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Abstract

Network diffusion u nderpins d iverse p henomena f rom s ocial c ontagion t o neu-
ral dynamics, yet real-world spreading processes often exhibit complex temporal
heterogeneity that transcends Markovian assumptions. Here we present a gen-
eral theoretical framework incorporating node-specific waiting-time distributions
through renewal processes, enabling the integration of temporal heterogene-
ity with network topology. By formulating dynamics in the Laplace domain,
we derive closed-form expressions linking local temporal statistics to the net-
work’s spectral properties, yielding analytical bounds on relaxation times,
mixing behavior, and sensitivity to temporal perturbations. Our approach pro-
vides quantitative criteria predicting how local timing alterations propagate to
global dynamics. We validate the framework through numerical experiments
and empirical analysis of a-synuclein spreading in mouse brain networks, where
Gamma-based temporal kernels significantly o utperform m emoryless models.
This work establishes a unified foundation for studying non-Markovian diffusion,
with implications for understanding spreading processes across biological and
social systems.



Introduction

Diffusioni nc omplexs ystemsi sa f undamental p rocessu nderlying diverse
phenomena—{rom rumor and epidemic spreading in social networks [1] to neuronal fir-
ing and neurodegenerative progression in the brain [2], and cascading failures in power
grids [3]. Both network topology and various forms of nonlinear dynamical interactions
shape the pattern and evolution of diffusion [4]. While traditional models often rely on
pairwise interactions, recent studies reveal that higher-order interactions can substan-
tially alter diffusion dynamics—for instance, by reducing the size of attraction basins
of ordered states, increasing their multiplicity, and inducing abrupt phase transitions
[5-8]. Moreover, the interplay between topology and nonlinear dynamics can further
amplify the complexity of diffusion [9]. A deeper understanding of this relationship is
therefore essential for characterizing diffusion in real-world systems.

Markov models have served as a powerful framework for illustrating diverse diffu-
sion patterns and their evolution. When the process is memoryless under the first-order
Markov assumption, it reduces to a random walk on a graph. However, empirical evi-
dence increasingly highlights the importance of memory effects in i nformation and
epidemic spreading [10, 11]. Although higher-order Markov chains capture structural
memory in state transitions, they often fail to represent temporal memory arising from
non-Poissonian inter-event time statistics—commonly observed in systems ranging
from human activity to neural dynamics [9, 12, 13]. Such temporally heterogeneous,
non-Markovian dynamics can be naturally modeled using renewal processes, where
each node follows a general waiting-time distribution [14, 15].

In this work, we focus on a non-Markovian model with heterogeneous waiting-time
distributions across nodes, emphasizing renewal processes as a key generalization of the
Poisson process. By allowing arbitrary inter-event time distributions, renewal processes
offer a n atural a nd p owerful f ramework f or ¢ apturing t he h eterogeneous temporal
patterns observed in real-world diffusion [ 16]. Y et, c ritical g aps p ersist i n applying
them to networked systems. Most existing studies rely on homogeneity assumptions
or numerical simulations, leaving a central question open [17, 18]: how does node-level
temporal heterogeneity shape the global dynamics of diffusion?

To address this, we develop a general framework for analyzing network diffu-
sion with arbitrary inter-event time distributions, aiming to clarify how temporal
heterogeneity interacts with network structure to shape collective dynamics. By for-
mulating the dynamics in the Laplace domain, we derive explicit expressions that
connect waiting-time statistics with spectral properties, enabling the analysis of
mixing and transient behaviors beyond Markovian descriptions. This approach also
offers a p rincipled w ay t o q uantify h ow g lobal d ynamics r espond t o 1 ocal tempo-
ral perturbations, leading naturally to a measure of nodes’ dynamical importance in
renewal-driven diffusion [ 19, 2 0]. A lthough s uch n ode-level m easures y ield practical
insights—with applications from brain network vulnerability [21-23] to influence max-
imization [24, 25]—they arise here as part of a broader goal: to establish a unified
methodological foundation for studying non-Markovian diffusion in complex networks.



Results

We analyze a continuous-time random walk on networks, a fundamental model for
non-Markovian diffusion. At each step, a walker at node ¢ randomly selects an adjacent
node j according to an n x n transition matrix P, where P;; denotes the transition
probability from i to j (with j P;; = 1 so that P is row-stochastic, and P;; = 0 so
that self-loops are excluded). Unlike discrete-time random walks, the inter-event times
between jumps follow node-specific waiting time distributions p;(t). The dynamics are
fully characterized by the conditional probability X;;(t) (the component giving the
probability that a walker starting at node i occupies node j at time t), which satisfies
the generalized master equation [15]
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where 0;; is the Kronecker delta and we write p(t) = diag{p1(t),...,pn(t)} for the
diagonal matrix of waiting-time densities. The first term represents persistence at the
initial node ¢, while the second term accounts for probability flow through network
jumps. The initial condition for the process is X;;(0) = d;;, consistent with the inter-
pretation of X;;(t). For notational convenience we will also use the matrix notation
X (t) to denote the n x n matrix whose (¢, j) entry is X;;(t); by construction, X (¢)
is a row-stochastic matrix for all ¢. The transpose formulation yields a dual consen-
sus process where X;;(t) represents the value at node ¢ given initial conditions at
node j. For connected undirected networks, this dynamics asymptotically converges
to uniform consensus (X;; = X;; for all 4, j,1).

The master equation (1) reveals the non-Markovian nature of the process through
its history-dependent integral term, while showing a dependence on both network
structure (via P) and the temporal dynamics (via p(t)). These features collectively
determine the diffusion rate of the system. For exponential waiting times p;(t) =
;b exp(—t/u;), the system becomes Markovian, reducing to the differential equation

CX (1) = dinglpir, - p HP ~ DX (1), @)

where p; is the mean waiting time at node ¢. This memoryless approximation has
successfully modeled diffusion processes in a range of applications [4]. In neuropatho-
logical diffusion, which we will investigate at the end of this work, applications include
dementia progression [21], a-synuclein spread [22], and T propagation [23].

The relaxation dynamics of the system are characterized by the timescales
Tij, defined as the supremum of all a > 0 for which the integral 7;; =
sup{al [ exp(t/a)(Xy;(t) — Xi;(00))dt} converges. The mixing time Tiix = max; ; 74
determines the slowest mode of asymptotic convergence to equilibrium and is, impor-
tantly, independent of initial conditions in our framework. To characterize the
asymptotic convergence while avoiding the influence o f s tationary s tates X (00), we
define Y'(¢) = X (t) — X (c0). Through Laplace transformation of the master equation,



we obtain the spectral representation
Y(s)=s""[(L—p(s)P) (I — p(s)) — X(c0)] , (3)

where Y (s) is the Laplace transform of Y (¢), and p(s) = IS e *p(t)dt is that of the

waiting time distribution matrix. The poles of Y(s) provide crucial insights into the
system’s relaxation behavior. Each relaxation rate is associated to a pole at —1/7;;
with negative real part, and the mixing time 7,;x is determined by the pole closest to
the imaginary axis. This pole structure emerges from two fundamental components:
the transform of the memory kernel p(s) encoding temporal correlations, and the
network propagator (I — p(s)P)~! capturing topological influences.

For the form of the waiting time distributions, motivated by empirical observations
[13], we consider p;(t) = p?(t)exp(—t/7i,;y), where pd(t) is a fat-tailed distribution,
i.e. whose tail decreases slower than an exponential for large values of ¢, and where
exp(ft/Ttiail) ensures an exponential decay for the asymptotics of the distribution.
Consequently, for the first term of (3), each 7{,; is a pole of ¥ (s), and Y (s) is well
defined only when s > max{—1/7{ ,}. For the second term, defining Q(s) = I—p(s) P,
it can be shown that a pole of Q(s)~! is equivalent to a root of |Q(s)| = 0 (see
Supplementary Note 2.5 for details), thus requiring us to solve

[ — diag{p1(s),-- -, pn(s)}P] = 0. (4)

We denote the largest negative real part of the roots as S, $0 that Tmix = —1/Smix-

The homogeneous case with identical waiting time distributions at all nodes,
pi(t) = p(t) = p°(t)exp(—t/Tiai1), admits an exact solution [9]. Considering the eigen-
values of the transition matrix 1 = Ag(P) > M (P) > -+ > Ap—1(P) > —1, and
Q(s)| = H?:_Ol(l — Xip(s)), we obtain T, = —1/p71(1/ X1 (P)).

To obtain a closed-form estimate, we approximate p(s) by its (1,1) Padé form.
This approximation captures both the mean and variance of the waiting-time dis-
tribution, while maintaining the algebraic simplicity required for an explicit solution
of the root condition. Physically, the inverse Laplace transform of the (1,1) Padé
form approximates the waiting-time distribution as a mixture of an exponential decay
and a Dirac delta distribution, effectively characterizing both the average waiting
time and the impact of temporal heterogeneity (i.e., long-tail effects). With this Padé
approximation, one obtains the explicit expression

2 2
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where 1 and o2 represent the mean and variance of the waiting time distribution,
respectively. This result demonstrates that the asymptotic dynamics depends cru-
cially on the network structure through the spectral gap 1 — A;(P), and the temporal
statistics via u, 02, and Ti.1. The competition between these factors determines the
dominant timescale of the system.
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Fig. 1 Mixing time analysis for a 3-node linear network where node 1 has variable transition rate
u' € {107%,0.5,1,2,10%}, while nodes 2-3 maintain p = 1. The dynamics follow Eq. (2), revealing
how modifying p’ values affects both mixing times and asymptotic states.

The heterogeneous case with non-uniform waiting time distributions across nodes
presents significant analytical challenges. We focus here on a minimal perturbation
scenario where a single node (node k) has a modified distribution p’(¢) with mean
p and tail parameter 77,;;, while all other nodes share the same baseline distribution
p(t). This setup, which can be interpreted as a targeted modification of the waiting
time on a specific node, allows us to systematically investigate how local modifications
to temporal dynamics affect the global mixing time 7.

As an illustration, we consider the generalized master equation (1) on a simple
3-node linear network (Fig. 1). Initially, all nodes have identical exponential waiting-
time distributions with rate g = 1, but we vary p’ for node 1, a system that can be
investigated by the differential equation (2). For the unmodified case (¢' = 1), the
system’s convergence rate gives a mixing time 7y = 1. When 4/ increases (e.g., p/ = 2
or ' = 10%), node 1 tends to absorb the random walkers, leading to a larger Tix.
Conversely, when i/ decreases, e.g., i’ = 0.5 or ¢/ = 1079, node 1 essentially acts as a
transient state, accelerating convergence and shortening m,ix. As we will see, the range
of responses resulting from the modification of node 1’s waiting time depends on the
network structure and dynamics and can serve as a way to identify the centrality of
nodes in a temporal network.

Going back at the more general case of a non-exponential distribution, the mixing
time 7/, can be found by looking at the spectral properties of the (n — 1) x (n —
1) cofactor matrix My of the element Py (see Supplementary Note 3.3), and is
analytically determined by the root of |Q(s)| = 0, specifically through the eigenvalues
of P and Mkk:

po) Do (0= A(P)is)) o
p'(s) 175 (1= Xa(Mik)(s))
where the n — 1 eigenvalues of My, verify A\,—1(P) < Ap—1(Mpi) < - < M (P) <
A1 (My) < Ao(P). While numerical computation of mixing times is computationally
expensive, our analytical solution in Eq. (6) provides an accurate and efficient alterna-
tive, reducing computational costs by several orders of magnitude while maintaining
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Fig. 2 Comparison of theoretical predictions and numerical results for convergence modifications. (a-
¢) Numerical validation on Erdés-Rényi (ER) networks (10 nodes, 20 edges) with Gamma-distributed
waiting times (u = 1, Tay1 = 0.5) for all nodes except one target node. (a) Comparison between
theoretical predictions (6) and simulations for p/ = 27/ ., (1’ € (0,2)). (b) Theoretical ATmix (8)

heatmap across (Tt/ail, 1') parameter space. (c) Corresponding numerical convergence results.

high precision. To demonstrate this, we simulate the generalized master equation (1).
All nodes initially follow identical Erlang distributions (a special Gamma distribu-
tion) with g = 27,y = 1. We then modify a randomly selected node’s waiting-time
distribution by varying p/ = 27/, within the interval (0,2). Fig. 2a shows excellent
agreement between our theoretical predictions of 7,ix and numerical simulations.

To proceed further with our analytical investigation, we start with a qualitative
analysis on the case where the waiting time distributions follow Gamma distributions,
defined as

p(t) kit e~ t/Trail (7)
F(H/Ttail)Tt/;{;—taﬂ 7
with the parameters modified to p’ and 7{,; for the target node. Applying the (1,1)
Padé approximation to p(s) and p'(s), we find (see Supplementary Note 3.4) that the
change of mixing time ATpix = 7o — Tmix verifies

sign(ATimix) = sign ((T(an — Teait) (1 — A1 (P))
+(u' = p)(1+ A (P))). (8)

The convergence dynamics are quantitatively characterized by ATy, where negative
values indicate accelerated relaxation (7),;, < Tmix) and positive values correspond
to deceleration (7). > Tmix). Interestingly, whether the process is accelerated or
decelerated does not depend on the choice of node k. Instead, it depends solely on
the spectral gap A (P) and the parameters of the two waiting time distributions.
Larger values of A;(P), indicating a stronger community structure of the network,
give more importance to the mean of the distribution over its exponential tail. Fig. 2b
presents the theoretical predictions of the convergence of the asymptotic state from (8)
through a A7yix heatmap across the (7{,;, ') parameter space, while Fig. 2¢ shows
the corresponding numerical convergence results.

To explore the amplitude of A1y, in the case of a general distribution, not neces-
sarily Gamma, we consider two extreme cases, defining an upper and a lower bound

for the mixing time. We first consider the case where the waiting time at node & is



extremely slow, such that 7/, — oo and ' — co. In this case, Eq. (4) can be rewritten
as

|diag{1/ﬁl(s)7"' USRS 71/ﬁn(8)}_P| =0. (9)
This corresponds to a scenario where node k acts as an absorbing state, and the
average residence time of the walker at node k tends to infinity. By solving Eq. (9),
we can obtain the mixing time 7/ ;.. Further, when the waiting time distributions for
all nodes, except node k, are identical, we can derive the upper bound for A7, (see
Supplementary Note 4.2 for details)

-1 1
P11 (M) (/M (P))

This expression captures the time needed for the entire probability mass to be absorbed
by the target node k, combining both dynamical and structural properties to serve as
a dynamical centrality.

To obtain a tractable degree-based approximation of the upper bound, we next
estimate A;(Mpgy) using a heterogeneous mean-field approach within the configu-
ration model. The configuration model is a widely used random-graph null model
that randomizes edges while controlling for degree information. Here we consider the
degree-sequence ensemble, where the degree sequence is fixed and edges are otherwise
wired uniformly at random; it therefore retains degree heterogeneity but averages out
higher-order correlations [26]. Within this framework one obtains a simple leading-
order estimate, valid when the leading eigenvalue is close to unity (see Supplementary

Note 4.4 for details), A (M) =~ W =1- %, where d; denotes the degree of

i Qi

ATmix = (10)

node ¢ and m is the number of edges. In this case, the upper bound (10) can be further

approximated as
2m 1

s =0 (522 1) % ey -
This implies that the combination of the dynamical property p and the local structure
dj, can determine the change of the mixing time A7pyiy.
For the other case where the waiting time on node k becomes extremely short,
such that 7{,;; — 0 and p/ — 0, Eq. (4) can be rewritten as

diag{1/p1(s),---,1,---,1/pn(s)} — P| = 0. (12)

This corresponds to the scenario where the average residence time of the walker at
node k tends to 0. In this case, we can derive the lower bound as

-1 1

M (M + P - PT) 5 (/A (P) (13)

ATmix =

where Py. and Py, are obtained as (n — 1)-dimensional vectors by removing Py, , from
the k—th row and column of P, respectively. In the configuration model, Py.- PT — 0,
and it can be proven through block matrix eigenvalue analysis that Ao (M) = A1 (P).
According to the Bauer-fike theorem, one can further prove that Ag(Myy) = Ay (M, +
P - P,{), leading to the approximation of the lower bound A7y ~ 0.
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Fig. 3 Upper and lower bounds approximation in general network structures. (a) Monotonic growth
of ATmix with p/, bounded by (10) and (13). (b) Validation of degree-based approximation (11)
against theoretical upper bound (10). (c) Asymptotic convergence of (13) to zero. Here, we numerically
investigate the exponential waiting-time networks (u = 1 for all nodes except a target node) on ER
and BA networks (100 nodes, 300 edges). The target node’s waiting-time parameter p’ varies in (0, 2).

Although the bounds (11) and (13) for A7yix were derived under the configuration-
model assumption, our numerical simulations demonstrate their validity in both ER
random and BA scale-free networks. We consider exponentially distributed waiting
times with = 1 for all nodes, except for a target node with modified p arameters p’
following p'(t) = p'~1 exp(—t/u’), where i’ € (0,2). The mixing times 7/ ; computed
via (6) show that Amyix increases with p', while remaining bounded between (10)
and (13) (Fig. 3a). These results, obtained for randomly selected targets, suggest that
ATnix may characterize nodes’ dynamical centrality.

To explore this further, we compute the bounds of Ary,ix across all nodes and
project them against node degree to reveal their topological dependence. Fig. 3b
demonstrates strong agreement between the theoretical upper bounds (10) and their
degree-based approximations (11). Notably, Fig. 3¢ shows that the lower bounds
(13) effectively v anish n etwork-wide, ¢ onsistent w ith t he a nalytical p rediction that
they provide only a negligible constraint in this regime. Overall, the upper bounds
exhibit a clear negative correlation with node degree, while the lower bounds remain
degree-independent and approach zero.

The reliability of the configuration-model-based a pproximationsin t hese simu-
lations is further supported by additional analytical and numerical evidence (see
Supplementary Note 4.4-4.6 for details). In particular, the degree-dependent estimate
for A\ (M) can be derived and its leading correction terms can be identified by
accounting for degree heterogeneity and finite-size effects. Consistent with this analy-
sis, a systematic network-size scan on ER and BA network ensembles at (k) = 6 shows
that the mean node-level relative error of the A; (My) approximation decreases with
increasing N and is already of order 1072 for N = 100. By contrast, the corresponding
approximation for A7y does not inherit the same monotone N-dependence, because
mapping A1 to A7pix involves the nonlinear transformation 1/(1 — A1); accordingly,
the mean relative error in A7,y increases from small N but changes only weakly once
N is sufficiently large. For the parameter regime used in Fig. 3b, this yields a moderate
mean relative error for A7y of approximately 16%-19%.

We also assess the sensitivity of these approximations to triangle-induced corre-
lations by varying clustering through degree-preserving rewiring and measuring the
errors as a function of the global clustering coefficient (global transitivity) C. In the
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Fig. 4 Comparative analysis of pathological protein spread models in post-injection mouse brains.
(a) Model-observation agreement for three propagation models (Synu-M, Opti-M, Gamma-M) shown
through Pearson correlations (r) of log-transformed pathology densities across brain regions at 1, 3,
and 6 months post-injection. (b) Theoretical upper bounds on mixing times from Eq. (9), compar-
ing the Opti-M and Gamma-M models. (c) Corresponding lower bounds from Eq. (12) comparison
between both models. Data are available in [22].

ER and BA networks used in our simulations before rewiring, clustering is typically
below 0.1. Over this baseline-to-moderate range, the eigenvalue approximation error
increases only gradually as C' is raised, and the corresponding A7y, error follows the
same qualitative trend: for C' < 0.4 the mean errors remain controlled and grow slowly
with clustering. When rewiring drives the networks to larger clustering (C' > 0.4),
both errors rise rapidly, indicating a clear loss of accuracy once triangle-induced corre-
lations become strong. Taken together, these results delineate the clustering regime in
which the configuration-model b aseline c aptures t he leading, d egree-driven contribu-
tion for the simulations considered in Fig. 3b, and they clarify how the approximation
degrades when C' is pushed far beyond the baseline networks.

To illustrate the potential applications of our findingsin a n e mpirical setting,
we consider the mapping of spatiotemporal a-synuclein pathology patterns in the
brain [22], typically modeled with a exponential waiting-time distribution assump-
tion, leading to diffusion equations similar to Eq. (2). Specifically, we first establish a
baseline model, Synu-M, which replicates the experimental setting in Ref. [22]. This
model assumes that a-synuclein pathogenicity depends on regional endogenous mRNA
expression levels. We incorporate this by modulating the parameters of the waiting-
time distributions across regions, where the mean waiting times p; are determined by
the inverse of the local mRNA concentrations weighted by the row sums of the struc-
tural connectivity matrix. This formulation accounts for the non-normalized nature of
the connectome and implies a subtle influence of gene expression: rather than a simple
direct inverse proportionality, mRNA levels modulate the effective spreading rates in
conjunction with the regional structural connection strength, thereby shaping the over-
all temporal heterogeneity of the system. The network structure itself is maintained
through the transition matrix P, derived from retrograde viral tract tracing.

Our simulations reveal agreement between predicted and observed pathology, with
Pearson correlations (r) reaching ~ 0.7 for log-transformed values across all brain
regions (Fig. 4a). Optimization of the diagonal matrix elements (Opti-M) yields pro-
gressive improvement in predictive accuracy versus Synu-M: the correlation increases
from 0.58 to 0.71 at 1 month, 0.72 to 0.83 at 3 months, and 0.72 to 0.78 at 6 months
(Fig. 4a), demonstrating robust capture of neuropathological progression dynamics.



While the exponential model (2) has the advantage of simplicity, its memory-
lessness may not be physiologically plausible and may limit its predictive accuracy.
Considering the n = 116 brain regions involved, we exploit left-right structural and
functional symmetry by tying mirror regions to identical parameters, thereby reducing
the effective number of free parameters. These parameters are optimized to maximize
the average Pearson correlation across 1, 3, and 6 months post-injection. Consequently,
Opti-M involves fitting 58 independent mean parameters p;, while Gamma-M denotes
the corresponding gamma waiting-time model, which assumes gamma-distributed
waiting times, and requires 116 parameters (optimizing both mean and exponen-
tial tail per symmetric region). Gamma-M delivers superior performance, achieving
r > 0.79 across all age groups (Fig. 4a) and a 15% improvement in goodness-of-fit
over the exponential-based model, confirming b oth e nhanced p recision a nd broader
applicability.

Through analysis of extreme cases using Eqns. (9) and (12), we establish region-
specific b ounds. A lthough b oth O pti-M a nd G amma-M e xhibit ¢ omparable upper
bounds (Fig. 4b) and their lower bounds converge to similar values, analysis of the
lower bounds reveals model-dependent variations in the implied dynamical centrality
across brain regions (Fig. 4¢). A representative example is provided by regions VM Thal
and RSC-b: whereas Opti-M yields identical centrality values (1.685), Gamma-M pro-
duces moderately different e stimates ( 2.45 v s. 2 .65), i llustrating h ow t he ¢ hoice of
waiting-time parametrization can influence t he m odel’s i nternal r anking o f regions
rather than indicating a definitive biological distinction.

Discussion

Understanding how temporal statistics shape transport on networks is central to build-
ing models that remain faithful to the heterogeneous timing patterns observed in
real systems. Classical Poisson-based diffusion models offer analytical clarity but rely
on a memoryless assumption that seldom holds empirically. Burstiness, heavy tails,
and other forms of temporal heterogeneity can substantially reshape both transient
behaviour and long-time relaxation, often in ways inaccessible to Markovian dynam-
ics. The framework developed here addresses this challenge by modelling diffusion
as a renewal-driven process and by deriving analytic tools that link non-exponential
waiting-time distributions to the spectral properties of the underlying network.

Our perspective is primarily methodological. Rather than beginning from node-
level constructs such as centrality, we formulate a general framework for non-
Markovian diffusion i n w hich a rbitrary w aiting-time k ernels ¢ an b e incorporated
and analysed systematically. The Laplace-domain description separates temporal and
structural contributions, providing interpretable expressions for effective relaxation
rates, pole conditions, and perturbation responses. Within this setting, node-level
quantities arise naturally once the dependence of global behaviour on local timing
parameters is made explicit.

Another contribution of this work is its ability to resolve how local temporal per-
turbations reshape global dynamics. Because waiting-time kernels enter the operator
in a node-specific manner, modifying the mean, variance, or tail behaviour of a single



distribution can accelerate or decelerate collective diffusion. T his form o f sensitivity
does not arise in purely Markovian models, where all nodes share identical exponential
clocks. The resulting dynamical importance measure quantifies how temporal hetero-
geneity alone independent of structural connectivity can influence global relaxation
rates. The empirical analysis illustrates this point: node-specific r enewal parame-
ters uncover heterogeneity invisible to memoryless baselines and reveal how localized
temporal features may contribute to functional bottlenecks or vulnerability patterns.

More broadly, these node-level diagnostics highlight the value of renewal-based
approaches for analysing heterogeneous systems. By disentangling temporal and struc-
tural factors, the framework enables a detailed examination of how localized timing
mechanisms shape emergent large-scale behaviour, with potential applications rang-
ing from neurodegenerative spreading to transportation flows a nd communication
networks.

Because our numerical experiments involve fitting model output to empirical mea-
surements, it is important to clarify their intent. The aim is not to establish predictive
superiority on unseen data, but to assess the explanatory capacity of renewal-driven
diffusion r elative t o m emoryless b aselines. E xisting P oisson-based o r d iagonal mod-
els often achieve only modest correlations (around r & 0.6) on comparable datasets,
suggesting that their assumptions are too restrictive for the complexity of biological
processes. In contrast, renewal-based parametrizations yield significantly higher agree-
ment (e.g. r > 0.79 for the a-synuclein dataset examined here), demonstrating that
incorporating realistic timing statistics meaningfully increases the expressive power
of diffusion m odels. T hese g ains are a chieved u sing 1 ow-dimensional, physiologically
interpretable parameter families constrained within biologically plausible ranges.

In summary, this work advances a general analytical framework for non-Markovian
diffusion, c larifies ho w te mporal he terogeneity sh apes co llective be haviour through
spectral-temporal coupling, and demonstrates that renewal-based parametrizations
can offer s ubstantial e xplanatory i mprovements o ver c lassical M arkovian models.
Node-level influence m easures e merge a s n atural ¢ onsequences o f t his formulation,
but the primary contribution lies in strengthening the methodological foundation for
modelling and interpreting temporally complex diffusion processes on networks.

Data availability

The mouse-brain connectome diffusion d ataset u sedint hiss tudyi s a vailable at

https://github.com/ejcorn/connectome_diffusion. T he e xact i nput fi les us ed in our

analyses, including the mouse-brain dataset and all other network datasets used in the
experiments, are available at https://github.com/naivefrog0817-chengluo/temporal _
diffusion.

Code availability

The code used in this study to generate the results and graphs is available at https://
github.com /naivefrog0817-chengluo/temporal_diffusion. T his r epository c ontains the
Python code and data used to reproduce the main analyses and numerical experiments.
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