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Abstract
Iterated graph systems (IGS) transplant ideas from fractal geometry into graph theory. Building
on this framework, we extend Edge IGS from the primitive to the reducible setting. Within this
broader context, we formulate rigorous definitions of multifractality and multiscale-freeness for
fractal graphs, and we establish conditions that are equivalent to the occurrence of these two phe-
nomena. We further determine the corresponding fractal and degree spectra, proving that both are
finite and discrete. These results complete the foundational theory of Edge IGS by filling the gap
left by the primitive case studied in Li et al and Neroli (2024 Proc. Am. Math. Soc. 152 1377–89;
2024 Proc. R. Soc. A 480 20240406)

1. Introduction

We aim to investigate the fundamental properties of graphs that exhibit fractal characteristics, and to
this end we introduce the iterated graph systems (IGS) model. More generally, one may view an IGS as a
form of discrete fractal structure, an object whose antecedents have in fact been present in the literature
for a long time.

1.1. Background
The terms ‘fractal lattice’ or ‘hierarchical lattice’ were introduced by physicists around 1970 to describe
self-similar networks on which renormalisation techniques could be applied [1, 2]. These lattices were
soon used to study a wide range of statistical physics models, including the Ising and Potts models [3–
5], percolation and cluster formation [6, 7], random walks and anomalous diffusion [8, 9], as well as
diffusion-limited reactions and dynamical processes [8, 10]. Although fractal lattices have been extens-
ively explored from a physical perspective, much of that progress is empirical or heuristic and thus falls
short of a general and rigorous framework.

The notion of fractal networks, used to describe large empirical graphs in complex-network science,
emerged in the early 2000 s [11]. Alongside the well-known small-world property of short paths with
high clustering [12] and the scale-free power-law degree distribution [13], many natural networks were
later shown, via box-covering analysis, to be fractal and self-similar across scales [11]. Further studies of
hierarchical modularity and epidemic spreading confirmed that small-world, scale-free and fractal struc-
tures now form the canonical triad of complex-network properties [14, 15].

The expression ‘fractal graph’ is less common in mathematics, yet one can trace it back to the
1980 s when Barlow and Bass rigorously constructed Brownian motion on the Sierpiński gasket and
carpet, establishing sub-Gaussian heat kernel bounds and foundational results in analysis on fractal
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graphs [16–18]. Around the same time, Kigami introduced a framework for defining Laplacian via graph
approximations and developed the theory of post-critically finite self-similar sets [19–21]. Ben Hambly
investigated the spectral asymptotics of such graphs, relating eigenvalue counting functions to local geo-
metry and developing the notion of spectral dimension [22, 23]. These ideas were later extended to
more general metric–measure spaces and random walks, producing a robust framework for heat-kernel
estimates and functional inequalities [24–27].

While much is known about analysis on specific fractal graphs, a general and flexible framework for
constructing and studying such structures remains largely undeveloped. Edge IGS attempts to fill that
gap by producing generic fractal graphs via a general iterative procedure. The underlying idea is hardly
new, and its traces can be found in many physical models and mathematical constructions. A first proto-
type of the edge-substitution approach already appears in Xi et al [28, 29], yet the notion was not form-
ally defined and named until [35]. Since then, a series of papers has continued to develop the framework
and its applications [30–33].

A systematic study of IGS provides a natural vantage point from which to examine the geometry and
analysis of fractal graphs. Moreover, any results obtained for IGS feed directly back into statistical phys-
ics, complex networks, and the broader theory of fractal graphs. For all of these reasons, we believe that
developing the theory of IGS is necessary.

1.2. Reducibility
A non-negative matrix X is irreducible if for every i, j there exists n such that [Xn]ij > 0 and is primitive
if Xn is strictly positive for some n. We call X reducible if it is not irreducible. Throughout the paper we
apply these notions to the mass matrix M, the distance matrix D, and the degree matrix N in Edge IGS
(EIGS). For instance, we say the EIGS is mass-primitive if and only if M is primitive.

In the primitive cases studied in [34, 35], all relevant growth rates are governed by a single Perron
eigenvalue, and the resulting dimensions have a single scaling exponent. By contrast, extending those
results from the primitive case to the reducible case remains completely unexplored. In the reducible
case, several primitive blocks may be reachable from the initial colour. Blocks with the same maximal
spectral radius can also occur along a reachable chain, producing polynomial corrections and multiple
scaling regimes, which is technically subtle.

In this paper, we focus on three notions of reducibility: mass-reducibility, distance-reducibility, and
degree-reducibility. These correspond, respectively, to reachability relations governing mass, distance, and
degree. In [34, 35], all three were assumed to be primitive, which leads to concise formulae for the rel-
evant fractal dimensions. However, many classical fractals are themselves reducible in mass, distance, or
degree. The next two examples show that such an extension is necessary and meaningful.

Example 1.1. Edge IGS work in the following way. Starting from an initial graph, one proceeds step by step:
at each step, every edge is replaced, independently and according to its colour, by the rule graph assigned to
that colour.

Figure 1 displays a motivating example of a classical fractal graph, the binary tree, generated by a mass-
reducible, distance-reducible and degree-reducible EIGS. The initial graph Ξ0 consists of two red edges. At
every subsequent step each red edge is replaced independently by the rule graph R1, while each blue edge is
replaced independently by the rule graph R2. The binary tree is a well-known example whose Minkowski
dimension is infinite; precise definitions and a full discussion will be given later.

Example 1.2. Figure 2 illustrates the construction of a variation of the so-called diamond hierarchical lattice
(DHL). Note that any single-coloured IGS is automatically mass-primitive and distance-primitive because
the matrices are 1× 1. However, degree-primitivity is not automatic even when K = 1, since the degree mat-
rix N has size 2× 2 and encodes the in/out degrees of the two planting vertices. Hence whether the classical
DHL is degree-primitive depends on the direction of edges.

If we have only R1 with only one colour, then it turns out to be the classical DHL, which is a much-
studied example whose limit graph has integer Minkowski dimension 2 and is scale-free with degree dimen-
sion 2. See, for instance, [22, 36, 37] for detailed analyses.

Our picture, however, uses the reducible rule set R1,R2,R3 and therefore produces what one may call a
splendor DHL. The splendor DHL is an instructive example: it satisfies both multifractality and multiscale-
freeness, and, remarkably, its fractal spectrum coincides with its degree spectrum.

One can readily imagine that estimating the growth behaviour of degrees is already a delicate task;
assessing distances is even more complicated, particularly for an arbitrary reducible IGS. Many natural
questions therefore arise:
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Figure 1. An example of a reducible EIGS: the binary tree.

Figure 2. A reducible EIGS: the Splendor diamond hierarchical lattice.

• How large is the limiting diameter?

• What is the fractal dimension?

• Does the scale-free property survive in any case?

Once these questions have been answered, one can hope to investigate further models on such graphs.
The main theorems of this paper, reproduced in the subsection below, answer these questions in the

wider setting of Reducible IGS.

1.3. Main results
For the first two theorems, we work under the standing assumptions from section 3. That is, for every
colour j ∈ rM(ι), the row-selection family D is locally primitive stable at j, and the matrix Mdist( j) is
primitive-Frobenius.

The first theorem gives the global Hausdorff dimension of the limit metric space. Its meaning is that,
once we restrict to the distance layer that survives under the metric normalisation, the Hausdorff dimen-
sion is obtained by dividing the maximal surviving mass growth rate by the distance growth rate.
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Theorem 3.9. Let I = (Ξ0
ι ,R,S) be a reducible EIGS, and let (Ξι, d̂Ξι

) be its Gromov–Hausdorff scaling
limit. Then

dimH (Ξι) =

log max
k∈RMdist(ι)

(ι)
ρ(Bk (Mdist (ι)))

logmin
D∈D

max
ℓ∈RD(ι)

ρ(Bℓ (D))
.

The second theorem describes the full coarse fractal spectrum of the limit metric space. It says that
every Hausdorff dimension that appears on a ball comes from one of the colours in the distance layer of
the initial colour, and no other value can occur.

Theorem 3.12. Let I = (Ξ0
ι ,R,S) be a reducible EIGS, and let (Ξι, d̂Ξι

) be its Gromov–Hausdorff scaling
limit. Then

S
(
Ξι, d̂Ξι

)
=


log max

k∈RMdist( j)
( j)

ρ(Bk (Mdist ( j)))

logmin
D∈D

max
ℓ∈RD( j)

ρ(Bℓ (D))
: j ∈ Idist (ι)

 .

Consequently, (Ξι, d̂Ξι
) satisfies the balanced-distance and divergent-mass condition if and only if it is a

multifractal with a finite discrete spectrum, that is,

1<
∣∣S (

Ξι, d̂Ξι

)∣∣<∞.

For the degree side, the key point is different. The Hausdorff dimension in the metric setting above
is a global quantity and therefore only sees the largest surviving growth rate, whereas degree dimension
is defined from the exact degree distribution and must therefore distinguish different degree classes.

The third theorem gives the criterion for ordinary scale-freeness. It says that the degree dimension
exists precisely when all surviving degree classes have the same asymptotic mass growth rate, and that
common growth rate then determines the degree dimension.

Theorem 4.10 Let I = (Ξ0
ι ,R,S) be a reducible EIGS, and let (Ξι, ˆdegΞι

) be its degree scaling limit. If

max
u∈Uι

max
a:[u]a>0

max
ℓ∈RN(a)

ρ(Bℓ (N))> 1,

then Ξι is scale-free if and only if Ξι does not satisfy the balanced-degree and divergent-mass (BEDM) condition
and

max
K∈Kdeg(ι)

max
u∈K

Λ
deg
M (u)> 1.

In that case,

dimD

(
Ξι, ˆdegΞι

)
=

log max
K∈Kdeg(ι)

max
u∈K

Λ
deg
M (u)

logmax
u∈Uι

max
a:[u]a>0

max
ℓ∈RN(a)

ρ(Bℓ (N))
.

The fourth theorem records the full degree spectrum. It says that, even when ordinary scale-freeness
fails, every asymptotic branch of the degree distribution is still governed by one of the surviving degree
classes, and the whole spectrum is exactly the collection of the corresponding exponents.

Theorem 4.13. Let I = (Ξ0
ι ,R,S) be a reducible EIGS, and let (Ξι, ˆdegΞι

) be its degree scaling limit. If

max
u∈Uι

max
a:[u]a>0

max
ℓ∈RN(a)

ρ(Bℓ (N))> 1,

then

D
(
Ξι, ˆdegΞι

)
=

 logmax
u∈K

Λ
deg
M (u)

logmax
u∈Uι

max
a:[u]a>0

max
ℓ∈RN(a)

ρ(Bℓ (N))
: K ∈ Kdeg (ι)

 .

Consequently, (Ξι, ˆdegΞι
) satisfies the BEDM condition if and only if it is finite discrete multiscale-free.
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Although a reducible IGS is a natural extension of an irreducible one, the step from irreducible to
reducible turns out to be indispensable and far from trivial.

In forthcoming work, we shall introduce a broader framework called General IGS, which in particu-
lar generates many classical objects, such as the Sierpiński gasket graph, in an entirely transparent way.
Most of those classical fractals rely crucially on reducible substitutions; without a firm understanding of
reducible IGS behaviour, we cannot hope to build a general theory of fractal graphs, such as fractal lat-
tices or fractal networks. Hence, although parts of this paper appear technical, the analysis carried out
here is unavoidable.

2. Reducible IGS

In this section, we use the Lustig–Uyanik theorem to study the role of reducibility in EIGS and to
understand to what extent the conclusions from the primitive case remain valid. Although the reducible
setting is more technically involved, the growth still takes the form of a polynomial correction multiplied
by an exponential term. This allows us to analyse the behaviour of the fractal spectrum directly from the
underlying graph structure.

2.1. Construction of reducible IGS
In this subsection, we introduce the definitions of reducible IGS. Since some of these definitions can be
found in [34, 35], we aim to keep them as concise as possible without sacrificing readability.

Notation 2.1. For each positive integer N ∈ N+, define [N] := {1,2, . . . ,N}. In this paper, the variables i, j,
k,m, and n represent integers, with n specifically denoting the number of iterations.

Let {ξi}mi=1 be the standard basis for R1×m, where each basis vector ξi has 1 in its ith entry and 0 in all
other entries. For any vector v ∈ N1×m, denote each ith entry of v as [v]i := vξ

⊤
i .

For any matrices A,B ∈ Rm×m, let [A]ij := ξiAξ
⊤
j be the entry in row i and column j of A. Let v⩽ w

denote that [v]i ⩽ [w]i for all i ∈ [m] and let A⩽ B denote that [A]ij ⩽ [B]ij for all i, j ∈ [m].

Definition 2.2. An EIGS I = (Ξ0
ι ,R,S) is a triple where, for some positive integer of colours K,

Ξ0
ι is a given ι-coloured edge where ι ∈ [K]. When the subscript ι is omitted, Ξ0 may denote an arbitrary

directed finite graph. In particular, we denote the two vertices in Ξ0
ι by v

+ and v−. In this paper, ι always
represents the initial colour;

R = {Ri}i∈[K] is a family of directed connected graphs, called rule or seed graphs. Each rule graph must
contain two planting vertices {β+

i ,β−
i } ⊂ V(Ri).

The colour function C (e) indicates the colour of edge e. The substitution operator is defined as

S : e= (a,b) 7→ RC (e) fixing a= β+
C (e), b= β−

C (e).

That is, we substitute the arc (a, b) by RC (e) such that a and b coincide with β+
C (e) and β−

C (e). In this

paper, we require dRi(β
+
i ,β−

i )⩾ 2. Whenever a distance is considered in a directed graph, it is understood
to be the graph distance in its underlying undirected graph.

We now define a discrete-time dynamical system indexed by n ∈ N

Ξn+1
ι := S (Ξn

ι ) :=
⋃

e∈E(Ξn
ι)

S (e) ,

satisfying S0(Ξ0
ι) = Ξ0

ι and Sn+m(Ξ0
ι) = Sn

(
Sm(Ξ0

ι)
)
, for all n,m ∈ N. Let Ξι be the Gromov–Hausdorff

scaling limit defined in [35] of (Ξn
ι )n∈N (see theorem 3.6 below).

We here record the notions of reducibility that are already available at this stage, where the definitions of
M and N will be given in the subsequent subsection. An iterated graph system is said to bemass-reducible if
M is reducible; and it is said to be degree-reducible if N is reducible. The notion of distance-reducibility will
be introduced later, after the distinguished matrix D∗

ι has been defined.
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Figure 3. A reducible iterated graph system.

2.2. Relevant definitions
In this subsection, we will provide the definitions of M, N, and D.

Notation 2.3. For a directed graph G, we define the vector χ(G) ∈ N1×K by

[χ(G)]i :=
∣∣{e ∈ E(G) : C (e) = i}

∣∣,
where χ(G) counts the number of edges of each colour in the entire graph G. Specifically, the ith component
[χ(G)]i represents the total number of edges in G that have colour i.
For each vertex v ∈ V(G), the vector κG(v) ∈ N1×2K is defined as a vector capturing the local edge distribution

around v:

[κG (v)]2i−1 :=
∣∣{e is an outgoing edge of v : C (e) = i}

∣∣ for i ∈ [K] ;

[κG (v)]2i :=
∣∣{e is an incoming edge of v : C (e) = i}

∣∣ for i ∈ [K] .

Here, κG(v) encodes both the out-degree and in-degree of vertex v for each colour i. When the ambient graph is
clear, we simply write κ(v).

Definition 2.4. The matrices N ∈ N2K×2K andM ∈ NK×K are constructed as follows:

N :=


κR1

(
β+
1

)
κR1

(
β−
1

)
...

κRK

(
β+
K

)
κRK

(
β−
K

)

 M :=

χ(R1)
...

χ(RK)

 .

The matrix N systematically organises the local connectivity information of all planting vertices
across all rule graphs in the EIGS.

The matrix M captures the total number of edges of each colour in each rule graph Ri. Specifically,
the entry [M]ij represents the number of edges in Ri that have colour j. This matrix provides a concise
summary of the colour distribution across all seed graphs in the iterated graph system. See figure 3 for
an example.

We now begin to analyse the growth rate of path lengths in an EIGS. Recall that, whenever we dis-
cuss metrics, we transform directed graphs into their underlying undirected graphs. Throughout this
paper, distances are always defined with respect to these underlying undirected graphs. That is, when
considering distances, we will always ignore the direction of edges.

6
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Definition 2.5. In this paper, paths have no repeating vertices. Denote one path between vertices β+
i and

β−
i in underlying (undirected) Ri by Pi(β

+
i ,β−

i ), and define

Pi :=
{
Pi
(
β+
i ,β−

i

)
: Pi
(
β+
i ,β−

i

)
⊂ Ri

}
.

Consider the Cartesian product

P :=
K∏

j=1

Pj.

Each element, or choice, C = (P1, . . . ,PK) ∈ P is a vector of length K each of whose entries Pi(β
+
i ,β−

i ) are
in Pi.

For each i ∈ [K], define

Vi :=
{
χ
(
Pi
(
β+
i ,β−

i

))
: Pi
(
β+
i ,β−

i

)
∈ Pi

}
.

LetD be the set of all matrices

DC :=

d1...
dK

=

χ([C]1)
...

χ([C]K)


where di ∈ Vi for each i ∈ [K] or, equivalently, [C]i ∈ Pi.

2.3. Reducible forms
Definition 2.6. A non-negative matrix X ∈ RK×K is reducible if there exists a permutation matrix P and an
integer hX ⩾ 2 such that

PXP⊤ =


B1 (X) X12 · · · X1hX

0 B2 (X) · · · X2hX

...
...

. . .
...

0 0 · · · BhX
(X)

 ,

where each diagonal block Bk(X), k ∈ [hX], is irreducible. The displayed form is called the Frobenius nor-
mal form. If every block Bk(X) is primitive, then we call X primitive-Frobenius. Throughout this paper, we
assume that all matrices are primitive-Frobenius. This implies that every block is itself primitive.

See figure 4 for an illustration. We partition the index set [K] into hX blocksB1, . . . ,BhX
, each corres-

ponding to a diagonal block Bk(X). Let

bX : [K]−→ [hX] , bX (i) = k iff i ∈Bk.

Write i⇝X j if there exists n ∈ N such that (Xn)ij > 0. For a colour ι ∈ [K], set

rX (ι) := {i ∈ [K] : ι⇝X i} .

For blocksBk,Bℓ we writeBk⇝B Bℓ if some i ∈Bk and j ∈Bℓ satisfy i⇝X j. Finally, for any colour i ∈
[K] define the set of reachable blocks

RX (i) := {k ∈ [hX] : bX (i)⇝B k} .

When X= N ∈ R2K×2K, all of the above notions are understood with the ambient index set [2K] in place
of [K]. In particular, bN : [2K]→ [hN], and for each ιdeg ∈ [2K] the reachable-index set and the reachable-
block set are defined exactly as above with ιdeg ∈ [2K] in place of i ∈ [K]. When comparing N withM, we also
use the projection

π : [2K]→ [K] , π (2i− 1) = π (2i) = i.

Example 2.7. An example of a reducible iterated graph system is shown in figure 3. The transition matrixM
corresponding to this system is written into block form, with blocksB1 = {1},B2 = {2,3},B3 = {4,5,6}.

7
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Figure 4. An illustration of block maps.

In this paper, we utilize a significant extension of the Perron-Frobenius Theorem that is applicable
to reducible non-negative matrices. We summarise the theorem, which appears relatively straightforward
but has a non-trivial proof. We will present this result using the notation defined previously.

Theorem 2.8 (Lustig-Uyanik theorem [38]). Let X ∈ RK×K be a primitive-Frobenius matrix written in
upper-block-triangular Frobenius normal form, and fix a colour ι ∈ [K] with block index bX(ι) ∈ [hX]. Let

κX (ι) : =max
{∣∣∣{0⩽ j⩽ L : ρ

(
Bkj (X)

)
= max

ℓ∈RX(ι)
ρ(Bℓ (X))

}∣∣∣
: bX (ι) = k0 < k1 < · · ·< kL, Bk0 ⇝B · · ·⇝B BkL

}
.

There exist positive constants c1, c2 depending only on X such that, for every integer n⩾ 1,

c1n
κX(ι)−1

(
max

k∈RX(ι)
ρ(Bk (X))

)n

⩽
∥∥∥ξιXn

∥∥∥
1
⩽ c2n

κX(ι)−1

(
max

k∈RX(ι)
ρ(Bk (X))

)n

. (1)

Moreover,

lim
n→∞

ξιX
n∥∥ξιXn
∥∥
1

= vι 6= 0. (2)

In particular, when X= N ∈ R2K×2K, the same statement holds with the ambient index set [2K] in place of [K].
That is, for each ιdeg ∈ [2K], if κN(ιdeg) is defined by the same formula as above with ιdeg in place of ι, then there
exist positive constants c1, c2 depending only on N such that, for every integer n⩾ 1,

c1n
κN(ιdeg)−1

(
max

k∈RN(ιdeg)
ρ(Bk (N))

)n

⩽
∥∥∥ξιdegNn

∥∥∥
1
⩽ c2n

κN(ιdeg)−1

(
max

k∈RN(ιdeg)
ρ(Bk (N))

)n

.

Moreover,

lim
n→∞

ξιdegN
n∥∥ξιdegNn
∥∥
1

= vιdeg 6= 0.

The current literature including [38] does not explicitly establish the existence of the norm limit for
reducible non-negative matrices. In particular, equations (1) and (2) only provide two-sided estimates
for the length of the iterates and guarantee convergence of their direction; they do not identify the actual
limit of the length itself. Since our argument relies on that limit, we present the following lemma, which
states its existence in precise form.

We write f
x→x0� g if limx→x0 f(x)/g(x) = c where c ∈ R+.

8
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Lemma 2.9.
∥∥ξιXn

∥∥
1
� nκX(ι)−1

(
max

k∈RX(ι)
ρ
(
Bk(X)

))n
.

Proof. Replacing X by the principal submatrix indexed by rX(ι), and relabelling the indices if necessary, we
may assume that every diagonal block of X is reachable from bX(ι). This does not change ‖ξιXn‖1, κX(ι), or
maxk∈RX(ι) ρ(Bk(X)).

Set λ :=maxk∈RX(ι) ρ(Bk(X)). Let 1 be the all-ones column vector of the appropriate size. Since X is
block upper triangular, its spectrum is the union of the spectra of the diagonal blocks Bk(X). For every diag-
onal block Bk(X) with ρ(Bk(X)) = λ, primitivity implies that λ is the only eigenvalue of Bk(X) on the circle
{z ∈ C : |z|= λ}. Hence λ is the only eigenvalue of X with modulus λ.

Let X= SJS−1 be the Jordan decomposition of X over C. For a Jordan block Js(µ) = µIs+Us, where Us
is nilpotent, one has

Js (µ)
n
=

s−1∑
q=0

(
n

q

)
µn−qUs

q.

Therefore every entry of Xn, and hence the scalar ξιX
n1, is a finite linear combination of terms of the form

nqµn. The terms with µ= λ combine into a polynomial in nmultiplied by λn, while every term with |µ|< λ
is o(ndλn) for every fixed d. If the polynomial corresponding to µ= λ were identically zero, then ‖ξιXn‖1 =
o(λn), which contradicts the lower bound in theorem 2.8. Hence there exist an integer d⩾ 0 and a constant
c 6= 0 such that

‖ξιXn‖1 = ξιX
n1= cndλn + o

(
ndλn

)
.

Theorem 2.8 yields positive constants c1 and c2 such that

c1n
κX(ι)−1λn ⩽ ‖ξιXn‖1 ⩽ c2n

κX(ι)−1λn

for all n⩾ 1. Comparing this with the asymptotic formula above shows that d= κX(ι)− 1.
The lower bound above implies that ‖ξιXn‖1 > 0 for all sufficiently large n. Hence the leading coefficient

c must satisfy c> 0. Therefore

‖ξιXn‖1
nκX(ι)−1λn

→ c ∈ R+.

By our notation, this is exactly ‖ξιXn‖1 � nκX(ι)−1λn.

Corollary 2.10. Let u ∈ R1×2K
⩾0 \ {0}. Then

∥∥uNn
∥∥
1
� max

a:[u]a>0

{
nκN(a)−1

(
max

k∈RN(a)
ρ(Bk (N))

)n}
.

Proof. Write u=
∑

a:[u]a>0[u]aξa. By lemma 2.9,∥∥uNn
∥∥
1
=

∑
a:[u]a>0

[u]a
∥∥ξaNn

∥∥
1
� max

a:[u]a>0

∥∥ξaNn
∥∥
1
.

The conclusion follows immediately.

2.4. Preliminaries
In [34, 35], the irreducible cases for the following lemmas have been proved. Here, we briefly state the
lemmas required for the reducible case.

The results in the following lemma are not listed directly in [34, 35] but can be obtained by easy
generalization. Therefore, we present the lemma directly without proof.

Lemma 2.11. (i) κ(vm,n
ι ) = κ(vm,m

ι )Nn−m, where vm,n
ι is a vertex in Ξn that appears for the first time in Ξm

for n⩾m.

(ii)
∣∣E(Ξn

ι )
∣∣= ∥∥ξιMn

∥∥
1
.

(iii)
∣∣V(Ξn

ι )
∣∣� n∑

i=0

∥∥ξιMi
∥∥
1
.

9
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(iv) dΞn
ι
(v+,v−) =minD1,··· ,Dn∈D

∥∥ξι∏n
k=1Dk

∥∥
1
.

(v) diam(Ξn
ι )�

∑n

i=1
dΞi

ι
(v+,v−) where diam(∗) denotes the diameter of ∗.

Using the Lustig–Uyanik theorem, lemma 2.9 and corollary 2.10 and lemma 2.11, it is easy to prove
the following lemma.

Lemma 2.12. (i) deg(vm,n
ι )� max

ιdeg:[κ(vm,m
ι )]ιdeg>0

{
(n−m)κN(ιdeg)−1

(
max

k∈RN(ιdeg)
ρ
(
Bk(N)

))n−m
}

(ii)
∣∣E(Ξn

ι )
∣∣� nκM(ι)−1 max

k∈RM(ι)
ρ
(
Bk(M)

)n
.

(iii)
∣∣V(Ξn

ι )
∣∣� nκM(ι)−1 max

k∈RM(ι)
ρ
(
Bk(M)

)n
.

Proposition 2.13. For any D ∈ D, every primitive block of D is contained in a unique primitive block ofM. In
particular, hD ⩾ hM.

Proof. Since each chosen path Pi(β
+
i ,β−

i ) is a subgraph of Ri, one has D⩽M entrywise. Hence Dn ⩽Mn

for every n⩾ 1.
Let C be a primitive block of D. If i, j ∈ C, then there existm,n⩾ 1 such that

[Dm]ij > 0 and [Dn]ji > 0.

Therefore

[Mm]ij > 0 and [Mn]ji > 0.

Thus i and j lie in the same primitive block of M.
So every primitive block of D is contained in a unique primitive block of M. Equivalently, the block par-

tition induced by D refines the block partition induced byM. Hence hD ⩾ hM.

Proposition 2.14. Every primitive block of N projects under π into a unique primitive block ofM. In particular,
hN ⩾ hM.

Proof. If [N]ab > 0, then the corresponding entry counts edges of colour π(b) incident to the planting vertex
indexed by a in the rule graph Rπ(a). Such an edge is, in particular, an edge of colour π(b) in Rπ(a). Hence

[N]ab > 0 =⇒ [M]π(a),π(b) > 0.

Consequently, every directed path in the digraph of N projects under π to a directed path in the digraph
of M.

Let C be a primitive block of N. If a,b ∈ C, then a and b are mutually reachable in N. Therefore π(a) and
π(b) are mutually reachable inM. So π(C) is contained in a unique primitive block of M.

For each primitive block B of M, choose any colour i ∈ B and any index a ∈ {2i− 1,2i}. Let C(a) be the
primitive block of N containing a. Since i = π(a) ∈ π(C(a)), the previous paragraph shows that π(C(a))
⊆ B.

If two distinct primitive blocks of M produced the same block C(a) of N, then π(C(a)) would meet both
of them, which is impossible. Thus distinct primitive blocks of M give distinct primitive blocks of N. Hence
hN ⩾ hM.

3. Fractal dimensions andmultifractal spectrum

In this section, our goal is to determine the coarse fractal spectrum of Ξι. To do so, we first study the
growth rate of distances. A tile survives with positive diameter only when its colour stays in the same
distance layer. This leads to a Hausdorff dimension formula and to a finite discrete coarse fractal spec-
trum. The core object in this section is therefore the limit metric space rather than the finite approx-
imating graphs. We analyse which descendant tiles remain visible after normalising the metric by the
diameter, and which ones collapse to points. Once the metric structure is understood, the Hausdorff
dimension is recovered from the number and size of the surviving tiles. This is a global quantity, so
only the maximal surviving mass growth rate matters. The coarse fractal spectrum is then obtained by
examining Hausdorff dimensions of balls in the limit metric space.

10
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3.1. Growth of distances
We begin with the metric side of the problem. For each colour, the relevant quantity is the smallest pos-
sible exponential growth rate of the distance between the two planting vertices under repeated substitu-
tion. The point of the local primitive stability assumption is that this optimal growth can still be con-
trolled by a single primitive trimmed matrix. This allows us to combine a Bellman-type minimisation
with Perron–Frobenius theory. Once this is done, both the planted distance and the diameter grow at
the same exponential rate.

Fix an initial colour ι ∈ [K]. Throughout this section, for each colour j ∈ rM(ι), let Rj :=
⋃
D∈D rD( j)

and Aj(D) := [D]Rj×Rj . Also write

ΛD ( j) := min
D∈D

max
ℓ∈RD( j)

ρ(Bℓ (D)) .

We assume that, for every j ∈ rM(ι), there exists D∗
j ∈ D such that ρ

(
Aj(D

∗
j )
)
= ΛD( j), the matrix

Aj(D
∗
j ) is primitive, and replacing one row of D∗

j indexed by Rj by the corresponding row of any other
matrix in D still gives a primitive trimmed matrix. We write f(x)� g(x) if there exists a constant c> 0
independent of x, such that f(x)⩾ cg(x) for all x in the domain.

Theorem 3.1. For every colour j ∈ rM(ι) there exists a constant cj ∈ R+ such that

1

ΛD ( j)n
min

D1,...,Dn∈D

∥∥∥∥ξj n∏
m=1

Dm

∥∥∥∥
1

→ cj

as n→∞. Moreover, for every sequence D1, . . . ,Dn with Dm ∈ D for each m ∈ [n],∥∥∥∥ξj n∏
m=1

Dm

∥∥∥∥
1

� ΛD ( j)n .

Proof. Fix j ∈ rM(ι) and write A(D) := Aj(D) and λ := ΛD( j).
We first show that Rj is forward invariant under every D ∈ D. If a ∈ Rj and [D]ab > 0, choose E ∈ D and

a path j = i0, i1, . . . , im = a such that [E]ir−1ir > 0 for all r ∈ [m]. Replacing the a-th row of E by the ath row of
D preserves the path and adds the edge a→ b. Hence b ∈ Rj.

Therefore, for every sequence D1, . . . ,Dn ∈ D,∥∥∥∥ξj n∏
m=1

Dm

∥∥∥∥
1

=

∥∥∥∥ξj n∏
m=1

A(Dm)

∥∥∥∥
1

.

Let A∗ := A(D∗
j ) and let v∗j > 0 be its right Perron vector, so A∗v∗j = λv∗j . We claim that A(D)v∗j ⩾ λv∗j

for every D ∈ D. Assume not. Then for some D ∈ D and some a0 ∈ Rj we have [A(D)v∗j ]a0 < λ[v∗j ]a0 . Let D
′

be obtained from D∗
j by replacing its a0th row by the a0-th row of D. By assumption, A(D ′) is primitive.

Also A(D ′)v∗j ⩽ λv∗j , and the inequality is strict in the coordinate a0. Choose q with A(D
′)q > 0 and set u :=

A(D ′)qv∗j . Then u> 0 and A(D
′)u< λu coordinatewise. The Collatz–Wielandt formula gives ρ(A(D ′))<

λ. Since A(D ′) is primitive, its whole trim is reachable from j, so

max
ℓ∈RD ′ ( j)

ρ(Bℓ (D
′)) = ρ(A(D ′))< λ,

contrary to the definition of λ. This proves the claim.
Iterating the claim gives

∏n
m=1A(Dm)v∗j ⩾ λnv∗j . Hence

ξj

n∏
m=1

A(Dm)v
∗
j ⩾ λn

[
v∗j

]
j
.

Since ‖w‖1 ⩾ (wv∗j )/‖v∗j ‖∞ for every non-negative row vector w, we obtain

∥∥∥∥ξj n∏
m=1

Dm

∥∥∥∥
1

⩾

[
v∗j

]
j

‖v∗j ‖∞
λn.

This proves the lower bound.

11
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For the limit, define the Bellman operator Fj : R
|Rj|
⩾0 → R|Rj|

⩾0 by [Fj(x)]a :=minD∈D[A(D)x]a. Because
the rows are chosen independently,

[
Fn
j (1)

]
j
= min
D1,...,Dn∈D

∥∥∥∥ξj n∏
m=1

Dm

∥∥∥∥
1

.

The claim above implies Fj(v∗j )⩾ λv∗j . Since D
∗
j ∈ D, we also have Fj(v∗j )⩽ A∗v∗j = λv∗j . Thus

Fj(v∗j ) = λv∗j .

Set Gj := λ−1Fj. Choose a0,b0 > 0 so that a0v∗j ⩽ 1⩽ b0v∗j . Then a0v∗j ⩽ Gn
j (1)⩽ b0v∗j for all n. Write

yn := Gn
j (1) and βn :=maxa[yn]a/[v∗j ]a. Then (βn) is decreasing, hence converges.

Let y be an accumulation point of (yn). If y 6= βv∗j , where β := limβn, then y< βv∗j in at least one
coordinate. Choose q with (A∗)q > 0. Since Fj(x)⩽ A∗x for every x⩾ 0, we get

Gq
j (y)⩽ λ−q (A∗)

q y< βλ−q (A∗)
q v∗j = βv∗j ,

which contradicts the definition of β. Hence every accumulation point of (yn) equals βv∗j , so yn → βv∗j .
Therefore

1

λn
min

D1,...,Dn∈D

∥∥∥∥ξj n∏
m=1

Dm

∥∥∥∥
1

= [yn]j → β
[
v∗j

]
j
.

Since v∗j > 0, the limit is strictly positive.

Lemma 3.2. For every colour j ∈ rM(ι),

dΞn
j

(
v+,v−

)
� diam

(
Ξn
j

)
� ΛD ( j)n .

Proof. By lemma 2.11(iv) and theorem 3.1,

dΞn
j
(v+,v−)

ΛD ( j)n
→ cj

for some cj ∈ R+. Hence dΞn
j
(v+,v−)� ΛD( j)n.

Every admissible path between the planting vertices has length at least 2, so every row of D∗
j has row sum

at least 2. The forward invariance of Rj shows that no positive entry is lost when we pass to the trim. Thus
every row of Aj(D

∗
j ) still has row sum at least 2, and the Collatz–Wielandt formula gives ΛD( j)⩾ 2. Since∑n

m=1ΛD( j)m � ΛD( j)n, lemma 2.11(v) yields

diam
(
Ξn
j

)
�

n∑
m=1

dΞm
j

(
v+,v−

)
� ΛD ( j)n .

3.2. Scaling limit
We now pass from distance growth on finite graphs to the limit metric space. The key observation is
that not every descendant tile remains visible after normalisation by the diameter. A tile survives pre-
cisely when its colour stays in the same distance layer as the initial colour. This gives a canonical decom-
position of the limit into a visible part built from surviving tiles and a collapsed part formed by points.
The latter will be negligible for Hausdorff dimension, but it must still be isolated carefully.

For each colour j ∈ [K], set

Idist ( j) := {a ∈ rM ( j) : ΛD (a) = ΛD ( j)} , Mdist ( j) := [M]Idist( j)×Idist( j)
.

A level-n tile in the graph sequence of initial colour j means the descendant cell determined by one edge
of Ξn

j . We call such a tile surviving if its colour belongs to Idist( j).

Lemma 3.3. If [M]ab > 0, then ΛD(b)⩽ ΛD(a). In particular, along every ancestral colour chain, the values of
ΛD are non-increasing.

Proof. If [M]ab > 0, then Ξn
a contains a copy of Ξ

n−1
b for every n⩾ 1. Hence diam(Ξn−1

b )⩽ diam(Ξn
a).

Lemma 3.2 gives ΛD(b)n−1 � ΛD(a)n. Taking nth roots and letting n→∞ yields ΛD(b)⩽ ΛD(a).

12
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Lemma 3.4. For every colour j ∈ [K], the number of level-n surviving tiles in the graph sequence of initial colour
j is ∥∥ξjMdist ( j)

n∥∥
1
.

More precisely, for each a ∈ Idist( j), the number of level-n surviving tiles of colour a is[
ξjMdist ( j)

n]
a
.

Proof. By lemma 3.3, a descendant tile is surviving if and only if every colour in its ancestral chain lies in
Idist( j). Thus, at each substitution step, only the transitions recorded by the restricted matrixMdist( j) remain.
The conclusion follows by induction on n.

Definition 3.5. Let (Gn)n∈N be a sequence of finite connected graphs. For each n, every edge of Gn is scaled
by the common factor 1/diam(Gn), giving the compact metric space

(
Gn, d̂Gn

)
, d̂Gn :=

dGn

diam(Gn)
.

The sequence possesses a Gromov–Hausdorff scaling limit if (Gn, d̂Gn) converges in the Gromov–Hausdorff
topology.

Theorem 3.6. For every colour j ∈ rM(ι), the graph sequence (Ξn
j , d̂Ξn

j
)n∈N has a Gromov–Hausdorff scaling

limit, denoted by (Ξj, d̂Ξj).

Moreover, a level-n tile in the graph sequence of initial colour j has positive diameter in (Ξj, d̂Ξj) if and only if
it is surviving.

Proof. Fix j ∈ rM(ι). For each n, define the auxiliary metric d̃Ξn
j
:= ΛD( j)−ndΞn

j
.

Fix k⩾ 0 and x,y ∈ V(Ξk
j ). As in the original argument, it is enough to consider the case where x and y

are joined in Ξk
j by a single edge of colour a. Then

d̃Ξn
j
(x,y) = ΛD ( j)−n dΞn−k

a

(
v+,v−

)
.

By theorem 3.1, the right-hand side converges to a positive limit if ΛD(a) = ΛD( j) and to 0 otherwise. The
case ΛD(a)> ΛD( j) is excluded by lemma 3.3. Since there are only finitely many simple paths in Ξk

j joining

x and y, every pairwise distance on V(Ξk
j ) converges in the auxiliary scaling.

Taking the metric quotient of
⋃

m⩾0V(Ξ
m
j ) by the resulting pseudo-metric and then completing it, we

obtain a compact metric space, because lemma 3.2 gives diam(Ξn
j )� ΛD( j)n and therefore every point of

Ξn
j lies within distance� ΛD( j)−k of V(Ξk

j ). The same estimate gives the Gromov–Hausdorff convergence in
the auxiliary scaling.

Now diameter is continuous under Gromov–Hausdorff convergence, and ΛD( j)−ndiam(Ξn
j ) con-

verges to a positive limit by lemma 3.2. Rescaling back from the auxiliary metric to d̂Ξn
j
gives the Gromov–

Hausdorff limit (Ξj, d̂Ξj).
Finally, let T be a level-n tile in the graph sequence of initial colour j, and let a be its colour. By the argu-

ment above, the diameter of T in the limit is positive if and only if ΛD(a) = ΛD( j). By lemma 3.3, this is
equivalent to saying that every colour in the ancestral chain of T has the same distance rate as j, which is
exactly the condition that T is surviving.

For each colour j ∈ rM(ι), let Cj be the set of points of Ξj that belong to only finitely many surviving
tiles.

Lemma 3.7. For every colour j ∈ rM(ι), the set Cj is countable.

Proof. Fix x ∈ Cj. Since x belongs to only finitely many surviving tiles, there is a largest levelm for which x
belongs to a surviving level-m tile. Every level-(m+ 1) tile containing x is then non-surviving, and by the-
orem 3.6 each such tile collapses to a single point. Thus every point of Cj is the image of some non-surviving
tile. There are only countably many tiles altogether, hence Cj is countable.

Lemma 3.8. If x ∈ Ξj \Cj, then for every open neighbourhood U of x in (Ξj, d̂Ξj), there exists a surviving tile T
such that x ∈ T⊂ U.

13
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Proof. Since x /∈ Cj, it belongs to infinitely many surviving tiles. By theorem 3.6, every surviving tile of
colour a ∈ Idist( j) has diameter� ΛD(a)−n = ΛD( j)−n at level n. Because the colour set is finite, the
implied constants are uniform over a ∈ Idist( j). Hence the diameters of surviving tiles containing x tend to
0. Choosing one of them small enough gives x ∈ T⊂ U.

3.3. Hausdorff dimension
We next extract the global metric dimension of the limit. At this stage the relevant objects are the
surviving tiles and the mass growth they carry. Unlike the degree dimension in the next section, the
Hausdorff dimension only records the largest asymptotic growth that remains visible in the metric space.
This is why the answer is governed by a single surviving mass rate. The proof follows the standard upper
and lower bound strategy: cover by surviving tiles, and then place disjoint balls inside a suitably chosen
primitive subfamily of tiles.

Throughout this subsection, we additionally assume that Mdist( j) is primitive-Frobenius for every
colour j ∈ rM(ι). For each such j, define

Λsurv
M ( j) := max

k∈RMdist( j)
( j)

ρ(Bk (Mdist ( j))) .

Theorem 3.9. For every colour j ∈ rM(ι),

dimH

(
Ξj

)
=

logΛsurv
M ( j)

logΛD ( j)
.

Proof. Fix j ∈ rM(ι) and write

Nn ( j) :=
∥∥ξjMdist ( j)

n∥∥
1
.

By lemma 3.4, Nn( j) is the number of level-n surviving tiles in the graph sequence of initial colour j.
Lemma 2.9 applied toMdist( j) gives Nn( j)� nqj−1Λsurv

M ( j)n for some integer qj ⩾ 1.
We first prove the upper bound. By theorem 3.6, Ξj \Cj is covered by the level-n surviving tiles, and Cj

is countable by lemma 3.7. Lemma 3.2 and theorem 3.6 show that every level-n surviving tile has diameter
� ΛD( j)−n. Therefore, for every s> 0,

Hs
δn

(
Ξj

)
� Nn ( j)ΛD ( j)−ns � nqj−1Λsurv

M ( j)nΛD ( j)−ns
,

with δn � ΛD( j)−n. If s> logΛsurv
M ( j)/ logΛD( j), the right-hand side tends to 0. Hence

dimH

(
Ξj

)
⩽ logΛsurv

M ( j)

logΛD ( j)
.

We now prove the lower bound. Choose a primitive block B ofMdist( j) such that ρ(B) = Λsurv
M ( j) and

B is reachable from the block containing j. Since B is reachable from j, there exists a surviving tile T0 ⊂
Ξj whose colour belongs to the index set of B. For each n⩾ 1, let Tn be the family of descendants of T0

obtained by following only colours in the block B for the next n steps. Because B is primitive,

|Tn| � ρ(B)n = Λsurv
M ( j)n .

Every tile T ∈ Tn is connected and has two boundary points, say p+T and p−T . By lemma 3.2 and the-
orem 3.6, there exists a constant c0 > 0, independent of T and n, such that

d̂Ξj

(
p+T ,p

−
T

)
⩾ c0ΛD ( j)−n

.

Since T is connected, there exists xT ∈ T with

min
{
d̂Ξj

(
xT,p

+
T

)
, d̂Ξj

(
xT,p

−
T

)}
⩾ c0

2
ΛD ( j)−n

.

Indeed, otherwise T would be contained in the disjoint union of the two open balls B(p+T , c0ΛD( j)−n/2) and
B(p−T , c0ΛD( j)−n/2), contradicting connectedness. Thus each T ∈ Tn contains a ball of radius c0ΛD( j)−n/4.
These balls are pairwise disjoint, because distinct tiles of the same level meet only along their boundary
images.

Hence, for every s> 0,

Hs
δn

(
Ξj

)
� |Tn|ΛD ( j)−ns � Λsurv

M ( j)nΛD ( j)−ns
,

14
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with δn � ΛD( j)−n. If s< logΛsurv
M ( j)/ logΛD( j), the right-hand side diverges. Therefore

dimH

(
Ξj

)
⩾ logΛsurv

M ( j)

logΛD ( j)
.

Combining the two bounds gives the result.

Lemma 3.10. Let T⊂ Ξι be a surviving tile of colour j ∈ Idist(ι). Then

dimH (T) = dimH

(
Ξj

)
.

Proof. Inside T, the surviving descendants of depth n are counted by ‖ξjMdist( j)n‖1, exactly as in lemma 3.4.
By theorem 3.6, their diameters are all� diam(T)ΛD( j)−n. Repeating the upper and lower bound argu-
ments from the proof of theorem 3.9 inside T therefore gives

dimH (T) =
logΛsurv

M ( j)

logΛD ( j)
= dimH

(
Ξj

)
.

3.4. Coarse fractal spectrum
The final step of the metric analysis is local rather than global. Here the central object is the ball B(x, r)
inside the limit metric space. The collapsed part contributes only countably many points, so it cannot
create new Hausdorff dimensions. What remains is a union of surviving tiles, and each surviving tile
carries the Hausdorff dimension of its colour. This is why the coarse spectrum is finite and discrete.

For a compact metric space (X, d), write

S (X,d) := {dimH (Bd (x, r)) : x ∈ X, r ∈ (0,1)} .

We say that (X, d) is a multifractal with a finite discrete spectrum if 1< |S (X,d)|<∞. Also set

Msurv (ι) := {Λsurv
M ( j) : j ∈ Idist (ι)} .

We say that (Ξι, d̂Ξι
) satisfies the balanced-distance and divergent-mass condition if 1< |Msurv(ι)|<∞.

Lemma 3.11. For every ball B(x, r) in (Ξι, d̂Ξι
),

dimH (B(x, r)) = sup{dimH (T) : T⊂ B(x, r) , T is a surviving tile in Ξι} .

Proof. Let

s(B(x, r)) := sup{dimH (T) : T⊂ B(x, r) , T is a surviving tile in Ξι} .

Since every such tile is a subset of B(x, r), we clearly have s(B(x, r))⩽ dimH(B(x, r)).
Set E := B(x, r) \Cι. For every y ∈ E, lemma 3.8 gives a surviving tile Ty such that y ∈ Ty ⊂ B(x, r). Hence

B(x, r) = (B(x, r)∩Cι)∪
⋃
y∈E

Ty.

Since Ξι is second countable, there is a countable subcover E⊂
⋃∞

m=1Tm with each Tm ⊂ B(x, r) surviving.
By lemma 3.7, the set B(x, r)∩Cι is countable, hence has Hausdorff dimension 0. Therefore

dimH (B(x, r)) = dimH

( ∞⋃
m=1

Tm

)
= sup

m⩾1
dimH (Tm)⩽ s(B(x, r)) .

This proves the equality.

Theorem 3.12. For the fixed initial colour ι,

S
(
Ξι, d̂Ξι

)
=
{
dimH

(
Ξj

)
: j ∈ Idist (ι)

}
=

{
logΛsurv

M ( j)

logΛD ( j)
: j ∈ Idist (ι)

}
.

Consequently, (Ξι, d̂Ξι
) satisfies the balanced-distance and divergent-mass condition if and only if it is a

multifractal with a finite discrete spectrum, that is,

1<
∣∣S (

Ξι, d̂Ξι

)∣∣<∞.
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Proof. Let

S0 :=
{
dimH

(
Ξj

)
: j ∈ Idist (ι)

}
.

The set S0 is finite because the colour set is finite.
Fix a ball B(x, r) in (Ξι, d̂Ξι

). By lemma 3.11,

dimH (B(x, r)) = sup{dimH (T) : T⊂ B(x, r) , T is a surviving tile} .

Every surviving tile has colour in Idist(ι), and lemma 3.10 shows that its Hausdorff dimension belongs to S0.
Since S0 is finite, the above supremum is attained. Thus dimH(B(x, r)) ∈ S0, so S (Ξι, d̂Ξι

)⊆ S0.
Conversely, fix j ∈ Idist(ι) and choose a surviving tile T⊂ Ξι of colour j. Let ∂T be its two boundary

points. Then T \ ∂T is open in Ξι, and removing finitely many points does not change Hausdorff dimension,
so

dimH (T \ ∂T) = dimH (T) = dimH

(
Ξj

)
by lemma 3.10. Since Ξι is second countable, there exist open balls Bm ⊂ T \ ∂T such that T \ ∂T=⋃∞

m=1Bm. Therefore

dimH

(
Ξj

)
= dimH (T \ ∂T) = sup

m⩾1
dimH (Bm) .

Each dimH(Bm) already lies in the finite set S0, so the supremum is attained by somem. Hence dimH(Bm) =
dimH(Ξj), and therefore dimH(Ξj) ∈ S (Ξι, d̂Ξι

). This proves S0 ⊆ S (Ξι, d̂Ξι
).

Thus

S
(
Ξι, d̂Ξι

)
=
{
dimH

(
Ξj

)
: j ∈ Idist (ι)

}
.

The explicit formula now follows from theorem 3.9.
Finally, theorem 3.9 also shows that ∣∣S (

Ξι, d̂Ξι

)∣∣= ∣∣Msurv (ι)
∣∣,

so the balanced-distance and divergent-mass condition is equivalent to 1< |S (Ξι, d̂Ξι
)|⩽ K<∞.

Example 3.13. Consider the reducible EIGS in figure 2, with initial colour ι= 1. The mass matrix is

M=

2 1 1
0 4 0
0 0 5

 .

A direct computation gives

ΛD (1) = ΛD (2) = ΛD (3) = 2.

Hence

Idist (1) = {1,2,3} , Mdist (1) =M.

Moreover,

Λsurv
M (1) = 5, Λsurv

M (2) = 4, Λsurv
M (3) = 5.

Therefore

Msurv (1) = {4,5} ,

and Theorem 3.12 yields

S
(
Ξ1, d̂Ξ1

)
=

{
2,
log5

log2

}
.

In particular, (Ξ1, d̂Ξ1) satisfies the balanced-distance and divergent-mass condition and is a multifractal
with a finite discrete spectrum.
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4. Multiscale-freeness and degree spectrum

In this section, we introduce the degree scaling limit, an analogue of the Gromov–Hausdorff limit under
which vertices with slower degree growth lose their degree in the limit. Within this framework, we
identify a condition called BEDM, which is equivalent to the occurrence of multiscale-freeness in Ξι.
Unlike the Hausdorff dimension studied in the previous section, degree dimension is sensitive to the dis-
tribution of degrees and therefore captures finer information about the graph. The key objects are no
longer tiles in a metric space, but exact positive degree levels in the degree scaling limit. For this reason,
the analysis cannot stop at the largest growth rate. Instead, we must first identify the dominant birth
types, then group the exact degree levels they generate into degree classes, and finally count the vertices
in each class separately. Once this class counting is established, both scale-freeness and the degree spec-
trum follow in a direct way.

4.1. Degree scaling limit
We first determine which vertices remain visible in the degree scaling limit. The correct starting point is
the birth type of a vertex, because the local degree growth is propagated by the degree matrix N. Two
pieces of information matter here: the exponential rate of growth and the polynomial correction. Only
the birth types attaining the dominant pair survive with positive degree in the limit. The theorem below
also records the exact positive degree levels contributed by such surviving birth types.

Definition 4.1. Let∆(G) :=maxw∈V(G) degG(w). The scaling degree of a vertex v ∈ V(G) is ˆdegG(v) :=

degG(v)/∆(G). We say that a graph sequence (Gn)n∈N has a degree scaling limit (G∞, ˆdegG∞) if, for every
vertex v ∈

⋃
n⩾0V(G

n), the limit

ˆdegG∞ (v) := lim
n→∞

ˆdegGn (v)

exists.

Notation 4.2. Fix the initial colour ι ∈ [K]. Define the set of birth types by

Uι :=
{
κ(v) : v ∈ V

(
Ξ0
ι

)}
∪
⋃

j∈rM(ι)

{
κ(w) : w ∈ V

(
Rj

)
\
{
β+
j ,β−

j

}}
.

For each non-zero u ∈ Uι, define

λ(u) := max
a:[u]a>0

max
ℓ∈RN(a)

ρ(Bℓ (N))

and

τ (u) :=max

{
κN (a) : [u]a > 0, max

ℓ∈RN(a)
ρ(Bℓ (N)) = λ(u)

}
.

Also set

ΛUι
:=max

u∈Uι

λ(u) and τdeg (ι) :=max{τ (u) : u ∈ Uι, λ(u) = ΛUι
} .

Lemma 4.3. For every non-zero u ∈ Uι, there exists a constant cdeg(u) ∈ R+ such that

‖uNn‖1 ∼ cdeg (u) n
τ(u)−1λ(u)n

as n→∞.

Proof. Write u=
∑

a:[u]a>0[u]aξa. Then ‖uNn‖1 = uNn1 is a scalar entry of a fixed non-negative row vec-
tor multiplied by Nn and then by a fixed positive column vector. Replacing N by the principal submatrix
indexed by the union of the reachable sets from the support of u, we may assume that every diagonal block
is reachable from that support. Since N is primitive-Frobenius, the only eigenvalue of modulus λ(u) is the
positive real number λ(u). The Jordan decomposition of this principal submatrix therefore yields

‖uNn‖1 = cndλ(u)n + o
(
ndλ(u)n

)
for some d⩾ 0 and some c 6= 0. Corollary 2.10 shows that the same quantity is asymptotic to nτ(u)−1λ(u)n

up to multiplicative constants. Hence d= τ(u)− 1. Since ‖uNn‖1 ⩾ 0 for all n and is not eventually zero, the
leading coefficient must satisfy c> 0. This proves the result.
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Theorem 4.4. If ΛUι
> 1, then the degree scaling limit (Ξι, ˆdegΞι

) exists. Moreover, there exists a constant
Cdeg(ι) ∈ R+ such that

∆(Ξn
ι )∼ Cdeg (ι) n

τdeg(ι)−1Λn
Uι

as n→∞. If a vertex v is born in generation m(v) and has birth type u(v), then

ˆdegΞι
(v) =

α(u(v)) Λ−m(v)
Uι

, λ(u(v)) = ΛUι
and τ (u(v)) = τdeg (ι) ,

0, otherwise,

where α(u) := cdeg(u)/Cdeg(ι).

Proof. For each birth type u ∈ Uι, let µ(u) be the first generation in which a vertex of type u appears. Set

Cdeg (ι) :=max
{
cdeg (u)Λ

−µ(u)
Uι

: u ∈ Uι, λ(u) = ΛUι
, τ (u) = τdeg (ι)

}
.

We first prove the asymptotic formula for∆(Ξn
ι ). If w ∈ V(Ξn

ι ) is born in generationm⩽ n and has
birth type u, then lemma 2.11(i) gives degΞn

ι
(w) = ‖uNn−m‖1. By lemma 4.3, this equals

cdeg (u) (n−m)
τ(u)−1

λ(u)n−m
(1+ o(1)) .

If λ(u)< ΛUι
, then

sup
0⩽m⩽n

λ(u)n−m

Λn
Uι

= Λ−n
Uι

max
0⩽t⩽n

λ(u)t → 0.

Hence these vertices contribute o
(
nτdeg(ι)−1Λn

Uι

)
uniformly inm⩽ n. If λ(u) = ΛUι

but τ(u)< τdeg(ι), then

sup
0⩽m⩽n

(n−m)
τ(u)−1

nτdeg(ι)−1
⩽ nτ(u)−τdeg(ι) → 0,

so these vertices also contribute o
(
nτdeg(ι)−1Λn

Uι

)
uniformly inm⩽ n.

Now let u satisfy λ(u) = ΛUι
and τ(u) = τdeg(ι). Then for each fixed generationm,

degΞn
ι
(w)∼ cdeg (u) Λ

−m
Uι

nτdeg(ι)−1Λn
Uι
.

Since ΛUι
> 1, vertices born in large generations carry an extra factor Λ−m

Uι
and therefore cannot realise the

maximum degree. Hence only finitely many birth generations matter asymptotically, and among them the
largest limit constant is attained at the first occurrence generation µ(u). Because Uι is finite, we obtain

∆(Ξn
ι )∼ Cdeg (ι) n

τdeg(ι)−1Λn
Uι
.

Finally, let v be born in generationm(v) and have birth type u(v). Dividing the asymptotic formula for
degΞn

ι
(v) by the asymptotic formula for∆(Ξn

ι ) gives

degΞn
ι
(v)

∆(Ξn
ι )

→


cdeg (u(v))

Cdeg (ι)
Λ
−m(v)
Uι

, λ(u(v)) = ΛUι
and τ (u(v)) = τdeg (ι) ,

0, otherwise.

This proves the existence of the degree scaling limit and the displayed formula.

For each u ∈ Uι, let bu ∈ NK×1 be the column vector whose a-th entry is the number of interior ver-
tices of birth type u in the rule graph Ra. For each integer m⩾ 1, let Bu(m) be the number of vertices
born in generation m with birth type u. Define

Ideg,surv (ι) :=
{
u ∈ Uι \ {0} : λ(u) = ΛUι

, τ (u) = τdeg (ι) , Bu (m)> 0 for arbitrarily largem
}
.

Vertices of dominant type that appear only finitely many times contribute only finitely many positive
degree levels, and therefore do not affect the tail ℓ→ 0.
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Lemma 4.5. For every birth type u ∈ Uι and every m⩾ 1,

Bu (m) = ξιM
m−1b⊤u .

Proof. At generationm, each edge of colour a in Ξm−1
ι is replaced by a copy of the rule graph Ra. That copy

contributes exactly [bu]a interior vertices of birth type u. Hence the total number of such vertices equals the
number of colour-a edges in Ξm−1

ι , weighted by [bu]a and summed over all colours a. By lemma 2.11(ii), the
row vector counting colour frequencies in Ξm−1

ι is ξιM
m−1. Therefore

Bu (m) = ξιM
m−1b⊤u .

Lemma 4.6. For every u ∈ Ideg,surv(ι), there exist an integer q(u)⩾ 1 and a real number Λdeg
M (u)> 0 such that

Bu (m)�mq(u)−1
(
Λ
deg
M (u)

)m
as m→∞.

Proof. Fix u ∈ Ideg,surv(ι). By lemma 4.5, the sequence Bu(m) is the scalar sequence ξιM
m−1b⊤u . SinceM is

primitive-Frobenius, the Jordan decomposition of the reachable principal submatrix of M shows that this
scalar is a finite linear combination of terms of the formmrµm. Hence there exist d⩾ 0, Λ> 0 and c 6= 0
such that

Bu (m) = cmdΛm + o
(
mdΛm

)
.

Because u ∈ Ideg,surv(ι), the sequence Bu(m) is positive for arbitrarily largem, so the leading coefficient must

satisfy c> 0. Setting q(u) := d+ 1 and Λ
deg
M (u) := Λ gives the result.

4.2. Scale-freeness
We now turn from the existence of exact degree levels to their distribution. The main point is that dif-
ferent dominant birth types may contribute degree values on the same geometric scale, up to a finite
shift of the generation index. This leads to the notion of a degree class. The correct counting object
is therefore not a single birth type, but the whole class of birth types producing the same asymptotic
degree scale. Once the class counting is understood, the scale-free criterion becomes very transparent.

Definition 4.7. For any degree-scaled graph (G, ˆdegG) and any positive real number ℓ > 0, define

P(G, ˆdegG) (ℓ) :=
∣∣{v ∈ V(G) : ˆdegG (v) = ℓ

}∣∣.
We say that the degree scaling limit (G∞, ˆdegG∞) is scale-free if, taking the limit ℓ→ 0 through all positive
values such that P(G∞, ˆdegG∞ )(ℓ)> 0, the quantity

dimD

(
G∞, ˆdegG∞

)
= lim

ℓ→0

logP(G∞, ˆdegG∞) (ℓ)

− logℓ

exists and is positive. In that case, this limit is called the degree dimension of (G∞, ˆdegG∞).

For u,v ∈ Ideg,surv(ι), define

u∼deg v ⇐⇒ α(u)

α(v)
∈ ΛZ

Uι
.

Write

Kdeg (ι) := Ideg,surv (ι)/∼deg .

For each class K ∈ Kdeg(ι), define

Λ
deg,eff
M (K) :=max

{
Λ
deg
M (u) : u ∈ K

}
.
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Lemma 4.8. For every class K ∈ Kdeg(ι), there exist a constant αK > 0 and an integer qK ⩾ 1 such that

P(Ξι, ˆdegΞι)
(
αKΛ

−m
Uι

)
�mqK−1

(
Λ
deg,eff
M (K)

)m
as m→∞.

Proof. Fix a class K ∈ Kdeg(ι) and choose a representative uK ∈ K. Set αK := α(uK). For each u ∈ K, by
definition of∼deg there exists an integer sK(u) such that

α(u) = αKΛ
sK(u)
Uι

.

Hence a vertex of birth type u born in generationm+ sK(u) has exact degree

α(u)Λ−(m+sK(u))
Uι

= αKΛ
−m
Uι

.

Conversely, every sufficiently small positive exact degree level arises from a dominant birth type, and two
different classes cannot produce the same exact degree level. Therefore, for all sufficiently largem,

P(Ξι, ˆdegΞι)
(
αKΛ

−m
Uι

)
=
∑
u∈K

Bu (m+ sK (u)) .

By lemma 4.6, each summand is asymptotic, up to multiplicative constants, to

mq(u)−1
(
Λ
deg
M (u)

)m
.

Since the sum is finite, its growth is governed by the largest exponential rate, namely Λdeg,eff
M (K). Among the

terms attaining this rate, the largest polynomial exponent determines an integer qK ⩾ 1. Thus

P(Ξι, ˆdegΞι)
(
αKΛ

−m
Uι

)
�mqK−1

(
Λ
deg,eff
M (K)

)m
.

Definition 4.9. We say that Ξι satisfies the BEDM condition (BEDM condition) if there exist K1,K2 ∈
Kdeg(ι) such that

Λ
deg,eff
M (K1) 6= Λ

deg,eff
M (K2) .

Theorem 4.10. Let I = (Ξ0
ι ,R,S) be a reducible EIGS, and let (Ξι, ˆdegΞι

) be its degree scaling limit. If
ΛUι

> 1, then Ξι is scale-free if and only if Ξι does not satisfy the BEDM condition and

max
K∈Kdeg(ι)

Λ
deg,eff
M (K)> 1.

In that case,

dimD

(
Ξι, ˆdegΞι

)
=

log max
K∈Kdeg(ι)

Λ
deg,eff
M (K)

logΛUι

.

Proof. Set

L∗ := max
K∈Kdeg(ι)

Λ
deg,eff
M (K) .

Assume first that Ξι does not satisfy the BEDM condition and that L∗ > 1. Then every class K ∈ Kdeg(ι)

satisfies Λdeg,eff
M (K) = L∗. Let ℓ→ 0 through positive exact degree levels. All but finitely many such levels

come from classes in Kdeg(ι), so for sufficiently small ℓ there exist K ∈ Kdeg(ι) and an integerm such that

ℓ= αKΛ
−m
Uι

.

Since Kdeg(ι) is finite,

− logℓ=m logΛUι
+O(1) .
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Figure 5. The broken diamond hierarchical lattice is scale-free.

By lemma 4.8,

logP(Ξι, ˆdegΞι)
(ℓ) =m logL∗ +O(logm) .

Therefore

logP(Ξι, ˆdegΞι)
(ℓ)

− logℓ
→ logL∗

logΛUι

.

Since L∗ > 1, this limit is positive, so Ξι is scale-free and

dimD

(
Ξι, ˆdegΞι

)
=

logL∗
logΛUι

.

Conversely, assume that Ξι is scale-free. Then the displayed limit exists and is positive, so L∗ > 1. If the
BEDM condition held, there would exist classes K1,K2 ∈ Kdeg(ι) such that

Λ
deg,eff
M (K1) 6= Λ

deg,eff
M (K2) .

For each r ∈ {1,2}, lemma 4.8 gives a sequence of exact degree levels αKrΛ
−m
Uι

along which

logP(Ξι, ˆdegΞι)
(
αKrΛ

−m
Uι

)
− log

(
αKrΛ

−m
Uι

) → logΛdeg,eff
M (Kr)

logΛUι

.

These two limits are different, contradicting the assumption that a single degree dimension exists. Hence the
BEDM condition fails.

Example 4.11. For the broken DHL in figure 5,

M=

(
3 1

0 2

)
, N=


2 0 0 0

0 1 0 1

0 0 1 0

0 0 0 1

 .

The matrixM has two diagonal blocks with spectral radii 3 and 2, while N has four diagonal blocks with
spectral radii 2,1,1,1. The additional blue edge changes the mass growth of the blue rule, but it does not
change its degree growth rate.

Since the initial colour is ι= 1, we have ΛUι
= 2. There is only one surviving degree class, and its effect-

ive mass growth rate is 3. Hence the BEDM condition fails. Theorem 4.10 therefore gives

dimD

(
Ξι, ˆdegΞι

)
=

log3

log2
≈ 1.5850.
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Figure 6. Numerics of the scale-freeness of Broken DHL Ξ7
1 and Ξ11

1 .

Figure 6 shows the log–log linear-regression fits of the degree distributions of Ξ7
1 and Ξ11

1 obtained with
Python. Each plot exhibits a pronounced two-branch structure: a red branch, which corresponds to the sur-
viving degree layer, and a blue branch, which corresponds to a suppressed degree class. As n→∞, the blue
branch is progressively compressed and eventually disappears, while the slopes (−1.75 and−1.63) of the
surviving red branch approach the theoretical value− log3/ log2.

4.3. Degree spectrum
We finally record the full tail structure of the exact degree distribution. Where the previous subsection
asked whether all classes share one common exponent, this subsection keeps every class separate. The
resulting degree spectrum is therefore the precise degree-side analogue of the coarse fractal spectrum
from the previous section. Its discreteness comes from the fact that only finitely many degree classes sur-
vive. The only remaining task is to identify the limit point contributed by each class.

Definition 4.12. Let (G∞, ˆdegG∞) be a degree-scaling limit and define the degree spectrum by

D
(
G∞, ˆdegG∞

)
:= ω- lim

ℓ→0

logP(G∞, ˆdegG∞) (ℓ)

− logℓ
,

where ω- lim denotes the set of all limit points along sequences (ℓm) with ℓm ↓ 0 and P(G∞, ˆdegG∞ )(ℓm)> 0 for

allm. We say that (G∞, ˆdegG∞) is finite discrete multiscale-free if

1<
∣∣D (G∞, ˆdegG∞

)∣∣<∞.

Theorem 4.13. Let I = (Ξ0
ι ,R,S) be a reducible EIGS with degree scaling limit (Ξι, ˆdegΞι

). If ΛUι
> 1, then

D
(
Ξι, ˆdegΞι

)
=

{
logΛdeg,eff

M (K)

logΛUι

: K ∈ Kdeg (ι)

}
.

Consequently, Ξι satisfies the BEDM condition if and only if it is finite discrete multiscale-free.

Proof. Let K ∈ Kdeg(ι). By lemma 4.8, the exact degree sequence αKΛ
−m
Uι

contributes the limit point

logΛdeg,eff
M (K)

logΛUι

to D(Ξι, ˆdegΞι
). Hence the right-hand side is contained in the degree spectrum.

Conversely, let s ∈ D(Ξι, ˆdegΞι
). By definition, there exists a sequence ℓn ↓ 0 such that P(Ξι, ˆdegΞι )

(ℓn)>
0 and

logP(Ξι, ˆdegΞι)
(ℓn)

− logℓn
→ s.
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All sufficiently small positive exact degree levels belong to some class in Kdeg(ι). Because there are only
finitely many classes, we may pass to a subsequence and assume that

ℓn = αKΛ
−mn
Uι

for one fixed class K. Lemma 4.8 then gives

logP(Ξι, ˆdegΞι)
(ℓn) =mn logΛ

deg,eff
M (K)+O(logmn)

and

− logℓn =mn logΛUι
+O(1) .

Therefore

s=
logΛdeg,eff

M (K)

logΛUι

.

This proves the reverse inclusion.
Hence

D
(
Ξι, ˆdegΞι

)
=

{
logΛdeg,eff

M (K)

logΛUι

: K ∈ Kdeg (ι)

}
.

Since Kdeg(ι) is finite, the degree spectrum is finite. It is non-degenerate if and only if there exist two classes

K1,K2 ∈ Kdeg(ι) such that Λdeg,eff
M (K1) 6= Λ

deg,eff
M (K2), which is exactly the BEDM condition.

Example 4.14. We revisit the splendor DHL introduced in the opening section; see figure 2. Its substitution
matrices for mass and degree are

M=

2 1 1
0 4 0
0 0 5

 , N=



2 0 0 0 0 0
0 0 0 1 0 1
0 0 2 0 0 0
0 0 0 2 0 0
0 0 0 0 2 0
0 0 0 0 0 2

 .

Here ΛUι
= 2. The dominant degree layer splits into two classes, represented by the interior birth types of

degrees 2 and 3. Their effective mass growth rates are 4 and 5, respectively. Therefore this EIGS satisfies the
BEDM condition. Theorem 4.13 yields

D
(
Ξι, ˆdegΞι

)
=

{
log4

log2
= 2,

log5

log2
≈ 2.3219

}
.

The same two mass rates also govern the surviving fractal branches, so in this example

D
(
Ξι, ˆdegΞι

)
= S

(
Ξι, d̂Ξι

)
.

A useful rule of observation is that, when several straight segments appear in the degree distribution
plot, their point of intersection can hint at the underlying regime. If the segments meet at small degree val-
ues, such as in figure 6, then the extra branches are likely to vanish in the degree scaling limit, so the graph is
merely scale-free. By contrast, if they intersect at large degree values, as in figure 7, then the tail retains more
than one branch as ℓ→ 0, producing several ω-limits; such a pattern is typical of a multiscale-free graph.

Figure 7 shows how our simulations for Ξ7
1 and Ξ11

1 confirm that the system indeed exhibits a multiscale-
free structure with a discrete degree spectrum. In particular, the double-log regression forΞ11

1 , with absolute
slopes being 1.95 and 2.34, yields two empirical branches close to the theoretical values 2 and 2.3219. In fact,
once we restrict attention to the data points with ℓ→ 0, the theoretical prediction and the simulation agree
almost perfectly.
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Figure 7. Numerics of the multiscale-freeness of Splendor DHL Ξ7
1 and Ξ11

1 .
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