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This thesis deals with various problems about the normal
and subnormal structure of infinite groups. We first consider

the relationship between the number of normal subgroups of a

group G and of a subgroup H of finite index in G. We prove

Theorem 1.5 There exists a finitely generated group G

which has a subgroup H of index 2 such that H has continuously
many normal subgroups and G has only countably many normal

subgroups.

Proposition 1.7 Let k be an infinite cardinal. Then there

exists a group G of cardinality k that has only 12 normal
subgroups but which contains a subgroup H of index 2 having

k normal subgroups.

We then conéider partially ordered sets and investigate
the subnormal structure of generalized wreath products. Ve
deal with the question whether the number of subnormal sudb-
groups of an infinite group is determined by the number of

its n-step subnormal subgroups for an integer n. Ve prove



Theorem 5.3 Let G be a group. Then G has finitely meany

subnormal subgroups if and only if it has finitely many

2-step subnormal subgroups.

Theorem 5.5 Let m and n be infinite cardinals such that

m £ n. Then there exists a group G with the following pro-
perties:

(1) The cardinality of G is n.
(2) The number of normal subgroups of G is W,.

(3) The number of 2-step subnormal subgroups of G is m.

(4)'The number of 3-step subnormal subgroups of G is o

Finally we consider characteristically simple groups
with countably many normal subgroups. We construct a new

type of characteristically simple groups:

“Corollary 6.15 ILet A be a partially ordered set such that

for k,/aeﬁ\there exists an automorphism a of A such that
£ Xa. Let F(A) be the distributive lattice of semi-ideals
of A. Then there exists a group G with the following pro-
pexrties:
(1) 161 £ max(R,, |2(A)]).
(2) A1l subnormal subgroups of G are normal in G.
" (3) The lattice of normal subgroups of G is isomorphic

to FS(A). |
(4) The group G is characteristically simple.
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A

A. Definitions and notations

For basic concepts we shall use the standard definitions
of group, lattice and set theory. We shall use the notations
€, £ and € for the subset, subgroup and normal subgroup
relations respectively, and © , < and 4 will denote proper
inclusion.

We shall assume the axiom of cheoice throughout this thesis.
We shall, however, in general not assume the continuum
hypothesis or generalized continuvum hypothesis except where
specifically stated.

If G is a group, H a subgroup of G, and S a subset of G
we shall denote by~HS the subgroup of G generated by the
conjugates of elements of H by elements of 35, that is,

H> = <s_1hs héH s &S . VWe note that B is equal

to the intersection of all normal subgroups of G which
contain H. If N is a normal subgroup of G, and n a cardinal
number, we say that N can be generated, qua normal subgroup,
by at most n elements if there exists a subset S of G of
cardinality at most n such that N = {s)Y, Similarly, we say
~that N is, qua normal subgroup, finitely generated if there
is a finite set S such that N = ¢s)C,

If Gy (for i € I) is a family of groups we shall denote
by TTiG&I Gi the cartesian.product of the groups Gi' The
(restricted) direct product Dr. ey G; is the subgroup

of TTie:I G, consisting of those elements (gi)i for

€1



which 8; = 1 for all but finitely many 1i.

If ¢ is a set then Sym(S2) will be the group of all
permutations of S2 (the full symmetric group on &), SF(Q)
will be the subgroup of permutations of S& with finite
support (the restricted symmetric groupv on §¢), and AF(Q)
will be the subgroup of SF(S) consisting of those per-
mutations which are even permutations on their support

(the finitary alternating group on Q).

B. Introduction

In this thesis we shall consider various problems
about the lattice of normal subgroups of an infinite
group, and also about the partially ordered set of sub-

normal subgroups of the group.

The first chapter of the thesis provides an answer
to a problem of A.M. Brumner, R.G. Burns and James VWiegold.
In [2] they considered the question of whether the

3 1 has 2”" non-isomorphic

modular group <x,y | x2 =y
quotients with certain properties. Noting the fact that

a finitely generated group has 2Mo non-isomorphic quotients
if and only if it has ‘2N° normal éubgroups they state
"Problem 1. Let H be a subgroup of finite index in a
finitely generated gréup G. It is not hard to show that

if G has 2R5 normal subgroups then so does H. Is the con-
verse true?" We show that the answer to this question is
no. We put this problem into the general context of an

investigation of the relationship between the number of

normal subgroups of any group G and the number of normal



subgroups of a subgroup H of finite index in G. We note
that our solution to Problem 1 does not provide a solu-
tion to Problem 2 in [2]. There the question is that
with G and H as in froblem 1, is it true that if H has
o%o non-isomorphic residually finite quotients, then so
does G? This problem however seems to be more technical
and less of general group theoretic interest than
Problem 1.

If we take H to be normal of finite index in G then
any statement about the relation between the numbers of
normal subgroups of G and H will be a statement about
the subnormal structure of G, as normal subgroups of H
are 2-step subnormal in G. So a natural generalization
of the question above is to consider the relationship

between the number of subnormal subgroups of a group

anrd the number of its n-step subnormal subgroups.

Whereas the concept of a normal subgroup was one of
the first to be introduced in group theory, subnormal
subgroups as such were not considered before the 1930s
(see [21]). Robert Remak was the first to give them a
special name ("nachinvariante Untergruppen"), and in a
seminar in 1936 he asked, given A,B subnormal subgroups
of a group G, if thei.‘r join < A,B”> was also subnormal.
Helmut Wielandt [20]) proved that the answer was yes if
G satisfied the maximal condition on subnormal subgroups,
and Hans J. Zassenhaus ([26]), page 235, Ex. 23) showed
that the answer was no in general. Problems concerning
the join of subnormal subgroups still receive great

attention [12].



Hence while the normal subgroups of a group form a
complete modular lattice the partially ordered set of
subﬁormal subgroups does not form a lattice in general.
However the interséction of finitely many subnormal
subgroups is, as can be easiiy seen, again subnormal
(although the intersection of infinitely many need not

be, see [16]).

Chapter 5 of this thesis deals with the relationship
between the number of subnormal subgroups of a group and
the number of its n-step subnormal subgroups. In a dis-
cussion of the topics presented in Chapter 1, Avinoam
Mann conjectured that a countable group with at most
countably many 2-step subnormal subgroups would have at
most countably many subnormal subgroups. To construct
groups which are counterexamples to this conjecture we
have to use generalized wreath products over partially
ordered sets. Therefore Chapter 2 deals with partially
ordered sets and Chapter 3 gives the definition of gemne-
ralized wreath products and somé of their properties. In
Chapter 4 we consider the subnormal structure of genera-
lized wreath products and prove that some of their normal

subgroups are again generalized wreath products.

Finally in Chapter 6 we deal with characteristically
simple groups. If M and N are normal subgroups of a
group G with M < N we say that N/M is a chief factor of
G if there does not exist a normal subgroup XK of G with
M < K < N, All chief factors of a group are characteristi-

cally simple groups.



If a group has at most countably many 2-step sub-
normal subgroups then all of its chief factors will be
chaiacteristically simple groups with at most countably
many normal subgroﬁps; Therefore for the study of the
subnormal structure of countable groups (for example,
for the question of whether a countable group with at
most countably many 3-step subnormal subgroups will
have at most countably many subnormal subgroups) it
would be desirable to "know" all countable characteri-
stically simple groups with countably many normal sub-
groups.

It is well known that all finite characteristically
Simple groups are direct powers of finite simple groups.
Also the abelian characteristically simple groups can
be characterized as being the additive groups of fields,
that is, direct powers of either a group of order p for
some prime p or the additive group of rational numbers.
However it seems to be much more difficult (and it might
not even be possible) to describe all countable cha-
racteristically simple groups with countably many normal
subgroups in terms of certain constructions and simple
groups.

We consider this problem and put certain additional
conditions on the characteristicallj simple groups in
question (e.g. the existence of a minimal normal sub-
group). We also construct a type of- characteristically
simple group which has properties that are quite diffe-
rent from those of the formerly known characteristically

simple groups.
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In the study of: properties of infinite groups it is
one of the obvious questions to ask whether or not a
certain property of a group is inherited by all its sub-
groups of finite index, or normal subgroups of finite
index. In the case of chain conditions on the lattice of
normal subgroups, a first result was obtained by John S.

Wilson [227] in 1970.

Theorem 1.1 (John S. Wilson) Let G be a group which

satisfies the maximal (minimal) condition on normal sub-
groups, and let H be a normal subgroup of finite index
in G. Then H satisfies the maximal (minimal) condition

on normal subgroups.

If G is a group and H a subgroup of finite index in
G let X be maximal among the normal subgroups of G that
are contained in H. If {g1,g2, .o ,gn} is a transversal
of H in G then X is the intersection of all conjugates
of H under g1, 89 sees B> and hence is also of finite
index in G. The group G/K acts on the lattice of normal
subgroups of K in the following
way. If gk € G/K and N 4 K then the action of
gk is given by N+—>N&

Furthermore N is fixed under all gk & G/K
if and only if N is normal in G. Therefore we can apply
to this situation the more general results of Joe W. Fisher

[5] on the action of finite groups on modular lattices.



Theorem 1.2 (Joe W. Fisher) Let M be a modular lattice

and let G be a finite subgroup of the automorphism group
of M. If the sﬁblattice of (common) fixed points (under G)
satisfies any of a large class of chain conditions then

M satisfies the same chain condition. Some chain condi-
tions in this class are the following: the ascending
chain condition; the descending chain condition; the
property of having no chains order-isomorphic to the
rational numbers, having no chains of a given infinite

cardinal etc.

The theorem is proved by constructing a finite number
of order-preserving maps f1, f2, ce ey fr from the lattice
M to the sublattice of fixed points under G with the pro-
perty: if x and y are elecments of M with x £ y and
xf, = yf, for all ie{1,2,...,r} then x = y. Now obviously

Theorem 1.1 is a special case of the application of

No)

Theorem 1.2 to the lattice of normal subgroups of the normal

subgroup H which is of finite index in the group G, and
where the finite group and its action on‘the lattice are

given as above.

In the following we shall study the relationship of
the number of normal subgroups of a groﬁp G and the |
number of normal subgroups of a subgroup H of finite
index in G. It is.not difficult to give a lower bound
for the number of normal subgroups of H in terms of the

number of normal subgroups of G.
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Proposition 1.3 Let G be a group and H a subgroup of

finite index in G. Suppose that G and H have n and m

normal subgroups respectively. If n is infinite then

n=n.

Proof: Let K be the maximal normal subgroup of G
contained in H. Then G/K is a finite group. It is
sufficient to prove that the n normal subgroups of G have
n different intersections with K (then they also have
n different‘intersections with H). We can assume that
G/K is simple (otherﬁise we proceed by induction on the
length of a composition series of G/K).

First suppose that n = R, where « is not an infinite

4
limit ordinal, and suppose that the normal subgroups of

G have less than n distinct intersections with K. Then
there are n normal subgroups of G that. have the same
intersection with X, vwhich can without loss of generality
be assumed to be the identity subgroup. Then these n
normal subgroups of G are all isomorphic to the finite
simple group G/K. Let N be one of these and let

{Ni | ieI} with II] = n be the set of the others. Then

G = K X N. Let Hi be the projection of Ni to K, that is

H, = NNitw K. If XN is non-abelian tThen all H; are distinct.
If N is cyclic of order p then to every H, there can only
correspond p different Ni’ 50 in both cases we have

l{Hi | ieI}| = n contradicting the assumption that the

normal subgroups of G have less than n distinct inter-

sections with K.
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Now suppose that n = W where & is an infinite limit
ordinal, and suppose that the normal subgroups of G have
less than n distinct intersections with K. Then for every
P <&t we can find ?Qp normal subgroups of G having the
same intersection with K. As above it follows that for
every P < « the normal subgroups of G have at least Ny
distinct intersections with K, and hence have Fﬁx =n
such intersections contradicting the assumption. This

proves the proposition.

Trivially this lower bound for the number of normal
subgroups of H is the best possible as the case H = G
shows. We shall now show that upper bounds for the
number of normal subgroups of H are very big although

they will be the best possible. Consider the following

construction. Let p be an odd prime. Let A := B := Z o0 ©
p
Then A and B each have only countably many (normal) sub-
groups. ¥For every endomorphism.q of Z oo we define a
p
subgroup S? of pr X pr by S'). 1= {(a,ar)) | a e Zp°°} .

Note that if W # w' then S,,1 £ S‘, . There is a bijection
(see, for example, [6], p.181) between the endomorphisms
of 2 o and the p-adic integers. As the number of p—adic

p
R

integers is 2 9, we have 2?e°(normal) subgroups of A X B,

If we take D := v(B,c | ¢~ 've = ™1 for a11 v & B, e = 1> ,
a generalized dihedral group, then H := A X B, which is

of index 2 in G := A X D, has continuously many normal
subgroups, but G has only countably many. For, let N be

a normal subgroup of G. Then obviously
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(NAA) x (N AB) €N NnH. Let (a,b) be an element of
N N H. Then (a,b)(1’c) = (a,b—1) & N, and hence

-1 e n.

(a2,1) = (a,b)(a,b'1) € N, and also (1,b2) = (a,b)(a,b”
But as p is odd it follows that (a,1) € N and (1,b) € N.
Therefore NN H = (NN A) x (N N B). A.s A and B have only
countably many subgroups, there are only countably many
possibilities for ¥ N H. As every normal subgroup of G/H
is cyclic, every normal subgroup N of G is, qua normal
subgroup, generated by N N H and at most one further
element of N not contained in H. Hence there are only

countably many normal subgroups of G. Therefore we have

now proved

Proposition 1.4 There exists a countable group G

with a subgroup H of index 2 in G such that G has countably

many normal subgroups, but H has continuously many.

Note that if H is normal and of finite index in a

countable group G and has ZNb

normal subgroups then G

has to have at least Wy normal subgroups. For if G had
only a finite number of normal subgroups then by Theo-
rem 1.1 the subgroup H would satisfy the maximal condi-
tion on normal subgroups. Hence every normal subgroup
of H would be generated, qua normal subgroup, by finitely

many elements of H, and therefore there could only exist

countably many of them.

A.M, Brunner, R.G. Burns and James Wiegold asked in
(21 the following question. Let G be a finitely generated

group and H a subgroup of finite index in G, We have



seen in Proposition 1.3 that if G has Z}h’normal sub-
groups then H has 2™ normal subgroups. Is the converse
true? The group G in Proposition 1.4 does not provide
an answer to this duestion ag it is not finitely gene-
rated. However we shall construct a finitely generated

group G in a similar way.

Theorem 1.5 There exists a finitely generated group

G which has a subgroup H of index 2 such that H has 2R°

normal subgroups and G has only N normal subgroups.

Proof: (1) Construction of the group G.

Let p be a prime. For all i € W define

1 pt o) i 0 O
X4 :=’ui = {0 1 0], y; t=v, = |0 1 p"i
0O 0 1 O 0 1
1 0 -1 -1 0 O
z, t=w; i= |0 1 , ¢c := o 1 o0}V,
0O 0 1 O 0 1
1o o
s 1=t := 1 0 .
o o p!

Consider these as elements of GL(3,Q). They satisfy the
following relations: x§+1 =x; 3 ¥y3,, = Vi

[xi ’ yj] = Zi+j ; [xi ’ Zj] = [yi ’ Zj] =1 for all
i,j € N. Let

AO==<Xi,yi,zilie]N>;

BO:=<ui,vi,wilie-]N>;
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Z:=<z;, | i€eN Y and VW := <w, | i€N > .
The element s acts on AO by conjugation and we have

S _ P . 8 = . S _ :
xi = X& 5 Y3 = V549 5 23 T 24 for all i € N. Therefore

the group A generated by AO and s is the semidirect pro-
duct of Ay and <s>, and analogously B = Bo<t> . The
element ¢ acts on AO by conjugation and we have

%€ = x'f“ : y]c.:_ =¥ 3 z:?_ = 211 for all i € W, Furthermore

¢ commutes with s, and therefore the group A1 generated
by.AO, s and ¢ is the semidirect product of AO with the
direct product of <s>» and <c>. We take G to be the
direct product of A1 and B, and H its subgroup generated
by A and B.

(2) Proof'that G has the properties claimed in the
statement of the theorem.

| First note that A1 can be generated by X4 Y99 Ss Cy

and that B can be generated by Wis Vi t. Therefore G is
finitely generated. It should be clear, moreover, that
H has index 2 in G.

The relations given in the construction show that Zs
and w; are centralised by Xy9 Yq0 8 and Uy Yy t respec-
tively (which are the generators of A and B) for all
i &€ IW. Therefore Z X W is contained in the centre of H.
The quotient of Z X W by its subgroup <z1> x <w1> is
isomorphic to Zpéox'zpu>° From the proof of Proposition 1.4
we know that 2 x Z has Z?Q)subgroups. Hence Z X W

p™® p®

also has 2)h>subgroups, and as these all lie in the centre



—
\n

of H, we have 2No normal subgroups of H.

Now it remains to prove that G has no more than W nor-
mal subgroups. Let N be a normal subgroup of G. Then
obviously (N N 2Z) x (NNW) 28N (2xW. Let (z,w) be
an element of N N (Z x W). Then (z,w)(c’1) = (2-1,W) e N,
and hence (1,w2) = (z,w)(z-1,w) & N, and also
(22,1) = (z,w)(z""',w)_1 € N. Therefore
(NN (Z X W))Z < (N r\Z) x (NAW). As Z and W are locally
cyclic, we have IZ:ZZ! < 2 and |W:W2l < 2. Hence
1(zx W:(z x W21 £4 and IN A (2% ¥):(N A (2 x¥)°I £ 4,
Therefore we get IN N (Z X W) : (Nn2Z)x (NnW)lE4.
So NN (Z %X W) can be generated by its intersections
with Z and W and at most two further elements of 2 X W,
As 7Z and W héve only countably many subgroups and are
themselves countable, there are only countably many
péssibilities for N n (Z X W). As (AO X BO)/(Z X W) and
G/(AO X BO) are both abelian, G/(Z X W) is a finitely
generated metabelian group. By a theorem of P. Hall
(Theorem 3 in [71), it therefore satisfies the maximal
condition on normal subgroups, and so every normal sub-
group of G/(Z X W) is, qua normal subgroup, finitely
generated. Hence a normal subgroup N of G is, qua normal
subgroup, generated by N N (Z X W) and a finite number
of elements of N not contained in Z X W, As there are
only countably maeny possibilities for N A (Z x W) and
only countably many finite subsets of G, there is only

a countable number of normal subgroups of G.
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We have now seen that for a countable (or even finitely
generated) group G with countably many normal subgroups
there is no upper bound (smaller than the obvious one)
on the number of n§rmal subgroups of a subgroup H of
fihite index in G. But in the case where G has only
finitely many normal subgroups orbwhere G is of higher

cardinality, we can do better.

Proposition 1.6 ILet H be a subgroup of finite index

in a group G of infinite cardinality k. Suppose that‘

G énd H have n and m normal subgroups respectively.

If n is finite then m £ k. If n is infinite then, assuming
the generalized continuum hypothesis, if n < k¥ it follows

that m = k.

Proof: If n is finite then by Theorem 1.1 the group
H can have no infinite ascending chain, and hence every
normal subgroup of H is, qua normal subgroup, finitely
generated. Therefore m £ |HI = |Gl = k.

If n is infinite then by Theorem 1.2 the group H can
have no chain of more than n normal subgroups% Hence
every normal subgroup of H can be generated, qua normal
subgroup, by at most n elements. Therefore m £ gg,-and
| EQ < k, assuming the generalized continuum hypothesis

(see, for .example, [11], IX, §6).

Again this bound is the best possible:

AWwe con ossume Haat H (s novrmal v G (oFenvise rcr\‘*u H Lb
a wovwaal Sw\%roup K of fnik mdex ™ G witlh K <€H , omd  noke
Fuot 30\‘\«3 wp fromn K b H M\A“"\P\i<‘ Fhe vamloer ol norme) Sv\‘aearonps

\_v,\a a tardiviel lesg or (1»«».\ to t(_)



Proposition 1.7 Let k be an infinite cardinal. Then

there exists a group G of cardinality k that has only
twelve normal subgroups, but which contains a subgroup

H of index 2 having k normal subgroups.

Proof: Let XK be a field of characteristic p # 2 and

of cardinality k. The special linear group S := SIL(2,K)

2

acts naturally on K, Let T be a cyclic group of order 2,

and let X, := X, := K°. Let U := S X T act on X, and X, ,

where S acts naturally and T acts on XO trivially and

on X1 by multiplication with -1. Let X be the direct sum
of XO and X1. WVe take G to be the semidirect product of
X with U, and H the subgroup generated by X and S. Now
H is of index 2 in G and has k normal subgroups, as for
every q € K the subgroup Nq = {(x,qx) | x & XO} of X

is normal in H. It remains to prove that G has only

‘twelve normal subgroups. For this we shall use

Lemma 1.8 Let K be a field, S := SL(2,K) acting

naturally on Y := 2. Then Y is a simple S-module.

Proof: ILet Z £10)be an S-submodule of Y. Let
0 £ x = (x1,x2) € z. If x, # O then

x;1 ~X5 s,
s1 = € S, and x = (1,0) e 2.
0] x1

17

0 ~X Sy
If X, £ 0 then s, = -1 €S, and x “ = (1,0)€ 2.

y 0
For all y # O we have t, = ( __1) € S and
0



t, = i € S, and hence (y,0) = (1,0) " € Z

t
and (0,y) = (1,0) ? € 7. Therefore Z =Y and Y is simple.

We now finish the proof of Proposition 1.7.

-1 0
Let 2z = ( ), then Z = <2z > is the centre of 5.
0 -1

Let D := <(z,t)” £ U. We identify S and T with their
corresponding subgroups of U. We want to show that the
normal subgroups of G are precisely {1}, Xor X4 XD, X,
X1T, XD, XZ, XT, XZT, H = XS and G, and that the lattice
is given in figure 1.1. It is easy to see that these
subgroups are, in fact, normal. So we have to show that
these are aliw:ormal subgroups of G.

Let {1} # N 4 G. Suppose N n X, £{0tor N N X, £ O,
Then by Lemma 1.8 we have XO < N or X1 £ N respectively.

Suppose that (xo,x1) € N where X £ 0 £ x4« Then

(xo,—x1) = (xo,x1)(1’t) e N , hence (QXO,O) e N and
(O,2x1) € N. As char K # 2, these elements are non-zero.

Hence XO < N and X, £ N. Therefore X £ N,

1
Suppose (z,1) € N. Then (z,1)((1’0)'(1’0))
= ((-2,0),(-2,0))(z,1) € N. Hence ((-2,0),(-2,0)) e ¥ ,
and X £ N.
Suppose (xo,x1)(s,1)'e N where 1 # s € S.
Then there exists x = (§0,§1) such that x(z,1) € N (As
N 2 H we have X¥/X 4 H/X € S). We have



(E(z,1))(z’1)§(z,1) = (-2%0;221) e N. If EO £ 0 # 21
it follows that X £ N. If EO £ 0 or 51 £ 0 it follows

that X, € N or X, € N, hence

0] 1
X € N. |
As H/X has only XZ/X as non-trivial normal subgroup,
it follows that all normal subgroups of G contained in H
are {1}, X

X X, XZ, H.

O, 1’
Now suppose (1,t) € N. Then
(1,£)(0:(1,0)) = (0,(-2,0))(1,t) & N, and hence X,T < N.

Suppose (0,x,)(1,t) € N, where O # x, € X,. Then

(0,%,)(1,4)((0,%,)(1,8)){%") = (0,2x,) & N. Hence

X, £ N and X,T € N,

1 1
Suppose (xo,x1)(1,t) € N where x, # 0. Then
((xo,x1)(1,t))2 = (2x,,0) € N. Hence X, £ N ,
(0,x,)(1,t) € N, X, £ N, and XT € N.
Suppose (z,t) &€ N. Then (z,t)((1’o)’o)
= ((-2,0),0)(z,t) € N, and X, € N. Therefore X D < N.

suppose (x,,%x,)(s,t) € N, where s & S - Z. Then

-1
((x0,%,)(5,8))% = (xg#x5 ,x,-x] )(s%,1) € N where

5° £ 1. Hence X < N.
. Suppose (xo,x1)(z,t) € N. Then ((xo,x1)(z,t))2

= (0,2x,) € N, and (xo,x1)(z,t)((xo,x1)(Z,t))(z.1)

= (2x,,0) € N. It follows that (z,t) € N, hence X N.

<
0
Therefore X, £ 0 implies X £ N,
Therefore the rest of the normal subgroups of G
are XOD, X1T, XD, XT, XZT, G, which concludes the proof

of Proposition 1.7.

19



Figure 1.1
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This leaves open the question whether or not there
exists a group of cardinality k that has only k normal
subgroups, but in which there is a subgroup of finite
index having ZE normal subgroups. We have been unable

to generalize the method used in the construction of

the group G in Theorem 1.5 for k = ?Qato give examples

of higher cardinality.

The main results of this chapter have been published

in a joint paper by Peter M. Neumsnn and the author [11.
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Let N\ be a partially ordered set. An automorphism
a of N is a bijection a: A —> A which preserves the
order on A. Let I be a subset of A. We call Z a semi-
jdeal of A if for s € £ and A€ A with A\ £ 6 it follows
that A &€ Z. The semi-ideals of a partially ordered set
form a complete distributive lattice, the lattice
operations being set-theoretic union and intersection.
We can give the following test for the gquestion whether
there exists a non-trivial semi-ideal Z. which is in-

variant under all elements of a group A of automorphisms

of A.

© Theorem 2.1 Let A be a partially ordered set, and

let A be a group of automorphisms of A. Then the

following are equivalent:

(i) For A, e A there exists a € A such that m £ Xa.

(2) For every semi-ideal Z of AN with @ # Z £ A there
exists 2 € A with Za #2.

Proof: Assume (1). Let £ be a semi-ideal of A with
@ £5 #N. Choose A € £ and m € A - Z, Then there exists
an automofphism a € A such that m < Aa. But then we have
\a € A-Z, and £a # £. Hence we have (2).

Assume (2). Let A,f\e-A. We define a semi-ideal & of
Aby £= {veA |y 22X}, Then for every b € A we have

that 2b is a semi-ideal of A. As the lattice of semi-ideals



is complete, the set & = LJbE;A'Zb is a semi-ideal
- of A. Furthermore $ is invariant under every element
of A. As 2 is not empty, we therefore have & = A. Hence
there exists a € A'such that m € Za. So there exists

v € & such that m = va. But v £ X, hence mp = Va £ Aa.
Therefore (1) holds.

For a partially ordered set A let the lattice of
semi-ideals be denoted by FP(A), and let S(A) = [FA)I.
A totally ordered subset of A is called a chain in A.
Let L(A) := sup {S(@é) | & is a chain in A}, and let
D(A) be the minimal cardinal number such that every
subset of A of cardinality D(A) contains elements a,b

such that a €< b, We then have

Proposition 2.2 S(A) > max(IAT,D(A),L(A)).

Proof: (i) For every X &€ A we define a semi-ideal
I, of A by Z, :={meA ] =]}, Note that X, # ¥,
implies %, # 2y . Hence S(A) N [AL,

1 2

(ii) First suppose that D(A) is finite. Then there
exists a subset I' of A which consists of pairwise in-

comparable elements such that I | = D(A) - 1 (if D(A)

!

then A = @ and S(A) = 1 > D(A)). For every subset r,

of [ we define a semi-ideal Zp of A by
1

ip1 = {f‘e'A | there exists A € P1 such that m < A},

1f r,,M, are different subsets of [ then Zr.1 £ Zr‘z .

Hence S(A) > 2D(A)"1 > D(A).



Now suppose that D(A) = R . Then there exists

o< +1
a subset ' of pairwise incomparable elements of A such

i

that IT1 = R, As above, every subset f'1 of I gives
rise to a distinct semi-ideal 2r

of A. Hence

ry '
> R >

S(A) 2 N

1
= D(A) .

+1
Finally suppose that D(A) = R, where x is a limit
ordinal. Then for every P <« there exists a set [ of

pairwise incomparable elements of A such that IP[ = Rg.

Then, as above, we get S(A) = 27vlé > Rg. Hence S(A) 2 N,
(iii) Let ® be a totally ordered subset of A. For

every semi-ideal Z of € we define a semi-ideal Z' of

Aby £ = {Ae A lthere exists s e Z such that A £ G},

Again, if Z1 and 22 are semi-ideals of ® and 21 £ 22 ,

then Z; £ Eé . Hence S(A) > S(®&), and S(A) 2 L(A).

In a special case we can prove that equality holds:

Proposition 2.3 Let A be an infinite partially

ordered set with D(A) finite. Then S(A) = L(A).

Proof: We know that S(A) » L(A) from Proposition 2.2.
If D(N) = k¥ then by Dilworth's Theorem [3] there exist
disjoint chains A, , ... , Ak-1 in A such that
A = A, u...U Ak-1 . Then a map
p: FIN)—> F(A)x ... XxF(A,_,) is given by
£—>(LAN, , ... ,2A A ). As I is the disjoint
union of ZAA, , ..., ZAA,_4 » the map ¢ is injective.
Hence S(A) |3f(/\1)" ..."’f(/\k_1)l < L(A)5Y = L(A).
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Note that if A is infinite and D(A) finite then
L(A) = |A], because one of the chains A, in Dilworth's

Theorem must be of cardinality |IAl, and hence

L{(A) > s(Ai) > lAil = INI.

If D*(A) denotes the minimal eardinal such that A is
a (disjoint) union of D*(A) chains then the proof of
Proposition 2.3 shows that L(A)D*(A) is an upper bound
for S(A). However this bound is usually not very good.
Also we obviously have n £ ﬁ*(h) where n is the pre-
decessor cardinal of D(A) or D(A) < D*(A; where D(A)
is a limit cardinal, but equality does not hold in
general. E.S. Wolk gives an example of a partially
ordered set A of any infinite cardinality k such that
D(A) = ®, but D¥(A) = kx ([25], Thm. 2). Also note that
there is another relationship between A, D(A) and
L(A). Suppose that IAl is infinite. If D(A) £ IAl then
L(A) & R,. If D(A) £ R, then L(A) > IAl, This follows
trivially from Theorems 5.24 and 5.25 in [4).

We can also give a characterisation of those countable
totally ordered sets that have uncountably many semi-

jdeals. To do this we first show

Lemma 2.4 Let N be a countable chain with at

least W, semi-ideals. Then there exists y & A such
that both {Ae Al X<Y¥} and {Ae A | Ayy} have at

least Nq semi-ideals.



Proof: Let A be a countable chain with (at least)

R, semi-ideals. For y e A we define L(y) = 1A€Al X< ¥}
and U(y) = {xe Al x>y} We first show that there
exist Y3 and ¥ such that L{y;) and U(yy) have R, semi-
ideals.

Let ¥y £ ¥y € ... be a subchain of A which is co-
final with A. For every semi-ideal Z # A of A there
exist n € N such that £ is a semi-ideal of L{y, ). So
if L(y;) has only countably many semi-ideals for all
i e N then A has only countably many semi-ideals. There-
fore there exisbs y; such that L(yy) has at least R, semi-
ideals.

Let ¥o * ¥y = ... Dbe a subchain of A which is co-
initial with A. Then for every semi-ideal Z # @ of A there
exists n € N such that £ is the union of {Xe€ A | A = y }
and 2 semi-ideal of U(y ). So if U(¥,) hes only countably
many semi~ideals for all i € N then A has only countably
many semi-ideals. Therefore there exists ¥y such that
U({L) has at least W, semi-ideals.

We note that I\L = {1y eAlU(y) has at least R semi-
ideals} is a semi-ideal of A and AU = 4yeAN|lL(y) has
at least R, semi-ideals} is a dual semi-ideal of A.

As for every y € N every semi-ideal of N is either a
semi-ideal of L(y) or it is Ly(y) = {N€AIX £y} or
it is the union of LQ(K') and a semi-ideal of U(y) wve
must have A = A U Ay . All ve now have to prove is

that I\Lﬂ I\U is not empty.

26
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Suppose Ap N Ay = @ . First note that in this case
A, = {yeAlL(y) has at most R, semi-ideals § and
Ay = L¥ € A1 TU(y) has at most R, semi-ideals }.
Let % = *, < ... -be a subchain of AL cofinal with.AL ,
and let f5 = p, = ... Dbe a subchain of Ay coinitial
with A; . Now let % be a semi-ideal of A. Then one of the
following holds for Z. Either there exists n € IV such
that Z is a semi-ideal of LGxn), or Z = AL , or there
exists m € I such that £ is the union of {xeAl X = le
and a semi~ideal of U(pm). But then there are only
countably many possibilities for Z which gives a contra~

diction. Hence ALfW AU.# ¢, and this set contains the

required element.

Now we note that a countable chain A is order-isomorphic
to the rational numbers if and only if it is dense in
itself, that is, for X1,X2 e N with h1 < X2 there exists
M € N such that >\1 LML )\2 . We then have

Theorem 2.5 Let N be a countable chain. Then the

following are equivalent:

(1) The chain A has at least 324 semi~ideals.

| »
(1i) The chain A has 2 ° semi-ideals.
(iii) The chain N contains a subchain isomorphic to the

rational numbers.
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Proof: The implication (iii) = (ii) = (i) is
obvious, so we only have to prove (i) = (iii).
Let A be a countable chain with at least W, semi-ideals,
and set A, := AN. By Lemma 2.4 there exists ¥0,0 such that
both A1,0 = {neA|lN< To,o3 and /\1’1 = {AEA X > XO,OE

have at least 7%4 semi~ideals. Continue this process to

. n-1
construct Kn,ie Arhi.fOr iedio, ... ,2 -1} and

n€ W such that A s =R, 53 VA4 554 Y {X’n,ik

and both A and N

n+1,21i have at least “Q,Seml-

n+1,2i+1

ideals. et M={y .l i€e%0, ..., o2~ 4}, new}.
b4

Then it is clear that M is dense in itself, and hence

is order-isomorphic to the rational numbers.



In this chapter we shall define generalized wreath
products and exhibit some of their properties. Gene-
ralized wreath products over totally ordered sets were
introduced by P. Hall [87, but the definition easily
generalizes to partially ordered sets, in the way
described by Howard L. Silcock [19]. We shall give

the definition for partially ordered sets.

Let A be a partially ordered set. Let Hy, # {1} be
a transitive permutation group on a set SZA for X e A,
For each X we choose an element 0, of S'ZA. For any sub-

set I of A we define Dr Q. to be the set of functions

Ael A

from [ into {J S?.> such that the image of A lies

Aer
in S'Z)\ for all A, and such that it is equal to O>\ for

all but finitely many A. Let Q = Dr 9').‘ We denote

AEA
elements of R by w = (w)\)AGA where w, is the image

of N\ under w, and let 0 := (OA)KGA . For any X € A we

define an equivalence relation E, by «w = w' (mod Ey)

if and only if Wy, = w/: for all m > A. We define a

map ¢, from Hy to the symmetric group on Q as follows.

LetheH and wel, If w = O(modE)then

(w(hy,))y = w,h and (w(hy,) )/._ = W, for all m# A,

If w# O (mod E,) then w(hy,) = w. It is easy to see

that ,: Hy—> Sym(Q) is a monomorphism. Let the image

of H)\ under L3N be denoted by J)\‘ We define the wreath



product W to be the subgroup of Sym(St) generated by
the J, (A e A):

Using the transitivity of H,, it is easy to see
that a different choice Of for the distinguished element
of R, leads to a wreath product Ww¥ which is permuta-
tionally isomorphic to W. If the Hy are all (permuta-
tionally) isomorphic to a given transitive permutation
group H we call W the Ath wreath power of H and write
W = wrMI. We remark that W is transitive on . Purther-
more, if A = {1,2} with 1 £ 2 then the wreath product
W is just the ordinary (restricted) wreath product,

and it will also be denoted by W = H1 wr H2.

For a subset I' of A we write Jn := <J}\! Aelr >,
Note that Jp = wryep Hy ([19], Lemme 1). If Ip is
regarded as a permutation group on its orbit containing
O then this is a permutational isomorphism. In parti-
cular, if I = 'D\,/A} then Jp = HA wr H, if A< p and

/\

Jp = H, X %ﬂ-if A and M are incomparable.

If M€ A vwrite w = w' (mod M) if w, = w; for all
X\ ¢ . We denote by Do the subgroup of W consisting
of those elements of W that leave each equivalence
class mod I invariant; Also let Dy := Dyy. If Z is
a semi-ideal of A then we have ([19], Lemma 2) that
Dy is the normal closure of qi in W, and DA-Z = {A—Z
is a complement to Dz in W. We shall now give some

further properties of the generalized wreath product.
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Lemma 3,1 For )\,/xel\ we have DAD/A = D/ADA .

Proof: If X € mlet P = {yeAly = A}. We then
have D, 2 Jp as ix} is a semi-ideal of ", and we also
have Qﬁ € Jdp. I A and‘ﬁ are incomparable let
P={yxeAlyY 22X or *gép}. Then D, and D/A,both are
normal in Jp, as 1A} and %ﬁl are both semi-ideals

of I".

The following lemma is a generalization of Lemma 2

in [81.

Lemma 3.2 Let Z be a semi-idezal of A.

(a) Let g € Dg. Then there exist n > 0 and k1 y eee s A EZ

withki¢kjf0ri<jand1;égx e D, for1<£i<n
| i i

such that g = (Note that g = 1 if and conly

Ey c008
A1 An

¢ D with

(b) Le't g1 = gx ooogxn ’ 82 = gﬂ1ootgﬂk z

1
)‘i;\é)‘jand/uiiépj fori<j,and1,~ég>‘ie Dy s

i
1 #¢g, €D for 1 £i<nand 1< j<k withn,k >0,
My
Then g, = g, if and only if {g vee = {p e
1 > At gxn} gm yosey gﬁk}

(then, in particular, we have k¥ = n).

Proof: (a) follows immediately from Lemma 3,1.

(b) We first assume that g, = &,. We proceed by
induction on k+n. The statement is clearly true for
k =0orn=20. So let us assume that k,n > 0, Ve

choose a minimal element of {/\1 y eee o )‘n s g 9 een ,/Akl,
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say A, (for My the proof is similar). Let 2' =1{6€Zle £ A, }.

Then Dy = D;,Dg_g, with Dg, @ Dy and Dy, N = {11,

pR z DZ-Z'
As ki is minimal, it is incomparable with k1”°”ki—1 ’

and Wwe have £, ..o, = 8. &« ««o& By - eee8
MTUUTTAn TALTM T TR A A

If Xi ¢ {’A.l s eee flki then g/“1 ovo og}Ak c Dz_zt in

contradiction to 8, €& D . S0 there exists j such
i

zi

that )‘i = Py As )\i =My is minimal in {;&1 y see /Ak}’

we have, as above, g€, .¢.& = g, ecef g ceel
’ ’ /‘1 f‘k /“jf‘1 I““j_1lkj+1 }‘k’

and gki = %”j by the decomposition Di = DZ'DZ—Z' o« The
rest follows using the induction hypothesis.

Conversely, let 1 # g)‘ie D?\-’ 1 # gf"j € D/A. for

| 1 J
i j 1,0.0,]3.} and : e e = e e .
i,je {gk1 ’ » g'\I} {g/,‘1 ’ ’ /.,.n'S

We have to show that g, = 8,. We prove this by induction
on n. It is clear for n = 0,1, So let n > 1. Let j be

such that %Mj = gA1. As l1 = py is minimal in {)1,...,Rn§
= {}A1 2000 9}*n} it follows that

P24 . We apply the

s o0 = & g ceo e £ ceo o
/‘*1 ﬂn /‘"j /‘1 /'*j_1 ‘uj+1 /‘n
induction hypothesis to 8y c8 and

2" TN

Ein coeL £ ce ol to show that they are equal.
P P Py M |

Hence g, = &, .

If I' is a subset of A let Qp:= Dryep Sty » and let
T, be the projection from R = R, onto QP' Suppose that
€ is a partially ordered set ang U\‘f lye B} is a



partition of A with the property that ¥y < 5 if and

. It is

only if )\1 < A ¢,

for all k1 € A and )\2 e A

. . : o~
not difficult to see that Wr}\e/\HK = Wr\Pe@(WI';\eA\PHA)-
This is a straightforward generalization of the asso-

ciative law given in [8]. We now can prove

Lemma %.3 Let Z be a semi-ideal in A, and let

M= ixe A - X% | there exists 6 € £ such that XA > G},
In
Then DZ = Jg . In particular, as {x} is a semi-ideal

| Ju(n)
in {meA | p >N}, we have Dy = Jy, where

U(X) = {pmenl p>XY, Furthermore Dy =D Jk(w)

r
TWERyn)

with J,(w) = J$ for Og = w(mod L,).

Procf: It is clear that JZ. is normal in DZ , and

DD J D J
hence we have DZ = Jéw = Jis‘ A-r-z°C = JI_A"P"'i " .

Z

Also = Ji. as elements of Di. y and in

particular of JZ , commute with elements of DI\-("—Z'

The isomorphism D, = D Jk(w) follows from

r
wESLy(a)
the fact that Jtu v U(A) = Jy WI JU()\) y» and the fact

that the base group of the ordinary wreath product is

just the restricted direct product given above.

Now let all the groups Hy (X € A) be permutationally
isomorphic to a group H (that is, Q, = S?./‘ for )\,/A e A
and the action of H, and H/w is the same). If A is a



group of automorphisms of A, we can regard A as a

subgroup of Sym(RR) if we set (ma)>~ =w _, for
A2

we R, Ne A, a e A, Tt is easy to see that
a-1qka = qka for all A e A, a € A. Hence A normalizes
W, and the subgroup of Sym(l) generated by W and A is

the semidirect product.

Finally we quote two results of Hall and Silcock
on generalized wreath products. The first is Theorem D

of [8], the second comprises Theorem 3 and Lemma 5

oi‘.[19].

Theorem 3.4 (P. Hzll) Let A be a non-empiy totally

ordered set, H # {1} a transitive permutation group,
and A a group of automorphisms of N such that for
any A,p € A there exists a € A such that X = pa. Let
W = wrﬁ‘H, and let G = WA be the semidirect product.
Then the commutator subgroup W' of W is a minimal
normal subgroup of G (in particular, it is characte-

ristically simple).

Pheorem 3.5 (Howard L. Silcock) Let A be a2 non-

empty partially ordered set, and let Hy # {1} be a
transitive permutation group for A € A. Let

W = wr}\et‘\ HA . Then the map i.r-———aDz from the lattice
of semi-ideals of A to the lattice of normal subgroups
of W is a lattice monomorphism. If all HA are non-

abelian simple groups, this map is a lattice isomorphism.
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If W= wr, ¢ a Hy is a generalized wreath product

(vhere A is a partially ordered set), then by Theorem 3.5

the subgroups of the form Dz.where Z is a semi-ideal
of N form a sublattice of the lattice of normal sub-
groups of W. Moreover if all Hx’are non-abelian simple,
then this-is the whole normal subgroup lattice. There-
fofe the subnormal structure of W is essentially deter-
mined by the structure of the groups Dy . Ve shall show
that these groups are themselves generaliZed wreath
products (over a different partially ordered set). In

order to do this we need the following

Lemma 4.1 Let W = WI‘XE;AHA , and for X e A let

UMX) = {veA |l v>x}. Tet A< p, g eJ}‘(w), h e J/,L(w')

where we'QU(A) , w'e QU(f\) . Let hO e H,., such that

k .
h = (h

w . \
0“’/*) with Okw, =W (and LI € JU(r)). If

there exists v € U(}A) such that w, £ w;’ then

h .

g =ge6e ;hﬁo). If w, = w! for all v E'Ugu) then
h ) - = - . — _

g e J)\(w,) where w, = W, for Vv # M and W, = w,"hO.

k
7y
Furthermore if g = (gO@A) ~ with Ok, = w then

k_
©w . -
e = (gypy) © with Okg = @ .
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Proof: The element h operates on ‘QU()J in the

following way:
(wh)v = w, for vy £ M and

_ w)“hO if W, = w{, for all v >/~&
(wh%
w» otherwise.

From this the lemma easily follows.
We can now state the result on the structure of Di .

Theorem 4:2 Let A be a non-empty partially ordered

set, Hy & transitive permutation group on R, for A& A.
Let Z. be a semi~ideal in A. Let W = WLy e A B and

let Dz be the subgroup of W consisting of those elements
that leave each equivalence class modulo Z invariant.
For 6 € £ let F(8) = {Ae AIAY G and A ¢ ZT1, and

let £ = {(6,w)IceE, we Dr Q'A}‘ We define

AEeF(G)
a partial order on £ by (\3‘1 ,oo1) < (sz,caz) if and only

if G, < G, and (c.o1 ))\ = (wz)k for all A & F(s-z). Let

) = He and 'Q'(G, = 9‘6 for all w & Dr

He,w w) reF(s) 2

and G € 2. Then DZ, = WT(G,W) c § h(@,m) .

Proof: Let V := wr(s,w) e 5 H(G W) Our goal is

to define an isomorphism p V————-—>D£ .

We first note that D6 &~ Drw

2D J ! <
Also D(G , ) Tw' e QU(G,w) (& ,w) (w*) V.

. =~ ° = e <
Ve define Dg <D(G,w)lQ Qpg)> = V-



By definition of the partial order on £ we have that

(S ,Q1) and (6 ,w,) are incomparable for W, # w, . There-

fore D_ = Dr ~, D

Dr Dr _, J (w') .
w E:Q.F(G) w' e Q'U(G (5 ,(.0)

)
We note that there is a bijection UG ,w) —>U(6)N &
given by (v,g)+——>v . For, if (v,§) > (c,w) then ve Z
and § € Q'F(v) such that E’U’ = w&' for all ¥ € F(v), and
hence § is then uniquely determined by 6, w, 4. This

gives rise to a natural bijection QU(G' —>

’03) Ue)n %

! ! ' = . that
vhere w ——> w and (w*)v wzv,g) We also note tha

given wegF(G) and W, & ‘QU(G )ynz Ve get an element
(eop ,0) € Qy(g) in the obvious way.

Now let np: J(s’w)(w')——%J‘S(w"&,w) in the natural
wvay (i.e. if g & H(G,w) = Hg and k,k' such that Ok' = w'
and Ok = (w;,w) then ((g‘f(s,w))k')'f': (gcf)s)k). We can

linearly extend this mapping to the direct products to
give an isomorphism np: "ﬁG, —>D; .

By Lemma 3.2, we know that every element of DZ can

be expressed as a product NSRRRT- N vhere 1 # &, (3 DA
1 n i i

and A, ¥ \; for i < j and that the set {g, , ... , g, }
1 J A«‘ An

is unique for every element of Ds . We also can write

every element of V.in the form 5()\'1 ’w1).“g-(Xk"-‘.’k)
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if i < j. It is easy to see that every element of V

can be written as gA1...gxm where 1 #'g}. € SAi and

Xi ¥ Xj for i < js with the same uniqueness condition
as inDz_.

Let g = gA Y - be an element of V with
i Am

A

1#g, € D, and X\, # X, if i < j. We define
Ay i 1 J

gy 1= (gM«;f)...(g)\m«;,). To show that ~y is well-defined

and a bijection from V to DZ we have to show that the
definition is independent of the expression gA1"'5A .
But this is obvious from Lemma 3.2(b).

What is left to prove now is that & is a homomorphism,

i.e. given any g,h € V that (gh)y = (ga)(ha). We write

E = 8y ooef and h =nh, ...h with 1 £ g. € D
M T Ap TN
and 1 # h, €D .Letn(i)zmintnl,u < XN.Y . Then
Py B

g ® & o h * ¢ o
M P M hf‘m

hy «..h

Moo P
= B, ...hy & 1 n“)h W
M n(1) M Ma(1)+1 Ma(2)

h ...h
‘gA #1 }t (?)h]* cocee and we have
2 n(2)+1

h OOQh

1 I 1 "n(1)
g ‘Y — 3 ‘* e & @ hﬁ g
() ( FH ) ( fh(1) )( A1

Ve also get in the same way that

(gy) (hey) = (tg}\f\;f)...(g)t ap) (h Ar). o« (B o)

’Y)(h» (1)+1 ceese o

(h,4)...(h

M (1)
(h Ay)...( Mo )Ay)(g,\“nf)



' }
So it will be sufficient to show that (gh)qu = (gw)(‘w)

for ge D h=h, ...h, € D, «o0D wi‘ch,«i?é/“j

r 7 M #n M4 #n
if 1 ¢ j and)x%rﬁ .
‘Now for g e D, we can write g = g4+ -8, Where

. Tj . . j . —- YEEEK . ¢
gJ € (A,wj) And for g'_J we can write gJ g31 gJQ(J)

. ] T~ .
where €451 € J(A,wj)(wji_)' As Dy is the direct product
' s s .
of the J()\,wj)(wji) and similarly D, the direct product

: . :
of the J)\(wjix’wj)’ we can without less of generall’cy

assume that g e J()\ ) (') for some w,w .,
, .

Furthermore, as h=h ...h €& D ...D we can
’ R R

assume that h € 'ﬁ/& for some m > X (otherwise we can
proceed by induction on n). Finally, decomposing 'ﬁ/u,
in the same way as above ﬁA , We can also assume that

L

he J(r’a-))(c:;’) for some w, W'.
So we have A<m, g & J(I\,w)(w'), h e J(}k’-;o)(w')
where &.QF(A) , W€ Q’F(f&) . Now there are two Cases.

(1) (A ,w) £ (4,w) . Then there exists v & F(pm)
such that &, # w,. It is clear that g" = g and
(gy)(h"") = g , hence (gh)f\v = (gar)(h'*’).

(11)  (A,W) < (M,®) . Let gy € Hy , hye Hy, such

that g = (‘golfk)k and h = (hotf}‘)k wlilere Ok = w' and
Ok = &'. If there exists (v,4) & U(m,w) such that
W' £ w' then gh = & by lLemma 4.1. If

(v,q) v o)
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—

6! = !
(von)  (vow)

gh (3 J()\ ,00) (S) where S = W' for (Vvvl) # (/“9{:3)

(Vy"z) (Vy‘?)

for all (v,y) & U(pM,w) then

and % =

h
—. =w' _ h, . Then g'o € J, (5. ,w) such
(p4,0) (1) O Y AS*

that ghrxp = (gotf}\)f where Of = (Bx’w)‘ |

As (\,w) < (/A,ZS) we have W, = to for all v & F(/JL).

If there exists (v,y) € U(m,w) such that @' £ W'
(V yVl) (Vy"’l)
we have ('wé)%, # (t:;;)v for this element v & U(/«)n <.

Hence (gff)(hw = gni) by Lemma 4.1, and we have
(gh)/\;' = gnp = (gq/)(hﬁf)) in this case.

Now suppose w' = ¢ for all (v,m) € U(m,w).
(\’9“2) w(")ﬂz) ° vz /M ”

1 — [0 .
Then (co*)v = (oo* )v for all v & U(/") NnZ ., Ve then have
(w’;,oo)v = (&:;f ,Z))v for all v € (U(M)nZ) v F(y) = U(w).

By Lemma 4.1 we therefore get (g'*,)(hq») (3 J)\(g) where

(hy) _

(g) = (gonp)\)f'

with Of' = § , and where

gv = (w;:,w)v »for v ;é/« and gﬁ‘: (w;t:)}&ho = 0" hy .

| (psw)
It is obvious that § = (5*,w) , and hence
(gh)t\f = (gnf)(h"‘b) in this case too. This completes the

proof of the theorem.

Note: If A is a totally ordered set then for any
G e 2 we have Fls) = A - 2 and (6‘1,031) < (62’w2) if

and only if 61 < G, and w, = WZ . We therefore get



=}
IR

by D
¥ Yra

Ve we Z le,w)

wr H
WeDr, ¢ gz Gez (6,

isomorphic to a direct power of copies of

G:I\—"ZSZ)\

as would be expected.

and this is

JZ indexed

41
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Chapter 5
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If G is a group and H is a subgroup of G, and if n
is a natural number, we say that H is n-step subnormal
H

of G

in G if there exist subgroups H H

1, 2, o e 0 ’ n_1

such that Hi is a normal subgroup of Hi+1 for

ie 10,1,...,n-1} where H, := H and Hn = G. We call

0
H subnormal in G if there exists a number n such that
H is n-step subnormal in G. If n is the least natural
number such that H is n-step subnormal in G we shall

call it the subnormal defect of H in G.

In this chapter we shall investigate the relation
between the number of subnormal subgroups of a group
G and the number of its k-step subnormal subgroups
for a given k. It is well known that the minimal con-
dition on subnormal subgroups is equivalent to the
minimal condition on 2-step subnormal subgroups (see,
for example, [17], Theorem 5.49;1). It was conjectured
by Avinoam Mann that a countable group with countably
many 2-step subnormal subgroups would have only countably
many subnormal subgroups altogether. We shall give a

~ counterexample to this conjecture.

We first show that the number of normal subgroups
(i.e. the 1-step subnormal subgroups) of a group does

not bound the number of subnormal subgroups. Note that



Theorem 1.5 gives an example of a finitely generated
group with countably many normal subgroups but con-

tinuously many twofstep subnormal subgroups. But

if we do not restrict ourselves to take normal sub-

groups of normal subgroups of finite index as 2-step

subnormal subgroups we get an even more striking

example.

Proposition 5.1 Let n be an infinite cardinal

number. Then there exists a group & of cardinality n
such that G has 3 normal subgroups but ol two-step

subnormal subgroups.

Proof: ILet H be a simple transitive permutation

group of cardinality n on a set St of cardinality n.

n

Let G = Hy wr H, with Hy = H Hy . By Theorem 3.5
the only normal subgroups of G are t1}, DiO} and G.
As D{O} is a direct power of n copies of H, it has

22 normal subgroups, which are all 2-step subnormal

in G.

Note that the groups constructed in Proposition 1.7
give examples of groups of cardinality n with finitely
many normal subgroups and 2B two-step subnormal sub-
groups. However the groups constructed in Proposition 5.1
achieve the smallest possible number of normal subgroups

in this situation, namely three.



In order to deal with groups that have finitely
many two-step subnormal subgroups we need the following
lemma stated without proof by Wielandt in the foolnote
on p. 219 in [20]. The proof we shall give is different
from the one given in [17] (part 1, p.184, Corollary
to Thm. 5.48).

Lemma 5.2 Let G be a group with subnormal compo-

sition series of finite length. Then G has finitely

many subnormal subgroups.

Proof: We shall prove the lemma by induction on
the length of a composition series using the well kmown
fact that all composition series have the-same length.
Lengths O and 1 are trivial. Let G be a counterexample
of minimal length. Let ¥ be the set of maximal normal
subgroups of G. As every M & Wl has finitely many sub-
normal subgroups by minimality of G, the set Wl must be
infinite. Let X be an element of Wi, Because K has only
finitely many subnormal subgroups, there is an infinite
subset M € W and a normal subgroup L of G contained
in X such that KA M = L for all M € W. But then G/L
has infinitely many normal subgroups, hence by mini-
mality of G we have L = {1}. Now we have G = K X M for
every M € Y. Since K and M are maximal normal subgroups
and ¥{ has more than one element it follows that they
are isomorphic simple groups. If they are non-abelian

then G can only have 4 subnormal subgroups. If they
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are abelian then G is finite and has only finitely
many subnormal subgroups. Hence in both cases we have
a contradiction to the assumption that G has infinitely

many subnormal subgroups. This proves the lemma.

We then get

Theorem 5.3 Let G be a group. Then G has finitely

many subnormal subgroups if and only if G has finitely

many 2-step subnormal subgroups.

Proof: The one implication is trivial. So let us
suppose that G has finitely many 2-step subnormal sub-
groups. Then G has a finite chief series
{1} =N, @ N, 4 ,..4 N

0 1 k
» o N — J ] o i N 1 a 1 -
we have that N, , = NiH/l\i is 2 minimal normal sub

= G. For each i € t0,...,k-1}

group of G = G/Ni , and G has only finitely many 2-step
subnormal subgroups.
Tet M be a minimal normal subgroup of ﬁi+1 and let

= iﬁo =M, M, 5 eoe ﬁli be the set of different

1
conjugates of M in G (this is finite, as all ﬁj are

2-step subnormzl in G). Clearly the members of ¥ gene-
rate N, , . We choose a subset W' of W which is minimal
 with respect to its members generating ﬁi+1 . Now ﬁi+1
is the direct product of the subgroups contained in

m' . For, let K e ®t', and let L be the subgroup gene-

rated by the other elements of ®', we have K.T =W, . ,

and K0 T is a normal subgroup of ﬁi As K is a

+1
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minimal normal subgroup, it must be K or {13}. If
KNL=XKthen X €T and £.T =T # K, , which is a
contradiction. Hence K n T = {1} and we have proved
that N. , is the direct product of the elements of W',
Furthermore these groups are isomorphic simple groups,
because if K1 4% e¢wm' then f{'1 is normal in N, , as
X is a direct factor and hence Ki = {1} or f1 = K by
the minimality of K. Therefore we can refine the chief
series given above to a subnormal composition series
of finite length. From Lemma 5.2 it then follows that

G has finitely many subnormal subgroups.

We can also give another class of groups where the
number of subnormal subgroups is egqual to the number

of 2-step subnormal subgroups:

Proposition 5.4 ILet G be an uncountable soluble

group of cardinality n. Then G has L two-step sub-

normal subgroups.

Proof: The group G has a finite derived series
G = G(O)c’ G(1) > ... P’G(n) = {1}. One of the factors
G(i)/G(i+1) must have the same cardinality as G. There-
fore it is an abelian group of cardinality n. By [18],
Theorem 9, it has oL subgroups. Their inverse images

in G are 2-step subnormal subgroups of G.
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As uncountable soluble groups already have the
maximal possible number of 2-step subnormal subgroups,
their number of all subnormal subgroups cannot be
greater. However we shall now construct non-soluble
groups in which the number of 3-step subnormal sub-

groups is greater than the number of 2-step subnormsal

subgroups.

Theorem 5.5 ILet m and n be infinite cardinals such

that m € n. Then there exists a group G with the fol-
lowing proﬁerties:

(1) The cardinality of G is n.
(2) The number of normal subgroups of G is W,

(3) The number of 2-step subnormal subgroups of G is m,

(4) The number of 3-step subnormal subgroups of G is 0B,

Proof: Let I' be an ordinal number of cardinality m.
Let A= I x Z where 7Z denotes the integers. We define
a total order on A by (31,n1) < ([2,n2) if and only
if (1) mny< n, or (ii) =n, =n, and ¥, < Yo -

The mapping t: (y,n)r—>(y,n+1) is an automorphism
of A. Let A be the infinite cyclic group generated
by t. If (r1,n1) and (K2,n2) are elements of A, then

n2-n1+1
(§qs0q)% = (yynyt1) > (¥,5n5). Let S be a simple

transitive permutation group of cardinality n on a
set S of cardinality n. Let W = wrM S, and let G be

the semidirect product of W by A (in the way described
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in chapter 3). We shall now prove that G has the proper-
ties (1) - (4) claimed in the statement of the theorem.

(1) We have |S| = pn and IAl = m £ n. The wreath
power W is generatéd by IAl copies of the group S,
hence IGIl = Wl = n.

(2) By a slightly stronger version of Theorem 3.4
(given in {[17], Theorem 6.25) the group W is the mono-
1ith (i.e. the unique minimal normal subgroup) of G.
Therefore all non-trivial normal subgroups of G are
of the form WB where B is a subgroup of A. Hence
there are only countably many normal subgroups of G.

(3) If {1} # B £ A then B has also the property
that for ({1,n1), (x2,n2) € A there exists b € B such
that (y,,n:)b > ({,,n,). Hence W is also the monolith
of WB, and all normal subgroups of WB are already nor-
‘mal in G. So the subnormal subgroups of defect 2 in G
are just the non-trivial normal subgroups of W.

Tet £ be a semi-ideal of A. Then either £ = @ or T=A or
there exists an integer n, which is minimal with respect
to the property that there exists y € I' such that
(y,no) € Z, But as " is well-ordered there exists
o el which is minimal with respect to (xo,no) € Z,

But then clearly £ = {(y,n) e A | (y,n) < (Koyno)} )
and hence S(A) = IAl = m. By Theorem 3.5 the group W

has S(A) = m normal subgroups.
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(4) Let Dgy for @ #5 # AN be one of the normal sub-

= i th = R
groups of W. Let 8 = Dr, A-5 Q.)\ with R, = Q. By
the note after Theorem 4.2 the group DZ is a direct

' 1

product of copies of wr®* S indexed by A. For every
subset A' of A the group generated by those copies
with indices in A' is normal in DE.’ and hence is sub-
normal of defect 3 in G. As 148l = ISLl = n , there are

28 such subgroups.

Theorem 5.6 Let n be an infinite cardinal number.

Then there exists a group ¢ of cardinality n such that
(1) the number of normal subgroups of G is 3,
(2) the number of 2-step subnormal subgroups of G is 2¥k%

(3) the number of 3-step subnormal subgroups of G is 22,

Proof: Let S be a simple transitive permutation
group cf order n on & set 8L of cardinality n. Let 0
be the set of rational numbers in their natural order,
Let A be the group consisting of the order auvtomorphisms
f of Q'of the following form: for f there exist
Xg < +.. <X €0 and y, < ... <y €Q (n finite)

such that xf = x for x £ x; and x = x_  , and

xf Y1_1)

Il
<<:
.
AN
+
e
AR
<<z
P
!

for X3 < x £ Xs and 1 2 i £€n . Let B be the

derived subgroup of A, Let W = wrQ S, and let G = VWB

be the semi~-direct product as before.
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We first note that A (and hence B) is a countable
group, as every element of A is determined by finitely many
rational numbers X0 STV 2 Xy 9 eee 9 Xy g 0 X =Y,
yiy, eee 3y Y,_4 - Hence G is a group of cardinality n.
We shall now prove that G has the properties (1) -~ (3)
claimed above.

(1) In [9], Graham Higman has proved the following
theorem: let A be a permutation group on a set A. For
feAlet D(f) =4S e A I 8 # §} . A subset A' of A is
called totally unstable with respect to £ € A if
A' nn (A'T) is empty. If for every triple f, 0, £, , 8
(g # 1) of elements of A there exists an element h
such that (D(fﬁ)‘u D(fz))h is totally unstable with
respect to g then the derived group of A is a simple
groupe.

Let f1 y T, 5 8 (g # 1) be elements of the group
A defined above. As D(f) is bounded for every f € A
there exist elements 1 < u of @ such that
D(f1)IJ D(fé) € {fqge @l 1<qg<u}=:I(L,u). As g # 1
there exist qy < 9, in @ such that
(I(q1,q2))g'n I(q1,q2) is empty (first it follows that
there exists q4 in @ such that A8 £ Ay » but it is
clear that there is a whole neighbourhcod of 4, that
is mapped ‘by g onto a disjoint subset). Let
L := min(l,q1) and M := max(u,qz). We define the
mapping h: @ ——>Q by



i X for x € L-1 and % = M+1

X-L+1(

L -1 + l T

L+1) for I-1 € x £ 1

q, + X"l(qa -q,) Tforl<€xtuy

X
\ q2 + Iq+1uu(Il+1"qZ) for w € x € M+

Then clearly h is an element of A, and we have

(D(f ) U D(f ))h = I(q1,q2) . Hence (D(f1)\J D(fz))h
is totally unstable with respect to g. By Higmen's
Theorem theﬁefore B is sinmple.

For every q e Q) we define fq € A by

f

X for x € g-1 and x = g+2
qu =< q-=-1+ 2(x-q+1) for q-1 2 x € q
g+ 1+ %(x-q) for q € x € q+2 .

=1 '
© qa " “qa+1Ta a1 q Uy = 4

Therefore B has the property that for Q4995 € Q there
exists b € B such that q,b > q2'. As before W is the
monolith of G, and hence {1}, W and G are the only
normal subgroups of G.

Ve remark that even a stronger property than the
existence of b &€ B such that q1b > q2 holds for the
group B. Namely, foflevery pair of ordered n-tuples
(x1,..;,xn), (y1,;..,yn) of elements of @ (where

X; € X and y, < yi+1) there exists an element h € B

i+t
such that Xih.= Y3 for 1 £ i £ n. To prove this, wve
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first observe that there exists an element f € A such
that x.f =y; for 1 = i €2 n. Now let g € A be chosen
such that D(f) is totally unstable with respect to g
(such permutations f and g can be constructed expli-
citly by using similar methods as above). Then we
define h = fgf"1g"1. Then x; is mapped under f to y,.
This is mapped under g to y.g. But as D(f) is totally
unstable with respect to g, the element Y8 is left.
invariant under f and hence also under £~1. Then Yi8
is mapped back to y, under g-1. Therefore h has the
required property.

(2) Clearly the 2-step subnormal subgroups of G
are just G and the normal subgroups of W; By Theorem 3.5
the normal subgroups of W correspond to the semi-ideals
of ©, and hence (Theorem 2.5) there are 2™ of them.

(3) The proof that there are 22 three-step subnormal

subgroups of G is the same as the proof in the pre-

ceding theorem.

We note that the type of construction used in
Theorems 5.5 and 5.6 can not be used to construct
groups which have countably many 3-step subnormal

éubgroups but uncountably many subnormal subgroups:

Proposition 5.7 Let H # {1} be a transitive per-

matation group on the set X, and let A # § be a par-
tially ordered set with a group A of automorphisms

satisfying conditions (1) and (2) of Theorem 2.1.
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Let n be the cardinality of the set 1x e A | x> u}
for some m e A (this is the same for all m, because
of Theorem 2.1), and assume n # O. Let W = wrM H, and

G = WA. Then 1G] = max(1HI,IAlIAl), and G has at

least Zmax(lgj,g) three~-step subnormal subgroups.

Proof: From n # O it follows by Theorem 2.7 that
'n (and hence |Al) is infinite. The group WV is gene-
rated by copies of H indexed by A, hence

IVl = max(lH},lAI),.and as G = WA, we have

(Gl = max(IWl,1Al) = max(1HI,IAl,lAl). Furthermore
we have W 4 G. Let p be an element of A. Then

S ={xeA ]l X<z p}is a semi-ideal of A and Dg Q V.
By Theorem 4.2 there is an injection from the set of

semi-ideals of ¥ = {(g,w) | s e 2, w€ Drke F(g) 57-,\}

(with 52.)‘= Q) into the set of normal subgroups of D2 .
Let M = {(/«x,w) | weDdr, ¢ F()A)‘Q'k}’ then elements

of M are incomparable, and hence every subsef of ™
gives rise to a distinct semi-ideal of EZ. Therefore
the number of semi-ideals of T is at least 2!M!.

But F(,.&) = {xeA | N>pnl, and hence IPl = max(1Q2l,n),

max(1Qt,n)

and therefore Dy has at least 2 normal sub-

groups, which are all three-step subnormal in G.

Corollary 5.8 'Let G be as in Proposition 5.7, and

suppose that G is countable. Then G has continuously

many 3-step subnormal subgroups.



Proof: As G is countable, the set A has to be

countable. Also n = ®,, and A, H and S can be at most

a,

countable. The rest follows from Proposition 5.7.

From Lemma 5.2 we know that for a group G it is
equivalent to have finitely many subnormal subgroups
and to have a finite composition series. Ve now ask
the corresponding question for normal subgroups in-
stead of subnormal subgroups: What is the relation
between the property of having finitely many normal
subgroups and the property of having a finite chief

series?

Lemmna 5.9 Let (L,A,v,0,1) be a distributive lattice

of finite length n. Then I has at mos%t 2% elements.

Proof: Ve prove this by induction on n. The cases
n =0 and n = 1 are trivial. So suppose that n > 1.
Let m be an atom (i.e. 2 minimal non-zero element)
of L. Then the set Lm ={x e L | x = mn} forms a
distributive lattice of length n-1, and L has at

n-1 o1ements by induction hypothesis. We define

mogt 2
a map : (L - Lm)-——a»Lm by ap = m v a. Let

a,be L - Lm ; and suppose ap = by , that is,
mva=mwvDb. Hence we have a A (mva) =a A (mn v b)
and, by distributivity,

(aam)v (aAna) =(anm)v (2 Ab), But a Am=0,

and hence a ¢ b, Similarly b £ a, and hence a = b,
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and ¢ is injective. Therefore |[L - Lml < ILml , 2na

1Ll £ 2111 £ 2.2%7" = 2" as required.

Theorem 5.10 (A) Let G be a group with distributive

lattice of normal subgroups and a chief series of
finite length n. Then G has at most 2% normzl sub-
groups.

(B) Let n be an infinite cardinal number. Then there
exists a group G of cardinality n that has a chief

series of length 4 and that has n normal subgroups.

Proof: (A) follows immediately from Lemma 5.9.

(B) Let X be a field of cardinality n and prime
2

o~

characteristic p # 2. Let X, =X,

S := SL(2,K) act naturally on X, and X,. Let 2 = Z(8)

£ K, and let

be the centre of S. Let X be the direct sum of X,

and X2 and let G =XS be the semidirect product where
S acts on X componentwise.

For ge K let Tq = {(x,qx) le € X13 . Using
Lemma 1.8 and the same methods as in Proposition 1.7
it is not difficult to see fhat the lattice of normal

subgroups of G has the form given in figure 5.1,

which proves the theorem.

We note that Theorem 5.10 (B) is the worst possible
example: a group G of cardinality n with chief series -
of finite length m can have at most n normal subgroups,

as every normal subgroup of G can be, qua normal sub-
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Figure 5.1

Figure 5.2
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group, generated by at most m elements.

It is well known that for a modular lattice to be
distributive it is necessary and sufficient that it
does not contain a sublattice isomorphic to the lattice
given in figure 5.2. From this it follows that any
group G whose lattice of normal subgroups is not
distributive will contain normal subgroups N, # N,
such that N, /N, n N, ¥ N,/N, N N, ¥ A vhere A is abelian.
Hence if G is a group with no abelian chief factor then

the lattice of normal subgroups of G is distributive.
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Characteristicaily simple groups with countably
many normal subgroups, namely certain wreath powers,
played an important role in the construction of a
group with countably many 2-step but continuously many
3-step subnormal subgroups. We shall now look at these
groups in general, and we shall construct a further

type of characteristically simple group.

We recall that if W = Wry e AS) is a generalized
wreath product where 3, is a'gggggghgroup for X € A
then the lattice of normal subgroups of W is isomorphic
to the lattice of semi-ideals of A. Furthermore the
chief factors of W, that is, the factors M/N where M
and N with N < M are both normal subgroups of W, and
where no normal subgroup of W lies properly between N
and M, are isomorphic to certain direct powers of one
of the simple groups S, . Note that we always have
some chief factor being a proper power of some SX if
there exist >\,}.& € N with A < m. Ve shall now construct

a group with a similar lattice of normal subgroups,

but where all chief factors are simple groups.

A partially ordered set A is called a tree if for
every pair of incomparable elements A and,w.of A there

does not exist vy e A such that X\ €y and p £ v (or



equivalently, if for every X e A the set

{peAN |l ps A} is a chain).

Let A be a partially ordered set. For A € A let
My be the set of maximal chains in {m e A | m € AL,
Note that A is the maximal element of each member of
Mye Let T(A) = U, .\ M, . The set T(A) is partially
_ordered by set-theoretic inclusion. The set T(A) is,

in fact, a tree, for let cyyC, & T(A) with c

1+ %2
and 02 c 03 .

2
incomparable, and suppose that c, € ¢

1 3
Let m; be the maximal element of c, for i € t1,2,31.
Then ¢y = {X € cg | X £ p,} for j € $1,2,3}. But then
cy © ¢, or c, < Cy s which is a contradiction. We call
T(A) the tree associated to A. Note that if A is already
a tree then A is order-isomorphic to T(A), as M,
consists of only one element for each A € A, Let
Cy = T({ﬂ.e Al a2 X)), and let c € My . Then
wb: de—>d U c¢c is an order-isomorphism from_CA to

fe € T(AN) ] e 2 cl.

Let % denote the set of integers. Let QL = ET(A).

For any subset I of T(A), and z = (zc)c c TU\)G'CL let

T\'F(Z) = (ZC) . If T(,\) = U r is any par-

cel iel i

tition of T(A), we identify z with (wp (z))i e 7 in
i
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the obvious way. For c € T(A) let U(c) ={d € T(A) | d 2 cl.

C
A
For Ae A let sz Z . Note that ¢, induces a

bijection ay ! Ax—‘*"u(c)@) by



(zy,), = zd?_1 = Z3_ouyay ¢+ Lot WX) = T(A) - U
C

We define an embedding j>\: AF(AX)«-—>Sym(Q.) in the

C eM)\

following way. Let g € AF(A,), ze Q. Then

z.j)\(g) = ('ET‘,](X)(Z),(TTU(C)(Z).'Y:g»{/c)cGMA) .

Denote the image of AF(A)\) under In by Hy . For every
semi~-ideal Z of A let KZ = <H}* 1 P e 7, and let
G(A) = <H, | peh>,

Lemma 6.1 If m,\ are incomparable then [Hy,HyJ = i,

Proof: If z € Q then elements of H/\ and H/Uk only
affect those components of z which are indexed by

elements of Uce U{c) and VU U(d) respectively.

My de M

fk

As X and m are incomparable, we have

(V

cg]‘-’l;\ U(c)) N (Ljd erJyU(d)) =@ , and hence all

elements of HK commute with all elements of Hl"‘ .

Lemma 6.2 If M < A, then H>\ normalizes H,A .

Proof: ILet g e AF(Ay), and let y = (yd)deC/u& Al"

Let N}\ = {e ¢ C/u. | X\ is the maximal element of el .

If e e NA then there is a natural bijection

-;*-'ef Ax'—"“se(bf*) ipduced by '\Ee where crpe = e VUc
for c €& CJ\ , and where S ={fe C,,\l f2el} . Let

R = c,&... ueeNk S, - Ve define h & Sym(A,A) by

yh = (‘U’R(y),(Wse(y)‘;f;g;’e)eeN)\). Then there exists



g8y € Sym(qrw(lk) (L)) such that.

Z'jx(g) = (qrw(".)(z)°g1 ’ (WU(C)(Z).Y-C-1hYC)CEMr) fOI‘
all z € Q. Hence if k € AF(A/ML) then

R I - -
(&) 73,k 3y() = Jun 'xn) , and as h7'kh € AF(B),
we have j/\(g)“1 j/*(k)jk(g) = H/*'\’

From Lemma 6.1 and Lemma 6.2 we immediately get

Corollary 6.3 If Z is a semi-ideal of A then Ks is
a normal subgroup of G(A). If 21 and £2 are semi-ideals
with &, = %, v lal then KZZ = KZ1H/K , the semi-direct

product.

Proposition 6.4 (a) Every element of G(A) can be

written in the form hy hy ...h, where X, ? X, vwhen-
AT, AL i j

ever i € j , and 1 # h, & Hy for i,j €& 11,2,c..,7}
i i
and r = 0.

(b) Let g2, = 8y ¢+.8& s Bn = & e..8, € G(A)
1 Ay AL 2 My M

S

with)\iiékj a.nd,-\i;?-‘)uj for1<aand1;égkie H)\i,

1 # 8, eHﬁ for 1 £ i<rand 1 £ j<s with r,s > 0.
7 J

Then gy= g5 if and only if

This follows as in Lemma 3.2
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Lemma 6.5 ILet 1 # h = h}\1h)\""h)&

G(A) , Ay # X

r
. Let £ be the minimal semi-

A

i
ideal containing {A1 s eee xr} , that is,

fori<j,1;éhAeH
i

L= {me ANl there exists i & {1,2,...,r} such that p ¢ 2.1,

Then the normal closure ¥ of h in Kz.contains 3% .
1

Proof: If r = 1 then h € HX , and as Hy 1s simple
1 1

N must contain HA e S0 let r > 1. Now h = ﬁA k with
. 1 1

k =hy ...h, # 1. We have
AZ A
(k, §;1] = h h>~ = (h k)““{(hk‘k)-1 e ¥ , and also

[k9h;13 € HA1 . Now if [hil,k] 4 1 we have HA1 = N

as atove. So we have only to consider the case that

= k1 =1 , and also [h

[h k] = 1 .
>‘1 Ay’

First suppose that A2 y eee o Ar are all incomparable

with A. . Then choose h! e H. such that [h' ,he ] # 1.
1 MM M

h'
A -1
Then (h. k) '(h. k) = [n} “'yeNAH |, and
A Aq SRR A
hence HA < N as above.
1

So we are left with the case that there exists
j € {2,0..,r} such that A1'< Aj . Now we can choose

y € AA“ such that .(Z’(ch)ceM)\z is fixed under h>‘1 for

all z € ww(}\)(sz) but moved by k to (ztk,(y'».rc)ceM )
2

with y'e b, A y' #yand t W(A)(Q)_"""-w(k) Q).



A

for all z € WW(}\“) () and moved by k

cC e Iu/\

is fixed under hA
1
to (zti,k,(yiofc)c GMX) with some
4

g = (yy,)(y,y5) € AF(8,). We obviously have
4

[j. (g),hy ] = 1. Furthermore
Aq *
j>\1(g) Jx (&)

1 .
h, k = h k N Xk
( >.1 ) A € , end [ ,3)\1

(g)] # 1 as
(z, (¥ to) e M>\1)j>\1(g)k = (2,(y¥,)¢ M&)k

4

(Z,(Yﬁ'c)ceM)\)kj)w(g) = (Zt1 ,k,(y‘l‘\rC)CGM})JA,‘(g)
41 4

= (Zt1,k’(y*c)cel‘fl)\) and y # y' . Then, as above, we

4
&
have H;\1 < N,

Corollary 6.6 Let h = h)\ "‘hA
1 r

for i< j , 1 # hAic—. HAi . Let L= {m e A | there

e G(N), >‘i ¥ kj

exists j such that m = Aj} . Then the normal closure
_och_nKzlus .

Proof: ILet N be the normal closure of h in KZ'

Using Lemma 6.5, we can show by induction that H £ N

3
for j €{1,2,...,r}. Let < Aj . We can find elements
h,eH, and hy e H, such that [h,A,hA] £ 1 . But

weoor NN j



[hﬂ,hl.J e H}kr\N , and hence as in Lemma 6.5 it follows

J

< I_ £
that Eﬁ_— N. Therefore KZ. N,

Proposition 6.7 Every subnormal subgroup of G(A) is

normal in G(A), and the lattice of normal subgroups of

G(N\) is isomorphic to the lattice of semi-ideals of A.

Proof: TFor every semi-ideal £ of A we have seen in
Corollary 6.3 that Ky is a normal subgroup of G(A).
Let N be a normal subgroup of G(A). For 1 £ h € N let

MNh) = {Aj ! there occurs h, # 1 in the expression

*;

h=h ¢.0on with 1 # h, € }. If
Xt Ay HAj
Z(h) = {m e A | there exists >‘j € MNh) with A = >‘j}

then by Corollary 6.6 we have KZ(h) = N. We therefore
also get K, = N where £ = U1Z(h) | 1 # h e W} . But
clearly also N é’Kz_, hence N = K¢ .
Now let N be a 2-step subnormal subgroup of G. Then

N is a normal subgroup of some K¢ . The same argument’
as above applies with Kg instead of G(AN). Therefore
there exists a semi-ideal 'S £ such that N = KZ' .
So N is normal, and hence all subnormal subgroups of

G(A) are normal.

Proposition 6.8 The following are equivalent:

(i) G(A) is characteristically simple.
(ii) For any A,F.e A there exists an automorphism a

of N such that p £ Xa.
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Proof: By Theorem 2.1 the condition (ii) is equi-
valent to the following: for any semi-ideal Z cf A there
exists an automorphism a of A such that Za # Z.

Let a be an automorphism of A. If ¢ € T(A) let
ca =tpa l mec}. Then c € M, implies ca € Hag
Define 2 permutation p, of by (2zp ), = Z.y TOT
c € T(A). For c e T(A) we get a bijection

Py: WU(C)(Q‘)_—_‘P@U(CEL) () vy WU(c)(z)ga = vU(ca)(ZPa) ’
and a similar bijecticn 'ﬁa: 'i'r\,‘,()q(g?.)———?qrw@a)(ﬂ) .

Also define a bijection g : A —> A,, by

(yqa)d = ygo for d € C, . Note that ﬁ'i'cf;a = Q ¥, 1OT
c € T(A). Now let g € AF(AA). Consider the maps
P:j,\(g)Pa and j)\a(q:gqa) . For z € SL we have

ﬂ'ill()«a)(z'jka,(q;gqa)) = WW(Aa)(Z) and

. -1 .
ﬂb(ca)(Z-JAa(qa gq,)) ='Wu(ca)(z)'*baqa 89,Ycq

for ca € H But we also have

Az °
~1. =1 =
Ti(na) (2P 33(8)py) = Ty ) (2P, 35(8))-Py

-1\ = 1
= ﬂw(x)(Zpa )epy = T"W(J\a.)(z)'pa Py = W\*J(}\a)(z) and
ﬁb(ca>(2-pg1jxﬁg)pa) = “U(c)(Z'P;13A(€))°5a

= WU(C)(z.pa ) Yo 8Py = “.U(ca)(z)'Pa Ve S¥:Pa

1

l--.1 - 1
- Wu(ca)(z)"fca.qa gqa«rca . Hence we have

-1 . -1 -1
v, 3y(8)p, = Ixalds ga,) , and p  Hyp, =H, .



-1 ,
Hence if £ is a semi-ideal of N we get P, sza = hia ,
and as the mapping gl——~>p;1gpa is an automorphism

of G(A), the result follows from Proposition 6.7.

‘We can now sum up the results we get from the con-
struction of the groups G(A) and show some consequences.
In [19], Howard L. Silcock used the construction of
the wreath powvers together with the fact that every
finite distributive lattice is isomorphic to the lattice
of semi-ideals of some partially ordered set to prove
thaf every finite distributive lattice i1s isomorphic
to the lattice of normal subgroups of a finite group.

As the group G(A) is countable if A is finite we get

a weaker form of this representation theorem from
Proposition 6.7, namely that every finite distributive
lattice is isomorphic to the lattice of normal subgroups
of a countable group. But Proposition 6.7 also gives

a different representation theorem:

Theorem 6.9 For every finite distributive lattice

L there exists a countable group G such that the sub-

normal subgroups of G form a lattice isomorphic to L.

We finally sum up our results on G(A) in the

following
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Theorem 6.10 Let A be a partially ordered set, and

let F(A) be the distributive lattice of semi-ideals
of A. Then there exists a group G(A) with the following

properties:

Al
(1) 16(A) ] 2 max(®,,2° ).

(2) A1l subnormal subgroups of G(A) are normal in G(A).

(3) The lattice of normal subgroups of G(A) is isomorphic
to F(A).

(4) The group G(A) is characteristically simple if and
only if for }qfte A there exists an automorphism

a of A such that m £ Ja.

Proof: We let the group G(A) be constructed as above,.
Then (2), (3) and (4) follow from Propositions 6.7 and
6.8. To show (1) first suppose that N is finite. Then
C, is finite for each A & A. It follows that IAAI = W

o
for X & A and !HXI = ¥, for A & A. Then IG(A)]| = R
Y
- max(&;,z ). Now suppose that A is infinite. Then
| fc, I Ind IA]
A 2
6,1 = 20, ana 1A e w2 2 < 22
ZIA!
for X € A. Then also IHAI = IAAI < 2 , and
: Al Al
IGA)I £ 22 = max(R_,2° ).

We note fhat, in general, the cardinality of G(A) will
be strictly greater than the cardinality of ¥(A). But

there are two ways of getting around this.
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The first way only works for certain partieclly
ordered sets A, and it involves a slight change in
the.definition of the group G(A). We suppose that
A has the property.that Mk.is finite for each A & A
(as IMyI= 1 for all A € A if and only if A is a tree,
it follows that all trees and, in particular, all
totally ordered sets have this property). We then let
T (N) (

z = 0 for all but fi-

Q= iz = (Zc)ceT(r‘)e’ c

C
. A
nitely many c¥ and also AA = {y = (yd)d e C, e Z i

zg = O for all but finitely many d} . We can go through
the construction with St and Ak‘substituted wvherever

they occur. The group we get will have the same properties
as the original one but it usually will be smaller as

in this group 4,1 = ICAI if A is infinite.

The second way to arrive at a smaller group will
require the development of some theory of lattices of

normal subgroups in general. We shall start with

Lemma 6.11 Let Ly be the lattice of normal subgroups
of Gi for i & 1,2}, Let M, = iN e Li | there exists a

finite subset {g1 y see g gn} of»Gi such that

ﬁ = <g1 s eee gn>Gi } . This is partially ordered

by the order in Li ,'and suprema of finitely many ele-
ments of Mi taken in Li are in Mi . Suppose there exists
an order-~isomorphism ¢: M1-——a-M2 . Then there exists

a lattice isomorphism w: L1————$I? .
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Proof: For N € L1 we define Ny = <Ky | K€ I"'I1 , K 2>,

1

and for M € L, we define Mg = <Ly | LeM ,Lsu>,

2

The maps «: Ly—>L, and x: L,—> L, are clearly

both well-defined and order-preserving. To show that
v is a lattice isomorphism it is therefore enough to

show that wx and x4 are the identities on L1 and L2

respectively. Because of the symmetry of the situation

it is sufficient to show that a4y is the identity on L1 .
| KX =X>,

We note that for N€ 1L, we have N = <X € M

1
Let M = Ny =<Xp | Ke M , XK=NP>, and let

1

R=M¥x=<Ly | LeM, ,L=HM>. e have to show

that N = R, For X e M1 with XK € N it follows that
Ky € Mz with Ke £ M. Hence R = <Lnf1

| L e M LeM>

2 ’

> <(Ke)p™'l KeM, ,K2N> =<K |KeM, ,K=N>

1 1

=N0

So it remains to prove that R € N. For this it is

enough to show that Ly ' € N for all L € M, with L < M,
So let L €& M2 and L = M. Then there exist elements
G2

g,. s oss oy g, 'eM such that L = <g1 s eee o gn> .
And, as M = No for each i € {1,...,n} there exist

K.

i1 00 cec 0 K € M1 contained in N such that

™
1

But then S = <Kij Ljeit,...,mV , ied1,...,n1> e M,

and 8 £ N, Furthermore L £ Sy , and hence pr"1 < S‘py’—1

= 8 < N. This concludes the proof of the lemma.



Using this lemma we can prove

Theorem 6.12 (a) Let G be a group with normal sub-

group lattice L such that R = ILI < 1Gl. Let GO be a

subgroup of G such that IGOI < IL!l. Then there existc a
subgroup H of G with GO < H and lHl £ [L| such that the
lattice of normal subgroups of H is isomorphic to L.
The lattice isomorphism is given by the natural map
Nt——sNnH for N e L.

(b) Let G, L, G. be as in (a). Also assume that G

0
is characteristically simple. Then we can construct H
with the properties as in (a) such that, in addition,

the group H is characteristically simple.

Proof: (a) Let N = {N 2 G | there exists a finite

subset 1g, , ... , £} of G such that N = <g1,...,gn>G}.

et F(¢) be the set of finite subsets of G. VWe get a
partition F(G) = UNe_ly_ F(G) where Fp(@) =18 e F(@) |

<s>% =N} . For each N & N choose Sy € F(G). Let

N

Hy = <Gy , Sy (N& N)>. Then Hyl = ILI. Suppose

0
we have Hn constructed with IHnl < ILIl, For N € X con-
sider N n H_ . Let F(N n Hn) be the set of finite sub-
sets of N A H, . Then IF(N'rtHn)l < |Ll. For every

s € F(N n Hn)lﬁ FN(G) there exists a subset T(S) of G
with I1T(S)I € ILI such that N a H_ < <s>T(8)

Tn,N .= UiT(s) | s € F(' N Hn)(w FN(G)} . Then

Let

ITn,NI € |Ll, Let H , := <H , Tn,N (Ne N)>.
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Then < ILI , and we have G, < Hy < H1 S tee

'Hn+1' -
Let H := Une]N Hn . Then IH! = ILI.

We claim that N+ N N H 1is an order-preserving
bijection between the set N and the set M = {N 4 H | there
exists a finite subset S of H such that I = <s>8y,

We first have to show that W N H lies in factv in I

) \] — X
for every N € H. Note that NAH =Nal .. H

= Unem (W ﬁHn). Let Sy be the set chosen above, we

have SN < N and S é,Hn for all n € W. Hence S N O H

<
N N

and as NN H 24 I wve have <SN>HéI\TﬁH. Let n e I then

T(Sy) H
we have N N H < -<SN> € <S;> 7 . Hence

NN H= <SN>H . Therefore N n H = <SN>H, and hence

NAaHe M Also the map N+——>N n H is clearly ordexr-
preserving.

We next show it is sv.rjéctive. Let U be a finite sub-
set of H. We have to find N e N such that <U> ™ = § n H.
Let N = <U7CT , then there exists n € H such that
US H_ . We clearly have <U>" £ N 0 H. But as

Ue F(WNH)N P (G) we have N N H = <y>T(0)

= <U>H for 2all m @ n. Therefore we get N O H = <U>H.
We finally show the map is injective. Let N, £ N, .

Then there exists g € Sy such that g é N, or there

2

exists h & Sy such that h & N, . But then g € N
1

and géN1 r\HorheI\T1ﬁHandhéN2nH, Hence

2lﬂ H

N r\H;éNan.

1



As we have an order-preserving bijection between
¥ and M it follows from Lemma 6.11 that the lattices
of normal subgroups of G and H are isomorphic, and
that the isomorphism is given by N+——>N N I.

(b) Let N, F(G), FN(G), Sy » Hy be as in the proof
of (a). Again we have lHOI < |Ll and IGO! < lHOl. Let

A, := 11y 2 Aut(G). Suppose we have H, £ G and

O
A < Aut(G) constructed with lHnl < |L1| and lAnl < |LI,
For N€ N consider N O Hn . Let (N n Hn) be the set of
finite subsets of ¥ A H , then lF(H!W.Hn)I < |Ll, For

every S € F(I1 n Hn)tﬁ FN(G) there exists a subset T(S)

of G with IT(8)I£€ L] such that NnH, = <S>T(S). Let
TN (S Uiz(s) I se (N nH) N FN(G)} . Then
lTn Nl < ILl. As G is characteristically simple, for

) ]
each h € Hn there exists a subset Bn(h) of Aut(G) such
that Hn <« <he | ¢ € Bn(h)>' and an(h)l < |[Ll, Let

® — P
An+1 ¢ = <An , Bn(h) (h & Hn)7 . Then lAnHl < 1L,

Let H 4 := <Tn,N (veN) , x(heH ,=xeA )> .

n+1

P
Then IHn+1l < |LlI and Hn < H (as 1 eAnH). So

n+1

G. €2 H, = H1 < ... and AO <A, €A, %2 ... . Let

E ': UneI\T Hn and A = Une]N An .
We first note that the assertion that the lattice
of normal subgroups of H is isomorphic to L follows

exactly as in (a).



We note that the group H is invariant under A. Tor,
let h e H,« € A, and choose n such that h € Hn and
% €& An . Then he € H__, £ H. Therefore A acts as a
group of automorphisms of H. To show that H is cha-
racteristically simple, it is therefore enough to show
that H € <hat | « € A> for all h € H. Let h € H.
Choose m such that h & Hm . Then for all n 2 m we have
H, < <Zhe ]. ®K C Bn(h)> < <hx | &« &€ A> ., Therefore
HE <he | € A>,

ﬁote that we could also construct H such that, in
addition to the properfies given in the theorem above,
the subgroup H is invariant under a given set B of
automorphisms of G with [Bl € IL! (to do this, we start

in the proof with Ay = <B> instead of Ay = 11}).

We note that with the same construction as in Theo-
rem 6.12 we can prove that if G is an infinite group
with finite lattice L of normal subgroups, and if GO
is a countable subgroup of G then there exists a countable
subgroup H of G with G, £ H such that the lattice of
normal subgroups of H is isomorphic to L. As a special
case this says that if G is simple then we can get H
| simple. This case 1is "folklore" which has been known
for a very long time. A proof by Richard E. Phillips

can be found in [15), and further references in [24].



We shall now consider the case where G is not only
characteristically simple but also has all of its sub-
normal subgroups being normal, to show that we can con-
struct a subgroup H as in Theorem 6.12 which has all of

these properties. For this we need

Lemma 6,13 ZLet G be a group. Then the following

are equivalent:

(i) every subnormal subgroup of G is normal in G,
K G

(ii) if X is normal in G and g € K then <g>" = <g>",

G
(iii) for all g € G we have <g>(<g> ) - <g>G.

Proof: (i) = (ii): Let K 4 G, and let g € K. We

,
clearly have <g>K < <g>G. As <g>1’“ is normal in K,

it is subnormal in G. By (i) it is therefore normsl

in G, and hence <g>G < <g>K.

(i1) = (i): It is enough to show that every two-step

subnormal subgroup of G is normal in G. So let N be

two~step subnormal in G. Then there exists XK such that

NAK4aG, We have N = <<g»X

= <<g>Gt g eENZ 4G,

| g e N>

(ii) = (3ii): Trivial, as <g>" is normal in G.
(iii) => (ii): Let XK be normal in G, and let g e K.

’ G
We always have <g7(<g> ) = <g>K < <Lg >G , and as

G
<g>(<g> )= <g>Gweahw1mW3<g>K= <8>G-

74



Ve can now state the theoren.

Theorem 6.14 TLet G be a characteristically simple

group with normal éubgroup lattice L such that

R, € 1Ll < |G, and suppose that every subnormal sub-
group of G is normal in G. Let GO be a subgroup of G
with IGO! < ILl, Then there exists a characteristically

simple subgroup H of G with G. £ H and 1HI ¢ LI such

O
that every subnormal subgroup of H is normal in H, and
such that the lattice of normal subgroups of H is iso-

morphic to L.

Proof: Let N = N € G | there exists a finite sub-

set {g,l y ecoe o gﬁ} of G such that N = <g1,...,gn‘>G

Let F(G) be the set of finite subsets of G. We get a

partition F(G) = (G) where Py (G) = {s e F(g) |

NG;N W
<S>'G = N} . For each N € X choose Sy € Fy (G). Let

Hy 1= <Gy 5 Sy (N € N)> . Then [Hyt< IL] and G, £ H

0o ° 0 O 0o °
Let Ay := 11} £ Aut(G). Suppose we have H < G and

A < Aut(G) constructed with IH | L1 and lAnl < |LI,
For N € N consider N MW H_ . TLet F(N‘P\Hn) be the set of
finite subsets of N A H_ , then IF(N A H_ )l £ ILI. For’
every S € F(N N Hn)r{ EN(G).there exists a subset T(S)
of G with IT(S)I ‘(_— ILI such that N n H < <S>T(S). Let

i\ Uir(s) | se F(NNH ) N F;(6)}. Then

n,N °—
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ITn N' < |LI. As G is characteristically simple, for

b4
each h € H  there exists a subset Bn(h) of Aut(G) such
that H £ <hx | « e B (h)> and IB (h)l = ILI. Let

4] 5 <An y Bn(h) (h & Hn)> . Then IAnHI Z (LI,
H

For each g € Hn the group <g > 0 3is of cardinality

G
at most ILIl. Hence by Lemma 6.13 (as <g>(<g> )

H
= <g>G for all g€ G, and <g> % ¢ <g>G) there

exists a subset V(n,g) of <g>G with 1V(n,g)l < 1L 1

H
such that <g> % £ <g >V(n,g). How let

H

a4l 1S <Tn,N (N eN), hx (he H o, % &4 ),

n+1

V(n,g) (g € Hn)> . Then IH_ .1 £ ILI, and H £H

1' - n+1

o
(as 1 EAn-H)‘ So G, £ H 5H1 £ ... and

A = kuneﬂ An ¢

We note that the assertions that the lattice of
normal subgroups of H is isomorphic to L and that H
is characteristically simple follow as in Theorem 6.%12,
What is left to prove now is that every subnormal
subgroup of H is normal in H. By Lemma 6,13 it is enough

to show that for every g€ H we have

H
<g>H~.{— <g>(<g> ). We note that <g>Gﬁ H = <g>H
for all g € H. Let m be such that g € Hn for n = m,
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Then V(n,g) € €8> N H  , £ <> nH= <g>" .

| H H
Hence <g> D2 <g> 8 2 55 (<8>7) 54 then

. . H
it also follows that <g>H < <g>(<é> ).

From this theorem and Theorem 6.10 we immediately

get

Corollary 6.15 Let A be a partially ordered set

such that for A,r.e N there exists an automorphism

a of A such that m € da. Let #(A) be the distributive

lattice of semi-ideals of A. Then there exists a group

G with the following properties:

(1) 161 € max(R,, 1 FA)]).

(2) All subnormal subgroups of G are normal in G.

(3) The lattice of normal subgroups of G is isomorphic
to S(A).

'(4) The group G is characteristically simple.

We note that the characteristically simple groups
we have constructed have quite distinct features from
the well~-known characteristically simple groups, which
apart from direct powers of (characteristically) simple
groups are McLain's groups [13], certain wreath powers
(8], certain Boolean powers {141, and projective linear
groups over certain rings [23]. To conclude this chap-
ter we shall now look at the structure of certain cha-
racteristically simple groups with only countably many

nornal subgroups.
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Proposition 6.16 Let G be a characteristically

simple group with at most countably many normal sub-
groups. If G has a minimal normal subgroup then G is

a direct product of finitely many isomorphic simple

groups.

Proof: Let N be a minimal normal subgroup of G,
and let M be the set of images of N under automorphisms
of G. Then G is the join of all the members of M (as
this is a characteristic subgroup c¢f G). It follows
(seé, Tor exanple, [17], Lemma 5.23) that G is the
direct product of the members of a subset N of M. As
normal subgroups of direct factors are normal in the
whole group, these groups must be simple, and they are
of course isomorphic. Suppose N is infinite. Then for
every subset of N the subgroup generated by these groups
is a different normal subgroup of G. Hence there are

®,

at least 2% of them in contradiction to the assumption.

Therefore N is finite.

We note that this is a generalization of a well
known theorem on finite groups. If we replace the
existence of a winimal normal subgroup by the existence
of 2 maximal normal subgroup of G, this does not seem
to lead té‘an equally strong restriction on the struc-
ture of G. IT M is a maximal normal sﬁbgroup of the
characteristically simple group G then we get an em-

bedding of G into a cartesian power of the simple
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group G/M, but cartesian powers still have a very con-
plicated structure. For example the groups constructed
by‘J.S. Wilson [23] have maximal normal subgroups. And
indeed, defined over suitable rings, they have only
countably many normal subgroups. However Wilson remarks
that if, in addition, we suppose that the group G/M

is finite then G is a Boolean power of G/M. Therefore
we shall now consider the structure of Boolean powers
of simple groups which have at most countably many

normal subgroups.

Proposition 6.17 et G be a characteristically

gsimple group which has no more than countably many
normal subgroups. If G is the Boolean power of a simple

group S then G is a finite direct power of S.

Procof: We first note that by B.H. Neumann and
.Sadayuki Yamamuro [(14] the lattice of normal subgroups
of G is isomorphic to the lattice L of ideals of the
Boolean algebra A which is used in the construction
of G,

Case 1: The algebra A has an atom a. Then {0,a}
is a minimal ideal of A and it coiresponds to a mini-
mal normal subgroup of G. Then the rest follows from
Proposition 6.16.

Case 2: The algebra A has no atom. Then A can not
be finite. As every element of A gives rise to a

different element of L (namely the principal ideal
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it generates), we have Ll > [Al. As L is at most
countable we have both A and L countable. As a con-
sequence of a theorem of Vauvght (see Thecrem O.1. and
Proposition 0.2, ih [10]) it follows that there is
exactly one isomorphism class of countable atomless
Boolean algebras, and the dual'space is isomorphic

to the Cantor set. But this Booleaﬁ algebra has un-
countably many ideals, and consequently the Boolean
power constructed with it has uncountably many nor-
mal subgroups. So this case can not occur, which

proves the proposition.
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