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Abstract

This thesis provides novel methodological and theoretical contributions to the area of Monte
Carlo methods for intractable Bayesian models. Such intractability can come in various forms.
The first project of this thesis considers Markov chain Monte Carlo methods for Bayesian

models with intractable likelihood functions. In such cases, the posterior distribution, which is
proportional to the product of likelihood and prior, is intractable as well. However, inference
based on Markov chain Monte Carlo algorithms is still possible for such models. If the
likelihood is replaced by a non-negative unbiased estimate, the resulting algorithm will still
target the correct invariant distribution. Such algorithms often result in a trade-off; if the
number of samples producing the estimator is increased the algorithm mixes faster, but at
the cost of a higher computational effort. In the paper ‘Large Sample Asymptotics of the
Pseudo-Marginal Algorithm’ we analyse the trade-off between the number of samples and
speed of mixing under assumptions on the target distribution and the noise of the logarithm of
the likelihood estimate. We assume that the Bayesian posterior obeys the regularity conditions
which are commonly referred to as Bernstein–von Mises theorems, i.e. the posterior will be
similar to a concentrating normal distribution as the number of data increases. Considering
the estimator of the log-likelihood we assume that a logarithmic central limit theorem holds
as we increase the number of samples with the number of observed data points. Under these
conditions, we derive an asymptotic expression of the pseudo-marginal algorithm, which we
subsequently exploit as a guide for optimizing such algorithms. We derive novel dimension
dependent tuning guidelines for the noise in the likelihood estimate as well as the scaling of
the proposal distribution.

Similar intractability problems can occur in the case of sequential Monte Carlo algorithms.
Such algorithms require a resampling step where random variables are drawn from a discrete
distribution with probabilities proportional to some importance weights. However, these
importance weights can be intractable for complicated models or importance distributions.
In the second paper, called ‘Bernoulli Race Particle Filters’, we present a novel resampling
algorithm that enables exact sampling of these intractable discrete distributions when only a
non-negative unbiased estimator is available. We analyse the resulting algorithm theoretically
and investigate its performance on various examples.
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Preface

This thesis follows an integrated format. As such its main contribution consists of two research
articles which form Chapters 4 and 7, respectively. The remaining chapters aim to embed
these two papers in the broader research area of Bayesian statistics and related computational
methods, and can be skipped by a reader familiar with the matter. The background material
begins with a short introduction to the relevant Bayesian statistical theory in Chapter 1,
followed by an introduction to elements of general state space Markov chain theory in Chapter
2. Subsequently, Chapter 3 considers the optimal tuning of Metropolis-Hastings algorithms
where we review current state-of-the-art arguments based on scaling limits as the dimension
of the parameter space increases. In addition, we provide a simple alternative rule based on a
large sample argument.

The paper titled ‘Large Sample Asymptotics of the Pseudo-Marginal Algorithm’, presented
in Chapter 4 considers an original analysis of the pseudo-marginal algorithm leading to a better
understanding of previous contributions and novel tuning guidelines. Chapter 5 concludes the
discussion of the pseudo-marginal algorithm and outlines potential future research areas.

After a brief introduction to sequential Monte Carlo algorithm in Chapter 6, the final part of
thesis consists of the article ‘Bernoulli Race Particle Filters’ presented in Chapter 7. Chapter
8 concludes this thesis.
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1
Introduction to Bayesian Statistical Inference

1.1 Statistical Modelling

STATISTICAL procedures provide the connection between mathematical models and real
world observations. As such they enable scientists (e.g. physicists, chemists, biologists

etc.) to reconcile theory with observed measurements and data. The fundamental principle
underlying this method is the rigorous development of probabilistic models and estimation
procedures. Formally, we proceed by assuming that the data is a realisation of a random
variable taking values in a measure space (Y,) distributed according to an underlying
probability measure ℙY . The aim of a statistical procedure is to find or approximate this
distribution from the observed data. In order to do so, the statistician will prescribe a model,
a set of probability measures  = {ℙ� ∶ � ∈ Θ}, where Θ is some arbitrary index set and
 ⊆  , where  denotes the set of all probability measures, sometimes also called the full
model. Usually, will be a true subset of  which will induce the problem that might
not contain the true distribution ℙY . In this case the model is said to be misspecified. If
indeed ℙY ∈ the model is called well-specified. For now, we will assume that the model is
well-specified, i.e. that there exists a parameter value �̄ ∈ Θ such that ℙ�̄ = ℙY . Misspecified
models are usually more difficult to analyse. However, considering that misspecification is a
realistic assumption for many practical applications this case deserves special attention and
we will consider this case briefly in Section 1.6.

When Θ ⊂ ℝd for some d ∈ ℕ, the model is called parametric and in this thesis we
will confine attention to this case. In the following we will be exclusively interested in the
dominated case, i.e. there exists a measure � such that for every � we can write

ℙ�(dy) = p(y ∣ �)�(dy).

5



Chapter 1 Introduction to Bayesian Statistical Inference

The parametrized density p(y ∣ �) interpreted as a map � ↦ p(y ∣ �) is referred to as the
likelihood function. Relevant for this thesis will be the case where � is the Lebesgue measure1,
which we denote dy (with some abuse of notation). In the next sections we will consider what
statements can be made about the unknown distribution ℙ�̄.

1.2 Frequentist Inference

What can be said about ℙ�̄ = ℙY on the basis of some observation Y = y? A common
approach is to approximate ℙ�̄ by optimizing a cost function over all models. Formally,
we try to find a measure ℙ∗

(ℙ�̄,ℙ∗) = inf
ℙ∈

(ℙ�̄,ℙ) = inf
�∈Θ

(ℙ�̄,ℙ�), (1.1)

where  induces some notion of distance on  but not necessarily a metric. The popular
Kullback–Leibler (KL) divergence, for instance, is not a metric, but it does generate a topology.
If  is taken to be the KL-divergence the objective function becomes

KL(ℙ�̄,ℙ�) = ∫Y
log

p(y ∣ �̄)
p(y ∣ �)

p(y ∣ �̄)dy

= ∫Y
log p(y ∣ �̄)p(y ∣ �̄)dy − ∫ log p(y ∣ �)p(y ∣ �̄)dy. (1.2)

The first part of the objective function (1.2) can be disregarded, since it is independent of �. The
second integral, the expectation E {log p(Y ∣ �)} taken under ℙ�̄, is generally unknown and
thus (1.2) is intractable. However, under the frequentist assumption ℙ�̄ can be approximated
by its empirical measure

ℙ̂YT (dy) =
1
T

T
∑

t=1
�Yi(dy),

where �y denotes the Dirac measure at point y and Y1,… , YT are independent replications
drawn from ℙY . The frequentist assumption in this context means that we suppose that
the process generating Y could be repeated indefinitely yielding independent replications
Y1, Y2,…. Then, as the number of data, T , increases it was already shown by Borel (1909)
that

ℙ�̄(A) = lim
T→∞

ℙ̂YT (A) = lim
T→∞

1
T

T
∑

t=1
�Yt(A)

1The Lebesgue measure is defined by � ((a, b]) = b − a for intervals (a, b], a < b.
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1.3 Bayesian Inference

almost surely for every measurable set A by a strong law of large numbers. The optimization
problem (1.2) then becomes

inf
�∈Θ

KL(ℙ̂YT ,ℙ�) = constant − sup
�∈Θ

1
T

T
∑

t=1
log p(Yt ∣ �),

which leads to maximum likelihood estimation. The minimizing value �̂ is called themaximum
likelihood (ML) estimator. The property of approximation of probability distributions through
long run frequencies is what lends its name to frequentist statistics.

1.3 Bayesian Inference

In contrast to frequentist statistics, Bayesian approaches assume a broader definition of probab-
ility. In addition to the data, we assume that the parameter � is random as well. The parameter
distribution, however, can not directly be grounded in long run frequencies since the parameter
will only be indirectly observed through the observations, Y . Hence, the distribution on the
parameter space Θ is defined by the statisticians degrees of believe prior to observing any
data. This motivates naming the distribution p(�) on Θ the prior distribution.
The assignment of probability measures to degrees of believes is contentious. However,

the Dutch Book argument (Ramsey 1926), for instance, connects Kolmogorov’s axioms of
probability with rational beliefs. In brief, the Dutch Book argument states that a betting
agent, say, must assign odds to events that are consistent with the axioms of probability (with
finite additivity) so no set of bets with guaranteed win could be made against him2. Other
motivations for assigning distributions on the space Θ are possible, see e.g. Jaynes (2003)
who uses an approach based on logic.

Incorporating the prior distribution p(�) on {Θ,(Θ)} we can define a probability measure
on the joint space {Y × Θ, ⊗ (Θ)} by

p(y, �) = p(y ∣ �)p(�),

where p(y ∣ �) is again the likelihood function. As the prior distributions p(�) encodes
the statisticians beliefs before observing data, a natural description of our knowledge after
observing data is the conditional distribution

p(� ∣ y) =
p(y ∣ �)p(�)

p(y)
2A set of bets with guaranteed profits independent of the outcome of the gamble is called aDutch Book, suggesting
the name of the argument.
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Chapter 1 Introduction to Bayesian Statistical Inference

where
p(y) = ∫Θ

p(y ∣ �)p(�)d� (1.3)

is the marginal or prior predictive distribution. In Bayesian statistics p(� ∣ y) is called the
posterior distribution and is the main inferential object of interest. For example, prediction
can be performed by virtue of the posterior predictive distribution

p(y′ ∣ y) = ∫Θ
p(y′ ∣ �)p(� ∣ y)d�.

However, in many cases interest lies in the original model described through the likelihood
function p(y ∣ �). This model could, for instance, describe an interpretable physical process. In
such cases we are not interested in integrating out the parameters as in the posterior predictive
distribution. Instead, we prefer to obtain point estimators as in the frequentist setting. Common
choices are the posterior mean

�̂post = ∫Θ
�p(� ∣ y)d� (1.4)

or the maximum a posteriori (MAP) estimator

�̂MAP = argmax
�∈Θ

p(� ∣ y).

But how do such point estimators fare against classical frequentist estimators such as the
maximum likelihood estimator introduced in the previous section? To answer this question
it is useful to revert back to a frequentist setting, i.e. assuming that the data follows a true
distribution ℙY and then consider the behaviour of Bayesian posterior distribution and point
estimators under classical statistical asymptotics.

1.4 Frequentist Properties of Bayesian Methods

We want to compare the Bayesian point estimators arising from the posterior distribution
with classical frequentist point estimators. However, assuming the data has been generated
by a true distribution, ℙY , leads to a predicament in the Bayesian setting as we have already
defined a probability distribution over the data, namely the prior predictive distribution (1.3).
These distributions are in general not equal. If the data consists of independent identical
observations (i.i.d), then p(y) as a mixture of i.i.d. data will be only exchangeable (see Kleijn
2020, Remark 2.1). Mathematically this is important since the posterior distribution p(� ∣ y) is

8



1.5 Asymptotic Normality and the Bernstein–von Mises Theorem

only well-defined3 almost surely with respect to the prior predictive distribution. To alleviate
this issue, we will introduce the following domination assumption

∫A
p(y)dy = 0⇒ ℙY (A) = 0

for all A ∈  .
In the following we will investigate the behaviour of the posterior distribution as the number

of data increases. We will therefore make the dependence of the data on the number of
observations more explicit and denote y1∶T = (y1,… , yT ) where T ∈ ℕ is the number of
observations. One of the most important theorems describing the posterior as T →∞ is the
so-called Bernstein–von Mises Theorem.

1.5 Asymptotic Normality and the Bernstein–von Mises Theorem

The Bernstein–von Mises Theorem describes the behaviour of posterior distribution as the
number of data, T , tends to infinity. Under regularity conditions, we have

∫Θ
|p(� ∣ y1∶T ) − '(�, �̂T ,Σ∕T )|d�

ℙY
→ 0, (1.5)

where �̂T → �̄ in ℙY -probability, �̄ is a fixed parameter, Σ a positive-definite covariance
matrix and '( ⋅ ;�,Λ) denotes a normal density with mean � and covariance matrix Λ. We
have left the precise form of (�̂T )T⩾1 and Σ unspecified in order to keep the statement more
general. In particular, (1.5) encompasses the well-specified and the misspecified case.

Before we describe the precise conditions on the statistical model we will inspect the above
statement a bit further. There are three statements that are commonly derived from results
like (1.5), which we want to discuss now informally:

i) Posterior normality. As the number of data increases, the posterior approaches a
Gaussian distribution, centred around �̂T and with variance Σ∕T . If these quantities can
be easily computed and the data is sufficiently large, the respective Gaussian distribution
can serve as a good approximation of the posterior and can be used for inference.

ii) Posterior concentration. As mentioned in the previous item, the variance of the
approximating Gaussian distribution concentrates at rate 1∕T meaning that the distribu-
tion concentrates to a point mass at �̄ as T → ∞. Indeed, the posterior will accumulate
most of its probability mass near this point when the number of data increases.

3With well-defined we mean that there exists a regular version of the conditional expectation for p(y)-almost
every y.

9



Chapter 1 Introduction to Bayesian Statistical Inference

iii) Asymptotic independence of the prior. Note that the limiting Gaussian distribution
is not affected by the prior at all. Hence, the Bernstein–von Mises Theorem shows
that the prior influence ‘washes out’ as more data is accumulated for all priors that
fulfil the assumptions of the theorem. We will see that the requirement is very mild,
only assuming that the prior is continuous and positive around �̄. Since the prior effect
vanishes as T → ∞, the MAP estimator will be close to the ML estimator, motivating
the notion that Bayesian MAP estimation is asymptotically equivalent to a maximum
likelihood approach.

The Bernstein–von Mises Theorem requires the statistical model to fulfil some regularity
conditions. These conditions can again be summarized in three basic ideas. Firstly, the
log-likelihood needs to be close to a Gaussian with constant Hessian. Formally, this means
that the log-likelihood process allows for an quadratic expansion about �̄

log
T
∏

i=1

p(y ∣ �̄ + ℎT ∕
√

T )

p(y ∣ �̄)
= 1

√

T

T
∑

i=1
ℎTl′�̄(yi) −

1
2
ℎTI�̄ℎ + oℙ�̄ (1)

for any sequence ℎT → ℎ as T →∞ and where we introduce the shorthand l�(y) = log p(y ∣
�) and l′�(y) for its partial derivative with respect to �. If such an expansion is valid, the model
is called locally asymptotically normal at �̄ or short LAN.

1.1 Remark. The Bernstein-von Mises Theorem and the (asymptotic) normality of maximum
likelihood estimators are closely related. In particular, the expansion of the log-likelihood is
a fundamental ingredient of asymptotic theory for maximum likelihood estimation as well as
posterior normality. We illustrate this by considering the maximum likelihood estimator in
the context of locally asymptotically normal models. We present here a nice short argument
by Geyer et al. (2013). Assume the log-likelihood is exactly quadratic, i.e.

log p(y ∣ �) = U + �TX − 1
2
�TI�̄�

with U a random scalar, X is multivariate standard normal and I�̄ the Fisher information
matrix at �̄. Then the maximum likelihood estimator is

�̂ = I−1�̄ X.

Hence, for a model that is approximately quadratic in the sense of the preceding display, we
would expect that the maximum likelihood estimator is approximately normal, see Geyer et al.
(2013) and Van der Vaart (2000) for details.
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1.5 Asymptotic Normality and the Bernstein–von Mises Theorem

In order to understand how local asymptotic normality leads to asymptotic posterior nor-
mality we investigate the following short heuristic argument (see also Kleijn 2020). Consider
the local parameter ℎ =

√

T (� − �̄). Then the posterior is given by

p(� ∣ y1∶T ) =
∏T

t=1 p(yi ∣ � + ℎ∕
√

T )p(�̄ + ℎ∕
√

T )

∫
∏T

t=1 p(yi ∣ � + ℎ′∕
√

T )p(�̄ + ℎ′∕
√

T )dℎ′

≈
exp

(

ℎTI�̄ΔT ,�̄ −
1
2ℎ

TI�̄ℎ
)

∫ exp
(

ℎ′TI�̄ΔT ,�̄ −
1
2ℎ

′TI�̄ℎ′
)

dℎ′

=
exp

{

−1
2

(

ℎ − ΔT ,�̄
)T I�̄

(

ℎ − ΔT ,�̄
)

}

∫ exp
{

−12
(

ℎ′ − ΔT ,�̄
)T I�̄

(

ℎ′ − ΔT ,�̄
)

}

dℎ′
,

where

ΔT ,�̄ =
1

√

T

T
∑

t=1
I−1�̄ l′�̄(Yt).

converges to Gaussian X ∼  (0, I−1
�̄
). Heuristically, ΔT ,�̄ can be thought of as the scaled

and centred maximum likelihood estimator, see Example 1.1. Indeed, in regular models this
will be true up to a function that vanishes in probability (see Van der Vaart (2000) Theorem
5.39). Thus

exp
{

−12
(

ℎ − ΔT ,�̄
)T I�̄

(

ℎ − ΔT ,�̄
)

}

∫ exp
{

−1
2

(

ℎ′ − ΔT ,�̄
)T I�̄

(

ℎ′ − ΔT ,�̄
)

}

dℎ′
→

exp
{

− 1
2 (ℎ −X)

TI�̄(ℎ −X)
}

∫ exp
{

−1
2
(ℎ′ −X)TI�̄(ℎ′ −X)

}

dℎ′

in distribution, where the right-hand side coincides with a Gaussian density '(ℎ;X, I−1
�̄
).

Turning the above argument into something reminiscent of (1.5) requires a bit more work and
further assumptions. One additional assumption, however, can be seen from the above display.
For the prior influence to vanish we require p(�) to be positive and continuous at �̄. A prior
distribution that fulfils such a condition is called thick at �̄.

We now have established that local asymptotic normality is a key ingredient for asymptotic
posterior normality. But when can we expect a model to be locally asymptotically normal? It
turns out, that in the case of i.i.d. observations the necessary conditions are relatively weak.
The right condition to ensure the LAN condition is differentiability in quadratic mean (DQM),
see e.g. Van der Vaart (2000).
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Chapter 1 Introduction to Bayesian Statistical Inference

1.2 Definition. Let p(y ∣ �) be a likelihood of an i.i.d. model. Then p is called differentiable
in quadratic mean at � if there exists &� ∈ L2(ℙ�), such that

∫

(

√

p(y ∣ � + ℎ) −
√

p(y ∣ �) − 1
2
ℎT&�(y)

√

p(y ∣ �)
)2
dy
/

‖ℎ‖2 → 0,

as ℎ→ 0.

The function &�(y) is called the score and will often coincide with the classical definition,
i.e. &�(y) = l′�(y). If ℎ↦

√

p(y ∣ � + ℎ) is differentiable at ℎ = 0 then

)
)ℎ

√

p(y ∣ � + ℎ) = 1
2
&�(y)

√

p(y ∣ �)

and hence
&�(y) =

p′(y ∣ �)
p(y ∣ �)

= )
)�
log p(y ∣ �).

The assumption of continuous differentiability of the root density together with a condition on
the Fisher information matrix is indeed sufficient for differentiability in quadratic mean.

1.3 Lemma. Let � ↦
√

p(y ∣ �) be continuously differentiable for every y and assume that
the elements of the matrix

I� = E�
[

l′(�)l′(�)T
]

are well defined and continuous in �. Then the model p(y ∣ �) is differentiable in quadratic
mean and &�(y) = l′(�).

Proof. This is Lemma 7.6 in Van der Vaart (2000).

We can now state the result linking differentiability in quadratic mean to local asymptotic
normality.

1.4 Theorem. Let Θ ⊂ ℝd be open and assume that the model {p(y ∣ �); � ∈ Θ} is
differentiable in quadratic mean at �. Then the score function has expectation 0, i.e.

E�
[

&�(Y )
]

= 0

and the Fisher information matrix I� exists. In addition, the model is locally asymptotically
normal, i.e. for every sequence ℎT → ℎ as T →∞

log
T
∏

i=1

p(y ∣ � + ℎT ∕
√

T )
f (y ∣ �)

= 1
√

T

T
∑

i=1
ℎTl′�(yi) −

1
2
ℎTI�ℎ + oℙ� (1)
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1.5 Asymptotic Normality and the Bernstein–von Mises Theorem

Proof. This is Theorem 7.2 in Van der Vaart (2000).

The above condition of is remarkably weak; we do not even require differentiability of the
density. This is in contrast to the standard Cramer conditions (Ferguson 2017, Theorem 18 or
Van der Vaart 2000, Section 5.6).

1.5 Theorem (Bernstein–von Mises). Let (ℙ� ∶ � ∈ Θ) be differentiable in quadratic mean
at �̄ with non-singular Fisher information matrix I�̄ . Suppose further that the prior density is
continuous and positive in a neighbourhood of �̄. Further assume that for any " > 0 there
exists a sequence of tests �T ∶ T → [0, 1] such that we have the uniform testing condition

∫ �T (y1∶T )ℙ�̄(dy1∶T )→ 0, sup
‖�−�̄‖⩾"∫

(

1 − �T (y1∶T )
)

ℙ�(dy1∶T )→ 0 (1.6)

as T →∞. Then

∫ |p(� ∣ y1∶T ) − '
(

�; ΔT ,�̄, I−1�̄ ∕
√

T
)

|d� → 0

in ℙY -probability where

ΔT ,�̄ =
1

√

T

T
∑

t=1
I−1�̄ l′�̄(Yt).

Proof. This is Van der Vaart (2000, Theorem 10.1). The proof is very similar to the one
shown later in Section 4.11.2.

The Bernstein–von Mises Theorem requires one further assumption that we have not
investigated in more detail, namely the testing condition (1.6) which requires that we are able
to separate the true model from complements of balls centred around the true parameter. For
compact Θ ⊂ ℝd such tests exist under mere regularity conditions. It is sufficient, for example,
to require � ↦ F� to be continuous and identifiable, see e.g. the discussion in Van der Vaart
(2000, pp. 144-145).

For non-compact parameter spaces establishing such testing conditions can be quite difficult.
However, modifying the model assumptions one can circumvent the requirement for the tests
to be uniformly consistent on the whole of (non-compact) Θ. For example, in Section 4.11.2
we will show that a different version of the Bernstein–von Mises Theorem holds when the
prior has exponential tails. Such statements are unusual in the literature since they partially
defeat the purpose of the theorem (item iii), asymptotic independence of the prior) in our
initial outline. However, for the purposes of this thesis we will be mostly concerned with
points i) and ii).

13



Chapter 1 Introduction to Bayesian Statistical Inference

1.6 Model Misspecification

Our previous sections all assume that the true data generating process can be identified as a
member of the statistical models under considerations, i.e.

ℙY ∈ =
{

ℙ� ∶ � ∈ Θ
}

.

In other words, there exists �̄ ∈ Θ such that ℙ�̄ = ℙY .

In practical application, where the data may arise from natural experiments such an assump-
tion is unrealistic. Well-specified models are usually easier to analyse and therefore serve
as good first starting point for a theoretical investigation. However, in general it is to expect
that ‘all models are wrong’ (Box 1976) and hence well-specification is unrealistic. Analysing
models in the misspecified case, however, offers an understanding on their robustness.

Our main interest in this section is to establish that the Gaussian posterior approximation
established through the Bernstein–von Mises Theorem still holds in the misspecified setting
under mild assumptions. For a more detailed review of Bayesian models in the misspecified
case, see Kleijn (2020) and Kleijn and Van der Vaart (2012, Chapter 5).

Of course, the value �̄ around which the posterior concentrates cannot be the the ‘true’
parameter because such an element does not exist. However, in many cases the sequence
�̂T → �̄ can be taken as the maximum likelihood estimators for the respective data and we have
already seen in Section 1.2 that maximum likelihood theory aims to minimize the Kullback–
Leibler divergence. This suggest to take �̄ as the model closest to the true distribution in
Kullback–Leibler divergence, i.e.

KL(ℙ�̄,ℙY ) = inf
�∈Θ

KL(ℙ�,ℙY ).

1.6 Theorem (Misspecified Bernstein–von Mises Theorem). Let �̄ be as above and assume
that the prior is positive and continuous at �̄ and let � ↦ log p(y ∣ �) be differentiable at
�̄ with ℙY -probability one. Assume there exists an open neighbourhood U around �̄ and a
square integrable function m�̄ with

|

|

|

|

log
p(y ∣ �′)
p(y ∣ �)

|

|

|

|

⩽ m�̄(y)‖�′ − �‖, �, �′ ∈ U, (1.7)

ℙY -almost surely. Further, assume the second-order expansion

− ∫ log
p(y ∣ �)
p(y ∣ �̄)

ℙY (dy) = 1
2
(� − �̄)TV�̄(� − �̄) + o(‖� − �̄‖2), (� → �̄), (1.8)

14



References

where V�̄ is a positive-definite matrix with dimensions d × d. In addition, assume that

∫ 1
{

‖� − �̄‖ ⩾MT ∕
√

T
}

�T (d�)→ 0, (1.9)

in ℙY -probability for allMT →∞. Then

∫ |p(� ∣ y1∶T ) − '
(

�; ΔT ,�̄, V −1
�̄ ∕

√

T
)

|d� → 0

in ℙY -probability where

ΔT ,�̄ =
1

√

T

T
∑

t=1
V −1
�̄ l′�̄(Yt).

Proof. This follows from Lemma 2.1 and Theorem 2.1 in Kleijn and Van der Vaart (2012).

Let us relate this result to the standard version of the Bernstein–von Mises Theorem 1.5.
It is no longer enough that the model is mean square differentiable to establish the LAN
expansion. Now we need differentiability in conjunction with (1.7) and (1.8) in order to ensure
a modified (stochastic) LAN expansion Kleijn and Van der Vaart (see 2012, Lemma 2.1). The
posterior concentration, in turn, is related to the uniform testing condition in Theorem 1.5.
Indeed, under additional regularity conditions Kleijn and Van der Vaart (2012, Theorem 3.1)
show that the testing condition (1.6) implies (1.9).
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2
Markov Chain Monte Carlo Simulation

2.1 Monte Carlo Simulation for Bayesian Posteriors

AS outlined in the previous section, Bayesian posterior distributions are often not analyt-
ically tractable. In particular, the normalizing constant

p(y) = ∫ p(y ∣ �)p(�)d�

in the Bayesian update
p(� ∣ y) =

p(y ∣ �)p(�)
p(y)

is usually not available analytically and thus the posterior distribution cannot be computed
exactly. However, underlying the prevalence of Monte Carlo algorithms in Bayesian statistics
is the idea that properties of any distribution can be learned by drawing samples from said
distribution. Hence, the aim is to construct algorithms to sample from the posterior which we
denote �(�) = p(� ∣ y) for brevity, suppressing for now the dependency on the data. Thus, the
difficulty of performing Bayesian inference has shifted from calculating �(A) for measurable
sets A to being able to draw samples from this distribution. We will see in the following that
sampling (at least approximately) can be achieved with fairly simple algorithms.

2.2 Markov chain Monte Carlo

Among the class of Monte Carlo algorithm, Markov chain Monte Carlo (MCMC) methods
have become particularly popular in Bayesian inference as they do not require access to the
intractable normalizing constant p(y). The aim of Markov chain Monte Carlo algorithms is to

17



Chapter 2 Markov Chain Monte Carlo Simulation

simulate a Markov chain (�n)n∈ℕ such that for n large enough

ℙ(�n ∈ A ∣ �0 = �0) ≈ �(A) (2.1)

for all (measurable) sets A. Here, �0 = �0 denotes an arbitrary starting point of the Markov
chain. In general, Markov chains can be started from arbitrary distributions and the previous
display then just corresponds to a Dirac mass at �0. Of course, if the Markov chain is already
started from the target distribution � a desirable property would be that this distribution is
retained after application of one time step, formally,

∫Θ
P (�, A)�(�)d� = �(A) for all A ∈ (ℝd) (2.2)

where
P (�, A) = ℙ(�1 ∈ A ∣ �0 = �)

is the one-step transition kernel. The distribution � that fulfils (2.2) for a transition kernel
P is called the Markov chain’s stationary or invariant distribution. This condition is not
always easy to verify. A stronger condition that implies stationarity of P with respect to � is
reversibility

∫A
P (�, B)�(d�) = ∫B

P (�, A)�(d�)

for all measurable sets A,B.

2.1 Proposition. If a Markov transition kernel P is reversible with respect to � then � is an
invariant distribution.

Proof. Straightforward calculation yields

∫Θ
P (�, A)�(d�) = ∫A

P (�,Θ)�(d�)

= ∫A
�(d�) = �(A).

We want to make the statement (2.1) more precise and therefore we need to introduce some
notation. We begin with the n-step transition probability which can be defined recursively by

P n(�, A) = ∫ P (�′, A)P n−1(�, d�′) = ∫ P n−1(�′, A)P (�, d�′).

To measure the distance between the Markov chain after n steps and the target distribution we

18



2.2 Markov chain Monte Carlo

introduce the total variation distance between probability measures �, � defined by

‖� − �‖tv = sup
A∈(ℝd)

|�(A) − �(A)|.

2.2 Remark. If the two probability measures are dominated by a common measure, �, say,
the total variation distance has a simple expression as half the L1-distance between the
respective densities (see e.g. Roberts and Rosenthal 2004, Proposition 3)

‖� − �‖tv =
1
2 ∫ℝ

|

|

|

|

d�
d�
(y) −

d�
d�
(y)

|

|

|

|

�(dy),

where we write d�
dy for the Radon–Nikodym derivative of � with respect to dy.

We will say that a Markov chain is ergodic if the marginal distribution of the current state
approaches the invariant distribution in the limit, i.e.

‖P n(�, ⋅) − �(⋅)‖tv → 0 (2.3)

as n → ∞ for �-almost every starting point �. Convergence in total variation as defined in
(2.3) has the useful implication that P n(�, A)→ �(A) for any measurable set. Other notions of
convergence placing emphasis on other aspects of distributions are also possible. Convergence
analyses in Wasserstein distance, for example, have become more and more popular (see
e.g. Rudolf and Schweizer 2018). Here we will only consider convergence in total variation.
Ergodicity can be established under fairly weak conditions as we will demonstrate now.

2.3 Theorem. Consider a Markov chain with state space ℝd . Assume the Markov chain is
�-irreducible and aperiodic. Then the Markov chain is ergodic in the sense of (2.3).

Proof. This is Theorem 4 in Roberts and Rosenthal (2004).

�-irreducibility and aperiodicity are mild conditions. A chain is called �-irreducible if there
exists a non-trivial �-finite measure on Θ such that for all measurable set A with �(A) > 0
and all � ∈ Θ there exists an integer n(�, A) with P n(�, A) > 0 (e.g. Roberts and Rosenthal
2004). Hence, this condition ensures that all sets with positive measure are eventually reached.
In continuous state spaces such a measure could be the Lebesgue measure. Aperiodicity
ensures that there do not exist disjoint subsets the Markov chain cycles through periodically.
Formally, we require that there does not exist disjoint subset Θ1,Θ2,… ,Θd , d ⩾ 2, such that
P (�,Θi+1) = 1 for all � ∈ Θi and P (�,Θ1) = 1 for � ∈ Θd .
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Chapter 2 Markov Chain Monte Carlo Simulation

Very often we are interested in the estimation of expectations of functions ℎ∶ Θ → ℝ with
respect to the target distribution �. A common Markov chain Monte Carlo approximation
consists of the ergodic average

�̂n(ℎ) =
1
n

n
∑

i=1
ℎ(�i).

We shall note that Theorem 2.3 ensures the convergence of such averages as n→∞,

�̂n(ℎ) =
1
n

n
∑

i=1
ℎ(�i)→ �(ℎ)

almost surely (Roberts and Rosenthal 2004).
While it might appear cumbersome to have to construct a Markov chain that converges to

a particular target distribution, it turns out that simple ‘accept-reject’-type recipes provide
powerful and easy-to-implement algorithms. In the next section we will introduce one such
recipe, called the Metropolis–Hastings algorithms.

2.3 Metropolis–Hastings Algorithm

Originally introduced by Metropolis et al. (1953) and extended by Hastings (1970), the
Metropolis–Hastings algorithm is one of the most popular MCMC algorithms, both for its
simplicity and efficiency. The algorithm proceeds as follows: Given a current state of the
chain, �k for some k ⩾ 1, a new state is proposed according to some distribution �′ ∼ q(�k, ⋅ ).
Then with probability �(�k, �′), given by

�(�, �′) = min
{

1,
�(�′)
�(�)

q(�′, �)
q(�, �′)

}

set �k+1 = �′, otherwise set �k+1 = �k. This induces a transition kernel

PMH(�, d�′) = �(�, �′)q(�, �′)d�′ + �(�)��(d�′)

where
�(�) = 1 − ∫ℝd

�(�, �′)q(�, �′)d�′.

The above transition kernel is reversible, i.e. for � ≠ �′ we have

�(d�)PMH(�, d�′) = �(�)q(�, �′) min
{

1,
�(�′)
�(�)

q(�′, �)
q(�, �′)

}

d�d�′

= min
{

�(�)q(�, �′), �(�′)q(�′, �)
}

d�d�′
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2.4 Ergodicity and Spectral Gaps

= �(d�′)PMH(�′, d�)

and therefore PMH has � as its invariant distribution.
It can subsequently be established that the Metropolis–Hastings algorithm using a proposal

q that is continuous and positive in both components and targeting the Lebesgue density � is
�-irreducible and aperiodic (see the running example in Roberts and Rosenthal 2004). To
fulfil these assumption, the proposal could be taken as a multivariate normal distribution, i.e.

q(�, �′) = '(�′; �, l ⋅ Σ),

where Σ is some covariance matrix, l is a tuning parameter and '( ⋅ ;�,Λ) denotes a normal
density with mean � and covariance matrix Λ. The Metropolis–Hastings algorithm with this
proposal—called the random walk Metropolis–Hastings—is therefore ergodic.

2.4 Remark (Choice of the proposal). The performance of any implemented Metropolis–
Hastings algorithm crucially depends on the proposal distribution q(�, �′). For this thesis we
will only consider random walk proposal, i.e. q(�, �′) = �(�′ − �).

2.5 Remark (Extensions and alternatives). Since the original Metropolis algorithm, many
extensions and alternatives have been introduced in the literature. Amongst them state-of-the-
art algorithms such as the Gibbs sampler (Geman and Geman 1984), Hamiltonian-Monte
Carlo (Duane et al. 1987), the bouncy particle sampler (Bouchard-Côté, Vollmer and Doucet
2018). However, a treatment of these algorithms is beyond the scope of this thesis.

2.6 Remark (Sampling from Bayesian posteriors). When implementing the Metropolis–
Hastings algorithms to sample from Bayesian posterior distribution we are interested in
�(�) ∝ p(y ∣ �)p(�). Since the parameter does not appear in the normalizing constant, p(y),
the evaluation of p(y ∣ �)p(�) is sufficient to successfully sample from the posterior.

2.4 Ergodicity and Spectral Gaps

In Theorem 2.3 we have already introduced conditions to ensure that a Markov chain (�n)n∈ℕ
is ergodic, i.e. it converges to its stationary distribution in total variation distance. However,
this statement is of limited practical use, since it does not provide any guaranteed rate of
convergence and thus convergence to the stationary distribution could be arbitrarily slow. For
this reason, we introduce a stronger notion of convergence that does provide such a rate and
we will describe conditions under which such convergence holds. The following qualitative
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Chapter 2 Markov Chain Monte Carlo Simulation

concept of convergence is commonly used in practice.

2.7 Definition (Geometric ergodicity). A Markov chain is called geometrically ergodic if
there exists 
 < 1 and a function C(�) <∞ such that

‖P n(�, ⋅) − �‖tv ⩽ C(�)
n, n = 1, 2,…

for �-almost every �.

In contrast to showing ergodicity, establishing geometric ergodicity for Metropolis–Hastings
algorithms can be quite challenging. The result is usually proven by establishing a drift
condition towards a small set (see e.g. Jones and Hobert 2001). For random walk Metropolis–
Hastings algorithms necessary and sufficient conditions on the target and proposal are given
by Jarner and Hansen (2000) and involve the curvature of the target distribution.

We want to introduce an alternative condition for reversible Markov chains arising from the
spectral theory of bounded self-adjoint operators. Let P denote a reversible Markov transition
kernel. We want to explore the properties of P as an operator acting on the Lebesgue space
L2(�) defined by

Pf (�) = ∫Θ
f (�′)P (�, d�′).

By definition, reversibility of P with respect to � can be written as

∫Θ
1A(�)∫Θ

1B(�′)P (�, d�′)�(d�) = ∫Θ
1B(�)∫Θ

1A(�′)P (�, d�′)�(d�)

for all measurable sets A,B. Rewriting the above display we get

⟨P1B,1A⟩� = ⟨1B, P1A⟩� , (2.4)

where
⟨f, g⟩� = ∫Θ

f (�)g(�)�(d�)

is the usual inner product in L2(�). A standard argument using monotone convergence can
generalize equality (2.4) to simple functions, non-negative measurable functions and ultimately
to all functions in L2(�), yielding

⟨Pf, g⟩� = ⟨f, P g⟩� ∀f, g ∈ L2(�). (2.5)

Hence, the operator P acting on function in L2(�) is self-adjoint. Denoting the norm ‖f‖� =
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√

⟨f, f⟩� we can find the bound

‖Pf‖2� = ∫Θ

|

|

|

|

∫Θ
f (�′)P (�, d�′)

|

|

|

|

2
�(d�)

⩽ ∫Θ
|

|

f (�′)|
|

2 P (�, d�′)�(d�)

= ∫Θ
|

|

f (�′)|
|

2 �(d�′)

= ‖f‖2� .

This ensures that the operator norm ‖P‖op = supf∈L2(�) ‖Pf‖�∕‖f‖� is bounded by one.
That is, we know that P is a bounded operator and we can leverage spectral theory for bounded
self-adjoint operators. The spectrum of an operator P is defined by the set

�(P ) = {�∶ I − �P is not invertible} .

Using the L2(�) contraction property above and the fact that �(P ) is contained in the closure
of the numerical range (Gustafson and Rao 1997, Theorem 1.2-1)

r(P ) =
{

⟨Pf, f⟩∶ f ∈ L2(�), ‖f‖� = 1
}

it follows that �(P ) ⊂ [−1, 1]. Indeed, we know that P 1 = 1 and thus every Markov kernel
has eigenvalue � = 1. What can be said about the rest of the spectrum? We restrict attention
to the orthogonal complement to the constant functions in L2(�), i.e.

L20(�) = {f ∈ L
2(�) ∶ �(f ) = 0}.

Indeed, for all f ∈ L20(�) we can compute ⟨f, 1⟩� = E� {f (X)} = 0 and thus L2(�) =
L20(�)

⟂⊕L20(�). This last equality means that we can write any f ∈ L2(�) as f = ⟨f, 1⟩�1+
f0 with f0 ∈ L20(�). When considering the n-step transition operator P n we have

P nf = E� {f (X)} + P nf0. (2.6)

Thus, in order to ensure P nf → E� {f (X)} we need to argue that P nf0 → 0. For clarity we
will use the notation P |L20(�) for P acting on L20(�). Then for f0 ∈ L

2
0(�)

⟨

P |n
L20(�)

f0, P |
n
L20(�)

f0
⟩

�
⩽ ‖P |2n

L20(�)
‖op‖f0‖�
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Chapter 2 Markov Chain Monte Carlo Simulation

and thus we obtain our desired result if we can show ‖P |2n
L20(�)

‖op → 0. Here, ‖P |L20(�)‖op =

� = max
{

|�min|, |�max|
}

, where �min, �max are the smallest and largest eigenvalues ofP acting
on L20(�), respectively

1. Since the operator norm is submultiplicative it holds ‖P 2n‖op ⩽ �2n

and thus Pf0 → 0 for f0 ∈ L20(�) if the spectral radius, �, is strictly smaller than one.
Heuristically, this means that there is a gap between the largest eigenvalue and the remaining
spectrum and thus an operator with the above property is said to possess a spectral gap.
Spectral gaps turn out the be very useful when analysing the behaviour of reversible Markov
chains. Mathematically, we can use the definition of the numerical range of P |L20(�)

r(P |L20(�)) =
{

⟨P |L20(�)f, f⟩∶ f ∈ L
2
0(�), ‖f‖� = 1

}

to write the right spectral gap as the distance bright(P ) = 1 − �max and the left spectral gap as
blef t(P ) = 1 + �min. To find these quantities we can write

bright(P ) = 1 − �max
= 1 − sup

f∈L20(�),‖f‖�=1
⟨Pf, f⟩

= inf
f∈L20(�),‖f‖�=1

⟨f, f⟩ − ⟨f, Pf⟩

= inf
f∈L20(�),‖f‖�=1

⟨f, (I − P )f⟩.

The expression inside the infimum motivates the definition of the Dirichlet form of a Markov
chain with transition kernel P and stationary distribution � as

P (f ) = ⟨f, (I − P )f⟩� =
1
2 ∫

{

f (�) − f (�′)
}2 �(d�)P (�, d�′).

Using the definition of the Dirichlet form, the right spectral gap of a Markov chain is then

bright = inf
f∶�(f )=0,‖f‖�=1

P (f ).

In analogy to the above one can similarly calculate the left spectral gap as

blef t = inf
f∶�(f )=0,‖f‖�=1

{

2 + P (f )
}

.

1For self-adjoint operators, operator norm, spectral radius and the radius of the numerical range are identical
(Gustafson and Rao 1997, Theorems 1.2-3 and 1.2-4). Hence, we change our point of viewwhenever convenient
for the argument.
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2.5 Markov Chain Central Limit Theorems

The following theorem connects the spectral gap of a Markov chain with geometric ergodicity.

2.8 Theorem. Let P denote a Markov transition kernel of a reversible Markov chain (i.e. P
is self-adjoint in L2(�)). Then the chain is geometrically ergodic if and only if P possesses an
L2(�) spectral gap.

Proof. This follows from Theorem 2.1 in Roberts and Rosenthal (1997).

2.5 Markov Chain Central Limit Theorems

In practice, the objects of interest in Bayesian inference are integrals with respect to the
posterior distribution such as the posterior mean �̂post defined in (1.4). For ℎ∶ Θ → ℝ denote
the expectation with respect to the posterior as

�(ℎ) = ∫Θ
ℎ(�)�(d�).

This quantity can be approximated by the ergodic average of the Markov chain

�̂(ℎ) = 1
n

n
∑

i=1
ℎ(�i)

where n denotes the number of Markov chain iterations, i.e. the length of the simulated
Markov chain. In order to quantify the uncertainty of the estimate �̂(ℎ), e.g. establishing
(approximate) confidence intervals, it is helpful to derive central limit theorems for such
Markov chain estimates. We say that a Markov chain satisfied a

√

n-central limit theorem if

1
√

n

n
∑

i=1

(

ℎ(�i) − �(ℎ)
)

⇝  (0,Var(ℎ, P ))

where

Var(ℎ, P ) = lim
n→∞

E
⎡

⎢

⎢

⎣

{

1
√

n

n
∑

i=1
(ℎ(�) − �(ℎ))

}2
⎤

⎥

⎥

⎦

.

When Var(ℎ, P ) <∞ we can write

Var(ℎ, P ) = IAT(ℎ, P )Var�(ℎ)
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where IAT(ℎ, P ) is the integrated autocorrelation time defined by

IAT(ℎ, P ) = 1 + 2
∞
∑

i=1

Cov
{

ℎ(�0), ℎ(�i)
}

Var�(�0)
.

Hence, the integrated autocorrelation time can be seen as a measure of inefficiency due to
the correlation in the Markov chain sampler. This inefficiency is sometimes measured by the
number of independent samples one would need to obtain the same variance. To see this,
denote n∗ the number of independent samples from �, then equating

Var�(ℎ)
n∗

=
Var�(ℎ)IAT(ℎ, P )

n

we can write n∗ = n∕IAT(ℎ, P ). For this reason n∗ is referred to as the effective sample size.
The following theorem is due to Kipnis and Varadhan (1986).

2.9 Theorem. Let (�n)n∈ℕ be reversible, �-irreducible and aperiodic (compare this to
Theorem 2.3). Then

1
√

n

n
∑

i=1

{

ℎ(�i) − �(ℎ)
}

⇝  {0,Var(ℎ, P )}

whenever
IAT(ℎ, P ) <∞.

Hence, a central limit theorem can be established for some function ℎ whenever we can
establish that the integrated autocorrelation time IAT(ℎ, P ) < ∞. As a result of the above
theorem Kipnis and Varadhan (1986) also provide an alternative formula of the asymptotic
variance and hence for the integrated autocorrelation time.

2.10 Corollary. Consider an aperiodic and ergodic Markov chain evolving according to
some �-reversible Markov kernel P . Let ℎ ∈ L2(�) with non-zero variance. Then there exists
a spectral measure e(ℎ, P ) on [−1, 1] such that

Var�(ℎ) = ∫

1

−1
e(ℎ, P )(d�), Cov�

{

ℎ(X0), ℎ(Xk)
}

= ∫

1

−1
�ke(ℎ, P )(d�)

and

Var(ℎ, P ) = ∫

1

−1

1 + �
1 − �

e(ℎ, P )(d�).

Proposition 2.10 relates the asymptotic variance and therefore the integrated autocorrelation
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time to the spectrum of the self-adjoint operator P . Using this connection, the following result
provides a sufficient condition for IAT(ℎ, P ) to be finite.

2.11 Corollary. Assume that a reversible Markov transition kernel has a (right) spectral
gap, bright > 0. Then for ℎ ∈ L2(�) we have IAT(ℎ, P ) <∞.

Proof. Denote by b = bright > 0 the spectral gap of the operator P . Then

Var(ℎ, P ) = ∫

1−b

−1

1 + �
1 − �

e(ℎ, P )(d�) ⩽ 2 − b
b

Var�(ℎ).

2.6 Pseudo-Marginal Metropolis–Hastings Algorithms

Even though the Metropolis–Hastings algorithm only requires access to an unnormalized
version of the target density, in many situations even this quantity is not tractable. A common
example are latent variable models consisting of latent data X and observed data Y given by
densities

Y ∣ (X = x) ∼ f (⋅ ∣ x, �) and X ∼ g(⋅ ∣ �).

The (marginal) likelihood function

p(y ∣ �) = ∫ f (y ∣ x, �)g(x ∣ �)dx

is intractable in general but it can be estimated unbiasedly. Sample, for example, X ∼ g(⋅ ∣ �)
and set p̂(y ∣ �) = f (y ∣ X, �). This is an unbiased estimator since

E {p̂(y ∣ �)} = ∫ f (y ∣ x, �)g(x ∣ �)dx.

Of course, instead of sampling from g(⋅ ∣ �) any importance sampling estimator can be
employed. The naïve approach is to apply the Metropolis–Hastings algorithm to sample
from the Bayesian posterior �(�) ∝ p(y ∣ �)p(�) by replacing the true likelihood p(y ∣ �)
with the unbiased estimate. Remarkably, if correctly implemented, such a replacement does
preserve the correct target distribution. The resulting algorithm is called the pseudo-marginal
Metropolis–Hastings algorithm (Andrieu, Doucet and Holenstein 2010; Andrieu and Roberts
2009; Beaumont 2003; Lin, Liu and Sloan 2000).

To outline this algorithm and to understand how it preserves the correct target distribution
by using an unbiased estimator we will abstract away from the setting above. Denote �(�)
the correct but intractable target distribution. Further, let us denote �̂(�; u) an non-negative
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unbiased estimator of �(�) where u ∼ m� are the random variables used to generate this
estimator. The pseudo-marginal algorithm proceeds as follows: At current state (�k, uk), k ⩾ 1
with estimator �̂(�k; uk) propose �′ ∼ q(�k, ⋅). Subsequently, sample u′ ∼ m�′ and compute
�̂(�′, u′). With probability

�(�k, uk; �′, u′) = min
{

1,
�̂(�′; u′)
�̂(�k; uk)

q(�′, �k)
q(�k, �′)

}

set (�k+1, uk+1) = (�′, u′) otherwise (�k+1, uk+1) = (�k, uk).

To see that this algorithm indeed has the correct invariant distribution it is helpful to consider
the algorithm as a Markov chain on the joint space Θ × U instead of a noisy algorithm on Θ.
Defining the extended target

�(�, u) = �̂(�; u)m�(u)

we note that

�(�k, uk; �′, u′) = min
{

1,
�̂(�′; u′)
�̂(�k; uk)

q(�′, �k)
q(�k, �′)

}

= min

{

1,
�(�′, u′)
�(�k, uk)

q(�′, �k)m�k(uk)
q(�k, �′)m�′(u′)

}

.

Inspecting the above display it is clear why the pseudo-marginal method works: it corresponds
to a Metropolis–Hastings algorithm on the extended space targeting �(�, u). The joint density
by definition has the correct marginal distribution as unbiasedness implies

∫ �(�, u)du = ∫ �̂(�; u)m�(u)du = �(�).

To analyse this algorithm it is helpful to change the parametrization of the target distribution.
Write

Z(�) = log �̂(�; u) − log�(�), (2.7)

for the error in the logarithm of the estimator and we will write g(dz ∣ �) for its induced
distribution. Then the invariant distribution of the pseudo-marginal methods can be written as
a density

�(�, z) = �(�)ezg(z ∣ �)

on Θ ×ℝ. The respective Metropolis–Hastings algorithm has transition kernel

PPMH

(

�, z; d�′, dz′
)

= q(�, d�′)g(dz′ ∣ �′)�
(

�, z; �′, z′
)

+ �(�, z)�(�,z)(d�′, dz′),
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with
�
(

�, z; �′, z′
)

= min
{

1,
�(�′)
�(�)

q(�′, �)
q(�, �′)

ez
′−z

}

.

2.12 Remark. An alternative way to represent the pseudo-marginal algorithm using a one-
dimensional auxiliary state is to write

�(�,w) = �(�)wQ�(w).

with
W (�) =

�̂(�; u)
�(�)

, W ( � ) ∼ Q�(⋅).

This is done, for example, by Andrieu and Vihola (2015) where the authors consider con-
vergence rates of the pseudo-marginal algorithm. We use the parametrization through Z(�)
since in many settings Z(�) obeys a central limit theorem, see e.g. Section 4.10 and Bérard,
Del Moral and Doucet (2014).

We can now make a statement about the ergodicity of the pseudo-marginal algorithm. First,
we consider an extension of Theorem 2.3 which is inspired by Andrieu and Roberts (2009).
Since the marginal algorithm is defined on a different space than the pseudo-marginal we
define an embedded kernel

P̄MH(�, z; d�′, z′) = �(�, �′)q(�, �′)g(dz′ ∣ �) + �(�, z)��,z(d�′, dz′).

The corresponding algorithm is the same as the marginal Metropolis–Hastings algorithm
which additionally samples Z′ ∼ g( ⋅ ∣ �′) at each iteration.

2.13 Theorem. Let PMH denote the transition kernel of an aperiodic �-irreducible Markov
chain targeting the intractable marginal distribution �(�). Then the pseudo-marginal kernel
PPMH targeting �(�, u) is ergodic in the sense of (2.3).

Proof. This is Theorem 1 in Andrieu and Roberts (2009).

2.14 Proposition. Assume there exists a constant c such that

∫

c

0
g(z ∣ �)dz = 1 �-almost surely.
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Then we have the following relations between the Dirichlet forms of the kernels PPMH and P̄MH

PPMH(f ) ⩾
P̄MH(f )

c

for any function f ∶ Θ ×ℝ → ℝ with

�(f 2) = ∫ |f (�, z)|2�(�, z)d�dz <∞

and as a consequence bright(P̄PMH) ⩾ c−1bright(P̄MH).

Proof. This is Proposition 10 in Andrieu and Vihola (2015).

The above proposition implies that the pseudo-marginal chain inherits the (right) spectral
gap of the marginal chain if the noise of the estimator is bounded. For positive operators (i.e.
⟨f, Pf⟩ ⩾ 0 for all f with �(f ) < ∞) Theorem 2.8 implies that the inheritance of the right
spectral gap is equivalent to the inheritance of geometric ergodicity. This is true, for example,
for the (Gaussian) random walk Metropolis–Hastings algorithm as defined in Section 2.3
(Andrieu and Vihola 2015, Proposition 16).

The boundedness of the weight distribution is crucial for geometric ergodicity of the
pseudo-marginal algorithm as the following proposition shows.

2.15 Proposition. Let PPMH have a non-zero spectral gap. Then there exists a function
c ∶ Θ ↦ [1,∞) with

∫

c(�)

0
g(z ∣ �)dz = 1

for �-almost all �.

Proof. This is Proposition 13 in Andrieu and Vihola (2015).
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3
Weak Convergence Analysis of

Metropolis–Hastings Algorithms

3.1 Scaling Gaussian Random Walk Metropolis-Hastings Algorithms

THE efficiency of Metropolis–Hastings algorithms heavily relies on the choice of the
transition distribution q(�, ⋅). The Gaussian random walk proposal introduced in Section

2.3 which will be relevant for this thesis is

q(�, �′) = '(�′; �, l2 ⋅ Σ), (3.1)

where Σ is the posterior covariance matrix and l is a tuning parameter.

3.1 Remark. Many other (and often better) choices for the proposal are possible, but they
usually require additional information about the target, for example, the gradient at any given
point. While gradients are easily computed for many target densities, the intractable models
we are interested in do usually not fall into that class (see Section 2.6).

In this section we want to investigate how to optimally select the parameter l in order to
maximize the efficiency of the Markov chain Monte Carlo algorithm. To illustrate the problem,
consider the one-dimensional version of the above Markov chain, targeting a univariate
Gaussian distribution. As a proposal we also choose a normal distribution '(�′; �, l) having
set Σ = 1. But how should l be chosen? Recall, we are often interested in ergodic averages

�̂n(ℎ) =
1
n

n
∑

i=1
ℎ(�i).
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For a chain started at stationarity this estimator is unbiased with variance

Var
{

�̂n(ℎ)
}

= 1
n
Var� {ℎ} +

1
n2

n
∑

i≠j
Cov

{

ℎ(�i), ℎ(�j)
}

. (3.2)

Hence, the performance of the estimator heavily depends on how fast the covariance decays
as |i − j| →∞. In case of the simple Gaussian random walk example, we can identify two
sources of large covariance or autocorrelation:

i) Stepsize too small. If l is chosen very small then the acceptance rate will be close to
1, but the chain will only move very slowly. Hence, we have high autocorrelation in
subsequent states.

ii) Stepsize too large. If l is chosen very large the chain will often propose new values
deep in the tails of the distribution. Such moves are rejected with high probability and
the Markov chain then is stuck.

The task is consequently to choose l so as to balance both the above considerations and to find
an optimal trade-off. In the general (multi-dimensional) setting of (3.1) the tuning parameter
l can not be expected to be the same regardless of the dimension d of Θ = ℝd . Therefore
we will consider the tuning parameter l = l∕

√

d, where d is the dimension of the parameter
space Θ.
In the following we will consider how the tuning parameter l should be chosen as to

maximize efficiency of the algorithm under various assumptions as well as why the factor
√

d is precisely the correct scaling as the dimension increases. First, however, we need to
introduce a notion of efficiency. As mentioned above, when started at stationarity, estimators
using ergodic averages are unbiased. In Section 2.5 we have introduced central limit theorems
for such ergodic averages and introduced descriptions of the asymptotic variance as well as
conditions for its finiteness. In addition, we outlined how this quantity corresponds to the
effective sample size, i.e. the equivalent number of independent samples the Markov chain
has drawn. Thus, for any particular test function of interest ℎ, a good measure of the efficiency
of a Markov chain Monte Carlo algorithm with transition kernel P is IAT(ℎ, P ).
The most influential heuristic to maximize the efficiency of a random walk Metropolis–

Hastings algorithm is derived from the classical diffusion limit (as d → ∞) argument, first
introduced by Roberts, Gelman and Gilks (1997), which we introduce in the next section.
Afterwards, we will develop an alternative approach, considering the case where the number
of data T tends to infinity.
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3.2 Classical Diffusion Limit

3.2 Classical Diffusion Limit

An important step in the analysis of the performance and optimization of Metropolis–Hastings
algorithms was the introduction of the diffusion limits by Roberts, Gelman and Gilks (1997). In
this work the authors analyse the random walk Metropolis–Hastings algorithm, interpreted as
a continuous time Markov process with exponential waiting times, by reducing the time steps
as the parameter dimension, d, increases. As a result the authors obtain a weak convergence
result of the continuous time process in the Skorokhod topology (Ethier and Kurtz 2005)
showing that as d →∞, the first component of the process converges to a Langevin diffusion
which subsequently can be optimized. In this section we want to make this result more precise
and introduce the assumption required in more detail.

Assumption 3.1 (Product density). The target distribution � factorizes into a product of d
components

�(�) =
d
∏

i=1
f (�i). (3.3)

This is a very unrealistic assumption in practice and will never be satisfied. Further, if it is
satisfied every single of the d coordinates can be simulated separately. However, assumptions
similar in spirit to (3.3) are crucial for the subsequent argument. In addition, we need f to be
smooth as follows.

Assumption 3.2 (Smoothness). The density f is positive with continuous first and second
derivatives. In addition, )x log f (x) is Lipschitz continuous and

∫

(

f ′(�)
f (�)

)4

f (�)d� <∞,

and

∫

(

f ′′(�)
f (�)

)8

f (�)d� <∞.

Assumption 3.3 (Proposal). The proposal is the Gaussian random walk defined in (3.1) with
l = l∕

√

d and Σ = I , the d-dimensional identity matrix.

In order to compare the discrete time Markov chain (�n)n∈ℕ to the limiting diffusion, we
can interpret it as a continuous time càdlàg process1 by defining a Poisson processN(t) with

1Càdlàg processes are right continuous with left limits and allow for jumps. In our case the jumps correspond to
acceptance events of the Metropolis–Hastings chain.
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rate d and taking �N(t). Ultimately, we will be interested in the first component of the process
Ud
t = �dN(t),1, where the superscript d emphasizes the dependence on the dimension.

3.2 Theorem (Diffusion Limit of the Random Walk Metropolis–Hastings Algorithm). Let
Assumptions 3.1, 3.2 and 3.3 hold. Consider the processUd

t = �dN(t),1 started from stationarity,
where N(t) is a Poisson process with rate d. Then Ud ⇝ U (in the Skorokhod topology),
where U is described by the Langevin stochastic differential equation (SDE)

dUt =
√

ℎ(l)dBt + ℎ(l)
1
2
∇ log�(Ut)dt

with

ℎ(l) = l2 ⋅ 2Φ

(

−
l
√

I
2

)

, I = ∫
{

∇� log f (�)
}2 f (�)d�.

Proof. This is Theorem 1.1 in Roberts, Gelman and Gilks (1997).

The quantity ℎ(l) is called the speed measure since we can write Ut = Vℎ(l)t where Vt is a
diffusion with unit speed

dVt = dBt +
1
2
∇ log�(Vt)dt,

where we denote Bt a Brownian motion. Consequently, this result provides a precise op-
timization criterion as increasing the speed measure improves the mixing of the diffusion.
Similarly, arguing according to (3.2), Roberts and Rosenthal (2001) also note that for small
" > 0 maximizing ℎ(l) minimizes Cov

{

ℎ(�0), ℎ(�")
}

.
Numerically, we find that ℎ(l) is optimized at l = l̂∞ ≈ 2.38. As a corollary of the above

result we also know that the acceptance rate

pracc,d(l)→ pracc(l) = 2Φ
(

−l
√

I∕2
)

(3.4)

as d →∞ and we can calculate pracc(l̂∞) ≈ 23.38%.

3.3 Large Sample Asymptotics of the Random Walk Metropolis–Hastings
Algorithm

As already mentioned above, the assumptions required to establish Theorem 3.2 are very
unrealistic in practice. Especially condition (3.3) is almost never fulfilled. Here we want to
introduce a different asymptotic analysis. Instead of considering the case of the parameter
dimension, d, increasing we consider the case where the amount of data, T , increases thereby
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leveraging results from Bayesian asymptotic theory. In particular, the Bernstein–von Mises
Theorem (Theorem 1.5) provides a precise structure of the posterior distribution when the
number of data tends to infinity. In contrast to the conditions required for the diffusion limit
(Theorem 3.2), the Bernstein–von Mises can be observed to hold in many practical cases.

Following this motivation, we will from now on explicitly consider Bayesian posterior
targets

�T (�) = p(� ∣ y1∶T ) ∝ p(y1∶T ∣ �)p(�),

where y1∶T = (y1,… , yT ) is a vector of T data points. A Bernstein–von Mises-type result
will be our first assumption.

Assumption 3.4 (Posterior concentration). The posterior distribution converges towards a
normal distribution, i.e. as T →∞

∫
|

|

|

�T (�) − '(�; �̂T ,Σ∕T )
|

|

|

d� → 0, �̂T → �̄,

both in ℙY -probability and Σ is a positive definite covariance matrix.

We leave the precise structure of �̂T and Σ unspecified here, because it is not necessary
for the remainder of this analysis. For conditions under which Assumption 3.4 holds, see the
summary in Section 1.5 or Van der Vaart (2000). For simplicity, we will only consider the
case d = 1, i.e. � ∈ ℝ, but the argument holds similarly for higher dimensions.

The classical version of the Metropolis-Hastings algorithm proceeds with proposing random
walk moves according to some density �. If the posterior concentrates at rate 1∕

√

T we need
to adjust the scale of the random walk. This is summarized in the next assumption.

Assumption 3.5. The proposal is a scaled random walk

�′ = � +
�

√

T
, � ∼ �(⋅),

where � is a continuous density.

This yields the transition density

qT (�, �′) =
√

T �
{√

T
(

�′ − �
)}

.
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Rescaling to the local parameter �̃ =
√

T
(

� − �̂T
)

yields

q̃T (�̃, �̃′) = �(�̃′ − �̃) = q̃(�̃, �̃′),

independent of the number of data T . Under the rescaled parameter �̃ the posterior distribution
is �̃T

(

�̃
)

= �T
(

�̂T + �∕
√

T
)

∕
√

T and

∫
|

|

�̃T (�̃) − '(�̃; 0,Σ)|| d�̃ → 0

in ℙY -probability. We consider now the Metropolis–Hastings algorithm to construct a Markov
chain with stationary distribution �̃T (d�) and transition kernel

P̃T (�̃, d�̃′) = min
{

1,
�̃T (�̃′)q̃(�̃′, �̃)
�̃T (�̃)q̃(�̃, �̃′)

}

q̃(�̃, d�̃′) + �(�̃)��(d�′),

where again we make the dependence on the data, T , explicit.

3.3 Theorem. Under Assumptions 3.4 and 3.5 the Markov chain �T =
(

�̃T ,n
)

n∈ℕ with
rescaled parameter �̃ =

√

T
(

� − �̂T
)

and started from stationarity converges to a Markov
chain with stationary distribution '(d�̃; 0,Σ) and transition kernel

P̃ (�̃, d�̃′) = min
{

1,
'(�̃′; 0,Σ)q̃(�̃, �̃′)
'(�̃; 0,Σ)q̃(�̃′, �̃)

}

q̃(�̃′, �̃)d�′ + �(�̃)��(d�′) (3.5)

where �(�̃) is the corresponding rejection probability.

Let �T denote the distribution of �T defined on the space on
⨂∞

i=1ℝ. In order to prove
convergence of �T it is sufficient to ensure convergence of the distribution’s first k coordinates
(that is, the projections on the space

⨂k
i=1ℝ) for every k ∈ ℕ, see Section 4.20. This, in turn,

can be shown by considering products, i.e.

∫

k
∏

i=1
fi(�i)�T (d�1…d�k)→ ∫

k
∏

i=1
fi(�i)�(d�1…d�k)

as T →∞ for all k ∈ ℕ, fi ∈ Cb(ℝ), see e.g. Ethier and Kurtz (2005, Chapter 3, Proposition
4.6). For the Markov chain in Theorem 3.3 we can show convergence for all k by a simple
induction argument. First, we need to show that the stationary initial distribution converges,

E
{

f (�̃T ,1)
}

→ E
{

f (�̃1)
}

(3.6)
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for all f ∈ Cb(ℝ). In the induction step, we assume that we have established convergence of
the first k coordinates, i.e. for a collection of functions fi ∈ Cb(ℝ), i = 1,… , k

E
{

f1(�̃T ,1) ⋅… ⋅ fk(�̃T ,k)
}

→ E
{

f1(�̃1) ⋅… ⋅ fk(�̃k)
}

.

Without loss of generality take ‖fi‖∞ ⩽ 1, i = 1,… , k

|

|

|

E
{

f1(�̃T ,1) ⋅… ⋅ fk(�̃T ,k)fk+1(�̃T ,k+1)
}

− E
{

f1(�̃1) ⋅… ⋅ fk(�̃k)fk+1(�̃k+1)
}

|

|

|

= |

|

|

E
{

f1(�̃T ,1) ⋅… ⋅ fk(�̃T ,k)P̃Tfk+1(�̃T ,k)
}

− E
{

f1(�̃1) ⋅… ⋅ fk(�̃k)P̃ fk+1(�̃k)
}

|

|

|

⩽ |

|

|

E
{

f1(�̃T ,1) ⋅… ⋅ fk(�̃T ,k)P̃Tfk+1(�̃T ,k)
}

− E
{

f1(�̃T ,1) ⋅… ⋅ fk(�̃T ,k)P̃ fk+1(�̃T ,k)
}

|

|

|

+ |

|

|

E
{

f1(�̃T ,1) ⋅… ⋅ fk(�̃T ,k)P̃ fk+1(�̃T ,k)
}

− E
{

f1(�̃1) ⋅… ⋅ fk(�̃k)P̃ fk+1(�̃k)
}

|

|

|

.

For the second part we can use the induction assumption by noting that P̃ f ∈ Cb(ℝ)whenever
f ∈ Cb(ℝ). For the first term we have

|

|

|

E
{

f1(�̃T ,1) ⋅… ⋅ fk(�̃T ,k)P̃Tfk+1(�̃T ,k)
}

− E
{

f1(�̃T ,1) ⋅… ⋅ fk(�̃T ,k)P̃ fk+1(�̃T ,k)
}

|

|

|

⩽ E
{

|

|

P̃Tfk+1(�̃T ,k) − P̃ fk+1(�̃T ,k)||
}

.

As a consequence, in order to show that the Markov chain �T converges in distribution to the
limiting Markov chain defined in Theorem 3.3, we need to prove

�̃T (d�)⇝ '(d�; 0,Σ), (3.7)

where we use the symbol⇝ to denote weak convergence and

∫
|

|

P̃Tf (�̃) − P̃ f (�̃)|| �̃T (d�̃)→ 0 (3.8)

as T →∞.

Let us note in passing that the above argument is not entirely complete. This is because we
have ignored the fact that the posterior distribution is a random measure (with respect to the
data distribution) and its convergence to a Gaussian occurs only in ℙY -probability. However,
this will not lead to any issues as shown by Schmon et al. (2021) and detailed in Section 4.8.
Equipped with these results we can now proceed with the proof of Theorem 3.3.

Proof of Theorem 3.3. We proceed by showing that (3.7) and (3.8) hold in ℙY -probability.
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The stationary distributions converge in probability by Assumption 3.4. Write

ΠTf (�̃) = ∫ f (�̃′) min
{

1,
�̃T (�̃′)q̃(�̃′, �̃)
�̃T (�̃)q̃(�̃, �̃′)

}

q̃(�̃, �̃′)d�̃′

and Π analogously for the limiting kernel. Then, for �̃T0 ∼ �̃T ( ⋅ ),

E
{

|

|

|

P̃Tf (�̃
T
0 ) − P̃ f (�̃

T
0 )
|

|

|

}

= E

[

|

|

|

ΠTf (�̃
T
0 ) + f (�̃

T
0 )

{

1 − ΠT 1(�̃
T
0 )
}

− Πf (�̃T0 ) − f (�̃
T
0 )

{

1 − Π1(�̃T0 )
}

|

|

|

]

⩽ E
{

|

|

|

ΠTf (�̃
T
0 ) − Πf (�̃

T
0 )
|

|

|

}

+ E
{

|

|

|

ΠT 1(�̃
T
0 ) − Π1(�̃

T
0 )
|

|

|

}

.

Since 1 ∈ C(ℝd) it is thus sufficient to show that for any choice of f ∈ C(ℝd) we have

E
{

|

|

ΠTf (�̃) − Πf (�̃)||
} ℙY
→ 0.

Writing '(�̃) = '(�̃; 0,Σ) we have for f ∈ Cb(ℝ) with ‖f‖∞ ⩽ 1

∫
|

|

ΠTf (�̃) − Πf (�̃)||�T (d�̃)

= ∫

|

|

|

|

|

∫ f (�̃) min
{

1,
�̃T (�̃′)q(�̃′, �̃)
�̃T (�̃)q(�̃, �̃′)

}

q(�̃, �̃′)d�̃′

− ∫ f (�̃) min
{

1,
'(�̃′)q(�̃′, �̃)
'(�̃)q(�̃, �̃′)

}

q(�̃, �̃′)d�̃′
|

|

|

|

|

�̃T (d�̃)

⩽ ∫

|

|

|

|

|

∫ f (�̃) min
{

q(�̃, �̃′)�̃T (�̃), �̃T (�̃′)q(�̃′, �̃)
}

d�̃′

− ∫ f (�̃) min
{

'(�̃)q(�̃, �̃′), '(�̃′)q(�̃′, �̃)
}

d�̃′
|

|

|

|

|

d�̃

+ ∫

|

|

|

|

|

∫ f (�̃) min
{

1,
'(�̃′)q(�̃′, �̃)
'(�̃)q(�̃, �̃′)

}

'(�̃)q(�̃, �̃′)d�̃′

− ∫ f (�̃) min
{

1,
'(�̃′)q(�̃′, �̃)
'(�̃)q(�̃, �̃′)

}

�̃T (�̃)q(�̃, �̃′)d�̃′
|

|

|

|

|

d�̃

⩽ ∬

|

|

|

|

|

min
{

�̃T (�̃)q(�̃, �̃′), �̃T (�̃′)q(�̃′, �̃)
}
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− min
{

'(�̃)q(�̃, �̃′), '(�̃′)q(�̃′, �̃)
}

|

|

|

|

|

d�̃d�̃′

+∬

|

|

|

|

|

f (�̃) min
{

1,
'(�̃′)q(�̃′, �̃)
'(�̃)q(�̃, �̃′)

}

'(�̃)q(�̃, �̃′)

− ∫ f (�̃) min
{

1,
'(�̃′)q(�̃′, �̃)
'(�̃)q(�̃, �̃′)

}

�̃T (�̃)q(�̃, �̃′)
|

|

|

|

|

d�̃d�̃′

⩽ ∬
|

|

�̃T (�̃) − '(�̃)|| q(�̃, �̃
′)d�̃d�̃′

+∬
|

|

�̃T (�̃′) − '(�̃′)|| q(�̃
′, �̃)d�̃d�̃′

+∬
|

|

�̃T (�̃) − '(�̃)|| d�q(�̃, �̃
′)d�̃′

= 3∬
|

|

�̃T (�̃) − '(�̃)|| d�̃,

which vanishes in probability.

3.4 Convergence of Spectral Gap and Integrated Autocorrelation Time

Large sample asymptotics aim to approximate Markov chain Monte Carlo algorithms for
Bayesian posteriors with a limiting kernel that is obtained when the number of data is in-
creased. As such, we would like to make statements about a Markov chain targeting �̃T by
examining the limiting kernel targeting �̃(d�̃) = '̃(d�̃; 0,Σ). For example, we might want
to optimize the integrated autocorrelation time of the limiting kernel as a proxy for finding
the optimal Metropolis–Hastings kernel for finite T . However, our weak convergence res-
ult does not provide precise conditions for IAT(ℎ, P̃T ) → IAT(ℎ, P̃ ) as T → 0. Similarly,
we would like to make statements about the qualitative convergence behaviour of Markov
chains by considering the limiting kernel. If the limiting algorithm has a spectral gap and
‖P̃T |L20(�̃T )‖op → ‖P̃ |L20(�̃)‖op in ℙY -probability we know that for T large enough P̃T also
must have a spectral gap. We can use this argument to provide sufficient conditions for the
integrated autocorrelation time to converge.

3.4 Proposition. Consider the setting of Theorem 3.3. Let ‖P̃T |L20(�̃T )‖op → ‖P̃ |L20(�̃)‖op in
ℙY -probability. Then for ℎ ∈ L2(�̃)

cov
{

ℎ(X0,T ), ℎ(Xk,T )
} ℙY
→ cov

{

ℎ(X0), ℎ(Xk)
}
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for all k ∈ ℕ and
IAT(ℎ, P̃T )→ IAT(ℎ, P̃ )

in ℙY -probability.

Proof. Since the spectral radius converges (because the operator norm does) there exists and
interval [−b, b] ⊂ [−1, 1)with 0 < b < 1 such that the support of the spectral measure e(ℎ, P̃T )
is contained in [−b, b] for T large enough. Together with Theorem 3.3 we can conclude that
for all k and for T large

∫

b

−b
�ke(ℎ, P̃T )(d�) = cov

{

ℎ(X0,T ), ℎ(Xk,T )
} ℙY
→ cov

{

ℎ(X0), ℎ(Xk)
}

= ∫

b

−b
�ke(ℎ, P̃ )(d�).

(3.9)
Since polynomials are dense in C[−b, b] by Stone-Weierstrass we have e(ℎ, P̃T ) → e(ℎ, P̃ )
weakly. The function f (�) = (1 + �)∕(1 − �) is continuous on [−b, b] and we have

IAT(ℎ, P̃T ) = ∫

b

−b

1 + �
1 − �

e(ℎ, P̃T )(d�)→ ∫

b

−b

1 + �
1 − �

e(ℎ, P̃ )(d�) = IAT(ℎ, P̃ ).

The assumptions of Proposition 3.4 are quite strong. To use this result in order to show
convergence of the integrated autocorrelation time we require convergence of the transition
operators in the norm topology induced by the operator norm

‖P ∣L20(�) ‖op = sup
f∈L20(�)

{⟨Pf, f⟩ ∶ ‖f‖� = 1}

and therefore uniform convergence for a large class of functions.

3.5 Comparison of Tuning Guidelines

In this section, we want to compare the guidelines that result from the diffusion limit with
the asymptotic kernel of the big data limit. We already established that under the conditions
of Theorem 3.2 the (asymptotically) optimal scaling factor for the random walk Metropolis–
Hastings algorithm is given by l = l̂∞ = 2.38 with associated optimal acceptance rate
pracc(l̂∞) = 23.38%. These results are derived from optimizing the limiting diffusion for any
test function.

We contrast this result with optimizing the limiting kernel (3.5) arising in the large data
setting (see Theorem 3.3). Since the parameter dimension, d, is fixed in Theorem 3.3 the
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resulting optimal value will vary as d changes. In the limiting kernel we set

q(�, �′) = '

(

�′; �, l√
d
I

)

and the target will be a centred Gaussian with covariance I . We run the resulting algorithm
for every value on a grid  = {2, 2.1,… , 3} for selected values of d. On this grid we
find l such that the integrated autocorrelation time of the identity function is minimized,
where the integrated autocorrelation time is estimated using the overlapping batch means
estimator. For d ⩾ 2 we estimate IAT(l) as the average integrated autocorrelation time over
all one-dimensional projections. Table 3.1 shows the result of the grid search for the optimal
parameter.

Dimension d l̂opt IAT(l̂opt) pracc(l̂opt)
d = 1 2.46 (0.25) 4.23 43.42%
d = 2 2.44 (0.11) 7.53 34.70%
d = 3 2.53 (0.16) 10.40 29.65%
d = 5 2.52 (0.15) 15.99 26.31%
d = 10 2.42 (0.15) 31.61 25.43%
d = 15 2.45 (0.07) 46.15 24.00%
d = 20 2.39 (0.10) 60.44 24.55%
d = 30 2.40 (0.08) 88.41 23.97%
d = 50 2.38 (0.10) 140.70 23.89%

Table 3.1: Optimal values for scaling l and associated value of computing time and average acceptance
probability: mean and standard deviation of the minimizers over 10 runs.

It can be seen that the optimal value, l, minimizing the integrated autocorrelation time
is fairly constant and approaches l̂∞ = 2.38 as d → ∞. However, while we see that the
respective acceptance probability approaches the asymptotically optimal 23.38% it can also be
observed that in low dimensions a deviation from this guideline can be beneficial, even if all
assumptions of Theorem 3.2 are fulfilled (which is clearly the case for Gaussian distributions
with identity covariance matrix).

3.6 Tuning Pseudo-Marginal Methods

In this section we will introduce one of the main topics of this thesis: the tuning of the pseudo-
marginal algorithm. In contrast to the simple random walk Metropolis–Hastings algorithm
analysed in the previous section, the pseudo-marginal method introduced in Section 2.6 has
the additional complication that the likelihood evaluation in each step is noisy, i.e. it has a
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random component. Recall the pseudo-marginal transition kernel

PPMH

(

�, z; d�′, dz′
)

= q(�, d�′)g(dz′ ∣ �′)�
(

�, z; �′, z′
)

+ �(�, z)�(�,z)(d�′, dz′),

targeting the distribution �(�)ezg(z ∣ �) on the extended space Θ ×ℝ and

�
(

�, z; �′, z′
)

= min
{

1,
�(�′)
�(�)

q(�′, �)
q(�, �′)

ez
′−z

}

.

We can rewrite �̂(�; u) = �(�)ez (see Section 2.6), that is, we can denote the estimator as
the true density with a multiplicative noise component. This enables a comparison of the
pseudo-marginal chain with the idealized marginal Metropolis–Hastings algorithm. Intuition
yields that reducing the variance of the estimator produces an algorithm that performs similar
to the standard Metropolis–Hastings algorithm. However, lower variance often comes at
higher computational cost.
Analysing this trade-off is not straightforward for general target distributions and general

classes of estimators. Hence, previous works introduce further assumptions—either on the
target or on the noise—that simplify the analysis. The first contribution in this line of work
is that of Pitt et al. (2012), where the authors assume that q(�, �′) = �(�′). Even though
this is a very unrealistic assumption, it simplifies the analysis considerably. In particular, the
acceptance probability becomes

�
(

�, z; �′, z′
)

= min
{

1, ez′−z
}

.

In order to make this quantity tractable we need to introduce assumptions on the distribution
of z either under the proposal or under stationarity (that is, the distribution of z conditional on
being accepted). Pitt et al. (2012) introduce a Gaussian assumption which can be motivated
by a central limit theorem. In many cases asymptotically g(z ∣ �) = '

{

z; −�2(�)∕2; �2(�)
}

and �(z ∣ �) = ezg(z ∣ �) = '
{

z; �2(�)∕2, �2(�)
}

see e.g. Example 3.5.
In order to balance the computational cost with the algorithmic efficiency Pitt et al. (2012)

introduce the computing time
CT(ℎ, P ) =

IAT(ℎ, P )
�2

for some target variance �2 which is motivated by the fact that in the above setting the number
of particles N ∝ 1∕�2. In the simple setting above IAT(ℎ, P ) = IAT(�) independent of the
function ℎ. Subsequently, it can be shown that CT(�) = CT(ℎ, P ) can be minimized at � = 0.92
(Pitt et al. 2012, Lemma 5), independent of ℎ.
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3.5 Example. To understand how a central limit theorem for the noise could be derived
consider an i.i.d. latent variable model with (single) observation densities

Yt ∣ (Xt = x) ∼ g( ⋅ ∣ x, �) Xt ∼ f ( ⋅ ∣ �), t = 1,… , T

where T is the number observations. An unbiased estimator for the intractable likelihood can
be constructed by

p̂(y1∶T ∣ �) =
T
∏

t=1
p̂(yt ∣ Ut,i, �), p̂(yt ∣ Ut,i, �) =

1
N

N
∑

i=1

g(yt ∣ Ut,i, �)f (Ut,i ∣ �)
ℎ(Ut,i ∣ y, �)

.

Then, under regularity conditions, we can use an expansion of log(1 + x) about 1 to compute

ZT (�) =
T
∑

t=1
log

p(Yt ∣ Ut,1∶N , �)
p(yt ∣ �)

=
T
∑

t=1
log

{

1 +
p(Yt ∣ Ut,1∶N , �) − p(Yt ∣ �)

p(Yt ∣ �)

}

= 1
√

T

T
∑

t=1
�T (Yt; �) −

1
2T

T
∑

t=1
�2T (Yt; �) + oℙY (1),

where

�T (Yt; �) =
1

√

T

T
∑

i=1

{

w(Yt, Ui,t, �) − 1
}

, w(Yt, Ut,i, �) =
g(yt ∣ Ut,i, �)f (Ut,i ∣ �)

ℎ(Ut,i ∣ y, �)
/

p(yt ∣ �).

Under regularity conditions we expect

1
√

T

T
∑

t=1
�T (Yt; �)⇝ 

{

0, �2(�)
}

and − 1
2T

T
∑

t=1
�2T (Yt; �)→ −

�2(�)
2

.

where E
{

�2T (Yt; �)
}

= �2(�). Thus

ZT (�)⇝ 
{

−
�2(�)
2

, �2(�)
}

.

This argument is not very precise and we will provide a rigorous proof in Section 4.10.

The above arguments cover the setting where q(�, �′) = �(�′) which is not interesting in
practice. Indeed, we could just sample from � directly, so no Markov chain approximation is
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required. In two follow-up works, both Doucet et al. (2015) and Sherlock et al. (2015) aim to
provide guidelines for more general settings.

Doucet et al. (2015) introduce an auxiliary kernel

P ∗(�, z; d�′, dz′) = ��(�, �′)�z(z, z′)q(�, �′)g(z) +
{

1 − %�(�)%z(z)
}

��,z(d�′, dz′),

where

��(�) = ∫ a�(�, �′)q(�, �′)d�′, �z(z) = ∫ az(z, z′)g(z)dz,

a�(�, �′) = min
{

1,
�(�′)
�(�′)

q(�, �′)
q(�′, �)

}

, az(z, z′) = min
{

1, ez′−z
}

.

Here the noise distribution g(z) = g(z ∣ �) is assumed independent of the current parameter.
Using the inequality min(1, a) min(1, b) ⩽ min(1, ab) for non-negative a, b we know that the
kernels PPMH and P ∗ are Peskun-Tierney ordered (Peskun 1973; Tierney 1998) and hence
Var(ℎ, PPMH) ⩽ Var(ℎ, P ∗) for every ℎ ∈ L20(Θ×ℝ, �). Based on this the authors propose to
minimize bounds on the computing time relative to the exact Metropolis–Hastings algorithm
using the exact target density. We already know from Pitt et al. (2012) under very efficient
proposals (e.g. q(�, �′) = �(�′)) the optimal noise is given by � = 0.92. On the other
hand, Doucet et al. (2015) show that for very inefficient proposals the relative inefficiency is
optimized at � = 1.68. Since the efficiency of the exact marginal algorithm is unknown, the
authors propose to choose � = 1.2 as a robust default choice.

In a different approach Sherlock et al. (2015) pursue a diffusion limit in the line of Theorem
3.2. As in the classical paper by Roberts, Gelman and Gilks (1997) the authors require that the
target factorizes as a product of i.i.d densities, see Assumption 3.1. In addition—and like all
other contributions—Sherlock et al. (2015) require the noise distribution to be independent of
the current state of the chain while also employing a Gaussian assumption on this distribution.
As d → ∞ the first component of the pseudo-marginal random walk Metropolis–Hastings
algorithm converges to a Langevin diffusion

dUt =
√

ℎ(l)dBt + ℎ(l)
1
2
∇ log�(Ut)dt

with

ℎ(l) = l2 ⋅ 2Φ

(

−

√

2�2 + l2
2

)

/

I, I = ∫
{

∇� log f (�)
}2 f (�)d�.

As before we can take into account the inefficiency of having to estimate � by considering
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to maximize �2ℎ(l). The optimal values are l̂∞ = 2.562, �̂∞ = 1.81 and pracc(l̂∞, �̂∞) =
7.001%.
All previous contributions aiming to optimize the efficiency of the pseudo-marginal al-

gorithm rely on the unrealistic assumption that the noise is independent of the current state
of the chain. In Pitt et al. (2012) and Doucet et al. (2015) this is motivated by the fact that
the posterior concentrates around some fixed parameter, �̄, as the number of data T increases
due to the Bernstein–von Mises Theorem (e.g. Theorem 1.5). Hence, the asymptotic noise
distribution g(z ∣ �) = '

{

z; �2(�)∕2, �2(�)
}

≈ '
{

z; �2(�̄)∕2, �2(�̄)
}

for � ∼ �. At the
same time the Bernstein–von Mises Theorem is a much more realistic assumption on the
target than the classical factorizing i.i.d. distribution required for the diffusion limit.

Based on these arguments the question arises how the pseudo–marginalMetropolis–Hastings
algorithm behaves when the posterior concentrates according to the Bernstein–von Mises
Theorem and at the same time the noise distribution g(z ∣ �) becomes '

{

z; −�2(�)∕2, �2(�)
}

.
This is the subject of the article presented in following chapter, which is accepted for publication
in Biometrika (Schmon et al. 2021).
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4.1 Introduction

THE pseudo-marginal algorithm is a variant of the popular Metropolis–Hastings algorithm
where an unnormalized version of the target density is replaced by a non-negative

unbiased estimate. The algorithm first appeared in the physics literature (Lin, Liu and Sloan
2000) and has become popular in Bayesian statistics as many intractable likelihood functions
can be estimated unbiasedly using importance sampling or particle filters (Andrieu, Doucet
and Holenstein 2010; Andrieu and Roberts 2009; Beaumont 2003).

Replacing the true likelihood in the Metropolis-Hastings algorithm with an estimate results
in a trade-off: the asymptotic variance of an ergodic average of a pseudo-marginal chain
typically decreases as the number of Monte Carlo samples,N , used to obtain the likelihood
estimator increases, as established by Andrieu and Vihola (2016) for importance sampling
estimators; however, this comes at the cost of a higher computational burden. An important
task in practice is thus to chooseN such that the computational resources required to obtain a
given asymptotic variance are minimized. This problem has already been investigated by Pitt
et al. (2012), Doucet et al. (2015) and Sherlock, Thiery, Roberts et al. (2015) where guidelines
have been obtained under various assumptions either on the proposal (Doucet et al. 2015; Pitt
et al. 2012) or on the proposal and target distribution (Sherlock, Thiery, Roberts et al. 2015).

Additionally, all these contributions make the assumption that the noise in the log-likelihood
estimator, that is the difference between this estimator and the true log-likelihood, is Gaussian
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with variance inversely proportional to N , its mean and variance being independent of the
parameter value at which it is evaluated. A similar assumption has also been used by Nemeth,
Sherlock and Fearnhead (2016) for the analysis of a related algorithm. This assumption can
cast doubts over the practical relevance of the guidelines provided in these contributions.
The normal noise assumption was motivated by Pitt et al. (2012), Doucet et al. (2015) and
Sherlock, Thiery, Roberts et al. (2015) by the fact that the error in the log-likelihood estimator
for state-space models computed using a particle filter is asymptotically normal of variance
proportional to 
 as T →∞withN = T ∕
 (Bérard, Del Moral and Doucet 2014). In addition,
the constant variance assumption over the parameter space was motivated in Pitt et al. (2012)
and Doucet et al. (2015) by the fact that the posterior typically concentrates as T increases.
However, no formal argument justifying why the pseudo-marginal chain would behave as a
Markov chain for which these assumptions hold has been provided.

Here, we carry out a novel weak convergence analysis of the pseudo-marginal algorithm
in a Bayesian setting which not only justifies these assumptions but also allows us to obtain
more precise guidelines on how to optimally tune this algorithm as a function of the parameter
dimension d. Weak convergence techniques have become very popular in the Markov chain
Monte Carlo literature since their introduction in the seminal paper of Roberts, Gelman
and Gilks (1997). With the recent exception of Deligiannidis, Doucet and Pitt (2018), all
these analyses have been performed in the asymptotic regime where the parameter dimension
d → ∞. Results of this type typically require making strong structural assumptions on the
target distribution such as having d independent and identically distributed components as
in Sherlock, Thiery, Roberts et al. (2015). We analyse here the pseudo-marginal scheme in
the large-sample asymptotic regime where the number of data points T goes to infinity while
d is fixed. Under weak regularity conditions, we show that a space-rescaled version of the
pseudo-marginal chain converges to a pseudo-marginal chain targeting a normal distribution
for which the noise in the log-likelihood estimator is indeed also normal of constant mean and
variance. We provide numerical results to optimally scale normal random walk proposals and
the noise variance to optimize the performance of this limiting Markov chain as a function
of d. These guidelines complement and validate the results obtained in Doucet et al. (2015)
and Sherlock, Thiery, Roberts et al. (2015). All proofs can be found in the supplementary
material.
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4.2 The Pseudo-Marginal Algorithm

4.2.1 Background

Consider a Bayesian model on the Borel space {Θ, (Θ)} where Θ ⊆ ℝd . The parameter
� ∈ Θ follows a prior distribution p(d�) while � ↦ p(y ∣ �) denotes the likelihood function,
where y = (y1,… , yT ) denotes the vector of observations. When the likelihood arises from
a complex latent variable model an analytic expression of p(y ∣ �) might not be available.
Hence, the standard Metropolis–Hastings algorithm cannot be used to sample the posterior
distribution p(d� ∣ y) ∝ p(d�) p(y ∣ �) as the likelihood ratio p(y ∣ �′)∕p(y ∣ �) appearing
in the Metropolis–Hastings acceptance probability, when at parameter � and proposing �′,
cannot be computed. Assume we have access to an unbiased positive estimator p̂(y ∣ �, U )
of the intractable likelihood p(y ∣ �), where U ∼ m� represents the auxiliary variables on
{ , ( )} used to compute this estimator. We introduce the following probability measure
on {Θ × , (Θ) ×  ( )}

�(d�, du) = p(d� ∣ y)
p̂(y ∣ �, u)
p(y ∣ �)

m� (du) ,

which satisfies �(d�) = p(d� ∣ y). The pseudo-marginal algorithm is a Metropolis–Hastings
scheme targeting �(d�, du), hence marginally p(d� ∣ y), by using the proposal distribution
Q
(

�, u; d�′, du′
)

= q(�, d�′)m�′
(

du′
)

. This yields the acceptance probability

�(�, u; �′, u′) = min
{

1, r(�, �′)
p̂(y ∣ �′, u′)∕p(y ∣ �′)
p̂(y ∣ �, u)∕p(y ∣ �)

}

, where r(�, �′) = �(d�′)
�(d�)

q(�′, d�)
q(�, d�′)

.

As in previous contributions (Andrieu and Roberts 2009; Andrieu and Vihola 2015; Doucet
et al. 2015; Pitt et al. 2012; Sherlock, Thiery, Roberts et al. 2015), we analyse the pseudo-
marginal algorithm using additive noise in the log-likelihood estimator, writing Z(�) =
log p̂(y ∣ �, U ) − log p(y ∣ �). This parameterization allows us to write the target distribution
as a measure on {Θ ×ℝ, (Θ) ×  (ℝ)} with

�(d�, dz) = p(d� ∣ y)exp (z) g (dz ∣ �) ,

where Z(�) ∼ g (⋅ ∣ �) when U ∼ m� and the pseudo-marginal kernel is

P
(

�, z; d�′, dz′
)

= q(�, d�′)g(dz′ ∣ �′)�
(

�, z; �′, z′
)

+ �(�, z)�(�,z)(d�′, dz′),
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with acceptance probability

�
(

�, z; �′, z′
)

= min
{

1, r(�, �′)exp
(

z′ − z
)}

,

and corresponding rejection probability �(�, z).

4.2.2 Literature review

We review here recent researchmotivating this work. To this end, we need to introduce a few ad-
ditional notations. Let� be a probabilitymeasure on {ℝn,(ℝn)} andΠ∶ ℝn × (ℝn)→ [0, 1]
a Markov transition kernel. For any measurable function f and measurable set A, we write
�(f ) = ∫ f (x)�(dx), �(A) = �

{

IA (⋅)
}

andΠf (x) = ∫ Π (x, dy) f (y). We consider the Hil-
bert space L2(�) with inner product ⟨f, g⟩� = ∫ f (x)g(x)�(dx). For a function f ∈ L2(�),
the asymptotic variance of averages of a stationary Markov chain

(

Xk
)

k⩾1 of �-invariant
transition kernel Π is defined as

var(f,Π) = lim
M→∞

1
M
E

{ M
∑

k=1
f (Xk) − �(f )

}2

,

and var(f,Π) = var�(f ) IAT(f,Π) when the integrated autocorrelation time given by

IAT(f,Π) = 1 + 2
∞
∑

k=1

cov
{

f (X0), f (Xk)
}

var
{

f (X0)
}

is finite. We denote by '(x;m,Λ) the normal density of argument x, mean m and covariance
Λ.

In order to obtain guidelines to balance computational cost and accuracy of the likelihood
estimator Pitt et al. (2012), Doucet et al. (2015) and Sherlock, Thiery, Roberts et al. (2015)
make the simplifying assumption that g (dz ∣ �) = '(dz; −�2∕2, �2), that �2 ∝ 1∕N , and
focus on functions f ∈ L2(�) such that f (�, z) = f

(

�, z′
)

for any z, z′. Under these
assumptions, it was first proposed by Pitt et al. (2012) to minimize

CT(f, P�) =
IAT(f, P�)

�2
, (4.1)

with respect to � where

P�
(

�, z; d�′, dz′
)

= q(�, d�′)'(dz; −�2∕2, �2)�
(

�, z; �′, z′
)

+��(�, z)�(�,z)(d�′, dz′), (4.2)

��(�, z) being the corresponding rejection probability. The criterion (4.1) arises from the fact
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that the computational time required to evaluate the likelihood is typically proportional to
N . Under the additional assumption that q(�, d�′) = �(d�′), the minimizer of CT(f, P�) is
� = 0⋅92 (Pitt et al. 2012). For general proposal distributions Doucet et al. (2015) minimize
upper bounds on CT(f, P�). This results in guidelines stating that one should indeed select
� around 1⋅0 when the Metropolis–Hastings algorithm using the exact likelihood would
provide an estimator having a small integrated autocorrelation time and around 1⋅7 when this
autocorrelation time is very large (Doucet et al. 2015). In practical scenarios, the integrated
autocorrelation time of the Metropolis–Hastings algorithm using the exact likelihood is
unknown and the results in Doucet et al. (2015) suggest to select � around 1⋅2 as a robust
default choice. A slightly different approach is taken by Sherlock, Thiery, Roberts et al.
(2015). In addition to similar noise assumptions, it is assumed that the posterior factorizes
into d independent and identically distributed components and that one uses an isotropic
normal random walk proposal of jump size proportional to l. In this context, one maximizes
with respect to (�,l) the expected squared jump distance associated to the pseudo-marginal
sequence of the first parameter component (#1,k)k⩾0 divided by the noise variance as d →

∞. In this asymptotic regime, a time-rescaled version of (#1,k)k⩾0 converges weakly to a
diffusion process and the adequately rescaled expected squared jumping distance converges
to the squared diffusion coefficient of this process. Maximizing this squared jump distance
is asymptotically equivalent to minimizing CT(f, P�) irrespective of f (see Roberts and
Rosenthal 2014) and its maximizing arguments are � = 1⋅8 and l = 2⋅56 (Sherlock, Thiery,
Roberts et al. 2015, Corollary 1). In practice, the standard deviation of the log-likelihood
estimator varies over the parameter space and one selectsN such that this standard deviation
is approximately equal to the desired � for a parameter value around the mode of the posterior
obtained through a preliminary run.

The strong assumptions made in those contributions can bring into question the merits of
the guidelines provided within these papers. Our novel weak convergence analysis of the
pseudo-marginal algorithm justifies this assumption in the large sample regime, as T →∞.
This convergence occurs under fairly weak regularity assumptions on the posterior distribution.
The resulting limiting algorithms can be optimized to provide guidelines for random walk
proposals without relying on any upper bound as in Doucet et al. (2015).
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4.3 Large Sample Asymptotics of the Pseudo-Marginal Algorithm

4.3.1 Notation and assumptions

Our analysis of the pseudo-marginal algorithm relies on the assumption that the posterior
concentrates (Assumption 4.1) which is most commonly formulated using convergence in
probability with respect to the data distribution, denoted ℙY . For our result to hold under this
weak assumption we take into account the randomness induced by the data, resulting in a
random Markov chain and requiring us to deal with weak convergence of random probability
measures. To make this more precise we introduce the following notation.

The observations (Yt)t⩾1 are regarded as random variables defined on a probability space
{

Yℕ,(Y)ℕ,ℙY
}

, where (Y)ℕ denotes the Borel �-algebra and we write Ω = Yℕ for brevity.
For T ⩾ 1 we can define the random variables Y1∶T =

(

Y1,… , YT
)

as the coordinate projec-
tions to YT . Then, for ! =

(

yt
)

t⩾1 ∈ Ω, �
!
T (d�) = p(d� ∣ y1∶T ) denotes a regular version of

the target posterior distribution and, for any � ∈ Θ, g!T (dz ∣ �) the conditional distribution
of the error in the log-likelihood estimator given observations y1∶T . The measures �!T and
g!T can be interpreted as random measures. Relevant results for random measures are briefly
discussed in Section 4.4 and in more detail in the supplementary material. In the following we
will use a superscript ! to highlight that a certain quantity depends on the data. All probability
densities considered hereafter are with respect to the Lebesgue measure and we use the same
symbols for distributions and densities, for example � (d�) = � (�) d�.

In this context, the target distribution of the pseudo-marginal algorithm is

�!T (d�, dz) = �
!
T (d�)exp (z) g

!
T (dz ∣ �) ,

and its transition kernel is

P !T
(

�, z; d�′, dz′
)

= qT (�, d�′)g!T (dz
′ ∣ �′)�!T

(

�, z; �′, z′
)

+ �!T (�, z)�(�,z)
(

d�′, dz′
)

,

where

�!T
(

�, z; �′, z′
)

= min

{

1,
�!T (d�

′)
�!T (d�)

qT (�′, d�)
qT (�, d�′)

exp
(

z′ − z
)

}

,

�!T (�, z) is the corresponding rejection probability.

Our first assumption is that the posterior distributions concentrate towards a Gaussian at
rate 1∕

√

T . We denote by T the �-algebra spanned by Y1∶T .
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Assumption 4.1. The posterior distributions {�!T (d�)}T⩾1 admit Lebesgue densities and
there exists a d × d positive definite matrix Σ, a parameter value �̄ ∈ Θ and a sequence
(�̂!T )T⩾1 of T -adapted random variables such that as T →∞

∫
|

|

|

�!T (�) − '
(

�; �̂!T ,Σ∕T
)

|

|

|

d� → 0, �̂!T → �̄, (4.3)

both limits being in ℙY -probability.

Assumption 4.1 is satisfied if a Bernstein-von Mises theorem holds; see Van der Vaart
(2000, Theorem 10.1) and Kleijn and Van der Vaart (2012). Our second assumption is that we
use random walk proposal distributions with appropriately scaled increments.

Assumption 4.2. The proposal distributions {qT (�, d�′)}T⩾1 admit densities of the form

qT (�, �′) =
√

T �
{√

T (�′ − �)
}

,

where � is a continuous density on ℝd .

Finally, we assume that the error in the log-likelihood estimator satisfies a central limit
theorem conditional upon T and that this convergence holds uniformly in a neighbourhood
of �̄.

Assumption 4.3. There exists an "-ball B(�̄) around �̄ such that the distributions of the error
in the log-likelihood estimator

{

g!T (dz ∣ �)
}

T⩾1 satisfy as T →∞

sup
�∈B(�̄)

dBL
[

g!T ( ⋅ ∣ �) , '
{

⋅ ; −�2(�)∕2, �2(�)
}]

→ 0, in ℙY -probability, (4.4)

where dBL(⋅, ⋅) denotes the bounded Lipschitz metric and the function � ∶ Θ → [0,∞) is
continuous at �̄ with 0 < �(�̄) <∞. An analogous result holds for ḡ!T (dz ∣ �) = exp(z)g

!
T (dz ∣

�), the distribution of this error at equilibrium, that is as T →∞

sup
�∈B(�̄)

dBL
[

ḡ!T ( ⋅ ∣ �) , '
{

⋅; �2(�)∕2, �2(�)
}]

→ 0 in ℙY -probability. (4.5)

We will refer to convergence in probability with respect to the bounded Lipschitz metric
as weak convergence in probability. In Section 4.5, we provide sufficient conditions under
which Assumption 3 is satisfied for random effect models where the likelihood estimator
is a product of T independent importance sampling estimators. This differs from scenarios
where the likelihood estimator is given by one single importance sampling estimator studied in
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Sherlock, Thiery and Lee (2017). Empirical evidence in Pitt et al. 2012 and Doucet et al. 2015
also suggests that Assumption 3 might hold for a large class of state-space models when the
likelihood is estimated using particle filters. Under strong assumptions, a standard central limit
theorem has been established in Bérard, Del Moral and Doucet 2014 for g!T ( ⋅ ∣ �). However,
it would be technically very challenging to provide weak sufficient conditions under which
Assumption 3 holds in this context.

4.3.2 Weak convergence in the large sample regime

Denote by (#!T ,k, Z
!
T ,k)k⩾0 the stationary Markov chain defined by the pseudo-marginal ker-

nel, (#!T ,0, Z
!
T ,0) ∼ �!T and (#!T ,k, Z

!
T ,k) ∼ P !T (#

!
T ,k−1, Z

!
T ,k−1; ⋅) for k ⩾ 1. Let �!T =

(#̃!T ,k, Z
!
T ,k)k⩾0 where #̃

!
T ,k =

√

T (#!T ,k − �̂
!
T ) is the Markov chain arising from rescaling

the parameter component of the pseudo-marginal chain. Its transition kernel is thus

P̃ !T (�̃, z; d�̃
′, dz′) = q̃T (�̃, d�̃′)g̃!T (dz

′
|�̃′)�̃!T

(

�̃, z; �̃′, z′
)

+ �̃!T (�̃, z)�(�̃,z)(d�̃
′, dz′), (4.6)

where

�̃!T (�̃, z; �̃
′, z′

)

= min

{

1,
�̃!T (d�̃

′)

�̃!T (d�̃)
q̃T (�̃′, d�̃)
q̃T (�̃, d�̃′)

exp
(

z′ − z
)

}

,

�̃!T (�, z) is the corresponding rejection probability, �̃
!
T (�̃) = �

!
T (�̂

!
T +�̃∕

√

T )∕
√

T , q̃T (�̃, �̃′) =
qT (�̂!T + �̃∕

√

T , �̂!T + �̃
′∕
√

T )∕
√

T and g̃!T (z ∣ �̃) = g
!
T (z ∣ �̂

!
T + �̃∕

√

T ). Under Assumption
4.2, we have q̃T (�̃, �̃′) = �(�̃′ − �̃) = q̃(�̃, �̃′). We now state the main result of this paper.

4.1 Theorem. Under Assumptions 4.1, 4.2 and 4.3, the sequence of stationary Markov
chains (�!T )T⩾1 converges weakly in ℙY -probability as T → ∞ to the law of a stationary
Markov chain of initial distribution

�̃(d�̃, dz) = '(d�̃; 0,Σ)'
(

dz; �2∕2, �2
)

(4.7)

and transition kernel

P̃ (�̃, z; d�̃′, dz′) = q̃(�̃, d�̃′)'
(

dz′; −�2∕2, �2
)

�̃(�̃, z; �̃′, z′) + �̃(�̃, z)�(�̃,z)(d�̃′, dz′) (4.8)

where � = �(�̄),

�̃(�̃, z; �̃′, z′) = min
{

1,
'(�̃′; 0,Σ)
'(�̃; 0,Σ)

q̃(�̃′, �̃)
q̃(�̃, �̃′)

exp
(

z′ − z
)

}

,
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and �̃(�, z) is the corresponding rejection probability.

Under this asymptotic regime, the limiting transition kernel P̃ in (4.8) is also a pseudo-
marginal kernel where the noise distribution is '

(

dz; −�2∕2, �2
)

as assumed in previous
analyses (Doucet et al. 2015; Pitt et al. 2012; Sherlock, Thiery, Roberts et al. 2015). As
Theorem 4.1 is a weak convergence result, it does not imply that the integrated autocorrelation
time of the pseudo-marginal kernel P̃ !T converges to the one of P̃ . However, for large T ,
this suggests that some characteristics of P̃ !T can indeed be captured by those of the kernel
(4.2) which can be obtained from P̃ by using the change of variables � = �̂!T + �̃∕

√

T and
substituting the true target for its normal approximation '(�; �̂!T ,Σ∕T ), hence removing a
level of approximation.

4.4 Outline of the Proof of the Main Result

4.4.1 Random Markov chains

The proof of Theorem 4.1 follows from a slightly more general result on weak convergence
of random Markov chains on Polish spaces given in Theorem 4.5 below. We introduce here
some notation and recall some definitions concerning random probability measures needed
to define random Markov chains; see the supplementary material or Crauel (2003) for more
details.

Let (Ω, ,ℙ) be a probability space and S a Polish space endowed with its Borel �-algebra
(S). We equip the product space Ω×S with the product �-algebra  ⊗(S). We denote by
(S) the space of Borel probability measures which is itself endowed with the Borel �-algebra
{(S)} generated by the weak topology. Finally, Cb(S), respectively BL(S), denote the
sets of continuous bounded functions, respectively the set of bounded Lipschitz functions.

4.2 Definition. A random probability measure is a map �∶ Ω ×  (S) → [0, 1], (!,B) ↦
�(!,B) = �!(B), such that for every B ∈  (S) the map ! ↦ �(!,B) is measurable while
�! ∈ (S) ℙ−almost surely.

For all bounded and measurable functions g∶ Ω × S → ℝ, ! ↦ ∫S g(!, x)�
!(dx) is

measurable (Crauel 2003, Proposition 3.3) and thus the map ! ↦ �!(f ) is a random variable
for bounded measurable functions f ∶ S → ℝ. Consequently, �! ∶ Ω → (S) is a Borel
measurable map. Conversely, it can be shown that any random element of {(S),((S))}
fulfils the conditions set out in Definition 4.2; see Crauel (2003, Remark 3.20 (i)) or Kallenberg
(2006, Lemma 1.37).
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4.3 Definition. A randomMarkov kernel is a mapK ∶ Ω×S×(S)→ [0, 1], (!, x, B)↦
K(!, x, B) = K!(x, B), such that

(i) (!, x)↦ K!(x, B) is  ⊗ (S)-measurable for every B ∈ (S),

(ii) K!(x, ⋅) ∈ (S) ℙ−almost surely for every x ∈ S.

4.4 Lemma. Given a random probability measure �! and random Markov kernelK!, there
exists an almost surely unique random probability measure �ℕ,! on Sℕ such that

�ℕ,!(A1 ×… × Ak × Ek+1) = ∫A1
�!(dx1)∫A2

K!(x1, dx2)…∫Ak
K!(xk−1, dxk)

for any Ai ∈ (S) (i = 1,… , k), k ∈ ℕ and Ek+1 = ×∞i=k+1S.

4.4.2 Convergence of random Markov chains

For a sequence of random probability measures (�!n )n⩾1, respectively a sequence of random
Markov kernels (K!

n )n⩾1, converging in a suitable sense towards a probability measure �,
respectively a Markov kernel K , we show here that the distributions of the associated Markov
chains (�ℕ,!n )n⩾1 defined in Lemma 4.4 converge weakly in probability to the distribution �ℕ

of the homogeneous Markov chain of initial distribution � and Markov kernel K .

4.5 Theorem. If the following assumptions hold,

(T.1) the random probability measures
(

�!n
)

n⩾1 converge weakly in probability to a probab-
ility measure � as n→∞,

(T.2) the random Markov transition kernels
(

K!
n
)

n⩾1 satisfy

∫
|

|

K!
n f (x) −Kf (x)||�

!
n (dx)→ 0

in probability as n→∞ for all f ∈ BL(S) where K is a Markov transition kernel ,

(T.3) the transition kernel K is such that x↦ Kf (x) is continuous for any f ∈ Cb(S),

then, as n→∞, the measures (�ℕ,!n )n⩾1 on Sℕ converge weakly in probability to the measure
�ℕ induced by the Markov chain with initial distribution � and transition kernel K .
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4.4.3 Application to the pseudo-marginal algorithm

Theorem 4.1 follows from Theorem 4.5 by showing that, under Assumptions 4.1, 4.2 and 4.3,
all conditions set out in Theorem 4.5 are fulfilled. Firstly, as we increase the number of data
points, the stationary distribution of the Markov chain will converge weakly to the limiting
stationary distribution of Theorem 4.5.

4.6 Proposition. Under Assumptions 4.1 and 4.3, we have

�̃!T (d�̃, dz)→ �̃(d�̃, dz),

weakly in ℙY -probability as T → ∞ where �̃!T (d�̃, dz) = �̃
!
T (d�̃)exp (z) g̃

!
T (dz ∣ �̃). �̃

!
T (d�̃)

and g̃!T (dz) are defined in Section 4.3.2 and �̃(d�̃, dz) in equation (4.7).

This follows as the marginal �!T (d�) concentrates around the limiting parameter value �̄
while the noise uniformly converges towards a normal distribution in a neighbourhood around
�̄. The next proposition ensures the stability of the transition and can be proven using similar
arguments.

4.7 Proposition. Under Assumptions 4.1, 4.2 and 4.3, as T → ∞ we have for any f ∈
BL(ℝd+1)

∫ |P̃ !T f (�, z) − P̃ f (�, z)|�̃
!
T (d�, dz)→ 0, in ℙY -probability,

where the transition kernels P̃ !T and P̃ are defined in equations (4.6) and (4.8).

A further requirement to ensure the stability of the transition is that the application of the
transition operator conserves continuity.

4.8 Proposition. Under Assumption 4.2, the map (�, z) ↦ P̃ f (�, z) is continuous for every
f ∈ Cb(ℝd+1).

Theorem 4.1 now follows from a direct application of Theorem 4.5 as the assumptions (T.1),
(T.2) and (T.3) hold by Proposition 4.6, 4.7 and 4.8, respectively.
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4.5 Random effects models

4.5.1 Statistical model and likelihood estimator

We provide here sufficient conditions under which weak convergence of the pseudo-marginal
algorithm is verified for an important class of latent variable models. Consider the model

Xt ∼ f (⋅ ∣ �), Yt ∣ Xt ∼ g(⋅ ∣ Xt, �), (4.9)

where (Xt)t⩾1 are independent ℝk-valued latent variables, f (x ∣ �) is a density with respect to
Lebesgue measure and

(

Yt
)

t⩾1 areY-valued observations distributed according to a conditional
density g(y ∣ x, �) with respect to a dominating measure, Y being a topological space. For
observations Y1∶T = y1∶T the likelihood is

p(y1∶T ∣ �) =
T
∏

t=1
p(yt ∣ �) =

T
∏

t=1
∫ g(yt ∣ xt, �)f (xt ∣ �)dxt.

In many scenarios, this likelihood is not available analytically. In order to perform Bayesian
inference about the parameter �, we can thus use the pseudo-marginal algorithm as it is possible
to obtain an unbiased non-negative estimator of p(y1∶T ∣ �) using importance sampling.
Indeed, we can consider p̂(y1∶T ∣ �, U ) =

∏T
t=1 p̂(yt ∣ �, Ut) where U =

(

U1, ..., UT
)

,
Ut =

(

Ut,1, ..., Ut,N
)

, Ut,i is ℝk-valued,N denotes the number of Monte Carlo samples and
p̂(yt ∣ �, Ut) is an importance sampling estimator of p(yt ∣ �) is

p̂(yt ∣ �, Ut) =
1
N

N
∑

i=1
w(yt, Ut,i, �), w(yt, Ut,i, �) =

g(yt ∣ Ut,i, �)f (Ut,i ∣ �)
ℎ(Ut,i ∣ yt, �)

,

where Ut,i ∼ ℎ(⋅ ∣ yt, �), ℎ(⋅ ∣ yt, �) being a probability density on ℝk with respect to
Lebesgue measure. In this case, the joint density mT ,� (u) of all the auxiliary variates used to
obtain the likelihood estimator is given by the product over t = 1, ..., T and i = 1, ..., N of
ℎ(ut,i ∣ yt, �). We will assume subsequently that the true observations are independent and
identically distributed samples taken from a probability measure � so the joint data distribution
is the product measure ℙY (d!) =

∏∞
t=1 �(dyt).

4.5.2 Verifying the assumptions

The Bernstein–von Mises theorem holds under weak regularity assumptions; see Van der
Vaart (2000, Theorem 10.1) and the supplementary material (Section S3⋅2) for the case of
generalized linear mixed models presented in Section 4.5.3. This ensures Assumption 4.1 is
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satisfied while Assumption 4.2 is easy to satisfy, selecting for example a multivariate normal
proposal of covariance scaling as 1∕T . Assumption 4.3 is more complicated as it requires
to establish uniform conditional central limit theorems for p̂(Y 1∶T ∣ �, U ) in scenarios where
U ∼ mT ,� arise from the proposal, so Z ∼ g!T (⋅ ∣ �) , or at stationarity where U ∼ �!T (⋅ ∣ �)
with

�!T (u ∣ �) =
p̂(y1∶T ∣ �, u)
p(y1∶T ∣ �)

mT ,�(u),

implying that Z ∼ ḡ!T (⋅ ∣ �). We denote

�2(y, �) = var
{

w(y, U1,1, �)
}

, �2(�) = E
{

�2(Y1, �)
}

,

with U1,1 ∼ ℎ(⋅ ∣ y, �), Y1 ∼ � and

w(Yt, Ut,i, �) =
w(Yt, Ut,i, �)
p(Yt ∣ �)

. (4.10)

However, under the following assumption, we show here that Assumption 4.3 holds.

Assumption 4.4. There exists a closed "-ball B(�̄) around �̄ and a function g such that the
normalized weight w(y, U1,1, �) defined in (4.10) satisfies for some Δ > 0

sup
�∈B(�̄)

E
{

w(y, U1,1, �)2+Δ
}

⩽ g(y),

where U1,1 ∼ ℎ( ⋅ ∣ y, �) and �(g) < ∞. Additionally, � ↦ �2(y, �) is continuous in � on
B(�̄) for all y ∈ Y.

4.9 Theorem. Under Assumption 4.4, Assumption 4.3 is satisfied.

Theorem 4.9 strengthens earlier results of Deligiannidis, Doucet and Pitt (2018, Theorem
1) which obtain standard central limit theorems for the error in the log-likelihood estimator.

4.5.3 Generalized linear mixed models

A common example of random effects models is the class of generalized linear mixed models
(McCulloch and Neuhaus 2005), where the observation density is a member of the exponential
family and the latent variable follows a centred Gaussian distribution. The densities with
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respect to some dominating measure can be written as

g(y ∣ x, �) =
J
∏

j=1
m(yj) exp

[

�j(x)T (yj) − A{�j(x)}
]

, f (x ∣ �) = '(x; 0, �2), (4.11)

where �j(x) = cTj � + x, c is a vector of covariates with corresponding parameter vector �,
A(�) denotes the log-partition function and m(y) is a base measure. In section S3⋅2 of the
supplementary material, we show that for many such models the assumptions of Theorem 4.1
can be verified when using appropriately chosen importance sampling proposals. In particular,
we show that Assumption 4 holds and consequently Assumption 3 holds by Theorem 4.9.

4.6 Efficient Implementation of the Pseudo-Marginal Random Walk
Algorithm

4.6.1 Optimal tuning

We optimize the performance of the limiting pseudo-marginal chain identified in Theorem 4.1
as a proxy for the optimization of the original pseudo-marginal chain. We assume that the
limiting covariance matrix Σ in (4.3) is the identity matrix Id with d denoting the parameter
dimension. For general covariance matrices, we can use a Cholesky decomposition and a
change of variables as in (Nemeth, Sherlock and Fearnhead 2016; Sherlock, Thiery, Roberts
et al. 2015). We denote by P̃l,� the transition kernel (4.8) using the proposal density

q(�, �′) = '
(

�′; �,l2Id∕d
)

.

As in Pitt et al. (2012) and Doucet et al. (2015), we propose to minimize CT(f, P̃l,�), as defined
in (4.1), with respect to the noise standard deviation � but, contrary to these contributions,
also with respect to the scale parameter l. We restrict attention here to the case where
f (�, z) = �1, the first component of �, and write CT(f, P̃l,�) = CT(l, �) in this case. As this
criterion is not available in closed-form, we simulate the limiting Markov chain initialized
in its stationary regime with different noise levels � and scales l on a fine grid to obtain
empirical estimates of CT(l, �) computed using the overlapping batch mean estimator. This
simulation is straightforward as the target and noise distributions in this limiting case are both
Gaussian. We then find the approximate minimizer (l̂opt , �̂opt) of CT(l, �) over this grid. This
set-up is applied for parameter dimension d ranging from 1 to 50. The results are summarized
in Table 4.1.

Table 4.1 also lists the computing time at these values and the average acceptance probability
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Dimension d l̂opt �̂opt CT(l̂opt , �̂opt) pracc(l̂opt , �̂opt)
d = 1 2⋅05 (0⋅25) 1⋅16 (0⋅07) 8⋅47 25⋅73%
d = 2 1⋅97 (0⋅14) 1⋅21 (0⋅06) 12⋅71 22⋅92%
d = 3 2⋅11 (0⋅07) 1⋅24 (0⋅05) 16⋅79 19⋅97%
d = 5 2⋅17 (0⋅12) 1⋅30 (0⋅05) 23⋅18 17⋅35%
d = 10 2⋅20 (0⋅08) 1⋅44 (0⋅05) 37⋅93 14⋅27%
d = 15 2⋅33 (0⋅08) 1⋅50 (0⋅00) 53⋅43 12⋅07%
d = 20 2⋅34 (0⋅10) 1⋅54 (0⋅05) 65⋅62 11⋅44%
d = 30 2⋅36 (0⋅11) 1⋅61 (0⋅03) 90⋅46 10⋅41%
d = 50 2⋅41 (0⋅10) 1⋅74 (0⋅05) 136⋅38 8⋅66%

Table 4.1: Optimal values for scaling l and noise � and associated value of computing time and
average acceptance probability: mean and standard deviation of the minimizers over 10
runs.

of the proposal under P̃l,� at stationarity by using 5 million iterates of the chain. The obtained
results are consistent with those in Doucet et al. (2015) and Sherlock, Thiery, Roberts et al.
(2015). For low dimensions, 1 ⩽ d ⩽ 5, the ideal Metropolis–Hastings algorithm mixes well
and �̂opt is around 1⋅1-1⋅3 as suggested by Doucet et al. (2015) and it increases slowly as
d increases to the values

(

l∞, �∞
)

= (2⋅56, 1⋅81) obtained by the diffusion limit (Sherlock,
Thiery, Roberts et al. 2015). For example, for d = 50, we obtain (l̂opt , �̂opt) = (2⋅41, 1⋅74)
and the resulting optimal computing time CT(l̂opt , �̂opt) is close to CT(l∞, �∞). For lower
dimensions, however, the performance in terms of computing time can be increased by reducing
� and l in comparison to �∞ and l∞; see Table 4.2. We also observed empirically that the
cost function l ↦ CT(l, �) is fairly flat as noticed in the limiting case by Sherlock, Thiery,
Roberts et al. (2015).

4.6.2 Implementation

We now show how to exploit the results of the last section in practice to design an efficient
implementation of the pseudo-marginal algorithm. Using a preliminary run, we compute
estimates �̂, Σ̂ of the posterior mean and posterior covariance matrix. For the parameter
dimension d, we choose l according to Table 4.1 and use a Gaussian random walk proposal
with covariance matrix l̂2optΣ̂∕d. Finally we select the number of Monte Carlo samples N
such that the sample standard deviation of the log-likelihood estimate at �̂ matches the optimal
value �̂opt listed in Table 4.1. This approach is similar to the one followed in Sherlock, Thiery,
Roberts et al. (2015) except for the dimension dependence of the recommended parameters
(l̂opt , �̂opt).
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Dimension d CT(l∞, �̂opt) CT(l∞, � = 1.2) CT(l∞, �∞)
d = 1 9⋅04 (0⋅25) 9⋅05 (0⋅21) 17⋅10 (1⋅34)
d = 2 13⋅48 (0⋅32) 13⋅37 (0⋅28) 22⋅45 (0⋅81)
d = 3 17⋅63 (0⋅28) 17⋅43 (0⋅26) 26⋅71 (0⋅64)
d = 5 24⋅38 (0⋅44) 24⋅72 (0⋅31) 34⋅14 (0⋅88)
d = 10 40⋅17 (0⋅71) 41⋅60 (0⋅24) 47⋅08 (1⋅03)
d = 15 53⋅69 (0⋅72) 58⋅01 (0⋅50) 59⋅08 (0⋅79)
d = 20 67⋅15 (0⋅53) 74⋅34 (0⋅36) 71⋅41 (1⋅48)
d = 30 91⋅36 (0⋅95) 106⋅08 (0⋅34) 93⋅73 (1⋅08)
d = 50 136⋅49 (1⋅18) 167⋅83 (0⋅75) 135⋅92 (1⋅27)

Table 4.2: Comparison of the computing time for different noise levels. �̂opt denotes the minimizer of
the estimated integrated autocorrelation time, as shown in Table 4.1.

4.7 Simulation study: Random Effects Model

We now illustrate how the guidelines derived from the limiting pseudo-marginal chain compare
to a practical implementation of the pseudo-marginal algorithm. We consider a logistic mixed
effects model applied to a real data set. Mixed models are popular in econometrics, survey
analysis and medical statistics amongst others and are often used to describe heterogeneity
between groups. Here we consider a subset of a cohort study of Indonesian preschool children.
This dataset was previously analysed using Bayesian mixed models by Zeger and Karim (1991).
It contains 1200 observations of 275 children. We model the probability of a respiratory
infection based on the following covariates: age, sex, height, an indicator for presence of
vitamin deficiency, an indicator for subnormal height and two seasonal components. Including
the intercept we have 8 covariates. Cluster effects due to repeated measurements of the same
children are modelled with individual random intercepts. In this case the linear predictor of a
regression model based on covariates ct,j (t = 1,… , T , j = 1,… J ) reads �t,j = cTt,j� + Xt

where Xt ∼  (0, �) denotes the random intercept for children t = 1,… , T and � the
regression parameters. For every child, we have an observation vector yt =

(

yt,1… , yt,J
)

∈
{0, 1}J . The unknown parameter is � = (�, �) ∈ ℝd where d = 9. The observations are
assumed conditionally independent given the random effects and are modelled through

g(yt ∣ xt, �) =
J
∏

j=1

exp(yt,j�t,j)
1 + exp(�t,j)

, f (xt ∣ �) = '(xt; 0, �), t = 1,… , T .

Inference in mixed effects models often aims at finding the population effects and thus one
is interested in integrating out the random effects. Since the marginal likelihood contains
intractable integrals, this model lends itself to the pseudo-marginal approach. We obtain an
unbiased estimator of the marginal likelihood by estimating the integrals using an importance
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ParticlesN �̂ ÎAT p̂racc ÎAT
(

P̃l=2⋅2,�=�̂
)

p̂racc
(

P̃l=2⋅2,�=�̂
)

12 2⋅00 140⋅22 8⋅93% 162⋅57 7⋅67%
15 1⋅76 112⋅06 10⋅70% 121⋅70 9⋅93%
18 1⋅63 98⋅69 12⋅30% 94⋅14 11⋅73%
21 1⋅46 72⋅42 13⋅93% 72⋅31 14⋅00%
24 1⋅34 66⋅29 15⋅10% 64⋅45 15⋅55%
27 1⋅29 61⋅95 16⋅08% 58⋅08 16⋅39%
30 1⋅22 58⋅70 16⋅85% 54⋅12 17⋅52%
33 1⋅16 52⋅39 17⋅77% 50⋅26 18⋅16%

Table 4.3: ForN particles: standard deviation �̂ of the log-likelihood estimator at the mean, average
integrated autocorrelation time ÎAT and average acceptance probability p̂racc for pseudo-
marginal kernel and limiting kernel P̃l,�̂ for l = 2⋅2.

sampling estimator

ℎ(u ∣ yt, �) = '(u; x̂t, �2q ), x̂t = argmaxxt
g(yt ∣ xt, �)f (xt ∣ �)

with proposal variance �q > 0. We provide more details to importance sampling for mixed
effects models in Section S3⋅3 where we also show that Assumption 4 is satisfied in the present
example. For the covariate parameters we assume a diffuse Gaussian prior and the variance of
the random effects are assigned an inverse gamma prior. We run a pseudo-marginal algorithm
with a Gaussian random walk proposal for 500000 iterations. The covariance of the proposal
is set equal to the posterior covariance of the parameters estimated in a preliminary run and
scaled by l2∕d = (2⋅2)2∕9. We compare the average integrated autocorrelation time and the
acceptance rate with that of the limiting chain using the same l = 2⋅2 and � = �̂, the average
being defined as ÎAT(P !T ) =

∑d
i=1 IAT(fi, P

!
T ) for fi (�, z) = �i the i

th parameter component.
Here, �̂ is the standard deviation of the log-likelihood estimator obtained using 10000 samples
of the marginal likelihood evaluated at an estimate �̂ of the posterior mean. The results
are summarized in Table 4.3. For a given number of particles N , we report the associated
estimate of the noise in the log-likelihood estimator, the average integrated autocorrelation
time averaged and the average acceptance rate.

The average integrated autocorrelation time and the acceptance rate are very close to
those of the limiting algorithm. This is visualized in Figure 4.1 where we plot the same
quantities against the number of particles N . The computing time of the pseudo-marginal
algorithm targeting the posterior, ĈT(P !T ) = ÎAT(P !T )∕�̂

2, and the computing time of the
limiting algorithm, ĈT(P̃l,�), are both optimized for �̂ = 1⋅46, as expected from Table 4.1.
In this example, the limiting kernel captures very well the behaviour of the pseudo-marginal
algorithm for large data sets and Table 4.1 thus provides useful guidelines on how to tune this
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Figure 4.1: Average integrated autocorrelation time (top) and average acceptance rate (bottom) for the
pseudo-marginal algorithm as a function ofN and the limiting transition kernel P̃l,�̂ for
l = 2⋅2.
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Supplementary Material

This supplementary material contains the proofs to all theorems and propositions, some
background material and additional simulation studies. Section 4.8 includes a brief survey of
weak convergence results for random probability measures on Polish spaces which play an
important role in this chapter. We have not been able to find some of the precise statements
we require in the literature so we present their proofs here without any claim of originality.
Sections 4.9 and 4.10 provide the proofs for sections 4.4 and 4.5, respectively. Finally,
section 4.12 includes some additional numerical examples: a toy example and a Lotka-Volterra
model where the likelihood is estimated using a particle filter as opposed to importance
sampling.

4.8 Random Measures and Weak Convergence on Polish Spaces

4.8.1 Weak Convergence

Let S be a Polish space, endowed with the Borel �-algebra  (S). We denote d the metric
inducing the topology on S and (S) the space of Borel probability measures on S. In
the following, we will only consider (random) probability measures in (S) unless stated
otherwise.

4.10 Definition (Weak convergence). A sequence of probability measures (�n)n⩾1 converges
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weakly to a probability measure �, denoted �n ⇝ �, if for all f ∈ Cb(S)

�n(f )→ �(f ) as n→∞, (4.12)

where Cb(S) is the set of bounded continuous real-valued functions of domain S.

The set of test functions generating this topology can be restricted to bounded continuous
functions f ∶ S → [0, 1] or bounded Lipschitz functions, see for example Crauel (2003,
Lemma A.1 and Theorem A.2). The topology of weak convergence can be metrized using the
bounded Lipschitz metric which is given for �, � ∈ (S) by

dBL(�, �) = sup
{

|�(f ) − � (f )| ; f ∈ BL(S), ‖f‖BL ⩽ 1
}

, (4.13)

see for example Dudley (2002, Proposition 11.3.2). Here, the set BL(S) denotes the set of
bounded Lipschitz functions and we follow Pollard (2002) by defining the norm

‖f‖BL = max
{

‖f‖L, 2‖f‖∞
}

, (4.14)

where

‖f‖L = sup
x,y∶x≠y

|f (x) − f (y)|
d(x, y)

and ‖f‖∞ = sup
x

|f (x)|. (4.15)

This definition gives us the inequality

|f (x) − f (y)| ⩽ ‖f‖BL [min {1, d(x, y)}] (4.16)

for every x, y.

4.8.2 Weak Convergence of Random Measures

We recall here some facts about random probability measures. Let (Ω, ,ℙ) denote a probab-
ility space. We equip the product space Ω × S with the product �-algebra,  ⊗ (S).

4.11 Definition (Random probability measure). A random probability measure is a map
�∶ Ω ×  (S) → [0, 1] such that for every B ∈  (S) the map ! ↦ �(!,B) = �!(B) is
measurable while �(!, ⋅) ∈ (S) for almost every ! ∈ Ω.

For all bounded andmeasurable functions g∶ Ω×S → ℝ, the assignment!↦ ∫S g(!, x)�
!(dx)

is measurable (see, for example, Crauel 2003, Proposition 3.3) and thus, for random meas-
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ures, the map ! ↦ �!(f ) is a random variable. As a consequence we have that �! ∶ Ω →

(S) is a Borel measurable map. Conversely, it can be shown that any random element of
[(S),{(S)}] fulfils the condition set out in Definition 4.2, see (Crauel 2003, Remark
3.20 (i)) or (Kallenberg 2006, Lemma 1.37) for details.

4.12 Definition (Weak convergence of random measures). A sequence of random probability
measures (�!n )n⩾1 converges weakly almost surely to a probability measure �, denoted �!n ⇝a.s.

�, if
ℙ
(

! ∈ Ω ∶ �!n ⇝ �
)

= 1. (4.17)

Further, we say that (�!n )n⩾1 converges weakly in probability, denoted �!n ⇝ℙ �, if every
subsequence contains a further subsequence which converges weakly almost surely.

One can easily verify that the above definition of almost sure weak convergence, respectively
weak convergence in probability, is equivalent to �(�!n , �) → 0 almost surely, respectively
in probability, for some metric � on (S) metrizing weak convergence, e.g., the bounded
Lipschitz metric (4.13), see for example Theorem 4.16.

4.13 Remark (Measurability of probability metric). As already mentioned above, for any
randommeasure the map !↦ �! is measurable with respect to the Borel �-algebra {(S)}.
Moreover, any metric � inducing the weak topology on (S) is trivially continuous in its
first argument and hence the map �! ↦ �(�!, �) for some fixed measure � is measurable
with respect to the Borel �-algebra (ℝ). This implies (Borel) measurability of the map
!↦ �(�!, �) for a non-random measure �.

In light of the definition of weak convergence (4.12) it is natural to ask whether almost sure
weak convergence holds if

�!n (f )
a.s.
⟶ �(f ) for all f ∈ Cb(S), (4.18)

and similarly whether weak convergence in probability holds if

�!n (f )
ℙ

⟶ �(f ) for all f ∈ Cb(S). (4.19)

In many practical applications, it appears easier to check (4.18) rather than (4.17), simil-
arly checking (4.19) appears easier than having to check that every subsequence of (�!n )n⩾1
contains a subsequence which converges weakly almost surely. Relating those statements is
inconvenienced by the fact that weak convergence is usually checked using an uncountable
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4.8 Random Measures and Weak Convergence on Polish Spaces

convergence determining class of functions, e.g., the space of bounded continuous functions.
However, we show here that these equivalences hold true for Polish spaces; see Theorem 4.16
below.

Almost sure weak convergence can be shown using the existence of a countable convergence
determining subclass  ⊂ BL(S) ⊂ Cb(S). Considering subsequences and using a diagonal
argument we can show the equivalence of the statement also holds if almost sure convergence
is replaced by convergence in probability. For the purposes of this paper we confine our
attention to weak convergence in probability. To prove the statements above we first need an
auxiliary result, which also appeared in Sweeting (1989, Lemma 4).

4.14 Proposition. SupposeA is a countable set and consider random variablesXn(a)∶ Ω →

ℝ indexed by a ∈ A and n ∈ ℕ. Moreover, assume that for every a ∈ A the sequence
{Xn(a)}n⩾1 converges to X(a) in probability, i.e.,

Xn(a)
ℙ
→ X(a) ∀a ∈ A.

Then there exists a subsequenceN ′ ⊂ ℕ such that alongN ′

ℙ
{

! ∶ Xn(a)→ X(a) ∀a ∈ A
}

= 1.

Proof. Choose a1 ∈ A. Since we have Xn(a1)
ℙ
→ X(a1) we can extract a subsequence

n1,1, n1,2,… such that
{

Xn1,1(a1), Xn1,2(a1), Xn1,3(a1),…
}

converges almost surely. Pick now a2 ∈ A, we can now extract a further subsequence
{

Xn2,1(a2), Xn2,2(a2), Xn2,3(a2),…
}

along which we have almost sure convergence. We can iterate this procedure to get another
subsequence

{

Xn3,1(a3), Xn3,2(a3), Xn3,3(a3),…
}

.

Along the subsequenceN ′ =
(

n1,1, n2,2, n3,3, ...
)

, we have almost sure convergence ofXn′(a)→
X(a) for all a ∈ A.

The existence of a countable convergence determining class for Polish spaces is guaranteed
by the following Proposition. The proof is adapted from Berti, Pratelli and Rigo (2006,
Theorem 2.2).
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Chapter 4 Large Sample Asymptotics of the Pseudo-Marginal Method

4.15 Proposition. Consider (S) equipped with the Borel �-algebra generated by the
topology of weak convergence. There exists a countable convergence determining subclass
 ⊂ BL(S).

Proof. Take a countable set {s1, s2,…} dense in S and letH = [0, 1]ℕ be the Hilbert cube.
For x ∈ S, define the map ℎ∶ S → H by

ℎ(x) =
{

d(x, s1) ∧ 1, d(x, s2) ∧ 1,…
}

.

We can equipH with the topology of coordinate wise convergence. Writing u = (u1,u2,…)
and v = (v1,v2,…) for elements u, v ∈ H , this topology is induced by the metric

�(u, v) =
∞
∑

i=1

|ui − vi|
2i

.

The Hilbert cubeH is compact by Tychonoff’s Theorem (see for example Dudley 2002,
Theorem 2.2.8.), ℎ is a homeomorphism from S to ℎ(S) (Borkar 1991, Theorem A.1.1.) and
its closure ℎ(S) ⊂ H is compact. For � ∈ (S) denote � = �◦ℎ−1 the image measure on
ℎ(S).
Note that any Lipschitz continuous function on ℎ(S) can be extended to ℎ(S) without

increasing its norm (Dudley 2002, Proposition 11.2.3.). By the Arzelà–Ascoli theorem,
the sets Bn = [f ∈ BL{ℎ(S)} ∶ ‖f‖BL ⩽ n] are compact and thus separable under the
‖ ⋅ ‖∞-norm. Therefore BL{ℎ(S)} =

⋃∞
n=1 Bn is separable under the ‖ ⋅ ‖∞-norm and so

is BL{ℎ(S)}. Hence, we can pick a countable set  which is dense in BL{ℎ(S)}. Defining
 = {g◦ℎ ∶ g ∈ } we have  ⊂ BL(S) since for all x, y ∈ S and i ∈ ℕ

|d(x, si) ∧ 1 − d(y, si) ∧ 1| ⩽ d(x, y)

and thus

|g◦ℎ(x) − g◦ℎ(y)| ⩽ Lg�{ℎ(x), ℎ(y)} = Lg
∞
∑

i=1

|d(x, si) ∧ 1 − d(y, si) ∧ 1|
2i

⩽ Lgd(x, y),

where Lg denotes the Lipschitz constant of the function g.
Now assume that �n(f )→ �(f ) for all f ∈ . Then by a change of variable

∫S
f d�n = ∫S

g◦ℎ d�n = ∫ℎ(S)
g d�n → ∫ℎ(S)

g d�
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4.8 Random Measures and Weak Convergence on Polish Spaces

for all g ∈ . Since  is dense in BL{ℎ(S)} with respect to the ‖ ⋅ ‖∞-norm we have
convergence for all bounded Lipschitz functions and thus �n ⇝ �. By continuity of ℎ−1 we
also have convergence �n ⇝ �.

Equipped with these results we can now prove some equivalences which facilitate the
verification of weak convergence of random probability measures in the sense introduced
above. We will prove the following statements only for convergence in probability. The
modifications for almost sure convergence are obvious.

4.16 Theorem. Let
(

�!n
)

n⩾1 be a sequence of random probability measures and � a prob-
ability measure. Then the following statements are equivalent

(i) dBL(�!n , �)
ℙ
→ 0,

(ii) �!n ⇝ℙ �

(iii) �!n (f )
ℙ

⟶ �(f ) for all f ∈ Cb(S)

(iv) �!n (f )
ℙ

⟶ �(f ) for all f ∈ BL(S).

The same results hold if convergence in probability is replaced by almost sure convergence
throughout.

Proof. The equivalence (i)⇔ (ii) is immediate since dBL metrizes weak convergence. The
implications (ii) ⇒ (iii) ⇒ (iv) are trivial. To show (iv) ⇒ (ii), note that by Proposition
4.15 there exists a countable convergence determining subclass  ⊂ BL(S). By virtue of
Proposition 4.14 there exists a subsequence (n1, n2,…) such that for all g ∈ 

�!nk(g)
a.s.
⟶ �(g) as k→∞.

Now, given (nk)k∈ℕ define

A(g) =
{

! ∈ Ω ∶ �!nk(g)⟶ �(g) as k→∞
}

.

We have ℙ{A(g)} = 1 for all g ∈  and for
⋂

g∈ A(g) = A ∈ (S) we find ℙ(A) = 1. Since
we can apply this reasoning to any subsequence we always find a further subsequence such
that (�!nkj ) converges almost surely. See also Sweeting (1989, Theorem 9) and Berti, Pratelli
and Rigo (2006, Theorem 2.2).
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Chapter 4 Large Sample Asymptotics of the Pseudo-Marginal Method

4.17 Remark. If the random measure is induced by a regular conditional distribution, i.e.,
let

(

�!n
)

n⩾1 denote a sequence of transition kernels such that

�!n (⋅) = ℙ(Xn ∈ ⋅ ∣ n)(!) ℙ − a.s.

for some filtration
(

n
)

n⩾1, we have

∫ f (x)�!n (dx) = E
{

f (Xn) ∣ n
}

(!) ℙ − a.s.

and thus equivalently to �n ⇝ℙ � then we can write

E
{

f (Xn) ∣ n
} ℙ
⟶ E {f (X)} , (4.20)

where X ∼ �. For brevity we will also use the notation Xn ∣ n ⇝ℙ � instead of (4.20).

4.8.3 Product Spaces

We address here the setting where the spaces are of the form Sk = S × S × ⋯ × S or
Sℕ = S × S × …. We will equip these product spaces with the product topology and the
respective Borel �-algebra. The following lemma is helpful to characterize weak convergence
in probability in this context.

4.18 Lemma. For fixed k, let (�!n )n⩾1 denote random measures on Sk and � a non-random
measure on Sk. Then the following are equivalent

(i)
�!n ⇝ℙ �,

(ii)
�!n (f )

ℙ
→ �(f )

for all f ∈ Cb(Sk).

(iii)

∫Sk

k
∏

i=1
fi(xi)�!n (dx1…dxk)

ℙ
→ ∫Sk

k
∏

i=1
fi(xi)�(dx1…dxk)

for all f1,… fk ∈ Cb(S).
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(iv)

∫Sk

k
∏

i=1
fi(xi)�!n (dx1…dxk)

ℙ
→ ∫Sk

k
∏

i=1
fi(xi)�(dx1…dxk)

for all f1,… fp ∈ BL(S).

Proof. The implications (i) ⇒ (ii) ⇒ (iii) ⇒ (iv) are trivial. Thus, we only need to show
(iv)⇒ (i). We now by Proposition 4.15 that there exists a countable convergence determining
class  ⊂ BL(S), so we can assume f1, f2,… ∈ . Without loss of generality we can assume
‖fi‖∞ ⩽ 1 for all i and 1 ∈ . Then we have that for every i ∈ {1,… , k} the marginal of the
ith coordinate, denoted �!n,i, converges to �i weakly in probability, i.e. for all i and all fi ∈ 
we have

∫S
fi(x)�!n,i(dxi)

ℙ
→ ∫S

fi(x)�i(dxi).

Now by Proposition 4.14 for every i ∈ {1,… , k} every subsequenceN ⊂ ℕ contains a further
subsequenceN ′ ⊂ N such that we have convergence almost sure convergence for all g ∈ ,
i.e. denoting

Ai ∶=
{

! ∈ Ω ∶ ∫S
g(xi)�!n′,i(dxi)⟶ ∫S

g(xi)�i(dxi) for all g ∈ 
}

we have P (Ai) = 1. We can extract a further subsequenceN ′′ ⊂ N ′ such that alongN ′′ we
have convergence almost surely for all i and all g and thus for ! ∈ A ∶= ∩ki=1Ai the sequence
{

�!n ; n ∈ N
′′} is tight, since

{

�!n,i; n ∈ N
′′
}

is tight for every i (see Ethier and Kurtz 2005,
Chapter 3 Proposition 2.4.). We can conclude that for every such ! every subsequence of
(�!n )n⩾1 has a further subsequence that converges. It remains to show that the functions of
the form

∏k
i=1 fi are measure determining. However, by Ethier and Kurtz (2005, Chapter 2

Proposition 4.6.) if  is measure determining on S then so is the product for Sk.

If S = ℝk for some k ∈ ℕ we can check weak convergence in probability by considering
moment generating functions. The following result is shown by Sweeting (1989, Corollary 3);
see also Castillo and Rousseau (2015, Lemma 1).

4.19 Proposition. Let
(

�!n
)

n⩾1 be a sequence of random probability measures and assume
there exists u0 > 0 such that for all n ∈ ℕ the moment generating functions

mn(u, !) = ∫ exp
(

uTx
)

�!n (dx)
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exist for |u| < u0 then �!n ⇝ℙ � if and only if for every u ∈ ℝk

mn(u, ⋅)
ℙ

⟶ m(u, ⋅) = ∫ exp
(

uTx
)

�!(dx).

Proof. This can be seen by considering the class of functions of the form fu(x) = exp(uTx)
for u ∈ ℚ, |u| < u0 and showing that they form a countable convergence determining class,
see Sweeting (1989, Corollary 3). Consider the case k = 1 and a sequence of measures (�n)n⩾1
and � such that

mn(u) = ∫ eux�n(dx)→ m(u) = ∫ eux�(dx).

Denote a compact set K = [−c, c]. Then by the Markov inequality

�n
(

K∁) = ∫
|x|⩾c

�n(dx) ⩽
mn(u0)
eu0c

and mn(u0) → m(u0). Hence, �n(K∁) is bounded and we can find c such that supn �n(K∁) < �
and (�n)n⩾1 is tight. By continuity the fu are measure determining so we can conclude that
the limit is unique. For k > 1 we can use the same argument to show that the marginals are
tight, see the proof of Lemma 4.18.

Lemma 4.18 can be readily extended to countably infinite product spaces by considering
convergence of the finite dimensional distribution. Let us therefore denote �◦�−1k ∶ Sℕ →

Sk; k ∈ ℕ the canonical projections. For non-random measures, it is well-known that
convergence of the projections already implies convergence on the whole of Sℕ (Billingsley
1999, Example 2.6). Since there are countably many such projections, we can apply the
reasoning of Proposition 4.14 to conclude that for checking �!n ⇝ℙ � on Sℕ we just need to
show

∫Sk

k
∏

i=1
fi(xi)�!n (dx1,… , dxk)

ℙ
→ ∫Sk

k
∏

i=1
fi(xi)�(dx1,… , dxk)

for all f1,… fk ∈ BL(S) and k ∈ ℕ. The following Lemma is essentially a version of Ethier
and Kurtz (2005, Chapter 3 Proposition 4.6 b) extended to random measures.

4.20 Lemma. Let
(

�!n
)

n⩾1 be a sequence of random probability measures and � a non-
random probability measure on Sℕ. Then �!n ⇝ℙ � is equivalent to

∫Sk

k
∏

i=1
fi(xi)�!n (dx1,… , dxk)

ℙ
→ ∫Sk

k
∏

i=1
fi(xi)�(dx1,… , dxk)

78



4.9 Proofs of Section 4.4

for all f1,… fk ∈ BL(S) and k ∈ ℕ.

Proof. Suppose for any k that the above convergence holds for all test functions f1,… fk ∈
BL(S). We have shown in Lemma 4.18 that this is equivalent of convergence of the canonical
projections �!n ◦�

−1
k on Sk (in probability) for any given k. Hence, using Proposition 4.14 for

every subsequenceN ⊂ ℕ there is a subsequenceN ′ ⊂ N such that alongN ′

ℙ
(

! ∈ Ω ∶ �!n ◦�
−1
k ⇝ �◦�−1k as n→∞ for all k ∈ ℕ

)

= 1.

An application of Ethier andKurtz (2005, Chapter 3 Proposition 4.6 b) concludes the proof.

4.9 Proofs of Section 4.4

4.9.1 Proofs for Section 4.4.1

4.21 Lemma. Given a random probability measure �! and random Markov kernel K!,
there exists an almost surely unique random probability measure �ℕ,! on Sℕ such that

�ℕ,!(A1 ×… × Ak × Ek+1) = ∫A1
�!(dx1)∫A2

K!(x1, dx2)…∫Ak
K!(xk−1, dxk)

for any Ai ∈ (S) (i = 1,… , k), k ∈ ℕ and Ek+1 = ×∞i=k+1S.

Proof of Lemma 4.4. For ℙ−almost all !, the existence and uniqueness of the distribution
�ℕ,! on {Sℕ,(S)ℕ} can be obtained using the Ionescu-Tulcea extension theorem; see, e.g.,
Kallenberg (2006, Theorem 6.17) or Klenke (2013, Theorem 14.32). Measurability follows
analogously by noting that ! ↦ �ℕ(!,A) is measurable for any A ∈  = {A1 ×… × Ak ×
Ek+1;Ai ∈ (S), i = 1,… , k, k ∈ ℕ} and that  forms a �−system that generates(S)ℕ. By
Crauel (2003, Remark 3.2) this is enough to obtain measurability for every A ∈ (S)ℕ.

4.22 Theorem. If the following assumptions hold,

(T.1) the random probability measures
(

�!n
)

n⩾1 converge weakly in probability to a probab-
ility measure � as n→∞,

(T.2) the random Markov transition kernels
(

K!
n
)

n⩾1 satisfy

∫
|

|

K!
n f (x) −Kf (x)||�

!
n (dx)→ 0

in probability as n→∞ for all f ∈ BL(S) where K is a Markov transition kernel ,
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(T.3) the transition kernel K is such that x↦ Kf (x) is continuous for any f ∈ Cb(S),

then, as n→∞, the measures (�ℕ,!n )n⩾1 on Sℕ converge weakly in probability to the measure
�ℕ induced by the Markov chain with initial distribution � and transition kernel K .

Proof of Theorem 4.5. By Section 4.8.2 Lemma 4.20, we need to show that for any k ⩾ 0 and
any f0,… , fk ∈ BL(S)

E!
{

f0(X!
n,0)⋯ fk(X!

n,k)
} ℙ
⟶ E

{

f0(X0)⋯ fk(Xk)
}

(4.21)

where E!, resp. E, denotes the expectation w.r.t. the law of X!n , respectively w.r.t. the law of
X. We prove this by induction. For k = 0, this follows directly from (T .1). Now assume that
(4.21) is true for k ⩾ 0, i.e.

|

|

|

|

E!
{

f0(X!
n,0)f1(X

!
n,1)⋯ fk(X!

n,k)
}

− E
{

f0(X0)f1(X1)⋯ fk(Xk)
}|

|

|

|

ℙ
⟶ 0.

By Lemma 4.18 this is equivalent to weak convergence in probability of the vector of the first
k states, i.e., for all f ∈ Cb(Sk)

E! {f (Xn
0 ,… , Xn

k)
} ℙ
⟶ E

{

f (X0,… , Xk)
}

. (4.22)

For k + 1, we have

|

|

|

|

E!
{

f0(X!
n,0)⋯ fk(X!

n,k)fk+1(X
!
n,k+1)

}

− E
{

f0(X0)⋯ f (Xk)fk+1(Xk+1)
}|

|

|

|

=
|

|

|

|

E!
{

f0(X!
n,0)⋯ fk(X!

n,k)K
!
n fk+1(X

!
n,k)

}

− E
{

f0(X0)⋯ f (Xk)Kfk+1(Xk)
}|

|

|

|

⩽
|

|

|

|

E!
{

f0(X!
n,0)⋯ fk(X!

n,k)K
!
n fk+1(X

!
n,k) − f0(X

!
n,0)⋯ fk(X!

n,k)Kfk+1(X
!
n,k)

}

|

|

|

|

+
|

|

|

|

E!
{

f0(X!
n,0)⋯ fk(X!

n,k)Kfk+1(X
!
n,k)

}

− E
{

f0(X0)⋯ fk(Xk)Kfk+1(Xk)
}|

|

|

|

⩽ E!
{

|

|

|

K!
n fk+1(X

!
n,k) −Kfk+1(X

!
n,k)

|

|

|

}

(4.23)

+
|

|

|

|

E!
{

f0(X!
n,0)⋯ fk(X!

n,k)Kfk+1(X
!
n,k)

}

− E
{

f0(X0)⋯ fk(Xk)Kfk+1(Xk)
}|

|

|

|

.

(4.24)

The term (4.23) converges due to (4.5). For the term (4.24), the function Kfk+1 is bounded
and it is assumed continuous so the function f0⋯ fkKfk+1 ∈ Cb(Sk). Hence this term
vanishes by (4.22).
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4.9.2 Some Auxiliary Results

4.23 Lemma. Under Assumption 4.1, we have

'(d�; �̂!T ,Σ∕T )⇝ℙY ��̄(d�)

and
�!T (d�)⇝ℙY ��̄(d�).

Proof. Using the moment generating function of the normal distribution, we have as T →∞

∫ eu
T�'(�; �̂!T ,Σ∕T )d� = exp

(

uT�̂!T + u
TΣu∕2T

) ℙY
⟶ exp(uT�̄) = ∫ exp(uT�)��̄(d�),

where ��̄ denotes the Dirac measure at �̄ and thus '(d�; �̂!T ,Σ∕T )⇝ℙY ��̄(d�) by Proposition
4.19. This implies that for f ∈ Cb(ℝd)

|

|

|

|

∫ f (�)�!T (�)d� − ∫ f (�)��̄(d�)
|

|

|

|

⩽
|

|

|

|

∫ f (�)�!T (�)d� − ∫ f (�)'(�; �̂!T ,Σ∕T )d�
|

|

|

|

+
|

|

|

|

∫ f (�)'(�; �̂!T ,Σ∕T )d� − ∫ f (�)��̄(d�)
|

|

|

|

⩽ ‖f‖∞ ∫
|

|

|

�!T (�) − '(�; �̂
!
T ,Σ∕T )

|

|

|

d� +
|

|

|

|

∫ f (�)'(�; �̂!T ,Σ∕T )d� − ∫ f (�)��̄(d�)
|

|

|

|

,

where the first term on the r.h.s. converges to zero in probability under Assumption 4.1 while
the second term converges to zero as '(d�; �̂!T ,Σ∕T ) ⇝ℙY ��̄(d�). Hence, it follows that
�!T (d�)⇝ℙY ��̄(d�).

To analyse the asymptotic properties of the pseudo-marginal algorithm, we rescale the
parameter component. A simple change of variables and the fact that convergence in total
variation in probability implies weak convergence in probability shows that the following
result holds.

4.24 Lemma. Under Assumption 4.1, we have

∫
|

|

�̃!T (�̃) − '(�̃; 0,Σ)|| d�
ℙY
⟶ 0, as T →∞,

and thus �̃!T (d�̃)⇝ℙY '(d�̃; 0,Σ).

4.25 Lemma (Convergence of marginal distributions). Under Assumptions 4.1 and 4.2, the
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marginal distribution of the proposal at stationarity

�!T qT (d#) = ∫ �!T (d�)qT (�, d#)

satisfies
�!T qT (d#)⇝ℙY ��̄(d#).

Proof. Let f ∈ BL(ℝ), then we have

|

|

|

|

∫ f (#)�!T qT (d#) − f (�̄)
|

|

|

|

=
|

|

|

|

∫ f (� + �∕
√

T )∫ �!T (d�)�(d�) − f (�̄)
|

|

|

|

⩽
|

|

|

|

∬
(

f (� + �∕
√

T ) − f (�)
)

�(d�)�!T (d�)
|

|

|

|

+
|

|

|

|

∬ f (�)�!T (d�)�(d�) − f (�̄)
|

|

|

|

⩽ ∬
|

|

|

f (� + �∕
√

T ) − f (�)||
|

�(d�)�!T (d�) +
|

|

|

|

∫ f (�)�!T (d�) − f (�̄)
|

|

|

|

.

The second term on the r.h.s. vanishes due to Lemma 4.23. For the first term we use the fact
that f is bounded Lipschitz, hence

∬
|

|

|

f (� + �∕
√

T ) − f (�)||
|

�(d�)�!T (d�) ⩽ ‖f‖BL∬ min

{

1,
‖�‖
√

T

}

�(d�)�!T (d�)

= ‖f‖BL∬ min

{

1,
‖�‖
√

T

}

�(d�)→ 0.

The proof of the following Lemmas are straightforward and thus omitted.

4.26 Lemma. The map x ↦ min (1, aex) with a > 0 is 1−Lipschitz, i.e., for all x, y ∈ ℝ

|min (1, aex) − min (1, aey)| ⩽ |x − y|.

4.27 Lemma. Under Assumption 4.3

(i) the function

� ↦ dBL
[

'
{

⋅ ; �2(�)∕2, �2(�)
)

}, '
{

⋅ ; �2(�̄)∕2, �2(�̄)
}

∣ T
]

is bounded for all � and continuous at �̄;
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(ii) for all f ∈ BL(ℝ) the functions

� ↦
|

|

|

|

∫ f (z)'
{

dz; �2(�)∕2, �2(�)
}

− ∫ f (z)'
{

dz; �2(�̄)∕2, �2(�̄)
}|

|

|

|

are bounded for all � and continuous at �̄.

4.9.3 Proof of Theorem 4.1

In order to prove Theorem 4.1, we need to prove Propositions 4.6, 4.7 and 4.8 of Section 4⋅3.

4.28 Proposition. Under Assumptions 4.1 and 4.3, we have

�̃!T (d�̃, dz)→ �̃(d�̃, dz),

weakly in ℙY -probability as T →∞ where �̃!T (d�̃, dz) = �̃
!
T (d�̃)exp (z) g̃

!
T (dz ∣ �̃).

Proof of Proposition 4.6. As established in Lemma 4.18, it is enough to check convergence
for products of bounded Lipschitz functions. Now, without loss of generality, assume that
‖f1‖∞,‖f2‖∞ ⩽ 1∕2. Then we have

|

|

|

|

∬ f1(�̃)f2(z)�̃!T (d�̃)e
zg̃!T (dz ∣ �̃) −∬ f1(�̃)f2(z)'(d�̃; 0,Σ)'

{

dz; �2(�̄)∕2, �2(�̄)
}|

|

|

|

⩽ ∬ ezg̃!T (z ∣ �̃)dz ||�̃
!
T (�̃) − '(�̃; 0,Σ)|| d�̃

+ ∫ '(�̃; 0,Σ)
|

|

|

|

∫ f2(z)ezg̃!T (dz ∣ �̃) − ∫ f2(z)'
{

dz; �2(�̄)∕2, �2(�̄)
}|

|

|

|

d�̃

⩽ ∫
|

|

�̃!T (d�̃) − '(�̃; 0,Σ)|| d�̃ (4.25)

+ ∫ '(�; �̂!T ,Σ∕T )
|

|

|

|

∫ f2(z)ezg!T (dz ∣ �) − ∫ f2(z)'
{

dz; �2(�)2, �2(�)
}|

|

|

|

d� (4.26)

+ ∫ '(�; �̂!T ,Σ∕T )
|

|

|

|

∫ f2(z)'
{

dz; �2(�)∕2, �2(�)
}

− ∫ f2(z)'
{

dz; �2(�̄)∕2, �2(�̄)
}|

|

|

|

d�

(4.27)

The term (4.25) converges to zero in ℙY -probability by Lemma 4.24. For (4.26), write
B(�̄) ⊂ Θ for the "-ball on which the uniform CLT in Assumption 4.3 holds, that is

sup
�∈B(�̄)

ℎT (�) = sup
�∈B(�̄)

|

|

|

|

∫ f2(z)ezg!T (dz ∣ �)dz − ∫ f2(z)'
{

dz; �2(�)∕2, �2(�)
}

dz
|

|

|

|

ℙY
⟶ 0.
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We can bound (4.26) as follows

∫B(�̄)
'(�; �̂!T ,Σ∕T )

|

|

|

|

∫ f2(z)ezg!T (dz ∣ �) − ∫ f2(z)'
{

dz; �2(�)∕2, �2(�)
}|

|

|

|

d�

+ ∫B(�̄)∁
'(�; �̂!T ,Σ∕T )

|

|

|

|

∫ f2(z)ezg!T (dz ∣ �) − ∫ f2(z)'
{

dz; �2(�)∕2, �2(�)
}|

|

|

|

d�

⩽ sup
�∈B(�̄)

ℎT (�) + ∫B(�̄)∁
'(�; �̂!T ,Σ∕T )d�,

since ‖f2‖∞ ⩽ 1∕2. We have already mentioned that the first term vanishes in probability
whereas for the second term we have

∫B(�̄)∁
'(�; �̂!T ,Σ∕T )d�

ℙY
⟶ ��̄

{

B(�̄)∁
}

= 0,

by Lemma 4.23. Thus (4.26) vanishes in ℙY -probability. Finally we consider (4.27). By
Lemma 4.27

ℎ(�) =
|

|

|

|

∫ f2(z)'
{

dz; �2(�)∕2, �2(�)
}

− ∫ f2(z)'
{

dz; �2(�̄)∕2, �2(�̄)
}|

|

|

|

is bounded and continuous at �̄. Since '(d�; �̂!T ,Σ∕T ) converges weakly in probability to a
point mass in �̄ (by Lemma 4.23) we can conclude that

∫ f (�)'(d�; �̂!T ,Σ∕T )
ℙY
→ ∫ f (�)��̄(d�)

for every bounded function f which is continuous at �. In particular,

∫ ℎ(�)'(d�; �̂!T ,Σ∕T )
ℙY
→ 0.

4.29 Proposition. Under Assumptions 4.1, 4.2 and 4.3, as T → ∞ we have for any f ∈
BL(ℝd+1)

∫ |P̃ !T f (�, z) − P̃ f (�, z)|�̃
!
T (d�, dz)→ 0, in ℙY -probability.

Proof of Proposition 4.7. Let f ∈ BL(ℝd+1). Denote

Π!Tf (�̃, z) = ∬ f (�̃′, z′)�̃!T
{

(�̃, z), (�̃′, z′)
}

q̃(�̃, d�̃′)g̃!T (dz
′ ∣ �̃′)
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and
Πf (�̃, z) = ∬ f (�̃′, z′)�̃

{

(�̃, z), (�̃′, z′)
}

q̃(�̃, d�̃′)g(dz′ ∣ �),

where g( ⋅ ∣ #) = '{ ⋅ ; −�2(#)∕2, �2(#)}. Then we have

P̃ !T f (�̃, z) = Π
!
Tf (�̃, z) + f (�̃, z)

{

1 − Π!T 1(�̃, z)
}

and

P̃ f (�̃, z) = Πf (�̃, z) + f (�̃, z)
{

1 − Π1(�̃, z)
}

. (4.28)

Because

E!
{

|

|

|

P̃ !T f (#̃
T
0 , Z

T
0 ) − P̃ f (#̃

T
0 , Z

T
0 )
|

|

|

}

= E!

[

|

|

|

Π!Tf (#̃
T
0 , Z

T
0 ) + f (#̃

T
0 , Z

T
0 )

{

1 − Π!T 1(#̃
T
0 , Z

T
0 )
}

− Πf (#̃T0 , Z
T
0 ) − f (#̃

T
0 , Z

T
0 )

{

1 − Π1(#̃T0 , Z
T
0 )
}

|

|

|

]

⩽ E!
{

|

|

|

Π!Tf (#̃
T
0 , Z

T
0 ) − Πf (#̃

T
0 , Z

T
0 )
|

|

|

}

+ E!
{

|

|

|

Π!T 1(#̃
T
0 , Z

T
0 ) − Π1(#̃

T
0 , Z

T
0 )
|

|

|

}

and 1 ∈ BL(ℝd+1) it is sufficient to show that for any choice of f ∈ BL(ℝd+1) we have

E!
{

|

|

|

Π!Tf (�̃, z) − Πf (�̃, z)
|

|

|

} ℙY
→ 0. Thus

E! {
|

|

Π!Tf (�̃, z) − Πf (�̃, z)||
}

= ∬ �̃!T (d�̃, dz)
|

|

|

|

|

∬ q̃(�̃, d�̃′)�̃!T
{

(�̃, z), (�̃′, z′)
}

f (�̃′, z′)g̃!T (dz
′ ∣ �̃′)

−∬ q̃(�̃, d�̃′)�̃{(�̃, z), (�̃′, z′)}f (�̃′, z′)g(dz′ ∣ �)
|

|

|

|

|

= ∬ ezg̃!T (dz ∣ �̃)
|

|

|

|

|

∬ min
{

�̃!T (�̃)q̃(�̃, �̃
′), �̃!T (�̃

′)q̃(�̃′, �̃)ez′−z
}

f (�̃′, z′)g̃!T (dz
′ ∣ �̃′)d�̃′

−∬ �̃!T (�̃)q̃(�̃, �̃
′)�̃{(�̃, z), (�̃′, z′)}f (�̃′, z′)g(dz′ ∣ �)d�̃′

|

|

|

|

|

d�̃

⩽ ∬ ezg̃!T (dz ∣ �̃)
|

|

|

|

|

∬ min
{

�̃!T (�̃)q̃(�̃, �̃
′), �̃!T (�̃

′)q̃(�̃′, �̃)ez′−z
}

f (�̃′, z′)g̃!T (dz
′ ∣ �̃′)d�̃′
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−∬ min
{

'(�̃; 0,Σ)q̃(�̃, �̃′), '(�̃′; 0,Σ)q̃(�̃′, �̃)ez′−z
}

f (�̃′, z′)g̃!T (dz
′ ∣ �̃′)d�̃′

|

|

|

|

|

d�̃

+∬ ezg̃!T (dz ∣ �̃)
|

|

|

|

|

∬ min
{

'(�̃; 0,Σ)q̃(�̃, �̃′), '(�̃′; 0,Σ)q̃(�̃′, �̃)ez′−z
}

f (�̃′, z′)g̃!T (dz
′ ∣ �̃′)d�̃′

−∬ �̃!T (�̃)q̃(�̃, �̃
′)�̃{(�̃, z), (�̃′, z′)}f (�̃′, z′)g(dz′ ∣ �)d�̃′

|

|

|

|

|

d�̃. (4.29)

By taking '(�̃; 0,Σ) out in last two lines of (4.29), this can be rewritten as

∬ ezg̃!T (dz ∣ �̃)
|

|

|

|

|

∬ min
{

�̃!T (�̃)q̃(�̃, �̃
′), �̃!T (�̃

′)q̃(�̃′, �̃)ez′−z
}

f (�̃′, z′)g̃!T (dz
′ ∣ �̃′)d�̃′

−∬ min
{

'(�̃; 0,Σ)q̃(�̃, �̃′), '(�̃′; 0,Σ)q̃(�̃′, �̃)ez′−z
}

f (�̃′, z′)g̃!T (dz
′ ∣ �̃′)d�̃′

|

|

|

|

|

d�̃

(4.30)

+∬ ezg̃!T (dz ∣ �̃)
|

|

|

|

|

∬ '(�̃; 0,Σ)q̃(�̃, �̃′)�̃
{

(�̃, z), (�̃′, z′)
}

f (�̃′, z′)g̃!T (dz
′ ∣ �̃′)d�̃′

−∬ �̃!T (�̃)q̃(�̃, �̃
′)�̃

{

(�̃, z), (�̃′, z′)
}

f (�̃′, z′)g(dz′ ∣ �)d�̃′
|

|

|

|

|

d�̃. (4.31)

For (4.30), we use the inequality |min(a, b) − min(c, d)| ⩽ |a − c| + |b − d|:

∬ ezg̃!T (dz ∣ �̃)
|

|

|

|

|

∬ min
{

�̃!T (�̃)q̃(�̃, �̃
′), �̃!T (�̃

′)q̃(�̃′, �̃)ez′−z
}

f (�̃′, z′)g̃!T (dz
′ ∣ �̃′)

− min
{

'(�̃; 0,Σ)q̃(�̃, �̃′), '(�̃′; 0,Σ)q̃(�̃′, �̃)ez′−z
}

f (�̃′, z′)g̃!T (dz
′ ∣ �̃′)d�̃′

|

|

|

|

|

d�̃

⩽ ‖f‖∞⨌ ezg̃!T (dz ∣ �̃)q̃(�̃, d�̃
′)g̃!T (dz

′ ∣ �̃′) |
|

�̃!T (�̃) − '(�̃; 0,Σ)|| d�̃

+ ‖f‖∞⨌ g̃!T (dz ∣ �̃)e
z′ g̃!T (dz

′ ∣ �̃′)q̃(�̃′, �̃) |
|

�̃!T (�̃
′) − '(�̃′; 0,Σ)|

|

d�̃′d�̃

= 2‖f‖∞ ∫
|

|

�̃!T (�̃) − '(�̃; 0,Σ)|| d�̃
ℙY
⟶ 0,

by Lemma 4.24. For the part (4.31) note that

∬ ezg̃!T (dz ∣ �̃)
|

|

|

|

|

∬ '(�̃; 0,Σ)q̃(�̃, d�̃′)�̃
{

(�̃, z), (�̃′, z′)
}

f (�̃′, z′)g̃!T (dz
′ ∣ �̃′)

−∬ �̃!T (�̃)q̃(�̃, d�̃
′)�̃

{

(�̃, z), (�̃′, z′)
}

f (�̃′, z′)g(dz′ ∣ �)
|

|

|

|

|

d�̃
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⩽ ∬ ezg̃!T (dz ∣ �̃)
|

|

|

|

|

∬ '(�̃; 0,Σ)q̃(�̃, d�̃′)�̃
{

(�̃, z), (�̃′, z′)
}

f (�̃′, z′)g̃!T (dz
′ ∣ �̃′)

−∬ �̃!T (�̃)q̃(�̃, d�̃
′)�̃

{

(�̃, z), (�̃′, z′)
}

f (�̃′, z′)g̃!T (dz
′ ∣ �̃′)

|

|

|

|

|

d�̃ (4.32)

+∬ �̃!T (d�̃)e
zg̃!T (dz ∣ �̃)

|

|

|

|

∬ q̃(�̃, d�̃′)g̃!T (dz
′ ∣ �̃′)�̃

{

(�̃, z), (�̃′, z′)
}

f (�̃′, z′)

− ∬ q̃(�̃, d�̃′)g(dz′ ∣ �)�̃
{

(�̃, z), (�̃′, z′)
}

f (�̃′, z′)
|

|

|

|

. (4.33)

For the first part (4.32) we have

∬ ezg̃!T (dz ∣ �̃)
|

|

|

|

|

∬ '(�̃; 0,Σ)q̃(�̃, �̃′)�̃
{

(�̃, z), (�̃′, z′)
}

f (�̃′, z′)g̃!T (dz
′ ∣ �̃′)d�̃′

−∬ �̃!T (�̃)q̃(�̃, �̃
′)�̃

{

(�̃, z), (�̃′, z′)
}

f (�̃′, z′)g̃!T (dz
′ ∣ �̃′)d�̃′

|

|

|

|

|

d�̃

⩽ ‖f‖∞⨌ ezg̃!T (dz ∣ �̃)q̃(�̃, d�̃
′)g̃!T (dz

′ ∣ �̃′) |
|

'(�̃; 0,Σ) − �̃!T (�̃)|| d�̃

= ‖f‖∞ ∫
|

|

'(�̃; 0,Σ) − �̃!T (�̃)|| d�̃
ℙY
⟶ 0,

again by Lemma 4.24. The second part (4.33)

∬ �̃!T (d�̃)e
zg̃!T (dz ∣ �̃)

|

|

|

|

∬ q̃(�̃, d�̃′)g̃!T (dz
′ ∣ �̃′)�̃

{

(�̃, z), (�̃′, z′)
}

f (�̃′, z′)

− ∬ q̃(�̃, d�̃′)g(dz′ ∣ �)�̃
{

(�̃, z), (�̃′, z′)
}

f (�̃′, z′)
|

|

|

|

⩽ ∭ �̃!T (d�̃)e
zg̃!T (dz ∣ �̃)q̃(�̃, d�̃

′)
|

|

|

|

∫ g̃!T (dz
′ ∣ �̃′)�̃

{

(�̃, z), (�̃′, z′)
}

f (�̃′, z′)

− ∫ �̃
{

(�̃, z), (�̃′, z′)
}

g(dz′ ∣ �̂!T + �̃
′∕
√

T )f (�̃′, z′)
|

|

|

|

(4.34)

+∭ �̃!T (d�̃)e
zg̃!T (dz ∣ �̃)q̃(�̃, d�̃

′)
|

|

|

|

∫ g(dz′ ∣ �̂!T + �̃
′∕
√

T )f (�̃′, z′)�̃
{

(�̃, z), (�̃′, z′)
}

f (�̃′, z′)

− ∫ �̃{(�̃, z), (�̃′, z′)}g(dz′ ∣ �̄)f (�̃′, z′)
|

|

|

|

(4.35)

We first consider (4.34) using � = �̂!T + �̃∕
√

T , and similarly for �′,

∭ �̃!T (d�̃)e
zg̃!T (dz ∣ �̃)q̃(�̃, d�̃

′)||
|∫ min

{

1,
'(�̃′; 0,Σ)
'(�̃; 0,Σ)

q̃(�̃′, �̃)
q̃(�̃, �̃′)

ez
′−z

}

g̃!T (dz
′ ∣ �̃′)f (�̃′, z′)

− ∫ min
{

1,
'(�̃′; 0,Σ)
'(�̃; 0,Σ)

q̃(�̃′, �̃)
q̃(�̃, �̃′)

ez
′−z

}

g(dz′ ∣ �̂!T + �̃
′∕
√

T )f (�̃′, z′)||
|
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=∭ �!T (d�)e
zg!T (dz ∣ �)qT (�, d�

′)

× |

|

|∫ min

{

1,
'(�′; �̂!T ,Σ∕T )

'(�; �̂!T ,Σ∕T )
qT (�′, �)
qT (�, �′)

ez
′−z

}

g!T (dz
′ ∣ �′)f

{√

T (�′ − �̂!T ), z
′}

− ∫ min

{

1,
'(�′; �̂!T ,Σ∕T )

'(�; �̂!T ,Σ∕T )
qT (�′, �)
qT (�, �′)

ez
′−z

}

g(dz′ ∣ �′)f
{√

T (�′ − �̂!T ), z
′}|
|

|

In the rest of the proof, without loss of generality, we will consider f such that ‖f‖L ⩽ 1

|

|

|

f
{√

T (�′ − �̂!T ), x
}

− f
{√

T (�′ − �̂!T ), y
}

|

|

|

⩽ d
[{√

T (�′ − �̂!T ), x
}

,
{√

T (�′ − �̂!T ), y
}]

= |x − y|

and thus x ↦ f
{√

T (�′ − �̂!T ), x
}

is Lipschitz with coefficient 1 uniformly in T . Moreover,
due to Lemma 4.26, the map

z′ ↦ min

{

1, e−z
'(�′; �̂!T ,Σ∕T )

'(�; �̂!T ,Σ∕T )
qT (�′, �)
qT (�, �′)

ez
′

}

is Lipschitz with Lipschitz constant 1 uniformly for all �, �′, z and T . Thus, using the triangle
inequality, we can write

∭ �!T (d�)e
zg!T (dz ∣ �)qT (�, d�

′)||
|∫ min

{

1,
'(�′; �̂!T ,Σ∕T )

'(�; �̂!T ,Σ∕T )
ez

′−z

}

f
{√

T (�′ − �̂!T ), z
′}g!T (z

′ ∣ �′)

− min

{

1,
'(�′; �̂!T ,Σ∕T )

'(�; �̂!T ,Σ∕T )
ez

′−z

}

f
{√

T (�′ − �̂!T ), z
′}g(z′ ∣ �′)||

|

dz′

⩽ 2∬ �!T (d�)qT (�, d�
′) ⋅ sup

f∈BL(ℝ), ‖f‖BL⩽1

|

|

|∫ f (z′)g!T (dz
′ ∣ �′) − ∫ f (z′)g(dz′ ∣ �′)||

|

d�

= 2∬ �!T (d�)qT (�, d�
′)dBL

{

g!T (⋅|�
′), g(⋅|�′)

}

= 2∫B(�̄)
�!T qT (d�

′)dBL
{

g!T (⋅|�
′), g(⋅|�′)

}

+ 2∫B(�̄)∁
�!T qT (d�

′)dBL
(

g!T (⋅|�
′), g(⋅|�′)

)

,

where B(�̄) is given in Assumption 4.3. Since the bounded Lipschitz norm metrizes weak
convergence (for non-random probability measures) we know that for �′ ∈ B(�̄)

dBL
(

g!T (⋅|�
′), g(⋅|�′)

)

= sup
f∈BL(ℝ), ‖f‖BL⩽1

|

|

|∫ f (z′)g!T (dz
′ ∣ �′) − ∫ f (z′)g(dz′ ∣ �′)||

|
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vanishes in ℙY -probability by Assumption 4.3. From Lemma 4.25 we know that the marginal
distribution of the proposal at stationarity �!T qT (d�

′) = ∫ �!T (d�)q(�, d�
′) concentrates around

the true parameter value. Since the bounded Lipschitz metric cannot exceed 1 we have

∫ �!T qT (d�
′)IB(�̄)∁(�′)dBL

(

g!T (⋅|�
′), g(⋅|�′)

)

⩽ �!T qT
{

B(�̄)∁
} ℙY
⟶ ��̄

{

B(�̄)∁
}

= 0.

In addition from Assumption 4.3

|

|

|

|

|

∫B(�̄)
�!T qT (d�

′)dBL
{

g!T (⋅|�
′), g(⋅|�′)

}

|

|

|

|

|

⩽ sup
�∈B(�̄)

|

|

|

dBL
{

g!T (⋅|�), g(⋅|�)
}

|

|

|

ℙY
⟶ 0.

Finally, using a similar argument for (4.35) we have

∭ �̃!T (d�̃)e
zg̃!T (dz ∣ �̃)q̃(�̃, d�̃

′)
|

|

|

|

∫ g(z′ ∣ �̂!T + �̃
′∕
√

T )f (�̃′, z′)�̃
{

(�̃, z), (�̃′, z′)
}

f (�̃′, z′)

− q̃(�̃, d�̃′)�̃
{

(�̃, z), (�̃′, z′)
}

g(z′ ∣ �̄)f (�̃′, z′)||
|

dz′

⩽ 2∬ �!T (�)qT (�, �
′)d�dBL

(

g(⋅|�′), g(⋅|�̄)
)

d�′. (4.36)

By Lemma 4.27 the bounded Lipschitzmetric, dBL
{

g(⋅|�′), g(⋅|�̄)
}

, is bounded and continuous
at �̄. Thus (4.36) converges to zero by Lemma 4.25.

4.30 Proposition. Under Assumption 4.2, the map (�, z)↦ P̃ f (�, z) is continuous for every
f ∈ Cb(ℝd+1).

Proof of Proposition 4.8. Without loss of generality let ‖f‖∞ ⩽ 1, consider (�∗, z∗) ∈ Θ×ℝ
and denote (�n, zn)n∈ℕ a sequence converging to (�∗, z∗) as n→∞. Using the decomposition
(4.28) we have

|

|

P̃ f (�n, zn) − P̃ f (�∗, z∗)||
= |

|

|

Πf (�n, zn) + f (�n, zn)
{

1 − Π1(�n, zn)
}

− Πf (�∗, z∗) − f (�∗, z∗)
{

1 − Π1(�∗, z∗)
}

|

|

|

⩽ |

|

Πf (�n, zn) − Πf (�∗, z∗)|| + |

|

f (�n, zn) − f (�∗, z∗)|| + |

|

Π1(�n, zn) − Π1(�∗, z∗)||

By continuity of f we have f (�n, zn)→ f (�∗, z∗) as n→∞. Since 1 ∈ Cb(ℝd+1) it remains
to show that Πf is continuous for every f ∈ Cb(ℝd+1). Now

|

|

Πf (�n, zn) − Πf (�∗, z∗)||

=
|

|

|

|

∫ f (�′, z′) min
{

1,
'(�′; 0,Σ)
'(�n; 0,Σ)

�(�n − �′)
�(�′ − �n)

ez
′−zn

}

�(�′ − �n)g(dz′ ∣ �)d�′ (4.37)
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− ∫ f (�′, z′) min
{

1,
'(�′; 0,Σ)
'(�∗; 0,Σ)

�(�∗ − �′)
�(�′ − �∗)

ez
′−z∗

}

�(�′ − �∗)g(dz′ ∣ �)d�′
|

|

|

|

⩽ ∫
|

|

�(�′ − �n) − �(�′ − �∗)|| d�
′ (4.38)

+ ∫

|

|

|

|

|

min
{

1,
'(�′; 0,Σ)
'(�n; 0,Σ)

�(�n − �′)
�(�′ − �n)

ez
′−zn

}

− min
{

1,
'(�′; 0,Σ)
'(�∗; 0,Σ)

�(�∗ − �′)
�(�′ − �∗)

ez
′−z∗

}

|

|

|

|

|

�(�′ − �∗)g(dz′ ∣ �)d�′. (4.39)

For (4.38), Assumption 4.2 implies �(�′ − �n) → �(�′ − �∗) as n → ∞ and hence Scheffé’s
lemma yields

∫
|

|

�(�′ − �n) − �(�′ − �∗)|| d�
′ → 0.

For (4.39), the map

(�, z)↦ min
{

1,
'(�′; 0,Σ)
'(�; 0,Σ)

�(� − �′)
�(�′ − �)

ez
′−z

}

is continuous for all �′, z′ since it is just a composition of continuous functions. Hence,

|

|

|

|

|

min
{

1,
'(�′; 0,Σ)
'(�n; 0,Σ)

�(�n − �′)
�(�′ − �n)

ez
′−zn

}

− min
{

1,
'(�′; 0,Σ)
'(�∗; 0,Σ)

�(�∗ − �′)
�(�′ − �∗)

ez
′−z∗

}

|

|

|

|

|

→ 0

for every (�′, z′) and an application of dominated convergence shows that (4.39) goes to
zero.

4.10 Proofs of Section 4.5

4.10.1 Central Limit Theorem for Likelihood Estimators

We detail here the proof of Theorem 4.9. For clarity we explicitly state the probability space
supporting all random variables that are used to prove our limit theorem. For integersN, T , k
we introduce the spaceET = Θ×ℝNTk whereΘ ⊂ ℝd is the parameter space equippedwith the
Borel �-algebra and probability measure ℙT (d�, du) = �!T (d�)mT ,�(du). Finally, we will work
with the Borel probability measure ℙ on E where E = Yℕ ×

∏∞
T=1ET , ℙ = ℙY ⊗

⨂∞
T=1 ℙT .

We are interested in the asymptotic distribution of the relative error of the log-likelihood

ZT (�) = log p̂(Y1∶T ∣ �, U ) − log p(Y1∶T ∣ �),
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where U ∼ mT ,�(⋅) or U ∼ �!T (⋅ ∣ �). Indeed, we have aw
{

ZT (�)
}

= g!T (⋅ ∣ �) when
U ∼ mT ,�(⋅) and aw

{

ZT (�)
}

= ḡ!T (⋅ ∣ �) when U ∼ �!T (⋅ ∣ �).Weak convergence results
for ZT (�) have been established in Deligiannidis, Doucet and Pitt (2018, Theorem 1) using
a Taylor expansion. However, the CLTs introduced therein do not provide a bound on the
Lipschitz metric dBL and are not uniform in the parameter � as required in Assumption 4.3. In
order to obtain a uniform bound for all functions in BL(ℝ) with ‖f‖BL ⩽ 1 and all parameter
values for some neighbourhood B(�̄) we need to introduce further assumptions. We follow
the approach in Deligiannidis, Doucet and Pitt (2018) and write

ZT (�) =
T
∑

t=1
log

{

1 +
p̂(Yt ∣ �, Ut) − p(Yt ∣ �)

p(Yt ∣ �)

}

=
T
∑

t=1
log

{

1 +
�N (Yt, �)
√

N

}

where

�N (Yt, �) =
1

√

N

N
∑

i=1

{

w(Yt, Ut,i, �) − 1
}

,

w(Yt, Ut,i, �) being a normalized importance weight defined in (4.10). Recall that

�2(y, �) = E
{

�T (y, �)2
}

= var
{

w(y, U1,1, �)
}

, �2(�) = E
{

�2(Y1, �)
}

.

Here the number of particles,N , is scaled proportionally to the number of observations, that is
N = ⌈
T ⌉ for some 
 > 0. In the following we will take 
 = 1 (that isN = T ) for simplicity
and without loss of generality. In order to show convergence of the bounded Lipschitz metric
uniformly in �, we will exploit the relation

log(1 + x) = x − x2

2
+ ∫

x

0

u2

1 + u
du,

where for x < 0 we use the convention

∫

x

0

u2

1 + u
du = −∫

0

x

u2

1 + u
du.

We thus obtain

ZT (�) =
1

√

T

T
∑

t=1
�T (Yt, �) −

1
2T

T
∑

t=1
�T (Yt, �)2 +

T
∑

t=1
RT (Yt, �), (4.40)
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with

RT (y, �) = ∫

�T (y,�)∕
√

T

0

u2

1 + u
du. (4.41)

We recall the following assumptions regarding the normalized weights.

Assumption 4.4. There exists a closed "-ball B(�̄) around �̄ and a function g such that the
normalized weight w(y, U1,1, �) defined in (4.10) satisfies for some Δ > 0

sup
�∈B(�̄)

E
{

w(y, U1,1, �)2+Δ
}

⩽ g(y),

where U1,1 ∼ ℎ( ⋅ ∣ y, �) and �(g) < ∞. Additionally, � ↦ �2(y, �) is continuous in � on
B(�̄) for all y ∈ Y.

We can relate expectations of powers of �T (y, �) to that of w(y, U1,1, �) in the following
way.

4.31 Lemma. For any k ⩾ 2 and any T ⩾ 1

E
{

|

|

�T (y, �)||
k
}

⩽ c(k)
[

E
{

w(y, U1,1, �))k
}

+ 1
]

where c(k) is a constant only depending on k.

Proof. This is Lemma 2 in Deligiannidis, Doucet and Pitt (2018). We repeat it here for
convenience. It holds

E
{

|

|

�T (y, �)||
k
}

= E
⎡

⎢

⎢

⎣

|

|

|

|

|

|

1
√

T

T
∑

i=1

{

w(y, U1,i, �) − 1
}

|

|

|

|

|

|

k
⎤

⎥

⎥

⎦

⩽ c1(k)E
⎡

⎢

⎢

⎣

|

|

|

|

|

|

1
T

T
∑

i=1

{

w(y, U1,i, �) − 1
}2
|

|

|

|

|

|

k∕2
⎤

⎥

⎥

⎦

⩽ c1(k)
1
T

T
∑

i=1
E
{

|

|

w(y, U1,i, �) − 1||
k
}

⩽ c1(k)c2(k)
[

E
{

w(y, U1,1, �))k
}

+ 1
]

for some constants c1(k), c2(k) by application of the Marcinkiewicz–Zygmund, Jensen and
cr-inequalities.
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As a result we have thus

sup
�∈B(�̄)

E
{

|

|

�T (y, �)||
k
}

⩽ c(k) sup
�∈B(�̄)

[

E
{

w(y, U1,1, �))k
}

+ 1
]

(4.42)

and the left-hand-side is finite whenever the right-hand-side is finite.

4.10.2 Moment Conditions for Weak Convergence

Denote T the �−algebra spanned by the data Y1∶T = (Y1,… , YT ) observed up to T .

4.32 Theorem (Moment conditions for UCLT). Under Assumption 4.4 we have the following
uniform central limit theorems

a)
sup
�∈B(�̄)

dBL
[

g!T (⋅ ∣ �), '
{

⋅; −�2(�)∕2, �2(�)
}

∣ T
] ℙ
→ 0,

and

b)
sup
�∈B(�̄)

dBL
[

ḡ!T (⋅ ∣ �), '
{

⋅; �2(�)∕2, �2(�)
}

∣ T
] ℙ
→ 0.

We will need the following auxiliary results.

4.33 Lemma. Let ST (�) =
∑T
i=1 �i(�) denote the sum of zero mean independent random

variables �1(�),… , �T (�) such that var(ST ) = 1. Then for any Lipschitz function f with
Lipschitz constant L and Z ∼ (0, 1)

|

|

|

E
[

f
{

ST (�)
}

− f (Z)
]

|

|

|

⩽ L

(

4E

[ T
∑

i=1
�2i (�)1{|�i(�)|>1}

]

+ 3E

[ T
∑

i=1
|�i(�)|31{

|
�i(�)|⩽1}

])

.

Proof. This is Theorem 3.2 in Chen, Goldstein and Shao (2010).

The above result reduces the problem of showing weak convergence uniformly over some
neighbourhood B(�̄) to uniform laws of large numbers for conditional higher order moments.
Conditions to ensure uniformity in the convergence of averages are widely established. We
will use the following result given in (Jennrich 1969, Theorem 2).

4.34 Lemma. Let A ⊂ ℝd be compact and let f ∶ ℝk ×A→ ℝ be continuous in � for each
y ∈ ℝk and measurable in y for each � ∈ A. Further assume that there exists an integrable
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function g, such that |f (y, �)| ⩽ g(y) for all y and �. For independent random variables
Yi ∼ � (i = 1,… , T ) then ℙY -almost surely

sup
�∈A

|

|

|

|

|

|

1
T

T
∑

t=1
f
(

Yt, �
)

− E
{

f (Y1, �)
}

|

|

|

|

|

|

→ 0,

as T →∞.

Before we proceed with the proof of Theorem 4.32, we note that Lemma 4.33 is not
formulated in terms of conditional laws. However, considering conditionally (upon T )
centred and independent random variables �T ,1,… , �T ,T such that

∑T
i=1 var

{

�i(�)|Y1∶T
}

= 1,
we can apply the above lemma for every realization Y1∶T = y1∶T . Denote P yT a regular
conditional distribution associated with the law of ST = �T ,1 +…+ �T ,T given Y1∶T = y1∶T .
By applying Lemma 4.33, we get

dBL
{

P yT , '( ⋅ ; 0, 1) ∣ Y1∶T = y1∶T
}

⩽ 4E

[ T
∑

i=1
�2i (�)1{|�i(�)|>1} ∣ Y1∶T = y1∶T

]

+ 3E

[ T
∑

i=1
|�i(�)|31{

|
�i(�)|⩽1} ∣ Y1∶T = y1∶T

]

.

(4.43)

Thus, if the terms on the r.h.s. go to zero in ℙY -probability then dBL
{

P YT , '( ⋅ ; 0, 1)
} ℙY
⟶ 0.

With this reasoning we can apply Lemma 4.33 to prove Theorem 4.32.

Proof of Theorem 4.32, part a). Define

�T ,t(�) =
�T (Yt, �)

√

T�T (Y1∶T , �)
, ST (�) =

T
∑

t=1
�T ,t(�),

where

�2T (Y1∶T , �) =
1
T

T
∑

t=1
var

{

�T ,t(�) ∣ T
}

. (4.44)

Thus

var
{

ST (�) ∣ T
}

=
T
∑

t=1
var

{

�T ,t(�)
}

= 1.

In the followingwewill use the shorthand �T (Y1∶T , �) =
{

�2T (Y1∶T , �)
}1∕2 and �rT (Y1∶T , �) =

{

�2T (Y1∶T , �)
}r∕2 for any real value r.
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Then ST (�) fulfils the conditions of Lemma 4.33 conditionally onT . The random variable
ZT (�) defined in (4.40) can be rewritten as

ZT (�) = ST (�)�T (Y1∶T , �) −
1
2T

T
∑

t=1
�T (Yt, �)2 +

T
∑

t=1
RT (Yt, �).

We have for Z ∼ (0, 1)

sup
�∈B(�̄)

dBL
[

aw
{

ZT (�)
}

, '
{

⋅; −�2(�)∕2, �2(�)
}

∣ T
]

= sup
�∈B(�̄)

dBL

[

aw
{

ZT (�)
}

,aw
{

Z�(�) −
�2(�)
2

}

∣ T
]

= sup
�∈B(�̄)

sup
f∈BL(ℝ)
‖f‖BL⩽1

|

|

|

|

|

E

[

f

{

ST (�)�T (Y1∶T , �) −
1
2T

T
∑

t=1
�T (Yt, �)2 +

T
∑

t=1
RT (Yt, �)

}

∣ T

]

− E
[

f
{

Z�(�) −
�2(�)
2

}]

|

|

|

|

|

⩽ sup
�∈B(�̄)

sup
f∈BL(ℝ)
‖f‖BL⩽1

|

|

|

|

|

E

[

f

{

ST (�)�T (Y1∶T , �) −
1
2T

T
∑

t=1
�T (Yt, �)2 +

T
∑

t=1
RT (Yt, �) −

�2(�)
2

+
�2(�)
2

}

∣ T

]

(4.45)

−E

[

f

{

ST (�)�T (Y1∶T , �) +
T
∑

t=1
RT (Yt, �) −

�2(�)
2

}

∣ T

]

|

|

|

|

|

+ sup
�∈B(�̄)

sup
f∈BL(ℝ)
‖f‖BL⩽1

|

|

|

|

|

|

E

[

f

{

ST (�)�T (Y1∶T , �) +
T
∑

t=1
RT (Yt, �) −

�2(�)
2

}

∣ T

]

−E
[

f
{

ST (�)�T (Y1∶T , �) −
�2(�)
2

}

∣ T
]

|

|

|

|

|

(4.46)

+ sup
�∈B(�̄)

sup
f∈BL(ℝ)
‖f‖BL⩽1

|

|

|

|

|

E
[

f
{

ST (�)�T (Y1∶T , �) −
�2(�)
2

}

∣ T
]

− E
[

f
{

Z�(�) −
�2(�)
2

}]

|

|

|

|

|

(4.47)

Now we have for (4.45)

(4.45) ⩽ sup
�∈B(�̄)

sup
f∈BL(ℝ)
‖f‖BL⩽1

|

|

|

|

|

E

[

f

{

ST (�)�T (Y1∶T , �) −
1
2T

T
∑

t=1
�T (Yt, �)2 +

T
∑

t=1
RT (Yt, �) −

�2(�)
2

+
�2(�)
2

}

∣ T

]
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−E

[

f

{

ST (�)�T (Y1∶T , �) +
T
∑

t=1
RT (Yt, �) −

�2(�)
2

}

∣ T

]

|

|

|

|

|

⩽ sup
�∈B(�̄)

E

[

min

{

1,
|

|

|

|

|

|

�2(�)
2

− 1
2T

T
∑

t=1
�T (Yt, �)2

|

|

|

|

|

|

}

∣ T

]

where we use that f is bounded and Lipschitz. We can bound this term by

sup
�∈B(�̄)

E

(

min

{

1,
|

|

|

|

|

|

�2(�)
2

− 1
2T

T
∑

t=1
�T (Yt, �)2

|

|

|

|

|

|

}

|

|

|

|

|

T

)

⩽ sup
�∈B(�̄)

E

(

min

{

1,
|

|

|

|

|

|

1
2T

T
∑

t=1

{

�2(Yt, �) − �2(�)
}

|

|

|

|

|

|

}

|

|

|

|

|

T

)

(4.48)

+ sup
�∈B(�̄)

E

(

min

{

1,
|

|

|

|

|

|

1
2T

T
∑

t=1

{

�T (Yt, �)2 − �2(Yt, �)
}

|

|

|

|

|

|

}

|

|

|

|

|

T

)

.

For any 0 < � < 1, we can bound the first term on the r.h.s. of (4.48) by

sup
�∈B(�̄)

E

[

min

{

1,
|

|

|

|

|

|

1
2T

T
∑

t=1

{

�T (Yt, �)2 − �2(Yt, �)
}

|

|

|

|

|

|

}

|

|

|

|

|

T

]

⩽ sup
�∈B(�̄)

⎛

⎜

⎜

⎜

⎝

E

⎡

⎢

⎢

⎢

⎣

min

⎧

⎪

⎨

⎪

⎩

1,
|

|

|

|

|

|

1
2T

T
∑

t=1

{

�T (Yt, �)2 − �2(Yt, �)
}

|

|

|

|

|

|

1+�⎫
⎪

⎬

⎪

⎭

|

|

|

|

|

T

⎤

⎥

⎥

⎥

⎦

⎞

⎟

⎟

⎟

⎠

1
1+�

⩽

[

C
21+�T 1+�

T
∑

t=1
sup
�∈B(�̄)

E

{

|

|

|

�T (Yt, �)2 − �2(Yt, �)
|

|

|

1+� |
|

|

|

|

T

}]

1
1+�

⩽ C

[

C ′

21+�T 1+�

T
∑

t=1

{

1 + g(Yt)
}

]

1
1+�

→ 0

in ℙY -probability by the law of large numbers using, in turn, Jensen’s inequality, von Bahr–
Esseen inequality (Bahr and Esseen 1965) as E

{

�T (Yt, �)2 ∣ T
}

= �2(Yt, �), cr-inequality,
(4.42) and Assumption 4.4 for Δ = 2�, noting that

�2(Yt, �) = E
{

�T (Yt, �)2 ∣ T
}

⩽ E
{

|�T (Yt, �)|2+Δ
}2∕(2+Δ)

⩽ C ⋅
{

g(Yt) + 1
}2∕(2+Δ) ,

where the last inequality is due to (4.42). The second term on the right-hand side of (4.48)
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can be bounded

sup
�∈B(�̄)

E

(

min

{

1,
|

|

|

|

|

|

1
2T

T
∑

t=1

{

�2(Yt, �) − �2(�)
}

|

|

|

|

|

|

}

∣ T

)

⩽ E

(

min

{

1, sup
�∈B(�̄)

|

|

|

|

|

|

1
2T

T
∑

t=1

{

�2(Yt, �) − �2(�)
}

|

|

|

|

|

|

}

∣ T

)

.

Noting that �2(y, �) is continuous in � for all y by Assumption 4.4 and �2(y, �) ⩽ C ⋅

{1 + g(y)}2∕(2+Δ) we can apply Lemma 4.34 to get

sup
�∈B(�̄)

|

|

|

|

|

|

1
2T

T
∑

t=1

{

�2(Yt, �) − �2(�)
}

|

|

|

|

|

|

ℙY
→ 0

and we can use dominated convergence to conclude that

E

(

E

[

min

{

1, sup
�∈B(�̄)

|

|

|

|

|

|

1
2T

T
∑

t=1

{

�2(Yt, �) − �2(�)
}

|

|

|

|

|

|

}

∣ T

])

→ 0

and thus

E

[

min

{

1, sup
�∈B(�̄)

|

|

|

|

|

|

1
2T

T
∑

t=1

{

�2(Yt, �) − �2(�)
}

|

|

|

|

|

|

}

∣ T

]

ℙY
→ 0.

The quantity (4.46) can be upper bounded by

(4.46) ⩽ E

[

min

{

1,
|

|

|

|

|

|

T
∑

t=1
RT (Yt, �)

|

|

|

|

|

|

}

∣ T

]

⩽
T
∑

t=1
E
[

min
{

1, |
|

RT (Yt, �)||
}

∣ T
]

.

(4.49)
We will split the expectation into two terms

E
[

min
{

1, |
|

RT (Yt, �)||
}

∣ T
]

= E

[

min
{

1, |
|

RT (Yt, �)||
}

1{
|

|

|

|

�T (Yt,�)
√

T

|

|

|

|

⩽1
} ∣ T

]

+ E

[

min
{

1, |
|

RT (Yt, �)||
}

1{
|

|

|

|

�T (Yt,�)
√

T

|

|

|

|

>1
} ∣ T

]

.

(4.50)

Recall

RT (y, �) = ∫

�T (y,�)∕
√

T

0

u2

1 + u
du.
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u

Figure 4.2: For x ∈ (−1, 1], x = −0.5 on the graph, the remainder of our expansion is estimated by
the integral under the solid curve (blue shaded area). We bound this integral first by dashed
line and then we approximate the integral by the box containing the area (lines).

We investigate the integral

Ψ(x) = ∫

x

0

u2

1 + u
du (4.51)

in more detail (see also Figure 4.2), where in the case x < 0, we interpret the above as an
integral over the interval [x, 0]. Without loss of generality, we can always select 0 < Δ < 1 in
Assumption 4.4. On the interval (−1, 1] we can bound the function

u2

1 + u
⩽ |u|1+Δ

1 + u
,

as 0 < Δ < 1 where we show Δ = 0.1 as an example in Figure 4.2. Subsequently, we bound
for x ∈ (−1, 1]

|

|

|

|

∫

x

0

u2

1 + u
du
|

|

|

|

⩽
|

|

|

|

|

∫

x

0

|u|1+Δ

1 + u
du
|

|

|

|

|

⩽
|

|

|

|

|

x ⋅
|x|1+Δ

1 + x

|

|

|

|

|

,

i.e. the box containing the area under the curve. This is visualized in Figure 4.2. The integral
(shaded blue) is bounded by the striped box. Hence, on the set |�T (y, �)∕

√

T | ⩽ 1

|

|

|

|

|

∫

�T (y,�)∕
√

T

0

u2

1 + u
du
|

|

|

|

|

⩽
|

|

|

|

|

|�T (y, �)|2+Δ

T 1+Δ∕2
1

1 + �T (y, �)∕
√

T

|

|

|

|

|

.

For any non-negative random variable X and event A, we have the identity

E
{

min(1, X)1A
}

⩽ E
{

X1X⩽11A
}

+ ℙ(X > 1),
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so we can bound the first term on the right-hand side of (4.50) for every t = 1,… , T

E

[

min
{

1, |
|

RT (Yt, �)||
}

1{
|

|

|

|

�T (Yt,�)
√

T

|

|

|

|

⩽1
} ∣ T

]

⩽ E

⎡

⎢

⎢

⎢

⎣

|

|

|

|

|

�2+ΔT (Yt, �)∕T 1+Δ∕2

1 + �T (Yt, �)∕
√

T

|

|

|

|

|

1{
|

|

|

|

|

�2+ΔT (Yt,�)∕T 1+Δ∕2

1+�T (Yt,�)∕
√

T

|

|

|

|

|

⩽1

}1{
|

|

|

|

�T (Yt,�)
√

T

|

|

|

|

⩽1
}

|

|

|

|

|

T

⎤

⎥

⎥

⎥

⎦

+ ℙ

{

|

|

|

|

|

�2+ΔT (Yt, �)∕T 1+Δ∕2

1 + �T (Yt, �)∕
√

T

|

|

|

|

|

> 1
|

|

|

|

|

T

}

.

By inspection of the function, similarly to before,

u ↦
|u|2+Δ

1 + u

one can easily verify that there exist 0 < �1 < 1 and �2 > 0 such that

|u|2+Δ

1 + u
⩽ 1⇔ −�1 ⩽ u ⩽ �2.

Thus we have

E
⎡

⎢

⎢

⎣

|

|

|

|

|

�2+ΔT (Yt, �)∕T 1+Δ∕2

1 + �T (Yt, �)∕
√

T

|

|

|

|

|

1{ �2+ΔT (Yt,�)∕T 1+Δ∕2

1+�T (Yt,�)∕
√

T
⩽1

}1{
|

|

|

|

�T (Yt,�)
√

T

|

|

|

|

⩽1
}

|

|

|

|

|

T
⎤

⎥

⎥

⎦

⩽ E

[

|

|

|

|

|

�2+ΔT (Yt, �)∕T 1+Δ∕2

1 + �T (Yt, �)∕
√

T

|

|

|

|

|

1{−�1⩽�T (Yt,�)∕
√

T⩽�2}
|

|

|

|

|

T

]

⩽ 1
(1 − �1)T 1+Δ∕2

E
[

|

|

�T (Yt, �)||
2+Δ |

|

|

T
]

, (4.52)

while

ℙ

{

|

|

|

|

|

�2+ΔT (Yt, �)∕T 1+Δ∕2

1 + �T (Yt, �)∕
√

T

|

|

|

|

|

> 1
|

|

|

|

|

T

}

⩽ ℙ
{

|

|

|

|

�T (Yt, �)
T 1∕2

|

|

|

|

> min{�1, �2}
|

|

|

T
}

⩽ 1
min{�1, �2}2+ΔT 1+Δ∕2

E
[

|�T (Yt, �)|2+Δ
|

|

|

T
]

. (4.53)
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The second term on the right-hand side of (4.50) is bounded by

E

[

min
{

1, |
|

RT (Yt, �)||
}

1{
|

|

|

|

�T (Yt,�)
√

T

|

|

|

|

>1
} ∣ T

]

⩽ E

[

|

|

RT (Yt, �)|| 1{|

|

|

|

�T (Yt,�)
√

T

|

|

|

|

>1
} ∣ T

]

. (4.54)

As �T (Yt, �)∕
√

T ⩾ −1, (4.54) is null for �T (Yt, �) < −1 so writing X+ = max{0, X} this
can be rewritten as

E

{

∫

�T (Yt,�)∕
√

T

0

u2

1 + u
du1{�T (Yt,�)∕

√

T⩾1}
|

|

|

T

}

⩽ E

[

∫

(�T (Yt,�)∕
√

T )+

0

u2

1 + u
du||
|

T

]

= ∫

∞

0

u2

1 + u
ℙ
{

�T (Yt, �)+ >
√

T u||
|

T
}

du,

where we have used that for the function (4.51) is increasing and differentiable on its domain
so

E {Ψ (|X|)} = Ψ(0) + ∫

∞

0
Ψ′(u)P (|X| > u)du.

For Δ ∈ (0, 1), we bound the remainder using

= ∫

∞

0

u2

1 + u
ℙ
{

�T (Yt, �)+ >
√

T u||
|

T
}

du

⩽ ∫

∞

0

u2

1 + u

E
{

|

|

"T (Yt, �)||
2+Δ |

|

|

T
}

T (2+Δ)∕2u2+Δ
du

= ∫

∞

0

1
(1 + u) uΔ

du 1
T 1+Δ∕2

E
{

|

|

"T (Yt, �)||
2+Δ |

|

|

T
}

= C(Δ)
E
{

|

|

"T (Yt, �)||
2+Δ |

|

|

T
}

T 1+Δ∕2
(4.55)

noting that

∫

∞

0

1
(1 + u) uΔ

du = C(Δ) <∞

for Δ ∈ (0, 1). Hence we can bound (4.50) by the sum of (4.52), (4.53) and (4.55) so, by
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using (4.49), we obtain a bound for (4.46)

(4.46) ⩽ 1
(1 − �1)T (1+Δ)∕2

T
∑

t=1
sup
�∈B(�̄)

E
{

|

|

"T (Yt, �)||
2+Δ |

|

|

T
}

+ 1
min{�1, �2}2+ΔT (1+Δ)∕2

T
∑

t=1
sup
�∈B(�̄)

E
{

|

|

"T (Yt, �)||
2+Δ |

|

|

T
}

+ C(Δ) 1
T 1+Δ∕2

T
∑

t=1
sup
�∈B(�̄)

E
{

|

|

"T (Yt, �)||
2+Δ |

|

|

T
}

→ 0

which all converge in ℙY -probability by (4.42), Assumption 4.4 and the law of large numbers.

We are now going to bound (4.47). We will use the fact that any constant c and any two
random variables X1, X2 we have for c > 0

sup
f∈BL(ℝ)
‖f‖BL⩽1

|

|

|

E
[

f (cX1) − f (cX2)
]

|

|

|

⩽ sup
f∈BL(ℝ)
‖f‖BL⩽c

|

|

|

E
[

f (X1) − f (X2)
]

|

|

|

= sup
f∈BL(ℝ)
‖f‖BL⩽c

|

|

|

|

|

E
[

c
{

f (X1)
c

−
f (X2)
c

}]

|

|

|

|

|

⩽ c ⋅ sup
f∈BL(ℝ)
‖f‖L⩽1

|

|

|

E
[{

f (X1) − f (X2)
}]

|

|

|

.

Note that we only require ‖f‖L ⩽ 1 (‖f‖L denoting the Lipschitz constant) in the last line
alleviating the bound on the supremum ‖f‖∞. The aim of the following paragraphs is to apply
the above inequality and Lemma 4.33 to find a bound on (4.47). Omitting for the moment the
supremum over the set B(�̄) we compute for (4.47)

sup
f∈BL(ℝ)
‖f‖BL⩽1

|

|

|

E
[

f
{

ST (�)�T (Y1∶T , �)
}

∣ T
]

− E
[

f {Z�(�)} ∣ T
]

|

|

|

⩽ sup
f∈BL(ℝ)
‖f‖BL⩽1

|

|

|

E
[

f
{

ST (�)�T (Y1∶T , �)
}

∣ T
]

− E
[

f
{

Z�T (Y1∶T , �)
}

∣ T
]

|

|

|

+ sup
f∈BL(ℝ)
‖f‖BL⩽1

|

|

|

E
[

f
{

Z�T (Y1∶T , �)
}

∣ T
]

− E [f {Z�(�)}]||
|

⩽ �T (Y1∶T , �) sup
f∈BL(ℝ)
‖f‖L⩽1

|

|

|

E
[

f
{

ST (�)
}

∣ T
]

− E [f {Z}]||
|

+ E [|Z|] |
|

�T (Y1∶T , �) − �(�)||
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⩽ �T (Y1∶T , �) sup
f∈BL(ℝ)
‖f‖L⩽1

|

|

|

E
[

f
{

ST (�)
}

∣ T
]

− E [f {Z}]||
|

+
( 2
�

)1∕2
|

|

�T (Y1∶T , �) − �(�)|| ,

(4.56)

We have already shown

sup
�∈B(�̄)

|

|

|

�2T (Y1∶T , �) − �
2(�)||

|

= sup
�∈B(�̄)

|

|

|

|

|

|

T
∑

t=1

�2
(

Yt, �
)

T
− �2(�)

|

|

|

|

|

|

ℙY
⟶ 0,

by the uniform law of large numbers (Lemma 4.34). Using |
√

a −
√

b| ⩽
√

|a − b|, we have

sup
�∈B(�̄)

|

|

�T (Y1∶T , �) − �(�)||
ℙY
⟶ 0.

For the first part of (4.56), by Lemma 4.33 applied conditionally on T

sup
�∈B(�̄)

�T (Y1∶T , �) sup
f∈BL(ℝ)
‖f‖L⩽1

|

|

|

|

|

|

E

[

f

{

1
√

T

T
∑

t=1

�T (Yt, �)
�T (Y1∶T , �)

}

∣ T

]

− E [f {Z}]
|

|

|

|

|

|

⩽ 4 sup
�∈B(�̄)

�T (Y1∶T , �)
T
∑

t=1
E
⎡

⎢

⎢

⎣

{

�(Yt, �)
√

T�T (Y1∶T , �)

}2

1{
|�T (Yt,�)|

√

T�T (Y1∶T ,�)
>1

} ∣ T
⎤

⎥

⎥

⎦

(4.57)

+ 3 sup
�∈B(�̄)

�T (Y1∶T , �)
T
∑

i=1
E

[

|

|

|

|

|

�(Yt, �)
√

T�T (Y1∶T , �)

|

|

|

|

|

3

1{
|

|

|

|

�T (Yt,�)
√

T�T (Y1∶T ,�)

|

|

|

|

⩽1
} ∣ T

]

. (4.58)

In order to control the �2(Y1∶T , �) term consider the set

AT (�) =

{

y1∶T ∶ sup
�∈B(�̄)

|

|

|

�2T (y1∶T , �) − �
2(�)||

|

⩽ �

}

.

The uniform convergence of �2T (Y1∶T , �) means that for any � > 0

ℙY
{

AT (�)∁
}

→ 0

as T →∞. Choosing � > 0 for any family of random variables 
T (Y1∶T , �) we have

ℙY
(

|

|

|

|

|

sup
�∈B(�̄)


T (Y1∶T , �)
|

|

|

|

|

> �

)
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= ℙY
({

|

|

|

|

|

sup
�∈B(�̄)


T (Y1∶T , �)
|

|

|

|

|

> �

}

∩ AT (�)

)

+ ℙY
({

|

|

|

|

|

sup
�∈B(�̄)


T (Y1∶T , �)
|

|

|

|

|

> �

}

∩ AT (�)∁
)

where we have already shown

ℙY
[{

|

|

|

|

|

sup
�∈B(�̄)


T (Y1∶T , �)
|

|

|

|

|

> �

}

∩ AT (�)∁
]

⩽ ℙY
{

AT (�)∁
}

→ 0. (4.59)

Hence, for showing the convergence in probability for a random variable 
T (Y1∶T , �) it suffices
to ensure convergence on the set A(�). On the set A(�) we can estimate �2T

{

Y1∶T (!), �
}

⩾
�2(�) − � for all �. By continuity of �2(�)—and by shrinking B(�̄) if necessary—we further
have �2(�) ⩾ �2(�̄) − � for all � ∈ B(�̄) and we get for (4.57), ignoring the constant for now

sup
�∈B(�̄)

�T (Y1∶T , �)
T
∑

t=1
E
⎡

⎢

⎢

⎣

{

�(Yt, �)
√

T�T (Y1∶T , �)

}2

1{
|�T (Yt,�)|

√

T�T (Y1∶T ,�)
>1

} ∣ T
⎤

⎥

⎥

⎦

1AT (�)

⩽ sup
�∈B(�̄)

1
�1+ΔT (Y1∶T , �)

T
∑

t=1
E
⎡

⎢

⎢

⎣

{

�(Yt, �)
√

T

}2+Δ

1{
|�T (Yt,�)|

√

T�T (Y1∶T ,�)
>1

} ∣ T
⎤

⎥

⎥

⎦

1AT (�)

⩽ sup
�∈B(�̄)

1
{

�2(�) − �
}(1+Δ)∕2

1
T 1+Δ∕2

T
∑

t=1
E
{

|

|

�T (Yt, �)||
2+Δ ∣ T

}

1AT (�)

⩽ C
{

�2(�̄) − 2�
}(1+Δ)∕2 T 1+Δ∕2

T
∑

t=1

{

g(Yt) + 1
} ℙY
⟶ 0

independently of � by the Marcinkiewicz-Zygmund law of large numbers (Kallenberg 2006,
Theorem 4.23). Together with (4.59) we can conclude that (4.57), vanishes in probability.

The second part, (4.58), can be controlled similarly via

�T (Y1∶T , �)
T
∑

i=1
E

[

|

|

|

|

|

�(Yt, �)
√

T�T (Y1∶T , �)

|

|

|

|

|

3

1{
|

|

|

|

�T (Yt,�)
√

T�T (Y1∶T ,�)

|

|

|

|

⩽1
} ∣ T

]

1AT (�)

⩽ 1
�1+ΔT (Y1∶T , �)

T
∑

t=1
E

[

|

|

|

|

|

�(Yt, �)
√

T

|

|

|

|

|

2+Δ

1{
|

|

|

|

�T (Yt,�)
√

T�T (Y1∶T ,�)

|

|

|

|

⩽1
} ∣ T

]

1AT (�)

⩽ 1
{

�2(�) − �
}(1+Δ)∕2

T
∑

t=1
E

[

|

|

|

|

|

�(Yt, �)
√

T

|

|

|

|

|

2+Δ

1{
|

|

|

|

�T (Yt,�)
√

T�T (Y1∶T ,�)

|

|

|

|

⩽1
} ∣ T

]

1AT (�)

⩽ 1
{

�2(�̄) − 2�
}(1+Δ)∕2

1
T 1+Δ∕2

T
∑

t=1
E
{

|

|

�(Yt, �)||
2+Δ ∣ T

}

1AT (�)
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⩽ C
{

�2(�̄) − 2�
}(1+Δ)∕2 T 1+Δ∕2

T
∑

t=1

{

g(Yt) + 1
} ℙY
⟶ 0,

which also does not depend on �. A similar argument to the one used to conclude in the case
of (4.57) suffices also in this case.

Turning to part b), we analyse ZT (�) under stationarity. Therefore we need to introduce
the probability measure of the auxiliary variables under stationarity, i.e. the distribution of
the auxiliary variables conditional on the current state �. The conditional density is given by

�(u ∣ �) =
�(u, �)
�(�)

= �(�)
p̂(y ∣ �, u)
p(y ∣ �)

m(u)∕�(�) =
p̂(y ∣ �, u)
p(y ∣ �)

m(u)

which gives us the Radon-Nikodym derivative

d�(⋅ ∣ �)
dm

=
T
∏

t=1

p̂(yt ∣ �, ut)
p(yt ∣ �)

= exp
{

ZT (�)
}

or alternatively

T
∏

t=1

p̂(yt ∣ �, ut)
p(yt ∣ �)

=
T
∏

t=1

{

p̂(yt ∣ �, ut) − p(yt ∣ �)
p(yt ∣ �)

+ 1
}

=
T
∏

t=1

{

�T (yt, �)
√

T
+ 1

}

.

The limiting distribution will now be Gaussian with a shifted mean, i.e. '(⋅; �2(�)∕2, �2(�)).
For Z ∼ (0, 1) we will make use of the following identity

E
{

f
(

Z� + �2

2

)}

= E
{

f
(

Z� − �2

2

)

exp
(

Z� − �2

2

)}

for every bounded Lipschitz function f . The identity is not restricted to this case, but we
will only consider bounded Lipschitz functions. Before we present the proof, we have the
following useful result.

4.35 Proposition. The Radon-Nikodym derivative is asymptotically uniformly bounded in
its second moment,

lim sup
T→∞

sup
�∈B(�̄)

E
⎡

⎢

⎢

⎣

T
∏

t=1

{

�T (Yt, �)
√

T
+ 1

}2

∣ T
⎤

⎥

⎥

⎦

<∞.
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Proof. Using independence of
(

Ut,1∶T
)

t⩾1 we compute for all � ∈ B(�̄)

T
∏

t=1
E

{

�T (Yt, �)2

T
+ 2

�T (Yt, �)
√

T
+ 1 ∣ T

}

=
T
∏

t=1

{

�2(Yt, �)
T

+ 1
}

⩽ exp

{ T
∑

t=1

�2(Yt, �)
T

}

⩽ exp

{ T
∑

t=1

C(1 + g(Yt))2∕(2+Δ)

T

}

→ exp
[

CE
{

(1 + g
(

Y1)
)2∕(2+Δ)

}]

in ℙY -probability, which is clearly finite by Assumption 4.4.

In the following we denote E the expectation under m and Ẽ the expectation under �(⋅ ∣ �).
Using the Radon-Nikodym derivative, it is possible to relate the expectation of �T (y, �)k under
U at stationarity (conditional on �) to the expectation under U ∼ m(⋅) by

EU∼�(⋅∣�)
{

�T (y, �)k
}

= 1
√

T
EU∼m(⋅)

{

�T (y, �)k+1
}

+ EU∼m(⋅)
{

�T (y, �)k
}

;

see Deligiannidis, Doucet and Pitt 2018, Lemma 4 for a proof. We are now able to prove the
second part of Theorem 4.32.

Proof of Theorem 4.32, part b). Again we takeZ ∼ (0, 1) and use the same decomposition
as before, but with all expectations replaced by Ẽ, the expectation at stationarity:

sup
�∈B(�̄)

dBL
[

ḡ!T (⋅ ∣ �), '
{

⋅; �2(�)∕2, �2(�)
}]

= sup
�∈B(�̄)

sup
f∈BL(ℝ)
‖f‖BL⩽1

|

|

|

|

|

Ẽ

[

f

{

ST (�)�T (Y1∶T , �) −
1
2T

T
∑

t=1
�T (Yt, �)2 +

T
∑

t=1
RT (Yt, �)

}

∣ T

]

− Ẽ
[

f
{

Z�(�) +
�2(�)
2

}]

|

|

|

|

|

⩽ sup
�∈B(�̄)

sup
f∈BL(ℝ)
‖f‖BL⩽1

|

|

|

|

|

Ẽ

[

f

{

ST (�)�T (Y1∶T , �) −
1
2T

T
∑

t=1
�T (Yt, �)2 +

T
∑

t=1
RT (Yt, �) −

�2(�)
2

+
�2(�)
2

}

∣ T

]

(4.60)

−Ẽ

[

f

{

ST (�)�T (Y1∶T , �) +
T
∑

t=1
RT (Yt, �) −

�2(�)
2

}

∣ T

]

|

|

|

|

|
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+ sup
�∈B(�̄)

sup
f∈BL(ℝ)
‖f‖BL⩽1

|

|

|

|

|

Ẽ

[

f

{

ST (�)�T (Y1∶T , �) +
T
∑

t=1
RT (Yt, �) −

�2(�)
2

}

∣ T

]

(4.61)

− Ẽ
[

f
{

ST (�)�T (Y1∶T , �) −
�2(�)
2

}

∣ T
]

|

|

|

|

|

+ sup
�∈B(�̄)

sup
f∈BL(ℝ)
‖f‖BL⩽1

|

|

|

|

|

Ẽ
[

f
{

ST (�)�T (Y1∶T , �) −
�2(�)
2

}

∣ T
]

− Ẽ
[

f
{

Z�(�) +
�2(�)
2

}]

|

|

|

|

|

.

(4.62)

For (4.60) we have

(4.60) ⩽ sup
�∈B(�̄)

Ẽ

[

min

{

1,
|

|

|

|

|

|

�2(�)
2

− 1
2T

T
∑

t=1
�T (Yt, �)2

|

|

|

|

|

|

}

∣ T

]

.

An application of Cauchy-Schwartz yields

Ẽ

[

min

{

1,
|

|

|

|

|

|

�2(�)
2

− 1
2T

T
∑

t=1
�T (Yt, �)2

|

|

|

|

|

|

}

∣ T

]

= E

[

min

{

1,
|

|

|

|

|

|

�2(�)
2

− 1
2T

T
∑

t=1
�T (Yt, �)2

|

|

|

|

|

|

} T
∏

t=1

{

�T (Yt, �)
√

T
+ 1

}

∣ T

]

⩽ E

⎡

⎢

⎢

⎢

⎣

min

⎧

⎪

⎨

⎪

⎩

1,
|

|

|

|

|

|

�2(�)
2

− 1
2T

T
∑

t=1
�T (Yt, �)2

|

|

|

|

|

|

2⎫
⎪

⎬

⎪

⎭

∣ T

⎤

⎥

⎥

⎥

⎦

1∕2

E
⎡

⎢

⎢

⎣

T
∏

t=1

{

�T (Yt, �)
√

T
+ 1

}2

∣ T
⎤

⎥

⎥

⎦

1∕2

⩽ E

[

min

{

1,
|

|

|

|

|

|

�2(�)
2

− 1
2T

T
∑

t=1
�T (Yt, �)2

|

|

|

|

|

|

}

∣ T

]1∕2

E
⎡

⎢

⎢

⎣

T
∏

t=1

{

�T (Yt, �)
√

T
+ 1

}2

∣ T
⎤

⎥

⎥

⎦

1∕2

.

By Proposition 4.35

lim sup
T→∞

sup
�∈B(�̄)

E
⎡

⎢

⎢

⎣

T
∏

t=1

{

�T (Yt, �)
√

T
+ 1

}2

∣ T
⎤

⎥

⎥

⎦

1∕2

<∞

and we have previously shown that

sup
�∈B(�̄)

E

[

min

{

1,
|

|

|

|

|

|

− 1
2T

T
∑

t=1
�T (Yt, �)2 +

�2(�)
2

|

|

|

|

|

|

}

∣ T

]

→ 0.
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As for the remainder (4.61) we argue analogously

Ẽ

[

min

{

1,
|

|

|

|

|

|

T
∑

t=1
RT (Yt, �)

|

|

|

|

|

|

}

∣ T

]

= E

[

min

{

1,
|

|

|

|

|

|

T
∑

t=1
RT (Yt, �)

|

|

|

|

|

|

} T
∏

t=1

{

�T (Yt, �)
√

T
+ 1

}

∣ T

]

⩽ E
⎡

⎢

⎢

⎣

min

{

1,
|

|

|

|

|

|

T
∑

t=1
RT (Yt, �)

|

|

|

|

|

|

}2

∣ T
⎤

⎥

⎥

⎦

1∕2

⋅ E
⎡

⎢

⎢

⎣

T
∏

t=1

{

�T (Yt, �)
√

T
+ 1

}2

∣ T
⎤

⎥

⎥

⎦

1∕2

⩽ E

[

min

{

1,
|

|

|

|

|

|

T
∑

t=1
RT (Yt, �)

|

|

|

|

|

|

}

∣ T

]1∕2

⋅ E
⎡

⎢

⎢

⎣

T
∏

t=1

{

�T (Yt, �)
√

T
+ 1

}2

∣ T
⎤

⎥

⎥

⎦

1∕2

.

The first factor vanishes in probability as we have shown in the proof of Theorem 4.32(a),
where as the second factor is bounded by Proposition 4.35.

For (4.62), note first that

E

[ T
∏

t=1

{

�T (Yt, �)
√

T
+ 1

}

∣ T

]

= 1 and E
[

eZ�(�)−
�2(�)
2

]

= 1.

Hence, we can write

Ẽ
[

f
{

ST (�)�T (Y1∶T , �) −
�2(�)
2

}

∣ T
]

= Ẽ

[

f
{

ST (�)�T (Y1∶T , �) −
�2(�)
2

} T
∏

t=1

{

�T (Yt, �)
√

T
+ 1

}

∣ T

]

E
[

eZ�(�)−
�2(�)
2

]

= Ẽ

[

f
{

ST (�)�T (Y1∶T , �) −
�2(�)
2

} T
∏

t=1

{

�T (Yt, �)
√

T
+ 1

}

eZ�(�)−
�2(�)
2 ∣ T

]

and similarly

Ẽ
[

f
{

Z�(�) +
�2(�)
2

}]

= E
[

f
{

Z�(�) +
�2(�)
2

}

eZ�(�)−
�2(�)
2

]

E

[ T
∏

t=1

{

�T (Yt, �)
√

T
+ 1

}

∣ T

]

= E

[

f
{

Z�(�) +
�2(�)
2

}

eZ�(�)−
�2(�)
2

T
∏

t=1

{

�T (Yt, �)
√

T
+ 1

}

∣ T

]

,

where we used that Z is independent of all other random variables in both cases. Using these

107



Chapter 4 Large Sample Asymptotics of the Pseudo-Marginal Method

identities we obtain

|

|

|

|

|

Ẽ
[

f
{

ST (�)�T (Y1∶T , �) −
�2(�)
2

}

∣ T
]

− Ẽ
[

f
{

Z�(�) +
�2(�)
2

}]

|

|

|

|

|

⩽
|

|

|

|

|

Ẽ
[

f
{

ST (�)�T (Y1∶T , �) −
�2(�)
2

}

− f
{

Z�(�) +
�2(�)
2

}

∣ T
]

|

|

|

|

|

⩽
|

|

|

|

|

E
[(

f
{

ST (�)�T (Y1∶T , �) −
�2(�)
2

}

− f
{

Z�(�) −
�2(�)
2

})

×
T
∏

t=1

{

�T (Yt, �)
√

T
+ 1

}

eZ�(�)−
�2(�)
2 ∣ T

]

|

|

|

|

|

⩽
|

|

|

|

|

|

|

E

(

[

f
{

ST (�)�T (Y1∶T , �) −
�2(�)
2

}

− f
{

Z�(�) −
�2(�)
2

}]2

∣ T

)
1
2
|

|

|

|

|

|

|

×

|

|

|

|

|

|

|

|

E
⎡

⎢

⎢

⎣

T
∏

t=1

{

�T (Yt, �)
√

T
+ 1

}2

e2
{

Z�(�)− �2(�)
2

}

∣ T
⎤

⎥

⎥

⎦

1
2
|

|

|

|

|

|

|

|

.

We investigate the two factors of the product separately. First we use the fact that ‖f‖∞ ⩽ 1
when ‖f‖BL ⩽ 1 (see (4.14)) and thus

|

|

|

|

|

|

|

|

sup
�∈B(�̄)

sup
f∈BL(ℝ)
‖f‖BL⩽1

E

(

[

f
{

ST (�)�T (Y1∶T , �) −
�2(�)
2

}

− f
{

Z�(�) −
�2(�)
2

}]2

∣ T

)
1
2
|

|

|

|

|

|

|

|

⩽ sup
�∈B(�̄)

sup
f∈BL(ℝ)
‖f‖BL⩽1

|

|

|

|

|

|

E
([

f
{

ST (�)�T (Y1∶T , �) −
�2(�)
2

}

− f
{

Z�(�) −
�2(�)
2

}]

∣ T
)

1
2
|

|

|

|

|

|

→ 0

in ℙY -probability as established in the previous part. For the second factor note that Z is
independent of all other random variables and hence

sup
�∈B(�̄)

|

|

|

|

|

|

|

|

E
⎡

⎢

⎢

⎣

T
∏

t=1

{

�T (Yt, �)
√

T
+ 1

}2

e2
{

Z�(�)− �2(�)
2

}

∣ T
⎤

⎥

⎥

⎦

1
2
|

|

|

|

|

|

|

|

= sup
�∈B(�̄)

|

|

|

|

|

|

|

|

E
⎡

⎢

⎢

⎣

T
∏

t=1

{

�T (Yt, �)
√

T
+ 1

}2

∣ T
⎤

⎥

⎥

⎦

1
2

E
[

e2
{

Z�(�)− �2(�)
2

}]

1
2

|

|

|

|

|

|

|

|

.
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We know

sup
�∈B(�̄)

E
⎡

⎢

⎢

⎣

T
∏

t=1

{

�T (Yt, �)
√

T
+ 1

}2

∣ T
⎤

⎥

⎥

⎦

1
2

converges to a constant in ℙY -probability and

sup
�∈B(�̄)

E
[

e2
{

Z�(�)− �2(�)
2

}]

1
2

= sup
�∈B(�̄)

exp(�(�)2)1∕2 <∞.

4.11 Generalized Linear Mixed Models

4.11.1 Exponential Families and Random Effects

In this section we introduce a class of random effects models for which all assumptions
required for Theorem 4.1 are satisfied. We analyse the latent variable model introduced in
Section 4.5 for the popular class of generalized linear mixed models (see e.g McCulloch and
Neuhaus 2005), where the observation density is of the form of an exponential family. We
restrict attention here to the class of natural exponential family distributions, i.e. T (y) = y,
with respect to the Lebesgue measure

p(y ∣ �) = m(y) exp
{

�Ty − A(�)
}

, (4.63)

where y is the natural sufficient statistic and � denotes the natural parameter, which will be
set equal to the linear predictor in a generalized linear model. The function m(y) is a base
measure, which can be absorbed into the dominating measure. A(�) is commonly referred to
as the log-partition function and we assume that A is strictly convex and increasing in � so
that the log-likelihood will be strictly concave. This assumption will be satisfied in the most
common natural exponential family models including Poisson and Binomial models. In the
following we will allow for multiple measurements for each group, which means we have one
random effect associated with multiple observations. This corresponds to the logistic mixed
model of Section 4.7. For the conditional exponential family with J repeated measurements
yt = (yt,1,… , yt,J )T where �t,j = cTt,j� + Xt, j = 1,… , J , t = 1,… , T and the random
effects are centred Gaussian variables X ∼  (0, �2) independent for each set of repeated
measurements y. We will simplify the notation by dropping the subscript t as the importance
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sampler for each t can be considered in isolation. Assume here that

g(y ∣ x, �) =
J
∏

j=1
m(yj) exp

[

�j(x)yj − A{�j(x)}
]

, f (x ∣ �) = '(x; 0, �2), (4.64)

where �j(x) = cTj � + x and c is a vector of covariates with corresponding parameter vector �.
The (full) model likelihood for every observation is now given by

p(y, x ∣ �) ∝
J
∏

j=1
m(yj) exp

[

�j(x)yj − A{�j(x)}
]

'(x, 0, �2).

Since X is unobserved, we are interested in the marginal likelihood

p(y ∣ �) = ∫ p(y, x ∣ �)dx

= ∫

J
∏

j=1
m(yj) exp

[

�j(x)yj − A{�j(x)}
]

'(x, 0, �2)dx.

Consequently, the likelihood of a set of observations y1∶T , with yi = (yi,1,… , yi,J ) is

p(y1∶T ∣ �) =
T
∏

t=1
∫

J
∏

j=1
m(yt,j) exp

[

�t,j(xt)yt,j − A{�t,j(xt)}
]

'(xt, 0, �2)dxt.

We list the log-partition function as well as it’s first derivative A′(x) = )xA(x) (which will be
important later) below together with the base measure.
Binomial. Denote n the number of trials, then

A(�) = n log (1 + e�) , A′(�) = ne�

1 + e�
, m(y) =

(

n
y

)

.

Poisson. For the Poisson family

A(�) = e�, A′(�) = e�, m(y) = 1
y!
.

4.11.2 Asymptotic Posterior Normality

This section establishes the Bernstein-von Mises theorem for priors having exponentially
decaying tails. Denote Θ ⊂ ℝd a subset of the Euclidean space, where we take d = 1 without
loss of generality. Consider the case of i.i.d. observations Y1, Y2,… drawn from a density
Yi ∼ f (⋅ ∣ �̄), where �̄ ∈ Θ is assumed to be the ‘true parameter’. The measure describing
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the distribution of the data vector Y1∶T = (Y1,… , YT ) is written as PT ,�̄.Writing �(�) for the
prior distribution we denote the posterior density as

�T (�) = �(� ∣ Y1∶T ) =
∏T

i=1 f (yi ∣ �)�(�)

∫Θ
∏T

i=1 f (yi ∣ �)�(�)d�
.

4.36 Theorem. Let the experiment be differentiable in quadratic mean at �̄ with non-singular
Fisher information matrix I�̄, and suppose that for every " > 0 there exist an increasing
sequence of sets K1 ⊂ K2 ⊂… with ∪∞i=1Ki = Θ with KT growing at rate T . Assume there
exists a sequence of tests such that

E(�T )→ 0, sup
{‖�−�̄‖⩾"}∩KT

En
�
(

1 − �T
)

→ 0.

Furthermore, let the prior measure be absolutely continuous in a neighbourhood of �̄ with a
continuous positive density at �̄ s.t. for T large enough, we have

�
(

[−T , T ]∁
)

⩽ c1 exp
(

−c2T
)

,

where c1 and c2 are positive constants. Then the corresponding posterior distributions satisfy

∫
|

|

|

|

�̃T (ℎ) − '
(

ℎ,
√

T
(

�̂T − �0
)

, I−1�̄
)

|

|

|

|

dℎ→ 0 (4.65)

in PT ,�̄-probability where

ΔT (�̄) =
1

√

T

T
∑

i=1
Ĩ−1�̄

)l(�̄, Yi)
)�

and

�̃T (ℎ) =
�T (�̄ + ℎ∕

√

T )
T 1∕2

is a measure onH =
{

ℎ =
√

T
(

� − �̄
)

∶ � ∈ Θ
}

.

Proof. The proof follows Van der Vaart (2000), Theorem 10.1, see also the lecture notes by
Nickl (2012). We will show that it is enough to show convergence of the measures restricted
on some arbitrarily large compact set. In order to do so, denote

P C (A) =
P (A ∩ C)
P (C)
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for any measurable set A the restriction of the probability measure P to the set C . Denote
ℎ =

√

T
(

� − �̄
)

. We will write PT ,ℎ for the posterior distribution with data Y1∶T and
parameter �̄ + ℎ∕

√

T (= �). Define the prior-weighted mixture measure over a set C as

PT ,C = ∫ PT ,ℎ�̃
C
T (ℎ)dℎ.

The expectation with respect to PT ,C is calculated as

EPT ,C
{

f (Y1∶T )
}

= ∬ f (y1∶T )dPT ,ℎ(y1∶T )�̃CT (ℎ)dℎ.

For any sequence of sets AT with PT ,�̄(AT ) → 0 it follows that PT ,B(AT ) → 0 and vice versa,
where B denotes a closed ball around 0. (Two measures with this relationship are called
mutually contiguous.) This means that we can interchange convergence in probability under
the measures PT ,B and PT ,0. Let C now denote a ball of sizeMT around 0 whereMT → ∞
as T → ∞. We can show that the total variation between distance between the posterior and
the posterior restricted on the set C vanishes by estimating

‖

‖

‖

�̃T (B) − �̃CT (B)
‖

‖

‖tv
⩽ 2�̃T

(

C∁
)

,

where ‖ ⋅ ‖tv denotes the total variation norm. We will show that the left-hand side converges
to zero under PT ,B for B a closed ball around 0. We can now use the tests �T to bound

ET ,B
{

�̃T (C∁)
}

= ET ,B
{

�̃T
(

C∁
)

(

1 − �T + �T
)

}

⩽ ET ,B
[

�̃T
(

C∁
)

(

1 − �T
)

]

+ ET ,B
(

�T
)

,

where ET ,B
(

�T
)

= oPT ,B (1) by assumption. Now

ET ,B
{

PHT ∣Y1∶T

(

C∁
)

(

1 − �T
)

}

= ∫B ∫ℝT ∫C∁
(

1 − �T
)

∏T
i=1 f (�̄ + g∕

√

T , yi)

∫
∏T

i=1 f (�̄ + m∕
√

T , yi)d�̃(m)

T
∏

i=1
f

(

�̄ + ℎ
√

T
, yi

)

dyi
d�̃(ℎ)
�̃(B)

=
�̃(C∁)
�̃(B) ∫C∁ ∫ℝT ∫B

(

1 − �T
)

∏T
i=1 f (�̄ +

ℎ
√

T
, yi)

∫
∏T

i=1 f (�̄ + m∕
√

T , yi)d�̃(m)
d�̃(ℎ)dP Tg (y)d�̃

C∁(g)

=
�̃(C∁)
�̃(B)

ET ,C∁
{

�̃T (B)(1 − �T )
}

.
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The upper bound is

�̃(C∁)
�̃(B)

ET
C∁ �̃T (B)(1 − �T ) =

�̃(C∁)
�̃(B) ∫C∁

�̃T (B)(1 − �T )P Tℎ
d�̃(ℎ ∩ C∁)
�̃(C∁)

= 1
�̃(B) ∫C∁ ∫ℝd

�̃T (B)(1 − �T )dP Tℎ (y)d�̃(ℎ ∩ C
∁)

⩽ 1
�̃(B) ∫C∁

E(1 − �T )d�̃(ℎ ∩ C∁)

= 1
�̃(B) ∫C∁

E(1 − �T )d�̃(ℎ)

= 1
�̃(B) ∫C∁∩K̃T

E(1 − �T )d�̃(ℎ) +
1

�̃(B) ∫C∁∩K̃∁
T

E(1 − �T )d�̃(ℎ),

where K̃T = {ℎ =
√

T (� − �̄) ∶ � ∈ KT }. For simplicity and without loss of generality
we assume KT = [−T , T ] in the following. By Van der Vaart (2000, Lemma 10.3) the tests
converge exponentially fast so with � = �̄ + ℎ∕

√

T , ℎ =
√

T
(

� − �̄
)

, d� = dℎ∕
√

T

1
�̃(B) ∫C∁∩K̃T

E(1 − �T )d�̃(ℎ) =
1

�̃(B) ∫{‖�−�̄‖⩾MT ∕
√

T}∩KT
E�

(

1 − �T
)

�(�)d�

= 1
�̃(U ) ∫{‖�−�̄‖⩾MT ∕

√

T}∩KT
E�

(

1 − �T
)

�(�)d�

= 1
�̃(B) ∫{D′⩾‖�−�̄‖⩾MT ∕

√

T}∩KT
E�

(

1 − �T
)

�(�)d�

+ 1
�̃(B) ∫{‖�−�̄‖⩾D′}∩KT

E�
(

1 − �T
)

�(�)d�

= c2 ∫{D′⩾‖�−�̄‖⩾MT ∕
√

T}∩KT
exp

(

−DT ‖

‖

� − �̄‖
‖

2
)

d�

+ 1
�̃(B) ∫{‖�−�̄‖⩾D′}∩KT

exp(−c3T )�(�)d�

⩽ c2 ∫{ℎ∶ℎ⩾MT}∩KT
exp

(

−DT ‖

‖

� − �̄‖
‖

2
)

T 1∕2d�

+ 2c3T 1∕2 exp(−c4T ),

where we used �̃(B) ⩾ 1∕(c3T 1∕2) for some constant c3 because the prior is positive and
continuous at �̄. For the second part

1
�̃(B) ∫C∁∩K̃c

T

Eℎ(1 − �T )d�̃(ℎ) ⩽
1

�̃(B) ∫C∁∩K̃∁
T

d�̃(ℎ)
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= 1
�̃(B) ∫C∁∩K̃∁

T

�(�̄ + ℎ∕
√

T )dℎ

⩽ c3T
1∕2

∫K∁
T

�(�)d�

⩽ c3T
1∕2 ⋅ c1 exp

(

−c2T
)

.

As T →∞ we have
‖�̃T − �̃CT ‖tv → 0

in PT ,B-probability and by contiguity also in PT ,�̄.

Similarly, for a Gaussian distribution with means sup |
|

�T || <∞ and variance �2 we have

‖

‖

‖


(

�T , �
2) − C (�T , �

2)‖
‖

‖

⩽ 2
(

�T , �
2)
(

C∁
)

.

Weknow thatΔT ,�̄ is uniformly tight, i.e. for any " > 0 there existsK such that supT P
(

|

|

ΔT ,�̄|| ⩽ K
)

=
1 − ". Hence, with probability 1 − "

‖

‖

‖

‖


(

ΔT ,�̄, I−1�̄
)

− C
(

ΔT ,�̄, I−1�̄
)

‖

‖

‖

‖

⩽ 2
(

ΔT ,�̄, I−1�̄
)

(C∁)

by choosingM (the radius of C) sufficiently large. Hence, by the triangle inequality we have
to show that

∫
|

|

|

|

�̃CT (ℎ) − '
C
(

ℎ; ΔT ,�̄, I−1�̄
)

|

|

|

|

dℎ→ 0

in PT ,0-probability. Denoting x+ = max{0, x}

1
2 ∫

|

|

|

|

�̃CT (ℎ) − '
C
(

ℎ; ΔT ,�̄, I−1�̄
)

|

|

|

|

dℎ

= ∫

⎛

⎜

⎜

⎜

⎝

1 −
'C

(

ℎ; ΔT ,�̄, I−1�̄
)

�̃CT (ℎ)

⎞

⎟

⎟

⎟

⎠

+

�̃CT (ℎ)dℎ

= ∫

⎛

⎜

⎜

⎜

⎝

1 −
'C

(

ℎ; ΔT ,�̄, I−1�̄
)

∫ 1CfCT ,g(g)�(g)dg

1C �̃CT (ℎ)

⎞

⎟

⎟

⎟

⎠

+

�̃CT (ℎ)dℎ

= ∫

⎛

⎜

⎜

⎜

⎝

1 − ∫

1C (g)fCT ,g(g)�(g)'
C
(

ℎ; ΔT ,�̄, I−1�̄
)

1C (ℎ)fCT ,ℎ(ℎ)�(ℎ)'
C
(

g; ΔT ,�̄, I−1�̄
)'C

(

g; ΔT ,�̄, I−1�̄
)

dg

⎞

⎟

⎟

⎟

⎠

+

�̃CT (ℎ)dℎ
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⩽ ∬

⎛

⎜

⎜

⎜

⎝

1 −
fCT ,g(g)�(g)'

C
(

ℎ; ΔT ,�̄, I−1�̄
)

fCT ,ℎ(ℎ)�(ℎ)'
C
(

g; ΔT ,�̄, I−1�̄
)

⎞

⎟

⎟

⎟

⎠

+

'C
(

g; ΔT ,�̄, I−1�̄
)

dg�̃Cn (ℎ)dℎ

⩽
{

sup
x∈C

'C
(

x; ΔT ,�̄, I−1�̄
)

}

∬

⎛

⎜

⎜

⎜

⎝

1 −
fCT ,g(g)�(g)'

C
(

ℎ; ΔT ,�̄, I−1�̄
)

fCT ,ℎ(ℎ)�(ℎ)'
C
(

g; ΔT ,�̄, I−1�̄
)

⎞

⎟

⎟

⎟

⎠

+

dg�̃CT (ℎ)dℎ.

By dominated convergence it is enough to conclude that this quantity goes to 0 in

PT ,C (dy)�̃CT (dℎ)�C (dg) = ∫ PT ,x(dy)�̃CT (ℎ)dℎ�C (dg)

= ∫

T
∏

i=1
f
(

� + s∕
√

T , yi
)

∏T
i=1 f

(

� + ℎ∕
√

T , yi
)

�̃C (ℎ)dℎ

∫
∏T

i=1 f
(

� + u∕
√

T , yi
)

�̃C (u)du
ds�C (dg)

=
T
∏

i=1
f
(

� + ℎ∕
√

T , yi
)

�̃C (ℎ)dℎ�C (dg)

= PT ,C (dy)�̃C (ℎ)dℎ�C (dg)

probability. Under Theorem 7.2 in Van der Vaart (2000) mean-square differentiability of the
likelihood implies that the likelihood ratio allows for the LAN (Van der Vaart 2000, Definition
7.14) expansion

∏T
i=1 f (� + g∕

√

T , yi)
∏T

i=1 f (� + ℎ∕
√

T , yi)
=

=
T
∏

i=1

f (� + g∕
√

T , yi)
f (�, yi)

/ T
∏

i=1

f (� + ℎ∕
√

T , yi)
f (�, yi)

= exp

(

1
√

T

T
∑

i=1
gl′�(yi) −

1
2
g2I� −

1
√

T

T
∑

i=1
ℎl′�(yi) −

1
2
ℎ2I� + oP� (1)

)

and thus as T →∞ and using continuity of the prior � at �̄ we have

1 −
fCT ,g(g)�(g)'

C
(

ℎ; ΔT ,�̄, I−1�̄
)

fCT ,ℎ(ℎ)�(ℎ)'
C
(

g; ΔT ,�̄, I−1�̄
) → 0

which yields the result.
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4.37 Remark. i) The centring sequence ΔT ,� can be replaced by any best regular es-
timator. To see this note that following Van der Vaart (2000, Theorem 8.14) any best
regular estimator, �̂T , satisfies the expansion

√

T (�̂T − �̄) =
1

√

T

T
∑

i=1
Ĩ−1�̄

)l(�̄, Yi)
)�

+ oPT ,�̄ (1)

and thus
ΔT (�̄) −

√

T
(

�̂T − �̄
)

→ 0

in PT ,�0-probability as T →∞. Since

‖

‖

‖

‖


(

ΔT ,�̄, Ĩ−1�̄
)

−
{

√

T
(

�̂T − �̄
)

, Ĩ−1�̄
}

‖

‖

‖

‖

≲ ‖

‖

‖

√

T
(

�̂T − �̄
)

− ΔT ,�̄
‖

‖

‖

→ 0

in probability.

ii) Under regularity conditions Van der Vaart 2000, Theorem 5.39 the maximum likelihood
estimator is best regular and can be used as a centring sequence following the argument
in i).

Wewill now apply this Bernstein-von Mises result to our exponential family models. Hence,
consider again the likelihood contribution of every observation y,

p(y ∣ �, �) = ∫

J
∏

j=1
m(yj) exp

{

(cTj � + x)yj − A(c
T
j � + x)

}

'(x, 0, �2)dx. (4.66)

For simplicity we assume that the exogenous variables cj are all identical and that Θ is a
subset of ℝ. Let A be continuously differentiable (e.g. the Binomial and Poisson models
introduced above). The prior can be easily chosen to fulfil the conditions of the updated
Bernstein–von Mises theorem. The other conditions need further analysis. In order to show
differentiability in quadratic mean it is sufficient to prove that the map � ↦ p(y ∣ �)1∕2 is
continuously differentiable. By Lemma 7.6 in Van der Vaart (2000) we need to show that

� ↦ p(y ∣ �)1∕2 =
[

∫ m(y) exp
{(

cT� + x
)

⋅ y − A(cT� + x)
}

'(x, 0, �2)dx
]1∕2

is continuously differentiable for all y. Firstly,

)
)�
p(y ∣ �)1∕2 = 1

2p(y ∣ �)1∕2
)�p(y ∣ �).
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It is easy to see that � ↦ p(y ∣ �) and � ↦ )�p(y ∣ �) are continuous. The fisher information
is well defined, continuous in � and positive since

I� = E
[

{

)� log p(Y ∣ �)
}2
]

= ∫
{

)� log p(y ∣ �)
}2 p(y ∣ �)dy > 0

whenever )� log p(y ∣ �) is not identically 0 for all y. The multivariate case is more involved
and treated for example in Mukerjee and Sutradhar (2002) for the Binomial and Poisson case.
In order to ensure the existence of the tests consider K1 ⊂ K2 ⊂… an increasing sequence
of compact sets with ∪∞i=1Ki = Θ. Then, if the model is identifiable and continuous in total
variation norm, Lemma 10.6 in Van der Vaart (2000), and a diagonal argument similar to
that in the proof of Van der Vaart 2000, Lemma 10.6, ensures the existence of a sequence
of estimators �̂T such that sup�∈KT P�(|�̂T − �| ⩾ ") → 0 whence we have, see for example
Nickl 2012, Lemmas 1,2 in Section 2.2.3,

E�̄(�T )→ 0, sup
{‖�−�̄‖⩾"}∩KT

ET ,�
(

1 − �T
)

→ 0.

Since our model has a density with respect to the Lebesgue measure continuity in total variation
is trivially the case as we can write the total variation distance as

‖P� − P�′‖tv = ∫
|

|

p(y ∣ �) − p(y ∣ �′)|
|

dy.

Therefore, by Scheffé’s lemma, continuity in the parameter already implies convergence of the
integral and therefore continuity in the total variation distance. To conclude that our models
are indeed identifiable it is enough to ensure that

i) the integral

E(Y ) = E
[

A′(k +X)
]

= ∫ℝ
A′(k + �x)'(x; 0, 1)dx <∞,

for all k, � and

ii) the equation

A′(cT �1 + �1x)
�1

=
A′(cT �2 + �2x)

�2
for all c and x

has no solution,
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see Labouriau (2014). These conditions are fulfilled for the Binomial case, A′(�) = ne�∕(1 +
e�), and Poisson case A′(�) = e�.

4.11.3 Importance Sampling with Univariate Random Effects

We will now consider Assumption 4.3 in the context of generalized linear mixed models,
which we will prove using Assumption 4.4 and Theorem 4.9. In the following we will first
consider a univariate random effect and a Gaussian importance sampling proposal. This will
include the example of Section 4.7. In addition we will show how fatter tails in the proposal
affect the existence of moments by considering a univariate t-proposal. Recall that we are
interested in bounds on

EY

[

sup
�∈B(�)

EX∣Y {w(Y ,X, �)a
}

]

= EY

[

sup
�∈B(�)

EX∣Y {w(Y ,X, �)a}
p(Y ∣ �)a

]

, (4.67)

where a > 0, � = (�, �) and B(�̄) ⊂ Θ denotes a closed "-ball around �̄. For additional clarity,
we write EY and EX∣Y for the expectations over Y and X given Y , respectively. Consider the
Gaussian proposal centred at the mode

q(x ∣ y) = '(x; x̂, �2q ), (4.68)

where �2q denotes the proposal variance and x̂ is the mode of ℎ(x; y) = g(y ∣ x)f (x) and fulfils
the first order condition

x̂ = �2
{

S − Ã′(x̂)
}

, (4.69)

where Ã′(x) =
∑J
j=1A

′(cTj �+x)withA
′(z) = )zA(z) andS =

∑J
j=1 yj . For later convenience

we define the unnormalized proposal density

q̃(x; y) =
q(x ∣ y)
q(x̂ ∣ y)

,

where q(x ∣ y) is the proposal density. For a symmetric proposal distribution centred at x̂ the
term q(x̂ ∣ y) is simply an inverse normalizing constant, which only involves the proposal
parameters. For the Gaussian proposal

q̃(x; y) = exp
{

−
(x − x̂)2

2�2

}

, q(x̂ ∣ y) = 1
(2��2q )1∕2

. (4.70)
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Associated with this we introduce the modified weight which is defined as

w̃(x, y) =
g(y ∣ x)f (x)
g(y ∣ x̂)f (x̂)

1
q̃(x; y)

=
ℎ(x; y)
ℎ(x̂; y)

1
q̃(x; y)

, (4.71)

where ℎ(x; y) = g(y ∣ x)f (x). These weights are easier to work with as w̃(x, y) = 1 when
x = x̂. It is easily seen that

w̃(x, y) =
ℎ(x; y)
q(x ∣ y)

q(x̂ ∣ y)
ℎ(x̂; y)

= w(x, y)
q(x̂ ∣ y)
ℎ(x̂; y)

,

so that the modified weights are proportional to the standard weights w(x, y) as a function of
x. We can recast the expectation (4.67) as

EY

[

sup
�∈B(�)

EX∣Y {w(Y ,X, �)a
}

]

= EY

[

sup
�∈B(�)

EX∣Y {w(X, Y , �)a}
p(Y ∣ �)a

]

(4.72)

= EY

[

sup
�∈B(�)

EX∣Y {w̃(X, Y , �)a
}

EX∣Y
{

w̃(X, Y , �)
}a

]

.

The log-density of the observations is given by

log g(y ∣ x) =
J
∑

j=1
{logm(yj) + yj�j − A(�j)}

=
J
∑

j=1
{logm(yj) + yjcTj � + yjx − A(c

T
j � + x)}

= k(y) + x(Jy) − Ã(x),

where k(y) represents constant values (which do not depend upon x), Jy =
∑J
j=1 yj and

Ã(x) =
∑J
j=1A(c

T
j � + x). Hence, we get

logℎ(x; y) = log g(y ∣ x)f (x) = c + x(Jy) − Ã(x) − x2

2�2
. (4.73)

We will proceed by deriving bounds for the denominator and enumerator of (4.67) separately.
We present the following lemma on the denominator without reference to the Gaussian proposal,
because it holds for general proposal distribution.

4.38 Lemma. Consider the exponential family model with repeated measurement j =
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1,… , J and Gaussian random effects. For general proposal density q(x ∣ y) we have

1
EX

{

w̃(X, y)
} ⩽ (2�)1∕2

C
(b + 1),

where b = �Ã′(x̂) and C = q(x̂ ∣ y)(2��2)1∕2.

of Lemma 4.38. For given observation y, the expectation of the rescaled weights is

EX {

w̃(X, y)
}

= ∫ w̃(x, y)q(x ∣ y)dx

= ∫
ℎ(x; y)
ℎ(x̂; y)

q(x ∣ y)
q̃(x; y)

dx

= q(x̂ ∣ y)∫
ℎ(x; y)
ℎ(x̂; y)

dx.

Write again S = J ȳ =
∑J
j=1 yj . Since Ã is an increasing function we obtain for x ⩽ x̂,

logℎ(x; y) − logℎ(x̂; y) = −Ã(x) + xS − 1
2
x2

�2
+ Ã(x̂) − x̂S + 1

2
x̂2

�2

⩾ (x − x̂)S − 1
2
x2

�2
+ 1
2
x̂2

�2

= R2 −
1
2
{x − �2S}2

�2
,

where

R2 =
�2S2

2
− x̂S + 1

2
x̂2

�2
=
�2Ã′(x̂)2

2
,

by using the first order condition for the mode x̂ = �2{S − Ã′(x̂)}. Therefore

EX {

w̃(X, y)
}

⩾ q(x̂ ∣ y)
(

2��2
)1∕2 exp

{

�2Ã′(x̂)2

2

}

Φ{−�Ã′(x̂)}.

Consider the inequality due to Birnbaum (1942)

exp(−b2∕2)
1 − Φ(b)

<
(�
2

)1∕2
{

b + (b2 + 4)1∕2
}

Setting b = �Ã′(x̂) and C = q(x̂ ∣ y)(2��2)1∕2 gives

1
EX

{

w̃(X, y)
} ⩽

exp(−b2∕2)
C {1 − Φ(b)}
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⩽ C−1
(�
2

)1∕2
{

b + (b2 + 4)1∕2
}

⩽ (2�)1∕2

C
(b + 1),

as (b2 + 4)1∕2 ⩽ b + 2.

Using Lemma 4.38 we can set

sup
�∈B(�)

1
EX

{

w̃(X, y, �)
} ⩽ sup

�∈B(�)

1
q(x̂ ∣ y)�

{

�Ã′(x̂) + 1
}

.

We will use this result in the following corollary.

4.39 Corollary. Assume one of the following condition holds:

(i) supx Ã′(x) <∞,

(ii) EY (Y a) <∞ and sup�∈B(�̄) Ã′(0) <∞.

Then taking the expectation over Y , we have

EY

[

sup
�∈B(�)

1
EX∣Y {w̃(X, Y )}a

]

<∞.

Proof. Applying Lemma 4.38 with b = �Ã′(x̂) yields

EY

[

sup
�∈B(�)

1
EX{w̃(X, Y )}a

]

⩽ EY

[

sup
�∈B(�)

{

�Ã′(x̂) + 1
C�

}a]

, (4.74)

where we write C = q(x̂ ∣ y) which only involved parameters of the proposal distribution. The
right-hand side of (4.74) is finite provided EY {sup�∈B(�) Ã

′(x̂)a} < ∞. This concludes the
proof for (i). For (ii) we need to control the function Ã′(x̂). Therefore, it is useful to establish
the behaviour of Ã′(x̂) in terms of the random variables y = (y1,… , yJ ). Recall the first order
condition (4.69)

x̂ = �2{Jy − Ã′(x̂)},

where the sufficient statistic is S = Jy =
∑J
j=1 yj . It is easily established that Ã′(x̂) ⩽

max{Ã′(0), Jy}. To see this note

)x logℎ(x; y) = Jy − Ã′(x) −
x
�2
. (4.75)
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The function Ã′(x) is monotonically increasing. If Ã′(0) < Jy, then at x = 0, )x logℎ(x; y) >
0 and at x = x̃, where Ã′(x̃) = Jy, )x logℎ(x; y) < 0 since x̃ > 0. Similarly, if Ã′(0) < Jy
then at x = 0, )x logℎ(x; y) < 0 and at x = x̃, )x logℎ(x; y) > 0. As a consequence, the
mode of the concave function logℎ(x; y), x̂ is always between 0 and x̃, where Ã′(x̃) = Jy.
This yields Ã′(x̂) ⩽ max{Ã′(0), Jy} so that

EY

{

sup
�∈B(�)

Ã′(x̂)a
}

⩽ EY

[

sup
�∈B(�)

max{Ã′(0), S}a
]

⩽ EY

[

max

{

sup
�∈B(�)

Ã′(0), S

}a]

= sup
�∈B(�)

Ã′(0)aℙY
{

S < sup
�∈B(�)

Ã′(0)

}

+ ∫

∞

sup�∈B(�) Ã
′(0)
sadFS(s).

The last quantity is finite whenever sup�∈B(�) Ã
′(0) <∞ and EY (Y a) <∞.

4.40 Remark (Examples with Gaussian proposal). If the proposal is a Gaussian centred
at the mode q(x ∣ y) = '(x; x̂, �2q ) and C as defined in Lemma 4.38, then C = �∕�q. For the
Binomial case, we know that supx Ã′(x) < ∞ and therefore condition (i) of the preceding
Corollary 4.39 is fulfilled. For the Poisson case Ã′(x) is not bounded, but we can use the
second part of the corollary. Note that Ã′(x) is continuous and therefore Ã′(0) can be bounded
in a neighbourhood small enough. In addition, if the Poisson model is true, it is straightforward
to establish that the moments E(Y a) exist for all a > 0 and we can therefore conclude by part
(ii).

Having established conditions to ensure

EY

[

sup
�∈B(�)

EX∣Y {w̃(X, Y )}−a
]

<∞

we can bound (4.72) whenever there exists a constant K <∞ such that

sup
y∈Y

sup
�∈B(�)

EX∣Y {w̃(X, y)a
}

< K.

In the following we will provide conditions for Gaussian and t-distributed proposals.
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4.41 Proposition. Consider the Gaussian proposal (4.68) and some exponent a > 0. Then

EX{w̃(X, y)a} <∞

if and only if �2q >
(a−1)
a
�2, where �2 is the variance of the random effects term. If this condition

is satisfied then

EX{w̃(X, y)a} ⩽

{

a�2q − (a − 1)�
2

�2

}− 1
2

,

independent of y.

Proof. For brevitywe define the sumS = Jy =
∑J
j=1 yj and again have Ã(x) =

∑J
j=1A(cj

T�+
x). Note that x↦ Ã(x) is convex and thus always dominates its chord

Ã(x) ⩾ Ã(x̂) + Ã′(x̂)(x − x̂)

for any values x, x̂. Then the modified proposal form q̃(x; y) is given by (4.70), so

log w̃(x, y) = logℎ(x; y) − logℎ(x̂; y) − log q̃(x; y)

= xS − Ã(x) − 1
2
x2

�2

− x̂S + Ã(x̂) + 1
2
x̂2

�2
+ 1
2
(x − x̂)2

�2q
.

This is, by design, zero at x = x̂ and can be bounded as

log w̃(x, y) ⩽ 1
2
x̂2

�2
+ {S − Ã′(x̂)}(x − x̂) − 1

2
x2

�2
+ 1
2
(x − x̂)2

�2q

= 1
2
(x − x̂)2d,

by noting the first order condition that x̂∕�2 = S − Ã′(x̂). The constant d is defined to be

d = 1
�2q
− 1
�2
,

and d > 0 if we choose �2q < �
2. Hence

EX{w̃(X, y)a} ⩽ EX
[

exp
{ad
2
(X − x̂)2

}]

, (4.76)
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where again the expectation is with respect to q(x ∣ y) = '(x ∣ x̂, �2q ). As a > 0, clearly the
above expectation exists if d ⩽ 0 which would imply choosing �2q ⩾ �2. To obtain a precise
condition we note that

(X − x̂)2

�2q
∼ �21 .

Considering the moment generating function of the �2-distribution we know that the expecta-
tion (4.76) exists provided

ad�2q = a
(

1 −
�2q
�2

)

< 1, i.e. �2q >
(a − 1)
a

�2. (4.77)

If this inequality holds, the moment generating function of the �2-distribution exists and we
have

EX
[

exp
{ad
2
(X − x̂)2

}]

=
(

1 − ad�2q
)−1∕2

.

Finally we obtain

EX{w̃(X, y)a} ⩽

{

1 − a
(

1 −
�2q
�2

)

}−1∕2

=

{

a�2q − (a − 1)�
2

�2

}−1∕2

. (4.78)

as required.

Note that by the upper bound in Proposition 4.41 still depends on parameters via the variance
term �. However, since the dependence is continuous we can find an upper bound over any
compact set. Thus, we have the simple corollary.

4.42 Corollary. Under the conditions of Proposition 4.41 there exists a constant K1 < ∞
such that

sup
�∈B(�)

EX{w̃(X, y, �)a} ⩽ K1

independent of y.

We can summarize the results so far in the following theorem.

4.43 Theorem. Consider the random effects model (4.11) and assumewe have an importance
sampling estimator with proposal distribution

q(x ∣ y) = '(x; x̂, �2q )
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and proposal variance �2q >
(a−1)
a
�2. Assume additionally that either

i) supx Ã′(x) <∞ or

ii) EY (Y a) <∞ and sup�∈B(�̄) Ã′(0) <∞.

Then

EY

[

sup
�∈B(�)

EX {

w(Y ,X, �)a
}

]

<∞.

Proof. We have

EY

[

sup
�∈B(�)

EX {

w(Y ,X, �)a
}

]

= EY

[

sup
�∈B(�)

EX {

w̃(X, Y , �)a
}

EX
{

w̃(X, Y , �)
}a

]

⩽ EY

[

sup
�∈B(�)

K1
EX

{

w̃(X, Y , �)
}a

]

<∞.

where the first inequality is by Corollary 4.42 and the second by Corollary 4.39.

For the logistic model of Section 7, Ã′(x) is bounded above by a constant. Indeed

Ã′(x) =
J
∑

j=1
A′(cTj � + x) =

J
∑

j=1

ec
T
j �+x

1 + ec
T
j �+x

.

Hence, we know (see Remark 4.40) that

EY

[

sup
�∈B(�)

EX∣Y {w(X, Y )a
}

]

<∞

for all a if we take, for example, �2q = �2. We note, however, that the proposal may not be
particularly efficient as the proposal variance would ideally be made to be proportional to 1∕J ,
where J represents the number of observations associated with each latent variate. Hence,
taking �2q = �

2, for example, may be much too large as a choice for �2q . This naturally leads
to consideration of the t-distribution which has heavier tails, see for example Owen 2013,
Chapter 9 and so controls the numerator term. We consider the t-distribution proposal centred
at the mode, with scaling �2q , so that q(x ∣ y) = t�(x ∣ x̂, �

2
q ). For the t-proposal, we have

q̃(x; y) =
{

1 +
(x − x̂)2

��2q

}−(�+1)∕2

, q(x̂ ∣ y) =

√

�� Γ (�∕2) �q
Γ {(� + 1)∕2}

. (4.79)
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We proceed in the same manner as in the Gaussian case. First we compute the bound from
Lemma 4.38 for the t-distribution. Assume the proposal is a t-distribution centred at the mode
q(x ∣ y, �) = t�(x ∣ x̂, �2q ), then

C = �
�q

√

2
�

Γ
(

�+1
2

)

Γ
(

�
2

)

and thus

1
EX

{

w̃(X, y)
} ⩽

�q
�

√

�
2

Γ
(

�
2

)

Γ
(

�+1
2

) (b + 1).

4.44 Proposition. For the target ℎ(x; y) of (4.73) with q(x ∣ y, �) = t�(x ∣ x̂, �2q ) specified
above we shall assume that the function x↦ A(x) is a monotonically non-decreasing convex
function. Then,

EX∣Y {w̃(X, Y )a
}

⩽ Ka
2 ,

where

K2 =

{

�2

�2q

(� + 1)
�

}
(�+1)
2

exp

{

�
2

(�2q
�2
− 1 − 1

�

)

}

,

for �2q <
(�+1)
�
�2 and K2 = 1 for �2q ⩾ (�+1)

�
�2.

Unlike the Gaussian proposal above, the t-distributed proposal does not have any restriction
on how small the variance �2q can be. This might be chosen, for example, according to the
second derivative of logℎ(x; y) at 0 so that �−2q = �−2+Ã′′(0). This would reflect the influence
of a large number of repeated observations, J .

Proof of Proposition 4.44. Recall that x ↦ A(x) is convex and thus always dominates its
chord

Ã(x) ⩾ Ã(x̂) + Ã′(x̂)(x − x̂)

for any values x, x̂. For the modified log weight this yields

log w̃(x, y) = logℎ(x; y) − logℎ(x̂; y) − log q̃(x; y)

= xS − Ã(x) − 1
2
x2

�2

− x̂S + Ã(x̂) + 1
2
x̂2

�2
+
(� + 1)
2

log
{

1 +
(x − x̂)2

��2q

}
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⩽ 1
2
x̂2

�2
+ {S − Ã′(x̂)}(x − x̂) − 1

2
x2

�2
+
(� + 1)
2

log
{

1 +
(x − x̂)2

��2q

}

.

We recall that x̂∕�2 = S − Ã′(x̂). Hence

log w̃(x, y) ⩽ −(x − x̂)
2

2�2
+
(� + 1)
2

log
{

1 +
(x − x̂)2

��2q

}

.

Writing x̃ = (x − x̂)∕�q we obtain

log w̃(x, y) ⩽ −1
2

�2q
�2
x̃2 +

(� + 1)
2

log
(

1 + x̃2

�

)

.

The resulting symmetric function can be verified to be maximized at x̃2 = (� + 1)�2∕�2q − �,
provided this expression is positive, otherwise the only maximising root is at x̃ = 0 and so
log w̃(x, y) ⩽ 0. If the expression is positive we obtain an upper bound

log w̃(x, y) ⩽ −1
2

{

(� + 1) − �
�2q
�2

}

+
(� + 1)
2

log

{

(� + 1)
�

�2

�2q

}

.

4.45 Corollary. Under the conditions of Proposition 4.44 there exists a constant K3 < ∞
such that

sup
�∈B(�)

EX{w̃(X, y)a} ⩽ K3

independent of y.

Proof. The constant in Proposition 4.44 depends on � only through �. Moreover, the upper
bound in Proposition 4.44 is continuous in � and thus can be bounded over the compact set
B(�).

We can summarize the results regarding the t-distribution in the following theorem.

4.46 Theorem. Consider the random effects model (4.11) and assumewe have an importance
sampling estimator with proposal distribution

q(x ∣ y) = t�(x ∣ x̂, �2q )
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with �2q > 0. Assume additionally that either

i) supx Ã′(x) <∞ or

ii) E(Y a) <∞ and sup�∈B(�̄) Ã′(0) <∞.

Then

EY

[

sup
�∈B(�)

EX∣Y {w(Y ,X, �)a
}

]

<∞.

Proof. We can bound

EY

[

sup
�∈B(�)

EX∣Y {w(Y ,X, �)a
}

]

= EY

[

sup
�∈B(�)

EX∣Y {w̃(X, Y , �)a
}

EX∣Y
{

w̃(X, Y , �)
}a

]

⩽ EY

[

sup
�∈B(�)

K3
EX∣Y

{

w̃(X, Y , �)
}a

]

<∞.

where the first inequality is by Corollary 4.45 and the second by Corollary 4.39.

Theorem 5 and Theorem 6 provide simple and verifiable conditions for Assumption 4.4
to hold in the case of generalized linear mixed models when using a Gaussian proposal or
a t-distribution. We have established these conditions by formulating assumptions on the
models and the proposal. The assumptions that are required for the model are fulfilled in the
Binomial and Poisson cases as pointed out in Remark 4.40. Gaussian proposals require that
the variance is large enough, namely

�2q >
1 + Δ
2 + Δ

�2,

where 0 < Δ < 1 corresponds to the quantity in Assumption 4.4. When one proposes from a
t-distribution instead, no such restriction is required.

4.12 Further Simulation Studies

4.12.1 Toy example

We consider first a simple Gaussian latent variable model where

Xt ∼ (�, 1), Yt ∣ Xt = x ∼ (x, 1).

Here Xt, (t = 1,… , T ) are assumed to be independent. In this case, the likelihood associated
to T observations can be computed exactly as p(y1∶T ∣ �) =

∏T
t=1 '(yt; �, 2). This makes it
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an easy example to examine Assumption 4.1. The maximum likelihood estimator and Fisher
information are given by

�̂!T =
1
T

T
∑

t=1
Yt, IT (�) = IT =

T
2
.

If we assign a zero mean Gaussian prior to � of variance �20 then the posterior is also normal
with mean �post and variance �2post given by

�post =
(

1
�20
+ T
2

)−1(∑T
t=1 Yt
2

)

, �2post =
(

1
�20
+ T
2

)−1

.

Assume the data are arising from the model with true parameter value �̄. It follows readily
from Pinsker’s inequality that the Bernstein-von Mises theorem holds for Σ = 2 as we have as
T →∞

∫
|

|

|

�!T (�) − '
(

�; �̂!T , I
−1
T
)

|

|

|

d� = ∫
|

|

|

|

'
(

�;�post , �2post
)

− '
(

�, �̂!T ,
2
T

)

|

|

|

|

d�
ℙY
⟶ 0.

Hence this model fulfils Assumption 1. To estimate the likelihood we simulate data from
the model with �̄ = 0.5 and use �20 = 10

10. The likelihood is estimated using importance
sampling

p̂(y1∶T ∣ �, U ) =
T
∏

t=1

1
N

N
∑

i=1
'(yt − Ut,i; �, 1), Ut,i ∼ (0, 1).

In order to prove that Assumption 4.3 is fulfilled we show the stronger Assumption 4.4, i.e.
for some Δ > 0

E

[

sup
�∈B(�̄)

E
{

w(y, U, �)2+Δ
}

]

= E

[

sup
�∈B(�̄)

E
{

'(y − U ; �, 1)2+Δ

'(y; �, 2)2+Δ

}

]

<∞

In a first step we compute for a > 0

E
{

'(y − U ; �, 1)a

'(y; �, 2)a

}

=
(

2a−1
�

)1∕2

∫

∞

−∞
exp

(

−
a(y − x − �)2

2
+
a(y − �)2

4
− x2

2

)

dx

=
(

2a−1
�

)1∕2

∫

∞

−∞
exp

(

−
2a(y − x − �)2 − a(y − �)2 + 2x2

4

)

dx.

Completing the square yields

2a(y − x − �)2 − a(y − �)2 + 2x2
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= 2(a + 1)
(

x − a
(a + 1)

(y − �)
)2

−
a (a − 1)
a + 1

(y − �)2

and

E
{

'(y − U ; �, 1)a

'(y; �, 2)a

}

=
( 2a
a + 1

)1∕2
exp

{

a (a − 1)
4(a + 1)

(y − �)2
}

.

We now consider

sup
�∈B(�̄)

E
{

w(y, U, �)a
}

=
( 2a
a + 1

)1∕2
exp

{

a (a − 1)
4(a + 1)

sup
�∈B(�̄)

{(y − �)2}

}

.

Now let us write

(y − �)2 = (y − �̄ + �̄ − �)2

= (y − �̄)2 + 2(y − �̄)(�̄ − �) + (�̄ − �)2

and consider � ∈ B(�) corresponding to ||
|

� − �||
|

⩽ ", where " > 0. It is clear then that (y−�)2

is optimised over B(�) at either � = � + " or � = � + ". Let us denote yD = y − � and
d = � − � for simplicity so that

(y − �)2 = y2D + 2yDd + d
2,

Then we consider an upper bound on this which is quadratic in yD as

(1 + �)y2D + (1 + "
2),

where we need to determine � to achieve bounding for all values |d| ⩽ ". By symmetry of the
left-hand side, we need only consider the supremum case d = " so that

(1 + �)y2D + (1 + "
2) ⩾ y2D + 2yD" + "

2,

in which case, examining the roots of the resulting quadratic in yD, it is required that 4"2−4� ⩽
0, so � ⩾ "2. Taking � = "2 and using the bounding quadratic expression we obtain,

sup
�∈B(�)

E[w(y, U, �)a] =
( 2a
a + 1

)

1
2 exp

{

a(a − 1)
4(a + 1)

sup
�∈B(�)

{(y − �)2}

}

⩽
( 2a
a + 1

)

1
2 exp

{

a(a − 1)
4(a + 1)

(y − �)2(1 + "2) +
a(a − 1)
4(a + 1)

(1 + "2)
}
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= g(y; a).

So finally it is required that

EY {g(y; a)} = ∫

∞

−∞
g(y; a)'(y; �, 2)dy <∞,

for a = 2 + Δ for some Δ > 0. The above integral is finite when

a(a − 1)
(a + 1)

(1 + "2) < 1.

Hence with a = Δ + 2,
"2 <

(3 + Δ)
(2 + Δ)(1 + Δ)

− 1,

with the right-hand side always positive provided Δ <
√

2 − 1.
We apply the pseudo-marginal method to this model to demonstrate how our result can

approximate its characteristics. For the Markov chain, we use a random walk proposal with
variance equal to the inverse Fisher information I−1T scaled by l = 2. For each T , we
run a pseudo-marginal chain for variousN to sample the posterior for 250000 iterations as
well as the limit Markov chain of kernel P̃l,� . In Table 4.4 we summarize the simulations
results. As expected, we find that both the average acceptance probability and the integrated
autocorrelation time for f (�) = � of the pseudo-marginal algorithm converge to those of the
limiting Markov chain as T increases.

4.12.2 Stochastic Lotka-Volterra Model

Assumption 4.3 is difficult to verify in state space models. To illustrate the applicability of our
results beyond latent variable models we investigate here a stochastic kinetic Lotka-Volterra
model arising in systems biology. Such models are used to describe interacting species in a
predator and prey setting. In particular we consider the model with transition equations given
by

ℙ
(

X1,t+ℎ −X1,t = 1, X2,t+ℎ −X2,t = 0 ∣ X1,t = x1,t, X2,t = x2,t
)

= �1x1,t + o(ℎ)

ℙ
(

X1,t+ℎ −X1,t = −1, X2,t+ℎ −X2,t = 1 ∣ X1,t = x1,t, X2,t = x2,t
)

= �2x1,tx2,t + o(ℎ)

ℙ
(

X1,t+ℎ −X1,t = 0, X2,t+ℎ −X2,t = −1 ∣ X1,t = x1,t, X2,t = x2,t
)

= �3x2,t + o(ℎ),

where X1,t and X2,t denotes the number of preys and predators at time t ∈ [0, T ]. This
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Data T ParticlesN �̂ ÎAT p̂racc ÎAT
(

P̃l=2,�=�̂
)

p̂racc
(

P̃l=2,�=�̂
)

T = 20 6 1⋅70 17⋅55 18⋅69% 31⋅25 15⋅32%
8 1⋅44 12⋅34 23⋅14% 17⋅62 20⋅27%
10 1⋅24 10⋅76 26⋅34% 12⋅44 24⋅25%
12 1⋅12 8⋅98 28⋅78% 10⋅02 27⋅19%

T = 30 8 1⋅83 27⋅70 15⋅41% 46⋅57 13⋅17%
11 1⋅47 16⋅32 20⋅24% 18⋅64 19⋅61%
14 1⋅30 12⋅04 24⋅03% 12⋅74 23⋅29%
17 1⋅16 10⋅85 26⋅68% 9⋅91 26⋅09%

T = 50 20 1⋅85 30⋅46 13⋅94% 41⋅53 13⋅10%
30 1⋅48 18⋅59 19⋅58% 17⋅53 19⋅51%
40 1⋅29 13⋅30 23⋅59% 11⋅63 23⋅34%
50 1⋅16 10⋅51 26⋅86% 9⋅91 26⋅09%

T = 100 20 1⋅86 34⋅64 13⋅01% 41⋅04 12⋅81%
30 1⋅51 17⋅98 19⋅15% 18⋅73 18⋅93%
40 1⋅32 14⋅56 23⋅15% 13⋅59 22⋅99%
50 1⋅16 10⋅51 26⋅33% 9⋅91 26⋅09%

T = 200 80 1⋅83 38⋅35 13⋅11% 46⋅57 13⋅17%
120 1⋅52 20⋅65 18⋅90% 20⋅42 18⋅58%
160 1⋅30 13⋅87 22⋅94% 12⋅74 23⋅29%
200 1⋅17 11⋅15 26⋅07% 9⋅73 26⋅05%

Table 4.4: For T data andN particles: standard deviation �̂ of the log-likelihood estimator at �̄, integ-
rated autocorrelation time �̂ and average acceptance probability p̂acc for pseudo-marginal
kernel with l = 2 and limiting kernel P̃l=2,�̂ .
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model has been previously investigated, for example in (Andrieu, Doucet and Holenstein 2009)
and (Wilkinson 2012). We assume independent gamma priors for the kinetic rate parameter
vector � = (�1, �2, �3) with

�1 ∼ Γ(5, 5), �2 ∼ Γ(1⋅5, 10), �3 ∼ Γ(3⋅5, 5).

In our simulations we assume we are only able to observe predator and prey Xt = (X1,t, X2,t)
at discrete equidistant time points with independent measurement error Yi,t = Xi,t +Wi,t, i =
1, 2, t = 0,… , 50 whereWi,t ∼ (0, 102). The artificial data have been generated using the
Gillespie algorithm (Gillespie 1977) for the rate constants � = (1, 0⋅005, 0⋅6).

In this context, it is difficult to develop standard MCMC algorithms to sample the posterior
distribution while the pseudo-marginal algorithm can be easily applied as an unbiased estimate
of the likelihood can be computed using a bootstrap particle filter; see, e.g., (Andrieu, Doucet
and Holenstein 2009) and (Wilkinson 2012, Chapter 10). We use a multivariate Gaussian
randomwalk proposal with scaling factor l = 2⋅17 and covariance matrix close to the posterior
covariance, which we estimated in a short preliminary run. This can efficiently implemented
in R (R Core Team 2017) using the package smfsb (Wilkinson 2012) and the example code
which can be found on the author’s blog.

The algorithm is then run for 250000 iterations. We collect acceptance rate and computing
time CT(N) = IAT(N) ⋅N for a range of particles N , see Table 4.5. In practice we do not
choose �

(

�̄
)

, but the number of particles, N , which is also displayed in Table 4.5. For
comparison we also give an estimate of �

(

�̄
)

for givenN .
The computing time is optimized atN = 225 for all rates, �1, �2 and �3. We estimate �

(

�̄
)

to be 1⋅44, slightly above the results of Table 4.1 suggesting � = 1⋅24. The corresponding
acceptance rate of 18⋅57% is in accordance with the one suggested by our theory, which
for parameter dimension d = 3 yields an asymptotically optimal rate of around 19⋅30%
(l = 2⋅17, � = 1⋅24). We conjecture that the deviation from the results obtained in the
limiting case are due to the fact that the posterior is not very concentrated around �̄.
Sherlock et al. (2015) carry out Bayesian inference for a 5-dimensional stochastic Lotka-

Volterra model using the pseudo-marginal algorithm based on a data set with T = 50 observa-
tions. The authors optimize over a grid of values for both � and l. Experimentally, it was
found that the optimal standard deviation was � ≈ 1⋅45 and the optimal tuning for the random
walk achieved at l = 2⋅048 with an associated optimal jumping rate of 15⋅39%. This is slightly
above our guidelines with the values �̂opt = 1⋅30, l̂opt = 2⋅17 and pracc(�̂opt , l̂opt) = 17⋅35%
obtained in Table 4.1.
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ParticlesN Acceptance Rate CT(�1) CT(�2) CT(�3) �̂(�̄)
100 8⋅92% 7375 9035 7564 2⋅38
125 11⋅17% 6668 6717 6580 2⋅10
150 13⋅44% 5805 5903 6208 1⋅84
175 15⋅62% 5688 6137 6101 1⋅68
200 17⋅03% 5564 5632 5744 1⋅55
225 18⋅57% 5178 5452 5122 1⋅44
250 19⋅54% 6107 6958 5831 1⋅36
275 20⋅82% 5473 6087 5248 1⋅30
300 21⋅47% 6436 6340 5959 1⋅22
325 22⋅41% 5771 6586 6178 1⋅19
350 23⋅20% 6406 6234 6393 1⋅13

Table 4.5: Comparison of the computing time for different numbers of particles in the stochastic
Lotka-Volterra model.

0.85 0.90 0.95 1.00 1.05

β1

0.85 0.90 0.95 1.00 1.05

β2

0.0044 0.0046 0.0048 0.0050 0.0052

0.85 0.90 0.95 1.00 1.05

β3

0.0044 0.0046 0.0048 0.0050 0.0052 0.52 0.54 0.56 0.58 0.60 0.62

Figure 4.3: Histogram of marginal posterior p(�i ∣ y1∶T ), i = 1, 2, 3 on the diagonal with Gaussian
approximation (line) using sample mean and variance. In addition, we show density
estimates of the projections to the plane. The ellipses indicate the contour lines of a
Gaussian with sample mean and sample covariance matrix. It is clear from the plots that
the posterior is very close to a Gaussian.
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5
Epilogue: Large Sample Considerations for

MCMC Algorithms

IN this section we consider some further areas of research that follow naturally from the
ideas introduced above. In doing so, we will start by considering the pseudo-marginal

algorithm but we will also discuss other Markov chain Monte Carlo algorithms with noisy
acceptance probabilities and implications of large sample asymptotics.

5.1 Large Sample Properties of the Pseudo-Marginal Algorithm

In the previous chapter we have shown—either empirically or by virtue of Theorem 4.1—that
the properties of the limiting algorithm, e.g. the integrated autocorrelation time and the
acceptance probability, can be well approximated as T → ∞ by the respective characteristics
of the limiting kernel started from stationarity.
A natural continuation of this analysis is to consider the question whether other charac-

teristics, like qualitative convergence properties, can be studied by considering the limiting
algorithm. It is easy to see, for example, that the limiting kernel of the pseudo-marginal
algorithm is not geometrically ergodic. Too see this, note that while the classical random
walk Metropolis algorithm targeting '(�, 0,Σ) with proposal q(�, �′) = '(d�′, �,l2Σ∕d) is
geometrically ergodic (see e.g. Jarner and Hansen 2000), it follows from Proposition 2.15 (see
also Andrieu and Vihola 2015, Proposition 13) that the pseudo-marginal kernel P̃ is not as
the support of eZ when Z ∼ '

(

⋅ ; −�2∕2, �2
)

is not bounded above and thus P̃ cannot have
a spectral gap. By Theorem 2.8 this means that the limiting pseudo-marginal chain can also
not be geometrically ergodic.
The question following this argument is how well this heuristic describes practical imple-

mentations of pseudo-marginal algorithms as we have not formally shown that convergence
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properties, like geometric ergodicity, are inherited when passing through the limit T → ∞.
One possible way to establish this could be to consider conditions for the convergence of the
spectral gap as T → ∞. However, as can be seen from the presentation in Section 2.4 and
Proposition 3.4 this is equivalent to showing convergence of P̃T → P̃ as T → ∞ in the norm
topology. Hence, proving such a result would require to prove uniform convergence of a large
class of functions which is more challenging than the result in Section 4.9.
An inspection of the limiting transition kernel and the stationary distribution also opens

up new questions about the asymptotic behaviour of pseudo-marginal algorithms in terms of
the dimension, d. We have investigated the pseudo-marginal scheme for T → ∞ for fixed
parameter dimension d. However, in practice, increasing the number of data often means
that more complex models with more parameters can be employed. Hence, an interesting
avenue of research would be to consider the case where d → ∞ as T → ∞. Respective
Bernstein–von Mises type theorems with growing parameter dimensions do exist, see e.g.
Belloni and Chernozhukov (2009) and Ghosal (2000). Future research in this direction could
include an attempt to use these results in order to merge the large sample asymptotics (Section
3.3 and Chapter 4) with the diffusion limit of Roberts, Gelman and Gilks (1997) and Sherlock
et al. (2015). For the case of the random walk Metropolis–Hastings algorithm Belloni and
Chernozhukov (2009) derive complexity results in such an asymptotic framework.

5.2 The Correlated Pseudo-Marginal Algorithm

Motivated by the inefficiency of the limiting kernel (i.e. the nonexistence of a spectral gap)
we want to discuss modifications and improvements to the pseudo-marginal algorithm. We
begin by pointing out the sources of some of its weaknesses. Firstly, replacing the likelihood
with an estimate produces a noisy version of the same quantity. If the estimator is not well
controlled, the density could potentially be overestimated by a large amount. Since the estimate
of the density is retained for the next iteration, subsequent proposals are very unlikely to be
accepted. This leads to a well known behaviour of the Markov chain ‘getting stuck’. Indeed,
we have already seen that pseudo-marginal chains fail to inherit geometric ergodicity of a
marginal algorithm when the noise in the estimator is not bounded (Proposition 2.15). The
same argument also lead us to the conclusion that the limiting kernel (as T → ∞) does not
produce a geometrically ergodic Markov chain. In search for a remedy for this shortcoming,
let us investigate again the way that the pseudo-marginal algorithm is constructed. In the
standard implementation, the likelihood estimates in the Metropolis-Hastings ratio

�̂(�′)
�̂(�)

=
p̂(y ∣ �′, u′)
p̂(y ∣ �, u)

p(�′)
p(�)
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are constructed by drawing independent random variables u, u′ to compute the estimators
p̂(y ∣ �′, u′) and p̂(y ∣ �, u). As established before this corresponds to a standard Metropolis-
Hastings algorithm on an extended state space with acceptance ratio

r(�, u; �′, u′) =
p(�′ ∣ y, u′)m(u′)
p(� ∣ y, u)m(u)

q(�′, �)m(u)
q(�, �′)m(u′)

,

where m denotes the density of the auxiliary random variables drawn in every iteration. Note
that while q(�, �′) is a randomwalk proposal, the auxiliary variables behave like an independent
sampler. However, using the formulation above it is clear, that m(u) can be replaced by any
m-reversible proposal, k(u, u′), say, without loosing the exactness of the algorithm. But how
should k be chosen to achieve faster convergence? Consider again the ‘stickiness’ problem
of the pseudo-marginal chain. When the variables drawn result in an estimate with a large
weight, subsequent proposals are very unlikely to be accepted. However, we can ‘slow down’
the mixing of the MCMC sampler in the auxiliary space. The auxiliary variables are not our
target for inference and slow movement in the auxiliary space means that the variance of the
likelihood ratio estimate p̂(y ∣ �′, u′)

/

p̂(y ∣ �, u) is reduced, provided that the model is smooth
in u and �. This idea was first introduced by Deligiannidis, Doucet and Pitt (2018) and the
resulting algorithm is termed the correlated pseudo-marginal algorithm. In practice, this
algorithm is implemented by choosing m to be Gaussian. This can be done without loss of
generality since in most computers random variables are generated from uniform distributions.
To switch to Gaussian random variables simply draw U ∼ (0, 1), then Φ(U ), where Φ is
the standard normal cumulative distribution function, is uniformly distributed. We can then
select k(u, u′) as a stationary Gaussian AR(1)-process defined by

u′ = %u +
√

1 − %2U, U ∼ (0, 1)

with 0 ⩽ % < 1 the correlation coefficient between the Gaussian distributions. With the
exception of the correlated proposal for the latent states, the algorithm is identical to the
pseudo-marginal approach presented in Section 2.6. The authors show in experiments that
high values of % greatly improve the performance of pseudo-marginal schemes. As in the case
of the pseudo-marginal algorithm an efficient implementation requires to select free tuning
parameters. Similar to our approach in the previous section Deligiannidis, Doucet and Pitt
(2018) derive a limiting kernel that describes the algorithm as T → ∞ and transition kernel
(in the notation of Chapter 4)

P̃ (�̃; d�̃′) = q̃(�̃, d�̃′)�(�̃, �̃′) + �(�̃)�(�̃)(d�̃′)
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Dimension d l̂opt �̂opt CT(l̂opt , �̂opt) pracc(l̂opt , �̂opt)
d = 1 2.34 (0.21) 2.29 (0.12) 2.51 15.00%
d = 2 2.37 (0.09) 2.46 (0.14) 3.77 11.36%
d = 3 2.54 (0.17) 2.54 (0.13) 4.98 9.27%
d = 5 2.48 (0.09) 2.48 (0.09) 7.56 9.26%
d = 10 2.55 (0.10) 2.69 (0.12) 13.81 6.92%
d = 15 2.56 (0.12) 2.77 (0.11) 12.49 6.54%
d = 20 2.61 (0.12) 2.92 (0.12) 12.29 5.59%

Table 5.1: Optimal values for scaling l and noise � and associated value of computing time and
average acceptance probability: mean and standard deviation of the minimizers over 10
runs.

with

�(�̃, �̃′) = ∫ min
{

1,
'(�̃′; 0,Σ)
'(�̃; 0,Σ)

q̃(�̃′, �̃)
q̃(�̃, �̃′)

ew
}

'
(

dw; −�2∕2, �2
)

,

where � = �(�̄) (see e.g. Deligiannidis, Doucet and Pitt 2018, Theorem 4) and �(�) is the
corresponding rejection probability.

Deligiannidis, Doucet and Pitt (2018) consider the limiting kernel to theoretically justify
the assumption that the noise in the logarithm of the likelihood estimator follows a log-normal
distribution

Z ∼
(

−
�2(�̄)
2

, �2(�̄)
)

independent of the current value of the chain. Under this assumption the authors derive an
upper bound on the computing time that is subsequently optimized. In contrast, we will
consider the tuning of the limiting kernel directly. We proceed analogously to Section 4.6.

Table 5.1 shows the optimal values for l, � on the grid for a selected values of the parameter
dimension d. We can see that the optimal noise is around � = 2.3 for d = 1 and increases
continuously to almost � = 3. Similarly, the optimal scaling value l increases slowly from
l = 2.34 to l = 2.61 for d = 20. It can be observed that these values keep the computing
time relatively low, i.e. the increase in CT(l, �) as d grows is not as steep as in Table 4.1.

Comparing the results for the correlated pseudo-marginal algorithms to those of the stand-
ard pseudo-marginal algorithm in Table 4.1 (Section 4.6) we observe that correlating the
auxiliary variables leads to drastic improvements. First, note that the optimal noise is higher
(around double) than in the standard pseudo-marginal case while achieving a lower integrated
autocorrelation time. This results in the correlated pseudo-marginal method achieving a much
lower computing time than the standard implementation.
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5.1 Remark. Weak convergence results like the one in Chapter 4 for the pseudo-marginal
algorithm and the result by Deligiannidis, Doucet and Pitt (2018) for the correlated pseudo-
marginal algorithm do not necessarily imply convergence of the integrated autocorrelation
time. Indeed, Deligiannidis, Doucet and Pitt (2018, Section 4.3) demonstrate that the number
of particles,N , should grow at least at rate

√

T to ensure that the integrated autocorrelation
time remains bounded. In our simulation studies we found that the limiting kernel serves as a
good approximation for the behaviour of the (correlated) pseudo-marginal method for values
ofN in the range of interest whereas the approximation becomes worse whenN is chosen
very small, see e.g. Figure 4.1.
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6
Inference for Hidden Markov Models

IN the previous parts of this thesis we have mostly considered independent and identic-
ally distributed (i.i.d) data. Such assumptions are very popular since they often make

mathematical analysis tractable or even just possible1.

In this section we want to consider a model for dependent data. More precisely, we want to
consider so-called hidden Markov models. Such models evolve according to a latent Markov
chain (Xt)t∈ℕ taking value in a space X defined through the state transition distribution

Xt ∣ (Xt−1 = x) ∼ f ( ⋅ ∣ x) with t ⩾ 2 and X1 ∼ �,

but are only observed through conditionally independent state observations (Yt)t∈ℕ on Y with
observation density

Yt ∣ (Xt = x) ∼ g( ⋅ ∣ x) t ⩾ 1.

This is a generalization of the i.i.d. model in Example 3.5 and Section 4.5 and is visualized in
Figure 6.1. In contrast to the previous models, however, here we will not consider inference
over some parameter, �. Indeed, in many situation and due to the nature of the model interest
lies in finding the (distribution of the) hidden state variables X1∶T given some finite set of
observations Y1∶T . This model also offers a Bayesian interpretations: define the prior

f (x1∶T ) = �(x1)
T
∏

t=2
f (xi ∣ xi−1)

1In Section 4.5, for example, the independence of the model is crucial for our proof to work. No such result has
been established yet for dependent data.

147



Chapter 6 Inference for Hidden Markov Models

and the likelihood function

g(y1∶T ∣ x1∶T ) =
T
∏

t=1
g(yt ∣ xt).

The Bayesian posterior is then given by

p(x1∶T ∣ y1∶T ) =
g(y1∶T ∣ x1∶T )f (x1∶T )

p(y1∶T )

where
p(y1∶T ) = ∫ g(y1∶T ∣ x1∶T )f (x1∶T )dx1∶T .

In general non-Gaussian and non-linear models the resulting posterior distributions are not
tractable and cannot be computed analytically. Of course, (approximate) sampling from
p(x1∶T ∣ y1∶T ) can be achieved through Markov chain Monte Carlo approaches as outlined in
Section 2. However, due to their definition hidden Markov models are often used to model
sequential data. Indeed, often only the distribution of the last state p(xT ∣ y1∶T ) or an earlier
state p(xt ∣ y1∶T ), 0 ⩽ t < T is of interest at all. In such cases observing a new state, yT+1,
means that Markov chain approaches have to restart. An algorithm that could be updated
sequentially whenever new data is observed would be more desirable.

X1 X2 X3 X4

Y1 Y2 Y3 Y4

Figure 6.1: Example of a graph of a hidden Markov model. Y1, Y2,… (blue) are observed whereas
X1, X2,… (grey) are hidden.

In the following we will consider sequential approaches using importance sampling that
are efficient for online inference. The first approach is to use simple importance sampling and
update the weights every time a value is observed.
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6.1 Sequential Importance Sampling

As for many Bayesian settings, we are interested in computing expectations with respect to
the posterior distribution

(ℎ) = ∫ ℎ(x1∶t)p(x1∶t ∣ y1∶t)dx1∶t

for 1 ⩽ t ⩽ T .
Let us now consider an inference scheme that takes the sequential nature of the data into

account, i.e. we assume that we first observe y1, approximate p(x1 ∣ y1) and as we receive a
new observation y2 we update our inference scheme to approximate p(x1∶2 ∣ y1∶2).
Estimating the integrals with respect to the initial filtering distribution p(x1 ∣ y1) can be

carried out with standard importance sampling estimators (e.g. Owen 2013, Chapter 9). Using
a proposal distribution Xi

1 ∼ q( ⋅ ∣ y1), i = 1,… , N we have for any test function ℎ∶ X → ℝ

̂PF(ℎ) =
∑N
i=1 ℎ(X

i
1)w1(X

i
1)

∑N
i=1w1(X

i
1)

, w1(Xi
1) =

g(y1 ∣ Xi
1)�(X

i
1)

q(Xi
1 ∣ y1)

,

where we denoteN the number of samples or particles. By the law large numbers ̂PF(ℎ)→
(ℎ) almost surely as the number of particlesN → ∞ whenever E{|ℎ(X)|w(X)} < ∞ for
X ∼ p(x1 ∣ y1). If now a second observation y2 arises the joint importance weight is

w1∶2(Xi
1, X

i
2) =

g(y1 ∣ Xi
1)�(X

i
1)

q(Xi
1 ∣ y1)

g(y2 ∣ Xi
2)f (X

i
2 ∣ X

i
1)

q(Xi
2 ∣ X

i
1, y2)

= w1(Xi
1) ⋅w2(X

i
2).

This factorization suggests that we can adjust the importance sampling weights when new ob-
servations arrive by just multiplying the marginal importance weight of the newest observation.
Indeed, for general 1 < t ⩽ T we can always write

w1∶t(x1∶t) ∝
p(x1∶t ∣ y1∶t)
q(x1∶t)

∝
p(x1∶(t−1) ∣ y1∶(t−1))

q(x1∶(t−1))
g(yt ∣ xt)f (xt ∣ xt−1)
q(xt ∣ xt−1, yt)

∝ w1∶(t−1)(x1∶(t−1))wt(xt).

The respective algorithm is called sequential importance sampling. Of course, the perform-
ance of this algorithm crucially depends on the characteristics of the proposal distribution
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q(xt ∣ xt−1, yt). The following result provides a guideline for the choice of the proposal.

6.1 Proposition. The proposal q∗(xt ∣ xt−1, yt) minimizing the one-step variance
Varq

{

w(X1∶t) ∣ X1∶(t−1)
}

is given by

q∗(xt ∣ xt−1, yt) =
g(yt ∣ xt)f (xt ∣ xt−1)

p(yt ∣ xt)

where
p(yt ∣ xt−1) = ∫ g(yt ∣ xt)f (xt ∣ xt−1)dxt

and the optimal weight is
w∗t (xt−1, xt) = p(yt ∣ xt−1).

Proof. See, for example, Doucet, Godsill and Andrieu (2000, Proposition 2).

Unfortunately, the integral p(yt ∣ xt−1) = ∫ g(yt ∣ xt)f (xt ∣ xt−1)dxt is intractable in most
cases. This intractability of the weights in the locally optimal proposal q∗ prohibits the exact
implementation of this algorithm, but it can provide a guide for good proposal strategies.
However, instead of prematurely optimizing this algorithm we want to point out that the

sequential importance sampling scheme suffers from systemic flaws. The product nature
means that many particles will have decaying weights (as they mostly consist of products of
small positive numbers) and hence often one path (Xi

1∶t), t ⩽ T will dominate in terms of its
weight. Practically, we will observe that very often the variance of the normalized weights

Var
{

wt(x1∶t)
p(y1∶t)

}

≲ kt

for some constant k > 1 (see e.g. Doucet and Johansen 2009). Resampling is a popular
approach to counter this problem and we will introduce this procedure now.

6.2 Sequential Importance Resampling

When a new state is proposed it might not align well with the observations and thus it
might have very low importance sampling weight. The idea of resampling is to concentrate
on the promising particles measured in terms of the computed weights. To this end, we
need to introduce some new notation. We will now write X̃i

t for the weighted sample, i.e.
X̃i
t ∼ q( ⋅ ∣ X

i
t−1, yt) and X

i
t the particles after resampling is performed.

Underlying the idea of resampling is the understanding that the set {wi, X̃i
1∶T ; i = 1,… , N}

is a weighted approximation of p(x1∶T ∣ y1∶T ). In order to circumvent the decay of the weights
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we wish to obtain an unweighted approximation {Xi
1∶T ; i = 1,… , N}. This can be achieved

by using the weights as a sampling distribution and sample from the weights with replacement.
The algorithm proceeds as follows. After the first observation, y1, is known we propose

a set of particles X̃i
1 ∼ q( ⋅ ∣ y1), i = 1,… , N and subsequently compute the importance

sampling weights

w1(X̃i
1) =

g(y1 ∣ X̃i
1)�(X̃

i
1)

q(X̃i
1 ∣ y1)

, i = 1,… , N.

However, in order to obtain an unweighted sample we perform the aforementioned resampling
step. Sample

I1∶N ∼ Mult
{

N ;w1,1,… , w1,N
}

,

where we writeMult
{

N ;w1,1,… , w1,N
}

to denoteN independent samples from a categorical
or multinomial distribution with weights proportional tow1,1,… , w1,N . SettingXi

1 = X̃
Ii
1 , i =

1,… , N thus yields an approximate sample from p(x1 ∣ y1). This process is repeated every
time we observe a new observation yt; first we resample the current trajectory according to its
weights (wt−1,1,… , wt−1,N ), then we propose new values according a proposal distribution
X̃i
t ∼ q( ⋅ ∣ X

i
t−1, yt) and compute the next weights

wt(Xi
t−1, X̃

i
t ) =

g(X̃i
t ∣ yt)f (X̃

i
t ∣ X

i
t−1)

q(X̃i
t ∣ X

i
t−1, yt)

.

The resulting algorithm is called a particle filter and is described briefly in the next chapter
and is detailed in Algorithm 7.1. The optimal proposal is again the same as for sequential
importance sampling (Proposition 6.1) and can be used to guide the proposal choice.

Of course, many extensions are possible. For example, the resampling step does not have to
be carried out every iteration. A common approach is to monitor the effective sample size of
the current particles and to trigger resampling as soon as this quantity decays below a certain
pre-set threshold. We refer the reader to Doucet and Johansen (2009) and references therein.
However, the majority of research in particle filters focuses on cases where the transition and
observation densities are available analytically. In the following chapter, we want to consider
a different direction and consider cases where the weights wt, 1 ⩽ t ⩽ T are not available
analytically. We will demonstrate that resampling in those cases is still possible using so-called
Bernoulli races, which are related to Bernoulli factories (see e.g. Keane and O’Brien 1994)
and have been introduced in a simple form by Dughmi et al. (2017). The resulting article
(Schmon, Deligiannidis and Doucet 2019) was published in the 22nd International Conference
on Artificial Intelligence and Statistics, AISTATS 2019.
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7
Bernoulli Race Particle Filters

Published in the proceedings of the 22nd International
Conference on Arti�cial Intelligence and Statistics, AISTATS 2019

(with George Deligiannidis and Arnaud Doucet)

7.1 Introduction

OVER the last 25 years particle filters have become a standard tool for optimal estimation in
the context of general state space hidden Markov models (HMMs) with applications in

ever more complex scenarios. HMMs are described by a latent (unobserved) process (Xt)t∈ℕ
taking values in a space X and evolving according to the state transition density

Xt ∣ (Xt−1 = x) ∼ f ( ⋅ ∣ x)

for t ⩾ 2 and X1 ∼ �(⋅). The states can be observed through an observation process (Yt)t∈ℕ,
taking values in a space Y with observation density

Yt ∣ (Xt = x) ∼ g( ⋅ ∣ x).

Particle filters (PFs) sequentially approximate the joint distributions

�t
(

x1∶t
)

= p(x1∶t ∣ y1∶t)

=
g(y1 ∣ x1)�(x1)

∏t
k=2 g(yk ∣ xk)f (xk ∣ xk−1)
p(y1∶t)

=
g(y1 ∣ x1)�(x1)

∏t
k=2$

(

xk ∣ yk, xk−1
)

p(y1∶t)
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on the space Xt at time t by evolving a set of samples, termed particles, through time. We use
here the shorthand notation xj∶k = (xj ,… , xk). The quantity p(y1∶t) denotes the marginal
likelihood of the model

p(y1∶t) = ∫ g(y1 ∣ x1)�(x1)
t

∏

k=2
$

(

xk ∣ yk, xk−1
)

dx1∶t (7.1)

which is usually intractable. The PF algorithm proceeds as follows. Given a set of particles
{Xi

t−1, i = 1,… , N} at time t − 1 the particles are propagated through q(xt ∣ xt−1, yt). To
adjust for the discrepancy between the distribution of the proposed states and �t

(

x1∶t
)

the
particles are weighted by

wt(xt−1, xt) =
$

(

xt ∣ yt, xt−1
)

q(xt ∣ xt−1, yt)
, t ⩾ 2, (7.2)

w1(x1) =
g(y1 ∣ x1)�(x1)
q(x1 ∣ y1)

.

A subsequent resampling step according to these weights ensures that only promising particles
survive. Here we consider only multinomial resampling, where we write

I1∶N ∼ Mult
{

N ;w1,… , wN
}

to denote the vector I1∶N consisting of N samples from a multinomial distribution with
probabilities proportional to w1,… , wN . The algorithm is summarized in Algorithm 7.1.

In most applications, interest lies not in the distribution itself, but rather in the expectations

(ℎ) = ∫ ℎ(x1∶t)�t(x1∶t)dx1∶t (7.3)

for some test function ℎ∶ Xt → ℝ. Applying a PF we can estimate this integral, for a set of
particle genealogies

{

Xi
1∶t, i = 1,… , N

}

, by taking

̂t,PF(ℎ) =
1
N

N
∑

i=1
ℎ
(

Xi
1∶t
)

. (7.4)

When the PF weights (7.2) are not available analytically, standard resampling routines—steps
3 and 7 in Algorithm 7.1—cannot be performed. However, in many cases one might be able
to construct an unbiased estimator of the resampling weights. Del Moral, Doucet and Jasra
(2007), Fearnhead, Papaspiliopoulos and Roberts (2008), Liu and Chen (1998) and Rousset
and Doucet (2006) show that using random but unbiased non-negative weights still yields

154
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Algorithm 7.1 Particle filter withN particles
At time t = 1

1: Sample X̃i
1 ∼ q(⋅ ∣ y1), i = 1…N

2: Compute weights
w1,i = wt(X̃i

1), i = 1,… , N

3: I1∶N ∼ Mult
{

N ;w1,1,… , w1,N
}

4: Set Xi
1 = X̃

Ii
1 , i = 1.… , N

At times t ⩾ 2
5: Sample X̃i

t ∼ q( ⋅ ∣ X
i
t−1, yt), i = 1,… , N

6: Compute weights as in (7.2)

wt,i = wt(Xi
t−1, X̃

i
t ), i = 1,… , N

7: I1∶N ∼ Mult{N ;wt,1,… , wt,N}
8: For i = 1,… , N set

Xi
1∶t =

(

XIi
1∶(t−1), X̃

Ii
t

)

.

a valid algorithm. This can be easily seen by considering a standard particle filter on an
extended space. Yet, this flexibility does not come without cost. Replacing the true weights
with a noisy estimate increases the variance for Monte Carlo estimates of type (7.4).

Here we introduce a new resampling scheme that allows for multinomial resampling from
the true intractable weights while just requiring access to non-negative unbiased estimates.
Thus, any PF estimate of type (7.4) will have the same variance as if the true weights were
known. This algorithm relies on an extension of recent work in Dughmi et al. (2017) where
the authors consider an unrelated problem.

In the supplementary material we collect the proofs for Propositions 3, 4 and 5, Theorem 6
and additional simulation studies. Code to reproduce our results is available online1.

7.2 Particle Filters with Intractable Weights

Particle filters for state space models with intractable weights rely on the observation that
replacing the true weights with a non-negative unbiased estimate is equivalent to a particle
filter on an extended space. In this section we introduce some examples of models where
the weights are indeed not available analytically and review briefly how the random weight
particle filter (RWPF) can be applied in these instances.

1URL: http://www.stats.ox.ac.uk/~schmon/.
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7.2.1 Locally optimal proposal

Recall that in the setting of a PF for a state space model at time t − 1 the proposal for t which
leads to the minimum one step variance, termed the locally optimal proposal q∗, is

q∗(xt ∣ xt−1, yt) =
g(yt ∣ xt)f (xt ∣ xt−1)

p(yt ∣ xt−1)
,

see, e.g. Doucet, Godsill and Andrieu (2000, Proposition 2). Sampling from the locally
optimal proposal is usually straightforward using a rejection sampler. The weights

wt(xt−1, xt) = p(yt ∣ xt−1)

= ∫ g(yt ∣ xt)f (xt ∣ xt−1)dxt, (7.5)

however, are intractable if the integral on the right-hand side does not have an analytical
expression, thus prohibiting an exact implementation of this algorithm. Our algorithm will
enable us to resample according to these weights.

7.2.2 Partially observed diffusions

Most research on particle filters with intractable weights has been carried out in the setting
of partially observed diffusions, see e.g. Fearnhead, Papaspiliopoulos and Roberts (2008),
which we will describe here briefly. For simplicity, consider the univariate diffusion2 process
of the form

dXt = a(Xt)dt + dBt, t ∈ [0,  ], (7.6)

where a∶ ℝ → ℝ denotes the drift function and  ∈ ℝ is the time horizon. For a general
diffusion constant speed as assumed in (7.6) can be obtained whenever the Lamperti transform
is available. The diffusion is observed at discrete times ti, i = 1,… T with measurement error
described by the density g(yti ∣ xti). In this model the resampling weights are often intractable
since for most diffusion processes the transition density fΔt(xti ∣ xti−1) over the interval with
length Δt = ti − ti−1 is not available analytically. However, as shown in Beskos and Roberts
(2005), Dacunha-Castelle and Florens-Zmirou (1986) and Rogers (1985) the transition density
over an interval of length Δt can be expressed as

2It is not necessary to restrict oneself to univariate diffusions, see e.g. Fearnhead, Papaspiliopoulos and Roberts
(2008).
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fΔt(y ∣ x) = '(y; x,Δt) exp (A(y) − A(x))

× E
[

exp
(

−∫

Δt

0
�(Ws)ds

)]

(7.7)

where '( ⋅ ; x,Δt) is the density of a Normal distribution with mean x and variance Δt,
(

Ws
)

s∈[0,Δt] denotes a Brownian bridge from x to y and �(x) =
(

a2(x) + a′(x)
)

∕2 for a
function A∶ ℝ → ℝ with A′(x) = a(x). The expectation on the right-hand side in (7.7) is
with respect to the Brownian bridge and is usually intractable. Thus, for a particle filter to work
in this example one either needs to implement a Bootstrap PF, which can sample the diffusion
(7.6) exactly (see, e.g. Beskos and Roberts 2005), or one constructs an unbiased estimator of
the expectation on the right-hand side to employ the RWPF. Note that for a function g and
U ∼ Unif[0, t] we have

E
[

g(WU )
�

∣ Ws, 0 ⩽ s ⩽ t
]

= ∫

t

0

g(Ws)
�t

ds.

Using this relationship we can use debiasing schemes such as the Poisson estimator (Beskos,
Fearnhead et al. 2006) to find a non-negative unbiased estimator of the expectation of the
exponential.

7.2.3 Random weight particle filter

Here we briefly review the RWPF and compare its asymptotic variance to that of a PF with
known weights. Assume one does not have access to the weight $

(

xt ∣ yt, xt−1
)

in (7.2)
but only to some non-negative unbiased estimate $̂(xt ∣ yt, xt−1, Ut), where Ut are auxiliary
variables sampled from some density m. Then we carry out the multinomial resampling in
Algorithm 7.1 by taking I1∶N ∼ Mult{N ; ŵt,1,… , ŵt,N}, where ŵt,k is defined as in (7.2)
with$

(

xt ∣ yt, xt−1
)

replaced by $̂(xt ∣ yt, xt−1, Ut). This is equivalent to a standard particle
filter on the extended space targeting at time t the distribution

�̄t
(

x1∶t, u1∶t
)

∝
t

∏

k=1
$̂(xk ∣ yk, xk−1, uk)m

(

uk
)

which satisfies
�̄t
(

x1∶t, u1∶t
)

= �t(x1∶t)�̄t(u1∶t ∣ x1∶t) (7.8)
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with

�̄t(u1∶t ∣ x1∶t) =
t

∏

k=1

$̂(xk ∣ yk, xk−1, uk)m
(

uk
)

$
(

xk ∣ yk, xk−1
) .

A PF targeting the sequence of distributions �t directly can be interpreted as a Rao-
Blackwellized PF (Doucet, Godsill and Andrieu 2000) of the PF on the extended space.
Hence, the following is a direct consequence of (Chopin 2004, Theorem 3).

7.1 Proposition. For any sufficiently regular3 real-valued test function ℎ, the exact weight
PF (EWPF) and RWPF estimators of (ℎ) defined in (7.3) both satisfy a

√

N-central limit
theorem with asymptotic variances satisfying �2EWPF,ℎ ⩽ �2RWPF,ℎ.

7.3 Bernoulli Races

Assume now that the intractable weights can be written as follows

wt(xt−1, xt) =
g(yt ∣ xt)f

(

xt ∣ xt−1
)

q
(

xt ∣ xt−1, yt
)

= c
(

xt−1, xt, yt
)

b
(

xt−1, xt, yt
)

, (7.9)

where 0 ⩽ b(x, x′, y) ⩽ 1 for all x, x′, y ∈ X, and that we are able to generate a coin flip Z
with ℙ(Z = 1) = b

(

x, x′, y
)

. We will assume that c(x, x′, y) in (7.9) is analytically available
for any x, x′, y. For brevity we will denote (7.9) as wi = cibi, for particles i = 1,… , N ,
dropping for now the dependence on t.

The aim of this section is to develop an algorithm to perform multinomial sampling propor-
tional to the weights wi, that is, sample from discrete distributions of the form

p(i) =
cibi

∑N
k=1 ckbk

, i = 1,…N (7.10)

where c1,… , cN denote fixed constants whereas the b1,… , bN are unknown probabilities. We
assume we are able to sample coins Zi ∼ Ber(bi), i = 1,… , N. In practice, the c1,… , cN are
selected to ensure that b1,… , bN take values between 0 and 1. The Bernoulli race algorithm
for multinomial sampling proceeds by first proposing from the distribution

ℙ (I = i) =
ci

∑N
k=1 ck

(7.11)

3We refer the reader to Chopin (2004) for the mathematical details.
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and then sampling ZI ∼ Ber(bI ). If ZI = 1, return I , otherwise the algorithm restarts.
Pseudo code describing this procedure is presented in Algorithm 7.2. If we take cj = 1 for all
j = 1,… , N we recover the original Bernoulli race algorithm from Dughmi et al. (2017).

Algorithm 7.2 Bernoulli race
1: Draw I ∼ Mult{1; c1,… , cN}
2: Draw Z ∼ bI
3: if Z = 1 then return I = I
4: else go back to line 1
5: end if

7.2 Proposition. Algorithm 7.2 samples from the distribution

p(i) = ℙ(I = i ∣ ZI = 1) =
cibi

∑N
k=1 ckbk

.

Proof. Note that the probability of sampling I = i and accepting is

ℙ(I = i, Zi = 1) =
bici
∑

k ck
.

It follows that observing ZI = 1 has probability ℙ(ZI = 1) =
∑

k bkck∕
∑

k ck. Now for any
i = 1,…N

p(i) = ℙ(I = i ∣ ZI = 1)

=
ℙ(I = i, Zi = 1)

ℙ(ZI = 1)

=
bici
∑

k ck

/

∑

k bkck
∑

k ck
=

bici
∑

k bkck
.

7.3.1 Efficient Implementation

This algorithm repeatedly proposes an a priori unknown amount of random variables from
the multinomial distribution (7.11). Naïve implementations of multinomial sampling are
of complexity O(N) for one draw from the multinomial distribution. Standard resampling
algorithms, however, can sample N random variables at cost O(N) (see e.g. Hol, Schon
and Gustafsson 2006) but in this case the number of samples needs to be known beforehand.
We show here that Bernoulli resampling can still be implemented with an average of O(N)
operations.
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To ensure that the Bernoulli resampling is fast we need cheap samples from the multinomial
distribution with weights proportional to c1,… , cN . We can achieve this with the Alias
method (Walker 1974, 1977) which requires O(N) preprocessing after which we can sample
with O(1) complexity. Hence, the overall complexity depends on the number of calls to the
Bernoulli factory per sample. Denote Cj,N the number of coin flips that are required to accept
a value for the jth sample, where j = 1,… , N . The random variable Cj,N follows a geometric
distribution with success probability

�N = ℙ(ZI = 1) =
∑N
k=1 ckbk
∑N
k=1 ck

. (7.12)

The expected number of trials until a value is accepted is then

E
[

Cj,N
]

= 1
�N

(j = 1,… , N) .

The complexity of the resampling algorithm depends on the values of the acceptance
probabilities b1,… , bN . For example, if all probabilities are identical, that is, b1 = … =
bN = b, we expect N∕b coin flips, each of cost O(1), which leads to overall order O(N)
complexity. In practice, however, the success probabilities of our Bernoulli factories are all
different. Assuming all bj , j = 1,… , N are non-zero, the expected algorithmic complexity
per particle is bounded by the inverse of smallest and largest Bernoulli probabilities. Let
b = min{b1,… , bN}. Then,

E[Cj,N ] =
∑

k ck
∑

k bkck
⩽

∑

k ck
b
∑

k ck
= 1
b

and with b = max{b1,… , bm}
E[Cj,N ] ⩾

1
b
.

In practice, the complexity of the Bernoulli sampling algorithm depends on the behaviour of
�N as shown by the following central limit theorem.

7.3 Proposition. Assume limN→∞ �N =∶ � ∈ (0, 1). Then we have the following central
limit theorem for the average number of coin flips asN →∞

√

N

(

1
N

N
∑

j=1
Cj,N −

1
�N

)

d
→ 

(

0,
1 − �
�2

)

,
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where
d
→ denotes convergence in distribution.

In particular, Proposition 7.3 implies that the run-time concentrates around N∕�N with
fluctuations of order

√

N . Thus, the order of complexity depends on the order of �N and we
have complexity O(N) if

lim sup
N→∞

|

|

|

|

|

|

∑N
k=1 ck

∑N
k=1 ckbk

|

|

|

|

|

|

<∞. (7.13)

As an example consider the case where c1 = … = cN = c are all identical. Then at time t

�t,N = 1
N

N
∑

k=1
wt,k. (7.14)

An instance of this setting is the locally optimal proposal presented in Section 7.2.1. It is well
known that asN →∞ (7.14) will converge towards p(yt ∣ y1∶t−1) and indeed we see that the
algorithm’s run-time will concentrate around a quantity of orderN .

7.4 Remark. After the Alias table is constructed, the algorithm can be implemented in
parallel. This can lead to considerable gains if the number of particles used in the particle
filter is high. If c1 = … = cN = c, or if the constants denote a distribution for which a table
as in the Alias method is already implemented before program execution, the above algorithm
can be implemented entirely in parallel. Murray, Lee and Jacob (2016) consider the case of
multinomial resampling using a rejection sampler with uniform proposal on the set {1,… , N}
with known weights and show that this algorithm has parallel complexity O(logN).

7.3.2 Estimating the Probability of Stopping

In our later applications we will be interested in evaluating the success probability

�N =
∑N
k=1 ckbk
∑N
k=1 ck

.

Assume that we sample N independent realizations from a multinomial distribution using
the Bernoulli race algorithm described above and that C1,N ,… , CN,N are the geometric
random variables that count the number of trials until the algorithm accepts a value and
terminates. Then �̂naiveN = 1∕C̄N , where C̄N =

∑N
k=1 Ck,N∕N is a consistent estimator of

� since E(Ci,N ) = 1∕�N for all i = 1,… , N and therefore by a weak law of large numbers
C̄N→1∕� in probability and 1∕C̄N→� in probability by the continuous mapping theorem.
Unfortunately, the estimator �̂naiveN is not unbiased which would be desirable. However, this can
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be remedied by constructing the minimum variance unbiased estimator (see Hogg, McVean
and Craig 2005, Definition 7.1.1) for a geometric distribution. This result is well known, but
we repeat it here for convenience.

7.5 Proposition. ForN ∈ ℕ letC1,N ,… , CN,N denote independent samples from a geomet-
ric distribution with success probability �N , then the minimum variance unbiased estimator
for �N is

�̂mvueN = N − 1
∑N
k=1 Ck,N − 1

. (7.15)

In order to understand the asymptotic behaviour of the estimator (7.15) we also provide the
following central limit theorem.

7.6 Proposition. ForN ∈ ℕ let C1,N , C2,N ,… denote independent samples from a geomet-
ric distribution with success probability �N , then

√

N
(

�̂mvueN − �N
) d
→ 

(

0, (1 − �) �2
)

.

7.4 Bernoulli Race Particle Filter

7.4.1 Algorithm Description

We now consider the application of the Bernoulli race algorithm to particle filter methods. The
Bernoulli race can be employed as a multinomial resampling algorithm,Mult{w1,… , wN}, in
Algorithm 7.1. However, the clear advantage is that this algorithm can be implemented even if
the true weights are not analytically available, but we do have access to non-negative unbiased
estimates. A [0, 1]-valued unbiased estimator b̂ for b can be converted into an unbiased coin
flip by noting that ℙ

(

V ⩽ b̂
)

= b, where V ∼ Unif[0, 1] (see e.g. Lemma 2.1 in Łatuszyński
et al. 2011).

We will refer to such a particle filter as a Bernoulli race particle filter (BRPF).

7.4.2 Likelihood estimation

Even though the Bernoulli race resampling scheme enables us to resample according to the
true weights, the normalizing constant or marginal likelihood (7.1) remains intractable. We
show here how we can still obtain an unbiased estimator for the normalizing constant. We
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first recall that in particle filters an estimator of the normalizing constant is obtained by

p̂(y1∶T ) =
T
∏

t=1
p̂(yt ∣ y1∶t−1) =

T
∏

t=1

1
N

N
∑

k=1
wt,k. (7.16)

This estimator is well-known to be unbiased (see Del Moral 2004, Chapter 7). If the weights
are not available this estimator cannot be employed. Fortunately, the quantity (7.16) comes up
naturally when running the BRPF. Recall that the probability for the Bernoulli race to stop at
a given iteration, i.e. to accept a value, is

ℙ
(

Cj,N = 1
)

=
∑N
k=1 ct,kbt,k
∑N
k=1 ct,k

=
1
N
∑N
k=1wt,k

1
N
∑N
k=1 ct,k

.

Thus, conditional on the weights wt,k, k = 1,… , N , an unbiased estimator of (7.16) is given
by virtue of (7.15):

�̂N,T =
T
∏

t=1

1
N

N
∑

k=1
ct,k ⋅

N − 1
∑N
k=1 Ck,N − 1

. (7.17)

7.7 Theorem. The estimator (7.17) is unbiased for p(y1∶T ), i.e. E
[

�̂N,T
]

= p(y1∶T ).

7.5 Applications

7.5.1 Locally optimal proposal

We start with a Gaussian state space model. In linear Gaussian state space models the Kalman
Filter can be used to analytically evolve the system through time. Nevertheless, the aim here
is a proof of concept of the BRPF. We assume the latent variables follow the Markov chain

Xt = aXt−1 + Vt

where we take a = 0.8 and we observe these hidden variables through the observation equation

Yt = Xt +Wt

with initialization X0 ∼ (0, 5) and Vt ∼ (0, 5),Wt ∼ (0, 5). In this particular instance
the locally optimal proposal is available analytically, but in most practical scenarios this will
not be the case. For this reason sampling from the locally optimal proposal is implemented
using a rejection sampler that proposes from the state equation. Coin flips for the weights
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(7.5) can be obtained by sampling from the model �t ∼ f (⋅ ∣ xt−1) and computing

Zt = 1
{

U ⩽ exp
(

−
(yt − �t)2

10

)}

, U ∼ Unif[0, 1].

This leads to the choice ct,1 = … = ct,N = 1∕
√

10� and

bt,k = ∫ exp
(

−
(yt − x)2

10

)

f (x ∣ xt−1)dxt−1.

Note that ct,k is defined such that

sup
x,x′,y

bt(x, x′, y) = 1

Such a choice ensures that the acceptance probability in the Bernoulli race, Algorithm 7.2,
is as large as possible. This can lead to a considerable speedup when using the Bernoulli
resampling algorithm.

Complexity and Run-time

Figure 7.1 shows the run-time for RWPF and the BRPF for the Gaussian state space model. The
BRPF clearly has linear complexity in the number of particles. In a sequential implementation
the Bernoulli race (orange) performs worse than the classical resampling scheme (blue), but
the difference vanishes when implementing a parallel version of the Bernoulli race (green,
with 32 cores). This demonstrates the speedup due to parallel sampling of the coin flips.
Since we need many Bernoulli random variables each of which is computationally cheap this
algorithm lends itself to a implementation using GPUs to further improve the performance of
the Bernoulli race.

Efficiency

As alluded to earlier, if Bernoulli resampling is performed, the variance for any Monte Carlo
estimate (7.4) will be the same as if the true weights were known and one applies standard
multinomial resampling. From Proposition 7.1 it follows that the asymptotic variance of any
Monte Carlo estimate of type (7.4) will be smaller when applying a BRPF over a RWPF.
While the variance for functions (7.4) in the BRPF coincides with the standard particle filter
we do not have access to the same estimator for the normalising constant and instead need to
use the methods from Section 7.4.2.
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Figure 7.1: Comparison of the run-time for RWPF and BRPF for Gaussian state space model. For
BRPF we show a sequential and a parallel implementation with 32 cores. For all algorithms
we show wall-clock time for number of particlesN .

For these reasons we will compare the performance of the BRPF with the RWPF for a set of
different test functions ℎ∶ XT → ℝ by comparing the variance of PF estimates (7.4). We then
study the estimation of the normalizing constant separately. For the simulation we consider
the functions

ℎ1(x1∶T ) =
1
T

T
∑

t=1
xt, ℎ2(x1∶T ) = ‖x1∶T ‖2,

ℎ3(x1∶T ) = xT , ℎ4(x1∶T ) =
(

xT − x̄T
)2 ,

where x̄T =
∑N
i=1 x

i
T ∕N . The PF approximations (7.4) using ℎ3 and ℎ4 are estimators for the

quantities �T = ∫ xT p(dxT ∣ y1∶T ) and ∫
(

xT − �T
)2 p(dxT ∣ y1∶T ).

All estimates are based on 100 runs of each particle filter using N = 100 particles. The
results are collected in Table 7.1. We denote the standard deviation of the test functions under
the BRPF as �BRPF and �RWPF for the RWPF. All measures indicate a reduction in the standard
deviation. For the estimator of the function ℎ1, the standard deviation is reduced by 26% when
compared to the RWPF.

We now investigate the estimates for the normalizing constant. Table 7.2 shows the standard
deviation of the (log-)normalizing constant of a Gaussian state space model for T = 50 time
steps. In this setting it is not obvious why the Bernoulli race resampling estimate should
outperform the estimate provided by the RWPF. In our case however, we find that the BRPF
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Table 7.1: For test functions ℎi,… i = 1,… , 4 the standard deviation for RWPF and BRPF over 100
iterations.

Test function �RWPF �BRPF �BRPF∕�RWPF

ℎ1 0.17 0.12 0.74

ℎ2 0.93 0.78 0.84

ℎ3 0.19 0.19 0.96

ℎ4 0.42 0.40 0.94

Table 7.2: Comparison of the normalizing constant estimate for different implementations of the
particle filter.

sd(log p̂(y1∶T ))
BRPF 0.55
RWPF 0.66

performs better.

7.5.2 Partially Observed Diffusion

We use the sine diffusion, a commonly used example in the context of partially observed
diffusions, see e.g. Fearnhead, Papaspiliopoulos and Roberts (2008), given by the stochastic
differential equation (SDE)

dXs = sin(Xs)dt + dBs, s ∈ [0, 15].

Here, (Bs)s∈[0,15] denotes a Brownian motion and the drift function in (7.6) is a(x) = sin(x).
Consequently, A(x) = − cos(x) and with �(x) =

(

sin(x)2 + cos(x)
)

∕2, the transition density
is

fΔt(x, y) = '(y; x,Δt) exp (− cos(y) + cos(x))

× E
[

exp
(

−∫

Δt

0
�(Ws)ds

)]

. (7.18)
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We observe the state of the SDE through zero mean Gaussian noise with standard deviation 5
yielding weights

w(xt−1, xt, yt) =
'(yt; xt, 52)fΔt(xt ∣ xt−1)

q(xt ∣ xt−1, yt)
,

As the proposal q(⋅ ∣ xt−1, yt) we take one step of the Euler–Maruyama scheme.

Figure 7.2: Tracking performance for different particle filters; RWPF with 100 particles (RWPF100)
and 1000 particles (RWPF1000) as well as a particle filter using Bernoulli resampling
with 100 particles (BerPF100).

The weights are intractable because of the expectation on the right-hand side in (7.18). The
construction of unbiased coin flips can often rely on similar techniques as the construction of
unbiased estimators. We can construct an unbiased estimator for the transition density in the
following way. Fix a Brownian bridge

(

Ws
)

s∈[0,Δt] starting at x and finishing at y. Sample
� ∼ Pois(�Δt), U1… , U� ∼ U [0,Δt] then the Poisson estimator (Beskos, Fearnhead et al.
2006) is given by

P̂ (�, U1… , U�) = exp {(� − c) Δt}
�
∏

i=1

{

c − �
(

WUi

)}

�
,

where c is chosen such that the estimator is non-negative. The Poisson estimator is unbiased

E
[

P̂ (�, U1… , U�)
]

= E
[

exp
(

−∫

Δt

0
�(Ws)ds

)]

. (7.19)

For the purposes of implementing the BRPF, we need to construct a coin flip with success
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Figure 7.3: Kernel density estimate of p(x10 ∣ y1∶10) based on particle approximations from a RWPF
with 100 particles (RWPF) a BRPF with 100 particles (Bernoulli) and a RWPF with 1000
particles.

probability proportional to (7.19). We use the probability generating function approach which
works analogously to the Poisson estimator. Sample � ∼ Pois(�Δt), Vi ∼ Unif[0, 1], i =
1,… �, then

Z =
�
∏

i=1
1

⎧

⎪

⎨

⎪

⎩

Vi ⩽

{

c − �
(

WUi

)}

�

⎫

⎪

⎬

⎪

⎭

has success probability

exp {(c − �)Δt}E
[

exp
(

−∫

Δt

0
�(Ws)ds

)]

.

Hence, to implement the BRPF we can choose

ct,k =
'(yt; xt, 52)'(xt; xt−1,Δt)
'(yt; xt−1 + Δt sin(xt−1),Δt)

× exp
(

−cos(xt) + cos(xt−1) − (c − �)Δt
)

bt,k = exp {(c − �)Δt}E
[

exp
(

−∫

Δt

0
�(W k

s )ds
)]

,

where (W k
s )s∈[0,Δt] denotes a Brownian bridge from xkt−1 to x

k
t .

168



7.5 Applications

Table 7.3: Comparison of the normalizing constant estimate for different implementations of the
particle filter.

Test function �RWBF �BRPF �BRPF∕�RWPF

ℎ1 1.41 1.27 0.91

ℎ2 1.61 1.58 0.98

ℎ3 1.26 0.64 0.50

ℎ4 1.09 0.87 0.80

Table 7.4: Comparison of the normalizing constant estimate for different implementations of the
particle filter.

sd(log p̂(y1∶T ))
RWPF 3.83
BRPF 3.11

Bootstrap 3.13

Complexity and Run-time

As in the previous example, we observe the BRPF to be of order O(N) and slower than
the RWPF. However, implementing the Bernoulli race in parallel yields almost the same
performance in terms of run-time. The details can be found in the supplementary material.

Efficiency

One run for the RWPF and the BRPF is shown in Figure 7.2, where we show the true state of the
SDE as well as the noisy observations and the particle filter approximations. In this scenario
precise state estimation is hampered by the high noise and resulting partial multimodality
of the filtering distribution as shown in Figure 7.3. ForN = 100, Figure 7.2 shows that the
BRPF performs much better as it finds the true state earlier. The RWPF finds this trajectory
only when the number of particles is increased (here we show also the caseN = 1000). With
the same test functions as above we compare both algorithms in Table 7.3. We observe gains
for all functions, with the most significant gain for the conditional mean, ℎ3. Again, the
Bernoulli race will ordinarily be slower, but most of the difference in run-time vanishes when
the Bernoulli race is implemented in parallel. Further details are provided in the supplementary
material.

169



Chapter 7 Bernoulli Race Particle Filters

As a final test we use both particle filters for estimating the (log-)normalizing constant. The
results are listed in Table 7.4. For comparison we also employ a bootstrap particle filter using
the exact algorithm (Beskos and Roberts 2005) to propose from the model. We observed this
implementation to be slower than the other two. The BRPF estimate (7.17) outperforms the
RWPF and the bootstrap PF.

7.6 Conclusion

We have introduced the idea of Bernoulli races to resampling in particle filtering, utilizing
the equivalence of unbiased estimation and the construction of unbiased coin-flips. This
algorithm provides the first resampling scheme to allow for exact implementation of mul-
tinomial resampling when the weights are intractable, but unbiased estimates are available.
We have shown that our algorithm has a complexity of orderN , like standard multinomial
resampling, and demonstrated its advantages over alternative methods in a variety of settings.
In doing so we have focused our attention to the resampling step. Further gains using our
algorithm could be obtained by considering auxiliary particle filters and to resample only
if the effective sample size drops beyond a certain threshold. We expect both to positively
impact the performance of the BRPF.
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Supplementary Material to Bernoulli Race Particle Filters

7.7 Proofs

When we say that T is a geometric random variable with parameter, or success probability, p
we mean that

ℙ(T ⩾ k) = (1 − p)k, k ⩾ 1.

7.8 Proposition. Assume limN→∞ �N =∶ � ∈ (0, 1). Then we have the following central
limit theorem for the average number of coin flips asN →∞

√

N

(

1
N

N
∑

j=1
Cj,N −

1
�N

)

d
→ 

(

0,
1 − �
�2

)

,

where
d
→ denotes convergence in distribution.

Proof. The random variables Zi,N =
(

Ci,N − 1∕�N
)

∕
√

N form a triangular array

{

Zi,N ; i = 1,…N,N ∈ ℕ
}

of row wise independent random variables. Define s2N =
∑N
i=1 var

(

Zi,N
)

=
(

1 − �N
)

∕�2N
and notice that s2N → 1 − � ∈ (0, 1) as N → ∞. In addition one can easily show that
E[|Z1,N |3] are bounded uniformly inN and therefore

1
s3N

N
∑

i=1
E
[

Zi,N
]

=
�3∕2N

(1 − �N )3
N
N3∕2

E
[

|

|

Z1,N ||
3
]

⩽ C
√

N
→ 0, asN →∞,
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that is the Lyapunov condition is satisfied and thereforeN →∞

1
√

N

N
∑

i=1

(

Ci,N −
1
�N

)

d
→ 

(

0, s2
)

,

where s2 = limN→∞ s2N = (1 − �)∕�2.

7.9 Proposition. ForN ∈ ℕ letC1,N ,… , CN,N denote independent samples from a geomet-
ric distribution with success probability �N , then the minimum variance unbiased estimator
for �N is

�̂mvueN = N − 1
∑N
k=1 Ck,N − 1

. (7.20)

Proof. This is a straightforward application of the Lehmann-Scheffé Theorem (Hogg, McVean
and Craig 2005, Theorem 7.4.1). Take the unbiased estimator 1

{

C1,N = 1
}

, where 1{A}
denotes the indicator function of the set A, and condition on the complete and sufficient
statistic (of the coin flips)

∑N
k=1 Ck,N . A straightforward calculation yields

E

[

1
{

C1,N = 1
}

∣
N
∑

k=1
Ck,N = n

]

=
ℙ
(

C1 = 1,
∑N
k=2 Ck,N = n − 1

)

ℙ
(

∑N
k=1 Ck,N = n

)

=
p
( n−2
N−2

)

pN−1(1 − p)n−N
( n−1
N−1

)

pN (1 − p)n−N

= N − 1
n − 1

and thus

�̂mvueN = E

[

1
{

C1,N = 1
}

∣
N
∑

k=1
Ck,N

]

= N − 1
∑N
k=1 Ck,N − 1

.

7.10 Proposition. ForN ∈ ℕ let C1,N , C2,N ,… denote independent samples from a Geo-
metric distribution with success probability �N , then

√

N
(

�̂mvueN − �N
) d
→ 

(

0, (1 − �) �2
)

.

Proof. By Proposition 7.3 we have convergence

√

N

(

1
N

N
∑

i=1
Ci,N −

1
�N

)

d
→ 

(

0,
1 − �
�2

)

.
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In addition,

|

|

|

|

|

|

√

N

(

∑N
i=1 Ci,N − 1
N − 1

− 1
�N

)

−
√

N

(

1
N

N
∑

i=1
Ci,N −

1
�N

)

|

|

|

|

|

|

→ 0

almost surely, so

√

N

(

∑N
i=1 Ci,N − 1
N − 1

− 1
�N

)

d
→ 

(

0,
1 − �
�2

)

.

By the �-Method with g(x) = 1∕x, |g′(x)| = 1∕x2 we obtain

√

N

(

g

(

∑N
i=1 Ci,N − 1
N − 1

)

− g
(

1
�N

)

)

=
√

N
(

N − 1
∑

Ci,N − 1
− �N

)

d
→ 

(

0,
1 − �
�2

⋅ �4
)

=
(

0, (1 − �) �2
)

.

7.11 Theorem. The estimator

�̂N,T =
T
∏

t=1

1
N

N
∑

k=1
ckt ⋅

N − 1
∑N
k=1 Ck,N − 1

.

is unbiased for p(y1∶T ), i.e.
E
[

�̂N,T
]

= p(y1∶T ).

Proof. The main argument is that the standard proof for unbiasedness using backward
induction can be adapted to include our estimator using the geometric random variables
C1,N ,… , CN,N . Denote by X,X the random variables before and after resampling respect-
ively. Then we have

E

[

1
N

N
∑

i=1
wk
T ∣ X

1∶N
T−1

]

= E

[

1
N

N
∑

i=1
g(yT ∣ Xi

T ) ∣ X
1∶N
T−1

]

= 1
N

N
∑

i=1
∫ g(yT ∣ xiT )p(x

i
T ∣ X

1∶N
T−1 )dx

i
T

= 1
N

N
∑

i=1
∫ g(yT ∣ xiT )

N
∑

j=1
f (xiT ∣ X

j
T−1)

g(yT−1 ∣ X
j
T−1)

∑N
k=1 g(yT−1 ∣ X

k
T−1)

dxiT
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= 1
N

N
∑

i=1

N
∑

j=1
∫ g(yT ∣ xiT )f (x

i
T ∣ X

j
T−1)

g(yT−1 ∣ X
j
T−1)

∑N
k=1 g(yT−1 ∣ X

k
T−1)

dxiT

= 1
N

N
∑

i=1

N
∑

j=1
p(yT ∣ X

j
T−1)

g(yT−1 ∣ X
j
T−1)

∑N
k=1 g(yT−1 ∣ X

k
T−1)

=

∑N
j=1 p(yT−1∶T ∣ X

j
T−1)

∑N
k=1 g(yT−1 ∣ X

k
T−1)

.

Now, considering the case where we estimate the weights using the geometric random variables,
we have

E

[

1
N

N
∑

k=1
ckT ⋅

N − 1
∑N
k=1 Ck,N,T − 1

∣ X1∶N
T−1

]

= E

[

1
N

N
∑

k=1
ckTE

{

N − 1
∑N
k=1 Ck,N,T − 1

∣ X1∶N
T , X

1∶N
T−1

}

∣ X1∶N
T−1

]

= E

[

1
N

N
∑

k=1
ckT

∑N
k=1w

k
T

∑N
k=1 c

k
T

∣ X1∶N
T−1

]

= E

[

1
N

N
∑

k=1
wk
T ∣ X

1∶N
T−1

]

=
∑N
k=1 p(yT−1∶T ∣ x

k
T−1)

∑N
k=1 g(yT−1 ∣ x

k
T−1)

and

E

[(

1
N

N
∑

j=1
cjT−1 ⋅

N − 1
∑N
k=1 Ck,N,T−1 − 1

)

⋅

(

1
N

N
∑

j=1
cjT ⋅

N − 1
∑N
k=1 Ck,N,T − 1

)

∣ X1∶N
T−2

]

= E

[

E
[

(

1
N

N
∑

j=1
cjT−1 ⋅

N − 1
∑N
k=1 Ck,N,T−1 − 1

)

×

(

1
N

N
∑

j=1
cjT ⋅

N − 1
∑N
k=1 Ck,N,T − 1

)

∣ X1∶N
T−2∶T−1, X

1∶N
T−2 , C1∶N,N,T−1

]

∣ X1∶N
T−2

]

= E

[(

1
N

N
∑

j=1
cjT−1 ⋅

N − 1
∑N
k=1 Ck,N,T−1 − 1

)

× E

[(

1
N

N
∑

j=1
cjT ⋅

N − 1
∑N
k=1 Ck,N,T − 1

)

∣ X1∶N
T−2∶T−1, X

1∶N
T−2 , C1∶N,N,T−1

]

∣ X1∶N
T−2

]

175



Chapter 7 Bernoulli Race Particle Filters

= E

[(

1
N

N
∑

j=1
cjT−1 ⋅

N − 1
∑N
k=1 Ck,N,T−1 − 1

)
∑N
k=1 p(yT−1∶T ∣ X

k
T−1)

∑N
k=1 g(yT−1 ∣ X

k
T−1)

∣ X1∶N
T−2

]

= E

[

E

[(

1
N

N
∑

j=1
cjT−1 ⋅

N − 1
∑N
k=1 Ck,N,T−1 − 1

)

∣ Xk
T−1, X

k
T−2

]
∑N
k=1 p(yT−1∶T ∣ X

k
T−1)

∑N
k=1 g(yT−1 ∣ X

k
T−1)

∣ X1∶N
T−2

]

= E

[(

1
N

N
∑

k=1
wk
T−1

)

⋅

∑N
k=1 p(yT−1∶T ∣ X

k
T−1)

∑N
k=1 g(yT−1 ∣ X

k
T−1)

∣ X1∶N
T−2

]

.

For the final expectation, we can calculate

E

[

1
N

N
∑

k=1
wk
T−1 ⋅

∑N
k=1 p(yT−1∶T ∣ X

k
T−1)

∑N
k=1 g(yT−1 ∣ X

k
T−1)

∣ X1∶N
T−2

]

= E

[

1
N

N
∑

k=1
g(yT−1 ∣ Xk

T−1)
∑N
k=1 p(yT−1∶T ∣ X

k
T−1)

∑N
k=1 g(yT−1 ∣ X

k
T−1)

∣ X1∶N
T−2

]

= E

[

1
N

N
∑

k=1
p(yT−1∶T ∣ Xk

T−1) ∣ X
1∶N
T−2

]

= 1
N

N
∑

k=1
∫ p(yT−1∶T ∣ xkT−1)p(x

k
T−1 ∣ X

1∶N
T−2 )dx

k
T−1

= 1
N

N
∑

k=1
∫ p(yT−1∶T ∣ xkT−1)

∑N
j=1 g(yT−2 ∣ X

j
T−2)f (x

k
T−1 ∣ X

j
T−2)

∑N
j=1 g(yT−2 ∣ X

j
T−2)

dxkT−1

=
N
∑

j=1
p(yT−1∶T ∣ X

j
T−2)

g(yT−2 ∣ X
j
T−2)

∑N
k=1 g(yT−2 ∣ X

k
T−2)

=

∑N
j=1 p(yT−2∶T ∣ X

j
T−2)

∑N
j=1 g(yT−2 ∣ X

j
T−2)

.

Repeated application of these steps yields

E

[ T
∏

t=1

1
N

N
∑

k=1
ckt ⋅

N − 1
∑N
k=1 Ck,N − 1

]

= E

[

1
N

N
∑

k=1
g(y1 ∣ Xk

1 )

∑N
j=1 p(y1∶T ∣ X

j
1)

∑N
j=1 g(y1 ∣ X

j
1)

]

= p(y1∶T ).

7.8 Further Details to the Applications

7.8.1 Locally optimal proposal: run-time

We conjecture that the advantage of the BRPF over the RWPF grows as the state transition get
computationally more expensive. We will demonstrate that on a toy example.
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(a) Simulating from known Gaussian. (b) Rejection Sampler.

Figure 7.4: Comparing the run-time for different implementation for the proposal q(⋅ ∣ x, y). In case (a)
the Gaussian proposal is sampled using a naïve implementation. In (b) we use a rejection
sampler proposing from the state transition.

First note that in case of the Gaussian state space model, the locally optimal proposal,

q∗(xt ∣ yt, xt−1) ∝ g(yt ∣ xt)f (xt ∣ xt−1)

∝ '
(

xt;
1
2
(axt−1 + yt), 2.52

)

is known analytically and is Gaussian. Therefore, in this special case the rejection sampler
can be avoided. This will not usually be the case, hence we use the rejection sampler for
our simulation. However, this will significantly speed up the state transition. In Figure 7.4
we compare the run-time of both, the RWPF and BRPF for different numbers of particles.
In scenario (a) we use the cheap transition. Here the RWPF is very efficient. However, in
scenario (b), which we also show in the main paper, where sampling from the transition is
more expensive, we can implement the BRPF with the same run-time as the RWPF.

7.8.2 Sine diffusion: run-time

Here we compare the run-time for the RWPF and BRPF for the sine diffusion state space
model. As pointed out in the main text, the BRPF is slower when implemented sequentially,
but we observe in Figure 7.5 that the difference almost completely vanishes when use a parallel
implementation with 16 processes.
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Figure 7.5: Comparison of the run-time for RWPF and BRPF for sine diffusion state space model.
For BRPF we show a sequential and a parallel implementation with 16 cores. For all
algorithms we show wall-clock time for number of particlesN .

7.9 Cox Process inference

To further demonstrate the range of possible application and for further illustration of the
Bernoulli race particle filter, we consider another application of the BRPF to a Cox process
whose intensity function is governed by a Gaussian process that is normalized through a
sigmoid function. The underlying Gaussian process is modelled as a Gauss–Markov process,
allowing us to perform inference sequentially as done by Li and Godsill (2018) based on
models of Adams, Murray and MacKay (2009) and Christensen, Murphy and Godsill (2012).

7.9.1 Likelihood and Estimation

We assume the latent Gaussian process to evolve according to the Ornstein–Uhlenbeck process

dXt = AXtdt + ℎdBt t ∈ [0,  ], (7.21)

where (Bt)t∈[0, ] denotes a Brownian motion from 0 to  . We will describe the structural
assumptions on A and ℎ in more detail below. Denote the observed data by s1∶n ⊂ [0,  ],
where n is the number of observations. We model the data by a Cox process with intensity
function

�(t) = �(X1,t) =
�max

1 + exp(−X1,t)
= �max

exp(X1,t)
1 + exp(X1,t)

,
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where (X1,t)t∈[0, ] is the first coordinate of the SDE (7.21) introduced before. The likelihood
function of the Cox process conditional on the intensity is Poisson with

p(s1∶n ∣ �,  ) = exp

(

−∫



0
�(s)ds

) n
∏

i=1
�(si). (7.22)

The likelihood is clearly intractable due to the integral which involves the latent Gaussian
process. To implement a particle filter for sequential inference we need to find an unbiased
coin with probability proportional to the integral in (7.22). For any interval [t0, t1] ⊂ [0,  ]
we can find an estimator for exp(− ∫ t1

t0
�(s)ds) by observing that for U ∼ Unif[t0, t1] and a

fixed process X = (Xt)t∈[t0,t1] we have

E [�(U ) ∣ X = x] = ∫

t1

t0

�(s)
t1 − t0

ds

= 1
t0 − t1 ∫

t1

t0

1
1 + exp(−xs)

ds

and hence, if V ∼ Unif[0, 1] independent of all other random variables, we obtain

P (V ⩽ �(U ) ∣ X = x) = ∫

t1

t0

�(s)
t1 − t0

ds.

In order to generate a coin involving the exponential, we can now use the probability generating
function approach by noting that for � ∼ Pois(Λ) the coin

P =
�
∏

k=1
Pi, Pi ∼ Ber(p),

has success probability exp(Λ(p − 1)), see e.g. (Dughmi et al. 2017). Now sample K ∼
Pois(�max(t1 − t0)), then an unbiased coin flip for

exp
(

−∫

t1

t0
�(s)ds

)

can be generated using

Z =
K
∏

i=1
1
{

Vi ⩽
�max − �(Ui)

�max

}

,
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where 1{A} denotes the indicator function of the set A. This coin indeed has the correct
success probability as can be seen by

E [Z] = E

[ K
∏

i=1
1
{

Vi ⩽
�max − �(Ui)

�max

}

∣ X = x

]

= e−�max(t1−t0)
∞
∑

k=0

(

�max(t1 − t0)
)k

k!

k
∏

i=1
E
[

1
{

Vi ⩽
�max − �(Ui)

�max

}

∣ K = k,X = x
]

= e−�max(t1−t0)
∞
∑

k=0

�kmax
(

t1 − t0
)k

k!

(

∫

t1

t0

�max − �(s)
�max(t1 − t0)

ds
)k

= e−�max(t1−t0)
∞
∑

k=0

(

∫ t1
t0
�max − �(s)ds

)k

k!�kmax

= e−�max(t1−t0)e�max(t1−t0) exp
(

−∫

t1

t0
�(s)ds

)

= exp
(

−∫

t1

t0
�(s)ds

)

.

To implement the Bernoulli race particle filter we sample from the prior, which can be done
exactly, as seen in the next section. As we are sampling from the prior the particle weights
just depend on the observation likelihood. Suppose the particle filter is at current time t0 and
we propose to move to t1 = t0 +Δt. Let (Xk

1,t1
), k = 1,… , N denote a proposed particle path.

Then the weight is given by

g(si∶ si∈[t0,t1] ∣ X
k) = exp

(

−∫

t1

t0
�k(s)ds

)

∏

i∶ si∈[t0,t1]
�(ski ),

where

�k(s) =
exp(Xk

1,s)

1 + exp(Xk
1,s)

.

In the notation of Section 4 we have

ckt1 =
∏

i∶ si∈[t0,t1]
�k(si),

bkt1 = exp
(

−∫

t1

t0
�k(s)ds

)

.
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To implement the estimator Ẑ, we need to be able to simulate a bridge from the stochastic
differential equation (7.21). Since the process at hand is analytically tractable, exact sampling
from the bridge is straightforward, see e.g. Bladt, Finch and Sørensen (2016) using the
quantities computed below.

7.9.2 Ornstein–Uhlenbeck Prior

In this section we provide further details on the assumptions on the Gaussian process and
show how we can sample the state transition. We assume the prior distribution on the latent
space is given by the Ornstein–Uhlenbeck process (7.21), that is

dXt = AXtdt + ℎdBt t ∈ [0,  ].

For A and ℎ we take the values

A =

[

0 1
0 �

]

, ℎ =

[

0
�

]

where � is a negative real value. The process can be written as a differential equation with
random velocity following a mean reverting real-valued Ornstein–Uhlenbeck process,

(

dX1,t
dX2,t

)

=

[

0 1
0 �

](

X1,t
X2,t

)

dt +

(

0
�

)

dWt.

This can be written as

dX1,t = X2,tdt

dX2,t = �X2,tdt + �dBt.

This is a linear Gaussian system and thus the solution can be derived analytically, see e.g.
Christensen, Murphy and Godsill (2012). The discretized system at time s > r can be
simulated exactly by sampling

Xs ∣ (Xr = x) ∼
(

eA(s−r)x, eA(s−r)Q(r, s)
(

eA(s−r)
)T
)

,

where
Q(r, s) = ∫

s

r
exp(−At)ℎℎT exp(−At)Tdt.
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In order to implement the Ornstein–Uhlenbeck process we need the quantities

exp(At) =
∞
∑

k=0
tkA

k

k!
.

Note that

A2 =

[

0 1
0 �

][

0 1
0 �

]

=

[

0 �
0 �2

]

Ak = A ⋅ Ak−1 =

[

0 1
0 �

][

0 �k−2

0 �k−1

]

=

[

0 �k−1

0 �k

]

Hence, we can compute the matrix exponential analytically

exp(At) =
∞
∑

k=0

tk

k!
Ak

=
∞
∑

k=0

tk

k!

[

0 �k−1

0 �k

]

=

[

1 0
0 1

]

+
∞
∑

k=1

tk�k

k!

[

0 1∕�
0 1

]

=

[

1 0
0 1

]

+

[

0 exp(�t)∕� − 1∕�
0 exp(�t) − 1

]

=

[

1 exp(�t)∕� − 1∕�
0 exp(�t)

]

.

This gives us

exp(−At)ℎ =

[

1 exp(−�t)∕� − 1∕�
0 exp(−�t)

][

0
�

]

=

[

�
�
exp(−�t) − �∕�
� exp(−�t)

]

and

exp(−At)ℎℎT exp(−At)
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=

[

�
�
exp(−�t) − �∕�
� exp(−�t)

]

[

�
�
exp(−�t) − �∕� � exp(−�t)

]

=

[

�2

�2 (exp(−�t) − 1)
2 �2

� (exp(−2�t) − exp(−�t))
�2

� (exp(−2�t) − exp(−�t)) �2 exp(−2�t)

]

.

Thus

Q(r, s) = ∫

s

r
exp(−At)ℎℎT exp(−At)Tdt

=

[

∫ s
r �

2 (exp(−�t) − 1)2 dt ∫ s
r
�2

� (exp(−2�t) − exp(−�t)) dt
∫ s
r �

2 (exp(−2�t) − exp(−�t)∕�) dt ∫ s
r �

2 exp(−2�t)dt

]

=

[

�2

�3
(

−2�r + e−2�r − 4e−�r − e−2�s + 4e−�s + 2�s
) �2

2�2
(

e−2r� − e−2s�
)

− �2

�2
(

e−r� − e−s�
)

�2

2�2
(

e−2r� − e−2s�
)

− �2

�2
(

e−r� − e−s�
) �2

2�

(

e−2r� − e−2s�
)

]

The covariance matrix for the system transition

Cov(r, s) = eA(s−r)Q(r, s)
(

eA(s−r)
)T

can thus be computed analytically.

7.9.3 Simulation

We simulate a non-homogeneous Poisson process in the interval [0, 50] using the intensity
function

�(s) = 2 exp(−s∕15) + exp
(

−((s − 25)∕10)2
)

,

see e.g. Adams, Murray and MacKay (2009) and Li and Godsill (2018). We run the Bernoulli
race particle filter with the above specification and 30 particles to find the intensity function
on the interval [0, 50] which is divided into 10 equispaced intervals. The result of one run is
shown in Figure 7.6. We can see that the Bernoulli race particle filter is approximating the
true intensity function.
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Figure 7.6: Result of one run of the Bernoulli race particle filter using 30 particles. Arrival times
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8
Epilogue: Further Research on Bernoulli Race

Particle Filters

WE have introduced a resampling scheme for particle filters that can be used even when
the precise weights cannot be computed. Our approach is related to the theory of

Bernoulli factories (see e.g. Keane and O’Brien 1994). We draw upon the concept of Bernoulli
races introduced by Dughmi et al. (2017) which can work very well, but suffers from poor
performance if the coin flips are not carefully constructed. For example, if the problem is such
that the coin flip probabilities are very low, the algorithm will take very long to accept a coin
flip. Even worse, if the probability of acceptance is below computer precision, the algorithm
would be unable to terminate successfully. Our extension of the approach by Dughmi et al.
(2017) can help to circumvent this issue by allowing the construction of an efficient proposal
that leads to a high acceptance probability. This way, the above problems can be alleviated in
many scenarios.

Another avenue not pursued in our research is to fully leverage the parallel structure of the
independent proposals and coin flips that are needed for resampling. While we have used
multiple CPUs to demonstrate the effect of a parallel implementation, the true benefit would
lie in a GPU implementation. The latter are famously efficient for a large load of small parallel
tasks. Such an implementation could increase the performance of our method significantly.
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