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Abstract

In this thesis, we develop multiple case studies computing with and in

cubical type theory.

We begin by setting up a framework to compute with sets in the theorem
prover Cubical Agda. Using the example of the powerset, we show how
both mathematical definitions and programs can be expressed and related
with one another in type theory. We show how a functional program
implementing the powerset can be shown to satisfy the mathematical
definition of the powerset, thereby allowing for using interchangeably the

program and its mathematical specification.

We then develop in Cubical Agda discrete Morse theory for directed
graphs, a central method in the field of topological data analysis. We
show how Morse matchings, gradient paths and Morse reducts can be
expressed in dependent type theory. Using the novel reasoning principles
introduced by Cubical Agda, we prove that a graph is homotopy equiv-
alent to its Morse reduct. This allows us to quickly establish topological
properties of many graphs, which we demonstrate with some examples.
Finally, we show how the Morse reduct can be computed explicitly, us-
ing the previously developed framework for computing with sets. This
formalisation provides a crucial stepping stone towards a verified tool for

topological data analysis.

Afterwards, we study reasoning principles of cubical type theory from the
point of view of automated reasoning, in particular proof synthesis. We
develop a term language which allows us to capture boundary problems, a
new kind of proof obligation that cubical type theory poses to its users.
These boundary problems can be solved using either contortions or Kan
filling (which is called homogeneous composition in Cubical Agda). We
develop an algorithm that can derive many instances of Kan filling auto-

matically. The algorithm works for a wide range of cubical type theories,



which vary in the class of contortions they support; in particular for those

based on cartesian, disjunctive, Dedekind and De Morgan cubes.

We then refine our approach for Dedekind cubes. Contortions for Dedekind
cubes can be represented as certain poset maps, we use this perspective
to obtain a memory-efficient and fast solver for boundary problems in
Dedekind cubical type theory. We introduce an implementation of our
approach in Haskell which can automatically derive many statements in
cubical type theory, notably the Eckmann-Hilton argument. The solver
can be used for all variations of cubical type theory that we have dis-
cussed, we compare the different theories with respect to how fast our
solve can resolve boundary problems in each respective theory. We find

that Dedekind cubical type theory can be solved well in practice.

Our case studies highlight how we can compute spaces in type theory—
both in the formalisation of a particular mathematical domain such as
topological data analysis; and for the automation of cubical type theory,

which is one proposal for a logic of proof-relevant equality.
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Chapter 1

Introduction

From its very conception, dependent type theory (DTT) had a dual character: it was
intended as a logic able to express all of mathematics, and as a programming lan-
guage with a well-behaved reduction of terms to normal forms. Martin-Lof devised
DTT to extend the correspondence that Curry [17] and Howard [42] found between
the simply typed lambda calculus and derivations in propositional logic to predicate
logic. He had the goal to develop a foundation for mathematics, while his meaning
explanations required that all types should have computational content—the intro-
duction rules for a type describe all terms of a type, while the computation rules
ensure that any term reduces to a canonical form. In the intensional formulation
of DTT [55], there was only a single introduction rule for identity types, capturing
reflexivity, which made it natural to expect only a single inhabitant in any identity
type. However, this principle of uniqueness of identity proofs (UIP) could not proved
inside the theory. Martin-Lof attempted to rectify this perceived incompleteness by
definitionally equating all inhabitants of the identity type, leading to an extensional
version of DTT [56]. However, this additional computation rule makes type-checking
undecidable, which conflicts with the type-theoretic principle that we should always
be able to recognise a proof of a proposition if we are given one.

Hofmann [39] later showed that intensional DTT has models in which identity
types contain multiple inhabitants; in fact, identity types can be seen to have the
structure of a groupoid. It was unclear what to make of this observation until Awodey
and Warren [4] and Voevodsky [79] worked out that there was even more interest-
ing structure in the identity type: the identity type between identity proofs forms
itself a groupoid, etc., leading to the notion of an oco-groupoid. This structure is
well studied in homotopy theory and higher category theory, and the connection be-
tween these areas and DT'T has sparked a highly fruitful exchange of ideas epitomised
with Homotopy Type Theory (HoTT) [77]. The classification of types according to



the complexity of their identity types gives rise to the stratification into homotopy-n-
types; the use of higher-dimensional constructors in inductive types allows for defining
higher inductive types; and the homotopy-theoretic principle that equivalent struc-
tures should be considered equal was carried over to type theory as univalence by
Voevodsky [80] (the idea that observationally equal objects should be equated in type
theory already goes back to Hofmann and Streicher [40]).

When formulating mathematical theories in HoTT instead of set theory, some
constructions become more direct; redeveloping mathematics in this way is often
called synthetic. While it is possible to develop synthetic mathematics by mimicking
HoTT in intensional DTT with some axioms and tricks, the resulting theory is not
computationally well-behaved. Cubical type theory (CTT) [6, 16] set out to remedy
this by redeveloping type-theoretic identity based on the ideas of HoTT. Drawing
inspiration from cubical sets [48], which are a combinatorial model of homotopy types
of topological spaces, CTT introduces a novel path type with special primitive terms,
thereby replacing the identity type of Martin-Lof [55]. Identifications in CTT are
paths, i.e., functions out of (an abstract version of) the unit interval. A logical
manifestation of Kan composition, a property that cubical sets possess, becomes a
central equational reasoning principle. Sterling and Angiuli [73] have established
that all terms in CTT reduce to a normal form, which means that CTT does indeed
give computational content to higher inductive types and univalence.

In summary, CTT is a well-behaved (total) programming language, which allows
us to reason directly about (homotopy types) of spaces. The goal of this thesis to
emphasise these two aspects of CTT through several case studies. We develop these
in the theorem prover Cubical Agda [78] which provides an implementation of CTT.
The ability to compute in a logical framework allows for novel things not possible
when doing mathematics informally or in a non-constructive logic. We think that
formalising in a dependently typed theorem prover changes how and what kind of

mathematics is developed, which we hope to highlight with this thesis.

Computation in mathematics. In mathematics, the term “computation” is used
with various meanings. We will classify two different notions and illustrate each notion
with some classical examples. We will then see how reasoning in a dependently typed
theorem prover can be used for the respective kind of computation; introducing the
different case studies carried out in this thesis along the way:.

A relatively weak notion of computation commonly used by mathematicians is

the following:



(1) Given some object a and relation R, construct an object b such that R(a,b)
holds.

Ezxamples:

« Given a topological space X, “compute” a group G which is the n-th homotopy
group of X, ie., R(X,G) =7, (X) = G.

Given a function f(z), “compute” its integral F(z), i.e., R(f, F) = LF = f.

Given a group G, “compute” a subgroup H, i.e., R(G,H) = H < G.

Given an elliptic curve E over a field K, “compute” its solutions E(K), i.e.,
R(E,E(K)):= for all x € E(K),x is a solution to E.

Computation in the sense of (1) is the main business of mathematicians, under-
standing the properties of a mathematical object by relating it to another object in a
certain way.

In the context of HOT'T, homotopy groups (and many other properties) of various
spaces have been established. Most prominently, Brunerie [9] has proved synthetically
that the 4th homotopy group of the 3-sphere, denoted S3, is equivalent to the integers
modulo some n. The reduction rules of a computationally sound type theory then
reduce n to the concrete numeral for which the statement holds. Brunerie’s result was
proved in Cubical Agda by Ljungstrom and Moértberg [53]; in their formalisation n
indeed reduces to 2 (or rather —2, which is just as good). Therefore, working in type
theory allows for establishing a relation such as 7,(S3) = Z/nZ only for some term n
of the integers, the reduction rules then yield the concrete instance of n. Reasoning in
a calculus with normalisation can therefore make it easier to perform a computation
in the sense of (1) as some steps of the calculation might follow by reduction.

As another case study of (1) in HoTT, we will establish homotopy levels and
cohomology groups for some graphs in Chapter 3. We do this by formalising discrete
Morse theory [26] for graphs in Cubical Agda, which is a general recipe for reducing
the size of a topological space while retaining its homotopy type. This makes it
possible to easily study the topology of large and infinite graphs, contributing to the
development of synthetic topology in Cubical Agda.

We now turn to a stronger notion of computation which captures most of mathe-

matical research concerned with algorithms:

(2) Given some object a and relation R, algorithmically generate an object b such

that R(a,b) holds.



Eramples:
o The Kenzo system [21] computes algebraic invariants of topological spaces.

o Numerical analysis tools such as MATLAB [44] compute integrals for many

functions.
o Computer algebra systems such as Maple [54] compute subgroups of a group.

 Birch and Swinnerton-Dyer [7] used a computer to establish solutions to many

elliptic curves, allowing them to devise their famed conjecture.

When performing computations in the sense of (2), one uses a computer to mech-
anise calculations that otherwise would have to be done manually. Much research is
going into devising algorithms which derive invariants of mathematical objects, some
are based on heuristics to ease the computational cost of these automatic calculations.
This, and the fact that both the algorithms and their implementations might contain
errors, means that the output of tools computing invariants cannot always be trusted.
As a result, it is often necessary to check the outputs of these tools by performing
manual “computations” in the sense of (1) to establish that the suggested object does
indeed stand in the presumed relation to the original object.

Much research in computer science is devoted to the verification of algorithms and
systems, it is hence natural to verify the algorithms and tools which mathematicians
use to carry out computations in the sense of (2). There is a fruitful interplay between
interactive and automated theorem proving and automated algebra systems, see for
instance Homann and Calmet [41], Adams et al. [1] and Grégoire, Pottier, and Théry
[29]; we will primarily be interested in one particular paradigm for developing correct
code: Dijkstra [18] envisioned that programs could be developed in way that they were
correct by construction, this idea was later continued by Gries [30]. The central idea of
this paradigm is to develop an algorithm by turning its specification step by step into
an executable sequence of operations. If all these steps are sound transformations,
correctness of the implementation follows immediately. In type theory, the role of the
specification is taken by a type. If we can construct a term of that type, the type-
checker ensures that we have indeed produced something satisfying the specification—
we thereby get a certificate that our implementation is correct. This provides a very
strong manifestation of Dijkstra’s idea, and we think that mathematical algorithms
are a natural application for this paradigm.

We will discuss three different case studies developing an example of (2) in a

correctness-by-construction fashion in type theory. The first two case studies are
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instances of the following general pattern. When defining a function f: A — B,
a mathematician usually describes f(a) with an abstract definition, say R(a, f(a)),
which specifies the relation between input and output. The human mathematician
then has to envision what f(a) precisely looks like for a concrete a. In type theory, we
can compute f(a) explicitly, while also verifying that R(a, f(a)) does indeed hold. We
thereby have a strong manifestation of the correct by construction paradigm applied
to mathematics.

In Chapter 2, we will develop as the first case study the powerset function, which
takes a set S to a family of sets P(S). This family is usually only given in terms
of its specification, namely, R(S,P(S)) states that P(S) contains all the subsets of
S. In a programming language, we can actually compute the powerset of a finite
set S, which means we can list the family of sets P(S) explicitly. In DTT, we can
implement functional programs and use normalisation to compute the family of sets
P(S), while we can also prove that this object satisfies the usual specification, i.e.,
that P(S) contains precisely the subsets of S.

The second case study discussed in Chapter 3 provides another instance of the
pattern sketched above. Discrete Morse theory is about constructing a function f
from a larger complex C' to a smaller complex, preserving relevant topological prop-
erties. In this case, we will turn a graph into a smaller complex which is shown to
have the same homotopy type as the graph—this provides the specification of this
function, i.e., R(C, f(C)) states that f(C) is homotopy equivalent to C. We can di-
rectly characterise f(C') as a certain dependent type. Using the framework developed
in Chapter 2, we can moreover explicitly output the cells of the smaller complex,
thereby giving rise to an automatic procedure to compute the object f(C'). This
case study hence is, quite literally, about computing spaces—namely Morse reducts
of graphs—in type theory. We use the internal notion of equality offered by CTT
in our formalisation, which is thought of to coincide with homotopy equivalence and
thereby gives us a direct way to reason about homotopy types. CTT is therefore es-
pecially well-suited to implement and verify tools concerned with topological spaces.
The results in Chapter 3 are intended as a stepping stone for a verified tool for topo-
logical data analysis, which aims to give topological meaning to datasets; and for
implementing tools similar to Kenzo [21] fully inside a theorem prover based on type
theory.

The third case study presented in Chapters 4 and 5 is concerned with the follow-
ing problem: given some boundary description ¢ in a cubical set, can we find a cell

t which has this boundary? This problem provides another instance of (2), where



the relation R(¢,t) specifies that ¢ has boundary ¢. Since ¢ is not unique, we are
not looking to compute a function, but instead need to search for any such t. This
problem is of central importance in CTT since equational proof goals manifest itself
as such boundary problems. Devising algorithms which can solve it hence amounts
to automating proof search in CTT. We present an implementation of our findings
in Chapter 5 which makes it significantly easier to resolve equational proof goals in
Cubical Agda. The results presented in Chapters 4 and 5 provide another mani-
festation of the title of this thesis, as we are automatically deriving cells in cubical
representations of spaces.

We thereby hope to provide evidence for the usefulness of reasoning inside a theo-
rem prover based on a constructive logic with a well-behaved notion of reduction. We
can do things mathematicians using just pen and paper and imperative programming
languages cannot, and can combine both programs and mathematical theory in the
same language.

As a side argument, we also hope to make another point with the developments
presented in Chapters 4 and 5. The practicability of a type theory depends not only
on the powerfulness of its reduction rules, but also on how well one can automatically
search for terms in that theory. C'TT as an attempt to construct a higher-dimensional
type theory is based on cubical sets, which are a relatively weak model of homotopy
types, while globular approaches such as homotopy.io [33] rest on stricter models, i.e.,
associative n-categories [20]. In a globular theory, some equalities hold by reduction
while they have to be shown explicitly in CTT. However, most of such proofs can also
be resolved automatically using our solver, which means that from a user perspective,
there might be little practical difference between tools based on stricter or weaker
models. The present thesis therefore provides an argument that we ought to study
higher-dimensional type theories also from the point of view of automated reasoning
to provide another dimension along which we can compare different proposals for a
logic of proof-relevant equality.

Lastly, we hope to illustrate that computational mathematics is an ideal domain
for correct by construction programming. Adoption of this paradigm in real-world
programs has been impeded by the fact that the specification of a program is of-
ten not known from the start, making it difficult to develop large code bases with
this paradigm. In computational mathematics, the specification of a program is usu-
ally understood beforehand and does not change over time, making the use of this

programming paradigm efficacious.



Structure of this thesis. In Chapter 2, we introduce (Cubical) Agda alongside a
case study to compute the powerset of a set in a way that we can show that it satisfies
the usual definition of the powerset. We use the notion of a listable type to allow for
inspecting and computing with concrete representations of types, and compare our
approach to formalisations in other theorem provers.

We then study higher-dimensional types in Chapter 3, namely homotopy types of
graphs. We formalise the correctness of discrete Morse theory for graphs, which allows
for reducing the size of a graph while retaining its homotopy type. We characterise
the Morse reduct in DTT and use the framework developed in Chapter 2 to inspect
its cells for concrete examples.

In the formalisation in Chapter 3 we often have to use a novel reasoning prin-
ciple introduced by CTT, namely Kan composition. We study this logical principle
from the standpoint of automated reasoning in Chapter 4. We give a term language
capturing the fragment of CTT relevant for Kan compositions, this language is ap-
plicable to several versions of CTT which vary in which kind of contortions they
support, which are basic topological transformations. We then devise a general algo-
rithm which searches for Kan compositions over all contortion theories studied in the
literature.

In Chapter 5, we study more closely CTT based on the Dedekind contortions, and
find this theory particularly apt for automation. We present an implementation of
our methods as a practical solver which automatically solves many equational proof
goals in CTT.

Contributions and collaborators. Chapters 2 and 3 are entirely my own work.

I have presented preliminary work towards Chapter 3 at several workshops:

o Towards Simplicial Complexes in Homotopy Type Theory, Workshop on Homo-
topy Type Theory/Univalent Foundations at FCSD’20, online, 07/07/2020

o Discrete Morse theory in Cubical Agda, Logic Seminar at Stockholm University,
08/09/2021

o FElementary Simplicial Collapses in Cubical Agda, Workshop on Homotopy Type
Theory/Univalent Foundations at LICS’22, online, 31/07,/2022

Chapters 4 and 5 result from a collaboration with Evan Cavallo and Anders Mort-
berg. I had the initial idea to use constraint satisfaction programming to search for

Kan compositions. Evan devised the term language presented in Chapter 4, which



generalised and fixed earlier attempts of mine to capture the fragment of CTT we are
interested in. Evan and Anders suggested to look at Dedekind cubes for a version of
CTT which might be particularly amenable for automation, and provided numerous
examples which guided the development of the presented algorithms. Some passages
in Chapters 4 and 5 have been written jointly, in particular Section 4.1. Our joint
paper [19] contains several other results not presented in this thesis.

I have presented this line of work at a number of workshops:

o Automatic proof search in Cubical Agda, Midlands Graduate School 2022 at
University of Nottingham, 11/04/2022

o Automating Kan composition, FuroProofNet Workgroup meeting on Type The-
ory at Stockholm University, 20/05/2022

o Searching for Kan fillers with poset maps, Logic Seminar at Stockholm Univer-

sity, 28/09/2022

o Filling cubes in Cubical Agda with poset maps, Agda Implementor’s Meeting
XXXI at Edinburgh University, 14/11,/2022

o Algorithmically finding cells in Kan cubical sets, Computational Mathematics
Seminar at Stockholm University, 01/03/2023

o Automating reasoning in cubical type theory, EuroProofNet Workgroup meeting
on Type Theory at Technical University Vienna, 25/04,/2023

Artefacts. Chapters 2 and 3 have been formalised in Agda (version 2.6.3) using the
Cubical library (version 0.5)!. All results have been type-checked using the --safe
flag. We will discuss excerpts from the formalisations; the Index of Agda symbols
on page 126 contains a list of all relevant Agda names and where they have been

introduced. The full formalisation can also be found online:
https://zenodo.org/doi/10.5281/zenodo.10966896

The solver for Cubical Agda presented in Chapters 4 and 5 will be described in

pseudo-code, the implementation in Haskell can be found online:

https://zenodo.org/doi/10.5281/zenodo. 10966924

ICubical Agda library: https://github.com/agda/cubical
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Chapter 2

Computing with sets

When you ask a mathematician what the powerset of a finite set is, they will answer

“it’s the set of all its subsets”, or more formally:
YePX)if Y CX

If you ask a Haskell programmer about the powerset, they will use lists to represent
sets and devise something like the following program to compute all subsets of the
input set:

powerset :: [a]l -> [[a]]
powerset [] = [[]]
powerset (x:xs) = powerset xs ++ map (x:) (powerset xs)

The function works as follows. The powerset of the empty set is the set containing
the empty set. If we are given a list x:xs, we will compute the powerset of xs, and
then for each ys in the powerset of xs add both ys and x:ys to the powerset of x:xs.

The mathematician thereby gives an abstract definition singling out the crucial
property of elements of the powerset of X, while the programmer gives an imple-
mentation of the powerset as an operation taking a set to a family of sets. Both
characterisations have advantages. The mathematical definition allows for quickly
deriving properties of the powerset, e.g., using the above definition it is easy to show
that for two sets X and X’ we have X C X’ precisely if P(X) C P(X’). This is not
as easy to see for the Haskell program, but the program allows for looking at specific
powersets concretely. For example, if we ask Haskell to compute powerset [1,2,3],

we get a list of the sets in the powerset:
(a1, 31,021, 12,31,11]1, 11,31, [1,2],[1,2,3]]

In this chapter, we will see how we can use the theorem prover Agda [65], which

is based on dependent type theory [57], to express both the abstract and algorithmic
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version of the powerset in the same language, assuming that we have a total order on
the set in question. In fact, the distinction between P and powerset disappears in
our setting. We write an analogue of the powerset program in Agda, called powerset,
and prove that powerset satisfies the statement we gave as a definition for P above.
By using the Cubical extension of Agda [78] which implements cubical type theory,
a formulation of homotopy type theory (HoTT) [77], we can moreover prove that
this correspondence holds for a strong notion of “iff”, namely for equivalence between
types [77, Ch. 4]. We denote an equivalence between types A and B with A ~ B.
Establishing that powerset satisfies its mathematical specification allows us to freely
switch between the concretely computed powerset and its abstract definition in a
formalization.

We can aggregate our constructions to give a term of the following type:
II(X : set), X(P : family), II(Y :set),Y e P~Y C X

In words: given a set X, we produce a family of sets P (which is powerset X)
such that P satisfies the following specification: for any set Y, the types Y € P and
Y C X are equivalent.

Our construction is an instance of the following pattern: if we are given an input
instance for an algorithm X and want to produce an output instance Y such that
the dependent type P(X,Y) specifies the relation between Y and X, then giving an
algorithm that satisfies its specification amounts to producing a term of the following
type:

IX,¥Y,P(X,Y)

When carrying out this construction in a theorem prover such as Agda, its type-
checker ensures correctness of the algorithm. DTT therefore allows for developing
algorithms following a very strong version of the correct by construction paradigm
proposed by Dijkstra [18]. Not only is our development driven by the specification—
i.e., the type—of our program, in the end we also get a guarantee that we meet the
specification.

In summary, we can use concepts developed in dependently typed programming
and apply them to the development of formalized mathematics. We thereby hope to
emphasize a benefit of formal reasoning in a dependently type language: it allows for
a combined treatment of mathematical theory and programs.

The purpose of this chapter is threefold. First, we provide background on how

to reason in (Cubical) Agda. Second, we give a tutorial on using the correct by
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construction paradigm for a basic mathematical program. Finally, we develop a
framework which will allow us to conveniently compute Morse reducts in Chapter 3.

In Section 2.1, we introduce a notion of sets which—by its very construction—does
not have higher structure in its identity type. This makes our notion of sets closely
related to lists, which allows us to reason about sets and lists interchangeably. This
is used crucially in Section 2.2, where we write an analogue to the powerset program
in Agda and show that it satisfies the abstract mathematical definition discussed
above. In Section 2.3, we compare our development with approaches to representing
sets in other theorem provers, namely Coq and Lean. We argue that our approach
strikes a useful balance between generality and practicability, not brushing over any
complexities while also assuming structure where it is helpful.

The full formalisation of this chapter can be found online'.

2.1 Sets in dependent type theory

The fundamental building block in modern mathematics is a set, which allows for
grouping together objects. For instance, we can group the natural numbers 0, 1, and
2 together in a set:

S :={0,1,2}

Crucially, the elements of the set are considered to exist independently of the set
S, and could also be part of a different set. DTT, developed by Martin-Lof [57] as an
alternative mathematical foundation to set theory, has at its core a different notion of
collections of elements, the eponymous types. The elements of a type are not thought
of to exist independently of their type—instead, the rules for constructing terms have
to be given at the same time as the formation rule of a type. To create a type T
with three elements, we can write the following to emphasise that 0, 1, and 2, have

been introduced as the elements of T
OT’ ]JT7 2T : T

In general, the construction rules for types can be recursive, mutually recursive
with other types, or parametrised by other types. The construction rules for a type
are hence very expressive, and coming up a with succinct definition of a type is often
the crucial step towards an elegant formalisation.

The differentiation between sets and types raises the question: what makes a type

a set? The answer put forward by HoTT, which we discuss in Section 2.1.1, is that a

'Folder Set of https://zenodo.org/doi/10.5281/zenodo . 10966896
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type A should be considered a set if there are only trivial identifications on its terms.
In other words: every term is equal to itself in only one way. We can strengthen this
characterisation by also requiring a procedure which can decide for any two terms
of A whether they are equal or not. Hedberg’s theorem [32] establishes that a type
with decidable equality has unique identity proofs, which implies that there are only
trivial identity proofs on terms of A.

In the following, we develop a notion of sets which is even more tightly controlled,
allowing us to conveniently mirror in type theory the traditional notion of sets as
groups of elements taken from a background universe. In our setting, the background
universe is a type and all selected elements are saved in a data structure, namely
a list. In Section 2.1.2, we introduce what structure we require on the background
type, giving rise to listable types. This allows us to obtain unique representations of
sets, significantly simplifying our theory. Moreover, listable types are closed under
the dependent pair type which we will use in Chapter 3. We show in Section 2.1.3
how to develop usual notions such as set-membership and subsets in our framework.

In the following, we will take “set” to mean our very structured notion of sets.

2.1.1 Background on Cubical Agda

In this thesis, we develop all results in the Cubical extension [78] of the dependently
typed theorem prover Agda [65]. In the following, we will assume the basics of
dependent type theory and only introduce the notions newly introduced by Cubical
Agda in more detail. We base our formalisation on the Cubical library?.

In Agda, any type lives in a universe Type ¢, where the universe levels ¢ form a
cumulative hierarchy. The universe levels behave like the natural numbers, where the
bottom level is denoted ¢, and the successor operator ¢-suc. We usually write Type
for Type £,.

Function types from A to a type B depending on A are denoted with (z : A) — B z.
If B does not depend on A, we write A — B. Inhabitants of the function type
are defined by abstracting over a variable in the definition of the function, or by A-
abstraction. We also use dependent pair types ¥ A B, for which we have the syntactic
sugar X[ x € A ] (B z) standing for ¥ A (A z — B x). Non-dependent pairs are
denoted A x B. Inhabitants of a pair type are denoted (z , y); we can access the

components with projection functions fst and snd.

2Cubical Agda library: https://github.com/agda/cubical
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We also make use of some standard features of Agda. We sometimes use implicit
arguments which are surrounded by curly brackets { }. These can be omitted and
will be inferred by the type-checker. We use with abstraction which allows for pattern
matching on the result of a computation.

We use the following standard data types:

e We can form the sum of two types, A W B, which has injection functions
inf:A—> AW Bandinr: B— AW B.

e The empty type L and the unit type T, with no terms and the unique term
tt, respectively. These types live in the base universe Type, we sometimes need
to lift these types to a higher universe level which we denote with L* and T*,

where the latter type has inhabitant tt*.
Negation of a type = A is defined as A — L.

When pattern matching on an empty type, the absurd pattern () can be used

to establish that the respective case cannot occur.
e The two-element type Bool with terms true and false.
o The natural numbers type N with two terms zero : N and suc : N — N.

o The finite type (n : N) — Fin n which contains n many inhabitants, namely

zero : {n : N} — Fin (suc n) and suc : {n : N} — Fin n — Fin (suc n).

o The type List A captures lists on A with the empty list [] : List A and a recursive
constructor = : A — List A — List A.

We have standard functions map : (A — B) — List A — List B as well as
_++_:List A— List A — List A.

o A type Ais Discrete if it has decidable equality, i.e., given P : Discrete A, we have
for all z,y : A that P x y reduces to either yes p: x =yortono —p: ~x =y
(we discuss equality shortly).3

When devising dependent type theories, attention is paid so that they have com-
putational content, which means that all terms reduce to a normal form. We can
leverage reduction in Agda by asking the type-checker to normalise a term. For ex-
ample, we can inspect the result of adding 1 to each element of a list of numbers as

follows:

3Note that it is common in Agda to use unicode for identifiers, like —p above. The negation
symbol here is not an operation, but just part of the name of the variable.
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normalise: map (_+ 1) (1 = 2 = 3 = [])
> 2::3::4::[]

The normalisation process therefore allows us to inspect normal forms under judg-
mental equality, i.e., the above reduction relies on the fact that the following judg-

mental equality holds in Agda:
map(_—|—1) (1::2::3:: []): 2::3::4::[]

When working in a theorem prover, judgmental equality is usually implicit, but
we will at times depict a chain of judgmental equalities to emphasise why a particular
statement holds.

Judgmental equality is to be contrasted with propositional equality, which we treat
differently from Agda’s standard approach to equality which is based on Martin-Lof’s
intensional propositional identity type [55]. We use Cubical Agda, an implementation
of cubical type theory [6, 16] which gives computational content to HoTT [77]. Cubi-
cal Agda gives primitives for the equality type, which it calls the path type. Inspired
by the connection of type theory to topology, an abstract unit interval | is introduced
which has two endpoints i0 and il. Interval variables 7, 7, ... : | allow for talking about
cubes of arbitrary dimension, i.e., a term in the empty interval context is thought of
as a point; a term in context ¢ as a 1-dimensional path; a term in context 7, j as a
2-dimensional path, i.e., a square; a term in context ¢, j, k as a 3-dimensional path,
i.e., a cube; etc. We can hence think of elements of the path type as fillers for the

following geometric objects:

it Z;)‘_,.

. it J kJ

The interval | is endowed with the structure of a De Morgan algebra which consists
of an involution operation ~ ¢ and connections ¢ V j and ¢ A j for 7,7 : I. A path
between two elements living in the same type A parametrised over | lives in the

heterogeneous path type:
PathP : (A: | — Type) —» A0 — A il — Type

If the type A is not dependent on the interval, the type above simplifies to the
homogeneous path type:
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Path : (A : Type) - A — A — Type

We write _=_ for Path A, which means that z = y is the type of paths between
x and y. Inequality = % y is defined as — = = y. One can show that the path type is
reflexive and symmetric by abstracting over and applying (the reversal of) an interval

variable:

refl . x =2

refl {z =2} i==x
SYym:z=y — y=2x
sym pi=p (~ i)

In order to show that _=__ is transitive, another reasoning principle is necessary:
homogeneous composition. We will not apply this reasoning principle in this chapter
and will introduce it properly in Chapter 3. We will study novel reasoning principles
of Cubical Agda from the point of automated reasoning in Chapters 4 and 5, in
particular homogeneous composition and the structure on the interval | alluded to
above. In this chapter, we only need features of Cubical Agda which have already
been introduced in the HoTT book [77].

Given a type A with terms x,y : A, we can study paths between x and y; given
two paths p,q : * = y, we can study paths between p and ¢, etc., leading to the
structure of an oo-groupoid [79, 4], which we can think of as a higher-dimensional
generalisation of equivalence relations. We classify types by the level at which their
iterated path type trivialises. In homotopy theory, this corresponds to the homotopy
level of a type, and in HoTT, the concept is called homotopy-n-type. In this thesis,

we call it h-level, and as follows for some specific levels:

o If A has an inhabitant x and all other elements y : A are equal to x via a path

p:x =y, it is said to be contractible, i.e, isContr A.

o If there is a path p : x = y between any two inhabitants x,y : A, then A is said
to be an h-proposition, i.e., isHProp A.

o If there is a path « : p = ¢ between any two proofs of equality p,q : © = y for
some x,y : A, then A is said to be an h-set, i.e., isHSet A.

o If there is a path ¢ : « = 8 between any two «, 3 : p = q for p,q: © = y and
x,y: A, then A is said to be a groupoid, i.e., isGroupoid A.
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The stratification of types according to the complexity of their path types carries
on with higher groupoids. In this chapter, we only reason about h-sets, while in the
next Chapter 3 we will also reason about groupoids. In Chapters 4 and 5, we will
automatically derive terms in higher groupoids.

Naturally, h-levels are closed upwards, for instance, an h-proposition is also an
h-set. Dependent function and pair types are closed under h-levels.

In order to show that two types A and B are equal to each other, one can establish
an isomorphism Iso between the two types. One has to construct functions between
the two types, F': A — Band G : B — A, and show that these are mutually inverse,
i.e., construct two proofs R: (z: A) - G (Fz)=zandS: (y: B) - F (Gy) =y.
The tenet of univalence states that equivalence and equality of types coincide, which
has computational content in Cubical Agda such that an Iso can be turned into an
equality between types (after turning it into an equivalence, which is a certain kind

of coherent isomorphism, which can always be done in Cubical Agda):
isoToPath : Iso A B—+ A=B

We also make use of the following functions from the Cubical library, which hold
for all types A and terms x, y : A and enable us to use an equality in A in a type

depending on A:

subst : (B: A — Typel)(p: z=y) — Bx— By
cong: (B:A— Typel)(f: (a: A) — Ba)(p: z=vy)
— PathP (A i — B (p i) (f z) (f v)

We can visualise both functions with the following picture:

Z FNANNNANANANNANN o/

subst p
fz Ty
cong fp
//—\
x Y
p
A

We are given an equality p between elements x and y which live in type A. Since
we are in a type theory where equality is proof-relevant, types B x and B y indexed

by both elements are distinct and we have to explicitly use p to mediate between
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them. The function subst allows us to turn a witness z : B x into some element
2z By, ie., we substitute x with y in the property B. With cong we can apply a
function f to p : x = y to obtain a path between the images of the endpoints, i.e., we
take the congruence with respect to f. Since f x and f y live in different types, this
path lives in A i — B (p 7). When i = i0, this type is B x, when ¢ = i1, this type is
By.

Sterling and Angiuli [73] have established normalisation for cartesian cubical type
theory, which can be thought of as a sublanguage of Cubical Agda as discussed in
Chapter 4. For De Morgan cubical type theory [16], on which Cubical Agda is based,
so far only canonicity could be established [43], which states that every inhabitant of

the natural numbers reduces to canonical form.

2.1.2 Sets as ordered lists

We define sets as lists of elements taken from a background type C. To make it easier
to perform and reason about computations, we assume that we have a partial order on
C, sets are then chains taken from this background poset. In Agda, we characterise

such background types with the following Listable type:

record Listable (C' : Type ¢) : Type (¢-suc £) where
constructor listable
field
dec : Discrete C'
. C— C— Type/
C-prop : (z y: C) — isHProp (z C y)
C-irreflexive : (z: C) — = (z C 2)
C-trans: (zyz: C) =2z y—ylz—al 2

A record type is a dependent product type where all components get names that
can be used as projection functions. Listable is parametrised over the type C' on which
we impose the structure.

The constructor listable can be used to introduce terms of the record type. The first
field— the name of a component of a record type—of Listable is dec which establishes
that equality between two elements of C' is decidable.

The relation x [ y is assumed to be an h-proposition, which means that, up to
equality, there is at most one term witnessing that two elements are related. Moreover,

[ is irreflexive and transitive, i.e., it is a partial order. It is straightforward to derive
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from irreflexivity and transitivity that [ is antisymmetric, a fact we refer to as -
antisym.

While C' might be a type with infinitely many terms, any set that we consider in
this thesis has finite size so that we can list it in Agda. We capture that a list of
elements of a Listable type C' is totally ordered if it satisfies the following predicate:

ordered : List C' — Type ¢

ordered [| = T

ordered (z = [[) =T

ordered (z = y = xs) = (z C y) x ordered (y = xs)

The above predicate is defined by pattern matching on the input list. If the list is
empty or contains a single element, it is trivially ordered. If the list has two elements
x and y in the front, we require that they are ordered by [ and that the rest of the

list starting at y is ordered. We can now define the notion of a finite set over a Listable

type:

set : Type ¢
set = X[ zs € List C' ] ordered zs

The simplest example of a set is the empty set:

emptySet : set Cs
emptySet = [] , tt*

The empty list captures that we have no elements in our set, and proving that
it is ordered is done by giving the single inhabitant of the unit type. The empty
set can be constructed for any type C such that Cs : Listable C'. For more involved
examples of sets we have to turn to a concrete instance of Listable. For example, it is
straightforward to show that the Bool type is Listable by imposing an ordering on its

two values, say:

_[C5_ : Bool — Bool — Type
true O, false = T
- EQ I J_

We can then instantiate sets over the Bool type containing either no, one, or both
terms of Bool. The set containing both values, along with proofs that the carrying

list ordered, looks as follows:
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setBool : set listBool
setBool = true :: false == [| , tt, tt*

Another natural example of a type which is totally ordered and has decidable
equality is the natural numbers under the greater-than relation; call listN the proof
that the natural numbers N are Listable under this ordering. We can only list finitely
many elements of N, which means that any set over listN is a subset of N. We capture

all finite sets {n — 1,...,0} for any n with the following function:

setN : N — set listN

setN 0 = emptySet
setN (suc n) = (n = fst (setN n)) , setN-ordered n

In the recursive step of the definition, we have to prove that the list n :: fst (setN n)
is ordered. We can prove this with the following function, which has a type which

refers to setN and hence is mutually recursive with setN:

setN-ordered : (n : N) — ordered (n :: fst (setN n))

setiN-ordered zero = tt*
setN-ordered (suc n) = (0, refl) , setiN-ordered n

By asking Agda to normalise some expression we can compute with our function
setN. For instance, we can compute the three-element set S from above by asking

Agda to normalise the following term:

normalise: setN 3

> 21 =0==[, (0, refl) , (0, refl) , tt*

The first component of this tuple is the list carrying the elements of the set,
afterwards we have a proof that the list is ordered: (0 , refl) shows that 2 > 1 and
1 > 0, respectively, and the list 0 :: [] is trivially ordered.

Using the definition of finite types as a subtype of N, we can straightforwardly
adapt the above definitions to show that Fin n is listable for any n. We write setFin n
for the listed set of elements of Fin n in the following.

By Hedberg’s theorem [32], a type with decidable equality has unique identity
proofs. This means that the carrying type C of a Listable type is an h-set, a fact we
refer to as carrier-isHSet. Consequently, all fields of the Listable type have the h-level

of a set or a proposition, which means that Listable C' is itself an h-set.
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Moreover, all witnesses of two elements being ordered are inhabitants of the unit
type and hence unique, and since h-propositions are closed under products, we can
easily prove that being an ordered list is also an h-proposition; we refer to this fact
as ordered-isHProp.

This means that set is the product of an h-set and an h-proposition; we can hence
give a witness of set-isHSet which states that any set is an h-set. The converse does
not hold. An h-set is not necessarily a set since we might not be able to decide
equality or have an ordering on an h-set. However, any h-proposition P with witness
P-isHProp : isHProp P can be seen to be Listable. Deciding equality on a proposition
is trivial—if we have two inhabitants of an h-proposition, they must be equal—and
we can use the empty ordering on P, which vacuously satisfies irreflexivity and tran-

sitivity:

listProp : Listable P

dec listProp a b = yes (P-isHProp a b)
_[_ listProp _ _ = L*

-prop listProp _ _ ()

-irreflexive listProp _ ()

-trans listProp _ _ _ ()

Therefore any h-proposition is listable. In order to turn an h-proposition into a
set, we furthermore need to be able to decide whether it holds. This way we can

either create the singleton, or the empty list:

setProp : Dec P — set (listProp P-isHProp)
setProp (yesp) =[p], tt*
setProp (no —p) = emptySet

Listable sets are furthermore closed under dependent products, a fact we will
use in Chapter 3 to compute Morse reducts. Given a listable type C' and a type D
depending on C' such that D x is listable for any x : C', we can show that ¥ C' D is
listable:

list¥ : {C : Type £} (Cs: Listable C') {D : C — Type ¢}

— ((z : C) — Listable (D z)) — Listable (¥ C' D)
__ (list¥ Cs {D} Ds) (z, y) (z’, y’) with dec Cs z z’
. no—-p=_rC_Csza’

.. |yesp=_0C_ (Dsz)y(subst D (sym p) y’)
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We order two elements (z,y) , (z’,y") : ¥ C D by first checking whether x and
2’ are equal. If this is not the case, we take the order on C', otherwise we compare
y and y’. Since gy’ lives in D z’, we have to turn it into an element of D z using
substitution using that x and z’ are equal. It is straightforward to show that this
order satisfies all properties of Listable by referring to the appropriate instances of C'
and D being listable.

In order to turn two sets over C' and D into a set over X C' D, we compute their

cartesian product:

setd : (ws: List C') — ordered Cs zs —
(ys: (z: C) — List (D)) = ((z: C) — ordered (Ds z) (ys z))
— set (list¥ Cs Ds)
sety [| ds ys es = emptySet
setd (z = @s) ds ys es = x=: (ys z) ++ fst IH |
++-ordered (x::-ord (ys z) (es x)) (snd IH) xCset¥xs
where
x: o (ys”: List (D z)) — List (X C' D)
xiys’=map (A y — (z,9)) ys’
IH : set (listX Cs Ds)
x:-sound @ (ys”: List (D z)) — (zy: X C D) — (zy €, x= ys') = fstay =
x:-ord : (ys”: List (D z)) — ordered (Ds z) ys” — ordered (list¥ Cs Ds) (x:: ys’)

We do induction on the first set over C'. If this set is empty, we can just return the
empty set. Otherwise, the set starts with an element x. We want to have all (z,y)
for any y : D x in the resulting set. This list of pairs is computed with the helper
function x::, and prepended to computing the cartesian product with the remaining
list xs. In order to show that the thereby constructed list is ordered requires several
steps. First, we have to show that the list of (x,y)’s is ordered, which is done in

x::-ordered. We then use the following lemma:

++-ordered : {zs: List C'} (ds: ordered zs) {ys: List C'} (es: ordered ys)
— ({z: C} = (z €, zs) — x CL ys) — ordered (zs ++ ys)

The lemma states we can directly concatenate two ordered lists into an ordered
list provided that any element in the first list comes prior to the second list, where
the relation x CL ys encodes that x is prior to the head of list ys (which might be

the empty list). Since we chose a lexicographic ordering for ¥ C' D, we can establish
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this with the following lemma, which is proved by double induction on xs and, if xs

starts with an element x’, ys x’:

xCsety : ((z,y): ¥ C D) (zs: List C) — (ds: ordered Cs (z :: zs))
— (ys: (z": C) — List (D z")) — (es: ((z": C) — ordered (Ds z’) (ys z”)))
— (2, y) CL fst (setX xs (C-tail Cs ds) ys es)

Thereby we have devised a general method to compute a dependent set. As an
example, we can compute all even numbers simply by taking setd of setN and the
predicate isEven (which is defined in the Cubical library and can readily be shown to

be propositionally valued and decidable) as follows:

setEven : (k: N) — set {C' = X N isEven} _
setEven k = set® (setN k) A n — setProp (isHProplsEven n) (declsEven n)

Since we stipulated how dependent pairs compute for all instances sety, we do
not have to do any more work to compute the even numbers, but can directly retrieve

all even numbers, e.g., those in the set {9,...,0}:

normalise: fst (setEven 10)
> (B, tt) = (6, tt) = (4, tt) = (2, tt) = (0, tt) = ]

Each element in the list consists of a number and a proof that it is even, which is

always tt.

2.1.3 Membership and subsets

The properties of Listable, over which we defined our sets, gives us a strong link
between lists and sets, which will ease the formalisation work when reasoning about
computations in the following sections. The following lemmas capture that a set is
uniquely determined by its underlying list and that we can therefore switch freely

between an equality between sets and an equality between lists:

tolist=: {X YV :set s} - X =Y - fst X=fst YV
toSet=: {X V:set Cs} »fst X =fst Y - X =Y

We use the following standard data type to capture that given a list, there is at

least one element in the list which satisfies some property P:
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data Any (P : A — Type ¢) : List A — Type ¢ where
here : V {z zs} (px: P z) — Any P (z :: zs)
there : V {z xs} (pzs: Any P xs) — Any P (z :: xs)

The first constructor here establishes that if x has property P, then any list
x : xs satisfies Any P; the second constructor there says that Any P is closed under

prepending elements. Using the data type Any we can define list membership:

_€_ 1 A—List A— Type/
_€_zx=Any(z=_)

Given a list zs and an object x, the type  €; xs contains a witness for any y in the
list which is equal to . Therefore we have a proof-relevant notion of membership in
a list. This makes it apparent how lists differ from sets: a list might contain duplicate
elements, which give rise to multiple proofs that an element is in the list. Moreover,
reordering elements in a list yields a different list, but for a set it does not matter
in which order we give the elements. Since we only consider strictly ordered lists to
be sets, we do not have to worry about duplicates and reordering however, and can

safely define set membership in terms of list membership on the carrier list:

_€_: C —set Us— Typel
reX=z¢g fst X

The following lemma establishes that set membership works in the expected way

and that there is only a single way in which an element can be part of a set:

€-isHProp : {y: C} {X : set Cs} — isHProp (y € X)
€-isHProp {y} {z :: zs, ds} (here P) (here Q) = cong here (carrier-isHSet y z P Q)
e-isHProp {y} {z :: ws, ds} (there P) (there Q) =

cong there (€-isHProp {y} {zs , C-tail ds} P Q)

We perform induction on the two different proofs that y is an element of X. If it
is the head x of the carrying list, we are given two different proofs that x and y are
equal and make use of the fact that the carrying type of a Listable type is an h-set.
By using cong with the constructor here, this proof of equality is injected into the
Any datatype. In case y is part of the tail of the carrying list of X, we can inject the
induction hypothesis using cong there. To apply the induction hypothesis, we use the

lemma [C-tails, which establishes that removing the first element from an ordered list
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results in an ordered list. The other two cases of the induction, where we are given

one here and one there term, can be shown absurd using the irreflexive order on X.
In order to define the subset-relation, we again first define what it means for one

list to be subsumed by another list, and then define the subset relation in terms of

the sublist relation:

_C,_:List A— List A — Type ¥
ys Cras=(y: A) > y €, ys — y €, 18

_C_ :set Us — set CUs — Type /
XCY=ftXC fstV

Since h-propositions are closed under dependent functions, we can conclude from
set-membership being an h-proposition that the sublist and subset relations are h-
propositions; we refer to the latter fact as C-isHProp.

Reflexivity C;-refl and transitivity C,-trans can be established for the sublist re-
lation, which carry over to proofs that the subset relation is reflexive and transitive.
However, only the subset relation is antisymmetric, in contrast to the sublist relation:
consider for instance the lists 1 :: [ and 1 :: 1 :: [], which are sublists of each other, but
not the same list. Since our representations of listed sets are ordered by an irreflexive
relation, the second list does not represent a set and our subset relation works as

expected. We can show with the following proof that C is antisymmetric:

C-antisym : {xs: List C'} — (ds: ordered xs) {ys : List C} — (es: ordered ys)
— (zs, ds) C (ys, es) — (ys, es) C (ws, ds) — xs = ys

C-antisym {[]} ds {[]} es p ¢ = refl

C-antisym {z :: s} ds {y = ys} es P Q with C-dec es ds P | C-dec ds es @

. |inlp|inl ¢ =
Listn ¢ (C-antisym (C-tail ds) (C-tail es) (C-step es ds P p) (C-step ds es @ q))

Given two sets and proofs that they are mutually subsets, we perform induction
on the carrying lists of the sets. If both lists are empty, we trivially have that they
are equal. In case they start with elements x and y, respectively, we use the lemma
C-dec, which establishes that if two lists are subsets of each other, their heads must
either be equal, or the head of the first list must be ordered before the head of the
second list. The only non-absurd case is that both heads x and y are equal. We can
hence apply the induction hypothesis and resolve the proof goal with Listn, which

takes proofs that x = y and xs = ys to a proof = s = y = ys. In order to apply

24



the induction hypothesis, we have also used the following lemma, which establishes
that if the heads of two lists are equal and one is a subset of the other, then their

tails must also be in the subset relation:

C-step: (y=ys) S (z=as) >z =y — ys C; a8

2.2 Computing the powerset

In this section, we implement the powerset program in Agda. We can implement the
program similar to the Haskell function powerset on page 9, the program is only
complicated by the fact that we have to show that we compute ordered lists, which
we discuss Section 2.2.1. We then show that our powerset operation satisfies the usual
mathematical definition of a powerset, i.e., powerset computes precisely the subsets
of the input set. We prove the forward direction of the specification in Section 2.2.2,
which we call soundness as we ensure that any set computed by powerset is indeed
a subset of the input set. We then prove the backward direction in Section 2.2.3,
called completeness as we want to show that any subset is computed by the program.
Finally, we establish in Section 2.2.4 that the result of the powerset program is itself
an ordered list and therefore forms a set. We aggregate the whole formalization in
a type inspired by the correct by construction paradigm in Section 2.2.5. In the

following, we assume that we are given types C' and C's : Listable C.

2.2.1 The powerset program in Agda

When porting the powerset program to Agda, we want to show that we only produce
sets, i.e., that each computed sublist is ordered. Moreover, we want to show that
the resulting list is itself a set, which means that we need to establish an ordering
between all computed sublists. We leave this part of the proof to Section 2.2.4 and
for now focus on computing a list of sets, which we do with the following powerset

program:*

powerset : (zs : List C) — ordered zs — List (set Cs)
powerset [| ds = [ emptySet ]

powerset (z :: zs) ds = powerset zs (C-tail ds) ++ powerset-insert z zs ds

4Tt would be nicer to have a single input (xs , ds) : set for the powerset function, but this is
not possible since the termination checker of Agda does not recognise that a function defined by
recursion on one component of a 3 type is structurally recursive. We therefore have to uncurry the
set in this and the following definitions.
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The program is structurally similar to the powerset program in Haskell from
page 9. The main difference is that in the recursive step, we cannot simply insert x
into every set with map since we have to show that we produce an ordered list in this
step. We do this in the function powerset-insert, but before we can construct this we
first derive a crucial lemma: x is the first element of any set computed in the recursive
call with respect to . To express this, we use the relation CLS, where x CLS Y's
means that x is prior to any set in the list of sets Y's. Equipped with this, we can

prove that in the recursive step, x is prior to all sets computed in the recursive call:

xCLpowerset : (z: C) (ws: List C) — (ds : ordered (z :: xs))
— x CLS (powerset zs (C-tail ds))

x_Lpowerset z zs ds ([] , es) p = tt*

xCLpowerset = (z” = zs) (d , ds) (y = ys, es) p
with C-dec ds es (powerset-sound ds es p)

.. | inl g =subst _ ¢ d

.. |inrg=C-trans _ _ _dgq

The proof works by induction on both the input set (zs,ds) and an arbitrary set
(ys,es) computed by powerset xs ds. If ys is empty, then x is trivially in front of
ys. Otherwise we have two non-empty sets z’ = xs and y = ys and have to prove
that x  y holds. By using soundness of the powerset function, which we will prove
in Section 2.2.2, we know that y :: ys is a subset of 2’ :: xs. We decide with C-dec
whether y is equal to 2’ or whether we have z’ [ y. In the first case, we can simply
substitute x” for y in the proof d : x [ z’; otherwise we use transitivity of .

We split up the definition of powerset-insert as we will need to prove certain lemmas
about the insertion process later. It is straightforward to define the following functions
for inserting an element into a set and inserting it into a list of sets, we only give the

types of the functions here:

insert : (z: C) — (Z :set Cs) — x CL fst Z — set Cs
insertL : (z: C) (Ys: List (set Cs)) (desc: x CLS Ys) — List (set Cs)

Equipped with these helper functions and lemmas we can finally define the inser-

tion function for the powerset:

powerset-insert : (z : C) (zs : List C') — (ordered (z :: zs)) — List (set Cs)

powerset-insert = xs ds = insertL z (powerset zs (C-tail ds)) (xCLpowerset z zs ds)

26



Our powerset function is defined mutually recursively with xCLpowerset; which
in turn makes use of the function powerset-sound; which we will define shortly by
recourse to powerset. Therefore the powerset program requires mutual induction be-
tween three functions to establish that it only produces ordered lists. We can test
that we have reconstructed the original functional program powerset by mapping the

first projection to the result of powerset, for instance for the three-element set:

normalise: map fst (powerset (setN 3))

> [] = (0 = []) = (1 []) i3 (1l 1 0 = []) s (2 = []) 2 (2 = 0 = []) 39
(2 =8 1 = []) 2 (2 2 1 8 0 = []) 38 []

2.2.2 Soundness

In our construction of the powerset program we have already used that it only com-

putes subsets of the input set, which is the soundness direction of our specification:

powerset-sound : {zs : List C} (ds: ordered xs) — {ys: List C'} (es: ordered ys)
— (ys , es) €, powerset zs ds — (ys , es) C (xs, ds)

We prove soundness by induction on both the input set, whose underlying list we
call xs, and the set computed by powerset, which we call ys. The base cases can be

established as follows:

powerset-sound {[|} ds {ys} es P =
subst (_C; []) (sym (toList= (&;-singl-extract P))) (C;-refl [])
powerset-sound {z :: zs} ds {[|} es P = [|C;-all

If the input list xs is empty, the proof P witnessing that ys is computed by
powerset reduces to a proof that ys is in the family of sets containing only the empty
set. We then use a lemma €;-singl-extract, which says that if an element is in a set
containing a single element, it must be this very element, to establish that ys is empty.
We can therefore use reflexivity of the subset relation, appropriately substituted.

If the list ys is empty, it is a sublist of any list, a fact which is established in the
lemma [|C;-all.

Proving the inductive step is more laborious, we only give the structure of the
proof and the types of necessary lemmas here (the interested reader can find details
in the code):
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powerset-sound {z :: s} ds {y = ys} es P
with ++-dec discreteSet _ (powerset zs (C-tail ds)) (powerset-insert z zs ds) P
.. |inl @ = C;-weaken (powerset-sound (C-tail ds) es Q)
. |inr @ = subst (_C; (z == zs)) (cong (_:: ys) (sym headLemma)) (C;-insert z IH)
where
tailLemma : (ys, C-tail es) €; powerset zs (C-tail ds)
IH : (ys, C-tail es) C (zs, C-tail ds)

headLemma : y =z

We do a case distinction using ++-dec, which says that if an element is in the
concatenation of two lists, it must be either in the first or in the second list.

In the first case, y :: ys was computed by the recursive call powerset xs, which
means we can weaken the induction hypothesis using C;-weaken. This lemma estab-
lishes that the sublist relation is closed under prepending an element to the larger
list.

In the second case, y = ys was computed by inserting z in front of that recursive
call. The induction hypothesis yields that the tail of the computed list must be a
sublist of the tail of the input list, but in order to use the induction hypothesis we
have to prove that ys is computed by the recursive call of powerset. This is done with
the tailLemma. By proving that the first element in the computed list y must be x
with headLemma, we can substitute y for x in a version of the induction hypothesis.
More precisely, the induction hypothesis is extended using the lemma C;-insert, which
establishes that the sublist relation is closed under prepending an element to both
lists.

In the inductive step we have used two simple lemmas about inserting an element
x into a list of sets. If we insert x into a list of sets Zs with the function insertL, then
any set in this list has = in front, and the tail of each set was already a set in Zs.

The types of the lemmas are the following:

insertL-head : (Zs : List (set Cs)) (desc : © CLS Zs)
— (y = ys, es) € insertL © Zs desc — y =«

insertL-tail : (Zs : List (set Cs)) (desc : x CLS Zs)
— (y = ys, es) € insertL © Zs desc — (ys , C-tail es) €, Zs

Thereby we have proved that everything that the powerset function computes is

indeed a subset of the input set.
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2.2.3 Completeness

We now prove that any subset of the input set is computed by powerset, i.e., that
the program is complete. Unlike the soundness proof, completeness is not required
to define the program in the first place, which means that its term is defined without

any mutual recursion. The type and inductive bases of this statement are as follows:

powerset-comp : {zs : List C'} (ds: ordered zs) {ys : List C'} (es: ordered ys)
— (ys, es) C (zs, ds) — (ys, es) €, powerset xs ds
powerset-comp {[]} ds {ys} es P = here (toSet= (C[|—==[] es P))
powerset-comp {z = zs} ds {[|} es P =
€,+-+-inj; discreteSet (powerset-comp (C-tail ds) es ([|<;-all))

If the input set xs is empty, we know that the output set ys is empty since it
is a sublist of the empty list, a statement which is proved in the lemma C[]—=][].
Computing the powerset of the empty set yields the set containing the empty set, we
can therefore use the here constructor to establish that powerset has computed ys.

If the output set is empty, we know that it must have been computed in the left
side of the list concatenation in the recursive step of powerset, we use the lemma
€,+-+-inj; to conclude that its in the concatenation of this list with the second list in
the definition of powerset.

Again, the inductive step requires more work:

powerset-comp {z :: xs} ds {y = ys} es P with C-dec ds es P
. |inrp=
€,++-inj; discreteSet (powerset-comp (_-tail ds) es (C-skip-fst ds es P (C—%# p)))
... | inl p = €;4++-injy (subst
(_€, insertL z (powerset xs (C-tail ds)) (xCLpowerset z _ (ds)))
(toSet= (insxys=x::ys « cong (_: ys) p)) insxys€insxPs) where
IH: (ys, _) €, powerset zs _
insxyse€insxPs : insert z (ys, _) _ €, insertL z (powerset zs _) _

insxys=x:ys : fst (insert z (ys, _) _) = x = ys

In order to prove the inductive step with a non-empty input z :: zs and output
y == ys, we have to do a case distinction on whether the first elements of the input
and output sets coincide, which we do with C-dec.

In case we have a proof p : =z C y, we know that the computed set y :: ys must

have already been in the previously computed powerset zs. In order to apply the
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induction hypothesis, we use C-skip-fst to weaken P to a witness that y :: ys must
have already been a subset of xs, where we turn p into a proof that z and y must be
unequal using C—%. We can then again use €;++-inj; to show that y :: ys is in the
concatenated list.

Otherwise we have a proof p : x = y and the induction hypothesis only gives us
that ys is a sublist of zs. By substituting x and y appropriately we can derive that
y = ys has been computed by powerset in the right list, we can then complete the

proof using €;++-inj, which is dual to €;,4++-inj;.

2.2.4 Showing that the powerset is a set

So far, we have only computed a list of sets, we now show that the result of the
powerset program is itself a set. For that, we have to show that it is totally ordered
using an apt notion of ordering. We use an irreflexive lexicographic ordering, where
two sets of unequal length such that one is a prefix of the other will have the shorter

set ordered before the longer set:

setOrder : {zs: List C} — ordered zs — {ys : List C'} — ordered ys — Type ¢
setOrder {[|} _ {[]} _ = L*

setOrder {[|} _{y=ys} _=T

setOrder {z = zs} _ {[]} _ = L*

setOrder {z == xs} ds {y == ys} es with dec z y

... | yes p = setOrder (C-tail ds) (C-tail es)

o no—p=yCx

Proving that this ordering is irreflexive and transitive is straightforward.

We can package setOrder to a relation between sets X <« Y, and hence have
established that the type of sets is itself Listable, which we call listFamily in the
following.

To show that the powerset program produces a list ordered by <, we have to show
that the union of finite sets is itself ordered. This can be done similarly as in the

definition of set, we just give the type of the statement we thereby establish:

powerset-ordered : (xs : List C') (ds : ordered xs) — IF.ordered (powerset zs ds)
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2.2.5 A correct by construction powerset

We have constructed a program powerset which, given an input set X, computes its
powerset such that we can prove that it contains all and only the subsets of X. Thereby
we can put our developments in the shape of a correct by construction program as

follows:

Powerset : (X : set Cs) — X[ P € family | ((Y :set Cs) — Iso (Y C X) (Y F.€ P))
fst (Powerset (zs, ds)) = powerset xs ds , powerset-ordered zs ds
snd (Powerset X) Y = ¢ where
¢ :lso (Y C X) (Y F.e fst (Powerset X))
fun ¢ = powerset-comp (snd X) (snd Y)
inv ¢ = powerset-sound (snd X) (snd Y)
rightlnv ¢ _ = F.€-isHProp { Y} { fst (Powerset X) } _
leftlnv ¢ _ = C-isHProp YV X _

In order to establish an isomorphism as introduced in Section 2.1.1, we have to
give maps back and forth between ¥ C X and Y F.€ P, which we can do with
the completeness and soundness proofs developed in Sections 2.2.2 and 2.2.3. Fur-
thermore, we must show that both functions have a section and retraction, which
amounts to showing that going back and forth with the two functions leads yields an
element that is equal to the original element. This can be shown easily since both
the subset relation and membership in a family are h-propositions, which means that
all inhabitants are equal.

Therefore our careful definition of sets, membership and subsets allows us to derive
a strong statement about the powerset program. We can use the powerset program
both to compute the powerset of concrete sets, and to develop usual mathematical
theory. For example, we can show that X C X’ implies P(X) C P(X’) in a natural

way, by writing P := fst o Powerset this looks as follows:

P-closed : (X X' :set Cs) - X C X' P XFCPX’
P-closed X X’ P Y @ = X'fun (C-trans Y X X’ (Xinv Q) P) where
Xfun: YC X' - YFe? X’
X'fun = fun (snd (Powerset X’) Y)
Xinv: YFe?P X Y CX
Xinv = inv (snd (Powerset X) Y)

Given some set Y which is in P X, we use the inverse direction of the isomorphism
established in Powerset for X to show that ¥ must be a subset of X. Since X is a
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subset of X’ we have that Y is a subset of X’ by transitivity, and using the forwards
direction of the isomorphism for X’ that ¥ must hence be in P X’.

2.3 Discussion

We have seen how we can both compute with, and reason about sets in Cubical
Agda. Imposing a transitive and irreflexive order on the type from which we build
sets allows us to use sets and lists interchangeably, which means we can reason about
list based computations to establish properties of the output of such computations.
The development in this section could be carried out in any theorem prover based on
DTT; reasoning in Cubical Agda makes transparent the complexity of each identity
type—in contrast to, e.g., extensional DT'T where this complexity is hidden. Impos-
ing the structure of “listability” externally on a type (instead of, e.g., phrasing all
results in terms of finite types) has the advantage that we can develop mathematical
formalisations independently of computational considerations, and only afterwards
compute with listable instances as necessary. We will follow this approach in the
next Chapter 3.

We could have relaxed the assumption of an ordering on the background type and
used the concept of truncations to make sure that the sets have no higher homotopical
content; we compare our framework with such an approach in Section 2.3.1. Leaving
HoTT behind, it is also possible to reconstruct our results in the theorem prover
Lean [61] as discussed Section 2.3.2. In Lean, soundness of the powerset function
can be established significantly quicker than in Agda, which comes at the cost of
Lean being a theorem prover which rests on a less well-understood foundation than
Cubical Agda. We believe that our approach strikes a good balance between the two
presented alternatives, taking seriously foundational concerns about type theory while

also assuming additional structure where it is helpful for carrying out computations.

2.3.1 Finite sets in homotopy type theory

Frumin et al. [27] have developed finite sets over a background type in HoTT. They
study and show equivalent Kuratowski finite sets, which are in essence free join semi-
lattices axiomatizing union of sets, and [listed finite sets, which quotient lists by du-
plication and reordering of elements. In order to establish the cardinality of a thereby
defined finite set, it is necessary to assume that the base type has decidable equality,
while an ordering on the base type is not necessary for the developments by Frumin

et al. [27].
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Our notion of sets as totally ordered lists provides an implementation of Kura-
towski finite sets [27, Definition 5.2.]. Crucially, the finite sets of Frumin et al. [27]
are h-set-truncated, which means that they have a constructor which introduces a
path between any two identity proofs in a set. Otherwise, their finite sets would not
be h-sets since the higher path constructors needed both for Kuratowski and listed
finite sets introduce higher homotopical structure. In our development, a set requires
no truncation since it has no higher homotopical structure. This significantly simpli-
fies our developments, as otherwise the truncation constructor has to be dealt with
whenever mapping out of a set.

The ordering assumption on the base type therefore allows us to reason more
easily about the powerset program and many proofs make crucial use of it. When
reasoning about a program, it is necessary to reason about the implementation details
of the objects on which this program operates, and we chose the notion of sets which
is easiest to reason about. We also note that any finite set is isomorphic to a subset

of the natural numbers setlN, we therefore do not lose any generality.

2.3.2 Powersets in Lean

In Lean, finite sets are implemented as multisets which are accompanied by a proof
that they do not contain duplicates. This makes it possible to implement the powerset
function as follows in mathlib4, Lean’s standard library®:
def powerset (s : finset «) : finset (finset a) :=(

s.1l.powerset.pmap finset.mk

$ A\t h, nodup_of le (mem_powerset.l h) s.nodup,
s.nodup.powerset.pmap $ Aa ha b hb, congr_arg finset.val )

Similarly to our program powerset, the Haskell powerset works by mutual induc-
tion on a proof that the function is correct, i.e., the lemma mem_powerset used in
the construction of powerset establishes that the program computes precisely the

subsets of the input set:

@[simp] theorem mem powerset {s t : finset a} :
s € powerset t s Ct :=
by cases s;
simp only [powerset, mem_mk, mem_pmap, mem_powerset,
exists_prop, exists_eq_right];
rw +val le iff

Shttps://leanprover-community.github.io

33


https://leanprover-community.github.io

The main work in the proof is done with the simp tactic, which uses a selection
of lemmas to derive the specification of the powerset function.

Crucially, the statement above is proved with respect to logical equivalence <,
which only requires functions back and forth between two types. This is the strongest
notion of equivalence available in Lean—an equivalence of types as shown in Powerset
cannot be expressed in Lean since higher homotopical structure is not captured in
the logic underlying Lean.

Identity and quotients have been implemented with a focus on usability in Lean,
but lack a well-understood theoretical underpinning. Using tactics, proofs about
programs can be carried out quickly in Lean , but it is unclear which normalisations
can be carried out by the evaluator and where it might break. Notably, subject
reduction fails in Lean when using quotients, which means that reducing a term

might change its type.®

Shttps://leanprover.zulipchat.com/#narrow/stream/113488-general/topic/What.20is.
20the.20subject.20reduction.20debate.3F
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Chapter 3

Computing smaller spaces

After having set up a framework in which we can compute with sets, we will now de-
velop discrete Morse theory (DMT) [26], a crucial method in the field of topological
data analysis (TDA). TDA aims to give topological meaning to datasets, giving rise
to tools to study the “shape of data”. TDA is a natural domain for our project of
demonstrating the usefulness of both the computational and topological features of
Cubical Agda since the field is about devising algorithms using advanced mathemat-
ical methods involving homotopy types. Moreover, TDA has already been applied in
critical areas such as the detection of cancer [64], increasing the need to ensure the
reliability of its methods and tools.

We formalise the main result of DMT for graphs, which states that a graph and
its Morse reduct are homotopy equivalent, making crucial use of the language that
Cubical Agda offers for reasoning about homotopy types. The full formalisation can

be found online!.

Figure 3.1: Associating a space with points in a metric space

!Folder Morse of https://zenodo.org/doi/10.5281/zenodo . 10966896
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The basic tenet of TDA is to associate a topological space with a dataset and study
topological invariants of that space to understand the dataset. Consider Figure 3.1,
which depicts points a, ..., g in a 2-dimensional metric space.

We can compute the Cech complex [28] of this dataset for a given parameter e
as follows. Take as O-cells the data points. Consider the e-balls around each point
and add a cell to the complex for any collection of points whose balls have a non-
empty intersection. The Cech complex of this dataset, depicted in Figure 3.2, has
8 1-dimensional cells which we draw as lines between the 0-cells (the arrows stem
from the fact that we will develop our results for directed structures in the following).
We can compute invariants of the complex such as its cohomology groups to detect
that there are holes in the dataset between points b, ¢, d and d, e, f, g. However,
computing these invariants is complicated by the fact that there are many cells in
the complex which have no impact on the topology. To rectify this, tools for TDA
often preprocess the space using DMT, which is a method for reducing the size of
a complex without changing its topological properties. DMT works by collapsing a
number of cells according to a partial matching between adjacent cells. We have given
an exemplary matching on the graph in Figure 3.2, where all cells which are matched
are depicted hollow/dashed and in blue. The direction of an edge leads away from
the vertex that has been matched to that edge, e.g., the 0-cell f is matched to the
edge between f and g. The only non-matched cells are the 0-cell d and the 1-cells

from f to e and b to c, which are depicted solid and in red.

Figure 3.2: A graph associated with a dataset

When collapsing a complex according to a partial matching, we arrive at a topo-
logical space which has as many cells as there were unmatched cells in the graph.
For the graph in Figure 3.2; the collapsed complex consists of a single point and two
loops around it as depicted in Figure 3.3. This complex can also be constructed as

the topological wedge sum [31], which joins two spaces in a single point, of the circle
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with itself. The central result of DMT establishes that the original complex has the
same homotopy type as the reduced complex, which justifies computing invariants of

the latter space to study the original dataset.

e

Figure 3.3: The wedge of two 1-spheres

In this chapter, we show in general that performing such reductions is sound,
i.e., that reducing a graph along a Morse matching to its critical cells preserves the
homotopy type of the graph. Homotopy equivalence can be turned into equality by
univalence such that our developments will culminate in establishing the following
result, where F is the edge relation of a directed graph, crit; are the 1-dimensional
paths of its Morse reduct, and | | turns the combinatorial description of a space to the

corresponding homotopy type (this operation is usually called geometric realisation):
MorseTheorem : | E | = | crit, |

In the context of homotopy type theory, Swan [74] has developed machinery similar
to ours to prove the Nielsen—Schreier theorem, a classical result from group theory;
indeed [74, Lemma 4.8] can be seen as a case of discrete Morse theory where a whole
spanning tree is removed. In contrast to this work, our result is formalised using the
internal logic of homotopy types offered by Cubical Agda, using concrete derivations
in the cubical calculus instead of more abstract homotopy theory. As a result, our
work is also significantly different from non-formalised proofs [26, 63, 13]. Formalising
discrete Morse theory in a theorem prover which also acts as a programming language
is a crucial step towards developing a verified tool for TDA fully inside a theorem
prover.

We discuss the mathematical theory behind DMT in Section 3.1, and the relevant
features of Cubical Agda which have not already been introduced in Section 3.2. In
Section 3.3, we introduce a higher inductive type to take the geometric realisation of 1-
dimensional structures, i.e., relations, which allows us to directly study the homotopy
type captured by a combinatorial description. We develop Morse matchings and
give an explicit description of the Morse complex of a graph, which is a relation, in
Section 3.4. We then prove our main theorem in Section 3.5, where we establish an
isomorphism between a graph and its Morse reduct. We can turn this isomorphism

into an equality between types using univalence. This allows us to use results from the
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Cubical library to establish topological properties of groups which we demonstrate
with some examples in Section 3.6. Using the framework of listable types developed in
Chapter 2, we can furthermore inspect the Morse complex of a listed graph explicitly,
which we demonstrate in Section 3.7. We close with an outlook on what is required

to turn the presented work into a tool for TDA in Section 3.8.

3.1 Background on discrete Morse theory

Discrete Morse theory (DMT) [26] was developed as a combinatorial analogue of
Morse theory from differential topology. Roughly, DMT allows to perform at once a
sequence of Whitehead collapses [82], which remove a single cell from a complex to
obtain a homotopy-equivalent subcomplex. The theory is often presented for simpli-
cial complexes, such as in Forman [25], whereas the complex after the reduction is a
more general kind of complex, namely a CW complex. We will shortly outline this
traditional presentation before specialising our considerations to directed graphs, the
subject matter of this chapter (in the context of graphs, there has only been work
on understanding the structure of all matchings on a graph [5], but not a dedicated
development of Morse reductions).

The input to a Morse reduction is the combinatorial description of a simplicial
complex and a matching on its cells. Simplicial complexes are certain well-behaved
spaces that can be built by gluing together simpler spaces, called simplices. To capture
these kinds of spaces, one only has to keep track of which simplices exist and how
they are glued together, which can be done with the following combinatorial gadget,

which is in essence a downwards-closed family of sets:

Definition 3.1. An abstract simplicial complex is a set V', called the vertices, with

a set K of finite non-empty subsets of V', called the cells, s.t.
1. Ve K and
2. 7€ K and ¢ C 7 implies 0 € K.

In the second condition, cell ¢ is said to be a face of 7. Denote with ¢ < 7 and

T > o that o is a face of 7 and that |o | = |7 | — 1.

Definition 3.2. An acyclic partial matching (also called gradient vector field) p on

a complex K is given by a set of pairs (o, 7), where o < 7, s.t.

1. every cell of K is in at most one pair of p and
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2. for every set of distinct matched pairs (o;,7;) € p with 1 < i < k for k > 1,

17 "1

which are adjacent in the complex, i.e.,
01 Ty 709 <XTyg > ... X T,
we have that o, is not a face of 7y,

The first condition in Definition 3.2 states that any cell is part of at most one
collapse, while the second condition ensures that we do not get rid of any cycles in
the complex, as this would fundamentally change the topology. The sequences of cells
in the second condition are often called paths, if a path satisfies the given condition
it is said to be gradient. Consider the two triangle complexes in Figure 3.4. In the
complex on the left, we have matched a with (a,b), b with (b, ¢), and ¢ with (a, c).
Since we have a sequence a < (a,b) > b < (b,c¢) > ¢ < (a, c) such that a is a face of
(a, c), this matching gives rise to a path which is not gradient, the matching is hence
not acyclic. In contrast, in the triangle on the right we have matched a with (a,b)

and ¢ with (b, ¢), and all paths are gradient. The partial matching is hence acyclic.

Figure 3.4: Examples of a cyclic and an acyclic partial matching

The cells that are not in p are called critical since they determine the topology
of the complex. In the right triangle in Figure 3.4, the cells b and (a, c¢) are critical.
The central result of Forman [26] allows for reconstructing the homology groups—an
important algebraic invariant of topological spaces—of the complex just by looking at
the critical cells of a Morse matching on it. Moreover, Forman [26] proves the existence
of a CW complex consisting only of the critical cells which is homotopy equivalent—a
stronger algebraic invariant than homological equivalence—to the original complex.
However, this smaller Morse complex is not constructed explicitly. To rectify this,
Nanda, Tamaki, and Tanaka [63] offer a generalization of acyclic partial matchings
which allow for exactly describing the homotopy type of the reduced complex.

DMT has been useful in many contexts; for this project we are interested in its

applications for TDA. The main idea of TDA is to associate a topological space with a
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dataset, which is given by points in a metric space. The two most common methods
of turning a dataset into a space are the Cech complex (C) and the Vietoris-Rips
complex (VR) [28], which both construct a cell for every collection of data points
which lies closely together. As discussed on page 36, the C is constructed by studying
intersections of balls around the points. The VR is constructed as follows. A cell is
constructed if the pairwise distances of all points are less than a certain parameter.
For example, the VR of the dataset in Figure 3.1 with distance 2¢ has a triangle filler
for the three points b, c , d as they are pairwise within 2e.

In general, C is a subcomplex of VR and is a more topologically accurate rep-
resentation of the dataset. However, the VR is cheaper to construct, which is why
it is often used in practice [28]. Crucially, the VR is determined by the 0- and 1-
dimensional cells as a higher-dimensional cell o exists in a VR iff {z,y} € K for all
x,y € o. This means one only has to save the 1-skeleton of a VR, making it easier
to store than the C.

In the following, we develop DMT for directed graphs, which are a generalisation
of 1-dimensional simplicial or cubical complexes since we have no symmetry condition

for the edges.

3.2 Background on higher inductive types

Results about DMT such as [26, 70] are usually presented using CW complexes and
simple homotopy theory. In this chapter, we formalise our results in Cubical Agda
[78], and use its internal logic for homotopy equivalence inspired by cubical sets to
develop DMT.

The path types introduced in Section 2.1.1 can be used in constructors of inductive
types, giving rise to higher inductive types (HITs) [77]. For example, one can define

a HIT representing the 1-dimensional sphere, i.e., the circle, as follows:

data St : Type where
base : S!

loop : base = base

Since S' has a path loop which is different from refl at the base point, S! is not
an h-set. However, it is a groupoid, a fact established in the Cubical library as
isGroupoidS!.

We can build more complex homotopy types by gluing together more elementary

HITs. A central construction for this is the Pushout type, which is inspired by the
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categorical pushout construction and is defined as follows in Cubical Agda for a given

f
spanB(—AiC’:

data Pushout {4 B C : Type} (f: A — B) (¢9: A — C) : Type where
inl : B — Pushout f ¢
inr : C' — Pushout f ¢
push : (a: A) — inl (f a) =inr (g a)

The first two constructors inject elements of the two codomains of the span into
the pushout, and the third constructor equates all images of elements from A. We
can use the pushout type to mimic the join construction [31, p. 9] in type theory,
where the following function creates a wedge of two types, joining types A and B in

the given base points:

_V_:X[A€Type] A — X[ B € Type| B — Type
V_(A,a)(B,b) =Pushout {A=T}(A_ —a)(AN_—0b)

The above function is used in the Cubical library to create the wedge of two
1-spheres as introduced in Figure 3.3 with (S! , base) V (S! , base) by joining
the circle S! with itself, taking the base points as their intersection. The type
(S', base) V (S, base) is comprised of two loops inl loop and inr loop around inl base
and inr base, respectively. Both base points are equated by push tt : inl base = inl base,
giving rise to the intended homotopy type.

Using HITs to represent homotopy types of topological spaces, Mortberg and
Pujet [60] develop homotopy theory in Cubical Agda. Cavallo [14] develops cohomol-
ogy, a computationally more benign topological invariant, synthetically. Brunerie,
Ljungstrom, and Mortberg [10] develop this approach further in Cubical Agda. We
will use results from this line of work which are part of the Cubical library and estab-
lish group isomorphisms 22 between cohomology groups coHomGr of (wedges of) St
and (products xG of) the trivial group T Group and the integers ZGroup in Section 3.6.

When reasoning about HITs, we have to use the De Morgan structure of the
interval variables as well as homogeneous composition. This reasoning principle is
inspired by Kan composition [48], a criterion devised by Kan to make cubical sets
a model of (homotopy types of) topological spaces. Intuitively, Kan composition
states that any open cube can be filled in a uniform way. We will discuss the cubical
reasoning principles—and work on automatically applying them—in more detail in
the following Chapters 4 and 5, in the following we just sketch how to apply these

principles to carry out the formalisation in this chapter.
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Homogeneous composition can be used to show that = is transitive, as we expect
from a structure capturing equality. Suppose we are given three paths p : w = =,
q:x=yandr:y = zand consider the square on the left of Figure 3.5, which is
spanned by interval variables ¢ and j. The three paths are fitted in the left, bottom
and right side of the square by inverting p and leaving ¢ and r as is. Homogeneous
composition now states that the square must have a path on the top, which we call

pPreqgeriw= 2.

Y rJ z
| SN GV~ k)
w Peger)i o, =
———————————— >, E‘
& e
~ . qi | qi |G
! = S
~— ~ =
o, ! .
S p (Vv ~k) :
| Z}»
x ; Y w . x J
q) bJ k

Figure 3.5: Constructing paths and squares with composition

In Cubical Agda, homogeneous composition is implemented as hcomp. The prim-
itive takes as a first argument the sides of the open cube that we are filling, where
we can pattern match over the interval variables in the context. The second argu-
ment captures the back side of the cube. The following term corresponds to the

construction depicted on the left of Figure 3.5:

e WEISI=Y S Y=2 W= 2
(pwgqer1)j=hcomp (Ai— A {
G=10)~p (-9
(j=1i1) = ri

1) (¢7)

If we take the first path to be refl, we get composition of two paths, which demon-

strates that equality in Cubical Agda, captured with paths, is transitive:

CT=EY S Y=L T =2

plq:reflllpllq
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PathP types can be iterated to capture higher-dimensional equalities. Suppose we
want to prove that going along the composite p == ¢ = sym r and then r is the same as
only going along p and then ¢. One way to capture this is with the square which is
depicted on the outside of the cube on the right of Figure 3.5. On the left side of the
square we have the composed path, after which we follow along the top path r. This
should be equal to following p along the bottom side of the square and then ¢ along
the right side. To show that this square can be filled we again employ homogeneous
composition, this time on an open 3-dimensional cube. We depict the back square
in the inside of the cube and travel to the front of the cube with dimension k. We
leave the left square of the cube unspecified, which leads to the composed path being
unfolded inside this square. This means that the bottom square of the cube has p as a
common boundary with the left square and we can use De Morgan operations on the
interval variables j and k, which are spanning the bottom square, to provide a p-filler.
The top square works similarly with r, and the back and right square are constant ¢
squares in the appropriate directions. In Cubical Agda, the described homogeneous

composition looks as follows:

parir=pq: (p:w=1x)(q: 2=2)(r: y=2)
— PathP (A i — (pw=qgesymr)i=qi)pr
pqr-r=pq p qrij=hcomp (A k — )\ {
(i=10) = p(j VvV ~k)
(i=1i1) = r(jV~k)
(j=11) = qi

1) (¢ 4)

In the following, we will also use another filler for path composition defined in the

Cubical library:
compPath-filler' : (p: z2=y) (¢: y=2) > PathP(Aj—=p(~j)=2) q(p+q)

We can turn a witness of a type being an h-set into a square using isHSet— SquareP
from the Cubical library, i.e., this function constructs a term of the appropriate PathP

type from a witness that any two paths in this type are equal.

3.3 Realising relations and graphs

In DMT—and many other areas of topology, both abstract and applied— the working

principle is to study spaces via some combinatorial description. In this section we
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introduce the combinatorial descriptions we will use, and how we can pass from this
description to the topological space described by them. To this end, we use a higher
inductive type to turn the 1-dimensional description of a cell complex, i.e., a relation,
into the homotopy type it represents. We will then introduce a special kind of relation,
a directed graph, which will be the object on which we perform DMT.

A relation is given by a base type ¢, and a family of types ¢, : ¢ — ¢y — Type.
We can also think of ¢, and ¢; as a semi-simplicial type [37] restricted to level 1, and
call ¢y the O-cells and ¢; the 1-cells.

We use the following HIT to construct the geometric realisation of a relation:?

data |_| {¢y : Type €} (¢q @ ¢y — ¢y — Type £) : Type £ where
oo =1 e

= 2 Lh:(ry:c)—cary—=lzlo=|yl

The first constructor includes any element x of the base type into the realisation,
denoted | z |;. The second constructor | x = y > f |, takes a witness f that z and
y are related to a path between their realisations.

For example, consider the empty relation on the unit type:

Ly T =T — Type
1yttt =1

The realisation of 1 ; has only one 0-cell, but no 1-cells. We expect it to be equal
to the unit type T, which we can establish by constructing an isomorphism and lifting

it to an equality between types using univalence:

T=|L: T=|1,|
T=|Ll,| =isoToPath (iso (A _ — | tt |;) (A _ — tt)
AN{|tt]y—refl; (|tt=tt>() ], 7) }) (A_ — refl)

Another basic relation is the unit relation on the unit type, which has a single

1-cell starting and ending at the 0-cell tt:

T,: T —=T — Type
T tttt=T

2This HIT is known in homotopy type theory as a type quotient [50], and is part of the Cubical
library as TypeQuotient. In the library, the purpose of the HIT is to quotient an algebraic structure
and deal with the resulting coherences. In our work, we want to study the homotopy type induced
by R and have chosen to use a different name and notation.
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Since the realisation of T, has exactly one 0- and one 1-cell, we expect it to be
equal to the 1-sphere S'. Again, one can construct an isomorphism in Cubical Agda
to establish this. We have omitted the proof as it follows directly by pattern matching
and refer to it as S'=|T| in the following.

Of interest in the following will also be the relation which assigns two loops to the

one-element type, which we can define by assigning Bool to the unit inhabitant:

Bool, : T — T — Type
Bool; tt tt = Bool

Since the realisation of Bool; has one 0-cell with two loops, we expect it to behave
like the wedge of spheres from Figure 3.3, which is defined in the Cubical library as
(S, base) \/ (S', base). Establishing this requires some work with the De Morgan
algebra on the interval, similar to proofs by Mértberg and Pujet [60]; we have omitted
this here and refer the interested reader to S'VS'=|Bool,| in the formalisation.

In the following, we will need to show that a relation c; is equal to another relation
¢1. One can do this by establishing an isomorphism on the base type, and then on
any of the type-values of the relation. These isomorphisms can then be lifted to an

equality between types | ¢; | = | ¢] |. We call this lift isoToReal in the following.

3.3.1 Directed graphs

We now turn to a special case of a type endowed with a relation: directed graphs.

These are comprised of a set of vertices V' and an edge relation E:

record Graph (V : Type £) (E: V — V — Type £) : Type £ where
field
V-discrete : Discrete V
E-islrrefl © (u: V) — = (E u u)
E-isHProp : (v v: V) — isHProp (E u v)

By requiring that V' is discrete, we can decide equality between vertices. From
Hedberg’s theorem [32] it follows that V' is a set; we refer to this fact as V-isHSet.
Because simplicial complexes have no loops, we require that F is irreflexive. Requiring
that F is an h-proposition means that we cannot have multiple edges between the
same vertices (we can however have two edges between two vertices in opposing

directions.)
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Note that a Graph V' FE is always a set since it is a dependent pair of a set and
a family of h-propositions. In contrast, a graph’s realisation | F | is in general a

groupoid.

Example 3.3. We can define a graph on Bool with edges going in both directions:

two; : Bool — Bool — Type
two, false false = L
two, false true = T
two, true false = T

two; true true = L
two : Graph Bool two,

We have omitted the definition of two since it follows directly from the properties

of Bool and pattern matching on two;. We can depict the graph two as follows:

<

true false

Since we have a loop going from true to itself via false, we expect the realisation
of two to have the same homotopy type as the circle, a fact that we will be able to

prove in Section 3.6. VAN

Example 3.4. Our setting also allows us to define graphs on infinite types such
as the natural numbers N. We can create a graph line on the natural numbers by

pointing to the predecessor of a number:

line; : N — N — Type
line; zeron = L

line; (sucm)n=m=n
line : Graph N line;

Again, discreteness of the vertices follows from results in the Cubical library. The
edge type is propositionally valued since N is a set. Irreflexivity of the graph can be
established by pattern matching and using that no number is smaller than itself. The

graph line can be depicted as follows:
e — e B e ——— e
zero suc zero suc (suc zero)

Even though this graph has infinitely many vertices, it has no holes and we ex-
pect it to be contractible. We will be able to establish this in Section 3.6 using an
appropriate Morse matching. VAN
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3.4 Morse matchings on graphs

In the following, we are given an arbitrary G : Graph V E and develop an account
of acyclic partial matchings in dependent type theory. As discussed in Section 3.1,
matchings are pairs of a vertex and an edge starting at that vertex. Since any ver-
tex can be matched to at most one edge, we represent matchings with a function
w:V — V. We then use 4 v = v to mean that u is matched with the edge F u
v. Since we also need to make sure that this edge exists, we introduce the following

notions to capture matched and critical edges:

=" = (uv: V) — Typel

u="v=FuvXx (uu=nv)
u=v=FEuvx(uuZv)

Since V is a set, equality between elements of V' is an h-proposition. As edges are
also h-propositions, it follows that matched and non-matched edges are h-propositions;
we refer to this as =" IsHProp and =-°“IsHProp, respectively. Since V is discrete, we
can decide whether two vertices u and v are connected with a matched edge with
u="7wv.

The critical vertices are those which are not matched to any edge, which are
precisely the fixpoints of p in our setting (recall that G does not allow self-loops).
We also introduce an alias for the first projection to quickly refer to the underlying

vertex of a critical vertex:

isCritu =p u=u
crit = X[ u € V] isCrit u
_p = fst

Since V is a set, being a critical vertex is an h-proposition, a fact that we refer to
as isCritlsHProp. It also follows that the type of critical vertices crit is an h-set, a fact
that we refer to as critlsHSet.

By using functions to represent matchings, we can omit the first condition of Def-
inition 3.2 requiring that any cell is part of only one matching. The second condition
of Definition 3.2 requires a bit more work to establish—recall that we need to prevent
that matchings remove cycles of vertices and edges since this would otherwise change
the topology. For this, we introduce the following data type to represent sequences

of matched pairs:
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data _w_ : (uwv: V) — Type £ where
end: {fuv: V} —isCritu — u=v— u» v
mp:{u: V}(v: V){w: V} = (v =" v) = (vv w) = (v w)

The end constructor captures the most basic sequences of matched pairs, which
consist just of a self-matched, i.e., critical, vertex. We have to introduce two separate
vertices u and v with a witness that they are equal instead of simply stating u ~» u
in the antecedent of this constructor to prevent “green slime” [58], which makes it
difficult to see for the type-checker if a pattern matching on this data type covers all
cases.

The second constructor mp (for matched Bair) prepends a matched edge to a
sequence of matched edges. This definition of sequences allows us to concisely state
the acyclicity condition on matchings: for any vertex, we need to be able to reach a

critical vertex using a sequence of matched pairs:

acyclic : Type ¢
acyclic= (u: V) = X[ c€crit] u ¢,

In the terminology of Section 3.1, we require that all paths in the graph are
gradient. We will hence refer to acyclic sequences of matched edges as gradient

paths. In summary, an acyclic partial matching is any acyclic p: V. — V:

Matching : (G : Graph V E) — Type ¢
Matching G = X[ p € (V — V) ] acyclic G

For the proof of the Morse theorem we need to derive some lemmas about gradient
paths. Naturally, the subgraph of gradient paths of a graph is acyclic. This means
that we can straightforwardly perform induction on gradient paths; and do not have
to take into account the intricacies studied by Kraus and Raumer [50].

Assume that we are given a matching u, with p-acy a proof that it is acyclic.

We introduce notation for the endpoints of a gradient path, which we call sinks

in the following, as well as the gradient path leading to the sink of some vertex:

sink : V — crit

sink u = fst (u-acy u)

_wwsink : (u: V) — u v (sink u),
u ~w»sink = snd (p-acy u)
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Note that our dependently typed formulation of the acyclicity condition directly
yields the sink of any vertex. We can show that any vertex has a unique sink by

induction on the gradient paths to two putatively different sinks:

sinkUnig : {u: V}(cd: V)= (uvc)—= (uwd) —c=d
sinkUniq ¢ d (end p a) (end p” b) = sym a = b
sinkUniq ¢ d (mp v p) (mp v" 1’ q) =

sinkUniq ¢ d p (subst (_~» d) (sym (snd p”) = snd p) q)

In the base case, both gradient paths are simply a proof that the vertex is critical
and we can concatenate the witnesses that they are fixpoints of u. When both paths
end with a matched edge, we can recurse on the smaller paths and substitute the
types of this induction hypothesis appropriately. The other cases where one path is
a critical vertex and the other is a matched edge are absurd since a vertex cannot
simultaneously be critical and part of a matched edge. In the following, we sometimes
use sinkUniq®, which lifts sinkUniq to an equality between critical vertices.

We also need that paths are unique, i.e., that ~» is propositionally valued:

~»IsHProp : {u: V} — (¢ crit) — isHProp (u v ¢ )
~»IsHProp {u} ¢ (end p a) (end pu’ b) i =
end (isCritlsHProp u p p” ) (V-isHSet w (¢ ) a b 7)
~»IsHProp {u} ¢ (mp v p p) (mp v’ p’ q) i = mp (v=v' 7) (p=p" @) (IH" 9

The proof works similar to the one of sinkUniq, we only have to perform some
substitutions on the result of the induction hypothesis, here called IH'. The interested
reader can find the details in the formalisation.

Lastly, we want to define the 1-cells of the Morse complex. This has to be a
relation on the critical vertices, which means that we cannot simply use the type
u = v as it is a relation between vertices of the underlying graph. Instead, we
consider as 1-cells between two critical vertices ¢ and d all critical edges f in the

graph such that ¢ and d are connected to the endpoints of f:

crit; : crit — crit — Type £
crity cd=3[uve V]E[ve V](u=°v) x (urc,) x (vwd,))

Note that crit; is in general neither irreflexive nor propositionally valued. The
Morse reduct in our setting is hence not a Graph, but just a relation. The fact that

the Morse reduct of a graph is a more general structure corresponds to the Morse
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reduct of a simplicial complex being a CW complex, as discussed in Section 3.1. We
can only prove that the 1-cells of the Morse complex form a set since the vertices of the
original graph form a set and the type of matched edges and paths are h-propositions,

a fact we refer to as crit;IsHSet in the following.

Example 3.5. We can create the following matching on the graph two from Exam-
ple 3.3:

two-u : Bool — Bool
two-p true = true

two-p false = true

We can depict the matched graph as follows:

o %

true™ " --""false

In order to establish that this matching is acyclic, we have to give paths from each
vertex of two to a critical cell. The only critical cell is true, we hence show that two-u
is acyclic by giving the trivial path from true to itself, and the 1-step path from false

to true:

two-p-acy : acyclic
two-p-acy false = (true , refl) , mp true (tt , refl) (end refl refl)
two-pi-acy true = (true , refl) , (end refl refl)

In the Morse reduct given by crit and crit;, we have one 0-cell (true , refl) and one
1-cell from (true , refl) to itself, which is induced by the critical edge from true to false.
The realisation of critical cells crit; is hence equal to T, which can be established
using isoToReal and extensive pattern matching, resolving absurd cases as necessary.
We refer with T,=Mtwo to the fact that the Morse reduct of two is equal to the

realisation of T.

A

Example 3.6. We can create a matching on line from Example 3.4 encompassing

every edge as follows:
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line-p : N — N
line-p1 zero = zero

line-pu (suc n) = n

zero suc zero suc (suc zero)

The only critical vertex of line under this matching is zero, we hence have to

establish a path from each natural number to zero, which we can do by recursion:

line-acy : acyclic
line-acy zero = (zero , refl) , (end refl refl)
line-acy (suc m) = let IH = line-acy m in fst IH , (mp m (refl , refl) (snd IH))

Since the Morse reduct contains only one 0O-cell (zero , refl) and no edges, we
expect its realisation to be equal to L. This can again be established using isoToReal,
extensive pattern matching and refuting absurd cases using properties of the natural

numbers established in the Cubical library. We refer to this proof as L;=Mline. A

In both examples, we have established that the Morse reducts have simpler de-
scription in terms of relations introduced in Section 3.3, which allows us to easily
prove properties of Morse reducts. To carry these statements over to the original
graphs, we have to establish that the realisation of a graph and its Morse reduct have

the same homotopy type.

3.5 Graphs and their reducts are isomorphic

We can now go about proving our main theorem: the realisation | £ | of a Graph V' E
is homotopy equivalent to its Morse reduct | crit; |. We do this by constructing an
isomorphism in Cubical Agda, giving functions back and forth in Section 3.5.1 and

showing that they are mutually inverse in Sections 3.5.2 and 3.5.3.

3.5.1 Mapping between the graph and its reduct

Let us define the collapsing function from the realisation of the graph | E | to the
reduct | crit; |. We map any vertex in the graph to its sink, i.e., the unique critical
cell that its gradient path is leading to. In order to map an edge in the original graph
to the Morse reduct, we have to make a case distinction depending on whether the

edge was matched:
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¢: | E|—|crity |

¢ (| ul) = | sink u |

O (lu=v>f] @) withu=""70v

... | yes = | sinkUnig® (sink u) (sink v) (u -w»sink) (mp v (f , p) (v ~»sink)) @ |,
. | no—p =1|sinku=sinkv> (u, v, (f, ), (u-sink), (v-»sink)) |; 7

If an edge f : u = v is matched, witnessed by p, the reduct will have collapsed u
and v into a single point, namely the sink of u. This sink is the same critical vertex
as the sink of v, and by concatenating the path from v to its sink with the matched
edge we get another path from u to its sink. Employing sinkUniq® for these two paths,
we get a path between the images of | u |, and | v |, under ¢, which we can lift to
the realisation of the Morse complex.

If the edge f was not matched, it is still part of the reduct and we can simply send
the edge to its occurrence in the reduct, which has the sinks of v and v as endpoints.

In order to define the inclusion function from the Morse reduct to the graph, we
first construct a function which turns a gradient path (i.e., a sequence of matched
pairs) into a path in | E | (i.e., an equality in Cubical Agda). We construct this by
induction on the gradient path, taking the 0-cell induced by the critical vertex in the

base case and inductively precomposing realisations of edges:

v {uvv: V}—=suwov—|ul,=|v]
|end,ua|J\/>:(:ong ’—|Oa
|| {u} (mpopp)=|u=v>fstpl

p [

Using this realisation of gradient paths we can construct our inclusion. Any
critical cell was already a vertex in the original graph, so we can simply project out
the critical vertex. When including a critical edge f between ¢ and d, we have to
construct a path from the underlying vertex of ¢ to the underlying vertex of d, which

we can do by composing the realisations of the gradients paths and f appropriately:

Lo lerity | — | B

t(lelo)=1lcylo
t(le=d>w. v, ~pu,p, gl 0=
((sym | p|w) = (| u= v>fst —pl,) =

q )i

This completes our definition of functions between the graph and its Morse reduct.
We now have to show that these functions are mutually inverse (up to homotopy type,

which is precisely the notion of equality in Cubical Agda).
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3.5.2 1 is a right inverse of ¢

In this section we show that collapsing the inclusion of a cell of the Morse reduct does

not change the homotopy type:

rinv: (y:|crity |) = o (ty) =y

In order to prove the above statement, we first prove one crucial lemma. Intu-
itively, the lemma says that collapsing a gradient path does not close any cycles in
the graph. In other words, we want to show that given a gradient path p : u ~» ¢,
the path ¢ (| p |») can be continuously deformed into the reflexive path at | ¢ |-
For this statement to make sense, we construct paths between the endpoints of ¢ (|

p |-») and | ¢ |, using sinkUniq®, leading to the following square:

[|[wContr: (u: V) (c:crit) (p: u-wc,) —
PathP (A 7 — Path (] crit; |)
| sinkUniq® (sink u) ¢ (u ~wsink) p 7 |,
| sinkUniqg® (sink (¢ ,)) ¢ (¢, -wsink) (end (snd c) refl) i |;)
Aj—=e(plw))
(Aj—=1cl)

In order to give a filler for the square with the boundary defined above, we perform
induction on the gradient path. In the base case, the gradient path is end p a where a
witnesses that © = c,,. The collapsing function sends this path to a 0-dimensional cell
| sink (a 1) |, which means that all sides of the square reduce to 0-dimensional cells.
We can therefore use that the critical cells form a set to construct an appropriate

square, which just needs to be lifted to the realisation of the Morse reduct.

||»Contr u ¢ (end pa) = X ij—
| isHSet—SquareP (A _ _ — critlsHSet)
(sinkUniq® (sink u) ¢ (u -wsink) (end p a))
(sinkUniq® (sink (¢ ,)) ¢ (¢, <wsink) (end (snd c) refl))
(cong sink a)
(A_—=0)Jjily

In the inductive step of the lemma, the gradient path starts with a matched
edge from u to some vertex v. We use homogeneous composition to construct the

corresponding square, as depicted on the outside of the cube in Figure 3.6.
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Figure 3.6: Showing that gradient paths are contractible, inductive step

To fill the sides of the open cube, we first observe that collapsing a gradient path

starting with the matched edge between u and v reduces to a composition of paths:

¢(Imp v p p|»)
=¢(lu=v>fstpl -

pl)
= | sinkUniq® (sink u) (sink v) (u-wsink) (mp v u (vawsink)) i |, = & (| p |»)

Unfolding this composition of paths in the inside of the cube leads to the right
side of the cube having ¢ (| p |[+») on its bottom boundary. This means we can use
the induction hypothesis I H := ||+»Contr v ¢ p to fill this square. The other sides of
the open cube can be filled by appropriately lifting paths in the Morse reduct to its

realisation:
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||2»Contr u ¢ (mp v u p)
=Aij— hcomp (A k— A {
(i =i0) — compFiller k j

i=il) = | c|p

|O) — | sinkUniq® (sink u) ¢ (u -wsink) (mp v p p) @ |,

.
\ |

(i

a0

;(j=1i1) = ||wContrvecpik

}) (] isHSet—SquareP (A _ _ — critlsHSet)
(smkUmq (sink u) (sink v) (u <wsink) (mp v p (v 2»sink)))
A_—=9
(sinkUniq® (sink u) ¢ (u -wsink) (mp v p p))
(sinkUniq® (sink v) ¢ (v -wsink) p) 7 j |,)

The only complications in this proof are due to two technicalities of Cubical Agda.
Even though we know that v and v are matched as witnessed by u, we still have to
pattern match on whether v =7 v holds so that the type checker unfolds the
with abstraction in the definition of ¢. Moreover, unfolding the composition of paths
cannot be done by simply leaving the side at ¢ = i1 open. The type checker of Cubical
Agda cannot reduce all terms into the homogeneous composition that defines path
composition, which is why we have to manually reduce certain terms. Since the proof
of compFiller is not informative we have omitted it here and refer the interested reader
to the formalisation.

Using this crucial lemma, we can go about showing that sending an element of
the Morse reduct to the original graph and back will not change the homotopy type.
We do this by pattern matching on the realisation of the reduct, i.e., we first give a
proof for the 0-dimensional cells and then for the 1-dimensional cells.

In the 0-dimensional case, we have to construct a path between | ¢ |, and its
image under first including it in the graph and then collapsing it back into the Morse
reduct, which is | sink ¢, |,. Since we have a gradient path from ¢ to its sink using
the acyclicity of u, as well as the trivial path to ¢, we can use the lemma sinkUniq®

to construct an appropriate path:
rinv (| ¢ |,) = cong |_|, (sinkUniq® (sink (¢ ,)) ¢ (¢, <»sink) (end (snd c) refl))

For the inductive step, recall that a 1-cell (u, v, =, p, q) between two critical cells ¢

and d is sent by ¢ to a composition of gradient paths, on which ¢ acts componentwise:
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a:=¢ ((sym[p |w) = (Ju=v>fstopl)=]q[w)
¢

(sym | p |2w») == | sink u = sink v > (u, v, =g, (u ~wsink) , (v <wsink)) |,

= (| q |»)

We therefore have to construct a path between | ¢ = d > (v, v, ~u,p,q) |;
and «, i.e., a square, where the other two sides are given by the action of rinv on
| ¢ |, and | d |,. The boundary of this square is depicted on the outside of the cube
in Figure 3.7; in order to fill the goal boundary, we apply homogeneous composition

to this open cube.

‘C:>d9(u7va_'/1/,p7Q)|1

‘Céda(uvvaﬁu7p7Q)|lj

||~»Contr
vdqik

||+»Contr

: . :
wepik | sinkUnig®... |; j

compkFiller &£ 7

sinkUniq® (sink ¢,) ¢ (¢, ~»sink) (end (snd ¢) refl

sinkUniq® (sink d,) d (d,, «»sink) (end (snd d) refl

ol
<.

«

Figure 3.7: Inclusion is right inverse to collapsing

The bottom square of the cube can be filled by unfolding the path composition of «
inside the cube. Similar to unfolding the path composition in ||-»Contr, constructing
compFiller is complicated by some technicalities of Cubical Agda that we omit here.
For the top side of the cube we take constantly the original critical edge. For the
left and right side of the cube we can use the lemma ||-»Contr, which states that

(| p |») and ¢(| ¢ |»») contract into | ¢ |, and | d |, respectively. The only thing
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which remains is to fill the back side of the cube, where we have to show that the
original critical edge | ¢ = d > (u , v, =u, p, ¢q) |, and its collapsed inclusion
| sink u = sink v 3 (u, v, ~u, (u -wsink) , (v -wsink)) |, are equal. This can
be done using two applications of sinkUniq® and the fact that gradient paths are h-
propositions. In summary, the homogeneous composition we have constructed is the

following;:

rinv([c=d>(uw, v, (f,—p),p.,q | 41
= hcomp (A k£ — A {
(i = i0) — compFiller k j
,(z—|1)—>\céd9(u v, (foow) @) d
; (j=10) = ||wContru cp ik
(j=1i1) = ||wContrv d q i k
}) (| sinkUnig® (sink u) ¢ (u -w»sink) p @ = sinkUniq® (sink v) d (v <»sink) ¢q i
S(u, v, (f, ),
2»IsHPropS (sink u) ¢ (u -wsink) p ¢
~»IsHPropS (sink v) d (v <wsink) ¢ ©) |, J)

3.5.3 . is a left inverse of ¢

We now prove that if we collapse an element of the realisation of the graph into the
Morse reduct and include this back into the original complex, we can connect this

element to the original element:
linv: (z: |E|) = t(dp2x) =2

In the 0-dimensional case, a vertex w is sent by ¢ to its sink and this sink is
projected back by ¢. We therefore have to construct a path between | u |, and

| sink u |, which is given by the realisation of the gradient path from w:
linv (| wly) = sym (] u ~ssink |2»)

For an edge in the graph we do a case distinction on whether the edge is critical
or matched. If the edge is critical, it still exists in the reduct and is just projected
back, which means that the goal we have to prove is a square which corresponds to
a rearrangement of three paths as introduced on page 43, such that we can directly

prove this statement as follows:
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linv (| wu=v>f]| j)withu=""70v

.. | no —u = pqr-tr=pq (sym | u ~ssink |) | u = v > f |, (sym | v wsink |) j

If the edge f is matched, it is removed in the Morse complex and its endpoints u
and v of f are identified, including this identification back into the graph leads to the
cell | sinkUniq (sink u) (sink v) (mp v (f, ) (u ~»sink)) j |,. We therefore have to prove
an equality between this path and | w = v © f |;. The other sides of the resulting
square stem from the action of linv on | u |, and | v |, which is sym | u ~»sink |-» and
sym | v «w»sink |+, respectively. Once more, we obtain this square using homogeneous

composition of an appropriate open cube, which is depicted in Figure 3.8.

lu=v>flJ

lu=v>fl]
L ||»IsHPropS ... X
5 | (u ~wsink) s
~ | (mpv (f,p) compPath-filler'  |[v-vsink|»(~i)| «
e . c
g (v ~wsink)) g
~k -
S REE :
... V-isHSet ... |,
P
| sinkUniq (sink u) (sink v) (mp v (u <wsink) @) j |y L

Figure 3.8: Inclusion is a left inverse to collapsing

The crucial insight that we use to construct this open cube is that gradient paths
are h-propositions, which means that we have a square filler between the two gra-
dient paths u -wsink and mp v (f , pu) (v ~wsink) as they start at the same ver-
tex u. We lift this square filler to the realisation of the graph and use it for the
left side of the cube. The left boundary of the back square of the cube is then
| mp v (f, ) (v -wsink) |;, which by the definition of realisation of gradient paths
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reduces to | u = v > f || » sym | v »sink |[». We unfold this composition of paths
in the back side of the cube, which means that the top and right square can be filled
by constantly stretching the goal boundary into the cube. To fill the bottom square
we observe that it only has 0-dimensional cells on its boundary, so we can use that
vertices in a graph are a set and lift the appropriate square to the realisation. In

summary, we perform the following homogeneous composition:

.. |yesp=Xi— hcomp (A k— A {
(i =i0) — | isHSet—SquareP (A i j — V-isHSet)
(A (sink ),) p (sym p) (A — (sink ©),) 7 |,
(i=il)—=|u=v>f]| ]
; (1 =10) — | «»lIsHPropS (sink u) (sink )
(u ~wsink) (mp v (f, u) (v -wsink)) (~ k) | (~ 7)
(j=11) — | v wsink | (~7)
}) (compPath-filler' | u = v > f |, | v «wsink |4 (~ j) (~ 7))
where
p:sink u , = sink v,
p = sinkUniq ((sink u) ,) ((sink v) ,) (u -wsink) (mp v (f , p) (v ~wsink))

3.6 The Morse theorem for graphs

We can now establish the main result of this chapter. Lifting the isomorphism con-
structed in Section 3.5 with univalence, we get that the realisation of a graph and its

Morse reduct are equal (up to homotopy type):

MorseTheorem : | E | = | crit, |

MorseTheorem = isoToPath (iso ¢ ¢ rinv linv)

We can also view the Morse reduction as an algorithm which computes a reduct
from a graph. The specification of this algorithm is that the reduct is homotopy
equivalent. Our result can hence be expressed in the correct by construction paradigm

as follows:

Morse-Program : (G : Graph V E) (p : Matching G) —
Y[cpeType b X[ c; €(cg—co— Type )| | E| =] ¢ |
Morse-Program G p = crit , crit; , MorseTheorem

We now illustrate the Morse theorem by verifying properties of some graphs.
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Example 3.7. The graph two from Example 3.3 is equal to the circle S', which
means that it is a groupoid and that its first cohomology group is the integers, while

all higher cohomology groups are trivial.

|two, |-Groupoid : isGroupoid | two, |
|two, |-Groupoid = subst isGroupoid
(S'=|T4| = T{=Mtwo = sym MorseTheorem) isGroupoidS*

Hl-two=Z : Grouplso (coHomGr 1 (| two, |)) ZGroup
Hl-two=~7 = subst (A A — Grouplso (coHomGr 1 A) ZGroup)
(S'=|T,| = T;=Mtwo = sym MorseTheorem) H!-S1=>~7

H""2-two=0 : (n: N) — coHomGr (2 + n) | two; | = T Group
H""2-two=20 n = subst (A A — Grouplso (coHomGr (2 + n) A) T Group)
(S'=|T,| = T{=Mtwo = sym MorseTheorem) (H"-S!'=0 n)

Example 3.8. The infinite graph line from Example 3.4 is contractible.

line-isContr : isContr | line, |
line-isContr = subst isContr (T=|L,| = L;=Mline « sym MorseTheorem) isContrUnit

Contractible types are thought to be the “trivial” types which have no structure
as far as homotopy theory is concerned. We can hence conclude our study of the

homotopy type of line. VAN

Example 3.9. We close with computing the cohomology groups of the example
introduced on page 36 in the introduction of this chapter. We take as vertices of
the graph the finite type with 7 inhabitants and rename its inhabitants to a, ... ; g.
For every edge in the graph we assign the unit type with exp;, and the empty type
otherwise. The matching on the graph is captured with exp-p:
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exp; : Fin 7 — Fin 7 — Type

exp-p : Fin 7 — Fin 7

exp; ab=T exp-ua=>b
expy bc=T exp-u b =d
exp; bd =T exp-p ¢ =d
expp cd =T exp-u d = d
expped=T exp-p e = d
exp, fe=T exp-uf =g
exp; fg=T exp-pp g =d
expp gd =T

Showing that exp; gives rise to a graph exp is straightforward using that Fin is
discrete as proved in the Cubical library. The acyclicity of exp-p can also be proved
straightforwardly by listing all gradient paths.

Showing that the Morse reduct of exp is isomorphic to Bool; via isoToReal re-
quires lengthy case distinctions to establish that there is only a single critical cell
(d , refl) with 1-cells b , ¢, (tt , d#c) , snd (exp-p-acy b) , snd (exp-p-acy c) and
f,e, (tt, g#e) , snd (exp-p-acy f) , snd (exp-p-acy e). Using this simplification of the
Morse complex, called Bool;=Mexp, and results about cohomology groups established
in the Cubical library, we can prove that the graph has Z x Z as the first cohomology

group, corresponding to the two holes in the graph:

Hl-exp=~7Zx7 : coHomGr 1 | exp; | = ZGroup xG ZGroup
Hl-exp=~Zx7Z = subst (A A — coHomGr 1 A = ZGroup xG ZGroup)
(S'VS!'=|Bool,| = Bool;=Mexp = sym MorseTheorem)
(H™-V St Sl 0 w2 H1-S1227 x = H1-S127)

Similarly, using also that the trivial group is a unit with respect to product, we

can establish that all higher cohomology groups of the graph are trivial:

H™*2.exp=0 : (n : N) — coHomGr (2 + n) | exp; | = T Group
H""2_exp=20 n = subst (A A — coHomGr ((2 + n)) A == TGroup)
(S'VS!'=|Bool,| = Bool;=Mexp = sym MorseTheorem)
(H™-V S'. St (suc n) »=2 H™-S'220 n x = H™-S'=0 n «= I T Grouplso)
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3.7 Computing the reduct explicitly

So far, we have established properties of spaces using reductions to simpler descrip-
tions of the same spaces—a topologist might say that we have “computed” these
properties. We still had to manually prove that the Morse reduct of a graph is equal
to some more succinct description of the same space—e.g., in Example 3.9, we had
to perform a lengthy case distinction in Bool,=Mexp to show that the Morse reduct
of exp is equal to Bool;. In this section, we use normalisation to compute the Morse
reduct automatically, setting the groundwork for carrying out proofs such as the one
for Bool,=Mexp automatically. In the language of Chapter 2, we want to compute
the object that is defined in abstract by crit and crit;. Conveniently, these types are
just (iterations of) dependent pair types and h-propositions, such that we can use the
results from Section 2.1.2. To be able to compute with graphs, we need to be able
to list its vertices, so assume in the following that we have a Graph V' E such that V'
can be listed, and Vs is a set listing its vertices.

We can quickly establish that crit is decidable, denoted crit?, since the vertices in
any graph have decidable equality. This allows us to construct the set crit for a listed
graph using setX, which is the closure of sets under ¥, and setProp, which shows that

decidable h-propositions are sets:

compCrit : set {C' = crit} _
compCrit = set¥ Vs (A v — setProp (isCritlsHProp v) (v crit?))

To show that the critical edges in the Morse reduct are listable, we have to assume
that the edge relation is decidable in order to construct =7, a decider for whether two
vertices are connected by a critical edge. Gradient paths are always decidable using
discreteness of V. Again, we just need to use our lemmas developed in Section 2.1.2
for h-propositions and dependent pairs to get a listing of the gradient paths between

any two critical cells:

compGrad : (¢ d : crit) — set {C' = crit; ¢ d} _
compGrad ¢ d = setX Vs A u — setX Vs A v —
setd (setProp (=C¢IsHProp {u} {v}) (u =7 v))
(A _ — setX (setProp (~wIsHProp {u} ¢) (u »? (¢ ,)))
(A _ — setProp («w»IsHProp {v} d) (v »? (d ,))))

For all the examples discussed in this chapter, the base types of the graphs have
been shown to be Listable in Section 2.1.2. We can hence compute all the Morse

reducts explicitly.
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Example 3.10. We already argued in Section 3.4 that the Morse reduct of two from
Example 3.3 has a single cell with a loop around it. We can inspect the set of critical
cells by computing the following, where we use the first projection to erase the proof
that this list is ordered:

normalise: fst (compCrit setBool two twoM)

>  (true , refl) = ]

We therefore know that all gradient paths in the Morse reduct must start and
end at the single critical vertex true. After establishing with two,? that the edge
relation of two is decidable, we can inspect the set of gradient paths by computing
the following (we have omitted a lengthy proof term which witnesses that true is
different from false with [...]):

normalise: fst (compGradsetBooltwo twoM two,? (true, refl) (true, refl))

> (true , false , (tt , [...]) , end refl refl , mp true (tt , refl)
(end refl refl)) = ]

By inspecting the gradient path, we can see that it is induced by the edge from
true to false, with the trivial path from true to itself as the left connecting path and

the path going back to true as the right connecting path. VAN

Example 3.11. For the infinite graph line from Example 3.4, we can only compute
the critical cells for a fixed number of cells; for instance, we can inspect with the

following computation that there is a single critical cell within the first 100 vertices:

normalise: fst (compCrit (setN 100) line lineM)
> (0, refl) = ]

Since (0 , refl) is the only critical cell in the Morse reduct, we again only need to
inspect the gradient paths starting and ending at this critical cell, which we can do
after deciding the edge relation with line;?. Normalisation then tells us that there are

no gradient paths:

normalise: fst (compGrad (setN 100) linelineM line;? (O, refl) (O, refl))

>l
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Example 3.12. For the graph exp from Example 3.9, we again have a single critical

cell:

normalise: fst (compCrit (setFin 7) exp expM)
> (d, refl) =[]

This time, we have two gradient paths, which we retrieve with the following com-

putation (using that the edge relation of the graph is decidable with exp,?):

normalise: fst (compGrad (setFin 7) exp expM exp;? (d,refl) (d,refl))

> (b, c, (at, [...1) , mpd (tt , refl) (end refl refl) , mp d (tt
, refl) (end refl refl)) = (£ , e, (tt , [...1) , mpg (it , refl) (mp
d (tt , refl) (end refl refl)) , mp d (it , refl) (end refl refl)) :: []

3.8 Towards verified topological data analysis

We have proved in Cubical Agda the main result of DMT for directed graphs. Given
a graph and an acyclic partial matching on that graph, its Morse reduct is homotopy
equivalent to the original graph. This work is crucial towards an implementation of
a TDA pipeline which is correct by construction since the Morse reduct is in general
significantly smaller, making it feasible to compute topological invariants also for large
datasets. We have therefore formalised step 3 of a typical TDA pipeline as depicted
in Figure 3.9.

1. Construct complex from dataset
v
2. Compute a Morse matching
v
3. Reduce complex to its critical cells
4. Compute topological invvariants of Morse complex

Figure 3.9: Pipeline for topological data analysis
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In the following, we review what remains to be done to implement the full pipeline
in Cubical Agda in Section 3.8.1, and how one can vary the type of complex associated

with the dataset to obtain a more fine-grained study of the dataset in Section 3.8.2.

3.8.1 Implementing a tool for topological data analysis

Step 1 of the pipeline in Figure 3.9 can be carried out straightforwardly in any de-
pendent type theory. As discussed in Section 3.1, there are different ways in which
one can associate a topological space with a dataset, the most common ones being
the Vietoris-Rips and the Cech complexes. Following the approach in Section 2, the
type of a function implementing the topologisation has to ensure that all and only
the necessary cells are present in the resulting complex.

In this chapter we assumed a given Morse matching along which we can reduce
a graph, but a TDA tool has to automatically generate appropriate matchings for a
complex, which is step 2 in the pipeline. Since computing optimal Morse matchings,
i.e., matchings which lead to the smallest possible reducts, is NP-hard [47], many
TDA tools use heuristics. It will be interesting to implement and compare several
heuristics, where we will have to prove that each heuristic only yields admissible
matchings, i.e., those which satisfy the acyclicity condition. We can take inspiration
from Heras, Poza, and Rubio [36] who verify the correctness of an algorithm generating
Morse matchings. The verification is carried out by first constructing the algorithm
in Haskell and then manually translating the algorithm to Coq. We will attempt
to formalise the algorithm directly in Agda, and then extract a compiled Haskell
program for efficient execution.

While our verification of step 3 is fully constructive, we had to prove the equiva-
lence of the Morse reduct to a smaller reduct by explicitly refuting all absurd cases.
The explicit computation of the Morse reduct in Section 3.7 allows us to carry out
such proofs automatically using Agda’s reflection capabilities.

Finally, we had to manually establish the cohomology groups of concrete graphs in
this chapter, while in a tool, we want to carry out step 4 automatically. Synthetic co-
homology as proposed by Cavallo [14] and Brunerie [9] has not been studied in-depth
from a computational point of view; in practice it might be expedient to take inspira-
tion from some more traditional, computationally benign accounts of (co)homology.

The following works cannot be used directly for implementing a TDA tool in a
synthetic way, but might contain relevant insights for such a project. Poza et al. [68]
formalise in Coq that Morse reductions preserve homology, thereby establishing the

correctness of Morse reductions for a specific algebraic invariant. The formalisation is
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based on a connection between homological perturbation theory and DMT [71], which
is also at the heart of the Kenzo tool [21], a computer algebra system tailored to the
computation of homology and homotopy groups. Heras et al. [35] compute homology
of simplicial complexes by performing certain linear transformations directly on the

incidence matrices of the complexes.

3.8.2 Using more nuanced complexes

Once the basic pipeline for 1-dimensional complexes works, it will be expedient to
associate more nuanced complexes with the dataset and generalise the pipeline to
work on such complexes.

In order to make TDA more robust to noise in the data, it is common to construct
a filtered simplicial complex by varying the distance parameter €, leading to the idea
of persistent homology [59]. Heras et al. [34] have developed an account of persistent
homology in Coq, implementing an algorithm to compute Betti numbers, which are
the main topological invariant of filtered simplicial complexes. They formalise the
fundamental lemma of persistent homology, which states that barcodes, a represen-
tation of homology groups, encode all information of homology groups [22]. Based on
this formalisation, it should be relatively straightforward to generalise the pipeline in
Cubical Agda to filtered complexes.

In order to have a more fine-grained topological understanding of the dataset, it is
necessary to associate higher-dimensional complexes with the dataset. Carrying out
such a generalisation requires the most work with Cubical Agda’s logic for homotopy
types.

It will be interesting to generalise our MorseTheorem to 2-dimensional cubical
complexes, which are used in [70] to study the topology of grayscale images. This
generalisation should be possible with the methods used in this chapter, employing
at times higher-dimensional homogeneous compositions.

It is unclear to the author if this work can be extended to complexes of arbitrary
dimension (simplicial or cubical). While it has been notoriously difficult to inter-
nalise simplicial types with higher homotopical structure in homotopy type theory
[49], abstract simplicial complexes from Definition 3.1 can be defined straightfor-
wardly in dependent type theory since they are simply combinatorial descriptions of
spaces without any inherent homotopical structure. In the framework developed in

Chapter 2, we can define abstract simplicial complexes as follows:
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record SimplicialComplex (Cs : Listable C') : Type (¢-suc £) where
constructor simpcomp
cells : set listFamily
closed : (X :set Cs) - X F.€cells - (Y :set Cs) - Y C X — Y F.€ cells

Instead of having a base set V' of vertices as in Definition 3.1, the definition in
Agda uses the listable type C as the underlying collection from which the cells can
be built. The field cells is then a family of sets over this background type, and closed
ensures that the cells are closed under taking subsets. We can use the subset relation
to define a face relation »=, which is the reflexive and transitive closure of > from

Definition 3.1:
cell : Type ¢

cell = X[ X € set Cs | (X F.€ cells)

_r»=_ . cell = cell — Type ¢
Xr=Y=(fst Y)C(fst X)

For example, we can generate the standard simplicial complex for an arbitrary
dimension n using the powerset function from the previous Chapter 2. The specifi-
cation of the powerset functions allows us to quickly establish that the powerset does

indeed produce an abstract simplicial complex:

A : N — SimplicialComplex listN
A n = simpcomp cells closed where
ps = Powerset (setN n)

cells = fst ps

corr : (X :set listN) — X F.€ cells — X C setN n
corr X = inv (snd ps X)

compl : (X : set listN) — X C setN n — X F.€ cells
compl (X) = fun (snd ps X)

closed : (X : set listN) — X F.€ cells — (Y :setlistN) - ¥V C X — YV F.€ cells
closed X Xeps Y YCX = compl Y (is-trans YV X (setN n) YCX (corr X Xé€ps))

When generalising discrete Morse theory for such arbitrary simplicial complexes,
the difficulty lies in getting a good grip on their homotopy types and keeping the proofs
manageable. The author has explored two ways in which that might be possible,

neither of which has been fruitful.
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The first attempt has been based on the works of Buchholtz and Hou (Favonia)
[11] who have developed cohomology for arbitrary cell complexes. Cell complexes are
defined by gluing together n-spheres with the Pushout type introduced in Section 3.2.
Since cell complexes are more general than simplicial complexes, we could in prin-
ciple use this to study the homotopy types of simplicial complexes of an arbitrary
dimension. However, it is tricky to reason about the resulting HITs as they give rise
to many more paths than the original combinatorial description would suggest. In-
stead, it might be necessary to further develop other tools developed in the context of
homotopy type theory, e.g., from Swan [74] and Wérn [81], to reason about arbitrary
simplicial complexes.

An alternative is to study simplicial complexes via their face posets [69]. The face
poset (as well as an enriched version of it) is used crucially by Nanda [62] to establish
the equivalence between a CW complex and its Morse reduct. We can easily construct
the face poset for our simplicial complexes using that the subset relation is a partial

order:

FacePoset : SimplicialComplex C's — Poset _ _

FacePoset K = cell , posetstr _>=__ >=-isPoset

It is not known to the author how to turn this poset into the appropriate homotopy
type. This would allow us to reason about arbitrary simplicial complexes, paving the
way for a formalisation of discrete Morse theory as presented by Nanda, Tamaki, and
Tanaka [63] and Nanda [62].
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Chapter 4

Automating reasoning in cubical
type theory

In this and the following Chapter 5, we present a novel solver which automates an
important class of equality proofs in cubical type theories (CTT) such as Cubical
Agda. In CTT, equational reasoning is carried out in the path type, which is inspired
by a combinatorial model of (homotopy types of) topological spaces, namely cubical
sets. An equality in a type A is hence a path, i.e., a function p : | — A out of
an abstract interval type | into A. The values of p at the endpoints i0 and il of |
correspond to the elements of A which are being equated, i.e.,if pi0 =x andpil =y
then p equates elements x,y : A, denoted p : x = y. Using the topological intuition,
we sometimes call x = y the boundary of the cell p. In CTT, an equality proof is
therefore akin to a cubical cell, and the proposition that the proof establishes is the
boundary of this cubical cell.

In summary, equality problems in Cubical Agda amount to boundary problems:
we are given a boundary in a type and try to construct a term with that boundary.
We study two main methods to do this in Cubical Agda.

First, we can use that the interval type | is endowed with the structure of a
De Morgan algebra, which means that we can apply certain operators to the interval
variables in the context. For example, suppose that we are faced with the boundary
problem y = z, i.e., we want to construct a path from y to x. We can use the
reversal operator ~ to turn p into a term which solves this boundary problem, i.e.,
Ai—p(~1):y = xis the required term. We call these kinds of transformations of
interval variables contortions in the following.

Second, we can use the reasoning principle of homogeneous composition, which
is captured with the primitive hcomp in Cubical Agda. Intuitively, this composition

principle gives the missing side of an open cube. For example, suppose that we have
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another path ¢ : y = z in our type A and we are faced with the boundary problem
x = z. We can fit p and ¢ into an open 2-dimensional cube, i.e., a square, by putting p
on the bottom and ¢ on the right side of the square (note that the right endpoint of p
and the left endpoint of ¢ agree). As the remaining left side we can stay constantly at
x, the left endpoint of p. Performing homogeneous composition on this open square
will then give us a term with the required boundary x and ¢ il = z, depicted with a

dashed line below:

(RN ) KA
x qJ

. it,
X pl Yy Z

In Cubical Agda, the construction described above looks as follows, where the
first argument of hcomp represents the adjacent sides, and the second argument the

back side of the cube that we are composing;:

LI X=EY S Y=2 T =2

(p+q)i=hcomp (Aj— A{
(i =1i0) = =
(i=1i1) = qj

1) (p )

Solving boundary problems can be quite tricky in practice, in particular as the
dimension of the problem grows. For example, showing that path composition as
defined with _«_ is associative—which amounts to filling a 2-dimensional boundary—
requires several applications of homogeneous composition on three-dimensional open
cubes, which are intricate to devise by hand. The purpose of the remainder of this
thesis is to devise algorithms which can automatically solve such boundary problems.
In particular, we will be able to derive automatically the mentioned associativity
proof with our methods.

In this chapter, we will focus on the second kind of reasoning principle: we gener-
alise Cubical Agda’s homogeneous composition to a principle we call Kan filling after

Kan [48], who came up with this notion of composition when devising cubical sets.
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Our notion of Kan filling is the most basic principle for filling cubes and is shared
by all CTTs (with the exception of the filling operator of Cohen et al. [16], but the
difference is superficial and it is easy to simulate our filling operator in their theory).

The different proposed cubical type theories also vary in what kind of contortions
they support, i.e., with which kind of structure the interval | is endowed. We give
a general syntax which supports a large class of different contortion theories such
that our methods are applicable to all variations of CTT which are currently being
investigated. While including or omitting certain operators does not seem to affect
the fundamental expressivity of CTT—we know of no boundary problem that can
only be solved in the presence of reversals or connections—they do make a significant
practical difference, providing concise terms for problems that are more laborious to
prove using only Kan filling (we will discuss these aspects in more detail in the next
Chapter 5, where we also refine the solver based on the Dedekind contortion theory,
and discuss how the syntax introduced in this chapter relates to Cubical Agda).

In this chapter, we carry out the first systematic study of automated reasoning
in CTT. In Section 4.1 we single out the sublanguage of CTT relevant for the above
mentioned cubical reasoning principles. This allows us in Section 4.2 to classify
the boundary problems corresponding to different cubical type theories. Then in
Section 4.3 we develop a practical algorithm which can resolve many proof goals

occurring in practice.

4.1 A syntax for cubes

For our solver, we are interested in solving only boundary problems that concern a
single type, and now develop syntax which allows us to specify its higher homotopical
structure. This higher-dimensional structure is captured with interval variables which
make it possible to talk about the n-cube cells in a type. This allows us to state and
prove theorems about the paths in a type. In brief, an n-cell in a type is represented
as a term varying in n interval variables, just as an n-cube in a topological space X
can be represented as a continuous map from the unit n-cube. Contortions are then
reparameterizations of an n-cube to an m-cube, and applying a contortion to an n-cell
gives rise to an m-cell with a slightly contorted boundary. We will in the following
give a term language which captures this topological intuition purely syntactically.
Following the usual type-theoretic methodology, our syntax consists of a set of
judgment forms, the forms of assertion we can make in the theory, and inference

rules which explain how we can deduce that a judgment holds. We can break down
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the syntax into two layers: the contortion theory introduced in Section 4.1.1, which
axiomatizes the topological unit n-cubes and certain maps between them, and the
term theory introduced in Section 4.1.2 on top of it, which axiomatizes maps from
these cubes into a fixed space.

The contortion theory itself has an inner and outer layer: we make a distinction
between the basic substitutions, which are those contortions needed to get the theory
off the ground, and the more general contortions, which include the substitutions
but can be extended with operators such as connections and reversals. The syntactic
separation of substitutions from general contortions allows us to consider extended
contortion theories without complicating the Kan filling operator.

The term theory also has two layers, an inner contortion term theory and an outer
Kan term theory which will be introduced in Section 4.1.3. In the contortion term
theory, we have the notion of a cell context, which enumerates the hypotheses of a
boundary problem in the form of a sequence of cells possibly with specified boundaries,
and of a contortion term, which is a cell obtained by applying some contortion to a
cell from the context. Finally, the Kan terms are those formed by iterated application
of the Kan filling operator to contortion terms.

We collect the judgment forms of the syntax in Figures 4.1 and 4.2; we explain

their intended meaning and introduce their inference rules in the following sections.

W dctxt Cube context

U Frdim  Atomic interval term

£: U — ¥ Substitution

¥k, r dim Contortion interval term
o: ¥ ¥ Contortion

Figure 4.1: Judgment forms for the contortion theory.

I' ctxt Cell context

['|¥HE.¢bdy Contortion boundary

['|¥H, ¢bdy Kan boundary

|V, ttm Contortion term

['| Wk ttm Kan term

C|Wk.t:[¢] Contortion term with boundary
| Uk t:[¢] Kan term with boundary

Figure 4.2: Judgment forms for the term theory.
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4.1.1 Contortion theory

Cube contexts: U dctxt

U dctxt U dctxt Ut r dim e € {o,1}
() detxt () detxt U, i dctxt Ulr=e] dctxt
FEquations:
e € {o,1} e € {o,1} e € {o,1}
Ule=e] = ¥ dctxt Ule=e] = () dctxt (W, 7)[i=e] = ¥ dctxt
U I 7 dim

(U,i)[r=e] = VU[r=el,i dctxt
Figure 4.3: Inference rules for cube contexts

A cube context as defined in Figure 4.3 represents a unit n-cube by a list of interval
variables, which we can think of as names for its axes. For example, the cube context
() with no variables represents the unit 0-cube (i.e., a point), while the cube context
(i, 7, k) represents a 3-cube with axes labeled i, j, and k. In addition to these cubes,
there is also the cube context (), which represents the empty space. Finally, we can
apply a constraint r=e to a cube context ¥ to obtain a new context W[r=e]; we

introduce this operation later on.

Atomic interval terms: U F r dim

e € {o,1} U dctxt U r dim
U F e dim V. i F 7 dim V.1 Frdim

Figure 4.4: Inference rules for atomic interval terms

As defined in Figure 4.4, an atomic interval term ¥ F r dim in a cube context ¥
represents a map from W to the unit interval. The atomic interval terms are always
either variables, such as 7,7,k F j dim, which represent the projection of a single
coordinate, or are constant at one of the endpoints (o or 1) of the unit interval,
such as i, 7,k - o dim. Going forward we use the letter e to stand for any arbitrary

endpoint, o or 1, and write € for the opposite endpoint (so 0:= 1 and 1 := o).

73



Substitutions: £: U — WU

U — U &:v - v

idy: ¥ — U Eod U S U 1, 0=
£ =¥ Uk rdim Ukrdim  ec€{o1}
(g,il—>7’)2 v — (\I’,’L) S;: (\I/,Z) — U r=e: \Il[r:e] — U
FEquations:
idg e =¢ feidy =¢ §o(§feog")=(E0&)e g sio(§ibrr)=¢
§: 0 — (V,4) &0 — U e € {o,1}
§=(s;0&7[E]): ¥ — (V,4) {=ly: 00 (e=e) =idy: ¥ — ¥
e € {o,1} U I 7 dim

(i=e) = (idy,i > €): ¥ — (V1) (r=e) = (r=e,it>1i): (VY[r=e],i) — (¥,q)
Figure 4.5: Inference rules for substitutions

As defined in Figure 4.5, substitutions &: U/ — W are maps from the cube ¥’
to the cube ¥ whose components are atomic interval terms. There is an identity
substitution idy: ¥ — W from any cube context to itself and a unique substitution
g+ 0 — U from the empty space into any other context; we can compose substitutions
with the o operator. The remaining basic substitutions are the faces (i +— r),
degeneracies (s;) and constraints (r=e).

Given a substitution &: ¥/ — ¥ and some atomic interval term ¥’ F r dim, we
can form a new substitution (£,i+> 7r): ¥ — (W,4), using r to specify the value
of a new coordinate. In the case that & is the identity substitution and we have
U F r dim, we use the abbreviated notation (i - 7): ¥ — (¥,4). We call these face
substitutions because they represent the inclusion of one cube as a face or diagonal

of a higher-dimensional cube.

Example 4.1. The face substitutions i > 0: () — (i) and i — 1: () — (i) specify
the two 0-cube endpoints of the 1-cube (i). The face substitution j > i: (i) — (4, )
specifies the 1-cube diagonal of the 2-cube (3, 7). A

The degeneracy substitution s;: (V,i) — ¥ is the map from (V¥,i) to ¥ that
collapses the larger cube along its final coordinate (here labelled 7). We can col-
lapse a cube along an arbitrary coordinate by combining the degeneracy and face

substitutions as in the example below.
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Example 4.2. From the 3-cube (i, j, k), we have three substitutions s, : (4,7, k) —
(4,7), (sj o8, k= k): (i,7) — (i, k), and (s; 0808, 5 > j, k> k): (4,7, k) — (4, k),
which collapse the k-, j-, and i-axis respectively. VAN

Going forward, we make the slight abuse of notation of writing s, for the substi-
tution that collapses the i-axis of a cube even when ¢ is not the final coordinate, for
example writing s; and s, for the latter two substitutions in the preceding example.

We will also sometimes write j + 4 for (s;,j + @): i — j which renames dimension
j to 7 in a l-cube. Since the codomain of a substitution is usually understood, it is
clear whether we mean the diagonal as in Example 4.1 or rename a single dimension
variable.

The substitution judgment deserves its name in the sense that we can apply a
substitution £: ¥ — ¥ to any judgment indexed by a cube context. For example,

we have a rule (omitted from Figure 4.1)

Ukrdm &0 W
W' - rl¢] dim

expressing that we can apply a substitution £ to an atomic interval term r to get

another atomic interval term r[¢], together with equations

U k7 dim U k7 dim U+ s dim
Ut ifi > r] = r dim Ut s[i = r] = s dim

computing the results of substitutions. For concision’s sake we omit rules for applying
and computing substitutions in our presentation of the theory, as these are entirely

standard.

Constraining contexts and substitutions To specify the Kan filling operator,
we will need a way of identifying the part of a cube context W where a dimension term
U |- r dim takes some constant value e € {0,1}. We write ¥[r=e] for this constrained
context. Although presented in Figure 4.1 as a context constructor satisfying various

equations, we can instead think of this as an operation on contexts defined as follows.
Ule=e] := W
Ule=e] =0
(Ui, 90" )[i=e] := U, ¥’
That is, the part of ¥ where e = e is the whole of ¥, the part of ¥ where e = € is

the empty space, and the part of an (n + 1)-cube W where some variable i is e is an

n-cube obtained by removing the i-axis from W.
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The constraint substitution (r=e): ¥[r=e] — W is the inclusion of the constrained
cube U[r=e] as the part of the cube ¥ where r evaluates to e. Like constrained cube
contexts, concrete constraint substitutions always reduce to more primitive substi-
tutions via the equations in Figure 4.1, which we can regard as the definition of an

operation like so:

(e=e) :=idy
(e=e) =1y
(i=e):= (i e)

Contortion interval terms: ¥ r dim

e €{o,1} U dctxt U k-, r dim Uk, r dim E: 0 - U
Uk, e dim U, ik, 4 dim U, ik, rdim U’ =, r[€] dim
U 7 dim
U k. ¢(r) dim
FEquations:

The equations are the same as for the atomic interval term judgment ¥ F r dim in
Figure 4.4, with the additional equations for computing ¢(—):

te)=e u(i) =1
Figure 4.6: Inference rules for contortion interval terms

In order to pass onto the next level of our syntax, we embed all atomic interval
terms into contortion interval terms with the rules in Figure 4.6.

Finally, we have the contortion judgment o: ¥’ «» W. The rules in Figure 4.7
constitute the minimal (or cartesian) contortion theory, which includes only substi-
tutions: for any substitution £ we have a corresponding contortion ¢(§). Contortions
capture maps between cubes, which suggests that we can assemble cubes and con-
tortions into a category: call [J the category which has objects cube contexts and
morphisms the cartesian contortions. In Figure 4.8 we introduce several extensions
to the minimal contortion theory. They all introduce additional morphisms between

finite sets, and hence are wide supercategories of [.
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Contortions: ¢: ¥ v ¥

RS ZARP AR LN
idy: ¥ U o) s U s b ly: 0 U

Y: U U U F o dim
(i r): U (W, 4) s;: (W,0) v» U

FEquations:
The equations are the same as for the substitution judgment £: ¥/ — W in Figure
4.1, with the addition of equations for computing ¢(—):

Widg) =idy (&) =u(§)ou(d)  w&irrr) = (&) i ur)  us) =s;

Figure 4.7: Inference rules for contortions

Disjunctive contortions:

P k.7 dim ¥ k. s dim
Uk, rVsdm

rvo=r rvi=i (rvs)Vt=rVv(sVt) rvs=sVr

Dedekind contortions:
In addition to the rules for disjunctive contortions:

V.7 dim ¥ k. s dim

Uk, rAsdm
rAo=o0 rA1L=r (rAs)ANt=rA(sAt) rAS=SAT
rV(rAs)=r rA(rvs)=r rA(sVit)=(rAs)V(rAt)

De Morgan contortions:
In addition to the rules for Dedekind contortions:

U, r dim
Uk, —r dim

=(rAs)=-rV-s - =7

Figure 4.8: Examples of extensions to the contortion theory

7



The theory of disjunctive contortions introduces a connection V, define U, to
be the category of n-cubes and disjunctive contortions . The Dedekind contortion
theory contains another connection A with both connections satisfying the laws of
a distributive lattice; call the corresponding category [J,,. The term “Dedekind”
was introduced by Awodey [3] since the number of contortions over a cube ¥ with n
dimensions corresponds to the n-th Dedekind number, denoted D(n) in the following.
The De Morgan contortion theory gives rise to the largest class of morphisms by
having both connections A and V and a reversal operation — satisfying the axioms of
a De Morgan algebra, call the resulting category L1, .

Cubical sets based on [0_,,, were used by Cohen et al. [16] to give the first model
of univalent type theory with higher inductive types and is at the core of Cubi-
cal Agda [78]. It was later realised by Orton and Pitts [66] that univalent type theory
could also be modelled with cubical sets based on a category with fewer morphisms,
in particular OJ,,,. While De Morgan and Dedekind contortion theories (as well as the
minimal cartesian contortion theory consisting only of substitutions) have therefore
been used to provide models of univalent type theory, attempts to show that the
resulting cubical sets provide a model of homotopy types of spaces have so far been
unsuccessful. Only for cubical sets based on [J,, have Cavallo and Sattler [15] been
able to show that they provide a model of homotopy types.

In summary, our framework captures most cubical type theories currently stud-
ied, except that of Bezem, Coquand, and Huber [6]. Their cubical type theory is
substructural, i.e., does not admit all the substitutions we have stipulated. Since it
does not form the basis of any current theorem prover, we have chosen to exclude it
from our study of automated reasoning in CTT.

Buchholtz and Morehouse [12] study these (and many other) cube categories in
more detail from a categorical point of view. Many questions concerning the use
of the different cube categories in a model of cubical type theory remain open; in
particular, so far it has not been possible to prove that cubical type theories based on
larger cube categories are conservative in the sense that they do not allow for filling
boundaries which could not be filled in less expressive theories. We will sidestep these
issues in this chapter by developing our methods to work for all relevant notions of

cubes.

Example 4.3. From the 2-cube (i, j), we have a disjunctive contortion

(=i V) (4,5) w» (1)
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which we can think of as collapsing the unit 2-cube to a 1-cube by taking the maximum
of both directions ¢ and j. This means that if either ¢ or j is set to o, we regain
the identity j- and i-map respectively, for instance we have (i iV j)o (j > 0) =
id,: (i) »» (). If either dimension is set to 1, we obtain a map between 1-cubes which
is constantly 1, for instance (i > iV j)o (j> 1) = (i > 1) os;: (i) v (7).

Note that by the rules in Figure 4.8, (i+=>iV j) = (i jVi): (i,7) w» (i). A

Example 4.4. In the Dedekind theory, we also have a conjunctive contortion
(=i Ag): (6,) = (2)

which can be thought of as mapping the 2-cube to a 1-cube which is the minimum of
both axes ¢ and j. This means that if either ¢ or j is set to 0, we get a map between
1-cubes which is constantly o such as (i > i A j)o (j > 0) = (i > 0)es;: (i) v (7).
If one of both dimension variables is 1, we retain the identity map as we can detect,
e.g., as follows:

(=i Vj)e(j ) =id;: (i) » (1)

Example 4.5. In the De Morgan theory, the reversal contortion
(i —2): (4) = ()

can be used to exchange the endpoints of a 1-cube, which we can detect by computing
(i —i)o(it>0) = (it>1): () »» (i) and (i —d)o(it>1) = (i 0): () w» (7).
JAN

Remark 4.6. Note that unlike substitution, not all judgments are stable under con-
tortion. For example, we cannot in general apply a contortion o: ¥’ ~» ¥ to an
atomic interval term ¥ F r dim to obtain an atomic interval term over W’. This
makes it easier to set up a syntax which works for a range of different contortion

theories.

4.1.2 Term theory

The second layer of the theory is the term theory as depicted in Figure 4.9. Where
the contortion theory concerns maps between unit cubes, the term theory concerns
maps from unit cubes into an arbitrary space. We introduce the judgments of the

term theory below.
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Cell contexts A cell context, as defined by the judgment I' ctxt, is a representation
of a finite cell complex in a space, that is a finite collection of images of unit cubes
in a space along with information about how their boundaries attach to each other.
In our type-theoretic presentation, we represent a cell complex as a context: a list of
variables giving a name to each cell. Each variable is annotated with a cube context,
which tells us what dimension of cube it is, and a contortion boundary, which explains

how it attaches to the cells that come before it.
Cell contexts: I' ctxt

I' ctxt I'| ¥, ¢ bdy
() ctxt LCyp: (V)] ctxt

Contortion terms: I' | U k¢ tm

LUk ttm  ¢: 0 ¥
Lop: (O[] | Uk p:[o] I W+ t(y) tm

t(idy) =t tW o)) =t} (V) t(u(6)) = tl¢]
Contortion boundaries: I' | ¥ F_ ¢ bdy

['|¥E. () bdy

['| Uk, ¢ bdy U 7 dim e € {o,1} | Ulr=e] b, t:[p[r=e]]
I'|¥E, (¢,r=er>t) bdy

Contortion terms with boundary: I' | U F_¢: [¢]
Introduction:

Uk, ttm LUk t:[0] U+ r dim I'| Ur=e] b, tfr=e] =t tm

DUk t:]] LUk t:[¢,r=et>t]
Projection:
DUk t:[¢p,r=er>t] LUk t:[p,e=er>t]
T |k t:[o] LYk t=ttm

Figure 4.9: Inference rules for cell contexts and contortion terms and boundaries

Figure 4.10 gives one example of a cell context, broken up with one variable per

line for readability.
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Ol
(D)[i=ot> x |i=1 > x|,
Dj=o—z | j=1 z],
(4, )[i=0 q|i=1 q | j=0t= p | =11 p]

p o p

[OREISTL < B

Z q r )

Figure 4.10: Example of a cell context representing a torus

The complex generated by this context has one base point z, i.e., a 0-cube with
boundary [], and two 1-cubes p and ¢ whose endpoints are both attached to x, re-
spectively. This means that p and g are both loops around x. Each of these paths
is abstracted over a different interval variable, which allows for directly fitting them
into the square «a, which is a 2-cube over the cube context i, 7. We can think of « as
being glued together along the p and ¢ sides, which suggests that « is a combinatorial
model of a particular topological space, namely the torus. Reasoning about the above
cell context will allow us to derive properties of the homotopy type of the torus, which

means that our language allows us to develop homotopy theory.

Contortion boundaries Contortion boundaries are defined by I' | ¥ -, ¢ bdy,
a judgment which is parameterized by a cell context I' and cube context W; the
subscript ¢ distinguishes it from the corresponding judgment in the Kan theory to be
introduced below. A boundary is a list of constraints—equations between a dimension
term over ¥ and a constant—paired with contortion terms, which can refer to cells in
I'. This is where we first make use of constrained contexts: in an entry r=e +» t of a
boundary I' | ¥ F_ ¢ bdy, the term ¢ must be well-formed in the cube context ¥[r=e],
i.e., must be defined on the part of the cube where r=e. In Figure 4.10, for example,
the entry i=o — ¢ in the boundary of « is defined in the context (i, 7)[i=e] = (j).

The individual entries of a boundary must also form a coherent whole: entries
should agree wherever they overlap. In the boundary of « in Figure 4.10, for example,
it is important that the entries t=o0 + ¢ and j=o + p match up on the part of the
cube where both ¢ and j are o; in this case they are both equal to z.

We will write ¢[i=e] for the (i=e)-th entry of a boundary ¢ in the following.
Contortion terms The terms which appear in contortion boundaries need not

necessarily be variables, as they are in the example of Figure 4.10; in general, they

are contortion terms, i.e., variables with some number of contortions applied. For
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example, the cell context

L
0 q: (D[j=0rplit>1) | j=1+ p(i 0)]

contains a line p without a specified boundary followed by a line ¢ running from

p’s 1-endpoint to its o-endpoint; we access the endpoints of p by applying the face

contortions ¢ 1 and i > 0. As another example, the cell context

_[a: 00
b= { s: (i, j)li=o0 > als;) | i=1+> als;) | j=0 > als;) | j=1 > als;)]

uses the degeneracy contortions to define a square s whose sides are all constantly a.

Contortion terms are defined by the judgment I' | U k-, ¢ tm; it is also convenient
to have an auxiliary judgment ' | ¥ _ ¢ : [¢] for contortion terms which agree with
a given boundary. The variable rule tells us any variable from the cell context is a
contortion term with its boundary. In the cell context I'y from above, for example,

we have the following:
Lol () Fog:[j=0plits1) | j=1 p(i— 0)]

The equation t(c(§)) = t[¢] tells us that when we apply a contortion that is
actually a substitution to a term, the effect is the same as applying the substitution;
we have for example p(i — 1) = p[i > 1]. As a consequence of this—the stability of
judgments under substitution, and the rules for terms with boundary—a variable will
reduce when we apply a contortion that factors through an entry of its boundary.
For example, if we apply the contortion j o to the variable ¢ above, we have the
following equation.

Lo | O Feq(j0) =plit1) tm

As another example, in the context I'; we have a sequence of equations as follows.
Ly OFes(i=oj=1)=a(s;o(j1)=atm

Remark 4.7. A contortion or substitution applied to a variable need not reduce in
general. In the example above p(i i 1) does not reduce, because the boundary of the
variable has no entry for ¢ = 1. In particular, it is not the case here that p(i - 1) = p,
as it might be tempting to assume from the fact that ¢ does not literally appear in

[Pl

the syntax “p”.
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Remark 4.8. In order to compare terms for equality, it is convenient to always
reduce a term if possible—i.e., to treat p(i 1) as the normal form of ¢(j o), and
a as the normal form of s(i + 0, j 1) in the examples above. Note that we cannot
have variables whose boundaries mutually refer to each other, which means that the
reduction process is well-founded.

By always reducing terms along their boundary prescriptions we can represent any
contortion term W | ' k-, ¢ tm uniquely as p(i; - 7q,...,4, > r,) for some variable
p: (iy,.,i,)[¢] in ', where each 7, is a contortion interval term W +_ 7, dim. The
number of reductions required to normalise ¢ is bound both by the length of I' and

by n.

Remark 4.9. The judgment I' | U F_ ¢ : [¢] means that the term ¢ agrees with ¢
wherever ¢ is specified, even if we could establish a more specific description of the
boundary of ¢. In particular, any term inhabits the completely unspecified boundary

[ ]; and in general, a term inhabits several (increasingly more specified) boundaries.
4.1.3 The Kan term theory

Kan terms: I' | ¥ b u tm

LWk, ttm I'| Uk utm &V -V
T [0 € tm T [0 F ul] tm

e € {o,1} U 7 dim I'| U,ity ¢ bdy D|Yh,u:[oie]]
T | Wk il [i.¢] w: [¢fi = 7], 7= 1 u]

Figure 4.11: Rules for the Kan layer. The rules for Kan boundaries (I' | ¥ -, ¢ bdy)
and Kan terms with boundary (I' | ¥ -, u : [¢]) are identical to the rules for
contortion boundaries (Figure 4.7), but with Kan terms in place of contortion terms.

In the final layer of the theory, we have the Kan term judgment I' | ¥ b, u tm specified
in Figure 4.11. The Kan terms consist of iterated applications of the Kan filling
operator to contortion terms. As for contortion terms, we also have Kan boundary
(' | ¥ b ¢ bdy) and Kan term with boundary (I | ¥ by u : [¢]) judgments which
have the same functions as their equivalents for contortion terms.

The operator (—) allows us to treat any contortion term as a Kan term. For

example, using the example cell context I'y from the previous section, we have the
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following Kan term:
Lo | () by p(i - 0)" tm

All other Kan terms arise from application of the Kan filling operator. The Kan
filling operator takes three main arguments: a Kan boundary I' | ¥, i b, ¢ bdy which
varies in a new interval variable ¢, a Kan term I" | U b w : [@[i > €] ] which agrees
with the boundary ¢ with ¢ substituted for e, and an atomic interval term r. The

resulting term
LWk il [i.g] u: [¢fi = 7], 7=€ — u]

is a new Kan term which agrees with the boundary ¢ now with r substituted for 2
and with the original term u in the case that » = e. We can think of this operation
as “adjusting” the term wu to change its boundary from ¢[i €] to ¢[i > 7.

As an example, consider the context

:(>[], z: Ol y: Ol 2= 0l

[j=0 =z | j=1~y],
N[ i=0t+> x| i=1 1 w],
:i)[i:0|—>y|i:1Hz]

whose paths form three sides of a square (an “open cube”) as shown below.

9o q1

p J

Then for any atomic interval term r, the Kan term
Ty | j by il [i[j=0 1 qo° | j=1 > ¢;°]] p° tm

is a path from qy[i > 7] to ¢;[i — 7] as shown in the diagram below.

)
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Two important cases are where we take the destination r to be (a) the constant 1

or (b) a fresh variable k, shown to the left and right below respectively.

% ¢° qo°li > K] fill0 =" q,°li > K]

i, k1,
p° J p° J

In the second case, the filling term is a Kan term in the cell context j, k, thus a
two-dimensional cell; three of its faces are the input paths, while its k = 1 face is the
filling term on the left.

We will often use a special case of the above construction with g, being a degen-
erate path of the left endpoint of p, and introduce special notation to capture this

composition of two paths.

Definition 4.10. Given a cube context W, i, j F k dim and Kan terms

LW, jh t:[j=0 2°]| j=1 y°]

| W,ib,u:[i=0 y°| j=0> 2°]

define the following abbreviations:

tew:= 070 [i]j=0 — a(s) | j=1 > u]] t: [j=0 > 2° | j=1 > 2¢]
k=0t
- 0=k o cy . | k=1 teu
fill™ (¢ = w) = fill [i.]7=0 > x(s;) | j=1 > u]] t: =0 > 2(s,)°
Jj=1u

Let us consider again the three paths from I'y,. We can mimic the effect of the
reversal contortion — from the De Morgan contortion theory in any contortion theory
using a Kan filling term. For example, we can construct a term with the reversed

boundary of g, like this:
Ly | j ke fill® =+ [i.[j=0t q° | j=1 93<Sj>c]] 2(s;)" + [j=0 = w | j=1 1 z¢]

Let us call this term g5 ! in the following. We now have available two ways to construct
a path from w to z, either using the iterated two-way path composition (gy?* = p©) »

¢,°[i — 7], or by Kan filling a single open cube as we did above. To show in our
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theory that these compositions are equivalent, we can construct a square with both
paths on opposing sides. Such a square is depicted on the outside of the cube below,
with the two- and three-way path compositions on the ¢ sides and degenerate w- and
z-paths on the other sides. On the inside of this square, we have depicted five squares
which make up the sides of an open 3-cube. By giving appropriate terms for all the
sides, we can use a Kan filling term for this open cube to obtain a proof that double

two-way and single three-way path compositions are equivalent.

fill> =t | c

i[j=0 = q° | j=1~q,°]] p

Fl10=F k:.[]::"H‘IOC] c
Ik i g |12

fill' ™[,
U/l k.j =0 qgt . p
@ | Complnv, [ . 0 \c ] q,°[s; 0t = k]| &
S 2 j=1e y(si) Y

| p

fill*((gg ™« p°) = [0 — 4])

P

(a0t +p%) = q,[i = J] kJ

The 4 sides of the open cube can be constructed using the k-fillers for two- and
three-way path composition, respectively. The k=o side of the cube, which is depicted
on the back of the cube, then has g;' - p® on the i=o0 side and p® on the i=1 side,
which means we can use the Kan filler corresponding to two-way path composition,
this time in the 1—4 direction. As a result, the j=1 side has ¢, on both of its ¢ faces
such that we can use a degenerate ¢, square for this side.

The j=o side has g5! on its k=0 face and g, on its i=1 side. We will show how
to construct this square as Complnv];(;z in Example 4.19.

The Kan filler of this open cube in the o—1 direction gives us a term with the
boundary of the outer square, which shows that both ways of composing three paths

are equivalent. This proof has been done over the cartesian contortions, which means
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that the construction can be carried out over any of the contortion theories introduced
in Figure 4.8. Using a more expressive contortion theory would have reduced the
complexity of the proof term as we could have constructed g5! using a contortion,
which would have allowed to construct side j=o of the open 3-cube as a contortion

term.

Remark 4.11. In the remainder of this dissertation, we omit the annotation (—)°
that turns a contortion term into a filler term. The distinction between contortion
terms and filler terms is nevertheless important to our approach. In particular, it is
important that contortions (unlike substitutions) are only ever applied to variables,
never to filling terms. This means that even in a contortion theory with connections,
for example, terms looking like “fill®”™* [i.¢] u” or “fill®”" [i.j=r A s i+ v] u” can
never appear. This allows us to treat proof search for Kan terms agnostic to the

contortion theory without, we contend, a significant cost to the solver’s power.

4.2 Boundary problems

With the syntax we introduced in the previous Section 4.1, we can now state the
algorithmic problems that we will study in this and the following Chapter 5, which
are all variations of the boundary problem. The most general and difficult problem

is to find terms in the Kan theory.

Definition 4.12. Given I' | ¥ I ¢ bdy, the problem KANCUBICALCELL(I", ¥, ¢) is
to decide whether there is a term ¢ such that T' | W b t: [ ].

We will study this problem in Section 4.3, where we give a semi-decision procedure
which solves many practical instances of it. KANCUBICALCELL subsumes many
undecidable decision problems, such as the word problem for finitely generated groups,
and is consequently undecidable [19]. A clever enumeration of the terms is therefore
the best we can hope for.

We construct our procedure based on the minimal cartesian contortion theory; all
constructions in Section 4.3 directly carry over to all contortion theories introduced
in Figure 4.8.

Using a richer contortion theory which contains more maps between cubes will
speed up proof search since many boundaries can be filled directly with contortion
terms and do not require the intricate construction of Kan filling terms. By increasing

the power of the contortion theory, finding terms purely in the contortion theory
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becomes more complex, which is why we also study the problem of finding terms

purely in the contortion theory, which is a sub-problem of KANCUBICALCELL.

Definition 4.13. Given I' | ¥ -, ¢ bdy, the problem CUBICALCELL(I", ¥, ¢) is to
decide whether there is a term ¢ such that I' | W _¢: [¢].

Call CARTESIAN the instance of CUBICALCELL based on the cartesian contortion
theory; DISJUNCTIVE the problem for the disjunctive contortion theory; DEDEKIND
the problem for the Dedekind contortion theory; and DEMORGAN the problem for

the De Morgan contortion theory.

Common to all contortion theories we study is that there are only finitely many
ways to contort a variable, which means that all instances of CUBICALCELL are
decidable. However, the complexity of the problem varies significantly between the
different contortion theories.

When restricting our attention to 1-dimensional proof goals, i.e., instances of
CUBICALCELL(T', ¥, ¢) where ¥ has only one variable, CARTESIAN is in P while
DEDEKIND is NP-complete [19]. When treating ¥, i.e., the dimension of the cube to
be constructed, as the input size, the problem can furthermore seen to be coNP-hard
with a reduction from the entailment problem of monotone Boolean formulas. In the
remainder of this thesis, we mostly leave aside questions about complexity and focus
on practical solvability of CONTORTION; in particular, we will study a more efficient
way of solving DEDEKIND in Chapter 5.

4.3 Finding terms in the Kan theory

In the remainder of this chapter, we develop an algorithm for solving the problem
KANCUBICALCELL. Cell contexts are very general and can be used to represent
many mathematical objects such as algebraic structures or topological spaces. This
entails that KANCUBICALCELL is undecidable [19]. The best we can hope for is
therefore an enumeration which explores the search space in a sensible way.

Our semi-procedure is based on the heuristic that it is best to use a contortion term
instead of a Kan term if possible since contortion terms provide the “simple” solutions
to a boundary problem. We can decide if there exists a Kan filling term which has only
contortion terms on its sides since there are only finitely many contortion terms in a
given dimension. This decider will provide the basic building block for our algorithm

as discussed in Section 4.3.1.
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If we cannot find an open cube with only contortion terms on its sides, we will
leave open increasingly more sides of the cube to be solved with Kan filling terms.
These can either have the same dimension as the original boundary problem, or one
dimension more, which means that we need to construct another open cube. In the
first case, we can try out all possible fillers as there are only finitely many such fillers
(and often only very few); a principled way to do this will be presented in Section 4.3.2.
In the second case, we need to construct another open cube, which means that we
can call the solver recursively on the boundary problem for the missing side. We
combine all subprocedures and recursive calls in an algorithm in Section 4.3.3 and
demonstrate the workings of the algorithm by showing how it derives a term evincing
that path composition is associative.

For the underlying contortion theory we use the minimal, cartesian contortion
theory from Figure 4.7. Since all contortion theories we study are extensions of the

cartesian contortion theory, our algorithm is applicable to all contortion theories.

4.3.1 Finding Kan filling terms as open cubes

The adjacent sides of an open cube on which we can perform Kan filling need to have
matching boundaries. This constraint suggests a recipe for constructing open cubes:
we give the boundary constraints as constraints to a finite domain constraint solver.
Constraint satisfaction programming (CSP) has been used to solve a rich variety of
problems in artificial intelligence programming in the 1970s [51]; for a recent survey
see Tsang [76]. We will introduce the basic setup of CSPs here; one can use any finite
domain constraint solver to solve the problems in practice (in Section 5.2, we will

present a implementation based on back-tracking).
Definition 4.14. A constraint satisfaction problem P is given by
e a set of variables Var,
« an assignment of domains to variables, i.e., a set D for each X € Var, and

« a set of binary constraints, i.e., a set Cx y for each X, X’ € Var such that

cC Dx x Dy force Cx x.

A solution S to P is a choice of one element of each domain such that all constraints
are satisfied, i.e., a map S : (X € Var) — Dy such that for all X, X’ € Var and
c € Cy x» we have ¢(S(X), S(X)).
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Given a boundary, we will now specify a CSP to construct an open cube whose
composition has the desired boundary. In many cases, the sides of the open cube are
themselves results of Kan compositions and fillers. We could in principle construct
these compositions and fillers by solving ever larger constraint satisfaction problems
representing a collection of open cubes with matching boundaries. However, solving
these larger CSPs requires a lot of memory. Instead, we will make choices for an
open cube following the heuristic that it is best to use a contortion term or lower-
dimensional Kan filling if possible, and then try to fill the remaining sides with Kan
fillings of other open cubes. The advantage of our approach is that at any time, we
are only solving a CSP for a single open cube.

The CSP for non-nested Kan filling terms is the following, where we say (i=e) € ¢

if the side (i=e) is specified in ¢. Recall that we can access this term as ¢[i=e].

Definition 4.15. Given a boundary I' | ¥ . ¢ bdy and a fresh dimension k ¢ W,
as well as a set of indices Ope C {(k=0)} U {(i=e) | i € V,e € {o0,1}}, the constraint
satisfaction problem CoMPCSP (¢, Ope) is given as follows:

o Var:={X_q if (k=0) ¢ Ope} U{X;_.) | i € ¥,e € {o,1}, (i=¢) ¢ Ope}

e with domains

D { {t s.t. T | ¥[i=e][k=1] k. t(k = 1) = ¢[i=e] tm} if (i=e) € ¢
(i=e) - {t st. T | Uli=e] bk, t tm} else

e and constraints
T | \I/[l:e] [jZB/] l_c X(ize) <] — €,> = X(j7e/)<ll = €> tm
for Ut 4,7 dim, e, e’ € {0,1}.

The variables of the CSP correspond to the sides adjacent to the goal boundary
and the back side of the open cube that we are trying to construct. The domains of
the variables are restricted to contain only terms which match the goal boundary—for
the back side (k=0) we will not be able to restrict the search space as any term with
the correct dimensions could be put on the back side of the cube. The constraints
capture that adjacent sides need to have matching boundaries.

If we have (i=e) € Ope implies that (i=e) ¢ ¢, i.e., any side left open is unspeci-
fied in the goal boundary, a solution to COMPCSP (¢, Ope) gives rise to a term

T |0 by fill®7 [kliz=e s ¢, for X;_,) € Var]] t_g) : [4],
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which means we have obtained a solution to KANCUBICALCELL(I", ¥, ¢). Note that
it does not matter whether we search for an open cube that we can compose in the
0—1, or the opposite direction—the two cubes are dual to each other.

Otherwise, the open cube constructed from a solution to the CSP has some sides
unspecified which would need to be filled to give rise to a Kan filling term with the
required boundary ¢. In this case, we have to do more work to solve the boundary
problem. We assume that each such (i=e) € Ope N ¢ cannot be filled by a contortion
term (otherwise it will not be left open in the final Algorithm 4.1). It can hence
only be solved only with a Kan filling term, which has either the dimension of the
goal boundary, which we consider in the next Section 4.3.2, or one dimension higher,
which means that we have to construct another open cube. This can be done with

another appropriate call to CoMPCSP as we will see in Section 4.3.3.

Example 4.16. Given a context with a single path:
Pemayy: Ollp: (im0 | =1 y]

We want to construct a square witnessing that travelling along the inverse of p and
then p is contractible. Recall that in a contortion theory without reversals, the inverse

of p can be constructed as follows:

Ty | j fill®7h [i[=0 = p | j=1 = x(s;) ]] @(s;) : [j=0 > y | j=1 > 2]

1

Let’s call the above Kan filling term p~" in the following. We now want to solve

the following boundary problem:
U |i,jhy [j=0—y(s;) | j=1=p|i=op ' |i=1 y(s;)] bdy

Since CoMPCSP attempts to insert only contortion terms, we cannot hope to
construct a fully defined open cube yet—on side (i=0), our boundary has a Kan
filling term, and no contortion term has a Kan filling term on its boundary. Calling
CoMPCSP with Ope = {(i=0), (j=1)} yields several solutions, one of which we have
depicted below:
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i :
pti e x(s;;)  |plsjoir K| ylsy)
i pls; ot k|
l j)_»
y(s;) k ’

The back side of the open cube is a constant x square. On the (j=o0) and (i=1)

sides, we travel with a degenerate p square outwards in direction k. JAN

4.3.2 Fitting Kan filling terms into sides of an open cube

In this section we assume that we have an open cube stemming from a solution to
CoMPCSP defined in Definition 4.15 which has sides missing for which we still have
to find a term. We want to see if we can find solutions for these sides using a lower-
dimensional Kan filling term. Such filling terms can come about either because (a)
the goal boundary has a Kan term on one side and we use the corresponding higher-
dimensional filler, or (b) because two adjacent sides of the cube have the same filler
in the directions pointing at each other. We will compute all combinations in which
fillers can be used in a cube in the next Section 4.3.3; for now, we will assume that
we are given which sides of the cube we should fill in which directions.

The boundary v in this CSP is usually not the boundary of a boundary problem,
but rather a cube that has been partially constructed and that has some sides still
missing.

In the following, we write [¢[i=e]] for the boundary of the (i=e)-th side of v, if
(i=e) € 1, then [[i=e]] is simply the boundary of ¢[i=e]. Otherwise, we look at

adjacent sides of (i=e) which are specified in ¢ to derive what [¢[i=e]] is.
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Definition 4.17. Given a boundary I' | ¥ b, ¢ bdy and a pair (F'il, F'il_,) where
o Fil C{(i=e)|iec ¥, e € {o,1},(i=e) ¢ 1)} and
o Fil_ :((i=e) € Fil) — {(r=¢") | r € V[i=e|, e’ € {o,1}, (r=¢") & [¢[i=e]]}.

Fil gives the sides of the cube 1 that we want to fill with a Kan filling term, and
Fil_, their directions.

The constraint satisfaction problem FILLCSP (v, Fiil, F'il_,) is given as follows:

(i=e) € Fil,j € V]i=e],e’ € {o,1},

» Var=AXie.i-en | (j=e) ¢ ((dli=e]], Fil(i=¢)) |

e with domains

D(i:e),( ; i:e]] }

j=e’)
e and constraints

L T | Wli=e][j=¢€][k=e"] e X(i_e) (joer) (b > €7) = X(je) (pmer) (> €/) tm
for X;—e)(jeer)s X(ize),(keer) € Var, j# k

2. I [ Wli=e][j=€¢'] Fe X(ie) (hmer) = X(j,e),(hmer) tM
for (i=e), (j=e’) € Fil such that Fil_ (i=e) = (j=¢’) and Fil_ (j=e’) =
(i=e), and X(;_) (k=er)r X(j.e),(keer) € Var.
If we have (k=e”) € w[i=e], the constraint applies for [¢[i=e]]|[k > €]
instead of the variable X;_) (;—c). The same is done for (j=e’).

The variables of the CSP represent all the sides of the sides of the cube that we
want to construct Kan filling terms for. The domains are restricted according to the
sides already present in ¥. We impose two kinds of constraints. With 1., we ensure
that all sides of the Kan filling term for side (i=e) have matching boundaries. With
2., we ensure that adjacent Kan filling terms have matching boundaries. We do this
by comparing all relevant sides with each other.

In the following, we will need to assume a term which has the goal boundary ¢
and fit it into the cube 9 to make sure that the newly constructed sides match with

the goal boundary. For this, we write T'? for a putative term with boundary ¢.

Example 4.18. Given again I' = z,y : ()[],p : ({)[i=0 — z | i=1 > y], we want
to mimic the A connection using only cartesian contortions. This means want to

construct a square witnessing that travelling along the constant x path and then p
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on both ways from the bottom left to the top right edge is contractible, i.e., we face

the following boundary problem ¢:
Ui, gy [j=0 x(s,) | j=1p | i:0|—>x<sj> | i=1 > p(i > j)] bdy

Calling CoMmPCSP introduced in Section 4.3.1 with Ope = {(i=1), (j=1)} yields
one solution with the constant x square for all three sides we wanted to fill with a

contortion. To fill the remaining sides, we call FILLCSP for the boundary
[j=0 = x(s; 1) | i=0 > x(s; 1) | k=0 > x(s, ;) | k=11 T?]

to obtain terms for the remaining sides. This means we set F'il = Ope, the only
possible filling directions are F'il_, (j=1) = (i=o0) and Flil_,(i=1) = (j=o).

This means we are trying to find Kan filling terms for sides (j=1) and (i=1) which
are pointing towards each other. The resulting FILLCSP has 0 variables since all 1-
dimensional paths in the cube are already specified, with the exception of the common
boundary of (j=1) and (i=1). We still have to check some constraints, however: for

2., we need to check, e.g.:

[pli=1]][k = 1] = [@[j=1] ][k = 1]

Since all corresponding sides of the squares do indeed match, we can insert Kan
filling terms for the missing sides, leading to the following open cube after removing

the temporarily assumed term 79

p )
Al (a(s;) alsi) op)
il (
sloy) | el | oaly) | TR
p{i = j))
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Taking the Kan composition over k in direction 0 — 1 will therefore yield a term
with the same boundary as p(i i A j) in the Dedekind contortion theory. In the

following, we will refer to this composition as And;’j for a variable p. VAN

Example 4.19. Continuing Example 4.16, we try to construct a term for the outer
boundary of the cube below. Using CoMPCSP, we had already filled three sides of
the cube with contortions. Moreover, we can use the term And];’Z from Example 4.18

to fill the (j=1) side:

p
3 And,!
pt o« w(s; ;) |plsjeir k]| yis;)
| pls; o > k]
: j%
y<Sz> k"

We can fill side (¢=o0) in direction 0—k since we have a Kan filling term on the
(k=1)-side of this square. The constraints in FILLCSP verify that the 1-dimensional
sides of the square at (i=0) agree with the goal boundary at (i=o0), which means we

can indeed use the Kan filling term
a = fill>* [i.[i=o0 = pli b 4] | i=1 > a(s;) ] @(s,)

to complete our missing side. The Kan filling term of the open 3-cube in direction

0—1 yields a term with for the goal boundary, call this term Com pInv b, JAN

Example 4.20. Given a context

z,y,2: (),
I:= {p (D)[i=0t> x| i=1 1 y],
q: (@)

i=o vy |i=1 2]
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we want to construct a square witnessing that travelling along p and ¢ in both ways

from the bottom left to the top right edge is contractible, i.e., a term with boundary
¢ given by:

i, jby [j=0op|j=1 q|i=0 p(i j) | i=1 q{i > j)] bdy

Calling the CoMPCSP solver of the previous section with all sides but the back
side open, i.e., Ope = {(i=0), (i=1), (j=0), (j=1)}, will yield as one solution X ;_q) =
y(s; ;). In order to fill the four sides of the open cube, we call FILLCSP for the cube
[k=0 = y(s;;) | k=1 + T?]. We set Fil = Ope and filling directions Fil_, as

follows:

(j=0) = (i=1), (j=1) F+ (i=0), (i=0) > (j=1), (i=1) -+ (j=0)

This means that FILLCSP has four variables: X(j:O),(i:1)> X(i:l),(jzo)a X(j:l),(i:O)
and X(;_g) (j=1)- The domains for these variables are restricted to agree with the back
square y(s;. j> and the front square corresponding to the goal boundary T7'¢, which
means that all domains only contain a constant 1-dimensional y-path. The first set
of constraints is vacuously satisfied since any side of the cube has only a single path
that needs to be constructed. The second set of constraints ensures that X ¢ ;1)
agrees with X(;_q j_g), and X(;_q) ;) With X(;_q j_1). Since this is the case, we

can return the only result available in our domains.

q
A (yls) i) wa)
fill* =7 fill® =7 (
| sy - yls;) - "
P d) | . y(si s ssy . | WD)
pli > 5)) afi - 7))
I (y(sy) ysg) +p)
13
p k'

96



We can therefore take the Kan filler of the above cube in the k£ direction from o
to 1 to solve the boundary problem ¢. In the following we will refer to this term as
Sqump;’fq for any such p and gq.

Note that the discussed boundary problem is trivial in a globular setting, where
the corresponding statement amounts to reflexivity of the composition of p and gq.
Since our type theory is inspired by cubical sets, a relatively weak model of spaces,
we have to do more work to fill this boundary—but this work can be carried out

automatically by our solver. AN

4.3.3 An algorithm for finding Kan terms

With the defined constraint satisfaction problems we can specify a semi-decision pro-
cedure for the general boundary problem. The base cases, where a contortion term
or a Kan filling term with the same dimension as the original boundary problem con-
stitutes a solution, can be decided trivially since there are only finitely many such
contortions and Kan filling terms. The difficult part of KANCUBICALCELL is to
check whether there is a Kan term of a higher-dimensional open cube which gives a
term with the required boundary. We focus on this problem with our algorithm; a
practical algorithm such as the one presented in Chapter 5 will naturally first check
the base cases before invoking the more complicated proof search.

The basic working principle of our Kan composition solver is as follows:

o First, construct an open cube which has as many sides filled with contortion

terms as possible;
o then try to use as many lower-dimensional Kan filling terms for the other sides;
o finally call the solver recursively on the remaining sides.

We use iterative deepening on the level of Kan filling terms as well as backtracking
to make sure that our procedure at some point tries to use a Kan filling term even if a
side could have been filled with a contortion. This way our procedure can be seen to
be a complete search procedure for the semi-decidable problem KANCUBICALCELL.

We have to call the CSPs with appropriate parameters Ope and (Fil, Fil ).
Since there is no ad-hoc way to see which sides need to be left open or which can be
filled with lower-dimensional Kan terms, we have to try out all possibilities for these

parameters.
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For the open sides passed as a parameter to COMPCSP, we define
OPEN(V) := P({(i=¢) | i € U,e € {0,1}} U{(k=0)})

In our solver discussed in Section 5.2, we start with Ope being the empty set to
search for a single Kan filling term, and then increase the number of open side. We
also need to make sure that all open sides are listed in all possible permutations—the
order in which we try to fill the open sides matters, since unspecified sides might be
filled with Kan filling terms which impact the boundary of other open sides.

Lower-dimensional Kan terms can be inserted into a side (i=e) of a cube 1) either
if 1[i=e] has a Kan filling term on its side, or if ¢ has two adjacent sides open
and the Kan filling terms point at each other. We refer the interested reader to the
exact computation of all such possibilities in the cube solver discussed in Section 5.2;
in the following algorithm we assume that FILLERS(t)) generates all possible pairs
(Fil, Fil_,) that might give rise Kan filling terms fitted into .

Equipped with these helper functions we can define our algorithm for finding

higher-dimensional Kan filling terms.

Algorithm 4.1 Finding Kan compositions
Input: T'| U+, ¢ bdy

Output: T'| Uk, fil®"" [k.4)] u: [¢] where k ¢ W, if such a term exists
1: procedure KANSOLVER(I', ¥, ¢)
2 forde1,...do
3 t <+ BOUNDKANSOLVER(T', ¥, ¢, d)
4 if ¢t # Unsolved then
5: return ¢
6: procedure BOUNDKANSOLVER(L, ¥, ¢, d)
7 if d =0 then
8 return Unsolved
9 else
10: for Ope < OPEN(V) do
11: for ¢ < CoMPCSP (¢, Ope) do
12: for (Fil, Fil ,) + FILLERS(¢), k=1~ T?) do
13: Y := ¢ UFILLCSP((¢, k=1 T?), Fil, Fil_,)
14: for (i=e) € Ope — Fil do
15: t < BOUNDKANSOLVER([¢]i=e]],d — 1)
16: Y= [ i=e > t]
17: return T' | U fill®”" [k — (k=0)] ¢[k=0] : [¢]
18: return Unsolved
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The algorithm works by iteratively deepening the maximal depth of the Kan
composition on line 2. This means we proceed with a sort of breadth-first search
to prevent extending out one side of the cube indefinitely. We write <— for non-
deterministically choosing an element from a set of elements, such as on line 3 (in the
implementation discussed in Chapter 5, this non-determinism is realised with the list
monad).

The main procedure starts on line 6. If the maximal depth d is reached, the
construction will fail and return Unsolved to the main procedure on line 6. Otherwise,
we call the CoMPCSP solver with any possible combination of open sides as computed
with the OPEN on line 10.

After having computed a candidate open cube with COMPSOLVER called on
line 11, we first try to insert as many lower-dimensional Kan filling terms as possible
by trying out all possibilities offered by FILLERS with the loop on line 12. Afterwards,
we call the solver recursively on line 15 on the remaining sides.

Since any side of a cube is allowed to be the result of a Kan composition or filler
at some point (even if it could be filled with a contortion term), we will eventually
find any nested Kan composition. This means that KANSOLVER is semi-complete,
i.e., if a boundary problem is solvable, the algorithm will eventually find a solution.

We demonstrate the workings of the algorithm by showing how it derives a proof

of associativity of path composition.

Example 4.21. Given a context

x7y7z : ()[]7

(D)[i=0 > w|i=1 x],
(D)[i=0t> x| i=1 1 y],
c(i)[i=o> y |i=1 5 2]

Y

I':=

TReT g

we want to show that path composition from Definition 4.10 is associative. This

amounts to solving the following boundary problem:
Lli,jhc[j=0 (paq) 1 |j=1t=>p-(q-7)|i=0 > w(s;) | i=1 > 2(s;)] bdy

The solver finds that almost no sides of the open cube corresponding to this
boundary can be filled with a contortion: the bottom and top sides have a Kan
composition on one side and are hence best filled using the corresponding fillers. This
means that the back and right side of the cube will also have a path composition on
their boundary. Hence only the left side can be filled with a contortion, namely the
square which is constant w. Therefore the solver has constructed the following cube

after invoking CoMPCSP and FiLLCSP once:
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Figure 4.12: Proving associativity of path composition

The solver is called recursively on the sides (i=1) and (k=o0); we will construct
these as a and [ in the following.

The square a has an open side at =1 as we do not know what the common
boundary of o and 8 should be. The solver hence constructs a constraint satisfaction
problem with the right-hand side free. Since the goal boundary of this right side
is [j=0  z | j=1  y], it cannot possibly be solved with a contortion. Calling
CoMPCSP with open sides j=o and i=1 will find that three sides of the cube can
be filled with contortion terms. Since the goal boundary on side i=1 is unspecified,
FiLLCSP can fill this side as a lower-dimensional Kan term; the remaining side j=o
is naturally filled by the square filler for path composition. In summary, the solver
produces the Kan filling term of the open cube depicted in Figure 4.13a to solve a.

For the left-hand side § it remains to construct a square with the boundary shown
in Figure 4.13b. Not all sides of this open cube can be filled with contortions or
lower-dimensional Kan filling terms; the depth of the proof search has to be set to 3
to find that the bottom square can be filled with SqumpI;:i, which we constructed
in Example 4.20.
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Figure 4.13: Kan compositions for filling back and left side of associativity proof

In order to prove associativity of path composition, the solver has hence con-
structed four open cubes, glued together appropriately. We can summarise the con-
struction in Figure 4.14 as follows. The front left cube with ¢ on the front corresponds
to the original boundary problem we wanted to solve. The cube in the back gives
rise to the term «, and the cube on the right to S. When constructing 3, the solver
had to find another Kan filler, namely the term for SqComp, which is depicted on the

bottom.

~ SqComp

Figure 4.14: The space constructed to prove associativity of path composition

A
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Chapter 5

Dedekind cubes & a practical cube
solver

With Algorithm 4.1 from Section 4.3.3 we have available a method to solve the bound-
ary problem for Kan terms over an arbitrary contortion theory. In all examples dis-
cussed in Section 4.3, we have only used contortions present in the minimal, cartesian
contortion theory such that all constructed terms are available in all contortion theo-
ries introduced in Figure 4.8. Using a richer contortion theory has the advantage that
we can solve more boundary problems in the contortion theory already, which means
that need to construct fewer intricate Kan filling terms. However, the number of con-
tortions grows more quickly in a richer contortion theory, which makes it infeasible
to simply list the domains for higher-dimensional boundary problems—for instance,
the number of Dedekind contortions [3], which are formed using connections A and
V, are the Dedekind numbers, which grow super-exponentially.

In this chapter, we study a solution to this dilemma using an equivalent charac-
terisation of Dedekind contortions as certain poset maps, which allow for a concise
representation of a collection of Dedekind contortions. This allows us to use our algo-
rithm for this expressive contortion theory also in higher dimensions. In Section 5.1,
we will introduce the equivalence between Dedekind contortions and poset maps; de-
fine potential poset maps as a memory efficient but lossy representation of Dedekind
contortions; and present an algorithm to search for Dedekind contortions. We then
discuss how the alternative characterisation of Dedekind contortions plays out when
using Algorithm 4.1.

Afterwards, we introduce a practical solver, written in Haskell, which implements
the results from this and the previous Chapter 4. The implementation of the solver

and documentation can be found online!'. In Section 5.2, we discuss how the syntax

https://zenodo.org/doi/10.5281/zenodo. 10966924

102


https://zenodo.org/doi/10.5281/zenodo.10966924

from Section 4.1 gives rise to proof terms in Cubical Agda—since all contortion theo-
ries we study are subsets of the De Morgan contortion theory, they can all be used to
resolve proof goals in Cubical Agda. We highlight the power of our Haskell solver by
proving automatically the Eckmann-Hilton argument, a classical result from higher
category theory. We derive the argument in a cubical fashion which is due to Tom
Jack and Axel Ljungstrom. This constitutes, to the knowledge of the author, the first
automatic proof of the argument.

Afterwards, we compare how well different contortion theories work in our solver.
We test the De Morgan contortions [16] which form the basis of Cubical Agda; the
Dedekind contortions [3] with and without the refinements developed in this chapter;
the disjunctive contortions [15]; the conjunctive contortions (which only have the
connection A); and the cartesian contortions [2] which are used in the theorem prover
redtt?. Since cubical type theory is a research field which is in flux and it is unclear
which formulation of it is the best, we hope to provide another angle from which we

can compare the different proposals.

5.1 An alternative characterisation of Dedekind con-
tortions

Recall that in the Dedekind contortion theory, we have available both connections A

and V (as well as all substitutions). Given the following context
z: O,

I':= U ()[ ]7

p:(i)[i=0z |i=1+>y],

we can contort p into a square using the A and V connections and i- and j-degeneracies

to obtain the following squares:

pli = j) y(s;) y(s;)
E|inNj |aal ivj |® =~ S =y
S >

2(s,) Pl J) o(s,)

’https://redprl.org/#redtt
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Including the two contortion terms p(s; o s; o i+ 0) and p(s; os; o i+ 1) (which
reduce to normal forms z(s; o s;) and y(s, o s,), respectively), this gives us six ways
in which we can turn a 1-dimensional path into a square. In general, there are D(n)™
many contortions from the n-cube to the m-cube. D(n) grows extremely quickly,
for instance, there are D(6) = 7,828,354 many ways to turn a l-cube into a 6-
dimensional cube. Only recently, D(9) could be computed [38, 45]. Naively trying
out all Dedekind contortions is hence infeasible for boundary problems in higher di-
mensions. To represent and find Dedekind contortions, we will utilise an alternative
characterisation of Dedekind contortions as truth-tables of monotone Boolean formu-
las. These can be defined as certain poset maps as we will see in Section 5.1.1. This
perspective gives geometric intuition for Dedekind contortions and allows us to con-
struct them gradually. This way, we can represent and navigate the search space of
DEDEKIND more efficiently with the algorithm presented in Section 5.1.2. Moreover,
the poset map perspective makes the solver for KANCUBICALCELL from Chapter 3
more memory efficient since the domains for the constraint satisfaction problems can

be captured concisely. We will demonstrate this with an example in Section 5.1.3.

Remark 5.1. We are not aware of a characterisation of the De Morgan contortions
which would allow for a similar treatment of this even more expressive theory. A
different contortion theory that one could consider would be a Boolean contortion
theory in which the connections A and V and the reversal — obey the laws of a Boolean
algebra. This contortion theory has an alternative characterisation in terms of truth-
tables which allows to compactly represent a collection of Boolean contortions. There
is no cubical type theory based on the Boolean cube category however, which is why

we do not study this contortion theory in this dissertation.

5.1.1 Dedekind contortions as poset maps

Dedekind contortions are precisely terms in the free distributive lattice over n gen-
erators, which means that a Dedekind contortion : ¥ <» ¢ can be regarded as a
propositional formula with only positive literals over the set of variables W. This
entails that we have a characterisation of ¢ as the truth-table of 1 read as a propo-
sitional formula. Since v only contains positive literals, its truth-table satisfies a
monotonicity property: we cannot make ¢ false by setting variables to true. By im-
posing the product order on the possible assignments to each variable, we can regard

the truth-table as a monotonic map between posets.
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Let us return to our context I' from above. Treating the contortion 7 A j as a
propositional formula, its truth-table has four rows, where each row assigns either o

or 1 to ¢ and j and evaluates 7 A j correspondingly:

iNg

= O R o
= R O Ow.
- o o o|>

The assignments to ¢ and j can be partially ordered using the product order on
I := {o < 1} with itself, and we can view evaluation of the formula as a map to
the poset I. The truth-table hence induces a map from the four-element poset I x I
to the two-element poset I, which is monotonic since we have only positive literals
in any Dedekind contortion read as a propositional formula. We have depicted the
corresponding Hasse diagrams, as well as the action of the map corresponding to i A j

below:

00 - _

SN AT

01v"" 10" ‘p
NS Ly
11 F-"77

By filling in the definition of p into the target poset, we can retrace how the
boundary of the A-square comes about: going from oo to 01 corresponds to the i=o
side of p(i A j), which remains at x, i.e., is the degenerate x path. When passing
from o1 to 11, our assignment switches from x to y along p. Therefore the boundary
of p(i A j) at its j=1 side is p. The poset map perspective hence provides geometric
intuition for the boundary of the square p(i — i A j).

The poset map perspective on Dedekind contortions—and its geometric intuition—
generalises to contortions of higher-dimensional terms: given a Dedekind contortion
: U 2 U we can regard ¢ as | ¥ | propositional formulas over variables U’ which
in turn can be understood as a poset map between the | U’ |- and the | ¥ |-fold

product of I. For example, given the cell context

" ::{ 0L}

(i, ) i=0 > als;) | i=1 > als;) | j=0 > als;) | j=1 — als,)]
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we can turn s into a cube with the following contortion:

i=o> s(i k,j— k)
=155 a{s,)(50)
ijHs(szvijk)
j=1ts{i>iVkjiVk)
k=0t s(it>i,j > i Aj)
E=1> als,)s,) _

Recall that the i=1-th face of this contortion term is s(i - 1,7+ j V k), which

T, i, j, kb, s(irsiVkjs (iAj)VE) tm

reduces to a(s;)(j = jV k) = a(s;)(s;) (similar for the k = 1 face). In order to make
sense of the boundary of this contortion term, we can inspect the truth-tables of i V k
and (i A j) V k:

~lolm|lo|~m|lo|~=|o|l

~

o
—~

~.

>
<

)V k

mlm|m|m|lo|lo|lo|o
Rlm|o|lolr|r|lo|o|lw.
Rl == == o]l<

=== |ol=|lOo|=|O

If 7 is 1, the elements are sent to either 10 or 11, which means that only the i=1
face of s is relevant for this side of the cube, which is a degenerate a square. The
relevant parts of the poset maps inducing the i=1 face of the above contortion are

hence those from (1 — —) to (1—), and from (1—) to () as depicted below:

000
/ \ o
100 . __ 010 001 //,—\"--\\ .
ol \¢ =
X \/W >10\s/01 - ()a
110 . __ 101 F"'01_1 _____ T n %—/"/

111

All four elements of i=1 are sent to a, which means that this side of the cube is
a constant a square.
We now make precise the correspondence between Dedekind contortions and poset

maps. The equivalence can be viewed as an instance of Stone duality [46] and a more
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abstract version it has been proved by Wraith [83]. To the author’s knowledge, this
is the first concrete proof in the literature of the statement.

We show that the category [J,, as introduced in Section 4.1.1 is equivalent to
the category Uy, which is a full subcategory of the category of posets and monotonic

maps as follows:
Definition 5.2. The category U; is defined with:

« Objects are I" for n > 0, where I := {0 < 1}.
We denote elements of I with (e, ...e,,) where e, € {0,1} for 1 <i <mn.

For an element x = (e; ...€,,) write z; := e,.

e Morphisms I'"* — I" are maps monotonic with respect to <.
Given some context W := j;,...,7,,, we can treat an element x = (e, ...e,,) € I'"
as an assignment of each j, to e;. Given some Dedekind contortion interval term

U, r dim (i.e., an element of the free distributive lattice over W), we can evaluate

r at x to either o or 1. We will denote this evaluation as [r].,.
Proposition 5.3. U, and [; are equivalent.

Proof. The functor F': 0,,, — Oy sends ¥ to I'¥I and
’Qb = (Zl =7, ,Z‘\I,‘ = T|\I/‘> U — 0

to o : IVl — IM%| defined by o(x); = [r;],, for all z € T,
The functor G : O; — 0O, sends I" to {1,...,n} and o : I — I" to the

contortion (iy > 7y, ..., 14, > 7, ) where
ri:\/ /\ {j|37j:1}-
{z|o(z);=1}

Note that F'G is just the identity functor; to see that we have a natural isomor-
phism to GF observe that ¥ is isomorphic to {1,...,| ¥ |}. N

Using this equivalence allows us to switch between characterisations of Dedekind
contortions as poset maps and as tuples of formulas in the free distributive lattice. We
will in the following denote 9y for the poset map induced by the Dedekind contortion
Y, and o, for the Dedekind contortion prescribed by the poset map o.
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5.1.2 Finding Dedekind contortions with potential poset maps

In this section we use the poset map perspective to develop an algorithm solving
DEDEKIND more efficiently. We will try to contort a given cell p into a boundary
¢ by gradually restricting a poset map according to the faces of ¢. In many cases,
our algorithm will find a solution quickly: if p appears as a contorted term in one
of the faces of ¢, we can reduce the search space significantly before performing any
expensive operations. In the worst case, our algorithm has a runtime of the order
of the previous Dedekind number, already offering an improvement over brute-force
search.

At the heart of our algorithm is a memory-efficient representation of a collection of
poset maps, called a potential poset map, which allows for representing many poset
maps at once. A potential poset map keeps track of all the values that elements
of the domain of the poset map could take while making sure that there are no
superfluous values that cannot be part of any poset map as they would otherwise

violate monotonicity.

Definition 5.4. A potential poset map (ppm) is a map ¥ : I — P(I") such that
Ve <y

e Yued(y):vweX(r):v<u.
e Ve X(x):JueX(y):v<u.

The two conditions ensure that any possible value in a ppm gives rise to at least
one poset map. Suppose that we send x to some v € X(x). Then we can choose for
any element z < x an element u € ¥(z) satisfying monotonicity with u < v; and we
can choose for any y > x an element w € X(y) satisfying monotonicity with v < w.
Iterating this consideration entails that a ppm X gives rise to at least one ppm iff
Y(z) # 0 for all .

Potential poset maps are useful since they capture a collection of poset maps with
little data: representing all D' poset maps I"* — I" with the total ppm z — I" for
x € I requires 2™ entries of 2" values—the memory requirements are independent

of the Dedekind numbers and grow only exponentially with the dimensions.
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Algorithm 5.1 Update potential poset map
Input: ¥ : 1™ — P(I") ppm, z € I, vs C 3(z)
Output: Updated ppm X" : I"" — I" with X(z) = vs.
procedure UPDATEPPM (X, z, vs))
for y € I'" do
if z =y then
X (y) = vs
else if y <z then
Y (y) ={u|ue X(y) such that Jv € vs : u < v}
else if x < y then
¥ (y) :=={u]|u € X(y) such that Jv € vs : v < u}

return Y’

When updating a ppm we have to make sure that superfluous elements are elimi-
nated and the properties of a ppm are maintained, for which we can use Algorithm 5.1.
The algorithm takes a ppm and a restriction of values vs at an element x and yields
an updated ppm. It works by looping through all elements in the domain of the ppm
and restricting their values to contain only elements which satisfy monotonicity with
respect to at least one element of vs. The algorithm has a worst-case runtime of
o(2m2m).

We can unfold a ppm ¥ into the set of poset maps that it represents with a proce-
dure UNFOLDPPM (). The procedure can be implemented by non-deterministically
choosing any possible value v for an element z and propagating this choice through
the ppm with UPDATEPPM(X, z, {v}). Since for a ppm X : I — I" we have O(D}},)
many poset maps, the runtime of UNFOLDPPM (X)) is determined by the Dedekind

numbers.

Example 5.5. Given again context I' = z,y : ()[],p : (i)[i=0 = = | i=1 + y]| and
consider the potential poset map o — {o}, 10 — {o,1}, 01 — {o0,1} and 11 — {1}.
The ppm can be unfolded into four poset maps as we can choose the values for o1
and 10 independently. The resulting squares correspond to the four possible ways in
which p can be stretched into a square. To understand the action of the ppm on p, we

can illustrate it by filling in the definition of p into the image of the ppm as follows.

00 - _

N
U T p
\11{:::iff§y
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All contortions represented by the ppm have in common that the bottom left corner
is « and the top right corner is ¢, which we can read off from the potential poset map

as it has unique values for oo and 11. VAN

We now give an algorithm to construct a contortion for a given boundary using
the notion of a potential poset map. The algorithm starts with a total ppm % and
goes through the faces of the goal boundary to restrict X until it only contains valid
contortions. It follows the heuristic that faces of the boundary which stem from
contorting higher-dimensional cells restrict the search space the most.

In the following, we are given a context I' containing a variable p and try to
contort p into some boundary ¢ over ¥. We will write I, := {z € I" | z; = e},

which is a subposet of I".

Algorithm 5.2 Constructing a Dedekind contortion
Input: T' | Uk, ¢ bdy with p: (U')[¢'] €T
Output: ¢: ¥ v U st. T' | U k. p(¢p) : [¢] if such a 9 exists, Unsolvable
otherwise
1: procedure DEDEKINDCONTORTION(¢)
2 m:=| W |
3 n:=| v |
4 Y={zI"|2z eI}
5: for q(i: Uli=e] v V') := ¢li=e] with ¢ € ¥ and | ¥’ | descending do
6
7
8
9

if p = g then
0= {a > {uy(0)} |z € 1,}
else
: O={z—0|zecl”.}
10: for 0 € UNFOLDPPM(X|m ) do
11: if ¢pli=e] = p(s,,) then
12: for x € I'"_ do
13: O(z) :=0(x)U{o(x)}
14: for x € I"_ do
15: UpPDATEPPM (X, z,0(z))
16: if 30 € UNFOLDPPM (X)) such that T' | U F, p(o,,) : [¢] then
17: return o,
18: else
19: return Unsolvable

Consider Algorithm 5.2. We first generate the total ppm X on line 4. We then go
through each face ¢(v) of the goal boundary ¢ and use it to restrict 3. Crucially, we

order the boundary faces by the dimension of the contorted variable.
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Given a face q(1b) of ¢, we proceed as follows: if the face is a contortion of cell p,
we give unique values for all elements of the subposet using v on line 7. Otherwise, we
generate all possible faces that could be generated from X at the subposet and only
keep values that contributed to some valid face. We finally propagate our findings
through the whole poset map ¥ on line 15.

After restricting 3 according to all faces of ¢, we generate a valid solution and
return it on line 16. This check ensures that Algorithm 5.2 is correct since it only
returns a valid contortion. Note that we have to do this step as there might be
multiple solutions to the problem, and since a ppm captures all solutions at once, we
have to pick a single solution.

Moreover, Algorithm 5.2 is complete: suppose that p can be contorted with v to
solve the goal boundary, and consider the corresponding poset map vy : I — I".
For any = € I'", the algorithm will keep ¢;(x) in X, by the operations either on line 7
or line 13.

The most expensive step in Algorithm 5.2 is unfolding all poset maps of the
subposet on line 10. In the worst case, we have D}’ |, many poset maps that we need
to check, and as we are doing this for all 2m faces of ¢, we have a factor of 2mD] | in
the runtime of this algorithm. This constitutes an improvement over naively checking
all D7 poset maps as the Dedekind numbers grow quicker than the runtime of any
other operation in our algorithm.

In many practical cases, the cell to be contorted appears in the boundary, which
means the search space significantly reduces before any ppm is unfolded, as demon-
strated in Example 5.6. This means that we can compute many contortions that

would have been impossible to find by brute-force.

Example 5.6. Given again context

" ::{ L)

(i, ))[i=0 = als)) [ i=1 = afs;) | j=o > als;) | j=1 1 afs;) ]

we want to find a contortion : i, j, k -» i, j such that s(¢) has the following bound-

ary:

A
)
Ui, g, k. s(®) tm: j:io = afs; <Sk§
)
)
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Note that constructing such a contortion is a difficult instance of DEDEKIND:
since we only have a single 0-cell in the context, we cannot restrict the search space
by tracing where the points of the cube need to go. Instead, we have to look at the
maximal faces to restrict the search space.

We run Algorithm 5.2 on this problem. On line 4, the total ppm ¥ : I?¥ — P(I?)
is initialized with x — I? for all x € I3>. We then go through all faces of the goal
boundary and use them to restrict ¥. The face of the boundary with the largest
original dimension is a contortion of s. Since s is also the cell that we are contorting,
the subposet I3_, of the domain of ¥ is mapped in a unique way to the elements of
I?. The monotonicity restrictions on ppms further restrict ¥: since o11 is mapped
to the bottom element 11, also 111 will need to be mapped to 11. The elements 101
and 110 lie below elements which are mapped to 01, which means there are only two
possible values {o1,11} for each of these elements. Only the element 100 has the full
poset I? as potential values. In summary, updating the ppm on line 15 after the first
restriction of ¥ leads to the following potential poset map, were elements which have

no outgoing arrows have a unique value:

In the next iteration of restricting >, we only have degenerate a faces left. For
instance, using the k=1-th face we restrict ¥ as follows: the only choice left for I3_; is
whether element 101 is sent to o1 or to 11. Sending 101 to 11 would yield a contortion
of s which does not normalise to a(s;)(s;); we therefore discard this choice and assign
to 101 the singleton value o1.

Even though unfolding a ppm is slow in general, calls to UNFOLDPPM are quick
in this case as there are only 10 poset maps in the ppm X remaining after restricting 3
according to the first face of ¢. This contrasts with having to check D2 = 20? = 400
poset maps with a brute-force search.

The increase in speed gets apparent for a larger goal: a 6-dimensional analogue of

the above proof goal can be found by unfolding less than 16,000 poset maps. A brute-
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force search would have to find a solution in a search space with D2 = 7,828, 354% =
61,283,126, 349,316 contortions. VAN

5.1.3 Potential poset maps in the Kan solver

Potential poset maps allow us to capture a collection of Dedekind contortions with lit-
tle data. This is particularly useful for the constraint satisfaction problems introduced
in Section 4.3, since we can represent domains for the CSPs without enumerating all
Dedekind contortions.

To incorporate ppms, we have to change the CSPs from Definitions 4.15 and 4.17
such that their domains are not sets of terms, but sets of pairs (p,>) where p :
(U)[¢']and ¥ : TV — I'Y'l. When imposing a boundary constraint on two variables
X and X, the relevant ppms have to be unfolded and compared. For details, we refer
the interested reader to the implementation of the solver discussed in Section 5.2.1;
we simply demonstrate with an example how potential poset maps play out in the

Kan solver.

Example 5.7. Take the boundary problem from Example 4.20, where we were given
a context
z,y,2: (O],
=< p:(i)[i=0o— x| i=1y],
q:(@)|i=0ory|i=1+ z]

and tried to derive a term with boundary ¢ given by
I'|i,jh [j=0=p|j=1 q|i=0t p(i = j) | i=1+ q(i = j)] bdy.

We now show how this boundary problem is solved by Algorithm 4.1 based on
ppms representing Dedekind contortions. The procedure will first try to construct a
solution for ¢ as a Kan filling term of an open cube consisting only of contortions,
i.e., it looks for a solution of COMPCSP (¢, ). This CSP has 5 variables with the

following initial domains, where we write ¢(X) for the pair (¢, X):

00—0

Dj—0) = Diimo) = {p(50 ")},

111

000

Djo1) = Dii—qy = {aero )}

111

00+() 00+() 00+() 000, 1 000, 1

10() 10H() 10H() 10~0,1 10~0,1
D(kfo) - {x<01H<>>7 y<01H<)>7 Z<01H<)>7p<01Ho,1>7 q<01Ho,1>}'

11() 11() 11() 11~0,1 11~0,1

Note that the domain for the back of cube D ;_qg—which is completely uncon-

strained by the goal boundary—contains only five entries. Each of the entries for

113



p and q represents all six ways in which the respective path can be contorted into
a square (in fact, the two entries for p and ¢ subsume the degenerate x, y and z
contortions, which could be omitted in an optimised implementation).

A backtracking procedure will find the only solution to this CSP: when checking
the constraint X(;_q)(i = 1) = X(;_1)(j = 0), the solver finds that this can only be
satisfied if these sides of the box share the boundary y(s;,), the domain D; o) is hence

00—0
101

restricted to only contain p(i; ). Propagating this change and satisfying all other

111

constraints then leads to the following solution:

q

00+—0
100
q 010

111

00+—0 00+—0 00+—0
10—1 10—1 10—0
P(osie) p(osin) q(oeo)

111 111 111

pli = j)
q(i — j)

00+—0
10»—>1>

P{orro

111

)

P kY

In order to translate this solution back to the algebraic characterisation of Dedekind
contortion, we have to apply the transformation from Proposition 5.3 and replace the
indices by the variable names bound in each respective term. For instance, side
(j=o0) of the above cube is spanned by the interval variables i and k, the contortion

corresponding to the poset map applied to p is s;: (i, k) v (7). VAN

The solver from Algorithm 4.1 can therefore effectively be combined with Dedekind
contortions regarded as poset maps. Representing the domains for the constraint
satisfaction problems using potential poset maps requires little memory, and the con-
straint solver can gradually narrow down the ppms until it arrives at a solution. In
contrast to the solution based on the cartesian contortion theory from Example 4.20,
solutions over the Dedekind contortion theory are often significantly more concise

and require fewer Kan filling terms.
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5.2 A practical cube solver

We now put to test our procedures for solving the general boundary problem. We
present an experimental solver implemented in Haskell in Section 5.2.1 and benchmark
the solver on a set of boundary problems in Section 5.2.2. We focus our analysis on
two aspects. First, we test how the simple heuristic of using contortions where possible
and constructing nested Kan filling terms as separate CSPs works in practice. Second,

we compare how well the solver works for different contortion theories.

5.2.1 An experimental solver

We have implemented Algorithms 4.1 and 5.2 in Haskell to provide a solver for bound-
ary problems in cubical type theory; its source code can be found online?. The im-
plementation is based on the back-tracking constraint solver of Overton [67] and we
use de Bruijn levels for dimension variables.

The user provides a cube context and boundary problem over some contortion
theory. The solver then attempts to find a term with this boundary in the respective
contortion theory and, if that fails, tries to construct a term in the Kan theory. In the
current implementation of the solver, the user has to encode the boundary problem
manually in the language of the solver. The solver can output terms in the syntax
of Cubical Agda; the output then needs to be copied into the relevant place in the
Agda file. In order to use lemmas, the user has to explicitly extend the context with
the terms instantiated appropriately. This allows for also deriving automatically all
homogeneous compositions constructed in Chapter 3.

A proper integration into Cubical Agda is work in progress and we hope to dis-
tribute a tactic via the Cubical library soon. Once the tactic is implemented, the
user can decide whether the terms generated by the solver (which can be lengthy, as
we see below) should be an explicit part of the formalisation, or kept hidden from
the user. Eventually, we also want to combine our solver with automated reasoning
capabilities of Agda, in particular with Agsy [52].

As discussed in Section 3.2, Cubical Agda offers a primitive term for homogeneous
composition, hcomp, which acts very similar to our fill, but is limited to compositions
in direction 0—1. Our Algorithm 4.1 looks precisely for Kan terms in this direction
such that we can simply translate all Kan filling terms into the corresponding hcomp
terms. On the level of contortion terms, the translation is also straightforward since

Cubical Agda’s syntax is less verbose, e.g., weakening is implicit.

3https://zenodo.org/doi/10.5281/zenodo . 10966924
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In order to prove in Cubical Agda that path composition as defined on page 70
is associative, we need to construct a term of type (p« q) =7 = p =« (q - 7). After

abstracting over two interval variables ¢ and 7, the goal has the following boundary:

i=i0kF(p-q)-r)J
i=ilk(p-(g-7))J
j=10Fw
j=illkz

In our syntax, this corresponds to the boundary discussed in Example 4.21:
I'i,jhc im0 (prg)r|i=1>pe(q-7) | j=0 1 wis;) | j=1 > z(s;)] bdy

Note that our syntax is more explicit than Agda’s: we have to explicitly introduce
the degeneracies of w and z. After encoding this boundary in the solver, we can let
it run over any contortion theory. Using the Dedekind contortion theory represented

with potential poset maps, the solver needs about 2 seconds to produce the following:

assoc: (p=q) r=p=(qg-7)
assoc i j = hcomp (A k —
A (G=1i0) = w
; (j=11) = hcomp (A | —
A{ (i =1i0) — hcomp (A m —
l

(hcomp (ANl = A {(i=il) = pj

;(1=10) — w

;(j=11) = hcomp (A m — A { (i =1i0) = q (I A m)
(i=1il) -z
;(1=1i0) = z
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We can also use the solver to derive the Eckmann-Hilton argument, which estab-
lishes that two-dimensional path composition is commutative. In contrast to a purely
algebraic proof, showing this argument in a proof-relevant setting is complicated by
the fact that higher coherences have to be dealt with. Following the presentation
in [77, Theorem 2.1.6 |, we give the Eckmann-Hilton argument for elements of the

second loop space, which can be captured in Cubical Agda as the following type:

Q:YX[AecType] A - X[ A€ Type] A
Q(_,a)=((a=a), refl)

The loop space collects all the loops around a given base point a : A. Since we
always have the refl path around a, we can iterate the loop space by considering
loops around refl in the next iteration. To prove commutativity of path composition
between elements of the second loop space over a given (A, a), we need to show for
p,q: fst (2 (Q A)) that we have a term of type p+ ¢ = ¢+ p.

We first establish a lemma about path composition: any square can be turned
into a square with constant sides in one dimension, and composed paths on the sides
in the other dimension. For our purposes, we are interested in the case where we
have two paths on opposing sides. We can quickly derive the following lemma in the

Dedekind contortion theory using our solver:

Sq—=Comp: (pqg: xz=2xz) —>PathP (A j—qj=qj)pp—>Dp-q=q-p
Sq—Comp p g i j = hcomp (A k — A {
(j=1i0) -z
;(j=11) = hcomp (A I — A {
(i=10) > a (kA
i=il) s al(kAN])
=il)—all

(.
; (K
1)@
}) (hcomp (A m — A {
(¢ =1i0) = p (m A j)
c(e=11) = g (m A j)
(j=10) =z

1)«

~—

This lemma entails that in order to prove commutativity of composition of p and

q, it suffices to provide a filler for a 3-dimensional cube which has p and ¢ on opposing
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sides in two dimensions as follows:

=0 > p
=1 D
J=0>gq
J=124q
k=0 a(s;,s;)

k=1 a(s;,s;) |

F|i7j;k|_k bdy

This boundary problem can be solved using a Kan filling term over the Dedekind

contortion theory; the term looks as follows in Cubical Agda:

EckmannHilton-Cube : PathP (A i — gi=q i) pp
EckmannHilton-Cube 7 j k =
hcomp (Al —= A { (i=1i0) = pj (kA

s (i=1i1) = pj (kNI
(j=10) > qik
c(j=11) = qik
;(k=10) = a
(k=i1) = pjl})(qgik)

This proof term is difficult for a human to derive, but can be found quickly by our
solver—since the term has no nested Kan terms, the solver only has to solve a single
constraint satisfaction problem. Using the two lemmas, we can establish the original

formulation of Eckmann-Hilton:

EckmannHilton : p=q¢g=g¢q-p
EckmannHilton = Sq—Comp p ¢ EckmannHilton-Cube

In conclusion, the solver can often directly find solutions for 1-dimensional bound-
ary problems. For higher-dimensional boundary problems; it is often expedient to de-
compose Kan filling terms in the goal boundary and derive lemmas guiding the solver.
In principle, the solver can also find directly a term for EckmannHilton without requir-
ing the user to come up with the lemma Sq—Comp, but the current implementation

of our solver has not been able to do this within 10 minutes.

5.2.2 Benchmarking the solver

As discussed in Section 5.1, more expressive contortion theories have the trade-off

that they need fewer Kan terms to fill some boundary, but the number of contortions

118



grows quicker, making each constraint solving problem in Algorithm 4.1 more difficult.
It is hence expedient to study how this trade-off pans out in practice.

We have curated a set of 14 exemplary boundary problems formulated over the
cartesian contortion theory. Since all other contortion theories are extensions thereof,
we can use the solver with any contortion theory to solve these problems. We have run
the solver on a standard MacBook with M1 processor with a timeout of 60 seconds,

the number of problems solved and the average time needed for the successful runs

can be found in Table 5.1.

Problem Cartesian | Conj | Disj | Dede | Dede (ppm) | DeMorgan
Meet S5ms 2ms 1ms 4ms 2ms Tms
Join oms 2ms | 29ms | 2ms 2ms oms
SqComp 108ms 9ms 8ms 1ms 1ms 3ms
Right unit Oms 1ms Oms 1ms 1lms 2ms
Left unit 3ms lms | 6ms 1ms 1ms 2ms
Associativity « 1ms 16ms | bms | 29ms 24ms 2ms
Associativity 43ms 22ms 1s 3ms 3ms 9ms
Associativity 17s 545ms X 387ms 338ms 98ms
Associativity’ X 365ms X 18ms 14ms 96ms
Associativty V X X X 44ms 41ms 874ms
Associativity A X 12s X 17s 16s X
Loop associativity X 39s X X X X
EH square X 131ms X X 953ms X
EH direct X X X X X X
# Solved 8 12 7 11 12 10

Table 5.1: Performance of contortion theories

As we would expect, the cartesian contortion theory solved only 8 out of the 14
boundary problems, since the solver has to construct many Kan terms for problems
which can be solved with contortions in other theories.

We have also studied the contortion theory consisting only of the conjunctive
contortion, called Conj in Table 5.1. Interestingly, it could solve 12 out of the 14
problems. However, this is likely due to a bias in the benchmarking suite, as the
disjunctive theory only solved 7 of the problems. Since both theories are dual to each
other, we expect that both theories work equally well on a larger set of examples.

For the Dedekind contortion theory, we benchmarked both the naive implemen-
tation listing all contortions, and an implementation based on potential poset maps.

The solver based on ppms was consistently quicker than the naive Dedekind solver,
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and could consequently solve more problems. Both Dedekind solvers were also supe-
rior to the DeMorgan solver since listing all DeMorgan contortions explicitly takes a
lot of time.

We can therefore conclude that the refinement of the solver based on the poset
map characterisation of Dedekind contortions means an improvement over a solver
simply listing all contortions. In practice, it is worthwhile to also run the solver
with different contortion theories, as contortion theories have biases towards certain
problems. The simpler contortion theories based on a single connection can resolve
fewer boundary problems, but these sometimes very quickly.

More work is necessary to enlarge the benchmarking suite. Once the solver is part
of Cubical Agda, it will likely be applied to more problems, which will suggest how
to improve its workings and heuristics. This will also provide stronger evidence for

which contortion theory can be automated most easily.
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Chapter 6

Conclusions

In the preceding chapters we have seen different ways in which we can perform com-
putations with, and establish properties of, topological spaces in cubical type theory.
Before we reflect on the outcomes of this thesis, it might be worthwhile to recap
how it came about. In the beginning of my DPhil stood the wonderment that while
dependent type theory is a programming language, it is rarely used as such in math-
ematical formalisations. Following Samson’s suggestion, I looked at topological data
analyis since it is a mathematical area concerned with both mathematical algorithms
and topological spaces, and hence a natural candidate for formalisation in Cubical
Agda. T started out trying to formalise the central result of Nanda [62], who de-
velops discrete Morse theory for simplicial complexes in a way that the homotopy
type of the Morse reduct can be recovered. Even after considerable effort and time,
I had not found a fruitful way to reason about simplicial complexes of arbitrary di-
mension in Cubical Agda and paused this project. During my formalisation efforts,
I had become intimately familiar with Cubical Agda and its reasoning principle of
homogeneous composition and wondered how one could apply it systematically. A
prototype deriving homogeneous compositions based on constraint satisfaction pro-
gramming was quickly developed, and Evan and Anders gave me precious impetus
to carry this project further after a workshop talk. After completing a joint project
with them on Dedekind cubes, I returned to formalising discrete Morse theory, this
time focusing on the simplified result for graphs. With now plentiful experience with
Cubical Agda under my belt, I could bring this project to completion in due course;
and subsequently wrote up this thesis.

In the following, I will summarise the findings from these projects—both what
worked well, and where the chosen approaches and tools showed deficiencies. I will

outline how the presented projects could be carried further and close with an opin-
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ionated view on where the journey of formalising mathematics in type theory may

lead us.

Contributions & benefits. We have seen how formalisation in dependent type
theory offers a novel perspective on mathematics. Mathematicians primarily think of
mathematical objects in terms of specifications, while computer scientists think about
how to compute the objects in terms of concrete representations. In type theory, we
can fruitfully combine both viewpoints.

This makes it possible to implement complex mathematical algorithms in a way
that they provably conform to the mathematical theory. We have laid the groundwork
for a tool for topological data analysis which is correct by construction. We have
seen how reasoning about homotopy types in Cubical Agda can be applied to a new
domain, namely discrete Morse theory. We can directly talk about homotopy types,
a structure that is otherwise intricate to set up and reason about.

Using the novel logic for homotopy types offered by cubical type theory can some-
times be tricky, but we have seen that many reasoning steps can be automated. We
have devised a general method for finding cells in a cubical set, which amounts to
automating equational reasoning in cubical type theory. We hope that our cube
solver will provide a powerful tool to advance mathematics developed in a synthetic
fashion. At the moment, progress in this field is lagging behind mathematics pursued
with traditional methods, e.g., deriving the Syllepsis, a coherence property of the
Eckmann-Hilton argument which we showed in Section 5.2, took considerable effort
in homotopy type theory [72]. Using an automated tool which can reason with these
coherence conditions offers the chance to accelerate synthetic mathematics.

We have shed light on computational aspects of different variations of cubical type
theory, possibly contributing to the convergence of the field towards one particular

version of cubical type theory.

Learnings & limitations. We have seen that following a correct by construction
approach for mathematical functions is quite laborious—even a simple function such
as the powerset program developed in Chapter 2 required to write hundreds of lines
of code to make sure that the program lines up with the mathematical definition
of the powerset. This is in part due to our chosen theorem prover Agda which has
limited support for tactics, in contrast to tools like Coq or Lean. While we have
devised a general method to compute with dependent pair types, we need to have

a clearer picture on how to compose objects and programs to scale our approach
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to more intricate mathematical objects and functions. This is a challenge faced by
correct by construction programming more generally [8].

While using Lean or Coq would have made some of the proofs developed in this
thesis shorter, these tools also have their shortcomings as discussed in Section 2.3 (and
they would not have been suitable for the developments in Chapter 3). Combining
the strengths of different theorem provers for a single project would be very useful
but is difficult to do in practice. While there is considerable work on increasing the
interoperability of different theorem provers, formalising mathematics fundamentally
requires the monolithical development of mathematics, which means a considerable
coordination and maintenance effort.

While we have been able to carry out all work we wanted in Cubical Agda, there
are a variety of technical peculiarities making its use more tricky and laborious than
necessary. In particular the management of h-levels and the interaction with boundary
problems could be improved. Future theorem provers based on cubical type theory
will likely alleviate these issues.

We have seen that Kan filling is a powerful reasoning principle which can be au-
tomated in many cases. To some extent, this can hide that cubical type theory is
built on a comparatively weak model of homotopy types, but not fully. Alternative
approaches to higher-dimensional type theories such as those of Finster, Rice, and
Vicary [24], Finster et al. [23] and Thanh, Curien, and Mimram [75] are based on
stricter models. As a consequence, many statements that we had to prove explicitly
hold by judgmental equality in these theories. More work is necessary to understand
the interplay of these different proposals and proliferate the exchange of useful con-
cepts and methods. In general, proof-relevant higher-dimensional equality is a subject
of considerable complexity, and its widespread application remains impeded by a lack

of understanding of the subject matter.

Open questions & future work. We want to close with a number of questions
that remain open, as well as some future work that was not prevented by a lack of
understanding, but rather research time.

We will need to formalise discrete Morse theory for more complex topological
spaces to turn the results developed in Chapter 3 into a practical tool for topological
data analysis. For some such spaces this should be possible relatively straightfor-
wardly, e.g., it should be possible to extend our approach to 2-dimensional cubical

complexes, as used by Robins, Wood, and Sheppard [70] to analyse grayscale images.
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It is unclear how best to reason about and manage complexes of an arbitrary dimen-
sion. More work is necessary to make synthetic methods workable in the context of
applied topology.

As discussed in Chapter 4, Doré, Cavallo, and Méortberg [19] present results about
the complexity theory of DEDEKIND, namely that it is NP-complete for 1-dimensional
proof goals. More work is necessary to understand the complexity of the different ver-
sions of CUBICALCELL, in particular with respect to different input parameters. The
additional expressivity of, e.g., DEDEKIND comes with the cost of an increase in com-
plexity, and it might turn out that some contortion theory provides a particularly
good trade-off between expressivity and complexity. We need to gather further ev-
idence, both theoretical and practical, to have a clearer view on the efficacy of the
different contortion theories.

Our Algorithm 4.1 presents a first attempt at automatically solving boundary
problems. It will become apparent how it can be tweaked and improved when using
the solver for more examples. Besides improving the algorithms itself—e.g., we could
try to unfold potential poset maps more cleverly when using the solver with the
Dedekind contortion theory—it is worthwhile to try out different heuristics from ours.
The implementation in Haskell could be optimised to provide a faster solver which
resolves more goals. Integrating it properly into Cubical Agda is work in progress
and we hope to distribute the solver as a standard part of the Cubical Agda library
in due course.

Combinatorially, Kan filling is the most complicated reasoning principle intro-
duced by cubical type theory, but it is a long way from being the only one. It will be
useful to generalise our solver to also work with heterogeneous equalities, which means
that we have to consider homotopical structure over more than one type. Moreover,
it would be very useful to have an automatic method to reason with transports, which
manifest itself in Cubical Agda as transp (we have not discussed transp in this thesis,
but have tacitly used it whenever applying subst). More automation for cubical type

theory would make its use significantly easier.

Outlook. With the rise of interactive theorem provers, many of which are based on
dependent type theory, the relevance of computations in mathematics will increase.
Since we can both reason and program in the same language, our view on mathematics
changes. We can engage more directly with the mathematical objects under question
and can design algorithms alongside the mathematical theory. We hope that this

thesis has provided some indications how this change will pan out in practice.

124



Moreover, we hope to have stressed the importance of foundational work on the-
orem provers—also to researchers who are only interested in theorem provers from
a user perspective. While it remains a challenge to logically reconstruct and utilise
proof-relevant equality, it is a worthwhile endeavour. Only if we pay attention to
details will we be able to devise a well-understood and well-working theorem prover;
and once we have understood its underlying logic—however complicated—automating

and streamlining it will make its use easier.
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Index of Agda symbols

++-dec, 28
+-+-ordered, 21
Bool, 13

Bool;, 45

Discrete, 13
FacePoset, 68

Fin, 13

Graph, 45
Hl-two~7Z, 60

Iso, 16

Listable, listable, 17
List, 13

Listn, 24
Matching, 48
MorseProgram, 59
MorseTheorem, 59
Powerset, 31
SimplicialComplex, 67
StvSi=|Bool,|, 45
Sl=|T,|, 45

Type, 12

V-isHSet, 45
[|1C;-all, 27

++_, 13

acyclic, 48

cell, 67

coHomGr, 41
compCrit, 62
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compGrad, 62
crit?, 62
critlsHSet, 47
crit, 47

crity, 49

dec, 17
emptySet, 18
end, 47

exp-u, 61
exp,?, 64

exp;, 61
insertL-head, 28
insertL-tail, 28
insertlL, 26
insert, 26
isContr, 15
isCritlsHProp, 47
isCrit, 47
isEven, 22
isGroupoid, 15
isHProp, 15
isHSet, 15
isHSet—SquareP, 43
isoToPath, 16
isoToReal, 45
line-acy, 51
line-isContr, 60
line-p1, 51



line, 46 X Lpowerset, 26
line;?, 63 -, 13

line,, 46 xG@G, 41

linv, 57 A, 67

listBool, 18 L, 52
listFamily, 30 ¢, 52

listProp, 20 v 47

list>:, 20 l-suc, 12

listN, 19 N, 13

map, 13 ZGroup, 41
mp, 47 =747
ordered, 18 ="1sHProp, 47
powerset-comp, 29 =" 47
powerset-insert, 26 =762
powerset-ordered, 30 =C“IsHProp, 47
powerset-sound, 27 ~»IsHProp, 49
powerset, 25 ~»sink, 48

rinv, 53 . A7
set-isHSet, 20 e-isHProp, 23
setBool, 18 €, 23

setEven, 22 €,;++-inj;, 29
setFin, 19 €;++-injy, 30
setOrder, 30 €;-singl-extract, 27
setProp, 20 |_=_>_|;, 44
set, 18 ||, 44

setd, 21 o, 44
setN-ordered, 19 |_|w», 52
setlN, 19 ||~»Contr, 53
sinkUniq, 49 ~ 4]
sinkUniq®, 49 =, 15

toList=, toSet=, 22 %, 15
two-p-acy, 50 <, 30

two-pt, 50 =, 67

two, 46 C-antisym, 24
two, 7, 63 C-dec, 24
two,, 46 C-isHProp, 24
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C-step, 25 1,13

Cll—=l], 29 1,44
C, 24 P-closed, 31
C,-insert, 28 P, 31
C;-weaken, 28 [, 13
W, 13 =, 13
[, C-irreflexive, C-trans, C-prop, 17 false, 13
C-tails, 23 inl, 13
CLS, 26 inr, 13
CL, 21 no, 13
C—#, 30 suc, 13
T*, 13 true, 13
T Group, 41 tt*, 13
1,13 tt, 13
T, 44 yes, 13
T,=Mtwo, 50 zero, 13
T=|1,], 44 fst, 12
1* 13 snd, 12
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