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Classical nonrelativistic fractons
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We initiate the study of the classical mechanics of nonrelativistic fractons in its simplest setting—that of
identical one-dimensional particles with local Hamiltonians characterized by a conserved dipole moment in
addition to the usual symmetries of space and time translation invariance. We introduce a family of models
and study the N-body problem for them. We find that locality leads to a “Machian” dynamics in which a given
particle exhibits finite inertia only if within a specified distance of another particle. For well-separated particles,
this dynamics leads to immobility, much as for quantum models of fractons discussed before. For two or more
particles within inertial reach of each other at the start of motion, we obtain an interesting interplay of inertia
and interactions. Specifically, for a solvable “inertia only” model of fractons, we find that two particles always
become immobile at long times. Remarkably, three particles generically evolve to a late time state with one
immobile particle and two oscillating about a common center of mass with generalizations of such “Machian
clusters” for N > 3. Interestingly, these Machian clusters exhibit physical limit cycles in a Hamiltonian system
even though mathematical limit cycles are forbidden by Liouville’s theorem.
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I. INTRODUCTION AND SUMMARY OF MAIN RESULTS

Much recent work in quantum many-body theory has fo-
cused on the properties of so-called “fracton” or “fractonic”
phases of matter. These phases [1-3] host excitations with
restricted mobility of which the ones that are immobile in
isolation are termed fractons. This term in the current context
is a legacy of the paper that kicked off the boom in which
Haah discovered an exceptionally complicated example [4]
wherein the operators that create widely separated fractons are
fractal in character [5]. Subsequently, it was realized that the
basic phenomenon of immobility did not require fractality but
could be obtained with simpler membrane operators as shown
by Chamon before [6]. A second important simplification
was the realization that full-blown fractons could be obtained
by gauging models with unusual symmetries, which already
exhibited restricted particle mobility. The simplest such un-
gauged models exhibit the conservation of higher moments
of the charge distribution i.e. multipoles and recent work has
explored the effects of multipole conservation in continuum
and many-body quantum mechanical settings [1-3].

Here, we initiate the study of classical, nonrelativistic,
systems of point particles with multipole symmetries in the
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continuum. We do this by studying the simplest possible
system with a conserved dipole moment in d = 1 spatial
dimension. For such systems, we study its Hamiltonian dy-
namics for a fixed number N of point particles.

Despite its simplicity this system exhibits many surprises
that defy conventional intuition about classical particle sys-
tems. Overall we find that symmetry and locality conspire
to produce a variant of Machian dynamics [7-10] wherein
particles exhibit inertia only in the presence of others and are
motionless in isolation. The nature of dynamics exhibited by
Machian clusters depends on the number of particles in close
proximity, in addition to the nature of the Hamiltonian and
initial conditions. In the absence of additional particle inter-
actions, N = 2 particles in close initial separation generically
separate and become immobile with the passage of time. In the
case N = 3, particles generically settle down to a steady-state
dynamics in position space where one particle becomes im-
mobile and the other two oscillate about a center of mass in the
manner of a limit cycle, seemingly violating (but ultimately
consistent with) Liouville’s theorem. An exact solution for
N = 3 particles is obtained in an idealized limit. For N > 3,
numerical integration of the equations of motion results in
the particles separating into at least two clusters exhibiting
motionless, oscillatory, or chaotic dynamics at late times.
Other unusual features that characterize the trajectories are (i)
the breakdown of the customary relationships between mo-
menta, velocity, and energy, (ii) constant energy phase-space
hypersurfaces that are unbounded in the momenta, and (iii)
the appearance of asymptotic, emergent, conserved quantities.
Throughout the paper, we will refer to dipole-conserving par-
ticles as “fractons” which is now standard practice [11-13].

The paper is organized as follows. In Sec. II, we review
how symmetries are implemented in classical Hamiltonian
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systems and write down the form of Hamiltonians compatible
with dipole symmetry. In Sec. III, we numerically study the
classical trajectories of N = 1, 2, 3, 4 fractons and in Sec. V,
we obtain the exact solution for the trajectories for N =2, 3
for a specific form of the Hamiltonian. In Sec. VI, we dis-
cuss specific aspects of fracton trajectories and parallels with
known quantum fracton phenomenology in Sec. VII before
concluding.

II. SYMMETRIES AND COMPATIBLE HAMILTONIANS

A. Symmetries in classical nonrelativistic systems
of point particles

Consider a system of N point particles living in d spatial
dimensions. We will work within a classical Hamiltonian
framework to describe its dynamics. Here, the state of the
system is specified by 2d N phase space coordinates consisting
of dN positions {x}, ..., xy} and dN momenta {p} ... pj}.
The dynamics is generated by the Hamiltonian H ({x, p/})
through the usual Hamilton’s equations of motion:

o 9H . OH

o = opl’ Pa =53 )
Above and henceforth, we will use the short hand notation
A = dA/dt, the superscripts . = 1, ..., d to denote the spa-
tial components of the phase space coordinates and subscripts
a=1,...,N tospecify each particle. We will also sometimes
vectorize the spatial components of phase-space coordinates
as X,, P etc.

Our main interest is to understand how Hamiltonian dy-
namics is constrained by dipole symmetries. As a warm-up,
we begin by considering the conservation of total charge.

Assuming the N particles carry electric charges {q, ..., gy},
the charge density p and current j, given by
N
PO =) qud! (B — %), )
a=1
N .
JO) =) qakad Ry — %), 3)

a=1

satisfy the continuity equation
p+V-j=0, )

leading to the conservation of total charge Q
Q =0 where, Q = /ddx px) = an. (@)

Note that this conservation is a kinematic constraint and is
built into the kinematic framework of classical nonrelativis-
tic Hamiltonian dynamics since the number of particles N
is fixed and cannot change. Consequently, Eqs. (4) and (5)
hold regardless of Hamiltonian form. This is not true of other
symmetries which constrain the form of the Hamiltonian. For
example, if we want to impose translation symmetry gener-
ated by

XXl ER pl o pl (6)
the form of the Hamiltonian is constrained to be

H(x!, pty = H(x! —xl, p*) @)

and leads to the conservation of the total momentum
N
P* =0, where P* =" pl. ®)
a=1
We now turn to the main interest of this work and look to
impose the conservation of the total dipole moment,

N
Dt =0, D* = [ddx xp(x) = anxg 9)
a=1

which induces the following symmetry transformation on the
phase space coordinates

x> Xl ph e pl 4 gt (10)

Comparing Egs. (6) and (10), we see that dipole conservation
implies translation in momentum space. This property con-
strains the Hamiltonian to be of the form

L M
H(xg,pg)zH(xg,p—“—p—b>. (11)

9a b
This type of construction can be easily generalized for other
constraints. Indeed, Q in Eq. (5) is the zeroth moment of
charge distribution, whereas D in Eq. (9) is the first moment.
Therefore we can further consider the conservation of arbi-

trary combinations of charge moments such as

Mp =0, Mp = / d%x P(x)p(x) = anP(xa) (12)

where P(x) is a polynomial in the d components x*. This
constraint induces a so-called “polynomial shift” symmetry

P(xy)
axk

and generates the so-called multipole algebra discussed in
Ref. [14] of which Eq. (10) is a special case. Then, symmetry
compatible Hamiltonians which obey Eq. (13) are constrained
to take the form

" —1 L —1
meen(Z(2) () )
a a b b

where repeated indices are not summed over.

For the rest of this paper, we will restrict ourselves to
dipole conservation symmetry shown in Eq. (9) and study the
dynamics generated by Hamiltonians of the form Eq. (9) and
leave the more general case of Eq. (13) for future work.

Xy Xy, Py b Pyt qak (13)

B. Symmetry compatible Hamiltonians

We now focus on the dipole conservation symmetry of
Egs. (9) and (10) and look at the possible forms the Hamil-
tonian of Eq. (11) can take. Recall that translation invariance
of coordinates shown in Eq. (6) results in the Hamiltonian
depending only on the difference of the coordinates as shown
in Eq. (7). A common form of such a Hamiltonian is

| Bal®
H:ZiTG+ZU(xa—xb)+~-~ (15)

a<b

In order to be physically reasonable, we require the Hamilto-
nian to be local, i.e., particles with large distances |X, — Xj|
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between them should not affect each others dynamics. This
requires the two-particle interaction in Eq. (15), represented
by U (x) to vanish as |x| - oo. Also, the quadratic form of
the kinetic term, |j,|? ensures that energies are bounded from
below. Let us now move on to the case of a Hamiltonian
with dipole symmetry which has a functional form shown in
Eq. (11). A natural modification of Eq. (15) to accommodate
this is

1
= ; <2mab

However, note that the leading momentum-dependent kinetic
term is no longer local. To restore locality, we modify it as
follows:

K(|xa — XD
H= A
Z( 2Wlab

a<b

ﬁa_ﬁb

da qb

2
+U(xa—xb)+~-~>. (16)

Pu By
qa qb

2
+U(xa—xb)+-~),

a7

where K (x) is some function with local support that vanishes
as |x| — oo to impose locality. For the energies to be bounded
from below, K (x) should also be positive definite.

C. Mach’s principle

The unusual form of the kinetic term in Eq. (17) has several
consequences which we will explore in the upcoming sec-
tions. We point out one of them here — the familiar relation
between momentum and velocity—x, & p, no longer holds
for Eq. (17). Instead, we have

o v pﬁf)K(lef — %)
b o Pa Dp)2AWa 1 18
= o ; (qa b GaMab {19

From the form of the velocities in Eq. (18), we can directly
obtained dipole conservation:

D' =) gl =) <ﬂ - %>—K(|x‘l‘t —5l _,
a

a,b da qdb Mmap

Equation (18) also tells us that the velocity of a given
particle is affected by all others. This is reminiscent of Mach’s
principle [7] which states that motion of a body is not absolute
but is influenced by all others in the cluster. In the context of
gravity where this principle has been most discussed [8,9], the
formulation aims to describe the motion of particles within a
single cluster and is inherently nonlocal. For instance, the ki-
netic term in Ref. [15] is similar to the one shown in Eq. (16).

The inclusion of the locality term K(x) which is natu-
ral in the context of condensed matter physics changes the
picture qualitatively. Now, the motion of a particle, located
at position X, is influenced, not by all particles, but only
those particles located at X;, such that K (X, — X) # 0. The
dynamics of Eq. (17) is therefore that of particles living in
and moving between multiple dynamical clusters as shown
in Fig. 1. We use the term “Machian cluster” to refer to a
collection of particles which lend inertia and influence each
others motion. Notice that the number of Machian clusters
can change under dynamics as particles move apart or come
together. The connection between dipole conserving systems
and Mach’s principle was originally pointed out in Ref. [16]

(%) (%} (]
o ©O (%] o (]
o§jojyo (+} (4]
(&) (] o ©O o§goyo

o§ogjo

FIG. 1. Sample particle configuration in d = 2 corresponding to
four visible Machian clusters. The dark red circles represent particles
and the shaded blue region surrounding them represent the range
where K # 0.

using a continuum field theoretic formulation, for quantum
systems. Our nonrelativistic classical formulation makes this
connection much more transparent.

Note that Eq. (18) cannot be inverted. In other words, given
a collection of velocities {x%}, we do not obtain a unique set of
momenta {p~}. This is a consequence of dipole conservation—
observe that the expression for velocities {x/} in Eq. (18) is
invariant under the momentum shift symmetry generated by
dipole moment shown in Eq. (10). An important consequence
of this property is that momenta can reach large values even
when the velocities and energies are small. As we will see,
this fact is at the heart of the novel physics present in these
dipole-conserving systems.

III. IDENTICAL FRACTONS ON A LINE

A. Preliminaries and general features
1. Preliminaries

Let us consider now the classical trajectories of dipole-
conserving systems in one dimension with identical charge
and mass (both of which we set to unity without loss of
generality). The dipole moment D = )__x, is then propor-
tional to the center of mass (COM). This is perfectly dual
to the conservation of the center of momentum imposed by
translation invariance:

translation: x, —> x, + &, = Z P conserved,

a

dipole: p, — p, + ¢, D = Zxa conserved.
a

The Hamiltonian (17) now reads
N

1
H = Z [E(p“ — o) K (x, — xp) + U (xg —xb)}. (19)

a<b=1
For concreteness, we will use the following forms of K (x) and
U(x):

1
K(x) = E[tanh (n(x + a)) — tanh (n(x — a))], (20)
2
Ux)=Texp <_ﬁ> 21
although we expect all our results to hold for any other phys-
ically sensible choices of these functions. Here, I' denotes
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FIG. 2. K(x) defined in Eq. (20) for various values of n compared
with U (x) defined in Eq. (21) with ' =1 and b = 0.2. As n — oo,
K (x) takes the form shown in Eq. (22).

the interaction strength which can be attractive or repulsive,
and I' = O represents the closest equivalent to free particles.
The function K (x) is positive definite function and vanishes
at |x| — oo. Its limiting form is a box function with compact
support:

lim K(x) =B(x) =0x+a) — O(x — a), (22)
n—00

where ®(x) is the Heaviside ® function. Examples of these
function is given in Fig. 2.

We now have two length scales in the Hamiltonian (19): a
represents the separation scale below which the kinetic term is
operative and two fractons can “lend inertia” to each other and
b represents the interaction range between particles. We will
only consider the case where a > b in what follows although
we find the results qualitatively unchanged for a < b.

2. Far-separated particles and general features

We start with a configuration that immediately exposes
general features of the dynamics generated by Eq. (19) by
switching off the interactions [U(x) = 0] and set n — oo
when K (x) takes the form (22). For initial conditions when
particles are well-separated (x,(0) — x,(0)) > a as shown in
Fig. 3, the Hamiltonian (19) vanishes and all particles are
frozen in place. Thus we have a large manifold of zero-
energy configurations where each particle is isolated within
an independent Machian cluster of its own and is therefore
immobile. This observation is consistent with the expectation
that locally isolated fractons are immobile [1,2]. A distinct
feature, however, is that even though the particles have van-
ishing velocities, their momenta {p,(0)} are undetermined and
can be arbitrarily fixed. The disassociation between energy,
velocities, and momenta has two origins. The first is the ex-
act microscopic symmetry as discussed in Sec. Il C—dipole
conservation results in a many-to-one relationship between
momenta and velocity. When the initial separation of particles

(+] o o o (+]

FIG. 3. Sample particle configuration in d = 1 where initially
all particle are sufficiently separated from each other and remain
immobile.

is large, however, not only is the total dipole moment D =
> . Xa conserved, the coordinate of each particle x, is itself
conserved and the conserved total dipole moment fragments
to N conserved positions, x,.

The second reason for the velocity-momentum-energy mis-
match is emergent symmetries. The conserved quantities x,
now generate a larger symmetry wherein each momentum can
be arbitrarily shifted p, — p, + ¢,. This property holds as we
move away from the U (x) — 0, n — oo limit. When particles
are well separated compared to the length scales set by K(x)
and U (x) and the momentum differences are such that

(Pa — Po)*K (x4 — xp) = O,

the Hamiltonian (19) vanishes and the discussion above holds.

For particles starting with a close initial separation, the
situation is more complex. By numerically solving Hamilton’s
equations of motion for the Hamiltonian in Eq. (19), we will
see that velocity-momentum mismatch as well as emergent
conserved quantities will generically appear accompanying
qualitatively new kinds of trajectories.

Before we proceed, we point out a useful canonical trans-
formation {x;, p;} = {qu, ma}:

o1 %)~ OXag Y
qa=1,...N—1 —a(oz D > 4N —\/ﬁ s
Y5 P~ @Pat Y p
Ta=1,...N-1 = . v =———. (23)
ala +1) VN
Notice that gy = D/+/N and my = P/+/N are conserved
quantities. These drop out when we express the Hamiltonian
usin . making the translation and dipole symme-
(19) using Eq. (23) making th lati d dipole sy
tries manifest,

H(xy,...xy;prs-..py) =H(qr, .. .qn-13 71, - . TN—1)
= {H, gy} = {H, iy} = 0. (24)
These new coordinates help us reduce the effective phase

space of N particles to that of N — 1 particles. We will refer
to {g«, s} as the reduced phase space coordinates.

B. Two fractons on a line
1. Trajectories

We consider two particles within a single Machian cluster,
i.e., such that K(x;(0) — x2(0)) # 0. To analyze the ensuing
dynamics, we begin by expressing its Hamiltonian in the
reduced coordinates (23) to eliminate the conserved dipole
moment and total momentum, g,, 7w, thereby reducing the
phase space to that of a single degree of freedom with Hamil-
tonian:

H = n{K(v2q1) + U(V2q1) (25)
and equations of motion
i1 = 2mK(2q1),
711 = =22 K (V2q1) + U' (V2q1)). (26)
This system has a conserved quantity, the energy

E = nlK(v2q1) + U(V2q).
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FIG. 4. Two closely separated particles in the same Machian
cluster exhibit two classes of trajectories. For negative energies
which are possible when interactions are attractive (U < 0), the
particles exhibit regular trajectories where they oscillate out of phase
preserving the center of mass. For positive energies, they exhibit
novel fractonic trajectories where they eventually separate and freeze
to form two adjacent clusters.

which can be used to solve the equations of motion by quadra-
ture:

q() dy
tz‘/ ’
q@)zJK@ﬂbe—IKVQW)

E —UW2q(t))
tH=,——. 27)
N Tk V2a0)

There are two possible classes of trajectories as schemati-
cally shown in Fig. 4, depending on the energy of the system
and the nature of interactions. First, For negative energy con-
figurations, available with attractive interactions (I' < £ < 0),
we obtain familiar oscillating solutions, shown in Fig. 5 with
dotted lines. The two particles stay within a single Machian
cluster and oscillate perfectly out of phase to keep the center
of mass fixed. Both position and momentum coordinates are
bounded. For small oscillations, the frequency wy can be de-

La

t

02 04 0.6 0.8 10 12 1.4

FIG. 5. Two particle trajectories generated by Eq. (25) for attrac-
tive interactions (a =1, b =0.2, n =10, and I' = —1). Negative
energies (dotted, £ = —0.5, —0.1) lead to oscillatory trajectories
with bounded position and momentum coordinates. Positive ener-
gies (solid, E = 0.1, 0.2, and 0.5) lead to “fractonic” trajectories
where the position coordinates freeze-out while the momenta grow
indefinitely.

T
1, I
.
0.5} 0.4
0.2
t
... 51035
2 4 6 8 10 12 14
q1
0.9r
¢1
0.6/ 2
LR
0.3 1 - 2 ¢
‘ ‘ ‘ -t
0.5 1.0 1.5 2.0

FIG. 6. {x, x} trajectories (top) for the over-damped oscillator
governed by Eq. (29) with m =k =a =1, u =3 compared with
the fractonic trajectories (bottom) corresponding to positive energies
E =04, 0.5, 1.0 for the two-particle system generated by the
Hamiltonian in Eq. (25) witha =1, b=0.2, n =20, and ' = —1
in reduced (configuration) space coordinates {g;, ¢;}.

termined by setting K ~ 1 and Taylor expanding U in Eq. (25)

to obtain
2T /81T
H%n12+?x2:>w0% 7 (28)

Second, for positive energy configurations, we find a novel
class of trajectories. Irrespective of the nature of interac-
tions (attractive U < 0, repulsive U > 0 or no interactions
U = 0), all trajectories with £ > 0 follow a similar pattern:
particles starting within a single Machian cluster eventually
drift apart in opposite directions to keep the center of mass
fixed, and eventually become immobile by forming two ad-
jacent clusters. One curious aspect of these trajectories is
that as the particles separate we have K(x; —x;) — 0 and
U(x; —xp) — 0 in (25). The system conserves energy by
|p1 — p2| — oo at late times appropriately. We call these tra-
jectories “fractonic” to distinguish from ordinary trajectories
present in dipole nonconserving systems where diverging mo-
menta are not typically found. Sample fractonic trajectories
are shown Fig. 5 with solid lines.

2. Dissipative dynamics and attractors

It is instructive to compare the fractonic dynamics with
that of a dissipative system. To do so, consider a simple one-
dimensional classical damped oscillator given by

mx = —ux — k(x — a), 29)

whose trajectories are shown in the top row of Fig. 6 in the
overdamped limit, © > 2+/km and for various initial initial
conditions. We observe the well-known behavior: the particle
slows down in time and eventually becomes immobile. At a
superficial level, this dynamics is qualitatively the same as that
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q1

0.5 0 05

FIG. 7. Configuration space portrait for the overdamped oscil-
lator (top) with m =k =a =1, u =3 compared with the dipole
conserving two-particle system in reduced coordinates (bottom) with
a=1, b=0.2, n =20, and I' = —1. Both exhibit attractive fixed
points where multiple trajectories terminate.

of two-particles discussed in Sec. III B whose trajectories in
the reduced coordinates are shown in the bottom row of Fig. 6
for comparison. The crucial difference is that in the dissipative
case, momentum is related to velocity in the usual way—p =
mx, whereas in the case of fractons, it is not.

Dissipative dynamics is characterized by the presence
of attractors in configuration (position, velocity) space: as
t — oo, all trajectories approach the same global attrac-
tor (x,x) = (a,0) as shown in Fig. 7. However, for our
dipole-conserving systems shown in Fig. 7, the two classes
of trajectories described above correspond to two types of
fixed points. The first one at the origin (q;, g1) = (0, 0) is
a center [17] which is surrounded by negative energy os-
cillatory trajectories. The second type of trajectories are,
remarkably, attractors located at (g1, g1) & (j: O) where
all fractonic trajectories terminate. These trajectorles are sur-
prising because Liouville’s theorem forbids such attractors in
(position-momentum) phase space for Hamiltonian systems.
Indeed, for ordinary (dipole nonconserving) Hamiltonian sys-
tems with p = mx, Liouville’s theorem implies that there are
no attractors in (position-velocity) configuration space. How-
ever, for fractonic trajectories in dipole-conserving systems,
we observe that the absence of attractors in phase space does
not translate into the absence of attractors in configuration
space. The key here is to realize that these attractors in con-
figuration space are distinct trajectories in phase space.

C. Three fractons on a line

We now consider the case of three particles. The Hamil-
tonian (19) for N =3 in reduced coordinates Eq. (23)
contains two effective degrees of freedom leading to dynam-
ics in the four dimensional phase-space (qi, 71, g2, ) with

000 —

000

Non-fractonic

000 — QIO o Fractonic

FIG. 8. Three closely separated particles in the same Machian
cluster exhibit three classes of trajectories. For negative energies
which are possible when interactions are attractive (U < 0), the
particles exhibit regular oscillations or chaos preserving the center of
mass. For positive energies, they exhibit fractonic trajectories where
two particles settle to an oscillatory state in one cluster while the
third freezes out in another.

Hamiltonian:

2
H =72K(2q)) + (V3m2 + 1) K<ﬁ92+ql>

4 V2

(«/571'2 —7T1)2 «/§Q2 — {41
+ : K( 7 +UW2q))

V3q: + g1 V3¢ —qi
U(T) + U(T) 30)

1. Trajectories

Just like in the case of two particles we observe again
nonfractonic trajectories for certain negative energies with at-
tractive interactions (I" < 0) as schematically shown in Fig. 8.
However, unlike the two-particle case, the dynamics can now
be regular or chaotic as shown in Fig. 9. The appearance of
nonfractonic chaotic and regular trajectories in a system with
two degrees of freedom is familiar and qualitatively the same
as the famous Hénon-Heiles model [18]. However, the latter
has free trajectories where the particles travel with constant

Tq

°°5/\/\N\/\/\Mﬁ
\/vv\/vm

0.5 1.0 1.5 2.0 2.5 3.0

La

0.2

0.1 //\ f\ /\.

ot TN b/

-0.2 .
" 05 10 15 20 25 30

q1

FIG. 9. Nonfractonic regular (top, £ = —2.5) and chaotic (bot-
tom, E = —1) trajectories of three particle position (x,) coordinates
along with corresponding two-dimensional phase portraits in reduced
coordinates (q; — ¢,) generated by the Hamiltonian in Eq. (30) with
a=1,b=02, n=10,and T = —1.
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FIG. 10. Fractonic trajectories (E = 10) of three particle posi-
tion (x,) and momentum (p,) coordinates along with corresponding
two-dimensional phase portraits in reduced coordinates (g, ¢>) gen-
erated by the Hamiltonian in Eq. (30) witha =1, b= 0.2, n = 10,
and T = —1.

momenta whereas out system supports instead fractonic tra-
jectories.

Indeed, fractonic trajectories, schematically shown in
Fig. 8, are found for both positive and negative energy config-
urations and therefore for attractive (I' < 0), repulsive (I" >
0) or indeed no interactions (I' = 0). These are qualitatively
different from the fractonic trajectories of the two-particle
case. A direct extrapolation of the two-particle picture sug-
gests that at late times, we expect the particles starting within
each other’s presence in a single cluster to separate out until
they are isolated within their own separate Machian clusters
and become immobile. In fact, this scenario only occurs for
fine-tuned initial conditions as will be proven within an ex-
actly solvable limit in Sec. V. As shown in Fig. 10, we see
that generically, fracton trajectories corresponds to the system
breaking up with one of the particles separating out from the
other two and eventually becoming immobile. In this scenario,
the remaining two particles form a single cluster and settle
down to an indefinite oscillatory state about their common
center of mass. Interestingly, these oscillations result from
the particles bouncing off the edge of the Machian cluster
of the first particle. Hence this two-body dynamics requires
interaction with the third particle.

In summary, generically, when three particles start off
within a single cluster, fractonic trajectories lead to the for-
mation of at least two separate clusters. For certain fine-tuned
conditions as will be discussed in Sec. V, fractonic trajectories
lead to three isolated clusters.

2. Limit cycles

We saw in Sec. III B that fractonic trajectories for two
particles ended up in an attractor in the position-velocity
configuration space. For three particles, generic fracton trajec-
tories asymptotically end up in a limit cycle in configuration

QO
G2

q g2

FIG. 11. Projections of the reduced coordinate configuration
phase portrait of the fractonic trajectory shown in Fig. 10 exhibits
a limit-cycle behavior.

space as shown in Fig. 11. Just like attractors, Liouville’s
theorem forbids the presence of limit cycles in phase space
which, for non-dipole-conserving systems where velocities
are proportional to momenta, also implies the absence of limit
cycles in configuration space. For fractons, this is no longer
true and while mathematical limit cycles are not to be found
in phase space, consistent with Liouville’s theorem, physical
limit cycles do appear in configuration space!

D. Four and more fractons on a line

We now turn to the case of four particles whose trajectories
are schematically shown in Fig. 12. The Hamiltonian written
in reduced coordinates is now a function of six phase space
coordinates corresponding to three degrees of freedom. We
will not write the explicit form here. With attractive interac-
tions, we again obtain nonfractonic bounded oscillatory and
chaotic trajectories qualitatively similar to the three-particle
case shown in Fig. 9. We will therefore switch off the interac-
tions [U (x) = 0] for the rest of this section and focus only on
fractonic trajectories.

As shown in Fig. 13, we find that four particles starting
within a single Machian cluster eventually separate into two.
The nature of asymptotic dynamics in each of the two asymp-
totic clusters now depends sensitively on initial conditions.
Figure 13 shows samples of the various trajectories possible
for the same fixed energy and Hamiltonian parameters but
different initial conditions. We see two classes of regular
fractonic trajectories (top two rows) where the four particles
split into subsystems with two-two or three-one particles and
the multi-particle subsystems settle down into indefinite os-
cillations at late times. These are qualitatively similar to the
fractonic trajectories for three particles shown in Fig. 10. The

0000 — QIo (* RR(#)

0000 — 00 0 o

FIG. 12. Four closely separated particles in the same Machian
cluster exhibit three classes of fractonic trajectories. Asymptotically,
the system can separate into two clusters with two particles each
where each pair exhibits oscillatory trajectories (top) or one frozen
particle in one cluster and three in the other, exhibiting either regular

oscillations or chaos (bottom).
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FIG. 13. Fractonic regular trajectories exhibiting three-particle
oscillations (top), two particle oscillations (middle) and chaos (bot-
tom) generated by the four-particle Hamiltonian without interactions
Eq. (19) with E =10 and a =1, n =10, and I' = 0. The insets
show reduced coordinate ¢, g, projections of phase portraits where
the regular and chaotic nature of trajectories are clearer.

bottom panel in Fig. 13 shows a new class of fracton tra-
jectories where the four particles split into three-one particle
subsystems and the three particles exhibit chaos. Like the
regular fracton trajectories, the chaotic fracton trajectory has
momenta that grow indefinitely with time.

We can conjecture that the trajectories studied above for
four or fewer particles qualitatively exhausts all possibilities
for a finite number of fractons—particles within a single
Machian cluster exhibit either (i) nonfractonic regular or
chaotic dynamics in the same cluster or (ii) fractonic regular
or chaotic dynamics where the system asymptotically splits
into multiple Machian clusters. We have checked this conjec-
ture numerically for systems with multiple number of particles
starting in close proximity and several randomly generated
initial conditions.

IV. OPPOSITELY CHARGED FRACTONS ON A LINE

We now relax the conditions of Sec. III and consider the
case where not all particles carry the same charge. We will
only consider the case with no interactions, i.e., U(x) = 0.
The Hamiltonian in Eq. (19) is modified to

1 (Pa m)
H-ly (Z‘E) KG@—x). G

a<b=1

As discussed in Sec. II, the conserved dipole moment and the
symmetry transformation induced by it are

D=Y guxe. D=0=p,+>pa+aqup. (32)

For concreteness, we consider the charge assignment g, =
(—1)* so that we have two species of particles with charges
+1 and the form of K(x) as shown in Eq. (20). The whole
system is net charge neutral for even number of particles.
The main new possibility that opens up is that of particles
pairing up into charge neutral dipoles which can in principle
behave like ordinary nonfractonic particles. The simplest case
to consider is two particles.

A. Two oppositely charged fractons

The two-particle version of the Hamiltonian (31) is
H = 3(p1 + p2)’K(xi = x2). (33)

This Hamiltonian is entirely a function of the conserved
quantities— the total dipole moment D = x; — x, and momen-
tum P = D1 + D2

P2
H= 7K(D). (34)

The equations of motion can be trivially solved to obtain

Xa(t) = x,(0) + PK(D)t,
P2
Pa(t) = pa(0) — (—1)“7K’(D)t- (35)
The two particles moves together as a dipole unit with a
fixed separation and with a constant velocity, vegr = PK (D).
In other words, the dipole moves as a free particle with an
effective dipole moment- dependent mass mq; = K(D)~'. For
larger separation between the two particles, the dipole mo-
ment increase and so does the mass. Particles with a large
separation therefore become immobile. This qualitative pic-
ture for the motion of opposite-charged pair of fractons was
also observed in Ref. [10]. Finally, we note that while the mo-
mentum of the center of mass is constant, individual momenta
evolve with time as shown in Eq. (35) and increase indefinitely
with time.

B. Many oppositely charged fractons

With a larger number of particles, new possibilities emerge.
One straightforward generalization of the two-particle case
is that dipoles move as free particles in isolation from other
particles. However, when two dipoles meet, they can inter-
act through the locality term K (x). They can either (i) pass
through each other when they meet as shown in the top col-
umn of Fig. 14 or (ii) exchange partners by swapping particles
of like charge between dipole units as shown in the bottom
column of Fig. 14. However, more complex trajectories are
also possible wherein the system clusters in various ways
and like particles exhibit fractonic trajectories described in
Sec. III. Samples of these complex trajectories are shown in
Fig. 15.
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FIG. 14. Trajectories generated by the four particle Hamiltonian
in Eq. (31) with @ = 1 and n = 10 showing asymptotic free dipole
motion. Positive (negative) charge motion is described with solid
(broken) lines. When the dipoles meet, they may not (top) or may
(bottom) exchange partners.

V. EXACT SOLUTIONS

In this section, we consider a limit wherein fracton trajecto-
ries of like particles can be obtained exactly. This will confirm
the numerical trajectories shown in Sec. III. For this, we con-
sider the Hamiltonian (19), switch off interactions U (x) = 0,

8

I
NP OOo O
obouow

'--‘3-‘5.’:10“.-;.,15,;,,,»V-,2_0t

Zq
1 Da
0
_1b- 1000
-2 t
1 8 20 30 40 50
- -1000
-4 -~ -2000
" 10 20 30 40 50 -3000

FIG. 15. Fractonic trajectories generated by the four particle
(top) and six particle (middle, bottom) Hamiltonians of Eq. (31) with
a =1 and n = 10. Positive (negative) charge motion is described
with solid (broken) lines. We see the formation of multiple clusters
each of which exhibits fractonic regular and chaotic motion with
unbounded momentum growth.

and set n — o0 to obtain

1

H=> ;Bm — ) (Pa — P, (36)
where B(x) is the as defined in Eq. (22). For this Hamiltoinain,
we can obtain exact, regular fractonic trajectories for up to
three particles. Since there exists a solution by quadrature
given in Eq. (27) for the two-particle Hamiltonian (25), the
first nontrivial case is the three-particle case. We will discuss
the solution for two-particles as a warm up and then proceed
to three particles.

A. Warm-up: two particles
The Hamiltonian (36) for two particles written in terms of
the reduced coordinates (23) is

H = 72B(V2q)). (37)

We will henceforth drop the redundant subscript {q;, 7;} =
{g, 7} to reduce clutter. We will only consider initial condi-
tions such that Eq. (37) does not vanish, i.e., |g(0)| < a/\/z
and 7(0) # 0. We want to solve Hamilton’s equations of
motion,

G = 27B(V2q), 7 = —/27*B' (v/29). (38)

To do this, we first regulate B(x) so that it does not vanish for
any value of x

B(x) — B(x) + 8> (39)

and eventually take § — 0. Notice that when |g| # a/~/2,
Eq. (38) reduces to equations for free particles. Therefore
our strategy is to solve Eq. (38) piecewise and then stitch up
the solutions. For |g;(0)| < a/~/2, we have B'(v/2¢) = 0 and
B(\/zq) =1 + 6 and Eq. (38) can be integrated to obtain

7(t) =m(0), q(t)=q(0)+270)(1+ ). (40)

This solution holds for ¢ < t* where t* is defined by the
condition

lg(t*)] = a/V/2. (41)

For ¢t > t*, we have |q| > a/ﬁ and therefore B’(\/Eq) =0
and B(ﬁq) =52 Equation (38) can again be solved to obtain

n(t) =7, qt) = q(t*) + 27w 8%, (42)

where q(t*) = sgn(mw (O))a/ﬁ. 7. can be determined using
energy conservation

E(qt <t*), 7t <t*) =E(qt > t*), w(t > *))

1+ 82
=71, = n(O)—;— ) (43)
Substituting into Eq. (42), we obtain the full piecewise defined

solution:

) = q(0) + 27 (0)t (1 + 8%) t<t*
T g + 27 0)(t — )81+ 8%t >t
7 (0) t<t*
”(t):{n(O)—J‘BW t> 1+ “@4)
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FIG. 16. Plot of exact trajectories shown in Eq. (44) for § = 0.6
(dashed line), 0.3 (dotted line), and O (solid line). Initial conditions
chosen as ¢(0) =0, 7 (0) = (2+/2)7! and we set a = 1. The grid

lines mark t* = m on ¢ axis and g = a/+/2 on the g axis.

We can now take § — 0 to remove the regulator and obtain

_ Jq0) +270) t<t*
x(0) t<t*

() = { (45)

00 t>t*

This solution confirms qualitatively the nature of the two-
particle fracton trajectories shown in Sec. III B.

B. Symmetries and distinct sectors for three particles

Next, we consider the three-particle case. Then, the Hamil-
tonian (36) can be written as

H =H, + H5 + H»;,
Hu = 2(pa — pp)*B(1x — x)). (46)

In reduced coordinates, it corresponds to the following Hamil-
tonian acting on the four-dimensional phase space of two
degrees of freedom:

H =n2B(N2q)) +

(V3m, +7T1)2B V3¢ + q
3 Np

47

4 V2

We will use the form in Eq. (47) for the rest of this section. We
begin by dividing the two-dimensional position- {g;, g»} into
different sectors depending on how many pairs of particles are
proximate to each other, i.e., the number of pairs (a, b) such
that

+ (\/57[2 —ﬂl)zB(«/gCD —6]1>.

[Xa — x| < a= B(lxa —xp]) = 1. (43)

Figure 16 shows sample plots of Egs. (44) and (45).

This is summarized in Fig. 17 where the labels 0,1,2,3
represent the number of pairs that satisfy Eq. (48). Hamilto-
nian (47) has the symmetries of a regular hexagon manifest
in Fig. 17, generated by reflections and sixfold rotations. The
action of these symmetries on phase-space coordinates are

. o . _ [ cosw sinw
{§— Rq, @ — R}, R= <_ sinw cosw) and
) o . 1 0

where § = (q1, qz)T, 7 = (m, nz)T.

2 T
Q/
1. { 1,
0 R 0/l
i o il
______ \.’..,..,...‘.5_:____“
o 2b 2f ¥
s o g ¥ 3 & 1, |
....... « T
—1H RV H
0. e 0.
CA TN
0
-2 ‘ 4 ‘
-2 -1 0 1 2
q2

FIG. 17. Distinct regimes of the three-particle Hamiltonian in
Eq. (47). The labels M,,, M,, etc. indicate the number of particle pairs
M that are proximate such that Eq. (48) holds. The shaded region
surrounding the origin represents the initial conditions that can lead
to an oscillating steady state.

Together, R and X form an irreducible representation of
the dihedral group Dj, [19]. The invariance of Hamiltonian
(47) under (49) is useful because it maps the various sectors
{M, ...My} shown in Fig. 17 into each other. Consequently,
trajectories with one set of initial conditions can be used to
generate trajectories with other initial conditions by symmetry
transformations which allows us to restrict our attention to
only a representative set of cases.

The Hamilton’s equations of motion (eom) for Eq. (47) are

oH (V3m, +711)B<x/§612+q1)

a1 = o 2 V2
3, — 3¢ —
3 («/_7122 7T1)B(‘/_‘1\2/5 ql) +2mB(v2q1),
| _0H _ 3Wmtm) (Vg +a
92 = 87T2 - 2 ﬁ
N \/§(\/§JT2—771)B V3¢, — g
2 N
L (SBmtm?(VBeta
1= I - 42 V2
(V3m —m) (V3¢ — ¢
— V272B' (V2 B
\/_771 (\/_ql)—i_ 42 ( V2 ’
. KL __«/5(\/5772+7T1)2B, V3 + a1
2= 8(]2_ 42 V2
V3(W3m —m ) (V3¢ —aq
) 5 ‘ 50
= 5 (50)

We follow the general strategy used for the two particle case.
Away from the boundaries shown in Fig. 17, we can set
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B(...)=0 or 1 (depending on the sector) and B'(...) =0
in Eq. (50) when we have a free trajectory for ¢; and ¢
while 7 and 7, are constant. These are stitched together at
the boundaries shown in Fig. 17 where the momentum jumps
discontinuously. We first write down representative piecewise
solutions and then evaluate the jump conditions.

C. Piecewise solutions

We first write down solutions for trajectories within the
various sectors listed in Fig. 17 away from the boundaries.
Irrespective of the sector we are considering, B'(. ..) vanishes
and momenta remain constant in time

Tq =0 = 7a(1) = 74(0). (5D

The evolution of position coordinates g, takes on the form
9a(1) = 4 (0) + g (0)r. (52)

The velocities ¢,(0) are determined from the constant mo-
menta 7,(0) in different ways depending on the sector. We
begin with {0, ... 07} where all B(...) vanish in Eq. (50) and
we have

Oa—f 0 ga = 0= ga(t) = qu(0). (53)

We reproduced the result discussed earlier in Sec. III A 2 that
for particles that are well-separated, the Hamiltonian vanishes,
each phase-space coordinate is a constant of motion and dy-
namics is completely frozen.

We now consider the sectors {1, ..., 1/}. Due to the sym-
metry discussed above, these sectors map into each other and
it suffices to consider one representative. We choose 1, with

no loss of generality. Here, B(«/qu) = 1 while B(%) =
0. This gives us

X 41227[1
“"142=0

= q1(t) = q1(0) + 27, (0)t,
= q2(t) = q2(0).

Observe that the trajectories in Eq. (54) do not depend at all
on the value of 7;(0) and there is no motion in the direction
where the sector 1, is extended. By rotation, this feature is
true for the other sectors 1;... 17— motion is entirely along
the direction perpendicular to the strip on which the sector is
defined and frozen in the parallel direction.

Next, we consider the sectors {2,,...,2}. We choose

2, with no loss of generality. Here, B(%) =1 and

B(ﬁql) = (0 and we obtain

y i =m=q) =q0) + 10,
g2 =3m = qa2(t) = q2(0) 4 3m2(0)z.

Finally, consider sector 3 when all B(...) = 1 and we ob-
tain

(54)

(55)

3. {41 =31 = qi(t) = ¢1(0) + 31 O, 56)

G2 = 3m = q2(t) = q2(0) + 3m2(0)r.

D. Jump conditions

The piecewise solutions given by Egs. (53)-(56) apply
away from the boundaries shown in Fig. 17. We now discuss
what happens at the boundaries. As shown in Fig. 17, there are
two types of boundaries—Iines where two sectors meet and
points where more than two sectors meet. At these boundaries,
we expect the momenta 7r; and 7, to jump discontinuously.

The best way to quantify this jump is to use conservation
of energy along with combinations of the momentum eom in
Eqg. (50) that can be easily handled in an integrated form. We
will describe this strategy in detail below for a representative
of each type of boundary.

1. 3 — 2, boundary

We begin with the boundary between sectors 3 and 2,

corresponding to the segment
a a

a

q1 = Noh 76 <q2 < NG
as shown in Fig. 17 and consider the possibility of the trajec-
tory passing this line starting from either side. We want to find
how the momenta in the two sectors, *! and /%! are related
to each other. The relationship between momenta and energy
in these sectors are

E3]= (") + (1)), (58)

(57)

E2,] = 4((=) + 3 (=), (59)

Conservation of energy, E[2,] = E[3] giving us one relation-
ship between /3! and 7[?J. A second one can be obtained by
considering the equations of motion shown in Eq. (50). Note
that as the trajectory passes through the line separating sectors

3 and 2,, the condition B/(%) = 0 remains unchanged,
simplifying the effective equations of motion for 7,

71 = =218 (V2q1), 71, = 0. (60)

This last equation tells us that the 7, does not change as the
trajectory passes through the boundary and gives us the sec-
ond relation in addition to the one obtained from conservation
of energy. Altogether, we have

)+ (7)) = 5(() + 3.

) = (61)

Solving these two equations provides us with the jump condi-

tion
V3l = ]

We see that these solutions exist irrespective of which sector
the trajectory is incident from. This means that all trajecto-
ries that strike the 3 — 2, boundary from either sector will
pass through. Of course, there exist kinematic constraints that
the incident momenta should satisfy to be able to strike the
3 — 2, boundary. As seen from Fig. 18 a trajectory incident
from the sector 3 passing through 2, should satisfy ¢;*' > 0
and ¢;?J > 0. From Eqgs. (56) and (55), this translates to
conditions on momenta—nlm > 0, 711[2“] > (0. Similarly, a
trajectory incident from the sector 2, passing through 3 should

satisfy ¢, <0 and ¢,'>) < 0 which translates to !> <

0, 711[3] < 0. Figure 18 shows a sample piece of a trajectory
where the above predictions are confirmed against numerical
analysis.

B = gl (62)

2. 2, — 1, boundary

We consider now the boundary between sectors 2, and 1,
corresponding to the segment
V3 + a1 . a

2a
—a L 4 63
V2 “ BT/ ©)
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FIG. 18. Numerical plots of a trajectory passing from 3 to 2,
(solid line) obtained for large n compared with jump location and
magnitudes predicted from the exact solution shown in Eq. (62)
(broken lines).

shown in Fig. 17 and repeat the steps described above. The
energy-momentum relation in the two sectors is

E2] = 4((=2) + 3(= )%,
E[1,] = L(v/3rll — 7 W1)?, (64)

The effective eom for m, can be obtained by setting
B’(%) — B'(v2q1) = 0in Eq. (50) to obtain

3 2 3
m:_(«/_ﬂz—i-ﬂl) B V3¢ + q ’ 65)
42 V2
_ _ﬁ(ﬁnz+n1)23, V3g +q 66)
42 V2 o)
These two equations can be combined to obtain
V37 — 7 = 0. (67)

Imposing energy conservation and integrating Eq. (67) gives
us the following two equations that relates > and 7['*!

)+ 3(f)’) = (At
V3rld - gl = 3 gl (68)

The sector from which the trajectory is incident decides which
momenta in Eq. (68) we consider to be the dependent and
independent variables. First, we consider trajectories incident
from the sector 2, when 7" should be determined in terms
of 7[>, From Fig. 19, we see that this requires gi! > 0.
From the solution shown in Eq. (55), this condition translates
to 71[2“ > (. Suppose the trajectory enters 1,. The piecewise
solutlon for the trajectory in sector 1, can be determined by
rotating Eq. (54) to obtain

1
@10 =q0)— 5 (V3rll! — )y,

V3
92(1) = q2(0) + 7(«/3712“”] — ") (69)
The physical condition for the trajectory entering 1, g [1”] >0

gives us the condition (\/_712[1”] — ][1”]) > 0. This pleS out
the physical solution obtained by solving the quadratic equa-

W
1, 1,
0 0
’ /2 !
______
2 =25,
s 1% 3 W, t
Ve 2;"-_ 2@ N\ Tg
______ _'Q..........I.______ Ly
‘\2,1// 777777777
O/, N 1, N\ T
N *
q2

FIG. 19. Numerical plots of a trajectory passing from 2, to 1,
(solid line) obtained for large n compared with jump location and
magnitudes predicted from the exact solution shown in Eq. (70)
(broken lines).

tions in Eq. (68) to give us a unique answer,

3 V3
n.llllzl _ _nl[2al _ _ﬂézal
2 2

1 2
+ ==y () 4 3 (),
V) 3

o) — \/3 ea _ 1 pa

- 4%

\/7\/[2]

Equation (70) gives us a valid solution for 7" for any physi-
cally allowed incident momenta /%!, As a result, all incident
trajectories from 2, that strike the 2, — 1, boundary Eq. (63)
pass on to 1. Figure 19 shows a sample trajectory confirming
the above results.

We now consider the case when a trajectory is incident
from 1,. We see from Fig. 21 that such a trajectory requires

¢h"" < 0 which, from Eq. (69) translates to

(V)

(rl2)?, (70)

7" <o. (71)

,n_élb] ngb]

FIG. 20. The union of the shaded regions on the left of the dashed
line represents the momenta satistfying Eq. (71) for which trajectories
starting from 1, can strike the boundary with 2, [Eq. (63)]. This
is divided into momenta satisfying (left) or not satisfying (right)
Eq. (73) for which the trajectories pass on to sector 2, or bounce
back into sector 1,, respectively. The solid lines are erl“”] + \/§(1 +
V35)rl" = 0 and the dashed line is v/37}' = /"),
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FIG. 21. Numerical plots for large 7 (solid lines) of a trajectory
passing from 1, to 2a with initial momenta taking values in the
shaded region of the left plot in Fig. 20 compared with jump location
and magnitudes predicted from the exact solution shown in Eq. (72)
(broken lines).

This corresponds to the union of the two shaded regions
shown in Fig. 20 lying on the left of the dashed line. Let
us assume that the trajectory passes through into 2,, where
we require ¢'>! < 0 which i 20 < 0. W 1

quire g5 ' < 0 which imposes 7, < 0. We now solve
Eq. (68) to obtain 7 in terms of xl'! subject to these
physical conditions to obtain

_ 3V3 1,
Ty = E”l 10 4p

1 2 2
3 ()

ea_ V3 iy L 1 il
10 10

3
et =

However, these solutions are not real-valued for all physical
values of r[!*]. Real solutions occur when the discriminant is
positive definite

(r4") = (x})* = V3

This reality condition, combined with Eq. (71) tells us for
which incident momenta the trajectory can pass from 1, to
2,. This is shown graphically in the left panel of Fig. 20
where the shaded region denotes incident momenta satisfy-
ing Egs. (71)and (73). A sample trajectory satisfying this is
presented in Fig. 21.

For other physical values of 7[!" satisfying Eq. (71) but
not Eq. (73) shown in the shaded region in the right panel of
Fig. 20, the trajectory does not go to sector 2, but ‘bounces
off’ to return to 1,. We denote by 7['?! and 7!»! the incident
and final momenta, respectively. The latter can be related to
the former using energy conservation E[1,]. = E[1,]. and
again using the integrated effective eom Eq. (67) to obtain the
following two equations

1 1
F(Vaml -l =
fn[lb] [Ib]

2 _ 9 )

(Lol [1s]
— 3l

—3rMalh(72)

> 0. (73)

(b o
= /3l — 7], (74)

o/ "
1. b4 1 ‘
0p 3 b Oy /\
2, . 2 £, "
Sl e o 3 W1,
’ \‘ ﬂ'a
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FIG. 22. Numerical plots for large 5 (solid lines) of a trajectory
incident from 1, to the boundary to 2a with initial momenta taking
values in the shaded region of the right plot in Fig. 20 when the
trajectory bounces back to 1,. The vertical and horizontal broken
lines represent the jump location and magnitudes predicted from the
exact solution shown in Eq. (76).

2[1p]

A physical requirement is q[ "< 0and q,>" > 0 before and

after striking the boundary which gives us
( f 7.[[11;]

Solving Eq. (74) subjected to Eq. (75) gives us the unique
solution

") <0 and (V37" — ") > 0. (75)

[15] [1]
.l =2m !

[15] 1] [1s]
— V3wl = 3T

Figure 22 shows such a sample trajectory.

27l (76)

3. 1, — 0y boundary

We now consider the boundary between sectors 1, and 0
corresponding to the semi-infinite line

3
V2gi=a, ¢ > \[E“' (77)

The problem is effectively reduced to two-particles considered
in Sec. V A and can be solved by regulating the system as
discussed in Sec. V A. The trajectory can strike the boundary
Eq. (77) only if it starts from 1, with ¢; > 0 which, from
Eq. (53) translates to n“ > 0. After striking this boundary,
the g; becomes motlonless and we have the jump m; — oo.
We have ¢»(t) = ¢»(0) throughout and it does not change. A
sample trajectory is shown in Fig. 23.

4.3 -2, -2 — 1, junction

We now look at the points in Fig. 17 where more than two
sectors meet beginning with the point

2
(1, 42) = a(O, \/;> (78)

where sectors 3,2,,2; and 1, meet. First, we look at the
effective eom for m,. Since the point (G, §») is where the
lines v/3¢g> & ¢1 = +/2a meet, we have B'(+/2¢;) =0 and

B’(ﬁq};q' )= B/(‘Ef}z_‘?1 ) in the trajectory that goes through
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FIG. 23. Numerical plots for large n of a trajectory incident from
1, to the boundary to O;. The vertical and horizontal broken lines
represent the jump location and magnitudes predicted from the exact
solution.

this point. Using this in Eq. (50), we obtain

. __\/?M M REEX ]
1 212 \/E s

. 1 /3 V3a £ gy
7'[2:—5 5(37[22‘}'71'12)8/(7 . (79

This can be massaged to give us

d 2 2
(372 + 7)) = 2mimyiy = — <u> —0. (80)
dt 7

The integrated version of this equation together with energy
conservation give us the two equations which can be solved
to determine the jump condition for a trajectory that touches
the point (G, §») shown in Eq. (78). From the solution for the
trajectory in 1, shown in Eq. (54), we see that motion only
occurs perpendicular to the extended direction in this sector.
This does not allow for the trajectory to either be incident or
pass onto 1,. Thus the only trajectories that can strike Eq. (78)
are those confined to sectors 3 or 2, ;.

5 2,—1,—1,— 0, junction
Finally, we look at the point

(G, §2) = a(+/2, 0), (81)

where sectors 2,, 1, 1. and 0, meet. Since this is where the
lines «/§q2 +q = V2+a meet, we have B’(ﬁql) =0and
B'( ﬁ‘zg‘i‘ )= B/( ﬁf/gq‘ ) for trajectories that strike this point
giving us the same condition shown in Eq. (80). This, along
with conservation of energy will give us the two equations to
determine jump conditions. Since there is no motion in sector
0,, trajectories striking this point are restricted to 2, and
Ip—e-

Jump conditions for trajectories striking line-line bound-
aries required us to solve quadratic equations for which we
have presented exact solutions. The jump conditions for tra-
jectories that strike the two classes of point-like boundaries
described above requires us to solve cubic equations arising
from Eq. (80) along with the quadratic equations from the

™ )
50 oo
100 5

= T ; — 1
0.5 1.0 15 20

= it
0.5 1.0 1.5 2.0

FIG. 24. Numerical plots of a sample trajectory starting from
the central sector 3. The broken lines represent the theoretically
determined values between which the full trajectory interpolates.

conservation of energy. This too can be done exactly in princi-
ple to determine the various possible bounce and pass-through
scenarios. We will not do this explicitly as it would not add
much to the discussion.

E. Sample trajectory and discussion

As an example, we combine all these different behav-
iors together to understand the numerical trajectory shown in
Fig. 24 with thick lines. Here, the trajectory begins in sector 3
and settles down to an indefinite oscillation in sector 1,, while
the momenta increase indefinitely, consistent with the picture
in Fig. 10. We mark the various locations where the trajectory
crosses sectors along with associated momentum jump values
using broken lines.

From the piecewise solution, we see that for any initial con-
dition starting anywhere within the shaded region in Figs. 17
and 24, the trajectory never leaves the region. And conversely
any initial condition located outside the shaded region never
enters the shaded region effectively dividing all trajectories.
The latter class always ends on the border between some 0,
and 14 sectors when the position coordinate becomes frozen
and momentum diverges. On the other hand, we observe that
without fine-tuning, generic initial conditions starting any-
where within the shaded region in Figs. 17 and 24 end up in
such oscillatory steady states in the triangular shaded slivers in
any one of the sectors 1,_y of the form shown in Fig. 24. The
asymptotic oscillations correspond to the trajectory repeatedly
bouncing off the two borders separating some 14 sector with
adjacent 2,, sectors.
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VI. PHASE SPACE FRAGMENTATION
AND ERGODICITY BREAKING

We now discuss specific aspects of the fracton dynamics
listed in Secs. III and V and also make contact with known
quantum fracton phenomenology explored in previous work
[11-13,20-23].

A. Asymptotic conserved quantities and phase
space fragmentation

Fractonic trajectories exhibit emergent and asymptotic
symmetries and conserved quantities. This was briefly men-
tioned in passing in Secs. III and V and we will now discuss
it in detail. Emergent conservation laws appear in two dis-
tinct ways as a consequence of the interplay between dipole
conservation and locality. The first is more direct and deter-
mined largely by initial conditions. Recall the discussion in
Sec. III A2 where we argued that for initially far-separated
particles, the dynamics generated by the Hamiltonian in
Eq. (19) not only conserves the total dipole moment but also
individual particle position coordinates. In other words, the
total conserved dipole moment has fragmented into N parts.
We will use the symbol ~~ to denote the fragmentation of
charge as follows

Zxa ~ {Xq4}. (82)

This directly generalizes to the case when particles start off in
P well-separated Machian clusters My, ..., Mp. We expect
local dipole conserving dynamics to prevent particles from
moving between clusters and as a result, the dipole moment
of particles within each Machian cluster M, is independently
conserved,

3 xf (83)

2%
a aeM,

A second, less direct way emergent conservation laws appear
is when particles start off within a single Machian cluster and
asymptotically separate into multiple adjacent clusters. We
consider the fractonic trajectories of two particles with close
initial separation shown in Fig. 5. Here, we see that at late
times, not just the total dipole moment of the two particles in
the cluster but the coordinate of each individual particle is a
conserved quantity

X1 +x2 ~ {x1, %2}, (84)

This generalizes to the fractonic trajectories for three and
four particles shown in Figs. 10 and 13. At late times, the
particles separate into two subsystems with each undergoing
different possible asymptotic dynamics. Regardless of the na-
ture of this dynamics, we see that asymptotically, the dipole
moment (center of mass) of each subsystem is independently
conserved and becomes constant in time. The precise na-
ture of how the total dipole moment is fragmented depends
sensitively on the initial conditions and can take one of the

FIG. 25. Fragmentation of the total center of mass in a single
cluster into asymptotically conserved centers of mass for particles in
each cluster (thick lines) for the particle trajectories shown in Figs. 10
and 13 (thin, dashed lines).

following forms:

3
Zxa ~ permutations of {x, x, + x3}, (85)
a=1
4
Zxa ~~ permutations of (86)

a=1

{x1 + x2, X3 + x4}
{x1, x2 4+ x3 + x4}

Figure 25 reproduces the trajectories shown in Figs. 10 and
13 (dashed lines) along with the emergent conserved centers
of masses X, (thick lines). For a larger number of particles, we
observe a similar phenomenon. However, the precise number
of asymptotic clusters is hard to determine because it is hard to
conclusively establish that seemingly stable clusters will not
interact by exchanging particles at very long timescales. We
will not discuss this further in this work.

B. Ergodicity breaking and the failure of statistical mechanics

In the study of equilibrium many-body physics, an im-
portant role is played by ergodicity and its breaking [24].
Unbroken ergodicity allows us to relate physically relevant
time-averaged observables, O({x;, p;}) with computationally
convenient ensemble-averaged ones (O({x;, p;})) which s the
subject of statistical mechanics. The latter is computed by
averaging the observable over all phase space available to
the system, I". When ergodicity is broken, the system does
not explore all available phase space but gets stuck in dis-
tinct sectors I ~» {I'y}. In certain situations, when I';, can
be well-enumerated, statistical mechanics can still be used by
appropriately restricting the ensemble to I',,, using appropriate
bias fields or chemical potentials. This is the case when ergod-
icity breaking occurs through spontaneous symmetry breaking
where the sectors ', are labeled by elements of the coset
o € G/H of unbroken (G) and residual (H) symmetries. A
dilute gas of dipole conserving systems undergoing fractonic
trajectories exhibits ergodicity breaking of a different kind.
Here, the nature of the restricted phase space I',, in which the
system becomes trapped depends on the initial conditions and
cannot be easily accommodated within statistical mechanics.
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FIG. 26. Time-reversed trajectory of four particles with initial
conditions when clustering has already set in. We see that the par-
ticles briefly reform to a single cluster but eventually break apart at
late times.

This occurs through two possible mechanisms discussed
above in Sec. VIA. The first involves particles that start in
distant Machian clusters M, that do not merge under dynam-
ics, resulting in the system exploring only a fraction of the
symmetry-allowed phase space. The second is the asymptotic
fragmentation of particles starting under close separation into
multiple subclusters as seen in Secs. III and I'V. It is natural to
postulate that the ergodicity breaking phenomenon survives in
a many-body setting for low particle densities when generic
initial conditions produce either isolated particles or well-
separated clusters of a small number of active particles whose
dynamics corresponds to the discussion in Sec. VI A. At high
densities, we may expect that most initial conditions lead to
several particles starting out in a single cluster. In this case,
either the system might restore ergodicity beyond some crit-
ical density, leading to a thermalization transition as seen in
studies of quantum systems [11,22] or asymptotic subcluster
formation persists and presents a barrier to the restoration of
ergodicity. In a different work [25], we show that the latter
scenario is observed with surprising consequences.

C. Ergodicity breaking and time-reversal symmetry

The Hamiltonians we have considered Eq. (17) has an
additional time-reversal symmetry ¢ — —f. It is interesting
to understand how this is compatible with cluster formation
and ergodicity breaking. Given a typical solution to the equa-
tions of motion {x,(¢), p,(¢)} for 0 <t < T where particles
within a single cluster at ¢+ = 0 have split apart into multiple
ones att = T, time reversal tells us that {x,(T —t), —p.(T —
t)} is a solution to the equations of motion with initial con-
ditions {q,(T), —p.(T)}. In this trajectory, the system starts
as multiple clusters at t = 0 which recombine atr = T. How-
ever, as illustrated in Fig. 26 this restoration of ergodicity is
only temporary, and if we further evolve the trajectory, the
system once again breaks up into clusters. In other words,
ergodicity breaking and cluster formation is preserved under
time reversal.

We contrast this behavior with ordinary classical gases,
where ergodicity is preserved under time reversal. A col-
lection of gas particles initially localized spreads out to
eventually explore all available phase space, as predicted by
ergodicity. However, if we consider its time-reversed trajec-
tory, the particles initially spread out regroup briefly before
once again spreading apart.

100
50 /
’ t
5 10 15 20
-50
-100

FIG. 27. The effect of adding an ordinary kinetic term shown
in Eq. (87) with € = 10~*. Fracton dynamics is observed only in
an early prethermal regime ¢ < ¢, (marked by a vertical line) and
eliminated at late times.

D. Explicit symmetry breaking and prethermal
fracton dynamics

We will now demonstrate that the unusual fractonic dy-
namics presented so far is a feature of dipole symmetry. To see
this, let us consider the effect of explicitly breaking the dipole
symmetry by adding the following ordinary kinetic term to the
Hamiltonian:

SH=e) pi (87)

As shown in Fig. 27, the addition of Eq. (87) only pre-
serves fracton dynamics at early times, t < t, where 1, is a
prethermal time-scale set by €. For ¢t > ¢, the system behaves
like an ordinary system of classical particles: clustering and
unbounded momentum growth are eliminated, and ergodicity
restored.

VII. RELATION TO QUANTUM FRACTONS

For most of this paper, we have used words such as “frac-
tons” without making reference to the quantum mechanical
systems and phases of matter whence the name was coined.
We now draw comparisons between the phenomena studied in
this work and those that are well-known for quantum fractons.

A. Topological phases, gauging, and dipole conservation

To keep our work self-contained, we now provide a brief
review of quantum fractons and their relation to multipole
conserving systems. Readers who are familiar with these can
skip ahead to the next section. We also direct readers inter-
ested in more details to other dedicated reviews [1-3].

The term fractons originally referred to quasiparticle ex-
citations in a recently discovered class of gapped phases of
quantum matter [4,6,26]. These excitations were found to
have restricted mobility and were constrained to move along
subdimensional manifolds such as planes, lines [27] or frac-
tals [4]. Fracton phases are “topologically ordered” [28] in
the sense that they are absolutely stable [29] to arbitrary local
perturbations [30]. An important conceptual tool in studying
such phases is gauging—if we start with a system with an
unbroken on-site global symmetry and dynamically gauge it,
i.e., elevate it to a local redundancy structure, we obtain a
topologically ordered system [31] belonging to the deconfined
phase of the gauge theory. It was shown [2,14,16,27] that
fracton topological order too can be be obtained by starting
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with systems with an unbroken global multipole conservation
symmetry and dynamically gauging it.

Interestingly, “ungauged” systems with exact global mul-
tipole symmetry were found to host a variety of interesting
phenomena found in the gauged counter parts and beyond.

(1) Their gapped excitations also have restricted mobility
[16].

(2) They exhibit Hilbert space fragmentation character-
ized by a large number of emergent symmetries and conserved
quantities [12,13,23].

(3) Their dynamics is “glassy,” i.e., anomalously slow [6].

(4) They exhibit “UV-IR mixing”—a phenomena where
long-distance (IR) behavior is not completely divorced of its
microscopic (UV) details [20,21,32].

On the one hand, without gauging, these properties are no
longer absolutely stable and are conditional on the presence of
exact microscopic multipole symmetries. On the other hand,
models with exact symmetries are easier to construct and
study, and this is the spirit of this work too.

B. Classical and quantum fractons: Similarities and differences

Restricted mobility. We begin with the most iconic piece
of fracton phenomenology—particles with restricted mobil-
ity. In quantum mechanical models [26], excitations of like
charges are completely immobile whereas composites of
charge-neutral dipoles have restricted mobility. We see both
of these reflected in the classical dynamics shown in Sec. III.
The latter is evident from the vanishing of the Hamiltonian
Eq. (19) for well-separated particles, whereas the former is
seen in the dynamics of unlike particles shown in Sec. IV A.
The dynamics of like particles at close separation, shown in
Secs. IIl and V however, to the best of our knowledge, have no
counterpart studied in exactly solvable models [4,6,26,27] or
in continuum field theories [10,16,20]. The dynamics shown
in Secs. III and V corresponds to the short distance core
dynamics of small clusters of particles that are not naturally
captured by fixed-point or continuum models. If we consider
realistic models with finite correlation length or actual ex-
perimental systems, we expect this dynamics (or quantum
versions thereof) to be present at low densities of fractons.
The family resemblance to the so-called fracton microemul-
sion phases studied in Ref. [33] and the bunching/fracturing
instability in Refs. [34,35] are suggestive of this.

Hilbert space fragmentation and ergodicity breaking. In
Refs. [12,13] it was observed that quantum dynamics preserv-
ing dipole moment results in a fragmentation of Hilbert space—
the space of states carrying the same symmetry quantum
numbers was found to organize themselves into dynamically
disconnected distinct Krylov sectors. The size and nature of
these Krylov sectors were found to depend on the locality of
the Hamiltonian that generates the dynamics. In our classi-
cal systems, we discussed that initial conditions separate the
particles into distinct Machian clusters that do not merge un-
der dynamics. These disconnected Machian clusters resulting
in phase-space fragmentation are direct classical analogues
of Krylov subspaces. However, we also saw that particles
starting within a single Machian cluster can asymptotically
separate into distinct ones resulting in further phase space
fragmentation that is not easily determined from initial con-

ditions. To the best of our knowledge, there is no known
quantum analog of this asymptotic fragmentation.

For a low density of particles, the typical size of the Krylov
subspace is a vanishing fraction of the total Hilbert space
allowed by symmetry and therefore the system violates the
eigenstate thermalization hypothesis [36] therefore breaking
ergodicity, similar to the classical case discussed in Sec. VI A.
Recently, Refs. [11,22] explored an interesting possibility: by
tracking the size of the largest Krylov subspace relative to
the size of the symmetry sector, the authors showed that the
system that breaks ergodicity at low densities can restore it
at higher densities, undergoing a sharp transition at a critical
density whose critical properties can be determined. As ex-
plained earlier, it is easy to argue that a similar phenomenon of
ergodicity breaking also occurs in our system at low densities.
In a different work [25], we show that, in contrast to the
quantum lattice systems of Refs. [11,22], thermalization does
not occur even at high densities in our classical model in
the continuum. We remark that although the basic premise
of Refs. [11,22] is quantum mechanical; some analysis is
performed using an effective classical Markov system on a
lattice. This is still very different from our classical Hamilto-
nian dynamics.

UV-IR mixing. A general expectation from generic many-
body phases is that short-distance (UV) properties of the
system on the scale of lattice spacing should not affect
long-distance (IR) properties. This allows the use of renormal-
ization group techniques and approximate continuum models
for analysis. Long-distance properties of systems with mul-
tipole conservation and fracton topological order are known
to be sensitive to UV details (such as the lattice structure)
and are not easily amenable to analysis using continuum and
RG methods. This has been dubbed UV-IR mixing [20,21,32].
One of the ways in which UV-IR mixing manifests itself is
in the disassociation between the magnitudes of energy and
momenta. We can see classical equivalents of this in the way
constant energy hypersurfaces foliate phase space for dipole
conserving systems. Recall that for ordinary i.e. dipole non-
conserving systems, momentum space projections of constant
energy hypersurfaces take the form of spheres whose radius
indicates the energy of the system

> |Bal® ~ 2mE. (88)
a
1.0F
0.5¢ I E=001
q1 0.0f | _E—s
—0.5¢ E -2
—1.0&

“10 -5 0 5 10— £=%

™

FIG. 28. Energy contours for the two-particle system shown in
Eq. (89) with a = 1 and n = 10. Observe that the hypersurfaces are
unbounded in the momentum direction and therefore the usual asso-
ciation between energy and momentum scales no longer holds.
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This naturally leads to an association of the momentum scales
with energy. For dipole conserving systems on the other
hand, this is no longer true. Consider the two-particle dipole
conserving system without interactions, written in reduced
coordinates.

E =i K(V2q)). (89)

Constant energy surfaces of Eq. (89) are shown in Fig. 28.
Fractonic trajectories Fig. 5 appear as open surfaces that are
unbounded in the momentum direction. Energy and momen-
tum scales are now no longer related.

VIII. CONCLUSIONS AND FUTURE DIRECTIONS

In this work, we studied nonrelativistic fractons—point-
particle systems with dipole conservation. Using numerical
calculations, we show that the classical mechanics of fi-
nite number of fractons exhibits several unusual and novel
features—velocity, energy, momentum mismatch, asymptotic
steady-state dynamics in the form of attractors and limit cycles
seemingly inconsistent with Liouville’s theorem, emergent
conserved quantities, and dynamical fragmentation. We also
presented an exact solution for the three-particle system using
a certain limiting Hamiltonian form.

There are several extensions of this work, which involve
quantization, many-particles, higher dimensions, higher mul-
tipole conservations, and combinations thereof, which are
interesting to explore. First, it will be important to extend
our analysis to higher dimensions, where more possibilities
emerge. The allowed form of the locality term K can take var-
ious forms, and different choices can lead to distinct classes
of Machian dynamics. It would also be illuminating to canon-
ically quantize the few-particle system and see to what extent
and in what ways if at all the classical features discussed
in this work are manifested. Also interesting is to see if a
continuum description can be given using our starting point

to make contact with field theoretic [20] and hydrodynamic
studies [37-39]. Finally, we would like to identify physical
systems where the dynamics described in this work can be
potentially observed. One potential setting is systems with
strong tilted fields [40—42] where we can expect a dynamically
generated dipole conservation at short times as discussed in
Sec. VID. A second possibility is systems with dynamical
constraints such as flatbands and Landau levels where dipole
symmetry is known to emerge [43-45]. We leave these and
other questions for future work.

Note added. We became aware of Ref. [46] which was
posted at the same time as our work. This work also considers
nonrelativistic point-particle fracton systems and studies their
linear response theory. Our works are mutually complemen-
tary, and therefore there is no overlap, to the best of our
knowledge. However, one difference between our formula-
tions is that their Hamiltonian does not include the locality
term K(x). It would be interesting to see the effects of its
inclusion in their study.
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