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We present shadow spectroscopy as a simulator-agnostic quantum algorithm for estimating energy
gaps using very few circuit repetitions (shots) and no extra resources (ancilla qubits) beyond performing
time evolution and measurements. The approach builds on the fundamental feature that every observ-
able property of a quantum system must evolve according to the same harmonic components: we can
reveal them by postprocessing classical shadows of time-evolved quantum states to extract a large num-
ber of time-periodic signals No ∝ 108, whose frequencies correspond to Hamiltonian energy differences
with precision limited as ε ∝ 1/T for simulation time T. We provide strong analytical guarantees that
(a) quantum resources scale as O(log No), while the classical computational complexity is linear O(No),
(b) the signal-to-noise ratio increases with the number of processed signals as ∝ √

No, and (c) spectral
peak positions are immune to reasonable levels of noise. We demonstrate our approach on model spin
systems and the excited-state conical intersection of molecular CH2 and verify that our method is indeed
intuitively easy to use in practice, robust against gate noise, amiable to a new type of algorithmic-error
mitigation technique, and uses relatively few shots given a reasonable initial state is supplied—we demon-
strate that even 10 shots per time step can be sufficient. Finally, we measured a high-quality, experimental
shadow spectrum of a spin chain on readily available IBM quantum computers, achieving the same pre-
cision as in noise-free simulations without using any advanced error mitigation, and verified scalability in
tensor-network simulations of up to 100-qubit systems.
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I. INTRODUCTION

Quantum simulation is possibly the most natural use of
quantum computers, with numerous potential applications
in, e.g., understanding quantum field theory [1], quan-
tum gravity [2], and may help us develop novel drugs
and materials [3–6]. The hope is that future quantum
hardware developments will lead to scalable, universal
quantum computers that can simulate the time evolution
of any quantum system. Many such Hamiltonian simu-
lation algorithms are known, such as product formula or
Trotterization [7], quantum signal processing [8], qubiti-
zation [9], or linear combination of unitaries [10] to name
a few. The quantum circuit depth of these algorithms is
only linear in the total simulation time, in stark contrast
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with the exponential depth of generic classical simula-
tion algorithms known today—thus promising a quantum
advantage in modelling systems of practical interest.

Unfortunately, highly nontrivial measures for quantum
error correction will be necessary to run these Hamilto-
nian simulation circuits, and the technological overhead
associated with even the simplest error-correction schemes
means they remain prohibitive in the current era of noisy
intermediate-scale quantum (NISQ) technology—a single
logical qubit, for example, may need to be embedded into
thousands of physical, noisy qubits. In response, many
researchers are proposing sophisticated error-mitigation
techniques and new quantum simulation algorithms
[11–19] that seek to demonstrate practical utility with near-
term quantum computers. In this paradigm, a parametrized
shallow quantum circuit is typically used, and its parame-
ters are updated by a classical computer such that the evo-
lution of the parametrized quantum state closely approxi-
mates the trajectory of the true quantum evolution [20,21].
Alternatively, analog quantum simulators built from, e.g.,
ultracold atoms can mimic the dynamics of model sys-
tems, including variants of the continually elusive Fermi-
Hubbard model [22–24].
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And yet, even the ability to approximate time evolu-
tion with lower quantum resources is itself not useful
enough in practice, because quantum mechanics poses fun-
damental limitations on how efficiently we can extract
observable properties from a quantum simulation. This
constraint is exemplified by the “holy grail” of quantum
simulation; the computation of a Hamiltonian’s energy
spectrum, a task that has direct experimental relevance in,
e.g., predicting electronic properties of solids to photo-
chemical processes [25,26], but its accurate classical treat-
ment generally suffers from prohibitive scaling. Powerful
quantum phase-estimation protocols, involving Hamilto-
nian simulation, for example, are designed for such a
task, but require extra ancillary qubit registers control-
ling the already challenging time-evolution circuits. The
probability of a successful phase-estimation measurement
also imposes strict demands on the overlap between ini-
tial states and the target eigenstates [27]. In NISQ-friendly
ansatz-based methods that avoid additional qubits like the
variational quantum eigensolver (VQE), the measurement
challenge instead manifests as the need for many circuit-
measurement repeats (shots) for the classical optimization
of the fixed quantum circuit ansatz.

In this work, we propose and develop a novel means
of estimating the energy-spectrum differences, or gaps, in
a Hamiltonian, which we call “shadow spectroscopy.” It
requires no additional quantum resources such as ancilla
qubits, and can, in principle, work on any quantum simula-
tor platform (digital or analog) as well as any Hamiltonian
simulation method of choice. The initial state only needs
to have sufficient support for the set of eigenstates which
we want to know the energy gaps for, instead of a high
overlap with one target eigenstate. Although this condition
relaxes the demands on the initial state, its preparation can

remain an exponential bottleneck, if the considered phys-
ical model does not allow for efficient initialization, e.g.,
from prior knowledge of the system. Despite the general
hardness of initial state preparation, for many practically
relevant tasks including chemistry, solid-state physics, etc.,
a broad range of efficient initial-state preparation tech-
niques have been developed using sophisticated classical
approximations, such as matrix-product states, Hartree-
Fock and post-Hartree-Fock methods—and we demon-
strate that quantum heuristics, such as VQE, can be used
successfully (see details in Appendix A).

One key innovation is to harness powerful classical
shadow techniques [28–33] which enables us to capture
a large number of observables of a quantum state despite
using orders of magnitude fewer measurement shots than,
e.g., VQE. Our strategy is to estimate classical shadows of
time-evolved quantum states, and analyze how that infor-
mation—as captured by the shadows—evolves in time.
Due to the fundamental laws of quantum mechanics, oscil-
lations of all observable properties in a quantum system
contain exactly the same fundamental frequencies that pre-
cisely correspond to energy differences in the Hamiltonian.
These can then be extracted via classical postprocessing
techniques–illustrated in Fig. 1.

We tested our technique experimentally and numer-
ically in a broad range of applications and in various
model systems of up to 100 qubits, finding it very easy
to use, in practice, and provides a promising alternative
for computing excitation energies. We also confirm that
the present approach is robust to gate errors due to our
effective reconstruction of a large number of observables
from randomized measurements, and that positions of the
ideal spectral peaks are not altered by incoherent errors;
indeed, artefacts in the spectrum introduced by gate errors
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FIG. 1. Flowchart of algorithmic shadow spectroscopy: a plethora of well-established quantum simulation algorithms can be used
to generate approximate time-evolved quantum states |ψ(tn)〉—in this example, a mean-field many-electron wave function of the
acetaldehyde molecule—from which we extract a series of classical shadows using randomized measurements. The shadows are stored
classically as a list of binary numbers and measurement basis indexes. These are postprocessed using conventional HPC resources by
computing a large noisy signal matrix D, then the square matrix C, and finally the shadow spectrum; these steps are elaborated upon
in Fig. 2.
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can even decrease as we increase the system size. Our
approach is also amiable to a new type of quantum error-
mitigation technique [34] that mitigates algorithmic errors
incurred during the approximate time evolution. Another
significant advantage is its robustness to finite circuit rep-
etitions (shot noise) as illustrated in Fig. 2. In nearly all
examples explored, only a few dozen measurements of the
state were needed to resolve dominant peaks in the spec-
trum, whereas figures well beyond 106 shots are common
for VQE. Specifically, we show that estimating and ana-
lyzing No signals only requires log No shots and a linear
classical postprocessing time; having access to a large No,
however, allows us to efficiently find “useful observables,”
to improve the spectral signal-to-noise ratio, and to sup-
press the effect of gate noise. In particular, postprocessing
No = 108 observables can be performed in less than an
hour with HPC resources and results in an improvement
of the spectral intensity of ∝ 104. Finally, our conclusions
on the method’s robustness against gate errors and shot
noise are reinforced by the experimental demonstration of
a shadow spectrum measured on freely accessible noisy
IBM quantum computers—finding excellent agreement
between numerical simulation and actual hardware results
without using any advanced error-mitigation techniques.

The structure of this work is as follows. We first intro-
duce the core ideas, and then discuss technical imple-
mentations in Sec. II. We then illustrate the utility of our
approach on a broad set of examples in Sec. III. We finally
discuss related questions in Sec. IV and conclude in Sec. V.
While the method is robust and versatile, we discuss in
detail its main limitations in Appendix A. We also report
related techniques known in the literature in Appendix B.

II. SHADOW SPECTROSCOPY

In optical spectroscopy, an observable property of a
quantum state, usually the expected value of some transi-
tion dipole moment (e.g., the magnetic dipole in nuclear
magnetic resonance), is recorded as a function of time,
and the Fourier-transformed signal reveals the desired
transition energies. One could understand shadow spec-
troscopy as “substituting” measurement of time-dependent
expectation values with classical shadows computed on
a quantum device. As we demonstrate in numerical and
hardware results, it offers great flexibility, and determining
energy differences of low-lying single-electron excitation
using only local Pauli shadows and classical postprocess-
ing is straightforward. In this section, we present the main
technical implementation details.

A. Preliminaries

Time evolution of any quantum state under Hamiltonian
dynamics introduces periodic oscillations precisely deter-
mined by differences of eigenvalues in the Hamiltonian

operator. The following statement summarizes the well-
known property that expected values of observables oscil-
late with these frequencies under a closed Hamiltonian
evolution [35,36].

Statement 1. Given any d-dimensional Hamiltonian H
with eigenvectors |ψk〉, one can define any quantum state
as |ψ〉 = ∑d

k=1 ck |ψk〉. Measuring the expected value of
any observable O in the time-evolved quantum state
|ψ(t)〉 := e−itH |ψ〉 yields the signal S(t) as

S(t) := 〈ψ(t)|O|ψ(t)〉 =
d∑

k,l=1

Ikl e−it(El−Ek). (1)

The above Fourier components have frequencies that cor-
respond to differences of eigenvalues El − Ek of the Hamil-
tonian. The intensity of the corresponding peak in the
Fourier spectrum is Ikl = c∗

kcl〈ψk|O|ψl〉.

Proof. All d-dimensional Hamiltonians admit the spec-
tral decomposition H = ∑d

k=1 Ek|ψk〉〈ψk| with eigenvec-
tors |ψk〉 spanning the full space. Thus, the evolution
operator acts as

|ψ(t)〉 = e−itH|ψ〉 =
q∑

k=1

cke−itEk |ψk〉,

and the time-dependent 〈ψ(t)|O|ψ(t)〉 expected value is
then obtained via a direct calculation. The generalization
of this statement to density matrices as well as to infinite-
dimensional but bounded Hamiltonians follows trivially.

�

An important consequence of the above statement is
that time-dependent expected values contain the same
harmonic components e−it(El−Ek) regardless of the observ-
able measured. These frequencies precisely correspond
to energy differences as (El − Ek) in a Hamiltonian
which—in principle—can be determined by naively pick-
ing a single observable O and measuring its corresponding
time-dependent expectation value signal S(t), then Fourier
transforming S(t).

In practice, a number of crucial factors determine the
intensity of S(t). First, it depends on the amplitudes of the
state vector ck; if the initial state is, e.g., a random state
or a uniform superposition over all eigenstates, the Fourier
spectrum may contain an exponentially large number of
overlapping peaks and may thus prohibit us from learn-
ing anything from the spectrum. If we can instead initialize
the quantum state such that only a handful of lower-energy
eigenstates contribute, i.e., |ck| � |cl| where all k ∈ Q and
l /∈ Q, then we can isolate O(|Q|2) dominant peaks. This
is the case, for example, when we can initialize in a super-
position of only a few eigenstates as |ψ〉 = ∑

k∈Q ck |ψk〉.
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FIG. 2. A 14-qubit initial state |ψ(0)〉 ∝ (1, 1
10 , 1

10 , 0, 0 . . . ) as a superposition of the three lowest-lying energy states of a spin
problem similar to the one in Sec. III A 1. (Left) At each time increment (NT = 200) we estimate every up to three-local Pauli string
(No = 10 689) from classical shadows of Ns = 100 snapshots. Overall 2000/10 689 signals are distinguishable from pure shot noise.
(Middle) Time-periodic correlations are clearly visible in C ∝ DTD. (Right) The shadow spectrum is obtained by effectively Fourier
transforming the dominant eigenvectors of C (see details in main text). Peaks in the spectrum of the dominant eigenvectors of C reveal
energy differences in the Hamiltonian as E0 − E1 and E0 − E2 (dashed lines are exact energies). A third peak does not appear as it
is suppressed due to the initial state ∝ 0.12, see text. Blue line: the signal-to-noise ratio is unchanged when reducing the number of
snapshots to Ns = 10 and proportionally increasing the time steps NT = 2000. The signal-to-noise ratio is increased as ∝ √

No as we
increase the number of observables No while the classical computational cost is linear O(No) and the required quantum resources (Ns)
are only logarithmic O(log No). The precision of energy-difference estimation exhibits ε−1 scaling as it is proportional to the total
simulation time (linear in the used quantum resources).

In fact, we consider several known strategies in this work
for preparing initial states such that |c1| ≈ 1 and |ck| � |cl|
for all 2 ≤ k ≤ q and l > q. Then we only have q dominant
peaks of nonzero frequency from which we can learn the
lowest q excitation energies as E2 − E1, E3 − E1, etc.

Second, the signal intensity depends on the matrix ele-
ments between eigenstates as 〈ψk|O|ψl〉, which can be
arbitrarily small for any chosen observable O. One can
identify problem-specific observables that yield dominant
signals, such as excitation operators in quantum chemistry
as we discuss in Sec. III B; in Sec. B 2 we also discuss how
techniques from subspace expansion are similarly relevant
[37]. However, even if we can guarantee that a certain
observable yields a nonzero matrix element, in practice,
it may still require a large number of measurements to suf-
ficiently suppress shot noise, especially when a signal has
lower intensity than the shot-noise background.

For this reason we employ classical shadows, which are
designed to reconstruct a large set of observable expec-
tation values and thus multiple Si(t). This allows us to
search efficiently for local observables that yield intense
signals. We discuss several other advantages of estimating
many observables in Sec. IV, e.g., it can boost the signal-
to-noise ratio, thereby overcoming limitations of resolving
relatively low-intensity signals using only a logarithmic
number of shots—and it also makes the approach noise
robust.

B. Reconstructing many time-dependent signals using
classical shadows

Classical shadow procedures [28] apply randomized
measurements to several copies of an unknown quantum

state, and enable us to estimate a very large number
of properties with provable sample complexities. While
essentially all variants of classical shadows are useful for
our purposes [29–33], which we discuss below in Sec. IV,
in this section we use specifically the near-term friendly
variant that enables us to reconstruct expected values of
local Pauli operators. Let us briefly recapitulate the main
steps of the approach.

(1) We apply a random unitary U to rotate a copy of an
unknown quantum state. For local Pauli strings, the uni-
taries are chosen randomly from single-qubit Clifford gates
on each qubit and the procedure is thus equivalent to ran-
domly selecting to measure in the X , Y, or Z bases—we
measure each qubit to obtain N -bit measurement outcomes
|b̂i〉 ∈ {0, 1}N .
(2) We then generate the classical shadows by apply-

ing the inverse of the measurement channel M, which
can be done efficiently as the channel chosen is a dis-
tribution over Clifford circuits. The classical snapshots
are generated as ρ̂i = M−1(U† |b̂i〉 〈b̂i| U), the classical
shadows are collections of these Ns snapshots S(ρ; Ns) =
[ρ̂1, . . . , ρ̂Ns].
(3) From these classical shadows we can construct

K estimators of ρ from our Ns snapshots as ρ̂(k) =
1/r

∑kr
i=(k−1)r+1 ρ̂i with r = �Ns/K� and classically calcu-

late estimators of the Pauli expectation values ôi(Ns, K) =
median{Tr(Oiρ̂(1)), . . . , Tr(Oiρ̂(K))}.
(4) The sample complexity of obtaining these estima-

tors of No Pauli operators of locality q to error ε is
O[3q log(No)/ε

2].
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In this context, the classical shadow approach is very
NISQ friendly as it only requires applying random single-
qubit rotations immediately prior to measurement in the
standard basis. The approach also has a provable sample
efficiency: recall that q-local Pauli strings are tensor prod-
ucts of single-qubit Pauli operators P(q) ∈ {Id, X , Y, Z}⊗N

such that P(q) acts nontrivially (with X , Y, or Z) to q qubits
and trivially (with Id) on all other qubits. To reconstruct
No at most q-local Pauli strings one needs to collect a
number of samples Ns = O(log No) that grows only log-
arithmically as we increase No. Furthermore, the classical
computational resources are linear as O(No) and fast, opti-
mized, and hardware agnostic code can, e.g., be found in
the QuEST [38] family of quantum emulation software.
By applying this procedure, we can determine No time-
dependent signals with a similarly advantageous sample
complexity.

Let us briefly summarize the sample complexity of
our approach of estimating time-dependent signals using
classical shadows.

Statement 2. Determining No-independent signals of NT
time increments as time-dependent expected values of at
most q-local Pauli strings requires a number of circuit
repetitions as

Ns ∈ O[NT3qε−2 log(No)], (2)

using the classical shadows technique.

Proof. Following Theorem 1 of Ref. [28], No Pauli
strings Oi of locality q, can be estimated to preci-
sion parameters ε, δ via the number of batches K =
2 log(2No/δ) where the number of samples in the individ-
ual batches is Nbatch = 34

ε2 maxi‖Oi‖2
shadow. This results in

an overall number of samples Ns = NbatchK while the norm
is given in Lemma 3 in Ref. [28] as ‖Ok‖2

shadow = 3q. As
such, at each time increment we use this procedure once to
estimate No Pauli strings of locality q, which has a sample
complexity upper bounded by

68
ε2 3q log(2No/δ). (3)

The procedure is repeated for each time increment and is
thus used overall NT times from which the total sample
complexity follows. �

The above statement guarantees us that we can obtain a
large number of signals with logarithmic efficiency. How-
ever each signal is still burdened with shot noise Si(t)+
Ei(t) such that the variance of the random fluctuations
|Ei(t)| ≤ ε is globally bounded by the precision parameter
ε inherited from classical shadows. One might feel tempted
to average the signals as

∑
i Si(t). However, as we show,

each signal is phase shifted by an amount that is specific to
each observable as

Si(t) = const +
q∑

k,l=1
k<l

|Iikl| cos[t(El − Ek)+ φikl]. (4)

Here we have used that Iikl = |Iikl|e−iφikl = c∗
kcl〈k|Oi|l〉.

Since averaging over phase-shifted cosines may even can-
cel out the signal, and that individual phase shifts are not
known in advance, our problem ultimately becomes that of
finding the most intense common frequency components
across a collection of noisy signals that share common
harmonics.

C. Classical postprocessing

We first standardize the signals using the sample mean
μk and the empirical standard deviation σk as

fk(n) = 〈ψ(tn)|Pk|ψ(tn)〉 − μk

σk
. (5)

Above we have also introduced the discrete temporal index
n ≤ NT and the time variable tn = n�t. We first prescreen
the data to filter out signals fk(n) that are not sufficiently
different from statistical noise—an autocorrelation test,
such as the Ljung-Box test [39,40], works very well in
practice, requires linear computational time O(No) and
can be completely parallelized requiring no communica-
tion between the classical processors, e.g., every CPU in
a cluster receives a copy of the shadow data (a relatively
small dataset) and processes it independently. We then
define a data matrix D ∈ RNo×NT that contains these sig-
nals [D]kn = fk(n) as row vectors and assume the column
dimension is much larger than the row dimension No � NT
due to our effective use of classical shadows as illustrated
in Fig. 2.

We then perform a dimensionality reduction in linear
time as O(NoN 2

T ). This involves computing a relatively
small square matrix C ∈ RNT×NT and finding its c domi-
nant eigenvectors v1, v2, . . . vc that maximize the average
overlap with our experimentally estimated signals fk. For
example, the dominant eigenvector satisfies

vT
1 Cv1 = max

‖v‖2=1

1
No

No∑

k=1

|〈fk, v〉|2. (6)

Given c peaks in the spectrum, the matrix C has 2c dom-
inant eigenvectors, which form the signal subspace (as
in subspace methods in signal processing [41]), see fur-
ther details in Appendix D 2. The shadow spectrum is
effectively obtained by Fourier transforming the dominant
eigenvectors v1, v2, . . . vc that form the signal subspace.
Specifically, we robustly estimate the spectral density
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among these vectors using further classical processing: we
calculate the dominant singular value of a spectral cross-
correlation matrix in time O(c3NT) that is independent of
No as we detail in Appendix D 1.

D. Robustness to shot noise

We build analytical models in Appendix E to understand
how statistical shot noise due to finite circuit repetition,
using Ns shots, is suppressed as we increase the num-
ber of observables: We find that the signal-to-noise ratio
of a peak is proportional to ∝ NTNsI 2

√
No where I 2 :=

1
No

∑No
i=1 I 2

i is the average intensity in the group of No
observables. Figure 2 (right) nicely illustrates that if we
decrease the number of shots from 100 to 10 per time
step but proportionally increase the number of time steps,
the spectrum is qualitatively unchanged since the product
NTNs in the above expression for the signal-to-noise ratio
is unchanged.

We can contrast this with a naive approach whereby one
Pauli observable is picked randomly and we estimate its
signal (i.e., randomly pick a single row of D); by comput-
ing its spectrum one would obtain a peak intensity on aver-
age NTNsI 2. Thus, shadow spectroscopy boosts the signal
intensity by a factor

√
No. For example, we estimate that

postprocessing No = 108 observables can be performed in
less than an hour on a desktop PC and boosts the inten-
sity by a factor 104 using only a logarithmic overhead in
quantum resources.

We perform numerical simulation using both matrix-
product-state (MPS) simulations (up to 100 qubits) and
exact time evolution (up to 14 qubits) in Appendix J
and confirm that the performance of our approach indeed
improves as we increase the number of qubits. The reason
is that an increasing system size gives rise to an increasing
number of useful observable signals that our postprocess-
ing approach can harness—hence in our MPS simulations
we see an improved signal-to-noise ratio at a system of 100
qubits.

We now summarize the algorithm in Fig. 1 and state
its computational complexity—refer to Appendix D for
further details.

Statement 3. We first compute the data matrix D ∈
RNo×NT of estimated signals with No � NT as defined
via Eq. (5) and then compute the dominant eigenvectors
v1, v2, . . . vc of the square matrix C = DTD/No. We over-
all have a classical computational complexity that is linear
in the number of observables O(N 2

T No). The spectral den-
sity function λ(ω) at frequency ω is then obtained as the
dominant singular value of the spectral cross-correlation
matrix X(ω), which we calculate from the dominant c
eigenvectors v1, v2, . . . vc of C. This step has a complexity
O(c3NT).

E. Robustness to gate noise

It is crucial to consider how the ideal signal, as the
time-dependent expected value of a Pauli string S(tn) :=
〈ψ(tn)|Pk|ψ(tn)〉, is altered when the time-evolved quan-
tum states |ψ(tn)〉 are prepared using a noisy quantum
circuit. We present a simple but powerful proof in Theorem
1, which states that, under a broad class of typical gate-
error models, the noisy spectrum F [Snoisy

k ] decomposes
into a sum of the ideal spectrum F [ηSk] and an addi-
tive F [(1 − η)Wk] artefact. This artefact has a magnitude
bounded by how close the noise model is to global depo-
larizing (white) noise and η is either a constant or a
time-dependent exponential envelope depending on the
simulation algorithm used.

Statement 4. The following are consequences of
Theorem 1:

(1) spectral peak centers are unchanged by incoher-
ent noise;
(2) as long as the circuit error rate is reasonable as ξ ≈

1 noise slightly shrinks the intensity of the ideal peaks but
does not cause a broadening of their lineshape;
(3) additive artefacts might appear in the spectrum due

to the Fourier transform F [(1 − η)Wk], however, their
intensity is generally bounded and the bounds decrease as
we increase the system size (number of qubits);
(4) since the additive artefacts F [(1 − η)Wk] are spe-

cific to each Pauli string Pk and assuming they are uncor-
related, i.e., their peaks appear at different frequencies in
the spectrum, their effect is suppressed by a factor No
in the shadow spectrum as we increase the number of
observables.

Refer to Appendix C for further details. The above
properties establish that shadow spectroscopy is generally
expected to be highly robust to gate errors. Most impor-
tantly, a broad class of noise models are guaranteed to not
change the peak centers in the shadows spectrum and thus
allow one to estimate the frequency of a peak that would be
produced by a fully error-free simulation circuit—as long
as the circuit error rate is reasonable ξ ≈ 1. We also argue
in the Appendix that the approach is equally robust against
errors that go beyond the assumed noise model—the most
concrete evidence we give is our demonstration on current
noisy quantum hardware in Sec. III A 1, which clearly con-
firms robustness. We additionally note the approach can
likely be further improved by randomized compiling tech-
niques [35] or by generalized Pauli twirling techniques
[42–45] that convert local noise into probabilistic noise
[11]. Furthermore, most error-mitigation techniques can
also naturally be combined with classical shadows [11,46].
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III. APPLICATIONS

Spectroscopy is one of the most employed experimen-
tal techniques for probing atomic and molecular physics,
commonly used, e.g., to study the geometrical properties
or the photochemical and electronic excited-state proper-
ties of matter. If a system’s Hamiltonian can be efficiently
represented on a quantum device, we can use shadow spec-
troscopy to discover its spectrum. Quantum technologies
offer different platforms for simulating the time evolution
of a quantum system and in the following we explore
several applications targeting key evolutionary stages of
quantum computing: We numerically simulate shadow
spectroscopy on NISQ and early-fault-tolerant machines as
well as on fully fault-tolerant quantum computers.

A. Shadow spectroscopy for early quantum advantage

1. NISQ—spin problems and local Hamiltonians

In the NISQ era, it is crucial to identify problems that
are well suited to the limitations of NISQ hardware (such
as qubit connectivity and relatively high gate error rates)
yet still sufficiently complicated to yield genuine quan-
tum advantage. The one-dimensional Heisenberg chain
with random local magnetic fields and nearest-neighbor
interactions as

H = −J
N−1∑

j =1

�σj · �σj +1 +
N∑

j

hj σ
z
j , (7)

has been identified as a promising candidate for early quan-
tum advantage [47,48]. Here �σj = [σ x

j , σ y
j , σ z

j ] is a vector
of Pauli x, y, and z matrices on the j th qubit, J is a cou-
pling constant, and hj ∈ [−h, h] is sampled from a uniform
distribution (for disorder strength h). This Hamiltonian is
relevant in studies of many-body localization and self-
thermalization [47,49], but its phase transitions remain
poorly understood due to the difficulty of solving the model
on a classical computer. Therefore, efficiently probing the
spectral gap of this model with shadow spectroscopy on
NISQ devices may help enhance understanding of key
many-body quantum phenomena.

Motivated by the circuit-depth and gate-connectivity
limitations of NISQ devices, we apply ansatz-based varia-
tional quantum simulation [20,21] for the dynamical sim-
ulation step of shadow spectroscopy. The state is approxi-
mated by an ansatz |ψ(θ)〉 = U(θ) |0〉, where θ is a vec-
tor of real classical parameters. Furthermore, we use a
hardware-efficient ansatz circuit as U(θ) (see illustration
in Fig. 9). As we detail in Appendix G 1, at each time
step we estimate a small matrix Aij and small vector Ci
using the (simulated) quantum device. We then solve the
corresponding linear system of equations using a classical
computer to obtain an updated set of parameters θ that best
approximate the time-evolved state.

FIG. 3. Experimental shadow spectrum of a six-qubit disor-
dered Heisenberg chain obtained using the IBM Jakarta QPU.
Compared to noise-free simulation of the variational time evolu-
tion (blue), the noisy experimental spectrum (orange) correctly
resolves exact energy gaps (dashed horizontal lines) between the
ground state and first excited state—albeit with a lower peak
intensity. The error in the gap estimate in the experiment is
identical to that in ideal simulation as 2.8 × 10−3. The peak cor-
responding to E3 − E0 has small support < 10−3 and has low
intensity due to the approximate time-evolution algorithm used.
Inset: overlaps |〈ψn|ψ(θ)〉|2 between the initial variational state
|ψ(θ)〉 and eigenstates |ψn〉.

We first apply variational imaginary-time evolution
[50–52] to a set of random ansatz parameters and inten-
tionally terminate the algorithm before it could fully reach
the ground state to obtain a state that overlaps with the
low-lying excited states. The inset in Fig. 3 shows the dis-
tribution of eigenstates. The advantage of near-converged
initial states is that a majority overlap with the ground state
guarantees resolvable signals that correspond to energy
differences between the ground state and between the
excited states (but not among the excited states). In prin-
ciple, one could even assign peaks to specific low-lying
excitations by repeating shadow spectroscopy on initial
states of varying levels of convergence and comparing
peak heights.

In Fig. 3 (blue line) we numerically simulate variational
time-evolution circuits in 1000 time steps and perform
shadow spectroscopy by estimating up to three-local Pauli
operators (three batches of Ns = 50 snapshots used in each
step). Indeed, the peaks corresponding to low-lying exci-
tations are accurately resolved in a highly NISQ-friendly
manner using shallow quantum circuits. Also note that
expected values of only three-local Pauli strings were used:
prior results suggest that local operators indeed yield domi-
nant signal intensities, e.g., in translation invariant, gapped
Hamiltonians of spin systems the intensity |〈ψk|Oi|ψl〉| is
an exponentially decreasing function of the locality of Oi
[53].
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Next we provide evidence for the ability of our approach
to extract accurate gap information from extant NISQ
quantum hardware. Taking our classically precomputed
time-evolution circuits, we measure classical shadows of
1000 time-evolved states on the seven-qubit IBM Jakarta
quantum computer using the same budget of snapshots
as above. The experimental shadow spectrum in Fig. 3
(orange line) clearly resolves the main peak and demon-
strably achieves the same precision in predicting the
energy gap as the pure-state simulator without using any
error-mitigation techniques—this is thanks our quite gen-
eral theoretical guarantees that only the peak intensity is
shrunk by noise, which we analyze in the next section.
The second, faint peak in simulation is not resolved in
the experimental spectrum; but, as we detail in Appendix
G 1, this peak is actually already suppressed by algorithmic
errors from the approximate, variational time evolution,
and here it is likely suppressed to the level of shot noise.
We additionally report QASM simulations using the noise
model of the IBM Jakarta chip in Appendix H finding
the hardware experiment was actually closer to the ideal
noiseless simulation than noisy simulation—this could be
a result of out-of-date and inaccurate noise models for the
quantum chip.

Moving forward, we expect that shadow spectroscopy
can be a major enabler for early quantum advantage for the
following reasons. First, variational circuits are substan-
tially shallower and scale much better than, e.g., Trotter
circuits; because the quantum state evolution is stored
entirely in the classical parameters θ , the circuit depth is
independent of T as opposed to linear in T for Trotter,
allowing us, in principle, to increase the spectral resolu-
tion without increasing circuit depth. Secondly, although
we note that optimization of the dynamical simulation
parameters will likely still require a substantial measure-
ment overhead, we require a significantly lower number of
circuit repetitions than what is generally required for state-
of-the-art VQE [17–19] where figures beyond 106 shots
are quite typical. Thirdly, several behaviors of variational
quantum eigensolvers that are typically considered to be
deficiencies are actually advantageous for shadow spec-
troscopy. For example, one does not require an ansatz cir-
cuit that is sufficiently deep to precisely express the ground
state. Instead, we need only be able to express a super-
position of the low-lying eigenstates and approximately
simulate time evolution using well-established variational
techniques. Also, it is well documented that VQE meth-
ods typically get “stuck” in one of the exponentially many
local minima around the ground state [14,54,55]. In con-
trast, an initial state that is only partially converged can
be ideal for shadow spectroscopy, since substantial gra-
dients for optimizing dynamics can be guaranteed [56]
even when VQE is trapped in a false minimum (though it
remains an active question when this corresponds to a good
solution to the dynamics). Finally, although variational

simulation unavoidably does not follow the exact time
evolution and can thus change the eigenstate compo-
sition of the variational state, the appearance of addi-
tional spectral peaks nonetheless correspond to physical,
albeit unintended, excitations of the system—which we
observe in numerical simulations. We repeat simulations
of spin models for up to 100 qubits in Appendix J using
tensor-network techniques and confirm that an increas-
ing system size improves the performance of the present
approach.

2. Early fault tolerance—Fermi-Hubbard model

We now illustrate the utility of classical shadow spec-
troscopy in the next key evolutionary stage of quantum
computers as early fault-tolerant devices. These machines
will be able to implement significantly deeper circuits
than in the NISQ-era enabling simple Hamiltonian sim-
ulation algorithms, such as Trotterization. However, due
to the excessive resources required for, e.g., implement-
ing T gates, gate operations will still incur a certain
level of noise-limiting circuit depth thus limiting evolu-
tion times and the precision of the simulation (algorithmic
errors).

We analyze in detail the resilience of shadow spec-
troscopy against both algorithmic and gate errors in
another model of great potential for early quantum advan-
tage. We consider the Fermi-Hubbard model as

H = −t
∑

〈i,j 〉,σ

(
c†

i,σ cj ,σ + c†
j ,σ ci,σ

)
+ U

∑

i

c†
i,↑ci,↑c†

i,↓ci,↓,

where i and j number the lattice sites, 〈 · , · 〉 means pairs
of neighboring sites, σ ∈ {↑, ↓} is the spin of the fermion,
and c(†)i,σ are fermionic annihilation (creation) operators at
site i with spin σ . We obtain the Hamiltonian of qubit Pauli
operators H = ∑L


=1 H
 through the Jordan-Wigner (JW)
transformation assuming a chain without periodic bound-
ary conditions with parameters t = 1 and U = 2 [57]. We
consider a small example system of 12 qubits (3 × 2 sites)
and initialize our time evolution in an exact, equal super-
position of the ground and first excited states as |ψ(0)〉 ∝
|ψ0〉 + |ψ1〉. This guarantees a single peak in the shadow
spectrum at the spectral gap � := E0 − E1 enabling us
to clearly analyze the robustness of shadow spectroscopy
against increasing levels of errors.

3. Effects of algorithmic errors

We first examine how algorithmic errors alone influ-
ence the shadow spectrum. We assume that due to the
limited resources (number of qubits and non-negligible
gate errors) we need to resort to a first-order Trotter-
ized time-evolution algorithm with limited circuit depth.
Thus, in order to implement a sufficiently long simulation
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FIG. 4. Spectra obtained using Lie-Trotter-Suzuki time evo-
lution for a Fermi-Hubbard model with exact spectral gap �.
Spectra obtained for increasing time-step sizes δt—chosen as
whole-numbered fractions of π/3�—show peaks quite far away
from � due to significant algorithmic errors. Classical shadows
of only 50 snapshots were used to estimate expectation values
of all up to three-local Pauli observables. Inset: positions of the
peaks as a function of δt used; fitting a cubic polynomial (to all
but the largest step size) and extrapolating to δt → 0 allows us to
estimate the exact gap � to high precision.

T = 1000π/�, we choose a relatively large δt, which,
however, introduces a significant algorithmic error.
Figure 4 shows the reconstructed spectra for different val-
ues of δt and confirms that all peaks are quite far from the
exact energy gap due to the algorithmic error.

In Fig. 4 (inset) we plot the positions of the very accu-
rately resolved peaks as a function of the step size δt.
By fitting a cubic polynomial we extrapolate to δt → 0
obtaining an excellent approximation of the spectral gap
as �est = 0.2009 ± 0.0003, within error margin of the real
gap � = 0.2010. Rigorous theoretical guarantees on the
efficacy of extrapolating Trotter errors are available in
Ref. [58]. The present extrapolation approach is strictly
more powerful than prior algorithmic error-mitigation
techniques, including ones for extracting expected values
of observables [34], as it allows an error-mitigated esti-
mate of the spectral gap to be directly accessed without
using, e.g., phase-estimation algorithms [58].

Furthermore, we expect that shadow spectroscopy is
amiable to extrapolation-based error-mitigation techniques
for a range of other time-evolution techniques whereby
one has control of certain hyperparameters (such as δt in
the present case) that influence the quality of the sim-
ulation, such as in qDRIFT [59] in stochastic evolution
[60] and beyond. While in the present example we used
a simple initial state to facilitate the analysis, care must
be taken when multiple lines are present in the spectrum
to accurately monitor changes between runs with different
time-step sizes.
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FIG. 5. Interesting regions (via interruption of the x axis) of
the spectra obtained for the Hubbard model from simulations
including gate noise for an increasing number of errors ξ =
λNgates per a full circuit—classical shadows of 50 snapshots were
used at every time step. The position of the peak without noise
using the same Trotter step size as for the noisy simulations is
marked as �̃. The approach is very robust to errors as guaranteed
via Statement 4: the peak position is unaffected as we increase
ξ but the peak disappears as the buildup of errors escalates for
large ξ .

4. Effects of gate noise

In addition to algorithmic errors, we also investigate
the influence of hardware noise. In particular, in an early
fault-tolerant device we assume the dominant source of
error is due to the imperfect implementation of T gates
and describe an error model in Appendix G 2. In Fig. 5
we confirm that shadow spectroscopy is indeed immune
to reasonable levels of shot noise as the relevant peaks at
E ≈ 0.2 are very pronounced and centered exactly where
the noise-free peaks (dashed horizontal lines)

In particular, Fig. 5 shows three distinct cases around
the error rate at which the result becomes unusable. At a
circuit error rate of ξ := λNgates ≈ 1.0 and 1.5, the spec-
trum shows only one peak, the same as for the noise-free
simulation. At ξ ≈ 2 the peak drastically diminishes in
height, and a new component close to E ≈ 0 emerges. At
ξ = 2.5 finally, the signal of the system at E ≈ 0.2 dis-
appears, and all the weight apart from the random noise
has shifted over to E ≈ 0. Indeed, this is an expected
limitation and applies collectively to error-mitigation tech-
niques as well: due the exponentially decreasing fidelity
F ≈ e−ξ the buildup of error escalates rapidly with increas-
ing ξ and makes it impractical to extract useful information
[12,61]. On the other hand, while in NISQ applications
one needs to resort to error-mitigation techniques to
extract useful information, the present approach is demon-
strably robust against gate noise as the peak position
is unaffected and only its intensity is affected by gate
noise.
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B. Shadow spectroscopy for mature quantum
advantage

1. Fully fault-tolerant quantum chemistry

Finally, we explore the fully fault-tolerant quantum
computing regime, where algorithmic errors can be sup-
pressed exponentially via sophisticated post-Trotter time-
evolution techniques: we describe computation of a
molecule’s low-lying electronic transitions using shadow
spectroscopy. Typically the electronic structure Hamilto-
nian is specified in a second-quantized form as

H =
∑

pq

hpqa†
paq + 1

2

∑

pqrs

hpqrsa†
pa†

qaras, (8)

and mapped onto multiqubit Pauli operators using the
JW encoding. Mean-field or Hartree-Fock solutions (Slater
determinants) can be computed classically efficiently and
correspond to computational basis states.

While we discuss details in Appendix F, let us briefly
summarize why quantum chemistry is highly amiable to
shadow spectroscopy using local Pauli operators. Under
the JW transform, excitation operators map to non-
local Pauli strings, e.g., the single excitation a†

paq �→
iA†

pAq
∏q−1

k=p+1 Zk, where A = (X + iY)/2 is the qubit low-
ering operator. In spite of this, we find that in practice
the signal intensities of observables like two-local Pauli
strings, e.g., XpXq, XpYq, or indeed any variant where we
additionally append one or more single-qubit Z operators,
yield dominant signals. The reason is that the intensity
of these local observables is determined directly by the
single-excitation coefficients in the configuration interac-
tion expansion of the time-evolved states, which is the
same as if the observable a†

paq was measured instead.

2. Methylene spectra discovery

We now explore a specific quantum chemistry example:
The bent methylene molecule CH2 in the minimal STO-3G
basis (14 qubits). Because of the challenges in isolating
this molecular biradical experimentally, methylene was
one of the first instances where classical computational
quantum chemistry calculations predicted the properties
of a molecule before it was then verified by photochem-
istry and spectroscopy experimentally [63–66]. It exhibits
the following atypical features: First, its ground state (at
equilibrium geometry) has an open-shelled triplet elec-
tron configuration instead of the usual closed-shell singlet.
Second, the singlet and triplet states cross at a certain
geometry, called a conical intersection in the excited-state
chemistry literature, and the system becomes degenerate.
We probe these features [67–69] by estimating shadow
spectra at five evenly spaced geometries around the conical
intersection, see Figs. 6(a)–6(e).

Recall that in the initial state we need only to have a rea-
sonable support for eigenstates indexed k and l to observe
the energy gap Ek − El: in Fig. 6 (top) we use an initial
state as a superposition of the two basis states (Slater deter-
minants) that correspond to the lowest-lying singlet and
triplet states as

|ψ(0)〉=
√

3
2

|11111111000000〉 + 1
2

|11111110100000〉 ,

(9)

which can be prepared straightforwardly [70]. Here we
time evolve these states exactly in NT = 500 evenly spaced
time intervals with �t = 10, and at each time increment
determine expected values of all three-local Pauli strings
from 50 snapshots of classical shadows.

We plot the resulting shadow spectra for each geometry
in Fig. 6 (top spectra). As expected, we find a domi-
nant peak in each spectrum and their positions agree with
the exact singlet-triplet gap (energy difference between
the S0 and T1 eigenstates) to within error ±0.4 mEh
(0.25 kcal/mol), as predicted from the scaling ∝ 2π

NT�t —as
singlet-triplet gaps are typically on the order of few
kcal/mol, the low error of shadow spectroscopy is very
promising. While physical optical spectroscopy only mea-
sures a single observable (e.g., electric dipole moment)
where “spin-forbidden” transitions can prohibit resolution
of the S0 ↔ T1 transition, shadow spectroscopy allows us
to probe many different observables, some of which indeed
lead to intense peaks as long as the initial state has sup-
port for them. At geometry (c), despite the near degenerate
singlet-triplet intersection, the tiny expected frequency is
still observed, confirming that indeed shadow spectroscopy
is expected to be highly accurate when used in combina-
tion with sophisticated post-Trotter Hamiltonian simula-
tion, even in the strong correlation regime where multiple
eigenstates are often near degenerate.

We demonstrate another valuable feature as the flexibil-
ity to the initial state used: we initialize the time evolution
in another superposition of basis states that approximate
the two lowest-energy singlet states S0 and S1 as

|ψ(0)〉 = 1√
2

|11111111000000〉

+ 1√
2

|11111110010000〉 . (10)

In Fig. 6 (bottom spectra), we observe the same peak
corresponding to the T1 ↔ S0 transition, suggesting the
Slater determinants in Eq. (10) have sufficient fidelity with
respect to the exact T1 and S0 eigenstates. We also observe
new higher-energy peaks: their positions match the exact
transition energies of S0 ↔ S1 and T1 ↔ S1 states within
error ±0.3 mEh (0.18 kcal/mol).
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(a) (b) (c) (d) (e)

FIG. 6. Discovering the electronic spectrum of methylene with (classically emulated) shadow spectroscopy. We fix the bond angle
to 101.89◦ and choose five symmetric C—H bond geometries between 0.5 and 3 times the equilibrium bond length of r0 = 1.1089 Å
[62]. The top row of spectra were generated using an initial state, which was a superposition of the lowest energy singlet and triplet
determinants Eq. (9), and the bottom row of spectra a superposition of the lowest and first excited singlet determinants, Eq. (10). The
dotted lines are the exact excitation energies from the singlet ground state, purple dashed lines correspond to those from the triplet
ground state. From classical shadows of 50 snapshots, all up to three-local Pauli strings were determined with No = 10689, out of
which 2000 signals passed a statistical test (they contain a deterministic signal with p values in the range 10−20 ≤ p ≤ 0.06). Note that
a number of high-energy peaks are observed too—assignment of these transitions can easily be achieved in practice using techniques
detailed in the main text.

We conclude by noting that the low-lying excited-state
spectrum of a more complex molecule will be more chal-
lenging to decipher. While in such complex scenarios,
phase-estimation protocols are equally challenging (e.g.,
due to small overlaps with many eigenstates), the present
approach may be helpful in reducing complexity, as differ-
ent combinations of input states and Pauli strings measured
only give rise to specific peaks. A reasonable strategy
might be, as we have demonstrated in Fig. 6, to trial a few
initial Slater determinants, linear combinations of them,
different choice of Pauli operator observables, and mul-
tiple geometries. The difference between these scenarios
should let the user assign peaks to energy transitions by
elimination and obtain an excited-state landscape.

Another strategy is to make use of additional system
knowledge: one could envisage a hybrid quantum-classical
learning cycle that uses cheap, e.g., density-functional
or perturbation-theory calculations to provide initial-state
guesses, and from the shadow-spectroscopy results update
the initial reference or geometry until a confident peak
assignment is provided. One might also consider suppress-
ing high-frequency satellite peaks by reducing support
for high-energy states such as in the case of imaginary
time evolution or variational quantum eigensolvers as
we demonstrated in Sec. III A 1. If one instead desires,
e.g., ionization energies or electron affinities, the present
approach can also, in principle, be straightforwardly
applied by initializing in a superposition of Slater determi-
nants with different electron numbers (different Hamming
weights). Further explorations in any of these directions
may prove fruitful and offer a new pathway to quantum

computing energy gaps in molecules without ever prepar-
ing eigenstates in a quantum computer and evaluating
static electronic energies.

IV. FURTHER EXTENSIONS AND APPLICATIONS

Our postprocessing approach is the combination of
relatively simple signal-processing techniques but they
demonstrably work well in practice and guarantee a lin-
ear classical computational complexity. We note that we
could use more advanced signal-processing techniques and
the literature on this topic is rich [71–73]. We could also
use compressed sensing to exploit sparsity in the shadow
spectrum thereby reducing the overall number of time-
point samplings (the number of time steps) [74,75]. Fur-
thermore, while we primarily focused on well-established
algorithmic time-evolution simulation, the presented tech-
niques naturally extend to time evolutions performed with
more advanced methods that correct the algorithmic errors
incurred at the unitary level, as well as on analog quantum
simulators combined with recent analog classical shadow
techniques [76]

Beyond classical shadows, we considered problem-
specific operator pools and constructed them explicitly for
the case of quantum chemistry. This lends itself to a num-
ber of straightforward extensions. First, we could simi-
larly construct problem-specific operator pools of nonlocal
Pauli strings and use derandomization protocols [29] or
shallow Clifford circuits [32,33] to estimate expected val-
ues efficiently. Second, the operator pools we constructed
for fermionic problems can be grouped into large mutually
commuting groups and we could measure these using

010352-11



CHAN, MEISTER, GOH, and KOCZOR PRX QUANTUM 6, 010352 (2025)

well-established techniques [77–80]. Third, we could also
construct an operator pool of fermionic operators and use
fermionic shadows [30,31] to estimate expected values.

A number of further applications and generalizations
are apparent. First, we can apply the present approach to
an initial state that is relatively close to the ground state,
e.g., a mean-field approximation for fermionic systems.
By inspecting the shadow spectrum, one can semiquan-
titatively determine how many and which excited states
contribute with dominant weights.

Second, we could also use the present approach to
diagnose gaps in adiabatic quantum computing: as in adi-
abatic evolution, the quantum state closely follows the
ground state, the shadow spectrum has peaks only at exci-
tation energies between the ground and excited states. One
can thus uniquely identify the spectral gap and determine
whether it is sufficiently different from zero—effectively
verifying the validity of the adiabatic theorem.

Third, while in the present work we primarily focused
on determining energy gaps, it is straightforward to extend
our approach to the direct estimation of energy levels:
one usually proceeds by embedding the Hamiltonian into
a larger system by adding an additional ancilla qubit.
For example, in phase estimation one applies a controlled
evolution while in NISQ-friendly phase estimation the
Hamiltonian is appended with additional Pauli-Z operators
[81]—finding operators that anticommute with the Hamil-
tonian are also equally effective [36]. These approaches,
however, come with increased quantum resources and may
require bespoke architectures.

V. DISCUSSION AND CONCLUSION

In this work, we developed a general technique that
can be used to extract energy differences between discrete
energy levels of a quantum system: information that is of
key importance for many applications in chemistry, mate-
rials science, and beyond. Our approach can be viewed
as the quantum digitization of spectroscopy: estimating
observable properties of a time-evolved quantum system
from its classical shadows allows us to learn fundamen-
tal frequencies in the time evolution as intense peaks in
a shadow spectrum—these peaks precisely correspond to
energy differences in the system’s Hamiltonian. The pri-
mary limitation of the approach is that a sufficiently good
initial state must be prepared that approximates the rele-
vant eigenstates—this is unavoidably hard in general but
is a common requirement for most classical and quantum
computational methods, which we detail in Appendix A.

Classical shadows allow us to estimate a large num-
ber (No ≈ 108 is realistic) of time-dependent observables,
which is beneficial for at least three reasons. First, we can
efficiently search for observables of high intensity, i.e.,
we estimate all q-local Pauli strings and select only the
observables that give rise to intense signals using statistical

correlation tests. Second, the effect of gate noise is poten-
tially suppressed as ∝ N−1

o . Third, the signal-to-noise ratio
(shot noise) in the spectrum is increased as ∝ √

No. While
the classical computational complexity of our approach is
linear and the required quantum resources are only loga-
rithmic in No, we verified in tensor-network simulations for
up to 100 qubits that indeed our approach is scalable and its
performance improves for an increasing number of qubits.
We also prove that the approach is immune to reasonable
levels of gate errors as the ideal spectral peak positions are
not altered by incoherent noise—which we verified in real
quantum hardware demonstrations.

Furthermore, we provide a broad range of practically
motivated demonstrative examples that illustrate how
our approach indeed (a) requires no additional quantum
resources beyond the ability to simulate time evolution and
to extract classical snapshots (randomized measurements);
(b) is highly robust to gate noise and shot noise, (c) admits
a ε−1-limited precision; (d) is amiable to a simple yet
effective algorithmic error-mitigation technique. Shadow
spectroscopy is also very versatile as it can be used for a
large variety of quantum systems and Hamiltonians, and
in principle with any quantum simulation platform. These
include analog quantum simulators, NISQ machines, and
early fault-tolerant quantum computers. For example, ion
traps [82] can simulate time evolution of nontrivial spin
models in an analog, non-gate-based fashion and can per-
form single-site Pauli measurements, making them an ideal
platform for shadow spectroscopy.

The amount of absolute quantum resources required for
the present approach can be very low; in both noisy hard-
ware experiments and numerical simulations a few dozen
circuit repetitions per time step were sufficient to mea-
sure shadow spectra. Thus we expect the present approach
requires a moderately increased number of circuit repe-
titions compared to even mature phase-estimation proto-
cols, which is, however, a worthwhile trade-off due to the
above noted advantages—making the present approach a
highly competitive alternative. Furthermore, shadow spec-
troscopy uses many orders of magnitude fewer shots than
typical NISQ applications where figures well beyond 106

shots for a single eigenvalue estimation are very com-
mon—of course simulating time evolution with varia-
tional techniques may still require high repetition as in
Sec. III A 1.

Shadow spectroscopy has numerous natural applica-
tions ranging from high-energy physics to materials sci-
ence to modeling molecular systems. In fact, we identify
quantum chemistry as a sweet spot for our approach:
popular VQE algorithms typically suffer from grave
performance deficiencies for quantum chemistry Hamil-
tonians such as astronomical sampling (circuit repeti-
tion) costs, barren plateaus, and relatively deep circuit
depths required—extracting the spectrum additionally
requires computing excited states, which exacerbates these
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drawbacks. In contrast, we prove analytically and demon-
strate experimentally that local Pauli strings give rise to
intense signals from which we can estimate energy dif-
ferences as long as one can prepare good initial states
and time evolve them; furthermore, the efficient fermionic
shadows-measurement routine is very suitable for shadow
spectroscopy for molecular systems [30,31].

Shadow spectroscopy may also be useful in entangle-
ment spectroscopy [82,83], where the transition energies
in a learned “entanglement Hamiltonian” correspond to the
entanglement spectrum of a subsystem. Our method may
provide a way of observing that spectrum experimentally
with many fewer measurements.

We believe the present approach can be a major enabler
for practical quantum advantage both on NISQ devices as
well as on early fault-tolerant quantum computers due to
its versatility, efficiency, and practicality. Furthermore, the
present approach motivates deeper questions: can one find
more direct ways to analyze time dependence from clas-
sical shadows circumventing the intermediate step of esti-
mating expected values of Pauli operators? In the present
work, we resorted to local Pauli strings and found that
in all examples up to three-local Pauli strings gave rise
to sufficiently informative signals about low-lying energy
transitions in practice (which we verified up to 100 qubits).
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APPENDIX A: SUMMARIZING LIMITATIONS OF
SHADOW SPECTROSCOPY

As mentioned in the Introduction, one main limiting fac-
tor of shadow spectroscopy is that it requires an initial
state with a sufficient overlap with the eigenstates whose
energy differences one aims to extract, i.e., typically the
lowest-lying eigenstates in practice. Obtaining good initial
states is, however, a challenging task, which can be a bot-
tleneck for even advanced, fault-tolerant phase-estimation
protocols [27]. This challenge can, indeed, be attributed to
general, exponential hardness results for finding ground or
eigenstates [86].

As such, applying quantum or classical heuristics
becomes crucial for obtaining approximations of low-lying
eigenstates and their state-preparation circuits, such as
by using tensor-network methods [87]. Regarding quan-
tum heuristics, in the present work we explored ini-
tialization through VQE in which case, hardness results
manifest in the difficulty of circuit training: for deep,
randomly initialized variational circuits one indeed suf-
fers from exponentially increasing training costs due to
barren plateaus [88] or due to exponentially many local
traps [54,55] and thus the efficacy of obtaining good ini-
tialization for shadow spectroscopy boils down to find-
ing well-motivated, problem-specific ansätze for which
efficient training is possible.

The other main limiting factor of algorithmic shadow
spectroscopy is the accuracy of Hamiltonian simulation: as
seen from the Heisenberg chain and Fermi-Hubbard model
examples, unitary-evolution simulations are only approxi-
mate, introducing algorithmic errors that shift the positions
of the peaks. However, in this work we show that these
errors can be mitigated (see Sec. III A 2) and indeed the-
oretical guarantees are available in the literature [58]. As
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mentioned, advanced time-evolution approximations that
have lower algorithmic errors are also constantly being
invented.

Furthermore, gate noise and shot noise only affect the
signal-to-noise ratio (peak intensities), not peak-position
accuracy as long as the noise model is probabilistic, e.g.,
Pauli noise, as we prove. However, our proofs do not
apply to coherent gate errors or to error models that are
not of the form of Eq. (C1), such as damping errors. We
do not expect this to be a major drawback as in typical
experiments one applies twirling operations to convert the
aforementioned nonprobabilistic noise sources into a form
that complies with Eq. (C1). Indeed, as we demonstrate
numerically, even without twirling operations the approach
is highly noise robust even for damping errors that vio-
late our noise-model assumptions in Eq. (C1). In addition,
these claims are in good agreement with our hardware
experiment.

Our approach achieves a scaling 1/T in the sense that the
evolution time required for an energy gap� to be resolved
is T ∼ 1/� (while often the terminology Heisenberg-
limited scaling [89] is used in this context, this should
be distinguished from the Heisenberg limit in quantum
metrology); it follows that quantum resources as both cir-
cuit depth and the number of shots (assuming at least one
shot taken per time step) required scales similarly with
1/�. This can be contrasted with the standard shot-noise
scaling of energy estimation in VQE where the precision
scales with the inverse square root of the number of shots.
While achieving a finite threshold in amplitude precision
is important in order to distinguish a peak from baseline
white noise, the asymptotic resolution in the energy-gap
estimate (i.e., frequency estimate) is determined asymptot-
ically entirely by the peak width, which in the noiseless
case is entirely determined by T−1 (whereas in the noisy
case it is determined by the effective coherence time).

However, a limitation in this context is spectral gap
closure, i.e., the smaller the spectral gap the deeper the nec-
essary circuits. For example, in systems with “strong corre-
lation,” such as the Fermi-Hubbard model where U/t � 1
or at chemical bond dissociation limits in molecules, low-
lying eigenstates may get exponentially close to each other,
forming a dense band with degenerate or near-degenerate
states. Note, however, that resolving individual eigenval-
ues becomes equally difficult with phase-estimation proto-
cols in these cases. Other adversarial examples, which may
give exponentially vanishing signal intensities include ran-
dom quantum states due to the exponential concentration
of eigenvalues of traceless Hamiltonians around E = 0. As
such, the primary application of the present approach is to
accurately resolve excitation energies in gapped quantum
systems where the gap closes no faster than polynomially.
Indeed, our numerical results in Sec. III B demonstrate that
the technique is able to resolve the energy-gap regime near
a conical intersection. While even answering the question

whether a broad class of quantum systems is gapped in the
thermodynamic limit is an undecidable problem [90], most
practically relevant problems involve gapped systems, e.g.,
molecular systems.

Finally, we note that while shadow spectroscopy is for-
mally similar to physical spectroscopy, it is strictly more
general. The reason is that the intensities of the peaks in
conventional spectroscopy are determined by the transi-
tion dipole moment, in the present case we have significant
flexibility in choosing various other operators that we can
estimate from classical shadows. Thus the primary aim
of shadow spectroscopy is not necessarily to faithfully
simulate conventional spectroscopy, but to rather estimate
differences of eigenvalues making as frugal use of quan-
tum resources as possible. Consequently, the approach can
resolve peaks corresponding to spin-forbidden transitions,
which will not be observed in optical spectroscopy. In con-
trast, if the aim was to faithfully simulate conventional
spectroscopy, shadow spectroscopy can still in principle
be used by estimating specifically the transition dipole
moment from shadows.

APPENDIX B: COMPARISON TO THE
LITERATURE

1. Simulated spectroscopy

A number of works have used similar ideas to track the
time-dependent expected value of some specific observ-
able to reveal transition energies in certain spin prob-
lems—in direct analogy with spectroscopy experiments.
First, Ref. [91] proposed to simulate the evolution of a
spin system under a diabatically ramped magnetic inter-
action, whereby estimating the time-dependent signal of
an observable allows identification of transition energies.
Second, Ref. [36] proposed to measure the time-dependent
signal of a single observable O that anticommutes with the
Hamiltonian {H, O} = 0—for certain simple spin prob-
lems such an anticommuting observable can be constructed
straightforwardly. Third, coupling the system to an ancilla
qubit via an interaction term and measuring the time-
dependent expected value of the Pauli-Z operator can also
be used to identify spectroscopic transitions [92].

Indeed, problem-specific observables, as identified by
the aforementioned works for spin problems, can be read-
ily adopted for our approach. While the present work can
indeed similarly be viewed as a variant of spectroscopy, it
distinguishes itself as we estimate the signal of a very large
number of observables using only very few circuit repeti-
tions. Furthermore, the present approach can be applied, in
principle, to any problem Hamiltonian or at least to ones
that give a non-negligible signal upon measuring local
observables—while noting that nonlocal operators may
also be measured efficiently by other variants of classical
shadows.
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2. Quantum algorithms for excited states

The low-lying excited-state spectrum of a system can
of course be directly calculated by evaluating the ground-
and excited-state energy levels. A great plethora of varia-
tional methods, e.g., deflation [93,94], equations of motion
[95,96], variational imaginary-time evolution [97], sub-
space search [98] have been proposed. Most relevant to
our method are those which use a quantum computer to
generate subspaces, which we discuss presently.

In subspace expansion [37], one can discover low-
energy excited states from an estimated ground state |ψ̃G〉
by applying low-weight operators as excitations to this ini-
tial state. Typically Pauli operators are used to produce a
new set of states |ψk〉 = Pk |ψ̃G〉 for calculating the over-
laps Hkj = 〈ψk|H |ψj 〉 and Skj = 〈ψk|ψj 〉. Finally, diago-
nalizing Hkj then reveals better ground-state energies than
that of |ψ̃G〉. In our approach in Statement 1, the intensity
of the signals is expressed as Ikl = c∗

kcl〈ψk|O|ψl〉. As such,
we aim to apply operator pools that give non-negligible
overlaps 〈ψk|O|ψl〉 and thus we can draw a loose anal-
ogy with subspace expansion where similar operators are
required. However, the difference in efficiency between
the present approach and subspace expansion is crucial:
in subspace expansion one estimates the overlaps one-by-
one resulting in a linear complexity O(No) whereas our
effective use of classical shadows reduces the quantum
resources to only logarithmic O(log No). Nevertheless,
the literature on subspace expansion will be relevant in
identifying problem-specific observables O that give sig-
nificant overlaps which we have considered in Sec. III B,
e.g., excitation operators in quantum chemistry or certain
local observables in spin problems. Furthermore, a sig-
nificant advantage of the present approach is that explicit
knowledge of which operators give intense signals is not
necessary as we can efficiently reconstruct all q-local
Pauli strings and identify the useful signals via statistical
autocorrelation tests that we discussed in Sec. II C.

Methods that generate instead Krylov [99] and Krylov-
like subspaces [100,101] are, in comparison, more loosely
related to our approach. These algorithms generate a sub-
space by applying to a supplied initial state either (a)
powers of the Hamiltonian or (b) real- or imaginary-time
Hamiltonian evolution steps, which approximate powers
of the Hamiltonian in the small time-step limit as per the
Taylor expansion of the matrix exponential. Computing the
subspace Hamiltonian and overlap matrix elements on a
quantum computer and diagonalizing it classically gives
approximations to eigenvalues of the modeled Hamilto-
nian. While our approach features time evolution of an
initial state as well as classical signal postprocessing and
matrix diagonalization, it does not have the burden of eval-
uating Krylov matrix elements, nor does it require an initial
state with good ground-state overlap.

3. Variants of phase estimation

A number of works aim to estimate the expected value
〈ψ |e−itH|ψ〉 or a signal that is effectively equivalent
to it. First, in NISQ to early-fault-tolerant iterative
phase-estimation protocols [81], the autocorrelation sig-
nal 〈ψ |e−itH|ψ〉 is estimated by applying time-evolution
steps controlled by a single ancilla and then measur-
ing out the ancilla in shots; the probability of observing
the |0〉 outcome is the autocorrelation signal. This sig-
nal contains frequencies precisely at eigenenergies and
with amplitudes determined by the fidelity of the initial
state with respect to the eigenstate—the approach thus
requires a reasonably large initial overlap to the targeted
eigenstates due to shot noise. A group of recent meth-
ods called statistical phase estimation builds on this single
ancilla iterative phase-estimation protocol and uses sophis-
ticated classical signal-processing techniques to extract
as much information as possible from the single ancilla
signal, thereby bringing down the sampling cost and cir-
cuit depth for generating said autocorrelation signal on a
quantum computer—see e.g., Refs. [89,102,103]. Bespoke
architectures have also been developed in Ref. [81] to
reduce quantum resources required for a controlled evo-
lution.

Problem-specific techniques have also been developed
for quantum chemistry applications. For example, phase
estimation for investigating elusive high-energy excita-
tions [104] have been proposed. Refs. [105,106] use
Hadamard-test circuits to estimate expected values of
excitation operators—and ancilla-free variants are also
discussed. Indeed, in Sec. III B we discuss such problem-
specific operators and construct a large number of these
that we can simultaneously measure with powerful classi-
cal shadow techniques.

Other approaches seek to generate the autocorrelation
signal without the ancillary qubits. References [107,108]
propose to create a superposition of two eigenstates and
performs a Ramsey-type experiment by applying a time
evolution. The approach alleviates the use of a controlled
evolution but requires a Prep and a Prep† oracle that
prepare a superposition of two eigenstates. Besides simi-
larly requiring no controlled evolution, another significant
advantage of our approach is that it requires no explicit
knowledge of a state-preparation oracle. In fact, the present
approach is very flexible with respect to the supplied initial
state—as we demonstrated in numerical simulations—and
can even work with input states that are a superposition of
a large number of eigenstates.

Finally, the present approach can also be compared to
Ref. [109], whereby one first applies a Haar-random circuit
to the |0〉 state, applies a time-evolution operator, applies
the inverse of the random circuit and finally measures the
survival probability as probability of the |0〉 state. While
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we similarly apply randomized measurements, the advan-
tage of our approach is that we need only use single-qubit
rotations to obtain classical shadows.

In summary, these prior works estimate a single
autocorrelation signal that may require cumbersome
quantum resources such as controlled time-evolution or
state-preparation oracles, and then perform classical post-
processing to extract eigenvales from the autocorrelation
signal. In contrast, here we only use logarithmic quantum
resources to cheaply estimate a large number of operator
expectation value signals, which we then classically ana-
lyze in a nontrivial postprocessing step to reveal energy
gaps.

APPENDIX C: NOISE ROBUSTNESS

1. Noise model assumptions

We recollect properties of a general class of noise mod-
els from Ref. [61]: most typical noise models used in
practice, such as depolarizing, bitflip, or dephasing noise,
admit the following probabilistic interpretation: a noisy
quantum gate �(ρ) acts with probability 1 − ε as a noise-
free operation U and with probability ε as an erroneous
execution of the gate as

�k(ρ) = (1 − ε)UkρU†
k+ε�err(UkρU†

k). (C1)

Here Uk is the kth ideal quantum gate in a quantum circuit
and the CPTP map �err happens with probability ε and
represents all errors that happened during the execution of
the gate.

A quantum circuit is then a composition of a series of ν
such quantum gates and when this circuit is applied to any
reference state it prepares the density matrix

ρ = ηρid + (1 − η)ρerr. (C2)

Here ρid := |ψ〉〈ψ | is the ideal noise-free state that the
ideal circuit would prepare, ρerr is an error density matrix
that contains a mixture of all error events in the circuit and
η = (1 − ε)ν is the probability that none of the gates have
undergone errors.

2. Robustness to gate noise

Theorem 1. We assume that a series of noisy quan-
tum circuits are used to prepare the series of time-evolved
quantum states ρ(tn) under the general noise model
described in Appendix C 1. Any measured time-dependent
signal, as the expected value of a Pauli string Pk, then
decomposes as

Snoisy
k (tn) = ηSk(tn)+ (1 − η)Wk(tn).

The first term Sk(tn) is the ideal signal while the second
term is a noise contribution whose amplitude is bounded

|Wk(tn)| ≤ ‖ρerr(tn)− Id/d‖1 via the distance from the
maximally mixed state, i.e., the error term is zero for
global depolarizing noise. Depending on the simulation
algorithm used, the weight η is either a constant or a
time-dependent exponential envelope and thus the Fourier
transform F [ηSk](ω) has peaks centered exactly at peaks
of the ideal spectrum F [Sk](ω).

Proof. We define the noisy time-dependent signal as

Snoisy
k (tn) = Tr[ρ(tn)Pk],

which is the expected value of a Pauli string Pk as esti-
mated, e.g., via classical shadows. We assumed that the
time-evolved quantum states ρ(tn) are prepared by a series
of quantum circuits that are described by the error model in
Appendix C 1 such that every quantum state decomposes
as

ρ(tn) = η(tn)ρid(tn)+ [1 − η(tn)]ρerr(tn).

Here the noise-free quantum state ρid(tn) = U(tn)|ψ0〉
〈ψ0|U†(tn) is prepared by the noise-free simulation cir-
cuit U(tn); it has a weight given by the probability that
none of the gates in the circuit has undergone a noise
event η(tn) = (1 − ε)ν(tn); this weight depends on the per-
gate error rate ε and on the number ν(tn) of gates that are
used to prepare the time-evolved quantum state ρ(tn). It
immediately follows that the noisy signal decomposes as

Snoisy
k (tn) = η(tn)Sk(tn)+ [1 − η(tn)]Wk(tn),

where the noise signal Wk(tn) := Tr[ρerr(tn)Pk] can be
bounded generally as

|Tr[ρerr(tn)Pk]| = |Tr[ρerr(tn)Pk] − Tr[ Id
d Pk]|

≤ ‖ρerr(tn)− Id
d ‖1.

Above we have used that Pauli strings are traceless and
have unit operator norm. We have also used the general
bound of Ref. [61], which can be applied to any observable
O as

|Tr[Oρ1] − Tr[Oρ2]| ≤ ‖O‖∞‖ρ1 − ρ2‖1.

Finally, we derive the time-dependent weight η(tn): when
the time evolution is simulated by a variational circuit,
whose circuit structure is constant throughout the sim-
ulation as in Sec. III A 1, then the weight is a time-
independent constant η = (1 − ε)ν . This constant is well
approximated as [61,110,111]

η = (1 − ε)ν = e−εν + O(ε2/ν). (C3)

As such, the spectrum of the ideal signal Sk(tn) is only
rescaled by a constant factor that depends exponentially on
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the expected number of errors in the full variational circuit
as ξ = νε.

On the other hand, when the time evolution is sim-
ulated by product formulas as in Sec. III A 2 then the
weight is time dependent as η(tn) = (1 − ε)nNl where Nl
is the number of quantum gates in a single layer of the
product-formula circuit. This is well approximated by a
time-dependent exponential envelope function as

η(tn) = (1 − ε)nNl = e−εNln + O
(
ε2

nNl

)

.

The exponential envelope in the ideal part of the signal
η(tn)Sk(tn) does not change the peak center in the Fourier
transform but only broadens it for the following reason:
we consider a time-continuous function η(t)Sk(t) from
which the signal η(tn)Sk(tn) are samples evaluated at times
tn = n�t. The Fourier transform of η(t)Sk(t) can then be
calculated analytically as

F [e−αtSk(t)](ω) ∝ F [Sk](ω) ∗ α

α2 + ω2 , (C4)

where α := εNl
�t . The above is simply a convolution of the

ideal spectrum F [Sk](ω) with a Lorentzian function of
width α—this convolution does not change the center of
the peaks but only broadens their lineshape. �

One could compare the above results to error-robustness
guarantees of Ref. [35]. Specifically, Ref. [35] assumed
an error model UE that factorizes into a product of the
ideal channel U and a noise channel E , and proved for
small errors ‖E‖ � 1, i.e., for small circuit error rates ξ �
1, that in first-order perturbation the phase evolution is
unchanged by the noise and only the amplitude of the sig-
nal decreases. Theorem 1 presents considerably stronger
error-robustness guarantees that apply to finite error rates
ξ and to almost all typical error channels used in practice.

3. Approximate bounds on the error term

The above result establishes that the noisy signal
Snoisy

k (tn) is a superposition of two signals: the first com-
ponent is the ideal signal ηSk(tn) up to a rescaling factor
η, which however, does not change the center of peaks
in the spectrum. The second component is a noise sig-
nal (1 − η)Wk(tn) that may contribute artefacts to the
spectrum. However, the magnitude of this error signal is
bounded by the distance from white (global depolarising)
noise ‖ρerr(tn)− Id

d ‖1.
While it can be proved rigorously that in random cir-

cuits white noise is approached for an increasing circuit
depth, the statement was recently analyzed for a broad
class of practical shallow circuits [110,111]. In particu-
lar, the exact formula for random circuits was found to
be a good approximation for practical circuits—albeit with

a potentially large a ≈ 0.1 problem-dependent prefactor.
Let us now adapt bounds of Ref. [110,111] obtained for
random circuits of ν gates as

(1 − η(tn))‖ρerr(tn)− Id
d ‖1 ≈ a × e−ξ ξ√

ν
. (C5)

In the case when variational circuits of fixed depth are used
to simulate time evolution, as in Sec. III A 1, the above
bound is constant throughout the simulation. We thus find
that the error component of the signal is globally bounded
approximately as |[1 − η(tn)]Wk(tn)| � αν−1/2 assuming
ξ ≤ 1. Given the ν−1/2 dependence on the number of gates,
we can expect that the artefacts in the spectrum due to
noise diminishing as we increase the system size due to
the increasing number of gates ν.

Let us now consider product formulas, as in Sec. III A 2,
whereby the number of gates is time dependent as ν(tn) =
Nln and thus yields the time-index-dependent upper bound
in Eq. (C5) as aεe−εNln

√
Nln.

Let us assume a worst-case scenario whereby the error
term saturates its above upper bound and thus

Snoisy
k (tn) = η(tn)Sk(tn)+ [1 − η(tn)]Wk(tn)

= e−εNln[Sk(tn)+ aε
√

Nln],

whereby inside the square brackets we have a sum of the
ideal signal and an additive worst-case noise. The noise
component is a signal that grows proportionally with the
square root of the time index n. We can compute the square
of the l2 norm of the error component of the signal as

‖αε
√

Nln‖2
2 = a2ε2Nl

NT∑

n=1

n ≈ a2ε2NlN 2
T .

Given the l2 norm is invariant under the Fourier trans-
form, we find that while the l2 norm of the ideal signal
‖Sk(tn)‖2 is proportional to the peak height in the spec-
trum, the total spectral contribution of the artefacts is given
by the l2 norm as aεNT

√
Nl = aξ/

√
Nl. As such, under the

above assumptions, the contribution of the error term to the
spectrum diminishes as we increase the system size due to
the increasing number of gates in a layer Nl of a product
formula but while assuming a constant ξ .

4. Lineshape broadening

In the case when the time evolution is simulated by
product formulas then the ideal signal is multiplied by an
exponential envelope, which leads to a broadening of the
lineshapes in the shadow spectrum via Eq. (C4). However,
as long as the total circuit error rate is reasonably small as
ξ ≈ 1 the broadening is not a limiting factor in practice.
In particular, the Lorentzian width of the peak in Eq. (C4)
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is given by the factor α = εNl/�t. Since the total circuit
error rate is expressed as ξ = εNlNT using the overall num-
ber of simulation steps NT, the width of the Lorentzian
peak is simplified as α = ξ/NT�t. Similarly, the natural
linewidth due to finite simulation time can be expressed as
∝ 1/(NT�t).

As such, the broadening due to gate noise relative to the
natural linewidth is simply given by the circuit error rate ξ .
This guarantees that in practice, i.e., when ξ ≤ 1 the peaks
are not broadened by gate noise. This is nicely confirmed
in Fig. 5 where the peaks for different ξ have approxi-
mately the same width as given by the natural linewidth.
Furthermore, all zero-frequency components in the ideal
signal, which are ideally removed by the standardization
of the data matrix D, are broadened due to the exponen-
tial envelope and thus appear in the shadow spectrum as
an intense peak at the low-frequency end. Indeed, this is
nicely confirmed in Fig. 5.

APPENDIX D: CLASSICAL POSTPROCESSING

In this section, we describe details of our classical post-
processing technique and analyze its computational com-
plexity. We first summarize the algorithm as illustrated in
Fig. 1:

(1) measure No time-dependent signals with classical
shadows, with sample compelxity O(log No);

(2) possibly reject signals that are not statistically sig-
nificantly different from noise via a Ljung-Box test;

(3) arrange the signals into a matrix D as row vectors;
(4) calculate the square matrix C ∝ DTD—this is the

time-determining step with a complexity O(No);
(5) find the dominant eigenvectors v1, v2, . . . vc of

C—we need to choose a cutoff, e.g., c = 4 in Fig. 2,
based on the eigenvalue distribution of C;

(6) finally, we effectively Fourier transform these dom-
inant eigenvectors. More specifically, we obtain the
spectral (Fourier) intensity at frequency ω by cal-
culating the spectral cross-correlation matrix; X(ω)
from the dominant eigenvectors v1, v2, . . . vc

(7) the spectrum λ(ω) is then obtained as the principal
component of each matrix X(ω).

Below we first detail the correlation analysis technique
from steps (6) and (7): this technique is closely related
to generalized coherence techniques in classical signal
processing [71–73], however, it would be prohibitively
expensive when directly applied to our large number of
observables No � NT.

We thus describe a dimensionality-reduction technique
in steps (2)–(5), which is closely related to a standard
principal component analysis but slightly differs as we
standardize the time signals fk (row-wise mean and stan-
dard deviation is fixed) as in Eq. (5). In fact, this algorithm

is directly analogous to well-established subspace meth-
ods in signal processing, such as the MUSIC algorithm
[41]. In these signal subspace methods, one estimates a sig-
nal autocorrelation matrix, which is formally equivalent to
our square matrix C that we report in Eq. (D3). One then
defines a signal subspace that is by definition spanned by
the eigenvectors that correspond to the largest c eigenval-
ues of the matrix C. Then, the noise subspace is spanned
by the complement of the signal subspace. In contrast to
our method detailed in Appendix D 2, MUSIC deviates as
it does not use the signal eigenvectors but rather works
directly with the noise subspace: the MUSIC spectrum is
defined as ∝ [v(ω)TC̃v(ω)]−1, where v(ω) are discretized
Fourier components of frequency ω and C̃ is a projection
onto the noise subspace of C. Indeed, if a frequency v(ω)
is contained in the signal subspace then v(ω)TC̃v(ω) → 0
and thus we observe a peak in the spectrum.

1. Correlation analysis of multiple signals

We assume that we are given a set of vectors v1, v2, . . . vc
as time signals such that each signal, e.g., v1(n) is of total
length NT and is standardized. We calculate the spectral
cross-correlation matrix between these signals as

[X(ωn)]kl = F [Xkl](ωn), (D1)

where we use the discrete Fourier transform, or the fast
Fourier transform of the cross-correlation between the
individual signals as

Xkl(m) =
NT−m−1∑

n=1

vk(n + m)vl(n).

Here Xkl(m) is a time signal with the temporal index m
and it quantifies the cross-correlation between the signals
vk(n) and vl(n) as the overlap between the signals after
a time lag of m. If the signals were infinitely long than
the matrix elements are simply products of the individual
Fourier transforms as

[X(ωn)]kl ∝ [F [vk](ωn)]∗ × F [vl](ωn) (D2)

and the matrix X(ωn) would be rank 1 with only
one nonzero singular value as λ(ωn) = ∑

k |F [vk](ωn)|2,
which is just the squared sum of the individual spectra from
Eq. (E1).

On the other hand, if the data is noisy and finite then the
matrix X(ωn) is not simply rank 1 and thus by calculating
the dominant singular values at each frequency λ(ωn) we
aim to estimate the spectral density of the ideal noise-free
component.

The computational complexity of this approach is
as follows. Calculating the cross correlations between
the signals takes O(c2NT) time while calculating the
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matrices X(ωn) through fast Fourier transforms takes
O(c2NT log NT). Finally, obtaining the dominant singular
values takes in the worst-case scales as O(c3NT). As such,
the worst-case scaling of the entire procedure is O(c3NT).

Note that we could directly apply this procedure to our
full dataset by considering vk = fk from Eq. (5). However,
the computational complexity via c = No would then be
O(N 3

o NT), which is prohibitive in practice for a large num-
ber of observables No � NT. For this reason we first apply
a dimensionality reduction to our data and consider only a
few dominant eigenvectors as v1, v2, . . . vc.

2. Dimensionality reduction

In this section we assume that we have performed a
time evolution in NT time increments and recorded clas-
sical shadows at each time increment, each containing Ns
snapshots as summarized in Statement 2. The classical
computational complexity of reconstructing No observ-
ables from the shadow data at each time increment is
O(NoNs) using the algorithm described in Ref. [28].

a. Calculating the square matrix

We order the time-dependent expected values into the
data matrix D ∈ RNo×NT as defined in Eq. (5). We can
derive the time complexity of computing the square matrix
C ∈ RNT×NT , which we obtain via the matrix-matrix prod-
uct DTD as

[C]mn = 1
No

No∑

k=1

[D]mk[D]kn = 1
No

No∑

k=1

fk(m)fk(n). (D3)

As such, a naive implementation of calculating the matrix
product has a complexity O(N 2

T No).

b. Calculating eigenvectors of the square matrix

Imagine a time signal v(n) ∈ RNT for which we calcu-
late the expression with respect to the square matrix C
as

No v
TCv =

NT∑

m,n=1

v(m)Cmnv(n)

=
NT∑

m,n=1

No∑

k=1

fk(m)fk(n)v(m)v(n)

=
No∑

k=1

[ NT∑

m=1

fk(m)v(m)

] [ NT∑

n=1

fk(n)v(n)

]

.

Let us introduce the notation 〈fk, v〉 := ∑NT
n=1 fk(n)vn for

scalar products between the kth observable’s signal fk and

the probe signal v. We finally obtain the expression

vTCv = 1
No

No∑

k=1

|〈f , v〉k|2, (D4)

as the average squared overlap between the individual
signals and the probe signal v(n). As such, the average
squared overlap is maximized by the dominant eigenvector
v1 of the real, symmetric matrix C as

vT
1 Cv1 = max

‖v‖2=1
vTCv = max

‖v‖2=1

1
No

No∑

k=1

|〈f , v〉k|2.

We calculate the dominant eigenvectors v1, v2, . . . vc of
C where we introduce a cutoff based on eigenvalues of
the matrix C. The complexity of an exact diagonaliza-
tion is O(N 3

T ) where time is independent of the number of
observables—it only depends on the number of time steps
NT. Finally, the complexity of dimensionality reduction is
O(N 3

T + N 2
T No). In numerical simulations we estimate the

absolute time required to perform the entire dimensionality
reduction algorithm in Fig. 7(c) and find good agreement
with the theoretical scaling.

APPENDIX E: SHOT-NOISE PROPAGATION

In this section we derive simple analytical models to
understand how shot noise affects our shadow spectra.
We then verify in numerical experiments using actual
shadow spectra that indeed these analytical models very
well explain the effect of shot noise on shadow spectra.

1. Average spectral densities

Let us consider a collection of No time-dependent sig-
nals that we determine using classical shadows as fi(n) =
〈ψ(tn)|Pi|ψ(tn)〉 with the discrete temporal index n ≤ NT
and the time variable tn = n�t. The simplest possible
way to estimate common frequencies in the signals is by
estimating the mean-squared spectrum (IMSS)

IMSS[ωn] = 1
No

No∑

i=1

|Fi(n)|2, (E1)

as the average of the square of the fast Fourier transform
Fi(n) := F [fi](ωn) of each signal.

For a simple analytical model we precisely state the
signal-to-noise ratio: in Eq. (4) we derived a general form
of the signals. For ease of notation we assume the system
has one transition (e.g., k = 1 and l = 2) with a corre-
sponding frequency ν = Ek − El and intensity Ii = |Iikl| =
|Ii,1,2|. We showed in Eq. (4) that the ith observable gives
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(a) (b) (c)
Mean-squared spectrum (MSS)

Signal-to-noise ratio

Number of observables Number of observables

FIG. 7. (a) The same spectrum as in Fig. 2 but showing the result of a simple postprocessing technique whereby we calculate the sum
of squares of the individual spectra as described in Appendix E 1. (Blue, solid) Theoretical expected value 1.00 of the baseline and (red,
dashed) theoretical standard deviation of the baseline 0.0137 match well the empirical sample mean of the baseline 0.994 and standard
deviation 0.0139. (b) The signal-to-noise ratio in the spectrum—the gap between the baseline and the peak relative to the standard
deviation of the baseline—is improved as ∝ √

No as described in Appendix E 1. (c) The computation time of the postprocessing step is
asymptotically linear in the number of observables while deviation from linear is expected at low No where calculating the eigenvectors
of the constant-sized matrix C dominates the time. The absolute time is quite reasonable for even a very large number of observables,
i.e., less than an hour for No ∝ 108. Computed on a desktop PC at a fixed NT = 1000 and increasing No.

rise to a signal that is a phase-shifted sinusoidal function
of time

fi(n) = Ii cos(νtn + φi), (E2)

where both the intensity and the phase shift depends on
the observable’s index i. Ideally, when there is no shot
noise present, the spectral density in Eq. (E1) yields a sin-
gle peak centered at ωpeak = ν. The corresponding peak
intensity IMSS[ωpeak] ∝ NTI 2 is given by the average I 2 :=
1

No

∑No
i=1 I 2

i .
We now model the case when the signal has additive

shot noise due to a finite number of classical snapshots. For
a reasonably large number of shots the shot noise can be
very well approximated by a normally distributed random
variable. It is well known that the discrete Fourier trans-
form of normally distributed noise is normally distributed
white noise. Thus, to a good approximation, every point
in the discrete Fourier transform is a sum Fi(n)+ Ei(n)
of the ideal value Fi(n) and an additive random vari-
able Ei(n)—these random variables are independent and
for ease of notation we assume they have an identical
variance, which we denote as Var[Ei(n)] = ε2 and the
mean is computed as E[Ei(n)] = 0. The expected value
of the mean-squared spectrum at the peak center can be
calculated as

E(IMSS[ωpeak]) = 1
No

No∑

i=1

E[(NTIi + Ei(ωpeak))
2]

= NTI 2 + ε2.

We can also calculate the mean value of the baseline of
the spectrum by focusing on a point in the spectrum ωbase

that is far away from the peak center ωpeak, where the ideal
spectrum would be zero, thus

E(IMSS[ωbase]) = 1
No

No∑

i=1

E(Ei(ωbase)
2) = ε2.

As such, the baseline of the spectrum is not zero but is actu-
ally a constant that is determined by the level of shot noise
ε. Since the baseline is constant, the signal-to-noise ratio
is determined by the standard deviation of the baseline,
which we can calculate via the variance as

Var(IMSS[ωbase]) = 1
N 2

o

No∑

i=1

Var[Ei(ωbase)
2] = 2ε4

No
,

where we used that the variance of the square of a random
variable of mean zero is Var[Ei(ν

′)2] = 2ε4. It follows that
the standard deviation of the baseline is ε2√2/No, and thus
the signal-to-noise ratio can be calculated as

SNR = NTI 2
√

No√
2ε2

∝ NTNsI 2
√

No, (E3)

where in the last equation we use that the statistical fluctua-
tions are due to the finite number of circuit repetitions (shot
noise) as ε−2 ∝ Ns. As such, in order to resolve a peak
we need to set the total shot budget NTNs as the amount
of quantum resources such that 1/I 2 < NTNs

√
No. Indeed,

the signal-to-noise ratio can be improved just by increasing√
No at a fixed shot budged NTNs, i.e., without using more

quantum resources. Furthermore, using the prescreening
described in Sec. II C one can discard observables with
negligible signal guaranteeing that I 2 > I 2

min > 0, while
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the actual value of I 2 depends strongly on the considered
system.

We find that this simple model quite accurately
describes the effect of shot noise on actual shadow spectra:
in Fig. 7(a) we calculate the average spectral density for the
same simulation as in Fig. 2. As we describe in Sec. II C,
we standardize our data matrix such that the standard devi-
ation of each signal is unity and thus the variance in the
Fourier transform is approximately Var[Ei(n)] ≈ ε2 ≈ 1.
Indeed, Fig. 7(a) confirms that the expected baseline ε2 =
1 (blue solid line) in the spectrum matches well the empir-
ical sample mean 0.994. Figure 7(a) also confirms that
the theoretically expected standard deviation of this base-
line

√
2/Noε

2 = √
2/10689 ≈ 0.0137 nicely matches the

empirical sample standard deviation 0.0139.
In Fig. 7(b) we randomly select No observables from

a pool of all at most three-local Pauli strings with Ño =
10689. The expectation value of the average signal inten-
sity for such a random selection is E[I 2] = 1

Ño

∑Ño
i=1 I 2

i the
average over the full set, which is a constant and is inde-
pendent of the number of selected terms No < Ño. Figure
7(b) shows the average of the signal-to-noise ratio of 100
random selections of No observables for an increasing No.
Indeed, Fig. 7(b) confirms that the signal-to-noise ratio
increases as ∝ √

No. Note that such a random selection
of observables can be considered as a worst-case scenario
when no information about the observables is assumed. Of
course, in the present work we explore various advanced
techniques to improve upon randomly selecting observ-
ables, e.g., the prescreening step described in Sec. II C can
be used to identify the No most intense signals in the pool
of total size Ño so that a well-informed decision can be
made.

2. Dimensionality reduction of periodic signals

Here we build a simple analytical model to under-
stand how shot noise affects the dimensionality reduc-
tion approach introduced in Sec. II C. First, let us write
the phase-shifted cosine function in Eq. (E2) as a linear
combination of cosine and sine functions as

fi(n) = Ii cos(νtn + φi) = ci cos(tn)+ si sin(tn),

with amplitudes ci = Ii cos(φi) and si = −Ii sin(φi). Here
we again used the discrete temporal index n ≤ NT and the
time variable tn = n�t. Since discretized vectors of cosine
and sine functions are mutually orthogonal, we can write
the signal as a two-dimensional vector in Fourier basis
with entries as f̃i(t) = √

NT(ci, si) where
√

NT ensures nor-
malization of the basis vectors. Thus, each observable’s
signal can be represented by a two-dimensional vector (in
the Fourier basis) and arranging all No signals into a data
matrix yields the effective 2 × No-dimensional matrix D̃,
where the tilde refers to the fact that we represent the

matrix in a Fourier basis, as

D̃ =
√

NT

⎡

⎢
⎢
⎣

c1 s1
c2 s2
...

...
cNo sNo

⎤

⎥
⎥
⎦ , C̃ = NT

No

[ ∑
i c2

i
∑

i cisi∑
i cisi

∑
i s2

i

]

.

Above we have also calculated the 2 × 2 square matrix
C. We can readily evaluate the sum of the two eigenval-
ues of this matrix as c2

i + s2
i = NTI 2, which is identical to

the peak height in the mean-squared spectrum in Eq. (E1)
where I 2 is again the average peak intensity as I 2 :=
1

No

∑No
i=1 I 2

i . Since the eigenvalues are invariant under a
unitary transformation, it immediately follows that the
matrix C (without tilde, not in Fourier basis) has the same
two nonzero eigenvalues.

Similarly to Appendix E 1, we now assume that under
the effect of shot noise each signal is a sum fi(n)+ Ei(n)
of an ideal component fi(n) and an additive random vari-
able Ei(n). For ease of notation, we assume the random
variables are independent and have the same variance as
Var[Ei(n)] = ε2 and mean E[Ei(n)] = 0. Given the data
matrix entries as dmi := fi(m)+ Ei(m), we can calculate
the noisy matrix Cnoisy as

[Cnoisy]mn = 1
No

No∑

i=1

dmidin.

We can calculate the mean of the noisy matrix and find
that only the diagonal entries are affected by shot noise
as E[Cnoisy] = C + ε2Id, resulting in a sum of the ideal
matrix and a matrix that is proportional to the identity.
Thus the random noise has no effect on the expected value
of the eigenvectors and it just shifts the ideal dominant
eigenvalues by a constant factor as NTI 2 + ε2 in direct
analogy with Appendix E 1.

As such, in analogy with Appendix E 1 the signal-to-
noise ratio is determined by the standard deviation of
the matrix entries. We can straightforwardly evaluate the
variance of the off-diagonal entries m �= n as

Var[(C)mn] = Var

[
1

No

No∑

i=1

dmidin

]

= 1
N 2

o

No∑

i=1

Var[dmidin]

= 1
N 2

o

No∑

i=1

Var[dmi]Var[din] = ε4

No
.

The variance of the diagonal entries can be calculated
similarly and yields the same expression ε4/No.
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In summary, we considered a system with only one
frequency component as in Eq. (E2) and evaluated ana-
lytically that the matrix C has only two nonzero eigen-
values and the sum of eigenvalues is NTI 2. Furthermore,
the standard deviation of the matrix entries due to shot
noise is ε2/

√
No, which shifts the nonzero eigenvalues.

Thus in order to tell apart the dominant eigenvalues from
the noisy ones there must be a sufficient gap between
NTI 2 and ε2/

√
No. This is effectively the same conclu-

sion we found in Appendix E 1 where we used a simple
mean-square spectrum estimate. As such, while the dimen-
sionality reduction step is not expected to decrease noise in
the signals, it allows us to make use of advanced spectral
cross-correlation methods described in Sec. II C—where
the latter can suppress noise by a constant factor—compare
Fig. 7(a) with the spectrum in Fig. 2—but we do not expect
it can fundamentally outperform the simple mean-squared
spectrum estimate in Appendix E 1.

APPENDIX F: OBSERVABLES IN QUANTUM
CHEMISTRY

1. Fermionic operators

We now analyze the example of a peak that corresponds
to the gap between the ground state and the first excited
state. The peak intensity with respect to an observable
O (Statement 1) is calculated via an expression formally
resembling the conventional transition dipole moment as

Ig→e ∝ 〈ψg| O |ψe〉 . (F1)

Here we write both the exact ground and excited states as a
configuration interaction (CI) expansion, i.e., a sum of the
HF Slater determinant and post-HF corrections:

|ψs〉 = c(s)0 |ψHF〉 +
∑

pq

c(s)pq a†
paq |ψHF〉

+
∑

pqrs

c(s)pqrsa
†
pa†

qaras |ψHF〉 + . . . ,

where |ψHF〉 is the mean-field Hartree-Fock state [112].
Thus Eq. (F1) can be expanded as

〈ψg| O |ψe〉 = c(g)∗0 c(e)0 〈ψHF| O |ψHF〉
+ c(g)∗0

∑

pq

c(e)pq 〈ψHF| Oa†
paq |ψHF〉

+ c(e)0

∑

pq

c(g)∗pq 〈ψHF| a†
qapO |ψHF〉 + . . .

(F2)

Above we only expand up to the single-excitation CI terms
from which it is clear that if O cancels out the excitation

operators, we get 〈ψHF|ψHF〉 = 1 and the corresponding
CI coefficients would contribute to 〈ψg| O |ψe〉.

In particular, choosing the observable as the Hermi-
tian operator that corresponds to the single excitation
O = a†

man + a†
nam with m acting on occupied and n act-

ing on virtual orbitals, the leading terms in Eq. (F2) can be
evaluated analytically as

〈ψHF| O |ψHF〉 = 〈ψHF| a†
man + a†

nam |ψHF〉 = 0,

〈ψHF| Oa†
paq |ψHF〉 = 〈ψHF| a†

mana†
paq |ψHF〉 + 0 = δnpδmq,

〈ψHF| a†
qapO |ψHF〉 = 0 + 〈ψHF| a†

qapa†
nam |ψHF〉 = δnpδmq.

(F3)

Thus, in leading order, the intensity of the observable
〈ψg| a†

man + a†
nam |ψe〉 is determined by the correspond-

ing single-excitation coefficients c(g)∗0 c(e)mn and c(e)0 c(g)∗mn as all
other terms shown explicitly in Eq. (F2) give null contri-
butions. Of course higher-order CI terms in Eq. (F2) might
also contribute, but they might have lower contributions.

Furthermore, by choosing an observable of a higher
excitation, the intensity of the corresponding signal will be
determined in leading order by its higher-order CI coeffi-
cients in Eq. (F2); for example, by choosing an observable
O = a†

pa†
qaras + a†

s a†
r aqap , the intensity in leading order

is determined by the corresponding expansion coefficient
c(s)pqrs. Thus, by simultaneously estimating expected val-
ues of all q-local fermionic operators one obtains a large
number of signals but the intense signals will correspond
to excitations that have dominant expansion coefficients
in Eq. (F2). Such fermionic observables can be estimated
using near-term-friendly fermionic shadows [30,31].

2. Jordan-Wigner encoding

By inspecting the JW transform of fermionic excita-
tion operators, it is straightforward to see how a pool
of q-local Pauli operators, even for q ∼ 4, is sufficient
to capture single-electron transitions between meaningful
eigenstates, which is ideal for our classical-shadow-based
approach.

Statement 5. Choosing the Pauli bitflip observable O =
XmXn, the signal intensity 〈ψg| XmXn |ψe〉 is determined
in leading order by the single-excitation expansion coef-
ficients c(g)∗0 c(e)mn and c(e)0 c(g)∗mn of the state from Eq. (F3).
Similarly, if we choose any other operator O(m, n) by
replacing any of the two Pauli-X operators in O with Pauli-
Y operators and we additionally append Pauli-Z operators
on any qubit other than m or n then the intensity is still
determined by the same expansion coefficient.
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FIG. 8. List of the 75 at most three-local Pauli strings, which give the most intense signals. The intensities are given by the matrix
elements |〈ψg |Oi|ψe〉|, where |ψg〉 and |ψe〉 are the exact ground and the first triplet excited state of a 12-qubit LiH Hamiltonian.
The most intense observables are the ones that correspond to the HOMO-LUMO triplet transition of the basis states |111100 . . . 〉 →
|111010 . . . 〉, which include, e.g., X3X4, X3Y4 or any Pauli string obtained by adding a Pauli-Z operator on any other qubit, e.g.,
Y3Y4Z7. The next most intense ones also generate HOMO-LUMO transitions to the triplet excited state |111100 . . . 〉 → |110101 . . . 〉,
including, e.g., X2Y5 or any other string that is related to this by adding a Pauli-Z operator to any other qubit.

Proof. In general, the excitation operators in the JW
encoding are mapped to

a†
p �→ α†

p := Z:pA†
p , ap �→ αp := Z:pAp

a†
paq �→ iA†

pZq:pAq,

where Z:p := ∏p−1
k=1 Zk and A = (X + iY)/2 is the qubit

lowering operator and Zq:p = ∏q−1
k=p+1 Zk. Furthermore, the

HF state becomes a computational basis state |ψHF〉 �→
|11 . . . 1100 . . .〉 ≡ |b〉 where b is simply a binary number.

Thus for any Pauli string O = ⊗N
k=1 Pjk the expected

value in Eq. (F3) splits up as a product of single-qubit
expected values as

〈b| O(m, n)α†
pαq |b〉 = 〈b| O(m, n)A†

pZq:pAq |b〉
= 〈bp | Pjp A† |bp〉 〈bq| PjqA |bq〉

×
∏

k �=p ,k �=q

〈bk| Pjk Qpq(k) |bk〉 ,

where pp is the pth bit of the binary number b and Qpk(k) =
Z if q < k < p and the identity operator otherwise. We can
evaluate the product of coefficients as

| 〈bp | Pjp A† |bp〉 〈bq| PjqA |bq〉 | = δnpδmq/4,

assuming that m < n without loss of generality and we
only show the absolute value of the expression for ease
of notation. Above the expression evaluates in absolute
value to 1 only when the two Pauli-X (or Y) operators
in the observable O(m, n) act on the same two qubits to
which A and A† act, i.e., to qubits p and q. Furthermore,∏

k �=p ,k �=q 〈bk| Pjk Qpq(k) |bk〉 ∈ {±1} is only a sign factor
that is determined by the bitstring b and by the number
of Pauli-Z operators in P and in Zp:q. Thus we conclude
that the expected values from Eq. (F3) in the JW encoding

evaluate to

〈b| O(m, n) |b〉 = 0,

| 〈b| O(m, n)α†
pαq |b〉 | = δnpδmq/4,

| 〈b|α†
qαpO(m, n) |b〉 | = δnpδmq/4.

(F4)

The signal intensity 〈ψg| O(m, n) |ψe〉 of the observable
O(m, n) is determined in leading order by the single-
excitation expansion coefficients c(g)∗0 c(e)mn and c(e)0 c(g)∗mn of
the state from Eq. (F3). �

The crucial observation we make in the above state-
ment is that even though fermionic excitation operators
a†

paq �→ iA†
pZq:pAq are mapped to non-local Pauli strings

in the JW encoding, we can still resolve signals of the
corresponding operators just by measuring two-local Pauli
strings XpXq or any variant where we additionally append
Pauli-Z operators. Figure 8 summarises the at most three-
local Pauli string signals for a 12-qubit LiH Hamiltonian
that give the largest 〈ψg| O |ψe〉 values, and operators like,
e.g., X3X4 indeed give the most intense signals. The above
statement also suggest that three-local Pauli strings like
X3Y4Z7, where the Z operator is placed on any site, can
still give rise to strong signals.

The information above can be used to inform which spe-
cific Pauli-string observable to reconstruct. Furthermore,
we could use, e.g., classical MP2 simulations to estimate
which excitations will be dominant and thus construct the
corresponding families of Pauli strings. If we know which
operators to measure, they can in principle be ordered into
a small number of commuting groups and we could thus
measure them simultaneously using well-established tech-
niques, e.g., Ref. [113]. Since we can efficiently estimate
the signal of every q-local Pauli string using classical shad-
ows (as the data matrix D) and perform a simple statistical
autocorrelation test on the signals to determine whether
they contain oscillations, we need not perform any a pri-
ori prediction on expected operator contributions. We did
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FIG. 9. A single layer of the hardware-efficient ansatz used for
variational dynamics of the disordered Heisenberg chain.

this on the present LiH example and sorted the observable
signals according to their statistical p values; a virtually
identical list of Pauli strings as per the exactly calculated
Fig. 8 was obtained.

APPENDIX G: ADDITIONAL DETAILS OF
NUMERICAL SIMULATIONS

1. Ansatz-based variational quantum simulation

Our ansatz-based variational quantum simulations fol-
low the methods introduced in Ref. [20]. At each time step,
we calculate the quantum metric tensor

Aij = ∂ 〈ψ(θ)|
∂θi

∂ |ψ(θ)〉
∂θj

(G1)

and gradient vector

Ci = ∂ 〈ψ(θ)|
∂θi

Ĥ |ψ(θ)〉 (G2)

from the variational state. We then solve a corresponding
linear system

∑

j

Re(Aij )θ̇j = Im(Ci) (G3)

to find the parameter time derivatives θ̇i such that we
can compute the updated parameters as θ ′

i = θi + θ̇iδt.
In practice, the metric tensor A may be ill conditioned
due to degeneracies in parameter space, and so we apply
Tikhonov regularization by instead finding θ̇ that mini-
mizes

‖C − Aθ̇‖2 + λ‖θ̇‖2. (G4)

We find that a regularization hyperparameter λ = 10−4 and
a time step δt = 10−2 is sufficient to keep our fidelities with
respect to the true dynamical state above 99%.

A Wick-rotated form of these dynamics can be used to
variationally prepare ground states [50–52]. In variational
imaginary-time evolution, the linear system at each time
step is instead

∑

j

Re(Aij )θ̇j = − Re(Ci). (G5)

We apply this method to prepare our initial varia-
tional state, intentionally terminating before convergence
to ensure non-negligible overlap with low-lying excited
states.

Note that the given forms of the metric tensor [Eq. (G1)]
and gradient vector [Eq. (G2)] are based on McLachlan’s
variational principle and do not implicitly account for a
possible global phase mismatch with the target state. To
ensure correct evolution, we include a global phase param-
eter in the ansatz. This yields the same linear system
at each step as would be obtained by including explicit
global phase-correction terms in the equations of motion
[114]. Our numerics use a five-layer hardware-efficient
ansatz of the form depicted in Fig. 9, with single-qubit and
nearest-neighbor ZZ rotations only.

In Fig. 10, we provide additional simulations to high-
light which factors affect secondary peak intensity and use
a higher number of shots than in the hardware experiments,
i.e., 4000 time steps and 3 × 50 shots at each time step.
Specifically, we compare exact time evolution (blue line)
to our variational approximation (orange line). Here we
include gate noise comparable to typical state-of-the-art
experimental devices in our variational observable calcu-
lations, applying a two-qubit depolarizing map described
by

�λ
i,j (ρ) =

(

1 − 16λ
15

)

ρ + λ

15

∑

ν1,ν2∈{1,x,y,z}
σ
ν1
i σ

ν2
j ρ σ

ν2
j σ

ν1
i ,

(G6)

where σ νi a Pauli-ν operator on qubit i and σ 1
i is the

identity. We choose error rates ε2 = 10−3 after each two-
qubit gate and the usual single-qubit depolarizing map with
error rate ε1 = 0.25ε2. When computing the spectrum from
exact diagonalization for comparison, the signal variances
are not standardized, in order to preserve relative peak
heights that would otherwise be enforced by a shot-noise
floor.

Figure 10 highlights that the secondary peak can be
resolved even under the effect of gate noise as more shots
were used than in the experiment. Furthermore, Fig. 10
highlights the effect of approximate variational evolution
on peaks with weak support. We observe that despite rel-
atively small support in the |ψ3〉 eigenstate, the associated
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FIG. 10. Shadow spectra for the disordered Heisenberg chain
obtained with dynamics via exact diagonalization (blue) and sim-
ulated noisy variational evolution (orange). The initial state has
nontrivial support for |ψ3〉, resulting in a peak corresponding
to the |ψ0〉 ↔ |ψ3〉 transition in the ideal spectrum. However,
the algorithmic error associated with the variational evolution
suppresses this peak.

ground-state transition is clearly resolved in the spectrum
by our postprocessing method when computing observ-
ables using exact time evolution. However, the algorithmic
error associated with approximate variational evolution
strongly suppresses this peak. In Appendix H, we see
that fewer shots used and stronger noise can completely
eliminate these suppressed peaks.

2. Hubbard model

The time evolution between measurements is imple-
mented using the first-order Lie-Trotter-Suzuki product
formula

e−iHt =
NTrott∏

k=1

L∏


=1

e−iH
 δt + O(δt2).

We assume that in an early fault-tolerant scenario the
dominant source of error are the applications of T gates
and further assume that the dominant error mechanism is
due to imperfect continuous rotations [115,116], which we
describe via a depolarizing noise model. We thus assume a
two-qubit depolarizing channel is applied for each hopping
term in the Hamiltonian with probability λ as per Eq. (G6).
This channel is applied after every multi-Pauli rotation of
the form

exp
(
−i δt σ νi σ

z
i+1 . . . σ

z
j −1σ

ν
j

)
, (G7)

with ν ∈ {x, y, z}. These types of rotations appear natu-
rally from the Jordan-Wigner transformation of hopping

terms. Although not directly employed in our calculations,
the σ z terms sandwiched between qubits i and j can be
removed by introducing a network of Fermionic SWAP
(FSWAP) gates, which only consists of local gates of depth

O(N 1
2 ) [117–120]. This motivates an error model whereby

depolarizing noise acts on qubits i and j for each of these
terms. Single-qubit rotations are burdened with the equiv-
alent depolarizing channel for a single qubit at the same
noise strength.

APPENDIX H: ADDITIONAL DETAILS OF
HARDWARE DEMONSTRATION

The shadow spectrum of the six-site linear Heisen-
berg spin chain was quantum computed on the IBM
Quantum platform, using the seven-qubit IBMQ Jakarta
QPU (Falcon r5.11H processor) and the QASM simula-
tor, both freely accessible in the Open Plan—no device
reservation or queue priority privileges were used in these
experiments. A set of 1000 time-evolved states at regular
intervals were selected and prepared with the variational
ansatz circuit and optimized classical parameters θt that
uniquely define each time-evolved state (see details in
Appendix G 1)—we do not perform variational optimiza-
tion on actual hardware but use instead the parameters
computed from earlier numerical simulations.

At each time step, 220 classical shadow measurements
were taken; this was done by appending random basis rota-
tions to 220 copies of an ansatz, and submitting them as
one Qiskit Runtime Sampler primitive job with the option
of performing only a single-shot measurement for each
circuit. Other settings of the Sampler jobs were taken as
defaults—specifically the resilience-level argument was
set to 1 (minimal mitigation costs) and optimization level
set to 3 (even heavier optimization). The 1000 Sampler
primitives were further batched into ten Qiskit Sessions,
where one every ten time steps were grouped into one Ses-
sion (i.e., Sampler jobs indexed 0, 10, 20,. . . , 90 and 1, 11,
21. . . , 91, etc. would correspond to the first two Sessions).
This took 9 days in total to complete. We highlight that
while 220 shots were measured at each time step, for the
spectrum in Fig. 3 we only actually used 3 × 50 randomly
selected shots (split into three batches of 50 shots each for
the median of means estimation from classical shadows).

Using these 1000 time-evolved classical shadows we
determined expected values of all three-local Pauli strings
and ordered them into a standardized data matrix D as
detailed in Appendix D. We performed a Ljung-Box test
and retained only the highest scoring 50 signals in D.
The correlation matrix C and its eigenvectors were then
computed and the five eigenvectors with the highest eigen-
values were retained. The shadow spectrum was then com-
puted from these five eigenvectors via the spectral cross-
correlation method described in Appendix D (effectively
computing Fourier transforms of the eigenvectors).
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APPENDIX I: ANALYSIS OF THE
EXPERIMENTAL DATA

In addition to the experimental spectrum in Fig. 3 using
only 3 × 50 shots, here we analyze the performance of
shadow spectroscopy using all 220 snapshots per time step
collected from IBM Jakarta. These snapshot were again
split into three batches and all up to three-local Pauli
strings were estimated using classical shadows.

First, we analyze the noise model of the experimen-
tal device and compare results to noisy simulations using
the theoretical noise model of IBM Jakarta by passing the
FakeJakarta backend into the options of each Sampler Job
run on IBM’s QASM simulator (total compute time of
< 0.5 hour). Recall that under global depolarizing noise
at a circuit error rate ξ every Pauli string’s expected value
is shrunk by the same factor ηexp ≈ e−ξ resulting in the
global relation between experimental and ideal expected
values 〈P〉exp = ηexp〈P〉id. In Fig. 11 (left) we plot observ-
able expected values and compare them to ideal and noisy
simulations of IBM Jakarta: indeed the noisy observed
expected values are shrunk compared to the ideal ones but
not uniformly, i.e., some observables are shrunk more than
others. This indeed confirms expectations that in the case
of a Hamiltonian variational ansatz the global depolarizing
model is only a crude approximation [111]. We estimate
that the observables on average are shrunk by a factor
ηexp ≈ 0.54 in the experiment and by ηsim ≈ 0.55 in simu-
lation, but with a significant variability across the different
observables via the standard deviations σexp = 0.16 and
σsim = 0.19. The observed average shrink factor is compa-
rable to a circuit error rate ξ ≈ − ln ηexp ≈ 0.62, which is
comparable but smaller than in our numerical simulations
for the Hubbard model in Appendix K where the range
1.0 ≤ ξ ≤ 2.5 was probed.

The observable expected values shown in Fig. 11 (left)
were estimated the following way. First, an autocorrelation
test (Ljung-Box test [39,40]) was performed on the time-
dependent Pauli expected values and the worst-scoring 100
observables were selected, i.e., the ones that are most well
described by random fluctuations around the mean. This
way we can select observables whose expected values are
(nearly) the same at each time step. We then estimated the
time average of these constant signals. Since 1000 time
steps were recorded with 200 shots at each time step, over-
all 2 × 104 shots were available to predict a time-constant
expected value thus the level of shot noise is suppressed to
a relatively low level (average standard deviation in Fig. 11
(left) is 0.01, hence no error bars are shown).

Second, we use all 220 shots per time step available
from the experiment to estimate the shadow spectrum and
compare to noisy and ideal simulations in Fig. 11 (right).
These results clearly confirm our theoretical guarantees
that reasonable levels of experimental noise do not affect
the position of the peak. The intensity of the peak is,

of course, affected by noise: the experimentally observed
peak is shrunk by a factor 0.52, which broadly agrees
with our estimated ηexp ≈ 0.54. In contrast, the peak of
the noisy simulation is shrunk by a factor 0.37, which is
more significant than the estimated ηsim ≈ 0.55 but still
within range since the variability across observables was
estimated σexp = 0.19, i.e., the observables that give rise
to intense peaks are shrunk by a larger amount in the
theoretical simulations.

Additionally, we observe a faint peak at around E ≈
1.2 in Fig. 11 (right) in our noise-free simulation. This
faint peak is not visible in the noisy experiment (simu-
lation) as it would require a higher number of shots to
resolve—indeed this peak is analyzed in more detail in
Appendix G 1 and it is confirmed that the peak can be
resolved when more shots are available (4000 time steps
vs 1000 time steps) even under gate noise.

APPENDIX J: SCALING ANALYSIS

1. Probing large system sizes using tensor-network
techniques

Here we simulate large system sizes well beyond the
capabilities of exact diagonalization to confirm that our
approach is scalable as long as a sufficiently good initial
state can be provided—and to verify that an increasing sys-
tem size improves the performance of our approach. We
consider the Heisenberg spin-chain problem with random
site-dependent magnetic fields in Eq. (7) at a relatively
small coupling J = 0.01 (h = 1), so that we can straight-
forwardly obtain a good initial state the following way. In
particular, in the limit J → 0 we can analytically solve the
Hamiltonian and simply obtain the ground state as the bit-
string |b〉. Here the j th bit bj of the bitstring b is obtained
as

bj =
{

0 hj < 0
1 hj ≥ 0

. (J1)

The first excited state can then be obtained by flipping
the qth bit in this bitstring, where q corresponds to the
absolute smallest on-site energy term q = arg mink |hk|.
Thus, an equal superposition of the first and excited states
is simply created by applying a Hadamard gate to the
ground state as Hq|b〉. We note that we have intention-
ally chosen a system with weak coupling such that (a)
a good approximate initial state can be chosen this way,
(b) the system accumulates only modest bond dimension
when evolving with tensor-network methods, remaining
tractable and (c) the correctness of resulting peaks can be
verified at system sizes too large for exact diagonalization
by using perturbation theory. Given the bond dimension
grows exponentially with JT, where T is the total sim-
ulation time, choosing a significantly larger coupling J
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FIG. 11. (Left) Expected values of time-independent observables are estimated from classical shadows obtained from IBM Jakarta
(red) and from noisy simulations of IBM Jakarta (blue). The level of shot noise in these estimates is low with an average standard
deviation of 0.01 thus no error bars are shown. These expected values are shrunk compared to the ideal ones (black) by an average
factor of ηexp ≈ 0.54 in the experiment (ηsim ≈ 0.55 in simulation), but with a significant variability across the different observables.
The hardware noise is comparable to a circuit error rate ξ ≈ − ln ηexp ≈ 0.62 which is comparable but smaller than in our simulations
of the Hubbard model in Appendix K. (Right) Estimating the experimental shadow spectrum using all 220 shots per time step obtained
from IBM Jakarta. The noisy simulation predicts slightly lower peak intensity but this deviation is well explained by the high variability
of the shrinking of observables (see text). An additional, faint peak is visible in the noise-free simulation, which could be resolved by
using more shots.

would get us into a regime where quantum computers can
outperform classical computational techniques.

We simulate shadow spectroscopy by first represent-
ing the initial state Hq|b〉 as a matrix-product state (MPS)
and evolve it using the time-evolving block decimation
(TEBD) algorithm [121]. We perform this evolution using
the TEBD implementation in the QUIMB Python package,
using a Trotter step size

�t =
(
εTrotter

T‖H‖F

)1/k

, (J2)

where εTrotter is an error tolerance, T is the total evolution
time, a kth-order Trotter decomposition is used, and ‖H‖F
is the Frobenius norm of the Hamiltonian (equivalent to the
sum of squares of its Pauli coefficients). We set a desired
precision εTrotter = 10−3 and use k = 4. Furthermore, at
each time step, we compress the state by performing a
singular-value decomposition at each bond, and discard
all contributions with low singular values, i.e., we discard
singular values below the threshold λj /λ0 < εSVD, where
εSVD is a cutoff hyperparameter and the singular values are
indexed in descending order. We choose εSVD = 10−9 for
our simulations.

This way we obtain a series of time-evolved MPS states
as required for shadow spectroscopy, which we then use
to compute time-dependent expectation values for all up-
to-three-local Pauli strings through applying appropriate
tensor contractions. We simulate the effects of shot noise
by adding Gaussian random numbers of standard devia-
tion 1/

√
NS to all observables. We use NS = 100 shots per

time step, for which regime Gaussian noise is already a

very good approximation of shot noise in practice. While
at N = 100 qubits we obtain a large number of time-
dependent signals, i.e., the number of up to three-local
Pauli observables is 4 410 750, our postprocessing proto-
col still remains tractable on a laptop computer. We reject
signals with p > 0.01 under a Ljung-Box test, and then
perform the postprocessing detailed in Sec. II to generate
shadow spectra. This procedure is performed for system
sizes up to n = 100 qubits, generating the spectra depicted
in Fig. 12.

We compare the observed peaks to results from
exact diagonalization (only at N = 10) and to second-
order Rayleigh-Schrödinger perturbation theory (n ∈
{25, 50, 100}). Apart from a small visible inaccuracy in the
green dashed line (where perturbation theory is less accu-
rate for the higher excited states) we generally find good
agreement. We reiterate that the choice of a perturbative
regime was deliberate to allow peak identification, i.e., for
a weak coupling J , the actual values found by shadow
spectroscopy are close to the perturbative prediction, but
do not exactly agree. Finally, we confirm that the signal-
to-noise ratio of the spectral peaks indeed increase with
the number of qubits N , which clearly verifies the scala-
bility of the present approach and is expected due to our
theoretical results.

2. Exact time evolution

In this section we numerically analyze scaling proper-
ties of shadow spectroscopy by using a fixed input state
and performing exact time evolution such that the numer-
ically observed scaling is independent of the difficulty of
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FIG. 12. Logarithmic intensity shadow spectra of a disordered Heisenberg spin chain (J = 0.01) up to N = 100 qubits verifying
the scalability of our approach. A fixed input state is used, consisting of an equal-weight superposition of the ground state and first
excited state of the J = 0 problem. Shadow spectra are computed for system sizes n ∈ {10, 25, 50, 100} using synthetic shot noise
equivalent to NS = 100 snapshots per time step. At N = 10 qubits, the spectral peak matches the energy gap between the ground
state and first excited state obtained from exact diagonalization (vertical solid orange line). At system sizes beyond the reach of exact
diagonalization, we compare the peaks to second-order perturbation theory (vertical dashed lines), observing peaks corresponding to
the gap between the ground and first excited states (orange), and at N = 100 an additional peak corresponding to the gap between
ground and second excited states (green). Crucially, the standard deviation of the baseline decreases with an increasing number of
qubits N (i.e., SNR increases with N ) supporting the scalability of shadow spectroscopy—at a fixed number of snapshots NS , peaks
become more distinguishable from noise at larger system sizes due to the increased number of available signals.

state preparation and does not depend on algorithmic errors
or gate errors either—which we analyzed separately. Here
we choose the same spin problem as in our MPS simula-
tions in the previous section (see Eq. (7)) but use an order
of magnitude larger J coupling (J = 0.1) in order to probe
regimes that are more difficult to approximate classically.
We perform a series of simulations for an increasing num-
ber of qubits using an initial state with a fixed overlap with
the first three eigenstates as |ψ(0)〉 ∝ (1, 1

10 , 1
10 , 0, 0 . . . ),

and time evolve in NT = 500 time steps (using exact time
evolution). We estimate local Pauli observables at each
time step from classical shadows of 1000 snapshots and
apply the Ljung-Box test to estimate the level of distin-
guishably of a signal from random noise, see Sec. II C.

In Fig. 13 (left) we plot for an increasing number N of
qubits the number of statistically significant signals, i.e.,
signals whose Ljung-Box test returns statistical p values
satisfying p < 0.01. Using only one-local Pauli observ-
ables results in a number of signals in Fig. 13 (left, red)
that only grows as O(N 0.4); this confirms that not all one-
local Pauli operators yield meaningfully intense signals as
expected from the entangled nature the spin ring’s low-
lying eigenstates. In contrast, we observe that measuring
all up to three-local Pauli strings yields a significant growth
of O(N 2.5) of the number of statistically significant signals
resulting in a large number No = 1431 of intense signals at
N = 14 qubits. This is indeed advantageous in increasing
the signal-to-noise ratio (SNR) of the spectrum but can also

be used to identify a large number of observables to study
physical properties of the relevant excitations.

In Fig. 13 (middle) we show the SNR of the shadow
spectrum as a function of the number of observables used
to produce the spectrum at N = 14 qubits by sorting the
signals according to their statistical significance. To sim-
plify the analysis, we use the postprocessing approach
from Appendix E 1 and simply estimate the mean-squared
spectrum from the most intense No signals—as opposed to
randomly selecting observables as in Appendix E 1. This
does not require additional quantum resources but only an
increased classical postprocessing time: while in Sec. II C
we selected randomly No observables from a pool and
obtained a spectrum with a postprocessing complexity of
O(No), here we perform a Ljung-Box test on every sig-
nal in the pool, then sort the signals according to statistical
significance and calculate a plurality of spectra using an
increasing number of signals.

We find that the SNR significantly improves as we
increase the number of observables No up to an optimal
point at No = 407. Beyond this point the SNR starts to
decrease for an increasing No as the intensity of the sig-
nals with higher p values decreases. However, we note
that typically one does not mind a decreased average SNR
as long as the additional observables beyond the optimal
point can resolve new, faint peaks. Furthermore, at the
optimal point of No = 407, most of the signals are due to
three-local Pauli observables, which demonstrates that it is
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FIG. 13. Simulations of a spin problem similar to Eq. (7) using a fixed input state |ψ(0)〉 ∝ (1, 1
10 , 1

10 , 0, 0 . . . ) and exact time
evolution to analyze how the performance of shadow spectroscopy scales for an increasing number of qubits. (a) The number of
signals with a Ljung-Box test statistical significance p < 0.01 using all one-local Pauli strings (red) or using up to all three-local Pauli
strings (blue). (b) Using an increasing number of signals sorted according to their statistical significance at N = 14 qubits initially
significantly increases the spectral SNR but beyond an optimal point at No = 407 the SNR decreases—note that in practice one would
not mind a decreased SNR as long as the additional signals can resolve new, faint peaks. As most of the signals are due to three-local
Pauli strings, it is indeed beneficial to go beyond one-local or two-local Pauli strings at the expense of only a polynomially increased
classical postprocessing. (c) The average SNR (red dots) when using all statistically significant signals for an increasing qubit count.
The slightly increasing SNR confirms that indeed shadow spectroscopy is efficient as long as sufficient overlap in the initial state is
guaranteed—which is exponentially hard in general for arbitrary Hamiltonians.

indeed beneficial to use up to three-local Pauli observables
rather than just using, e.g., two-local or one-local Pauli
observables.

Finally, in Fig. 13(c) we calculate the SNR of the
shadow spectrum for an increasing number of qubits.
Specifically, in Fig. 13 (right, red dots) an average SNR
is plotted, which is the mean of the curve in Fig. 13(b).
Additionally shown is the standard deviation in Fig. 13(c,
red shading), which is simply the standard deviation of
the curve in Fig. 13(b). Given the constant overlap with
the first three eigenstates of the spin-problem Hamilto-
nian—which would be exponentially difficult to guarantee
for general Hamiltonians—the efficacy of shadow spec-
troscopy even appears to grow slightly for an increasing
qubit count. This nicely verifies that shadow spectroscopy
is indeed efficient given the support of the relevant excita-
tion operators in the observables estimated from classical
shadows and support of the low-lying eigenstates in the
initial states.

APPENDIX K: NOISE MODEL ANALYSIS

We demonstrate our method’s robustness to a variety of
error models that resemble to dominant noise contributions
in physical gates of near-term quantum devices. While
our theoretical results in Appendix C generally guaran-
tee robustness under the noise model in Eq. (C1), here we
numerically probe error channels that go beyond Eq. (C1).
We perform a set of calculations on the Fermi-Hubbard

model presented in Sec. III A 2 using the following noise
models.

(1) Isotropic depolarizing noise. Identical to the model
used in the main text and described in Appendix G 2
whereby the depolarizing probability is uniform over the
Bloch sphere. This model describes a scenario when dif-
ferent coherent and incoherent error sources are perfectly
averaged out by twirling.
(2) Anisotropic depolarizing noise. In order to more

realistically capture noise models of experimental devices
that are dominated by T1 and T2 relaxation we consider an
anisotropic depolarizing model whereby every single-qubit
gate is followed by the noise channel of the form

�λ
j (ρ) = (1 − λ)ρ + 9 λ

10
σ z

j ρ σ
z
j

+ λ

20
σ x

j ρ σ
x
j + λ

20
σ

y
j ρ σ

y
j . (K1)

Above, Pauli-Z errors make up 90% of all error events, and
the rest is split evenly between Pauli-X and Pauli-Y errors
to reflect that the noise model is dominated by T2 relax-
ation. Multiqubit Pauli gadgets as in Eq. (G7) are followed
by application of the single-qubit noise channel as above
on each of the edge qubits i and j .
(3) Anisotropic depolarizing and damping noise. We

now consider a noise model that violates our theoretical
assumptions in Eq. (C1) and explicitly takes into account
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FIG. 14. Relevant regions of the energy spectra obtained for
the Hubbard model using different noise models and various
numbers of errors ξ = λNgates per full circuit. Notice the inter-
ruption of the E axis. The position of the peak without noise
using the same Trotter time step is marked as �̃. The results
demonstrate robustness to various types of noise. (a) Isotropic
depolarizing noise, identical to that in Fig. 5. (b) Anisotropic
depolarizing noise with 0.9 λ probability of Pauli-Z errors, and
0.05 λ probability each of a Pauli-X or a Pauli-Y error. Note that
the peak at ξ = 2 (green line) seems to be slightly shifted to
the right but this is likely just an artefact due to the peak height
being comparable to additive shot noise (background noise). (c)
Anisotropic depolarizing noise like in (b), but each depolariz-
ing channel is additionally followed by a damping channel with
probability λ/10.

the effect of T1 relaxation: this noise model that is identi-
cal to the anisotropic depolarizing noise described above,
but every application of �λ

j (ρ) is followed by a damping
channel

N γ

j (ρ) = K (j )
0 ρ K (j )

0
†+K (j )

1 ρ K (j )
1

†
, (K2)

with the usual damping Kraus operators

K (j )
0 =

(
1 0
0

√
1 − γ

)

j
, and K (j )

1 =
(

0
√
γ

0 0

)

j
,

that act on qubit j . The probability of a damping event is
1/10 that of a depolarizing event via γ = λ/10 to reflect
that the T1 relaxation time is typically longer than the T2
relaxation time.

Figure 14 shows the results of the simulations. All three
investigated models have the main signal peak at the same
position, which matches the theoretical value �̃, indicat-
ing that shadow spectroscopy is very robust not only to
isotropic and anisotropic depolarizing noise—as we expect
from the arguments in Appendix C—but even to damping
errors, to which Appendix C does not strictly apply.

Notice that due to the randomness of the classical
shadow measurements, Fig. 14(a) is slightly different from
Fig. 5 in the main text. Most notably, ξ = 2 produces a
very faint peak in Fig. 5, but not in Fig. 14(a), illustrating
that this error rate is right on the edge of the transition from
recoverable signal to pure noise. The other, experimentally
much more relevant noise levels, however, produce almost
identical patterns. Note also that the signal in Fig. 14(c)
loses intensity much earlier than (a) and (b)—already at
ξ = 1.5, the peak is barely visible. We attribute this to the
fact that there is an extra contribution of λ/10 to the noise
in these simulations, which ξ does not account for. But, the
important feature of unchanged peak position for the case
where noise is present also holds in this case.
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