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Abstract

This thesis consists of two parts. The first part (Chapters 2-4) considers
multilevel Monte Carlo for option pricing in finite activity jump-diffusion
models. We use a jump-adapted Milstein discretisation for constant rate
cases and with the thinning method for bounded state-dependent rate
cases. Multilevel Monte Carlo estimators are constructed for Asian, look-
back, barrier and digital options. The computational efficiency is numer-

ically demonstrated and analytically justified.

The second part (Chapter 5) deals with option pricing problems in expo-
nential Lévy models where the increments of the underlying process can
be directly simulated. We discuss several examples: Variance Gamma,
Normal Inverse Gaussian and a-stable processes and present numerical ex-
periments of multilevel Monte Carlo for Asian, lookback, barrier options,
where the running maximum of the Lévy process involved in lookback and
barrier payoffs is approximated using discretely monitored maximum. To
analytically verify the computational complexity of multilevel method,
we also prove some upper bounds on LP convergence rate of discretely

monitored error for a broad class of Lévy processes.
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Chapter 1

Introduction

1.1 Financial modelling using jump processes

In the Black-Scholes Model [6], the price of an option is given by the expected value of
a payoff depending upon an asset price modelled by a stochastic differential equation

driven by Brownian motion,
dS(t) = a(S(t),t)dt + b(S(t),t)dW(t), 0<t<T, (1.1)

with given initial data Sy. Although this model is widely used, stylized empirical facts
of asset returns, which are statistical properties shared by a wide range of instruments
supports the idea that asset returns are not log-normal; see [13]. This has motivated
people to suggest models which better capture the characteristics of the asset price

dynamics.

Merton [49] instead proposed a jump-diffusion process, in which the asset price

follows a jump-diffusion SDE:
dS(t) = a(S(t—),t)dt + b(S(t—),t) dW(t) + c¢(S(t—),t)dJ(t), 0<t<T, (1.2)

where the jump term J(¢) is a compound Poisson process Zi]i(f)(Yi — 1), the jump
magnitude Y; has a prescribed distribution, and N(t) is a Poisson process with
intensity A, independent of the Brownian motion. Due to the existence of jumps, the
process is a cadlag process, i.e. having right continuity with left limits. We note that
S(t—) denotes the left limit of the process while S(t) = lims_,;+ S(s). In [49], Merton

also assumed that log Y; has a normal distribution.

There are several ways to generalize the Merton model. Motivated by the feedback

effect caused by herding behavior, which means investors’ panic will rise as price falls,

1



the intensity could be modelled to depend on the state value of the asset. [40] proposes
a jump-diffusion LIBOR market model where the LIBOR rate is generated by a state-
dependent jump-diffusion process. Unlike the jump-diffusion SDE in the Merton
model, the state-dependent jump-diffusion SDE doesn’t admit explicit solutions; thus

numerical methods are necessary for the computation.

Apart from jump-diffusion models, another possible way is to build the model on
processes purely consisting of jumps. According to [I4], models building on pure jump
processes can reproduce the stylized facts of asset returns, like heavy tails and the
asymmetric distribution of increments. They also reflect generic sudden discontinuous
price movement compared to models with stochastic volatility or nonlinear diffusion
coefficient diffusion processes. Other evidence to support this kind of model are from
option markets. According to chapter 1 of [14], models with jumps give an intuitive
explanation of implied volatility skew and smile in the index option market and foreign
exchange market - the jump fear is mainly of downside in the equity market which
produces a premium for low-strike options; the jump risk is symmetric in the foreign

exchange market so the implied volatility has a smile shape.

Since pure jump processes of finite activity without a diffusion component cannot
generate realistic price dynamics, it is necessary to allow the frequency of jumps within
a finite horizon to be infinite. In the literature ([54], [13]) a class of tractable models
is constructed based on the assumption that asset returns follow a Lévy process.
Lévy processes allow a large class of distributions of increments, including pure jump
processes. They have good flexibility to choose the number of parameters so that

models can provide a higher calibration accuracy.

We briefly discuss risk-neutral pricing in models with jump processes. According
to chapter 9 of [13], by the fundamental theorem of asset pricing, assuming the market
is arbitrage-free there exists a risk-neutral pricing measure Q such that discounted
assets are martingales under Q. In the Black-Scholes Model, QQ is unique. However,
the uniqueness of Q is generally unobtainable in models involving jumps. We have
to choose a QQ for pricing purpose. For example, in the Merton model, by assuming
the jump risk has no premium, under Q the underlying SDE has a different drift
compared to under physical measure P. Hence the parameters with regard to the

jump distribution could be estimated from historical price series. Denoting r the
risk-free rate, then under Q, the jump-diffusion SDE ([1.2)) would be

dS(t) = (r S(t=)—c(S(t=), ) m) dt+b(S(t—), t) AW () +e(S(t—),t) dJ(t), 0<t<T,
(1.3)



where m = E[Y;] — 1 is the compensator to ensure the discounted asset price is a

martingale.

The @Q we choose determines what kind of parameters of the model are calibrated
from simple option products. In the first part of the thesis we choose a Q based on
the same assumption, i.e. no jump risk premium. We use reasonable hypothetical
parameters for numerical experiments. In the second part of the thesis, since expo-
nential Lévy models are built for calibration from pricing perspective, the calibration
is always under a specified Q. We use the parameters of the model calibrated under
mean-correcting pricing measure Q in [54] for numerical computation. Since we focus
on the computation of models, we don’t discuss other possible choice of risk-neutral

pricing measures Q.

The computation of option pricing in models with jumps involves three types of
methods: Fourier transform methods, numerical methods for PIDE (Partial Integral
Differential Equation) and Monte Carlo. Since the characteristic functions of Lévy
processes in the modelling literature can be expressed in terms of elementary func-
tions, the Fourier transform of option prices may be obtained; see chapter 11 of [14].
By numerically evaluating the Fourier transform, which is quite efficient by using
the FF'T algorithm, calibration is very efficient using Fourier transform methods. Its
limitation lies in the complexity to price path-dependent payoffs involving a running
maximum. Fourier transform of quantities related to running maximum often requires
the Wiener-Hopf factorization of the Lévy process. However, for the Lévy processes

we are concerned with, Wiener-Hopf factors are not known in closed form.

In the case of diffusion models, risk-neutral pricing theory shows that the option
price satisfies a pricing PDE. In a model with jumps, the pricing equation is a PIDE
which causes theoretical and numerical challenges to solve compared to a diffusion
PDE. People have managed to modify numerical methods for PDE to deal with these
issues. A good summary in chapter 12 of [14] discusses advantages and drawbacks of
different numerical methods for PIDE.

The common limitation of these method is that they can not cope with high
dimensional problems. This is the main point in favour of Monte Carlo. Monte Carlo
can also handle options with path-dependent payoffs. Therefore, the focus of this
work is to develop multilevel Monte Carlo for jump processes, rather than comparing

it with other numerical methods.



1.2 Monte Carlo simulation

The Monte Carlo method estimates the expectation Y = E[f(X)] using
LM
V= — Xy,
3 2 T

where X are ii.d. samples of X. Suppose E[|f(X)|] < +oo, the Law of Large
Number ensures the estimator converges to the true value as the number of draws
increases. Suppose 0 < Var[f(X)] < +oo, the Central Limit Theorem gives the

confidence interval of the estimator. As M goes to infinity,
Y -Y
arVar(f(X)]

~ N(0,1),

which provides information about the magnitude of the sampling error after a finite

number of samples are drawn. In the following we also use the notation V [X] =V ar[X].

In financial applications of option pricing, we are interested in the expected value
of a functional of the underlying process S, i.e. E[f(S)], where f is the payoff of
the option, and S follows some SDE. The payoff of the option could depend on the
terminal value of S, or be path-dependent where the valuation depends on the entire
path S(t),0 <t <T: Asian options (based on the average value of the underlying),
lookback options (based on the running minimum or maximum of the underlying),
barrier options (in which the payoff is zero if the underlying crosses, or fails to cross,
a certain level) and digital options (for which the payoff is a step function or other

discontinuous function of S(7")).

When exact sampling of the underlying SDE solution is not available, or we are
interested in path-dependent options, the expected value can be estimated by a simple
Monte Carlo method with a suitable approximation to the SDE solution. To demon-
strate the application of Monte Carlo to our problem, we take European options with

a uniform Lipschitz payoff as an example.

We assume the solution of the SDE (1.1)) doesn’t admit exact sampling. A simple
Euler discretisation of the diffusion SDE with timestep h is

~

S1=3S,+a (§nnh) h+b <§nnh> AW,
where 5(0) = 5(0), S, = S(nh), AW, =W ((n + 1) h) — W (nh) .

4



We are interested in European options (based on the value of the underlying at
the terminal state S(7)) with a uniform Lipschitz f, i.e. there exists a constant c
such that

[f(@) = fl < el —yll, Vo, y.
A simple estimator for E[f(S(T))] is

LM
o 3(0)
Y — i ;1 f(ST/h)‘

The mean-square-error (MSE) of the estimator is defined as

MSE = E (E[f(S(T))]—%Zf(SA”?}h))

= (Bl 1) -E| f(§T/h)D2 +E || E[f(Sm)] - % i f (§¥}h))

i=1

- <]E[f(S (7)) - E [f(é\T/h)])Q + %V [f(gT/h>] :

The RHS shows that the MSE comes from two sources: discretisation error and

sampling error.

Provided some technical conditions on a,b, g, which are a bit more than twice
continuous differentiability of a,b and fourth continuous differentiability of g (for
details cf. Theorem 14.1.5 in [45]), the Euler discretisation achieves first order weak

convergence, i.e. there exists a constant K such that
Elg(S (T))] — Elg(Sryn)]| < Kh. (1.4)
For a uniform Lipschitz f, to get desired result we can let g(z) = z. Therefore
MSE < K?h* + %Var[f(S)].

The first term is attributed to bias caused by the discretisation, and the second part is
due to the sampling error of Monte Carlo. Root mean square (RMS) error is defined
as the square root of MSE. To achieve an O(¢) RMS requires O(¢~2) paths, each with

O(e™!) timesteps, leading to a computational complexity of O(e™?).



1.3 Multilevel Monte Carlo

Giles [32] introduces a multilevel Monte Carlo path simulation method, inspired by the
multigrid ideas for the iterative solution of systems of equations. The computational
complexity for a general class of methods and applications is analysed, assuming
that the discretisation satisfies certain conditions. As a corollary, it shows that the
computational complexity can be reduced to O(e 2 (loge)?) for European options
using the Euler discretisation for Brownian SDEs and a Lipschitz payoft. For other

path-dependent options, numerical results show significant computational savings.

For diffusion SDEs, suppose we perform Monte Carlo path simulations on different
levels of resolution [, with 2 uniform timesteps on level . For a given Brownian path
W (t), let P denote the payoff, and let [D\l denote its approximation by a numerical
scheme with timestep h;. As a result of the linearity of the expectation operator, we
have the following identity:

L
E[Py) = E[R] + Y E[R—F4]. (1.5)
=1
Let Y, denote the standard Monte Carlo estimate for E[ﬁo] using Ny paths, and for
[ > 0, we use N, independent paths to estimate IE[ZSl—ID\l,l] using

N
Y, = Nz_l Z <Pz(z)_Pl(i)1> . (1.6)
i=1

The multilevel method exploits the fact that the multilevel correction variance V; :=
V[I/D\l—ﬁl_l] decreases with [, and adaptively chooses N; to minimise the computational
cost to achieve a desired root-mean-square error. This is summarized in the following

theorem:

Theorem 1.3.1. Let P denote a functional of the solution of stochastic differential
equation for a given Brownian path W (t), and let 131 denote the corresponding
approzimation using a numerical discretisation with timestep hy = 27! T.

If there exist independent estimators 3//\} based on N; Monte Carlo samples, and

positive constants o> %min(ﬁ, 1), B, c1, o, c3 such that

i) |BIR = P)| < e b



- E[F), [=0
i) E[Y)] = .
E[Pl - -F)l—l]7 >0
iii) V[V < ey N7'RY
iv) Cy, the expected computational complexity of }A/}, 15 bounded by

E[Cg] S C3 Nl hl_l,

then there exists a positive constant ¢4 such that for any e < e™! there are values L

and N; for which the multilevel estimator
L
y=>% %
1=0
has a mean-square-error with bound

< €

MSE=E {(? - E[P])2

with a expected computational complexity E[C| with bound

ca€ 2, g >1,
E[C] << cie?(loge)?, B=1,

cie0-Rla < B <1,

Proof. See [32] for the original version and the generalisation to the case of random

computational cost in [12]. O

The saving of the computational cost comes from the fact that as the level goes
up, the N; needed to achieve the accuracy for a given MSE is decreasing due to a
decaying V;. Thus the convergence rate of V; plays a central role in achieving a good

computational complexity.

1.4 Review of prior work

Based on [32]’s breakthrough, there has been a series of following work in the direction
of financial applications. [31] presents significantly improved numerical results using

the Milstein discretisation. For a Lipschitz European payoff, the Milstein method’s



improved strong convergence leads to V; = O(h?), and therefore a computational
complexity of O(e™?) according to the computational complexity Theorem For
other payoffs, it shows that estimators using an approximation based on a Brownian
interpolation technique achieves the same computational complexity numerically. [36]
performs a numerical analysis of the multilevel Monte Carlo using the Euler discretisa-
tion, justifying the computational complexity results of other path-dependent payoffs
in the numerical experiments of [32]. It is proved that V; = O(h;) for a Lipschitz
payoff, Asian options and lookback options. It is also proved that V; = o(hll/ 2_5), for
any 0 > 0, for barrier options and digital options. The final result has been tightened
by Avikainen [4] who proved that V; = O(hll/ *log hy). [38] applies the multilevel idea
to quasi-Monte Carlo. By using randomised quasi-Monte Carlo techniques based on
a rank-1 lattice rule, the computational complexity is further reduced. [27] examines
the numerical performance of the multilevel treatment for basket options using the
Milstein discretisation. [34] performs a numerical analysis of the multilevel Milstein
method presented in paper [32]. [29] deals with an unusual parabolic SPDE which
arises in a financial credit modelling application. [30] addresses the use of the Mil-
stein approximation in multidimensional cases, which usually requires the simulation
of Lévy areas. An antithetic technique without simulating Lévy areas is developed
which gives a high rate of multilevel convergence, and numerical analysis is provided.
[37] surveys the application of multilevel methods in computational finance. [2§]
reviews the progress on multilevel Monte Carlo, offering new ideas and suggesting

future research.

In other direction of applications, [12), 55] apply the multilevel approach to el-
liptic SPDEs which arise in the modelling of nuclear waste repositories, with the

permeability of the rock being modelled as a log-Normal stochastic field.

1.5 Thesis outline

This thesis concerns multilevel Monte Carlo for option pricing when the underlying
follows a jump process. There have been a number of papers in related areas. The
multilevel Monte Carlo method has been used by Dereich and Heidenreich [17, [16]
for both finite and infinite activity Lévy-driven SDEs with payoffs Lipschitz contin-
uous w.r.t. the supremum norm. The first part of the thesis differs in considering
simpler finite activity jump-diffusion models, but has examples of more challenging

non-Lipschitz payoffs (e.g. digital and barrier options), and also uses a more accurate



Milstein discretisation to achieve an improved order of convergence for the multilevel

correction variance.

The second part of the thesis focuses on pricing in exponential Lévy models. This
setting differs from models based on Lévy-driven SDEs due to a possible moment ex-
plosion issue which is discussed in section[5.3.4.2] Also, the Lévy processes we discuss
allow exact simulation of increments where numerical discretisation is not needed for
path generation. However, the running maximum is involved in lookback and barrier
payoffs, and there is no straightforward method to simulate it. For the simulation
of the running maximum of Lévy processes, [23] studies small-time asymptotic be-
havior of the exit probability and uses it for Monte Carlo computation of functionals
of killed Lévy processes. [46] develops a novel Wiener-Hopf Monte-Carlo method to
generate the joint distribution of (S(7), maxo<;<7 S(t)). This simulation technique
is further extended to a multilevel setting in [22]. They obtain a computational
complexity of O (¢7*) for Lévy processes with infinite variation and O (¢~3) for pro-
cesses with bounded variation. In contrast to those advanced techniques, we take the
discretely monitored maximum of the Lévy process as the approximation of the run-
ning supremum. With multilevel, this simple approximation achieves near optimal

computational complexity in most cases.

The thesis is organised as follows. Chapter [2| discusses numerical simulation for
constant rate and bounded state-dependent rate jump-diffusion processes, construc-
tion of a multilevel Monte Carlo estimator and presents numerical results for Asian,
lookback, barrier and digital options. Chapter [3| rigorously justifies the computa-
tional complexity shown in Chapter [2| by numerical analysis of the variance of the
multilevel estimators for European call, Asian, lookback, barrier and digital options
in the constant rate and bounded state-dependent intensity jump-diffusion models.
In Chapter [] we deal with estimating sensitivities using multilevel Monte Carlo in
jump-diffusion models. Especially for the sensitivity to the jump rate, two estimators

are derived.

In Chapter |5 we discuss several examples of processes used in exponential Lévy
models: Variance Gamma, Normal Inverse Gaussian and a-stable processes. Numer-
ical results of multilevel Monte Carlo for Asian, lookback, barrier and digital options
in exponential Lévy models are demonstrated. For the need of analysis, we estimate
the p-th moment convergence rate of the discretely monitored running maximum for
a large class of Lévy processes whose Lévy measures admit power law near the ori-

gin and have exponential tails. Based on the estimate, the numerical analysis of the



variance of multilevel estimators is presented.
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Chapter 2

Multilevel Monte Carlo Option
Pricing In Jump-diffusion Models

2.1 Introduction

As mentioned in the introduction, we consider Merton[49] jump-diffusion model, in

which the asset price follows a jump-diffusion SDE:
dS(t) = a(S(t—),t)dt + b(S(t—),t) dW(t) + c(S(t—),t)dJ(t), 0<t<T,

where the jump term J(¢) is a compound Poisson process Zi]i(f)(Yi — 1), the jump
magnitude Y; has a prescribed distribution, and N(t) is a Poisson process with
intensity A, independent of the Brownian motion. logY; has a normal distribution.

with mean a and variance b?, namely log Y; ~ N(a, b?).

There are several ways in which to generalize the Merton model. In section
we consider one case investigated by Glasserman & Merener [41], in which the jump
rate depends on the asset price, namely A = A(S(t—),t). Another possible way is to
consider the case where the frequency of jump within finite horizon is infinite. In this

direction, we discuss exponential Lévy models in chapter [5

For European options, we are interested in the expected value of a function of
the terminal state, f(S(7)), but in the case of exotic options the valuation depends
on the entire path S(t),0<t<T. The expected value can be estimated by a simple
Monte Carlo method with a suitable approximation to the SDE solution. However, if
the discretisation has first order weak convergence then to achieve an O(e) root mean
square (RMS) error requires O(e~2) paths, each with O(e™!) timesteps, leading to a

computational complexity of O(e73).

11



Giles [31132] introduced a multilevel Monte Carlo path simulation method, demon-
strating that the computational cost can be reduced to O(e?) for SDEs driven by
Brownian motion. This has been extended by Dereich and Heidenreich [I7, [16] to
approximation methods for both finite and infinite activity Lévy-driven SDEs with
globally Lipschitz payoffs. The first part of the thesis differs in considering simpler
finite activity jump-diffusion models, but also one example of a more challenging
non-Lipschitz payoff, and also uses a more accurate Milstein discretisation to achieve
an improved order of convergence for the multilevel correction variance which will be
defined later. The second part of the thesis emphasizes the exponential Lévy model
which allows explicit simulation of increments where numerical discretisation is not
needed for paths. The setting also differs from models based on Lévy-driven SDEs in

the aspect of possible moment explosion.

In this chapter we apply the multilevel approach to the Monte Carlo simulation
of path-dependent option pricing with jump-diffusion processes. We first consider
the case where the jump rate is constant then take into account the state-dependent
rate case. In both cases, in order to calculate coarse-path samples from fine-path
samples using Brownian interpolation, we adopt a jump-adapted Milstein discretisa-
tion scheme proposed by [50], which explicitly simulates the times when jumps occur.
Furthermore, we construct multilevel estimators for corresponding path-dependent
payoffs coping with challenges caused by jumps. Through constructing payoff esti-
mators by Brownian bridge technique, high order multilevel correction term variance
convergence rate is achieved. In the state-dependent rate case, we use the thinning
method to tackle the lack of synchronization of jump times in the fine and coarse
grids. Numerical results show similar improvement in computational efficiency com-
pared with previous achievements for diffusion processes [31]. Generally, using the
jump-adapted Milstein scheme with the multilevel approach, we can reduce the com-

putation cost to O(e?) in terms of RMS error .

In the following sections of the chapter, we first review the Multilevel Monte
Carlo method for diffusion processes. The next section describes the jump-adapted
discretisation of jump-diffusion processes and its advantages for facilitating the mul-
tilevel approach. Then we discuss the path simulation and estimator construction for
the jump-adapted discretisation with the multilevel approach and present numerical
results of Asian, lookback, barrier and digital options. The next part establishes two
methods to deal with state-dependent intensity. The final section draws conclusions

and indicates directions of future research.
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2.2 A Jump-adapted Milstein discretisation

To simulate jump-diffusion processes, it is possible to use fixed time grid schemes
as for geometric Brownian motion. The Euler-Maruyama scheme for jump-diffusion
processes has O(v/h) strong convergence ([51]). However, it would be more difficult
to achieve higher order strong convergence. To achieve a higher order strong conver-
gence for jump-diffusion processes, the It6-Taylor expansion will involve some double
integrals of white noise and the Poisson random measure [51], which increases the

computational complexity of the simulation.

Another problem which might be encountered for fixed-time grid schemes is the
construction of estimators for the path-dependent payoff. Within each timestep,
running minimum or other functionals of paths is difficult to simulate due to the

complex form of the joint density of diffusion and jump.

In order to avoid simulating double stochastic integrals as well as to identify the
time at which the jump occurs, we use the so-called jump-adapted approximation
proposed by Platen in [50]. This jump-adapted scheme would improve the computa-
tional tractability compared to other fixed time grid discretisation schemes with the

same weak /strong convergence order.

For each path simulation, the set of jump times J = {71, 7», ..., 7, } within the time
interval [0, T] is added to a set of uniformly spaced times t; =iT/N, i =0,..., N, to
form a combined set of discretisation times T = {0 =1ty <t; <ty <... <ty =T}
As a result, the length of each timestep h, = t,.1 — t, will be no greater than
h=T/N.

Within each timestep the first order Milstein discretisation is used to approximate
the SDE, and then the jump is simulated when the simulation time is equal to one of
the jump times. This gives the following numerical method:

St = S+ auho by AW+ L8,y (AW? = By,

~

S, 41 = { *,%:H + (S tar)(Y; — 1), when ¢4 = 73 (2.1)

S, .1, otherwise,
where the subscript n is used to denote the timestep index, §,; =3 (t,—) is the left
limit of the approximated path, AW,, is the Brownian increment during the timestep,
an, by, bl are the values of a,b, b’ based on (§n, tn), and Y; is the jump magnitude at

T; -
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The simulation algorithm via the jump-adapted scheme can be described as the

following steps:

1. Seti=1, j=1,1t =t;
2. Generate jump time 7; in terms of its distribution;

3. While (r; < t}) do

(1). Simulate the process within [¢/,7;), in which the process is driven purely

by Brownian motion; then simulate the jump at 7;;
(2). Set t' =;

(3). i =i+ 1, and generate next jump time 7; in terms of its distribution;
4. Simulate the process within [t', #/];

5. Set j =j+1,t =1t} and goto 3.

Jump-adapted schemes also save computational cost in our application. On av-
erage its computation cost for generating exponential random numbers for a sample
path is AT. Compared with the cost of a fixed time schemes using N timesteps, the

jump-adapted scheme saves substantial computation in applications where \T' < N.

2.3 Multilevel Monte Carlo method

Recall the multilevel Monte Carlo method in the introduction and the computational
complexity Theorem [I.3.1] In the case of the jump-adapted discretisation, h; should
be taken to be the uniform timestep at level [, to which the jump times are added to
form the set of discretisation times. Due to the presence of jump, the computational

cost is
L N

Cost = Z Z(N}“ + 21, (2.2)

1=0 i=1
where N:(Fi ) is the number of jumps in each scenario. We have to define the computa-
tional complexity as the expected computational cost since different paths may have
different numbers of jumps. The expected number of jumps is finite and therefore
the cost bound in assumption iv) will remain valid for an appropriate choice of the

constant c3. Hence, the multilevel algorithm framework works well.
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2.4 Multilevel Monte Carlo for constant jump rate

2.4.1 Estimator construction

We elaborate on the definition of fine and coarse path approximations used for ([1.6)).
Jump times are simulated by setting 7; — 7;_; ~ exp()), forming a jump time set
J={mn,m,...,7m}. The Brownian increments AW,, = W (t,,;1) —W (t,,) are generated
for each timestep of the fine grid T; = JU {%} ={0=ty<t; <ty <...<ty=T}
Then the fine path is defined as the jump-adapted Milstein discretisation @f =
Sf (t,), n =0,....,m+ 2" in 1' To define the coarse path approximation on
T,y = JU {25—2}, the Brownian increments generated for fine path are used in the
following way. The Brownian increments for two consecutive timesteps on the fine

grid T; which contain so-called midpoints

{gi—@;—ll)T:fz—1,...,2ll}, (2.3)

are summed to obtain the the Brownian increment for the timestep of [n;,7;] on the

coarse grid T;_; where

n=max{t € T,_1:t <},

n; = min {t eTi_1:t> Cl} . (24)

In the remaining timesteps of the coarse grid, the construction of the coarse path
uses the same Brownian increment as the one in fine grid. So §fl = g (tn), tn € Ti1.
This procedure is also illustrated in Figure 2.1]

The multilevel estimator requires the calculation of the payoff difference
]3lf — ]3[11. Here ﬁlf is the fine-path estimate using timestep h; =27'T, and f’ﬁl is
the corresponding coarse-path estimate using timestep h=2"(¢"YT. As explained in
[31], to ensure that the identity is correctly respected, it is required that

E[P/ ] = E[P:,)]. (2.5)

In the case of a European option, defining ]3lf_ , and 13[3_ . as above leads to .
However, for the path-dependent options, P, is sampled using random numbers
generated for the sample of }A)lf . In these cases, it is necessary to verify .
holds since 13[3_1 has the same distribution as ISIf_ 1; they are based on the approxima-

tion that process has constant drift and volatility within timestep in T;_;.
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coarse grid
AW AW AW
i m1 m2
fine grid
J
pre post
last jump or fixed-time first jump or fixed-time
grid before midpoint grid after midpoint
midpoint
'midpoint’ construction

AWC =AW AW
m mi m2

Figure 2.1: Midpoint construction, where crosses denote uniform points on the coarse
grid; circles denote midpoints on the fine grid; squares denote jump times.

2.4.2 Numerical results

In the following we show numerical results for European call, Asian, lookback, barrier
and digital options. All of the options are priced for the Merton model. We choose a
risk-neutral measure where the jump risk can be diversified, under which the jump-
diffusion SDE is
%(_t)) =(r—Am)dt+odW(t)+dJ(t), 0<t<T,

where A is the jump intensity, r is the risk-free interest rate, o is the volatility, the
jump magnitude satisfies logV; ~ N(a,b?), and m = E[Y;] — 1 is the compensator
to ensure the discounted asset price is a martingale. All of the simulations in this
section use the parameter values Sy =100, K =100, T'=1, r=0.05, 0 =0.2, a=0.1,
b=0.2, A=1. If we choose a relatively large value of A < 100 the result would not
change too much since in the expected computing cost expression , the average
number of jump times is still inferior to the number uniform grid steps. The current
code is based on Giles’s code for [31], from which we generate standardised numerical

results and figures.

2.4.2.1 European call option

Figure shows the numerical results for the European call option with payoff
exp(—rT) (S(T)—K)*, with (z)* = max(z,0) and strike K =100.
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The top left plot shows the behaviour of the variance of both ]31 and the multilevel
correction ]31—131_1, estimated using 10° samples so that the Monte Carlo sampling
error is negligible. The slope of the MLMC line indicates that V;=V[P—P,_4] = O(h}),
corresponding to 8 = 2 in condition iii) of Theorem . The top right plot shows
that E[]Sl—ﬁl,l] is approximately O(h;), corresponding to o« = 1 in condition 7).
Noting that the payoff is Lipschitz, both of these are consistent with the first order

strong convergence proved in [51].

The bottom two plots correspond to five different multilevel calculations with
different user-specified accuracies to be achieved. These use the numerical algorithm
given in [32] to determine the number of grid levels, and the optimal number of
samples on each level, which are required to achieve the desired accuracy. We use the
computational cost Y_, vazll(N}l )+ 2') to take into account the effect of jump. The
left plot shows that in each case many more samples are used on level 0 than on any
other level, with very few samples used on the finest level of resolution. The right
plot shows that the the multilevel cost is approximately proportional to €2, which
agrees with the computational complexity bound in Theorem for the 5 >1 case.

2.4.2.2 Asian option

The payoff of the Asian option we consider is
P = exp(—rT) max (O,E—K) ,

where

T
S = Tl/ S(t) dt.
0

[31] shows that accuracy can be achieved by approximating the behaviour of a
process within a timestep as an Ito0 process with constant drift and volatility, con-
ditional on the endpoint values §n using Milstein schemes. The convergence of this
approximation is proved in Chapter [3] In the jump-diffusion case, each timestep is
random. Taking conditional expectations on the filtration generated by the jump
times, each timestep is known. Let G denote the filtration o{N;, 0 <t < T'}.

Suppose we use the jump-adapted Milstein discretisation (2.1]), In other words,
taking b, to be the constant volatility within the timestep [t,,¢,11], we define the

Brownian interpolation at t as

~ ~

S(t) = S+ n(S; 4y — Sn) + b [Wi — Wy — 0y (Wiyr — Wa)),

n
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Figure 2.2: European call option with constant jump rate
where v, = (t — t,)/hn, hy = tni1 — ty.

By Lemma[A.1.T] this implies that conditional on G,

~

S(t) dt = thn(S, + Si1) + buAL,

U/dn+1’«
tn

tna1
AL, ::/ (W) = W(tn) dt — 3 h,AW,,
tn

N[

where AI, is

where h,, = t, 1 — tn, AW, = W, — W,. We have AL, | G ~ N(0,h3/12) and it is
independent of AW,, conditional on G.
The approximated payoff for the fine path would be

np—1

gf:T_lz<%

n=0

mx@+§;g+mAq).

nr=2' 4+ Np is the number of timesteps.

18



10t
F——f——h %
5,
8 =
g Of 5
& 1S
@ *o i
o -5 * e 5
ke) = * _ o
-0 ——p, *~ e
_ ke
_15t = * = PP, ~4
0 2 4 6 8
level |
ol — © —e=0.005 | |
— »x —¢=0.01
N - & —¢e=0.02
10° \ — % —¢=0.05 -
NN o =
> \ 5 8 —e=0.1 8
7§\\ ~ «
4[1\\:; x_ O~ ~Ou ’
10 \\*\ ~<>\ %\ ~ ~G. -
NS - - Q
§_ *~ O~ \X\\x 8
~ - \;K\ <>\ - ~ f
10? L
0 2 4 6 8
level |

5,
0,
* — %
*
-5 e
*
+P| *\»e
“101| — % - P-P_,
0 2 4 6 8
level |
—%— Std MC
105; — % — MLMC ||
10°} :
<
3
109'&__*____*____*____——46
10° — 1
10" 10
accuracy €

Figure 2.3: Asian option

For a particular timestep in the coarse path construction, we have two possible
situations. If it does not contain one of the fine path discretisation times, and therefore
corresponds exactly to one of the fine path timesteps, then it is treated in the same way
as the fine path using exactly the same AI, and AW, generated for fine path. If the
coarse timestep contains one of the fine path discretisation times, then it corresponds

to [tn, tni2] using the index of the fine grid, where n + 1 is the index of a midpoint.

In this case, we have

[ W) - W) At — Mtas — ) (W (tage) — W (L)

— /th(W(t) W () At — L (s — tn) (W (tags) — Wi(tn))

+ /M(W(t)—W(th)) dt — 5 (tuvz = tur1) (W(tnra) = Witnsn))

tn+1

+ 5 (tasz = tus) (W(tnsr) = W(ta)) —
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and thus
AIL = AL + ALy + 3 (tugz — t2) (1 AW, — (1 = 1) AW,41),

where pi, = (tpio—tni1)/(tnia—tn). AI€ corresponds to [t,, t,o] for the coarse path;
on the RHS AT, and AW,, are generated for the fine path.

Figure shows the numerical results for parameters S(0)=100, K =100, T'=1,
r=0.05, 0=0.2, a=0.1, b=0.2, A=1. All the results are similar to the pure diffusion
case obtained in [31]. The top two plots indicate second order variance convergence
rate and first order weak convergence, both of which are consistent with the analysis in
Chapter 3] The computational cost of the multilevel method is therefore proportional

to €72, as shown in the bottom right plot.

2.4.2.3 Lookback option

The payoft of the lookback option we consider is

P = exp(—rT) (S(T) — OglsnTS(t)) :
Previous work [31] achieved a second order convergence rate for the multilevel cor-
rection variance using the Milstein discretisation and an estimator constructed by
approximating the behaviour within a timestep as an Ito process with constant drift
and volatility, conditional on the endpoint values §n and §n+1. Brownian Bridge
results (see section 6.4 in [39]) give the minimum value within the timestep [t,, t,11],

conditional on the end values, as

—~ —~ —~ —~ ~\ 2
Sn,mz'n = % (Sn + Sn+1 - \/(Sn+1—5n) — Qb% hn lOg Un ) y (26)

where b,, is the constant volatility and U, is a uniform random variable on [0, 1].
The same treatment can be used for the jump-adapted discretisation in this chapter,
except that §Tj 1, must be used in place of Spi1 in (12.6]).

Equation ([2.6)) is used for the fine path approximation, but a different treatment is
used for the coarse path, as in [31]. This involves a change to the original telescoping
sum in (|1.5) which now becomes

L
E[P]] = E[R{]+ ) E[F - P, (2.7)

=1
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where f’lf is the approximation on level [ when it is the finer of the two levels being
considered, and ]310 is the approximation when it is the coarser of the two. This

modified telescoping sum remains valid provided E[]glf | = E[ﬁf]

Considering a particular timestep in the coarse path construction, we have two
possible situations. If it does not contain one of the fine path discretisation times,
and therefore corresponds exactly to one of the fine path timesteps, then it is treated
in the same way as the fine path, using the same uniform random number U,,. This

leads naturally to a very small difference in the respective minima for the two paths.

The more complicated case is the one in which the coarse timestep contains one
of the fine path discretisation times ¢, and so corresponds to the union of two fine

path timesteps. In this case, the value at time ¢’ is given by the Brownian interpolant

S(t') = S +vn (Syiy = Su) + b (W(H') = Wy — vy (Woga — Wa)) (2.8)
where v, = (' —t,)/(tns1 — tn) and the value of W(#') comes from the fine path
simulation. Given this value for S (¢'), the minimum values for S(¢) within the two
timesteps [t,,t'] and [t',¢,11] can be simulated in the same way as before, using the

same uniform random numbers as the two fine timesteps.

The equality ]E[]glf | = E[ﬁf] is respected in this treatment because W (t') comes
from the correct distribution, conditional on W, 1, W,,, and therefore, conditional
on the values of the Brownian path at the set of coarse discretisation points, the
computed value for the coarse path minimum has exactly the same distribution as it

would have if the fine path algorithm were applied.

Further discussion and analysis of this is given in Chapter [3] including a proof that
the strong error between the analytic solution and the interpolation approximation
is at most O(h logh).

Figure presents the numerical results. The results are very similar to those
obtained by Giles for geometric Brownian motion [31]. The top two plots indicate
second order variance convergence rate and first order weak convergence, both of
which are consistent with the O(h logh) strong convergence. The computational
cost of the multilevel method is therefore proportional to e 2, as shown in the bottom

right plot.
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Figure 2.4: Lookback option with constant jump rate

2.4.2.4 Barrier option

We consider a down-and-out call barrier option for which the discounted payoft is
P =exp(—rT) (S(T)—K)" Linp>5y

where Mr = ming<;<7 S(t). The jump-adapted Milstein discretisation with the Brow-
nian interpolation gives the approximation

P =exp(—rT) (S(T)-K)* IL{T\ZT>B}
where ]\/4\T = ming<;<p S (t). This could be simulated in exactly the same way as the
lookback option, but in this case the payoft is a discontinuous function of the minimum
My and an O(h) error in approximating My would lead to an O(h) variance for the

multilevel correction.

Instead, following the approach of Cont & Tankov (see page 177 in [14]), it is

better to use the expected value conditional on the values of the discrete Brownian
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increments and the jump times and magnitudes, all of which may be represented

collectively as F. This yields

E [exp(—TT) (§(T)—K)+11{A7T>B}}

- E [exp(—TT) (S(T)~K)"E [ﬂ{mw} |7 H

= K

exp(—rT) (8(T) — K)" [[ ﬁn]

where np is the number of timesteps, and p,, denotes the conditional probability that
the path does not cross the barrier B during the n'* timestep:

~

Pn=1—exp <_2 (SR_B>+<S"H_B)+> . (2.9)

b121 (tn—l—l - tN)

This barrier crossing probability is computed through conditional expectation and

can be used to deduce ([2.6)).

For the coarse path calculation, we again deal separately with two cases. When
the coarse timestep does not include a fine path time, we use ((A.3). In the other case,
when it includes a fine path time ¢’ we evaluate the Brownian interpolant at ¢’ and

then use the conditional expectation to obtain

o ~2(S,-B)*(S(t')~B)*
‘{1< A=t )}

. {1_exp (—2<§<t'>—B>+<§nH—B>+>}. (210

b72’L (tn—i-l - t/)

Figure|2.5|shows the numerical results for K =100, B=285. The top left plot shows
that the multilevel variance is (’)(hf ) for f ~ 3/2 . This is similar to the behavior for

a diffusion process [31]. The bottom right plot shows that the computational cost of

the multilevel method is again almost perfectly proportional to e~2.

2.4.2.5 Digital option
The digital option considered here has the discounted payoft
P =exp(=rT) Lisr)>k}-

In [31], a multilevel variance convergence rate of (’)(h?/ 2) is achieved by smoothing

the payoff using conditional expectation given the Brownian increments terminating
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Figure 2.5: Barrier option with constant jump rate

one timestep before reaching the terminal time 7. The estimator is the probability

that gnl > K under the assumption of simple Brownian motion with constant drift

ap,—1 and volatility b,,_; within the last timestep where :

E[F; — Pii]

E[E[ f(51)— f(55) | AW;, i=1,...,m —1] ]

S£I—1+a£,—1h - K

E &
| ( 0

Vh

)<

SC _a2a5, oh b, AW,y — K) |

b, _oVh

where f is the discounted digital payoff, n; = 2' denotes the number of fine-path

timesteps and h = 727!, and ® is the cumulative density function of the standard

Normal distribution.

In the jump-adapted time grid, the relationship between the last jump time and

the last timestep before expiry leads to different expressions for the above conditional
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Figure 2.6: Construction of the conditional expectation estimator for the digital op-
tion

expectation estimator. Let ny denote the number of timesteps in the discretisation

grid. There are three cases:

1. The last jump time J happens before the penultimate fixed-time timestep, i.e.
J < (nT — 2)%,

2. The last jump time is within the last fixed-time timestep , i.e. J > (np — 1)%;
3. The last jump time is within penultimate fixed-time timestep, i.e. (ny— 1)% >

J > (’TZT — 2)%

Correspondingly, the expressions of fine-path and coarse-path estimators are shown

in the following.

1. In the case 1, the last timestep of the fine grid and coarse grid is the same as

the previous diffusion case. Since within each timestep, :S’\f is a constant drift
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and volatility diffusion process,

[ =
nT 1’\/_

where @ is the cumulative Normal distribution function, h = T'/2! is fine-path
T—h,,) and volatility b/ _, =b(S! | T—

np—1»

fixed timestep, drift an 4 _a(Sf:T 15
hy).

npr—1—

To reduce variance we again use the Brownian increment AW,,._o ~ N(0,h)

generated for the fine path,

ﬁlc = o <SCT 2—|—2(LnT 2h+bnT 2AWnT_2 — K) .
}b np— 2| \/_

2. In case 2, the last timestep of the fine grid would be h; =T"— J. Since the last
timestep agrees on the fine and coarse discretisations, the expressions for the

estimator for both fine and coarse path are

~ SI el _ihj-K
Pf:q)( np—1"np—1 ) ’
! |b np— 1|\/_

SCT +aq, 1 hi =K

9501 [v/hs

3. In the last case, the last timestep of the fine grid is h, so

R (2.11)
Plc—l =

of
P -9 Spp1tan, 1h— K
bl | Vh

Let J denote the last jump time, and the last timestep of the coarse grid is
hj =T —J—h. To reduce variance we again use Brownian increment AW, _o ~
N(0, h;) generated for the fine path,

P —a (ScT oS oAb, AW, o — K) |

}bcT 2|\/_

In all three cases, the conditional expectation of the coarse-path estimator is
equal to the fine-path one on the same level, thus equality (2.5) is justified. Figure

clearly demonstrates three cases.
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Figure 2.7: Digital option

Figure shows the numerical results for parameters S(0)=100, K =100, T'=1,
r=0.05, 0=0.2. The top left plot shows that the variance is approximately O(h?/ 2),

corresponding to f=1.5. The reason for this is similar to the argument in [31].

A different feature compared to the geometric Brownian motion case is that the
variance of the level 0 estimator is a constant increasing with jump rate A, instead of
zero. The reason is simply that the trajectories at level 0 vary in each simulation due

to the presence of jumps.

2.5 Path-dependent rates

In the case of a path-dependent jump rate A(Sy,t), the implementation of the multi-
level method becomes more difficult because the coarse and fine path approximations
may jump at different times. These differences could lead to a large difference be-

tween the coarse and fine path payoffs, and hence greatly increase the variance of the
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multilevel correction.

To tackle this obstacle, we modify the simulation approach through the acceptance-
rejection technique of Glasserman & Merener [41] which uses “thinning” to treat the

case when A is bounded.

The idea of the thinning method is to construct a Poisson process with a constant
rate Agyp Which is an upper bound of the state-dependent rate. This gives a set of
candidate jump times, and these are then selected as true jump times with probability
A(St, 1) [ Asup-

If we approximate the process between two jump times using the Milstein scheme,

we have the following jump-adapted Milstein scheme with thinning:

1. Generate the jump-adapted time grid for a Poisson process with constant rate

Asup;
2. Simulate each timestep using the Milstein discretisation;

3. When the endpoint ¢,,,; is a candidate jump time, generate a uniform random
)‘(S<tn+1_)u thrl)
)\sup

number U ~ [0,1], and if U < py,,, = , then accept t,,1 as a

real jump time and simulate the jump.

2.5.1 Multilevel treatment

In the multilevel implementation, if we use the above algorithm with different ac-
ceptance probabilities for fine and coarse level, there may be some samples in which
a jump candidate is accepted for the fine path, but not for the coarse path, or vice
versa. Because of first order strong convergence, the difference in acceptance proba-
bilities will be O(h;), and hence there is an O(h;) probability of coarse and fine paths
differing in accepting candidate jumps. Such differences will give an O(1) difference
in the payoff value, and hence the multilevel variance will be O(h;). A more detailed

analysis is given in chapter [3]

To improve the variance convergence rate, we use a change of measure so that the
acceptance probability is the same for both fine and coarse paths. This is achieved

by taking the expectation with respect to a new measure Q:

E[P, — Pa) = Bo[B [[ RS — P [ [ RS
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Figure 2.8: European call option with path-dependent jump rate using thinning with-
out a change of measure

where 7 are the jump times. The acceptance probability for a candidate jump under
the measure Q is £ for both coarse and fine paths, instead of p, = A(S(7—),7) / Asup-

The corresponding Radon-Nikodym derivatives are

R{:{ | RiZ{

where U, are (0, 1) independent uniform random variables. Under @), ]31 and ]31_1 are

it U, <
it Uy >

it U; <
if U; >

2p7,

2p1,

?

Y

DD [
D[ =D =

simulated on the jump-adapted time grid generated with a constant rate Ay, where

1

5; R/ and R¢ are generated using the same

we simulate the jump magnitude if U, <
U,.

Since R/ — R® = O(l) and P, — P_; = O(h;), this results in the multilevel
correction variance V[P, [1. R - Py 1. R¢] being O(h}).

If the analytic formulation is expressed using the same thinning and change of
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Figure 2.9: European call option with path-dependent jump rate using thinning with
a change of measure

measure, the weak error can be decomposed into two terms as follows:

Eq |[B][R!-P[[R-| = Bq |(Fi—P) [[R!| + Eq |P (J[R!-]] R

Using Holder’s inequality, the bound max(R,, Rf) < 2 and standard results for a

Poisson process, the first term can be bounded using weak convergence results for the

constant rate process, and the second term can be bounded using the corresponding

strong convergence results which are explained in Chapter [3] This guarantees that

the multilevel procedure does converge to the correct value.
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2.5.2 Numerical results

We show numerical results for a European call option using

1
A TS/

27 >\Sup = 17

and with all other parameters as used previously for the constant rate cases.

Comparing Figures [2.8] and we see that the variance convergence rate is sig-
nificantly improved by the change of measure, but there is little change in the com-
putational cost. This is due to the main computational effort being on the coarsest

level, which suggests using quasi-Monte Carlo on that level [38].

The bottom left plot in Figure shows a slightly erratic behaviour. This is
because the O(h;) variance is due to a small fraction of the paths having an O(1)
value for [D\l — ]31,1. In the numerical procedure, the variance is estimated using an
initial sample of 100 paths. When the variance is dominated by a few outliers, this

sample size is not sufficient to provide an accurate estimate, leading to this variability.

2.6 Conclusions

In this chapter we have extended the multilevel Monte Carlo method to scalar jump-
diffusion SDEs using a jump-adapted discretisation. Second order variance conver-
gence is maintained in the constant rate case for European options with Lipschitz
payoffs, and also for lookback options by constructing estimators using a previous
Brownian interpolation technique. Variance convergence of order 1.5 is obtained for
barrier and digital options, which again matches the convergence order which has
been achieved previously for scalar SDEs without jumps. In the state-dependent rate
case, we use thinning with a change of measure to avoid asynchronous jumps in the

fine and coarse levels.
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Chapter 3

Numerical Analysis Of Multilevel
Monte Carlo For Scalar
Jump-diffusion SDEs

3.1 Introduction

In the previous chapter, we applied multilevel Monte Carlo(MLMC) approach to
finite-rate jump-diffusion SDEs, using a jump-adapted Milstein discretisation scheme
for the constant rate case and with a thinning procedure for the state-dependent
intensity case. The numerical results showed that in terms of RMS error € the com-
putational cost of O(¢7?) is obtained for the estimation of several payoffs. Recall
that due to Theorem [1.3.1] it is the convergence rate of Vj, i.e. the variance of
the multilevel (ML) correction term, as [ — oo that determines the computational
complexity of MLMC. Extending the analysis in [34], in this chapter we will estab-
lish the analysis of the variance convergence order needed in each case of Lipschitz,
Asian, lookback, barrier, and digital payoffs. Those numerical and analysis results

are summarised in Table B.1].

The structure of this chapter is as follows. Section presents notation of Pois-
son random measure and lists the assumptions on the jump-diffusion SDEs. Section
deals with the constant jump rate setting. We first review the jump-adapted
Milstein scheme and prove its strong convergence. Then we define Brownian In-
terpolation, on which the construction of estimators for the running maximum and
the crossing probability for path-dependent options are based. In order to perform
numerical analysis later, we bound the distance between the Brownian Interpolant

and the Kloeden-Platen interpolant in several norms. Afterwards we use bounds for
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Euler for diffusions Milstein for diffusions | Jump-adapted Milstein
option numerical | analysis numerical | analysis numerical | analysis
Lipschitz | O(h) O(h) O(h?) O(h?) O(h?) O(h?)
Asian O(h) O(h) O(h?) O(h?) O(h?) O(h?)
lookback | O(h) O(h) O(h?) o(h?79) O(h?) o(h?79)
barrier O(h/?) o(h1/?279) O(h3/%) o(h3/279) | O(h%/?) o(h1=9)
digital O(h/?) O(h'?logh) | O(R*/?) o(h3/279) | O(h%/?) o(h3/?79)

Table 3.1: Orders of convergence for V; as observed numerically and proved analyt-
ically for both the Euler and Milstein discretisations for pure diffusions and jump-
diffusions; 0 can be any strictly positive constant. h = h;.

moments of the distance between numerical and analytic solutions to establish an
extreme path argument. Consequently, the estimates for convergence rates of V; for
Lipschitz, Asian, lookback, barrier and digital option are obtained. Section deals
with the state-dependent intensity setting, where the estimator is constructed by the
thinning scheme with a change of measure to reduce variance. The variance of the
ML estimator is analysed through a decomposition of the estimator into two parts: a
ML correction term for a constant rate, and the discrepancy between Radon-Nikodym

derivatives on fine and coarse levels.

3.2 Notations and assumptions

3.2.1 Jump-diffusion SDE notation

We follow the notations in [51]. Given a filtered probability space (2, F;, P) satisfying
the usual conditions, and a Borel set called the mark space £ C R"\ {0}, we have
a Poisson random measure p,(dz,dt) on E x [0,00]. Its compensator is ¢(dz)dt =
Ag(z)dzdt, where \ is the intensity, and g(z) is the p.d.f. of the mark. Intuitively,
py(A, [0,¢]) counts the number of jumps with magnitude (mark) belonging to A C F

occurring in the time interval [0, ¢].

The definition of random measure can be generalized to allow flexibility in time
and state dependence on the intensity A and the mark z. For rigorous details we

refer to [42]. Following the notation in [51], the dynamics of a state-dependent jump-
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diffusion SDEs can be written as

dS(t) = a(S(t—),t)dt + b(S(t—),t)dW (t) + / c(S(t—),t,z)u(dz,dt), 0<t<T,
2€E (3.1)
where the compensator of the random measure p is p(dz)dt = A\(S(t—),t)g(z)dzdt.
Note that the scope of this dynamics is wider than in Chapter [2| since it allows
the form of jump coefficient to be a general ¢(S(t—),t, z) instead of a separable form
of ¢(S(t—),t)(z — 1) in (1.2).
In the following we will focus on analysing where p(w;-, ) is a Poisson
random measure p,, (w;-,-). This is because in Section we will demonstrate how
to use thinning to relate general SDE with state-dependent intensity to SDE with a

Poisson random measure and a new jump coefficient c.

3.2.2 Some assumptions on the jump-diffusion SDEs

We shall restrict our model within scalar jump-diffusion SDE , namely the vector
S(t) is scalar and the mark space F C R. We also impose that the drift function
a € CHY(R xRT), volatility function b € C*!(RxR") and jump coefficient ¢ €
C?*?1 (R xRT x E) satisfy the following standard conditions in which we use the
operator Ly = 0/0t +a0d/0S and L; = b0/0S.

e Al (bounded intensity): there exists Asyp such that A(z,t) < Agp. A is abso-

lutely continuous in ¢.
e A2 (uniform Lipschitz condition): there exists K3 such that
la(z, 1) — aly, )] + |b(x,t) = b(y, )| + [Lrb(x, 1) — Lab(y, 1)]
e, t,2) — eyt 2)] < Ko oy,
e A3 (linear growth bound): there exists K5 such that
la(z,t)] + |Loa(x,t)| + | Lia(z, t)] + |b(z, t)| + | Lob(x, t)]
+ | Lyb(a, t)| + | LoLyb(x, )| + | L1 Lib(z, )] + (/ le(z, t, 2)|? Asupg(z)dzdt) v
< Ky (1+|z|). )

cr

e A4 (additional Lipschitz condition on diffusion coefficient): there exists K5 such
that

|b(x,t) — b(x,s)| < K3 (1+ |x])\/[t—s]|.
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e A5 (uniform Lipschitz condition on intensity): there exists K, such that

Az, t) = My, t)| < Ky |lz—yl.

Bounded intensity is to guarantee that the thinning method is correct. Extension
to locally bounded intensity is possible; see [26]. The absolutely continuity require-
ment in Al is for the weak convergence proof of the jump-adapted Milstein scheme
with the thinning in [41]. Assumption A5 is used to bound the discrepancy between
Radon-Nikodym derivatives on fine and coarse levels in Section [3.4]

The following result is a general version of Theorem 1.9.3 in [51]. It can be proved

using Theorem 66 mimicking the proof of Theorem 67 in [52].

Theorem 3.2.1. Provided Assumption A2-Aj are satisfied, for any integer m > 1,
the solution to where p(w;-,+) is a Poisson random measure p, (w; -, ) admits

E [ sup [S(®)|™| < C(1+1]S0]™).

0<t<T

where C'is a positive constant.

3.3 Analysis in the constant rate setting

In this section we discuss the case in which the compensator ¢(dz)dt = A(S(t—),t)g(z)dzdt
of (3.1) has a constant intensity A(S(t—),t) = .

3.3.1 A jump-adapted Milstein discretisation

We briefly review the jump-adapted Milstein scheme presented in chapter 2 Suppose
that we have simulated the jump time grid J = {7, 7,...,7n,}, which includes
times at which jumps occur in [0, 7]. On the other hand, consider a fixed time grid
constituted of N timesteps, t, = %, 1 =0,1,..., N, which is used in discretisation
schemes for diffusive SDEs. Now the superposition of them will be a jump-adapted

grid T={0 =1ty <t; <ty <...<tn4n = T}, and the timestep of this grid is
denoted by h,, =ty 1 —t,,n=0,..., Ny + N — 1. We define a jump-adapted Milstein

scheme as

~

wit = St an by 4 by AW, 4 50, by (AW — hy),
§_ ~

Int1 T+ C(Sni1y tutr) (Yi = 1), when ¢,y € I Merton model  (3.2)

n+1 _ .
i1, Otherwise.

)
I
—— )

)

~

n

1 = Sppq + fZeE c(Sy i1, tns1, 2)pa(dz, tyqr). General model
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where Y; = fzeEp,\(dz,th) is the amplitude of the i—th jump, :9\; = g(tn—), b =
0b/0S, the subscript n denotes the timestep index, and a,,, b, and b, are evaluated at
§n, t,. With initial data Sy = S (0), this is the jump-adapted Milstein discretisation

of equation 1) using a maximum timestep of size h = % .

[51] defines the Kloeden-Platen (KP) interpolant of (3.2):
Skp(t) = S+ an (t—t,) + by (W) =W,) + L8, b, (W(t)=W,)? = (t—t,)), (3.3)
for t, <t<t,.1 and proves the following result.
Theorem 3.3.1. Provided the assumptions A2-A/ are satisfied, then for m = 2 there

exists a constant C (m,T) such that for the solution to and

E[sup |s<t>—§Kp<t>|m] < ClmAT, Kra) (14 [So™) b,

0<t<T

E[sup |§Kp(t)|m} < C(14]S™).

0<t<T

Basically their result can be generalised to the case for any integer m > 2 with

the same methodology:

Proof. The second result is implied by the first one and Theorem It can also be

seen as an extension of Lemma 6.6.1 in [51]. We prove the first one in the following.
We introduce a notation for ¢, <t <t,:
S5(t)
= S(ty) 4+ an (t—t,) + by, (W () =Wy) + L8, b, (W(t)=W,)? = (t—t,)) + Rs(tn, t)
where Rj3 is the remainder of a Wagner-Platen expansion on page 189 of [51]. Then
Skp(t) = S(ta) + f(ta,t, S(ta)).

Follow the proof of Theorem 8.7.1 in [51],

Z(T):=E| sup |S(t) — Skp(t)|™

0<t<T

can be bounded by the sum of three parts. The first part is

ng—1
E| Sup | 37 Fltn et S(0) = (b trr, SE)F bt S(00))=F s 1, 5t )]
sts n=0
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where n; is the last grid point before ¢.
The second part is

TLt—l

RS (tna tn+1) + RS (tnm t)

n=0

E | sup

0<t<T

p]
According to the results in [45], the bounds on the first and second parts are
T
O(m,Kl)/ Z () du + C (Ky) (1 + |So|™) h™
0
The third part is

/ /ZGE ),t,2) — c(Skp(t), ,z)> po(dz, dt) m] ,

Let A be the intensity rate of p,. p, = p, — ¢(dz)dt denotes the compensated

Pr:=E [ sup

0<t<T

measure of the random measure p,(dz,dt). It follows that the stochastic integral of
any predictive process w.r.t. p, is a martingale. Applying the Burkholder-Davis—
Gundy inequality (A.2.9) in the appendix to the stochastic integral w.r.t. p,, we
have

Pr < 2™ ( {sup
0<t<T

//ZEE —)tz) = <§KP(t),t,Z)>15¢(dz,dt)

Li?% / /ZGE )t ) — (§Kp(t),t,z)> o(dz)dt mD
< ICLE (/ /zEE )1, 2) — e(Sp(t), t,z))2g0(dz)dt)m/2]
+2m R |:Oiltl£T / /ZEE ), t,2) — e(Skp(t), ,z)) o(dz)dt m]

Using the Jensen’s inequality by noting that ¢(dz)dt/ (AT) can be seen as a prob-
ability measure since fOT [epe(dz)dt/ (AT) = 1, it follows that for m > 2

(/ [, (c50.8.2) = clSpte).£.2) e(@paty (/\T))l/z
(/o /zeE ‘C(S(t_)’ t,z) — c(Skp(t),t, z)‘m o(dz)dt/ (AT)) Um.
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We have a similar inequality for the other term. Hence

Py < 9mlC, (AT)™2 R [ /0 ' / . e(5(t-),1.2) — e(Bxr(t). 1. z>(m<p(dz)dt]
+2 (A" R UOT /ZGE o(S(t=),t,2) — c(Skp(t),t, 2) mgo(dz)dt}

IN

ComAT ke [ [s6) - Serto] "ol
< C(m,)\,T,Kl)/OTZ(u)du.
In sum,
Z(T) < C (m, Kl)/OTZ(u) dut-C (K) (1+ |So|™) W™ +C (m, A, T, Kl)/OTZ(u) du.

By Gronwall’s inequality we conclude that

8 { sup |S(t) — '/S\KP(t)’m} < C(m,\, T, Kyz) (1+]So[™) h™.

0<t<T

3.3.2 Interpolation approximation

In [34] the Brownian Interpolation is constructed by approximating the path as a
constant drift and volatility diffusion between grid points. Here it is adapted with a
slight difference-the length and number of timesteps are no longer deterministic. We

can define

S(t) = S+ vn (i1 =50) + b (W) = Wo =00 Wi =W))  (34)
for t, <t<t,41, where v, = (t—t,)/h,. By definition it is eligible to generate running
maximum,/ crossing probability for S (t) within grid points by Brownian Bridge re-
sults. In order to justify that the approximation constructed based on S has the weak /
strong convergence, and to bound the variance of the ML term using extreme path
theory, we shall bound the deviation between the KP interpolant and the Brownian
interpolant in the sense of both strong convergence and weak convergence. Moreover
we bound the distance between the two integrated interpolants in L? norm for the

Asian payoff.
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Theorem 3.3.2. If S(t) is the interpolant defined by and S p(t) is the Kloeden-
Platen interpolant defined by then for any integer m > 0

i)
E oy S(4) —SKp(t)\m] — O((hlogh)™),
i) ;
supEE [ |(0) = Scr(t)] ] = 007,
[0,7]
iii) ) ;
E (/0 (S(t) — Skp(t)) dt) = O(h®).

Proof. In the following G denotes the filtration o{N;,, 0 < t < T}. G gives the

information of the jump-adapted grid.

By Theorem and Assumption A2 we have a bound for E[sup,, [0/,b,|™] . Let
the number of fixed time grids be N = T'/h. Then for t € [t,,t,.1], the difference

between the two interpolants is
S(t) — Skp(t) = 20,0, Y (1),
where according to ((3.4])

Y (t) = v (Wyer — W) — (W (£) = W,)2.

i) Using the Cauchy-Schwarz inequality, we have

E sup |Y(t)|2m] :
]

0,1

sup | $(t) —ng(t)‘m] <2 |E [sup]bgbn|2m] E

(0,77

Moreover, there holds

Y ()| < (W1 =Wo)® + (W(t)=W,)%

By Lévy’s modulus of continuity (see [20]):
W) - Wl

’llim sup )
—0 _ 1
0<|t—s|<h / 1
0<t,s<1 2h log h
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ii)

iii)

we have

1 2m
E { sup |Y(t)|2m] <C, <h10g —) .

0<t<T h
Therefore the assertion holds.

Let W(t)—W,, = Vv, hy, Zy and W11 —W (t) = \/(1—v,) h,, Zs, where Z1, Zy

denote independent standard Normal random variables, one can prove that
Y| < h max(Z7, Z3),

and hence E[|Y|"] < 227™ (2m—1)!h™/(m —1)!. The assertion then follows
from
E|

S(t) = Scp(®)| | = 27" EL|b,ba™) ELY )

tn+1
Defining X, := / Y (t) dt, we obtain
tn

(/OT(S(t)—S‘Kp(t)) dt>2 _1g|E <N+§N§1%Mﬂ>za

For n>m, E[t), b, X,,0,,b,X,,] = 0 since X,, is independent of ¥/ b, X,,0,,b, and
E[X,, | G] = 0. In addition, the X,, are independent of ¥/,b,, conditional on G.

Therefore

E

2

e |([ 50 - Sunv) @t
— IE _E Ngz_l b)) X2 |G
e[ (. 16]E[ X216
< icmn{(ozv + N)E {sgp (#,0,)* | GH
< iOh“J E[(N + Ny)?|E -E hp (b,0)” | G} 2
< iCh“\/ E[(Z+ Np)?]E :sgp (Wm“}

= O
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where we use
tn+1
E[X?|G] < hnE[/ Y(t)2dt]G1
tn
< Ch?

due to the bound on E[|Y'(¢)|™] in ii). The last two steps follow from Cauchy-
Schwartz inequality to separate N + Np term, Jensen’s inequality, linear growth
bound and Theorem for a finite pth moment of E [sup,, (b;bn)ﬂ :

O

The following decomposition is useful in the analysis of variance of ML estimator:
SI(t) = 5(t) = (57(1)=Skp(t)) — (5°(t) = Sgp())

+ (Skp()=S(8)) — (Sip(t)—S(t) (3.5)

with Theorem bounding the error in the first two terms, and Theorem (3.3.1

bounding the error in the last two terms.
3.3.3 Lipschitz payoffs

The payoff of European options, such as vanilla call and put options, is a Lipschitz

function of the value of the underlying asset at maturity,
P = f(5(T)).

A more general class of Lipschitz payoffs in which the payoff is a Lipschitz function

of the values of the underlying asset at a finite number of times 7T,,,,
P = f(S(T1>7 S(T2>7 ceey S(TM>)7

with the Lipschitz bound

Y

M
FsP, 82,8 = p (s, s, s < £ |s@ - s
m=1

for some constant L. In the numerical discretisation the fine and coarse path payoffs
are both defined by
P=f(S(T),S(Tz),...,S(Twu)),

with S (t) given by the Brownian interpolation. Note that this will require the addi-

tional simulation of W (T}, if T}, does not correspond to one of the existing timesteps.

We get the following result concerning the variance of the multilevel estimator:
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Theorem 3.3.3. This approzimation for Lipschitz payoffs has Vi = O(h}).

Proof. From the Lipschitz bound and Jensen’s inequality we obtain

VIP/ - Pry) < El(F/ - Py)’) < M) E((S7(Tn) - 59(T))?):

m=1

The decomposition implies that
E[(S* () = S(T))] < 4 (ES! (T) =S p(Ton))?] + EI(S(T) = Siep(Ton)))
+ EI(Shp(T) = S(Ton))?] + El(Siep(T) = S(T))%))

and the proof is completed using the results from Theorems and [3.3.2] O

3.3.4 Asian options

Continuously monitored Asian options have a payoff P = f(S,S(T)), that is a uni-

form Lipschitz function the average over the time interval

T
S = Tl/ S(t) dt,
0

and S(T"). We now consider two alternative numerical approximations.

3.3.4.1 Treatment 1

In chapter , the first treatment is that the approximated path averages S are defined
by integrating the interpolant (3.4). Because of Lemma [A.1.1], this gives

T _ N+Nr—1 R R
/ Slydt=> " ihn (S,{ + S,{;l) + b, AIf (3.6)
0

n=0

where AIJ are independent N (0, %hi) variables, conditional on G which denotes

the filtration 0{NV;, 0 <t < T}. The coarse path average is defined accordingly, and

a straightforward calculation gives

A = [T OV = W) dt = St = )W (friz) = W)
= Al AL = Y(tays —tn) (un(W(th) — W (tn))

_(1 - Vn) (W(thrZ) - W(thrl)) > )
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where v, = (tpyo — tus1)/(tnee — t,). Thus for the midpoint interval I¢ is computed

from two AI’ and the Brownian increments used to generate the fine path.

This approximation has weak convergence since

‘ELAT§@yﬁ—:ATS@yﬁ”

is bounded by Theorem [3.3.2]

Theorem 3.3.4. The approzimation (3.6 for continuous Asian payoffs has variance
Vi=O(h}).

Proof. Integrating (3.5 gives

B[S - 597 < 4(E(S/-SL) + EIS—Sp)]
+ E[(Sp—-5)7) + ElSir-5) ).

Using the Lipschitz bound and Theorems and we can conclude the proof.
m

3.3.4.2 Treatment 2

The second treatment is the same as the first except that it omits the terms I} and
I¢ and so the averages correspond to trapezoidal integration of the two interpolants,

or alternatively they can be viewed as averages of the piecewise linear interpolants
Spr(t).

N+Nr—1

T ~ ~ —~
/ Sltydt= > i, (ng + S,{;l) . (3.7)
0

n=0

Theorem 3.3.5. The approximation (3.7)) for continuous Asian options has variance
Vi = O(h}).

Proof. The difference between the averages of the Brownian and piecewise linear

interpolants is

71 / ' (§(t) . §pL(t)) dt =713 b,AL
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Since the I,, are independent N (0, 1—12h731) variables and independent of b,, conditional
on G, it follows that
N+Np—1

> EP IGIE[AL|G]

n=0

]E[(?—g*_m)?] = 177

1
< ET_%?’\/]E [((N + Np)?|E {sup bﬁ],

and this is O(h?) due to the finite bound for E[sup,, b1].

Since

Shy = Spy = (87=59 = (8 =8},) + (5= 5y)

it follows that

—~

E[(Sh, —S5,)°) <3 (E[S7 5] + E(S/~8},)°] + B[S~ 55,)7).

The bounds on E (§—§_H)2] together with the bound on E[(@—@)z] from the proof
of Theorem [3.3.4] prove that E[(5%, — 5%,)%] = O(h2), and the result then follows
from the assumed Lipschitz property of the payoft. n

3.3.5 Lookback options

The payoff of a lookback option is uniform Lipschitz in terms of the value of the
underlying at maturity S(7) and either the running minimum or the maximum of
the underlying over the time horizon. We consider the case of the running minimum;

the analysis for cases involving the maximum is similar.

P = exp(—rT)E [(S(T) — min S(ﬂﬂ

0<t<T

For the fine path calculation, on level [, T;= JU {%} ={0=tg<t1 <...<tp =
T}, n; = 2' + Ny is the jump-adapted time grid. Define S(t) to be the Brownian
interpolant of S, within the fine grid T),= JU {%}, as in |D The correspond-
ing MC estimator constructed by the jump-adapted Milstein scheme with Brownian
interpolation between grid points would be

P = exp(—rT) (§(T) — min §(t)) .

0<t<T
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Now we derive a method to calculate ming<;<r §(t) Let i = o{Ny, 0 <t <
T Wy = W(th), Wa, ..., Wary N3 Vs, 0 € J} where NN, is the Poisson process associated
with the jump component, and §me = Mily<tet;,, S (t). The running minimum of

S can be computed by:

E [min §(t)] —E [E [min S(t) | le —E []E{ min - Sy | ﬂ” :
0<t<T 0<t<T 0<n<n;—1

By the Markov property, we have for arbitrary x > 0,

~

P(Spin <2 | F) =P (§nmn < | 8(ty), §(tn+1—)> .

Thus by Lemma given F; we can generate a sample of §nmm

~ ~ ~ ~ ~\ 2
Snmin = % (Sn + S, — \/< ;H—Sn> —2(b,)2 hy, log U, ) , (3.8)

where U,, are independent uniform random variables on [0, 1].

Therefore, taking the minimum ((3.8)) over all timesteps gives a sample of the global

minimum which is used to compute the fine path value P,.

For the coarse path value ﬁﬁ 1, define gc(t) to be the Brownian interpolant of §;;
within the coarse grid T, ; = JU {25—2} . Considering a particular timestep in the
coarse path construction, we have two possible situations. If it does not contain one
of the fine path discretisation times, and therefore corresponds exactly to one of the

fine path timesteps, then it is treated in the same way as the fine path, using the same
(21;1)T7
let n (¢;) be the index of grid point in T; of the midpoint (;. Using grid index T, this

uniform random number U,,. If the coarse timestep contains midpoint (; =

coarse timestep is the midinterval [t,,_,¢,41]. We have to evaluate ming, , 4,.,1 S¢(t)
conditional on F;. since Brownian path value at the midpoint (; = @l;—ll)T 1 is
known, ming,_, ¢,,) S(t) | Fi = mingepr, 4,51 S°@) | S () ,5(G), S(tns1—) by
the Markov property. Hence we have to calculate the Brownian interpolant S¢((;) by

(3-4) and then given F, minye, 4,1 §"’(t) = min (min[tn_lytn] §c(t), ming,, ;] §C(t)>
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We have

min S°(t) = %(S\c(tn—l) +5°(G)

[tn—lytn]

_\/<§C(Q) —Ge <tn)>2 —2(b8)2 (G — tu-1) log Uil >;

min §C(t) = %<§C(Cz) +§C(tn+1_)
[t’ﬂvtn+1]
. . 2 ;
~\/ (8eltnin=) =5(6)) = 2 (B50)? (tuss = Q) log UL, .
where b5 = b5, = b(S¢, t,). ming, 4.0 5°(t) on level I has exactly the same

distribution as ming, , ., S7(¢) on level [—1, since they are both based on the same
Brownian interpolation (3.4)), therefore equality ([2.5) is satisfied.

Theorem 3.3.6. Suppose that a lookback payoff is a uniform Lipschitz function of
S (t) and ming<;<7 S (t), and on level I, the minima of the fine and coarse paths
S
previous method. Then the multilevel correction term of a lookback option has V, =
O (h? |log ).

= MiNg<n<n,—1 Snmin ONd Sei = MiNg<n<n, -1 Snmin are generated by the

Proof. We have

of e of e
‘Smm - Smm < max Sn,min - Sn,min
0<n<n;—1
< max |S! -8+ max |D/ - D:, (3.9)
0<nn;—1 0<n<n;—1

where

~ ~ ~e\ 2
Df = g\/(sjf;l—sﬂi) —2(b})2 hy, log U,

and ﬁfl is defined with b¢ = b¢_, forn (¢;), i = 1,2, ..., 2""1. Now, using the inequality
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| |z| = |y] | < |z — y]|, calculation gives

Dl - Dy

(DI)? — (Dg)?
D} + Ds

of— a Qc— Qe
(Spr = S9)% = (Spa — Snﬂ [(b1)2 — (b%)2] hyy |log Ul
S +
4(D} + De) 2(D} + De)

< 1[8-8l |5211—-Sc L8 = 1851] v/An TTog U]
< % ( Svj;rl - 5211 fz > + 75 bl — 06| \/hn|logU,|. (3.10)
Hence
‘ min Src;un
gf gel?, 3 qf— _ Ge— 2.3 f c|2 2
— max |S)—S¢| +- max |S)T =S| +=h max |b —0b5|"|logU,|".
4 0<n<n;—1 4 0<n<n;—1 2 " 0<n<n;—1

Since § 4 and 5o 1 can be seen as KP interpolants of S, ie. 3\5;1 = :S'\}c(P (tns1—),

by Theorem [3.3.1} we have

~ 2
E{ max [S/T — 5S¢ } = O(h});
0<n<n;—1
~ ~ |12
E[ max 57{—52} = O(h}).
0<n<n;—1

For n # n((;), Assumption A1 implies [b/ — b¢| < K|S —5¢]; for n where Ji s.t.

(; = t,, the observation shows that

bl — b = |b)—be ]
< 2L —b P2l b
< 2K S-S\ + 2K, (8-S, .

In
SR 1
SI—S! = 1hyy 4 by AW,y + 5 b by (AW2_ | — hy_y),

since b, 1AW, is the dominant term, we only analyse it. By Jensen’s inequality,
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(G denotes the filtration o{N;, 0 <t <T})

1/2 1/2
E | max |bn_1AWn_1|2} < ]E[ max bi_l} E{E[ max |AWn_1|4|G”

1<n<n;—1 1<n<n;—1 1<n<n;—1
9 112 1/2
< KE [} [log (Nr + b )[’]
< KE [h2 (log (N7 + 1) + [log hy])?]

O (hy |log Iy|) .

The following results come from extreme value theory which determine the limiting

distribution of the maximum of a large set of i.i.d. random variables; cf. [21].

Lemma 3.3.7. If U,,n = 1,..., N are independent samples from a uniform distri-

bution on the unit interval [0, 1], then for any positive integer m

E [ max |log Un|m} = O((log N)™), as N — oo. (3.11)

1<n<N

By Lemma|3.3.
2| _ 2
E [ogglg%{—l | log U,| } = O ([log u|”) .

Since U,, are independent of [b/ — 0¢|?|, and the payoff is a Lipschitz function of

-~

Smin, We conclude that

Vi = O (hi |log hu*) .

For the weak convergence of the scheme, we have

Theorem 3.3.8. The Brownian interpolated approximation for a lookback option

P = exp(—rT) <§(T) — minp<i<r §(t)> satisfies that E[J/D\lf— Pl = O(hlogh).
Proof. Note that
’]E {02%5(75) - (@%S(w] ‘ <E fsup S@t) — S(t)‘ — O(hlogh).

where the last inequality comes from the n = 1 case of Theorem |3.3.1] and Theorem

2.9.2 [
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3.3.6 Extreme paths

The analysis of the barrier and digital payoffs will use an extreme path argument that
certain “extreme” paths make a negligible contribution to the overall expectation.
This argument will be employed in this chapter based on the following two lemmas
taken from [34].

Lemma 3.3.9. If X, is a scalar random variable defined on level | of the multilevel
analysis, and for each positive integer m, E[|X;|™] < C,, is bounded, then, for any
0 >0,

P[|X;| > b %] = o(h}),  ¥p>0.

Proof. Tt follows from Corollary that

PlIX| >R %] = PIX™ > B ™
i B[ X"
hMC,,.

IN

IA

By choosing m > p/d, Vp > 0,
Pl|Xi| > ] = o(hY).
]

Lemma 3.3.10. If Y] is a scalar random wvariable on level I, E[Y}?] is uniformly
bounded, and for each p; >0, the indicator function 1g, on level I (which takes value

1 or 0 depending whether or not a path lies within some set E;) satisfies
E[]‘El] = O(hlpl)v

then for each p>0,
E[Yi|15] = o(h7).

Proof. By Cauchy-Schwartz inequality,
1/2
E[VilLs] < (B[Y2)"* (B[16])"*.

By choosing p; = 2p we conclude. ]
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In the proofs of the main analysis, Lemma will be used to establish the
pre-conditions for Lemma [3.3.10, from which it can be concluded, by choosing p
sufficiently large, that the contribution of the extreme paths is negligible compared

to the paths that are not extreme.

The following lemma explains why the set of extreme paths has a small probability.
There is some difference between the definition here and the one in [34]. Here we have
to emphasize that for the extreme path, the Brownian increments exceeds certain level
of the square root of its corresponding timestep. This is required for the analysis of

digital options.

Lemma 3.3.11. In a jump-adapted time grid T; ={0 =ty <t <ty < ... <ty =
T} with the maximum timestep h and prescribed jump times set J = {11, 72, ..., Tm},
for any v > 0, the probability that a Brownian path W(t), its increments AW, =
W(tm) — Wi(t,), and the corresponding SDE solution S(t) and its fine and coarse

path approximations §7{ and §fl satisfy any of the following extreme conditions
In, max(IS(t)], S]], 1S7) > K7
1S (t) =S5, 1St~ 511, 185 -561) > wt
In, |AW,| > h¥/2

Si- — 5

dn, max (

where hy, = toy — ty, is o(hP?) for all p>0.

Furthermore, there exist constants ¢y, co, c3, ¢4 such that if none of these conditions

1s satisfied, and v < %, then

Vn, |S/- =87 | < /™ (3.12)
vn, |bf —bl || < e hY*FP (3.13)
Vn, max(|bl], [bS]) < esh™? (3.14)
Vn, |bl — b5 < e bR (3.15)

where SI= = S§(t,—), b = b¢_, if Ji s.t. & = tn (i-e. [tuo1,tns1] is a midpoint

interval).

Proof. Note that @i‘ and §fl_ can be seen as a KP interpolant, i.e. @;‘ = §{{P (th—)-
Due to Theorems |3.2.1]and |3.3.1| and Lemma |3.3.9} the probability of event set which
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satisfies the first two extreme conditions is o(h?) for all p>0. In addition,

P (3n, |AW,| > hY*) = IE[IP’( max yAWny>h}/2—HG)]

0<n<N+Np—1

< E Y P(AW] > rT|G)

0<n<N+Np—1

Y

Due to Lemma [3.3.9, P (]AWn] > h/*77 | G) < C,,h™ for all m > 0. By choosing
m > (p+1)/v, we have P (supn |AW,| > h,ll/%V) = o(h?) for all p>0.

If none of the extreme conditions is satisfied, then the linear growth bound gives
1577 — SI) < Kohy(14+hy7) + Ko(1+h, Y2+ LK (14+h ") (B2 +-hy).

Since h, < T, we can then construct a constant ¢; so that (3.12)) is satisfied.

(3.13) follows as a consequence of Assumptions Al and A3. (3.14]) is obtained
from Assumption A2 and the bound on |§7JZ| and |§§|

If n # n((), i.e. t, is not a midpoint, the bound in (3.15) follows from Assumption
A1 and the bound on |5/ —5¢|; for n where Ji s.t. ¢; =t,, then

bf —be) = [BL—bC | < |BL—bl |+l = .

and it then follows from 1) and the bound for |S/_ —5¢__|. O

3.3.7 Barrier options

We consider a down-and-out call barrier option for which the discounted payoft is
P =exp(—rT) (S(T)—K)* L{ap5y,

where My = ming<;<7 S(1).
A jump-adapted Milstein with a Brownian interpolant approximation gives

P = exp(—rT) (S(T)~K)" 1, .

where My = ming<<7 S(t).

Let f(S) = (S —K)". We first prove the weak convergence of the estimator.
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Theorem 3.3.12. Provided that the info<i<r S(t) has bounded density in the neigh-

bourhood of B, the Brownian interpolated approximation for a barrier option has
{7 #]| =t
for any 6 >0.

Proof. The difference between the approximated and true payoff can be represented

as
R 1 R
E [sz - P} = SE (f (S£T> - f(ST)> (1{MT>B} + 1{MT>B}> (3.16)
NUCARTEYT——
This is derived by using the equality
fion— fage = 3(fi—fo)(g1+92) + 5(fi+f2)(91—92). (3.17)
The first part of the RHS of (3.16)) is O(h;) by Theorem [3.3.1}
Note that
L) = Ly | = L or 0,
For sufficiently small h;, "= 1 7 holds only if either My is close to the barrier or

the difference between continuous and discretely monitored maximum ‘MT — MT‘ is

large. More precisely,

{‘1{MT>B} - 1{1/\/[\T>B}) - 1} CRUH,
where for a v > 0 to be determined,

F oo ={|My—B| <h™},
H :{‘MT—J\?T‘>h}‘”}.

Due to the bounded density of My in the neighbourhood of B, P (F;) = O (hllfh).

We define the extreme path set Ej to be the paths satisfying either the conditions
of Lemma|3.3.11]or belonging to H. We shall explain the reason for considering paths

~ ‘

S(t) — S(t)].

belonging to H to be extreme paths. Note that ‘MT — ]\//TT‘ < supjo 7
Theorems |3.3.1| and |3.3.2 imply a uniform bound for

SIORECINE

E {hl_m sup

0<t<T
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for all [, and it follows that [P <‘MT - M\T‘ > hll_7> = o(h}) for all p>0. By the linear

o\
growth property of f and Theorems |3.3.1, E | f ( TJZT) } are uniformly bounded for
all [. Hence by Lemma [3.3.10} for all p>0

E [(f (gffT) +f (ST)) (Lprp>my — 1{1\7T>B})1Ez] = o(hy).

Hence we can focus on the contribution from E}. In Ef, f (@:T) + f (Sr) is bounded
by h~7 by definition. The second part of the RHS of (3.16)) is bounded by

R Hl{MT>B} - 1{A7T>B}H '

Hence
E Hl{MT>B} - 1{JT/I\T>B}‘ 1Ezc}
— E ‘1{MT>B} _ 1{MT>B}‘ 15l +E| ‘1{MT>B} L | L]
= O(n~™).
Thus
‘]E B - P ‘ = O ™).
The result follows by taking v = 6/3 and p > 1. O

Taking the standard variance reduction simulation approach to continuously mon-
itored barrier crossings (see section 6.4 in [39]), we can construct an estimator using

conditional expectation. For the fine path

nr—1
Pl =S [T a-5).
n=0
where N R
(=28 =B) (S - B)t
Dl = exp 7 )
(bn)? by

To prove the convergence of variance for this estimator, there are some gaps if
we follow the approach in [34]. The problem is that we can not have a good esti-
mate of the difference between crossing probabilities on fine and coarse level since
the presence of jumps causes arbitrarily small timesteps. Here, instead, we prove
the convergence of variance result for the estimator without taking the conditional
expectation to calculate the crossing probability. Since the variance is reduced by
using conditional expectation, as a corollary we conclude the convergence of variance

of the ML estimator using conditional expectation.
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Theorem 3.3.13. Provided info<i<r S(t) has a bounded density in the neighbourhood
of B, then the multilevel estimator for a down-and-out barrier option has variance
Vi = o(h} %) for any 6>0.
Proof. The proof will use a similar approach to the weak convergence analysis.
The ML estimator for barrier option is
Pl = f(S )1
PLo= f(Sh)1s.

>B};

in

>B}-

in

First we define the extreme path set E; to be the path which fulfills any of the
conditions of Lemma |3.3.11| for v < % or either of the following conditions:
|Mr - 5

min

1—
>h 7,

sup |log U,| > h; 7.

The probability of the last condition being satisfied is o(h?) for all p >0 because of
the inequality

0<n<N-+Np—
> P(|loglU,| > hﬂ)] .
0<n<N+Npr—1

together with Lemma and the observation that E[|log U,|™] = m!. In the proof

of the last theorem we have considered the probability of

P (Sup|logUn| > hl_7> = [E |:]P’( max l\logUn\ >h 7| G)]

< E

}MT - gnfnn

1—
> h, 7,

being satisfied is o(h?) for all p > 0. Hence it follows that P (E;) = o(h) for all
Y
p>0. By the linear growth property of f and Theorems [3.3.1|and [3.2.1| E {(Pf) ] ,

~ 4 ~ ~
E [(Pf_ 1) and also E [(Plf _ P 1)4} are uniformly bounded for all I. Hence by
Lemma (3.3.10]), for all p>0

E (P =P = o).

Now we focus on the contribution from non-extreme paths. We again define the

paths where M7y is close to the barrier by
Fi={|My—B|<h >}.
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Note that in the proof of the multilevel estimator for lookback option, (3.9) and
(3.10) show that

Qe
‘ min Sm'm

< max |5/ -S|+ max |D!—D¢
OSTZSHZ—I 0<Tl<7’ll 1
3 ~ o 1 of
< 2 max |S/—8+= max [ST, -5
= 20<nsm-1 7" T 2 o< [0 T

L e
+75 o max (b= |/ [log Ul.

The deﬁmtlon of extreme paths inequality ((3.12)
1— 27)

1ge = O(h,
In Fy¥, for sufficiently small h;, non-extreme paths where My < B — hll_?” satisfy
that Sj;m, anm < B. Therefore for those paths f’lf —f’ﬁl = 0. For non-extreme paths

where My > B+ h, % we have ]/Slf—f’l‘il = f(§7{T) — f(:S’\fLT) = O(h, ). Hence

and the bound on |logU,| give

’ min mzn

E[(P/ — P ) 1pe1p] = O(h) ™).

In F}, by definition of extreme paths we have (IBlf—]/D\f_l)lellEc = O(h;*). Due

to the assumption that info<;<7 S(t) has a bounded density in the neighbourhood of
B,

E[(P/—Pr ) 1n1E] = O(h~)
Therefore for sufficiently small h;,

E[(B - Fo)1e| = 00 ).
The results follows by choosing v < mln(

,0/5) and p > 1.

3.3.8 Digital options

A digital option has a payoff which is a discontinuous function of the value of the

underlying asset at maturity. Here we consider the European digital call option

P =1(5(1)>K}-

Following the previous convention, we can discretise the path using a jump-
adapted Milstein scheme, and then we have a simple estimator
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Plnai’l)@ = 1{§7{T>K}

where np is the index of the fine grid at the expiry date.

In order to reduce the ML variance we use conditional expectation taken at the

penultimate timestep. Note that

Dnaive] __ af
EIF**] =B [E [Ls, o} | 57
where §£T_1is the value of the fine path approximation one timestep before 7. The
idea is to use ]3lf =E [1{§£T>K} \ §,{T_1} as the estimator instead of 131"“”6. If we
approximate the process within the last timestep as a diffusion process with constant

drift and volatility as in (3.4)), we have an analytic expression for f’lf :

B _ SgT—1+a£T—1h - K
F —
bl [ Vh

The expressions of ]3lf in a jump diffusion model are in Section [2.4.2.5(of Chapter .
This approach also brings extra benefits to smooth the payoff for computing Greeks.

The weak convergence of the approximation is guaranteed by the following theo-

rem:

Theorem 3.3.14. Provided S(T') has a bounded density in the neighborhood of K,

then the conditional expectation estimator for a digital option satisfies ‘E[ﬁlf — P]‘ =

o(h} ™) for any §>0.
Proof. The deviation we are about to analyse is
E[F - Pl =Ellgg .y — Lsmsrl-

We follow the approach in the barrier case- first we define extreme paths to satisfy

the conditions in Lemma B.3.111

To bound the contribution from the paths ending around K, we define the set

F={|Sr—K|<h 2},

For an extreme path in Ej, E[(f’lf — P)1g,) = o(h}), for all p>0.
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For a non-extreme path in Fy, < hll_v. Thus for sufficiently small h;,

Sr—SI_

§,{T - K ‘ > h,~*" and the contribution of those paths

E[(ﬁlf _ P) Le L] = 0.
For a non-extreme path in Fj, the contribution of those paths to the ]E[ﬁlf —P|is

O(h,*") due to the bounded density of S(T) in the neighborhood of K i.c.

E[(P/ ~ P) 1nlg] = O(h ™).

Hence by choosing v < min(3,6/3) and a p > 1 we conclude that
IR — Pl| = (k™).
[

A bound on the variance of the multilevel estimator is given by the following

result:

Theorem 3.3.15. Provided b(K,T) # 0, and S(t) has a bounded density in the
neighborhood of K, then the multilevel estimator for a digital option has variance
V= o(h?ﬂ_é) for any 6>0.

Proof. First we start with decomposing the variance into three parts

V[P —Pr,] < E[(P/ —Pf)*1a,) +E[(P/—Pf1)*14,] + E[(P/ - PF,)*14,),

where A; denotes the event sets of three cases, that is

A = ly<r—ony
Ay = lyr_pes<ry;

Ay = Y oncjer—ny-

As in the proof of Theorem [3.3.6] we can then deal with the cases of extreme and

non-extreme path.

For the case 1 and 3, the analysis is the same as in [34] despite the fact that the

timestep is no longer uniform, which does no harm to the original argument.
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For the case 2, we again use E; to represent the set of extreme paths which satisfy
one or more of the conditions in Lemma [3.3.11 with strictly positive v < }L to be
chosen later. E[(f’lf - ﬁlil)QIEl] is again o(h]) for all p>0. So we can concentrate

on the contribution from non-extreme paths:

E[(P/ —Pf1)*1a,15].

For a non-extreme path, by Assumption Al and (3.13), with v < 1.

Since | (x1) — D (22)| < |x1 — 29|,

)éf_ﬁﬁl g [ Sheatan b - K (SCT \Ha, yhy— K>
oy | VI Uz | /B
- S _i+dl _hj—K SCT \+as, hj— K
[ R O BV s Vs

Let s = h; =T — J. By the definition of the Milstein scheme,

S _+adl _hj—K

bl
Sj,—K
= fT ! (AW +2(b’)nT 1(AW3—5)),
bnT 1 bnT 1

where AW, = AW,,._; is the Brownian increment of the last timestep. We have a

similar expression for the coarse estimator. Hence

SR SI K S —K|1 1|
A P e (s L0, (W2 - )
biT 1 ‘banl‘ \/_ \/_ biT 1
bC
_ g (AW . 1(Awg_s)> |
}bnT*1|
Using the identity (3.17]) we obtain
Sl,-K S, -K 1(§f_AC)< 1 1 )
szfl ‘bSLTfl‘ 2 |b nr— 1| |b nr— 2|

1l s & 106, ol = 1], |
+ (8 4+ 5 —2K)( 2|~ Uneo
27 b1 16, |
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If follows from the bounds provided in Lemma [3.3.11] that

nr nr < Clh1_5
binl ‘bf'LT_ll
Since
bl 4 — (K, T) = (b, —bf )+ (b, —b(K,T)),

using Assumption Al and (3.13 - ) with v < we can conclude that for sufficiently small
h, ]bnT | — (K, T)| < 5 b(K,T)|. In partlcular b!
sign as b(K,T). Sois by, and therefore

np_1 1S NON-ZETO and of the same

C

" (AW e (ij—s)) b1 (AW + 505, (AVVf—S))‘

|bT 1‘

()] = @), | [AW2 = 5
<
The last inequality is by Assumption A2 and Lemma [3.3.11] In sum,

I 11 .
‘Plf_Pl—l‘ < Oyt 57%4_5[(151/2 2y

On the other hand it is obvious that

PP <

Looking backwards, the last jump can be seen as the first jump. If we take
the expectation conditional on N; = n, n jump times 7q,...,7, = T — s have the
same distribution as n ordered independent uniform [0,7] random variables; thus
$,T—Ty_1,...,T — 1 have the same distribution as n ordered uniform [0, 7] random
variables as well. Therefore s satisfies an exponential distribution with parameter A,

namely s ~ Exp(\). Using the two estimates in [0, €] and [e, k], where € is a scale to
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be determined, we have
~ ~ h ~ ~
E[(P/—Pf ) 1a,1p] = E[/\/ (P —Pry)?e ™ dsl g
0

€ h
=Aquﬁ—mﬂ%%@+/Xwéma%%®nm
0 5

IN

€ h h
1 1
)\/ e)‘sd8+01h2107/ —e’\sds—i-l—le/ siT1e Mg
0 € 13

S

hq 1 h

< 1—e 4021 / —ds + ZK%/ s1T1ds
g S g
h K?

< 1-— —Xe C h2710'y 1 - —1h274'y.
< e "+ 0 og\g—i—4(2_47>

By choosing € to be h?/T, we obtain that

PN T K?
E[(F/ =Pt ) 1a,1g] < 1— e M7 4 Ok log - + ————— >4,
[( ! l—l) Az El] — € + 1 0og h + 4(2 _4,‘)/>

According to [34], for i = 1,3, by choosing p > 2, we obtain
5f  De 3/2-13
E[(F —Ff1)*1a] = O(h*7™).

This is the dominant compared with the contribution from A,. Hence by choosing

v < min(%, d/13) and p > 2 we conclude the proof. ]

3.4 Analysis of the state-dependent intensity set-
ting

In this section we discuss the state-dependent rate setting where A(S(t—),¢) in (3.1)

is a function satisfying assumption A5.

A natural approach to handle the bounded state-dependent rate is the thinning
method. The idea is to construct a Poisson process with a constant rate which is
an upper bound of the state-dependent rate, and then accept candidate jump times
according to the probability that is the ratio of the updated intensity to the upper
bound. At a jump time 7, we can consider that the superposition jump process comes

from two sources :
1. The desired process with rate A(S(7—), 7);
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2. The remainder: with rate A\ — A\(S(7—), 7).

To distinguish them we can have an acceptance-rejection procedure. The proba-
bility that the candidate jump belongs to the desired process within an infinitesimal

interval [t,t + dt] is exactly the ratio of the current intensity to the upper bound.

Mathematically, it transcribes this state-dependent random measure representa-

tion into a constant-intensity Poisson random measure one:

dS(t) = ), t)dt + b(S(t—),t)dW (¢t)
/ / { _ASG-)0) (S(t=),t, 2)pa,, (du x dz,dt), 0 <t < T(3.18)

To simulate the general processes we use the jump-adapted Milstein discretisation
scheme. Suppose we have the superposition of fixed time grid ¢; = i x % and the jump
time grid J, that is a jump-adapted grid T={0 =ty <t; <ty < ... <ty =T}, a

jump-adapted Milstein scheme with the thinning procedure formally is

St = St anhy b, AW, + 18 b, (AW? — h,,),

Sn1 = Spp "‘/ 1 scgpimn 1ttt 2)Pa (A25 tng1), i Lpgn = 7
z€E { Xsup >U’L}
where 7;, 4 = 1, ..., Ny are jump times, Ny ~ Poi (Asp) , U; are independent uniform

[0, 1] random variables.

For the path-dependent payoffs, we follow equation (3.3.2) and the previous section

to construct Brownian-interpolant based estimators in the thinning context.

3.4.1 Multilevel treatment

If we construct a multilevel estimator based on the scheme above, different acceptance
probabilities for fine and coarse level lead to samples in which a jump candidate is ac-

cepted on the fine p/z}th, but not on the coarse path, or vice versa. On level [, at jump
NS (7— A(Se(T
time 7, let p/ = w, P = % Due to first order strong conver-
sup sup
gence of jump-adapted Milstein, (S (t—),t) — A(S¢(t—),t) would be O(h;). Thus
the proportion of paths where the jump candidates are accepted differently would

be O(Iy), i.e. for the set E; = {7 € jump times : (pf — U,)(p¢ — U,) < 0}, P(E)) =
o~ N2
O(hy). Further since E [(PI - Pl_l) |El} is O(1), it follows that V; = O(h;).
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To improve the variance convergence rate V;, we use a change of measure so that
the acceptance probability is the same for both fine and coarse paths. This is achieved

by taking the expectation with respect to a new measure Q:
E[P, — P = EoIR [[ R. - P [ B2 (3.19)

where 7 are the jump times. The acceptance probability for a candidate jump under
the measure Q is £ for both coarse and fine paths, instead of p, = A(S(7—),7) / Asup-
The corresponding Radon-Nikodym derivatives are

Rf— 2pf if U, < : Re — 2p°, if U, <
- 2(1 —pf), ifU, > T 2(1 —pe), ifU, >

N[N |
N[0 |

where U, are independent (0, 1) uniform random variables.
On the right hand side of (3.19), under measure Q, §Zf and §f are simulated by

the scheme:

St = Sutanhy 4 by AW, + 1000, (AW2 — hy,), (3.20)
§n+1 = §,§+1 +/ 1{%>Ui}c(§;+1, b1, 2)Dasep (A2, trgr), i L = 75

zeE
where 7, i = 1,..., Ny are jump times, Ny ~ Poi (Agyp) -

This is the jump-adapted Milstein scheme with the thinning procedure for
ds(t) = t)dt + b(S(t—), t)dW (t)
/ / 1{u< }c t—=),t, 2)Prg, (du x dz,dt), 0<t<T.
zeE 2

which is equivalent to a constant Ag,,/2 intensity jump-diffusion SDE. Assumption
A2-A4 are satisfied for this SDE, so Theorem [3.2.1] and hold for the

numerical solution.

To analyse the variance of the estimator Y = P, HNT Rf Py Hl | Ry, using
(3.17) iteratively we split Y into two parts

N N
Yy = B[R - 13l_1HR§ (3.21)
g
_ PzZ( RC>HRfHRc
j=1 i=j+1

+ (f’l - ﬁl—l) ﬁch

=1
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Thus
9 [ Nr 2
E[v?) < 2B |(B- Py (H Rf)
N =1 Np 2
+2F | B (Z (7! - r) TR 1 Rf)

j=1 =1 i=j+1
By Holder’s inequality and using the result for the constant rate cases, for arbitrary
1/p+1/q=1, where p,q > 1,

1/q

2 1/p Nt 24

~ -~ p

The first part < 2E {(Pl — Pl_1> } E (H Rf)
i=1

Due to the fact that Rf < 2,

1/q

Nr 2q
2| E (H Rg) <2 (B [227])/7 = 2exp (/\T4qq_ 1) = C1(p).
i=1

Hence we have for arbitrary p > 1,

Y o 2p 1/10
The first part < C4(p) (E {(Pl — Pl_1> }) )

We emphasise that f’l and }A’l_l are constructed using the jump-adapted Milstein
scheme with the thinning procedure for a constant Ag,,/2 intensity jump-diffusion
SDE.

The second part can also be bounded. By Hoélder’s inequality, for arbitrary 1/p+
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1/g=1, p,q > 1, we have

The second part

. 12p r Nt ; j—1 ; Nr 2 1
< 2<EUPI\ D B> (7 - r)TTR T R
j=1 i=1 i=j+1
Ny 2q 1/q
< 20(p,T) (E (D[] —p5| 2"
j=1
. Ny 2 1/q
aof Gec| oN:
< QC(p,T)FupLA E Z S PAL
j=1
1 ] 1q1\ /2
< 20(p,T) 5L [E| sup |55 (& [|2¥ ne ] ])
/\sup 1<j<Np+2!

S 02 (p7 T7 )\Sup7 L)\) hl27

where we use the boundness of any moments of the interpolated numerical solution,
boundness of R;, and Lipschitz condition on \ (-, t) where L) is the Lipschitz constant.
Theorem [B.3.1] is used to bound the maximum of the numerical solution in the last

step. Therefore we conclude that for arbitrary py, ps > 1,

~ ~ 2p1 1/p1
E[V?] < Ci(py) (E {(Pl ~ B D £y (9 T dps L) B2,

which means that the variance of the ML correction term using a change of measure
in the state-dependent rate case can be decomposed into a ML correction term with

constant intensity and a second order term.

The analysis in the constant rate case can be carried through to obtain the bound
~ ~ 2p1
of E [(PZ — Pl_1> . For any 0 > 0, we can choose p; sufficiently close to 1 s.t.

previous analysis can be extended to prove

o (h3/279), digital payoff;

( ]\ Um o (h2_5) , Lipschitz, Asian and Lookback payoff;
o))"
o (h'™°), Barrier payoff.

We have the results for E [Y?] accordingly.

To summarise:

Theorem 3.4.1. For arbitrary pi,ps > 1, assuming conditions A1-A5 on both

and the SDE with g, constant intensity, and conditions on the local boundness of the
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density of Sy or supjyy Ss as specified in Theorem |3.5.15 and (5.5.15, for Lipschitz,
Asian, lookback, barrier and digital option we have ML correction term estimators
constructed based on satisfying

~ A 2p1 1/p1
Vi < Cilpy) (E {(Pl - Pia) D + Ca (2. T, Mup L) B

where Cy1(p1) is a constant increasing in p1, and Cy (p2, T, Asup, Lr) is a constant. The
convergence rate of Vj is o (h2_5) for Lipschitz, Asian and Lookback payoff; o (h3/2_5)
for digital payoff; o (h1_5) for Barrier payoff.

We have obtained the general variance convergence rate using a jump-adapted

Milstein scheme with the thinning procedure and a change of measure.

The weak convergence of the jump-adapted discretisation with the thinning pro-
cedure is proved in [41], for a class of payoffs on which they impose to 4th order
differentiability and uniformly bounded partial derivatives up to 4th order. The draw-
back of this approach is that you have to construct a series of payoffs in that class
which converges to the target payoff, which could be difficult in some discontinuous

or path-dependent payoffs.
The alternative method is to use the same decomposition (3.21)), decomposing the

estimator into the constant rate ML correction part and the difference of fine and
coarse Radon-Nikdym derivatives part. Assuming the Lipschitz condition on A, we
can obtain the weak convergence of the estimators for various payoffs, circumventing
the difficulties caused by discontinuous payoffs. Another advantage of this argument
is that it can reduce the analysis to the constant rate case so that the proofs for

various payoffs are simplified.

Hence by similar arguments we conclude

Theorem 3.4.2. Provided assumptions A1-A5 are satisfied, we have

1/p1

E[P — P]| < Ci(p) (E | (B — P + Co (p2, T, Asup, L) I
iR - P < o) (B[(A - Pa)))

for arbitrary p1, p2 > 1, where Cy(p1) is a constant increasing in pr, and Cy (p2, T, Asup, Lx)
15 a constant. In particular we can take py = 2 to use the previous constant intensity

case results.
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3.5 Conclusions

In this chapter we present numerical analysis for MLMC applied to option pricing
in scalar jump-diffusion models. We discuss European call, Asian, lookback, barrier
and digital options in the constant jump rate case. We also extend the analysis to
the case of bounded state-dependent intensities. In more detail, we have proved that

the estimator constructed using a Brownian interpolant is convergent weakly to the

analytic solution: Theorems [3.3.1] and [3.3.2| together give O(h) weak convergence for

the Lipschitz and Asian options. For the lookback, digital and barrier options, the
weak order of convergence is o(h!™%) for any § > 0 due to Theorems ,
and [3.3.14] Therefore in all cases, the weak convergence rate satisfies the inequality
a> % required by Theorem The variance of the multilevel estimator is O(h?)
for Lipschitz and Asian options, O(h? [log h|*) for lookback options, and o(h?/ 279
for digital , and o(hll_‘s) for barrier for options, for any 6 > 0. In the bounded
state-dependent rate case, using thinning with change of measure, results for weak
convergence and convergence of variance of the multilevel estimator are established as
well. Consequently, the same O(e~2) computational complexity is proved for all cases
except for the barrier option for which the best that can currently be proved is a near
first order convergence of the variance, leading to the computational complexity being

~2-5)

ofe for any strictly positive . These analyses support the numerical results in

chapter
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Chapter 4

Multilevel Greeks in
Jump-diffusion Models

In the last two chapters we have established how to use Multilevel (ML) to effi-
ciently estimate expectations of various payoffs. This chapter addresses the problem
of estimating sensitivities of expectations with respect to parameters. In financial
applications, sensitivities of derivative prices are usually referred to as Greeks. The
first importance of computing Greeks is due to hedging. In the continuous trading
Black-Scholes model, in order to hedge the risk of contingent claims, dynamic bal-
ancing a position with a certain amount of underlying assets can offset the risk of the
position in derivatives. For example for a European call option, in the Black-Scholes
model, the uncertainty of the price of the derivative in the future can be completely
hedged by a delta-hedging strategy, where delta refers to the partial derivative of
the option price with respect to the underlying price. In jump-diffusion models, the
market is incomplete, i.e. the risk of derivatives cannot be fully eliminated by holding
the underlying and other tradable assets. Nevertheless, according to different hedging
criteria, the risk of derivative securities can be managed by hedging the position on
the underlying or other tradable assets, where the amount is calculated through the
sensitivity of option prices with respect to the current underlying price and other
parameters, i.e. the Greeks. Another aspect of computing Greeks lies in the fact
that they are not quotable in the market- they can only be calculated according to
the model. The computation of Greeks also brings lots of challenges which are not
present in the price estimation case, especially for discontinuous payoffs. Last but
not least, Greeks are useful in the calibration of models, since the computation of
price sensitivities is necessary for solving the optimisation problem to find out op-

timal model parameters. The objective of the optimisation problem is to minimise
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the calibration error defined as a certain distance between model prices and market

prices.

In the following sections we first review two major methods of sensitivity esti-
mation. Then we recall the jump-diffusion model, and the jump-adapted Milstein
scheme for computing numerical path value of the model. In the constant jump rate
case, for delta and vega, we mainly follow the multilevel pathwise approach developed
in [7]. For the sensitivity to the rate, we find that it consists of two parts: we derive
a likelihood ratio estimator for the part coming from perturbation of the rate to the
number of jumps in the path, and two estimators for the part caused by perturbation
of the intensity compensator in the drift term of the SDE. In the state-dependent
rate case, we use the thinning procedure for path simulations, and corresponding

estimators of Greeks are derived.

4.1 Review of Greeks computation by Monte Carlo

Two major estimation methods for Greeks differ in whether we differentiate the path
value or the transition density. Here we briefly introduce those two methods under

our notation and model setting. See chapter 7 of [39] for detailed discussions.

In the constant jump intensity setting, assuming there is no jump risk premium,

the jump-diffusion SDE in the risk-neutral world is

dS(t) = (r —ce(S(t—),t)Am)dt + b(S(t—), t)dW (t) + c(S(t—),t)dJ(t), 0<t<T,

(4.1)
where 7 is risk-free rate, J(t) is a compound Poisson process S, (Y; — 1), the jump
magnitude Y; has a prescribed distribution which has finite mean, the compensator
rate m = E[Y] — 1, and N, is a Poisson process with intensity A, independent of the

Brownian motion.

We use a jump-adapted numerical discretisation scheme with 2! uniform timesteps

to calculate the numerical approximation of dS(t) up to time 7" : §0, §1, §2, ey §2Z+NT'

Suppose we have to estimate the partial derivative of a payoff on the numerical

path value P = f(§(0)) with respect to a model parameter 6 :

%E [131] , (4.2)
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where the payoff is evaluated by: P = f(:S’\) = f(§0,§1, §2, . §2Z+NT)' S depends
on the number of jumps Np, jump times 7;, ¢ = 1... Ny, Brownian increments W =
(W1, Wo, ..., Wy y) and jump magnitudes Y = (Y1, Ys, ..., Yo n).

Pathwise sensitivities

If we informally write the expectation (4.2)) as an integral with respect to the

density of W, Nr, jump times 7;, jump sizes Y;, i.e.
B[R] = [ £(5(6) p(V. Nr.7.¥) dW ANy 1Y, Y,

under regularity conditions which will be mentioned later, it is legitimate to inter-

change the order of differentiation and integration, i.e.
0 ~
o [ 5B b0 N7, ¥) aw g ay

If the payoff is smooth enough, for example if it is differentiable, we may further

9 o (Of\" 85 <= Of 8
i) - (%) I

7

write

that is, the sensitivity equals derivative of payoff with respect to the path value

multiplied by derivative of path value with respect to the desired parameter.

This approach is called pathwise sensitivity analysis. The advantage of this
method is that its variance is relatively stable when the number of discretisation
timesteps goes up (p410 of [39]). It also saves lots of computational costs when one
wants multiple sensitivities for the same payoff if we use the adjoint method [35]. The
drawback is that it requires the payoff to be smooth. But this obstacle can be coped
with by smoothing the payoff (p399 of [39]) or a combination with the Likelihood
ratio method, called Vibrato Monte Carlo [33].

Conditions for an unbiased pathwise estimator

To validate the correctness of estimators derived in the jump-diffusion setting, we

need to review conditions needed for an unbiased estimator.

In [39], sufficient conditions that

%E [131} ~E {%Jﬂ

holds are given as
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1. %ﬁl exists with probability 1;
2. For any sufficiently small h, the payoff and underlying dynamics satisfies

fEO+m) - FSO)| _
; < H,

where H is a random variable with finite moment. .

Under those conditions, the interchange of expectation and differentiation is valid
thanks to the dominated convergence theorem. It can be verified that the Lipschitz
and European call payoffs in the numerical results section satisfy those conditions.
For more details about alternatives for these exchangeability conditions, we refer to
Section 7.2.2 of [39).

Likelihood ratio method (LRM)

Suppose S has a probability density function (p.d.f.) depending on 6 : p <§ , 9).
We can write the expected payoff (4.2)) as an integral with respect to the density of

B e[7] - [ (30 (5.0)as

As discussed in p407 of [39], in the applications we are concerned with, the differ-

entiation and integration is interchangeable:

aeE[P] - /f
- [+ 10gp<5’9)>p(§,9) 03

8p S 0) w{50) 5

. f<§>8<log};9<§,9>>

This is called the Likelihood ratio method, which transfers the differentiation to
the density of S. The scope of the LRM is broader- its unbiasedness is to do with
the smoothness of the density rather than that of the payoff, and in the applications
we are concerned with, the density satisfies the condition according to [39]. The
drawback is that in the multidimensional cases, e.g. for path-dependent payoffs, the
variance of the LRM estimator increases with the number of discretisation steps. This
limitation motivates people to use the LRM in the last timestep for the digital payoff,
e.g. in Vibrato Monte Carlo [33].
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As in the previous chapter, in the following we first discuss the case of constant-

rate jump-diffusion models. Then the state-dependent case will be demonstrated.

4.2 Constant jump rate case

4.2.1 Delta and vega by Pathwise methods

If we use the jump-adapted Milstein scheme for path simulation, pathwise estimators
for delta and vega in the diffusion setting can be simply extended to the jump-diffusion

setting. The difference is to add jumps to path simulation.

Recall that using the jump-adapted Milstein scheme, the numerical approximation
S would be

St = Syt anhy 4 by AW, + L00b, (AW2 = h,) == S, + D,
Sut = Spr +e(Spintast, 2)(Zoss — 1);

-~

where Z, = Yily,—ry + 1, 2ran=1,..., Ny + 2!, 7; is the ith jump time.
, 88%' is computed recursively by:

By differentiating both sides of the scheme

89S, 05, . oD,,
00 90 | 0’

8§n 1 83\; a S
89+ - 89+1 + %C(SnJrl?thrl’ Z)(Zn+1 B 1>’ (43>
9% _ o5,
06 00’

where 0 = S or o.

4.2.2 The sensitivity to the rate

For the sensitivity to the jump rate, since the perturbation of the rate leads to different
jump times, it is not obvious how to derive the recursive equation of %ii like |D

A way to derive the estimator of the sensitivity to the jump intensity is by condi-
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tioning on the number of jumps:

0 —,\T
a)‘E[P] - 8/\Z Pl | Np = n]
= nzg —/\T(AZ) [(X_T> [E|NT:n]+%E[ﬁl|NT:n]

Since given the number of jumps up to time 7', the distribution of jump times is
independent of A (actually they are uniformly distributed on [0, 7)), E[F, | Ny = n]
depends on A only because the drift term of the SDE includes the compensator of

jumps. Hence it can be written as
E[P, | Ny = n] = /f(§()\)) p(W, Yy, 1) dW I dr; dY;

where 7; are jump times and Y; are jump magnitudes. It then makes sense to inter-

change the order of differentiation and integration.

o) o (D) |y op,
SER] = Ze (5~ T)EIP | Np = n] +E[55 | Nr =n
B Nr ~ 9P,
= E (T—T>Pl N (4.4)

This is an estimator of the sensitivity to rate. The first part is an LRM estimator
in the sense that the density of Np is differentiated, representing the contribution
from the perturbation of the rate to the jump times on the path, and the second part

comes from the perturbation of the rate to the jump compensator in the drift term.

The second part E [ap l} can be computed pathwise, when the payoff is differen-

tiable: R R

op, of 0S

0N 98 oA
On the other hand, for the sake of avoiding differentiating the payoff, we derive
another estimator for E [%—?] Proposition 3.6 of [I5] can be generalised without
difficulty to our time-dependent drift and diffusion coefficients and state-dependent

jump coefficient setting, using the same change of measure argument.

Proposition 4.2.1. Suppose b(S(t—),t) > 0 for 0 < t < T in the jump-diffusion
SDE ({4.1). Let S, =S (t,) for 0<t; <T,i=1...n
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We have

0
Sy ELf (S0, 81,82, )

= E [f(so,sl,sz,...,sn) (%—T—m/OTb_l(S(t—),t)c(S(t—),t)dW(t))}.

Applying this proposition to the discretised version of the jump-diffusion SDE and
comparing with (4.4]), we have

b 2N
L] _ D 2 : -1
E a = —mE B 2 bn Cp, (LLn - LLn—l) . (45)

In the Merton model where we test the numerical result, b, 'c, = 0~! is a constant.
Therefore E [%} = —mo 'E [ﬁlWT} which is easy to simulate.

4.2.3 Numerical results

We again use a Merton model to do numerical tests in the constant rate case. The

jump-diffusion SDE under the risk-neutral measure is

%(_t)) =(r—>dm)dt+odW(t)+dJ(t), 0<t<T,
where J () is a compound Poisson process Zi]i(lt)(Yi — 1), the jump magnitude Y; has
a log normal distribution, i.e. logY ~ N(a,b*). N(t) is a Poisson process with a
constant intensity A, independent of the Brownian motion. r is the risk-free interest
rate, o is the volatility, and m = E[Y;] —1 is the compensator to ensure the discounted
asset price is a martingale. All of the simulations in this section use the parameter

values Sy=100, K =100, T'=1, r=0.05, 0=0.2, a= 0.1, b=0.2, A=1.

The multilevel implementation of the estimator is similar to the procedure in
previous pricing chapters. We modify Giles’s Matlab code used for [31] to produce

performance figures.

The numerical results of variance convergence order for Greeks of European call
option are summarised in Table 4.1} For the implementation of other path-dependent
payoffs, we refer to [7].

Figure shows the numerical results for the delta of European call option with
a payoff exp(—rT) (S(T)—K)*, where (z)™ = max(x,0) and strike K =100.
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Jump-adapted Milstein
Greeks weak | variance
delta O(h) | O(h)
vega O(h) | O(h)
rate via pathwise O(h) | O(h'?)
rate via change of measure | O(h) | O(h*™)

Table 4.1: Orders of convergence for V; as observed numerically for Greeks of Furo-

pean call option. h = h;.
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Figure 4.1: Delta of European call option

The top left plot shows the behavior of the variance of both g—g and the multilevel

050

, estimated using 10° samples so that the Monte Carlo sampling

0So

error is negligible. The slope of the MLMC line indicates that V,=Var [M] =

O(My), corresponding to 8 = 1 in condition #ii) of Theorem [I.3.1 The top right plot
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Figure 4.2: Vega of European call option
8(1317131,1) . . . . .-
shows that —a5 |18 approximately O(h;), corresponding to @ = 1 in condition

i). Noting that the derivative of the payoff is actually an indicator function, the
numerical result corresponds to the case of estimating the value of digital options
without using conditional expectation. The numerical result is consistent with the

weak convergence result proved in the previous chapter.

The bottom two plots correspond to five different multilevel calculations with
different user-specified accuracies to be achieved. These use the numerical algorithm
given in [32] to determine the number of grid levels, and the optimal number of
samples on each level, which are required to achieve the desired accuracy. The left
plot shows that in each case many more samples are used on level 0 than on any
other level, with very few samples used on the finest level of resolution. The right
plot shows that the multilevel cost is approximately proportional to 2, which agrees
with the computational complexity bound in Theorem for the f=1 case.
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Figure 4.3: Sensitivity to the rate of European call options by pathwise method

Figure shows the numerical results for the vega of European call option. We

have similar explanations on the performance.
The sensitivity to the rate is

%E[ﬁl] ~—E [(%—T) Jﬂ +E

Figure 4.3|shows the numerical results for the sensitivity to the jump rate of European
P,
oA

oA\

call options where E [ ] is computed by the pathwise sensitivities method.

Figure |4.4] shows the numerical results for the sensitivity to the jump rate of
b,

European call options where E [ )

] is computed by a change of measure estimator
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Figure 4.4: Sensitivity to the rate of European call options by change of measure

—ma‘lE [ﬁlWT:| .
Benchmark

By differentiating the series expansion of the option value, we obtain analytic val-
ues of greeks as a validation benchmark for numerical results generated by multilevel

computation:

According to [39], the European call option price Vierton = E [e’rT (S(T)

can be evaluated by

_ K)ﬂ

=~ _r(NT)"
= YT l) Vis(S, K, T,0,1y),
n:

n=0

Vmerton

where N = \(1+m), o2 = 02+”sz, Ty = r—)\m+w, and Vps (S, K, T, 0, 1)

is the Black-Scholes price with stock price S, strike K, maturity 7', volatility o,
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delta (using € = 0.0005) | vega (using € = 0.02) | rate (using ¢ = 0.005)
analytic 0.6531 27.14 2.882
pathwise 0.6533 27.10 2.877
change of measure 2.881

Table 4.2: Numerical results of multilevel Greeks for the Merton model compared to
the benchmark

risk-neutral rate r,,.

The BS Greeks (delta and vega) can be calculated by

5 Lmerton j : _\NT (/\/7 )n 6 ! BS KT
(}0 n=0 ‘ n' (?9 <87 ’ ’ n,Tn>7

The sensitivity to A is

Worcrion. _ 5~ o XT) ((2 ~T)Vis(S, K. T, ) — m S

O\ ol h\ o (S,K,T, anfn)) ,

n=0
where the two parts are contributions from the jump term and compensator, respec-
tively.
To make sure the calculations are correct, we compare numerical results with the

benchmark in Table [4.2]
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4.3 Path-dependent rate case

In the following, we assume the dynamics of the state-dependent jump-diffusion SDE

can be written as

dS(t) = a(S(t—),t)dt + b(S(t—),t)dW (t) + / c(S(t—),t,z)u(dz,dt), 0<t<T.
zeE

where u(dz,dt) is a Poisson random measure. The intensity of u is defined as

p(dz)dt = A(S(t—),t)g(z)dzdt. For all bounded P-measurable function f, we have

/ot /ZeE J(z, s)uldz, ds) _/Ot /ZGE f(z,s)p(dz)ds

is a martingale with respect to F;.

We again make the assumptions on the coefficients of our jump-diffusion SDEs as
listed in Section of Chapter

4.3.1 Multilevel treatment

Recall the multilevel estimators on level I and [ —1 are P, = f(S7(+)), Py = f(5¢()).

Using the usual thinning method, the jump times are sampled using rate A, and then

selected by acceptance probability p, = A(S(7—),7)/ Asup- Due to different acceptance
probabilities for coarse and fine paths, the variance of multilevel correction terms is
large. Following the previous change of measure approach, to reduce the variance, we

introduce a new measure Q where the acceptance probability for a candidate jump

1

time is 5 for both coarse and fine paths :

N;sup N;SUP
E[Pi = i) = B[P [[ R = Poi [] RY)=EolQ - @7,
i=1 i=1
The corresponding Radon-Nikodym derivatives are: (U; ~Uniform|0, 1] are i.i.d.
samples for acceptance-rejection.)
B 220t it U; <
l 2(1— 204y g, >

sup

1.
29
1
2
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Under the measure QQ, the numerical sample path S is computed using the follow-

ing jump-adapted Milstein scheme with the thinning procedure:
St = Sptanhy 4 by AW, + L0,b, (AW2 = h,) == S, + D,, (4.6)

Sn+1 = 57;4‘1 + / 1{%>Ui}C(S;+1, tn—i—l; Z)p bup (dz tn—i—l) lf tn—i—l = T;.
zeE

where 7;, 1 =1,..., N;S“p are jump times; n=1,..., N = N%S“p + %, and h is the

uniform timestep.

4.3.2 Greeks

Recall that under the measure Q, S is simulated using a fixed jump rate g, and

% acceptance probability for a candidate jump time, so the perturbation to the rate

parameter does not change the jump times. Define

Asup NASUP
aQ aP S . OR;
9500 H +P Z; o0 1;[Rj’ (4.7)
1= JF

where the sensitivities of the Radon-Nikodym derivatives are

OR; _ (_1)1{Ui2%} 2 8/\(51._,151-).
00 Asup 00
% may be computed directly from the pathwise derlvatlves 1f the functional

form of A is explicit. By recalling that D,, is defined in -, the pathvvlse sensitivity
of the path value follows:

05, a8, 8D,

00— o0 o0
oS, a5 ) - .
agﬂ _ agH + %/ 1{%>Ui}c(5n+1,tn+1,z)p)\sup(dz,tnﬂ), if t,o1 =7

Remark: In the implementation of the algorithm, we compute
f
> 2T
J#i
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as a sum of ratios:

HRfZ 8Rf/60

Note that we don’t have a particular formula for the sensitivity to the rate since

the rate is not specificed in the general model.

4.3.3 An example of the model

In an example of the model, we demonstrate the steps in computing the Greeks. The

underlying dynamics under the risk-neutral measure are:

d5(t) =rdt+odW(t) +/ zp(dz, dt) — / zf(z)dzAdt, 0<t<T,
S(t_) 2€E 2€E

where the random measure ;1 has compensator A\ d¢ with the intensity function
_ 4
>‘_1+CS 2,)\0—1 C =10""%, Sy = 100.

f(2) is the p.d.f. of a log normal random variable Y, i.e. logY ~ N(a,b*). m =
E[Y]—1=-exp(a+1?/2) — 1.

For multilevel implementation, we simulate the payoff using the thinning rate

Asup = Ao with % acceptance probability for a candidate jump time. In the scheme

(.6).
/ ; Liasyye(Snias tarns 2)0ag (A2, tgn) = S04 (1{%>Ui}(Y; - 1)) -
zZe
The path calculation would be

§;+1 = S,+3S, (7‘ — A(§;, tn)m> By + S0 AW, + §n% o? (AW? — h,) := §nFn,

Sni1 = §;+1 + §§+11{§>Ui}(Yi - 1) if thp =7

For 6 # A\, from (4.7]) we have

8E[Q]_E 0Q] _ |0POSTT . 5N OF:
a0 oo |
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For the sensitivity to the thinning rate, which is still a measure to the effect of

the change of the rate to the price

NJO
Ny? 0P
ElP TRl = —7)BI[R:| +E
8)\0 H ( Ao ) H + a)\o
N;Sllp
D aRZ
+E [P ) =5 H R,
i=1 G
The pathwise sensitivities are
agﬁﬂ oS, . OF,
a§n+1 aS;-i-l 857;-1-1 '
20~ "o o6 Loy (Vi = 1) if o = 7.

In the cases of delta, vega and the sensitivity to the rate, we have

OA(Sy itn) _ .
—a—som hn, 0= S(] 3

oF,
a0 — )y AW, + o (AWE = hy), =0 ;
—3“5’; ), 0 = Xo.

According to the intensity function form,

ONSy.ta) 2008, 98,
05y (1 Lc <§n>2>2 0S5y

NS ) o 20CS; 95,
do (1+C<§;>2>2 "

ON(Sy tn) 1 200§, 95,
3)\0 - 1+C<AY:)2 (1+O<§g>2>2 8)\07

98y :
where AL are computed pathwise.

For the Radon-Nikodym derivatives,

ON(ST t; .
(91% - { _)\20—(810 ), if I/i < % ;
o)) §~_,ti . )
09 _Alo(a—ze)v if Uy > %
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To compute 3le /06, we recall previous expressions of W.
0. §~7,¢ ao— — ]
OR! /99 PN ) , HU<G
= NS, .t a- - i
le —% ()\0 - )\(Sl 7ti)> ) if Ui > %

This example tells us that using the thinning with a change of measure, the per-

turbation of the intensity function is transferred to the Radon-Nikodym derivatives.

4.4 Variance reduction in the presence of jumps

4.4.1 Importance sampling for particular payoffs

Suppose we have a deep out-the-money (OTM) digital put option, e.g. underlying
S = 100 with strike K = 30. In a Merton model with parameters T'=1, r = 0.05,
0=0.2, a=-0.1, b=0.2, A=0.1, which means on average every 10 samples there is
a sample having a jump within one-year maturity. Here the parameters are chosen
such that the compensator m = E[Y;] — 1 = exp(a + b*/2) — 1 < 0. It turns out that
a large portion of samples have zero contribute to the payoff if we simulate the path
directly, leading to a relatively large variance of the estimator. In this specific case,

we have two potential importance sampling treatments to reduce variance:

e Change the size of a jump so that once a jump happens, the sample is more
likely to be below the strike. In particular we change the drift parameter a of

the log-normal distribution of the jump magnitude.

Assume A; is the Normal random variable generated for the jump amplitude at

time 7;, the Radon-Nikodym derivative of this approach is the product of

_ (A — a)* (A; — a)’
R, = exp (_Q—bQ) / exp <_2—l)2>

(2(a—d')A; +d? —a?)
= exp (— 52 :

where o’ is the new drift parameter.

e Change the frequency of jumps so that the cumulative effect of jumps could

eventually causes the option to be in-the-money at maturity.
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Variance

Figure 4.5: Change of jump drift for deep OTM digital put
The Radon-Nikodym derivative of this approach is
AT
R = ()\_> exp (/\1NT — )\NT) .
1

where )\ is the new intensity of jumps.

4.4.1.1 Numerical result

By numerical experiments, we find the optimal ¢’ and A; so that the variance of new

estimator is minimised.

The variance of the estimator is estimated by using 10® samples.
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Figure 4.6: Change of intensity for deep OTM digital put

Figure 4.5 shows how the variance of the estimator changes as we adjust the target
drift @’. It can be seen that as long as the drift is shifted below —0.5, the variance

attains approximate minimum of 3 x 1078, equivalent to a saving factor of about 30.

Figure 4.6| shows that by increasing the jump rate the accuracy of estimator is
greatly improved. It can be seen that as soon as the rate is increased above 0.4, the

variance is reduced by a factor of about 20.
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Chapter 5

Multilevel Monte Carlo Option
Pricing In Exponential Lévy
Models

5.1 Introduction to Lévy processes

We have already discussed using multilevel methods for computing option values in
finite-activity jump-diffusion models. Apart from variable jump rate, another direc-
tion to generalise the constant rate jump-diffusion model is to allow infinite activity
of jumps. The Lévy process is the building block to study such processes. Lévy
processes are a class of stationary independent-increment stochastic processes whose

paths are continuous in probability. In the following we use notations in [52].
Definition 5.1.1. X, is a Lévy process if it is an adapted stochastic process on

(2, (Ft)y50, P with Xo =0 a.s., and has the following properties:

1. Independent increments: for any to < t1 < --- < t,, Xz,, Xo;, — Xtg, -+ Xt, —

n

X, _, are independent.
2. Stationarity: for arbitrary h > 0, X;,, — X; has the same law for all ¢.
3. Continuity in probability: for any e, limj_,o P (| Xyop — Xi| > €) = 0.

We will only study its cadlag modification, of which the existence and uniqueness

are proved in [52].

In terms of the empirical fitting of financial data time series, Lévy processes include

a large class of distributions with flexibility to choose the number of parameters.
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According to [14], Lévy type models can fit empirical properties of stock returns
like heavy tails and asymmetric distribution of increments which are not true for a

diffusion model.

5.1.1 Characteristics of Lévy processes

According to [52], Lévy decomposition states that each Lévy process can be rep-
resented as the sum of a deterministic drift, a Brownian Motion and a pure-jump
process independent of the Brownian motion. In order to demonstrate this result,
we will introduce the notation of random measure in the context of Lévy processes.

Following Protter’s notation, the jump of the cadlag Lévy process X; is denoted by

AXt - Xt - th'

For a Borel set E such that 0 ¢ E, we can define the arrival time of jumps of X,
falling in F :

0 = To<Ti<Ty<...

Then the counting process p(w; E,t) associated with stopping times 7, (E) is
defined by

plw; E,t) = Z Ly, (B)<ty-

n>1

It counts the number of jumps within £ up to time ¢. For each w € Q, u (w;-, ")

is a Radon measure, i.e. o-finite measure on (E x [0,00], B(E X [0,00])) .

For any finite Borel function f, we have the integral with respect to pu:

[ resnidads) = 3 £ (AXes) Liax.en
Ex[0,t]

0<s<t

The Lévy measure v is defined by

V(E):E[/OlfzeEu(dz,ds)] _E
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In the time-homogeneous f case where f(z,s) = f(2), fg Joep f(z,8)u(dz, ds) =
|.cr f(2)p(dz); it has an important property that for any bounded measurable func-

tion f,
/Ot /ZEE f(z,8)u(dz,ds) — /Ot /ZEE F(z, s)r(d=)ds

is a martingale with respect to F;.

Now we present the decomposition theorem.

Theorem 5.1.2 (decomposition theorem). If X; is a scalar Lévy process, there exists
a triple (m,o,v) where m € R, By is a standard Brownian Motion and v is a Radon

measure called the Lévy measure, satisfying the integrability condition:

/(|z|2 A1) (dz) < oo.

t t
Xy =mt+oB; + / / zu(dz,ds) + / / z (pu(dz,ds) — v(dz)ds) .
0 Jiz>1 0 Jzl<1

Moreover, for any Borel set E such that 0 ¢ E, B, is independent of the jump process
t
H (E, [07 t]) = fo fzeE ,u(dz, ds)

This states that Lévy processes can be decomposed into three parts: a drifted
Brownian Motion, a finite activity compound Poisson process with large jumps and
an infinite activity compensated jump process which comes from the small jumps. It

is worth mentioning that the infinite jump part of the decomposition is a martingale.

The proof of the decomposition theorem is due to a theorem concerning charac-

teristic functions of Lévy processes:

Theorem 5.1.3 (Lévy-Khintchine representation). If X, is a scalar Lévy pro-
cess, there exists a unique triple (m,o,v) where m € R, v is a Lévy measure satisfying

the integrability condition, s.t.

64(u) = E [exp (iuX,)] = exp (t (ium - %2u2 + / (€™ —1— iu21|z|§1)u(dz))) .

The triple (m, X, v) is called the Lévy characteristic triple. If the process has finite

variation, i.e. f\w|<1 |z|v(dx) < oo, the representation degenerates to

P(u) = exp (iumo - O;UQ - /R (e — 1)1/(dz)> :

where mog =m — [, tuz v(dz).
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Remark 5.1.4. The Lévy-Khintchine representation can be interpreted by observing

the characteristic functions of the compound Poisson process and Brownian motion.

For a compound Poisson process X; = Zi]i(f) Y.,

Bl = exp (3 [ (0= 1) @) )

where X is the Poisson jump rate and f is the p.d.f. of Y.

For a Brownian motion B,
E[eiuBt] — 67%u2t

Remark 5.1.5. The Lévy-Khintchine representation also unveils another property of

Lévy processes: infinite divisibility.

Definition 5.1.6. A random variable X is infinitely divisible if for any integer n it
can be split as
X=Yi+Ya+ o+,

where the Y; are i.i.d. random wvariables. FEquivalently, its characteristic function
satisfies

¢(u) = E[e™¥] = (¢ (u))",

where (u) is also a characteristic function.

Remark 5.1.7. The financial interpretation of infinite divisibility is that the fluctu-
ation of an asset can be ascribed to the behavior of many informed traders who share

the same information, which can be modeled as i.i.d. random variables.

We now introduce the index of jump activity, the Blumenthal-Getoor (BG) index

of Xt .
B = inf {a>0:/ z|" v(dx) <oo}
lz|<1

There is extensive research on this topic. From an econometric perspective, [I]
does statistical inference of a jump activity index generalized from the BG index
for a scalar semimartingale from high-frequency data, in which there is a very clear
demonstration of the BG index. The BG index ranges from 0 to 2. A finite jump
activity process has § = 0. For a finite variation process, f < 1; for an infinite

variation process, § > 1. The diffusion process has g = 2.
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5.1.2 Examples of Lévy processes

5.1.2.1 Variance Gamma (VG) processes

The Variance Gamma (VG) process with a parameter set (0,6, ) (note that this is

not a Lévy triplet) is the Lévy process where X; has the characteristic function

1
E[exp(iuX;)] = (1 — iubk + 502u2/<)_t/”.

The Lévy measure of the VG process is ([14] p117)

1 0 \/0? + 202
v(z) = ——eA Bl with A= — and B= L/R.

K |x| o2 o2
One advantage of the Variance Gamma process is that its additional parameters
enable fitting to the skewness and kurtosis of the stock returns ([14]).

The Variance Gamma process is a finite variation process with BG index g = 0.
It can be represented as the difference of two increasing processes, more specifically,

two independent Gamma processes:

Xt - Gt<C, M) - Gt(C, G)

where
C = 1/k>0,
1 1 1
G = \/102/@2%—502& — §9H>0,

1 1 1
M = \/192/42%—50% + 59/@>O.

A Gamma process G¢(A, ¢) has the Gamma distribution with density

)\ct

pe(x) = W-’B

ct—le—)\t.
We also have a subordinator representation of the VG process:

Xt = GGt +O’BGt,

where the subordinator G; is a Gamma process with parameter (1/k,1/k). The

subordinator representation corresponds to the Dubins-Schwarz Theorem which states
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that any continuous local martingale starting at 0 is a time-change Brownian motion
(see [52] chapter II Theorem 42).

The simulation of the VG process is straightforward since sampling from the
Gamma distribution is well established in software packages. The subordinator rep-
resentation is used in our simulation algorithm, because the random number generator
for the Normal distribution in the software package we use (Matlab) is about 20 times

faster than the one for the Gamma distribution.

5.1.2.2 Normal Inverse Gaussian (NIG) processes

The Normal Inverse Gaussian (NIG) process with a parameter set (0,6, k) is a Lévy

process with the characteristic function

t 1
E[exp(iuX;)] = exp (— — —V1 — 2iubk + K02u2) :
K K

The Lévy measure of NIG process is

2 2 2 9 5
o) = St (Blal) with A= L, g VEETIE o VP27
g

k|| -

o2 T 2movR
K, (z) is the modified Bessel function of the second kind ([14] p117). It has asymptotic

expansion as x — 0 :

KM@~£+OG) (5.1)

Hence its BG index is § = 1. Also it has asymptotic expansion as  — oo :

Kﬂ@we”¢;%(1+0<%0). (52)

In terms of simulation, the NIG process can be represented by
Xt = «9],5 + O'B[t,

where the subordinator I; is an Inverse Gaussian process with parameters A = %, =

1. An Inverse Gaussian process with (A, ) has a density of the form

Az —,ut)2> .

2u2x

A
p() =4[5t exp| —

To generate its sample paths, we only have to generate samples of the Inverse
Gaussian and Brownian motion. We use the algorithm in p184 of [14] to generate

Inverse Gaussian samples.
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5.1.2.3 a-stable and tempered a-stable processes
The scalar a-stable process has a Lévy measure of the form ([14]):
v(z) = Wl{mo} + Wl{:mo}

for 0 < a < 2 and some non-negative number A and B.

We follow [I4] to discuss another parameterisation of a-stable process with char-
acteristic function
E[exp(iuX;)] = exp {— (A + B)” Ju|* (1 — iﬁjr—gsgn (u)tanZ2) + ipu}, if @ # 1,
Elexp(iuX;)] = exp{— (A+ B) |u| (1 - if‘;—g%sgn (w)log|ul) + ipu}, if a =1,
(5.3)
where (1 is the drift parameter which we set to be zero in the following, sgn(u) = |u| /u
if uw # 0 and sgn(0) = 0; see [47]. Under this specification of parameterisation,
according to [8], we can determine that only when A = 0 does the process have a
finite exponential moment E[exp(uX;)]. When A = 0, there are no positive jumps

and the process is said to be spectrally negative.

Sometimes people consider tempered a-stable processes, whose Lévy measure is

e B .
V(x) = xa—i—le M 1{sc>0} + We)“ 1{x<0} (54)

for 0 < a < 2 and some non-negative numbers A, B, A, A_. This kind of process

is included in the class of Lévy processes for which we do numerical analysis.

The BG index of the (tempered) a-stable process is equal to o. Hence it is a good

example to examine the numerical behavior of the algorithm for various BG indices.

Generating sample paths of a-stable processes can be done by the algorithm in
[9]. Here we adopt the implementation in MATLAB by Mark Veillette

(http://math.bu.edu/people/mveillet /html/alphastablepub.html). Direct simula-
tion of increments of tempered a-stable processes is not known so we only include

numerical results of a-stable processes.
5.2 Exponential Lévy models

In the literature ([54, [13]) a class of tractable models is constructed based on the

assumption that asset returns follow a Lévy process. For a continuous-time model, it
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means that log asset price follows a Lévy process. Let X; be a real-valued (m, o, v)-

Lévy process. The asset price process
St = S(] exp (Xt) (55)

is called an exponential Lévy model. Under the physical measure, parameters of a
Lévy process can be fitted to asset return time series data. Statistical tests shows

that the fitting has advantages compared with the diffusion model; cf. [54].

It’s worth noting that this class of model is not always equivalent to the class of
Lévy-driven SDEs studied in [I7] and [16] if the Lévy processes has jumps less than or
equal to —1. According to Section 4.2 in [56], the two classes are only equivalent under
the condition that the Lévy measure has zero support on (—oo, —1). In our cases,

none of the VG, NIG or spectrally negative a-stable process satisfies this condition.

5.2.1 Pricing in exponential Lévy models

Exponential Lévy models are used in option pricing. We suppose that e "S5, is a
martingale under a risk-neutral measure Q. Under measure Q, X; is an (m,o,v)-
Lévy process. According to [14], since the Predictable Representation Property only
holds for diffusion or Poisson processes, the market is incomplete in a model driven
by general Lévy processes. Hence there are infinitely many pricing measures under
which the discounted asset price is a martingale. For details about hedging and

pricing issues in the context of incomplete markets we refer to Chapter 8-9 of [14].

For the ease of computation, we follow the mean-correcting pricing measure in [54].
We shall derive the parameter relationship between the physical and mean-correcting

pricing measures. By the martingale property we have

E@[e*”St] = SoEQ[extiTt] = So.

This implies
2

m—r+ %+/(ez —1 - zl<) v(dz) = 0.

On the other hand, recall the definition of characteristic function:

2

é1(—i) = exp (m + % + / (" —1—21p1) V(dz)) .
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So,
m=m+r — log ¢ (—1i)
is the new drift of X; under the mean-correcting pricing measure (). Schoutens sug-
gests calculating m by estimating parameters of the Lévy process assuming m = 0.

Under such an assumption, according to the forms of characteristic functions of VG
and NIG and Proposition 1 of [§], for VG, NIG and a-stable processes we have:

1 1
mye = 7’+—10g(1+9/f—§a2 ).
K

1 1
myig = T—E+E\/1+29/€—/§02.
Me = 7’+(A+B)O‘sec%.

The option price is given by the expected value of the discounted payoff P = f (5)
Eq [e"P].

The calibration performance of exponential Lévy models to S&P 500 option prices
data can be found in [54] and [§]. The Fourier Transform method is one way to
calibrate the model, see [14]. It provides an analytic formula for the European option
so it is very efficient to use it as a calibration tool. However, for lookback and barrier
options in models driven by VG, NIG and a-stable processes, there is no closed-form
of the Wiener-Hopf factorisation so the Fourier Transform method is computationally

expensive. This motivates the use of Monte Carlo for pricing those payoffs.

5.3 Multilevel Monte Carlo in exponential Lévy

models

Although the increments of those Lévy processes used in practice can be directly
sampled efficiently, for exotic options like Asian, lookback and barrier options, there
is no simple exact payoff simulation technique. For the Asian payoff, conventional
quadrature works well in the (jump-) diffusion setting. People have investigated
various simulation methods to deal with lookback and barrier payoffs. For example,
[23] develops an adaptive Monte Carlo method for functionals of killed Lévy processes
with controlled bias. Small-time asymptotic expansions of the exit probability are

given with a computable error bounds. For evaluating the exit probability when the

94



barrier is close to the starting point of the process, e.g. P(supy<;<; X; < 1072), Xo =
0, this algorithm outperforms uniform discretisation significantly; see the numerical
example of a Cauchy process (symmetric a—stable process with e = 1) in Section 6
of [23]. On the other hand, [46] develops a novel Wiener-Hopf Monte-Carlo method
to generate the joint distribution of (S(7"), ming<¢<7 S(t)). This simulation technique
is further extended to a multilevel setting in [22]. The method currently cannot be
directly applied to VG, NIG and a—stable processes. For the Lévy-driven SDEs
model, [I7, [16] show upper bounds on the worst case computational complexity of
a class of MLMC algorithms for payoffs Lipschitz continuous with respect to the
supremum norm. The BG index has an impact on the performance of this class of
algorithms truncating small jumps or approximating them by diffusions. In [16], the
bound on the the worst case multilevel computational complexity for any Lipschitz
path-dependent payoffs is O (¢ ®) when 8 — 2. However, as 3 — 2 the process gets
closer to the diffusion process. In diffusion case, for a particular payoff like a Lipschitz
function of the running maximum of the process (lookback type), a near optimal
multilevel computational complexity O (6_2 (log 6)2) is indicated by the first order
variance convergence rate for a uniform discretisation. There should be a method that
has similar performance to the diffusion case. Numerical experiments for lookback

payoff using spectrally negative a-stable processes as @ — 2 support this intuition.

In contrast to those advanced techniques, we take the discretely monitored maxi-
mum (uniform discretisation) of the Lévy process as the approximation of the running
supremum. To reduce the bias caused by discretisation, people naturally want to ex-
tend the Brownian bridge sampling method. [53] argued to use a bridge sampling
technique for the subordinator representation of VG and NIG processes, but this in-
troduces an even larger bias due to discontinuities in the subordinator [5]. Neverthe-
less, the (uniformly) discretely monitored maximum serves as a good approximation.
Moreover it is easy to implement with multilevel which improves its performance sig-
nificantly. For evaluating the exit probability when the barrier is relatively far from
same RMS error of € = 0.0001, the multilevel cost is 1/30 of the cost of a single-level

uniform discretisation. For the same problem, the computing time of the adaptive

the starting point of the process, e.g. P(supp<;<; Xy < 1), Xo = 0, to achieve the

method in [23] just achieves a break-even point compared with a single-level uni-
form discretisation. In contrast to the general approach in [46], we aim for specific
processes and get better complexity results for the specific processes we are looking

at. This work differs from [I7], [16] since there is an intrinsic difference between the
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Lévy-driven SDEs model and the exponential Lévy model driven by a VG, NIG or

a-stable process, as we addressed in the previous section.

We provide comparison of complexity between ours and methods in the literature.
There are two ways to compare the complexity of algorithms. The first way presented
in Theorem [1.3.1] estimates the expected computational cost to achieve a target RMS
error. Another way analyses the convergence of the RMS error of an algorithm as a
function of the cost. For comparison with [I7), [I6] and [46], we use the estimate of
the RMS error € in terms of expected value of the computational cost w = E[C] in
Theorem . Compared to our previous notation O(e™") computational complexity

is equivalent to RMS error convergence of O(w™/").

[43] shows that for Lipschitz payoff depending on the final value of the solution of
Lévy-driven SDEs, the RMS error is w_% if g > % In the Lévy-driven SDEs model,
if the Lévy process does not incorporate a Wiener process, [17] shows an upper bound
w™mn(2(572) and [16] shows an upper bound W™ on the worst case RMS error
of a class of MLMC algorithms for payoffs Lipschitz continuous with respect to the

supremuim norim.

For simulating a Lipschitz function of (S(7), ming<;<7 S(t)), [22] obtains an RMS
error of O (w‘i> for Lévy processes with infinite variation and O <w_%> for processes

with bounded variation, robust in terms of BG index.

In the exponential Lévy model, using multilevel with uniform approximation sim-
ulating lookback payoff for a class of Lévy processes with the Lévy measure specified
in Proposition [5.3.7, we have an RMS error of O (w™'/?) when a < 1. Accord-
ing to Proposition [5.3.7] and complexity Theorem [1.3.1] when a > 1, our method

g 1-(1/a)
has O (e S VS ) computational complexity, equally O (w_lfa> RMS error con-

vergence. For spectrally negative a-stable processes, we have O (w_%> RMS error

when o > 1 by Proposition [5.3.12, Those comparisons are shown in Figure [5.1

5.3.1 Numerical results

We have numerical results for lookback, barrier and Asian options for models using
VG, NIG and a-stable processes. In the following S; = Sy exp (X;) , where X, is a Lévy
process. Under the mean-correcting pricing measure, calibrated model parameters we
use for the VG process are o = 0.1213,0 = —0.1436, x = 0.1686, according to the

calibration to option price data in [48]. The parameters for the NIG process are
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Figure 5.1: Order of RMS convergence with respect to the Blumenthal-Getoor index

A = 6.1882, B = —3.8941,0 = 0.1622, according to the calibration on page 82 of
[54]. The parameters for the a-stable process are o = 1.5597, A = 0 and B = 0.1486
according to the calibration to option prices data on page 770 of [8]. Note that the

a-stable process in the simulation is spectrally negative.

The option pricing parameters are chosen as K = 100, T'=1, Sy = 100, r = 0.05
and the barrier B = 115. We modify Giles’s matlab code used for [31] to produce

performance figures:

e For the lookback option payoff, in the numerical experiment we test a call option
with the payoff
+
P =exp(—rT) (max S(t) — K) .

0<t<T

We shall use the discretely monitored maximum as the approximation

R +
P = exp(—rT) (So _max exp (XL'T) — K) .

1=0,1,...,n
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Suppose we use M fine timesteps per coarse timestep. In this work, M = 2.
The ML estimate ]31 is given by setting n = M! in P. We denote hy = T/M".
The ML estimates of other payoffs are defined similarly.

Figures 1-3 show that we have computational savings of around a factor of 100

in the lookback case when RMS € = 0.05.

For the Asian payoff, in the numerical test, we deal with an arithmetic Asian
call option
P = exp(—rT) max (O, S— K ) )

where

T
S =Sy Tl/ exp (X;)dt .
0

Recall that in the diffusion case, fOT B, dt and Br are jointly normal so fOT B, dt
can be exactly simulated. However, for a general Lévy process it is not easy
to directly sample the integral process. Hence we shall use the trapezoidal

approximation

I
_

n

=50 ) 5 h (exp (Xjn)+exp (X(tun)),

W)l

<
Il
o

where n = T'/h is the number of timesteps. The ML estimate is defined by
letting n = 2! in B
P= exp(—rT) max (O, S—K ) .

What the graphs indicate is that the trapezoidal approximation has a correction
term ﬁl — ﬁo with a big variance compared to 130, which leads to a reasonable
savings factor of about 10 even if RMS e = 0.005.

The barrier option we test is

P = exp(—TT) (ST_K)+ ]]‘{maX0§t§T S(t)<B}'

The discretely monitored approximation m = Sy max;—g1,. » €Xp (X i T) gives

P = exp(—rT) (Sr—K)" Lyn<ny-

The numerical result shows that the computational saving is substantial, with
a factor of 10 if RMS e = 0.005. Since in the VG and NIG case, the variance
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of the correction term 131 — ]/51,1 doesn’t decrease when [ is small, potentially
its performance could be further enhanced by using an adaptive method [25].
In the a-stable model case, the variance of ]3l converges slower. Therefore the

benefits from multilevel is limited.

The reason for the small fluctuation of numbers of samples N; on levels greater
than 5 is due to poor estimates of variance in the first step using a limited

number of initial samples.
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Figure 5.6: Asian option in Normal Inverse Gaussian model
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VG

numerical analysis
option weak var weak var
Asian O) |OMm*) | O(h) O (h?)
lookback | O (h) O (h') | O(h|loghl|) | O(h)
barrier | O (h*7) | O(h) | o (h'7) o (h'™°)

NIG

numerical analysis

option weak var weak var

Asian O (h) O (
lookback | O (h%T) | O (
barrier | O (R*7) | O(

) | O(h) O (h?)
L) Lo (') | O(h|loghl)
09 | o (h059) | o (h059)

spectrally negative a-stable with av > 1

numerical for v = 1.5597 analysis
option weak var weak var
Asian [ O(h) | O(h?) O (h) o (1?)
lookback | O (h%®) | O (k') o (hl/afé) o (hQ/a—é)
barrier O (h%3) | O (h*7) o (hl/afé) o (hl/afﬁ)

Table 5.1: Convergence rates of V; for VG, NIG and a-stable processes; d can be any
small positive constant. h = h;.

Numerical results and analysis of convergence rates of V; = V[ﬁl — ]/51_1] by Propo-
sitions [5.3.15} [5.3.16], [5.3.20] in the following sections are summerised in Table [5.1]

Note that we have a better variance convergence rate in exponential Lévy models

driven by VG or NIG processes than in the Geometric Brownian Motion model.

5.3.2 Complexity of MLMC

For the lookback put payoff, numerically to achieve a root-mean-square (RMS) error
of O(e), it needs approximate O(e~?) computational cost for VG, NIG and spectrally
negative a-stable processes. For the analytical justification, in Section [5.3.4.1] weak
convergence for VG, NIG and a-stable processes is obtained. Combined with the
upper bound on the multilevel variance V;, Theorem indicates that: a compu-
tational complexity of O(e~2 (loge)?) is required for VG; a computational complexity
of o(e72*%) where § is any small positive number, is guaranteed for NIG; a computa-
tional complexity of O(¢~2) for spectrally negative a-stable processes with 1 < a < 2

is also guaranteed.
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For the Asian payoff, numerically to achieve a root-mean-square (RMS) error
of O(e), it needs O(e?) computational cost for VG, NIG and spectrally negative a-
stable processes. In the analysis, first order weak convergence for all payoffs using VG,
NIG and a-stable processes is implied by second order strong convergence. Combined
with the upper bounds on the multilevel variances, Theorem indicates that the
optimal computational complexity of O(e~2) is guaranteed for Asian payoffs in the

VG, NIG and spectrally negative a-stable model.

Those two payoffs are examples where multilevel can achieve the optimal com-
putational complexity up to a o(e’) factor for the payoff Lipschitz continuous with
respect to the supremum norm, regardless of the Blumenthal-Getoor index of the

process.

For the up-and-out barrier payoff, numerically to achieve a root-mean-square
(RMS) error of O(e), it needs at least O(¢~2) computational cost for VG, NIG and
spectrally negative a-stable processes. In the analysis, combining weak convergence
results with the upper bound on the multilevel variance convergence rate, it indicates
the computational complexity of o(¢2*?) for VG processes, where § is any small
positive number. For NIG processes, the weak convergence order proved is approxi-
mately one half. A closer look at the proof of Theorem in [32], the RHS of the
inequality (7) becomes o(e~2%%) which leads to an upper bound on the computational
complexity of o(e737?%), where § is any small positive number. Currently there is a
gap between numerical results and the upper bound by the analysis. The reason will
be explained later in the analysis section. For spectrally negative a-stable processes,

the computational complexity is o(¢~2%9), where § is any small positive number.

The barrier payoff in a model driven by the spectrally negative a-stable process
is an example where multilevel can achieve the optimal computational complexity
up to a o(e) factor for the non-Lipschitz path-dependent payoff regardless of the

Blumenthal-Getoor index of the process.
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5.3.3 Discretely monitored error

For a Lévy process X;, we denote the discrepancy between discretely and continuous

monitored supremums by

V,= sup X; — max X..
0<t<1 1=0,1,....,n n

For the weak convergence of lookback-type payoffs, we are concerned with the
expectation of the discretely monitored error E[V,,], which is extensively studied in
the literature. For example, [18], [10] and [11] derive asymptotic expansions for
jump-diffusion, VG, NIG processes and estimates for general Lévy processes, by using

Spitzer’s identity:
If [ _, |z] v(dz) < oo, then

n 1 .

1
1
Y := sup X; :/ ;X;rdt.
0

0<t<1

We quote the result in [10]:

Theorem 5.3.1. Suppose X, is a scalar Lévy process with triple (m, o,v), with finite

/ |z| v(dx) < co.
|z|>1

first moment, i.e.

Then V,, = supy<;<1 X — Max;—g1

sdyeey

satisfies

1. Ifo >0

2. If o =0 and X, is of finite variation, i.e. f‘m|<1 |z| v(dz) < o0

BV — O (logn>;

n

3. If o =0 and X; is of infinite variation, then



where%<r:%—5<%glforanysmall(5>0cmd

6zinf{a>0:/ |x|au(dx)<oo}
|z|<1

is the Blumenthal-Getoor index of X;.

The VG process has finite variation with Blumenthal-Getoor index 0; the NIG
process has infinite variation with Blumenthal-Getoor index 1. They correspond to

the second and third cases of Theorem [5.3.1] respectively.

For the multilevel variance convergence rate of the payoff with respect to the
running supremum of X;, we are interested in the second moment of U,, which is

the discrepancy between discretely monitored supremums of a Lévy process on two

scales:
U, = max X.i — max X
i=0,1,...2n  2n  i=0,1,..n =7
- V% _'Lén-

Since 0 < U,, <V,,, we have
EU:] <E[V.].

In the following we will analyse V,, instead of U,,. First we review existing approaches
on bounds of the second moment of V,, in the case of diffusion or general Lévy pro-

cesses.

For the second moment of V,,, the method of expectation expansion by Spitzer’s
identity faces difficulties in obtaining a positive lower bound on the covariance of the

supremum and the state value appearing in E [V/%]:

"1
E| max X.: sup Xt] :Z—_]E {Xf sup Xt].

=0,1,....n n 0<t<1 p ? n 0<t<1

From another perspective, in the Brownian case, Asmussen et al. ([3]) obtain
the asymptotic distribution of V,,. This implies the asymptotic behavior of E[V?].
[18] extends the result to finite activity jump processes with non-zero diffusion. The
obstacle to following this approach comes from the fact that here we are looking at

infinite activity jump processes.
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On the other hand, Extreme Value theory [21] offers precise estimates of any

moments of V,, in the diffusion case. A naive estimate gives

sup X; — max Xi

0<t<1 =0,1,....n n
+ +
=  max sup Xy — X + X —(AHilaX Xi)
i=1,...,n [1;17%] n n i=1l,...mn n
+
< max ( sup Xt—X¢> . (5.6)
1=1,...,m [1;17%] n

In law, the final bound has the same distribution as max;—1__, (sup[o,i] (—Xy) ()T,

where supyy 17 (—X;) (i) denotes i.i.d. samples of supj, 1) (=X;).

By Extreme Value theory arguments in [21], using the tail distribution property

of the sup process of Brownian Motion,

E (,max (Sup(—Xt)(i)>k :O(<%logn)k/2).

i=1,...,n [07%]

When it comes to the VG process, it is difficult to obtain the tail distribution
property of the sup process, and the exponentially decaying tail of the VG process is

unable to provide a useful estimate.

In the following, we decompose the process into a finite-activity part, a drift part
and a remainder part consisting of small jumps and refine the inequality (5.6 to
analyse the finite-activity part.

5.3.3.1 Approximation of Lévy processes

For the preparation of the numerical analysis, we introduce the approximation of an

infinite-activity pure jump Lévy process by a compound Poisson process.

Let X; be an (m, 0, v)-Lévy process. Hence

Xt:mt+/0t /Z|>1zu(dz,ds)+/Ot/|z<12(u(dz,ds)—y(dz)ds).

Let
t Ny
=[] anlasa =Yy, (5.7
0 Je<|z| i—1



be the compound Poisson process truncating the jumps of X; smaller than . The

intensity of N, is
A ::/ v(dz). (5.8)
e<|z|

The c.d.f. of Y] is
P (Y; < y) = )\;1/ 1{5<|Z|}I/(dz).

2<y

Let
fe =M — z v(dz).

e<|z|<1

be a drift rate. As e goes to zero, y. has a finite limit if the process has finite variation,

but is not necessarily finite in other cases. It is worth noting that although NIG

processes have infinite variation, by examining the near-zero asymptotic expansion
(5.1), we conclude that NIG satisfies p. < 0o.

X; + pet

is an approximation of X; by truncating the jumps smaller than €. The residual term

of the jump part is a martingale:

t
R; =Xy — Xj — pet = / / z (u(dz,ds) — v(dz)ds) .
0 Jlz|<e
One measure of the error in the approximation is the variance of Rj :

V(R = /| ) = (5.9)

This is by differentiating the characteristic function of R}

E [exp (iuRE)] = exp (t /

(e —1— wz)l/(dz))
z|<e
with respect to u twice and then let u = 0.
te, Ae and o, will play a major role in the subsequent numerical analysis.

Let X; be an (m,0,v)-Lévy process. We have the decomposition of X; = X7 +
R; + pt. We bound V,, by the difference between continuous maxima and 2-point

maxima over all timesteps:
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< max (Sup X; — max <Xi,Xi—1>> (5.10)
|: n n

i1 i)

n ’n

where supji=1 i) X; — max (Xl,Xg> is equivalent in law to

+
sup X; — <X;>
[0,%] .

1 +
= sup (X7 + Ry + pet) — (X? + Ry +ueﬁ)
[0,%} n n

IN

+
sup (X; + R;) — (Xj + Ri) + e
[0.£] S "

n

€ g + |M5| 15} 15 +
< supXt—( 1) + +supRt+<—Rl>

0,1] " o4 "
£ € + |,u5| £
< sup X; — <X1> + + 2sup | Rf| (5.11)
0,1] " n 0,1]

where we use (a+b)" < a* +b" with a = X5 + RS + g2 and b = —p.2 in the first
inequality; a = X9 + R5 and b = —R5 in the second inequality.

n

The following lemma is used in bounding E [V?] if p < 1.

Lemma 5.3.2. For nonnegative numbers z,y, if 0 < p < 1 then we have

(z+y)P <aP+ P

o (1), let
Sy, = 2sup |R;]. (5.12)
[0.7]

For p > 0, we have

E[VY] < E| max (supr (i) — (Xi (i))++M+5§f)> ]

p
I P \P
[sup} X7 (1) — (Xi (2)) ) +C, (|/j;|) +C, (.HllaX Sfl’)) ]
Ol n 1=1,..., n

VAN
=
D
L
o
»
~/~

p
* el \"
< CnE ||supX; — | X3 +C < >
(st (x7)") | e (2
p
+C,E Knllax Sfﬁ) } : (5.13)
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where in the second step we use max;—; n bi,

..........

Jensen’s inequality if p > 1 and Lemma if0<p<1. Cp=max (31 1).

.....

We shall give an upper bound on the moments of supy, 11 [Rf|.

Proposition 5.3.3. Let X; be a scalar Lévy process with a triple (m,0,v). Suppose

the Lévy measure satisfies

/ 2v(dz) t = 0? < +o0.
|z|<e
Let .
R; = / / z (u(dz,ds) — v(dz)ds) .
0 Jlz|<e

be the jump process with jumps smaller than €. Then R satisfies

P/2 5P p .
E{Sup |R§|p} < Ky (T 08+Tf\z|§5|Z’ V(dx)>7 p>2
oSt KT, 0<p<2,

where K, is a constant depending on p.

Proof. For any 0 < p < 2, by Jensen’s inequality and Doob’s inequality (A.2.10)),

p/2
E [ sup rRﬂp] < E [ sup |R§F]
0<t<T 0<t<T

< 2E[R5["

PP/ 2gP.
In particular when p = 2,

E [ sup |R§|2} < 4To?.

0<t<T

For any p > 2 we can use the method on page 347 of [52]. In the following the

constants C, and K, vary from line to line.

By the Burkholder-Davis—Gundy inequality (A.2.9)), we have

B | sup 1P| < B[R]

- p/2
= E (Z (AR§)2>

s<1
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where [R?] fo f 2l <e Z p(dz,ds) is the quadratic variation of R and ARS are the
jumps of Rs

We have

E (Z(AR§)2>p/2 < GE (;(ARi)Q/z<EZQV(dZ)>p/2+</Z<Ez2u(dz))p/2

s<1

Apply the Burkholder-Davis-Gundy inequality to the first term on the RHS

above:

E (Z(AR§)2>”/2 <E |K, (Z(AR§)4>p/4+Cp (/Z|S€IZ|2V(dZ>>p/2

s<1 s<1

Continue recursively until 1 < p2=% < 2

o (o) | <2 s (o) sas ([ )

s<1 s<1

—1

We know if 0 < g1 < ga < 0o then for an infinite sequence x we have ||z|,, < |z,
Let ¢ =p2 % and ¢ = 2. As 1 < p27F < 2,

- p2—(k+1) 2 1po—k
> (AR - (X |@ar)”]
s<1 s<1
< D AR
s<1

We have

E ) |ARP :/ 2| v(dz).
s<1 |z|<e

On the other hand, on page 348 of [52] we have

; P2 p/2
(/ |2)? u(dz)) < (/ |2|? V(dz)> —|—/ 12|P v(dz).
|z|<e |z|<e |z|<e
Therefore

E (Z (AR§)2>p/2 < K, [( /| = z2y(dz))p/2+ / lsa\z!”u(dz)]
= K, (a§+/|zgelz\pu(dz)>.
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Finally

p/2
E [sup |R§|p} <K, [(/ z2u(dz)> +/ 2P v(dz)
0<t<1 |z|<e |z|<e

We consider a change of time coordinate, ¢’ = t/T. Define R/ = R;. Then

R - /OT /| () — (@0
- /0 1 /| (i 0T) () T)

1

/ / 2 (/(dz, dt') — v/(d2)dt)
0 Jz|<e

~ R

where 1/(dz) = T v(dz). By the estimate for E [supy<,<; |R{'["] we have

Ik ( /| . zQV(dz))p/Z LT / = |zypy(dz)] |

where K, is a constant depending on p. O

o, ] < 5
0<t<1

Corollary 5.3.4. Let X; be a scalar Lévy process with a triple (m,0,v). In the ,
for p > 2 we have

P
E {(n%ax S,(f)) } <K, (nl_pﬂaf +/ |z[P V(dx)) : (5.14)
1=1,..., n |Z‘SE

where K, 1s a constant depending on p.

Proof. We have
7P
E Kgllax Sfﬁﬂ < nE[S?]
= n2f <IE {sup |Rf|p}>
0<t<1

< K, (nl_pﬁaﬁ —i—/ |2|” V(d:U)) .
|z|<e

We now come to an important theorem which gives an upper bound on

+\ P
nE Ksup[o,i] Xe - (Xj) ) } in (5.13).
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Theorem 5.3.5. Let X; be a scalar Lévy process with a triple (m,0,v), and

¢
X7 ::// zu(dz, ds)
0 Je<|z|

be a compound Poisson process with jumps from X;.

For any power index p > 0, assuming that there exists a constant K such that

Ae < Kn, we have
=Y L. (p)) A
(supr— (Xf) ) ] <K, (5”+ ;f > =, (5.15)

0,1] €

nk

where 1., A\. and o. are as defined in Section|5.5.5.1, K, is a constant, and L. (p) =

j 2 2P~I\2dx is a function depending on the Lévy measure v(x).

Proof. Let .
Z =sup X; — <Xi> :
[0,1] "
We will give an upper bound on E[ZP] by analysing the jump behavior of the

finite-activity processes in a single interval [0, 1].

Let N; be the number of jumps for replication i. Note that conditional on N; <1,
= 0. Conditional on N; = 2, Z < min(|Y;],|Y2]). This can be seen from the
behavior of Z in different scenarios of two jumps in figure [5.11} Based on this fact,

we have
E[ZP | N;=2] = p/mp_lP(Z>x|N,~:2)dx
< p [P in (V1] %)) > 0)do

_ p/mplp(my > 2)? da

2
p _
= ﬁ xP 1 (/|> 1{6<z|}y(dz)> dx

— %( / 2PNz + / xp—lAgdx>
/\s 0<z<e r>e

— 6”4—%/ D s
A2 Jise

£

L (p)
P

£

el 4+ (5.16)
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one jump two jumps

Figure 5.11: Illustration of the behavior of Z(i) in the case of two jumps

More generally, conditional on N; =k, k > 2

J k
Z>z = A<j<k-1st > V> |Y Y|>z
=1 I=j+1
:>3"t|\>x\]>$
J1,J2 8- Y, E—1
. . x
P(Jst Gl > g > ) < RG> P Wl
(41,32)
k(k—1) T
= ——P(|Y3| > .
5 PNl >—)
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Thus

E[Z° | N, =k = p/xp_llP’(Z>:v|Ni:k:)dx

k(k—1) p—1 Ry

k(k—1 2
= %%/xl’_l </ 1{5<|Z}l/(d2)> dx
|Z\>73/(k’ 1)

P-‘rl 2
T (L )
= = {e<lzpr(dz) | d

2 X 2|52/ (k1) k—1

p+1 P 2
= p (/ 1{E<Z|}l/<d2)> dx

€ |z|>x

iy ( el ) (517

k(k—1)P*!

where

We then have

E[2Z7] = iE[ZHN:k] P(N=k)

L.(p) A & A\ F 1
< p . e\ _ SR
< (#+57) oo (-5) T (5) 7

For k, = [p]+2 there exists C, such that for any k > k,, di, < C,

P (k— k )17
0o k,—1 k 0o k
A\ P 1 > A\ F 1 A 1
Sao(%) o< Xow() wreX (5) aom
k=2 k=2 k=k,
kp—1

IN

1 A\ A\
S () e () e ()
A\ 2
< ()
for some constant K,, where the last step is by assuming that there exists constant
K such that A\, < Kn.

Therefore

and




]

By (5.13)) and (5.15)) we have: assuming that there exists a constant K such that
Ae < Kn, then

) p )\2 Lg . p
E[V?] <E K ax Sfj)) } forde L) (’“ ‘) : (5.18)
i=1,...,n n n n

where the notation u < v means there exists constant ¢ > 0 independent of n such

that u < cv. This is the foundation of the following numerical analysis.

5.3.3.2 Analysis of individual processes

We will focus on analysing the convergence rate of second and higher moments of V,.

Under the assumption A\. < n of Theorem [5.3.5] if we can choose a proper scaling
of A¢ so that the RHS of is convergent, the convergence rate of E[V?] can
be estimated. In the following, we propose the analysis for a broad class of Lévy
processes where the Lévy measure admits almost power-law behavior near the origin
and the tail of the Lévy measure decays exponentially. The particular cases of VG,

NIG and tempered a-stable processes will follow as a corollary.

Proposition 5.3.6. Let X; be a scalar pure jump Lévy process. Suppose the Lévy

measure v(x) satisfies
Cy x| ™7 <w(z) <Oy lz) 7%, as |z < 1;

where C1,Cy >0, 0 < a < 2 are constants. For p > 0, we have for arbitrary 6 > 0,

P
E |:(‘H11aX Sff)) ] < eP7l.

Proof. For p > 2, by corollary

P
E|( max S < K, [ n'7?P%0P 4 |z|P v(dz) | .
i=Leon " ’ © e
1/2
o, = (/ 2 V(dz)) .
|2|<e

1 2 _
/ 22 de = g2,
e |2 2-a
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we have

20,

2—«

2C,

2—«

{_:2—04 S O'? S 62—(1

and
0P ~ PP/ 2’

where the notation u ~ v means there exists constant c¢;,cy > 0 independent of n

such that c;v < u < cyu.

For p > 2 > «, since

1 2
/ 2" e de = e,
<e  |2] p—o

20C%
pP—

we have

2C"
|z|<e pb—
i.e.

/ 2P (dar) ~ e (5.19)
|z|<e

Assuming 0 < € < 1, we work out a lower bound A.:

1
/\E Z 02/ Tﬂdz
e<lz|<1 |Z|

- { é%—lg,g é7<aa:<0;2, (5.20)
Hence the assumption of Theorem [5.3.5
Ae <m0

implies 1

{ éiz_lggégng, 8’<aa_<0;2. (5.21)
We have
nl—P/25P Cip—a [e@ 21 Cip— o N 1

Jize 2 Vzdﬁ) : ézg——a (T) = 5;12) o (2—02) : (5.22)

where the last step is due to ((5.21]).
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Furthermore by ((5.14)), given p > 0, for any ¢ > max (2, p), by Jensen’s inequality

we have

for any ¢ > 0. O

Proposition 5.3.7. Let X; be a scalar pure jump Lévy process. Suppose the Lévy

measure v(x) satisfies

Colz| 7 <w(z) < Cylz|™' 7%, as |z < 1;

where C1,Cy,C3 > 0, 0 < o < 2 are constants. Then V,, = supg<;<; X¢—max;—o1,..n X i

satisfies

a) p>2a,p>1,

1
b) p<2aand o> 3,

c)p<1and0z<%,

These three (p, ) regions are illustrated in figure .

In particular for p = 2,

1. if 0 <a <1, then



0.5 B
o) @4 313

Figure 5.12: The pair of numbers after the label of regime indicates the leading order
terms among four terms in ([5.18|).

2. ifa =1, then

3. if 1l <a <2, then

V] =0 ((bin);) |

In addition, if X; is an a-stable process with o > 1, then for p < 2a,

n

E[VY] =0 (n—(p—axzafa)—l) ,
where & can be any small positive constant.

Proof. According to (5.18)), we work out the upper bounds of p., A and L. (p) when

p, « are in different sets of value and then balance their asymptotic orders.

For 0 <e <1,

1
)\5 < Cl/ T—Hdz+/ exp(—03|z])dz
e<]z|<1 ’Z‘ 1<z

2CY4 log% + 1, a=0;
loe™ 0< a<?2.

IA

(5.24)
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For a positive ,

\ < { Liz<iy (2C1log 2 + 1) + 1{$>1}CL3 exp (—Cs |z]), a=0;
= ls (1{$§1}I_Oé + 1{ac>1} exp (—03 |£L’|)) , 0<a<2.

If « =0, then

L.(p) = p / P N2 da
Tr>€

IA

1 1 2
Z%P/ ab! (1{x§1} (Cl log — + ll> + Las1y - exp (—C3 |x|)) dz
>e z C'3
< l3;

If a > 0, then
L. (p) = p/ 2P N da
T>€

_ o 2
< lgp/ Pl (1{m<1}.1' + 1{I>1} exp (_CS ‘x’)) dz
r>€

ly, p > 2a;
< lylog L +15, p = 20;
l4€_2a+p + l5, p < 2.
where [;, i = 1,...,5 are constants. This upper bound on L. (p) also includes the
a = (0 case.

Remark 5.3.8. The upper bound on L. (p) requires that the right tail of the Léuvy

measure decays fast enough. For example, for an a-stable process we have
Ae Slhlpenz™, 0<a <2
and
L.(p) = p/ PN da
z>e

- a2
lgp/ x? 1(1{x<1}x ) dx
xr>€

< e P p < 20 (5.25)

IN

Hence for 0 < a < 1 we cannot obtain an upper bound on L. (p) for p > 2.
Fortunately, in the numerical experiment we are interested in the application where

spectrally negative processes don’t have a right tail and oo > 1 .
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Since

1 1
/ zv(dz) < Cl/ Z— dz + Cg/ 2z —dz;
e<|z|<1 e<z<l —1l<z<—¢ |Z|

1 1
— zv(dz) < —C’g/ z dz — C’l/ z ——=dz
/E<|z|<1 e<zc1 20T Cl<zc—e 7] i
C / L dz 4+ C / L d
= 1 z z 2 z ot Z,
e<zc1 22T l<zc—e 7] i
assuming 0 < € < 1 we have
il = | [ s
e<|z|<1

1 1
C’g/ z dz + C’l/ z ———dz
e<z<1 Za+1 —l<z<—¢ |Z’ i

_ [ ml+[SER = ]L a# L
B Im| +]Cy — Csllog L, a=1.

< [ml+

(5.26)

By (5.18) and (5.22),
) p )\2 Ls . p
E[VP] <E K ax S}ﬁ) } perte L) (M> :

i=1,...,n n n n
iy ~—~—  N——

For the ease of balancing asymptotic orders, we assume ¢ is sufficiently small such

that
log £ > max (I5,11), if p = 2a or o = 0;

e7204P > [ if p < 201 (5.27)

Under this assumption, we have

1)

2)
EPA_E n~'ePlogt, a =0;
n n~leP72 0 < a < 2.
3)
1, p>2q;
L p _ Y )
En<)<n1>< log 1, p =2

24P 1 < 2.
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(%) —<n_p>< 1+<|Cl—02“0g%)p, a:l,
1, a < 1.

We balance the RHS of four terms as p, « take value in different regions. All

possible scenarios are illustrated in Figure |5.12]

In the following we assume C; # Cs.

1. p > 2a.
In this case, the order of 2) is greater than or equal to the one of 3).

If « =0, we can take ¢ = n~®=9"" which gives

n=t p>1;
P ) - 5
EV2] <{ n P p<l.

If a > 0, we can take

e =n"Ye

According to ([5.24]),

Ae =€ % =n,

satisfying the constraint \. = O (n).

)

is less than n~! if § < « is chosen. Under this scaling of ¢, the leading order
among 1) to 3) is

nl p> 20
{ n~tlogn, p = 2a. (5.28)

If « > 1, then

is negligible compared to ([5.28)).
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Hence the order of 4) is greater than or equal to n~!.

p 1 p
('“_8’> <0 (1 n <|01 vex 1og_) ) .
n £

Hence the order of 4) is greater than or equal to (5.28]).

p
(LY
n

is less than or equal to n=! when p > 1. In those cases,

0L, p>2a
Bzl ={ o (md) b7 0

If « =1, then

If o« <1, then

Remark 5.3.9. When 2a <p < 1,

E[V?] = O (n?).

. 0<p<2a.

In this case, 3) < n~'eP~2* and 2) < n~'e?~2* are of the same order. Balancing

the RHS of 1) and 3) we get

o -1
c~m (2a—9) )

According to 1) the constraint on ¢ is satisfied e~ ~ n®@e=9"" < p if § is
chosen to fulfill o (20 — &)™ < 1 i.e.

5 < o (5.29)

Under this scaling, the leading order among 1) to 3) is

= (r=9)(2a-8)""

Now we examine the order of 4) :

As a > 1,

n

p
(Wsl) < nP (1 +|C1 — Cyff 6p(17a))

~ nP 4 pPtpa=D2a—8)""
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Note that
—ptpla—1)(2a-8)" <~ (p—8)2a—23)"

0 < a.

Hence by choosing sufficiently small § the contribution from 4) is not the leading

. p 1 p
(M> <n? (1+ <|C'1 — (| log —) ) ,
n €

is a higher order term.

order.

As a =1,

As a <1,
<|us|)p -
n
Note that
—p<—(p—-0)(2a—08)"
~

(p—1)0 < (2a—1)pord > 2a.

f1>a> %, then by choosing sufficiently small §, the contribution from 4) is
not the leading order. Thus

E[VP] =0 <n7(p*5)(2a75)—1> |

n

If 2o < 1, then p < 2a < 1. Due to constraint (5.29)), by solving
ap—-1)<(p-1)d<(2a—-1)p

we have
«

< .
p_l—a

We conclude that for p < 55, we still have
E (V7] = O (n- 0oy,
For p > 1%, n"? is the leading order term so

E[V?] = O (n7").

n
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On the other hand, note that when 2a > 1, for ¢ = 2a > p,

E[VY] < E [Vq]p/q

n

- o((M)7).

EVY] < E[V)
= O(n’p).

When 2a < 1, for ¢ =1 > p,

This shows that by simply using Holder’s inequality on the results obtained

for the p = 2a case, we can get better bounds compared to what we get from

balancing terms, whenever 2o > 1 or 2a < 1.

For a general a-stable process with o > 1, as shown by ((5.25)) in the remark,

the only difference is that we can only use the estimate of L. (p) when p < 2a.

Thus it is not possible to use Holder’s inequality on the results obtained for the

p = 2« case to get a better bound. In this case, the result would be

n

E[VY] = O (n—(p—éxm—a)-l) _

We use a lemma which can be proved by Holder’s inequality to interpolate the
result of Theorem and Proposition [5.3.7}

Lemma 5.3.10. Suppose r1 < r < 19, and E [X"?] ezists, then we have

Taking advantage of Theorem and this lemma, we obtain better results:

Proposition 5.3.11. Let X; be a scalar pure jump Lévy process. Suppose the Lévy

measure v(x) satisfies

Colz| 7 < w(z) < Cule| ™, as |a] < 1
v(x) < exp (=Ch]), as o] > 1,

where C1,Cy,C3 >0, 0 < a < 2 are constants.

Then V,, = supge;<; Xy — MaX;—o1,..n X i satisfies
- - n
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a) p>2a,p>1,

b)1§p<2aand%§a<1,

d)p<land0<a<l,

e) p<landl <a<?2,
E[V?] = O (n).

n

where%<r:§—9<églforanysmallé>0.
In particular for p = 2,

1. if 0 < a <1, then

2. ifa =1, then

3afl < a <2, then

E [Vrﬂ =0 <(%) 3a—1 (loin)h—l) |
1

For a variance gamma process with parameters A, B and &, v(z) = L _eA=Blel

rlz|

let @ = 0. There exists C, Cy, C3 such that (5.23)) is satisfied. This corresponds to
the first case of Proposition [5.3.7

For a NIG process, v(z) = e K (B|z|), where K; (-) is the modified Bessel
|z

function of the second kind. Recall that K; (-) has near-zero and tail asymptotic

132



expansion (5.1)), (5.2]). Let e = 1. There exists Cy, Cy, C3 such that (5.23) is satisfied.

This corresponds to the second case of Proposition |5.3.7|

For a tempered a-stable process, v(x) = x(fﬁe"\”l{wo} + m%e’\*xl{x@}. There
exists C1, Co, C5 such that (5.23)) is satisfied. This corresponds to the third case of
Proposition [5.3.11

For a spectrally negative a-stable process (A = 0) which we are interested in the

numerical results, we have a strong result:

Proposition 5.3.12. Let X; be a spectrally negative a-stable process, i.e. its Lévy

measure v(x) is
B

Z/(JZ') = |x|a+1 1{$<0}

where B > 0, 0 < « < 2 are constants. Then V,, = supg<;<; Xy—maxX;—o,1,...n X i satisfies

1. if 0 <a <1, then

2. ifa =1, then

3. ifl <a <2, then
E[V?] = o (n"7)

n

where%<7’:§—9<éSlforcmysmall6’>().

+
Proof. Since X; doesn’t have positive jumps, supy 1; Xy — <Xi) in (5.13|) is zero.

We have
j g ‘Ma’ g
E[Vf]SE{(.rrllax Sff)> ] +< > :
i=1,...,n n

According to Proposition [5.3.4] and the proof of Proposition [5.3.7, we have for

any 0 >0 and 0 <e <1,
\P
E {(g%ax Sﬁ?) ] < &Pl

e\ eP(1=) o > 1
<—€) <nPx (log %)p, a=1;

" 1, a<1.
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We can make
-1

E = n_(a_6p71>

under which 5
-

n et a>1;
E VY] < (log")p, a=1;
n P a<l.

By presetting a sufficiently small § we get the result. O]

The result of Proposition [5.3.12] is near optimal in a sense that it matches the
numerical result. The numerical results show that for a spectrally negative a-stable
process with « tending to 2, E[U?] behaves like O (n™').The intuition for this is
that when « is close to 2 the process has so many small jumps that it behaves
like a Brownian motion. However, for a (tempered) a-stable process the result of
Proposition [5.3.11]is not optimal. The limitation of current analysis might be due to
the estimate ([5.10) and since the bound of Theorem on the contribution from
the large jumps is not tight enough.

5.3.4 Lookback options

The lookback option payoff in the numerical experiments is a Lipschitz function of
maXo<¢<T S(t), ie.

P = P(max S(t)) (5.30)

0<t<T

such that |P(S1) — P(S2)| < Lk |S1 — Sa .

To avoid moment explosion of unbounded payoffs, we also consider the lookback
put option, where the payoff is a Lipschitz function of the exponential exponent
maxo<;<7 X (), i.c.

P = P(max X(t)) (5.31)

0<t<T
such that | P(X;) — P(Xy)| < K |X; — X,|. Thisis since for P (z) = (K — Syexp (x))*
we have |P' (z)] < K.

Without loss of generality, we assume 7' = 1 in the following.
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5.3.4.1 Weak convergence

For the put option case, by the Lipschitz property and boundness of the payoff we

|

Therefore we obtain weak convergence for the process discussed by Theorem [5.3.1]

have

max Xi — sup X
=0,1,..,n <<

EP-ﬂgKE{

and the convergence rate is exactly the same. Hence we have almost first order weak
convergence for the estimator of Lipschitz lookback put payoff in the VG and NIG

model.

For the call option case, firstly by |e* — 1| < |z| for z < 0, we have

exp( max Xi) —exp(sup Xt) }
i=0,1,.,n 7 0<t<1

< Lg E {exp ( sup Xt) Vn} .

0<t<1

E|P- Pl gLKEl

Then we state Lemma 6.3 of [I8] which uses Hélder’s inequality to reduce the

analysis to E[V,,] :

Lemma 5.3.13. If dq¢ > 1 such that

E {exp (q sup Xt>
0<t<1

then for any 0 > 0, there exists constant C' such that

< 00, (5.32)

a=1_

EP—ﬂgCEWﬂq.

We will see in the next section that the weak convergence holds for the processes

using parameters in the numerical simulation.

5.3.4.2 Moment explosion in exponential Lévy models

In the case of diffusion processes, the moment generating function
E {exp (q sup Xt)]
0<t<1
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is always finite for any q. However, the moment generating function of a Lévy process
can be infinite for some ¢q. We discuss the conditions under which the Lévy process

admits a finite exponential moment.

The solution of an SDE driven by a Lévy process admits a moment estimate; see
e.g. Theorem 67 on page 349 of [52]. We state the estimate addressing the condition

on the Lévy measure.

Theorem 5.3.14. Let o be continuous differentiable with a bounded derivative. Sup-
pose X; is a Lévy process with a Lévy measure v such that f‘ 2*v(dz) < oo for an

integer k > 0. Then the solution of the SDE

z|>1

dSt =0 (St—) dXt
admits

E [ sup |st|p] < C(1+ 15"

0<t<T

where p < k 1s an integer, C' is a positive constant.

It is reasonable that if the Lévy measure has a finite exponential moment then
the running maximum of the Lévy process has a finite exponential moment. In fact,

for a given ¢ > 1, by Doob’s inequality and Jensen’s inequality,

E {exp (q sup Xt>] < 00,
0<t<1
holds if and only if
E [exp (¢ X3)] < oc.

By Theorem 3.6 in [47], the above is equivalent to

/ e¥v(dz) < oo.
|z|>1

Hence ([5.32)) is equivalent to d¢ > 1 such that

/ ev(dz) < oo. (5.33)
|z|>1

For a Variance Gamma process with parameters (0,0, k), v(z) = —

where A = % and B = —VQQIQQUQ/K, in order that 3¢ > 1 such that

1
qr Az—B|zx
/ e ——e lde < oo,
lz|>1 K ||
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it is necessary that B— A > 1, which is equivalent to /62 + 202 /k+6 < 2. Recall the
parameters o, k, f represent the standard deviation of BM and Gamma subordinator,
drift of BM respectively. In fact, in our numerical test, according to option prices data
calibration in [48], parameters are estimated as k = 0.1686; o = 0.1213; § = —0.1436.

A calculation shows that A = —9.7596, B = 30.0244 so ([5.33)) is satisfied.
For a NIG process with a parameter set (0,0, k), v(z) = %GAI K, (B |x|) with

A= B =Y and ¢ = YO8 yhere K (+) is the modified Bessel

o2 o2 ) 2rov/K
function of the second kind. Recall that K (-) has tail asymptotic expansion ([5.2)).

In order to guarantee the boundness of

o 1
/ el® e’ Ky (B|z|) dx
1

k||

o 1 1
~ / el% _—__ oAz—Blz| T (1 +0 <_>) dz,
1 Kl V 2lz] |z

for a ¢ > 1, it is necessary that B — A > 1. In our numerical test A = —3.8941, B =
6.1882, and o = 0.1622 which fulfills the condition.

For an a-stable process, only in the case when A = 0, we have all exponential

moments finite according to Proposition 1 in [§].

In summary, for the processes used in our numerical results, the condition for

weak convergence is guaranteed.

The reason why the exponential moment of the Lévy process can blow up is due
to the heavy tail property. In the exponential Lévy model, the expected value of a
discounted payoff is not always finite under a given risk-neutral measure, e.g. the
mean correcting measure discussed above. A way to resolve this issue is to choose
another risk-neutral measure for calibration, e.g. the pricing measure defined by the
Esscher transform which does an exponential tilting on the tail to make the moment
finite [14]. Alternatively, the Lévy-driven SDE model only requires the boundness of
up to kth moments of Lévy measure to provide finite up to kth order moments for
the solution [17, [16].

It is worth noting that similar phenomena are studied in the stochastic volatility
model literature [24], 44].
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5.3.4.3 Analysis of Variance

Recall that the performance of the multilevel method relies on the variance conver-

gence rate of the multilevel correction term:
v |P- Pl

N2
We are interested in its upper bound E [(P; — Pl,l) } . The results of VG, NIG and

a-stable processes for lookback options are summarised in the following:

Proposition 5.3.15. Let X; be a scalar Lévy process by which the exponential Lévy
model 1s driven. For the Lipschitz lookback put payoff , we have multilevel

variance convergence rate results:
o [f X; is a Variance Gamma (VG) process, then
B|(R-Au)| —om),
o If X; is a Normal Inverse Gaussian (NIG) process, then
B | (B Bia) | =0 tuliogn;
o [f X, is a spectrally negative a-stable process with o > 1, then

LR BYENCES

for any small 6 > 0.
If 3¢ > 1 such that

/ e*Py(dz) < oo (5.34)
|z|>1
then for the lookback call payoff , we have multilevel variance convergence

results:

o [f X, is a Variance Gamma (VG) process, then

o] -0()

o [f X; is a Normal Inverse Gaussian (NIG) process, then
~ ~ 2 1—1
e[(A-A)] o (i)
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o If X, is a spectrally negative a-stable process with o > 1, then for any small

0>0 ,
E [(ﬁl - P } — o (),
where q is the constant depending on the parameters of the process in .

The best choice of q is (B — A) /2 for both VG and NIG processes, where A, B
are defined in sections|5.1.2.1 and [5.1.2.2,

Proof. Denote n = 2'='. For the put option case, by the Lipschitz property and

boundness of the payoff we have

E [(131 - 131_1)2]

IN

Li E[U7]
< LYE[V?].

Thus the results follow from Proposition [5.3.7]

For the call option case,

Since |e* — 1| < |z| for 2 <0,

exp max X.i | —exp| max X
i=0,1,....2n  2n i=0,1,...n n

< Lk exp (‘Sr%ax Xi> '

‘ﬁl_ﬁl—l < Lg

By Holder’s inequality,
1 q

~ o~ \2 : 1L
E |:<Pl - Pz—1> } <Lk E {exp (2(1 _max X)} E [|Un|q%1] ,

For ¢ > 1, by Doob’s inequality and Theorem 3.6 in [47],
E {exp (Qq mex, X;-)] < 0, (5.35)
is equivalent to

/ e*7y(dz) < oo.
|z|>1

When 0 < o < 1, since (;27(11 > 2 > 2aq, case a) of Proposition |5.3.7| implies the

results of VG (o = 0) and NIG (a =1).

For a spectrally negative a-stable process (1 < a < 2), we have all exponential
moments finite according to Proposition 1 in [§]. The result follows from Proposition

0.0, 120 [
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It is easy to check whether ((5.34)) is satisfied for a process with particular param-
eters. In fact, following the calculations of the last section, the condition is fulfilled

for all processes in the numerical results.

5.3.5 Asian options

We consider the analysis of Lipschitz arithmetic Asian payoff, which means the payoff
of the Asian option is
P—P(9) (5.36)

where P is Lipschitz such that |P(Sy) — P(S2)| < Lk |S1 — Sa| and

T
S =Sy T_l/ exp (X3)dt .
0

We approximate the payoff using a trapezoidal approximation:

|
—

n

=S50 ) 2h (exp(X;n)+exp (X)) - (5.37)

W)l

<.
Il
o

Proposition 5.3.16. Let X; be a scalar Lévy process with triple (m,%,v) as in
e

Suppose the asset price follows an exponential Lévy model, i.e. Sy = Spexp (X) .

For Arithmetic Asian option P = P (3) 5.30), suppose we use as an

n-step trapezoidal approximation of S, and the subsequent approrimated payoff is
P=f (§> .

If le\>1 e** v(dz) < oo, then we have

E [(P - 13)2] o)
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Proof.

n—1

— T
‘g - S‘ /Sy = T7! Z L h (exp (Xjn)+exp (X(j+1n)) — /0 exp (Xy)dt
=0

n! (G+1)h
= 7! Z%h <exp (Xjn)+exp (X(t1)n) —/ exp (Xt)dt>
=0 ih
n-1 (G+1)h
= 71 Z exp (th)/ (exp (X; — Xjp) — 1) dt
=0 gh

1 1
—§h exXp (XT) + §h

Let us denote
bj = exp(Xjn);
(j+1)h
I, = / (exp (X¢ — Xjp) — 1) dt;
jh
1 1
Ry = —zhexp(Xr)+ =h.
2 2
E[R3] =0 (h?).

We are concerned with the second moment:

2

E [(?— §)2] — TS82E

n—1
> bl + Ry
j=0

2

n—1
< 2T’ | E||D b1,| | +E[RY]
=0
n—1 2 n—1 n—1 m—1
E | bL| | =E|) 0217 +2 bmfmbjfj] (5.38)
=0 =0 m=0 j=0
By independence of b; and I; we have
n—1 n—1
I BIGEGE
j=0 §=0

The first part E [b3] = E [exp (2X;)] = ", where A = 2m+ [ (e** — 2z1};1<1) v (dz).

Here we assume f|z e?* v(dz) < .

[>1
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For the second part, by Cauchy-Schwartz inequality,

(j+1)h 2
E[}] = E (/ (exp (X — Xjn) — 1)dt)

jh

IN

(j+1h
E / (exp (X; — X;n) — 1)*dt| h
L ]h

r rh
= E / (exp(Xt)—1)2dt]h
L/ O
S N Ly P N
A r
< C(A,r)h* for small h

where the penultimate step is by E[exp (X;)] = exp (rt) under the risk-neutral mea-
sure. The last step is due to Taylor expansion, and C' (A, r) is a constant depending
on A and r. Thus

n—1 n—1

S ERE[;] < C(Ar) ) e
j=0 Jj=0
AT 1
= CAN—
AT
< canT "1

Now we calculate the second term in . Note that m > j, I,,, is independent
of by,b;1;, and b,,/bj11 is independent of b]+1b i1,

n—1 m—1 n—1 m—1
> bmfmbj[j] =) E[I E [by /bj41) B [b11b;1;] .
m=0 j=0 m=0 ]=0

Firstly we have

(m+1)
E[l,] = E /h (exp (X; — Xpp) — 1) dt
(m+1)h
= / (E[exp (X; — Xonp)] — 1) dt
mh

= /0 (exp (rt) — 1)dt
= ! (erh — 1) — h.

Moreover,

E [by /bjs1] = e" I~ DR,
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On the other hand, we have

E[bjibil;] = E

(J+1)h
exp (2X;1) exp (X(j+1)n — Xjn) /h (exp (Xt — Xjp) — 1) dt]
j

= Elexp (2X;,)| E

(G+Dh
exp (Xgenn =) [ (exp (X = Xy0) — D
jih

= ¢ E [exp (Xh)/o (exp (X;) — 1)dt}
= Wt /0 (E [exp (X — X; +2X;)] — E [exp (X,)]) dt
- eAjh/O (E [exp (X — X;) exp (2X;)] — €) dt

h
— eAjh/ (6At67"(h—t) dt — herh) dt
0

= et [(A —r)7! (e(A_’")h — 1) — h} )

Thus
n—1 m—1 n—1 m—1
E (b /by 1) E [bynby L] = ™ [(A— 1) (A" = r(m=g-Dh A
m=0 j=0 m:O 7=0

n—1 m—1 -1 (A—rYmh
e7"(m j—1)h A]h _ E rm DRE -1

6(A—?")h -1

_ e—rh GAT -1 erT -1
T eAnh _ 1\ eAh _ 1  erh _ 7

—rh GAT —1

€
e(A-1)h _ 1 edAh _ 1

<

eAT — 1
< —rh T—2 2
= € (A At "

where in the last step we use ¢* > 1+ x for = > 0.

Note that for small A,

e [(A— r) (e(A_r)h —1)—h] =0 (R%).

Hence
n—1 m—1 €AT 1
E bn/bj) Ebjiabilj] < e T 202%™ [(A— 1) 7' (470 — 1) — B
== (A—r)A
= 0(1)



Therefore

n—1 m—1 n—1 m—1
b . b[] = Y E[Ln] > E[bn/bj1] E [bjsabiI]
m=0 5=0 m=0 7=0
n—1m-—1
= (' (e E [bm /bj 1] E [bj11b;1]
m:O 7=0
= O(h?)

Finally we conclude

]

For ML variance, let n = 27! in the definition of § Note that the payoff is

Lipschitz, so the variance convergence follows from
NG
E {(PZ - Pi) ]
~ 2 ~ 2
211@[(13,—13) ] +2E[(PH—P) ]

LR [(E - §> 2] +2L%E [(?l_l - §) T .

IN

IN

5.3.6 Barrier options

Let us first present the convergence result of the approximation of the crossing prob-
ability:

Proposition 5.3.17. Let X; be a scalar Lévy process with triple (m,0,v) as in
. Suppose the Lévy measure satisfies

Cy x| ™7 <w(z) < Cylz| ™%, as |z < 1;
Ifa>0, v(x) < Csla| 7%, as || > 1;
Ifa=0, u(z) < exp(~Cs lal), as [o] > 1

where C,Cy,C3 > 0,0 < a0 < 2 are constants.

Suppose also we use ]\/Zn = max;=01,..n €XP <X1T> as a discretely monitored ap-

.....

proximation of My = maxo<i<r S(t). Provided there is a bounded density for Mr in

the neighbourhood of B, we have
E |:1{]/\/TR<B} - l{MT<B}i| =0 (n*T) ,
where r € (0, (1+ 2a)_1) is an arbitrary positive number.
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Proof. Note that
1{1\7n<B} — <y =1or0,

and "= 17 holds only if either M7 is close to the barrier or the difference between the

discretely and the continuously monitored maximum V,, = My — ]\/4\n is large. More

precisely,
{I{JT/I\”<B} — 1{MT<B} = 1} cFuaG,
where
F . = {B < Mp< B+ n_r} , for an r > 0 to be determined;
G : = {Vn > n_”} :

Hence the expected discrepancy between crossing probabilities admits the estimate:
E |:1{]\//\[n<B} - 1{MT<B}] <P(F)+P(G).

We first investigate the contribution from F. Due to bounded density for Mr, we

have
P(F)=0(n"").

According to (5.11)) and ((5.12)),

Denote N
Z; = sup X (i) — (X3 ()

[07l

=)

We first eliminate the drift of V,,. Assuming for sufficiently large n,

1
el < 50 (5.39)

we have

P(V,>n™") = P (.max (Z;+SP) >n™" — M)

i=1,...,n n

< P (lmax (Z;+ S0 > %n_r) .

i=1,...,n

We can decompose it into two components:
—r 1 —r () —r
P(Vn>n )gIP’ max Z; > -n +P| max S, > -n :
i=1,...,n 4 i=1,....,n 4
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Since

1
max Z (i) > Zn_’”

i=1,...,n

implies that there are at least two jumps in some Z (i), we have

AR A\"
P (anllaan(Z) > 1" ) <1—exp(—AX) <1 + E)

where exp (—\.) (1 + %)n is the probability that each Z (i) has at most one jump.

Provided A. < n,

To have a meaningful bound such that 1 — exp (—\.) (1 + %)" converges to zero as

n — 0o, we have to assume \. = o (y/n), under which we have
A\ A2
1 —exp(—X\) <1 + —> = <—5> :
n n

1 A2
P (ElllaX Z (i) > Zn_r) < —=.

n

Hence

E [maxizl " (Séi))p]
. 1 FRER)
P ('P}ax S0 > ZnT> < .

According to Proposition estimates (5.19)) and ([5.22)), we have

and thus

.....

; 1
P (Erllax SO > Zn’“) < PP,
In summary, assuming || < in'™" and A\. = o (y/n), we have

)\2
E [1{7\4}<B} - 1{MT<B}] <nT 4 el O f
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Balancing the first two terms, we have

)

For 0 < e < 1,
Ae = / v(dz)
e<|z]
< QCllOg%*Fll, Oé:O,
- loe™, 0< a<2.
For a =0,
1
Ae < log—
€
~ logn.

Ae = o (y/n) is satisfied. Then we have

A2 (1 2
X (logn) '
n n

We can choose a p > ¢ and any r < 1, under which

r

E [1{M\n<B} — 1{MT<B} <n .

For 0 < a < 2,

We can choose a large p such that the constraint becomes

< 1
r< —.
200
Then
)\2
=g gttt
n
BRI
~ N 1+rp762o¢.
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14riteo

Balancing n=" and n~ "> "% we have

1 -1
r:<1+ﬂ2a> .
p—20

Since we can choose an arbitrary p > J, we have
re (0,(142a)7").
Hence
E [1{MR<B} - ]-{MT<B}} <n"
where r € (0, (1 +2a)7").
Now we examine assumption (5.39)) for different processes. By (/5.26]):

’ ‘< |m| + C;;? [5170‘_ 1] , a# 1
Hel = |m|+|C1—C'2|logé, a=1.

If 0 < o < 1, we have [pc| < [m| + |29=52|. The assumption (5.39) is satisfied.
Ifa=1,

1
‘Ma| =< log—
€

~ logn.

: : 11—
Given an r, for sufficiently large n, |p.| < 5n'™".

If 1 <a <2, we have

] < el

1+p
-~ nrﬁ(afl) ‘

In order that |p.| < in'™" for sufficiently large n,

1+p
p—20

r (a—1)<1-—r.

Since we can choose an arbitrary p > d, we must have

1
r< —.
o

Thus in all cases ((5.39)) can be satisfied by choosing sufficiently large p and sufficiently

small 9.
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In particular, for VG processes, due to its finite variation, |u.| < oco. For NIG

processes, according to the expansion of its Lévy measure near the origin

Kl(a:)wi—i-(?(l),

we have

el < Im|+

/ x v(dz)
e<|z|<1

C 1 C 1
< |m| +/ r—e® (— + Kl) dx —I—/ r—eA® (— + Kl) dx
ccuc1 |7 B || R B ||

C
< |m]+eA/ (—)dx+eAK1(1—5)—K1(1—€)
e<|z|<1 Bx
< G

NIG
&

where is a constant depending on the NIG parameters. O

We have seen in Proposition [5.3.11| that our estimate is not as fine as Theorem
when o > 1. Based on this fact, we use Theorem m to give a better result

when a > %

Proposition 5.3.18. Suppose X; is a scalar Lévy process with triple (m,0,v), with

/ 2| v(dz) < oo
lz|>1

Suppose also we use ]\//Tn (m as a discretely monitored approximation of M.

finite first moment, i.e.

Provided there is a bounded density for Myt in the neighbourhood of B, we have

1. If Xy is of finite variation, i.e. flw\<1 |z| v(dz) < oo, then

1
T T (%) |
2. If 0 =0 and X; is of infinite variation, then

1
B [1,<m) — Lone<s] = o (n_) ’

where r € (O, %) 18 an arbitrary positive number;

6:inf{a>0:/ |:B|au(da7)<oo}
|z|<1

is the Blumenthal-Getoor index of X;.
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Proof. Repeating the start of the proof for Proposition [5.3.17, we have for an » > 0

to be determined
£ [1{1‘7n<3} B 1{MT<B}] <n "4+ P (Vn > n—r) '

By Markov’s inequality,
P(V,>n"") <E[V,]n"

According to Theorem [5.3.1} balancing n~" and E [V,,] n” we have the results. O
This proposition will be used later in the model driven by the NIG process.
We have a strong result for spectrally negative a-stable processes.
Proposition 5.3.19. Let X; be a spectrally negative a-stable process with o > 1, i.e.
its Lévy measure v(x) is

B
v(ir) = ——=1g
( ) ‘l”a+1 {z<0}

where B > 0, 0 < o < 2 are constants. Suppose also we use ]\/4\n as a discretely
monitored approximation of Mry. Provided there is a bounded density for My in the

netghbourhood of B, we have

_1
]E 1{M\n<B} — 1{MT<B}:| = 0 (’I’L a+5>

for any small 6 > 0.

Proof. Repeating the start of the proof for Proposition we have for an r > 0

to be determined
E [I{I\/Zn<B} — 1{MT<B}] <n "4+ P (Vn > fnfr) .

By Markov’s inequality,
P(V,>n"") <E[VF]n™.

According to Proposition [5.3.12] balancing n~" and n_(é_e)p n"? we have

T:L(l—9>.
p+1\«

Taking sufficiently large p and sufficiently small  we conclude. n
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We now prove the variance convergence and weak convergence of the estimator.

We consider a up-and-out call barrier option for which the discounted payoff is
P = exp(—rT) (ST_K)+ 1{MT<B}7 (540)

where Mp = maxo<i<1 S(1).

The discretely monitored approximation J\//Tn = MaxX;=0,1,..n €XP <X i T) gives
P =exp(—rT) (Sp—K)" 1 (3,<5}- (5.41)

Proposition 5.3.20. Suppose the asset price follows an exponential Lévy model, i.e.
Sy = Spexp (X;). Suppose also we use ]\/4\n = max;—01,. n €XP <X1T> as a discretely
monitored approximation of Mry. We assume there is a boundedndensity for My in
the neighbourhood of B.

Letn =2! and hy = T/2". 131 15 given by P where n = 2.
For an up-and-out Barrier option ,

o [f X, is a Variance Gamma (VG) process, then
~ o~ N2
E [(H—PH) } = o(h}™);
E[P-P|| = oth)
where 0 is an arbitrary positive number.

o If X, is a NIG process, then
s 05\ 1/2-6\
E\(B-Pa) | = o)
‘E [13—19” = o(h/?%)
where  is an arbitrary positive number.

o If X, is a spectrally negative a-stable process with o > 1, then

B|(A-Aa)] = o ()
E[P-rl| = o(n)
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where 0 is an arbitrary positive number.

For an up-and-in Barrier option

pln) — exp(—rT) (Sp—K)™* 1{r> By,
the approximated payoff is

P = exp(—rT) (Sp—K)* 1 (3,5}

Let ¢ > 1 be any constant such that

/ e**y(dz) < oo.
|z|>1

The relationship between the convergence of up-and-in and up-and-out Barrier

options 1s

E [(13““) —P("”)Y] _E {(ﬁ—Pﬂ }1;
-] - elp-A
Proof. Let f(S)=(S—-K)™.
For an up-and-out Barrier option, since the payoff is bounded,
E [(13 - P>2] < f(B)'E [1{1\7n<3} - 1{MT<B}] )

E[P-P|| < FBE[Lz 5 - louren].

For an up-and-in Barrier option, first we separate the contribution from the Eu-

ropean call payoff. We have

E[(ﬁ_p)j _ E[f(ST)2(1{A7n<B}—1{MT<B})}

1—
E|lgop — Lonen| - (542)

1
q

< E[f(Sr)*]
Similarly
~ 1 1—%
E[P—P]|<Ef (S E [1g,p) — Lonem] *
Note that the European call payoff is Lipschitz,

f(51) < [S1 = Sol + £ (S0) -
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Thus the 2¢th moment of the European call payoff is finite if and only if the Laplace
transform of the Lévy measure is finite at 2¢:

E[f (ST)Qq} < 00 = /e2qxu(dx) < 0.

The variance of the multilevel correction term is bounded by

N~ N2 - 2 . 2
E[(PZ—PH) } §2E[<PI—P) } +2E[(Pl_1—P> }
The results for VG, NIG and spectrally negative a—stable follow from o = 0 case of
Proposition [5.3.17] case 2 of Proposition [5.3.18 and Proposition [5.3.19 respectively.
O

The gap between numerical results and the analysis for the NIG process could be

since the bound of Theorem [5.3.5| on the contribution from the large jumps is not
tight enough.
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Chapter 6

Conclusions

6.1

Summary of results

This work concerns applications of multilevel Monte Carlo(MLMC) to option pricing

problems and computing Greeks in scalar jump-diffusion models, and option pricing

problems in exponential Lévy models. In the first part of the thesis, for constant

rate and state-dependent rate jump-diffusion models, we numerically demonstrate

the computational efficiency of MLMC for Lipschitz, Asian, lookback, barrier and

digital options. We also prove convergence of the variance of the ML correction term
that is a key to the computational complexity of MLMC. Due to Theorem [I.3.1]

the computational efficiency is analytically justified. Those numerical and analytic

results are summarised in Table [6.1] We then studied computing Greeks in scalar

jump-diffusion models. The numerical results of the variance convergence order for

Greeks of European call option are summarised in Table [6.2]

Euler for diffusions Milstein for diffusions | Jump-adapted Milstein
option numerical | analysis numerical | analysis numerical | analysis
Lipschitz | O(h) O(h) O(h?) O(h?) O(h?) O(h?)
Asian O(h) O(h) O(h?) O(h?) O(h?) O(h?)
lookback | O(h) O(h) O(h?) o(h?79) O(h?) o(h?79)
barrier | O(h'/? o(h'/279) O(h3/? o(R3/270) | O(h3/? o(ht~9)
digital O(RY2) | O(hY?logh) | O(R¥2) | o(h3/279) | O(h3/%) | o(h*/*79)

Table 6.1: Orders of convergence for V; as observed numerically and proved analyt-
ically for both the Euler and Milstein discretisations for pure diffusions and jump-
diffusions; 0 can be any strictly positive constant. h = h;.
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Jump-adapted Milstein
Greeks weak | variance
delta O(h) | O(h)
vega O(h) | O(h)
rate via pathwise O(h) | O(h2)
rate via change of measure | O(h) | O(h!7)

Table 6.2: Orders of convergence for V; as observed numerically for Greeks of FEuro-
pean call option. h = h;.

In the second part of the thesis, we are concerned with option pricing problems
in exponential Lévy models. Numerical results and analysis of convergence rates

are summarised in Table [6.3] These results imply the computational complexity of
MLMC in each individual case.

In more detail, in Chapter [2] we have extended the multilevel Monte Carlo method
to scalar jump-diffusion SDEs using a jump-adapted Milstein discretisation. Second
order variance convergence is obtained in the constant rate case for European options
with Lipschitz payoffs, and also for lookback options by constructing estimators using
a Brownian interpolation which approximates the process within a timestep as a
Gaussian process with constant drift and volatility. A variance convergence rate of
% is obtained for barrier and digital options, which again is the same as the one
previously achieved for scalar diffusion SDEs. In the state-dependent rate case, we

use a thinning with a change of measure to simulate the process.

In Chapter |3| we verify the the conditions required by the MLMC computational
complexity Theorem for finite-rate jump-diffusion SDEs, using a jump-adapted
Milstein discretisation scheme for the constant rate case and a thinning procedure
for the state-dependent intensity cases. Therefore we justify the numerical results of

MLMC computational complexity presented in Chapter

In Chapter [ after developing pathwise and likelihood ratio estimators for sensi-
tivity to jump rate, we apply MLMC to calculating Greeks in the constant jump rate
case. We also discuss the variable rate case and variance reduction in the presence of
jumps. Numerical results for delta, vega and sensitivity to the jump rate show that

the estimators we developed are quite efficient.

In Chapter 5| we first demonstrate numerical results of multilevel Monte Carlo
in exponential Lévy models, using Variance Gamma, Normal Inverse Gaussian and

a-stable processes. Then we give upper bounds on LP convergence rate of discretely
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VG
numerical analysis
option weak ‘ var weak ‘ var
Asian O (h) O (h*) | O(h) O (h?)
lookback | O (h) | O (h'?) | O (h|logh]) | O (h)
barrier | O (h®7) | O (h) o (h'™°) o (h'™?)
NIG
numerical analysis
option weak ‘ var weak ‘ var
Asian O (h) Oh?) | O(h) O (h?)
lookback | O (h%7) | O (h*?) | o (h1*5) O (h|loghl)
barrier | O (h*7) | O (h?) | o (h**7°) | o (h**79)
spectrally negative a-stable with o > 1
numerical for a = 1.5597 analysis
option weak var weak var
Asian O (h) O (h?) O (h) O (h?)
lookback | O (h%5) | O (h'?) o (h1/o=0) | o (h2/a=?
barrier | O (h%?) | O (h7) o (%) | o (h!/*79)

Table 6.3: Convergence rates of V; for VG, NIG and a-stable processes; 6 can be any

small positive constant. h = h.
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monitored error introduced to the running maximum for a broad class of Lévy pro-
cesses whose Lévy measures admit a power law near the origin and have exponential
tails. In particular we give upper bounds on variance convergence rates for MLMC
estimators in models using Variance Gamma, Normal Inverse Gaussian and a-stable
processes. As an application, the numerical analysis of multilevel Monte Carlo for

exponential Lévy models is presented.

6.2 Future work

We name a few potential areas for future work:

It is possible to investigate whether the multilevel quasi-Monte Carlo method [3§]

will further reduce the cost in all cases.

In Chapter |3 the gap to bound the variance of conditional crossing probabilities
for barrier options is still open to fill. Due to the difficulty in simulating Lévy area in
the multidimensional case, we only deal with the scalar case. By using the antithetic
method in [30], a multidimensional version of the jump-adapted Milstein scheme could

be proposed to simulate constant jump rate processes without simulating Lévy area.

In Chapter [, the issue of pathwise method for non-smooth payoffs can be coped
with by smoothing the payoff, including explicit expression of conditional expectation
(p399 of [39]) in the 1D case, ”splitting” technique [2] in multidimensional case, or
combination with Likelihood ratio method, called Vibrato Monte Carlo [33]. It is also
interesting to study the effectiveness of MLMC in combination with other variance

reduction techniques [39].

In Chapter [}, there is still a gap in the analysis of barrier option since we cannot
match the estimated variance convergence rate to the numerical result. Since the weak
convergence rate is less than one half in the proof for NIG and a-stable process, the
computational complexity is not guaranteed. Furthermore, we only consider the Lévy
process of which the increments can be directly simulated. For other Lévy processes,
it may be possible to simulate the increments by constructing approximations to the
inverse of the cumulative distribution function. Also, simulation technique might be
developed through approximating charateristic functions of Lévy processes. In both

cases, multilevel estimators can be constructed accordingly.
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It is natural to develop numerical schemes for SPDEs driven by finite-rate state-
dependent jump-diffusion processes or Lévy processes based on this work. Corre-

spondingly, MLMC method can be applied to this class of problems.
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Appendix A

Appendix

A.1 Brownian bridge results

The results in can be easily extended to the case of nonuniform timestep and jump-

adapted schemes since the jump effect is separated by the grid point. For constant
drift @ and volatility b , the SDE (1.1)) has solution

S(t) = So+at+bW(t)

We can use this as an approximation for the non-constant drift and volatility SDE

within a small timestep [t,, t,11] of length h,,
S(t) =Sy + vy (Sns1—5n) + b (W(t) — W, — v, (W1 —W4)) (A.1)

where v, = (t —t,)/h,. This means that the deviation of S(¢) from a piecewise linear
interpolation of the values S,, = S(t,) is proportional to the deviation of W (t) from
its piecewise linear interpolation. It can be proved that the distribution of the latter
is independent of the Brownian increment W,, .1 —W,,, and furthermore we have the

following results (see for example [39]).

Lemma A.1.1. Conditional on S, and S,1, the distribution for the integral of S(t)

over the interval [t,,t,11] is given by
tn+1
/ S(t)dt = Lh (S, + Sps1) + by I, (A.2)
tn

where
I,

/ ! (W (E) = Wy, — on (Winss —W,)) di

is a N(0, 5h3) Normal random variable, independent of Wi, 11 —W,,.
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Lemma A.1.2. Conditional on S,, and S, 11, the distributions for the minimum and

mazximum of S(t) over the interval [t,,t,1] are given by

Sn,min = % (Sn + Sn_|_1 - \/(Sn+1—sn)2 _ 2b2 hn 10g Un > s

Sn,max - % (Sn + Sn-i—l + \/(Sn+1_5n>2 -2 bQ hn log Vn ) )

where Uy, and V,, are each uniformly distributed on the unit interval [0, 1].

Lemma A.1.3. Conditional on S, and S,y1, the probability that the minimum (or
mazimum) of S(t) over the interval [t,, t,11] is less than (or greater than) some value
B, s

P ([ inf S(t) < B | Sp, Sui1

tn 7tn+1}

_ exp(‘2<5"‘il+,ff"“‘3>+), (A3)

o (2EELE=5")

IP’( sup S(t) > B | Sn,SnH) —

[tn 7tn+1]

J’_

where the notation (x)* means max(z,0).

Corollary A.1.4. If W(t) is a Brownian motion with W(0) =W (1) =0, then for
x>0

P (sup Wi(t) > a:) =P ([1511% Wi(t) < —x) = exp(—21?),

[0,1]

and hence E [sup[o’u \W (t)|™] is finite for all integers m > 0.

A.2 Assorted inequalities and applications

Here we list a number of classic inequalities with example applications, all of which

are used in the main analysis.

Theorem A.2.1 (Jensen’s inequality). If x; are real variables, X is a scalar random

variable and ¢(z) is a scalar convex function, then

0 (n_l Z iUz) <n! Z P(x;)

and
¢ (E[X]) < E[p(X)].
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Integral form: if u is a probability measure on (E,B(E)) where E C R%, i.e.
w(E) =1, and f and ¢ (f) are integrable then

o [ 1an) < [ etnan

Example A.2.2. ¢(x) = 2™ is convez for positive integers m, and hence

<; xl) < pmt (; xl”) (A.5)

Furthermore, if X; are scalar random variables, then

in ] <! (ZE[\Xiym]) (A.6)

Theorem A.2.3 (Minkowski’s inequality). If X, Y are scalar random variables and

E

p s a real constant with 1 < p < 0o, then
(B[ X+Y DY < B[XP)Y + B[V

Example A.2.4. Putting p=2 and applying the inequality to X —E[X] and Y —E[Y]

gives

VVIX4+Y] < VV[X]+ VY] (A7)

Theorem A.2.5 (Holder’s inequality). If X, Y are scalar random variables, and p,q

are real constants with 1 < p,q < oo and % + % =1, then
E[|XY]] < (E[IXPPD"" (E[[Y]])"".
Example A.2.6. Taking p=q=2 gives Cauchy-Schwarz inequality
E[XY] < VE[X?] E[Y?]. (A.8)

Theorem A.2.7 (Markov’s inequality). If X is a scalar random variable and a> 0,

P(X|2a) < S

Corollary A.2.8. For any positive integer m and a>0

B[|X|"]

am

P(X|>a) = P(X|" > a™) <
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In [52] we have:

Theorem A.2.9 (Burkholder-Davis—Gundy inequality). Let M be a martingale with

cadldag paths. For any real number m > 1, there exists constant C., such that

E { sup !Mt\m} < C,E [|[M]T\m/2} ’

0<t<T

where [M], is the quadratic variation of M,.

In [I9] we have:

Theorem A.2.10 (Doob’s inequality). Let M be a right-continuous martingale. For

any real number m > 1,

1/m
m m m m
E{sup | M,| ] < E [|M7|™]Y™.

0<t<T m—1
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