CLOSED ALMOST KAHLER 4-MANIFOLDS OF CONSTANT
NON-NEGATIVE HERMITIAN HOLOMORPHIC SECTIONAL
CURVATURE ARE KAHLER.

MEHDI LEJMI AND MARKUS UPMEIER

ABSTRACT. We show that a closed almost Kéahler 4-manifold of pointwise constant holo-
morphic sectional curvature £ > 0 with respect to the canonical Hermitian connection is
automatically Kahler. The same result holds for k£ < 0 if we require in addition that the
Ricci curvature is J-invariant. The proofs are based on the observation that such mani-
folds are self-dual, so that Chern—Weil theory implies useful integral formulas, which are

then combined with results from Seiberg—Witten theory.

1. INTRODUCTION

Dating back to the Goldberg conjecture [15], the question how the geometry of a closed
almost Kéahler 4-manifold can force the integrability of an almost complex structure has
been considered by many authors. This conjecture has been verified for non-negative
scalar curvature by Sekigawa [31]. Much else of what is known has now been subsumed
by Apostolov—Armstrong-Draghici [1], who show that the third Gray curvature condition
is sufficient. There are also strong analogous results for the *-Ricci curvature [5], [11].
Assuming non-negative scalar curvature, the third Gray condition can in fact be relaxed
to J-invariance of the Ricci tensor [12].

Strengthening the Einstein condition, Blair [9] has shown that almost Kahler manifolds
of constant sectional curvature are flat Kahler. To obtain non-flat examples, it is natural
to consider instead the holomorphic sectional curvature, where one restricts the sectional
curvature to J-invariant planes.

Restricting to a subclass of the Gray—Hervella classification, say almost Kéahler, the
problem of classifying manifolds of constant holomorphic sectional curvature was posed by
Gray—Vanhecke [18]. A related problem is understanding when the notions of pointwise
constant and globally constant holomorphic sectional curvature agree. This holds for
nearly Kéhler manifolds [16], but there are non-compact counterexamples in the almost
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Kéhler case [30]. Moreover, for almost Kahler manifolds the classification problem so far
has remained inconclusive (see also [13, 21]).

The purpose of this paper is to prove such a classification result for the Hermitian
holomorphic sectional curvature instead of the Riemannian one. We obtain optimal results
for non-negative curvature, while in the negative case we need to impose the ‘natural’
condition of the Ricci tensor being J-invariant.

Constant Hermitian holomorphic sectional curvature does not imply the Einstein con-
dition, or even that any of the scalar curvatures are constant. Assuming this, we obtain
a further result in Corollary 5.3.

1.1. Overview of results. Let (M, g, J, F') be an almost Hermitian 4-manifold. Define
the (first canonical) Hermitian connection by

1
(1) VxY = DY — §J(D§(J)Y.
From its curvature we derive the Hermitian holomorphic sectional curvature

(2) H(X) = _R;JX,X,JXa

a function on the unit tangent bundle. We now state the main results of this paper.

THEOREM 1.1. Let M be a closed almost Kdahler 4-manifold of pointwise constant Her-
mitian holomorphic sectional curvature k > 0.

Then M is Kdahler—FEinstein, holomorphically isometric to:

(k > 0): CP? with the Fubini-Study metric.
(k= 0): a complez torus or a hyperelliptic curve with the Ricci-flat Kdhler metric.

Recall here that a hyperelliptic curve is a quotient of a complex torus by a finite
free group action. This classification is well-known for Kéhler manifolds (see [22, Theo-
rems 7.8, 7.9], [19, 20] in the simply-connected case and [3, Theorem 2] in general). The
main goal of this paper is to show that J is automatically integrable.

In case k < 0 we shall prove the following weaker result:

THEOREM 1.2. Let M be a closed almost Kahler 4-manifold of pointwise constant Her-
matian holomorphic sectional curvature k < 0. Assume also that the Ricci tensor is J-
wnvariant. Then M is Kdhler—FEinstein, holomorphically isometric to a compact quotient
of the complex hyperbolic ball B* with the Bergman metric.

The proofs rely on the following pointwise result of independent interest, in which M
may be non-compact:

THEOREM 1.3. Let M be an almost Hermitian 4-manifold. The holomorphic sectional
curvature with respect to the Hermitian connection is constant k at the point p € M if
and only if at that point
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(1) W= =0,
(2) xp =r.

Condition ii) may also be expressed using the (Riemannian) Ricci tensor, see Propo-
sition 4.2 (see [7] in the Hermitian case). Hence in proving Theorems 1.1, 1.2 we may
restrict attention to self-dual manifolds, meaning W~ = 0. Their classification is an old
and in general still open problem, but under additional assumptions many results have
been obtained. See [2, 3, 8, 24] for results and further overview. Our main theorems can
also be regarded in this way.

1.2. Strategy of proof. The first step is to reformulate constant Hermitian holomorphic
sectional curvature in terms of the Riemannian curvature tensor (Theorem 1.3). This
an algebraic argument at a point, based on the U(2)-decomposition of the Riemannian
curvature tensor in dimension 4 and the explicit nature of the gauge potential in (1). In
some sense, the assumption of constant curvature is played off against the symmetries of
the Riemannian curvature tensor. This is carried out in Section 3, after having recalled
some preliminaries in the next section.

The next step is then in Section 4 to improve in the almost Kahler case our understand-
ing of the Hermitian curvature tensor. It is remarkable that in (29) we obtain information
on the full curvature tensor, even though our assumption of constant holomorphic sec-
tional curvature depends only upon its (1, 1)-part.

Up to this point our arguments are mostly algebraic. To proceed, we must exploit
consequences of the differential Bianchi identity following Sekigawa’s idea [31]. Thus in
Section 5 we formulate the index theorems for the signature and the Euler characteristic
using Chern—Weil theory. Applied to the Levi-Civita and the Hermitian connection, we
obtain further information (40), (41), (42).

The formulas are then used in Section 6 to show Kéahlerness under further topological
restrictions. Finally, combined with deep results from Seiberg-Witten theory, these results
imply Theorem 1.1 in the case k > 0.

Theorem 1.2 (k < 0) follows by combining our results with formulas for the Bach
tensor obtained in [4]. These formulas require the Ricci tensor to be J-invariant. It is

well possible that this additional assumption in Theorem 1.2 may be removed.

Acknowledgements. The authors are thankful to Vestislav Apostolov and Tedi Draghici
for their valauble comments. The first author thanks all the members of the Math De-
partment of University of Augsburg for their warm hospitality during his stay in July
2017.

2. PRELIMINARIES

2.1. Conventions. Throughout let (M, J, g, F') be an almost Hermitian 4-manifold. Thus

J:TM — TM is an almost complex structure, g is a Riemannian metric for which J is
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orthogonal, and F' = ¢(J-,-). Later we will also assume dF' = 0 so that we have an almost
Kéhler structure. Recall that an almost Hermitian manifold is Kéhler precisely when J
is parallel for the Levi-Civita connection D9.J = 0.

Let (21, 22) be a local orthonormal frame of TH°M for the induced Hermitian metric
h(Z,W) = gc(Z,W) on TM @ C =T*M @& T%' M split in the usual fashion. Using the
dual frame, the fundamental form is F' = i(2'z' +2222). All tensors are extended complex

linearly and we adopt the summation convention.

2.2. Two-forms on 4-manifolds. The Hodge operator decomposes the bundle of two-
forms into the self-dual and anti-self-dual parts

(3) A =AT DA .
For the structure group U(2) C SO(4) we may split further
(4) ATRC=A"9A”?0C-F, A" ®C=Ay"

Here A(l]’1 stands for complex (1, 1)-forms pointwise orthogonal to F.

2.3. Gauge potential. The gauge potential A = V — D9 of the canonical connection (1)
with respect to the Levi-Civita connection DY is complex anti-linear

(5) AXOJZ—JOA)(.
In dimension four, the almost Kéahler condition is equivalent to
(6) AJX - —JO Ax.

Note that M is Kdhler < A =0.

2.4. Curvature decomposition. Regard the Hermitian curvature (and similarly the
Riemannian curvature) as a bilinear form on A% grouping XY and ZW, by

(7) Ry zw = 9(Vx,Vy]Z = Vixy|Z,W).

When we decompose A? into direct summands, we get a corresponding decomposition of
RY into a matrix of bilinear forms, where the first entry corresponds to the rows. The
representing matrix of a bilinear form with respect to a basis (one-dimensional summands)
will be indicated by ‘=".
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All of the algebraic properties of the Riemannian curvature tensor RY are summarized

in the following representation with respect to (3) and (4), see [5, 8]:

ATt A~
_RI — W+ + %g ‘ RO
RY ‘ W=+ =g
(8) CF A2,O€BA0,2 Aé’l
= W' We+ g Roo
RE Rgo ‘ W=+ %9

Here W* are the Weyl curvatures, trace-free symmetric bilinear forms on A* and s,

denotes the Riemannian scalar curvature. The x-scalar curvature is

S
(9) S, 1= 4d, Zg =c+d.
Moreover Ry: AT ® A~ — R corresponds to the trace-free Riemannian Ricci tensor ry,
namely Ro(-) = 1{rg,-} is the anti-commutator, see [14, (A.1.8)]. Finally R} (z,y) :=
Ro(y,x), and Ry, Rr denote further restrictions in the first argument. We take the

tensorial norm for bilinear forms, even when they are symmetric.

2.5. Ricci forms. Having torsion, the curvature tensor of the canonical connection has
fewer symmetries than the Riemannian one; for example the algebraic Bianchi identity
no longer holds. By contracting indices we now obtain two Ricci forms

—ipYV YA B
p:=1R opy 2 NZ

iRV Y A A S
r.—zRW/\ﬂz N ZH.

(10)

The Chern and Hermitian scalar curvatures are obtained by a further trace
(11) sc i =AN(p)=A(r) = Rvaaﬂ, Sy = 25¢c.

In the Kahler case, the canonical and the Levi-Civita connection agree so that both forms

in (10) are equal to the usual Ricci form.

2.6. Holomorphic sectional curvature. For Z € T%°M the holomorphic sectional
curvature is defined from the (1, 1)-part of the curvature as

\Y
RZ,Z,Z,Z

W(Z, 2)h(Z, Z)

The holomorphic sectional curvature is constant at the point p € M if (12) is a constant

(12) H(Z) =

k(p) for all Z € T;°M. We say it is pointwise constant if H is constant at each point
of M. If the constant k is the same at every point p € M we speak of globally constant
holomorphic sectional curvature.

Note that the Hermitian connection is always understood.
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3. RELATION TO SELF-DUAL MANIFOLDS

In this section we will prove Theorem 1.3.

3.1. Preparatory lemmas. Being the complexification of a real tensor, the (1,1)-part

of the curvature has the following form in the basis (211, 213, 221, 223):

kE a a w
VT U b

(13) RV‘A1,1®A1,1 = Jd oo oz bl k,liu,we R.
u Uyl

We first show that the (1,1)-part of RY is automatically restricted further.

LeEmMMA 3.1. [5, 10] Let M be an almost Hermitian 4-manifold. With respect to the
decomposition AV' = CF & Ay" we have

CF Ayt
sc
g Rp
14 RY|p11gp11 = — 2 .
(14) [ae RL+ By W~ +32g

for some By: Ay' @ CF — C. Morcover a+b=a'+V andv = 3% in (13).

PROOF. By direct calculation (or see [8, p. 25])

= ﬁ:

By (5), a € A2®A%0+92 50 only B will contribute to the restriction of RY. Since [Ax, Ay]
is complex-linear, B € A2 ® A%, On Ab! consider the orthonormal basis

?

(15) (%(211 + 23), 213, 21, E(Zli - Zzi)) :

In dimension 4, 3 is in fact restricted to A2 ® CF. Indeed, the explicit formula

(16) B(X,Y, 20, %5) = Aixar Ay,
shows fxy1z = Bxyat = Bxvii — Bxy2s = 0 (here ‘[]” denotes anti-symmetrization):
CF A}t

5 0
5|A1»1®A1v1 = ( Bﬁog 0 >

Complexifying and restricting to A% ® A we hence have

CF Ay? CF A

d- ge Rp B-ge 0
17 RV=R\+a—-p=— . 40— :
17 o v ( RE W_Jr—ggnc) (



CONSTANT CURVATURE ALMOST KAHLER MANIFOLDS 7

Note that the upper left corner of (14) is —s¢/2 by definition (11). A change of basis
shows that the bilinear form (13) is represented in the basis (15) by

—k—l—u—w L(a%—b’) L(G,—Fb/) —k+l2—u+w

2 V2 V2
~=(b+d T v “(a' —b
(18) RV|A1,1®A1,1 = ‘/E< ,) ‘/5( , )
Zb+d) v x T5(a" =)
_k:—i-l;-u—w \/Lﬁ(a — b/) ﬁ(a _ b/) —k—l;—u—i—w

In this basis (15) the inner product on 2-forms has the matrix

so by comparing (17) and (18) and using that W~ + ¢ is symmetric we get

a+b=ad +1, v=29 cR.

12
For later use we note that in this basis the condition W~ = 0 means that the lower right
3 x 3-submatrix of (18) reduces to
Sg
12
9
12
_S¢
12
In other words, it means x = 0,a =0, u+2v +w =k + [. 0

LEMMA 3.2. The holomorphic sectional curvature is constant k at a point if and only
if (13) reduces at that point to

Ea a w
- l-a 0o @ b . _
(19) RY|pt1gpin = 0 b with uw+v+ 0+ w = 2k.
—a v
u —b —b k

PROOF. Let Z = x2z14y2, for arbitrary z,y € C, and expand both sides of the equation
k-h(Z,2)*=RY(Z,Z,7Z,7). We have

kM2, 2) = klz|* + 2k|2*ly]* + kly|*
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while for the right hand side
‘x|4R2151z121 + |y|4R2252z222
+ |2 |Y)* (Rorzizez + Repzazizy + Regzinz, + Roizpzaz)
+x y2R21222122 + f2y2R2221z221
+ 2°ZY (Royzyozs + Royzonz,)
+ 220y (Ropsyonz + Rovzioez,)
VY (Ropzymaz, + Riyzinnz,)
( )

yy
vy RZ2522152 + R21222252 :

2

Since x,y € C are arbitrary, this an equality between polynomials in the variables z, T, y, .
For them to agree, all coefficients must be equal. 0

REMARK 3.3. The above is a simplified proof of a theorem of Balas [6] for Hermitian
manifolds.

3.2. Proof of Theorem 1.3. First note that by Lemma 3.1 we automatically have
a+b=a+b and v =735 € Rin (13).
Lemma 3.2 shows that H is constant k at a point if and only if

(20) r=0, d=—-a, a=-b k=1 u+2v+w=2k.
On the other hand, by (18) and the following discussion, self-duality means
(21) r=0, a=b, ut+2v+w=~k+1
From (13) we read off
p=i(k+w)z" +ila + )22 +i(d + b)z2 +i(u+1)2?
r=ik+u) 2" +ila+ )22 +ila+ )22 +i(w+ )22
Therefore *p = r means
(22) k=1 d+b=—(a+?).
Under the general assumption a +b = o’ + ¥ and v € R it is easy to verify that (20) is

equivalent to (21) with (22). O

4. SHARPER RESULTS FOR ALMOST KAHLER MANIFOLDS

We now obtain more information on the terms in

(23) RV =PRI+ a—f.
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4.1. Full description of j.
LEMMA 4.1. Let M be an almost Kdahler 4-manifold. Then
(24) B = —glap 6ol = 7141
2 o T
Here we use the convention |A[? = 3377 tr (AT A..).

PROOF. More precisely, from (6) we have 3 € A @ C- F. Using (16) one sees

CF A?%9A%2  AQ!

3 0 0
(25) g=1 o0 0 0
Bo 0 |0

where

. iV2 - Ao Agrs
B = —|A12)? — |Agal?, Bo=| ivV2- AgipAirs
| Ag1a|? — |A112)?

In the upper left corner of (17) we recover the well-known formula ([4], [14, (9.4.5)])

Sy — SH | B
26 = —|Al. O
(26) =4l

PROPOSITION 4.2. Let M be a self-dual almost Hermitian 4-manifold. Then M has
constant holomorphic sectional curvature at p € M precisely when

(27) Rp = —%ﬁoT

at that point. In particular, when M is almost Kahler and M has pointwise constant
holomorphic sectional curvature, then: M is Kdahler <= Rp = 0.

PROOF. Putting the self-duality condition (21) from the proof of Theorem 1.3 into (18)

we get representative matrices

V/2ib
—Rp = (V2ia,V2ia,v+w—k), RL+8,=—| V2ib

utv—~k
2

with respect to the orthonormal basis (15). Hence a self-dual manifold has constant
holomorphic sectional curvature (20) precisely when (27) holds.

In the almost Kéhler case we may use (24) to get

Al

1
2 2= Bo])? = =—.
(28) IRFI™ = l16oll” = =
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4.2. Constant holomorphic sectional curvature.

PROPOSITION 4.3. Let M be almost Kahler of constant holomorphic sectional curvature
k. Then we have

CF  A20@A02 AY?

5709 0 Rp
(29) RV =| Wi 0 Roo
Y

PROOF. Put all the facts a € A? @ A20T02 RV € A2 ® AYL) and (25), (27) into the
formula RY = RI + a — . U

We now collect some formulas that will be useful. For these, assume that M is almost
Kahler and has pointwise constant holomorphic sectional curvature k.
Comparing the upper left corners of (18) and (29) and then using (20) we see

(30) sc = 4k — 2v.

Recall also

(31) s = 12v.

Since M is almost Kahler we have for the x-scalar curvature [14, (9.4.5)]
(32) s, = 4s¢ — sy = 16k — 200,

Moreover (27) can now be written

1 /s.—s 2
(33) RelP = ( . H) (=202
Putting these formulas into (26) shows:

LEMMA 4.4. Let M be almost Kahler of pointwise constant holomorphic sectional cur-
vature k. We then have v < g with equality iof and only of M is Kdhler. 0

The formulas also show that when M has globally constant holomorphic sectional cur-

vature, the constancy of any of s,, s, s¢ is equivalent to that of v.

5. INTEGRAL FORMULAS

Having understood the pointwise (algebraic) implications of constant holomorphic sec-
tional curvature, we now turn to properties that do not hold for general algebraic cur-
vature tensors. Thus we formulate the consequences of Chern—Weil theory, which stem
ultimately from the differential Bianchi identity as done by Sekigawa [31]

We will assume in this section that M is an almost Kéahler 4-manifold of pointwise

constant holomorphic sectional curvature, but generalizations are possible.
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5.1. Chern—Weil theory. Given an arbitrary metric connection V on 7'M and a poly-
nomial P on so0(4), invariant under the adjoint action of SO(4), one obtains a differential
form P(RV) by substituting the indeterminants by the curvature RV : A — so(TM).
The upshot of Chern-Weil theory (see for example [28]) is that P(RY) defines a closed
form whose cohomology class is independent of V. In particular, the integral over M
remains the same for all connections.

In the 4-dimensional case, it suffices to consider the Pontrjagin and Pfaffian polynomials.
To express these conveniently, use the metric to identify so(T'M) = A? and decompose as

above

At A—

_RV — R;i RGJ,rsd )

Rs_d R;sd

Then
1 _ _

5 pi(RY) = ) (1RGP + 1RGP = IRE 417 = 1 RZ.4ll?) vol,
34

1 _ _
PE(RY) = o5 (IRG” = 1RGP = [ Riwll® + [ Bqeal®) vol,

asd

where the norm is induced by the usual inner product tr(f*g) on End(A?). For the
Levi-Civita connection we evaluate (34) using (8), W~ =0, and ||I||? = 3:

1 S 2 |2 2 -, S 2
pu(0%) = 1 (I 4 32117 4 R | Roll? = W~ + 2117 vol,
1 _
(35) = W = W) o,

1 +112
:@HW [|* volg

and’
1 + . 5972 —, Sg 72 12 2
PHD?) = (W 4 21 4 W+ 211 — g — || Bol”) vol,
1 1
_ +112 —2 2 2
(36) —@(HW 1P+ W+ o589 — 2l Roll”) vol
1

1
(W2 + o 7sq — 2l Rol*) vol .

T 82 249

Similarly, for the Hermitian connection we evaluate (34) using (29):

1 52 52
(37 V) = 1oz (26 + WP + Il = 32 ) vol
1 (st 412 S 2 2
(38) Pf(V) = @ Z + HWF H + @ - 2HRFH - ”ROOH VOlg.

I* =

ITraditionally one writes 2||Ro 2{|7o[[? in terms of the Ricci tensor rq.
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5.2. Index theorems. The pre-factors in (34) are chosen so that for the signature and
Euler characteristic the classical index theorems hold (see [28]):

0= %/Mpl(Rv)
X:/MPf(RV).

This gives us two expressions for the signature and for the Euler characteristic (39).

(39)

Equating these leads to the same conclusion in both cases:

LEMMA 5.1. Let M be a closed almost Kahler 4-manifold of pointwise constant holo-
morphic sectional curvature k. Then (we omit the volume form)

(40 [ WER WP+ 4k~ Tk 20) = [ [Rul
M M

PRrooF. By the above remarks

/Mpl(Dg)Z/Mpl(V)

and we insert (35), (37). Then using (8) we get

1
WP = 2IWE P + [[Weol* + 5 (Bsc = s,)°

since in the almost Kéhler case s, = 4d, % = ¢+ d, and % = 25¢. Finally insert

(30)—(32) to obtain the conclusion (40). Doing the same computation for the Pfaffian,

use || Rol|? = ||Rool|? + || RF|[*. This leads to the same formula (40). O
Putting (40) and (30)—(33) into (39) gives the following:

PROPOSITION 5.2. Let M be a closed almost Kahler 4-manifold of pointwise constant

holomorphic sectional curvature k. Then

~1
(41) X = ﬁ/ (Weh|? + (600% — 72kv + 18K?)
™ JMm

3 1
(42) 30 = @/Mzwvm%r (Wb |2+ 6(2k — 3v)* > 0.
Combined with [5, Lemma 3] we conclude:

COROLLARY 5.3. Let M be closed almost Kdhler of globally constant holomorphic sec-
tional curvature k. Suppose M is simply connected (or, more generally, that 5x + 60 # 0)
and that any of sy, s+, 5c 1s constant. Then M is Kdahler.

PROOF. Suppose by contradiction that J is not integrable, so that v < g at some point,
by Lemma 4.4. Then (28) and (33) show that |N|? is a non-zero constant. Hence by [5,
Lemma 3] we must have

ox + 60 = 0.
This contradicts x =2+ by > 0 and ¢ > 0 from (42). O
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6. PROOF OF MAIN THEOREMS

6.1. Intermediate results. Before proving Theorem 1.1 we need to establish two pre-
liminary results that give Kahlerness under topological restrictions.

PROPOSITION 6.1. Let M be closed almost Kdhler 4-manifold of pointwise constant

holomorphic sectional curvature k. Suppose o = 0 for the signature.
Then k =0 and M is Kahler, with a Ricci-flat metric.

PROOF. By (42), 0 = 0 implies W}t = 0, W = 0, and v = 2k. Putting this into (40)
shows Rgo = 0 and k = 0, since the left hand side reduces to —3k*- Vol(M) and the right
hand side is non-negative. Hence integrability follows from Lemma 4.4.

Then from (33) we also get Rp = 0, so Ry = Rgo + Rr = 0. Hence the metric is
Ricci-flat. OJ

We next show a ‘reverse’ Bogomolov-Miyaoka—Yau inequality.

PROPOSITION 6.2. If M 1is closed almost Kahler of pointwise constant holomorphic
sectional curvature k > 0 then

(43) 30 > x.
Equality holds if and only if M is Kdhler (even Kdhler—Einstein).

PROOF. Estimate (43) follows by combining (41), (42) to get
1
(44) 30— x = —/ (Wi P 4 3| Roo|* + 6k (k — 2v)
871—2 M
and the fact v < £. Putting 30 = x into (44) shows
(45) 0:/ [WiE|? + 3| Roo|* + 6k(k — 20)
M

which is the sum of three non-negative terms. Hence all summands vanish. In particular,
be = Ry = 0. This implies that the Riemannian curvature satisfies the third Gray
condition (see [17]). By [1, Theorem 2], M is Kéhler. O

6.2. Proof of Theorem 1.1. By Lemma 4.4 we know that if v = g everywhere, then
M is Kahler. Let us argue by contradiction and therefore suppose that v < g somewhere

(the case k > 0 can also be deduced directly). Then
Ak — 2 —2
(46) / e (TM)Uw = / oc / k20 / / v
M ar 27 M

According to results in Seiberg-Witten theory of Taubes [32], Lalonde-McDuff [23], and
Liu [27], this implies that M is symplectomorphic to a ruled surface or to CP? (see

LeBrun [25, Section 2| for an overview, or also [29, Theorem 1.2]). In the case CP? we

get a contradiction to Proposition 6.2. Suppose therefore that M is a ruled surface. Since
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o < 0 for ruled surfaces, by (42) we must have ¢ = 0, contradicting Proposition 6.1.
Hence we have reached a contradiction in each case, so that v = k/2 and M is Kéhler.
The classification stated in Theorem 1.1 now follows from [3, Theorem 2. O

6.3. Proof of Theorem 1.2. By Theorem 1.3 we have W~ = 0. Hence the Bach tensor
vanishes and so [4, Remark 2, p. 13] applies

2
(47) 0= / (@ — Sy |r0|2> vol.
M

The proof in [4] is a consequence of a Weitzenbock formula and the J-invariance of the
Ricci tensor is used in a crucial way.

Since s, = 12v < 6k < 0 we have in (47) two non-negative terms. Hence s, is constant
and Ry = 0. Therefore M is Kahler-Einstein by Proposition 4.2. 0

6.4. Further Discussion. Besides removing in Theorem 1.2 the condition that the Ricci

curvature is J-invariant, we mention the following open problems:

(1) Analogous results in the non-compact case. The case of Lie groups will be the
topic of an upcoming paper of L. Vezzoni and the first named author [26].

(2) Counterexamples to Schur’s Theorem. Are there almost Kéhler manifolds of point-
wise constant Hermitian holomorphic sectional curvature that are not globally
constant? In particular, are there compact examples?

(3) There may be an alternative approach to our results using the twistor space of M.
In our situation, the tautological almost complex structure on the twistor space is
integrable. What are the further geometric implications of constant holomorphic
sectional curvature in terms of the twistor space?
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