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This thesis primarily comprises simulations of SKA1-Low, the low-frequency aper-
ture array of the Square Kilometre Array (SKA) radio telescope. Simulations assess
how different design specifications would affect the telescope’s performance and abil-
ity to undertake one of its key science projects: observing the Epoch of Reionisation
(EoR). The simulations are based on the previous baseline design of ~ 260 000 dipole
antennas in 1024 stations of 256 antennas each.

It is found that errors in the gain and phase of signals at each antenna can signif-
icantly affect observations, with the greatest impact at the lowest frequencies. The
EoR signal will be detectable at limited redshifts with gain errors of 10% and phase
errors of 6°, however to ensure the systematic noise contribution from these errors
is always weaker than the EoR signal between z ~ 10 — 21 and spherical har-
monic multipole coefficients ¢ ~ 10? — 10%, the gain and phase errors may need to be
<5x107% and <3 x 107* degs, respectively.

Alternative telescope layouts to the SKAl-Low baseline design of 1024 stations
containing 256 antennas each are evaluated. Some telescope models which share
antennas between stations, allowing stations to be formed in a flexible manner, are
found to provide superior thermal noise sensitivity than the current design, but suffer
greater detrimental effects from gain and phase errors when imaging.

The implementation of the digital signal processing of a station beamformer is also
discussed. Calculations show that five or nine FPGAs with specifications comparable
to the Virtex UltraScale+ XCVU13P could be used to beamform a single 256-antenna
SKA1-Low station, depending on the utilisation rate of the FPGAs and the number

of channels required.
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Chapter 1

Introduction

In the eight decades since Karl Jansky conducted the first astronomical measurements
in the radio band, radio astronomy has become one of the most important means for
studying the Universe. The field was responsible for some of the most important
discoveries in 20th century astrophysics, such as the Cosmic Microwave Background
and pulsars. Radio astronomy intends to continue this tradition with the development
of the Square Kilometre Array (SKA).

The SKA is a radio telescope which will be constructed in South Africa and
Australia. When completed, it will have orders of magnitude greater sensitivity and
survey speed than current telescopes, operating over a wide frequency range of 50 MHz
to 13.8 GHz. The capability of the SKA will expand the frontiers of radio astronomy
and allow the exploration of an immense range of new science.

This chapter will introduce the principle concepts behind interferometry with
aperture arrays and the SKA, along with an overview of historical and contemporary

developments in the field.

1.1 History

The field of radio astronomy is regarded as commencing with Jansky’s discovery in
1933 that the radio interference his array was detecting had a component with a
sidereal period, meaning it was non-terrestrial in origin [1, 2]. Grote Reber followed

Jansky’s work by constructing the first steerable parabolic radio telescope in his back



garden in 1937, with which he produced the first radio map of the sky [3, 4]. Reber’s
map correctly showed the strong radio emission from the Milky Way.

This initial success had much for which to thank the field of radio communica-
tions. Jansky was studying the effect of atmospheric interference on radio transmis-
sions when he made his discovery, whilst Reber was a radio engineer. This trend
of harnessing skills and technology from similar fields continued in the aftermath of
World War II, when scientists and engineers who had honed their skills on radar
turned their attention to radio astronomy.

Ruby Payne-Scott in Sydney at CSIRO conducted the first interferometric ob-
servations using a radar system mounted atop a cliff looking out to sea; fringes, the
sinusoidal interference pattern which is more typically the product of signals from
two antennas, were detected from combining signals that took a direct path to the
antenna with those which reflected off the sea [5, 6].

At the same time, Martin Ryle established a group in Cambridge that constructed
the first multiple-element radio astronomy interferometer, with two radio dishes.

The existence of the 21-cm hydrogen line, one of the most important sources of
radio emission in astronomy, was theorised in 1945 by Hendrick van de Hulst [7].
This prediction was proved right when Ewen and Purcell [8] detected the 21-cm line
in 1951, closely followed by detections by Muller and Oort [9] and by Christiansen
and Hindman [10, 11].

The 1960s proved perhaps the most successful decade so far, with three achieve-
ments being awarded with Nobel prizes. In 1962 Ryle fully described Earth-rotation
synthesis mapping [12], whereby the rotation of the Earth changes interferometric
baseline directions, and exploited it with the Cambridge One Mile Telescope [13]. The
following year, Penzias and Wilson discovered the Cosmic Microwave Background [14]
and in 1968 Bell and Hewish discovered pulsars [15].

The following decades saw the construction of several interferometers that signifi-

cantly increased the sensitivity and resolution of observations. The Cambridge 5-km



telescope in 1972 [16] and the Westerbork Synthesis Radio Telescope (WSRT') in 1973
[17] were followed by the Very Large Array (VLA) in 1980 [18], the Australia Tele-
scope Compact Array (ATCA) [19] in 1988 and the Giant Metrewave Radio Telescope
(GMRT) in 1998 [20].

Another milestone was the development of interferometry with continental-scale
baselines in 1979 [21], known as Very Large Baseline Interferometry (VLBI).

The modern era has seen the construction of a new generation of telescopes, such
as the MeerKAT [22], the Australian Square Kilometre Array Pathfinder (ASKAP)
23], the Murchison Widefield Array (MWA) [24] and the Low-Frequency Telescope
(LOFAR) [25]. The next stage will be the construction of the SKA.

1.2 Radio telescopes

Radio telescopes can be either individual or a collection of antennas. Telescopes are

typically parabolic dishes, cylindrical paraboloids or aperture arrays.

1.2.1 Parabolic dish

A parabolic dish radio telescope is a two-dimensional (2-D) surface which reflects radio
signals to focus them on to a receiver. Reber’s classical design mounted the receiver
at a centrally-located prime focus. Alternative designs include the offset Gregorian
design, which place the receiver offset from the dish centre and change the prime focus
position to support the receiver from the edge of the dish, and the Cassegrain design
which has a secondary reflector to focus waves to a receiver behind the parabolic
dish’s centre. Steerable parabolic dishes exist up to 100 m in diameter, namely the
Green Bank [26] and Effelsberg [27] telescopes, but the non-steerable Arecibo dish in
Puerto Rico has a 305-m diameter [28] and the planned FAST (Five-hundred-meter
Aperture Spherical radio Telescope) telescope will have a 500-m non-steerable dish

29].



The antenna receiver chain processes the detected radio signals. A receiver typ-
ically comprises a low-noise amplifier (LNA), band-pass filter and, for single dishes,
a square-law detector. Alternatively, signals can be digitised and then squared. The
LNA increases the amplitude of the radio signal; without one the noise of components
on the receiver chain overwhelm the signal. Unfortunately, the LNA also introduces
noise to the signal, however cooling the amplifier can ameliorate the noise level. The
band-pass filter defines the frequency limits of the receiver, whilst the square law de-
tector converts the voltages in the receiver chain to a power. The power is typically
integrated for a period of time to determine an average power level.

For antennas operating at = 1 GHz a local oscillator is used to heterodyne the
signal to a lower frequency. This is important when digital systems are used later
in the signal processing chain, as they may not be able to operate at a high enough
speed to accurately sample the original frequency of the signal. Heterodyning can
also allow parts of a single receiver chain to be used for multiple receiver bands, as
each receiver’s frequency band is converted to a common, fixed, frequency at which

the rest of the receiver chain operates.

1.2.2 Cylindrical paraboloid

A cylindrical paraboloid reflects radio signals in one dimension. Signals are detected
at receivers along the cylindrical paraboloid and may be combined by summations or
correlation. Beams can be steered by rotating the reflector(s) along one axis and by
delaying the times at which signals detected at different positions along the telescope
are combined, a process known as beamforming (see below). Cylindrical paraboloid
telescopes are often constructed in two orthogonal parts, which allows narrow 2-D
beams to be formed, increasing the resolution of observations.

The Mills cross [30] and 4C array [31] used the cylindrical paraboloid design to
conduct important surveys in the Southern and Northern hemispheres, respectively

(32, 33, 34, 35, 36].



1.2.3 Aperture arrays

An aperture array, also known as a phased array, is a collection of individual antennas.
Signals are detected at each antenna and combined to produce beams, which spatially
filter signals so as to be sensitive in a given direction. Signals may be combined by
summing in a process known as beamforming, or by cross-correlating the signals.
Many aperture arrays beamform their signals, as the signal processing cost is lower
than correlating straight away. An aperture array may be constructed as multiple
localised groups of antennas; these groups can be called ‘stations’. The beam(s) from
each station can be correlated with those of other groups.

As electromagnetic waves travel at a finite speed, a radio wave will not be detected
at the same time simultaneously across an array of antennas (unless the source is at
the zenith). The path delay between antennas is calculated from geometry and is
illustrated in one dimension in Fig. 1.1.

For a planar array of antennas, spherical polar coordinate considerations lead to

a path delay, AL, given by
AL = dysin(f) cos(¢) + dy sin() sin(¢) , (1.1)

where dy and d, are an antenna’s location in the z and y directions, relative to a
reference antenna, and ¢ and ¢ are the altitude and azimuth observing direction [37].
Eq. (1.1) assumes a planar array. The antenna distribution for a uniform gridded
array and coordinate reference frame are illustrated in Fig. 1.2.

Beamforming is necessary to counteract this delay and synchronise the signals
detected by each antenna. This process electronically steers the beam of the aperture
array depending on the path delay used, and a major appeal of aperture arrays is that
beamforming can be done in multiple directions simultaneously, allowing concurrent
observations of different parts of the sky. Electronically steering the beam also allows
the telescope to be repointed in very short time spans, as it not necessary to physically

move any components.
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Figure 1.1: Path delays to successive antennas in a linear array. The path delays are
compensated by time delays (or equivalent) at each antenna of 7 = d, sin(f)/c, where
d, is the distance from the reference antenna to each antenna, # is the azimuth angle
of the observation and c is the speed of light.

To ensure the combined signals from each antenna correspond to the same point
on the wave it is thus necessary to delay the signals received by each antenna by a
length dependent on Eq. (1.1). By delaying the signals with reference to the desired
observing direction, the observer effectively forms a manoeuvrable beam on the sky,
electronically pointing the aperture array. If these delays are not accurately calculated
the signals may deconstructively interfere with one another, lowering the signal-to-
noise ratio. Indeed, in most cases radio-frequency interference (RFI) will not arrive
from the same direction as the beam direction, the effect of RFI is mitigated [38].

Beamformers can be broadly divided into two categories: time-delay and phase-
shift. A time-delay beamformer delays signals in time. In analogue beamformers this

is achieved by physically varying lengths of transmission lines for the signals to pass
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Figure 1.2: An example layout of a 4x4 gridded antenna array. Antenna (ko,ly) can
be taken as the reference antenna; delays to the other antennas are calculated from
its location. The delay’s value depends upon the distances between antennas, d, and
d, and the observing direction (6, ¢).

through, but in modern systems digital delays are more likely to be utilised. Although
conceptually straightforward, time-delay beamformers have their drawbacks. A time-
delay system is relatively expensive to construct and typically utilises switchable
signal path lengths with circuit boards or cables. The switchable path lengths must
be replicated for each beam required. Digitally-sampling signals allows delays to
be implemented more easily, but the delays are discrete, limited to multiples of the
sampling interval. Interpolation must be used to delay a signal by a finer resolution,
requiring extra signal processing and degrading signal quality.

Phase-shift beamformers channelise the broadband signal detected by antennas
into narrow frequency channels, such as to effectively give quasi-monochromatic sine
waves, to which phase-shifts can be applied to synchronise the signals. Separating
signals into narrow frequency channels facilitates scientific analysis of observations

and also allows narrowband RFI spikes to be easily excised [39].



1.2.3.1 Dense and Sparse Arrays

The Nyquist-Shannon sampling theory states that a band-limited signal must be
sampled at a rate at least twice the highest frequency in the signal to accurately
describe the signal [40]. Alternatively, this can be phrased as sampling a signal at
least every half wavelength. This is a fundamental principle in signal processing
and determines the sampling rate at which the analogue-to-digital converters must
operate.

It is also relevant to the inter-antenna spacing in an aperture array. To fully sample
signals in the spatial domain, antennas must be spaced within half a wavelength of
one another. If the aperture array covers a wide frequency ratio, such as the 50-
— 350 MHz planned for the SKA’s aperture array, this may not be possible. The
size of the antenna detectors necessary to receive the lowest frequency signals may
physically prevent antennas being positioned within half a wavelength at their highest
frequency.

An aperture array with antennas within half a wavelength separation of one an-
other is described as ‘dense’, otherwise it is ‘sparse’. For a given number of antennas,
sparse arrays have stronger sidelobes, known as grating lobes, in their primary beam
patterns than dense arrays; however, as a consequence of the larger station diameters,
sparse arrays will also have narrower main lobes, giving them smaller fields of view.
Sparse arrays perform better in terms of sensitivity and survey speed, whilst dense
arrays perform better in terms of temperature sensitivity (due to their larger beam
solid angles) [41, 42]. The frequency at which an aperture array changes from the

dense to the sparse regime is called the critical, or transition, frequency.

1.3 Interferometers

Radio interferometry is a radio-astronomical technique whereby signals detected at
multiple antennas are combined by cross-correlation to synthesise an image. Inter-

ferometry allows imaging of much greater resolution than would be practical with a
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Figure 1.3: A two-element interferometer, separated by a baseline b, observing in
direction §. Signals received at the antennas are amplified, filtered and a time delay

of 7, is applied to one antenna. The signals from the antennas are then correlated
and integrated.

single dish or single aperture array station, as the resolution is determined by the
distance between antennas, rather than the size of any individual dish or station.
Furthermore, interferometry can help overcome RFI when it does not correlate in
time between antennas, just as with beamforming. Likewise, noise specific to each
antenna’s individual receiver chain does not correlate, meaning that receiver stability
is not as crucial as with single dishes or stations.

Barring exceptions such as the sea-cliff interferometer, radio-astronomy interfer-
ometers consist of two or more receiving antennas that combine their signals to reduce
noise and increase sensitivity and angular resolution.

When spatially separated antennas observe in the same direction in the sky, the

radio signals are received at different points in time due to the different path length



the signal must travel to each of the antennas and the finite speed of light. The

corresponding time difference is known as the geometrical delay.

1.3.1 Determining the visibilities

As shown in Fig. 1.3, the time length of the geometrical delay, 7y, is given by

b-5
s 1.2

where b is the baseline length between the two antennas, § is a unit vector in the
direction of observation and c is the speed of light in the medium.

At the antennas the signals are converted to voltages, which have amplitudes and
phases in the quasi-monochromatic approximation. For the voltages to be combined
in a coherent manner, a process known as correlation, the geometrical delay must

be compensated for before the signals are correlated. The correlation operation is

defined as

1" \
Tcor<7-s) - jlglgo ﬁ /T Ul(t)UQ(t - Ts) dtv (13)

where 7o, is the output of the correlator, v; and vy are the two input voltages [38].

The path length of the geometrical delay in terms of the wavelength, A, is

b-s
™ — T 5 (14)
hence the phase difference, A¢, between the signal at the two antennas is
b-s
A¢ = exp <—27m'TS> , (1.5)

where the factor of -1 is a sign convention indicating which antenna is the reference
antenna and A is the wavelength.
The response of the interferometer for two spatially separated antennas observing

at frequency v is defined by the visibility function of the antenna pair V/,

V(v) =1, exp <—2m¥> : (1.6)
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where [, is the sky intensity of a single point source at frequency v and frequency is
related to wavelength by ¢ = Av .

The baseline between the two antennas can be written in terms of orthogonal
units (u,v,w), where u is taken as the East-West direction and v the North-South
direction in the plane perpendicular to the source direction, and w is the source
direction. Likewise § can be written in terms of direction cosines on the sky with
(l, m, \/W) where [ = sin(fgw) and m = sin(fxs); Opw and Ong are the an-
gles away from the zenith in the East-West and North-South directions, respectively.
The third term, v/1 — 12 — m2, can be used as § is a unit vector.

Using these terms Eq. (1.4) becomes

b-s
A

V2R

=ul +vm+wv1—12—-—m2, (1.7)

hence extending Eq. (1.6) to cover the whole sky yields

Vol w) = / / AQ, m)f,,a, m) e 2ri(uttomtu/ISF=?) 4o

m _ (1.8)
// —27rz(ul+vm+w\/1—l —m )dl dm,
V1 m2
as
o — —abdm (1.9)

Si-P-m

I,(I,m) is the source flux density of the sky and A(l,m) is the antenna response
pattern of each antenna. A(l,m)l,(I,m) gives the response of a single antenna to a
sky intensity distribution.

If w is small, Eq. (1.8) simplifies to

V,(u,v) = / / A(L,m) I, (1, m) e~ 2mu+vm) 4] qpp, | (1.10)

Equation (1.10) is a Fourier transform between the (I,m) coordinates and (u,v) co-

ordinates, hence it can be inverted to give

AL m) L (1, m) = / / Vi (1, v) €27 0H40m) gy dy (1.11)

11



05+ ] 05+

Visibility
o
Visibility
o

-0.5 1 -05¢

Angle Angle

(a) Fringe pattern with no tapering from (b) Fringe pattern with Gaussian tapering
beam pattern from fringe pattern

Figure 1.4: Fringe pattern of a two-element interferometer with and without tapering
from a Gaussian beam pattern.

If w is not small then the issue of non-coplanar baselines must be resolved. There
are several techniques, which are discussed by Cornwell et al. [43].

If the antenna response of each antenna is considered to be a delta function, then
the correlation of the two antennas is a cosine function, as shown in Fig. 1.4a. This is
known as a fringe pattern. A closer approximation to the response of an antenna is a
Gaussian; this puts a Gaussian envelope on the cosine response, shown in Fig. 1.4b.

The period of the fringe pattern is dependent upon the observation frequency and
the baseline length between the two antennas.

The field of view, Oy, is dependent upon the width of the main lobe of the
antenna beam pattern, and is approximately given by

A
Brov ~ 7 (1.12)

where d is the size of the antenna.

1.3.2 The synthesised beam

Further baselines can also improve the point-source response of the telescope. Sum-
ming the fringe patterns from multiple baselines of different lengths yields a synthe-

sised beam which tends towards a narrow beam with weak sidelobes, as illustrated in

12
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(c) Four stations, six baselines

Figure 1.5: The synthesised beam of an interferometer with baselines in one dimen-
sion. The narrow coloured lines show the response of individual baselines of different
lengths. The thick black lines show the mean response of the individual baseline
responses; this is the synthesised beam. Increasing the number of baselines converges
the synthesised beam towards a narrow central lobe with smaller sidelobes.

Fig. 1.5. The actual response of the synthesised beam is a convolution of the antenna

response pattern with the uv-plane sampling function.

1.3.3 The uv-plane

Figures 1.4 and 1.5 only consider baselines in one dimension. If the baselines are
spread out over a 2-D plane (i.e. the u and v directions) a 2-D synthesised beams

can be achieved.

As described in Eq. (1.10), visibilities are recorded as a function of (u,v). The
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length and direction of each baseline is marked on a set of coordinates known as
the wv-plane, the Fourier transform of which gives the point-source response of the
interferometer. An example uv-plane is shown in Figs. 1.6a and 1.6b for a three-
element interferometer. For each pair of antennas, two points are marked on a wuw-
plane: once for the baseline from antenna ¢ to antenna j and once for the baseline in

the reverse direction. The number of baselines, Ny, is given by
Nb == Nstat(Nstat - 1) s (113)

where No¢ is the number of dishes or stations. However the number of unique

baselines, Ny, is
Nstat(Nstat - 1)

Nbu - 9 ;

(1.14)

as the visibility on one baseline is the complex-conjugate of that of its reverse baseline
(as the sky is real and the Fourier Transform of a real function is Hermitian conjugate).

The synthesised beam of an interferometer is given by the Fourier transform of the
uv-plane sampling function. The greater the fraction of the uv-plane that is filled in,
the greater the amount of information that can be determined about the sky intensity
distribution.

One method of filling in the uv-plane to a greater extent is to have more dishes/stations
with unique spacings between each antenna pair (so as not to duplicate existing base-
lines). Another approach is to change the spacings between existing antennas. Signals
can be correlated for a period of time and combined with the correlated signals from
the same antennas located at different physical positions observing at a later time.
Some telescopes, such as the VLA, have their antennas mounted on train tracks to
allow them to be moved.

A similar benefit can be yielded through utilising the rotation of the Earth. As the
Earth rotates on its axis the directions of baselines are rotated relative to the celestial
sphere, filling in the uv-plane. An example is shown in Fig. 1.6 with a three-element

interferometer. After 12 hours, the rotation allows an entire circle to be filled in on
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Figure 1.6: The telescope layout and uv-plane of a three-element interferometer po-
sitioned at the North Pole, as seen from the zenith. The Earth rotates over time,
changing the projection of the station positions and baselines relative to the celes-
tial sphere. An interferometer positioned away from one of the poles would have its
uv-plane tracks foreshortened in the v direction.

the uv-plane. Longer integrations do not fill in the uv-plane further, as baselines are
repeated (although the signal-to-noise ratio of observations will be improved).

The layouts of interferometers are generally designed to maximise the benefits
of Earth rotation synthesis mapping. The VLA, for instance, has three linear arms
spaced at 120° intervals, allowing complete circles on the uwv-plane to be filled in 4

hours.
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1.4 The Radio Interferometer Measurement Equa-
tion

The behaviour of an interferometer can be modelled using an equation known as
the Radio Interferometer Measurement Equation (RIME), which expresses the in-
terferometer response in a compact and useful form. It was originally published by
Hamaker et al. [44] using Muller matrix formalism and simplified into Jones matrix
formalism four years later [45]. The RIME is discussed extensively in a series of
papers by Smirnov [46, 47, 48, 49].

The complex, polarised visibility, (V'), for a baseline can be calculated as

q?s ’

<Vp,q> - Z Kp,sEp,st,st,s<BS>R£SG£SE¢LSKH (1.15)

where p and ¢ are the stations forming the baseline, s indexes the sources in the sky
and the H superscripts indicates a Hermitian transpose [50].

B, is the brightness matrix, defined by

_[I+Q U+iV
BS_{U—z’V [_Q}, (1.16)

where I, ), U and V are the Stokes parameters,

I=(E+E) (1.17
Q=(E2-&)) (1.18
U = (2E,&, cos(Ag)) (1.19

V = (2€,&,sin(Ag)) , (1.20

where &, and &, are the amplitudes of the components of the electric field and A¢
the phase difference between them.

R is the parallatic angle rotation matrix

_ {cos(y) —sin(v)
R—me) cos(w]’ (1.21)
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which rotates signals from a source into the antennas’ reference frame. The parallactic

angle, 1, is calculated by

cos(p) sin(H)
sin(i) cos(8) — cos(ip) sin(3) cos<H>)’ (1.2

1) = arctan (
where ¢ is the telescope’s latitude, H the source’s local hour angle and ¢ the source’s
declination.

G, the element factor (also known as the antenna’s field pattern), is the response
pattern of an antenna, given by
X X
9o 9y
G = 1.23
[93 9 } ’ (1.23)
where g;°, g) are the responses of the antenna in the 6 (altitude) direction and gq)f ,
g;)/ the responses in the ¢ (azimuth) direction. The X and Y superscripts denote
components of the antenna with orthogonal polarization responses.

E is the array factor, which is the response pattern of the station and is dependent

upon the antenna spacing.

E:e{(l) ﬂ , (1.24)

where
e=) we e, (1.25)

and w the beamforming weight, k the wave vector and r, the position of antenna a,
given by

K is the interferometer phase representing the phase delay from the geometrical

path inference between stations,

1 0
K = ky {O 1] 7 (1.27)
where
kd _ ef2ﬂi(ul+vm+w\/1fl27m2) ' (128)
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The OSKAR-2 (Oxford SKA Radio telescope simulator 2) interferometer simula-
tor! uses the RIME to model the visibility data a given telescope would produce for
a given observation. These visibilities can be turned into an image using a radio as-
tronomy data post-processing software such as CASA (Common Astronomy Software

Applications)? or AIPS (Astronomical Image Processing System)?.

1.5 Gain and phase calibration

The visibilities produced by an interferometer differ from the true visibilities a sky
produces for a given spatial sampling due to errors in the signal processing. These er-
rors can arise from a range of inaccuracies, including antenna locations and alignment,
quantisation errors, instabilities in amplifiers and other components, atmospheric dis-
tortions, and phase-shift differences over frequency channels. The combined effect is
an uncertainty on the amplitude gain and phase of the antenna signals, creating
inaccuracies in the visibilities, which cause additional noise in images. These are
generally uncorrelated between signal processing paths, leading to visibilities having
randomised errors [51].

To an extent, telescopes can calibrate for phase and gain errors. Strong sky
sources, for instance, can be utilised for calibration. The difference in visibility
phases relative to the beam centre, for a given observation, determines the phase
offsets. Sources of well-known flux are used to calibrate the gains of signals. During
long observations of weak sources, telescopes will periodically observe nearby strong
sources to update the calibration offsets, as these can vary with time.

Interferometers can also be calibrated by exploring ‘closure relationships’, where
the baselines of multiple dishes/stations can be combined to remove errors in the

phase and gain (see, for example, [38, 52]). For a three-element interferometer the

Thttp: //www.oerc.ox.ac.uk/~ska/oskar2/
2http://casa.nrao.edu
3http://www.aips.nrao.edu/index.shtml
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measured phase on each element is given by
P12 = P12 + a1 — az,
G23 = a3 + g — a3, (1.29)
$31 = P31 + az — az,

where ¢ is the measured phase, 1 the true phase, a the phase error and the subscripts

indicate the individual elements, 1 — 3, and their baselines. The sum of Eq. (1.29)

cancels the phase errors out

D123 = P12 + Qa3 + P13 = Y12 + Yoz + 3. (1.30)

By combining ¢123, the closure phase, from different antenna groups, the phase error
on each element can be determined.
Similarly, four elements can be combined to calculate the ‘closure amplitude’. The

correlator output for a baseline, r5, can be described by
T2 = G12Via, (1.31)

where Vi, is the visibility and G5 a gain factor which can be considered as the
product of the individual element gains, G132 = ¢195. The individual element gains

can be cancelled out by expressing the correlator output of four baselines as

’T12||7”34| . ‘V12||V34‘

— . 1.32
Fiallraal — [Viol [Vad] (1.32)

The accuracy of the closure phase and closure amplitude techniques increases with

the number of dishes/stations [52], however some residual errors will always remain.

1.6 The Square Kilometre Array

The SKA is a next-generation radio interferometer currently being designed with the
aim of creating the world’s largest radio telescope. The ~ €650 million* international

project is planned to be constructed in the Western Australian desert and South

4Budgeted phase 1 construction cost
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African Karoo desert. The first stage, ‘phase 1’, is specified to comprise one hundred
and thirty-three 15-m dishes, sixty-four 13.5-m dishes and 131 072 log-periodic dipole
antennas. Phase 1 is specified to be 10% of the size of the phase 2 telescope.

The dishes will be located in South Africa with single pixel receivers and observe
from 0.35 — 13.8 GHz. This telescope will be called SKA1-Mid.

The log-periodic antennas, to be placed in Australia, will be grouped into five
hundred and twelve 35-m stations of 256 antennas each, covering a band-pass of 50-
— 350 MHz. This aperture array will be known as SKA1-Low. SKA1-Low will have
a collecting area of ~ 0.5km?, approximately three times more collecting area than
the UTR-2 (Ukrainian T-shape Radio Telescope, second modification), the current
largest radio telescope by collecting area [53].

Log-periodic antennas allow a large frequency range to be covered with one an-
tenna design. They can also be manufactured with rigid pieces of wire, which reduces
the amount of metal required and hence the cost.

First conceived in the early 1990s [20, 54, 55|, the SKA is now an international
project with twenty countries working towards its realisation. It is headquartered
at the Jodrell Bank Observatory, south of Manchester, UK, adjacent to the Lovell

telescope. Construction is scheduled to begin in 2018.

1.6.1 Site selection

Beyond the political and economical factors that are inevitably entangled with any
major scientific project such as the SKA, there are numerous astronomical reasons
why the Western Australian desert and South African Karoo desert have been selected
to host the telescope.

The first is that these sites are in the Southern Hemisphere, which is commonly
regarded as the more astronomically ‘interesting’ hemisphere: the Galactic Centre of

the Milky Way is visible from the Southern Hemisphere, for instance.
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However, the relatively low RFT level at both sites is the most important factor.
Man-made radio signals for communications, from electronic components and elec-
trical infrastructure, are a significant hindrance to radio astronomical observations,
not least because these signals are generally orders of magnitude more powerful than
astronomical signals. The signals detected by radio telescopes are split into narrow
frequency channels; if a channel measures an extremely strong signal that data is
generally regarded as contaminated by RFI and is discarded.

Both SKA sites are in sparsely populated areas away from most sources of RFI,
although some types of RFI, such as from satellites, are inescapable anywhere on the
planet. Both the Australian and South African government have passed laws to help
maintain their respective site’s radio quiet environments over the lifetime of the SKA
(56, 57].

Another important factor when assessing the suitability of a site is the atmo-
sphere above the telescope. Both SKA sites had extensive investigations conducted
to measure their atmospheric behaviour [58].

One atmospheric effect is scintillation, in which wavefronts are corrupted by
ionised particles. Whilst commonly understood as an issue for optical observations,
scintillation can have significant implications for low-frequency radio observations.

Free electrons in the ionosphere can absorb low-frequency astronomical signals.
This absorption is dependent on the electron density; lower densities cause more
absorption and it is typically only noticeable below 25MHz [59]. However at 100s
of MHz, refraction by the free electrons in the ionosphere is a significant potential
problem. This causes variations in the apparent position and brightness of low-
frequency sources. At the other end of the SKA’s frequency band, absorption by water
vapour and other molecules in the troposphere can also hinder observations. The
desert sites should mitigate the presence of water vapour. Calibrating out ionospheric
effects will be a significant problem for SKA1-Low, however ionospheric effects will

not be directly addressed in this thesis.
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1.6.2 Rebaselining

The specifications for the SKA were originally given in March 2013 in the Baseline
design [60], which defined SKA1-Low as comprising 262 144 (2!8) antennas, grouped
into 1024 stations of 256 antennas each. The same baseline design also specified SKA1-
Mid as comprising 256 dish antennas (sixty-four 13.5-m dish antennas of MeerKAT
plus 190 new 15-m SKA dish antennas). A third array, SKA-survey, was also to be
constructed with made of thirty-six 12-m dish antennas from ASKAP and sixty 15-m
SKA dish antennas, all with phased-array feeds.

In April 2015, following a review of the science requirements and estimated costs
of this design, the project produced a new specification, Requirements specification,
revision 6 [61], which reduced the number of SKA1-Low antennas by a factor of two,
reduced the number of new 15-m dish antennas in SKA1-Mid to 133, and eliminated
SKA-survey entirely.

As most of the work in this thesis had been completed prior to the release of
Requirements specification, revision 6, we have kept to the original baseline for all
the results presented here. We do not expect there to be any significant qualitative
change in the conclusions reached about the performance of SKAl-Low besides a

factor-of-two decrease in instantaneous sensitivity.

1.7 Science with the SKA

The SKA is intended to be a general-purpose observatory, however it has been mo-
tivated by ‘key science projects’, which the design has been tailored towards. They
were originally defined by the SKA International Science Advisory Committee and
outlined in Science with the Square Kilometre Array [62]. These science cases have
recently been updated in the decade since the original Science Case was published,
most recently at the Advancing Astrophysics with the Square Kilometre Array confer-
ence [63]. Seven ‘Science Working Groups’ are now defined for the SKA’s key science

projects [64]. The key science projects are briefly described below.
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1.7.1 Cosmic reionisation and the first galaxies

At high redshifts (z ~ 10 — 20) neutral hydrogen was reionised by early stars and
galaxies. Mapping this era, the Epoch of Reionisation (EoR) will provide insight
into the early universe and evolution of large-scale structure. The frequency coverage
of SKA1-Low has been set to allow observations from the beginning of the period,
the Cosmic Dawn, until the end of Reionisation, allowing a detailed study of the

formation of the first stars and galaxies [65].

1.7.2 Cosmology

The SKA will allow studies of the equation-of-station of dark energy and the dark
matter power spectrum. A large-scale continuum survey could provide insight into
weak lensing and constrain its properties. The SKA will be in a strong position to
compliment the cosmological observations of other telescopes such as Euclid [66].
Cosmology with the SKA will primarily focus on a range of surveys with SKA1-
Mid, such as a HI galaxy redshift survey detecting ~ 107 galaxies out to z ~ 0.7,
radio continuum surveys out to z ~ 6 of ~ 10% galaxies and weak lensing surveys.
These surveys will examine the expansion history and geometry of the Universe and

the growth of large-scale structure [67].

1.7.3 Galaxy Evolution

As hydrogen is the most abundant atom in galaxies, hydrogen’s 21-cm radiation can
be used to measure galactic phenomena. HI tracks large-scale galactic dynamics and
yields insights into the interstellar medium (ISM), such as the relationship between
star formation and the state of the ISM [68]. The SKA will be able to make all-
hemisphere surveys of HI emission to a redshift, z, of ~ 1.5.

Continuum surveys will provide data on the star formation history of the Universe,
the role of black holes in galaxy evolution and increase the number of radio-detected

gravitational lenses to ~ 10° [69].
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1.7.4 Cosmic Magnetism

The SKA will exploit Faraday rotation, polarized synchrotron emission and the Zee-
man effect to study magnetic fields, which remain a relatively unstudied aspect of
astrophysics. Measurements of the intensity of synchrotron emission can be related
to the strength of the magnetic field it was produced in and the orientation of the
magnetic field can be ascertained from the polarization of the synchrotron emission.

Faraday rotation is the rotation of the plane of polarization of an electromagnetic
wave along its line-of-sight when passing through a plasma and magnetic field. The
rotation of the polarization angle is dependent upon the magnetic field strength and
the electron density in the plasma. The magnetic field strength can be inferred from

measuring the frequency dependence of the polarization angle of radio waves.

1.7.5 Pulsars and Gravity

The unparalleled sensitivity and survey speeds of the SKA increase the likelihood of
detecting a neutron star - black hole binary system, allowing predictions from General
Relativity to be tested in strong-field cases. The timing of pulses from a neutron star
orbiting a black hole would provide accurate measurements on the effects of strong-
field gravity.

A large-scale pulsar survey with the SKA’s sensitivity is expected to detect a large
number of millisecond pulsars (pulsars with rotation periods of order a millisecond),
allowing a pulsar-timing array to be established. Direction dependent deviations in

the pulses’ arrival times could herald the detection of gravitational waves.

1.7.6 The Cradle of Life

This science goal encompasses studying terrestrial planet formation and the evolution
of proto-planetary disks as well as detecting spectral lines from amino acids and other
complex carbon molecules. The SKA will be able to detect centimetre wavelength

emission from large dust grains and pebbles, with the aim of understanding how the

24



pebbles coalesce to form boulder-sized objects, an important but unsolved question
in planet formation [70].

The SKA could also detect leaked radio frequency emissions from extra-terrestrial
life around nearby stars. A survey of the nearest thousand stars to detect leakage of
airport-radar strength signals could be conducted within 1000 hours of observations
[71]. The sensitivity of the SKA also enables the detection of a focussed 1-MW beam,

like the Arecibo planetary radar, emitted up to thousands of light years away [72].

1.7.7 Time domain

The survey speed and sensitivity of the SKA will facilitate synoptic surveys, studying
the variation of the sky and sources on scales of minutes to days. It should also help
detect more Fast Radio Bursts (FRBs) and Tidal Disruption Events (TDEs), which
are thought to occur when massive objects pass closely to central galactic black holes.
The SKA is predicted to detect 1 — 1000 FRBs and TDEs per week, vastly increasing
the current number of measurements. This will help astronomers to understand the

nature and implications of these events [73].

1.7.8 SKA1-Low key science

The remit of SKA1-Low is focused on the EoR and pulsar searching. The EoR’s
21-cm radiation is redshifted to the low-frequency regime of SKA1-Low. The large

field of view offered by SKA1-Low make it amenable to large-scale pulsar surveys.

1.8 Current low-frequency telescopes

The scientific interest in exploring the low-frequency radio spectrum, coupled with
advances in digital signal processing technologies, has seen a surge in the commis-
sioning of low-frequency telescopes in recent years. Many of these telescopes are

now recognised as SKA ‘precursors’ or ‘pathfinders’ (the precursors are located on
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Figure 1.7: Three Murchison Widefield Array (MWA) tiles. Each tile is composed of
a 4x4-grid of bow tie antennas on top of 5x5-m ground screens. The ground screens
reduce the ground noise detected by the antennas and help maintain constant electri-
cal properties beneath the antennas, which may vary with soil moisture levels. The
antenna signals are beamformed in the white boxes adjacent to the tiles. (Photograph
by Paul Bourke and Jonathan Kaispel. Supported by WASP (UWA), iVEC, ICRAR
and CSIRO.)

one of the SKA sites), as the knowledge and experience gained from their construc-
tion, operation and observations will be able to directly contribute to the SKA’s own

low-frequency efforts. Some of these telescopes are outlined below.

1.8.1 Murchison Widefield Array (MWA)

The MWA comprises 2048 dual-polarization dipole antennas covering 80 — 300 MHz.
It is located at Boolardy station in Western Australia, the future site of SKA1-Low,
and covers much of the same frequency range. Those two factors make the MWA a
valuable project for developing SKA1-Low.

The 2048 antennas are divided into 128 ‘tiles’ of 4x4 antennas, where an MWA
tile can be thought of as being equivalent to an SKA1l-Low station. The tiles are
beamformed with an analogue time-delay beamformer, meaning the accuracy of the
beamforming does not have a frequency dependence. The tiles are mostly concen-
trated in a 1.5-km core but there are baselines of up to 3km, allowing arcminute
resolution [24].

Covering approximately the same frequency range as SKA1-Low, the MWA also
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Figure 1.8: PAPER dipole antenna. The copper dipole is surrounded by a ground
screen with side panels made of steel and wire mesh, which narrows the antenna’s
beam size to approximately the size of cold patches in the synchrotron sky [75].
(Image from eor.berkeley.edu).

has similar scientific aims. Specifically stated targets include imaging ionised bubbles
of hydrogen, and measuring variations in the brightness of the 21-cm line, during the
EoR. The MWA has also set out to conduct a Southern Hemisphere sky survey and
hopes to detect a large number of faint supernova remnants, as current observations do
not match the predicted number. Other science goals include searching for transient

and variable events and monitoring space weather, such as solar bursts [74].

1.8.2 The Precision Array for Probing the Epoch of Reioni-
sation (PAPER)

PAPER is an American project with two current arrays; one at Greenbank, West
Virginia and the other in the Karoo desert, near the SKA South Africa site. The
former has 32 dual-polarization antennas, the latter 64 (and currently expanding to
128). An image of a PAPER antenna is shown in Fig. 1.8.

Unlike SKA1-Low and the MWA, PAPER has no beamformer. Instead all the
antennas are correlated with one another. This significantly increases the correlator
operation costs, which increases with the square of the number of antennas, but pre-
cludes the possibility of errors in the beamformer and the grating lobes in the station

beam introducing spectral structure that hinders attempts at foreground removal for
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Figure 1.9: A station of the Long Wavelength Array (LWA) array, located in New
Mexico. 256 antennas are visible in the core plus 1 outrigger antenna. The antennas
have a dual-polarization design with low-noise amplifiers mounted on the top. Signals
are routed underground to the correlator in the white cabin next to the array. The
site is in close proximity to the VLA, which is visible in the upper right. (Image from
phys.unm.edu).

EoR observations, as could occur in the case of the MWA’s and LOFAR’s (see below)
gridded tiles.
As its name suggests, PAPER is focussed on measurements of the EoR. Results

from PAPER have recently put upper limits on the EoR power spectrum, constraining

it to below (22.4mK)? at 2 = 8.4 [76] and (48 mK)? at z = 7.55 [77].

1.8.3 The Long Wavelength Array (LWA)

The LWA is another American project split across two sites: the VLA site in New
Mexico and the Owens Valley Radio Observatory in California. The New Mexico site
has 256 dual-polarization antennas in a compact core with four outrigger antennas
on up to ~ 300-m baselines from the core and beamforms four beams. An image of
the core is shown in Fig. 1.9.

The main science drivers of the LWA are synchrotron radiation observations of
supernova remnants, galaxies and clusters and ultra-high energy cosmic rays. It

aims to measure cosmic evolution at high redshifts, including the EoR and study the
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Figure 1.10: The international Low-Frequency Array (LOFAR) station in the UK.
The Low Band Antennas, a ‘droopy-dipole’ design, can be seen in the foreground. The
High Band Antennas are under the black weatherproof covering in the background.
(Image from astron.nl).

transient phenomena. Observing down to 10 MHz also allows ionospheric studies [78].

The Owen’s Valley LWA has 256 dual-polarization antennas. The Large Aperture
Experiment to Detect the Dark ages (LEDA) digital signal processor correlates these
antennas over an instantaneous bandwidth of 30 — 88 MHz. The LWA with LEDA is
studying the 21-cm line by attempting to measure its sky-averaged absorption against
the CMB at z ~ 20 [79].

There are plans to expand the LWA New Mexico out to 53 stations around New
Mexico, with baselines up to 400 km [80].

The groups behind the MWA, PAPER and LEDA plan to construct a next gen-
eration telescope called the Hydrogen Epoch of Reionisation Array (HERA). The
collecting area of HERA will in concept be similar to SKA1-Low, to allow it to con-

duct detailed observations of the EoR [81].

1.8.4 The Low-Frequency Array (LOFAR)

Primarily a Dutch project, with support from international partners, LOFAR is the
most ambitious of the current generation aperture arrays in terms of number of anten-
nas and baseline lengths. It currently comprises 18 stations in a 2x3-km core in the
Netherlands, 18 further Dutch stations on an approximate logarithmically spaced spi-

ral distribution and 8 international stations in Germany, the UK, France and Sweden,
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with a maximum baseline of ~ 1500 km.

Each station is split into low-band antennas (LBA, 10 — 90 MHz) and high-band
antennas (HBA, 120 — 240 MHz). The frequency gap covers the FM radio band;
indeed the LBAs are, by default, filtered to 30 — 80 MHz due to strong RFI at both
ends of the LBA band. There are 96 LBA tiles per station and 48 or 96 HBA tiles
(Dutch and international stations, respectively). An LBA tile is a dipole antenna
whereas an HBA tile is a 4 x 4 beamformed grid of antennas, leading to a grating
lobe in the station beam pattern. Each station typically has 8 beams, but the core
stations can all be beamformed together to create up to 219 beams.

As with the other low-frequency telescopes, LOFAR is studying the EoR and
transient events. It also aims to conduct surveys for both high redshift radio sources

and pulsars and search for exoplanets [25].

1.8.5 Giant Metrewave Radio Telescope (GMRT)

Another telescope hoping to make EoR measurements is the GMRT in India. Unlike
the other telescopes, the GMRT is an array of thirty 45-m dishes, not an aperture
array. It has frequency bands centred on 50, 153, 233, 325, 610 and 1420 MHz. The
153 MHz band has been used to constrain the EoR power spectra to an upper limit

of (7T0mK)? at z = 8.6 [82)].

1.9 Thesis layout

The SKA will provided unprecedented sensitivity and survey speed capability to the
radio astronomy community, by virtue of its large collecting area. However this high
sensitivity is of little use if the observations are limited not by thermal noise but by
various kinds of systematic error.

This thesis focuses on SKA1-Low, the SKA’s low-frequency aperture array. The
aim of this thesis is to analyse the performance of SKAl-Low, in order to deter-

mine limiting factors on its performance, and to understand how systematic errors of
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various types will impact the results.

Chapter 2 assesses the impact of phase errors and broken antennas on the primary
beams of low-frequency aperture arrays. Chapter 3 extends these simulations to the
complete interferometer, to cover whole telescopes and the impact of gain and phase
errors on the telescope’s imaging capability. In Chapter 4 we create and analyse a
range of telescope models conforming to the SKA1-Low specifications on the number
of antennas and their radial distribution. These are assessed to see how sensitive they
are to detecting the Epoch of Reionisation power spectrum in Chapter 5. Chapter
6 analyses the hardware requirements of implementing the beamformer. Chapter 7

summarises the conclusions of the thesis and discusses future work.
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Chapter 2

Simulations of aperture array
primary beam patterns

2.1 Introduction

SKA1-Low will be an aperture array comprising a large number of approximately
identical stations. The stations will create their own primary beams (also known as
station beams) which define the field of view of the telescope.

The shape of a primary beam is principally governed by the number and location
of antennas within a station and the beam pattern of the individual antennas; the
primary beam shape is the Fourier transform of the antenna layout and the individual
antenna patterns. Stations with larger numbers of antennas typically have lower
sidelobe levels in their primary beam, as shown in Fig. 2.1. A gridded layout will
result in regular strong sidelobes known as grating lobes unless the array is fully
sampled (i.e. the antenna spacing is < A/2), in which case the grating lobes are
pushed over the horizon. A randomised layout of antennas will more evenly distribute
the power in the sidelobes, resulting in irregular sidelobes with the peaks of near-in
sidelobes generally significantly weaker. It is proposed that SKA1-Low stations will
have a random layout [60] using different layouts for each station (or the same layout
but rotated), as this results in even lower sidelobes in the cross-product beam between
two stations.

In this chapter the beam patterns of aperture array stations of various sizes will be
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grid are identical.

Figure 2.1: One-dimensional cuts through the centre of primary beams of gridded and
randomised array stations with differing numbers of antennas. Antennas are spaced
at the critical frequency (on average, in the randomised stations). The gridded layouts
give regular high-power grating lobes, whereas the randomised layout distributes the
sidelobe power over a wider area. Orthogonal cuts through the gridded layout give
identical beam patterns, but differing patterns in the randomised case. The difference
between the orthogonal cuts of a randomised station tends to zero with increasing
numbers of antennas.

simulated. The effect of station sizes on beam patterns will be discussed. In addition,
the impact of phase errors and broken antennas on a range of beam pattern metrics

will be investigated.

2.1.1 Primary beams

Understanding the shape and performance of the primary beams will be important to
the success of SKA1-Low, as bright sources in sidelobes can interfere with measure-
ments. By uniquely randomising the layout of each station, the detrimental effect of
sidelobes will not be as strong as in the case of identical layouts. This is because a
bright source located at the peak of a sidelobe of one station may be at a minima in

a second station, so the correlation of the two will result in a weaker contribution to

33



the final image than if identical station layouts were used with the source at the peak
of a sidelobe in both.

The size of a station’s primary beam, and hence its field of view, FoVyeam, is also
dependent on the location of antennas in the station, specifically the diameter of the

station, dga. This is approximately described by Eq. (2.1) [60],

7 (1.30\? [180)°
E eam — - 3 2.1
OVb 4 <dstat) ( ™ ) ( )

where X is the observing wavelength and FoVyea, is in square degrees and d . is the

effective station diameter (this can be different from the physical diameter depending
on the illumination function of the station used, where the illumination function is the
Fourier transform of the antenna’s voltage reception pattern). Assuming a circular
station and an average separation between antennas of d ., the diameter and number

of antennas, N,, in the station are related by

d? . N,
dstat =2 ant . (22)
T

In this chapter the minimum separation between antennas in assumed to be 1.35m,
half the wavelength at the critical frequency, which is taken to be 111 MHz.! The mean
value between antennas is set at 1.63 m; this is equivalent to the mean separation of an
antenna from its 8 nearest neighbours in a gridded layout with adjacent separations
of 1.35m between antennas.

Studying the Epoch of Reionisation is a key science project of the SKA [84] and
investigations have recommended that a field of view of 25 deg? at 100 MHz will be
required to achieve this [85]. This is approximately the field of view achieved with a
35-m station at 100 MHz.

If larger station sizes than 35m were created for SKA1-Low, theoretically the 25
deg? field of view could be achieved by mosaicing multiple beams. It has been argued

that it may not be possible to detect the EoR with a multi-beaming approach as it

'The work in this chapter pre-dates more recent updates to the antenna design specifying the
average antenna spacing as 1.93m [83]. The conclusions are not significantly changed.
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Figure 2.2: Number of beams required to maintain at least a 25 deg? field of view
as a function of number of antennas at 50 MHz (red line), 111 MHz (green line) and

190 MHz (blue line). Plot assumes a mean antenna separation of 1.63m (less than
the 1.93m currently specified for SKA1-Low).

is difficult to determine fluctuations and structures on angular scales comparable to
that of the station beams [85].

Higher frequency observations have smaller fields of view, hence there is a re-
quirement for more beams. Note that at 50 MHz the single beam area is already
much larger than the 25 deg? requirement, whilst at 190 MHz multi-beaming is al-
ready required to maintain the 25 deg? beam. Due to the flat shape of the angular
size-redshift relation, the angular size of the interesting features in the EoR signal
does not vary much with frequency (see Chapter 5). Each extra beam would re-
quire an increased number of digital signal processing operations in the beamformer
and correlator, adding expense to the telescope cost. Larger stations would result in
fewer stations, however, reducing some digital signal processing costs. The trade-off
between these factors is explored in Price et al. [86], who conclude that somewhat

larger stations (~ 512 antennas) are optimal from a signal processing point of view.
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2.2 Beam pattern metrics

There is a range of metrics that can be used to analyse a beam pattern, the pertinence
of each depending upon the aims of the aperture array (or radio dish). For instance,
an aperture array used for radar may aim to achieve a constant power level across a
wide field of view. The directivity of the beam may help analyse this, as it measures
the ratio of the peak power of a beam to its average power (hence an isotropic beam
has a directivity of one). A ground-based dish for satellite communications may desire
a narrow beam, to restrict communications to individual satellites and avoid nearby
ones operating in the same frequency band, which could be measured by the half-
power beam-width (HPBW). Astronomical telescopes, on the other hand, generally
target low sidelobes and high sensitivities. The sidelobe levels of the station beams
are considered by some authors to be of particular importance as to whether key
science goals can be achieved with SKA1-Low [87, 88].

The typical sidelobe level in a station is roughly inversely proportional to the
number of antennas in the station [51], however the actual locations and strengths of
sidelobes are controlled by the station antenna layout. Sidelobes can be categorised as
either ‘near-in’ or ‘far-out’. Near-in sidelobes are caused by the overall illumination
function of a station; a (uniformly weighted) station is only sensitive over a finite
area, beyond which the sensitivity drops instantly to zero. As a consequence of this,
near-in sidelobes appear around the main lobe of the beam. This can be mitigated
by down-weighting antennas towards the edge of the station in a process known as
apodization; see Chapter 4 for further discussion.

Far-out sidelobes are caused by the direction and spacing of the gaps between
antennas within a station [89]. This is why gridded antenna layouts create strong
grating lobes: the spacing between antennas is constant. Positioning antennas in a
random manner creates a distribution of inter-antenna spacing and directions with
the effect of redistributing the power in the grating lobes over a wider area but with

a lower mean power.
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Errors in the beamformer will distort the beam patterns, changing these metrics
and impairing an aperture array’s ability to perform as expected. With ~ 250000
antennas in the SKA1-Low alone, spread out along baselines of up to ~ 100 km [60]
some degree of error will have to be tolerated. Variations in the precision of mass-
produced components, quantisation errors from finite bit depths and broken compo-
nents, amongst other factors, will all contribute to decreasing the overall performance
of the telescope.

Various theoretical analyses of the effect of phase errors on generalised arrays exist,
for instance [51, 90]. Schediwy et al. [91] provide a quantitative analysis of the effect
of phase errors on linear arrays using the (original) OSKAR simulator [92] and relate
it to the 2-PAD (2-Polarizations All Digital) aperture array, a digital beamformer
created as a demonstrator for SKA1-Low [93].

Here we will simulate the effect of phase errors, along with station size and fraction
of broken antennas, on station beams. There are no definitive beam pattern measures
to assess the quality of beam patterns in radio astronomy, however here three metrics
are chosen to assess key parameters that strongly influence the outcome of radio
astronomical observations. These are sidelobe level, sensitivity and beam-pointing

accuracy.

2.2.1 The OSKAR-2 interferometer simulator

The OSKAR-2 interferometry simulator is designed to be a powerful tool in mod-
elling the performance of radio telescopes. OSKAR-2 provides the opportunity to
simulate and determine the effect of flaws in the beamformer on the overall perfor-
mance of the telescope. This can provide constraints on the tolerable errors in the
SKA beamformer, such that it can meet its key science goals.

OSKAR-2 calculates visibility data using the Jones matrix-based formalism of
the Radio Interferometer Measurement Equation [44, 94]. A station’s beam pattern

is calculated by E - G, where E and G are the Jones matrix representations of the

37



array factor and the element factor, respectively.

Errors in the amplitude gain and phase are incorporated into the beamforming
weights. The beamforming weight, W, defines how the telescope’s beam is pointed,
and is given by

W(Qb, (bba x, y) = Wgeo(eba ¢b7 x, y) : Gei¢ ) (23)

where 6, and ¢, are the azimuth and altitude beam-pointing directions, z and y
are the antenna position, G is the gain and ¢ is the phase. Wy, the geometric
beamforming weight, is a complex value dependent on the station layout and beam-

pointing direction.

2.3 Station size simulations

Models for each of 13 station sizes from 32 — 11 200 antennas, or station diameters of
~ 9 — 180 m (the upper bound equalling the number of antennas of SKA stations in
the 2010 Preliminary system description [95]) were created by specifying the antennas’
geometric locations. One hundred unique models were generated for each station size
with the antennas in randomised layouts, yet kept within a diameter specified by
Eq. (2.2) and with at least 1.35m (half the wavelength at the critical wavelength)
separation between antennas.

Beam patterns from each model were simulated using OSKAR-2. Four one-
dimensional (1-D) slices through the centre of each beam pattern were taken at 45°
angles to one-another. The median sidelobe level is determined from measuring the
value of each 1-D slice from beyond the first minima either side of the main lobe.
Beam patterns are simulated at 111 MHz in the zenith direction. Pointing away from

the zenith would increase the sidelobe levels.

2.3.1 Results of station size simulations

As shown in Fig. 2.3, the sidelobe levels of the station beams are inversely proportional

to the number of antennas in a station, following a trend of k/N, where k = (6.7 +
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Figure 2.3: Median sidelobe level of beampattern as a function of station size. The
sidelobe level is inversely proportional to the station size. The range of values at
each station size shows the standard error of the sampling distribution from hundred
randomised antenna layouts.

0.3) x 1072 is a constant from a x? fit. A station of 100 antennas yields a median
sidelobe level of ~ —32dB, 1000 antennas lowers it to ~ —42dB and 10000 results in
~ —52dB. This is consistent with the theoretical prediction that the typical voltage
response of the station will go as 1/ v/Na when the antenna contributions are adding
up with quasi-random phases and hence that the power pattern will go as 1/Na.

The value for N, = 32 is not included in the fit. This is because at low frequencies
and with small station sizes, the field of view of a station covers a large fraction of
the sky. The median sidelobe value of the 32-antenna station was artificially lowered
by having the peaks of at least one strong grating lobe beyond the horizon and thus
not measured. This is a limitation of the definition of sidelobes used here (the beam
pattern beyond the first minima)

The median sidelobe level required for SKA1-Low is not specified in the SKA’s
Requirements specification but the beamformer is listed as requiring a dynamic range

of better than 40 dB [96]. For the station beam to output data with a signal-to-noise
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ratio of better than 40 dB the median sidelobe level should be lower than 40dB, as
otherwise the background noise level will be too great. This suggests station sizes
of 2 1000 should be constructed. However this does not account for the potential
benefits of correlating station beams later in the signal processing chain, nor the
effect of each station having a different random configuration, which introduces an

additional drop in power on each baseline.

2.4 Phase error simulations

Investigations into the effect of phase errors in the signal processing chain from each
antenna on the beam pattern were also carried out. The phase error applied to each
antenna is generated from a Gaussian distribution; the standard deviation of the
Gaussian distribution is taken as the overall phase error of the telescope. The errors
are uncorrelated between antennas. The detrimental effects from the uncorrelated
errors will, to an extent, cancel out across the station, however there will be a residual
error which will affect station performance.

Phase error standard deviations from 0 — 180° are used in 56 logarithmically
spaced steps. The phase error of each antenna was regenerated for each of the 1000
simulations conducted for each station size. Telescope models of three different station
sizes were used: 16 (4 x 4), 256 (16 x 16) and 16384 (128 x 128) antennas. Gridded
station layouts were used. This is different to the randomised layouts specified for
SKA1-Low, however these simulations compliment the work of Schediwy et al. [91]
by extending their analysis to 2-D arrays.

Schediwy et al. use three linear arrays of 4, 16 and 128 antennas. The station
sizes used in this study extend these linear arrays into 2-D grids, with 4%, 162 and
1282-antenna stations. These station sizes are also relevant to current and future
radio telescopes. A 16-antenna station is the size of a tile in the MWA, 256 antennas

is the current specified station size for SKA1-Low [96] and 16 384 antennas is of order
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the number of antennas per station originally planned for SKA1-Low [95] (and of
order the recommended size by some studies [87]).

The loss in sensitivity is measured by comparing the brightest pixel in a simulated
beam pattern with a given phase error with that of a beam pattern from an ideal
telescope with the same number and layout of antennas but no phase error.

The beam-pointing offset is determined by comparing the position of the brightest
pixel in a simulated telescope model with phase errors to that of a telescope with no
phase error. The ideal telescope’s HPBW is determined from a 1-D cut through the

beam centre; the HPBWs are used as a reference for the size of the pointing offset.

2.4.1 Results of phase error simulations

There are power law relations for the loss in sensitivity from 0° to ~ 20° phase error,
beyond which greater phase errors have diminishing additional detrimental effects on
sensitivity, as shown in Fig. 2.4a.

The loss in sensitivity for each phase error increases with the number of antennas in
a station. The two larger stations, 128 and 16 384 antennas, give results within ~ 2%
of one another and 15 — 20% of the 16-antenna station. This, along with the power
law results, is consistent with the results found by Schediwy et al. However, the 2-D
gridded stations show a greater loss in sensitivity than the linear arrays in Schediwy
et al., for a given phase error. The 16-antenna 2-D grid loses approximately twice
as much sensitivity as the 16-antenna linear case in Schediwy et al. In both cases
antennas were separated from adjacent antennas by the half-wavelength distance,
although the difference may (at least partially) arise from different antenna beam
patterns; here a square cosine taper was applied to an ideal dipole beam pattern; it
is unclear how Schediwy et al. modelled their antennas.

According to the Requirements specification the difference between the parame-
terised station beam model and the actual station beam is required to be no greater

than ~ 1% relative to the main beam peak power. To keep the sensitivity loss below
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Figure 2.4: Beam pattern metrics as a function of standard deviation of antenna
phase errors and broken antennas. Gridded telescope layouts were used. The blue
line is for a 4 x 4 antenna layout, red 16 x 16, and green 128 x 128.

1%, phase errors needs to stay below ~ 5.8° for the 256 and 16 384-antenna stations
and ~ 6.4° for 16-antenna stations.

The beam-pointing offset simulations, plotted in Fig. 2.4b, also show a general
power law trend over a range of low phase errors. However there is a clear deviation
from the power law trend at low phase errors for the 16 384 and 256-antenna stations.

This can be attributed to the difficultly of accurately measuring and interpolating

42



the change in position of the beam’s brightest pixel. Again, the results are consistent
with Schediwy et al., including the deviation from the power law at low phase errors.

At high phase errors, the beam offsets increase at a significantly larger rate than
the power law. This is also present in Schediwy et al. and is a result of the large
phase errors significantly distorting the beam patterns. Furthermore, the large loss
in sensitivity, combined with this distortion could result in some sidelobes becoming
more powerful than the main lobe. This would result in the perceived position of the
main lobe, as measured by the brightest pixel in the station beam pattern, rapidly
shifting in position and hence offset. However, such large phase errors are unrealistic
in practice.

To keep the beam-pointing offset below 1% of the HPBW, the phase error is
required to be kept below ~ 3.5°, ~ 15° or ~ 80° for a 16, 128 or 16 384-antennas
station, respectively. These levels of phase error are quite achievable in practice.

The mean sidelobe level, shown in Fig. 2.4c, is resilient to change for phase errors
up to ~ 10°. The phase errors may be moving the power in the sidelobes around,
but the overall power and hence the mean power may have stayed approximately
consistent. Beyond the approximately constant sidelobe level regime, the sidelobe
level rises very sharply with phase error, potentially caused by the power in the main

lobe being spread to the sidelobes.

2.5 Broken antenna simulations

Similar simulations are conducted with selected antennas ‘turned off” by setting their
gains to zero, to allow a measurement of the effect of broken antennas in the station.
The same sized gridded station layouts were used as the previous phase error simu-
lations. Beam patterns were simulated for 0 to 75% of antennas broken, with 1000
simulations for each station size and number of broken antennas. The antennas to be

broken are selected randomly for each iteration of the simulation, without repetition,
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so that each simulation has a unique set of broken antennas. In some cases the num-
ber of possible unique samples of antennas, such as a single broken antenna out of a
station of 16 antennas, is fewer than 1000, meaning the maximum possible number

of unique samples are taken instead.

2.5.1 Results of broken antenna simulations

The effect of broken antennas on sensitivity is shown in Fig. 2.4d. The loss in sensitiv-
ity is non-linear, contrary to what might be expected. The largest proportional loss
in sensitivity, however, is at low numbers of broken antennas: 1% of antennas broken
causes a ~ 2% loss in sensitivity and 5% broken leads to a ~ 10% loss, but increasing
the fraction of broken antennas to 30% and 40% increases the loss in sensitivity to
51% and 64%, respectively, a proportionally lower loss.

Broken antennas distort the beam pattern, turning the fully dense array into a
partially sparse one, for instance, which may explain the non-linearity. The result of
a given fraction of broken antennas is the same, regardless of station size.

SKA1-Low stations are unlikely to have stations with a large fraction of broken
antennas, as broken antennas should be fixed or replaced. Alternatively data from a
whole station may simply be flagged and unused if a significant fraction of its antennas
were broken and not able to be corrected. The large sensitivity losses at low numbers
of broken antennas suggests that SKA1-Low will need to ensure either its antennas
are durable and robust or that there is an efficient system in place to detect and
replace broken antennas, as they may otherwise prevent SKA1l-Low detecting weak
sources.

These simulations do not take into account the possibility of broken antennas
creating spurious signals or otherwise inaccurate data. It would be prudent to peri-

odically check signals from individual antennas to ensure this does not occur.
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2.6 Summary

It is shown that increasing the number of antennas in a station will reduce the sidelobe
level of the station beam and mitigate the impact of phase errors on the performance
of the primary beam. For the beam sensitivity to be reduced by less than 1% and
pointing offset to be within 1% of its HPBW, the phase error should be less than
~ 3.5° for a 16-antenna gridded station and ~ 6° for one with at least 128 antennas
in a gridded layout. The mean sidelobe level of a station does not increase significantly
for phase errors below ~ 10° for gridded stations with 16 or more antennas, but it is
probable that the sidelobe positions are shifted. In addition to restricting phase errors,
broken antennas in stations should be corrected for swiftly (within the economical
means of the telescope) as they can strongly affect the sensitivity in a station, at a
rate faster than the simply the fraction of broken antennas.

SKA1-Low stations will have a randomised layout as opposed to the gridded lay-
outs used in the phase error and broken antenna simulations presented here. We
would expect qualitatively similar performance from randomised layouts as the grid-
ded layouts, although they may be quantitatively different.

The level of tolerable gain and phase errors seem quite achievable when considering
the effect on simple metrics of individual station patterns. However this does not take
into account the full effects of interferometric imaging, which will be considered in

the next chapter.
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Chapter 3

Effect of array errors on imaging

3.1 Motivation

SKA1-Low is proposed to cover the frequency range 50 — 350 MHz. At the lower end
of the frequency band images are created with relatively wide station beams, and
hence also wide near-in sidelobes. This could present difficulties in creating the large
imaging dynamic range desired by SKA1-Low.

It has been suggested that the upper end of the frequency band could be extended
to 650 MHz by sampling in the second Nyquist zone of detected signals, and that
this could be a relatively inexpensive upgrade to the current instrument design [97].
However, there are concerns over the fidelity of the images that would be produced
at such high frequencies due to the very sparse sampling of the aperture array [98].

The first revision of the SKA’s Requirements specification [99] called for a criti-
cal sampling frequency of 110 MHz for SKA1-Low, which is followed in this chapter
unless otherwise stated. This specification has since been excised, however the cur-
rent antenna design requires an average spacing of 1.93m [83], which corresponds to
an approximate dense-sparse transition frequency of 78 MHz, implying any problems
caused by very sparse sampling of the aperture array may be worse than simulated
here.

The aim of this chapter is to investigate how imaging is affected across a fre-

quency range of 50 — 600 MHz by simulating the effect of phase and gain errors on the
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images produced by an interferometer matching the SKA1-Low specifications. This
investigation compliments the work of Razavi-Ghods et al. [100] which assesses the
far-sidelobe confusion noise of sources in an ideal SKA1-Low telescope. In addition to
modelling phase and gain errors, baselines beyond the SKA1-Low core are included

and the frequency range extended down to 50 MHz.

3.2 Telescope models

The Nyquist sampling theorem states that a band-limited function can be completely
determined by sampling it at a frequency of twice the bandwidth. Hence to sample
SKA1-Low signals between 350 — 650 MHz it is possible to filter signals to only this
band-pass and sample at 600 MHz; this is known as sampling in the second Nyquist
zone.

The Nyquist sampling theorem can also be applied in spatial terms, where it
corresponds to sampling at every half-wavelength of the shortest wavelength present.
This means that the distance between antennas in an aperture array is significant:
if antennas are spaced further than half the observed wavelength apart, the station
beam is spatially aliased, resulting in strong sidelobes (see, for example, [101]). The
frequency at which this transition occurs is the critical sampling frequency.

A source located in a sidelobe of a radio telescope is detected at a level dependent
on the sidelobe strength. It is theoretically possible to remove the signal from sources
in far-out sidelobes in synthesised images with post-processing. However, this requires
a perfect understanding of the telescope’s behaviour, and of the sources in the sky.
When uncertainties are present in the signal processing chain, the resultant data is
perturbed from the error-free case. By investigating the differences between images
from an ideal (i.e. error-free) telescope and those from a telescope with errors, the
effect of errors on the images can be quantified.

The OSKAR-2 simulator is used to generate simulated visibilities for all cases,

while CASA is used to make images of simulated visibilities.
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To simulate SKA1-Low, a telescope model is created with station locations match-
ing the description given in the Requirement specifications, 1st revision. The layout
and instantaneous uv-coverage are shown in Fig. 3.1.

The Requirements specification describes a telescope containing 1024 thirty-five
metre diameter stations, with 256 antennas per station. Here 768 (= 3x256) antennas
per station are used, giving stations a factor v/3 times the specified diameter. The
station beams are apodized using a Hanning window such that their HPBW is equal to
a 256-antenna unapodized station. This is discussed in [89] but is briefly summarised
here.

The baseline design of 35 m diameter separate stations assumes all antennas within
the station have equal weight, in order to achieve the required total effective area of
the array. However, a station with uniform weighting generates high sidelobes in the
station beam, significantly increasing the sensitivity to off-axis sources. Apodizing
stations to improve the sidelobe level results in reduced overall collecting area and
larger station beams. Alternatively a scheme of apodized overlapping stations in a
contiguous distribution of antennas can give efficient use of collecting area along with
good beam performance. The scheme used in this chapter gives a good approximation
to this concept in so far as utilising apodized stations to reduce sidelobe levels, but
a contiguous distribution of antennas is not used; this concept is discussed further in
Chapter 4.

A randomised antenna layout which is common to each station is used, but each of
the 1024 stations are rotated to a unique angle, (360n/1024)°, where n is an integer
between 0 and 1023, so that the position of each antenna within a station varies
relative to the centre; the orientation of each individual antenna remains the same,
however. This rotation mitigates the effect of non-radially symmetric sidelobes, hence
reducing the sensitivity to off-axis sources, when correlating the station beams. This
approach is used by LOFAR [25].

In line with the Requirements specification, log-periodic antennas with a directivity

of almost 8 dBi are used. Antenna models matching those of the current SKA1-Low
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Figure 3.1: The telescope model used for the simulations in this chapter. Station
locations conform to the stipulations in the Requirements specification [102].

antennas (‘SKALA antennas’) are used at each frequency simulated, except at 50 MHz

where an antenna model is not available; the antenna response at 100 MHz is used

instead; log-periodic antennas are designed to have approximately the same antenna

beam pattern across their frequency range. Antennas have a minimum separation of

1.35m, corresponding to a critical sampling frequency of ~ 110 MHz specified in the
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original baseline design.

The SKALA antenna patterns [103] are expected to vary by up to ~ 3dB across
the antennas in a station, however the average antenna beam pattern of a station
is well constrained from one station to the next [104]. These variations are not
simulated; only the mean antenna patterns are available. Furthermore, OSKAR does

not model mutual coupling between antennas.

3.3 Sky models

Two metrics for measuring the impact of uncorrelated gain and phase errors on imag-
ing are now defined: residual in-field noise (RIN) and residual sidelobe noise (RSN).
These are root mean square (RMS) deviations between a dirty image made from an
ideal, error-free observation and a ‘dirty image’ (the synthesised sky intensity dis-
tribution) from an identical observation with gain and/or phase errors in the signal
processing chain. RIN occurs from sources located within the HPBW of the station
beams and RSN occurs from sources in the sidelobes of the station beams.

In the simulations, the difference between the gain/phase error-affected image and
the ideal image is entirely due to the gain and/or phase errors present. These metrics
hence quantify the negative effect of gain and phase errors on synthesised images.

Four sky models are used in these simulations, which are divided into two types.
The first type of sky model has sources placed only in the main lobe of the station
beam; no sources are placed more than the HPBW away from the observation’s
phase centre, allowing the RIN to be measured. This boundary distance is decreased
proportionally with the reduction in field of view at higher frequencies. In the second
type of sky model all sources within twice the HPBW of the station beam are removed;
sources populate the rest of the sky, allowing RSN to be investigated. Further details

of the sky models are given as follows:

e RIN: sources only within the HPBW
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— Model 1: A grid of nine 1Jy sources. The on-sky separation between the
sources is scaled with the observation frequency, such that the nine sources

are located on the same image pixels at every observation frequency.

— Model 2: A point-source sky model using data from the VLA Low-Frequency
Sky Survey (VLSS). All sources outside the station beam are removed.
The VLSS was measured at 74 MHz; a spectral index of a = —0.7 (with
S(v) o< S, where S is the flux) is hence applied to all sources to deter-
mine their fluxes at different frequencies. This spectral index is within
the typical range for synchrotron radiation in this frequency range [52]).
Figure 3.2 shows how the sources included in the sky model change with

frequency.

e RSN: No sources within twice the HPBW.

— Model 3: A grid of 1Jy sources placed at 10° intervals in RA, Dec across
the sky, except in the direction of the synthesised beam. Source separation

does not scale with frequency.

— Model 4: The VLSS sky model with all sources within the HPBW removed.

The VLSS catalogue sky model is a low-frequency radio survey of the northern
sky conducted by the VLA, covering 95% of the sky above latitude —30° (most of the
gaps in the survey are between —20 to —30° latitude). It provides a list of ~ 70000
point sources detected above 50 from the noise level (~ 0.1 Jy/beam).

The six brightest sources (Cassiopeia A, Cygnus A, Taurus A, Hercules A, Virgo
A, Hydra A) are removed from the VLSS sky model; these sources account for ap-
proximately 40.5 kJy of total flux density at 74 MHz. These six strong radio sources
have the potential to unduly distort the results if they remain in the sky model. For
example, if Cassiopeia A is located in a strong sidelobe, it could significantly affect
the measured results compared to a weaker source, which are far more common and

thus more typical of future SKA1-Low observations. All bright sources, however, will
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Figure 3.2: Half power beam width observed by the station beam of the telescope.
The dots represent sources in the VLSS sky model, with their size corresponding to
the source strength, as shown in the legend. Source fluxes are shown at 74 MHz; there
is a power law spectral index of -0.7 applied to determine fluxes at other frequencies.
The outer (dark green) circle shows the field of view at 50 MHz, with subsequent
internal circles increasing in frequency (100, 220, 350, 500, 600 MHz).

need to be well understood and accounted for when conducting actual observations

with the SKA.

3.4 Simulations

The simulations use a phase centre at the zenith (except where stated otherwise) and
the array centre positioned at (0,30)deg in (longitude, latitude), the approximate
latitude of the SKA1-Low site (albeit in the opposite hemisphere; this is to allow
the use of the northern sky VLSS catalogue as a sky model). Simulations are run
at 50, 100, 220, 350, 500 and 600 MHz, each with 13.7s of integration (except where
otherwise stated) and 100kHz bandwidth. 13.7s corresponds to approximately 1
milliradian of earth rotation. Images are made with Stokes I.

Uncorrelated uncertainties in the gain and phase are added to the signals ‘detected’
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at each antenna. These represent the cumulative errors acquired along the signal
chain. The uncertainties are assigned from random values selected from Gaussian
distributions and are different for each antenna. The error values are kept constant
throughout the integration time, whether it is a 13.7-s snapshot or ~ 1-hour long
observation. However, the error values are regenerated for repeated iterations to
determine errors on the images using the Monte Carlo method.

The standard deviations of the uncertainties are the error values; for instance a
phase error of 1° means that the phase value applied to an antenna is ¢ + ¢, where
¢ is the ideal phase value and ¢, is the error value, which is randomly selected from
a Gaussian distribution with a standard deviation of 1°. Likewise a gain error of
10% represents an additive error selected from a Gaussian distribution of 0.1 times
the true value. For large gain errors this means that the gain is potentially negative.
This is only significant for gain errors of order unity, which are unrealistic, but are

included in these simulations to show the upper bound on the effect of such errors.

3.5 Thermal noise

It is useful to compare the RMS deviations to the thermal noise level of the ob-
servations. The thermal noise level is the weak-source limit of the telescope, per

polarization, and is given by

1 SEFD
s \/2Ayt ’

where 7, is the system efficiency factor, Av is the bandwidth and ¢ is the integration

Shin = (3.1)

time. SEFD is the system equivalent flux density and is calculated by

2kp
SEFD = Tys——, 3.2
Yy nAAe ( )

where kg is the Boltzmann constant, 74 is the antenna efficiency (assumed to be 0.9),
A, is the effective area of the antenna and Ty is the system temperature [105].

The SKA1 Baseline design [60] gives a model for A, per antenna of 3.2m? below
110 MHz and decreasing in proportion to A? above. This model has been followed in

this chapter.
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The Baseline design also gives a model for Tiys:
Tsys = Lsky + T'rcvr ; (33)

where Ty, is the sky temperature and 7T}, is the receiver temperature, which is
modelled as 0.17y, + 40 K.

The Milky Way is the brightest radio background at these frequencies and thus
its temperature can be considered as a good approximation for Ty,. The Haslam
408-MHz all-sky map [106, 107] provides temperatures for the galactic foreground at
this frequency. By measuring the average value of pixels within a station beam-sized
area, T, can be determined for any telescope pointing direction in the sky.

The temperature within a station beam-sized area of a cold patch of sky (i.e. away
from the galactic plane), along with the temperature in a typical temperature area
of sky can hence be determined by the Haslam map.

To convert the 408-MHz temperatures to other frequencies a power law of

Vg

T() = T() <—)ﬁ , (3.4)

V1
for f =-2.4, -2.55 and -2.7 was assumed, which covers the approximate variation in
the spectral index over this frequency range.

By combining the range of temperatures given by the typical and cold patches
of sky, along with the different values of 3, upper and lower bounds on Ty, are
determined.

The antenna A, /Ty values found from the effective areas and system temperature
outlined above are consistent with the range of values given in de Lera Acedo et al.
[83], which gives estimates for the SKALA antenna A. /Ty values.

The thermal noise level is the theoretical best weak-source sensitivity of the tele-
scope. Hence if the noise from gain and phase errors exceeds this level, the perfor-
mance of the telescope will be impaired. A comparison of the two provides an upper
bound on the allowable gain and phase errors.

Due to computational resource limits, simulations are mostly run with snapshot

observations of 13.7-s duration. The RMS thermal noise level in a radio astronomy
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observation will decrease with the square root of the length of observation. One may
also expect the RSN to also decrease with t%, at least initially, as the rotation of the
Earth moves sources through the sidelobe errors of the telescope in a quasi-random
way. This effect should continue for around 12 hours until the uv-tracks of the base-
lines begin to repeat themselves and the new noise components are not independent
of those previously observed. To check that this occurs, further observations of the
RSN using the VLSS sky model are simulated with integration times of up to an hour
(longer integrations were not simulated due to limits of available computing facilities.

These simulations model only the effect of gain and phase errors and not all
the causes of noise. When accounting for different effects, unpublished preliminary

simulations suggest the noise may decrease at a slightly slower rate than t2 [108].

3.6 Analysis of simulations

3.6.1 Residual in-field noise

The addition of uncorrelated gain and phase errors to the antennas results in dis-
tortions of the station beam patterns, which adds errors to the images, ultimately
increasing the RMS deviation between synthesised images from a telescope with er-
rors and images from one without. An example of an ideal station beam pattern,
a beam pattern with gain errors of 100%, and the difference between the two, are
shown in Fig. 3.3.

The results for the dense grid sky model (sky model 1) shown in Fig. 3.4 are a
useful test case. The RMS deviation between the ideal and error images remains very
nearly constant across the entire frequency range. As this sky model contains only
sources in the station beam, where the source separation scales perfectly with the
field of view, this result is as expected; sparse stations cause differences in station
beam sidelobes, rather than the main lobe of the beam.

An example of the difference between the ideal and error images for the dense
sky model is shown in Fig. 3.5b, alongside the ideal image in Fig. 3.5a. The largest

differences between the ideal and error images are found at the locations of the sources.
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Figure 3.3: Station beam patterns for ideal telescope, one with errors, and the differ-
ence between the two. The colour scale shows the gain of the beam. Note the change
in scales between Fig. 3.3a and Fig. 3.3b (logarithmic), and 3.3c (linear).

This is not surprising, as these pixels measure the largest flux values; a 1% error, for
example, will cause a much greater absolute discrepancy here than in pixels recording
near-zero flux levels. As the noise is not randomly distributed across the image, it
may call into question the extent of the applicability of using RMS deviation as a
metric, which should strictly be used for Gaussian noise. However, the RMS deviation
is used here purely as a measure of the difference between the two images’ respective
pixel values; other metrics such as the total difference or maximum difference would
show the same trend in results.

Figure 3.6 shows the results for sources in the station beam from the VLSS sky

model (sky model 2). There is a trend of decreasing RMS deviation with increasing
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Figure 3.4: RMS deviation between images simulated by an ideal telescope and one
with errors for a sky model of a 3x3 grid of 1-Jy point sources (sky model 1) in
the station beam plotted against observation frequency. The separation between the
sources is decreased with frequency, such that the source centres occupy the same
pixels at every frequency. An example image from the ideal telescope is shown in
Fig. 3.5a.

frequency. As the field of view decreases at higher frequencies, so do the number of
sources in the field of view. As shown above, it is the pixels corresponding to the
source locations that contribute the most to the RMS deviation, so fewer sources
in the smaller beams leads to smaller RMS deviations. Furthermore, the spectral
index of the VLSS sky model is set to -0.7, so the flux of the sources in the beam is
diminished at the top of the frequency band relative to the flux at the bottom. As
a semi-realistic sky model is used here, the RMS deviations give an approximation
for the lower bound of source fluxes measurable from on-sky observations of 13.7-s

duration with 100-kHz bandwidth.

3.6.2 In-field flux density and the RMS deviation

To investigate the relationship between the total flux density in the field and the RMS
deviation, further simulations were run, the results of which are shown in Fig. 3.7.
These simulations restrict all sources to be within 80% of the HPBW, to minimise

the differences in sensitivity depending on the source positions in the beam.
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(c) Simulated image of the VLSS catalogue
sky located in the sidelobes of the station
beam pattern, with the phase centre pointed
at an empty patch of sky (sky model 4). No
sources are located within twice the HPBW
of the observation’s phase centre. Image sim-
ulated at 100 MHz. There are no phase or
gain error effects included in this image.

(d) The difference between Fig. 3.5¢ and an
image taken with a telescope with antenna
gain errors of 100%.

Figure 3.5: Simulated images for two different sky models. Ideal images and the

difference between ideal and error images are shown.
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Figure 3.6: RMS deviation between images simulated by an ideal telescope and one
with errors for a sky model from the VLSS catalogue. Sources beyond the HPBW
were removed from the sky model, as shown in Fig. 3.2. The simulated telescopes
were pointed at the zenith.

When separate 1-Jy sources are added to the field of view (in a gridded pattern,
like the sources shown in Fig. 3.5a), the sources” RMS deviation contributions added
in quadrature, as the deviations are incoherent, resulting in a trend of RMS deviation
x VB, where B is the total field brightness (dark blue line, Fig. 3.7). On the
other hand, when the field brightness is increased by means of a single source with
increasing flux, the RMS deviations were coherent and a linear relationship between
RMS deviations and field brightness results (red line Fig. 3.7).

Further simulations use the same source positions as the 1-Jy gridded case (sky
model 1), but with sources of differing flux levels. With weak sources (magneta line
Fig. 3.7), the v/B trend is followed, but with stronger fluxes (green data Fig. 3.7), the
relationship initially starts as somewhere between o v/ B and B, before settling into
the o< v/B trend when there are a greater number of sources. Simulations using the
VLSS catalogue are also shown in Fig. 3.7, the results of which follow the /B trend
once a sufficient number of sources have been included in the field; the low field flux
data points are more susceptible to be skewed by individual strong sources.

From these simulations it is possible to predict that the approximate RMS devi-

29



ation produced by a large number of weak sources is given by

sources

1/2
> (ksi)2] : (3.5)

i

AS =

where S; are the flux values for sources in the field and & is a constant of propor-
tionality. For these simulations, with a gain error of 10%, k = (5.4 +0.1) x 1077, as
determined by x? minimisation to the data sets (discounting the first two and three
data points, respectively, for the strong sources in the grid (green line) and VLSS
catalogue (black line) data sets, where strong sources skew the trend away from v/B).
The accuracy of Eq. (3.5) decreases when there are few sources, and when sources

are far from the centre of the beam.

3.6.3 Residual sidelobe noise

The other class of sky models have no sources within twice the HPBW of the station
beam, but populate the rest of the sky with sources. Figure 3.5d shows an example
image of the difference between the ideal and error-case images, alongside the corre-
sponding ideal image Fig. 3.5¢. Figure 3.8 shows the results for the gridded model
(sky model 3), where sources were spaced at 10° intervals. The RMS deviation is seen
to stay approximately constant across the frequency range, with the values slightly
increasing and decreasing across the frequency range. As the pattern of the sidelobes
varies with frequency, different sources move in and out of the sidelobes, potentially
explaining this variation.

The other RSN simulations use the VLSS point-source model (sky model 4). As
the exact number of sources and their position with respect to the sidelobes affects the
measured RMS deviations, observations are made in five different directions: (0,0),
(10, 10), (20, 15), (-10,30) and (-5, 20); values are degrees in RA and Dec away from
the zenith.

As shown in Fig. 3.9, a spread of results can be seen depending on the beam di-
rection, but each follows the same trend of decreasing RMS deviation with frequency.
In Fig. 3.9b the RMS deviation is significantly greater in two observing directions at

low frequencies than the other three, with the difference decreasing with frequency.
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Figure 3.7: RMS deviation from residual in-field noise between ideal and error-
telescope images, as a function of field brightness. The dark blue data points show
the case of separate 1-Jy sources positioned in a grid (sky model 1) in the HPBW of
the beam (trend line o< v/B, where B is the brightness in the field), whereas the red
points are for the case when a single source of increasing brightness was used (trend
line < B). The magenta and green data points also use the grid source locations, but
with varying source fluxes: the green data shows stronger fluxes and magenta weaker.
The magenta data points follow a v/B scaling and, after an initial trend lying between
linear and o< v/B, the green data points scale with v/B. The light blue data shows a
V/B relationship for a randomly generated source fluxes and positions within 80% of
the HPBW. The black data points show the values using a small number of sources
from the VLSS catalogue, which also scales with v/B once a sufficient number of
sources were included. Gain errors of 10% were used at 100 MHz.

This suggests a bright source was located in a strong sidelobe in these two observing
directions, which caused a much larger RMS deviation to be measured. At higher fre-
quencies (> 350 MHz) the beam size will have decreased such that the bright source
was no longer in a strong sidelobe. This result supports the decision to remove the
six brightest sources from the sky model, as their presence in a sidelobe could cause
an even greater difference in the RMS deviations.

In general, the RMS deviations decrease approximately by a factor of 10 across

the frequency range, with around 50% of the drop occurring between 50 and 100 MHz.
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Figure 3.8: RMS deviation between simulated images by an ideal telescope and one
with errors for a sky model of a sparse grid of point sources in the sidelobes. The
simulated telescopes observed an empty patch of sky with a sparse grid of 1-Jy point
sources, spread across the sky at 10° separations, in the sidelobes. An example image
from the ideal telescope is shown in Fig. 3.5a.

This is partially attributable to the decreased sky brightness at higher frequencies, as
shown by the black dot-dashed lines in Fig. 3.9. These lines display the RMS values
according to the power law spectral index of -0.7, relative to the RMS deviation at
100 MHz.

The reduced average sidelobe level at higher frequencies could explain the rest of
the reduction. The near-in sidelobes are the strongest sidelobes; at low frequencies
they cover wide angles on the sky.

The magenta lines in Fig. 3.9 shows the approximate range of the thermal noise
floor of the telescope model for a 13.7-s integration with 100-kHz bandwidth, as
calculated by Egs. (3.1) to (3.3). Thermal noise levels are plotted for both typical
and relatively cold patches of sky. The thermal noise limit shows that gain errors of
10% and phase errors of 1° are comfortably within the thermal noise level, but gain
errors of 100% and phase errors of 10° can produce noise levels exceeding the thermal
noise. From inspection of these results, an approximate upper bound of ~20% in
gain error and ~ 5° in phase error would keep the RMS deviations below the thermal

noise levels at all frequencies for snapshot images. It is important to stress that this is
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Figure 3.9: RMS deviation between images simulated by an ideal telescope and one
with errors. The simulated telescopes were pointed at empty patches of sky with
the VLSS point source sky model in the sidelobes. The size of the empty patch
of sky was twice the HPBW of the station beam. Observations were taken in five
different directions: (0,0), (10, 10), (20,-15), (-10,0), (-5,-10), where the values are
the (RA,Dec) away from the zenith in degrees. The dashed lines show different
observing directions, and the mean is shown by the solid lines. The black dot-dashed
lines show the RMS values if they were to decrease according to the spectral index
(-0.7) of the sky model, referenced to the mean RMS value for all the observing
directions at 100 MHz. The magenta lines show the probable range of thermal noise
level at each frequency.

a best-case scenario, assuming the position and flux of all sources are known perfectly
at each observation frequency.

The RMS deviations in Figs. 3.6 and 3.9 indicate that it is the low frequencies
at which SKA1-Low should be most concerned to ensure the telescope can meet the
sensitivities required by the science goals. The results suggest that at low frequen-
cies, the large beam sizes (and hence large number of sources in the beams) and
prominent sidelobes result in greater distortions of the visibilities due to errors in the
telescope model. Based on these results, if images can be satisfactorily produced at

low frequencies, then the higher frequencies should not present greater difficulties.
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Figure 3.10: RMS deviation for sky models with different minimum fluxes in the sky
model. The VLSS sky model was used, but only the brightest 1% (i.e. >14Jy at
70 MHz), 10% (>3.7Jy), 50% (>1.2Jy) and 100% of sources were used; these are
shown by the blue, red, green and black data points respectively. The magenta data
points shows the RMS when all sources within double the weakest source flux in
the VLSS sky model (i.e. sources <0.79Jy) were removed. There is only a small
difference between the 50% (green), 100% (black) and double the weakest source
(magenta) data, hence their respective lines in the plot overlap. A gain error of 10%
is used.

3.6.4 Far-field flux density and RMS deviation

To assess the impact of the strongest sources on the RMS deviation, further simula-
tions can be run to remove varying fractions of the weakest sources in the sky model.
Figure 3.10 shows that the RMS deviations are dominated by the brightest 10% of
sources in the sky. This is encouraging, as in reality no sky model will be able to
perfectly characterise all the sources in the sky; it will be most accurate with the

brightest sources.
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Figure 3.11: (a) RMS deviation between the ideal and error image as a function of
integration time shown by the data points (error bars x10) for a range of frequencies.
The dashed lines through the data points show a ¢~2 trend line. Thermal noise levels
are shown in solid lines. The stars highlight the integration time at which the thermal
noise drops beneath the RMS deviation; these values are also plotted as a function
of frequency in (b) for clarity. Different coloured lines show the RMS deviation and
thermal noise at different frequencies from 50 — 600 MHz. Simulations were run with
the VLSS sky model with an empty area of sky in the main beam. A gain error of
10% was used; equivalent results would be obtained for a phase errors of ~6°. (c)
shows the integration time required to reach the thermal noise limit as a function of
frequency, using data extracted from (a).
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3.6.5 Effect of integration time

A further simulation can be conducted to test the effect of integration time on the
RMS deviations. Figure 3.11 shows how the RMS deviation level changes for extended
integration times, of up to 57 min, across the frequency band. The results follow the
expected t3 progression, where t is the observation duration, across the frequency
range. The 50-MHz results suggest a possible deviation from the t2 trend, reducing
the improvement in noise reduction with time, but longer integration time simulations
would be required to establish this.

The dashed lines in Fig. 3.11 extrapolate the RMS deviation to 12 hours of inte-
gration according to the =% reduction. Beyond 12 hours, the uv-coverage no longer
increases as the Earth rotates, rather it repeats itself, which diminishes the benefit
from extended observations. The thermal noise level, shown in solid lines, also de-
creases by t72 as it is simply Gaussian noise, but without the 12-hour restriction.
Once the thermal noise decreases below the RMS deviation it limits the usefulness of
longer integrations.

By interpolating the impact of gain and phase errors on the RMS deviation in
Fig. 3.9, the RMS deviation created by a gain error of 10% is equivalent to a phase
error of ~6°. Hence, from Fig. 3.11 it is found that for gain errors of 10%, or phase
errors of ~ 6°, the achievable thermal noise limit is between ~ 0.3—10 pwJy and reaches
after ~ 100—100 000 hrs, depending on frequency. The shortest achievable integration
time is for 100 MHz, with a thermal noise limit of 6 uJy achieved after a 100-hour
integration. At 50 MHz the best noise level is higher, at 10 wJy, but reached after a
much longer integration time (~ 600 hr) due to the much higher system temperature.
Above 100 MHz the best achievable noise level drops rapidly. Reducing the gain and
phase errors would further decrease the thermal noise limit.

An important caveat is that 57 mins is a limited time period compared to the multi-
hour observations often performed with interferometers. Longer duration simulations
were not practical owing to available compute resources, but simulating much greater

integration times to verify the accuracy of the extrapolations would be beneficial.
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As with all simulations, these have their limitations. The performance of electronic
components is not explicitly modelled, rather the noise introduced by components
such as the LNAs is assumed to be included in the gain and phase errors introduced
on an antenna basis. This neglects the fact that electronics noise is likely to vary
with frequency, especially across a wide bandwidth of 50 — 600 MHz.

Other errors in the station beams are also not explicitly modelled, with these
simulations assuming that no extra uncertainties are added when the antenna signals
are combined to create station-level beams. Quantisation and noise from electronic
components will prevent this idealised scenario.

It is also worth noting that for time-dependent errors, such as imprecise antenna
locations, the resultant phase errors will increase with frequency. However, it is
difficult to know precisely the contribution of time-dependent and time-independent
phase errors in the final signal, so modelling this effect is not straightforward. These
simulations assume the phase errors specified are the same across the frequency range.

The VLSS sky model used for these simulations is an incomplete model of the
sky. The VLSS model is a point-source sky model, hence extended sources, including
the galactic plane, are not accounted for within these simulations. It is not clear how
these would have affected the results. Furthermore, applying a spectral index of -0.7
to model the change in flux with frequency is a simplification; in reality source fluxes
vary in a range of ways with frequency. Finally, the differences in RMS of the beam
directions in Fig. 3.9b suggests that very bright sources can produce RMS differences
that are an order of magnitude bigger than what we see here. As stated previously,
the six brightest sources were removed perfectly from the VLSS catalogue used as
a sky model; the RSN could potentially rise by amounts greater than an order of

magnitude if one of these sources were located in a strong sidelobe.

3.7 Summary

These simulations suggest that if the signal processing is of a high enough accuracy so

that errors are dominated by antenna gain and phase errors, the effect of uncorrelated
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errors in the beam pattern of SKA1-Low will make imaging more difficult at the low
frequency end of the band compared to the high frequency. This can be attributed
to larger field of view and increased flux from sources at low frequencies.

The RMS deviations between ideal and error images decrease with increasing
frequency and decreasing magnitude of the errors. These simulations indicate that
the thermal noise limit on images will range between ~ 10 — 0.3 wJy and reached after
~ 100 — 100 000 hours, for observations from 50 — 600 MHz.

The results also suggest that, in order to mitigate the effect of large beam areas
on imaging at the lowest SKA1-Low frequencies, consideration be given to schemes

which increase the effective station size at low frequency.
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Chapter 4

Station models

4.1 Introduction

SKA1-Low is described in the SKA’s Requirements specification [96] as comprising
1024 stations of 35-m diameter, each containing 256 antennas. The antennas will
be randomly positioned within each station, within the constraints of the antennas’
physical dimensions. Half of the stations will be located in a 600-m radius of SKA1-
Low’s centre and a further quarter between 600 — 1000 m. The remaining stations
will be distributed beyond 1000-m radius, forty-five of which will be in three spiral
arms which continue to radial distances of ~ 50km. The total collecting area of
SKA1-Low is necessary to achieve the required sensitivity for key science projects
such as mapping the EoR [55].

Simulations have shown that the strong, near-in sidelobes of the lowest frequency
primary beams, which cover wide angles on the sky, cause residual noise which can
significantly affect the telescope’s imaging (see Chapter 3). The strength of the side-
lobes can be ameliorated by apodization. This is the process in which the signal
detected by each antenna in a station is given a weighting according to its radial
position in the station.

This chapter considers a range of telescope layouts for SKAl-Low and assesses
their total residual noise levels and their ability to detect the power spectrum of the

EoR. Conventional discrete station designs are considered with different apodization

69



Figure 4.1: An illustration of the flexible station concept suggested by Grainge [89].
Individual stations are shown by coloured circles and antennas represented by crosses.
Some antennas are used in multiple stations, shown by the antennas in striped re-
gions where stations overlap. By sharing antennas in this manner, a greater number
of antennas can be used per station without an increase in the overall number of
antennas. This permits the use of apodization by down-weighting antennas without
a loss in sensitivity.

schemes, along with station layouts with shared antennas.

The idea of shared antennas between stations for SKAl-Low was suggested by
Grainge [89] and an example is illustrated in Fig. 4.1. Sharing antennas between
stations also opens up the possibility of maintaining an approximately constant beam
size over SKA1-Low’s frequency range, as well as creating elliptical stations to observe
sources away from the zenith, such that the stations appear circular to an observer
at the source’s position; this is illustrated in Fig. 4.2.

The station beam from an elliptical station will vary with time as individual

antennas enter and leave the flexible station, as the station’s geometrical footprint
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Figure 4.2: An illustration of the geometric layout of stations and the perceived layout
of stations from observers in the far-field in different directions. By manipulating the
axis sizes of the station, the perceived appearance of a station can remain circular.

changes. However, with apodization, an antenna entering from the edge of the station
would have a very low gain weighting. Its weighting would increase as the station
boundaries varied to place the antenna in a more central position. This change in
weighting will diminish sudden step changes in the station beam patterns as antennas
joined or left. If apodization is not applied to a flexible station telescope model this
effect may prove to be more problematic. Station illumination functions that are not

apodized are likely to have poor imaging properties.
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4.2 Theory of station models

An aperture array is composed of a large number of individual antennas. The signals
of these antennas are beamformed into stations. The stations are equivalent to the
dishes in a more conventional interferometer. The Requirements specification [96] en-
visions 1024 discrete stations, each creating their own beam by combining the signals
from their 256 constituent antennas. Each station’s beam is then cross-correlated
with the beams of the other stations.

It is possible to change the number of stations and their sizes (i.e. number of anten-
nas). Larger stations will typically have a smaller average sidelobe level (see Chapter
2), hence confusion noise levels should decrease. The uv-coverage of a telescope con-
taining larger stations will be less uniform, however, as the number of baselines are
reduced. Larger stations will also have larger minimum baseline lengths, decreasing
sensitivity to the largest on-sky angles. Furthermore, the primary beam’s field of
view is inversely proportional to station size.

Studies have advocated both large station sizes (~ 180-m diameter), to help the
SKA reach the thermal noise limit [87] and small stations (~ 35-m diameter), so that
the primary beam field of view is large enough to trace the relevant size scales for the
EoR key science project [85]. The field of view for any station size could be increased
by mosaicing multiple beams together, however there are concerns as to whether the
resultant data would be accurate enough for the EoR key science project [85].

Station designs which comprise spatially separated groups of antennas, where each
group is one station, will be described as ‘discrete’ stations. An alternative approach
is to place antennas together in large contiguous areas. These areas of antennas
provide a versatile space in which to create stations. In this approach, antennas
could be present in multiple stations and station shapes and sizes would be flexible,
hence they are termed here as ‘flexible’ stations. The versatility of flexible stations

would be limited by the digital signal processing connections between antennas.
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4.2.1 Apodization

One advantage of sharing antennas between stations is that stations could be apodized
without a decrease in the overall sensitivity. Steep gradients in spatial sensitivity lead
to ringing, or sidelobes, in the beam. In an aperture array, this steep gradient occurs
at the edge of a station, where an area of constant sensitivity is adjacent to one
of zero sensitivity (i.e. the radius at which there are no further antennas). The
ringing manifests itself in the sidelobes of a primary beam. Simulations of SKAI1-
Low observations have shown that strong, wide-angle sidelobes associated with lower
frequencies could pose problems for imaging (see Chapter 3). Apodization is the
technique of down-weighting the illumination in an aperture as a function of radial
distance from the centre, resulting in a smooth transition at the aperture edge and
reduced prominence of sidelobes. In an aperture array this is achieved by changing
the beam coefficients used in the beam tuning as a function of radial distance. This
should help limit the impact of confusion noise.

Down-weighting antennas decreases the sensitivity of a station. This can be coun-
teracted by including more antennas in the station, so that there is an inner circle
of antennas of equal radius to an unapodized station which are not down-weighted,
and an outer ring of antennas that are down-weighted according to a suitable win-
dow function (although this does increase the station size). By overlapping the outer
rings between stations, and using the signals from each antenna in the overlap area
in both stations, it hence becomes unnecessary to increase the total number of anten-
nas in the aperture array to preserve sensitivity. Autocorrelation of signals will be a
problem if antennas are shared between stations, since the autocorrelated noise adds
total power to the visibility and would dominate over the cross-correlation noise. It
is hence imperative that baselines with shared antennas are not formed.

In this investigation, antennas are down-weighted in one of two methods. One is
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Figure 4.3: Weighting of antennas as a function of radial distance from station centre
for the apodization of a 17.5-m radius circular station. The blue line shows the
Hanning window described in Eq. (4.1) and the red line shows a Gaussian function.
T'max 18 the maximum station radius and rg,) = rmax/ V/3 is the radius of the unapodized
antennas in the Hanning window.

by a Hanning window function, as suggested by Grainge [89]:

1 if r < rqn,
w(r) =43 (1 + cos <%>> if 7 <7 < Tiax (4.1)
0 if 7> ryax,

where w(r) is the weighting given to each antenna, r is the radial distance of each
antenna from its station centre and 7, is the station’s maximum radius. 7g is
the radius of the unapodized antennas and rg = rmax/ V3. In the other method,
antennas were down-weighted more aggressively by means of a Gaussian function,
such that w(rgn) = 0.09 and w(rmax) = 0.0007. Both these functions are shown in
Fig. 4.3.
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4.2.2 Elliptical stations

A further advantage of flexible stations is the potential ability to compensate for
the reduction in each station’s collecting area when observing sources away from the
zenith. When observed from directly above, a circular station appears circular, but as
an imaginary observer moves from the zenith to the horizon, the circle is projected to
be an ellipse of greater and greater eccentricity, until eventually the observer perceives
only a line. If, however, the station were in fact geometrically elliptical, this same
effect could be used to make station appear circular at nearly any given angle. Flexible
stations could be used to change the geometric shape of each station, depending on
the direction of an observation.

When tracking a source, individual antennas would be added and removed from
the station so that it would most closely approximate the ideal elliptical station to
observe a source in a given direction. However, the random placement of antennas
would allow the potential for sudden changes in a station’s beam pattern every time an
individual antenna enters or leaves the station, as the station’s geometrical footprint
changes.

To determine the geometrical layout of a station required to give the appearance
of a circle to an arbitrarily positioned observer on the celestial sphere, the general

equation of an ellipse is used

ZE2 y2
StE=1 (4.2)

where a and b are the semi-major and semi-minor axes of the ellipse, respectively, and
x and y define the position of the station’s boundary. a is a taken to be a constant

equal to 7y and b is defined by

a

sin(6)’

b= (4.3)

where 6 is the altitude of the observation. The station is then rotated such that the

two ends of its semi-minor axis are equidistant from the source. The rotated position
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of each antenna is defined by

2’ =z cos(¢) — ysin(e), (4.4)

and
y' = xsin(¢) + ysin(g) . (4.5)

where ¢ is the azimuth of the observation.

The weighting to apply to antennas is not simply a function of radius in elliptical
stations. The position of each antenna must be normalised by scaling down the semi-
minor axis direction, to where it would be positioned in an equivalent circular station

to determine its weighting with Eq. (4.1). For a station with ¢ = 0, this is given by

Ynorm =Y (%) . (4.6)

Flexible stations also allow the option of maintaining a constant field of view
across wide frequency ranges. The primary beam field of view is dependent upon
effective station diameter, d g, and observation wavelength, A\, and is approximately

calculated by Eq. (2.1), which is restated here:

.32\ % /180\?
FoVieam = — =) . (4.7)
4 dstat ™

Hence the field of view remains constant if d,; is scaled in proportion to A. The

effective station diameter is dependent upon the apodization; the Gaussian weighting
function produces a smaller effective diameter station than the Hanning function in
Eq. (4.1). To create larger effective stations, steeper apodization functions could be
applied to stations of a fixed diameter. Alternatively, stations with a greater number
of antennas could be used.

A significant advantage of flexible stations is that they could allow the confusion
noise and residual noise levels of the telescope to attain lower minimum values than
discrete stations. The confusion noise level of a telescope tends to diminish as approx-

imately t_%, where t is time (the simulations in Chapter 3 predict that the sidelobe
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residual noise will decrease as t~2; other (unpublished) simulations on confusion noise
suggest that confusion noise will decrease at less than =2 for the SKA [108]). The
rotation of the Earth continuously changes the directions of the telescope’s baselines
and hence ‘fills in’ larger areas of the uv-plane with extended observations, compared
to a single snapshot observation. After a maximum of 12 hours (and hence the Earth
rotating 180°) the baselines no longer occupy unique positions on the uv-plane, in-
stead they repeat themselves. The synthesised beam pattern (and its confusion noise
causing sidelobes) is no longer a unique shape at future instants in time. Consequently
confusion noise remains constant beyond 12 hours.

A flexible station, on the other hand, could potentially be reconfigured after 12
hours, moving the station centres. This could create new baselines, allowing the
confusion noise to decrease further. This would be limited by the flexibility of the
telescope’s signal processing to create stations in different positions. The density of
stations in the SKA1-Low core suggests that it will be unlikely that any new set of
baselines created would be unique; there would almost inevitably be a repetition of

some baselines. This would diminish the benefits of extending observations.

4.3 Deconvolution

In addition to producing a telescope configuration that is optimised for detecting the
EoR power spectrum signal, it is strongly desirable that the synthesised beam of the
telescope has low sidelobes and it is useful for the beam to be circularly symmetric; a
Gaussian beam is generally considered optimum. To accurately determine the sky’s
intensity distribution the dirty image must be deconvolved using the synthesised beam
to give a good approximation to the sky image. The dirty image is the image created
by Fourier transforming; it is the true sky convolved by the synthesised beam of the
telescope. A beam with low sidelobes will result in a dirty image that is less distorted

from the true sky, allowing a more accurate sky intensity distribution to be recovered
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[109, 110]. This is useful for all observations with SKA1-Low, including those of the
EoR.

The response function of an interferometer is not sampled everywhere in the uwv-
plane, but only in the places corresponding to the baselines over the length of the

observation. An interferometer yields a dirty image, Ip, according to

Ip(z,y) = // I(u,v) S(u,v)e®™@e+vy) dy do (4.8)

where I(u,v) is the full uv-response function and S(u,v) is the sampling function,

given by

S(u,v) 1, if (u,v) sampled by the interferometer.
u,v) =
0, elsewhere.

An ideal telescope would sample (u,v) at all points, leaving Eq. (4.8) as

Ip(x,y) = // I(u,v) e tv) qy do (4.9)

Applying the convolution theorem to Egs. (4.8) and (4.9) leads to

ID(I,y):I(lL‘7y)*B($,y), (410)

where * is the convolution symbol and B(x,y) is the synthesised beam and Fourier

transform of S(u,v), given by [111],

B(z,y) = // S(u, v) ™ Hvw) dy do . (4.11)

Equation (4.10) has an infinite number of possible solutions, as the unsampled vis-
ibilities in the uv-plane could theoretically take any value [112], however a range of
techniques have been developed to deconvolve Eq. (4.10) to provide plausible solu-

tions.

4.3.1 CLEAN

Perhaps the most popular deconvolution algorithm is CLEAN, first published by
Hoégbom in 1974 [113]. The CLEAN algorithm takes the dirty image and subtracts
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a fractional component of the synthesised beam away from a position centred on
the dirty image’s brightest pixel. The brightest pixel’s position is recorded and the
process repeated until all structure is removed from the dirty image and only noise
remains (this point can be determined by measuring the RMS level of the image and
noting when it fails to decrease from one iteration to the next). At every position the
dirty beam was subtracted, a restoring beam (or ‘CLEAN’ beam) is placed instead.
The restoring beam would typically be a Gaussian of HPBW equal to that of the
dirty beam [38].

CLEAN’s enduring popularity is partially attributable to its relative simplicity,
but this simplicity also results in drawbacks. CLEAN algorithms generally work on
the assumption that every radio source is a point source. Consequently CLEAN
may not accurately recover I(x,y) in images containing extended sources, especially
sources with low brightnesses relative to the background. Variations on Hogbom’s
original algorithm attempt to improve CLEAN;, such as the Clark algorithm [114] and
the Cotton-Schwab algorithm [115].

4.3.2 Maximum Entropy

An alternative approach is that of the Maximum Entropy Method, a statistical
method used in a variety of fields which was introduced to radio astronomy at about
the same time as CLEAN [116, 117, 118]. The Maximum Entropy Method attempts
to take all possible solutions to Eq. (4.10) and narrow it down to the distribution
with the minimum information content, as measured by the entropy, which is con-
sistent with the visibility data. The Maximum Entropy Method does not assume
point sources like CLEAN and is superior at imaging extended sources. Furthermore
Maximum Entropy Method images are smoother than images made from the same
visibilities with CLEAN [119]. Conversely, the Maximum Entropy Method performs
less favourably than CLEAN when imaging point sources. The resolution varies across

Maximum Entropy Method images depending on the signal-to-noise level [38].
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4.3.3 Ideal beam shape

Regardless of the specific deconvolution algorithm used, a circularly symmetric beam
with low sidelobes is strongly preferred in radio astronomy as it will help facilitate
accurate deconvolution. The response of sidelobes will vary with, for instance, gain
and phase errors in the signal processing path. Minimising sidelobes will minimise

the extent to which they can impair imaging.

4.4 Generation of telescope models
4.4.1 Overview of telescope models

A range of telescope models were created to evaluate the suitability of different types
of telescope models for SKA1l-Low. Three classes of telescope models were created,
which will be termed discrete, ‘starfish” and ‘cluster’. The starfish and cluster models
are flexible telescope models.

Discrete telescope models are telescope layouts in the conventional aperture array
sense, comprising antennas grouped into geographically localised stations in which
each antenna is placed in a single station. This is the type of telescope model currently
planned for SKA1-Low, as detailed in the Requirements specification [96].

In contrast, flexible telescope models allow antennas to be shared between multi-
ple stations. The geometries of the stations can also be recast between observations,
within the confines allowed by the signal processing architecture, to allow the geome-
tries to be tailored to the observation at hand. Flexible stations allow stations to be
apodized whilst retaining the same number of antennas and approximate sensitivity
in the telescope model.

The starfish models are based upon the geometry proposed by Grainge [89]; a
three-legged starfish-shaped telescope model, similar to that shown in Fig. 4.4. When
creating a flexible telescope model there are two competing demands on the telescope
model. The first is the desire for a large contiguous area of antennas in which to have

a versatile space to create stations, which is optimised by concentrating the antennas
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in a compact core. The second desire to have stations scattered over a wide range of
distances to produce a uv-plane coverage which is sensitive to a wide range of angular
scales; this is why the Requirements Specification states 50% of antennas should be
within a 600-m radius of the telescope centre and 75% within 1000m. A Y-shaped
array compromises between these demands.

The Y-shape also allows circles to be filled in the uv-plane in only 4 hours, one of
the reasons it has been used for existing interferometers such as the VLA and GMRT.
However, the Y-shape of the VLA is known to cause problems with its synthesised
beam, creating strong sidelobes and reducing the accuracy of deconvolution [120].
Curving the arms of the Y allows degeneracies in the baselines to be broken, enhancing
the uv-coverage and hence improving the synthesised beam.

The starfish models considered in this work consist of a contiguous block of an-
tennas with the legs tapered so as to conform to the specification of 50% of antennas
within a 600-m radius of the station centre and 75% within 1000 m. The remaining
25% of antennas were placed in thirty clusters of 2185 antennas along three spiral
arms diverging from the starfish. Clusters were concentrated towards the array centre
by radially placing them with logarithmic spacing [96].

For circular stations, as used in these investigations, the target value was 768
antennas per station; this is the number of antennas in a Requirements specification
station, 256, multiplied by the factor of increased area of the flexible stations, 3, which
allows for apodization without down-weighting the sensitivity of a station below that
of a 256-antenna station. In the outlying clusters a minimum distance between station
centres of 12m was imposed to increase utilisation of different antennas.

The second variation of flexible telescope models, the cluster models, uses the same
basic premise as the starfish models. However, rather than using a starfish-shaped
contiguous block of antennas as the framework on which to build stations, a number
of large circular clusters of antennas are used instead. As with the starfish designs, the

density and radial distribution of antennas conform to the Requirements specification.
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Figure 4.4: Example of starfish-shaped telescope model proposed by Grainge. Image
from [89].
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Each cluster contained 8, 16, 32 or 64 station’s worth of antennas, depending on the
telescope model. A variation on this approach is to place a large cluster at the centre
of the telescope layout, surrounded by smaller clusters. Positioning the stations is
done in the same manner as with the outlying clusters in the starfish telescope models,
except that the minimum distance between station centres varies between 12 — 17 m,

depending on cluster sizes; larger clusters allow for greater separation.

4.4.2 Sub-stations

To prevent the autocorrelation of signals, the visibility data of baselines between
stations with shared antennas were discarded. This meant, however, that there would
be no baselines of less than 2ry.;, where 74, is the station radius (which is a factor
of v/3 bigger than the 17.5m specified in the Requirements specification). If the
station layout is approximated to be hexagonally tiled, the consequence was that six
baselines were lost per station, one baseline for each of a station’s nearest neighbours,
as illustrated in Fig. 4.5.

However, by splitting each station into four smaller sub-stations, which are cor-
related with only the other sub-stations within their station, six additional short
baselines can be created per station. This is illustrated in Fig. 4.6. The radius of
the sub-stations was set to utilise the maximum number of antennas whilst maintain-
ing the same shape as the stations themselves. For circular stations, the substation

radius, Tsubstat, 1S given by

T'substat — Istat (4 12)

1+v2

In each station, the four sub-stations were rotated about the station centre by a

unique angle, to give the largest range of instantaneous non-redundant baselines across
the telescope. With the maximum radius of sub-stations as given in Eq. (4.12), ~ 69%

of antennas per station are used in both a sub-station and the station. The baseline
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Figure 4.5: Hlustration of flexible stations, showing stations which share antennas are
not correlated. Each circle represents a station. If the layout of stations is considered
to approximate hexagonal packing, each station is not correlated with its six nearest
neighbours, but does correlate with every other station. The arrow shows the only
permissible baseline of the central black station in this telescope model; only the red
station does not share any antennas with it.

lengths between two sub-stations within a station is either 0.83 rg.q or 1.17 rgpay, de-
pending on whether it is a baseline with an adjacent or diagonal substation. This
provides more data regarding angular scales from baselines below 2 4., but does not
provide baselines approximately continuously down to ~ 0.57 rg.. as would be the

case without the increased radius of stations for apodization.

4.4.3 Antenna and station positions

In this work, telescope models of all types were created with stations positioned at
randomised polar coordinates to mitigate the powers of individual sidelobes. In the
discrete models the radial position of each station was selected from a Gaussian dis-
tribution. To allow the radial distribution of stations to conform to the Requirements
specification the peak of the Gaussian distribution was at a hand-picked radius . The
angle coordinate for the stations was randomly generated from a uniform distribution.

Each station was provisionally placed at the generated trial coordinates. If any
other station centres were within twice the station radius (i.e. the stations overlap)

it was discarded and new coordinates generated. The process was repeated until the
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Figure 4.6: Illustration of sub-stations within a station. Sub-stations are shown by the
smaller, green circles, with they larger, grey circle showing the layout of the station.
The red arrows show baselines between adjacent substations and blue arrows show
baselines between diagonal substations. The radius of each sub-station is 7y /(1 +

V2).

requisite number of stations was positioned.

Some station positions were changed by hand to ensure the station distribution
conform to the 50% stations within 600 m, 75% within 1000 m requirement.

The outer stations of the SKA, according to the Requirements specification, are to
be distributed along three spiral arms, which start at a radius = 1000 m and finish at
~ b0km. To generate station positions along the outer spiral arms, a logarithmically
separated list of angles (going beyond 27 radians) was produced with the list length
equal to the number of stations in each spiral arm. The radial position of each station

in a single spiral arm was determined by the equation of a logarithmic spiral,

r=ae" (4.13)

where r and 6 are the polar coordinates and a and b are constants. The positions of
each station were rotated about the telescope centre to produce the required number

of spiral arms.

85



The same positioning process was used to place antennas within each station as
generating the central station positions, except the antenna radial distributions were
uniformly radially weighted rather than having a Gaussian distribution. This resulted
in a greater density of trial coordinates nearer the centre of each station, as small
differences in angle at large radii result in larger physical separations than at small
radii. By discarding overlapping antennas a quasi-uniform distribution of antennas
across the station resulted, due to the high density of antennas in a station. A typical
station layout is illustrated in Fig. 3.1b.

A different approach was taken to generate the flexible station models to the
discrete stations. The initial step was to generate a quasi-uniformly distributed
square area of antennas. Antenna separations were allowed to randomly vary over
a predefined range of 1.19 — 3m, but the mean spacing corresponded to 1.93m.
Approximately 100000 antenna locations were generated in this way, in an area of
~ 250 x 250m?. This template square of antennas was then replicated to cover an
area of ~ 6000 x 6000 m?.

The next step was to crop the antenna locations list so that only antennas within
predefined areas remained. For the cluster models, this meant all antennas within the
circular cluster areas. These areas were randomly generated according to the desired
distribution of clusters. To get antenna locations for clusters outside of the core, a
circular area of equal size to each cluster was selected from a random location in
the antenna layout and the distribution of those antennas was copied to the cluster
centre.

For the starfish models, antennas located within the core’s starfish border re-
mained.

The starfish models were structured around three arcs, spiralling out from the
telescope centre and separated from one another by 27/3 rads. The starfish border

was defined by
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R=A-Br, (4.14)

where r is the radial distance from the telescope centre to a point along an arc, R
is the distance from this point along the arc to the starfish border (as measured
perpendicularly to the arc) and A and B are constants. In addition, a sharp cut-off
was applied to the end of the arcs, to accelerate the tapering of the tips of the arms,
as antennas located in a long, narrow taper would be rarely utilised in the flexibly
placed stations.

Through these techniques the geometric locations of 262 144 antennas were placed
for each of a variety of cluster and starfish layouts. The size, number and radial
distribution of clusters were varied between models, as were the thickness and lengths
of the starfish arms.

The final step was to assign antennas to stations. Whilst the geometric locations
of the antennas are fixed, their grouping into stations is not if a sufficiently flexible
signal processing backend is implemented. Station sizes and shapes were dependent
upon the number of antennas per station and whether ellipsoidal stations were used
(only circular stations were created here). Trial station centres were guided by the
approximate antenna locations; if a minimum number of antennas were located in the
station and no other stations were within a defined minimum separation distance, the
station and its antennas were added to the telescope model. This was repeated until
the desired number of stations was created. The weightings of the antennas within

each station were calculated according to the apodization scheme utilised.

4.4.4 Telescope models created

4.4.4.1 Discrete models

Three discrete telescope models were created: one with 50 stations of 5000 antennas
each (‘50 x 50007), one with 200 stations of 1250 antennas each (‘200 x 1250") and one
with 1024 stations of 256 antennas each (‘1024 x 256’). Station radial distributions
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conform to the Requirements specification of 50% within a radius of 600m of the
telescope centre, 75% within 1km and three spiral arms out to a radius of 50 km.
The 1024 x 256 model conforms exactly to the Requirements specification, 50 x 5000
presents large stations akin to those advocated by Braun [87] and 200 x 1250 is a
half-way point between the two and similar to the efficient signal processing approach
suggested in Price et al. [86]. These telescope models are illustrated in Figs. 4.7a,
4.7b, 4.8a, 4.8b, 4.9a and 4.9b.

4.4.4.2 Starfish models

A large number of flexible telescope models were also created, to allow the exploration
of a wide parameter space. Models created in the starfish design had a range of
arm thicknesses, arm taper rates, core radii and arm curvature, as illustrated in
Figs. 4.10a, 4.10b, 4.11a, 4.11b, 4.12a and 4.12b. Three different specifications are
used for the arm curvature: ‘no curvature’, ‘moderate curvature’ and ‘tight curvature’,
respectively.

Ideally each antenna would be used equally, however the geometry of these solu-
tions prevents this. The starfish telescope models do not utilise all available antennas
equally in any one configuration. Antennas at the edges of the starfish arms are
typically used in only one station where they were heavily down-weighted, whereas
those in the centres of clusters and arms may be used in several stations. Although
this is not ideal, it is necessary, to an extent, to allow flexible stations to be formed.
This gives a weighting to the signals detected at certain antennas, along with their
inherent errors. Apodizing antennas in discrete models under-utilises antennas to a
greater extent than with the flexible models, however.

Attempts were made to increase the utilisation rate of antennas by restricting the
placement of stations. This was implemented by placing the stations on a grid within
the boundaries of the antenna-covered starfish and then perturbing the positions of

the stations. Unfortunately the underlying gridded structure of the station placement
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Figure 4.13: Flexible cluster telescope model A.
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Figure 4.14: Flexible cluster telescope model B.
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Figure 4.15: Flexible cluster telescope model C.
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Figure 4.16: Flexible cluster telescope model D.
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consistently revealed itself in the form of strong grating lobes in the synthesised
beams, hence this method was not used to create the final telescope models.

Another approach, not implemented, to increase the utilisation rate of antennas
would be to have flatter or rounder tips to the starfish arms, as stations cannot be
placed near the tips in the illustrated models.

When generating the starfish telescope models, stations are placed in locations if a
sufficient number of antennas fall within the station’s perimeter; the specific number
of antennas used per station is allowed to vary within a range of +5 antennas. This
has the advantage of allowing stations to occupy a greater number of positions within
the starfish antenna area, but has the disadvantage of each station having a slightly
different overall sensitivity. This could be accounted for by imposing a stricter limit
on the permitted number of antennas per station or by weighting each station in
the correlator. However, this is not incorporated here, as the deviation in sensitivity
between stations is considered small, as there are 768 + 5 antennas, where some or all
of the extra antennas could be significantly down-weighted for apodization. It is also
worth noting that the random positions of the antennas within a station mean that,
when apodized, the total sensitivity of each station will vary by a small amount even
if each station contains an equal number of antennas.

The large, dense core of the starfish models could potentially have an issue of access
(especially vehicular) to the central antennas, hindering maintenance, for instance.
Gaps for roads could be left between the antennas, but this would impinge on the
flexibility of forming station. It would be prohibitive in terms of flexibility and cost
of the beamforming system to allow complete freedom to form stations out of any
combination of antennas within this flexible station concept, so the inclusion of roads

would perhaps not be a significant extra hindrance.
4.4.4.3 Cluster models

The cluster design telescope models were created with variations in cluster sizes (that

is, how many stations per cluster), how many stations occupy a central ‘supercluster’
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and how many spiral arms are used; some examples are shown in Figs. 4.13a, 4.13b,
4.14a, 4.14b, 4.15a, 4.15b, 4.16a, 4.16b, 4.17a and 4.17b. For each cluster size, five
telescope models are generated with different random cluster and station positions to
try and find more optimal symmetric synthesised beams from station distributions.
The cluster telescope models suffer from some of the potential problems noted for
the starfish designs: access to central antennas, variations in number of antennas per

station and different utilisation rates of antennas.

4.5 Beam patterns and uv-coverage of models

The beam patterns and uv-coverages of the following telescope models all use circular

stations and zenith observations.

4.5.1 Discrete telescope models

The three discrete telescope models all give approximately the same synthesised beam
pattern in terms of them being approximately Gaussian and of similar HPBWs as
shown in Figs. 4.7¢c, 4.8c and 4.9c. However, the sidelobe level away from the peak
of the beams changes from approximately -15dB in the 50 x 5000 model to -30 dB
in the 1024 x 256 model. The sidelobe level within the 50 x 5000 model oscillates
significantly over the central 4 deg?, ranging from -10 dB to -20 dB; the sidelobe range
of 200 x 1250 model and 1024 x 256 model is considerably less.

Whilst all three models give approximately Gaussian beams, it is also clear from
the 1-D cross-sections in Figs. 4.7d, 4.8d and 4.9d that the greater the number of
stations, the more Gaussian the beams. This is a product of the more symmetric and
uniform wuwv-coverage allowed by a greater number of stations. The deviations from
symmetry could be mitigated by optimising the station locations, rather than picking
the angular coordinate of the station randomly (the radial position is controlled and

stations placed in polar co-ordinates).
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The three apodization schemes (Gaussian, Hanning and none) were applied to
the stations in the telescope models, but the effect on the synthesised beam patterns
are not significantly different between apodization schemes in the central 4 deg? of
the synthesised beams. Apodization will have affected the beam patterns far more
significantly away from the beam centres.

The density of the uv-coverage of the discrete telescope models are shown in
Figs. 4.7e, 4.8e and 4.9e. The uwv-coverage is concentrated at short baselines in the
50 x 5000 and 200 x 1250 telescope models. The relatively low baseline counts are a
result of the relatively low numbers of stations.

For the 1024 x 256 model the three spiral arms of the telescope are reflected in
the uv-coverage. These longer baselines could result in sparse sampling of long base-
lines for snapshot observations, but with longer integrations Earth-rotation aperture

synthesis will fill in the uv-coverage more evenly.

4.5.2 Starfish telescope models

The synthesised beams of the starfish telescope models are significantly non-Gaussian,
as shown in Figs. 4.10c, 4.10d, 4.11c, 4.11d, 4.12¢ and 4.12d. For the straight-armed
starfish telescope model (Fig. 4.10) the synthesised beam takes on a snowflake-like
appearance. The starfish telescope models with curved arms result in a Gaussian
central beam surrounded by a spiral; this is a result of the starfish’s three curved
arms. The synthesised beams of each of the starfish telescope models could make
deconvolution difficult. The VLA and GMRT have similar instantaneous synthesised
beams, but do not have the same sensitivity to detect as many point sources as the
models here.
The starfish telescope models give poor snapshot uv-coverage, as shown in Figs. 4.10e,

4.11e and 4.12e, but the uv-plane would be filled in over a 4-hour observation. Deep
science observations, such as those which will be used for the EoR key science project,

will require long observations, which will ensure the uv-plane is filled in. However,
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calibrating the data will require snapshot observations taken periodically throughout
the observation, hence a Gaussian-like synthesised beam will be preferred.

The sidelobe levels of these beams are not as low as the 1024 x 256 discrete
model, despite having the same number of stations. This can be attributed to the
less uniform coverage of the uv-plane in the starfish models, as baseline separations
are concentrated towards the arm spacing.

The significant non-Gaussian nature of the beam could perhaps be overcome by
more thoroughly exploring the parameter space of arm curvature and thickness. There
are limits on these parameters, for example the arms need to be a minimum thickness
to allow sufficient antennas to form stations flexibly (if the arms are too thin it will
not be possible to populate a whole station with the antennas). A small number of
further starfish telescope models were created which varied the arm thickness and
curvature within these limits, but the spirals remained prominent in the synthesised
beams.

Further changes to the thickness, tapering and curvature of the arms would affect
the radial distribution of the stations, meaning it would be necessary to deviate
from the specification of 50% stations with 600 m and 75% stations within 1km

prescription.

4.5.3 Cluster telescope models

The synthesised beam patterns of various cluster-based telescope models are shown in
Figs. 4.13c, 4.13d, 4.14c, 4.14d, 4.15¢, 4.15d, 4.16¢, 4.16d, 4.17c and 4.17d. The beam
patterns and uv-coverage of the better performing cluster telescope models are shown
(a greater range of telescope models were created and tested). The cluster beam
patterns showed a tendency to form a central peak surrounded by a broad secondary
beam at approximately -10 to -15dB, which in turn was surrounded by the typical
sidelobe level of approximately -20 to -25dB. This is a result of the large compact

cores used in most of the cluster models. This very strong weighting towards short
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baselines is evident in the uv-densities Figs. 4.13e, 4.14e, 4.15¢e, 4.16e and 4.17e. The
uv-densities also highlight the asymmetries present at long baselines if one or two
spiral arms are used for the outer stations.

The uwv-densities show that, in general, a greater number of small clusters give a
more symmetric uv-coverage compared to a smaller number of large clusters. How-
ever, smaller clusters means a larger fraction of shared antennas (i.e. those antennas
used in more than one station) are required in each cluster, as a larger fraction of
antennas in each cluster will be situated towards the cluster edge and therefore down-
weighted for apodization; this is because the ratio of circumference to area of a circle

increases for smaller radii.

4.5.4 Comparison of models

To assess the potential usefulness of each telescope model, the similarity to Gaussian
of their respective synthesised beams were measured. Gaussian-like beams facilitate
more accurate deconvolution of images and calibration of the telescope as they have
low sidelobe levels and Gaussian beams are typically chosen as restoring beams [38].
The least squares fit of each synthesised beam to Gaussians of full width half maxi-
mum from 6 x 10~ to 5 degs, in step sizes of 6 x 10~* degs, was calculated. The best
fit values are plotted in Fig. 4.18.

It is clear that the 1024 x 256 telescope models (Gaussian, Hanning and no apodiza-
tion windows) most closely approximated a Gaussian. The 50 x 5000 models were
the least Gaussian; this is a result of the relatively low number of baselines in the
50 x 5000 model cases limiting the uniformity of the uv-coverage and hence the syn-
thesised beams’ Gaussianity.

The non-Gaussian shape of the starfish models’ synthesised beams are also shown
by this metric. The cluster models all have a smaller deviation from Gaussian than
the starfish models, with the most Gaussian-like cluster models, A and C, having

~ 70% the RMS deviation of the most Gaussian starfish model.
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Figure 4.18: A least-squares fit was performed of Gaussians to each synthesised beam.
The RMS deviation of the beams to the best-fit Gaussians are shown here. Only
the central 4 deg? of each synthesised beam was considered. The bars of the discrete
telescope models are coloured blue, starfish models in red and cluster models in green.

The synthesised beams of the starfish models tested, within the constraints of
flexible stations as described here, did not perform favourably in comparison to the
Requirements specification’s discrete 1024 x 256 telescope model. Not utilising a
small fraction of antennas (~ 5 — 15%, depending on the parameters of the starfish
model) and considerable overlapping of some stations were also concerns for this
approach. Consequently, the starfish telescope models, as they are implemented here,
are unlikely to be viable for SKA1-Low.

The beam patterns of the cluster models are not as promising as the 1024 x 256
model beam pattern, but the potential advantages of flexible stations, such as elliptical
stations, apodization and calibrating your station set to optimise the telescope for

specific science cases warrants further investigation.
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4.6 Summary

The flexible stations concept was discussed and potential application to SKA1-Low
explored. A range of telescope models, flexible and discrete, were created which
conform to the SKA Requirements specification on antenna number and distribution,
but with varying station sizes and allowing for antennas to be shared between stations.
The effect of apodization was also discussed.

Fitting the synthesised beams of the telescope models to Gaussians indicated that
the 1024 station with 256 antennas per station telescope model (the current SKA-low1
design) yields the most Gaussian beams, whilst the starfish shaped flexible telescope
models and the 50 stations with 5000 antennas per station model were the least
Gaussian. The non-Gaussianity of the starfish models’ beams suggests images may
prove difficult to deconvolve so the telescope model designs generated here should not

be pursued further.
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Chapter 5

Sensitivity of station models to the
Epoch of Reionisation power
spectrum

5.1 Introduction

The Cosmic Dawn and Epoch of Reionisation mark an important period in the early
universe. The Cosmic Dawn marks the formation of the first stars and the Epoch
of Reionisation saw radiation from early galaxies begin to ionise the majority of
the intergalactic medium (IGM). SKA1-Low will attempt to observe these eras by
means of redshifted 21-cm line emission; neutral hydrogen emits 21-cm line radiation
whilst ionised hydrogen does not. In this chapter, the Cosmic Dawn and Epoch of
Reionisation will collectively be referred to as the EoR, unless otherwise indicated.

Measurements of the EoR power spectrum will be one of several techniques used
for these observations. A range of telescopes, such as PAPER, MWA and LWA are
currently attempting to measure the EoR power spectrum. In theory, these telescopes
have the sensitivity to detect the EoR power spectrum, but their success will be de-
pendent on systematics and the actual strength of the EoR power spectrum. Whether
they are successful or not, knowledge gained from these telescopes, for instance cal-
ibration techniques and treatment of sky models, will help guide SKA1-Low. The
greater sensitivity of SKA1-Low will, in theory, allow the EoR to be imaged.

The EoR signal will vary in strength over a range of redshifts and angular scales in

107



the sky. In this chapter, various telescope models for SKA1-Low will be considered to
ascertain their suitability for measuring the EoR signal. This is achieved by evaluating
the ability of each telescope model to detect the EoR power spectrum, whilst also
accounting for various systematic effects which introduce noise signals.

Both discrete and flexible telescope models, as discussed in Chapter 4, are inves-
tigated. The thermal sensitivity of the telescope as a function of angular scale will
be compared to the expected EoR signal. Also considered are the ability of the tele-
scope models to detect and resolve foreground point sources, the expected residual
noise levels of unsubtracted point sources within the observing beam, and the level

of residual noise due to imperfect calibration as studied in Chapter 3.

5.2 The 21-cm line

A hydrogen atom has two hyperfine energy levels in the 1s ground state, arising from
the magnetic interaction between the proton and electron spins. When the spin of
the electron flips from parallel to the proton’s spin to antiparallel, a photon of 21-
cm wavelength is emitted. Likewise, 21-cm radiation can be absorbed through the
electron spin flipping in the opposite direction.

Whether 21-cm radiation is seen in emission or absorption depends on whether the
spin-temperature of neutral hydrogen is greater than or less than that of the photons
which illuminate it; in the early Universe, these are Cosmic Microwave Background
(CMB) photons. The greater the difference in spin temperature, the more easily the
21-cm radiation can be detected.

Over the history of the Universe, 21-cm radiation has varied in strength and from
absorption to emission. The brightness temperature of 21-cm radiation, relative to

the CMB, is given by [121, 122]
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Figure 5.1: Sky-averaged 21-cm radiation brightness from the beginning of the Dark
Ages to the end of the Epoch of Reionisation. Figure from Pritchard & Loeb [123].

where xyy is the neutral fraction of hydrogen, 0 is the fractional overdensity in baryons,
T, the spin-temperature of HI, Tcyp the CMB temperature, A the dimensionless
Hubble parameter, Y}, the primordial Helium mass fraction, H(z) the Hubble constant
and dv)/dr the velocity gradient along the line of site. The expected brightness, as
a function of redshift, is plotted in Fig. 5.1.

The first hydrogen atoms were formed from protons and electrons combining as the
universe cooled following the Big Bang. This, the Epoch of Recombination, occurred
at z ~ 1000 [124]. Between the Epoch of Recombination and z ~ 200, the difference
in spin-temperature between HI and the CMB photons was unobservable, leading
to this period being aptly known as the Age of Ignorance. The Dark Ages followed
(30 < z < 200) in which the Universe’s adiabatically cooled neutral gas absorbed
21-cm line radiation.

Towards the end of the Dark Ages, around z ~ 30 — 40, the expansion of the Uni-
verse caused the gas density to decrease sufficiently so that the HI spin temperature
couples back to the CMB photons rather than the neutral gas; the ensuing decrease
in the spin-temperature difference between HI and the CMB once again made 21-cm
radiation difficult to detect.

At z ~ 30 the first stars and X-ray sources began to form. The 21-cm transition
is a forbidden transition, but Lyman-a coupling, in which neutral hydrogen is raised
from its n = 1 to its n = 2 state and then back to n = 1, with the spin of the

electron flipping in the process, is far more likely to occur in the presence of stars.
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This coupled the spin-temperature of HI back to the cool neutral gas, leading to the
21-cm line being seen in absorption [123]. This period is the Cosmic Dawn.
Gradually the stars and X-ray sources heated their surrounding neutral gas, in-
creasing the spin-temperature of HI to greater than the temperature of CMB pho-
tons, allowing the 21-cm line to be seen in emission for the first time at z ~ 15. The
radiation and heating also saw neutral gas become ionised. Ionised gas originally ap-
peared in small pockets, or bubbles, surrounding the most powerful ionising sources.
Overtime the bubbles expanded and merged with one another until they eventually
encompassed the majority of the Universe around z ~ 5 — 6; this period is the Epoch

of Reionisation [122].

5.2.1 21-cm science

Measuring reionisation with 21-cm radiation will provide valuable insight into the
early evolution of galaxies. Reionisation is theorised to be a function of the combined
extreme ultra-violet flux in the IGM, allowing estimates of cosmic star formation to
be made. The types of galaxies principally responsible for reionisation can also be
established by mapping reionisation, as well as the contribution of quasars [85] and
dark-matter annihilation [125, 126].

Reionisation also provides a means to study the IGM, as the morphology of HI
and HII regions is related to the temperature structure and density fluctuations of
the IGM [127, 128].

Perturbations in the density of HI during the EoR are predicted to follow under-
lying perturbations in the cold dark matter, allowing measurements of fundamental
cosmological parameters, such as the total mass density, €2,, the global baryonic
density, ,, and the scalar spectral index, ng, to be made [129, 130, 131, 132]. Obser-
vations at multiple redshifts will allow a much greater amount of data pertaining to
these cosmological parameters to be collected than with the 2-D surface of the CMB
85].
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Figure 5.2: Simulated EoR power spectrum for a range of redshifts as a function of

wavenumber, k. Figure from Santos et al. [133].
5.3 Power spectrum sensitivity

Measurements of the EoR power spectrum are an important task for SKA1-Low, and
studies of the EoR are considered as the primary science project of SKA1-Low. It is
for this reason that the telescope’s specifications have changed significantly in light of
the conclusions of Mellema et al. [85]. For instance, station sizes were reduced from
180 m to 35m to provide greater fields of view, as it is claimed that EoR fluctuations
and structures cannot be accurately recovered on scales larger than that of a sample
beam. The frequency range was also changed, from 70 — 450 MHz to 50 — 350 MHz,
to more accurately cover the redshift range of the 21-cm line from the Cosmic Dawn
through the EoR.

It is also important to consider the distribution of baselines of the SKA1-Low sta-
tions, so the telescope is sensitive to the most interesting angular scales. Power spectra
measurements typically require compact arrays sensitive to large angular scales, from

tens of arcminutes to degrees, whereas tomographical imaging of the EoR requires
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arcminute-scale resolutions and hence long baselines. A telescope array with a range
of baselines will enable measurements of both to be accomplished.

Simulations have provided an insight into the expected EoR power spectrum. The
values of the expected EoR power spectrum are given, amongst others, in Mellema
et al. (which includes data from Santos et al. [133]). Other studies yielding expected
values for the EoR signal include McQuinn et al. [134] and Furlanetto, Zaldarriaga
and Hernquist [135]. Expected values for a range of redshifts, as given in [133], are
plotted in Fig. 5.2.

The EoR power spectrum is conventionally given in units of k*P(k)/27?, where
k is the wavenumber in units of h/Mpc. This is the power spectrum in 3-D space
where a flat power spectrum corresponds to equal powers in logarithmic intervals
of |k|. Observations in a single redshift slice however give constraints on the 2-D
power spectrum. To compare with predicted measured the 3-D power spectrum is
here converted to 2-D as a function of the observed angular scale expressed in terms
of the spherical harmonic multipole coefficient £. The 3-D power spectrum in k-space

can be converted into a 2-D power spectrum in ¢-space by [136]

[e’e] k72
AZ = k? A2 (k) ——
2D 1 oy 3D( )\/m

where A2}, is the 3-D power spectrum k*P(k)/27%, A3} is the 2-D power spectrum

dk | (5.2)

C(£)£(¢ + 1)/2m and the integral is over k-space for each value in the EoR k-space

signal ky. k-space is converted to (-space by
{=khDy (5.3)

where h is the dimensionless Hubble parameter and Dy is the angular diameter dis-

tance. ¢ relates to baseline lengths by
0 =21vu? + 12, (5.4)

where u and v are the baseline lengths in the north-south and east-west directions,

respectively.

112



The 2-D power spectrum is a slice through the 3-D power spectrum. Considering
the EoR signal in a 2-D power spectrum has the advantage of illustrating the powers
of its modes to angular scales on the sky. The distribution of baselines in SKA1-Low
will dictate how sensitive it is to different angular scales on the sky, hence the ability
of SKA1-Low to detect the EoR can be directly compared for different telescope
models.

SKA1-Low must be capable of detecting this power spectrum; therefore the theo-
retical angular power spectrum sensitivity of any proposed telescope model should be
checked against the simulated EoR angular power spectrum levels. The theoretical

angular power spectrum sensitivity, AT?, of a telescope model is given by

00+1) JAVA 1 A2
2 2 - R
AT - 27T Ssarnple (Ns) (Qbeam) (QkB) ) (55)

where N, is the number of baselines corresponding to each multipole bin, A/ is the

width of each multipole bin, \ is the wavelength and kg is the Boltzmann constant.

Qpeam 1s the solid angle of the square primary beam, defined by

2 pm
Qpeam = A /() P2<07 ¢> Sln(e) do d¢7 (56)

where P(0, ¢) is the power of the beam in the direction (6, ¢). In this study, the limits
of the integral in Eq. (5.6) are taken to be the angles at which the beam power drops
below 5% of the peak power. Sgmpie 1S the sensitivity of a single visibility from one

baseline (composed of identical stations) and is given by [105]

kp At 1
Ssam e — ) 5.7
vl V Av tobs (T ) s ( )

Sys
where Av is the channel bandwidth, ¢,,s the observation length, A.g the effective

collecting area, set to 1.93* m? [83], Tiys the system temperature and 7y the system
efficiency, assumed to be 0.9. Ty can be modelled according to Eq. (3.3) in Chapter
3, which are repeated here,

Tsys = Tsky + Trevr ) (58>
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where

Trewe = 0.1 Ty + 40K | (5.9)

where Ty is the sky temperature and T, is the receiver temperature.

T4y is determined by the mean temperature of a typical patch of sky the telescope
would observe. The Haslam 408-MHz all-sky map [106, 107, 137] can be used to
provide an estimation of Ty,.

A power law can be assumed to convert the measured temperatures at 408 MHz
to the other frequencies for the EoR power spectrum. This is given in Eq. (3.4), but

is repeated here for convenience as Eq. (5.10),

T, =T, (1>6 . (5.10)

Yo
Here (3, the temperature spectral index of diffuse galactic emission, is equal to —2.55;
this assumes a synchrotron flux density power law index of -0.55, which is equivalent
to -2.55 in temperature units. The synchrotron power law spectral index, «, varies
between approximately -0.55 and -0.7 for different sources and frequencies. v is the
template map frequency (408 MHz) and the target frequency and 7,, and 7T, are the

template map temperature at 408 MHz and the target frequency, respectively.

5.3.1 Point-source power spectrum

To ensure accurate measurements of the EoR power spectrum, the effect of foreground
point sources must be accounted for. If the point-source power spectrum exceeds the
EoR power spectrum, individual point sources must be removed from the telescope’s
visibilities.

An estimation of the point-source power spectrum must hence be determined.
The combined power from point sources, dP, per flux bin, dS, per steradian, is the
product of the number of sources per flux bin, N(s), and the power per source, S?,

per unit steradian,

dP = N(s)S*dS. (5.11)
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Intema et al. [138] determine the Euclidean-normalised differential source counts
from a 153-MHz catalogue as
dN

Esg = A5 (5.12)

where A = 6000 Jy*? sr~!. Euclidean-normalised source counts give the actual source
count relative to the source count that would be present if the sources were uniformly
distributed in a flat, non-evolving Euclidean universe. In the Euclidean case, the
number of sources at a distance r in a volume element of thickness dr is proportional
to r2dr and the apparent flux of a source is proportional to r—2, hence the differential
5/2

source count dN/dS is proportional to S~
Substituting Eq. (5.12) into Eq. (5.11) yields

Sup
P:/ A S dS, (5.13)
S

low

where S, and Sy, are the lowest and greatest flux values of the point sources to be
included in the point-source power spectrum. Substituting in a power law equivalent

to Eq. (5.10) but with flux density with spectral index a@ = —0.7 gives

Sup y —0.29
P:/ A (—) Spttds. (5.14)
S

)

low

Integrating Eq. (5.14) leads to

U —0.29
P=B (—) St (5.15)

4]
where B = 6000/1.41 Jy0'59 sr! is a constant and S, is set to 0.
The total flux density per unit angle, .5 /€, is related to the average background

temperature due to sources, T, and wavelength by the Rayleigh-Jeans approximation,

$S  2ksT

Q — T 9 (5.16)
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hence

2 AN N 1.41

The contribution of the point sources to the measured power spectrum can be reduced
through two methods: decreasing the value of Sy, and by spectral fitting. The EoR
power spectrum is expected to fluctuate on small spectral scales due to the structure
in the redshift direction, whilst foregrounds such as the point-source power spectrum
will be spectrally smooth as they are generally composed of a small number of power-
law components. Through spectral fitting of the smooth foreground, it should be
possible to subtract it from the EoR power spectrum [139, 140, 141, 142].

Harker et al. [143] propose a non-parametric spectral fitting technique termed ‘“Wp
smoothing’ (from the German ‘Wendepunkt’, which translates as ‘inflection point’).
The method penalises variations in the fitting function’s curvature and has shown fit
accuracies of ~ 1% or better in simulations, a greater level of accuracy than alternative
methods (for example [144, 145, 146, 147], although the complexity of the foreground
model used in simulations influences the accuracy of a fit). Consequently, the residual
point-source power spectrum level drops to ~ 1% of its initial value. Wp smoothing
is, however, a relatively compute-intensive approach and hence is relatively slow to
process large data cubes; Moore’s law will hopefully help with this over the time it
will take to build SKA1-Low.

Other foreground removal methods have been investigated with respect to EoR
detection, which are also expected to be able to allow SKA1-Low to detect the EoR
power spectrum [148]. One of the aims of the MWA precursor telescope is to be a
test bed for spectral smoothing techniques [74].

The complementary approach to decreasing the power of the point-source power
spectrum, decreasing s, requires that every point source of flux greater than s,
must be accounted for and its presence removed from the telescope’s visibilities. To
do this requires knowledge of the source positions and brightnesses, as well as an

accurate understanding of the telescope’s signal processing.
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To determine the source positions and brightnesses, the telescope must be able to
detect it and isolate it from surrounding point sources. The smallest flux density a
telescope can theoretically detect is given by its thermal noise limit. In practice, to
reliably detect a point source its flux must be ~ 5 times brighter than the thermal
noise limit, to provide a sufficient signal-to-noise ratio.

To separate the point-source contribution from the EoR signal the telescope must
have baselines long enough to resolve the point sources out of the EoR. The telescope
must also be able to separate point sources from one another, necessitating a res-
olution better than the typical source separation of the faintest detectable sources.
Using the differential source counts of Intema et al. [138] the number of sources per

steradian of flux equal to, or greater than, s, is given by

Smax
N = 6000/ 5719949, (5.18)

up

where S, is the maximum flux considered in the source count. This is taken to
be the flux at which there is only one source per steradian, as given by Eq. (5.12)
(=~ 250 Jy).

In general, the mean separation of point sources, A, can be determined from the

number of sources per steradian, Ngources, DY

1

Af = , (5.19)

Nsources

therefore the longest baseline length required to resolve the point sources, dpay, is

A
Arnax = — . 5.20
The maximum baseline needed is hence dependent on the sensitivity of the tele-
scope on the longer baselines. Any sources not resolved and removed from images

will contribute to the residual point-source power spectrum, which will contaminate

the EoR signal.
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As well as point sources, there will be foreground contamination of the EoR
through extended sources, such as free-free emission from HII regions in the ISM
and IGM, and synchrotron radiation from cluster radio haloes and cluster radio relics
[149]. These extended sources are not accounted for in this analysis, however spectral

smoothing will help reduce the effect of extended sources.

5.4 Calculating the power spectra

5.4.1 Residual noise

To determine the residual noise levels of the telescope, a similar technique to that
discussed in Chapter 3 is employed. Here the total residual noise is measured rather
than separating the in-field and sidelobe residual noise values, hence the entire VLSS
point source sky model is used with the exception of the six brightest sources. Mea-
surements are simulated at 65, 79, 95, 110, 119 and 130 MHz, which correspond to
redshifts 21, 17, 14, 12, 11 and 10 of the 21-cm line.

5.4.2 Thermal noise limit

The thermal noise limit of the telescope models is calculated using Eq. (5.7). To
determine the thermal noise level of a set number of baselines of identical stations,

Eq. (5.7) can be extended to [105]

ks (Aeﬁ)l 1 1
Ssam e — o ’ 021
Pl \ Al/tobs T‘sys s NB(NB - ]-) ( )

A bandwidth of 3 MHz, A.g of 1.932 m? and an efficiency of 0.9 are assumed.

Tiys is determined from Eqgs. (5.8) and (5.9) and Ty, is calculated using the Haslam
sky map. A power law can be assumed to convert the measured temperatures at
408 MHz to the other frequencies for the EoR power spectrum, in accordance with
Eq. (5.10), where S,, and S, are the map’s temperature at 408 MHz and the target

frequency, respectively.
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The value of Np is determined for each telescope model by calculating the number
of baselines of length greater than 1.6 km (corresponding to ¢ = 10000). This length
was chosen so as to ensure that only baselines on which the EoR signal is fully resolved
out were counted for the purpose of detecting confusing sources, although the exact
value selected is by no means definitive.

The thermal noise levels were compared to the point-source fluxes; the point
sources should have a flux at least five times greater than the thermal noise limit to

ensure detection.

5.4.3 EoR power spectra

To determine the angular power spectrum sensitivity of the telescope models, Eq. (5.5)
is employed. The number of samples in each multipole bin is determined from the
telescope model uv-coverage. Baselines are converted to multipole numbers using
Eq. (5.4) and binned into bins of A¢ = 10.

The beam solid angle, Qpeam, is determined from the station’s simulated primary
beam pattern. Station beam simulations are obtained using the OSKAR-2 simulator.
The total angular area covered by all pixels in the simulated primary beam within
5% of the peak power is used as the beam solid angle.

The theoretical EoR power spectrum plotted are from Fig. 5.2 here and Fig. 21

in [85], converted to 2-D power spectra using Egs. (5.2) and (5.3).

5.5 The angular sensitivity of various telescope mod-
els

The EoR power spectra for z = 10 — 20 over a range of multipoles are plotted in Fig.
5.3 alongside the thermal noise sensitivity, point source and total residual noise power
spectra of a range of telescopes models. The telescope models comprise discrete and

cluster models, as shown in Figs. 4.7 to 4.9 and 4.13 to 4.17.
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The plots in Fig. 5.3 contain several separate power spectra overlaid on the same
plots. The EoR power spectrum is shown by the thick dashed lines. The thin solid
lines depict the thermal sensitivity of the telescope model plotted; the telescope model
is stated in the subfigure captions. The dotted lines show the expected total residual
noise level from a 10% gain error. The dot-dashed lines show the expected point-

source power spectrum. Different colours represent different observation frequencies.

5.5.1 Discrete models

Focussing initially on the power spectra of the discrete telescope models, shown in
Figs. 5.3a to 5.3i, there is a clear decrease in the thermal sensitivity of the telescope
models as the stations are apodized by greater amounts. Each Gaussian apodized
telescope model has an approximately 13 times poorer thermal noise limit than its
equivalent unapodized station, whereas a Hanning window apodized telescope de-
creases the sensitivity by approximately a factor of 1.7. This trend is not unexpected
as apodization decreases the sensitivity of individual antennas by down-weighting
their contribution to beamformed data and the Gaussian window function is an es-
pecially strong apodization window.

There is also a trend of increasing point-source power spectrum levels with in-
creasing apodization. This is because the point-source power spectra are calculated
from the thermal noise limit of the long baselines (i.e. baselines exceeding 1.6 km) of
the telescope. It has been assumed that all the point sources above the long-baseline
thermal noise limit in the observations are resolved and removed from visibilities;
the remaining sources below the thermal noise limit contribute to the point-source
power spectrum. No improvement by spectral smoothing has been accounted for in
the figures, hence the residual point-source power spectra should be expected to de-
crease. The level of this decrease depends on the success of the spectral smoothing
algorithm employed, but, as mentioned in Section 5.3.1, the Wp smoothing tech-

nique could decrease the point-source power spectrum by approximately two orders
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Figure 5.3: Power spectra plots showing the expected power level of the EoR (dashed
lines), thermal sensitivity of the telescope model (solid lines), residual point-source
power spectra after subtraction of detected individual sources (dot-dashed lines) and
total residual noise levels from a gain error of 10% (doted lines) at different angular
scales, defined by the multipole, /. No benefits from spectral smoothing have been
assumed for the point-source power spectra, but it could decrease the power by a
factor of ~ 100. The different coloured lines show the power spectra at different
frequencies: red 65 MHz (z = 21); blue T9MHz (2 = 17); green 95MHz (2 = 14),
magenta 110 MHz (z = 12); black 119MHz (z = 11); cyan 130MHz (z = 10).
Expected EoR power levels are from [85, 133]. The total residual noise levels are
plotted for a 12-hour integration (beyond this residual noise levels may not decrease
as baselines are repeated with earth rotation aperture synthesis) and 10000-hour
integration for the thermal noise level. Figs. 5.3a to 5.3f and 5.3h to 5.3n are on the
following pages.
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Figure 5.3: continued (2/8).
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Figure 5.3: continued (3/8).
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Figure 5.3: continued (4/8).
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(1) 50 x 5000 Gaussian window

Figure 5.3: continued (5/8)
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Figure 5.3: continued (6/8).
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Figure 5.3: continued (7/8).
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Figure 5.3: continued (8/8).

of magnitude.
5.5.1.1 Total residual noise

The total residual noise power spectra levels of the telescope models with no apodiza-
tion are slightly greater than those with a Hanning window applied, which are in
turn slightly greater than those with the Gaussian window. The exception to this is
the 50 x 5000 model, where the Gaussian window results in an increase in the power
spectra levels. The 50 x 5000 model aside, the general trend of decreasing residual
noise with increasing apodization is expected, as near-in sidelobe levels are reduced
with apodization.

What is surprising is that the RMS difference between the ideal and error-telescope
images increase with apodization. This is shown in Fig. 5.4, where the Gaussian
apodization telescopes have approximately 2 — 5 times as high total residual noise

levels as the Hanning window and no apodization cases. However, when the total
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residual noise is plotted in the power spectra, it decreases with apodization. This is
a result of the solid angle of the beam being a factor in the power spectra calculation
(see Eq. (5.5)). The primary beam widths of the discrete telescope models across the
frequency range investigated for different apodization windows are plotted in Fig. 5.5a
and the beam solid angles of the primary beams are plotted in Fig. 5.5b. Stronger
apodization clearly increases the beam width and solid angles, along with decreasing
the effective number of antennas in a station.

Another possible factor for the increase in total residual noise is that the majority
of the contribution to the total residual noise comes from sources in the main beam,
as opposed to sources in the sidelobes. To test this, further simulations were run
with sources within twice the HPBW of the main beam removed from the sky model.
This hence determined the residual sidelobe noise, which is plotted with the EoR,
point source and thermal sensitivity power spectra in Fig. 5.6 for the three discrete
telescope models with no apodization window applied. The residual sidelobe noise
levels are lower than the total residual noise levels by a factor of approximately 2.5,
which is significant.

The effect of apodization on the shape of the primary beams is shown in Fig. 5.7.
The primary beams of a station in each of the discrete telescope models for each of
the three apodization windows are plotted. Increasing the apodization results in a
broader main beam and reduces the number and prominence of near-in sidelobes; the
remaining sidelobes are broader. Stronger apodization also increases the power of
far-out sidelobes by small amounts.

This could explain the increase in total residual noise level with more apodization.
The broader main beam has approximately the same power as the replaced sidelobes
for most of its width, but doesn’t have the low power levels of the troughs between
sidelobes. This means sources around the centre of the primary beam direction will be
detected with a greater flux density. As shown in Chapter 3, the greater the total flux

density of sources in an observation, the greater the residual noise level that results.
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Figure 5.4: Total residual noise from simulated visibilities of various discrete and
cluster telescope models. 10-s observations were simulated. For discrete telescope
models, three apodization windows were used; Gaussian (‘Gauss win’ in legend, Han-
ning (‘Han win’) and none (‘no win’). For cluster models a Hanning window was
used.
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Figure 5.5: Width of primary beam, and primary beam solid angle, as a function
of frequency for different station sizes. The stations have three different apodization
windows applied: Gaussian (‘Gauss win’), Hanning (‘Han win’) or none (‘no win’).

Furthermore, the raised far-out sidelobe level, caused by the decreased sensitivity
from apodization, means that the primary beam is more sensitive to far-out sidelobe
sources.

The primary beam patterns in Fig. 5.7 also highlight that stations with greater
numbers of antennas have more preferable primary beam patterns: their main beams
are narrower and their mean sidelobe levels are lower. The lower total residual noise
level of the 1024 x 256 discrete model, with small stations, compared to the 50 x

5000 discrete model, with large stations, hence suggests that uv-coverage is a more
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Figure 5.6: Power spectra plots of the discrete telescope models shown in Fig. 5.3,
except the residual sidelobe noise from 10% gain error on antennas is plotted rather
than the total residual noise. The residual sidelobe noise at 50 MHz (dark green) and
100 MHz (orange) are shown by the starred lines. Expected EoR power levels are

(b) 200 x 1250, no window

from [85, 133]. Figure 5.6b is on the following page.
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Figure 5.6: continued (2/2).

important factor in minimising the total residual noise level than the primary beam

pattern.
5.5.1.2 Benefits of primary beams compared to uv-coverage

To test the relative effect of primary beam pattern compared to uv-coverage on the
total residual noise, a range of discrete telescope models were created. Models to test
the effect of the primary beam pattern have a fixed number of stations, 50, and have
256, 512, 1024, 2048 or 4096 antennas per station. Each model has the same, fixed,
station positions. To ensure that sensitivity does not affect the results of simulations
with these telescope models, the gains of the antennas are down-weighted relative to
the total number of antennas in the telescope model. For instance, the 50 stations
with 256 antennas per station model has a weighting of 1 for each antenna and the
50 stations with 512 antennas per station model is weighted at 0.5 for each antenna.

A comparison of the relative effect of uv-coverage is made by creating a range of
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Figure 5.7: One-dimensional cuts of the primary beams of a single station of each
of the three discrete telescope models, with varying degrees of apodization. Other
stations, in their respective telescope models, will have similar primary beams. Within
each subfigure, the upper plot shows the primary beam with no apodization, the
middle plot with a Hanning window described in Eq. (4.1) and the lower plot a
Gaussian window illustrated in Fig. 4.3. Red and blue lines shows orthogonal cuts
through the centre of the primary beam.
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discrete telescope models with a fixed number of 256 antennas per station, but a range
of numbers of stations: 50, 100, 200, 400 and 800. Each fixed number of antennas per
station telescope model has an equal number of antennas to one of the fixed number
of stations telescope models. Again, antennas are down-weighted to retain a constant
sensitivity across all telescope models. Station locations are distributed according to
the Requirements specification.

The total residual noise from telescopes with gain errors of 10% are compared for
each telescope model. Observations are simulated at 110 MHz, with 10-s integrations,
observing the zenith of the VLSS point source sky model.

Figure 5.8 shows that increasing the station sizes and increasing the number of
stations both decrease the RMS deviation caused by errors in the telescopes. This is
expected, due to the improving primary beam, and the improved uv-coverage yielding
synthesised beams with lower sidelobes.

Figure 5.8 suggests that the RMS deviation decreases more rapidly when increas-
ing the number of stations than when increasing the number of antennas per station.
This suggests that narrowing the primary beam is not as important as increasing the
density of the uv-coverage. However this is not consistent with the results in Fig. 5.4a,
where a smaller number of larger stations yields a lower total residual noise than a
larger number of smaller stations, when no apodization is applied. On the other hand,
Fig. 5.4a suggests that for a Hanning window below ~ 80 MHz, or a Gaussian window
between 65 — 130 MHz, a large number of small stations is the better distribution of
antennas.

Combining the data from both Fig. 5.4a and Fig. 5.8 suggests that there is little
difference in the overall effect of RMS deviation from portioning the antennas into
small or large stations, at least within the ranges investigated here. The differences
shown in the plots are probably due to factors such as sky model, observing direction,
station positions and antenna positions within each station; the latter two of which

are randomly generated within the confines of the required radial distribution and
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Figure 5.8: RMS deviation between ideal and error simulated images. Simulations
were made with a range of telescope models with increasing numbers of antennas, ei-
ther by increasing the number of antennas per station, or increasing the total number
of stations. The RMS deviation for increasing the number of antennas per station
by multiples of two from 256 to 4096, with 50 stations, is shown in blue. The RMS
deviations for increasing the number of stations by multiples of two, from 50 to 800
stations with 256 antennas per station, are shown in red. Antennas were uniformly
down-weighted to keep the total sensitivity of the telescope constant across all tele-
scope models, however no apodization was applied. The simulated images were made
at 110 MHz, observing the VLSS sky model at the zenith. Gain errors of 10% were
applied to the antennas.

station and antenna sizes.
5.5.1.3 Sample variance

A further contribution to the noise level of measuring the EoR power spectrum is the
sample variance. The sample variance is the error arising from the finite number of
measurements from which estimates of the EoR signal can be made. It is determined
by the expected EoR power divided by square root of the number of unique beam
areas corresponding to the angular scale being measured in the field of view. As such,

it is not dependent upon the distribution of baselines, assuming the uv-coverage is
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Figure 5.9: Sample variance of EoR power spectrum. A 25 deg? field of view is
assumed. Dashed lines plot the EoR power spectrum at different frequencies, solid
lines the corresponding sample variance. The different coloured lines show the power
spectra at different frequencies: red 65 MHz (z = 21); blue 79 MHz (z = 17); green
95MHz (z = 14), magenta 110 MHz (z = 12); black 119 MHz (z = 11); cyan 130 MHz
(z = 10). Expected EoR power levels are from [85, 133].

approximately uniform.
The EoR power spectrum and sample variance are plotted in Fig. 5.9 for a single
25 deg? field of view. The sample variance will decrease by observing multiple 25

deg? fields of view.
5.5.1.4 Suitability for Epoch of Reionisation observations

The 1024 x 256 telescope models are sensitive to a wider range of angular scales
than the other discrete models. This is due to both the small stations allowing
shorter baselines and the large number of stations allowing more continuous coverage
of baseline lengths out to the longest baselines. The thermal noise and total residual
noise levels of the 1024 x 256 models are also significantly lower than the 200 x 1250

and 50 x 5000 models. These factors all support the current design of 1024 x 256
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stations ahead of other discrete designs.

These calculations assume a 3-MHz bandwidth on observations. In these plots
improvements in the thermal noise of the telescopes are directly proportional to the
bandwidth: a bandwidth of 300 kHz would raise the thermal noise limit by a factor of
ten. On the other hand, narrower bandwidths allow the evolution of the EoR signal
to be more tightly constrained in time, as the bandwidth covers a smaller redshift
range.

With the 10% gain errors assumed here, the total residual noise is the limiting
factor to the telescope sensitivity. For the 1024 x 256 models the total residual
noise level is greater than the EoR signal in most instances: the EoR signal is only
detectable at ¢ < 103 at 79 and 95MHz (the exact limits vary with apodization
scheme). The total residual noise is more restrictive for the other discrete models. It is
hence imperative that the total residual noise is reduced significantly by constraining
the phase and gain errors in SKA1-Low to significantly below the equivalent of the
10% gain error simulated here.

As outlined in Chapter 3, a gain error of 10% creates approximately the same
residual sidelobe noise as a phase error of 6°. It is also shown that decreasing the
gain or phase error by a factor of 10 results in an approximate decrease in the residual
sidelobe noise or residual in-field noise by a factor of 10. If it is assumed that the
total residual noise has the same relationship and that a telescope with a gain error
of 10% and phase error of 6° has approximately double the total residual noise as a
telescope with a gain error of 10% and no phase error, it is possible to estimate the
upper limit on the gain and phase error required to prevent the total residual noise
exceeding the thermal noise sensitivity of SKA1-Low.

A gain error of <1 x 107° and a phase error of < 3 x 10~* degs would be required
for the 1024 x 256 model without apodization to bring the total residual noise level
below the FoR signal for the ¢ range and frequency range over which the EoR signal

is stronger than the thermal sensitivity. This is determined by comparing the EoR
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signals to the total residual noise. The values are calculated from the factor by which
the gain and phase errors must decrease to reduce the total residual noise level to
below the thermal noise level of the telescope at all frequencies.

These numbers are exceptionally low and it is perhaps unrealistic to target SKA1-
Low to be within these limits. It will be possible to detect the EoR signal in smaller
parameter spaces with much larger gain and phase errors (Fig. 5.3 shows it is possible
to detect at 79 MHz and 95 MHz with 10% gain error, for example). The EoR signal
is most powerful at low ¢; for the total residual noise to be less than the EoR signal
at £ = 10? at all frequencies requires a maximum gain error of < 1 x 10™% and phase
error of < 0.05 degs.

These calculations assume that the gain and phase error on each antenna is static.
Over the course of a 10000-hour integration these errors may vary; this variation
would help decrease the total residual noise levels as the variation in error on each
antenna is more likely to contribute to an overall mean error of zero. On the other
hand, if the errors do indeed remain static for such extended periods of time, it may
be possible to calibrate for them to some extent, again decreasing the residual noise
error. Any calibration would need to be able to act in buffered real-time, as the
data rate out of SKAl-Low will be too great to store. Without such improvements,
SKA1-Low will be limited by its total residual noise level and not the thermal noise
limit.

The level of the gain and phase errors will dictate the most suitable apodization
scheme to use for SKA1-Low. Whilst the total residual noise is the noise floor, strong
apodization, such as the Gaussian scheme, is most advantageous choice, as it lowers
the total residual noise. On the other hand, should the thermal sensitivity or point-
source power spectrum be the limiting factor, weaker apodization should be used.
The Hanning window apodization may be the best option as it has the advantage of
lowering the total residual noise whilst only mildly increasing the point source and

thermal noise levels; in the Gaussian case these rise significantly.
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5.5.2 Cluster models

The power spectra pertaining to the cluster telescope models are plotted in Figs. 5.3]
to 5.3n. The cluster models outperform the 50 x 5000 and 200 x 1250 discrete models
in terms of thermal noise limit, total residual noise and point source noise level. The
five cluster models tested all give very similar sensitivities to one-another for the
various power spectra, but cluster model A marginally gives the best ¢ coverage of
thermal sensitivity below the EoR signal.

When assessing thermal noise sensitivity, the cluster models give greater coverage
at low ¢ due to the intra-station baselines, which are shorter than all the 1024 x
256 models’ baselines. The thermal noise limit of the cluster models also provide
sensitivity below the EoR signal level up to a higher ¢ than the 1024 x 256 telescope
models.

On the other hand, the total residual noise levels with the cluster models are
greater than the 1024 x 256 models; for example the Hanning apodized cluster models’
total residual noise are approximately four times greater than the Hanning apodized
1024 x 256 model. To reduce the total residual noise to below the EoR signal over
the ¢ range at which the thermal sensitivity of the telescope is below the EoR signal
(¢ ~ 10?7 — 10%), over the redshift range investigated would require gain errors of
< 5 x 1079 and phase errors of < 3 x 107* degs. Alternatively, if the EoR signal is
to be detected at its most powerful ¢ across the entire frequency/redshift range, gain
errors of <1 x 1072 and phase errors of < 0.07 degs are required.

The point source noise level for the 1024 x 256 models is approximately 3 — 41
times greater than for the cluster models. For both types of model the point-source
power spectrum exceeds the thermal noise limit of the telescopes below ¢ ~ 5000,
although the precise level of the point-source power spectrum will depend on the
accuracy of spectral smoothing and point source subtraction.

Incorporating all these factors, the optimum choice of telescope model depends

on the total residual noise level of the telescope. If gain and phase errors are limited
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to below <5 x 1076 and < 3 x 107* degs, respectively, then the cluster model design
provides superior angular coverage, with cluster model A performing best. If gain
and phase errors cannot be reduced then the 1024 x 256 model is the better option,
with its lower total residual noise level for given gain and phase errors.

Circular stations were used for these calculations and simulations. If elliptical
stations were incorporated into these simulations, and the benefits of maintaining a
symmetric beam at relatively low observation altitudes accounted for, it may be that
cluster models outperform the 1024 x 256 discrete model with greater gain and/or

phase errors.

5.5.3 Maximum baseline length required

The levels of the point-source power spectra in Fig. 5.3 are dependent upon the
assumption that the telescope can resolve all the point sources down to five times
thermal noise limit of the telescope’s long baselines. The better the thermal noise
limit of the telescope’s long baselines, the greater the number of point sources it will
be sensitive enough to detect. By resolving these point sources, their effects can be
removed from EoR detections.

By combining the thermal noise limit of the long baselines of each telescope model
and Egs. (5.18) to (5.20) it is possible to determine the maximum baseline length
required by each telescope model. These are given in Table 5.1.

The maximum baseline required depends heavily on the telescope model. The
better a telescope’s thermal noise sensitivity at long baselines, and hence its ability
to detect weak point sources, the longer the maximum baseline is required to be,
to allow the greater number of point sources to be resolved. The maximum baseline
could be decreased for telescope models, but it would not minimise the confusion noise
caused by point sources. It is dependent upon the performance of spectral smoothing
techniques like Wp smoothing as to how much point source confusion noise can be

tolerated by a telescope model before it detracts from the ability to detect the EoR.
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Table 5.1: Maximum baseline required, as a function of frequency, for different tele-
scope models to allow point sources to be resolved down to five times the thermal
noise limit of the telescope’s long baselines.

Max baseline required, in km, at frequency:
Model apodization | 66 MHz 79MHz 95MHz 110MHz 119MHz 130MHz
50 x 5000 None 12.2 15.3 19.0 22.7 29.4 36.3
50 x 5000 Hanning 10.7 13.4 16.6 19.9 25.7 31.7
50 x 5000 Gaussian 6.8 8.5 10.6 12.6 16.4 20.2
200 x 1250 None 17.8 22.3 27.7 33.1 42.9 52.9
200 x 1250 Hanning 15.6 19.6 24.2 29.0 37.6 46.3
200 x 1250 Gaussian 9.9 12.5 15.4 18.5 23.9 29.5
1024 x 256 None 28.8 36.3 44.9 53.7 69.6 85.8
1024 x 256 Hanning 25.4 32.0 39.5 47.3 61.3 75.6
1024 x 256 Gaussian 16.2 20.4 25.3 30.3 39.2 48.3
Cluster model A Hanning 29.1 36.6 45.3 54.2 70.3 86.6
Cluster model B Hanning 25.9 32.6 40.3 48.2 62.5 77.0
Cluster model C Hanning 25.1 31.6 39.2 46.9 60.7 74.8
Cluster model D Hanning 25.1 31.6 39.1 46.8 60.6 74.7
Cluster model E Hanning 26.2 33.0 40.8 48.8 63.2 77.9

Table 5.1 assumes that the differential source counts given in Eq. (5.18) are ac-
curate at very low fluxes. As no telescope has previously been capable of detecting
sources at these fluxes it is impossible to assess whether this is indeed the case. If
the differential source counts flatten out at low fluxes, for instance if there are a large
number of weak galaxy sources, the maximum baseline required could be substantially

greater.

5.6 Alternative radial distribution of stations

The power spectra of the 1024 x 256 discrete telescope models without apodization
and with a Hanning window perform best of the telescope models tested. However it
may be possible to improve upon this by changing the radial distribution of stations.

The 1024 x 256 discrete telescope models conformed to the Requirements specifi-
cation that 50% of stations should be within 600 m of the telescope centre and 75%
of the stations should be within 1km. This results in a compact telescope core and a
relatively sparse number of mid- and long-range baselines.

It is shown in Fig. 5.3a that the thermal noise sensitivity of the Requirements

142



specification telescope model is best at large angular scales. This is also where the
power of the EoR power spectra is greatest. It could be argued that the core is hence
over-populated and some short baselines should be sacrificed for longer ones. This
could be achieved by locating some core stations at a greater radial distance from the
core. This assumes that the noise floor is not limited by the residual noise or point
sources.

A further telescope model was created with 1024 stations of 256 antennas each.
The radial distances of the stations were distributed so as to be scale-invariant. That
is, radial distances up to 50km were split into logarithmically spaced bins and an
equal number of stations placed in each bin. There were limits to this distribution,
as only a finite number of stations can physically be located at small radial distances.
This telescope model is displayed in Fig. 5.10, alongside its synthesised beam and
the density of its uv-coverage. Its synthesised beam has an RMS deviation from a
Gaussian fit of 5.4 x 1073 and a mean near-in sidelobe level of ~ —25dB, compared
to ~ —30dB for the 1024 x 256 model and approximately the same as the cluster
model (although the near-in sidelobe levels of the latter are more variable).

Figure 5.11 shows the expected performance of this telescope model. The logarithmic-
radial distribution of the stations is shown in the structure of the thermal noise limit.
The log-radially binned telescope model gives a thermal noise level below the EoR
signal level for a smaller range of ¢ than 1024 x 256 and cluster models, as there is a
reduction in the number of baselines corresponding to ¢ ~ (1 — 5) x 10°.

This implies that this logarithmically distributed telescope model would not im-
prove upon the 1024 x 256 or cluster model A designs.

Figure 5.3a does, however, suggest that improvements to the ¢ at which the EoR
and thermal noise power spectra cross-over point could be made by moving some
stations away from the core to mid-ranges baselines corresponding to £ ~ (1—5) x 103.
At 65 MHz this is equivalent to baselines of ~ 200 — 800 m.

Moving stations away from the core could be more expensive to implement as
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the data links between the stations and central processor would need to be longer.
The Requirements specification currently states that antenna data will be largely
processed at a central location. Costs could be saved by beamforming antenna data
at the stations; this would reduce the bandwidth of the data transported to the central
location housing the correlator. A concern is that increasing the electronics at the
antennas could increase the RFI contaminating the data. Some investigations are
underway by Peralex Electronics Ltd. into the feasibility of economically shielding
the electronics from this RFI [150].

Any significant change in the radial distribution of antennas would need to be
constrained to within the land available at the SKAl-Low site, Boolardy station
in Western Australia. This would principally limit the angular distribution of large
baselines. Conditions of the land at the site (for instance, roads, rocky outcrops, flood

zones, emergency runways and heritage areas) will also put localised constraints on
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the positions of aperture array, as they have with the MWA, which is located on the
same site [24]. An algorithm such as that discussed by Beardsley et al. [151] could

be used to optimise placement within the constraints of the physical environment.

5.7 Summary

In conclusion, the current SKA1-Low telescope layout, as given in the Requirements
specification, is the optimum discrete design for detecting the EoR signal, but cluster
model A gives a greater range of angular scales at which the thermal sensitivity of
telescope is below the EoR signal level. However, the total residual noise level is an
issue and is predicted to be the greatest contribution to the noise level. Attention
should be given to minimising the gain and phase errors in the signal processing
chain. If gain and phase errors cannot be reduced to extremely low values (gain error
< 5 x 1079, phase error < 3 x 107* degs) then a strong apodization window should
be applied to the current SKA1-Low telescope layout to minimise the impact of total
residual noise on EoR observations.

The high frequency end of the EoR observing band (2 110 MHz) will be the most
difficult to detect due to the relatively low EoR power spectra at this frequency,
relatively high total residual noise and relatively poor thermal noise limit of the
telescope. Conversely, it will be easiest to detect the EoR at approximately 79-
— 95 MHz.

Apodizing stations in the 1024 x 256 discrete telescope model (the Requirements
specification design) will decrease the total residual noise level of EoR observations,
which may be the strongest noise contributor. However apodization decreases the
thermal noise sensitivity of the telescope.

Apodizing stations too strongly, as in the Gaussian window case, can be detrimen-
tal to telescope performance as the thermal noise limit of the telescope increases. The
optimal apodization window may be have a tapering somewhere between a Hanning

and Gaussian window.
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Point sources need to be accounted for in EoR detections, but between resolving
them with long baselines and the benefits of spectral smoothing, the confusion noise
caused by point sources should be below the thermal noise limit of the telescope.

The maximum baseline length required to resolve point sources depends on the
telescope model’s ability to detect weak point sources, but is found to be ~ 86 km
for the current design. This maximum baseline could be decreased at the cost of
increasing the point source confusion noise. The ability to do this without impairing
telescope performance depends on the success of spectral smoothing techniques.

Moving some stations from the core to mid-range baselines (~ 200 — 800 m) might
increase the range of angular scales over which the EoR is detectable by SKA1-Low.

Cluster telescope models perform similarly to the current Requirements specifi-
cation design, however their near-in sidelobe level. They could potentially perform
better than the Requirements specification design when observing at low elevations if

elliptical stations were implemented.
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Chapter 6

Beamforming hardware for
SKA1-Low

6.1 Background

Most early radio telescopes used analogue signal processing, in which astronomical
signals are detected at antennas and amplified at the ‘front-end’ signal processing,
before being beamformed and correlated in the ‘back-end’. Analogue signal processing
acts continuously on signals.

More recently, digital signal processing (DSP) has come to the fore in radio astron-
omy. Digital signal processing provides greater accuracy, as signals do not degrade
along the signal processing chain as readily. Higher rates of data can be processed
for the same cost than with analogue processing. It allows for fewer moving parts,
hence improving reliability, as the geometrical delays do not require physical changes
in lengths of wire. Several digital processing technologies are also reprogrammable,
allowing beamformers to be adapted to the science goal of an observation (bandwidth
could be sacrificed to produce more beams, for instance). Consequently, several older
interferometers, such as the VLA [152], MERLIN (Multi-Element Radio Linked In-
terferometer Network) [153] and the Northern Cross at Medicina [154] have recently
upgraded their back-ends to make greater use of digital signal processing. Current
generation telescopes, such as LOFAR and MWA, use a mixture of analogue and

digital processing. These telescopes analogue-beamform the antennas in their tiles
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before digitally beamforming their tiles [155, 156].

It is preferable to implement the SKA1l-Low beamformer with all-digital beam-
forming. However this is only possible if cost-effective digital processors with sufficient
processing speeds and input /output (I/O) data rates are available. Digital processing
technology is rapidly evolving; an overview of the current major processors used in
radio astronomy is presented below.

This chapter outlines the various popular hardware options available for digital
signal processing in radio astronomy. The operations of field programmable gate
arrays (FPGAs) and the implementations of beamformers on FPGAs are discussed.
Finally, calculations are made as to the number of FPGAs required to operate different

beamformer specifications in SKA1-Low.

6.2 Processors

There is a range of options for digital signal processing in radio astronomy, which
include CPUs (Central Processing Units), GPUs (Graphics Processing Units), ASICs
(Application Specific Integrated Circuits) and FPGAs, each with their own advan-
tages. The choice of which type of digital signal processor to use is not always obvious
and is dependent upon the requirement of the application and the current state and

cost of each technology, which can changes rapidly.

6.2.1 CPUs

CPUs are the type of digital signal processors most familiar to astronomers, as these
are the standard processors used in computers. They allow rapid development of
code, as they are flexible, reprogrammable and are programmed by languages used in
a wide range of applications. They can have large memories and are relatively cheap,
allowing the possibility of frequent upgrades without excessive cost.

Their key drawbacks for radio astronomy digital signal processing are that their

signal 1/0O is typically lower than alternative options and they can require substan-
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tially more power to run. Furthermore, CPUs are not optimised for highly parallelised
operations with relatively simple algorithms, which are the type of operations used
in beamformers and correlators.

LOFAR uses a CPU-based signal processor for its beamformer, an IBM Blue
Gene/P supercomputer [157]. The relatively low bandwidth processed with LOFAR

at any one time makes it more amenable to CPU processing.

6.2.2 GPUs

Market demand for improved graphical displays, such as in video games and ani-
mation, has driven the development of GPUs. GPUs specialise in performing paral-
lelisable vector arithmetic, a valuable feature that has recently begun to be widely
harnessed in radio astronomy.

GPUs have higher memory bandwidths, and can perform an order of magnitude
more floating point operations per unit cost and per energy cost, than CPUs [158].
Like CPUs, GPUs are cheap, allowing hardware upgrades at low cost and provide a
quick and flexible development environment. GPUs are also capable of performing
complex algorithms. On the other hand, GPUs have a greater power requirement
than FPGAs and ASICs [159]. GPUs also require a developer proficient in a GPU
programming language, such as CUDA or OpenCL, which most astronomers are not
familiar with and hence could slow down development. Whilst CUDA is specific to
Nvidia GPUs, OpenCL is targeted at a broad range of device types, including CPUs,
GPUs and FPGAs.

GPUs are currently used in many radio astronomy projects, such as the LEDA
correlator for the Owens Valley LWA [79], the MWA [24, 160], the Advanced Radio
Transient Event Monitor and Identification System (ARTEMIS) for LOFAR [161]
and the Versatile Green Bank Telescope Astronomical Spectrometer (VEGAS) [162].
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6.2.3 ASICs

ASICs, as the name implies, are integrated circuits designed to perform an exact
task. As a result of their fully customised nature, ASICs are highly efficient in power
consumption, have an extremely low unit cost and offer the highest operation and I/0O
performance levels. In the past ASICs have proved the only digital processor capable
of correlating major interferometers, such as the VLA and the Very Long Baseline
Array (VLBA) [163, 164]. The advantages that full customisability bring also have a
cost: most significantly the non-recurring engineering cost involved in designing and
setting up the fabrication of the ASIC [165]. This cost makes ASICs uneconomical
for most applications unless a very large number of units are required; this crossover
point between ASICs and other processors is constantly shifting and is application-
dependent, but can be considered to be of the order one million ASICs when compared
to FPGAs. ASICs are designed in a hardware development language (such as VHDL
or Verilog). These are dissimilar to most computer programming languages and hence
can require a non-trivial time investment to learn. Unlike CPUs, GPUs and FPGAs,
ASICs cannot be reprogrammed; this is a disadvantage for SKA1-Low as the ability
to remotely change the digital signal processing of the SKA is likely to prove valuable

over the lifetime of the telescope.

6.2.4 FPGAs

FPGAs are integrated circuits with programmable connections between the on-chip
logic blocks and I/0O. This allows generic FPGAs to be programmed to do a wide
range of tasks without necessitating a change in hardware. Typically they have faster
design cycles than ASICs, as designs can be easily tested. Like ASICs, FPGAs can
only process simpler algorithms than CPUs and GPUs, have smaller memory sizes and
require a hardware development language to program. However FPGAs can process

high data rates, perform high levels of operations and have lower power requirements
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than CPUs and GPUs. However their unit costs are higher than GPUs and CPUs,
making upgrades less economical [166].

FPGAs have recently found widespread usage in radio astronomy. For instance, a
significant fraction of the recently upgraded Very Large Array’s (VLA’s) correlator,
as well as the LWA correlator [79] use the technology. FPGAs are also used in signal
processing on PAPER [167], Parkes [168], the C-Band All Sky Survey (C-BASS)
telescopes [169] and the MWA [24], amongst others. The rapid development of FPGA
capabilities has been encouraged by collaborations such as CASPER (Collaboration
for Astronomy Signal Processing and Electronics Research!) which develop FPGA
platforms and libraries of common features found in radio telescopes and allow FPGAs
to be programmed with higher level tools than VHDL and Verilog.

The current state of FPGAs compared to the other processing technologies means
they are generally considered to be the optimal medium for SKA1l-Low. The low
power consumption of FPGAs is one feature that makes them stand out ahead of
GPUs, which also have many advocates in radio astronomy. Power consumption is
an important consideration, as the scale of the SKA will mean its power costs are
a significant overhead, especially as the Australian site is not yet connected to the

Australian national grid.

6.2.5 Summary of processors

Each of the four processors outlined is optimum for different project specifications.
ASICs have the highest 1/0, highest operation rate and are the most power efficient,
however their non-recurring engineering costs make them prohibitive for all but the
largest product runs, which does not include SKA1-Low. They are also unable to
be reprogrammed. FPGAs also have high I/O and operation rates and low power
requirements, although not to the extent of ASICs. They are much cheaper for

small production runs however. GPUs allow more complicated algorithms, are highly

thttps:/ /casper.berkeley.edu
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parallel and are cheaper than FPGAs, at the expense of lower I/O and operation
rates. CPUs run the most complex algorithms and have the cheapest unit cost, but
have very low I/O and operation rates with high power consumption.

The progress made by GPUs in terms of power-efficiency in recent years suggests
that GPUs may be more viable for future large-scale radio telescopes. Some current
generation telescopes, such as the MWA [24] and the LWA, [79] use a mixture of both
FPGAs and GPUs.

6.3 FPGA operation

An FPGA is primarily composed of an array of configurable logic blocks. Each
logic block can optimally configured to provide a range of logical functions. Memory
blocks are also embedded in the FPGA, along with I/O pins and dedicated multiply-
accumulate operation blocks known as DSP slices (or DSP blocks).

When a program is synthesised for use on a target FPGA, an iterative process
occurs which maps the requisite logic onto the logic cells and attempts to route the
signals along the reconfigurable connections. One of the key problems the synthesiser
must overcome is meeting the timing constraints; when signals are routed across an
FPGA they must be kept synchronised with respect to one another. If signal A is
separated into signals B and C at one logic block and, after performing independent
operations, signals B and C are to be summed at another logic block, signals B and
C must take the same time to travel from the first logic block to the second (within
the tolerance of the clock cycle).

Timing differences can be overcome by changing the blocks used on the FPGA
fabric to those located in different positions or by adding delays to intentionally
retard signal propagation, in a process known as pipelining, which uses memory on
the FPGA to buffer signals. The greater the utilisation percentage of blocks on an
FPGA, and the greater the FPGA’s clock speed, the harder it is to meet these timing

constraints.
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Each generation of FPGAs has a greater number of blocks than the previous, but
improved semiconductor device fabrication technology allows the distance between
blocks to decrease, hence there is not necessarily an increase in signal propagation
time across the FPGA.

The clock is a regular pulse fed to each component of the FPGA design, providing
accurate timing on when each component is to perform its operation. It is distributed
along dedicated clock global routing lines on the FPGA fabric, which minimise the

difference in arrival time of the clock across the FPGA.

6.3.1 Channelisation

Beamforming in aperture arrays can be implemented in either the time or frequency
domains. This chapter will focus on the latter: phase-shift beamforming. This is the
current proposed implementation for SKA1-Low [39]. Beamforming requires specified
delays, but it is easier to implement phase-shifts. To accurately perform phase-shift
beamforming the antenna signals must be divided into narrow frequency channels, as
delays are frequency dependent. The narrower the frequency channel, the more accu-
rate the beamforming operation; errors in the beamforming occur most prominently
at the edges of the frequency channels, as phase-shift values are calculated for the
centre of the band.

Channelisation is implemented by means of a Fourier transform. In digital signal
processing signals are discrete, hence one option is to use a discrete Fourier transform.
The discrete Fourier transform is generally not practical to implement in digital signal
processing, unless the efficient Fast Fourier Transform (FFT) algorithm is utilised.
Although originally discovered by Carl Gauss in the early 19th century [170], the algo-
rithm was popularised after it was independently rediscovered by Cooley and Tukey
in 1965 [171]. The complex discrete Fourier transform requires O(N?) multiplica-
tions, whereas the FFT requires O(% log,N). The FFT is mathematically identical

to the discrete Fourier transform.
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The finite length of a Fourier transform is equivalent to putting a rectangular
window function around an infinitely long time signal. Hence the Fourier transform
of a sinusoidal time signal is equivalent to the convolution of the Fourier transform
of the time signal and the Fourier transform of a window function; the former is
a delta function and the latter a sinc function. This means the single frequency
sine wave is present to some degree in every frequency bin. This is called spectral
leakage. This can be especially problematic with RFI, which, as it is typically orders
of magnitude stronger than astronomical signals, can necessitate data from a large
number of frequency bins being discarded.

A second issue is that the amplitude response across the principal frequency bin
is non-uniform. Consequently, two sine waves with different frequencies and of equal
amplitude in the time-domain may not produce signals of equal amplitude in the
frequency domain.

The Polyphase Filter Bank (PFB) technique is an approach to reduce the impact of
these effects, albeit at the cost of increased computational complexity. A PFB flattens
the frequency response of each channel and suppresses its sidelobes [172, 173], and
consists of the combination of an FFT with a finite impulse response (FIR) filter.

If an N-point Fourier transform is desired, a PFB requires a time-domain input of
length PN, where P is the number of taps in the FIR filter. The greater the number
of taps, the better the improvement in the shape of the channel band. This time-
domain signal is weighted by a sinc function by multiplying point-by-point. Just as
the rectangular window function in a FFT results in the ringing sinc function in the
Fourier transform domain, the sinc function now results in a rectangular function to
sharply cut off the frequency bin responses. Once weighted, the signal is separated
in to P signals of length N and the signals summed point-by-point. The application
of a regular FFT will now result in sharper, flatter frequency bin responses, as shown

in Fig. 6.1.
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Figure 6.1: The frequency channel response of an FFT (dashed line) and a Polyphase
Filter Bank (PFB) FFT (solid line), with an 8-tap filter is used. The PFB-FFT
flattens the main channel response and significantly attenuates the response to other
frequency bins, compared to the FFT alone. Image from [167].

6.3.2 Phase-shift beamforming operation

Once channelised, phase-shift beamforming is implemented by the multiplication of
a-w=b, (6.1)

where a is a vector that gives the voltage detected at each antennas, for every fre-
quency channel, for each polarization and at every clock sample, b is a vector that
gives the voltages in each beam created for every frequency channel at each time
sample and w is the weighting matrix, with dimensions (a, b). The entries of w are
complex and depend on the antenna layout and the desired observing directions.

For a 2-D planar array

w = ¢ hrifo (6.2)
where
P (6.3)
=5 ,
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is the wavenumber, r; is the position of the i*® antenna (relative to the centre of the

coordinate system), given by
r,=XT4+y;y+z2, (6.4)
and 7 is a unit vector in the observing direction (6, ¢),
o = sin(0) cos(¢) & + sin(f) sin(¢) y + cos(f) 2 . (6.5)

If equal amplitudes are applied to the entries of w the result is a flat illumination.
By modifying the amplitudes the beam shape can be varied. This can be used to

generate nulls in the directions of RFI sources as well as point the beam

6.3.3 Multiply-Accumulate Operations

Calculating Eq. (6.1), or any other matrix multiplication, requires repeated multipli-
cations and summations. This is a base unit of operation in digital signal processing,
known aptly as a multiply-accumulate (MAC). Most recent FPGAs contain DSP
blocks, which are blocks optimised to perform MAC operations. The ‘Xtreme DSP
48E’ slice for Xilinx’s Virtex-5 FPGAs, for instance, contains a 25x 18-bit multiplier
and a 3-input 48-bit adder. Other DSP slices also contain pre-adders. It is possi-
ble to implement MACs in the logic fabric of an FPGA, external to DSP blocks,
however DSP blocks allow for greater clock speeds and reduced power consumption,
both of which are important for an application such as the SKA. Fabric implemented
MAC operations also require substantially more on-chip resources that could be used
elsewhere in the design.
The number of MACs per second, Nyacs-1, an FPGA is capable of performing is
given by
Nyiacss—1 = Npsp Scik (6.6)

where Npgp is the number of DSP slices on the FPGA and Scpk is the clock speed.

In reality, this can be considered to be an upper limit on Nyacs-1, as it is near
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impossible to fully utilise components on an FPGA, especially at high clock speeds.
This is related to the time constraint problem; the greater the utilisation of a type of
block on the FPGA, the less flexibility the synthesiser has to find a routing that will
meet all timing demands.

The number of MAC operations required for a generic vector-by-matrix multi-
plication is given by the product of the matrix dimensions. However as a and w
are complex numbers, it is the number of complex MACs (cMACs) that must be
calculated by the FPGA which is pertinent to Eq. (6.1).

There is a range of options for implementing a cMAC operation. The simplest
approach consists of the straight forward mathematical operation to get the real, Pge,

and imaginary, P, products:
Pco = (aRe + ia1m) (bre + tbm) ,
Poo = arebre + 1aRebm + i1m + bre + 12 1mbim ,
Pre = arebre — a1mbim
Pry = arebim + ammbre ,
where P, is the complex product. This requires four MACs. Eq. (6.7) can be

rearranged to require only three unique multiplications,

Pre = (aRe — @1m)bim + (bre — b1 ) aRe 5
(6.8)
Pre = (aRe — @1m)bim + (bre + b1 ) 01m -
If the DSP slices on the FPGA have a pre-adder, a cMAC can hence be implemented
with three DSP slices [174]. This is illustrated in Fig. 6.2.

A ¢cMAC can be implemented on single DSP slice if bit depth is sacrificed. 3-bit
cMACs are possible on a single DSP slice with an 18x18-bit multiplier [167] and
Hickish discusses a method of completing a 4-bit c MAC on a single DSP slice with an
additional subtraction operation that is implemented in the fabric of the FPGA [175].
Hickish’s approach uses unsigned 4-bit complex numbers which are zero-padded to

allow the multiplication of different 4-bit numbers to be contained within a single

36-bit number.
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Figure 6.2: Implementation of a Complex-Multiplication operation with three multi-
plications, as described by Eq. (6.8). Image from [174].

6.4 Beamforming approaches

The current design for SKA1l-Low states that it will comprise 262144 antennas
grouped into 256 geographically localised stations. Each antenna is set to sample
8-bits at ~1GSas™! per polarization, hence the data rate that the first beamformer
stage will be ~ 16 GSas™!, a significant amount. It would be cost prohibitive to con-
nect every one of the antennas to one another for the purpose of processing their
signals. The solution is to use a tiered approach where the signals from small groups
of antennas are beamformed before being passed further along the signal processing

chain [39].
6.4.1 Hierarchical beamforming

One approach of making this task more manageable is to use hierarchical beam-
forming to quickly reduce the combined data rate. This can be achieved by initially
beamforming the signals of a small number of antennas. This small group of antennas
is known as a tile and typically comprises a low power-of-2 number of antennas, such
as 16 or 32; the power-of-2 will assist efficient signal processing. As the antennas
comprising a tile are typically close together relative to the scale of a station, they

create a (relatively) wide angle tile beam on the sky when beamformed.
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'Perfect' station beam

Station beams
Tile beam

Figure 6.3: Station beams within a larger tile beam, as occurs with hierarchical
beamforming. Only the central station beam is looking in precisely the same direction
as the tile beam; the other station beams are degraded dependent on their offset from
the tile beam direction. Image design from [39].

The beams from each tile in a station are then beamformed together to create
one or more station beams, as illustrated in Fig. 6.3. A station beam formed in the
direction of the tile beam’s phase centre will perform well, however the drawback to
hierarchical beamforming arises when station beams are steered in a direction offset
from a tile beam’s phase centre. As a consequence of creating a beam in a direction
for which previous time-delays/phase-shifts have not been set for, the resultant beam
has more powerful sidelobes. The greater the offset between the tile beam and station
beam phase centres, the greater the impact of these effects [39].

An illustration of the system architecture for this a hierarchical beamformer is

shown in Fig. 6.4.

6.4.2 Partial beamforming

An alternative multilevel beamforming approach is known as partial beamforming. In
this method, instead of creating a single wide-angle tile beam at the first beamforming
level, one beam is created in each tile for every station-level beam desired. Each

tile-level partial beam is steered to point in the direction of a station beam’s phase
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Figure 6.4: Illustration of an example beamformer architecture. The signals from
16 antennas are beamformed in each tile beamformer, before the tile signals are
beamformed at the station beamformer. The tile beamformers also contain the chan-
nelisers.

centre. Hence when the station beams are formed from the tile beams, the tile beams
will have the correct time-delays/phase-shifts, so the gain and sidelobe problems of
hierarchical beamforming are prevented. Beams from each tile (all with the same
phase centre) are summed together at the station-level to create the station beam.
Partial beamforming has been successfully implemented in small scale projects such
as 2-PAD [93, 176].

The disadvantage to partial beamforming is that it does not reduce the data rate
through the signal processors as quickly as hierarchical beamformers. In fact, should
the number of station beams required exceed the number of antennas inputting to
the tile-level beamformer, a greater data rate will be output from the tile-level beam-
former than is input to it. Practically speaking, this sets a limit on the minimum size
of tile that must be produced, such that the number of antennas per tile significantly
exceeds the number of beams.

Figure 6.5 illustrates the difference between partial and hierarchical beamforming
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Figure 6.5: A comparison of hierarchical and partial beamforming. In partial beam-
forming the station-level beamforming delay is tuned to each antenna’s specific lo-
cation. In hierarchical beamforming small collections of antennas are grouped tiles.
The antennas are initially beamformed at the tile stage, before the tile beams are
beamformed at the station-level. Whilst reducing the data rate that must be pro-
cessed, the delays at the station-level beamformer are tuned to the mean location the
antennas in each tile, which increases the sidelobes in the beam.

in the phases of antenna signals at the station-level beamformer.

6.4.3 FFT beamforming

A third approach is to dispense with conventional beamforming and take a 2-D FF'T of
the signal from each antenna. This takes advantage of the computational efficiencies
of an FFT [177]. FFT beamforming allows the whole sky to be imaged simultaneously
and the result is equivalent to performing partial beamforming over the whole hemi-
sphere with a regularly spaced grid of beams. A 2-D FFT requires samples to be on a
grid, so either antennas must be placed with a gridded layout, leading to both redun-

dant baselines and grating lobes, or samples must be computationally interpolated
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on to a grid, which can be computationally intensive, especially for a large number
of antennas, which makes it unlikely to be implemented in SKA1-Low. Telescopes
such as the MWA [24] and LWA [79] have digital signal processors allowing FFT
beamforming. A detailed comparison between FFT and conventional beamforming

can be found in Hickish 2013 [175].

6.5 Beamformer resource cost

There are many possible implementations of the SKA1-Low beamformer, each with
their own costs. It is useful to be able to calculate how many FPGAs would be

required to implement a beamformer for any given telescope specification.

6.5.1 Resource use equations

The resources used on an FPGA for a beamformer comprise principally the DSP
slices for MACs and transceivers for high-speed data input and output. There is also
a memory requirement to store the beamforming weights use in Eq. (6.1), which can
be held in Block Random-Access Memory (BRAM) and Distributed Random-Access
Memory (DRAM).

The number of c MACs per second required to channelise data for the beamformer

with a PFB-FFT, Nayacs, en, is given by [175],
NCMACS, ch — AVChNANP(IOgQ(NC) + Ntaps) ) (69)

where Avg, is the bandwidth of the channeliser, Ny the number of antennas, N, the
number of frequency channels the signal is split into and Ny, is the number of taps
in the PFB-FFT. The bandwidth and number of channels at the channeliser can be
greater than in the rest of the DSP chain. This is because a wider bandwidth is
sampled to reduce aliasing; unwanted channels are discarded after the channeliser.

The memory required on an FPGA for storing the beamformer weights, Meights.
is given by,

Mweights = NANPNcuNbitSW7 (610)
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where N, is the number of channels used in the beamformer after channelisation.
Nitsw 1s the number of bits required to store the beamforming weights. Memory is
stored in the BRAM and DRAM on Xilinx FPGAs. BRAMs are dedicated memory
blocks on the FPGA, whereas DRAMs can be flexibly made from logic cells in the
FPGA fabric to create smaller memory storage.

The required data rate out of an FPGA, D,,, is determined by,
Dro = RNbitsNPNB ) (611)

where R is the sampling rate of the FPGA, Ny is the bit depth of the antenna signals
and Np is the number of beams created from the input signals. The maximum data
rate an FPGA can actually output is limited by the number, Nt, and speed, St, of

the transceivers, and how many of those transceivers are required for data input to

the FPGA.

6.5.2 Beamformer specifications

The Requirements specification of SKAl-Low dictates that a bandwidth of 300 MHz
is to be processed simultaneously, with at least 8-bit precision. There will be 256
antennas per station, with two polarizations sampled.

Further assumptions must be made to calculate the required number of FPGAs.
For this purpose, it is assumed that a PEFB-FF'T will be utilised in the channeliser; the
Requirements specification of < —30dB spectral leakage between adjacent channels
and < —60dB between non-adjacent channels will be more readily achieved with the
strong out-of-band suppression of spectral windows of a PFB-FFT. It is also assumed
that the channeliser will operate from 0 — 500 MHz and once channelised, the data
outside the 50 — 350 MHz range will be discarded. It is further assumed that the DSP
blocks within the FPGA will operate at 300 MHz; the maximum clock speed of the
FPGASs used in these calculations can be greater than this, but it can be difficult to

meet timing constraints at these high speeds. Finally, it is taken that each cMAC
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Table 6.1: Specifications of three FPGAs. The Virtex UltraScale specifications are
from [178], the Virtex-7 specifications from [179] and the Virtex-6 specifications from
[180].

FPGA Nrx S1:/Gbs T Npsp BRAM/Mb DRAM / Mb
Virtex UltraScale+: XCVUI3P 128 32.75 11904 526.5 46.4
Virtex-7: XCTVX690T 80 13.1 3600 52.920 10.888
Virtex-6: XC6VSX475T 36 6.6 2016 38.304 7.640

required 3 MACs, corresponding to Eq. (6.8), as cMACs performed on a single DSP
block would not retain the bit depth required.

Code using Egs. (6.6) and (6.9) to (6.11) and the specifications of an FPGA and a
beamformer determines how many of that type of FPGA would be required to perform
the channelising and beamforming operations. The code calculates how many FPGAs
are required to perform the tile beamforming and the station beamforming. It also
determines whether the limiting factor for a given FPGA and beamformer is the

number of MAC operations required, the I/O data rate or the memory on the FPGA.

6.5.3 FPGAs for calculations

Three FPGAs were trialled for beamformer implementations of different SKA1-Low
specifications. The first is the Xilinx UltraScale+ XCVU13P, one of Xilinx’s latest
generation of FPGAs. The XCVU13P has the greatest number of DSP slices of Xil-
inx’s FPGAs and the highest number of high-speed transceivers. The second FPGA
considered is the Xilinx Virtex-7 XC7VX690T, a high-end FPGA from the previous
FPGA generation. The final option is the Xilinx Virtex-6 XC6VSX475T, an older
generation FPGA. This FPGA is well used in the radio astronomy instrumentation
community, as it is the FPGA used in the CASPER Roach II boards which are used
on telescopes such as the LWA [79]. The pertinent specifications of the FPGAs are
listed in Table 6.1.

The advance in performance between each generation of FPGA is evident in Ta-
ble 6.1. However, the unit cost of the Virtex UltraScale will be significantly more than

the Virtex-7 (when the price is released), which in turn is significantly more expensive
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than the Virtex-6. On the other hand, the manufacturer claims that there is a power
reduction per unit performance for each successive FPGA generation [181, 182], which
would reduce costs.

There is an alternative supplier of FPGAs, Altera, but only Xilinx FPGAs are
considered in this analysis. The latest three generations of Altera FPGAs can be
considered to be approximately equivalent to these three generations of Xilinx FPGAs.

Calculations are made both assuming the potential for 100% block utilisation of
the FPGA and a more realistic assumption of a maximum 75% utilisation of DSP
blocks and memory for channelising and beamforming operations (not accounting for
memory used in pipelining). A fraction of the transceiver data rate will be required to
input and output overheads such as packetisation, hence calculations are made with
100% and 90% transceiver data rates available for the beamformer. The utilisation
rates of realistic FPGAs are approximately guided by the utilisation efficiency of the
LEDA correlator [79], but the actual values achieved for SKA1-Low may be markedly
different.

Calculations are also made to determine the number of FPGAs required if 10
beams are created per station instead of the single beam currently specified for SKA1-
Low.

Furthermore, the number of channels in the beamformer and the bit depth of
the antenna signals were varied. The number of frequency channels to create in the
channeliser is varied between 2'° and 2. For comparison, according to Eq. (6.10), the
Random-Access Memory (RAM) available on a Virtex-7, at 75% utilisation, is capable
of storing 16-bit beamforming weights of 16 antennas for 2! frequency channels.

The bit depth of antenna signals was considered at 8-bits and 16-bits. 8-bits is
the minimum bit depth of the signals according to the Requirements specification.
The maximum multiplication possible on a single DSP slice is 25x18-bits, so 16-bits
is considered a reasonable upper limit.

Only factors of 256 (the number of antennas per station) were considered for
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the number of antennas per tile, to ensure the same firmware and hardware could
be replicated for each tile when deploying SKA1-Low. Variations in firmware and

hardware would increase costs and complexity.

6.5.4 Number of FPGAs required

As shown in Fig. 6.6, substantially more Virtex-6 FPGAs would be required than
Virtex-7s, but Virtex UltraScales unsurprisingly need the fewest FPGAs, with some
telescope specifications requiring only five per station.

A primary cause of the differences is the number of transceivers on the respective
FPGAs. A single antenna will output 1 GSas™! per polarization. If this is sampled
at 8-bits, a data rate of 8 Gbps is created, per polarization. The transceivers on the
Virtex-6s are only capable of processing 6.6 Gbps, hence more than one transceiver
would be required to process each polarization of each antenna. This limits the
Virtex-6s to only being able to beamform a maximum of 8 antennas’ worth of data
in a tile, whereas the UltraScale can beamform 64 antennas in some instances at
100% utilisation. Demultiplexing the signal between the antennas and the Virtex-6s,
to enable signals to be split between multiple transceivers, would also require extra
hardware. Likewise, the speeds of the UltraScale transceivers, 32.75 Gbps, means
they can process data from multiple polarization signals simultaneously, such that 64-
antenna tiles could be created, but additional hardware would be needed to multiplex
these signals together.

The number of transceivers is also limiting by the FPGAs’ ability to output beam-
formed data, especially when ten beams are created. In these instances, antenna
signals would need to be duplicated, with extra hardware, to be fed into multiple
FPGAs.

Nuacss—1 is a further limiting factor in how many antennas’ signals could be
channelised and beamformed at tiles, especially with the UltraScale FPGAs.

Varying the number of channels also affects how many FPGAs are required, but
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Figure 6.6: Number of FPGAs required to beamform a 256-antenna SKA1-Low sta-
tion. The number of frequency channels is varied along with the bit depth of the
antenna signals. ‘Ideal’ FPGAs are considered as FPGAs from which 100% utilisa-
tion of resources can be achieved, ‘realistic’ FPGAs utilise a maximum of 75% of DSP
blocks and memory and allocate 10% of transceiver bandwidth to overheads. A clock

(¢) Virtex-6 XC6VSX475T

speed of 300 MHz is assumed.
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only at one specific incremental point for each FPGA. For instance, with ‘realistic’
Virtex-7s there is no difference in FPGA numbers between 21© — 2! channels and
213 — 216 channels, but 2!3 — 216 channels require more than 2% — 2!2 channels.

These results suggest that for a 1 or 10 beam SKAIl-Low, an 8-bit or 16-bit
beamformer could be made with a single Virtex UltraScale (or alternative FPGA
with equivalent specifications) per 32-antenna tile and a single Virtex UltraScale as
the station-level beamformer: a total of 9 FPGAs per station. Although the unit
cost of a Virtex UltraScale will exceed that of a Virtex-7 or Virtex-6, the reduction
in FPGAs required, together with the cost savings of fewer connecting cables and
(manufacturer claimed) low power recommends that Virtex UltraScale FPGAs be
used. With fewer FPGAs it may also prove easier trace hardware faults, although
the replacement costs would be higher.

Constructing the beamformer with fewer FPGAs also increases the potential ver-
satility of the beamformer. For example, bandwidth could be sacrificed to allow a
greater number of beams to be processed; a large number of FPGAs each connected
to fewer antennas potentially places restrictions on this flexibility.

As noted above, it is possible to channelise and beamform 64-antenna tiles with
Virtex UltraScale FPGAs in some circumstances, hence requiring only 5 FPGAs per
station. Specifically these are with 100% utilisation of the FPGAs, a maximum of 2!3
frequency channels and a single beam; 8 or 16-bit signals are both possible.

Further calculations find that if 79% of DSP blocks are utilised, it would be
possible to channelise and beamform 64-antenna tiles with 2!° frequency channels
and 8 or 16-bit signals. Alternatively a faster clock speed would allow for a greater
Nyiacss—1 and hence achieve the same results. Another option is to implement some
MACs outside of DSP blocks, but this would be difficult at high clock speeds. Ergo,
if UltraScale (or equivalent) FPGAs are used, careful consideration should be made
as to whether it is possible to process 64-antenna tiles, as this would be a significant

cost saving.

169



This analysis has only considered three FPGAs with significant differences in
specifications. Further investigations should be made of high-performance FPGAs to
determine which specific FPGA is the most appropriate choice for SKA1-Low.

Design work for the SKA1-Low beamformer is underway with the latest-generation

FPGAs from Xilinx and Altera [150].

6.6 Summary

In this chapter a range of digital signal processor hardware options are outlined.
FPGAs are suggested as the best signal processing hardware for SKA1-Low due to
their high data rates, low power requirements and moderate non-recurring engineering
costs. The beamforming operation is outlined and its application to FPGAs discussed.

It was calculated that the beamformer for SKA1-Low could be implemented with
nine Virtex UltraScale+ XCVU13P FPGAs, for one beam and < 2'3 channels in
the beamformer, assuming 75% utilisation efficiencies of the FPGA, 90% utilisation
of the high-speed transceivers on the FPGA and a clock speed of 300 MHz. This
could be reduced to five FPGAs if 79% utilisation efficiency was achieved and < 21°
channels used. A greater number of less powerful FPGAs could also be used, but
with additional costs to power requirement, rack space and connecting cables. The
latest generation of FPGAs reduces the station beamformer task from a technically

challenging design problem to a far more tractable one.
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Chapter 7

Conclusion

7.1 Thesis summary

This thesis has investigated SKAI1-Low, the low-frequency aperture array of the
Square Kilometre Array (SKA).

It began with an introduction to the field of radio astronomy and aperture array
telescopes, in which the operation of a radio interferometer and beamformer were
explained. It discussed the SKA, with a focus on its low-frequency aperture array
and its pathfinder and precursor telescopes, and touched on their key science cases.

Chapter two investigated the station beam of low-frequency aperture arrays. It
outlined how antenna positioning affects the station beam and simulated the effect of
the number of antennas, phase errors and broken antennas on station beams. It was
shown that phase errors should be kept within ~ 3.5° and ~ 6° for a station with
16 and > 128 antennas, respectively, to keep beam sensitivity and pointing offset
to within an uncertainty of 1%. The number of broken antennas also affected these
parameters, especially for small numbers of broken antennas.

Chapter three analysed station beams simulating how phase and gain errors on
the signal processing path would impact SKA1-Low’s imaging. It was shown how this
could limit the minimum noise level achievable with the telescope. It also highlighted
that the large beam sizes at low frequencies will lead to higher residual noise levels

at lower frequencies, where residual noise is the noise introduced to images from gain
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and phase errors in the signal processing. It was found that the systematic noise
limit due to these effects on SKA1-Low images will range between ~ 10 — 0.3 wJy
and will be reached after integrations of ~ 100 — 100 000 hours, for observations from
50 — 600 MHz.

Chapter four discussed the flexible station concept and its potential benefits. A
range of telescope models conforming to the SKA specifications of number of anten-
nas and their radial distribution were created, in both traditional ‘discrete’ station
designs and the flexible concept. The synthesised beams and the uwv-coverage were
analysed. Synthesised beams from station models with 1024 stations with 256 an-
tennas per station had the most Gaussian-shaped beams, owing to the large number
of stations. Flexible starfish-shaped telescope models created beams with the least
Gaussian beams and were considered unsuitable for SKA1-Low.

These telescope models were then assessed on their performance for measuring the
EoR power spectra and how detrimental effects of the residual noise and foreground
point source would impact observations. It was determined that residual noise in im-
ages could significantly restrict SKA1-Low’s ability to detect the EoR signal. Unless
SKA1-Low has extremely low gain and phase errors (gain error < 5 x 107%, phase
error < 3 x 1075 degs) a strong apodization window should be applied to the current
SKA1-Low telescope layout to minimise the impact of total residual noise on EoR ob-
servations. If these gain and phase errors can be achieved, a flexible cluster telescope
model, in which antennas are shared between stations, would be a superior telescope
layout owing to its better thermal noise sensitivity.

Foreground point sources could also hinder EoR observations, and accurate spec-
tral smoothing and point source subtraction techniques will be required to prevent
this. The maximum baseline length required for each telescope model to resolve the
point sources to be subtracted from images was estimated to be ~ 86km for the
current SKA1-Low design.

It was determined that the EoR will be easiest to detect between 79 — 95 MHz and
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most difficult above 110 MHz. Discarding the radial distribution specification of 50%
stations within 600 m and 75% stations with 1km of the core and instead moving
some stations from the core to mid-range baselines (~ 200 —800m), may increase the
range of angular scales over which the EoR is detectable by SKA1-Low.

Chapter six discussed the digital signal processing operation for beamforming
an aperture array and the hardware options. It calculated the number of FPGAs
required to implement a beamformer on an SKA 1-Low station of 256 dual-polarization
antennas with different values for the number of beamforming channels and number
of beams with different FPGAs. Using FPGAs of specifications comparable to the
Virtex UltraScale+ XCVU13P FPGAs results in a system that should be able to
beamform a single beam for a station with five or nine FPGAs, depending on the

utilisation rate of the FPGA and the number of channels.

7.2 Future work

There are several strands of this work that would be interesting to develop further.
The flexible stations concept has much further scope to explore, for instance evaluat-
ing the potential benefits of elliptical stations for observations away from the zenith.
The dense core of SKAI1-Low, which currently is specified to contain 50% of anten-
nas within a radius of 600 m, gives rise to the possibility of implementing a flexible
station capability in the core without significantly affecting the positions of antennas;
the potential benefits of this should be assessed.

Implementing flexible stations in any form would change the beamformer require-
ments and a study on how to best implement the digital signal processing and the costs
involved would be required. If these were to prove too high, technological progress
with Moore’s law could facilitate its introduction at some point in the future.

The work in Chapter 5 suggests that although the radial distribution of antennas
for SKA1-Low is effective it may not be optimal of measuring the Epoch of Reionisa-

tion power spectrum. Alternative radial distributions should be considered, although
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the implications for other science cases should also be considered.
Finally, the recent rebaselining of the SKA to halve the number of antennas and

stations in SKA1-Low must be considered when interpreting the findings here.

7.3 Concluding remarks

The SKA has already led a charge in radio astronomy technological development. It
has become a focal point of international astronomy. The vast increases in sensitivity
it promises will undoubtedly lead to new discoveries. The technology that will make
the SKA possible also opens the possibility of moving away from traditional aperture
array designs. This opportunity should be explored. The unprecedented scale, how-
ever, could also cause problems. Efforts must be made to constrain noise-contributing

factors so as to allow this prodigious instrument to deliver far-reaching insights.
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