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Spoida, Pedro Vitória, Kaiwei Wang, Weijun Xu, Zichen Zhang, thank

you for making my time at Oxford memorable.

Thank my parents Jianguo Xia and Huiqin Wang and my beloved Yijia

Liu for their continuing supports.

Finally, I would like to thank China Scholarship Council and Oxford-Man

Institute for their financial support.



Abstract

This thesis consists of two parts. The first part (Chapters 2-4) considers

multilevel Monte Carlo for option pricing in finite activity jump-diffusion

models. We use a jump-adapted Milstein discretisation for constant rate

cases and with the thinning method for bounded state-dependent rate

cases. Multilevel Monte Carlo estimators are constructed for Asian, look-

back, barrier and digital options. The computational efficiency is numer-

ically demonstrated and analytically justified.

The second part (Chapter 5) deals with option pricing problems in expo-

nential Lévy models where the increments of the underlying process can

be directly simulated. We discuss several examples: Variance Gamma,

Normal Inverse Gaussian and α-stable processes and present numerical ex-

periments of multilevel Monte Carlo for Asian, lookback, barrier options,

where the running maximum of the Lévy process involved in lookback and

barrier payoffs is approximated using discretely monitored maximum. To

analytically verify the computational complexity of multilevel method,

we also prove some upper bounds on Lp convergence rate of discretely

monitored error for a broad class of Lévy processes.
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5.2 Exponential Lévy models . . . . . . . . . . . . . . . . . . . . . . . . . 92
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Chapter 1

Introduction

1.1 Financial modelling using jump processes

In the Black-Scholes Model [6], the price of an option is given by the expected value of

a payoff depending upon an asset price modelled by a stochastic differential equation

driven by Brownian motion,

dS(t) = a(S(t), t) dt+ b(S(t), t) dW (t), 0 ≤ t ≤ T, (1.1)

with given initial data S0. Although this model is widely used, stylized empirical facts

of asset returns, which are statistical properties shared by a wide range of instruments

supports the idea that asset returns are not log-normal; see [13]. This has motivated

people to suggest models which better capture the characteristics of the asset price

dynamics.

Merton [49] instead proposed a jump-diffusion process, in which the asset price

follows a jump-diffusion SDE:

dS(t) = a(S(t−), t) dt+ b(S(t−), t) dW (t) + c(S(t−), t) dJ(t), 0 ≤ t ≤ T, (1.2)

where the jump term J(t) is a compound Poisson process
∑N(t)

i=1 (Yi − 1), the jump

magnitude Yi has a prescribed distribution, and N(t) is a Poisson process with

intensity λ, independent of the Brownian motion. Due to the existence of jumps, the

process is a càdlàg process, i.e. having right continuity with left limits. We note that

S(t−) denotes the left limit of the process while S(t) = lims→t+ S(s). In [49], Merton

also assumed that log Yi has a normal distribution.

There are several ways to generalize the Merton model. Motivated by the feedback

effect caused by herding behavior, which means investors’ panic will rise as price falls,
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the intensity could be modelled to depend on the state value of the asset. [40] proposes

a jump-diffusion LIBOR market model where the LIBOR rate is generated by a state-

dependent jump-diffusion process. Unlike the jump-diffusion SDE in the Merton

model, the state-dependent jump-diffusion SDE doesn’t admit explicit solutions; thus

numerical methods are necessary for the computation.

Apart from jump-diffusion models, another possible way is to build the model on

processes purely consisting of jumps. According to [14], models building on pure jump

processes can reproduce the stylized facts of asset returns, like heavy tails and the

asymmetric distribution of increments. They also reflect generic sudden discontinuous

price movement compared to models with stochastic volatility or nonlinear diffusion

coefficient diffusion processes. Other evidence to support this kind of model are from

option markets. According to chapter 1 of [14], models with jumps give an intuitive

explanation of implied volatility skew and smile in the index option market and foreign

exchange market - the jump fear is mainly of downside in the equity market which

produces a premium for low-strike options; the jump risk is symmetric in the foreign

exchange market so the implied volatility has a smile shape.

Since pure jump processes of finite activity without a diffusion component cannot

generate realistic price dynamics, it is necessary to allow the frequency of jumps within

a finite horizon to be infinite. In the literature ([54, 13]) a class of tractable models

is constructed based on the assumption that asset returns follow a Lévy process.

Lévy processes allow a large class of distributions of increments, including pure jump

processes. They have good flexibility to choose the number of parameters so that

models can provide a higher calibration accuracy.

We briefly discuss risk-neutral pricing in models with jump processes. According

to chapter 9 of [13], by the fundamental theorem of asset pricing, assuming the market

is arbitrage-free there exists a risk-neutral pricing measure Q such that discounted

assets are martingales under Q. In the Black-Scholes Model, Q is unique. However,

the uniqueness of Q is generally unobtainable in models involving jumps. We have

to choose a Q for pricing purpose. For example, in the Merton model, by assuming

the jump risk has no premium, under Q the underlying SDE has a different drift

compared to under physical measure P. Hence the parameters with regard to the

jump distribution could be estimated from historical price series. Denoting r the

risk-free rate, then under Q, the jump-diffusion SDE (1.2) would be

dS(t) = (r S(t−)−c(S(t−), t)λm) dt+b(S(t−), t) dW (t)+c(S(t−), t) dJ(t), 0 ≤ t ≤ T,

(1.3)

2



where m = E[Yi] − 1 is the compensator to ensure the discounted asset price is a

martingale.

The Q we choose determines what kind of parameters of the model are calibrated

from simple option products. In the first part of the thesis we choose a Q based on

the same assumption, i.e. no jump risk premium. We use reasonable hypothetical

parameters for numerical experiments. In the second part of the thesis, since expo-

nential Lévy models are built for calibration from pricing perspective, the calibration

is always under a specified Q. We use the parameters of the model calibrated under

mean-correcting pricing measure Q in [54] for numerical computation. Since we focus

on the computation of models, we don’t discuss other possible choice of risk-neutral

pricing measures Q.

The computation of option pricing in models with jumps involves three types of

methods: Fourier transform methods, numerical methods for PIDE (Partial Integral

Differential Equation) and Monte Carlo. Since the characteristic functions of Lévy

processes in the modelling literature can be expressed in terms of elementary func-

tions, the Fourier transform of option prices may be obtained; see chapter 11 of [14].

By numerically evaluating the Fourier transform, which is quite efficient by using

the FFT algorithm, calibration is very efficient using Fourier transform methods. Its

limitation lies in the complexity to price path-dependent payoffs involving a running

maximum. Fourier transform of quantities related to running maximum often requires

the Wiener-Hopf factorization of the Lévy process. However, for the Lévy processes

we are concerned with, Wiener-Hopf factors are not known in closed form.

In the case of diffusion models, risk-neutral pricing theory shows that the option

price satisfies a pricing PDE. In a model with jumps, the pricing equation is a PIDE

which causes theoretical and numerical challenges to solve compared to a diffusion

PDE. People have managed to modify numerical methods for PDE to deal with these

issues. A good summary in chapter 12 of [14] discusses advantages and drawbacks of

different numerical methods for PIDE.

The common limitation of these method is that they can not cope with high

dimensional problems. This is the main point in favour of Monte Carlo. Monte Carlo

can also handle options with path-dependent payoffs. Therefore, the focus of this

work is to develop multilevel Monte Carlo for jump processes, rather than comparing

it with other numerical methods.
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1.2 Monte Carlo simulation

The Monte Carlo method estimates the expectation Y = E[f(X)] using

Ŷ :=
1

M

M∑
i=1

f(X(i)).

where X(i) are i.i.d. samples of X. Suppose E[|f(X)|] < +∞, the Law of Large

Number ensures the estimator converges to the true value as the number of draws

increases. Suppose 0 < V ar[f(X)] < +∞, the Central Limit Theorem gives the

confidence interval of the estimator. As M goes to infinity,

Ŷ − Y√
1
M
V ar[f(X)]

∼ N(0, 1),

which provides information about the magnitude of the sampling error after a finite

number of samples are drawn. In the following we also use the notation V [X]≡V ar[X].

In financial applications of option pricing, we are interested in the expected value

of a functional of the underlying process S, i.e. E [f(S)], where f is the payoff of

the option, and S follows some SDE. The payoff of the option could depend on the

terminal value of S, or be path-dependent where the valuation depends on the entire

path S(t), 0≤ t≤ T : Asian options (based on the average value of the underlying),

lookback options (based on the running minimum or maximum of the underlying),

barrier options (in which the payoff is zero if the underlying crosses, or fails to cross,

a certain level) and digital options (for which the payoff is a step function or other

discontinuous function of S(T )).

When exact sampling of the underlying SDE solution is not available, or we are

interested in path-dependent options, the expected value can be estimated by a simple

Monte Carlo method with a suitable approximation to the SDE solution. To demon-

strate the application of Monte Carlo to our problem, we take European options with

a uniform Lipschitz payoff as an example.

We assume the solution of the SDE (1.1) doesn’t admit exact sampling. A simple

Euler discretisation of the diffusion SDE with timestep h is

Ŝn+1 = Ŝn + a
(
Ŝn, nh

)
h+ b

(
Ŝn, nh

)
∆Wn,

where Ŝ(0) = S(0), Ŝn = Ŝ(nh), ∆Wn = W ((n+ 1)h)−W (nh) .

4



We are interested in European options (based on the value of the underlying at

the terminal state S(T )) with a uniform Lipschitz f , i.e. there exists a constant c

such that

|f(x)− f(y)| ≤ c ‖x− y‖ , ∀x, y.

A simple estimator for E[f(S(T ))] is

Ŷ =
1

M

M∑
i=1

f(Ŝ
(i)
T/h).

The mean-square-error (MSE) of the estimator is defined as

MSE = E

(E[f(S (T ))]− 1

M

M∑
i=1

f(Ŝ
(i)
T/h)

)2


=
(
E [f(S (T ))]− E

[
f(ŜT/h)

])2

+ E

(E [f(ŜT/h)
]
− 1

M

M∑
i=1

f(Ŝ
(i)
T/h)

)2


=
(
E[f(S (T ))]− E

[
f(ŜT/h)

])2

+
1

M
V
[
f(ŜT/h)

]
.

The RHS shows that the MSE comes from two sources: discretisation error and

sampling error.

Provided some technical conditions on a, b, g, which are a bit more than twice

continuous differentiability of a, b and fourth continuous differentiability of g (for

details cf. Theorem 14.1.5 in [45]), the Euler discretisation achieves first order weak

convergence, i.e. there exists a constant K such that∣∣∣E[g(S (T ))]− E[g(ŜT/h)]
∣∣∣ ≤ Kh. (1.4)

For a uniform Lipschitz f , to get desired result we can let g(x) ≡ x. Therefore

MSE ≤ c2K2h2 +
1

M
V ar[f(S)].

The first term is attributed to bias caused by the discretisation, and the second part is

due to the sampling error of Monte Carlo. Root mean square (RMS) error is defined

as the square root of MSE. To achieve an O(ε) RMS requires O(ε−2) paths, each with

O(ε−1) timesteps, leading to a computational complexity of O(ε−3).
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1.3 Multilevel Monte Carlo

Giles [32] introduces a multilevel Monte Carlo path simulation method, inspired by the

multigrid ideas for the iterative solution of systems of equations. The computational

complexity for a general class of methods and applications is analysed, assuming

that the discretisation satisfies certain conditions. As a corollary, it shows that the

computational complexity can be reduced to O(ε−2 (log ε)2) for European options

using the Euler discretisation for Brownian SDEs and a Lipschitz payoff. For other

path-dependent options, numerical results show significant computational savings.

For diffusion SDEs, suppose we perform Monte Carlo path simulations on different

levels of resolution l, with 2l uniform timesteps on level l. For a given Brownian path

W (t), let P denote the payoff, and let P̂l denote its approximation by a numerical

scheme with timestep hl. As a result of the linearity of the expectation operator, we

have the following identity:

E[P̂L] = E[P̂0] +
L∑
l=1

E[P̂l−P̂l−1]. (1.5)

Let Ŷ0 denote the standard Monte Carlo estimate for E[P̂0] using N0 paths, and for

l > 0, we use Nl independent paths to estimate E[P̂l−P̂l−1] using

Ŷl = N−1
l

Nl∑
i=1

(
P̂

(i)
l −P̂

(i)
l−1

)
. (1.6)

The multilevel method exploits the fact that the multilevel correction variance Vl :=

V[P̂l−P̂l−1] decreases with l, and adaptively chooses Nl to minimise the computational

cost to achieve a desired root-mean-square error. This is summarized in the following

theorem:

Theorem 1.3.1. Let P denote a functional of the solution of stochastic differential

equation (1.1) for a given Brownian path W (t), and let P̂l denote the corresponding

approximation using a numerical discretisation with timestep hl = 2−l T .

If there exist independent estimators Ŷl based on Nl Monte Carlo samples, and

positive constants α≥ 1
2

min(β, 1), β, c1, c2, c3 such that

i)
∣∣∣E[P̂l − P ]

∣∣∣ ≤ c1 h
α
l

6



ii) E[Ŷl] =

{
E[P̂0], l = 0

E[P̂l − P̂l−1], l > 0

iii) V[Ŷl] ≤ c2N
−1
l hβl

iv) Cl, the expected computational complexity of Ŷl, is bounded by

E[Cl] ≤ c3Nl h
−1
l ,

then there exists a positive constant c4 such that for any ε < e−1 there are values L

and Nl for which the multilevel estimator

Ŷ =
L∑
l=0

Ŷl,

has a mean-square-error with bound

MSE ≡ E
[(
Ŷ − E[P ]

)2
]
< ε2

with a expected computational complexity E[C] with bound

E[C] ≤


c4 ε
−2, β > 1,

c4 ε
−2(log ε)2, β = 1,

c4 ε
−2−(1−β)/α, 0 < β < 1.

Proof. See [32] for the original version and the generalisation to the case of random

computational cost in [12].

The saving of the computational cost comes from the fact that as the level goes

up, the Nl needed to achieve the accuracy for a given MSE is decreasing due to a

decaying Vl. Thus the convergence rate of Vl plays a central role in achieving a good

computational complexity.

1.4 Review of prior work

Based on [32]’s breakthrough, there has been a series of following work in the direction

of financial applications. [31] presents significantly improved numerical results using

the Milstein discretisation. For a Lipschitz European payoff, the Milstein method’s

7



improved strong convergence leads to Vl = O(h2
l ), and therefore a computational

complexity of O(ε−2) according to the computational complexity Theorem 1.3.1. For

other payoffs, it shows that estimators using an approximation based on a Brownian

interpolation technique achieves the same computational complexity numerically. [36]

performs a numerical analysis of the multilevel Monte Carlo using the Euler discretisa-

tion, justifying the computational complexity results of other path-dependent payoffs

in the numerical experiments of [32]. It is proved that Vl = O(hl) for a Lipschitz

payoff, Asian options and lookback options. It is also proved that Vl = O(h
1/2−δ
l ), for

any δ > 0, for barrier options and digital options. The final result has been tightened

by Avikainen [4] who proved that Vl = O(h
1/2
l log hl). [38] applies the multilevel idea

to quasi-Monte Carlo. By using randomised quasi-Monte Carlo techniques based on

a rank-1 lattice rule, the computational complexity is further reduced. [27] examines

the numerical performance of the multilevel treatment for basket options using the

Milstein discretisation. [34] performs a numerical analysis of the multilevel Milstein

method presented in paper [32]. [29] deals with an unusual parabolic SPDE which

arises in a financial credit modelling application. [30] addresses the use of the Mil-

stein approximation in multidimensional cases, which usually requires the simulation

of Lévy areas. An antithetic technique without simulating Lévy areas is developed

which gives a high rate of multilevel convergence, and numerical analysis is provided.

[37] surveys the application of multilevel methods in computational finance. [28]

reviews the progress on multilevel Monte Carlo, offering new ideas and suggesting

future research.

In other direction of applications, [12, 55] apply the multilevel approach to el-

liptic SPDEs which arise in the modelling of nuclear waste repositories, with the

permeability of the rock being modelled as a log-Normal stochastic field.

1.5 Thesis outline

This thesis concerns multilevel Monte Carlo for option pricing when the underlying

follows a jump process. There have been a number of papers in related areas. The

multilevel Monte Carlo method has been used by Dereich and Heidenreich [17, 16]

for both finite and infinite activity Lévy-driven SDEs with payoffs Lipschitz contin-

uous w.r.t. the supremum norm. The first part of the thesis differs in considering

simpler finite activity jump-diffusion models, but has examples of more challenging

non-Lipschitz payoffs (e.g. digital and barrier options), and also uses a more accurate

8



Milstein discretisation to achieve an improved order of convergence for the multilevel

correction variance.

The second part of the thesis focuses on pricing in exponential Lévy models. This

setting differs from models based on Lévy-driven SDEs due to a possible moment ex-

plosion issue which is discussed in section 5.3.4.2. Also, the Lévy processes we discuss

allow exact simulation of increments where numerical discretisation is not needed for

path generation. However, the running maximum is involved in lookback and barrier

payoffs, and there is no straightforward method to simulate it. For the simulation

of the running maximum of Lévy processes, [23] studies small-time asymptotic be-

havior of the exit probability and uses it for Monte Carlo computation of functionals

of killed Lévy processes. [46] develops a novel Wiener-Hopf Monte-Carlo method to

generate the joint distribution of (S(T ),max0≤t≤T S(t)). This simulation technique

is further extended to a multilevel setting in [22]. They obtain a computational

complexity of O (ε−4) for Lévy processes with infinite variation and O (ε−3) for pro-

cesses with bounded variation. In contrast to those advanced techniques, we take the

discretely monitored maximum of the Lévy process as the approximation of the run-

ning supremum. With multilevel, this simple approximation achieves near optimal

computational complexity in most cases.

The thesis is organised as follows. Chapter 2 discusses numerical simulation for

constant rate and bounded state-dependent rate jump-diffusion processes, construc-

tion of a multilevel Monte Carlo estimator and presents numerical results for Asian,

lookback, barrier and digital options. Chapter 3 rigorously justifies the computa-

tional complexity shown in Chapter 2 by numerical analysis of the variance of the

multilevel estimators for European call, Asian, lookback, barrier and digital options

in the constant rate and bounded state-dependent intensity jump-diffusion models.

In Chapter 4 we deal with estimating sensitivities using multilevel Monte Carlo in

jump-diffusion models. Especially for the sensitivity to the jump rate, two estimators

are derived.

In Chapter 5 we discuss several examples of processes used in exponential Lévy

models: Variance Gamma, Normal Inverse Gaussian and α-stable processes. Numer-

ical results of multilevel Monte Carlo for Asian, lookback, barrier and digital options

in exponential Lévy models are demonstrated. For the need of analysis, we estimate

the p-th moment convergence rate of the discretely monitored running maximum for

a large class of Lévy processes whose Lévy measures admit power law near the ori-

gin and have exponential tails. Based on the estimate, the numerical analysis of the

9



variance of multilevel estimators is presented.
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Chapter 2

Multilevel Monte Carlo Option
Pricing In Jump-diffusion Models

2.1 Introduction

As mentioned in the introduction, we consider Merton[49] jump-diffusion model, in

which the asset price follows a jump-diffusion SDE:

dS(t) = a(S(t−), t) dt+ b(S(t−), t) dW (t) + c(S(t−), t) dJ(t), 0 ≤ t ≤ T,

where the jump term J(t) is a compound Poisson process
∑N(t)

i=1 (Yi − 1), the jump

magnitude Yi has a prescribed distribution, and N(t) is a Poisson process with

intensity λ, independent of the Brownian motion. log Yi has a normal distribution.

with mean a and variance b2, namely log Yi ∼ N(a, b2).

There are several ways in which to generalize the Merton model. In section 2.5

we consider one case investigated by Glasserman & Merener [41], in which the jump

rate depends on the asset price, namely λ = λ(S(t−), t). Another possible way is to

consider the case where the frequency of jump within finite horizon is infinite. In this

direction, we discuss exponential Lévy models in chapter 5.

For European options, we are interested in the expected value of a function of

the terminal state, f(S(T )), but in the case of exotic options the valuation depends

on the entire path S(t), 0≤ t≤T . The expected value can be estimated by a simple

Monte Carlo method with a suitable approximation to the SDE solution. However, if

the discretisation has first order weak convergence then to achieve an O(ε) root mean

square (RMS) error requires O(ε−2) paths, each with O(ε−1) timesteps, leading to a

computational complexity of O(ε−3).
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Giles [31, 32] introduced a multilevel Monte Carlo path simulation method, demon-

strating that the computational cost can be reduced to O(ε−2) for SDEs driven by

Brownian motion. This has been extended by Dereich and Heidenreich [17, 16] to

approximation methods for both finite and infinite activity Lévy-driven SDEs with

globally Lipschitz payoffs. The first part of the thesis differs in considering simpler

finite activity jump-diffusion models, but also one example of a more challenging

non-Lipschitz payoff, and also uses a more accurate Milstein discretisation to achieve

an improved order of convergence for the multilevel correction variance which will be

defined later. The second part of the thesis emphasizes the exponential Lévy model

which allows explicit simulation of increments where numerical discretisation is not

needed for paths. The setting also differs from models based on Lévy-driven SDEs in

the aspect of possible moment explosion.

In this chapter we apply the multilevel approach to the Monte Carlo simulation

of path-dependent option pricing with jump-diffusion processes. We first consider

the case where the jump rate is constant then take into account the state-dependent

rate case. In both cases, in order to calculate coarse-path samples from fine-path

samples using Brownian interpolation, we adopt a jump-adapted Milstein discretisa-

tion scheme proposed by [50], which explicitly simulates the times when jumps occur.

Furthermore, we construct multilevel estimators for corresponding path-dependent

payoffs coping with challenges caused by jumps. Through constructing payoff esti-

mators by Brownian bridge technique, high order multilevel correction term variance

convergence rate is achieved. In the state-dependent rate case, we use the thinning

method to tackle the lack of synchronization of jump times in the fine and coarse

grids. Numerical results show similar improvement in computational efficiency com-

pared with previous achievements for diffusion processes [31]. Generally, using the

jump-adapted Milstein scheme with the multilevel approach, we can reduce the com-

putation cost to O(ε−2) in terms of RMS error ε.

In the following sections of the chapter, we first review the Multilevel Monte

Carlo method for diffusion processes. The next section describes the jump-adapted

discretisation of jump-diffusion processes and its advantages for facilitating the mul-

tilevel approach. Then we discuss the path simulation and estimator construction for

the jump-adapted discretisation with the multilevel approach and present numerical

results of Asian, lookback, barrier and digital options. The next part establishes two

methods to deal with state-dependent intensity. The final section draws conclusions

and indicates directions of future research.
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2.2 A Jump-adapted Milstein discretisation

To simulate jump-diffusion processes, it is possible to use fixed time grid schemes

as for geometric Brownian motion. The Euler-Maruyama scheme for jump-diffusion

processes has O(
√
h) strong convergence ([51]). However, it would be more difficult

to achieve higher order strong convergence. To achieve a higher order strong conver-

gence for jump-diffusion processes, the Itô-Taylor expansion will involve some double

integrals of white noise and the Poisson random measure [51], which increases the

computational complexity of the simulation.

Another problem which might be encountered for fixed-time grid schemes is the

construction of estimators for the path-dependent payoff. Within each timestep,

running minimum or other functionals of paths is difficult to simulate due to the

complex form of the joint density of diffusion and jump.

In order to avoid simulating double stochastic integrals as well as to identify the

time at which the jump occurs, we use the so-called jump-adapted approximation

proposed by Platen in [50]. This jump-adapted scheme would improve the computa-

tional tractability compared to other fixed time grid discretisation schemes with the

same weak/strong convergence order.

For each path simulation, the set of jump times J = {τ1, τ2, . . . , τm} within the time

interval [0, T ] is added to a set of uniformly spaced times t′i = i T/N, i = 0, . . . , N, to

form a combined set of discretisation times T = {0 = t0 < t1 < t2 < . . . < tM = T}.
As a result, the length of each timestep hn = tn+1 − tn will be no greater than

h = T/N .

Within each timestep the first order Milstein discretisation is used to approximate

the SDE, and then the jump is simulated when the simulation time is equal to one of

the jump times. This gives the following numerical method:

Ŝ−n+1 = Ŝn + an hn + bn ∆Wn + 1
2
b′n bn (∆W 2

n − hn),

Ŝn+1 =

{
Ŝ−n+1 + c(Ŝ−n+1, tn+1)(Yi − 1), when tn+1 = τi;

Ŝ−n+1, otherwise,

(2.1)

where the subscript n is used to denote the timestep index, Ŝ−n = Ŝ(tn−) is the left

limit of the approximated path, ∆Wn is the Brownian increment during the timestep,

an, bn, b
′
n are the values of a, b, b′ based on (Ŝn, tn), and Yi is the jump magnitude at

τi.
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The simulation algorithm via the jump-adapted scheme can be described as the

following steps:

1. Set i = 1, j = 1, t′ = t′0;

2. Generate jump time τi in terms of its distribution;

3. While (τi < t′j) do

(1). Simulate the process within [t′, τi), in which the process is driven purely

by Brownian motion; then simulate the jump at τi;

(2). Set t′ = τi;

(3). i = i+ 1, and generate next jump time τi in terms of its distribution;

4. Simulate the process within [t′, t′j];

5. Set j = j + 1, t′ = t′j and goto 3.

Jump-adapted schemes also save computational cost in our application. On av-

erage its computation cost for generating exponential random numbers for a sample

path is λT . Compared with the cost of a fixed time schemes using N timesteps, the

jump-adapted scheme saves substantial computation in applications where λT � N .

2.3 Multilevel Monte Carlo method

Recall the multilevel Monte Carlo method in the introduction and the computational

complexity Theorem 1.3.1. In the case of the jump-adapted discretisation, hl should

be taken to be the uniform timestep at level l, to which the jump times are added to

form the set of discretisation times. Due to the presence of jump, the computational

cost is

Cost =
L∑
l=0

Nl∑
i=1

(N
(i)
T + 2l), (2.2)

where N
(i)
T is the number of jumps in each scenario. We have to define the computa-

tional complexity as the expected computational cost since different paths may have

different numbers of jumps. The expected number of jumps is finite and therefore

the cost bound in assumption iv) will remain valid for an appropriate choice of the

constant c3. Hence, the multilevel algorithm framework works well.
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2.4 Multilevel Monte Carlo for constant jump rate

2.4.1 Estimator construction

We elaborate on the definition of fine and coarse path approximations used for (1.6).

Jump times are simulated by setting τj − τj−1 ∼ exp(λ), forming a jump time set

J = {τ1, τ2, . . . , τm}. The Brownian increments ∆Wn ≡ W (tn+1)−W (tn) are generated

for each timestep of the fine grid Tl = J∪
{
iT
2l

}
= {0 = t0 < t1 < t2 < . . . < tM = T}.

Then the fine path is defined as the jump-adapted Milstein discretisation Ŝfn :=

Ŝf (tn) , n = 0, . . . ,m + 2l in (2.1). To define the coarse path approximation on

Tl−1 = J∪
{

iT
2l−1

}
, the Brownian increments generated for fine path are used in the

following way. The Brownian increments for two consecutive timesteps on the fine

grid Tl which contain so-called midpoints{
ζi =

(2i− 1)T

2l
: i = 1, . . . , 2l−1

}
, (2.3)

are summed to obtain the the Brownian increment for the timestep of [ηi, η̄i] on the

coarse grid Tl−1 where

ηi = max {t ∈ Tl−1 : t < ζi} ,
η̄i = min {t ∈ Tl−1 : t > ζi} .

(2.4)

In the remaining timesteps of the coarse grid, the construction of the coarse path

uses the same Brownian increment as the one in fine grid. So Ŝcn := Ŝc (tn) , tn ∈ Tl−1.

This procedure is also illustrated in Figure 2.1.

The multilevel estimator (1.6) requires the calculation of the payoff difference

P̂ f
l − P̂ c

l−1. Here P̂ f
l is the fine-path estimate using timestep hl = 2−lT , and P̂ c

l−1 is

the corresponding coarse-path estimate using timestep h=2−(l−1)T . As explained in

[31], to ensure that the identity (1.5) is correctly respected, it is required that

E[P̂ f
l−1] = E[P̂ c

l−1]. (2.5)

In the case of a European option, defining P̂ f
l−1 and P̂ c

l−1 as above leads to (2.5).

However, for the path-dependent options, P̂ c
l−1 is sampled using random numbers

generated for the sample of P̂ f
l . In these cases, it is necessary to verify (2.5). (2.5)

holds since P̂ c
l−1 has the same distribution as P̂ f

l−1; they are based on the approxima-

tion that process has constant drift and volatility within timestep in Tl−1.

15



’midpoint’

fine grid

coarse grid

midpoint 
construction

∆ W
c

i
=∆ W

f

i

∆ W
m

c
=∆ W

f

m1
+∆ W

f

m2
 

∆ W
m2

f
∆ W

f

i

J
pre

last jump or fixed−time 
grid before midpoint

J
post

first jump or fixed−time 
grid after midpoint

∆ W
m1

f

∆ W
c

m

Figure 2.1: Midpoint construction, where crosses denote uniform points on the coarse
grid; circles denote midpoints on the fine grid; squares denote jump times.

2.4.2 Numerical results

In the following we show numerical results for European call, Asian, lookback, barrier

and digital options. All of the options are priced for the Merton model. We choose a

risk-neutral measure where the jump risk can be diversified, under which the jump-

diffusion SDE is

dS(t)

S(t−)
= (r − λm) dt+ σ dW (t) + dJ(t), 0 ≤ t ≤ T,

where λ is the jump intensity, r is the risk-free interest rate, σ is the volatility, the

jump magnitude satisfies log Yi ∼ N(a, b2), and m = E[Yi] − 1 is the compensator

to ensure the discounted asset price is a martingale. All of the simulations in this

section use the parameter values S0 = 100, K = 100, T = 1, r= 0.05, σ= 0.2, a= 0.1,

b= 0.2, λ= 1. If we choose a relatively large value of λ < 100 the result would not

change too much since in the expected computing cost expression (2.2), the average

number of jump times is still inferior to the number uniform grid steps. The current

code is based on Giles’s code for [31], from which we generate standardised numerical

results and figures.

2.4.2.1 European call option

Figure 2.2 shows the numerical results for the European call option with payoff

exp(−rT ) (S(T )−K)+, with (x)+ ≡ max(x, 0) and strike K=100.
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The top left plot shows the behaviour of the variance of both P̂l and the multilevel

correction P̂l−P̂l−1, estimated using 105 samples so that the Monte Carlo sampling

error is negligible. The slope of the MLMC line indicates that Vl≡V[P̂l−P̂l−1]=O(h2
l ),

corresponding to β = 2 in condition iii) of Theorem 1.3.1. The top right plot shows

that E[P̂l− P̂l−1] is approximately O(hl), corresponding to α = 1 in condition i).

Noting that the payoff is Lipschitz, both of these are consistent with the first order

strong convergence proved in [51].

The bottom two plots correspond to five different multilevel calculations with

different user-specified accuracies to be achieved. These use the numerical algorithm

given in [32] to determine the number of grid levels, and the optimal number of

samples on each level, which are required to achieve the desired accuracy. We use the

computational cost
∑l

l=0

∑Nl
i=1(N

(i)
T +2l) to take into account the effect of jump. The

left plot shows that in each case many more samples are used on level 0 than on any

other level, with very few samples used on the finest level of resolution. The right

plot shows that the the multilevel cost is approximately proportional to ε−2, which

agrees with the computational complexity bound in Theorem 1.3.1 for the β>1 case.

2.4.2.2 Asian option

The payoff of the Asian option we consider is

P = exp(−rT ) max
(
0, S−K

)
,

where

S = T−1

∫ T

0

S(t) dt.

[31] shows that accuracy can be achieved by approximating the behaviour of a

process within a timestep as an Itô process with constant drift and volatility, con-

ditional on the endpoint values Ŝn using Milstein schemes. The convergence of this

approximation is proved in Chapter 3. In the jump-diffusion case, each timestep is

random. Taking conditional expectations on the filtration generated by the jump

times, each timestep is known. Let G denote the filtration σ{Nt, 0 ≤ t ≤ T}.

Suppose we use the jump-adapted Milstein discretisation (2.1), In other words,

taking bn to be the constant volatility within the timestep [tn, tn+1], we define the

Brownian interpolation at t as

Ŝ(t) = Ŝn + υn(Ŝ−n+1 − Ŝn) + bn[Wt −Wn − υn(Wn+1 −Wn)],
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Figure 2.2: European call option with constant jump rate

where υn = (t− tn)/hn, hn = tn+1 − tn.

By Lemma A.1.1, this implies that conditional on G,∫ tn+1

tn

Ŝ(t) dt = 1
2
hn(Ŝn + Ŝ−n+1) + bn∆In,

where ∆In is

∆In :=

∫ tn+1

tn

(W (t)−W (tn)) dt − 1
2
hn∆Wn,

where hn = tn+1 − tn, ∆Wn = Wn+1 −Wn. We have ∆In | G ∼ N(0, h3
n/12) and it is

independent of ∆Wn conditional on G.

The approximated payoff for the fine path would be

S
f

= T−1

nT−1∑
n=0

(
1
2
hn (Ŝn+Ŝ−n+1) + bn∆Ifn

)
.

nT =2l +NT is the number of timesteps.
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Figure 2.3: Asian option

For a particular timestep in the coarse path construction, we have two possible

situations. If it does not contain one of the fine path discretisation times, and therefore

corresponds exactly to one of the fine path timesteps, then it is treated in the same way

as the fine path using exactly the same ∆In and ∆Wn generated for fine path. If the

coarse timestep contains one of the fine path discretisation times, then it corresponds

to [tn, tn+2] using the index of the fine grid, where n + 1 is the index of a midpoint.

In this case, we have

∫ tn+2

tn

(W (t)−W (tn)) dt − 1
2
(tn+2 − tn)(W (tn+2)−W (tn))

=

∫ tn+1

tn

(W (t)−W (tn)) dt − 1
2

(tn+1 − tn) (W (tn+1)−W (tn))

+

∫ tn+2

tn+1

(W (t)−W (tn+1)) dt − 1
2

(tn+2 − tn+1) (W (tn+2)−W (tn+1))

+ 1
2

(tn+2 − tn+1) (W (tn+1)−W (tn))− 1
2

(tn+1 − tn) (W (tn+2)−W (tn+1)) ,
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and thus

∆Icn = ∆In + ∆In+1 + 1
2

(tn+2 − tn)(µn∆Wn − (1− µn)∆Wn+1),

where µn = (tn+2−tn+1)/(tn+2−tn). ∆Ic corresponds to [tn, tn+2] for the coarse path;

on the RHS ∆In and ∆Wn are generated for the fine path.

Figure 2.3 shows the numerical results for parameters S(0)=100, K=100, T =1,

r=0.05, σ=0.2, a=0.1, b=0.2, λ=1. All the results are similar to the pure diffusion

case obtained in [31]. The top two plots indicate second order variance convergence

rate and first order weak convergence, both of which are consistent with the analysis in

Chapter 3. The computational cost of the multilevel method is therefore proportional

to ε−2, as shown in the bottom right plot.

2.4.2.3 Lookback option

The payoff of the lookback option we consider is

P = exp(−rT )

(
S(T )− min

0≤t≤T
S(t)

)
.

Previous work [31] achieved a second order convergence rate for the multilevel cor-

rection variance using the Milstein discretisation and an estimator constructed by

approximating the behaviour within a timestep as an Itô process with constant drift

and volatility, conditional on the endpoint values Ŝn and Ŝn+1. Brownian Bridge

results (see section 6.4 in [39]) give the minimum value within the timestep [tn, tn+1],

conditional on the end values, as

Ŝn,min = 1
2

(
Ŝn + Ŝn+1 −

√(
Ŝn+1−Ŝn

)2

− 2 b2
n hn logUn

)
, (2.6)

where bn is the constant volatility and Un is a uniform random variable on [0, 1].

The same treatment can be used for the jump-adapted discretisation in this chapter,

except that Ŝ−n+1 must be used in place of Ŝn+1 in (2.6).

Equation (2.6) is used for the fine path approximation, but a different treatment is

used for the coarse path, as in [31]. This involves a change to the original telescoping

sum in (1.5) which now becomes

E[P̂ f
L ] = E[P̂ f

0 ] +
L∑
l=1

E[P̂ f
l −P̂

c
l−1], (2.7)
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where P̂ f
l is the approximation on level l when it is the finer of the two levels being

considered, and P̂ c
l is the approximation when it is the coarser of the two. This

modified telescoping sum remains valid provided E[P̂ f
l ] = E[P̂ c

l ].

Considering a particular timestep in the coarse path construction, we have two

possible situations. If it does not contain one of the fine path discretisation times,

and therefore corresponds exactly to one of the fine path timesteps, then it is treated

in the same way as the fine path, using the same uniform random number Un. This

leads naturally to a very small difference in the respective minima for the two paths.

The more complicated case is the one in which the coarse timestep contains one

of the fine path discretisation times t′, and so corresponds to the union of two fine

path timesteps. In this case, the value at time t′ is given by the Brownian interpolant

Ŝ(t′) = Ŝn + υn (Ŝ−n+1 − Ŝn) + bn (W (t′)−Wn − υn (Wn+1 −Wn)) , (2.8)

where υn = (t′ − tn)/(tn+1 − tn) and the value of W (t′) comes from the fine path

simulation. Given this value for Ŝ(t′), the minimum values for S(t) within the two

timesteps [tn, t
′] and [t′, tn+1] can be simulated in the same way as before, using the

same uniform random numbers as the two fine timesteps.

The equality E[P̂ f
l ] = E[P̂ c

l ] is respected in this treatment because W (t′) comes

from the correct distribution, conditional on Wn+1,Wn, and therefore, conditional

on the values of the Brownian path at the set of coarse discretisation points, the

computed value for the coarse path minimum has exactly the same distribution as it

would have if the fine path algorithm were applied.

Further discussion and analysis of this is given in Chapter 3, including a proof that

the strong error between the analytic solution and the interpolation approximation

is at most O(h log h).

Figure 2.4 presents the numerical results. The results are very similar to those

obtained by Giles for geometric Brownian motion [31]. The top two plots indicate

second order variance convergence rate and first order weak convergence, both of

which are consistent with the O(h log h) strong convergence. The computational

cost of the multilevel method is therefore proportional to ε−2, as shown in the bottom

right plot.

21



0 2 4 6 8 10
−20

−15

−10

−5

0

5

10

level l

lo
g

2
 v

a
ri
a

n
c
e

 

 

P
l

P
l
− P

l−1

0 2 4 6 8 10
−15

−10

−5

0

5

level l

lo
g

2
 |
m

e
a

n
|

 

 

P
l

P
l
− P

l−1

0 2 4 6
10

2

10
4

10
6

10
8

10
10

level l

N
l

 

 

10
−2

10
−1

10
3

10
4

10
5

10
6

accuracy ε

ε
2
 C

o
s
t

 

 

Std MC

MLMC
ε=0.005

ε=0.01

ε=0.02

ε=0.05

ε=0.1

Figure 2.4: Lookback option with constant jump rate

2.4.2.4 Barrier option

We consider a down-and-out call barrier option for which the discounted payoff is

P = exp(−rT ) (S(T )−K)+
1{MT>B},

where MT = min0≤t≤T S(t). The jump-adapted Milstein discretisation with the Brow-

nian interpolation gives the approximation

P̂ = exp(−rT ) (Ŝ(T )−K)+
1{M̂T>B}

where M̂T = min0≤t≤T Ŝ(t). This could be simulated in exactly the same way as the

lookback option, but in this case the payoff is a discontinuous function of the minimum

MT and an O(h) error in approximating MT would lead to an O(h) variance for the

multilevel correction.

Instead, following the approach of Cont & Tankov (see page 177 in [14]), it is

better to use the expected value conditional on the values of the discrete Brownian
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increments and the jump times and magnitudes, all of which may be represented

collectively as F . This yields

E
[
exp(−rT ) (Ŝ(T )−K)+

1{M̂T>B}
]

= E
[
exp(−rT ) (Ŝ(T )−K)+E

[
1{M̂T>B} | F

]]
= E

[
exp(−rT ) (Ŝ(T )−K)+

nT−1∏
n=0

p̂n

]
where nT is the number of timesteps, and p̂n denotes the conditional probability that

the path does not cross the barrier B during the nth timestep:

p̂n = 1− exp

(
−2 (Ŝn−B)+(Ŝ−n+1−B)+

b2
n (tn+1 − tn)

)
. (2.9)

This barrier crossing probability is computed through conditional expectation and

can be used to deduce (2.6).

For the coarse path calculation, we again deal separately with two cases. When

the coarse timestep does not include a fine path time, we use (A.3). In the other case,

when it includes a fine path time t′ we evaluate the Brownian interpolant at t′ and

then use the conditional expectation to obtain

p̂n =

{
1− exp

(
−2 (Ŝn−B)+(Ŝ(t′)−B)+

b2
n (t′ − tn)

)}

×

{
1− exp

(
−2 (Ŝ(t′)−B)+(Ŝ−n+1−B)+

b2
n (tn+1 − t′)

)}
. (2.10)

Figure 2.5 shows the numerical results for K=100, B=85. The top left plot shows

that the multilevel variance is O(hβl ) for β ≈ 3/2 . This is similar to the behavior for

a diffusion process [31]. The bottom right plot shows that the computational cost of

the multilevel method is again almost perfectly proportional to ε−2.

2.4.2.5 Digital option

The digital option considered here has the discounted payoff

P = exp(−rT ) 1{S(T )>K}.

In [31], a multilevel variance convergence rate of O(h
3/2
l ) is achieved by smoothing

the payoff using conditional expectation given the Brownian increments terminating
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Figure 2.5: Barrier option with constant jump rate

one timestep before reaching the terminal time T . The estimator is the probability

that Ŝnl > K under the assumption of simple Brownian motion with constant drift

anl−1 and volatility bnl−1 within the last timestep where :

E[P̂l − P̂l−1]

= E[ E[ f(Ŝfnl)− f(Ŝcnl) | ∆Wi, i = 1, . . . , nl − 1] ]

= E[ Φ

(
Ŝfnl−1+afnl−1h−K

bfnl−1

√
h

)
− Φ

(
Ŝcnl−2+2acnl−2h+bcnl−2∆Wnl−1 −K

bcnl−2

√
h

)
],

where f is the discounted digital payoff, nl = 2l denotes the number of fine-path

timesteps and h = T2−l, and Φ is the cumulative density function of the standard

Normal distribution.

In the jump-adapted time grid, the relationship between the last jump time and

the last timestep before expiry leads to different expressions for the above conditional
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Figure 2.6: Construction of the conditional expectation estimator for the digital op-
tion

expectation estimator. Let nT denote the number of timesteps in the discretisation

grid. There are three cases:

1. The last jump time J happens before the penultimate fixed-time timestep, i.e.

J < (nT − 2) T
nT

;

2. The last jump time is within the last fixed-time timestep , i.e. J > (nT − 1) T
nT

;

3. The last jump time is within penultimate fixed-time timestep, i.e. (nT −1) T
nT

>

J > (nT − 2) T
nT

.

Correspondingly, the expressions of fine-path and coarse-path estimators are shown

in the following.

1. In the case 1, the last timestep of the fine grid and coarse grid is the same as

the previous diffusion case. Since within each timestep, Ŝft is a constant drift
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and volatility diffusion process,

P̂ f
l = Φ

 ŜfnT−1+afnT−1h−K∣∣∣bfnT−1

∣∣∣√h
 ,

where Φ is the cumulative Normal distribution function, h = T/2l is fine-path

fixed timestep, drift afnT−1 ≡a(ŜfnT−1, T−hnT ) and volatility bfnT−1≡b(Ŝ
f
nT−1, T−

hl).

To reduce variance we again use the Brownian increment ∆WnT−2 ∼ N(0, h)

generated for the fine path,

P̂ c
l−1 = Φ

(
ŜcnT−2+2acnT−2h+bcnT−2∆WnT−2 −K∣∣bcnT−2

∣∣√h
)
.

2. In case 2, the last timestep of the fine grid would be hj = T − J . Since the last

timestep agrees on the fine and coarse discretisations, the expressions for the

estimator for both fine and coarse path are

P̂ f
l = Φ

(
ŜfnT−1+a

f
nT−1hj−K

|bfnT−1|
√
hj

)
,

P̂ c
l−1 = Φ

(
ŜcnT−1+a

c
nT−1hj−K

|bcnT−1|
√
hj

)
.

(2.11)

3. In the last case, the last timestep of the fine grid is h, so

P̂ f
l = Φ

 ŜfnT−1+afnT−1h−K∣∣∣bfnT−1

∣∣∣√h
 .

Let J denote the last jump time, and the last timestep of the coarse grid is

hj = T−J−h. To reduce variance we again use Brownian increment ∆WnT−2 ∼
N(0, hj) generated for the fine path,

P̂ c
l−1 = Φ

(
ŜcnT−2+acnT−2hj+b

c
nT−2∆WnT−2 −K∣∣bcnT−2

∣∣√h
)
.

In all three cases, the conditional expectation of the coarse-path estimator is

equal to the fine-path one on the same level, thus equality (2.5) is justified. Figure

2.6 clearly demonstrates three cases.
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Figure 2.7: Digital option

Figure 2.7 shows the numerical results for parameters S(0)=100, K=100, T =1,

r=0.05, σ=0.2. The top left plot shows that the variance is approximately O(h
3/2
l ),

corresponding to β=1.5. The reason for this is similar to the argument in [31].

A different feature compared to the geometric Brownian motion case is that the

variance of the level 0 estimator is a constant increasing with jump rate λ, instead of

zero. The reason is simply that the trajectories at level 0 vary in each simulation due

to the presence of jumps.

2.5 Path-dependent rates

In the case of a path-dependent jump rate λ(St, t), the implementation of the multi-

level method becomes more difficult because the coarse and fine path approximations

may jump at different times. These differences could lead to a large difference be-

tween the coarse and fine path payoffs, and hence greatly increase the variance of the
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multilevel correction.

To tackle this obstacle, we modify the simulation approach through the acceptance-

rejection technique of Glasserman & Merener [41] which uses “thinning” to treat the

case when λ is bounded.

The idea of the thinning method is to construct a Poisson process with a constant

rate λsup which is an upper bound of the state-dependent rate. This gives a set of

candidate jump times, and these are then selected as true jump times with probability

λ(St, t)/λsup.

If we approximate the process between two jump times using the Milstein scheme,

we have the following jump-adapted Milstein scheme with thinning:

1. Generate the jump-adapted time grid for a Poisson process with constant rate

λsup;

2. Simulate each timestep using the Milstein discretisation;

3. When the endpoint tn+1 is a candidate jump time, generate a uniform random

number U ∼ [0, 1], and if U < ptn+1 =
λ(Ŝ(tn+1−), tn+1)

λsup

, then accept tn+1 as a

real jump time and simulate the jump.

2.5.1 Multilevel treatment

In the multilevel implementation, if we use the above algorithm with different ac-

ceptance probabilities for fine and coarse level, there may be some samples in which

a jump candidate is accepted for the fine path, but not for the coarse path, or vice

versa. Because of first order strong convergence, the difference in acceptance proba-

bilities will be O(hl), and hence there is an O(hl) probability of coarse and fine paths

differing in accepting candidate jumps. Such differences will give an O(1) difference

in the payoff value, and hence the multilevel variance will be O(hl). A more detailed

analysis is given in chapter 3.

To improve the variance convergence rate, we use a change of measure so that the

acceptance probability is the same for both fine and coarse paths. This is achieved

by taking the expectation with respect to a new measure Q:

E[P̂l − P̂l−1] = EQ[P̂l
∏
τ

Rf
τ − P̂l−1

∏
τ

Rc
τ ]
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Figure 2.8: European call option with path-dependent jump rate using thinning with-
out a change of measure

where τ are the jump times. The acceptance probability for a candidate jump under

the measure Q is 1
2

for both coarse and fine paths, instead of pτ = λ(S(τ−), τ) / λsup.

The corresponding Radon-Nikodym derivatives are

Rf
τ =

{
2pfτ , if Uτ <

1
2

;
2(1− pfτ ), if Uτ ≥ 1

2
,

Rc
τ =

{
2pcτ , if Uτ <

1
2

;
2(1− pcτ ), if Uτ ≥ 1

2
,

where Uτ are (0, 1) independent uniform random variables. Under Q, P̂l and P̂l−1 are

simulated on the jump-adapted time grid generated with a constant rate λsup where

we simulate the jump magnitude if Uτ <
1
2
; Rf

τ and Rc
τ are generated using the same

Uτ .

Since Rf
τ − Rc

τ = O(hl) and P̂l − P̂l−1 = O(hl), this results in the multilevel

correction variance VQ[P̂l
∏

τ R
f
τ − P̂l−1

∏
τ R

c
τ ] being O(h2

l ).

If the analytic formulation is expressed using the same thinning and change of
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Figure 2.9: European call option with path-dependent jump rate using thinning with
a change of measure

measure, the weak error can be decomposed into two terms as follows:

EQ

[
P̂l
∏
τ

Rf
τ − P

∏
τ

Rτ

]
= EQ

[
(P̂l − P )

∏
τ

Rf
τ

]
+ EQ

[
P (
∏
τ

Rf
τ −

∏
τ

Rτ )

]
.

Using Hölder’s inequality, the bound max(Rτ , R
f
τ ) ≤ 2 and standard results for a

Poisson process, the first term can be bounded using weak convergence results for the

constant rate process, and the second term can be bounded using the corresponding

strong convergence results which are explained in Chapter 3. This guarantees that

the multilevel procedure does converge to the correct value.
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2.5.2 Numerical results

We show numerical results for a European call option using

λ =
1

1 + (S(t−)/S0)2
, λsup = 1,

and with all other parameters as used previously for the constant rate cases.

Comparing Figures 2.8 and 2.9 we see that the variance convergence rate is sig-

nificantly improved by the change of measure, but there is little change in the com-

putational cost. This is due to the main computational effort being on the coarsest

level, which suggests using quasi-Monte Carlo on that level [38].

The bottom left plot in Figure 2.8 shows a slightly erratic behaviour. This is

because the O(hl) variance is due to a small fraction of the paths having an O(1)

value for P̂l − P̂l−1. In the numerical procedure, the variance is estimated using an

initial sample of 100 paths. When the variance is dominated by a few outliers, this

sample size is not sufficient to provide an accurate estimate, leading to this variability.

2.6 Conclusions

In this chapter we have extended the multilevel Monte Carlo method to scalar jump-

diffusion SDEs using a jump-adapted discretisation. Second order variance conver-

gence is maintained in the constant rate case for European options with Lipschitz

payoffs, and also for lookback options by constructing estimators using a previous

Brownian interpolation technique. Variance convergence of order 1.5 is obtained for

barrier and digital options, which again matches the convergence order which has

been achieved previously for scalar SDEs without jumps. In the state-dependent rate

case, we use thinning with a change of measure to avoid asynchronous jumps in the

fine and coarse levels.
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Chapter 3

Numerical Analysis Of Multilevel
Monte Carlo For Scalar
Jump-diffusion SDEs

3.1 Introduction

In the previous chapter, we applied multilevel Monte Carlo(MLMC) approach to

finite-rate jump-diffusion SDEs, using a jump-adapted Milstein discretisation scheme

for the constant rate case and with a thinning procedure for the state-dependent

intensity case. The numerical results showed that in terms of RMS error ε the com-

putational cost of O(ε−2) is obtained for the estimation of several payoffs. Recall

that due to Theorem 1.3.1, it is the convergence rate of Vl, i.e. the variance of

the multilevel (ML) correction term, as l → ∞ that determines the computational

complexity of MLMC. Extending the analysis in [34], in this chapter we will estab-

lish the analysis of the variance convergence order needed in each case of Lipschitz,

Asian, lookback, barrier, and digital payoffs. Those numerical and analysis results

are summarised in Table 3.1.

The structure of this chapter is as follows. Section 3.2 presents notation of Pois-

son random measure and lists the assumptions on the jump-diffusion SDEs. Section

3.3 deals with the constant jump rate setting. We first review the jump-adapted

Milstein scheme and prove its strong convergence. Then we define Brownian In-

terpolation, on which the construction of estimators for the running maximum and

the crossing probability for path-dependent options are based. In order to perform

numerical analysis later, we bound the distance between the Brownian Interpolant

and the Kloeden-Platen interpolant in several norms. Afterwards we use bounds for
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Euler for diffusions Milstein for diffusions Jump-adapted Milstein
option numerical analysis numerical analysis numerical analysis
Lipschitz O(h) O(h) O(h2) O(h2) O(h2) O(h2)
Asian O(h) O(h) O(h2) O(h2) O(h2) O(h2)
lookback O(h) O(h) O(h2) O(h2−δ) O(h2) O(h2−δ)
barrier O(h1/2) O(h1/2−δ) O(h3/2) O(h3/2−δ) O(h3/2) O(h1−δ)
digital O(h1/2) O(h1/2 log h) O(h3/2) O(h3/2−δ) O(h3/2) O(h3/2−δ)

Table 3.1: Orders of convergence for Vl as observed numerically and proved analyt-
ically for both the Euler and Milstein discretisations for pure diffusions and jump-
diffusions; δ can be any strictly positive constant. h ≡ hl.

moments of the distance between numerical and analytic solutions to establish an

extreme path argument. Consequently, the estimates for convergence rates of Vl for

Lipschitz, Asian, lookback, barrier and digital option are obtained. Section 3.4 deals

with the state-dependent intensity setting, where the estimator is constructed by the

thinning scheme with a change of measure to reduce variance. The variance of the

ML estimator is analysed through a decomposition of the estimator into two parts: a

ML correction term for a constant rate, and the discrepancy between Radon-Nikodym

derivatives on fine and coarse levels.

3.2 Notations and assumptions

3.2.1 Jump-diffusion SDE notation

We follow the notations in [51]. Given a filtered probability space (Ω,Ft,P) satisfying

the usual conditions, and a Borel set called the mark space E ⊆ Rr\ {0} , we have

a Poisson random measure pϕ(dz, dt) on E × [0,∞]. Its compensator is ϕ(dz)dt =

λg(z)dzdt, where λ is the intensity, and g(z) is the p.d.f. of the mark. Intuitively,

pϕ(A, [0, t]) counts the number of jumps with magnitude (mark) belonging to A ⊆ E

occurring in the time interval [0, t].

The definition of random measure can be generalized to allow flexibility in time

and state dependence on the intensity λ and the mark z. For rigorous details we

refer to [42]. Following the notation in [51], the dynamics of a state-dependent jump-
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diffusion SDEs can be written as

dS(t) = a(S(t−), t)dt+ b(S(t−), t)dW (t) +

∫
z∈E

c(S(t−), t, z)µ(dz, dt), 0 ≤ t ≤ T,

(3.1)

where the compensator of the random measure µ is ϕ(dz)dt = λ(S(t−), t)g(z)dzdt.

Note that the scope of this dynamics is wider than (1.2) in Chapter 2 since it allows

the form of jump coefficient to be a general c(S(t−), t, z) instead of a separable form

of c(S(t−), t)(z − 1) in (1.2).

In the following we will focus on analysing (3.1) where µ (ω; ·, ·) is a Poisson

random measure pϕ (ω; ·, ·). This is because in Section 3.4 we will demonstrate how

to use thinning to relate general SDE with state-dependent intensity to SDE with a

Poisson random measure and a new jump coefficient c.

3.2.2 Some assumptions on the jump-diffusion SDEs

We shall restrict our model within scalar jump-diffusion SDE (3.1), namely the vector

S(t) is scalar and the mark space E ⊂ R. We also impose that the drift function

a ∈ C1,1(R×R+), volatility function b ∈ C2,1(R×R+) and jump coefficient c ∈
C2,2,1(R×R+ × E) satisfy the following standard conditions in which we use the

operator L0 ≡ ∂/∂t+ a ∂/∂S and L1 ≡ b ∂/∂S.

• A1 (bounded intensity): there exists λsup such that λ(x, t) ≤ λsup. λ is abso-

lutely continuous in t.

• A2 (uniform Lipschitz condition): there exists K1 such that

|a(x, t)− a(y, t)|+ |b(x, t)− b(y, t)|+ |L1b(x, t)− L1b(y, t)|

+ |c(x, t, z)− c(y, t, z)| ≤ K1 |x−y|.

• A3 (linear growth bound): there exists K2 such that

|a(x, t)|+ |L0a(x, t)|+ |L1a(x, t)|+ |b(x, t)|+ |L0b(x, t)|

+ |L1b(x, t)|+ |L0L1b(x, t)|+ |L1L1b(x, t)|+
(∫

z∈E
|c(x, t, z)|2 λsupg(z)dzdt

)1/2

≤ K2 (1 + |x|).

• A4 (additional Lipschitz condition on diffusion coefficient): there exists K3 such

that

|b(x, t)− b(x, s)| ≤ K3 (1 + |x|)
√
|t−s|.
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• A5 (uniform Lipschitz condition on intensity): there exists K4 such that

|λ(x, t)− λ(y, t)| ≤ K4 |x−y|.

Bounded intensity is to guarantee that the thinning method is correct. Extension

to locally bounded intensity is possible; see [26]. The absolutely continuity require-

ment in A1 is for the weak convergence proof of the jump-adapted Milstein scheme

with the thinning in [41]. Assumption A5 is used to bound the discrepancy between

Radon-Nikodym derivatives on fine and coarse levels in Section 3.4.

The following result is a general version of Theorem 1.9.3 in [51]. It can be proved

using Theorem 66 mimicking the proof of Theorem 67 in [52].

Theorem 3.2.1. Provided Assumption A2-A4 are satisfied, for any integer m > 1,

the solution to (3.1) where µ (ω; ·, ·) is a Poisson random measure pϕ (ω; ·, ·) admits

E
[

sup
0≤t≤T

|S(t)|m
]
< C (1 + |S0|m) .

where C is a positive constant.

3.3 Analysis in the constant rate setting

In this section we discuss the case in which the compensator ϕ(dz)dt = λ(S(t−), t)g(z)dzdt

of (3.1) has a constant intensity λ(S(t−), t) = λ.

3.3.1 A jump-adapted Milstein discretisation

We briefly review the jump-adapted Milstein scheme presented in chapter 2. Suppose

that we have simulated the jump time grid J = {τ1, τ2, . . . , τNT }, which includes

times at which jumps occur in [0, T ]. On the other hand, consider a fixed time grid

constituted of N timesteps, t′i = iT
N
, i = 0, 1, . . . , N, which is used in discretisation

schemes for diffusive SDEs. Now the superposition of them will be a jump-adapted

grid T = {0 = t0 < t1 < t2 < . . . < tNT+N = T}, and the timestep of this grid is

denoted by hn = tn+1− tn, n = 0, . . . , NT +N−1. We define a jump-adapted Milstein

scheme as

Ŝ−n+1 = Ŝn + an hn + bn ∆Wn + 1
2
b′n bn (∆W 2

n − hn),

Ŝn+1 =

{
Ŝ−n+1 + c(Ŝ−n+1, tn+1)(Yi − 1), when tn+1 ∈ J;

Ŝ−n+1, otherwise.
Merton model

Ŝn+1 = Ŝ−n+1 +
∫
z∈E c(Ŝ

−
n+1, tn+1, z)pλ(dz, tn+1). General model

(3.2)
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where Yi =
∫
z∈E pλ(dz, tn+1) is the amplitude of the i−th jump, Ŝ−n = Ŝ(tn−), b′ ≡

∂b/∂S, the subscript n denotes the timestep index, and an, bn and b′n are evaluated at

Ŝn, tn. With initial data Ŝ0 = S(0), this is the jump-adapted Milstein discretisation

of equation (3.1) using a maximum timestep of size h = T
N

.

[51] defines the Kloeden-Platen (KP) interpolant of (3.2):

ŜKP (t) = Ŝn + an (t−tn) + bn (W (t)−Wn) + 1
2
b′n bn

(
(W (t)−Wn)2 − (t−tn)

)
, (3.3)

for tn≤ t<tn+1 and proves the following result.

Theorem 3.3.1. Provided the assumptions A2-A4 are satisfied, then for m = 2 there

exists a constant C (m,T ) such that for the solution to (3.1) and (3.3)

E
[

sup
0≤t≤T

|S(t)− ŜKP (t)|m
]

< C (m,λ, T,K1,2) (1 + |S0|m) hm,

E
[

sup
0≤t≤T

|ŜKP (t)|m
]

< C (1 + |S0|m) .

Basically their result can be generalised to the case for any integer m ≥ 2 with

the same methodology:

Proof. The second result is implied by the first one and Theorem 3.2.1. It can also be

seen as an extension of Lemma 6.6.1 in [51]. We prove the first one in the following.

We introduce a notation for tn≤ t<tn+1:

S(t)

= S(tn) + an (t−tn) + bn (W (t)−Wn) + 1
2
b′n bn

(
(W (t)−Wn)2 − (t−tn)

)
+R3(tn, t)

≡ S(tn) + f(tn, t, S(tn)) +R3(tn, t),

where R3 is the remainder of a Wagner-Platen expansion on page 189 of [51]. Then

ŜKP (t) = Ŝ(tn) + f(tn, t, Ŝ(tn)).

Follow the proof of Theorem 8.7.1 in [51],

Z (T ) := E
[

sup
0≤t≤T

|S(t)− ŜKP (t)|m
]

can be bounded by the sum of three parts. The first part is

E
[

sup
0≤t≤T

∣∣ nt−1∑
n=0

f(tn, tn+1, S(tn))−f(tn, tn+1, Ŝ(tn))+f(tnt , t, S(tnt))−f(tnt , t, Ŝ(tnt))
∣∣p],
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where nt is the last grid point before t.

The second part is

E

[
sup

0≤t≤T

∣∣∣∣∣
nt−1∑
n=0

R3(tn, tn+1) +R3(tnt , t)

∣∣∣∣∣
p]
.

According to the results in [45], the bounds on the first and second parts are

C (m,K1)

∫ T

0

Z (u) du+ C (K2) (1 + |S0|m)hm.

The third part is

PT := E
[

sup
0≤t≤T

∣∣∣∣∫ t

0

∫
z∈E

(
c(S(t−), t, z)− c(ŜKP (t), t, z)

)
pϕ(dz, dt)

∣∣∣∣m] .
Let λ be the intensity rate of pϕ. p̃ϕ = pϕ − ϕ(dz)dt denotes the compensated

measure of the random measure pϕ(dz, dt). It follows that the stochastic integral of

any predictive process w.r.t. p̃ϕ is a martingale. Applying the Burkholder–Davis–

Gundy inequality (A.2.9) in the appendix to the stochastic integral w.r.t. p̃ϕ, we

have

PT ≤ 2m−1

(
E
[

sup
0≤t≤T

∣∣∣∣∫ t

0

∫
z∈E

(
c(S(t−), t, z)− c(ŜKP (t), t, z)

)
p̃ϕ(dz, dt)

∣∣∣∣m]

+E
[

sup
0≤t≤T

∣∣∣∣∫ t

0

∫
z∈E

(
c(S(t−), t, z)− c(ŜKP (t), t, z)

)
ϕ(dz)dt

∣∣∣∣m]
)

≤ 2m−1CmE

[(∫ T

0

∫
z∈E

(
c(S(t−), t, z)− c(ŜKP (t), t, z)

)2

ϕ(dz)dt

)m/2]

+2m−1E
[

sup
0≤t≤T

∣∣∣∣∫ t

0

∫
z∈E

(
c(S(t−), t, z)− c(ŜKP (t), t, z)

)
ϕ(dz)dt

∣∣∣∣m]

Using the Jensen’s inequality by noting that ϕ(dz)dt/ (λT ) can be seen as a prob-

ability measure since
∫ T

0

∫
z∈E ϕ(dz)dt/ (λT ) = 1, it follows that for m ≥ 2(∫ T

0

∫
z∈E

(
c(S(t−), t, z)− c(ŜKP (t), t, z)

)2

ϕ(dz)dt/ (λT )

)1/2

≤
(∫ T

0

∫
z∈E

∣∣∣c(S(t−), t, z)− c(ŜKP (t), t, z)
∣∣∣m ϕ(dz)dt/ (λT )

)1/m

.
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We have a similar inequality for the other term. Hence

PT ≤ 2m−1Cm (λT )m/2−1 E
[∫ T

0

∫
z∈E

∣∣∣c(S(t−), t, z)− c(ŜKP (t), t, z)
∣∣∣m ϕ(dz)dt

]
+2m−1 (λT )m−1 E

[∫ T

0

∫
z∈E

∣∣∣c(S(t−), t, z)− c(ŜKP (t), t, z)
∣∣∣m ϕ(dz)dt

]
≤ C (m,λ, T,K1)E

[∫ T

0

∣∣∣S(t)− ŜKP (t)
∣∣∣m dt

]
≤ C (m,λ, T,K1)

∫ T

0

Z (u) du.

In sum,

Z (T ) ≤ C (m,K1)

∫ T

0

Z (u) du+C (K2) (1 + |S0|m)hm+C (m,λ, T,K1)

∫ T

0

Z (u) du.

By Grönwall’s inequality we conclude that

E
[

sup
0≤t≤T

|S(t)− ŜKP (t)|m
]
≤ C (m,λ, T,K1,2) (1 + |S0|m) hm.

3.3.2 Interpolation approximation

In [34] the Brownian Interpolation is constructed by approximating the path as a

constant drift and volatility diffusion between grid points. Here it is adapted with a

slight difference-the length and number of timesteps are no longer deterministic. We

can define

Ŝ(t) = Ŝn + vn (Ŝ−n+1−Ŝn) + bn

(
W (t)−Wn − vn (Wn+1−Wn)

)
(3.4)

for tn≤ t<tn+1, where vn ≡ (t−tn)/hn. By definition it is eligible to generate running

maximum/ crossing probability for Ŝ(t) within grid points by Brownian Bridge re-

sults. In order to justify that the approximation constructed based on Ŝ has the weak/

strong convergence, and to bound the variance of the ML term using extreme path

theory, we shall bound the deviation between the KP interpolant and the Brownian

interpolant in the sense of both strong convergence and weak convergence. Moreover

we bound the distance between the two integrated interpolants in L2 norm for the

Asian payoff.
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Theorem 3.3.2. If Ŝ(t) is the interpolant defined by (3.4) and ŜKP (t) is the Kloeden-

Platen interpolant defined by (3.3) then for any integer m > 0

i)

E

[
sup
[0,T ]

∣∣∣Ŝ(t)− ŜKP (t)
∣∣∣m] = O ((h log h)m) ,

ii)

sup
[0,T ]

E
[ ∣∣∣Ŝ(t)− ŜKP (t)

∣∣∣m] = O(hm),

iii)

E

[(∫ T

0

(Ŝ(t)− ŜKP (t)) dt

)2
]

= O(h3).

Proof. In the following G denotes the filtration σ{Nt, 0 ≤ t ≤ T}. G gives the

information of the jump-adapted grid.

By Theorem 3.3.1 and Assumption A2 we have a bound for E[supn |b′nbn|m] . Let

the number of fixed time grids be N = T/h. Then for t ∈ [tn, tn+1], the difference

between the two interpolants is

Ŝ(t)− ŜKP (t) = 1
2
b′nbn Y (t),

where according to (3.4)

Y (t) = vn(Wn+1−Wn)2 − (W (t)−Wn)2.

i) Using the Cauchy-Schwarz inequality, we have

E

[
sup
[0,T ]

∣∣∣Ŝ(t)− ŜKP (t)
∣∣∣m] ≤ 2−m

√√√√E
[
sup
n
|b′nbn|2m

]
E

[
sup
[0,T ]

|Y (t)|2m
]
.

Moreover, there holds

|Y (t)| ≤ (Wn+1−Wn)2 + (W (t)−Wn)2.

By Lévy’s modulus of continuity (see [20]):

lim
h→0

sup
0<|t−s|<h

0<t,s<1

|W (t)−W (s)|√
2h log 1

h

= 1, a.s.
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we have

E
[

sup
0≤t≤T

|Y (t)|2m
]
≤ Cm

(
h log

1

h

)2m

.

Therefore the assertion holds.

ii) Let W (t)−Wn =
√
vn hn Z1 and Wn+1−W (t) =

√
(1−vn)hn Z2, where Z1, Z2

denote independent standard Normal random variables, one can prove that

|Y | ≤ h max(Z2
1 , Z

2
2),

and hence E[ |Y |m] ≤ 22−m (2m−1)!hm/(m−1)!. The assertion then follows

from

E
[ ∣∣∣Ŝ(t)− ŜKP (t)

∣∣∣m] = 2−m E[ |b′nbn|m] E[ |Y |m].

iii) Defining Xn :=

∫ tn+1

tn

Y (t) dt, we obtain

E

[(∫ T

0

(Ŝ(t)− ŜKP (t)) dt

)2
]

= 1
4
E

E
(N+NT−1∑

n=0

b′nbnXn

)2

| G

 .
For n>m, E[b′mbmXmb

′
nbnXn] = 0 since Xn is independent of b′mbmXmb

′
nbn and

E[Xn | G] = 0. In addition, the Xn are independent of b′nbn conditional on G.

Therefore

E

[(∫ T

0

(Ŝ(t)− ŜKP (t)) dt

)2
]

= 1
4
E

[
E

[
N+NT−1∑
n=0

(b′nbn)
2
X2
n | G

]]

= 1
4
E

[
N+NT−1∑
n=0

E
[
(b′nbn)

2 | G
]
E
[
X2
n | G

]]

≤ 1
4
Ch4E

[
(N +NT )E

[
sup
n

(b′nbn)
2 | G

]]

≤ 1
4
Ch4

√√√√E [(N +NT )2]E

[
E
[
sup
n

(b′nbn)2 | G
]2
]

≤ 1
4
Ch4

√
E
[
(T
h

+NT )2
]
E
[
sup
n

(b′nbn)4

]
= O(h3)
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where we use

E
[
X2
n | G

]
≤ hnE

[∫ tn+1

tn

Y (t)2 dt | G
]

≤ Ch4

due to the bound on E[ |Y (t)|m] in ii). The last two steps follow from Cauchy-

Schwartz inequality to separate N+NT term, Jensen’s inequality, linear growth

bound and Theorem 3.3.1 for a finite pth moment of E
[
supn (b′nbn)4] .

The following decomposition is useful in the analysis of variance of ML estimator:

Ŝf (t)− Ŝc(t) = (Ŝf (t)−ŜfKP (t)) − (Ŝc(t)−ŜcKP (t))

+ (ŜfKP (t)−S(t)) − (ŜcKP (t)−S(t)) (3.5)

with Theorem 3.3.2 bounding the error in the first two terms, and Theorem 3.3.1

bounding the error in the last two terms.

3.3.3 Lipschitz payoffs

The payoff of European options, such as vanilla call and put options, is a Lipschitz

function of the value of the underlying asset at maturity,

P = f(S(T )).

A more general class of Lipschitz payoffs in which the payoff is a Lipschitz function

of the values of the underlying asset at a finite number of times Tm,

P = f(S(T1), S(T2), . . . , S(TM)),

with the Lipschitz bound∣∣∣f(S
(2)
1 , S

(2)
2 , . . . , S

(2)
M )− f(S

(1)
1 , S

(1)
2 , . . . , S

(1)
M )
∣∣∣ ≤ L

M∑
m=1

∣∣S(2)
m − S(1)

m

∣∣ ,
for some constant L. In the numerical discretisation the fine and coarse path payoffs

are both defined by

P̂ = f(Ŝ(T1), Ŝ(T2), . . . , Ŝ(TM)),

with Ŝ(t) given by the Brownian interpolation. Note that this will require the addi-

tional simulation of W (Tm) if Tm does not correspond to one of the existing timesteps.

We get the following result concerning the variance of the multilevel estimator:
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Theorem 3.3.3. This approximation for Lipschitz payoffs has Vl = O(h2
l ).

Proof. From the Lipschitz bound and Jensen’s inequality we obtain

V[P̂ f
l − P̂

c
l−1] ≤ E[(P̂ f

l − P̂
c
l−1)2] ≤ L2M

M∑
m=1

E[(Ŝf (Tm)− Ŝc(Tm))2].

The decomposition (3.5) implies that

E[(Ŝf (Tm)− Ŝc(Tm))2] ≤ 4
(
E[(Ŝf (Tm)−ŜfKP (Tm))2] + E[(Ŝc(Tm)−ŜcKP (Tm))2]

+ E[(ŜfKP (Tm)−S(Tm))2] + E[(ŜcKP (Tm)−S(Tm))2]
)

and the proof is completed using the results from Theorems 3.3.1 and 3.3.2.

3.3.4 Asian options

Continuously monitored Asian options have a payoff P = f(S, S(T )), that is a uni-

form Lipschitz function the average over the time interval

S ≡ T−1

∫ T

0

S(t) dt,

and S(T ). We now consider two alternative numerical approximations.

3.3.4.1 Treatment 1

In chapter 2, the first treatment is that the approximated path averages Ŝ are defined

by integrating the interpolant (3.4). Because of Lemma A.1.1, this gives∫ T

0

Ŝf (t) dt =

N+NT−1∑
n=0

1
2
hn

(
Ŝfn + Ŝf−n+1

)
+ bn ∆Ifn (3.6)

where ∆Ifn are independent N(0, 1
12
h3
n) variables, conditional on G which denotes

the filtration σ{Nt, 0 ≤ t ≤ T}. The coarse path average is defined accordingly, and

a straightforward calculation gives

∆Icn ≡
∫ tn+2

tn

(W (t)−Wn) dt− 1

2
(tn+2 − tn)(W (tn+2)−W (tn))

= ∆Ifn + ∆Ifn+1 − 1
2

(tn+2 − tn)

(
νn(W (tn+1)−W (tn))

−(1− νn) (W (tn+2)−W (tn+1))

)
,
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where νn = (tn+2 − tn+1)/(tn+2 − tn). Thus for the midpoint interval Icn is computed

from two ∆If and the Brownian increments used to generate the fine path.

This approximation has weak convergence since

∣∣∣∣E [∫ T

0

Ŝ(t) dt−
∫ T

0

S(t) dt

]∣∣∣∣
is bounded by Theorem 3.3.2.

Theorem 3.3.4. The approximation (3.6) for continuous Asian payoffs has variance

Vl = O(h2
l ).

Proof. Integrating (3.5) gives

E[(Ŝf − Ŝc)2] ≤ 4
(
E[(Ŝf−ŜfKP )2] + E[(Ŝc−ŜcKP )2]

+ E[(ŜfKP−S)2] + E[(ŜcKP−S)2]
)
,

Using the Lipschitz bound and Theorems 3.3.1 and 3.3.2 we can conclude the proof.

3.3.4.2 Treatment 2

The second treatment is the same as the first except that it omits the terms Ifn and

Icn and so the averages correspond to trapezoidal integration of the two interpolants,

or alternatively they can be viewed as averages of the piecewise linear interpolants

ŜPL(t). ∫ T

0

Ŝf (t) dt =

N+NT−1∑
n=0

1
2
hn

(
Ŝfn + Ŝf−n+1

)
. (3.7)

Theorem 3.3.5. The approximation (3.7) for continuous Asian options has variance

Vl = O(h2
l ).

Proof. The difference between the averages of the Brownian and piecewise linear

interpolants is

T−1

∫ T

0

(
Ŝ(t)− ŜPL(t)

)
dt = T−1

∑
n

bn∆In.
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Since the In are independent N(0, 1
12
h3
n) variables and independent of bn conditional

on G, it follows that

E
[
(Ŝ − ŜPL)2

]
= 1

12
T−2E

[
N+NT−1∑
n=0

E
[
b2
n | G

]
E
[

∆I2
n | G

]]

≤ 1

12
T−2h3

√
E [(N +NT )2]E

[
sup
n
b4
n

]
,

and this is O(h2) due to the finite bound for E[supn b
4
n].

Since

ŜfPL − ŜcPL = (Ŝf−Ŝc)− (Ŝf−ŜfPL) + (Ŝc−ŜcPL)

it follows that

E[(ŜfPL − ŜcPL)2] ≤ 3
(
E[(Ŝf−Ŝc)2] + E[(Ŝf−ŜfPL)2] + E[(Ŝc−ŜcPL)2]

)
.

The bounds on E[(Ŝ−ŜPL)2] together with the bound on E[(Ŝf−Ŝc)2] from the proof

of Theorem 3.3.4 prove that E[(ŜfPL − ŜcPL)2] = O(h2
l ), and the result then follows

from the assumed Lipschitz property of the payoff.

3.3.5 Lookback options

The payoff of a lookback option is uniform Lipschitz in terms of the value of the

underlying at maturity S(T ) and either the running minimum or the maximum of

the underlying over the time horizon. We consider the case of the running minimum;

the analysis for cases involving the maximum is similar.

P = exp(−rT )E
[(
S(T )− min

0≤t≤T
S(t)

)]
For the fine path calculation, on level l, Tl= J∪

{
iT
2l

}
= {0 = t0 < t1 < . . . < tnl =

T}, nl = 2l + NT is the jump-adapted time grid. Define Ŝ(t) to be the Brownian

interpolant of Ŝn within the fine grid Tl= J∪
{
iT
2l

}
, as in (3.4). The correspond-

ing MC estimator constructed by the jump-adapted Milstein scheme with Brownian

interpolation between grid points would be

P̂ = exp(−rT )

(
Ŝ(T )− min

0≤t≤T
Ŝ(t)

)
.
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Now we derive a method to calculate min0≤t≤T Ŝ(t). Let Fl = σ{Nt, 0 ≤ t ≤
T ;W1 = W (t1),W2, ...,W2l+NT ;Yi, i ∈ J} where Nt is the Poisson process associated

with the jump component, and Ŝi,min = minti≤t<ti+1
Ŝ(t). The running minimum of

Ŝ can be computed by:

E
[

min
0≤t≤T

Ŝ(t)

]
= E

[
E
[

min
0≤t≤T

Ŝ(t) | Fl
]]

= E
[
E
[

min
0≤n≤nl−1

Ŝn,min | Fl
]]
.

By the Markov property, we have for arbitrary x > 0,

P (Ŝn,min < x | Fl) = P
(
Ŝn,min < x | Ŝ(tn), Ŝ(tn+1−)

)
.

Thus by Lemma A.1.2 given Fl we can generate a sample of Ŝn,min:

Ŝn,min = 1
2

(
Ŝn + Ŝ−n+1 −

√(
Ŝ−n+1−Ŝn

)2

− 2 (bn)2 hn logUn

)
, (3.8)

where Un are independent uniform random variables on [0, 1].

Therefore, taking the minimum (3.8) over all timesteps gives a sample of the global

minimum which is used to compute the fine path value P̂l.

For the coarse path value P̂ c
l−1, define Ŝc(t) to be the Brownian interpolant of Ŝcn

within the coarse grid Tl−1 = J∪
{

iT
2l−1

}
. Considering a particular timestep in the

coarse path construction, we have two possible situations. If it does not contain one

of the fine path discretisation times, and therefore corresponds exactly to one of the

fine path timesteps, then it is treated in the same way as the fine path, using the same

uniform random number Un. If the coarse timestep contains midpoint ζi = (2i−1)T
2l

,

let n (ζi) be the index of grid point in Tl of the midpoint ζi. Using grid index Tl, this

coarse timestep is the midinterval [tn−1, tn+1]. We have to evaluate min[tn−1,tn+1] Ŝ
c(t)

conditional on Fl. since Brownian path value at the midpoint ζi = (2i−1)T
2l

(2.3) is

known, min[tn−1,tn+1] Ŝ
c(t) | Fl = mint∈[tn−1,tn+1] Ŝ

c(t) | Ŝc (tn) ,Ŝc(ζi) , Ŝ
c(tn+1−) by

the Markov property. Hence we have to calculate the Brownian interpolant Ŝc(ζi) by

(3.4) and then given Fl,mint∈[tn−1,tn+1] Ŝ
c(t) = min

(
min[tn−1,tn] Ŝ

c(t),min[tn,tn+1] Ŝ
c(t)
)

.
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We have

min
[tn−1,tn]

Ŝc(t) = 1
2

(
Ŝc

(
tn−1

)
+ Ŝc(ζi)

−
√(

Ŝc(ζi)−Ŝc (tn)
)2

− 2 (bcn)2 (ζi − tn−1) logU f
n

)
,

min
[tn,tn+1]

Ŝc(t) = 1
2

(
Ŝc(ζi) + Ŝc(tn+1−)

−
√(

Ŝc(tn+1−)−Ŝc (ζi)
)2

− 2 (bcn+1)2 ( tn+1 − ζi) logU f
n+1

)
.

where bcn = bcn+1 ≡ b(Ŝcn, tn). min[tn−1,tn+1] Ŝ
c(t) on level l has exactly the same

distribution as min[tn−1,tn+1] Ŝ
f (t) on level l−1, since they are both based on the same

Brownian interpolation (3.4), therefore equality (2.5) is satisfied.

Theorem 3.3.6. Suppose that a lookback payoff is a uniform Lipschitz function of

S (t) and min0≤t≤T S (t), and on level l, the minima of the fine and coarse paths

Ŝfmin = min0≤n≤nl−1 Ŝn,min and Ŝcmin = min0≤n≤nl−1−1 Ŝn,min are generated by the

previous method. Then the multilevel correction term of a lookback option has Vl =

O
(
h2
l |log hl|2

)
.

Proof. We have∣∣∣Ŝfmin − Ŝcmin∣∣∣ ≤ max
0≤n≤nl−1

∣∣∣Ŝfn,min − Ŝcn,min∣∣∣
≤ max

0≤n≤nl−1

∣∣∣Ŝfn − Ŝcn∣∣∣+ max
0≤n≤nl−1

∣∣∣D̂f
n − D̂c

n

∣∣∣ , (3.9)

where

D̂f
n = 1

2

√(
Ŝf−n+1−Ŝ

f
n

)2

− 2 (bfn)2 hn logUn

and D̂c
n is defined with bcn = bcn−1 for n (ζi) , i = 1, 2, ..., 2l−1. Now, using the inequality

46



| |x| − |y| | ≤ |x− y|, calculation gives∣∣∣D̂f
n − D̂c

n

∣∣∣
=

∣∣∣(D̂f
n)2 − (D̂c

n)2
∣∣∣

D̂f
n + D̂c

n

≤

∣∣∣(Ŝf−n+1 − Ŝfn)2 − (Ŝc−n+1 − Ŝcn)2
∣∣∣

4(D̂f
n + D̂c

n)
+
|(bfn)2 − (bcn)2| hn | logUn|

2(D̂f
n + D̂c

n)

≤ 1
2

∣∣∣|Ŝf−n+1 − Ŝfn | − |Ŝc−n+1 − Ŝcn|
∣∣∣ + 1√

2

∣∣|bfn| − |bcn|∣∣ √hn | logUn|

≤ 1
2

(∣∣∣Ŝf−n+1 − Ŝc−n+1

∣∣∣+
∣∣∣Ŝfn − Ŝcn∣∣∣) + 1√

2
|bfn − bcn|

√
hn | logUn|. (3.10)

Hence∣∣∣Ŝfmin − Ŝcmin∣∣∣2
≤ 27

4
max

0≤n≤nl−1

∣∣∣Ŝfn − Ŝcn∣∣∣2 +
3

4
max

0≤n≤nl−1

∣∣∣Ŝf−n − Ŝc−n ∣∣∣2 +
3

2
hl max

0≤n≤nl−1
|bfn − bcn|2 | logUn|2.

Since Ŝf−n+1 and Ŝc−n+1 can be seen as KP interpolants of Ŝn, i.e. Ŝf−n+1 = ŜfKP (tn+1−),

by Theorem 3.3.1, we have

E
[

max
0≤n≤nl−1

∣∣∣Ŝf−n − Ŝc−n ∣∣∣2] = O(h2
l );

E
[

max
0≤n≤nl−1

∣∣∣Ŝfn − Ŝcn∣∣∣2] = O(h2
l ).

For n 6= n(ζi), Assumption A1 implies |bfn− bcn| ≤ K1|Ŝfn−Ŝcn|; for n where ∃i s.t.

ζi = tn, the observation shows that

|bfn − bcn|2 = |bfn−bcn−1|

≤ 2 |bfn −b
f
n−1|2 + 2|bfn−1−bcn−1|2

≤ 2K1|Ŝfn−Ŝ
f
n−1|2 + 2K1|Ŝfn−1−Ŝcn−1|2.

In

Ŝfn−Ŝ
f
n−1 = an−1hn−1 + bn−1∆Wn−1 +

1

2
b′n−1bn−1 (∆W 2

n−1 − hn−1),

since bn−1∆Wn−1 is the dominant term, we only analyse it. By Jensen’s inequality,
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(G denotes the filtration σ{Nt, 0 ≤ t ≤ T})

E
[

max
1≤n≤nl−1

|bn−1∆Wn−1|2
]
≤ E

[
max

1≤n≤nl−1
b4
n−1

]1/2

E
[
E
[

max
1≤n≤nl−1

|∆Wn−1|4 | G
]]1/2

≤ KE
[
h2
l

∣∣log
(
NT + h−1

l

)∣∣2]1/2

≤ KE
[
h2
l (log (NT + 1) + |log hl|)2]1/2

= O (hl |log hl|) .

The following results come from extreme value theory which determine the limiting

distribution of the maximum of a large set of i.i.d. random variables; cf. [21].

Lemma 3.3.7. If Un, n = 1, . . . , N are independent samples from a uniform distri-

bution on the unit interval [0, 1], then for any positive integer m

E
[

max
1≤n≤N

| logUn|m
]

= O((logN)m), as N →∞. (3.11)

By Lemma 3.3.7,

E
[

max
0≤n≤nl−1

| logUn|2
]

= O
(
|log hl|2

)
.

Since Un are independent of |bfn − bcn|2 |, and the payoff is a Lipschitz function of

Ŝmin, we conclude that

Vl = O
(
h2
l |log hl|2

)
.

For the weak convergence of the scheme, we have

Theorem 3.3.8. The Brownian interpolated approximation for a lookback option

P̂ = exp(−rT )
(
Ŝ(T )−min0≤t≤T Ŝ(t)

)
satisfies that

∣∣∣E[P̂ f
l − P ]

∣∣∣ = O(h log h).

Proof. Note that∣∣∣∣E [ min
0≤t≤T

Ŝ(t)− min
0≤t≤T

S(t)

]∣∣∣∣ ≤ E

[
sup
[0,T ]

∣∣∣Ŝ(t)− S(t)
∣∣∣] = O(h log h).

where the last inequality comes from the n = 1 case of Theorem 3.3.1 and Theorem

3.3.2.
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3.3.6 Extreme paths

The analysis of the barrier and digital payoffs will use an extreme path argument that

certain “extreme” paths make a negligible contribution to the overall expectation.

This argument will be employed in this chapter based on the following two lemmas

taken from [34].

Lemma 3.3.9. If Xl is a scalar random variable defined on level l of the multilevel

analysis, and for each positive integer m, E[ |Xl|m] ≤ Cm is bounded, then, for any

δ > 0,

P[ |Xl| > h−δl ] = O(hpl ), ∀p > 0.

Proof. It follows from Corollary A.2.8 that

P[ |Xl| > h−δl ] = P[ |Xl|m > h−mδl ]

≤ hmδl E[ |Xl|m]

≤ hmδl Cm.

By choosing m > p/δ, ∀p > 0,

P[ |Xl| > h−δl ] = O(hpl ).

Lemma 3.3.10. If Yl is a scalar random variable on level l, E[Y 2
l ] is uniformly

bounded, and for each p1>0, the indicator function 1El on level l (which takes value

1 or 0 depending whether or not a path lies within some set El) satisfies

E[1El ] = O(hlp1),

then for each p>0,

E[ |Yl|1El ] = O(hpl ).

Proof. By Cauchy-Schwartz inequality,

E[ |Yl|1El ] ≤
(
E[Y 2

l ]
)1/2

(E[ 1El ])
1/2 .

By choosing p1 = 2p we conclude.
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In the proofs of the main analysis, Lemma 3.3.9 will be used to establish the

pre-conditions for Lemma 3.3.10, from which it can be concluded, by choosing p

sufficiently large, that the contribution of the extreme paths is negligible compared

to the paths that are not extreme.

The following lemma explains why the set of extreme paths has a small probability.

There is some difference between the definition here and the one in [34]. Here we have

to emphasize that for the extreme path, the Brownian increments exceeds certain level

of the square root of its corresponding timestep. This is required for the analysis of

digital options.

Lemma 3.3.11. In a jump-adapted time grid Tl = {0 = t0 < t1 < t2 < . . . < tM =

T} with the maximum timestep h and prescribed jump times set J = {τ1, τ2, . . . , τm},
for any γ > 0, the probability that a Brownian path W (t), its increments ∆Wn ≡
W (tn+1) −W (tn), and the corresponding SDE solution S(t) and its fine and coarse

path approximations Ŝfn and Ŝcn satisfy any of the following extreme conditions

∃n, max(|S(tn)|, |Ŝfn |, |Ŝcn|) > h−γ

∃n, max
(∣∣∣Ŝf−n − Ŝc−n ∣∣∣ , |S(tn)−Ŝcn|, |S(tn)−Ŝfn |, |Ŝfn−Ŝcn|

)
> h1−γ

∃n, |∆Wn| > h1/2−γ
n

where hn = tn+1 − tn, is O(hp) for all p>0.

Furthermore, there exist constants c1, c2, c3, c4 such that if none of these conditions

is satisfied, and γ < 1
2
, then

∀n, |Ŝf−n − Ŝ
f
n−1| ≤ c1 h

1/2−2γ
n (3.12)

∀n, |bfn − b
f
n−1| ≤ c2 h

1/2−2γ
n (3.13)

∀n, max(|bfn|, |bcn|) ≤ c3 h
−γ (3.14)

∀n, |bfn − bcn| ≤ c4 h
1/2−2γ (3.15)

where Ŝf−n = Ŝf (tn−), bcn = bcn−1 if ∃i s.t. ζi = tn (i.e. [tn−1, tn+1] is a midpoint

interval).

Proof. Note that Ŝf−n and Ŝc−n can be seen as a KP interpolant, i.e. Ŝf−n = ŜfKP (tn−).

Due to Theorems 3.2.1 and 3.3.1 and Lemma 3.3.9, the probability of event set which
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satisfies the first two extreme conditions is O(hp) for all p>0. In addition,

P
(
∃n, |∆Wn| > h1/2−γ

n

)
= E

[
P
(

max
0≤n≤N+NT−1

|∆Wn| > h1/2−γ
n | G

)]
≤ E

[ ∑
0≤n≤N+NT−1

P
(
|∆Wn| > h1/2−γ

n | G
)]
,

Due to Lemma 3.3.9, P
(
|∆Wn| > h

1/2−γ
n | G

)
≤ Cmh

mγ for all m> 0. By choosing

m > (p+ 1)/γ, we have P
(

supn |∆Wn| > h
1/2−γ
n

)
= O(hp) for all p>0.

If none of the extreme conditions is satisfied, then the linear growth bound gives

|Ŝf−n+1 − Ŝfn | < K2hn(1+h−γn ) +K2(1+h−γn )h1/2−γ
n + 1

2
K2(1+h−γn )(h1−2γ

n +hn).

Since hn ≤ T , we can then construct a constant c1 so that (3.12) is satisfied.

(3.13) follows as a consequence of Assumptions A1 and A3. (3.14) is obtained

from Assumption A2 and the bound on |Ŝfn | and |Ŝcn|.

If n 6= n(ζi), i.e. tn is not a midpoint, the bound in (3.15) follows from Assumption

A1 and the bound on |Ŝfn−Ŝcn|; for n where ∃i s.t. ζi = tn, then

|bfn − bcn| = |bfn−bcn−1| ≤ |bfn−b
f
n−1|+ |b

f
n−1−bcn−1|.

and it then follows from (3.13) and the bound for |Ŝfn−1−Ŝcn−1|.

3.3.7 Barrier options

We consider a down-and-out call barrier option for which the discounted payoff is

P = exp(−rT ) (S(T )−K)+ 1{MT>B},

where MT = min0≤t≤T S(t).

A jump-adapted Milstein with a Brownian interpolant approximation gives

P̂ = exp(−rT ) (Ŝ(T )−K)+ 1{M̂T>B},

where M̂T = min0≤t≤T Ŝ(t).

Let f (S) = (S −K)+. We first prove the weak convergence of the estimator.
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Theorem 3.3.12. Provided that the inf0≤t≤T S(t) has bounded density in the neigh-

bourhood of B, the Brownian interpolated approximation for a barrier option has∣∣∣E [P̂ f
l − P

]∣∣∣ = O(h1−δ
l )

for any δ>0.

Proof. The difference between the approximated and true payoff can be represented

as

E
[
P̂ f
l − P

]
=

1

2
E

[(
f
(
ŜfnT

)
− f (ST )

)(
1{MT>B} + 1{M̂T>B}

)
(3.16)

+
(
f
(
ŜfnT

)
+ f (ST )

)(
1{MT>B} − 1{M̂T>B}

)]
.

This is derived by using the equality

f1 g1 − f2 g2 = 1
2
(f1−f2)(g1+g2) + 1

2
(f1+f2)(g1−g2). (3.17)

The first part of the RHS of (3.16) is O(hl) by Theorem 3.3.1.

Note that ∣∣∣1{MT>B} − 1{M̂T>B}

∣∣∣ = 1 or 0.

For sufficiently small hl , ”= 1 ” holds only if either MT is close to the barrier or

the difference between continuous and discretely monitored maximum
∣∣∣MT − M̂T

∣∣∣ is

large. More precisely, {∣∣∣1{MT>B} − 1{M̂T>B}

∣∣∣ = 1
}
⊂ Fl ∪H,

where for a γ > 0 to be determined,

Fl : =
{
|MT −B| ≤ h1−2γ

l

}
,

H : =
{∣∣∣MT − M̂T

∣∣∣ > h1−γ
l

}
.

Due to the bounded density of MT in the neighbourhood of B, P (Fl) = O
(
h1−2γ
l

)
.

We define the extreme path set El to be the paths satisfying either the conditions

of Lemma 3.3.11 or belonging to H. We shall explain the reason for considering paths

belonging to H to be extreme paths. Note that
∣∣∣MT − M̂T

∣∣∣ ≤ sup[0,T ]

∣∣∣Ŝ(t)− S(t)
∣∣∣.

Theorems 3.3.1 and 3.3.2 imply a uniform bound for

E
[
h−ml sup

0≤t≤T

∣∣∣Ŝf (t)− S(t)
∣∣∣m] ,

52



for all l, and it follows that P
(∣∣∣MT − M̂T

∣∣∣ > h1−γ
l

)
= O(hpl ) for all p>0. By the linear

growth property of f and Theorems 3.3.1, E
[
f
(
ŜfnT

)4
]

are uniformly bounded for

all l. Hence by Lemma 3.3.10, for all p>0

E
[(
f
(
ŜfnT

)
+ f (ST )

)
(1{MT>B} − 1{M̂T>B})1El

]
= O(hpl ).

Hence we can focus on the contribution from Ec
l . In Ec

l , f
(
ŜfnT

)
+f (ST ) is bounded

by h−γ by definition. The second part of the RHS of (3.16) is bounded by

h−γE
[∣∣∣1{MT>B} − 1{M̂T>B}

∣∣∣] .
Hence

E
[∣∣∣1{MT>B} − 1{M̂T>B}

∣∣∣1Ecl ]
= E[

∣∣∣1{MT>B} − 1{M̂T>B}

∣∣∣1Fl1Ecl ] + E[
∣∣∣1{MT>B} − 1{M̂T>B}

∣∣∣1F cl 1Ecl ]
= O(h1−2γ

l ).

Thus ∣∣∣E [P̂ f
l − P

]∣∣∣ = O(h1−3γ
l ).

The result follows by taking γ = δ/3 and p ≥ 1.

Taking the standard variance reduction simulation approach to continuously mon-

itored barrier crossings (see section 6.4 in [39]), we can construct an estimator using

conditional expectation. For the fine path

P̂ f
l = f(ŜfnT )

nT−1∏
n=0

(1− p̂fn),

where

p̂fn = exp

(
−2 (Ŝfn−B)+(Ŝf−n+1−B)+

(bfn)2 hl

)
.

To prove the convergence of variance for this estimator, there are some gaps if

we follow the approach in [34]. The problem is that we can not have a good esti-

mate of the difference between crossing probabilities on fine and coarse level since

the presence of jumps causes arbitrarily small timesteps. Here, instead, we prove

the convergence of variance result for the estimator without taking the conditional

expectation to calculate the crossing probability. Since the variance is reduced by

using conditional expectation, as a corollary we conclude the convergence of variance

of the ML estimator using conditional expectation.
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Theorem 3.3.13. Provided inf0≤t≤T S(t) has a bounded density in the neighbourhood

of B, then the multilevel estimator for a down-and-out barrier option has variance

Vl = O(h1−δ
l ) for any δ>0.

Proof. The proof will use a similar approach to the weak convergence analysis.

The ML estimator for barrier option is

P̂ f
l = f(ŜfnT )1{Ŝfmin>B};

P̂ c
l−1 = f(ŜcnT )1{Ŝcmin>B}.

First we define the extreme path set El to be the path which fulfills any of the

conditions of Lemma 3.3.11 for γ < 1
2

or either of the following conditions:∣∣∣MT − Ŝfmin
∣∣∣ > h1−γ

l ,

sup
n
| logUn| > h−γl .

The probability of the last condition being satisfied is O(hp) for all p> 0 because of

the inequality

P
(

sup
n
| logUn| > h−γl

)
= E

[
P
(

max
0≤n≤N+NT−1

| logUn| > h−γl | G
)]

≤ E

[ ∑
0≤n≤N+NT−1

P
(
| logUn| > h−γl

)]
.

together with Lemma 3.3.9 and the observation that E[ | logUn|m] = m!. In the proof

of the last theorem we have considered the probability of∣∣∣MT − Ŝfmin
∣∣∣ > h1−γ

l ,

being satisfied is O(hp) for all p > 0. Hence it follows that P (El) = O(hpl ) for all

p>0. By the linear growth property of f and Theorems 3.3.1 and 3.2.1, E
[(
P̂ f
l

)4
]
,

E
[(
P̂ c
l−1

)4
]

and also E
[
(P̂ f

l −P̂ c
l−1)4

]
are uniformly bounded for all l. Hence by

Lemma (3.3.10), for all p>0

E
[
(P̂ f

l −P̂
c
l−1)21El

]
= O(hpl ).

Now we focus on the contribution from non-extreme paths. We again define the

paths where MT is close to the barrier by

Fl =
{
|MT −B| ≤ h1−3γ

l

}
.
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Note that in the proof of the multilevel estimator for lookback option, (3.9) and

(3.10) show that∣∣∣Ŝfmin − Ŝcmin∣∣∣ ≤ max
0≤n≤nl−1

∣∣∣Ŝfn − Ŝcn∣∣∣+ max
0≤n≤nl−1

∣∣∣D̂f
n − D̂c

n

∣∣∣
≤ 3

2
max

0≤n≤nl−1

∣∣∣Ŝfn − Ŝcn∣∣∣+
1

2
max

0≤n≤nl−1

∣∣∣Ŝf−n+1 − Ŝc−n+1

∣∣∣
+ 1√

2
max

0≤n≤nl−1
|bfn − bcn|

√
| logUn|.

The definition of extreme paths, inequality (3.12) and the bound on | logUn| give∣∣∣Ŝfmin − Ŝcmin∣∣∣1Ecl = O(h
1− 5

2
γ

l ).

In F c
l , for sufficiently small hl, non-extreme paths where MT < B − h1−3γ

l satisfy

that Ŝfmin, Ŝ
c
min < B. Therefore for those paths P̂ f

l −P̂ c
l−1 = 0. For non-extreme paths

where MT > B + h1−3γ
l we have P̂ f

l −P̂ c
l−1 = f(ŜfnT )− f(ŜcnT ) = O(h1−γ

l ). Hence

E[(P̂ f
l −P̂

c
l−1)21F cl 1Ecl ] = O(h2−2γ

l ).

In Fl, by definition of extreme paths we have (P̂ f
l −P̂ c

l−1)21Fl1Ecl = O(h−2γ
l ). Due

to the assumption that inf0≤t≤T S(t) has a bounded density in the neighbourhood of

B,

E[(P̂ f
l −P̂

c
l−1)21Fl1Ecl ] = O(h1−5γ

l )

Therefore for sufficiently small hl,

E
[
(P̂ f

l −P̂
c
l−1)21Ecl

]
= O(h1−5γ

l ).

The results follows by choosing γ < min(1
2
, δ/5) and p ≥ 1.

3.3.8 Digital options

A digital option has a payoff which is a discontinuous function of the value of the

underlying asset at maturity. Here we consider the European digital call option

P = 1{S(T )>K}.

Following the previous convention, we can discretise the path using a jump-

adapted Milstein scheme, and then we have a simple estimator:
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P̂ naive
l := 1{ŜfnT>K}.

where nT is the index of the fine grid at the expiry date.

In order to reduce the ML variance we use conditional expectation taken at the

penultimate timestep. Note that

E[P̂ naive
l ] = E

[
E
[
1{ŜfnT>K} | Ŝ

f
nT−1

]]
where ŜfnT−1is the value of the fine path approximation one timestep before T . The

idea is to use P̂ f
l = E

[
1{ŜfnT>K} | Ŝ

f
nT−1

]
as the estimator instead of P̂ naive

l . If we

approximate the process within the last timestep as a diffusion process with constant

drift and volatility as in (3.4), we have an analytic expression for P̂ f
l :

P̂ f
l = Φ

 ŜfnT−1+afnT−1h−K∣∣∣bfnT−1

∣∣∣√h
 .

The expressions of P̂ f
l in a jump diffusion model are in Section 2.4.2.5 of Chapter 2.

This approach also brings extra benefits to smooth the payoff for computing Greeks.

The weak convergence of the approximation is guaranteed by the following theo-

rem:

Theorem 3.3.14. Provided S(T ) has a bounded density in the neighborhood of K,

then the conditional expectation estimator for a digital option satisfies
∣∣∣E[P̂ f

l − P ]
∣∣∣ =

O(h1−δ
l ) for any δ>0.

Proof. The deviation we are about to analyse is

E[P̂ f
l − P ] = E[1{ŜfnT>K} − 1{S(T )>K}].

We follow the approach in the barrier case- first we define extreme paths to satisfy

the conditions in Lemma 3.3.11.

To bound the contribution from the paths ending around K, we define the set

Fl :=
{
|ST −K| ≤ h1−2γ

l

}
.

For an extreme path in El, E[(P̂ f
l − P )1El ] = O(hpl ), for all p>0.
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For a non-extreme path in F c
l ,
∣∣∣ST − ŜfnT ∣∣∣ ≤ h1−γ

l . Thus for sufficiently small hl,∣∣∣ŜfnT −K∣∣∣ > h1−2γ
l and the contribution of those paths

E[
(
P̂ f
l − P

)
1F cl 1Ecl ] = 0.

For a non-extreme path in Fl, the contribution of those paths to the E[P̂ f
l −P ] is

O(h1−2γ
l ) due to the bounded density of S(T ) in the neighborhood of K, i.e.

E[
(
P̂ f
l − P

)
1Fl1Ecl ] = O(h1−2γ

l ).

Hence by choosing γ < min(1
2
, δ/3) and a p ≥ 1 we conclude that∣∣∣E[P̂ f
l − P ]

∣∣∣ = O(h1−δ
l ).

A bound on the variance of the multilevel estimator is given by the following

result:

Theorem 3.3.15. Provided b(K,T ) 6= 0, and S(t) has a bounded density in the

neighborhood of K, then the multilevel estimator for a digital option has variance

Vl = O(h
3/2−δ
l ) for any δ>0.

Proof. First we start with decomposing the variance into three parts

V[P̂ f
l −P̂

c
l−1] ≤ E[(P̂ f

l −P̂
c
l−1)21A1 ] + E[(P̂ f

l −P̂
c
l−1)21A2 ] + E[(P̂ f

l −P̂
c
l−1)21A3 ],

where Ai denotes the event sets of three cases, that is

A1 = 1{J≤T−2h};

A2 = 1{T−h<J≤T};

A2 = 1{T−2h<J<T−h}.

As in the proof of Theorem 3.3.6, we can then deal with the cases of extreme and

non-extreme path.

For the case 1 and 3, the analysis is the same as in [34] despite the fact that the

timestep is no longer uniform, which does no harm to the original argument.
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For the case 2, we again use El to represent the set of extreme paths which satisfy

one or more of the conditions in Lemma 3.3.11, with strictly positive γ < 1
4

to be

chosen later. E[(P̂ f
l − P̂ c

l−1)21El ] is again O(hpl ) for all p> 0. So we can concentrate

on the contribution from non-extreme paths:

E[(P̂ f
l −P̂

c
l−1)21A21Ecl ].

For a non-extreme path, by Assumption A1 and (3.13), with γ< 1
4
.

Since |Φ (x1)− Φ (x2)| ≤ |x1 − x2| ,

∣∣∣P̂ f
l − P̂

c
l−1

∣∣∣ =

∣∣∣∣∣∣Φ
 ŜfnT−1+afnT−1hj −K∣∣∣bfnT−1

∣∣∣√hj

− Φ

(
ŜcnT−1+acnT−1hj −K∣∣bcnT−1

∣∣√hj

)∣∣∣∣∣∣
≤

∣∣∣∣∣∣ Ŝ
f
nT−1+afnT−1hj −K∣∣∣bfnT−1

∣∣∣√hj
−
ŜcnT−1+acnT−1hj −K∣∣bcnT−1

∣∣√hj

∣∣∣∣∣∣ .
Let s = hj = T − J . By the definition of the Milstein scheme,

ŜfnT−1+afnT−1hj −K∣∣∣bfnT−1

∣∣∣
=

ŜfnT−K∣∣∣bfnT−1

∣∣∣ − bfnT−1∣∣∣bfnT−1

∣∣∣
(

∆Ws +
1

2
(b′)fnT−1

(
∆W 2

s − s
))

,

where ∆Ws = ∆WnT−1 is the Brownian increment of the last timestep. We have a

similar expression for the coarse estimator. Hence

∣∣∣P̂ f
l − P̂

c
l−1

∣∣∣ ≤
∣∣∣∣∣∣ Ŝ

f
nT
−K∣∣∣bfnT−1

∣∣∣ − ŜcnT −K∣∣bcnT−1

∣∣
∣∣∣∣∣∣ 1√

s
+

1√
s

∣∣∣∣∣ b
f
nT−1∣∣∣bfnT−1

∣∣∣
(

∆Ws +
1

2
(b′)fnT−1

(
∆W 2

s − s
))

−
bcnT−1∣∣bcnT−1

∣∣
(

∆Ws +
1

2
(b′)cnT−1

(
∆W 2

s − s
)) ∣∣∣∣∣.

Using the identity (3.17) we obtain

ŜfnT −K∣∣∣bfnT−1

∣∣∣ − ŜcnT −K∣∣bcnT−1

∣∣ =
1

2
(ŜfnT − Ŝ

c
nT

)

(
1

|bfnT−1|
+

1

|bcnT−2|

)

+
1

2
(ŜfnT + ŜcnT − 2K)

(
|bcnT−2| − |b

f
nT−1|

|bfnT−1| |bcnT−2|

)
.

58



If follows from the bounds provided in Lemma 3.3.11 that

ŜfnT −K∣∣∣bfnT−1

∣∣∣ − ŜcnT −K∣∣bcnT−1

∣∣ ≤ C1h
1−5γ.

Since

bfnT−1 − b(K,T ) = (bfnT−1−bfnT ) + (bfnT −b(K,T )),

using Assumption A1 and (3.13) with γ< 1
4

we can conclude that for sufficiently small

hl, |bfnT−1 − b(K,T )| < 1
2
|b(K,T )|. In particular bfnT−1 is non-zero and of the same

sign as b(K,T ). So is bcnT−1 and therefore∣∣∣∣∣ b
f
nT−1∣∣∣bfnT−1

∣∣∣
(

∆Ws +
1

2
(b′)fnT−1

(
∆W 2

s − s
))
−

bcnT−1∣∣bcnT−1

∣∣
(

∆Ws +
1

2
(b′)cnT−1

(
∆W 2

s − s
)) ∣∣∣∣∣

=
1

2

∣∣∣(b′)fnT−1 − (b′)cnT−1

∣∣∣ ∣∣∆W 2
s − s

∣∣
≤ 1

2
K1s

1−2γ.

The last inequality is by Assumption A2 and Lemma 3.3.11. In sum,∣∣∣P̂ f
l − P̂

c
l−1

∣∣∣ ≤ C1h
1−5γ 1√

s
+

1

2
K1s

1/2−2γ.

On the other hand it is obvious that∣∣∣P̂ f
l − P̂

c
l−1

∣∣∣ ≤ 1.

Looking backwards, the last jump can be seen as the first jump. If we take

the expectation conditional on Nt = n, n jump times τ1, . . . , τn ≡ T − s have the

same distribution as n ordered independent uniform [0, T ] random variables; thus

s, T − τn−1, . . . , T − τ1 have the same distribution as n ordered uniform [0, T ] random

variables as well. Therefore s satisfies an exponential distribution with parameter λ,

namely s ∼ Exp(λ). Using the two estimates in [0, ε] and [ε, h], where ε is a scale to
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be determined, we have

E[(P̂ f
l −P̂

c
l−1)21A21Ecl ] = E[λ

∫ h

0

(P̂ f
l −P̂

c
l−1)2e−λsds1Ecl ]

= λE[(

∫ ε

0

(P̂ f
l −P̂

c
l−1)2e−λsds +

∫ h

ε

(P̂ f
l −P̂

c
l−1)2e−λsds) 1Ecl ]

≤ λ

∫ ε

0

e−λsds+ C1h
2−10γ

∫ h

ε

1

s
e−λsds+

1

4
K2

1

∫ h

ε

s1−4γe−λsds

≤ 1− e−λε + C1h
2−10γ

∫ h

ε

1

s
ds+

1

4
K2

1

∫ h

ε

s1−4γds

≤ 1− e−λε + C1h
2−10γ log

h

ε
+

K2
1

4 (2− 4γ)
h2−4γ.

By choosing ε to be h2/T , we obtain that

E[(P̂ f
l −P̂

c
l−1)21A21Ecl ] ≤ 1− e−λh2/T + C1h

2−10γ log
T

h
+

K2
1

4 (2− 4γ)
h2−4γ.

According to [34], for i = 1, 3, by choosing p ≥ 2, we obtain

E[(P̂ f
l −P̂

c
l−1)21Ai ] = O(h

3/2−13γ
l ).

This is the dominant compared with the contribution from A2. Hence by choosing

γ < min(1
4
, δ/13) and p ≥ 2 we conclude the proof.

3.4 Analysis of the state-dependent intensity set-

ting

In this section we discuss the state-dependent rate setting where λ(S(t−), t) in (3.1)

is a function satisfying assumption A5.

A natural approach to handle the bounded state-dependent rate is the thinning

method. The idea is to construct a Poisson process with a constant rate which is

an upper bound of the state-dependent rate, and then accept candidate jump times

according to the probability that is the ratio of the updated intensity to the upper

bound. At a jump time τ , we can consider that the superposition jump process comes

from two sources :

1. The desired process with rate λ(S(τ−), τ);
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2. The remainder: with rate λ− λ(S(τ−), τ).

To distinguish them we can have an acceptance-rejection procedure. The proba-

bility that the candidate jump belongs to the desired process within an infinitesimal

interval [t, t+ dt] is exactly the ratio of the current intensity to the upper bound.

Mathematically, it transcribes this state-dependent random measure representa-

tion into a constant-intensity Poisson random measure one:

dS(t) = a(S(t−), t)dt+ b(S(t−), t)dW (t)

+

∫ 1

0

∫
z∈E

1{
u<

λ(S(t−),t)
λsup

}c(S(t−), t, z)pλsup(du× dz, dt), 0 ≤ t ≤ T.(3.18)

To simulate the general processes we use the jump-adapted Milstein discretisation

scheme. Suppose we have the superposition of fixed time grid t′i = i× T
N

and the jump

time grid J, that is a jump-adapted grid T = {0 = t0 < t1 < t2 < . . . < tM = T}, a

jump-adapted Milstein scheme with the thinning procedure formally is

Ŝ−n+1 = Ŝn + an hn + bn ∆Wn + 1
2
b′nbn (∆W 2

n − hn),

Ŝn+1 = Ŝ−n+1 +

∫
z∈E

1
{
λ(Ŝ−n+1,tn+1)

λsup
>Ui}

c(Ŝ−n+1, tn+1, z)pλsup(dz, tn+1), if tn+1 = τi.

where τi, i = 1, . . . , NT are jump times, NT ∼ Poi (λsup) , Ui are independent uniform

[0, 1] random variables.

For the path-dependent payoffs, we follow equation (3.3.2) and the previous section

to construct Brownian-interpolant based estimators in the thinning context.

3.4.1 Multilevel treatment

If we construct a multilevel estimator based on the scheme above, different acceptance

probabilities for fine and coarse level lead to samples in which a jump candidate is ac-

cepted on the fine path, but not on the coarse path, or vice versa. On level l, at jump

time τ , let pfτ =
λ(Ŝf (τ−), τ)

λsup

, pcτ =
λ(Ŝc(τ−), τ)

λsup

. Due to first order strong conver-

gence of jump-adapted Milstein, λ(Ŝf (t−), t) − λ(Ŝc(t−), t) would be O(hl). Thus

the proportion of paths where the jump candidates are accepted differently would

be O(hl), i.e. for the set El =
{
τ ∈ jump times : (pfτ − Uτ )(pcτ − Uτ ) < 0

}
, P (El) =

O(hl). Further since E
[(
P̂l − P̂l−1

)2

|El
]

is O(1), it follows that Vl = O(hl).

61



To improve the variance convergence rate Vl, we use a change of measure so that

the acceptance probability is the same for both fine and coarse paths. This is achieved

by taking the expectation with respect to a new measure Q:

E[P̂l − P̂l−1] = EQ[P̂l
∏
τ

Rf
τ − P̂l−1

∏
τ

Rc
τ ]. (3.19)

where τ are the jump times. The acceptance probability for a candidate jump under

the measure Q is 1
2

for both coarse and fine paths, instead of pτ = λ(S(τ−), τ) / λsup.

The corresponding Radon-Nikodym derivatives are

Rf
τ =

{
2pfτ , if Uτ <

1
2

;
2(1− pfτ ), if Uτ ≥ 1

2
,

Rc
τ =

{
2pcτ , if Uτ <

1
2

;
2(1− pcτ ), if Uτ ≥ 1

2
,

where Uτ are independent (0, 1) uniform random variables.

On the right hand side of (3.19), under measure Q, Ŝfi and Ŝci are simulated by

the scheme:

Ŝ−n+1 = Ŝn + an hn + bn ∆Wn + 1
2
b′nbn (∆W 2

n − hn), (3.20)

Ŝn+1 = Ŝ−n+1 +

∫
z∈E

1{ 1
2
>Ui}c(Ŝ

−
n+1, tn+1, z)pλsup(dz, tn+1), if tn+1 = τi.

where τi, i = 1, . . . , NT are jump times, NT ∼ Poi (λsup) .

This is the jump-adapted Milstein scheme with the thinning procedure for

dS(t) = a(S(t−), t)dt+ b(S(t−), t)dW (t)

+

∫ 1

0

∫
z∈E

1{u< 1
2}c(S(t−), t, z)pλsup(du× dz, dt), 0 ≤ t ≤ T.

which is equivalent to a constant λsup/2 intensity jump-diffusion SDE. Assumption

A2-A4 are satisfied for this SDE, so Theorem 3.2.1, 3.3.1 and 3.3.2 hold for the

numerical solution.

To analyse the variance of the estimator Y = P̂l
∏NT

i=1R
f
i − P̂l−1

∏NT
i=1R

c
i , using

(3.17) iteratively we split Y into two parts

Y = P̂l

NT∏
i=1

Rf
i − P̂l−1

NT∏
i=1

Rc
i (3.21)

= P̂l

NT∑
j=1

(
Rf
j −Rc

j

) j−1∏
i=1

Rf
i

NT∏
i=j+1

Rc
i

+
(
P̂l − P̂l−1

) NT∏
i=1

Rc
i .
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Thus

E
[
Y 2
]
≤ 2E

(P̂l − P̂l−1

)2
(
NT∏
i=1

Rc
i

)2


+2E

P̂l( NT∑
j=1

(
Rf
j −Rc

j

) j−1∏
i=1

Rf
i

NT∏
i=j+1

Rc
i

)2
 .

By Hölder’s inequality and using the result for the constant rate cases, for arbitrary

1/p+ 1/q = 1, where p, q > 1,

The first part ≤ 2E
[(
P̂l − P̂l−1

)2p
]1/p

E

(NT∏
i=1

Rc
i

)2q
1/q

.

Due to the fact that Rc
i ≤ 2,

2

E

(NT∏
i=1

Rc
i

)2q
1/q

≤ 2
(
E
[
22qNT

])1/q
= 2 exp

(
λT

4q − 1

q

)
≡ C1(p).

Hence we have for arbitrary p > 1,

The first part ≤ C1(p)

(
E
[(
P̂l − P̂l−1

)2p
])1/p

.

We emphasise that P̂l and P̂l−1 are constructed using the jump-adapted Milstein

scheme with the thinning procedure for a constant λsup/2 intensity jump-diffusion

SDE.

The second part can also be bounded. By Hölder’s inequality, for arbitrary 1/p+
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1/q = 1, p, q > 1, we have

The second part

≤ 2

(
E
[∣∣∣P̂l∣∣∣2p])1/p

E

∣∣∣∣∣
NT∑
j=1

(
Rf
j −Rc

j

) j−1∏
i=1

Rf
i

NT∏
i=j+1

Rc
i

∣∣∣∣∣
2q
1/q

≤ 2C (p, T )

E

∣∣∣∣∣
NT∑
j=1

∣∣∣pfj − pcj∣∣∣ 2NT
∣∣∣∣∣
2q
1/q

≤ 2C (p, T )
1

λ2
sup

Lλ

E

∣∣∣∣∣
NT∑
j=1

∣∣∣Ŝfj − Ŝcj ∣∣∣ 2NT
∣∣∣∣∣
2q
1/q

≤ 2C (p, T )
1

λ2
sup

Lλ

(
E

[
sup

1≤j≤NT+2l

∣∣∣Ŝfj − Ŝcj ∣∣∣4q
])1/2q (

E
[∣∣2NTNT

∣∣4q])1/2q

≤ C2 (p, T, λsup, Lλ)h
2
l ,

where we use the boundness of any moments of the interpolated numerical solution,

boundness of Ri, and Lipschitz condition on λ (·, t) where Lλ is the Lipschitz constant.

Theorem 3.3.1 is used to bound the maximum of the numerical solution in the last

step. Therefore we conclude that for arbitrary p1, p2 > 1,

E
[
Y 2
]
≤ C1(p1)

(
E
[(
P̂l − P̂l−1

)2p1
])1/p1

+ C2 (p2, T, λsup, Lλ)h
2
l ,

which means that the variance of the ML correction term using a change of measure

in the state-dependent rate case can be decomposed into a ML correction term with

constant intensity and a second order term.

The analysis in the constant rate case can be carried through to obtain the bound

of E
[(
P̂l − P̂l−1

)2p1
]
. For any δ > 0, we can choose p1 sufficiently close to 1 s.t.

previous analysis can be extended to prove

(
E
[(
P̂l − P̂l−1

)2p1
])1/p1

=


O
(
h2−δ) , Lipschitz, Asian and Lookback payoff;

O
(
h3/2−δ) , digital payoff;

O
(
h1−δ) , Barrier payoff.

We have the results for E [Y 2] accordingly.

To summarise:

Theorem 3.4.1. For arbitrary p1, p2 > 1, assuming conditions A1-A5 on both (3.1)

and the SDE with λsup constant intensity, and conditions on the local boundness of the
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density of St or sup[0,t] Ss as specified in Theorem 3.3.13 and 3.3.15, for Lipschitz,

Asian, lookback, barrier and digital option we have ML correction term estimators

constructed based on (3.4) satisfying

Vl ≤ C1(p1)

(
E
[(
P̂l − P̂l−1

)2p1
])1/p1

+ C2 (p2, T, λsup, Lλ)h
2
l

where C1(p1) is a constant increasing in p1, and C2 (p2, T, λsup, Lλ) is a constant. The

convergence rate of Vl is O
(
h2−δ) for Lipschitz, Asian and Lookback payoff; O

(
h3/2−δ)

for digital payoff; O
(
h1−δ) for Barrier payoff.

We have obtained the general variance convergence rate using a jump-adapted

Milstein scheme with the thinning procedure and a change of measure.

The weak convergence of the jump-adapted discretisation with the thinning pro-

cedure is proved in [41], for a class of payoffs on which they impose to 4th order

differentiability and uniformly bounded partial derivatives up to 4th order. The draw-

back of this approach is that you have to construct a series of payoffs in that class

which converges to the target payoff, which could be difficult in some discontinuous

or path-dependent payoffs.

The alternative method is to use the same decomposition (3.21), decomposing the

estimator into the constant rate ML correction part and the difference of fine and

coarse Radon-Nikdym derivatives part. Assuming the Lipschitz condition on λ, we

can obtain the weak convergence of the estimators for various payoffs, circumventing

the difficulties caused by discontinuous payoffs. Another advantage of this argument

is that it can reduce the analysis to the constant rate case so that the proofs for

various payoffs are simplified.

Hence by similar arguments we conclude

Theorem 3.4.2. Provided assumptions A1-A5 are satisfied, we have∣∣∣E[P̂l − P ]
∣∣∣ ≤ C1(p1)

(
E
[(
P̂l − P̂l−1

)p1])1/p1
+ C2 (p2, T, λsup, Lλ)hl

for arbitrary p1, p2 > 1, where C1(p1) is a constant increasing in p1, and C2 (p2, T, λsup, Lλ)

is a constant. In particular we can take p1 = 2 to use the previous constant intensity

case results.
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3.5 Conclusions

In this chapter we present numerical analysis for MLMC applied to option pricing

in scalar jump-diffusion models. We discuss European call, Asian, lookback, barrier

and digital options in the constant jump rate case. We also extend the analysis to

the case of bounded state-dependent intensities. In more detail, we have proved that

the estimator constructed using a Brownian interpolant is convergent weakly to the

analytic solution: Theorems 3.3.1 and 3.3.2 together give O(h) weak convergence for

the Lipschitz and Asian options. For the lookback, digital and barrier options, the

weak order of convergence is O(h1−δ) for any δ > 0 due to Theorems 3.3.8, 3.3.12

and 3.3.14.Therefore in all cases, the weak convergence rate satisfies the inequality

α≥ 1
2

required by Theorem 1.3.1. The variance of the multilevel estimator is O(h2
l )

for Lipschitz and Asian options, O(h2
l |log hl|2) for lookback options, and O(h

3/2−δ
l )

for digital , and O(h1−δ
l ) for barrier for options, for any δ > 0. In the bounded

state-dependent rate case, using thinning with change of measure, results for weak

convergence and convergence of variance of the multilevel estimator are established as

well. Consequently, the same O(ε−2) computational complexity is proved for all cases

except for the barrier option for which the best that can currently be proved is a near

first order convergence of the variance, leading to the computational complexity being

O(ε−2−δ) for any strictly positive δ. These analyses support the numerical results in

chapter 2.
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Chapter 4

Multilevel Greeks in
Jump-diffusion Models

In the last two chapters we have established how to use Multilevel (ML) to effi-

ciently estimate expectations of various payoffs. This chapter addresses the problem

of estimating sensitivities of expectations with respect to parameters. In financial

applications, sensitivities of derivative prices are usually referred to as Greeks. The

first importance of computing Greeks is due to hedging. In the continuous trading

Black-Scholes model, in order to hedge the risk of contingent claims, dynamic bal-

ancing a position with a certain amount of underlying assets can offset the risk of the

position in derivatives. For example for a European call option, in the Black-Scholes

model, the uncertainty of the price of the derivative in the future can be completely

hedged by a delta-hedging strategy, where delta refers to the partial derivative of

the option price with respect to the underlying price. In jump-diffusion models, the

market is incomplete, i.e. the risk of derivatives cannot be fully eliminated by holding

the underlying and other tradable assets. Nevertheless, according to different hedging

criteria, the risk of derivative securities can be managed by hedging the position on

the underlying or other tradable assets, where the amount is calculated through the

sensitivity of option prices with respect to the current underlying price and other

parameters, i.e. the Greeks. Another aspect of computing Greeks lies in the fact

that they are not quotable in the market- they can only be calculated according to

the model. The computation of Greeks also brings lots of challenges which are not

present in the price estimation case, especially for discontinuous payoffs. Last but

not least, Greeks are useful in the calibration of models, since the computation of

price sensitivities is necessary for solving the optimisation problem to find out op-

timal model parameters. The objective of the optimisation problem is to minimise
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the calibration error defined as a certain distance between model prices and market

prices.

In the following sections we first review two major methods of sensitivity esti-

mation. Then we recall the jump-diffusion model, and the jump-adapted Milstein

scheme for computing numerical path value of the model. In the constant jump rate

case, for delta and vega, we mainly follow the multilevel pathwise approach developed

in [7]. For the sensitivity to the rate, we find that it consists of two parts: we derive

a likelihood ratio estimator for the part coming from perturbation of the rate to the

number of jumps in the path, and two estimators for the part caused by perturbation

of the intensity compensator in the drift term of the SDE. In the state-dependent

rate case, we use the thinning procedure for path simulations, and corresponding

estimators of Greeks are derived.

4.1 Review of Greeks computation by Monte Carlo

Two major estimation methods for Greeks differ in whether we differentiate the path

value or the transition density. Here we briefly introduce those two methods under

our notation and model setting. See chapter 7 of [39] for detailed discussions.

In the constant jump intensity setting, assuming there is no jump risk premium,

the jump-diffusion SDE in the risk-neutral world is

dS(t) = (r − c(S(t−), t)λm) dt+ b(S(t−), t)dW (t) + c(S(t−), t)dJ(t), 0 ≤ t ≤ T,

(4.1)

where r is risk-free rate, J(t) is a compound Poisson process
∑Nt

i=1(Yi − 1), the jump

magnitude Yi has a prescribed distribution which has finite mean, the compensator

rate m = E [Y ]− 1, and Nt is a Poisson process with intensity λ, independent of the

Brownian motion.

We use a jump-adapted numerical discretisation scheme with 2l uniform timesteps

to calculate the numerical approximation of dS(t) up to time T : Ŝ0, Ŝ1, Ŝ2, . . . , Ŝ2l+NT .

Suppose we have to estimate the partial derivative of a payoff on the numerical

path value P̂l = f(Ŝ (θ)) with respect to a model parameter θ :

∂

∂θ
E
[
P̂l

]
, (4.2)
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where the payoff is evaluated by: P̂l = f(Ŝ) = f(Ŝ0, Ŝ1, Ŝ2, . . . , Ŝ2l+NT ). Ŝ depends

on the number of jumps NT , jump times τi, i = 1 . . . NT , Brownian increments W =

(W1,W2, . . . ,W2l+N) and jump magnitudes Y = (Y1, Y2, . . . , Y2l+N).

Pathwise sensitivities

If we informally write the expectation (4.2) as an integral with respect to the

density of W,NT , jump times τi, jump sizes Yi, i.e.

E
[
P̂l

]
=

∫
f(Ŝ (θ)) p(W,NT , τi, Yi) dW dNT ΠNT

i=1dτi dYi,

under regularity conditions which will be mentioned later, it is legitimate to inter-

change the order of differentiation and integration, i.e.

∂

∂θ

∫
f(Ŝ (θ)) p(W,NT , τi, Yi) dW dNT dY

=

∫
∂

∂θ
f(Ŝ (θ)) p(W,NT , τi, Yi) dW dNT ΠNT

i=1dτi dYi.

If the payoff is smooth enough, for example if it is differentiable, we may further

write
∂

∂θ
f(Ŝ (θ)) =

(
∂f

∂Ŝ

)T
· ∂Ŝ
∂θ

=
∑
i

∂f

∂Ŝi

∂Ŝi
∂θ

,

that is, the sensitivity equals derivative of payoff with respect to the path value

multiplied by derivative of path value with respect to the desired parameter.

This approach is called pathwise sensitivity analysis. The advantage of this

method is that its variance is relatively stable when the number of discretisation

timesteps goes up (p410 of [39]). It also saves lots of computational costs when one

wants multiple sensitivities for the same payoff if we use the adjoint method [35]. The

drawback is that it requires the payoff to be smooth. But this obstacle can be coped

with by smoothing the payoff (p399 of [39]) or a combination with the Likelihood

ratio method, called Vibrato Monte Carlo [33].

Conditions for an unbiased pathwise estimator

To validate the correctness of estimators derived in the jump-diffusion setting, we

need to review conditions needed for an unbiased estimator.

In [39], sufficient conditions that

∂

∂θ
E
[
P̂l

]
= E

[
∂

∂θ
P̂l

]
holds are given as
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1. ∂
∂θ
P̂l exists with probability 1;

2. For any sufficiently small h, the payoff and underlying dynamics satisfies∣∣∣∣∣f(Ŝ (θ + h))− f(Ŝ (θ))

h

∣∣∣∣∣ ≤ H,

where H is a random variable with finite moment. .

Under those conditions, the interchange of expectation and differentiation is valid

thanks to the dominated convergence theorem. It can be verified that the Lipschitz

and European call payoffs in the numerical results section satisfy those conditions.

For more details about alternatives for these exchangeability conditions, we refer to

Section 7.2.2 of [39].

Likelihood ratio method (LRM)

Suppose Ŝ has a probability density function (p.d.f.) depending on θ : p
(
Ŝ, θ
)

.

We can write the expected payoff (4.2) as an integral with respect to the density of

Ŝ :

E
[
P̂l

]
=

∫
f
(
Ŝ
)
p
(
Ŝ, θ
)

dŜ.

As discussed in p407 of [39], in the applications we are concerned with, the differ-

entiation and integration is interchangeable:

∂

∂θ
E
[
P̂l

]
=

∫
f
(
Ŝ
) ∂p(Ŝ, θ)

∂θ
dŜ

=

∫
f
(
Ŝ
) ∂ (log p

(
Ŝ, θ
))

∂θ
p
(
Ŝ, θ
)

dŜ

= E

f (Ŝ) ∂
(

log p
(
Ŝ, θ
))

∂θ

 .
This is called the Likelihood ratio method, which transfers the differentiation to

the density of Ŝ. The scope of the LRM is broader- its unbiasedness is to do with

the smoothness of the density rather than that of the payoff, and in the applications

we are concerned with, the density satisfies the condition according to [39]. The

drawback is that in the multidimensional cases, e.g. for path-dependent payoffs, the

variance of the LRM estimator increases with the number of discretisation steps. This

limitation motivates people to use the LRM in the last timestep for the digital payoff,

e.g. in Vibrato Monte Carlo [33].
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As in the previous chapter, in the following we first discuss the case of constant-

rate jump-diffusion models. Then the state-dependent case will be demonstrated.

4.2 Constant jump rate case

4.2.1 Delta and vega by Pathwise methods

If we use the jump-adapted Milstein scheme for path simulation, pathwise estimators

for delta and vega in the diffusion setting can be simply extended to the jump-diffusion

setting. The difference is to add jumps to path simulation.

Recall that using the jump-adapted Milstein scheme, the numerical approximation

Ŝ would be

Ŝ−n+1 = Ŝn + an hn + bn ∆Wn + 1
2
b′nbn (∆W 2

n − hn) := Ŝn +Dn,

Ŝn+1 = Ŝ−n+1 + c(Ŝ−n+1, tn+1, z)(Zn+1 − 1);

Ŝ0 = S0,

where Zn = Yi1{tn=τi} + 1{tn 6=τi}.n = 1, . . . , NT + 2l. τi is the ith jump time.

By differentiating both sides of the scheme, ∂Ŝi
∂θ

is computed recursively by:

∂Ŝ−n+1

∂θ
=
∂Ŝn
∂θ

+
∂Dn

∂θ
,

∂Ŝn+1

∂θ
=
∂Ŝ−n+1

∂θ
+

∂

∂θ
c(Ŝ−n+1, tn+1, z)(Zn+1 − 1); (4.3)

∂Ŝ0

∂θ
=
∂S0

∂θ
,

where θ = S0 or σ.

4.2.2 The sensitivity to the rate

For the sensitivity to the jump rate, since the perturbation of the rate leads to different

jump times, it is not obvious how to derive the recursive equation of ∂Ŝi
∂λ

like (4.3).

A way to derive the estimator of the sensitivity to the jump intensity is by condi-

71



tioning on the number of jumps:

∂

∂λ
E[P̂l] =

∂

∂λ

∞∑
n=0

e−λT
(λT )n

n!
E[P̂l | NT = n]

=
∞∑
n=0

e−λT
(λT )n

n!

[(n
λ
− T

)
E[P̂l | NT = n] +

∂

∂λ
E[P̂l | NT = n]

]
Since given the number of jumps up to time T , the distribution of jump times is

independent of λ (actually they are uniformly distributed on [0, T ]), E[P̂l | NT = n]

depends on λ only because the drift term of the SDE includes the compensator of

jumps. Hence it can be written as

E[P̂l | NT = n] =

∫
f(Ŝ (λ)) p(W,Yi, τi) dW Πn

i=1dτi dYi

where τi are jump times and Yi are jump magnitudes. It then makes sense to inter-

change the order of differentiation and integration.

∂

∂λ
E[P̂l] =

∞∑
n=0

e−λT
(λT )n

n!

[(n
λ
− T

)
E[P̂l | NT = n] + E[

∂P̂l
∂λ
| NT = n]

]

= E

[(
NT

λ
− T

)
P̂l +

∂P̂l
∂λ

]
. (4.4)

This is an estimator of the sensitivity to rate. The first part is an LRM estimator

in the sense that the density of NT is differentiated, representing the contribution

from the perturbation of the rate to the jump times on the path, and the second part

comes from the perturbation of the rate to the jump compensator in the drift term.

The second part E
[
∂P̂l
∂λ

]
can be computed pathwise, when the payoff is differen-

tiable:
∂P̂l
∂λ

=
∂f

∂Ŝ
· ∂Ŝ
∂λ

.

On the other hand, for the sake of avoiding differentiating the payoff, we derive

another estimator for E
[
∂P̂l
∂λ

]
. Proposition 3.6 of [15] can be generalised without

difficulty to our time-dependent drift and diffusion coefficients and state-dependent

jump coefficient setting, using the same change of measure argument.

Proposition 4.2.1. Suppose b(S(t−), t) > 0 for 0 ≤ t ≤ T in the jump-diffusion

SDE (4.1). Let Sn = S (tn) for 0 ≤ ti ≤ T, i = 1 . . . n.
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We have

∂

∂λ
E[f(S0, S1, S2, . . . , Sn)]

= E
[
f(S0, S1, S2, . . . , Sn)

(
NT

λ
− T −m

∫ T

0

b−1(S(t−), t)c (S(t−), t) dW (t)

)]
.

Applying this proposition to the discretised version of the jump-diffusion SDE and

comparing with (4.4), we have

E

[
∂P̂l
∂λ

]
= −mE

P̂l 2l+NT∑
n=1

b−1
n cn (Wn −Wn−1)

 . (4.5)

In the Merton model where we test the numerical result, b−1
n cn = σ−1 is a constant.

Therefore E
[
∂P̂l
∂λ

]
= −mσ−1E

[
P̂lWT

]
which is easy to simulate.

4.2.3 Numerical results

We again use a Merton model to do numerical tests in the constant rate case. The

jump-diffusion SDE under the risk-neutral measure is

dS(t)

S(t−)
= (r − λm) dt+ σ dW (t) + dJ(t), 0 ≤ t ≤ T,

where J(t) is a compound Poisson process
∑N(t)

i=1 (Yi− 1), the jump magnitude Yi has

a log normal distribution, i.e. log Y ∼ N(a, b2). N(t) is a Poisson process with a

constant intensity λ, independent of the Brownian motion. r is the risk-free interest

rate, σ is the volatility, and m = E[Yi]−1 is the compensator to ensure the discounted

asset price is a martingale. All of the simulations in this section use the parameter

values S0 =100, K=100, T =1, r=0.05, σ=0.2, a= −0.1, b=0.2, λ=1.

The multilevel implementation of the estimator is similar to the procedure in

previous pricing chapters. We modify Giles’s Matlab code used for [31] to produce

performance figures.

The numerical results of variance convergence order for Greeks of European call

option are summarised in Table 4.1. For the implementation of other path-dependent

payoffs, we refer to [7].

Figure 4.1 shows the numerical results for the delta of European call option with

a payoff exp(−rT ) (S(T )−K)+, where (x)+ ≡ max(x, 0) and strike K=100.
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Jump-adapted Milstein
Greeks weak variance
delta O(h) O(h)
vega O(h) O(h)
rate via pathwise O(h) O(h1.5)
rate via change of measure O(h) O(h1.75)

Table 4.1: Orders of convergence for Vl as observed numerically for Greeks of Euro-
pean call option. h ≡ hl.
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Figure 4.1: Delta of European call option

The top left plot shows the behavior of the variance of both ∂P̂l
∂S0

and the multilevel

correction
∂(P̂l−P̂l−1)

∂S0
, estimated using 106 samples so that the Monte Carlo sampling

error is negligible. The slope of the MLMC line indicates that Vl≡V ar
[
∂(P̂l−P̂l−1)

∂S0

]
=

O(hl), corresponding to β = 1 in condition iii) of Theorem 1.3.1. The top right plot
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Figure 4.2: Vega of European call option

shows that E
[
∂(P̂l−P̂l−1)

∂S0

]
is approximately O(hl), corresponding to α = 1 in condition

i). Noting that the derivative of the payoff is actually an indicator function, the

numerical result corresponds to the case of estimating the value of digital options

without using conditional expectation. The numerical result is consistent with the

weak convergence result proved in the previous chapter.

The bottom two plots correspond to five different multilevel calculations with

different user-specified accuracies to be achieved. These use the numerical algorithm

given in [32] to determine the number of grid levels, and the optimal number of

samples on each level, which are required to achieve the desired accuracy. The left

plot shows that in each case many more samples are used on level 0 than on any

other level, with very few samples used on the finest level of resolution. The right

plot shows that the multilevel cost is approximately proportional to ε−2, which agrees

with the computational complexity bound in Theorem 1.3.1 for the β=1 case.
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Figure 4.3: Sensitivity to the rate of European call options by pathwise method

Figure 4.2 shows the numerical results for the vega of European call option. We

have similar explanations on the performance.

The sensitivity to the rate is

∂

∂λ
E[P̂l] = E

[(
NT

λ
− T

)
P̂l

]
+ E

[
∂P̂l
∂λ

]
.

Figure 4.3 shows the numerical results for the sensitivity to the jump rate of European

call options where E
[
∂P̂l
∂λ

]
is computed by the pathwise sensitivities method.

Figure 4.4 shows the numerical results for the sensitivity to the jump rate of

European call options where E
[
∂P̂l
∂λ

]
is computed by a change of measure estimator

76



0 2 4 6 8
−15

−10

−5

0

5

10

level l

lo
g

2
 v

a
ri
a

n
c
e

 

 

P
l

P
l
− P

l−1

0 2 4 6 8
−10

−5

0

5

level l

lo
g

2
 |
m

e
a

n
|

 

 

P
l

P
l
− P

l−1

0 2 4 6 8
10

2

10
4

10
6

10
8

level l

N
l

 

 

10
−2

10
−1

10
3

10
4

10
5

10
6

accuracy ε

ε
2
 C

o
s
t

 

 

Std MC

MLMC
ε=0.005

ε=0.01

ε=0.02

ε=0.05

ε=0.1

Figure 4.4: Sensitivity to the rate of European call options by change of measure

−mσ−1E
[
P̂lWT

]
.

Benchmark

By differentiating the series expansion of the option value, we obtain analytic val-

ues of greeks as a validation benchmark for numerical results generated by multilevel

computation:

According to [39], the European call option price Vmerton = E
[
e−rT (S(T )−K)+]

can be evaluated by

Vmerton =
∞∑
n=0

e−λ
′T (λ′T )n

n!
VBS(S,K, T, σn,rn),

where λ′ = λ(1 +m), σ2
n = σ2 + nb2

T
, rn = r−λm+ n log(1+m)

T
, and VBS(S,K, T, σn,rn)

is the Black-Scholes price with stock price S, strike K, maturity T , volatility σn,
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delta (using ε = 0.0005) vega (using ε = 0.02) rate (using ε = 0.005)
analytic 0.6531 27.14 2.882
pathwise 0.6533 27.10 2.877
change of measure 2.881

Table 4.2: Numerical results of multilevel Greeks for the Merton model compared to
the benchmark

risk-neutral rate rn.

The BS Greeks (delta and vega) can be calculated by

∂Vmerton
∂θ

=
∞∑
n=0

e−λ
′T (λ′T )n

n!

∂VBS
∂θ

(S,K, T, σn,rn),

The sensitivity to λ is

∂Vmerton
∂λ

=
∞∑
n=0

e−λ
′T (λ′T )n

n!

(
(
n

λ
− T )VBS(S,K, T, σn,rn)−m∂VBS

∂r
(S,K, T, σn,rn)

)
,

where the two parts are contributions from the jump term and compensator, respec-

tively.

To make sure the calculations are correct, we compare numerical results with the

benchmark in Table 4.2.
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4.3 Path-dependent rate case

In the following, we assume the dynamics of the state-dependent jump-diffusion SDE

can be written as

dS(t) = a(S(t−), t)dt+ b(S(t−), t)dW (t) +

∫
z∈E

c(S(t−), t, z)µ(dz, dt), 0 ≤ t ≤ T.

where µ(dz, dt) is a Poisson random measure. The intensity of µ is defined as

ϕ(dz)dt = λ(S(t−), t)g(z)dzdt. For all bounded P-measurable function f, we have

∫ t

0

∫
z∈E

f(z, s)µ(dz, ds)−
∫ t

0

∫
z∈E

f(z, s)ϕ(dz)ds

is a martingale with respect to Ft.

We again make the assumptions on the coefficients of our jump-diffusion SDEs as

listed in Section 3.2.2 of Chapter 3.

4.3.1 Multilevel treatment

Recall the multilevel estimators on level l and l−1 are P̂l = f(Ŝf (·)), P̂l−1 = f(Ŝc(·)).
Using the usual thinning method, the jump times are sampled using rate λsup and then

selected by acceptance probability pτ = λ(Ŝ(τ−), τ)/λsup. Due to different acceptance

probabilities for coarse and fine paths, the variance of multilevel correction terms is

large. Following the previous change of measure approach, to reduce the variance, we

introduce a new measure Q where the acceptance probability for a candidate jump

time is 1
2

for both coarse and fine paths :

E[P̂l − P̂l−1] = EQ[P̂l

N
λsup
T∏
i=1

Rf
i − P̂l−1

N
λsup
T∏
i=1

Rc
i ] := EQ[Q̂f − Q̂c],

The corresponding Radon-Nikodym derivatives are: (Ui ∼Uniform[0, 1] are i.i.d.

samples for acceptance-rejection.)

Ri =

 2
λ(Ŝ−i ,ti)

λsup
, if Ui <

1
2
;

2(1− λ(Ŝ−i ,ti)

λsup
), if Ui ≥ 1

2
.
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Under the measure Q, the numerical sample path Ŝ is computed using the follow-

ing jump-adapted Milstein scheme with the thinning procedure:

Ŝ−n+1 = Ŝn + an hn + bn ∆Wn + 1
2
b′nbn (∆W 2

n − hn) := Ŝn +Dn, (4.6)

Ŝn+1 = Ŝ−n+1 +

∫
z∈E

1{ 1
2
>Ui}c(Ŝ

−
n+1, tn+1, z)pλsup(dz, tn+1), if tn+1 = τi.

where τi, i = 1, . . . , N
λsup
T are jump times; n = 1, . . . , N = N

λsup
T + T

h
, and h is the

uniform timestep.

4.3.2 Greeks

Recall that under the measure Q, Ŝ is simulated using a fixed jump rate λsup and
1
2

acceptance probability for a candidate jump time, so the perturbation to the rate

parameter does not change the jump times. Define

Q̂ = P̂

N
λsup
T∏
i=1

Ri.

Its sensitivity with respect to some parameter θ, by the chain rule is

∂Q̂

∂θ
=
∂P̂

∂Ŝ

∂Ŝ

∂θ

N
λsup
T∏
i=1

Ri + P̂

N
λsup
T∑
i=1

∂Ri

∂θ

∏
j 6=i

Rj, (4.7)

where the sensitivities of the Radon-Nikodym derivatives are

∂Ri

∂θ
= (−1)

1{Ui≥
1
2 }

2

λsup

∂λ(Ŝ−i , ti)

∂θ
.

∂λ(Ŝ−i ,ti)

∂θ
may be computed directly from the pathwise derivatives ∂Ŝ

∂θ
if the functional

form of λ is explicit. By recalling that Dn is defined in (4.6), the pathwise sensitivity

of the path value follows:

∂Ŝ−n+1

∂θ
=

∂Ŝn
∂θ

+
∂Dn

∂θ
,

∂Ŝn+1

∂θ
=

∂Ŝ−n+1

∂θ
+

∂

∂θ

∫
z∈E

1{ 1
2
>Ui}c(Ŝ

−
n+1, tn+1, z)pλsup(dz, tn+1), if tn+1 = τi.

Remark: In the implementation of the algorithm, we compute

NT∑
i=1

∂Rf
i

∂θ

∏
j 6=i

Rf
j
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as a sum of ratios:
NT∏
i=1

Rf
i

NT∑
i=1

∂Rf
i /∂θ

Rf
i

.

Note that we don’t have a particular formula for the sensitivity to the rate since

the rate is not specificed in the general model.

4.3.3 An example of the model

In an example of the model, we demonstrate the steps in computing the Greeks. The

underlying dynamics under the risk-neutral measure are:

dS(t)

S(t−)
= r dt+ σ dW (t) +

∫
z∈E

zµ(dz, dt)−
∫
z∈E

zf(z)dzλdt, 0 ≤ t ≤ T,

where the random measure µ has compensator λ dt with the intensity function

λ = λ0
1+CS(t−)2

, λ0 = 1, C = 10−4, S0 = 100.

f(z) is the p.d.f. of a log normal random variable Y , i.e. log Y ∼ N(a, b2). m =

E [Y ]− 1 = exp(a+ b2/2)− 1.

For multilevel implementation, we simulate the payoff using the thinning rate

λsup = λ0 with 1
2

acceptance probability for a candidate jump time. In the scheme

(4.6), ∫
z∈E

1{ 1
2
>Ui}c(Ŝ

−
n+1, tn+1, z)pλ0(dz, tn+1) = Ŝ−n+1

(
1{ 1

2
>Ui}(Yi − 1)

)
.

The path calculation would be

Ŝ−n+1 = Ŝn + Ŝn

(
r − λ(Ŝ−n , tn)m

)
hn + Ŝnσ∆Wn + Ŝn

1
2
σ2 (∆W 2

n − hn) := ŜnFn,

Ŝn+1 = Ŝ−n+1 + Ŝ−n+11{ 1
2
>Ui}(Yi − 1) if tn+1 = τi.

For θ 6= λ0, from (4.7) we have

∂E
[
Q̂
]

∂θ
= E

[
∂Q̂

∂θ

]
= E

∂P̂
∂Ŝ

∂Ŝ

∂θ

N
λsup
T∏
i=1

Ri + P̂

N
λsup
T∑
i=1

∂Ri

∂θ

∏
j 6=i

Rj

 .
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For the sensitivity to the thinning rate, which is still a measure to the effect of

the change of the rate to the price

∂

∂λ0

E[P̂

N
λ0
T∏
i=1

Ri] = E

(Nλ0
T

λ0

− T
)
P̂

N
λ0
T∏
i=1

Ri

+ E

[
∂P̂

∂λ0

]

+E

P̂ N
λsup
T∑
i=1

∂Ri

∂θ

∏
j 6=i

Rj

 .
The pathwise sensitivities are

∂Ŝ−n+1

∂θ
=

∂Ŝn
∂θ

Fn + Ŝn
∂Fn
∂θ

,

∂Ŝn+1

∂θ
=

∂Ŝ−n+1

∂θ
+
∂Ŝ−n+1

∂θ
1{ 1

2
>Ui}(Yi − 1) if tn+1 = τi.

In the cases of delta, vega and the sensitivity to the rate, we have

∂Fn
∂θ

=


−∂λ(Ŝ−n ,tn)

∂S0
mhn, θ = S0 ;

−∂λ(Ŝ−n ,tn)
∂σ

mhn + ∆Wn + σ(∆W 2
n − hn), θ = σ ;

−∂λ(Ŝ−n ,tn)
∂λ0

mhn, θ = λ0.

According to the intensity function form,

∂λ(Ŝ−n , tn)

∂S0

= − 2λ0CŜ
−
n(

1 + C
(
Ŝ−n

)2
)2

∂Ŝ−n
∂S0

;

∂λ(Ŝ−n , tn)

∂σ
= − 2λ0CŜ

−
n(

1 + C
(
Ŝ−n

)2
)2

∂Ŝ−n
∂σ

;

∂λ(Ŝ−n , tn)

∂λ0

=
1

1 + C
(
Ŝ−n

)2 −
2λ0CŜ

−
n(

1 + C
(
Ŝ−n

)2
)2

∂Ŝ−n
∂λ0

,

where ∂Ŝn
∂λ0

are computed pathwise.

For the Radon-Nikodym derivatives,

∂Ri

∂θ
=

{
2
λ0

∂λ(Ŝ−i ,ti)

∂θ
, if Ui <

1
2

;

− 2
λ0

∂λ(Ŝ−i ,ti)

∂θ
, if Ui ≥ 1

2
.
,
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To compute ∂Rf
i /∂θ, we recall previous expressions of

∂λ(Ŝ−i ,ti)

∂θ
.

∂Rf
i /∂θ

Rf
i

=


∂λ(Ŝ−i ,ti)

∂θ
λ(Ŝ−i , ti)

−1, if Ui <
1
2

;

−∂λ(Ŝ−i ,ti)

∂θ

(
λ0 − λ(Ŝ−i , ti)

)−1

, if Ui ≥ 1
2

.

This example tells us that using the thinning with a change of measure, the per-

turbation of the intensity function is transferred to the Radon-Nikodym derivatives.

4.4 Variance reduction in the presence of jumps

4.4.1 Importance sampling for particular payoffs

Suppose we have a deep out-the-money (OTM) digital put option, e.g. underlying

S = 100 with strike K = 30. In a Merton model with parameters T = 1, r = 0.05,

σ= 0.2, a=−0.1, b= 0.2, λ= 0.1, which means on average every 10 samples there is

a sample having a jump within one-year maturity. Here the parameters are chosen

such that the compensator m = E[Yi]− 1 = exp(a+ b2/2)− 1 < 0. It turns out that

a large portion of samples have zero contribute to the payoff if we simulate the path

directly, leading to a relatively large variance of the estimator. In this specific case,

we have two potential importance sampling treatments to reduce variance:

• Change the size of a jump so that once a jump happens, the sample is more

likely to be below the strike. In particular we change the drift parameter a of

the log-normal distribution of the jump magnitude.

Assume Ai is the Normal random variable generated for the jump amplitude at

time τi, the Radon-Nikodym derivative of this approach is the product of

Ri = exp

(
−(Ai − a)2

2b2

)
/ exp

(
−(Ai − a′)2

2b2

)

= exp

(
−(2 (a− a′)Ai + a′2 − a2)

2b2

)
.

where a′ is the new drift parameter.

• Change the frequency of jumps so that the cumulative effect of jumps could

eventually causes the option to be in-the-money at maturity.
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Figure 4.5: Change of jump drift for deep OTM digital put

The Radon-Nikodym derivative of this approach is

R =

(
λ

λ1

)NT
exp (λ1NT − λNT ) .

where λ1 is the new intensity of jumps.

4.4.1.1 Numerical result

By numerical experiments, we find the optimal a′ and λ1 so that the variance of new

estimator is minimised.

The variance of the estimator is estimated by using 106 samples.
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Figure 4.6: Change of intensity for deep OTM digital put

Figure 4.5 shows how the variance of the estimator changes as we adjust the target

drift a′. It can be seen that as long as the drift is shifted below −0.5, the variance

attains approximate minimum of 3× 10−8, equivalent to a saving factor of about 30.

Figure 4.6 shows that by increasing the jump rate the accuracy of estimator is

greatly improved. It can be seen that as soon as the rate is increased above 0.4, the

variance is reduced by a factor of about 20.
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Chapter 5

Multilevel Monte Carlo Option
Pricing In Exponential Lévy
Models

5.1 Introduction to Lévy processes

We have already discussed using multilevel methods for computing option values in

finite-activity jump-diffusion models. Apart from variable jump rate, another direc-

tion to generalise the constant rate jump-diffusion model is to allow infinite activity

of jumps. The Lévy process is the building block to study such processes. Lévy

processes are a class of stationary independent-increment stochastic processes whose

paths are continuous in probability. In the following we use notations in [52].

Definition 5.1.1. Xt is a Lévy process if it is an adapted stochastic process on

(Ω, (Ft)t≥0 ,P with X0 = 0 a.s., and has the following properties:

1. Independent increments: for any t0 < t1 < · · · < tn, Xt0 , Xt1−Xt0 , · · · , Xtn−
Xtn−1 are independent.

2. Stationarity: for arbitrary h > 0, Xt+h −Xt has the same law for all t.

3. Continuity in probability: for any ε, limh→0 P (|Xt+h −Xt| > ε) = 0.

We will only study its cádlág modification, of which the existence and uniqueness

are proved in [52].

In terms of the empirical fitting of financial data time series, Lévy processes include

a large class of distributions with flexibility to choose the number of parameters.
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According to [14], Lévy type models can fit empirical properties of stock returns

like heavy tails and asymmetric distribution of increments which are not true for a

diffusion model.

5.1.1 Characteristics of Lévy processes

According to [52], Lévy decomposition states that each Lévy process can be rep-

resented as the sum of a deterministic drift, a Brownian Motion and a pure-jump

process independent of the Brownian motion. In order to demonstrate this result,

we will introduce the notation of random measure in the context of Lévy processes.

Following Protter’s notation, the jump of the cádlág Lévy process Xt is denoted by

∆Xt = Xt −Xt−.

For a Borel set E such that 0 /∈ E, we can define the arrival time of jumps of Xt

falling in E :

0 = T0 < T1 < T2 < . . .

Tn+1 (E) = inf {t > Tn (E) : ∆Xt ∈ E} .

Then the counting process µ(ω;E, t) associated with stopping times Tn (E) is

defined by

µ(ω;E, t) =
∑
n≥1

1{Tn(E)≤t}.

It counts the number of jumps within E up to time t. For each ω ∈ Ω, µ (ω; ·, ·)
is a Radon measure, i.e. σ-finite measure on (E × [0,∞], B (E × [0,∞])) .

For any finite Borel function f , we have the integral with respect to µ:

∫
E×[0,t]

f(z, s)µ(ω; dz, ds) =
∑

0<s≤t

f (∆Xs, s) 1{∆Xs∈E}.

The Lévy measure ν is defined by

ν (E) = E
[∫ 1

0

∫
z∈E

µ(dz, ds)

]
= E

[ ∑
0<s≤1

1{∆Xs∈E}

]
.
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In the time-homogeneous f case where f(z, s) = f (z) ,
∫ t

0

∫
z∈E f(z, s)µ(dz, ds) =∫

z∈E f(z)µt(dz); it has an important property that for any bounded measurable func-

tion f,

∫ t

0

∫
z∈E

f(z, s)µ(dz, ds)−
∫ t

0

∫
z∈E

f(z, s)ν(dz)ds

is a martingale with respect to Ft.

Now we present the decomposition theorem.

Theorem 5.1.2 (decomposition theorem). If Xt is a scalar Lévy process, there exists

a triple (m,σ, ν) where m ∈ R, Bt is a standard Brownian Motion and ν is a Radon

measure called the Lévy measure, satisfying the integrability condition:∫ (
|z|2 ∧ 1

)
ν(dz) <∞.

Xt = mt+ σBt +

∫ t

0

∫
|z|≥1

zµ(dz, ds) +

∫ t

0

∫
|z|<1

z (µ(dz, ds)− ν(dz)ds) .

Moreover, for any Borel set E such that 0 /∈ E, Bt is independent of the jump process

µ (E, [0, t]) =
∫ t

0

∫
z∈E µ(dz, ds).

This states that Lévy processes can be decomposed into three parts: a drifted

Brownian Motion, a finite activity compound Poisson process with large jumps and

an infinite activity compensated jump process which comes from the small jumps. It

is worth mentioning that the infinite jump part of the decomposition is a martingale.

The proof of the decomposition theorem is due to a theorem concerning charac-

teristic functions of Lévy processes:

Theorem 5.1.3 (Lévy-Khintchine representation). If Xt is a scalar Lévy pro-

cess, there exists a unique triple (m,σ, ν) where m ∈ R, ν is a Lévy measure satisfying

the integrability condition, s.t.

φt(u) := E [exp (iuXt)] = exp

(
t

(
ium− σ2

2
u2 +

∫
(eiuz − 1− iuz1|z|≤1)ν(dz)

))
.

The triple (m,Σ, ν) is called the Lévy characteristic triple. If the process has finite

variation, i.e.
∫
|x|≤1
|x|ν(dx) <∞, the representation degenerates to

φ(u) = exp

(
ium0 −

σ2

2
u2 +

∫
R

(eiuz − 1)ν(dz)

)
.

where m0 = m−
∫
|z|≤1

iuz ν(dz).
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Remark 5.1.4. The Lévy-Khintchine representation can be interpreted by observing

the characteristic functions of the compound Poisson process and Brownian motion.

For a compound Poisson process Xt =
∑N(t)

i=1 Yi,

E[eiuXt ] = exp

(
λt

∫
R

(
eiux − 1

)
f(dz)

)
,

where λ is the Poisson jump rate and f is the p.d.f. of Y.

For a Brownian motion Bt,

E[eiuBt ] = e−
1
2
u2t.

Remark 5.1.5. The Lévy-Khintchine representation also unveils another property of

Lévy processes: infinite divisibility.

Definition 5.1.6. A random variable X is infinitely divisible if for any integer n it

can be split as

X = Y1 + Y2 + · · ·+ Yn,

where the Yi are i.i.d. random variables. Equivalently, its characteristic function

satisfies

φ(u) = E[eiuX ] = (ψ(u))n,

where ψ(u) is also a characteristic function.

Remark 5.1.7. The financial interpretation of infinite divisibility is that the fluctu-

ation of an asset can be ascribed to the behavior of many informed traders who share

the same information, which can be modeled as i.i.d. random variables.

We now introduce the index of jump activity, the Blumenthal-Getoor (BG) index

of Xt :

β ≡ inf

{
α > 0 :

∫
|x|<1

|x|α ν(dx) <∞
}

There is extensive research on this topic. From an econometric perspective, [1]

does statistical inference of a jump activity index generalized from the BG index

for a scalar semimartingale from high-frequency data, in which there is a very clear

demonstration of the BG index. The BG index ranges from 0 to 2. A finite jump

activity process has β = 0. For a finite variation process, β ≤ 1; for an infinite

variation process, β ≥ 1. The diffusion process has β = 2.
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5.1.2 Examples of Lévy processes

5.1.2.1 Variance Gamma (VG) processes

The Variance Gamma (VG) process with a parameter set (σ, θ, κ) (note that this is

not a Lévy triplet) is the Lévy process where Xt has the characteristic function

E[ exp(iuXt)] = (1− iuθκ+
1

2
σ2u2κ)−t/κ.

The Lévy measure of the VG process is ([14] p117)

ν(x) =
1

κ |x|
eA−B|x| with A =

θ

σ2
and B =

√
θ2 + 2σ2/κ

σ2
.

One advantage of the Variance Gamma process is that its additional parameters

enable fitting to the skewness and kurtosis of the stock returns ([14]).

The Variance Gamma process is a finite variation process with BG index β = 0.

It can be represented as the difference of two increasing processes, more specifically,

two independent Gamma processes:

Xt = Gt(C,M)−Gt(C,G).

where

C = 1/κ > 0,

G =

√
1

4
θ2κ2 +

1

2
σ2κ − 1

2
θκ > 0,

M =

√
1

4
θ2κ2 +

1

2
σ2κ +

1

2
θκ > 0.

A Gamma process Gt(λ, c) has the Gamma distribution with density

pt (x) =
λct

Γ (ct)
xct−1e−λt.

We also have a subordinator representation of the VG process:

Xt = θGt + σBGt ,

where the subordinator Gt is a Gamma process with parameter (1/κ, 1/κ). The

subordinator representation corresponds to the Dubins-Schwarz Theorem which states
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that any continuous local martingale starting at 0 is a time-change Brownian motion

(see [52] chapter II Theorem 42).

The simulation of the VG process is straightforward since sampling from the

Gamma distribution is well established in software packages. The subordinator rep-

resentation is used in our simulation algorithm, because the random number generator

for the Normal distribution in the software package we use (Matlab) is about 20 times

faster than the one for the Gamma distribution.

5.1.2.2 Normal Inverse Gaussian (NIG) processes

The Normal Inverse Gaussian (NIG) process with a parameter set (σ, θ, κ) is a Lévy

process with the characteristic function

E[ exp(iuXt)] = exp

(
t

κ
− t

κ

√
1− 2iuθκ+ κσ2u2

)
.

The Lévy measure of NIG process is

ν(x) =
C

κ |x|
eAxK1 (B |x|) with A =

θ

σ2
, B =

√
θ2 + σ2/κ

σ2
, C =

√
θ2 + 2σ2/κ

2πσ
√
κ

.

Kn (x) is the modified Bessel function of the second kind ([14] p117). It has asymptotic

expansion as x→ 0 :

K1 (x) ∼ 1

x
+O (1) . (5.1)

Hence its BG index is β = 1. Also it has asymptotic expansion as x→∞ :

K1 (x) ∼ e−x
√

π

2 |x|

(
1 +O

(
1

|x|

))
. (5.2)

In terms of simulation, the NIG process can be represented by

Xt = θIt + σBIt ,

where the subordinator It is an Inverse Gaussian process with parameters λ = 1
κ
, µ =

1. An Inverse Gaussian process with (λ, µ) has a density of the form

pt (x) =

√
λ

2πx3
t exp

(
−λ (x− µt)2

2µ2x

)
.

To generate its sample paths, we only have to generate samples of the Inverse

Gaussian and Brownian motion. We use the algorithm in p184 of [14] to generate

Inverse Gaussian samples.
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5.1.2.3 α-stable and tempered α-stable processes

The scalar α-stable process has a Lévy measure of the form ([14]):

ν(x) =
A

xα+1
1{x>0} +

B

|x|α+1 1{x<0}

for 0 < α < 2 and some non-negative number A and B.

We follow [14] to discuss another parameterisation of α-stable process with char-

acteristic function

E[ exp(iuXt)] = exp
{
− (A+B)α |u|α

(
1− iA−B

A+B
sgn (u) tan πα

2

)
+ iµu

}
, if α 6= 1,

E[ exp(iuXt)] = exp
{
− (A+B) |u|

(
1− iA−B

A+B
2
π
sgn (u) log |u|

)
+ iµu

}
, if α = 1,

(5.3)

where µ is the drift parameter which we set to be zero in the following, sgn(u) = |u| /u
if u 6= 0 and sgn(0) = 0; see [47]. Under this specification of parameterisation,

according to [8], we can determine that only when A = 0 does the process have a

finite exponential moment E[ exp(uXt)]. When A = 0, there are no positive jumps

and the process is said to be spectrally negative.

Sometimes people consider tempered α-stable processes, whose Lévy measure is

ν(x) =
A

xα+1
e−λ+x1{x>0} +

B

|x|α+1 e
λ−x1{x<0} (5.4)

for 0 < α < 2 and some non-negative numbers A, B, λ+, λ−. This kind of process

is included in the class of Lévy processes for which we do numerical analysis.

The BG index of the (tempered) α-stable process is equal to α. Hence it is a good

example to examine the numerical behavior of the algorithm for various BG indices.

Generating sample paths of α-stable processes can be done by the algorithm in

[9]. Here we adopt the implementation in MATLAB by Mark Veillette

(http://math.bu.edu/people/mveillet/html/alphastablepub.html). Direct simula-

tion of increments of tempered α-stable processes is not known so we only include

numerical results of α-stable processes.

5.2 Exponential Lévy models

In the literature ([54, 13]) a class of tractable models is constructed based on the

assumption that asset returns follow a Lévy process. For a continuous-time model, it
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means that log asset price follows a Lévy process. Let Xt be a real-valued (m,σ, ν)-

Lévy process. The asset price process

St = S0 exp (Xt) (5.5)

is called an exponential Lévy model. Under the physical measure, parameters of a

Lévy process can be fitted to asset return time series data. Statistical tests shows

that the fitting has advantages compared with the diffusion model; cf. [54].

It’s worth noting that this class of model is not always equivalent to the class of

Lévy-driven SDEs studied in [17] and [16] if the Lévy processes has jumps less than or

equal to −1. According to Section 4.2 in [56], the two classes are only equivalent under

the condition that the Lévy measure has zero support on (−∞,−1) . In our cases,

none of the VG, NIG or spectrally negative α-stable process satisfies this condition.

5.2.1 Pricing in exponential Lévy models

Exponential Lévy models are used in option pricing. We suppose that e−rtSt is a

martingale under a risk-neutral measure Q. Under measure Q, Xt is an (m̃, σ, ν)-

Lévy process. According to [14], since the Predictable Representation Property only

holds for diffusion or Poisson processes, the market is incomplete in a model driven

by general Lévy processes. Hence there are infinitely many pricing measures under

which the discounted asset price is a martingale. For details about hedging and

pricing issues in the context of incomplete markets we refer to Chapter 8-9 of [14].

For the ease of computation, we follow the mean-correcting pricing measure in [54].

We shall derive the parameter relationship between the physical and mean-correcting

pricing measures. By the martingale property we have

EQ[e−rtSt] = S0EQ[eXt−rt] = S0.

This implies

m̃− r +
σ2

2
+

∫ (
ez − 1− z1|z|≤1

)
ν(dz) = 0.

On the other hand, recall the definition of characteristic function:

φ1(−i) = exp

(
m+

σ2

2
+

∫ (
ez − 1− z1|z|≤1

)
ν(dz)

)
.
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So,

m̃ = m+ r − log φ1(−i)

is the new drift of Xt under the mean-correcting pricing measure Q. Schoutens sug-

gests calculating m̃ by estimating parameters of the Lévy process assuming m = 0.

Under such an assumption, according to the forms of characteristic functions of VG

and NIG and Proposition 1 of [8], for VG, NIG and α-stable processes we have:

m̃V G = r +
1

κ
log(1 + θκ− 1

2
σ2κ).

m̃NIG = r − 1

κ
+

1

κ

√
1 + 2θκ− κσ2.

m̃α = r + (A+B)α sec
πα

2
.

The option price is given by the expected value of the discounted payoff P = f (S)

EQ
[
e−rTP

]
.

The calibration performance of exponential Lévy models to S&P 500 option prices

data can be found in [54] and [8]. The Fourier Transform method is one way to

calibrate the model, see [14]. It provides an analytic formula for the European option

so it is very efficient to use it as a calibration tool. However, for lookback and barrier

options in models driven by VG, NIG and α-stable processes, there is no closed-form

of the Wiener-Hopf factorisation so the Fourier Transform method is computationally

expensive. This motivates the use of Monte Carlo for pricing those payoffs.

5.3 Multilevel Monte Carlo in exponential Lévy

models

Although the increments of those Lévy processes used in practice can be directly

sampled efficiently, for exotic options like Asian, lookback and barrier options, there

is no simple exact payoff simulation technique. For the Asian payoff, conventional

quadrature works well in the (jump-) diffusion setting. People have investigated

various simulation methods to deal with lookback and barrier payoffs. For example,

[23] develops an adaptive Monte Carlo method for functionals of killed Lévy processes

with controlled bias. Small-time asymptotic expansions of the exit probability are

given with a computable error bounds. For evaluating the exit probability when the
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barrier is close to the starting point of the process, e.g. P(sup0≤t≤1Xt ≤ 10−2), X0 =

0, this algorithm outperforms uniform discretisation significantly; see the numerical

example of a Cauchy process (symmetric α−stable process with α = 1) in Section 6

of [23]. On the other hand, [46] develops a novel Wiener-Hopf Monte-Carlo method

to generate the joint distribution of (S(T ),min0≤t≤T S(t)). This simulation technique

is further extended to a multilevel setting in [22]. The method currently cannot be

directly applied to VG, NIG and α−stable processes. For the Lévy-driven SDEs

model, [17, 16] show upper bounds on the worst case computational complexity of

a class of MLMC algorithms for payoffs Lipschitz continuous with respect to the

supremum norm. The BG index has an impact on the performance of this class of

algorithms truncating small jumps or approximating them by diffusions. In [16], the

bound on the the worst case multilevel computational complexity for any Lipschitz

path-dependent payoffs is O (ε−6) when β → 2. However, as β → 2 the process gets

closer to the diffusion process. In diffusion case, for a particular payoff like a Lipschitz

function of the running maximum of the process (lookback type), a near optimal

multilevel computational complexity O
(
ε−2 (log ε)2) is indicated by the first order

variance convergence rate for a uniform discretisation. There should be a method that

has similar performance to the diffusion case. Numerical experiments for lookback

payoff using spectrally negative α-stable processes as α→ 2 support this intuition.

In contrast to those advanced techniques, we take the discretely monitored maxi-

mum (uniform discretisation) of the Lévy process as the approximation of the running

supremum. To reduce the bias caused by discretisation, people naturally want to ex-

tend the Brownian bridge sampling method. [53] argued to use a bridge sampling

technique for the subordinator representation of VG and NIG processes, but this in-

troduces an even larger bias due to discontinuities in the subordinator [5]. Neverthe-

less, the (uniformly) discretely monitored maximum serves as a good approximation.

Moreover it is easy to implement with multilevel which improves its performance sig-

nificantly. For evaluating the exit probability when the barrier is relatively far from

the starting point of the process, e.g. P(sup0≤t≤1Xt ≤ 1), X0 = 0, to achieve the

same RMS error of ε = 0.0001, the multilevel cost is 1/30 of the cost of a single-level

uniform discretisation. For the same problem, the computing time of the adaptive

method in [23] just achieves a break-even point compared with a single-level uni-

form discretisation. In contrast to the general approach in [46], we aim for specific

processes and get better complexity results for the specific processes we are looking

at. This work differs from [17, 16] since there is an intrinsic difference between the
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Lévy-driven SDEs model and the exponential Lévy model driven by a VG, NIG or

α-stable process, as we addressed in the previous section.

We provide comparison of complexity between ours and methods in the literature.

There are two ways to compare the complexity of algorithms. The first way presented

in Theorem 1.3.1 estimates the expected computational cost to achieve a target RMS

error. Another way analyses the convergence of the RMS error of an algorithm as a

function of the cost. For comparison with [17, 16] and [46], we use the estimate of

the RMS error ε in terms of expected value of the computational cost ω = E[C] in

Theorem 1.3.1. Compared to our previous notation O(ε−r) computational complexity

is equivalent to RMS error convergence of O(ω−1/r).

[43] shows that for Lipschitz payoff depending on the final value of the solution of

Lévy-driven SDEs, the RMS error is ω−
3−β
6−β if β ≥ 3

2
. In the Lévy-driven SDEs model,

if the Lévy process does not incorporate a Wiener process, [17] shows an upper bound

ω−min( 1
2
,( 1
β
− 1

2
)) and [16] shows an upper bound ω−

4−β
6β on the worst case RMS error

of a class of MLMC algorithms for payoffs Lipschitz continuous with respect to the

supremum norm.

For simulating a Lipschitz function of (S(T ),min0≤t≤T S(t)), [22] obtains an RMS

error of O
(
ω−

1
4

)
for Lévy processes with infinite variation and O

(
ω−

1
3

)
for processes

with bounded variation, robust in terms of BG index.

In the exponential Lévy model, using multilevel with uniform approximation sim-

ulating lookback payoff for a class of Lévy processes with the Lévy measure specified

in Proposition 5.3.7, we have an RMS error of O
(
ω−1/2

)
when α ≤ 1. Accord-

ing to Proposition 5.3.7 and complexity Theorem 1.3.1, when α > 1, our method

has O
(
ε−2− 1−(1/α)

1/α

)
computational complexity, equally O

(
ω−

1
1+α

)
RMS error con-

vergence. For spectrally negative α-stable processes, we have O
(
ω−

1
2

)
RMS error

when α > 1 by Proposition 5.3.12. Those comparisons are shown in Figure 5.1.

5.3.1 Numerical results

We have numerical results for lookback, barrier and Asian options for models using

VG, NIG and α-stable processes. In the following St = S0 exp (Xt) , whereXt is a Lévy

process. Under the mean-correcting pricing measure, calibrated model parameters we

use for the VG process are σ = 0.1213, θ = −0.1436, κ = 0.1686, according to the

calibration to option price data in [48]. The parameters for the NIG process are
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Figure 5.1: Order of RMS convergence with respect to the Blumenthal-Getoor index

A = 6.1882, B = −3.8941, δ = 0.1622, according to the calibration on page 82 of

[54]. The parameters for the α-stable process are α = 1.5597, A = 0 and B = 0.1486

according to the calibration to option prices data on page 770 of [8]. Note that the

α-stable process in the simulation is spectrally negative.

The option pricing parameters are chosen as K = 100, T = 1, S0 = 100, r = 0.05

and the barrier B = 115. We modify Giles’s matlab code used for [31] to produce

performance figures:

• For the lookback option payoff, in the numerical experiment we test a call option

with the payoff

P = exp(−rT )

(
max

0≤t≤T
S(t)−K

)+

.

We shall use the discretely monitored maximum as the approximation

P̂ = exp(−rT )

(
S0 max

i=0,1,...,n
exp

(
X i

n
T

)
−K

)+

.
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Suppose we use M fine timesteps per coarse timestep. In this work, M = 2.

The ML estimate P̂l is given by setting n =M l in P̂ . We denote hl = T/M l.

The ML estimates of other payoffs are defined similarly.

Figures 1-3 show that we have computational savings of around a factor of 100

in the lookback case when RMS ε = 0.05.

• For the Asian payoff, in the numerical test, we deal with an arithmetic Asian

call option

P = exp(−rT ) max
(
0, S−K

)
.

where

S = S0 T
−1

∫ T

0

exp (Xt) dt .

Recall that in the diffusion case,
∫ T

0
Bt dt and BT are jointly normal so

∫ T
0
Bt dt

can be exactly simulated. However, for a general Lévy process it is not easy

to directly sample the integral process. Hence we shall use the trapezoidal

approximation

Ŝ := S0

n−1∑
j=0

1
2
h (exp (Xjh)+exp

(
X(j+1)h

)
),

where n = T/h is the number of timesteps. The ML estimate is defined by

letting n = 2l in

P̂ = exp(−rT ) max
(

0, Ŝ−K
)
.

What the graphs indicate is that the trapezoidal approximation has a correction

term P̂1 − P̂0 with a big variance compared to P̂0, which leads to a reasonable

savings factor of about 10 even if RMS ε = 0.005.

• The barrier option we test is

P = exp(−rT ) (ST−K)+
1{max0≤t≤T S(t)<B}.

The discretely monitored approximation m̂ = S0 maxi=0,1,...,n exp
(
X i

n
T

)
gives

P̂ = exp(−rT ) (ST−K)+
1{m̂<B}.

The numerical result shows that the computational saving is substantial, with

a factor of 10 if RMS ε = 0.005. Since in the VG and NIG case, the variance
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of the correction term P̂l − P̂l−1 doesn’t decrease when l is small, potentially

its performance could be further enhanced by using an adaptive method [25].

In the α-stable model case, the variance of P̂l converges slower. Therefore the

benefits from multilevel is limited.

The reason for the small fluctuation of numbers of samples Nl on levels greater

than 5 is due to poor estimates of variance in the first step using a limited

number of initial samples.
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Figure 5.2: Lookback option in variance gamma model
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Figure 5.3: Lookback option in Normal Inverse Gaussian model
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Figure 5.4: Lookback option in spectrally negative α-stable model
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Figure 5.5: Asian option in variance gamma model
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Figure 5.6: Asian option in Normal Inverse Gaussian model
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Figure 5.7: Asian option in spectrally negative α-stable model
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Figure 5.8: Barrier option in variance gamma model
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Figure 5.9: Barrier option in Normal Inverse Gaussian model
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Figure 5.10: Barrier option in spectrally negative α-stable model
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VG
numerical analysis

option weak var weak var
Asian O (h) O (h2) O (h) O (h2)
lookback O (h) O (h1.5) O (h |log h|) O (h)
barrier O (h0.7) O (h) O

(
h1−δ)

O
(
h1−δ)

NIG
numerical analysis

option weak var weak var
Asian O (h) O (h2) O (h) O (h2)
lookback O (h0.7) O (h1.5) O

(
h1−δ) O (h |log h|)

barrier O (h0.7) O (h0.9) O
(
h0.5−δ)

O
(
h0.5−δ)

spectrally negative α-stable with α > 1
numerical for α = 1.5597 analysis

option weak var weak var
Asian O (h) O (h2) O (h) O (h2)
lookback O (h0.5) O (h1.5) O

(
h1/α−δ)

O
(
h2/α−δ)

barrier O (h0.5) O (h0.7) O
(
h1/α−δ)

O
(
h1/α−δ)

Table 5.1: Convergence rates of Vl for VG, NIG and α-stable processes; δ can be any
small positive constant. h ≡ hl.

Numerical results and analysis of convergence rates of Vl = V[P̂l− P̂l−1] by Propo-

sitions 5.3.15, 5.3.16, 5.3.20 in the following sections are summerised in Table 5.1.

Note that we have a better variance convergence rate in exponential Lévy models

driven by VG or NIG processes than in the Geometric Brownian Motion model.

5.3.2 Complexity of MLMC

For the lookback put payoff, numerically to achieve a root-mean-square (RMS) error

of O(ε), it needs approximate O(ε−2) computational cost for VG, NIG and spectrally

negative α-stable processes. For the analytical justification, in Section 5.3.4.1, weak

convergence for VG, NIG and α-stable processes is obtained. Combined with the

upper bound on the multilevel variance Vl, Theorem 1.3.1 indicates that: a compu-

tational complexity of O(ε−2 (log ε)2) is required for VG; a computational complexity

of O(ε−2+δ) where δ is any small positive number, is guaranteed for NIG; a computa-

tional complexity of O(ε−2) for spectrally negative α-stable processes with 1 < α < 2

is also guaranteed.
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For the Asian payoff, numerically to achieve a root-mean-square (RMS) error

of O(ε), it needs O(ε−2) computational cost for VG, NIG and spectrally negative α-

stable processes. In the analysis, first order weak convergence for all payoffs using VG,

NIG and α-stable processes is implied by second order strong convergence. Combined

with the upper bounds on the multilevel variances, Theorem 1.3.1 indicates that the

optimal computational complexity of O(ε−2) is guaranteed for Asian payoffs in the

VG, NIG and spectrally negative α-stable model.

Those two payoffs are examples where multilevel can achieve the optimal com-

putational complexity up to a O(εδ) factor for the payoff Lipschitz continuous with

respect to the supremum norm, regardless of the Blumenthal-Getoor index of the

process.

For the up-and-out barrier payoff, numerically to achieve a root-mean-square

(RMS) error of O(ε), it needs at least O(ε−2) computational cost for VG, NIG and

spectrally negative α-stable processes. In the analysis, combining weak convergence

results with the upper bound on the multilevel variance convergence rate, it indicates

the computational complexity of O(ε−2+δ) for VG processes, where δ is any small

positive number. For NIG processes, the weak convergence order proved is approxi-

mately one half. A closer look at the proof of Theorem 1.3.1 in [32], the RHS of the

inequality (7) becomes O(ε−2+δ) which leads to an upper bound on the computational

complexity of O(ε−3−δ), where δ is any small positive number. Currently there is a

gap between numerical results and the upper bound by the analysis. The reason will

be explained later in the analysis section. For spectrally negative α-stable processes,

the computational complexity is O(ε−2+δ), where δ is any small positive number.

The barrier payoff in a model driven by the spectrally negative α-stable process

is an example where multilevel can achieve the optimal computational complexity

up to a O(εδ) factor for the non-Lipschitz path-dependent payoff regardless of the

Blumenthal-Getoor index of the process.
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5.3.3 Discretely monitored error

For a Lévy process Xt, we denote the discrepancy between discretely and continuous

monitored supremums by

Vn = sup
0≤t≤1

Xt − max
i=0,1,...,n

X i
n
.

For the weak convergence of lookback-type payoffs, we are concerned with the

expectation of the discretely monitored error E [Vn], which is extensively studied in

the literature. For example, [18], [10] and [11] derive asymptotic expansions for

jump-diffusion, VG, NIG processes and estimates for general Lévy processes, by using

Spitzer’s identity:

If
∫
x>1
|x| ν(dx) <∞, then

E
[

max
i=0,1,...,n

X i
n

]
=

n∑
i=1

1

i
E
[
X+

i
n

]
;

Y := sup
0≤t≤1

Xt =

∫ 1

0

1

t
X+
t dt.

We quote the result in [10]:

Theorem 5.3.1. Suppose Xt is a scalar Lévy process with triple (m,σ, ν), with finite

first moment, i.e. ∫
|x|>1

|x| ν(dx) <∞.

Then Vn = sup0≤t≤1Xt −maxi=0,1,...,nX i
n

satisfies

1. If σ > 0

E [Vn] = O
(

1√
n

)
;

2. If σ = 0 and Xt is of finite variation, i.e.
∫
|x|<1
|x| ν(dx) <∞

E [Vn] = O
(

log n

n

)
;

3. If σ = 0 and Xt is of infinite variation, then

E [Vn] = O
(

1

nr

)
,
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where 1
2
< r = 1

β
− δ < 1

β
≤ 1 for any small δ > 0 and

β = inf

{
α > 0 :

∫
|x|<1

|x|α ν(dx) <∞
}

is the Blumenthal-Getoor index of Xt.

The VG process has finite variation with Blumenthal-Getoor index 0; the NIG

process has infinite variation with Blumenthal-Getoor index 1. They correspond to

the second and third cases of Theorem 5.3.1 respectively.

For the multilevel variance convergence rate of the payoff with respect to the

running supremum of Xt, we are interested in the second moment of Un, which is

the discrepancy between discretely monitored supremums of a Lévy process on two

scales:

Un = max
i=0,1,...,2n

X i
2n
− max

i=0,1,...,n
X i

n

= Vn − V2n.

Since 0 < Un ≤ Vn, we have

E
[
U2
n

]
≤ E

[
V 2
n

]
.

In the following we will analyse Vn instead of Un. First we review existing approaches

on bounds of the second moment of Vn in the case of diffusion or general Lévy pro-

cesses.

For the second moment of Vn, the method of expectation expansion by Spitzer’s

identity faces difficulties in obtaining a positive lower bound on the covariance of the

supremum and the state value appearing in E [V 2
n ]:

E
[

max
i=0,1,...,n

X i
n

sup
0≤t≤1

Xt

]
=

n∑
i=1

1

i
E
[
X+

i
n

sup
0≤t≤1

Xt

]
.

From another perspective, in the Brownian case, Asmussen et al. ([3]) obtain

the asymptotic distribution of Vn. This implies the asymptotic behavior of E [V 2
n ].

[18] extends the result to finite activity jump processes with non-zero diffusion. The

obstacle to following this approach comes from the fact that here we are looking at

infinite activity jump processes.
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On the other hand, Extreme Value theory [21] offers precise estimates of any

moments of Vn in the diffusion case. A naive estimate gives

sup
0≤t≤1

Xt − max
i=0,1,...,n

X i
n

= max
i=1,...,n

(
sup

[ i−1
n
, i
n

]

Xt −X i
n

+X i
n

)+

−
(

max
i=1,...,n

X i
n

)+

≤ max
i=1,...,n

(
sup

[ i−1
n
, i
n

]

Xt −X i
n

)+

. (5.6)

In law, the final bound has the same distribution as maxi=1,...,n(sup[0, 1
n

] (−Xt) (i))+,

where sup[0, 1
n

] (−Xt) (i) denotes i.i.d. samples of sup[0, 1
n

] (−Xt) .

By Extreme Value theory arguments in [21], using the tail distribution property

of the sup process of Brownian Motion,

E

( max
i=1,...,n

(sup
[0, 1

n
]

(−Xt) (i)

)k
 = O(

(
1

n
log n

)k/2
).

When it comes to the VG process, it is difficult to obtain the tail distribution

property of the sup process, and the exponentially decaying tail of the VG process is

unable to provide a useful estimate.

In the following, we decompose the process into a finite-activity part, a drift part

and a remainder part consisting of small jumps and refine the inequality (5.6) to

analyse the finite-activity part.

5.3.3.1 Approximation of Lévy processes

For the preparation of the numerical analysis, we introduce the approximation of an

infinite-activity pure jump Lévy process by a compound Poisson process.

Let Xt be an (m, 0, ν)-Lévy process. Hence

Xt = mt+

∫ t

0

∫
|z|≥1

zµ(dz, ds) +

∫ t

0

∫
|z|<1

z (µ(dz, ds)− ν(dz)ds) .

Let

Xε
t =

∫ t

0

∫
ε<|z|

zµ(dz, ds) =
Nt∑
i=1

Yi (5.7)
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be the compound Poisson process truncating the jumps of Xt smaller than ε. The

intensity of Nt is

λε :=

∫
ε<|z|

ν(dz). (5.8)

The c.d.f. of Yi is

P (Yi < y) = λ−1
ε

∫
z<y

1{ε<|z|}ν(dz).

Let

µε = m−
∫
ε<|z|<1

z ν(dz).

be a drift rate. As ε goes to zero, µε has a finite limit if the process has finite variation,

but is not necessarily finite in other cases. It is worth noting that although NIG

processes have infinite variation, by examining the near-zero asymptotic expansion

(5.1), we conclude that NIG satisfies µε <∞.

Xε
t + µεt

is an approximation of Xt by truncating the jumps smaller than ε. The residual term

of the jump part is a martingale:

Rε
t := Xt −Xε

t − µεt =

∫ t

0

∫
|z|≤ε

z (µ(dz, ds)− ν(dz)ds) .

One measure of the error in the approximation is the variance of Rε
t :

V [Rε
t ] =

∫
|z|≤ε

z2ν(dz) t ≡ σ2
εt. (5.9)

This is by differentiating the characteristic function of Rε
t

E [exp (iuRε
t )] = exp

(
t

∫
|z|≤ε

(eiuz − 1− iuz)ν(dz)

)
with respect to u twice and then let u = 0.

µε, λε and σε will play a major role in the subsequent numerical analysis.

Let Xt be an (m, 0, ν)-Lévy process. We have the decomposition of Xt = Xε
t +

Rε
t + µεt. We bound Vn by the difference between continuous maxima and 2-point

maxima over all timesteps:
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Vn = sup
0≤t≤1

Xt − max
i=0,1,...,n

X i
n

≤ max
i=1,...,n

(
sup

[ i−1
n
, i
n

]

Xt −max
(
X i

n
, X i−1

n

))
(5.10)

where sup[ i−1
n
, i
n

] Xt −max
(
X i

n
, X i−1

n

)
is equivalent in law to

sup
[0, 1

n
]

Xt −
(
X 1

n

)+

= sup
[0, 1

n
]

(Xε
t +Rε

t + µεt)−
(
Xε

1
n

+Rε
1
n

+ µε
1

n

)+

≤ sup
[0, 1

n
]

(Xε
t +Rε

t )−
(
Xε

1
n

+Rε
1
n

)+

+
|µε|
n

≤ sup
[0, 1

n
]

Xε
t −

(
Xε

1
n

)+

+
|µε|
n

+ sup
[0, 1

n
]

Rε
t +
(
−Rε

1
n

)+

≤ sup
[0, 1

n
]

Xε
t −

(
Xε

1
n

)+

+
|µε|
n

+ 2 sup
[0, 1

n
]

|Rε
t | (5.11)

where we use (a+ b)+ ≤ a+ + b+ with a = Xε
1
n

+Rε
1
n

+ µε
1
n

and b = −µε 1
n

in the first

inequality; a = Xε
1
n

+Rε
1
n

and b = −Rε
1
n

in the second inequality.

The following lemma is used in bounding E [V p
n ] if p < 1.

Lemma 5.3.2. For nonnegative numbers x, y, if 0 < p < 1 then we have

(x+ y)p ≤ xp + yp.

In (5.11), let

Sn := 2 sup
[0, 1

n
]

|Rε
t | . (5.12)

For p > 0, we have

E [V p
n ] ≤ E

[
max
i=1,...,n

(
sup
[0, 1

n
]

Xε
t (i)−

(
Xε

1
n

(i)
)+

+
|µε|
n

+ S(i)
n

)p]

≤ E

[
Cp max

i=1,...,n

(
sup
[0, 1

n
]

Xε
t (i)−

(
Xε

1
n

(i)
)+
)p

+ Cp

(
|µε|
n

)p
+ Cp

(
max
i=1,...,n

S(i)
n

)p]

≤ CpnE

[(
sup
[0, 1

n
]

Xε
t −

(
Xε

1
n

)+
)p]

+ Cp

(
|µε|
n

)p
+CpE

[(
max
i=1,...,n

S(i)
n

)p]
. (5.13)

115



where in the second step we use maxi=1,...,n (ai + bi) ≤ maxi=1,...,n ai + maxi=1,...,n bi,

Jensen’s inequality if p ≥ 1 and Lemma 5.3.2 if 0 < p < 1. Cp = max (3p−1, 1).

We shall give an upper bound on the moments of sup[0, 1
n

] |Rε
t |.

Proposition 5.3.3. Let Xt be a scalar Lévy process with a triple (m, 0, ν). Suppose

the Lévy measure satisfies ∫
|z|≤ε

z2ν(dz) t ≡ σ2
ε < +∞.

Let

Rε
t =

∫ t

0

∫
|z|≤ε

z (µ(dz, ds)− ν(dz)ds) .

be the jump process with jumps smaller than ε. Then Rε
t satisfies

E
[

sup
0≤t≤T

|Rε
t |
p

]
≤

{
Kp

(
T p/2σpε + T

∫
|z|≤ε |z|

p ν(dx)
)
, p > 2;

KpT
p/2σpε , 0 < p ≤ 2,

where Kp is a constant depending on p.

Proof. For any 0 < p ≤ 2, by Jensen’s inequality and Doob’s inequality (A.2.10),

E
[

sup
0≤t≤T

|Rε
t |
p

]
≤ E

[
sup

0≤t≤T
|Rε

t |
2

]p/2
≤ 2pE

[
|Rε

T |
2]p/2

= 2pT p/2σpε .

In particular when p = 2,

E
[

sup
0≤t≤T

|Rε
t |

2

]
≤ 4Tσ2

ε .

For any p > 2 we can use the method on page 347 of [52]. In the following the

constants Cp and Kp vary from line to line.

By the Burkholder–Davis–Gundy inequality (A.2.9), we have

E
[

sup
0≤t≤1

|Rε
t |
p

]
≤ E

[
[Rε]p/21

]
= E

(∑
s≤1

(∆Rε
s)

2

)p/2

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where [Rε]t =
∫ t

0

∫
|z|≤ε z

2µ(dz, ds) is the quadratic variation of Rε
t and ∆Rε

s are the

jumps of Rε.

We have

E

(∑
s≤1

(∆Rε
s)

2

)p/2
 ≤ CpE

(∑
s≤1

(∆Rε
s)

2 −
∫
|z|≤ε
|z|2 ν(dz)

)p/2

+

(∫
|z|≤ε
|z|2 ν(dz)

)p/2 .
Apply the Burkholder–Davis–Gundy inequality to the first term on the RHS

above:

E

(∑
s≤1

(∆Rε
s)

2

)p/2
 ≤ E

Kp

(∑
s≤1

(∆Rε
s)

4

)p/4

+ Cp

(∫
|z|≤ε
|z|2 ν(dz)

)p/2 .
Continue recursively until 1 ≤ p2−k < 2 :

E

(∑
s≤1

(∆Rε
s)

2

)p/2
 ≤ E

Kp

(∑
s≤1

(∆Rε
s)

2k+1

)p2−(k+1)

+ Cp

k∑
i=1

(∫
|z|≤ε
|z|2

i

ν(dz)

)p2−i .
We know if 0 < q1 ≤ q2 < ∞ then for an infinite sequence x we have ‖x‖q2 ≤ ‖x‖q1 .
Let q1 = p2−k and q2 = 2. As 1 ≤ p2−k < 2,(∑

s≤1

(∆Rε
s)

2k+1

)p2−(k+1)

=

(∑
s≤1

[
(∆Rε

s)
2k
]2
) 1

2
p2−k

≤
∑
s≤1

|∆Rε
s|
p .

We have

E

[∑
s≤1

|∆Rε
s|
p

]
=

∫
|z|≤ε
|z|p ν(dz).

On the other hand, on page 348 of [52] we have(∫
|z|≤ε
|z|2

i

ν(dz)

)p2−i
≤
(∫
|z|≤ε
|z|2 ν(dz)

)p/2
+

∫
|z|≤ε
|z|p ν(dz).

Therefore

E

(∑
s≤1

(∆Rε
s)

2

)p/2
 ≤ Kp

[(∫
|z|≤ε

z2ν(dz)

)p/2
+

∫
|z|≤ε
|z|p ν(dz)

]

= Kp

(
σpε +

∫
|z|≤ε
|z|p ν(dz)

)
.
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Finally

E
[

sup
0≤t≤1

|Rε
t |
p

]
≤ Kp

[(∫
|z|≤ε

z2ν(dz)

)p/2
+

∫
|z|≤ε
|z|p ν(dz)

]
.

We consider a change of time coordinate, t′ = t/T . Define Rε′
t′ = Rε

t . Then

Rε
T =

∫ T

0

∫
|z|≤ε

z (µ(dz, dt)− ν(dz)dt)

=

∫ 1

0

∫
|z|≤ε

z (µ(dz, dt′T )− ν(dz)dt′T )

≡
∫ 1

0

∫
|z|≤ε

z (µ′(dz, dt′)− ν ′(dz)dt′)

= Rε′
1 .

where ν ′(dz) = T ν(dz). By the estimate for E
[
sup0≤t≤1 |Rε′

t |
p] we have

E
[

sup
0≤t≤1

|Rε
t |
p

]
≤ Kp

[
T p/2

(∫
|z|≤ε

z2ν(dz)

)p/2
+ T

∫
|z|≤ε
|z|p ν(dz)

]
.

where Kp is a constant depending on p.

Corollary 5.3.4. Let Xt be a scalar Lévy process with a triple (m, 0, ν). In the (5.13),

for p > 2 we have

E
[(

max
i=1,...,n

S(i)
n

)p]
≤ Kp

(
n1−p/2σpε +

∫
|z|≤ε
|z|p ν(dx)

)
, (5.14)

where Kp is a constant depending on p.

Proof. We have

E
[(

max
i=1,...,n

S(i)
n

)p]
≤ nE [Spn]

= n2p
(
E
[

sup
0≤t≤1

|Rε
t |
p

])
≤ Kp

(
n1−p/2σpε +

∫
|z|≤ε
|z|p ν(dx)

)
.

We now come to an important theorem which gives an upper bound on

nE
[(

sup[0, 1
n

] X
ε
t −

(
Xε

1
n

)+
)p]

in (5.13).
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Theorem 5.3.5. Let Xt be a scalar Lévy process with a triple (m, 0, ν), and

Xε
t :=

∫ t

0

∫
ε<|z|

zµ(dz, ds)

be a compound Poisson process with jumps from Xt.

For any power index p > 0, assuming that there exists a constant K such that

λε ≤ Kn, we have

nE

[(
sup
[0, 1

n
]

Xε
t −

(
Xε

1
n

)+
)p]

≤ Kp

(
εp +

Lε (p)

λ2
ε

)
λ2
ε

n
, (5.15)

where µε, λε and σε are as defined in Section 5.3.3.1, Kp is a constant, and Lε (p) =

p
∫
x>ε

xp−1λ2
xdx is a function depending on the Lévy measure ν(x).

Proof. Let

Z = sup
[0, 1

n
]

Xε
t −

(
Xε

1
n

)+

.

We will give an upper bound on E [Zp] by analysing the jump behavior of the

finite-activity processes in a single interval [0, 1
n
].

Let Ni be the number of jumps for replication i. Note that conditional on Ni ≤ 1,

Z = 0. Conditional on Ni = 2, Z ≤ min (|Y1| , |Y2|) . This can be seen from the

behavior of Z in different scenarios of two jumps in figure 5.11. Based on this fact,

we have

E [Zp | Ni = 2] = p

∫
xp−1P (Z > x | Ni = 2) dx

≤ p

∫
xp−1P (min (|Y1| , |Y2|) > x) dx

= p

∫
xp−1P(|Y1| > x)2 dx

=
p

λ2
ε

∫
xp−1

(∫
|z|>x

1{ε<|z|}ν(dz)

)2

dx

=
p

λ2
ε

(∫
0≤x≤ε

xp−1λ2
εdx+

∫
x>ε

xp−1λ2
xdx

)
= εp +

p

λ2
ε

∫
x>ε

xp−1λ2
xdx

≡ εp +
Lε (p)

λ2
ε

. (5.16)

119



t

X
t

one jump

 

 

t

X
t

two jumps

 

 

Z

Z

Figure 5.11: Illustration of the behavior of Z(i) in the case of two jumps

More generally, conditional on Ni = k, k ≥ 2

Z > x ⇒ ∃1 ≤ j ≤ k − 1 s.t.

∣∣∣∣∣
j∑
l=1

Yl

∣∣∣∣∣ > x,

∣∣∣∣∣
k∑

l=j+1

Yl

∣∣∣∣∣ > x

⇒ ∃j1, j2 s.t. |Yj1| >
x

k − 1
, |Yj2| >

x

k − 1
.

P
(
∃j1, j2 s.t. |Yj1| >

x

k − 1
, |Yj2| >

x

k − 1

)
≤

∑
(j1,j2)

P(|Yj1 | >
x

k − 1
, |Yj2| >

x

k − 1
)

=
k (k − 1)

2
P(|Y1| >

x

k − 1
)2.
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Thus

E [Zp | Ni = k] = p

∫
xp−1P (Z > x | Ni = k) dx

≤ k (k − 1)

2
p

∫
xp−1P(|Y1| >

x

k − 1
)2dx

=
k (k − 1)

2

p

λ2
ε

∫
xp−1

(∫
|z|>x/(k−1)

1{ε<|z|}ν(dz)

)2

dx

=
k (k − 1)p+1

2

p

λ2
ε

∫ (
x

k − 1

)p−1(∫
|z|>x/(k−1)

1{ε<|z|}ν(dz)

)2

d
x

k − 1

=
k (k − 1)p+1

2

p

λ2
ε

∫
xp−1

(∫
|z|>x

1{ε<|z|}ν(dz)

)2

dx

≡ dk,p

(
εp +

Lε (p)

λ2
ε

)
, (5.17)

where

dk,p =
k (k − 1)p+1

2
.

We then have

E [Zp] =
∞∑
k=2

E [Zp | N=k] P (N=k)

≤
(
εp +

Lε(p)

λ2
ε

)
exp

(
−λε
n

) ∞∑
k=2

dk,p

(
λε
n

)k
1

k!

For kp = dpe+2 there exists Cp such that for any k ≥ kp, dk,p ≤ Cp
k!

(k−kp)!
, so

∞∑
k=2

dk,p

(
λε
n

)k
1

k!
≤

kp−1∑
k=2

dk,p

(
λε
n

)k
1

k!
+ Cp

∞∑
k=kp

(
λε
n

)k
1

(k − kp)!

≤
kp−1∑
k=2

dk,p

(
λε
n

)k
1

k!
+ Cp

(
λε
n

)kp
exp

(
λε
n

)
≤ Kp

(
λε
n

)2

for some constant Kp, where the last step is by assuming that there exists constant

K such that λε ≤ Kn.

Therefore

E [Zp] ≤ Kp

(
εp +

Lε (p)

λ2
ε

)(
λε
n

)2

and

nE [Zp] ≤ Kp

(
εp +

Lε (p)

λ2
ε

)
λ2
ε

n
.
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By (5.13) and (5.15) we have: assuming that there exists a constant K such that

λε ≤ Kn, then

E [V p
n ] ≺ E

[(
max
i=1,...,n

S(i)
n

)p]
+ εp

λ2
ε

n
+
Lε (p)

n
+

(
|µε|
n

)p
. (5.18)

where the notation u ≺ v means there exists constant c > 0 independent of n such

that u < cv. This is the foundation of the following numerical analysis.

5.3.3.2 Analysis of individual processes

We will focus on analysing the convergence rate of second and higher moments of Vn.

Under the assumption λε ≺ n of Theorem 5.3.5, if we can choose a proper scaling

of λε so that the RHS of (5.18) is convergent, the convergence rate of E [V p
n ] can

be estimated. In the following, we propose the analysis for a broad class of Lévy

processes where the Lévy measure admits almost power-law behavior near the origin

and the tail of the Lévy measure decays exponentially. The particular cases of VG,

NIG and tempered α-stable processes will follow as a corollary.

Proposition 5.3.6. Let Xt be a scalar pure jump Lévy process. Suppose the Lévy

measure ν(x) satisfies

C2 |x|−1−α ≤ ν(x) ≤ C1 |x|−1−α , as |x| ≤ 1;

where C1, C2 > 0, 0 ≤ α < 2 are constants. For p > 0, we have for arbitrary δ > 0,

E
[(

max
i=1,...,n

S(i)
n

)p]
≺ εp−δ.

Proof. For p > 2, by corollary 5.3.4

E
[(

max
i=1,...,n

S(i)
n

)p]
≤ Kp

(
n1−p/2σpε +

∫
|z|≤ε
|z|p ν(dx)

)
.

Recall

σε =

(∫
|z|≤ε

z2 ν(dz)

)1/2

.

Since ∫
|z|≤ε

z2 1

|z|α+1 dz =
2

2− α
ε2−α,
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we have
2C2

2− α
ε2−α ≤ σ2

ε ≤
2C1

2− α
ε2−α

and

σpε ∼ εp−pα/2,

where the notation u ∼ v means there exists constant c1, c2 > 0 independent of n

such that c1v ≤ u ≤ c2v.

For p > 2 > α, since ∫
|z|≤ε
|z|p 1

|z|α+1 dz =
2

p− α
εp−α,

we have
2C2

p− α
εp−α ≤

∫
|z|≤ε
|z|p ν(dx) ≤ 2C1

p− α
εp−α

i.e. ∫
|z|≤ε
|z|p ν(dx) ∼ εp−α. (5.19)

Assuming 0 < ε < 1, we work out a lower bound λε:

λε ≥ C2

∫
ε<|z|<1

1

|z|α+1 dz

=

{
2C2 log 1

ε
, α = 0;

2C2

α
ε−α, 0 < α < 2.

(5.20)

Hence the assumption of Theorem 5.3.5

λε ≤ n

implies {
2C2 log 1

ε
≤ n, α = 0;

2C2

α
ε−α ≤ n, 0 < α < 2.

(5.21)

We have

n1−p/2σpε∫
|z|≤ε |z|

p ν(dx)
≤ C1

C2

p− α
2− α

(
ε−α

n

) p
2
−1

≤ C1

C2

p− α
2− α

(
α

2C2

) p
2
−1

. (5.22)

where the last step is due to (5.21).
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Furthermore by (5.14), given p > 0, for any q > max (2, p), by Jensen’s inequality

we have

E
[(

max
i=1,...,n

S(i)
n

)p]
≤ E

[(
max
i=1,...,n

S(i)
n

)q]p/q
≤

(
1 +

C1

C2

q − α
2− α

(
α

2C2

) q
2
−1
)p/q

Kp/q
q

(∫
|z|≤ε
|z|q ν(dx)

)p/q
≺

(
εq−α

)p/q
= εp−αp/q.

For any p > 0 , we can take q as large as we like to get a bound

E
[(

max
i=1,...,n

S(i)
n

)p]
≺ εp−δ

for any δ > 0.

Proposition 5.3.7. Let Xt be a scalar pure jump Lévy process. Suppose the Lévy

measure ν(x) satisfies

C2 |x|−1−α ≤ ν(x) ≤ C1 |x|−1−α , as |x| ≤ 1;
ν(x) ≤ exp (−C3 |x|) , as |x| > 1,

(5.23)

where C1, C2, C3 > 0, 0 ≤ α < 2 are constants. Then Vn = sup0≤t≤1Xt−maxi=0,1,...,nX i
n

satisfies

a) p ≥ 2α, p ≥ 1,

E [V p
n ] =

{
O
(

1
n

)
, p > 2α;

O
(

logn
n

)
, p = 2α.

b) p < 2α and α ≥ 1
2
,

E [V p
n ] = O

((
log n

n

) p
2α

)
.

c) p < 1 and α < 1
2
,

E [V p
n ] = O

(
n−p
)
.

These three (p, α) regions are illustrated in figure 5.12.

In particular for p = 2,

1. if 0 ≤ α < 1, then

E
[
V 2
n

]
= O

(
1

n

)
;
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Figure 5.12: The pair of numbers after the label of regime indicates the leading order
terms among four terms in (5.18).

2. if α = 1, then

E
[
V 2
n

]
= O

(
log n

n

)
;

3. if 1 < α < 2, then

E
[
V 2
n

]
= O

((
log n

n

) 1
α

)
.

In addition, if Xt is an α-stable process with α > 1, then for p < 2α,

E [V p
n ] = O

(
n−(p−δ)(2α−δ)−1

)
,

where δ can be any small positive constant.

Proof. According to (5.18), we work out the upper bounds of µε, λε and Lε (p) when

p, α are in different sets of value and then balance their asymptotic orders.

For 0 < ε < 1,

λε ≤ C1

∫
ε<|z|<1

1

|z|α+1 dz +

∫
1<|z|

exp (−C3 |z|) dz

≤
{

2C1 log 1
ε

+ l1, α = 0;
l2ε
−α, 0 < α < 2.

(5.24)
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For a positive x,

λx ≤
{

1{x≤1}
(
2C1 log 1

x
+ l1

)
+ 1{x>1}

1
C3

exp (−C3 |x|) , α = 0;

l2
(
1{x≤1}x

−α + 1{x>1} exp (−C3 |x|)
)
, 0 < α < 2.

If α = 0, then

Lε (p) = p

∫
x>ε

xp−1λ2
xdx

≤ l21p

∫
x>ε

xp−1

(
1{x≤1}

(
C1 log

1

x
+ l1

)
+ 1{x>1}

1

C3

exp (−C3 |x|)
)2

dx

≤ l3;

If α > 0, then

Lε (p) = p

∫
x>ε

xp−1λ2
xdx

≤ l22p

∫
x>ε

xp−1
(
1{x<1}x

−α + 1{x>1} exp (−C3 |x|)
)2

dx

≤


l4, p > 2α;

l4 log 1
ε

+ l5, p = 2α;
l4ε
−2α+p + l5, p < 2α.

where li, i = 1, . . . , 5 are constants. This upper bound on Lε (p) also includes the

α = 0 case.

Remark 5.3.8. The upper bound on Lε (p) requires that the right tail of the Lévy

measure decays fast enough. For example, for an α-stable process we have

λx ≤ l21{x≤1}x
−α, 0 < α < 2

and

Lε (p) = p

∫
x>ε

xp−1λ2
xdx

≤ l22p

∫
x>ε

xp−1
(
1{x<1}x

−α)2
dx

≤ l4ε
−2α+p, p < 2α. (5.25)

Hence for 0 < α ≤ 1 we cannot obtain an upper bound on Lε (p) for p ≥ 2.

Fortunately, in the numerical experiment we are interested in the application where

spectrally negative processes don’t have a right tail and α > 1 .
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Since ∫
ε<|z|<1

z ν(dz) ≤ C1

∫
ε<z<1

z
1

zα+1
dz + C2

∫
−1<z<−ε

z
1

|z|α+1 dz;

−
∫
ε<|z|<1

z ν(dz) ≤ −C2

∫
ε<z<1

z
1

zα+1
dz − C1

∫
−1<z<−ε

z
1

|z|α+1 dz

= C1

∫
ε<z<1

z
1

zα+1
dz + C2

∫
−1<z<−ε

z
1

|z|α+1 dz,

assuming 0 < ε < 1 we have

|µε| =

∣∣∣∣m− ∫
ε<|z|<1

z ν(dz)

∣∣∣∣
≤ |m|+

∣∣∣∣C2

∫
ε<z<1

z
1

zα+1
dz + C1

∫
−1<z<−ε

z
1

|z|α+1 dz

∣∣∣∣
=

{
|m|+

∣∣C1−C2

α−1
[ε1−α − 1]

∣∣ , α 6= 1;

|m|+ |C1 − C2| log 1
ε
, α = 1.

(5.26)

By (5.18) and (5.22),

E [V p
n ] ≺ E

[(
max
i=1,...,n

S(i)
n

)p]
︸ ︷︷ ︸

1)

+ εp
λ2
ε

n︸︷︷︸
2)

+
Lε (p)

n︸ ︷︷ ︸
3)

+

(
|µε|
n

)p
︸ ︷︷ ︸

4)

.

For the ease of balancing asymptotic orders, we assume ε is sufficiently small such

that
log 1

ε
> max (l5, l1) , if p = 2α or α = 0;

ε−2α+p > l5, if p < 2α.
(5.27)

Under this assumption, we have

1)

E
[(

max
i=1,...,n

S(i)
n

)p]
≺ εp−δ.

2)

εp
λ2
ε

n
≺
{
n−1εp log 1

ε
, α = 0;

n−1εp−2α, 0 < α < 2.

3)

Lε (p)

n
≺ n−1 ×


1, p > 2α;

log 1
ε
, p = 2α;

ε−2α+p, p < 2α.
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4) (
|µε|
n

)p
≺ n−p ×


1 + |C1 − C2|p εp(1−α), α > 1;
1 +

(
|C1 − C2| log 1

ε

)p
, α = 1;

1, α < 1.

We balance the RHS of four terms as p, α take value in different regions. All

possible scenarios are illustrated in Figure 5.12.

In the following we assume C1 6= C2.

1. p ≥ 2α.

In this case, the order of 2) is greater than or equal to the one of 3).

If α = 0, we can take ε = n−(p−δ)−1

which gives

E [V p
n ] ≺

{
n−1, p ≥ 1;
n−p, p < 1.

If α > 0, we can take

ε = n−1/α.

According to (5.24),

λε ≺ ε−α = n,

satisfying the constraint λε = O (n).

E
[(

max
i=1,...,n

S(i)
n

)p]
≺ εp−δ

= n−(p−δ)/α.

is less than n−1 if δ < α is chosen. Under this scaling of ε, the leading order

among 1) to 3) is {
n−1, p > 2α;
n−1 log n, p = 2α.

(5.28)

If α > 1, then (
|µε|
n

)p
≺ n−pεpnp

= n−p/α

is negligible compared to (5.28).
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Hence the order of 4) is greater than or equal to n−1.

If α = 1, then (
|µε|
n

)p
≺ n−p

(
1 +

(
|C1 − C2| log

1

ε

)p)
.

Hence the order of 4) is greater than or equal to (5.28).

If α < 1, then (
|µε|
n

)p
≺ n−p

is less than or equal to n−1 when p ≥ 1. In those cases,

E [V p
n ] =

{
O
(

1
n

)
, p > 2α;

O
(

logn
n

)
, p = 2α.

Remark 5.3.9. When 2α ≤ p < 1,

E [V p
n ] = O

(
n−p
)
.

2. 0 < p < 2α.

In this case, 3) ≺ n−1εp−2α and 2) ≺ n−1εp−2α are of the same order. Balancing

the RHS of 1) and 3) we get

ε ∼ n−(2α−δ)−1

.

According to (5.21), the constraint on ε is satisfied ε−α ∼ nα(2α−δ)−1 ≺ n if δ is

chosen to fulfill α (2α− δ)−1 ≤ 1 i.e.

δ ≤ α. (5.29)

Under this scaling, the leading order among 1) to 3) is

n−(p−δ)(2α−δ)−1

.

Now we examine the order of 4) :

As α > 1, (
|µε|
n

)p
≺ n−p

(
1 + |C1 − C2|p εp(1−α)

)
∼ n−p + n−p+p(α−1)(2α−δ)−1

.
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Note that

−p+ p (α− 1) (2α− δ)−1 ≤ − (p− δ) (2α− δ)−1

⇔
δ ≤ α.

Hence by choosing sufficiently small δ the contribution from 4) is not the leading

order.

As α = 1, (
|µε|
n

)p
≺ n−p

(
1 +

(
|C1 − C2| log

1

ε

)p)
,

is a higher order term.

As α < 1, (
|µε|
n

)p
≺ n−p.

Note that

−p ≤ − (p− δ) (2α− δ)−1

⇔
(p− 1) δ ≤ (2α− 1) p or δ ≥ 2α.

If 1 > α > 1
2
, then by choosing sufficiently small δ, the contribution from 4) is

not the leading order. Thus

E [V p
n ] = O

(
n−(p−δ)(2α−δ)−1

)
.

If 2α ≤ 1, then p < 2α ≤ 1. Due to constraint (5.29), by solving

α (p− 1) ≤ (p− 1) δ ≤ (2α− 1) p

we have

p ≤ α

1− α
.

We conclude that for p ≤ α
1−α , we still have

E [V p
n ] = O

(
n−(p−δ)(2α−δ)−1

)
.

For p > α
1−α , n−p is the leading order term so

E [V p
n ] = O

(
n−p
)
.
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On the other hand, note that when 2α ≥ 1, for q = 2α > p,

E [V p
n ] ≤ E [V q

n ]p/q

= O

((
log n

n

) p
2α

)
.

When 2α < 1, for q = 1 > p,

E [V p
n ] ≤ E [Vn]p

= O
(
n−p
)
.

This shows that by simply using Hölder’s inequality on the results obtained

for the p = 2α case, we can get better bounds compared to what we get from

balancing terms, whenever 2α ≥ 1 or 2α < 1.

For a general α-stable process with α > 1, as shown by (5.25) in the remark,

the only difference is that we can only use the estimate of Lε (p) when p < 2α.

Thus it is not possible to use Hölder’s inequality on the results obtained for the

p = 2α case to get a better bound. In this case, the result would be

E [V p
n ] = O

(
n−(p−δ)(2α−δ)−1

)
.

We use a lemma which can be proved by Hölder’s inequality to interpolate the

result of Theorem 5.3.1 and Proposition 5.3.7.

Lemma 5.3.10. Suppose r1 < r < r2, and E [Xr2 ] exists, then we have

E [Xr] ≤ E [Xr1 ]
r2−r
r2−r1 E [Xr]

r−r1
r2−r1 .

Taking advantage of Theorem 5.3.1 and this lemma, we obtain better results:

Proposition 5.3.11. Let Xt be a scalar pure jump Lévy process. Suppose the Lévy

measure ν(x) satisfies

C2 |x|−1−α ≤ ν(x) ≤ C1 |x|−1−α , as |x| ≤ 1;
ν(x) ≤ exp (−C3 |x|) , as |x| > 1,

where C1, C2, C3 > 0, 0 ≤ α < 2 are constants.

Then Vn = sup0≤t≤1Xt −maxi=0,1,...,nX i
n

satisfies
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a) p ≥ 2α, p ≥ 1,

E [V p
n ] =

{
O
(

1
n

)
, p > 2α;

O
(

logn
n

)
, p = 2α.

b) 1 ≤ p < 2α and 1
2
≤ α < 1,

E [V p
n ] = O

((
log n

n

) p
2α

)
.

c) 1 ≤ p < 2α and 1 ≤ α < 2,

E [V p
n ] = O

((
1

n

)r 2α−p
2α−1

(
log n

n

) p−1
2α−1

)
.

d) p < 1 and 0 ≤ α < 1,

E [V p
n ] = O

((
log n

n

)p)
.

e) p < 1 and 1 ≤ α < 2,

E [V p
n ] = O

(
n−rp

)
.

where 1
2
< r = 1

α
− θ < 1

α
≤ 1 for any small θ > 0.

In particular for p = 2,

1. if 0 ≤ α < 1, then

E
[
V 2
n

]
= O

(
1

n

)
;

2. if α = 1, then

E
[
V 2
n

]
= O

(
log n

n

)
;

3. if 1 < α < 2, then

E
[
V 2
n

]
= O

((
1

n

)r 2α−2
2α−1

(
log n

n

) 1
2α−1

)
.

For a variance gamma process with parameters A,B and κ, ν(z) = 1
κ|x|e

A−B|x| ,

let α = 0. There exists C1, C2, C3 such that (5.23) is satisfied. This corresponds to

the first case of Proposition 5.3.7.

For a NIG process, ν(x) = C
|x|e

Ax K1 (B |x|) , where K1 (·) is the modified Bessel

function of the second kind. Recall that K1 (·) has near-zero and tail asymptotic
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expansion (5.1), (5.2). Let α = 1. There exists C1, C2, C3 such that (5.23) is satisfied.

This corresponds to the second case of Proposition 5.3.7.

For a tempered α-stable process, ν(x) = A
xα+1 e

−λ+x1{x>0}+
B

|x|α+1 eλ−x1{x<0}. There

exists C1, C2, C3 such that (5.23) is satisfied. This corresponds to the third case of

Proposition 5.3.11.

For a spectrally negative α-stable process (A = 0) which we are interested in the

numerical results, we have a strong result:

Proposition 5.3.12. Let Xt be a spectrally negative α-stable process, i.e. its Lévy

measure ν(x) is

ν(x) =
B

|x|α+1 1{x<0}

where B > 0, 0 < α < 2 are constants. Then Vn = sup0≤t≤1Xt−maxi=0,1,...,nX i
n

satisfies

1. if 0 < α < 1, then

E [V p
n ] = O

(
n−p
)

;

2. if α = 1, then

E [V p
n ] = O

((
log n

n

)p)
;

3. if 1 < α < 2, then

E [V p
n ] = O

(
n−rp

)
where 1

2
< r = 1

α
− θ < 1

α
≤ 1 for any small θ > 0.

Proof. Since Xt doesn’t have positive jumps, sup[0, 1
n

] X
ε
t −

(
Xε

1
n

)+

in (5.13) is zero.

We have

E [V p
n ] ≤ E

[(
max
i=1,...,n

S(i)
n

)p]
+

(
|µε|
n

)p
.

According to Proposition 5.3.4, and the proof of Proposition 5.3.7, we have for

any δ > 0 and 0 < ε < 1,

E
[(

max
i=1,...,n

S(i)
n

)p]
≺ εp−δ.

(
|µε|
n

)p
≺ n−p ×


εp(1−α), α > 1;(
log 1

ε

)p
, α = 1;

1, α < 1.
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We can make

ε = n−(α−δp−1)
−1

under which

E [V p
n ] ≺


n
− p−δ
α−δp−1 , α > 1;(

logn
n

)p
, α = 1;

n−p, α < 1.

By presetting a sufficiently small δ we get the result.

The result of Proposition 5.3.12 is near optimal in a sense that it matches the

numerical result. The numerical results show that for a spectrally negative α-stable

process with α tending to 2, E [U2
n] behaves like O (n−1) .The intuition for this is

that when α is close to 2 the process has so many small jumps that it behaves

like a Brownian motion. However, for a (tempered) α-stable process the result of

Proposition 5.3.11 is not optimal. The limitation of current analysis might be due to

the estimate (5.10) and since the bound of Theorem 5.3.5 on the contribution from

the large jumps is not tight enough.

5.3.4 Lookback options

The lookback option payoff in the numerical experiments is a Lipschitz function of

max0≤t≤T S(t), i.e.

P = P ( max
0≤t≤T

S(t)) (5.30)

such that |P (S1)− P (S2)| ≤ LK |S1 − S2| .

To avoid moment explosion of unbounded payoffs, we also consider the lookback

put option, where the payoff is a Lipschitz function of the exponential exponent

max0≤t≤T X(t), i.e.

P = P ( max
0≤t≤T

X(t)) (5.31)

such that |P (X1)− P (X2)| ≤ K |X1 −X2|. This is since for P (x) = (K − S0 exp (x))+

we have |P ′ (x)| ≤ K.

Without loss of generality, we assume T = 1 in the following.
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5.3.4.1 Weak convergence

For the put option case, by the Lipschitz property and boundness of the payoff we

have

E
[
P̂ − P

]
≤ K E

[∣∣∣∣ max
i=0,1,...,n

X i
n
− sup

0≤t≤1
Xt

∣∣∣∣] .
Therefore we obtain weak convergence for the process discussed by Theorem 5.3.1,

and the convergence rate is exactly the same. Hence we have almost first order weak

convergence for the estimator of Lipschitz lookback put payoff in the VG and NIG

model.

For the call option case, firstly by |ex − 1| ≤ |x| for x ≤ 0, we have

E
[
P̂ − P

]
≤ LK E

[∣∣∣∣exp

(
max

i=0,1,...,n
X i

n

)
− exp

(
sup

0≤t≤1
Xt

)∣∣∣∣]
≤ LK E

[
exp

(
sup

0≤t≤1
Xt

)
Vn

]
.

Then we state Lemma 6.3 of [18] which uses Hölder’s inequality to reduce the

analysis to E [Vn] :

Lemma 5.3.13. If ∃q > 1 such that

E
[
exp

(
q sup

0≤t≤1
Xt

)]
<∞, (5.32)

then for any δ > 0, there exists constant C such that

E
[
P̂ − P

]
≤ C E [Vn]

q−1
q
−δ .

We will see in the next section that the weak convergence holds for the processes

using parameters in the numerical simulation.

5.3.4.2 Moment explosion in exponential Lévy models

In the case of diffusion processes, the moment generating function

E
[
exp

(
q sup

0≤t≤1
Xt

)]
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is always finite for any q. However, the moment generating function of a Lévy process

can be infinite for some q. We discuss the conditions under which the Lévy process

admits a finite exponential moment.

The solution of an SDE driven by a Lévy process admits a moment estimate; see

e.g. Theorem 67 on page 349 of [52]. We state the estimate addressing the condition

on the Lévy measure.

Theorem 5.3.14. Let σ be continuous differentiable with a bounded derivative. Sup-

pose Xt is a Lévy process with a Lévy measure ν such that
∫
|z|>1

zkν(dz) <∞ for an

integer k > 0. Then the solution of the SDE

dSt = σ (St−) dXt

admits

E
[

sup
0≤t≤T

|St|p
]
< C (1 + |S0|p) .

where p ≤ k is an integer, C is a positive constant.

It is reasonable that if the Lévy measure has a finite exponential moment then

the running maximum of the Lévy process has a finite exponential moment. In fact,

for a given q > 1, by Doob’s inequality and Jensen’s inequality,

E
[
exp

(
q sup

0≤t≤1
Xt

)]
<∞,

holds if and only if

E [exp (qXt)] <∞.

By Theorem 3.6 in [47], the above is equivalent to∫
|z|>1

eqzν(dz) <∞.

Hence (5.32) is equivalent to ∃q > 1 such that

∫
|z|>1

eqzν(dz) <∞. (5.33)

For a Variance Gamma process with parameters (σ, θ, κ), ν(x) = 1
κ|x|e

Ax−B|x|,

where A = θ
σ2 and B =

√
θ2+2σ2/κ

σ2 , in order that ∃q > 1 such that∫
|x|>1

eqx
1

κ |x|
eAx−B|x|dx <∞,
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it is necessary that B−A > 1, which is equivalent to
√
θ2 + 2σ2/κ+θ < 2. Recall the

parameters σ, κ, θ represent the standard deviation of BM and Gamma subordinator,

drift of BM respectively. In fact, in our numerical test, according to option prices data

calibration in [48], parameters are estimated as κ = 0.1686; σ = 0.1213; θ = −0.1436.

A calculation shows that A = −9.7596, B = 30.0244 so (5.33) is satisfied.

For a NIG process with a parameter set (σ, θ, κ), ν(x) = C
|x|e

Ax K1 (B |x|) with

A = θ
σ2 , B =

√
θ2+σ2/κ

σ2 , and C =

√
θ2+2σ2/κ

2πσ
√
κ

where K1 (·) is the modified Bessel

function of the second kind. Recall that K1 (·) has tail asymptotic expansion (5.2).

In order to guarantee the boundness of∫ ∞
1

eqx
1

κ |x|
eAxK1 (B |x|) dx

∼
∫ ∞

1

eqx
1

κ |x|
eAx−B|x|

√
π

2 |x|

(
1 +O

(
1

|x|

))
dx,

for a q > 1, it is necessary that B −A > 1. In our numerical test A = −3.8941, B =

6.1882, and σ = 0.1622 which fulfills the condition.

For an α-stable process, only in the case when A = 0, we have all exponential

moments finite according to Proposition 1 in [8].

In summary, for the processes used in our numerical results, the condition for

weak convergence is guaranteed.

The reason why the exponential moment of the Lévy process can blow up is due

to the heavy tail property. In the exponential Lévy model, the expected value of a

discounted payoff is not always finite under a given risk-neutral measure, e.g. the

mean correcting measure discussed above. A way to resolve this issue is to choose

another risk-neutral measure for calibration, e.g. the pricing measure defined by the

Esscher transform which does an exponential tilting on the tail to make the moment

finite [14]. Alternatively, the Lévy-driven SDE model only requires the boundness of

up to kth moments of Lévy measure to provide finite up to kth order moments for

the solution [17, 16].

It is worth noting that similar phenomena are studied in the stochastic volatility

model literature [24, 44].
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5.3.4.3 Analysis of Variance

Recall that the performance of the multilevel method relies on the variance conver-

gence rate of the multilevel correction term:

V
[
P̂l − P̂l−1

]
.

We are interested in its upper bound E
[(
P̂l − P̂l−1

)2
]
. The results of VG, NIG and

α-stable processes for lookback options are summarised in the following:

Proposition 5.3.15. Let Xt be a scalar Lévy process by which the exponential Lévy

model is driven. For the Lipschitz lookback put payoff (5.31), we have multilevel

variance convergence rate results:

• If Xt is a Variance Gamma (VG) process, then

E
[(
P̂l − P̂l−1

)2
]

= O (hl) ;

• If Xt is a Normal Inverse Gaussian (NIG) process, then

E
[(
P̂l − P̂l−1

)2
]

= O (hl |log hl|) ;

• If Xt is a spectrally negative α-stable process with α > 1, then

E
[(
P̂l − P̂l−1

)2
]

= O

(
h

2/α−δ
l

)
for any small δ > 0.

If ∃q > 1 such that ∫
|z|>1

e2qzν(dz) <∞ (5.34)

then for the lookback call payoff (5.30), we have multilevel variance convergence

results:

• If Xt is a Variance Gamma (VG) process, then

E
[(
P̂l − P̂l−1

)2
]

= O
(
h

1− 1
q

l

)
;

• If Xt is a Normal Inverse Gaussian (NIG) process, then

E
[(
P̂l − P̂l−1

)2
]

= O
(
h

1− 1
q

l

)
;
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• If Xt is a spectrally negative α-stable process with α > 1, then for any small

δ > 0

E
[(
P̂l − P̂l−1

)2
]

= O

(
h

2/α−δ
l

)
,

where q is the constant depending on the parameters of the process in (5.34).

The best choice of q is (B − A) /2 for both VG and NIG processes, where A,B

are defined in sections 5.1.2.1 and 5.1.2.2.

Proof. Denote n = 2l−1. For the put option case, by the Lipschitz property and

boundness of the payoff we have

E
[(
P̂l − P̂l−1

)2
]
≤ L2

K E
[
U2
n

]
≤ L2

KE
[
V 2
n

]
.

Thus the results follow from Proposition 5.3.7.

For the call option case,

Since |ex − 1| ≤ |x| for x ≤ 0,∣∣∣P̂l − P̂l−1

∣∣∣ ≤ LK

∣∣∣∣exp

(
max

i=0,1,...,2n
X i

2n

)
− exp

(
max

i=0,1,...,n
X i

n

)∣∣∣∣
≤ LK exp

(
max

i=0,1,...,2n
X i

2n

) ∣∣∣∣ max
i=0,1,...,2n

X i
2n
− max

i=0,1,...,n
X i

n

∣∣∣∣ .
By Hölder’s inequality,

E
[(
P̂l − P̂l−1

)2
]
≤ LK E

[
exp

(
2q max

i=0,1,...,n
X i

n

)] 1
q

E
[
|Un|

2q
q−1

] q−1
q
.

For q > 1, by Doob’s inequality and Theorem 3.6 in [47],

E
[
exp

(
2q max

i=0,1,...,2n
X i

2n

)]
<∞, (5.35)

is equivalent to ∫
|z|>1

e2qzν(dz) <∞.

When 0 ≤ α ≤ 1, since 2q
q−1

> 2 ≥ 2α, case a) of Proposition 5.3.7 implies the

results of VG (α = 0) and NIG (α = 1).

For a spectrally negative α-stable process (1 < α < 2), we have all exponential

moments finite according to Proposition 1 in [8]. The result follows from Proposition

5.3.12.
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It is easy to check whether (5.34) is satisfied for a process with particular param-

eters. In fact, following the calculations of the last section, the condition is fulfilled

for all processes in the numerical results.

5.3.5 Asian options

We consider the analysis of Lipschitz arithmetic Asian payoff, which means the payoff

of the Asian option is

P = P
(
S
)

(5.36)

where P is Lipschitz such that |P (S1)− P (S2)| ≤ LK |S1 − S2| and

S = S0 T
−1

∫ T

0

exp (Xt) dt .

We approximate the payoff using a trapezoidal approximation:

Ŝ := S0

n−1∑
j=0

1
2
h
(
exp (Xjh)+exp

(
X(j+1)h

))
. (5.37)

Proposition 5.3.16. Let Xt be a scalar Lévy process with triple (m,Σ, ν) as in

(5.1.2).

Suppose the asset price follows an exponential Lévy model, i.e. St = S0 exp (Xt) .

For Arithmetic Asian option P = P
(
S
)

(5.36), suppose we use (5.37) as an

n-step trapezoidal approximation of S, and the subsequent approximated payoff is

P̂ = f
(
Ŝ
)
.

If
∫
|z|>1

e2z ν(dz) <∞, then we have

E
[(
P − P̂

)2
]

= O(h2).
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Proof.

∣∣∣S − Ŝ∣∣∣ /S0 = T−1

∣∣∣∣∣
n−1∑
j=0

1
2
h (exp (Xjh)+exp

(
X(j+1)h

)
)−

∫ T

0

exp (Xt) dt

∣∣∣∣∣
= T−1

∣∣∣∣∣
n−1∑
j=0

1
2
h

(
exp (Xjh)+exp

(
X(j+1)h

)
−
∫ (j+1)h

jh

exp (Xt) dt

)∣∣∣∣∣
= T−1

∣∣∣∣∣
n−1∑
j=0

exp (Xjh)

∫ (j+1)h

jh

(exp (Xt −Xjh)− 1) dt

−1

2
h exp (XT ) +

1

2
h

∣∣∣∣∣.
Let us denote

bj = exp (Xjh) ;

Ij =

∫ (j+1)h

jh

(exp (Xt −Xjh)− 1) dt;

RA = −1

2
h exp (XT ) +

1

2
h.

E
[
R2
A

]
= O

(
h2
)
.

We are concerned with the second moment:

E
[(
Ŝ − S

)2
]

= T−2S2
0 E

∣∣∣∣∣
n−1∑
j=0

bjIj +RA

∣∣∣∣∣
2


≤ 2T−2S2
0

E

∣∣∣∣∣
n−1∑
j=0

bjIj

∣∣∣∣∣
2
+ E

[
R2
A

] .

E

∣∣∣∣∣
n−1∑
j=0

bjIj

∣∣∣∣∣
2
 = E

[
n−1∑
j=0

b2
jI

2
j + 2

n−1∑
m=0

m−1∑
j=0

bmImbjIj

]
(5.38)

By independence of bj and Ij we have

E

[
n−1∑
j=0

b2
jI

2
j

]
=

n−1∑
j=0

E
[
b2
j

]
E
[
I2
j

]
.

The first part E
[
b2
j

]
= E [exp (2Xjh)] = eAjh, whereA = 2m+

∫ (
e2z − 2z1|z|<1

)
ν (dz).

Here we assume
∫
|z|>1

e2z ν(dz) <∞.
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For the second part, by Cauchy-Schwartz inequality,

E
[
I2
j

]
= E

(∫ (j+1)h

jh

(exp (Xt −Xjh)− 1) dt

)2


≤ E

[∫ (j+1)h

jh

(exp (Xt −Xjh)− 1)2 dt

]
h

= E
[∫ h

0

(exp (Xt)− 1)2 dt

]
h

=

[
1

A

(
eAh − 1

)
− 2

1

r

(
erh − 1

)
+ h

]
h

≤ C (A, r)h3, for small h

where the penultimate step is by E[ exp (Xt)] = exp (rt) under the risk-neutral mea-

sure. The last step is due to Taylor expansion, and C (A, r) is a constant depending

on A and r. Thus

n−1∑
j=0

E
[
b2
j

]
E
[
I2
j

]
≤ C (A, r)h3

n−1∑
j=0

eAjh

= C (A, r)h3 e
AT − 1

eAh − 1

≤ C (A, r)T
eAT − 1

A
h2.

Now we calculate the second term in (5.38). Note that m > j, Im is independent

of bmbjIj, and bm/bj+1 is independent of bj+1bjIj, so

E

[
n−1∑
m=0

m−1∑
j=0

bmImbjIj

]
=

n−1∑
m=0

E [Im]
m−1∑
j=0

E [bm/bj+1]E [bj+1bjIj] .

Firstly we have

E [Im] = E

[∫ (m+1)h

mh

(exp (Xt −Xmh)− 1) dt

]

=

∫ (m+1)h

mh

(E[ exp (Xt −Xmh)]− 1) dt

=

∫ h

0

(exp (rt)− 1)dt

= r−1
(
erh − 1

)
− h.

Moreover,

E [bm/bj+1] = er(m−j−1)h.

142



On the other hand, we have

E [bj+1bjIj] = E

[
exp (2Xjh) exp

(
X(j+1)h −Xjh

) ∫ (j+1)h

jh

(exp (Xt −Xjh)− 1) dt

]

= E [exp (2Xjh)]E

[
exp

(
X(j+1)h −Xjh

) ∫ (j+1)h

jh

(exp (Xt −Xjh)− 1) dt

]

= eAjh E
[
exp (Xh)

∫ h

0

(exp (Xt)− 1) dt

]
= eAjh

∫ h

0

(E [exp (Xh −Xt + 2Xt)]− E [exp (Xh)]) dt

= eAjh
∫ h

0

(
E [exp (Xh −Xt) exp (2Xt)]− erh

)
dt

= eAjh
∫ h

0

(
eAter(h−t) dt− herh

)
dt

= eAjherh
[
(A− r)−1 (e(A−r)h − 1

)
− h
]
.

Thus

n−1∑
m=0

m−1∑
j=0

E [bm/bj+1]E [bj+1bjIj] = erh
[
(A− r)−1 (e(A−r)h − 1

)
− h
] n−1∑
m=0

m−1∑
j=0

er(m−j−1)heAjh.

n−1∑
m=0

m−1∑
j=0

er(m−j−1)heAjh =
n−1∑
m=0

er(m−1)h e
(A−r)mh − 1

e(A−r)h − 1

=
e−rh

e(A−r)h − 1

(
eAT − 1

eAh − 1
− erT − 1

erh − 1

)
≤ e−rh

e(A−r)h − 1

eAT − 1

eAh − 1

≤ e−rh
eAT − 1

(A− r)A
T−2n2,

where in the last step we use ex ≥ 1 + x for x > 0.

Note that for small h,

erh
[
(A− r)−1 (e(A−r)h − 1

)
− h
]

= O
(
h2
)
.

Hence

n−1∑
m=0

m−1∑
j=0

E [bm/bj+1]E [bj+1bjIj] ≤ e−rh
eAT − 1

(A− r)A
T−2n2erh

[
(A− r)−1 (e(A−r)h − 1

)
− h
]

= O(1).
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Therefore

E

[
n−1∑
m=0

m−1∑
j=0

bmImbjIj

]
=

n−1∑
m=0

E [Im]
m−1∑
j=0

E [bm/bj+1]E [bj+1bjIj]

=
(
r−1
(
erh − 1

)
− h
) n−1∑
m=0

m−1∑
j=0

E [bm/bj+1]E [bj+1bjIj]

= O(h2).

Finally we conclude

E
[(
Ŝ − S

)2
]

= O(h2).

For ML variance, let n = 2l−1 in the definition of Ŝ. Note that the payoff is

Lipschitz, so the variance convergence follows from

E
[(
P̂l − P̂l−1

)2
]

≤ 2 E
[(
P̂l − P

)2
]

+ 2 E
[(
P̂l−1 − P

)2
]

≤ 2L2
KE
[(
Ŝl − S

)2
]

+ 2L2
KE
[(
Ŝl−1 − S

)2
]
.

5.3.6 Barrier options

Let us first present the convergence result of the approximation of the crossing prob-

ability:

Proposition 5.3.17. Let Xt be a scalar Lévy process with triple (m, 0, ν) as in

(5.1.2). Suppose the Lévy measure satisfies

C2 |x|−1−α ≤ ν(x) ≤ C1 |x|−1−α , as |x| ≤ 1;{
If α > 0, ν(x) ≤ C3 |x|−1−α , as |x| ≥ 1;
If α = 0, ν(x) ≤ exp (−C3 |x|) , as |x| ≥ 1

where C1, C2, C3 > 0, 0 ≤ α < 2 are constants.

Suppose also we use M̂n = maxi=0,1,...,n exp
(
X i

n
T

)
as a discretely monitored ap-

proximation of MT = max0≤t≤T S(t). Provided there is a bounded density for MT in

the neighbourhood of B, we have

E
[
1{M̂n<B} − 1{MT<B}

]
= O

(
n−r
)
,

where r ∈
(
0, (1 + 2α)−1) is an arbitrary positive number.
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Proof. Note that

1{M̂n<B} − 1{MT<B} = 1 or 0,

and ”= 1 ” holds only if either MT is close to the barrier or the difference between the

discretely and the continuously monitored maximum Vn = MT − M̂n is large. More

precisely, {
1{M̂n<B} − 1{MT<B} = 1

}
⊂ F ∪G,

where

F : =
{
B ≤MT ≤ B + n−r

}
, for an r > 0 to be determined;

G : =
{
Vn > n−r

}
.

Hence the expected discrepancy between crossing probabilities admits the estimate:

E
[
1{M̂n<B} − 1{MT<B}

]
≤ P (F ) + P (G) .

We first investigate the contribution from F . Due to bounded density for MT , we

have

P (F ) = O
(
n−r
)
.

According to (5.11) and (5.12),

Vn ≤ max
i=1,...,n

(
sup
[0, 1

n
]

Xε
t (i)−

(
Xε

1
n

(i)
)+

+ S(i)
n

)
+
|µε|
n
.

Denote

Zi = sup
[0, 1

n
]

Xε
t (i)−

(
Xε

1
n

(i)
)+

.

We first eliminate the drift of Vn. Assuming for sufficiently large n,

|µε| ≤
1

2
n1−r, (5.39)

we have

P
(
Vn > n−r

)
= P

(
max
i=1,...,n

(
Zi + S(i)

n

)
> n−r − |µε|

n

)
≤ P

(
max
i=1,...,n

(
Zi + S(i)

n

)
>

1

2
n−r
)
.

We can decompose it into two components:

P
(
Vn > n−r

)
≤ P

(
max
i=1,...,n

Zi >
1

4
n−r
)

+ P
(

max
i=1,...,n

S(i)
n >

1

4
n−r
)
.
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Since

max
i=1,...,n

Z (i) >
1

4
n−r

implies that there are at least two jumps in some Z (i), we have

P
(

max
i=1,...,n

Z (i) >
1

4
n−r
)
≤ 1− exp (−λε)

(
1 +

λε
n

)n
where exp (−λε)

(
1 + λε

n

)n
is the probability that each Z (i) has at most one jump.

Provided λε < n,

exp (−λε)
(

1 +
λε
n

)n
= exp

(
n log

(
1 +

λε
n

)
− λε

)
= exp

(
−λ

2
ε

2n
+ O

(
λ3
ε

n2

))
.

To have a meaningful bound such that 1 − exp (−λε)
(
1 + λε

n

)n
converges to zero as

n→∞, we have to assume λε = O (
√
n), under which we have

1− exp (−λε)
(

1 +
λε
n

)n
= O

(
λ2
ε

n

)
.

Hence

P
(

max
i=1,...,n

Z (i) >
1

4
n−r
)
≺ λ2

ε

n
.

Then we use Markov’s inequality on the remainder terms: for p > 0,

P
(

max
i=1,...,n

S(i)
n >

1

4
n−r
)
≤

E
[
maxi=1,...,n

(
S

(i)
n

)p]
(n−r/4)p

.

According to Proposition 5.3.3, estimates (5.19) and (5.22), we have

E
[

max
i=1,...,n

(
S(i)
n

)p] ≺ εp−δ

and thus

P
(

max
i=1,...,n

S(i)
n >

1

4
n−r
)
≺ εp−δnrp.

In summary, assuming |µε| ≤ 1
2
n1−r and λε = O (

√
n), we have

E
[
1{M̂n<B} − 1{MT<B}

]
≺ n−r + εp−δnrp +

λ2
ε

n
.
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Balancing the first two terms, we have

ε ∼ n−r(1+p)(p−δ)−1

.

For 0 < ε < 1,

λε =

∫
ε<|z|

ν(dz)

≤
{

2C1 log 1
ε

+ l1, α = 0;
l2ε
−α, 0 < α < 2.

For α = 0,

λε ≺ log
1

ε
∼ log n.

λε = O (
√
n) is satisfied. Then we have

λ2
ε

n
≺ (log n)2

n
.

We can choose a p > δ and any r < 1, under which

E
[
1{M̂n<B} − 1{MT<B}

]
≺ n−r.

For 0 < α < 2,

λε ≺ ε−α

∼ nr
1+p
p−δα.

In order that λε = O (
√
n), it is required that

r
1 + p

p− δ
α <

1

2
.

We can choose a large p such that the constraint becomes

r <
1

2α
.

Then

λ2
ε

n
≺ ε−2αn−1

∼ n−1+r 1+p
p−δ 2α.
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Balancing n−r and n−1+r 1+p
p−δ 2α, we have

r =

(
1 +

1 + p

p− δ
2α

)−1

.

Since we can choose an arbitrary p > δ, we have

r ∈
(
0, (1 + 2α)−1) .

Hence

E
[
1{M̂n<B} − 1{MT<B}

]
≺ n−r

where r ∈
(
0, (1 + 2α)−1) .

Now we examine assumption (5.39) for different processes. By (5.26):

|µε| ≤
{
|m|+

∣∣C1−C2

α−1
[ε1−α − 1]

∣∣ , α 6= 1;

|m|+ |C1 − C2| log 1
ε
, α = 1.

If 0 < α < 1, we have |µε| ≤ |m|+
∣∣2C1−C2

α−1

∣∣. The assumption (5.39) is satisfied.

If α = 1,

|µε| ≺ log
1

ε
∼ log n.

Given an r, for sufficiently large n, |µε| < 1
2
n1−r.

If 1 < α < 2, we have

|µε| ≺ ε1−α

∼ nr
1+p
p−δ (α−1).

In order that |µε| ≤ 1
2
n1−r for sufficiently large n,

r
1 + p

p− δ
(α− 1) ≤ 1− r.

Since we can choose an arbitrary p > δ, we must have

r <
1

α
.

Thus in all cases (5.39) can be satisfied by choosing sufficiently large p and sufficiently

small δ.
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In particular, for VG processes, due to its finite variation, |µε| < ∞. For NIG

processes, according to the expansion of its Lévy measure near the origin

K1 (x) ∼ 1

x
+O (1) ,

we have

|µε| ≤ |m|+
∣∣∣∣∫
ε<|x|<1

x ν(dx)

∣∣∣∣
≤ |m|+

∫
ε<x<1

x
C

|x|
eAx

(
1

B |x|
+K1

)
dx+

∫
−1<x<−ε

x
C

|x|
eAx

(
1

B |x|
+K1

)
dx

≤ |m|+ eA
∫
ε<|x|<1

(
C

Bx

)
dx+ eAK1 (1− ε)−K1 (1− ε)

≤ CNIG
2 ,

where CNIG
2 is a constant depending on the NIG parameters.

We have seen in Proposition 5.3.11 that our estimate is not as fine as Theorem

5.3.1 when α > 1
2
. Based on this fact, we use Theorem 5.3.1 to give a better result

when α > 1
2
.

Proposition 5.3.18. Suppose Xt is a scalar Lévy process with triple (m, 0, ν), with

finite first moment, i.e. ∫
|x|>1

|x| ν(dx) <∞.

Suppose also we use M̂n (5.41) as a discretely monitored approximation of MT .

Provided there is a bounded density for MT in the neighbourhood of B, we have

1. If Xt is of finite variation, i.e.
∫
|x|<1
|x| ν(dx) <∞, then

E
[
1{M̂n<B} − 1{MT<B}

]
= O

(
1√
n

)
;

2. If σ = 0 and Xt is of infinite variation, then

E
[
1{M̂n<B} − 1{MT<B}

]
= O

(
1

nr

)
,

where r ∈
(

0, 1
2β

)
is an arbitrary positive number;

β = inf

{
α > 0 :

∫
|x|<1

|x|α ν(dx) <∞
}

is the Blumenthal-Getoor index of Xt.

149



Proof. Repeating the start of the proof for Proposition 5.3.17, we have for an r > 0

to be determined

E
[
1{M̂n<B} − 1{MT<B}

]
≺ n−r + P

(
Vn > n−r

)
.

By Markov’s inequality,

P
(
Vn > n−r

)
≤ E [Vn]nr.

According to Theorem 5.3.1, balancing n−r and E [Vn]nr we have the results.

This proposition will be used later in the model driven by the NIG process.

We have a strong result for spectrally negative α-stable processes.

Proposition 5.3.19. Let Xt be a spectrally negative α-stable process with α > 1, i.e.

its Lévy measure ν(x) is

ν(x) =
B

|x|α+1 1{x<0}

where B > 0, 0 < α < 2 are constants. Suppose also we use M̂n (5.41) as a discretely

monitored approximation of MT . Provided there is a bounded density for MT in the

neighbourhood of B, we have

E
[
1{M̂n<B} − 1{MT<B}

]
= O

(
n−

1
α

+δ
)

for any small δ > 0.

Proof. Repeating the start of the proof for Proposition 5.3.17, we have for an r > 0

to be determined

E
[
1{M̂n<B} − 1{MT<B}

]
≺ n−r + P

(
Vn > n−r

)
.

By Markov’s inequality,

P
(
Vn > n−r

)
≤ E [V p

n ]nrp.

According to Proposition 5.3.12, balancing n−r and n−( 1
α
−θ)pnrp we have

r =
p

p+ 1

(
1

α
− θ
)
.

Taking sufficiently large p and sufficiently small θ we conclude.
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We now prove the variance convergence and weak convergence of the estimator.

We consider a up-and-out call barrier option for which the discounted payoff is

P = exp(−rT ) (ST−K)+ 1{MT<B}, (5.40)

where MT = max0≤t≤T S(t).

The discretely monitored approximation M̂n = maxi=0,1,...,n exp
(
X i

n
T

)
gives

P̂ = exp(−rT ) (ST−K)+ 1{M̂n<B}. (5.41)

Proposition 5.3.20. Suppose the asset price follows an exponential Lévy model, i.e.

St = S0 exp (Xt). Suppose also we use M̂n = maxi=0,1,...,n exp
(
X i

n
T

)
as a discretely

monitored approximation of MT . We assume there is a bounded density for MT in

the neighbourhood of B.

Let n = 2l and hl = T/2l. P̂l is given by P̂ where n = 2l.

For an up-and-out Barrier option (5.40),

• If Xt is a Variance Gamma (VG) process, then

E
[(
P̂l − P̂l−1

)2
]

= O(h1−δ
l );∣∣∣E [P̂ − P]∣∣∣ = O(h1−δ
l )

where δ is an arbitrary positive number.

• If Xt is a NIG process, then

E
[(
P̂l − P̂l−1

)2
]

= O(h
1/2−δ
l );∣∣∣E [P̂ − P]∣∣∣ = O(h
1/2−δ
l )

where δ is an arbitrary positive number.

• If Xt is a spectrally negative α-stable process with α > 1, then

E
[(
P̂l − P̂l−1

)2
]

= O

(
h

1
α
−δ

l

)
;∣∣∣E [P̂ − P]∣∣∣ = O

(
h

1
α
−δ

l

)
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where δ is an arbitrary positive number.

For an up-and-in Barrier option

P (in) = exp(−rT ) (ST−K)+ 1{MT>B},

the approximated payoff is

P̂ (in) = exp(−rT ) (ST−K)+ 1{M̂n>B}.

Let q > 1 be any constant such that∫
|z|>1

e2qzν(dz) <∞.

The relationship between the convergence of up-and-in and up-and-out Barrier

options is

E
[(
P̂ (in) − P (in)

)2
]

= E
[(
P̂ − P

)2
]1− 1

q

;∣∣∣E [P̂ (in) − P (in)
]∣∣∣ =

∣∣∣E [P̂ − P]∣∣∣1− 1
2q
.

Proof. Let f (S) = (S −K)+.

For an up-and-out Barrier option, since the payoff is bounded,

E
[(
P̂ − P

)2
]
≤ f (B)2 E

[
1{M̂n<B} − 1{MT<B}

]
;∣∣∣E [P̂ − P]∣∣∣ ≤ f (B)E

[
1{M̂n<B} − 1{MT<B}

]
.

For an up-and-in Barrier option, first we separate the contribution from the Eu-

ropean call payoff. We have

E
[(
P̂ − P

)2
]

= E
[
f (ST )2 (1{M̂n<B} − 1{MT<B})

]
≤ E

[
f (ST )2q] 1

q E
[
1{M̂n<B} − 1{MT<B}

]1− 1
q
. (5.42)

Similarly ∣∣∣E [P̂ − P]∣∣∣ ≤ E [f (ST )q]
1
q E
[
1{M̂n<B} − 1{MT<B}

]1− 1
q
.

Note that the European call payoff is Lipschitz,

f (ST ) ≤ |ST − S0|+ f (S0) .
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Thus the 2qth moment of the European call payoff is finite if and only if the Laplace

transform of the Lévy measure is finite at 2q:

E
[
f (ST )2q] <∞⇐⇒ ∫

e2qxν(dx) <∞.

The variance of the multilevel correction term is bounded by

E
[(
P̂l − P̂l−1

)2
]
≤ 2 E

[(
P̂l − P

)2
]

+ 2 E
[(
P̂l−1 − P

)2
]
.

The results for VG, NIG and spectrally negative α−stable follow from α = 0 case of

Proposition 5.3.17, case 2 of Proposition 5.3.18 and Proposition 5.3.19 respectively.

The gap between numerical results and the analysis for the NIG process could be

since the bound of Theorem 5.3.5 on the contribution from the large jumps is not

tight enough.
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Chapter 6

Conclusions

6.1 Summary of results

This work concerns applications of multilevel Monte Carlo(MLMC) to option pricing

problems and computing Greeks in scalar jump-diffusion models, and option pricing

problems in exponential Lévy models. In the first part of the thesis, for constant

rate and state-dependent rate jump-diffusion models, we numerically demonstrate

the computational efficiency of MLMC for Lipschitz, Asian, lookback, barrier and

digital options. We also prove convergence of the variance of the ML correction term

that is a key to the computational complexity of MLMC. Due to Theorem 1.3.1,

the computational efficiency is analytically justified. Those numerical and analytic

results are summarised in Table 6.1. We then studied computing Greeks in scalar

jump-diffusion models. The numerical results of the variance convergence order for

Greeks of European call option are summarised in Table 6.2.

Euler for diffusions Milstein for diffusions Jump-adapted Milstein
option numerical analysis numerical analysis numerical analysis
Lipschitz O(h) O(h) O(h2) O(h2) O(h2) O(h2)
Asian O(h) O(h) O(h2) O(h2) O(h2) O(h2)
lookback O(h) O(h) O(h2) O(h2−δ) O(h2) O(h2−δ)
barrier O(h1/2) O(h1/2−δ) O(h3/2) O(h3/2−δ) O(h3/2) O(h1−δ)
digital O(h1/2) O(h1/2 log h) O(h3/2) O(h3/2−δ) O(h3/2) O(h3/2−δ)

Table 6.1: Orders of convergence for Vl as observed numerically and proved analyt-
ically for both the Euler and Milstein discretisations for pure diffusions and jump-
diffusions; δ can be any strictly positive constant. h ≡ hl.
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Jump-adapted Milstein
Greeks weak variance
delta O(h) O(h)
vega O(h) O(h)

rate via pathwise O(h) O(h
3
2 )

rate via change of measure O(h) O(h1.75)

Table 6.2: Orders of convergence for Vl as observed numerically for Greeks of Euro-
pean call option. h ≡ hl.

In the second part of the thesis, we are concerned with option pricing problems

in exponential Lévy models. Numerical results and analysis of convergence rates

are summarised in Table 6.3. These results imply the computational complexity of

MLMC in each individual case.

In more detail, in Chapter 2 we have extended the multilevel Monte Carlo method

to scalar jump-diffusion SDEs using a jump-adapted Milstein discretisation. Second

order variance convergence is obtained in the constant rate case for European options

with Lipschitz payoffs, and also for lookback options by constructing estimators using

a Brownian interpolation which approximates the process within a timestep as a

Gaussian process with constant drift and volatility. A variance convergence rate of
3
2

is obtained for barrier and digital options, which again is the same as the one

previously achieved for scalar diffusion SDEs. In the state-dependent rate case, we

use a thinning with a change of measure to simulate the process.

In Chapter 3 we verify the the conditions required by the MLMC computational

complexity Theorem 1.3.1 for finite-rate jump-diffusion SDEs, using a jump-adapted

Milstein discretisation scheme for the constant rate case and a thinning procedure

for the state-dependent intensity cases. Therefore we justify the numerical results of

MLMC computational complexity presented in Chapter 2.

In Chapter 4 after developing pathwise and likelihood ratio estimators for sensi-

tivity to jump rate, we apply MLMC to calculating Greeks in the constant jump rate

case. We also discuss the variable rate case and variance reduction in the presence of

jumps. Numerical results for delta, vega and sensitivity to the jump rate show that

the estimators we developed are quite efficient.

In Chapter 5 we first demonstrate numerical results of multilevel Monte Carlo

in exponential Lévy models, using Variance Gamma, Normal Inverse Gaussian and

α-stable processes. Then we give upper bounds on Lp convergence rate of discretely
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VG
numerical analysis

option weak var weak var
Asian O (h) O (h2) O (h) O (h2)
lookback O (h) O (h1.5) O (h |log h|) O (h)
barrier O (h0.7) O (h) O

(
h1−δ)

O
(
h1−δ)

NIG
numerical analysis

option weak var weak var
Asian O (h) O (h2) O (h) O (h2)
lookback O (h0.7) O (h1.5) O

(
h1−δ) O (h |log h|)

barrier O (h0.7) O (h0.9) O
(
h0.5−δ)

O
(
h0.5−δ)

spectrally negative α-stable with α > 1
numerical for α = 1.5597 analysis

option weak var weak var
Asian O (h) O (h2) O (h) O (h2)
lookback O (h0.5) O (h1.5) O

(
h1/α−δ)

O
(
h2/α−δ)

barrier O (h0.5) O (h0.7) O
(
h1/α−δ)

O
(
h1/α−δ)

Table 6.3: Convergence rates of Vl for VG, NIG and α-stable processes; δ can be any
small positive constant. h ≡ hl.
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monitored error introduced to the running maximum for a broad class of Lévy pro-

cesses whose Lévy measures admit a power law near the origin and have exponential

tails. In particular we give upper bounds on variance convergence rates for MLMC

estimators in models using Variance Gamma, Normal Inverse Gaussian and α-stable

processes. As an application, the numerical analysis of multilevel Monte Carlo for

exponential Lévy models is presented.

6.2 Future work

We name a few potential areas for future work:

It is possible to investigate whether the multilevel quasi-Monte Carlo method [38]

will further reduce the cost in all cases.

In Chapter 3, the gap to bound the variance of conditional crossing probabilities

for barrier options is still open to fill. Due to the difficulty in simulating Lévy area in

the multidimensional case, we only deal with the scalar case. By using the antithetic

method in [30], a multidimensional version of the jump-adapted Milstein scheme could

be proposed to simulate constant jump rate processes without simulating Lévy area.

In Chapter 4, the issue of pathwise method for non-smooth payoffs can be coped

with by smoothing the payoff, including explicit expression of conditional expectation

(p399 of [39]) in the 1D case, ”splitting” technique [2] in multidimensional case, or

combination with Likelihood ratio method, called Vibrato Monte Carlo [33]. It is also

interesting to study the effectiveness of MLMC in combination with other variance

reduction techniques [39].

In Chapter 5, there is still a gap in the analysis of barrier option since we cannot

match the estimated variance convergence rate to the numerical result. Since the weak

convergence rate is less than one half in the proof for NIG and α-stable process, the

computational complexity is not guaranteed. Furthermore, we only consider the Lévy

process of which the increments can be directly simulated. For other Lévy processes,

it may be possible to simulate the increments by constructing approximations to the

inverse of the cumulative distribution function. Also, simulation technique might be

developed through approximating charateristic functions of Lévy processes. In both

cases, multilevel estimators can be constructed accordingly.
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It is natural to develop numerical schemes for SPDEs driven by finite-rate state-

dependent jump-diffusion processes or Lévy processes based on this work. Corre-

spondingly, MLMC method can be applied to this class of problems.
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Appendix A

Appendix

A.1 Brownian bridge results

The results in can be easily extended to the case of nonuniform timestep and jump-

adapted schemes since the jump effect is separated by the grid point. For constant

drift a and volatility b , the SDE (1.1) has solution

S(t) = S0 + a t+ bW (t)

We can use this as an approximation for the non-constant drift and volatility SDE

within a small timestep [tn, tn+1] of length hn

S(t) = Sn + vn(Sn+1−Sn) + b (W (t)−Wn − vn (Wn+1−Wn)) (A.1)

where vn ≡ (t− tn)/hn. This means that the deviation of S(t) from a piecewise linear

interpolation of the values Sn ≡ S(tn) is proportional to the deviation of W (t) from

its piecewise linear interpolation. It can be proved that the distribution of the latter

is independent of the Brownian increment Wn+1−Wn, and furthermore we have the

following results (see for example [39]).

Lemma A.1.1. Conditional on Sn and Sn+1, the distribution for the integral of S(t)

over the interval [tn, tn+1] is given by∫ tn+1

tn

S(t) dt = 1
2
h (Sn + Sn+1) + bn In (A.2)

where

In ≡
∫ tn+1

tn

(W (t)−Wn − vn (Wn+1−Wn)) dt

is a N(0, 1
12
h3
n) Normal random variable, independent of Wn+1−Wn.
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Lemma A.1.2. Conditional on Sn and Sn+1, the distributions for the minimum and

maximum of S(t) over the interval [tn, tn+1] are given by

Sn,min = 1
2

(
Sn + Sn+1 −

√
(Sn+1−Sn)2 − 2 b2 hn logUn

)
,

Sn,max = 1
2

(
Sn + Sn+1 +

√
(Sn+1−Sn)2 − 2 b2 hn log Vn

)
,

where Un and Vn are each uniformly distributed on the unit interval [0, 1].

Lemma A.1.3. Conditional on Sn and Sn+1, the probability that the minimum (or

maximum) of S(t) over the interval [tn, tn+1] is less than (or greater than) some value

B, is

P
(

inf
[tn,tn+1]

S(t) < B | Sn, Sn+1

)
= exp

(
−2 (Sn−B)+(Sn+1−B)+

b2 hn

)
, (A.3)

P

(
sup

[tn,tn+1]

S(t) > B | Sn, Sn+1

)
= exp

(
−2 (B−Sn)+(B−Sn+1)+

b2 hn

)
, (A.4)

where the notation (x)+ means max(x, 0).

Corollary A.1.4. If W (t) is a Brownian motion with W (0) = W (1) = 0, then for

x > 0

P

(
sup
[0,1]

W (t) > x

)
= P

(
inf
[0,1]

W (t) < −x
)

= exp(−2x2),

and hence E
[
sup[0,1] |W (t)|m

]
is finite for all integers m > 0.

A.2 Assorted inequalities and applications

Here we list a number of classic inequalities with example applications, all of which

are used in the main analysis.

Theorem A.2.1 (Jensen’s inequality). If xi are real variables, X is a scalar random

variable and φ(x) is a scalar convex function, then

φ

(
n−1

n∑
i=1

xi

)
≤ n−1

n∑
i=1

φ(xi)

and

φ (E[X]) ≤ E [φ(X)] .
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Integral form: if µ is a probability measure on (E,B (E)) where E ⊂ Rd, i.e.

µ (E) = 1, and f and φ (f) are integrable then

φ

(∫
fdµ

)
≤
∫
φ(f)dµ.

Example A.2.2. φ(x) = xm is convex for positive integers m, and hence(
n∑
i=1

xi

)m

≤ nm−1

(
n∑
i=1

xmi

)
(A.5)

Furthermore, if Xi are scalar random variables, then

E

[ ∣∣∣∣∣
n∑
i=1

Xi

∣∣∣∣∣
m]
≤ nm−1

(
n∑
i=1

E[ |Xi|m]

)
(A.6)

Theorem A.2.3 (Minkowski’s inequality). If X, Y are scalar random variables and

p is a real constant with 1 ≤ p <∞, then

(E[ |X+Y |p])1/p ≤ (E[ |X|p])1/p + (E[ |Y |p])1/p .

Example A.2.4. Putting p=2 and applying the inequality to X−E[X] and Y−E[Y ]

gives √
V[X+Y ] ≤

√
V[X] +

√
V[Y ]. (A.7)

Theorem A.2.5 (Hölder’s inequality). If X, Y are scalar random variables, and p, q

are real constants with 1 ≤ p, q <∞ and 1
p

+ 1
q

= 1, then

E[ |X Y | ] ≤ (E[ |X|p])1/p (E[ |Y |q])1/q .

Example A.2.6. Taking p=q=2 gives Cauchy-Schwarz inequality

E[X Y ] ≤
√

E[X2] E[Y 2] . (A.8)

Theorem A.2.7 (Markov’s inequality). If X is a scalar random variable and a>0,

P (|X| ≥ a) ≤ E[ |X| ]
a

.

Corollary A.2.8. For any positive integer m and a>0

P (|X| ≥ a) = P (|X|m ≥ am) ≤ E[ |X|m]

am
.
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In [52] we have:

Theorem A.2.9 (Burkholder–Davis–Gundy inequality). Let M be a martingale with

cádlág paths. For any real number m ≥ 1, there exists constant Cm such that

E
[

sup
0≤t≤T

|Mt|m
]
≤ CmE

[
|[M ]T |

m/2
]
,

where [M ]t is the quadratic variation of Mt.

In [19] we have:

Theorem A.2.10 (Doob’s inequality). Let M be a right-continuous martingale. For

any real number m > 1,

E
[

sup
0≤t≤T

|Mt|m
]1/m

≤ m

m− 1
E [|MT |m]

1/m
.
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multi-dimensional sdes without lévy area simulation. Annals of Applied Proba-

bility, (to appear), 2013.

[31] M.B. Giles. Improved multilevel Monte Carlo convergence using the Milstein

scheme. In A. Keller, S. Heinrich, and H. Niederreiter, editors, Monte Carlo

and Quasi-Monte Carlo Methods 2006, pages 343–358. Springer-Verlag, Berlin

Heidelberg New York, 2007.

[32] M.B. Giles. Multilevel Monte Carlo path simulation. Operations Research,

56(3):607–617, 2008.

[33] M.B. Giles. Vibrato Monte Carlo sensitivities. In P. L’Ecuyer and A. Owen,

editors, Monte Carlo and Quasi-Monte Carlo Methods 2008, pages 369–382.

Springer, 2009.

165



[34] M.B. Giles, K. Debrabant, and A. Rößler. Numerical analysis of multilevel
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