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Abstract
Wedress atomswithmultiple-radiofrequency (RF)fields and investigate the spectrumof transitions
driven by an additional probe field. A complete theoretical description of this rich spectrum is
presented, inwhichwefind allowed transitions and determine their amplitudes using the resolvent
formalism. Experimentally, we observe transitions up to sixth order in the probe field using RF
spectroscopy of Bose–Einstein condensates trapped in single- andmultiple-RF-dressed potentials.We
find excellent agreement between theory and experiment, including the prediction and verification of
previously unobserved transitions, even in the single-RF case.

1. Introduction

Spectroscopy has spurred great progress in our understanding of physical systems, from the quantum-
mechanical explanations of the hydrogen spectrum tomeasurements of the Lamb shift [1]. Precision
measurements continue to illuminate the limits of our knowledge [2, 3]. In turn, the experimental tools
developed from spectroscopy have advanced our ability tomanipulate the external and internal degrees of
freedomof atoms. For instance, controlling themotion of atoms using light has led to laser-cooling and spatial
confinement of atomic vapours.Meanwhile, controlling the quantum state has provided essential tools to
investigate the fundamental principles of quantummechanics [4, 5] and is intrinsic to quantum information
processing [6–8].

The dressed-atom formalism [9] is an established framework for understanding atom-photon interactions.
Applications include laser cooling, cavity quantum electrodynamics, and trapping of cold atoms; the latter
encompasses atoms dressedwith optical [10], microwave [11] or radiofrequency (RF) [12–15] radiation, to
either provide or shape the confinement. Significant attention has been paid to confining atoms in single-
frequency dressing fields. In addition, aweak probefield is often used to drive transitions between dressed
states [16, 17].

There are a number of physical systems inwhich an atom interacts withmultiple-frequency radiation. In the
field of nonlinear optics, examples such as four-wavemixing and electromagnetically induced transparency have
been studied extensively [18, 19]. Spectroscopic signals can be resonantly enhanced by the use ofmultiple
frequencies, such as in stimulated Raman spectroscopy and coherent anti-Stokes Raman spectroscopy [20, 21].
Optical dipole traps composed ofmultiple frequencies can be used to confine quantumgases in superlattices
[22, 23] or species-selective potentials [24]. In these cases, the radiation is far from resonance and the
perturbation arising from each frequency component can be treated independently. Using this approach to
describe atoms dressedwithmultiple radiofrequencies (multi-RFs) as in [25] is inaccurate when coherent
processes are important, such as for separations between frequency components comparable to, or smaller than,
the Rabi frequencies.

We have recently addressed this issue, and demonstrated the use of amulti-RF dressing field to confine
atoms in a double-well potential [26]. Atoms are trapped in two parallel sheets, the spacing betweenwhich can
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bemade sufficiently small to realizematter-wave interferometry [27]. These potentials are smooth, with a
tunable geometry and the capacity to influence the dimensionality of the trapped gas [26, 28].

A large number of possible transitions arise for atoms dressedwithmultiple fields, which renders these
potentials vulnerable to atom loss caused byRF noise. The versatility of these potentials prompted an
investigation into the spectrumof transitions as ameans to investigate susceptibility to noise. In turn, this has
resulted in the theoretical framework presented here, which is applicable to awide range of systems dressed by
multiple frequencies. Transitions in atoms inRF-dressed potentials have been calculated in previous work,
though restricted to a single dressing frequency [29–31].Moreover, only first-order transitionswere considered
in [29, 30] and higher-order transitionswere calculated only for selected polarizations in [31].

In this paper, we study the spectra of atoms dressed by single- andmultiple-frequency fields.We present
experimental spectra, inwhich Bose–Einstein condensates (BECs) of 87Rb atoms are dressed and probed byRF
fields. For a single-frequency dressing field, accounting for all polarizations and higher-order transitions results
in a spectrum that goes beyond thewell-knownAutler–Townes splitting [32]. For certain polarizations of the
probefield, we identify resonances that have not been observed or predicted previously. This is further
generalized by includingmultiple dressing frequencies, revealing a rich spectrumof resonant transitions that we
fully characterize spectroscopically.

We start by detailing a theoretical framework that fully characterizes transitions excited by a probe field
when an atom is dressed by amulti-frequency field (section 2). In section 3 the experiment is described. In
section 4we demonstrate the versatility of the theoretical framework by performing detailed calculations for
transitions of any order in the probefield and compare these to experimental results in section 5.

2. Theory of transitions in the dressed-atompicture

Weconsider an atom in a staticmagnetic field, dressed by a coherent radiationfieldwith one ormore frequency
components.We calculate resonant frequencies and coupling strengths for transitions driven by a coherent
probefield between the dressed eigenstates. Dressing the atoms leads to a ladder of energy levels giving rise to a
spectrum that is considerablymore complex than that of the bare atoms. In the following, g 0F < and F= 1 are
chosen for the examples, for consistencywith the 87Rb F=1 hyperfinemanifoldwhichwe investigate
experimentally.

Figure 1 illustrates the bare and dressed states and the transitions which can be driven resonantly by the
probefield.We calculate transition frequencies and amplitudes for theHamiltonian

H H V V H F N N, with . 1z0 rf p 0 0 f p p w w w= + + = - + +ˆ ˆ ( )

The interaction-free part of theHamiltonian,H0, is the sumof the atomic energy g BF B0w m= ∣ ∣ of an atom in a

staticfield, and the field energies N fwˆ and Np pwˆ of the time-dependent dressing and probe fields. The atom
remains in the electronic ground state at all times, hence spontaneous emission is negligible.We consider
dressing fields with angular frequencies nq fw , which are integermultiples of a common fundamental frequency

fw , and the probefieldwith angular frequency pw . The fundamental frequency fw is defined such that the nq are
coprime integers.

Vrf andVp describe the interaction of the atomwith the dressing fields andwith the probefield, respectively.
The dressing fieldVrf is turned on adiabatically, such that as the atoms are dressed by the field, their states
become eigenstates of H H V1 0 rf= + (figure 1(a.iii)). The probefield, which is pulsed on non-adiabatically,
drives transitions between these dressed states (figure 1(b)).

To calculate the strength of these transitionswemust find eigenstates ofH1 and then calculatematrix
elements ofVp between them. Extending the single-frequency dressed-atompicture, a natural choice of basis is
to represent the coherent state of the dressing field using tensor products of Fock states. Formultiple dressing
fields, however, this basis is degenerate, leading to complications during diagonalization. Instead, wework
within a subspace of theHilbert space that is spanned by the non-degenerate orthonormal set Nñ{∣ }, where each
state Nñ∣ is a superposition of Fock states with energy N N N Nf f w wñ = ñˆ ∣ ∣ . This set of non-degenerate states
can be used as a basis to describe our system and to calculate transitions as explained in appendix A.More
detailedmathematical proofs can be found in [33] and another example of an application in [34]. The probefield
is treated separately in the standard Fock basis, with thefield energy N N N Np p p p p p w wñ = ñˆ ∣ ∣ .

The eigenstates ofH0 are N N m, , Fp 0ñ∣ , where mF is the component of the atom’s spin projected along z.
The eigenenergies N N mFf p p 0 w w w+ -( ) form a ladder as shown infigure 1(a.ii). The interactions of the
dressing and probefields with the atom are

V F a F a F a F a a a F
1

2
, 2

q
q q q q q q q q q q q q zrf z z* * *å= W + W + W + W + W + W+ + + - - - - +     

⎡
⎣⎢

⎤
⎦⎥( ) ( ) ( )† † †

2
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V a F a F a F a F a a F
1

2
, 3zp p p p p z p z p* * *= W + W + W + W + W + W+ + + - - - - +     ( ) ( ) ( )† † †

with F F Fix y=  , where F F F, ,x y z are the spin projection operators. The Rabi frequencies ,q z z, , ,W W  are
complex numbers and thus account for the relative phase between themultiplefields. The creation and
annihilation operators commute to a very good approximation, sincewe consider coherent fields with large
mean photon numbers.We can therefore define normalized raising and lowering operators a a a a, , ,q q p p   † † ,
which act on the corresponding basis states such that

a N N n a N N n, , 4q q q qñ = - ñ ñ = + ñ ∣ ∣ ∣ ∣ ( )†

a N N a N N1 , 1 . 5p p p p p pñ = + ñ ñ = - ñ ∣ ∣ ∣ ∣ ( )†

Wegroup the eigenstates ofH1 by their energy, labelled by the index k, and denote themby k N m, ,p 1ñ∣ with
eigenenergies

H k N m k N m k N m, , , , . 61 p 1 f p p 0 p 1 w w wñ = + + W ñ∣ ( ( ))∣ ( )

The quantumnumberm takes values between F- and F in integer steps, and 0 wW( ) corresponds to the
energy difference between neighbouring states of equal k, as shown infigure 1(a.iii). Additionally, we define

20 fw wW( ) for integer values of F and 0 fw wW( ) for half-integer values of F. Note that these are locally-
defined quantumnumbers which differ from the commonly used case (see appendix B). The terms in (2) and (3)
withRabi frequencies ,qW W- - couple states resonantly for g 0F < . The off-resonant termswith Rabi
frequencies ,qW W+ + are neglected under the RWA.

Having described theHamiltonian of the dressed-atom system, we now examinewhich transitions are
allowed between the eigenstates ofH1.We call the order of a transition the total number of probe photons
created and/or annihilated in driving the system from the initial to the final eigenstate, as illustrated in
figure 1(b). Note that an arbitrary number of photons of the dressing field can be involved, resulting in an
unlimited number of transitions compared to very few in the case of undressed states.

For a transition to occur, two conditions need to bemet: (i) the probe interaction couples initial andfinal
states and (ii) the probe frequency is resonant, such that energy is conserved. For first-order transitions from
initial state k N m, ,p 1ñ∣ tofinal state k N m, ,p 1¢ ¢ ¢ñ∣ with m m¢ ¹ , these conditions are expressed as:

m F m k N m V k N m
2

, , , , 0 and 7m m
m meff

sgn 1 p p P 1
W

á ¢ ñ = á ¢ ¢ ¢ ñ ¹¢-
¢-∣ ∣ ∣ ∣ ( )( )

∣ ∣

k N m k N m , 8f p p f p pw w w w¢ + ¢ + ¢W = + + W ( )

Figure 1. (a)Eigensystems of various components of theHamiltonian under consideration, for an atomwith g 0F < and F=1. For
simplicity, these are shown for a single-frequency, circularly-polarized dressing field at frequency rfw . (i)The Zeeman effect of a static
magnetic field lifts the degeneracy of the three energy levels. (ii)The addition of the dressing field results in a ladder of energy levels
(probe field omitted for clarity). (iii)Taking into account the interaction between atoms and dressing field gives the dressed
eigenstates.Ω(ω0) depends onω0 and is equal to the Rabi frequency on resonanceΩ0. (b) Illustration of somefirst- (green) and
second-order (purple) transitions of the dressed atoms. All transitionswhich exist for circular dressing are shown.Dashed lines
indicate transitions which arise from terms beyond the rotating-wave approximation (RWA) of the dressingfield.
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wherewe have defined an effective Rabi frequency effW , and F m m
m m

sgn ¢-
¢-
( )

∣ ∣ denotes the application of the spin raising

or lowering operator m m¢ -∣ ∣ times to connect states mñ∣ and m¢ñ∣ .
Higher-order transitions arise when the path taken between the initial and final state includes a number of

off-resonant intermediate states. The resultant transition amplitude therefore depends on the amplitudes of
these individual paths, whichmay interfere. To determine the frequencies of transitions and calculate their
strengths, we use the resolvent formalism [9, 17]. This gives an effectiveHamiltonianwhich can be used to
calculate transitions of any order, as explained in appendix C. These higher-order transitions are found by
replacing (7)with the following

m F m k N m V
Q

E H
V V

Q

E H
V k N m

2
, , , , 0. 9m m

m meff
sgn 1 P p

0 1
p p

0 1
p p 1

W
á ¢ ñ = á ¢ ¢ ¢

- -
ñ ¹¢-

¢- ∣ ∣ ∣ ∣ ( )( )
∣ ∣

E0 is the energy of the initial state andQ a projection operator onto all states with energy not close toE0.
Following the explanation above, (9) can be interpreted as follows: the initial state interacts with the probe field,
followed by a free evolution underH1, followed by another interaction and so forth, connecting initial andfinal
states by i interaction terms for ith order. The condition for energy conservation expressed in (8)must also be
fulfilled for higher orders.

3. Spectroscopy of RF-dressed potentials

Having described the theory of transitions in RF-dressed potentials, we nowpresent the details of the
experimental work.Our apparatus traps a cloud of ultracold 87Rb atoms in a potential created by the spatial
dependence of the dressed eigenenergies in a static quadrupolefield, dressed by one ormore RFs [12, 26], as
shown infigure 2(a). A probefield drives transitions to untrapped states, leading to atom loss, whichwe
measure through absorption imaging of the remaining atoms. The apparatus and experimental sequence is as
described previously [26].

Centimetre-scale coils generate both the static andRF fields, with a static quadrupole field
B B xe ye ze2x y z= ¢ + -
   ( ). The atomic cloud is evaporatively cooled to a BECof approximately 2× 105 atoms
and loaded into either a single or amultiple RF-dressed potential [26]. In all sequences, atoms are confined in the
potential well formed by anRF-dressing fieldwith a frequency of 3.6 MHz, and B 155 G cm 1¢ = - .

To perform the spectroscopy ofmulti-RF-dressed states, we trap atoms in the state withm=1 in amulti-
RF-dressed potential and apply an additional probe field for a duration t 1.2 sp = . On resonance, the probefield
drives atoms to untrapped states with m 0, 1¢ = - .We observe transitions bymeasuring the remaining atom
number after time-of-flight (TOF) expansion using absorption imaging. A collage of sample images is shown in
figure 2 (b). Themeasurement is repeated four times for each probe frequency and the frequency is variedwith a
spacing of 4 kHz for single-RF and 2 kHz formulti-RF dressing.

Figure 2. (a)The inset shows atoms (purple) trapped in a potential (blue) by dressing a staticmagnetic quadrupolefieldwithmultiple
RFs [26]. The energies of three dressed eigenstates are indicated, with atoms trapped in the upper state. Atoms are lost from the trap if
the probe field drives them to an untrapped state. Coils for the generation of the static quadrupole field (grey, top and bottom),
dressing fields (blue, left and right), and evaporative cooling (green, top) are shown. (b) Slices of absorption images and (c)normalized
atomnumber versus probe frequency for atoms trapped in a linearly-polarized dressing field of a single frequency. The grey points
indicatemeasured atomnumbers (normalized), and the black line shows the average at each probe frequency. The light grey area
indicates the standard error of themean. The dark grey strip indicates the range of atomnumberswithin one standard deviation of the
background distribution. Resonances identified from the data using the Kolmogorov–Smirnov test aremarkedwith crosses.
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For the single-RF case, we use a dressing fieldwith an amplitude of 2 197 kHz1 pW =- · and 01W =+ for a
circularly-polarized field or 1 1W = W+ - for a linearly-polarized field. For themulti-RF case, atoms are irradiated
by dressing fields with frequencies of 3.6, 3.8, and 4.0 MHz, corresponding to 0.2 MHzfw = and
n n n, , 18, 19, 201 2 3 = with Rabi frequencies 80, 69, and 99 kHz. These additional dressing field components
displace the position of the atoms in thewell formed byω1 to 2 3.6383 MHz0w p= · , resulting in a resonance at

2 72.5 kHz0w pW =( ) · [26].
The antennawe use for the spectroscopy pulses is situated above and perpendicular to the coils generating

the dressing fields, as shown infigure 2 (a). This results in afieldwith predominantly linear polarization along
the zdirection, i.e. zW W .We estimate the Rabi frequency of the appliedfield at 3.6 MHz as

2 30 kHzz pW = · by dressing trapped atomswith the probefield andmeasuring the displacement in the
horizontal direction [35, 36].

The characteristics of the amplifier and impedance of the coil cause the probe amplitude to vary by 37 dB
over the frequency range of interest. Below 0.7 MHz, the amplitude drops by approximately 30 dB, such that

1 kHzzW < . It increases by 7 dB in the range between 0.7 MHz and 7.5 MHz, with a self-resonance near
4.7 MHz.Weuse themaximumprobe amplitude available, only reducing it over the range 4.3 MHz to 5.1 MHz
to compensate for the coil resonance. For probe frequencies above 2MHz, zW is within an order ofmagnitude of
the dressing field amplitudes, such that the assumption of aweak probe field does not hold. This perturbs the
resonance frequencies, but does not change the existence of these resonances.We therefore use themaximum
amplitude, as our aim is to determine the existence of numerous resonances.

The atomnumber prepared in each experimental cyclefluctuates randomly by about 10%, and a dip in
measured atomnumber due to a resonancemust be reliably distinguished from this randomnoise.We
determine this background statistical distribution bymeasuring the atomnumber (without a probe applied) at
random times interleavedwith each data series. Resonant frequencies are identified as those forwhich themean
atomnumber corresponds to aminimum, and the distribution ofmeasured atomnumbers is different from the
background distribution, using theKolmogorov–Smirnov test with a significance level of 0.01.

Acquiringdetailed spectrawithmany repeats anda cycle timeof approximately oneminute requires continuous
operation fordays at a time.The atomnumberprepared inour experiment typically drifts by30%overmanyhours.
To reduce systematic effects,measurements and repeats at different frequencieswere taken in a random, interspersed
order. Furthermore, to remove long-termdrifts,wenormalize eachatomnumbermeasurementwith respect to the
meanatomnumber in an interval spanning30mineither sideof thatpoint, andexcludingpointswith anapplied
probeRFonor close to resonance asdeterminedby theKolmogorov–Smirnov test.

We apply this procedure tomeasure the loss spectrumof atoms trapped in single- andmulti-frequency
fields. Figure 2 (c) shows a sample section of the spectroscopicmeasurement for a linearly-polarized single-RF
dressing field, with the identified resonances indicated.

4. Theoretical predictions

The general formalism in section 2 is applicable to any systemof dressed eigenstates that are subjected to a non-
adiabatic perturbation.We calculate transitions for specific examples relating to the experimental work
described above, namely 87Rb atoms in the hyperfine ground state (F= 1)withm=1, and transitions from this
initial state to untrapped states with m 0¢ = orm′=−1.

4.1. Single RF—circular polarization
Wefirst consider the simple example of a circularly-polarized dressing fieldwith a single frequency rfw , where
there are no counter-rotating terms. In this simple case, the interactionwith the dressing field reduces to
V F a F a2rf 0= W ++ - ( )( )† , wherewe can assume a real Rabi frequencyΩ0. The interaction is confined to one
manifoldwith constant k N mc F= - . ThismeansH1 can be diagonalized exactly, and its eigenstates are
admixtures of states from a singlemanifold. For our experimental parameters, this definition coincides with that
of (6) (see appendix B).

To facilitate the calculation ofmatrix elements, we rewrite the probe interactionVp (defined in (3)) in terms
of operators acting on eigenstates ofH1 such that

S k N m F F m m k N m

S k N m m k N m

b k N m k N m

b k N m k N m

, , 1 1 , , 1 ,

, , , , ,

, , 1, , ,

, , 1, , .

c c

z c c

c c

c c

p 1 p 1

p 1 p 1

p 1 p 1

p 1 p 1




ñ = + -   ñ

ñ = ñ

ñ = + ñ

ñ = - ñ

∣ ( ) ( ) ∣
∣ ∣
∣ ∣
∣ ∣

†
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This results in

V a a S S S

a b S S S

a b S S S

1

2
2

1

2
2 h.c.

1

2
2 h.c. , 10

c
z

c z c

c z c

p z p z p 0

p 0

p 0

*=
W

W + W W + + D

+ W W - D + W - W + D +

+ W W - D + W - W + D +

+ -

+ - +

- + -

 





⎡
⎣⎢

⎤
⎦⎥

( )( ( ) )

( (( ) ( ) ) )

( (( ) ( ) ) ) ( )

†

†

with the angular frequency detuning rf 0w wD = - . For this simplified case, the generalized Rabi frequency of
the dressing field is c

2
0
2 2W = W + D .

We determine the probe frequencies for resonant transitions, and calculate their corresponding strength, by
solving (8) and (9). Transitions of order i exist for m m1, 0= ¢ = at frequencies

i j2
, 11c

p
rfw

kw
=

 W
-

( )

with integers j, k such that i0  k and j i0 2 < ⌊ ⌋. Here, k kc ck = ¢ -∣ ∣corresponds to the difference
between initial and finalmanifold and i j N N2 p p- = ¢ -∣ ∣ to the difference between initial and final probe
photon number. The action ofVrf is confined to a singlemanifold such thatVp only couples states with
k k 1c c ¢ -∣ ∣ , resulting in the limit of ik . Thus only afinite number of transitions occur for a given order, as
shown forfirst order in [37].

Similarly, m m 1¢ -∣ ∣ , whichmeans there is nofirst-order transition between states withm=1 and
m′=−1. Although these states couple in third order, the different paths interfere destructively, such that the
total transition amplitude is zero and transitions do not occur.

Table 1 shows transition frequencies and the corresponding effW for allfirst- and second-order transitions,
as well as selected third-order transitions. The various paths contributing tofirst- and second-order transitions
are shown infigure 3.Note that while transitions at frequencies 2 crfw  W do not exist infirst order, they do
exist in third order and higher. The full transition amplitude for a given probe frequency is the sumover
contributions from all orders.When the probe amplitude is weak compared to the dressing field amplitudes,
however, the lowest order terms dominate this sum.

In [31], ith-order transitions at frequencies i i,c crfwW  W were also predicted and their strengths
calculated only for specific polarizations of the probe field, and by taking a secondRWA. In contrast, ourmethod
makes no such approximations, and our results differ accordingly: for arbitrary polarizations of the probefield,
additional resonances appear, e.g. with 1 2 cp rfw w=  W( ).While our transition amplitudes agreewith [31]
forfirst and second order, they differ for third order and higher.

Table 1. Frequencies andmatrix elements for allfirst- and second-order
transitions with a circularly-polarized dressing field. For third order, we
showonly the transitions atΩc/3 and 3crfw  W (and forΩc/3, only the
dominant terms proportional to z

3W ). Themarkers in thefirst column
correspond to those used infigures 3 and 4.

Order pw effW

d 1 Ωc z
c

0WW
W

△ 1 crfw + W 1

2
c

c
WW -D

W -

▽ 1 crfw - W 1

2
c

c
*- WW +D

W -

d 2 Ωc/2 2
z
2 2

8 2c c

c

c

0
2

rf

rf
2 2- W - W Ww

w

W

W

D
W

W +D

- W + -⎜ ⎟⎛
⎝

⎞
⎠

( )

△ 2 c
1

2 rfw + W( ) 1
z

c c

c

c2
0
2

rf rf
- W W -

w wW -
W

-W
W -D D

+W( )( )

▽ 2 c
1

2 rfw - W( ) 1
z

c c

c

c2
0
2

rf rf
* *W W +

w wW -
W

+W
W +D D

-W( )( )

♢ 2 crf
1

2
w + W 1

2
2c

c

0
3- WW W -D

W -
( )

, 2 crf
1

2
w - W 1

2
2c

c

0
3

*WW W +D

W -
( )

3 Ωc/3 89

2
2

0
2

z
3

c

0
4 5 D - W WW

W
( )

3 3crfw + W 3

2
3c

c

4

7
0
2

5 W
W -D W

W -
( )

3 3crfw - W 3

2
3c

c

4

7
0
2

5
*- W

W +D W

W -
( )
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4.2. Single RF—linear polarization
The scenario of an atomdressedwith a linearly-polarized field ismore complicated, because the presence of
counter-rotating terms causes the dressed eigenstates to contain bare states from an infinite number of
manifolds. Thus, an infinite number of possible transitions exist at any order of the probe field, althoughmost
are of negligible strength. Ultimately, transitions occur at the same frequencies as for a circularly-polarized
dressing field (11), butmany of these occur at a lower order, and are thus stronger, when atoms are dressed by a
linearly-polarized field.

Truncating theHilbert space allowsH1 to be expressed as afinite-dimensionalmatrix which can be
diagonalized numerically to high accuracy. Equations (8) and (9) can then be solved analytically using the
resulting eigenstates. The frequencies of the transitions are given by i j2p rfw kw=  W -( ) ( ), as for the
circular case (11), but with no limit on the integer k kk = ¢ - .Vp contains terms of any power in b b, † as
compared to (10)which is linear in b b, †. Thismeans that changes with 1k > are possible through absorption
or emission of a single probe photon, resulting in an infinite number of transitions for any given order.

Each operator b or b† introduces a factor to the effective Rabi frequency that is proportional to the dressing
field amplitude. This results in dominant transitions at 0, 1k = for aweak dressing field, but at larger values of
k for a strong dressing field, as was shown in [37]. First-order transitions at rfkw  W are driven by the
longitudinal component of the probe field for evenk and by the circularly-polarized component of the field
for oddk.

In the limit of large frequency detuning, the order of the dressing field is well defined [15]. On resonance this
is not the case, since the number of dressing photons for a given eigenstate is indeterminate. Instead, as an
approximation, we use k as explained above.

Figure 4 shows the dominant amplitudes for transitions that arefirst and second order in the probefield, as a
function ofΔ, and for the cases of circularly- and linearly-polarized dressing RF fields. In the limits D  ¥∣ ∣ ,
the amplitudes for the various transitions approach those of the undressed Zeeman states, as expected [15, 31].

4.3.Multiple radiofrequencies
In this sectionwe explain the spectrum expectedwhen dressingwithmultiple dressing frequencies and a
linearly-polarized field. For a dressing field containingmultiple frequencies that are allmultiples of a
fundamental frequency fw , the frequencies at which resonant transitions exist are given by a formula similar to
(11) butwith rfw replaced by fw :

i j2 . 12fkw  W -( ) ( ) ( )

Transitions are spaced by the fundamental frequency fw , leading to afinely spaced combof frequencies if fw is
small. As for the case of a linearly-polarized dressing fieldwith a single frequency, the expression forVp in the
case ofmultiple frequencies contains any combination of the operators b b,i j

†. The dominant contribution to any
given transition is given by theminimumnumber of raising and lowering operators required aswell as their
respective prefactors3. For example, in a dressing field at frequency n1 fw , only one creation or annihilation is

Figure 3.Paths of (a)first- and (b) second-order transitions of atoms dressed by a circularly-polarized field. The component of the
probe field that drives the individual steps is indicated. The transitionwith frequency 2crfw + W( ) is omitted from (b) for clarity, but
proceedsmirrored to that at frequency 2crfw - W( ) , with thefinal state indicated by the upright triangle!. Table 1 shows transition
frequencies and effW that correspond to thefinal states indicated here by the symbols.

3
This is true unless several paths cancel each other, such that a different termdominates.
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necessary to drive the transition for which n1k = . For two dressing fields at frequencies n n, 11 f 1 fw w+( ) , the
transition at 1k = takes two operators (a a an n1 11 1

=+
† †), but the transitionwith n 21k = takes n1operators:

a a an
n

n
n

n1
2 2

21
1

1
1

1
=+( ) ( )† . Thus transitions at n i j i j2 , 21 f fw w W -  W -( ) ( ) ( ) ( ) are strong compared

to transitions at n i j2 21 fw  W -( ) ( ). This qualitative description explains the overall pattern of transition
strengths in the experimental observations reported below and can lead to second-order transitions surrounding
the frequency n 21 fw( ) being stronger than first-order transitions at similar frequencies.

5. Comparison of predicted and experimentally observed transitions

In the following, we compare the experimental results to the theoretical predictions.We calculate the transition
frequencies and amplitudes for our experimental parameters up to fourth order for the single-RF case and up to
third order for themulti-RF case, and compare these to the experimental spectra.

5.1. Single RF
Figure 5 shows the loss spectrumversus probe frequency for a linearly-polarized RF-dressing field. The
theoretical spectrum is displayed above the data.

For a circularly-polarized dressing field (data not shown), we observe the same transitions, but the amplitude
for those at 2 rfw  W ismuch reduced. The remaining peaks are too strong to result purely from third-order
effects, andwe attribute their observed strength to imperfections in the circular polarization.

To calculate theoretical values for effW , the value for zW was taken to be 2 30 kHzp · as estimated in section 3
and the values for 2 1 kHzpW = W =+ - · were chosen such that the theoretical spectrum replicates the
experimental one. As expected from the geometry of the coil array, these values are significantly lower than zW .
Allfirst-order coupling strengths are of a similar order ofmagnitude due to the following coincidence of our
apparatus: transitions at low frequenciesmainly couple viaΩz, and transitions at higher frequenciesmainly
couple viaΩ−; zW W- , but the amplitude of the probefield drops by approximately 30 dB below 0.7 MHz.

Since the experimental values for polarization and amplitude of the probe field are only approximate, amore
quantitative comparison cannot bemade. The grey shaded area approximately indicates which transitions are
visible. Our detection of some transitionswith strengths below this threshold suggests that some transition
amplitudes are underestimated, particularly at lower frequencies.

We identify experimentally observed resonances with theoretically predicted ones if the frequencies agree
within the resolution of the applied probe frequencies, that is 4 kHz for the single-RF case. Figure 5 shows
resonances at frequencies of 0.196; 3.404; 3.796; 7.0; and 7.4 MHz, whichwe identify with allfirst-order
resonances predicted by (11) in the range 0–7.5 MHz, that is for 0, 1, 2k = . Theoretically predicted transition
strengths are on the order of 2 1 Hzeff pW = · and all atoms are lost rapidly.

Second-order resonances can be identifiedwith those predicted for 0, 1, 2k = at frequencies 0.1, 1.704,
1.896, 3.504 and 3.696MHz aswell as at 7.1 MHz for 4k = . The dominant contribution to the transition
strength for 3k = is proportional to zW W+, whichmakes it weaker than transitions for 4k = which are
proportional to z

2W . Second-order Rabi frequencies are on the order of 2 10 Hzeff
3pW = -· , and slightlymore

than half the atoms are lost within t 1.2 sp = .
Furthermore, we observe resonances at 64, 48, 40 and 32 kHzwhich correspond to ith order resonances at

Ω/i for i3 6  . Although these are predicted to beweaker than some transitionswe do not observe, third and

Figure 4.Amplitudes of (a)first- and (b) second-order transitions in a circularly-polarized (lines, analytical solutions) and a linearly-
polarized (points, numerical solutions) dressing fieldwith a frequency of 3.6 MHz and a Rabi frequency of 0.2 MHz, as a function of
detuningΔ. The amplitudes are calculated for a probe field on resonance, and 2 10 kHzz pW = W = W =+ - · .
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fourth-order resonances also appear at frequencies 1.264, 0.852 and 0.948MHz, i.e. for 3,p rfw w= + W( )
4rfw  W( ) .We observe one sixth-order resonance at a frequency of 6 633 kHzp rfw w= + W =( ) . The

FWHMof this transition is 1 kHz andwe have verified that it is indeed sixth order by varying theRabi frequency
and observing the expected shift in the transition frequency. Only thefirst-order resonances and the resonance
at 2rfw + W have been observed in previouswork [31, 37].

Resonances at frequencies of 0.396, 3.208, and 3.992MHz are visible, but do not correspond to any of the
transitions predicted in section 4.2. They can bematched to transitions at 2rfkw  W for 0, 1k = , frequencies
which correspond to the energy difference between states withm=1 andm′=−1. In section 4we showed that
transitions between these states do not exist under our assumptions. In the following sectionwe argue that the
nonlinearity of the Zeeman effect needs to be taken into account in order to explain the appearance of these
resonances.

5.2. Nonlinear Zeeman effect
The eigenenergies of an atom in a staticmagnetic field can be calculated from the Breit-Rabi formula, and the
influence of deviations from linearity on dressed atoms has been investigated in [38]. The staticmagnetic field
used in this work causes Zeeman splittings of a fewMHz, compared to the hyperfine splitting of 6.8 GHz.
Therefore the energies of the undressed Zeeman states can usually be calculatedwith sufficient precisionwithout
taking into account nonlinearity. However, the asymmetry of the eigenenergies does have an observable
influence on transitions that are ‘forbidden’ in the linear regime, analogous to a breakdown of the selection rules.
We incorporate it into our calculations by introducing an additional term so that theHamiltonian now reads

H H 1 1 , 130 0 ZMd + Ä - ñá-∣ ∣ ( )

where 1- ñ∣ denotes the Zeeman state with m 1F = - and ZMd is the difference between the energy separation of
the m 1, 0F = - and the m 0, 1F = states, such that 0ZMd = in the linear Zeeman effect. For the lowfield
strengths investigated here,mF is still a good quantumnumber and 1- ñ∣ is still a well-defined state.

We calculate the eigenstates of H H V1 0 rf= + numerically and find first-order transition frequencies and
amplitudes as described above. A significant feature is that transitions at probe frequencies of 2fkw  W now
exist between states withm=1 andm′=−1, whereas none are predicted for a purely linear Zeeman effect, as
in [37]. These transitions are stronger at larger static fields where the nonlinear Zeeman shift is increased.

We test this conjecture by probing the resonance 2pw = W experimentally, for different values of rfw , thus
varyingω0 and themagnetic field at the position of the atoms.We observe increased loss as themagnetic field
and thus the non-linearity of the Zeeman splitting increases, as expected.

Figure 5.The spectrum for atoms in a single-RF dressing field. The predicted resonances (top) correspond to probe frequencies where
loss is observed (bottom). Top: Themagnitude of thematrix element is indicated by the length of the bar, with different colours
indicating the order of the transition. Probe values are chosen as 2 30 kHz, 2 1 kHzz p pW = W =· · . The shading gives a rough
indication of the threshold amplitude belowwhich resonances cannot be detected, however there are exceptions, e.g. the resonances
near 1.2 MHz. The angular frequency of selected points is indicated on the upper x axis. Bottom: The full experimental spectrum, as
explained in section 3. Resonances identified from the data aremarkedwith crosses, where the colour indicates the order. Blue
markers indicate that the resonance is higher order than fourth. An ‘×’ indicates that the resonancewas predicted in section 4.2 and a
‘+’ that it arises because of the nonlinear Zeeman effect (see section 5.2). The frequency of the dressing field is indicated by a vertical
dashed line.
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5.3.Multiple radiofrequencies
Withmultiple dressing frequencies present, we expect transitions to repeat at the common fundamental
frequency, as detailed in section 4.3. The transition strength not only depends on the probe polarization and
amplitude, but also on the integer k in (12).

Figure 6 shows the experimental spectrumwith theoretical predictions displayed above. In the theoretical
spectrum, a periodicity of transition amplitudes of order iwithω1/i is evident. As explained in section 4.3, this is
due to the fact that approximately n 2 101 » creation or annihilation operators are required for transitions
with n 21k = . In contrast, the second-order transitions at frequency n 21 fw  W( ) , require one creation
operator only, since n1k = . This results in second-order transitions being significantly stronger than first-order
ones surrounding the probe frequencies nearω1/2. The same behaviour can be observed for third-order
transitions. The periodicity withω1 is a result of atoms being trapped in the potential well that is near-resonant
withω1.We note that for larger probe frequencies, the periodic behaviour dephases and becomeswashed out
because of contributions fromω2,3.

These predictions agreewell with the observations:most of the visible resonances are at low frequencies, as
well as surrounding the dressing frequencies. Additionally, some transitions at irfw  W( ) are visible for i=2,
3 and for , ,rf 1 2 3w w w w= . Again, transitions at 2fkw  W appear, as a result of the nonlinearity of the Zeeman
effect.

We observe atom loss at probe frequencies close tomultiples of the fundamental frequency, as indicated by
blue circles infigure 6, which cannot be reconciled with theoretically predicted resonances.We attribute this to a
sudden perturbation in the dressing potential when the probefield is turned on at these frequencies, increasing
the amplitude of the dressing field suddenly. The resulting kick imparted to the atoms causes heating and loss.
Given that the amplitudes of the dressing fields are only about three times stronger than that of the probe field,
this is unsurprising.

6. Conclusion and outlook

Wehave presented a general theoretical framework to calculate transition frequencies and strengths for atoms
dressed bymultiple frequencies. Accounting for arbitrary polarizations and higher-order transitions provides a

Figure 6.Normalized atomnumber versus probe frequency and theoretically predicted transitions for the linearmulti-RF case. The
plot style is consistent with figure 5.Unidentified resonances are indicated by blue circles, and ranges 0–0.3 MHz and 3.5–4.1 MHz are
enlarged.
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complete description of the spectrum. Thismethodology enabled us to derive analytical expressions for
transition frequencies and amplitudes for the case of a single, circularly-polarized field. Numerical
diagonalizationwas used for cases beyond the RWAand formultiple-frequency dressing fields. Transition
frequencies for any order in the probe field are given by a simple formula. Our results are consistent with
previous predictions [29, 31, 37], but greatly extend these.We uncover transitions thatwere not predicted
previously by considering an arbitrary polarization of the probe and dressing fields as well as calculating
transitions of higher order in the probe field. Spontaneous emissionwas neglected, but could be included in our
model if required, enabling investigation of an evenwider range ofmulti-frequency phenomena.

We performed RF spectroscopy of atoms trapped in single- andmulti-frequency fields, observing transitions
up to sixth order in the probefield. Transitions between states withm=1,m′=−1were observed, whichwere
not apparent in previouswork; these arise from the non-linearity of the Zeeman effect. This effect introduces an
asymmetry into theHamiltonian operator that results in a coupling of states withm=1,m′=−1, thus causing
a breakdownof the selection rules.

The observed atom loss agrees qualitatively with the predicted transition strengths, thoughwe also observe
loss for surprisingly low effective Rabi frequencies. Several details of the experiment prevent amore detailed
quantitative comparison: firstly, the polarization and amplitude of the probefield is undetermined. Secondly,
the 4 kHz spacing of data pointsmeans thatwe do not accurately determine themaximum loss rate, especially
for the intrinsically narrower higher-order transitions. A clear example of this lack of resolution occurs for the
observed sixth-order resonance. Ameasurement withfiner spacing over a short range determined the FWHMto
be 1 kHz, but it would be both impractical and unnecessary to apply this resolution over thewhole range of
frequencies inspected here. It is likely that some high-order resonances weremissed by our experimental
procedure, butmore than a sufficient number of transitionswere observed to give an extremely high degree of
confidence in the theoreticalmodel, and all observed transitions in the single-RF case are explained.We observe
higher-order transitions even formoderate probe amplitudes, highlighting the importance of taking these into
account when determining the effect of stray fields.

The description ofmulti-frequency fields is common in nonlinear optics, and it is insightful to compare this
approach to ourmethods: in nonlinear optics the amplitude of dipole oscillations is typically small, off-resonant,
and at frequencies associatedwith the driving fields. In contrast, themulti-frequency transitions considered here
can have a large amplitude but are typically slowly oscillating and are observed on resonance. This work is
therefore at the opposite end of the scale ofmultiple-frequency effects to the standard perturbative approach in
nonlinear optics. These extremes can be combinedwith themore general theoreticalmethods presented in [34].

Although the theoretical framework presented here is widely applicable, we have focussed on the
experimental implementation ofmulti-RF-dressed potentials. This powerful tool for confining cold atoms
increases the versatility ofmagnetic trapping techniques. In our previous work, we employed this technique to
observematter-wave interference [27]. Extending the use of these potentials, e.g. to investigate thermalization in
two-dimensional gases [39], requires a reduction of the spacing of the twowells. For this, amore detailed
understanding of the plethora of resonances that arises whenmultiple dressing fields are present is essential. In
particular, ourwork provides a framework to understand andmitigate the loss of atoms through spurious noise
whenworkingwithmulti-RF-dressed potentials. This is of critical importance for experiments that usemany
closely-spaced frequencies, such as the proposal to form a periodic potential of individually controllable
wells [25].
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AppendixA.Description of the dressingfield using non-degenerate states

For l dressing fields with frequencies nq fw , we can describe the state of the dressing field in the Fock basis
N N N, , , l1 2 ¼ ñ{∣ }. This basis is degenerate, however, and the interactionVrf connects degenerate states in

higher orders. For the case of three dressing fields with n n n, , 1, 2, 31 2 3 = , the two states N N N, , , 11 2 3 ñ∣ and

N N N1, 2, 1, 11 2 3+ - + ñ∣ are degenerate and connected via a F a F a F a F2 1 2 3+ - + -
† † .

Nomatter how large the basis ismade, any truncation excludes states which are similarly degenerate.
Numerical diagonalization of the resultingmatrix is problematic and leads to erroneous avoided crossings as
well as states with different energies where they should be degenerate [33].
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To avoid this problem,we represent the coherent state of our dressing fields , , , l1 2a a a¼ ñ∣ using an
orthonormal set of non-degenerate states Nñ{∣ }. This set is the basis of a subspace containing the states of the
Hilbert space that are relevant to our calculations. Each state Nñ∣ is proportional to the projection of

, , , l1 2a a a¼ ñ∣ onto the set of states with energy N fw and is normalized to one. Thus, in the Fock basis Nñ∣ is a
superposition of all Fock states with energy N n Nq q q f f w wå = . The amplitude of each Fock state is

proportional to its amplitudewithin , , , l1 2a a a¼ ñ∣ , so explicitly depends on the set of qa describing the
coherent dressing field.Hencewe can faithfully write , , , l1 2a a a¼ ñ∣ as the superposition NN Ngå ñ∣ with
amplitudes Ng . For a single frequency field, the set Nñ{∣ }corresponds to the standard Fock basis.

The action of the creation and annihilation operators on each state in the subspace basis Nñ{∣ } is
a N N N n1q q qa eñ = - - ñ∣ [ ( )]∣ and a N N N n1q q q*a eñ = - + ñ∣ [ ( )]∣† , as shown in [33]. Ne( ) is a small,

N-dependent number that arises fromquantum fluctuations. To leading order N N Ne ~ - á ñ á ñ( ) and is
much smaller than unity when the expectation value N 1á ñ  . Thus to a very good approximation

a N N nq q qa ñ = - ñ( )∣ ∣ and a N N nq q q*a ñ = + ñ( )∣ ∣† , where the terms in brackets are the normalized

operators used in (4). Thus the set of states Nñ{∣ } is closed under the action of aq, and for aq
† except for a small

renormalizationwhich is negligible when 1q
2a ∣ ∣ [33], as is the case for our experiment. Therefore, all

possiblefinal states are also containedwithin this subspace, allowing us to calculate thematrix elements for all
RF transitions for an atomdressed by the strong coherent fields used in this work.

Using a common fundamental frequency in this derivationmay seem like a limitation. It requires the
individual frequencies to be rational, but since the rational numbers are dense in the real numbers, this does not
pose a problem in reality.

Appendix B. Labelling the dressed eigenstates

A circularly-polarized single-frequency dressing field couples the states within amanifold of constant
k N mc F= - , and it is convenient to label the eigenstates by this quantumnumber as shown infigure B1(a).
The corresponding eigenenergies are k mc crf w + W( ), wherem labels the states within themanifold andΩc is
the generalized Rabi frequency.

For systemswhere thismanifold number is not conserved under the application ofVrf , it does not constitute
a good label for the eigenstates ofH1. This is true even for a linearly-polarized field, but typically the RWA is
taken, underwhich kc is conserved. Formultiple dressing fields, these quantumnumbers are unwieldy. Instead,
we define our quantumnumbers as illustrated in figure B1(b), noting that the eigenenergies are periodic with fw .
Our state labels are defined locally to each value ofω0, with corresponding eigenenergies k mf 0 w w+ W( ( )) .
The valuesm label the states that are grouped by the same value of k, withΩ the energy difference between
neighbouring states of equal k. Note that the definition that neighbouring states are separated by the energy  W
requires that states with different values of k cross for F 1> .

Figure B1. Eigenenergies of an atomdressed by a single-frequency field. Stateswith labels k, 1 1ñ∣ are light blue, and states with k, 1 1- ñ∣
are dark blue. States with a specific value of k are shown as solid lines, and other states as dashed lines. (a) For a circularly-polarized
dressing field, k N mc F= - is a conserved quantity, and the generalized Rabi frequency c 0

2
2

1 2W = W + D( ) can be found
analytically. (b)Using the definition of (6) is a convenient way to label eigenstates for arbitrary dressing fields.Within the vertical
shaded area, the two definitions coincide for the parameters shownhere. (c)The basis definition of (6) illustrated for amultiple-
frequency dressing fieldwith frequency components 3.6, 3.8, and 4.0 MHz.
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The two definitions coincide for small dressing field amplitude and small detuning, as indicated in
figure B1(b) by the shaded area.

AppendixC. Resolvent formalism

Employing the resolvent formalism enables understanding of the processes on the level of quantum states, e.g. to
identify interference effects. It also provides the possibility of treating the probe field quantummechanically.We
derive effectiveHamiltonians between pairs of resonant states using the resolvent formalism, details of which
can be found in [9].

By defining the resolvent operatorG(z)=1/(z−H), algebraic rather than integral equations can be used to
describe the time-evolution ofH. The time-evolution operator can be retrieved by a contour integral ofG(z).We
identify a subspace 0E that contains states which are important in the process that is investigated—in our case
these are initial and final states as well as all states which are close in energy. Projection operators P Q P, = -
project onto 0E and onto its complement.G(z) projected onto 0E can then be rewritten as

PG z P z PH P PR z P1 C.11= - -( ) ( ( ) ) ( )

with the level-shift operatorR(z). One can identify an effectiveHamiltonian acting on 0E from this version of the
resolvent: H PH P PR z Peff 1= + ( ) . The level-shift operator can bewritten as a power expansion inVp:

R z V V
Q

z H
V V

Q

z H
V

Q

z H
V ... C.2p p

1
p p

1
p

1
p= +

-
+

- -
+( ) ( )

A common approximation is to replace zwith E0, themean energy of states in 0E . This is valid provided the
energy shift due toVp is small compared to the energy difference of intermediate states. In our case of assuming
the probefield to beweak in comparison to the dressing fields, this approximation is valid.

The level-shift operator describes interactions between two states in 0E via intermediate states in the
complement. The terms Q E H0 1-( ) are propagators in frequency space. Truncating the series thus results in a
cut-off in energy space, as compared to time-evolution operators in time-dependent perturbation theory, where
truncation results in a cut-off in time. The ith term in the expansion ofR(z) corresponds to a path via i 1-
intermediate states andmatrix elements of this termdescribe transitions of ith order in the probefield.
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