +N5xH +N6

)
+E(νs1)

(
χ∗2

6

χ∗3

2

)
(N1Θ2(xH − xI) +N2Θ2(xH − xI)) = 0. (100)

Finally, our task is to solve Eqs. (86a)-(86b), Eqs. (93b)-(93c), Eqs. (90) and (96),
Eqs. (98a)-(98b) and (100) for the arbitrary constants Ni and Ti (i = 1, .., 5).

A.4 Evaluation of M
(n)
1 and R

(n)
1 using the condition at t = 0

In order to evaluate M
(n)
1 and R

(n)
1 , we have to use initial condition on IFPs, we try

to obtain these from mass conservation equations (9c) and (9e) with the help of initial
conditions (19) on them. If P1,0 and P2,0 are initial IFPs, they are found as

P1,0 = 1− 1

α2
1

[
∂

∂x

(
φf
1V

f
1,0 + φs

1V
s
1,0

)]
and P2,0 = 1− 1

α2
2

[
∂

∂x

(
φf
2V

f
2,0 + φs

2V
s
2,0

)]
.

(101)
Note that corresponding to sets of eigenvalues µn,1 and µn,2, we have cos(µn,1(x −
xI)) and cos(µn,2x) as respective eigenvectors in P1,0(x, t) and P2,0(x, t) respectively.
Therefore,

M
(m)
1 =

2χ2 (x1 − x2)(
χ2
2 (x1 − x2)

2
+ 4m2π2

) [N2 {1−Θ1(xH − xI)} −N1Θ2(xH − xI)] , (102a)

and

R
(m)
1 =

2χ2x2
(χ2

2x
2
2 + 4m2π2)

[T2 {1−Υ1(xI)} − T1Υ2(xI)] . (102b)
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Fig. 7: (Colour online) The minimum of system energy (Ek) versus dimensionless
time (t) corresponding to five varieties of U87 tumour (differentiated in term of their
hydraulic resistivity values K2 = 6, 8, 10, 20, 40× 10−4) within brain tissue having
hydraulic resistivity either (a) K1 = 5 × 10−2 or (b) K1 = 8 × 10−4 when α1 →
∞, α2 = 5, ν1, ν2 = 0.45.
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Fig. 8: (Colour online) The minimum of system energy (Ek) versus dimensionless
time (t) corresponding to an MCaIV tumour with hydraulic resistivity K2 = 0.0167
within Rat abdominal tissue (muscle) having either of the possible hydraulic resistivity
combinations (a) K1 = 0.053, 0.08, 0.1, 0.275 and (b) K1 = 0.22, 0.4, 0.69, 5, 14
when α1 → ∞, α2 = 5, ν1, ν2 = 0.45.
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