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Abstract

In the past decade, neural networks have demonstrated impressive performance
in supervised learning. They now power many applications ranging from real-
time medical diagnosis to human-sounding virtual assistants through wild animal
monitoring. Despite their increasing importance however, they remain difficult to
train due to a complex interplay between the learning objective, the optimization
algorithm and generalization performance. Indeed, using different loss functions
and optimization algorithms lead to trained models with significantly different
performances on unseen data.

In this thesis, we focus first on the loss function, for which using a task-specific
approach can improve the generalization performance in the small or noisy data
setting. Specifically, we consider the top-k classification setting. We show that
traditional piecewise-linear top-k loss functions require smoothing to work well with
neural networks. However, it is computationally challenging to evaluate the resulting
smoothed loss function and its gradient. Indeed, using a naive approach would result
in a runtime proportional to the number of combinations of possible k-predictions.
Thanks to a connection to polynomial algebra, we develop computationally efficient
algorithms to evaluate the smoothed loss function and its gradient. This allows
us to train models with stochastic gradient descent (SGD) using the smooth top-k
loss function. We show that doing so is more robust to over-fitting than using
the standard cross-entropy loss function.

Second, we turn our attention to optimization algorithms. Indeed, while SGD
empirically provides good generalization, it requires a manually tuned learning-rate
schedule. Obtaining a suitable learning-rate schedule for a given network and data
set is a time-consuming and computationally expensive task. In this thesis, we
propose novel optimization algorithms to alleviate this issue. In particular, we
propose to exploit the structure in three different ways – each one leading to a new
optimization algorithm. First, we exploit the piecewise linearity of the activation
and loss functions, which results in a difference-of-convex programming approach.
Second, we use the compositionality of the model and the loss function with the
help of a proximal approach. Third, we exploit the property of interpolating
models to derive an adaptive learning-rate for SGD. Empirically, we compare
the performance of the three algorithms on various deep learning tasks, and we
demonstrate their advantages over state-of-the-art methods while avoiding the
need for manual learning rate schedules.
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1.1 Preamble

Deep neural networks have proven to be extremely successful for supervised learning

in the past decade (LeCun et al., 2015). Beyond key breakthroughs on academic

challenges (Krizhevsky et al., 2012; Devlin et al., 2019), they are now powering

applications in our everyday life, such as human-sounding virtual assistants (Oord

et al., 2016), monitoring animals in the wild (Norouzzadeh et al., 2018) or providing

early medical diagnosis (Tomavsev et al., 2019). As research in machine perception

makes further progress, one can only expect to see the range of applications

grow in the next few years.

However, the difficulty to train neural networks is arguably an impediment to the

rate of this progress. Indeed, traditional loss functions, which have most often been

originally designed for linear models, can cause optimization issues when combined

with deep neural networks. Furthermore, training neural networks still involves a

significant amount of manual tuning, in particular for the optimizer learning-rate.

In this thesis, we leverage the structure of various problems to provide solutions

to the aforementioned issues. We also draw inspiration from support vector machines,

and more generally from the convex optimization literature, to adapt long-established

ideas for the deep learning setting.

1.2 Optimization and Deep Learning

As per the predominant approach in deep learning, training a neural network can

be formulated as an optimization problem. In more details, such a task can be

sub-divided into two aspects: how to formulate the learning objective, and how

to minimize it. Both of these aspects affect the ability of models to generalize on

unseen data, and can benefit from solutions tailored to the deep learning setting.

The choice of learning objective can have an important effect on generalization.

In particular, task-agnostic loss functions, such as the commonly used cross-entropy

loss, are prone to overfitting when little training data is available. This effect is
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exacerbated by the over-parameterization of modern neural-networks, and it can

result in poor generalization performance in practice.

The minimization procedure also impacts generalization performance. Indeed,

since there are potentially many stationary points for neural networks, various

choices of algorithms may lead to widely different solutions, each with their own

generalization performance. More specifically, it has been observed that stochastic

gradient descent (SGD) tends to find solutions with significantly better generalization

performance than adaptive gradient methods such as Adagrad (Duchi et al., 2011)

or Adam (Kingma and Ba, 2015). However, SGD requires extensive tuning from the

user, which is a time-consuming and computationally expensive task. In contrast,

easier to tune alternatives, such as adaptive gradient methods, tend to provide

sub-par generalization performance.

Overall, this calls for designing (i) task-specific loss functions that perform

well with deep neural networks, and (ii) optimization methods that exploit SGD’s

empirical strengths, while removing its need for manual tuning. These two points

will be the topic of investigation of this thesis. In order to give context to this

work, we begin with a more detailed description of the problem. This will shed

light on existing solutions as well as on their shortcomings.

1.3 Formulating the Learning Objective

The learning objective defines the function whose minimization leads to a trained

model. Note that in this thesis, we use the following terminology: the learning

objective is the objective function of the optimization problem; the loss function is the

function defined per sample that encourages learning; the regularization is the func-

tion that limits the capacity of the model in order to promote generalization. In other

words, the learning objective is the sum of the regularization and the loss function.

The regularization usually limits the expression capacity of the model, which in

turn encourages its generalization performance (Friedman et al., 2001; Goodfellow

et al., 2016). However, understanding regularization in deep learning is challenging

(Neyshabur et al., 2017; Zhang et al., 2017a) and the design of novel regularizing
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methods is an active area of research (Zhang et al., 2018; Bietti et al., 2019). Empiri-

cally, employing regularization does not suffice to yield good generalization if the loss

function is prone to over-fitting, thus the choice of loss function remains essential.

Overall, the loss function has to satisfy two requirements to be practically

useful. The first requirement is that its minimization is computationally feasible,

or, in other words, that it is “easy to optimize”. In the past era of linear models,

“easy to optimize“ usually meant that the loss function was convex. Indeed, when

composing it with a linear model (and a convex regularization), this would lead to

a convex optimization problem, which could then be solved with a standard convex

solver. In deep learning, convexity of the loss function has lost its importance: even

with a convex loss function, the resulting optimization problem is non-convex for

(non-linear) neural networks. It currently remains an open question what it takes

precisely for a loss function to be “easy to optimize” with modern neural networks.

This thesis brings some elements of answers through empirical observations in

the top-k classification setting.

Assuming tractability of the problem, the second requirement of the loss function

is that it is representative of the learning task. In other words, accurate minimization

of the learning objective should lead to a model that makes correct predictions

on the training set, as well as on unseen data. There are two main approaches to

design the loss function for this: (i) encouraging the model to mimic the empirical

data distribution or (ii) penalizing incorrect predictions in a task-specific way. Both

of these approaches are discussed below.

1.3.1 Maximum Likelihood

The maximum-likelihood approach formulates the learning objective as the negative

log-likelihood of the data. Minimizing such a learning objective is then equivalent

to maximizing the likelihood of the data. Equivalently, the learning objective

measures a “distance” (KL-divergence) between the estimated distribution and the

empirical distribution. For standard classification, this results in the commonly

used cross-entropy loss.
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The advantage of this framework is that it is both powerful and task-agnostic,

which makes it widely applicable and easy to use. However, its downside is that

encouraging the model to perfectly match the empirical distribution may lead to

overfitting, in particular when little data is available or when the labels contain noise.

1.3.2 Empirical Risk Minimization

In contrast with the task-agnostic approach of maximum-likelihood, it is possible,

given a model prediction and a ground truth label, to define a penalty in a task-

specific way. Such a penalty will be referred to as the prediction loss.

As a motivating example, consider a hypothetical data set of images, where each

image contains five objects but only one of them (selected at random) is labeled

as the ground truth. It is then legitimate to aim for a model that achieves a low

top-5 error-rate without assigning any importance to top-1 error-rate. However, in

such a case, using a maximum-likelihood approach would penalize a model making

incorrect top-1 predictions, even when its top-5 predictions are correct. This can

harm learning of the model, especially in the small data setting. In contrast, by

using a prediction loss that cares only about top-5 predictions, we can facilitate

learning and generalization of the model.

There are many other learning tasks where it is beneficial to use a task-specific

prediction loss, such as object localization (Blaschko and Lampert, 2008), semantic

segmentation (Everingham et al., 2010), or hierarchical classification (Cai and

Hofmann, 2004; Binder et al., 2012).

In many cases however – including the aforementioned ones, the prediction

loss is a discontinuous function of the model parameters: for instance, prediction

of the top-5 labels is a discontinuous function of the model parameters. This

discontinuity makes direct minimization difficult (Hazan et al., 2010), in particular

for neural networks (Song et al., 2016).

To alleviate this issue, one can design the loss function as a continuous surrogate

of this (discontinuous) prediction loss, while ensuring that its minimization leads to

approximate optimization of the prediction loss. For instance, structured prediction
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provides a framework to do so, by creating a continuous piecewise linear upper

bound on the original loss metric (Tsochantaridis et al., 2004). Once adapted to the

deep learning setting, this approach can yield significant benefits over maximum

likelihood, as we demonstrate for the top-k setting in chapter 2.

Recap. Designing the right loss function is crucial for the performance of deep

neural networks, especially given the fact that they are often over-parameterized.

It can thus be beneficial to use task-specific loss functions, in particular in cases

where the amount of available data is limited.

1.4 Minimizing the Learning Objective

We now turn to the optimization algorithm, that is, the procedure that finds the

set of model parameters that minimize the learning objective.

Before describing the most commonly used optimization algorithms in deep

learning, it is worth characterizing the optimization problem. As mentioned

previously, the learning objective is usually a loss function averaged over training

samples – potentially with a regularization term. As a function of the model

parameters, the loss function is usually non-convex and non-smooth. Crucially, this

objective function is usually defined over a large parameter space (the model can

have up to billions of parameters (Shoeybi et al., 2019)) and over a large number of

samples (also up to billions of samples (Mahajan et al., 2018)). As a consequence,

it is essential for deep learning optimization algorithms to scale well with both the

parameter space dimension and the number of samples.

We now describe the two most popular optimization algorithms for deep learning:

stochastic gradient descent and adaptive gradient methods. This description aims

to present the most commonly used methods and discuss their limitations, rather

than to provide an overview of existing methods – for this, we refer the reader

to the related work section of each chapter.
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1.4.1 Stochastic Gradient Descent

Stochastic gradient descent (SGD) satisfies the aforementioned scalability require-

ments. Indeed, its computational cost per iteration scales linearly with the dimension

and is independent of the number of training samples. In addition, its convergence

guarantees are usually independent of the dimension. In practice, SGD also benefits

from its simplicity to implement, in particular within deep learning frameworks

that have automatic differentiation built in (Abadi et al., 2015; Paszke et al., 2017).

The downside of SGD, however, is that it requires a hand-designed learning-rate

schedule for good performance in deep learning. It is worth noting that in convex

optimization, as long as they satisfy appropriate conditions (Bertsekas, 2003),

several learning-rate schedules lead to equally optimal solutions. In contrast, when

using different learning-rate schedules in deep learning, SGD converges to solutions

that are potentially widely different. As a result, practitioners design learning-rate

schedules on a case-by-case basis: for instance, Simonyan and Zisserman (2015) and

He et al. (2016) adapt the learning rate according to the validation accuracy; Huang

et al. (2017) use a piecewise constant schedule; Szegedy et al. (2015) a geometrically

decaying one; and Loshchilov and Hutter (2017) a cyclic one with a cosine annealing.

The need for such manual tuning incurs significant costs of human time and

computational resources. This overall calls for more automatic approaches. It is also

worth noting that black-box approaches that automatically tune the learning-rate

are extremely computational expensive (Jaderberg et al., 2017).

1.4.2 Adaptive Gradient Methods

Adaptive gradient methods, such as the popular Adagrad (Duchi et al., 2011) or

Adam (Kingma and Ba, 2015), exploit an accumulated history of past gradients

to re-scale the current gradient – usually per coordinate. This has the advantage

of being invariant to a loss function rescaling, and pre-conditioning gradients may

help with badly conditioned problems.

As a result, these algorithms are usually easier to tune and do not to require

learning-rate schedules – at least on simple tasks. However, the downside of
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adaptive gradient methods is that in practice, they tend to generalize poorly

for supervised learning (Wilson et al., 2017) – an observation corroborated by

the experiments of this work.

Recap. SGD offers good generalization in practice but its learning-rate schedule

is difficult to tune. In contrast, adaptive gradient methods are easier to tune

but provide poor generalization.

1.5 Thesis Outline & Contributions

As mentioned previously, this thesis investigates the two core components of optimiza-

tion for deep learning: the loss function (“how to formulate the learning objective”)

and the optimization algorithm (“how to minimize the learning objective”). Chapter

2 of this thesis investigates the design of loss function, while chapters 3, 4 and

5 propose novel optimization algorithms.

In what follows, we detail the content and contribution of each chapter. We

point out that this thesis follows the integrated thesis format, and as such is a

collection of papers. Each of the following chapters corresponds to a publication

of which I am the only first author.

1.5.1 Smooth Loss Functions for Deep Top-k Classification

Corresponding publication. (Berrada et al., 2018), published at ICLR 2018.

Summary. We design a novel loss-function for top-k classification with deep

neural networks. We show how to smooth the function to facilitate optimization,

and we demonstrate that this approach outperforms cross-entropy on data sets that

either have a small number of training samples or contain label confusion.

General Contributions. While existing top-k hinge loss functions have been

shown to work well with linear models, we empirically find that they fail in

combination with deep neural networks. We identify that this issue is caused

by gradient sparsity, and that it can be alleviated with smoothing – an insight
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that goes beyond the specific use-case of top-k classification. We show that this

smoothed top-k loss function (i) can be computed efficiently, and (ii) is more robust

to overfitting than cross-entropy on noisy CIFAR-100 and on ImageNet subsets.

Algorithmic Contributions. Smoothing introduces a computational challenge,

as a naive approach would require O(
(
n
k

)
) operations, with n the number of classes,

and k the number of predictions desired for top-k classification. By exploiting the

structure of the problem, we reduce this computational problem to expanding a

polynomial with n roots up to degree k, which can be done in O(kn) time with

existing algorithms. In order to exploit available GPU hardware, we design a

new divide-and-conquer algorithm, which offers the same worst-case complexity

of O(kn), and in practice presents a scaling of O(k log(n)) thanks to parallelism.

Furthermore, in order to make the algorithm work in single-precision floating-

point, we present an approach operating in log-space that is orders of magnitude

more numerically stable. Because of the use of many operations in log-space,

automatic differentiation incurs a significant slowdown. Therefore, we use a custom

implementation of the gradient, for which we also derive novel heuristics to reach

numerical stability in single-precision floating-point.

Theoretical Contributions. We prove that the smooth loss function converges

point-wise to its non-smooth counterpart when the smoothing temperature goes

to zero. We further prove that the smooth loss function is an upper-bound on its

non-smooth counter part if and only if k = 1. Finally, we prove that the smooth

loss function is, up to a scaling factor, an upper-bound on the top-k prediction loss.

1.5.2 Trusting SVMs for Piecewise Linear CNNs

Corresponding publication. (Berrada et al., 2017), published at ICLR 2017.
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Summary. We design a custom optimization algorithm for learning piecewise

linear Convolutional Neural Networks (CNNs), that is, CNNs for which both the

activations and the loss function are continuous piecewise linear functions. This

includes many common activation functions such as ReLUs, max-pooling and

max-out, as well as hinge-type loss functions.

General Contributions. We design a novel layer-wise optimization algorithm

that exploits the structure of the problem. Indeed, we show that optimizing one

layer at a time is equivalent to a latent Support Vector Machines (SVM) problem.

This has a difference-of-convex structure, for which we design an algorithm to

separate explicitly the convex part from the concave one, at a computational cost

comparable to that of a forward pass. As a result, we can use the Concave-Convex

Procedure, which iteratively creates approximate convex problems. We show that

each convex problem is a standard SVM, which can be solved efficiently with the

Block-Coordinate Frank-Wolfe (BCFW) algorithm. We provide empirical evidence

that our algorithm (i) scales to ImageNet, and (ii) improves the performance of

state-of-the-art adaptive gradient methods on MNIST, CIFAR-10 and CIFAR-100.

Algorithmic Contributions. We customize and improve the approach to this

problem in three ways. First, by employing a proximal term in the objective, we

allow an approximate warm start of each convex optimization problem, which

significantly speeds up convergence. Second, for the layer-wise training of fully

connected layers, we identify a low-rank factorization of the matrices stored by

BCFW, which results in memory savings by an order of magnitude on ImageNet.

Third, we design a heuristic to restrict the dual search-space of BCFW, which

yields significant speed-ups in practice.

1.5.3 Deep Frank-Wolfe For Neural Network Optimization

Corresponding publication. (Berrada et al., 2019a), published at ICLR 2019.
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Summary. We design an optimization algorithm for learning any neural network

with an SVM loss function (or more generally, a convex piecewise linear loss function),

while requiring only one hyper-parameter for the learning-rate.

General Contributions. We exploit the compositional structure between the

model and the loss function to use a proximal framework: at each iteration, we

create a proximal problem where the model is linearized while the loss function is

kept intact. When the loss function is an SVM, the resulting problem is exactly a

linear SVM, which can thus be solved with standard SVM solvers. In practice, we

use the Frank-Wolfe algorithm, which has the advantage of providing line-search

in closed-form. The resulting algorithm is termed Deep Frank-Wolfe (DFW). We

evaluate DFW on a bi-directional LSTM on SNLI, as well as on variants of deep

residual networks on CIFAR-10 and CIFAR-100. On these tasks, we show that

DFW significantly outperforms adaptive gradient methods, and is even competitive

with SGD employing a manually tuned schedule.

Algorithmic Contribution. In order to avoid sparsity of the gradients, which

causes difficulty for optimization (chapter 2), we introduce a novel and hyper-

parameter free dual smoothing of the loss function. This results in non-sparse

gradients in the primal. We show that we can automatically detect when this does

not result in an ascent direction, in which case the algorithm falls back to the

default direction. This approach considerably helps optimization in practice.

1.5.4 Training Neural Networks for and by Interpolation

Corresponding publication. (Berrada et al., 2019b), under review.

Summary. We design an optimization algorithm for any deep learning task where

the model is able to reach a loss function value of near zero on all training samples

simultaneously (assuming the loss function is non-negative).
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General Contributions. We present an adaptive learning-rate for the interpo-

lation setting, which yields an algorithm with the same computational cost per

iteration as SGD. We empirically find that this learning-rate tends to over-shoot

in the non-convex setting, and therefore introduce a maximal learning-rate hyper-

parameter. Using a maximal learning-rate has a natural proximal interpretation

as an extension of SGD that takes into account a lower-bound of the loss function.

This results in an algorithm termed Adaptive Learning-rates for Interpolation with

Gradients (ALI-G). Since the hyper-parameter is kept constant, ALI-G requires only

one hyper-parameter for the learning-rate. We connect the ALI-G algorithm to many

existing methods, including the Polyak step-size, L4, aProx and DFW. We assess the

performance of ALI-G on differentiable computers, a bi-directional LSTM on SNLI,

as well as on variants of deep residual networks on SVHN, CIFAR-10 and CIFAR-100.

Theoretical Contributions. For stochastic optimization, we prove the conver-

gence rates of ALI-G in the following settings: O(1/
√
T ) for convex Lipschitz

functions, O(1/T ) for convex smooth functions and O(exp(−αT/8β) for α-strongly

convex and β-smooth functions. In addition, we prove similar results when employing

a constant maximal learning-rate: the convergence rate is identical for a sufficiently

large maximal learning-rate, and is slowed down by the maximal learning-rate

value if it is too low.
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Abstract

The top-k error is a common measure of performance in machine learning and

computer vision. In practice, top-k classification is typically performed with deep

neural networks trained with the cross-entropy loss. Theoretical results indeed

suggest that cross-entropy is an optimal learning objective for such a task in the

limit of infinite data. In the context of limited and noisy data however, the use of a

loss function that is specifically designed for top-k classification can bring significant

improvements. Our empirical evidence suggests that the loss function must be

smooth and have non-sparse gradients in order to work well with deep neural

networks. Consequently, we introduce a family of smoothed loss functions that are

suited to top-k optimization via deep learning. The widely used cross-entropy is a

special case of our family. Evaluating our smooth loss functions is computationally

challenging: a naïve algorithm would require O(
(
n
k

)
) operations, where n is the

number of classes. Thanks to a connection to polynomial algebra and a divide-

and-conquer approach, we provide an algorithm with a time complexity of O(kn).

Furthermore, we present a novel approximation to obtain fast and stable algorithms

on GPUs with single floating point precision. We compare the performance of the

cross-entropy loss and our margin-based losses in various regimes of noise and data

size, for the predominant use case of k = 5. Our investigation reveals that our loss

is more robust to noise and overfitting than cross-entropy.

2.1 Introduction

In machine learning many classification tasks present inherent label confusion.

The confusion can originate from a variety of factors, such as incorrect labeling,

incomplete annotation, or some fundamental ambiguities that obfuscate the ground

truth label even to a human expert. For example, consider the images from the

ImageNet data set (Russakovsky et al., 2015) in Figure 2.1, which illustrate the

aforementioned factors. To mitigate these issues, one may require the model to

predict the k most likely labels, where k is typically very small compared to the total
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number of labels. Then the prediction is considered incorrect if all of its k labels

differ from the ground truth, and correct otherwise. This is commonly referred to

as the top-k error. Learning such models is a longstanding task in machine learning,

and many loss functions for top-k error have been suggested in the literature.

Figure 2.1: Examples of images with label confusion, from the validation set of ImageNet.
The top-left image is incorrectly labeled as “red panda”, instead of “giant panda”. The
bottom-left image is labeled as “strawberry”, although the categories “apple”, “banana” and
“pineapple” would be other valid labels. The center image is labeled as “indigo bunting”,
which is only valid for the lower bird of the image. The right-most image is labeled as a
cocktail shaker, yet could arguably be a part of a music instrument (for example with label
“cornet, horn, trumpet, trump”). Such examples motivate the need to predict more than a
single label per image.

In the context of correctly labeled large data, deep neural networks trained

with cross-entropy have shown exemplary capacity to accurately approximate the

data distribution. An illustration of this phenomenon is the performance attained

by deep convolutional neural networks on the ImageNet challenge. Specifically,

state-of-the-art models trained with cross-entropy yield remarkable success on the

top-5 error, although cross-entropy is not tailored for top-5 error minimization. This

phenomenon can be explained by the fact that cross-entropy is top-k calibrated

for any k (Lapin et al., 2016), an asymptotic property which is verified in practice

in the large data setting. However, in cases where only a limited amount of data

is available, learning large models with cross-entropy can be prone to over-fitting

on incomplete or noisy labels.

To alleviate the deficiency of cross-entropy, we present a new family of top-k

classification loss functions for deep neural networks. Taking inspiration from multi-

class SVMs, our loss creates a margin between the correct top-k predictions and

the incorrect ones. Our empirical results show that traditional top-k loss functions
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do not perform well in combination with deep neural networks. We believe that the

reason for this is the lack of smoothness and the sparsity of the derivatives that

are used in backpropagation. In order to overcome this difficulty, we smooth the

loss with a temperature parameter. The evaluation of the smooth function and its

gradient is challenging, as smoothing increases the naïve time complexity from O(n)

to O(
(
n
k

)
). With a connection to polynomial algebra and a divide-and-conquer

method, we present an algorithm with O(kn) time complexity and training time

comparable to cross-entropy in practice. We provide insights for numerical stability

of the forward pass. To deal with instabilities of the backward pass, we derive a

novel approximation. Our investigation reveals that our top-k loss outperforms

cross-entropy in the presence of noisy labels or in the absence of large amounts of

data. We further confirm that the difference of performance reduces with large

correctly labeled data, which is consistent with known theoretical results.

2.2 Related Work

Top-k Loss Functions. The majority of the work on top-k loss functions has

been applied to shallow models: Lapin et al. (2016) suggest a convex surrogate on

the top-k loss; Fan et al. (2017) select the k largest individual losses in order to be

robust to data outliers; Chang et al. (2017) formulate a truncated re-weighted top-k

loss as a difference-of-convex objective and optimize it with the Concave-Convex

Procedure (Yuille and Rangarajan, 2002); and Yan et al. (2017) propose to use a

combination of top-k classifiers and to fuse their outputs.

Closest to our work is the extensive review of top-k loss functions for computer

vision by Lapin et al. (2017). The authors conduct a study of a number of top-k loss

functions derived from cross-entropy and hinge losses. Interestingly, they prove that

for any k, cross-entropy is top-k calibrated, which is a necessary condition for the

classifier to be consistent with regard to the theoretically optimal top-k risk. In other

words, cross-entropy satisfies an essential property to perform the optimal top-k

classification decision for any k in the limit of infinite data. This may explain why

cross-entropy performs well on top-5 error on large scale data sets. While thorough,
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the experiments are conducted on linear models, or pre-trained deep networks that

are fine-tuned. For a more complete analysis, we wish to design loss functions that

allow for the training of deep neural networks from a random initialization.

Smoothing. Smoothing is a helpful technique in optimization (Beck and Teboulle,

2012). In work closely related to ours, Lee and Mangasarian (2001) show that

smoothing a binary SVM with a temperature parameter improves the theoretical

convergence speed of their algorithm. Schwing et al. (2012) use a temperature

parameter to smooth latent variables for structured prediction. Lapin et al. (2017)

apply Moreau-Yosida regularization to smooth their top-k surrogate losses.

Smoothing has also been applied in the context of deep neural networks. In

particular, Zheng et al. (2015) and Clevert et al. (2016) both suggest modifying the

non-smooth ReLU activation to improve the training. Gulcehre et al. (2017) suggest

to introduce “mollifyers” to smooth the objective function by gradually increasing the

difficulty of the optimization problem. Chaudhari et al. (2017) add a local entropy

term to the loss to promote solutions with high local entropy. These smoothing

techniques are used to speed up the optimization or improve generalization. In this

work, we show that smoothing is necessary for the neural network to perform well

in combination with our loss function. We hope that this insight can also help the

design of losses for tasks other than top-k error minimization.

2.3 Top-k SVM

2.3.1 Background: Multi-Class SVM

In order to build an intuition about top-k losses, we start with the simple case

of k = 1, namely multi-class classification, where the output space is defined as

Y = {1, ..., n}. We suppose that a vector of scores per label s ∈ Rn, and a ground

truth label y ∈ Y are both given. The vector s is the output of the model we wish

to learn, for example a linear model or a deep neural network. The notation 1 will

refer to the indicator function over Boolean statements (1 if true, 0 if false).
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Prediction. The prediction is given by any index with maximal score:

P (s) ∈ argmax s. (2.1)

Loss. The classification loss incurs a binary penalty by comparing the prediction

to the ground truth label. Plugging in equation (2.1), this can also be written

in terms of scores s as follows:

Λ(s, y) , 1(y 6= P (s)) = 1(max
j∈Y

sj > sy). (2.2)

Surrogate. The loss in equation (2.2) is not amenable to optimization, as it

is not even continuous in s. To overcome this difficulty, a typical approach in

machine learning is to resort to a surrogate loss that provides a continuous upper

bound on Λ. Crammer and Singer (2001) suggest the following upper bound on

the loss, known as the multi-class SVM loss:

l(s, y) = max
{

max
j∈Y\{y}

{sj + 1} − sy, 0
}
. (2.3)

In other words, the surrogate loss is zero if the ground truth score is higher than

all other scores by a margin of at least one. Otherwise it incurs a penalty which

is linear in the difference between the score of the ground truth and the highest

score over all other classes.

Rescaling. Note that the value of 1 as a margin is an arbitrary choice, and can

be changed to α for any α > 0. This simply entails that we consider the cost

Λ of a misclassification to be α instead of 1. Moreover, we show in Proposition

16 of Appendix A.4.2 how the choices of α and of the quadratic regularization

hyper-parameter are interchangeable.

2.3.2 Top-k Classification

We now generalize the above framework to top-k classification, where k ∈ {1, ..., n−

1}. We use the following notation: for p ∈ {1, ..., n}, s[p] refers to the p-th largest

element of s, and s\p to the vector (s1, ..., sp−1, sp+1, ..., sn) ∈ Rn−1 (that is, the
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vector s with the p-th element omitted). The term Y(k) denotes the set of k-tuples

with k distinct elements of Y. Note that we use a bold font for a tuple ȳ ∈ Y(k)

in order to distinguish it from a single label ȳ ∈ Y.

Prediction. Given the scores s ∈ Rn, the top-k prediction consists of any set

of labels corresponding to the k largest scores:

Pk(s) ∈
{
ȳ ∈ Y(k) : ∀ i ∈ {1, .., k}, sȳi ≥ s[k]

}
. (2.4)

Loss. The loss depends on whether y is part of the top-k prediction, which is

equivalent to comparing the k-largest score with the ground truth score:

Λk(s, y) , 1(y /∈ Pk(s)) = 1(s[k] > sy). (2.5)

Again, such a binary loss is not suitable for optimization. Thus we introduce

a surrogate loss.

Surrogate. As pointed out in Lapin et al. (2015), there is a natural extension

of the previous multi-class case:

lk(s, y) , max
{(

s\y + 1
)

[k]
− sy, 0

}
. (2.6)

This loss creates a margin between the ground truth and the k-th largest score,

irrespectively of the values of the (k − 1)-largest scores. Note that we retrieve the

formulation of Crammer and Singer (2001) for k = 1.

Difficulty of the Optimization. The surrogate loss lk of equation (2.6) suffers

from two disadvantages that make it difficult to optimize: (i) it is not a smooth

function of s – it is continuous but not differentiable – and (ii) its weak derivatives

have at most two non-zero elements. Indeed at most two elements of s are retained

by the (·)[k] and max operators in equation (2.6). All others are discarded and thus

get zero derivatives. When lk is coupled with a deep neural network, the model

typically yields poor performance, even on the training set. Similar difficulties to
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optimizing a piecewise linear loss have also been reported by Li et al. (2017) in the

context of multi-label classification. We illustrate this in the next section.

We postulate that the difficulty of the optimization explains why there has

been little work exploring the use of SVM losses in deep learning (even in the case

k = 1), and that this work may help remedy it. We propose a smoothing that

alleviates both issues (i) and (ii), and we present experimental evidence that the

smooth surrogate loss offers better performance in practice.

2.3.3 Smooth Surrogate Loss

Reformulation. We introduce the following notation: given a label ȳ ∈ Y , Y(k)
ȳ

is the subset of tuples from Y(k) that include ȳ as one of their elements. For ȳ ∈ Y(k)

and y ∈ Y , we further define ∆k(ȳ, y) , 1(y /∈ ȳ). Then, by adding and subtracting

the k − 1 largest scores of s\y as well as sy, we obtain:

lk(s, y) = max
{(

s\y + 1
)

[k]
− sy, 0

}
,

= max
ȳ∈Y(k)

∆k(ȳ, y) +
∑
j∈ȳ

sj

− max
ȳ∈Y(k)

y

∑
j∈ȳ

sj

 .
(2.7)

We give a more detailed proof of this in Appendix A.1.1. Since the margin can

be rescaled without loss of generality, we rewrite lk as:

lk(s, y) = max
ȳ∈Y(k)

∆k(ȳ, y) + 1
k

∑
j∈ȳ

sj

− max
ȳ∈Y(k)

y

1
k

∑
j∈ȳ

sj

 . (2.8)

Smoothing. In the form of equation (2.8), the loss function can be smoothed

with a temperature parameter τ > 0:

Lk,τ (s, y) = τ log
[ ∑

ȳ∈Y(k)

exp
(

1
τ

(
∆k(ȳ, y) + 1

k

∑
j∈ȳ

sj

))]

− τ log
[ ∑

ȳ∈Y(k)
y

exp
( 1
kτ

∑
j∈ȳ

sj

)]
.

(2.9)

Note that we have changed the notation to use Lk,τ to refer to the smooth loss.

In what follows, we first outline the properties of Lk,τ and its relationship with

cross-entropy. Then we show the empirical advantage of Lk,τ over its non-smooth

counter-part lk.
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Properties of the Smooth Loss. The smooth loss Lk,τ has a few interesting

properties. First, for any τ > 0, Lk,τ is infinitely differentiable and has non-

sparse gradients. Second, under mild conditions, when τ → 0+, the non-maximal

terms become negligible, therefore the summations collapse to maximizations and

Lk,τ → lk in a pointwise sense (Proposition 10 in Appendix A.1.2). Third, Lk,τ is

an upper bound on lk if and only if k = 1 (Proposition 11 in Appendix A.1.3), but

Lk,τ is, up to a scaling factor, an upper bound on Λk (Proposition 12 in Appendix

A.1.4). This makes it a valid surrogate loss for the minimization of Λk.

Relationship with Cross-Entropy. We have previously seen that the margin

can be rescaled by a factor of α > 0. In particular, if we scale ∆ by α → 0+

and choose a temperature τ = 1, it can be seen that L1,1 becomes exactly the

cross-entropy loss for classification. In that sense, Lk,τ is a generalization of the cross-

entropy loss to: (i) different values of k ≥ 1, (ii) different values of temperature

and (iii) higher margins with the scaling α of ∆. For simplicity purposes, we

will keep α = 1 in this work.

Experimental Validation. In order to show how smoothing helps the training,

we train a DenseNet 40-12 on CIFAR-100 from Huang et al. (2017) with the same

hyper-parameters and learning rate schedule. The only difference with Huang

et al. (2017) is that we replace the cross-entropy loss with L5,τ for different values

of τ . We plot the top-5 training error in Figure 2.2a (for each curve, the value

of τ is held constant during training):
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(b) Proportion of non (numerically) zero ele-
ments in the loss derivatives for different values
of τ . These values are obtained with the initial
random weights of the neural network, and are
averaged over the training set.

Figure 2.2: Influence of the temperature τ on the learning of a DenseNet 40-12 on
CIFAR-100. We confirm that smoothing helps the training of a neural network in Figure
2.2a, where a large enough value of τ greatly helps the performance on the training set. In
Figure 2.2b, we observe that such high temperatures yield gradients that are not sparse. In
other words, with a high temperature, the gradient is informative about a greater number
of labels, which helps the training of the model.

We remark that the network exhibits good accuracy when τ is high enough

(0.01 or larger). For τ too small, the model fails to converge to a good critical

point. When τ is positive but small, the function is smooth but the gradients are

numerically sparse (see Figure 2.2b), which suggests that the smoothness property

is not sufficient and that non-sparsity is a key factor here.

2.4 Computational Challenges and Efficient Al-
gorithms

2.4.1 Challenge

Experimental evidence suggests that it is beneficial to use Lk,τ rather than lk to

train a neural network. However, at first glance, Lk,τ may appear prohibitively

expensive to compute. Specifically, there are summations over Y(k) and Y(k)
y , which

have a cardinality of
(
n
k

)
and

(
n
k−1

)
respectively. For instance for ImageNet, we

have k = 5 and n = 1, 000, which amounts to
(
n
k

)
' 8.1012 terms to compute
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and sum over for each single sample, thereby making the approach practically

infeasible. This is in stark contrast with lk, for which the most expensive operation

is to compute the k-th largest score of an array of size n, which can be done in

O(n). To overcome this computational challenge, we will now reframe the problem

and reveal its exploitable structure.

For a vector e ∈ Rn and i ∈ {1, .., n}, we define σi(e) as the sum of all

products of i distinct elements of e. Explicitly, σi(e) can be written as σi(e) =∑
1≤j1<...<ji≤n ej1 ...eji . The terms σi are known as the elementary symmetric

polynomials. We further define σ0(e) = 1 for convenience.

We now re-write Lk,τ using the elementary symmetric polynomials, which

appear naturally when separating the terms that contain the ground truth from

the ones that do not:

Lk,τ (s, y) = τ log
[ ∑

ȳ∈Y(k)

exp (∆k(ȳ, y)/τ)
∏
j∈ȳ

exp(sj/kτ)
]

− τ log
[ ∑

ȳ∈Y(k)
y

∏
j∈ȳ

exp(sj/kτ)
]
,

= τ log
[ ∑

ȳ∈Y(k)
y

∏
j∈ȳ

exp(sj/kτ) + exp (1/τ)
∑

ȳ∈Y(k)\Y(k)
y

∏
j∈ȳ

exp(sj/kτ)
]

− τ log
[ ∑

ȳ∈Y(k)
y

∏
j∈ȳ

exp(sj/kτ)
]
, (2.10)

= τ log
[

exp(sy/kτ)σk−1(exp(s\y/kτ)) + exp (1/τ)σk(exp(s\y/kτ))
]

− τ log
[

exp(sy/kτ)σk−1(exp(s\y/kτ))
]
.

Note that the application of exp to vectors is meant in an element-wise fashion. The

last equality of equation (2.10) reveals that the challenge is to efficiently compute

σk−1 and σk, and their derivatives for the optimization.

While there are existing algorithms to evaluate the elementary symmetric

polynomials, they have been designed for computations on CPU with double floating

point precision. For the most recent work, see Jiang et al. (2016). To efficiently

train deep neural networks with Lk,τ , we need algorithms that are numerically
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stable with single floating point precision and that exploit GPU parallelization. In

the next sections, we design algorithms that meet these requirements. The final

performance is compared to the standard alternative algorithm in Appendix A.2.3.

2.4.2 Forward Computation

We consider the general problem of efficiently computing (σk−1, σk). Our goal is to

compute σk(e), where e ∈ Rn and k � n. Since this algorithm will be applied to

e = exp(s\y/kτ) (see equation (2.10)), we can safely assume ei 6= 0 for all i ∈ J1, nK.

The main insight of our approach is the connection of σi(e) to the polynomial:

P , (X + e1)(X + e2)...(X + en). (2.11)

Indeed, if we expand P to α0 +α1X + ...+αnX
n, Vieta’s formula gives the relation-

ship:

∀i ∈ J0, nK, αi = σn−i(e). (2.12)

Therefore, it suffices to compute the coefficients αn−k to obtain the value of σk(e).

To compute the expansion of P , we can use a divide-and-conquer approach with

polynomial multiplications when merging two branches of the recursion.

This method computes all (σi)1≤i≤n instead of the only (σi)k−1≤i≤k that we

require. Since we do not need σi(e) for i > k, we can avoid computations of

all coefficients for a degree higher than n − k. However, typically k � n. For

example, in ImageNet, we have k = 5 and n = 1, 000, therefore we have to compute

coefficients up to a degree 995 instead of 1,000, which is a negligible improvement.

To turn k � n to our advantage, we notice that σi(e) = σn(e)σn−i(1/e). Moreover,

σn(e) =
n∏
i=1

ei can be computed in O(n). Therefore we introduce the polynomial:

Q , σn(e)(X + 1
e1

)(X + 1
e2

)...(X + 1
en

). (2.13)

Then if we expand Q to β0 +β1X+ ...+βnX
n, we obtain with Vieta’s formula again:

∀i ∈ J0, nK, βi = σn(e)σn−i(1/e) = σi(e). (2.14)
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Subsequently, in order to compute σk(e), we only require the k first coefficients of

Q, which is very efficient when k is small in comparison with n. This results in a

time complexity of O(kn) (Proposition 13 in Appendix A.2.1). Moreover, there

are only O(log(n)) levels of recursion, and since every level can have its operations

parallelized, the resulting algorithm scales very well with n when implemented on

a GPU (see Appendix A.2.3 for practical runtimes).

The algorithm is described in Algorithm 1: step 2 initializes the polynomials

for the divide and conquer method. While the polynomial has not been fully

expanded, steps 5-6 merge branches by performing the polynomial multiplications

(which can be done in parallel). Step 10 adjusts the coefficients using equation

(2.14). We point out that we could obtain an algorithm with a time complexity of

O(n log(k)2) if we were using Fast Fourier Transform for polynomial multiplications

in steps 5-6. Since we are interested in the case where k is small (typically 5),

such an improvement is negligible.

Algorithm 1 Forward Pass
Require: e ∈ (R∗+)n, k ∈ N∗
1: t← 0
2: P (t)

i ← (1, 1/ei) for i ∈ J1, nK . Initialize n polynomials to X + 1
ei

(encoded by
coefficients)

3: p← n . Number of polynomials
4: while p > 1 do . Merge branches with polynomial multiplications
5: P

(t+1)
1 ← P

(t)
1 ∗ P

(t)
2 . Polynomial multiplication up to degree k

...
6: P

(t+1)
(p−1)//2 ← P

(t)
p−1 ∗ P (t)

p . Polynomial multiplication up to degree k
7: t← t+ 1
8: p← (p− 1)//2 . Update number of polynomials
9: end while
10: P (t+1) ← P (t) ×

n∏
i=1

ei . Recover σi(e) = σn−i(1/e)σn(e)

11: return P (t+1)

Obtaining numerical stability in single floating point precision requires special

attention: the use of exponentials with an arbitrarily small temperature parameter

is fundamentally unstable. In Appendix A.2.2, we describe how operating in the

log-space and using the log-sum-exp trick alleviates this issue. The stability of the

resulting algorithm is empirically verified in Appendix A.2.3.
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2.4.3 Backward Computation

A side effect of using Algorithm 1 is that a large number of buffers are allocated

for automatic differentiation: for each addition in log-space, we apply log and exp

operations, each of which needs to store values for the backward pass. This results

in a significant amount of time spent on memory allocations, which become the

time bottleneck. To avoid this, we exploit the structure of the problem and design

a backward algorithm that relies on the results of the forward pass. By avoiding

the memory allocations and considerably reducing the number of operations, the

backward pass is then sped up by one to two orders of magnitude and becomes

negligible in comparison to the forward pass. We describe our efficient backward

pass in more details below.

First, we introduce the notation for derivatives:

For i ∈ J1, nK, 1 ≤ j ≤ k, δj,i ,
∂σj(e)
∂ei

. (2.15)

We now observe that:

δj,i = σj−1(e\i). (2.16)

In other words, equation (2.16) states that δj,i, the derivative of σj(e) with respect

to ei, is the sum of product of all (j − 1)-tuples that do not include ei. One way

of obtaining σj−1(e\i) is to compute a forward pass for e\i, which we would need

to do for every i ∈ J1, nK. To avoid such expensive computations, we remark that

σj(e) can be split into two terms: the ones that contain ei (which can expressed

as eiσj−1(e\i)) and the ones that do not (which are equal to σj(e\i) by definition).

This gives the following relationship:

σj(e\i) = σj(e)− eiσj−1(e\i). (2.17)

Simplifying equation (2.17) using equation (2.16), we obtain the following re-

cursive relationship:

δj,i = σj−1(e)− eiδj−1,i. (2.18)
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Since the (σj(e))1≤i≤k have been computed during the forward pass, we can initialize

the induction with δ1,i = 1 and iteratively compute the derivatives δj,i for j ≥ 2

with equation (2.18). This is summarized in Algorithm 2.

Algorithm 2 Backward Pass
Require: e, (σj(e))1≤j≤k, k ∈ N∗ . (σj(e))1≤j≤k have been computed in the

forward pass
1: δ1,i = 1 for i ∈ J1, nK
2: for j ∈ J1, kK do
3: δj,i = σj−1(e)− eiδj−1,i for i ∈ J1, nK
4: end for

Algorithm 2 is subject to numerical instabilities (Observation 2 in Appendix

A.2.2). In order to avoid these, one solution is to use equation (2.16) for each

unstable element, which requires numerous forward passes. To avoid this inefficiency,

we provide a novel approximation in Appendix A.2.2: the computation can be

stabilized by an approximation with significantly smaller overhead.

2.5 Experiments

Theoretical results suggest that Cross-Entropy (CE) is an optimal classifier in

the limit of infinite data, by accurately approximating the data distribution. In

practice, the presence of label noise makes the data distribution more complex to

estimate when only a finite number of samples is available. For these reasons, we

explore the behavior of CE and Lk,τ when varying the amount of label noise and

the training data size. For the former, we introduce label noise in the CIFAR-100

data set (Krizhevsky, 2009) in a manner that would not perturb the top-5 error

of a perfect classifier. For the latter, we vary the training data size on subsets of

the ImageNet data set (Russakovsky et al., 2015).

In all the following experiments, the temperature parameter is fixed through-

out training. This choice is discussed in Appendix A.4.1. The algorithms are

implemented in PyTorch (Paszke et al., 2017) and are publicly available at https:

//github.com/oval-group/smooth-topk. Experiments on CIFAR-100 and Ima-

geNet are performed on respectively one and two Nvidia Titan Xp cards.

https://github.com/oval-group/smooth-topk
https://github.com/oval-group/smooth-topk
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2.5.1 CIFAR-100 with noise

Data set. In this experiment, we investigate the impact of label noise on CE

and L5,1. The CIFAR-100 data set contains 60,000 RGB images, with 50,000

samples for training-validation and 10,000 for testing. There are 20 “coarse” classes,

each consisting of 5 “fine” labels. For example, the coarse class “people” is made

up of the five fine labels “baby”, “boy”, “girl”, “man” and “woman”. In this

set of experiments, the images are centered and normalized channel-wise before

they are fed to the network. We use the standard data augmentation technique

with random horizontal flips and random crops of size 32 × 32 on the images

padded with 4 pixels on each side.

We introduce noise in the labels as follows: with probability p, each fine label

is replaced by a fine label from the same coarse class. This new label is chosen at

random and may be identical to the original label. Note that all instances generated

by data augmentation from a single image are assigned the same label. The case

p = 0 corresponds to the original data set without noise, and p = 1 to the case where

the label is completely random (within the fine labels of the coarse class). With

this method, a perfect top-5 classifier would still be able to achieve 100 % accuracy

by systematically predicting the five fine labels of the unperturbed coarse label.

Methods. To evaluate our loss functions, we use the architecture DenseNet 40-40

from Huang et al. (2017), and we use the same hyper-parameters and learning rate

schedule as in Huang et al. (2017). The temperature parameter is fixed to one.

When the level of noise becomes non-negligible, we empirically find that CE suffers

from over-fitting and significantly benefits from early stopping – which our loss

does not need. Therefore we help the baseline and hold out a validation set of 5,000

images, on which we monitor the accuracy across epochs. Then we use the model

with the best top-5 validation accuracy and report its performance on the test set.

Results are averaged over three runs with different random seeds.
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Table 2.1: Testing performance on CIFAR-100 with different levels of label noise. With
noisy labels, L5,1 consistently outperforms CE on both top-5 and top-1 accuracies, with
improvements increasingly significant with the level of noise. For reference, a model
making random predictions would obtain 1% top-1 accuracy and 5% top-5 accuracy.

Noise Top-1 Accuracy (%) Top-5 Accuracy (%)
Level CE L5,1 CE L5,1
0.0 76.68 69.33 94.34 94.29
0.2 68.20 71.30 87.89 90.59
0.4 61.18 70.02 83.04 87.39
0.6 52.50 67.97 79.59 83.86
0.8 35.53 55.85 74.80 79.32
1.0 14.06 15.28 67.70 72.93

Results. As seen in Table 2.1, L5,1 outperforms CE on the top-5 testing accuracy

when the labels are noisy, with an improvement of over 5% in the case p = 1.

When there is no noise in the labels, CE provides better top-1 performance, as

expected. It also obtains a better top-5 accuracy, although by a very small margin.

Interestingly, L5,1 outperforms CE on the top-1 error when there is noise, although

L5,1 is not a surrogate for the top-1 error. For example when p = 0.8, L5,1 still

yields an accuracy of 55.85%, as compared to 35.53% for CE. This suggests that

when the provided label is only informative about top-5 predictions (because of

noise or ambiguity), it is preferable to use L5,1.

2.5.2 ImageNet

Data set. As shown in Figure 2.1, the ImageNet data set presents different forms

of ambiguity and noise in the labels. It also has a large number of training samples,

which allows us to explore different regimes up to the large-scale setting. Out of

the 1.28 million training samples, we use subsets of various sizes and always hold

out a balanced validation set of 50,000 images. We then report results on the

50,000 images of the official validation set, which we use as our test set. Images

are resized so that their smaller dimension is 256, and they are centered and

normalized channel-wise. At training time, we take random crops of 224 × 224

and randomly flip the images horizontally. At test time, we use the standard

ten-crop procedure (Krizhevsky et al., 2012).
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We report results for the following subset sizes of the data: 64k images (5%),

128k images (10%), 320k images (25%), 640k images (50%) and finally the whole

data set (1.28M − 50k = 1.23M images for training). Each strict subset has all

1,000 classes and a balanced number of images per class. The largest subset has

the same slight unbalance as the full ImageNet data set.

Methods. In all the following experiments, we train a ResNet-18 (He et al.,

2016), adapting the protocol of the ImageNet experiment in Huang et al. (2017).

In more details, we optimize the model with Stochastic Gradient Descent with

a batch-size of 256, for a total of 120 epochs. We use a Nesterov momentum of

0.9. The temperature is set to 0.1 for the SVM loss (we discuss the choice of the

temperature parameter in Appendix A.4.1). The learning rate is divided by ten at

epochs 30, 60 and 90, and is set to an initial value of 0.1 for CE and 1 for L5,0.1.

The quadratic regularization hyper-parameter is set to 0.0001 for CE. For L5,0.1,

it is set to 0.000025 to preserve a similar relative weighting of the loss and the

regularizer. For both methods, training on the whole data set takes about a day

and a half (it is only 10% longer with L5,0.1 than with CE). As in the previous

experiments, the validation top-5 accuracy is monitored at every epoch, and we use

the model with best top-5 validation accuracy to report its test error.

Probabilities for Multiple Crops. Using multiple crops requires a probability

distribution over labels for each crop. Then this probability is averaged over the

crops to compute the final prediction. The standard method is to use a softmax

activation over the scores. We believe that such an approach is only grounded

to make top-1 predictions. The probability of a label ȳ being part of the top-5

prediction should be marginalized over all combinations of 5 labels that include ȳ

as one of their elements. This can be directly computed with our algorithms to

evaluate σk and its derivative. We refer the reader to Appendix A.3 for details.

All the reported results of top-5 error with multiple crops are computed with this

method. This provides a systematic boost of at least 0.2% for all loss functions. In

fact, it is more beneficial to the CE baseline, by up to 1% in the small data setting.
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Table 2.2: Top-5 accuracy (%) on ImageNet using training sets of various sizes. Results
are reported on the official validation set, which we use as our test set.

% Data Set Number CE L5,0.1
of Images

100% 1.23M 90.67 90.61
50% 640k 87.57 87.87
25% 320k 82.62 83.38
10% 128k 71.06 73.10
5% 64k 58.31 60.44

Results. The results of Table 2.2 confirm that L5,0.1 offers better top-5 error than

CE when the amount of training data is restricted. As the data set size increases,

the difference of performance becomes very small, and CE outperforms L5,0.1 by

an insignificant amount in the full data setting.

2.6 Conclusion

This work has introduced a new family of loss functions for the direct minimization

of the top-k error (that is, without the need for fine-tuning). We have empirically

shown that non-sparsity is essential for loss functions to work well with deep neural

networks Thanks to a connection to polynomial algebra and a novel approximation,

we have presented efficient algorithms to compute the smooth loss and its gradient.

The experimental results have demonstrated that our smooth top-5 loss function

is more robust to noise and overfitting than cross-entropy when the amount of

training data is limited.

We have argued that smoothing the surrogate loss function helps the training of

deep neural networks. This insight is not specific to top-k classification, and we

hope that it will help the design of other surrogate loss functions. In particular,

structured prediction problems could benefit from smoothed SVM losses. How to

efficiently compute such smooth functions could open interesting research problems.
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Abstract

We present a novel layerwise optimization algorithm for the learning objective

of Piecewise-Linear Convolutional Neural Networks (PL-CNNs), a large class of

convolutional neural networks. Specifically, PL-CNNs employ piecewise linear

non-linearities such as the commonly used ReLU and max-pool, and an SVM

classifier as the final layer. The key observation of our approach is that the

problem corresponding to the parameter estimation of a layer can be formulated

as a difference-of-convex (DC) program, which happens to be a latent structured

SVM. We optimize the DC program using the concave-convex procedure, which

requires us to iteratively solve a structured SVM problem. This allows to design

an optimization algorithm with an optimal learning rate that does not require any

tuning. Using the MNIST, CIFAR and ImageNet data sets, we show that our

approach always improves over the state of the art variants of backpropagation

and scales to large data and large network settings.

3.1 Introduction

The backpropagation algorithm is commonly employed to estimate the parame-

ters of a convolutional neural network (CNN) using a supervised training data

set (Rumelhart et al., 1986). Part of the appeal of backpropagation comes from

the fact that it is applicable to a wide variety of networks, namely those that

have (sub-)differentiable non-linearities and employ a (sub-)differentiable learning

objective. However, the generality of backpropagation comes at the cost of a

high sensitivity to its hyperparameters such as the learning rate and momentum.

Standard line-search algorithms cannot be used on the primal objective function

in this setting, as (i) there may not exist a step-size guaranteeing a monotonic

decrease because of the use of sub-gradients, and (ii) even in the smooth case, each

function evaluation requires a forward pass over the entire data set without any

update, making the approach computationally unfeasible. Choosing the learning

rate thus remains an open issue, with the state-of-the-art algorithms suggesting
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adaptive learning rates (Duchi et al., 2011; Zeiler, 2012; Kingma and Ba, 2015).

In addition, techniques such as batch normalization (Ioffe and Szegedy, 2015) and

dropout (Srivastava et al., 2014) have been introduced to respectively reduce the

sensitivity to the learning rate and to prevent from overfitting.

With this work, we open a different line of inquiry, namely, is it possible to

design more robust optimization algorithms for special but useful classes of CNNs?

To this end, we focus on the networks that are commonly used in computer vision.

Specifically, we consider CNNs with convolutional and dense layers that apply

a set of piecewise linear (PL) non-linear operations to obtain a discriminative

representation of an input image. While this assumption may sound restrictive

at first, we show that commonly used non-linear operations such as ReLU and

max-pool fall under the category of PL functions. The representation obtained in

this way is used to classify the image via a multi-class SVM, which forms the final

layer of the network. We refer to this class of networks as PL-CNN.

We design a novel, principled algorithm to optimize the learning objective of a

PL-CNN. Our algorithm is a layerwise method, that is, it iteratively updates the

parameters of one layer while keeping the other layers fixed. For this work, we use

a simple schedule over the layers, namely, repeated passes from the output layer to

the input one. However, it may be possible to further improve the accuracy and

efficiency of our algorithm by designing more sophisticated scheduling strategies.

The key observation of our approach is that the parameter estimation of one layer

of PL-CNN can be formulated as a difference-of-convex (DC) program that can be

viewed as a latent structured SVM problem (Yu and Joachims, 2009). This allows

us to solve the DC program using the concave-convex procedure (CCCP) (Yuille and

Rangarajan, 2002). Each iteration of CCCP requires us to solve a convex structured

SVM problem. To this end, we use the powerful block-coordinate Frank-Wolfe

(BCFW) algorithm (Lacoste-Julien and Jaggi, 2013), which solves the dual of the

convex program iteratively by computing the conditional gradients corresponding

to a subset of training samples. In order to further improve BCFW for PL-CNNs,

we extend it in three important ways. First, we introduce a trust-region term that
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allows us to initialize the BCFW algorithm using the current estimate of the layer

parameters. Second, we reduce the memory requirement of BCFW by an order

of magnitude, via an efficient representation of the feature vectors corresponding

to the dense layers. Third, we show that, empirically, the number of constraints

of the structural SVM problem can be reduced substantially without any loss in

accuracy, which allows us to significantly reduce its time complexity.

Compared to backpropagation (Rumelhart et al., 1986) or its variants (Duchi

et al., 2011; Zeiler, 2012; Kingma and Ba, 2015), our algorithm offers three

advantages. First, the CCCP algorithm provides a monotonic decrease in the

learning objective at each layer. Since layerwise optimization itself can be viewed as

a block-coordinate method, our algorithm guarantees a monotonic decrease of the

overall objective function after each layer’s parameters have been updated. Second,

since the dual of the SVM problem is a smooth convex quadratic program, each step

of the BCFW algorithm (in the inner iteration of the CCCP) provides a monotonic

increase in its dual objective. Third, since the only step-size required in our approach

comes while solving the SVM dual, we can use the optimal step-size that is computed

analytically during each iteration of BCFW (Lacoste-Julien and Jaggi, 2013). In

other words, our algorithm has no learning rate, initial or not, that requires tuning.

Using standard network architectures and publicly available data sets, we show

that our algorithm provides a boost over the state of the art variants of backpropa-

gation for learning PL-CNNs and we demonstrate scalability of the method.

3.2 Related Work

While some of the early successful approaches for the optimization of deep neural

networks relied on greedy layer-wise training (Hinton et al., 2006; Bengio et al.,

2007), most currently used methods are variants of backpropagation (Rumelhart

et al., 1986) with adaptive learning rates, as discussed in the introduction.

At every iteration, backpropagation performs a forward pass and a backward

pass on the network, and updates the parameters of each layer by stochastic or

mini-batch gradient descent. This makes the choice of the learning rate critical
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for efficient optimization. (Duchi et al., 2011) have proposed the Adagrad convex

solver, which adapts the learning rate for every direction and takes into account past

updates. Adagrad changes the learning rate to favor steps in gradient directions

that have not been observed frequently in past updates. When applied to the

non-convex CNN optimization problem, Adagrad may converge prematurely due

to a rapid decrease in the learning rate (Goodfellow et al., 2016). In order to

prevent this behavior, the Adadelta algorithm (Zeiler, 2012) makes the decay of

the learning rate slower. It is worth noting that this fix is empirical, and to the

best of our knowledge, provides no theoretical guarantees. (Kingma and Ba, 2015)

propose a different scheme for the learning rate, called Adam, which uses an online

estimation of the first and second moments of the gradients to provide centered

and normalized updates. However all these methods still require the tuning of

the initial learning rate to perform well.

Second-order and natural gradient optimization methods have also been a

subject of attention. The focus in this line of work has been to come up with

appropriate approximations to make the updates cheaper. (Martens and Sutskever,

2012) suggested a Hessian-free second order optimization using finite differences to

approximate the Hessian and conjugate gradient to compute the update. (Martens

and Grosse, 2015) derive an approximation of the Fisher matrix inverse, which

provides a more efficient method for natural gradient descent. (Ollivier, 2013) explore

a set of Riemannian methods based on natural gradient descent and quasi-Newton

methods to guarantee reparameterization invariance of the problem. (Desjardins

et al., 2015) demonstrate a scaled up natural gradient descent method by training

on the ImageNet data set (Russakovsky et al., 2015). Though providing more

informative updates and solid theoretical support than SGD-based approaches,

these methods do not take into account the structure of the problem offered by

the commonly used non-linear operations.

Our work is also related to some of the recent developments in optimization

for deep learning. For example, (Taylor et al., 2016) use ADMM for massive

distribution of computation in a layer-wise fashion, and in particular their method



3. Trusting SVMs for Piecewise Linear CNNs 38

will yield closed-form updates for any PL-CNN. (Lee et al., 2015) propose to

use targets instead of gradients to propagate information through the network,

which could help to extend our algorithm. (Zhang et al., 2017b) derive a convex

relaxation for the learning objective for a restricted class of CNNs, which also

relies on solving an approximate convex problem. In (Amos et al., 2017), the

authors identify convex problems for the inference task, when the neural network

is a convex function of some of its inputs.

With a more theoretical approach, (Goel et al., 2017) propose an algorithm to

learn shallow ReLU nets with guarantees of time convergence and generalization

error. (Heinemann et al., 2016) show that a subclass of neural networks can be

modeled as an improper kernel, which then reduces the learning problem to a

simple SVM with the constructed kernel.

More generally, we believe that our hitherto unknown observation regarding the

relationship between PL-CNNs and latent SVMs can (i) allow the progress made

in one field to be transferred to the other and (ii) help design a new generation

of principled algorithms for deep learning optimization.

3.3 Piecewise Linear Convolutional Neural Net-
works

A piecewise linear convolutional neural network (PL-CNN) consists of a series of

convolutional layers, followed by a series of dense layers, which provides a concise

representation of an input image. Each layer of the network performs two operations:

a linear transformation (that is, a convolution or a matrix multiplication), followed

by a piecewise linear non-linear operation such as ReLU or max-pool. The resulting

representation of the image is used for classification via an SVM. In the remainder

of this section, we provide a formal description of PL-CNN.

Piecewise Linear Functions. A (continuous) piecewise linear (PL) function

f(u) is a function of the following form (Melzer, 1986):

f(u) = max
i∈[m]
{a>i u} −max

j∈[n]
{b>j u}, (3.1)
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where [m] = {1, · · · ,m}, and [n] = {1, · · · , n}. Each of the two maxima above

is a convex function, therefore such a function f is not generally convex, but

it is rather a difference of two convex functions. Importantly, many commonly

used non-linear operations such as ReLU or max-pool are PL functions of their

input. For example, ReLU corresponds to the function R(v) = max{v, 0} where

v is a scalar. Similarly, max-pool for a D-dimensional vector u corresponds to

M(u) = maxi∈[D]{e>i u}, where ei is a vector whose i-th element is 1 and all other

elements are 0. Given a value of u, we say that (i∗, j∗) is the activation of the PL

function at u if i∗ = argmaxi∈[m]{a>i u} and j∗ = argmaxj∈[n]{b>j u}.

PL-CNN Parameters. We denote the parameters of an L layer PL-CNN by

W = {W l; l ∈ [L]}. In other words, the parameters of the l-th layer is defined as

W l. The CNN defines a composite function, that is, the output zl−1 of layer l − 1

is the input to the layer l. Given the input zl−1 to layer l, the output is computed

as zl = σl(W l · zl−1), where “·” is either a convolution or a matrix multiplication,

and σl is a PL non-linear function, such as ReLU or max-pool. The input to the

first layer is an image x, that is, z0 = x. We denote the input to the final layer

by zL = Φ(x;W) ∈ RD. In other words, given an image x, the convolutional and

dense layers of a PL-CNN provide a D-dimensional representation of x to the final

classification layer. The final layer of a PL-CNN is a C class SVM W svm, which

specifies one parameter W svm
y ∈ RD for each class y ∈ Y.

Prediction. Given an image x, a PL-CNN predicts its class using the following

rule:

y∗ = argmax
y∈Y

W svm
y Φ(x;W). (3.2)

In other words, the dot product of the D-dimensional representation of x with the

SVM parameter for a class y provides the score for the class. The desired prediction

is obtained by maximizing the score over all possible classes.
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Learning Objective. Given a training data set D = {(xi, yi), i ∈ [N ]}, where xi

is the input image and yi is its ground-truth class, we wish to estimate the parameters

W ∪W svm of the PL-CNN. To this end, we minimize a regularized upper bound on

the empirical risk. The risk of a prediction y∗i given the ground-truth yi is measured

with a user-specified loss function ∆(y∗i , yi). For example, the standard 0− 1 loss

has a value of 0 for a correct prediction and 1 for an incorrect prediction. Formally,

the parameters of a PL-CNN are estimated using the following learning objective:

min
W,W svm

λ

2
∑

l∈[L]∪{svm}
‖W l‖2

F + 1
N

N∑
i=1

max
ȳi∈Y

(
∆(ȳi, yi) +

(
W svm
ȳi
−W svm

yi

)T
Φ(xi;W)

)
.

(3.3)

The hyperparameter λ denotes the relative weight of the regularization compared to

the upper bound of the empirical risk. Note that, due to the presence of piecewise

linear non-linearities, the representation Φ(·;W) (and hence, the above objective)

is highly non-convex in the PL-CNN parameters.

3.4 Parameter Estimation for PL-CNN

In order to enable layerwise optimization of PL-CNNs, we show that parameter

estimation of a layer can be formulated as a difference-of-convex (DC) program

(subsection 3.4.1). This allows us to use the concave-convex procedure, which

solves a series of convex optimization problems (subsection 3.4.2). We show that

each convex problem closely resembles a structured SVM objective, which can

be addressed by the powerful block-coordinate Frank-Wolfe (BCFW) algorithm.

We extend BCFW to improve its initialization, time complexity and memory

requirements, thereby enabling its use in learning PL-CNNs (subsection 3.4.3). For

the sake of clarity, we only provide sketches of the proofs for those propositions that

are necessary for understanding the paper. The detailed proofs of the remaining

propositions are provided in the Appendix.
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3.4.1 Layerwise Optimization as a DC Program

Given the values of the parameters for the convolutional and the dense layers (that

is, W), the learning objective (3.3) is the standard SVM problem in parameters

W svm. In other words, it is a convex optimization problem with several efficient

solvers (Tsochantaridis et al., 2004; Joachims et al., 2009; Shalev-Shwartz et al.,

2009), including the BCFW algorithm (Lacoste-Julien and Jaggi, 2013). Hence,

the optimization of the final layer is a computationally easy problem. In contrast,

the optimization of the parameters of a convolutional or a dense layer l does not

result in a convex program. In general, this problem can be arbitrarily hard to solve.

However, in the case of PL-CNN, we show that the problem can be formulated

as a specific type of DC program, which enables efficient optimization via the

iterative use of BCFW. The key property that enables our approach is the following

proposition that shows that the composition of PL functions is also a PL function.

Proposition 1. Consider PL functions g : Rm → R and gi : Rn → R, for all

i ∈ [m]. Define a function f : Rn → R as f(u) = g([g1(u), g2(u), · · · , gm(u)]>).

Then f is also a PL function (proof in Appendix B.1).

Using the above proposition, we can reformulate the problem of optimizing the

parameters of one layer of the network as a DC program. Specifically, the following

proposition shows that the problem can be formulated as a latent structured SVM

objective (Yu and Joachims, 2009).

Proposition 2. The learning objective of a PL-CNN with respect to the parameters

of the l-th layer can be specified as follows:

min
W l

{
λ

2‖W
l‖2
F + 1

N

N∑
i=1

max
hi∈H
ȳi∈Y

(
∆(ȳi, yi) + (W l)>Ψ(xi, ȳi,hi)

)

−max
hi∈H

(
(W l)>Ψ(xi, yi,hi)

)}
,

(3.4)

for an appropriate choice of the latent space H and joint feature vectors Ψ(x, y,h)

of the input x, the output y and the latent variables h. In other words, parameter

estimation for the l-th layer corresponds to minimizing the sum of its Frobenius

norm plus a PL function for each training sample.
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Proof. For a given image x with the ground-truth class y, consider the input to

the layer l, which we denote by zl−1. Since all the layers except the l-th one are

fixed, the input zl−1 is a constant vector, which only depends on the image x (that

is, its value does not depend on the variables W l). In other words, we can write

zl−1 = ϕ(x).

Given the input zl−1, all the elements of the output of the l-th layer, denoted

by zl, are a PL function of W l since the layer performs a linear transformation of

zl−1 according to the parameters W l, followed by an application of PL operations

such as ReLU or max-pool. The vector zl is then fed to the (l + 1)-th layer. The

output zl+1 of the (l + 1)-th layer is a vector whose elements are PL functions of

zl. Therefore, by proposition (1), the elements of zl+1 are a PL function of W l. By

applying the same argument until we reach the layer L, we can conclude that the

representation Φ(x;W) is a PL function of W l.

Next, consider the upper bound of the empirical risk, which is specified as

follows:

max
ȳ∈Y

(
∆(ȳ, y) +

(
W svm
ȳ −W svm

y

)T
Φ(x;W)

)
. (3.5)

Once again, since W svm is fixed, the above upper bound can be interpreted as a

PL function of Φ(x;W), and thus, by proposition (1), the upper bound is a PL

function of W l. It only remains to observe that the learning objective (3.3) also

contains the Frobenius norm of W l. Thus, it follows that the estimation of the

parameters of layer l can be reformulated as minimizing the sum of its Frobenius

norm and the PL upper bound of the empirical risk over all training samples, as

shown in problem (3.4). Note that we have ignored the constants corresponding

to the Frobenius norm of the parameters of all the fixed layers. This constitutes

an existential proof of Proposition 2. In the next paragraph, we give an intuition

about the feature vectors Ψ(xi, ȳi,hi) and the latent space H.

Feature Vectors & Latent Space. The exact form of the joint feature vectors

depends on the explicit DC decomposition of the objective function. In Appendix B.2,

we detail the practical computations and give an example: we construct two
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interleaved neural networks whose outputs define the convex and concave parts of

the DC objective function. Given the explicit DC objective function, the feature

vectors are given by a subgradient and can therefore be obtained by automatic

differentiation.

We now give an intuition of what the latent space H represents. Consider an

input image x and a corresponding latent variable h ∈ H. The latent variable can

be viewed as a set of variables hk, k ∈ {l + 1, · · · , L}. In other words, each subset

hk of the latent variable corresponds to one of the layers of the network that follow

the layer l. Intuitively, hk represents the choice of activation at layer k when going

through the PL activation: for each neuron j of layer k, hkj takes value i if and

only if the i-th piece of the piecewise linear activation is selected. For instance, i

is the index of the selected input in the case of a max-pooling unit.

Note that the latent space only depends on the layers that follow the current

layer being optimized. This is due to the fact that the input zl−1 to the l-th layer is

a constant vector that does not depend on the value ofW l. However, the activations

of all subsequent layers following the l-th one depend on the value of the parameters

W l. As a consequence, the greater the number of following layers, the greater the

size of the latent space, and this growth happens to be exponential. However, as

will be seen shortly, it is still possible to efficiently optimize problem (3.4) for all

the layers of the network despite this exponential increase.

3.4.2 Concave-Convex Procedure

The optimization problem (3.4) is a DC program in the parametersW l. This follows

from the fact that the upper bound of the empirical risk is a PL function, and

can therefore be expressed as the difference of two convex PL functions (Melzer,

1986). Furthermore, the Frobenius norm of W l is also a convex function of W l.

This observation allows us to obtain an approximate solution of problem (3.4) using

the iterative concave-convex procedure (CCCP) (Yuille and Rangarajan, 2002).

Algorithm 3 describes the main steps of CCCP. In step 3, we impute the best

value of the latent variable corresponding to the ground-truth class yi for each
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training sample. This imputation corresponds to the linearization step of the CCCP.

The selected latent variable corresponds to a choice of activations at each non-linear

layer of the network, and therefore defines a path of activations to the ground truth.

Next, in step 4, we update the parameters by solving a convex optimization problem.

This convex problem amounts to finding the path of activations which minimizes the

maximum margin violations given the path to the ground truth defined in step 3.

The CCCP algorithm has the desirable property of providing a monotonic

decrease in the objective function at each iteration. In other words, the objective

function value of problem (3.4) at W l
t is greater than or equal to its value at W l

t+1.

Since layerwise optimization itself can be viewed as a block-coordinate algorithm for

minimizing the learning objective (3.3), our overall algorithm provides guarantees

of monotonic decrease until convergence. This is one of the main advantages of our

approach compared to backpropagation and its variants, which fail to provide similar

guarantees on the value of the objective function from one iteration to the next.

Algorithm 3 CCCP for parameter estimation of the l-th layer of the PL-CNN.
Require: Data set D = {(xi, yi), i ∈ [N ]}, fixed parameters {W ∪ W svm}\W l,

initial estimate W l
0.

1: t = 0
2: repeat
3: For each sample (xi, yi), find the best latent variable value by solving the

following problem:
h∗i = argmax

h∈H
(W l

t )>Ψ(xi, yi,h). (3.6)

4: Update the parameters by solving the following convex optimization problem:

W l
t+1 = argmin

W l

λ

2‖W
l‖2
F + 1

N

N∑
i=1

max
ȳi∈Y
hi∈H

(
∆(ȳi, yi) + (W l)>Ψ(xi, ȳi,hi)

)
−

(
(W l)>Ψ(xi, yi,h∗i )

)
.

(3.7)

5: t = t+1
6: until Objective function of problem (3.4) cannot be improved beyond a specified

tolerance.

In order to solve the convex program (3.7), which corresponds to a structured

SVM problem, we make use of the powerful BCFW algorithm (Lacoste-Julien and
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Jaggi, 2013) that solves its dual via conditional gradients. This has two main

advantages: (i) as the dual is a smooth quadratic program, each iteration of BCFW

provides a monotonic increase in its objective; and (ii) the optimal step-size at

each iteration can be computed analytically. This is once again in stark contrast

to backpropagation, where the estimation of the step-size is still an active area

of research (Duchi et al., 2011; Zeiler, 2012; Kingma and Ba, 2015). As shown

by (Lacoste-Julien and Jaggi, 2013), given the current estimate of the parameters

W l, the conditional gradient of the dual of program (3.7) with respect to a training

sample (xi, yi) can be obtained by solving the following problem:

(ŷi, ĥi) = argmax
ȳ∈Y,h∈H

(W l)>Ψ(xi, ȳ,h) + ∆(ȳ, yi). (3.8)

We refer the interested reader to (Lacoste-Julien and Jaggi, 2013) for further details.

The overall efficiency of the CCCP algorithm relies on our ability to solve

problems (3.6) and (3.8). At first glance, these problems may appear to be

computationally intractable as the latent space H can be very large, especially

for layers close to the input (of the order of millions of dimensions for a typical

network). However, the following proposition shows that both the problems can

be solved efficiently using the forward and backward passes that are employed

in backpropagation.

Proposition 3. Given the current estimate W l of the parameters for the l-th layer,

as well as the parameter values of all the other fixed layers, problems (3.6) and (3.8)

can be solved using a forward pass on the network. Furthermore, the joint feature

vectors Ψ(xi, ŷi, ĥi) and Ψ(xi, yi,h∗i ) can be computed using a backward pass on the

network.

Proof. Recall that the latent space consists of the putative activations for each PL

operation in the layers following the current one. Thus, intuitively, the maximization

over the latent variables corresponds to finding the exact activations of all such

PL operations. In other words, we need to identify the indices of the linear pieces

that are used to compute the value of the PL function in the current state of the
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network. For a ReLU operation, this corresponds to estimating max{0, v}, where

the input to the ReLU is a scalar v. Similarly, for a max-pool operation, this

corresponds to estimating maxi{e>i u}, where u is the input vector to the max-pool.

This is precisely the computation that the forward pass of backpropagation performs.

Given the activations, the joint feature vector is the subgradient of the sample with

respect to the current layer. Once again, this is precisely what is computed during

the backward pass of the backpropagation algorithm.

An example is constructed in Appendix B.2 to illustrate how to compute

the feature vectors in practice.

3.4.3 Improving the BCFW Algorithm

As the BCFW algorithm was originally designed to solve a structured SVM problem,

it requires further extensions to be suitable for training a PL-CNN. In what

follows, we present three such extensions that improve the initialization, memory

requirements and time complexity of the BCFW algorithm respectively.

Trust-Region for Initialization. The original BCFW algorithm starts with an

initial parameterW l = 0 (that is, all the parameters are set to 0). The reason for this

initialization is that it is possible to compute the dual variables that correspond to

the 0 primal variable. However, since our algorithm visits each layer of the network

several times, it would be desirable to initialize its parameters using its current value

W t
l . To this end, we introduce a trust-region in the constraints of problem (3.7), or

equivalently, an `2 norm based proximal term in its objective function (Parikh and

Boyd, 2014). The following proposition shows that this has the desired effect of

initializing the BCFW algorithm close to the current parameter values.

Proposition 4. By adding a proximal term µ
2‖W

l−W l
t‖2
F to the objective function

in (3.7), we can compute a feasible dual solution whose corresponding primal solution

is equal to µ
λ+µW

l
t . Furthermore, the addition of the proximal term still allows us to

efficiently compute the conditional gradient using a forward-backward pass (proof in

Appendix B.4).
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In practice, we always choose a value of µ = 10λ: this yields an initialization of

' 0.9W l
t which does not significantly change the value of the objective function.

Efficient Representation of Joint Feature Vectors. The BCFW algorithm

requires us to store a linear combination of the feature vectors for each mini-

batch. While this requirement is not too stringent for convolutional and multi-class

SVM layers, where the dimensionality of the feature vectors is small, it becomes

prohibitively expensive for dense layers. The following proposition prevents a

blow-up in the memory requirements of BCFW.

Proposition 5. When optimizing dense layer l, if W l ∈ Rp×q, we can store

a representation of the joint feature vectors Ψ(x, y,h) with vectors of size p in

problems (3.6) and (3.7). This is in contrast to the naïve approach that requires

them to be of size p× q.

Proof. By Proposition (3), the feature vectors are subgradients of the hinge loss

function, which we loosely denote by η for this proof. Then by the chain rule:
∂η
∂W l = ∂η

∂zl
∂zl

∂W l = ∂η
∂zl
·
(
zl−1

)T
. Noting that zl−1 ∈ Rq is a forward pass up until

layer l (independent of W l), we can store only ∂η
∂zl
∈ Rp and still reconstruct the

full feature vector ∂η
∂W l by a forward pass and an outer product.

Reducing the Number of Constraints. In order to reduce the amount of time

required for the BCFW algorithm to converge, we use the structure of H to simplify

problem (3.7) to a much simpler problem. Specifically, since H represents the

activations of the network for a given sample, it has a natural decomposition over

the layers: H = H1 × ...×HL. We use this structure in the following observation.

Observation 1. Problem (3.7) can be approximately solved by optimizing the dual

problem on increasingly large search spaces. In other words, we start with constraints

of Y, followed by Y ×HL, then Y ×HL×HL−1 and so on. The algorithm converges

when the primal-dual gap is below tolerance.
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The latent variables which are not optimized over are set to be the same as the

ones selected for the ground truth. Experimentally, we observe that for convolutional

layers (architectures in section 3.5), restricting the search space to Y yields a dual gap

low enough to consider the problem has converged. This means that in practice for

these layers, problem (3.7) can be solved by searching directions over the search space

Y instead of the much larger Y×H. The intuition is that the norm of the difference-

of-convex decomposition grows with the number of activations selected differently in

the convex and concave parts (see Appendix B.1 for the decomposition of piecewise

linear functions). This compels the path of activations to be the same in the convex

and the concave part to avoid large margin violations, especially for convolutional

layers which are followed by numerous non-linearities at the max-pooling layers.

3.5 Experiments

Our experiments are designed to assess the ability of LW-SVM (Layer-Wise SVM,

our method) and the SGD baselines to optimize problem (3.3). To compare LW-

SVM with the state-of-the-art variants of backpropagation, we look at the training

and testing accuracies as well as the training objective value. Unlike dropout, which

effectively learns an ensemble model, we learn a single model using each baseline

optimization algorithm. All experiments are conducted on a GPU (Nvidia Titan X)

and use Theano (Bergstra et al., 2010; Bastien et al., 2012). We compare LW-SVM

with Adagrad, Adadelta and Adam. For all data sets, we start at a good solution

provided by these solvers and fine-tune it with LW-SVM. We then check whether a

longer run of the SGD solver reaches the same level of performance.

The practical use of the LW-SVM algorithm needs choices at the three following

levels: how to select the layer to optimize (i), when to stop the CCCP on each

layer (ii) and when to stop the convex optimization at each inner iteration of the

CCCP (iii). These choices are detailed in the next paragraph.

The layer-wise schedule of LW-SVM is as follows: as long as the validation

accuracy increases, we perform passes from the end of the network (SVM) to the

first layer (i). At each pass, each layer is optimized with one outer iteration of
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the CCCP (ii). The inner iterations are stopped when the dual objective function

does not increase by more than 1% over an epoch (iii). We point out that the

dual objective function is cheap to compute since we are maintaining its value at

all time. By contrast, to compute the exact primal objective function requires a

forward pass over the data set without any update.

3.5.1 MNIST Data Set

Data set & Architecture The training data set consists in 60,000 gray scale

images of size 28×28 with 10 classes, which we split into 50,000 samples for training

and 10,000 for validating. The images are normalized, and we do not use any data

augmentation. The architecture used for this experiment is shown in Figure 3.1.

Conv 12 filters 5 × 5
+ ReLU 

+ MaxPool 2x2

Conv 12 filters 5 × 5
+ ReLU 

+ MaxPool 2x2

Dense
256 output units

+ ReLU

SVM
10 classes

Figure 3.1: Network architecture for the MNIST data set.

Method The number of epochs is set to 200, 100 and 100 for Adagrad, Adadelta

and Adam - Adagrad is given more epochs as we observed it took a longer time

to converge. We then use LW-SVM and compare the results on training objective,

training accuracy and testing accuracy. We also let the solvers run to up to 500

epochs to verify that we have not stopped the optimization prematurely. The

regularization hyperparameter λ and the initial learning rate are chosen by cross-

validation. λ is set to 0.001 for all solvers, and the initial learning rates can be

found in Appendix B.3. For LW-SVM, λ is set to the same value as the baseline,

and the proximal term µ to µ = 10λ = 0.01.

Results As Table 3.1 shows, LW-SVM systematically improves on all training

objective, training accuracy and testing accuracy. In particular, it obtains the

best testing accuracy when combined with Adadelta. Because each convex sub-

problem is run up to sufficient convergence, the objective function of LW-SVM
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Table 3.1: Results on MNIST: we compare the performance of LW-SVM with SGD
algorithms on three metrics: training objective, training accuracy and testing accuracy. LW-
SVM outperforms Adadelta and Adam on all three metrics, with marginal improvements
since those find already very good solutions.

Solver (epochs) Training Training Time (s) Testing
Objective Accuracy Accuracy

Adagrad (200) 0.027 99.94% 707 99.22%
Adagrad (500) 0.024 99.96% 1759 99.20%
Adagrad (200) + LW-SVM 0.025 99.94% 707+366 99.21%
Adadelta (100) 0.049 99.56% 124 98.96%
Adadelta (500) 0.048 99.48% 619 99.05%
Adadelta (100) + LW-SVM 0.033 99.85% 124+183 99.24%
Adam (100) 0.038 99.76% 333 99.19%
Adam (500) 0.038 99.72% 1661 99.23%
Adam (100) + LW-SVM 0.029 99.89% 333+353 99.23%
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Figure 3.2: Results on MNIST of Adagrad, Adadelta and Adam followed by LW-SVM.
We verify that switching to LW-SVM leads to better solutions than running SGD longer
(shaded continued plots).

features of monotonic decrease at each iteration of the CCCP (blue curves in

first row of Figure 3.2).

3.5.2 CIFAR Data Sets

Data sets & Architectures The CIFAR-10/100 data sets are comprised of

60,000 RGB natural images of size 32× 32 with 10/100 classes (Krizhevsky, 2009)).

We split the training set into 45,000 training samples and 5,000 validation samples

in both cases. The images are centered and normalized, and we do not use any
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data augmentation. To obtain a strong enough baseline, we employ (i) a pre-

training with a softmax and cross-entropy loss and (ii) Batch-Normalization (BN)

layers before each non-linearity.

We have experimentally found out that pre-training with a softmax layer followed

by a cross-entropy loss led to better behavior and results than using an SVM

loss alone. The baselines are trained with batch normalization. Once they have

converged, the estimated mean and standard deviation are fixed like they would

be at test time. Then batch normalization becomes a linear transformation, which

can be handled by the LW-SVM algorithm. This allows us to compare LW-SVM

with a baseline benefiting from batch normalization. Specifically, we use the

architecture shown in Figure 3.3:

Conv 64 filters 3 × 3
+ BN + ReLU

+ Conv 64 filters 3 × 3
+ BN + ReLU

+ MaxPool 2x2

Conv 128 filters 3 × 3
+ BN + ReLU

+ Conv 128 filters 3 × 3
+ BN + ReLU

+ MaxPool 2x2

Conv 256 filters 3 × 3
+ BN + ReLU

+ Conv 256 filters 3 × 3
+ BN + ReLU
+ MaxPool 2x2

SVM
10 / 100 classes

Figure 3.3: Network architecture for the CIFAR data sets.

Method Again, the initial learning rates and regularization weight λ are obtained

by cross-validation, and a value of 0.001 is obtained for λ for all solvers on both data

sets. As before, µ is set to 10λ. The initial learning rates are reported in Appendix

B.3. The layer schedule and convergence criteria are as described at the beginning

of the section. For each SGD optimizer, we train the network for 10 epochs with

a cross-entropy loss (preceded by a softmax layer). Then it is trained with an

SVM loss (without softmax) for respectively 1000, 100 and 100 epochs for Adagrad,

Adadelta and Adam. This amount is doubled to verify that the baselines are not

harmed by a premature stopping. Results are presented in Tables 3.2 and 3.3.
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Table 3.2: Results on CIFAR-10: LW-SVM outperforms Adam and Adadelta on all three
metrics. It improves on Adagrad, but does not outperform it - however Adagrad takes a
long time to converge and does not obtain the best generalization.

Solver (epochs) Training Training Time (h) Testing
Objective Accuracy (h) Accuracy

Adagrad (1000) 0.059 98.42% 10.58 83.15%
Adagrad (2000) 0.009 100.00% 21.14 83.84%
Adagrad (1000) + LW-SVM 0.012 100.00% 10.58+1.66 83.43%
Adadelta (100) 0.113 97.96% 0.83 84.42%
Adadelta (200) 0.054 99.83% 1.66 85.02%
Adadelta (100) + LW-SVM 0.038 100.00% 0.83+0.68 86.62%
Adam (100) 0.113 98.27% 0.83 84.18%
Adam (200) 0.055 99.76% 1.65 82.55%
Adam (100) + LW-SVM 0.034 100.00% 0.83+1.07 85.52%

Table 3.3: Results on CIFAR-100: LW-SVM improves on all other solvers and obtains
the best testing accuracy.

Solver (epochs) Training Training Time (h) Testing
Objective Accuracy Accuracy

Adagrad (1000) 0.201 95.36% 10.68 54.00%
Adagrad (2000) 0.044 99.98% 21.20 54.55%
Adagrad (1000) + LW-SVM 0.062 99.98% 10.68+3.40 53.97%
Adadelta (100) 0.204 95.68% 0.84 58.71%
Adadelta (200) 0.088 99.90% 1.67 58.03%
Adadelta (100) + LW-SVM 0.052 99.98% 0.84+1.48 61.20%
Adam (100) 0.221 95.79% 0.84 58.32%
Adam (200) 0.088 99.87% 1.66 57.81%
Adam (100) + LW-SVM 0.059 99.98% 0.84+1.69 60.17%

Results It can be seen from this set of results that LW-SVM always improves

over the solution of the SGD algorithm, for example on CIFAR-100, decreasing

the objective value of Adam from 0.22 to 0.06, or improving the test accuracy of

Adadelta from 84.4% to 86.6% on CIFAR-10. The automatic step-size allows for

a precise fine-tuning to optimize the training objective, while the regularization

of the proximal term helps for better generalization.
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Figure 3.4: Results on CIFAR-10 of Adagrad, Adadelta and Adam followed by LW-SVM.
The successive drops of the training objective function with LW-SVM correspond to the
passes over the layers.
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Figure 3.5: Results on CIFAR-100 of Adagrad, Adadelta and Adam followed by LW-
SVM. Although Adagrad keeps improving the training objective function, it takes much
longer to converge and the improvement on the training and testing accuracies rapidly
become marginal.

3.5.3 ImageNet Data Set

We show results on the classification task of the ImageNet data set (Russakovsky

et al., 2015). The ImageNet data set contains 1.2 million images for training and

50,000 images for validation, each of them mapped to one of the 1,000 classes.

For this experiment we use a VGG-16 network (configuration D in (Simonyan

and Zisserman, 2015)). We start with a pre-trained model as publicly available

online, and we tune each of the dense layers as well as the final SVM layer with the

LW-SVM algorithm. This experiment is designed to test the scalability of LW-SVM

to large data sets and large networks, rather than comparing with the optimization
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baselines as before - indeed for any baseline, obtaining proper convergence as in

previous experiments would take a very long time. We set the hyperparameters λ

to 0.001 and µ to 10λ as previously. We budget five epochs per layer, which in total

takes two days of training on a single GPU (Nvidia Titan X). At training time we

used centered crops of size 224× 224. The evaluation method is the same as the

single test scale method described in (Simonyan and Zisserman, 2015). We report

the results on the validation set in Table 3.4, for the Pre-Trained model (PT) and

the same model further optimized by LW-SVM (PT+LW-SVM):
Table 3.4: Results on the 1,000-way classification challenge of ImageNet on the validation
set, for the Pre-Trained model (PT) and the same model further optimized by LW-SVM
(PT+LW-SVM).

Network Top-1 Accuracy Top-5 Accuracy
VGG-16 (PT) 73.30% 91.33%
VGG-16 (PT + LW-SVM) 73.81% 91.61%

Since the objective function penalizes the top-1 error, it is logical to observe

that the improvement is most important on the top-1 accuracy. Importantly,

having an efficient representation of feature vectors proves to be essential for

such large networks: for instance, in the optimization of the first fully connected

layer with a batch-size of 100, the use of our representation lowers the memory

requirements of the BCFW algorithm from 7,600GB to 20GB, which can then

fit in the memory of a powerful computer.

3.6 Discussion

We presented a novel layerwise optimization algorithm for a large and useful class of

convolutional neural networks, which we term PL-CNNs. Our key observation is that

the optimization of the parameters of one layer of a PL-CNN is equivalent to solving

a latent structured SVM problem. As the problem is a DC program, it naturally

lends itself to the iterative CCCP approach, which optimizes a convex structured

SVM objective at each iteration. This allows us to leverage the advancements made

in structured SVM optimization over the past decade to design a computationally
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feasible approach for learning PL-CNNs. Specifically, we use the BCFW algorithm

and extend it to improve its initialization, memory requirements and time complexity.

In particular, this allows our method to not require the tuning of any learning rate.

Using the publicly available MNIST, CIFAR-10 and CIFAR-100 data sets, we show

that our approach provides a boost for learning PL-CNNs over the state of the

art backpropagation algorithms. Furthermore, we demonstrate scalability of the

method with results on the ImageNet data set with a large network.

When the mean and standard deviation estimations of batch normalization are

not fixed (unlike in our experiments with LW-SVM), batch normalization is not

a piecewise linear transformation, and therefore cannot be used in conjunction

with the BCFW algorithm for SVMs. However, it is difference-of-convex as it is a

C2 function (Horst and Thoai, 1999). Incorporating a normalization scheme into

our framework will be the object of future work. With our current methodology,

LW-SVM algorithm can already be used on most standard architectures like VGG,

Inception and ResNet-type architectures.

It is worth noting that other approaches for solving structured SVM problems,

such as cutting-plane algorithms (Tsochantaridis et al., 2004; Joachims et al.,

2009) Shalev-Shwartz2009 stochastic subgradient descent (Shalev-Shwartz et al.,

2009), also rely on the efficiency of estimating the conditional gradient of the dual.

Hence, all these methods are equally applicable to our setting. Indeed, the main

strength of our approach is the establishment of a hitherto unknown connection

between CNNs and latent structured SVMs. We believe that our observation will

allow researchers to transfer the substantial existing knowledge of DC programs in

general, and latent SVMs specifically, to produce the next generation of principled

optimization algorithms for deep learning. In fact, there are already several such

improvements that can be readily applied in our setting, which were not explored

only due to a lack of time. This includes multi-plane variants of BCFW (Shah

et al., 2015; Osokin et al., 2016), as well as generalizations of Frank-Wolfe such

as partial linearization (Mohapatra et al., 2016).
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Abstract

Learning a deep neural network requires solving a challenging optimization problem:

it is a high-dimensional, non-convex and non-smooth minimization problem with

a large number of terms. The current practice in neural network optimization

is to rely on the stochastic gradient descent (SGD) algorithm or its adaptive

variants. However, SGD requires a hand-designed schedule for the learning rate.

In addition, its adaptive variants tend to produce solutions that generalize less

well on unseen data than SGD with a hand-designed schedule. We present an

optimization method that offers empirically the best of both worlds: our algorithm

yields good generalization performance while requiring only one hyper-parameter.

Our approach is based on a composite proximal framework, which exploits the

compositional nature of deep neural networks and can leverage powerful convex

optimization algorithms by design. Specifically, we employ the Frank-Wolfe (FW)

algorithm for SVM, which computes an optimal step-size in closed-form at each

time-step. We further show that the descent direction is given by a simple backward

pass in the network, yielding the same computational cost per iteration as SGD.

We present experiments on the CIFAR and SNLI data sets, where we demonstrate

the significant superiority of our method over Adam, Adagrad, as well as the

recently proposed BPGrad and AMSGrad. Furthermore, we compare our algorithm

to SGD with a hand-designed learning rate schedule, and show that it provides

similar generalization while often converging faster. The code is publicly available

at https://github.com/oval-group/dfw.

4.1 Introduction

Since the introduction of back-propagation (Rumelhart et al., 1986), stochastic

gradient descent (SGD) has been the most commonly used optimization algorithm

for deep neural networks. While yielding remarkable performance on a variety of

learning tasks, a downside of the SGD algorithm is that it requires a schedule for

the decay of its learning rate. In the convex setting, curvature properties of the

https://github.com/oval-group/dfw
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objective function can be used to design schedules that are hyper-parameter free

and guaranteed to converge to the optimal solution (Bubeck, 2015). However, there

is no analogous result of practical interest for the non-convex optimization problem

of a deep neural network. An illustration of this issue is the diversity of learning

rate schedules used to train deep convolutional networks with SGD: (Simonyan

and Zisserman, 2015) and (He et al., 2016) adapt the learning rate according to

the validation performance, while (Szegedy et al., 2015; Huang et al., 2017) and

(Loshchilov and Hutter, 2017) use pre-determined schedules, which are respectively

piecewise constant, geometrically decaying, and cyclic with a cosine annealing. While

these protocols result in competitive or state-of-the-art results on their learning task,

there does not seem to be a consistent methodology. As a result, finding such a

schedule for a new setting is a time-consuming and computationally expensive effort.

To alleviate this issue, adaptive gradient methods have been developed (Zeiler,

2012; Kingma and Ba, 2015; Reddi et al., 2018), and borrowed from online convex

optimization (Duchi et al., 2011). Typically, these methods only require the tuning of

the initial learning rate, the other hyper-parameters being considered robust across

applications. However, it has been shown that such adaptive gradient methods

obtain worse generalization than SGD (Wilson et al., 2017). This observation is

corroborated by our experimental results.

In order to bridge this performance gap between existing adaptive methods and

SGD, we introduce a new optimization algorithm, called Deep Frank-Wolfe (DFW).

The DFW algorithm exploits the composite structure of deep neural networks to

design an optimization algorithm that leverages efficient convex solvers. In more

detail, we consider a composite (nested) optimization problem, with the loss as the

outer function and the function encoded by the neural network as the inner one. At

each iteration, we define a proximal problem with a first-order approximation of the

neural network (linearized inner function), while keeping the loss function in its exact

form (exact outer function). When the loss is the hinge loss, each proximal problem

created by our formulation is exactly a linear SVM. This allows us to employ the

powerful Frank-Wolfe (FW) algorithm as the workhorse of our procedure.



4. Deep Frank-Wolfe For Neural Network Optimization 60

There are two by-design advantages to our method compared to the SGD

algorithm. First, each iteration exploits more information about the learning

objective, while preserving the same computational cost as SGD. Second, an optimal

step-size is computed in closed-form by using the FW algorithm in the dual (Frank

and Wolfe, 1956; Lacoste-Julien and Jaggi, 2013). Consequently, we do not need

a hand-designed schedule for the learning rate. As a result, our algorithm is the

first to provide competitive generalization error compared to SGD, all the while

requiring a single hyper-parameter and often converging significantly faster.

We present two additional improvements to customize the use of the DFW

algorithm to deep neural networks. First, we show how to smooth the loss function

to avoid optimization difficulties arising from learning deep models with SVMs

(Berrada et al., 2018). Second, we incorporate Nesterov momentum (Nesterov,

1983) to accelerate our algorithm.

We demonstrate the efficacy of our method on image classification with the

CIFAR data sets (Krizhevsky, 2009) using two architectures: wide residual networks

(Zagoruyko and Komodakis, 2016) and densely connected convolutional neural

networks (Huang et al., 2017); we also provide experiments on natural language

inference with a Bi-LSTM on the SNLI corpus (Bowman et al., 2015). We show

that the DFW algorithm often strongly outperforms previous methods based on

adaptive learning rates. Furthermore, it provides comparable or better accuracy

to SGD with hand-designed learning rate schedules.

In conclusion, our contributions can be summed up as follows:

• We propose a proximal framework which preserves information from the loss

function.

• For the first time for deep neural networks, we demonstrate how our formula-

tion gives at each iteration (i) an optimal step-size in closed form and (ii) an

update at the same computational cost as SGD.

• We design a novel smoothing scheme for the dual optimization of SVMs.
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• To the best of our knowledge, the resulting DFW algorithm is the first to offer

comparable or better generalization to SGD with a hand-designed schedule

on the CIFAR data sets, all the while converging several times faster and

requiring only a single hyperparameter.

4.2 Related Work

Non Gradient-Based Methods. The success of a simple first-order method

such as SGD has led to research in other more sophisticated techniques based on

relaxations (Heinemann et al., 2016; Zhang et al., 2017b), learning theory (Goel

et al., 2017), Bregman iterations (Taylor et al., 2016), and even second-order

methods (Roux et al., 2008; Martens and Sutskever, 2012; Ollivier, 2013; Desjardins

et al., 2015; Martens and Grosse, 2015; Grosse and Martens, 2016; Ba et al., 2017;

Botev et al., 2017; Martens et al., 2018). While such methods hold a lot of promise,

their relatively large per-iteration cost limits their scalability in practice. As a result,

gradient-based methods continue to be the most popular optimization algorithms

for learning deep neural networks.

Adaptive Gradient Methods. As mentioned earlier, one of the main challenges

of using SGD is the design of a learning rate schedule. Several works proposed

alternative first-order methods that do not require such a schedule, by either

modifying the descent direction or adaptively rescaling the step-size (Duchi et al.,

2011; Zeiler, 2012; Schaul et al., 2013; Kingma and Ba, 2015; Zhang et al., 2017c;

Reddi et al., 2018). However, as noted above, the adaptive variants of SGD

sometimes provide subpar generalization (Wilson et al., 2017).

Learning to Learn and Meta-Learning. Learning to learn approaches have

also been proposed to optimize deep neural networks. (Baydin et al., 2018) and

(Wu et al., 2018) learn the learning rate to avoid a hand-designed schedule and to

improve practical performance. Such methods can be combined with our proposed
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algorithm to learn its proximal coefficient, instead of considering it as a fixed hyper-

parameter to be tuned. Meta-learning approaches have also been suggested to learn

the optimization algorithm (Andrychowicz et al., 2016; Ravi and Larochelle, 2017;

Wichrowska et al., 2017; Li and Malik, 2017). This line of work, which is orthogonal

to ours, could benefit from the use of DFW to optimize the meta-learner.

Optimization and Generalization. Several works study the relationship be-

tween optimization and generalization in deep learning. In order to promote

generalization within the optimization algorithm itself, (Neyshabur et al., 2015,

2016) proposed the Path-SGD algorithm, which implicitly controls the capacity of

the model. However, their method required the model to employ ReLU non-linearity

only, which is an important restriction for practical purposes. (Hardt et al., 2016;

Arpit et al., 2017; Neyshabur et al., 2017; Hoffer et al., 2017) and (Chaudhari and

Soatto, 2018) analyzed how existing optimization algorithms implicitly regularize

deep neural networks. However this phenomenon is not yet fully understood, and

the resulting empirical recommendations are sometimes opposing (Hardt et al.,

2016; Hoffer et al., 2017).

Proximal Methods. The back-propagation algorithm has been analyzed in a

proximal framework in (Frerix et al., 2018). Yet, the resulting approach still

requires the same hyper-parameters as SGD and incurs a higher computational

cost per iteration.

Linear SVM Sub-Problems. A main component of our formulation is to

formulate sub-problems as linear SVMs. In an earlier work (Berrada et al., 2017), we

showed that neural networks with piecewise linear activations could be trained with

the CCCP algorithm (Yuille and Rangarajan, 2002), which yielded approximate

SVM problems to be solved with the BCFW algorithm (Lacoste-Julien and Jaggi,

2013). However this algorithm only updates the parameters of one layer at a time,

which slows down convergence significantly in practice. Closest to our approach

are the works of (Hochreiter and Obermayer, 2005) and (Singh and Shawe-Taylor,
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2018). (Hochreiter and Obermayer, 2005) suggested to create a local SVM based

on a first-order Taylor expansion and a proximal term, in order to lower the error

of every data sample while minimizing the changes in the weights. However their

method operated in a non-stochastic setting, making the approach infeasible for

large-scale data sets. (Singh and Shawe-Taylor, 2018), a parallel work to ours,

also created an SVM problem using a first-order Taylor expansion, this time in

a mini-batch setting. Their work provided interesting insights from a statistical

learning theory perspective. While their method is well-grounded, its significantly

higher cost per iteration impairs its practical speed and scalability. As such, it

can be seen as complementary to our empirical work, which exploits a powerful

solver and provides state-of-the-art scalability and performance.

4.3 Problem Formulation

Before describing our formulation, we introduce some necessary notation. We use

‖ · ‖ to denote the Euclidean norm. Given a function φ, ∂φ(u)
∣∣∣
û
is the derivative of

φ with respect to u evaluated at û. According to the situation, this derivative can

be a gradient, a Jacobian or even a directional derivative. Its exact nature will be

clear from context throughout the paper. We also introduce the first-order Taylor

expansion of φ around the point û: Tûφ(u) = φ(û) + (∂φ(u)
∣∣∣
û
)>(u − û). For a

positive integer p, we denote the set {1, 2, ..., p} as [p]. For simplicity, we assume

that stochastic algorithms process only one sample at each iteration, although the

methods can be trivially extended to mini-batches of size larger than one.

4.3.1 Learning Objective

We suppose we are given a data set (xi, yi)i∈[N ], where each xi ∈ Rd is a sample

annotated with a label yi from the output space Y. The data set is used to

estimate a parameterized model represented by the function f . Given its (flattened)

parameters w ∈ Rp, and an input xi ∈ Rd, the model predicts f(w,xi) ∈ R|Y|,

a vector with one score per element of the output space Y. For instance, f can

be a linear map or a deep neural network. Given a vector of scores per label
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s ∈ R|Y|, we denote by L(s, yi) the loss function that computes the risk of the

prediction scores s given the ground truth label yi. For example, the loss L can

be cross-entropy or the multi-class hinge loss:

(Cross-Entropy) LCE : (s, y) ∈ R|Y| × Y 7→ log
∑
k∈Y

exp(sk)
− sy, (4.1)

(Multi-Class Hinge) Lhinge : (s, y) ∈ R|Y| × Y 7→ max
{

max
k∈Y\{y}

{sk + 1− sy} , 0
}
.

(4.2)

The cross-entropy loss (4.1) tries to match the empirical distribution by driving

incorrect scores as far as possible from the ground truth one. The hinge loss

(4.2) attempts to create a minimal margin of one between correct and incorrect

scores. The hinge loss has been shown to be more robust to over-fitting than

cross-entropy, when combined with smoothing techniques that are common in the

optimization literature (Berrada et al., 2018). To simplify notation, we introduce

fi(w) = f(w,xi) and Li(s) = L(s, yi) for each i ∈ [N ]. Finally, we denote by

ρ(w) the regularization (typically the squared Euclidean norm). We now write the

learning problem under its empirical risk minimization form:

min
w∈Rp

ρ(w) + 1
N

∑
i∈[N ]
Li(fi(w)). (4.3)

4.3.2 A Proximal Approach

Our main contribution is a formulation which exploits the composite nature of

deep neural networks in order to obtain a better approximation of the objective

at each iteration. Thanks to the careful approximation design, this approach

yields sub-problems that are amenable to efficient optimization by powerful convex

solvers. In order to understand the intuition of our approach, we first present

a proximal gradient perspective on SGD.
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The SGD Algorithm. At iteration t, the SGD algorithm selects a sample j at

random and observes the objective estimate ρ(wt) + Lj(fj(wt)). Then, given the

learning rate ηt, it performs the following update on the parameters:

wt+1 = wt − ηt
(
∂ρ(w)

∣∣∣
wt

+ ∂Lj(fj(w))
∣∣∣
wt

)
. (4.4)

Equation (4.4) is the closed-form solution of a proximal problem where the objective

has been linearized by the first-order Taylor expansion Twt (Bubeck, 2015):

wt+1 = argmin
w∈Rp

{
1

2ηt
‖w −wt‖2 + Twtρ(w) + Twt [Lj(fj(w))]

}
. (4.5)

To see the relationship between (4.4) and (4.5), one can set the gradient with respect

to w to 0 in equation (4.5), and observe that the resulting equation is exactly (4.4).

In other words, SGD minimizes a first-order approximation of the objective, while

encouraging proximity to the current estimate wt.

However, one can also choose to linearize only a part of the composite objective

(Lewis and Wright, 2016). Choosing which part to approximate is a crucial decision,

because it yields optimization problems with widely different properties. In this

work, we suggest an approach that lends itself to fast optimization with robust

convex solvers and preserves information about the learning task by keeping an

exact loss function.

Loss-Preserving Linearization. In detail, at iteration t, with selected sample

j, we introduce the proximal problem that linearizes the regularization ρ and the

model fj, but not the loss function L:

min
w∈Rp

{
1

2ηt
‖w −wt‖2 + Twtρ(w) + Lj(Twtfj(w))

}
. (4.6)

In figure 4.1, we provide a visual comparison of equations (4.5) and (4.6) in the

case of a piecewise linear loss. As will be seen, by preserving the loss function, we

will be able to achieve good performance across a number of tasks with a fixed ηt = η.

Consequently, we will provide the first algorithm to accurately learn deep neural

networks with only a single hyper-parameter while offering similar performance

compared to SGD with a hand-designed schedule.
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wt w∗

Φ(w∗)

Original Objective Φ

Linearization (SGD)

Loss-Preserving Linearization (LPL)

wt w∗ wSGD
t+1wLPL

t+1

Φ(w∗)

Original Objective Φ

Proximal Objective (SGD, eq. (5))

Proximal Objective (LPL, eq. (6))

Figure 4.1: We illustrate the different approximations on a synthetic composite objective
function Φ(w) = L(f(w)) (Φ is plotted in black). In this example, L is a maximum
of linear functions (similarly to a hinge loss) and f is a non-linear smooth map. We
denote the current iterate by wt, and the point minimizing Φ by w∗. On the left-hand
side, one can observe how the SGD approximation is a single line (tangent at Φ(wt), in
blue), while the LPL approximation is piecewise linear (in orange), and thus matches the
objective curve (in black) more closely. On the right-hand side, an identical proximal
term is added to both approximations to visualize equations (4.5) and (4.6). Thanks
to the better accuracy of the LPL approximation, the iterate wLPL

t+1 gets closer to the
solution w∗ than wSGD

t+1 . This effect is particularly true when the proximal coefficient 1
2ηt

is small, or equivalently, when the learning rate ηt is large. Indeed, the accuracy of the
local approximation becomes more important when the proximal term is contributing less
(e.g. when ηt is large).

4.4 The Deep Frank-Wolfe Algorithm

4.4.1 Algorithm

We focus on the optimization of equation (4.6) when L is a multi-class hinge loss

(4.2). The results of this section were originally derived for linear models (Lacoste-

Julien and Jaggi, 2013). Our contribution is to show for the first time how they

can be exploited for deep neural networks thanks to our formulation (4.6). We will

refer to the resulting algorithm for neural networks as Deep Frank-Wolfe (DFW).

We begin by stating the key advantage of our method.

Proposition 6 (Optimal step-size, (Lacoste-Julien and Jaggi, 2013)). Problem

(4.6) with a hinge loss is amenable to optimization with Frank-Wolfe in the dual,

which yields an optimal step-size γt ∈ [0, 1] in closed-form at each iteration t.

This optimal step-size can be obtained in closed-form because the hinge loss is

convex and piecewise linear. In fact, the approach presented here can be applied
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to any loss function L that is convex and piecewise linear (another example would

be the l1 distance for regression for instance).

Since the step-size can be computed in closed-form, the main computational

challenge is to obtain the update direction, that is, the conditional gradient of the

dual. In the following result, we show that by taking a single step per proximal

problem, this dual conditional gradient can be computed at the same cost as a

standard stochastic gradient. The proof is available in appendix C.1.5.

Proposition 7 (Cost per iteration). If a single step is performed on the dual of

(4.6), its conditional gradient is given by −∂ (ρ(w) + Ly(fx(w)))
∣∣∣
wt
. Given the

step-size γt, the resulting update can be written as:

wt+1 = wt − η
[
∂ρ(w)

∣∣∣
wt

+ γt∂Lj(fj(w))
∣∣∣
wt

]
(4.7)

In other words, the cost per iteration of the DFW algorithm is the same as

SGD, since the update only requires standard stochastic gradients. In addition,

we point out that in a mini-batch setting, the conditional gradient is given by

the average of the gradients over the mini-batch. As a consequence, we can use

batch Frank-Wolfe in the dual rather than coordinate-wise updates, with the same

parallelism as SGD over the samples of a mini-batch.

One can observe how the update (4.7) exploits the optimal step-size γt ∈ [0, 1]

given by Proposition 6. There is a geometric interpretation to the role of this

step-size γt. When γt is set to its minimal value 0, the resulting iterate does not

move along the direction ∂Lj(fj(w))
∣∣∣
wt
. Since the step-size is optimal, this can only

happen if the current iterate is detected to be at a minimum of the piecewise linear

approximation. Conversely, when γt reaches its maximal value 1, the algorithm

tries to move as far as possible along the direction ∂Lj(fj(w))
∣∣∣
wt
. In that case, the

update is the same as the one obtained by SGD (as given by equation (4.4)). In other

words, γt can automatically decay the effective learning rate, hereby preventing

the need to design a learning rate schedule by hand.

As mentioned previously, the DFW algorithm performs only one step per

proximal problem. Since problem (4.6) is only an approximation of the original



4. Deep Frank-Wolfe For Neural Network Optimization 68

problem (4.3), it may be unnecessarily expensive to solve it very accurately.

Therefore taking a single step per proximal problem may help the DFW algorithm to

converge faster. This is confirmed by our experimental results, which show that DFW

is often able to minimize the learning objective (4.3) at greater speed than SGD.

4.4.2 Improvements for Deep Neural Networks

We present two improvements to customize the application of our algorithm to

deep neural networks.

Smoothing. The SVM loss is non-smooth and has sparse derivatives, which can

cause difficulties when training a deep neural network (Berrada et al., 2018). In

Appendix C.1.6, we derive a novel result that shows how we can exploit the smooth

primal cross-entropy direction and inexpensively detect when to switch back to

using the standard conditional gradient.

Nesterov Momentum. To take advantage of acceleration similarly to the SGD

baseline, we adapt the Nesterov momentum to the DFW algorithm. We defer

the details to the appendix in C.1.7 for space reasons. We further note that the

momentum coefficient µ is typically set to a high value, say 0.9, and does not

contribute significantly to the computational cost of cross-validation.

4.4.3 Algorithm Summary

The main steps of DFW are shown in Algorithm 4. As the key feature of our

approach, note that the step-size is computed in closed-form in step 10 of the

algorithm (colored in blue).

Note that only the hyper-parameter η will be tuned in our experiments: we

will use the same batch-size, momentum and number of epochs as the baselines in

our experiments (unless specified otherwise). In addition, we point out again that

when γt = 1, we recover the SGD step with Nesterov momentum.

In sections C.1.5 and C.1.6 of the appendix, we detail the derivation of the

optimal step-size (step 10) and the computation of the search direction (step 7).
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Algorithm 4 The Deep Frank-Wolfe Algorithm
Require: proximal coefficient η, initial point w0 ∈ Rp, momentum coefficient µ,

number of epochs
1: t = 0
2: z0 = 0 . Momentum velocity (initialization)
3: for each epoch do
4: for each mini-batch B do
5: Receive data of mini-batch (xi, yi)i∈B
6: ∀i ∈ B, b(i)

t (wt) = (fxi,ȳ(wt)− fxi,yi(wt) + ∆(ȳ, yi))ȳ∈Y . Forward pass
7: ∀i ∈ B, s(i)

t ← get_s(b(i)
t (wt)) . Dual direction (details in Appendix

C.1.6)
8: δt = ∂

(
1
|B|
∑
i∈B(s(i)

t )>b(i)
t (w)

) ∣∣∣
wt

. Derivative of (smoothed) loss
function

9: rt = ∂ρ(w)
∣∣∣
wt

. Derivative of regularization
10: γt = (−ηδ>t rt + 1

|B|
∑
i∈B(s(i)

t )>b(i)
t (wt)/(η‖δt‖2) clipped to [0, 1] .

Step-size
11: zt+1 = µzt − ηγt(rt + δt) . Velocity accumulation
12: wt+1 = wt − η [rt + γtδt] + µzt+1 . Parameters update
13: t = t+ 1
14: end for
15: end for

The computation of the dual search direction is omitted here for space reasons.

However, its implementation is straightforward in practice, and its computational

cost is linear in the size of the output space.

Finally, we emphasize that the DFW algorithm is motivated by an empirical

perspective. While our method is not guaranteed to converge, our experiments

show an effective minimization of the learning objective for the problems encoun-

tered in practice.

4.5 Experiments

We compare the Deep Frank Wolfe (DFW) algorithm to the state-of-the-art

optimizers. We show that, across diverse data sets and architectures, the DFW

algorithm outperforms adaptive gradient methods (with the exception of one setting,

DN-10, where it obtains similar performance to AMSGrad and BPGrad). In addition,

the DFW algorithm offers competitive and sometimes superior performance to SGD
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at a lower computational cost, even though SGD has the advantage of a hand-

designed schedule that has been chosen separately for each of these tasks.

Our experiments are implemented in PyTorch (Paszke et al., 2017), and the

code is available at https://github.com/oval-group/dfw. All models are trained

on a single Nvidia Titan Xp card.

4.5.1 Image Classification with Convolutional Neural Net-
works

Data Set & Architectures. The CIFAR-10/100 data sets contain 60,000 RGB

natural images of size 32 × 32 with 10/100 classes (Krizhevsky, 2009). We split the

training set into 45,000 training samples and 5,000 validation samples, and use 10,000

samples for testing. The images are centered and normalized per channel. Unless

specified otherwise, no data augmentation is employed. We perform our experiments

on two modern architectures of deep convolutional neural networks: wide residual

networks (Zagoruyko and Komodakis, 2016), and densely connected convolutional

networks (Huang et al., 2017). Specifically, we employ a wide residual network of

depth 40 and width factor 4, which has 8.9M parameters, and a “bottleneck” densely

connected convolutional neural network of depth 40 and growth factor 40, which has

1.9M parameters. We refer to these architectures as WRN and DN respectively. All

the following experimental details follow the protocol of (Zagoruyko and Komodakis,

2016) and (Huang et al., 2017). The only difference is that, instead of using 50,000

samples for training, we use 45,000 samples for training, and 5,000 samples for

the validation set, which we found to be essential for all adaptive methods. While

Deep Frank Wolfe (DFW) uses an SVM loss, the baselines are trained with the

Cross-Entropy (CE) loss since this resulted in better performance.

Method. We compare DFW to the most common adaptive learning rates currently

used: Adagrad (Duchi et al., 2011), Adam (Kingma and Ba, 2015), the corrected

version of Adam called AMSGrad (Reddi et al., 2018), and BPGrad (Zhang et al.,

2017c). For these methods and for DFW, we cross-validate the initial learning rate

as a power of 10. We also evaluate the performance of SGD with momentum (simply

https://github.com/oval-group/dfw
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referred to as SGD), for which we follow the protocol of (Zagoruyko and Komodakis,

2016) and (Huang et al., 2017). For all methods, we set a budget of 200 epochs for

WRN and 300 epochs for DN. Furthermore, the batch-size is respectively set to 128

and 64 for WRN and DN as in (Zagoruyko and Komodakis, 2016) and (Huang et al.,

2017). For DN, the l2 regularization is set to 10−4 as in (Huang et al., 2017). For

WRN, the l2 is cross-validated between 5.10−4, as in (Zagoruyko and Komodakis,

2016), and 10−4, a more usual value that we have found to perform better for some

of the methods (in particular DFW, since the corresponding loss function is an

SVM instead of CE, for which the value of 5.10−4 was designed). The value of the

Nesterov momentum is set to 0.9 for BPGrad, SGD and DFW. DFW has only one

hyper-parameter to tune, namely η, which is analogous to an initial learning rate.

For SGD, the initial learning rate is set to 0.1 on both WRN and DN. Following

(Zagoruyko and Komodakis, 2016) and (Huang et al., 2017), it is then divided by 5

at epochs 60, 120 and 180 for WRN, and by 10 at epochs 150 and 225 for DN.

Results. We present the results in Table 4.1.

Architecture Optimizer CIFAR-10 CIFAR-100
Test Accuracy (%) Test Accuracy (%)

WRN

Adagrad 86.07 57.64
Adam 84.86 58.46
AMSGrad 86.08 60.73
BPGrad 88.62 60.31
DFW 90.18 67.83
SGD 90.08 66.78

DN

Adagrad 87.32 56.47
Adam 88.44 64.61
AMSGrad 90.53 68.32
BPGrad 90.85 59.36
DFW 90.22 69.55
SGD 92.02 70.33

Table 4.1: Results on the CIFAR data sets without data augmentation. In black, all
adaptive methods have a single hyper-parameter for their step-size. In red, SGD benefits
from a hand-designed schedule. DFW outperforms all baselines on the WRN architecture,
by a margin of 7% for adaptive gradient methods on CIFAR-100. On the DN-100 task,
DFW exceeds the accuracy of Adagrad by 14%.
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Observe that DFW significantly outperforms the adaptive gradient methods,

particularly on the more challenging CIFAR-100 data set. On the WRN-CIFAR-100

task in particular, DFW obtains a testing accuracy which is about 7% higher than

all other adaptive methods and outperforms SGD with a hand-designed schedule by

1%. The inferior generalization of adaptive gradient methods is consistent with the

findings of (Wilson et al., 2017). On all tasks, the accuracy of DFW is comparable

to SGD. Note that DFW converges significantly faster than SGD: the network

reaches its final performance several times faster than SGD in all cases. We illustrate

this with an example in figure 4.2, which plots the training and validation errors

on DN-CIFAR-100. In figure 4.3, one can see how the step-size is automatically

decayed by DFW on this same experiment: we compare the effective step-size γtη

for DFW to the manually tuned ηt for SGD.
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Figure 4.2: Training and validation error
during the training of DN on CIFAR-100.
DFW converges significantly faster than
SGD.
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Figure 4.3: The (automatic) evolution
of γtη for the DFW algorithm compared to
the "staircase" hand-designed schedule of
ηt for SGD.

Data Augmentation. Since data augmentation provides a significant boost to

the final accuracy, we provide additional results that make use of it. Specifically,

we randomly flip the images horizontally and randomly crop them with four

pixels padding. For methods that do not use a hand-designed schedule, such

data augmentation introduces additional variance which makes the adaptation

of the step-size more difficult. Therefore we allow the batch size of adaptive

methods (e.g. all methods but SGD) to be chosen as 1x, 2x or 4x, where x is
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the original value of batch-size (64 for DN, 128 for WRN). Due to the heavy

computational cost of the cross-validation (we tune the batch-size, regularization

and initial learning rate), we provide results for SGD, DFW and the best performing

adaptive gradient method, which is AMSGrad. For SGD the hyper-parameters

are kept the same as in (Zagoruyko and Komodakis, 2016) and (Huang et al.,

2017). We present the results in Table 4.2.

Architecture Optimizer CIFAR-10 CIFAR-100
Test Accuracy (%) Test Accuracy (%)

WRN

AMSGrad 90.06 67.75
DFW 94.71 74.71
SGD 95.40 77.78
SGD∗ 95.47 78.82

DN
AMSGrad 91.78 69.58
DFW 94.88 73.20
SGD 95.26 76.26

Table 4.2: Results on the CIFAR data sets with data augmentation. In black, all adaptive
methods have a single hyper-parameter for their step-size. In red, SGD benefits from a
hand-designed schedule. On the fourth line, SGD∗ refers to the result reported in Table
5 of (Huang et al., 2017). The small difference between the results of SGD and SGD∗
can be explained by the fact that we use 5,000 fewer training samples in our experiments
(these are kept for validation). The results of this table show that DFW systematically
outperforms AMSGrad on this task (by up to 7% on WRN-100).

These results confirm that DFW consistently outperforms AMSGrad, which

is the best adaptive baseline on these tasks. In particular, DFW obtains a test

accuracy which is 7% better than AMSGrad on WRN-100.

4.5.2 Natural Language Inference with Recurrent Neural
Networks

Data Set. The Stanford Natural Language Inference (SNLI) data set is a large

corpus of 570k pairs of sentences (Bowman et al., 2015). Each sentence is labeled by

one of the three possible labels: entailment, neutral and contradiction. This allows

the model to learn the semantics of the text data from a three-way classification

problem. Thanks to its scale and its supervised labels, this data set allows large

neural networks to learn high-quality text embeddings. As (Conneau et al., 2017)
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demonstrate, the SNLI corpus can thus be used as a basis for transfer learning

in natural language processing, in the same way that the ImageNet data set is

used for pre-training in computer vision.

Method. We follow the protocol of (Conneau et al., 2017) to learn their best

model, namely a bi-directional LSTM of about 47M parameters. In particular, the

reported results use SGD with an initial learning rate of 0.1 and a hand-designed

schedule that adapts to the variations of the validation set: if the validation accuracy

does not improve, the learning rate is divided by a factor of 5. We also report results

on Adagrad, Adam, AMSGrad and BPGrad. Following the official SGD baseline,

Nesterov momentum is deactivated. Using their open-source implementation, we

replace the optimization by the DFW algorithm, the CE loss by an SVM, and

leave all other components unchanged. In this experiment, we use the conditional

gradient direction rather than the CE gradient, since three-way classification does

not cause sparsity in the derivative of the hinge loss (which is the issue that originally

motivated our use of a different direction). We cross-validate our initial proximal

term as a power of ten, and do not manually tune any schedule. In order to

disentangle the importance of the loss function from the optimization algorithm,

we run the baselines with both an SVM loss and a CE loss. The initial learning

rate of the baselines is also cross-validated as a power of ten.

Results. The results are presented in Table 4.3.

Optimizer Loss Ada
grad

Ada
m

AM
SGr

ad

BPG
rad
DFW SGD SGD

∗

Test Accuracy (%) CE 83.8 84.5 84.2 83.6 - 84.7 84.5
SVM 84.6 85.0 85.1 84.2 85.2 85.2 -

Table 4.3: Results on the Stanford Natural Language Inference corpus. In black, all
adaptive methods have a single hyper-parameter for their step-size. In red, SGD benefits
from a hand-designed schedule. SGD∗ refers to the result reported in (Conneau et al.,
2017). The other results have been obtained with their open-source implementation in our
own experiments.



4. Deep Frank-Wolfe For Neural Network Optimization 75

Note that these results outperform the reported testing accuracy of 84.5% in

(Conneau et al., 2017) that is obtained with CE. This experiment, which is performed

on a completely different architecture and data set than the previous one, confirms

that DFW outperforms adaptive gradient methods and matches the performance

of SGD with a hand-designed learning rate schedule.

4.6 The Importance of The Step-Size

4.6.1 Impact on Generalization

It is worth discussing the subtle relationship between optimization and generalization.

In order to emphasize the impact of implicit regularization, all results presented

in this section do not use data augmentation. As a first illustrative example, we

consider the following experiment: we take the protocol to train the DN network on

CIFAR-100 with SGD, and simply change the initial learning rate to be ten times

smaller, and the budget of epochs to be ten times larger. As a result, the final

training objective significantly decreases from 0.33 to 0.069. Yet at the same time,

the best validation accuracy decreases from 70.94% to 68.7%. A similar effect occurs

when decreasing the value of the momentum, and we have observed this across

various convolutional architectures. In other words, accurate optimization is less

important for generalization than the implicit regularization of a high learning rate.

We have observed DFW to accurately optimize the learning objective in our

experiments. However, given the above observation, we believe that its good

generalization properties are rather due to its capability to usually maintain a high

learning rate at an early stage. Similarly, the good generalization performance of

SGD may be due to its schedule with a large number of steps at a high learning rate.

4.6.2 Sensitivity Analysis

The previous section has qualitatively hinted at the importance of the step-size for

generalization. Here we quantitatively analyze the impact of the initial learning

rate η on both the training accuracy (quality of optimization) and the validation

accuracy (quality of generalization). We compare results of the DFW and SGD
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algorithms on the CIFAR data sets when varying the value of η as a power of 10.

The results on the validation set are summarized in figure 4.4, and the performance

on the training set is reported in Appendix C.2.
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Figure 4.4: Visualization of the sensitivity analysis for the choice of initial learning rate
η on the CIFAR data sets. Each subplot displays the best validation accuracy for DFW
and SGD. Similar plots are available in larger format in Appendix C.2.4.

On the training set, both methods obtain nearly perfect accuracy across at

least three orders of magnitude of η (details in Appendix C.2.4). In contrast,

the results of figure 4.4 confirm that the validation performance is sensitive to

the choice of η for both methods.

In some cases where η is high, SGD obtains a better performance than DFW.

This is because the hand-designed schedule of SGD enforces a decay of η, while

the DFW algorithm relies on an automatic decay of the step-size γt for effective

convergence. This automatic decay may not happen if a small proximal term

(large η) is combined with a local approximation that is not sufficiently accurate

(for instance with a small batch-size).

However, if we allow the DFW algorithm to use a larger batch size, then the

local approximation becomes more accurate and it can handle large values of η as

well. Interestingly, choosing a larger batch-size and a larger value of η can result

in better generalization. For instance, by using a batch-size of 256 (instead of 64)
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and η = 1, DFW obtains a test accuracy of 72.64% on CIFAR-100 with the DN

architecture (SGD obtains 70.33% with the settings of (Huang et al., 2017)).

4.6.3 Discussion

Our empirical evidence indicates that the initial learning rate can be a crucial

hyper-parameter for good generalization. We have observed in our experiments

that such a choice of high learning rate provides a consistent improvement for

convolutional neural networks: accurate minimization of the training objective with

large initial steps usually leads to good generalization. Furthermore, as mentioned

in the previous section, it is sometimes beneficial to even increase the batch-size

in order to be able to train the model using large initial steps.

In the case of recurrent neural networks, however, this effect is not as distinct.

Additional experiments on different recurrent architectures have showed variations

in the impact of the learning rate and in the best-performing optimizer. Further

analysis would be required to understand the effects at play.

4.7 Conclusion

We have introduced DFW, an efficient algorithm to train deep neural networks.

DFW predominantly outperforms adaptive gradient methods, and obtains similar

performance to SGD without requiring a hand-designed learning rate schedule.

We emphasize the generality of our framework in Section 4.3, which enables

the training of deep neural networks to benefit from any advance on optimization

algorithms for linear SVMs. This framework could also be applied to other loss

functions that yield efficiently solvable proximal problems. In particular, our

algorithm already supports the use of structured prediction loss functions (Taskar

et al., 2003; Tsochantaridis et al., 2004), which can be used, for instance, for

image segmentation.

We have mentioned the intricate relationship between optimization and general-

ization in deep learning. This illustrates a major difficulty in the design of effective

optimization algorithms for deep neural networks: the learning objective does not
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include all the regularization needed for good generalization. We believe that in

order to further advance optimization for deep neural networks, it is essential to

alleviate this problem and expose a clear objective function to optimize.
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Abstract

In modern supervised learning, many deep neural networks are able to interpolate

the data: the empirical loss can be driven to near zero on all samples simultaneously.

In this work, we explicitly exploit this interpolation property for the design of a

new optimization algorithm for deep learning. Specifically, we use it to compute an

adaptive learning-rate in closed form at each iteration. This results in the Adaptive

Learning-rates for Interpolation with Gradients (ALI-G) algorithm. ALI-G retains

the main advantage of SGD which is a low computational cost per iteration. But

unlike SGD, the learning-rate of ALI-G uses a single constant hyper-parameter

and does not require a decay schedule, which makes it considerably easier to tune.

We provide convergence guarantees of ALI-G in the stochastic convex setting.

Notably, all our convergence results tackle the realistic case where the interpolation

property is satisfied up to some tolerance. We provide experiments on a variety of

architectures and tasks: (i) learning a differentiable neural computer; (ii) training

a wide residual network on the SVHN data set; (iii) training a Bi-LSTM on the

SNLI data set; and (iv) training wide residual networks and densely connected

networks on the CIFAR data sets. ALI-G produces state-of-the-art results among

adaptive methods, and even yields comparable performance with SGD, which

requires manually tuned learning-rate schedules. Furthermore, ALI-G is simple to

implement in any standard deep learning framework and can be used as a drop-in

replacement in existing code. We release PyTorch and Tensorflow implementations

of ALI-G as standalone optimizers that can be used as a drop-in replacement in

existing code (code available at https://github.com/oval-group/ali-g).

5.1 Introduction

Training a deep neural network is a challenging optimization problem: it involves

minimizing the average of many high-dimensional non-convex functions. In practice,

the main algorithms of choice are Stochastic Gradient Descent (SGD) (Robbins

and Monro, 1951) and adaptive gradient methods such as AdaGrad (Duchi et al.,

https://github.com/oval-group/ali-g
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2011) or Adam (Kingma and Ba, 2015). In recent work, the ability to interpolate

– i.e. to achieve near zero loss on all training samples simultaneously – has been

used to show convergence of SGD (Ma et al., 2018; Vaswani et al., 2019a; Zhou

et al., 2019). This property is usually satisfied in supervised deep learning because

of the empirical success of over-parameterized architectures. However, while the

convergence analyses provide a better theoretical understanding of SGD, they do

not help improve its practical behavior.

In this work, we open a different line of enquiry, namely: can the interpolation

property be used to design a robust and efficient optimization algorithm for deep

learning? In order to answer this question, we begin by giving the following

two desiderata of an optimization algorithm for deep learning: (i) an inexpensive

computational cost per iteration (typically a call to a stochastic first-order oracle);

and (ii) adaptive learning-rates that do not require a manually designed schedule.

We present ALI-G (Adaptive Learning-rates for Interpolation with Gradients),

an algorithm that takes advantage of interpolation by design and satisfies both

properties mentioned above. Key to the ALI-G algorithm are the following two

ideas. First, an adaptive learning-rate can be computed for the non-stochastic

gradient direction when the minimum value of the objective function is known

(Polyak, 1969; Shor, 1985; Brännlund, 1995; Nedić and Bertsekas, 2001a,b). And

second, one such minimum value is usually approximately known for interpolating

models: for instance, it is close to zero for a model trained with the cross-entropy

loss. By carefully combining these two ideas, we create a stochastic algorithm

that provably converges fast in the convex setting and that obtains state-of-the-art

results with neural networks.

Procedurally, ALI-G is close to many existing algorithms, such as Deep Frank-

Wolfe (Berrada et al., 2019a), aProx (Asi and Duchi, 2019) and L4 (Rolinek and

Martius, 2018). And yet uniquely, thanks to its careful design and analysis, ALI-G

enables accurate optimization of a wide class of deep neural networks using only

a single hyper-parameter that does not need to be decayed. This makes ALI-G

well-suited to the deep learning setting, where hyper-parameter tuning is widely
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regarded as an onerous and time consuming task. Since ALI-G is easy to implement

in any deep learning framework, we believe that it can prove to be a practical

and reliable optimization tool for deep learning.

Contributions. We summarize the contributions of this work as follows:

- We design an optimization algorithm that uses a single hyper-parameter for its

learning-rate and does need any decaying schedule. In contrast, the closely related

aProx (Asi and Duchi, 2019) and L4 (Rolinek and Martius, 2018) use respectively

two and four hyper-parameters for their learning-rate.

- We provide convergence rates of ALI-G in various stochastic convex settings.

Importantly, our theoretical results take into account the error in the estimate of

the minimum objective value. To the best of our knowledge, our work is the first to

establish convergence rates for interpolation with approximate estimates.

- We demonstrate state-of-the-art results for ALI-G on learning a differentiable neural

computer; training variants of residual networks on the SVHN and CIFAR data

sets; and training a Bi-LSTM on the Stanford Natural Language Inference data set.

5.2 The Algorithm

5.2.1 Problem Setting

Loss Function. We consider a supervised learning task where the model is

parameterized by w ∈ Rp. Usually, the objective function can be expressed as an

expectation over z ∈ Z, a random variable indexing the samples of the training set:

f(w) , Ez∈Z [`z(w)], (5.1)

where each `z is the loss function associated with the sample z. We assume that

each `z is non-negative, which is the case for the large majority of loss functions

used in machine learning. For instance, suppose that the model is a deep neural

network with weights w performing classification. Then for each sample z, `z(w)
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can represent the cross-entropy loss, which is always non-negative. Other non-

negative loss functions include the structured or multi-class hinge loss, and the

L1 or L2 loss functions for regression.

Regularization. It is often desirable to employ a regularization function φ in

order to promote generalization. In this work, we incorporate such regularization

as a constraint on the feasible domain: Ω = {w ∈ Rp : φ(w) ≤ r} for some value

of r. In the deep learning setting, this will allow us to assume that the objective

function can be driven close to zero without unrealistic assumptions about the

regularization. Our framework can handle any constraint set Ω on which Euclidean

projections are computationally efficient. This includes the feasible set induced by

L2 regularization: Ω = {w ∈ Rp : ‖w‖2
2 ≤ r}, for which the projection is given by a

simple rescaling of w. Finally, note that if we do not wish to use any regularization,

we define Ω = Rp and the corresponding projection is the identity.

Problem Formulation. The learning task can be expressed as the problem (P)

of finding a feasible vector of parameters w? ∈ Ω that minimizes f :

w? ∈ argmin
w∈Ω

f(w). (P)

Also note that f? refers to the minimum value of f over Ω: f? , minw∈Ω f(w).

5.2.2 The Polyak Step-Size

Before outlining the ALI-G algorithm, we begin with a brief description of the

Polyak step-size, from which ALI-G draws some fundamental ideas.

Setting. We assume that f? is known and we use non-stochastic updates: at

each iteration, the full objective f and its derivative are evaluated. We denote by

∇f(w) the first-order derivative of f at w (e.g. ∇f(w) can be a sub-gradient or

the gradient). In addition, ‖ · ‖ is the standard Euclidean norm in Rp, and ΠΩ(w)

is the Euclidean projection of the vector w ∈ Rp on the set Ω.
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Polyak Step-Size. At time-step t, using the Polyak step-size (Polyak, 1969; Shor,

1985; Brännlund, 1995; Nedić and Bertsekas, 2001a,b) yields the following update:

wt+1 = ΠΩ (wt − γt∇f(wt)) , where γt ,
f(wt)− f?
‖∇f(wt)‖2 , (5.2)

where we loosely define 0
0 = 0 for simplicity purposes.

wt w?wt+1

f?

Loss function f

Linearization at wt
Minimum f?

Figure 5.1: Illustration of the Polyak step-size in 1D. In this case, and further assuming
that f? = 0, the algorithm coincides with the Newton-Raphson method for finding roots of
a function.

Interpretation. It can be shown that wt+1 lies on the intersection between the

linearization of f at wt and the horizontal plane z = f? (see Figure 5.1, more

details in Proposition 18 in the supplementary material). Note that since f? is the

minimum of f , the Polyak step-size γt is necessarily non-negative.

Limitations. Equation (5.2) has two major short-comings that prevent its appli-

cability in a machine learning setting. First, each update requires a full evaluation

of f and its derivative. Stochastic extensions have been proposed in (Nedić and

Bertsekas, 2001a,b), but they still require frequent evaluations of f . This is expensive

in the large data setting, and even computationally infeasible when using massive

data augmentation. Second, when applying this method to the non-convex setting

of deep neural networks, the method sometimes fails to converge.

Therefore we would like to design an extension of the Polyak step-size that (i)

is inexpensive to compute in a stochastic setting (e.g. with a computational cost

that is independent of the total number of training samples), and (ii) converges in

practice when used with deep neural networks. The next section introduces the

ALI-G algorithm, which achieves these two goals in the interpolation setting.



5. Training Neural Networks for and by Interpolation 85

5.2.3 The ALI-G Algorithm

We now present the ALI-G algorithm. For this, we suppose that we are in an

interpolation setting: the model is assumed to be able to drive the loss function

to near zero on all samples simultaneously.

Algorithm. The main steps of the ALI-G algorithm are provided in Algorithm

5. ALI-G iterates over three operations until convergence. First, it computes a

stochastic approximation of the learning objective and its derivative (line 3). Second,

it computes a step-size decay parameter γt based on the stochastic information

(line 4). Third, it updates the parameters by moving in the negative derivative

direction by an amount specified by the step-size and projecting the resulting

vector on to the feasible region (line 5).

Algorithm 5 The ALI-G algorithm
Require: maximal learning-rate η, initial feasible w0 ∈ Ω, small constant δ > 0
1: t = 0
2: while not converged do
3: Get `zt(wt), ∇`zt(wt) with zt drawn i.i.d.
4: γt = min

{
`zt (wt)

‖∇`zt (wt)‖2+δ , η
}

5: wt+1 = ΠΩ (wt − γt∇`zt(wt))
6: t = t+ 1
7: end while

Comparison with the Polyak Step-Size. There are three main differences

to the update in equation (5.2). First, each update only uses the loss `zt and

its derivative rather than the full objective f and its derivative. Second, the

learning-rate γt is clipped to η, the maximal learning-rate hyper-parameter. We

emphasize that η remains constant throughout the iterations, therefore it is a single

hyper-parameter and does not need a schedule like SGD learning-rate. Third, the

minimum f? has been replaced by the lower-bound of 0. All these modifications

will be justified in the next section.
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The ALI-G∞ Variant. When ALI-G uses no maximal learning-rate, we refer

to the algorithm as ALI-G∞, since it is equivalent to use an infinite maximal

learning-rate. Note that ALI-G∞ requires no hyper-parameter for its step-size.

5.3 Justification and Analysis

5.3.1 Interpolation Allows Inexpensive Stochastic Updates

By definition, the interpolation setting gives f? = 0, which we used in ALI-G

to simplify the formula of the learning-rate γt. More subtly, the interpolation

property also allows the updates to rely on the stochastic estimate `zt(wt) rather

than the exact but expensive f(wt). Intuitively, this is possible because in the

interpolation setting, each training sample can use its own learning-rate without

harming progress on the other ones. Recall that ALI-G∞ is the variant of ALI-G

that uses no maximal learning-rate. The following result formalizes the convergence

guarantee of ALI-G∞ in the stochastic convex setting:

Theorem 1 (Convex and Lipschitz). We assume that Ω is a convex set, and that for

every z ∈ Z, `z is convex and C-Lipschitz. Let w? be a solution of (P), and assume

that the interpolation property is approximately satisfied: ∀z ∈ Z, `z(w?) ≤ ε, for

some interpolation tolerance ε ≥ 0. Then ALI-G∞ applied to f satisfies:

f

(
1

T + 1

T∑
t=0
wt

)
≤ ε

√√√√(C2

δ
+ 1

)
+ ‖w0 −w?‖

√
C2 + δ√

T + 1
. (5.3)

In other words, by assuming interpolation, ALI-G provably converges while

requiring only `zt(wt) and ∇`zt(wt) (stochastic estimation per sample) to compute

its learning-rate. In contrast, the Polyak step-size, which does not exploit interpola-

tion, would require f(wt) and ∇f(wt) to compute the learning-rate (deterministic

computation over all training samples). This constitutes a major computational

advantage of ALI-G over the usual Polyak step-size.

We emphasize that in Theorem 1, our careful analysis explicitly shows the

dependency of the convergence result on the interpolation tolerance ε. It is
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reassuring to note that convergence is exact when the interpolation property

is exactly satisfied (ε = 0).

In the supplementary material, we also establish convergence rates of O(1/T ) for

smooth convex functions, and O(exp(−αT/8β)) for α-strongly convex and β-smooth

functions. Similar results can be proved when using a maximal learning-rate η: the

convergence speed then remains unchanged provided that η is large enough, and

it is lowered when η is small. We refer the interested reader to the supplementary

for the formal results and their proofs.

5.3.2 AMaximal Learning-Rate Helps with Non-Convexity

The Polyak step-size may fail to converge when the objective is non-convex, as

figure 5.2 illustrates: in this (non-convex) setting, gradient descent with Polyak

step-size oscillates between two symmetrical points because its step-size is too

large (details in the supplementary).

Indeed, we empirically find that non-convexity usually leads to overestimation

of the Polyak step-size. Intuitively, using a maximal learning-rate allows ALI-G

to behave like constant step-size SGD in non-convex regions where the Polyak

step-size would be over-estimated, and to automatically use the Polyak step-size

once reaching a convex basin of convergence.

Importantly, using a maximal learning-rate can be seen as a very natural

extension of SGD when using a non-negative loss function:

Proposition 8. [Proximal Interpretation] Suppose that Ω = Rp and let δ = 0. We

consider the update performed by SGD: wSGD
t+1 = wt − ηt∇`zt(wt); and the update

performed by ALI-G: wALI-G
t+1 = wt − γt∇`zt(wt), where γt = min

{
`zt (wt)

‖∇`zt (wt)‖2+δ , η
}
.

Then we have:

wSGD
t+1 = argmin

w∈Rp

{ 1
2ηt
‖w −wt‖2 + `zt(wt) +∇`zt(wt)>(w −wt)

}
, (5.4)

wALI-G
t+1 = argmin

w∈Rp

{ 1
2η‖w −wt‖2 + max

{
`zt(wt) +∇`zt(wt)>(w −wt), 0

}}
.

(5.5)



5. Training Neural Networks for and by Interpolation 88

wt=− 3
5 wt+1= 3

5

f : w 7→ w2 − |w|3
Linearizations of f

Figure 5.2: A simple example
where the Polyak step-size oscillates
due to non-convexity. On this prob-
lem, ALI-G converges whenever its
maximal learning-rate η is lower
than 10.

In other words, at each iteration, ALI-G

solves a proximal problem in closed form in a

similar way to SGD. In both cases, the loss

function `zt is locally approximated by a first-

order Taylor expansion at wt. The difference

is that ALI-G also exploits the fact that `zt
is non-negative. This allows ALI-G to use a

constant value for η in the interpolation setting,

while the learning-rate ηt of SGD needs to be

manually decayed.

It is currently an open question whether ALI-G can be proved to converge in

the stochastic non-convex setting given a sufficiently small yet constant maximal

learning-rate η.

5.4 Related Work

Interpolation in Deep Learning. As mentioned in the introduction, recent

works have successfully exploited the interpolation assumption to prove convergence

of SGD in the context of deep learning (Ma et al., 2018; Vaswani et al., 2019a; Zhou

et al., 2019). Such works are complementary to ours in the sense that they provide

a convergence analysis of an existing algorithm for deep learning.

Adaptive Gradient Methods. Similarly to ALI-G, most adaptive gradient

methods also rely on tuning a single hyper-parameter, thereby providing a more

pragmatic alternative to SGD that needs a specification of the full learning-rate

schedule. While the most popular ones are Adagrad (Duchi et al., 2011), RMSPROP

(Tieleman and Hinton, 2012), Adam (Kingma and Ba, 2015) and AMSGrad (Reddi

et al., 2018), there have been many other variants (Zeiler, 2012; Orabona and Pál,

2015; Défossez and Bach, 2017; Levy, 2017; Mukkamala and Hein, 2017; Zheng

and Kwok, 2017; Bernstein et al., 2018; Chen and Gu, 2018; Shazeer and Stern,

2018; Zaheer et al., 2018; Chen et al., 2019; Loshchilov and Hutter, 2019; Luo et al.,
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2019). However, as pointed out in (Wilson et al., 2017), adaptive gradient methods

tend to give poor generalization in supervised learning. In our experiments, the

results provided by ALI-G are significantly better than those obtained by the most

popular adaptive gradient methods. Recently, Liu et al. (2019) have proposed

to “rectify” Adam with a learning-rate warmup, which partly bridges the gap in

generalization performance between Adam and SGD. However, their method still

requires a learning-rate schedule, and thus remains difficult to tune on new tasks.

Adaptive Learning-Rate Algorithms. Vaswani et al. (2019b) show that one

can use line search in a stochastic setting for interpolating models while guaranteeing

convergence. However, in contrast to our work, the resulting algorithm requires more

than one hyper-parameter (up to four), and the line-search is not computed in closed

form. Less closely related methods, included second-order ones, adaptively compute

the learning-rate without using the minimum (Schaul et al., 2013; Martens and

Grosse, 2015; Tan et al., 2016; Zhang et al., 2017c; Baydin et al., 2018; Wu et al., 2018;

Li and Orabona, 2019; Henriques et al., 2019), but do not demonstrate competitive

generalization performance against SGD with a well-tuned hand-designed schedule.

L4 Algorithm. The L4 algorithm (Rolinek and Martius, 2018) also uses a modified

version of the Polyak step-size. However, the L4 algorithm computes an online

estimate of f? rather than relying on a fixed value. This requires three hyper-

parameters, which are in practice sensitive to noise and crucial for empirical

convergence of the method. In addition, L4 does not come with convergence

guarantees. In contrast, by utilizing the interpolation property and a maximal

learning-rate, our method is able to (i) provide reliable and accurate minimization

with only a single hyper-parameter, and (ii) offer guarantees of convergence in

the stochastic convex setting.

Frank-Wolfe Methods. The proximal interpretation in Proposition 8 allows

us to draw additional parallels to existing methods. In particular, the formula of

the learning-rate γt may remind the reader of the Frank-Wolfe algorithm (Frank
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and Wolfe, 1956) in some of its variants (Locatello et al., 2017), or other dual

methods (Lacoste-Julien and Jaggi, 2013; Shalev-Shwartz and Zhang, 2016). This

is because such methods solve in closed form the dual of problem (5.5), and

problems in the form of (5.5) naturally appear in dual coordinate ascent methods

(Shalev-Shwartz and Zhang, 2016).

When no regularization is used, ALI-G and Deep Frank-Wolfe (DFW) (Berrada

et al., 2019a) are procedurally identical algorithms. This is because in such a setting,

one iteration of DFW also amounts to solving (5.5) in closed-form – more generally,

DFW is designed to train deep neural networks by solving proximal linear support

vector machine problems approximately. However, we point out the two fundamental

advantages of ALI-G over DFW: (i) ALI-G can handle arbitrary (lower-bounded)

loss functions, while DFW can only use convex piece-wise linear loss functions; and

(ii) as seen previously, ALI-G provides convergence guarantees in the convex setting.

SGD with Polyak’s Learning-Rate. (Oberman and Prazeres, 2019) extend

the Polyak step-size to rely on a stochastic estimation of the gradient ∇`zt(wt)

only, instead of the expensive deterministic gradient ∇f(wt). However, they still

require to evaluate f(wt), the objective function over the entire training data

set, in order to compute its learning-rate, which makes the method impractical.

In addition, since they do not do exploit the interpolation setting nor the fact

that regularization can be expressed as a constraint, they also require the optimal

objective function value f? in advance.

aProx Algorithm. (Asi and Duchi, 2019) have recently introduced the aProx

algorithm, a family of proximal stochastic optimization algorithms for convex

problems. Notably, the aProx “truncated model” version is similar to ALI-G.

However, there are four clear advantages of our work over (Asi and Duchi, 2019) in

the interpolation setting, in particular for training neural networks. First, our work is

the first to empirically demonstrate the applicability and usefulness of the algorithm

on varied modern deep learning tasks – most of our experiments use several orders of

magnitude more data and model parameters than the small-scale convex problems
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of (Asi and Duchi, 2019). Second, our analysis and insights allow us to make more

aggressive choices of learning rate than (Asi and Duchi, 2019). Indeed, (Asi and

Duchi, 2019) assume that the maximal learning-rate is exponentially decaying,

even in the interpolating convex setting. In contrast, by avoiding the need for an

exponential decay, the learning-rate of ALI-G requires only one hyper-parameters

instead of two for aProx. Third, our analysis takes into account the interpolation

tolerance ε ≥ 0 rather than unrealistically assuming the perfect case ε = 0 (that

would require infinite weights when using the cross-entropy loss for instance). Fourth,

our analysis proves fast convergence in function space rather than iterate space.

5.5 Experiments

We empirically compare ALI-G to the optimization algorithms most commonly

used in deep learning. Our experiments span a variety of architectures and tasks:

(i) learning a differentiable neural computer; (ii) training wide residual networks

on SVHN; (iii) training a Bi-LSTM on the Stanford Natural Language Inference

data set; and (iv) training wide residual networks and densely connected networks

on the CIFAR data sets. Note that the tasks of training wide residual networks

on SVHN and CIFAR-100 are part of the DeepOBS benchmark (Schneider et al.,

2019), which aims at standardizing baselines for deep learning optimizers. In

particular, these tasks are among the most difficult ones of the benchmark because

the SGD baseline benefits from a manual schedule for the learning rate. Despite

this, ALI-G obtains competitive performance with SGD. In addition, ALI-G is the

best performing method with a single hyper-parameter on the difficult tasks of

Bi-LSTM on SNLI and ResNet variants on CIFAR.

The code to reproduce our results will be made publicly available. In the

Tensorflow (Abadi et al., 2015) experiment, we use the official and publicly available

implementation of L4
1. In the PyTorch (Paszke et al., 2017) experiments, we

use our implementation of L4, which we unit-test against the official Tensorflow
1https://github.com/martius-lab/l4-optimizer

https://github.com/martius-lab/l4-optimizer
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implementation. In addition, we employ the official implementation of DFW2 and

we re-use their code for the experiments on SNLI and CIFAR. All experiments

are performed either on a 12-core CPU (differentiable neural computer) or on a

single GPU (SVHN, SNLI, CIFAR).

5.5.1 Differentiable Neural Computers

Setting. The Differentiable Neural Computer (DNC) (Graves et al., 2016) is a

recurrent neural network that aims at performing computing tasks by learning

from examples rather than by executing an explicit program. In this case, the

DNC learns to repeatedly copy a fixed size string given as input. Although this

learning task is relatively simple, the complex architecture of the DNC makes it

an interesting benchmark problem for optimization algorithms.

Methods. We use the official and publicly available implementation of DNC3.

We vary the initial learning rate as powers of ten between 10−4 and 104 for each

method except for L4Adam and L4Mom. For L4Adam and L4Mom, since the main

hyper-parameter α is designed to lie in (0, 1), we vary it between 0.05 and 0.095

with a step of 0.1. The gradient norm is clipped for all methods except for ALI-G,

L4Adam and L4Mom (as recommended by (Rolinek and Martius, 2018)).

Results. We present the results in Figure 5.3. ALI-G provides accurate optimiza-

tion for any η within [10−1, 106], and is among the best performing methods by

reaching an objective function of 4.10−8. On this task, RMSProp, L4Adam and

L4Mom also provide accurate and robust optimization. In contrast to ALI-G and

the L4 methods, the most commonly used algorithms such as SGD, SGD with

momentum and Adam are very sensitive to their main learning-rate hyper-parameter.

Note that the difference between well-performing methods is not significant here

because these reach the numerical precision limit of single-precision float numbers.
2https://github.com/oval-group/dfw
3https://github.com/deepmind/dnc

https://github.com/oval-group/dfw
https://github.com/deepmind/dnc
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Figure 5.3: Final objective function when training a Differentiable Neural Computer for
10k steps (lower is better). The intensity of each cell is log-proportional to the value of
the objective function (darker is better). ALI-G obtains good performance for a very large
range of η (10−1 ≤ η ≤ 106).

5.5.2 Wide Residual Networks on SVHN

Setting. The SVHN data set contains 73k training samples, 26k testing samples

and 531k additional easier samples. From the 73k difficult training examples, we

select 6k samples for validation; we use all remaining (both difficult and easy)

examples for training, for a total of 598k samples. We train a wide residual network

16-4 following (Zagoruyko and Komodakis, 2016).

Method. For SGD, we use the manual schedule for the learning rate of (Zagoruyko

and Komodakis, 2016). For L4Adam and L4Mom, we cross-validate the main

learning-rate hyper-parameter α to be in {0.0015, 0.015, 0.15} (0.15 is the value

recommended by (Rolinek and Martius, 2018)). For other methods, the learning rate

hyper-parameter is tuned as a power of 10. The L2 regularization is cross-validated

in {0.0001, 0.0005} for all methods but ALI-G. For ALI-G, the regularization is

expressed as a constraint on the L2-norm of the parameters, and its maximal value

is set to 50. SGD, ALI-G and BPGrad use a Nesterov momentum of 0.9. All
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methods use a dropout rate of 0.4 and a fixed budget of 160 epochs, following

(Zagoruyko and Komodakis, 2016).

Results. The results are presented in Table 5.1. On this relatively easy task, most

methods achieve about 98% test accuracy. Despite the cross-validation, L4Mom

does not converge on this task. Even though SGD benefits from a hand-designed

schedule, ALI-G and other adaptive methods obtain close performance to it.

Ada
grad

Ada
m

AM
SGr

ad

BPG
rad
DFW L4Ad

am
L4M

om
ALI

-G
SGD SGD

†

98.0 97.9 97.9 98.1 98.1 98.2 19.6 98.1 98.3 98.4

Table 5.1: Test Accuracy (%) on SVHN. In red, SGD benefits from a hand-designed
schedule for its learning-rate. In black, adaptive methods, including ALI-G, have a single
hyper-parameter for their learning-rate. SGD† refers to the performance reported by
(Zagoruyko and Komodakis, 2016).

5.5.3 Bi-LSTM on SNLI

Setting. We train a Bi-LSTM of 47M parameters on the Stanford Natural

Language Inference (SNLI) data set (Bowman et al., 2015). The SNLI data set

consists in 570k pairs of sentences, with each pair labeled as entailment, neutral or

contradiction. This large scale data set is commonly used as a pre-training corpus

for transfer learning to many other natural language tasks where labeled data is

scarcer (Conneau et al., 2017) – much like ImageNet is used for pre-training in

computer vision. We follow the protocol of our earlier work in (Berrada et al.,

2019a); we also re-use our results for the baselines.

Method. For L4Adam and L4Mom, the main hyper-parameter α is cross-validated

in {0.015, 0.15} – compared to the recommended value of 0.15, this helped con-

vergence and considerably improved performance. The SGD algorithm benefits

from a hand-designed schedule, where the learning-rate is decreased by 5 when

the validation accuracy does not improve. Other methods use adaptive learning-

rates and do not require such schedule. The value of the main hyper-parameter
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η is cross-validated as a power of ten for the ALI-G algorithm and for previously

reported adaptive methods. Following the implementation by (Conneau et al.,

2017), no L2 regularization is used. The algorithms are evaluated with the Cross-

Entropy (CE) loss and the multi-class hinge loss (SVM), except for DFW which

is designed for SVMs only. For all optimization algorithms, the model is trained

for 20 epochs, following (Conneau et al., 2017).

Loss Ada
grad

∗

Ada
m
∗

AM
SGr

ad
∗

BPG
rad
∗

DFW
∗

L4Ad
am
L4M

om
ALI

-G
∞

ALI
-G

SGD
∗

SGD
†

CE 83.8 84.5 84.2 83.6 - 83.3 83.7 84.6 84.8 84.7 84.5
SVM 84.6 85.0 85.1 84.2 85.2 82.5 83.2 84.7 85.2 85.2 -

Table 5.2: Test Accuracy (%) on SNLI. In red, SGD benefits from a hand-designed
schedule for its learning-rate. In black, adaptive methods have a single hyper-parameter
for their learning-rate. In blue, ALI-G∞ does not have any hyper-parameter for its
learning-rate. With an SVM loss, DFW and ALI-G are procedurally identical algorithms
– but in contrast to DFW, ALI-G can also employ the CE loss. Methods in the format
X∗ re-use results from (Berrada et al., 2019a). SGD† is the result from (Conneau et al.,
2017).

Results. We present the results in Table 5.2. ALI-G∞ is the only method that

requires no hyper-parameter for its learning-rate. Despite this, and the fact that SGD

employs a learning-rate schedule that has been hand designed for good validation

performance, ALI-G∞ is still able to obtain results that are competitive with SGD.

Moreover, ALI-G, which requires a single hyper-parameter for the learning-rate,

outperforms all other methods for both the SVM and the CE loss functions.

5.5.4 Wide Residual Networks and Densely Connected
Networks on CIFAR

Setting. We follow the methodology of our earlier work (Berrada et al., 2019a),

and we reproduce our previous results. We test two architectures: a Wide Residual

Network (WRN) 40-4 (Zagoruyko and Komodakis, 2016) and a bottleneck DenseNet

(DN) 40-40 (Huang et al., 2017). We use 45k samples for training and 5k for

validation. The images are centered and normalized per channel. We apply standard

data augmentation with random horizontal flipping and random crops. AMSGrad
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was selected in (Berrada et al., 2019a) because it was the best adaptive method on

similar tasks, outperforming in particular Adam and Adagrad. In addition to the

baselines from (Berrada et al., 2019a), we also provide the performance of L4Adam,

L4Mom, AdamW (Loshchilov and Hutter, 2019) and Yogi (Zaheer et al., 2018).

Method. All optimization methods employ the cross-entropy loss, except for

the DFW algorithm, which is designed to use an SVM loss. For DN and WRN

respectively, SGD uses the manual learning rate schedules from (Huang et al., 2017)

and (Zagoruyko and Komodakis, 2016). Following our previous work (Berrada et al.,

2019a), the batch-size is cross-validated in {64, 128, 256} for the DN architecture,

and {128, 256, 512} for the WRN architecture. For L4Adam and L4Mom, the

learning-rate hyper-parameter α is cross-validated in {0.015, 0.15}. For AMSGrad,

AdamW, Yogi, DFW and ALI-G, the learning-rate hyper-parameter η is cross-

validated as a power of 10 (in practice η ∈ {0.1, 1} for ALI-G). SGD, DFW and

ALI-G use a Nesterov momentum of 0.9. Following our previous work (Berrada

et al., 2019a), for all methods but ALI-G and AdamW, the L2 regularization is

cross-validated in {0.0001, 0.0005} on the WRN architecture, and is set to 0.0001

for the DN architecture. For AdamW, the weight-decay is cross-validated as a power

of 10. For ALI-G, L2 regularization is expressed as a constraint on the norm on the

vector of parameters; its maximal value is set to 100 for the WRN models, 80 for DN

on CIFAR-10 and 75 for DN on CIFAR-100. For all optimization algorithms, the

WRN model is trained for 200 epochs and the DN model for 300 epochs, following

respectively (Zagoruyko and Komodakis, 2016) and (Huang et al., 2017).

Results. We present the results in Table 5.3. In this setting again, ALI-G

obtains competitive performance with manually decayed SGD. ALI-G largely

outperforms AMSGrad, AdamW and Yogi. In addition, it significantly bridges

the gap between DFW and SGD on CIFAR-10 with the WRN model, and on

CIFAR-100 with the DN one.
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Data Set Arc
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SGD SGD
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CIFAR-10 WRN 90.8 92.1 91.2 94.2 90.5 91.6 95.2 95.3 95.4
DN 91.7 92.6 92.1 94.6 90.8 91.9 95.0 95.1 -

CIFAR-100 WRN 68.7 69.6 68.7 76.0 61.7 61.4 75.8 77.8 78.8
DN 69.4 69.5 69.6 73.2 60.5 62.6 76.3 76.3 -

Table 5.3: Test Accuracy (%) on the CIFAR data sets. In red, SGD benefits from
a hand-designed schedule for its learning-rate. In black, adaptive methods, including
ALI-G, have a single hyper-parameter for their learning-rate. SGD† refers to the result
from (Zagoruyko and Komodakis, 2016). Each reported result is an average over three
independent runs; the standard deviations are reported in Appendix (they are at most 0.3
for ALI-G and SGD).

5.5.5 Training Performance

The experiments have so far focused on testing accuracy (except for the DNC

task), because that is the main metric driving practitioners’ choice of optimization

algorithm. In this section, we empirically assess the performance of ALI-G and its

competitors in terms of training objective. In order to have comparable objective

functions, the L2 regularization is deactivated. We do not use dropout. The

learning-rate is selected as a power of ten for best final objective value, and the

batch-size is set to its default value. All methods use a fix budget of 160 epochs for

WRN-SVHN, 200 epochs for WRN-CIFAR and 300 epochs for DN-CIFAR, following

(Zagoruyko and Komodakis, 2016) and (Huang et al., 2017). The L4 methods diverge

on CIFAR-100 in this setting. For clarity, we only display the performance of SGD,

Adam, Adagrad and ALI-G (DFW does not support the cross-entropy loss). Here

SGD uses a constant learning-rate to emphasize the need for adaptivity. Therefore

all methods use one hyper-parameter for their learning-rate. As can be seen, ALI-G

provides better training performance than the baseline algorithms on all tasks.
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Figure 5.4: Objective function over the epochs on CIFAR-10, CIFAR-100 and SVHN
(smoothed with a moving average over 5 epochs). On SVHN, ALI-G obtains similar
performance to its competitors and converges faster. On CIFAR-10 and CIFAR-100,
which are more difficult tasks, ALI-G yields an objective function that is an order of
magnitude better than the baselines.

5.6 Discussion

We hope that the ALI-G algorithm is a helpful step towards efficient and reliable

training of deep neural networks. ALI-G is readily applicable to a broad range

of applications in deep learning where the model can interpolate the data. When

that is not the case however, it would be interesting to design new algorithms

that adapt the minimum f? online while requiring few hyper-parameters. This

could be achieved for instance by building upon the works of (Nedić and Bertsekas,

2001b) and (Rolinek and Martius, 2018).
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6.1 Summary

In this thesis, we tackle two aspects of optimization for deep learning: how to

formulate a loss function, and how to minimize a learning objective. Before

discussing possible extensions in future research, we summarize the results of

each chapter below.

In chapter 2, we show how to efficiently smooth a top-k hinge loss function by

exploiting a connection to polynomial algebra. On top-k classification tasks, this

results in a loss function that is less prone to over-fitting than cross-entropy, in

particular when there are a few samples or when there is label confusion.

In chapter 3, we design a layer-wise optimization algorithm for piecewise linear

CNNs. We exploit the difference-of-convex structure of the problem to create

local (convex) linear SVM problems, which we solve with the Block-Coordinate

Frank-Wolfe algorithms. This allows us to guarantee monotonic improvement of

the objective function, and in practice to improve over state-of-the-art adaptive

gradient methods.

In chapter 4, we introduce the Deep Frank-Wolfe algorithm, which leverages

compositionality of the neural network and the loss to create proximal problems.

Each proximal problem is a linear SVM, which we solve approximately with the

Frank-Wolfe algorithm. Empirically, we demonstrate that DFW outperforms

adaptive gradient methods, and provides comparable performance to SGD, while

avoiding the need for a learning-rate schedule.

In chapter 5, we detail an optimization algorithm termed Adaptive Learning-rate

for Interpolation with Gradients (ALI-G). ALI-G exploits the interpolation property

to derive a learning-rate in closed-form at each iteration. We prove convergence

of ALI-G in various stochastic convex settings, and we demonstrate state-of-the-

art performance for the training of interpolating models, while requiring a single

hyper-parameter for the learning-rate.
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6.2 Discussion

We now turn to a critical discussion of the different methods presented in this thesis,

in hindsight and in light of work that has appeared since their publication.

Smooth Loss Functions for Deep Top-k Classsification. Since publication

of (Berrada et al., 2018) (corresponding to chapter 2), Amos et al. (2019) have

made two interesting points that complement our investigation.

First, they empirically showed that the summation algorithm can be faster than

our divide-and-conquer approach, in particular when k is large. This can be further

understood by analyzing the theoretical time complexity of the two algorithms

when taking into account parallelism. Indeed, let us denote by n the number of

classes, and let us assume a hardware model with infinite parallelization capability.

Then, as we detail in chapter 2, the divide-and-conquer approach can be computed

in O(k log(n)) time (the sequential time complexity O(kn) is reduced by a factor of

log(n) thanks to parallelization). In contrast, it can be shown that the summation

algorithm can be computed in O(n) time (the sequential time complexity O(kn)

is reduced by a factor of k thanks to parallelization). As a result, the summation

algorithm and the divide-an-conquer approaches will be optimal in different regimes

of (k, n): the summation algorithm is faster for large values of k and small values

of n, while the divide-and-conquer approach is faster for small k and large n.

Second, they show that other top-k loss functions provide competitive perfor-

mance on noisy CIFAR-100 and subsets of ImageNet at a lower computational

cost. This establishes faster baselines for top-k classification. Interestingly, this

also confirms that the source of improvements we observed in chapter 2 is due

to the use of a surrogate for the top-k prediction loss (rather than any other

property of the smoothed loss function).

Nevertheless, it is worth noting that the smoothing proposed in chapter 2 can

be applied to any (continuous) piecewise linear loss function. Consequently, our

insights about smoothing may be useful for many learning tasks other than top-k

classification. However, the resulting computational challenges to evaluate the
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smoothed loss function may be specific to each use case. It would be interesting to

characterize “easy” problems, for which the approach can be reduced to polynomial

expansion as we have done in the top-k case.

Trusting SVMs for Piecewise-Linear CNNs. The method presented in chap-

ter 3 trains only a layer at a time. This may result in slow training for deep

neural networks with many layers. The Deep Frank-Wolfe algorithm (chapter 4),

which creates a linear SVM including all layers simultaneously, can be seen as

a solution that overcomes this problem.

The main advantage of chapter 3 is that it guarantees convergence to a stationary

point with monotonic improvements of the learning objective, while requiring little

tuning of the hyper-parameters. This makes the algorithm robust to widely different

applications, and it may be worth investigating its usefulness for the fine-tuning of

pre-trained models for transfer learning. Indeed, the layer-wise approach may be

particularly appropriate for this setting for two reasons. First, training begins by

exactly solving the convex problem of training the last layer, which should permit

very fast improvement at an early stage. Second, the method automatically uses

different learning-rates per layer, which may be useful in transfer learning. Indeed, in

such a case, layers closer to the input may not need to change as much as layers close

to the output. It would be interesting to test these hypothetical insights in practice.

Deep Frank-Wolfe For Neural Network Optimization. The Deep Frank-

Wolfe (DFW) algorithm performs only one step per proximal problem for efficiency

reasons. It would be interesting to investigate how performing more steps per

proximal problem impacts performance in practice. In order to do so, one needs to

access to the gradient of a linearized model at a different point than the linearization

point. This corresponds exactly to calculating a Jacobian-vector product. It can

be done as the same cost as a forward pass if we have access to forward-mode

automatic differentiation (Nocedal and Wright, 2006). With access to backward-

mode automatic differentiation only, this can be performed with a double backward

pass (Townsend, 2017).
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As mentioned at the end of chapter 4, DFW can make use of any SVM solver

to solve the proximal problem. This means that DFW could also benefit from

further advances in optimization algorithms for SVMs.

Training Neural Networks for and by Interpolation. The ALI-G algorithm

exploits the interpolation property to derive an inexpensive adaptive learning-

rate in closed-form. A natural extension would be to estimate the minimum

online rather than to rely on the interpolation property. This could be done

by building upon the existing approaches of (Nedić and Bertsekas, 2001b) and

(Rolinek and Martius, 2018).

It would also be interesting to explore the applicability of ALI-G to other descent

directions, such as the ones provided by adaptive gradient methods.

Finally, it would be interesting to probe the performance of adaptive gradient

methods when the preconditioning vector is summed to a scalar value, so as to

preserve the stochastic gradient as the descent direction. Specifically, it would be

interesting to see if this results in efficient adaptation of the learning-rate while

preserving the good generalization performance of SGD.
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A.1 Surrogate Losses: Properties

In this section, we fix n the number of classes. We let τ > 0 and k ∈ {1, ..., n− 1}.

All following results are derived with a loss lk defined as in equation (2.8):

lk(s, y) , max
{(1

k
s\y + 1

)
[k]
− 1
k
sy, 0

}
. (A.1)

A.1.1 Reformulation

Proposition 9. We can equivalently re-write lk as:

lk(s, y) = max
ȳ∈Y(k)

∆k(ȳ, y) + 1
k

∑
j∈ȳ

sj

− max
ȳ∈Y(k)

y

1
k

∑
j∈ȳ

sj

 . (A.2)

Proof.

lk(s, y) = max
{(1

k
s\y + 1

)
[k]
− 1
k
sy, 0

}
,

= max
{(1

k
s\y + 1

)
[k]
− 1
k
sy, 0

}
+
1
k

k−1∑
j=1

s[j] + 1
k
sy


−

1
k

k−1∑
j=1

s[j] + 1
k
sy

 ,
= max


(1
k

s\y + 1
)

[k]
+ 1
k

k−1∑
j=1

s[j],
1
k

k−1∑
j=1

s[j] + 1
k
sy

−
1
k

k−1∑
j=1

s[j] + 1
k
sy

 ,
= max

 max
ȳ∈Y(k)\Y(k)

y

1 + 1
k

∑
j∈ȳ

sj

 , max
ȳ∈Y(k)

y

1
k

∑
j∈ȳ

sj


− max

ȳ∈Y(k)
y

1
k

∑
j∈ȳ

sj

 ,
= max

ȳ∈Y(k)

∆k(ȳ, y) + 1
k

∑
j∈ȳ

sj

− max
ȳ∈Y(k)

y

1
k

∑
j∈ȳ

sj

 .
(A.3)

A.1.2 Point-wise Convergence

Lemma 1. Let n ≥ 2 and e ∈ Rn. Assume that the largest element of e is greater

than its second largest element: e[1] > e[2]. Then lim
τ→0
τ>0

τ log
(

n∑
i=1

exp(ei/τ)
)

= e[1].

Proof. For simplicity of notation, and without loss of generality, we suppose that

the elements of e are sorted in descending order. Then for i ∈ {2, ..n}, we have
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ei−e1 ≤ e2−e1 < 0 by assumption, and thus ∀ i ∈ {2, ..n}, lim
τ→0
τ>0

exp((ei−e1)/τ) = 0.

Therefore:

lim
τ→0
τ>0

n∑
i=1

exp((ei − e1)/τ) =
n∑
i=1

lim
τ→0
τ>0

exp((ei − e1)/τ) = 1. (A.4)

And thus:

lim
τ→0
τ>0

τ log
(

n∑
i=1

exp((ei − e1)/τ)
)

= 0. (A.5)

The result follows by noting that:

τ log
(

n∑
i=1

exp(ei/τ)
)

= e1 + τ log
(

n∑
i=1

exp((ei − e1)/τ)
)
. (A.6)

Proposition 10. Assume that s[k−1] > s[k] and that s[k] > s[k+1] or
1
k
sy > 1 + 1

k
s[k].

Then lim
τ→0
τ>0

Lk,τ (s, y) = lk(s, y).

Proof. From s[k] > s[k+1] or 1
k
sy > 1 + 1

k
s[k], one can see that max

ȳ∈Y(k)

{
∆k(ȳ, y) +

1
k

∑
j∈ȳ

sj

}
is a strict maximum. Similarly, from s[k−1] > s[k], we can see that

max
ȳ∈Y(k)

y

{
1
k

∑
j∈ȳ

sj

}
is a strict maximum. Since Lk,τ can be written as:

Lk,τ (s, y) = τ log
[ ∑

ȳ∈Y(k)

exp
((

∆k(ȳ, y) + 1
k

∑
j∈ȳ

sj

)
/τ

)]

− τ log
[ ∑

ȳ∈Y(k)
y

exp
((1

k

∑
j∈ȳ

sj

)
/τ

)]
,

(A.7)

the result follows by two applications of Lemma 1.

A.1.3 Bound on Non-Smooth Function

Proposition 11. Lk,τ is an upper bound on lk if and only if k = 1.

Proof. Suppose k = 1. Let s ∈ Rn and y ∈ Y . We introduce y∗ = argmax
ȳ∈Y

{∆1(ȳ, y)+

sȳ}. Then we have:

l1(s, y) = ∆1(y∗, y) + sy∗ − sy,

= τ log(exp((∆1(y∗, y) + sy∗)/τ)− τ log exp(sy/τ),

≤ τ log(
∑
ȳ∈Y

exp((∆1(ȳ, y) + sȳ)/τ)− τ log exp(sy/τ) = L1,τ (s, y).
(A.8)
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Now suppose k ≥ 2. We construct an example (s, y) such that Lk,τ (s, y) < lk(s, y).

For simplicity, we set y = 1. Then let s1 = α, si = β for i ∈ {2, ..., k + 1} and

si = −∞ for i ∈ {k + 2, ..., n}. The variables α and β are our degrees of freedom

to construct the example. Assuming infinite values simplifies the analysis, and by

continuity of Lk,τ and lk, the proof will hold for real values sufficiently small. We

further assume that 1 + 1
k
(β − α) > 0. Then can write lk(s, y) as:

lk(s, y) = 1 + 1
k

(β − α). (A.9)

Exploiting the fact that exp(si/τ) = 0 for i ≥ k + 2, we have:

∑
ȳ∈Y(k)\Y(k)

y

∏
j∈ȳ

exp((1 + sj)/kτ) = exp
(

1 + β

τ

)
, (A.10)

And: ∑
ȳ∈Y(k)

y

exp
((1

k

∑
j∈ȳ

sj

)
/τ

)
= k exp

(
α + (k − 1)β

kτ

)
. (A.11)

This allows us to write Lk,τ as:

Lk,τ (s, y) = τ log
(
k exp

(
α + (k − 1)β

kτ

)
+ exp

(
1 + β

τ

))

− τ log
(
k exp

(
α + (k − 1)β

kτ

))
,

= τ log
1 +

exp
(

1+β
τ

)
k exp

(
α+(k−1)β

kτ

)
 ,

= τ log
1 +

exp
(

1
τ

)
k exp

(
α−β
kτ

)
 ,

= τ log
(

1 + 1
k

exp
(1
τ

(1 + 1
k

(β − α))
))

.

(A.12)

We introduce x = 1 + 1
k
(β − α). Then we have:

Lk,τ (s, y) = τ log
(

1 + 1
k

exp
(
x

τ

))
, (A.13)

And:

lk(s, y) = x. (A.14)
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For any value x > 0, we can find (α, β) ∈ R2 such that x = 1 + 1
k
(β − α) and that

all our hypotheses are verified. Consequently, we only have to prove that there

exists x > 0 such that:

∆(x) , τ log
(

1 + 1
k

exp
(
x

τ

))
− x < 0. (A.15)

We show that lim
x→∞

∆(x) < 0, which will conclude the proof by continuity of ∆.

∆(x) = τ log
(

1 + 1
k

exp
(
x

τ

))
− x,

= τ log
(

1 + 1
k

exp
(
x

τ

))
− τ log(exp(x

τ
)),

= τ log
(

exp
(−x
τ

)
+ 1
k

)
−−−→
x→∞

τ log(1
k

) < 0 since k ≥ 2.

(A.16)

A.1.4 Bound on Prediction Loss

Lemma 2. Let (p, q) ∈ N2 such that p ≤ q − 1 and q ≥ 1. Then
(
q
p

)
≤ q

(
q
p+1

)
.

Proof. (
q
p

)
(

q
p+1

) = (q − p− 1)!(p+ 1)!
(q − p)!p! ,

= (p+ 1)
q − p

.

(A.17)

This is a monotonically increasing function of p ≤ q − 1, therefore it is upper

bounded by its maximal value at p = q − 1:(
q
p

)
(

q
p+1

) = (p+ 1)
q − p

≤ q. (A.18)

Lemma 3. Assume that y /∈ Pk(s). Then we have:

1
k

∑
ȳ∈Y(k)

y

exp
∑
j∈ȳ

sj
kτ

 ≤ ∑
ȳ∈Y(k)\Y(k)

y

exp
∑
j∈ȳ

sj
kτ

 . (A.19)
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Proof. Let j ∈ J0, k − 1K. We introduce the random variable Uj, whose probability

distribution is uniform over the set Uj , {ȳ ∈ Y(k)
y : ȳ ∩ Pk(s) = j}. Then Vj is the

random variable such that Vj|Uj replaces y from Uj with a value drawn uniformly

from Pk(s). We denote by Vj the set of values taken by Vj with non-zero probability.

Since Vj replaces the ground truth score by one of the values of Pk(s), it can be

seen that:

Vj = {ȳ ∈ Y(k)\Y(k)
y : ȳ ∩ Pk(s) = j + 1}. (A.20)

Furthermore, we introduce the scoring function f : ȳ ∈ Y(k) 7→ exp( 1
kτ

∑
j∈ȳ

sj). Since

Pk(s) is the set of the k largest scores and y /∈ Pk(s), we have that:

f(Vj|Uj) ≥ f(Uj) with probability 1. (A.21)

Therefore we also have that:

EVj |Ujf(Vj) ≥ f(Uj) with probability 1. (A.22)

This finally gives us:

EUjEVj |Ujf(Vj) ≥ EUjf(Uj),

EVjf(Vj) ≥ EUjf(Uj).
(A.23)

Making the (uniform) probabilities explicit, we obtain:

1
|Vj|

∑
v∈Vj

f(v) ≥ 1
|Uj|

∑
u∈Uj

f(u),

|Uj|
|Vj|

∑
v∈Vj

f(v) ≥
∑

u∈Uj
f(u).

(A.24)

To derive the set cardinalities, we rewrite Uj and Vj as:

Uj = {ȳ ∈ Y(k)
y : ȳ ∩ Pk(s) = j} = {y} × Pk(s)(j) × (Y\({y} ∪ Pk(s))(k−j−1),

Vj = {ȳ ∈ Y(k)\Y(k)
y : ȳ ∩ Pk(s) = j + 1} = Pk(s)(j+1) × (Y\({y} ∪ Pk(s))(k−j−1).

(A.25)

Therefore we have that:

|Uj| =
∣∣∣{y} × Pk(s)(j) × (Y\({y} ∪ Pk(s))(k−j−1)

∣∣∣ ,
=
(
k

j

)(
n− k − 1
k − j − 1

)
,

(A.26)
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And:

|Vj| =
∣∣∣Pk(s)(j+1) × (Y\({y} ∪ Pk(s))(k−j−1)

∣∣∣ ,
=
(

k

j + 1

)(
n− k − 1
k − j − 1

)
.

(A.27)

Therefore:

|Uj|
|Vj|

=

(
k
j

)(
n−k−1
k−j−1

)
(
k
j+1

)(
n−k−1
k−j−1

) =

(
k
j

)
(
k
j+1

) ≤ k by Lemma 2. (A.28)

Combining with equation (A.24), we obtain:

k
∑

v∈Vj
f(v) ≥

∑
u∈Uj

f(u). (A.29)

We sum over j ∈ J0, k − 1K, which yields:

k
k−1∑
j=0

∑
v∈Vj

f(v) ≥
k−1∑
j=0

∑
u∈Uj

f(u). (A.30)

Finally, we note that {Uj}0≤j≤k−1 and {Vj}0≤j≤k−1 are respective partitions of Y(k)
y

and Y(k)\Y(k)
y , which gives us the final result:

k
∑

v∈Y(k)\Y(k)
y

f(v) ≥
∑

u∈Y(k)
y

f(u). (A.31)

Proposition 12. Lk,τ is, up to a scaling factor, an upper bound on the prediction

loss Λk:

Lk,τ (s, y) ≥ (1− τ log(k))Λk(s, y). (A.32)

Proof. Suppose that Λk(s, y) = 0. Then the inequality is trivial because Lk,τ (s, y) ≥

0. We now assume that Λk(s, y) = 1. Then there exist at least k higher scores than

sy. To simplify indexing, we introduce Z(k)
y = Y(k)\Y(k)

y and Tk the set of k labels

corresponding to the k-largest scores. By assumption, y /∈ Tk since y is misclassified.

We then write:

∑
ȳ∈Y(k)

exp (∆(ȳ, y)/τ)
∏
j∈ȳ

uj = exp (1/τ)
∑

ȳ∈Z(k)
y

∏
j∈ȳ

uj +
∑

ȳ∈Y(k)
y

∏
j∈ȳ

uj. (A.33)



A. Smooth Loss Functions for Deep Top-k Classification 112

Thanks to Lemma 3, we have:

∑
ȳ∈Z(k)

y

∏
j∈ȳ

uj ≥
1
k

∑
ȳ∈Y(k)

y

∏
j∈ȳ

uj. (A.34)

Injecting this back into (A.33):

∑
ȳ∈Y(k)

exp (∆(ȳ, y)/τ)
∏
j∈ȳ

uj ≥ (1 + 1
k

exp (1/τ))
∑

ȳ∈Y(k)
y

∏
j∈ȳ

uj, (A.35)

And back to the original loss:

Lk,τ (s, y) ≥ τ log
[
(1 + 1

k
exp (1/τ))

∑
ȳ∈Y(k)

y

∏
j∈ȳ

uj

]
− τ log

[ ∑
ȳ∈Y(k)

y

∏
j∈ȳ

uj

]
,

= τ log(1 + 1
k

exp (1/τ)),

≥ τ log(1
k

exp (1/τ)),

= τ log(1
k

) + 1,

= 1− τ log(k).

(A.36)

A.2 Algorithms: Properties & Performance

A.2.1 Time Complexity

Lemma 4. Let P and Q be two polynomials of degree p and q. The time complexity

of obtaining the first r coefficients of PQ is O(min{r, p}min{r, q}).

Proof. The multiplication of two polynomials can be written as the convolution of

their coefficients, which can be truncated at degree r for each polynomial.

Proposition 13. The time complexity of Algorithm 1 is O(kn).

Proof. Let N = log2(n), or equivalently n = 2N . With the divide-and-conquer

algorithm, the complexity of computing the k first coefficients of P can be written

as:

T (k, n) = 2T (k, n2 ) + min{k, n}2. (A.37)
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Indeed we decompose P = Q1Q2, with each Qi of degree n/2, and for these we

compute their k first coefficients in T (n2 ). Then given the k first coefficients of Q1

and Q2, the k first coefficients of P are computed in O(min{k, n}2) by Lemma 4.

Then we can write:

T (k, n) = 2T
(
k,
n

2
)

+ min{k, n}2,

2T
(
k,
n

2
)

= 4T
(
k,
n

4
)

+ 2 min
{
k,
n

2

}2
,

...

2N−1T
(
k,

n

2N−1

)
= 2NT (k, 1)︸ ︷︷ ︸

2NO(1)=O(n)

+2N−1 min
{
k,

n

2N−1

}2
.

(A.38)

By summing these terms, we obtain T (k, n) = 2NT (k, 1) +
N−1∑
j=0

2j min
{
k,
n

2j
}2

. Let

n0 ∈ N such that n

2n0+1 < k ≤ n

2n0
. In loose notation, we have k2n0

n
= O(1). Then

we can write:
N−1∑
j=0

2j min
{
k,
n

2j
}2

=
n0∑
j=0

2j min
{
k,
n

2j
}2

+
N−1∑

j=n0+1
2j min

{
k,
n

2j
}2
,

=
n0∑
j=0

2jk2 +
N−1∑

j=n0+1
2j
(
n

2j
)2
,

= (2n0+1 − 1)k2 + n2(2−n0−1 − 2−N),

= O(kn).

(A.39)

Thus finally:

T (k, n) = 2NT (k, 1) +
N−1∑
j=0

2j min
{
k,
n

2j
}2
,

= O(n) +O(kn),

= O(kn).

(A.40)

A.2.2 Numerical Stability
Forward Pass

In order to ensure numerical stability of the computation, we maintain all computa-

tions in the log space: for a multiplication exp(x1) exp(x2), we actually compute
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and store x1 + x2; for an addition exp(x1) + exp(x2) we use the “log-sum-exp” trick:

we compute m = max{x1, x2}, and store m + log(exp(x1 − m) + exp(x2 − m)),

which guarantees stability of the result. These two operations suffice to describe

the forward pass.

Backward Pass

Observation 2. The backward recursion of Algorithm 2 is unstable when ei � 1

and ei � max
p 6=i
{ep}.

Sketch of Proof. To see that, assume that when we compute (
n∑
p=1

ep)− ei, we make

a numerical error in the order of ε (e.g ε ' 10−5 for single floating point precision).

With the numerical errors, we obtain approximate δ̂ as follows:

δ̂1,i = 1,

δ̂2,i = σ1(e)− eiδ̂1,i =
n∑
p=1

ep − ei = δ2,i +O(ε),

δ̂3,i = σ2(e)− eiδ̂2,i = σ2(e)− ei(δ2,i +O(ε)) = δ3,i +O(eiε)),

...

δ̂k,i = σk−1(e)− eiδ̂k−1,i = ... = δk,i +O(ek−1
i ε)).

(A.41)

Since ei � 1, we quickly obtain unstable results.

Definition 1. For p ∈ {0, ..., n− k}, we define the p-th order approximation to the

gradient as:

δ̃
(p)
k,i ,

p∑
j=0

(−1)j σk+j(e)
eji

. (A.42)

Proposition 14. If we approximate the gradient by its p-th order approximation

as defined in equation (A.42), the absolute error is:

∣∣∣δk,i − δ̃(p)
k,i

∣∣∣ = σk+p(e\i)
ep+1
i

. (A.43)

Proof. We remind equation (2.18), which gives a recursive relationship for the

gradients:

δj,i = σj−1(e)− eiδj−1,i.
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This can be re-written as:

δj−1,i = 1
ei

(σj−1(e)− δj,i) . (A.44)

We write σk+p(e\i) = δk+p+1,i, and the result follows by repeated applications of

equation (A.44) for j ∈ {k + 1, k + 2, ..., k + p+ 1}.

Intuition. We have seen in Observation 2 that the recursion tends to be unstable

for δj,i when ei is among the largest elements. When that is the case, the ratio
σk+p(e\i)
ep+1
i

decreases quickly with p. This has two consequences: (i) the sum of

equation (A.42) is stable to compute because the summands have different orders

of magnitude and (ii) the error becomes small. Unfortunately, it is difficult to

upper-bound the error of equation (A.43) by a quantity that is both measurable

at runtime (without expensive computations) and small enough to be informative.

Therefore the approximation error is not controlled at runtime. In practice, we

detect the instability of δk,i: numerical issues arise if subtracted terms have a

very small relative difference. For those unstable elements we use the p-th order

approximation (to choose the value of p, a good rule of thumb is p ' 0.2k). We

have empirically found out that this heuristic works well in practice. Note that

this changes the complexity of the forward pass to O((k + p)n) since we need p

additional coefficients during the backward. If p ' 0.2k, this increases the running

time of the forward pass by 20%, which is a moderate impact.

A.2.3 A Performance Comparison with the Summation Al-
gorithm

Summation Algorithm

The Summation Algorithm (SA) is an alternative to the Divide-and-Conquer (DC)

algorithm for the evaluation of the elementary symmetric polynomials. It is described

for instance in (Jiang et al., 2016). The algorithm can be summarized as follows:
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Algorithm 6 Summation Algorithm
Require: e ∈ Rn, k ∈ N∗
1: σ0,i ← 1 for 1 ≤ i ≤ n . σj,i = σj(e1, . . . , ei)
2: σj,i ← 0 for i < j . Do not define values for i < j (meaningless)
3: σ1,1 ← e1 . Initialize recursion
4: for i ∈ J2, nK do
5: m← max{1, i+ k − n}
6: M ← min{i, k}
7: for i ∈ Jm,MK do
8: σj,i ← σj,i−1 + eiσj−1,i−1
9: end for

10: end for
11: return σk,n

Implementation. Note that the inner loop can be parallelized, but the outer one

is essentially sequential. In our implementation for speed comparisons, the inner

loop is parallelized and a buffer is pre-allocated for the σj,i.

Speed

We compare the execution time of the DC and SA algorithms on a GPU (Nvidia

Titan Xp). We use the following parameters: k = 5, a batch size of 256 and a

varying value of n. The following timings are given in seconds, and are computed

as the average of 50 runs. In Table A.1, we compare the speed of Summation and

DC for the evaluation of the forward pass. In Table A.2, we compare the speed

of the evaluation of the backward pass using Automatic Differentiation (AD) and

our Custom Algorithm (CA) (see Algorithm 2).

Table A.1: Execution time (s) of the forward pass. The Divide and Conquer (DC)
algorithm offers nearly logarithmic scaling with n in practice, thanks to its parallelization.
In contrast, the runtime of the Summation Algorithm (SA) scales linearly with n.

n 100 1,000 10,000 100,000
SA 0.006 0.062 0.627 6.258
DC 0.011 0.018 0.024 0.146

We remind that both algorithms have a time complexity of O(kn). SA provides

little parallelization (the parallelizable inner loop is small for k � n), which is

reflected in the runtimes. On the other hand, DC is a recursive algorithm with
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O(log(n)) levels of recursion, and all operations are parallelized at each level of

the recursion. This allows DC to have near-logarithmic effective scaling with n,

at least in the range {100 − 10, 000}.

Table A.2: Execution time (s) of the backward pass. Our Custom Backward (CB) is
faster than Automatic Differentiation (AD).

n 100 1,000 10,000 100,000
DC (AD) 0.093 0.139 0.194 0.287
DC (CB) 0.007 0.006 0.020 0.171

These runtimes demonstrate the advantage of using Algorithm 2 instead of

automatic differentiation. In particular, we see that in the use case of ImageNet

(n = 1, 000), the backward computation changes from being 8x slower than the

forward pass to being 3x faster.

Stability

We now investigate the numerical stability of the algorithms. Here we only analyze

the numerical stability, and not the precision of the algorithm. We point out that

compensation algorithms are useful to improve the precision of SA but not its

stability. Therefore they are not considered in this discussion.

Jiang et al. (2016) mention that SA is a stable algorithm, under the assumption

that no overflow or underflow is encountered. However this assumption is not

verified in our use case, as we demonstrate below. We consider that the algorithm

is stable if no overflow occurs in the algorithm (underflows are not an issue for

our use cases). We stress out that numerical stability is critical for our machine

learning context: if an overflow occurs, the weights of the learning model inevitably

diverge to infinite values.

To test numerical stability in a representative setting of our use cases, we take

a random mini-batch of 128 images from the ImageNet data set and forward it

through a pre-trained ResNet-18 to obtain a vector of scores per sample. Then

we use the scores as an input to the SA and DC algorithms, for various values

of the temperature parameter τ . We compare the algorithms with single (S) and

double (D) floating point precision.
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Table A.3: Stability on forward pass. A setting is considered stable if no overflow has
occurred.

τ 101 100 10−1 10−2 10−3 10−4

SA (S) X X 7 7 7 7

SA (D) X X X 7 7 7

DC log (S) X X X X X X
DC log (D) X X X X X X

By operating in the log-space, DC is significantly more stable than SA. In this ex-

perimental setting, DC log is stable in single floating point precision until τ = 10−36.

A.3 Top-k Prediction: Marginalization with the
Elementary Symmetric Polynomials

We consider the probability of label i being part of the final top-k prediction. To

that end, we marginalize over all k-tuples that contain i as one of their element.

Then the probability of selecting label i for the top-k prediction can be written as:

p
(k)
i ∝

∑
ȳ∈Y(k)

i

exp(
∑
j∈ȳ

sj). (A.45)

Proposition 15. The unnormalized probability can be computed as:

p
(k)
i ∝

d log σi(exp(s))
dsi

. (A.46)

Proof.

p
(k)
i ∝ exp(si)σk−1(exp(s\i)),

= exp(si)
dσi(exp(s))
d exp(si)

,

= dσi(exp(s))
dsi

.

(A.47)

Finally we can rescale the unnormalized probability p(k)
i by σk(exp(s)) since the

latter quantity is independent of i. We obtain:

p̂i
(k) ∝ 1

σk(exp(s))
dσi(exp(s))

dsi
= d log σi(exp(s))

dsi
. (A.48)
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NB. We prefer to use d log σi(exp(s))
dsi

rather than dσi(exp(s))
dsi

for stability reasons.

Once the unnormalized probabilities are computed, they can be normalized by

simply dividing by their sum.

A.4 Hyper-Parameters & Experimental Details

A.4.1 The Temperature Parameter

In this section, we discuss the choice of the temperature parameter. Note that such

insights are not necessarily confined to a top-k minimization: we believe that these

ideas generalize to any loss that is smoothed with a temperature parameter.

Optimization and Learning

When the temperature τ has a low value, propositions 11 and 12 suggest that Lk,τ

is a sound learning objective. However, as shown in Figure 2.2a, optimization is

difficult and can fail in practice. Conversely, optimization with a high value of

the temperature is easy, but uninformative about the learning: then Lk,τ is not

representative of the task loss we wish to learn.

In other words, there is a trade-off between the ease of the optimization and

the quality of the surrogate loss in terms of learning. Therefore, it makes sense to

use a low temperature that still permits satisfactory optimization.

Illustration on CIFAR-100

In Figure 2.2a, we have provided the plots of the training objective to illustrate the

speed of convergence. In Table A.4, we give the training and validation accuracies

to show the influence of the temperature:
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Table A.4: Influence of the temperature parameter on the training accuracy and testing
accuracy.

Temperature Training Accuracy (%) Testing Accuracy (%)
0 10.01 10.38
10−3 17.40 18.19
10−2 98.95 91.35
10−1 99.73 91.70
100 99.78 91.52
101 99.62 90.92
102 99.42 90.46

To Anneal or Not To Anneal

The choice of temperature parameter can affect the scale of the loss function. In

order to preserve a sensible trade-off between regularizer and loss, it is important

to adjust the regularization hyper-parameter(s) accordingly (the value of the

quadratic regularization for instance). Similarly, the energy landscape may vary

significantly for a different value of the temperature, and the learning rate may

need to be adapted too.

Continuation methods usually rely on an annealing scheme to gradually improve

the quality of the approximation. For this work, we have found that such an

approach required heavy engineering and did not provide substantial improvement

in our experiments. Indeed, we have mentioned that other hyper-parameters depend

on the temperature, thus these need to be adapted dynamically too. This requires

sensitive heuristics. Furthermore, we empirically find that setting the temperature

to an appropriate fixed value yields the same performance as careful fine-tuning

of a pre-trained network with temperature annealing.

Practical Methodology

We summarize the methodology that reflects the previous insights and that we have

found to work well during our experimental investigation. First, the temperature

hyper-parameter is set to a low fixed value that allows for the model to learn on the

training data set. Then other hyper-parameters, such as quadratic regularization

and learning rate are adapted as usual by cross-validation on the validation set.
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We believe that the optimal value of the temperature is mostly independent of

the architecture of the neural network, but is greatly influenced by the values

of k and n (see how these impact the number of summands involved in Lk,τ ,

and therefore its scale).

A.4.2 The Margin
Relationship with Squared Norm Regularization

In this subsection, we establish the relationship between hyper-parameters of the

margin and of the regularization with a squared norm. Typically the regularizing

norm is the Frobenius norm in deep learning, but the following results will follow

for any norm ‖ · ‖. Although we prove the result for our top-k loss, we also point

out that these results easily generalize to any linear latent structural SVM.

First, we make explicit the role of α in lk with an overload of notation:

lk(s, y, α) = max
{(

s\y + α1
)

[k]
− sy, 0

}
, (A.49)

where α is a non-negative real number. Now consider the problem of learning

a linear top-k SVM on a data set (xi, yi)1≤i≤N ∈
(
Rd × {1, ..., n}

)N
. We (hyper-

)parameterize this problem by λ and α:

(Pλ,α) : min
w∈Rd×n

λ

2‖w‖
2 + 1

N

N∑
i=1

lk(wTxi, yi, α). (A.50)

Definition 2. Let λ1, λ2, α1, α2 ≥ 0. We say that (Pλ1,α1) and (Pλ2,α2) are equivalent

if there exists γ > 0, ν ∈ R such that:

w ∈ Rd×n is a solution of (Pλ1,α1) ⇐⇒ (γw+ν) is a solution of (Pλ2,α2) (A.51)

Justification. This definition makes sense because for γ > 0, ν ∈ R, (γw+ν) has

the same decision boundary as w. In other words, equivalent problems yield

equivalent classifiers.

Proposition 16. Let λ, α ≥ 0.

1. If α > 0 and λ > 0, then problem (Pλ,α) is equivalent to problems (Pαλ,1) and

(P1,αλ).
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2. If α = 0 or λ = 0, then problem (Pλ,α) is equivalent to problem (P0,0).

Proof. Let w ∈ Rd×n. We introduce a constant β > 0. Then we can successively

write:

w is a solution to (Pλ,α)

⇐⇒ w is a solution to

min
w∈Rd×n

λ

2‖w‖
2 + 1

N

N∑
i=1

lk(wTxi, yi, α),

⇐⇒ w is a solution to

min
w∈Rd×n

λ

2‖w‖
2 + 1

N

N∑
i=1

max
{(

wT
\yxi + α1

)
[k]
−wT

y xi, 0
}
,

⇐⇒ w is a solution to

min
w∈Rd×n

λ

2β ‖w‖
2 + 1

N

N∑
i=1

max

(

1
β

wT
\yxi + α

β
1
)

[k]
− 1
β

wT
y xi, 0

 ,
⇐⇒ w is a solution to

min
w∈Rd×n

βλ

2 ‖
1
β

w‖2 + 1
N

N∑
i=1

max

(

1
β

wT
\yxi + α

β
1
)

[k]
− 1
β

wT
y xi, 0

 ,
⇐⇒ 1

β
w is a solution to

min
w∈Rd×n

βλ

2 ‖w‖
2 + 1

N

N∑
i=1

max

(

wT
\yxi + α

β
1
)

[k]
−wT

y xi, 0
 ,

⇐⇒ 1
β

w is a solution to (Pβλ,α
β
).

(A.52)

This holds for any β > 0.

If α > 0 and λ > 0, we show equivalence with (Pαλ,1) by setting β to α and with

(P1,αλ) by setting β to 1
λ
.

If α = 0, then α
β

= 0 for any β > 0 and we can choose β as small as needed to make

βλ arbitrarily small.

If λ = 0, βλ = 0 for any β > 0 and we can choose β as large as needed to make α
β

arbitrarily small.

Note that we do not need any hypothesis on the norm ‖ · ‖, the result makes

only use of the positive homogeneity property.
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Consequence On Deep Networks. Proposition 16 shows that for a deep

network trained with lk, one can fix the value of α to 1, and treat the quadratic

regularization of the last fully connected layer as an independent hyper-parameter.

By doing this rather than tuning α, the loss keeps the same scale which may make

it easier to find an appropriate learning rate.

When using the smooth loss, there is no direct equivalent to Proposition 16

because the log-sum-exp function is not positively homogeneous. However one

can consider that with a low enough temperature, the above insight can still

be used in practice.

Experiment on ImageNet

In this section, we provide experiments to qualitatively assess the importance of

the margin by running experiments with a margin of either 0 or 1. The following

results are obtained on our validation set, and do not make use of multiple crops.

Top-1 Error. As we have mentioned before, the case (k, τ, α) = (1, 1, 0) corre-

sponds exactly to Cross-Entropy. We compare this case against the same loss with

a margin of 1: (k, τ, α) = (1, 1, 1). We obtain the following results:

Margin Top-1 Accuracy (%)
0 71.03
1 71.15

Table A.5: Influence of the margin parameter on top-1 performance.

Top-5 Error. We now compare (k, τ, α) = (5, 0.1, 0) and (k, τ, α) = (5, 0.1, 1):

Margin Top-5 Accuracy (%)
0 89.12
1 89.45

Table A.6: Influence of the margin parameter on top-5 performance.
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A.4.3 Supplementary Details

In the main paper, we report the average of the scores on CIFAR-100 for clarity

purposes. Here, we also detail the standard deviation of the scores for completeness.

Table A.7: Testing performance on CIFAR-100 with different levels of label noise. We
indicate the mean and standard deviation (in parenthesis) for each score.

Noise Top-1 Accuracy (%) Top-5 Accuracy (%)
Level CE L5,1 CE L5,1
0.0 76.68 (0.38) 69.33 (0.27) 94.34 (0.09) 94.29 (0.10)
0.2 68.20 (0.50) 71.30 (0.79) 87.89 (0.08) 90.59 (0.08)
0.4 61.18 (0.97) 70.02 (0.40) 83.04 (0.38) 87.39 (0.23)
0.6 52.50 (0.27) 67.97 (0.51) 79.59 (0.36) 83.86 (0.39)
0.8 35.53 (0.79) 55.85 (0.80) 74.80 (0.15) 79.32 (0.25)
1.0 14.06 (0.13) 15.28 (0.39) 67.70 (0.16) 72.93 (0.25)
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B.1 Piecewise Linear Functions

Proof of Proposition (1) By the definition from (Melzer, 1986), we can write

each function as the difference of two point-wise maxima of linear functions:

g(v) = max
j∈[m+]

{a>i v} − max
k∈[m−]

{b>j v}

And ∀i ∈ [n], gi(u) = g+
i (u)− g−i (u)

Where all the g+
i , g

−
i are linear point-wise maxima of linear functions. Then:

f(u) = g([g1(u), · · · , gn(u)]>)

= max
j∈[m+]

{a>j [g1(u), · · · , gn(u)]>} − max
k∈[m−]

{b>k [g1(u), · · · , gn(u)]>}

= max
j∈[m+]

{
n∑
i=1

aj,igi(u)
}
− max

k∈[m−]

{
n∑
i=1

bk,igi(u)
}

= max
j∈[m+]

{
n∑
i=1

aj,ig
+
i (u)−

n∑
i=1

aj,ig
−
i (u)

}

− max
k∈[m−]

{
n∑
i=1

bk,ig
+
i (u)−

n∑
i=1

bk,ig
−
i (u)

}

= max
j∈[m+]


n∑
i=1

aj,ig
+
i (u) +

∑
j′∈[m+]\{j}

n∑
i=1

aj,ig
−
i (u)

− ∑
j′∈[m+]

n∑
i=1

aj,ig
−
i (u)

− max
k∈[m−]


n∑
i=1

bk,ig
+
i (u) +

∑
k′∈[m−]\{k}

n∑
i=1

bk,ig
−
i (u)

+
∑

k′∈[m−]

n∑
i=1

bk,ig
−
i (u)

= max
j∈[m+]


n∑
i=1

aj,ig
+
i (u) +

∑
j′∈[m+]\{j}

n∑
i=1

aj,ig
−
i (u)

+
∑

k′∈[m−]

n∑
i=1

bk,ig
−
i (u)

−

 max
k∈[m−]


n∑
i=1

bk,ig
+
i (u) +

∑
k′∈[m−]\{k}

n∑
i=1

bk,ig
−
i (u)

+
∑

j′∈[m+]

n∑
i=1

aj,ig
−
i (u)


= max

j∈[m+]


n∑
i=1

aj,ig
+
i (u) +

∑
j′∈[m+]\{j}

n∑
i=1

aj,ig
−
i (u) +

∑
k′∈[m−]

n∑
i=1

bk,ig
−
i (u)


− max

k∈[m−]


n∑
i=1

bk,ig
+
i (u) +

∑
k′∈[m−]\{k}

n∑
i=1

bk,ig
−
i (u) +

∑
j′∈[m+]

n∑
i=1

aj,ig
−
i (u)


In each line of the last equality, we recognize a pointwise maximum of a linear

combination of pointwise maxima of linear functions. This constitutes a pointwise

maximum of linear functions.
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This derivation also extends equation (B.2) to the multi-dimensional case by

showing an explicit DC decomposition of the output.

B.2 Computing the Feature Vectors

We describe here how to compute the feature vectors in practice. To this end, we show

how to construct two (intertwined) neural networks that decompose the objective

function into a convex and a concave part. We call these Difference of Convex (DC)

networks. Once the DC networks are defined, a standard forward and backward pass

in the two networks yields the feature vectors for the convex and concave contribution

to the objective function. First, we derive how to perform a DC decomposition in

linear and non-linear layers, and then we construct an example of DC networks.

DC Decomposition in a Linear Layer Let W be the weights of a fixed

linear layer. We introduce W+ = 1
2(|W | + W ) and W− = 1

2(|W | − W ). We

can note that W+ and W− have exclusively non-negative weights, and that

W = W+ −W−. Say we have an input u with the DC decomposition (ucvx, uccv),

that is: u = ucvx − uccv, where both ucvx and uccv are convex. Then we can

decompose the output of the layer as:

W · u = (W+ · ucvx +W− · uccv)︸ ︷︷ ︸
convex

− (W− · ucvx +W+ · uccv)︸ ︷︷ ︸
convex

(B.1)

DC Decomposition in a Piecewise Linear Activation Layer For simplicity

purposes, we consider that the non-linear layer is a point-wise maximum across

[K] scalar inputs, that is, for an input (uk)k∈[K] ∈ RK , the output is maxk∈[K] uk

(the general multi-dimensional case can be found in Appendix B.1). We suppose

that we have a DC decomposition (ucvx
k , uccv

k ) for each input k. Then we can write

the following decomposition for the output of the layer:

max
k∈[K]

uk = max
k∈[K]

(ucvx
k − uccv

k )

= max
k∈[K]

ucvx
k +

∑
i∈[K],i 6=k

uccv
i


︸ ︷︷ ︸

convex

−
∑
k∈[K]

uccv
k︸ ︷︷ ︸

convex

(B.2)
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In particular, for a ReLU, we can write:

max(ucvx − uccv, 0) = max(ucvx, uccv)︸ ︷︷ ︸
convex

− uccv︸︷︷︸
convex

(B.3)

And for a Max-Pooling layer, one can easily verify that equation (B.2) is equivalent

to:

MaxPool(ucvx−uccv) = MaxPool(ucvx − uccv) + SumPool(uccv)︸ ︷︷ ︸
convex

−SumPool(uccv)︸ ︷︷ ︸
convex

(B.4)

An Example of DC Networks We use the previous observations to obtain a

DC decomposition in any layer. We now take the example of the neural network

used for the experiments on the MNIST data set, and we show how to construct

the two neural networks when optimizing W 1, the weights of the first convolutional

layer. First let us recall the architecture without decomposition:

Conv1 
(W1) ReLU MaxPool 

2x2
Conv2 
(W2) ReLU MaxPool 

2x2
Dense1 

(W3) ReLU SVM 10 
classes

Figure B.1: Detailed network architecture for the MNIST data set.

We want to optimize the first convolutional layer, therefore we fix all other

parameters. Then we apply all operations as described in the previous paragraphs,

which yields the DC networks in Figure B.2.

The network graph in Figure B.2 illustrates Proposition 3 for the optimization

of W 1: suppose we are interested in f cvx(x,W 1), the convex part of the objective

function for a given sample x, and we wish to obtain the feature vector needed to

perform an update of BCFW. With a forward pass, the oracle for the latent and

label variables (ĥ, ŷ) is efficiently computed; and with a backward pass, we obtain

the corresponding feature vector Ψ(x, ŷ, ĥ). Indeed, we recall from problem (3.8)

that (ĥ, ŷ) are the latent and label variables maximizing f cvx(x,W 1). Then given x,

the forward pass in the DC networks sequentially solves the nested maximization:

it maximizes the activation of the ReLU and MaxPooling units at each layer,
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thereby selecting the best latent variable ĥ at each non-linear layer, and maximizes

the output of the SVM layer, thereby selecting the best label ŷ. At the end of

the forward pass, f cvx(x,W 1) is therefore available as the output of the convex

network, and the feature vector Ψ(x, ŷ, ĥ) can be computed as a subgradient of

f cvx(x,W 1) with respect to W 1.

Linearizing the concave part is equivalent to fixing the activations of the DC

networks, which can be done by using a fixed copy ofW 1 at the linearization point (all

other weights being fixed anyway). Then one can re-use the above reasoning to obtain

the feature vectors for the linearized concave part. Altogether, this methodology

allows our algorithm to be implemented in any standard deep learning library (our

implementation is available at http://github.com/oval-group/pl-cnn).

B.3 Experimental Details

Hyper-parameters The hyper-parameters are obtained by cross-validation with

a search on powers of 10. In this section, η will denote the initial learning rate.

We denote the Softmax + Cross-Entropy loss by SCE, while SVM stands for the

usual Support Vector Machines loss.

Table B.1: Hyper-parameters for the SGD solvers

MNIST CIFAR-10 CIFAR-10 CIFAR-100 CIFAR-100
(SCE) (SVM) (SCE) (SVM)

Adagrad η = 0.01 η = 0.01 η = 0.001 η = 0.01 η = 0.001
λ = 0.001 λ = 0.001 λ = 0.001 λ = 0.001 λ = 0.001

Adadelta η = 1 η = 1 η = 0.1 η = 1 η = 0.1
λ = 0.001 λ = 0.001 λ = 0.001 λ = 0.001 λ = 0.001

Adam η = 0.001 η = 0.001 η = 0.0001 η = 0.001 η = 0.0001
λ = 0.001 λ = 0.001 λ = 0.001 λ = 0.001 λ = 0.001

One may note that the hyper-parameters are the same for both CIFAR-10 and

CIFAR-100 for each combination of solver and loss. This makes sense since the

initial learning rate mainly depends on the architecture of the network (and not

so much on which particular images are fed to this network), which is very similar

for the experiments on the CIFAR-10 and CIFAR-100 data sets.

http://github.com/oval-group/pl-cnn
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B.4 SVM Formulation & Dual Derivation

Multi-Class SVM Suppose we are given a data set of N samples, for which every

sample i has a feature vector φi ∈ Rd and a ground truth label yi ∈ Y. For every

possible label ȳi ∈ Y, we introduce the augmented feature vector ψi(ȳi) ∈ R|Y|×d

containing φi at index ȳi, −φi at index yi, and zeros everywhere else (then ψi(yi)

is just a vector of zeros). We also define ∆(ȳi, yi) as the loss by choosing the

output ȳi instead of the ground truth yi in our task. For classification, this is

the zero-one loss for example.

The SVM optimization problem is formulated as:

min
w,ξi

λ

2‖w‖
2 + 1

N

N∑
i=1

ξi

subject to: ∀i ∈ [N ], ∀ȳi ∈ Y , ξi ≥ wTψi(ȳi) + ∆(yi, ȳi)

Where λ is the regularization hyperparameter. We now add a proximal term

to a given starting point w0:

min
w,ξi

λ

2‖w‖
2 + µ

2‖w − w0‖2 + 1
N

N∑
i=1

ξi

subject to: ∀i ∈ [N ], ∀ȳi ∈ Y , ξi ≥ wTψi(ȳi) + ∆(yi, ȳi)

Factorizing the second-order polynomial in w, we obtain the equivalent problem

(changed by a constant):

min
w,ξi

λ+ µ

2 ‖w − µ

λ+ µ
w0‖2 + 1

N

N∑
i=1

ξi

subject to: ∀i ∈ [N ], ∀ȳi ∈ Y , ξi ≥ wTψi(ȳi) + ∆(yi, ȳi)

For simplicity, we introduce the ratio ρ = µ

λ+ µ
.



B. Trusting SVMs for Piecewise Linear CNNs 131

Dual Objective function The primal problem is:

min
w,ξi

λ+ µ

2 ‖w − ρw0‖2 + 1
N

N∑
i=1

ξi

subject to: ∀i ∈ [N ], ∀ȳi ∈ Y , ξi ≥ wTψi(ȳi) + ∆(yi, ȳi)

The dual problem can be written as:

max
α≥0

min
w,ξi

λ+ µ

2 ‖w − ρw0‖2 + 1
N

N∑
i=1

ξi

+ 1
N

N∑
i=1

∑
ȳi∈Y

αi(ȳi)
(
∆(yi, ȳi) + wTψi(ȳi)− ξi

)

Then we obtain the following KKT conditions:

∀i ∈ [N ], ∂·
∂ξi

= 0 −→
∑
ȳi∈Y

αi(ȳi) = 1

∂·
∂w

= 0 −→ w = ρw0 −
1
N

1
λ+ µ

N∑
i=1

∑
ȳi∈Y

αi(ȳi)ψi(ȳi)︸ ︷︷ ︸
Aα

We also introduce b = 1
N

(∆(yi, ȳi))i,ȳi . We define Pn(Y) as the sample-wise

probability simplex:

u ∈ Pn(Y) if: ∀i ∈ [N ], ∀ȳi ∈ Y , ui(ȳi) ≥ 0

∀i ∈ [N ],
∑
ȳi∈Y

ui(ȳi) = 1

We inject back and simplify to:

max
α∈Pn(Y)

−(λ+ µ)
2 ‖Aα‖2 + µwT0 (Aα) + αT b

Finally:

min
α∈Pn(Y)

f(α)

Where:

f(α) , λ+ µ

2 ‖Aα‖2 − µwT0 (Aα)− αT b
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BCFW derivation We write ∇(i)f the gradient of f w.r.t. the block (i) of

variables in α, padded with zeros on blocks (j) for j 6= i. Similarly, A(i) and

b(i) contain the rows of A and the elements of b for the block of coordinates (i)

and zeros elsewhere. We can write:

∇(i)f(α) = (λ+ µ)AT(i)Aα− µA(i)w0 − b(i)

Then the search corner for the block of coordinates (i) is given by:

si = argmin
s′i

(
< s′i,∇(i)f(α) >

)
= argmin

s′i

(
(λ+ µ)αTATA(i)s

′
i − µwT0 A(i)s

′
i − bT(i)s′i

)
We replace:

Aα = ρw0 − w

A(i)s
′
i = 1

N

1
λ+ µ

∑
ȳi∈Y

s′i(ȳi)ψi(ȳi)

bT(i)s
′
i = 1

N

∑
ȳi∈Y

s′i(ȳi)∆(ȳi, yi)

We then obtain:

si = argmin
s′i

(
− (w − ρw0)T

∑
ȳi∈Y

s′i(ȳi)ψi(ȳi)− wT0 ρ
∑
ȳi∈Y

s′i(ȳi)ψi(ȳi)

−
∑
ȳi∈Y

s′i(ȳi)∆(ȳi, yi)
)

= argmax
s′i

wT ∑
ȳi∈Y

s′i(ȳi)ψi(ȳi) +
∑
ȳi∈Y

s′i(ȳi)∆(ȳi, yi)


As expected, this maximum is obtained by setting si to one at:

y∗i = argmax
ȳi∈Y

(
wTψi(ȳi) + ∆(ȳi, yi)

)
,

and zeros elsewhere. We introduce the notation:

wi = −A(i)α(i)

li = bT(i)α(i)

ws = −A(i)si
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ls = bT(i)si

Then we have:

ws = − 1
N

1
λ+ µ

ψ(y∗i ) = − 1
N

1
λ+ µ

∂Hi(y∗i )
∂w

ls = 1
N

∆(yi, y∗i )

The optimal step size in the direction of the block of coordinates (i) is given by :

γ∗ = argmin
γ

f(α + γ(si − αi))

The optimal step-size is given by:

γ∗ = < ∇(i)f(α), si − αi >
(λ+ µ)‖A(si − αi)‖2

We introduce wd = −Aα = w − ρw0. Then we obtain:

γ∗ =
(wi − ws)T (w − ρw0) + ρwT0 (wi − ws)− 1

λ+µ(li − ls)
‖wi − ws‖2

=
(wi − ws)Tw − 1

λ+µ(li − ls)
‖wi − ws‖2

And the updates are the same as in standard BCFW:

Algorithm 7 BCFW with warm start

1: Let w(0) = w0, ∀i ∈ [N ], w
(0)
i = 0

2: Let l(0) = 0, ∀i ∈ [N ], l
(0)
i = 0

3: for k=0...K do
4: Pick i randomly in {1, .., n}

5: Get y∗i = argmax
ȳi∈Y

Hi(ȳi, w(k)) and ws = − 1
N

1
λ+ µ

∂Hi(y∗i , w(k))
∂w(k)

6: ls = 1
N

∆(y∗i , yi)

7: γ =
(wi − ws)Tw − 1

λ+µ(li − ls)
‖wi − ws‖2 clipped to [0, 1]

8: w
(k+1)
i = (1− γ)w(k)

i + γws
9: l

(k+1)
i = (1− γ)l(k)

i + γls
10: w(k+1) = w(k) + w

(k+1)
i − w(k)

i = w(k) + γ(w(k)
s − w

(k)
i )

11: l(k+1) = l(k) + l
(k+1)
i − l(k)

i

12: end for

In particular, we have proved Proposition (4) in this section: w is initialized

to ρw0 (KKT conditions), and the direction of the conditional gradient, ws, is

given by ∂Hi(y∗i )
∂w

, which is independent of w0.
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Note that the derivation of the Lagrangian dual has introduced a dual variable

αi(ȳi) for each linear constraint of the SVM problem (this can be replaced by

αi(hi, (ȳi)) if we consider latent variables). These dual variables indicate the

complementary slackness not only for the output class ȳi, but also for each of the

activation which defines a piece of the piecewise linear hinge loss. Therefore a

choice of α defines a path of activations.

B.5 Sensitivity of SGD Algorithms

Here we discuss some weaknesses of the SGD-based algorithms that we have

encountered in practice for our learning objective function. These behaviors have

been observed in the case of PL-CNNs, and generally may not appear in different

architectures (in particular the failure to learn with high regularization goes away

with the use of batch normalization layers).

B.5.1 Initial Learning Rate

As mentioned in the experiments section, the choice of the initial learning rate

is critical for good performance of all Adagrad, Adadelta and Adam. When the

learning rate is too high, the network does not learn anything and the training and

validating accuracies are stuck at random level. When it is too low, the network

may take a considerably greater number of epochs to converge.

B.5.2 Failures to Learn

Regularization When the regularization hyper-parameter λ is set to a value of

0.01 or higher on CIFAR-10, SGD solvers get trapped in a local minimum and

fail to learn. The SGD solvers indeed fall in the local minimum of shutting down

all activations on ReLUs, which provide zero-valued feature vector to the SVM

loss layer (and a hinge loss of one). As a consequence, no information can be

back-propagated. We plot this behavior below:
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Figure B.3: Behavior of different algorithms for λ = 0.01. The x-axis has been rescaled
to compare the evolution of all algorithms (real training times vary between half an hour
to a few hours for the different runs).

In this situation, the network is at a bad saddle point (note that the training

and validation accuracies are stuck at random levels). Our algorithm does not

fall into such bad situations, however it is not able to get out of it either: each

layer is at a pathological critical point of its own objective function, which makes

our algorithm unable to escape from it.

With a lower initial learning rate, the evolution is slower, but eventually the

solver goes back to the bad situation presented above.

Biases The same failing behavior as above has been observed when not using the

biases in the network. Again our algorithm is robust to this change.
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Figure B.2: Difference of Convex Networks for the optimization of Conv1 in the MNIST
architecture. The two leftmost columns represent the DC networks. For each layer, the
right column indicates the non-decomposed corresponding operation. Note that we represent
the DC decomposition of the SVM layer as unique blocks to keep the graph simple. Given
the decomposition method for linear and non-linear layers, one can write down the explicit
operations without special difficulty.
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C.1 Proofs & Algorithms

For completeness, we prove results for our specific instance of Structural SVM

problem. We point out that the proofs of sections C.1.1, C.1.2 and C.1.3 are

adaptations from (Lacoste-Julien and Jaggi, 2013). Propositions are numbered

according to their appearance in the paper.

C.1.1 Preliminaries

In this section, we assume the loss L to be a hinge loss:

Lhinge : (u, y) ∈ R|Y| × Y 7→ max
{

max
ȳ∈Y\{y}

{uȳ + 1− uy} , 0
}

(C.1)

We suppose that we have received a sample (x, y). We simplify the notation

f(w,x) = fx(w) and L(u, y) = Ly(u). For simplicity of the notation, and without

loss of generality, we consider the proximal problem obtained at time t = 0:

min
w∈Rp

{
1
2η‖w −w0‖2 + Tw0ρ(w) + Ly (Tw0fx(w))

}
. (C.2)

Let us define the classification task loss:

For (ȳ, y) ∈ Y2,∆(ȳ, y) =
0 if ȳ = y,

1 otherwise.
(C.3)

Using this notation, the multi-class hinge loss can be written as:

Lhinge(u, y) = max
ȳ∈Y
{uȳ + ∆(ȳ, y)− uy} . (C.4)

Indeed, we can successively write:

Lhinge(u, y) = max
{

max
ȳ∈Y\{y}

{uȳ + 1− uy} , 0
}
,

= max
ȳ∈Y\{y}

{max {uȳ + 1− uy, 0}} ,

= max
ȳ∈Y\{y}

{max {uȳ + ∆(ȳ, y)− uy, 0}} ,

= max
ȳ∈Y
{max {uȳ + ∆(ȳ, y)− uy, 0}} ,

= max
ȳ∈Y
{uȳ + ∆(ȳ, y)− uy} .

(C.5)
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We are now going to re-write problem (C.2) as the sum of a quadratic term and

a point-wise maximum of linear functions. For ȳ ∈ Y, let us define:

aȳ = ∂ρ(w)
∣∣∣
w0

+ ∂fx,ȳ(w)
∣∣∣
w0
− ∂fx,y(w)

∣∣∣
w0
,

bȳ = ρ(w0) + fx,ȳ(w0)− fx,y(w0) + ∆(ȳ, y).
(C.6)

Then we have that:

max
ȳ∈Y

{
a>ȳ (w −w0) + bȳ

}
= max

ȳ∈Y

{
(∂ρ(w)

∣∣∣
w0

+ ∂fx,ȳ(w)
∣∣∣
w0
− ∂fx,y(w)

∣∣∣
w0

)>(w −w0)

+ ρ(w0) + fx,ȳ(w0)− fx,y(w0) + ∆(ȳ, y)
}
,

= ρ(w0) + ∂ρ(w)
∣∣∣>
w0

(w −w0)

+ max
ȳ∈Y

{
∂fx,ȳ(w)

∣∣∣>
w0

(w −w0) + fx,ȳ(w0) + ∆(ȳ, y)
}

− fx,y(w0)− ∂fx,y(w)
∣∣∣>
w0

(w −w0),

= Tw0ρ(w) + L (Tw0fx(w), y) .

(C.7)

Therefore, problem (C.2) can be written as:

min
w∈Rp

{
1
2η‖w −w0‖2 + max

ȳ∈Y

{
a>ȳ (w −w0) + bȳ

}}
. (C.8)

We notice that the term ρ(w0) in b is a constant that does not depend on w

nor ȳ, therefore we can simplify the expression of b to:

bȳ = fx,ȳ(w0)− fx,y(w0) + ∆(ȳ, y). (C.9)

We introduce the following notation:

ŵ = w −w0, (C.10)

P = {α ∈ R|Y|+ :
∑
ȳ∈Y

αȳ = 1}, (C.11)

A = (ηaȳ)ȳ∈Y ∈ Rp×|Y|. (C.12)

We will also use the indicator vector: 1y ∈ R|Y|, which is equal to 1 at index

y and 0 elsewhere.
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C.1.2 Dual Objective

Lemma 5 (Dual Objective). The Lagrangian dual of (C.2) is given by:

max
α∈P

{
− 1

2η‖Aα‖
2 + b>α

}
. (C.13)

Given the dual variables α, the primal can be computed as ŵ = −Aα.

Proof. We derive the Lagrangian of the primal problem. For that, we write the

problem in the following equivalent ways:

min
ŵ∈Rp

{
1
2η‖ŵ‖

2 + max
ȳ∈Y

{
a>ȳ ŵ + bȳ

}}
, (C.14)

min
ŵ∈Rp
ξ∈R

{
1
2η‖ŵ‖

2 + ξ

}
subject to: ∀ȳ ∈ Y , a>ȳ ŵ + bȳ ≤ ξ, (C.15)

min
ŵ∈Rp
ξ∈R

sup
α≥0

 1
2η‖ŵ‖

2 + ξ +
∑
ȳ∈Y

αȳ
(
a>ȳ ŵ + bȳ − ξ

) , (C.16)

sup
α≥0

min
ŵ∈Rp
ξ∈R

 1
2η‖ŵ‖

2 + ξ +
∑
ȳ∈Y

αȳ
(
a>ȳ ŵ + bȳ − ξ

)︸ ︷︷ ︸
Λ(ŵ,ξ,α)

(by strong duality). (C.17)

We can now write the KKT conditions of the inner minimization problem:
∂Λ(ŵ, ξ,α)

∂ξ
= 0 : 1−

∑
ȳ∈Y

αȳ = 0,

∂Λ(ŵ, ξ,α)
∂ŵ

= 0 : 1
η
ŵ +

∑
ȳ∈Y

αȳaȳ = 0.
(C.18)

This gives α ∈ P and ŵ = −Aα, since A = (ηaȳ)ȳ∈Y by definition. By injecting

these constraints in (C.17), we obtain:

max
α∈P

1
2η‖Aα‖

2 +−Aα> 1
η
Aα+ b>α, (C.19)

which finally gives the desired result.

C.1.3 Derivation of the Optimal Step-Size

Lemma 6 (Optimal Step-Size). Suppose that we make a step in the direction of

s ∈ P in the dual. We define the corresponding primal variables ws = −As and

λs = b>s, as well as λ = b>α. Then the optimal step-size is given by:

γ = (w −w0 −ws)>(w −w0) + η(λs − λ)
‖w −w0 −ws‖2 . (C.20)
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Proof. Given the direction s, we take the step α+ γ(s−α). The new objective is

given by:

− 1
2η‖A(α+ γ(s−α))‖2 + b>(α+ γ(s−α)). (C.21)

In order to compute the optimal step-size, we compute the derivative of the above

expression with respect to gamma, and set it to 0:

− 1
η

(s−α)>A>A(α+ γ(s−α)) + b>(s−α) = 0. (C.22)

We can isolate the unique term containing γ:

− 1
η
γ‖A(s−α)‖2 − 1

η
(s−α)>A>Aα+ b>(s−α) = 0. (C.23)

This yields:

γ =
− 1
η
(s−α)>A>Aα+ b>(s−α)

1
η
‖A(s−α)‖2 ,

=
− 1
η
(As− Aα)>Aα+ b>(s−α)

1
η
‖As− Aα‖2 ,

= −(As− Aα)>Aα+ ηb>(s−α)
‖As− Aα‖2 .

(C.24)

We can then inject the primal variables and simplify:

γ = (−ws + ŵ)>ŵ + η(λs − λ)
‖ −ws + ŵ‖2 ,

= (w −w0 −ws)>(w −w0) + η(λs − λ)
‖w −w0 −ws‖2 .

(C.25)

C.1.4 Primal-Dual Proximal Frank-Wolfe Algorithm

We present here the primal-dual algorithm that solves (C.2) using the previous re-

sults:
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Algorithm 8 Proximal Frank Wolfe Algorithm
Require: proximal coefficient η, initial point w0 ∈ Rp, sample (x, y).
1: w1 = w0 − η∂ρ(w)

∣∣∣
w0

. Initialization w0 − Aα with α = 1y
2: λ1 = 0 . Initialization b>α with α = 1y
3: t = 1
4: while not converged do
5: Choose direction st ∈ P . (e.g. conditional gradient or smoothed loss)
6: ws = −Ast
7: λs = b>st
8: γt = (wt −w0 −ws)>(wt −w0) + η(λs − λt)

‖w −w0 −ws‖2 . Optimal- step-size

9: wt+1 = (1− γt)wt + γt(ws +w0) . Aαt+1 = (1− γt)Aαt + γtAst
10: λt+1 = (1− γt)λt + γtλs . b>αt+1 = (1− γt)b>αt + γtb>st
11: t = t+ 1
12: end while

Note that when fx is linear, and when the search direction s is given by the

conditional gradient, we recover the standard Frank-Wolfe algorithm for SVM

(Lacoste-Julien and Jaggi, 2013).

C.1.5 Single-Step Proximal Frank-Wolfe Algorithm

We now provide some simplification to the steps 6, 8 and 9 of Algorithm 8 when

a single step is taken, as is the case in the DFW algorithm. This corresponds

to the iteration t = 1.

Theorem 2 (Cost per iteration). If a single step is performed on the dual of (4.6),

its conditional gradient is given by −∂ (ρ(w) + Ly(fx(w)))
∣∣∣
wt
. The resulting update

can be written as:

wt+1 = wt − η
[
∂ρ(w)

∣∣∣
wt

+ γ∂Lj(fj(w))
∣∣∣
wt

]
(C.26)

Proof. It is known that for linear SVMs, the direction of the dual conditional

gradient is given by the negative sub-gradient of the primal (Lacoste-Julien and

Jaggi, 2013; Bach, 2015). We apply this result to the Taylor expansion of the

network, which is the local model used for the proximal problem. Then we have

that at iteration t = 1, the conditional gradient is given by:

− ∂ (Tw0ρ(w) + Ly(Tw0fx(w)))
∣∣∣
w0
. (C.27)
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It now suffices to notice that a first-order Taylor expansion does not modify the

derivative at its point of linearization: for a function φ, ∂Tw0φ(w)
∣∣∣
w0

= ∂φ(w)
∣∣∣
w0
.

By applying this property and the chain rule to (C.27), we obtain that the conditional

gradient is given by:

− ∂ (ρ(w) + Ly(fx(w)))
∣∣∣
w0
. (C.28)

This completes the proof that the conditional gradient direction is given by a

stochastic gradient. We now prove equation (C.26) in the next lemma.

Lemma 7. Suppose that we apply the Proximal Frank-Wolfe algorithm with a single

step. Let δt = ∂
[
s>t (fx,ȳ(w0)− fx,y(w0))ȳ∈Y

]
and rt = ∂wρ(w0). Then we can

rewrite step 6 as:

ws = −η [rt + δt] . (C.29)

In addition, we can simplify steps 8 and 9 of Algorithm 8 to:

γt = −ηδ
>
t rt + s>t b
η‖δt‖2 clipped to [0, 1], (C.30)

wt+1 = w0 − η [rt + γtδt] . (C.31)

Proof. Again, since we perform a single step of FW, we assume t = 1. To prove

equation (C.29), we note that:

ws = −As,

= −η
[
∂ρ(w)

∣∣∣
w0

+
(

(∂fx,ȳ(w)
∣∣∣
w0
− ∂fx,y(w)

∣∣∣
w0

)ȳ∈Y
)>

st

]
,

= −η [rt + δt] .

(C.32)

We point out the two following results:

wt −w0 = w1 −w0 = −η∂ρ(w)
∣∣∣
w0

= −ηrt, (C.33)

and:

wt −w0 −ws = −ηrt + ηrt + ηδt = ηδt. (C.34)
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Since λ1 = 0 by definition, equation (C.30) is obtained with a simple application of

equations C.33 and C.34. Finally, we prove equation C.31 by writing:

wt+1 = (1− γt)wt + γt(ws +w0),

= (1− γt)(w0 − ηrt) + γt(−ηrt − ηδt +w0),

= w0 − η(rt + γtδt).

(C.35)

C.1.6 Smoothing the Loss

As pointed out in the paper, the SVM loss is non-smooth and has sparse derivatives,

which can prevent the effective training of deep neural networks (Berrada et al.,

2018). Partial linearization can solve this problem by locally smoothing the dual

(Mohapatra et al., 2016). However, this would introduce a temperature hyper-

parameter which is undesirable. Therefore, we note that DFW can be applied with

any direction that is feasible in the dual, since it computes an optimal step-size.

In particular, the following result states that we can use the well-conditioned and

non-sparse gradient of cross-entropy.

Proposition 17. The gradient of cross-entropy in the primal gives a feasible

direction in the dual. Furthermore, we can inexpensively detect when this feasible

direction cannot provide any improvement in the dual, and automatically switch to

the conditional gradient when that is the case.

For simplicity, we divide Proposition 17 into two distinct parts: first we show

how the CE gradient gives a feasible direction in the dual, and then how it can

be detected to be an ascent direction.

Lemma 8. The gradient of cross-entropy in the primal gives a feasible direction in

the dual. In other words, the gradient of cross-entropy g in the primal is such that

there exists a dual search direction s ∈ P verifying g = −As.

Proof. We consider the vector of scores (fx,ȳ(w))ȳ∈Y ∈ R|Y|. We compute its

softmax: sce =
(

exp(fx,ȳ(w))∑
j∈Y exp(fx,j(w))

)
ȳ∈Y

. Clearly, sce ∈ P by property of the softmax.
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Furthermore, by going back to the definition of A, one can easily verify that −Asce

is exactly the primal gradient given by a backward pass through the cross-entropy

loss instead of the hinge loss. This concludes the proof.

The previous lemma has shown that we can use the gradient of cross-entropy

as a feasible direction sce in the dual. The next step is to make it a dual ascent

direction, that is a direction which always permits improvement on the dual objective

(unless at the optimal point). In what follows, we show that we can inexpensively

(approximately) compute a sufficient condition for sce to be an ascent direction. If

the condition is not satisfied, then we can automatically switch to use the subgradient

of the hinge loss (which is known as an ascent direction in the dual).

Lemma 9. Let s ∈ P be a feasible direction in the dual, and also let

v = (Tw0fx(wt)ȳ + ∆(ȳ, y)− Tw0fx(wt)y)ȳ∈Y ∈ R|Y| be the vector of augmented

scores output by the linearized model. Let us assume that we apply the single-step

Proximal Frank-Wolfe algorithm (that is, we have t = 1), and that ρ is a non-

negative function.

Then s>v > 0 is a sufficient condition for s to be an ascent direction in the dual.

Proof. Let s ∈ P , v = (Tw0fx(wt)ȳ + ∆(ȳ, y)− Tw0fx(wt)y)ȳ∈Y . By definition, we

have that:

v =
(
a>ȳ (wt −w0) + bȳ − Tw0ρ(w)

)
ȳ∈Y

,

= 1
η
A>(wt −w0) + b− (Tw0ρ(w))ȳ∈Y .

(C.36)
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Therefore:

s>v > 0

⇐⇒ 1
η

(As)>(wt −w0) + s>b− s> (Tw0ρ(w))ȳ∈Y > 0,

⇐⇒ (As)>(wt −w0) + ηs>b− ηTw0ρ(w) > 0, (since s ∈ P and η > 0)

⇐⇒ −w>s (wt −w0) + ηs>b− ηρ(w0)− η∂ρ(w0)>(wt −w0) > 0,

⇐⇒ −w>s (wt −w0) + ηs>b− ηρ(w0) + (wt −w0)>(wt −w0) > 0,

⇐⇒ (wt −w0 −ws)>(wt −w0) + ηs>b− ηρ(w0) > 0,

=⇒ (wt −w0 −ws)>(wt −w0) + ηs>b > 0, (because ρ(w0) ≥ 0)

⇐⇒ γt > 0 (we have that λt = 0 at t = 1).
(C.37)

We have just shown that if s>v > 0, then γt > 0. Since γt is an optimal step-size,

this indicates that s is an ascent direction (we would obtain γt = 0 for a direction

s that cannot provide improvement).

Approximate Condition. In practice, we consider that Tw0fx(wt) ' fx(w0).

Indeed, for t = 1, we have that ‖Tw0fx(w) − fx(w0)‖ = O(‖wt − w0‖), and

‖wt −w0‖ = ‖η∂wρ(w0))‖, which is typically very small (we use a weight decay

coefficient in the order of 1e−4 in our experimental settings). Therefore, we replace

Tw0fx(w) by fx(w0) in the above criterion, which becomes inexpensive since

fx(w0) is already computed by the forward pass.

C.1.7 Nesterov Momentum

As can be seen in the previous primal-dual algorithms, taking a step in the

dual can be decomposed into two stages: the initialization and the movement

along the search direction. The initialization step is not informative about the

optimization problem. Therefore, we discard it from the momentum velocity, and

only accumulate the step along the conditional gradient (scaled by γtη). This

results in the following velocity update:

zt+1 = µzt − ηγt(rt + δt). (C.38)
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C.2 Experimental Details on the CIFAR Data
Sets

C.2.1 Adaptive Gradient Baselines:
Cross-Validation (Without Data Augmentation)

l2 η CIFAR-10 Accuracy (%) CIFAR-100 Accuracy (%)
0.0001 0.001 71.6 39.44
0.0001 0.01 88.18 55.72
0.0001 0.1 86.4 55.44
0.0001 1 68.48 20.68

Table C.1: Cross-Validation for ADAGRAD on DN architecture (best validation accuracy
obtained during training).

l2 η CIFAR-10 Accuracy (%) CIFAR-100 Accuracy (%)
0.0001 0.001 68.98 31.86
0.0001 0.01 86.4 53.82
0.0001 0.1 83.6 51.18
0.0005 0.001 68.66 32.5
0.0005 0.01 86.3 56.16
0.0005 0.1 77.92 44.12

Table C.2: Cross-Validation for ADAGRAD on WRN architecture (best validation
accuracy obtained during training).

l2 η CIFAR-10 Accuracy (%) CIFAR-100 Accuracy (%)
0.0001 0.0001 86.26 50.7
0.0001 0.001 89.42 63.9
0.0001 0.01 81.12 51.82

Table C.3: Cross-Validation for ADAM on DN architecture (best validation accuracy
obtained during training).
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l2 η CIFAR-10 Accuracy (%) CIFAR-100 Accuracy (%)
0.0001 0.0001 79.7 41.42
0.0001 0.001 86.1 58.7
0.0001 0.01 80.06 50.86
0.0005 0.0001 78.88 40.08
0.0005 0.001 85.14 55.26
0.0005 0.01 72.54 36.82

Table C.4: Cross-Validation for ADAM on WRN architecture (best validation accuracy
obtained during training).

l2 η CIFAR-10 Accuracy (%) CIFAR-100 Accuracy (%)
0.0001 0.0001 84.28 49.54
0.0001 0.001 90.4 68.54
0.0001 0.01 83.98 50.44

Table C.5: Cross-Validation for AMSGRAD on DN architecture (best validation accuracy
obtained during training).

l2 η CIFAR-10 Accuracy (%) CIFAR-100 Accuracy (%)
0.0001 0.0001 75.86 41.6
0.0001 0.001 87.02 59.6
0.0001 0.01 82.32 52.12
0.0005 0.0001 75.74 42.28
0.0005 0.001 86.16 57.82
0.0005 0.01 75.82 36.48

Table C.6: Cross-Validation for AMSGRAD on WRN architecture (best validation
accuracy obtained during training).

l2 η CIFAR-10 Accuracy (%) CIFAR-100 Accuracy (%)
0.0001 0.001 72.72 40.96
0.0001 0.01 83.26 53.12
0.0001 0.1 91.7 59.7
0.0001 1 10.16 1.16

Table C.7: Cross-Validation for BPGRAD on DN architecture (best validation accuracy
obtained during training).
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l2 η CIFAR-10 Accuracy (%) CIFAR-100 Accuracy (%)
0.0001 0.001 64.98 31.9
0.0001 0.01 78.46 44.26
0.0001 0.1 89.24 54.42
0.0001 1 16.1 1.16
0.0005 0.001 68.08 33.26
0.0005 0.01 85.44 59.9
0.0005 0.1 88.44 51.28
0.0005 1 10.16 1.16

Table C.8: Cross-Validation for BPGRAD on WRN architecture (best validation
accuracy obtained during training).

C.2.2 Adaptive Gradient Baselines:
Cross-Validation (With Data Augmentation)

l2 η batchsize CIFAR-10 CIFAR-100
Accuracy (%) Accuracy (%)

0.0001 0.0001 64 90.38 61.6
0.0001 0.0001 128 87.86 57.82
0.0001 0.0001 256 86.66 53.64
0.0001 0.001 64 92.52 69.66
0.0001 0.001 128 92.72 69.5
0.0001 0.001 256 92.64 67.56
0.0001 0.01 64 82.1 45
0.0001 0.01 128 83.9 53.4
0.0001 0.01 256 86.86 58.1

Table C.9: Cross-Validation for AMSGRAD on DN architecture with data augmentation
(best validation accuracy obtained during training).
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l2 η batchsize CIFAR-10 CIFAR-100
Accuracy (%) Accuracy (%)

0.0001 0.0001 128 90.5 64.36
0.0001 0.0001 256 89.6 62.02
0.0001 0.0001 512 88.26 58.68
0.0001 0.001 128 91.7 69.3
0.0001 0.001 256 91.8 68.98
0.0001 0.001 512 91.88 68.64
0.0001 0.01 128 83.36 53.72
0.0001 0.01 256 84.58 57.28
0.0001 0.01 512 87.42 60.68
0.0005 0.0001 128 91.44 65.52
0.0005 0.0001 256 89.7 61.98
0.0005 0.0001 512 88.48 59.1
0.0005 0.001 128 90.82 67.38
0.0005 0.001 256 91 67.58
0.0005 0.001 512 91.06 67.06
0.0005 0.01 128 72.6 34.8
0.0005 0.01 256 76.56 41.82
0.0005 0.01 512 79.12 45.6

Table C.10: Cross-Validation for AMSGRAD on WRN architecture with data augmen-
tation (best validation accuracy obtained during training).
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l2 η batchsize CIFAR-10 CIFAR-100
Accuracy (%) Accuracy (%)

0.0001 0.01 64 92.8 69.12
0.0001 0.01 128 91.38 66.26
0.0001 0.01 256 89.46 60.68
0.0001 0.1 64 95.34 68.04
0.0001 0.1 64 95.34 66.78
0.0001 0.1 128 94.7 73.62
0.0001 0.1 128 94.7 74.1
0.0001 0.1 256 94 70.9
0.0001 1 64 77.04 38.44
0.0001 1 128 82.56 52.12
0.0001 1 256 87.38 60.6
0.0001 10 64 10.16 1.16
0.0001 10 128 10.16 1.16
0.0001 10 256 10.56 1.62

Table C.11: Cross-Validation for DFW on DN architecture with data augmentation
(best validation accuracy obtained during training).
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l2 η batchsize CIFAR-10 CIFAR-100
Accuracy (%) Accuracy (%)

0.0001 0.01 128 93.24 71.18
0.0001 0.01 256 91.8 67.36
0.0001 0.01 512 90.9 64.74
0.0001 0.1 128 94.18 74.26
0.0001 0.1 256 94.66 73.24
0.0001 0.1 512 94.02 71.66
0.0001 1 128 84.7 55.1
0.0001 1 256 89.62 61.88
0.0001 1 512 94.98 73.94
0.0001 10 128 10.72 1.32
0.0001 10 256 10.72 4.96
0.0001 10 512 13.62 6.4
0.0005 0.01 128 94.1 72.14
0.0005 0.01 256 92.72 69.96
0.0005 0.01 512 90.84 64.04
0.0005 0.1 128 88.86 63.06
0.0005 0.1 256 94.68 75.34
0.0005 0.1 512 94.1 72.54
0.0005 1 128 63.3 26.9
0.0005 1 256 72.08 38.28
0.0005 1 512 80.74 48.1
0.0005 1 512 80.74 44.52
0.0005 10 128 10.72 1.36
0.0005 10 256 10.72 1.3
0.0005 10 512 14.18 1.98

Table C.12: Cross-Validation for DFW on WRN architecture with data augmentation
(best validation accuracy obtained during training).

C.2.3 Convergence Plots

In this section we provide the convergence plots of the different algorithms on

the CIFAR data sets without data augmentation. In some cases the training

performance can show some oscillations. We emphasize that this is the result of

cross-validating the initial learning rate based on the validation set performance:

sometimes a better-behaved convergence would be obtained on the training set

with a lower learning rate. However this lower learning rate is not selected because

it does not provide the best validation performance.
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Figure C.1: Convergence plot of Adagrad
on CIFAR 100 with DN architecture.
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Figure C.2: Convergence plot of Adagrad
on CIFAR 10 with DN architecture.
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Figure C.3: Convergence plot of Adam
on CIFAR 100 with DN architecture.
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Figure C.4: Convergence plot of Adam
on CIFAR 10 with DN architecture.
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Figure C.5: Convergence plot of AMS-
Grad on CIFAR 100 with DN architecture.
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Figure C.6: Convergence plot of AMS-
Grad on CIFAR 10 with DN architecture.
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Figure C.7: Convergence plot of BPGrad
on CIFAR 100 with DN architecture.
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Figure C.8: Convergence plot of BPGrad
on CIFAR 10 with DN architecture.
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Figure C.9: Convergence plot of DFW
on CIFAR 100 with DN architecture.
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Figure C.10: Convergence plot of DFW
on CIFAR 10 with DN architecture.
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Figure C.11: Convergence plot of SGD
on CIFAR 100 with DN architecture.
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Figure C.12: Convergence plot of SGD
on CIFAR 10 with DN architecture.
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Figure C.13: Convergence plot of Ada-
grad on CIFAR 100 with WRN architec-
ture.
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Figure C.14: Convergence plot of Ada-
grad on CIFAR 10 with WRN architecture.
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Figure C.15: Convergence plot of Adam
on CIFAR 100 with WRN architecture.
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Figure C.16: Convergence plot of Adam
on CIFAR 10 with WRN architecture.
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Figure C.17: Convergence plot of AMS-
Grad on CIFAR 100 with WRN architec-
ture.
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Figure C.18: Convergence plot of AMS-
Grad on CIFAR 10 with WRN architec-
ture.
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Figure C.19: Convergence plot of BP-
Grad on CIFAR 100 with WRN architec-
ture.
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Figure C.20: Convergence plot of BP-
Grad on CIFAR 10 with WRN architec-
ture.
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Figure C.21: Convergence plot of DFW
on CIFAR 100 with WRN architecture.
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Figure C.22: Convergence plot of DFW
on CIFAR 10 with WRN architecture.
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Figure C.23: Convergence plot of SGD
on CIFAR 100 with WRN architecture.
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Figure C.24: Convergence plot of SGD
on CIFAR 10 with WRN architecture.

C.2.4 SGD & DFW: Sensitivity Analysis

We provide here a sensitivity analysis of the DFW algorithm on its hyper-parameter

η, and we compare it against the SGD algorithm with its custom schedule. These

experiments do not use data augmentation.
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Figure C.25: Sensitivity analysis on the WRN architecture and CIFAR-10 data set.
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Figure C.26: Sensitivity analysis on the DN architecture and CIFAR-10 data set.
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Figure C.27: Sensitivity analysis on the WRN architecture and CIFAR-100 data set.
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Figure C.28: Sensitivity analysis on the DN architecture and CIFAR-100 data set.



C. Deep Frank-Wolfe For Neural Network Optimization 158

C.3 Experimental Details on the SNLI Data Set

C.3.1 Cross-Validation

η Accuracy CE (%) Accuracy SVM (%)
0.001 83.43 84.16
0.01 83.77 84.62
0.1 62.09 34.5

Table C.13: Cross-Validation for ADAGRAD on BiLSTM architecture (best validation
accuracy obtained during training).

η Accuracy CE (%) Accuracy SVM (%)
1e-05 83.18 83.02
0.0001 84.56 84.69
0.001 84.42 83.31
0.01 33.82 33.82

Table C.14: Cross-Validation for ADAM on BiLSTM architecture (best validation
accuracy obtained during training).

η Accuracy CE (%) Accuracy SVM (%)
1e-05 82.81 82.95
0.0001 84.69 84.83
0.001 84.66 83.59
0.01 36.78 38.25

Table C.15: Cross-Validation for AMSGRAD on BiLSTM architecture (best validation
accuracy obtained during training).

η Accuracy CE (%) Accuracy SVM (%)
0.001 75.51 74.87
0.01 83.09 83.02
0.1 83.93 84.24
1.0 84.28 84.73
10 33.82 33.31

Table C.16: Cross-Validation for BPGRAD on BiLSTM architecture (best validation
accuracy obtained during training).
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η Accuracy (%)
0.1 84.87
1.0 85.21
10 84.76

Table C.17: Cross-Validation for DFW on BiLSTM architecture (best validation accuracy
obtained during training).

η Accuracy CE (%) Accuracy SVM (%)
0.01 84.22 84.59
0.1 84.63 85.15
1.0 85.06 84.7
10 34.59 34.51

Table C.18: Cross-Validation for SGD on BiLSTM architecture (best validation accuracy
obtained during training).
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D.1 Local Interpretation of the Polyak Step-Size

Proposition 18. Suppose that the problem is unconstrained: Ω = Rp. Let wt+1 =

wt − f(wt)−f?
‖∇f(wt)‖2∇f(wt). Then wt+1 verifies:

wt+1 = argmin
w∈Rp

‖w −wt‖ subject to: f(wt) +∇f(wt)>(w −wt) = f?, (D.1)

where we remind that f? is the minimum of f , and w 7→ f(wt) +∇f(wt)>(w−wt)

is the linearization of f at wt. In other words, wt+1 is the closest point to wt that

lies on the hyper-plane f(wt) +∇f(wt)>(w −wt) = f?.

Proof. See Appendix D.4.1

D.2 Convergence Results

Before we detail our convergence results, we introduce the notions of uniform

lower bound and ε-interpolation.

D.2.1 Notation

Intuitively, a uniform lower bound on the problem (P) is a lower bound on all loss

functions `z on their unconstrained domain Rp. We formalize this below:

Definition 3 (Uniform Lower Bound). We say that b is a uniform lower bound on

(P) if:

b ≤ inf
z∈Z

inf
w∈Rp

`z(w). (D.2)

Note that in the main paper, we have used the special case b = 0 as the uniform

lower bound. The definition above makes b a useful statistic to analyze the behavior

of each loss function `z around w?, in a uniform way (that is, independently of

z). The quality of a uniform lower bound b can be quantified by the notion

of ε-interpolation:

Definition 4 (ε-Interpolation). Let b be a uniform lower bound on (P), w? be a

solution of (P) and ε ≥ 0 be a non-negative number. Then we say that w? is an

ε-interpolation for ((P), b) if:

∀z ∈ Z, `z(w?)− b ≤ ε. (D.3)
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By taking the expectation over equation (D.3), we can see that if w? is an

ε-interpolation for ((P), b), then we immediately have: f? − ε ≤ b ≤ f?. In other

words, b is also an approximation of f? by below, and its quality is quantified by ε.

We further note that f? does not satisfy the definition of a uniform lower bound

in the general case. However when f? actually is a uniform lower bound, for any

solution w? of (P), w? is a ε = 0-interpolation for ((P), f?).

In the general case where b may be different from 0, the ALI-G step-size

can be defined as:

γt = min
{

`zt(wt)− b
‖∇`zt(wt)‖2 + δ

, η

}
(D.4)

We now turn to our convergence results, which give convergence rates in three

settings: convex and Lipschitz functions, convex and smooth function, and strongly

convex and smooth functions. In each setting, we analyze three regimes which

complement each other: no (infinite) maximal learning-rate, large maximal learning-

rate and small maximal learning-rate.

D.2.2 Lipschitz Convex Functions

Theorem 3. [Convex and Lipschitz] We assume that X is a convex set, and that

for every z ∈ Z, `z is convex and C-Lipschitz. Let b be a uniform lower bound on

(P) and w? be a solution of (P). Further suppose that w? is an ε-interpolation for

((P), b). Then ALI-G∞ applied to f satisfies:

f

(
1

T + 1

T∑
t=0
wt

)
− f? ≤ ε

√√√√(C2

δ
+ 1

)
+ ‖w0 −w?‖

√
C2 + δ√

T + 1
. (D.5)

Proof. See Appendix D.4.3.

Theorem 4. We assume that X is a convex set, and that for every z ∈ Z, `z is

convex and C-Lipschitz. Let w? be an ε-interpolation for ((P), b). We further

assume that η > ε
δ
. Then if we apply ALI-G with a maximal learning-rate of η to f ,
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we have:

f

(
1

T + 1

T∑
t=0
wt

)
− f? ≤

‖w0 −w?‖2

(η − ε
δ
)(T + 1) + ε2

δ(η − ε
δ
)

+
√

(C2 + δ)‖w0 −w?‖2

T + 1 + ε

√
C2

δ
+ 1.

(D.6)

Proof. See Appendix D.4.4.

We note that for very large values of η (η → ∞), Theorem 4 gives the exact

same result as Theorem 3. However when η is small, the convergence error of

Theorem 4 is large. This is corrected in the following result which is informative

in the regime where η is small:

Theorem 5. We assume that X is a convex set, and that for every z ∈ Z, `z is

convex and C-Lipschitz. Let w? be an ε-interpolation for ((P), b). Then if we

apply ALI-G with a maximal learning-rate of η to f , we have:

f

(
1

T + 1

T∑
t=0
wt

)
− f? ≤

‖w0 −w?‖2

η(T + 1) + ε+
√

(C2 + δ)‖w0 −w?‖2

T + 1 + ηε
√
C2 + δ.

(D.7)

Proof. See Appendix D.4.5.

D.2.3 Smooth Convex Functions

We now tackle the convex and β-smooth case. Our proof techniques naturally

produce the separation η ≥ 1
2β and η ≤ 1

2β . Whenever η ≥ 1
2β , the convergence

result is exactly the same as when η →∞. When η ≤ 1
2β , the speed of convergence

is limited by the value of η.

Theorem 6. [Convex and Smooth] We assume that X is a convex set, and that

for every z ∈ Z, `z is convex and β-smooth. Let b be a uniform lower bound on

(P) and w? be a solution of (P). Further suppose that w? is an ε-interpolation for

((P), b), and that δ > 2βε. Then ALI-G∞ applied to f satisfies:

f

(
1

T + 1

T∑
t=0
wt

)
− f? ≤

δ

β(1− 2βε
δ

)
+ 2β

1− 2βε
δ

‖w0 −w?‖2

T + 1 . (D.8)

Proof. See Appendix D.4.6.
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Theorem 7. We assume that X is a convex set, and that for every z ∈ Z, `z is

convex and β-smooth. Let w? be an ε-interpolation for ((P), b), and suppose that

δ > 2βε. Further assume that η ≥ 1
2β . Then if we apply ALI-G with a maximal

learning-rate of η to f , we have:

f

(
1

T + 1

T∑
t=0
wt

)
− f? ≤

δ

β(1− 2βε
δ

)
+ 2β

1− 2βε
δ

‖w0 −w?‖2

T + 1 . (D.9)

Proof. See Appendix D.4.7.

Theorem 8. We assume that X is a convex set, and that for every z ∈ Z, `z is

convex and β-smooth. Let w? be an ε-interpolation for ((P), b), and suppose that

δ > 2βε. Further assume that η ≤ 1
2β . Then if we apply ALI-G with a maximal

learning-rate of η to f , we have:

f

(
1

T + 1

T∑
t=0
wt

)
− f? ≤

‖w0 −w?‖2

η(T + 1) + δ

2β + ε. (D.10)

Proof. See Appendix D.4.8.

D.2.4 Smooth and Strongly Convex Functions

Finally, we consider the α-strongly convex and β-smooth case. Again, our proof

yields a natural separation between η ≥ 1
2β and η ≤ 1

2β . In a similar way to the β-

smooth case, when η ≥ 1
2β , Theorem 10 gives the exact same result as η →∞. And

when η ≤ 1
2β , the rate of convergence given by Theorem 11 is limited by the value of η.

Theorem 9. [Strongly Convex and Smooth] We assume that X is a convex set,

and that for every z ∈ Z, `z is α-strongly convex and β-smooth. Let b be a uniform

lower bound on (P) and w? be a solution of (P). Further suppose that w? is an

ε-interpolation for ((P), b), and that δ > 2βε. Then ALI-G∞ applied to f satisfies:

f(wT+1)− f? ≤ β exp
(
−αT8β

)
‖w0 −w?‖2 + 2δ

α
+
(

10β
α

+ 4β
2

α2

)
ε. (D.11)

In other words, f approximately converges to f? at a rate of O(exp(−αT/8β)).

Proof. See Appendix D.4.9.
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Theorem 10. We assume that X is a convex set, and that for every z ∈ Z, `z is

α-strongly convex and β-smooth. Let w? be an ε-interpolation for ((P), b), and

suppose that δ > 2βε. Further assume that η ≥ 1
2β . Then if we apply ALI-G with a

maximal learning-rate of η to f , we have:

f(wT+1)− f? ≤ β exp
(
−αT8β

)
‖w0 −w?‖2 + 2δ

α
+
(

10β
α

+ 4β
2

α2

)
ε. (D.12)

Proof. See Appendix D.4.10.

Theorem 11. We assume that X is a convex set, and that for every z ∈ Z, `z is

α-strongly convex and β-smooth. Let w? be an ε-interpolation for ((P), b), and

suppose that δ > 2βε. Further assume that η ≤ 1
2β . Then if we apply ALI-G with a

maximal learning-rate of η to f , we have:

f(wT+1)− f? ≤ β exp
(
−αηT4

)
‖w0 −w?‖2 + 2δ

α
+ 14εβ

α
. (D.13)

Proof. See Appendix D.4.11.

D.3 On the Need for a Maximal Learning-Rate
for Non-Convexity

The Restricted Secant Inequality (RSI) is a milder assumption than convexity.

It can be defined as follows:

Definition 5. Let f : Rp → R be a lower-bounded differentiable function achieving

its minimum at w?. We say that f satisfies the RSI if there exists α > 0 such that:

∀w ∈ Rp, ∇f(w)>(w −w?) ≥ α‖w −w?‖2. (D.14)

The RSI is sometimes used to prove convergence of optimization algorithms

without assuming convexity (Vaswani et al., 2019b).

As we prove below, the Polyak step-size may not convergence under the RSI

assumption, even in a non-stochastic setting with the exact minimum known.

We introduce the function f : w ∈ [−3
5 ; 3

5 ] 7→ w2−|w|3. We restrict our domain of

study to [−3
5 ; 3

5 ] for simplicity purposes – an extension to R can easily be constructed
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wt=− 3
5 wt+1= 3

5

f : w 7→ w2 − |w|3
Linearizations of f

Figure D.1: Illustration of the function f , which satisfies the RSI. When starting at
w = −3/5, gradient descent with the Polyak step-size oscillates between w = −3/5 and
w = 3/5.

by extending f . We will first show that f fulfills the RSI assumption, and then

that it oscillates between two points for a well chosen initialization.

Let us show that f satisfies the RSI with α = 1
5 . First we note that f achieves

its minimum at w? = 0, and that f(w?) = 0. In addition, we introduce the

sign function σ(w), which is equal to 1 if w ≥ 0, and −1 otherwise. Now let

w ∈ [−3
5 ; 3

5 ]. Then we have that:

∇f(w)(w − w?)−
1
5(w − w?)2 = (2w − 3σ(w)w2)(w − 0)− 1

5(w − 0)2,

= 9
5w

2 − 3σ(w)w3,

= 3w2(3
5 − σ(w)w),

≥ 0.

(D.15)

Now let us show that if we apply gradient descent with a Polyak step-size to

f , with starting point w0 = −3
5 , we obtain w1 = 3

5 . This will prove oscillation of

the iterates by symmetry of the problem. Let w0 = −3
5 . Then we have f(w0) =

9
25 −

27
125 = 18

125 . Furthermore, ∇f(w0) = 2(−3
5 ) + 3( 9

25) = −3
25 . Therefore:

w1 = w0 −
f(w0)− 0
(∇f(w0))2∇f(w0),

= w0 −
f(w0)
∇f(w0) ,

= −3
5 +

18
125
3
25
,

= −3
5 + 6

5 ,

= 3
5 .

(D.16)
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D.4 Proofs

D.4.1 Proposition 18

Proposition 18. Suppose that the problem is unconstrained: Ω = Rp. Let wt+1 =

wt − f(wt)−f?
‖∇f(wt)‖2∇f(wt). Then wt+1 verifies:

wt+1 = argmin
w∈Rp

‖w −wt‖ subject to: f(wt) +∇f(wt)>(w −wt) = f?, (D.1)

where we remind that f? is the minimum of f , and w 7→ f(wt) +∇f(wt)>(w−wt)

is the linearization of f at wt. In other words, wt+1 is the closest point to wt that

lies on the hyper-plane f(wt) +∇f(wt)>(w −wt) = f?.

Proof. First we show that wt+1 satisfies the linear equality constraint:

f(wt) +∇f(wt)>(wt+1 −wt)

= f(wt) +∇f(wt)>
(
− f(wt)− f?
‖∇f(wt)‖2∇f(wt)

)
,

= f(wt)− f(wt) + f?,

= f?.

(D.17)

Now let us show that it has a minimal distance to wt.

We take ŵ ∈ Rp a solution of the linear equality constraint, and we will show
that ‖wt+1 −wt‖ ≤ ‖ŵ −wt‖. By definition, we have that ŵ satisfies:

f(wt) +∇f(wt)>(ŵ −wt) = f?. (D.18)

Now we can write:

‖wt+1 −wt‖ = ‖ f(wt)− f?
‖∇f(wt)‖2∇f(wt)‖,

= f(wt)− f?
‖∇f(wt)‖

,

= |∇f(wt)>(ŵ −wt)|
‖∇f(wt)‖

,

≤ ||∇f(wt)‖‖ŵ −wt‖
‖∇f(wt)‖

, (Cauchy-Schwarz)

= ‖ŵ −wt‖.

(D.19)
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D.4.2 Theorem 8

Proposition 8. [Proximal Interpretation] Suppose that Ω = Rp and let δ = 0. We

consider the update performed by SGD: wSGD
t+1 = wt − ηt∇`zt(wt); and the update

performed by ALI-G: wALI-G
t+1 = wt − γt∇`zt(wt), where γt = min

{
`zt (wt)

‖∇`zt (wt)‖2+δ , η
}
.

Then we have:

wSGD
t+1 = argmin

w∈Rp

{ 1
2ηt
‖w −wt‖2 + `zt(wt) +∇`zt(wt)>(w −wt)

}
, (5.4)

wALI-G
t+1 = argmin

w∈Rp

{ 1
2η‖w −wt‖2 + max

{
`zt(wt) +∇`zt(wt)>(w −wt), 0

}}
.

(5.5)
Proof. We tackle the slightly more general case where b may be different from zero.

In order to make the notation simpler, we use dt , ∇`zt(wt) and lt , `zt(wt)− b.

First, let us consider dt = 0.

Then we choose γt = 0 and it is clear that wt+1 = wt − ηγtdt = wt is the
optimal solution of problem (5.5).

We now assume dt 6= 0.

We can successively re-write the proximal problem (5.5) as :

min
w∈Rp

{
1
2η‖w −wt‖2 + max

{
`zt(wt) +∇`zt(wt)>(w −wt),b

}}
,

min
w∈Rp

{
1
2η‖w −wt‖2 + max

{
`zt(wt)− b +∇`zt(wt)>(w −wt), 0

}}
,

min
w∈Rp

{
1
2η‖w −wt‖2 + max

{
lt + d>t (w −wt), 0

}}
,

min
w∈Rp,υ

{
1
2η‖w −wt‖2 + υ

}
subject to: υ ≥ 0, υ ≥ lt + d>t (w −wt)

min
w∈Rp,υ

sup
µ,ν≥0

{
1
2η‖w −wt‖2 + υ − µυ − ν(υ − lt − d>t (w −wt))

}

sup
µ,ν≥0

min
w∈Rp,υ

{
1
2η‖w −wt‖2 + υ − µυ − ν(υ − lt − d>t (w −wt))

}
, (D.20)

where the last equation uses strong duality. The inner problem is now smooth
in w and υ. We write its KKT conditions:

∂·
∂υ

= 0 : 1− µ− ν = 0 (D.21)
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∂·
∂w

= 0 : 1
η

(w −wt) + νdt = 0 (D.22)

We plug in these results and obtain:

sup
µ,ν≥0

{
1
2η‖ηνdt‖

2 + ν(lt + d>t (−ηνdt))
}

st: µ+ ν = 1

sup
ν∈[0,1]

{
η

2ν
2‖dt‖2 + νlt − ην2‖d>t ‖2

}
sup
ν∈[0,1]

{
−η2ν

2‖dt‖2 + νlt

}
(D.23)

This is a one-dimensional quadratic problem in ν. It can be solved in closed-form
by finding the global maximum of the quadratic objective, and projecting the
solution on [0, 1]. We have:

∂·
∂ν

= 0 : −ην‖dt‖2 + lt = 0 (D.24)

Since dt 6= 0 and η 6= 0, this gives the optimal solution:

ν = min
{

max
{

lt
η‖dt‖2 , 0

}
, 1
}

= min
{

lt
η‖dt‖2 , 1

}
, (D.25)

since lt, η, ‖dt‖2 ≥ 0.
Plugging this back in the KKT conditions, we obtain that the solution wt+1 of
the primal problem can be written as:

wt+1 = wt − ηνdt,

= wt − ηmin
{

lt
η‖dt‖2 , 1

}
dt,

= wt − ηmin
{
`zt(wt)− b
η‖∇`zt(wt)‖2 , 1

}
∇`zt(wt),

= wt −min
{
`zt(wt)− b
‖∇`zt(wt)‖2 , η

}
∇`zt(wt).

(D.26)

D.4.3 Theorem 3

Theorem 3. [Convex and Lipschitz] We assume that X is a convex set, and that

for every z ∈ Z, `z is convex and C-Lipschitz. Let b be a uniform lower bound on

(P) and w? be a solution of (P). Further suppose that w? is an ε-interpolation for
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((P), b). Then ALI-G∞ applied to f satisfies:

f

(
1

T + 1

T∑
t=0
wt

)
− f? ≤ ε

√√√√(C2

δ
+ 1

)
+ ‖w0 −w?‖

√
C2 + δ√

T + 1
. (D.5)

Proof.

We consider the update at time t, which we condition on the draw of zt ∈ Z:

‖wt+1 −w?‖2

= ‖ΠΩ(wt − γt∇`zt(wt))−w?‖2

≤ ‖wt − γt∇`zt(wt)−w?‖2 (ΠΩ projection)
= ‖wt −w?‖2 − 2γt∇`zt(wt)>(wt −w?) + γ2

t ‖∇`zt(wt)‖2

= ‖wt −w?‖2 − 2γt∇`zt(wt)>(wt −w?) + γt
`zt(wt)− b

‖∇`zt(wt)‖2 + δ
‖∇`zt(wt)‖2

(definition of γt)

≤ ‖wt −w?‖2 − 2γt∇`zt(wt)>(wt −w?) + γt
`zt(wt)− b
‖∇`zt(wt)‖2‖∇`zt(wt)‖2

(because `zt(wt)− b ≥ 0 and δ ≥ 0)
≤ ‖wt −w?‖2 − 2γt(`zt(wt)− `zt(w?)) + γt(`zt(wt)− b) (convexity of `zt)

= ‖wt −w?‖2 − γt
(

(`zt(wt)− `zt(w?))− (`zt(w?)− b)
)

= ‖wt −w?‖2 − 1
‖∇`zt(wt)‖2 + δ

(
(`zt(wt)− b)(`zt(wt)− `zt(w?))

− (`zt(wt)− b)(`zt(w?)− b)
)

(definition of γt)

= ‖wt −w?‖2 − 1
‖∇`zt(wt)‖2 + δ

(
(`zt(wt)− `zt(w?))(`zt(wt)− `zt(w?))

+ (`zt(w?)− b)(`zt(wt)− `zt(w?))− (`zt(wt)− `zt(w?))(`zt(w?)− b)

− (`zt(w?)− b)(`zt(w?)− b)
)

(we use twice `zt(wt)− b = `zt(wt)− `zt(w?) + `zt(w?)− b)

= ‖wt −w?‖2 − 1
‖∇`zt(wt)‖2 + δ

(
(`zt(wt)− `zt(w?))2 − (`zt(w?)− b)2

)
(middle terms cancel out)

= ‖wt −w?‖2 − (`zt(wt)− `zt(w?))2

‖∇`zt(wt)‖2 + δ
+ (`zt(w?)− b)2

‖∇`zt(wt)‖2 + δ

≤ ‖wt −w?‖2 − (`zt(wt)− `zt(w?))2

C2 + δ
+ (`zt(w?)− b)2

δ

(because we have 0 ≤ ‖∇`zt(wt)‖2 ≤ C2)

≤ ‖wt −w?‖2 − (`zt(wt)− `zt(w?))2

C2 + δ
+ ε2

δ
(definition of ε) (D.27)
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We re-write this inequality as:

(`zt(wt)− `zt(w?))2 ≤ ε2
(
C2

δ
+ 1

)
+
(
C2 + δ

) (
‖wt −w?‖2 − ‖wt+1 −w?‖2

)
(D.28)

We can now use the Cauchy-Schwarz inequality to bound the sum over the

iterations:

(T + 1)
T∑
t=0

(`zt(wt)− `zt(w?))2 ≥
(

T∑
t=0

`zt(wt)− `zt(w?)
)2

(D.29)

Therefore we can write:(
T∑
t=0

`zt(wt)− `zt(w?)
)2

≤ (T + 1)
T∑
t=0

(`zt(wt)− `zt(w?))2

≤ (T + 1)2 ε2
(
C2

δ
+ 1

)
+ (T + 1)

(
C2 + δ

) (
‖w0 −w?‖2 − ‖wT+1 −w?‖2

)
,

≤ (T + 1)2 ε2
(
C2

δ
+ 1

)
+ (T + 1)

(
C2 + δ

)
‖w0 −w?‖2,

(D.30)

which yields:

T∑
t=0

`zt(wt)− `zt(w?)

≤

√√√√(T + 1)2 ε2

(
C2

δ
+ 1

)
+ (T + 1) (C2 + δ) ‖w0 −w?‖2,

≤ (T + 1) ε
√
C2

δ
+ 1 +

√
(T + 1) (C2 + δ) ‖w0 −w?‖2,

(D.31)

We can now take the expectation over the zt:

T∑
t=0

f(wt)− f? ≤ (T + 1) ε
√
C2

δ
+ 1 +

√
(T + 1) (C2 + δ) ‖w0 −w?‖2. (D.32)
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Dividing by T + 1 and exploiting convexity of f , we finally get:

f

(
1

T + 1

T∑
t=0
wt

)
− f? ≤

1
T + 1

T∑
t=0

f(wt)− f? (convexity of f)

≤ ε

√
C2

δ
+ 1 +

√
(C2 + δ) ‖w0 −w?‖2

T + 1 .

(D.33)

D.4.4 Theorem 4

Theorem 4. We assume that X is a convex set, and that for every z ∈ Z, `z is

convex and C-Lipschitz. Let w? be an ε-interpolation for ((P), b). We further

assume that η > ε
δ
. Then if we apply ALI-G with a maximal learning-rate of η to f ,

we have:

f

(
1

T + 1

T∑
t=0
wt

)
− f? ≤

‖w0 −w?‖2

(η − ε
δ
)(T + 1) + ε2

δ(η − ε
δ
)

+
√

(C2 + δ)‖w0 −w?‖2

T + 1 + ε

√
C2

δ
+ 1.

(D.6)

Proof.

We consider the update at time t, which we condition on the draw of zt ∈ Z:

‖wt+1 −w?‖2

= ‖ΠΩ(wt − γt∇`zt(wt))−w?‖2

≤ ‖wt − γt∇`zt(wt)−w?‖2 (ΠΩ projection)
= ‖wt −w?‖2 − 2γt∇`zt(wt)>(wt −w?) + γ2

t ‖∇`zt(wt)‖2

≤ ‖wt −w?‖2 − 2γt∇`zt(wt)>(wt −w?) + γt
`zt(wt)− b

‖∇`zt(wt)‖2 + δ
‖∇`zt(wt)‖2

(because γt ≤
`zt(wt)− b

‖∇`zt(wt)‖2 + δ
)

≤ ‖wt −w?‖2 − 2γt∇`zt(wt)>(wt −w?) + γt
`zt(wt)− b
‖∇`zt(wt)‖2‖∇`zt(wt)‖2

(because `zt(wt)− b ≥ 0 and δ ≥ 0)
≤ ‖wt −w?‖2 − 2γt(`zt(wt)− `zt(w?)) + γt(`zt(wt)− b) (convexity of `zt)
= ‖wt −w?‖2 − 2γt(`zt(wt)− `zt(w?)) + γt(`zt(wt)− `zt(w?))

+ γt(`zt(w?)− b)
= ‖wt −w?‖2 − γt(`zt(wt)− `zt(w?)) + γt(`zt(w?)− b) (D.34)
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We now consider different cases, according to the value that γt takes: γt =
`zt (wt)−b

‖∇`zt (wt)‖2+δ or γt = η.

First, suppose that γt = `zt (wt)−b
‖∇`zt (wt)‖2+δ . Then we can follow the proof of

Theorem 3 to obtain:

‖wt+1 −w?‖2 ≤ ‖wt −w?‖2 − (`zt(wt)− `zt(w?))2

C2 + δ
+ ε2

δ
. (D.35)

Now suppose γt = η and `zt(wt)−`zt(w?) ≤ 0. We can use γt ≤ `zt (wt)−b
‖∇`zt (wt)‖2+δ

to write:

‖wt+1 −w?‖2 ≤ ‖wt −w?‖2 − γt(`zt(wt)− `zt(w?)) + γt(`zt(w?)− b),

≤ ‖wt −w?‖2 − `zt(wt)− b
‖∇`zt(wt)‖2 + δ

(`zt(wt)− `zt(w?))

+ `zt(wt)− b
‖∇`zt(wt)‖2 + δ

(`zt(w?)− b),

(D.36)

where the last inequality has used γt ≤ `zt (wt)−b
‖∇`zt (wt)‖2+δ , `zt(wt)− `zt(w?) ≤ 0

and `zt(w?)− b ≥ 0. Therefore we are exactly in the same situation as the
first case (where we used γt = `zt (wt)−b

‖∇`zt (wt)‖2+δ ), and thus we have again:

‖wt+1 −w?‖2 ≤ ‖wt −w?‖2 − (`zt(wt)− `zt(w?))2

C2 + δ
+ ε2

δ
. (D.37)
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Now suppose that γt = η and `zt(wt)− `zt(w?) ≥ 0. The inequality (D.34)
gives:

‖wt+1 −w?‖2

≤ ‖wt −w?‖2 − γt(`zt(wt)− `zt(w?)) + γt(`zt(w?)− b),
= ‖wt −w?‖2 − η(`zt(wt)− `zt(w?)) + γt(`zt(w?)− b), (γt = η)
≤ ‖wt −w?‖2 − η(`zt(wt)− `zt(w?)) + γtε, (definition of ε, γt ≥ 0)

≤ ‖wt −w?‖2 − η(`zt(wt)− `zt(w?)) + ε
`zt(wt)− b

‖∇`zt(wt)‖2 + δ
,

(because γt ≤
`zt(wt)− b

‖∇`zt(wt)‖2 + δ
, ε ≥ 0)

≤ ‖wt −w?‖2 − η(`zt(wt)− `zt(w?)) + ε
`zt(wt)− b

δ
,

(because ‖∇`zt(wt)‖2 ≥ 0)

= ‖wt −w?‖2 − η(`zt(wt)− `zt(w?)) + ε
`zt(wt)− `zt(w?) + `zt(w?)− b

δ
,

≤ ‖wt −w?‖2 − η(`zt(wt)− `zt(w?)) + ε
`zt(wt)− `zt(w?) + ε

δ
,

(because `zt(w?)− b ≤ ε)

= ‖wt −w?‖2 −
(
η − ε

δ

)
(`zt(wt)− `zt(w?)) + ε2

δ
.

(D.38)

We now introduce IT and JT as follows:

IT , {t ∈ {0, ..., T} : γt = η and `zt(wt)− `zt(w?) ≥ 0}
JT , {0, ..., T} \ IT

(D.39)

Then, by combining inequalities (D.35), (D.37) and (D.38), and using a telescopic
sum, we obtain:

‖wT+1 −w?‖2 ≤ ‖w0 −w?‖2 +
∑
t∈JT

(
−(`zt(wt)− `zt(w?))2

C2 + δ
+ ε2

δ

)

+
∑
t∈IT

(
−
(
η − ε

δ

)
(`zt(wt)− `zt(w?)) + ε2

δ

) (D.40)
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Using ‖wT+1 −w?‖2 ≥ 0, we obtain:

1
C2 + δ

∑
t∈JT

(`zt(wt)− `zt(w?))2 +
(
η − ε

δ

) ∑
t∈IT

(`zt(wt)− `zt(w?))

≤ ‖w0 −w?‖2 + (T + 1)ε
2

δ

(D.41)

In particular, the inequality (D.41) gives that:
(
η − ε

δ

) ∑
t∈IT

(`zt(wt)− `zt(w?)) ≤ ‖w0 −w?‖2 + (T + 1)ε
2

δ
. (D.42)

Furthermore, for every t ∈ IT , we have (`zt(wt) − `zt(w?)) ≥ 0, which yields(
η − ε

δ

) ∑
t∈IT

(`zt(wt)− `zt(w?)) ≥ 0 since η > ε
δ
. Thus the inequality (D.41) also

gives:

1
C2 + δ

∑
t∈JT

(`zt(wt)− `zt(w?))2 ≤ ‖w0 −w?‖2 + (T + 1)ε
2

δ
. (D.43)

Using the Cauchy-Schwarz inequality, we can further write:∑
t∈JT

`zt(wt)− `zt(w?)
2

≤ |JT |
∑
t∈JT

(`zt(wt)− `zt(w?))2. (D.44)

Therefore we have:∑
t∈JT

`zt(wt)− `zt(w?) ≤
√
|JT |

∑
t∈JT

(`zt(wt)− `zt(w?))2,

≤

√√√√|JT |(C2 + δ)
(
‖w0 −w?‖2 + (T + 1)ε

2

δ

)
.

(D.45)
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We can now put together inequalities (D.42) and (D.44) by writing:

T∑
t=0

`zt(wt)− `zt(w?)

=
∑
t∈IT

`zt(wt)− `zt(w?) +
∑
t∈JT

`zt(wt)− `zt(w?)

≤ 1
η − ε

δ

(
‖w0 −w?‖2 + (T + 1)ε

2

δ

)

+

√√√√|JT |(C2 + δ)
(
‖w0 −w?‖2 + (T + 1)ε

2

δ

)

≤ 1
η − ε

δ

(
‖w0 −w?‖2 + (T + 1)ε

2

δ

)

+

√√√√(T + 1)(C2 + δ)
(
‖w0 −w?‖2 + (T + 1)ε

2

δ

)

(D.46)

Dividing by T + 1 and taking the expectation, we obtain:

f

(
1

T + 1

T∑
t=0
wt

)
− f?

≤ 1
T + 1

T∑
t=0

f(wt)− f?, (f is convex)

≤ ‖w0 −w?‖2

(η − ε
δ
)(T + 1) + ε2

δ(η − ε
δ
) +

√√√√(C2 + δ)
(
‖w0 −w?‖2

T + 1 + ε2

δ

)
,

≤ ‖w0 −w?‖2

(η − ε
δ
)(T + 1) + ε2

δ(η − ε
δ
) +

√
(C2 + δ)‖w0 −w?‖2

T + 1 + ε

√
C2

δ
+ 1.

(D.47)

D.4.5 Theorem 5

Theorem 5. We assume that X is a convex set, and that for every z ∈ Z, `z is

convex and C-Lipschitz. Let w? be an ε-interpolation for ((P), b). Then if we

apply ALI-G with a maximal learning-rate of η to f , we have:

f

(
1

T + 1

T∑
t=0
wt

)
− f? ≤

‖w0 −w?‖2

η(T + 1) + ε+
√

(C2 + δ)‖w0 −w?‖2

T + 1 + ηε
√
C2 + δ.

(D.7)

Proof.
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We consider the update at time t, which we condition on the draw of zt ∈ Z.
We re-use the inequality (D.34) from the proof of Theorem 4:

‖wt+1 −w?‖2 ≤ ‖wt −w?‖2 − γt(`zt(wt)− `zt(w?)) + γt(`zt(w?)− b) (D.48)

We consider again different cases, according to the value of γt and the sign of
`zt(wt)− `zt(w?).

Suppose that `zt(wt)− `zt(w?) ≤ 0. Then the inequality (D.48) gives:

‖wt+1 −w?‖2

≤ ‖wt −w?‖2 − γt(`zt(wt)− `zt(w?)) + γt(`zt(w?)− b),
≤ ‖wt −w?‖2 − η(`zt(wt)− `zt(w?)) + γt(`zt(w?)− b),

(because γt ≤ η, `zt(wt)− `zt(w?) ≤ 0)
≤ ‖wt −w?‖2 − η(`zt(wt)− `zt(w?)) + γtε, (definition of ε, γt ≥ 0)
≤ ‖wt −w?‖2 − η(`zt(wt)− `zt(w?)) + ηε, (γt ≤ η, ε ≥ 0)

(D.49)

Now suppose `zt(wt)− `zt(w?) ≥ 0 and γt = η. Then the inequality (D.48)
gives:

‖wt+1 −w?‖2 ≤ ‖wt −w?‖2 − γt(`zt(wt)− `zt(w?)) + γt(`zt(w?)− b),
= ‖wt −w?‖2 − η(`zt(wt)− `zt(w?)) + η(`zt(w?)− b),

(because γt = η)
≤ ‖wt −w?‖2 − η(`zt(wt)− `zt(w?)) + ηε,

(definition of ε, η ≥ 0)
(D.50)
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Finally, suppose that `zt(wt) − `zt(w?) ≥ 0 and γt = `zt (wt)−b
‖∇`zt (wt)‖2+δ . Then

the inequality (D.48) gives:

‖wt+1 −w?‖2

≤ ‖wt −w?‖2 − γt(`zt(wt)− `zt(w?)) + γt(`zt(w?)− b),
≤ ‖wt −w?‖2 − γt(`zt(wt)− `zt(w?)) + η(`zt(w?)− b),

(because γt ≤ η, `zt(w?)− b ≥ 0)
≤ ‖wt −w?‖2 − γt(`zt(wt)− `zt(w?)) + ηε, (definition of ε, η ≥ 0)

= ‖wt −w?‖2 − `zt(wt)− b
‖∇`zt(wt)‖2 + δ

(`zt(wt)− `zt(w?)) + ηε,

(because γt = `zt(wt)− b
‖∇`zt(wt)‖2 + δ

)

≤ ‖wt −w?‖2 − (`zt(wt)− `zt(w?))2

‖∇`zt(wt)‖2 + δ
+ ηε,

(because `zt(wt)− b ≥ `zt(wt)− `zt(w?) ≥ 0)

≤ ‖wt −w?‖2 − (`zt(wt)− `zt(w?))2

C2 + δ
+ ηε, (‖∇`zt(wt)‖2 ≤ C2)

(D.51)

We now introduce IT and JT as follows:

JT ,

{
t ∈ {0, ..., T} : γt = `zt(wt)− b

‖∇`zt(wt)‖2 + δ
and `zt(wt)− `zt(w?) ≥ 0

}
IT , {0, ..., T} \ IT

(D.52)

Then, by combining inequalities (D.49), (D.50) and (D.51), and using a telescopic
sum, we obtain:

‖wT+1 −w?‖2 ≤ ‖w0 −w?‖2 +
∑
t∈JT

(
−(`zt(wt)− `zt(w?))2

C2 + δ
+ ηε

)

+
∑
t∈IT

(−η(`zt(wt)− `zt(w?)) + ηε)
(D.53)

Using ‖wT+1 −w?‖2 ≥ 0, we obtain:

1
C2 + δ

∑
t∈JT

(`zt(wt)− `zt(w?))2 + η
∑
t∈IT

(`zt(wt)− `zt(w?))

≤ ‖w0 −w?‖2 + (T + 1)ηε
(D.54)
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We now take the expectation and obtain:

1
C2 + δ

∑
t∈JT

E
[
(`zt(wt)− `zt(w?))2

]
+ η

∑
t∈IT

(f(wt)− f?)

≤ ‖w0 −w?‖2 + (T + 1)ηε
(D.55)

Since E[U ]2 ≤ E[U2] for any real-valued random variable, we can write:

1
C2 + δ

∑
t∈JT

(f(wt)−f?)2 +η
∑
t∈IT

(f(wt)−f?) ≤ ‖w0−w?‖2 +(T+1)ηε (D.56)

Since each f(wt)− f? ≥ 0, the inequality (D.56) gives that:

η
∑
t∈IT

(f(wt)− f?) ≤ ‖w0 −w?‖2 + (T + 1)ηε, (D.57)

and:
1

C2 + δ

∑
t∈JT

(f(wt)− f?)2 ≤ ‖w0 −w?‖2 + (T + 1)ηε. (D.58)

Using the Cauchy-Schwarz inequality, we can further write:∑
t∈JT

f(wt)− f?

2

≤ |JT |
∑
t∈JT

(f(wt)− f?)2. (D.59)

Therefore we have:∑
t∈JT

f(wt)− f? ≤
√
|JT |

∑
t∈JT

(f(wt)− f?)2,

≤
√
|JT |(C2 + δ) (‖w0 −w?‖2 + (T + 1)ηε).

(D.60)

We can now put together inequalities (D.57) and (D.60) by writing:

T∑
t=0

f(wt)− f?

=
∑
t∈IT

f(wt)− f? +
∑
t∈JT

f(wt)− f?

≤ 1
η

(
‖w0 −w?‖2 + (T + 1)ηε

)
+
√
|JT |(C2 + δ) (‖w0 −w?‖2 + (T + 1)ηε)

≤ 1
η

(
‖w0 −w?‖2 + (T + 1)ηε

)
+
√

(T + 1)(C2 + δ) (‖w0 −w?‖2 + (T + 1)ηε)
(D.61)
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Dividing by T + 1, we obtain:

f

(
1

T + 1

T∑
t=0
wt

)
− f?

≤ 1
T + 1

T∑
t=0

f(wt)− f?, (f is convex)

≤ ‖w0 −w?‖2

η(T + 1) + ε+

√√√√(C2 + δ)
(
‖w0 −w?‖2

T + 1 + ηε

)
,

≤ ‖w0 −w?‖2

η(T + 1) + ε+
√

(C2 + δ)‖w0 −w?‖2

T + 1 + ηε
√
C2 + δ.

(D.62)

D.4.6 Theorem 6

Lemma 10. Let z ∈ Z. Assume that `z is convex, β-smooth and is lower-bounded

on Rp by b ∈ R. Then we have:

∀w ∈ Rp, `z(w)− b ≥ 1
2β ‖∇`z(w)‖2 (D.63)

Proof. Let w ∈ Rp and suppose that `z reaches its infimum at

w ∈ (R ∪ {−∞,+∞})p.

First, let us consider the case w ∈ Rp. Then by Lemma 3.5 of (Bubeck, 2015),
we have:

`z(w)− `z(w) ≤ ∇`z(w)>(w−w)− 1
2β ‖∇`z(w)−∇`z(w)‖2,

= − 1
2β ‖∇`z(w)‖2 (∇`z(w) = 0).

(D.64)

Therefore we can write:

`z(w)− b ≥ `z(w)− `z(w) ≥ 1
2β ‖∇`z(w)‖2. (D.65)

Now let us assume that w /∈ Rp. Then we can construct a sequence (wk)k∈N ∈
(Rp)N that converges to w. Since `z and ∇`z are continuous functions (they are
respectively convex and smooth), we have:

lim
k→∞

`z(wk) = inf `z,

lim
k→∞
∇`z(wk) = 0.

(D.66)
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Therefore the previous case gives the wanted result by using wk in place of w
and then taking the limit k →∞.

Lemma 11. Let z ∈ Z. Assume that `z is convex, β-smooth and is lower-bounded

on Rp by b ∈ R. Then we have:

∀w ∈ Rp,
`z(w)− b

‖∇`z(w)‖2 + δ
≥ 1

2β −
δ

4β2(`z(w)− b)) (D.67)

Proof.

Let w ∈ Rp. We apply Lemma 10 and we write successively:

`z(w)− b
‖∇`z(w)‖2 + δ

≥ `z(w)− b
2β(`z(w)− b) + δ

, (Lemma 10)

=
`z(w)− b + δ

2β −
δ

2β

2β(`z(w)− b + δ
2β )

,

= 1
2β −

δ
2β

2β(`z(w)− b + δ
2β )

,

≥ 1
2β −

δ

4β2(`z(w)− b) . (δ ≥ 0)

(D.68)

Theorem 6. [Convex and Smooth] We assume that X is a convex set, and that

for every z ∈ Z, `z is convex and β-smooth. Let b be a uniform lower bound on

(P) and w? be a solution of (P). Further suppose that w? is an ε-interpolation for

((P), b), and that δ > 2βε. Then ALI-G∞ applied to f satisfies:

f

(
1

T + 1

T∑
t=0
wt

)
− f? ≤

δ

β(1− 2βε
δ

)
+ 2β

1− 2βε
δ

‖w0 −w?‖2

T + 1 . (D.8)

Proof.

We consider the update at time t, which we condition on the draw of zt ∈ Z:

‖wt+1 −w?‖2

= ‖ΠΩ(wt − γt∇`zt(wt))−w?‖2

≤ ‖wt − γt∇`zt(wt)−w?‖2 (ΠΩ projection)
= ‖wt −w?‖2 − 2γt∇`zt(wt)>(wt −w?) + γ2

t ‖∇`zt(wt)‖2

= ‖wt −w?‖2 − 2γt∇`zt(wt)>(wt −w?) + γt
`zt(wt)− b

‖∇`zt(wt)‖2 + δ
‖∇`zt(wt)‖2
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(definition of γt)

≤ ‖wt −w?‖2 − 2γt∇`zt(wt)>(wt −w?) + γt
`zt(wt)− b
‖∇`zt(wt)‖2‖∇`zt(wt)‖2

(because `zt(wt)− b ≥ 0 and δ ≥ 0)
≤ ‖wt −w?‖2 − 2γt(`zt(wt)− `zt(w?)) + γt(`zt(wt)− b) (convexity of `zt)
= ‖wt −w?‖2 − 2γt(`zt(wt)− `zt(w?)) + γt(`zt(wt)− `zt(w?))

+ γt(`zt(w?)− b)
= ‖wt −w?‖2 − γt(`zt(wt)− `zt(w?)) + γt(`zt(w?)− b) (D.69)

We now lower bound γt(`zt(wt)− `zt(w?)) and upper bound γt(`zt(w?)− b) indi-

vidually.

We begin with γt(`zt(wt)−`zt(w?)), for which we distinguish two cases according
to its sign:

Suppose (`zt(wt)− `zt(w?)) ≥ 0. Then we can write:

γt(`zt(wt)− `zt(w?))

= `zt(wt)− b
‖∇`zt(wt)‖2 + δ

(`zt(wt)− `zt(w?)), (definition of γt)

≥
(

1
2β −

δ

4β2(`z(wt)− b)

)
(`zt(wt)− `zt(w?))

(using Lemma 11, (`zt(wt)− `zt(w?)) ≥ 0)

= 1
2β (`zt(wt)− `zt(w?))−

δ

4β2
`zt(wt)− `zt(w?)

(`zt(wt)− b)

≥ 1
2β (`zt(wt)− `zt(w?))−

δ

4β2 (`zt(w?) ≥ b, (`zt(wt)− `zt(w?)) ≥ 0)

(D.70)
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Now suppose (`zt(wt)− `zt(w?)) ≤ 0, and let us show that the same result
holds. We have:

γt = `zt(wt)− b
‖∇`zt(wt)‖2 + δ

≤ `zt(w?)− b
‖∇`zt(wt)‖2 + δ

((`zt(wt)− `zt(w?)) ≤ 0)

≤ ε

‖∇`zt(wt)‖2 + δ
(definition of ε)

≤ ε

δ
(‖∇`zt(wt)‖ ≥ 0)

≤ 1
2β (δ ≥ 2βε)

(D.71)

Therefore we have:

γt(`zt(wt)− `zt(w?))

≥ 1
2β (`zt(wt)− `zt(w?)) ((`zt(wt)− `zt(w?)) ≤ 0)

≥ 1
2β (`zt(wt)− `zt(w?))−

δ

4β2 (δ ≥ 0)

(D.72)

In conclusion, regardless of the sign, it always holds true that:

γt(`zt(wt)− `zt(w?)) ≥
1

2β (`zt(wt)− `zt(w?))−
δ

4β2 (D.73)

We now upper bound γt(`zt(w?)− b):

γt(`zt(w?)− b) = (`zt(wt)− b)(`zt(w?)− b)
‖∇`zt(wt)‖2 + δ

, (definition of γt)

≤ (`zt(wt)− b)(`zt(w?)− b)
δ

, (‖∇`zt(wt)‖ ≥ 0)

≤ (`zt(wt)− `zt(w?) + ε)ε
δ

, (definition of ε twice)

= ε

δ
((`zt(wt)− `zt(w?)) + ε2

δ
.

(D.74)

Putting inequalities (D.69), (D.73) and (D.74) together, we obtain:

‖wt+1 −w?‖2

≤ ‖wt −w?‖2 − 1
2β (`zt(wt)− `zt(w?)) + δ

4β2 + ε

δ
((`zt(wt)− `zt(w?)) + ε2

δ
.

(D.75)
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Therefore we have:(
1

2β −
ε

δ

)
(`zt(wt)− `zt(w?))−

(
δ

4β2 + ε2

δ

)
≤ ‖wt −w?‖2 − ‖wt+1 −w?‖2.

(D.76)

By summing over t and taking the expectation over the zt, we obtain:

δ − 2βε
2βδ

T∑
t=0

(
f(wt)− f(w?)−

δ2 + 4β2ε2

4β2δ

)
≤ ‖w0 −w?‖2 − E

[
‖wT+1 −w?‖2

]
,

≤ ‖w0 −w?‖2.

(D.77)

By assumption, we have that δ − 2βε > 0. Dividing by T + 1 and using the
convexity of f , we finally obtain:

f

(
1

T + 1

T∑
t=0
wt

)
− f? ≤

1
T + 1

T∑
t=0

f(wt)− f? (convexity of f),

= 2βδ
δ − 2βε

δ2 + 4β2ε2

4β2δ
+ 2βδ
δ − 2βε

‖w0 −w?‖2

T + 1 ,

= δ2 + 4β2ε2

2β(δ − 2βε) + 2βδ
δ − 2βε

‖w0 −w?‖2

T + 1 ,

≤ δ2

β(δ − 2βε) + 2βδ
δ − 2βε

‖w0 −w?‖2

T + 1 , (δ − 2βε ≥ 0)

= δ

β(1− 2βε
δ

)
+ 2β

1− 2βε
δ

‖w0 −w?‖2

T + 1 .

(D.78)

D.4.7 Theorem 7

Theorem 7. We assume that X is a convex set, and that for every z ∈ Z, `z is

convex and β-smooth. Let w? be an ε-interpolation for ((P), b), and suppose that

δ > 2βε. Further assume that η ≥ 1
2β . Then if we apply ALI-G with a maximal

learning-rate of η to f , we have:

f

(
1

T + 1

T∑
t=0
wt

)
− f? ≤

δ

β(1− 2βε
δ

)
+ 2β

1− 2βε
δ

‖w0 −w?‖2

T + 1 . (D.9)

Proof.
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By using the fact that γt ≤ `zt (wt)−b
‖∇`zt (wt)‖2+δ rather than γt = `zt (wt)−b

‖∇`zt (wt)‖2+δ , we can
see that the inequality (D.69) is still valid:

‖wt+1 −w?‖2 ≤ ‖wt −w?‖2 − γt(`zt(wt)− `zt(w?)) + γt(`zt(w?)− b) (D.79)

As previously, we lower bound γt(`zt(wt)−`zt(w?)) and upper bound γt(`zt(w?)−b)

individually.

We begin with γt(`zt(wt)− `zt(w?)). We remark that either γt = `zt (wt)−b
‖∇`zt (wt)‖2+δ

or γt = η.

Suppose γt = `zt (wt)−b
‖∇`zt (wt)‖2+δ and `zt(wt) − `zt(w?) ≥ 0. Then we are in the

same condition as in Theorem 6, and thus the inequality (D.73) holds true:

γt(`zt(wt)− `zt(w?)) ≥
1

2β (`zt(wt)− `zt(w?))−
δ

4β2 . (D.80)

Now suppose γt = η and `zt(wt)− `zt(w?) ≥ 0. Then we have:

γt(`zt(wt)− `zt(w?)) = η(`zt(wt)− `zt(w?))

≥ η(`zt(wt)− `zt(w?))−
δ

4β2

≥ 1
2β (`zt(wt)− `zt(w?))−

δ

4β2

(because η ≥ 1
2β , `zt(wt)− `zt(w?) ≥ 0).

(D.81)

Now suppose `zt(wt)− `zt(w?) ≤ 0. By using γt ≤ `zt (wt)−b
‖∇`zt (wt)‖2+δ instead of

γt = `zt (wt)−b
‖∇`zt (wt)‖2+δ , we can see that the inequality (D.71) is still valid, which

gives:
γt ≤

1
2β (D.82)

We now use `zt(wt)− `zt(w?) ≤ 0 to write:

γt (`zt(wt)− `zt(w?)) ≥
1

2β (`zt(wt)− `zt(w?)) (`zt(wt)− `zt(w?) ≤ 0)

≥ 1
2β (`zt(wt)− `zt(w?))−

δ

4β2

(D.83)
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In conclusion, in all cases, it holds true that:

γt(`zt(wt)− `zt(w?)) ≥
1

2β (`zt(wt)− `zt(w?))−
δ

4β2 (D.84)

By using γt ≤ `zt (wt)−b
‖∇`zt (wt)‖2+δ , we can remark that the inequality (D.74) holds

true and gives:

γt(`zt(w?)− b) ≤ ε

δ
((`zt(wt)− `zt(w?)) + ε2

δ
. (D.85)

We now put together inequalities (D.79), (D.84) and (D.85):

‖wt+1 −w?‖2

≤ ‖wt −w?‖2 − 1
2β (`zt(wt)− `zt(w?)) + δ

4β2 + ε

δ
((`zt(wt)− `zt(w?)) + ε2

δ
,

= ‖wt −w?‖2 −
(

1
2β −

ε

δ

)
(`zt(wt)− `zt(w?)) + δ

4β2 + ε2

δ
.

(D.86)

This is exactly the same result as in the inequality (D.76) from the proof of
Theorem 6. Therefore the rest of the proof of Theorem 6 follows and we obtain
the desired result.

D.4.8 Theorem 8

Theorem 8. We assume that X is a convex set, and that for every z ∈ Z, `z is

convex and β-smooth. Let w? be an ε-interpolation for ((P), b), and suppose that

δ > 2βε. Further assume that η ≤ 1
2β . Then if we apply ALI-G with a maximal

learning-rate of η to f , we have:

f

(
1

T + 1

T∑
t=0
wt

)
− f? ≤

‖w0 −w?‖2

η(T + 1) + δ

2β + ε. (D.10)

Proof.

By using the fact that γt ≤ `zt (wt)−b
‖∇`zt (wt)‖2+δ rather than γt = `zt (wt)−b

‖∇`zt (wt)‖2+δ , we can
see that the inequality (D.69) is still valid:

‖wt+1 −w?‖2 ≤ ‖wt −w?‖2 − γt(`zt(wt)− `zt(w?)) + γt(`zt(w?)− b) (D.87)
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As previously, we lower bound γt(`zt(wt)−`zt(w?)) and upper bound γt(`zt(w?)−b)

individually.

We begin with γt(`zt(wt)− `zt(w?)). We remark that either γt = `zt (wt)−b
‖∇`zt (wt)‖2+δ

or γt = η.

Suppose γt = `zt (wt)−b
‖∇`zt (wt)‖2+δ and `zt(wt)− `zt(w?) ≥ 0. First we write:

γt = `zt(wt)− b
‖`zt(wt)‖2 + δ

=
`zt(wt)− b + δ

2β

‖`zt(wt)‖2 + δ
−

δ
2β

‖`zt(wt)‖2 + δ

≥
‖`zt (wt)‖2

2β + δ
2β

‖`zt(wt)‖2 + δ
− δ

2β
1

‖`zt(wt)‖2 + δ
(Lemma 10)

= 1
2β −

δ

2β
1

‖`zt(wt)‖2 + δ

≥ η − δ

2β
1

‖`zt(wt)‖2 + δ
(η ≤ 1

2β )

(D.88)

Since `zt(wt)− `zt(w?) ≥ 0, this yields:

γt(`zt(wt)− `zt(w?)) ≥
(
η − δ

2β
1

‖`zt(wt)‖2 + δ

)
(`zt(wt)− `zt(w?))

= η(`zt(wt)− `zt(w?))−
δ

2β
`zt(wt)− `zt(w?)
‖`zt(wt)‖2 + δ

≥ η(`zt(wt)− `zt(w?))−
δ

2β
`zt(wt)− b
‖`zt(wt)‖2 + δ

(because `zt(w?) ≥ b)
(D.89)

We now notice that since γt = `zt (wt)−b
‖∇`zt (wt)‖2+δ , and γt ≤ η, then necessarily

`zt (wt)−b
‖∇`zt (wt)‖2+δ ≤ η. This gives:

γt(`zt(wt)− `zt(w?)) ≥ η(`zt(wt)− `zt(w?))−
ηδ

2β (D.90)
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Now suppose γt = η and `zt(wt)− `zt(w?) ≥ 0. Then we have:

γt(`zt(wt)− `zt(w?)) = η(`zt(wt)− `zt(w?))

≥ η(`zt(wt)− `zt(w?))−
ηδ

2β . (D.91)

Now suppose `zt(wt) − `zt(w?) ≤ 0. Since γt ≤ η by definition, we have
that:

γt (`zt(wt)− `zt(w?)) ≥ η(`zt(wt)− `zt(w?)) (`zt(wt)− `zt(w?) ≤ 0)

≥ η(`zt(wt)− `zt(w?))−
ηδ

2β .

(D.92)

In conclusion, in all cases, it holds true that:

γt(`zt(wt)− `zt(w?)) ≥ η(`zt(wt)− `zt(w?))−
ηδ

2β (D.93)

We upper bound γt(`zt(w?)− b) as follows:

γt(`zt(w?)− b) ≤ η(`zt(w?)− b) (`zt(w?) ≥ b)
≤ ηε (definition of ε)

(D.94)

We combine inequalities (D.87), (D.93) and (D.94) and obtain:

‖wt+1 −w?‖2 ≤ ‖wt −w?‖2 − η(`zt(wt)− `zt(w?)) + ηδ

2β + ηε. (D.95)

By taking the expectation and using a telescopic sum, we obtain:

0 ≤ ‖wT+1 −w?‖2 ≤ ‖w0 −w?‖2 −
T∑
t=0

(
η(f(wt)− f?) + ηδ

2β + ηε

)
. (D.96)

Re-arranging and using the convexity of f , we finally obtain:

f

(
1

T + 1

T∑
t=0
wt

)
≤ ‖w0 −w?‖2

η(T + 1) + δ

2β + ε. (D.97)

D.4.9 Theorem 9

Lemma 12. For any a, b ∈ Rp, we have that:

‖a‖2 + ‖b‖2 ≥ 1
2‖a− b‖

2 (D.98)
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Proof. This is a simple application of the parallelogram law, but we give the proof

here for completeness.

‖a‖2 + ‖b‖2 − 1
2‖a− b‖

2 = ‖a‖2 + ‖b‖2 − 1
2‖a‖

2 − 1
2‖b‖

2 + a>b

= 1
2‖a‖

2 + 1
2‖b‖

2 + a>b

= 1
2‖a+ b‖2

≥ 0

Lemma 13. Let z ∈ Z. Assume that `z is α-strongly convex and is lower-bounded

on Rp by b ∈ R such that inf `z − b ≤ ε. In addition, suppose that δ ≥ 2αε. Then

we have:

∀w ∈ Rp,
`z(w)− b

‖∇`z(w)‖2 + δ
≤ 1

2α. (D.99)

Proof.

Let w ∈ Rp and suppose that `z reaches its minimum at w ∈ Rp (this minimum
exists because of strong convexity). By definition of strong convexity, we have
that:

∀ ŵ ∈ Rp, `z(ŵ) ≥ `z(w) +∇`z(w)>(ŵ −w) + α

2 ‖ŵ −w‖
2 (D.100)

We minimize the right hand-side over ŵ, which gives:

∀ŵ ∈ Rp, `z(ŵ) ≥ `z(w) +∇`z(w)>(ŵ −w) + α

2 ‖ŵ −w‖
2

≥ `z(w)− 1
2α‖∇`z(w)‖2

(D.101)

Thus by choosing ŵ = w and re-ordering, we obtain the following result (a.k.a.
the Polyak-Lojasiewicz inequality):

`z(w)− `z(w) ≤ 1
2α‖∇`z(w)‖2 (D.102)

Therefore we can write:
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`z(w)− b
‖∇`z(w)‖2 + δ

≤ `z(w)− `z(w) + ε

‖∇`z(w)‖2 + δ
≤

1
2α‖∇`z(w)‖2 + ε

‖∇`z(w)‖2 + δ
. (D.103)

We introduce the function ψ : x ∈ R+ 7→
1

2αx+ ε

x+ δ
, and we compute its

derivative:

ψ′(x) =
1

2α(x+ δ)− 1
2αx− ε

(x+ δ)2 ,

=
δ

2α − ε
(x+ δ)2 ≥ 0. (δ ≥ 2αε)

(D.104)

Therefore ψ is monotonically increasing. As a result, we have:

∀ x ∈ R+, ψ(x) ≤ lim
x→∞

ψ(x) = 1
2α. (D.105)

Therefore we have that:
1

2α‖∇`z(w)‖2 + ε

‖∇`z(w)‖2 + δ
= ψ

(
‖∇`z(w)‖2

)
≤ 1

2α, (D.106)

which concludes the proof.

Theorem 9. [Strongly Convex and Smooth] We assume that X is a convex set,

and that for every z ∈ Z, `z is α-strongly convex and β-smooth. Let b be a uniform

lower bound on (P) and w? be a solution of (P). Further suppose that w? is an

ε-interpolation for ((P), b), and that δ > 2βε. Then ALI-G∞ applied to f satisfies:

f(wT+1)− f? ≤ β exp
(
−αT8β

)
‖w0 −w?‖2 + 2δ

α
+
(

10β
α

+ 4β
2

α2

)
ε. (D.11)

In other words, f approximately converges to f? at a rate of O(exp(−αT/8β)).

Proof.

We condition the update on zt drawn at random. The beginning of the proof
is identical to that of Theorem 6 (and in particular requires δ > 2βε). In
addition, we remark that δ > 2βε ≥ 2αε, because it always holds true that
β ≥ α. Combining inequalities (D.69) and (D.73), we obtain:

‖wt+1 −w?‖2

≤ ‖wt −w?‖2 − 1
2β (`zt(wt)− `zt(w?)) + δ

4β2 + γt(`zt(w?)− b),
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≤ ‖wt −w?‖2 − 1
2β (`zt(wt)− `zt(w?)) + δ

4β2 + γtε, (definition of ε)

≤ ‖wt −w?‖2 − 1
2β (`zt(wt)− `zt(w?)) + δ

4β2 + ε

2α. (Lemma 13) (D.107)

Let w(zt) be the minimizer of `zt on its unconstrained domain Rp (its existence is

guaranteed by the strong convexity property). Then we exploit strong convexity to

lower bound the progress made:

kern− 1em`zt(wt)− `zt(w?)
= `zt(wt)− `zt(w(zt)) + `zt(w?)− `zt(w(zt))− 2(`zt(w?)− `zt(w(zt)))
≥ `zt(wt)− `zt(w(zt)) + `zt(w?)− `zt(w(zt))− 2(`zt(w?)− b)

(because `zt(w(zt)) ≥ b)
≥ `zt(wt)− `zt(w(zt)) + `zt(w?)− `zt(w(zt))− 2ε (definition of ε)

≥ α

2 ‖wt −w(zt)‖2 + α

2 ‖w? −w(zt)‖2 − 2ε (α-strong convexity)

≥ α

4 ‖wt −w?‖2 − 2ε (Lemma 12) (D.108)

We now combine inequalities (D.107) and (D.108):

‖wt+1 −w?‖2 ≤
(

1− α

8β

)
‖wt −w?‖2 + ε

β
+ δ

4β2 + ε

2α (D.109)

We use a trivial induction over t and write:

‖wt+1 −w?‖2

≤
(

1− α

8β

)
‖wt −w?‖2 + ε

β
+ δ

4β2 + ε

2α,

≤
(

1− α

8β

)t
‖w0 −w?‖2 +

t∑
k=0

(
1− α

8β

)t−k (
ε

β
+ δ

4β2 + ε

2α

)
,

≤
(

1− α

8β

)t
‖w0 −w?‖2 +

∞∑
k=0

(
1− α

8β

)k (
ε

β
+ δ

4β2 + ε

2α

)
,

=
(

1− α

8β

)t
‖w0 −w?‖2 + 1

α
8β

(
ε

β
+ δ

4β2 + ε

2α

)
,

=
(

1− α

8β

)t
‖w0 −w?‖2 + 8β

α

(
ε

β
+ δ

4β2 + ε

2α

)
. (D.110)
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In particular, we remark that the right hand-side of the equation is independent
on zt.

Given an arbitrary w ∈ Rp, we now wish to relate the distance ‖w −w?‖2 to the

function values f(w)− f(w?).

Since each `z is α-strongly convex and β-smooth, so is f = Ez[`z]. We introduce
w the minimizer of f on its unconstrained domain Rp. Then we can write that
for any w ∈ Rp:

f(w)− f(w?)
≤ f(w)− f(w), (f(w) ≤ f(w?))

≤ ∇f(w)>(w −w) + β

2 ‖w −w‖2, (f is β-smooth)

= β

2 ‖w −w‖2, (∇f(w) = 0)

≤ β(‖w −w?‖2 + ‖w? −w‖2), (Lemma 12)

≤ β‖w −w?‖2 + 2β
α

(f(w?)− f(w)) , (f is α-strongly convex)

≤ β‖w −w?‖2 + 2β
α

(f(w?)− b) , (b ≤ f(w) by definition)

≤ β‖w −w?‖2 + 2βε
α
, (definition of ε) (D.111)

We combine the results to obtain the final result:

f(wt+1)− f(w?)

≤ β‖wt+1 −w?‖2 + 2βε
α
,

≤ β

(1− α

8β

)t
‖w0 −w?‖2 + 8β

α

(
ε

β
+ δ

4β2 + ε

2α

)+ 2βε
α
,

= β

(
1− α

8β

)t
‖w0 −w?‖2 + 8β

α

(
ε+ δ

4β + εβ

2α

)
+ 2βε

α
,

= β

(
1− α

8β

)t
‖w0 −w?‖2 + 2δ

α
+
(

10β
α

+ 4β
2

α2

)
ε,

≤ β exp
(
−αt8β

)
‖w0 −w?‖2 + 2δ

α
+
(

10β
α

+ 4β
2

α2

)
ε. (D.112)
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D.4.10 Theorem 10

Theorem 10. We assume that X is a convex set, and that for every z ∈ Z, `z is

α-strongly convex and β-smooth. Let w? be an ε-interpolation for ((P), b), and

suppose that δ > 2βε. Further assume that η ≥ 1
2β . Then if we apply ALI-G with a

maximal learning-rate of η to f , we have:

f(wT+1)− f? ≤ β exp
(
−αT8β

)
‖w0 −w?‖2 + 2δ

α
+
(

10β
α

+ 4β
2

α2

)
ε. (D.12)

Proof. Re-using inequalities (D.79) and (D.84) from the proof of Theorem 7, we

obtain:

‖wt+1−w?‖2 ≤ ‖wt−w?‖2− 1
2β (`zt(wt)−`zt(w?))+ δ

4β2 +γt(`zt(w?)−b). (D.113)

This is exactly the same result as the first line of the inequality (D.107) in the proof

of Theorem 9. Then the rest of the proof is identical to the one of Theorem 9.

D.4.11 Theorem 11

Theorem 11. We assume that X is a convex set, and that for every z ∈ Z, `z is

α-strongly convex and β-smooth. Let w? be an ε-interpolation for ((P), b), and

suppose that δ > 2βε. Further assume that η ≤ 1
2β . Then if we apply ALI-G with a

maximal learning-rate of η to f , we have:

f(wT+1)− f? ≤ β exp
(
−αηT4

)
‖w0 −w?‖2 + 2δ

α
+ 14εβ

α
. (D.13)

Proof. Re-using inequalities (D.87) and (D.93) from the proof of Theorem 8, we

can write:
‖wt+1 −w?‖2

≤ ‖wt −w?‖2 − η(`zt(wt)− `zt(w?)) + ηδ

2β + γt(`zt(w?)− b),

≤ ‖wt −w?‖2 − η(`zt(wt)− `zt(w?)) + ηδ

2β + ηε

(using γt ≤ η, 0 ≤ `zt(w?)− b ≤ ε).
(D.114)

Furthermore, the inequality (D.108) gives:

`zt(wt)− `zt(w?) ≥
α

4 ‖wt −w?‖2 − 2ε (D.115)
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Therefore, we can write:

‖wt+1 −w?‖2 ≤ ‖wt −w?‖2 − αη

4 ‖wt −w?‖2 + ηδ

2β + 3ηε,

=
(

1− αη

4

)
‖wt −w?‖2 + ηδ

2β + 3ηε.
(D.116)

Then a trivial induction gives that:

‖wT+1 −w?‖2 ≤
(

1− αη

4

)T
‖w0 −w?‖2 +

(
ηδ

2β + 3ηε
)

T∑
t=0

(
1− αη

4

)t
,

≤
(

1− αη

4

)T
‖w0 −w?‖2 +

(
ηδ

2β + 3ηε
) ∞∑
t=0

(
1− αη

4

)t
,

=
(

1− αη

4

)T
‖w0 −w?‖2 +

(
ηδ

2β + 3ηε
)

1

1−
(

1− αη

4

) ,
=
(

1− αη

4

)T
‖w0 −w?‖2 + 2δ

αβ
+ 12ε

α
.

(D.117)

We now re-use the inequality (D.111) to write:

f(wT+1)− f? ≤ β‖wT+1 −w?‖2 + 2βε
α
,

≤ β
(

1− αη

4

)T
‖w0 −w?‖2 + 2δ

α
+ 14εβ

α
,

≤ β exp
(−αηT

4

)
‖w0 −w?‖2 + 2δ

α
+ 14εβ

α
.

(D.118)
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D.5 Additional Experimental Details

D.5.1 Standard Deviation of CIFAR Results

Task Optimizer Avg Std
DN10 ADAMW 92.6 0.08
DN10 ALIG 95.0 0.16
DN10 AMSGRAD 91.7 0.25
DN10 DFW 94.6 0.22
DN10 L4ADAM 90.8 0.09
DN10 L4MOM 91.9 0.17
DN10 SGD 95.1 0.21
DN10 YOGI 92.1 0.38
DN100 ADAMW 69.5 0.54
DN100 ALIG 76.3 0.14
DN100 AMSGRAD 69.4 0.41
DN100 DFW 73.2 0.29
DN100 L4ADAM 60.5 0.64
DN100 L4MOM 62.6 1.98
DN100 SGD 76.3 0.22
DN100 YOGI 69.6 0.34
WRN10 ADAMW 92.1 0.34
WRN10 ALIG 95.2 0.09
WRN10 AMSGRAD 90.8 0.31
WRN10 DFW 94.2 0.19
WRN10 L4ADAM 90.5 0.09
WRN10 L4MOM 91.6 0.24
WRN10 SGD 95.3 0.31
WRN10 YOGI 91.2 0.27
WRN100 ADAMW 69.6 0.51
WRN100 ALIG 75.8 0.29
WRN100 AMSGRAD 68.7 0.70
WRN100 DFW 76.0 0.24
WRN100 L4ADAM 61.7 2.17
WRN100 L4MOM 61.4 0.86
WRN100 SGD 77.8 0.13
WRN100 YOGI 68.7 0.47

Table D.1: Test Accuracy (%) on CIFAR including standard deviations. Each experiment
was run three times.
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