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Abstract

Quantum computers promise huge speed-up over conventional computers in crucial
problems like chemistry and materials simulations, decryption, and even machine
learning. However, any imperfect manipulations of the qubits from which the
machines are formed and any interactions with the environment can lead to errors
and loss of their quantum properties. This thesis will develop practical schemes
for fighting such errors in the quantum hardware and discuss possible applications
of such noisy machines.

We can protect the quantum information against noise by employing additional
qubits and performing quantum error correction, whose experimental implemen-
tation has been brought much closer to reality via the recent rapid advance of
quantum hardware, but challenges still remain. One example is coherent errors,
which can grow much faster than regular errors. In this thesis, we tackle it by
improving upon the conventional scheme that transforms it into regular errors
using twirling, and also by developing a new scheme called Pauli conjugation that
makes use of its coherent properties to our advantage. Implementations of quantum
error correction codes also bring about hardware challenges like wiring packing
and leakage errors. For the silicon spin qubit platform, these can be overcome
by a surface code architecture we develop.

It is challenging to use quantum error correction for the applications of near-
term quantum hardware due to the constrained qubit count. Instead, we rely on
quantum error mitigation to fight noise, which makes use of extra measurements
instead of extra qubits. The Fermi-Hubbard variational quantum eigensolver is
one of the most promising near-term quantum algorithms, thus we have performed
a resource estimation for the task to gauge its feasibility. We then improve and
combine the existing error mitigation schemes to boost their performance and thus
to enhance the feasibility of near-term quantum algorithms, bringing practical
applications of quantum hardware closer to reality.
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Nature isn’t classical, dammit, and if you want to
make a simulation of nature, you’d better make it
quantum mechanical, and by golly it’s a wonderful
problem, because it doesn’t look so easy.

— Richard Feynman

1
Introduction

Classical computers have revolutionised our society in every possible aspect. How-

ever, there are still problems that are fundamentally out of reach for classical

computers. One of them is the simulation of large quantum systems. In 1982,

Feynman [1] suggested that we can turn the problem around and use quantum

systems to make computers that are more powerful than the classical ones, which was

later rigorously formulated by Deutsch [2]. In 1994, Shor discovered a polynomial-

time quantum algorithm for factorisation [3], which can be used to break modern-

day cryptography schemes like RSA. Shortly after, Grover discovered a quantum

algorithm for database searching with a quadratic speed-up [4]. These early

discoveries spurred an explosion of interests in the possible applications and the

implementations of quantum computers and the field has flourished ever since.

While classical computers consist of bits, which can be in the state of 0 or 1,

quantum computers consist of qubits, which can be in the superposition of both

the states 0 and 1 at the same time. The amplitude of a given basis state in a

quantum state is a complex number, whose modulus square is the probability that

we obtain the given basis as the measurement outcome. Unlike classical probabilities,

amplitudes can be both positive and negative, and thus amplitudes can interfere

with each other constructively or destructively to boost or reduce the probability

of a given measurement outcome. The basic idea of a quantum algorithm is just

1
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to carefully design a series of quantum operations such that the amplitude of the

basis state that corresponds to the right answer will interfere constructively and

become the dominant measurement outcome. For a comprehensive introduction

to the basic concepts of quantum computation and quantum algorithms, we refer

the readers to the famed “Mike and Ike” [5].

For a quantum system, the loss of its quantum properties and thus its ability to

interfere is called decoherence, which is one of the largest obstacles to the practical

realisation of quantum computers. Any interactions between the quantum system

and the environment will lead to decoherence, thus the quantum computer needs

to be isolated from the classical environment. On the other hand, we need precise

control and readout in the quantum computer to carry out quantum algorithms,

which requires strong coupling between the quantum system and the classical

controls. Such dichotomy means it is extremely difficult to make a quantum computer

while suppressing both errors due to interaction with the environment and errors

due to imperfect controls. The goal of this thesis is to develop schemes that enable

the robust operation and applications of quantum devices in the presence of noise.

The solution to this was pioneered by Shor [6] and Steane [7] in the name of

quantum error correction, in which we try to distribute the quantum information

stored in a small number of qubits into a large number of qubits through quantum

entanglement. In such a way, any local interaction with the environment will not be

able to extract information from the collective state and destroy its interference.

Similarly, any local disturbance due to imperfect control will not corrupt the

information of the collective state. Hence, quantum error correction will enable

us to preserve and operate on our quantum information in the presence of local

noise, which we will discuss in more details in Chapter 2. However, quantum

error correction will only work if we can prevent error accumulation by constantly

detecting and correcting the errors. A certain type of errors called coherent errors

is particularly damaging due to its rapid rate of accumulation compared to regular

errors, for which we will develop efficient schemes to combat them in Chapter 3 and

Chapter 4. When we try to implement quantum error correction in real hardware,
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many other challenges emerge. In Chapter 5, we will introduce a way to implement

one of the leading quantum error correction schemes – the surface code – in silicon

spin qubits, which overcomes practical hardware challenges like dense wiring of

the classical control lines and leakage errors.

Due to the large qubit overhead required by quantum error correction, imple-

menting error-corrected fault-tolerant quantum algorithms remains a long term

goal. The recent advance in quantum hardware has enabled quantum computers

to venture into tasks that are classically intractable [8] without quantum error

correction. To use these noisy near-term machines for any practically useful results,

one needs to employ quantum error mitigation, which uses additional measurements

instead of additional qubits to mitigate the damages done by noise. We will give a

brief overview of quantum error mitigation in Chapter 6 and perform a resource

estimation for one of the most promising tasks to be implemented on near-term

machines in Chapter 7. What we will find is that improvements and combination of

the existing error mitigation techniques are necessary for any practically meaningful

near-term quantum algorithms, which is what we will develop and discuss in

Chapter 8. At the end of this thesis, we will summarise and conclude our findings.
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2.1 Pauli Operators

2.1.1 Pauli Group

The set of n-qubit Pauli operators is defined as:

G = {I,X, Y, Z}⊗n (2.1)

4
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where X, Y, Z are the single-qubit Pauli operators given by:

X =
(

0 1
1 0

)
, Y =

(
0 −i
i 0

)
, Z =

(
1 0
0 −1

)
.

The Pauli operators G will be a group under a composition rule that ignore all

the phase factors, thus we will also call it the Pauli group. In this thesis, whenever we

are talking about the Pauli group, its subgroups and any group-related concepts like

generators, we will always assume this phase-less composition rule. This is different

from the the conventional definition of Pauli group with the additional phase factors

{±1,±i}. However, all of our results will still be consistent with the conventional

result because in the case that we need to apply any group-related concepts, like in

the stabiliser formalism (Section 2.3), twirling (Chapter 3), conjugation (Chapter 4)

or group channels (Chapter 8), the only key structure of the group that we care about

is the commutation relationship between the elements, which remains unchanged

under the multiplication of any phase factors on any elements in the group.

We will use ˜ to denote the subset of independent elements of a given set,

which will just be the generators in the case that the given set forms a group.

The standard generators of the Pauli group are:

G̃ = {X1, X2, · · · , Xn, Z1, Z2, · · · , Zn} (2.2)

where Xk/Zk denotes the X/Z operator acting on the kthqubit.

2.1.2 Commutators

For two given operators A and B, their commutator η(A,B) is defined to be:

AB = η(A,B)BA. (2.3)

Note that the commutator remains unchanged under the multiplication of any

non-zero constant factors on any of its operators:

η(A,B) = η(αA, βB) ∀α, β ∈ C, α, β 6= 0. (2.4)



2. Quantum Error Correction 6

All Pauli operators will either commute or anti-commute with each other:

η(F,G) ∈ {−1,+1} ∀F, G ∈ G.

Therefore, the composition of the commutators of Pauli operators follows the same

structure as the composition of the Pauli operators themselves:

η(FF ′, G) = η(F,G)η(F ′, G) ∀F, F ′, G ∈ G. (2.5)

Hence, for a subgroup of the Pauli group F ⊆ G whose generators is F̃ and a

given Pauli operator G ∈ G, we have:

1
|F|

∑
F∈F

η(F,G) =
∏
F̃∈F̃

1 + η(F̃ , G)
2

=

1 if η(F̃ , G) = 1 ∀F̃ ∈ G̃
0 otherwise.

(2.6)

2.1.3 Pauli Transfer Matrix Formalism

In the Pauli transfer matrix formalism [9], the density operators are cast into vector

form by decomposing into the Pauli basis G ∈ G:

ρ = 1
2n

∑
G∈G

Tr(Gρ)G ⇒ |ρ〉〉 =
∑
G∈G
|G〉〉〈〈G|ρ〉〉

where we have defined the inner product as:

〈〈G|ρ〉〉 = 1√
2n

Tr(Gρ).

We have added a scaling factor 1√
2n when we use the Pauli operators as a basis, where

n is the number of qubits. This is to ensure the normalisation of the basis set {|G〉〉}.

In such a way, a general quantum channel E can be written in matrix form:

E =
∑

G,G′∈G
|G′〉〉〈〈G′|E|G〉〉〈〈G|

with the matrix elements given by

EG′G = 〈〈G′|E|G〉〉 = 〈〈G′|E(G)〉〉 = 1
2n Tr(G′E(G)).
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2.2 Error Channels

In this thesis, we will use to denote a super-operator:

∑
E

E ρ =
∑
E

EρE†. (2.7)

A general error channel E can be written in its Kraus form:

E(ρ) =
∑
E

E ρ with
∑
E

E†E = I. (2.8)

Pauli Errors

In the case of E = pGG for G ∈ G (note that pG can be 0), we have:

E(ρ) =
∑
G∈G

pGGρ, (2.9)

which is just a Pauli error channel, with pG being the error probability of the

Pauli component G.

Pauli noise plays an important role in quantum error correction research since

its effects on quantum error correction codes can be simulated efficiently using the

Gottesman–Knill theorem [10] and also because some of the common noise models

in practice like depolarising noise and dephasing noise are Pauli noise.

Coherent Errors

The degree of coherence in an error channel can be quantified by how well it preserves

the purity of an average incoming state [11]. Hence, the “most coherent” errors

are just unitary errors, while incoherent errors generally refer to Pauli channels.

Coherent errors characterise a broad spectrum of noise that sits closer to the

unitary errors than the Pauli errors.

The rate of error accumulation is bounded by the worst-case error rate –the

diamond distance. However, experimentally we can only measure the average error

rate –the fidelity – efficiently. For Pauli errors (incoherent errors), the worst-case

error rate is similar to the average case error rate, while for unitary errors (coherent

errors), their worst-case error rate can scale as the square root of the average error
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rate. Hence, at the same average error rate, coherent errors can be potentially more

damaging than incoherent errors due to a larger worst-case error rate and thus a

faster rate of error accumulation [12–18]. However, there are cases in which coherent

errors are amenable to coherent control solutions like dynamic decoupling [19, 20]

and thus can be much better mitigated than stochastic errors.

2.3 Stabiliser Code

2.3.1 Stabiliser Formalism

A stabiliser code is defined by a subgroup S of the Pauli group G called the

stabilisers. The code space, i.e. the subspace that our quantum information lives

in, is defined as space spanned by the states that are simultaneous +1 eigenstates

for all the stabilisers:

VS = {|ψ〉 | S |ψ〉 = |ψ〉 ∀S ∈ S} . (2.10)

To have a non-trivial code space, we must have all the elements in S commuting

with each other. In fact, this is the only restriction we need to define a valid

stabiliser group 1.

The quantum information stored in the code space can be represented using

logical qubits. By definition, the stabilisers act trivially on any states of the logical

qubits, i.e. they map to the logical identity. All the logical operations on the

logical qubits need to commute with the logical identity and thus need to commute

with all the stabilisers. Hence, we can define the set of logical operators as the

set of Pauli operators that commute with S :

G := {G ∈ G | ∀S ∈ S, η(S,G) = 1}

which is just the centraliser of S 2.
1Note that in the conventional case in which there are phase factors in the Pauli group, then

we need to add one more condition: all phase factors besides +1 will not be in S.
2The centraliser and the normaliser are the same for Pauli operators since all Pauli operators

either commute or anti-commute.
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The weight of a Pauli operator G is the number of qubits that the operator acts

non-trivially on, denoted as |G|. The distance of a quantum code is the minimal

weight of all non-trivial logical operators:

d = min
G∈G−S

|G|.

In the presence of local noise, a code with distance d can correct arbitrary errors

with weights up to bd/2c. For a code with k logical qubits encoded into n physical

qubits with a distance d, we usually denote it as an [[n, k, d]] code.

All the remaining Pauli operators E = G−G will take a logical state out of the

code space and thus will result in errors detectable via stabiliser measurements.

From Eq. (2.2) we know that there are 2n generators in the Pauli group

∣∣∣G̃∣∣∣ = 2n,

which can be partitioned into three subsets for a given stabiliser code:

• Stabiliser Generators S̃:

S = 〈S̃〉.

S̃ represent the constraints we place on the code space. Thus
∣∣∣S̃∣∣∣ = n− k will

result in k logical qubits. Following the definition of S, all elements in S̃ must

commute with each other.

• Logical Generators G̃:

G = 〈G̃ + S̃〉 = 〈G̃〉 × S.

For k logical qubits, we need 2k logical generators: |G̃| = 2k. They need to be

chosen such that for any given element in G̃ there is one and only one other

element in G̃ that anti-commutes with it, so that we can map them to the

logical operators X and Z on different logical qubits. Following the definition

of G, elements in G̃ commute with all elements in S̃.
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• Error Generators Ẽ:

Ẽ = G̃− G̃− S̃.

We will choose Ẽ such that for any given element S̃i in S̃, there is one and only

one element Ẽi in Ẽ that anti-commutes with it. In such away, by decomposing

any Pauli operators into the generators, we can quickly identify its syndrome,

which is just its commutation relation with the set of stabiliser generators

S̃. Note that we have used the label ‘error generators’ here since each such

element creates a code violation, but physical error process can give rise to

elements in any of these three sets of generators, and in particular those in G̃

which create undetectable logical errors.

2.3.2 Error Correction in Stabiliser Code

Since the code space is defined as the +1 eigenspace of all the stabiliser generators

S̃ (and thus of all the stabilisers), we can detect whether a state has gone out of

the code space by performing measurements of all the stabiliser generators S̃i ∈ S̃,

which are also called stabiliser checks. For a Pauli error E, the measurement

result of S̃i will be si = η(E, S̃i) ∈ {−1, 1}. Using si = (−1)mi , we can define

the measurement syndrome ~m with its entries being mi ∈ {0, 1}. The stabiliser

checks will collapse the noisy state into the corresponding ~m-syndrome subspace

using the projection operator:

Π~m =
|̃S|∏
i=1

(
1 + (−1)mi S̃i

)
2 .

Note that the ~0-syndrome subspace is just the code space.

The process of translating the measurement syndrome ~m into the correction

operation is called decoding. Let E~m be one of the Pauli errors that can lead to

the syndrome ~m (e.g. E~m = ∏|Ẽ|
i=1 Ẽ

mi
i ), then the set of all the Pauli errors that

can lead the same syndrome will be E~mG. It can be partitioned into different

cosets of S, each represented by E~mGS for different G ∈ G. Within each coset,

all the operators differ by composition with a stabiliser, i.e. they are logically
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equivalent. The total error probability of each coset of logically equivalent operators

is P (E~mGS) = ∑
S∈S P (E~mGS). In the optimal decoding process, which is called

maximum-likelihood decoding, for a given code defined by S with the error syndrome

~m, we will identify the coset E~mGS with maximum P (E~mGS) out of different

G ∈ G, and reapply any element in E~mGS (usually the one with the minimal

weight) as the recovery operation to minimise the probability of making a logical

error after correction.

Let us suppose we are performing maximum-likelihood decoding on a stabiliser

code that encodes k logical qubits into n physical qubits. There will be 4k different

coset probabilities P (E~mGS) we need to calculate. And to calculate each of them

we need to sum up the probability all 2n−k elements within the coset. Thus, in

total, we need to calculate 4k2n−k = 2n+k probabilities to be able to perform

maximum likelihood decoding, i.e. the cost is exponential in n. Hence in practice

we will often turn to other decoders that strike a good balance between runtime

efficiency and decoding optimality.

One alternative is the minimal-weight decoder, in which we just look for the

operator E~mG that has the minimal weight for all G ∈ G and pick it to be the

recovery operator. For local noise, as the local error probability becomes smaller, the

sum of error probabilities of each error coset E~mGS will be increasingly dominated

by the error with the minimum weight, thus minimal-weight decoding will move

closer to the optimal maximum-likelihood decoding. The minimal-weight decoder

is what we will be primarily using for surface codes in Section 2.6.

2.3.3 Examples of Stabiliser Codes
[[4,2,2]] error-detection code

This is the smallest non-trivial quantum code capable of detecting a general error.

It consists of 4 qubits with the 2 stabiliser checks being the X and Z parities of

all 4 qubits. Its logical operator X is performing X on any two qubits, similarly

for Z , thus it has distance 2.
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[[5,1,3]] error-correction code

This is the smallest quantum code that can detect and correct any single-qubit

errors (since its distance is 3). It has four stabilisers that are XXZZ operators

acting on different subset of qubits as shown in Fig. 2.1 (a). Its logical operator

X is performing X on all five qubits, similarly for Z. These logical operators can

compose with the stabilisers to give weight-3 logical operators, thus it has distance 3.

Steane Code

The Steane Code is a [[7,1,3]] code. It is the smallest of a family of codes called

the 2D colour codes [21]. Its stabilisers are 4-qubit X and Z operators acting on

the three plaquettes shown in Fig. 2.1 (b). Its logical operator X is performing X

on all seven qubits, similarly for Z. These logical operators can compose with the

stabilisers to give weight-3 logical operators, thus it has distance 3.

1 2

5

4

3

: XZZX check

(a) The five-qubit error-
correction code.

1

: X & Z checks

2 35

7
64

(b) The Steane code.

Figure 2.1: The layout of two example stabiliser codes

2.4 Code Concatenation and Threshold Theorem

The idea of code concatenation is simply to further encode the physical qubits into

codes, i.e. a concatenated code is a code within a code. The concatenation of a

[[n1, 1, d1]] code with a [[n2, 1, d2]] code, will yield a code with n1n2 physical qubits

and a distance ≥ d1d2. The decoding of a concatenated code can simply be carried
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out level by level independently, which is called ‘hard decoding’ [22]. Alternatively,

we can pass the syndrome information to the next concatenation level for a more

optimal but less efficient decoding scheme named ‘soft decoding’ [23].

A code with distance d can fail if t = bd+1
2 c or more qubits are corrupted. Now

suppose each qubit is corrupted with an independent small probability p0, then

the probability that the code fails is roughly p1 = Cpt0, where C is the number

of ways these t errors can be distributed.

To obtain a higher level of protection, we can further encode the qubits again

using the same encoding scheme. As we go to the second encoding level, the

probability of failure of the code is now p2 = Cpt1 = C(Cpt0)t. By recursively

applying our encoding scheme, at the kth encoding level, we have:

pk = 1
C

(Cp0)t
k

= pth

(
p0

pth

)tk

Hence, as long as we have p0 below the threshold pth = 1
C
, which means that the

gain of encoding outweighs the cost of encoding, we can suppress the error rate of

the logical qubit to as low as we want by increasing the number of encoding levels.

The number of qubits needed to encode one logical qubit grows exponentially

with the increase in the number of concatenation levels k, while the logical error

rate decreases at a double exponential rate. For the logical components to achieve

a certain error rate ε, the number of physical qubits we need is in the order

of O(poly(− log(ε))).

The error threshold is a much more widely applicable concept beyond concate-

nated code as we will see later when we look into the surface code in Section 2.6.

2.5 Fault Tolerance

In practice the stabiliser checks are performed using quantum circuits like the one

shown in Fig. 2.2, which can consist of faulty components. Fault-tolerant quantum
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anc: |+〉 • • • X

data 1 G1

data 2 G2

...
...

...

data n Gn

Figure 2.2: The circuit for performing the stabiliser check of S̃ = G1 ⊗G2 ⊗ · · · ⊗Gn
for Gi ∈ {I, X, Y, Z}.

error correction simply means that even with these faulty components in the quantum

error correction circuit, we can still remove at least the leading order errors.

To combat errors in state preparation and gates, we need to design circuits and

error checking procedures such that an individual local error cannot propagate and

subsequently corrupt the logical qubits. The simplest way to achieve this is by

encoding the ancilla qubit in Fig. 2.2 into the GHZ state: |+〉 = 1√
2 (|0〉+ |1〉)→

1√
2 (|00 · · · 0〉+ |11 · · · 1〉), and modifying the circuit such that each ancilla qubit will

interact with one and only one data qubit [24]. Note that the GHZ state also needs

to be prepared fault-tolerantly with the methods outlined in Ref. [24]. Alternatively,

we can encode the ancilla qubit using the same code as the data qubits [25] or using

additional flag qubits to catch the error propagation events in the ancilla [26].

The measured syndrome can be faulty due the the errors above and measurement

errors. The simplest way to fight syndrome errors is by repeating the stabiliser

measurements and performing majority vote, which is analogous to the classical

repetition code.

2.6 Surface Codes

2.6.1 Background

As discussed in Section 2.4, once the physical error rate is below a certain threshold,

we can suppress the error rate of the logical qubit indefinitely by scaling up the
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: data qubits : Z checks : X checks

!𝑋

𝑍̅

Figure 2.3: A distance-5 square surface code.

code via concatenation. However, at high concatenation level, the stabiliser checks

that we need to perform will consist of logical operations that span over a large

number of physical qubits, which is challenging to implement in practice. Hence,

here we turn to topological codes, which are constructed with the geometric layout

of the qubits in mind, and thus can maintain local constant-weight stabiliser checks

as we scale up the code. In particular, the geometry that is most compatible for

scaling up on many qubit platforms will be the 2D planar layout. Hence, much

of the research focus has been devoted to 2D topological codes like the 2D colour

code and the surface code. In this thesis, we will mainly be focusing the surface

code, whose parity checks have lower weights compared to colour codes and thus

are easier for practical implementation 3.

Surface codes are extensions of toric codes [28] by replacing the closed boundaries
3However, do note that on the other hand, 2D colour code allows transversal implementation

of the full logical Clifford group [27] while the surface code does not.
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on the torus with open boundaries through fixing the virtual boundary qubits to

be always error-free [29]. The qubit layout and the stabilisers of a surface code are

shown in Fig. 2.3. Looking at the underlying lattice, the edges map to the physical

qubits, the vertices map to the X checks on the four neighbouring qubits (three at

the left and right smooth boundaries) and the plaquettes map to the Z checks on

the four neighbouring qubits (three at the top and bottom rough boundaries). The

stabiliser checks are indeed local and low-weight as expected from a topological

code. Any closed loops of X or Z operations on the lattice will just be another

stabiliser operator that can be obtained by composing the stabiliser generators. In

Fig. 2.3, we have depicted a 5 × 5 surface code. In general for a L × L surface

code, we will have n = L2 + (L− 1)2 qubits and 2L (L− 1) independent stabiliser

checks, thus it stores one logical qubit. The logical operator generators are also

shown in Fig. 2.3, in which X is just any string of X operators connecting the

smooth boundaries while Z is just any string of Z operators connecting the rough

boundaries. The minimal length of such a string spans L qubits, thus the distance

of a L × L surface code is just L, which scales as
√
n.

2.6.2 Error Correction in Surface Codes

The surface code is a CSS code in which we have independent X and Z stabiliser

checks that will deal with Z and X noise, respectively. Hence, for simplicity, we

can consider decoding the syndromes from the X and Z checks separately. As

shown in Fig. 2.4, an error string in the bulk will result in two failed checks at

both of its end points, and an error string at the boundary will result in one

failed check. We will call these failed checks the defects in the lattice. During the

error correction process, we are given a list of defects to infer the error strings

present. In the limit of low error probability and thus low defect density, it is

natural to just connect all the nearby defects in the bulk and connect the remaining

defects to the nearest boundaries to infer the error string and apply the relevant

correction. More generally, we will look at all defects in the code and pair them

either with each other or with the boundaries to achieve the minimal total length of
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: failed Z checks

: failed X checks

: Z error strings

: X error strings

Figure 2.4: A distance-5 square surface code with failed stabiliser checks.

all the inferred error strings. We see that this is just the minimum-weight decoding

described in Section 2.3.2 applied to surface codes, which can be computed using

Edmond’s minimum-weight matching algorithm [30]. It has a readily available

C++ implementation [31]. There are many different error strings that can lead to

the same pair of defects. As long as we have paired up the defects correctly, any

correction we apply will form a closed loop with the actual underlying error, which

is just a stabiliser that will act trivially on our logical qubit.

In the above decoding scheme, we have been treating the syndromes from the

X and Z checks separately. This will be fine in the case of independent X and

Z noise. However, in the case of for example depolarising errors in which there

are Y errors present, then we might want to consider both X and Z syndromes

together. As mentioned in Section 2.3.2, minimum-weight decoders are efficient
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but suboptimal. To implement the optimal maximum likelihood decoding in the

context of surface code, when try to pair up two defects, we need to consider the

total error probability of all possible error strings that connect them instead of

just the shortest string. Maximal likelihood decoding in surface code can actually

be mapped to the phase transition in 2D random-bond Ising model. Solving for

the transition temperature yields the error threshold for surface codes, which is

pth ∼ 18.9% for depolarising noise [32].

2.6.3 Fault-tolerant Threshold

Up to now we have only considered perfect stabiliser checks. However, as discussed

in Section 2.5 we need to consider the errors in the stabiliser check circuit to achieve

fault tolerance. In surface code, the error propagation during stabiliser measurements

can actually be kept under control by merely ordering the gate sequence in a careful

manner without needing additional ancillae [33]. The syndrome errors are overcome

by repeating more rounds of stabiliser checks. We can view it as adding a time

dimension to our surface code stabiliser measurements, with each time slice recording

the defects detected in the surface code in one full round of stabiliser checks [34,

35]. In the fault-tolerant setting, the defects instead of being the failed stabiliser

checks, they become the stabiliser checks that produce a different result compared

to the previous time slice (except for the first time slice). After repeating enough

measurements to accumulate enough time slices, we can perform a similar defect

pairing scheme as in the perfect syndrome measurement case, but now the defects

live in a 3D lattice instead of 2D. The number of times we need to repeat the

syndrome measurements is related to the syndrome error probability.

As mentioned in Section 2.2, Pauli circuit noise can be efficiently simulated

classically to obtain the threshold of the code. The fault-tolerant threshold of the

surface codes has been obtained via classical simulations with the implementation

details outlined in Refs. [33, 35, 36]. The threshold pth sits within the range of

0.5 ∼ 1.1% under different noise models and different stabiliser-check circuits [37].
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As mentioned before a code with distance d can be corrupted if more than bd2c

errors occur, thus we will expect the logical error rate pL scale as pb d2 c where p is

the physical error rate. As calculated by Fowler et al. [33], the empirical formula

for the logical error rate of surface codes is:

pL ' 0.03
(
p

pth

)b d2 c
.

Assuming pth = 1% and p = 0.1%, to achieve pL = 10−14, which is required

for performing Shor’s algorithm with a reasonable success probability [33], we

need d ∼ 25. Hence, with a gate error rate of p = 0.1%, we need around n =

d2 + (d − 1)2 ∼ 1000 qubits per logical qubit to achieve fault-tolerant quantum

memory using surface codes.
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3.1 Introduction

As discussed in Section 2.2, coherent errors can be much more damaging than Pauli

errors due to faster error accumulation. At the physical qubit level, coherent noise

20
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can be mitigated using dynamical decoupling [19, 20], however there are limitations

due to imperfect control pulses and finite pulse durations and intervals. In the

context of quantum error correction, local physical coherent noise will be decohered

at the logical level as the code scales up [39]. Their damage to the encoded state can

be mitigated by using better decoders [22]. Gate-level coherent errors in a quantum

error correction circuit can be mitigated by splitting the stabiliser check into two

oppositely rotating halves [40] with some requirements on the gates available to the

given architecture. A more general solution, however, would involve using Pauli

twirling to turn coherent noise into a Pauli channel [41–44].

Twirling is a technique that has been long established in the quantum information

literature. It was first used for mapping a diverse range of states into a canonical

form in entanglement purification [41, 42]. Then it appeared again as an integral

part in randomised benchmarking [43, 45] and was also used to reduce the number

of experimental runs needed in quantum process tomography [44, 46], both are

critical in benchmarking the performance of quantum systems, especially “Noisy

Intermediate-Scale Quantum” (NISQ) systems [47]. More recently, twirling was

used as means to boost the performance of NISQ through error mitigations [48–51]

in which it enables simpler characterisations and mitigations of local error channels.

In this chapter, twirling is discussed as a technique to mitigate the damage

caused by coherent errors. Twirling means each time we execute a circuit, we

conjugate the given noise using a twirling gate selected from the twirling set, and

we iterate over all possible twirling gates in the twirling set to obtain the average

result. By choosing the twirling set to be the full set of Pauli operators, we can

convert any noise channel into a Pauli channel whose noise elements correspond

to the Pauli basis of the original noise [52]. In practice, the set of twirling gates is

usually exponentially large such that we can only sample from it. If we can reduce

the size of the twirling set, we might be able to iterate over the full twirling set

to get the exact results without the shot noise due to sampling over the twirling

set. Moreover, a smaller twirling set allows us to choose twirling gates that have
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higher fidelities and/or act on fewer qubits. This can reduce the number of errors

we introduce into the system due to twirling.

In this chapter, we will introduce a way to exploit the structure of the noise

channel to reduce the size of the Pauli twirling set needed for the channel. The

chapter is organised as follows. In Section 3.2, we introduce the theory of Pauli

twirling, in which we obtain the requirement on the twirling set. In Section 3.3, we

show a way to construct a twirling set that satisfied the conditions that we laid out.

This is followed by an example. In Section 3.4, we discuss how to use stabiliser

measurements to further reduce the size of our twirling set. Lastly, Section 3.5

provides a summary of our results and some possible future directions.

3.2 Pauli Twirling

3.2.1 Exact Twirling and Random Twirling

One can think of twirling as a super-super-operator that transforms one super-

operator into another. It can transform coherent noise channels like 1
2

(
I + Z

)
into

incoherent channels like 1
2

(
I +Z

)
, where denotes super-operators as defined in

Eq. (2.7). Applying exact twirling TW using the twirling set W on the noise

operator E is defined as:

TW(E) = 1
|W|

∑
W∈W

WEW † . (3.1)

In other words, each time we run the circuit, we conjugate the noise operator

E with a different twirling gate W from the twirling set W. After we iterate

over the whole twirling set W and take the average of the results, we effectively

have the process above.

The goal of twirling is to turn the noise operator E into a Pauli channel:

TW(E) =
∑
G∈G

pGG .

where pG is the probability of the Pauli error G happening, and G is the Pauli

group as defined in Section 2.1.1.
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On the other hand, in random twirling, instead of systematically iterating

over the whole twirling set W, each run we choose a random element Wn from

the twirling set W:

T randW,N (E) = 1
N

N∑
n=1

WnEW
†
n .

At finite N , there will be shot noise associated with the output of random twirling

due to imperfect sampling over the twirling set. The shot noise can be reduced

by increasing the number of runs N , allowing the effect of random twirling to

approach the effect of exact twirling:

lim
N→∞

T randW,N = TW.

In this chapter, we will focus on exact twirling, but most of the results are also

applicable to random twirling. The details of how to apply twirling on erroneous

quantum components are outlined in Appendix A.1.

3.2.2 Requirements of the Pauli Twirling Set

Now we will focus on Pauli twirling, which means our twirling set consists of

only Pauli operators: W ⊆ G.

We can break any n-qubit noise operator E into its Pauli basis:

E = 1
2n

∑
G∈G

Tr(GE)G = 1
2n

∑
V ∈V

Tr(V E)V

where set V is the Pauli basis of E:

V = {G ∈ G | Tr(GE) 6= 0}. (3.2)

Substituting this into Eq. (3.1) and applying it onto a state ρ, we have:

TW(E)ρ = 1
|W|

1
22n

∑
V, V ′ ∈ V

Tr(V E) Tr
(
V ′E†

) ∑
W∈W

WVWρWV ′W, (3.3)

where we have also use the fact that Pauli operators are Hermitian.

Now let us look at the sum over W, we have
∑
W∈W

WVWρWV ′W = V ρV ′
∑
W∈W

η(W,V )η(W,V ′) = V ρV ′
∑
W∈W

η(W,V V ′).

(3.4)
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Here η(A,B) is just the commutator of the operators A and B as defined in Eq. (2.3).

Substituting this into Eq. (3.3) we get:

TW(E)ρ = 1
22n|W|

∑
V, V ′ ∈ V

Tr(V E) Tr
(
V ′E†

)( ∑
W∈W

η(W,V V ′)
)
V ρV ′

= 1
22n

∑
V ∈V
|Tr(V E)|2V ρV + 1

22n|W|
∑

V, V ′ ∈ V
V 6= V ′

Tr(V E) Tr
(
V ′E†

)( ∑
W∈W

η(W,V V ′)
)
V ρV ′

(3.5)

where we have made use the fact that η(W,V V ) = η(W, I) = 1.

Here we have essentially rewritten the Pauli-twirled channel into the process

matrix form. For this Pauli-twirled channel to be a Pauli channel, we require all

the V 6= V ′ terms to vanish. By the definition of V in Eq. (3.2), we know that

Tr(V E) 6= 0 and Tr
(
V ′E†

)
6= 0, thus we need to choose a W such that

∑
W∈W

η(W,V V ′) = 0 ∀V, V ′ ∈ V and V 6= V ′. (3.6)

In such a case, the result of twirling the noise operator E is just

TW(E) = 1
22n

∑
V ∈V
|Tr(V E)|2 V (3.7)

which is just the diagonal elements of the process matrix of the untwirled noise

operator E. Our arguments can be easily extended to the full noise channel by

treating E as a Kraus operator and adding ∑E in front of all the equations. In

such case, V will be re-defined as the Pauli basis needed to construct all the noise

elements in the noise channel. All the other results follow.

3.3 Construction of the Pauli Twirling Set

3.3.1 Overall Ideas

As we can see from the last section, the key to twirling is to find a twirling set W

that can satisfy Eq. (3.6) for the Pauli basis V of the given noise.

The common choice is W = G, the full set of Pauli operators. In such a way,

for any V 6= V ′ (i.e. V V ′ 6= I), the number of elements in G that commute with

V V ′ will always equal to the number of elements that anti-commute with V V ′,
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thus Eq. (3.6) is always satisfied. Hence, if we choose W = G, we can transform

any error channel into a Pauli channel.

However, as mentioned before, twirling with the full Pauli set is not always

ideal. A systematic way to construct W of a smaller size is laid out in this section.

Before proceeding to the steps of construction, we need to introduce the idea

of a commutator table first.

For A ⊆ G, B ⊆ G, their commutator table η(A,B) is a matrix with the entries

being η(A,B) for A ∈ A, B ∈ B:

B1 B2 · · ·
A1 η(A1, B1) η(A1, B2) · · ·
A2 η(A2, B1) η(A2, B2) · · ·
... ... ... . . .

Similarly we can define the commutator vectors η(A, B) and η(A,B) which

correspond to the columns and rows, respectively, in the commutator table η(A,B).

Using Eq. (2.5), we can compose these commutator vectors using element-wise

multiplication to obtain new commutator vectors:

η(A, BB′) = η(A, B)� η(A, B′)

η(AA′,B) = η(A,B)� η(A′,B).
(3.8)

Generator tables are defined as commutator tables whose elements are of the form:

η(Q̃i, H̃j) = 1− 2δij.

Example generator tables η(Q̃, H̃) for different sizes of H̃ are just:

H̃1

Q̃1 -1∣∣∣H̃∣∣∣ = 1

H̃1 H̃2

Q̃1 -1 1
Q̃2 1 -1∣∣∣H̃∣∣∣ = 2

H̃1 H̃2 H̃3

Q̃1 -1 1 1
Q̃2 1 -1 1
Q̃3 1 1 -1∣∣∣H̃∣∣∣ = 3

· · · · · ·

Note that by definition, we have

∣∣∣H̃∣∣∣ =
∣∣∣Q̃∣∣∣. (3.9)
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Using Eq. (3.8), we can compose the columns in the generator table to obtain

new columns, which gives the new commutator table η(Q̃,H) with H = 〈H̃〉. For

example for
∣∣∣H̃∣∣∣ = 3, we have:

I H̃1 H̃2 H̃3 H̃1H̃2 H̃1H̃3 H̃2H̃3 H̃1H̃2H̃3

Q̃1 1 -1 1 1 -1 -1 1 -1
Q̃2 1 1 -1 1 -1 1 -1 -1
Q̃3 1 1 1 -1 1 -1 -1 -1

Using Eq. (2.6), we have:

1
|Q|

∑
Q∈Q

η(Q,H) =

1 if η(Q̃, H) = ~1
0 otherwise.

where Q = 〈Q̃〉 and ~1 denotes a vector with all the entries being 1.

Looking at the commutator table η(Q̃,H), we realise that η(Q̃, H) = ~1 only

when H = I. Hence, we have:

∑
Q∈Q

η(Q,H) = 0 ∀ H ∈ H and H 6= I.

Composition of any two elements H, H ′ ∈ H will just give another element H ′′ ∈ H,

and we know that H ′′ = HH ′ 6= I if H 6= H ′. Hence, we have:

∑
Q∈Q

η(Q,HH ′) = 0 ∀ H, H ′ ∈ H and H 6= H ′. (3.10)

Compared this to Eq. (3.6), we see that to fully twirl a noise whose Pauli basis is V

using the twirling set W, we can construct the twirling generators W̃ such that

η(W̃, Ṽ) = η(Q̃,HṼ) (3.11)

where Ṽ is the subset of independent elements in V and HṼ is some subset of H

(more details in Appendix A.2). The steps to construct the smallest W̃ that can

satisfy Eq. (3.11) is outlined in Section 3.3.3.
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3.3.2 Expected Size of the Twirling Generators

Assuming the twirling set W is a group, using Eq. (2.6), the requirement on the

twirling set (Eq. (3.6)) becomes:

η(W̃, V V ′) 6= ~1 ∀V, V ′ ∈ V and V 6= V ′. (3.12)

Now using the commutator vector composition rule in Eq. (3.8), Eq. (3.12) becomes:

η(W̃, V ) 6= η(W̃, V ′) ∀V, V ′ ∈ V and V 6= V ′.

i.e. we want to find a set of twirling generators W̃ such that different Pauli basis

elements V of the noise will have different commutation vectors with W̃. These

different commutation vectors η(W̃, V ) of different V will just be different vectors

of length
∣∣∣W̃∣∣∣ with entries ±1, which are just the columns that we obtained by

composing the columns of the generator tables as shown in Section 3.3.1. Therefore

by mapping W̃ to the smallest generator table possible, we are essentially finding

the smallest W̃ possible. This also corresponds to the smallest W possible if

we assume W is a group.

To achieve the commutator table matching in Eq. (3.11), we need to ensure

the sizes of the sets match each other:∣∣∣W̃∣∣∣ =
∣∣∣Q̃∣∣∣ =

∣∣∣H̃∣∣∣
|V| = |HV| ≤ |H| = 2|H̃|

(3.13)

where we have used Eq. (3.9). Combining these equations we have:

|V| ≤ 2|W̃|. (3.14)

Since we are looking for the smallest W̃ that satisfy Eq. (3.14) and |V| ≤ 2|Ṽ|, we

have
∣∣∣W̃∣∣∣ ≤ ∣∣∣Ṽ∣∣∣, which along with Eq. (3.14) gives us:

log2(|V|) ≤
∣∣∣W̃∣∣∣ ≤ ∣∣∣Ṽ∣∣∣.

Hence, unlike the full Pauli operator set whose number of generators
∣∣∣G̃∣∣∣ = 2n

is dependent on the number of qubits n that we are considering, the size of our
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twirling generators
∣∣∣W̃∣∣∣ is only dependent on the sizes of the Pauli basis of the noise

channel (V) and the generating set of the Pauli basis (Ṽ). Noise arising from real

physical process usually has symmetries present. Such symmetry constraints will

reduce the size of the Pauli basis that builds our noise, which will enable us to

find a much smaller twirling set than the full Pauli set. One such example will be

discussed in Section 3.3.4, in which the lower bound is reached:
∣∣∣W̃∣∣∣ = log2(|V|).

3.3.3 Steps to Construct the Twirling Generators

1. Decompose the noise operator E to obtain its Pauli basis V

V = {G ∈ G | Tr(GE) 6= 0}.

For a general noise channel, V will be the union of the Pauli basis of all the

noise elements in the noise channel.

2. Find the following set:

Ṽ: the generating set of V.

ṼS: the subset of elements in Ṽ that are used to generate elements in V− Ṽ.

3. Find the smallest integer N that satisfies both

N ≥ log2(|V|)

N ≥
∣∣∣ṼS

∣∣∣
We now define a generating set H̃ of size N and denote the complete set that

it generates as H =
〈
H̃
〉
.

4. Map elements in V to elements in H using the following steps:

(a) Map ṼS to a subset of elements in H̃

(b) Map the elements in V − Ṽ to elements in H − H̃ by following the

composition relations of the elements in ṼS.

(c) Map elements in Ṽ− ṼS to any subset of the remaining elements in H

(which includes the identity).
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Using the steps above, we can obtain the subset of H that Ṽ maps to, which

we will denoted as HṼ: Ṽ 7→ HṼ.

5. Starting with the generator table η(Q̃, H̃), we compose its columns to get the

commutator table η(Q̃,HṼ).

6. With the commutator table η(Q̃,HṼ) and the mapping Ṽ 7→ HṼ determined,

we can then construct W̃ ∈ G that maps to Q̃ such that η(W̃, Ṽ) = η(Q̃,HṼ)

(Eq. (3.11)). Note that W̃ is not unique because the generating sets are not

unique.

3.3.4 Application to a Physical Noise Model

Suppose we want to implement the Steane code as shown in Fig. 3.1 using spin

qubits, but there is a small global field causing a global rotation of a small angle

θ in the Z direction, leading to the following coherent noise:

E = exp
{
−iθ

∑7
i=1 Zi

}
= I − iθ

∑7
i=1 Zi +O(θ2).

We will ignore the higher order terms O(θ2) in the noise channel. The exact steps

of obtaining the reduced twirling set are:

1. The Pauli basis of E is

V = {I, Z1, Z2, Z3, Z4, Z5, Z6, Z7}

2. Within V, there are no composition relations other than those involving the

identity. Hence, we have:

Ṽ = {Z1, Z2, Z3, Z4, Z5, Z6, Z7}

ṼS = {Z1}

3. The smallest integer N that satisfies both

N ≥ log2(|V|) = 3

N ≥
∣∣∣ṼS

∣∣∣ = 1

is N = 3. Hence, we will define a generating set H̃ of size 3.
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4. Using the fact that ṼS = {Z1}, the following mapping Ṽ 7→ HṼ ⊆ H =
〈
H̃
〉

can be found:

{Z1, Z2, Z3, Z4, Z5, Z6, Z7} 7→ {H̃1, H̃2, H̃3, H̃1H̃2, H̃1H̃3, H̃2H̃3, H̃1H̃2H̃3}

5. Now starting with the generator table of
∣∣∣H̃∣∣∣ = 3, we can construct the

commutator table η(Q̃,HṼ):

I(I) H̃1(Z1) H̃2(Z2) H̃3(Z3) H̃1H̃2(Z4) H̃1H̃3(Z5) H̃2H̃3(Z6) H̃1H̃2H̃3(Z7)
Q̃1 1 -1 1 1 -1 -1 1 -1
Q̃2 1 1 -1 1 -1 1 -1 -1
Q̃3 1 1 1 -1 1 -1 -1 -1

In the brackets are the elements in Ṽ that the elements in HṼ map to.

6. Our goal is just to find W̃ such that Eq. (3.11): η(W̃, Ṽ) = η(Q̃,HṼ) is

satisfied.

A possible choice is to have W̃ = {X1X4X5X7, X2X4X6X7, X3X5X6X7},

which will produce the following commutator table η(W̃, Ṽ):

I Z1 Z2 Z3 Z4 Z5 Z6 Z7

X1X4X5X7 1 -1 1 1 -1 -1 1 -1
X2X4X6X7 1 1 -1 1 -1 1 -1 -1
X3X5X6X7 1 1 1 -1 1 -1 -1 -1

which is the same as the commutator table η(Q̃,HṼ) in the last step.

The result of applying this reduced twirling generating set (X1X4X5X7, X2X4X6X7,

X3X5X6X7) as opposed to the full twirling set to the Steane code under global

Z rotation is shown in Fig. 3.2. As we can see from the plot, the fidelity curve

of the reduced twirling set has some deviation from the full twirling curve due to

the approximation we made initially in which we discarded the O(θ2) term in the

noise operator. When looking at θ = 0.1, such deviation is ∼ 3.5× 10−4, which is

an order of magnitude smaller than the ∼ 2.5 × 10−3 deviation of the untwirled

curve from the twirled curve. In practice, the fully-twirled fidelity is obtained by

sampling over the fidelities obtained from different twirling gates and taking their
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Figure 3.1: The Structure of
Steane code.
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Figure 3.2: The logical fidelity of Steane
code under coherent global Z noise.

average. Here we will assume the shot noise in each sample is represented by the

deviation of the original fidelity from the fully-twirled fidelity (since the original

fidelity corresponds to the identity twirling gate), which as mentioned above is an

order of magnitude larger than the deviation of the reduced-twirled fidelity from

the fully-twirled fidelity. When taking N samples, the shot noise of the average

sampled fidelity will reduce by a factor of
√
N . When we have

√
N ∼ 10, the shot

noise will be reduced by an order of magnitude and match the performance of the

reduced twirling by achieving similar fidelity deviation from the exact fully-twirled

fidelity. This will require N = 102 = 100 random samples using the full twirling

set, corresponding to 100 circuit runs, which is significantly more than the 23 = 8

circuit runs needed when we iterate over the reduced twirling set.

More generally, for such noise due to the fluctuation of a global field, to the

first order approximation we have |V| = n + 1 where n is the number of qubits.

Using our method of twirling set construction we can achieve
∣∣∣W̃∣∣∣ = log2(n + 1).

Comparing to the twirling using the full set of Pauli operators:
∣∣∣W̃∣∣∣ = 2n, there

is an exponential reduction of the size of the twirling set.
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3.4 Pauli Twirling and Stabiliser Checks

3.4.1 One-gate Twirling

Let us consider the special case in which the twirling gate set is {I, W̃}, i.e. there

is only one extra gate other than the identity. We will call this a one-gate twirling

operation and denote it as T{I,W̃}.

Twirling with the Pauli subgroup W is equivalent to doing nested one-gate

twirling using its generators W̃:

TW =
∏
W̃∈W̃

T{I,W̃}.

3.4.2 Equivalence of One-gate Twirling and Stabiliser Checks

For a given noise operator E and an one-gate twirling set W = {I,W}, we can write

E = E+ + E−

where E+ contains all the Pauli basis elements in E that commute with W , while

E− contains all the Pauli basis elements in E that anti-commute with W .

Then using Eq. (3.1), we have:

T{I,W}(E) = 1
2
[
E+WEW

]
= E+ + E− (3.15)

i.e. an one-gate twirl W = {I,W} will decohere between the components in E that

commute with W and the components that anti-commute with W .

We will use Π± to denote the projection operators for the ±1 eigenspace of a

W measurement. If we perform a W measurement and discard the measurement

result, the effective channel we have is just:

SW = Π+ + Π−.

Now suppose we are working with a stabiliser code for which W is one of the

stabilisers. Then if the noise E happens on a logical state ρ and we perform
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SW on it, we will have:

SW E ρ =
(
Π+ + Π−

)
E ρ

=
(
E+Π+ + E−Π−+E+Π− + E−Π+

)
ρ

=
(
E+ + E−

)
ρ.

(3.16)

where we have used Π+ρ = ρ and Π−ρ = 0.

We can follow similar analysis even if there is a Pauli error G on the logical

state ρ→ Gρ. The extra Pauli error may swap the ±1 stabiliser check outcome,

but will not change our error channel in Eq. (3.16), i.e. Eq. (3.16) will apply as

long as ρ is an eigenstate of W , not necessarily needing to be the +1 eigenstate.

Comparing Eq. (3.16) to Eq. (3.15), we have:

T{I,W} ≡ SW

Hence, when we have an error E occurring on top of Gρ, twirling with W = {I,W}

is equivalent to performing a W stabiliser check and throwing away the result.

3.4.3 Combining Stabiliser Checks with Pauli Twirling

We can use W̃ stabiliser checks with discarded results as a substitute for the element

W̃ in the twirling generators to further reduce the size of the twirling generators.

This is best shown through a simple example. Suppose we have the following circuit:
∣∣ψ

〉
E •

|+〉 • X

Here
∣∣∣ψ〉 is stabilised by Z, i.e.

∣∣∣ψ〉 = |0〉 (note that here we have a trivial code

space that encodes 0 logical qubits). In this circuit, we are effectively doing a Z

stabiliser measurement on
∣∣∣ψ〉, with a noise

E ∝ I +X + Y + Z

occurring in the circuit.
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Now if we go through Section 3.3.3, we can obtain the twirling generating

set W̃ needed to twirl E:

W̃ = {X,Z}.

This can be implemented using the following nested one-gate twirling circuit (see

Section 3.4.1):
• 50% •

∣∣ψ
〉

Z X E X Z •

• 50% •

|+〉 • X

where the pair ofX will be applied with 50% probability, similarly and independently

for the pair of Z.

However, if we discard the information specifying the result of the Z stabiliser

check, then as argued before, the Z stabiliser check will have the same effect as the

Z-twirling. Hence, we can turn E into Pauli errors with just the X-twirling:
∣∣ψ

〉
X E X •

• 50% •

|+〉 • X discarded

This example shows how stabiliser measurements with thrown-away results can

lead to a smaller set of twirling gates.

One possible application scenario in practice is when we try to perform fault-

tolerant stabiliser measurements as discussed in Section 2.5. If we use a GHZ-state

ancilla to extract the stabiliser measurement outcome, then what we care about is

the parity of the measurement results of all the ancilla qubits. After we obtain the

overall parity, we can discard the measurement results of the individual ancilla qubits,

which as argued in this section will effectively twirl the noise on the corresponding

data qubits that interact with the given ancilla qubit.
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3.5 Discussion

In this chapter, we found the necessary and sufficient conditions for the set of

twirling gates required to turn a given noise operator into a Pauli channel. We then

demonstrated a way to construct the twirling set that satisfies the conditions. The

size of the twirling set we obtained is lower-bounded by the size of the Pauli basis

of the noise operator, and upper bounded by 2|Ṽ| where Ṽ is the set of independent

Pauli basis elements of the noise operator. We showed that this is the smallest

twirling set achievable assuming the twirling gate set forms a group. There can

be an exponential reduction in the number of twirling gates in some cases. In the

example of Steane code under global Z rotation noise, we show that in the limit

of small rotation angles, using our method can approximately twirl the noise and

improve its logical fidelity using only 8 twirling gates and thus 8 circuit runs. To

achieve the same performance by sampling the full Pauli gate set for twirling we

need around 100 circuit runs, around 10 times more than iterating over our reduced

twirling set. In addition, we showed that in the case of stabiliser codes, we can

replace elements in the generating set of the twirling set with existing stabiliser

measurements with discarded results to further reduce the size of the twirling set.

For a general noise channel, the simple generalisation mentioned in Section 3.3.3

can indeed produce a twirling set smaller than the full set of Pauli operators.

However, it is not the smallest possible set since we have not made use of the

fact that different noise elements are inherently decohered. To obtain the optimal

twirling set, we need to study the following property of twirling: if we know a

twirling set that can twirl the noise operator E, and we know another twirling

set that can twirl the noise operator F , then what is the twirling set that can

twirl the noise channel E+F? Similarly, we can also ask what is the twirling set

that can twirl the noise operator EF , which is essential in finding a single twirling

operation that can twirl several consecutive erroneous components. We hope that

this chapter will provide a framework for further explorations of properties of

twirling like the two mentioned above.
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4.1 Introduction

In the last chapter, we looked into using Pauli twirling to transform coherent errors

into a Pauli channel, which as mentioned before can be much less damaging than

coherent errors due to a slower rate of error accumulation. Twirling generally

involves using a set of Pauli gates to sandwich the noise channel and averaging over

the results. In this chapter, instead of using twirling to combat coherent errors,

we propose to deterministically sandwich the noise channel using a chosen pair

of Pauli gates, which we call Pauli conjugation.

We start by introducing some background concepts in Section 4.2. Then in

Section 4.3, we find ways to reduce the search space for the optimal Pauli conjugation

scheme. This is then used in Section 4.4 to compare the logical fidelity and

concatenated threshold of Pauli conjugation to those of twirling for several quantum

error correction codes under global Z rotation noise. In Section 4.5, we discuss the

extension of our technique to multiple rounds of error correction and conjugation.

This is followed by discussions in Section 4.6.

4.2 Pauli Conjugation

4.2.1 Logical Noise Channel

The process of stabiliser quantum error correction is described in Section 2.3.2, in

which by performing the set of stabiliser checks S̃, we will obtain the error syndrome

~m and project the noisy state into the corresponding ~m-syndrome subspace defined

by the syndrome projection operators Π~m. For each measured syndrome ~m, we

will apply the corresponding recovery operator R~m, which is usually chosen to be

the most likely Pauli error that leads to the given syndrome. The overall quantum

error correction process can then be written as:

C =
∑
~m

R~mΠ~m =
∑
~m

Π0R~m

where we have used Π~m = R~mΠ0R~m.
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If we start within the logical subspace, the error correction process C will always

project the state back to the logical subspace even after going through a noisy channel

N . Thus, the effective channel N0 = CN will be a error channel that takes one

logical state to another, i.e. it is a logical noise channel. The effective logical noise

channel N 0 is defined to be the average of N0 over all logically equivalent starting

and final states. Using Pauli transfer matrix (Section 2.1.3), N 0 can be written as:

N 0 =
∑

G,G′∈G
|G′Π0〉〉〈〈G

′Π0|CN |GΠ0〉〉〈〈GΠ0|

=
∑
~m

∑
G,G′∈G

|G′Π0〉〉〈〈G
′Π0|Π0R~mN|GΠ0〉〉〈〈GΠ0|

=
∑
~m

∑
G,G′∈G

|G′Π0〉〉〈〈G
′Π0|R~mN|GΠ0〉〉〈〈GΠ0|

= RN (4.1)

where R = ∑
~mR~m

1.

4.2.2 Twirling and Conjugation

As discussed in Chapter 3, twirling is a technique for converting an arbitrary error

channel into a Pauli channel, which is carried out by taking the average of the error

channel conjugated with different gates chosen from a set of Pauli gates W ⊆ G

that we call the twirling set. Conventionally, twirling is carried out using the full

set of Pauli gates as the twirling set: W = G. However, as shown in Chapter 3, it

is possible to find a smaller W that is equivalent to the full Pauli set.

Twirling a noise channel N is just

T (N ) = 1
|W|

∑
W∈W

W N W . (4.2)

Twirling can decohere the Pauli components in the noise channel and turn it into

a Pauli channel. This will correspond to removing the off-diagonal elements of

the Pauli transfer matrix of the channel.
1Note that here we have abused the notation of RN assuming it will only act on the logical

Pauli basis {|GΠ0〉〉} instead on all of the physical Pauli basis.
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Using Eq. (4.1) and Eq. (4.2), the effective logical channel after twirling is:

N T = RT (N ) = 1
|W|

∑
W∈W

RW N W .

Instead of averaging over all twirling gates, if we deterministically conjugate

the noise process with a given twirling gate W , the effective logical channel

can be written as

N (W ) = RW N W

which we will call Pauli conjugation.

Then we have:

N 0 = N (I)

N T = 1
|W|

∑
W∈W

N (W ).

The logical fidelity of N (W ) is

F (W ) =
∫
〈〈ρ|N (W )|ρ〉〉 dρ

where ρ is a logical state and the integral is over the pure state surface using

the Haar measure.

Since the fidelity F is a linear function of the noise process N , we can similarly

obtain the original logical fidelity F0 and the twirled logical fidelity FT :

F0 = F (I)

FT = 1
|W|

∑
W∈W

F (W ).

There exists a Wmax ∈ W such that F (Wmax) is the maximum F (W ) that

we can achieve. By definition we have

F (Wmax) ≥ F (I)

F (Wmax) ≥ FT .

Thus if we can find such Wmax and deterministically apply it to the noise instead

of doing nothing or randomly applying all W ∈W, we can obtain a higher fidelity

F (Wmax) than the original fidelity F (I) and the twirled fidelity FT .
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4.2.3 Mechanism of Conjugation

Let us first consider the case when we perform quantum error correction on a

unitary (completely coherent) noise channel and obtain the 0-syndrome (mi =

0 ∀i). The resultant effective noise channel will contain an error-free components

represented by the coherent superposition of the stabiliser operators ∑i αiSi. When

acting on a logical state, the effective amplitude corresponding to the logical

identity will then be ∑i αi.

Now if we apply Pauli conjugation using the operatorW to the error channel, the

error-free components will become ∑i αiWSiW , which corresponds to an amplitude

of ∑i η(W,Si)αi for the logical identity. Recall that η(A,B) is the commutator

between operators A and B.

Thus Pauli conjugation will change the sign of the Pauli components of the error

channel, changing the way the Pauli components interfere. For the 0-syndrome

case, if we can choose a conjugation operator W such that ∑i η(W,Si)αi ≥
∑
i αi,

i.e. the error-free components (the stabilisers) interfere more constructively with

conjugation than without, it will lead to an increase in the logical fidelity of the

channel using conjugation. The normalisation of the channel also means that the

logical error components of the channel will interfere more destructively when using

conjugation. Similar arguments can be made for the non-zero-syndrome cases.

Hence for a given noise channel, as long as there is some coherent superposition

of its Pauli components corresponding to the same logical operators for a given

syndrome, Pauli conjugation should be able to improve its logical fidelity by changing

the relative signs between the components and alter the way they interfere. One

case for which Pauli conjugation will not be able to help is when the identity is the

optimal conjugation gate Wmax = I, i.e. the noise Pauli components are interfering

in the optimal ways for the given code, which should be unlikely unless we have

hand-picked our code to exactly fit the noise process.
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4.3 Finding the Optimal Conjugation Gate

The usual Pauli twirling will have W = G. For n qubits, this means that there are

4n elements in W that we need to search over to find Wmax, which is exponentially

difficult for large n. Hence, we first need to reduce the size of W in order to

find Wmax effectively.

Rather than dealing with the twirling set W, we will first be working with its

generator W̃. The reason we can work with the generators for our later purposes

is outlined in Appendix B.3.

The generators of the conventional twirling set is just W̃ = G̃. For a given

quantum error correction code, the Pauli generators G̃ can be divided into the three

partitions as discussed in Section 2.3: stabiliser generators S̃, logical generators

G̃ and error generators Ẽ. Hence, we have

W̃ = G̃ = S̃ + Ẽ + G̃.

We can of course start with the reduced twirling generators instead using the

methods in Chapter 3 and still divide them into the three partitions like above. All

the other arguments in the following sections will be similar. However, for simplicity,

in this chapter we will assume we start with the full Pauli group as our twirling set.

4.3.1 The Structure of the Code

R and S commute because they are both Pauli channels which are diagonal in

the form of Pauli transfer matrix. Hence, for any channel N , and logical states

|ρ〉〉 and |ρ′〉〉, we have:

〈〈ρ′|RSN S|ρ〉〉 = 〈〈ρ′|SRN S|ρ〉〉 = 〈〈ρ′|RN |ρ〉〉

which means that conjugation using stabilisers on any noise channel has a trivial

effect on the effective logical channels 2. Hence, we can remove all stabilisers from
2Note that this is different from our results in Section 3.4, in which we have proven that

stabiliser measurements with discarded result are equivalent to stabiliser twirling. Here we do
not need to discard the measurement results and instead of showing that stabiliser measurements
and stabiliser twirling are equivalent, we only showed that their effects on the logical channel are
equivalent (they both have trivial effects).
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the twirling generator set and reduce it to:

W̃ = Ẽ + G̃.

Now if we are calculating the logical fidelity, we are integrating over all the logical

pure states using the unitary Haar measure, which is by definition invariant under

any unitary transformation. Thus we have:

F0 =
∫
〈〈ρ|RN |ρ〉〉 dρ =

∫
〈〈ρ|GRN G|ρ〉〉 dρ

R and G again commute since they are both Pauli channel. Hence we have:

F0 =
∫
〈〈ρ|RGN G|ρ〉〉 dρ = F (G) ∀G ∈ G

Hence, when calculating the logical fidelity, conjugation with logical Pauli operators

also acts trivially and can be removed from the twirling generating group. The

remaining non-trivial twirling generators are:

W̃ = Ẽ

The way to construct Ẽ such that it consists of only single-qubit X and Z gates

is outlined in Appendix B.1 3.

4.3.2 The Structure of the Noise

Two super-operators A and B will commute if their commutator η(A,B) = eiφ,

i.e. their commutator is some phase factor.

We will write our noise channel N in terms of its noise elements N :

N =
∑
N

N .

Now if a twirling generator W satisfies η(W,N) = eiφ ∀N , then

W N W = N ∀N

W N W = N
3Note that if we start with the reduced twirling set instead of the full Pauli group, then not

all single-qubit operators will be in the twirling set and we might not be able to choose a Ẽ that
consists of only single-qubit gates.
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i.e. it act trivially on noise N and hence can be removed.

After such reduction, the twirling generating set now becomes:

W̃ = {W ∈ Ẽ | ∃N η(W,N) 6= eiφ, φ ∈ R}

4.3.3 Symmetry in Codes and Noise

The twirling set W can be generated from W̃ following Appendix B.2. Based on

the symmetry existing in both the code and the noise, we can prove the equivalence

between different elements in W.

Suppose we manage to find a Clifford operation U such that the code state basis

Π~0G and the physical noise channel N are invariant under its transformation:[
U,Π~0G

]
= 0 ∀G ∈ G[

U,N
]

= 0
(4.3)

we can prove that (see Appendix B.4)

N (W ) = N (U †WU) (4.4)

i.e. the effective logical channel conjugated with W is the same as that with

U †WU . All of such U will form a group U.

Hence, we can define an equivalence relation:

W ′ ∼ W ⇐⇒ ∃U ∈ U W ′ = U †WU

In such a way, conjugacy with elements in U will split W into several equivalence

classes. The elements in the same equivalence class will produce the same logical

fidelity when used to conjugate the noise.

The simplest type of Clifford transformation to consider is qubit permutation, for

which U consists of swap gates. Permutation symmetry of quantum error correction

codes has been studied in Ref. [18] and [22]. Note that qubit permutation will

preserve the weights of the operators, thus it is crucial to construct W to have

the elements with the lowest weight possible (see Appendix B.2), so that more of

them can be proven to be in the same equivalence class.
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If a code has one logical qubit and its logical Pauli gates consist of applying

physical Pauli gates to all the qubits, then such transversal logical Pauli gates are

invariant 4 under any qubit permutation U , i.e.
[
U,G

]
= 0 ∀G ∈ G. For such

codes, we only need to further make sure that the set of stabilisers are invariant

under the given qubit permutation U :

[U,Π0] = 0 (4.5)

to ensure the code symmetry requirement in Eq. (4.3) is satisfied. Furthermore,

if some of the stabilisers commute with the noise, then these stabilisers will have

trivial effect in the error correction process and thus can be safely ignored. In such

a case, we will only need to consider the symmetry of the stabilisers that do not

commute with the noise. For example, for a pure Z noise, we can safely ignore

the Z stabilisers when we are considering code symmetry.

4.4 Mitigating Coherent Z Noise using Pauli Con-
jugation

In this section we will try to find the optimal Pauli conjugation gate for different

quantum error correction codes under the global Z rotation noise:

N(θ) =
J∏
j=1

e−iθZj (4.6)

where J is the number of qubit, which is also the noise model we looked at in

Section 3.3.4. This noise is a coherent superposition of all possible Z operators

(tensor products of I and Z). The weight-n Z operators in the superposition will

have the amplitude (−i sin θ)n (cos θ)J−n.

Of course if we are allowed to flip all the qubits right in the middle of the channel,

we can flip the direction of the rotation and cancel the coherent error, which is just

a simple example of dynamical decoupling. However, if we look at for example high

frequency global Z noise, in which the direction of the global Z rotation may flip
4More precisely, we can find at least one physical representation of logical G out of all of its

logically equivalent counter-parts that satisfy this symmetry condition.
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after a very short time interval in a random walk fashion, dynamical decoupling

cannot be applied. In such a case, we have discussed how Pauli conjugation can be

used to mitigate such noise in Appendix B.11. It builds from our discussion in this

section, in which we will be looking at the coherent global Z rotation noise described

in Eq. (4.6) without allowing gates to be performed in the middle of the channel.

Since the noise only consists of Z components, all pure Z twirling generators

will act trivially on the noise, thus can be removed. This noise is symmetric under

any qubit permutation. Hence, any permutation symmetry of the quantum error

correction code will also exist for the noise.

For all the codes that we will discuss in this section, their logical Pauli gates

consist of applying physical Pauli gates to all the qubits. Thus the code symmetry

condition in Section 4.3.3 can be reduced into Eq. (4.5). Along with the fact that we

have pure Z noise, we only need to focus on the symmetry of the X stabilisers in this

section when we talk about the symmetry of a code, except for the five-qubit code.

Transversal global logical Pauli gates also mean that N(π2 ) will be the Z logical

operator. Thus the logical fidelity curve against different θ will have a rotational

symmetry about θ = π
4 (see Appendix B.5), which means that we only need to look

at 0 ≤ θ ≤ π
4 to see the effect of the noise on logical fidelity.

4.4.1 Steane Code

1

: X & Z checks

2 35

7
64

Figure 4.1: The Steane code.

In the Steane Code, we have
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• Stabiliser generators S̃: X or Z checks on plaquettes (1, 4, 6, 7), (2, 4, 5, 7) and

(3, 5, 6, 7).

• Logical generators G̃: X or Z on all qubits.

Following Section 4.3.1, we can construct our twirling generators to be

W̃ = Ẽ = {X1, X2, X3, Z1, Z2, Z3}.

Since the noise only consists of Z components, all pure Z twirling generators will

act trivially on the noise, thus can be removed, we then have:

W̃ = {X1, X2, X3}

which generates the twirling set:

W = {I,X1, X2, X3, X4, X5, X6, X7}.

Note that here we have transformed the error operators to their lowest weight

equivalence that produce the same error syndromes.

The Steane code has the same symmetry as the Fano plane [18], whose permu-

tation symmetry group will be denoted as U. Since our noise model is symmetric

under any qubit permutation, all U ∈ U satisfied Eq. (4.3).

Now for every pair of single-qubit X operators Xi, Xj ∈ W, we can find at

least one U ∈ U such that

U †XiU = Xj.

Hence, using Eq. (4.4) we know that all the remaining single-qubit X twirling

operators are equivalent.

There are two equivalence class of twirling gates here, one is equivalent to I,

while the other is equivalent to X1 (or any single-qubit X gate).

The effect of different strategies on the logical fidelity of Steane code is shown in

Fig. 4.2. We can see that twirling is consistently better than doing nothing, while

X1 conjugation will yield even higher fidelity than twirling.
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Figure 4.2: Logical fidelity of the Steane code under different noise strength and noise
tailoring schemes.

4.4.2 Other Codes

In this section, we will explore the effect of Pauli conjugation using other codes under

the same noise model. The details of finding the equivalent class of conjugating

gates for different codes are outlined in Appendix B.6. Here we will just look at

the effect of using conjugating gates in different equivalence classes and compare

their effects to doing nothing and twirling.

Five-qubit code

The structure of five-qubit code is shown in Fig. 4.3. There is just one non-

trivial conjugating strategy in five-qubit code, which is conjugation with any

single-qubit X gate, the same we found in the Steane code. However, in our

noise model, we found that this strategy makes no difference to the logical fidelity

compared to doing nothing. Consequently, the twirled logical fidelity is also the

same. Hence, rather interestingly under our noise model, none of the strategies

works for the five-qubit code.
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Figure 4.3: The five-qubit code.

This is mainly due to the fact that the five-qubit code is not a Calderbank-

Shor-Steane (CSS) code. In a CSS code, only the X stabiliser generators can be

used to detect and decohere Z noise. While in the case of the five-qubit code,

all of its stabiliser generators can be used to detect and decohere Z noise. For

the five-qubit code under the global Z rotation noise, there are 25 different Z

noise components, which are decohered by the measurement of the 4 stabiliser

generators and thus split into 24 groups for different syndrome outcomes. Hence,

for a given syndrome outcome, the resultant noise will be the superposition of

two Z noise components (25/24 = 2). One corresponds to the logical I while

the other corresponds to the logical Z. Since there is just one component here

corresponding to the logical I, there is no way to boost the logical I amplitude

and increase the logical fidelity via Pauli conjugation.

Nine-qubit Shor code

The structure of the nine-qubit Shor code is shown in Fig. 4.4. There are three types

of non-trivial Pauli conjugations in the nine-qubit Shor code for our noise model:

• Single qubit flip: X1

• Two-qubit flip (in different rows): X1X4

• Three-qubit flip (in different rows): X1X4X7
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: Z checks : X checks

1 2 3

4 5 6

7 8 9

Figure 4.4: The nine-qubit Shor code.

The effects of these strategies on the logical fidelity are shown in Fig. 4.5. We

see that doing nothing will result in a dip at θ = π
6 , where our noise turns into

a logical operator. Twirling can definitely mitigate such a problem, leading to a

great jump in fidelity. Superior improvements can be achieved by conjugating

the noise with X1X4X7.

The result for the other nine-qubit Shor code with the X and Z checks exchanged

is shown in Appendix B.8.
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Figure 4.5: Logical fidelity of the nine-qubit shor code under different noise strength
and noise tailoring schemes.
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Distance-3 surface code

The structure of the distance-3 surface code is shown in Fig. 4.6. The non-trivial

1 2 3

4 5 6

7 8 9

: Z checks : X checks

Figure 4.6: The surface code of distance 3.

conjugating strategies and their effects on the logical fidelity are shown in Fig. 4.7.

Again we see improvement of the twirled fidelity over doing nothing, and a marked

improvement of conjugating the noise with X1X8 over twirling.
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Figure 4.7: Logical fidelity of the distance-3 surface code under different noise strength
and noise tailoring schemes.
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4.4.3 Gate Error

In reality, applying extra Pauli gates does not come free due to the errors associated

with the gates. We should expect the effect of such errors due to Pauli conjugation

to be small since the quantum error correction circuits generally involve more gates

than Pauli conjugation and also contain two-qubit gates which usually have much

lower fidelity than single-qubit Pauli gates. Here we have simulated the performance

of different schemes using different codes with depolarising gate error rates of 0.5%

and 1% for the encoding circuit, the quantum error correction circuit and the Pauli

conjugation gates (with the details of the circuits shown in Appendix B.9). From

the result in Fig. 4.8 we can see that as we increase the gate error rate, the fidelity

curves shift downward without much change to their shapes. Hence, the optimal

Pauli conjugation schemes maintain their advantages over doing nothing when we

take into account gate errors. The fidelity curves using twirling are not shown.

However in our examples, we should expect the advantage of Pauli conjugation

over twirling increases with increasing gate error rates since the average weights

of the twirling gates are higher than that of the conjugation gates.

When trying to implement Pauli conjugation in practice, such gate errors can be

mitigated by absorbing the conjugation gates into the existing gates in the circuit.

Such a strategy has been proven to be effective in the case of twirling [54].

4.4.4 Concatenated Threshold

As discussed by Rahn et al. [55], after finding the map between the physical noise

channel and the logical noise channel with one level of encoding, composing this map

will give us the physical-logical noise map for the concatenated code. Here we have

assumed that we are using a hard decoder which only takes into account of syndrome

information of the current concatenation level. Finding such maps will allow us

to compute the performance of a code with different levels of concatenation and

hence find its concatenated threshold. Such analysis was carried out by Huang et

al. [18] for a variety of codes. Here we will use the local Z noise map obtained

in Ref. [18] to calculate the concatenated threshold for different codes when we
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Figure 4.8: Logical fidelity with global Z rotation environmental noise of magnitude
θ and depolarising gate noise of probability 0%, 0.5% and 1% with or without Pauli
conjugation for (a) Steane code, (b) 9-qubit Shor code and (c) distance-3 surface code.
The Pauli conjugations we used here are the optimal schemes that we found with zero
gate error.

apply different kinds of noise tailoring schemes at the physical level (not at any

subsequent levels of concatenation). From the results in Fig. 4.9, we can see the

logical fidelity of the threshold crossing points of different noise tailoring schemes

are essentially the same. Hence when we try to achieve the threshold logical fidelity

with one level of encoding, if one scheme has a higher tolerance of the physical error

than another scheme, we should expect a similar improvement in the concatenated

threshold. The improvement of the conjugated threshold over the original threshold

is 40%, 160% and 110% for the Steane code, 9-qubit Shor code and distance-3

surface code respectively. All of them also show improvements of the conjugated
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thresholds over the twirled thresholds.
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Figure 4.9: The concatenated threshold plot under global Z rotation noise for (a)
Steane code, (b) 9-qubit Shor code and (c) distance-3 surface code. Different colours
shows different levels of concatenation while different line styles shows applying different
strategies like twirling or Pauli conjugation to the noise. The Pauli conjugations we used
here are the optimal schemes that we found with zero gate error.

4.5 Composing the Error Channels

4.5.1 Multiple Rounds of Quantum Error Correction

As mentioned in Section 2.2, coherent errors can be more damaging than incoherent

errors because they can accumulate at a faster rate. Hence, we use Pauli twirling to

remove the coherent nature of the error channel for each round of error correction so

that errors in multiple rounds of error correction will accumulate at a more favourable
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scaling. As demonstrated in the previous sections, Pauli conjugation can improve

the logical fidelity for coherent errors in one round of error correction. However, the

error remains coherent after conjugation. Though there is evidence showing a logical

channel will become less coherent as the distance of the code increases [18, 39], the

remaining coherence in the logical channel still could mean that the advantages of

conjugation can be lost when we go to multiple rounds of error correction.

Fortunately this can be overcome by injecting ‘just enough’ randomness – the

solution might be called ‘logical twirling’ of the error channel (instead of twirling at

the physical level). Logical twirling simply means twirling over the logical Pauli

operators and decohere the Pauli components that corresponding to different logical

operators. The resultant effective channel will be logically incoherent and thus the

errors will accumulate at a more favourable rate in terms of logical fidelity. For one

round of quantum error correction, applying logical twirling will not change the

logical fidelity just like twirling a noise channel will not change its fidelity 5. Hence,

applying logical fidelity on top of conjugation can maintain the fidelity improvement

brought by conjugation in each round of error correction while preventing the logical

errors from rapid accumulation as we go to multiple rounds.

The Pauli components of a given noise channel can be partitioned into sets that

correspond to different logical operators with different measured syndromes after

quantum error correction. As discussed in Section 4.2.3, the coherence between the

components that correspond to the same logical operator and the same syndrome

can be used by conjugation to improve the logical fidelity of the channel in one

round of quantum error correction (via destructive interference between the logical

error components), while in this section we see that the coherence between different

logical operators can be removed by logical twirling to fight the accumulation of

logical errors in multiple rounds of quantum error correction.

In Appendix B.10, using global Z rotation as an example, we demonstrate that

using conjugation alone, the advantages of conjugation over physical twirling will
5Applying twirling to a noise channel at the physical level will not change its physical fidelity,

but may change the logical fidelity
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diminish as we go to more rounds of quantum error correction and we also show

how this is overcome by using logical twirling.

4.5.2 Multiple Rounds of Noise Tailoring

Instead of applying both noise tailoring and error correction at each time step,

we can apply just noise tailoring in each time step and only do one round of

error correction at the very end.

The matrix elements for the effective noise channel with K rounds of twirling are:

(N TK)G,G′ = 1
| ~W|

∑
~W∈~W

〈〈Π~0G|R
(

K∏
k=1

W k

)( 1∏
k=K
NW k

)
|Π~0G

′〉〉 (4.7)

Here we divide the noise process into K steps and apply a random Pauli gate Wk

at the beginning of each step. At the end, we undo all these random Pauli gates

by applying their inverse ∏K
k=1Wk and then perform quantum error correction.

We denote the set of K Pauli gates chosen using a vector ~W . Similar to our

arguments in Section 4.2.2, multiple rounds of twirling correspond to the average

of all the Pauli conjugation schemes, thus one of the Pauli conjugations will be

optimal and outperforms twirling.

As detailed in Appendix B.12, if we want to find the equivalent conjugations to

reduce the search space for multi-round conjugation, we can use similar arguments

about the structure of the noise (Section 4.3.2) and the symmetries in both the

noise and the code (Section 4.3.3), while the arguments about interaction with

the code space to remove stabilisers and logical operators (Section 4.3.1) can only

be applied to the outer-most round of conjugation.

The search space of possible conjugations grows exponentially with the number

of rounds while the number of symmetries that we can utilise is less than the

one-round case (since we cannot remove all the stabilisers and logical operators

from the twirling generating set). Hence, iterating over the whole search space

might not be practical for a large number of rounds. However, we can still sample

different conjugation schemes in our reduced search space to find a better scheme

than doing nothing or even twirling, though such a scheme might not be optimal.
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4.6 Discussion

In this chapter, we have shown that when doing one round of quantum error

correction on a coherent noise channel, part of its coherence can actually be used

to improve its logical fidelity using Pauli conjugation, which outperforms twirling.

To search for the optimal Pauli conjugation under a given noise model using a

given quantum error correction code, we use the properties and the symmetries

of the noise and the code to identify the equivalent conjugations to reduce our

search space. We applied our techniques to the Steane code, the Shor code and

the surface code under a global Z rotation noise, reducing the 4n possibilities of

Pauli conjugation to 2, 4 and 6 equivalent classes respectively for those three codes.

Iterating over these different classes of conjugations, we managed to find the optimal

conjugations for each code, which resulted in higher logical fidelities than the twirled

and original noise channel. We have shown via simulation that the advantages of the

optimal Pauli conjugation schemes remain with gate errors present. Conjugation

can also lead to higher concatenated thresholds than the twirled threshold. The

conjugated threshold showed improvements over the original thresholds by 40%,

160% and 110% for the three codes we considered under the coherent Z noise. We

showed that by using logical twirling to remove the ‘harmful’ coherence within

the error channel, we can extend the advantages of Pauli conjugation to multiple

rounds of error correction. We also briefly discussed how to extend our arguments

into multiple rounds of Pauli conjugation.

Compared to twirling, Pauli conjugations do not require the implementation of

a random circuit, and the weights of the gates that we need to implement can be on

average much smaller than twirling as shown by our examples. Being a deterministic

scheme, it can be implemented in hardware systems in which modifying the circuit

at each run is hard. It can also be used in quantum communication to combat

coherent noise in the communication channel without needing to transmit the extra

random bit needed by twirling. Single-qubit Pauli gates are usually the gates

with the highest fidelity, combining with the fact that the Pauli conjugation gates

we need to implement can be low-weight, it should be resilient to gate errors, as
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shown by our simulation. Hence, Pauli conjugation can be a practical way forward

to mitigate errors in real experiments.

The way we reduce the Pauli conjugation search space is highly dependent on

the code we use and the noise model we have. Though our techniques work for

the simple examples that we have considered, searching over all possible Pauli

conjugations may not be feasible when the size of our system increase, when there

are very few symmetries in the noise or when we are considering multiple rounds of

Pauli conjugation. Hence, we might want to find a way to construct the optimal

conjugation based on the mechanism of conjugation in Section 4.2.3, or at least

find a better searching strategy than random sampling. Furthermore, we may not

know the full noise model in practice. As discussed in Section 4.2.3, conjugation

will only act on the coherent components in the channel, thus to find the optimal

(or close-to optimal) conjugation gate we only need the information about the

dominant coherent component in the channel without needing any information

about the incoherent parts or the other small coherent components. In the worst

case scenario, we can still sample over the different Pauli conjugations based on

any limited information we have to find a scheme with better performance than

the original noise channel instead of finding the optimal one.

The above ideas can be tested by applying Pauli conjugation to more general

error channels beyond the global Z rotation. An example will be the general local

Z noise channel considered in Ref. [18] or some non-biased noise models like those

considered in Ref. [56]. To see if the conjugation technique is valuable in fault-

tolerant computation, it will also be interesting to see how Pauli conjugation will

perform against gate-level coherent noise and whether it can improve the surface

code threshold (instead of the concatenated threshold) given a realistic noise model.

There are several degrees of freedom we can add to further optimise our noise

tailoring schemes. Firstly, throughout this chapter we have been focusing on

conjugation using Pauli gates, it will be interesting to extend our technique to

Clifford gates or even general unitaries. We can also look into the case where we

allow Clifford correction [22]. We definitely did not exhaust all the ways to reduce
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the Pauli conjugation search space. For example, we have only been focusing on

the permutation symmetry of code and noise, which at best can only prove the

operators with the same weight are equivalent. A next step could be including

other Clifford symmetries like CZ gates, etc.

Our conjugation scheme, especially the multi-round variant, in a way can be

viewed as bang-bang dynamical decoupling tailored to a given quantum error

correction code. Attempts have been made before to study the effect of dynamical

decoupling within the context of quantum error correction [57], though without

explicitly considering the code structure as we did in this chapter. It will be a

fruitful area to adapt more schemes in the established literature of dynamical

decoupling [20] into the context of quantum error correction taking into account the

code structure. We may get a fuller understanding about how to search for better

multi-round conjugation scheme from the way we optimise dynamical decoupling

using average Hamiltonian arguments [58] and group theoretic arguments [59].

Ideas like non-equidistant pulses [60], robust decoupling sequences and higher-order

decoupling [20] can also be extended into multi-round conjugation.

Besides applications in quantum error correction for memory, the conjugation

technique can also be extended into other fields like quantum metrology and quantum

simulation. For quantum metrology with error correction [61–63], we hope to find

conjugation schemes that can tailor the noise into a form that is less damaging to the

code and/or tailor the signal into a form towards which the code is more sensitive.

When applied to symmetry verification in quantum simulation [64–66], conjugation

may enable more noise to be detected via transformation of the previously undetected

noise components. In the above applications, it is likely that we need to develop

more complex conjugation schemes beyond one-round Pauli conjugation.
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Fogarty, Simon Schaal, Sofia Patomäki and John Morton, especially for
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contributed to the ideas related to the stabiliser cycles used in Section 5.4.
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5.1 Introduction

In the previous two chapters we have described ways to mitigate the damage caused

by coherent errors in the context of quantum error correction. In this chapter

we will look into practical hardware implementation of quantum error correction

schemes. As discussed in Section 2.6, one of the leading candidate codes for practical

quantum error correction is the surface code due to its 2D structure, local checking

operations and high error threshold close to 1% [68]. Surface code architectures

have been proposed for leading quantum information processing platforms including

superconducting qubits [33], trapped ions [69] and semiconductor spin qubits [70,

71]. However, the qubit overheads of surface codes can be significant: it is estimated

that > 2× 108 physical qubits with gate error rate 10−3 might be needed to perform

a non-trivial Shor’s factoring algorithm [72]. These considerations motivate the

development of qubit implementations which offer the prospect for high-density

2D arrays. The high-qubit density offered by silicon-based spin (SS) qubits (as

high as 109 cm−2) combined with the possibility of leveraging the conventional

semiconductor integrated circuit industry [73] make this platform attractive for

fault-tolerant universal quantum computing.

Like all qubit hardware approaches, scaling up SS qubits brings a number of

practical requirements associated with qubit addressing for calibration, tuning,

operation and readout. Indeed, the high qubit densities offered by SS qubits leads to

challenges in routing classical control lines, while minimising cross-talk and managing

heat dissipation [73]. A number of architectures for scaling up SS qubit arrays have

been proposed to address such challenges: for example, Veldhorst et al. [74] proposed

a compact quantum dot array controlled via a crossbar geometry, enabling N qubits

to be controlled with
√
N classical control lines, albeit using control transistors

below the dimensions of current technology [73]. Li et al. [75] went further with

a half-filled crossbar architecture that provides more space for classical control
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lines, though the use of shared control lines brings tight requirements for qubit

homogeneity and limitations on the parallelisability of operations. Buonacorsi et

al. [76] have suggested connecting many small quantum dot modules using electron

shuttling in order to provide the space for individual control lines. Smaller quantum

dot modules are also easier to calibrate and the operations within the modules

may be expected to have higher fidelities. However, such shuttling architectures

require distribution of entanglement between modules and this is likely to impact

the fidelity and speed of inter-module operations.

While such influential architectures have been designed to accommodate error

correcting codes that compensate for computational errors, they do not address so-

called ‘leakage errors’ in which the quantum system escapes out of the computational

subspace. For SS qubits, one form of leakage errors arises from the migration of

charge: Controlling SS qubits involves tuning tunnelling barriers, changing on-

site energies and/or shuttling electrons, and each of these operations may lead

to electrons escaping out of the quantum dots. Since leakage errors cannot be

corrected (and may even be exacerbated) by the usual quantum error correction

protocols, they will accumulate and eventually corrupt the surface code even if

the probability of these leakage errors is very small [77]. Furthermore, unlike most

of the other types of leakage errors [78–84] which occur as independent events, a

leaked charge from one dot might propagate through the quantum dot surface code

array and corrupt other dots. Charge leakage errors thus could be very damaging

to the surface code due to the correlations in errors.

In this chapter, we will introduce a surface code architecture based on SS

qubits that is designed to be robust against leakage errors. We first introduce

the components of our hardware in Section 5.2, and then discuss leakage errors

in our architecture in Section 5.3. Then, in Section 5.4, we describe how surface

code stabiliser checks are performed, and obtain a threshold for the gate errors

and leakage errors. Finally, we summarise the key features of this approach and

discuss possible improvements and extensions.
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5.2 Physical Implementation

The physical layout of the silicon quantum dot surface code architecture we consider

is shown in Fig. 5.1. We have included elongated mediator dots [85] to provide the

basic two-qubit gate operation while increasing the fundamental inter-qubit spacing

to more readily accommodate measuring devices for ancilla readout, and electron

reservoirs for initialisation and reset of quantum dots. Quantum information resides

in the data dots, whose error information is extracted by the ancilla double-dots

via interactions through the mediator dots.

data
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electron
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XXXXXXX
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Figure 5.1: Overall architecture layout, including (a) the arrangement of the key
physical components of the system and (b) its correspondence to the components of the
surface code. An X-stabiliser plaquette is highlighted in (a), which can be divided into
two parts each interacting with one half of the double quantum dot ancilla in the centre.

5.2.1 Data Qubits and Single-qubit Gates

Each data qubit is represented by the spin state of an electron within an elec-

trostatically defined quantum dot [86]. The lifting of the spin degeneracy via an

applied magnetic field gives access to electron-spin resonance (ESR) [87–89] or

electrically-driven spin resonance (EDSR) [90, 91] techniques, which have been used

to produce control fidelities of electron spin qubits in silicon of up to 99.6–99.9% [87,

91]. Qubit relaxation times (T1) can reach > 1 s [92–94] and using isotopically
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enriched 28Si substrates [95], qubit coherence times can be extended up to the

limits of the fluctuation timescales within the magnetic environment (e.g. T ∗2 ∼120

µs [87]). Decoupling schemes can then be used to yield longer qubit operation times

(T2 ∼ 28 ms [96]), and these can be integrated into algorithms [97, 98] or single

qubit gates designed via gradient ascent pulsed engineering [99] to be inherently

robust against environmental noise [89].

Qubits formed electrostatically in highly strained silicon also have the advantages

of splitting off the excited states when quantum dots are strongly confined. Such

systems often show valley excited states of ∼ 0.1THz [87, 92, 100], and orbital

energies of ∼ 1THz [100], and such excited state energies can be electrostatically

tuned via the Stark shift [92, 96]. In a confined quantum dot with diameter, say

30 nm, a large Coulomb repulsion U ∼ 2THz [100] is produced — this effectively

prevents additional charges entering such dots during the execution of the code,

leaving us to address the possibility of charge leakage out of the dot.

5.2.2 Ancilla Qubits and Read-out

Our proposed ancilla qubit is represented by the spin state of a pair of electrons

distributed across two quantum dots (each similar in size to the data dots). By

initialising in a singlet state, a failed stabiliser check of its neighbouring data qubits

transforms the ancilla spins into a triplet state [97], such that we can use Pauli spin

blockade (PSB) and its effect on interdot tunnelling [101, 102], to determine the

outcome of the stabiliser cycle. PSB can be detected in single-shot through charge

sensing [103], or via gate-based dispersive readout [104–106] as suggested by the

measurement devices in Fig. 5.11 [103, 107]. The ancilla qubits are initialised via

the (0,2) electron occupation state of the double quantum dot (or an equivalent

(n, n+ 2) state), where the ground state is a singlet and can be rapidly prepared

through ‘hot-spot’ relaxation near the (1,1):(0,2) charge transition [108].

Previous schemes [74, 97] have employed a second quantum dot as part of the

ancilla structure as a reference state which does not participate in the stabiliser
1Note that in Fig. 5.1 we have attached two measurement devices to each pair of double dots

for enhanced measurement sensitivity, but one measurement device could be sufficient in practice.
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check — the primary function being to enable measurement by PSB. In contrast,

in our proposal we treat both ancilla dots on an equal footing, allowing both dots

in the ancilla pair to interact with data qubits. In addition to reducing complexity

in connectivity, this approach enables interactions between the data qubits and

ancillae to be performed in parallel using both of the ancilla dots, halving the

time needed to perform a stabiliser cycle.

Operations that are symmetric under the exchange of the two spins cannot

bring the quantum state out of the singlet (exchange-antisymmetric) or the triplet

(exchange-symmetric) subspace. Hence, global ESR (single qubit gates) can be

applied to all the data qubits without affecting the double-dot ancilla, which is

useful when switching between X and Z stabiliser check cycles of the surface code.

The type of error (e.g. X or Z) detected by single-dot ancillae depends on the

basis in which they are prepared and measured, while two-dot ancillae prepared

in the singlet state can be used to detect both X and Z errors [97]. In standard

parity check circuits, the X and Z errors in the data qubits will be transformed

into Z errors in the ancilla qubits using CZ and CNOT respectively, which can

be detected by preparing and measuring the ancilla in the X-basis. In the case

of double-dot ancilla, this can be achieved by mapping the singlet state and the

zero-spin triplet state of the two-dot ancillae to the X-basis eigenstates:

1√√
2

(|01〉 ∓ |10〉) 7→ |±〉anc .

On the L.H.S. we have the state of the two physical spins within the ancilla

double-dot and on the R.H.S. we have the corresponding state of the ancilla qubit.

From the mapping we can see that while Z gates on individual physical spin

correspond to Z gates on the ancilla qubit, X and Y gates on the individual physical

spin will take the spin pairs out of the zero-spin subspace, resulting in leakage errors

on the ancilla qubit. The effect of such leakage errors will be detailed in Section 5.3.
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5.2.3 Mediators and Two-qubit Gates

When two-qubit gates are performed using direct exchange interactions between

nearest-neighbour quantum dots, the resulting qubit pitch is typically on the scale of

tens of nanometres. On the other hand, control and read-out electronics associated

with each qubit are more comfortably accommodated with larger spacings at the

level of at least several hundreds of nanometres. To extend the range of the exchange

interaction, an elongated quantum dot can be used as a ‘mediator’ [109, 110]. Our

architecture employs effective two-electron (i.e. even-occupation) quantum dots

as mediators for the exchange interaction between a data dot and one half of the

ancilla double-dot as shown in Fig. 5.2. For simplicity we assume two-electron

occupation in the mediator, but in practice four-electron or other values may be

preferable, for example to mitigate a small valley-orbit splitting [111].

The mediators do not themselves carry any quantum information and our

computational subspace only consists of the spin states of the electrons in the

two side dots. Ruderman-Kittel-Kasuya-Yosida (RKKY) exchange interactions

communicated by the mediators occur between the spins in the two side dots,

with a strength [109] given by:

J = −2
(
t∗R2tR1t

∗
L1tL2

∆R∆M∆L

+ c.c.
)

(5.1)

where tab is the tunnelling energy from orbital a to b and ∆R,M,L are the energies

associated with various electron hopping processes starting from the ground state

as indicated in Fig. 5.2.

We consider mediator dots of dimensions 30 nm× 300 nm, which leads to ∆M ∼

10GHz, and assume a tunnelling energy between the mediators and data/ancilla

dots of t ∼ 1GHz (corresponding to an interdot spacing of ∼ 10 nm). By tuning

the on-site energy of the mediator dot, we can change the value of ∆R/L and hence

control the strength of the exchange interaction. ∆R/L is bounded to be at least

the tunnelling energy and at most the Coulomb repulsion energy in the data dots.

Hence, we use ∆R/L = ∆on = 10GHz to turn on the exchange interaction, and

∆R/L = ∆off = 1THz to turn off the exchange interaction. Using Eq. (5.1), the
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Figure 5.2: Core two-qubit gate between data and ancilla qubits, achieved
via a mediator. Three quantum dots with orbital L/R in the left/right dot, each of
which is either a data dot or one half of an ancilla structure, and orbitals 1 and 2 in the
middle mediator dot. We consider a total of four electrons in this three-dot system and
assume the charging energy of the side dots is sufficiently large (due to their small size)
to forbid further occupancy. Electrons may be excited to the mediator state 2 from any
of L,R or 1 orbitals, with some energy cost indicated.

strength of the exchange interaction is Jon = t4

∆2
on∆M

= 1MHz when on, and has a

residual value Joff = t4

∆2
off∆M

= 100Hz when nominally off. This level of residual

exchange interaction leads to an expected error probability (Joff
Jon
≈ 10−4) well below

the threshold of the surface codes and hence ignored in our discussion. We assume

the mediated exchange is controlled through the detuning of the mediator dot under

the fixed tunnel coupling naturally formed between adjacent dots [96] — it is also

possible to use additional electrodes for controlling the tunnel coupling between

adjacent dots [112], albeit at the cost of greater gate complexity.

A difference in g-factors or in z-magnetic field in the left and right (L/R) dots

produces a difference in the Zeeman splitting between them, which we denote Ω.

When the device is tuned to satisfy Ω � J , the exchange interaction enables us

to implement
√
SWAP gates (see Appendix C.1 for details). Along with single-

qubit Z rotations, they can be used to create CZ gates as proposed by Loss

and DiVincenzo [113]:
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≡

Zπ
2 √

SW
A
P

Zπ √
SW

A
P

Z−π2

On the other hand, in the limit where Ω� J , we can achieve a dipole-dipole like

interaction between the two dots mediated by the exchange interaction, which can

be used to implement S = 1√
2 (I1I2 + iZ1Z2) (see Appendix C.1 for details). Along

with single-qubit Z rotations, they can be used to create CZ gates as proposed

by Meunier et al. [114]:

≡
Zπ

2

S

Zπ
2

Two-qubit gates in silicon QDs based on direct exchange have been demon-

strated [96, 115], whose fidelity has been improved to 98% [116], fast approaching

the fault-tolerant threshold. Mediated exchange using empty [117] or multi-

electron [85] mediator dots has also been demonstrated in GaAs quantum dots. In

our architecture, we use an effective two-electron mediator dot to provide exchange

interactions that can be more readily to switched on and off than with empty

mediator dots due to a lower virtual energy cost, noting also that keeping the

occupancy low leads to higher expected fidelity than the multi-electron mediators

due to the simpler electron environment in the mediators [109].

5.2.4 Realisations of the Ω � J and Ω � J Regimes

As explained above, the RKKY exchange operation produced by the mediator

dot can be utilised to construct the CZ operation either directly via the S gate

when Ω � J , or indirectly via
√
SWAP operations when in the Ω � J regime.

Embedding our device within a uniformly applied external magnetic field enables
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single qubit operations via ESR [87], while also accessing the Ω� J regime through

the natural variation in electron g-factor inherent to the qubit platform [96, 118].

However, single-qubit gates achieved by ESR have relatively slow speed (∼

1 MHz), limited by the magnitude of the oscillating magnetic field. An alternative

method to implement single-qubit gates is EDSR [119], which can be achieved in a

uniform magnetic field [120] by exploiting the spin-orbit coupling in silicon [121,

122]. More commonly, EDSR is achieved using a magnetic field gradient created at

the quantum dot, usually by placing a micromagnet in proximity. In this way, when

the electron is perturbed via an oscillating electric field, it experiences an effective

oscillating magnetic field which drives the spin rotation. EDSR can be more than

an order of magnitude faster (> 10 MHz [91]) than ESR, however, qubits capable

of EDSR driving can be more susceptible to decoherence from charge noise of the

control gates. A balance can be struck between the speed of the single-qubit gates

and qubit decoherence to achieve single-qubit EDSR gates with fidelity of 99.9% [91].

As shown in Section 5.2.2 and further discussed in Section 5.4.1, we do not need

to apply single-qubit gates to our ancillae, and so there is no advantage in furnishing

them with micromagnets. This fact, together with the additional spacing between

qubits afforded by the mediator dots, facilitates the ability to deposit a micromagnet

array such that each data qubit is located in the vicinity of a magnetic field gradient.

This local field gradient observed by the data qubits facilitates EDSR, and also

produces the offset field between data and ancilla qubits attaining the Ω� J regime.

A second regime in which the qubit array can be operated is the Ω� J regime.

In order to achieve this regime, no field gradients due to micromagnets are utilised

and the external magnetic field must be low, such that Ω attributed to the variation

in the electron g-factor is minimal. Given current disorder levels within Si QDs, the

use of an applied field of ∼30 mT (enabling ESR at ∼1 GHz) would yield Ω ∼ J .

To push into the Ω� J regime, the platform could be further engineered for larger

J values, or for the reduction in disorder levels giving rise to variation of electron

g-factors such that they can be mitigated effectively using the Stark shift.
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5.2.5 Charge Reservoirs and Initialisation

Charge reservoirs remain an integral component of modern test-bench quantum

devices as they are used to supply electrons to quantum dots, facilitate traditional

spin-to-charge readout [123] or more recent improved methods [124, 125], as well

as providing a relaxation path for rapid spin initialisation [108]. However, modern

concepts of scaled qubit platforms that exploit CMOS technology typically envisage

larger devices with densely-packed quantum dots, leading to reservoirs being pushed

to the borders of large 1D [97] or 2D [74] arrays. Other architectures have the

capacity for reservoirs to be located in specialised modules where spins could then

be shuttled into arrays through the use of long-distance highways [75]. With the

relative absence of reservoirs in many modern architectures, spin initialisation and

readout relies predominantly on Pauli spin blockade methods, with some schemes

also utilising thermal relaxation as an initialisation method [73].

In the architecture presented here, we strive to maintain the advantages of

having integrated spin reservoirs, without compromising the advantages of CMOS

as a platform capable of realising arrays of densely-packed qubits. This is achieved

through the spatial separation afforded by the larger scale mediator dot between

each data/ancilla dot as seen in Fig. 5.1. With a gate pitch of 30–40 nm [87,

92] in recent 2D planar SiMOS QD designs, and with the possibility of reducing

this through the use of smaller length scales (e.g. more recent CMOS technology

nodes), the indicated 300 nm separation due to the mediator generates enough space

for the integration of the reservoirs as well as the planar fan-out of metallic gate

structures required to define/confine the 2D quantum dot structures. Specifically,

this facilitates the ability to maintain gated connections between the reservoir and

the mediator dot, meaning the tunnel rate can be tuned or made switchable for

either rapid interaction as required during initial population of a qubit array, or

appropriately tuned for slow reset of mediator dots during periods of inactivity.

The smallest energy scale for the mediator system is ∆M ∼ 10 GHz, which

remains ∼ 5× larger than conservative electron temperatures of ∼ 100 mK.

Couplings required for Elzerman readout [123] are ∼ 100 µs in typical CMOS
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systems [87], which is long compared to the CZ execution time, however dispersive

sensing has seen device operation with tunnel couplings on the order of tank circuit

frequencies of 1–10 MHz, which would place the mediator reset, or initialisation

protocols within an appreciable time budget with respect to the error correction

scheme. Since we are attaching the mediators to the reservoirs for the purpose of

charge reset instead of coherent operations such as readout, the tunnel rate between

the mediators and the reservoirs can be made larger than timescales required for

high fidelity single-shot detection via classical electronics.

5.3 Leakage Errors

5.3.1 Background

A leakage error, in which the state of the quantum system escapes out of the

computational subspace, is not corrected by typical quantum error correction

protocols. If left uncorrected, even low-probability leakage errors may accumulate

and eventually corrupt the logical qubits. Wood and Gambetta have presented a

recent overview on leakage error models and how they can be quantified [126]. To

correct leakage errors, we need to first reduce them to errors that fall within the

computational space, which can then be handled by the quantum error correction

scheme. This can be achieved by detecting the leakage errors [127, 128] and replacing

the leaked qubits with fresh qubits, or employing leakage reduction protocols [129–

131] to all qubits without the need of leakage detection. In practice, the sources of,

effects of, and solutions to leakage errors are strongly hardware-dependent.

In our architecture, we use the term qubit dots to refer both to data dots and

ancilla dots in which quantum information resides. Within our computational

subspace, all qubit dots will be in the ground charge configuration. The electrons in

the data single-dots are allowed to have any spin configurations while the electron

pairs in the ancilla double-dots are restricted to the spin-zero subspace. The

wrong spin or charge configuration of the system will leads to spin leakage or

charge leakage errors respectively.
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5.3.2 Robustness against Spin Leakage Errors

Spin leakage error means the spin configuration of the system go out of the

spin subspace that defines the computational subspace, given the right charge

configuration. There is no spin leakage for the data qubits in our case since all of

their spin configurations are within the computational subspace. Hence, the only

spin leakage in our architecture will be the ancilla qubits escaping out of the spin-

zero subspace. Ancilla spin leakage cannot spread to the data qubits via interactions

(since there is no data spin leakage), which means that spin leakage cannot propagate

in our architecture. Furthermore, the spin leakage errors of the ancilla qubits

will be removed in every new round of stabiliser checks when we reinitialise the

ancilla. These properties ensure spin leakage will not lead to spatially or temporally

correlated errors in our architecture, permitting robustness against spin leakage.

Now if we take a look at the stabiliser check circuit in Fig. 5.3, we can see that

before the readout, the stabiliser check process can be viewed as two non-interacting

halves. Within each half, there will be two data qubits interacting with one spin

within the ancilla spin pair in the same way as interacting with a single-spin ancilla

qubit. Hence, before the readout, we can study all the errors on an ancilla qubit

simply by treating each spin within the ancilla spin pair as an individual qubit.

The spin leakage errors of the ancilla qubits can be taken into account in this way

because they can be represented by unitaries applied on the ancilla spin-pair, e.g. X

and Y gates on individual spins are two possible forms of ancilla spin leakage errors

as mentioned in Section 5.2.2. Hence, we can see that the effect of spin leakage

errors on our double-dot ancillae should be similar to the effect of computational

errors in some alternative schemes using two single-dot ancillae.

In the readout stage, we need to consider the errors on both spins together. The

double-dot ancilla singlet-triplet readout may fail when there are non-symmetric

errors occurring on the two spins, compared to the single-dot ancilla X-basis

readout which will fail under any non-X errors.
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5.3.3 Robustness against Charge Leakage Errors

Charge leakage error means the charge configuration of the qubit dots moves away

from the ground charge configuration that our computational subspace resides in.

In our architecture, the electron-electron repulsion energies in the qubit dots are

much higher than any other energy in our system, thus we do not consider the

charge leakage errors due to extra electrons entering the qubit dots. Instead, we

will focus on the charge leakage errors due to electrons escaping out of the qubit

dots. Possible sources of such charge leakage errors include decoherence of charge

eigenstates during exchange interactions [132] (see also Appendix C.6) or electrons

escaping out of the 2D electron gas confinement.

Charge leakage is much more damaging than spin leakage in two ways. First of

all, charge leakage can be transferred from one qubit to another via gate operations,

which will lead to propagation of leakage errors in the qubit array. Secondly, it

cannot be simply removed by reinitialisation of the spin configuration. The missing

charge must be replenished using charge reservoirs, which can be hard to integrate

into a densely-packed quantum dot arrays.

When an electron escapes from a qubit dot in our architecture, it can be restored

via relaxation of electrons in the neighbouring mediator dots into the empty qubit

dot. The time scale of such relaxation is indicated by the T1 time of charge qubits

in semiconductor quantum dots. Wang et al. [133] measured the charge relaxation

time in Si/SiGe double quantum dots, showing strong dependence on the tunnelling

energy between the orbitals and weak dependence on the detuning between the

orbitals. For the tunnelling energy regime that we are interested in (t ∼1 GHz), the

relaxation time was around 10 ns, which is much shorter than the other time scales

in our systems (all the gates in our system operate at µs time scale). Hence, we can

assume that once a charge leakage error occurs, a relaxation process quickly takes

place, in which an electron in one of the adjacent mediator dots hops down to fill

the empty qubit dot, restoring the charge configuration of the qubit dots. Therefore,

even without any active leakage error detection and correction or applications of
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any leakage reduction protocols, our architecture has a useful inherent behaviour

whereby charge deficit transfers from qubit dots to mediator dots.

The relaxation process that restores the charges in the qubit dots can, however,

result in missing/extra charges in the mediator dots, which, uncorrected, would

produce faulty exchange gates. This can be corrected by connecting all the mediators

to the charge reservoirs that are used for the initial population of the quantum dot

array. Since the mediators do not carry any quantum information, such connection

to reservoirs should not introduce qubit errors.

Errors due to unwanted coupling between the charge reservoirs and the qubit

array are minimised by decreasing the tunnelling energy between the reservoir and

the mediators, though this produces a longer reset time for the mediators. As

we will see in Section 5.4, our surface code is partitioned into regions which are

active/inactive at different times during a full cycle. This provides an opportunity

for a given mediator to reset with its nearby reservoir during an idle period, without

adding delay to the error correction processes.

Without the use of mediators, leakage errors occurring in the qubit dots require

leakage correction schemes to be applied. As discussed in Appendix C.4, such

schemes would introduce large qubit/runtime overheads [129, 131], limits on the

choice of data/ancilla qubits [130] and/or require extra components for charge

detection or reset introduced within a potentially dense qubit array. In contrast, in

the architecture we propose here the leakage errors are addressed by the inherent

charge deficit transfer from the qubits to the mediators and resetting the mediators

using charge reservoirs. No additional components are needed since the reservoirs are

also used for qubit initialisation and no additional runtime is introduced since the

mediator resets can be carried out in parallel with other error checking cycles

in the surface code.
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Figure 5.3: The stabiliser check circuit. The Y rotations in the dashed boxes are
only included during X stabiliser checks. The two ancillae are initialised in a singlet state
|S〉, and measured using Pauli spin blockade (singlet/triplet dependent tunnelling within
the ancilla double-dot).

5.4 Surface Code Simulation

5.4.1 Stabiliser Check Circuit

The details about surface code error correction and threshold simulation is outlined

in Section 2.6. Our surface code is implemented by checking the X/Z parities of the

data qubits spanned by each plaquette in Fig. 5.1 using the stabiliser-check circuit

shown in Fig. 5.3. Here the CZ gates must be further decomposed into
√
SWAP

or S as outlined in Section 5.2.3. Besides
√
SWAP or S, we also need single-qubit

Z rotations to construct CZ. Z rotations can be implemented as a combination

of X and Y rotations (which can be slow as noted in Section 5.2.4), or using the

Stark shift whose speed is limited by the detuning range and whose accuracy relies

on careful calibration. Fortunately, in our stabiliser-check circuit, most of the Z

rotations on the data qubits can be implemented in a virtual way by shifting the

phases of all the future single-qubit rotations pulses [134], and the Z rotations on

the ancillae can be omitted since we are performing symmetric operations on the

singlet subspace (see Appendix C.1.4 for details). The only Z rotation that we
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Figure 5.4: Ordering of stabiliser check cycles. Each plaquette is given one of
four colours, such that plaquettes of the same colour share no data qubits between them.
Stabiliser checks of all plaquettes of a given colour are carried out simultaneously, in the
sequence indicated by the arrows.

need to explicitly implement is the Zπ sandwiched by the two
√
SWAPs, applied

to the data qubits. This optimisation to remove single qubit gates substantially

reduces the runtime and depth of the stabiliser-check circuit.

As shown in Fig. 5.3, our circuit applies
√
Y to all data qubits to switch

between X and Z stabiliser checks. Because the ancillae are initialised in singlet

states, the
√
Y operations can be achieved using global ESR operations applied to

all spins (Section 5.2.2), or through local operations applied only to the data

qubits, using EDSR.

5.4.2 Stabiliser Cycle and Error Model

We divide all stabiliser checks into four disjoint partitions, performed in sequence,

as shown in Fig. 5.4. When one of the partitions becomes active, any two different

stabiliser checks within it are separated by at least one inactive plaquette, across

which leakage error cannot propagate. Hence, within each partition, errors (including

leakage errors) of one stabiliser check are independent of that of another stabiliser

check, such that there are no spatial error correlations beyond a given plaquette.

During the stabiliser check of one partition, the mediator reset operation can be

activated in the other partitions (see Section 5.3.3). In this way, leakage errors
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arising during the active cycle of a given partition do not survive to its subsequent

cycle, removing the potential for temporal error correlations. Using this partitioning

and sequence of stabiliser updates, the errors in each stabiliser check should be

Markovian, removing the temporal and spatial correlations in noise that can be

highly damaging to the surface code, and greatly simplifying our error simulation.

Within each stabiliser check, we assume the following error model:

• Two-qubit gates: Charge noise leads to fluctuations in the exchange strength

J , which can lead to the following errors for the two-qubit gates that we are

considering (shown in Appendix C.2):

– S gate has Z1Z2 error with probability p2.

–
√
SWAP gate has SWAP error with probability p2/2.

To allow a simple comparison of the thresholds of the two kinds of two-qubit

gates, we formulate our simulations in terms of a two-qubit gate error rate

p2 equal to that of the S gate. Assuming that S gates take twice the time

required by
√
SWAP, the variance of the exchange phase Jt accumulated due

to fluctuations in S is twice that of
√
SWAP, and thus the error probability

of S is twice of that of
√
SWAP (see Appendix C.1.5).

• Readout: The current state-of-the-art µs-scale readout scheme can achieve

98% fidelity [135], which is the same as the best two-qubit gate fidelity

achieved [116]. Hence, here we will assume the readout error rate can be

improved at the same pace as two-qubit gate error rate so that we have

preadout = p2.

• One-qubit gates and initialisation are assumed to have a common depo-

larising error probability p1. The fidelity of one-qubit gates is typically more

than one order of magnitude better than two-qubit gates [87, 96, 115], thus

we assume p1
p2

= 0.1.
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• Spin Leakage: As mentioned in Section 5.3.2, spin leakage in the ancilla

qubits can be taken into account by considering all the possible errors on

the individual spin within the ancilla spin pairs. Its effect on the measured

parity can also be considered by flipping the parity result whenever there

is asymmetric noise acting on the ancilla spin pairs. Note that is a more

damaging noise model than the rigorous model2, thus should give us a lower

bound on the threshold.

• Charge Leakage: When considering charge leakage errors, we first note that

each stabiliser check can be divided into two non-interacting halves, each with

one ancilla dot interacting with two data dots via two mediator dots as shown

in Fig. 5.1. Within each half of the stabiliser, when a leakage error occurs

and gets restored by the mediators, we will assume the worst-case left-over

computational errors in which we have depolarising errors on the whole half

(on both of the data qubit and the ancilla spin), so that the leakage error

thresholds we derive below can be taken as a lower bound.

Charge leakage errors are most likely to occur during the tuning of potentials,

thus we will assume here the charge leakages will only occur during the CZ

gates in the stabiliser checks. If pleak is the probability that a charge leakage

error occurs during a CZ gate, then needing to perform two CZ gates in each

half of the stabiliser checks means that there is a 2pleak probability that the

whole half of the stabiliser check will get depolarised in each round of error

check.

5.4.3 Threshold Results

First we consider cases without charge leakage errors (pleak = 0). As shown in

Fig. 5.5 (a) and (b), the threshold for p2 is 0.86% using S gates and 0.76% using
√
SWAP. Both are comparable to the threshold 0.75% obtained using simple
2E.g. if the correct state before the readout is the spin-zero triplet state, then even if leakage

errors take our state into other triplet state, our readout result should still be correct even though
a leakage due to asymmetric noise has happened
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Figure 5.5: Surface code two-qubit gate error threshold calculations in the case of no
leakage error (pleak = 0) assuming (a) S gates with error rate p2 or (b)

√
SWAP gates

with error rate p2/2. In all calculations, the error rate of single-qubit gates (p1) and two
qubit gates (p2) is assumed to be fixed

(
p1
p2

= 0.1
)
. d is the code distance of the surface

code.

depolarising noise model [136]. The lower threshold for the architecture using
√
SWAP is primarily due to the additional Zπ needed to construct the CZ gate.

Note that the gate errors here also include the spin leakage errors of the ancillae.

To achieve fault-tolerant quantum computation, our gate error rates need to

be below the gate error thresholds. Suppose we manage to achieve a gate error

rate below these thresholds at p2 = 0.5%, then the level of charge leakage error

we can tolerate with such a gate error rate are indicated by the pleak threshold

in Fig. 5.6 (a) and (b), which are 0.27% with S gates and 0.23% with
√
SWAP.

The charge leakage thresholds we obtained here are on the same order as the gate

error rate we assumed here. The energy barrier of the charge leakage errors is

usually higher than the errors in the spin space. Hence, we will expect the charge

leakage error rate to be much lower than the usual gate error rate and thus below

the charge leakage thresholds we obtained here.

If we can further push down the gate error rate (reducing p2), the charge leakage

error threshold will grow, and in the end be bounded by the limit in the case of no

gate errors (p2 = 0) where the threshold for pleak is 0.66% (see Fig. 5.6 (c)). The

similarity of this pure charge leakage error threshold to that from depolarising noise
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Figure 5.6: Surface code leakage error pleak threshold calculations assuming the use of (a)
S-gates with error probability p2 = 0.5%, (b)

√
SWAP gates with error rate p2/2 = 0.25%,

or (c) perfect gates (p2 = 0). In all calculations, the error rate of single-qubit gates (p1)
and two-qubit gates (p2) is assumed to be fixed

(
p1
p2

= 0.1
)
. d is the code distance of the

surface code.

threshold indicates that in our architecture charge leakage errors can be effectively

reduced to computational errors (i.e. errors within the computational subspace)

via charge relaxation. In other words, even though the resultant computational

errors have strong correlations within a given stabiliser check, charge leakage errors

can be limited to be no more damaging than other conventional gate errors. The

trade-off between the charge leakage threshold and the gate error rates is further

illustrated by additional threshold simulation results in Table 5.1. Overall, this

architecture shows good tolerance towards the computational errors resulting from

charge leakage errors, even with a reasonable amount of gate errors present.
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p2 S-gate
√
SWAP

0% 0.66
0.4% 0.35% 0.31%
0.5% 0.27% 0.23%
0.6% 0.20% 0.14%
0.7% 0.12% 0.05%
0.76% – 0%
0.86% 0% nil

Table 5.1: The charge leakage (pleak) threshold under different gate error rate (p2),
assuming the use of S-gates with error rate p2 or

√
SWAP gates with error rate p2/2.

5.4.4 Decoherence Errors

We denote the characteristic time scale of the exchange interaction TJ = π
J
, that

of a Hadamard gate (
√
Y ) as TH and that of a Z gate as TZ . Using the stabiliser

cycle outlined in Section 5.4.2 and the stabiliser circuit shown in Fig. 5.3, the time

needed for one stabiliser cycle is T cycle
S = 8TJ +2TH assuming the use of S-gates and

T cycle√
SW = 8TJ+8TZ+2TH with

√
SWAP. We have not accounted for the time required

for initialisation and readout of the ancillae and the mediator resets because they can

take place in parallel with other operations of the stabiliser circle. Such operations

only become significant to the rate of the stabiliser check once they become an

order of magnitude slower than the quantum gates, which is not the case in the

range of parameters that we are considering (see Section 5.2.2 and Section 5.2.5).

Using parameters outlined in Section 5.2.3, we expect TJ ∼ 1 µs. Based on

demonstrated electrical tuning of the g-factor, we estimate the duration of Z gates

implemented using Stark shifts to be TZ ∼ 0.25 µs [137], while the time needed for a

Hadamard gate is likely to differ depending on the use of ESR (TH ∼ 1µs) or EDSR

(TH < 0.1µs). We can therefore consider two illustrative cases for the stabiliser cycle

time. In one case, micromagnets are used to enable the use of S-gates and EDSR,

giving T cycle
fast ∼ 8 µs (limited by TJ). In the other limit, the slower ESR gates and

less efficient
√
SWAP are used, giving T cycle

slow ∼ 12 µs (limited by TH , TZ and TJ).

For electron spins in quantum dots in isotopically-enriched silicon, decoherence

times have been reported ranging from T ∗2 = 20 µs and T2,CPMG = 3 ms in systems

with a micromagnet [91] to T ∗2 = 120 µs and T2,CPMG = 28 ms in systems without
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micromagnets [96]. The probability of phase flip error per stabiliser cycle using

Carr-Purcell-Meiboom-Gill (CPMG) decoupling is hence T cycle

2T2
≈ 2×10−4 to 10−3 for

the parameters we considered, well within the per gate error threshold we obtained

in Section 5.4.3. We conclude that the finite decoherence time of spins in silicon

measured in devices to date can be tolerated by our surface code architecture.

5.5 Discussion

We have introduced a surface code architecture implemented using spin qubits in

silicon quantum dots that is robust against spin leakage errors through its use of

single-dot data qubit and robust against charge leakage errors through its use of

multi-electron mediator dots. Our approach efficiently unifies the task of maintaining

a proper charge distribution (essential for any SS quantum device) together with

the task of performing the stabiliser cycles required by the surface code. Charge

leakage from the qubit dots is transferred to the mediator dots via fast charge

relaxation, and removed using charge reservoirs attached to the mediators, reducing

the charge leakage errors to the level of standard computational errors that can be

corrected by the surface code. We find that our stabiliser check cycle removes time

and space correlations in the remaining computational errors, which can be highly

damaging to surface codes. The depth of the stabiliser-check circuit was reduced by

the symmetry of the double-dot ancillae and virtual Z gates. Through simulations,

we find that the surface code threshold for the computational errors arising from

charge leakage errors is 0.66% in the absence of gate errors, showing that its effect

can be limited to that of standard depolarising gate errors. Under a reasonable

gate error rate 0.5% (which includes ancilla spin leakage errors), we obtain a charge

leakage error threshold of 0.23 ∼ 0.27%, showing good tolerance of our architecture

towards charge leakage errors even under gate noise. The fidelity of two-qubit gates

is expected to the principal bottleneck for reaching the fault-tolerant level, and

experimentally demonstrating a high-fidelity mediated exchange interaction using

isotopically enriched silicon will be a key step in validating this architecture.
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Besides adding tolerance towards leakage errors, the elongated mediator dots in

our structure also relax the density of the qubit dots, offering more space in-plane

for the essential measuring devices, charge reservoirs and classical control lines,

and facilitating fabrication using (e.g.) CMOS technology [73]. The extra space

provided by the mediators and the unique properties of the double-dot ancilla

enable more convenient integration of micromagnets which can increase the speed

of both the single qubit rotations and stabliser check cycle.

We find that gate mechanisms and energy scales that have already been

experimentally reported will suffice to realise a stabiliser cycle time approaching the

MHz domain, and that this speed is sufficient to suppress environmental decoherence.

This is not a fundamental limit to the operation speed of such a device, however, it

makes use of a mediated exchange interaction, which is inherently slower than direct

exchange. To push the speed further, data or ancilla spins could be shuttled onto

the mediators for direct exchange with a neighbouring ancilla/data spins, and such

exchange gates between a single-electron dot and a multi-electron dot have been

demonstrated [85, 138]. Shuttling in combination with micromagnet-induced field

gradients may introduce significant dephasing noise which may be challenging to

correct (e.g. using calibration and single-qubit rotations). As in many approaches,

there is a trade-off between speed and error rate to be carefully considered.

A second factor in the speed of the processor operation is charge relaxation, which

we have assumed to be fast compared to the gates. If this were not the case charge

leakage errors would not be rapidly transferred from the qubit dots to the mediators,

and empty qubit dots may remain after a stabiliser cycle, leading to a non-trivial

errors of a non-Markovian nature. Nevertheless, we would expect the charge leakage

process and the relaxation restoring force to reach some equilibrium, leaving the

proportion of the empty qubit dots in the surface code fixed. Further work could

study the non-Markovian effects of the empty qubit dots, and the equilibrium value

of the leaked qubit fractions under different charge leakage and relaxation models.

In cases where charge relaxation time was non-negligible, existing leakage correction

protocols like active leakage detection and correction, or leakage reduction units
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could be adopted. Indeed, combining active methods with inherent robustness to

leakage errors may be advantageous, especially if the native leakage rate is high.

Features from other silicon quantum computing architectures like shared control

lines [73, 75] and modularity [76] could also be adopted into our structure, if

challenges around the inhomogeneity of quantum dots and shuttling noise can be

minimised. Conversely, the introduction of additional quantum dots and electrons

into a system to create accessible metastable charge states could be adopted in

other approaches to offer robustness against charge leakage errors.
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6.1 Introduction

While many fault-tolerant algorithms are proven to offer up to exponential speed-

up over their classical counterparts, their implementations remain a long term

goal due to the large qubit overhead required for quantum error correction. With

the recent rapid progress of quantum computer hardware in terms of both qubit

quantity and quality, culminating with the “quantum supremacy” experiment [8],

84
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one must wonder is it possible for us to perform classically intractable computations

on such Noisy Intermediate-Scale Quantum (NISQ) hardware without quantum

error correction [47]. However, even with the state-of-the-art gate error rates, the

circuits that can perform classically intractable and practically useful tasks are

still very noisy due to their large size. To obtain meaningful results from such a

noisy circuit, it is essential to employ quantum error mitigation (QEM), which

relies on making extra measurements, as opposed to employing extra qubits in

the case of quantum error correction, to estimate the noise-free expectation values

from the noisy measurement results.

In this chapter, we will use M to denote the number of possible error locations

in the circuit, which is usually the number of gates in the circuit. These error

locations might experience different noise with different error rates. The expected

number of errors occurring in each circuit run will be called the mean circuit error

count and denoted as µ. We will define the NISQ limit as the limit with large

circuit sizes and mean circuit error counts around unity:

M � 1

µ ∼ 1.
(6.1)

This is also called the Poisson limit since using Le Cam’s theorem, the number

of errors occurring in each circuit run will follow the Poisson distribution – i.e.

the probability that l errors occur will be:

Pl = e−µ
µl

l! . (6.2)

To reduce the damage caused by these errors, here we will begin by introducing

three of the most well-studied quantum error mitigation techniques: symmetry

verification, quasi-probability and error extrapolation.

6.2 Symmetry Verification

6.2.1 Background

Suppose we want to perform a state preparation and we know that the correct state

must follow a certain symmetry S, i.e. we expect our end state to be the eigenstate
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of S with the correct eigenvalue s (or within a set of eigenvalues {s}). In such a

case, we can perform S measurement on our output state and discard the circuit

runs that produce states that violate our symmetry. This was first proposed and

studied by McArdle et al. [65] and Bonet-Monroig et al. [64]. Discarding erroneous

circuit runs results in an effective density matrix that is the original density matrix

ρ projected into the S = s subspace via the projection operator Πs:

ρs = ΠsρΠs

Tr(ΠsρΠs)
= ΠsρΠs

Tr(Πsρ) .

Here we have used ΠsΠs = Πs.

Now let us suppose we want to measure an observable O, which commutes with

our symmetry S. Thus they can both be measured in the same run and we will

discard the measurement results in the runs that failed the symmetry verification.

The symmetry-verified expectation value of the observable O is then:

〈OS〉 = Tr(Oρs) = Tr(OΠsρ)
Tr(Πsρ) ≡

〈OΠs〉
〈Πs〉

(6.3)

in which we have used [S,O] = 0 ⇒ [Πs, O] = 0. Note that Πs takes the value

1 if the symmetry verification is passed and 0 otherwise, hence 〈Πs〉 = Tr(Πsρ)

is just the fraction of circuit runs that fulfil the symmetry condition, denoted as

PS. Recall that ρs is the effective density matrix of the non-discarded runs, which

as mentioned is a PS fraction of the total number of runs. Therefore to obtain

statistics from ρs, we need a factor of

CS = 1
Tr(Πsρ) = 1

PS
(6.4)

more circuit runs than obtaining directly from ρ.

In the method discussed above, OΠs is usually obtained through measuring

O and S in the same run. However, sometimes this cannot be done due to, for

example, inability to perform non-demolishing measurements. In such a case we

need to break OΠs into its Pauli basis [64] and reconstruct it via post-processing,

this is discussed in Appendix E.1. In this thesis, we will mainly be focusing on

direct symmetry verification instead of post-processing verification, but most of the

arguments are valid for both methods besides discussions about costs.
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6.2.2 Detectable Errors

We want to produce the state |ψf〉 which is known to fall within the S = s

symmetry subspace:

S |ψf〉 = s |ψf〉 .

To produce the state, we usually start with a state |ψ0〉 that follows the same sym-

metry and uses a circuit U that consists of components that conserve the symmetry:

|ψf〉 = U |ψ0〉 , S |ψ0〉 = s |ψ0〉 , [U, S] = 0.

Suppose that some error E occurs during the circuit in between the symmetry-

preserving components and it satisfies

ΠsE = EΠs′ (6.5)

in which s, s′ are some eigenvalues of the symmetry operator S. We then have:

ΠsEΠs = EΠs′Πs =

EΠs s = s′

0 s 6= s′
(6.6)

ΠsEΠs = EΠs means that E is a transformation within the S = s subspace, hence

E is undetectable by the symmetry verification using S. ΠsEΠs = 0 means that E

contains no components that map states in the S = s subspace back into the same

subspace, hence E is (completely) detectable by the symmetry verification using S. A

general error will be a combination of detectable and undetectable error components.

In this thesis, we will be focusing on Pauli errors and Pauli symmetries, for

which Eq. (6.6) is reduced to:

[S,E] = 0⇒ s = s′ E is undetectable

{S,E} = 0⇒ s = −s′ E is detectable.
(6.7)

6.2.3 NISQ Limit

If we assume that every local error channel in the circuit can be approximated as

the composition of an undetectable error channel and a detectable error channel,
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then symmetry verification will have no effects on the undetectable error channels

and we can focus only on the detectable error channels. Alternatively, as we will

see later in Section 6.3.3, we can use quasi-probability to remove all the local

undetectable errors in the circuit, leaving us with only detectable error channels.

The expected number of detectable errors occurring in each circuit run is denoted

as µd. Taking the NISQ limit and using Eq. (6.1), the probability that l detectable

errors occur in the circuit is:

Pl = e−µd
µld
l! .

Using Eq. (6.7), an odd number of detectable errors will anti-commute with the

symmetry and get detected while an even number of detectable errors will commute

with the symmetry and pass the verification. Therefore, the fraction of circuit runs

that pass the verification of one Pauli symmetry is thus:

PS =
∑
even l

Pl = e−µd cosh(µd) = 1 + e−2µd

2 . (6.8)

Note that this is lower-bounded by 1
2 , i.e. at least half of the circuit runs will pass

the symmetry verification of one Pauli symmetry in the presence of local Pauli noise.

Hence, using Eq. (6.4), the cost of implementing symmetry verification for

one Pauli symmetry is:

CS,µd = 1
PS

= 1
e−µd cosh(µd)

= 2
1 + e−2µd

(6.9)

which is upper-bounded by 2.

After symmetry verification, the fraction of circuit runs that still have errors in-

side is:

Pcirc = PS − P0 = 1
2
(
1− e−µd

)2
(6.10)

and the mean circuit error count of the symmetry-verified circuit runs is:

µS =
∑
even l

Pl
PS
l = µd

PS

(∑
odd l

Pl

)
= µd(1− PS)

PS
= µd tanh(µd). (6.11)
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6.3 Quasi-probability

6.3.1 Background

To describe the quasi-probability method, we will make use of the Pauli transfer

matrix (PTM) formalism described in 2.1.3. The quasi-probability method was

first introduced by Temme et.al. [49], and the implementation details were later

studied by Endo et.al. [50]. Let us suppose we are trying to perform the operation

U , but in practice we can only implement its noisy version

Uε = EU .

In addition to Uε, we can also implement a set of basis operation {Bn}. We can

decompose the ideal operation U that we want to implement into a set of gates

{BnUε} that we can implement:

U =
∑
n

qnBnUε ⇒ E−1 =
∑
n

qnBn.

In this way, we are essentially trying to simulate the behaviour of the inverse noise

channel E−1 using the set of basis operations {Bn}, which can undo the noise E .

If we have a state |ρ〉〉 passing through the circuit U and we perform measurement

O, then the observable we obtain during the experiment will be:

〈O〉 = 〈〈O|U|ρ〉〉 =
∑
n

qn〈〈O|BnUε|ρ〉〉

= Q
∑
n

sn
|qn|
Q
〈〈O|BnUε|ρ〉〉.

in which Q = ∑
n |qn| and sn = sgn(qn). This is implemented by sampling from

the set of basis operations {Bn} with the probability distribution { |qn|
Q
}. We will

weight each measurement outcome by the sign factor sn and rescale the final

expectation value by the factor Q.

Now if we break down our computation into many components U = ∏M
m=1 Um,

with noise associated with each component, then the observable that we want

to measure is:

〈O〉 = 〈〈O|
M∏
m=1
Um|ρ〉〉,



6. Introducing Quantum Error Mitigation 90

but in reality we can only implement the noisy version:

〈Oε〉 = 〈〈O|
M∏
m=1
EmUm|ρ〉〉.

Each noise element can be removed by simulating the inverse channels using the

set of basis operations {Bn}:

E−1
m =

∑
n

qmnBn = Rm

∑
n

smn
|qmn|
Rm

Bn

with Rm = ∑
n |qmn|.

Hence, we can get back the noiseless observable using

〈O〉 = 〈〈O|
M∏
m=1

(∑
nm

qmnmBnm
)
EmUm|ρ〉〉

= Q
∑
~n

s~n
|q~n|
Q
〈〈O|

M∏
m=1
BnmEmUm|ρ〉〉

in which we have used ~n to denote the set of number {n1, n2, · · · , nM} and we have

defined q~n = ∏M
m=1 qmnm , s~n = ∏M

m=1 smnm = sgn(q~n) and

Q =
M∏
m=1

Rm =
M∏
m=1

∑
nm

|qmnm|. (6.12)

To implement this, we simply sample the set of basis operations {Bn1 ,Bn2 , · · · ,BnM}

that we want to implement with the probability |q~n|/Q and weight each measurement

outcome by a sign factor s~n = sgn(q~n), so that the outcome we get is an effective Pauli

observable OQ. And the error-free observable expectation value can be obtained via:

〈O〉 = Q 〈OQ〉 . (6.13)

Hence, to estimate 〈O〉 by sampling OQ, we need CQ times more samples than

sampling O directly, where the sampling cost factor CQ is:

CQ = Q2 =
(

M∏
m=1

∑
nm

|qmnm |
)2

. (6.14)
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6.3.2 Application to Pauli Errors

Pauli errors can be inverted using quasi-probability by employing Pauli gates as

the basis operations. Any Pauli channel can be written in the form:

Gpε = (1− pε)I + pε
∑

G∈G−I
αGG (6.15)

with ∑G αG = 1. We use pε to denote the total probability of all the non-identity

components. This channel can be approximately inverted using the quasi-probability

channel G−pε since:

G−pεGpε ≈ I +O(p2
ε).

Hence, to the first order approximation, the cost of inverting Gpε will be the cost

of implementing G−pε , which using Eq. (6.14) is

CQ1,0 ≈ (1 + 2pε)2 ≈ 1 + 4pε. (6.16)

Here we have only discussed approximately inverting a Pauli channel because

the exact inverse channel can be hard to express in a compact analytical form.

However, it can be obtained numerically by first obtaining the Pauli transfer matrix

of the noise channel and then performing matrix inversion.

6.3.3 Error Channel Transformation

Instead of removing the error channel completely, quasi-probability can also be

used to transform the nature of an error channel. In the case of Pauli channels,

suppose we want to transform a channel of the form in Eq. (6.15) to

Fqε = (1− qε)I + qε
∑

G∈G−I
βGG,

we can approximately achieve this transformation up to first order in qε and pε

by applying the quasi-probability channel:

R = (1 + (pε − qε))I −
∑

G∈G−I
(pεαG − qεβG)G .
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This will incur the implementation cost:

CQ1,q =
|1 + (pε − qε)|+

∑
G∈G−I

|pεαG − qεβG|

2

.

In the limit of small pε and qε, we have:

CQ1,q ≈ 1 + 2 (pε − qε) + 2
∑

G∈G−I
|pεαG − qεβG|

= 1 + 4
∑

G∈G−I,
pεαG>qεβG

(pεαG − qεβG) .

In the last step we have used ∑G (pεαG − qεβG) = pε− qε from
∑
G αG = ∑

G βG = 1.

If we are suppressing all error components evenly, or if we are simply removing

certain error components, we will have pεαG ≥ qεβG ∀G ∈ G− I. In this case, the

cost of implementing the transformation using quasi-probability will simply be:

CQ1,q ≈ 1 + 4 (pε − qε) . (6.17)

6.3.4 NISQ Limit

In Eq. (6.17) we have only been focusing on applying quasi-probability to one error

channel. Assuming there are M such channels in the circuit, then using Eq. (6.17)

and taking the NISQ limit (Eq. (6.1)), the sampling cost factor of transforming

all M error channels with error probability pε into new error channels with error

probability qε ≤ pε using quasi-probability is:

CQ,Mq = CM
Q1,q ≈ lim

M→∞
(1 + 4 (pε − qε))M = e4M(pε−qε). (6.18)

At qε = 0, we will obtain the sampling cost of removing all the noise using

quasi-probability:

CQ,0 ≈ e4Mpε . (6.19)

Remember that we are focusing on Pauli errors and pε is defined to be the

total probability of all non-identity components. This is not equivalent to the

error probability p because sometimes there are some identity components in our

definition of error probability such as the group errors that we will discuss in
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Section 8.2. Similar to the definition of pε, we can denote the expected number of

non-identity errors in each circuit run as µε. In the above cases, we have µε = Mpε

and similarly we can define νε = Mqε. In the cases where different noise locations

experience different noise, using Le Cam’s theorem with negative probabilities and

focusing on the zero-occurrence case, we can generalise Eq. (6.18) to:

CQ,ν = e4(µε−νε). (6.20)

6.4 Error Extrapolation

6.4.1 Background

The idea of error extrapolation was first introduced by Li et al. [48] and Temme et

al. [49], and was later successfully realised experimentally using superconduct-

ing qubits [51].

For a circuit with the expected number of errors µ, the noise will transform

our observable O into a noisy observable Oµ. To the first order approximation, the

noisy expectation value 〈Oµ〉 will be a linear function in µ for small µ. Suppose

that we run the circuit repeatedly at the minimal error rate µ to obtain 〈Oµ〉, and

then we boost the error rate by a factor of λ and perform a further set of runs

to obtain 〈Oλµ〉. Then an estimate of the error-free observable expectation value,

denoted as 〈O0〉, can be obtained via linear extrapolation [48, 49]:

〈O0〉 = λ 〈Oµ〉 − 〈Oλµ〉
λ− 1 . (6.21)

We will use Oµ, Oλµ to denote the sample averages we obtain in the experiment.

The sample estimate of 〈O0〉, denoted as O0, can be obtained using Eq. (6.21)

with the sample averages in place of the expectation values. Assuming Var [Oµ] ≈

Var [Oλµ] ≈ Var [O], following arguments in Appendix E.6.1, the sampling cost

factor of two-point extrapolation is given by

CE = 2
(∂O0

∂Oµ

)2

+
(
∂O0

∂Oλµ

)2 . (6.22)
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The factor of 2 is due to the fact that we need to sample both Oµ and Oλµ. Using

Eq. (6.21) and Eq. (6.22), the cost factor for two-point linear extrapolation is:

CE = 2 λ2 + 1
(λ− 1)2 .

At λ = 2, we have CE = 10.

Do note that for the above arguments to hold, we must not change the form of

the error channel while we try to increase the noise strength. One way to do this

is to increase the pulse length of the quantum gates [48, 49]. We can also boost

the noise strength by inserting additional gates that will cancel each other out or

injecting classical noise into the control parameter of parametrised gates [139].

To improve upon our estimate, we can probe at more error rates and/or

extrapolate with a higher-degree polynomial using Richardson extrapolation [49]

or other curve fitting algorithms.

6.4.2 NISQ Limit

Using L to denote the set of locations that the errors have occurred, when l

errors have occurred in the circuit, our observable O will be transformed to a

noisy observable O|L|=l. Recall that in the NISQ limit, the probability that l errors

happen (denoted as Pl) will follow the Poisson distribution (Eq. (6.2)). Therefore, the

expectation value of the observable O at a given mean circuit error count µ is then:

〈Oµ〉 =
∞∑
l=0

Pl
〈
O|L|=l

〉
= e−µ

∞∑
l=0

µl

l!
〈
O|L|=l

〉
. (6.23)

Hence, how 〈Oµ〉 changes with µ is entirely determined by how
〈
O|L|=l

〉
changes with

l. When we try to fit a nth degree polynomial of µ to 〈Oµ〉, for example performing a

linear extrapolation [48, 49], we are essentially assuming that
〈
O|L|=l

〉
is a nth degree

polynomial of l using the expressions of the moments of the Poisson distribution.

At l = 0, we have the error-free result 〈O〉:

〈
O|L|=0

〉
= 〈O〉 .
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At large error number l, in the case of stochastic errors, the circuit will move closer

to a random circuit. Hence, for a Pauli observable O we will expect:

lim
l→∞

〈
O|L|=l

〉
= 0.

A generic polynomial of l will not satisfy the above boundary conditions. Hence, to

align with the above boundary conditions, we can instead assume an exponential

decay of
〈
O|L|=l

〉
as l increase:

〈
O|L|=l

〉
= 〈O〉 (1− γ)l

in which γ is the observable decay rate that satisfies 0 ≤ γ ≤ 1. More rigorous

arguments about why such an assumption should hold will be discussed in Chapter 8.

This will lead to an exponential function in µ:

〈Oµ〉 = 〈O〉 e−µ
∞∑
l=0

(µ(1− γ))l

l!
= 〈O〉 e−γµ, (6.24)

which is just the exponential extrapolation curve that was first introduced in Ref. [50].

Exponential extrapolation has been shown to outperform linear extrapolation in

numerical simulations Refs. [50, 139].

A two-point exponential extrapolation can be performed using the equation:

〈O0〉 =
(
〈Oµ〉λ

〈Oλµ〉

) 1
λ−1

. (6.25)

Using Eq. (6.22), the cost of two-point exponential extrapolation can be shown

to be (details in Appendix E.6.2):

CE ≈ 2λ
2e2γµ + e2λγµ

(λ− 1)2 . (6.26)

This concludes our introduction to quantum error mitigation. The notations

we introduced and the results we derived will be used extensively in the fol-

lowing chapters.
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7.1 Introduction

As discussed in the last chapter, with the rapid advance of quantum hardware, we

are moving towards practical NISQ applications with the help of error mitigation.

One of the most promising candidates for NISQ applications is the variational

quantum eigensolver (VQE) due to its shallow depth. In VQE, we aim to use a

parametrised quantum circuit to prepare the eigenstate (usually the ground state)

of a given Hamiltonian. The task is carried out through measuring observables

using the quantum circuit and optimising the parameters using a classical computer.

As we will see later, one of the lowest hanging fruits in this area is the preparation

of the ground state of the strongly interacting Fermi-Hubbard model. Therefore

in this chapter, I will perform resource estimation for the Fermi-Hubbard VQE

taking into account of error mitigation.

A large number of circuit runs are needed to run VQE [141]. Luckily, the task

is highly parallelisable and thus can be distributed to many quantum processors.

Both silicon spin qubits and superconducting qubits are good candidates for such a

task due to their compatibility with the commercial fabrication technology [73, 142],

which should reduce the cost and enhance the reliability of reproducing multiple

quantum processors for the same task. Furthermore, we presently explain that the

ansatz circuit of the Hubbard model that we are interested in can be naturally

broken into the native gates of both silicon spin qubits and superconducting qubits.

In this chapter, we will first use silicon spin qubits as our example platform to

carry out our gate count and runtime analysis and then we will apply the same

analysis to the superconducting qubits.

The chapter is structured as follows, we begin by introducing the concept of

VQE and why we choose to simulate the Hubbard model in Section 7.2. Then we

will outline the ansatz circuit we use and its gate counts for the silicon platform in

Section 7.3. To deal with the noise in the circuit, we will apply error mitigation to our

example circuit in Section 7.4. Following that, in Section 7.5 we will introduce more

details about our implementation and the estimated algorithm runtime on the silicon
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platform. In Section 7.6, we will apply the same analysis to the superconducting

platform. This is followed by our conclusion in Section 7.7.

7.2 Variational Quantum Eigensolver

7.2.1 Background

For a given Hamiltonian H, we want to find a circuit that can prepare its ground

state |ψ0〉 with the associated ground state energy E0. We try to achieve this with

a circuit with tunable gates that have M parameters ~θ = {θ1, θ2, · · · , θM} that

we can control, which will produce an output state
∣∣∣ψ(~θ)

〉
. In VQE, our goal is

to obtain the set of optimal parameters ~θop such that the state prepared by the

circuit can well approximate the ground state we want
∣∣∣ψ(~θop)

〉
≈ |ψ0〉. Then

we can measure various properties of the ground state using
∣∣∣ψ(~θop)

〉
. Refs [143]

and [144] provide a comprehensive overview on variational algorithms and more

generally the field of quantum computational chemistry.

7.2.2 Choosing the Simulation Problem and the Ansatz

The parametrised circuit in VQE is called an ansatz circuit, or simply ansatz for

short. It determines the quantum subspace that our output state can reach, hence

it is the key to the success of our algorithm. An example of a simple ansatz is

called the hardware-efficient ansatz (HEA) [145], which just uses gates available

to the physical qubit systems to create many entangling blocks along the circuit.

However, it is difficult to obtain an analytical or even a heuristic estimate of the

number of gates required in an HEA for the success of our algorithm. A better

approach will be using an ansatz inspired by the problem itself. For example,

the unitary-coupled-cluster ansatz (UCCA) for quantum chemistry [146], the low

depth circuit ansatz (LDCA) [147] and the Hamiltonian ansatz (HA) [141] for more

general simulations of closed quantum systems.

The number of gates needed by HA scales as O(NblkR) where R is the number of

subterms in the Hamiltonian of our simulation and Nblk is the number of repeating

blocks within the ansatz. For a general electronic structure Hamiltonian (which
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applies to most chemistry Hamiltonians), we have R ∼ O(N4) due to the terms

accounting for electron-electron interactions [141]. For periodic systems, the added

structure allows us to transform our basis orbitals to achieve R ∼ O(N2) [148].

One of the systems that has the most favourable scaling while maintaining great

physical interest is the 2D Hubbard model, in which by restricting to only on-site

interactions and nearest-neighbour hopping, we can achieve R ∼ O(N). Using HA

to simulate the Hubbard model, the gates we apply are dependent on the qubit

encoding we use. Using the Jordan-Wigner encoding, some of the gates will be

non-local, which can be overcome by using O(N 1
2 ) additional gates [149]. Other

encodings like Verstraete-Cirac encoding [150] or superfast encoding [151] will ensure

locality, but require at least doubling the number of qubits. Since we are focusing

on near-term devices in which qubit resources can be limited, we will only consider

the Jordan-Wigner encoding in this chapter. In such case, the number of gates

needed to simulate the 2D Hubbard Model using HA scales as Ngates ∼ O(NblkN
3
2 ).

This is a factor of N 1
2 better than LDCA assuming the same number of blocks

Nblk in both ansatze. To achieve results of sufficient precision, we likely need to go

up to double excitation for UCCA, which means a gate scaling of Ngates ∼ O(N5)

(assuming Jordan-Wigner encoding, see Ref. [144]). To achieve a similar precision,

Nblk for HA is likely to scale better than O(N 7
2 ) based on the previous Hubbard

model numerical simulation results [141, 152, 153], thus HA should have a scaling

advantage over UCCA in simulating the Hubbard model.

Hence, in the rest of this chapter, we will be focusing on the ground state

preparation of the Hubbard model using Hamiltonian Ansatz (HA) under the

Jordan-Wigner encoding.

Note that for the NISQ regime that we are interested in, the constants we ignored

in the above scaling analysis can make a very significant difference. Thus there

might be cases that a different ansatz implementation that are more practical than

the one we are going to consider when we dig into the exact implementation details.
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7.3 Ansatz Circuit

7.3.1 2D Fermi-Hubbard Model

The Hamiltonian of the 2D Fermi-Hubbard model is:

H = −t
∑

σ,〈v,w〉

(
a†v,σaw,σ + a†w,σav,σ

)
+ U

∑
v

nv,↑nv,↓

where a†v,σ/av,σ are the creation/annihilation operators of site v with spin σ. The

first term represents the nearest neighbour hopping interactions, with t being

the tunnelling energy and 〈v, w〉 representing summing up sites v and w that are

adjacent to each other in a 2D geometry. The second term is the on-site repulsion

energy. There are two spin orbitals to each site, hence the total number of orbitals

(N) needed is twice the number of sites (V ).

Extracting the ground state properties of the Hubbard model in the parameter

regime of intermediate-coupling (e.g. U
t
≈ 4→ 8) at close to half-filling is believed

to be relevant to the understanding of high-Tc cuprate superconductors [154, 155].

If we look at the 5 × 5 Hubbard model, which means V = 25 and N = 50, the

dimension of the Hilbert space will reach 250, and thus can not be solved via classical

exact diagonalisation. There are various numerical approximation methods available,

however at the intermediate-coupling near-half-filled regime for the Hubbard model,

there is no theoretical guarantee that these methods will converge at the correct

results and numerically the results from these methods were shown to have large

uncertainties in this parameter regime [154]. Hence, in this chapter, we will turn

to quantum algorithm instead to solve for the ground state of the 5× 5 Hubbard

model in this classically challenging parameter regime. For simplicity we will be

considering the half-filling case, i.e. for V sites we have V electrons, but most of

our arguments can be generalised to any number of electrons, and the resultant

resource estimate will be similar for all near-half-filling cases.

The Fermion-to-qubit mapping that we will employ in this chapter is the

Jordan-Wigner encoding, in which the number of qubits required is equal to the
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number of orbitals N . In the Jordan-Wigner encoding, the Fermionic creation

and annihilation operators become:

a†i 7→ Z:iA
†
i , ai 7→ Z:iAi

where i denotes the index of the canonical ordering of the orbitals (including both

spins and sites). A = |0〉 〈1| = X+iY
2 is the qubit lowering operator and A† is

the qubit raising operator. Z:i = ∏i−1
j=1 Zj is the Z operator string that maintains

the Fermionic commutation relationship.

The on-site repulsion term and the hopping term of the Hubbard Hamilto-

nian thus becomes:

ninj = a†iaia
†
jaj 7→

1
4(I − Zi)(I − Zj)

a†iaj + a†jai 7→
1
2 (XiXj + YiYj)Zi:j

(7.1)

where we have without loss of generality assumed j > i and defined Zi:j = ∏j−1
k=i+1 Zk.

7.3.2 Hamiltonian Ansatz

The Hamiltonian ansatz was proposed by Wecker et al. [141]. Its circuit is essentially

a Trotterised variational annealing path, which is inspired by both adiabatic state

preparation and the quantum approximate optimisation algorithm [156, 157].

For a Hamiltonian of the form:

H =
∑
i

λihi

where hi are different interaction terms, a block of the Hamiltonian ansatz is just:

∏
i

e−iθihi

i.e. we implement a parametrised unitary gate corresponding to every interaction

term. We will implement Nblk of such blocks in sequence with different sets of

parameters. The Hamiltonian ansatz, though inspired by Trotterised annealing,

is not equivalent to Trotterisation. Thus a Hamiltonian ansatz using higher-order

Trotterisation does not necessarily have lower algorithmic errors than a Hamiltonian
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ansatz using lower-order Trotterisation. In NISQ devices, we might want to avoid

using higher-order Trotterisation in the Hamiltonian ansatz due to higher gate

counts and deeper circuits. Hence, here we have used the first-order Trotter formula

for the Hamiltonian ansatz.

From Eq. (7.1), we see that the gates corresponding to the repulsion terms are all

local, while the gates that correspond to hopping will only be local if the two orbitals

involved are close to each other in the canonical ordering due to the trailing Z string.

Figure 7.1: The black arrows denote the canonical order of the orbitals of different sites
for a 5× 5 Hubbard model. Here the ordering is in a snake-fold pattern running along the
horizontal direction. The red/blue curly lines denote the even/odd hopping interaction.

Now if we choose a canonical ordering such that the two spin orbitals of the same

site are always adjacent to each other, while the orbitals of different sites are ordered

in a folding pattern running along the horizontal direction as shown in Fig. 7.1, then

all the horizontal hopping terms will be local while some of the vertical hopping terms

will not be. The non-local vertical hopping can be made local by using additional

Fermionic swap (fSWAP) gates to swap the canonical order of the orbitals [158]:

f i,i+1
swap 7→

1
2 [(XiXi+1 + YiYi+1) + Zi + Zi+1] .

Kivlichan et al. [149] outline a way to implement a block of the Hamiltonian

ansatz for the open boundary 2D Hubbard model using only local gates with

O(N 1
2 ) depth using a Fermionic swap network. The exact structure of this ansatz

is recapped in Appendix D.1.1. In Appendix D.1, we have decomposed the gates
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corresponding to the repulsion terms, the hopping terms and the Fermionic swap

into the native gates of silicon spin qubits, and found that we only need single-qubit

Z rotation and partial swaps. Then we applied the gate decompositions to the

Hamiltonian ansatz, optimised the circuit using the qubit exchange symmetry of the

gates, and obtained the number of single-qubit gates and two-qubit gates needed

for one block of Hamiltonian ansatz for V sites to be:

N1q,ha = 4V 3
2 + 7V − 4

√
V

N2q,ha = 8V 3
2 + V − 4

√
V .

For V = 25, we have

N1q,ha ≈ 650, N2q,ha ≈ 1000.

7.3.3 Full Ansatz Circuit

To produce a good approximation to the Hubbard ground state, we need a good

starting state for the Hamiltonian ansatz. In the context of adiabatic evolution, a

good starting state should be in the same phase as the output state as discussed

by Wecker et al. [155]. Since the Hamiltonian ansatz evolves out of adiabatic

evolution, we should expect a similar result to hold. The starting state we use

should be a single Slater determinant, which can be solved classically and can

be efficiently prepared using a quantum circuit [149, 159], e.g. the ground state

of the non-interacting Hubbard Hamiltonian (i.e. U = 0). In Appendix D.2 we

have recapped the details about the Slater determinant preparation circuit using

Givens rotation. We decomposed the Givens rotation into the native gates of

silicon spin qubits and again found that we only need Z rotation and partial swaps.

Then we applied the gate decompositions to the Slater determinant preparation

circuit, optimised the circuit and obtained the number of single-qubit gates and

two-qubit gates needed for V sites to be:

N1q,prep = 2V 2, N2q,prep = 2V 2.
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When the two spin subspaces of the starting state are decoupled (e.g. the non-

interacting Hubbard ground state), we can prepare the Slater determinant separately

in the two spin subspaces, which is also discussed in Appendix D.2. In this case, we

need to start in a orbital ordering in which the spin-up and spin-down are separated,

and end in a orbital ordering in which the spin-up and spin-down are interleaved for

inputting into the Hamiltonian ansatz. We found that the saving in gate counts is

limited due to the need to rearrange the orbital ordering while the runtime needed

is longer. Hence, here we will stick with the simple Slater determinant preparation

scheme in which we do not consider the two spin subspaces separately.

The total number of gates needed for the whole ansatz circuit on the silicon-

spin-qubit platform is:

N1q = 2V 2︸︷︷︸
N1q,prep

+
(
4V 3

2 + 7V − 4
√
V
)

︸ ︷︷ ︸
N1q,ha

Nblk

N2q = 2V 2︸︷︷︸
N2q,prep

+
(
8V 3

2 + V − 4
√
V
)

︸ ︷︷ ︸
N2q,ha

Nblk.

Hence, if Nblk scales better than O(
√
V ), then the Slater determinant preparation

will dominate the gate count at large V , otherwise the Hamiltonian ansatz will

dominate the gate count at large V . In the previous simulation of the Hubbard

model in a ladder grid structure with periodic boundaries [141], Nblk scales super-

linear to V , while Ref [152, 153] also shows similar results for the open-boundary

Hubbard model. Hence, we will expect the gate cost due to the Slater determinant

preparation part of the circuit to be negligible at large V .

If we take the optimistic assumption of Nblk ∼ V , then the number of gates

needed in the ansatz circuit for V = 25 on the silicon-spin-qubit platform will be:

N1q ≈ 17000, N2q ≈ 26000. (7.2)

Across all major qubit platforms, the error rate of the single-qubit gates is generally

much lower than that of the two-qubit gates. If we assume an optimistic two-qubit



7. Resource Estimation for Quantum Variational Simulations of the Fermi-Hubbard
Model 105

gate error rate of around 10−4 and a negligible single-qubit gate error rate, we

can achieve the mean circuit error count:

µ = 26000× 10−4 ∼ 2.5, (7.3)

which is still of the order of unity. Hence, to obtain a meaningful result out of

our noisy circuit, we must apply error mitigation.

7.4 Error Mitigation

VQE is inherently robust against local systematic errors since they can be off-

set by shifts in the variational parameters [160], which was observed in exper-

iments [161]. For the other error components, we can further mitigate them

via symmetry verification.

7.4.1 Symmetry Verification in Hubbard Model Simulation

The basic ideas of symmetry verification have been introduced in Section 6.2. In the

case of the preparing the Hubbard model ground state, we can verify the electron

number parity symmetry of the output state:

Sσ =
∏
i

(1− 2ni) .

Here ni is the number operator of the ith orbital. In the Jordan-Wigner encoding,

it simply maps to the product of all Z operators:

Sσ =
∏
i

Zi.

As shown in Appendix D.6, in the silicon platform, we can measure both the

energy terms and the symmetry Sσ in the same circuit runs, enabling us to

perform direct verification.

In fact, since our ansatz circuit also conserves the electron number within each

spin subspace, by using a starting state with the right number of spin-up and

spin-down electrons, we can actually verify the electron number parity symmetry

within each spin subspace, which we will denote as S↑ and S↓.
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The ansatz circuit can be decomposed into two-qubit components that represent

different interaction terms, fSWAPs and Given rotations as listed in Appendix D.1.2.

We will assume there are M of these components in the circuit, all are affected

by depolarising channels with error probability p. Thus the expected number of

errors occurring in each circuit run is:

µ = Mp. (7.4)

In between the two-qubit components where the errors occur, our state will have

well-defined S↑ and S↓ (though the set of qubits that correspond to each spin

subspace may be different from the final state due to the use of fSWAP). Hence, if

a Pauli error occurs here and anti-commutes with S↑, it will flip the S↑ eigenvalue,

leading to a failed S↑ test at the end. Since S↑ is the product of Z operators in the

spin-up subspace, detectable errors will be the Pauli errors whose total weights in

X and Y are odd. Similar arguments also apply to S↓ in the spin-down subspace.

There are two types of two-qubit components in the circuit, for which we will

make two different approximations to their error channels:

• The components acting within one spin subspace: Within the 16 two-qubit

Pauli error components (including the identity), we can detect the errors

with one X or Y in it, which is half of them. Hence, for these two-qubit

components, their depolarising errors can be approximated by the composition

of a detectable error channel and an undetectable error channel, both with

the error probability p
2 .

• The components acting across both spin subspaces: Within the 16 two-qubit

Pauli error components (including the identity), 4 are undetectable, 4 are

detectable only by S↑, 4 are detectable only by S↓ and 4 are detectable by

both. For simplicity, we will absorb the last case into the other two detectable

cases and approximate the depolarising channel by the composition of three

error channels:

1. An undetectable error channel with the error probability p
4 .
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2. An error channel detectable by the S↑ with the error probability 3p
8 .

3. An error channel detectable by the S↓ with the error probability 3p
8 .

Our circuit consists of alternating layers of these two types of two-qubit components,

thus there are approximately equal numbers of components for each type (i.e.
M
2 ). Hence, when we focus only on the spin-up subspace, there are around M

4

components acting within the subspace with detectable error probability p
2 and

around M
2 components acting across both spin subspaces with detectable error

probability 3p
8 , which gives a total detectable mean circuit error count of

µd = M

4
p

2 + M

2
3p
8 = 5Mp

16 = 5µ
16 (7.5)

The exact same arguments can be applied to the spin-down subspace which gives

the same equation.

Using Eq. (6.8), in the large circuit limit the fraction of circuit runs that pass

the verification of S↑/S↓ is:

PS,one = 1 + e−2µd

2 .

Since in our error channel approximations, events of S↑ violation and S↓ violation

are independent of each other, we can obtain the fraction of circuit runs that pass

the verification of both S↑ and S↓ as:

PS = P 2
S,one = 1

4
(
1 + e−2µd

)2
.

Hence, using Eq. (6.4) and Eq. (7.5), the sampling cost factor of applying symmetry

verification using S↑ and S↓ is

CS ∼
1
PS

= 4
(
1 + e−2µd

)−2
= 4

(
1 + e−

5µ
8
)−2

. (7.6)

When focusing on one of the symmetries, using Eq. (6.11) the expected number

of circuit errors detectable by S↑/S↓ after symmetry verification is:

µS,one = µd tanh(µd).
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Since the error events of S↑ violation and S↓ violation are independent of each

other, we can obtain the resultant mean circuit error rate after applying symmetry

verification using both S↑ and S↓:

µS = µ− 2µd + 2µS,one = 3µ
8 + 5µ

8 tanh
(5µ

16

)
(7.7)

where we have made use of Eq. (7.5). Hence, the mean circuit error count is

reduced by a fraction of:

µ− µS
µ

= 5
8

(
1− tanh

(5µ
16

))
(7.8)

after symmetry verification.

Note that the key quantity in our error mitigation analysis is the mean circuit

error count µ = Mp, not the gate error rate p. Hence, even though we are discussing

in terms of two-qubit components here instead of elementary gates, as long as

we are using a realistic µ, all of our estimates will be very similar to what we

can obtain by considering elementary gates.

As shown in Eq. (7.3) and later in Eq. (7.18), we are interested in the cases

in which the original mean circuit error count is around 2:

µ ∼ 2.

Substituting into Eq. (7.6), we can obtain the symmetry verification cost factor:

CS ≈ 2.4. (7.9)

After applying symmetry verification using both S↑ and S↓, we should expect the

mean circuit error count reduce by around 30% using Eq. (7.8).

7.4.2 Combining with Error Extrapolation

We can try to remove the remaining errors after symmetry verification using error

extrapolation. To combine symmetry verification with error extrapolation, we

simply apply symmetry verification to the two observables in Eq. (6.21):

〈OSE〉 = λ 〈OS,µ〉 − 〈OS,λµ〉
λ− 1 (7.10)
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here OSE is the error-mitigated observable after both symmetry verification and

error extrapolation while OS,µ is the symmetry-verified observable at mean circuit

error count µ.

Using to denote the sample averages, then using Eq. (7.10) and assuming

Var
[
Oµ

]
≈ Var

[
Oλµ

]
≈ Var

[
O
]
, we have:

Var
[
OSE

]
=
λ2Var

[
OS,µ

]
+ Var

[
OS,λµ

]
(λ− 1)2

=
λ2CS,1Var

[
Oµ

]
+ CS,λVar

[
Oλµ

]
(λ− 1)2

= λ2CS,1 + CS,λ

(λ− 1)2 Var
[
O
]

where CS,λ is the cost of symmetry verification with the noise boosted by the factor

λ and can be obtained using Eq. (7.6):

CS,λ = 4
(
1 + e−

5λµ
8
)−2

.

To keep the Var
[
OSE

]
at a target precision level, we thus need CSE times more

circuit runs than keeping Var
[
O
]
at the same precision level, in which

CSE = 2λ
2CS,1 + CS,λ

(λ− 1)2

= 8
λ2
(
1 + e−

5µ
8
)−2

+
(
1 + e−

5λµ
8
)−2

(λ− 1)2 .

The factor of 2 is to account for the samples of both Oµ and Oλµ.

For µ = 2 and λ = 2, we have:

CSE ∼ 25. (7.11)

i.e. if we want to apply symmetry verification and two-point linear extrapolation

with λ = 2 to our example, we need 25 times more circuit runs to obtain an

estimated observable than sampling from the circuit directly. The combination of

symmetry verification and error extrapolation was proven to be very effective in

numerical simulations [65]. In our example, we managed to suppress the original

mean circuit error count by almost 30% using symmetry verification. Together
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with the robustness of the variational circuits against local systematic errors, they

should enable efficient applications of error extrapolation, and thus allowing us to

extract meaningful results out of our noisy quantum circuit.

7.5 VQE Implementation

7.5.1 Parametrising the Hamiltonian Ansatz

We have outlined the structure of the ansatz circuit in Section 7.3, now we will turn

to the way we parametrise the gates in the circuit. In the simplest scheme, we can

assign a different parameter to each parametrised gate to allow an unconstrained

optimisation of the ansatz circuit. However, a large number of parameters will mean

a large number of dimensions in the parameter space. This can lead to difficulties in

optimisation and may lead to long runtime since we need to probe more directions

to obtain the gradient vector. Hence, here we will try to reduce the number of

parameters by using the symmetry of the site layout.

For the open-boundary Hubbard model, the site layout has mirror symmetries

along the horizontal and vertical direction. Thus the 2D Hubbard grid can be

sliced into four equivalent partitions: Neq = 4. On top of that if we have the

same number of rows and columns, then the site layout also has an additional

diagonal mirror symmetry, which gives Neq = 8. The ground state of the Hubbard

model is expected to follow the same symmetry.

The input Slater determinant should follows the same layout symmetry, hence

so does the ansatz parametrisation. That is, the parametrised gates that represent

the corresponding interaction terms in different equivalent partitions, which can

be mapped to each other via layout-symmetry transformations, will share the

same parameters.

Hence, the number of parameters in our ansatz is:

Npara ≈
N site
paraV

Neq

Nblk. (7.12)

where N site
para is the number of parameters per site.
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Ignoring the boundary case, there will be 5 interaction terms associated with

each site: the repulsion term and the horizontal and vertical hopping terms of

the two spins. The input Slater determinant and the output ground state must

have the same spin symmetry since our ansatz preserves spins. Hence, the ansatz

parametrisation will also have the same spin symmetry. Without spin-flip symmetry,

the parameters for the spin-up and spin-down hopping terms will be different, thus

5 interaction terms means 5 parameters: N site
para = 5. With spin-flip symmetry,

the gates for the spin-up and spin-down hopping terms can share the same set

of parameters, thus N site
para = 3. If we are considering the half-filling ground state

with the smallest total spin, then:

• Odd number of sites (electrons): different numbers of spin-up and spin-down

electrons, which means no spin-flip symmetry and N site
para = 5.

• Even number of sites (electrons): same number of spin-up and spin-down

electrons, which means spin-flip symmetry and N site
para = 3.

For the Hubbard model with periodic boundaries along the horizontal direction,

we have translational symmetry of the sites along the horizontal direction, which

means that all columns are equivalent on top of the vertical mirror symmetry we

have, giving Neq = 2Ncol. This can lead to fewer parameters. However, as we will

discuss in Section 7.5.2, the vertical interaction terms cannot be measured locally

and efficiently in this case, thus we will not consider such a boundary condition.

For the Hubbard model with periodic boundaries in both directions, we have

complete translational symmetry and thus every site is equivalent. However, we

will also not consider this case since there is not yet an efficient Hamiltonian ansatz

circuit for the periodic Hubbard model with a gate count and scaling as favourable

as the one we have adopted for the open-boundary case.
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7.5.2 Measurement

The measurement of energy is carried out by measuring the individual Pauli

components of the Hamiltonian. The Pauli components within an individual

repulsion term or a hopping term commute with each other. Thus with the

availability of non-demolishing measurements, ideally we should be able to measure

all the commuting interaction terms at one go. For the Hubbard model, there

are five commuting subsets as shown in Fig. 7.1: repulsion terms, even horizontal

hopping terms, odd horizontal hopping terms, even vertical hopping terms and

odd vertical hopping terms. Thus we should be able to obtain one sample of each

interaction term in five circuit runs. However, direct measurements of the vertical

hopping terms can be costly due to their non-locality. These non-local terms can

be broken down into non-local Pauli observables, which in turn can be obtained by

performing local Pauli measurements and multiplying the results. However, such

local measurements can break the commutativity of the vertical hopping terms

such that we cannot measure them in parallel.

For the case of the open-boundary Hubbard model, we can tackle this by

switching the canonical ordering of orbitals from running horizontally in the 2D grid

to running vertically when we try to measure the vertical hopping terms. In such

a way, just like the horizontal hopping terms are local in the horizontal-running

canonical order, the vertical hopping terms will also be local in the vertical-running

canonical order. Note that switching the orbital canonical order will require us

to switch the ansatz accordingly, but the same parameters will be used for the

parametrised gates that correspond to the same interaction terms. In such a way,

we can still obtain one sample of all interactions terms in five circuit runs. The

same measurement scheme can be used to measure the energy gradients since

it involves the same Pauli measurements with some small modifications to the

ansatz circuit (see Appendix D.4.2).

Now on top of obtaining the energy or energy gradient by measuring the Pauli

components Gj of the Hubbard Hamiltonian, we also want to apply direct symmetry

verification outlined in Section 6.2 by measuring the symmetry operator S in the
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same run. However, it is often the case that S is not local, thus to obtain S we

need to rely on local measurements and post-processing.

In our example, there is no need to measure the electron number parity symmetry,

it can be obtained by composing the measurement results of the interaction

terms. When measuring the repulsion terms, we will be performing single-qubit

Z measurement for every qubit. The repulsion terms and the electron number

parity can both be obtained via post-processing. In the case of measuring the

hopping terms, we will be measuring XX and Y Y for the hopping pairs adjacent to

each other in the canonical order. We can obtain the results of ZZ measurements

by composing XX and Y Y (with an additional − sign), composing with the Z

measurements of the qubits not included in the hopping pairs, we can then obtain

the electron number parity via post-processing.

It is worth noting that the Hubbard model simulation is quite friendly for

efficient local measurements of the Hamiltonian terms. For more general problems,

one might need to turn to more sophisticated measurement schemes [162–164].

In the above scheme, we have assumed we can carry out non-demolishing

measurements, which can be carried out in silicon using ancilla qubits. In Ap-

pendix D.6, we outline a possible quantum dot layout that enables an efficient

implementation of our measurement scheme.

7.5.3 Optimisation Method

We need to employ classical optimisation algorithms to obtain the optimal set of

parameters for our parametrised quantum circuit. There are two general approaches,

direct search and gradient-based. Direct search involves evaluating the cost function

at different points and choosing the next set of points to evaluate based on the

known points of the cost function, while gradient-based methods make use of

the gradient of the cost function. In our case, since we are searching for the

ground state, the cost function that we want to minimise is the energy of the

state produced by our quantum circuit.
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The energy can be straightforwardly evaluated by measuring the Pauli compo-

nents of the Hamiltonian as mentioned in Section 7.5.2. As discussed in Ref. [165],

to compete with the best classical algorithm for Hubbard model simulation, we need

to estimate the energy per site to the precision εE,site = 10−3t. In Appendix D.5,

we have translated this precision requirement into the precision requirement on

the estimates of each Hamiltonian Pauli term. For the 5× 5 Hubbard model, the

number of circuit runs needed to estimate the energy to the required precision is:

ME ≈ 4× 105. (7.13)

The gradient vector can be evaluated using finite difference, which involves

evaluating the energy at two neighbouring points. In the simplest gradient descent

scheme, by evaluating the energy points used in finite difference to the precision

εE,site and also choosing the terminating threshold of the change in energy to be

εE,site, we will be able to find the local energy minimum with the required precision

εE,site given the right gradient-descent step size. In such a case, we will need twice

the number of measurements compared to energy estimation to evaluate the gradient

in one direction (since we need to evaluate two energy points). We have Npara

directions to probe, thus the number of circuit runs needed to evaluate the full

energy gradient vector using finite difference is:

M fd
grad = 2NparaME. (7.14)

Using Eq. (7.12) and assuming Nblk ∼ V , for 5× 5 Hubbard model, the number of

circuit runs needed to estimate the full gradient vector using finite difference is:

M fd
grad = 2NparaME ≈ 3.1× 108.

The precision of the gradient vector obtained here is dependent on the finite

difference step size we choose. In Appendix D.5, we have outlined how to obtain

the optimal step size and the gradient precision εgrad that we can achieve using

this optimal step size.

The gradient vector can also be evaluated using direct measurements of a

modified ansatz circuit. The two approaches to obtain the gradient were compared
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in Refs. [146, 166], in which they explain that more measurements are needed in

finite difference to overcome the finite step size approximation it makes. We further

compare them for our implementation in Appendix D.5, taking into account the

fact that we have the many parametrised gates share the same parameters due to

the symmetries in the site layout. We found that direct measurements require fewer

samples compared to finite difference as the number of gates with shared parameters

increases. In Appendix D.5, we explain that to achieve the same gradient precision

εgrad achieved above using finite difference (with the optimal step size), the number

of circuit runs required using direct measurements is:

Mgrad ≈ 2.5× 107 (7.15)

which is an order of magnitude better than finite difference in this case.

Direct search methods are generally more effective in noisy and non-smooth

problems while for gradient-based methods, the number of function calls needed

usually scales better in higher dimensional problems [167]. We have also proven

above that evaluating the full gradient vector is usually much more costly than

evaluating an energy point in our implementation. We can see that neither of the

approaches are clearly preferred. Various direct search optimisation methods like

Nelder-Mead simplex have been successfully implemented experimentally [168–174]

for small-size problems due to the robustness of direct search against noise, while

gradient-based method like SPSA, which requires a smaller number of samples than

simple gradient descent due to its stochastic nature, have also found success in the

simulations of small molecules [51, 145, 175]. With improvements in the quantum

hardware noise rate, we will expect gradient-based methods to play a more and

more important role in the experimental realisation of VQE, especially considering

the success of advanced gradient-based methods like Adam and Adagrad in high

dimension noisy optimisation problems in classical machine learning [176, 177].

There are also investigations into using machine learning for optimisation [178,

179], which might have faster convergence rate and higher robustness to noise.

In the end, the optimisation scheme is likely to involve a combination of various
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methods, with the aid of techniques like block-by-block optimisation [141] and

sequential optimisation [180].

Cade et al. [153] have performed numerical simulation of the Hubbard VQE

using SPSA optimisation. They followed a three-stage protocol with coarser gradient

precision at the beginning and moving to finer and finer gradient precision as the

optimisation progress. In the end they evaluated the gradient using finite-difference

with the number of circuit runs for each energy estimation being ME ∼ 5×104 (this

is different from our result above due to different precision requirements). Their

3 × 3 Hubbard simulations converge when the number of circuit runs is around

Mtot ∼ 2× 108. There are 30 parameters in their circuit, using Eq. (7.14), we can

translate the result of their simulation into the language of simple gradient descent,

the number of ‘effective’ gradient descent iteration in their simulation is just:

niter = Mtot

M fd
grad

= Mtot

2NparaME

= 67.

As mentioned above, the gradient-based method has been shown to scale extremely

well with increased problem dimensions in practice. Thus, we can expect the

number of ‘effective’ gradient descent iteration needed for 5× 5 Hubbard simulation

will also be in the region of

niter ∼ 100. (7.16)

7.5.4 Algorithm Runtime for Silicon Spin Qubits

Here we will estimate the algorithm runtime needed for running the VQE for the

5 × 5 open-boundary Fermi-Hubbard model.

From Appendix D.1 and D.2, we know the runtime Tcirc needed for the ansatz

circuit with Slater determinant preparation is:

Tcirc ≈ (49 + 45Nblk) τ1q + (196 + 80Nblk) τ2q + τin + τm

where τ1q and τ2q are the typical time needed to perform a π
2 rotation for Z

rotation and partial swap respectively, and τin, τm are the time required for qubit

initialisation and measurements.
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In silicon quantum dot spin qubits, the Z rotations can be implemented using

the Stark shift at the speed τ1q ∼ 0.1µs [137]. Partial swaps can be implemented

using exchange interaction at sub-ns scale [102]. Here instead we will assume a

two-qubit-gate time of tens of ns to prevent the gate fidelity being limited by the

finite voltage rise time [181]. For readout, a scheme that can achieve more than 98%

fidelity in under 6µs has been demonstrated [135], and a sub-µs scheme with 99.7%

fidelity has been proposed [182]. For initialisation, the simplest way is via spin

relaxation, which will be on the ms timescale. Faster initialisation can be achieved

via spin-selective tunnelling from charge reservoirs [123] or electron shuttling and

‘hotspot reset’ [125, 183–185]. Initialisations at the µs scale have been achieved

in silicon donor qubits [186] and other semiconductor quantum dot qubits [187].

Thus here we will assume the time needed for initialisation plus readout can be

reduced to below 100µs. Hence, for the 5× 5 Hubbard model with Nblk = V = 25,

the runtime needed for each circuit run is around

Tcirc ∼ 250µs.

In Section 7.5.3, we have obtained the number of circuit runs needed for

estimating the energy and the energy gradient vector. However, as mentioned

in Section 7.4, due to the high mean circuit error count, we need to apply error

mitigation. The sampling cost of applying both direct symmetry verification

and linear error extrapolation is CSE ∼ 25 as shown in Eq. (7.11). Thus the

number of circuit runs needed to estimate the energy and the energy gradient

vector with error mitigation is:

M∗
E = CSEME ≈ 1× 107

M∗
grad = CSEMgrad ≈ 6× 108.

(7.17)

Thus the time needed to evaluate the error-mitigated energy and energy gradient is:

TE = TcircM
∗
E = 2500 s

Tgrad = TcircM
∗
grad = 1.5× 105 s ≈ 1.7 days.
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Using the simplest optimisation scheme, gradient descent, each iteration step

then involves the evaluation of one gradient vector, which requires 1.7 days. Such a

long duration per iteration is hardly practical. However, the time cost is mostly

due to the large number of samples needed, thus can be easily solved by running

many circuits in parallel in multiple quantum processors. With 200 processors, the

time required for each gradient-descent iteration is reduced to around 10 minutes,

thus making gradient descent feasible runtime-wise even if we require thousands

of iterations for convergence. In Eq. (7.16), we have estimated the number of

iterations required to be on the order of a hundred, which will corresponds to a

total runtime of around 1 day. 200 processors will mean 104 qubits, which can fit

onto a single silicon chip along with the classical controls and measurement devices

required, giving us one single integrated multi-core processor for the task. We

stress that these cores would be independent of one another. Of course, we do not

assert that simple gradient descent would necessarily be able to find the solution

for the problem size we are considering. However, its runtime feasibility should be

indicative of the runtime of the other more advanced gradient-based methods.

7.6 Superconducting Qubits Resource Estimates

When we switch from the silicon spin qubits to superconducting qubits, most of our

arguments apply except we need to decompose our circuit using a different gate set

and a different set of hardware operation times. For the superconducting qubits, a

natural two-qubit gate to use for the Hubbard model simulation will be the partial

iSWAP gate [188], which is implemented using XY-interaction and is just the hopping

interaction gate we need to implement. The differences between partial iSWAP

and partial SWAP have been discussed by Schuch et al. [189]. By using partial

iSWAP as our only elementary two-qubit gate, it also enable us to implement all Z

rotations virtually [134]. As derived in Appendix D.3, for the 5× 5 Hubbard model

with the number of ansatz blocks equal to the number of sites, the gate counts are:

N1q ≈ 2500, N2q ≈ 14000.
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Comparing to Eq. (7.2), we can see a massive decrease in the single-qubit gate count

due to the use of virtual Z gates, which in turn reduces our fidelity requirement

for the single-qubit gates. However, applying virtual Z gate would require us to

implement partial iSWAP with a range of different frequency tunings [134], which

would increase the difficulties in calibrating the partial iSWAP gates. We also

see a reduction in the number of two-qubit gates required, but it is still of the

same order and thus will lead to a similar gate fidelity requirement ∼ 10−4. The

resultant mean circuit error count is reduced to

µ ∼ 1.5, (7.18)

which will lead to improved performance of the error mitigation techniques. Indi-

vidual superconducting quantum processor of size ∼ 50 has been experimentally

demonstrated to be able to perform certain tasks that cannot be performed efficiently

on any classical computers [8]. There have also been demonstrations of successful

implementations of various error mitigation techniques on the superconducting

platform [51, 190].

The runtime required for one circuit run as derived in Appendix D.3 is

Tcirc ≈ 125τ1q + 650τ2q + τin + τm

where τ1q τ2q, τin and τm are the time required for single-qubit gates, two-qubit

gates (iSWAP), initialisation and readout, respectively. In superconducting qubits,

we have τ1q ∼ 20ns [191], τ2q ∼ 200ns [188] and τin ∼ τm ∼ 100ns [192, 193].

Thus the total runtime is around:

Tcirc ≈ 150µs

which is similar to the runtime estimate for silicon qubits. The difference is that the

runtime bottleneck here is the two-qubit gate speed while in silicon the two-qubit

gates contribute the least to the overall runtime compared to the other operations.
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Using Eq. (7.17), the time needed to evaluate the error-mitigated energy and

energy gradient are:

TE = TcircM
∗
E = 1500 s

Tgrad = TcircM
∗
grad = 1× 105 s ≈ 1.2 days

which are also similar to the silicon platform.

Parallelisation in multiple quantum processors is still essential to bring the total

runtime down to a practical level. We need around 150 superconducting-qubit

quantum processors, each with 50 qubits (thus a total of around 7500 qubits),

to bring time required for each gradient-descent iteration to around 10 minutes.

The number of quantum processors required is similar to that of the silicon spin

qubits. However, unlike silicon spin qubits which can fit all of the required quantum

processors in the same chip, the superconducting processors likely need to be

distributed into multiple chips due to a lower qubit density.

7.7 Discussion

In this chapter, we have investigated the resource requirements on obtaining the

ground state of a Hamiltonian in a quantum computer using VQE, in which the

Hamiltonian cannot be solved exactly classically. The Hamiltonian we have chosen

is the 5 × 5 open-boundary Fermi-Hubbard model due to its favourable scaling

in both circuit size and depth. We began our analysis by considering silicon spin

qubits as our example hardware platform for the resource estimation. Our ansatz

circuit makes use of one of the latest schemes for the input Slater determinant

preparation [159] and the Hubbard Hamiltonian ansatz implementation [149], which

translates into 17000 single-qubit gates (all are Z rotations) and 26000 two-qubit

gates (all are partial swaps) assuming the number of Hamiltonian blocks in the

ansatz is equal to the number of sites. Hence, with perfect single-qubit Z rotations

and a two-qubit gate error rate on the order of 10−4, we can achieve a circuit error

of ∼ 2.5. To obtain meaningful results with this mean circuit error count, we

must incorporate error mitigation techniques like error extrapolation and symmetry
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verification for which we have discussed their combined application to our example.

We have devised a measurement scheme that allows us to estimate various terms

in the Hamiltonian in parallel and apply symmetry verification at the same time.

Bringing all these together, we have estimated the runtime needed for one circuit

execution on the silicon-spin-qubit platform to be around 250µs and thus one

iteration in a simple gradient descent optimisation is around 1.7 days due to the

large number of samples needed. Hence, we have to run VQE in parallel across

multiple quantum processors to reduce the runtime to a feasible level. Around 200

quantum processors with 50 data qubits each, which can fit onto a single silicon

chip, can reduce the time required for one gradient-descent iteration to around 10

minutes, and the estimated total algorithm runtime in this case will be around 1 day.

We then applied the same analysis to superconducting qubits. We found a

large reduction in the number of single-qubit gates due to the ability to implement

all Z rotation virtually by using partial iSWAP as our elementary two-qubit gate.

By assuming a two-qubit gate error rate of 10−4 and an equal or lower single-

qubit gate error rate, we can achieve a mean circuit error count of ∼ 1.5. To

implement the same algorithm, the circuit runtime is around 150µs and thus

one gradient-descent iteration takes around 1.2 days. This can be reduced to

around 10 minutes if we parallelise our task across 150 superconducting quantum

processors. Resource estimates for other qubit platforms can be readily obtained

by following similar arguments.

To implement Hubbard VQE on NISQ machines, the first key difficulty is to

maintain the mean circuit error count at the order of unity or less so that error

mitigation can be effective. Superconducting qubits have the advantage here due to

the lower gate counts from the good fit of its elementary gate set to the problem, and

the recent demonstration of high performance superconducting quantum processors

of the relevant size [8]. The second key difficulty is the extremely long runtime

due to the huge number of circuit runs required, which motivates the necessity of

parallelising our tasks over hundreds or thousands of quantum processors. Silicon

spin qubits have better potential here due to its higher qubit density, enabling us
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to fit all of these quantum processing units into one single multi-core processor,

leaving a smaller and more manageable physical footprint.

We can see that implementing a 50-qubit Hubbard model VQE on a NISQ

machine sits right at the boundary of being practical in terms of gate counts and

mean circuit error count. Hence, even a constant factor improvement in the mean

circuit error count can have big impacts on bringing such an application of NISQ

machines into reality, which can be brought about via further optimisation of

our simulation schemes, improvements in the gate fidelity, improvements in the

optimisation scheme and advances in the error mitigation techniques. We also

need to rely on parallelisation to tackle the runtime issue. It is worth noting that

the number of qubits required in noisy VQE can become comparable to the fault-

tolerant implementation. In the case of VQE, what we need is a lot of independent

small units for parallelisation instead of a single integrated device, which should

massively reduce the difficulties in manufacturing and calibration even if the total

number of qubits is of the same order. However, this also places great emphasis

on the ability of the hardware platform to reproduce many copies of the quantum

processor once we manage to manufacture a good one. Both of the platforms we

discussed have advantages in this respect since their compatibility with commercial

CMOS fabrication technology can provide a high-precision, relatively low-cost and

highly reproducible manufacturing process.

Due to the large number of hyper-parameters in VQE, our gate and runtime

estimates are only indicative of the canonical case. There can be variability in

the estimates when we choose a different set of hyper-parameters. One important

assumption we made is the number of ansatz blocks in the circuit is equal to

the number of sites: Nblk = V , which is an optimistic assumption given what

we have observed in the numerical simulations for small size system [141, 152,

153]. An increase in Nblk will lead to a linear increase in the gate counts and a

quadratic increase in the runtime (due to the increase in both the gate counts

and the parameter counts).
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Any increase in the gate counts will lead to an increase in the mean circuit

error count, which needs to be suppressed using stronger error mitigation. For

example, instead of two-point error extrapolation, we can sample at more error

rates, which will increase the number of circuit runs. We can also try to verify for

additional symmetries. However, when we have multiple symmetries, it might not

be possible to measure the energy terms along with all the symmetries using local

measurements in a single circuit run any more, which may lead to additional runtime

overhead. It is also worth exploring the possible combinations with other error

mitigation techniques like quasi-probability [49, 50], to try to gain improvements

in estimation accuracy and/or sampling costs. Steps in this direction, for general

algorithms, are taken in the next chapter. We can also try to develop new error

mitigation techniques. One possible avenue could be tailoring the noise in real

machines using simple gates to increase the sensitivity of our symmetry verification

against the noise. The effectiveness of a similar idea in the context of a quantum

error correction code has been shown in Chapter 4.

Any increase in the algorithm runtime can be mitigated via further parallelisation

by adding more quantum processors. Without any sudden large changes in the

parameters during the optimisation, we should expect the energy and the energy

gradient change in a relatively smooth manner as the optimisation progresses. Hence,

we can use the energy and the energy gradients we obtained in the previous steps as

the prior for the estimation of the new energy and the energy gradients in a Bayesian

manner [194]. This should enable us to achieve the same precision using much fewer

samples and thus much shorter algorithm runtime. Other important factors that

can influence the algorithm runtime include the way we parametrised our circuit

and the exact optimisation algorithm we choose, both worth further explorations.

Since our ansatz circuit has a relatively short depth (O(N 1
2 )), the main limiting

factor preventing us from simulating the Hubbard model much beyond the size 5×5

is due to the increased gate counts and the resultant increased mean circuit error

count. Stronger error mitigation or even new error mitigation can only alleviate this

problem. To fully tackle this, one possibility is to switch to a different kind of qubit
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encoding: the Majorana loop stabiliser code [195]. This encoding allows local vertical

hopping terms using mediator qubits, thus no Fermionic swap network is needed and

we can achieve a Hamiltonian ansatz block and a Slater determinant preparation

circuit with depth O(1). Furthermore, it can detect and correct single-qubit errors.

Hence, it can potentially suppress circuit errors and take us much beyond our

current problem size. However, more qubits are needed for the encoding and we

need to implement higher-weight operators for the interaction terms. In addition,

when considering the stabiliser checks, we need to consider the errors introduced in

implementing the check circuits and the connectivity requirement on the hardware.

On the other hand, we may implement these stabiliser checks in a post-processing

way similar to symmetry verification [66], but many more circuit runs will be needed.
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8.1 Introduction

Previously all the error mitigation techniques have been studied separately. As

discussed in Chapter 6, they make use of different information about the hardware

and the computation problems to perform different sets of extra circuit runs for

error mitigation. Symmetry verification makes use of the symmetry in the simulated

system and performs circuit runs with additional measurements. Quasi-probability

makes use of the error models of the circuit components and performs circuit runs

with different additional gates in the circuit. Error extrapolation makes use of the

knowledge about tuning the noise strength via physical control of the hardware,

and performs additional circuit runs at different noise levels. Consequently, the

three error mitigation techniques are equipped to combat different types of noise

with different additional sampling costs (number of additional circuit runs required).

Hence, it is natural to wonder how these techniques might complement each other.

For NISQ applications, as discussed in Chapter 7, it is important to understand

and develop ways for these error mitigation techniques to work in unison, to achieve

better performance than the individual techniques in terms of lower errors in the

noise-free expectation values estimates and/or lower sampling costs. Thus one

key focus of this chapter is on the methods for combining these error mitigation

techniques, and trying to gauge their performance under different scenarios through

analytical arguments and numerical simulations.

To achieve combinations of the mitigation techniques, it is essential to understand

the mechanism behind individual techniques, especially in the NISQ limit in which

the number of errors in the circuit will follow a Poisson distribution. Heuristic

arguments and numerical validations have been made by Endo et al. [50] on error

extrapolation using exponential decay curves in this NISQ limit, which was also

discussed in Section 6.4.2. This chapter will take this further and provide a more

rigorous argument about error extrapolation in this limit, showing that extrapolating
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with a multi-exponential decay curve will be the more general solution with lower

estimation errors. Our study of error extrapolation will also form the theoretical basis

for the combination of error extrapolation with the other error mitigation techniques.

In this chapter, by introducing the concepts of group channels in Section 8.2,

we will dive deeper into the mechanism behind error extrapolation and introduce

multi-exponential extrapolation in Section 8.3. Using the concepts in the previous

sections, we then introduce ways to combine different error mitigation techniques in

Section 8.4. In Section 8.5, we apply the error mitigation techniques we developed

to the quantum simulation of the Fermi-Hubbard model along with numerical

simulations to validate our arguments and demonstrate the performance of the

methods. In Section 8.6, we discuss and conclude our findings while suggesting

possible future directions.

8.2 Group Errors

Here we will introduce a special kind of error channel: group error channels,

which will enable us to make more analytical predictions about various error

mitigation techniques.

The group error Jp,E of the group E is defined to be:

Jp,E = (1− p) I + p

|E|
∑
E∈E

E (8.1)

By groups we mean the subgroups of the Pauli group with a composition rule that

ignores all the irrelevant phase factors as defined in Section 2.1.1. For the case

of p = 1, we will call J1,E the pure group errors.

Many physically interesting noise models like depolarising channels, dephasing

channels, Pauli-twirled swap errors and dipole-dipole errors are all group errors.

8.2.1 Application to Symmetry Verification

Here we will consider the effect of applying a set of Pauli symmetry checks S to

the group error in Eq. (8.1). Using Eq. (6.7), S can remove and detect components

in Jp,E that anti-commute with any elements in S ∈ S. We look at the action of
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S on the subset of qubits affected by Jp,E, and denote the set of these operators

on the subset of qubits as Ssub. The commutation relationship between S and E

is equivalent to that of Ssub and E. We denote their generators as S̃sub and Ẽ.

Note that here Ssub is not a group, by S̃sub we just mean the set of independent

elements in Ssub. For Pauli generators, we can choose Ẽ in such a way that for every

S̃sub ∈ S̃sub, there will at most be only one element in Ẽ that anti-commutes with it.

We will denote the elements in Ẽ that commute with all elements in S̃sub as Q̃:

Q̃ = {Ẽ ∈ Ẽ |
[
Ẽ, S̃sub

]
= 0 ∀S̃sub ∈ S̃sub}

and it will generate the remaining error components in E that are not detectable,

which we denote as Q. Hence the detectable error components are just E−Q

Going back to our error channel in Eq. (8.1), the probability that the error gets

detected is just the total probability of the detectable error components:

pd = |E| − |Q|
|E|

p. (8.2)

Removing the detected errors in Jp,E and renormalising the error channel by the

factor 1 − pd gives the effective channel after verification, which is just another

group error channel

Jr,Q = (1− r) I + r

|Q|
∑
Q∈Q

Q

with

r = |Q|p
|E| (1− pd)

= |Q|p
|E| (1− p) + |Q|p ≈

|Q|
|E|

p+O(p2).

8.2.2 Application to Quasi-probability

For a given general Pauli channel, we have only discussed its approximate inverse

channel in Section 6.3.2. This is because its exact inverse channel can be hard to

express in a compact analytical form. However, for any group channel, we can

easily write down the explicit form of its inverse channel.
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As shown in Appendix E.2, it is easy to verify that the inverse of a group

channel Jp,E is just:

(Jp,E)−1 = J−α,E = (1 + α) I − αJ1,E (8.3)

with

α = p

1− p.

Using Eq. (8.3) and Eq. (6.14), the cost of using quasi-probability to in-

vert Jp,E is thus:

CQ1,0 =
(

1 + 2(|E| − 1) p
|E|(1− p)

)2

≈ 1 + 4 |E| − 1
|E|

p+O(p2), (8.4)

which is the same as Eq. (6.16) with

pε = |E| − 1
|E|

p. (8.5)

8.2.3 Transformation to Detectable Error Channels

As shown in Section 8.2.1, for a given group error Jp,E, the resultant error channel

after symmetry verification is another group channel Jr,Q where Q is a subgroup

of E and r = |Q|
|E|p. The remaining errors can then be completely removed by

implementing J −1
r,Q using quasi-probability.

Similarly if we implement the quasi-probability inverse channel J −1
r,Q first and

then perform symmetry verification, we can still completely remove the group error

Jp,E. The gates we need to implement in the inverse channel J −1
r,Q will not be

detected and thus will not be affected by the symmetry verification. As shown in

Appendix E.3, the resultant error channel after applying J −1
r,Q is:

J −1
r,QJp,E = (1− pd) I + pd

|E| − |Q|
∑

V ∈E,V 6∈Q
V . (8.6)

This is a channel that only contains the error components that are detectable by

the symmetry verification with the error rate pd.
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As discussed in Section 6.3.2 and explicitly shown in Appendix E.3, we can

implement additional quasi-probability operations to further reduce the error rate

of the resultant channel to q ≤ pd. The resultant detectable error channel will be:

Vq = (1− q) I + q

|E| − |Q|
∑

V ∈E,V 6∈Q
V (8.7)

= (1− q) I +qV1 q ≤ pd.

8.3 Multi-exponential Error Extrapolation

8.3.1 Multi-exponential Decay of Expectation Values

In this section we will try to gain a deeper insight about the reason behind the

exponential decay of
〈
O|L|=l

〉
. If a Pauli error G occurs at the end of a circuit and

we are trying to measure an Pauli observable O, then the expectation value is just:

Tr(GρGO) = η(G,O) Tr(ρO)

where η(G,O) is the commutator between G and O:

GO = η(G,O)OG.

If a pure group error J1,E occurs at the end of the circuit, then the resultant

expectation value is:

Tr(J1,E(ρ)O) = 1
|E|

∑
E∈E

Tr(EρEO)

=
 1
|E|

∑
E∈E

η(E,O)
Tr(ρO)

Using Eq. (2.6), we can rewrite the above formula in terms of the generator of E:

Tr(J1,E(ρ)O) =
∏
Ẽ∈Ẽ

1 + η(Ẽ, O)
2

Tr(ρO) (8.8)

in which

∏
Ẽ∈Ẽ

1 + η(Ẽ, O)
2 =

1 if η(E,O) = 1 ∀E ∈ E
0 otherwise.
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Hence, if a pure group error J1,E occurs right before measuring a Pauli observable

O, then the resultant expectation value Tr(J1,E(ρ)O) will only remain unchanged if

O commutes with all elements in E, otherwise the expectation value will be 0.

If we decompose the gates in a unitary circuit U = ∏1
m=M Vm into their Pauli

components: Vm = ∑
km αmkmGmkm , then we have:

U =
1∏

m=M

∑
km

αmkmGmkm =
∑
~k

α~kG~k

where
∑
~k

=
1∏

m=M

∑
km

, G~k =
1∏

m=M
Gmkm , α~k =

1∏
m=M

αmkm .

i.e. the circuit U can be viewed as the superposition of many Pauli circuits G~k.

The expectation value of observing O after applying the circuit U on ρ is

〈O〉 = Tr
(
UρU †O

)
= 2

∑
~j>~k

Re
{
α∗~jα~k Tr

(
ρG†~jOG~k

)}
. (8.9)

Now let us assume that a given pure group error can occur in between any

two gates. There are some error locations within the Pauli circuit G~j and G~k at

which if the group error occurs, the measurement result Tr
(
ρG†~jOG~k

)
will not be

affected. As proven in Appendix E.4, if we use r~j,~k to denote the average fraction

of such benign error locations within all possible error locations for given ~j and ~k,

then in the limit of large M and non-vanishing r~j,~k, the expectation value given

l errors occurred can be approximated to be:〈
O|L|=l

〉
≈ 2

∑
~j>~k

Re
{
α∗~jα~k Tr

(
ρG†~jOG~k

)}
rl~j,~k, (8.10)

which is just a multi-exponential decay curve.

If we consider the case in which many error locations in the circuit are affected

by the same type of noise, and adding onto the fact that in practice there are

usually many repetitions of the circuit structures along the circuit and across the

qubits, we can expect many r~j,~k of different ~j and ~k to be very similar. Hence, by

grouping the terms with similar r~j,~k together, Eq. (8.10) becomes

〈
O|L|=l

〉
=

K∑
k=1

Akr
l
k (8.11)
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where Ak is the sum of 2 Re
{
α∗~jα~k Tr

(
ρG†~jOG~k

)}
for some subset of ~j and ~k. Note

that Ak are independent of l and we have ∑K
k=1Ak = 〈O〉.

So far we have only been considering group error channels. However, as shown

in Appendix E.5, by writing a general Pauli channel as the linear combination of

pure group channels, we can prove that decay of the expectation value under general

Pauli noise can also be approximated by a sum of exponentials like in Eq. (8.11),

which by defining γk = 1 − rk can be rewritten as:

〈
O|L|=l

〉
=

K∑
k=1

Ak(1− γk)l. (8.12)

8.3.2 Error Extrapolation

Eq. (8.12) can be translated into a multi-exponential decay of 〈Oµ〉 over µ us-

ing Eq. (6.23):

〈Oµ〉 = e−µ
∞∑
l=0

µl

l!

K∑
k=1

Ak(1− γk)l (8.13)

=
K∑
k=1

Ake
−γkµ. (8.14)

Here we can see that different γk are just the decay constants for the different

exponential components. This can be rewritten as

〈Oµ〉 =
K∑
k=1

Ak
(
e−γk

)µ
≈

K∑
k=1

Ak (1− γk)µ .

Comparing with Eq. (8.12), we see that the shape of 〈Oµ〉 and
〈
O|L|=l

〉
are the

same up to the leading order of γk with the mean circuit error count µ in place

of the circuit error count l.

The simplest shape that we can fit over 〈Oµ〉 is a single exponential decay curve

(K = 1), which is the one we used in exponential extrapolation. We see here

that a natural extension of this will be probing 〈Oµ〉 at more than two different

error rates and trying to fit them using a sum of exponentials (K > 1). The

estimate of the error-free observable 〈O〉 can then be obtained by substituting

µ = 0 into our fitted curve.
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From Eq. (8.14), we see that the kthexponential component can only survive

up to the mean circuit error count µ ∼ 1
γk
, thus we can only obtain information

about this component by probing at the mean circuit error count µ . 1
γk
. Since

0 ≤ γk ≤ 1, we have 1
γk
≥ 1 for all k, i.e. we should be able to retrieve all exponential

components if we can probe enough points within µ . 1. In practice, there is a

minimum mean circuit error count that we can achieve, which we denote as µ∗. To

have an accurate multi-exponential fitting, it is essential that for all components

with non-negligible Ak, we have µ∗ . 1
γk
, i.e. none of the critical exponential

components has died away at the minimal error rate that we can probe.

8.4 Combination of Error Mitigation Techniques

8.4.1 Quasi-probability with Exponential Extrapolation (QE)

As discussed in Section 8.3, the decay of Pauli expectation values under Pauli noise

can be approximated using multi-exponential decay curves, and the number of

exponential decays in the sum can be reduced with increased degree of symmetry

in the circuit and/or if the error channels are group channels. Thus we can use

quasi-probability to transform the error channels into similar group error channels

for easier curve fitting in the extrapolation process. In addition, we can use

quasi-probability to reduce the mean circuit error count from µ to ν with the

multiplicative sampling cost CQ,ν = e4(µε−νε) as shown in Eq. (6.17), and then

mitigate the rest of the errors using multi-exponential extrapolation. In the case

of two-point extrapolation using a single exponential curve, the two natural noise

strengths to probe are just µ and ν. The cost of probing at ν is the combined cost

of quasi-probability and extrapolation, while probing at µ only requires the cost

of extrapolation. Following Appendix E.6.3, the total sampling cost of combining

quasi-probability and two-point exponential extrapolation is

CQE ∼
2
(
λ2e

2
λ

[γµ+2(λ−1)µε] + e2γµ
)

(λ− 1)2 (8.15)

with µ = λν.
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8.4.2 Quasi-probability with Symmetry Verification (QS)

The natural way to combine symmetry verification and quasi-probability is just

using quasi-probability to remove the error components that cannot be detected

by the given symmetry, which we have discussed in the case of group channels in

Section 8.2.3. Note that these additional quasi-probability operations may contain

gates that take us from one symmetry space to another, for which we need to

adjust our symmetry verification criterion accordingly.

Using quasi-probability, we can remove all the local undetectable errors in the

circuit, which reduces the mean circuit error count from µ to µd. The effect of

applying symmetry verification at this point has been discussed in Section 6.2.3.

We can further suppress the remaining errors to achieve a mean circuit error count

of ν ≤ µd and follow the same arguments in Section 6.2.3 with ν in place of

µd. Using Eq. (6.20), the sampling cost factor of the required quasi-probability

transformation is:

CQ,ν ≈ e4(µε−ν) ν ≤ µd (8.16)

where we have made use of νε = ν for the detectable error channels like Vq in

Eq. (8.7).

In the resultant circuit with only local detectable errors present, the sampling

cost of applying symmetry verification is given by Eq. (6.9) with ν in place of µd:

CS,ν = 1
e−ν cosh(ν) .

Hence, the total sampling cost including quasi-probability is:

CQS,ν = CQ,νCS,ν = e4µε

e3ν cosh(ν) (8.17)

which is smaller than the cost of using quasi-probability to remove all of our errors

without the help of symmetry verification in Eq. (6.19): CQ,0 ≈ e4µε .

However, we need to note that with the pure quasi-probability method, we

can remove all of the noise, while when we combine with symmetry verification,
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the fraction of erroneous circuit runs after applying our combined error mitigation

is given by Eq. (6.10) with ν in place of µd:

Pcirc = 1
2
(
1− e−ν

)2
.

Hence, we must choose a ν such that Pcirc is the circuit error rate that we can tolerate.

The saving of sampling cost when combining symmetry verification with quasi-

probability over pure quasi-probability can be written as:

CQ,0
CQS,ν

= e3ν cosh(ν) =
(

1−
√

2Pcirc
)−4 (

1−
√

2Pcirc + Pcirc

)
.

To achieve Pcirc � 1, we have:

CQ,0
CQS,ν

≈ 1 + 3
√

2Pcirc +O(Pcirc).

Therefore by combining with symmetry verification, the factor of saving in

the sampling cost over pure quasi-probability is CQ,0/CQS,ν = 1.5 for the circuit

error rate Pcirc = 10−2 and CQ,0/CQS,ν = 1.15 for the circuit error rate Pcirc = 10−3.

To push the circuit error rate any lower, the saving in the sampling cost will

be negligible. And in the limit of Pcirc = 0 ⇒ ν = 0, we just have pure quasi-

probability which removes all the errors.

8.4.3 Combining All Three Techniques: Quasi-probability
with Hyperbolic Extrapolation (QH)

In Section 8.4.2 we use quasi-probability to remove all local error components

that are undetectable by the given symmetry. Thus after symmetry verification,

only instances with an even number of occurrence of local detectable errors will

contribute to our circuit errors. We can try to suppress them by applying additional

quasi-probability operations to lower the local error rate as shown in Section 8.4.2.

Here instead, we will try to remove these errors by applying error extrapolation.

As mentioned, we can transform all the error channels in the circuit with the

total mean error count µ into detectable error channels with total mean error count

ν using quasi-probability. The effect of one symmetry verification essentially split
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our circuit runs into two separate sets: one has even number of errors occurring

and thus will pass the symmetry test, the other has odd number of errors occurring

and thus will fail the symmetry test. Splitting the expectation value (Eq. (8.13))

into the weighted sum of these two parts we have

〈Oν〉 = e−ν (cosh(ν) 〈Oc,ν〉+ sinh(ν) 〈Os,ν〉) (8.18)

in which e−ν cosh(ν) and e−ν sinh(ν) are the probability to have even and odd

number of errors occurring in the circuit, respectively. And 〈Oc,ν〉, 〈Os,ν〉 are the

corresponding expectation values in these cases with

〈Oc,ν〉 = 1
cosh(ν)

K∑
k=1

Ak cosh((1− γk) ν),

〈Os,ν〉 = 1
sinh(ν)

K∑
k=1

Ak sinh((1− γk) ν).
(8.19)

Remember that γk is the decay constant for the kth exponential component as

defined in Section 8.3.2.

We will consider the case that the decay of our expectation value 〈Oν〉 over

increased mean circuit error count ν follows a single exponential curve (K = 1)

for simplicity, we then have:

〈Oc,ν〉 = 〈O〉 cosh((1− γ) ν)
cosh(ν)

〈Os,ν〉 = 〈O〉 sinh((1− γ) ν)
sinh(ν)

(8.20)

which gives:

〈O〉 = sgn (〈Oc,ν〉)
√
〈Oc,ν〉2 cosh2(ν)− 〈Os,ν〉2 sinh2(ν). (8.21)

Note that we have used the fact that 〈Oc,ν〉 and 〈O〉 have the same sign since

1 − γ > 0 and ν > 0. Here with the help of symmetry verification and quasi-

probability, we can now obtain an estimate of the error-free expectation value

〈O〉 by combining the expectation value of the passed runs and failed runs at one

error rate ν instead of combining the expectation value of runs at different error

rates in the conventional error extrapolation. Note that here we have assumed
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that we know the value of the mean circuit error count ν, which needs be known

before we can apply the quasi-probability step anyway. The method we employed

here will be called hyperbolic extrapolation.

As derived in Appendix E.6.4, the sampling cost factor of hyperbolic extrapola-

tion is

CH,ν = cosh(2 (1− γ) ν) cosh(ν)eν . (8.22)

To combine all three error mitigation techniques, we have used quasi-probability to

remove the error components that are undetectable by symmetry verifications. Then

symmetry verification will split all circuit runs into two sets: runs with even number

of errors and runs with odd number of errors, obtaining two separate expectation

values. Using our understanding about the decay of the expectation value from our

study of error extrapolation, we can simply combine these two erroneous expectation

values and obtain the error-free expectation value. Using Eq. (8.16) and Eq. (8.22),

the total sampling cost factor for such a process is:

CQH,ν(γ) = CQ,νCH,ν = e4µε cosh(ν) cosh(2 (1− γ) ν)
e3ν . (8.23)

We note that this is always smaller than the cost of pure quasi-probability CQ,0 = e4µε .

Its cost saving over pure quasi-probability will increase with the increase of ν and

γ. We need to note that the cost expression here is only valid for 0 ≤ ν ≤ µd

following from Eq. (8.16), thus the minimum cost that we can achieve will be

at ν = µd for which we have:

CQH(γ) = e4µε cosh(µd) cosh(2 (1− γ)µd)
eµd

. (8.24)

The only reason to try to push ν below µd is when such an action will result in

easier (smaller K) and/or better fitting to our extrapolation curves.

8.5 Numerical Simulation

8.5.1 Simulation Scheme

In this section, we will try to apply our results to the Fermi-Hubbard model

simulation circuit as outlined in Chapter 7, which consists of local two-qubit
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components that correspond to different interaction terms and the fermionic swap

operation. It can be used for both eigenstate preparation and time evolution

simulation. We will assume there are M of these two-qubit components, and

they all suffer from two-qubit depolarising noise of error probability p, which is

just a group channel of the two-qubit Pauli group (without the phase factors).

Using Eq. (8.5), we have

pε = |E| − 1
|E|

p = 15
16p ⇒ µε = 15

16µ. (8.25)

Since we usually know the number of fermions in the system, we can try to

verify the fermion number parity symmetry of the output state, which is simply:

Sσ =
∏
i

Zi

in the Jordan-Wigner qubit encoding. All the local two-qubit components in the

circuit conserve the symmetry Sσ. Hence when we start in a state with the right

fermion number, the output state should also have the correct fermion number,

enabling us to perform symmetry verification.

By checking Sσ = ∏
i Zi, we can detect all error components with one X or Y

in the local two-qubit depolarising channels since they anti-commute with Sσ. We

will remove the other error components in the local two-qubit depolarising channels

using quasi-probability. The removed components are the components that can

be generated from the set Q̃ = {Z1, Z2, X1X2} following Section 8.2.1. Thus we

have |Q| = 23 = 8 and using Eq. (8.2) we also have

pd = |E| − |Q|
|E|

p = p

2 ⇒ µd = µ

2 . (8.26)

The resultant noise channel after the application of quasi-probability is given by

Eq. (8.7), which is just a uniform distribution of the two-qubit Pauli errors that

are detectable by Sσ. We will call it the detectable noise.

In the following sections, we will perform numerical simulations using the

circuit for the 2 × 2 half-filled Fermi-Hubbard model, which consists of 8 qubits

and 144 two-qubit gates. The two-qubit gates in the circuit that correspond to
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interaction terms are parameterizable gates with the parameters indicating the

strength of the interaction. In our simulation, we will obtain the results for two

sets of randomly chosen gate parameters. We will also look at two different error

scenarios: depolarising errors and detectable errors. One of them is a group channel

while the other is a more general Pauli channel. The measurements that we

perform will be the Pauli components of the energy operator, from which we can

reconstruct the energy of the output state. The simulations are performed using

the Mathematica interface [197] of the high-performance quantum computation

simulation package QuEST [198].

8.5.2 Performance of Multi-exponential Extrapolation

Recall that in Section 6.4, we use
〈
O|L|=l

〉
to denote the expectation value of the

Pauli observable O when there are l errors in the circuit. In Fig. 8.1, we have

plotted the simulation results showing how
〈
O|L|=l

〉
changes with l for two sets

of circuit parameters under two-qubit depolarising noise and two-qubit detectable

noise. What we will first notice is the similarity between the data of the two

different noise models for the same circuit. This should not come as a surprise

since the detectable error channel can be viewed as the linear combination of the

depolarising channel and the undetectable group channel. Just as predicted by

Eq. (8.12), we can see that our
〈
O|L|=l

〉
data points can be closely fitted using a

sum of exponentials. In fact, all of the observables in Fig. 8.1 can be fitted using

a sum of just one or two exponentials, even though our circuit is generated from

a set of random parameters and thus should be lacking symmetries.

As discussed in Section 8.3.2, a multi-exponential decay of
〈
O|L|=l

〉
will translate

into a multi-exponential decay of 〈Oµ〉 of similar shape. In Fig. 8.2, we have

plotted 〈Oµ〉 of each observable at the mean circuit error counts µ = 0.5, 1, 1.5, 2

and performed both single- and dual-exponential extrapolation on them. The

true expectation values are plotted at µ = 0, using which we can compare to our

fitted curves and calculate the absolute errors in the single- and dual-exponential
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(b) Circuit paramters 1, detectable noise.
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(c) Circuit paramters 2, depolarising noise.
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(d) Circuit paramters 2, detectable noise.

Figure 8.1: Plots showing the decay of the expectation values of various Pauli observables
as the number of errors in the circuit increases. Here we are looking at two different
sets of parameters in the circuit and two different noise models in a 8-qubit simulation.
Different colours denote different measured observables for the given circuit and there is
no colour correspondence between different circuit parameters. The lines are the fitted
curves to the data points, for which the solid lines denote single-exponential curves, while
the dashed lines denote dual-exponential curves. All data generated in our simulation
can be fitted using a sum of at most two exponentials.

extrapolation estimates, which we denote as ε1 and ε2 respectively. Different colours

in the plots correspond to different estimation error ratios ε1/ε2.

For 54 out of the 58 observables we plotted, dual-exponential extrapolation can

achieve smaller estimation errors than single-exponential extrapolation (ε1/ε2 > 1).

Within the four cases that dual-exponential extrapolation is outperformed (the

green curves in Fig. 8.2), two of them are the cases in which single-exponential

extrapolation performs so well that ε1 are small enough to be of the same order

as ε2. The other two are cases with large ε2, mainly because we are only using
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(a) Circuit paramters 1, depolarising noise.
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(b) Circuit paramters 1, detectable noise.
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(c) Circuit paramters 2, depolarising noise.
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(d) Circuit paramters 2, detectable noise.

Figure 8.2: Plots showing the noisy expectation values of different Pauli observables
obtained at the four mean circuit error counts µ = 0.5, 1, 1.5, 2 (cross markers) under
two different sets of circuit parameters and two different noise models in a 8-qubit
simulation. The single- and dual-exponential extrapolation curves fitted to the data points
are represented by the solid and dashed lines, respectively. The circular markers lie at
µ = 0 and denote the true noiseless expectation values. Different colours represent
different ratios between the estimation errors of using single- and dual-exponential
extrapolation (e.g. orange means that for the given observable, the estimation errors
of single-exponential extrapolation is between 103 to 104 times larger than that of dual-
exponential extrapolation).

the bare minimum of 4 data points to fit a dual-exponential curve with 4 free

parameters, thus any small irregularities in our data points will lead to large errors

in the fitting. This can be exacerbated if the true expectation value is very small,

leading to large uncertainties in the fitting parameters. It can simply be solved by

probing at more error rates to obtain more data points. On the other hand, there

are also a few cases in which the ε1 are exceptionally large (e.g. certain orange

and red curves in Fig. 8.2 (a) and (b)). These are usually observables whose decay
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curves have extrema and/or crossing over the x-axis, thus it is impossible to get a

good fit with a single-exponential curve. For these observables, dual-exponential

extrapolation can still perform extremely well and achieve ε2 ∼ 10−5, which is up

to tens of thousands times lower than ε1: ε1/ε2 ∼ 104.

Now we will exclude the few observables above with exceptionally large ε1 or ε2
and take the average of the remaining ε1 and ε2 to obtain a more representative

performance of dual-exponential extrapolation against single-exponential extrapola-

tion. This is shown in Table 8.1, from which we see that by using dual-exponential

extrapolation instead of single-exponential extrapolation, we can achieve tens or

even a hundred times reduction in estimation errors across both circuit parameters

and both noise models. Note that in Fig. 8.2 it appears to the eye that the true

(noiseless) expectation values, marked by filled circles, never deviate from the dual-

exponential (dashed) lines. In fact there are minute discrepancies as specified in

Table 8.1, but the extrapolation is remarkably successful.

ε1,ε2
/10−4

Depolarising Detectable

Single-exp Dual-exp Single-exp Dual-exp

Param 1 150 1.0 74 1.0

Param 2 67 1.1 96 1.3

Table 8.1: The errors in the single- and dual-extrapolation estimates averaged over all
observables within each plots in Fig. 8.2. The entries are in the unit of 10−4.

8.5.3 Comparison between Quasi-probability with Exponen-
tial and with Hyperbolic Extrapolation

In the last section, we probed at four different error rates to perform single- and

dual-exponential extrapolation. However, for many error sources in practice, there

might be challenges to physically adjust the hardware error rate for extrapolation.

One way to overcome this is to use the combined method ‘quasi-probability with

exponential extrapolation’ (QE) outlined in Section 8.4.1, in which we use quasi-

probability to suppress the mean circuit error count from µ to ν and use the data
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(b) Circuit parameters 1, dual-exponential
observables.
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(c) Circuit parameters 2, single-exponential
observables.
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(d) Circuit parameters 2, dual-exponential
observables.

Figure 8.3: Plots showing the errors in our estimated expectation values using the
two different mitigation techniques against the mean circuit error count. Here we are
looking at two different sets of circuit parameters and for each case, we split all the
observables into two sets, one for observables following single-exponential decay and the
other for observables following dual-exponential decay. Within each plot, different colours
represent different observables. The solid lines denote quasi-probability with hyperbolic
extrapolation (QH), while the dashed lines denote quasi-probability with exponential
extrapolation (QE). At the mean circuit error counts µ = 2, for each observable, we use
markers to denote the method that has a lower estimation error out of the two. For a
given observable, circular markers denote lower estimation errors when using QH, while
triangle markers denote lower estimation errors when using QE. Note that in (a) there
are two QE curves that are not monotonously increasing. Though these two curves are
labelled as single-exponential observables, they are actually dual-exponential observables
that can be fitted using a single-exponential decay curve with small losses due to their
small magnitudes. In such case, when fitting using single-exponential QE at a given error
rate, we are essentially fitting to the exponential component that are dominating at that
particular error rate, thus the estimation errors is dominated by the other exponential
component. This leads to a turning point in the estimation error curve which signals the
transition between different exponential components dominating the estimation errors.
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at these two error rates to perform single-exponential extrapolation. If we have

a symmetry present in the system, another way will be using quasi-probability

to remove the local error components undetectable by the symmetry, giving a

resultant mean detectable error count ν, and then perform hyperbolic extrapolation.

This is just the method ‘quasi-probability with hyperbolic extrapolation’ (QH)

discussed in Section 8.4.3. In this section, we will compare the performance of

QE and QH in the case of Fermi-Hubbard model simulation with local two-qubit

depolarising noise with a mean circuit error count µ and we will use fermionic

number parity symmetry for QH. For the quasi-probability we apply in QH, we

will just remove the undetectable error components without suppressing any of

the detectable components, which means ν = µd = µ
2 following the discussions in

Section 8.4.2 and Eq. (8.26). For the quasi-probability in QE in this section, we will

keep it at the same strength as that in QH: ν = µ
2 . Note that even though resultant

channels after the partial quasi-probability in both QE and QH give the same mean

circuit error count ν = µ
2 , in one case the resultant noise is still depolarising while

in the other case the resultant noise is locally detectable. In this section, we will

assume the quasi-probability process is performed perfectly.

As shown in Fig. 8.1, for our example circuits, the observables will follow either

single- or dual-exponential decay, which we will call single-exponential observables

and dual-exponential observables, respectively. In Fig. 8.3, we have plotted the

absolute estimation errors εest using the two different extrapolation techniques

against the mean circuit error count µ under two different circuit configurations

and for the single-exponential and dual-exponential observables separately. First,

we can see that the estimation errors for the dual-exponential observables are

almost one order of magnitude higher than the errors for the single-exponential

observables. This should not come as a surprise since both single-exponential

extrapolation and hyperbolic extrapolation are derived under the assumptions of

single-exponential observables. At the mean circuit error counts µ = 2, for each

observable, we have used markers to label the method that can achieve lower

estimation error out of the two. We see that the number of single-exponential
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observables that can achieve a lower estimation error using QE is greater than that

of QH. On the other hand, almost all dual-exponential observables can achieve

a lower estimation error using QH.

εest/10−4 1-Exp. Obs. 2-Exp. Obs. All Obs.

QE QH QE QH QE QH

Param 1 5.1 7.8 100 56 53 32

Param 2 7.4 14 49 32 26 22

(a) µ = 1

εest/10−3 1-Exp. Obs. 2-Exp Obs. All Obs.

QE QH QE QH QE QH

Param 1 1.8 3.2 82 20 39 11

Param 2 2.5 6.1 110 13 49 9.2

(b) µ = 2

Table 8.2: The errors in the error-mitigated estimates using QE and QH averaged over
single-exponential, dual-exponential and all observables for two sets of circuit parameters,
at the mean circuit error counts (a) µ = 1 and (b) µ = 2. The entries in (a) and (b) are
in the units of 10−4 and 10−3, respectively.

In Table 8.2, we further calculate the average estimation errors of single-

exponential, dual-exponential and all observables separately at µ = 1, 2, which

re-confirm all of our observations above. We see that the estimation errors of QE are

almost half of that of QH for single-exponential observables, and on the other hand

QH can achieve much lower estimation errors for dual-exponential observables. In

other words, the performance of QH is more robust against whether the observable

is single-exponential or not. When looking at the estimation errors averaged over

all observables, we see the estimation errors of QH is always lower than QE and

can be 4 to 5 times smaller than QE at µ = 2. The all-observable averages can

be more indicative about the practical performance of the mitigation techniques

since in experiments we do not know whether a given observable should be fitted

with single-exponential or not beforehand.
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There is another added layer of robustness when we try to apply QH instead

of QE to multi-exponential observables when we look back at the hyperbolic

extrapolation equation: Eq. (8.21). We can see that if the shape of the observable is

far off from a single-exponential decay, then this might lead to a negative number in

the square root of Eq. (8.21), allowing us to realise that we need to probe at more

error rates to perform multi-exponential extrapolation instead, avoiding performing

a bad extrapolation with very large errors. In the simulation, we indeed identify

a few observables that we cannot perform QH on. For these observables, we can

still perform QE, but it will lead to huge errors in the estimates. These observables

have been excluded in our comparison between QE and QH.

8.5.4 Cost of Quasi-probability with Exponential and with
Hyperbolic Extrapolation

Using Eq. (8.24), Eq. (8.25) and Eq. (8.26), the sampling cost factor of performing

QH in our example circuit is

CQH(γ) = e
9
4µ cosh

(
µ

2

)
cosh((1− γ)µ),

where γ is the decay rate of the observable expectation values under noise.

Using Eq. (8.15), Eq. (8.25) and ν = µd = µ
2 ⇒ λ = 2, the sampling cost

factor of performing QE is:

CQE = 2
(

4e(γ+ 15
8 )µ + e2γµ

)
.

For comparison purpose, we also write down the sampling cost factor for removing

all the errors using quasi-probability given by Eq. (6.19):

CQ,0 ≈ e4µε = e
15
4 µ.

The comparison between CQ,0, CQE(γ) and CQH(γ) at different γ is plotted in

Fig. 8.4. We can see that CQH(γ) is always lower than CQ,0 across all µ and γ,

i.e. we can always get a sampling cost saving by applying QH instead of pure

quasi-probability, which is also proven in Section 8.4.3. On the other hand, at
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Figure 8.4: Plots showing the sampling cost factors of three different error mitigation
techniques: pure quasi-probability (Q), quasi-probability with exponential extrapolation
(QE) and quasi-probability with hyperbolic extrapolation (QH) against the mean circuit
error count at γ = 0, 0.5, 1. Here γ is the decay rate of the observables under noise. We
have labelled the values of the lines at the mean circuit error counts µ = 0.5, 1, 2, 4. We
have also labelled the intersects using red markers.

γ = 1, CQE is larger than CQH for all µ and larger than CQ,0 for µ < 2.4. As γ

decreases, CQH(γ) will increase while CQE(γ) will decrease. Thus they naturally

complement each other as QH will be more suitable for large-γ error mitigation

while QE will be more suitable for small-γ error mitigation. At γ = 0, we see that

CQE becomes lower than both CQH and CQ,0 at µ > 1.8.

The average fitted γ of all the single-exponential observables within each plot

in Fig. 8.1 all lie within the range 0.5 − 0.6. Hence, we will now focus on the

γ = 0.5 plot in Fig. 8.4 to get an indication of the practical sampling costs of



8. Multi-exponential Error Extrapolation and Combining Error Mitigation
Techniques 148

implementing different mitigation techniques.

At µ = 1, the sampling cost factor of quasi-probability is 43. QE requires a higher

sampling cost, thus there is no point performing QE since pure quasi-probability

can remove all the noise perfectly in theory with a lower cost. Compared to quasi-

probability, QH can reduce the cost by more than 70% while still achieving the small

estimation errors εQH ∼ 3× 10−3 shown in Table 8.2. In order for quasi-probability

to have any advantages over QH, we must sample enough times such that the shot

noise of pure quasi-probability is smaller than the estimation errors of QH (more

rigorous arguments in Appendix E.7), which will require N∗ ∼ CQ,0/ε2QH ≈ 4.3× 106

samples for each observable. Therefore in practice, QH could be the preferred

method over pure quasi-probability as it is challenging to sample more than N∗ for

each observable within reasonable runtime constraints (as seen in Chapter 7).

At µ = 2, now the sampling cost factor of quasi-probability is 1800, which is

hardly practical. QE can reduce this sampling cost by half while achieving an

estimation error around 4× 10−2 (Table 8.2), and QH can reduce this sampling cost

by almost 90% while achieving an estimation error around 1 × 10−2 (Table 8.2),

thus they both would be preferred over pure quasi-probability in practice following

similar arguments in the µ = 1 case. We also see that QH outperforms QE in terms

of both sampling cost and estimation errors at µ = 2, and thus would be preferred

over QE. The cost of QE will only become lower than QH at µ = 3.9, however at

this point, neither of their sampling costs are likely to be practical.

8.6 Discussion

In this chapter, by introducing the concepts of group errors, we managed to prove

that the change of the expectation value of a Pauli observable with increased Pauli

noise strength can be approximated using multi-exponential decay, enabling us

to extend exponential error extrapolation to multi-exponential extrapolation. We

then performed 8-qubit numerical simulations using two different circuits for Fermi-

Hubbard simulation under two different Pauli noise models, finding that the decay

of their Pauli expectation values can all be fitted using single- or dual-exponential
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curves, confirming our earlier proof of multi-exponential decay. Using the same

circuits, we performed dual-exponential extrapolation by probing at four different

error rates, which is minimal number of data points required, and managed to obtain

low estimation errors of . 10−4 for almost all 58 observables except for 2 fringe

cases. In our simulations, the estimation errors of dual-exponential extrapolation

are on average 50 ∼ 100 times lower than that of single-exponential extrapolation,

with the maximum factor of error reduction reaching ∼ 104.

We then proceeded to combine different error mitigation techniques in the

context of well-characterised local Pauli noise. Instead of using quasi-probability to

completely remove all the noise, we can use it to suppress the noise strength and

perform error extrapolation, which is named ‘quasi-probability with exponential

extrapolation’ (QE). Alternatively, we can use quasi-probability to remove the local

undetectable noise and then perform symmetry verification. On top of that, instead

of discarding all the circuit runs that fail the symmetry test, we have developed

a new way to recombine the expectation values of the ‘failed’ and ‘passed’ runs

to obtain an estimate of the noiseless observable, and we called the full combined

method ‘quasi-probability with hyperbolic extrapolation’ (QH). Note that both QE

and QH are free of the requirement to adjust the hardware error rate despite the

name ‘extrapolation’. By performing 8-qubit Fermi-Hubbard model simulations

under local depolarising noise and using the fermionic number parity symmetry, we

found that QH outperforms QE in terms of both estimation errors and sampling

costs for almost all cases. When compared to pure quasi-probability, QH can achieve

factor-of-4 and factor-of-9 sampling cost savings at the mean circuit error count µ = 1

and µ = 2, respectively, while still maintaining low estimation errors of 10−3 ∼ 10−2.

Hence, QH would outperform pure quasi-probability in our examples unless we

obtain an impractical number of samples (more than millions) per observable.

QH is derived under the assumption that the observables decay along single-

exponential curves with increased noise. Our simulation shows that QH can be robust

against violation of this assumption when applied to dual-exponential observables.

However, such robustness may not persist with a further increase in the number of
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exponential components. A multi-exponential version of QH can be done through

probing at more error rates and fitting Eq. (8.19) to the data. Alternatively, instead

of probing at more error rates, we can also try to verify more symmetries. In such a

way, we can obtain a set of expectation values corresponding to different verification

syndromes for the multi-exponential version of the hyperbolic fitting. An example

can be using the separate fermion number parity symmetries for each spin subspace,

which will lead to expectation values corresponding to the four possible verification

syndromes. However, how to recombine these expectation values in the case of

multiple symmetries and how to use quasi-probability to transform the local error

channels into the suitable forms for such a recombination is not a simple extension

of the single-symmetry case we considered.

In our derivation, the number of exponential components in the expectation

value decay curve in Eq. (8.11) is expected to scale exponentially with the number

of gates. However, in our simulations, we fitted at most two exponential components

for each of the observable decay curves. More analysis is needed to bridge the gap

between the expected and the actual number of exponential components required,

possibly based on the symmetry of the circuit. This will help us understand

how the number of exponential components scales with the system size, enabling

us to gauge the performance and the costs of scaling up the multi-exponential

extrapolation method. It might be useful to draw ideas from non-Clifford randomized

benchmarking [199–201], in which multi-exponential decay is also employed for the

fitting of the fidelity curves. When applying multi-exponential extrapolation in

practice, we might want to develop Bayesian methods to determine whether we need

to probe at more error rates, which error rates to probe, and whether to change the

number of exponential components of our fitted curve based on the existing data.

This has been done in the context of randomized benchmarking [202] and it would be

interesting to see its performance in the context of multi-exponential extrapolation.

One combination of error mitigation techniques that we have not explored

here is pairing symmetry verification with error extrapolation without using quasi-

probability. The naive version of such a combination was discussed in Chapter 7.
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To make use of the results in this chapter, one possible way is to approximate all

the local error channels as the compositions of detectable and undetectable error

channels, so that we can deal with them separately using hyperbolic extrapola-

tion and exponential extrapolation, respectively. It would be very interesting to

see the implementation details of such a method and how it compares to pure

error extrapolation.

We have only considered Pauli noise in this chapter, thus it will also be interesting

to see whether our arguments can be extended to other error channels like amplitude

damping or coherent errors. In practice, we can transform any error channels into

Pauli channels using Pauli twirling (as shown in Chapter 3) and then apply our

methods. Note that we can even perform further twirling like Clifford twirling to

transform the error channels into group channels, which can be better mitigated as

we have observed. Ways to transform a given error channel into a group channel

can be an interesting area of investigation.



9
Conclusion

In the course of this thesis, we have developed and studied a range of practical

schemes for the robust operations, implementations and applications of the emerging

noisy quantum hardware.

In Chapter 3, we tried to mitigate the damage caused by coherent errors using

twirling, which is a technique widely used for converting arbitrary error channels

into Pauli channels by conjugating the error channel with the gates randomly chosen

from the twirling set. Reducing the size of the twirling set might lead to simpler

twirling gates and might enable the iteration over the full twirling set, removing

the shot noise in twirling. We developed a scheme to construct the twirling set

using the structure of the noise, whose size can be up to exponentially smaller

than the conventional twirling set. We applied our techniques to the Steane code

under global Z rotation noise and found that our twirling scheme can reduce the

number of circuit runs by around 10 times compared to the conventional scheme.

We also showed that twirling is equivalent to stabiliser measurements with discarded

measurement results, which enables us to further reduce the size of the twirling set.

In Chapter 4, we showed that some of the coherence of a given coherent error

channel can actually be used to improve its logical fidelity by simply sandwiching

the noise with a chosen pair of Pauli gates, which we call Pauli conjugation. Using

the optimal Pauli conjugation, we can achieve a higher logical fidelity than using
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twirling and doing nothing. We devised a way to search for the optimal Pauli

conjugation scheme and apply it to Steane code, 9-qubit Shor code and distance-3

surface code under global coherent Z noise. The optimal conjugation schemes show

improvement in logical fidelity over twirling while the weights of the conjugation

gates we need to apply are lower than the average weight of the twirling gates. In our

example noise and codes, the concatenated threshold obtained using conjugation

is consistently higher than the twirling threshold and can be up to 1.5 times

higher than the original threshold where no mitigation is applied. Our simulations

show that Pauli conjugation can be robust against gate errors. With the help of

logical twirling, the undesirable coherence in the noise channel can be removed

and the advantages of conjugation over twirling can persist as we go to multiple

rounds of quantum error correction.

We then turned the hardware implementation of quantum error correction

schemes in Chapter 5 and in the process we also looked at more hardware-specific

errors like leakage errors. Leakage errors cannot be corrected by quantum error

correction codes, making them potentially very damaging even when their probability

is small. We proposed a surface code architecture for silicon quantum dot spin

qubits that is robust against leakage errors by incorporating multi-electron mediator

dots. Charge leakage in the qubit dots is transferred to the mediator dots via

charge relaxation processes and then removed using charge reservoirs attached to

the mediators. A stabiliser-check cycle, optimised for our hardware, then removes

the correlations between the residual physical errors. Through simulations we

obtained the surface code threshold for the charge leakage errors and show that in

our architecture the damage due to charge leakage errors is reduced to a similar

level to that of the usual depolarising gate noise. Our use of elongated mediator dots

creates spaces throughout the quantum dot array for charge reservoirs, measuring

devices and control gates, providing the scalability in the design.

Implementing quantum-error-corrected fault-tolerant algorithms will require

large qubit overheads. As the advances in quantum hardware bring us into the
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noisy intermediate-scale quantum (NISQ) era, we also begin to look for algorithms

that can be implemented on the NISQ hardware without quantum error correction.

The Fermi-Hubbard variational quantum eigensolver (VQE) is one of the

most promising NISQ algorithms due to its favourable circuit size scaling and

its practical implications in areas like superconductivity. In Chapter 7, we outlined

its implementation details about the gate sequence, the measurement scheme and

the relevant error mitigation techniques. We performed resource estimation for both

silicon spin qubits and superconducting qubits for a 50-qubit simulation, which

cannot be solved exactly via classical means, and find similar results. The number

of two-qubit gates required is on the order of 20000. Hence, to suppress the circuit

error rate to a level such that we can obtain meaningful results with the aid of

error mitigation, we need to achieve a two-qubit gate error rate of ∼ 10−4. When

searching for the ground state, we need a few days for one gradient-descent iteration,

which is impractical. This can be reduced to around 10 minutes if we distribute

our task among hundreds of quantum processing units. Hence, the scalability of

the hardware platform is essential to overcome the runtime issue via parallelisation.

We found that implementing a 50-qubit Hubbard model VQE on a NISQ machine

can be on the brink of being feasible in near term, but further improvements of

the error mitigation schemes are crucial for its success.

In Chapter 8, we found one such improvement by extending exponential error

extrapolation to multi-exponential error extrapolation and we provided a more

rigorous proof for its effectiveness under Pauli noise. This was further validated

via our numerical simulations, showing orders of magnitude improvements in the

estimation accuracy over single-exponential extrapolation. Moreover, we developed

methods to combine error extrapolation with two other error mitigation techniques:

quasi-probability and symmetry verification. As shown in our simulation, our

combined method can achieve low estimation errors with a sampling cost multiple

times smaller than quasi-probability while without needing to be able to adjust

the hardware error rate as required in canonical error extrapolation.
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With the recent advance in the number of qubits and the level of control achieved

by quantum hardware, two exciting goals lie ahead of us. One is the practical

realisation of quantum error correction, which underpins the idea of fault-tolerant

quantum computation and thus is fundamental to the implementation of all the

well-known quantum algorithms that have profound and provable speed-ups. To this

end, we need to develop schemes for combating dangerous errors arising in practice

and for overcoming various hardware constraints. The other goal is the practical

application of the NISQ computers that we will soon have, for which we need to

work out the implementation details of the suitable tasks and develop quantum

error mitigation schemes to fight the noise without incurring an unrealistic resource

cost. This thesis has taken sizeable steps towards both of these goals and we hope

that it can form the basis of the further advances to come. We started this thesis

with a quote from Richard Feynman, and here we will end it with a poem from

John Preskill, who is the current Richard P. Feynman Professor in Caltech:

Quantum’s inviting,

just as Feynman knew.

The future’s exciting,

if we see it through.

— From “One Entangled Evening”
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A
Appendices for Mitigating Coherent Noise:
Constructing Smaller Pauli Twirling Sets

A.1 Twirling of Gate Noise

In real circuits, a noise operator is not a physical gate, hence it is impossible

to bracket the noise operator with twirling gates. We can instead bracket the

source of the noise with twirling gates..

Suppose we want to apply a gate C, but an error E occurs after gate C

with a probability p:

Ce(ρ) = (1− p)C ρ+ pEC ρ. (A.1)

Now for the noisy part of the process EC ρ, we want to twirl the noise E.

Ce(ρ) twirling−−−−→ (1− p)C ρ+ pT (E)C ρ (A.2)

= (1− p)C ρ+ p
1
|W|

∑
W∈W

(WEW )C ρ

= (1− p)C ρ+ p
1
|W|

∑
W∈W

WEC
(
C†WC

)
ρ

which is just the following circuit:

input C†WC C E W output.
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Hence, by bracketing the erroneous gate C with the twirling gate W and its

complementary gate C†WC, we are effectively twirling the noise E coming out of C.

Substituting Eq. (3.7) into Eq. (A.2) we have

Ce(ρ) twirling−−−−→ (1− p)C ρ+ p

22n

∑
V ∈V
|Tr(V E)|2 V C ρ.

Hence, after twirling, Ce(ρ) becomes a error channel with Pauli error V ∈ V

happening with the probability p|Tr(V E)|2
22n .

A.2 Requirements on the Twirling Set

To fully twirl the noise whose Pauli basis is V, we need the twirling set W to satisfy

Eq. (3.6), which is just Eq. (3.10) with the following bijective mappings:

W 7→ Q

V 7→ HV ⊆ H

which can be simplified to

W̃ 7→ QW̃ ⊆ Q

Ṽ 7→ HṼ ⊆ H.

Remember that Q =
〈
Q̃
〉
. If we want to find the smallest W that maps to Q,

the only way is to have QW̃ = Q̃ and W =
〈
W̃
〉
. Hence, our requirement on the

twirling set becomes finding the following mappings

W̃ 7→ Q̃

Ṽ 7→ HṼ ⊆ H.
(A.3)

The way to find such mapping is outlined in Section 3.3.3.



B
Appendices for Mitigating Coherent Noise:

Pauli Conjugation

B.1 Construction of Error Generators

Recall that the error generators Ẽ are just all the remaining generators needed

to complement the stabiliser generators and the logical generators for generating

the full Pauli gate set. The requirements of Ẽ are

1. All of its elements are independent.

2. The size of Ẽ is |Ẽ| = |S̃|.

3. The full set of elements that can be generated by Ẽ does not contain any

elements in S or G, otherwise we can replace the generators in Ẽ with the

elements in S or G.

The full Pauli set G can be generated using all the single physical qubit X and

Z gate, after removing the elements that are dependent on each other through

composition with stabiliser generators and/or logical generators, we will be left

with the generating set Ẽ. Hence, we can always find a Ẽ that consist of only single

qubit X or Z operators. Here we will show how do we construct it.
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Any practical stabiliser error correction code will be able to detect and correct

all single qubit X and Z errors, hence all of these single-qubit errors will violate

different subsets of stabiliser checks. The way we construct Ẽ is:

1. Find all single-qubit X and Z errors that violate only one stabiliser check and

add them to Ẽ. We will denote the set of stabiliser checks that they violate

as SE.

2. Starting with n = 2, search in the checked physical qubits of the stabiliser

checks in SE, there will be X or Z errors on these qubits that fail n stabiliser

checks, with one and only one of the failed stabiliser checks not in SE. For

each of such error we found, we will add it into Ẽ and add the one additional

violated stabiliser check into SE. Note that for each new element added into

SE, we will have more physical qubits to check.

3. Repeat step 2 with n increasing by 1 in each iteration until SE = S̃, i.e. until

SE contains all the stabiliser checks (or equivalently until |Ẽ| = |S̃|).

In the case of topological code with boundaries, the above scheme is just starting by

adding the stabiliser checks at the boundary into SE and slowly progressing inwards,

adding the inner stabiliser checks into SE until all stabiliser checks are within SE.

In this way of construction, there is no way to find any composition of elements

in Ẽ such that there are no stabiliser checks fail, hence there is no way to compose

stabilisers or logical operators out of these elements.

B.2 Construction of Twirling Set

With the twirling generators W̃ obtained in Section 4.3.2, we can now generate

the full set of twirling gate W. The elements in the twirling set W will correspond

to the error operators that are detectable by our quantum error correction code

and will all have different syndromes. For the purpose of twirling, we would want

to replace these operators with the lowest weight error operators that produce

the same syndrome (i.e. equivalent up to composition with stabilisers and logical
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operators), since operators with lower weight will be easier to implement with

fewer errors induced. These are usually just the recovery operators of the given

syndromes, in such case we can just get them from the decoder. For a distance-d

code, by definition all errors with weight d− 1 or lower produce non-trivial error

syndromes, and all errors with weight bd−1
2 c or below will have different syndromes

(thus correctable). Hence, for all W ∈ W with weight bd−1
2 c or below, they are

already the lowest weight operators that can produce the given syndrome, while

for the others in W it may be possible to find a lower weight equivalence (not

guaranteed to find since some correctable errors can be of higher weight than bd−1
2 c,

e.g. a surface code with very long Z boundaries and very short X boundaries).

B.3 Twirling Generators Reduction

Using to denote ‘super-super-operators’:

A(C) = AC A†

we can rewrite that twirling process as:

T (N ) = 1
|W|

∑
W∈W

W (N ) =
∏
W∈W̃

I +W

2 N

N T = RT (N ) = R
∏
W∈W̃

I +W

2 N (B.1)

Here we have implicitly assumed that W only acts on N : W N = W (N ).

Hence, the matrix elements for the twirled logical channel are

N T,GG′ = 1
2|G̃|
〈〈GΠ0|R

∏
W∈G̃

(
I +W

)
N|G′Π0〉〉

All Pauli super-operators commute, thus all Pauli super-super-operators also com-

mute. Hence, we can arrange the order of the twirling generators in ∏
W∈G̃

(
I +W

)
in any way we want. We will arrange it in the following way

1
2|G̃|

∏
W∈G̃

(
I +W

)
= 1

2|G̃|
∏
S∈S̃

(
I + S

) ∏
G∈G̃

(
I +G

) ∏
En∈Ẽn

(
I + En

) ∏
Ec∈Ẽc

(
I + Ec

)
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where Ẽc is a subset of Ẽ that acts trivially on noise N when used for twirling

as discussed in Section 4.3.2.

Thus 1
2|̃Ec|

∏
Ec∈Ẽc

(
I + Ec

)
will act trivially on N and can be absorbed by N

when we put them closest to N .

On the other hand, the twirling of S̃ and G̃ will act trivially on the error

correction code and the logical states (see Section 4.3.1), hence we can put them

nearest to the logical states to remove them.

In Section 4.3.3, the equivalence of the twirling gates is obtained via interaction

with both the noise elements and the logical states. To allow a generator to interact

with both the noise elements and the logical states, we need to permute the symmetry

operator of the noise elements or the logical states through the other generators,

which will modify them. Hence instead of proving equivalence of generators, we

expand out the product of generators to obtain a linear combination of the elements

in the twirling set, and prove their equivalence instead.

B.4 Equivalence of Conjugation Gates due to Shared
Symmetries between Codes and Noise

If all the code state basis Π~0G and the physical noise channel N are invariant

under the Clifford transformation U :

[
U,Π~0G

]
= 0 ∀G ∈ G[

U,N
]

= 0

then the recovery channel R will also be invariant under the same transformation

since it is completely based on the code and the error channel:
[
U,R

]
= 0.

Hence, we have:

[
U,Π~0G

]
= 0 ∀G ∈ G[

U,N
]

= 0,
[
U,R

]
= 0⇒

[
U,RN

]
= 0
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Thus

UΠ~0GU
† = Π~0G ⇒ U |Π~0G〉〉 = |Π~0G〉〉 ∀G ∈ G

U RN U † = RN

Since W and R are both Pauli channel, they commutes, hence

N (W )G,G′ = 〈〈Π~0G|RW N W |Π~0G
′〉〉

= 〈〈Π~0G|W RN W |Π~0G
′〉〉

= 〈〈Π~0G|U
†W U RN U †W U |Π~0G

′〉〉

Since U is Clifford, U †WU is Pauli, hence U †WU commute with R:

N (W )G,G′ = 〈〈Π~0G|RU
†WU N U †WU |Π~0G

′〉〉

= N (U †WU)G,G′

B.5 Shape of Fidelity Curve under Global Z Ro-
tation

B.5.1 Rotational symmetry of the fidelity curve

For the noise model in Eq. (4.6) and for all the codes we considered which have

global logical Z gates, we have:

N(π2 ) =
J∏
j=1

(−iZj) ≡ Z

For the worst case fidelity Q for such pure Z noise, we will start and measured

in the logical |+L〉 eigenstate:

Q(θ) = |〈+L|N(θ) |+L〉|2

= |(〈+L|N(θ) |+L〉)∗|2

= |〈+L|N(−θ) |+L〉|2
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Q(π2 − θ) =
∣∣∣∣〈+L|N(π2 − θ) |+L〉

∣∣∣∣2
=
∣∣∣∣〈+L|N(π2 )N(−θ) |+L〉

∣∣∣∣2
= |〈−L|N(−θ) |+L〉|2

= 1− |〈+L|N(−θ) |+L〉|2

= 1−Q(θ)

For fidelity of one qubit, we have:

F (θ) = 2
3Q(θ) + 1

3

Hence, we have:

F (π2 − θ) = 2
3 (1−Q(θ)) + 1

3
= 4

3 −
2
3Q(θ)− 1

3
= 4

3 − F (θ)

Hence, the logical fidelity curve F (θ) is rotationally symmetry about a point at θ = π
4

B.5.2 Fidelity at θ = π
4

For the noise model in Eq. (4.6), at θ = π
4 we have:

N(π4 ) = 1√
2J

J∏
j=1

(I − iZj) (B.2)

For an operator U consist of tensor product of single-qubit Z, we will write the

set of qubit index that we apply Z gate on as ~U :

U =
∏
i∈~U

Zi

Hence, the terms in the expansion of Eq. (B.2) will be (−i)|~U|∏i∈~U Zi = (−i)|~U|U .

In the case of measuring the zero syndrome, N(π4 ) will collapse into a superposition

of stabilisers and Z logical operators. For each stabiliser term (−i)|~S|S in the
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expansion, there will be a corresponding logical Z operator term differed by apply Z

to all qubits: (−i)J−|~S|S
(∏

j Zj
)

= (−i)J−|~S|SZ, hence the terms in the expansion

correspond to zero syndrome is:∑
S

(−i)|~S|S + Z

(∑
S

(−i)J−|~S|S
)

=
∑
S

(−i)|~S|S
[
I + (−i)J−2|~S|Z

]

≡
∑
S

[
I + (−i)J−2|~S|Z

]

If all stabilisers have even weights, i.e. |~S| = 2n, then 2|~S| = 4n, hence (−i)J−2|~S| =

(−i)J(−i)−2|~S| = (−i)J .

Thus if all the stabilisers have even weights, and the logical Z operator consist

of applying Z to all the qubits, then the terms in the expansion of Eq. (B.2) is:

|S|
[
I + (−i)JZ

]
and similarly for other syndromes. Note that terms of other syndromes will

also result in the same amplitude |S|. Hence, we have the same probability of

collapse into any syndrome. For odd number of qubits J , we then have a logical

Z rotation of the angle π
2 (or −π

2 ), which means a worst case fidelity of 1
2 and

an average fidelity of 2
3 ×

1
2 + 1

3 = 2
3 .

B.6 Equivalent Conjugation Classes for Codes un-
der Global Z Rotation

Recalled the arguments in Section 4.4. We can make the following simplification

based on the codes and the noise model we consider.

• Our noise model is global, thus have all possible qubit permutation symmetry.

Along with the fact that our codes have one logical qubit and global Pauli

gates mean that we only need to consider the permutation symmetry of the

stabilisers when we try to reduce the twirling set.

• The noise model is pure Z noise, thus all Z twirling generators can be removed.

All Z stabiliser checks will also have trivial effects (besides the five-qubit

code which does not have pure Z checks), thus we only need to consider the

permutation symmetry of the X stabilisers.
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B.6.1 Five-qubit code

In five-qubit code, the generators are

• Stabiliser generators S̃: XZZXI and three of its cyclic permutations IXZZX,

XIXZZ, ZXIXZ

• Logical generators G̃: X or Z on all qubits.

Following Section 4.3.1, we can construct the twirling generators:

W̃ = Ẽ = {X1, X2, Z3, Z5}

As mentioned above, the Z twirling generators can be safely removed since we

have pure Z noise:

W̃ = {X1, X2}

which generates the twirling set:

W = {I,X1, X2, Z4}

Here we have transform the error operators X1X2 to its lowest weight equivalence

with the same error syndromes Z4. Conjugating the noise with Z4 has trivial

effect since we have pure Z noise.

The five-qubit code has cyclic permutation symmetry (there are also additional

symmetries that we do not need to use here [18]). As discussed in Section 4.3.2,

using these symmetry transformation, we can easily prove that conjugating the

noise with X1 is equivalent to X2 since X2 = U †X1U where U is one of the qubit

cyclic permutation operator.

Hence, there are two equivalent class of twirling gate, one is equivalent to I, while

the other is equivalent to X1 (or any single-qubit X gate by cyclic permutation).
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B.6.2 Nine-qubit Shor code
With Local Z checks

As shown in Fig. 4.4, in nine-qubit Shor Code, the generators are

• Stabiliser generators S̃: {ZiZi+1 | i ∈ {1, 2, 4, 5, 7, 8}} and {
∏5
j=0Xi+j | i ∈

{1, 4}}

• Logical generators G̃: X or Z on all qubits.

Following Section 4.3.1, we can construct our twirling generators:

W̃ = Ẽ = {X1, X3, X4, X6, X7, X9, Z1, Z7}

As mentioned above, the Z twirling generators can be safely removed since we

have pure Z noise:

W̃ = {X1, X3, X4, X6, X7, X9}

When looking at the Z stabiliser checks, which will produce the syndromes for these

X error operators, we realise they are divided into 3 non-overlapping set (no shared

checked qubits), which are individual rows in Fig. 4.4. All the error syndromes

within each row can be produced by single-qubit X errors within that row. The

Z-check syndrome of different rows are independent of each other since they do not

share any qubits. Hence, to produce all possible syndromes using error operators

with the lowest weight, we will have zero or one single-qubit X errors in each row.

This set of error operators will be the full twirling set W that is generated.

Permutation symmetries that exist in the 9-qubit Shor code will be any per-

mutation of the elements within each row and any permutation between the rows

shown in Fig. 4.4. In such a case, all the operators with the same weight in our

twirling set can be shown to be equivalent, leaving us with the following four

equivalent classes of twirling operators.

• Identity: I

• Single qubit flip: X1
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• Two-qubit flip (in different row): X1X4

• Three-qubit flip (in different row): X1X4X7

With Local X checks

It is still a nine-qubit Shor code, with a swap between the X and Z stabilisers.

Following Section 4.3.1, we can construct our twirling generators:

W̃ = Ẽ = {Z1, Z3, Z4, Z6, Z7, Z9, X1, X7}

As mentioned above, the Z twirling generators can be safely removed since we

have pure Z noise:

W̃ = {X1, X7}

which generates the twirling set:

W = {I,X1, X4, X7}

Here we have transform the error operators X1X7 to its lowest weight equivalence

with the same error syndromes X4.

We have the same code symmetry as the other Shor code, which allows us to

prove the equivalence of conjugation with X1, X4 and X7.

Hence, there are two equivalent class of twirling gate, one is equivalent to I,

while the other is equivalent to X1 (or any single-qubit X gate).

B.6.3 Distance-3 surface code

The stabiliser generators of the distance-3 surface code is shown in Fig. 4.6.

Following Section 4.3.1, we can construct our twirling generators:

W̃ = Ẽ = {X1, X3, X7, X9, Z1, Z3, Z7, Z9}

As mentioned above, the Z twirling generators can be safely removed since we

have pure Z noise:

W̃ = {X1, X3, X7, X9}

which generates the twirling set:
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• Weight-1: X1, X2, X3, X5, X7, X8, X9

• Weight-2: X2X7, X1X7, X1X8, X1X9, X2X9, X3X9, X3X8, X2X8

The logical Pauli gates of the code are just applying the corresponding Pauli gates

to all the physical qubits (because it is an odd distance surface code), hence we

only need to look at the symmetry of its stabilisers as discussed in Section 4.3.3.

We can group the operators that are equivalent due to the rotational symmetry

of the code: (X1, X9), (X2, X8), (X3, X7), (X5), (X2X7, X3X8), (X1X7, X3X9),

(X1X8, X2X9), (X1X9), (X2X8).

Since we have only pure Z noise, we only need to look at the symmetry exists

in the X stabilisers, leading to additional symmetry in the exchange between qubits

(1, 2) and between qubits (8, 9). Applying on top of the rotational symmetry, we

have the following classes of equivalent conjugations:

• I

• X1, X2, X8, X9

• X3, X7

• X5

• X1X7, X3X9, X2X7, X3X8

• X1X9, X2X8, X1X8, X2X9

B.7 Effective Z Logical Channel Conditioned on
Syndrome

When we expand the physical noise e−iθ
∑

j
Zj into the sum of tensor products of

Z, all the odd-weight term will form the imaginary part, while all even-weight

terms will form the real part. Hence, when we flip the sign of θ, which is equivalent

to taking the complex conjugate of our noise channel, all the odd-weight terms
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(the imaginary part) will flip their signs while all the even-weight terms (the real

part) will remain the same.

By saying the operator is real (imaginary) here, we mean that the operator has

real (imaginary) amplitude. Since we are only considering Z noise, composing two Z

operators together will not lead to any extra phase factor i. Thus when we compose

an imaginary Z operator with a real Z operator, we will get an imaginary Z operator,

while composing two imaginary or two real operators will give a real Z operator.

For all the codes we consider here, they have stabiliser generators that are all

even-weight, which means that they are all real in the noise expansion. For our

codes, we can find one of the logical operators Z is odd-weight, which corresponds

to imaginary amplitude in the expansion, thus all Z are imaginary since they can

be obtained by composing the imaginary Z with the real stabilisers. Hence, when

we measured the 0 syndrome, the noise is collapsed into a coherent superposition of

I with real amplitude and Z with imaginary amplitude. When we flip the sign of

the physical error angle θ, it is the same as taking the complex conjugate, which

will flip the sign of Z since its amplitude is pure imaginary. For other syndromes

with error E, we still have one of EZ and EI being one real and the other being

imaginary and hence similar argument follows.

For codes with odd-weight stabiliser generators, we will have a complex amplitude

(mix of real and imaginary) for I. On the other hand, for codes with even-weight

logical operators (even distance code), it will give real Z for real I and imaginary Z

for imaginary I. In both case, since the phase of I and Z are no longer guaranteed

to be differed by i, the logical channel for a given syndrome can no longer be written

as a logical Z rotation, but instead a combination of logical Z rotation and logical

dephasing channel. This was observed by Huang et. al. [18] for even-distance

repetition code and distance-4 surface code.
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Figure B.1: Logical fidelity of the nine-qubit shor code with local X checks under
difference noise strength and noise tailoring schemes.
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Figure B.2: The concatenated threshold plot under global Z rotation noise for the 9-qubit
Shor code with local X checks. Different colours show different levels of concatenation while
different line styles show applying different strategies like twirling or Pauli conjugation to
the noise. The Pauli conjugations we used here are the optimal schemes that we found
with zero gate error.

0 0.05 0.1 0.15 0.2 0.25 
Error Angle 

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

Av
er

ag
e 

Lo
gi

ca
l F

id
el

ity

local Z checks
local X checks
original
conjugated

Figure B.3: Comparison between Shor code with local X checks and local Z checks with
Pauli conjugation and without. The Pauli conjugations we used here are the optimal
schemes that we found with zero gate error.
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B.8 Pauli Conjugation for the Other 9-qubit Shor
Code

In the main text, we have only shown results for the 9-qubit Shor code local

Z checks. For the 9-qubit Shor code with local X check, its average fidelity of

different conjugation schemes and its concatenated threshold plots are shown

in Fig. B.1 and Fig. B.2.

For the Z noise we considered, the 9-qubit Shor code that has local X checks

will actually have better performance since it has more X checks which are sensitive

to Z noise. This is shown by the large gap between the two original fidelity curve in

Fig. B.3. However, after using conjugation to tailor the noise to fit the code, the Shor

code with local Z checks receives a huge boost in fidelity such that it even exceeds

the fidelity of the other Shor code with conjugation. This further exemplifies the

power of Pauli conjugation when there is a misfit between the code and the noise.

B.9 Detailed Circuit for the Codes

Here in Fig. B.4, Fig. B.5 and Fig. B.6, we outline the encoding circuits and the

parity check circuits we used for our codes.

• • •

|0〉 •
|0〉 •
|0〉 • •

|0〉 H • • • • •

|0〉 H • • • • •

|0〉 H • • • • • •

|0〉 Z |0〉 Z |0〉 Z

X

X

X

X

X

X

X

... ...

encoding parity checks decoding

|ψ〉

Figure B.4: The encoding and the parity check circuit for the Steane code.
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|ψ〉 H • • H • • •
|0〉 • •
|0〉 •

|0〉 Z |0〉 Z

|0〉 H • • •
|0〉 • •
|0〉 •

|0〉 Z |0〉 Z

|0〉 H • • •
|0〉 • •
|0〉 •

|0〉 Z |0〉 Z |+〉 • • • • • • X |+〉 • • • • • • X

encoding parity checks
z checks x checks

Figure B.5: The encoding and the parity check circuit for the Shor code.

|+>1

|0>2 |0>3

|0>7 |0>8

|+>9

|+>4 |+>6

|ψ>5

Figure B.6: The encoding circuit for the Surface code. The parities are checked using
similar circuits as our Steane code circuit and Shor code circuit, with one ancilla per
parity check and using CNOT for the interaction between data and ancilla.

B.10 Multiple Rounds of Error Correction under
Global Z Rotation

B.10.1 Without logical twirling

All the codes that we have considered in this section have one logical qubit and

transversal Z gates. When they undergo coherent Z noise, the effective logical error

for a given measured syndrome ~m after correction will be a logical Z rotation

of angle θ~m. Hence, the effective logical error channel averaged over all the

syndrome measurements is:

N 0 =
∑
~m

p~m Z(θ~m) (B.3)
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The Pauli transfer matrix of Z(θ) is


1 0 0 0
0 cos(θ) − sin(θ) 0
0 sin(θ) cos(θ) 0
0 0 0 1


with the eigenvalues 1, 1, e−iθ, eiθ, and the same eigenvectors independent of θ. Hence,

N 0 will have the same eigenvectors with the eigenvalues 1, 1,∑~m p~me
−iθ~m ,

∑
~m p~me

iθ~m .

Hence, after k round of error correction, the logical fidelity is:

F (N k
0) =

1
2 Tr

{
N k

0

}
+ 1

3 =
Re
{(∑

~m p~me
−iθ~m

)k}
+ 2

3 (B.4)

If we twirl the Z noise channel, then we will have a logical dephasing channel

instead. Thus N T is a diagonal matrix with eigenvalues: 1, 1 − 2pd, 1 − 2pd, 1

where pd is the dephasing probability.

Hence, for k round of error correction (each round undergo the same noise

as before), the logical fidelity is:

F (N k

T ) =
1
2 Tr

{
N k

T

}
+ 1

3 = (1− 2pd)k + 2
3 (B.5)

Using these formulae, in Fig. B.7 we have plotted the logical fidelity of different

schemes for different codes after 100 cycles; in each cycle, error correction follows a

period of exposure to the environment which induces global Z rotation with angle

θ. In all codes, we can see the improvements of the Pauli conjugation schemes

and the twirling scheme over doing nothing in small θ. In Shor code and surface

code, we can see the advantage of our optimal conjugation scheme over twirling still

remains for small error angle θ in each round even after 100 rounds. Nevertheless,

we can see that in many cases twirling becomes superior to even our best Pauli

conjugation after sufficient cycles have occurred; fortunately this can be entirely

remedied by an adaption we term ‘logical twirling’.
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Figure B.7: Logical fidelity after 100 cycles of noise with quantum error correction
using different strategies for (a) Steane code, (b)nine-qubit Shor code and (c) distance-3
surface code. Within each round the noise is the same coherent rotation of the strength θ.
These figure illustrate the issue that is tackled through ‘logical twirling’ as we explain
Section 4.5.

B.10.2 With logical twirling

The logically twirled version of the noise channel N 0 described in Eq. (B.3) is

a logical dephasing channel of the form

N 0,LT =
∑
~m

p~m

(
cos2

(
φ~m
2

)
I + sin2

(
φ~m
2

)
Z

)
(B.6)

The corresponding conjugated noise channel N c will be in a form similar to Eq. (B.3)

with different φ~m. Applying logical twirling on top of conjugation will lead to the

channel N c,LT . Recall that the corresponding physically twirled noise channel

is denoted as N T .
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Our previous simulations for one round of error correction show that:

F (N c) ≥ F (N T ) ≥ F (N 0).

Since logical twirling will not change the logical fidelity (since the eigenvalues of

the Pauli transfer matrices are not affected), we have:

F (N c,LT ) ≥ F (N T ) ≥ F (N 0,LT ). (B.7)

in which N c,LT , N T and N 0,LT are all logical dephasing channel with different

dephasing probability pd.

For a single-qubit dephasing channel N d with dephasing probability pd, the

eigenvalues of its Pauli transfer matrix will be {λi} = {1, 1− 2pd, 1− 2pd, 1}. Hence,

the logical fidelity of k rounds of N d is [203, 204]:

F (N k
d) =

Tr
{
N k

d

}
+ 2

6

=
∑
i λ

k
i + 2
6

= (1− 2pd)k + 2
3

Thus we have:

F (N d) ≥ F (N ′d)⇒ F (N k
d) ≥ F (N ′kd ) ∀k ∈ Z+

Combining with Eq. (B.7), we then have:

F (N k

c,LT ) ≥ F (N k

T ) ≥ F (N k

0,LT ).

for any positive integer k. Hence, with the help of logical twirling, the improvement

of logical fidelity using Pauli conjugation over twirling (or doing nothing) with

single-round of error correction in global Z rotation will indeed persist when we

go to multiple rounds of error corrections.
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B.10.3 Random walk noise model

Up to now, we have only considered the case in which the global Z rotations in

each round of error correction are rotations of the same angle in the same direction.

In practice, for such a noise model, all we need to do is flip all the qubits right in

the middle of the whole process which flips the direction of the rotation and cancels

the coherent error. This is just a simple case of dynamical decoupling.

It may be interesting to look at the other extreme in which the error channel is

a random walk. Within each round of error correction, there is a equal probability

of positive or negative rotation of angle θ: N(±θ) = e±iθ
∑

j
Zj .

A a global Z rotation e−iθ
∑

j
Zj will lead to an effective logical error channel

as described in Eq. (B.3):

N 0 =
∑
~m

p~m Z(φ~m)

When the sign of rotation of the physical error θ is flipped, the sign of the logical

rotation φ~m will also be flipped for all the codes that we are considering (see

Appendix B.7). For each time step, since we have equal probabilities of positive

and negative physical rotations, we also have equal probabilities of positive and

negative logical rotations, leading to the effective logical channel:

N 0,± =
∑
~m

p~m

(
cos2

(
φ~m
2

)
I + sin2

(
φ~m
2

)
Z

)

which is just the logically twirled channel N 0,LT . Hence, for such a random walk

noise model, the logical channel is already logically twirled and we just need to

apply conjugation to it to reduce the effect of the noise.

B.11 Conjugating High Frequency Noise

For a coherent noise:

U(θ) = e−iHt,
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the Hamiltonian H can be broken down into its Pauli basis GH :

H =
∑

gi∈GH
βigi

Note that βi are real since H is Hermitian.

Now we define the magnitude of H to be E, and the normalised version of

H to be h where:

E =
√∑

i

β2
i (B.8)

h = H

E
=

∑
gi∈GH

βi
E
gi =

∑
gi∈GH

αigi (B.9)

for αi = βi
E

and ∑
i α

2
i = 1.

Now the evolution operator is just:

U(t) = e−iHt = e−ihEt

U(θ) = e−iθh

with θ = Et.

Suppose our noise channel is some high frequency noise that is only coherent for

a very short amount of time δt, resulting in a rotation angle of ε = Eδt:

U(±ε) = e±iεh

≈ I ± iεh− ε2

2 h
2

= I − ε2

2 h
2 ± iεh

Within each time period δt, the coherent noise will have a 50-50 chance for rotations

in the positive and negative directions, just like a random walk. Thus the effective

channel over a time period δt is just:

Uε(ρ) = 1
2U(ε)ρU †(ε) + 1

2U(−ε)ρU †(−ε)

=
(
I − ε2

2 h
2
)
ρ

(
I − ε2

2 h
2
)

+ ε2hρh (B.10)
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which in the Pauli transfer matrix formalism is just:

Uε|ρ〉〉 =
I − ε2

2 h
2 +ε2 h

 |ρ〉〉
Composing N of such channels together we have:

UNε |ρ〉〉 =
I − ε2

2 h
2 +ε2 h

N |ρ〉〉
≈


I − ε2

2 h
2

N +Nε2 h

I − ε2

2 h
2

N−1
 |ρ〉〉

=

(I − ε2

2 h
2
)N

+Nε2 h
(
I − ε2

2 h
2
)N−1

 |ρ〉〉
≈

I − Nε2

2 h2 +Nε2 h
 |ρ〉〉

= U√Nε|ρ〉〉

Now if H (and thus h) contains coherent superposition of multiple Pauli components,

then as discussed in Section 4.2.3, conjugation can be used to improve the logical

fidelity of the channel by changing the way these components interfere. In particular,

if a conjugation scheme works for the channel Uε, then the same scheme should also

work for the composite channel UNε ≈ U√Nε since their Pauli components interfere

in similar ways (as can be seen from their similar structural dependence on h).

In the case of the global Z rotation that we considered in Section 4.4, we have

discussed why conjugation would work for a single step of the random walk channel

Uε in Appendix B.10.3 (in which the channel is denoted as N 0,±). Hence, by the

arguments above, the same conjugation scheme will also work for the composite

channel which corresponds to high frequency global Z noise.

B.12 Multi-round Twirling Set Reduction

The effective error channel with K rounds of twirling is:

(N TK)G,G′ = 〈〈Π~0G|R
[
K∏
k=1
T (N )

]
|Π~0G

′〉〉
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The argument about structure of noise (Section 4.3.2) can still be applied to the

twirling within each individual rounds here, giving us a smaller set of twirling

generators W̃, from which we can obtained a reduced twirling set W:

(N TK)G,G′ = 1
|W|K

∑
~W∈WK

〈〈Π~0G|R
K∏
k=1

W kNW k|Π~0G
′〉〉

Since we are summing all possible ~W and the twirling set is a group on super-

operator composition, we can do the following change of variables: W kW k+1 ⇒

W k+1, which gives:

(N TK)G,G′ = 1
|W|K

∑
~W∈WK

〈〈Π~0G|R
(

K∏
k=1

W k

)( 1∏
k=K
NW k

)
|Π~0G

′〉〉

In this form, our arguments about interaction of twirling with the code space in

Section 4.3.1 can be applied to the outermost twirling set, obtaining a reduced

twirling set W1. Hence, we have

(N TK)G,G′ = 1
|W1||W|K−1

∑
~W∈W1×WK−1

〈〈Π~0G|R
(

K∏
k=1

W k

)( 1∏
k=K
NW k

)
|Π~0G

′〉〉

Similar arguments to Section 4.3.3 can be made about the symmetries in both noise

and code. However, rather than proving the equivalence of using two different Pauli

operators in conjugation, we now will prove the equivalence of using two different sets

of Pauli operators in conjugation: i.e. after find the symmetry U , we can say a Pauli

conjugation set ~W ′ is equivalent to ~W when U ~WU † = ~W ′. Here U ~WU † is defined as:

U ~WU † = (UW1U
†, UW2U

†, · · · , UWKU
†)

Note that this is not a simple tensor product of the single round case. For example,

if W1 equivalent to W ′
1 due to symmetry U and W2 equivalent to W ′

2 due to

another symmetry U ′, this does not means that ~W = (W1,W2) is equivalent

to ~W ′ = (W ′
1,W

′
2) since the two elements are related by different symmetry:

U ~WU † 6= ~W 6= U ′ ~WU ′†.



C
Appendices for a Silicon Surface Code

Architecture Resilient Against Leakage
Errors

C.1 Two Ways to Achieve CZ between Data and
Ancilla Qubits

C.1.1 Hamiltonian

The two-spin Hamiltonian is:

H = 1
2 (E1Z1 + E2Z2)︸ ︷︷ ︸

H0: Zeeman

splitting

+ J

2 SWAP︸ ︷︷ ︸
Hex: exchange

interactions

(C.1)

The Zeeman splitting H0 can be further split into:

1
2 (E1Z1 + E2Z2)︸ ︷︷ ︸

H0: Zeeman

splitting

= Ez
2 (Z1 + Z2)︸ ︷︷ ︸
HZ : average

Zeeman splitting

+ Ω
2 (Z1 − Z2)︸ ︷︷ ︸
H∆: Zeeman

splitting gradient

where Ez = E1+E2
2 , Ω = E1−E2

2 .

181
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C.1.2 Ω � J: simple exchange interaction

Since Ω � J , and [Hex, HZ ] = [SWAP, Z1 + Z2] = 0,

Hex,I = eiH0tHexe
−iH0t = Hex

i.e. to perform the exchange interaction in the rotating frame is just the same as

performing the exchange interaction in the lab frame.

The evolution operator due to Hex is given by:

Uex(t) = e−iHext = e−iSWAPJt2

A SWAP gate corresponds to Jt
2 = π

2 , and a
√
SWAP gate corresponds to Jt

2 = π
4 .

The error in applying the exchange interaction arising from imprecise pulse

timing or charge fluctuations is analysed in Appendix C.2.

A CZ can be implemented using
√
SWAP in the following way:

≡

Zπ
2 √

SW
A
P

Zπ √
SW

A
P

Z−π2

C.1.3 Ω � J: dipole-dipole interaction

Following arguments from [114, 115], without exchange interaction we have

H0 = 1
2


Ez 0 0 0
0 Ω 0 0
0 0 −Ω 0
0 0 0 −Ez


We can see that Ez determine the eigenenergies in the parallel spin subspace, while

Ω determine the eigenenergies in the anti-parallel spin subspace.

If we add in the exchange Hamiltonian

Hex = J

2


1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

 , (C.2)
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in the parallel spin subspace, the energy of both states will be shifted up by
J
2 . In the anti-parallel spin subspace, if Ω � J , then Hex can be treated as

perturbation. Using first order perturbation theory, the shift in eigenenergies for

the anti-parallel spin states is 0.

Hence, to first order approximation, in which the eigenstate do not change

and only eigenenergies change, the exchange Hamiltonian (which is to first order

the shift in eigenenergies) becomes

Hex = J

2


1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1

 . (C.3)

This is just a dipole-dipole interaction, which, because it commutes with H0, has

a rotating frame form identical to its lab form.

Allowing this Hamiltonian to evolve for a time period π
J
, produces the following

gate:

S ∝


1 0 0 0
0 −i 0 0
0 0 −i 0
0 0 0 1


A CZ gate can be built from S using:

≡
Zπ

2

S

Zπ
2

C.1.4 Virtual Z gate and symmetric operations on ancilla

Whether using S or
√
SWAP to construct a CZ, the only type of single-qubit gate

needed is the Z rotation, which can be implemented in a virtual way by shifting

the rotating reference frame by a given phase [134]. Such Z rotations are essentially

error-free and require zero time. This corresponds to adding a phase offset to all

subsequent X, Y gate pulses, and switching all subsequent two-qubit gates into

the new rotating frame after the virtual Z rotation. Two-qubit gates whose Pauli

components consist of only tensor products of I and Z are invariant under changing
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rotating reference frame, hence we do not need to modify these two-qubit gates

after the virtual Z rotation. The other two-qubit gates usually have different forms

in the shifted rotating frame and might not be achievable through our Hamiltonian.

Following such arguments, we find that for the CZ gate constructed using the

exchange-interaction, the Zπ bracketed by the two
√
SWAPs cannot be applied

in a virtual way, while the two Z rotations outside the
√
SWAPs can. For the

dipole-dipole CZ gate, all the Z rotations can be applied in a virtual way.

However, there is another caveat. For the virtual Z rotation to work, we need to

do the measurements in Z basis at the end, so that all the remnant Z rotation for

compensating for the virtual Z gates will have no effect on the measurements (though

we can use the shifted one qubit gate to change the measurement basis). Our ancilla

measurement does not use a standard basis: our measurement only tells us whether

the ancilla is in the singlet or triplet state, where the singlet state and the triplet

states does not corresponds to a qubit representation. Thus, we cannot use virtual

Z gates here for our ancilla qubits, but can instead permute all the Z rotations

(besides the one bracketed by
√
SWAP) to the position right after the initialisation

of the singlet state. We then use the fact that the initial singlet state is invariant

under symmetric gates operating on both ancilla dots, to see that there is no need

to apply the Z rotations at the ancilla (besides the one bracketed by
√
SWAP).

Hence, under either approach to implement a CZ gate, the only single-qubit

gate that we need to implement is the Zπ bracketed by
√
SWAPs. All the other

Z rotations can be either implemented in a virtual way or can be omitted due

to the property of our ancilla qubits.

C.1.5 Comparison of the two implementations of CZ
Operation time

We denote the characteristic time scale of exchange interaction as TJ = π
J
, and

that of Z gate as TZ . The time we needed to achieve a CZ using dipole-dipole like

interaction is just TJ , no single-qubit gates needed. On the other hand, the time
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we need to achieve a CZ using exchange interaction is TJ + TZ . The extra term

here is due to the Zπ gate that we need to explicitly implement.

Errors

Errors due to fluctuation of Jt:

The ideal exchange phase for
√
SWAP is θsw = Jtsw = π

2 . We will denote the

variance in θsw due to fluctuations in exchange strength J or operation time t as ε2sw.

The ideal exchange phase for S is θs = Jts = π. If we divide the accumulation of

phase θs into two independent stages, with each stage accumulating phase π
2 = θsw,

then we have θs = θsw,1 + θsw,2. Hence, the variance of θs is just ε2s = 2ε2sw.

As shown in Appendix C.2, such fluctuations will lead to:

•
√
SWAP: psw = ε2sw probability of having a swap error.

• S: ps = ε2s = 2psw probability of having a Z1Z2 error.

Errors due to approximations made:

The main approximation made in deriving the exchange interaction is ignoring

the higher order exchange terms which will not change the form of interaction

(shift of energy in the singlet subspace w.r.t. the triplet subspace), but only shift

the strength of exchange interaction. This is possible to overcome via careful

calibrations. Of course there are also perturbations to the eigenstates that we have

not considered, which might lead to leakage errors as shown in Appendix C.6.

Since both
√
SWAP and S make use of exchange interactions, they are equally

affected by the approximations made in the treatment of the exchange interaction.

In addition, there are higher order corrections to the S gate due to the assumption

J � Ω of magnitude J
Ω . Similarly, there are higher order corrections to the

√
SWAP

gate due to the assumption Ω � J of magnitude Ω
J
.
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C.2 Errors due to Fluctuation in Interaction Strength
and Time

C.2.1 General theory

Suppose the Pauli basis of Hamiltonian H is the set GH :

H =
∑

gi∈GH
βigi

note that βi are real since H is Hermitian.

Then we can define the magnitude of H to be E, and the normalised version

of H to be h where:

E =
√∑

i

β2
i (C.4)

h = H

E
=

∑
gi∈GH

βi
E
gi =

∑
gi∈GH

αigi (C.5)

for αi = βi
E

and we have ∑i α
2
i = 1.

Now the evolution operator is just:

U(t) = e−iHt = e−ihEt

U(θ) = e−iθh

with θ = Et.

However, over- and under-rotations of θ occur in the experiment due to imprecise

pulse timing t or fluctuation of interaction strength E. If there is a 50% percent

chance of over and under rotation by ε � 1, we have:

U(θ ± ε) = e−i(θ±ε)h

≈ e−iθh
(
I ∓ iεh− ε2

2 h
2
)

= U(θ)
(
I − ε2

2 h
2 ∓ iεh

)

Then the effective operation is just

Uθ,ε(ρ) = 1
2U(θ + ε)ρU †(θ + ε) + 1

2U(θ − ε)ρU †(θ − ε)

=
(
I − ε2

2 h
2
)
U(θ)ρU †(θ)

(
I − ε2

2 h
2
)

+ ε2hU(θ)ρU †(θ)h (C.6)
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Similar channels are obtained for other symmetric over/under-rotation distributions

that are centred on the correct rotation angles.

h is unitary

If h is unitary (and remember it is also Hermitian since it is the normalised

Hamiltonian), e.g. h is SWAP or Pauli, then Eq. (C.6) turns into

Uθ,ε(ρ) =
(
1− ε2

)
U(θ)ρU †(θ) + ε2hU(θ)ρU †(θ)h (C.7)

i.e. we have either perfect U(θ) or ε2 probability of having a h error on top of Uex(θ).

Twirling

Twirling is a technique use for transforming the given error channel into a Pauli

channel to obtain a simpler description of the error channel.

The Pauli decomposition of I − ε2

2 h
2 is

I − ε2

2 h
2 = I − ε2

2

∑
i,j

αiαjgigj


= (1− ε2

2 )I − ε2

2

∑
i 6=j

αiαjgigj


After twirling, the noise due to non-identity Pauli components scales as O(ε4) in

the Pauli channel, and hence is negligible.

The Pauli decomposition of h is just Eq. (C.5). Hence, after twirling, the

effective error channel we have is just:

Uθ,ε(ρ) = (1− ε2

2 )U(θ)ρU(θ)†(1− ε2

2 ) + ε2

 ∑
gi∈GH

α2
i giU(θ)ρU(θ)†gi


= (1− ε2)U(θ)ρU(θ)† + ε2

 ∑
gi∈GH

α2
i giU(θ)ρU(θ)†gi

 (C.8)

i.e. it is an error channel with ε2α2
i probability of the Pauli error gi happening

on top of the perfect operation U(θ).
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C.2.2 Applications
Exchange Interaction

For an exchange interaction, we have:

H = J

2 SWAP

We have fluctuation εsw � 1 in θ = Jt
2 and h = SWAP is unitary. Hence,

using Eq. (C.7), we have:

Uex,θ,εsw(ρ) =
(
1− ε2sw

)
Uex(θ)ρU †ex(θ) + ε2swSWAP Uex(θ)ρU †ex(θ) SWAP

i.e. we have either perfect Uex(θ) or ε2sw probability of having a SWAP error

on top of Uex(θ).

Dipole-dipole Interaction

For a dipole-dipole interaction, we have:

H = J

2 (Z1Z2)

We have fluctuation εs � 1 in θ = Jt
2 and h = Z1Z2 is unitary. Hence, using

Eq. (C.7), we have:

Udd,θ,εs(ρ) =
(
1− ε2s

)
Udd(θ)ρU †dd(θ) + ε2sZ1Z2 Udd(θ)ρU †dd(θ) Z1Z2

i.e. we have ε2s probability of having a Z1Z2 error.

C.3 Background Exchange Interaction

In our system, tab and ∆M are generally fixed in a given device, however, their

values can be engineered in the device design. The mediated exchange coupling

(and hence the CZ gate) can be turned on and off by shifting the detuning of

the mediator dot with respect to the side dots to switch ∆L/R between ∆on and

∆off . Since ∆off is finite, there is a residual exchange interaction even in the off



C. Appendices for a Silicon Surface Code Architecture Resilient Against Leakage
Errors 189

stage. Using Eq. (5.1), we obtain the strength of such residual exchange interaction

compared to our intended exchange interaction:

Joff

Jon
=
(

∆on

∆off

)2

If we look at the direct exchange interaction instead, we have J ∝ |t|2
∆ and hence

Joff
Jon

= ∆on
∆off

. Hence, we see that the residual exchange interaction of mediated

exchange is more suppressed than direct exchange when only tuning the on-site

energy of quantum dots.

An imperfect ‘off’ state also leads to next-nearest-neighbour interactions. For

direct exchange interaction, the next nearest neighbour interaction is approximated

as
(

t
∆off

)2
of the nearest neighbour interaction. In the mediated exchange interaction

however, the next nearest neighbour interaction is approximately
(

t
∆off

)4
of the

nearest neighbour interaction, which is again much more heavily suppressed than

the direct exchange case.

Hence, by using mediated exchange interactions we can more confidently ignore

the effect of residual exchange interactions and next nearest neighbour interactions

in our analysis.

C.4 Comparison of Leakage Resilience to Archi-
tectures without Mediators

As mentioned before there are two general schemes to deal with leakage er-

rors in qubits: using leakage reduction protocols or detecting leaked qubits and

replacing them.

Using leakage reduction units [129, 131] requires a large number of additional

ancilla qubits, which can be hard to integrate due to space constraints in addition to

the qubit overhead they bring. We can reuse some of the ancilla qubits to alleviate

such challenges, but this in turn significantly increases the surface code runtime

and circuit depth. Another way to achieve leakage reduction is by swapping the

data and ancilla qubits at the end of every full stabiliser cycle [130], which does not

require any additional ancilla qubits. However, such a scheme is not compatible
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with architectures that have single-dot data qubit and double-dot ancilla. Moreover,

it assumes that the initialisation process of ancilla dots will fix the leakages. This

will only be true if we use charge reservoirs for the initialisation of ancilla during

the error correction cycle. To prevent the initialisation process of ancilla qubits

from affecting other qubits, the charge reservoirs would need to be integrated into

the structure and attached to every dot instead of placed at the boundary and

relying on shuttling, which is challenging to achieve in a dense quantum dot array

without mediators due to space constraints.

As with leakage reduction circuits, leakage detection circuits [127, 128] also

require a signifincant increase in ancilla number or bring a significant cost in surface

code runtime and circuit depth. A more practical approach would instead be

to use physical charge detectors for leakage detection. In architectures without

mediators, the leading leakage errors are one missing or one extra charge in the

quantum dot. Charge detectors would therefore need to be interpersed within a

densely packed quantum dot array and capable of accurately distinguish between

the three different charge states. Furthermore, after the detection of a charge

leakage, we cannot correct them by simply shuttling the leaked charge back because

charge leakage can propagate across the array of quantum dots. Overall, this

leads to significant practical challenges and spatial constraints. Furthermore, the

general leakage reduction/detection circuits described above assume the two-qubit

gates in the leakage reduction/detection stage do not induce further leakage or

transfer leakage and this is not the case for general two-qubit gates implemented

in coupled quantum dot spins.

The practical challenges associated with integrating additional components or

ancillae for leakage correction may be solved by using a modular structure [76].

However, such a scheme creates a new source of leakage errors since it involves

shuttling electrons across dozens of quantum dots. To keep the leakage error rate

of across-array shuttling low, we need to have an extremely low rate of between-

dot shuttling leakage, which means that we need to tune the gate voltages very

slowly to maintain excellent adiabaticity. This leads to a trade-off between leakage
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suppression and the processing speed of the architecture. In addition, additional

schemes to cope of leakage errors from the shuttling itself would be needed.

In architectures without mediators, if the parameters of direct exchange are

chosen such that they have similar speed as mediated exchange, then the probability

of leakage under direct exchange will be smaller than that using mediated exchange

due to the higher energy of the excited charge state. However, if we did not

take any active measures against the leakage errors, regardless of how small the

leakage error probability is (as long as it is non-negligible), the leakages will

keep accumulating until they break our code. As seen from above, active leakage

correction schemes lead to a large runtime/qubit overhead. For a dense array of

quantum dots, the reservoirs needed for leakage reset or the charge detectors needed

for leakage detection are challenging to integrated due to space constraints, while

in the modular scheme, the required electron shuttling creates a new source of

leakage. In contrast, to handle leakage in our architecture, there are no additional

components nor complex schemes required. We merely reset the mediators when

they are idle, making our architecture more robust against charge leakage errors

compared to the other quantum dot architectures.

C.5 Resultant Computational Error from Leak-
age and Restoration

For our system, there is no reason to assume that either the leakage event or the

restoring charge relaxation are spin-conserving. Hence when a spin in a qubit dot

is leaked and restored, we can assume that all the spin information is lost, which

is equivalent to a depolarising error. When we look at the exchange interaction

between qubit A and B via a mediator. If qubit A has leaked and been restored,

it will be depolarised. Before the leakage, qubit B interacts with the original

qubit A, and after the leakage qubit B interacts with the depolarised qubit A (via

a mediator that might be faulty). The leakage and restoration can happen at

any point during the exchange interaction, such uncertainty leads to a random

depolarising error on the qubit B as well.
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Besides the depolarisation of the data qubit and the ancilla qubit involved in

the exchange interaction, a leakage error may also lead to faulty mediator dots and

hence affect the subsequent gates. Each stabiliser check cycle can be divided into

two halves (interacting only inasmuch as they each include one dot of an ancilla

double-dot pair): a five-dot system with one ancilla dot (A) connecting to two data

dots (D1 and D2) via two mediators (M1 and M2). A interacts with D1 first via M1

in stage 1, then with D2 via M2 in stage 2. An error in stage 1 only affects stage 2

if A has leaked and been restored using an electron from M2. In such a case, the

left-over electron in M2 will be in a random state, thus when the electrons in A and

D2 interact with the left over electrons in M2 in stage 2, they will also be depolarised

regardless of whether further leakages and restorations happens in stage 2 or not.

Hence, we have the following leakage error table for the five-dot system with

a exchange gate leakage probability p:

Stage 1 Stage 2 Errors

1− p :
No leakages


1− p :

No leakages Perfect

p :
Any leakages

A and D2 depo-
larised

p
4 :

Leaked A and
restored from
M2

Any All depolarised

3p
4 :

Other leakages


1− p :

No leakages
A and D1 depo-
larised

p :
Any leakages All depolarised

Hence, we can see here we have (1 − p)2 = 1 − 2p + p2 probability of having no

leakage, and otherwise we will have partial or full depolarisation errors to the three

qubits. In the calculations described in the main text, we have assumed an error

model where we have 1− 2p probability of having no leakage and otherwise have

full depolarisation errors on all three qubits, which is a more severe error model

than the more detailed one we describe here.
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C.6 One Possible Leakage Mechanism

C.6.1 Three-dot system

With reference to Fig. 5.2 in the main text, the charge configuration of the ground

state is (1, 2, 1). In the exchange Hamiltonian, the charge ground state is connected

to the excited state charge states (0, 3, 1) and (1, 3, 0) via the tunnelling energies tL2

and tR2. Hence, the eigenstates of the exchange Hamiltonian are a superposition

of the ground and excited state charge configurations. As noise causes such a

superposition to decohere, there is a possibility that the exchange eigenstates will

collapse into the excited state charge configuration, bringing the three dot setup

out of the computational subspace, and leading to leakage errors.

The probability of such a leakage error is related to the amplitude of the excited

state in the coupled system eigenstate. Using perturbation theory, such an amplitude

has a magnitude of t
∆ , where t is the tunnelling energy between the high energy

state and the ground state while ∆ is the energy difference between them. Hence,

the possibility of our ground charge configuration (1, 2, 1) escaping into the high

energy charge configuration (0, 3, 1), (1, 3, 0) will be on the order of
(
tL2
∆L

)2
and(

tR2
∆R

)2
, which means that such leakage process will only be significant during the

exchange interaction (when |∆L,R| is small). Below we present a detailed analysis

for the two-dot case, which can be easily generalised to our case.

C.6.2 Two-dot system

Hamiltonian

For our two-dot system, we denote |T 〉 as the triplet state with zero z-component,

|S〉 as the singlet state, |ion+〉 as the state that has two electrons in one dot that

can be reached by |S〉 via hopping, and |ion−〉 as the other state with two electrons

in one dot but is orthogonal to |ion+〉.
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We divide the Hamiltonian H into two parts, a dominating diagonal part H(0):

H(0) =


0 0 0 0
0 0 0 0
0 0 U 0
0 0 0 U


|T 〉 =

∣∣∣0(0)
〉

|S〉 =
∣∣∣1(0)

〉
|ion+〉 =

∣∣∣2(0)
〉

|ion−〉 =
∣∣∣3(0)

〉

and a small off diagonal (tunnelling) part rH(1).

rH(1) =


0 0 0 0
0 0 t+ t∗ 0
0 t+ t∗ 0 0
0 0 0 0


|T 〉 =

∣∣∣0(0)
〉

|S〉 =
∣∣∣1(0)

〉
|ion+〉 =

∣∣∣2(0)
〉

|ion−〉 =
∣∣∣3(0)

〉

r here is the ratio between the off-diagonal tunnelling energy t and the diagonal

detuning energy ∆:

r = t

∆ � 1.

Here we see that rH(1) only mixes |S〉 and |ion+〉 and leaves |T 〉 and |ion−〉 un-

changed.

Starting from the eigenstates and the eigenenergies of H(0), we can obtain the

eigenstates and the eigenenergies of H using perturbation theory:

H = H(0) + rH(1)

|n〉 =
∣∣∣n(0)

〉
+ r

∣∣∣n(1)
〉

+ r2
∣∣∣n(2)

〉
+ · · ·

En = E(0)
n + rE(1)

n + r2E(2)
n + · · ·

the superscript (m) denotes the mth-order correction.
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Perturbation theory

• Change in states ⇒ leakage error:

r
∣∣∣1(1)

〉
=

∑
E

(0)
n 6=E

(0)
1

∣∣∣n(0)
〉 〈n(0)

∣∣∣ rH(1)
∣∣∣1(0)

〉
E

(0)
1 − E

(0)
n

=
∣∣∣2(0)

〉 〈2(0)
∣∣∣ rH(1)

∣∣∣1(0)
〉

E
(0)
1 − E

(0)
2

= −t+ t∗

U

∣∣∣2(0)
〉

(C.9)

r
∣∣∣2(1)

〉
=

∑
E

(0)
n 6=E

(0)
2

∣∣∣n(0)
〉 〈n(0)

∣∣∣ rH(1)
∣∣∣2(0)

〉
E

(0)
2 − E

(0)
n

=
∣∣∣1(0)

〉 〈1(0)
∣∣∣ rH(1)

∣∣∣2(0)
〉

E
(0)
2 − E

(0)
1

= t+ t∗

U

∣∣∣1(0)
〉

(C.10)

Hence

|1〉 =
∣∣∣1(0)

〉
− t+ t∗

U

∣∣∣2(0)
〉

|2〉 =
∣∣∣2(0)

〉
+ t+ t∗

U

∣∣∣1(0)
〉

• Change in the ground state energy ⇒ exchange interaction:

The leading non-vanishing order of energy shift is

r2E
(2)
1 = −2(t+ t∗)2

U

r2E
(2)
2 = 2(t+ t∗)2

U
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Leakage oscillation

Now if we start in the state of |S〉 =
∣∣∣1(0)

〉
the probability of leaking into

|ion+〉 =
∣∣∣2(0)

〉
is:

〈
2(0)

∣∣∣ e−iĤt ∣∣∣1(0)
〉

=
∑
n

e−iEnt
〈
2(0)

∣∣∣n〉 〈n∣∣∣1(0)
〉

= e−iE1t
〈
2(0)

∣∣∣1〉︸ ︷︷ ︸
− t+t∗

U

〈
1
∣∣∣1(0)

〉
︸ ︷︷ ︸

1

+e−iE2t
〈
2(0)

∣∣∣2〉︸ ︷︷ ︸
1

〈
2
∣∣∣1(0)

〉
︸ ︷︷ ︸

t+t∗
U

= t+ t∗

U

(
e−iE2t − e−iE1t

)
= t+ t∗

U
e−i

E2+E1
2 t

(
e−i

E2−E1
2 t − ei

E2−E1
2 t

)
= t+ t∗

U
e−i

E2+E1
2 t(−2i) sin

(
E2 − E1

2 t
)

Hence,

∣∣∣〈2(0)
∣∣∣ e−iĤt ∣∣∣1(0)

〉∣∣∣2 = 4
(
t+ t∗

U

)2
sin2

(
E2 − E1

2 t
)

To the leading order E2 − E1 = U . Hence, the probability of leaking has the

magnitude of r2 and oscillates with the frequency U
2

0.2

0.4

0.6

0.8

1.0

Figure C.1: The probability of being in a different spin/charge states during one period
of exchange interaction, following an initial |↑, ↓〉 state. Note that the green and red
lines completely overlap, and both represent a leakage probability. Here we have used
r = t

∆ = 0.1.
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C.7 Threshold Simulation Details

Based on the circuit and the error model outlined in Section 5.4, we can obtain two

error tables that outlines the probabilities of all possible error patterns (including

both the errors on data qubits and the parity errors of the measurement results)

when performing the X and Z stabiliser checks respectively. This will enable us

to perform a Monte Carlo simulation of the stabiliser check process with errors

arising according to the probability obtained from the error tables. Each round of

stabiliser checks will give rise to a 2D grid of parity check results. For a distance-d

surface code, we will repeat our stabiliser measurement for d times to fight with

measurement errors, which can be viewed as stacking up d layers of 2D parity result

grid, giving rise to a 3D grid with one of the dimension being time [37]. We can then

try to match the failed parity checks to the boundary or to any change in the parity

results in the time direction using minimum-weight perfect matching(MWPM),

which is carried out using the Blossom V package [31]. The surface code threshold

simulation module we used is published on Github [205]. For simplicity, in our

simulation we have the same weight for the edges in the spatial direction and the

edges in the time direction. However, threshold improvements can be gained by

optimising the weight ratios between them due to the different probabilities of

failure. Further improvements of the threshold can be achieved by using more

advance decoders, e.g. the maximum likelihood decoder [206].



D
Appendices for Resource Estimation for
Quantum Variational Simulations of the

Fermi-Hubbard Model

D.1 Hubbard Model Hamiltonian Ansatz

D.1.1 Simulation scheme

Here we recap the scheme to implement the 2D open-boundary Hubbard model

Hamiltonian ansatz as described in [149]. We will be considering a 2D Hubbard

models of V sites, with the starting canonical ordering of the orbitals as shown

in Fig. D.1.

Gates will be local if they are applying to the orbitals adjacent to each other in

the canonical ordering. In the canonical ordering shown in Fig. D.1, the orbitals of

the same site and different spins are adjacent to each other, enabling the application

of local parametrised on-site repulsion gates. To apply local hopping gates, we need

to apply fermionic swaps to the orbitals to move them around in the canonical

ordering. There are two types of fermionic swaps that we can apply: swaps between

or within spins, which corresponding to swaps between or within rows for the orbital

layout in Fig. D.1. The swap scheme in [149] involving alternating swaps within and

between spins. Now suppose we focus only on the spin-down orbitals. The spin-down

198
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1 2 3

6 5 4

7 8 9

(a)

1↑

1↓ 2↓

2↑ 3↑

3↓

6↑

6↓5↓

5↑4↑

4↓

7↑

7↓ 8↓

8↑ 9↑

9↓

(b)

Figure D.1: (a) The layout and labelling of the sites in a 3-by-3 Hubbard model. (b)
The corresponding canonical ordering of the orbitals at the beginning of the circuit. The
two rows of different colours denote different spins.

orbitals start in row 2 in which we can only perform local swaps and local hopping

interactions between the even pairs of orbitals. Then we swap between spins, moving

spin down to row 1, and now we can do local swaps and local hopping interactions

between the odd pairs of orbitals. Repeating these steps will enable us to alternate

between odd- and even-pair swaps and hopping interactions within the spin-down

orbitals, which are interleaved with swaps between the two spins. Such a scheme

can apply all relevant hopping interactions in a local manner as shown in Fig. D.2.

We will define an edge pair as a pair of sites that are adjacent to each other in

the canonical ordering and are vertical neighbours in the site layout. For example,

in Fig. D.1, the edge pairs are (3, 4) and (6, 7). The way we perform one block of

Hamiltonian ansatz is by repeating 2 ∗Ncol rounds of the following two steps:

1. Swap between spins: swapping orbitals of the same sites but different spins.

2. Swap within the same spins, except for edge pairs on which we perform

hopping interaction instead.

This will return all the orbitals to their original positions. Within the pro-

cess, we need to
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1 2 3 4 5 6 7 8 9

2 1 3 4 6 5 8 7 9

2 3 1 6 4 5 8 9 7

3 2 1 6 5 4 9 8 7

3 1 2 5 6 4 9 7 8

1 3 2 5 4 6 7 9 8

tim
e 

ar
ro

w

: hopping interaction : Fermionic swap

Figure D.2: The scheme for swapping spin-down orbitals and applying the relevant
hopping interactions for a 3× 3 Hubbard model. In between steps, there are also swaps
between the two spins that we did not show. In the end, the spin orbitals return to the
original ordering, enabling the application of the next block of the Hamiltonian ansatz. A
similar scheme is applied to the spin-up orbitals except that it starts with odd-pair swaps
first.

• Substitute step 1 in the first round with repulsion interactions and swaps

between spins.

• Substitute step 2 in the first and last round with hopping interactions and

swaps interaction within same spins, except for edge pairs on which we only

perform hopping interactions, no swaps.

We can also implement the periodic boundary condition in the horizontal direction

by adding a pair of hopping interaction into certain rounds of step 2.

D.1.2 Gate count analysis for ansatz

The gates in the Hubbard model simulation scheme are parametrised gates for

on-site repulsion, adjacent-site hopping, fermionic swaps and combinations of them.

Here we will decompose them into single-qubit rotations and partial swaps, which

form one of the basic gate sets in silicon qubits.
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We will find the hopping gates, the fermionic swaps, and the fSWAP+hopping

all starts with Zπ
2
and end with Z−π2 on one of the qubits. For on-site repulsion

and fSWAP+repulsion, we have Z−π2 at the end and we can easily add an Zπ
2
in

front by adding a Z rotation pair Zπ
2
Z−π2 . All of these gates are symmetric under

the exchange of qubits, thus we can choose which qubit to place the Z rotations.

We will choose to place these Z rotation on the odd qubits in the spin-

up space and on the even qubits in the spin-down space. In this way, these

Z rotation will cancel 1. For the hopping term, the fermionic swap and the

fSWAP+hopping, this means removing two single-qubit rotations. For on-site

repulsion and fSWAP+repulsion in which we have added a Z rotation pair Zπ
2
Z−π2

in front, the gate counts do not change.

In the following section, we will use the below notations for the time units of the

gates:

• τ1q: the time unit for a single-qubit gate, which is the time needed to perform

a π
2 rotation. We will assume the time needed to carry out a single-qubit gate

with a variable parameter, i.e. gates like Zθ, is on average τ1q.

• τ2q: the time unit for a two-qubit gate, which is the time needed to perform a
√
SWAP. We will assume the time needed to carry out a partial swap with a

variable parameter, i.e. gates like SWAPθ, is on average τ2q.

The decompositions of the gates into partial swaps and single-qubit rotations and

their resource estimates are shown below:

• On-site repulsion: UU(θ) = e−i
θ
2 (I−Z1)(I−Z2)

1Note that in each iteration, we will have
√
V − 1 interactions within the same spin, while

we have
√
V interaction in between different spins, hence, the Z gate on one of the dot will not

be cancelled, this will be the last dot in either the spin up space or the spin-down space. Also,
the Z rotations at the beginning and the end of the circuit are not cancelled. However, when
estimating the number of gates needed, for a large number of sites (hence large number of rounds
of iterations), we will assume such boundary effects are negligible.
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SW
A
P

2
θ

SW
A
P

32

Z−2θ √
SW

A
P

Zπ
2

Z−π2

Gate counts: G1q,U = 3, G2q,U = 3.

Time needed: τU = 4τ1q + 6τ2q

• Hopping interaction: Ut(θ) = e−i
θ
2 (XX+Y Y )

SW
A
P

32

Zθ √
SW

A
P

Zπ
2 Z−θ Z−π2

Gate counts: G1q,t = 2, G2q,t = 2

Time needed: τt = τ1q + 4τ2q

• Fermionic swap:

Fsw = 1
2 (XX + Y Y + ZI + IZ) = SWAP · CZ

SW
A
P

32

Zπ √
SW

A
P

Zπ
2

Z−π2

Gate counts: G1q,F = 1, G2q,F = 2

Time needed: τf = 2τ1q + 4τ2q
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• Fermionic swap + on-site repulsion: FswUU

SW
A
P

2
θ

SW
A
P

32

Z−2θ+π √
SW

A
P
Zπ

2
Z−π2

Gate counts: G1q,FU = 3, G2q,FU = 3.

Time needed: τFU = 6τ1q + 6τ2q

• Fermionic swap + hopping interaction: FswUt

SW
A
P

32

Zθ+π √
SW

A
P

Zπ
2 Z−θ Z−π2

Gate counts: G1q,F t = 2, G2q,F t = 2

Time needed: τFt = 3τ1q + 4τ2q

Following the above gate decomposition and the Hamiltonian ansatz circuit outlined

in Appendix D.1, we can obtain the following estimates for the total number of

one-qubit gates needed N1q (all are Z rotations), total number of two-qubit gates

needed N2q (all are partial swaps) and the total length of time needed T to perform

one block of Hamiltonian ansatz for 2D Hubbard model of V sites using basic

single-qubit rotation and partial swaps:

N1q = 4V 3
2 + 7V − 4

√
V

N2q = 8V 3
2 + V − 4

√
V

T =
(
8
√
V + 5

)
τ1q +

(
16
√
V + 2

)
τ2q
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For V = 25, we have:

N1q ≈ 650

N2q ≈ 1000

T ≈ 45τ1q + 80τ2q

D.2 Slater Determinant Preparation

Here we recap the Slater determinant preparation scheme outlined in [149, 159].

Note that the input Slater determinant we choose to prepare in this Article will

follow the same spin and site-layout symmetry as the output ground state since

the ansatz we choose preserves these two symmetries.

D.2.1 Background

We will use Norb to denote the total number of orbitals that we are considering

while Ne will be the number of electrons (i.e. the number of occupied orbitals).

We start with the qubits representing the eigenorbitals of the initial Hamiltonian

(e.g. non-interacting Hubbard Hamiltonian). The initial state is the ground state

of the initial Hamiltonian with the first Ne orbitals being occupied (i.e. the

first Ne qubits are initialised to 1 while the rest are initialised to 0). Now the

role of the state preparation circuit is to transform our qubits from representing

the eigenstates of the initial Hamiltonian (with orbital creation operators {a†j})

to the orbitals that can have a compact description of our target Hamiltonian,

i.e. to the site orbital basis (with orbital creation operators {b†j}). This basis

transformation can be described by the transformation matrix Q† (also called the

Slater determinant) of the shape Norb × Ne:

~b† = Q†~a† = U †ΛW~a† = U †Λ~a′†

Here we have carried out singular value decomposition of Q†. W is a rotation

within the filled-orbital subspace to find a new set of basis {a′†i } other than the

eigenstate of the initial Hamiltonian {a†i}. The qubit ground state in basis {a′†i } is
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the same as basis {a†i} with all the orbitals filled. Hence, we do not need to carry

out the transformation W explicitly, we only need to keep in mind that now we

are working in this new basis for the input state instead of the initial basis [159].

Λ is a rectangular matrix of the Norb × Ne with ones at the diagonal and zeros

elsewhere. This is just an isometry to expand our space from the filled orbital

subspace to the full orbital space by attaching Norb − Ne empty orbitals. Then

the transformation U † on the full orbital space will complete our transformation

of basis. The transformation U † will be implemented as compositions of Givens

rotations in the quantum circuit.

D.2.2 Givens rotation

A Givens rotation is just a general rotation operation within a 2D complex subspace.

There are two parts to a Givens rotation, one is the rotation to change the amplitude,

and the other is phase operator to change the relative phase between the two

basis in the subspace [159]:

G(θ, φ) =
(

cos θ − sin θ
sin θ cos θ

)(
1 0
0 eiφ

)

We will be mostly dealing with real Slater determinant, so let us ignore the phase

part here. The rotation part can be carried out using the operator:

Rij(θ) = e
θ
4 (a†iaj−a

†
jai)

JW transform the neighbouring orbital case, we have
(
a†iai+1 −

(
a†iai+1

)†)
= 2i Im

{
a†iai+1

}
⇒ 2i Im{(X − iY )(X + iY )}

= 2i(XY − Y X)

Hence, the given rotation for adjacent orbitals are:

R(θ) = ei
θ
2 (XY−Y X) = e−i

θ
2 (Y X−XY )

which translate into the following circuit using partial swap and Z rotations.
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SW
A
P

32

Z−θ √
SW

A
P

Zθ

Using the notation in Appendix D.1.2, we have:

Gate counts: G1q,G = 2, G2q,G = 2

Time needed: τG = τ1q + 4τ2q

D.2.3 Gate count for Givens rotation
Simple scheme

The transformation from the initial eigenbasis {a†i} to the target eigenbasis {b†i} can

be viewed as a process of trying to diagonalise the transformation matrix (Slater

determinant) Q. The transformation W can zero out a triangle of entries along the

Ne dimension. We need one Givens rotation to zero out each remaining non-zero

off-diagonal elements. The number of Givens rotation needed is [159]:

Ne (Norb −Ne)

For the half-filling Hubbard model with V sites, we have Norb = 2V and Ne = V .

Hence, we have V 2 off-diagonal elements to be zeroed out. Each Givens rotation is

decomposed into two partial-swaps and two Z rotations, thus the number of gates

we needed are (following the notation in Appendix D.1.2)

N1q = 2V 2

N2q = 2V 2

Using the parallel scheme suggested in [149], we have a circuit of depth

(Norb − 1− (Ne − 1)) + (Ne − 1) = Norb − 1 = 2V − 1
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which translate into the circuit runtime of

T = (2V − 1) (τ1q + 4τ2q)

For V = 25, we have:

N1q = 1250

N2q = 1250

T = 49τ1q + 196τ2q

Using spin conservation

For the Hubbard Hamiltonian that we are considering, the two spin spaces are

decoupled. Hence, we can consider the Slater determinants of the two spin subspace

separately, each of the shape Ne
2 ×

Norb
2 . Hence, the number of Givens rotation

needed in each spin subspace is

Ne

2

(
Norb

2 − Ne

2

)
= V 2

4 .

To keep the applications of the Givens rotations within the spin subspace on only

adjacent orbitals, we need to start in an orbital ordering with the first Norb/2 being

the spin-up orbitals and the next Norb/2 being the spin-down orbitals. Hence, we

need to carry out orbital rearrangement after the Givens rotations to restore the

spin-orbital ordering for the Hamiltonian ansatz (Appendix D.1.1).

We can arrange the Givens rotations such that all the Givens rotation on

the last spin-up orbital (the Norb
2 th orbital) and the first spin-down orbital (the

Norb
2 + 1th orbital) finished first. In the next time step, while we are carrying

out other Givens rotations, we can start performing fSWAP on the two orbitals

that have finished Givens rotation. In the next step, two more orbitals will finish

their Givens rotation (orbitals Norb
2 − 1 and Norb

2 + 2), thus now we can perform

fSWAP on orbitals (Norb2 − 1, Norb2 ) and (Norb2 + 1, Norb2 + 2). Carry on we will have

more and more orbitals finishing their Givens rotations, and in each time step

we will perform fSWAP on all orbitals that finished Givens rotations, alternating

between the odd pair of orbitals and even pair of orbitals. After Norb
2 − 2 layer
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of swap, we will have alternating up and down orbitals. One more layer of swaps

between all orbitals 4n − 1 and 4n, will give us the ↑↓↓↑↑ · · · order we used in

the Hamiltonian ansatz (Appendix D.1.1). Note here we only talk about how to

arrange the orbitals to have the right spin ordering, for the ordering of the orbitals

within the same spin, it is determined by order of the rows and columns of the

Slater determinants that we wrote down. In total, we need

(Norb2 − 2 + 1)
(
Norb

2 − 2
)

2 + bNorb

4 c ≈
N2
orb

8 − Norb

2 = V 2

2 − V

fSWAPs to achieve the desired orbital order.

For the fSWAP gates, similar to Appendix D.1.2, we can arrange the gates

such that the
√
Z only acts on the odd orbitals, which will enable the cancellation

of all the
√
Z other than those at the boundary. Hence, we can ignore the

√
Z

gates required by the fSWAPs. Our scheme need V 2

4 × 2 Givens rotations and
V 2

2 − V fSWAPs. When decomposed into partial swap and Z rotation, the number

of one-qubit gates and two-qubit gates needed are

N1q = 2
(
V 2

2

)
+ V 2

2 − V = 3
2V

2 − V

N2q = 2
(
V 2

2

)
+ 2

(
V 2

2 − V
)

= 2V 2 − 2V

The depth of the circuit before finishing the first Givens rotation is Norb−Ne = V .

This section of the circuit consist of only Givens rotation, hence require runtime:

Ta = V (τ1q + 4τ2q)

After this, we have the fSWAP network with Givens rotation happening concurrently,

the depth of the circuit here is V − 1, the runtime is limited by the fSWAP instead

of Givens rotation since fSWAP contains π-rotations of Z. Hence, the runtime

needed for the fSWAP networks is:

Tb = (V − 1) (2τ1q + 4τ2q)
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Hence, the total runtime needed for the state preparation circuit is:

T = Ta + Tb = (3V − 2) τ1q + (8V − 4) τ2q

For V = 25, we have:

N1q = 910

N2q = 1250

T = 73τ1q + 196τ2q

Hence, the spin subspace scheme leads to some reduction in the number of one-qubit

gate. However, it also leads to longer circuit runtime.

Comparison to Ansatz circuit

When compared to Appendix D.1.2, the number of one-qubit gates of the Slater

determinant preparation circuit is twice of that of one layer of the Hamiltonian

ansatz, the number of two-qubit gates and the runtime are comparable.

Do note that the number of gates of the Slater determinant preparation circuit

scale as O(V 2), which is worse than the V 3/2 ansatz scaling. The depth of the

Slater determinant preparation circuit scale as O(V ), which is also worse than the

ansatz scaling O(
√
V ) as well. However, we need to note that we did not take

into account of the number of blocks of Hamiltonian ansatz might be needed in

the ansatz scaling, and the number of blocks needed is very likely to scale worse

than
√
V , which means that the state preparation should have a better scaling

than the ansatz if we take that into account.

D.3 Gate Count Analysis for Superconducting
Qubits

Now we will follow the same analysis in Appendix D.1 and Appendix D.2, but

switch to superconducting qubits. In superconducting qubits, we will use partial

iSWAP [188] instead of partial SWAP as our elementary two-qubit gate. The

differences between the two are discussed in Ref. [189]
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Note that partial iSWAP is not e−i θ2 i SWAP, instead it is just a gate based

on XY interaction:

iSWAPθ := e−i
θ
2 (XX+Y Y )

iSWAP := iSWAP−π/2.

In our circuit, partial iSWAP will be the only type of two-qubit gate we use. This

would enable us to implement all Z rotations in a virtual way since the iSWAP can

be easily transformed to implement virtual Z gate [134]. Thus in the following gate

count section we will omit all Z rotations in our gate counts and time counts.

In the following section, we will use the below notations for the time units of the

gates:

• τ1q: the time unit for a single-qubit gate, which is the time needed to perform

a π
2 rotation. We will assume the time needed to carry out a single-qubit gate

with a variable parameter, i.e. gates like Xθ, is on average τ1q.

• τ2q: the time unit for a two-qubit gate, which is the time needed to perform a

iSWAP. We will assume the time needed to carry out a partial swap with a

variable parameter, i.e. gates like iSWAPθ, is on average τ2q.

The decompositions of the gates in the ansatz into partial iSWAPs and single-qubit

rotations and their resource estimates are shown below:

• On-site repulsion: UU(θ) = e−i
θ
2 (I−Z1)(I−Z2)

Zπ−θ iSW
A
P

iSW
A
P

Xθ+π iSW
A
P

iSW
A
P

Zπ−θ Xπ
2

Xπ
2

Gate counts: G1q,U = 3, G2q,U = 4.

Time needed: τU = 5τ1q + 4τ2q
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• Hopping interaction: Ut(θ) = e−i
θ
2 (XX+Y Y ) = iSWAPθ

Gate counts: G1q,t = 0, G2q,t = 1

Time needed: τt = τ2q

• Fermionic swap:

Fsw = 1
2 (XX + Y Y + ZI + IZ)

iSW
A
P

Z−π2

Z−π2

Gate counts: G1q,F = 0, G2q,F = 1

Time needed: τf = τ2q

• Fermionic swap + on-site repulsion: FswUU

Using the fact that iSWAP commute with Zθ⊗Zθ and iSWAP·iSWAP = Z⊗Z,

we have:

Z−π2−θ iSW
A
P

Xθ+π iSW
A
P

iSW
A
P

Z−π2−θ Xπ
2

Xπ
2

Gate counts: G1q,FU = 3, G2q,FU = 3.

Time needed: τFU = 5τ1q + 3τ2q

• Fermionic swap + hopping interaction: FswUt



D. Appendices for Resource Estimation for Quantum Variational Simulations of the
Fermi-Hubbard Model 212

iSW
A
P
θ−

π2

Z−π2

Z−π2

Gate counts: G1q,F t = 0, G2q,F t = 1

Time needed: τFt = 2τ2q

Following the above gate decomposition and the Hamiltonian ansatz circuit outlined

in Appendix D.1, we can obtain the following estimates for the total number of

one-qubit gates needed N1q,antz (all are X rotations), total number of two-qubit

gates needed N2q,antz (all are partial swaps) and the total length of time needed

Tantz to perform one block of Hamiltonian ansatz for 2D Hubbard model of V sites

using basic single-qubit rotation and partial iSWAPs:

N1q,antz = 3V

N2q,antz = 4V 3
2 + 2V − 2

√
V

Tantz = 5τ1q + 4
(√

V + 1
)
τ2q

For V = 25, we have:

N1q,antz ≈ 75

N2q,antz ≈ 540

Tantz ≈ 5τ (1) + 24τ (2)

Now we will turn to initial Slater determinant preparation outlined in Ap-

pendix D.2. The gate needed is Given rotation, which can be decomposed as

• Givens rotation: R(θ) = e−i
θ
2 (Y X−XY )
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iSW
A
P
θ

Zπ
2

Z−π2

Gate counts: G1q,G = 0, G2q,G = 1

Time needed: τG = τ2q.

Following the same arguments in Appendix D.2.3, the number of two-qubit gates

and one-qubit gates needed for Slater determinant preparation is:

N1q,prep = V 2

N2q,prep = V 2.

The depth of the Slater determinant preparation circuit is

D = 2V − 1

which translate into the circuit runtime of

Tprep = (2V − 1) τ2q.

Together we can obtain the resource estimate for the full ansatz circuit with

Nblk ansatz blocks:

N1q = V 2 + 3V Nblk

N2q = V 2 +
(
4V 3

2 + 2V − 2
√
V
)
Nblk

T = (2V − 1) τ2q +
(
5τ1q + 4

(√
V + 1

)
τ2q
)
Nblk

For V = Nblk = 25, we have:

N1q ≈ 2500

N2q ≈ 14000

T ≈ 125τ1q + 650τ2q.
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D.4 Obtaining Energy Gradient in Quantum Com-
puters

D.4.1 Background

As mentioned in Section 7.2. For a given Hamiltonian H, we want to find the set of

optimal parameters ~θ for an ansatz circuit such that the state
∣∣∣ψ(~θ)

〉
it produce is

as close to the ground state of the Hamiltonian as possible, i.e. we want to find
~θ such that Etot(~θ) =

〈
ψ(~θ)

∣∣∣H ∣∣∣ψ(~θ)
〉
is minimised.

However, since the energy Etot(~θ) cannot be directly measured, we need to

rewrite our Hamiltonian in terms of its Pauli components:

H =
∑
j

λjGj〈
ψ(~θ)

∣∣∣H ∣∣∣ψ(~θ)
〉

=
∑
j

λj
〈
ψ(~θ)

∣∣∣Gj

∣∣∣ψ(~θ)
〉
.

Hence,

Etot(~θ) =
∑
j

λjEi(~θ)

where Ej(~θ) =
〈
ψ(~θ)

∣∣∣Gj

∣∣∣ψ(~θ)
〉
, which is just the expectation value of a Pauli

observable, hence can be directly obtained from the circuit.

To find the ground state, we can use gradient-based optimisation methods like

gradient decent and L-BFGS-B, etc. This require us to obtain ∂Etot(~θ)
∂θm

, which in

turns means that we need to measure ∂Ej(~θ)
∂θm

for every Hamiltonian component

j and every parameter m.

We can obtain ∂Ej(~θ)
∂θm

simply using finite difference, in which we will measure

Ej(θ1, θ2, · · · θm, · · · ) and Ej(θ1, θ2, · · · θm + δθm, · · · ), and take their difference

divided by δθm to approximate the gradient.

D.4.2 The circuit approach to obtain gradients

The exact gradient ∂Ej(~θ)
∂θm

can be obtained using circuit measurement instead of using

finite difference approximation. Suppose our ansatz circuit consist of parametrised
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rotation gates Rn of the form

Rn(θn) = e−iθnFn

where Fn are both Hermitian and unitary, e.g. Pauli or swaps.

Then our parametrised circuit can be written as:∣∣∣ψ(~θ)
〉

=
1∏

n=N
Rn(θn) |0〉 = R(~θ) |0〉

where we have denote the whole circuit using R(~θ).

A string of parametrised rotation can be denoted as:
b∏

n=a
Rn(θn) = Ra:b

which means that R(~θ) = RN :1

Hence,

∂R(~θ)
∂θm

= RN :m+1
∂Rm(θm)
∂θm

Rm−1:1

= −iRN :m+1FmRm:1

Hence we have
∂Ej(~θ)
∂θm

= 2 Re
{〈
ψ(~θ)

∣∣∣Gj

(
∂m

∣∣∣ψ(~θ)
〉)}

= 2 Re
{
〈0|R†(~θ)Gj

(
∂mR(~θ)

)
|0〉
}

= 2 Im
{
〈0| (RN :1)†GjRN :m+1FmRm:1 |0〉

}
This can be measured via two kind of circuits:

• Indirect measurement [48]:

The circuit is shown in Fig. D.3 (a) will measure 1
2
∂Ej(~θ)
∂θm

. Here we use an

ancilla which probes the main ansatz with a control unitary. The advantage

of such a scheme is that we can obtain the exact gradient of the circuit via

measurement of only one qubit. However, it requires an extra ancilla qubit.

The need for performing the control unitary between the ancilla and any other

qubits also lead to connectivity challenges. Control unitaries like control swap

are also not straightforward to implement in lots of architectures.
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• Direct measurement [207]:

The circuit is shown in Fig. D.3 (b). Denoting |φ〉 = Rm:1 |0〉, W = RN :m+1,

the circuit will measure:

Ajm,± = 〈φ| e±iπ4 FmW †GjWe∓i
π
4 Fm |φ〉

= 1
2 〈φ| (1± iFm)W †GjW (1∓ iFm) |φ〉

= 1
2 〈φ|W

†GjW |φ〉+ 1
2 〈φ|FmW

†GjWFm |φ〉

± i12
(
〈φ|FmW †GjW |φ〉 − 〈φ|W †GjWFm |φ〉

)
Hence, the gradient ∂Ej(~θ)

∂θm
can be obtained via

Ajm,+ − Ajm,− = i
(
〈φ|FmW †GjW |φ〉 − 〈φ|W †GjWFm |φ〉

)
= 2 Im

{
〈φ|W †GjWFm |φ〉

}
= ∂Ej(~θ)

∂θm

For this method, we do not require any extra ancilla or control unitaries.

However, we need to measure two expectation values Ajm,+ and Ajm,− for

the estimation of the gradient ∂Ej(~θ)
∂θm

instead of one in the case of indirect

measurement.

· · · · · · X

· · · · · · Gj

1√
2
(|0〉 − i |1〉)

|0〉⊗n R1 R2 Fm Rm RN

(a)

· · · · · · Gj|0〉⊗n R1 R2 e±iπ4 Fm Rm RN

(b)

Figure D.3: These are the circuits used to measure the gradient ∂Ej(~θ)
∂θm

using (a)
indirect measurements, (b) direct measurements. Here Ej(~θ) =

〈
ψ(~θ)

∣∣∣Gj ∣∣∣ψ(~θ)
〉
is the

expectation value of the jth component of the Hamiltonian. θm is the parameter of
the mth parametrised gate Rm(θm) = e−iθmFm of the ansatz circuit, where Fm is both
Hermitian and unitary. Note that here we have assumed that all parametrised gates have
independent parameters.
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D.4.3 Shared parameters

For the case where there are parametrised gates with shared parameters, we can

still obtain the gradients using finite difference in a similar way.

When using gradient circuits, the story is more complicated. Firstly, we add

a scaling factor βm to each parameters: θm → βmθm:

∂R({θn})
∂θm

= −iRN :m+1FmRm:1

⇒ ∂R({βnθn})
∂βmθm

= −iRN :m+1FmRm:1

∂R({βnθn})
∂θm

= −iβmRN :m+1FmRm:1

Now we change the labelling of the parametrised gates: m → m, v, for which

gates with the same m will share the same parameters, and v labels the different

parametrised gates that share the same parameter:

θm,v = θm ∀v

In such case, we have

∂R({βn,wθn,w})
∂θm

=
∑
v

[
∂R({βn,wθn,w})

∂θm,v

]
θm,v=θm∀v

i.e. the gradient w.r.t. to a given parameter θm is the sum of all the gradient w.r.t.

the parameter of each parametrised gate that shared the parameter value. Hence,

when trying to obtain the gradient using circuit measurements, we still need to

treat the parameters in each gate as independent, and then sum those gradient

up based on which gates have shared parameters.
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D.5 Number of Samples Needed for Energy and
Energy Gradient

D.5.1 Number of samples in finite difference
Gradient precision

The equation for the estimation of the gradient of the jth Pauli term in the

Hamiltonian using finite difference is:

∂Ej(~θ)
∂θm

=
Ej(~θ + ~δm

2 )− Ej(~θ −
~δm
2 )

δ
(D.1)

where ~δm is a vector with the mth parameter set to δ and all other parameters

set to 0. Ej denote the sampling average of Ej.

Hence, we have

Var [∂mEj] = 2
δ2 Var

[
Ej

]
(D.2)

i.e. for larger δ, we can achieve smaller variance in gradient for a fixed variance in en-

ergy. However, we cannot increase δ indefinitely because there is an error associated

with the finite step size when using finite difference, which has the magnitude of:

δ2

24

Nsh∑
u,v,w=1

∂3Ej(~θ)
∂θm,v∂θm,u∂θm,w

≈ N3
sh

δ2

24∂
3
mEj

where number of parametrised gates share parameter θm is Nsh. The sum over

v, u, w are the sum over all the parametrised gates that share the same parameter

θm as discussed in Appendix D.4.3. We have made the assumption that all third-

order derivatives in the sum have similar magnitudes and the same sign. Note

that the finite step size error increases with δ.

A balance between the two errors can be achieved when we choose the step

size δ to satisfy √
2
δ2 Var

[
Ej

]
= N3

sh

δ2

24∂
3
mEj

δ =

24
√

2Var
[
Ej

]
N3
sh∂

3
mEj


1
3
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Note that

∂3Ej(~θ)
∂θ3

m

= 2 Re
{〈
ψ(~θ)

∣∣∣Gj

(
∂3
m

∣∣∣ψ(~θ)
〉)}

+ 6 Re
{(
∂m

〈
ψ(~θ)

∣∣∣)Gj

(
∂2
m

∣∣∣ψ(~θ)
〉)}

where Re
{(
∂m

〈
ψ(~θ)

∣∣∣)Gj

(
∂2
m

∣∣∣ψ(~θ)
〉)}

and Re
{〈
ψ(~θ)

∣∣∣Gj

(
∂3
m

∣∣∣ψ(~θ)
〉)}

can be mea-

sured using circuit similar to the first order derivative in Appendix D.4.2. Hence,

the magnitude of ∂3Ej(~θ)
∂θ3
m

is around
√

22 + 62 ≈ 6.

Thus we have:

δ =

24
√

2Var
[
Ej

]
6N3

sh


1
3

= 1.78
Nsh

Var
[
Ej

] 1
6 .

Substituting into Eq. (D.2), we have:

Var [∂mEj] = 0.63N2
shVar

[
Ej

] 2
3

Var
[
Ej

]
= 2
N3
sh

Var [∂mEj]
3
2 .

(D.3)

This is the smallest variance in the gradient that we can achieve for a given variance

in the energy estimation by choosing the optimal step size δ.

Number of samples needed

Assuming Var [Ej] ∼ O(1), then the number of samples needed to achieve the

sample average variance Var
[
Ej

]
is

Var [Ej]
Var

[
Ej

] ∼ 1
Var

[
Ej

]
Since we need to evaluate sample average Ej at two points in finite difference,

the total number of samples needed is:

Mfd ∼
2

Var
[
Ej

] = N3
sh

Var [∂mEj]
3
2

(D.4)
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D.5.2 Number of samples in direct measurement
Gradient precision

The equation of estimation of the gradient of a the jth Pauli term in the Hamiltonian

using direct measurement is:

∂Ej(~θ)
∂θm

=
Nsh∑
v=1

∂Ej(~θ)
∂θm,v


θm,v=θm∀v

=
Nsh∑
v=1

(
Ajmv,+ − Ajmv,−

)
Here the sum over v is the sum over all the parametrised gates that share the

same parameter θm as discussed in Appendix D.4.3.

Hence, we have:

Var [∂mEj] = 2NshVar
[
A
]

Number of samples needed

Assuming Var [A] ∼ O(1), then the number of samples needed to achieve sample

average variance Var
[
A
]
is

Var [A]
Var

[
A
] ∼ 1

Var
[
A
]

Since we need to evaluate sample average A at 2Nsh points in direct measurement,

the total number of samples needed is:

Mdm ∼
2Nsh

Var
[
A
] = (2Nsh)2

Var [∂mEj]
(D.5)

When compared to Eq. (D.4) of finite difference, we can see that direct measurement

has better scaling in terms of both the number of shared of parameters Nsh and

the target gradient precision Var [∂mEj], thus direct measurement is preferred.

D.5.3 Comparison between finite difference and direct mea-
surement

To compare the two methods, we use Eq. (D.4) and Eq. (D.5) to study

Mdm

Mfd

=
4
√

Var [∂mEj]
Nsh
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If we define the breaking point of the gradient precision as:

ε∗grad = Nsh

4 (D.6)

then we have:

•
√

Var [∂mEj] ≥ ε∗grad ⇒ Mdm

Mfd
≥ 1:

Finite difference need less samples to achieve the given precision.

•
√

Var [∂mEj] < ε∗grad ⇒ Mdm

Mfd
< 1:

Direct measurement need less samples to achieve the given precision.

Nsh = 4Neq for hopping term (if we assume spin symmetry) and Nsh = 3Neq for

repulsion term where Neq is the number of equivalent partition in the site layout

due to symmetry. Here we will take the approximation that all Nsh = 4Neq since

there are more hopping term than repulsion terms. Thus we have:

Var [∂mEj] = 8NeqVar
[
A
]

(D.7)

Using the parametrisation discuss in Section 7.5.1, for open boundary Hubbard

model the breaking point of the gradient precision ε∗grad is:

• Square site layout:

Neq = 8⇒ ε∗grad,sq = 2.5× 10−4

• Rectangular site layout:

Neq = 4⇒ ε∗grad,rt = 1× 10−3

D.5.4 Number of samples needed for energy

As discussed in [165], to compete with the best classical algorithm we need to

estimate the energy per site Esite to 10−3t precision.

We can decompose the total energy into its subterms Ej:

Etot ≈
J∑
j=1

hjEj
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here hj is the coefficient of the Pauli decomposition of the Hamiltonian H =∑J
j=1 hjGj.

The repulsion terms and hopping terms in the Hamiltonian can be decomposed

into their Pauli components:

Erep = 1
4 +

3∑
j=1

1
4Ej

Ehop =
2∑
j=1

1
2Ej

Hence, the variance in their sampling average are:

Var
[
Erep

]
= 3

42 Var
[
Ej

]
Var

[
Ehop

]
= 1

2Var
[
Ej

]
There are V repulsion terms and 4V hopping terms, hence the total energy is:

V∑
k=1

Erep,k +
4V∑
k=1

Ehop,k = V Esite

which translate into the following equation for variance:

VVar
[
Erep

]
+ 4VVar

[
Ehop

]
= V 2Var

[
Esite

]
Var

[
Ej

]
= 16

35VVar
[
Esite

]
As mentioned above, we want to achieve Var

[
Esite

]
= (10−3t)2, assuming t ∼

O(1), we have:

Var
[
Ej

]
= 16

35V × 10−6 (D.8)

Assuming Var [Ej] ∼ O(1), then the number of samples needed to achieve

sample average variance Var
[
Ej

]
is

MEj ∼
Var [Ej]
Var

[
Ej

] ∼ 1
Var

[
Ej

] = 35
16V × 106.

As mentioned in Section 7.5.2, we need 5 circuit runs to evaluate all energy

subterms. Thus, the total number of circuit runs needed to evaluate the energy

to the required precision is:

ME = 5MEj = 1.1× 107

V
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Thus for V = 25, we have:

ME ≈ 4× 105

D.5.5 Number of samples needed for energy gradients

First we need to decide what precision of the energy gradient is needed. In

Appendix D.5.4, we have obtained the precision of the energy subterms that we

want to achieve. If we are using finite difference method, in order to achieve such a

precision in the final result energy subterms, we can evaluate the energy points in the

gradient estimation to the same precision, and our terminating threshold of change

in the estimated energy subterms can be set to the same precision. In such case, the

gradient precision that we can achieve can be obtained using Eq. (D.3) and Eq. (D.8):

Var [∂mEj] = 0.63N2
shVar

[
Ej

] 2
3

= 3.7N2
shV

2
3 × 10−5 (D.9)

To achieve the same precision using direct measurement, the number of sample

needed can be obtained by substituting this into Eq. (D.5):

Mdm ≈
(2Nsh)2

Var [∂mEj]
= 1.1V − 2

3 × 105. (D.10)

Note that this is just the number of samples needed to obtain the gradient of

an energy subterm w.r.t. one parameters. To obtain the full gradient vector, we

need to iterate over all parameters. Using Eq. (7.12), the number of circuit runs

needed to evaluate ∂Ej(~θ)
∂θm

for all parameters m using direct measurement is

Mgrad,j = MdmNpara

≈
1.1N site

paraNblkV
1
3

Neq

× 105

As mentioned in Section 7.5.2, we need 5 circuit runs to measure all energy

subterms. Thus, the total number of circuit runs needed to evaluate the energy

gradient vector to the required precision is:

Mgrad = 5Mgrad,j =
5.5N site

paraNblkV
1
3

Neq

× 105
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For 5× 5 Hubbard model, we have V = 25, Neq = 8 and N site
para = 5. Assuming

Nblk = V , the number of circuit runs needed is:

Mgrad ≈ 2.5× 107

D.6 Quantum Dot Layout

1↑ 1↓ 2↓ 3↓3↑2↑ 4↓ 4↑ 5↑

. . .

. . .

. . .

: Ancilla double dots : Data dots : Gates between dots

Figure D.4: The measurements of the hopping terms. The blue interaction here are
control-X gate from the ancilla to the data for the measurement of XX in the hopping
term. The red interaction here are control-Y gate from the ancilla to the data for the
measurement of Y Y in the hopping term.

1↑ 1↓ 2↓ 3↓3↑2↑ 4↓ 4↑ 5↑

. . .

. . .

: Ancilla double dots : Data dots : Gates between dots

. . .

Figure D.5: The measurements of the repulsion terms. All the interaction here are
control-Z gates. One row of ancilla is in charge of Z measurements of the odd data dots
while the other row of ancilla is in charge of Z measurements of the even data dots.

Fig. D.4, Fig. D.5 shows how we can perform the non-demolishing measurements

required by our problem using three lines of quantum dot, one line for data and

two lines for ancilla. The ancilla here come in the form of double dot, which will

be initialised in singlet and will be readout using Pauli spin blockade which enable

us to distinguish singlet and triplet state. Fig. D.4 shows how we can measure

XX and Y Y of the hopping terms. After that, we can compose XX and Y Y



D. Appendices for Resource Estimation for Quantum Variational Simulations of the
Fermi-Hubbard Model 225

to obtain ZZ (with an additional − sign) which in terms can give us electron

number parity for symmetry verification. Alternatively we can also measure XX

and ZZ, and obtain Y Y via post-processing since control-Z gate can be easier

to implement in silicon qubits. Fig. D.4 shows how we perform Z-measurement

for every data dots to obtain the repulsion terms. The electron number parity

in symmetry verification can again be obtained via composing our measurement

results. Our measurement can also be carried out using only one row of ancilla.

In such a case, we essentially using one row of ancilla to carry out two rounds of

measurements with ancilla reinitialisation in between. Other architectures that

incorporating spin-to-charge readout using reservoirs are also possible.



E
Appendices for Multi-exponential Error

Extrapolation and Combining Error
Mitigation Techniques

E.1 Post-processing Verification

As discussed in Section 6.2.1, when we cannot obtain the observable O and the

symmetry S in the same run, we need to instead measure the Pauli compo-

nents of OΠs [64]:

OΠs =
K−1∑
k=0

αkGk = A
K−1∑
k=0

sgn(αk)
|αk|
A
Gk

in which A = ∑K−1
k=0 |αk|. Note that αk is real since Πs is Hermitian. When we

run the circuit, we will perform Gk measurement with |αk|
A

probability and the

measurement result will be multiplied with the sign factor sgn(αk). The expectation

value of such a sampling scheme scaled by A will be 〈ΠsO〉.

In the case that we cannot measure S directly, then we also need to measured

Πs using a similar scheme by breaking Πs into Pauli basis.

For the case of a Pauli observable O, to perform symmetry verification in this

way will require a sampling cost factor of [162]

CS2 ∼
1

Tr(Πsρ)2 .

226
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which is C2
S, i.e. we need to square the sampling cost to overcome our limitation of

unable to measure our observables and symmetries in the same run.

E.2 Composition of Group Channels

The group error Jp,E of the group E with an error probability p is defined in

Section 8.2. Using Ẽ to denote the set of generators of the group E, we can

rewrite the pure group error J1,E as:

J1,E = 1
|E|

∑
E∈E

E =
∏
Ẽ∈Ẽ

I + Ẽ

2

Using I + Ẽ

2

I + Ẽ

2

 = I + Ẽ

2

we have:

J1,EJ1,B =
∏
Ẽ∈Ẽ

I + Ẽ

2

∏
B̃∈B̃

I + B̃

2

 =
∏

D̃∈Ẽ∪B̃

I + D̃

2 = J1,D (E.1)

where D is the group generated by the union of of the generators of E and B:

D̃ = Ẽ ∪ B̃.

i.e. D is the group of elements that one can obtained by composing the ele-

ments in E and B.

In the case of Ẽ and B have no overlaps, i.e. Ẽ ∩ B = 0 (note not B̃ here since

there is a degree of freedom in choosing B̃), we have D̃ = Ẽ + B̃. We will have

the same result if we have E ∩ B̃ = 0 instead. In such as case, for the subgroup

E of D, B is the corresponding quotient group, and vice versa.

In the case of E is a subgroup of B, we have

J1,EJ1,B = J1,B (E.2)

which leads to

Jp,EJ1,B = J1,B ∀p and E ⊆ B. (E.3)
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Using Eq. (E.3) we then have:

Jp,EJq,E = (1− q)Jp,E + qJ1,E

= (1− q)(1− p)I + (q + p− pq)J1,E

= Jq+p−pq,E

which is still a group error of the same group E with a modified error probability.

For Jq,E to be the inverse of Jp,E, we require:

q + p− pq = 0

q = − p

1− p.

Hence,

J −1
p,E = J− p

1−p ,E (E.4)

E.3 Removing Subgroup Components in a Group
Channel

E.3.1 Form of the quasi-probability channel

For a group error channel of the group E, we would want to remove the error

components Q in the channel where Q is a subgroup of E. i.e. Thus we want

to transform the channel:

Jp,E = (1− p)I + pJ1,E

into the channel:

Vq = (1− q)I + qV1

where
V1 = 1

|E| − |Q|
∑

V ∈E,V 6∈Q
V

= 1
|E| − |Q|

(|E|J1,E − |Q|J1,Q) .
(E.5)
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Using Eq. (E.2), we have

VqJ1,E = J1,E,

along with Eq. (E.4), the channel we need to perform to transform Jp,E to V will be:

VqJ −1
p,E = VqJ p

p−1 ,E = 1
1− p (Vq − pJ1,E)

= 1
1− p

[
(1− q) I + qV1 − pJ1,E

]
. (E.6)

Using Eq. (E.5), we have:

J1,E = |E| − |Q|
|E|

V1 + |Q|
|E|
J1,Q.

It turns Eq. (E.6) into:

VqJ −1
p,E = 1

1− p

[
(1− q) I + (q − pd)V1 −

|Q|
|E|

pJ1,Q

]

= 1
1− p

[
(1− q) I + q − pd

|E| − |Q|
∑
V ∈E
V 6∈Q

V − p

|E|
∑
Q∈Q

Q

]
.

(E.7)

in which pd = |E|−|Q|
|E| p as defined in Eq. (8.2), which is the probability of the

errors in V ∈ E − Q occurring.

At q = pd, the channel we need to apply is just:

VpdJ −1
p,E = 1

1− p

[
(1− pd) I −

|Q|
|E|

pJ1,Q

]
. (E.8)

i.e. we only need to apply components in Q in our quasi-probability channel.

And using Eq. (E.5), our resultant channel is simply:

Vpd = (1− pd)I + pdV1

= (1− pd) I + pd
|E| − |Q|

∑
V ∈E,V 6∈Q

V .

same as what we derived in Section 8.4.2.
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E.3.2 Cost of the quasi-probability channel

Decomposing the quasi-probability channel that we need to implement into its com-

ponents:

VqJ −1
p,E =

∑
E∈E

βE E

and compared to Eq. (E.7), we have:

βQ = − p

(1− p) |E| ≤ 0 ∀Q ∈ Q, Q 6= I

βV = 1
1− p

(
q − pd
|E| − |Q|

)
∀V ∈ E, V 6∈ Q.

The normalisation factor of implementing the quasi-probability channel VJ −1
p,E is:

B =
∑
E∈E
|βE| = 1 + 2

 ∑
βE<0
|βE|

 (E.9)

where we have used ∑
E∈E βE = 1.

It means that the cost of implementing the quasi-probability channel is split

into two case by the threshold error rate q = pd of the final channel Vq.

Targeted error rate above or at the threshold

This means:

q ≥ pd ⇒ βV ≥ 0.

Now using Eq. (E.9), we have

B1 = 1 + 2 (|Q| − 1) |βQ|

= 1 + 2(|Q| − 1) p
|E| (1− p) .

The cost to implementing the transformation channel VqJ −1
p,E is then

CQ1,q = B2
1 ≈ 1 + 4(|Q| − 1) p

|E|
+O(p2).

i.e. the cost to implementing the quasi probability channel in this regime is

independent of q. However, the exact quasi-probability channel we need to

implement will still change with q.

Uses Eq. (8.5) and Eq. (8.2), we have:

CQ1,q = 1 + 4 (pε − pd) .
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Target error rate below the threshold

This means:

q < pd ⇒ βV < 0

Now using Eq. (E.9), we have

B2 = 1 + 2 (|Q| − 1) |βQ|+ 2 (|E| − |Q|) |βV |

= B1 + 2
1− p

(
|E| − |Q|
|E|

p− q
)

= 1 + 2(|E| − 1) p
|E| (1− p) −

2q
1− p

The cost to implementing the transformation channel VqJ −1
p,E is just

CQ1,q = B2
2 = 1 + 4

(
|E| − 1
|E|

p− q
)

+O(p2) +O(pq)

≈ 1 + 4 (pε − q)

where we have use the expression of pε in Eq. (8.5). Here 1 + 4pε is the cost to

invert the entire channel Jp,E. For each bit of remaining error probability q in our

final channel Vq, we can reduce the cost factor by 4q until we hit the threshold

q = pd. This is the same as what we obtained in Eq. (6.17).

E.4 Decay of Pauli Expectation Value under Group
Channels

E.4.1 Overall derivation

In Section 8.3.1, we are looking at a circuit of the form U = ∏1
m=M Vm with each

gate decomposed into their Pauli components: Vm = ∑
km αmkmGmkm .

Now if a pure group error J1,Ef happens between Vf and Vf+1, and we denote

{a : b} = {a, a+ 1, · · · b}

UM =
∏
m∈M

Vm, G~kM =
∏
m∈M

Gmkm , α~kM =
∏
m∈M

αmkm ,
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then the expectation value of a Pauli observable O is:

Tr
(
Uf+1:MJ1,Ef (U1:fρU

†
1:f )U

†
f+1:MO

)
=
∑
~j,~k

α∗~jα~k Tr
(
G~kf+1:M

J1,Ef (G~k1:f
ρG†~j1:f

)G†~jf+1:M
O
)

=
∑
~j,~k

Xf (~j,~k)α∗~jα~k Tr
(
ρG†~jOG~k

)

where in the last step we have use Eq. (8.8) and we have defined:

Xf (~j,~k) = 1
2|Ẽf |

∏
Ẽ∈Ẽf

(
1 + η(Ẽ, G†~jf+1:M

OG~kf+1:M
)
)
.

Here we see that the effect of the group error J1,Ef is simply removing the terms

in Eq. (8.9) whose effective observable G†~jf+1:M
OG~kf+1:M

right after the noise does

not commute with all elements in Ef . Note the the effect of the noise does not

relate to the gates implemented before it at all.

Denoting 〈OL〉 as the expectation value we obtain when the set of error location

is L, we have:

〈OL〉 =
∑
~j,~k

∏
f∈L

Xf (~j,~k)
α∗~jα~k Tr

(
ρG†~jOG~k

)
.

Recall that
〈
O|L|=l

〉
is the expectation value we obtain when there are l errors in

the circuit, regardless of the error location. By definition we have:

〈
O|L|=l

〉
= 1

MCl

∑
|L|=l
〈OL〉

=
∑
~j,~k

 1
MCl

∑
|L|=l

∏
f∈L

Xf (~j,~k)
α∗~jα~k Tr

(
ρG†~jOG~k

)
. (E.10)

We will define

r~j,~k = 1
M

M∑
f=1

Xf (~j,~k)

which is the average fraction of error location that will not affect the measurement

result for given ~j and ~k.
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As proven in Appendix E.4.2, in the limit of large M and non-vanishing r~j,~k, we

have:

1
MCl

∑
|L|=l

∏
f∈L

Xf (~j,~k) ≈ rl~j,~k.

Thus Eq. (E.10) can be approximated as:
〈
O|L|=l

〉
≈
∑
~j,~k

rl~j,~kα
∗
~j
α~k Tr

(
ρG†~jOG~k

)
= 2

∑
~j>~k

rl~j,~k Re
{
α∗~jα~k Tr

(
ρG†~jOG~k

)}
(E.11)

where we have use r~j,~k = r~k,~j from the definition of r~j,~k.

E.4.2 Expansion of the sum of Bernoulli samples

We denote Xf as the fth sample from a Bernoulli distribution. From the total M

samples taken, we have estimate a success probability of r:∑
f Xf

M
= r.

Now we define

Yl =
∑
|L|=l

∏
f∈L

Xf .

Then Y1 is just the sum of these samples:

Y1 =
∑
f

Xf = Mr.

Using multinomial expansion, we have

Y l
1 =

 M∑
f=1

Xf

l =
∑∑
f
nf=l

(
l

n1, n2, · · · , nM

)
M∏
f=1

X
nf
f

where the multinomial coefficient is(
l

n1, n2, · · · , nM

)
= l!∏M

f=1 nf !
.

It is the coefficient of the term ∏M
f=1X

nf
f , which is the number of ways the distribute

l distinct balls (the total power of l) into M distinct bins (M terms of Xf for f ∈

{1, 2, 3, · · · ,M}) such that the number of balls in bin f is nf (the power of Xf is nf ).
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Now using Xn
f = Xf for any n, we have M∑

f=1
Xf

l =
l∑

b=1

{
l
b

}
b!
∑
|L|=b

∏
f∈L

Xf

Y l
1 =

l∑
b=1

{
l
b

}
b!Yb

where L is the subset of non-empty bins and
{
l
b

}
is the Stirling number of the

second kind, which is the number of ways to distribute l distinct balls into these b

identical bins such that none are empty. And
{
l
b

}
b! is just the number of ways of

distribute l distinct balls into these b distinct bins such that none are empty.

Hence, {
l
l

}
l!Yl = Y l

1 −
l−1∑
b=1

{
l
b

}
b!Yb

l!Yl = Y l
1 −

l−1∑
b=1

{
l
b

}
b!Yb (E.12)

where we have used
{
l
l

}
= 1.

Hence, in the limit of large M and assuming the success sample fraction r

is non-vanishing, we have:

Yl
MCl

≈ l!Yl
M l
≈ Y l

1 +O(Y l−1
1 )

M l
= rl +O(M−1).

From the definition of Yl we have:

1
MCl

∑
|L|=l

∏
f∈L

Xf ≈ rl +O(M−1).

E.5 Decay of Pauli Expectation Value under Pauli
Channels

Any Pauli channel can be decomposed into a set of group channels basis:

Pp = (1− p) I + p
∑
j

βjJ1,Ej (E.13)

where ∑j βj = 1. In the most naive way, we can have Ej = {I,Gj} for the Pauli

operators Gj and pβj
2 being the error rate of the Pauli error Gj.
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For a circuit with M Pauli error locations, different error locations might

experience different Pauli noise of different strengths. We will denote the union of

the group channel basis needed to describe all of these Pauli channels as {J1,Ej | 1 ≤

j ≤ J}. Now we can split each Pauli error location into J group error locations,

with the jth location can only have the group error J1,Ej occurring. Hence, we have

in total MJ group error locations. Using the same arguments in Appendix E.4, we

can obtain the same equation as Eq. (E.11), which will lead to Eq. (8.11):

〈
O|L|=l

〉
=

K∑
k=1

Akr
l
k, (E.14)

but now |L|, l and rk are defined in terms of group error locations instead of

simply error locations.

We can also follow the same arguments in Section 6.1, but focusing on group

errors instead of simply errors. When a Pauli channel is written in the form of

Eq. (E.13), the error rate p defined in this way is the probability that one group error

occurs (which could be any one of the basis group errors.). i.e. the number of group

error at each Pauli error location is a Bernoulli variable with the success probability

p. The mean circuit group error count is just the sum of the group error probability

of all the error locations, which we will denote as µ. Again taking the NISQ limit

and using the Le Cam’s theorem, the number of group errors occurring in the circuit

will follow a Poisson distribution with the mean µ, which is just Eq. (6.2):

Pl = e−µ
µl

l! . (E.15)

Combining with Eq. (E.14), we can again obtain the exponential decay of the

expectation value with increase of mean circuit (group) error count µ just like

in Section 8.3.2.

E.6 Cost of Error Extrapolation

E.6.1 Cost for two-point extrapolation

Suppose for an observable O, we can estimate its expectation value by combining

the expectation value of two other observables A and B. Then by denoting the
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estimate as 〈O0〉, we have:

〈O〉 ≈ 〈O0〉 := f(〈A〉 , 〈B〉) (E.16)

for some estimation function f .

Now suppose we take N samples in total and α is the fraction of A samples

within, then using A, B to denote the sample averages, we can obtain the sample

estimate of 〈O0〉 (and thus 〈O〉):

O0 := f(A,B). (E.17)

Note that we have abuse the notation here since 〈O0〉 and O0 are not the expectation

value and the sample average of some observable O0. There is no such an observable.

Rather, O0 is exactly defined as the estimate of 〈O〉 after N total samples of

A and B using the equation above, and similarly 〈O0〉 is defined as the case

N →∞. Note that O0 6≡ O as well since O is an actual observable of the noiseless

computation that lead us to 〈O〉.

We will try to compare the variance of the sample estimate O0 against the

variance of the noiseless sample average O. The variances of various sampling

averages follow these equations:

Var
[
A
]

= Var [A]
αN

Var
[
B
]

= Var [B]
(1− α)N

Var
[
O
]

= Var [O]
N

.

Hence, assuming Var [A] ≈ Var [B] ≈ Var [O], the variance of the sample estimate is:

Var
[
O0
]

=
(
∂O0

∂A

)2

Var
[
A
]

+
(
∂O0

∂B

)2

Var
[
B
]

=
(∂O0

∂A

)2 1
α

+
(
∂O0

∂B

)2 1
(1− α)

Var
[
O
]
.

Hence, when sampling for O0 instead of O, the additional cost factor is:

C(α) = a2

α
+ b2

1− α (E.18)
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with

a =
∣∣∣∣∣∂O0

∂A

∣∣∣∣∣, b =
∣∣∣∣∣∂O0

∂B

∣∣∣∣∣
We then have the extremal point being

α± = a

a± b
.

Since α− = a
a−b ≥ 1, we will only keep α+. We can also obtain C ′′(α+) ≥ 0, which

means that it is a local minimum, whose value is

C(α+) = (a+ b)2 . (E.19)

i.e. the minimal cost factor is achieved when the fraction of A samples is α+.

For the naive version of evenly distributing all the samples: α = 0.5, we have

C(0.5) = 2(a2 + b2). (E.20)

When compared to the optimal distribution, we have:

C(α+) ≤ C(0.5) = 2(a2 + b2) ≤ 2 (a+ b)2 = 2C(α+).

i.e. the saving in the number of samples by using optimal sample distribution will

be less than half. The saving will be exactly half in the case of a� b or b� a. In

practice, a and b is often unknown and thus it is hard to achieve the optimal sample

distribution. Hence, in most of the cases in this thesis, we just use the naive sample

distribution, which should be of the same order of magnitude as the optimal case.

E.6.2 Cost of exponential extrapolation

For an observable O, we can estimate its expectation value by probing at the error

rate µ and λµ and fitting with an exponential curve to get the zero-noise value:

〈O〉 ≈ 〈O0〉 :=
(
〈Oµ〉λ

〈Oλµ〉

) 1
λ−1

(E.21)

Note that 〈O〉 will only be exactly the same as 〈O0〉 if the observable follows strictly

a single exponential decay with increased noise.
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Now following Appendix E.6.1 with A = Oµ, B = Oλµ and using Oµ ≈

O0e
−γµ, we have:

a =
∣∣∣∣∣∂O0

∂Oµ

∣∣∣∣∣ = λ

λ− 1

(
Oµ

Oλµ

) 1
λ−1

= λ

λ− 1e
γµ

b =
∣∣∣∣∣ ∂O0

∂Oλµ

∣∣∣∣∣ = 1
λ− 1

(
Oµ

Oλµ

) λ
λ−1

= 1
λ− 1e

λγµ.

(E.22)

Hence, the sampling cost factor of exponential extrapolation can be obtained

using Eq. (E.20):

CE = 2
(
a2 + b2

)
= 2λ

2e2γµ + e2λγµ

(λ− 1)2 . (E.23)

E.6.3 Cost of quasi-probability with exponential extrapo-
lation

As outlined in Section 8.4.1, we use quasi-probability to suppress the error rate

from µ to ν = µ
λ
and then use the point at µ = λν and ν to perform exponential

extrapolation. Thus we have the same equation as Eq. (E.21) with µ → ν:

〈O0〉 =
(
〈Oν〉λ

〈Oλν〉

) 1
λ−1

. (E.24)

Here λν = µ is the original error rate and thus 〈Oλν〉 will be obtained via direct

sampling, while ν is the quasi-probability suppressed error rate, thus 〈Oν〉 will be

obtain via quasi-probability. Thus using Eq. (6.13), we have

〈Oν〉 = Q 〈OQ〉 .

Now following Appendix E.6.1 with A = OQ, B = Oλν and using Eq. (E.22)

with ν in place of µ, we have:

a =
∣∣∣∣∣ ∂O0

∂OQ

∣∣∣∣∣ =
∣∣∣∣∣∂O0

∂Oν

dOν

dOQ

∣∣∣∣∣ = λ

λ− 1e
γνQ

b =
∣∣∣∣∣ ∂O0

∂Oλν

∣∣∣∣∣ = 1
λ− 1e

λγν .
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Using Eq. (6.14), we have Q =
√
CQ,ν . From Eq. (6.20), we have CQ,ν = e4(µε−νε).

Since in extrapolation, we need to suppress all error components evenly, we have

µε = λνε just like the relation between µ and ν. Hence, we have:

CQ,ν = e4(λ−1)νε

Q =
√
CQ,ν = e2(λ−1)νε ,

which gives

a =
∣∣∣∣∣ ∂O0

∂OQ

∣∣∣∣∣ =
∣∣∣∣∣∂O0

∂Oν

dOν

dOQ

∣∣∣∣∣ = λ

λ− 1e
γν+2(λ−1)νε

b =
∣∣∣∣∣ ∂O0

∂Oλν

∣∣∣∣∣ = 1
λ− 1e

λγν .

Hence, the sampling cost factor of quasi-probability with exponential extrapolation

can be obtained using Eq. (E.20):

CQE = 2
(
a2 + b2

)
= 2λ

2e2γν+4(λ−1)νε + e2λγν

(λ− 1)2

= 2λ
2e

2
λ

[γµ+2(λ−1)µε] + e2γµ

(λ− 1)2 .

(E.25)

E.6.4 Cost of hyperbolic extrapolation

Performing error extrapolation using Eq. (8.21), we have:

〈O0〉 = sgn (〈Oc,ν〉)
√
〈Oc,ν〉2 cosh2(ν)− 〈Os,ν〉2 sinh2(ν).

Following the arguments in Appendix E.6.1 with A = Oc,ν , B = Os,ν , and using

Eq. (8.20), we have

a =
∣∣∣∣∣ ∂O0

∂Oc,ν

∣∣∣∣∣ = cosh2(ν)Oc,ν

O0
= cosh(ν) cosh((1− γ) ν)

b =
∣∣∣∣∣ ∂O0

∂Os,ν

∣∣∣∣∣ = sinh2(ν)Os,ν

O0
= sinh(ν) sinh((1− γ) ν).

The fraction of Oc,ν samples among all the samples can be obtained from Eq. (8.18):

α = e−ν cosh(ν).
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Hence, the cost factor can be obtain using Eq. (E.18):

CH,ν = a2

α
+ b2

1− α
=
(

cosh(ν) cosh2((1− γ) ν) + sinh(ν) sinh2((1− γ) ν)
)
eν .

In this thesis, we will use its upper bound as the sampling cost instead for a

simpler expression:

CH,ν ≤
(

cosh2((1− γ) ν) + sinh2((1− γ) ν)
)

cosh(ν)eν

= cosh(2 (1− γ) ν) cosh(ν)eν .

E.7 Comparison Between Error Mitigation Tech-
niques

For a given error mitigation technique whose average estimation errors for a Pauli

observable is ε and whose sampling cost is C, we can define ∆ to be the effective

observable that represents the error in each circuit run for obtaining the error-

mitigated Pauli observable, which has:

〈∆〉 ∼ ε

Var [∆] ∼ C.

In another word, ε is the systematic error of the error mitigation techniques while

C is the strength of the random errors (shot noise) of the technique.

We will label the average error after N sample runs as ∆, for which we have:

〈
∆
〉
∼ ε

Var
[
∆
]
∼ C

N
.

Hence, the expected square errors of applying the error mitigation technique with

N samples is thus:

〈
∆2〉 = Var

[
∆
]

+
〈
∆
〉2

∼ C

N
+ ε2
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Now suppose we have two different error mitigation techniques, and w.l.o.g. we

will assume technique 1 will have lower systematic errors ε1 ≤ ε2. If C1 < C2,

then technique 1 is obviously the better technique. If C2 ≤ C1 however, there is a

break-even point which both methods have similar mean square errors:

〈
∆2

1

〉
∼
〈
∆2

2

〉
N∗ ∼ C1 − C2

ε22 − ε21
≈ C1

ε22
+O

(
C2

C1

)
+O

(
ε21
ε22

)
.

i.e. N∗ is roughly the number of samples needed using technique 1 to reach a

shot noise level that is equal to the systematic error of technique 2 (ε2). When

the number of samples N . N∗, the shot noise will dominate and thus we will

choose technique 2 over technique 1 due to the lower sampling cost. When the

number of samples increase and reach N & N∗, then the systematic errors will

dominate over shot noise and thus we will choose technique 1 over technique 2

due to the lower systematic errors.
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