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Abstract

This thesis focuses on well-posedness and stability estimates (i.e. con-
tinuous dependence with respect to the nonlinearities) for a family of
cross-diffusion systems that includes several models used to describe
cell diffusion in Mathematical Biology for one or more species. We dis-
cuss rigorous quantitative results for a class of (possibly degenerate)
parabolic PDEs, including scalar equations as well as systems. The
approach is typical of Analysis of PDEs, hence the concepts of weak
solutions in Sobolev spaces, a priori estimates and well-posedness are
crucial. Considering scalar, nonlinear diffusion, we extend the existing
solvability, uniqueness, boundedness and stability results. Regarding
non-degenerate models for multiple species, we work in the framework of
systems with an entropy structure and limited set of other assumptions
that allow us to prove stability estimates, improving some of the existing
results. Finally, we have been working on the multi-species, degenerate
case, providing a continuous dependence estimate under suitable (but
rather restrictive) assumptions. Two different types of numerical simu-

lations are presented in order to complement the abstract results.
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Notation

d number of spatial dimensions.

N number of equations.

Q open, connected, bounded and sufficiently smooth domain in R%.
19| Lebesgue measure of €.

0 closure of .

Qr parabolic cylinder Q x (0,7).

|| Euclidean norm of the vector z.

-y Euclidean scalar product of the vectors x, y.

B, (z) the ball with center 2 and radius r in R

X* dual of a Banach space X.

(+y ) duality pairing of a Banach space and its dual.

ck(Q) set of real functions with continuous k-th derivative on (2.
BV (Q) real functions of bounded variation in €2.

LP(Q) functions with integrable p-th power in €.

WhP(Q) functions with weak k-th derivative in LP((2).

Hk(Q) Whk2(Q).

LP(0,T;X) LP functions on [0, 7] with values in X.

(Qr)  LP0,T;IM(Q)).

[ull,s llulls  LP norm of u.

Ug, U max(u,0), max(—u,0) respectively.

XE indicator function of the set F.

Df Jacobian matrix of f : RN — RM (or gradient if M = 1).
Hess(f) Hessian of a function f: RY — R.
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1.1 Preliminaries

1.1.1 Opening remarks

This thesis aims to present advances in the study of continuous dependence and stability
estimates for nonlinear parabolic problems arising principally in Mathematical Biology.
Throughout this work we study the behaviour of the solutions of partial differential equa-
tions (PDEs) that represent the evolution and interplay of particle or cell densities in a
given domain. We consider the case of a single species, as well as of multiple interacting
species. We are explicitly interested in the comparison between different models. In par-
ticular, we focus on estimates for the difference of solutions corresponding to PDEs with

distinct nonlinear terms of first and second order.

From the point of view of modelling, systems of many interacting particles (such as
biological cells) can be described in multiple ways, employing individual-based models
at a microscopic level. For example, one can study the dynamics of particles interacting
stochastically on a lattice, or consider them as Brownian particles evolving in a continuous

domain.



Microscopic models determine the evolution of macroscopic quantities, the most im-
portant of which is the density of particles in the domain. Passing from microscopic to
macroscopic descriptions constitutes a vast field by itself. Here we do not discuss this

topic, as we focus on macroscopic PDE models.

Intuitively, there is no unique way to construct a model for a fundamental biological
mechanism like cell diffusion and migration. Indeed, different assumptions at the micro-
scopic level can lead to different models at the macroscopic level, as well as to dissimilar
predictions. The differences between microscopic models are usually reflected into the
properties of the corresponding macroscopic models. Therefore, it becomes natural to
ask how to compare the discrepancies that arise. This thesis provides mathematical tools
allowing the comparison of different models in the form of stability (or continuous depen-

dence) estimates.

Our general framework will be made more precise in section 1.1.3. For an overview of

problems arising in Mathematical Biology we refer to [Perl5, Frilg].

1.1.2 Motivation

In recent years the interest of mathematicians and biologists towards a better understand-
ing of cell diffusion and migration has increased significantly. Cell diffusion in a tissue or
other medium is a basic mechanism in Biology and its comprehension becomes extremely
relevant in processes like tumour growth. Nevertheless, modelling these phenomena can
be arduous because of their complex and multi-scale nature. Several models have been
recently derived in the attempt to reproduce different behaviours that are observed ex-
perimentally, and a large fraction of these involves cross-diffusion systems, both strictly
parabolic and degenerate parabolic. We think this category of models is particularly chal-
lenging because it displays strong interactions between (densities of) particles, resulting
in non-trivial properties of the solutions. Many of the techniques that have recently been
used derive from the study of hyperbolic systems. In fact, the solutions of degenerate
problems show properties that are typical of systems of conservation laws, like finite speed

of propagation for the support of the solutions.

A variety of models describing cell behaviour and interactions has been produced re-
cently, and the range of different assumptions, strategies, levels of approximation and
typical scales that are considered is extremely diversified. Nevertheless, there are a few
elements that many models have in common, and the most interesting one for us is that,
at the macroscopic level, cell densities can be described as the solutions of (systems of)
PDEs with diffusion, drift and reaction terms (see e.g. [MB14]).

Nonlinear diffusion equations are often used to model phenomena like tumour growth,

cell motility and population dynamics. Let us mention some works in this direction.

e Mathematical Oncology has been growing fast over the last twenty years, and re-
cent trends are discussed, for example, in [GM03,SBMAO03, Fri07, AQO8, Byr10, CL10,



ALM15, AM18] in general terms, and in [MB14, FMM15, JB02] for some specific ex-

amples of mathematical modelling of cancer.

e Cell motility has been studied with several approaches, building more and more sophis-
ticated models that consider particles as hard spheres, to better capture the interplay
between cell behaviour and volume exclusion effects. Moreover, on- and off-lattice
descriptions, chemotaxis and multiple-species interactions have been considered. In
this perspective we refer to [WBB17,SLH09,BC12a,BC15,BCR17,VMG™' 18] and, for
a more analytical point of view, to [BDP06, BDFPS10, BBRW17].

e Concerning models of population dynamics, two of the most studied phenomena
are pattern formation and swarming behaviour. The models in this field can be
very different since they try and capture the underlying complex behaviour of the
individuals and of the crowd. Among those including nonlinear diffusion we cite
[SKT79a, FKK03, TBL06a, MEK99, PS12].

Given the great diversity of models describing cell diffusion and migration, it seems
natural to compare the various predictions, seeking a deeper understanding of the mod-
elling assumptions and of the underlying biological mechanisms. The most popular way of
comparison involves numerical simulation, which has the advantage of producing explicit
results that can be processed and analysed in multiple ways, but also has many limitations.
Each numerical simulation is obviously performed for a given set of parameters, making
it necessary to run computationally expensive algorithms multiple times. Moreover, each
model might require the development a specific numerical method of simulation, making
the analysis longer and more complicated. Our interest lies in different ways of comparing
models, and we use theoretical tools that are typical of the field of Analysis of PDEs.
Stability and continuous dependence estimates for parabolic problems can be effectively
used in the context of Mathematical Biology to quantify (in a suitable norm) the differ-
ence between solutions of two equations or systems. This category of estimates, when
applicable, provides almost immediate answers since it only requires to compute norms of

the difference of the nonlinearities in the models (or other possible parameters).

1.1.3 General framework

In this thesis we are going to work both with scalar problems and systems of equations,
therefore we introduce different indices to refer to the ambient space variables and to
the component or species number. The indices 1 < a, < d refer to directions in the
ambient space, R?, for d € {1,2,3}. The indices 1 < 4,7 < N are used to refer to the
component number. The domain € in R?, where the problem is formulated, is supposed to

be bounded, connected and sufficiently smooth. The outward normal on 0 is indicated



by v. Consider the following general system:

out — By [A?jﬁ(t, x,u)@guj + Bii(t, z, u)uj] =0 in Q,
[A%B(t, z,u)Opu’ + Bi(t, x, u)uj] Ve =10 on 01}, (1.1)
u'(0,) =up(t) inQ,
where we adopt the summation convention for repeated indices. We will make the as-

sumptions on each term precise later on, for the moment we just consider the following

set of general hypotheses:

1. the diffusion tensor A is continuous in all its arguments, bounded and non-negative.

In particular, there exist two non-negative functions A\, A : RN — R, such that
Mu)|X)? < A%B(t,az:,u)Xcingi < A(u)| X%, (1.2)

forallt >0, z€Q, uecRN, X cRNxd

2. concerning the drift B, we assume that there exists a constant B > 0 such that

B (t, z,u)| < Blu|, forall t2>0, zeRu e RY; (1.3)

3. We assume that the initial data are non-negative and bounded, i.e., there exists My > 0
such that
0<ui(z) <My, forall z€Q, ic{l...N}. (1.4)

We will focus on the study of the following map:

{A e RV*N| A satisfies (1.2)} — { Solution of (1.1) } (1.5)

A — UA-

As an example, let us consider a linear PDE. Let u4,, ¢ = 1,2, denote the solution of
problem (1.1) with N = 1, B = 0 and the simple diffusion coefficients A; = a;(z) and
As = as(z) such that, for some constant p > 0 and a.e. z, p~! < a;(z) < p.

We call stability estimate an inequality that quantifies the differences between u 4, and
u 4, in terms of the differences between A; and Az. More precisely, in the linear example

we obtain

luay = wasll 20,7, () < AL = Azl o) » (1.6)
where C is a constant depending only on p and wuy.

Such notion of stability is also known as well-posedness in the sense of Hadamard. As
we shall see, stability estimates become more complicated for nonlinear systems, they can

involve lower order terms and other types of norms.



1.1.4 Thesis structure and statement of originality
The main body of the thesis is organised as follows:

e Chapter 2 concerns nonlinear scalar diffusion equations that generalise the porous
medium equation, which we denote by filtration equations. In the first section, we
prove existence, boundedness and comparison properties of the solutions. The second
section completes and extends the results of the first section, including the case of an
autonomous, anisotropic diffusion matrix. We prove a stability estimate with respect
to the L' norm. The third section is dedicated to the study of a nonlinear, nonlocal
equation of Fokker—Plank type. In the presence of an infinite confinement potential
in a portion of space, we prove convergence of the weak formulation of the equation in
full space to a limit problem on a bounded domain and no-flux boundary condition.
Regarding the first two sections, most of the techniques that are used are not new, but
they have been reorganised and adapted in an original way in order to reach our goals
(see Remarks 2.4 and 2.7). The third section is original work and part of a research
paper co-authored by M. Bruna and J. A. Carrillo, see [ABC18b] (the analysis and

main theorems are L. A.’s contribution).

e In Chapter 3, we present the analysis of a class of systems which is “close” (in a
sense defined later on) to a set of uncoupled equations. After explaining the origin
of this type of models, we study well-posedess of the problem and we prove stability
estimates in a strong parabolic norm. The key tool is a fixed point theorem applied
in a function space that is “tailored” for this type of systems. In a second step, we
show that, under an additional assumption, our results become uniform in time. In
the second section we discuss some numerical simulations and we explore the limits
of the model in a one-dimensional setting.

This chapter is original work and the first section is part of a research paper co-
authored by M. Bruna and Y. Capdeboscq, see [ABC18a] (L. A. contributed to the
analysis, with particular attention to Theorem 3.5). The numerical simulations we

present were done independently from the above-mentioned paper.

e Chapter 4 is dedicated to the study of more general cross-diffusion systems. In the
first section we introduce strictly parabolic systems that have an entropy structure,
and can therefore be interpreted as gradient flows. This assumption is substantial
as it ensures existence and boundedness of solutions. Subsequently we discuss higher
integrability of the gradient of the solution, a propriety that is particularly useful in
one and two dimensions. Moreover, we prove a stability result subject to a regularity
assumption (which is satisfied in two dimensions thanks to the higher integrability
result). The second section concerns degenerate parabolic systems. We prove a posi-
tivity result that enables us to construct a simple and efficient regularised version of
the original problem. We use this regularisation method to prove a stability result

in the special case in which the diffusion matrix can be written as the Jacobian of a



certain vector field. Finally, we turn to the problem of simulating the solution nu-
merically, especially in the presence of a free-boundary in one spatial dimension. We
construct a front-tracking algorithm and we test it on a specific example.

The first section of this chapter combines different techniques available in the litera-
ture, the novelty consists in a substantial rearrangement and partial extension of the
previous results, which were developed in different frameworks. The second section,
including the numerical simulations, is original work, with the exception of the H ™

technique used to prove uniqueness of solutions.

1.2 Overview and state of the art

In this section we present an overview of the Thesis, summarise our main contributions

and refer to the results in the literature that have been more relevant for our work.

1.2.1 Scalar diffusive equations

The starting point of our analysis is given by scalar quasilinear diffusion PDEs which are
referred to as gemeralised porous medium equation or filtration equation. Such equations
typically have the form

Ou — Ag(u) =0, (1.7)

where v is an unknown function to be determined and the nonlinearity ¢ is called filtration
function and typically it satisfies ¢(0) = ¢'(0) = 0 (standard references for this equation
include [WYLZ01, V4z07, DK07,DiB12]). We are mostly interested in the autonomous
case, which means that the diffusion coefficient ¢/(-) only depends on the solution itself.
This situation already captures the major features and difficulties of the analysis and it
is not too restrictive since many multi-species models for cell diffusion, ion transport,

drift-diffusion in semiconductors, etc. are autonomous (see examples 1, 2 and 4).

We will usually consider purely diffusive equations of second order, without other terms,
since the nonlinearity in the highest order is responsible for most of the technical difficulties
that we will encounter. First-order drift terms and zero-order reaction terms are common
in biological applications. Despite not being treated here, they could be included in this
work without serious issues (see e.g. [BH86,CG99,FT81], or references for the system case
given below). Additionally, results for problems involving drift (or confinement) terms can
be recovered “freezing” one of the components in the multi-species models that we will

introduce later in this section.

From an analytical point of view, it is crucial to distinguish between strongly parabolic
and degenerate parabolic equations. Indeed, non-degenerate problems can be treated
with classical techniques and the issues of well-posedness, boundedness and stability with
respect to the nonlinearities have been widely studied in the literature (see table 1.1
for some key references, as well as [MPSP00, AT88]). On the other hand, the theory of



degenerate parabolic equations has been developed more recently and still presents some
challenges. For example, we could not find references that cover the study of boundary
value problems for a filtration equation that can degenerate (having zero diffusion) at
multiple values of the unknown. This type of degeneracy seems rather natural when
considering the phenomenon of cell diffusion. In fact, the absence of cells in a certain
portion of the domain clearly determines zero diffusion. Also, in the opposite scenario, a

fully packed region of the domain prevents the cells from moving and diffusing.

Table 1.1 gives a minimal list of references in which the theory of degenerate diffusion
equations is treated and points the reader to the results present in this thesis. It has to
be mentioned that the techniques we use are similar to those available in the literature
(see e.g. [BH86, CG99, Vaz07]). However, we could not simply apply previous results
since the notions of solution, the type of boundary value problem and the assumptions
on the nonlinearities were not the same. One of the main difficulties consists in proving
boundedness of the solutions a priori when the equation does degenerate for a value of the
solution other than zero (in other words, the filtration function ¢ is not strictly monotone),

see section 2.1 for all the details.

Non-degenerate Degenerate
g
E Existence, [LSU8S], [Vaz07] Existence, Theorem 2.3 and [Vaz07]
S Boundedness, [LLSU8S], [Vaz07] Boundedness, Lemma 2.7 and [DKO07]
§ Uniqueness, [Vaz07], [CG99] Uniqueness, Theorem 2.4
% Stability, [CHO05], [CG99] Stability, Theroem 2.10 and [CKO05]
Z.

Table 1.1: This table summarises the key results for nonlinear, scalar diffusion equations of
degenerate and non-degenerate type. For each category of results (existence, boundedness,
uniqueness and stability) we either refer to a paper, or to a statement in this document.

The most complete reference for scalar diffusion equations that generalise the porous
medium equation is the book by J. L. L. Vazquez [Vaz07]. Such book has been very
useful for our purposes since most of the standard techniques for this type of equations
are presented therein. In addition to the references already mentioned, we also recall the

rather extensive work of [Kal87] on degenerate second-order PDEs.

A characteristic property of degenerate parabolic equations is to generate free bound-
aries, especially if the initial condition is compactly supported. For further details in this
sense we refer to [Vaz07,Bar52, DHI8, DHLO1].

An essential tool in the theory of scalar nonlinear diffusion is the so-called comparison
principle, which ensures that two solutions that are initially ordered will remain ordered
almost everywhere in time and space. This property was first proved in [Pie82], and
proposed again in [Vaz07, DK07, WYLZ01]. The comparison principle is deeply connected

to the notion of L' contraction, or, in other words, continuous dependence with respect to



the initial data in the L' norm in space (see [CT80]). This allows to prove uniqueness of

solutions, but it is also very useful in the proofs of existence, boundedness and stability.

We prove stability estimates adapting the approach of [CG99,CKO05], which is, in turn, a
generalisation of the L! contraction property, also studied in [BC81,0tt96, EKR01, JK02,
CMRO09]. The difference of two solutions corresponding to distinct filtration functions in
the L' norm is proportional to the difference of the filtration functions themselves (more
precisely, it is bounded by the supremum norm of the difference of the square roots of the
filtration functions). Our proof of the stability estimate is similar to those available in the
literature but the previous results were formulated in full space for a different notion of

solution (see table 1.1 and above references).

1.2.2 Nonlinear, nonlocal Fokker-Planck equation

We'! are now going to discuss a different type of results, which are, in a sense, comple-
mentary to those presented above. Unlike in the case of stability estimates for the purely
diffusive equations, we are now going to focus on the behaviour of the solutions of a more
general PDE in which one of the lower order terms becomes unbounded in a portion of
the domain. The techniques that we will use in this case are different and they are based

on particular a priori estimates.

We consider a nonlinear, nonlocal Fokker—Planck equation of the form
Oru = div [Vo(u) +uVV +uV (W xu)], (1.8)

where ¢ is a filtration function, V' is a confinement potential and W is a nonlocal interaction
potential. The problem is initially set in the whole R%, see section 2.3 for all the details. We
are particularly interested in the behaviour of the solution when V' becomes infinite outside
a given domain 2. We point out that, under suitable hypothesis, the filtration equation
(1.7) can be seen as a special case of nonlinear Fokker—Planck equation. Problems of type
(1.8) have been studied in the literature with diferent approaches. For example, for the
equation in full space we cite [CMV03, CMV06], where entropy methods are employed.
The problem of well-posedness of a general nonlinear diffusion equation in L', on one-
dimansional bounded domains is treated in [BT95], in the context of semigroup theory
and entropy solutions. We also mention the work in [Gil89], concerning the Cauchy-
Dirichlet problem for a nonlinear equation of Fokker—Planck type; in this case generalised

solutions are obtained as limits of sequences of classical solutions.

Equation (1.8) is often used to describe a system of interacting particles at the macro-
scopic level and explain how individual-level mechanisms give rise to population-level
or collective behaviour. Among the physiscal and biological applications we mention
granular materials [BCP97, BCCP98], self-assembly of nanoparticles [HP06], colloidal sys-
tems [GWL16], ionic transport [HLLE12], cell motility [HP08], animal swarms [CDP09],

'The results described here are part of a joint work with M. Bruna and J. A. Carrillo, [ABC18b].



pedestrian dynamics [BMill], and social sciences [Tos06, PT13]. For example, choosing
¢(u) = u and W = 0 can be used to describe a system of non-interacting Brownian parti-
cles under the influence of an external potential V' (representing a chemical concentration

in the case of chemotaxis).

Interactions between particles may affect the macroscopic model (1.8) in two forms
(at least): either as a modification of the diffusion term ¢, for example ¢(u) = u +
Bu?, or as a nonlocal convolution. The former typically arises from short-range repulsive
interactions between particles (such as excluded-volume interactions, see [CC06, CCH17,
BC12b]), whereas the latter is used to model long-range attractive-repulsive interactions
(such as electrostatic or chemoattractive interactions, see [CCH17, TBLO6b, BCR17]).

Our first aim is to provide a suitable mathematical framework for the rigorous study of
confinement potentials that diverge to infinity. Our second aim is to extend our previous
work, passing from a purely diffusive filtration equation to a more general type of model.
We also show the connections between infinite confinement and in an unbounded domain
and a new boundary value problem in the bounded domain ). This can be useful in the
application whenever one wants to transfer results in R? to a bounded domain (as it is

often the case in Mathematical Biology).

In practical terms, we introduce a sequence of potentials, depending on a parameter
k > 0, which will tend to infinity as & — oo on the complement of €). Regardless of the
approach we choose, the key step to prove any convergence result for £k — oo will involve
uniform estimates with respect to k. More specifically, we prove that the sequence of weak
formulations of problem (1.8), with V' = V}, (initially posed in R%), will converge to a limit
problem posed the bounded domain € with no-flux boundary conditions. This is entirely
consistent with the intuition about the action of a large confinement potential, which will

indeed confine all the mass in a smaller domain.

The table below shows some important references, as well as our own results, for the two

distinct approaches that we explore. We denote them as L? setting and entropy setting.

L? setting Entropy setting

Well-posedness, [BS09]
Uniform bounds,
Lemma 2.27 and Lemma 2.30
Behaviour for large confinement,
Theorem 2.23

Well-posedness, [AGS08]

Uniform bounds, Corollary 2.36

Behaviour for large confinement,
Theorem 2.31

Fokker—Planck

Table 1.2: This table summarises the key results for a nonlinear, nonlocal Fokker—Planck
equation. For each issue (well-posedness, uniform bounds and behaviour of the solution
for large confinement potential), we refer to a paper or to a statement in this document.

In the L? case, we rely on a relatively standard approach based on energy estimates,

whereas, in the entropy case, we see the equation as a gradient flow in a suitable Wasser-

9



stein space. Each approach has advantages and disadvantages. For example, the L? setting
produces better estimates but it only works when either the diffusion term is linear or the
nonlocal potential W is chosen to be zero. In contrast, in the entropy approach weaker
norms have to be considered, but the results we obtain hold for the full equation and even

for degenerate diffusion coefficients.

As mentioned before, the main difficulty lies in the derivation of estimates for the
solution that are uniform with respect to k. In the L? case, this is obtained thanks to a
change of variables that transforms the confinement potentials Vi into a weight. In the
gradient flow formulation, the entropy functional is defined so that the large potential
automatically appears on the right-hand side of an entropy decay estimate. In both cases,
it is crucial to assume the initial datum is supported inside the domain 2. This hypothesis
seem to be necessary to identify the limit problem uniquely, otherwise the mass outside
Q) will accumulate on the lateral boundary of 2 as k — 0o, generating a singular measure

which, a priori, is not uniquely determined in any dimension greater than one.

In terms of well-posedness of equation (1.8) we refer to [BS09, AL83] for the L? setting
and to [AGS08]. For the study of a nonlocal system see [DFEF18]. Many results concerning
convergence to equilibrium can be found in [CJMT01,AMTUO01,CT98, BNCGP16]. For the

related results concerning drift-diffusion equations for semiconductors, see [MS89, Mar13].

1.2.3 Cross diffusion systems

Our study of diffusive systems of PDEs is divided into three categories of problems, namely
non-degenerate systems with small cross-diffusion, non-degenerate systems with general
(possibly large) cross-diffusion, and degenerate systems of PDEs. These cases are ordered
in terms of increasing difficulty in the analysis since the system becomes more strongly
coupled in the diffusion tensor. This implies that our hypotheses on the systems we study
will become more and more restrictive in terms of the structure of the diffusion, in order

to deal with the possibly degenerate behaviour of the solutions.
1. Systems of equations with small cross-diffusion terms.”

We consider systems of PDEs of the form
O — div [A(t, z,u)Vu — B(t,z,u)u] =0, in Q¢ >0, (1.9)
where u € RY and the diffusion and drift matrices (N x N) have the form

A(t,z,u) = D(t,x) + ea(t,z)p(u), B(t,z,u) = F(t,x) + eb(t, z)(u), (1.10)

RNXN

for suitable diagonal matrices D, F € , and sufficiently regular tensors a,b, ¢, ¥

specified in chapter 3. Here € > 0 is a small parameter that represents the strength of the

2The results described here are part of a joint work with M. Bruna and Y. Capdeboscq, [ABC18a].

10



interactions between particles.

System (1.9) is “close” to a linear, decoupled system which is obtained setting e = 0.
Unsurprisingly, this is a very useful property since we show that many properties of the
underlying linear system are inherited by (1.9). Models of this type are quite common in
the applications, as explained in section 3.1.1 and a similar type of equations is studied
in [BBRW17].

We develop the existence and uniqueness theory for problem (1.9) with no-flux boundary
conditions in a strong Sobolev space by means of Banach’s fixed point theorem. As a
consequence, we also obtain boundedness of the solution in L* with respect to time and
space. In addition, we prove a strong stability estimate with respect to the nonlinearities

in A and B, which involves the norm of the same space in which well-posedness is proven.

Under slightly more restrictive assumptions, we improve the above-mentioned stability
result, making it uniform in time. This is relevant in many applications since it is often
important to understand the long time behaviour of a system and our new result gives a

uniform way to compare solutions at all times.

We verify our results numerically and, more importantly, we investigate the range of
values of € for which stability holds, providing a sharp estimate in certain cases. We develop
a second order accurate numerical scheme and we present simulations in one dimension
for a system of two interacting species. The numerical scheme is based on a finite volume
discretisation with upwinding and second order reconstruction, we refer to [BCF12,CCH15]
and the references therein for further details on this type of approach. This numerical
strategy has been successfully used in many gradient flow type equations and systems
[CHS18], and it has been recently generalized to high order DG-approximations in [SCS18].

See section 3.2 for more details.
1I. Systems of equations with large cross-diffusion terms.

Quasilinear, non-degenerate systems with large cross diffusion terms are more difficult
to study than those with small cross-diffusion. In a way, they already present many of the
difficulties that are typical of degenerate problems. One reason is that the components
are strongly coupled and the cross-diffusion terms are not necessarily small compared to
the self-diffusive ones. Regularity results for these systems are available, for example,
in [LSU88, Ark95, BF13]. Interestingly, solutions of cross diffusion systems may present
spiking behaviour in certain circumstances, for more details about phenomenon we cite
[Ni98, KW 11]. Regarding of the study of pattern formation and convergence to equilibrium,
we refer to [VE09, MNB15] and [LN96, BDFPS10, BBRW17] respectively.

Existence of weak solutions for this type of problems has been studied following different
approaches, for example using a priori estimates, in [LSU88| and [CFL76], or abstract
parabolic theory, in [Ama89]. A particularly interesting perspective has been recently
presented in [Jiinl15], where it was noticed that a large class of parabolic systems possesses

a so-called entropy structure. This means that there exists a Lyapunov-type functional,
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commonly referred to as the entropy functional, that decreases along solutions over time.
Furthermore, the first variation of this functional defines, under suitable conditions, a use-
ful change of variables that allows to reformulate the problem in full space rather than on
a bounded domain. Such change of variables defines a one-to-one correspondence between
the domain U C R where the solutions of the original problem take values, and RY itself,
where the new unknown takes values. Exploiting the properties of this map, it is possible
to prove a weaker version of a maximum principle that ensures that if the initial datum
belongs to the domain U, then the solution will remain in U for almost all times. The
method introduced in [Jiin15] is particularly powerful because it can be applied to non-
symmetric, degenerate systems, provided they have an entropy structure. It is legitimate
to wonder how common it is for a system of PDEs to have such structure. A partial answer
was given in [DGJ97], where it was proven that having an entropy is equivalent to the
existence of a change of variables that makes the system symmetric. Other works based on
entropy methods include [CJM T 01], treating large-time asymptotics, [BDFPS10], studying
cross-diffusion with volume exclusion, [DLM14, DLMT15,DT15], considering generalisa-
tions of the SKT model and triangular cross-diffusion, and [DFEF18], studying a system

with nonlocal interactions.

This table shows some important references and our results for cross-diffusion systems.

Small cross-diffusion Large cross-diffusion / degenerate

Existence, [Jinl5], [CFL76], [Amag9]
Boundedness, [Jiinl5]

Uniqueness, Theorem 4.3 and [CFL76]
Minimum principle, Proposition 4.13
Stability, Th. 4.11, Prop. 4.19, [CFL76]

Existence, Proposition 3.1
Boundedness, Proposition 3.1
Uniqueness, Proposition 3.1
Stability, Theorem 3.5

System of PDEs

Table 1.3: This table summarises the key results for cross-diffusion systems. For each cat-
egory of results (existence, boundedness, uniqueness, stability) we either refer to relevant
papers or to a statement in this document.

When we are working with systems with large cross-diffusion, we are usually assum-
ing that they have an entropy structure in the sense of [Jiinl5], so that existence and

boundedness of solutions is guaranteed, as discussed in section 4.1.1.

We prove a stability estimate for non-degenerate systems under a regularity assumption.
In particular we control the difference of the solutions corresponding to two distinct diffu-
sion tensors in the H! norm in terms of the supremum norm of the difference of the diffusion
tensors themselves. Our proof combines the approaches presented in [CFL76] and [CHO5]
in order to obtain a shorter proof and to simplify the assumptions. The regularity as-
sumption (also present in [CFL76]) requires that the gradient of the solution satisfies an
integrability condition, namely Vu € LP, for some p > d (the typical values of d are 1, 2

and 3). In dimension one and two, we are able to show that this requirement is satisfied, as
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we prove a higher integrability result for the gradient using the so-called Gehring’s Lemma.
See sections 4.1.2 and 4.1.3 for all the details, as well as [GS82, GM79,DFT10,Par07]. For
other results on higher integrability we refer to [Cam80, Sof13].

The study of degenerate systems is more delicate. We would like to study their prop-
erties as limit problems of certain non-degenerate systems, therefore we have to choose
a way to approximate them with strongly parabolic systems. Inspired by the strategy
used in the scalar case, it seems natural to construct a regularised problem by “lifting”
the initial datum by a constant vector with small, non-negative entries. This allows us
to avoid the presence of free boundaries in the solution, a phenomenon that is typical for
degenerate systems with compactly supported initial data. We have to ensure that the
above-mentioned lifted problem effectively provides a form of regularisation. In particular,
we have to verify that solutions of degenerate problems that are strictly positive at the
initial time remain positive during the evolution. It is indeed the case, as shown in section

4.2.1 (a weaker non-negativity result was proven in [CHLO03]).

The next step consists in proving a stability result. To do so, we have to make an
additional structural assumption and require that the diffusion matrix can be written
as the Jacobian of a suitable monotone vector field. It is well-known that in this case
the solutions of the system of PDEs are unique despite the possible degeneracy (it can
be shown by means of the so-called H~! technique, i.e., testing the weak formulation
against the inverse Laplacian of the solution). With this extra assumption, we are able to
show stability in the L? norm, as discussed in section 4.2.2. Some regularity results for

degenerate systems are available in [LN06, Lel0,DT15].

Section 4.2.3 is dedicated to the formal derivation of a different formulation of a degen-
erate system of PDEs. In particular, we focus on the possible free boundaries in one space
dimension. We derive a new PDE in a re-mapped domain and a number of ODEs equal to
the number of points on the free-boundary (for example, two components of the solution
having two free-boundaries each). We use this reformulation in the final section 4.2.4 in
order to construct a numerical method that keeps track of the points of the free boundary
(for d = 1). We test our front-tracking algorithm on a specific example and we compare it
to the method introduced in section 3.2.2. Another algorithm was derived in [DH84].
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Chapter 2

Nonlinear diffusion equations

Contents
2.1 Filtrationequation. . . . . . . . . . o ittt 15
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2.2.3 Existence via fixed point approach . . . . .. .. ... ...... 33
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2.3.1 Equations of Fokker-Planck type: discussion . . .. .. ... .. 40
2.3.2  Analysis in the L? setting . . . . .. ... ... .......... 41
2.3.3 Analysis in the entropy setting . . . . .. .. ... ... ... .. 52

In this chapter we analyse scalar diffusion equations in divergence form with diffusion
coefficients depending on the solution itself. We will first consider the case of filtration
equations with a quite general type of nonlinearity. We then extend our analysis to a
family of anisotropic diffusion equations proving existence of solutions and adapting tools
available in the literature - such as comparison principle and stability estimates - to the
case at hand. Finally, we consider an aggregation-drift-diffusion problem that can not be
treated with the previous techniques since the drift term tends to infinity outside a given

domain. The novelties consist in

1. extension of the comparison principle in [WYLZ01] and of Alikakos estimates to
the case of filtration equations which may degenerate at two different values of the

solution;

2. reformulation of the stability estimates in [CG99,CKO05] for weak solutions on bounded

domains with no-flux boundary conditions;
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3. extension of the proof of existence of weak solutions in [VAz07] tho the case of

anisotropic diffusion;

4. study of the effects of a “strong” confining potential on scalar diffusion equations.

2.1 Filtration equation

This section is dedicated to a family of scalar problems known as filtration equations,
or generalised porous medium equations. These are nonlinear, possibly degenerate PDEs
that generalise the diffusion equation. We will discuss existence and boundedness of solu-
tions, as well as a the comparison principle, which implies uniqueness and the contraction
property in L.

Our main references for this section are the books of J. L. Vazquez, The Porous Medium
Equation, [Vaz07], and of Wu, Yin and Li, Nonlinear Diffusion equations, [WYLZ01].
Another relevant reference in this context is the work of Bertsh and Hilhorst [BHS6].

The main difference with respect to the above-mentioned references is that we keep the
filtration function (see (2.1) below) general and, in particular, we allow its derivative (the
diffusion coefficient) to vanish both at zero and at another point. Consequently we have to
deal with some difficulties concerning, for example, the proof of boundedness of solutions,

which is carried out with a generalisation of Alikakos estimates.

2.1.1 Well-posedness results

We consider the following scalar problem:

0w — Ag(u) =0 on (0,T) x £,
Vo(u)-n=0on (0,7) x 0%, (2.1)
u(t =0) = ugp in £,

which can be obtained from problem (1.1) assuming that, in addition to the assumptions
of Section 1.1.3, we have N = 1, B = 0 and that A is autonomous, i.e. A(u) = Dy (¢(u))

for a suitable function ¢ (see Definition 2.1).

Depending on the properties of ¢, such model can describe different phenomena such
as fast or slow diffusion in different contexts. The derivative ¢’ determines the ellipticity
(or parabolicity) of the equation. We say that problem (2.1) becomes degenerate at all
values of s € Ry where ¢/(s) = 0. One example to keep in mind is the porous medium
equation, corresponding to ¢(u) = u™, m > 1. Interestingly, in this case it is possible to
write a family of solutions explicitly; they are known as Barenblatt solutions and they are

obtained choosing a Dirac delta centred at the origin as initial condition (see [Bar52]).
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They have the form:

1
2] m-1
u(z,t) = max { 0,7 [H —-J (W) ] ,

tad

where H is the mass the Dirac delta for t = 0 and J = WM. These functions are

a priori defined in R%, but they can be redefined in a bounded domain for a fixed 7.

The choice of homogeneous Neumann conditions ensures that the initial mass is con-
served for all ¢ > 0. We always assume that the initial condition is bounded and non
negative and we shall see that, under suitable conditions, the solution will remain bounded
and non-negative at all times. Let us state precisely the hypotheses that we make on the

functions ¢ and ug appearing in problem (2.1).
Definition 2.1. We call filtration function a function ¢ € C' (R*) N C (R), such that
e (monotonicity) either ' > 0 on R*, or ¢/ > 0 on (0, s9) and ¢’ = 0 on [sg, c0);
e (positivity) ¢ >0 on RTand ¢ =0 on R™;
e (polynomial growth) there exists N, 1 > 1 such that ¢(s) < |s|X + 2 forall z € R .

The typical behaviour of ¢ is sketched in figure 2.1.

Figure 2.1: The typical behaviour of a filtration function and its derivative.

Remark 2.1 (The role of sp). According to Definition 2.1, problem (2.1) may be degener-
ate at either s = 0, or s = s, or both (we exclude the case of more than two degeneracies).
Note that problem (2.1) is unchanged if a constant is added to the filtration function. To
fix ideas, we have assumed that ¢(0) = 0. The constant so plays the role of a threshold for
the values of a solution v and for the properties of our model which may be interpreted
as a model for the steric hindrance. When particles (or cells) are fully packed, we expect
the diffusion coefficient to vanish. When sq is finite, we shall say we are in presence of a

steric hindrance constraint.
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Definition 2.2. We say that ug is an admissible initial datum for problem (2.1) if it is non
negative and bounded in L*°(2). Additionally, if the model contains a steric hindrance

constraint sg, then an admissible initial datum satisfies

0 <wup < spa.e. in (.
We now introduce the two notions of weak solutions that we are going to use (see also
Definition 2.5 for a more general PDE).

Definition 2.3 (L2-weak solution). Suppose that 1y and ¢ are admissible (see Definitions
2.1, 2.2). We say that u is an L? weak solution of (2.1) if

we C%0,T; L*(RY), Veé(u) € L*(Qr), O € L*(0,T; (H' (RY))),

and, for all test functions n € H(Qr),

/ u(t)n(t) d:plzg - / [Vo(u) - Vi —udn] dxdt = 0. (2.2)
Q Q

T

The initial datum is satisfied in the L? sense.

This notion of weak solution will be used in the proof of existence results. We will
also invoke an a-priori weaker notion of solution, in the proof of the so-called comparison

principle (see Section 2.1.2). In particular,
Definition 2.4 (L!'-weak solutions). Given T > 0, a function u : [0,7] — L'(Q) is an

L'-weak solution of problem (2.1) if u € L>(0,T; L' (), ¢(u) € L' (Qr), and there holds

t=T _
/Qu(t)n(t) da:}tzo — /Q [udv + Pp(u)Av] dzdr =0

T
for all non-negative v € H? ([0,00) x ; R") such that % =0 on [0,00) x Of.

Remark 2.2. A L2-weak solution in the sense of Definition 2.3 is also a Ll-weak solution

according to Definition 2.4.

The following lemma shows that ¢(u) is an admissible test function in (2.2) and it will

be useful later.

Lemma 2.1. If u is a L?>-weak solution of problem (2.1), then ¢(u) € L? (O,T; Hl(Q)) .

Proof of Lemma 2.1. The definition of L?-weak function does not specify the integrability
of ¢(u), but only that of u and that of V(u). Let us verify that it is the case. Note that
¢(u) is integrable. By definition, there exists N, > 1 such that

1<¢u)+1<uf+2+1,
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therefore (¢(u) + 1)% € LY(Q). If N =0 or N = 1, the proof is complete. If N > 2 then
(1+ ()" <1, and

2

V(1 +¢)®)| = S (14 ¢(w)* ! Vo(u)| < |Vo(u),
N

thus (1 + d)(u))% € WH(Q). Thus if d = 1, the proof if complete by Sobolev embedding. If
d > 2, then (1+ qﬁ(u))% (u) € LY(Q), with 2 = N% < N. Repeating the same argument

finitely many times, we obtain our result. O

For future reference, we remind the reader of an existence result for linear parabolic
equations with bounded coefficients depending on time and space (we refer to Dautray—
Lions, [DL93], chap. XVIII).

Proposition 2.2 (Existence for linear, time dependent problems, [DL93]). Let L be a

linear operator of the form
L := —0;(a;;(t,x)0;) + bi(t, x)0; + c(t, x),

where a € L™ (QT; RdXd), be L™ (QT; Rd) ,c € L™ (Qq;RT), and a is uniformly elliptic,

that is, there exist two positive constants X and A such that
MEP < ayj(t, 2)€ig; < AlEP,

for any & € RY and for all (t,x) € Qp. Then for any ug € L*(0,T; L2(Q)) there exists a

unique weak solution u to

Ou+Lu = 0 onQr,
dyu = 0 on (0,T) x 09,
u(t=0) = wuo,

such that u € L?(0,T; H(Q)) N C([0,T]; L?(2)), 8w € L2(0,T; (HY(2))").

Remark 2.3. Our aim is to prove an existence and uniqueness result for weak solutions.
As far as we know these results are available in the literature as long as ¢’ is degenerate
only at the origin, while the study of two degeneracies was not treated in any of the

references we used.

We now state two (new) theorems, concerning existence and uniqueness of weak solu-

tions to problem (2.1), which extend the analogous results available in the literature.

Theorem 2.3 (Existence). Suppose that ¢ is a filtration function and ug is an admissible
initial datum as introduced in Definitions 2.1 and 2.2. Then there exists an L*-weak

solution to problem (2.1) in the sense of Definition 2.3.
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The existence proof will follow from a fixed point approach in section 2.2.3. The main
steps of such proof are the same as in [Vaz07], but our result is more general (as we

consider less restrictive assumptions for ¢).

In terms of uniqueness of solutions, we will prove what follows:

Theorem 2.4 (Uniqueness). Under the assumptions of Theorem 2.3,

e if sg = oo, there erists at most one L'-weak solution to problem (2.1) in the sense
of Definition 2.4;

e in all cases, there is at most one L%-weak solution to problem (2.1) in the sense of
Definition 2.3.

Remark 2.4. The uniqueness proof is based on a new formulation of the comparison
principle in Proposition 2.5. In turn, the proof of the comparison principle is based on the
techniques presented in [WYLZ01], which we adapt to our framework. A key estimate is

given in Lemma 2.7 (we later found out that a similar technique is presented in [DKO07]).

2.1.2 Comparison principle and boundedness

The comparison principle constitutes a very powerful tool since, as the name says, it

ensures that solutions that are initially ordered remain ordered over time.

The following statement is general in the sense that it involves only weak solutions (not
bounded a priori). A more classical but less general version of the comparison principle is

presented afterwards.

Proposition 2.5 (Comparison principle for weak solutions). Let u1,us € L% (Q1) be L-
weak solution of problem (2.1), with admissible initial data ugy and uge respectively, such

that ugr < uge. Then uy < ug a.e. in Qr.

First of all, we need some preliminary results that will contribute to the proof of propo-

sition 2.5 and theorem 2.4. We have the following weaker form of comparison principle:

Lemma 2.6 (Comparison principle for bounded solutions). Let uy,us € L'(Q7)NL®(Qr)
be L'-weak solutions of problem (2.1) with bounded initial data w1 and ugy respectively.

In addition, suppose that

e cither so = oo and 0 < ugy < ugy in €,

e or sy <00, 0<uy <ug <spin and0 < up,us < sg in Qr.
Then uy < ug in Q.

The proof of this lemma, done in Section 2.1.3, is an adaptation to bounded domains

and more general ¢ of the one presented in [WYLZ01], Section 1.3.1.
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Remark 2.5. Due to the extra assumption concerning boundedness of solutions, the
Lemma above is somewhat unsatisfactory, as it assumes that solutions satisfy an a priori
bounds for all times. A full comparison principle should not include such assumption (as

in Proposition 2.5).

Remark 2.6. Uniqueness in the class of L'-weak solutions does not follow immediately

since the we can only control weak solutions by the initial datum (smallness result).

We now establish that weak solutions are bounded by their initial data in L°°. The

technique we use is similar to that in [DKO07].

Lemma 2.7 (L™ estimates). Let u be a L?-weak solution of problem (2.1). Suppose ug

s an admissible initial datum according to Definition 2.2. Then
u>0 a.e in(0,T)xQ,

and there holds

[ull oo 0,7y x 2y < [0l oo ) -

For the proof of this Lemma we need some technical results, we will proceed in several

steps. Given p > 1, we define F), as an anti-derivative of ¢”, that is,

Fys) = [ sty do
Lemma 2.8. For any s < sg, a < sg and b > a, there holds
Xon || 00 o < ) <6065 (2.3)
Proof of Lemma 2.8. The lower bound follows from the positivity of ¢, as
Fs) = Xpoen | 60V o+ xion [ oo do
> X{s>b} /Oa ¢(0)P do.
As ¢ is monotonously increasing until sg,

F,(s) < ¢ (s)!s for all s < sp.

Lemma 2.9. Under the hypothesis of Lemma (2.7), we have

u >0 and, when so # co,u < 59 a.e. in L x (0,7T).
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Furthermore,
/ Fy(u)dx < / F, (ug) dz for a.e. t € (0,T).
Q Q

Proof of Lemma 2.9. Note that for u < 0, ¢(u) = 0, defining u, = —min(u,0), we find
Vé(u) - Vuy, =0 a.e. in Qp. Therefore, testing the equation against u,, we have

at/ u?=0ae. tc(0,7)
Q

and, since ug > 0, we obtain u > 0 almost everywhere. Now recall that ¢ is constant on
(s0,00) by Definition 2.1In particular, for u* = max(u, sg), we have ¢(u*) = ¢(s9). We
deduce that

8,5/9(u*)2 =0ae. te(0,T),

leading to the result as ug < sg. In order to prove the other inequalities, we have to

identify a suitable test function. Given k > 0, we introduce the following truncation:

Tk:R — R

s + min{k,s}.

Now consider the function given by vr(s) = ¢ (T) (s))P 1é(s), and its anti-derivative
Ui(s) = [y ¥r(r)dr. Note that ¥j — F, as k — oo. Thanks to Proposition 2.1, ¢(u) €
L? (O,T; Hl(Q)) and, consequently, we also have vy (u) € L? (O,T; Hl(Q)) We notice
that

pp(u)PIVe(u)  when u <k,

Vwk(u) = 1 )
¢ (k)" Vo(u)  otherwise.

Integrating equation (2.1) against ¢y (u) we find, for a.e. t € (0,T),

/‘I’k(U(t,fﬁ))d13+ min{pg(u)’~", ¢ (k)" '} [V (u)[’ d$dt§/‘Pk(UO (z)) dz,
Q Q

Qr

which gives

/\Ilk(u(t,x))dxg/\I/k(uo(x))da:. (2.4)
Q

Q

Passing to the limit for k¥ — oo in (2.4), we obtain the result:

/QFp(u(t,x))dngFp(uo(x))dm.

Q

Proof of Lemma 2.7. The upper bound of F}, given by Lemma 2.8, we find

</Q Fy (uo) dx>zl) < (/Q B (ug)Pug dx>’1) < <|Q| |u0||LOO(Q)>; é (”u0||LOO(Q))-
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Thanks to Lemma 2.9, we only need to consider the case when [[ugl| e (q) < so. Given
a > 0 such that a < sg, the lower bound on F), given by Proposition 2.8 shows that for
a.e. t € (0,T") there holds

{z € Q: ult,z) > a)| (/()aqﬁ(a)pda) < /QFp (u(t, ) dz

Proposition 2.9 then shows that

e uta) >l ([“oords)” < (@lulmm)” o (luollm) - @)

Note that L
. P
Jim (19 ol ooy ) " = 1.

Furthermore if [{z € Q : u(t,z) > a}| # 0,

lim [{z €Q : u(t,z) > a}|? </0a¢(a)pd0>; = ¢(a),

p—r00
thus ¢ (a) < ¢ <Hu0||Loo(Q)), and, as ¢ is strictly increasing in (0, so),
a < luoll oo (g -

Thus H:E €Q:ult,z) > fluoll Lo +6H = 0 for all 0 < € < so — [Juo| oo () and a.e.
t € (0,T). In other words, [lullre(g,) < l|uoll 1 (q)» as announced. O

We are now in the position to prove the comparison principle stated in Proposition 2.5.

Proof of Proposition 2.5. Thanks to Lemma 2.7, any L%-weak solution with admissible
initial datum given by Definition 2.2 is bounded and satisfies |[u| joo((0,1)x) < So- We

may therefore apply Lemma 2.6 to conclude. 0
We can now proceed with the proof of our uniqueness result.

Proof of Theorem 2.4. Uniqueness in the class of L?-weak solutions introduced in Defini-
tion 2.3 follows from the comparison principle (Proposition 2.5). In particular, given two
weak solutions u; and ug to problem (2.1) satisfying the same initial datum uyg, it follows
that uy(z,t) < ug(z,t) as well as ua(x,t) < ui(z,t) for ae. (z,t) € Qp, which implies
ui(z,t) = ug(z,t) a.e. in Qp. O

2.1.3 Proof of the comparison principle for bounded solutions

Proof of Lemma 2.6. The structure of this proof is an adaptation of an analogous result

proven in [WYLZ01]. Unlike in that proof, we work in a bounded domain and our as-

22



sumptions are less restrictive.

Integrating equation (2.1) against a test function v € C°(Qr) we find for any L!-weak

solution u of Problem (2.1),

T
/Q (T, 2)0(T, 2) — (0, 2)0(0, 2)] d — /0 /Q Wi + (WA dz dt.  (2.6)

Now we define z = u; — ug and zg = ug; — ug2. As (2.6) is satisfied by u; and wug, there
holds

T
/Q[Z(T,a:)v(T, z)— 2(0,z2)v(0,z)]de = /0 /Q[zﬁtv + (p(u1) — d(ug)) Av] dx dt

T
= / / z [0 + a(t,x)Avdz dt].
0o Jo

The coeflicient a takes the form of a difference quotient and it is defined by

ou)=0(u2)  ip L
alt,z) ={ e 17 U2

¢/(U1) if Up = U9

We want to find a suitable function v > 0 such that the above relation gives
/ (T, 2)0(T, 2) — 2(0, 2)0(0,2)] dz < 0,
0

where we also require v > 0. Provided v(7T, x) > 0 can be chosen in a sufficiently large set,
the condition 2z(0,z) < 0 will imply w1 (T, z) < uo(T, x) a.e. in Q, which is our thesis (the
final time 7" can be arbitrarily chosen). Thus we would like to solve the following linear
problem

Ov+alAv=0 in Qr,

v(t,x) =0 on 90 x (0,7,

v(T,z) =g(z) inQ,

with g € L2(Qr), g > 0. This problem needs not be regular enough since we have limited

information about the coefficient a. Therefore we consider the following mollified problem:

Otvop + apAv, =0 in Qp,
vp(t,x) =0 on 99 x (0,7), (2.7)
wlT,o) = glx)  inQ,

where a,, is a mollified and translated version of a defined as follows:
1 1 .
an = [ pn(z—y)aly)dy + —, for — < dist(x,0Q),
9] n n

and pn,g € C°(Bgr). Furthermore we choose p, such that the following inequality is
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satisfied:
2 1
dt < —. (2.8)
n
L2(Q)

r

Note that standard mollifiers provide precisely such a sequence, up to the extraction of a

a— / pn(x —y)aly) dy
Q

suitable subsequence. Thanks to the linear theory of parabolic equations (see Proposition

2.2) we know that problem (2.7) has a unique weak solution.

We can now choose our original test function to be v = v, and we obtain:

T
/ 2(T, x)vn (T, x) — zo(x)v, (0, 2) dx = / / 2 (O, + alAvy,) dx dt
Q 0 Q
T
= / / z (—anAvy, + alAvy,) dx dt
0 Q

Let us now show that I, tends to 0 as n — oo, we need two preliminary estimates. We

test equation (2.7) against Av,, over Br x [t,T):

1 T 1
/92]an]de—|—/ /Qan|AUn|2dxdt:/92|Vg|2dx, (2.9)
t

which implies the two following bounds (independent of n):

T
/ |V, |? dz < C(g), / / an|Avy|? dzdr < C(g). (2.10)
Q t Q

Now we use these two results to estimate I,,.

In:/T/z(a—an)Avndxdt
<zl (// o dt> (/ /an (Avy) dxdt)
NEN (// dwdt)

In addition, from the definition of a, we get

2
/ / d:cdt<n/ /(a—pn*a—1> da:dt<g
n

hence we conclude that |I,,| — 0 as n — oco. This implies, as announced, that

/Qz(x,T)g(x) dr < / 20(z)v(0,z) dz < 0,

Q

and since g, ¢(x,0) > 0, this concludes the proof. O
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2.2 Anisotropic diffusion

In this section we prove well-posedness and stability of scalar equations with anisotropic
diffusion. We use Krushkov doubling variable technique (see [Kru70]) in order to prove a
stability estimate for nonlinear diffusion equations with spatial anisotropy. An essential
ingredient in this approach is the L! contraction (see for example [Ott96, V4z07]). Similar
results are also available in [CK05] and [Panl17]. This result is crucial since it holds true
both for degenerate and non-degenerate equations, and even for some general conservation
laws. The extension of this result to systems presents many difficulties and it remains

mostly open. Similar results (in full space) can be found in [CKO05].

In addition to the assumptions stated in section 1.1.3, we are going to assume that
N =1,B8=0, A= A%(u), where A is a continuous function with values in the set of
symmetric, positive semi-definite d X d matrices, written M gjd(R). In the particular case

where A(u) = ¢'(u)I we recover the filtration equation.

The problem we consider takes the form:

O —div(A(u)Vu) =0  on Qp,
A(w)Vu-n=0  on Qr, (2.11)
u(t=0)=mug on 2.

The aim of this section is to show a continuous dependence estimate with respect to the

nonlinearity A .

If A is positive definite and bounded (not necessarily symmetric), existence of an L?-

weak solution is given by Corollary (2.20).

2.2.1 Continuous dependence in L!

In the spirit of Cockburn and Griepenberg in [CG99], we prove a continuous dependence

result with respect to the nonlinearity A(-).

Theorem 2.10. Given A, B € C([0,T], MY**(R)), in particular

min (A(s)¢ - &, B(s)¢ - €) > 0 for all € € R,

and there exists M > 0 such that

max (A(s)¢ & B(s)€ - €) < M| for all € € RY.

We write their principal square roots a(-) and b(-). Let uw and v be bounded, non-negative

solutions of (2.11) corresponding to (A,up) and (B,vg). Assume further that u and ug
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are in BV (Q). Then for almost every t, the following inequality holds:

lu(t) = 0O 110y <O la = bll ooz VE (|U|BV(Q) + |U0|BV(Q)> (2.12)

where C' is a universal constant, and

Io := (= max{{lull o , 0]l }s max{[ull . , V]l })-

Remark 2.7. This result is proven in Section 2.2.2. The proof is similar to the original
one in [CGY9], and it was already extended in [CK05]. We have simplified it where possible

and adapted it to the case of a bounded domain.

Let us focus on the consequences of Theorem 2.10.

Corollary 2.11 (Comparison principle, non degenerate case.). Suppose ug,vy € L*(Q)
satisfy m < ug < vg < M a.e. in ), for two constants m,M € R. Suppose that A €
C ([m, M];Msd_fd(R)) is symmetric, and that there exists A\ > 0 such that, for all x €

[m, M] and ¢ € R,

sup [A] <A1 and A€ < A2 €.
[m,M]

Then the L?-weak solution u € C([0,T), H'(2)), Vu € L*(Qr), of (2.11) is unique, and

m<u<v<Ma.ce inQp.

We postpone the proof of this Corollary to section 2.2.3.

Notice that Theorem 2.10 concerns stability (or continuous dependence) in L' with
respect to the diffusion matrix. The result can easily be extended to include a term
corresponding to the the difference of initial data. In this sense, it is actually useful to
consider the following L' contraction estimate by [Ott96], which will allow us to control

the BV norms in (2.12) a priori.

Lemma 2.12 (L' contraction, [Ott96]). Let u and v be solutions of the problem (2.11)

corresponding to initial data ug and vg in L' () respectively. Then

lu(t) = v(t)ll 1y < o —voll ey (2.13)

for a.e. t>0.

Remark 2.8. In the case where the equation (2.11) reduces to the filtration equation, the
L' contraction principle follows immediately from the comparison principle we proved in

the previous section.

We would like to highlight that, using the L' contraction, we can easily prove a BV

estimate:
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Proposition 2.13 (BV estimate). Let u be a solution of the problem (2.11) with initial
datum ug in BV (). Then u(t) € BV () for a.e. t > 0.

Proof of Proposition 2.13. Consider the functions u(t,z) and u(t, z 4+ h) and apply the L!

contraction estimate:
lu(t,z + ) —u(t, z)| 1) < lluo(@ + h) = uo (@)l 1) < 7] luoll gy -

The conclusion follows dividing by |h| (recall that ||ul| g, = |lull 1 + [Vu|7v). O

2.2.2 Proof of the stability estimate

This subsection is dedicated to the proof of Theorem 2.10. The fundamental idea consists
in testing the equation for the difference u — v against an approximation of sign(u — v).

A key step consists in doubling the variables (in the sense of Kruzkov).

Let p be a smooth and convex approximation of the absolute value, namely, for € > 0,

p(s) = Ve+ s

Note that p'(s) = (7 gives an approximation of sign(s) for € — 0. Furthermore p"(s) =
)

S(s)F converges to a Dirac delta in the sense of distributions (clearly this is not the only

function with such properties).

For the rest of this section we adopt the summation convention for repeated indices.

Moreover, given z,y € 2 and t > 0 we write
u=u(t,z), v=12(t,y).

Notice that we have doubled the variables, meaning that we consider u as a function of x
and v as a function of y, with x and y being independent variables. It is clear that they

will need to be identified again eventually.
Proof of Theorem 2.10. Using the equations for u and v, we obtain
Oep(u—v) = p'(u—v) (041 (Aij (u) piu) — dyi (Bij (v) D,iv)) - (2.14)

We are now going to rewrite this equation in a different form which will allow us to identify
a signed quantity and subsequently to integrate by parts more freely. Note that, as v is

independent of x,
P (u—v) 0y (Aij (w) Opiw) = 0 (p' (u—v) Aij (u) Opiu) — p” (u—v) Ayj (u) Dysud,ivu,

and in turn,

p, (u — ’U) Al] (U) amju = aa;j (Q%j (uv 1})) 9
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with .
}j(s,r) = / Aij(0)p' (o —r)do, for all s,r € R. (2.15)

Similarly,

p' (u(x) — v(y)) O, (Bij (u) dyiu) = —ajiyj ( ?j(u, v)) + p" (u—v) Bij (v) 8,5v0,v,

2(s,r) = / Bij(0)p' (c —r)do, for s,r € R. (2.16)

]
Altogether we rewrite (2.14) as
atp(u - U) - a:):ia:j Qzlj (uv U) + 8yiyj Q’L2j (U, 1))
—p"(u(z) — v(y)) (A (u)Dyiud,yu (2.17)
—i—Bij (U)ayivaij) . (2.18)

We wish to write the last term of the right-hand side as the square of a difference, plus a

remainder. Namely, we write (keeping in mind that a and b are symmetric)

Aij(u)0piudyu = ap(u)dpiu ajp(u)0u,
Bij(v)0,iv0,iv = big(v)04iv bjx(v)0yv,
Aij (u)@zzuaﬂu + Bij ('U)ayi’l)aij = (alk(u)axlu — bik (v)ayiv) (ajk(u)axju — bjk(v)aij)

—&-aik(u)@xiu bjk (v)8ij

+ajk(u)8xju bik(v)ayw.
Note that the two reminder terms derive from potentials, namely, incorporating the mul-

tiplying factor appearing in (2.18), there holds

7
and p"(u — v) aji(u)dyubig(v)div = 8yi8ij?j’-1(u,v),

P (u—v) air(w)0iubjp(v)d v = 8x¢8ij3312(u,v),
Y

where
Q}f(s,r) = aik(o')/ bir(T)p" (1 — o) dr do (2.19)

and Q?jl(s,r) = /S bir(o) /T ajp(1)p" (1 — o) dr do.
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We have obtained the equivalent formulation of (2.18) :

plu—v) = O (0Q) (u,0) = ,,QL (u,v))
0y (0,5@2 (v,0) = 0,5 Q3 (v,0))
="( =) (@()dyu — b))

Notice that we have isolated a negative square on the right-hand side. In particular, we

have the inequality
Oplu—v) < 0 (Qﬂ Z-lj (u,v) — Oyj Qllf (u, U)) (2.20)
+0, (ay]- Q% (v,u) — 0,5 Q2" (v, u))

We now proceed to unify (or de-double) the variables. Let n be the standard mollifier,
and write ns(z) = 5%77 (%). Let

() = min (l, d(z, 69))

m

and notice that 6,, — 1 as m — 0. We write
Vs(z,y) = ns(x — y)0m(2)0m (y)-
Note that
/ Ou (005QL, (u.) = 0,5 QL7 () Yis(, ) do dy
QxN

(axj Qz] u U) ayJ sz (’U, U)) 81775 (HJ - y) 9 (.TJ) H’m (y) dx dy

X
2

(83:7 — Oyi ng (u, v)) ns (z — y) 0i0m (x) Oy, (y) dx dy,

X
e}

Ou (QU (u,0) + Q37 (1, 0) ) Dins (z = y) b () O (y) oy

0 Qly (u,0) = Q157 (w,0)) 0 (@ = ) il () O () v dy

X
)

Qij (u,0) 85 ( —y) (Bm () 0j8m (y) + Oj8m () O (3)) d dy,

X
)

%z:\::\@\:\:\»
{O

X
)

Ous (@} (1,0) + Q1 (w,0)) s (2 = 9) O () 6 (y) da dy

— El dx dy,
QxQ
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where E} contains all remainder terms namely

E71n = (811' Qzlj (u,v) — 8yj Qllf (u, v)) ns (x — y) 030, () O (y)
Q7 (1, v) 9 (& = y) (Om () ;0m (y) + 9;0m (x) D0 (1))

Note that
El —0a.e. in Q,

and from (2.15) and (2.19) we have

/ ’E}n’ dx dy
QxQ

IN

C(N,6,€) / 005 Qi (1w 0) 03m ()] da dy,
OQxQ

€ 03,0 ulgy oy [ 196l )

1
C (A6, €) ul gy (g - Hz: d(xz,00)} <m|
C

IN

IN

IN

where the constant C' does not depend on m. Thus by the Dominated Convergence

Theorem,
Lim IEn |1 @xq) = 0.

Similarly,

/QXQ Oyi ((")ij?j (v,u) — 8ij?j"1 (v, U)) Vs(x,y) dz dy

— [0 (@ o)+ @} (0.) Buts(a — ) (0)6in () drdy
QxQ
+ E,Qn dx dy,
QxQ

and

7}3210 HEgz”Ll(QxQ) = 0.
Two more integration by parts show that
|00 (@3 (00 + @3 (00)) Qs — )60 ()61 (v) s dy
QxQ
= [0 (@ o)+ QY (0.0) Buts(a — ) (0)6in () dirdy

QxQ

+ E3 dx dy,
QxQ

with

B3, = (Q% (v, 0) + Q' (v,0)) Oims(w = )0 () (930 ()00 (4) = Dj0m (@) (1))
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and again
lim IE2 |1 @xq) = 0.

Taking the limit in (2.20) tested against 15 as m — 0, and noticing that 6,, — 1, we have
shown

/ ep(u —v)ns(z — y) dz dy

(2.21)
<~ [[ 2 (Qh (w0) + QL (o) + @ (0,0) + Q' (0.)) Duns(a ) dady
By definition,
Ops (Qh(1,0) + Q% (v.0) + Q) () + Q' (v, )
~ (s= 04500~ [ Byow' o - wds) o
+ <aik(u) /u " (o) (o — u) do + /u " bae(0)azn ()l (u — o) da) O,
Passing to the limits as ¢ — 0 we find
P (u—v)A;;(u) — sign(u — v)A;j(u) a.e. in Q x Q (2.22)
5/ (0 — u) Byy(u) — sign(v — u) Byy(u) ave. in Q x O (2.23)
ain (1) / (@) (0 — ) do — agp(u)bye(w)sign(v — u) ace. in Q x O (2.24)
/ " bae(0)azn ()l (1 — o) do — bp(w)ae(w)sign(v —u) ae. in Qx Q. (2.25)

Let us verify the convergence in (2.23).

/v Bij(0)p" (o —u)do = /Ov—u Bij(z +u)p"(2) dz
= [ By - By @+ [ By )
0 0

_ /0 (Byj(= + ) — Byj(u)) 5 et /0 Bij(w)p"(2) dz

(e + 22)

(U_u)/\/g 1 Er/E v—u I
_ /0 (By(VEw+ ) = Bylu)) varars s o+ B /0 () d,

so the first term in the last line converges to 0 provided that B is continuous. For the

second term we have

v—u

v—Uu c )
BZ] (u)/o m dz = BZ] (u)m — BU (U)SIgn(’U — U) as ¢ — 0.
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Relations (2.24) and (2.25) are obtained in a very similar way. Overall we have obtained:

8$i (Q’Llj (ua ’U) + Q’LQ] (U7 u) + Qzlj2(u> U) + szj"l(va u))

(2.26)
—  sign(u — v)(aik(u) — big(w))(ajr(w) — bjr(u))0yi(u) ae. in Q, as e — 0.
It follows that
1 ; 1 2 .122 2?1 : =
ti | [ 0 (@) + Q0.0 + QB w) + Q3 (0.) Qs dy‘ L
L= | [ st = o) o) = b)) o) = b () 0,005 d .
X
We can estimate the limit L by
1 2
L = 5 lulpyg) la = bllzee () C; (2.27)

where C' = [p4, pa |V7| (x — y) dz dy. Integrating in time, for ¢ — 0, (2.21) becomes

t
C
[// lu(z) — v(y)lns(z — y) d dy]o <5 lla— bl| 700 1) t 1l By () (2.28)

Finally, we wish to replace the left-hand side by an L' norm. Adding and subtracting
u(z) in |u(y) — v(y)| and using the fact that [[ gs(z —y) dz dy = 1, we obtain

) = oOllsay = [ fulo) = owlasta =) dody
< / (u(y) — u(@)| + lu(z) — v(@))gs(x — ) dudy  (2.20)
QxQ

< 26 ful gy () + /Q Jule) = o)lgs(e ~ ) dady
X

Notice that the factor 2§ appears because © — y € suppgs C Bs(0). Arguing in the

opposite direction,
/Q . |uo(z) — vo(y)lgs(z — y) de dy < [luo — voll 11 (q) + 26 |uol gy (q) -

X

Altogether, (2.28) becomes
c 2

lut) = o) < 20 |ulpy @) + 5 la = bllzee () Ul py(e) + luo = voll 1) + 20 |uolpy(q) -
Choosing & = [|a = b|[ Loy, vields

Ju(t) = v(®)ll () < 5C lla = bll g agy VE ([0l vy + ol vy
which is our thesis. O
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2.2.3 Existence via fixed point approach

In this section we will present two proofs of existence of solutions, one for filtration equa-
tions and one for anisotropic diffusion. The structure of the proofs is similar but some of

the details differ since the identification of the limit for filtration equations is simpler.

The main idea consists in constructing an ordered sequence of solutions of the same
problem with different initial data converging monotonically to the desired limit. Such
idea is introduced, for example, in [Vaz07], who uses it in the filtration case (with more
restrictive assumptions). A similar fixed point technique was used in [BDFDS06] for an

equation with nonlinear diffusion coefficient given by u(1 — u).

Before getting started, let us recall two classical results that we will use in this section.

Lemma 2.14 (Aubin-Lions-Simon, [BF12], Th. 11.5.16). Let X; — X3 < X3 be Banach
spaces, where the first embedding is compact and the second one is continuous. For any
T > 0, the set W = {u € L%((0,T), X1) ‘ o € LQ((O,T),X;;)} is compactly embedded in
L2([0,T), Xa2).

Theorem 2.15 (Schauder’s Fixed Point, [GT98], Th. 11.1). Let S be a Banach space and
let X C S be non-empty, convex and bounded. If F is a continuous, compact map from X

into itself, then it has a fized point in X.

The main existence result of this section is the following:

Theorem 2.16 (Existence via fixed point).

e Given a filtration function ¢ defined according to definition (2.1) and an admissible
initial datum defined according to definition (2.2), suppose that ¢'(0) > 0. Then there

exists a L?-weak solution to problem (2.1) in the sense of Definition 2.5.

e Given a non-negative diffusion matriz A € C ([O, M]; RdXd) and a mon-negative ini-

tial datum ug, then there exists a (unique) function u such that

/ w(t, V(L. ) da = / A(w) Ve da dt
Q

T

for all ¢ € CY([0,T); L?(Q)) N L2([0, T); H(2)).

The proof will follow from Propositions 2.21 and 2.22. We are going to define a suitable
solution map F form a space X C L2([0,T], L?(Q?)) into itself. We will show that F is
continuous on X in the sense that if w, — w in X, then F(w,) — F(w) in X (with
respect to the strong topology induced by L?([0,T], L(9)).

If we prove the existence of a fixed point @, i.e. @ = F(u), a compactness argument and
continuity of F' will provide that

U= nl;rglo Upt1 = nh—>n<}o F(u,) = F(a).
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Our approach is to linearise the diffusion term, namely to consider the sequence of heat-

type equations.

Lemma 2.17. Suppose ug € L*(Q) N L*(Q) satisfies m < ug < M a.e. in 2, for two
constants m, M € R. Suppose that A € C ([m, M];RdXd) and that there exists A > 0 such
that for all s € [m, M] and & € RY

sup |A(s)] S A" and A€ < A(s)E - €
[, M]

Let Xy 01 = {u € L?(Qr) : m<u<M ae. in QT}. The map

F:Xm7M — Xm,M

u v, (2.30)
the unique solution in L*((0,T); H'(2)) N C([0,T); L3()) of

Ov —div (A (u) Vo) =0 in (0,00) x Q,
A(w)Vvo-n=0 on (0,00) x 0%,
v(t=0)=ug on Q.

is continuous and compact with respect to the L*(Qr) induced topology.

Proof of Lemma 2.17. As u € X,y is admissible, it is bounded, therefore
A€ < Au)E - € and |A(u)| < A€ for ae. x € Q.

Therefore Problem 2.30 is uniformly parabolic and non degenerate, and classical theory
(Proposition 2.2) shows that v is indeed as described. The parabolic maximum principle
applies providing the announced bounds upper and lower bounds for v, thus F' (X, ar) C
Xm,m- Using v as a test function, and integrating we find for any 7" > 0,

1/1)2(T,-)dw+ A(u)Vu-Vvdmdtzl/ug(x)dx,
2 Jo Qr 2 /o

which shows that )
)\/ |Vo|? da dt < 2/ ud(x) dz. (2.31)
Qr Q

34



Finally, testing (2.30) against w € L?(0,T; H'(2)), we find

Oow = A(u) Vv -Vuw

Qr
1

/ug(x)dx A(u)Vw - Vwdz dt
2 Jo Qr

< = 2(z)d

< ) Quox x,

for any w such that ||w||p2(o r;m1 (@) < 1. Thus

Qr

IN

1
10t Z20,7.501 () < o) /ng d.
This implies that
F (Xonr) € {u e L2((0,7), H\(@) | o € L2((0,7), (H'(©))") }

and is bounded within that set. Thanks to the Aubin-Lions Lemma, F' (X, ar) is therefore
compactly embedded into L?(Qr), and thus in Xm,M-

To conclude, let us show that F' is indeed continuous. Given a sequence (uy),,cny € Xom M
assume that u, — w in L? (Qr) with u € Xy, 7. Writing v, = F (uy,), v = F(u) and

wy, = v, — v, we have
Opwy, = div (A (v) Vwy,) + div ((A (w, +v) — A (v)) Vo) . (2.32)
We have, thanks to (2.31),
1A (wn +v) = A (V) Vol oo o 1322(2)) < 2272 ol 20y - (2.33)
In particular, integrating by parts (2.32) against z := v; — vy we find for any ¢t € (0,7,
1 [, 11
— [ wi(T,-)dx + Al zvn+ zv | Vwy, - Vw, dx dt
2 Jq I G R
= / (A (wp +v) — A(v)) Vo, - Vwy, dz,
T
which in turn thanks to (2.33) and (2.31) implies

18cwil 207,11 2y + 10l oo (0,111 02y < 4N Mol 2y -

Applying Aubin-Lions’ Lemma again, we deduce that we may extract a strongly converging
subsequence w,, — w in L?>(Qr). As A is continuous, A (w, +v) — A (v) in L?(Qr), and
f(07T)XQ (A (wy +v) — A(v)) Vo, - Vé — 0 for any test function ¢. Thus, w is a weak

solution of (2.32) with a null source term, that is, w = 0, and our claim is established. [J
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Corollary 2.18. Suppose that ug is an admissible initial datum. Suppose additionally

that sg > ug > « a.e. in , where a > 0 is a given constant.

Let X, := {u € L?(Qr) : [wol[ oo () > u > a a.e. in QT} . The map

F:X, = X,
u =, (2.34)

the unique solution in L2((0,T); HY(Q)) N C([0,T); L?(?)) of

v —div (¢’ (w) Vo) =0 in (0,00) x €,
¢ (u)Vo-n=0 on (0,00) x 99,
v(t=0)=uy onf.

is continuous and compact with respect to the L*>(Qr) induced topology.

Proof of Corollary 2.18. As u € X, is admissible, it is bounded, therefore
¢/(”UOHL®(Q)) > ¢ (u) > ¢'(a) > 0 for ae. x € Q.

We conclude by Lemma (2.17) with A = min(¢/(a), ¢'(Juo|| oo (o)) ") and A = ¢'I;. O

Corollary 2.19. Suppose that ug is an admissible initial datum. Suppose additionally
that ug > o a.e. in Q, where o > 0 is a given constant. Then there exists an L?-weak
solution for Problem (2.1).

Proof of Corollary 2.19. We apply Schauder’s Fixed Point Theorem to F' given by (2.34)
on X,, as Corollary 2.18 shows that F' satisfies all the requirements. O

Corollary 2.20 (Existence, non-degenerate case). Suppose uy € L°°(QQ) satisfies m <
ug < M a.e. in Q, for two constants m, M € R. Suppose that A € C ([m, M];RdXd) and
that there exists X > 0 such that such that for all x € [m, M| and ¢ € RY

sup |A] < AL and AE- € < A(w)E - ¢
[m,M]

Then problem (2.11) has an L*-weak solution, u € C([0,T], H' (), Vu € L*(Qr).

Proof. 1t’s a direct consequence of Lemma 2.17. O

Proposition 2.21 (Existence, filtration equation). Suppose that ug is an admissible initial

datum. Then there exists a L?-weak solution for Problem (2.1), and it is unique.

Proof of Proposition 2.21. Consider first the case when ||uo|| () < so, Let ng be so large
that

1
o — < sp.
ol oo () + g <%0
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Then, for every n > ng, consider the sequence of L?-weak solutions of Problem (2.1)
with initial data ug, = uo + % Thanks to Corollary 2.19, there is a unique solution
to this problem. Furthermore, the comparison principle given by Proposition 2.5 shows
that 0 < u,, < Uy, when n > m. Thus the sequence u,, converges pointwise to u. Note

furthermore that ¢ is monotonously increasing on (0, sg) therefore we also have that

when n > m. And therefore ¢(u,) also converges to a limit, which is ¢(u) as ¢ is con-

tinuous. If we can test equation (2.1) against ¢ (u,,), we obtain an energy identity of the

/Q<I>(un) dx—i—/OT/Q|V¢(un)|2 dxdt:/Qwuo,n) dz.,

where @ is a primitive of ¢. This implies in particular that ¢(uy) is uniformly bounded in
L2([0,T], H*(Q)). Thus a subsequence converges weakly L?([0,T], H'()), to ¢(u), with
the same bound. Passing to the limit in the weak formulation, we deduce that u is a
L2-weak solution of (2.1).

form

Suppose now that sy < oo, and that uy € L2(Q) N L>(Q) satisfies 0 < ug < so.

Then there exists a L?-weak solution for problem (2.1). We construct a sequence ug,, =
1
n—l—si

Theorem (2.21) applies, and delivers a unique solution u,. Thanks to the comparison

min(ug, So — ), n > 0 . This is a decreasing sequence and for each such problem,

principle (2.5), we have sg > uy41 > u, for all n > 0, and ¢(sg) > ¢(unt1) > ¢(uy), and
both sequences are bounded in L> (Qr) and L? (0, T,H 1(Q)) respectively, independently
of n. Therefore u,, — u in L?(Q7) N L*(Qr), by continuity, ¢ (u,) — ¢ (u) (weakly) in
H'(Q) and passing to the limit in the weak formulation we conclude that u is an L2-weak

solution.

Uniqueness is given by the comparison principle, Proposition 2.5. ]

Proposition 2.22 (Existence - degenerate, anisotropic case.). Suppose ug € L> () sat-
isfies 0 < ug < M a.e. in Q, for a constant M > 0. Suppose that A € C ([0, M];RdXd) is
such that A(s)€-& > 0 for all s € (0, M] and let a(-) be the principal square root of A.

Then there exists a unique L?-weak solution u, € C([0,T), L*(Q)) of (2.11) correspond-
ing to the initial data ug , = max(uo, %)

Furthermore there exists u € L (Qr;R) such that

u, | win L3(Qr),
a(up)Vu, — a(u)Vu in L*(Qr),
A(up)Vu, — A(u)Vu in LY (Qr),

37



with 0 < u < M. Moreover, u is unique and satisfies the weak formulation:

/ w(t, VOu(t, ) da = / A(w) Ve da dt
Q

T
for all ¢ € C1([0,T]; L*(Q)) N L2([0,T]; HY(R2)), and we have the estimate:

1 1
/Qu(t,-)2 daz+/ A(u)VuVudz dt < z/u%da:.

2 T Q

Proof of Proposition 2.22. Uniqueness follows from Theorem 2.10.

Consider the sequence ufj = max(ug, ). As uy’ € [L, M], and min;1 ,p A(x)E- € >0
for all £ € R?, there exists a unique u™ solution of 2.11 for this initial data. Furthermore,
Corollary 2.11 shows that

0 <u" <uP when p < n.
Integrating by parts against u”, we find

1/Q(un(t, )2 d:c+/ A(u”)Vu”.vundxdt:;/ (ul)? da

2 T Q

thus for all n,
1
la (u") Vu"ll 2 (gp) < 5 luoll 2o -
As a consequence, lim, ., u" = u exists almost everywhere due to the combination of
monotone convergence theorem and comparison principle, indeed 0 < u < u"™ < M for
any n. Since a is continuous, we have a (u") — a (u) in L?(Q) by Dominated Convergence

Theorem. Further, up to a subsequence, a (u™) Vu" — ¢ € L*(Qr). By sequential weak

lower semi-continuity, it holds

Cdrdt < / A (u™™) V™™ V™™ da dt.
Qr T
Alternatively, testing 2.11 against ¢ € C°(Q7) we obtain
/ uM O dx dt = / a(u™™) (a(u™™) Vu™™) Vip dx dt.

T T

Passing to the limit in this identity, we obtain our result. In addition, since a (u™) — a (u)
in L?(Qr) and we just saw that a(u,)Vu, — ¢, we conclude that A(u,)Vu, — = in L.

We now proceed to identify the limits. Let ©;; be a (non negative) primitive satisfying
%Gij(s) = A;;(s), and observe that

Aij (un)azj Up = 393;' @ij(un).
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Let n € C°(Qr) be a test function and consider

Aij(un)Ogiupndr dt = / 04504 (un)n dz dt
Qr Qr

= - @ij(un)amm dx dt.
Qr

Notice that, up to a subsequence, ©;;(u,) — ©;;(u) a.e. since u, | uin L*(Qr) and

because ©;; is continuous. Hence
O3 (un)Opindrdt — [ Oy(u)0ym de dt,
Qr Qr

and, integrating back,

/ A;j(un)Opiunn dz dt — A;j(u)0yundedt,
T Qr

which is the definition of weak convergence. By uniqueness of the limit we have Z =
Aij (u)@x]u

O

The following proof is now straightforward:

Proof of Corollary 2.11. Theorem 2.10 applied to B = A shows uniqueness of L'-weak
solution, which implies uniqueness of L?-weak solutions. Corollary 2.20 ensures that such
solutions exist. Furthermore the proof relies on a fixed point argument for a linear system.
The classical comparison principle applies for this system, therefore it also applies, passing

to the limit, for the fixed point solution. O
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2.3 The role of confinement and interaction potentials

This section is based on a paper co-authored by M. Bruna and J. A. Carrillo, see [ABC18b)].

2.3.1 Equations of Fokker—Planck type: discussion

In the previous sections we have considered purely diffusive equations, as this is the main
focus of this work. Nevertheless, additional terms occur very frequently in the models that
are relevant for mathematical biology. For example, we might be interested in drift terms
of the form div(Fu), where u : R — R is the unknown function and F : R? — R9 is a
vector field representing a force (in the conservative case we have F' = VV, for a suitable

potential V). The simplest example of drift-diffusion equation takes the form
Oru — div [Vu + Fu] =0,

however nonlinear and nonlocal versions of the above equations have become more and

more relevant recently. As an example, we consider the following equation
Oru = div [Vo(u) +uVV +uV(W xu)] . (2.35)

Here ¢ determines the nonlinear diffusive behaviour, V' can be interpreted as a confinement
potential and W is a nonlocal interaction potential which may be attractive, repulsive or

a combination of the two.

Equation (2.35) can be posed in full space R? or on a bounded domain . In the first
case, suitable decay conditions at infinity can be imposed, whereas, in the case of a bounded
domain, no-flux boundary conditions constitute the most common and natural choice. In
either case, it is easy to see that, since the equation is in conservative (divergence) form,
the initial mass is preserved over time. Furthermore, if the initial condition is non-negative,

then solutions will remain non-negative for all positive times.

This facts are consistent with the intuition behind the model: we can interpret the
solution u as a density of cells in space; in the absence of proliferation or death terms the

total number of cells (mass) will remain constant.

There are at least two points of view in the study of well-posedness of equation (2.35),
i.e. the L? approach and the entropy approach. In the first case a key role is played by
estimates for a quadratic energy and relative generalisations. Such approach has been

developed, for example in [BS09].

The second case makes use of the gradient flow structure of the equation in a suitable
space of probability measures (hence the solutions are only measure a priori). In fact, it is
well known that there exists a convex entropy functional that decreases along the solutions
of equation (2.35). Precise well-posedness results can be obtained as a consequence of

the general theory of gradient flows exposed in [AGS08]. Entropy methods have been
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employed in the study of nonlinear, nonlocal Fokker—Planck equations in [CMV06,CMV03]
and [JKO98]. A comparison of entropy and energy methods can be found in [Ott01].

The two approaches we mentioned are not mutually exclusive but they rely on different
assumptions that depend on the specific properties of V- and W (boundedness, integrabil-
ity, convexity etc.).

We would like to point out that there is a link between scalar equations with drift and

cross diffusion systems. In particular, we can consider the following example:
O’ = 0n(Aij(u)0aut)),

which is a special case of the general system introduced in 1.1.3 with B = 0. Let us focus

on the equation for the first component:
ot = div(Ap (u!, v?)Vu' + A (ut, u?)Va?,

we can see that, if the second component u? was fixed, we would have an equation of
drift-diffusion type provided that Ajs(u',u?) = u' f(u?).

In section 2.2.1 discussed a stability result (or continuous dependence) with respect to
the nonlinearity for purely diffusive systems. Such result can be extended to include drift
terms, as shown in [CKO05]. It has to be noted that the above-mentioned result holds on
full space, whereas we are dealing with bounded domains. As shown in section 2.2.1, all
we have to do is to consider a modified test function that takes the distance from the

boundary into account.

In the next section we are going to consider a different type of result, namely we would
like to study the case in which the drift term becomes infinite outside a bounded region.
This will provide a further connection between problems posed in bounded and unbounded
domains and we would like to remark that a problem on full space with infinite confinement
potential and a problem on a bounded domain cannot be compared with the stability
estimates treated in the previous sections since the regularity assumptions are violated
and, clearly, the domains of definition of the solutions are a priori different. Therefore the
next section can be viewed as a necessary step towards more complicated stability results

concerning different domains and unbounded potentials.

2.3.2 Analysis in the L? setting

As announced, we consider an equation of the form (2.3.1) in Q, where u(z,t) > 0 satisfies
no-flux boundary conditions and a suitable initial condition that we will specify later.
The function ¢(-) represents nonlinear diffusion (used to model short-range interactions
between particles), W is a symmetric interaction potential (used to model long-range
interactions) and the external potential V) describes the interactions with the environment

(for example, distribution of food). In Eq. (2.3.1), © is a bounded and connected domain
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Figure 2.2: Sketch of the global potential Vi (x) defined in (2.40).

of class C? in R? (typically d = 1,2, 3).
The goal of this section is to understand how the solutions of (2.3.1) in the bounded

domain 2 relate to the solutions of the following equation in the whole space, as k — oo:
Opup, = div [Vo(ug) + upVVi + upg V(W xu)], = € Rt >0, (2.36)

where the confinement potential is fixed in the bounded domain, i.e. Vi(xz) = Vy(x) for

x €  and it becomes stronger outside ) as k — oo.

We want to understand the behaviour of the solution uj to (2.36) when Vi becomes
a strong confinement potential outside © (where the initial condition is supported). In
particular, we consider a potential Vj of the form depicted in Figure 2.2 (see Definition 2.6).
The parameter k determines the level of confinement and, as k — oo, we obtain infinite
confinement. We will show that this is equivalent to a reformulation of the problem on a

bounded domain with no-flux boundary conditions.

More precisely, consider the problem

Oy = div [Vo(u) + uVV +uV(W xu)], =R t>0, (2.37)
u(x,0) = ug(z).
We denote by Q7 the space R? x [0, 7] and by Qr the space Q x [0, T].
Assumption 1 (L? setting). The first set of assumptions that we consider is the following:
1. 0 <wp(x) < My, supp(ug) C 2.
2. W € Who*(R?) is symmetric, VIV € L'(R?) and, without loss of generality, W > 0.

3. V€ WHe(RY) and, without loss of generality, we also assume V > 0.

4. ¢ € CY(R) has the form ¢(s) = s + o(s), and ¢(0) = 0. We also suppose that there
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exist constants > 0 and b > a > 1 such that

pst < o'(s) < —sb. (2.38)

==

Definition 2.5 (L? (weak) solution). Suppose that Assumption 1 holds. We say that u

is an L? weak solution of (2.1) if
we L0, T; H'(RY) N C(0, T; L*(RY) N L™(0, T, L' (RY)),

Vé(u) € LH(Qr), 8w e L*(0,T; (H'(RY)),

and, for all test functions n € H'(R%),

T
/ u(t)n(t) dazﬁig — / / [(Vo(u) +uVVy +uVW xu) - Vi —udm] dxdt = 0.
R4 - 0o JRrd
(2.39)
The initial datum is satisfied in the L? sense (i.e. limy_q ||u(t,-) — uo ()| 2 (ray = 0).

We now define the sequences of confinement potentials that we are will use in this

section.

Definition 2.6 (Sequence of potentials, L? setting). We define the following sequence of
potentials Vi, € W1 (R9):

Vo(z) z €,
Vi(@) = § p(z) =€\ Q, (2.40)
k r € RY \ Qp,

where €);, is an extended domain around (2,
1 d
Q= IL‘—F%G‘I‘EQ,GGS ,

so that Q;, \, Q as k — oo, and 1y, is a suitable C! extension of V.

Our main result in the L? setting concerns the convergence of the sequence of solutions
ug, which are defined in R?, to a limit function u that solves a problem in the bounded

domain .

Theorem 2.23 (L? setting). Suppose that one of the following conditions is satisfied:
(1) o(s) = s, (2) W=o.

Consider a solution ug of problem (2.1) in the sense of Definition 2.5 and let V = Vj

satisfy the conditions in Definition 2.6. Then uyp converges for k — oo to a function u
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satisfying the following weak formulation in §:

T
/ u(t)n(t) d:c|:z§ — / / [(Vo(u) + uVVy +uVW s u) - Vi —udm] dedt =0. (2.41)
Q 0o Jo

for alln € HY(Q).

Remark 2.9 (No-flux and confinement). Notice that (2.41) is the weak formulation of
a problem with no-fluxr boundary conditions. This justifies rigorously the correspondence

between infinite confinement and no-flux conditions for the family of PDEs at hand.

Remark 2.10 (Convolution on a bounded domain). Given f : Q C R? — R, we use the

following convention:

(W = f)() = /Q W — ) f(y) dy.

We are not going to address the issue of well-posedness of problem (2.1) in the L2

setting, however we refer, for example, to the existence and uniqueness results in [BS09].

Lemma 2.24 (Non-negativity and conservation of mass). Any weak solution u of problem

(2.1) in the sense of Definition 2.5 is non-negative and furthermore it preserves mass, that

/udfn:/ ug dx.
Re Re

Proof. To obtain conservation of mass, it is sufficient to test with the function n = 1 and

18,

integrate by parts to obtain 0 = (Qyu, 1) = 0; [pa udz.

Let M > 0. In order to obtain positivity, we introduce the following truncated function

@ (s) = min(M, ¢'(s))

and the corresponding C'! primitive ¢,;.

We now consider a solution 4™ of problem (2.1) (in the sense of Definition 2.5) with ¢
replaced by ¢p; and we test the equation against § = (u™)_ (which is non-negative and

supported in the set {u > 0}). In particular we have
1
at/ 502 da +/ [0 (W) VO + 0V (V + W xuM) - VO] dz =0,
Rd Rd

which implies, for A = ming>g ¢;(s) and any € > 0,

1 € 1
~6%d AVOP2dx < M / —IVO]? + —|0)%| d
/Rd2 :c—i—/QT VO] da < [|V(V + W ™| o) o 5 VOI" + o167 da,

Notice that [psu™ = [pauo, therefore HV(V+ W*uM)HLOO(QT) is finite thanks to

Assumption 1 and Young’s inequality for convolutions. Hence we choose

e=A|[V(V+ W u)|[ L6,
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It follows that
1
/ 02d93+/ A|ve|2dxg||V(V+W*u)||ioo(QT)/ 10)? d.
R Qr AJor

Using Gronwall’s inequality we obtain § = (u™)_ =0 a.e. (z,t) € Q7.

M

Finally, we claim that, up to a subsequence, u™ converges to u as M — oo in the

following sense

uM — win L*(Q7),

VuM = Vu in L*(Qr),

dar(uM) = p(u) a.e. in Qr, (2.42)
Vou (M) = Ve(u) in L*(Qr),

oM — dpu in L2(0,T; H (RYY).

M

It is indeed the case since all the standard energy estimates for 4 are uniform with respect

to M (recall that the diffusion is non-degenerate at this stage). So u™ € L2(0,T; H'(Q))
and, by compactness, claim (2.42) holds. This ensures that the limit function u is a
solution of (2.1) in the sense of Definition 2.5. O

Linear Fokker—Planck equation

We begin with the simplest case with non-interacting particles (W = 0, ¢(s) = s); in this

setting it is possible to work in an L? setting.

Lemma 2.25 (Energy identity and boundedness). Consider the scalar equation

du = Au+div(uVV), zeR%t>0,

2.43
u(z,0) = up(z). z43)

For every weak solution of problem (2.43) (in the sense of Definition 2.5) the following
identity holds:

T
/ w(T)?eY dx + 2/ / eV |Vu +uVV|*dedt = / up®e dz, (2.44)
R4 0 R4 R4
for a.e. T'> 0. In addition, u is bounded in L*°(Qr) in the following way:
up <me”V =u<me " ae (t,z)€Qr, (2.45)

for a fixed m > 0.

Remark 2.11. Lemma 2.25 is a particular case of Lemma 3.7, which we will state and

prove in Chapter 3. We present it here in order to make this section self-contained.
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Proof. We test the equation against ue". We obtain

/ Opu (ue") do = / [Au + div(uV V)] ue" dz. (2.46)
Rd Rd

Integrating the left-hand side of (2.46) in time, we obtain

T T
1 1 1
/ / oru (uev) dxdt:/ / Oy —u2e dxdt:/ u(T)Qede—/ fuozevda:.
0 Rd 0 Rd 2 ]Rd 2 ]Rd 2

Using integration by parts in the right-hand side of (2.46) we obtain

/ [Au — div(uVV)] - (uev) dx = —/ (Vu+uVV)-V (uev) dx
R R4

= —/ eV|Vu+uVV/|*ds <0.
Rd

Altogether we have obtained

1 1 r
/ —eVu(T)? dx = / —ug?eV dx — / / eV |Vu + uVV|? dz dt,
Rd 2 R4 2 0 R4

as required. In order to prove boundedness, we consider the function @ = ue". Let us

rewrite equation (2.43) in terms of :
e Vo, = div (e_VVﬂ) .

We integrate the equation above against the test function (@ — m)4:

1 ¢ 1
/ ~e V(a(t) —m)? da + / / e VIV(a—m)|?dedr = / ~e V((0) — m)? du.
R4 2 0 Rd Rd 2

Notice that @(0) = uge"’, thus the right-hand side in the equality above vanishes. This
means that a(t) < m for a.e. (¢,z) € Qr and the proof is complete. O

Corollary 2.26. Consider the assumptions of Lemma 2.25 and recall that supp(ug) C Q.
Let V =V}, as in Definition 2.6 and consider u = uy, as in Lemma 2.25. Then up(z,t) — 0
in L([0,T] x QF) for k — oc.

Proof. 1t is a direct consequence of (2.45) (recalling that Vj, — oo on Qf). O

Nonlocal Fokker—Planck equation

Here we consider the extend the linear case of the previous subsection to include a nonlinear

interaction potential W.

Lemma 2.27 (L? energy estimate, case ¢(s) = s). Let u = uy be a weak solution of
problem (2.1) with ¢(s) = s and V =V, given by Definition 2.6. Let ug be the (constant)
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mass of u. In addition, recall that supp(ug) C Q. Then we have

T
/ u(T)?eV dx—i—/ / e VIV(e u)? dzdt < C(VW, EO,T)/ uop’e dr.  (2.47)
R4 0o Jrd Q

Proof. We are going to use uexp(V) as our test function.
T
/ w(T)2eV dx + 2/ / [V |Vu + uVV | + u(VW % u) - V(e u)] dodt = / up®eV dz,
R 0 JRI Q
and
T
/ / ueV2(VW sw) - eV (V) da dt < |ue"’?||2]e” V2V (¥ w)|| 12| VW || poo ||| 1,
0 JRd

resulting into

T
/u(T)2ede+/ / VIV (V)| da dt
R4 0 Rd
T
< [uteV do [OWIEls [ [ e v
Q 0 Rd

Using Gronwall’s lemma we obtain

T
/ u(T)2eY dz —|—/ / e VIV(eVu) > dr dt < exp (T|| VW ||7 00 ||ull31) / up?eV dz,
R4 0 R4 Q

as announced. ]

Remark 2.12. Unlike in the linear case, boundedness of (weak) solutions is not so
straightforward. It can be shown arguing as in [LSU88], Chapter 3, Theorem 7.1 or
in Stampacchia, [Sta65]. Since we do not need boundedness in our analysis, we do not

discuss it further.

Nonlinear (local) Fokker—Planck equation

In the case of nonlinear diffusion, we generalise the familiar procedure often used to obtain
energy estates and we introduce a new quantity, indicated by P(u), which coincides with

u in the linear case.

Lemma 2.28 (Energy inequality, W = 0). Let u be a weak solution the following equation

o = Ap(u) + div(uVV), zeR%t>0,
i = 86(w) + div(uVV) 018
u(z,0) = uo(x),

where ¢(s) = s + o(s) satisfies Assumptions 1. Then:

/ eV Qu(T)) dx + / & PO G 60) + uvv ()2 de < / &V Oug)dr,  (2.49)
R4 R4

U Q
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for a.e. T >0, with

Plu) = exp ( /1 ") ds> Cand Q) = /O " p(s) ds.

S

Proof. First of all, we notice that
V(eVP(u)) = e P(u)V <V(x) + ’ ‘blis) ds)
=" P(u) <VV(a;) + ny?w)
= evpff‘) (Vo(u) +uVV(z)).
We test equation (2.63) against ¢" P(u) and we obtain

dyue¥ P(u) dx = / div [Vo(u) +uVV]eY P(u) dz. (2.50)

R4 R4

Considering the left-hand side of (2.50), we obtain

/OT /Rd opu [eVP(u)] de dt = /OT /Rd 5 [Q(u)ev] da dt
= /Rd Q(u(T))e" dr — /Rd Qug)e” de,

where @ is a primitive of P.

Notice that, since P(u) > 0, @Q(u) is increasing and we can choose Q(0) = 0. Using
integration by parts in the right-hand side of (2.50), we obtain

/ div [V (u) + uVV]e¥ P(u) dz = — / [Vé(u) +uVV] -V [e P(u)] dz
R4 Rd
__ / & P 19600 + uv v (@) da,
R4 u
Altogether we have obtained

u

/ eVQ(u(T))dx—i—/ eVP(u)]V¢(u)+uVV(x)|2dx§/er(uo)d:c. (2.51)
Rd Rd Q
0

Remark 2.13. Notice that, thanks to Assumption 1 (point 4), we have

J) 140 1
S

S S
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for any s > 0 and some given p > 0, a > 1. From the definition of P, for u > 0, we obtain

P(u) = exp (/1u L+0'(s) ds> > exp <log(u) n M/lu 521 ds> — wexp (g(u . 1)) ,

S

consequently, P(u) is well defined and, using the lower bound just obtained, we observe
that it satisfies
P(u) = c(p, a)uexp(u®), (2.52)

for c(p1,a) = exp(—£). It follows that, for any u > 0,

Plu) >c(p,a) and  lim Pls)

u s—0t S = clma).

In addition, notice that since P(u) > c(u, a)u, we also have Q(u) > c(u, a)u?.

These facts will be useful in the proof of Theorem 2.23, providing useful lower bounds
for the left-hand side of inequality (2.49).

We are now going to exploit the properties of the function ) in order to obtain a bound

in LP. First, we need the following simple result.

Lemma 2.29. Let p > 1, a > 1. The following inequality holds for any s > 0:

p—1

~1\ =
sP < 0pqsexp(s?), where Op.a = <p > . (2.53)
ea
Proof. Maximizing the function s”?~!exp(—s) we obtain the optimal value for 0p.a, which
p—1
is attained at s = p — 1 and hence 0, , = (pe_al) ‘. O

Corollary 2.30 (L? estimate). Under the hypotheses of Lemma 2.28, for any 1 < p < oo

and 0, , as in Lemma 2.29, it holds

/Rd eVuP dr < 0,4 /Q eV Q(up) dx. (2.54)

Proof. The result follows combining the inequalities (2.49), (2.52) and (2.53). O

Remark 2.14. Notice that the term div(uVV') can be generalised to the form div(a(u)VV),
where « is such that a(s) = s(1 + p(s)) and there exists a constant p € [0,1) such that

uo'(s) < p(s) < o'(s). (2.55)

In this case we can define P as follows:
/
101,
o

P = e ([0

and we can obtain a result analogous to Lemma 2.28.
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Proof of Theorem 2.23

We are going to presents the two cases separately (i.e. W =0 or ¢(s) = s).

Remark 2.15. Suppose that the function ue'/? belongs to L2(0,T; H'(2)), then u be-
longs to the same space. Indeed V(ue"/?) = e"/2(Vu + uVV/2) and we know that
u € L>®(0,T; LY(Q)) and that V € Whee(Q).

Proof of Theorem 2.23, case ¢(s) = s. The weak formulation introduced in Definition 2.5

gives us

T
/ ug (t)n(t) dm‘zg — / / [(Vug + upgV (Vi + W s ug)) - Vi — ugden] dadt = 0.
R4 0 JRrd
(2.56)
for all test functions n € H'(RY).

\%
We notice that, from the energy inequality (2.47), the function ukeTk is bounded in
\%
L?(0,T; HY(R?)) N L>®(0,T; L*(R%)). Since the term e is bounded from below, we also
have that uy belongs to the same space (see Remark 2.15).

We divide R? into three parts, namely €, Qf and Q \ . Consequently, we split (2.56)
as Io + Ioc + Ig,\o + Ja + Jag + Jo,\q, where

T
Iy = / / [(V(Z)(uk) + upVVi + up VW % uk) . V?ﬂ dx dt,
0 A

T
Ja= /A [ (T)(T) — uon(0)] da — /0 /A wrdy da dt

We want to show that all terms but I and Jq vanish in the limit & — oo. Then I+ Jo

will characterise the limit problem defined in €.

o Iq: Restricting our attention to Iq, from (2.47) we obtain

T
/ up(T)2eV* dx +/ / e V|V (e} up))? dadt < C'/ up®e dz. (2.57)
Q 0o Ja Q
This implies that
up € L0, T; L(2),  V(e'uy) € L*(0,T; L*(2)),

uniformly in & (notice that V' is bounded and sufficiently smooth). Hence we can
extract a subsequence uy, that converges weakly in L?(0,T; H'()) to a limit de-
noted by u. By compactness, u, converges strongly in L?(Q7) as well. To simplify
the notation, in what follows we write wuj instead of uy,. In particular, thanks to

the strong convergence of uy, in L?, we have

upVVi — uVV in L*(Q7)
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and
up V(W s ug) — uV (W xu),

in fact, for £ — oo,
VW s (u — )|l 1200 < VWl 1) (ke — W)l 20,y — 0
Thus we have obtained
I — /Q [(Vu+uVV +uVW xu) - V| dz,

as k — oo.

Ige: Considering Ige and using again (2.47), since Vi > k on €f, we have

T
/ w(T)2ek dx —|—/ / e*|Vuy|? do dt < C’/ up?e'0 dz,
Q¢ 0o Jag¢ Q

and therefore, for k — oo, we obtain Ioe — 0 because we have that
||UkHL2(0,T;H1(Qz))mLoo(o,T;m(Q,g)) — 0. (2.58)

In,\q: It remains to be checked that I, \q also vanishes. Once more, from the

energy identity (2.47), we obtain

T
/ / VR Vg, + V(U + W s ug)|? da dt < C’/ up2e’? dx.
0o Jan Q

Since exp(Vy) > 1 and [ \ 2] — 0, we deduce that

T
/ / (Vug +up V(¢ + W xuy)) - Vi dedt
0 Jop\e

T 1/2 T 1/2
< (/ / \Vuig—l-UkV(lbk-i-W*uk)\Q dwdt) </ / |V17]2 dxdt)
0 JQp\Q 0 JOp\Q

1/2

1/2 T
< (C’/ uye0 dm> </ / |Vn|? da dt) — 0.
Q 0 Jaoe

e Jo: The sequence uy, converges weakly in in H'(Q) to a limit u, hence
T
Jo — / [w(T)n(T) — upn(0)] dx —/ / udyn dx dt  as k — oo, (2.59)
Q o Ja

e Joc: Notice that up = 0 in ©f. The remaining terms in Joe vanish thanks to (2.58).

e Jo,\o: The integral Jo,\q goes to zero because the integrand is uniformly bounded
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in L' (thanks to the conservation of mass) and [ \ Q| — 0.

The weak formulation we obtain in the limit is the following:

T
/ w(T)n(T) — u(0)n(0)] da — / / (Vo(u) + uVVo + uVW 5 ) - Vi — udyy] da dt = 0,
Q 0 Q

Notice that the initial datum is still satisfied in the L? sense and that since the test
function can be any element of H'(Q) this implies that no-flux conditions on 9 are

implicitly enforced. It is easy to see that the initial datum is satisfied in the L? sense. O

Sketch of the proof of Theorem 2.23, case W = 0. We now consider the case W = 0 (and
¢ generic). We can repeat all the steps above using the energy inequality (2.49) instead
of (2.47). This is natural once we have observed that the quotient # > ¢(p,a) for
any u > 0, see Remark 2.13. In particular, from (2.49), Remark 2.13 and recalling that
Q(0) =0, it follows that

/ M L (T)2 dr + / eV [V (up) + up VVi(w) | dar < / eQ(up) dz.  (2.60)
R 2 R Q

In the case ¢(s) = s, thanks to inequality (2.60) we can prove that, up to a subsequence, uy
converges to 0 outside of 2 and it converges strongly in L?(Qr) (hence almost everywhere)
and weakly in L2(0,T; H'(£2)) to a function u satisfying the limit weak formulation (2.41).

O

Remark 2.16. We do not treat the most general case in the present section since it is not
clear how to obtain a suitable energy estimate that is uniform with respect to k. However,

the general equation can be studied using entropy techniques as shown in the next section.

2.3.3 Analysis in the entropy setting

Under a slightly different set of assumptions, it is possible to obtain a convergence result
analogous to Theorem 2.23. The key ingredient this time is the entropy structure of
equations (2.3.1) and (2.36).

Assumption 2 (Entropy setting). Our second set of assumptions is the following:
1. ug(x) >0, [pauodr =1 and supp(ug) € Q.
2. Wewh>® (RY) is symmetric and, without loss of generality, W > 0.

loc

3. Ve I/Vlifo(Rd) and we assume that V > c|z|? for |z| — oo and for some ¢ > 0.

W

. ¢ € CY(R,) has the form ¢(s) = s+ 0 (s), $(0) = 0 and it is monotone. We suppose
that there exist constants p > 0 and b > a > 1 such that
us® < o'(s) <

sP. (2.61)

==
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Notice that we have not assumed boundedness or decay of V' and W at infinity and,
for our purposes, convexity is not required. Nevertheless, in other to apply the existence
theory (see Theorem 2.32), we will have to assume convexity (see [AGS08] and [CMV03]).

We denote the 2-Wasserstein space of probability measures by P2 (R?) and the relative
distance by dy,.

Definition 2.7 (Entropy (weak) solution). Suppose that Assumption 2 is satisfied. We
say that u € L>(0,T; L' (R%)) is an entropy solution of (2.1) if u is a distributional solution
in D'(R?) and it satisfies

u(t,-) = ug in Po(RY) ast — 0,

for all T > 0,
2

%qu(u) +VV + VW xu| drxdt< oo,

Jo,"

and, for ©(u) = [ [ ¢I£r) dr ds, it is a gradient flow in Py(R?) for the entropy functional:

Elu(t)] = y O(u) +uV + %U(W xu) dr.

We now consider the following sequence of potentials:

Definition 2.8 (Sequence of potentials, entropy setting). We define the following sequence
of potentials Vj, € W= (R%):

loc

Vo(z) =€,
Vi(r) = p(z) z€ %\ Q, (2.62)
Ck(a:) T € Rd\Qk,

where 0 is an extended domain around (2,
1 d
Q= x—i—Ee‘:pEQ,eES ,

so that Q; \, 2 as k — co. Here (x(x) > k is such that Vi(z) > c|z|? for |x| sufficiently
large (in particular [pq e~ (@) dg < 00), and 9y (x) is a C* interpolant between the values
of Vo on 002 and (i outside 2.

Theorem 2.31 (Entropy setting). Consider a solution wy of problem (2.1) in R? in the
sense of Definition 2.7 and let V =V}, satisfy the conditions in Definition 2.8. Then uy,

converges for k — oo to a function u satisfying the following weak formulation in §:

T
/ / [(Vo(u) + uVVy + uVW s u) - Vn — udm] dx dt =0,
0 Jo

for any n € C*(Qr). The initial datum is satisfied in Pa(2).
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Let us consider the full problem with the nonlocal term

dyu = div [Vo(u) + uVV +uV(W xu)], zcR%t>0,

2.63
u(z,0) = ug(z). (2.63)

We consider a solution wuy to (2.63) when V = Vj given in Definition 2.8. We have to
prove that wuj exists and is unique and that the sequence u; converges to u solving problem

(2.1) in Q. The steps involved are:

1. finding bounds independent of k,
2. showing that u; — 0 outside (2.

3. passing to the limit in the weak formulation.

The following well-posedness result has been proven in [AGS08], Theorem 11.2.8.

Theorem 2.32 (Existence and uniqueness of solutions). Suppose that V' and W are
strictly convex. For every ug € Pa(RY) there exists a unique distributional solution u €
Po(RY) of (2.1) in R among those satisfying

u(t,-) — ug in Po(R?) ast — 0,

¢(u) € L} (0, 00; Wl107<:1 (RY), and, for all T > 0,

A

Remark 2.17 (Existence theory). Since u € P2(R?), the solution could a priori be a

2

1
Equ(u) +VV + VW xu| udrdt < oo. (2.64)

probability measure without density. In this case, in order to avoid the abuse of notation
in (2.64), we shall rewrite the integration with respect to w itself (instead of the Lebesgue
measure). For further results concerning existence and uniqueness of entropy solutions,
we refer to [CM V03], Proposition 2.1. For a different approach based on hyperbolic tech-

niques, we refer to [CK05], Section 6.

Step 1: bounds for ug

Lemma 2.33. Let u = up be a weak solution of problem (2.63) and let Assumption 2
hold. Problem (2.63) is a gradient flow for the following associated entropy functional:

1
Elu(t)] = /Rd ulogu + Z(u) + uV + §u(W * u) dx,

with

T

E(u):/oug(s)ds, f(s):/ls A
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More specifically we have
Elu(t)] + / Dlu(7)]dr = E[ug), (2.65)
0
where
Du(t)] = /R u |V (log(u) + £(u) + V + W s u)[? da (2.66)

Moreover, we have that, for a.e. t >0, up > 0 and

/ukdx:/ ug dx.
R? R?

Proof. Identity (2.65) is obtained differentiating F(u(t)) with respect to time and noticing

that equation (2.1) can be rewritten as follows:
Oru = div [uV(log(u) + &(u) + V + W xu)].

See for example Chapter 11 in [AGSO08] for further details. O

Remark 2.18. Note that the estimates for the L' norm and for the entropy are uniform

with respect to k and t.

We now state a useful technical Lemma, for its proof we refer the reader to [BCC12].

Lemma 2.34 (Carleman estimate [BCC12]). Consider two functions p € L% (RY) and
v : RY = R with y(z) > 0, e € LYR?) and such that the moment [, v(x)p(z) dx is
bounded. Then

x)(log p(z T x)p(x) dx E e @) dg
[ p@iosp@)-de < | s@p@yde+ [ e d (2.67)

Rd (&

Thanks to Lemma 2.34, we obtain a bound that takes into account the negative part of

uy log ug.
Lemma 2.35. Let uy be the solution to (2.63) when V =V is given by (2.40). Then the
following inequality holds

/ [ug| log ug| + up Vi + up(W * uy)] da < Co, (2.68)
R’i

where Cy is a constant depending on 0, ug and Vi only and it is given by Cy = 2E(ug) +
2 (fQ e~ 2V0 dg + 5k> and g}, = fRd\Q e 2Vedr — 0 as k — oco.

e

Additionally, we have that
2
/ ug dz < &, (2.69)
Rd\ﬂk k

and ux — 0 in LY(RY\ Q) as k — oo, uniformly in t € [0,T).
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Proof. First we consider the case ¢(s) = s .

In order to use the entropy inequality of Lemma 2.33, we have to ensure that the term

involving wuy log(uy) is non-negative. We have

1
/d {(uk log ug) + uk Vi + iuk(W * uk)} dzx < E(up).
R

In order to estimate the negative part of ujlogu; we will use Lemma 2.34 with p = wg
and v = %Vk (notice that fRd Viu dz is bounded but we do not know that the bound is

uniform in k at this stage). More specifically we have

1 1
/ ug(logug)— dx < - Viup dx + / e~3V dg.
R4 2 Rd

Rd €

This implies that

1 1 1
/ ug|logug| + zup Vi + zur (W) * ug) | de < E(up) + / AL dr,
R4 2 2 € JRrd

and, in turn,
1

1
/ up Vi dz < E(ug) + / e=3V% dz.
2 Rd\Qk € JRrd

This means

0§/ ukdx§2ﬁ—>0 as k — oo.
B\Qy k

The general case with a nonlinear diffusion ¢(s) can be treated in an analogous way,
after observing that, from (2.38), #ls) _ 14 ') > % + st > 0, for s > 0. Therefore

S S S

¢(u) = ulogu + Z(u) is convex with respect to u and defines a suitable entropy. In

addition, all the terms involving # that appear in the generalisation of the previous

computations are automatically non-negative. ]

Remark 2.19. Notice that the assumption W > 0 is not restrictive and the same argu-

ment applies if W has a lower bound, in particular

/Bu<W*u>=/Bu<<w+q>*u>q(/Bu)2

The following estimate will be used extensively in the next subsection. Its proof is a

direct consequence of (2.65) and (2.68).

Corollary 2.36. Let uy, be the solution to (2.63) when V = Vj is given by (2.62). Then,

given the constant Cy from Lemma 2.35, the following estimate (uniform in k) holds:

/d [uk|log ug| + Z(uk) + up Vi + up(W + q) % ug)] dx

R
T

+/ / uy, |V(log ug + &(ug) + Vi + W s ug)|? dedt < Co. (2.70)
0 Jrd
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Step 2: passage to the limit and proof of Theorem 2.31.

Similarly to what we did in the L? case, we consider the weak formulation (2.39) and we
divide R? into three parts, namely €, Qf and Q \ . Consequently, we split the weak

formulation in the following way:
T T
/ ukn‘o dx + / / [(Vo(uk) + upVVi + upg VW sk ug) - Vi) — uiOn)| da dt
Rd 0 JRd
= Io + Ig,\o + loc + Ja + Joa + Jag, (2.71)

for any test function n € C*°(Qr). Here we have defined

T
Iy= / / [(Vé(ur) + uVVi + u, VW s ug) - V| d dt,
0o Ja

T
Ja = —/ / urOn dx dt.
0 A

Below we show that all terms except I and Jq vanish in the limit £ — oco. Then Ig + Jq

will characterise the limit problem defined in €.

e [: First, we focus on I. Notice that, restricting (2.70) in €2, we have
T
/ / ug |V(logug + &(ug) + Vo + W % uk.)|2 dz dt < Cj. (2.72)
0o Ja

Hence, we have that \/ug V(log uy +&(ug) + Vo +W xuy) € L*(Qr). We now proceed

to show that the last two terms in this expression are bounded in L?(Q7). We have

T
/ /uk\VVb\zdacdtSTHVVOH%OO(Q)/uodx, (2.73)
0 Q Q

and . )
/ / up|VW s ug|?dedt <T VW | oo (0) (/ uo daz) . (2.74)
0 Q Q

Now we rewrite the diffusion terms as

T T
/ / up, |V (log uy, + &(uy,))|)? dadt = / /(1 + o' (u))|V (Vag)|* de dt.  (2.75)
0 Q 0 Q

Recalling that ¢’ > 0 and combining (2.72), (2.73) and (2.74), from (2.75) it follows
that that V(y/uxr) € L?(Q7) uniformly in k. We deduce that the sequence /uy is
compact in L?(Qr). Therefore, we can extract a subsequence (still denoted by wuy)

that converges strongly in the same space:

Vug = Vu  in L*(Qr). (2.76)
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We now rewrite I as follows

T
I =/ /\/@\/@V(loguk + &(ug) + Vi + W s uy) - Vi da dt, (2.77)
0 Q

and we notice that the integrand is the product of a strongly converging sequence
and a weakly converging sequence in L?(Qr), in particular \/uy — /u and Fj, —
F € L*(Q7), where Fy, = JupV (logug + £(uy) + Vi + W * u). This means that

T T
/ / VupFy - Vn dx dt — / / VuF - Vn dz dt.
0 Q 0 Q

Furthermore, again combining (2.72), (2.73) and (2.74), it follows that F' = V¢(u)+
uVVy + uVW xu and

T
Ig — / / [(Vo(u) +uVVy +uVW xu) - Vn| dedt, ask — oc. (2.78)
0 Q

Iqe: The term Iqe is dealt with in an analogous way to Iq since equation (2.77) holds
replacing € by €2f. In particular, this term then vanishes since uj — 0 strongly in
LY(Q) (using Lemma 2.35).

In,\q: We now check that Iq,\q also vanishes. Indeed we have

r :
e < Il 2 nmpan ([ Dovolutlar)

for Doa[u(t)] = fo,\q uk |V (0guy + &(ux) + Vi + W s wp)|* d
The second factor in the right hand side is bounded by the Lemma 2.36. The first

factor is bounded and converges to zero as k — oo using the following argument. By

Jensen’s inequality we obtain, for a region R such that |R| < 1,

[ aterdo < gl ([ s osa@dz s et). )

We use this inequality with R = Q \ © and g = uy. Recalling that [Qf \ Q] — 0 as
k — oo we obtain the desired result, Ig,\q — 0.

Ja: Up to a subsequence, u converges weakly in L'(£2) to some function u, hence
T
Jo — —/ / udyn dx dt, ask — co. (2.80)
0o Ja

Jag: Notice that ug = 0 in Qf. The remaining terms in Jo¢ vanish by Lemma 2.35.

Ja,\a: The integral Jo,\q goes to zero because the integrand is uniformly bounded
in L' (thanks to the conservation of mass, see Lemma 2.24) and |Q \ Q| — 0.
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Thanks to (2.78) and (2.80), the weak formulation we obtain in the limit is the following:

T
/ / [(Vo(u) + uVVy +uVW xu) - Vi — uden) dxdt = 0.
0o Ja

Notice that since the test function can have arbitrary values on 92, the no-flux conditions

on 0f2 are implicitly enforced.

We now show that initial datum is satisfied in Po(R?). To do so, we use the characteri-
sation of Py(R?) convergence given in Proposition 7.1.5, p. 154 in [AGS08]. In particular,
the the second moment [, ug|z|? do is bounded uniformly (Vi(z) > c|z|* at infinity) and
the so-called narrow convergence is implied by the L' bounds obtained in (2.69), (2.76)
and (2.79). We deduce that uy converges to u in Py(RY) as well. As a consequence, we
obtain that the initial datum is satisfied in the Py (R%) sense, indeed, since our L' bounds

are uniform in time, we conclude that

lim lim dy, (u(t,-),up) < lim lim (dw, (ug(t,-), u(t,-)) + dw, (ur(t, ), up)) = 0.

t—0 k— o0 t—0 k—oco

Corollary 2.37 (Degenerate case). Theorem 2.32 still holds if we drop the linear diffusion

term, i.e. ¢ = o, leading to an equation with degenerate diffusion.

Proof. Almost all the results above remain unchanged, in particular it is straightforward
to see that up converges to 0 in the complement of 2. Therefore, the only steps that are
not obvious concern the passage to the limit in the term I in the proof of Theorem 2.32.
More specifically, we have to obtain strong L' convergence in € finding an alternative to

(2.75). Since, by assumption, o(s) > s for some a > 1, the entropy satisfies the inequality

/ utdr < C’(a)/ E(u) dxr < oo. (2.81)
Q Q

We know that VE&(uy) is bounded in L2(€2), hence, by compactness, the sequence &(uy)
converges to ¢ a.e. (t,r). Notice that ¢ is monotone and sufficiently regular, thus ug
converges a.e. as well. Combining this fact, inequality (2.81) and uniqueness of weak

limits we obtain strong L' convergence of u; to a weak solution u for k — oo. O

Remark 2.20 (Moments). We have used the hypothesis of quadratic growth of V' at
infinity only to ensure that the second moment [pq ug|x|? dz is bounded and therefore that
the initial datum is satisfied in P2(R?). It is possible to make less restrictive assumptions,
for example, if V' grows linearly at infinity we get control over the first moment and the
initial datum is satisfied in Py (R%).
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Chapter 3

Systems with small cross diffusion
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In this chapter we focus on the study of non-degenerate systems of PDEs of type (1.1).

In addition to the assumptions in section 1.1.3, we suppose there exists A > 0 such that
AP (o, u)XEXD > MX[, forall t>0, z€RY ueRY, X e RPN

We study of systems that are nearly decoupled, in particular all the nonlinearities are
supposed to be multiplied by an arbitrarily small parameter € for d € {1,2,3}. The results
of this chapter have been obtained jointly with Y. Capdeboscq and M. Bruna and they have
been published in [ABCI18a]. The “smallness” assumption for the cross-diffusion terms
may seem quite restrictive, however it is relatively common in the biological applications
since it is often related to the fact that pairwise interactions between individuals in a
microscopic model are dominant (whereas the interaction of three or more individuals is
considered to be uncommon, at least in a low-density regime). As one might expect, the
fact that the system is close to a linear, decoupled one can be used to prove regularity
and stability of solutions in strong Sobolev spaces. In this case we include in the analysis
first order terms in divergence form. Chapter 4 will be dedicated to the study of non-
degenerate systems with “large” cross diffusion. For a different approach to perturbations

of (possibly degenerate) decoupled systems, we refer to [ZM15].
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3.1 Analysis and stability

3.1.1 Background and motivation

We are going to analyse a class of nonlinear cross-diffusion systems of PDEs which model
multi-species populations in presence of short-range interactions between individuals. We
assume that these systems are close, in a suitable sense, to decoupled sets of linear
parabolic evolution problems. Such problems arise in many applications in mathemat-
ical biology, such as chemotactic cell migration, ion transport through cell membranes,
and spatial segregation in interacting species. The strength of the interactions (and there-
fore of the nonlinear terms) is quantified with a small parameter €, so that when ¢ = 0
the system becomes diagonal and linear. The biological justification for these models
comes from weakly-interacting species, whereby interactions between populations (such as
excluded-volume or chemotactic interactions) are present but are not dominant over the

isolated species behaviour.

The cross-diffusion systems we are interested in have the form
O — div [A(t, z,u)Vu — B(t,z,u)u] =0, in Q,¢t>0, (3.1a)
with boundary and initial conditions

[A(t,z,u)Vu — B(t,z,u)u] -v =0, on 0t >0, (3.1b)
u(0,-) =u’, in Q, (3.1¢c)

where  is a smooth, bounded, and connected domain in R% (d =1,2,3), v denotes the
outward normal on 09, and u = (u1, . .., Uy, ) is the vector of densities of each species. The
divergence div and gradient V represent derivatives with respect to the d spatial variables.
Here A(t,z,u) and B(t,z,u) are m x m matrices of diffusion tensors and drift vectors,
respectively (see (3.12) for further details). In particular, the entries of the diffusion
tensor A may be scalars in the case of isotropic diffusion, or d x d tensors in the case
of anisotropic diffusion. The drift matrix elements B;; are d—dimensional vectors. In
our class of cross-diffusion systems, the matrices A and B are close to matrices that are

diagonal and independent of u, that is, they can be written in the form

A(t,z,u) = AO(t,2) + e AV (1, 2,u) + O(€?),

(3.2)
B(t,z,u) = BO(t,2) + eBY (¢, 2, u) + O(?),

where € is a small parameter.

The focus of this section is to study the stability of the solutions to (3.1) under perturba-
tions of order €. We establish that the solutions depend continuously on the nonlinearities
AW and BW for e small enough. The cross-diffusion model (3.1) is a non-linear system,

and this combines two types of difficulties, namely the non-linearity and the fact that
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fully coupled parabolic systems of equations do not enjoy, in general, the same smooth-
ness properties as parabolic equations (see, for example, [GM13, Chap. 9] , and [GS82)).
Our results are detailed in Proposition 3.1 and Theorem 3.5. They are quantitative, in the
sense that we provide a bound on e below which our perturbation result applies. The nov-
elty of our analysis consists in the unified approach to the study of regularity and stability
properties in “strong” Sobolev norms for a relatively wide class of nonlinear cross-diffusion

systems.

Our stability estimate uses the underlying regularity of the system, which, as we will see,
it inherits from the leading order model, consisting of decoupled linear evolution equations.
We show that for small perturbations at least some of the regularity is preserved and, using
a fixed point argument, we deduce a stability estimate with respect to the nonlinearities
of the model.

Similar results concerning nonlinear systems where interactions between species (or com-
ponents) are limited to lower order term (so-called weakly coupled systems) are available
in the work of Camilli and Marchi [CM12]. They extend the results available for scalar
equations in terms of continuous dependence estimates in the sup norm using the dou-
bling variable method [Kru70] and viscosity solutions. Their results do not apply to fully
coupled systems with cross diffusion present such as the ones we are considering. Con-
tinuous dependence for fully coupled quasilinear systems was studied by Cannon, Ford
and Lair [CFL76]. They established existence and uniqueness, following arguments of La-
dyzhenskaya, Solonnikov, and Ural’tseva [LSU88] in larger Sobolev spaces (weaker norms).
They derive stability estimates under additional integrability properties assumptions for
the gradients. We establish existence and uniqueness in stronger norms, removing the

need of additional regularity assumptions.

There are several models, especially in mathematical biology, that fit into the class of
systems (3.1) and (3.2). This is the case for models describing the transport of cells or ions
while accounting for the finite-size of particles [BC12a, BDFPS10,SLH09, Per15]. These
models were derived from stochastic agent-based models assuming that the concentration
of cells or ions is not too large, so that the transport dominates over the finite-size inter-
actions between cells or ions. The diffusion and drift matrices become density-dependent
due to the interactions, but this correction is small since it scales with the excluded volume
in the system. Below we present three of such models, and show how they fit into our

framework.

Example 1 (Random walk on a lattice with size exclusion). A cross-diffusion model
for two interacting species was employed to describe the motility of biological cells by
Simpson et al. [SLH09] or ion transport by Burger et al. [BDFPS10]. The models were
derived assuming that particles are restricted to a regular square lattice and undergo a
simple exclusion random walk, in which a particle can only jump to a site if it is presently
unoccupied. In order to obtain a continuum model such as (3.1) from these so-called

lattice-based models, it is generally assumed that the occupancies of adjacent sides are
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independent, so that the jumping probabilities take a simple form and do not require
correlation functions [BDFPS10,SLH09]. Clearly, such an approximation is poor when the
overall occupancy of the lattice is high. As a result, these models are generally considered

valid for low-lattice occupancies.

The models in [BDFPS10,SLHO09] consider two species of equal size, whose diameter is
given by the lattice spacing ¢, that undergo a random walk with isotropic diffusion D; and
external potential V;(x), for ¢ = 1,2 (the jumping rates increase with D; and the jumps
are biased in the direction of —VV;(z)). There are Ny particles of the first species, and No
of the second species. Under these assumptions, a cross-diffusion model of the form (3.1)
is obtained, where the population densities u1(t,x) and ug(t, x) represent the probability
that a particle from first or second species respectively is at = € 2 at time ¢. The diffusion
and drift matrices are given by [BDFPS10]

A(u) _ Dl(l — €N2u2) GDlNzul (3 3a)
6D2N1U,2 Dg(l — GNlul) ’ ‘

B(u) =

(—VVl(l — dvlul) GNQ'lLlVVl > (3 3b)

eNl'UQv‘/Q —V‘/é(l — GNQUQ)

where € = (N7 + Np)e?/|Q| < 1 represents the total volume fraction of the lattice occupied
by particles and N; = N;/(N7 + Np). Like in most works using lattice-based models, the
continuum model is written in terms of the volume concentrations #;, so that the mass of
@; equals the total volume occupied by species i (that is, [, (¢, z)dz = N;e?/|Q]). We
write (3.3) in terms of probability densities u;, which implies that [, u;dz = 1. The two
quantities are related by the identity 4; = Njeu;. The potentials appearing in (3.3b), V;,
are not rescaled by the diffusion coefficient as it is done in [BDFPS10]. The number of
species can take any values provided that €, is small. The matrices in (3.3) are of the form
(3.2) that we consider in this chapter. We have written (3.3) in a form consistent with
our notations, which differ slightly from those used in [BDFPS10]. In particular, we have
the following correspondence: [r,b, V, W, D,., Dy] = [eNyu1,eNaus, V1, Va, D1, D). For the

first flux (and similarly for the second one) we have:
D, ((1=b)Vr+rVb+r(l—r—>bVV)
= €N1 [(1 — €N2’LL2)VU1 + U1V(€NQUQ) + u1(1 — 6N1u1 — 6NQU2)VV1]
= €N1 [A(u)nVul + A(u)12Vu2 + B(u)11u1 + B(u)lglLQ]
Global existence for such model was shown in [CJ06]. There are also other lattice-based

models that fit well into such framework, such as that derived by Shigesada et al. [SKT79b]

to describe spatial segregation of interacting animal populations.

Example 2 (Brownian motion with size exclusion). A cross-diffusion model for two in-

teracting species of diffusive particles was obtained by Bruna and Chapman for d = 2,3
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in [BC12a], starting from a system with two types of Brownian hard spheres. The pop-
ulation densities u;(t,z), i = 1,2, represent the probability that a particle of species i is
at x € () at time ¢, and so fQ u;(t,z)dx = 1. The model assumes there are INV; particles
of species i, of diameter ¢; and isotropic diffusion constant D;. The position X; of each

particle in species ¢ evolves in time according to the stochastic differential equation
dX;(t) = V2D, dW (t) — VV;(X;(t))dt, (3.4)

where ¢ = 1 or 2, and W are independent, d-dimensional standard Brownian motions.
Reflective boundary conditions are imposed whenever two particles are in contact (|| X; —
Xl = (i +¢5)/2, when X; and X are of type ¢ and j, respectively), as well as on the
boundary of the domain 0f).

The cross-diffusion model is derived using the method of matched asymptotic expansions
under the assumption that the volume fraction of the system is small, or equivalently, that
(N1 + Noed) /|| ~ € < 1, where € is defined as in Example 1 with & = (1 +¢2)/2. When
the number of particles in each species is large, the cross-diffusion model in [BC12a] is of

the form (3.1), with diffusion matrix

Dq(1 - D1b
Afu) = 1(1 + eaquy — ecrug) eD1biug ’ (3.50)
6D2b2u2 Dg(l + easus — 602U1)
and drift matrix
—VV V(i — V&
B(u) = ! crVVi = 1aju) (3.5b)
ECQV(VQ — Vl)’LLQ _VVQ

The parameters a;, b;, ¢; (i = 1,2) are all positive numbers that depend on the problem
dimension, particle sizes, numbers, and relative diffusion coefficients (see specific values in
Section 3.2). Model (3.5) also fits into the form (3.2), with ¢ = 0 when particles are non-
interactive (point particles) and evolve according to two decoupled linear drift-diffusion

equations.

Example 3 (Asymptotic gradient-flow structures). Certain cross-diffusion systems pos-

sess a formal gradient-flow structure, that is, they can be formulated as

oFE
where M € R"™*™ is known as mobility matrix and § E'/du is the variational derivative of
the entropy (or free energy) function E[u]. While the underlying microscopic model (3.4)
of Example 2 has a natural entropy, in [BBRW17] it was noted that model (3.5) does not
have an obvious gradient-flow structure, but that it is close to one that does have such

convenient structure. More specifically, consider the following entropy

Vi Vo €
Ecfu] = / {ul log uq +us log u2+u1D—11+u2D—22+§ (alu% + 2a19uiug + agu%) dz, (3.7a)
Q
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with a19 = (d — 1)(c1 + ¢2), and the mobility matrix

M (u) _ D1u1(1 — 601U2) D162€U1U2 (3 7b)
‘ D201€U1UQ D2U2(1 — 026u1) ' '

The cross-diffusion system (3.1) with diffusion and drift matrices (3.5) and N3 = Na!, can

be rewritten as

ou=V- (MEV 556 — 62G> , (3.8)

where G = G(u,Vu) (see more details in Section 3.2). In particular, the discrepancy
between the system in Example 2 and the gradient-flow induced by (3.7) is of order
€2, an order higher than that of the model.? Does this legitimise the use of (3.7) as
a gradient-flow structure of the system? Having a formal gradient-flow structure can
facilitate the analysis of cross-diffusion models [Jiin15]. The gradient-flow model (3.6)-
(3.7) was studied in [BBRW17]; stability, uniqueness of the stationary solutions, and a

global-in-time existence result was shown.

It is natural to ask whether the approximation argument in Example 3 can be made
rigorous, and, more generally if minor changes in the models can be safely ignored. For
instance, given a two-species biological system, does it matter if we choose a lattice-based
model (like in Example 1), or an off-lattice model (like in Example 2 with equal particle
number, size, diffusivity, etc.)? If so, can we quantify the differences? Lattice-based
approaches have become very common, as they offer a simple way to derive continuum
PDE models. They can be unrealistic since most biological transport processes modelled
by these are not constrained on a lattice [PS12]. Nevertheless, if one is solely interested in
the population-level behaviour of the system, is it worth using a more realistic off-lattice
model? When is the even simpler model (linear advection-diffusion) sufficiently accurate?
The aim of this chapter is to answer these questions and quantify the differences between
models of the form (3.1).

3.1.2 Well-posedness

As we are working with systems of equations, we use different indices to refer to the ambient
space variables and the component or species number. Greek indices 1 < «, 8 < d refer to
directions in the ambient space, R?, for d = 1,2, 3. Latin indices 1 < i, j < m are used to
refer to the species number. The domain €2 where the problem is formulated is bounded,

connected and of class C2 in R, The outward normal on 9 is written v.

In [BBRW17] the more general case when N1 # No was also considered, by writing the system in
terms of number densities N;u;.

2Systems (3.1)-(3.5) and (3.6)-(3.7) are in fact identical when both species have the same particle sizes,
€1 = €2, and diffusivities, D1 = D3, since G vanishes in that particular case.
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The parabolic models we consider are weak formulations of problems of the form

VﬁW%W%w—B%meﬂ-%zo on 09, (3.9)
u(0,) =u’ in Q,

for 1 <7 < m,. The Einstein summation convention is used, that is, repeated indices are
implicitly summed.

Our main result is a stability estimate for cross-diffusion systems that are close to
diagonal, decoupled, linear diffusion problems. Our reference problem will be the weak

formulation of
Oui — Oa [D?B(tam)aﬁui - Fia(tﬂﬁ)ui] =0 inQ,
[D?’B(t, x)0gu; — Fi'(t, x)ul] Vo =0 on 09, (3.10)

u(0,-) =u® inQ,

The initial datum «° in (3.9) and (3.10) belongs to H?(f2). Note that throughout this
chapter we write H2(§2) for H?(Q2; R™), and similarly for other spaces.

Compared to the general system (3.9), in (3.10) we have specified that A;; = B;; = 0 if
i # j, and A and B do not depend on u. In Examples 1, 2, and 3, the reference problem
corresponds to the case ¢ = 0, with DZ»O"B(a:,t) = 0o3D; and F; = —VV;. We allow time
and space variations of the diffusion coefficients as it does not affect the analysis. We
could also have safely included lower-order terms, but it would have resulted in somewhat
longer and relatively routine developments. Additionally such terms do not appear in the
three examples of interest.

System (3.10) is strongly parabolic, that is, there exist a positive constant A such that
for every t € [0,00), x € Q and & € R, there holds

D (t,2)e%eP > N[¢)?, i=1,...,m. (3.11)

Furthermore, we shall assume that D is symmetric in the space indices o and S.

We allow perturbations of system (3.10) scaled by a small parameter e. Namely we
consider (3.9) with

af _ nap af af
'Az] (t,x,u) - ‘Dz (t737) +€aij (t,a:)gzﬁw (U),

. N N N (3.12)
Bii(t, x,u) = F{*(t, z) + ebg; (¢, 2)¢7s (u).
The variations of the coefficients a and b are of class C? in time and space, that is,
10.5) oy ety < M- (3.13)
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and the dependence on u of the perturbations is also of class C?,
o, € CER™)™ ™ $(0) = 1(0) = 0. (3.14)

Furthermore, we assume that D and F satisfy the bound

> Il (fo,00yxra) + D IFR o 0,00y ey < M. (3.15)

a,fB,i i

In the context of biological models, one is often interested in arbitrarily long behaviour
and, in turn, convergence to a steady state. Along this line, we prove sharper estimates
when the coefficients D and F' of the reference problem (3.10) do not depend on time and
F is derived from a potential (as in Examples 1, 2, and 3). In particular, consider the

following additional assumption:

(H) for each i € {1,...,m}, D; is independent of time and there exists V; such that
F,=-D;VV,.

Our estimates will be expressed in terms of the constants appearing in assumptions
(3.11), (3.13), (3.14) and (3.15). More specifically, the following positive-valued functions

will appear:

L; : RHH(QWH@(W) i=0,1,2,

Ky + R— M (5Ly(C¥ R) +2C%L, (CT R)R),

Ki @ R— CsM (Li(R)R+ L2(R)R?),

Ky : R— 6RCr/sCsmax ((Lo(R) + L1(R)R),M(1+ R)),

where C%, Cs, and CZ depend on Q and d and are given by (3.30), (3.31), and (3.69)
respectively. The constant C7/,, determines the dependence on a final time 7" > 0 of our

estimates and is given by

C' hen (H) d t 1
CT/oo:{ T when (H) does not apply (3.20)

Cs when (H) applies,

where C7 is given by (3.64) and depends on M, €, Lo, L1 and T only, and Cy is specified
in (3.65) and it depends on M, Q, Ly and Lj only — not 7. The upper bound ¢y on the

range of values e allowed will be determined by means of the following function

1 1
: i . 21
€ : [t = min <2+2K0(R)’1+K1(R)) (3.21)

Our first result, which is instrumental to our main theorem, provides an existence
result and a regularity estimate for solutions of system (3.9). Given T > 0, we denote the
parabolic cylinder by Q7 = (0,T") x Q.
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Definition 3.1. We name W (Qr) the Banach space of functions with two weak derivatives

in space in L?(£2) continuously in time, and one time derivative in H(Qr), that is,
W (Qr) ={ue C([0,T]; H*(Q)),0u e H" (Qr)} .
We are now ready to state our first result, concerning existence and uniqueness of
solutions of (3.9).

Proposition 3.1. Assume that hypothesis (3.11), (3.12), (3.13), (3.14) and (3.15) hold.
Consider u® € W(Qr) satisfying the compatibility condition

[A?jﬂ(t, x,uo)agug-) - B (t, x,uo)uﬂ cv=0 ondQ, i=1,...,m. (3.22)

Let
Yy = Cr/oollt’ || g2(0)- (3.23)

If e < e0(Yp), then system (3.9) admits a unique solution u € W(Qr) and there holds

ullw (@) < Yo

Remark 3.1. Any compatible initial data in H?(£2) is allowed, provided € is small enough.
Note that the compatibility condition (3.22) holds for any initial data compactly supported
in Q. All e within the range [0, €9(Y0)) are allowed, and the solution u is bounded linearly

by its initial condition. When assumption (H) holds, the solution is bounded for all times.

Our result holds for space dimension d = 1,2 and 3, but not above. Two embeddings are
used in our proofs: L*(Q2) € H'(2), which does not hold when d > 5, and L>®(Q) ¢ H?(Q),
which does not hold when d > 4.

In Lemma 3.2, we derive an estimate for a linearisation of system (3.9).

Lemma 3.2. Assume that A and B are given by (3.12), and that a,b and ¢, satisfy
(3.13) and (3.14) respectively. Suppose that h € W(Qr) satisfies

Ko (HhHW(QT)> <1, (3.24)

where K is given by (3.17).
For allu® € H%(Q) and f € C([0,T); H* (Qr)) N HY(0,T; L*(Q)) such that

Af‘jﬁ(t,a:, h)agug - Bji(t, z, h)u? + fif(t= 0)} v=0 ondQ, i=1,....,m (3.25)
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there exists a unique weak solution w € W (Qr) to the linearised system

Oruj — Oy [A%B(t, x, h)Opuj — B (t, z, h)u; + ff‘} =0 inD(Q),
{A%’B(t,a:,h)aguj — B (t, , h)uj + ff‘] Ve =0 ondQ, i=1,...,m (3.26)

u(0,z) =u’ in Q.
Furthermore, the solution map
S (h,uo,f) — u, where u is the solution of (3.26), (3.27)

satisfies

IS, Pl |2 = Kollhllwn)
< %CT/OO (HUO||H2(Q) + ||f||o([o,T];Hl(QT))mHl(o,T;L2(Q))) ;
where Cr /oo > 0 is given by (3.20) and does not depend on T if (H) holds.
The proof of Lemma 3.2 is in section 3.1.4. This first result has an immediate corollary.

Corollary 3.3. For any u® and h in W(Qr), suppose that
[A%ﬁ(t, xz, h)@gug — B%(t, T, h)u9:| v=0 on o9,

and
1

€< 0 )
24 2K0 (Cryoollt] g2(e))
where Ko, Cr/sc, and Yy are defined in (3.17), (3.20), and (3.23) respectively. Then

1AW < Yo,

|S(h,u°,0 <Yp.

)HW(QT)
Proof. Since Ky is a non decreasing function, we obtain

Ko (Vo)

Ko (||h S oK, (Ye) 2
eKo ([12llwqq)) < 2+ 2K (Yo) )

hence (3.24) is satisfied. Applying Lemma 3.2 with f = 0, we obtain the announced

estimate. 0

In a second step, we establish a contraction property.

Lemma 3.4. Given ¢ >0, u® € H*(Q), and h, he W(Qr), suppose that on OS2

A%ﬁ(t, x, h)@gu? — Bj(t, , h)ug] v=0, A%ﬁ(t, x, B)agug-) - B (t, , fz)u? v =0.
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Suppose also that

1
e <

S ZAGTAYl h h <Y
St reyy il Ihllwen) < Yo,

where Ko, Cr/s0, and Yy are defined in (3.17), (3.20), and (3.23) respectively. Then we
have

|S(h,u°, 0) — S(h,u,0 < eK1(Yo) ||k — Rllw(gyp):

)HW(QT)
with K given by (3.18).

Proof. Write u = S(h,u°,0) and @ = S(h,u°,0). We have
u—1u=¢€S(h,0,9)
where
gt = a (t,2)[¢5) (h) — ¢ (B)) Oty + b (¢, 2) [5 (h) — v ()] . (3.28)

Noting that

|65 (h) = 63 (B)] < La(Yo) |l —

we find

max 9]l 20y < MLA(Yo)Ih = Pllw(gp lllwgp < MLi(Yo)Mollh = hllw(or):

Similarly, we can estimate the gradient as follows

Vgl < M (La(Y0) [l = B + La(Y0) [l = B| [V ] + Ls(Yo) [V — VA| ) (V] + [i])
+ MLy(Yo)|h — h| (|V?a] + Vi) -

Therefore
IVgll2) < ML1(Yy) [2Hh — Dl poo@pllill g2y + 118 = Rl pagq) (V] paq) + ”ﬁHL“(Q))}
+ ML)~ bl =y VA oy (198100 + 1l 110y ) -
Thanks to the Ladyzhenskaya (or Gagliardo—Nirenberg) inequality, we obtain

max IVgll 2@ < CsM (L1(Y0)Yo + Lo (Yo)YE) I1h — Allw(or)

where Cé is a product of Sobolev embedding constants, depending on €2 and d, namely

Ol = max (1, C (HX(Q) — L®(Q))°, C (HX(Q) < le4(9))3) . (3.29)
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We now turn to the time derivative

10hg] < M (Ll(YO)\h — h| + La(Yo)|h — h| [0¢h] + Ly (Yo)|0sh — aﬁ\) (IVal + |a))
+ MLy (Yp)|h — h| (IVOa| + |04a]) .

Thus, using that &;h, d;h € L*(Qr) and 8; Vi € L*(Qr), we have

109l 27y < C3M (L1(Yo)Yo + La(Y0)Y() Hh B iLHW(QT) ’

where Cg is also a product of Sobolev embedding constants, depending on €2 and d, namely
02 = max (c (H'(Q) — LY(Q))°, 1) . (3.30)
Finally, we apply Lemma 3.2 to obtain
lu = @llw(qp) < €YoCsM [L1(Yo)Yo + La(Yo)YG] [Ih — hllw gy,

with
Cs = CL + C%. (3.31)

We now turn to the proof of Proposition 3.1.

Proof of Proposition 3.1. Recall that

1 1
eo:R—>min< )

2+ QK()(R) "1+ Kl(R)
where Ky and K are defined in (3.17) and (3.18), respectively.
Given u’ € W(Qr) we introduce the sequence v, given by vy = u" and, for all n > 0,

Un+1 = S(Unv uov 0)>

where S is the solution map defined in (3.27). Note that the compatibility condition
(3.22) is satisfied at every step. Corollary 3.3 shows that [vn|lw(g,) < Yo for each n.

Furthermore, thanks to Lemma 3.4,

K1 (Yo
sz = i1 lbwion) < @K (Y)lnss = tllwian < T g gy Ionss = wnlwin:

The sequence thus converges to a solution of (3.9), thanks to the contraction mapping

theorem. O
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3.1.3 Stability estimate

Our purpose is to establish a stability result under perturbations, therefore we consider a

second problem with A and B replaced by

AP (t,w,u) = DPP(t,x) + eall (1, )82 (),

; ‘ - (3.32)
Bi(t, x,u) = F(t, ) + ebf; (t, x)¢f (u),

where @, b, ¢ and v satisfy hypothesis (3.13), (3.14) and, without loss of generality,

1(6,4)]

i@y < Li(R) forall 0<R, i=0,1,2

for L; defined in (3.16). Our main result is as follows.

Theorem 3.5. Given u®,a° € H?(Q) compactly supported in §2, write

Y1 = Crp/oo max (|| gr2(a, 11| 52(02)) »

and assume € < €y(Y1) so that Proposition 3.1 applies for both sets of parameters. Let
u € W(Qr) be the solution of (3.9) and u € W(Qr) be the solution of (3.9) with A, B
and u® are replaced by A and B and a°, respectively. Then the following stability estimate
holds:

17—l gqpy < Tilla® —u®|l 20 (3.33)

+ s (1@ B) — (@,5)ler o.operey + 16,8) = (&)l (557 )

where T'y = (1 + K1(Y1))COr/oo, ['2 = (1 4+ K1(Y1))K2(Y1) and K1, Ky are non decreasing
functions given by (3.18), (3.19) respectively. They depend on Q, M, X, Lo, L1 and Lo
and Cr/o only.

Theorem 3.5 implies, for example, that we can control the differences between the solu-
tions of the models in Examples 1 and 2, by considering the differences in their respective
diffusion and drift matrices, which appear at order e. Similarly, we can also use this result
to predict the error we will make by approximating model (3.5) in Example 2 as the gra-
dient flow in Example 3. Since the differences between models appear at order € in this
case, provided the initial data are equal, the error will be bounded and of order € for all

times (see Section 3.2).

Remark 3.2. In Proposition 3.1 the compatibility condition (3.22) appears, which is
automatically satisfied by compactly supported initial data as we have assumed in Theo-

rem 3.5. However, Theorem 3.5 also holds (with the same proof) provided that u® and %°
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satisfy the following four conditions:

A%ﬁ(ta €E7U0)a@uj - Bii(t, :E,uo)ug_ v=0 ondQ, i=1,...,m,
Azﬁ(t’l',ao)a/jﬁ?—B%(t,$,a0)~9 .v=0 on 89, 1 = 17'.'7m7
_A%ﬂ(t, x,u”)0gu — By (¢, x,uo)u?_ v=0 ondQ, i=1,...m,
AJZB(L Z, ao)aﬁﬂ? — B%(t, x, ao)ﬂg .v=0 on aQ’ 1= 1, coL, M.

We choose to write the result for compactly supported initial data to improve readability.
We now focus on the proof of Theorem 3.5. Consider the linearised system given by
Ortt; — O | A (8, ) Dty — By (6,2, Wiy | = fi im D'(),

[.Z%’B(t,x, fz)ﬁgﬁj — gf‘j(t,x, B)ﬂ,j] Ve =0 on 99, (3.34)
@(0,)=a° in Q,

Following the notation of Lemma 3.2 (see (3.27)), the solution operator associated to
(3.34) is denoted by S(h,@°, f).

Proposition 3.6. Let h,h € W(Qr) be compactly supported in Q2 for t =0 and write
¥i = Crjoe max (1hllwignys Ihlwian) ) -

Assume € < €y(Y1), so that the solution operators S and S corresponding to (3.26) and
(3.34) respectively are well defined. For any u®,a° € H?(Q) with compact support in
there holds

HS‘(IE, a’,0) — S(h’UO’O)HW(QT)

< Cryoolli® = 0| g2y + €K1 (Y1) 1A — Bllw(@r)
+ eKa(Y1) (H(d, b) — (a,b) |01 (j0,00)xre) + (6, 9) — (éf),ﬂ))”cl(m)) -

where Ky depends on Lo, L1, Q, M and Cr/s and is given by (3.19).

Proof. We write

S(h,a°,0) — S(h,u°,0) = S(h,a°,0) — S(h,a°,0)
S(h,@°,0) — S(h,a°,0) 4+ S(h,a°,0) — S(h,u°,0).
Thanks to Lemma 3.2 and to the linearity of S with respect to the initial data, we have
|5 (h,a",0) = S (h,u",0) HW(QT) < Oryoollt’ = @ 2
0

Note that the compatibility condition is satisfied due to the compact support of u%, @
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and h(t =0) in Q. On the other hand, Lemma 3.4 shows that
7 ~0 - ~0 < o
|S(h,@,0) - 5(h, @ ,O)HW(QT) < Ky (Y1) b = Bllw(an)-

We write

where g is given by
§r = et [(,Zt;;ﬁ - ,4;?;5) (t, 2, h)dsi; — (B.a. - B@.) (t, , ﬁ)aﬂ}
= (@765 — ailor) (4w, W)Ogi; + (B0 — g0 ) (6w, ),
and o = S(ﬁ7 @°,0). In other words, § is of the form

= [@-@)é+a(d—0)| Vit [(b- )b+ b )| @

N}

Thus we are in a setting similar to that of the proof of Lemma 3.4. In particular we have

s@m@—m@mwawﬁw@+Mg%ﬁ&%—wwwuwm+mm+wn
+(Mméw—wJNme>+A4§3§Mﬁazwo—<D¢lw00vm<vm++M)

As in the proof of Lemma 3.4, using Gagliardo—Nirenberg’s inequality to bound the last

term, we find

(I/CS) I[Bl%,)]( HE]HHl(Q) < H(d7 I;) - (a, b)Hcl([o,oo)de) [2L0(Y1)Y1 + LI(YI)Yf]

+M||(6,9) = (&, 9) | e gy (2Y1 + Y1),

where Cg is given by (3.31). Finally, we bound ;g to show that g € C([0,T]; H'(2)) N
HY(0,T; L?(Q)) in the same way, namely

(1/CS)||at§||L2(QT) < H(&a B) - (a, b)Hcl([O,oo)de) [LO(YI)Yi + Ll(}/l)YIZ]
+M||(¢, ) — (¢, @Z))Hm(m)(}ﬁ +Y7P).

Because of the compact support of u®, @°, h(t = 0) and h(t = 0) in Q, we can conclude
thanks to Lemma 3.2 that

1 < eBa(Y1)(][(@,0) = (@, 5)]] o (g 00) )

1)
+116,9) = (& D)l ox @)
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O

Proof of Theorem 3.5. As in the proof of Proposition 3.1, the sequences v, 11 = S (vn, u?, 0)
and Up4+1 = S (6n,ﬂ0,0) for all n > 1, with vg = u® and 7y = @, converge to u and 1,

respectively as n — co. Thanks to Proposition 3.6 we have

1Bn41 = vnr1llwi@r) < Cryooll@® — vl g2(q) + €K1 (Y1) |80 — vnllw (o)
+ el (Y1) <H(d7 b) — (a,b)llc1((0,00)xre) + [1(6,9) — (¢,¢)Hcl(m)> :

Passing to the limit as n — 0o, we obtain the required inequality:

@ = ullw(@ry < [1+ Ki(Y1)]Cryso @ = u°|| 2
+ e[l + K1 (Y1) K2 (Y1) <||(5L, b) — (a,b)llc1 (jo,00) ke + (6, 9) — (¢7¢)||Cl(m)> :

O

3.1.4 Proof of the estimates for the linearised problem

In this section we prove Lemma 3.2. Our approach is classical and the parabolic estimate
mostly follows from an elliptic regularity estimate. Yet, for general cross-diffusion systems,
it is well known that such elliptic results do not always hold, including for quasilinear
systems with analytic dependence on u (see for example [GM13] and [SJ95]). Therefore this
result needs to be proved in the case at hand. Some of the more technical arguments are
detailed in well known references (for example [Grill, Trol3] concerning elliptic regularity
and [DL.93,Eva98,LSU8S, LMG68] for the parabolic case), so we safely skip a certain number

of intermediate steps, and we give the relevant references.

The following lemma provides the key regularity result.

Lemma 3.7. Given w € C' (;RT), for any v € H? (Q;R™) and
gieC ([ojT] H! (Q;Rd)) nH' (o,T;L2 (Q;Rd)) C di=1,...,m
the weak solution u of

woru; — Og [D?’B(x, t)0pu; + FS(.CL‘, tu; + gf‘} =0 1 Q
[D?B (, 1) Dgui + Ffj (, 1] uj + gﬂ =0 on 0%, (3.35)

ui(0) =ud in Q,
fori=1,...,m, is unique in the space

L? (0, T; H' (Q)) nC ([0,T]; L* () with dyu € L*(0,T; (H'())").
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If the compatibility condition

Df‘ﬁ(:c,t)agug + Ffj“ug) + gﬂ =0 ondQ, i=1,...,m (3.36)
holds, then u satisfies
1 0
lullw(@r) = SOr (H“ HH2(Q) + HgHC’([D,T];Hl(Q))ﬂHl(O,T;LQ(Q))> ; (3.37)

where the constant Cr is given by (3.64) and depends on m, \, T, the C* norms of w, D,
and F, and the domain £ only.

Furthermore, if F = Df‘ﬁag‘/} with V; € C! (ﬁ; ]R), and for each i, D; and V; do not

depend on time, then

1
lullwom < §Coo (HUOHHz(Q) + HgHC([O,T];Hl(Q))ﬂHl(O,T;LQ(Q))> ; (3.38)

where Cwo, given by (3.65), depends on m, \, the C'norms of w, D, F and the domain Q

only. In particular, Cs is independent of T.

Proof. Note that no coupling appears in (3.35), therefore the index i can be dropped,
as the result relates to equations, and not systems. For the purpose of this proof, it is
convenient to modify the formulation of the problem to simplify the computations. We
will write D = A2, with A € C! (@, RdXd) symmetric, positive definite and A satisfies

A (z,t)]| < A% in Qp. (3.39)

We write F' = AB, and ¢ = Af, so that the evolution problem under consideration can

be written under the form
wdu — div (A’Vu+ ABu+ Af) =0 in D' (Q). (3.40)

The a priori bounds we will use are

1Al oo (@) + IVAll oo () < Ma, (3.41)
1Bl oo (r) T 1Bl o (o) + IVU2ll Lo (o) < M, (3.42)
Hw_IHLw(QT) + HWHLOO(QT) + ”VWHLOO(QT) < M,, (3.43)

and

100 All ey + }|A*1(‘)tAHC(@) + H({)tAleC(QiT) + [0 (A*IB)HC(@) < Mp. (3.44)
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For a.e. t € [0,T], we define A (t,u,v) : H*(Q;R) x H'(;R) — R by
A(t,u,v) = /Q (AZ)QB (t,z) Ogudqv dx + /Q (AB)® (t,2) udyv dz. (3.45)
Using the @ priori bounds (3.41) and (3.42), we find the upper bound
Aty u,v) < Ma (Ma + Mp) [lull g @) lvll 51 (@)-

Furthermore, using (3.39) as well, we have the lower bound

1 1
A(t,u,v) > /\HUH%{l(Q) — MaMpllul| L2y llull g1 ) > 5)‘“UH%{1(Q) - 7M31M%Hu”%2(ﬂ)'

2
(3.46)
We may therefore apply the parabolic version of the Lax—Milgram Theorem of Lions
[Bre10,1.M68] to deduce that there exists a unique solution of (3.35) u € L2(0,T; H'(2;R))N
C([0,T); L3($;R)) with dyu € L2(0,T; H (S R)").

We now derive an explicit bound. Integrating (3.40) by parts against u we find
1
8t§ / wu? dz —i—/ A?(2,t)Vu - Vudz —i—/ uAB - Vudz + / Af-Vudxr =0.
Q Q Q Q

Thus, using (3.46) and Cauchy—Schwarz

2

1 1 _1
Oy <2 |’\/5“Hi2(9)> + §||AVU||?{1(Q) <720y + HW éBH H\/;UHiz(Q),

L(Q)

which leads to two bounds
1 1
lull oz < M <eXp (\/ﬁMwMBT) 1£1l 20y + M3 HuOHLQ(Q)> . (3.47)

and

M,
VA2Vl 2010200 < V1/2[[AVUl 207,12(0)) < 1/ - HUOHLQ(Q) + 1 fll 2y -
(3.48)
Note that [ udz = [u’dz for all times. As a result,

il
u—— | udz
Q] Ja

+(Cp(Q) + 1)A/2 AVl 20,7122

_|_

1
HUHL?(O,T;Hl(Q)) < \/T”m/guo dx + ”VU||L2(0,T;L2(Q))

L2(0,T5L%(2))

1
S\/T’/uodm
Q] Jo

= (HUOHL2(Q) + HfHL?(QT)) ) (3.49)

where C'p(£2) is the Poincaré~Wirtinger constant, and

Cr = VT2 + (Cp (Q) + 1),/%. (3.50)
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Let us now focus on higher regularity. We are going to show that
ue C([0,T); H*(Q) N H' (0,T; H'(Q)) .

We write
® = AVu+ Bu+ f. (3.51)

Thanks to (3.48) and (3.49), we have

1] 2 0ra2@) < Co (0]l 2y + 171200

with
Co=1++/M,+ MpCi. (3.52)

Next, we are going to test (3.35) against n = dyu — w~'div (A®). Notice that we have to
ensure that 7 is a valid test function. We just sketch the procedure, namely we consider
Nrh = Aru — w‘lA% (Aaﬁflﬁ), where the difference quotient time derivative is given by
Aru= (u(-+7)—u(-)) 7! and difference quotient space derivatives in direction i is given
by A%, ¢ = (1 (- + heq) — 1 (-)) h=t. We have to test (3.35) against 7, ;, and subsequently
pass to the limit for 7, h — 0, paying attention to the direction normal to the boundary
near J€). This step is somewhat technical but straightforward and it justifies the following
calculations rigorously. To simplify the exposition, we use directly dyu — w~'div (A®) as

the test function in the following steps, and obtain
/Qw (Byu)? dz + /Q (A®) - V (—w 'div (49)) dz — ZAatudiv(A@) dz =0 (3.53)
As Ad - v =0, we find that
/Q (AD) -V (~w ™ 'div (4®)) da = / w™l (div (A®))? da. (3.54)

Q

Let us now turn to the mixed term. We have

—2 / Oyudiv(A®) dz = 2 / O ((A71A) Vu) - (A®) dz (3.55)
Q Q
=2 / [0:(AVu) + A (A1) AVY] - @ da (3.56)
Q
= 2/ [0,(2) + A0 (A H®] - @ da (3.57)
Q

Q

78



Inserting (3.54) and (3.55) into (3.53) and using Cauchy—Schwarz, we obtain

VB + [ 7 (A7 2 90

< 2M7 My <||(I)H%2(Q) + 1 f 1l 2 H‘I’||L2(Q)> +2[0:f 1l L2 o) 121l L2 ()
(3.58)

—|—2MTMAMB HUHLQ H(I)HL? +2MBM3 ”fatU”L2 |<I>||L2(Q

Using Young’s inequality, we recombine inequality (3.58) to find

1 2
3 H\@&uHLQ + ||Vwdiv (A®) HLQ +at||‘I’HL2(Q
< (203 + 1) @172 () + M3 lullF2(q) + 10ef 1720y + 11l 220y

with
C3 = 2Mr My (1 + 2MpMa) + 2M3M,,.

Integrating in time, we find
1902 o e + 5 V0l gy + Vit (AD)] g

2
< Gy ([ 2y + HfHLz(QT))
+ HAVUO +Bu’ + f (t= O)H;(Q) + HatfH%?(QT) + HfH%Q(QT) )

with
Cy= (203 +1)C3 + M3C?. (3.59)

Let us now check that this allows us to define du|,_, in an appropriate sense. Since

_1
IVull oy, 200y S A2 (H(I)HC([O,T],L?( Q) T Mb llull o, 2 + 1 leqo L2(Q))> ;

for any v € H' (Q2), the map
t— /Q [A(z,t)Vu - Vv + Bu- Vv + fu- Vo] dz
is continuous on [0, T]. In other words, we define dyul,_, € (Hl(Q)), as follows
/ opul,_gvda = hm [A(ac, t)Vu - Vv + B(z, t)u.Vov + f(z,0) - Vo] dz
= /Q [A(a:, 0)Vu’ - Vo + B(z,0)u’.Vv + f(z,0) - Vo] dz,
provided that the compatibility condition (3.36) holds, that is,
[A(z, 0)Vu’ — B(z,0)u’ — f(, 0)] -v=0.
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An integration by parts then shows that
/ Opul,_gvde = / div [A(z,0)Vu’ + B(z,0)u” + f(2,0)] vda,
Q Q
which, in turn, shows that dyul,_, € L*(Q) and

”8tu|t:0||LQ(Q) < (Ma + Mp) (HU’OHH2(Q) + ||f”c([0,T};H1(Q))) : (3.60)

We now notice that dyu is a weak solution of (3.35), where f is replaced by 0; f + 0, AVu+
OrBu and u® is replaced by Opul,_,. From (3.49) we obtain

10cf + 0:AV U + OrBul 12, < max(MrCh, 1) (HUOHLQ(Q) + Hf||H1(O,T;L2(Q))) (3.61)

Thus (3.48) becomes

A M,
\/g 10:Vull 20,7y p200)) <\ =5 10ulimoll 120y + 106f + OcAVU + Ot Bull 2o,

M,
<\ (Ma+ Mpg) (HUOHHQ(Q) + HfHC([O,T];Hl(Q)))

+ maX(MTC'1, 1) (HuOHLQ(Q) + HfHHl(O’T;LQ(Q))) ,

and (3.47) gives

1 1
100ull o o.17:22 () < M2 [eXp (ﬂMwMBT) 10f + e AVU + 0y Bul| 12, + M || atut0|L2(Q):|
< Cs (HHOHHQ(Q) + 1 flleqo,rm ) + Hnyl(o,T;LZ(Q))) ;

with
1
Cs = M, (Ma + Mp) + M2 max(MrCh, 1) exp (ﬁMwMBT> . (3.62)

Finally, we observe that the right-hand side of the identity
div (AVu) = dyu — div (Bu + f),

belongs to C ([0,77]; L? (2)), and therefore the left-hand side belongs to the same space.
This in turn shows that w € H*(Q) for any ¢, in fact u € C ([0,T]; H*(R)), see, for
example, [Plu92], with

lulloqo,r; a2 @) < C(8 Ma, A) (Cs + MpCh) (”“O||H2(Q) + 1 leqo,ry;ar @) + ”fHHl(O,T;L2(Q))) :

Altogether, we have shown

1
lwlle o rg:m2@n el o, () < SO <HUOHH2(Q) + 1 flleqo ) + ”fHHl(O,T;LQ(Q))> :
(3.63)
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where

M, 2
Cr=2 (C(Q,MA,A) (Cs + MpCy) + By (Ma+ Mp) + \/:maX(MTcl, 1)) ,

(3.64)
and Cy and Cs are given by (3.59) and (3.62), respectively, as announced.

Let us now turn to the particular case when B = AVV, with V € C? (ﬁ), and A and
V' are independent of time. We perform the change of unknown w = vexp V' and, thanks

to Lemma 3.8, we can study the problem satisfied by w. We have

exp (_V) Oyw — div [A exp (—V) Yw + f] =0 n 0,
[Aexp(—V)Vw + f] v=0 on O,
w(0) = ulexp(V) in €,

that is, the same system as (3.35) above, with w = exp(—V'), Mp = 0 and M7y = 0. In
this case, )
Cy=1++/M,, C3=0, Cy=C35 Cs=M,Ms+ M2,

and the constant Cp in (3.64) becomes

. M, 2
& =9 (C(Q,MA,)\)C5 M+ \/:> ,

and it does not depend on T'. Thanks to Lemma 3.8, we find that in terms of u the bound
(3.63) holds with the following constant

Co =C [(1 + M)+ M{}] exp My, (3.65)

which, again, is independent of T. My, M{, and M{, are defined in Lemma 3.8. O

Remark 3.3 (Ellipticity bound for €). Suppose that an a priori bound for v on Qrp is

known, say u* = supy,. |u|. For any &* € Ré*m . € R™, we have the lower bound

AP (2, y)ere] = DYV ()€€ + eall (8, 2)05 (1)E20€] > (X — eLo(u")|allso) €[,
(3.66)

where ||aljcc = max; ;o g0 \a%ﬁ(x)\ and Ly is given in (3.16). Therefore, choosing

A
€ < min ,1 3.67
(1 T Taloo o) > (3.67)

guarantees coercivity, and this is sufficient to ensure existence and uniqueness of weak
solutions of (3.26), and consequently of (3.9) via Lax-Milgram lemma. We use relation

(3.67) to derive an a priori upper bound for € in a specific case, see Lemma 3.11.
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Lemma 3.8. Given V € C? (ﬁ), the map u — uexp(V) is a bi-continuous isomorphism
in C ([0,T]; H* () N H' (0,T; H' (Q)) . The following inequalities hold

2
[wexp(V)llyo,r,0) < {(1 +My)" + MH exp My [|ullw o,r.0) »
2
lullwo,r0) < [(1 + M) + M{}} exp My [luexp(V)|lywo.r.0)
where My = supq, |V|, M{, = supq, |[VV| and M{; = supq, |V?V|.

Proof. Note that it is sufficient to prove one inequality, as replacing V' by —V changes the

map to its inverse. Indeed, we have

[wexp(V)|2(q) < exp My [lul| f2(q) ,
luexp(V) gi(q) < (14 M) exp My |lull 1)
2
|| exp(V)HHg(Q) < [(1 + M) + M{}} exp My ||“HH2(Q) -

O

The second step in the proof of Lemma 3.2 concerns the regularity of the forcing term
f, which coincides with the regularity of the cross-diffusion term, provided that h and
are in W (Qr).

Lemma 3.9. The map

P:Qrx C*(QrR"™? - C*(Qr:R™)

(tahu) = P 2)6 () Dguy + b (E ) (h) uy, 0%
has the following property
P(Qr x W (Qr) x W(Qr)) C C([0,T); H (;R™)) n H' (0,T; L* (% R™)) .
Furthermore, there holds
sup (IV Pt s )l gy + 1P (6, By )y ) + 100 (8 ) 2
< Ko (HhHW(QT)) lullw r) >
where K is given by (3.17).
Proof. Note that L™ (Qr) C C ([0,T]; H? (€;R™)). Therefore
sup 4] < OF [l gy
where
CP = C(H*(Q) — L™®(Q)) (3.69)
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is the Sobolev constant associated to the embedding of H?(Q) into L>(f2), and depends
on 2 and d. We compute the following bounds for P

|13i(t7x7 h?“)‘ < sup (’a‘7 |b‘)L0 (sup W) (‘vu’ + ‘u’)7
Qx[0,00) Qr

1P (t»f’?,hau)”m(ﬂ) <M ||u”H1(Q) < MLo (Cg‘o Hh”W(QT)) ||U||W(QT) .
for all ¢ € [0,7]. Similarly, for the spatial derivatives of P we have

OaPi(t 2 b w)| < M (Lo (CF Ihllwign ) + L1 (CF Ihlwign ) IVA]) (IVul + Jul

+ ML (CF Inlhwigp) ) (IV?u] + 1Vul)
Therefore, using Cauchy-Schwarz and the Sobolev embedding H' (Q) < L* () we find

IV, @, b, w)ll 2y < 2M Lo (CF Ihllwgg) il
+ MLy (CF Ihllwiqn ) IVl s (19l o + lul )
< M[2L0 (Cg*o HhHW(QT)>

+ 31 (CF Ihlhwiany) Ihwian | Nelhwian

where C? is defined by (3.30). This shows that P; (t,z,h,u) € C ([0,T]; H* (Q)) . Finally,

for the time derivative we obtain

9Pt %, hyw)] < M [Lo (CF hllwigy) ) + L1 (CF Ihllwigp ) 10eh] (V] + ful)

+ MLo (CF Ihllyy(qp) ) ([Vrul +10rul)
and

10:Pi(t, 2, hy w)ll r2( gy

< M [2Lo (CF IMllwign ) + I (CF Ihllwign ) 100 L2gm] 1w -

Altogether we have shown that

sup (IVPi(t, by )@y + 1P, b )y ) + 10PE

< Ko (Ibllwign) Ielwir

where K is defined by (3.17), as announced. O
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Proof of Lemma 3.2. We write
Do | AL (b, ) Dy — By (6, Ry + f] = B | DIP (2, 2)Dgu; — B2 (1, ) + 97|
with g = f* + eP?(t,z, h,u), and P given by (3.68). Lemma 3.7 shows that

1
lullw @z = 507 (HUOHHz(Q) + HgH0([0,T];H1(Q))mHl(o,T;Lz(Q))) ;

and

l9llcomm @)nmo0rz2@) < 1flleqomm @)nm o,rc2@)
+€||[P(t, @, b, W)l oo, 5 (@)nm (0.7:22(0)) -

Thanks to Lemma 3.9, there holds

sup ([|[VEF; (¢, 2, h,u)|[ 12y ) + [|0:F (t7m7h7u)HL2(QT) < Ko ”h”W(QT) ||U”W(QT) )
0.7] (@)

and therefore

—_

ullwgp) [T = Eo(lhllwor)] < 50 (HUOHHQ(Q) + ||f||0([o,T];H1(Q))mHl(O,T;L?(Q))) ;

which is our thesis since, thanks to the Fredholm Alternative, boundedness implies exis-

tence and uniqueness. If (H) holds, the proof is analogous with Cp replaced by Co. [

3.2 Numerical simulations

We are going to study the equations described in (2) and (1) and we will verify the stability

results numerically.
In this section we choose the constants in (3.5) as follows:

o 2 2w [(d — 1)Dz + dD]] . 2 Dz

i=—(d—=1), bi=— ;G =
ai=gd=1) d D+ D, “ =4 D+ D;

i=1,2,d=2,3. (3.70)

3.2.1 Preliminary computations

Before focusing on the numerical simulations, we will check that models (2) and (1) are

related through equation (3.8).

Fact 3.10. System (3.6) can be written in the form of (3.8).

Proof. Let u; and ug be are probability densities (non-negative, with mass equal to 1).
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Notice that

a+ci:277<(d1)+Di)

d D; + D
_ 2n(d—1)(D; + D;) + D;
T d D; + D;

_ 27 (d—1)Dy +dD;

d  D;+ D,

=b.

Using the expression of (3.7a), we obtain

Ou, Ee =loguy + 1+ Vi + aeuy + aeus,
Ouy Ee = logug + 1+ Vo + aeus + aeuy,

1

V(@ulEe) = <u + CLE) VU1 + GEVUQ + V‘/l,
1
1

V(0u,Ee) = <u2 + ae) Vug + aeVug + V.

We now compute each term of the flux:

1
MGHV((?MEE) = D (1 — creuz)uy (( + ae) Vuy + aeVug + VV1>

U1
= D1[(1 — creug + ae(1 — creug)ur) Vuy
+ ae(l — creuz)ur Vug + (1 — creug)u; VVi]
= Dl[(l — c1€Uuy + acuy — C162U2U1) Vuy
+ (aeu; — a0162u2u1)Vuz + (1 — creug)u; VV4]
= D1 [(1 — creus + aeuy) Vug + aeuy Vug + (1 — creug)u; V]

— D1a6162uQu1Vu1 — D1(1(3162u2U1VU2,

1
MgZV(aque) = Djcoeuius ((u + ae) Vus + aeVuqg + VV2>
2

=D ((026u1 + acze2u1uz) Vuo + (IC2€2U1UQVU1 + 626U1U2VV2)
=D (CQEU1VUQ + Cz€u1u2VV2)

+ D1a0262u1u2Vu2 + D1a0262u1u2Vu1.
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Summing up the fluxes we have:

MUY (0, E) + M2V (0,E) = Di[(1— creuy + aeuy)Vauy
+aeus Vug + (1 — creuz)us VVi]
+Dq (c2eu1 Vug + caeuiugVVa)
—D1a6162u2u1Vu1 — D1a0162u2u1Vu2

+D1a6262U1UQV’U,2 + D1a0262u1u2Vu1

O) = Di(1 — creug + aeuy)Vuy
(D)
(D) +DicoeuiusV Ve + D1(1 — 01€UQ)U1VV1

—D1a0162u2u1 Vu1 — D1a6162u2u1VUQ

+D1a0262u1u,2Vu2 + Diacoe®uiusVuy.
The last two addenda above will determine the first component of G. We also have:

DYVu; + DY?Vuy + Fluy + F2uy = D1(1 + eauy — eciuz)Vuy (O)
(D)
+D1u1VVi + €DV (Vo — et Vi)uqug,  (O)

and we see that the terms denoted by (), (A) and (O) coincide. We proceed analogously

for the second component. Now we can rewrite the system as

3} (“1> =V | MV <8“1E€> - &G
U2

O, Ee
where G(uq,uz) is the vector

)

G =ae®(Dy — D1)uruz(Vur + Vug) < “ >

B Cla62(D2 — Dl)uluQ(Vul + VUQ)
—62a€2(D2 — Dl)uluz(Vm + VUQ) .

Hence we have verified that model 2 is a gradient flow and that model 2 is an asymptotic

gradient flow. We have also computed the difference between the two models explicitly. [

The expression of ¢y found in the proof of Lemma 3.2 for a general system can be
improved for the specific systems at hand. In this section we will use a new bound, which
we denote by €*, that ensures ellipticity of the diffusion matrix (3.5a). This is in fact the
practical bound required to obtain meaningful numerical results, and it is in general less

restrictive than ¢g.
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Fact 3.11 (Sharp ellipticity bound). We present a necessary to ensure coercivity of the

diffusive term.

Suppose that the two components of the solution of (3.1) coincide at at least one point,

i.eur(t,@) = ua(t, ) = u* >0, and let

0 = (D1 — D3)?/4D1 Dy > 0.

Then the symmetrisation of the diffusion matriz (3.5a) is non-degenerate for u; = u* if

and only if

1+v9+40

< f =
€= 210

(mu*) "L,

Proof. Recall that the diffusion matrix of Example 2 is

.A( ) Dl(l + earur — 661U2) 6D1b1u1
u) = .
eDsbous D2(1 + eagug — 662U1)

From the numerical point of view, a realistic bound can be obtained imposing that the

symmetrised diffusion matrix does not degenerate.

Concerning the trace of A, we have
tr(A) = D1+ Dy + €((D1a — Daco)uy + (D2a — Dicy)uz) >0, Va; > 0.

For the determinant we have

Ay — As | ? | Iy
det(Sym(A)) = det(A) — — ) = DDy |1+ SEmu — Z(mu *(2+0)]|,
where 0 = (D; — D3)?/(4D1D2) > 0. Imposing that det(Sym(D)) = 0 leads to

. 14+v9140

T T4

as required. ]

3.2.2 Simulations for initial data varying in one direction

The cross-diffusion systems we are interested in have the form

Ou — Oy [A(u)0zu — B(z,u)u] =0, in Q,t>0, (3.71)
with boundary and initial conditions
A(u)0yu — B(x,u)u =0, for x ==£1,t> 0, (3.72)

u(0,-) =up, in Q, (3.73)
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where Q is the interval [—1, 1] and u = (u1, u2) is the vector of densities of each species.

We will consider the following cases:

e zero order model

Ao(U)=<lz)l 1(9)2> Bo(U)=<VOV1 _5%) (374

e first order model, already introduced in example 2

Dq(1 — Dqb
Ar(u) = 1(1 + earuy — ecug) €101uy 7 (3.752)
€D2b2u2 Dg(l + eazuo — 602U1)

—0. W 0,(Vh — V&

Bi(u) = ! crda(V1 — VoJur ) (3.75b)
GCan(VQ — Vl)UQ —&,;Vg
e second order model, already introduced in example 1

—D101 D192
As(u) = A (u) + uqu , 3.76a
2(u) = Ai(u) 12 ( Dyo: —DQGQ) (3.762)

Ba(u) = By (u),

where 6; = a;c; — (d — 1)(¢; + ¢j)c;. We recall that the coefficients in (3.75) are given by

27 271 [(d — 1)D; + dDj] 2r D,
i=—(d—-1), bi=—+ y G = .

fori,5 =1,2 (j # 7). The small parameter € is chosen to be 0.1.

We present numerical simulations for the cross-diffusion systems above. We consider
these examples when the physical dimension is d = 2, but with initial data and potentials

V; varying in one direction such that the solutions can be represented as one-dimensional.

We solve (3.71) in the domain Q = (—1, 1) using a second-order accurate finite-difference
scheme in space and the method of lines with the inbuilt Matlab ode solver ode15s in time.
In particular, we use an equidistant mesh of size Ax = |Q|/J, with nodes z,, = -1+ nAx,
0<n<J,J =1500. The fluxes are evaluated at the nodes x, to ensure the no-flux
conditions are imposed accurately, while the solutions u; are computed at the midpoints
Tpi1/2 = —1+ (n+ 1/2)Az. The unknowns are uy,(t) = (u1n,u2y,), where u;,(t) ~
Wi (Tpi1 /2 t), i = 1,2. The discretisation of the spatial derivatives is done in the spirit of
the positivity-preserving scheme proposed in [ZB00]. For example, the terms of the form

u;Vu; are discretised as

J j,n—+1 YR
U —— xr 1) U, 1 R —
< ' O ( ”*5) tntg Az ’
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where
2Uj n41Uim

u, .
Ujn+1 T Uin

z,n+§

We consider the following expression for the numerical fluxes:

Yo — s
— gynt1 YEL
Fipr = Aij(uy, ;1) Ar = By 15 Uy g 1) Ujnp1,s

and we obtain the system of ODEs

duy, _ Fyp1—F,
dt Ax 7

The scheme in Figure 3.1 visualises the way in which we compute fluxes F' and approx-
imate solutions u (n particular, the first ones are computed at the nodes in red and the

second ones at the half-nodes in black).

0=Fp I Fy Fy o Fn F,=0
uo U2 Un—1 Unp,
Zero flux o ° ° ° ° ° ° ° ° o Zero flux
1=z $1+% ) $2+% T3 Tp—2 l‘nig Tn—1 xnfé Ty =1

Figure 3.1: A schematic representing nodes and half-nodes, where the fluxes and the
solutions are evaluated in the numerical algorithm used to solve problem (3.71).

We choose D1 = 1.3, Dy = 1 and d = 2. We set initial data uj(z,0) = Cexp(—20(z —
0.5)2), uz(x,0) = Cexp(—20(x + 0.5)%), where C is the constant that normalizes the
mass to 1, and external potentials V;(z) = 5(x + 0.5)2, Va(x) = 5(x — 0.5)%. We run the

time-dependent simulation until 7' = 1.

Figure 3.2 shows different profiles of the two components of u4, (first order model)
for a sequence of time steps. Both diffusion and drift effects are clearly recognizable, in
particular we see that the first component is moving to the left and the second one to the

right, according to the gradient of the potentials V;.

Figure 3.3 shows the deviation of each component of the mass of the solution (in absolute
value) at different time steps. The deviation is initially zero for all cases, subsequently
increases and reaches a plateau. The deviation is significantly smaller in the case of a
linear system (zero order model) and it is comparable for first and second order models
(approximately 107).

Figure 3.4 shows the rate of convergence of the solutions towards equilibrium in terms
of the maximum of the variation between subsequent time steps taken over all nodes.
Such variations decrease exponentially fast in time in all three our examples. The first
component (characterised by a larger diffusion coefficient) decreases faster in all cases as

expected.

Figure 3.5 confirms our expectations in terms of stability of the models. In particular,
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Figure 3.2: The two components of the solutions of problem (3.1) in the unperturbed case
(A = A;) at times [0.0323,0.0645,0.1290, 0.2258, 0.3548,0.6129, 1]. The arrow indicates
the direction of time (for example, in the upper part, the profile on the right corresponds
to time t = 0).

we observe that the difference w4, — u4,, after an initial phase, stabilises at order 1071,
which is consistent with our choice of € = 0.1. Moreover, the difference us, — ua, takes
values of order 1072 in the initial phase and afterwards even smaller (=~ 1073), which is

again consistent with the choice of € and the theoretical estimates.
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Figure 3.3: Evolution of the mass deviation given by (the discrete equivalent of)

‘ fQ(u’Ak — uf))dx‘ over time. Values corresponding to the first and the second compo-

nent are identified by a circle and an asterisk respectively. Different colours characterise
each of the systems, linear in red, first order in blue, second order in black.
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Figure 3.4: Convergence to equilibrium is evaluated computing max|_j |lu(tn, ) —
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each of the systems, linear in red, first order in blue, second order in black.
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Figure 3.5: This picture shows the behaviour of the L® norm of the differences ua, —u4,
(upper part) and ug, — ua, (lower part). The different colours and symbols correspond
to the two different species.
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Chapter 4

Systems with large cross diffusion
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This chapter is dedicated to systems with cross-diffusion terms that are not necessarily
small; in the first part we consider strongly parabolic problems, in the second one we
discuss some properties of degenerate parabolic systems. An important tool in this chapter
is the so-called entropy structure of the systems we consider. This is a powerful tool that
allows us to study existence and boundedness of both degenerate and non-degenerate
systems. In addition, it is not necessary to assume symmetry of the diffusion matrix and
in fact non-symmetric examples are common in the applications. This approach is not the
only possible one, but it has been very successful in recent times. We would like to cite
the works of Amann, [Ama93, Ama89, Ama90] in which global existence for non-degenerate

quasilinear problems is obtained via abstract parabolic theory.

4.1 Non-degenerate case

In section 4.1.1 we will introduce the concept of entropy structure. We shall see that, when
present, such structure constitutes a key ingredient in the existence theory and, under
suitable assumptions, it can guarantee boundedness of the solutions, as shown in [Jiin15].

In section 4.1.2 we will show how to improve the integrability of the gradients of the
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solutions. This information will be useful to close our stability estimates in dimension
d = 2. Sections 4.1.1 and 4.1.2 are based on results available in the literature which will be
referenced therein. Section 4.1.3 is dedicated to a stability estimate for autonomous cross-
diffusion systems. We refer to the technique used to prove this result as the “homotopic
approach”. In particular, we extend the results in [CHO5] for classical solutions to the

case of weak solutions in a vectorial setting.

4.1.1 Systems with entropy structure

In this section we consider systems of equations describing the behaviour of multiple
species whose mutual interactions are not necessarily small. An important assumption
in our analysis consists in the existence of a so-called entropy structure. As shown by
Jingel in [Jiinl5], this ensures existence and boundedness of solutions globally in time.
As discussed in Section 1.2.3, many models having the form of a cross-diffusion system
have been proposed. The different species can represent, for example, groups of mutated

and non-mutated cells in a tumour growth model (see example 4).

Systems with large cross-diffusion can be rather complicated to analyse (the solutions
may have spikes, as shown in [JB02]), it is therefore important to identify a class of

problems for which solvability has been shown.

Let us introduce in more detail the notion of entropy structure in the sense of [JS12].

Definition 4.1 (Entropy structure). Consider a system of equations of the type:
Opu = div (A(u)Vu), (4.1)

where u : Q — RY. We say that system (4.1) has an entropy structure if there exists a
function h : RN — R such that

e his a convex function of class C? and it defines the following entropy functional

e the map Dh(-) defines a change of coordinates (Lipschitz diffeomorphism) from an

open and connected domain U in RY into the whole RY.

e system (4.1) can be written in the form:
Oru = div (B(u)V (Dh(u))) , (4.2)

where B(u) = A(u)(Hess(h))™!(u) is assumed to be a positive semi-definite matrix.

Such matrix is typically called motility matriz.

Remark 4.1 (Entropy variables). The new unknown w € R obtained setting w =
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Dh(u), for u € U, is commonly referred to as the entropy variable. The domain U is
typically a Lipschitz subset of the region {u; > 0,1 <i < N} c RV,

Remark 4.2. It has been shown in [DGJ97] that a system has an entropy structure if and
only if there exists a change of variable that provides a “symmetric” reformulation of the
original system. Additionally, all the notions we introduced so far can easily be adapted

in the presence of reaction terms.

Definition 4.2 (Weak formulation). Consider the following reaction-diffusion system:

Oru = div (A(u)Vu) + f(u) in Q, (4.3)
A(u)Vu-n=0 on 04, (4.4)
u(0) = o, (4.5)

where A : RY — RNV*N is a matrix-valued function, f : RY — RY is a vector field of

sub-linear growth and the second order term is interpreted as follows:

N
div (A(u)Vu) :ZZBJ u®).

Jj=1k=1
We say that u is a weak solution of (4.3) if
ue L*(Qr), A(w)Vue L*(Qr) 0w e L*(0,T;(H'(RY))).

and, for any test function n € C*°(Q) and a.e. ¢ > 0, it holds
(Opu,m) + / [A(u)Vu - Vn — f(u)n] dedt = 0.
Q

Moreover, u(t,-) — ug(-) in H(Q)" as t — 0.

Remark 4.3 (Entropy decay). An important consequence of Definition 4.1 is the following

estimate, that holds for weak solutions of (4.1) in the sense of Definition 4.2:
/ OuDh(u / Vw : BVwdz, (4.6)

where w = Dh(u) is the new unknown after the change of variables.

For this type of systems, global existence and boundedness of solutions under suitable

assumptions was established in [Jiin15]. We now state the existence result proved therein

Theorem 4.1 (Boundedness-by-entropy Principle). Consider problem (4.3), let U be an
open subset of R™ and suppose ug € U. Consider the following hypotheses:

1. There exists a conver function h € C*(U, [0,00)) such that its derivative Dh : U —

R™ is invertible on R"™.
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2. There exist —0o < a < b < oo such that U C (a,b)", and there exist af,m’ > 0
(i = 1...N) be such that for any vectors z € RN and any u € U

2'D?h(u)A(u)z > Z a;(u')?(2")?,
i=1

—1 m;—1

where o (ul) coincides either with o (u! — a)™ =1 or with o (b — u;)

3. There exists A > 0 such that for all w € U and all i.j = 1...n for which m; > 1 it

holds that
|Aij(u)| < Alag(u?)].

4. It holds A € CO(U,RN*N) and there exists a constant C such that for all u € D

f(u) - Dh(u) < C(1 4 h(u)).

5. It holds ug € L' (Q,RY) and ug(x) € U for a.e. z € Q.

Then there exists a weak solution of problem (4.3) in the sense of definition 4.2. Addi-
tionally, u(t,x) € U for a.e. (x,t) € Qr. Furthermore, if m; > 0, we have

u € L},.(0,00; HH (G RY)),  Quu € L3, (0, 00; (H' (4 RY))).

Let us now introduce an example of cross diffusion system that has many of the features

we are interested in:

Example 4. The following cross-diffusion model has been introduced by Jackson and

Byrne in [JB02] starting from mechanical considerations.

U Vu
Oy =div | D(u,v) + R(u,v),
v Vv
where
2u(1 — u)—puv? —2Buv(1 + Ou)
D(u,v) = , 8>0602>0

—2uv+p0(1 —v)v? 26v(1 —v)(1 + Ou)

yu(l —u —v) — du
R(U,U) = ) aa776 > 07
oauv(l —u —v)
to be complemented with suitable initial and boundary conditions.
Such model generalises the filtration equation to the case of multiple species in the sense
that the nonlinear diffusion is degenerate (e.g. for u or v vanishing). Moreover, we shall

see that such system has an entropy structure in the sense of definition 4.1 (see [JS12]). In
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particular, for this example we have U = {(u1,u2) : u; > 0,u1 +u2 < 1} and the entropy

functional is given by
/ (ulog(u) +vlog(v) + (1 —u —v)log(l —u —v)) dx.
Q
In section 4.2.4 we will consider a simplified version of this model with 6 = 0.

The entropy structure often plays an important role in the proof of existence of solutions,
however it does not imply any uniqueness result unless further assumptions are made. On
the other hand, uniqueness can be proven if the solutions are sufficiently regular, as we

will see in the next Theorem.

We will use the following interpolation result (see, for example, [BM17]):

Proposition 4.2 (Gagliardo-Nirenberg interpolation inequality). Let Q be a Lipschitz,
bounded domain in R* and consider a function f : Q — R% such that all the norms ap-

pearing below are bounded. For any choice of exponents 1 < p,q,r < oo and real number

a € (0,1] such that
1 1 1 1 (1 )
D r d q ’

there exists constants v, and 7o, depending on d, p, q, a and ), such that

£l oy < IV AIZr@) 1l za(y + 2 151l Leqy - (4.7)
for an arbitrary s > 1.

The following uniqueness result is classical, we present it for the sake of completeness
(see, for example, [CFL76]).

Proposition 4.3 (Uniqueness). Consider the (scalar or vectorial) equation

Oyu = div (A(u)Vu) in Q,
A(u)Vu-n=0 on 09,
u(0) = wo,

under the following assumptions:

o the matrix A is elliptic with ellipticity constant X > 0 and Lipschitz in u.
e any solution u is bounded a.e. by a constant M depending only on A, Q and ug,

e there exist a constant K depending only on A, Q, T > 0 and ug and an exponent

qo > d = 2 such that supjg 1y [|Vul| e ) < K,

Then the problem above has a unique weak solution on the interval [0,T].
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Proof of proposition 4.3 . Given two solutions u and v corresponding to the same initial

datum, consider the equation for their difference and test it against (u — v):

/(u —0)0(u —v)dr = — / (A(w)Vu — A(v)Vv) - V(u — v)dz.
Q Q

Adding and subtracting A(u)Vv and A(v)Vu on the right hand side we obtain:
Oy / (u —v)%de = — / (A(u) — A(v))V(u+v) - V(u —v)dz
Q Q
— /(A(u) + A())|V(u — v)|*dz.
Q

Remember that we assumed supjg 7 |V (u + v) |7 dt < oo (for some ¢ > d) and consider

the term.

I(u,v) / |A(u V||V (u+v)||V(u—v)|de.
Apply Hoélder inequality with exponents 5 + 5 + % =1 to obtain
I(u,v) < [[V(u—=0)[ly [[V(u~+0)[, lu—wvl,.
Applying inequality (4.7) for % = (% — é) o+ 17?“ = % — 9, with a € (0,1), we have:
I(u,0) < [V (=), [V G+ 0)ll, (31 19— 0l u— ol}y ™+ flu — v,

<y IV (=)l 1V ()l llu = ol + 32 [V (u = 0) |5 [V (u + o)l llu = vl

Now we apply Young inequality twice with exponents H'O‘ + ; =1, 1 + 5=1v,u>0:

1
L) -l +

—

2

_ 2 2
I@ﬂﬁﬁﬁ{ ulwuvw+vm;am—v@]+

H 2 1 2 2
+72 [2 IV (= o)lly + 5 IV (w+ )l flu~ UHQ} :
1
Rearranging we obtain

1 2
Iu,0) <5 [ (L + )T + o] V(= v)3 +

2
(14 a)n =, " 2 2
# [ IV ol 4 22 19 o) ol
21/1 [eY ,LL
Recall that % = % — 9 and % + % = % We get ¢ = £ > d and we choose « so that
(4.

g = qo. From ellipticity and the relation (4.8) we obtam

5 [0+ @™ 0] 190 = )13 - [ (AW +A@)T (= 0) - V= v)ds <0,
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and we choose v and p so that

1 2
5 [+ e + fygu] <A (4.9)

Recalling that ug — vg = 0. Given the constant

O w,muqa n ;%IQW?, (4.10)

21/ l—«

we conclude that:

T
2 2 2
lu— vl2 < Jluo — voll? + C /0 19+ )|l — ]2

< lwo — vngexp (CKIT) <0,

where K is defined in the statement and the initial data coincide by assumption. O

4.1.2 Higher integrability of the gradients

Now that existence of solutions is established, we proceed showing higher integrability
of the gradient of the solutions. In the interior of the domain we use a rather standard
parabolic version of Gehring’s Lemma and we then extend the result to the initial and
lateral boundary. We follow the approach of [GS82,Par07,AMO07]. The higher integrability

property will be useful in the next section, especially in the case of two spatial dimensions.

We are going to show that weak solutions have gradients that are integrable with an

exponent greater than 2. Consider the system of equations

Oru — div[A(t, z, u)Vu] = 0,

(4.11)
Vu-n=0on 0, u0)=0,

where A is uniformly continuous, bounded and elliptic with constant A.

We will obtain the following result:

Theorem 4.4 (Higher integrability). Let u € L?(0,T, H'(Q);RN) be a weak solution of
problem (4.11). Then there exists p > 2 such that u € LP(0,T, W'P()).

The rest of this section is dedicated to the proof of the result above and it is divided
in three main parts, namely Lemma 4.7 shows higher integrability of Vu in the interior
of the domain  and we refer to Giaquinta and Struwe [GS82], Lemma 4.8 provides the
same result including the lateral boundary, and Lemma 4.9 for the initial boundary of the
parabolic cylinder (0,7") x Q. For the latter two extensions, we follow closely the strategy
presented in [Par07, AMO7].
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In the rest of this section we will use the following notation:

Q=1[0,T] xQ, z=(t,z),
Jr = J(to, R) = (to — R?,tp),
QR = Q(Zo,R) = J(tQ,R) X BR(SUQ).

Consider a smooth cut-off function x supported in Bagr(zp) and identically equal to 1 on

Bpgr(xp) with gradient bounded by 2. We define the following functions:

x2r(7) = x(2/R),

fB u(t,x)x%R(m)da:
o = iy H = 2r(Z0)
U2R u O,QR( ) IBQR(EO) X%R(:E)dx

As a preliminary result, we prove two fundamental inequalities following the approach
of Giaquinta and Struwe (see [GS82]).

Lemma 4.5 (Caccioppoli and Poincaré inequalities). Let u € L?(0,T, H'(Q;RY). The
following Caccioppoli-type estimate holds: for all Qr C Qar C Q, there exists a constant

¢ such that
/Q |Vu|?dz < ;12/62 lu — g g|?dz. (4.12)
R 2R

Moreover we have the following Poincaré-type inequality holds: for all Qr C Qar C Q,

sup / lu — tig|?dz < cz/ |Vul|?dz. (4.13)
teJ(to,R) / Br Q2r

The constants c1 and co are independent of R.

Proof of Lemma 4.5. Fix xg and tg and introduce a cut-off function in time, indicated
with 7, that is compactly supported in (tg — 2R?, 00), being identically 1 on [tg — R2, o).

Consider the test function:

¢ = (u — tar (1)) X5R(T)N*1 (oo t0)>

testing against equation (4.11) we obtain:

/ Xn?u — dog|*dz + / Y2 ?AVu - Vudz
Bagr

Q2r

< 2/ lu — tigg|*x*nOmdz — 2/ (u — dap(t))xn*AVu - Vy dz,
Q2R Q2R

N d N
()\—6)/ |Vu|2 dz < C, [/ |u—u23|2x277dt77dz—|—/ |u—uQR|2|VX|2 dz| .
R Q2r

Q2r
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Hence we obtain the following inequality:

1
[ ovapiz<on(1e ) [ - P
Qr Q2r

O]

The well-known result that we will use to obtain higher integrability is the following:

Lemma 4.6 (Gehring’s Lemma, [GM79]). Consider g > 0 in Q satisfying the following
relation for ¢ > 1 :

q
][ gldz <b ][ gdz | +0 gldz,
Q(z0,R) Q(z0,4R) Q(z0,4R)

for every zp € Q and every Q(z9,4R) C Q. Then there exists a constant 6y depending on
q and d if 0 < Oy, such that g € LT (Q) for q € [q,q +¢) and

loc

1/p 1/q
][ gPdz <c ][ gldz ,
Q(z0,R) Q(z0,4R)

for all Q(z0,4R) C Q. The constants c,e > 0 depend on b, q, 8 and d.

The following lemma by Giaquinta and Struwe guarantees higher integrability of Vu in
the interior of 2 x (0,7):

Lemma 4.7 (Higher integrability, [GS82]). Letu € L%(0,T, H*(Q); RY) be a weak solution

of problem (4.11), then there exists an exponent p > 2 such that Vu € LY (Q). Moreover,

loc
for all Qr C Qur C Q it holds

P
][ |VulPdz < C <][ ]Vu\gdz> °
Qr Q4r

Proof of Lemma 4.7. The proof is an application of Caccioppoli inequality, Gehring’s

lemma and other well known inequalities.

In the next computation we will use the following relation:

/ |u — tigg|?dz < sup / lu — @ig|dz.
°R tEJ(to,QR) Bogr
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Let [ = fJR fBQR |u — tigp|?dx dt. We proceed with the following estimates:

2
I < / </ ]u — ﬁgR‘de>
JR Bar
1
2%
</ |u—ﬂ23|2*dx> (/ |lu — top
Bar Bar
1
2
< ( sup / |u — ﬂR|2dz> .
teJ(to,2R) /Y Br
1 113
2. . 2%
/ </ ‘u—ﬁgR‘Q*d.%) </ ’U—'ELQR‘Q da:) dt,
Jr Bar Bar

from Poincaré’s inequality (version above),

1
1
I<c </ |Vu|2dz) / (/ lu — tzr
Q4r Jr Bar

from usual Poincaré’s and Sobolev inequalities,

113
2*da:) ] dt

a1 173
2 2 _ow -
*dm) </ |u — topR)| dx> dt
Bar

1 1 1
2 (2-24) 2
I§c</ \vu|2dz) R1/2/ (/ |Vu]2*dx) (/ yvude) dt,
Q4r Jr Bar Bar

from Holder inequality for the time integral with i + % =1,

1 % s/2 %
I <R (/ rVu\2dz)2 (/ rVuP*dz)“ [/ (/ !VU\2d2> dt] |
QR Q2R JR Q2r

from Gagliardo-Nirenberg interpolation inequality,

3
I <cR3 i (/ ]Vu|2dz> ’ (/ |Vu
4R 2R

from Young inequality with exponents % and 4,

1
2%
Igst/ \Vul2dz + C.R™ (/ |Vu|2*dz> .
4R 2R

Therefore, from Caccioppoli inequality,

1
224
2*dz) ,

2
= |Vul|?dz < / lu — tigg|?dz < 532/ \Vul2dz + C.R™ (/ IV
¢ JQr Q2r Qar Q2r

2
2%
24 dZ)

and the conclusion follows from Gehring’s Lemma with ¢ = |Vu| and ¢ = 2.

102



Let us now include the lateral boundary:

Lemma 4.8 (Extension to the lateral boundary). Let Q be a domain with C' boundary,
in particular suppose that for every point x € 0 there exists a neighbourhood U of x and
a change of coordinates ® € C*(U,R%) such that

yi = ®i(z), @(QNU) = {ya >0} N Br(0) = B.

Then the higher integrability result 4.7 can be extended up to the lateral boundary bound-
ary, i.e. Vu € LP((1,T) x Q) for somep >2 and all0 < 7 < T.

Proof of Lemma 4.8. We will perform a reflection in the transformed domain in order to
obtain a suitable extension of u. Consider a finite open covering U; of the boundary of
Q with the corresponding maps ®; € C1(U;, R?) and an associated partition of unity 6;.
Let us define

3i(y) = 0u(®(y)) y € {yg > 0} N Br(0),
! 0u(® (Y1, -y ya—1,—¥a)) Y € {ya < 0} N Br(0).

Notice that for y = 0 we have @& = u. In addition, in the new domain Bg(0), we have

Ig1 0

, ) Vu = (D®)JVu.
0 sign(ya)

Vyi = (D®)(®7(y)) (

We can now observe that @ satisfies the following equations (in weak form) in the two

parts of Bp:
in Bf, /Bg Ou - n | det(D®)|dy = /BE A(uw)((D®)Vu) - (D®Vn) | det(DP)|dy,
in By, | Ou(y', —ya) - n(y', —ya) | det(DP)|dy
R
= [, AW ) (DRI ) (DRI i) et D)y
= s A(u(y', —ya) (D@)Vyu(y', —ya)) - (D2IVn(y', —ya)) | det(DP)|dy,
for a test functions 7. Choosing ® such that |det(D®)| = 1 and defining

A'(y,u) = (D®)' A(uo ® 1D,
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we obtain the new weak formulation

Oi(uod 1) -ndy
Br

— [ Ao ) Tydy+ [ Aly0)Vuo 8 —ya) - IV ~u) dy.
By -

Br

The matrix A'(z,a) is elliptic and it allows us to repeat the same estimates that we had
for A. O

Lemma 4.9 (Extension to the initial boundary). Letd = 2. Consider u be a weak solution
of system (4.11) and suppose that the initial datum ug belongs to the space W1H0(Q).

Consider a parabolic cylinder in R x R? such that

QR(t07:L'0) = AR2 X BR(.T())
where Bgr(wo) C Q and 0 € Ayyp)2(to) = (to — 3(4R)?, to + 5(4R)?).

Then there exist two positive constants €9 and c such that, for any € < g,

2+e

1/2) 2+ = =
/ |Vu|*Tdz < C'max <][ |Vl dz) + CRte (/ \Vuo\HEd:U) o ,
0 0 L+e Bsr

where Qo = Qup (ar)2(to)-

Proof of Lemma 4.9. We use the following convention in this proof:

f(z)dz = !

dz.
Qr Qx| Qme(Z) :

Let Qo = Qur,r)2(to). We divide Qo into Whitney-type cylinders Q; = Qr“r 2(yi, ;)
for i = 1,2,.... We require that the radii r; are proportional to the parabolic distance
dist(Qi,0Qp) and every z belongs to at most a fixed number of cylinders. Finally we

assume @Qsr, C Qo.

1/2
Step 1. We choose \| = (fQo |Vu|2dz> and A > X\ := max{1, \{}}.
For (t,x) € Qo N Q we define

Wt,x) = ;wt,xﬂ min{|Qi[V2 : (t,2) € Q).

|Qol'/?

where ¢y > 1 is a constant to be chosen later. Now choose (¢, Z) € @ such that h(¢, ) > A,
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ie.,

1 1/2
C—]Vu(f, Z)|———= min{|Q;|"? : (t,x) € Q;} > X > max{ (][ |Vu|2dz> } .
2 0

Notice that if there exists no such (¢, Z), then we have a pointwise bound for Vu(¢,z) and
hence we have nothing to prove. Furthermore, fix @; such that (¢,%) € Q; N Q and define

Qo |1/2

— a(t,) = |Qol/1Qi.

Claim 1. For almost all (t,Z) as above and for some cylinder Q,(t,Z) C Q;, we obtain

12
~\2<
<

for some constant C' independent of p and X. Also note that Q20, C Qo.

h2dz < Cf h2dz < C%)\2,
QQO/J

P

Proof of Claim 1. For the upper bound consider @, = @, ,2(t,T) with g5 < r < r;. Using

the fact that @, C Q; C Qo and that \Q | min{|Q;|"/? : (t,z) € Q; N Q;}? < 1, we obtain

][ Wdz < ‘g(;{ g h*xq,dz
1 2
= Q\c%][ (]Vu(t z)| min{|Q; ]1/2 (t,z) € Q; N Qz}>

< ! ][ |Vu(t, z)|*dz
0

< —2/\2 <AL
)

where we had already assumed co > 1.

For the lower bound, we recall Lebesgue’s differentiation theorem: Given a point zg in
4 and a family of measurable, bounded sets U, such that |U,| > ¢|B.(z¢)| and U, —
{zo}, ~ — 0. Then, for an integrable function f : R? — R, and for a.e. zo € R?, we have

flwo) = tim —— [ f(z)da

y=00 [Uy| U,
We deduce that, for almost every (¢,Z) € Q; N Q such that h(¢,z) > A\, we have

lim hdz = |h(t,T)> > N2
=0 Q.

Now notice that the function
1

2
Hrt0) = 3o Joraw ™ P
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is continuous on [0, R] x [0, 7] x €2, and hence uniformly continuous. Furthermore, for all
55 < 1 <13, we have er h?dz < A% and, for +/ small enough, wi h%dz > A\2. Therefore
there exists a radius p; € (0,7;/20) depending only on A and h such that, the following
equality holds pr h?dz = A? and, by continuity

1

1
5% < ][ h2dz < C h2dz < C?\2,

P QQOp

for some 0 < p < p1 < 5. O

Step 2. Claim 1 allows us to apply Lemma 6.1 in [Par07]. In particular we obtain

2 2
][ hldz < ¢ ][ hdz| +c ][ |Vugldz
Q20p Qap Bap

for 0 € A(yp)2. Now we define the level sets

G\) ={(t,x) € QoNQ : h(t,x) > A},
F()\) = {:E S B4R(.’L‘0) : IVU()’ > )\} .

Claim 2. We obtain

2
A
][ h2dz < —< hdz + | — Vuoldz | .
Qa0p |Qupl JQupncnn) [ Bap| J Baynrmn)

Proof of Claim 2. From Step 1 we obtained

2 2
][ h’dz < ¢ ][ hdz | +c ][ |Vug|dz
Q20p Q4p B4p

Let’s split the domains of integration as follows: Qu, = (Q1p NG(N\)) U ((Q4pNG(N)€) and
By, = (Bspy NT(N)) U ((Bsp NT(X)¢). We obtain, for a suitable 0 < n < 1,

2 2 2
c <][ hdz) +c (7[ |Vu0|d;v> < ¢ <][ hdz) + en? A2
Q4p By, Q4pmG(77>\)

2
—|—cf |Vuoldz |+ en?A2.
B4pﬁF(n)\)

Now choose 7 small enough so that
2en?A\? < ][ h2dz,
QQOp

and notice that this is possible thanks to the lower bound in Claim 1. By Hélder inequality
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and the upper bound from Claim 1 we have fQ4p hdz < cA and, altogether

2
][ h2dz < c)\][ hdz + <C][B4pmr(n>\)|vu0|d.7)> .
Q200 QapNG(nA)

Step 3. Multiplying by |Q20,| we obtain

2
/ h%dz < e\ / hdz + ¢ / \Vug|dz | . (4.14)
Q20p QapNG(nA) By,pNT(nA)

In particular, we would like to extend the inequality above to the whole G()\). We pro-
ceed with a covering argument taking G(\) = U=, Q20p,(7:) C Qo, which gives a Vitali
covering. Summing up (4.14) for each cylinder in the covering and using additivity of the

integral we get

2
/ h%dz < c)\/ hdz + ¢ </ \vuodz> : (4.15)
G(N) G(nN) L(nA)

Claim 3. The following inequality holds

/ h2tedz < o— / h2Tedz + e / h2dz
G(%) Lt+e Jaw G(h)

2
—1—05/ PE / |Vug|dz | dA.
Ao F(77>\)

Proof of claim 3. We are now going to use equation (4.15):

h
/ h*tedz = / ( / eXTlan + AS) h*dz
G(Mo) G(Xo) Ao

£ / A=t / h2dzd\ + \§ / h*dz
Ao G\ G(Mo)

2
c/ E)\E/ hdz + / |Vug|dz d)\+)\6/ h%dz.
o G(n) L(nA) G(Mo)

For the first term on the right-hand side above we have, using Fubini’s Theorem,

IN
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hdz

/ 6)\8/ hdzd\ = / / MNhdMdz
o G(nA) G(nXo)

h/n
[1 + J o

1+e
<Z> — A5+€] hdz.

N 1+6/G()\0)

In particular we have obtained

h2+5
/ h2+8dz < : ce / |: o )\[1)+€h:| dz
G(Mo) telapo L M

2
+c / / |Vugldz | dX+ A§ / h%dz.
o T'(nA) G(Mo)

Notice that the term fg( o) [—Aé“h] dz is negative and we can discard it.

2
We are now going to estimate the term ¢ f;{f P (fF(nA) Vuodx) dX, namely

2
s/ AH/ |Vugldz | dX
Ao I'(nA)
< / |Vug|da / st—l/ |Vug|dz | dA
T'(nXo) I'(nA)
|Vuol /n
|Vug|dz / / XYV ug|dMda
TI)\O) T'(nXo) J o

€
Vuo|da e (Y el ivuelda
n)\o) F(n)\o I+e n

IN

IN

1/(1+4€)
/ |Vug| e da |Vug| e da
1 T'(nXo) T'(nAo)

2
|Vuo\1+€da;> .

L+ F(TI)\O

Altogether we have
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/ Wy < oo / W22z + e)f / h2dz
G(Xo) L+ Japo) G(o)
24

1+e€
+L’B4R‘E/(1+E)C / ‘VUO‘lJrEdl' y
1+e T'(no)

and, for € small enough,

/ *Tedz < e / h%dz
G(Xo) G(Mo)
2+e

1+4¢
+—5 CRT= / Vuo|*edz | .
L+e I(120)

Notice that in (QoNQ)\G(Ao) by definition it holds h2T¢ < A\§h2. Moreover, we can replace
h by |Vu| because of the way the Whitney-type covering is constructed. In particular,

the cubes containing points of the form (0,z), can’t be too close to the boundary. In

conclusion, we have obtained

/ |Vul|*Tedz
0
2+e

1\ ¢ e
2 T+e e
< Cmax\ 1, <][ |Vu]2dz> / |Vu|?dz + CRTee </ |Vuo\1+€da:) "
0 Qo l+e Bsr

N CRTH= e
1+4e ¥
< Cmax<q1, <][ |Vu]2dz> TR </ |Vu0\1+8d:1:>
0 1+4¢ Bur

This concludes the proof of Lemma 4.9. O

4.1.3 Stability estimates, homotopic approach

We now turn to stability problems for nonlinear diffusion systems without any smallness
assumption. There are already some results available in the literature in this direction,
in particular, the work of Cannon, Ford and Liar [CFL76] and that of of Coclite and
Holden [CHO5]. In the case of [CFL76], the authors derive a stability estimate with a
direct approach under the assumption of sufficiently high integrability for the gradient
of weak solutions. In the second one, the authors deal with classical solutions and they
introduce a homotopic method that allows them to prove stability in a standard parabolic
norm. Our strategy combines both these approaches, generalising the previous results.
Specifically, we will work with weak solutions under the assumption of an entropy structure

and integrability of the gradient to some power greater than the spatial dimension d.

We are going to obtain stability results based on an estimate of the length of a special

“curve” with values in a suitable space of solutions. Similarly to [CFL76], a regularity
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assumption (higher integrability of the gradients) is required. However, such assumption

this is satisfied in dimensions d < 2 thanks to Theorem 4.4 in the previous section.

Consider the following systems of equations:

Oyu = div (A(u)Vu) + f(u) in , O = div (B(v)Vv) + f(v) in 0,
A(w)Vu-n=0 on 0%, Bw)Vv-n=0 on 0L,
u(0) = wo. (4.16) v(0) = vp. (4.17)

We assume that the matrices A and B are elliptic with ellipticity constants A4 and Ap
respectively. A key object in the development of this approach is the following system,

which is derived combining the previous two:

Oyug = div [(0A(ug) + (1 — 0)B(ug)) Vue] + f(ug) in Q,
(0A(ug) + (1 —0)B(ug))Vug-n=0 on 09, (4.18)
up(0) = Bugp + (1 — )vo.

Given the uniqueness result of Proposition 4.3, for § = 0, we obtain ug = v, and for 6 = 1,
we have uyp = u. Intuitively, the function 6 — uy, 6 € [0, 1], defines a curve connecting

the solutions u and v corresponding to different nonlinearities.

The starting point of our strategy, like in [CHO5], is given by the following chain of

relations:
Oug do, (4.19)

1
= oll, < Lplug] = /0

where £, indicates the length with respect to the p-distance in LP. The expression of L,

is justified by Theorem 4.1.6 in [AT04] and we will see that the map 6 — uy is Lipschitz a

_ Oug
= 30 °

The following technical Lemma guarantees that system (4.18) has an entropy structure,
provided that (4.16) and (4.17) do.

posteriori. This allows us to transform a stability problem into LP estimates for zy :

Lemma 4.10 (Convex combination of entropies). Let D be a convexr domain. Consider
the equations (4.16) and (4.17) and their respective entropy densities, namely h : U — R
and k : U — R. Then the function hg = 0h + (1 — 0)k defines an entropy for equation
(4.18).

Proof of Lemma 4.10. By definition, an entropy density 7 is a convex, C?(D;R) where U

is a convex domain, and Dh : U — R¥ is a diffeomorphism.
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Since h and k are convex functions, hy is convex as well:

hg(au + (1 — a)v) < fah(u) + (1 — 0)ah(v) +0(1 — a)k(u) + (1 — 0)(1 — a)k(v)
— ahgu) + (1 — ) hy(v).

In particular, it follows that Dhg is a diffeomorphism, indeed it is C' and non-singular in
U, and therefore it has C'! inverse thanks to the Inverse Function Theorem. We still have
to show that the entropy functional Hglug] = [, hg(ug)dz satisfies an entropy inequality
of type (4.6). Let My = 0A(ug) + (1 — 0)B(uyg)

dHy
dt

= —/ My(ug)Vug - VDhy(ug)dx
Q

/ OyugDhyg(ug)dx
Q

- /Q My (ug)V[Dhy ' (Dho(up))] - VDh(ug)dz

= —/QMg(Ug)(Dzhg)_l(Dhg(Ug))VDh(ug))]-VDh(ug)dac,

where (D?hg)~! indicates the inverse of the Hessian of hy which is a positive definite

matrix since hg is convex. Therefore,
My = Mp(ug)(D?hg) ™" (Dhg(ug))
is symmetric and positive definite and we have obtained dd% <0. O

Let us now state our main result concerning stability for cross diffusion systems:

Theorem 4.11 (Stability for sufficiently regular solutions). Consider the weak solutions
u, v and ug of problems (4.16), (4.17) and (4.18) respectively. Assume that there exists
two constants K < oo and 0 < v <1 such that

i (1V0l 07y + 4G @) + DA oy

+ HB(U9)||L°°(QT) + ||DB(U6)HL<>O(QT) (4.20)
+1Dg(uo)ll oo () T 119(u0)ll Lo (o)

+ 1D f (uo)ll oo oy + I1f <UG)HL°°(QT)> < K,

Then the following stability estimate holds for a.e t € [0,T):
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Ju— UH%oo((o,T);m(Q)) +[[Vu - v2’”%2(QT)

< 0 (lluo = 0l + 14 - Bllwrvon IVl ) (a.21)
where the constant C depends on T, 2, d, ugy, vo and K.

The proof will be presented later as it relies on estimates for the solution ug of equation

(4.18) and its derivative with respect to 6. Let us derive the equation for zg = % via

differentiation of the equation for ug, namely (4.18). We start by considering the equation:

%W — div [(0A(ug) + (1 — 0)B(ug)) Vgl + f(ug)  in (4.22)
(0A(up) + (1 — 0)B(ug))Vug-n =0 on 0f, (4.23)
ug(0) = Qup + (1 — 0)vp. (4.24)

We denote the ellipticity constants of A and B by A4 and Ap respectively.

Remark 4.4 (Equation for zp). Given the system (4.22), the equation satisfied by zp = %{’

(in the sense of distributions) has the following expression:
Opzp = div [MVzp] + div (LzgVug) + Fzg + divG, (4.25)

[MVzg+ LzgVug]-n =0 on 09, 29(0) = up — vo.

where

M;j = 0Aj(ug) + (1 — 0)B;;(ug) > 0,
L:=1[0DA(ug) + (1 —0)DB(up)],
F:= D f(ug),

G := (A(ug) — B(up))Vug.

We derived the expression of each term in the equation for zy as follows:

d d
770 = %%ue

= div 9y [(0A(ug) + (1 — 0)B(ug))Vug] + 9 f (ug)
= div [(A(ug) — B(ug))Vug]

+ div [(0DA(ug) + (1 — 0)DB(ug))zeVug)

- div [(BA(ug) + (1 — 0) B(ug)) V2]

+ D f(ug)zp,
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and we also obtain the following boundary conditions:
O [(0A(up) + (1 — 0)B(ug))Vug] -n =0 on 09, 2p(0) = ug — vo.

Notice that the matrix M is elliptic for any 6 and its ellipticity constant is bounded from
below by A = min{A4,Ap}. The tensor T" and the field F' are bounded in L* provided
that ug is bounded in in L>([0,T] x ). The vector field G is bounded in L?([0,T] x )
provided that ugy is bounded in L*([0, 7] x ).

Proposition 4.12 (Estimate for zg). Let T' > 0 and consider the linear system of equa-

tions (4.25) derived in remark 4.4. Such system admits weak solutions
29 € L([0,T], L*()) n L*([0, T], H' (%2)).

Furthermore, assume that there exists a number 0 < o < 1 and a constant M = M(Q)
such that:

T
d/o
/0 IVul 5, () dt < M.

Then the following estimate holds:
s [ e ar < 2+ 2114 - BI% |Vl 401t 4.26
[SOUI%HZHQJF ; IV2lly d7 < { llz0ll2 + 15 IVullz | exp(4Cit), (4.26)

where A = min{Aa, A} > 0 and the constant Cy (depending on X is specified in the proof.

Proof of Proposition 4.12. The existence of a weak solution to the linear system for zy is
guaranteed, for example, by Theorem 1.1 in [LSU88], Chapter VII or by [CFL76].

We now replace zp by z to simplify the notation and set F' = 0. In the following it is

understood that all repeated indexes are implicitly summed up.

Testing the equation against the solution itself gives
/ ik 2k = —/ M,-jahzif)hzjda: — / Tijymzmahuiﬁhzjdx — / (A— B)ijﬁhuiahzjdm.
Q Q Q Q

Fix v such that 0 < v < o. Let p be the exponent determined by the relation %—k g +% =1.
We estimate the “convection” term by Holder’s inequality according to the relation just
mentioned and subsequently using Gagliardo-Nirenberg interpolation inequality with the

exponents specified below:

/Lij,mzmahuiahzjdx <L lloollzllpVulla/y 1V 2]l
Q

<C|Llloo (121l IVellasn IV 20157 + 12|zl Vel [V 2]l2) -
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The following relation between the exponents must hold:

L1 1y, 1
p \r d ’

q

and we choose r = 2, ¢ = 2, which gives

% = % — 9 in addition, from the relation of the
Holder exponents we have 1% + 7= % therefore we obtain % —-g= % — 7, which implies
a = v. Hence, in particular we have
2d
p:d_27<2*, 0<y<l.

Young’s inequality implies

_ 11—« 14+«
2[5~V 2l3 < —= llzlI5 + € 5 IVz]f3,
251704

for some ¢, 1 > 0 to be specified later. Now let

L= / o2k - 2k + / Mijahziﬁhzjdx,
Q Q

then

11—« 1+ a
£ < Conl Lol Vit (5 1215 + =25 21913+
gl-a

1 1 , .
b o1 VeI ) = [ (4 Blgonionsias

1—« 1
< Cel Lol Vil [ ( ; ) 212+

2eia 2/

1 . )
n <5 ;“ n g) ||Vz||§} - /(A — B)i;0pui0),2 da.

It follows that

and hence

L < Cit)llzl3 + C2(0 V213 + Cs(0)]| A - Bl
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where Cgny = max(7y1,72), where +; are the constants from Proposition 4.2 and we define

Qo(t) = CanILllcolIVulla/y,

€10 = 500 (T + 1)

Cat) = 5Q0(0) (1 +a)e + ) + 5,
oty = 1748

Therefore, thanks to the ellipticity of M (whose ellipticity constant is controlled from
below by a certain A > 0 depending on A4 and Ap), we have obtained

1
FO=13 + (A = C) V23 < Cr(®) 123 + Ca(t)l|A - B

Integrating in time, we have

t

t t
203 + 2 /0 (A — Cot)) V212 dr < [z0]l3 + 2 /0 Cr(t)|2I dr + 2] A~ B2 /0 Cy(t) dr

Now choose = (1 — a)e and € = ﬁo(t) so that

A
):)‘7

2(A = Ca(t) = 22 = (Qo(?) (26) + 5

and let .
J(8) = |22 + /0 A||V2 |2 dr.

Adding f(f C1(7) 7 || V2|3 do dr on the right hand side, we obtain the inequality (notice
that J(0) =0) :

t t
() < \zo||§+2/ C’1(t)J(T)dT+2]A—BH§o/ Ci(t) dr.
0 0

By Gronwall’s Lemma we obtain:

t t t
[Sup}||2|%+/ A[Vz|3 dr < <|120||§+2/ Cs(t) dTIA—B||§o> exp (2/ C1(t) dT),
0,7 0 0 0

115



where

a) = 300 (S + )
= %Qo(t) <<4Q§(t)) - (1-a)+ 5 1a)5>
< Lo ((4@;@)) = L 4@;@))
< % ((i)m Qo(t)T= + q i 5 4Q°A(t)2> .
This provides the desired estimate for z. ]

We conclude with the proof of the main theorem of this section:

Proof of Theorem 4.11 . Proposition 4.4 provides us the equation satisfied by zg and The-
orem 4.12 shows that, under suitable assumptions on the integrability of Vuy, an estimate
of the type

1201 < Cllz0l3 + C"| A = Blloo | Vul13

holds, where

T
2 2
212 = sup ||| + / IV2|2 dr.
[0,7] 0

In order to conclude we have to integrate the inequality above with respect to 6 and use

1
u— ol s/
0

In conclusion we have obtained the inequality [[u — v||3 < C||z0/|3+C"|| A= Blloo|[Vul3. O

the following relation:
Oug

=0 || - (4.27)
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4.2 Degenerate case

To the best of our knowledge uniqueness and stability estimates for a general degenerate
cross-diffusion system is an open problem. Even if the system has an entropy structure
(like in [Jiin15]), uniqueness is not clear unless we assume a special structure of the system
or extra regularity of the solution is required. For systems with a special structure, relevant
references include [DLMT15,DT15]. Additionally, a class of degenerate systems has been
studied as gradient flow of an entropy functional con an infinite-dimensional Riemannian
manifold in [ZMI15]. An interesting attempt to prove further regularity can be found
in [Lel0]. More recently, Chen and Jiingel presented in [CJ18] a new method to prove
uniqueness which, when applicable, involves in two steps, i.e. proving that the sum of
the component satisfies a scalar equation for which uniqueness of solutions holds, and

consequently transferring this information to the full system via relative entropy methods.

In this section we will show that the problem of stability with respect to the nonlinear-
ities can be reduced to the study of the convergence rate of a suitable vanishing viscosity
approximation of the system. Let us describe the strategy we have adopted. Considering
the stability estimate (4.21) we notice that the constants on the right-hand side depend on
the ellipticity constant of the system and therefore the bounds blow up when we consider
a degenerate diffusion system. Our idea to circumvent this problem consists in taking
two solutions u4 and up of two different equations (with diffusion matrices A and B re-
spectively and the same initial and boundary conditions for simplicity) and to consider
the corresponding “regularised” solutions v and u% obtained adding artificial viscosity
to the system. Inequality (4.21) can be applied to the regularised problem and we have,

schematically,

C
[ —upl < 7 1A= Bl

Ae)

where \(¢) is determined by A and B and it tends to 0 as ¢ — 0. Hence we have to show

o0 !

that there exists a suitable regularisation (of vanishing viscosity type) for which we can
prove an explicit rate of convergence: ||u% —ual < Ke?®, for some o > 0. This would

imply that, for € > 0,

C
— <—||A-B 2Ke”. 4.2
Jua =] < 55 14~ Bl + 2K (428)

Therefore, we can optimise in € and obtain a new stability result. For example, if A(¢) = &”

1
(B > 0), we choose ¢ = || A — B||&™ and we obtain
lua —upll < C"|A— B|sS" .

The first step in this direction is to construct a suitable regularisation of the system. We
believe that the most natural way of doing so consists in “lifting” the initial datum and

proving that the system obtained in this way is non-degenerate. In particular, we will see
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in section 4.2.1 that the systems we consider satisfy a weak form of a minimum principle.
In section 4.2.2 we will obtain an improved stability result for the special case in which

the diffusion matrix can be identified as the Jacobian of some monotone vector field.

Section 4.2.3 will be dedicated to the derivation of a free boundary problem associated
with degenerate systems with compactly supported initial data. This reformulation of
the problem will be used in section 4.2.4 to design a front-tracking numerical algorithm.
Finally, we will compare numerically the predictions of two numerical simulations for a

toy problem that does not present the special Jacobian structure.

4.2.1 Positivity results

Th following positivity result is very useful in the construction of approximations. Non-

negativity of solutions was already proven in [CHLO03].

Proposition 4.13 (Strict positivity). Consider the system:

Oyu — div(A(u)Vu) =0 in Q, (4.29)
A(u)Vu-n=0 on 082, (4.30)
u(0, ) = up(x) in Q, (4.31)

where ) is a fixed, bounded, Lipschitz domain and
A(u)e€ > Mu)l¢f* >0, (4.32)

In addition, suppose that A(0) = 0, A(0) = 0 and u is the unique solution of problem
(4.29). Furthermore, suppose that, if u; = 0 for some i, then Agp(u) = 0 for any k # h.
Suppose that there exist constants &, and M such that 0 < 68 < (ug)® < M for all k.
Then, we have

ug(t,z) > 0 a.e. in [0,T] x Q, fork > 1.

The proof of Proposition 4.13 consists of various steps, the strategy is the following:

1. we introduce a modified diffusion matrix, A, and we prove the result for the corre-

sponding system,
2. we show that the new system has an entropy structure in the sense of Chapter 3,
3. we prove the existence of solutions for the modified system.

4. we conclude that, by uniqueness, the solutions of the modified problem and of the

original one coincide, which give the result.
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Step 1 (modified problem).

Lemma 4.14. Consider following modified matrix

A(v) forovkF >6F E=1...N,
A() = o(v)A() + (1 — o(W)AW)] for 6% <vk <&k k=1...N, (4.33)
A)I otherwise.

where 6F > 6¥ and o : RVR is such that

0 forvk > 6% E=1...N,
o(v) =460() fordF <ok <§F E=1...N,

1 otherwise,

for a suitable cut off function 6 connecting the values 0 and 1. Suppose v satisfies the
equation (4.29) with A in place of A and under the assumption 6, < vi(0) <1, k=1...N,
then v (t,z) > 6} a.e. in [0,T]x Q, for all k, A(v) = A(v) and so v solves problem (4.29).

Proof. Given a suitable test function n, We have the following weak formulation of the

equation for v:

/OT /Q(at“k)”k dv di = — /OT (/QA(U)MVU’“ -V da:> dt. (4.34)

We consider the following test function:

0 vk > 5k

e = S¥(v) = —[vF — 6F]_ = :
| | vk — ok ok < ok

Notice that, given our assumptions on the initial datum, Si(up) = 0 almost everywhere.
Furthermore, from (4.33) and (4.34), we have

T
/ ( / AR (p) VP - VS (v) da:) dt =0, Vk # h.
0 Q
We obtain

/()T/Q(atvk)sk(v) de dt = /OT (/ A (0) Vg - V Sy (vp) dﬂs) dt
/()T/Q(atsk(v))sk('u) doe dt = /:(/Akh VS () - VS (un) d$> i
s [1sewanrara = - [ ( [ sowswp )
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by definition of the initial datum and of A. It follows that, for every k,
/ S*(u(t, 2)) dz = 0,
Q

for a.e. t and hence v* > 6% almost everywhere. O

Step 2 (entropy).

Lemma 4.15. Suppose that system (4.29) admits an entropy structure in the sense of
Definition 4.1. Then the modified system obtained replacing A with A in (4.29) also

admits an entropy structure with the same entropy functional.

Proof. Let us denote the entropy function by h : RN — R. Recall that, by definition of
entropy structure, h is a C? convex function and its gradient, D, h, defines an invertible
map between a fixed domain D to RY. By assumption, the matrix Hess(h) is symmetric
and positive definite, and therefore invertible. Let us denote Hess(h) simply by H. Then

we can rewrite problem (4.29) with A = A as in (4.2), namely
B = div(A(v)Vv) = div (B(v)v (Dvh)> : (4.35)

where B = AH 1. Tt is easy to check that B is positive semidefinite, in fact it is equivalent
to verify it for the matrix HA. We have that H(v)A(v)¢ - € > 0, where

H(v)A(v)E - € for vk > 6F,
H(©)AW)§ - & = 4 o(0)H W) A@®)E - €+ (1 — o(0)A()H(W)E - € for 6% < oF < &k,
Av)H (v)€ - € otherwise.

O]

Step 3 (existence). Recall the following fixed point theorem (see, for example, The-
orem 11.3 in [GT98]):

Theorem 4.16 (Schaefer’s fixed point theorem). Let P be a continuous and compact map

from a Banach space X into itself. If the set
{reX : z=AP(x)}

is bounded for any 0 < A < 1, then P has a fized point.

Now we can proceed as in [Jiin15] and obtain the existence result. We will only present

a sketch of the proof since it is the same presented in the above mentioned reference.
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Lemma 4.17. Assume vy € dom(h). There exists a solution w* € L>°(Q) for the following

approximation scheme:

1
— /[v(wk) — oW dzx +/ B(w*)Vuw* -V dx + 5/ Vu® - Vnk dz =0,
Q Q

T

w® = Dh(uvp),
where e,7 > 0, w = Dh(v) and B(w) = A(v(w))H (v(w))~ L.

Sketch of the proof.
Part 1. Let y € L®(Q;RY) and § € [0, 1]. Define the linear problem

a(w,n) = F(n) for all n in H'(Q),

where

a(w,n) = / B(y)Vw - Vn dx + s/ Vw - Vndz,
Q Q
and

F() = =2 [ og) ~ o(w* .

Such problem admits a solution w in H'(£; R") depending on y and p.

Part 2. We can now consider the following fixed point problem defined through solution
operators S, such that S,(y) = w and S1(w) = w, meaning that we look for a fixed point
y of the solution operator S of the elliptic problem above. In particular, the operator S

acts between the spaces:
S, L°(RY) x [0,1] — L®(RY).

Notice that S,(y) = pS(y,1). The existence of a solution of the fixed point problem for

S, in Lo°(Q; RY) is shown in [Jiin15], hence we omit the proof.

Part 3. The next step is to derive uniform bounds with respect to € and 7. First of all,

consider the following;:

N
/ B(w)Vw - Vwdzr = / H(v)A(v)Vv - Voudz > Z/ i (v;) | Vi | de,
Q Q — Ja

for a suitable choice of the functions ;. Let us identify such functions. Finally, we have

the following bounds:

0]l 2o,y 11 ()) + VEllwll L2 o.r),m1 ) < C,

and this allows us to control the time derivative as well:

1 v(w) — v(wF ! X
[ vtw) = ol a

T

< /QH(U)A(U)VU -Vudr <C.
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In conclusion, we can pass to the limit for €,7 — 0 and obtain a solution to

/ Oyon dx + / A(w)Vuv - Vndx =0,
Q Q
that satisfies the initial datum in the H'()’ sense. O

Let us now conclude the proof of the positivity result.
Step 4.
We can apply Lemma 4.17 to system (4.29) and consequently pass to the limit for e — 0

and 7 — 0, as shown in [Jiin15]. Hence we deduce that solutions to the modified problem
exist and have the desired positivity properties thanks to Lemma 4.14. By uniqueness,
the solution of problem (4.32) coincides with the solution of the modified problem, hence

it satisfies the same bounds.

4.2.2 Stability in the special case A = D¢

In the special case in which the diffusion matrix is a Jacobian, it is possible to obtain a
stability result directly, using the so called (H')’ approach. The key idea is, roughly speak-
ing, to test the equation against the inverse Laplacian of the solution. As a preliminary

result, we reformulate the uniqueness results in [Jiinl5], Section 6(ii), as follows:

Proposition 4.18 (Uniqueness in a special case). Suppose that the assumptions (1-5) of

Theorem /4.1 are satisfied, and consider a weak solution u of the following problem:

Ou — div (A(u)Vu) =0 in Q,
Aw)Vu-n=0 on 09, (4.36)

u(0, ) = ug.

In particular, system (4.36) is supposed to have an entropy structure in the sense of def-
inition 4.1 and we denote the corresponding motility matriz by B. Suppose additionally
that there erists a monotone vector field ¢ : RV — RN such that either A(u) = Dyp(u),
or B(u) = Dy¢(u), where Dy¢ € RV*N indicates the Jacobian matriz of ¢. Then (4.36)

admits a unique weak solution.

We extend the uniqueness result above in two steps. First, we establish a stability result

for non-degenerate problems:

Proposition 4.19 (Stability in a special case). Consider two systems of the form:

dpuk — AgF(u) =0 in Q, (4.37)
Voék(ui) - v=0 on 09, (4.38)
uy (0,2) = ufy(z), (4.39)
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fork=1,...,N, ¢ =1,2. Suppose that the solutions u; are bounded and mon-negative,

in particular 0 < uf < M, and we assume strict monotonicity of ¢; € C1(RYN), i.e. there

exist \; > 0 such that
(6i(2) = i(w)) - (z —w) > Nilz —w[’, Vz,w e RY.

Then the following stability estimate holds

lun (8) = wa(t) = (@1 = @) |y + Ml — w2 = (0 — ®) |72,
Q)
< luo — o2 = (w1 = @)l[Eg1 0yy + |/\ max |p1 (@1 + ) — da (2 + ),
1 Ewm

where By = {€ € RY,[€] < M} and we have

1
—k k
YT ) /Q i 4

k

Notice that the constant functions @; are stationary solutions of (4.37).

Proof. We can rewrite (4.37) as follows:

A(uF — %) — A(P*(u—1a)) =0 inQ,
VoF(u—a) - v=0 ondQ,

ub(0,2) — % = uf(z) — a*,

(4.40)

(4.41)
(4.42)
(4.43)

where ¢F(w) = ¢*(@ + w). Now we consider two solution w; = u¥ — @;* of problem (4.41)

~k
with ¢; (w) = ¢¥(w; +w;) for i = 1,2. The equation for the difference w; — ws is given by

Op(wh — wh) — A(¢f (w1) — Ph(w2)) =0 in Q,
V(¢F(w1) — ¢F(w2)) - v =0 on 99,

k k k k —k —k
wy(0,2) —wy = Uo,l(ﬂf) - UO,Q(x) - (U0,1 - Uo,z)'
Consider a test function n such that

~AnfF =wF —wk inQ
n 1 2 )

Vn*-v=0 on dQ.

Testing equation 4.44 against 7, after an integration by parts by parts we obtain

o0 [ 31l e+ [ (@) - Bt - b de
+/(€5lf(w2) — @5 (w2))(wh — wh) dz = 0.
Q
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Using the strict monotonicity of ¢1 and Young’s inequality we have

1 - -
o [ 1V 4 [k~ wh)Pde < - [ 16k wa) - B(wa) da,
Q Q 1J0Q

and the result follows integrating in time. O

We now combine the previous result to obtain our final stability estimate:

Theorem 4.20 (Stability). Consider two systems of the form:

ok — AgF(u) =0 inQ (4.47)

Vék(u) - v=0 on o0 (4.48)

Wb (0,2) = ub(a), (4.49)

fork=1,... N,i=1,2. Suppose that the solutions u; are bounded and non-negative, in

particular 0 < uf < My. Assume that ¢;(0) = 0 and that ¢; € C*(RY) is monotone, i.e.
there exist function A; > 0 such that

(¢i(2) — di(w)) - (z —w) >0, Vzwe RN,

and that, given R .= fol Dy¢¥ (72 + (1 — T)w)dr, there exists an exponent o > 1 and a

constant cy > 0 such that
(z —w)'R(z — w) > ¢pd®, Vz,w € Bs(0) C RY.

Then the following stability estimate holds

Q 2
s =l < (1+ 50 ) maxjon) = o217 (450)

where By = {€ € RY | |¢] < M}.

Proof. The proof follows combining Propositions 4.13 and 4.19. In particular, thanks to
the positivity result, we can construct the approximations uf by considering two systems of
the form (4.47) where the initial condition is “lifted” by § > 0, i.e. replaced by uj = ug+96.

We can now apply 4.19 to the approximations, obtaining

]

2 2 2
[[ur — U2||L2(QT) <0+ 00 I%?/IX [91(-) = d2())7,

where we used the monotonicity assumption and the fact that the initial data are identical.

We can conclude optimising with respect to delta, in particular we choose

6 = max|1() — 62())| ™7
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4.2.3 Free boundary in one dimension, formal computations

We now present a heuristic argument that allows us to rewrite the degenerate problem
specified below into a free boundary problem (all the computations are formal). This is
in fact useful to construct a numerical scheme that takes into account the finite speed
of propagation property of degenerate diffusions and keeps track of the evolution of the

support of the solution. In particular we consider
du' — 0y [A(w)70,47] =0, in Q,t>0, (4.51)
with boundary and initial conditions

A(w)79,u7 =0, for x = =+1,t >0, (4.52)
u(0,-) =up, in Q, (4.53)

where ( is the interval [—1, 1].
Let us first focus on the scalar case, in order to illustrate the technique.

Fact 4.21 (Free boundary problem, scalar case). Consider the scalar equation:

where P and Q are (continuous) real functions. A sufficiently regular solution of this

problem can be rewritten as the following re-mapped free boundary problem.:

(L)) + (1 + Q)
P ) dwtat)

2 2 |
- (Q(t)—JD(t)) 0y (A(ult, z(y))0yu(t, x(y) = 0 in (=1,1),

ot +

with boundary conditions
U(t, _1) =0, U(t, 1) =0, U(O,%(y)) = uo(a:(y)) in (_17 1)7
where

P'(t) = —A(0)0,u(t, P(t),  Q'(t) = —A'(0)du(t, Q(t)).
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Proof of Fact (4.21). Let us consider the following change of variables:

v = VP + 1 TYQ0),
t = s,
dr _Q(s)—P(s) Oz 1-y, 1+y
W= 2 s~ 2 Pi(s) + ——Q(s).
The different terms in the equation transform as follows:
0yult,x(y)) = - drult. o)
= Q) — Pt) ;P(t)axu(t,x),
Os(u(t, z)) = Opu(t,x) + dyul(t, 56)3:
1—y)P'(t 1 "(t
R e L))

All together the equation becomes

dul(t,z) + <<1 - yﬂ;’g; - g(j) y)Q’(t)> Oyt 2(s))
2
- (M) By (A(u(t, x(y))dyu(t, z(y)) = 0 in (—1,1)

with boundary conditions
u(t,—1) =0, u(t,1) =0, uw(0,2(y)) = up(x(y)) in (—1,1).
Let us now derive the equations for P’ and Q.
u(t, P(t)) = 0 = Owu(t, P(t)) = 0.
We differentiate the identity we just derived.

0 = Qyu(t, P(t)) = dpu(t, P(t)) + dpu(t, P(t))P'(t)
= 0u(A(u(t, P(1)))0zu(t, P(t))) + Oau(t, P())P'(t).

This implies that

—0zu(t, P(t))P'(t) = 0u(A(u(t, P()))0sult, P(t)))
= A'(u(t, P(t)))(Ouu(t, P()))* + Alu(t, P(t)))07u(t, P(t))
= A(0)(Quult, P(1)))?,
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and thus
P'(t) = —A(0)0yu(t, P(1)),

and, analogously, for Q’we have

Q'(t) = —A'(0)d,u(t, Q(t))-

We now move to the system case:

Fact 4.22 (Free boundary problem, system case). Consider the system

O — Oz (A11(u, v)Ozu + Aj2(u, v)0zv) = 0 in Q1 = (Pi(t), Q1(%)
Opv — 03 (A21(u, v)0zu + Ao (u,v)0;v) =0 in Qo == (Pa(t), Q2()),

~—

with boundary conditions

u(t, Pi(t) = ult,Q1(t)) =

v(t, Pa(t)) = v(t,Q2(t)) =
u(0,z) = (90) in 0 := (P1(0), Q1(0)),
v(0,z) = vo(w) in Qa0 == (P2(0),Q2(0)),

where P; and Q; are (continuous) real functions. Additionally, suppose that

Alu v):( fw) g(u)h(v))
’ g(uh(v)  Uw) )’

for suitable real functions f, g, h,l that vanish at 0. A sufficiently regular solution of this

problem can be rewritten as the following re-mapped free boundary problem:

(L~ u) P + (1 + 5)Q4(0)
01t~ Bi(D) ) Oyult xlyn))+
t

=0y, (Aun (u(t, z(y1), v(t, 2(y1)) By, ult, 2(y1))+
=0y, (Avz(u(t, z(y1), v(t, 2(91)) By 0(t, 2(91))) = 0,

dyult, () + (

(1 —y2) Py(t) + (14 y2)Q5(1)
Ql(t) P, ( ) > 8yu(t,x(y2))+
t

— 0y, (A2 (u(t, 2(y2), v(t, 2(y2)) Oy u(t, (y2)) +
=0y, (Aza(u(t, z(y2), v(t, 2(y2)) Oy, 0(L, 2(y2))) = 0,

Byt x(y2)) + (

where the first equation is set in Qi = (Pi(t),Q1(t)) and the second one in Qy :=
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(Po(t), Q2(t)), with boundary conditions
u(t, P(t)) =0,
u(t, Q1(t)) = 0,
u(t, Pa(t)) = 0,
v(t, Qa(t)) =0,
u(0,2) = up(x) in Q10 := (P1(0),Q1(0)),
v(0,z) =vo(x) in Q= (P(0),Q2(0)),

Pi(t) = =Dy A11(0, v(t, P1(t)))0zult, Pi(t)) — DuA12(0,v(t, Pi(t)))0zv(t, Pi(t)
Py(t) = =Dy A (u(t, Pao(t)), 0)0zult, Pa(t)) — Dy Asa(u(t, Pa(t)), 0)0zv(t, Pa(t)),
Q1(t) = =Dy A11(0,v(t, Q1(1)))Ozult, Q1(t)) — DyA12(0,v(t, Q1(t))) 0z (t, Qu(
Q3(t) = =Dy Ao (u(t, Q2(1)), 0)0zult, Q2(t)) — Dy Asa(u(t, Q2(t)), 0)0zv(t, Qa(1)).
Proof of fact 4.22. Let us consider two changes of variables:
:1_2y1P1(t) 1+y1Q1()
le;szQ(t) 1+y2Q2()
Therefore the relation between yjand ys is given by
R+ i) = TSR + ),
Q1(t) ‘2F i) | lel(t) ; D) _ @) ;r Pa(t) | ” Q2(t) ; P2(t)7

1
"= G BD (Q1(t) — Qa(t) + Pi(t) — Pa(t) + 11(Qu(t) — Pi(1))).

In addition we have
or Qi(t) — Pi(t)
8% N 2 ’
or 11—y 1+y 1—y 1—|—y
—— = = P(s) + —5—Q(s) = = Py(s) + 5 Qb(s).

ds 2
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The different terms in the equation transform as follows:

ox
Oy, ult, x(y;)) = @3xU(t,x)

_Qi(t) — B()
= f&ru(t,x),

as(u(t) x(yz))) = atu(t7 x(yz)) + 8xu(t7 m(yz))

= dnutt. o) +

9z (y:)
Os
(1 —yi)P/(t) + (1 4+ v:)Qi(t)
Qi(t) — F5(?)

) 8yu(t’ x(yl))
All together the equations become:

- /
(L —y) Py tt)) 1+y1 @At >8yu (t,z(y1))

— 0y, (Ana (u(t, z(y ) (t 2(y1)) 0y, u(t, (y1)
=0y, (Anz(u(t, z(y1), v(t, 2(y1)) Oy, v(L, 2(y1))) =
u(t, Pi(t)) = u(t, Qi(t)) =

)

duult, () + (

in Q) := (P1(t),Q1(t)), t > 0, coupled with

opv(t, z(y2)) + <(1 —v2) Py tt)) (]i+y2 )@t ) Oyu(t, z(y2))

=0y, (A1 (ult, (y2), v(t, ©(y2)) Oy ult, ©(y2))+
=0y, (Aza(u(t, ©(y2), v(t, 2(y2)) Oy, v (L, 2(y2))) =
v(t, Po(t)) = v(t, Q2(t)) =

v(0,2) = vo(x),

in Qy := (Py(t),Qa(t)). Let us now derive the equations for P/ and Q}. To do so, we are

going to (formally) differentiate the boundary conditions with respect to time:
’LL(t, Pl(t)) =0= ﬁtu(t, Pl(t)) =0,
hence,

0 = Quu(t, P(t)) = Ou(t, Pi(t)) + Ozult, PL(t)) P (t)
= Oy (A11(u(t, P1(t)),v(t, P1(t)))0zu + Ar2(u(t, P1(t)),v(t, P1(t)))0zv(t, Pi(t)))
+ dyu(t, PL(t))P(t).
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Notice that

Or(A11(u, v)0pu + Aj2(u, v)0v)
= D, A1 (u, v)(axu)2 + Dy A1 (u,v)0,v0,u + Aq1(u, v)agu—l—
Dy, Ar2(u,v)0,udyv + Dy Aa(u, v)(axv)Q + Aja(u, v)@iv

We will now make use of the assumption on the that the dependence of A on the different

components of the solutions, i.e.:

A(M)_< flu) g<u>h<v>>, A“”O)—(g 8)

then

—0,u(t, PLt))P[(t) = DyA1(u,v)(dpu)? + DyAra(u, v)dpudyv
= DyA11(0,v(t, Py(t))(Opu(t, Py(t)))?

)
+D, A12(0,v(t, P1(t)))0zu(t, Pi(t))0zv(t, Pi(t)),
assuming d,u(t, P1(t)) # 0, we obtain

Pll(t) = —DUAH(O, U(t, Py (t)))@xu(t, Py (t)) — DuAlz(O, U(t, Py (t)))axv(t, Py (t))

Th remaining equations are obtained in an analogous way. O

4.2.4 Numerical simulations for a degenerate system

We are going to simulate a nonlinear system of the form:

' — 9, [A(w)70,u'] =0, in Qt>0, (4.54)
with boundary and initial conditions

A(w)79,u7 =0, for x = =+1,t >0, (4.55)
u(0,-) =up, in Q, (4.56)

where  is the interval [—1,1]. We will consider the following case:
1— _
Ay = (0w e ) (4.57)
—UuU1uy Ug(l — UQ)

We present two different numerical approaches to the system above.

In the first case, we solve (4.54) in the domain 2 = [—1, 1] using the method presented

in section 3.2.2. We briefly recall that this is a second-order accurate finite-difference
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Figure 4.1: A schematic reperesentation of the remapping strategy adopted in the devel-
opment of the front-tracking algorithm.

scheme in space and the method of lines with the inbuilt Matlab ode solver odelb5s in
time. We use an equidistant mesh of size |§2|/J, with nodes z,, = =1 +nAz, 0 <n < J,
J = 100. The fluxes are evaluated at the nodes z,, to ensure the no-flux conditions are

imposed accurately, while the solutions u; are computed at the midpoints z,,;1 /2.

It is well known that in the presence of degenerate diffusion, as in (4.57), when the initial
datum is compactly supported the solution presents a free boundary. It is often important
to be able to locate precisely the points of the free boundary, but the first algorithm we
presented is not designed for this purpose. We now present one way of constructing a a

front-tracking algorithm.

The key idea consists in mapping the evolving support of each of the two components
of u to fixed domains, ;, and subsequently to obtain and solve an equation for each of

the two components on the new domains, as summarised in figure 4.1.

In order to preserve the properties of the original system, each component of the solution
u; has to be re-mapped to the domain Qj (i # j) at each time-step. In addition, the new
system is coupled with as many ODEs as points on the boundary of the support of the
components of u. For convenience, we choose €; = [—1,1]. In order to ensure that all
the equations are well posed, in our practical examples we assume that both components
of u have compact and connected support, i.e. each component is supported on a closed
interval that is strictly contained in 2 = [—1,1]. The extreme points of such interval are
used to provide the initial conditions of the ODEs corresponding to each point of the free
boundary. The new equations are specified in Fact 4.22. We would like to stress that the
equations that we obtain in the new, remapped domain (image of the support) have to

satisfy homogeneous Dirichlet boundary conditions.
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Figure 4.2: A schematic representation of the two methods of simulation for problem
4.54. In the first type of discretisation (see section 3.2.2), the solutions are computed at
the black half-nodes, while the fluxes are computed at the red ones. In the second case,
namely the front-tracking method, the solutions are computed at the red nodes, while the
fluxes are computed at the black half-noes.

Once again, we simulations use a second-order accurate finite-difference scheme in space
and the method of lines with the inbuilt Matlab ode solver ode15s in time. We consider
the following expression for the numerical fluxes:

Ujnt+1 — Ujn

Fipny1 = -Aij(unJr%) Az

with u, — Z2Uintitin \We obtain the following system of ODEs:

1
1,n+5 Ui n41+Uin

duy, . Fo—F,

dt Ax

The approximate solutions is computed on the new domains €2 and subsequently mapped
back to €2. We set as initial data u; o = max(0, (1 — (z/o£7)?)), for o = 0.3 and 7 = 0.5.
We run the time-dependent simulation until 7' = 1. Figure 4.2 highlight the differences

with the numerical scheme described in section 3.2.2.
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Figure 4.3: Profile of the first component of the solution of (4.54) obtained with the front-
tracking algorithm. The initial condition is the function with the smallest support, as
time passes the support slowly expands and the points on the free boundary are marked
by black asterisks. The extreme points of the support itself are plotted as black asterisks.

Figure 4.3 shows different profiles of the first component of the solution of problem(4.54)
for a sequence of equidistant time steps. It is apparent that the support of the solutions

grows with finite speed.

Figures 4.4 and 4.5 clarify some of the strengths of the front-tracking method. The
evolution in time of the points of the free boundary is shown in figure 4.4. Notice that when
the external branches of the blue and the red curves reach the boundary of = [—1,1]
the method is no longer applicable since there is no more a free-boundary. Figure 4.5 is
obtained zooming in figure 4.3 and comparing the approximate solution obtained with the
front-tracking method with the one obtain with the method of section 3.2.2. As expected,
the new method captures the behaviour of the free boundary in greater detail (compare

the red circles on the line y = 0 and the blue curves).

Figure 4.6 shows the evolution of the difference @ — u in different norms, namely
L>(—1,1), L*(=1,1) and L'(—1,1). Here @ indicates the solution obtained with the
method in 3.2.2 and u corresponds to the front-tracking method. We observe that the
differences are small, especially in the L? and L' norms. The maximum of the difference
is actually attained near the free boundary points, whereas the methods give very similar

predictions near the centre of the support of each component.
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Figure 4.4: Evolution of the points on the free boundary of u; over time. The front-
tracking algorithm stops working when such points reach the boundary of the domain.
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Figure 4.5: A comparison of the two algorithms. We plot the solution obtained with the
first method in blue and the solution obtained with the front-tracking method in red.
In this case we are just considering the first component of the solution and we focus on
a subdomain of €. By construction, the second method is much more accurate at the
boundary of the support of the solution.
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Figure 4.6: Difference of the solutions obtained with the two methods described above. We
consider the difference of the first components in different norms. The difference, which
is zero initially, is larger near the boundary of the support of the solution.
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Final remarks

Let us mention some of the challenges and open problems in the analysis of nonlinear

cross-diffusion systems that we would like to address in the future.

For general degenerate parabolic systems, many issues concerning well-posedness and
stability of solutions are still open. Their study is interesting both from the theoretical and
the applied point of view (a special case was considered in Section 4.2) and we illustrate

some possible developments.

Existence results for a wide class of cross-diffusion problems of the form w; = AA(u) +
R(u) have recently been improved in [LM17]. For this family of problems they introduce
the notion of non-uniform entropy, allowing for more general positive semidefinite motility
matrices. Generalising the known results and techniques to such systems will probably

require the development of new mathematical tools.

To the best of our knowledge, uniqueness and stability estimates for general degenerate
cross-diffusion systems are an open problem. Even if the system has an entropy structure,
uniqueness is not clear unless we assume either a special structure of the system, or extra
regularity of the solution is required (see, for example, [CJ18]). The techniques introduced

in Section 4.2 might be useful to proceed in this direction.

Systems with non-local terms, such as interaction potentials describing long-range at-
traction or repulsion, are particularly relevant in the modelisation of collective behaviour.
New results for this type of problems can be found in [DFEF18]. A simple example of

scalar equation involving a nonlocal term of this type was presented in Section 2.3.

It is also desirable to obtain better stability estimates for a class of cross-diffusion
systems including a broader range of models used in Mathematical Biology. In addition, we
think it is important to consider an heterogeneous environment (i.e. allowing the diffusion
coefficients to depend on the space variable). In this sense, the theory of homogenisation
can be relevant to study problems that involve a distribution of spatially heterogeneous

obstacles affecting the evolution of the other components.

Finally, we recall that nonlinear diffusion equations play a role not only in Mathematical
Biology, but also in image de-noising, [Wei98], in the study of geometric flows, [DdP95],

and in drift-diffusion models for semiconductor devices, [CJ07].
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