Essays on Unconventional Monetary Policy and

Long-Term Government Debt

DOMI | MINA
NVS | TIO

Andreas Tischbirek
University College
University of Oxford

Thesis submitted for the degree of
Doctor of Philosophy
. Economics

Michaelmas Term 2014



Oxford, 2011-2015



Essays on Unconventional Monetary Policy and Long-Term Government Debt
Andreas Tischbirek
University College
Thesis submitted for the degree of Doctor of Philosophy in Economics
Michaelmas Term 2014

Abstract

This thesis studies the optimal conduct of unconventional monetary policy in the form of pur-
chases of long-term government debt by the central bank and, motivated by this policy tool, the
evolution of long-term government debt holdings in household portfolios over the course of the
life cycle. It is comprised of three self-contained chapters.

The first chapter investigates whether it can be beneficial for central banks to use the un-
conventional tool even when the main policy rate is not constrained by the zero lower bound.
A friction in the interaction between households and banks allows central bank purchases of
long-term government debt to reduce long-term interest rates and thus to stimulate economic
activity. If debt purchases and conventional short-term interest rate policy are coordinated in
an appropriate way, the central bank is able to reduce the volatility of output and inflation.

In the second chapter, the role that unconventional monetary policy can play in a currency
union is analysed. A model is laid out, in which two countries form a currency union with a
common central bank but separate and uncoordinated fiscal policy institutions. When monetary
policy is implemented only through the common short-term interest rate, the central bank is
unable to respond effectively to country-specific shocks. Due to segmentation in the market for
long-term government debt, the yield on long-term debt can differ across countries. As a result,
a monetary policy authority that can rely on bond purchases is able to address idiosyncratic
shocks reflected in volatility of the natural terms of trade more effectively and to achieve higher
welfare than one that cannot make use of this instrument.

The final chapter studies the long-term government bond share in household portfolios over
the course of the life cycle. US data from the Survey of Consumer Finances suggests that
participation in the market for long-term government debt first increases and later decreases
as agents approach the retirement age. The portfolio share conditional on participation is non-
decreasing over the working life. These stylised facts can be explained by means of a portfolio
choice model in which agents are subject to aggregate risk through asset returns as well as

idiosyncratic risk through labour income and the stochastic events of retirement and death.
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Preface

This thesis was written between October 2011 and January 2015, a time in which economic
crises have shaken the world economy and a time that forced the economics profession to re-
evaluate its framework for policy analysis. Beginning in mid-2007, uncertainty about the quality
of structured assets and counterparty balance sheets arose, causing turmoil in financial markets
and eventually the collapse of Lehman Brothers, which became the largest filing of bankruptcy
in US history, in September 2008. Major central banks reacted to the ensuing sharp declines in
inflation and growth prospects with cuts in their respective policy rates. The Federal Reserve
cut the target range for the federal funds rate to 0-0.25% in late 2008. Similarly, the Bank
of England cut its short-term interest rate target incrementally from 5.75% in mid-2007 to
0.5% in March 2009. The European Central Bank followed more gradually, reaching 0.05% in
September 2014. All three central banks have kept their respective policy rates at historially
low values until the time of writing. With the main policy rate effectively constrained by the
zero lower bound and faced by the threat of falling into a liquidity trap, central banks resorted
to “unconventional” measures including the purchases of long-term government debt aimed at
stimulating the economy by lowering long-term interest rates.

The aim of this thesis is to improve our understanding of unconventional monetary policy. It
includes three self-contained chapters that have previously been circulated as independent pa-
pers. The first two chapters are concerned with the optimal conduct of unconventional monetary
policy in a closed economy and a currency union, respectively. The final chapter explores how
the incentives of agents to hold long-term government bonds, the class of assets many central
banks have purchased as a part of their unconventional monetary policy programmes, vary over

the life cycle. While short-term interest rate policy has been studied extensively in the past, un-



conventional monetary policy received less attention during the years of the Great Moderation.
Until the outbreak of the Financial Crisis, the marked decline in cyclical fluctuations since the
early 1980s was seen by many as a result of improved policy making (Blanchard et al., 2010).
The general view was that short-term interest rate policy was the only tool that central banks
required to steer inflation close to target and output close to its natural rate. The experiences
from the recent crises have shown that this view was too optimistic. A logical consequence is to
study additional policy tools and their potential applicability in the future. The papers collected
in this thesis should be viewed as a step in this direction.

In recent years, a multitude of unconventional measures have been adopted across different
central banks. They included, for example, the widening of eligible collateral and counterparties,
the switch to a system with full allotment of banks’ liquidity demands at a fixed rate, the
provision of foreign exchange liquidity, the adoption of forward guidance, changes to reserve
requirements and purchases of financial assets. The motives for and effects of asset purchases
differed by the type of assets acquired. Borio and Disyatat (2009) distinguish between bank-
reserves policy, credit policy and quasi-debt-management policy. Bank-reserves policy describes
a regime in which central banks set a target for bank reserves, that is, for the amount of
liquidity that it aims to inject into the economy, irrespective of how this affects the asset side of
the central bank’s balance sheet. Credit policy includes all operations that change the central
bank’s exposure profile to private sector claims. This includes “credit easing”, a type of policy
through which the central bank aims to ease the repercussions of a distressed banking sector,
one that is unable to intermediate funds in a satisfying way, by extending credit directly to the
private sector. Equivalently, quasi-debt-management policy includes all operations that change
the central bank’s exposure profile to public claims. Policies that fall into this last category are
the subject of study here.

Central banks have made heavy use of quasi-debt-management policies in recent years. De-
pending on the way in which purchases of government debt were financed, these interventions
also included elements of bank-reserves policy. The Federal Reserve announced Large-Scale
Asset Purchases (LSAPs) of up to $100 billion of US agency debt in November 2008, a target

which was doubled in March 2009. At the same meeting of the Federal Open Market Committee



(FOMC) in March 2009, purchases of up to $300 billion of longer term Treasury securities were
decided. Maturing assets were re-invested in long-term Treasuries and further purchases of $600
billion of long-term Treasuries took place in a second round of LSAPs starting in November
2010. In September 2011, the Maturity Extension Program was initiated under which the Fed
replaced a total of $627 billion of short-term Treasuries with long-term Treasuries on its balance
sheet. In December 2012, it was announced that the Fed would continue to purchase $45 billion
of longer term Treasuries per month after the expiration of the Maturity Extension Program
until asset purchases were decided to slowly taper off starting in December 2013. The Bank of
England started its Quantitative Easing (QE) programme in March 2009. Until July 2012, a
total of £375 billion of assets were purchased through the Bank of England’s Asset Purchase
Facility, a large fraction of which was longer term government debt.

Despite of these programmes of unprecedented volume, little is known about the optimal
conduct of this tool and its optimal combination with short-term interest rate policy. There are
at least two reasons for this circumstance. First, as mentioned above, quasi-debt-management
policy was not in the focus of economic research during the years of the Great Moderation.
Second, the theoretical literature struggles to reconcile the empirical evidence that is largely in
favour of significant effects of asset purchases on long-term interest rates with popular models
of the term structure. Under the expectations theory of the term structure, long-term interest
rates are fully determined by the expected path of future short-term rates, implying that a
withdrawal of long-term government debt from private sector balance sheets does not affect long-
term interest rates as long as it leaves expectations about future short-term rates unchanged.
Eggertsson and Woodford (2003) show that a comparable result holds in a general equilibrium
model with frictionless financial markets. A model that captures the empirically observed effects
therefore has to contain frictions that break the irrelevance proposition contained in Eggertsson
and Woodford (2003).

The first chapter introduces a friction in the banking sector of a DSGE model that allows
central bank purchases of government bonds to affect long-term interest rates and thus output
and inflation through a “preferred habitat” channel. This chapter is co-authored by Martin

Ellison. In the model, households can transfer income between periods only with the help of



banks, which allocate deposits into short-term and long-term government bonds according to a
perception that savers differ with respect to their preferred investment horizons. Purchases of
long-term government debt by the central bank reduce the supply of long-term debt available to
the private sector, which increases the marginal willingness of banks to pay for it and thus cause
the yield curve to flatten. The central bank is assumed to follow simple rules for short-term
interest rate policy and long-term bond purchases. The optimised policy, when conventional
and unconventional policy is used, improves over the one that is optimal if only the standard
instrument is employed. The benefits of unconventional monetary policy are small if the central
bank’s rule for the short-term interest rate is not adjusted to account for purchases of long-term
debt. However, when both policies are jointly optimised, the ability of the central bank to
stabilise inflation and output is significantly increased.

The second chapter investigates the role that central bank purchases of government debt
can play in a currency union, such as the Euro Area, when financial markets are fragmented.
The analysis is based on a limited-arbitrage model of two countries with a common monetary
policy authority but separate and uncoordinated fiscal policy makers. Purchases of long-term
government debt by the central bank lower the yield of the bonds purchased, decrease debt
servicing costs and increase aggregate demand and inflation. Due to market segmentation, asset
purchases have asymmetric effects across both countries, allowing the central bank to stimulate
economic activity at different intensities in both member countries. A second-order approxi-
mation of union-wide welfare shows that inflation in both countries, deviations of consumption
and the terms of trade from their respective natural rates as well as usage of unconventional
monetary policy is associated with welfare costs. Benefits from using unconventional monetary
policy arise from its ability to respond to shocks that lead to volatility in the natural terms of
trade. The chapter gives a detailed description of the optimal mix of the conventional and the
unconventional tool in this environment and derives welfare implications.

In the final chapter, the portfolio choice problem of households becomes the main subject
of analysis. Motivated by the importance of long-term government debt in the transmission of
quasi-debt management policies, the chapter studies the decision of households to participate

in the market for long-term government debt and portfolio shares conditional on participation



over the course of the life cycle. The first part contains an empirical analysis based on a quasi-
panel constructed from seven waves of the Survey of Consumer Finances. The participation
profile in the long-term government debt market, similar to that in the equity market, takes
an inverse U-shape. Furthermore, the data suggests that participating households reduce the
portfolio share of equity and increase the share of long-term debt over their working lives. In
the second part, a heterogeneous-agent model is set up to explain the key features of the data.
Agents can invest in three types of financial assets, a risk-free asset, equity and long-term
bonds. They face idiosyncratic risk through labour income and fixed probabilities of retirement
and death as well as aggregate risk through asset returns. Agents’ policy functions reflect their
participation decision and their desire for portfolio rebalancing in the wake and anticipation of
wealth accumulation, retirement and death.

Unconventional monetary policy has been a subject of controversial debate over the last
years. Critics have pointed out, for example, that central bank asset purchases may reduce
the political pressure to introduce necessary structural reforms, that they may lead to counter-
productive outcomes when they are phased out and that they may force investors to seek an
inefficiently high level of risk exposure in a search for yield. These concerns reinforce the need
for research on the subject of unconventional monetary policy. In the view of Blanchard et al.
(2010), the Financial Crisis has “made clear that [policy makers] have potentially many more
tools at their disposal than they used before the crisis. The challenge is to learn how to use these
instruments in the best way” (p. 213). I would be glad if this thesis could make a contribution

to this process.



Chapter 1

Unconventional Government Debt
Purchases as a Supplement to

Conventional Monetary Policy

Chapter Summary

In response to the Great Financial Crisis, the Federal Reserve, the Bank of England and many
other central banks have adopted unconventional monetary policy instruments. We investigate
if one of these, purchases of long-term government debt, could be a valuable addition to conven-
tional short-term interest rate policy even if the main policy rate is mot constrained by the zero
lower bound. To do so, we add a stylised financial sector and central bank asset purchases to
an otherwise standard New Keynesian DSGE model. Asset quantities matter for interest rates
through a preferred habitat channel. If conventional and unconventional monetary policy instru-
ments are coordinated appropriately then the central bank is better able to stabilise both output

and inflation.!

!This chapter is co-authored by Martin Ellison.



1.1 Introduction

The Great Financial Crisis has seen the emergence of monetary policy instruments that are often
described as “unconventional”. The events of 2007-2008 forced monetary policy authorities to
adopt new tools, even though they had little previous experience with them and there was
considerable uncertainty about their likely impact. The general belief was that unconventional
policy was an emergency response that would be phased out once the crisis was over. However,
if it is designed carefully it may help a central bank reach its objectives even in non-crisis times.

This paper investigates whether the unconventional policy of central banks purchasing long-
term government debt could be useful even after the Great Financial Crisis has passed. We
obtain our results in a New Keynesian DSGE model with a stylised financial sector and a
Taylor-type policy rule for central bank asset purchases. Asset quantities matter because of the
behaviour of banks and the incompleteness of financial markets. Households can only transfer
income between periods with the help of banks, who invest the deposits they receive into gov-
ernment bonds. Banks allocate deposits into government bonds of different maturities according
to a perception that savers are heterogeneous with respect to their preferred investment hori-
zons. Central bank purchases of long-term government bonds reduce the supply of long-term
debt available to the private sector, which increases the marginal willingness of banks to pay for
it. This reduces yields on long-term debt, discourages saving, and hence increases output and
inflation. When the policy parameters are chosen optimally, a combination of conventional and
unconventional policies leads to significantly lower losses compared to when the central bank
uses only conventional policies.

Central bank purchases of government bonds in our model have an effect through a “preferred
habitat” channel of the type identified by Modigliano and Sutch (1966), and later developed by
Vayanos and Vila (2009). The idea is that investors see government bonds of different maturities
as imperfect substitutes and so are willing to pay a premium on bonds of their preferred maturity.
The quantities of assets available then matter for prices and returns; if the central bank purchases
government debt of a particular maturity then the supply of that asset to the private sector is
reduced, its price rises and its return falls. The preferred habitat channel operates in our model

as banks hold government debt of different maturities in response to a perception that savers



have heterogeneous investment horizons. The closest models to ours are Andrés et al. (2004)
and Chen et al. (2012), although they consider different mechanisms and have less emphasis on
implications for optimal policy coordination.

The main focus of the current unconventional monetary policy literature is on credit easing,
i.e. central bank purchases of private financial assets.? An important exception is Eggertsson
and Woodford (2003), who examine central bank purchases of government debt. They argue that
unconventional monetary policy works by acting as a signal for the future path of short-term
interest rates, so will be especially useful when the main policy rate is constrained by the zero
lower bound. In their model, though, the risk-premium component of long-term interest rates is
unaffected by any reallocation of assets between the central bank and the private sector. This is
because risks are ultimately born by the private sector, even if government debt is purchased by
the central bank. If the central bank makes losses on government debt then government revenue
falls and taxes on the private sector have to rise to satisfy the government budget constraint.?
This view is not supported by the empirical evidence in Bernanke et al. (2004), D’Amico et al.
(2012), D’Amico and King (2013), Gagnon et al. (2011), Krishnamurthy and Vissing-Jorgensen
(2011) and Neely (2011). Instead, these studies find strong evidence that central bank purchases
of government debt have small but significant effects via the term premium component of long-
term interest rates. The evidence supporting a preferred habitat mechanism comes from the
“scarcity channel” in D’Amico et al. (2012) and the “safety channel” in Krishnamurthy and

Vissing-Jorgensen (2011).

1.2 Model

The model economy consists of households, monopolistically competitive firms, banks, a treasury
and a central bank. There is price stickiness, wages are assumed to be fully flexible, and firms

use labour as the only input in the production of consumption goods.*

2See Curdia and Woodford (2011), Del Negro et al. (2011), Gertler and Karadi (2011), Gertler and Kiyotaki
(2010), Gertler et al. (2012) and Kiyotaki and Moore (2012).

3This intuition is given on page 5 of Ciirdia and Woodford (2010).

“The model incorporates elements from Benigno and Woodford (2005), Gali (2008) and Woodford (2003).



1.2.1 Households

The preferences of the representative household are given by

= o [ cCE L
UOZEOZB th_(s_Xt1+¢
t=0

2

0;—1 0, —1
where Cy = [ fol Cy(i) o dz} " isa CES consumption index composed to minimise cost and L

is the time devoted to market employment. XtC and x} are exogenous preference shock processes

that evolve according to

() = pen(§ ) +ef  withef ~ N(0,03) (L.1)

In(x{) = prln(xisy) +ep  withef ~ N(0,07) (1.2)
The household maximises expected utility subject to the budget constraint:
PCy+ T + PtSSt,tH =Si—1t+ Wil + (1 — to)(PY: — WiLy) (1.3)

P = { fol Py(i)t =0 dz’] = is the price of the composite consumption good, 73 is a lump-sum tax
paid to the government and S; ;11 is the quantity of a savings device purchased from perfectly
competitive banks at unit price Pts < 1lin period ¢t. The household can secure a payment of S ;41
in period ¢ + 1 by saving P}’ St t+1 in period t. Wy is the nominal market wage. Households own
firms that produce and sell consumption goods, so they receive dividend income (P,Y; — Wi L;)
which is subject to tax at the rate ¢,.> All prices are measured in units of the numeraire good
“money”, which is not modelled.

The first-order conditions of the household’s optimisation problem are

c -5
Xtr1 (Ct+1) 1 1
1 = JBFE — 1.4
PE. ¢\ G My | PS (14)
Wi XtL )
— = = L/C 1.5
-Pt XtC t 't ( )

5The representative household views dividends as lump-sum income and does not internalise the effect of labour
supply on profits.



with Tl = Pgl. Equation (1.4) is the intertemporal Euler equation that characterises the
optimal consumption-savings decision. Equation (1.5) is the intratemporal condition describing

optimality between labour supply and consumption.

1.2.2 Firms

There is a continuum of monopolistically competitive firms indexed by i € [0,1]. Firm s
1
production function is Y;(i) = A;L(7)¢, where L(7) is labour employed and A; is an exogenous

technology shock process that evolves according to
In(Ay) = paln(Ay_1) + & with |pa| <1 and e ~ N(0,0%) (1.6)

As in Calvo (1983), only a fraction 1 — « of firms can adjust the price of their respective good
in any given period. Let P; (i) be the price chosen by a firm that is able to reset its price in

period t. The evolution of the aggregate price level is then described by

1

o= [(1= )P (@) 4 ap | T

0; is the time-varying elasticity of substitution between consumption goods. All firms that can
change their price in period t choose P;(i) to maximise the expected discounted stream of their

future profits

Etza "My [Pi(i)Yr (i) — WrLp(i)]

subject to the relevant demand constraints. M;r = pr- tx—ﬁ% is the firm’s stochastic

discount factor, derived from the consumption Euler equation (1.4).
The first-order condition for price setting and the assumed price adjustment process imply
that equilibrium inflation is given by®

0,—1

1—allf! (Ft ) DT

“ (1.7)
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6See Section 1.5.1 in the appendix for the derivation.
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where

Fy, = X{Cr + BB Fip (1.8)
0 AN
K, = etiblxﬂf <A’1> + QBB Ky (1.9)

F; and K, are auxiliary variables and

0 0:_
In (;) =pgln <t91> +e%  with € ~ N(0,03) (1.10)
is the law of motion for the time-varying elasticity of substitution between consumption goods.

1.2.3 Banks

The role of the representative bank is to determine the maturity composition of the aggregate
savings device offered to households. Perfect competition in the banking sector ensures that
all bank revenues are returned to households, but it is the bank that decides how deposits
are invested into short-term and long-term government bonds. We assume when doing so that
banks perceive households as heterogeneous with regards to their desired investment horizons, an
assumption consistent with the preferred habitat literature where investors value characteristics
of assets other than just their payoff. In the context of our model, this means that investors are
perceived as having a preference for assets with maturities that match their preferred investment
horizon. Assets of other maturities are viewed as only imperfect substitutes. As a result, the
price of an asset with a given maturity is influenced by supply and demand effects local to that
maturity, see Vayanos and Vila (2009), and the central bank can use purchases of government
bonds to influence prices and yields at different maturities.”

Formally, in every period t the representative bank collects nominal deposits PtS Stt+1 from

households, which it uses to purchase B; ;11 units of a short-term government bond and Q¢+

"The assumption that households are perceived as having heterogeneous preferences over different investment
horizons is made so the model remains within a standard representative agent framework. If households differ
with respect to their actual preferences then a full heterogeneous agent model would be needed.

11



units of a long-term government bond. The flow budget constraint of the representative bank is
PPSiii1 = PPBiii1 + P2Qussr (1.11)

A unit of the short-term bond can be purchased at price PP in ¢ and has a payoff of one in the
next period ¢t 4+ 1. The long-term bond is traded at the price PtQ in ¢; a unit of this bond yields
a payoff of 1/7 in every period between t + 1 and ¢t + 7.

The bank constructs the savings device S offered to households on the basis of a function
V' that reflects its perception of the different investment horizons preferred by heterogenous

households. The allocation problem of the representative bank is

Bt t+1 Qt t
max |/ et s
By 141,Qt 14+ P P

subject to the flow constraint (1.11).® The asset demand schedules that solve the allocation
problem depend on the functional form chosen for V. We prefer not to impose restrictive
properties on the demand curves, so borrow from the empirical literature on demand estimation
and adopt the flexible functional form of the Generalised Translog (GTL) model introduced
by Pollak and Wales (1980). Rather than specifying V' directly, the GTL model specifies the

indirect utility function V* = V(£7, %):

Pk
log(V;") = ao+ Y dflog L +
zk;: PtSSt - PthB - PtQQQ

PN r s a
— asy log (o)
P; st PB PthQ Ptsst Pth PQgQ

Q
with k.1 € {B,Q}, a§' = a3 and s, = Stﬁ“ The asset shares as? = };ig and as@ = 29 =

B

1 — as® can be derived using the logarithmic form of Roy’s identity, see Barnett and Serletis

8The optimisation problem is equivalent to that of a bank in a model where V aggregates the heterogeneous
preferences of households over bonds of different maturities.

12



(2008) and Section 1.5.2 in the appendix for the details.

k ki i
. Pkgk ( PBgB + PthQ ) aj + >y a3 log <PtS$t_PthB_PthQ )
= +

!

l Kl Py
a4y + a¥ lo
D0yt 20 2o a3 log <PtSst_PthB_PthQ )

To ensure that the above asset shares are the result of the bank’s optimisation problem, the
parameter space has to be restricted such that four “integrability conditions” hold. Under these

conditions, quasi-homotheticity, a; = a? and as = CLQBB, the asset demands are:

Bt 41 B PtSSt - PthB - PtQQQ PtB

L a1 +aglog | = 1.12
Pt PtB F)tQ ( )

Qtt+r Q PtSSt - PtBQB - PtQQQ PtB

2T = g9 1—a; —aslog | — 1.13
P, PP PP (1.13)

The income of the representative bank from its holdings of long-term bonds in period ¢ is

1 T
= E Qt—jit+r—j
J=1

Perfect competition in the banking sector requires that banks return all their revenues from

government bonds to depositors, so the return to a household depositing Pts_ 1Si—1, 18
1 T
St—14t = Bt-1¢+ - Z; Qt—jt+r—j (1.14)
]:

The prices PP and PtQ of the short-term and long-term government bonds are known with
certainty in period ¢ but not in advance. The gross nominal interest rate paid on the one-period
bond is

) 1
t

For comparison purposes, it is possible to calculate an interest rate associated with the 7-period

13



bond traded in t. It is implicitly defined by

S
S
S

J

+ 3=

+ + Ft
.Q 2 3 0O\T7
bt (1) (1449) (1+47)

.
(1
1 1 ! <1+¢?>
(1.16)

.Q 1
T _
14+ e 1 ZtQ

where z? is the per-period interest rate that equates the unit price PtQ with the value of the

discounted payoff stream from a unit investment in the long-term bond.

An important feature of the bank behaviour is that the closed-form asset demand schedules
are simple and intuitive, in contrast with previous contributions to the literature on uncon-
ventional monetary policy. Both demand curves are downward sloping for small enough values
of as. Low asset quantities are associated with high asset prices, which allows unconventional
monetary policy instruments to work through a scarcity channel. For example, central bank
purchases of long-term bonds reduce the quantity of those bonds available to the banks and

thus increase their price.

1.2.4 Government

The government’s economic policy is implemented by the actions of a treasury and a central
bank. We model the operations of the treasury in a simplified way to maintain the focus of our
paper on monetary policy.

The treasury issues both short and long-term government debt. Short-term bonds are issued
in a quantity consistent with the central bank’s setting of the short-term nominal interest rate.
The quantity of long-term bonds issued in period t is Qt,t-f—T? determined by a simple rule

Qt,t—H’ -
Al (1.17)

to maintain constant real issuance of long-term bonds each period. f > 0 and Y is steady-state
output. Long-term bonds can only be purchased from the treasury in the period they are issued

and then have to be held until maturity, i.e. we follow Sargent (1987, pp. 102-105) and Andrés
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et al. (2004) in assuming that there is no secondary market for long-term government debt.’
The treasury uses lump-sum taxes to finance government spending. The government con-
sumption good G has the same CES aggregator as the composite household consumption good

and is given exogenously by

In <(C;;> = pcln <Ggl> + th with EtG ~ N(O,Ué) (1.18)

with G being the steady state value of government spending on consumption goods. Lump-sum
taxes satisfy Ty = P,Gy.

The central bank sets the short-term nominal interest rate according to the following rule:

1+7;t Ht i Y;g Y
T+ =<n> y) v (1.19)

Variables without time subscript denote steady-state values and 14 is an interest rate shock term

that evolves according to
In(vy) = pyIn(vy_1) + € with e/ ~ N(0,02) (1.20)

Asset purchases are carried out according to a Taylor-type rule:
QF

_ QE

Qtt+r —Qfﬁf I\ (Y \Y

T ) v)oE 2y
5 T

where QgﬁT is the quantity of long-term bonds purchased by the central bank in period ¢.1°

The logarithm of the shock &; follows an AR(1) process.

In(&) = peln(&-1) +¢f  with & ~ N(0,02) (1.22)

9If there is a secondary market in long-term government debt then long-term and short-term bonds become
perfect substitutes and it is difficult to maintain the assumption of a preferred habitat across the two different
types of bond.

00nly the net supply of long-term bonds matters in the model, so it would be possible to abstract from the
supply of bonds by the treasury and work instead with an equation for the net supply of long-term bonds. The
distinction is retained to avoid confusion between questions of issuance by the treasury and asset purchases by the
central bank. Note that such a net bond supply rule can be obtained by combining (1.17) and (1.21). However,
all fluctuations in the real supply of the long-term bond result from central bank operations.
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The central bank is a net buyer of long-term bonds of the type issued in ¢ if QgﬁT > 0 and
is a net supplier of those to the market if QE&T < 0.1 For example, if inflation and output
are below their respective steady-state values then with ng > 0, ng >0 and & = & =1 the
central bank stimulates the economy by purchasing long-term bonds. Conversely, if inflation
and output lie above their steady-state values then asset sales are used to depress prices and
productive activity.

The treasury and central bank are subject to a consolidated budget constraint that equates

government revenue to government expenditures:

_ 1 e -
PPBi1 + PtQQt,t+T + Ty + ta(PY; — WiLy) + 788 = PGy + By_14 + - Z Qt—jtrr—j
=1

&P are central bank profits (or losses) from asset purchases. The combination of perfect
competition in the banking sector and goods markets together with lump-sum funding of current

government expenditure means that the model’s consolidated government budget constraint is

always satisfied. Section 1.5.3 of the appendix gives full details.

1.2.5 Market Clearing

The model is completed by conditions for clearing in bond, goods and labour markets. Demand

and supply in the market for long-term bonds are equated for

Quivr = Querr + QF . (1.23)

The market for short-term bonds clears and the aggregate resource constraint in goods markets
is

Y, = O, + G, (1.24)

Labour market clearing requires that hours supplied by the representative household L, are

equal to aggregate hours demanded by the firms, fol Ly(7)di, implying that aggregate production

Since long-term bonds are only traded in the period in which they are issued, unconventional policy in our
model should not be viewed as changing the existing stock of long-term bonds held by the central bank. It should
instead be seen as affecting the supply of an asset available for purchase at a particular point in time.
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is

1
LA
Y, = Ay (Df) ’ (1.25)

1 —0:0
where D, = fol [P};(:)} di is a measure of price dispersion. The dynamics of the price disper-

sion term are given by!?

s A
1— aHGt—l 04 —1

Price dispersion is a source of inefficiency in the model. It acts in addition to the mark-up

distortions created by the market power of firms.

1.2.6 Model Summary and Calibration

Equations (1.1)—(1.26) are sufficient to describe the behaviour of the endogenous variables in
rational expectations equilibrium. Real variables are stationary, but for IT > 1 there is a positive
trend in all nominal variables. Section 1.5.6 of the appendix shows how we take a first-order

numerical approximation of a trend-stationary version of the model and simulate it around the

steady state described in Section 1.5.7 of the appendix. In what follows we define s; = S’%t“,
B T
by = 7%“ and q; = Ltgj .

Table 1.1 gives an overview of the model calibration. The calibration of the parameters
in the household and firm problems is standard and in line with Gali (2008) and Smets and
Wouters (2003, 2007). The household discount factor is 0.99. The inverse of the intertemporal
substitution elasticities in consumption and labour supply are 2 and 0.5 respectively. The
intratemporal elasticity of substitution between consumption goods equals 6, which implies a
steady-state mark-up of 20 per cent. The production function exhibits decreasing returns to
scale. Price rigidity is calibrated to a relatively high value, however wages are fully flexible
in the model. Steady-state inflation corresponds to an annual inflation rate of close to 2 per
cent. 7 is 20 so the long-term bond has a maturity of 5 years. The government spending share
of GDP is set to 40 per cent. This is at the upper end for the US and at the lower end for

most European countries. Half of firm profits are paid to the households, the other half to the

128ee Section 1.5.4 in the appendix for derivations.
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government, reflecting corporate taxes as well as public ownership of goods producing firms.

Parameter Value

Description

8 0.99
) 2
P 0.5
[4 6
é 1.1
@ 0.85
I 1.005
T 20
g 0.4
tp 0.5
f 0.66
al 0.95
az 0
gB 10.21
g9 0.59
Pv 0.1
123 0.1
pc 0.1
PL 0.7
PG 0.1
PA 0.7
0o 0.95
oy 0.0025
o¢ 0.0025
oc 0.0025
oL 0.0025
lofe 0.005
oA 0.01
oy 0.06

Household discount factor

Inverse elasticity of intertemporal substitution in consumption
Inverse Frisch elasticity of labour supply

Steady-state value of intratemporal elasticity of substitution
Inverse of returns to scale in production

Degree of price rigidity

Steady-state inflation

Horizon of long-term bond

Steady-state ratio of government spending to GDP
Share of firm profits received by the government
Parameter in long-term bond supply rule

Asset demand

Asset demand

Asset demand (subsistence level of B)

Asset demand (subsistence level of Q)

Persistence of shock to interest rate rule

Persistence of shock to asset purchase rule

Persistence of consumption preference shock
Persistence of labour supply preference shock
Persistence of government spending

Persistence of technology shock

Persistence of shock to elasticity of substitution
Standard deviation of shock to interest rate rule
Standard deviation of shock to asset purchase rule
Standard deviation of consumption preference shock
Standard deviation of labour supply preference shock
Standard deviation of government spending shock
Standard deviation of technology shock

Standard deviation of shock to elasticity of substitution

The calibration of the asset supply and demand equations generates a steady state in bond
markets and a response to central bank asset purchases that is in line with empirical estimates.
We target steady-state asset prices PP and PY that translate into annualised interest rates
on 1-period and 20-period bonds of 4.5 and 5.5 per cent respectively, in line with the average
interest paid on 3-month and 5-year US Treasury Bills between the start of the Greenspan era
in 1987 and the end of 2007. The only parameterisation of the issuance equation for long-term
bonds that is consistent with these steady-state bond prices and parameters already calibrated
is f equal to 0.66. This parameterisation means that long-term government debt accounts for an
acceptable 36 per cent share of the government’s total steady-state outstanding debt obligations.

A realistic response to central bank asset purchases is achieved through the calibration of

the parameters a1, ag, g and ¢% in the asset demand equations. We set as = 0 without loss of

Table 1.1: Calibration
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generality because the logarithmic term in the asset demand equations is redundant when the
model is solved to a first-order approximation. With this, the asset demand equation for the

long-term bond can be written as

“t(b—g
PtQ(t )

g = g9+

a1

and ¢” and ¢% can be interpreted as the parts of demand that do not react to relative prices,
sometimes referred to as the “subsistence levels” of demand in consumer theory. a; determines
the relative marginal gain in the objective of the bank from holding the short-term rather
than the long-term bond, similar to the parameter in first-order homogeneous Cobb-Douglas
preferences. The values of a1, &, g9 are chosen such that the yield on the long-term bond falls
by 100 basis points (bps) if the central bank makes asset purchases that reduce the present
discounted value of long-term payment obligations to the private sector by 1.5 per cent. In
quantitative terms, this translates to the yield on long-term debt falling by 7 bps after central
bank asset purchases that remove $100 billion of long-term payment obligations to the private
sector.!® This is consistent with the empirical estimates of a 3-15 bps fall in long-term yields
per $100 billion of asset purchases reported in various contributions, summarised in Table 1 of
Chen et al. (2012).

The calibration of the shock processes emphasises the significance of shocks to government
spending and the elasticity of substitution, creating a reasonable amount of volatility in macroe-
conomic aggregates. The standard deviation of nominal US GDP growth 1987:4-2007:4 was
0.022, which compares favourably to a standard deviation of 0.028 from simulations of the model.
The model somewhat understates output volatility and overstates inflation volatility compared
to US data. In Section 1.3.3, we report the contribution of each shock to total volatility in

output, inflation and interest rates.

3We arrive at our estimate of 7 bps as follows. Asset purchases that reduce the present discounted value
of coupon payments on long-term debt payable to households in the model by 0.013 correspond to a 10 bps
decrease in the annualised long-term yield. GDP in the US in 2007 was approximately $14 trillion. In our model,
steady-state GDP is 1.3 so if 0.013/1.3 corresponds to 10 bps then 100/14,000 corresponds to 7 bps.
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1.3 Conventional and Unconventional Monetary Policy

The possibility of purchasing long-term government debt presents the central bank with an
additional tool to help stabilise the economy. To understand the implications of this, it is useful
to begin with a discussion of how conventional and unconventional monetary policy actions are

transmitted in the model.

1.3.1 Transmission Mechanisms

The response of the economy to an expansionary shock in the rule for the short-term nominal
interest rate (1.19) is depicted in Figure 1.1; the response to an expansionary shock in the rule
for long-term bond purchases (1.21) is shown in Figure 1.2. Both figures are obtained under the
calibration v = 1.01, v = 0.3 and ygE =0, %QE = 60 for conventional and unconventional
monetary policies. A value of 60 for ’ygE implies in steady state that a one per cent decrease
in output leads to the central bank buying approximately 45 per cent of the new long-term
bonds issued in that period. This amounts to less than five per cent of all outstanding long-term
government debt.

The shock to the interest rate rule immediately decreases the short-term nominal interest
rate and equivalently increases the price of the short-term bond. Demand for the short-term
bond therefore falls. The subsequent rise in PP also increases the price of the composite savings
device available to households, leading to a decrease in savings P°s and a rise in both output
and consumption. The rise in output is accompanied by inflation above its steady-state level.
The shock has a less persistent impact on output than inflation because inflation induces relative
price distortions that mitigate the rise in output.

The effects on the market for long-term bonds work through two channels. A decrease in
savings shifts down the demand curve for the long-term bond, which puts downward pressure
on its price P¥. In addition, output and inflation rise above their respective steady-state levels
so the central bank uses unconventional monetary policy to sell long-term government bonds.
This increases the quantity of long-term bonds available to the private sector, further decreasing

their price.
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Prices quickly return to their steady-state values once the shock to the short-term nominal
interest rate has passed. The temporary decline in the yield of the short-term bond gives rise
to a rebalancing of the representative household’s bond portfolio in favour of long-term debt.
This causes the return from deposits s to decline immediately and to only gradually recover
as the coupon payments from the higher level of long-term debt are collected and the share of

short-term debt slowly rises again. The recovery is supported by an increase in hours worked.
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Figure 1.1: Response to an expansionary short-term nominal interest rate shock

Figure 1.2 shows the response of the economy to an expansionary shock in the central bank’s
long-term bond purchase rule (1.21). The unanticipated rise in central bank purchases of long-
term bonds ¢“P reduces the supply of this asset to the private sector and pushes up its price.
The increase in P? similarly increases the price of the composite savings device P°, causing

households to save less, consume more and supply more labour to firms. Output then increases
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and prices grow at a faster rate. The rise in the price P9 of the long-term bond is associated
with a decline in the long-term interest rate, as can be seen from equation (1.16) defining i%.
This corresponds to a “flattening of the yield curve” effect generally attributed to purchases of

long-term government securities.
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Figure 1.2: Response to an expansionary shock to purchases of the long-term bond

The decline in savings shifts the demand curves for both types of bonds inwards, leading to
a fall in the quantity of the short-term bond held by the private sector. The fall in holdings is
though limited because the central bank subsequently follows its interest rate rule and increases
the short-term nominal interest rate, thereby reducing the price of the short-term bond and
restoring some of its demand. Savings P°s only gradually return to their steady-state level
after the unexpected purchases of long-term bonds. Labour supply similarly remains elevated
for a number of periods, which helps bring savings back to their steady-state level and ameliorates

the negative output effects that inflation causes through price dispersion.
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The impulse response functions suggest that both conventional and unconventional monetary
policies may be effective at stabilising the economy. In what follows, the focus is on the benefits
of allowing the central bank to purchase long-run government bonds as an unconventional policy

that acts as a supplement to conventional short-term interest rate policy.

1.3.2 Optimised Policy Rules

Let the central bank loss function be
Q = wVar(Il; — II) + wy Var(Y; — Y) + w; Var(i; — i) + wQVar(itQ —i9)

where wrr, wy, w; and wg are positive weights. Losses are therefore a weighted sum of the
variances of inflation, output and interest rates.!* This specification allows for the volatility of
both short-term and long-term interest rates to enter the central bank’s considerations, although
in the baseline case we set w; and wq to zero.

The central bank sets the interest rate rule parameters vy and vy together with the asset

purchase rule parameters ng and 'ygE, subject to the constraints imposed by the model and

assumed feasibility constraints v € [1,6], vy € [0,6] and ,ygE’%q/)E € [0,75]. We allow for a
high upper bound on the set of feasible interest rate rule parameters so that the benefits of
unconventional monetary model do not arise solely when the feasibility constraints for vy and
~vy are binding. A lower upper bound on the set of interest rate rule parameters would likely
make unconventional policy even more effective, as the central bank would then find it more
difficult to stabilise the economy through conventional policy.

Table 1.2 shows optimised policy rules for different weights on inflation and output stabili-
sation in the central bank’s loss function, with w; and wg set to zero so the central bank is not
concerned about stabilising interest rates. For each set of weights, the first row presents results
when the central bank uses only conventional monetary policy. In this baseline case, coefficients

on the asset purchase rule are set to zero and only the coefficients on the interest rate rule are

optimised. For the next case, the central bank fixes the coefficients of the interest rate rule

Woodford (2003) shows that, in the presence of transactions frictions, a welfare-theoretic loss function derived
from a second-order approximation to household utility contains an interest-rate-volatility term.
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at their baseline values, but optimises over the coefficients in the asset purchase rule. This
experiment shows the improvements attainable if the central bank starts purchasing long-term
government bonds without internalising the potential effect this has on optimal interest rate
policy. In the final case, the central bank acknowledges the complementarity of conventional
and unconventional policies by jointly optimising over the parameters in the interest rate and

asset purchase rules.

Weights (%) Interest rate Asset purchase  Var(Il;)  Var(Y;) Var(it) Var(itQ) Loss Ar*
(wir, wy, wi, wg)  rule (ym, yy)  rule ('ygE, ’ygE) x107® x107%  x107% x1074 equ. (%)

70, 30, 0, 0 1.48, 2.22 0(f), 0(f) 9.33 1.43 1.59 0.85  6.96
1.48(F), 2.22(f) 0.05, 1.87 9.36 1.16 1.62 060  6.90

1.66, 0.00 0.00, 18.59 7.71 1.35 2.16 1.16 5.80 1.64
80, 20, 0, 0 1.49, 2.16 0(f), 0(f) 9.30 1.53 1.58 0.88  7.75
1.49(f), 2.16(f) 0.04, 1.78 9.29 1.23 1.61 0.62  7.68

1.67, 0.00 0.00, 18.22 7.68 1.42 2.18 1.14 6.43 1.63
90, 10, 0, 0 1.49, 2.11 0(f), 0o(f) 9.28 1.62 1.58 0.91 8.52
1.49(f), 2.11(f) 0.04, 1.70 9.24 1.30 1.60 0.64  8.44

1.67, 0.00 0.00, 17.92 7.67 1.48 2.20 1.13 7.05 1.63

(f): fixed, i.e. not chosen optimally

Table 1.2: Optimised policy rules without interest rate stabilisation

The benefits of unconventional monetary policy are small if the central bank’s interest rate
rule is not adjusted to account for purchases of long-term government bonds. However, when
both policies are jointly optimised then the ability of the central bank to stabilise inflation
and output is greatly improved. The use of unconventional monetary policy reduces losses by
more than 17 per cent compared to the baseline case, provided conventional monetary policy is
adjusted accordingly. The optimal policy mix is dichotomised, assigning conventional short-term
interest rate policy to react to inflation and unconventional asset purchasing policy to react to
output. An important prerequisite for this result is that conventional and unconventional policies
differ in their impact on inflation and output, so interventions on one margin are not exactly
offset at another margin.

The final column of Table 1.2 provides an interpretation of welfare losses in terms of an
equivalent change in annualised steady-state inflation, using a metric due to Jensen (2002). For

example, comparing the losses in the third row to those in the first row shows that not allowing
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the central bank to make asset purchases causes welfare losses equivalent to a rise in steady-
state inflation of 1.64 percentage points. The derivation of the equivalent steady-state inflation
measure is explained in Section 1.5.5 of the appendix.

Table 1.3 suggests that unconventional monetary policy is more effective when the central
bank is also concerned about the volatility of interest rates. If only variability in the short-term
interest rate is costly then the unconventional policy of purchasing long-term government bonds
almost completely replaces conventional short-term interest rate policy. The optimal interest
rate rule parameters are at the respective lower bounds of the feasibility sets. Large gains
arise because long-term interest rate volatility from asset purchases is costless and substituting
conventional policy with asset purchases avoids the losses that arise from movements in the short-
term interest rate. The final part of the table shows that the gains from the unconventional tool
are still significant when there is a positive weight on the variance of the long-term interest rate
in the loss function. These gains are slightly smaller than in the previous case, but still larger

than in Table 2 when the central bank is not concerned with interest rate volatility.

Weights (%) Interest rate Asset purchase  Var(Il;)  Var(Y;) Var(i) Var(i? ) Loss Ar*
(wit, Wy, Wi, wWQ) rule (v, vy) rule ('ygE, ng) x10~5 x10~5 x10—4 x10—4 equ. (%)

70, 20, 10, 0 1.55, 2.26 0(t), 0(f) 9.31 1.58 1.55 091 838
1.55(f), 2.26(f) 1.78, 4.33 9.50 1.60 1.18 1.07 815

1.00, 0.00 4.34, 16.14 8.45 1.31 0.89 1.53 7.07 1.74
70, 10, 10, 10 1.51, 2.27 0(t), 0(f) 9.34 1.43 1.58 086  9.12
151(f), 2.27(F) 0.69, 4.07 9.46 1.10 1.48 0.61 882

1.36, 0.40 1.10, 11.66 8.24 1.50 1.46 0.54 7.91 1.67

(f): fixed, i.e. not chosen optimally

Table 1.3: Optimised policy rules with interest rate stabilisation

1.3.3 Loss Decomposition

To show the effect of the different policy regimes on the losses due to each type of shock, we focus
on the case where the weights in the loss function are given by (wr, wy,w;, wg) = (80,20,0,0).
In Table 1.4 the variances of all but one shock are set to zero. The shock of interest is indicated
in the first column and has its variance calibrated as in Table 1.1. Policy parameters, when not

set to zero, take the value that is optimal when all shocks are operating jointly.
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A large proportion of the overall welfare gains arise because combining conventional and
unconventional policy is particularly effective at stabilising the effects of shocks to government
spending and the elasticity of substitution. Table 1.1 shows these shocks make a significant
contribution to volatility in the model. Unconventional policy has smaller but noticeable effects
on volatility due to shocks to the interest rate rule, consumption preferences and productivity. It
does not perform significantly better in the face of labour supply and bond purchase shocks. In
general, the volatility of both output and inflation falls when unconventional policy is introduced
alongside conventional policy. The exception is if there are only shocks to the interest rate rule
and technology, in which case the fall in inflation volatility comes at the cost of a small rise in

the volatility of output.

Shock  Interest rate Asset purchase  Var(Il;)  Var(Y;) Var(it) Var(itQ) Loss

rule (v, vy) rule ('ygE, 7815) x1075 x1075 x1074 x10~4

v 1.49, 2.16 0,0 0.511 0.057 0.065 0.050 0.420
1.49, 2.16 0.04, 1.78 0.485 0.047 0.067 0.039 0.397
1.67, 0.00 0.00, 18.22 0.433 0.065 0.145 0.047 0.359
13 1.49, 2.16 0,0 0.005 0.000 0.001 0.005 0.004
1.49, 2.16 0.04, 1.78 0.005 0.000 0.001 0.005 0.004
1.67, 0.00 0.00, 18.22 0.005 0.000 0.001 0.003 0.004
e¢ 1.49, 2.16 0,0 0.218 0.077 0.028 0.021 0.190
1.49, 2.16 0.04, 1.78 0.243 0.071 0.032 0.018 0.209
1.67, 0.00 0.00, 18.22 0.144 0.075 0.041 0.095 0.130
el 1.49, 2.16 0,0 0.015 0.002 0.002 0.002 0.012
1.49, 2.16 0.04, 1.78 0.015 0.001 0.002 0.001 0.012
1.67, 0.00 0.00, 18.22 0.014 0.002 0.004 0.001 0.012
@ 1.49, 2.16 0,0 1.551 0.544 0.196 0.152 1.350
1.49, 2.16 0.04, 1.78 1.729 0.502 0.226 0.128 1.484
1.67, 0.00 0.00, 18.22 1.026 0.532 0.288 0.678 0.927
g4 1.49, 2.16 0,0 0.663 0.068 0.070 0.072 0.544
1.49, 2.16 0.04, 1.78 0.642 0.052 0.075 0.054 0.524
1.67, 0.00 0.00, 18.22 0.615 0.077 0.173 0.023 0.508
0 1.49, 2.16 0,0 6.337 0.781 1.222 0.578 5.226
1.49, 2.16 0.04, 1.78 6.170 0.561 1.209 0.374 5.048
1.67, 0.00 0.00, 18.22 5.445 0.668 1.529 0.293 4.489

Table 1.4: Losses by type of shock

The benefits from unconventional policy can be seen in Figure 1.3, which compares the
impulse responses of a shock to the elasticity of substitution under the baseline policy (dashed

line) and the optimal combined conventional and unconventional policy (solid line). Inflation
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reacts less to the shock when the central bank purchases government bonds. Output initially

reacts more, but overall is less volatile.
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Figure 1.3: Response to a shock to the elasticity of substitution for short-term interest policy
only (dashed) and with conventional and unconventional policy (solid)

1.4 Conclusion

Our results call for central banks to consider purchasing long-term government bonds, even
when the economy is not in financial crisis. Unconventional asset purchases of this type are
a valuable addition to the tool kit of a central bank trying to stabilise inflation and output,
whatever the state of the economy and not just when the short-term nominal interest rate is
constrained by the zero lower bound. In order to reap the full benefit, though, it is important
to coordinate unconventional and conventional monetary policy. In our model, this means that

the short-term interest rate should respond to inflation while the central bank’s purchases of
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long-term debt should respond to output. Unconventional monetary policy plays an even more
important role if the central bank is additionally concerned about interest rate volatility. The
‘Maturity Extension Program and Reinvestment Policy” announced by the Federal Reserve
in September 2011 is an example of the type of unconventional monetary policy measure we
advocate.'® Under this programme, the Federal Reserve lengthens the average maturity of its
government bond portfolio by selling short-term treasuries and re-investing the proceeds in long-
term treasuries. Our results suggest that such operations may become increasingly important
even when financial crisis has passed.

The benefit of unconventional monetary policy in our model is indicative of more general
gains available from the coordination of monetary policy and the debt management of fiscal
authorities. In our model, central bank purchases of long-term government bonds are equivalent
to a reduced issuance of these bonds by the fiscal authority. Whilst our results abstract from
active debt management by the treasury, Borio and Disyatat (2009) argues that fiscal authorities
may be tempted to reduce debt financing costs by increasing the maturity of new debt at a time
when long-term interest rates are relatively low. This is problematic, because it implies that any
attempt by the central bank to use unconventional asset purchases to stimulate the economy

may be unwound by the treasury issuing more long-term government debt.

151n reference to a comparable programme from the 1960s, this policy is sometimes referred to as “Operation
Twist” or “Operation Twist Again.”
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1.5 Appendix

1.5.1 Firms

The profit maximisation problem of a firm ¢ that can adjust its price in period ¢ is

max By oMy [P(i)Yr(i) — W Lp(i)] (1.27)
e T=t
subject to
P(i)] 7%
V(i) = Yo [ t(z)} (1.28)
Pr

Equation (1.28) is the aggregate demand for firm i’s product.'® Firm 4’s production function

NP
implies that Ly (i) = {Y};—(z)} which, together with (1.28), can be used to rewrite i’s optimisation

T

problem as

> , P(i)] " Yr\? [Pi(i)] %
E § T tM P, Y- t _ M/ - 1.2
X tT:ta t’T{ 10 T[ Pr } ! <AT Pr (1.29)
The first-order condition is

x Pri)] ™™ Pr(i)] ™ Wr (Yr\® [Pr(i)] %!
E al=tM, Y[t ] —ey{t + 00— [ —— t =0
tTZ:t t,T{ T b, Rk e 1@ Pr \ Ay Pr

(1.30)
By substituting in for the real wage from (1.5), and using the definition of the stochastic discount

factor, the first-order condition can be expressed as

o) PT 0:—1
65 oo ()

T=t B
P, ]M)Het = -t 0d | w(YT>¢<PT>0t¢

= - E « Ly — e — 1.31

Pt*(’L) th::t( 5) 9t — 1XT T AT Pt ( )

Defining
_ = T—t C =8 Pr ot
F,o= EDY (af) x50 Yr X (1.32)
T—t

16This demand schedule is standard in models with monopolistically competitive producers, see Woodford
(2003) for a derivation.
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= 0 Yr\? [ Pr\%®
K, = EtZ(Ozﬁ)T tetiﬁlX%Lg (AF;) (Pf) (1.33)

followed by rearranging yields

1
P(i) K\ oee-D+1
= = 1.34
9 - (3 (1.31)

Benigno and Woodford (2005) show in an analogous problem that (1.34) is both necessary and

sufficient for an optimum. Note that F; and K; can be written recursively:

Fy = x{C;°Y; + aBEII T Fryy (1.35)
0 Y \?
K= t¢1XtLLf <At> + aBEI Ky (1.36)
t — t

The above equations are those shown in the paper.

The price level in the economy is

1
P = [(1 — Q)P ¢ aP}:f’t] =% (1.37)
Rearranging yields
1
P (i) 1— a1\ "
B, = T a (1.38)

Combining the above equation with (1.34) gives

0.—1

1— aﬂez—l E 40t(¢t71>+1

1—;:<K) (1.39)
which is the same as equation (1.7) in Section 1.2.2.
1.5.2 Asset Demand Equations
In the GTL model, the asset shares as?® = ];ig and as? = };22 =1—asP are

k K] P
Lok gt S PPgP + PPgR i 20 los <Ptsst—PthB‘PthQ> (1.40)
t PtSSt Ptsst '

l kl ltl
ay + a 1()g
Zl 1 Zk: Zl 2 (Ptsst—PthB—PthQ
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where k,l € {B,Q} and symmetry requires that a5' = alf.

Demand curves are quasi-homothetic if they have linear Engel curves, i.e. the demand for
an asset increases linearly with income. We impose quasi-homotheticity to limit wealth effects,
which implies that af? 4 a = 0 and ay BQ 4 aQQ = (0. Together with symmetry this implies
that aZP = aQQQ = —af Q= —agB Making the common normalisation a{ +a1 = 1 and defining

al = a{3 and as = a];B, the asset shares are

PP

Ptsst

+ ag log Py log ik (1.41)
ay a — az .
Ptsst - PthB - PthQ P st — Pth PthQ

Q PtQ9Q+ 1_PthB+PtQ9Q %
t PtSSt

1 1 P + asl i (1.42)
— a1 — azlog az log .
PSs; — PBgB — P94Q PSs; — PBgB — P2gQ

which after rearranging is

By 41 B PtSSt - P,:B B PQQQ PtB

L a1 +aslog | = 1.43
P, PP Pe (143)

Qtt+r Q PtSSt - PPg” PQQQ PP

XLET O 4@ 4 1—a; —aslog | =5 1.44
P, PtQ PtQ ( )

Marshallian demands satisfy i) positivity, ii) adding up, iii) homogeneity of degree zero in prices
and income and iv) symmetry and negative semi-definiteness of the matrix of substitution effects.
Thus, the above demand system is only consistent with the firm’s maximisation problem stated
in section 1.2.3 if it satisfies these four “integrability conditions” (Barnett and Serletis, 2008).
(1.43) and (1.44) satisfy ii) and iii), i) will be satisfied by an adequate calibration and iv) remains

to be checked post simulation.
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1.5.3 Government Budget Constraint

The budget constraint of the representative household is given by

PCy+ T + PtSSt,t+1 =Si1t+ Wil + (1 — to)(PY: — WiLy)

Additionally, we have

Y, = Ci+Gy
PPSii1 = PPBiii+ PPQissr

1 T
Si—1t = Biig+ - Z Qt—jtir—j
j=1
Quirr = Quiir +Q5H,

Central bank profits from asset purchases are given by
C’B —
Z Qt —Jt+7—J PQQt 44T

and firm profits are equal to fo [Pi(1)Yi (i) — WiLe(i)] = PYy — WiLy.

(1.45)

(1.46)
(1.47)

(1.48)

(1.49)

(1.50)

Using the relationships listed above, the household budget constraint can be re-written as

follows.

P,Cy + T+ P°Si 441
= Si—1¢ + Wily + (1 — t2)(PY; — WiLy)
PCy+ T, +PPBi i1 + PtQQt,t—‘rT +tr(PYy — WiLy)

1 T
=B 14+ - z; Qi—jitr—j + BY;
J:

Ty + PPByyy1 + PtQ(Qt,tJrT Q1 t+7) tr(PY: — Wily)

1~
=B+~ D (Qijirr— — Q5 1 j) + PG
=

Ty + PP By + PtQQt,t+T + to(PY, — WiLy) + 7P
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1 =~
= B;_ — —itar—i + PG 1.54
t 1,t+Tj§::th jtrr—j T Gy ( )

This is the government budget constraint shown in the text.

1.5.4 Price Dispersion

The labour market clearing condition is

1
Lt:/o L(i)di (1.55)

or, using the production function of firm ¢

L = /01 [Yﬁ)rm (1.56)

Together with (1.28) this implies

o [ Ll e G LT o

IR
Defining D; = 01 [P}D(:)} " di and rearranging yields

1
L\ ¢
Y = A, (Di) (1.58)

The law of motion of price dispersion (1.26) is derived as follows. Since only a share 1 — «

of firms adjusts their price in every period, the dispersion of prices in ¢ can be written

/01 [Pg)} " di=(1—-a) [Pi;iz)} " + a/oa [Pt;t(ﬂ e di (1.59)

where without loss of generality it is assumed that the firms that are not able to reset their price

in ¢ are those indexed by i € [0, «]. After simple manipulations one obtains

/01 [P}(ﬂ e di=(1-a) [P';ii)] " + oIl /Oa [Ptp—ti(l")} e di (1.60)
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Since the distribution of prices among the firms that are unable to change their price in ¢ — 1 is

the same as the distribution of all prices in ¢ — 1, the above equation becomes

/01 E i -a Es Ty amte / 1 B w ey

Pt Pt Ptfl

and adequate substitutions yield the final result

0¢¢

1— Het—l 0—1
Di=(1-a) (C”) + oIl D, (1.62)

11—«

1.5.5 Loss Conversion

We define the loss from the “baseline” policy as
00 = wpVar(II? — T1°) + wy Var(Yy? — ) + w;Var(i2 — i) + wq Var (i%° — i9?) (1.63)

and similarly the loss from an alternative policy that we would like to compare with the baseline

policy as

Q% = wpVar(Ilf — I1%) + wy Var(Y — V) + w; Var (i — i) + wqVar(i* — i9%) (1.64)

= wiB(IY — I1%)? + wy Var(Y,* — V) + w;Var (i — i) 4+ wgVar(i* — i%9) (1.65)
The equivalent change in steady state inflation An™* is then implicitly defined as
winE [ + Ar* — 1192 + wy Var (Y — Y%) + w;Var(ift — i%) + wo Var(i@®* —i®%) = Q¥ (1.66)

the constant additional amount of inflation that would raise the loss from the alternative policy

to the level of the baseline policy. Solving for Azn* gives

wr [BILY — 11%)? + (A7*)?] 4+ wy Var(Y;* — Y*) + w; Var(iff —i%) + wqVar (i — i99)

Q* +wp(AT*)2 = QP (1.68)
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which when annualised is the measure used in the text.

1.5.6 Stationary Model

Definitions: w; = %’f, Sp = Stj;:rl, by = Btj;t“7 g = Qt]ﬁ:”, G = Q. t**, thB = Qtpt:”
S St—1
Cy + Pt st +Gy = T + tpwe Ly + (1 — tp)Y
t
U= pm M (Ga) L)L
Xy \ G My | PP
L
X )
Wy = é[z;ﬁct
1-— aHft_l F; Gt(it:ll)ﬂ
11—« N E
F = xY07v + aﬁEtﬂgﬂlFtH
) VAN
Keo= 5 t“bl iy <At> + BB Ky
t
1 7—1
st = bt+<Qt+ ik )
T k=1 H Ht —J
141 !
W = —x
PP
.
1— 1
pe _ L1 1 (1”?)
t = = Q 1
Tl+if 1=
PSs; — PBgB — PRgQ PB
by = gB—|— t ot tPgB t 9 a1 + az log Q
PSS _PB B PQ Q
@ = g%+ L tQ g 1—a; —aslog
P,
@ = fY
1 +'th _ B Y11 E 0% ,
14+4¢  \II Y ¢
QE QE
Qt o thB _ E o E Ty §
ar II Y ¢
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(1.78)

(1.79)
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0t ¢

1— oIl %’
Dt = (1 — Oé) (at> + C!Hftd)Dt,l

11—«
n(x) = peln(xZ,) +<¢
In(x;) = prn(xiy) +ef

In(4;) = paln(As_q) 4
0 (3) = )
G ~1
ln<Gt> = pgln< G >+5t

In(ry) = poIn(ve_1) +¢f

(&) = peln(§1) +2;

1.5.7 Steady State

This section describes the steady state of the stationary model summarised in 1.5.6.

Q

N~ N

S

0
 l—a [(1—all’71\?T
1 —all% 1 -«

11—«

1—apllf? §—1
— gy
- Y-G
Yoo
1 — apIIf-1

1 0o
_ DYy e+
1—apllfg—1

= DY?

= LvC®
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(1.84)
(1.85)

(1.86)

(1.87)

(1.88)
(1.89)
(1.90)

(1.91)

(1.92)
(1.93)

(1.94)

(1.95)

(1.96)

(1.97)

(1.98)
(1.99)

(1.100)

(1.101)
(1.102)

(1.103)



s _ B
P=n
8 = 0

q = 1Y

q = q

1I

q 1 II
b o= s—L(1-— )
° T< HT>H—1

The asset demand equations (1.110) and (1.111) jointly determine P® and P?

PSs — PBgB — pQg@ pPB
_ B
b = g~ + DB [al—{—anog (PQH
PSs — PBgB — pQgQ pB
q = gQ+ PQ [1—a1—aglog (PQ>:|
Finally,
1
1= ﬁ -1

and 49 is given implicitly by
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Chapter 2

Unconventional Monetary Policy in

a Currency Union

Chapter Summary

In a currency union with a common central bank, monetary policy implemented through common
short-term interest rate targets is unable to address idiosyncratic shocks to the business cycles
of the member states. This chapter investigates whether unconventional monetary policy in the
form of central bank purchases of government debt can help to smooth idiosyncratic shocks when
fiscal coordination is not attainable. Purchases of government bonds reduce the interest that
fiscal policy makers have to pay on outstanding debt and thus loosen the government budget
constraint of the country in which they are carried out, which leads to adjustments in spending,
increased aggregate demand and higher inflation. Due to home bias in government spending and
segmentation in the market for government bonds, this mechanism can be used by the central
bank to achieve differential effects on demand and prices across member countries allowing it
to address idiosyncratic shocks. A second-order approximation to welfare relates welfare losses
to inflation, deviations of consumption and the terms of trade from their respective natural
rates and unconventional interventions. A monetary policy authority that is equipped with the
unconventional tool is able to address idiosyncratic shocks reflected in volatility of the natural
terms of trade more effectively and to achieve higher welfare than one that cannot make use of

government bond purchases.
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2.1 Introduction

The member countries of a currency union share a common monetary policy institution—the
ECB in the case of the Euro Area. As a result, the widely-discussed tension between a monetary
policy stance that is common towards all members and less than perfectly correlated business
cycles across member countries arises. While, for example, a strong stimulus might be needed
in some parts of the union, other parts could require only weakly expansionary policy, leaving
the centralised policy maker most likely adopting an intermediate strategy that may in fact be
individually suboptimal for most if not all member states. It is often argued that close fiscal
policy coordination is required to address this issue. Governments, however, are subject to
constraints that make doubtful whether fiscal policy can fulfil the role that it would optimally
play in smoothing idiosyncratic shocks, especially since, in the absence of a unified institutional
framework, fiscal policy authorities are likely to put higher weight on domestic welfare compared
to welfare in the union as a whole. This chapter takes a lack of fiscal coordination as given and
investigates how unconventional monetary policy, more precisely—central bank purchases of
government bonds—can be used to stabilise idiosyncratic disturbances within a currency union.

A model of a currency union consisting of two countries with a common central bank but
separate fiscal authorities is laid out. The local fiscal authorities finance spending partly by
debt issuance. The market for government debt is segmented across asset classes and countries,
giving rise to the possibility of sustained differences in the yield of government debt issued in the
two countries. Central bank purchases of the bond given out by a particular country increase
its price and decrease the interest that the respective government has to pay on it. This loosens
the government’s budget constraint inducing it to increase spending. Given that government
spending is subject to home bias, domestic demand and prices increase, allowing the central
bank to affect relative prices and thus the allocation of productive activity across countries by
taking debt from the two countries on and off its balance sheet.

A second-order approximation of welfare relates welfare losses to inflation in both countries,
deviations of consumption and the terms of trade from their respective natural rates as well as

usage of unconventional monetary policy. All welfare losses result from nominal price rigidities
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and costs associated with the unconventional monetary policy tool.! The fact that output prices
can be adjusted only infrequently causes two types of distortion. First, there is price dispersion
within each country despite of all producers of a country producing output with the same
technology. As a result, a benevolent social planner could increase welfare by re-distributing
productive activity until marginal cost is equated across all firms in a given country. Second, the
aggregate price level of all goods produced in one country relative to that of all goods produced
in the other country deviates from the optimal relative price level implied by differences in the
production technologies of the two countries. The social planner could thus increase welfare
further by re-distributing productive activity across countries. Conventional monetary policy
is effective at addressing the first type of distortion, but not the second. Welfare gains from
using unconventional monetary policy arise from its ability to partly mitigate the second, the
cross-country type of distortion.

The model employed here builds on the currency union model developed by Benigno (2004)
and more broadly on the open economy model introduced in Obstfeld and Rogoff (1995). A large
literature is concerned with the optimal combination of fiscal and monetary policy in a currency
union. Beetsma and Jensen (2005) derive the welfare-maximising monetary and fiscal policy
mix and compare it to several suboptimal rules when governments have access to lump-sum
taxation. Ferrero (2009) introduces distortionary taxation, evaluates the welfare consequences
of regulation that requires governments to balance their budgets and derives simple rules that
approximate the optimal policy. Leith and Wren-Lewis (2006) also study the implications of
deficit constraints on stabilisation policy but obtain their results in an overlapping generations
model. The previously mentioned articles make use of two-country models, implying that each
individual country is “large” compared to the entire union. Gali and Monacelli (2008) analyse
the optimal policy mix when each country is atomistic. This chapter makes use of a two-country
model with lump-sum taxation and government debt issuance. It adds to the previous literature
by taking the absence of fiscal coordination as given and considering central bank purchases of
government debt as an additional policy tool instead.

D’Amico et al. (2012), D’Amico and King (2013), Gagnon et al. (2011) and Krishnamurthy

! Additional distortions from market power are eliminated using a steady state subsidy as in Rotemberg and
Woodford (1998).
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and Vissing-Jorgensen (2011), among others, present empirical evidence for a negative effect of
purchases of US Treasuries by the Fed on the yield of the securities purchased. Meier (2009) and
Joyce et al. (2011a,b) provide equivalent results for the QE programme of the Bank of England.
Early theoretical contributions by Wallace (1981) and Eggertsson and Woodford (2003) con-
tain irrelevance propositions for open market operations in perfect financial markets suggesting
that models with market imperfections are required to explain the empirically observed effects.
Andrés et al. (2004), Chen et al. (2012), Ellison and Tischbirek (2014) and Vayanos and Vila
(2009) obtain a link between the quantity of a particular bond purchased by the central bank
and its yield by introducing segmentation in government bond markets and limits to arbitrage.
While these papers consider closed economies with bond markets that are segmented along the
maturity dimension, in the model presented here, bond markets are also segmented by country
of issuance. Evidence for this type of segmentation can be found, for example, in French and
Poterba (1991) and Fidora et al. (2006) who study home bias in financial asset holdings and Kr-
ishnamurthy et al. (2014) who study the ECB’s recent government bond purchase programmes.

The remainder is organised as follows. Section 2.2 introduces the model. Section 2.3 shows
a Linear-Quadratic (LQ) approximation to the central bank’s optimal policy problem and dis-
cusses the calibration for numerical experiments. Section 2.4 is concerned with characteristics
of the optimal policy mix. Section 2.5 contains a welfare analysis. The final section concludes.

Derivations are relegated to a detailed appendix.

2.2 Model

The model introduces unconventional monetary policy in the form of central bank purchases of
government debt to the currency union framework studied by Benigno (2004). Two countries,
“Home” (H) and “Foreign” (F), form a currency union with a common central bank but separate
fiscal policy institutions. The countries are indexed by ¢ with ¢ € {H, F'}, while the agents that
inhabit the two countries are indexed by j. For simplicity it is assumed that agents are both
producers of a single differentiated good and consumers of a basket of all goods produced in the
union. Agents are uniformly distributed on the interval [0, 1], where agents with j € [0,n) reside

in H and those indexed by j € [n, 1] are located in F.
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2.2.1 Consumer Problem

The preferences of a generic household j in country ¢ are described by the following utility

function
, 00 ) J 4
Ul =By g {U(C%) +L (ﬁfj) —V yr(h), z7] } (2.1)
T=t

where i+ = H if j € [0,n) and ¢ = F' if j € [n,1]. B € (0,1) is the discount factor. U and
L are increasing and concave functions of consumption and liquidity services from real money
holdings, respectively. V' is an increasing and convex function of agent j’s output yr(j) and a
country-specific supply shock z%.. A low draw of 2% reflects diminished production costs, which is
interpreted as a positive technology shock below. Each household consumes all goods produced
in the currency union. ‘ '

ot = Ch)" () 0

n?(1 —n)l-n

Cg is a CES aggregate of a basket of goods from H, C’ﬁt, and one from F, C’%w where the
elasticity of substitution approaches one, implying Cobb-Douglas preferences between the basket
of goods from H and the basket of goods from F.2 The weights of domestically and foreign
produced consumption goods are equal to the respective country size. The baskets C%Lt and

C’}t are composed as follows

Ch, = <71L>U/Onc{(h)%1dh] _ (2.3)

:<1in>i/nlci(f)galdf][£l (2.4)

Here o > 1 is the elasticity of substitution between goods from the same country. Agent j’s

J
Cry

demand for generic goods h and f with h € [0,n) and f € [n,1] is

doy = [0 Cree (25)
dn = D] e 26

2The assumption of a unitary elasticity of substitution is made to ensure equilibrium determinacy despite of
incomplete financial markets. See Section 2.2.3 for more details.

42



where T} = Ppy/Pp; are the terms of trade of country F or, alternatively, the competitiveness
of H. The law of one price holds, pf’(j) = pf'(j) for all j € [0, 1], which together with the fact
that the composition of the basket of goods consumed in both countries is identical implies that
purchasing power parity holds. The aggregate price index is found as the expenditure minimising

price of one unit of the basket Cg . It is given by
Py = (Ppy)"(Prg)' ™" (2.7)

The price indices Py and Pr; that correspond to the basket of home goods and the basket of

foreign goods defined in (2.3) and (2.4), respectively, are given by

Pyy = {(i)hénpﬂhﬂ_ﬁﬂﬁL; (2.8)

P = (25) ] 1pt<f>“df]ll” (2.9

There are four different types of monetary assets in the currency union. A complete set of
state-contingent securities issued and traded only within each country, a non-contingent security
traded across all agents, a non-contingent bond issued by the fiscal authorities of H and F
that is only traded within the two countries and a non-interest-bearing asset that could be
labelled “money”. Equation (2.10) below is the budget constraint of an agent j in units of the

consumption basket that includes goods from both H and F.

. Bj ,J Mj . Tz
aB + 5t Q% ety t O =
W(1+a)  P(+i?)(1-€eQly,) I )
g Bl @ M (7)ye(s)
1o B t—1 t—1 t—1 1 — ) P\t 2.10
IxSD " + P, + P, + P, + ( 7) P, ( )

BZ’j is an S x 1 vector of state-contingent real securities, issued and traded only in the country
1 in which j resides. There exists a complete set of such state-contingent securities in H and F,

where S is the number of possible states in period ¢ + 1.3 qi denotes the corresponding vector

3The state-contingent securities are assumed to be in zero net supply, which means that fon BtH J dj and
fi B/ dj are equal to an S x 1 vector of zeros.
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of security prices. Bg are holdings of a non-contingent nominal bond that is traded within and
across the two countries. By investing the amount Bg /(1 + ;) in period t, agent j secures a
payment of B{ in t + 1, where i; is the one-period nominal interest rate assumed to be directly
controlled by the union’s central bank. i; is safe and known in ¢ but not in advance.

Qi’j are j’s holdings of a non-contingent nominal bond issued by the government of country
1 in which j resides. Unconventional monetary policy works through purchases and sales of this
asset. To break the irrelevance result given in Wallace (1981) and thus to give non-standard
monetary policy “a chance to work” (Chen et al., 2012, p. F299), central bank bond purchases
have a direct effect on the yield of the bond purchased and, furthermore, this effect is not
immediately undone by arbitrage. More specifically, the gross yield of government bonds is
assumed to be given by (1+ z?)(l — G%Q%B’t), where z? =i; +1. It depends on the interest rate
set by the central bank, the government bond premium 1 and an additional factor capturing the
effects of non-standard central bank purchases of this bond. Government debt can be thought
of as a long-term bond whose entire stock is sold in the period following its acquisition as in
Faraglia et al. (2013), for example. v can then be interpreted as a term premium. Q%B,t is
the amount of the bond issued by the government of ¢ that is purchased by the central bank
in period ¢ and ¢! determines the size of the negative effect of central bank bond purchases on
the yield of this bond.* Note that, consistent with the empirical literature described in the
introduction, this specification of the interest paid on government debt requires bond markets
to be segmented and therefore gaps in the yields of the government bonds issued in H and F not
to be immediately closed by arbitrageurs.

The government of country i issues the total amount of debt Q¢. Households have access only
to the residual debt not purchased by the central bank Q! — Qg gt The premium ¢ is assumed

to be large enough so that (1 +i; + ¢)(1 — engiCB,t) > i at all times causing the households to

“In Chen et al. (2012), the risk premium on long-term bonds is assumed to contain an exogenous component
that is made dependent on the quantity of long-term debt held by the public. Comparable to this risk premium
component, €: is determined outside of the model. The precise mechanism by which central bank asset purchases
affect asset yields is at the heart of current research. D’Amico et al. (2012) and Krishnamurthy et al. (2014) give
empirical evidence for channels related to signalling, the re-allocation of duration risk and the preferred-habitat
theory of the term structure. The relative importance of these channels is subject to an ongoing debate. This
study does not take a stand in that debate and adopts the approach taken by Chen et al. (2012). An overview of
the estimated impact of bond purchases by the Fed on 10-year Treasury yields found in the literature is given in
Table 1 of Chen et al. (2012).
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hold all government debt available to them and to use the non-contingent security for savings
beyond this amount. In addition, agent j has real money holdings at the amount of Mtj /Py,
consumes C’tj units of the basket defined above, pays lump-sum taxes at the nominal value of T}
and receives nominal income from production p;(j)y:(j), which is subject to a proportional tax
or subsidy 7.

None of the agents is initially endowed with financial assets, i.e. Bi’jl = Bj;l = szl = le =
0 for all j € [0,1]. Since all agents have identical initial wealth and identical preferences and
financial markets are complete within each country, there is perfect risk sharing in consumption
within H and F so that, in all periods ¢ > 0, C{ = CF for all j € [0,n) and C} = CF for all
j € [n,1]. The consumer problem can thus be analysed for representative agents from H and F.
The first-order conditions of the agents’ optimisation problem, where agents are now indexed

by i € {H, F'}, can be combined to give

LM/p<P;) = ve(ch (2.11)
X 1 _ .

Qi = —(Qi—Qopy) (2.12)

Uc(C) = (1+if)BE; [Uc(czﬂ)ntlﬂ] (2.13)

where n' = n if i = H and n’ = 1 —n if i = F. Equation (2.11) characterises the optimal
amount of real money balances. Equation (2.12) describes the corner solution in government
bond holdings and Equation (2.13) is the Euler equation associated with the non-contingent
security that is traded between all agents of the union. Il;y; = Piy1/F; is the price inflation of

the consumption basket that includes all goods produced in the union.

2.2.2 Monetary and Fiscal Policy Institutions

The central bank sets the union-wide nominal interest rate, controls the supply of money and, in
addition, is allowed to purchase government debt from both countries. Through debt purchases,
it is able to affect the price and yield of government bonds in H and F. Each country has a fiscal
authority that issues debt, collects taxes and spends funds on a basket of goods that is entirely

made up of domestically produced goods. The fiscal policy makers plan their budgets based
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on an estimate of central bank bond purchases in their respective country. When the realised
values are observed, they revise taxes and spending according to a simple rule. Knowledge of
this rule and the expectations formed by the fiscal policy authorities allows the central bank to
prompt them to revise spending upwards or downwards by purchasing the appropriate amount

of debt, affecting aggregate demand and inflation accordingly.

Central Bank

The central bank’s real surplus or deficit in period ¢ is given by

A M OME, Qg Qlp.
P, P, B P, P(1+id)(1 - €l Qly )
L Q0B Qe (2.14)
P, PO+i?)(1—€QF '
t (1 +3,°)( €t QCB,t)

Mts is the nominal money supply, which exactly covers the demand for money in the union,
i.e. MtS = fol Mt] dj. Central bank profits are made up of increases in money supply and net
revenues from asset purchases. The central bank surplus is transferred to the local governments

of H and F at the end of each period. The real amounts received by the two countries are

Afl Mts Mts_l QgB,t—l Qngt
Aff (MM o om: (215)
P P, Py Py P(1+4)(1 - €' Qcp,)
F F
Aif _ (1 _ n) Mts _ Mts;l + QCB,t—l N QCB,t (2 16)
P, P Py B P(1+ Z?)(l - EngB,t)

Central bank surpluses and deficits are divided among the member countries of the union ac-
cording to their size, with the exception of net revenues from unconventional interventions,
which are fully transferred to their source country. This splitting rule is intended to capture the
institutional framework of the Euro Area. The ECB distributes profits to the national central
banks in proportion to their “paid-up shares”.® The national central banks in turn pay their
profits to the local governments. The members’ shares are approximated here by country size.

Net revenues from unconventional monetary policy are treated as an exception to this rule to

5See Article 33 of the Statute of the European System of Central Banks and of the European Central Bank,
Protocol No 4 to the Treaty on the Functioning of the European Union.
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separate the bond yield and price effects of central bank asset purchases from de facto fiscal
transfers. Equations (2.15) and (2.16) imply that no resources are shifted between countries.
Unconventional monetary policy works as a result of the effect of central bank bond purchases
on local government bond prices. If the revenues from unconventional asset purchases were also
split according to country size, the central bank could act essentially as a central fiscal policy
maker and re-distribute resources between both countries. It is doubtful however if this role
of the ECB were in accordance with its mandate. The splitting rules assumed here leave this

problem for future discussion.

Local Governments

At the beginning of each period, the fiscal authorities of H and F plan their budgets for the
current period. Central bank purchases of government debt do not take place until a later point
in time in the same period. The fiscal policy makers therefore plan taxes and spending based
on their expectations about government bond purchases by the central bank, Qgg and QC Bt
respectively. This timing assumption reflects the fact that changes to fiscal policy require more
time to be implemented than open market operations by the central bank. The projected values

of taxes and spending must satisfy the government budget constraints that are given by

RV ! TN ze YA W A U1 1C) BV
B Y Q p Yt —p T 54+ 3
0 t (1 +i)(1 —¢ QCBt) 0 t t 0 t t
:/ pil1)9 (4) 4. +/ Q' Laj +QCBt ! (2.17)
0 t

TtPF . Lof QgB,t Yoe(Dwd) . AF
dj + —— dj + g [ PRI gy S0
n B (1+zt)(1—et QCBt) n D P n P P,

B /1 pe()gf (5)

. QEg,
g+ Qt1d+CB,t1

2.18
b n b (218)

PZ and g; () are planned per capita lump-sum taxes in country ¢ and planned government

consumption of product j, respectively. The central bank is assumed to inform the local gov-

ernments about the profits that it will transfer to them at the end of the period, allowing the
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local fiscal authorities to plan with the correct amount of funds.® Clearing in the markets for
government bonds implies that the constraints on the planned budgets can be written more

succinctly as

nrt QF "pe(i)yed) . A
j + 0 ToHe Lt T Iz dj + D=
o b P11+ )1 — ¢ Qcpy) 0 1 t
"piel () o Qi
d 2.19
| g = (219)
1TtP’FdA QF "p)weld) g AT
2 ) + Xe) o Fe + 7 2 ) + D
n It P(1+4°)(1 — ¢ Qcp,y) n t t
1, (NPl AF
pe(i)gi () ;. Qi
d + 2.20
[ g = (2:20)
Planned spending on the good produced by j is given by
. pe(5)]7 .
0 = | B2] 6l v e o) (2:21)
Hit
. pe()]° .
o6 = 2] TGP vie (2.22)
Ft

where Gf M and Gf o represent planned aggregate real spending in H and F. Note that gov-
ernments allocate their expenditures only to domestic producers.” Gf " is determined by an
exogenous signal, which can be thought of as resulting from political debate and advice given,
for example, by infrastructure or education experts. It is mean zero and should be interpreted
as the deviation from a long-run trend that is not modelled to retain the focus on fluctuations
at the business cycle frequency.

To account for the fact that preliminary budgets are based on projected values of Q}]B,t,
the budget of each country is supplemented with a rule that determines how planned taxes and
planned spending shall be adjusted when the true value of Q’é g, becomes observable. The rules
that the fiscal policy makers of H and F are assumed to follow are described below. If taxes are

not adjusted one-to-one with the change in funds available due to higher or lower than projected

5This information, however, does not permit the government of country i to infer Q% B, This is the case, for
example, because money supply is also not observable at this point in time.

"The assumption of complete home bias in government expenditures is made merely for simplicity; all that is
required to obtain results of the kind discussed below is some, potentially small, bias towards domestic goods.
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government bond prices, spending is raised above or decreased below the level initially planned.
As a result, the central bank can influence aggregate demand through the effect of government
bond purchases on bond prices.

When the amount of bonds purchased by the central bank becomes observable, the local
governments determine T} and g;(j), the revised values of T, tP’i and g7’ (j). Revised taxes and

spending, which are then implemented, have to satisfy the budget constraints given by

”ﬁd.Jr Qf g nPt(i)Z/t(j)d-+ Al
YT R0l p YR
0o 4t H(1+1i)(1— e Qepy) 0 t t
n . . NH
pe()ge(d) . @ity
POTINT) g5 4 XL 2.23
/0 ) g+ (2.23)
ITF NF 1 . . AF
g - Q __ +T/ Pt(])yt(J)dj+ P
n Pt Pt(l —I-Zt )(1 — & QCB,t) n Pt Pt
1, (s . AF
pe(7)ge(d) . Qs
d 2.94
/n ) g+ 21 (2.24)

In both countries, income consists of revised tax revenues, debt and central bank profits. Ex-
penditures comprise revised spending on consumption goods as well as debt service payments.

In the case of country H, for example, one obtains the equation below by subtracting the
constraint employed for preliminary budgeting (2.19) from the constraint that revised spending

and taxes have to satisfy (2.23).

ar ! ) -
B0+ -eQlp)  (+ih)1-e'Qd,)
" p(5)ge(d) . /”pt(j)gf(j) , /”TtP’H , /"TtH :
—ndj— | = di | —o—d - | —d 2.25
/0 P J 0 P, J 0 P; J 0 P, J ( )

which can be re-written as

Q ( on QH,e /n pe(3)9:(d) . /n pe(gt () . /n TtP’H . nTH
— (P, — P07 = =l dj — 2t 2 dj + dj — ——dj (2.26
Pt ( t t ) 0 Pt ;] 0 Pt ;] 0 Pt L) 0 Pt ] ( )

-1 -1
where PP = [(1 +i?)(1 - efIQngt)} and PPH° = [(1 +i?)(1 - efIQggt)} are the re-
alised price of the government bond issued in H and the fiscal authority’s projection thereof,

respectively. If central bank bond purchases exceed the amount expected by the government of
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H,ie. if Qg Bt > Qg};,t and thus PtQH > PtQH’e, either government spending has to be increased
above or taxes have to be decreased below the planned level for the government budget con-
straint to be satisfied. The budget adjustment rule determines to which extent the adjustments
take place at these two margins. The rule that the fiscal authority of H is assumed to follow

here is

" pe(5)9:(F) . "p(Nef(G) . mQF (oo pomHe
A S s S A S Gy (227

with #7 € [0,1]. The budget constraints at both stages then immediately imply

n PH n mH AH
/O Ttpt G- | %dj = (1-0M) %t (PR - pRM) (2.28)
The equations above state that government expenditures on consumption goods are adjusted
proportionally to the projection error of revenue from new debt. In the extreme case 67 = 1,
government spending is revised one-for-one with the change in funds available. If #7 = 0,
lump-sum taxes are adjusted and spending is unaffected by central bank interventions in the
government bond market. Note that adding (2.28) to (2.27) gives (2.26), which implies that the
two equations jointly lead to the correct amount of budget revision. The government of F uses

an analogous rule with parameter 6 € [0, 1].

2.2.3 Aggregate Demand

What is the effect that central bank asset purchases have on aggregate demand in each country?

Aggregate demand for individual goods from H and F is given by

1 —o
w) = [ e+t = B2 @y i (2.29)
0 Py
1 . Pt(f) - —n~U F
w(f) = ; c(f)dj +gi(f) = Pry (T, "Gy +GY) (2.30)
where C} = fol C’tj dj is consumption aggregated over the entire union. The demand for the
goods baskets from both countries is
1 (" e ot
v = [n/ yt(h)aldh] =1}"cl + G (2.31)
0



1 ! o1 o1 n
v = [1_” / w(f)s df] =T,"C) + GY (2:32)

Aggregate demand depends on the terms of trade, private union-wide consumption and govern-

ment spending, which can be decomposed as shown in the equations (2.33) and (2.34).8

Tlfn _
Gt = P! ol (PR - pRte) (2.33)
nPt
" =
F P.F F t F [ pQF QF.e
= —_— P* — P, ) 2.34
Gy G, 40 (l—n)PtQt<t t (2.34)

Final government spending consists of planned spending, the exogenous amount of expenditures
that local governments initially considered appropriate, and revisions thereof due to central bank
interventions. The final term of the sums in the two equations above is discussed below in detail.

Before examining the effects of central bank bond purchases on aggregate demand, it is
convenient to characterise consumption and net foreign bond holdings further. The following
lemma is based on analogous results from Benigno (2004), Corsetti and Pesenti (2001) and

Obstfeld and Rogoff (1998).
Lemma 1

a) All households select the same quantity of consumption.

Ci=0V =C; Vt>0,ic {H,F}

b) The non-contingent security traded between all households of the union is redundant.

Bi=0Vt>0,ic{H F}

Despite of incomplete financial markets at the union-level, there is perfect consumption insurance
and the non-contingent security is not traded. Therefore, monetary policy can induce stationar-
ity of consumption implying that the equilibrium indeterminacy issues of open economy models
with incomplete asset markets described in Schmitt-Grohe and Uribe (2003) do not play a role
here. Preferences over the baskets from H and F are Cobb-Douglas (CES with unitary elasticity

of substitution); each country therefore earns a constant share of real union-wide income. Since

8The details can be found in the appendix.
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the Cobb-Douglas weighting parameters are chosen to equal the country sizes of H and F, real

per capita income is equal across countries resulting in identical per capita consumption.”
Aggregate demand in H and F is thus given by
v = 1o+ ¢PT 4 pl (2.35)
v = 17"C 4+ GPF 4 pF (2.36)

where

= T H H
PtH HH t QtH (I:)tQ _PtQ 7€>

1 1
_ 2.37
(14‘2}?)(1—% QCBt) (1+i?)(1_6t QCBt)] (230

_ "

F _ F QF  pQFle

Peo= 6 (1—n)PtQt (Pt Fi )
" =

(1-n)P,

HHTI n

Qt

1 1

= 0" -
(1+i) (1= Qfp,)  (1+if)(1- Qcm)]

(2.38)

Aggregate demand can be expressed as the sum of private consumption, planned government
spending and additional demand caused by central bank asset purchases, which depends on
four factors. For country H these are: the expectational error made by the government with
respect to the price at which it can sell its bonds PtQH — PtQH’e, the total quantity of bonds sold
QF, a rate of conversion into domestic prices and per capita terms T}~ "/(nP;), and the share
of funds available due to unconventional measures which is allocated to spending #*. In this
environment, central bank purchases of government debt only affect aggregate demand if they

are not fully anticipated by the local governments. This is the case here, because it is assumed

that QiC’YeBt is formed according to the simple rule
i,e 7 2 i,e i 2
Q¢ = argmin (1 — ) <QCB,t - EtQCB,t> +7 <QCB,t - QOB> (2.39)

with v € (0, 1], implying

Qe = (1= VEQbp, +1Q0p (2.40)

9See Section 2.7.2 of the appendix for more details on the proof.
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When forecasting bond purchases by the central bank, the local governments put weight 1 —~ on
the rational expectation of Q% . based on information available in the same period. Eth B 1S
equal to the value that is realised later, given the governments’ knowledge of the central bank’s
objective and shocks in the current period. However, they also put a small positive weight
~ on the event that the central bank phases out its active involvement in government bond
markets and returns to the long-run equilibrium value of purchases QZC - This long-run value
is normalised to zero. Fear that the central bank could not honour its commitment to bond
purchases therefore leads local governments to under-estimate the size of unconventional open
market operations, yielding Qic’%’t =(1-7) %B,t.lo

It follows that ' '
o (PF - P2)

0Qe,

>0 (2.41)

allowing the central bank to affect aggregate demand through the unconventional tool, as can
be seen from the equations (2.35) to (2.38). Different degrees of expansion or contraction can
be achieved in H and F by purchasing or selling the appropriate amounts of government debt.
The central bank is able to implement any desired values of P/ and P} by choosing Qg B and
Qg Bt appropriately. It is therefore assumed below that the central bank chooses 75tH and 75tF

directly rather than Qg p,t and Qg Bt

2.2.4 Producer Problem

As in Calvo (1983), only a fraction 1 — o’ of the firms resident in country i € {H, F'} can change
the price of their respective good. All firms that reside in the same country and are able to
adjust their price in a given period t face the same profit maximisation problem. Let pj(h)
be the price that a firm h € [0,n) chooses if it can re-optimise its price in ¢ and let p;(f) be

equivalently defined for a firm f € [n,1]. Then Py, and Pr; evolve according to

1
Pie = (o (Pya1) ™7 + (1= o) pr(n) 7] 7 (2.42)
1

Pr, = [aF (Pri 1) 7 + (1= ") pi( f)H]E (2.43)

107t is even conceivable that governments do not plan with the uncertain extra funds available due to asset
purchases at all, so that Q’é}t =0.
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A generic firm j that is able to adjust its price in period ¢ sets p;(j) to maximise the expected

discounted stream of future profits given by

By @8) " { PG = i () = V ot | (2.49)
T=t

where i = H if j € [0,n) and i = F if j € [n,1]. Revenues are weighted by the marginal utility
of consumption. y; 7(j) denotes the firm’s output in period 7" when it could last change its price
in period ¢. The optimisation is subject to the relevant demand constraint, that is, (2.45) and

(2.46) for a firm from H and F, respectively.

yir(h) = [?ﬁ;hﬂ_ v (2.45)
wals) = WD) vy (2.46)

The first-order condition of this problem is

i\ Tt Uc(Cr) [pl‘ (j)} i L)
E o 1—0)(1—7 Yi+ oV, , 2| ———Y7
tTZ::t ( /3) {( )( ) Pr Pir T Yy [%,T(]) T] (Pir)° T
-0 (2.47)
Making the appropriate substitutions and solving for p;(j) gives
%S i\ T—t . i .
./ o Ed ooy (04 »3) Vy [yt,T(])v ZT] Y1 (7) (2.48)

p; () = (c—1)1—1) E Y%, (azﬂ)Tft %fﬂytj(]’)

The marginal tax rate 7 is assumed to equal 1/(1—0), which, in steady state, precisely eliminates

the mark-up that firms charge as a result of their market power.

_ E > 7, (Oéiﬁ)T_t Vy [yer(5), 2] e (5)
By Y5, (0f8)T " By, o (j)

i () (2.49)

Equation (2.49) then gives the optimal price charged by a firm that can re-optimise its price in

period t.

o4



2.3 Model Approximation

This section describes the Linear-Quadratic (LQ) approximation of the optimisation problem
faced by the central bank. The resulting first-order conditions together with the approximated
model constraints can be solved for the determinate rational expectations equilibrium using the

method outlined in Klein (2000).

2.3.1 Steady State

The approximation point is non-stochastic with Gf’i =GP =0and 2z{ = 2/ =0 for all ¢ and
symmetric across countries. It exhibits central bank inactivity with respect to the unconventional
tool, i.e. PH =PF =P = 0. The central bank does not intervene in the markets for government
debt in the absence of shocks.

The consumption Euler equation (2.13) requires the gross nominal interest rate to equal the
inverse of the discount factor, so

1+i:; (2.50)

The prices set by all producers are assumed to be identical, p(j) = p(j’) for all 5,5’ € [0,1].

From the definitions (2.7) to (2.9) it follows then that
PH:PF:P:p(j) (2.51)

and, furthermore, that inflation and the terms of trade, defined as T' = Pr/Ppy, equal unity.
The absence of shocks together with the previous assumptions about the symmetry of prices

and central bank inactivity implies y(j) = C for all j and thus
YA =yl =cC (2.52)

Aggregate production and price indexes are symmetric across countries.
The first-order condition of the producers’ profit maximisation problem in steady state be-

comes

)Vy [v(7), 0] (2.53)



When the proportional tax rate 7 is chosen such that the mark-up that producers are able to
charge due to market power is just offset, the marginal utility of consuming an additional unit

of the consumption basket equals the marginal disutility from producing it.

2.3.2 Dynamics

In order to describe the the dynamics of the approximated model, it is convenient to introduce
the following definitions. For each variable X, X; = log X; — log X denotes log-deviations
from steady state under flexible prices. X, = log X; — log X is defined equivalently for the
case of sticky output prices outlined in Section 2.2.4. Variables indexed by “U” are union-wide
aggregates defined as XY = nXH +(1—n) X" and variables with the superscript “R” are relative

in the sense that they are given by X = Xt — XH,

Dynamics under Flexible Prices

The flexible price equilibrium is described by the model equations where (2.48), the price setting
equation under sticky prices, has to be replaced with its flexible price counterpart. I assume
that, in the hypothetical case of flexible prices, the central bank would refrain from interventions
in the asset markets of both countries so that P = P} = 0 for all t. The values of all variables
in the equilibrium under flexible prices are referred to as their “natural” rates below.

If producers are able to adjust their output price in each period, the first-order condition of
the profit maximisation problem becomes
Vy [(5), 2]

pe(J) = CEEE)

Prices are set at a mark-up over marginal cost. Since this condition is identical for all producers

that are located within the same country, it implies that

Py = vy, (V2 (2.54)

D —7)

( -7
Ppy = (1 _ T) Vy (Y;fF7Zf) (2'55)

o —
’ (-1
By log-linearising and combining the consumer and fiscal policy blocks of the model with log-
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linear versions of (2.54) and (2.55), the union-wide aggregates in the flexible price equilibrium

can be expressed as functions of the exogenous processes only:!!

7 n PR R
T = (o= ¢F) 2.
t 1+7 9t G (2.56)
A Ui U PU
Gy = i(g —g’) 9.57
t pra G (2.57)
vU = T Uy P GPU 2.58
Vo= ety (25%)
= = 1
W-Bd, = 2Lk [ - - (oF - o) (2:59)
p+n
where the parameters 7 and p are defined as n = Yﬂyy(gi%)C and p = —UUCCC((CC;)C and the shock

processes are normalised as follows:

pi _ Gt -GM
g’ = Tt (2.60)
1 V z (Ca O) 3
¢ = Loy 2.61
t vay (C, 0) t ( )

gf " is the exogenous government spending process expressed here as a deviation from its mean,
normalised by steady state output. ¢/ is defined as the technology disturbance z multiplied
by a negative scaling factor. Below, gf " and ¢} are referred to as demand and supply shocks,
respectively. Remember that an increase in z{ raises the production costs in country i and thus
has adverse effects on supply. Since ( correlates negatively with z{, a high value of ¢ has a
positive effect on production, affecting supply in ¢ in a positive way.

Equation (2.58) shows that positive values of both shocks increase natural world output.
At the same time, from both (2.57) and (2.58) it becomes obvious that a positive government
spending shock does not raise output one-for-one but partly crowds out natural consumption.
Recalling the definitions of gtP ' and ¢ft, one can see from (2.56) that domestic demand shocks
raise the relative price level of domestic to foreign goods and domestic supply shocks have the
opposite effect. The natural real rate of interest, depends positively on expected improvements
in technology and negatively on expected increases in the exogenous component of demand.

In a currency union, shocks are likely to be correlated; however, we have no reason to believe

1 The derivations are shown in the appendix.
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that ¢! = ¢/ and gf Ho— gf " at all times. A central aim of this chapter is to investigate
the role that central bank asset purchases can play in stabilising imperfectly correlated shocks.
Figure 2.1 shows selected loci of the natural terms of trade and natural consumption in ¢/ ,¢f-
space in the absence of demand shocks.!? When discussing the dynamic properties of the model,
it is convenient to think of shocks as exogenous shifts in 7; and C;. The figure below shows
how these can result from asymmetric supply disturbances. A situation, in which 7; = 0.1
and C, = 0, for example, can be viewed as a combination of a positive supply shock in H
and a negative supply shock in F of magnitudes fully determined by the intersection of the
corresponding loci. An analogous diagram could be constructed for the case of demand shocks
and the absence of technology shocks. Both types of disturbances together yield infinitely many

possible combinations of shocks underlying each (T b C’t>—pair.

Figure 2.1: Natural consumption and natural terms of trade as a function of supply shocks

12Figure 1 is drawn using the calibration described later.
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LQ Approximation of the Policy Problem

Aggregate demand is given by the approximated versions of the country-specific demand func-

tions, (2.35) and (2.36).13

Vi = 1-n)T+Ci+gl" +PH (2.62)

Vo= ol G gt P (2:63)

PH and P/ are terms capturing unconventional monetary policy in H and F defined as follows.'*

_ PP

7 (2.64)

PH and P} are assumed to be under direct control of the central bank. Demand in each country
depends positively on the competitiveness of domestically produced goods, private consumption,
planned government spending and unconventional monetary policy.

Private consumption satisfies the log-linearised Euler equation
R R 1 /. -
Ct = EtCt—l-l — ; (Zt — Eth+1> (265)

For given expectations about consumption and inflation of the aggregate price level, there is
a one-to-one relationship between consumption and the interest rate. Rather than choosing
the short-term interest rate, the central bank can therefore be viewed as selecting consumption
directly—the level of the interest rate required to implement the desired level of consumption is
then determined by the equation above.

Inflation in the price of goods produced in H and F is given by the following two Phillips

curves.

i = BEALL + (1wl (T T) +aff (G- C) +afipl! (2.66)
0 = BB, —naf (T~ 1) +af (G- G) + ofPf (267)

13The appendix shows the derivations of the LQ approximation of the optimal policy problem.
YSince PH and Pf are zero in the steady state used as the approximation point, they are expressed in linear-
deviation form from steady state rather than log-deviations.
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As in Benigno (2004) and Ferrero (2009), inflation depends not only on expected inflation and
the consumption gap, but also on deviations of the terms of trade from their natural rate. Higher
competitiveness of country H increases output and inflation in H and has the opposite effect in
F. Additionally, inflation is increased by the effects of central bank asset purchases. The terms

of trade evolve according to the following law of motion
T, =T+ 10 —11# (2.68)

Two motivations for employing the unconventional policy tool can be distinguished. The
first one is stabilising relative disturbances between H and F. To see this, note that T, depends
on relative inflation in the two countries. Subtracting (2.66) from (2.67) shows that the inflation
differential depends on alsPf" — aPH. Thus, P/ and P} can be used to influence the relative
price level between the member countries. The second one is stimulating or depressing economic

activity in the union as a whole. Taking the weighted average of (2.62) and (2.63) gives
VW =Citgl "+ P (2.69)

Union output can be boosted by choosing P > 0 comparable to a fiscal stimulus package in
a closed economy. Results from a number of recent contributions obtained in closed-economy
models suggest that this type of intervention may be beneficial; however, the focus of this
chapter lies on the question how well unconventional monetary policy is suited to address the
challenges specific to a monetary union.'® To separate the two issues described above, I restrict

my attention to policies that give rise to paths of the unconventional monetary policy tool with
PY =0 (2.70)

for all t. In each period, the average intervention across the entire union is required to equal
zero, which implies that asset purchases in one country have to be met with sales in the other,

eliminating the central bank’s ability to affect union-wide output through asset purchases. Ad-

5For example, Chen et al. (2012) and Ellison and Tischbirek (2014) consider central bank purchases of gov-
ernment debt in closed economy models.
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ditionally, (2.70) ensures that long-run affects on the central bank’s balance sheet are small, P}
is centred around the approximation point at which P* = 0 and the appropriate transversality
conditions are not violated.

Welfare is measured as the expected discounted sum of aggregate per-period welfare.

Wg = E() Z ﬂtwt (2.71)
t=0

where per-period union-wide welfare w; is defined as wy = nwﬁ + (1 - n)wf and per-period

welfare in H and F is given by

wi! ! /n {UCy) =V [ye(h), '] = W (PF)} dh (2.72)
nJo

1
1—n

1
wf [ Ave) v wth. =1 - w (P} (273)
As in Benigno (2004) and Woodford (2003), the welfare measure abstracts from the utility
derived from liquidity services assuming that this type of utility is small. Liquidity consequently
does not enter the approximated model, which, similar to the model outlined in Woodford
(2003), can be viewed as the cashless limit of an economy with money.

Unconventional monetary policy in the form of central bank asset purchases has been criti-
cised on a number of grounds. Important concerns have to do with the uncertainty surrounding
this type of policy with respect to the precise transmission mechanism, its effects on financial
stability, its effect on expectation formation etc. This suggests that the true welfare costs of
unconventional government bond purchases go beyond the influence that it has on relative prices
and the allocation of productive activity. To account for these costs, the strategy adopted here
is to add the cost function W to household utility, which is intended to proxy for the costs
connected to P} that are of non-allocative nature. It is assumed that W is continuous and
sufficiently differentiable with W (0) = 0, Wp (‘732}) > 0 and Wpp (‘PZD > 0. W enters the

approximation of welfare in a clear cut way, which will be discussed in detail below.
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A second-order approximation to the welfare criterion is
oo
Wo = —QEo Y _ B'Ly (2.74)
t=0

where () is a parameter that is defined in the appendix. When the Arrow-Pratt coefficient of

relative risk aversion in consumption p equals one, per-period loss is given by

L = Ac¢ <C’t — C’t>2 + Acn(l —n) (Tt —Tt>2 + (ﬁf)z +(1—7) (ﬁf)Q

R SRR R

+tip + O(3) (2.75)

with § = (n + 1)/1.1% In the absence of unconventional monetary policy, per-period loss is
standard. Loss increases quadratically with deviations of consumption and the terms of trade
from their respective levels under flexible prices and with inflation in output prices. When the
central bank makes use of the unconventional tool, additional welfare costs arise. These losses
depend on the squared size of the intervention in both countries and on the interaction of the
relative size of interventions with a modified terms of trade gap.

Sticky prices and costs from unconventional policy are the sole sources of inefficiency in the
model. Welfare losses from market power are eliminated by the subsidy that guarantees that
long-run output is at its efficient level.!” Price rigidities cause distortions in relative prices, which
lead to an inefficient allocation of productive activity within and across countries. All producers
of a given country produce output with the same technology. Price dispersion within H and
F is inefficient as it implies that producers operate at different marginal cost. Aggregate cost
from production within both countries could therefore be lowered by re-allocating productive
activity such that production is equally distributed among all producers located in the same

country. Price rigidities furthermore distort the relative price level between H and F away from

16The definitions of all other parameters can be found in the appendix. “tip” are terms independent of policy.

"Rotemberg and Woodford (1998) distinguish between welfare losses arising from relatively stable sources
of inefficiency like market power and those resulting from inefficient short-run fluctuations. They argue that
monetary policy should be responsible for minimising the latter type of losses, while other kinds of policy are
more suitable for addressing the former. Since the focus is on short-term stabilisation policy here, I make use of
their strategy to eliminate the negative long-run effects of market power with an appropriate subsidy.
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the optimal value implied by differences in technology. As a result, union-wide production costs
could be lowered by re-allocating productive activity between the two countries.

From the Phillips curves (2.66) and (2.67), it can be seen that P/’ and Pf" have a direct
effect on inflation. The strength of this effect is governed by ag and ag. The parameter Ap
that determines the size of welfare losses from unconventional monetary policy is zero if ag and
ag are zero, which shows that the welfare losses of the unconventional instrument arise from its
effect on inflation. When expected inflation, the consumption gap and the terms of trade gap are
zero, positive or negative values of P} and P/ steer inflation away from zero and therefore cause
distortions in relative prices, which is reflected in the quadratic welfare costs from P/ and Pf .
The final term implies that dead-weight losses from the unconventional tool are lowered when it is
employed in a country with an inefficiently low level of inflation and vice versa. Welfare losses are
shown by contrasting the dynamics under nominal price rigidities with counter-factual dynamics
that would arise under fully flexible prices and complete central bank inactivity in government
bond markets. This second feature of the flexible price equilibrium used as a reference however
implies that it could be improved upon by adequate asset purchases resulting in the small
modification of the terms of trade gap in the final term of the loss function.!® The cost function

W enters welfare only through the parameter x, which is defined as kK = ‘{IV;’Z’CS@ Welfare costs

of bond purchases that arise independent of their effects on relative prices therefore depend on
the convexity of W. If W is linear, for example, k equals zero and W plays no role.

The welfare criterion is purely quadratic. This is achieved through a combination of the
steady state subsidy described before and appropriate substitutions; the methods used here are
described in detail in Benigno and Woodford (2012). As a result, welfare is correctly approxi-
mated to the second order despite of the policy derived from the LQ problem necessarily being
of first order only. Furthermore, the policy rule obtained from the LQ problem is a correct

first-order approximation of the optimal policy in the non-linear problem.

¥Beetsma and Jensen (2005) analyse the optimal monetary and fiscal policy mix for a currency union in a
comparable model. They avoid a similar modification of the terms of trade gap in a cross term with the fiscal
instrument by deriving natural government spending levels that permit writing the fiscal instrument in gap form.
This route is not followed here to avoid a dependency of loss on the unintuitive concept of “natural unconventional
monetary policy”.
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2.3.3 Calibration

The calibration follows Benigno (2004) and Ferrero (2009). It is summarised in Table 2.1.

Parameter Value Description

B 0.99 Households discount factor

o 7.66 Intratemporal elasticity of substitution between consumption goods
p 1 Coefficient of relative risk aversion

n 0.47 Elasticity of production
Qg 0.75 Price stickiness in H

afF 0.75 Price stickiness in F

K [0,2] Normalised convexity of W(+) at the approximation point

n {0.5,0.8}  Size of country H

Table 2.1: Calibration

A period is assumed to be a quarter. [ is set to 0.99, giving rise to an annualised interest
rate of about 4 per cent in steady state. As in Benigno (2004), the intratemporal elasticity of
substitution between consumption goods of the same country is set to 7.66, implying a steady
state mark-up of about 15 per cent. In Benigno (2004), the coefficient of relative risk aversion is
1/6. This is low compared to Ferrero (2009) who uses a value of 3. I choose an intermediate value
of 1, which is consistent with a logarithmic sub-utility function for consumption. Assuming that
output at firm-level is produced using a simple CRS production function with labour as the only
input, 7 is the inverse Frisch elasticity of labour supply.'® Ferrero (2009) sets this value to 0.47,

which I follow here. The price stickiness parameters are equal in both countries at 0.75. This

Wpp(P)
Uc(C)C

implies that prices are changed every year on average. « is defined as k = . Assuming
CES functional forms for U(-) and V(-), equation (2.53) implies that C' = 1 and Ug(C) = 1.
Since P = 0,  in this case equals Wpp(0), giving the convexity of the cost function W(-) at
the steady state used as the approximation point. It appears plausible to assume that each

additional unit of intervention in asset markets carries a larger welfare cost, which implies that

K is non-negative. Since it is difficult to find a precise estimate of x, results are shown for a large

19Suppose that the disutility from production V [yt(j), zﬂ results from supplying l:(j) units of labour where
ye(j) = exp(—2¢)l(j) so that V can be expressed as V [I(j)] in steady state. Since utility is additively separable
in consumption and labour supply, the inverse Frisch elasticity is given by VV’;Z (j) and can be written as %y(]’)
which is precisely equal to n given that y(j) = C.
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range of values. Furthermore, two scenarios will be considered, one in which H and F are of
equal size and one in which one country, here H, is significantly larger than the other, containing

80 per cent of all productive capacity and consumers of the union.

2.4 Optimal Policy Coordination

The central bank of the union combines conventional and unconventional monetary policy to
stabilise disturbances to the economy. This section describes the optimal mix of the two instru-
ments. Conventional policy takes the form of targets for the short-term nominal interest rate i,
which the central bank is assumed to control directly. Unconventional monetary policy refers
to interventions in the markets for government debt, captured by PH and P/. The central
bank maximises welfare given by (2.74) subject to the constraints posed by the structure of the
economy.?’ It is assumed to possess a credible commitment device and to choose policy from the
“timeless perspective”.?! The optimisation yields a time-invariant set of first-order conditions,
which, together with the constraints, forms a system of linear expectational difference equations
that can be solved for the equilibrium laws of motion of the endogenous variables.

To be able to isolate the effects of conventional and unconventional monetary policy, let it
be true now that the degree of price stickiness is identical in H and F, that is ag = ap. Benigno
(2004) shows that a central bank that solely has to rely on the conventional instrument is unable
to affect the relative price level between the two countries in this case; the same is true here.

The terms of trade evolve according to
Ty =Ty +10F — 117 (2.76)
where ﬁf — ﬂfl can be found by subtracting the Phillips curve for H from that for F,

-1 = BE, (ﬁf;l - ﬁ{il) —a (Tt - Tt) +ap (PF —PF) (2.77)

29The policy optimisation problem is described in detail in the appendix.
21See Woodford (1999) and Woodford (2003) for details on optimal policy from the timeless perspective.
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with a = ag = ag = a¥ = a% and ap = ag = ag .22 Since the consumption gap has a symmetric

effect on inflation in both countries, it does not enter relative inflation. But as changes in the
nominal interest rate only feed into the rest of the economy through changes to the households’
consumption and savings behaviour, the inflation rate differential and thus the terms of trade are
independent of ¢;,. Using the conventional tool alone, the central bank can therefore not actively
close the terms of trade gap in response to an exogenous disturbance that moves the natural
rate of the terms of trade away from its steady state level. However, ﬂf7 — ﬁfl depends on the
unconventional tool, allowing the central bank to affect the terms of trade gap in this way. As
a result, all policy induced smoothing of terms of trade shocks is entirely due to unconventional
policy in the special case considered here.

Combining (2.76) and (2.77) gives

A 1

T=—— |Toy + BET F_pH T} 2.78
'=1iB+a i1+ BB 1+ ap (P = P) + ol (2.78)

The terms of trade in period ¢t depend on a lag, their natural rate, expectations formed in t about
the terms of trade in t+1 and the relative strength of unconventional policy interventions. When
T, > 0 and T)_; = 0, for example, which could be interpreted as a cost-push shock in F and a
deflationary shock in H, it is a well-known result that the central bank aims to create deflationary
expectations in F and inflationary expectations in H. The fact that T, depends positively on
EtTtH adds to the incentive of the central bank to create such expectations to steer the terms
of trade back to target. Since a quadratic cost is attached to both, the commitment to future
inflation or deflation and unconventional interventions, generally a mix of the two minimises
welfare losses, giving rise to a persistent unconventional policy response along the terms of trade

and inflation adjustment path. The proposition below characterises the optimal policy further.?3

Proposition 1 For ag = ap, in the equilibrium generated by the optimal commitment policy

chosen from the timeless perspective, the following is true for all t > 0.

a) Average inflation is entirely stabilised.

nllf + (1 —n)IIF =0

22These relationships hold for g = ar and p = 1.
23The derivations can be found in Section 2.7.6 of the appendix.
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b) The short-term interest rate only depends on the natural rate of consumption.

%t = _Pét

c) PtR is made dependent on Pﬁl, Etpﬁl, past, present and expected future values of the terms
of trade as well as current and lagged values of its natural rate.

’PtR = Etf (Pﬁl,llpﬁi_laTt717ﬁ7Tt+17Tt717Tt>

A result from Benigno (2004) is that a central bank that is equipped with the conventional tool
only should stabilise average union-wide inflation. Part a) of the proposition above shows that
this is still true when the unconventional tool is at its disposal as well. Note that this implies that
small deviations of inflation from target in a large country are accompanied by large deviations
in a small country. For example, if inflation is 50 basis points below target in 80 per cent of
the union, it should be 200 basis points above target in the rest of the currency union. Large
inflation differentials are therefore not necessarily an indicator for suboptimal conventional or
unconventional monetary policy. It has been argued before that conventional monetary policy
is unable to affect the relative price level between H and F. Since parallel shifts in inflation
in response to shocks to the natural terms of trade are not welfare-improving, i is adjusted
to close the consumption gap at all times, which results in the simple rule for 7; given in b).
The final part shows that P/* has an autoregressive component, leading to persistence in the
unconventional tool and that the path of the terms of trade only depends on the the paths of the
corresponding natural rate and the relative strength of unconventional policy in both countries.
The results described in b) and ¢) give insights for the question of how to design simple policy

rules that approximate the optimal policy as closely as possible.

2.4.1 Countries of Equal Size

Figure 2.2 shows the impulse responses of an unexpected 10% one-off increase in the natural
terms of trade in period t = 1 for different values of the cost parameter x. The two countries
are assumed to be equal sized.

When confronted with a shock to the natural terms of trade, the monetary policy maker faces

a fundamental trade-off with respect to the optimal adjustment of the terms of trade. By letting
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T} rise upon impact of the shock, contemporaneous losses from an increase in the terms of trade
gap are decreased. To achieve the increase in T}, inflation has to be allowed to fall below target in
H and to rise above target in F, which leads to contemporaneous welfare costs. Since the terms
of trade are elevated entering into the next period in this case, additional welfare costs arise
from steering T} back to target. These additional costs result from a succession of positive terms
of trade gaps, increased inflation in H, decreased inflation in F and unconventional interventions
along the adjustment path. In contrast, when the terms of trade are not permitted to rise in
t = 1, large contemporaneous costs resulting from the terms of trade gap and unconventional
policy necessary to prevent inflation from falling in H and rising in F have to be incurred.
However, the shock is fully stabilised upon impact, which means that future losses are avoided.

The degree to which it is optimal to let T, initially increase depends on the costs associated
with unconventional policy. If x = 0, unconventional policy is sufficiently uncostly to make it
optimal to stabilise inflation and thus the terms of trade entirely. Large asset purchases in H
limit the deflationary effect of the shock and large sales in F limit the inflationary pressure that
it causes there. As k increases, larger initial reactions of T} are permitted, since stabilising 7}
becomes more costly. Even for large values of x, the terms of trade increase in ¢t = 1 is moderate,
however. This is due to the fact that deviations of inflation from target are significantly more
costly than all other components of the welfare loss function.

Unconventional policy plays two roles. It is used in t = 1 to dampen the impact of the terms
of trade shock on inflation in both countries and, in the subsequent periods, to steer the terms
of trade back to target in case T, was initially allowed to increase. Since it is optimal to prevent
large movements in T} due to the reasons outlined above, the unconventional tool is more heavily
used at the time at which the unexpected shift in the natural terms of trade occurs compared to
the following periods. For the parameter constellations considered here, unconventional policy
in t = 1 is applied at about 16% of steady state output for k = 0, 5% for k = 1 and 3% for
k = 2. In t = 2 these shares fall to about 0.00%, 0.09% and 0.07% and then gradually decline.

Conventional monetary policy is inactive in response to the terms of trade shock. This can
be seen from the fact that consumption remains entirely unaffected by it. The bigger « is,

the more restrictive are the constraints posed by the Phillips curves and the law of motion of
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the terms of trade resulting in more volatile reactions of the corresponding multipliers. The
constraint associated with the requirement that the average unconventional intervention be zero
at all times does no bind, since it has been imposed through appropriate substitution into the

welfare criterion.
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Figure 2.2: Impulse responses to a 10% increase in natural terms of trade for different values of
K

Figure 2.3 compares the impulse responses for the two cases that unconventional monetary
policy can be used without restrictions and that central bank purchases of government debt are
restricted to be zero at all times. The responses for the case that unconventional policy can
be used are depicted for an intermediate value of the cost parameter of kK = 1. It can be seen

that bond market interventions by the central bank stabilise the terms of trade and inflation
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in both countries significantly. In particular, the unconventional tool causes the initial impact
on inflation in both countries and the terms of trade to be significantly less pronounced. The
additional monetary policy tool also works to reduce the tightness of the restrictions posed by
the Euler equation as can be seen from the response of the corresponding Lagrange multipliers.
The comparison between regimes in which unconventional monetary policy can and cannot be
used is continued in Section 2.5 which contains quantitative results for the welfare implications

of having access to the unconventional tool.
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Figure 2.3: Comparison to the case without unconventional policy (k = 1)

2.4.2 Countries of Unequal Size

When the member countries of the currency union are of unequal size, optimal unconventional
policy is asymmetric. The impulse responses to a 10% increase in the natural terms of trade
for the case that country H contains 80 per cent of all consumers and productive capacity are
shown in Figure 2.4.

For each k, the same initial increase in the terms of trade as in the case of identical countries

is permitted. However, since the contribution of F to aggregate welfare is smaller than that of
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H, higher inflation volatility is allowed there. A large share of the goods consumed in the small
country is imported from H while only a small fraction of the goods produced in H are imported
from F, which implies that the terms of trade shock increases inflation in F more than in H
as can be seen from the two Phillips curves. To dampen the initial impact of the disturbance
and to steer inflation in both countries and the terms of trade back to target from period t = 2
onwards, the unconventional tool is therefore used more heavily in F than in H. Shocks that
affect the relative price level between two countries of a currency union thus result not only in
more inflation volatility but also in stronger unconventional interventions in the smaller of the

two countries if policy is chosen optimally.
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Figure 2.4: Impulse responses to a terms of trade shock in a union of a large and a small country
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2.5 Welfare

To perform a welfare analysis, stochastic processes for the exogenous shocks have to be specified.
It was shown above that the central bank employs the conventional tool to close the consumption
gap at all times when the degrees of price stickiness are equal in both countries. This implies that
welfare losses may arise from movements in the natural terms of trade but not from variation

H — oF here to separate

in the natural rate of consumption. I continue to consider the case «
the effects of the two monetary tools from each other and therefore only describe the calibration
of the process of T;. If the underlying exogenous components of T}, that is—technology and
government spending shocks—are assumed to follow AR(1) processes, then, according to Granger
and Morris (1976), T} follows a higher order ARMA process. To be able to derive a closed form
expression for welfare, the strategy chosen here is to approximate the micro-founded process of

T; using an AR(1) process and to calculate welfare based on the approximated time series.

The law of motion of the natural terms of trade is approximated by
T = prTi, +ury (2.79)

where ur; ~ N(0, O’%). To derive ppr and O'%, recall that T} is defined as

P n PR _ R
T = (/" = ) 2.80
P E 1 9t Gt ( )
. Pi__ ) .
with gtp = # and ¢/ = —%zt The disutility from production V' can be thought

of as arising from labour exerted in the production process. Assuming that the production

function is y;(j) = exp(—2%)l;(j) where [;(j) is labour and that V(-) is a standard CES function

of 1,(j), given by V [l;(4)] = lt(ffnﬂ, the supply side shock is given by ¢} = —H—”zt Both types

of “deep” shocks evolve according to AR(1) processes, that is

d = perate” (2.81)
GP,i P’L
s (2.82)
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where (5fH e; F) ~ N(0,%7), ( GH G F) ~ N(0,%%) and

2 2 2 2
yz = O:H 9z HF $G = °%GH 9GHF (2.83)
pr— ) i .

2 2 2 2
0, rH 9.F 9q.rg 9G,F

This specification allows for correlation between the evolution of technology in both countries
and for correlated government spending shocks.?? Demand and supply side shocks are assumed
to be independent. Using equation (2.80), one can derive the variance of T, as a function of

(calibrated) parameters. The variance of T¢ is chosen to match this variance, more precisely

2

Var (1) = Var () = (1) Var [gf = g - (&6 - )
( >2[Var ")+ var (g") + Var (¢F) + Var ()
(P

—2Cov ( g, ’H,ng) 2Cov (Ct s Gt )}

2 JGF O%,H 1+n 2 U?,F 1+n 2 Ug,H
+ 5+ 5+ 5
1+n L—pg  1-pg n 1 —pz n 1 —pz

0.2 1 2
—p A —2< +"> SUEd (2.84)
1— pg, n 1—pz

The persistence parameter is found numerically. To do so, I simulate T, for one million periods
and calculate pr using the OLS/ML estimator, so pp = S TyTr_1/ S T7 ;.

Table 2.2 summarises the calibration of the demand and supply shock sequences. The vari-
ance and persistence of the shock processes are assumed to be equal in H and F. The estimates
of the persistence parameters are taken from Smets and Wouters (2005), which includes an esti-
mation of a DSGE model for the Euro Area based on quarterly data from 1983 to mid-2002. The
variances are estimates reported in Duarte and Wolman (2008). Duarte and Wolman estimate
the laws of motion of technology shocks in the traded goods sector and the government spending

share of GDP using French and German quarterly data from the 1990s and early 2000s.2°

24Government spending is normalised by steady state output to facilitate the comparability with the previous
literature.

25The variance estimates reported in Smets and Wouters (2005) are significantly larger than those from Duarte
and Wolman (2008). Larger variances imply higher potential welfare gains from unconventional policy. In order
not to over-state possible welfare gains, the smaller set of variances is used here, which is also in line with the
calibrations from Gali (2008) and others.
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Parameter Value Description

o 0.94 Persistence of technology shocks

PG 0.98 Persistence of government spending shock
UiH, 0§7F 0.16 + 10~3  Variance of technology shock
UéH, J?J,F 0.21 * 102 Variance of government spending shock

Table 2.2: Additional Calibration

Figure 2.5 shows the welfare gains from employing the unconventional tool as a function of
the respective correlation of demand and supply shocks across the two countries. The welfare
measure A is given by

A=1—I=Ae=IW) (2.85)

W and W are the unconditional expectation of welfare under the policy that is optimal from the
timeless perspective when the central bank is able to credibly commit and under an alternative
policy, respectively. Here, the alternative policy is optimal subject to the same qualifications as
W if the central bank does not have access to the unconventional monetary tool. A translates the
welfare differential between both policies into units of steady state consumption.?6 If both types
of disturbances are perfectly correlated, no welfare gains are obtainable. Perfect correlation
of demand and supply shocks implies that T, = T = 0 for all . To see this, note that for

aiH = Ug,F =02 and aéH = 0‘%7}7 = 02, Var (Tt) can be written as

Var (Tt> — (1177)2 { 2 52 [1 - corr(gf,H,etG,F)] +

1—pz
2 1+77>2 2[ 2H 2F

—— ) o7 |1—Corr(e;, ey } 2.86
() e (€, e (2.86)

where Corr(-,-) € [—1,1] is Pearson’s correlation coefficient. Thus, if the shocks within the
currency union are perfectly correlated across countries, the natural terms of trade remain at
their steady state level and there are no gains from employing unconventional monetary policy.
The lower is the correlation of the disturbances, the larger becomes the variance of T} and the

higher are the welfare gains associated with central bank asset purchases. This link results from

268ee Section 2.7.7 in the appendix for the details.
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the fact that, in contrast to conventional short-term interest rate policy, the unconventional
monetary policy tool can be used to close the gap between the terms of trade and their natural
rate. In addition, the variance of the individual shocks, their persistence and the inverse elasticity
of substitution in production matter for the variance of T, and thus for the gains obtainable from

employing asset purchases.

Corr (g7, e7") 11

Corr (f—:tG"H, stG’F )

Figure 2.5: Welfare gains as a function of shock correlations (for £ = 1)

The magnitude of the welfare gains from the unconventional tool depends on k, the param-
eter that reflects the costs associated with unconventional interventions. Figure 2.6 contrasts
the gains obtainable for different values of k. Shown are isoquants of A with a step size of
0.01 percentage points. When starting at the point of perfect correlation (1,1) and moving into
the direction of lower correlation of both disturbances, i.e. to the south-west, welfare increases
faster for lower values of k. For x = 1, if government spending shocks are entirely uncorrelated
and the correlation coefficient of productivity shocks equals 0.8, the welfare gains from uncon-
ventional interventions are at a moderate value of around 0.03% of steady state consumption.
The calibration chosen here implies that welfare gains increase faster with declining correlation
in supply shocks than in demand shocks, emphasising the importance for the central bank to

monitor productivity differences within the currency union.
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Figure 2.6: Welfare gains for k = 0 (left), kK = 1 (centre), k = 2 (right)

2.6 Conclusion

By purchasing debt issued by one of the member countries, the central bank reduces the yield and
increases the price of bonds given out by the government of the country in which the operation
was carried out. The government’s budget constraint is loosened, causing taxes to fall, spending
to increase and thus aggregate demand and inflation to rise. The mechanism described here
allows the central bank to “correct” fiscal policy decisions made by the member states. A lack
of fiscal co-ordination is balanced by the common monetary policy institution that can use the
unconventional tool. For countries of similar structure, the optimal commitment policy from
the timeless perspective stabilises average union-wide inflation, closes the consumption gap by
adjusting the short-term nominal interest rate accordingly and uses asset purchases to respond
to movements in the natural terms of trade. In response to less than perfectly correlated demand
and supply shocks that cause an unexpected increase in the natural terms of trade, government
bonds are bought and sold upon impact of the shock at a large scale in H and F, respectively.
The same measures are taken over the following periods but at a lower scale and of gradually
declining magnitude to steer the terms of trade and inflation back to target.

The mechanism considered here is only one way in which central bank asset purchases work.
A number of empirical contributions emphasise the effects of asset purchases on the savings
decision of households through changes in the supply of bonds with particular maturities, the re-
allocation of risk between the central bank and the private sector, and the informational content

of central bank asset purchases with respect to the path of future short-term rates. As long
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as unconventional central bank operations possess an asymmetric effect on aggregate demand
in the member countries, they may be useful for smoothing idiosyncratic shocks. Previous
contributions view central bank asset purchases as a tool that should be used only in crisis
times. In my model, the result that unconventional policy may be of particular importance if

fiscal co-ordination cannot be reached is independent from the prevailing economic conditions.
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2.7 Appendix

2.7.1 Aggregate Demand

The derivations are shown for H only, analogous steps lead to the result for country F. Since

9:(j) = [%] - GH for all home goods, we have

ati) = 2] (6 x0)

where X; is the difference between planned and revised government spending defined by

X =G —aP

Multiplying (2.21) and (2.87) with ) and integrating over all agents in H gives

Py
/Onpt(j)pgf@dj _ /O"pt]g) [g;;}(jt)]_aGf’de
[ = [ (e ex) s

Subtracting the top from the bottom equation and simplifying yields

"pe)ged) o Mgl G) o [T eeG) T (Prg)
/0 dj /0 d]—/o X dj

Pt Pt Pt

Using (2.27), this condition implies that

n Nl—0o P o NH
/ pe() "7 (Payt) X,dj — HHQit (PtQH _ PtQH,e>
0 P P,

From the definition of Pp; follows that fon pe())0dj =n (PH,t)l_‘T, SO

Py Qf H He
gt Xi= 0" (P - B!
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(2.88)

(2.89)

(2.90)

(2.91)
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P - . .
.t can be expressed as T;"" ', one can write the solution for X; as

Noting that

Tl—n B
Xp = 0" Qf (PR — P (2.93)
n

which confirms equation (2.33) from the text.

2.7.2 Equality of Private Consumption Across Countries

The real central bank profit share transferred to H is given by

H S MS H PQH H
Af :n<Mt ) t_1)+QCB’t‘1 v 9cB. (2.94)

P, P, P, P, B

H
where PtQH =[(1+ th)(l —eflQE, D7 1. Substituting for % in the budget constraint of the

government of H and solving for aggregate real taxes gives

0 t 0 b

HAH,j
/n PtQ t Jd] Qt 1d] Mits _ Mtsfl (295)
0 Py o P Py Py

The budget constraint of an agent j € [0,n), integrated over all agents of H, is given by

n J PQH H,j n . nTH
/ 7B, ’]dj—i—/ bi d+/ Qf d+/ tdj—i—/ ngj+/ —Ldj
0 Pl Py

+

BJ
=1 Qt1d+/ tldj+ /Pt yt]%ﬂg%

/0 1xSD; 147 . P ] , P

Together with the previous equation and using the fact that the state-contingent securities are

in zero net supply within each country, this implies that the resource constraint for H is

. n ; ; MS MS
d 7d C]d pt(])gt(j)d _ 7t _ t—1
/oPt1+zt +/ ”/ t]+/0 r 9" R TR

Bi 1 thJ 1 npt(j)yt(j)
_ —1 i =1 7 eAACRL AT 2.97
. P j+/0 P, ]+/0 p Y (2:97)

We now observe that if C/1 = Cf = Cy, then the optimality condition for money demand (2.11)
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implies that MtH = MtF = M;. Using these relationships, which will be verified later, together

with the fact that the money market clears in equilibrium and expressing integrals in terms

of quantities pertaining to the representative agent of H where possible, one can re-write this

equation as

n
Pi(1+ 1) Py

Bg{ ntl n nCtH _ /n pe(5) [yt(;a) — gt(j)]dj
0 t

Given (2.29), this can be expressed as

BtH B£1 H /n pt(j) <pt(j)>_a 1-n~U 3.
n — —n +nC;* = T, "C/d
P14 14y) P, ¢ 0o B Py t 0

Since [y pi(j)'~dj = n (Puy)' 7 and T)7" = 2=, we get
Bf! B,

, +cf =cY
P11+ i) P K K

(2.98)

(2.99)

(2.100)

Analogous steps lead to a symmetric condition for country F. The proof proceeds from here as

shown in Benigno (2003).2” Benigno shows that given the resource constraints for both countries,

the optimality conditions from the agents’ utility maximisation problem and the assumption of

symmetric initial wealth, BY is zero for all t > 0, which immediately implies that C}

2.7.3 Flexible Price Equilibrium

Cy Vt > 0.

To derive equation (2.56), one can first combine equations (2.54) and (2.55). This yields

which after log-linearisation becomes

2 V, (C, 0) < o Vz (C 0) Vz (C O)
7 — vy vF _yH yz\WY) Ve (GY) g
t Vy(c,())c(t ")+ Yo

?See Benigno (2003), pp. i — ii.
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Aggregate demand in each country is given by

}/‘tH — j‘vtl—nct + GtP,H

vF = 17mC +6PF

Log-linearising these two relationships yields

v = (1=n)Ti+Ci+gl "
VP = —nlit Gt gPF
P,H__ ~PH P,F _ ~PF
where gf’H = % and gf’F = % Subtracting the top from the bottom equation
gives
Y Y = PF  PH
V=Y =-Ti+g" — g (2.102)

By entering (2.102) into (2.101), defining n = @yy(gg)C as well as (f = %zé for

i € {H, F'} and simplifying, one obtains

- n P,R
T, = m <9t - CtR) (2-103)

Aggregate demand in H and F can also be used to establish a connection between world

output and consumption. Adding the two demand equations weighted by country size yields
nY + (1 —n)Y =nT}Cy+ (1 —n)T;"Ch + nGET + (1 —n)GETF

or

Y;U _ nT;gl_nCt + (1 _ n)Tt_”Ct + Gf,U

Log-linearising this equation and making use of the fact that YV = C and T = 1 gives
YV =Ci+g7" (2.104)

Now turn to the Euler equation to derive equation (2.57). Using the definition of the price

81



index P, the Euler equation can be written as

(Prrt)"(Ppg)'t ™"

Uc (Cy) = (1 +1¢) BE; |Uc (Cigr) (Przs)"(Proi)i—"

Plugging in from (2.54) and (2.55) and re-arranging yields

Uc (Ct) , Uc (Ct41)
H ,H\" 7 ion = (i) BB H _H \" F _F \l-n
Vy (Yt ) # ) Vy (Yt ) % ) Vy (Y;eﬂaztﬂ) Vy (Y;eﬂaztﬂ)
Movements of the nominal interest rate have no real effects under flexible prices. For simplicity,
I thus set 1 4 ¢; equal to its steady state 1 + ¢, which implies that
Uc (Cy) Uc (Cry1)

=FE;

Vo (), (V)T (V) (V2T

(2.105)

Log-linearising (2.105), substituting out Y;V using (2.104), defining p = — UUCC((C))C and making

the appropriate substitutions for the shock processes gives the following condition:

—(p+n)ét+n(<f]—gf’U) =—(p+n)ECi

To solve this equation for C; as a function of the exogenous disturbances only, I guess that Cy

is a linear combination of ¢ and gf ’U, e Gy = acl + bgf ’U, which implies that

—(p+m) (ac +0g" ) 4 (= 9PY) = 0
et
It has to be true that a = - and b= —m and the initial guess is verified. C; is therefore
given by
G= (¢ =) (2.106)

which is equation (2.57) shown in the text.

Together with (2.104), the above expression for C; immediately implies equation (2.58) from
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the text stated below for completeness.

> U P PU

The final expression left to derive under flexible prices is that for the natural real rate of

interest. The Euler equation can be brought in the following form

Uc (C) E, Uc (Ciy1)

‘ = 2.108
(1+41¢) B JIPAR} ( )
Log-linearising this equation, using the definition of p and re-arranging yields

- - 1 /- -

Ci=ECri (u B, +1> (2.109)

Plugging in for C; and ét+1 from equation (2.106) and solving for the real interest rate gives
< N 4| U U pPU PU
ip — Bl = ——E¢ |[Ghy — G — (91 — 9 (2.110)
p+n
which is precisely equation (2.59) from the text.

2.7.4 Sticky Price Equilibrium
Country-specific Demand

The approximations to aggregate demand are derived by log-linearising (2.35) and (2.36). Log-
linearising the aggregate demand condition for H and subtracting the same relationship in steady

state gives

eyl =c( —n)Ty+CC + GP + PH (2.111)

Dividing by steady-state consumption C' yields

Vi =1 —n)T;+C + g0 + PH (2.112)
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and P;’ = ﬁ{IY_HﬁH. This is the same as (2.62) stated in Section 2.3.2.

PH _ GO -ghH
where g, = =t —

Using the analogous procedure and definitions for country F results in equation (2.63).

Euler Equation and Law of Motion of Terms of Trade

The Euler equation under sticky prices is analogous to the one under flexible prices. It is given
by

. . 1 /4 .

Ct = EtCt+1 - ; (Zt — EthUH) (2113)

Pp, Pp, P
The terms of trade are defined as T; = P , which can be re-written as T; = PFI: tl 1}3’; - LT 1.

Using the definition of the inflation rate and log—linearising yields
Ty = Tyq + 107 — 117 (2.114)

Phillips Curves

In the case of aggregate supply, the derivations are shown again only for country H. The first-

order condition for the optimal price of a producer in H can be written as

(o0 —1)(1 —71)E; Z (aHB)T_t UC](DfT)pf(h)yt 7(h) = ok Z [yt r(h), Zqﬁl] ye,7(h)
T=t

where the demand for the product produced by A in period T when a price adjustment was last

possible in ¢ is given by

pt(h)
Py

yr,r(h) = [ ] (T1 "Cp+ GRY +7>T) (2.115)

n—1
Note that + = 2 , which allows to express the condition above as
Py Pyt

E; Z Hﬁ { (1-0)(1-7)Uec (C’T)ZJ);IYL)T" ! r(h) + 0V, [yt,T(h), z#] ynT(h)} =0

84



Log-linearising this equation yields

Etz Hﬂ {1—0’)(1—7’)[]@0 [1—1—%CCT—i—ptT—i—(n—l)TT—i—ytT(h)}—i—

Viy . Vyz
oV,C [1 + g r(h) + aail Cyer(h) + Y %I] } =0
Vy Vy

Here the arguments of functions evaluated at steady state have been dropped for readability

() pr(h) _

reasons, e.g. Uc = Ug/(C), and py 1 is defined as p, 7 = log —log 2 Pir log p; (h)—log Py 7.

Since (1 —o)(1 — 7)Uc + oV, = 0, this equation can be simphﬁed to

Ucc

o [VyyCirr(h) + V2t } =0 (2.116)
At this point (2.115) has to be log-linearised to find g; r(h):
dir(h) = —opyr + (1—n)Tp + Cr + g™ + Pf (2.117)
Together with (2.116), this implies

E; Z o p)" { (1—0)(1—7)Uc {UUCCCT + Per + (n— 1)TT]

oVyyC [_Jﬁth +(1 - ”)TT +Cr+ 971_}H + P’}{} + UV@/ZZYEI} =0

.. .. o C oVyz2H
Dividing by (1 — 0)(1 — 7)U¢c and noticing that (170)‘(/% = —7, (lia)é’fﬁ% = 77(1[3’ and
U%}gc —p gives
> T—t (. . .
E ) (aB) {Pt,T — (1 =n)Tr — pCr—
T=t
n[~opr+ 1 —n)Tr+Cr+gp" + P -]} =0 (2.118)
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which simplifies to

B> (aF8)" " [+ om) b — (14 m) (1= m)Tr = (p+ ) Cr—
T=t

P = (98"~ )| =0

— Tt S -t | 1+mn . p+n A
B> (@8) Thr = Ei Y (ofB) { (L= mTr 4 7 Or
T=t

= 1+o
n H n ( PH _ H) 9119
+1+0nPT+1+cr77 91 ¢ ] (2. )

Now let log-inflation of home goods be defined as fItH = log Pi’ifl — log ]P;—Z = log Pyt —

log Py ¢—1. From the definitions of fItH and p; 7 it follows that

T—t
A I Z ﬂﬁs (2.120)
s=1

By log-linearising the law of motion of the price index for goods from H, it can furthermore be

shown that
Pri = ff;,nff
which, together with (2.120) implies
oH Tt
P = mﬂf’ — Zlﬂfis (2.121)
5—

Inserting this expression for p; 7 into equation (2.119) yields

1 o o (0 T—tT_tAH g T-t] 147 A
[ —alBT—alf _Et;::t(“ f) ;Hms:Et;(a ) i, (=T

n
ptmn - N H n (PH H)
C P -
+1+m] T+1+077 T+1+m7 Ir T
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or

0 TH

1 ol . H gnT-t 17 > gAT—t| 1+7 .
1—aH/31_aHHt —E > (oa"B) m:EtZ(@ B) (1=n)Tr
T=t+1 T=t N

pEn A U H n (PH H)
P H _
+1+U77T 1+077T+1+m7 9r G

Iterating the equation above forward one period, multiplying by o3, taking the expectation

conditional on the information set in ¢ and using the law of iterated expectations gives

H H o0 A 0
o p @ ~ Tt Hp HT—t
1—aHﬁ1—aHEth+1_Et Z (a /8) 1—0¢H5_Et Z (a 5)
T=t+2 T=t+1
1+n o p+n - n it Ul PH . H
1—n)T o ( H_ ) 2.122
1—1—017( n) T+1—|—07] T+1—|—U77PT+1+017 Ir T ( )

Equation (2.122) can now be subtracted from (2.122) to obtain

(1—aB)a—a) [ 1479 . ptn
1—n)T; C
ot 1—1—077( n)t+1+077 s

Ui H n PH H
P (9 = <")
1+on t +1+O’77 9t t ]

which, in more succinct form, becomes

I — ﬂEtﬁfil = af (1 —n)T; + aCy + aBPH +

1-ap)(—a) g (gf’H _ tH) (2.123)

where

(1—aB)(1—a') 147

H
v = ol 1+on
g _ (1=a"B)(—a) ptn
ac = I 1

o +on
4 _ (—afgi—at) 4
Pz ot 1+on
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Equation (2.123) can be simplified further by noting that

(1-ap)(1-a) 7 (gtP,H _ CtH)

ot I+on
1—afB)(1—at) 1+
e e [ A G
1-af8)(1—all
- ?H( - )1/);:170177{"55“1—”)5_[”gf’HHl_n)Cﬂ}:

—(1 —n)aT; — aBC,
Using this relationship, the aggregate supply function given in the text is obtained:
7 = BEIIE | + akf (1 —n) (Tt - Tt> +al (ét - ét) +ap P!
Going through the equivalent steps for country F yields
1 = BB, + ok (—n) (Ty - Tt) +ak (ét - ét) + abpF

where

Fo_ (1-a"p)(1-a") 149
ar = F
« 14+o0n
Fo_ (=a"B)1-a") ptny
ac = F
« 14+ o0n
F 1-a"B)(1—-af) 1
P = af’ l1+o
Ui

Welfare Function

The welfare function that serves as a basis for policy decisions is
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where per-period union-wide welfare w; is defined as wy = nwﬁ + (1 - n)wf and per-period

welfare in H and F is given by average utility within each respective country

wi! ! /n {U(Cy) =V [ye(h), (']} dh — W (PH) (2.126)
nJo

1
1—

1
n/ {U(C) =V [yi(f), 2]} df =W (PF) (2.127)

F
Wy

Here, a second-order approximation of Wy is derived. When analogous steps are carried out for
H and F, only the derivations for country H are shown as before.

A second-order Taylor approximation of the utility from consumption is given by
1
U(Cr) = U(C) + Uc(C)(Cr = C) + 5Ucc(C)(Cr = C)F + O(3)

C} can be written as

Cy=C+CC+ %CC’E +0(3)

Combining the two equations above yields
~ 1 -
U(Cy) = Uc(C)C |Cy + 5(13(1 —p)| +tip+0O(3) (2.128)

where terms that are independent of policy, such as expressions that depend on steady state
values only, are collected under ‘tip.’

Similarly, expanding the disutility from labour to the second order gives

V [ye(h), 2] = V(C,0)+ V,(C,0) [ye(h) — C] + V. (C,0)z +

SV (CL0) () — O 4 LVae(CL0) (1) 4 V,elC.0) [ (1) — O 2

and y¢(h) can be written as

k) = C o+ Ciulh) + 5 Cau(h)? + O3)
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which can be inserted into the approximation of V/ [yt(h) 2 ] to obtain

H A Lo\ 1 . L .. 22
V() aA1) = V(C.0) [Ch) + JCH2]| + 34ulC.0) |Ch) + 3Cin(0?

+V,.(C,0) [ngt(h) + ;Cgt(h)ﬂ H 4 tip 4 O(3)

V(C.00C [0 + 5000 + T — nin()GE | + i + O)

It is assumed that a tax/subsidy is in place, which precisely offsets the effects of market power

in steady state so that Uc(C) = V,(C,0). The equation above thus becomes

V(). ) = UelC)C [inh) + gin(h)? +

N3

512 — (W) ] T tip + 0(3)

Integrating this expression over all households that reside in H and dividing by n gives an

expression for the average disutility from labour in H.

1

" 1 1
|V o< an L
nJo

n 1 n
G:(h)dh G:(h)?*dh
o[ aman+ g [z

Uc(C)C {

M, . .
o [Cawran = [ gimctan] + v+ o)
nJo n Jo

Note that Epz(h) = L [["2(h)dh and Varyz(h) = L [ z(h)?dh—[L [ av(h)dh]2 for any variable
x(h). This implies

sV et an = ve(©)C B + 5 {Vaniu(h) + (B0} +
5 {Varnin(h) + [Engi (W) } = nErgu(W)G!] + tip + O(3)
(2.129)

En7:(h) can be expressed in terms of YtH . The relationship between these two terms is derived

now.

Remember that output in H is given by



Approximating this equation to the second order gives

. lo—1 /~g\2 lo—1 lo—-1
V4 55— (W) = Bngu(h) + 57— Vangu(h) + 57

[Enge ()] +O(3)

N2
It can be shown that it is furthermore true that (Y;H ) = [Exie(R)]* + O(3), which implies

N . lo—1
Vi = Epje(h) + 3

Varhg)t(h) + O(3>

Using this equation to substitute for E,g:(h) in (2.129) and collecting terms gives

1 2

n . 1 R
/ V[u(h), 5" dh = Uo(C)C [i@H++”(Y;H) +
nJo 2

1 (1 .
5 (U + n) Varygi(h) — 0¥, ¢! } +tip+0(3)  (2.130)

A second-order approximation of the disutility from the unconventional tool is given by
W(PH) = W(PM) + Wp(PHYPI + SWpp(P) (PE)? + O3)
Since W (PH) = 0, we have that
W(PH) = Wo(PHYP + SWpp(P) (PE)? + O3 (2.131)
Entering (2.128), (2.130) and (2.131) into the definition of welfare in H (2.126) yields

.1 o o L4 em? 1/1 ) .
wll = Ue(C)C [ct+2<1p>cfyff () 2(U+n)Varhyt<h>+nanff

- {WP(PH)P{{ + %WPP(PH) (PH )2} + tip + O(3)

Equivalent steps imply that

.1 vy ep 14nom2 1/1 R .
wF = Ue(C)C [Ct+2(1—p)0§—y;F—2”(nF) _2<a+"> Var 3 (f) + nViF ¢F

— [WP(PF)Pf + %pr(PF) (P )2] + tip + O(3)
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Since wy = nw{{ +(1- n)wf , per-period welfare is given by

w = Ue(C)C {a A1 O ¥ 4 (1 Y]
S () e @ w (5) | [ - e
=5 (5 +n) mvang ) + (- v )]
Wp(PYPY = SWep(P) [n(PI + (1= )(P)?] +1ip+0(3)  (2132)

To find expressions for YtH and }A/tF , output in both countries has to be approximated to the
second order.

1

N ~ ~ 1 4 1 “ A “ 2
V= Gt (=T + 5O+ 5 (1= n)P T2+ (1= m)CiTy + g + P = 2 (V1) +0(3)

[\

N N I 1. 1 . A 1/~ 2
W= G-+ SOt SntTR -l + gl T+ PE - S (V) +0(3)

This immediately implies

n (W) 0 -n) (7)) = n—mT2en (o) w0 (oFF) 0 (P

2 N ~ ~
+(1—n) (PF) +2C657" 4+ 26,PY — 2n(1 — n)Tig "

“2n(1 — )T, PR + 2 [ngf’HPtH +(1- n)gf’FPtF] +0(3)
and

. . . 1 2 2
W mTE = g P = g L (o) ) (o)

1 N N N
) [n (77,5H)2 +(1—mn) (PtF)ﬂ - Ctgf’U - C’tPtU +n(l— n)Ttgf’R

+n(1 —n)TPF - [ngf’HPtH +(1- n)gtP’FPtF} +O(3)
and furthermore

3 5 A 7 P.H P,
nYHCH + (1 )V = Gl —n( — )T +ngl " ¢H + (1 —n)g ¢

+nPHCH + (1 —n)PECE +0(3)
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Plugging the equations found above into (2.132) and simplifying yields

1 . . ) 1 .
wy = Uc(O)C {—2(p +m)CF = nCigt ™ + (1 —n)Tyg " — 5 (L+m)n(l— )1}

+ Gy — (1 =) TG — 9Py

B e B vy 0-non?

+nn(l —n)TPF — 1 [ngf’HﬂH +(1- n)gtP’FPﬂ +n [n¢'PI + (1 —n)¢ P

1/1 R . .
) (U + 77) [nVarpg:(h) + (1 — n)Varfyt(f)}} + tip + O(3)
which can be re-written as

w = ~Ue(©)C {J+0) (G- )+ Jnnt - (1~ 1)’

Wp(P) | oo, 1 K H\2 _ 72 A U
—i—{l—l—UC(C)C]Pt +30 14—77 [n(Pt) + (1 n)(Pt)}%-nC’tPt
—nn(1 = TP+ [ngl M PE 4 (1= m)gP P | = n [P + (1= )¢ PF]

—i—% (i + n) [nVarpg. (h) + (1 — n)Varfg)t(f)}} +tip + O(3) (2.133)

Wpp(P)

where K = T (C)C The variance terms in (2.133) can be related to country-specific inflation.

In Benigno (2003), based on Rotemberg and Woodford (1998), it is shown that

H t e /N2
Varp g (h) = o2 (ozH)tJr1 Vary logp_1(h) + UQli[T ;} (aH)t (Hf) +0(3)

The first term on the right hand side is independent of policy in all periods ¢ > 0 and therefore

o 1

[e.e] oo N 2
> BVang(h) = 0 s > 8 (0E) + tip+ O(3)
t=0

t=0
which immediately implies
oo oo . 2
S B Vs () + (L= mpVargie(] = o*ny™ 3"t (118
t=0 t=0
2 P o (N2 L
+o*(1 —n)y Zﬁ <Ht ) +tip + O(3)

t=0
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where

H _ ot
7T A—af)(1-afp)
¥ = o

It thus follows that

o0 o

> B nVarpge(h) + (1= m)Varsgy(f)] = o [y + (1 =n)y "] Y5 [v (117 )2 +

t=0 t=0

(1-7) (ﬁfﬂ +tip + O(3)

with
Tl/yH
ny? 4 (1 —n)yF

~

Using the fact that only policies with PY = 0 are considered and since we also have ak =

1 14

] at 1 _p+n
vt 14+on? ©C

vt 1+on

i1 7
and ap = ST THen

for i € {H, F'}, welfare can be written as

Wo=—QEo) 'L
t=0

where the loss function L; is defined as

~

L= Ac(G=G) 4 Arn(—n) (T~ 1)+~ (0F) + (1 —) (1)

1 )
wp {5 (14 5) [0 (P + (=) (PF)"] =t = mTipf
+nPl (9f’H - (tH) + (1 —n)Pf (gf’F — gf)} + tip + O(3) (2.134)
with
1
Q = JUc(C)Co(l+om) 7" + (1= n)y"]
H_F
Ac = 1 7 acac =
onag + (1 —n)as
Ap = 1 azf!ar?

gna? + (1 —n)adt
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H_F
2 apap

Ap = —
P o nak + (1 —n)all

For p = 1, the per-period loss function can be simplified further. Since in this case

+1 . -
nP (g =)+ =mPf (o o) = TS [n( - mTiPf - G|
1 -
+1 * n(1 —n)TyPE

and A¢ = Ap, per-period loss is given by

L = Ac<ét—é’t>2+Acn(1—n) (f}—f}>2+’y<ﬂf]>2+(1—7) (Hf)2
+AP{; <1+ ;) [n (PH)? + (1 - n) (Pfﬂ —n(1 —n)PF (Tt —5Tt)}

+tip + O(3) (2.135)

where § = "L,

2.7.5 Optimal Policy

The optimal policy problem is to maximise (2.74) subject to (2.66) to (2.68), (2.70), suitable
initial conditions that reflect that policy is assumed to be chosen “from the timeless perspective”

and transversality conditions. The first-order conditions are

VI + fry + P30 — dre—1 = 0 (2.136)
201 — NI + oy — d30 — p24-1 = 0 (2.137)
20cn(l = n) (T = ;) = Apn(1 = n) (PF — PI)
—a (1= n)pry + abngoy + ¢sr — BEips 1 = 0 (2.138)
2Ac (C't - ét) - ag¢1,t - ag¢2,t = 0 (2.139)

Ap <1 n ;) nPH + Apn(1 — n) (T} . 5Tt) — a1, +nos, = 0 (2.140)

Ap <1 + ;) (1 —n)PE — Apn(l —n) (Tt - 5Tt> —apdas+ (1—n)psy = 0 (2.141)

95



for all ¢ > 0, where ¢ to ¢4 are the multipliers associated with the constraints.
~ ~ A / ~ /
Defining 2} = (T 115, Cp, én,0, 6., 631 60,0, PELPE ) 2l = (i1, 044, 0%, ) with 6, =
- - /
¢1,4—1 and ¢’2’t = ¢94—1 as well as g, = (Tt, C’t) , the evolution of all endogenous variables in

equilibrium is given by

p D
xr X
t+1 t
Bl " =4 + Fey
Bz, Ty

The 12 x 12 matrices B and A and the 12 x 2 matrix F are defined as

[ 1 0000000 0 00 0
0 100 0000 0 0O0O
0 0100000 0 000
0 000 0O0O0O0 0 000
0 000 0O0O0O0 0 000
5o 20cn(l—n) 0 0 0 0 0 0 0 —3 0 0 0
0 000 0O0O0O0 0 000
(1-n)a 0 0 8 0 000 0 0 0 0
—nak 000 8000 0 000
0 000 0O0O0O0 0O 000
—Apn(l—=m) 0 0 0 0 0 0O O 0O 0 0 O
Apn(l=n) 0 0 0 0 0 0 0O 0 0 0 0
1 0 o -1 1 0 0 o 0 0 0 0 |
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 -1 0 2y 0 0 1 0 1 0 0 0
0 0 -1 0 2(1-7v) 0 0 1 -1 0 0 0
Ae 0o 0 O 0 0 0 a2(1—n) —afn -1 0 —Apn(l—n) Apn(l —n)
0 0 0 0 0 2A¢ —a$ —a% 0 0 0 0
0 0 0 1 0 —a§ 0 0 0 0 —al 0
0 0 0 0 1 —a$ 0 0 0 0 0 —ak
0 0 0 0 0 0 0 0 0 0 n (1—mn)
0 0 0 o0 0 0 —all O 0 = Ap(1+§)n 0
0o 0 o0 o 0 0 0 a0 1-n 0 Ap(1+g)(1—n)_

00 0 0 0 2Acn(l—n) 0 (1-n)a¥ —-nak 0 —Apn(l-n)§ Apn(l—n)d
000 00 0 —2A¢ al al 0 0 0



This is a system of expectational difference equations which can be solved using the method
outlined by Klein (2000). To do so, the matrix pair B, A has to be decomposed such that
B =QTZ and A = QSZ' with QQ' = Q'Q = ZZ' = Z'Z = I;5. After appropriate matrix
partitioning and reordering such that the eigenvalues associated with the system, given by the
ratio of the diagonal elements of S and T, increase in absolute value, the solution can be written

as

_ -1 _
l‘f+1 = [Bn — Blg (252) ! Zéli| |:A11 — A12 (ZQQ) ! Zéli| ZL‘?
_ -1 _
+ [BH — B12 (252) ! Zéli| |:F1 — A12 (Zéz) ! 52_21 (Q/21F1 + Q§2F2):| Et (2142)

v == (Z) ! 2t = (23) ' S35 (QuuFi + Q) (2:143)

2.7.6 Proposition 1
For apr = afp together with p = 1, one can define a = ag = ag = a? = a? and ap = ag = ag.

It is argued in the text that Cy is independent of {Tt} Deviations of C; from C; are costly,

which implies that C; — C; = 0.28 In this case, (2.139) implies
P16+ P2 =0 (2.144)
Since v = n for ag = ap, (2.136) and (2.137) then immediately give
nllf + (1 —n)IF =0 (2.145)

verifying part a) of the proposition.
Given that average inflation is zero and that Cy = C, for all t, the Euler equation immediately
implies

it = —pCy (2.146)

which is part b).

281t is straightforward to show this more formally using a proof by contradiction.
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Using (2.136) to eliminate ¢3; from (2.138) gives

_Acn(i —n) (T, —T) + Apn(l —n)

+21’Y [a(1 = n)p1s — anda s + d1,0 — d14-1 — BE(d1,041 — d1,1)]

BEIS, = PR 411

By solving the Phillips curve for H for BEtHﬁl and substituting, one obtains

Aen(l—n . - Apn(l—n
apPl = | —ma - A gy gy AU )
¥ 2y
1
2 [a(1 = n)p1s — andas + d1,0 — d14—1 — BE(d1,041 — d1,1)]
Analogous steps for F yield
Acn(l —n) P Apn(l —n)
F _ C . . P R
1
—m [—a(l —n)1t + angat + ¢o.t — d2.t-1 — BE(Po,t41 — P2,t)]

Taking the difference of these two equations and simplifying gives

PR = —(hc—a) (T~ ) + 22
_2(11—7) [—a(l —n)d11 + andar + P2t — d21-1 — BEL(P2,641 — d2.t)]
+21’y [a(1 —n)¢1e —angar + b1t — P11 — BE(P1,41 — P1,4)] (2.147)

Equations (2.76) and (2.77) can be combined to
Ty — Ty-1 = BE(Tps1 — Ty) — (T} — T;) + apPft
Together with (2.147) this equation can be written as

& A A PO P A
Ti=Tra = FE(Ti = T) —a(fy = T) — (Ac = a) (T, = T) + P!

a4 148 (d1r ooy
+m (1 —n)p1r — noay] + 5 <n — 1n>
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1/ d1i—1 P21 B D141 D241
_- J _ % = ’ S ) .14
2( n 1—n) 2Et< n 1—n (2.148)

To substitute out the multipliers, turn to (2.140) and (2.141). Adding both equations yields
K
Ap (1 + n) (2P + (1= n)P{] — a(drs + d2.) + a0 =0

The first two components of the sum are zero due to (2.144) and (2.70). This implies that

¢4+ = 0. Using this fact, one can combine (2.140) and (2.141) to obtain
1 . -
(I—=n)p1s —ngoy = — [—Apn(l —n) <1 + ,:]> PE 4+ Apn(1l —n) (T} — 51})}
P

and

1 . -
T, W L

n 1—-n ap

Inserting these two expressions into (2.148) and simplifying yields

P :\P{[1+6+AC—W+")A7’} T, - (1—AP>TH— (1—2A;> BET 41—

2ap 2ap
Ao — T ——T 1 ——[1+— —— |14+ — | BE
[ ¢ 2ap ! 2ap 1 2ap * n Pima 2ap - n BB
with
v = 2ap

Apap — Ap (1+g) 1+ 5 +a)

which can be written as in part ¢) of Proposition 1.

2.7.7 Welfare
Unconditional Expectation of Welfare

To evaluate welfare, the strategy adopted here is to follow a number of recent contributions

in considering the unconditional expectation of the welfare criterion in period ¢t = 0.2 The

29The derivations in this section are based on analogous calculations in the appendix to Ferrero (2009).
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second-order approximation to welfare derived above can be written as

W= pm Y s
t=0

Taking the unconditional expectation based on the probability distribution of the exogenous

variables in t = 0 on both sides and using the law of iterated expectations yields

_1;251/{/:(1_5)1325'5]# (2.149)
t=0

where W = E(W)).

In order to find a simple expression for per period loss Ly, let the vector of all endogenous
variables z; be defined as x; = (ﬂ{{,ﬂf,(jt,¢3,t,¢4,t,¢57t,¢67t,77{{,7?f,ﬂ,¢17t,¢27t,Tta,C~‘t>/.
The equilibrium laws of motion derived using Klein’s method, the analogues of (2.142) and

(2.143) for the case of AR(1)-shocks, can then be re-written as
= Kxy_ 1+ Nuy

with u; = (UTﬂg,UC’t)/. K is a 14 x 14 matrix whose first nine elements of each row are zeroes
~ ~ ~ ~ ~ ~ ~ ~ /
and NV is 14 x 2. Now define y; = (HtH,Hf,Ct — C, Ty — T, T, — 0T, PH, PE, PF — 'PtH) and

note that one can find a matrix M such that
Yy = Mz,

M is a simple 8 x 14 matrix that is not shown here for conciseness. 1 is constructed so that
it contains the elements of the per period loss function. L; is therefore given by the quadratic
expression

Ly =y Ty
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where

0 0 0 0 0 0 o |

0 1-7 0 0 0 0 0 0

0 0 Ac 0 0 0 0 0
L0 0 0 ma-mac 0 0 0 0

0 0 o0 0 0 0 0 —Apn(l—n)

0 0 0 0 0 Apdn(1+5) 0 0

0 0 0 0 0 0 Apl(1—n) <1+g) 0

0 0 0 0 0 0 0 0

Using the definitions above, L; becomes

Ly = :céMTM:ct
= (Kxy 1+ Nu)M'TM(Kxzy_1 + Nuy)
= 2, [ K'M'TMKuz;_y +x; {K'M'TMNu; +uyN'M'TMKx;_1 +uyN'M'TMNuy

= 2, [K'M'TMKz; 1+ 2u;N'M'TMKz;_1 +u,N M'TMNu,

Substituting back into (2.149) yields

1 _ o0
—TBW =(1-B)EY B (¢} | K'MTMKx, 1 + 20;N'M'TMKz; 1 + ufN'M'TMNu,)
t=0

(2.150)

The individual components of the right-hand-side of this equation are now considered in turn

starting with the last one.

(1-B)EY BuNMTMNu, = (1-8)) BB [tr(ujN'M'TMNu,)]
t=0 t=0

= (1-8))_ B'r [E(wu) N'M'TMN]
t=0

= tr (SN'M'TMN) (2.151)

where ¥ = E(uu}) is the covariance matrix associated with the white noise components of the
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disturbances.

(1-B)E> B2uiNMTMEz, 1 = (1-8)) B9E [tr(ufN'MTMKz; )]
t=0 t=0

= (1-8))_ B2 [E(xi1u) N'MTMK]
t=0

— 0 (2.152)
since E(zi_quy) = 0.

o0 o0
1-BE> pla \[K'MTMKz,y = (1-8)Y B'E[tr(z} K'M'TMKz, ;)]
t=0 t=0
o0

= tr|(1-p)Y B'K'MTMKE (v 17} ;)
t=0
= tr (K'M'TMKJ) (2.153)

where J is defined as J = (1 — 3) Y72 B'E (z¢—12}_, ). By making use of the starting conditions

x_1 =0, J can be re-arranged as follows.

J = (1-75) ZBtE (ﬂit—lﬂféq)
t=0

= B(1—=P)Y B'E (z})
t=0

= B(1-8)) BE[(Kri1+ Nup)(Kzi_1 + Nuy)'|
t=0

= B(1-8)) BE[(Kri1zj K + Ky quiN' + Nugap K+ NuguyN')]
t=0

= B(KJK' 4+ NXN')

This expression can be solved for J using the fact that for any matrices A, B,C, vec(ABC) =
(C' ® A)vec(B). Hence,

vec(J) = pvec(KJK')+ Bvec(NEN')

= B(K @ K)vec(J) + Bvec(NLN')
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= vec(J)[I-B(K® K)] = Bvec(NLN')

= vece(J) = B[I-B(K®K)] ' vec(NLN) (2.154)
By combining the equations (2.150) through (2.153), one obtains

Q0
W = 13 [tr (SN'M'TMN) + tr (K'M'TMKJ)] (2.155)
where J is implicitly given by (2.154).

Consumption equivalent of welfare differentials

Based on the unconditional welfare measure derived in the previous section, one can compare
suboptimal policies with the Ramsey policy by converting welfare differentials into consumption

equivalents. The value associated with the Ramsey policy is given by

e’ n 1
vi=py s {U<cz"> - [ Ve = [V e a

W (PtH) S (l—a)W (Pf”)}

Similarly, the value associated with an alternative policy is

00 n 1
vi=BY {U(Of) - [ Vi an= [V . a

W (Pf) S (1—n)W (Pf’“)}

A is then defined as the fraction of consumption under the Ramsey policy that a household

would have to give up to be as well off under the Ramsey policy as under the alternative policy.

0o . 1
t ¢(1- - " e — T oF

—nW (PI7) = (L =mw (PI7)} = Ve

To be able to solve this condition for A, consistent with the previous assumption p =1 it is
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assumed that U(-) = log(-). Therefore,

1
Ve = EZﬂf{log(C’”)+1og1— /OV yi (h),z{'] dh — /V[y;;(f),zf]df

t=0
—nW <73tH’T) —(1-=n) (PtFT)}
]' T
= 1= 6log(1—/\)+V
log(l—=2) = (1=-p8)(V*=V")
A = 1 (I=B(ve-vn)

In this equation, V" is approximated to the second order by W given in (2.155). V* is approx-
imated by W® which can be derived in an analogous way. The consumption equivalent is then
given by

A=1—=AWVe=W) (2.156)

which is the measure used in the text.
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Chapter 3

Long-Term Government Debt and
Household Portfolio Composition

over the Life Cycle

Chapter Summary

This chapter studies the participation decision in the markets for equity and long-term govern-
ment debt and portfolio shares conditional on participation over the course of the life cycle.
Empirical evidence is obtained using a quasi-panel constructed from seven consecutive waves
of the Survey of Consumer Finances. Three different strategies are employed to identify the
effects of observation time, respondent age and cohort. I find that participation in the long-
term government debt market, similar to that in the equity market, takes an inverse U-shape.
The conditional long-term government debt share is weakly increasing and the conditional equity
share weakly decreasing over the working life. The main features of the data can be explained
using a portfolio choice model in which investors face idiosyncratic risk through non-financial
income and fixed probabilities of retirement and death, as well as aggregate risk through asset

returns.
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3.1 Introduction

Analyses of portfolio choice over the life cycle generally focus on holdings of stock and a risk-free
asset, neglecting holdings of long-term bonds. With short-term interest rates close to the zero
lower bound in Europe and the US more or less since the outbreak of a the Financial Crisis,
central banks like the Federal Reserve and the Bank of England have purchased large amounts
of long-term government debt as a part of their respective unconventional monetary policy
programmes. As a result, a considerable interest has arisen in the role of long-term government
debt in household portfolios and the motives for portfolio rebalancing. Using data from the
Survey of Consumer Finances (SCF) and a portfolio-choice model in which agents can invest in
three assets—stock, long-term government debt and a riskless asset—this chapter studies the
asset-market participation decision and the composition of household portfolios over the course
of the life cycle.

Empirical results are based on a data set constructed from seven consecutive waves of the
SCF. The joint existence of birth cohort, time and age influences on the objects of interest, par-
ticipation in the markets for equity and long-term government debt and the respective portfolio
shares conditional on participation, result in a well-known identification problem.! Using three
different identification strategies, a latent variable model with a participation equation is esti-
mated. Similar to participation in the stock market, participation in the market for long-term
government debt takes an inverse U-shape. While the conditional portfolio share of stock is
declining with age, the conditional share of long-term government debt is mildly increasing until
the age of around sixty and declining somewhat thereafter.?

A portfolio choice model with uninsurable labour income risk, stochastic stock and long-
term government debt returns as well as random retirement and death ages is used to gain
intuition for these results. Following Viceira (2001), retirement in the employment stage and
death in the retirement stage occur with constant probabilities, permitting life-cycle effects to

be incorporated into a tractable environment with an ex ante infinite planning horizon. Fixed

!Browning et al. (2012) give a detailed description of the “age-period-cohort” problem. According to them,
the problem can be traced back at least to Ryder (1965).

2The results regarding equity holdings are in line with findings by Fagereng et al. (2013) and Gomes and
Michaelides (2005).
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costs of asset market participation prevent agents from investing in stock and government debt
at young age. The participation rate increases as they accumulate wealth and later decreases
again due to agents retiring and running down their savings. The average long-term debt and
stock share conditional on participation respectively increases and decreases with age. This is
the case, since the portfolio income of market participants increases on average, implying that
the ratio of portfolio income to labour income increases. As a result, agents with CRRA utility
rebalance their portfolios to reduce their risk exposure. Government debt is suitable for this
purpose, as its return is less volatile than that of stock but higher in expectation than that of
the risk-free asset.

A large literature is concerned with portfolio choice over the course of the life cycle. Early
contributions by Merton (1969, 1971) and Samuelson (1969) analyse optimal portfolio choice
abstracting from the asset market participation decision. More recent examples include, but are
not limited to, Alan (2006), Cocco et al. (2005), Fagereng et al. (2013), Gomes and Michaelides
(2005) and Haliassos and Michaelides (2003). In these papers, households are restricted to
holdings of stock and a riskless asset. I relax this constraint by adding a long-term government
bond to the portfolio choice problem. Campbell and Viceira (2001) and Wachter (2003) also
consider asset allocation problems with long-term bonds but do not study life-cycle effects.

The chapter is organised as follows. Section 3.2 presents the empirical results. It starts
by describing the data set, then discusses parameter identification and finally shows estimation
results. Section 3.3 contains a description of the model, its calibration and the resulting policy
functions. Section 3.4 presents simulations and a comparison of the model predictions with the

empirical findings. Section 3.5 concludes.

3.2 Empirical Results

This section presents empirical findings on long-term government bond holdings of US house-
holds. In addition, results for equity holdings are shown that confirm stylised facts previously

described in the literature.
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3.2.1 Data

The data is taken from the Survey of Consumer Finances (SCF), which is administered by
the Federal Reserve Board. The SCF is a cross-sectional survey that is repeated in three-year
intervals. It contains detailed information on assets, liabilities and socio-economic characteristics
of a large number of US families. The data set employed here is constructed from the seven
survey waves collected between 1989 and 2007.3 Since the data consists of repeated cross-sections
rather than a panel, I am not able to track individuals over time. However, due to the large
amount of households included in each survey wave, one can track cohorts of individuals defined
by their birth year over the sample period.* I revisit this point below in more detail.

It should be noted that there is an intentional over-sampling of wealthy households in the
SCF relative to the entire US population. This is done to allow for more precise estimates of
financial asset holdings, which are highly concentrated among households in the upper tail of the
wealth distribution, and to correct for the fact that the non-response rate is positively correlated
with wealth.® The benefit of a much improved estimation precision comes at the cost of being
able to make inferences for wealthier households only. Descriptive statistics of the sample are
shown in Table 3.5 in the appendix.

The SCF contains information on a large variety of assets held by households, which I divide
into three categories. These categories are long-term government debt, stocks and a residual
category that mainly includes cash/liquidity, short-term sovereign debt and corporate bonds.
Most assets that appear in household balance sheets can be fully attributed to one of these three
categories. When this is not the case, a careful partial assignment is done based on additional
information about the institutions that issue the asset in question.

According to the “Monthly Statement of the Public Debt of the United States” from De-
cember 2007, 22.1% of total marketable debt held by the public took the form of Bills (maturity
of one year or less), while the remaining 77.9% were issued in the form of Notes, Bonds and

TIPS (maturity of two years or more). Assuming that agents are homogeneous in regards to

3Data from 2010 is also available; it is not used here to avoid bias introduced by crisis-specific effects. Data
from before 1989 is not used due to changes in the availability of a subset of variables.

“This fact is emphasised also in Deaton and Paxson (1994).

5See Kennickell (2008).
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the maturity composition of government debt in their portfolios, 77.9% of the marketable US
government debt held by a household is assigned to long-term government debt and the rest to
the residual category.

Funds held in individual retirement accounts (IRAs) are also divided into more than one
category. An IRA is a tax-advantaged retirement savings plan. Funds transferred into an IRA
can be requested to be allocated to a large variety of financial assets. The Employee Benefit
Research Institute (EBRI) collects data on the allocation of assets in IRAs.® Based on this
data, T attribute 45.8% of the funds held in an TRA to stocks, 18.4% to long-term government
debt and the remainder to the last category. The assignment of all assets into the three broad
categories is described in detail in Section 3.6.1 in the appendix and summarised in Table 3.3.

Figures 3.1-3.3 illustrate the average shares of the portfolio categories constructed in this
way. Each line represents the average portfolio share of a given birth-year cohort at a particular
age. Since data points are available only every three years, both respondent age and cohort
(i.e. birth year) are divided into three-year intervals. For example, the earliest data available is
from 1989. The youngest age group considered includes households with a household head aged
26-28.7 Individuals that are 26-28 of age in 1989 belong to the birth-year cohort 1961-63. The
1961-63 cohort is sampled seven times between 1989 and 2007. Its members are aged 29-31 in
1992, 32-34 in 1995 and so on; they are last sampled at the age of 44-46 in 2007. In Figures
3.1-3.3, the blue line at the very left represents the average portfolio shares held by the 1961-63
cohort. Similarly, the green line starting with age group 29-31 represents the average portfolio
shares of the 1958-60 cohort. Altogether, the sample contains the eleven cohorts born between
1931-33 and 1961-63, each observed at seven consecutive age groups between the ages of 26-28

and 74-76.8

5See EBRI Note “IRA Asset Allocation and Characteristics of the CDHP Population, 2005-2010” from May
2011, available at www.ebri.org/publications/notes.

"In the SCF, the terms “household” or “family” refer to a “primary economic unit”, which consists of a core
couple or economically dominant single individual and all other individuals in the household that are financially
interdependent with that couple or individual. The “head” is defined as the single economically-dominant indi-
vidual in a household without a core couple, the male in a household with a mixed-sex core couple and the older
individual in the case of a same-sex core couple.

80nly cohorts that fall inside this age interval at all seven survey waves are considered. Younger and older
age groups are not examined due to a lack of sufficient data. Table 3.4 in Section 3.6.2 of the appendix shows the
number of observations for each cohort-age pair. Note that the data contains multiple imputations as is explained
in more detail in the table notes.
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Figure 3.1: Average portfolio share of long-term government debt
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The average portfolio share of stocks is increasing in household portfolios with a peak in
the late fifties or early sixties of the household head. Average long-term government debt
holdings behave in a somewhat similar way, although the pattern is less well pronounced. The
average share of assets in the residual category resembles the mirror image of the share of equity
holdings. However, the unconditional averages computed in the figures 3.1-3.3 do not provide
a clear picture of life-cycle effects on the portfolio composition of households. The reasons are
twofold.

First, the adjustments visible in the figures can be due to changes at the internal or external
margin. A number of papers report that the rate of participation in stock markets first increases
and later decreases significantly over the life cycle.” This suggests that the inverse U-shape in
Figure 3.2 largely results from households entering and exiting the stock market rather than
adjustments at the internal margin. An important question explored below is whether or not
the same is true for holdings of long-term government debt.

Second, it is not possible from the figures to disentangle the effects of age, observation period
and cohort. The objects of interest here are age effects, that is, life-cycle related effects like those
from education, family formation and retirement. Period effects result from events that occur at
the time of data collection. An example for a period effect is the dot-com-bubble and its bursting,
which is reflected in the survey waves from 2001 and 2004. Cohort effects include cohort-specific
experiences like growing up during war time as was the case for the oldest cohorts in the sample.

Even if, for example, we were to observe a figure of the same kind as Figures 3.1-3.3 in which
all lines were perfectly aligned such that they formed one single upward-sloping line, we could
not say whether this was due to pure age effects or a combination of time and cohort effects.
A pure age effect that led older households to invest a higher share of their portfolio in a given
asset would generate such a result. However, even if the age effect were zero, time effects could
cause each individual line to be sloped upwards and cohort effects of increasing size could also
result in all lines aligning precisely in the way previously mentioned. The econometric concept
underlying this problem is perfect multicollinearity (birth year + age = observation period). I

lay out the strategy pursued to identify age effects despite of this relationship in the next section.

9See Ameriks and Zeldes (2001), Fagereng et al. (2013) and Guiso et al. (2003). Haliassos (2008) contains a
more general summary of the literature on limited participation in asset markets.
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3.2.2 Identification

Parameter identification is endangered as a result of two features of the data, sample selection
and perfect multicollinearity of age, time of observation and birth year. I describe how both of

these problems are addressed in turn.

Sample Selection

The self-selection of agents into participants and non-participants in the market for a given
financial asset results in a standard sample selection problem. To address this issue, I employ a
latent variable model with a Probit selection equation as suggested, for example, by Heckman

(1979).1° Formally, the model is given by
s; = 'y ;o + 012\ <33/1z51> + €2, (3.1)

Vi with s; > 0, where s; is the portfolio share of the asset in question, A = ¢ (x’llﬁl) /P (90,1231)

is the Inverse Mills Ratio and Bl is obtained from estimating the first-stage Probit model

Pr(P; = 1|z1;) = Pr (2} ;1 + €1, > 0)

= (s,61) (32)

P, = 1if i is a participant in the market for the asset under consideration and P; = 0 otherwise.
The error terms are normal, e;; ~ N(0,1) and ey; ~ N(0,0?), with Cov(eri,e2i) = o12. A
naive estimation of (3.1), that is without the inverse Mills ratio as a regressor, may lead to
omitted variable bias unless o195 = 0. Since A (+) is approximately linear over a large part of its
domain, the model is only well-identified for x;; # z2;. I discuss in the section on estimation

which of the variables in x1 ; are excluded in the second stage to ensure that this condition holds.

19The model is sometimes referred to as a “type 2 Tobit model” and the corresponding two-step estimation
procedure as the “Heckit” estimator.
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The ”age-period-cohort problem”

Due to perfect multicollinearity of age, sampling period and year of birth, a simple linear model
that aims to separate age, period and cohort effects is under-identified. To see this, consider

' TLet a; denote the age of respondents, t; the time period in which

the following example.
they are sampled and ¢; their year of birth. Suppose that data is available for two consecutive
time periods, t; € {tl,tQ}, and that three consecutive cohorts are sampled in both periods,
¢ € {cl, 2, 03}. Age can then take on four distinct values, a; € {al, a’,a?, a4}.12

A linear regression of some variable of interest y; on a constant and complete sets of age,

period and cohort dummies is given by

Y; = 50 + ozlall + aga? + 0430,? + 044a;1

+ 91t} + 027512

+ e + 026 + 36 + e (3.3)

where ' = 1 if x; = 2™ and z]' = 0 otherwise for « € {a,t,¢} and n € {1,2,3,4}. Of course,
the sum of each set of binary variables is equal to the constant. This can be easily avoided by
making use of the normalisation Sy = 61 = v; = 0 and re-interpreting the remaining parameters

accordingly. The equation above becomes

Yi = ala} + aga? + agaf’ + a4a§1
2

+72ct + 1368 + € (3.4)

However, the fact that there exists a linear relationship between the age, observation period and
cohort of each respondent implies that the data matrix corresponding to regression equation

(3.4) is not invertible and parameter estimates cannot be computed. More precisely, the linear

" The example used here builds on the exposition in Browning et al. (2012).
2For example, if t; € {2000,2001} and ¢; € {1950, 1951,1952} then a; € {48,49,50,51}.
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relationship between age, period and cohort implies'3

2a} +a; —a} +] =] +2¢} (3.5)

Inserting (3.5) into (3.4) yields

~ 1, o~ 2 o~ ~ 4
yi:alai+a2ai+a3a?+a4ai

+ Foc} + A3c; + e (3.6)
where
_ 1 [
o 1 000 -2 00
a
Qo 0 1 0 -1 0 0
Qg
a3 0010 0 00O
_ o (3.7)
Q4 0001 1 00O
02
A9 0 0O 1 10
72
A3 0000 2 01
B T3

Using equation (3.6), the six reduced form parameters aq,qe, &3, ay, 2,73 can be estimated.
From (3.7) it is clear though that it is not possible to back out the seven structural parameters
a1, e, a3, a4, 02, v2,v3 from knowledge of the reduced form parameters. The structural param-
eters are under-identified, unless at least one parameter restriction is imposed. It can be easily
shown that this result generalises to scenarios with more observation periods and cohorts.

To be able to judge the robustness of estimation results, I pursue three distinct strategies of
achieving parameter identification. The first is to impose an equality restriction on neighbouring

cohort effects, i.e. I impose

Tn = Tn+1 (3-8)

for some n. Although this restriction formally reduces the generality of the model, the bias it

13Continuing the previous example, a person that is born say in 1952 and surveyed in 2001 is aged 49 when
surveyed; thus t? = ¢} = a? = 1 and a; = a} = ¢ = 0. It is straight forward to verify that (3.5) holds for all six
such combinations of binary-variable values for which birth year and age sum to observation period.
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introduces is only minimal if two neighbouring cohorts can be identified that have a sufficiently
similar history. For a number of cohorts in the sample, this seems to be a plausible assumption.

The second strategy was suggested by Deaton and Paxson (1994).'* The idea is to attribute
cyclical fluctuations to time effects and trends to age and cohort effects. This is achieved by

requiring time effects to sum to zero and to be orthogonal to a linear trend, that is

qd0=0 (3.9)

where g = (0,1,2,...,7—1)" is the trend, 6 is the vector of coefficients on the time dummies and
T is the number of observation periods. This set of assumptions correctly identifies all effects if
indeed only age and cohort effects are trending. In the context here, one cannot be sure however
that there is no trend in time effects. In particular, in the time period examined (1989-2007),
stocks became a more widely-used mode of saving. Imposing (3.9) when a trend in time effects
is present in the data could cause the coefficients on the age and cohort variables to pick up
this trend and therefore to be biased. In the second-stage regression, I therefore de-trend the
dependent variable, the portfolio share of a given asset, by subtracting its cross-sectional average
at each time period. Since this is not feasible in a binary dependent variable model, I add a
linear time trend as an explanatory variable at the first stage. Note that this implies that one
of the age dummies has to be excluded from the Probit model.

The final identification strategy is to replace all time dummies in (3.4) with the first p
principal components of a large set of stationary macroeconomic time series ranging from the
first until the last sampling period. This resolves the linear dependence of the independent
variables. As before, the asset share is de-trended and a trend is added to the selection equation
to control for time trends. To the extent to which the principal components contain the effects
otherwise picked up by the time dummies, this modification allows to estimate age, period and
cohort effects without parameter restrictions. When the variable to be explained is the portfolio
share of a particular asset, it is difficult to find examples of important time effects that are not

reflected in macro variables.

'4See also Deaton (1997).
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3.2.3 Estimation and Results

For long-term government debt and stocks, this section shows estimation results from the decom-
position of the participation decision and the portfolio choice conditional on participation into
age, period and cohort effects, controlling for a number of socio-economic characteristics. Begin-
ning with the second-stage regression, the equations estimated in case of the first identification

strategy (parameter restriction on cohort effects) are

si = ajag + 0y + vz + chi + 25,00 + eag (3.10)
Pr(P; = 1|z1,) = ® (ajar + ti01 + iy + 27,;01) (3.11)
a; is a complete set of age dummies for seventeen age groups, a; = (a?G_QS, a?9_317 . ,a2-74_76),; t;

. . . / . .
is a vector of six year dummies, t; = (tll992, t}995 ,t?om) ; and ¢; contains ten cohort dummies,

PRI

¢ = (61934—36 61937—39 C1961—63

/ o . :
. ,C; s G ) . 22, and z1; are additional family-specific controls and

x1; = (a4, ti, ¢, zl,i)/. In case of the other two strategies, the equations are modified as explained
in the previous section.

An exclusion restriction is required to avoid weak parameter identification. The variable
excluded from the second stage of the model for long-term government debt is a binary variable
indicating whether the household head is “not doing any work for pay at the present time”.
As we would expect, it has a highly significant negative effect on the participation decision.
The hypothesis is that it does not directly affect the portfolio share of long-term government
debt for those who hold the asset. Why should this be the case? The average age of those
responding positively is significantly larger than that of individuals responding negatively (57.9
compared to 48.9) suggesting that positive responses come, at a disproportionate amount, from
retired individuals. Of course, retired individuals differ systematically from not retired ones;
they are older on average. But age effects are controlled for in the second stage regression so
that the hypothesis holds true for this group unless there are effects from being retired that the
age dummies do not pick up. Positive responses also come from individuals that have not yet
reached retirement age. These cases are unproblematic if there are other household members

that provide the family with labour income, since the source of family income should not affect
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portfolio shares. To address cases where labour income is diminished as a result of one or more
household members being involuntarily unemployed and the family participates in the market
for long-term debt nevertheless, a set of educational variables is used to control for potential
common drivers of unemployment and the long-term government debt share. In a regression
of the residuals from the second stage on all explanatory variables including the employment
indicator, the instrument is insignificant well beyond the 10% level.

The finance literature suggests that stock holdings are sensitive to changes in labour income.
In the case of the stock share, I therefore employ a different exclusion restriction. The assumption
maintained here is that, at low levels of education, a marginal amount of additional schooling
increases the likelihood of stock market participation but not the stock share conditional on
participation. Compared to some years of high-school attendance, a completed high-school
education may provide individuals with knowledge about investment opportunities and lower
the costs of access to the stock market, but should have no direct effect on the stock share
conditional on participation when other characteristics such as the occupation of the individual
are controlled for. In the data, having earned a high-school diploma and visited college for
some time without graduating has a strong positive effect on the participation probability. It is
insignificant though at the 5% level in a regression of the second-stage residuals on all explanatory
variables.

The estimation results are plotted in Figure 3.4 and summarised in Table 3.1. Panels a)
and c) show the marginal values, the average predicted probabilities, of being a stockholder
and a long-term government debt holder, respectively, for each age group. In panels b) and
d), estimates of the age effects from the corresponding second-stage regressions are plotted.!®
Results are shown for all three identification strategies outlined before, including separate sets
of results for two different cohort restrictions. The first cohort restriction equates the effects of
the first two cohorts in the sample, 1934-36 and 1937-39, the second one those from the first
two post-war cohorts, 1946-48 and 1949-51. The cohort effects of the oldest respondents are
restricted, since it seems likely for any differences between them to wash out over the years

until the sampling period. The second restriction appears to be reasonable from a historical

5 Estimation results are graphed only for age groups that are observed in at least two cohorts. That is,
coefficients on the first and last age group are not shown, since they are estimated with considerable error.
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perspective. The first three principal components of macro variables are used when the time

dummies are dropped from the model.
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Figure 3.4: Predicted participation probabilities and estimated age effects on conditional asset
shares

In all four cases, the profile of participation in the market for long-term government debt
shows a clear hump shape. Participation rates rise until the age of 59-61 and then begin to
decline. Until 62-64, the age effects on the conditional portfolio share of long-term government
debt are slightly increasing under the two cohort restrictions and more or less flat under the
Deaton-Paxson restrictions and when principal components are used to capture time effects.
Note that the size of the effects is necessarily different as the dependent variable is de-trended in
case of the latter two models and all models are estimated without a constant. A decline is visible
at age 62-64 coinciding with a strong increase in the number of retirements. Overall, the results
suggest that there is a clear inverse U-shape in participation rates and that the conditional

portfolio share is non-decreasing until retirement, but potentially declines thereafter.
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Stock market participation takes an almost identical shape to participation in the market for
long-term government debt when the Deaton-Paxson restrictions are used and when the time
dummies are replaced by principal components. Under the cohort restrictions, the participation
profile also increases for younger age groups, although at a faster rate, but lacks the decline for
older age groups. An explanation for this result could be that there is a time trend in stock
market participation that the time dummies do not absorb completely, but that is eliminated
by de-trending. The conditional stock share is monotone declining from 39-41 onwards. An
exception is the case of the first cohort restriction, for which the stock share is flat.

Stock market participation and the portfolio share of stocks have been a topic of debate in the
literature. In summarising the existing empirical evidence, Gomes and Michaelides (2005) state
that 1) “participation rates increase during working life”, 2) “there is some evidence suggesting
that they might decrease during retirement” and 3) “there is no clear pattern of equity holdings
over the life cycle”. I interpret the results presented here as strong support for 1) and weaker
support for 2). In more recent work, Fagereng et al. (2013) find evidence for the conditional
stock share to decline over the life cycle using data from Norway. Regarding 3), my estimates

seem to be more in line with the findings of Fagereng et al. (2013).

Cohort Restr. 1 Cohort Restr. 2 Deaton-Paxson Principal Comp.

15t st. ond gt 15% st. ond g, 15t st. ond gt 15t st. ond gt
A 0.065" 0.065"" 0.065™ 0.066™

(0.021) (0.021) (0.021) (0.021)

p 0.445 0.445 0.445 0.449
min(Nimp) 17,202 12,673 17,202 12,673 17,202 12,673 17,202 12,673
Total N 86,030 63,437 86,030 63,437 86,030 63,437 86,030 63,437
Sign. tests
Age Eff’s 96.8"""  106.17"  99.2"  108.5""" 964" 276" 824" 259"
(d.o.f) (17) (17) (17) (17) (16) (17) (16) (17)
Time Eff’s 12.8™ 433" 128" 445" 1277 5.9
(d.o.f.) (6) (6)* (6) (6)* (5) (52** .
Cohort Eff’s 11.5 15.1 11.5 15.1 11.6 26.0 11.7 16.9
(d.o.f.) ) 9) 9) 9) (10) (10) (10) (10)
Pri. Comp’s 9.5 5.4
(d.o.f.) (3) (3)

Notes: Results of first and second stage estimation shown for four models—cohort effects equated for ’34-’36 and
’37-’39 (Cohort Restr. 1), cohort effects equated for '46-'48 and ’49-’51 (Cohort Restr. 2), Deaton-Paxson restrictions,
principal components of macro variables replacing time dummies. Models estimated using two-step estimator (Heckit).
Data is multiply imputed; for each respondent, there are five observations in the data. Point estimates are averages
over five separate estimations. Strd. errors (in parentheses) are adjusted in an appropriate way. Nimp is number of
obs. for imputation imp € {1,2,...,5}. For joint significant tests, avrg. Wald test stat. shown (each ~ Xz), degrees
of freedom in parentheses. *p<0.1, **p<0.05, ***p<0.01.

Table 3.1: Estimation results for long-term government debt
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The coefficient on the inverse Mills ratio A is significant and the correlation of first-stage and
second-stage residuals p is estimated to be positive in all four models, confirming the need to ad-
dress the selection problem. SCF data is multiply imputed. The size of the smallest imputation
group min(Njmp) therefore gives a more accurate picture of the number of respondents in the
sample than the total amount of observations N.'6 Age effects are generally highly significant.
Time effects play an important role in the selection equations and the conditional share regres-
sions under cohort restrictions but cease to do so in the conditional share equations when the
dependent variable is de-meaned. Conditional asset shares thus appear to be more influenced by
time trends than by high-frequency time effects. The participation decision however is strongly
influenced by time effects even in the two models that include a time trend as a regressor at the

first stage. Cohort effects are of lower importance and significant only at the second stage.

3.3 Model

There is a large number of investors that are faced with an asset market participation decision
and, conditional on participation, an asset allocation problem in each period of their lives.
Investors are born employed. They retire and subsequently die with fixed probabilities in every
period, providing them with a motive to save for retirement and to deplete their asset stock
once retired. Asset market participation is costly, but allows an investor to hold stocks and
long-term government debt, while a non-participant is able to save only through a riskless and
low-interest bearing asset that is comparable to short-term bonds or cash.!” Investors are subject
to idiosyncratic and aggregate risk. Idiosyncratic risk, which is assumed to be uninsurable, arises
from non-financial income as well as the stochastic nature of retirement and death; aggregate

risk results from the returns on stocks and long-term government debt.

6Point estimates and standard errors are corrected for data imputation. See also the notes to Tables 3.1 and
3.4.

17T do not distinguish between stock market participation and long-term government debt market participation
in the model to reduce the dimensionality of the portfolio choice problem. Participation in both markets is highly
correlated in the sample with a coefficient of 0.80.
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3.3.1 Life Cycle Stages

Fach investor ¢ € I is born in period ¢t = 0 and, over the course of their life, goes through
an employment stage and a retirement stage. Both of these stages are of stochastic length.
Note that the model describes the decisions of a large number of agents belonging to the same
generation and that, as a result, there is no interaction between different, potentially overlapping,
generations. Investors are born employed and supply labour inelastically as long as they remain

employed, which entitles them to an exogenous income stream given by'®

Y = P;4Uiy, InU;; ~ N(—0.502,02) (3.12)

Py =GP;;_1N;iy, InN;y~ N(-0.502,02) (3.13)

Labour income has a transitory component U; ; and a permanent component P; ;. The logarithm
of P;; follows a random walk with drift InG > 0. Note that the expectation of the shock to
permanent income N;; and the expectation of the transitory shock U;; equal one, so that, in
expectation, the income from labour of all working agents grows at the common rate G — 1.1
Retired investors receive a pension €2;; = wP;;, which is a fraction of the permanent income
that they would obtain if they remained employed. This specification captures the empirical
fact that differences in income that develop over the course of the working life persist among
retired investors.

As in Viceira (2001), an individual that is employed in the current period retires with proba-
bility 7" at the beginning of the next period and, once retired, dies in each period with probability
7¢. By assuming stochastic working and retirement spells, life-cycle effects are introduced to the
model without relinquishing the computational benefits of an infinite-horizon model (Viceira,

2001).20 For the numerical calculations below, 7" and 7 will be calibrated to obtain realistic

average lengths of the employment and retirement stages.

8This specification of the income process is due to Carroll (1992).

9Tn general, if Inz ~ N(u,0), then Ex = exp (u + 0.5(72)7 therefore here EU; + = EN; ¢+ = 1.

Gertler (1999) follows a comparable strategy in an OLG framework. Blanchard (1985) works with a constant
death hazard and labour income that is a decreasing function of age.
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3.3.2 Investment Opportunities

There are three types of assets available to the investors: a one-period bond, stocks and long-
term government debt. Long-term government debt has a maturity of ¢ periods. If long-term
government debt were modelled as fully liquid, that is, if securities bought in ¢ could be sold
freely in every period t+1,t+2,...,t+ 4, it would be indistinguishable from short-term debt and
differences in the expected yield of both assets could not be justified.?! A strategy frequently
adopted in the literature is to assume at the other extreme that long-term bonds are entirely
illiquid, or more precisely, that they have to be held until maturity. Aside from understating the
liquidity of long-term government debt, this assumption leads to a big inflation of the state space
as 0 becomes large, causing exact solutions to portfolio choice problems to be computationally
burdensome.

A specification is proposed here that allows investors to access some of the funds held in
the form of long-term debt in each period and that makes portfolio optimisation computation-
ally straightforward. An investor that has purchased long-term government bonds in ¢ — 1 at
the amount of Q);;—1 receives a Calvo-type signal for each infinitesimal unit of r4:Q;¢—1 in ¢
indicating whether it can be sold or not, where r,; is the annual gross return on the long-
term government bond. A positive signal is received with probability 6!, implying that each
infinitesimal unit has to be held on average for § periods. Thus, portfolios are chosen in all

periods subject to the constraint

Qi > (1 =07 )rgQip1 (3.14)

Since the probability of being able to sell a given unit of long-term debt is time-constant, all

long-term debt held by i can be summarised by a single state variable.??

2IThis were true unless, for example, there were limits to arbitrage between both bonds and investors had a
special preference for holding one over the other or there were maturity-specific costs attached to government
debt holdings. See, for example, Andrés et al. (2004) and Chen et al. (2012) for more details.

22Modelling long-term government bonds as a perpetuity as in Woodford (2001) would equally permit all long-
term debt to be represented by one state variable. The specification chosen here emphasises the imperfect liquidity
of long-term government debt, which is an important characteristic of assets such as US savings bonds and tax-
exempt bonds. The two specifications are similar though. In the case of a perpetuity, the payoff stream from a
one-dollar investment in long-term debt is p, p2, p3, . .. for some p € [O, ﬂfl). Here, if government debt is run down
at the fastest possible rate, this stream is (1 — 6 )rge41, (1 — 6712 rg 17,012, (1 — 6 )P g e417g 0427 043, - - -
with (1—-671) €10,1).
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The one-period bond yields a riskless gross return of r,. Following Bonaparte et al. (2012),
the gross stock return r,; evolves according to a two-state Markov process, 7, € {ré, T?}, with
mean r; and standard deviation o,s. Bonaparte et al. (2012) estimate the serial correlation
of annual stock returns to be not significantly different from zero using US stock data. rg; is
therefore assumed to be i.i.d. across periods. Long-term government debt also follows a two-state
Markov process. The mean, standard deviation and transition matrix are given by ry, 0., and
I';q, respectively. No restrictions on I';, are placed allowing for persistence in the government
bond return process.

Holdings of the one-period bond B;; are costless. Investments in stocks S; ; and long-term
government debt (); ; are associated with a cost ¥;; = 1) F; ; that has to be paid in each period
of active participation in the markets for stocks or long-term government debt. W;; can be
interpreted as opportunity costs associated with the acquisition of information about financial
markets. Following Alan (2006), this cost is made dependent on the permanent component of

labour income.?? In addition, equity holdings are subject to a variable cost 1)sS; 1, reflecting the

costs of maintaining a stock portfolio.

3.3.3 Optimisation Problem

Each investor ¢ € I solves the problem described in this section. The index ¢ is suppressed
below for expositional clarity. Employed investors take the retirement stage into account. The

problem is therefore solved backwards.

Retired Investors

The budget constraint of a retired investor that participates in financial markets is given by

C+S1+¢s)+B+Q+ VY =rS1+mnB_1+1r,Q_1+Q (3.15)

The sum of expenditures on consumption, stocks, short-term bonds, long-term government debt

and the costs of asset market participation and stock holdings have to equal income, which is

2In Alan (2006), however, the cost is incurred only the first time an agent enters the stock market and not,
for example, at a later re-entry.
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given by the gross return on last period’s investments and pension income. Not all funds that an
investor brings into the current period can be used for consumption or investments in short-term

bonds or stocks. Defining “cash on hand” as

XT,p =rS_1+ryB_1+ (5_17“qu1 +Q (3.16)

and letting illiquid assets be given by

Z=(1-6Yr,Q-1, (3.17)

one can express the budget constraint as

C+S1+9v)+B+Q+V=X,,+7Z (3.18)

In Equation (3.18), income is divided into liquid funds X, that can be freely allocated towards
all types of expenditures and illiquid funds Z which are tied to a re-investment in long-term
government debt. Using this notation, the liquidity constraint on long-term government debt

becomes

Q=>2Z (3.19)

requiring investors to carry an amount of long-term debt forward into the next period that is at
least as large as the amount of illiquid assets brought into the period.
A retired investor that does not participate in financial markets has the following budget

constraint

C+B+Q=rpB_1+71,Q-1+% (3.20)

which can be re-written as

C+B+Q=X,n+2 (3.21)

with cash on hand now defined as

Xon =rpB_1 + 5717},@_1 +Q (3.22)
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An agent that has accumulated long-term government debt but subsequently left financial mar-
kets is assumed to run down their holdings of long-term government debt at the fastest permis-

sible rate. The constraint on () for a non-participant therefore is binding, so
Q=7 (3.23)

If the agent wanted to increase their holdings of long-term debt beyond this level, they would
have to rejoin asset markets and pay the participation fee. A non-participant that has brought no
long-term debt into the period can therefore not invest in long-term debt without becoming an
asset market participant. Combining (3.21) and (3.23), the budget constraint can be expressed
more succinctly as

C+B=X,, (3.24)

The equation above is independent of @), reflecting the fact that existing holdings of long-term
government debt are run down at a rate that is fully determined by its return r4 and its maturity
0. All remaining savings are carried out by means of the riskless savings device.

The value of the problem of a retired investor is given by
vr (X, Z,7q, P) = max{v.p (Xpp, Z,7¢, P) , vr.n (Xpn, Z,7¢, P)} (3.25)

where v, and v, with v, : R2 x (R+)2 — R and k € {p,n} are the respective value
functions corresponding to an investor that participates and one that does not participate in
financial markets in the current period. For each point in the state space, the investor decides
to participate if the value from participating is higher than that from not participating. In the
event of participation in the current period, the value of the problem is

Onp (X Zo7q, P) = e u(C) + (1 - wd) Epr Pora0r (X0 7/, P') (3.26)

subject to (3.16)(3.19), (3.22) and borrowing constraints (S, B,Q) > (S,B,Q). u(:) is the

period utility function with u : Rt — R, 4/(C') > 0 and «”(C) < 0 for all C € R*. The value
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from non-participation is

%nuamzxmp):%%(um0+5(1—#QEP%WMw(X;ZJ@PQ (3.27)

)

subject to (3.16), (3.17), (3.22), (3.24) and B > B.

In each period, investors are faced with a participation problem, a consumption-savings
problem and, in case of participation, a portfolio choice problem. The probability of dying 7¢
increases the rate at which future consumption utility is discounted, effectively making retired

agents more impatient than employed agents.

Employed Investors

Employed investors differ from retired ones in two ways. They receive labour rather than pension
income and have to account for retirement and longevity risk rather than only then second.

The budget constraint of a financial market participant is
C+S1+9v)+B+Q+V =X, +72 (3.28)
where cash on hand is now given by
Xep=rsS_1+mB_1 + 5_11"qQ,1 +Y (3.29)

Since Q = Z and S = 0 if the participation fee ¥ is not paid, the budget constraint of a
non-participant is

C+ B = Xen (3.30)

with

Xen=mpB_1+0 Q1 +Y (3.31)

As above, an investor decides whether or not to participate in each period and for each com-

bination of states by comparing the value from participating with that from not participating.
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The value of the problem for an employed investor therefore is
Ve (Xe, Z,rq, P) = max{vep (Xep, Z,7q, P) ;Ven (Xepn, 2,74, P)} (3.32)

where v, : R? x (R+)2 — R for k € {p,n}. The optimisation problem of a financial market
participant is captured by
Ve,p (Xe,p7 Z, Tqs P) = CIglaBXQ U(C) + (1 - WT) EP’,rg,r{I|P,rqve (Xé, Z,, 7":17 P,)

+ B,]TTEP/,T‘Q,THP,TQ Ur (X7/"7 Z,7 T;a P/) (333)

together with the definition of X for j € {e,r} and k € {p,n} as well as the restriction on
long-term debt (3.19), the budget constraint (3.28) and borrowing constraints. Similarly, the

problem of an agent that stays out of financial markets is described by

Ve (Xen, Z,1q, P) = max u(C)+ (1 —7n") EP’J{Z\P,que (Xé> Z/ﬂ”(/p P/)

)

+/87TTEP’,TI’1\P,T¢1/UT (X;,,Z/,T‘(/I,P,) (334)

subject to the definition of X j, the budget constraint (3.30) and B > B. When forming their
expectation about the value of the problem in the next period, agents evaluate whether they

will participate in financial markets for both possible future employment states.

3.3.4 Normalisation

The model has to be solved numerically. One state variable can be eliminated from the problem
by dividing all endogenous variables by the permanent component of labour income P as in
Carroll (1992). Below, lower case letters denote normalised variables, e.g. z;, = X;,/P.
Period utility is assumed to be of CRRA form with coefficient of relative risk aversion . This
implies that all value functions introduced above are homogeneous of degree 1 —+ (Haliassos and
Michaelides, 2002) making the problem “scale-independent” (Gomes and Michaelides, 2005).24

For example, the Bellman equation of an employed investor that participates in financial markets

21Gee also Alan (2006).
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in the current period can be expressed as
1—
Vep (Tep,2,7q) = max u(c)+ B (1—n") EU',N’,T{,,rgqu (GN")" T we (2L, 2',7)

)
¢,8,b,q 1

(GN')! T, (a2, (3.35)

r
+ /Bﬂ— EN,,T‘{],T’ ' q

AL

Note that the stochastic growth rate of the permanent component of income P’'/P = GN’ raised
to 1 —~ now pre-multiplies v, and v, in the expected values, accounting for uncertainty resulting
from permanent income shocks. All normalised model equations together with more details on

their derivation are listed in Section 3.6.3 of the appendix.

3.3.5 Calibration

A period in the model corresponds to a year. Since the age group 26-28 is the youngest contained
in the sample used to obtain the empirical results discussed in Section 3.2, it is assumed that
agents are born at the age of 27. The retirement and death probabilities are calibrated to yield
an average retirement age of 62 and a life expectancy of of 82 years, respectively. ¢ is chosen
such that the partially liquid bond approximates 5-year government debt, which is in line with
the average maturity of all outstanding US debt of about 60 months.

A number of papers that examine stock holdings over the life cycle contain estimates of the
discount factor and the coefficient of relative risk aversion. Although results vary considerably,
the picture that emerges is that a relatively high degree of discounting and risk aversion is
required to be able to match the data. The estimates reported in Bonaparte et al. (2012) are
B =0.69 and v = 7.24. Alan (2006) estimates § = 0.92 and v = 1.6. Cagetti (2003) shows that
both variables strongly depend on education with estimates for groups of different education
levels ranging between 0.781 and 1.14 for 5 and between 2.40 and 8.13 for . I set 5 = 0.85 and
~ = 5, which is in the interior of the set of estimates.

Following Haliassos and Michaelides (2003) and Viceira (2001), permanent income growth is
set to 3%. The standard deviations of the shocks to the transitory and permanent components
of income are chosen based on estimations by Carroll (1992). A relatively low value of 0.3 for

the replacement ratio captures the fact that only about half of the US population are covered
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by pension plans. As in Bonaparte et al. (2012), the risk-free rate is set to 1.02. Bonaparte
et al. further estimate the average net return of stock in the US to be 6.33% with a a standard
deviation of 0.155 and no serial correlation, which I also adopt here. The mean excess return of
5-year government debt over the risk-free rate is set to 0.5%, the standard deviation of 5-year US
debt over the sampling period was about 0.01. The 5-year government debt return is modelled
using a two-state Markov process, whose transition matrix is found by first fitting and AR(1)
process to the data and then finding the transition probabilities that best describe the estimated
AR(1) process.?> r, remains in state k € {l,h} with probability 0.663 and switches with the
converse probability.?6 The cost parameters are set to 2% and 1% of initial wealth, respectively.
The role of these parameters will be discussed below in more detail. Following Bonaparte et al.

(2012) among others, the possibility of borrowing is excluded in the model.

Parameter Value Description

T 1/35  Retirement probability for employed investors

T4 1/20  Death probability for retired investors

) 5 Maturity of government debt

0.85  Discount factor

¥ 5 Coeflicient of relative risk aversion

G 1.03  Drift in permanent component of income

Oy 0.16  Standard deviation of log of transitory income shock
On 0.12  Standard deviation of log of permanent income shock
w 0.3 Pension income parameter

T 1.02 Gross return on riskless bond

Tq 1.025 Mean gross return of §-year government bond

Ts 1.0633 Mean gross stock return
Orq 0.01 Standard deviation of §-year government bond return
Ors 0.155  Standard deviation of stock return

| R 0.663  Probability for long-term bond return to remain in state k € {I, h}

P 0.02 Cost of participating in financial markets

Vs 0.01 Proportional cost parameter of stock holdings

B, Q,S 0 Borrowing limits

Table 3.2: Calibration

25See Adda and Cooper (2003).

26Modelling the long-term bond return as i.i.d. while maintaining the same values for its mean and variance
raises the long-term debt share and lowers the stock share of asset market participants but yields qualitatively
the same results as those shown below.
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3.3.6 Policy Functions

The policy functions show how investors rebalance their portfolios as financial wealth increases.
In the figures 3.5 and 3.6, the optimal choice of financial assets is plotted against cash on hand
for the case of an employed and a retired investor, respectively. All variables are normalised by

the trending permanent component of income as described above.
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Figure 3.5: Policy functions of employed investors (for z =0, r, = rfl)
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Figure 3.6: Policy functions of retired investors (for z =0, r, = sz)

The solution is highly non-linear. At very low levels of cash on hand, investors in both

employment states do not participate in financial markets. All savings are done using the risk-
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free asset, since the increase in expected utility due to the excess return from investing in stock
and government debt does not exceed the participation cost v». Note that in the non-participation
phase, consumption of an employed investor is higher than that of a retired investor with an
equal amount of cash on hand, as can be seen from the higher distance between the function
representing holdings of the one-period bond and the 45-degree line. Employed investors have
an incentive to consume more, because labour income exceeds pension income. They also have
an incentive to consume less, since retired investors die with probability 74 in the next period,
effectively making retired agents less patient. For the parameter values chosen here, the first
effect dominates the second.

As cash on hand increases, the benefits from participating in financial markets outweigh the
costs. Holdings of the riskless asset then play only a very minor role.?” The threshold value
for cash on hand at which asset market participation becomes attractive is slightly smaller for
employed investors, reflecting the fact that employed agents invest a higher fraction of cash on
hand in stocks and therefore have a higher expected benefit from asset market participation. At
the employment stage, investors choose a more risky portfolio than in the retirement stage, since
labour income provides them with a stream of income that is higher than non-financial income
at retirement, allowing them to better smooth consumption in response to volatile portfolio
returns. Additionally, employed investors aim to build up wealth in anticipation of retirement,
whereas retired investors run down their wealth.

At larger values of cash on hand, the gap between stock and government-debt holdings
narrows. In the case of retired agents, this gap declines faster with government debt holdings
eventually overtaking stock holdings. As wealth is accumulated, investors reduce the risk that
they are exposed to through their financial portfolio by rebalancing their portfolios away from
stock and towards government debt. To understand this, suppose first that labour and retirement
income is non-stochastic. At low levels of cash on hand, safe labour and retirement income make
up a large part of overall income. Thus, investments in financial assets can be comparably risky

without being exposed to too much risk on aggregate. At high levels of cash on hand, labour and

2"There is no intrinsic value of holding the riskless asset in the model. A more significant portfolio share
would be obtained for asset market participants, for example, if this this asset were interpreted as “money” and
a cash-in-advance constraint were introduced.
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retirement income are only a small fraction of overall income. As a result, the investor would be
exposed to more risk on aggregate if an equally large share of financial investments were made
in the form of stocks as at low levels of cash on hand. But this would not be optimal given
that relative risk aversion is assumed to be constant.?® Viceira (2001) shows that investors with
stochastic labour and retirement income behave in a similar way. More precisely, in choosing
their financial portfolios, agents with risky non-financial income that is uncorrelated with asset
returns behave as if their non-financial income were an investment in a safe asset, although of
a value below the discounted expected value of future non-financial income.?? Thus, they also
reduce the stock share in their financial portfolio as wealth is accumulated.

A comparable effect obtains in models with labour income, in which investors choose between
stock and a safe asset only.?" In this class of models, it is the share of the riskless asset that
increases with cash on hand as the stock share is reduced. These models therefore give rise to
implausibly high holdings of the riskless asset for large values of cash on hand, which highlights

the need to add government debt holdings to quantitative models of portfolio choice.

3.4 Simulation Results

By means of simulations, this section shows how agents adjust their holdings of financial assets
at the internal and external margin over the course of the life cycle. Simulation results are
averaged over I individuals with idiosyncratic shocks {Ui,t, Nig, 17, ﬂg’t}ZO’ where 17, and 17,
are indicators that equal one respectively if ¢ is employed and retired in ¢, and over J aggregate
shock sequences {rs7t,rq7t}fi0. I and J are chosen sufficiently large to obtain full convergence
and guarantee that the observed effects are not driven by an individual sequence of shocks.
The line most to the top in in Figure 3.7 gives the fraction of the initial population that
is alive in period ¢, the dashed line beneath it the fraction of the initial population that is

employed in ¢t. The difference between the two represents the fraction of retired agents. Both

28The initial increase in the risk exposure of employed investors that are participating, i.e. at cash on hand
levels beyond the “kink” in holdings of the riskless asset, is a result of the lower bound on government-debt and
riskless bond holdings. If they were unconstrained, investors would hold negative amounts of at least of one of
the two assets initially.

?This is shown formally in Proposition 3 of Viceira (2001).

30See, for example, Alan (2006) and Fagereng et al. (2013).
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lines are fully determined by the exogenous constant hazard rates of retiring in the employment
state and dying in the retirement state. Participation in financial markets as a share of the
population that is alive in t is given by the solid line. It is zero at first, since initial wealth
is too low for it to be profitable to pay the participation cost ¢ and then increases sharply as
agents on average accumulate wealth. Only agents with a series of low income draws and agents
that enter the retirement stage very quickly do not participate in financial markets then. As
more and more individuals retire and fall back to income levels at which participation is not
profitable, the participation rate declines. This decline is slower than the retirement rate, since a
number of individuals die without having run down their wealth to levels at which asset market

participation ceases to be optimal.
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Figure 3.7: Fraction of initial population alive at ¢, fraction of initial population employed at ¢
and fraction of current population participating in financial markets at ¢

Figure 3.8 shows average asset holdings for all agents alive in a given period. For the first
years, all individuals exclusively invest in the safe asset. Then, average holdings of the safe asset
decline and stock holdings increase sharply. Average holdings of government debt grow at a
slower rate but eventually make up a significant fraction of all financial assets held. Note that
after around twenty years, average asset holdings remain roughly constant with a small decline
in the quantity of stock holdings. This is the case as a result of three effects that partly offset
each other. Financial market participants accumulate more assets, which means that they aim

to hold more stock and government debt. However, since they desire to hold a smaller stock
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share in their financial portfolio, stock holdings increase at a smaller rate than government-debt
holdings for this group. At the same time, a fraction of individuals quit financial markets in each
period. Thus, analogous to the selection problem described in Section 3.2.2, changes in financial

market participation mask portfolio rebalancing effects that take place over the life cycle.
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Figure 3.8: Average total holdings of financial assets over time

To isolate life-cycle effects it is therefore instructive to consider average asset holdings of
the subgroup of individuals that participate in financial markets in a given period. Figure 3.9
plots the participation rate and asset holdings conditional on participation, now expressed as
portfolio shares, implied by the model against the estimates obtained using SCF data. The
estimates shown are those that use the Deaton-Paxson identifying assumptions and principal
components of macroeconomic aggregates to capture time effects, respectively.

The asset market participation rate in the model is hump-shaped, a pattern that can also
be found in the stock market and the market for long-term government debt in the data. The
similarity of the participation schedule in both markets suggests that considering participation
in both markets jointly, as is done in the model employed here, does not introduce a significant
error. While capturing both entry and exit, the model gives rise to a peak in the participation
rate that occurs too early compared to the data. The constant retirement hazard implies that
agents have an incentive to quickly build up a stock of assets to meet the threat of retiring.

A number of contributions to the literature on retirement saving suggest that a significant
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fraction of households in the US under-save, which would help explain the delay in asset market

participation observed in the SCF.3!
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Figure 3.9: Participation and conditional portfolio shares

The conditional government debt share implied by the model is increasing at first and later
levels off. Until age 59-61 this model prediction seems to be broadly in line with the data.
As explained above, it results from investors rebalancing their portfolios towards safer assets
as they accumulate wealth. Accordingly, the model predicts a decline in the conditional stock
share, which is also present in the data. The long-term debt share and the stock share found in
the data decline further for older age groups, implying that the share of the residual category
increases. The government debt share generated by the model remains approximately constant,

because the retirement rate at this age is smaller than in the data and thus asset accumulation

31GQkinner (2007) contains an overview of this literature.
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of employed investors dampens the effects of asset de-accumulation by retired agents, which by
itself would result in an a declining long-term government debt share. The fact that the residual
asset category, not the stock share, increases towards the end of the life cycle points towards an
additional mechanism being at work in the data such as perhaps an increase in risk aversion at

advanced retirement age.

3.5 Conclusion

The composition of household portfolios changes systematically over the course of the life cy-
cle. At young age, asset market participation is low, implying that households predominantly
save through riskless assets such as cash or bank deposits. As households accumulate wealth,
participating in the markets for equity and government debt becomes more profitable. With
investment income initially being small compared to labour income, agents can afford to invest
a large share of their financial portfolio in equity without being exposed to an excessive amount
of risk on aggregate. Additional accumulation of wealth implies that investment income as a
fraction of total income increases. As a result, the average asset-market participant reduces the
equity share and increases the share of safer assets to limit their risk exposure. In my model,
there are two safer alternatives to equity holdings, a long-term bond and an entirely risk-free
asset. The model is able to explain key features of the data when the long-term bond is inter-
preted as government debt. During retirement, households run down their savings and partly
quit financial markets, giving rise to an inverse U-shaped asset-market participation profile.

The precise way in which households rebalance their portfolios strongly depend on the as-
sumptions made about their risk preferences. While portfolio choice problems are commonly
analysed under the assumption that relative risk aversion is constant, we might expect risk
preferences to vary with income and age. Incorporating these effects into life-cycle models of
portfolio choice may improve their fit to the data significantly.

The distribution of long-term government debt holdings across age groups potentially has
important policy implications. For example, unconventional monetary policy tools that include
purchases of long-term government debt, such as the Bank of England’s QE programme or the

LSAP programmes of the Federal Reserve, may have unwanted welfare implications. Long-term
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government debt plays a significant role in the portfolio of agents that are close to retirement.
Lowering the yield of long-term debt through asset purchases by the central bank implies that
these agents either have to accept a lower portfolio return or increase stock holdings and be
exposed to more risk. Both may lead to under-saving for retirement which may necessitate

higher benefit payments in the future.
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3.6 Appendix

3.6.1 Asset Categorisation

This section shows how the set of financial assets sampled in the SCF is divided into the three
broad categories stocks, long-term government debt and residual assets. I begin by discussing
assignments that require explanation. The categorisation of all assets is summarised in Table
3.3.

Savings bonds and tazx-exempt bonds are issued by the Department of the Treasury and
municipal, county or state governments, respectively. They typically have a maturity of at least
five years and are therefore treated as long-term government debt.

US government (agency) debt contains Bills, Notes and Bonds. As explained in the text,
Bills are classified as short-term and Notes/Bonds as long-term. According to the “Monthly
Statement of the Public Debt of the United States” from December 2007, 22.1% of total mar-
ketable debt held by the public were Bills and the remainder Notes/Bonds. Households are
assumed to hold long-term and short-term debt at this proportion.

Certificates of deposit are a fixed-term savings product issued by banks, credit unions and
thrift institutions; they are allocated to the residual category.

Government bond investment funds are allocated in the same way as direct holdings of US
government debt.

Hybrid investment funds are allocated equally to stocks and government debt. Government
debt is again split into long-term and short-term debt as described above.

Individual Retirement Accounts (IRAs) and Keogh Plans can include a variety of different
financial assets. The Employee Benefit Research Institute (EBRI) estimates that, in 2008, a
total of 45.8% of funds in IRAs were held in the form of equity (38.5% in equity mutual funds,
directly held individual stocks, and other 100%-equity investment vehicles; they add to this
60% of balanced, lifestyle/lifecycle, target-date funds, and any other funds that have a partial
investment in equities and bonds, which make up 12.1% of all funds in IRAs).?? 1 assign

18.4% to long-term government debt (the remaining 40% of hybrid equity-bond funds and all

32Gee “IRA Asset Allocation and Characteristics of the CDHP Population, 2005-2010”, May 2011, available at
www.ebri.org/publications/notes.
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bond investments). Money and other assets make up 35.8% and are classified as “residual” for
the purposes of this paper. Keogh Plans are similar to IRAs but designed for self-employed
individuals. T assume that funds held in Keogh Plans are invested as in IRAs.

Life insurance and annuities are assigned to the residual category, since life insurances and
annuities are claims to a safe future payoff (stream).

Other managed assets include trusts and managed investment accounts which are counted

towards stocks here.

Asset Type Asset Sub-Type Stocks  Long-Term Gov’t Debt  Residual
Stocks 1 0 0
Bonds
Savings bonds 0 1 0
Tax-exempt bonds 0 1 0
US gov’t (agency) debt 0 0.779 0.221
Corporate and foreign bonds 0 0 1
Mortgage-backed bonds 0 0 1
Transaction accounts
Checking accounts 0 0 1
Saving accounts 0 0 1
Money market deposit accounts 0 0 1
Money market mutual funds 0 0 1
Call accounts at brokerages 0 0 1
Certificates of deposit 0 0 1
Pooled investment funds
Stock funds 1 0 0
Tax-free bond funds 0 1 0
Government bond funds 0 0.779 0.221
Other bond funds 0 0 1
Hybrid funds 0.5 0.389 0.111
Other funds 0 0 1
Retirement accounts
IRAs and Keogh plans 0.458 0.184 0.358
Thrift plans 0.458 0.184 0.358
Current pensions 0 0 1
Life insurance, annuities 0 0 1
Other managed assets 1 0 0

Table 3.3: Asset Categorisation
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3.6.2 Descriptive Statistics

Age Cohort (birth year)
group | 3133  '34°36 3730 4042 4345 4648 49-51 52254 5557 5860  '61-'63
26-28 0 0 0 0 0 0 0 0 0 0 495
29-31 0 0 0 0 0 0 0 0 0 510 858
32-34 0 0 0 0 0 0 0 0 822 1,009 1,047
35-37 0 0 0 0 0 0 0 850 1,102 1,200 1,123
38-40 0 0 0 0 0 0 906 1,155 1,227 1,305 1,296
41-43 0 0 0 0 0 1,125 1,125 1,328 1,447 1,601 1,362
44-46 0 0 0 0 890 1,229 1462 1,38 1,517 1,365 1,230
47-49 0 0 0 810 1,162 1,265 1,411 1,690 1,608 1,511 0
50-52 0 0 834 1,035 1,286 1,519 1,327 1,725 1,535 0 0
53-55 0 916 1,000 1,086 1,206 1,480 1,321 1,566 0 0 0
56-58 825 800 937 1,117 1,180 1,595 1,295 0 0 0 0
59-61 855 945 1,010 1,016 1,292 1,437 0 0 0 0 0
62-64 943 782 905 1,097 1,235 0 0 0 0 0 0
65-67 739 756 867 1,020 0 0 0 0 0 0 0
68-70 733 711 760 0 0 0 0 0 0 0 0
71-73 690 705 0 0 0 0 0 0 0 0 0
74-76 518 0 0 0 0 0 0 0 0 0 0
2 ‘ 5,303 5,615 6,313 7,181 8,251 9,650 8,847 9,700 9,258 8,501 7,411

Notes: N=86,030. SCF data is multiply imputed. For each respondent there are five observations in the data. To
approximate the number of respondents in each field in the table, the number shown therefore has to be divided by
five. Age groups and cohorts are chosen such that there is a sufficient number of responses in each age-cohort pairing.
Figures are not multiples of five if asset shares are missing for some but not all imputations.

Table 3.4: Distribution of observations across age groups and cohorts

Variable Mean  Variance Min Max
Age of household (h.h.) head 50.32 10.04 26 76
Marital Status of h.h. head (=1 if married) 1.26 0.44 1 2
Number of children living in h.h. 0.98 1.20 0 10

Overall wage income of h.h. (in thousands)  210.04 1,143.30 -86.92  88,630.81
Highest education of h.h. head

None 0.07 0.26 0 1
School diploma 0.24 0.42 0 1
Some college education 0.16 0.36 0 1
College diploma 0.53 0.50 0 1
Ethnic background of h.h. head

White and non-Hispanic 0.84 0.36 0 1
Black 0.08 0.27 0 1
Hispanic 0.04 0.20 0 1
Other 0.04 0.19 0 1
Occupational category of h.h. head

Managerial and professional 0.45 0.50 0 1
Technical, sales and services 0.21 0.41 0 1
Other 0.18 0.39 0 1
Not working 0.15 0.36 0 1

Notes: Nominal variables in 2010 US dollar.

Table 3.5: Selected descriptive statistics
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3.6.3 Normalisation

First consider the amount of cash on hand brought into the period for j € {e,r} and k € {p,n}.

In case of participation in the employment state, cash on hand can be normalised as follows

Xep=rsS_1+1B_1 + 5717“(1@_1 +Y

Xep S B, 1 Q1 Y
p =T p + 7 iz +0 1y iz Iz
S.,P, B.P Q.P, PU

1

1 —1 —

- gy i1l 2
pop "p.p T Tp p TP
P_q

_|_

Tep = % (rss,1 +rpb_1 + 6_17‘qq,1) U

rsS_1 +rpb_1 + 5_1rqq_1
= U
GN +

In the other three cases, analogous steps yield

reb_1 + 6 I q—
Ten = ! GN kit +U
rsS—1 + rpb—1 + 6 1ryq_1
e GN
rpb_1 + 6 tryq_1 oy

GN

+w

and normalised illiquid assets brought forward are

(10" ")req-1
GN

z =

(3.36)

(3.37)
(3.38)
(3.39)

(3.40)

(3.41)
(3.42)

(3.43)

(3.44)

The four Bellman equations can be transformed in a similar way. Starting again with the

case of an employed financial-markets participant, we have
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The remaining equations are
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where

Ve (Te, 2,7¢) = max {Vep (Tep, 2,7q) s Ve (Tem, 2,7q) } (3.53)

Uy (T, 2,7¢) = MaXA{Vrp (Trp, 2,7¢) s Vrin (Trms 2,7¢) (3.54)

The corresponding budget constraints in normalised form are given by

c+s(l4+s)+b+qg+p=acp+2 (3.55)
CHb=Ten (3.56)
cts(l+s)+b+q+=amp+2 (3.57)
c+b=xn (3.58)
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