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This thesis deals with various problems about the normal 

and subnormal structure of infinite groups. We first consider 

the relationship between the number of normal subgroups of a 

group G and of a subgroup H of finite index in G. We prove

Theorem 1.5 There exists a finitely generated group G 

which has a subgroup H of index 2 such that H has continuously 

many normal subgroups and G has only countably many normal 

subgroups.

Propo^sition^J^.^T Let k be an infinite cardinal. Then there 

exists a group G of cardinality k that has only 12 normal 

subgroups but which contains a subgroup H of index 2 having 

k normal subgroups.

We then consider partially ordered sets and investigate 

the subnormal structure of generalized wreath products. We 

deal with the question whether the number of subnormal sub­ 

groups of an infinite group is determined by the number of 

its n-step subnormal subgroups for an integer n. We prove



Theorem 5.3 Let G be a group. Then G has finitely many 

subnormal subgroups if and only if it has finitely many 

2-step subnormal subgroups.

Theorem 5*5 Let m and n be infinite cardinals such that 

m - n. Then there exists a group G with the following pro­ 

perties:

(1) The cardinality of G is n.

(2) The number of normal subgroups of G is >£0.

(3) The number of 2-step subnormal subgroups of G is m.

(4) The number of 3-step subnormal subgroups of G is 2 .

Finally we consider characteristically simple groups 

with countably many normal subgroups. We construct a new 

type of characteristically simple groups:

Corollary 6,15 Let A be a partially ordered set such that 

for X,w>eA there exists an automorphism a of A such that 

JA £ Xa. Let /(A) be the distributive lattice of semi-ideals 

of A. Then there exists a group G with the following pro­ 

perties:

(1) IGI * max(ttof |:f(A)|).

(2) All subnormal subgroups of G are normal in G.

(3) The lattice of normal subgroups of G is isomorphic 

to * (A).

(4) The group G is characteristically, simple.
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Chapter 0

A. Definitions and notations

For basic concepts we shall use the standard definitions 

of group, lattice and set theory. We shall use the notations 

£ , ^ and £ for the subset, subgroup and normal subgroup 

relations respectively, and c- , < and < will denote proper 

inclusion.

We shall assume the axiom of choice throughout this thesis 

We shall, however, in general not assume the continuum 

hypothesis or generalized continuum hypothesis except where 

specifically stated.

If G is a group, H a subgroup of G, .and S a subset of G
Q

we shall denote by H the subgroup of G generated by the 

conjugates of elements of H by elements of S, that is, 

HS = <s~ 1 hs | h <£ H, s fe S/> . We note that HG is equal 

to the intersection of all normal subgroups of G which 

contain H. If N is a normal subgroup of G, and n a cardinal 

number, we say that N can be generated, qua normal subgroup, 

by at most n elements if there exists a subset S of G of
r\

cardinality at most n such that N = <S> . Similarly, we say 

that N is, qua normal subgroup, finitely generated if there 

is a finite set S such that N = <S>G .

If G. (for i   I) is a family of groups we shall denote 

by T7iel G± the cartesian product of the groups G. . The 

(restricted) direct product Dr.^ ̂  ̂  G. is the subgroup 

of TT. p. T G. consisting of those elements (g.)- c T
-L w JL JL j. JL c JL



which g. = 1 for all but finitely many i.

If Sfc is a set then Sym(ft) will be the group of all 

permutations of SI (the full symmetric group on SI), SF(£) 

will be the subgroup of permutations of Q with finite 

support (the restricted symmetric group on 52), and AF(ft) 

will be the subgroup of SF(&) consisting of those per­ 

mutations which are even permutations on their support 

(the finitary alternating group on Q) .

B. Introduction

In this thesis we shall consider various problems 

about the lattice of normal subgroups of an infinite 

group, and also about the partially ordered set of sub­ 

normal subgroups of the group.

The first chapter of the thesis provides an answer 

to a problem of A.M. Brunner, E.G. Burns and James Wiegold. 

In [21 they considered the question of whether the 

modular group Kx,y | z = y^ = 1^ has 2 ° non-isomorphic

quotients with certain properties. Noting the fact that
X*

a finitely generated group has 2^« non-isomorphic quotients

if and only if it has 2**° normal subgroups they state 

"Problem 1. Let H be a subgroup of finite index in a 

finitely generated group G-. It is not hard to show that
v\

if G has 2 ° normal subgroups then so does H. Is the con­ 

verse true?" We show that the answer to this question is 

no. We put this problem into the general context of an 

investigation of the relationship between the number of 

normal subgroups of any group G and the number of normal



subgroups of a subgroup H of finite index in G. We note 

that our solution to Problem 1 does not provide a solu­ 

tion to Problem 2 in [2*3. There the question is that 

with G and H as in Problem 1 , is it true that if H has
>v

2 ° non-isomorphic residually finite quotients, then so 

does G? This problem however seems to be more technical 

and less of general group theoretic interest than 

Problem 1.

If we take H to be normal of finite index in G then 

any statement about the relation between the numbers of 

normal subgroups of G and H will be a statement about 

the subnormal structure of G, as normal subgroups of H 

are 2-step subnormal in G. So a natural generalization 

of the question above is to consider the relationship 

between the number of subnormal subgroups of a group 

and the number of its n-step subnormal subgroups.

Whereas the concept of a normal subgroup was one of 

the first to be introduced in group theory, subnormal 

subgroups as such were not considered before the 1930s 

(see [2l3). Robert Remak was the first to give them a 

special name ("nachinvariante Untergruppen"), and in a 

seminar in 1936 he asked, given A,B subnormal subgroups 

of a group G, if their join <A,B> was also subnormal. 

Helmut Wielandt [203 proved that the answer was yes if 

G satisfied the maximal condition on subnormal subgroups, 

and Hans J. Zassenhaus ([263, page 235, Ex. 23) showed 

that the answer was no in general. Problems concerning 

the join of subnormal subgroups still receive great 

attention [123.



Hence while the normal subgroups of a group form a 

complete modular lattice the partially ordered set of 

subnormal subgroups does not form a lattice in general. 

However the intersection of finitely many subnormal 

subgroups is, as can be easily seen, again subnormal 

(although the intersection of infinitely many need not 

be, see [16]).

Chapter 5 of this thesis deals with the relationship 

between the number of subnormal subgroups of a group and 

the number of its n-step subnormal subgroups. In a dis­ 

cussion of the topics presented in Chapter 1, Avinoam 

Mann conjectured that a countable group with at most 

countably many 2-step subnormal subgroups would have at 

most countably many subnormal subgroups. To construct 

groups which are counterexamples to this conjecture we 

have to use generalized wreath products over partially 

ordered sets. Therefore Chapter 2 deals with partially 

ordered sets and Chapter 3 gives the definition of gene­ 

ralized wreath products and some of their properties. In 

Chapter 4 we consider the subnormal structure of genera­ 

lized wreath products and prove that some of their normal 

subgroups are again generalized wreath products.

Finally in Chapter 6 we deal with characteristically 

simple groups. If M and N are normal subgroups of a 

group G with M < N we say that N/M is a chief factor of 

G if there does not exist a normal subgroup K of G with 

M < K < N. All chief factors of a group are characteristi­ 

cally simple groups.



If a group has at most countably many 2-step sub­ 

normal subgroups then all of its chief factors will be 

characteristically simple groups with at most countably 

many normal subgroups. Therefore for the study of the 

subnormal structure of countable groups (for example, 

for the question of whether a countable group with at 

most countably many 3-step subnormal subgroups will 

have at most countably many subnormal subgroups) it 

would be desirable to "know" all countable characteri­ 

stically simple groups with countably many normal sub­ 

groups.

It is well known that all finite characteristically 

simple groups are direct powers of finite simple groups. 

Also the abelian characteristically simple groups can 

be characterized as being the additive groups of fields, 

that is ; direct powers of either a group of order p for 

some prime p or the additive group of rational numbers. 

However it seems to be much more difficult (and it might 

not even be possible) to describe all countable cha­ 

racteristically simple groups with countably many normal 

subgroups in terms of certain constructions and simple 

groups.

We consider this problem and put certain additional 

conditions on the characteristically simple groups in 

question (e.g. the existence of a minimal normal sub­ 

group). We also construct a type of- characteristically 

simple group which has properties that are quite diffe­ 

rent from those of the formerly known characteristically 

simple groups.
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Chapter 1

The_normal subgrou]D_lattice__of_a sB^2E2-2-2£-?il:2:i--i-~2S

In the study of properties of infinite groups it is 

one of the obvious questions to ask whether or not a 

certain property of a group is inherited by all its sub­ 

groups of finite index, or normal subgroups of finite 

index. In the case of chain conditions on the lattice of 

normal subgroups, a first result was obtained by John S. 

Wilson [223 in 1970.

Theorem 1.1 (John S. Wilson) Let G be a group which 

satisfies the maximal (minimal) condition on normal sub­ 

groups, and let H be a normal subgroup of finite index 

in G. Then H satisfies the maximal (minimal) condition 

on normal subgroups.

If G is a group and H a subgroup of finite index in 

G let K be maximal among the normal subgroups of G that 

are contained in H. If tg,,g~, ... »Sn} is a transversal 

of H in G then K is the intersection of all conjugates 

of H under g, , gp, ..., g , and hence is also of finite 

index in G. The group G/K acts on the lattice of normal 

subgroups of K in the following 

way. If gK e G/K and N * K then the action of 

gK is given by N«  >Ng

Furthermore N is fixed under all gK £ G/K 

if and only if N is normal in G. Therefore we can apply 

to this situation the more general results of Joe W. Fisher 

[51 on the action of finite groups on modular lattices.



Theorem 1.2 (Joe V. Fisher) Let M be a modular lattice 

and let G be a finite subgroup of the automorphism group 

of M. If the sublattice of (common) fixed points (under G) 

satisfies any of a large class of chain conditions then 

M satisfies the same chain condition. Some chain condi­ 

tions in this class are the following: the ascending 

chain condition; the descending chain condition; the 

property of having no chains order-isomorphic to the 

rational numbers, having no chains of a given infinite 

cardinal etc.

The theorem is proved by constructing a finite number 

of order-preserving maps f,, f? , ..., f from the lattice 

M to the sublattice of fixed points under G with the pro­ 

perty: if x and y are elements of M with x ^ y and 

xf. = yf. for all i 6 ̂ .1 ,2,... ,r} then x = y. Now obviously
JL. .1*

Theorem 1.1 is a special case of the application of 

Theorem 1,2 to the lattice of normal subgroups of the normal 

subgroup H which is of finite index in the group G-, and 

where the finite group and its action on the lattice are 

given as above.

In the following we shall study the relationship of 

the number of normal subgroups of a group G and the 

number of normal subgroups of a subgroup H of finite 

index in G. It is not difficult to give a lower bound 

for the number of normal subgroups of H in terms of the 

number of normal subgroups of G.
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Proposition 1.3 Let G be a group and E a subgroup of 

finite index in G. Suppose that G and E have n and m 

normal subgroups respectively. If n is infinite then 

m - n.

Proof; Let K be the maximal normal subgroup of G 

contained in E. Then G/K is a finite group. It is 

sufficient to prove that the n normal subgroups of G have 

n different intersections with K (then they also have 

n different intersections with E). ¥e can assume that 

G/K is simple (otherwise we proceed by induction on the 

length of a composition series of G/K).

First suppose that n = "^ where c< is not an infinite 

limit ordinal, and suppose that the normal subgroups of 

G have less than n distinct intersections with K. Then 

there are n normal subgroups of G that.have the same 

intersection with K, which can without loss of generality 

be assumed to be the identity subgroup. Then these n 

normal subgroups of G are all isomorphic to the finite 

simple group G/K, Let N be one of these and let 

{N. I iell with III = n be the set of the others. Then 

G = K X N. Let E. be the projection of N. to K, that is 

E. = NN. n K. If N is non-abelian then all E. are distinct. 

If N is cyclic of order p then to every E. there can only 

correspond p different N.. So in both cases we have 

l{E. I ifcljl = n contradicting the assumption that the 

normal subgroups of G have less than n distinct inter­ 

sections with K.
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Now suppose that n = ^^ where «x is an infinite limit 

ordinal, and suppose that the normal subgroups of G have 

less than n distinct intersections with K. Then for every 

(i < o*. we can find ^^ normal subgroups of G having the 

same intersection with K. As above it follows that for 

every p < *, the normal subgroups of G have at least ^^ 

distinct intersections with K, and hence have 7^ = n 

such intersections contradicting the assumption. This 

proves the proposition.

Trivially this lower bound for the number of normal 

subgroups of H is the best possible as the case H = G 

shows. We shall now show that upper bounds for the 

number of normal subgroups of H are very big although 

they will be the best possible. Consider the following 

construction. Let p be an odd prime. Let A := B := Z

Then A and B each have only countably many (normal) sub­ 

groups. For every endomorphism in of Z we define a

subgroup Sy. of Z x Z by S^ := "{.(a,an.) 1 a £ Z } .

Note that if ^ 4 v\! then S- £ S_, . There is a bisection 

(see, for example, Is], p.181) between the endomorphisms

of Z and the p-adic integers. As the number of p-adic
p

^ *£«integers is 2 °, we have 2 °(normal) subgroups of A * B.

If .we take D := <B,c ! c~ 1 bc = b~1 for all b 6 B, c2 = 

a generalized dihedral group, then H := A X B, which is 

of index 2 in G := A K D, has continuously many normal 

subgroups, but G has only countably many. For, let N be 

a normal subgroup of G. Then obviously
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(N n A) X (N r\ B) ^ N n H. Let (a,b) be an element of

N n H. Then (a,b)' = (a,b~ 1 ) e N, and hence

(a2 ,l) = (a,b)(a,b~ 1 ) e N, and also (l,b2 ) = (a,b) (a,b~ 1 )~ 1 £ N.

But as p is odd it follows that (a,l) 6 N and (l,b) 6 N.

Therefore IT A H = (N O A) * (N H B) . As A and B have only

countably many subgroups, there are only countably many

possibilities for N H H. As every normal subgroup of G/H

is cyclic, every normal subgroup N of G- is, qua normal

subgroup, generated by N C\ E and at most one further

element of N not contained in H. Hence there are only

countably many normal subgroups of G. Therefore we have

now proved

Proposition 1 .4 There exists a countable group G 

with a subgroup H of index 2 in G such that G has countably 

many normal subgroups, but H has continuously many.

Note that if H is normal and of finite index in a

?£
countable group G and has 2 ° normal subgroups then G

has to have at least >£ 0 normal subgroups. For if G had 

only a finite number of normal subgroups then by Theo­ 

rem 1 . 1 the subgroup H would satisfy the maximal condi­ 

tion on normal subgroups. Hence every normal subgroup 

of H would be generated, qua normal subgroup, by finitely 

many elements of H, and therefore there could only exist 

countably many of them.

A.M. Brunner, R.G. Burns and James Wiegold asked in 

C2l the following question. Let G be a finitely generated 

group and H a subgroup of finite index in G. We have
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seen in Proposition 1.3 that if G has 2° normal sub-
7^groups then H has 2 ° normal subgroups. Is the converse 

true? The group G in Proposition 1.4 does not provide 

an answer to this question as it is not finitely gene­ 

rated. However we shall construct a finitely generated 

group G in a similar way.

Theorem 1.5 There exists a finitely generated group
•jA

G which has a subgroup H of index 2 such that H has 2 ° 

normal subgroups and G has only "*£« normal subgroups.

Proof: (1) Construction of the group G. 

Let p be a prime. For all i 6 IT define

-i

x. := u. :=

/ 1

0

\o

c0
\o
^

p -
1
0

0

1
o

•\ r\

o ,
1 /
p^\
0

1 /
\

, 0 0

yi :=

c :=

— •

•1
0

0

\o

0

1
0

1 p
0 1

0 \

0

1 y
,

S « — 4- • — • — w • — 0

0 0

, = 1 for all

Consider these as elements of GL(3,Q). They satisfy the

following relations: x^+1 = x..^ ; y^+1 = y. ;

[xi , y..] = zi+j ; [x± , z.,3 = [y±

i, j eW. Let

AQ := <xi , y± , z± I i 6 IT > ;

BQ := <u± , v± , w±
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Z := <z. I i e B > and V •= <v± \ ± * JK > .

The element s acts on AQ by conjugation and we have

xi = xi ; yi = yi+1 ; zi = zi for a11 i 6 ^ m Therefore 

the group A generated by A~ and s is the semidirect pro­ 

duct of AQ and < s >, and analogously B = BQ < t > . The 

element c acts on AO by conjugation and we have

x? = xT 1 ; y? = y. ; z? = z7 1 for all i € B. Furthermore
-A* -L JL J. .4. JL

c commutes with s, and therefore the group A. generated 

by AO , s and c is the semidirect product of AQ with the 

direct product of <s> and <c> . We take G to be the 

direct product of A, and B, and H its subgroup generated 

by A and B.

(2) Proof that G has the properties claimed in the 

statement of the theorem.

First note that A. can be generated by x., y,, s, c, 

and that B can be generated by u, , v, , t. Therefore G- is 

finitely generated. It should be clear, moreover, that 

H has index 2 in G.

The relations given in the construction show that z. 

and w. are centralised by x., y,, s and u 1 , v., t respec­ 

tively (which are the generators of A and B) for all 

i fe B. Therefore Z X V is contained in the centre of H. 

The quotient of Z X W by its subgroup <z.> X <>; > i s

isbmorphic to Z * Z . From the proof of Proposition 1.4P°° P°°
*o

we know that Z x Z has 2 subgroups. Hence Z x wP°° P*
also has 2^° subgroups, and as these all lie in the centre



of H, we have 2 • normal subgroups of H.

Now it remains to prove that G has no more than ^0 nor­ 

mal subgroups. Let N be a normal subgroup of G. Then 

obviously (N H Z) x (NOW) ^ N n (Z X W). Let (z,w) be

an element of N n (Z x W). Then (z f w)' Cf1 ' = (z~ 1 ,w) £ N,
p 1 

and hence (1 ,w ) = (z,w)(z ,w) 6 N, and also

(z2 ,l) = (z,w)(z~ 1 ,w)~ 1 6 N. Therefore

(N n (Z X W)) 2 ^ (N r\ Z) X (N n W). As Z and V are locally 

cyclic, we have iZ:Z2 i ^ 2 and l¥:W2 l £ 2. Hence 

I (Z X W):(Z X W) 2 | * 4 and IN n (Z x W):(N n (Z XW)) 2 I ^ 

Therefore we get |N A (Z x. W) : (N n Z) X (N n W) I ^ 4. 

So N n (Z x W) can be generated by its intersections 

with Z and ¥ and at most two further elements of Z x W. 

As Z and W have only countably many subgroups and are 

themselves countable, there are only countably many 

possibilities for N n (Z x W). As (AQ X BQ )/(Z X W) and 

G/(A0 X BQ ) are both abelian, G/(Z X W) is a finitely 

generated metabelian group. By a theorem of P. Hall 

(Theorem 3 in C7}), it therefore satisfies the maximal 

condition on normal subgroups, and so every normal sub­ 

group of G/(Z X W) is, qua normal subgroup, finitely 

generated. Hence a normal subgroup N of G is, qua normal 

subgroup, generated by N n (Z x W) and a finite number 

of elements of N not contained in Z x W. As there are 

only countably many possibilities for N n (Z x W) and 

only countably many finite subsets of G, there is only 

a countable number of normal subgroups of G.
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We have now seen that for a countable (or even finitely 

generated) group G with countably many normal subgroups 

there is no upper bound (smaller than the obvious one) 

on the number of normal subgroups of a subgroup H of 

finite index in G. But in the case where G has only 

finitely many normal subgroups or where G is of higher 

cardinality, we can do better.

Proposition 1.6 Let H be a subgroup of finite index 

in a group G of infinite cardinality k. Suppose that 

G- and H have n and m normal subgroups respectively. 

If n is finite then m ^ k. If n is infinite then, assuming 

the generalized continuum hypothesis, if n < k it follows 

that m — k,

Proof: If n is finite then by Theorem 1.1 the group 

H can have no infinite ascending chain, and hence every 

normal subgroup of H is, qua normal subgroup, finitely 

generated. Therefore m ^ IHI = iGl = k.

If n is infinite then by Theorem 1.2 the group H can
•+

have no chain of more than n normal subgroups. Hence

every normal subgroup of H can be generated, qua normal 

subgroup, by at most n elements. Therefore m ^ k—, and 

k— ^ k, assuming the generalized continuum hypothesis 

(see, for-example, C113, IX, §6).

Again this bound is the best possible:

K C* *OVw^l »* 6 CoHiC/wUt 1r<_p\«»*A H

V< o£ ^*',R »^&(ot ^ G* W»*-K K £

K. H> K
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Proposition 1 .7 Let k be an infinite cardinal. Then 

there exists a group 0 of cardinality k that has only 

twelve normal subgroups, but which contains a subgroup 

H of index 2 having k normal subgroups.

Proof: Let K be a field of characteristic p ^ 2 and

of cardinality k. The special linear group S := SL(2,K)
p acts naturally on K . Let T be a cyclic group of order 2,

and let XQ := X := K2 . Let U := S ;< T act on XQ and X 1 , 

where S acts naturally and T acts on XQ trivially and 

on X. by multiplication with -1 . Let X be the direct sum 

of XQ and X. . We take G- to be the semidirect product of 

X with U, and H the subgroup generated by X and S. Now 

H is of index 2 in G and has k normal subgroups, as for

every q G K the subgroup N := {(x,qx) I x fe XQ} of X 

is normal in H. It remains to prove that G has only 

twelve normal subgroups. For this we shall use

Lemma 1 „ 8 Let K be a field, S := SL(2,K) acting
2 naturally on Y := K . Then Y is a simple S-module.

JL Let Z ^ \0) be an S-submodule of Y. Let

0 ^ x = (x 1 ,x2 ) 6 Z. If x 1 ^ 0 then

6 S , and x = (1,0) t Z.

/O
= ( 1

\ X2

-xp
If x £ 0 then s = G S , and x = (1 f O) e Z,

For all y ^ 0 we have t. = . ) 8 S and-
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t2 = I __ 1 j e S , and hence (y,0) = (1,0) 1 6 Z 
\ *~j /

tp 
and (0,y) = (1,0) €. z. Therefore Z = Y and Y is simple.

We now finish the proof of Proposition 1.7.

-1 0\
Let z = I I , then Z = <z> is the centre of S.

0 -1 /

Let D := <(z,t)> £ U. We identify S and T with their 

corresponding subgroups of U. We want to show that the 

normal subgroups of G are precisely il \ , XQ, X., X~D, X, 

X^, XD, XZ, XT, XZT, H = XS and G, and that the lattice 

is given in figure 1.1. It is easy to see that these 

subgroups are, in fact, normal. So we have to show that

V nCa 
__„„ _^ __ normal subgroups o£ G.

Let U } £ N ^ G. Suppose N n XQ ^ 10) or N n X 1 ^ tOi

Then by Lemma 1 .8 we have X0 ^ N or X,. ^ N respectively.

Suppose that (XQ,X <.) fe N where Xp. ^ 0 ^ x. . Then

(XQ,-^) = (XQJX^J )^ 1 '^^ e N , hence (2xQ ,0) e N and 

(0,2x.) £ N. As char K ^ 2, these elements are non-zero.

Rence XQ ^ N and X 1 ^ N. Therefore X ^ N.

Suppose (z,1) 6 N. Then (z, 1 ) 1 » 0 ' 1 » 

= ((~2,0),(-2,0))(z,l) e N. Hence ( (-2,0) , (-2,0) ) eN , 

and X ^ N.

Suppose (xQ ,x 1 )(s,1) e N where 1 ^ s e S. 

Then there exists x = (XQ,X.) such that x(z,l) 6 N (As 

N ^ H we have XN/X ^ H/X = S). We have



19

N. If X 0

it follows that X ^ N. If XQ £ 0 or x 1 ^ 0 it follows

that XQ ^ N or X, ^ IT, hence

N.

As H/X has only XZ/X as non-trivial normal subgroup, 

it follows that all normal subgroups of G contained in H 

are {1} , XQ , X 1 , X, XZ, He

Now suppose (1 ,t) & N. Then 

( 1>t )(0,(l,0)) = ( 0 ,(-2,0))(l,t) e N, and hence X^ ̂  N.

Suppose (OjX^djt) e IT, where 0 ^ X 1 e X 1 . Then

e N. Hence

X1 ^ N and X^ ̂  N.

Suppose (x0 ,x, )(l,t) 6 N where XQ 5^ 0. Then

((xQ^Mnt)) 2 = (2xQ ,0) e N. Hence XQ ^ N , 

(0,x 1 )(1 ,t) 6 N , X 1 ^ IT, and XT ^ K.

Suppose (z f t) & N. Then (z f t)^ 1 ' 0 ^ 0 ^ 

= ((-2,0),0)(z,t) e N, and XQ ^ N. Therefore XQD ^ N.

Suppose (xjX.Msjt) €; N, where s £ S - Z. Then

O o"~ cj"™ O

((XQ ,X I )(s,t)) = (XQ+XO ,x 1 -x 1 )(s ,1) e N where

s2 £ 1 . Hence X £ N.

Suppose (x^x^Mzjt) e N. Then ( (XQ ,X I ) (z,t) ) 

e N, and (XQ ,X I ) (z, t) ( (XQ ,X I ) ( z,t) ) (z » 1

= (2xQ ,0) e N. It follows that (z,t) e N, hence XQ ^ N.

Therefore x. ^ 0 implies X ^ N.

Therefore the rest of the normal subgroups of G 

are XQD, X^, XD, XT, XZT, G, which concludes the proof 

of Proposition 1 .7.
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H = XS
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This leaves open the question whether or not there 

exists a group of cardinality k that has only k normal 

subgroups, but in which there is a subgroup of finite 

index having 2- normal subgroups. We have been unable 

to generalize the method used in the construction of 

the group G in Theorem 1.5 for k = >£0 to give examples 

of higher cardinality.

The main results of this chapter have been published 

in a joint paper by Peter M. Neumann and the author Cl
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Chapter 2

Partiall£_ordered_sets

Let A "be a partially ordered set. An automorphism 

a of A is a "bisection a: A — *A which preserves the 

order on A. Let I. be a subset of A. We call H a semi- 

ideal of A if for <5 G 21 and X e A with X ^ 6 it follows 

that X 6 2. The semi-ideals of a partially ordered set 

form a complete distributive lattice, the lattice 

operations being set-theoretic union and intersection. 

¥e can give the following test for the question whether 

there exists a non-trivial semi-ideal H which is in­ 

variant under all elements of a group A of automorphisms 

of A.

Theorem 2.1 Let A be a partially ordered set, and 

let A be a group of automorphisms of A. Then the 

following are equivalent:

(1) For X,/A 6 A there exists a e A such that yw. ^ \a.

(2) For every semi-ideal 2. of A with 0 ^ E ^ A there 

exists a €. A with % a

Proof: Assume (1). Let £ be a semi-ideal of A with 

0 ^ £ ^ A. Choose X e £ and /* 6 A - Z. Then there exists 

an automorphism a 6 A such that /* £ Xa. But then we have 

Xa £ A - 21, and Za ^ £. Hence we have (2).

Assume (2). Let X, y*. fc A. We define a semi-ideal SI of 

A by 51= -lvG.Al>j^M. Then for every b €. A we have 

that Ib is a semi-ideal of A, As the lattice of semi-ideals



is complete, the set § = U, . Zb is a semi-ideal 

of A. Furthermore § is invariant under every element 

of A. As JE is not empty, we therefore have $ = A. Hence 

there exists a €. A such that y^ *. £a. So there exists 

-* 6 Z. such that /A = va. But V ^ X, hence /4. = va £ Xa. 

Therefore (1) holds.

For a partially ordered set A let the lattice of 

semi-ideals be denoted by f (A) , and let S(A) = IJ(A) I. 

A totally ordered subset of A is called a chain in A. 

Let L(A) := sup ^S($) I § is a chain in M, and let 

D(A) be the minimal cardinal number such that every 

subset of A of cardinality D(A) contains elements a,b 

such that a < b. We then have

Proposition 2.2 S(A) ^ max( I A I ,D(A) ,L(A) ) .

Proof: (i) For every X & A we define a semi-ideal 

Zx of A by LX := ly^€ A I ^ ̂  \\ . Note that \^ 

implies 5. j^ £x . Hence S(A) ^ IAl.

(ii) First suppose that D(A) is finite. Then there 

exists a subset P of A which consists of pairwise in­ 

comparable elements such that I P I = D(A) - 1 (if D(A) = 0 

then A = 0 and S(A) = 1 > D(A) ) . For every subset f\

of P we define a semi-ideal 1P of A by
1

Ip =: -{y< e A I there exists X € r. such that j*. * X).

If ^^^2 are different subsets of P then Ip 

Hence S(A) 5, 2D(A) " 1 ^ D(A).
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Now suppose that D(A) = tt L , . Then there exists
oC + 1

a subset P of pairwise incomparable elements of A such 

that IPI = >^ oc . As above, every subset P I of P gives

rise to a distinct semi-ideal Z p of A. Hence
>* 1

S(A) * 2 * ^ K^+1 = D(A).

Finally suppose that D(A) = ^K where tx is a limit 

ordinal. Then for every £ < <x there exists a set P of 

pairwise incomparable elements of A such that I Pi = *^
"fcft

Then, as above, we get S(A) ^ 2 p > >*p. Hence S(A) -

(iii) Let § be a totally ordered subset of A. For 

every semi-ideal Z of § we define a semi-ideal "V of 

A by 2' = iX€ A I there exists <s e £ such that X ^ $ 

Again, if Z and Z? are semi-ideals of 5 and 2,^2 

then Z f ^ E^ . Hence S(A) ^ s(|>), and S(A) ^ L(A) .

In a special case we can prove that equality holds:

Proposition 2.3 Let A be an infinite partially 

ordered set with D(/\) finite. Then S(A) = L(A).

Proof; We know that S(M ^ L(A) from Proposition 2.2. 

If D(A) = k then by Dilworth's Theorem C3] there exist 

disjoint chains A. , ... , A, * in A such that

U ... ^ ^ *.

H>: /(A) — » -f (A 1 ) x • • • * ̂ (Ak-1 ) is given by 

£ i — > (1 n A 1 , ... ,2 n A k-1 ) • As 21 is the disjoint 

union of £nA^ » ••• > ZnA^^^ > the map vp is infective. 

Hence S(A) ^ 1*^)* . . . x ^(Ak-1 ) I ^ L(A) k" 1 = L(A) .
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Note that if A is infinite and D(A) finite then 

L(A) ^ IAI, because one of the chains A.^ in Dilworth's 

Theorem must be of cardinality IAI, and hence 

L(A) * S(A± ) ^ IAJ = IAI.

5t
If D (A) denotes the minimal cardinal such that A is 

a (disjoint) union of D*(A) chains then the proof of
-rOfc/ A \

Proposition 2.3 shows that L(A) v ; is an upper bound 

for S(A). However this bound is usually not very good.
JU

Also we obviously have n ^ D (A) where n is the pre-
f*

decessor cardinal of D(A) or D(A) ^ D*(A) where D(A) 

is a limit cardinal, but equality does not hold in 

general. E.S. Wolk gives an example of a partially 

ordered set A of any infinite cardinality k such that 

E(A) = tt0 but D*(A) = k ([253, Thm. 2). Also note that 

there is another relationship between I A I, D(A) and 

L(A). Suppose that IAI is infinite. If D(A) ^ IAI then 

L(A) ^ H0 . If D(A) ^ >^0 "then L(A) ^ IAI. This follows 

trivially from Theorems 5.24 and 5.25 in [43.

Ve can also give a characterisation of those countable 

totally ordered sets that have uncountably many semi- 

.ideals. To do this we first show

Lemma 2.4 Let A be a countable chain with at

least >^ semi-ideals. Then there exists f e ^ such 

that both i\t A I X< ̂ ) and IX e A I X>jf} have at 

least >£- semi-ideals.
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Proof: Let A be a countable chain with (at least) 

^ semi-ideals. For y e A we define L(y) = iXeA I X< ^ } 

and U(^) = {XeAIX>xKwe first show that there 

exist fjj and ^ such that L^) and TJ(T*j,) have ^ semi- 

ideals.

Let YQ - Yi - • • • be a subchain of A which is co- 

final with A. For every semi-ideal 5 =£ A of A there 

exist n £ U such that 2 is a semi-ideal of I*()fn ) • So 

if L(Y-) has only countably many semi-ideals for all 

i 6 3N then f\ has only countably many semi-ideals. There­ 

fore there exists ^TT such that L(fl"TJ ) has at least ^ semi- 

ideals.

Let *s y ^ . . . be a subchain of A which is co-

initial with A. Then for every semi-ideal 2. ^ 0 of A there 

exists n e IT such that Z is the union ofiXeAlX^jf} 

and a semi-ideal of U(|f ). So if U(E~.) has only countably 

many semi-ideals for all i fe U then A has only countably 

many semi-ideals. Therefore there exists flV such that

has at least H^ semi-ideals.

We note that A.. = i^ fe A I U(v) has at least >* semi- 

ideals) is a semi-ideal of A and Ay = \ <" €r A I L(^) has 

at least H4 semi-ideals! is a dual semi-ideal of A. 

As for every ^ fc A every semi-ideal of A is either a 

semi-ideal of L(f) or it is LO (^) = ^XeAlX^^i 

it is the union of LQ(^) and a semi-ideal of U(jf) we 

must have A = AT VJ ATT . All we now have to prove is 

that AH A is not empty.
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Suppose AL O ATJ = 0 . First note that in this case 

= { f 6 A I L(fl-) has at most H0 semi-ideals } and 

£ A I U(-fl-) has at most 7*0 semi-ideals }.

Let « Q £«£... be a subchain of AL cofinal with

and let pQ ^ £ ^ . . . be a subchain of Ag coinitial 

with A^j . Now let £ be a semi-ideal of A. Then one of the 

following holds for Z. Either there exists n e IN such 

that Z is a semi-ideal of L(« ) , or Z = A.. , or there 

exists m € IT such that Z. is the union of IXfcAlX^^l 

and a semi-ideal of U(£> ) . But then there are only 

countably many possibilities for 2. which gives a contra­

diction. Hence AT n ATT ^ 0, and this set contains the 

required element.

Now we note that a countable chain A is order-isoniorphie 

to the rational numbers if and only if it is dense in 

itself, that is, for X. ,X fe A with X, < \~ there exists 

/A. fc A such that X, < /* < X ? . We then have

Theorem 2.5 Let A be a countable chain. Then the 

following are equivalent: 

(i) The chain A has at least "^ semi-ideals.

y£

(ii) The chain A has 2 ° semi-ideals.

(iii) The chain A contains a subchain isomorphic to the

rational numbers.
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Proof: The implication (iii) => (ii) =» (i) is 

obvious, so we only have to prove (i) => (iii)» 

Let A be a countable chain with at least >fc< semi-ideals, 

and set A Q := A. By Lemma 2.4 there exists fa Q such that 

both A := {Afc A I A< ) and A := iA6 A I X >

have at least ^^ semi-ideals. Continue this process to4
construct y . e A . for i e lo, ... ,2-1$ and

XI 9 JL Ii f JL

uch = A

and both A . ^. and A , ^ p'

ideals. Let n

n+1 >2i " A n+1 >2i+1 U

nave a-t least sem- 

. I i 6 10 , ... , 2n" 1 -l5, n e IT j .

Then it is clear that P is dense in itself, and hence 

is order-isomorphic to the rational numbers.
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Chaj>ter_3

In this chapter we shall define generalized -wreath 

products and exhibit some of their properties. Gene­ 

ralized wreath products over totally ordered sets were 

introduced by P. Hall £81, but the definition easily 

generalizes to partially ordered sets, in the way 

described by Howard L. Silcock [191. We shall give 

the definition for partially ordered sets.

Let A be a partially ordered set. Let H^ £ {1} be 

a transitive permutation group on a set £L for X e A. 

For each X we choose an element (X of &. . For any sub­

set P of A we define Dr v „ Si. to be the set of functionsA
from T into LJv £r Slv such that the image of X lies 

in Slx for all X, and such that it is equal to CL for

all but finitely many X. Let & = Dr. _ . SK . We denote
A

elements of £1 by c*i =

of X under co, and let 0 := (°x^XGA * For any ^* £ ^ 

define an equivalence relation Ev by «i = ^ (mod Ev 

if and only if u> = u>J for all ^>X. We define a

map if. from Hv to the symmetric group on $1 as follows. 

Let h £ HX and w t 51. If co = 0 (mod EX) then 

(to(hvfx))x = ca^h and (oi(h^x))^. = to^ for all yu. ^ X. 

If O) ^ 0 (mod E^) then u)(hyx) = w . It is easy to see 

that vj>x : H^ —— >• Sym(Cl) is a monomorphism. Let the image 

of H. under vj>x be denoted by J. . ¥e define the wreath



product ¥ to be the subgroup of Sym(Sl) generated by 

the J> (X fc A):

Using the transitivity of Hv , it is easy to see 

that a different choice 0? for the distinguished element 

of £^ leads to a wreath product ¥* which is permuta- 

tionally isomorphic to ¥. If the H^ are all (permuta- 

tionally) isomorphic to a given transitive permutation 

group H we call ¥ the Ath wreath power of H and write 

¥ = wr H. ¥e remark that ¥ is transitive on ft. Further­ 

more, if A = \1 ,2} with 1 < 2 then the wreath product 

¥ is just the ordinary (restricted) wreath product, 

and it will also be denoted by ¥ = H, wr Hp.

For a subset P of A we write J« := <Jv I X £ P

Note that Jp = wr^ fe p H^ ([193, Lemma 1). If Jp is 

regarded as a permutation group on its orbit containing 

0 then this is a permutational isomorphism. In parti­

cular, if P = l>,^i then Jp = HX wr H if X< f. and 

Jp = H^ X H_ if X and /* are incomparable.

If P £ A write to s w 1 (mod P) if u\ = to? for all
A A

X 4- r* We denote by Dp the subgroup of ¥ consisting 

of those elements of ¥ that leave each equivalence 

class mod P invariant. Also let D^ := D^ . If £ is 

a semi-ideal of A then we have ([19], Lemma 2) that

D* is the normal closure of J^ in ¥, and Dk ^ = J. _ 
i i A-z. A-5L

is a complement to Dy in W. ¥e shall now give some 

further properties of the generalized wreath product.
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Lemma 3*1 For X,M. e A we have D^D^ = D^E^ .

Proof; If X £ ym let P = 1^6 A [y ^ X). We then 

have D^ 4 Jj, as IX} is a semi-ideal of P, and we also 

have Dy* ^ Jp . If X and j\ are incomparable let

. Then DX and D~ both are 

normal in J« , as IX) and i^J are both semi-ideals 

of P.

The following lemma is a generalization of Lemma 2 

in

Lemma 3*2 Let 2. be a semi-ideal of A. 

(a) Let g e By. Then there exist n ^ 0 and X. , ... , X

with X . £ X . for i < j and 1 ^ g, e IX for 1 £ i ^ n 
1 *^ i i

such that g = g ...gv (Note that g = 1 if and onlyA 1 An

if n = 0).

(b) Let g = g ...g , g9 = gM ...g.. €. D- with 1 X 1 Xn 2 /^ /*k 5.

>. £ X . and M. ^ /*. for i < 3 , and 1 £ g. e D, ,
-L J J- J A.^ 'V.

1 ^ g. £ D M for 1 ^ i ^ n and 1 ^ 3 ^ k with n f k ^ 0.
^j ^

Then g. = gp if and only if tg. ,...,gx } = {g ,...,gK } 
1 ^ A 1 n /^1 /V

(then, in particular, we have k = n).

Proof; (a) follows immediately from Lemma 3.1.

(b) We first assume that g. = g? . We proceed by 

induction on k+n. The statement is clearly true for 

k = 0 or n = 0. So let us assume that k,n > 0. We

choose a minimal element of lX^ , ... , X , ^*, , ... , A*,
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say A. (for p . the proof is similar). Let Z f = is e 2. I <s -s-*- 0
Then D = D^ with D - D and D ° D ' =

As X. is minimal, it is incomparable with Vjf»»»»

and we have g . ..g = g g ...g. g, • •••6v •
A1 An Ai A 1 Ai-1 Ai+1 n

then M *"/A I-Z f

contradiction to g. fe D-, . So there exists j suchAi 2

that X. = ^... As A, = M. is minimal in i/*, ,

we have, as above, g . ..gu = gu gM •••g
^1 ^k ^3

"by the decomposition
» /T

rest follows using the induction hypothesis.

Conversely, let 1 ^ g e D , 1 ^ g e Du for

it 3 e H ,...,nl and ig , . . . , g. } = {g , . . . , g
/n

We have to show that g. = gp. We prove this by induction

on n. It is clear for n = 0,1. So let n > 1. Let j be

such that g = gv . As X, = M.. is minimal in IX. , . . . ,X }*•• A A i ' j i n•• A 

I/A. , . . . ,u J it follows that

• We apply the
indiiction hypothesis to g. ...gx andA2 'Si

show that they are equal. 
j-1 j +1 n

Hence = •

If P is a subset of A let Sip := Dr xep &x , and let 

"be "tke projection from St = Sl^ onto SI . Suppose that 

is a partially ordered set and tA i<ffc5} is a
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partition of A with the property that v < ip if and

only if X, < > for all X, e A^ and X0 £ A.. . It is i £ i - Y2
not difficult to see that ™r^e . H^ = ^r w> fe § ( x & 

This is a straightforward generalization of the asso­ 

ciative law given in ISl. We now can prove

Lemma 3«3 Let Z be a semi-ideal in A, and let 

P = iX e A - I ! there exists 5 e £ such that X > <3 }.

JP
Then Dr = J_ . In particular, as IX) is a semi-ideal

in iy^A. & A I /A. ^ X>, we have Dv = Jv v ' where

U(X) = {M.&A I M. > Xl. Furthermore Dv = Dr ... / / A we

with Jx (co) = J for Og S io(mod E

Proof:; It is clear that J^ is normal in D^ , and

w •D i'DA.~r-5'^r ^-.r-5-^phence we have D = J = J = J

_-Also Jj. "" = Jf as elements of Dr , and in 

particular of Jc , commute with elements of D. n _.
i A-l — 2,

The isomorphism D. = Dr . _. J. (to) follows fromX ^ 6SI X

the fact that J..^ u TJ(A) = J\ ^^ ^u(X) ' an(^

that the base group of the ordinary wreath product is

just the restricted direct product given above.

Now let all the groups H^ (X fc A) be permutationally 

isomorphic to a group H (that is, ft^ = £1^ f or X,JA e A

and the action of H^ and H is the same). If A is a



group of automorphisms of A, we can regard A as a

subgroup of Sym(Sl) if we set (<oa) v = to * forX Xa" 1

toe £1, X €. A, a 6. A. It is easy to see that

a"" Jv a = J for all \ e A, a £ A. Hence A normalizes ^ A a
W, and the subgroup of Sym(Q.) generated by W and A is 

the semidirect product.

Finally we quote two results of Hall and Silcock 

on generalized wreath products. The first is Theorem D 

of T83, the second comprises Theorem 3 and Lemma 5

of L193.

Theorem 3»4 (P» Hall) Let A be a non-empty totally 

ordered set, H 4 ID a transitive permutation group, 

and A a group of automorphisms of A such that for 

any X,^. % A there exists a 6 A such that X ^ Ma. Let 

W = m H, and let G- = WA be the semidirect product. 

Then the commutator subgroup W of W is a .minimal 

normal subgroup of G (in particular, it is characte­ 

ristically simple).

Theorem 3*5 (Howard L. Silcock) Let A be a non­ 

empty partially ordered set, and let H^ ̂  \1} be a 

transitive permutation group for X £ A. Let 

W = wrXeA H^ . Then the map LI——» D^ from the lattice 

of semi-ideals of A to the lattice of normal subgroups 

of W is a lattice monomorphism. If all Hs are non- 

abelian simple groups, this map is a lattice isomorphism.
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Chapter 4

The subnormal structure of generalized wreath products
••» MMM» W ••»«•• MMMM^M M» OM MB *M M»^W>*W ^M ^M«W -a— OT «M W«M «H* ••• «• jfflj- 0V ^B* ^" M~ y-^ ^v ̂ « •» ̂ » •• M» —— » «M» MV ••» «W ••• *» ̂ ^ •• -^ ••» ••• ••> «M «•»

If W = v^x€A HX is a generalized wreath product 

(where A is a partially ordered set), then by Theorem 3.5

the subgroups of the form D^ where 5. is a semi-ideal 

of A form a sublattice of the lattice of normal sub­ 

groups of W. Moreover if all Hv are non-abelian simple, 

then this is the whole normal subgroup lattice. There­ 

fore the subnormal structure of W is essentially deter­ 

mined by the structure of the groups D^ . We shall show 

that these groups are themselves generalized wreath 

products (over a different partially ordered set). In 

order to do this we need the following

Lemma 4>1 Let ¥ = V7r \fe A ̂ X 9 an(* for 

U(X) = {v fc A | v > X} . Let X < /*, g e J

where tofeH/.v , co f e ^IT/ ' "Le ^ ^0 ^ HM, such that

h - (hoY/J W with Ok^, = U)« (and k^, € Ju( } ). If

there exists v e U(M.) such that toy ^ u>' then

gh = g e J(co). If wv = LO for all v fe U(^) then

gh e J^(tp) v^here wy = cx)y for V ^ ^ and oS

Furthermore if g = gQVx with Okw = to then

^ with Ok = s •



Proof; The element h operates on &TT(\) in 

following way:

(<oh)y = o*y for v £ *. and

t*yh0 if wv = to^ for all v > 

u>yuv. otherwise. 

From this the lemma easily follows.

We can now state the result on the structure of D^ .

Theorem 4:2 Let A be a non-empty partially ordered 

set, E\ a transitive permutation group on Sis for X £• A, 

Let 2. be a semi-ideal in A. Let W = wr ̂  ̂  » H^ , and 

let Dy be the subgroup of W consisting of those elements 

that leave each equivalence class modulo 21 invariant. 

For <5 e £ let F(<o) ={.XeMX><5 and X ̂  Z i , and

let = cu (5 £ £. , co s Dr w~ ^** ¥e de:fine

a partial order on Z by (c?.,^) < (6p >cc>2^ if and

if 6 1 < G 2 and ^ )^ = (^2\ for a11 X fe F fe 2 ). Let

= H(5 and 

and fr e £. Then

e t • Our ^oal is
to define an isomorphism ry : V —— > D- .

We first note that D_ ^ Dr, ft J_ (to) £ D- .15

Also D/. x = Dr. c 0 J/.. , Jto1 ) ^ 7 .' x

We define := <D I co e & > ^ v .



By definition of the partial order on £ we have that 

(<5 ^ ) and (6 ,&>2 ) are incomparable for co^ £ <^>2 • There

fore D_ = Dr ~

We note that there is a bisection U(<5 ,u>) —— *>U(<5)O 

given by (v,£)« —— >v . For, if (v,^) > (<5 ,«o) then v £

and %£ &/ \ such that £ = ^ for all ^f fe F(v), and

hence ^ is then uniquely determined by (5 , to, v . This 

gives rise to a natural bijectionSl^/ \ —— ̂^ufe^n Z

where co'« —— > oo ! and (to 1 X, = to? -\ . We also note that* * v vv> 3;

given w6 &Wrr and WL 6 ^ we ^e^ an

Now let ry: J, \ (to f ) —— ̂J-(u>',to) in the natural
V^> >Wy (5 >£

way (i.e. if g e H/ \ = H^ and k,k ! such that Ok* = 

and Ok = (u£,to) then ((gy^ w )) k )f = (s^) 1^). We can

linearly extend this mapping to the direct products to 

give an isomorphism ty: D —— > D_ .

By Lemma 3*2, we know that every element of D_ can

be expressed as a product g •••g\ where 1 £ g^ £ D
A 1 An -*i A i

and X. ^ \. for i < j and that the set {g , ... , g }

is unique for every element of D- . We also can write 

every element of Y.in the form g/^ \... :
\ /^ jt j *AJ ̂  J

where 1



if i < j. It is easy to see that every element of V 

can be written as g. ...g. where 1 £ g. 6 B. and
A * A^. A.: A ̂i m 11 

X. ^ X. for i < j,. with the same uniqueness condition

as in D_ .

Let g = g ...g be an element of V with 
A 1 Am

g N 6 Bv and X . £ X. if i < j. We define

'vf ) • To show that ̂  is well-defined

and a bijection from V to D* we have to show that the

definition is independent of the expression gs ...gvA 1 Am 
But this is obvious from Lemma 3.2(b).

What is left to prove now is that <^ is a homomorphism, 

i.e. given any g,h fe V that (gh)^/ = (gAp)( nY)« We write

g = g\ •••gx and h = hu . ..hM with 1 ^ g. 6 D. 
n Ak H ^m Ai Ai

and 1 ^ h.. fe B . . Let n(i) = min in I u < X . i . Then-

v •••
X1

= h .h g h h 
** X 1 '""

. . . h

*y ••• h>
.gv rivr~ / hlA ..... and we haveA2 A

We also get in the same way that

(gf)(n«f) = (gx /f)...(gv Y^
1 k r 1

(h



So it will be sufficient to show that (gh)/y =

for gfc B , h = h ...h e Bu . . .B with/*. £ y* X 'n

if i < 3 and X

Now for g e D^ we can write g = g1 . . .gp where

' And f°r We °an write 
j

where g.. € J/-. \ (u? f. . ) . As Dv is the direct product
J-*- \A >^vj / Jl *^

of the J/>. \(oo f. .) and similarly Dv the direct product
V.A >WJ / O 3- y^'

of the tL (to'. . ,ox) , we can without loss of generality
A. jl^r 3

assume that g e J/^ \ (cx5 ! ) for some co,
\A »

Furthermore, as h = h ...h 6 D.. . . .D • , we can

assume that h e D<^ f or some **. > X (otherwise we can 

proceed by induction on n) . Finally, decomposing Iw 

in the same way as above D^ , we can also assume that 

h £ J/ -^ (co f ) for some oo, 5 f .

So we have * < , g e J j (u? ! ) , h 6 J/ J

where ^ ̂ ^Wx") ' w € F( ^ • ^ow ^nere are 

(i) (X ,w) ^ (/St^) • Then there exists v 6 

'v
— h 

such that to ^ 03.. It is clear that g = g and

, hence

(ii) (X,co) < (/<,co) . Let gQ fe HX , hQ e H« such 

that g = (g0fx ) and h = (h0^) where Ok = to* and

Ok = to 1 . If there exists (v,v^) £ U(/*,to) such that
y^

to1 ^ to 1 then g = g by Lemma 4.1 . If



for all (v.vi) € U(M,UJ) then^ ^

where ^ = w' for (v,vi) ^ (M,IO) 
(v,^) (v,^) A

-v^

and 5 = to' hA . Then g <v £ JN(*> ,"0 such 
0*.") (^,w) ° *'*

that gh /^ = (gQ tfy) f where Of = (S^w).

As (X,w) < (M.,W) we have tJ^ = toy for all v

If there exists (v ,vj) & U(y^,co) such that to f j^ to*
(v,) (

we have (w^)^ ^ ^i^ for tllis element v €. 

Hence (g^)^ *V' = g/\p by Lemma 4.1, and we have

(g )f = g*f> = (g<f) ^ in this case. 

Now suppose u>' = co f for all

Then (coM = (co » ) for all v £ U(/0 n 2L . We then have
n> v Jjp %/ /

for 

By Lemma 4.1 we therefore get (g^) ^ €. Ji(§) where

l with oft = * and where

for v
It is obvious that ^ = Oj*' 03) » an^ nence

(g W = (gf) ^ in this case too. This completes the

proof of the theorem.

Note: If A is a totally ordered set then for any 

<5T £ Z we have F(«) = A - 2 and (^,0^) < (<3 2 ,">2 ) if 

and only if G I < <52 and t*^ = v>2 . We therefore get
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= TO\*fi.TYr. ^ V7r H/^ N , and this is WfeDr A&A-2L% ff *2- (s ' w)
isomorphic to a direct power of copies of J-. indexed

by Dr £L as would "be expected. A fc A "" 2:. A
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Chapter 5

--£-.BB2--£-2£_§B5B2r5ai l!ukg£ouE!L0£ infinite_grougs

If G is a group and H is a subgroup of G, and if n 

is a natural number, we say that H is n-step subnormal 

in G if there exist subgroups H I , H2> ... , Hn_ 1 of G 

such that H. is a normal subgroup of H, , for

i€ 10,1 , . . . ,n-l} where Hn := H and H := G. We callu n
H subnormal in G if there exists a number n such that 

H is n-step subnormal in G. If n is the least natural 

number such that H is n-step subnormal in G we shall 

call it the subnormal defect of H in G.

In this chapter we shall investigate the relation 

between the number of subnormal subgroups of a group 

G and the number of its k-step subnormal subgroups 

for a given k. It is well known that the minimal con­ 

dition on subnormal subgroups is equivalent to the 

minimal condition on 2-step subnormal subgroups ( see , 

for example, [17l, Theorem 5.49.1). It was conjectured 

by Avinoam Mann that a countable group with countably 

many 2-step subnormal subgroups would have only countably 

many subnormal subgroups altogether. We shall give a 

counterexample to this conjecture.

We first show that the number of normal subgroups 

(i.e. the 1-step subnormal subgroups) of a group does 

not bound the number of subnormal subgroups. Note that
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Theorem 1.5 gives an example of a finitely generated 

group with countably many normal subgroups but con­ 

tinuously many two-step subnormal subgroups. But 

if we do not restrict ourselves to take normal sub­ 

groups of normal subgroups of finite index as 2-step 

subnormal subgroups we get an even more striking 

example.

Proposition 5.1 Let n be an infinite cardinal 

number. Then there exists a group G of cardinality n 

such that G has 3 normal subgroups but 2~ two-step 

subnormal subgroups.

Proof: Let H be a simple transitive permutation 

group of cardinality n on a set SL of cardinality n. 

Let G = HQ wr H I with HQ = H = H I .By Theorem 3.5 

the only normal subgroups of G are 11} , BCQT and G. 

As D,~, is a direct power of n copies of H, it has 

2— normal subgroups, which are all 2-step subnormal 

in G.

Note that the groups constructed in Proposition 1.7 

give examples of groups of cardinality n with finitely 

many normal subgroups and 2— two-step subnormal sub­ 

groups. However the groups constructed in Proposition 5.1 

achieve the smallest possible number of normal subgroups 

in this situation, namely three.
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In order to deal with groups that have finitely 

many two-step subnormal subgroups we need the following 

lemma stated without proof by Wielandt in the footnote 

on p. 219 in C203. The proof we shall give is different 

from the one given in £17!) (part 1, p.184, Corollary 

to Thm. 5.48).

Lemma 5.2 Let G- be a group with subnormal compo­ 

sition series of finite length. Then G has finitely 

many subnormal subgroups.

Proof: We shall prove the lemma by induction on 

the length of a composition series using the well known 

fact that all composition series have the same length. 

Lengths 0 and 1 are trivial. Let G- be a counterexample 

of minimal length. Let *Yt be the set of maximal normal 

subgroups of G-. As every M fe HR has finitely many sub­ 

normal subgroups by minimality of G, the set TC( must be 

infinite. Let K be an element of ttt. Because K has only 

finitely many subnormal subgroups, there is an infinite 

subset ffl £ flrt and a normal subgroup L of G contained 

in K such that K O M = L for all M G Tt. But then G/L 

has infinitely many normal subgroups, hence by mini­ 

mality of G- we have L = U). Now we have G = K x M for 

every M e TC. Since K and M are maximal normal subgroups 

and Tt has more than one element it follows that they 

are isomorphic simple groups. If they are non-abelian 

then G can only have 4 subnormal subgroups. If they



are abelian then G- is finite and has only finitely 

many subnormal subgroups. Hence in both cases we have 

a contradiction to the assumption that G has infinitely 

many subnormal subgroups. This proves the lemma.

We then get

Theorem 5.5 Let G be a group. Then G- has finitely 

many subnormal subgroups if and only if G- has finitely 

many 2-step subnormal subgroups.

Proof; The one implication is trivial. So let us 

suppose that G has finitely many 2-step subnormal sub­ 

groups. Then G has a finite chief series 

11} = NQ 4 N 1 « ... <3 Nk = G. For each i e tO,...,k-l) 

we have that N. , = N. ./N. is a minimal normal sub­ 

group of G = G/N. , and G has only finitely many 2-step 

subno r mal subgroup s .

Let M be a minimal normal subgroup of Ni+1 and let 

ttt = IMQ = M, M, , ... , M1J be the set of different

conjugates of M in G (this is finite, as all M. arej
2-step subnormal in G) . Clearly the members of Ttt gene

rate N. 1 .We choose a subset HV of $T which is minimal 

with respect to its members generating Ni+1 . Now Ni ^ 

is the direct product of the subgroups contained in 

fel1 -. For, let K £ Tft' , and let L be the subgroup gene­ 

rated by the other elements of BV , we have K.L = N. * , 

and K O L is a normal subgroup of N . As K is a
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minimal normal subgroup, it must "be K or 115. If

£ n L = K then K ^ L and l.L = L ^ N±+1 which is a 

contradiction. Hence K n L = 11} and we have proved 

that Ni+1 is the direct product of the elements of W . 

Furthermore these groups are isomorphic simple groups, 

because if K^ ^ K G W then IL is normal in N as

K is a direct factor and hence K. = TTJ or K^ = K by 

' the minimality of £. Therefore we can refine the chief 

series given above to a subnormal composition series
«

of finite length. From Lemma 5.2 it then follows that 

G- has finitely many subnormal subgroups.

We can also give another class of groups where the 

number of subnormal subgroups is equal to the number 

of 2-step subnormal subgroups:

Proposition 5.4 Let G be an uncountable soluble 

group of cardinality n. Then G- has 2- two-step sub­ 

normal subgroups.

Proof i The group G has a finite derived series 

G = G^°V G^ > ... > G^ n ^ = 11 K One of the factors

must have the same cardinality as G. There 

fore it is an abelian group of cardinality n. By t18l, 

Theorem 9, it has 2~ subgroups. Their inverse images 

in G are 2-step subnormal subgroups of G.



47

As -uncountable soluble groups already have the 

maximal possible number of 2-step subnormal subgroups, 

their number of all subnormal subgroups cannot be 

greater. However we shall now construct non-soluble 

groups in which the number of 3-step subnormal sub­ 

groups is greater than the number of 2-step subnormal 

subgroups.

Theorem 5.5 Let m and n be infinite cardinals such 

that m £ n. Then there exists a group G- with the fol­ 

lowing properties:

(1) The cardinality of a is n.

(2) The number of normal subgroups of G- is t*Q .

(3) The number of 2-step subnormal subgroups of G- is m.

(4) The number of 3-step subnormal subgroups of G is 2—.

Proof; Let P be an ordinal number of cardinality m. 

Let A = P x 7L where 2Z denotes the integers. We define 

a total order on A by (^, ,n.) < (f 2> n2 ) if and only 

if (i) n1 < n2 or (ii) n 1 = n2 and ^ < )f2 . 

The mapping t: (f,n)i——>(y,n+l) is an automorphism 

of A* Let A be the infinite cyclic group generated 

by t. If (Y-, ,ru ) and (y2 ' n2^ are elemen"ts of ^> then

,,n, )t ^ = (Y-* ,n?+1 ) > (^p ,np ). Let S be a simpleII t* I c. c. £-

transitive permutation group of cardinality n on a 

set &. of cardinality n. Let W = wr^ S, and let G- be 

the semidirect product of W by A (in the way described



in chapter 3). We shall now prove that G has the proper­ 

ties (1) - (4) claimed in the statement of the theorem*

(1) We have I SI = n and IAI = m £ n. The wreath 

power W is generated by |A| copies of the group S, 

hence IGI = IWI = n.

(2) By a slightly stronger version of Theorem 3.4 

(given in £17], Theorem 6.25) the group W is the mono­ 

lith (i.e. the unique minimal normal subgroup) of G. 

Therefore all non-trivial normal subgroups of G are 

of the form WB where' B is a subgroup of A. Hence 

there are only countably many normal subgroups of G.

(3) If 11} j£ B £ A then B has also the property 

that for (tf-^n,), (tfv>,np) 6 A there exists b 6 B such 

that (^.,n,)b > (jfpfUp). Hence W is also the monolith 

of WB, and all normal subgroups of ¥B are already nor­ 

mal in G-, So the subnormal subgroups of defect 2 in G 

are just the non-trivial normal subgroups of W.

Let Z be a semi-ideal of A. Then either £ = 0 or I s= A or 

there exists an integer nQ which is minimal with respect 

to the property that there exists ^* £ P such that 

(^-,nn ) £ £. But as P is well-ordered there exists 

fo & P which is minimal with respect to (f0 ,nQ ) 

But then clearly J. = l()f,n) £ A I (y f n) < (^0 ,nQ 

and hence S(A) = IA I = m. By Theorem 3.5 the group W 

has S(A) = m normal subgroups.
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(4) Let DT for 0 £ Z ^ A be one of the normal sub­ 

groups of W. Let A = Dr N £l x with SI. = SI . By
A fc A ~* £, A A

the note after Theorem 4*2 the group D_ is a direct

product of copies of wr S indexed by A. For every 

subset A 1 of A the group generated by those copies 

with indices in A' is normal in D- . and hence is sub-
£~

normal of defect 3 in G. As 1A1 = 1SL1 = n , there are 

2— such subgroups.

Theorem 3.6 Let n be an infinite cardinal number. 

Then there exists a group G of cardinality n such that

(1) the number of normal subgroups of G is 3,

(2) the number of 2-step subnormal subgroups of G is 2 °,

(3) the number of 3-step subnormal subgroups of G is 2—.

Proof J. Let S be a simple transitive permutation 

group of order n on a set SL of cardinality n. Let Q 

be the set of rational numbers in their natural order. 

Let A be the group consisting of the order automorphisms 

f of Q of the following form: for f there exist 

XQ < ... < xn e Q and yQ < . . . < yn e Q (n finite)

such that xf = x for x ^ XQ and x ^ x , and

for x. 1 ^ x ^ x. and 1 ^ i ^ n . Let B be the
I™* I JL

derived subgroup of A. Let W = wr1^ S, and let G = WB 

be the semi-direct product as before.
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We first note that A (and hence B) is a countable 

group, as every element of A is determined by finitely many 

rational numbers XQ = yQ , x 1 f ... , x^ , xn = yn , 

y^j > • •• 9 yn-1 * Hence G is a group of cardinality n. 

We shall now prove that G has the properties (1) - (3) 

claimed above.

(1) In L93, Graham Higman has proved the following 

theorem: let A be a permutation group on a set A* For 

f 6 A let D(f) = i& & A r £f ^ £5 • A subset &' of A is 

called totally unstable with respect to f & A if 

tS O (A'f) is empty. If for every triple f, , f2 , g 

(g 4 1) of elements of A there exists an element h 

such that (D(f.) U D(f2 ))h is totally unstable with 

respect to g then the derived group of A is a simple 

group.

Let f , fp , g (g ^ 1) be elements of the group 

A defined above. As B(f) is bounded for every f 6 A 

there exist elements 1 < u of Q such that 

DC^) U D(f2 ) £ (q £ Q I 1 < q < uj =:' l(l,u). As g £ 1 

there exist q, < q^ in Q such that

(I(q1 ,q2 ))gn I(q1f q2 ) is empty (first it follows that 

there exists q^ in Q such that q^ ̂  q() , but it is 

clear that there is a whole neighbourhood of q^ that 

is mapped'by g onto a disjoint subset). Let 

L := min(l,q 1 ) and M := max(u,q2 ). We define the 

mapping h: Q——>Q by



xh = -<

x

L -

for x ^ L-1 and x ^ M+1

for L~ 1 -

-1 for i ^ x ^

for u £ x ^

Then clearly h is an element of A, and we have 

(D(f 1 ) u D(f2 ))h Z I(qr q2 ) . Hence (D^) U D(f2 ))h 

is totally unstable with respect to g. By Higman's 

Theorem therefore B is simple.

Por every q e Q we define f 6 A lay

.^A

for x ^ q-1 and x ^ q+2 

- 1 + 2(x-q+l) for q-1 ^ x ^ q

q + 1 -f 7>(x-q) for q ^ x q+2

let = f . Then hq 6 B and qhq =

Therefore B has the property that for q.,,qp 6 Q there 

exists b 6 B such that q. b > q^ . As before W is the 

monolith of G-, and hence il), W and G are the only 

normal subgroups of G-.

¥e remark that even a stronger property than the 

existence of b £ B such that q.b > q2 holds for the 

group B. Namely, for every pair of ordered n-tuples 

(x1f ...,xn ), (y 1 ,.*.,yn ) of elements of Q (where 

x. < x -,4 an<l y. < y- +i) "tbere exists an element h e B 

such that x.h = y. for 1 ^ i ^ n. To prove this, we
•** • J*



first observe that there exists an element f e A such 

that x.f = y,. for 1 ^ i ^ n. Now let g £ A be chosen 

such that D(f) is totally unstable with respect to g 

(such permutations f and g can be constructed expli­

citly by using similar methods as above). Then we
—1 1 

define h = fgf g . Then x. is mapped under f to y. .

This is mapped under g to y.g. But as D(f) is totally 

unstable with respect to g, the element y.g is left. 

invariant under f and hence also under f . Then y.g 

is mapped back to y . under g . Therefore h has the 

required property*

(2) Clearly the 2-step subnormal subgroups of G- 

are just G- and the normal subgroups of W. By Theorem 3.5 

the normal subgroups of W correspond to the semi-ideals 

of Q, and hence (Theorem 2.5) there are 2^° of them.

(3) The proof that there are 2— three-step subnormal 

subgro\xps of G is the same as the proof in the pre­ 

ceding theorem.

We note that the type of construction used in 

Theorems 5.5 and 5.6 can not be used to construct 

groups which have countably many 3-step subnormal 

subgroups but uncountably many subnormal subgroups:

Proposition 5.7 Let H ^ i1j be a transitive per 

mutation group on the set SI, and let A ̂  0 be a par 

tially ordered set with a group A of automorphisms 

satisfying conditions (1) and (2) of Theorem 2.1.
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Let n be the cardinality of the set {^ e A | x > M. } 

for some j* e A (this is the same for all y^, because 

of Theorem 2.1), and assume n ^ 0. Let V = vrr^ H, and 

G = WA. Then I G! = max( JHI , I A I , IA I ) , and G has at

least 2m x ^ '—' three-step subnormal subgroups.

Proof: Prom n ^ 0 it follows by Theorem 2.1 that 

n (and hence 1AI) is infinite. The group W is gene­ 

rated by copies of H indexed by A, hence 

|WI = max( 1H I, I A I) , .and as G - WA, we have 

!G| = max(I¥|,!Al) = max( IHI , I A I , I A I ) . Furthermore 

we have ¥ <i G. Let ^ be an element of A. Then 

Z = {\ e. A I X £ /A-i is a semi-ideal of A and D^ < W. 

By Theorem 4«2 there is an injection from the set of 

semi-ideals of f = (fe ,to) 6 e 2, w> e.

(with SI^ = SI) into the set of normal subgroups of B^ . 

Let P = {(M-,U>) I to e Dr^ fe p/ \£L^}, then elements

of P are incomparable, and hence every subset of P'

gives rise to a distinct semi-ideal of I. Therefore
— IP!

the number of semi-ideals of £ is at least 2

But FuO = iX & A I X > f*l , and hence 1PI = max(l.ftl ,n)

and therefore V^ nas at least 2max ^ ISll> - normal sub­ 

groups, which are all three- step subnormal in G.

Corollary 5.8 Let G be as in Proposition 5.7, and 

suppose that G is countable. Then G has continuously 

many 3-step subnormal subgroups.
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Proof; As G- is countable,, the set A has to be 

countable. Also n = > 0̂ , and A, H and £1 can be at most 

countable. The rest follows from Proposition 5*7.

Prom Lemma 5.2 we know that for a group G it is 

equivalent to have finitely many subnormal subgroups 

and to have a finite composition series. We now ask 

the corresponding question for normal subgroups in­ 

stead of subnormal subgroups: What is the relation 

between the property of having finitely many normal 

subgroups and the property of having a finite chief 

series?

Lemma 5.9 Let (L,A,v,O f 1) be a distributive lattice 

of finite length n. Then L has at most 2n elements.

Proof: We prove this by induction on n. The cases 

n = 0 and n = 1 are trivial. So suppose that n > 1 . 

Let m be an atom (i.e. a minimal non-zero element) 

of L. Then the set L = {xeLlx^m) forms a 

distributive lattice of length n-1, and Lffl has at 

most 2n elements by induction hypothesis. We define 

a map \f>: (L - L^) ——* Lm by aip = m v a. Let 

a f b e L - L , and suppose a^> = bvp , that is, 

m v a = m v b. Hence we have a A (m v a) = a A (m v b) 

and, by distributivity,

(a A m) v (a A a) = (a f\ m) v (a A b). But a A m = 0, 

and hence a ^ b. Similarly b ^ a, and hence a = b,
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and tp is injective. Therefore IL - L I £ IL I t andT mm

I LI £ 2lLm l ^ 2.2n~ 1 = 2n as required.

Theorem 5*10 (A) Let G be a group with distributive 

lattice of normal subgroups and a chief series of 

finite length n. Then G has at most 2n normal sub­ 

groups.

(B) Let n be an infinite cardinal number. Then there 

exists a group G of cardinality n that has a chief
«

series of length 4 and that has n normal subgroups.

Proof: (A) follows immediately from Lemma 5.9.

(B) Let K be a field of cardinality n and prime 

characteristic p £ 2. Let X 1 £ X2 = K2 , and let 

S := SL(2,K) act naturally on X 1 and X2 - Let Z = Z(S) 

be the centre of S. Let X be the direct sum of X, 

and Xp and let G =XS be the semidirect product where 

S acts on X componentwise.

For q e K let T = i(x,qx) I x e X^ . Using 

Lemma 1.8 and the same methods as in Proposition 1.7 

it is not difficult to see that the lattice of normal 

subgroups of G has the form given in figure 5.1, 

which proves the theorem.

We note that Theorem 5.10 (B) is the worst possible 

example: a group G of cardinality n with chief series 

of finite length m can have at most n normal subgroups, 

as every normal subgroup of G can be, qua normal sub-
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group, generated by at most m elements.

It is well known that for a modular lattice to be 

distributive it is necessary and sufficient that it 

does not contain a sublattice isoraorphic to the lattice 

given in figure 5.2. From this it follows that any 

group G- whose lattice of normal subgroups is not 

distributive will contain normal subgroups N. £ Np 

such that N.j/1^ n N2 = N2/1T, n N2 = A where A is abelian. 

Hence if G is a group with no abelian chief factor then 

the lattice of normal subgroups of G is distributive.
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Characteristically simple groups with countably 

many normal subgroups, namely certain wreath powers, 

played an important role in the construction of a 

group with countably many 2-step but continuously many 

3-step subnormal subgroups. ¥e shall now look at these 

groups in general, and we shall construct a further 

type of characteristically simple group.

We recall that if W = "^c^e A SX is a generalized

Vifrn~9^.\\av\ 
..-_ _ _ r~^ __ „ .. __ „ ^x ^.^ _ simple group for X £ A

then the lattice of normal subgroups of W is isomorphic 

to the lattice of semi-ideals of A. Furthermore the 

chief factors of W, that is, the factors M/N where M 

and N with N < M are both normal subgroups of W, and 

where no normal subgroup of W lies properly between N 

and M, are isomorphic to certain direct powers of one 

of the simple groups S^ . Note that we always have 

some chief factor being a proper power of some Sv if 

there exist X,»A e A with X < /*. We shall now construct 

a group with a similar lattice of normal subgroups, 

but where all chief factors are simple groups.

A partially ordered set A is called a tree if for 

every pair of incomparable elements X and ^ of A there 

does not exist v| £ A such that X - *| and p ̂  *| (or
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equivalently, if for every X G A the set 

€ A I f\ £ A } is a chain).

Let A be a partially ordered set. For > e A let 

Mx be the set of maximal chains in {^ e A I /* - *i • 

Note that X is the maximal element of each member of 

Mx . Let T(A) = Uxe ̂  MX . The set T(A) is partially 

ordered by set-theoretic inclusion. The set T(A) is, 

in fact, a tree, for let c^Cp & T(A) with c 1 , c 2 

incomparable,' and suppose that c, c c and CpC c~ . 

Let /*. be the maximal element of c. for i & 11,2,35. 

Then c. = iA€c, 1X^/4. } for 3 € il,2,3K But then
J -s J

C;, d Cp or Cp c: c. , which is a contradiction. We call

T(A) the tree associated to A. Note that if A is already

a tree then A is order-isomorphic to T(A), as M^

consists of only one element for each X fe A. Let

Cv = T(tyc e A I ^^ Xj), and let c e M^. Then

v> : di —— ̂d U c is an order-isomorphism from Cv to

le e T(A) I e ^ c}.

Let 7L denote the set of integers. Let £1 = TL 

For any subset P of T(A), and z = (ZC ) G £

V z) = (zc } c6 r * If T(Av) = U iei ri is any par~

tition of T(A), we identify z with (Tp< (z)) ie -j- in

the obvious way. For c G T(A) let U(c) = Id e T(A) 1 d 2 c}.
CX

For X £ A let A = 2) . Note that \f induces a\ c

bijection Y : A —— >TrUc^ by
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. Let \- -
1C

We define an embedding j*. AF(A ) —— >Sym(£l) in the 

following way. Let g € AF(A^), z e & . Then

Denote the image of AF(A. ) under 3* "by H^ . For every 

semi-ideal £ of A let K^ = <H» I M. ^ 2.>, and let 

G(A) =

Lemma 6,1 If M,X are incomparable then [HK ,H\ 3 = i1

Proof; If z € SI then elements of Hv and H.^ only 

affect those components of z vrhich are indexed by

elements of U _ U(c) and ^ u ^ d ) respectively
X

As X and M. are incomparable, we have

(U ceM U(c))n(UdeM U(d)) = 0 , and hence all

elements of EL commute with all elements of H*^ .

Lemma 6.2 If j*. £ X , then H. normalizes 

Proof: Let g fe AF(&X) , and let y =

Let INL = ie 6 C.^ I X is the maximal element of e } .
?v /

If e e Nv then there is a natural bisection 
X

r^ . ^ —— ̂  (Au ) induced by if where cvf = e u c 
Te X e

for c fe n , and where S=if£CM l f2e}. Let X e A

R = C^- U e ^ N S e . We define h fc Sym(A^) by

yh = (trR (y),(irs (y>fe 1 ^e^e eNv ̂  Then there exists
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e Sym(irw / \(SO) such that

for

all z € Si. Hence if k e AP(A U ) then/^

Xk)j x(g) = jJh^kh) , and as h~ 1 kh 6 

we have D^Cg)" 1 j L(k) j

From Lemma 6.1 and Lemma 6.2 we immediately get

Corollary 6.3 If E. is a semi-ideal of A then K^ is 

a normal subgroup of G-(/0 • If a*id £ are semi-ideals

with 2Tp = ^i u IM.} then K^ = Ky Hi^ » "fclie semi-direct 

product.

Proposition 6.4 (a) Every element of G(A) can "be

written in the form hv h x . ,.hs where X. ^ X. when-
12 r 1 ^

ever i < j , and 1 £ h. e IL for i,j 6 l1,2,... f rjAi A i 
and r ^ 0.

(b) Let g^ = g^ "'gx ' g2 = gM *" g/A e G^^
I r i s

with X . ^ X. and R. ^ M. for i < j and 1 ^ g. e Hx , i 0 * i i 3 /^^ A^

g ^ HM for 1 - i - r and 1 ^ 3 ^ s with r,s ^ 0.

Then g1= g2 if and only if

.This follows as in Lemma 3.2
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Lemma 6.5 Let 1 ^ h - h. K ...tu £ G-(A) , \. £ X.
*1 A2 Ar X °

for i<j,1?£hvfcIL . Let 5- be the minimal semi-
Ai Xi

ideal containing i^ , ... , \ } , that is,

I = t/i € A ! there exists i £ 11 ,2, . . . ,r} such that /* ^

Then the normal closure N of h in Ec contains H.
*• A 1

Proof; If r = 1 then h 6 H. , and as Hs is simple ———— X1 A1

N must contain H^ . So let r > 1 . Now h = h. k with
- X1 A 1

k = h^ ...h^ ^ 1 . We have

[k,h. 1 3 = h* hT1 = (h, k)k (hs k)" 1 & N , and also
A * Awi A 4 A.* AJ

tk,h~1 D € EL . Now if ChT 1 ,kD £ 1 we have H > £ N 
1 1 1 1

as above. So we have only to consider the case that

Ch7 ,k] = 1 , and also [h. ,k] = 1 . x\ A 1

First suppose that \ l> , ... , X-, are all incomparable
C~ •!•

with \. . Then choose h' € H such that [h' ,h. ] 4 1. 
i 11 11

Then (h, k) 1 (h k) = [h! ,h~ 1 ] t N n Hv , and
A^ A< A-i A 4 *^-4

hence E^ ^ N as above. A1

So we are left with the case that there exists

j 6 12,...,rj such that A, < A. . Now we can choose
' J

y e A. such that (z,(yY^) ocM ) is fixed under h, for Aj c. c fe ii^ A^

all z e Ww /..x(a) hut moved by k to (zt, ,(y'Y ) )
If \^\. / •". \s O %^ 11^.

with y f €, A. » y f ^ y and tk : 1
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Also choose y1 ,y2 ,y3 e AX such that (z, (y±*fc ) c e K )

is fixed under h» for all z e TT^/SN (£l) and moved by k
1 1

to ( zt () With S0me

for i 6 ^1,2,33. Now let 

* We odiously have

€M

^"] = 1. Furthermore 
1 A1

ox (e) 3X (g)
(h k) 1 = h k 1 e N , and [k,j. (g)"J ^ 1 as 

1 A 1 A 1

= (2tk ,(yVc ) c£M ) , and

^ '

and y ^ y? • Then > as above, we

have H, A 1

Corollary 6.6 Let h = hv ...hx e G(^), X. ^ X.

for i < j , 1 -^ hx e K . Let Z = i/^- & A 1 there
i A i

exists j such that ym ^ >. . } . Then the normal closure
j

of h in K^ is K^. .

Proof; Let N be the normal closure of h in K^. 

Using Lemma 6.5» we can show by induction that H £

for j €:l1,2,...,r}. Let ^ < X . . We can find elements
J

€ H and h. 6 Hx such that [hu,h. 3^1. But 
^ Xj Xj ^
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3 6 H^nH , and hence as in Lemma 6.5 it follows
i

that H., ^ IT. Therefore K^ -£ IT.

v 
3

Proposition 6.7 Every subnormal subgroup of G(A) is 

normal in G-(A), and the lattice of normal subgroups of 

G(A) is isomorphic to the lattice of semi-ideals of A.

Proof; For every semi-ideal 2 of A we have seen in 

Corollary 6.3 that Kg. is a normal subgroup of G(A). 

Let N be a normal subgroup of G(A). For 1 ^ h e N let

T(h) = IX. I there occurs h ^ 1 in the expression
J A •

J

h = hx ...h, with 1 £ h, e EL }. If

e A I there exists X, £ T(h) with X ^ X.}
J 3

then by Corollary 6.6 we have K^ h\ ^ N. We therefore 

also get K^ ^ N where I = UiZ(h) 1 1 ^ h 6- II } . But 

clearly also N ^ K^ , hence N = K^ .

Now let N be a 2-step subnormal subgroup of G. Then 

N is a normal subgroup of some Ky ft The same argument 

as above applies with KZ instead of G(A). Therefore 

there exists a semi-ideal I 1 S Z such that IT = K-, . 

So N is normal, and hence all subnormal subgroups of 

G(A) are normal.

Proposition 6.8 The following are equivalent: 

(i) G(A) is characteristically simple. 

(ii) For any X,^v. e A there exists an automorphism a 

of A such that £ Xa.



Proof: By Theorem 2.1 the condition (ii) is equi­ 

valent to the following: for any semi-ideal 2 of A there 

exists an automorphism a of A such that Za ^ £.

Let a be an automorphism of A. If c € T(A) let 

ca = i/*a I /*. 6 c j . Then c € HX implies ca fe H^& . 

Define a permutation p of SI by (zp_)_ = z for
£^ d O \^Of

c € T(A). For c e T(A) we get a bijeotion

= %(oa) (sspa ) '

and a similar bisection p& : 

Also define a bisection q :

(yqa ) d = yda for d £ Cx . Note that ^pa = qaTca for 

c fe T(A). Now let g € AF(AX ). Consider the maps

and 1g - ) ' For Z fc

and

for ca €: MNrt . But we also haveA.a

and vuAa; • '
-1,

%(ca) (z ' pa 3;. -

= Ityca)^''-* , 

. Hence we have

, and p~ H v p_ = HXa
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Hence if Z is a semi-ideal of A we get p~
~

and as the mapping g» —— *p~ gp& is an automorphism
o. ex

of G(A), the result follows from Proposition 6.7.

We can now sum up the results we get from the con­ 

struction of the groups G(A) and show some consequences. 

In £19], Howard L. Silcock used the construction of 

the wreath powers together with the fact that every 

finite distributive lattice is isomorphic to the lattice 

of semi-ideals of some partially ordered set to prove 

that every finite distributive lattice is isomorphic 

to the lattice of normal subgroups of a finite group. 

As the group G-(A) is countable if A is finite we get 

a weaker form of this representation theorem from 

Proposition 6.7 ? namely that every finite distributive 

lattice is isomorphic to the lattice of normal subgroups 

of a countable group. But Proposition 6.7 also gives 

a different representation theorem:

Theorem 6.9 For every finite distributive lattice 

L there exists a countable group G- such that the sub­ 

normal subgroups of G- form a lattice isomorphic to L.

V/e finally sum up our results on G(A) in the 

following
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Theorem 6.10 Let A be a partially ordered set, and 

let :f(A) be the distributive lattice of semi-ideals 

of A. Then there exists a group G(A) with the following 

properties:

(1) IG(A)I £

(2) All subnormal subgroups of G-(A) are normal in G(A).

(3) The lattice of normal subgroups of G(A) is isomorphic 

to :f (A) •

(4) The group G-(A) is characteristically simple if and 

only if for X,M. £ A there exists an automorphism 

a of A such that f\ £ >a.

Proof: We let the group G(A) be constructed as above. 

Then (2), (3) and (4) follow from Propositions 6.7 and 

6.8. To show (1) first suppose that A is finite. Then 

Cv is finite for each A 6 A. It follows that I &A ! - 

for X £ A and !HI = te for X 6 A. Then |G(A)I =

= max(>^ ,2 ). Now suppose that A is infinite. Then

(At lCX l
ICX I * 2 IAI , and lA^I * ^ A ^

plAl
for X e A. Then also !HX ! = |^ | ^ 2^ , and

We note that, in general, the cardinality of G(A) will 

be strictly greater than the cardinality of f(A). But 

there are two ways of getting around this.
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The first way only works for certain partially 

ordered sets A, and it involves a slight change in 

the definition of the group G(A)• We suppose that 

A has the property that M. is finite for each A e A 

(as IM»1= 1 for all A £ A if and only if A is a tree, 

it follows that all trees and, in particular, all 

totally ordered sets have this property). We then let

{ zc = ° for a11 but
°A 

nitely many c> and also A^ = ly = (yd ) d &c 8 Z
A

z^ = 0 for all but finitely many d } . We can go through

the construction with £1 and &^ substituted wherever 

they occur* The group we get will have the same properties 

as the original one but it usually will be smaller as 

in this group I AX « = 1C I if A is infinite.

The second way to arrive at a smaller group will 

require the development of some theory of lattices of 

normal subgroups in general. We shall start with

Lemma 6.11 Let L. be the lattice of normal subgroups 

of G. for i £ 11, 2\. Let M± = IN £ L± I there exists a 

finite subset Ig 1 , ... , g^l of G^ such that
Gi 

N- <g. , ... , ^ > i* This is partially ordered

by the order in L. , and suprema of finitely many ele­ 

ments of M. taken in L.^ are in M . Suppose there exists 

an order-isomorphism if: M^ ——> 1C, . Then there exists 

a lattice isomorphism Y: L-——* ̂ *
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Proof; For N 6 L. we define Ny = < Ky 1 K 6 M I , K * N > , 

and for M e LpWe define I/fy = < L</> I L £ M2 , L ^ K > .

The maps Y : Li —— * I»o an(* *X : ^p —— * ^1 are

"both well-defined and order-preserving. To show that

Y is a lattice isomorphism it is therefore enough to

show that YX anc* XT are "^ne identities on L. and Lp 

respectively. Because of the symmetry of the situation 

it is sufficient to show that ofy is the identity on L. . 

We note that for N £ L 1 we have N = < K e MLj i K ^ N >

Let M = NY = < Ki|> I K 6 M 1 , K * N >, and let

H = MX = < if"" 1 I L e M2 , L ss M> . We have to show
that N = R. For E 6 MI with K ^ N it follows that
K<f> 6 M2 with K(p * M. Hence R = < Lt|>"" 1 | L & M2 , L £ M >

I K e H ,K^N>=<KlKeM , K s N >

So it remains to prove that R ^ N. For this it is 

enough to show that Lip" 1 ^ N for all L e M2 with L £ M e

50 let L 6 Mp and L ^ M. Then there exist elements
G-p

51 t -•• ; gn e M such that L = <g1 , ... , gn > 2 .

And, as M - NY ^or ®ach i ^ {1,.«,.,n5 there exis

6 M. contained in IT such that

t

.. , ..• , . i 1 ini.

But then S - <K± . I j £ H ,... ,m±\ , i e 11 ,... ,n\ > 6

and S ^ N. Furthermore L £ Si^ , and hence Ly ^ ° -"' 

= S ^ N. This concludes the proof of the lemma.
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Using this lemma we can prove

Theorem 6.12 (a) let G be a group with normal sub­ 

group lattice L such that >*0 £ I LI < IGI. Let GQ be a 

subgroup of G- such that IGQ I £ ILL Then there exists a 

subgroup H of G with GQ £ H and IHI ^ I LI such that the 

lattice of normal subgroups of H is isomorphic to L. 

The lattice isomorphism: is given by the natural map 

N • —— * N A H for N 6 L.

(b) Let G-, L, GO be as in (a). Also assume that G 

is characteristically simple. Then we can construct H 

with the properties as in (a) such that, in addition, 

the group H is characteristically simple.

Proof: (a) Let N = |N £ G I there exists a finite
P subset ig 1 , ... , gn] of G such that H = <g1 ,...,gn > T }.

Let F(G) be the set of finite subsets of G. We get a 

partition F(G) = ^NeN ̂ (G) where PN (&) = { S e F(G) I

<S> = N) . For each N e N choose SN € Pjj(G). Let 

HQ := < GQ , SN (N a N)> . Then IHQ | ^ ILL Suppose 

we have H constructed with IH I ^ I LI. For N fe N con­ 

sider N n H . Let F(N n H ) be the set of finite sub­ 

sets of N n Hn . Then |P(N n Hn ) I ^ |Ll. For every 

S 6 F(N n H ) n FN (G) there exists a subset T(S) of G 

with IT.(S)I ^ ILI such that N n Hn ^ <S> T ^ S ^ . Let

T „ := UIT(S) I S € F(N H H ) O F (G)j . Then n , rl n IN
IT I ^ III. Let Hn+1 := <Hn , ^ (H 6 H) > .
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Then IH „ 1 £ 1L I , and we have Gn ^ H~ ^ H. ^ ... . 
n+1 u u I

Let H := UnelT Hn . Then IHI ^ ILL

We claim that 1ST i —— + IT n H is an order-preserving 

bisection between the set IT and the set M = {IT 4 H I there
TT

exists a finite subset S of H such that IT = <S> }. 

We first have to show that IT H H lies in fact in M

for every N e N. Note that N H H = N n U ^ TT H— n & M n

~t.v HE )« ^et STT be the set chosen above, we n fe JIM n IN

have S,, £ N and S,T ^.H for all n € B. Hence Sw ^ N n H 
JM JM n N

and as N A H ^ H we have < SN > H ^ N n H. Let n e IT then
T( S 

we have N n H^ £ <SN > N ^ <SN >H • Hence

N H H ^ < SN > H • Therefore N n H = <SN > H , and hence

N n H € M. Also the map N« —— ̂ N n H is clearly order- 

preserving.

We next show it is surjective. Let U be a finite sub­

set of H. We have to find N e N such that <U> H = N H H.
P Let N - <U> , then there exists n £. IT such that

U S Hn . We clearly have <U> H ^1TOH. But as

U & F(N O H ) O PW (G) vre have N n H ^m j-» m

^ <U;> H for all m ^ n. Therefore we get IT O H ^ <U> H .

V7e finally show the map is infective. Let IT. ^ 1T? . 

Then there exists g e SN such that g $L IT, or there

exists h e SN such that h ^ N2 . But then g e 1T 2 n H

and g ^ N. H H or h e 1T 1 O H and h £ N2 n E. Hence 

N 1 A H ^ N2 H H.



72

As we have an order-preserving bisection between 

N and M it follows from Lemma 6.11 that the lattices 

of normal subgroups of G- and H are isoraorphic, and 

that the isomorphism is given by !T« —— >N n H.

(b) Let g, F(G), PN (G), S^ , HQ be as in the proof 

of (a). Again we have IHQ I ^ iLi and I GQ I £ fHQ l. Let 

AO := H3 ^ Aut(G-). Suppose we have II £ G and 

An £ Aut(G-) constructed with IH I * ILI and |A I <=. ILI. 

For N € ^ consider IT H H . Let F(N O H ) be the set of 

finite subsets of N n Hn , then |F(lT O H ) I £ ILI. For 

every S £ F(N A H ) H FN (&) there exists a subset T(S)

of G with |T(S)|£ 1LI such that N A Hn ^ <S>. Let

T w := UtT(S) 1 S e F(N O H ) A PW (G)1 . Then n > i>i n i\
|T T-r I £ I LI. As G is characteristically simple, for n j JM
each h e H there exists a subset E (h) of Aut(G) such 

that Hn £ <hex I ©c £ Bn(h)> and IB (h)l ^ ILi. Let

An-f1 := <An • V h) (h e Hn );> ' Then

Let H :== <T (N e ^ , h»f (h

Then lHn+1 I S ILI and Hn ^ H (as 1 €r A ) . So

£ .., and AQ ^ A 1 ^ A 2 £ ... . Let

E - Un6E Hn and A =

We first note that the assertion that the lattice 

of normal subgroups of H is isomorphic to L follows 

exactly as in (a) .
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We note that the group H is invariant under A. For, 

let h € H,oc fe A, and choose n such that h £ H and

<x e A . Then hoc £. H^ , , ^ H. Therefore A acts as a 
n

group of automorphisms of H. To show that H is cha­ 

racteristically simple, it is therefore enough to show 

that H * <hoc 1 c< e A> for all h £ H. Let h fc H.

Choose m such that h & H . Then for all n ^ in we havem
* £ Bn(h)> £ <h« I c* 6 A> . Therefore

H

Note that we could also construct H such that, in 

addition to the properties given in the theorem above, 

the subgroup H is invariant under a given set B of 

automorphisms of G- with |BI ^ IL I (to do this, we start 

in the proof with AQ = <B> instead of AQ = 11}).

We note that with the same construction as in Theo­ 

rem 6.12 we can prove that if G is an infinite group 

with finite lattice L of normal subgroups, and if G-Q 

is a countable subgroup of G then there exists a countable 

subgroup H of G- with G-^ ^ H such that the lattice of 

normal subgroups of H is isomorphic to L. As a special 

case this says that if G- is simple then we can get H 

simple. This case is "folklore" which has been known 

for a very long time. A proof by Richard E. Phillips 

can be found in [153, and further references in [243.
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We shall now consider the case where G- is not only 

characteristically simple but also has all of its sub­ 

normal subgroups being normal, to show that we can con­ 

struct a subgroup H as in Theorem 6.12 which has all of 

these properties. For this we need

Lemma 6.13 Let G be a group. Then the following 

are equivalent:

(i) every subnormal subgroup of G is normal in G,
IT- /-t

(ii) if K is normal in G and g & K then <g>= «£g>
P

(iii) for all g € G we have < g > ̂ < g > ' = <g> G .

Proof: (i) :=> (ii): Let K ^ G, and let g € K. We 

clearly have <£g> £ <^g> • As <g> v is normal in E,

it is subnormal in G. By (i) it is therefore normal 

in G, and hence <g> G ^

(ii) =^- (i): It is enough to show that every two-step 

subnormal subgroup of G is norraal in G. So let N be 

two-step subnormal in G. Then there exists K such that 

N 4 K ^ G. We have N = <-<g> K I g 6 N >

= «g> G ( g e N> ̂  G.
(ii) ^ (iii): Trivial, as <g> G is normal in G.

(iii) => (ii): Let K be normal in G, and let g € K.

K r We always have <Cg> ^ <g> ^ <g > , and as
/-i

= <g> G we also have <g> K = <g> G .



We can now state the theorem.

Theorem 6.14 Let G- be a characteristically simple 

group with normal subgroup lattice L such that 

>*0 ^ ILI < IG-I, and suppose that every subnormal sub­ 

group of G is normal in G. Let GQ be a subgroup of G 

with I£Q| ^ ILL Then there exists a characteristically 

simple subgroup H of G with GQ £ H and IHI ^ ILI such 

that every subnormal subgroup of H is normal in H, and 

such that the lattice of normal subgroups of H is iso- 

morphic to L.

Proof; Let N = IN 4 G I there exists a finite sub-
ri

set ig^ , . ... , gn> of G such that N = <g1 ,.».,gn> >.

Let F(G) be the set of finite subsets of G. V/e get a 

partition P(G) = UN£ N F^(G) where PN (G) = {S 6 P(G) |

<S> G = N3 . For each N e N choose SN e PN(G). Let

H0 := <G0 y SN T̂ e -^ * Then ^O 1 " ILI and G0 ~ H0 • 

Let An :~ 11} - Aut(G). Suppose we have H ^ G and

A ^ Aut(G) constructed with |Hn I € I L I and IAn l ^ ILL

For N 6 IT consider N O H . Let P(N OH) be the set of ~~ • n n

finite subsets of N O Hn , then |P(N C\ Hn )I ^ ILf. For' 

every S 6 F(N n H ) n PN (&) there exists a subset T(S)

of G with |T(S)| £ ILI such that N n Hn ^ <S>^^ OJ . Let 

T >T := UfT(S) I S £ P(N n H ) 0 F T(G)K Then
n y IN ll Is
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IT ,T | ^ ILI. As G- is characteristically simple, for

each h 6 H there exists a subset Bn (h) of Aut(G) such

that Hn £ <h* | * e Bn ( h)> and i Bn (h)( ^ ILI. Let

An+1 : = <An > Vh) (h * \)> • Then
H 

For each g fc Hn the group <g > n is of cardinality

at most ILI. Hence by Lemma 6.13 (as <g>^ g> '
TT

= <g> G for all g t. S, and <g> n ^ <g> G ) there 

exists a subset V(n,g) of <g> G with lV(n,g)| ^ ILI
TT

such that <g> n ^ <g>V(n ' g) . How let

V(n,g) (g € H )> e Then I EL.. I ^ ILl, and H ^ Hn n-r i n ^ n+

(as 1 e An+1 ). So aQ ^ HQ ^ H 1 ^ ... and

A0 ~ A 1 ~ A 2 " *•' • Let H = UneB Hn and

A = UnelT An *

We note that the assertions that the lattice of 

normal subgroups of H is isomorphic to L and that H 

is characteristically simple follow as in Theorem 6.12.

What is left to prove now is that every subnormal 

subgroup of H is normal in H. By Lemma 6,13 it is enough 

to show that for every g e H we have
TT

<g> H ^ <g> (<g> ^ We note that <g> G H H = <g> H 

for all g 6 H. Let m be such that g e H for n ^ m.



Then V(n,g) S <S> O H ^ <^g> n H = <g>
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H

TT TT

Hence <g > ^ <g>V(n ' g) £ <Tg> ( <g> But then
TT

it also follows that <g> H £ <g>' <g;;> ^.

From this theorem and Theorem 6.10 we immediately 

get

Corollary 6,13 Let A be a partially ordered set 

such that for >,M e A, there exists an automorphism 

a of A such that y* £ >a. Let :f(A) be the distributive 

lattice of semi-ideals of A. Then there exists a group 

G- with the following properties:

(1) IG1 ^ max(>60 ,l:f(A)|).

(2) All subnormal subgroups of G are normal in G.

(3) The lattice of normal subgroups of G is isomorphic 

to y(A).

(4) The group G is characteristically simple.

We note that the characteristically simple groups 

we have constructed have quite distinct features from 

the well-known characteristically simple groups, which 

apart from direct powers of (characteristically) simple 

groups are McLain's groups C 1 33, certain wreath powers 

[81, certain Boolean powers C143, and protective linear 

groups over certain rings [233• To conclude this chap­ 

ter we shall now look at the structure of certain cha­ 

racteristically simple groups with only countably many 

normal subgroups.
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Proposition 6.16 Let G- "be. a characteristically 

simple group with at most countably many normal sub­ 

groups. If G- has a minimal normal subgroup then G is 

a direct product of finitely many isomorphic simple 

groups.

Proof: Let N be a minimal normal subgroup of G, 

and let M be the set of images of N under automorphisms 

of G. Then G is the join of all the members of M (as 

this is a characteristic subgroup of G). It follows 

(see, for example, [17], Lemma 5.23) that G is the 

direct product of the members of a subset N of M. As 

normal subgroups of direct factors are normal in the 

whole group, these groups must be simple, and they are 

of course isomorphic. Suppose N is infinite. Then for 

every subset of N the subgroup generated by these groups 

is a different normal subgroup of G. Hence there are 

at least 2 ° of them in contradiction to the assumption. 

Therefore N is finite*

We note that this is a generalization of a well 

known theorem on finite groups. If we replace the 

existence of a minimal normal subgroup by the existence 

of a maximal normal subgroup of G, this does not seem 

to lead to- an equally strong restriction on the struc­ 

ture of G. If M is a maximal normal subgroup of the 

characteristically simple group G then we get an em­ 

bedding of G into a cartesian power of the simple
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group G/M, but cartesian powers still have a very com­ 

plicated structure. For example the groups constructed 

"by J.S. Wilson 123] have maximal normal subgroups. And 

indeed, defined over suitable rings, they have only 

countably many normal subgroups. However Wilson remarks 

that if, in addition, we suppose that the group G/M 

is finite then G is a Boolean power of G/M. Therefore 

we shall now consider the structure of Boolean powers 

of simple groups which have at most countably many 

normal subgroups.

Proposition 6.17 Let G be a characteristically 

simple group which has no more than countably many 

normal subgroups. If G is the Boolean power of a simple 

group S then G is a finite direct power of S.

Proof; We first note that by B.H. Neumann and 

Sadayuki Yamarnu.ro [143 the lattice of normal subgroups 

of G is isomorphic to the lattice L of ideals of the 

Boolean algebra A which is used in the construction 

of G.

Case 1: The algebra A has an atom a. Then lO,a^ 

is a minimal ideal of A and it corresponds to a mini­ 

mal normal subgroup of G. Then the rest follows from 

Proposition 6.16.

Case 2: The algebra A has no atom. Then A can not 

be finite. As every element of A gives rise to a 

different element of L (namely the principal ideal
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it generates), we have ILl 2- IAI. As L is at most 

countable we have both A and L countable. As a con­ 

sequence of a theorem of Taught (see Theorem 0.1. and 

Proposition 0.2. in [103) it follows that there is 

exactly one isomorphism class of countable atomless 

Boolean algebras, and the dual space is isoinorphic 

to the Cantor set. But this Boolean algebra has un- 

countably many ideals, and consequently the Boolean 

power constructed with it has uncountably many nor­ 

mal subgroups. So this case can not occur, which 

proves the proposition.
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