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This thesis examines the e�ects of resource constraints on amplify-and-forward
(AF) networks.

Chapters 3 and 4 are the �rst research chapters. Chapter 3 studies the outage
probability performance of a two-hop two-way AF peak power constrained orthog-
onal frequency division multiplexing (OFDM) network. Its performance is then
optimized. Chapter 4 focuses on the one-way special case of the system studied
in Chapter 3. It begins with an analysis of the network when nonlinear distortion
produced by signal clipping dominates the additive noise in the system. To conclude
Chapter 4, the theoretical study performed throughout Chapters 3 and 4 is used to
optimize the performance of a one-way real world test bed.

Chapter 5 studies the n-hop multiple-input multiple-output (MIMO) AF relay net-
work. Novel techniques are developed using random dynamical system (RDS) theory
and Lyapunov exponents to establish capacity and power scaling laws for the net-
work as n grows large. One of the main conclusions is that the average transmit
power must grow at an exponential rate if capacity decay across the network is to
be avoided.

Chapter 6 constitutes the �nal research chapter. In it, the techniques used to study
peak-power constrained OFDM-based networks are combined with those developed
in Chapter 5, which were used to study capacity and power scaling for multihop
AF networks. The conclusion of this is that incorporating OFDM into peak-power
constrained multihop AF relay networks will cause the capacity along each of the
network's eigenchannels to decay exponentially. Finally, we show that the e�ects of
distortion can be circumvented by ensuring the number of antennas at each node
scales at a super-linear rate with the number of hops within the network.
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Notation

Matrices are always represented using uppercase boldface notation, vectors

are always represented using uppercase non-boldface notation, and scalars

are always represented using lowercase notation. We use d
= to denote equal-

ity in distribution, := to denote equality by de�nition, logarithms are always

base e unless otherwise speci�ed, and log+(x) := max{0, log x}. We use

∠(x) to denote the argument of x ∈ C and 0 is used to denote the column

vector of zeros, where the dimension of 0 is implied from the context. Ei{A}

denotes the ith ordered eigenvalue of the matrix A, where Ei(A) ≥ Ej(A)

implies i ≤ j. a∗ denotes the complex conjugate of a ∈ C and A† is used

to denote the conjugate transpose of the matrix A. Matrix products are

de�ned in the following way
∏n

i=j Ai := An · · ·Aj, and when j = 1 we

sometimes use the de�nition

πn (A) :=
n∏
i=1

Ai. (1)

The standard 2-norm of a matrix A is denoted by ‖A‖, and its Frobenius

norm is denoted by ‖A‖F . The Landau notation f(x) = o(g(x)) is used to
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imply limx→∞ f(x)/g(x) = 0. Also, we use the following notation:

f(n) = O (g(n))⇒ ∃ k1, n
′ > 0 s.t. k1|g(n)| > |f(n)|,∀n > n′

f(n) = Ω (g(n))⇒ ∃ k2, n
′ > 0 s.t. k2|g(n)| < |f(n)|,∀n > n′

f(n) = Θ (g(n)) if f(n) = O (g(n)) and f(n) = Ω (g(n)) ;

and for a random variable f(n) ≥ 0 depending on n, and h(n) = |o(n)| [1]

f(n) = OP (g(n)) ⇒ lim
n→∞

P
[
f(n) ≤g(n)eh(n)

]
= 1

f(n) = ΩP (g(n)) ⇒ lim
n→∞

P
[
f(n) ≥g(n)e−h(n)

]
= 1

f(n) = ΘP (g(n)) if f(n) = OP (g(n)) and f(n) = ΩP (g(n)) .

Below, is a list of algebraic notation used in the thesis1

c Channel capacity, (2.1)

C Set of complex numbers

d Diversity gain, (2.9)

E [·] Expectation operator

Fn n dimensional Fourier transform matrix

g Relay ampli�cation factor

h Scalar frequency-domain channel coe�cient

h̃ Scalar time-domain channel tap

H Frequency domain channel matrix

H̃ or H̃ Time domain dispersive channel matrix

Hi ith Harmonic series, (5.51)

1Symbols may contain (extra) subscripts/superscripts denoting, e.g., node correspon-
dence, antenna number, or the particular type of ampli�cation that has been considered.



i
√
−1

I(·; ·) Mutual information, (2.2)

In n dimensional identity matrix

In Transmit information vector at nth node, (5.6)

Kn (·) Modi�ed Bessel function of the second kind, [2]

l Number of channel taps in channel impulse response

m Number of antennas at a particular node

n0 Noise power spectral density

N Set of natural numbers

Nn Transmit noise vector at nth node, (5.8)

p Transmit power term

plog Natural logarithm of p, (3.59)

p Normalized transmit power term, (4.5)

p? Optimal transmit power, (3.50)

pmax Maximum transmit power constraint

Po (·) SNR version of outage probability function, (2.6)

Rcp Cyclic pre�x removing matrix, (2.19)

R Real numbers

r Gain numerator, (3.41) and (3.42)

s Log power minus Lyapunov exponent, (6.14)

Tcp Cyclic pre�x inserting matrix, (2.18)

U (·, ·, ·) Con�uent hyper-geometric function of the second kind, (4.27)

v Gaussian scalar noise term

V Gaussian vector noise term

V [·] Variance operator

w Self interference term, (3.22)

w Self interference and distortion term, (3.32)



wavg Average normalized self-interference term, (3.43)

Z Set of integers

W (·) Lambert-W function, [2]

γ Instantaneous SNR term

γ̄ Average SNR term

γth SNR threshold used as argument to Po (·)

γth,c ε-critical value of γth, (4.18) and (4.19)

δ Power delay pro�le exponent

ε Ratio between n0 and η, (3.21)

ε? Minimum (over all nodes) value of ε, (4.14)

ζ Bussgang information attenuation factor, (2.29)

η Bussgang average distortion power term, (2.28)

η Normalized Bussgang average distortion power term, (4.5)

λ Lyapunov exponent, (5.26)

µ Average channel gain, i.e., E [|h|2]

ν Ratio between ith and jth eigenchannel capacity

at nth node, (5.47)

ξ Coding gain, (2.10)

ρ Normalized (by n0) input power to SEL, σ2, (3.34)

ρopt Optimal value of ρ

σ2 Input power to SEL, (3.8) and (3.9)

σ2 Normalized SEL input power term, (4.5)

φi,j Di�erence between ith and jth Lyapunov exponent, (5.48)

φ̄i,j Upper bound on φi,j

ψ(·) Digamma function, [2]
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Chapter 1

Introduction

`The fundamental problem of communication is that

of reproducing at one point either exactly or approx-

imately a message selected at another point.'

Claude E. Shannon, AMathematical Theory of Com-

munication, [3].

The mathematical framework used to study communication is called in-

formation theory, and was introduced by Claude E. Shannon in his ground-

breaking seminal paper, A Mathematical Theory of Communication, [3].

This theory has been of utmost importance to the development of modern

communication systems. Crucially, it has allowed scientists and engineers

to establish the fundamental limits of performance (data transmission and

data compression) that can be achieved in such systems. These limits are

invariably governed by the resources o�ered to the system, e.g., in a wire-

less system the transmitter may have a peak transmit power that it must

operate below or a limited number of antennas to transmit with. Naturally,

the performance of a system will improve as it is o�ered more resources.

1



Section 1.1

This thesis examines the e�ects of limited resources (peak and average

power constraints, and a restricted number of antennas) on the theoretical

performance of a certain class of wireless network: the amplify-and-forward

(AF) relay network. As they become large, AF networks are notorious for

their high level of mathematical complexity. Owing to this notoriety, our

examination begins with the study of a bare-bones example of such a net-

work: the two-hop (three node) AF network, where each node is restricted

to using a single antenna and limited by a peak transmit power constraint.

This initial study is performed through the lens of elementary information

theory and makes use of a result originally developed in 1952, Bussgang's

theorem [4], which can be used to describe the nonlinear distortion that oc-

curs in peak-power constrained systems. Following this, we move to study

a more advanced network topology: the multihop AF network, where each

node possesses an arbitrary �nite number of antennas and is limited by

an average or peak transmit power constraint. The classical tools o�ered

by elementary information theory prove insu�cient when studying such

networks, and recent attempts to analyze related systems have invariably

leveraged results from Random Matrix theory [5]. While Random Matrix

theory represents a well developed branch of mathematics, the tools that it

o�ers are limited in their ability to study wireless networks with a strictly

�nite number of antennas, particularly when this number is small. Owing to

these limitations, our advanced study involves developing a novel technique

that provides a bridge from information theory to a seemingly disconnected

branch of mathematics, Random Dynamical Systems (RDS) theory [6]. It

is this bridging that represents one of the main contributions of this thesis.
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Section 1.1

1.1 Key Research Contributions of this Thesis

In the following, we outline the key research contributions of this thesis:

1. We develop a novel technique, based on RDSs and Lyapunov expo-

nents (key observables studied in RDS theory), that is used to study

multihop AF networks when each node possesses a �nite number of

antennas. Our technique contrasts with those previously used to study

similar multihop networks, where it was always assumed that the num-

ber of antennas at each node grew without bound. Crucially, our ap-

proach provides a much richer level of detail about how the capacity

of such networks behaves on each of the network's eigenchannels.

2. We determine novel expressions that describe system performance for

two types of AF network topology:

(a) For two-hop two-way single antenna �xed-gain (FG) and variable-

gain (VG) networks, we establish outage probability results when

each of the nodes is subject to a peak-power constraint. For the

one-way special case, we establish diversity results for both FG

and VG networks, and symbol error rate (SER) results for FG

networks. With our analysis, we determine

i. how transmit power should be allocated among the nodes of

the two-way network,

ii. how the relay's ampli�er should be set (we successfully test

this in hardware for the one-way FG network),

iii. that di�erent ampli�cation strategies ((FG) or (VG)) may

provide vastly di�erent system performance: relay peak-

3



Section 1.2

power constraints will induce a diversity order of zero for

FG; for VG, it will be one. Analogous results do not occur

if peak-power constraints are removed.

(b) For multihop multi-antenna networks with a �xed number of an-

tennas at each node, we establish capacity and power scaling

laws. With these, we discover that

i. when increasing the number of hops in single-carrier (SC)

AF networks, if the peak transmit power is not permitted to

grow exponentially with the number of hops, all but the �rst

eigenchannel capacity will decay exponentially to zero;

ii. when increasing the number of hops in orthogonal frequency

division multiplexing (OFDM) AF networks, if the peak

transmit power is not permitted to grow exponentially with

the number of hops, all the eigenchannel capacities will de-

cay exponentially to zero;

iii. for both SC and OFDM based systems, we can circumvent

the capacity decay by allowing the number of antennas at

each node to grow at least linearly with the number of hops

in the network.

In the next section, we will give a detailed overview to the thesis struc-

ture, its contents, and the author's publications that relate to the thesis.
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1.2 Thesis Overview and Related Manuscripts

In Chapter 2, we brie�y summarize the history of contemporary wireless

communications systems. We then provide pertinent details of modern com-

munications fundementals (capacity, outage probability, and diversity) and

techniques (spatial multiplexing across eigenchannels and MIMO, OFDM,

one-way and two-way relay networks, and di�erent relay forwarding strate-

gies), which will be called upon throughout the remainder of the thesis. In

this chapter, we will also build upon the basic OFDM ideas that we present.

In more detail, we will discuss a fundamental problem - nonlinear ampli-

�er distortion - that will arise when peak-power constraints are imposed on

OFDM-based systems. We then proceed to present previously developed

theory ( [7], the extension of Bussgang's theorem to memoryless nonlinear

ampli�ers with complex Gaussian inputs) that can be used to characterize

how this problem a�ects the performance of such systems.

Chapter 3 is the �rst of four research chapters. In it, we begin by deter-

mining novel expressions for the outage probability of the two-way OFDM-

based peak-power constrained relay network. We then proceed to determine

criteria that will allow (approximate) optimal network performance to be

achieved. We focus on two criteria for our optimization: optimization of

the relay's power ampli�er and optimization of power allocation among the

nodes of the network when subject to a total network average power con-

straint.

This chapter is joint work with Justin Coon. The research has been published

in one journal, Transactions on Vehicular Technology, IEEE, 2015, [8], and

in the 24th Edition of the European Conference on Networks and Commu-
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nications, 2015, [9].

In Chapter 4, we consider a special case of the system studied in Chap-

ter 3. In particular, we consider the network when it becomes one-way. We

begin by considering the scenario in which the nonlinear distortion power

dominates the noise power. With this specialization, we identify a peculiar

e�ect of nonlinear distortion in the system. In more detail, the log-log decay

of the outage probability with the source/relay transmit power is shown to

be (asymptotically) 0 for FG and 1 for VG if distortion occurs at the relay;

if distortion occurs only at the source, this decay will be 1 for both schemes.

Finally, by utilizing the outage probability results derived in the previous

chapter, we calculate the SER performance of the one-way system. With

this calculation, we are able to optimize the SER of the network by appro-

priately selecting the ampli�cation factor at the relay so that the derivative

of the SER expression is zero. We then proceed to demonstrate the system

performance improvement that is achieved when this theoretically derived

optimal gain is applied on a real world test-bed.

This chapter is joint work with Justin Coon and David Halls. The re-

search has been published in the 23th Edition of the European Conference

on Networks and Communications, 2014, [10], and has been submitted for

possible publication in the journal Transactions on Vehicular Technology,

IEEE, 2016, [11].

In Chapter 5, we focus our e�ort on a new AF relay network topology:

the multihop m antenna MIMO AF relay network. For this, we establish

capacity and power scaling laws for the network as the number of hops grows

large. This is done by studying the network as a RDS and calculating its

Lyapunov exponents. We show that 1) the exponential decay rate of the

6
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capacity along each of the eigenchannels of the network can be determined

using the network's Lyapunov exponents and 2) the exponential growth

rate of the transmit power across the network can be determined using the

network's largest Lyapunov exponent. With these results, one of our main

conclusions is that the average transmit power across the network must nec-

essarily grow at an exponential rate if we are to avoid exponential capacity

decay on the network's dominant eigenchannel. Among other things, we are

also able to assign a transmit power cost to each extra eigenchannel that is

multiplexed across the network.

This chapter is joint work with Justin Coon and Naqueeb Warsi. The re-

search has been published in the journal Transactions on Information The-

ory, IEEE, 2016, [12], and has been published in the Proceedings of the

International Symposium on Information Theory, IEEE, 2016.

Chapter 6 constitutes our �nal research chapter. In it, we combine the

techniques used to study peak-power constrained OFDM-based networks

with those that were developed to study the capacity and power scaling

properties of multihop AF networks in Chapter 5. With this combination,

we conclude that incorporating OFDM into a peak-power constrained mul-

tihop AF relay network will necessarily degrade the capacity along each of

the network's eigenchannels as the network grows large.

This chapter is joint work with Justin Coon. The research has been sub-

mitted for possible publication in Wireless Communications Letters, IEEE,

2016.

The Thesis �nishes with Chapter 7, which provides a conclusion and

some potential options for future work.
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Chapter 2

An Introduction to Wireless

Communications

In this chapter, we will discuss the development of modern wireless com-

munication systems, giving focus to salient modern day performance met-

rics (channel capacity, outage probability, and diversity) and techniques

(spatial multiplexing, OFDM, and relaying) from an information-theoretic

viewpoint. We will also provide pertinent details regarding a result that

Chapters 3 and 4 will rely heavily on [7] (the extension of Bussgang's theo-

rem to memoryless nonlinear devices with complex Gaussian inputs). This

result provides a framework for studying the theoretical characteristics of

nonlinear distortion in peak-power constrained OFDM-based systems and

will be given immediately after the discussion of OFDM-based systems.
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2.1 A Brief Introduction to Modern Wireless

Communication Systems

The idea that wireless communications could be o�ered to an entire popu-

lation was conceived in the 1960s and 1970s at Bell Laboratories, when the

concept of cellular networks was introduced, [13�16]. The evolution of mod-

ern cellular networks has been remarkable in the last three decades. From

a user perspective, this has been observed most predominately through the

successive mobile cellular generations that have been rolled out (approx-

imately) each decade. We will discuss this development in the next two

subsections. Following this, we will discuss other pertinent (non-cellular)

network architectures.

2.1.1 First, Second and Third Generation Cellular Net-

works

Much of the research that would subsequently be used in the �rst gener-

ation (1G) cellular network was performed in the 1960s and 1970s. For a

highlight of state of the art work at that time, see [17]. It was not until

1979 that Nippon Telephone and Telegraph (NTT) would establish the �rst

commercial cellphone system in Tokyo. However, it was Erricson AB that

were the �rst to build a cellular network with a large coverage area, es-

tablishing the Nordic Mobile Telephone (NMT) system in 1981 [18]. Other

countries would later follow suit in the development of their own cellular

systems. Developed by Bell Labs, the USA system was called Advanced

Mobile Phone Systems (AMPS) and was introduced in 1983, [16]. These
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1G networks were voice-only analog networks, relying exclusively on fre-

quency division multiple access (FDMA) and analog frequency-modulation

(FM), which prevented the use of modern encryption and channel cod-

ing techniques. Consequently, eavesdropping and poor service quality were

common problems for them, [16].

As with 1G, it was the Europeans who led the way for second genera-

tion (2G) technology, developing the European Telecommunications Stan-

dards Institute, which was eventually adopted in most parts of the world,

and came to be known as Groupe Spécial Mobile (GSM). Deployment of

GSM began in the early 1990s, [19]. The main di�erentiation between 1G

and 2G networks is that 2G can support digital modulation [16], and em-

ploys time-division or code-division multiple access techniques (TDMA or

CDMA, respectively). There were four main competing 2G standards to be

deployed, three operated using TDMA (GSM, Interim Standard (IS) 136,

and Paci�c Digital Cellular (PDC)), while the fourth operated using CDMA

(Interim Standard 95 (IS-95)). More information on these standards can be

found in [16, 20]. Because of its digital modulation, the 2G network was

able to support encryption of voice calls, channel coding for improved er-

ror resilience, and the transmission of more abstract forms of data (e.g.,

Short Messaging Service (SMS)). Most crucially, the 2G network was able

to provide at least a factor of three improvement in the spectral e�ciency

(bits/s/Hz) of the network [16], which was necessary for the rapidly growing

consumer base that was to ensue.

Although the 2G network provided an increase in network capacity com-

pared to the 1G network, it was still limited to a per user data rate of ap-

proximately 10 Kbits/s. Such data rates could only o�er limited support
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for modern Internet applications (e.g., email, Internet browsing). To re-

solve the issues of limited data rates, new standards1 were developed that

could be overlaid on top of the 2G network. These new standards came to

be known as 2.5G, allowing for an increased user throughput of approxi-

mately 56Kbits/s that could support, among other things, email and web

browsing, [16].

Then, not too long ago (1998, [21]), the third generation (3G) of cellular

networks was released. The speci�cations for 3G are called the International

Mobile Telecommunications-2000, and were de�ned by the International

Telecommunications Union (ITU), [21]. The focus of this generation was

to allow users to access data intensive services such as video streaming,

and multi-megabit Internet. These high data rates (up to 2Mbits/s) were

achieved by operating over much wider bandwidths2 than was previously

performed by using the wideband CDMA (W-CDMA) system, which came

to be known as the Universal Mobile Telecommunication System (UMTS).

2.1.2 Fourth and Fifth Generation Cellular Networks

We are currently in the midst of a fourth generation (4G) network roll out,

which began with the release of two candidate systems: WiMAX (2007)

and the Long Term Evolution (LTE) standard (2009), [22]. As de�ned by

the ITU in the International Mobile Telecommunication-Advanced (IMT-

A) standard, the 4G network should be able to support peak data rates of

1Gbit/s, and allow users to access gaming services, high-de�nition mobile

1The four most commonly deployed standards were IS-95B, High Speed Circuit
Switched Data (HSCSD), General packet Radio Service (GPRS), and Enhanced Data
Rates for GSM Evolution (EDGE). More details of these can be found in [16].

23G networks allocated 5MHz of bandwidth to each user, while 2.5G allocated only
200KHz.
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TV, 3D television, and cloud computing services [23]. There has been sig-

ni�cant debate in the community as to whether LTE and WiMAX should

themselves be considered 4G systems, owing to the fact that they do not

quite meet the capacity requirements as de�ned by ITU. However, because

of marketing pressure, it was eventually accepted (2012) that LTE and

WiMAX can be referred to as 4G technologies [24], but it was not until

the release of LTE-Advanced (LTE-A) and WiMAX-Advanced, that the re-

quirements (as originally de�ned by ITU) would be formally met. LTE-A

and WiMAX-Advanced are now known as true 4G, [25].

For 4G, the spread spectrum based CDMA technology was abandoned

in favor of orthogonal frequency division multiple-access3 (OFDMA) tech-

niques for the downlink and single-carrier frequency division multiple access

(SC-FDMA) for the uplink. The main driving factor for this choice was that

OFDM was better suited to the advanced multiple antenna techniques that

would also come to fruition in 4G. From this perspective, LTE-A and LTE

are e�ectively the same technologies; however, LTE-A allows for the aggre-

gation of a greater number of carriers to achieve wider bandwidths, as well

as the ability to employ MIMO techniques4, [26]. Another state-of-the-art

feature that has been migrated into LTE-A is cooperative communications

in the form of relaying5 [27]. Cooperative communications will o�er bene-

�ts to wireless networks. As an example, single antenna users will be able

to cooperate with each other (acting as relays for one another), allowing

3OFDM will be discussed in detail in section.
4MIMO systems are able to perform spatial multiplexing, which provides signi�cant

capacity improvements. This will be discussed in more detail in section 2.2.2. MIMO
systems also o�er diversity gains. Diversity will be discussed in section 2.2.1.3, while the
diversity gains o�ered by MIMO will be discussed in more detail in section 2.2.5.2.

5Relaying will be discussed in more detail in section 2.2.5.
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them to obtain similar gains as those o�ered by MIMO systems. They

are also e�ective at providing improved cell edge performance and reducing

infrastructure deployment costs, [28].

There has been a lot of discussion in the research community as to what

the �fth generation (5G) of wireless networks will encompass, but up until

now there is no industry-wide consensus on what this will be [29]. The move

to 5G is envisaged to occur at the turn of the next decade (2020), and it is

thought that, along with improved data rates6 and higher energy e�ciency,

5G will amalgamate many di�erent technologies to support future network

requirements. The following is a list of some of the technologies that 5G

will likely support [29]:

1. small (femto/pico) cells,

2. massive MIMO,

3. millimeter wave,

4. device-to-device (D2D) communications,

5. machine-to-machine (M2M) (`The Internet of Things (IoT)').

Small cell sizes allow spectrum to be re-allocated more frequently, which

improves spectral e�ciency. Massive MIMO will introduce large arrays of

antenna elements to increase diversity7, provide large spatial multiplexing

gains8, and improve beamforming resolution. Millimeter wave will tackle

problems of spectrum scarcity, and is also attractive for use in massive
6Qualcomm and Nokia Siemens Networks have been looking at technologies capable

of coping with 1000 times more tra�c than 4G, [29,30].
7Diversity will be discussed in more detail in section 2.2.1.3.
8Capacity gains from massive MIMO may be several orders greater than what is

currently achieved, [29].
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MIMO systems. This is because millimeter wave antennas are smaller and

can be packed much more closely together. For D2D communications, it is

thought that each terminal within a cell will be able to communicate directly

with other terminals within that cell, allowing them to share spectrum and

exchange information with each other. They may also act as relays for one

another. Note, this is not to be confused with communication in unlicensed

spectrum as per Bluetooth or Wireless local area networks (LAN). Instead,

this will be communication between devices within the licensed spectrum.

Finally, and most signi�cantly, IoT is often purported to be the coming

of a new era in human history, [31�35], one in which all `things'9 will be

uniquely identi�able10; have access to electronics, software, sensors, and

wireless connectivity; and whose role will be to perform tasks for the good

of human kind. The following gives a few examples for IoT applications:

1. Environmental monitoring: sensors may be deployed to monitor atmo-

spheric conditions, water quality, wildlife habitats, tsunami warning

signs, etc.

2. Energy management: smart grids will correctly deploy power to where

it is needed based on feedback from `things' within the environment.

3. Health care systems: sensors may detect anomalies in blood measure-

ments in real time to aid better health plans.

4. Home automation: lighting, heating, ventilation, and other aspects of

comfort may be controlled by �things�.

9`Things' may include any device or object (e.g., chairs, doors, street lights, or bio-
chips within pets, etc.).

10Things will be identi�ed through an IP-like address.
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5. Transportation: `things' may be deployed to control tra�c more in-

telligently/e�ciently.

The list could go on, and crucially, there may exist brilliant future appli-

cations that have not yet been conceived. One thing that is certain, the

wireless network research that is being performed today will play a signi�-

cant role in the development of future technologies.

2.1.3 Non-Cellular Network Architectures

In the previous two subsections, we outlined the development of modern

cellular networks. It was mentioned that 5G cellular systems will likely

support D2D and M2M communications. Although cellular infrastructure

may support these technologies, it is believed non-cellular networks will be

their biggest enablers, [36]. This is because not every device is required

to be cellular-connected over expensive licensed spectrum. Instead, they

will connect over unlicensed spectrum forming personal area/LAN, using

open standards such as WiFi, Bluetooth and ZigBee, [36]. These networks

may also aggregate over a common Internet protocol (IP) based node that

provides an egress point to the wider world.

An interesting class of non-cellular based networks are wireless ad hoc/mesh

networks, [37]. These are decentralized networks that do not rely on pre-

existing infrastructure. Instead, nodes cooperate with each other, forming

a network in which packets of information are dynamically routed/relayed

from source to destination, potentially traversing multiple hops. According

to [38] the number of nodes deployed in such a network may be in the or-

der of hundreds, thousands or even millions, depending on the application.
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Nodes within these networks may be static or mobile, and are allowed to

enter and exit the network as they wish. Naturally then, understanding

the theoretical characteristics of relay networks will be vital if wireless ad

hoc/mesh networks are to proliferate.

2.2 Modern Communication Techniques: Spa-

tial multiplexing, OFDM, and Relaying

In the previous section, we gave a brief introduction to the development

- as well as the future - of wireless communications. We brie�y hinted at

certain modern techniques that have been developed and will be deployed in

current and next generation systems. Most important to the work contained

within this thesis are 1) spatial multiplexing, 2) OFDM, and 3) relaying. In

this subsection, we will provide a detailed information theoretic overview

of these techniques, but �rst we will introduce some fundamental ideas:

channel capacity, outage probability, and diversity.

2.2.1 Fundamentals

2.2.1.1 Channel Capacity

In this thesis, we de�ne a channel to be a system that consists of an input

alphabet X , an output alphabet Y , and a probability transition function

f (β|α) that describes the probability of observing channel output β ∈ Y

given channel input α ∈ X . Fig. 2.1 shows an example of such a channel.

The input in this �gure is a random variable x which is drawn from X

according to the probability mass function fx(α). The output is the random
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Figure 2.1: Block diagram of OFDM system.

variable y, which has a conditional probability mass function f(β|α).

The end-to-end capacity, c bits/channel use, of a channel is de�ned to

be the mutual information (to be described in (2.2)) between the source and

destination, maximized over all input signal distributions [39, Eq. (7.1)];

i.e., with channel input x and channel output y

c := max
fx(α)

I (x; y) , (2.1)

where I(x, y) denotes the mutual information (discussed next) between x

and y, [39, Eq. (2.30)]. For two random variables a and b with joint prob-

ability mass function fa,b(α, β), marginal probability mass functions fa(α)

and fb(β), and supports A and B, the mutual information is given by

I (a; b) :=
∑
α∈A

∑
β∈B

fa,b(α, β) log
fa,b(α, β)

fa(α)fb(β)
. (2.2)

The cornerstone of modern information theory, the channel coding theo-

rem [39, Theorem 7.7.1], provides an operational meaning for c. Speci�cally,

it tells us that c is the maximum rate at which information can be transmit-

ted over the channel whilst being able to attain an arbitrarily small prob-
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ability of error. This is achieved by employing powerful capacity achieving

error correction codes, [40].

As an example of channel capacity, consider the Gaussian channel with

input x and output y:

y = x+ v, (2.3)

where E [|x|2] = p is the average transmit power, and v is a zero-mean

complex Gaussian (ZMCG) noise term with total variance n0. It is well

known that the complex Gaussian distribution maximizes the mutual in-

formation [39], and the end-to-end (bandwidth normalized) capacity of the

channel is given by the capacity formula [39]

c = log2

(
1 +

p

n0

)
. (2.4)

Fig. 2.2 shows a plot of (2.4) as a function of p/n0. From this �gure,

the channel coding theorem [39, Theorem 7.7.1] tells us that we can split

the plot up into two regions: rates than can be achieved with arbitrarily

small error probabilities (using capacity achieving error correction codes)

and rates that cannot be achieved with arbitrarily small error probabilities.

2.2.1.2 Outage Probability

For a slow fading environment11 where there is a non-zero probability that

the channel will drop into a deep fade, it is not possible to drive the proba-

bility of error to zero. This is because the deep fade will cause the SNR of

11Slow fading refers to the scenario in which the channel's coherence time is greater
than the period of a code word.
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Figure 2.2: Capacity as a function of SNR (p/n0) for a Gaussian channel,
(2.4). Plot is generated by �xing n0 = 1 and varying p.

the link to drop dramatically. In the strict sense then, the capacity of a slow

fading channel is 0, and we must take into account the probability that the

channel has dropped into a deep fade and is unable to support the desired

rate, cth, of the link. This probability is called the outage probability, and

is de�ned to be [41]

Po,c (cth) := P [c ≤ cth] . (2.5)

In the context of slow fading channels - instead of capacity - one may refer

to the ε-outage capacity, cε. This is the largest rate that can be transmitted

at whilst achieving an outage probability of less than ε, [42].

As capacity is a monotonically increasing function of signal-to-noise ratio

(SNR), (2.5) is often modi�ed to

Po (γth) := P [γ ≤ γth] , (2.6)
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for scalar channels, where γ is the end-to-end instantaneous SNR and γth

is an instantaneous SNR threshold. For a Gaussian channel [39], the rela-

tionship between c and γ, and cth and γth is given by c = log2 (1 + γ) and

cth = log2 (1 + γth) , which implies that

Po (γth) = Po,c (log (1 + γth)) . (2.7)

Fig. 2.3 shows a plot of the outage probability for a basic single antenna

Rayleigh fading source-destination link, given by

Po (1) = P
[
p|h|2

n0

≤ 1

]
, (2.8)

where |h| is a Rayleigh distributed channel coe�cient and the target rate is

given by cth = log2(2) = 1. As one might naturally expect, the probability

of outage decays as the SNR grows.

2.2.1.3 Diversity

Once outage probability has been de�ned, we can consider another perfor-

mance metric: diversity order. The diversity order of a network is de�ned

to be

d := − lim
E[γ]→∞

logPo (γth)

logE [γ]
, (2.9)

where γ denotes the instantaneous SNR of the link. In words, the diversity

order gives the limiting log-log decay rate of the outage probability with

respect to the average SNR. Provided the outage probability function is

analytic in the average SNR (i.e., can be expressed as a formal power series
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Figure 2.3: Figure showing the Monte Carlo generated (5000000 trials)
simulation of outage probability for a basic single antenna Rayleigh fading
link as a function of average SNR (E [|h|2] p/n0), (2.8). The desired rate of
the link is given by cth = log2 (2).

of the average SNR), this is known to imply

Po (γth) ∼ (ξE [γ])−d . (2.10)

The pre-factor ξ of (2.10) is usually called the coding gain and, on a log-

log scale, describes the vertical shift associated with the outage probability

curve.

Diversity is a very powerful observable, as it gives us an intuitive/simplistic

understanding of how a system's performance changes at high SNR. As an

example, the diversity order of a single antenna Rayleigh fading link is

known to be 1 [42]. This result can be observed heuristically in Fig. 2.3,

which shows the outage probability of a Rayleigh fading link. By inspecting

this �gure at high SNR, we can see that the (log-log) gradient is approx-

imately −1, which suggests that the diversity order of the system is 1,
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agreeing with the theory.

2.2.2 Multiple Antennas and Spatial Multiplexing

One solution to improve a network's capacity is to increase the number of

antennas at the source and receiver. In particular, if the source is deployed

with mS antennas and subject to a total average power constraint p, the

destination is deployed with mD antennas (see Fig. 2.4), and each desti-

nation antenna receives complex Gaussian noise with total variance n0, the

channel capacity will be given by [42,43]

c =

min{mS ,mD}∑
i=1

log

(
1 +

p?iω
2
i

n0

)
, (2.11)

where {p?i } is the power allocation set that maximizes (2.11) subject to the

total power constraint p =
∑

i p
?
i , and ωi is the ith ordered singular value of

the mS ×mD channel matrix H between the source and destination. Using

the Lagrangian method [44], it can be shown that

p?i = max

{(
µ− n0

ω2
i

)
, 0

}
, (2.12)

where µ is chosen to satisfy the total power constraint p. This is known as

water-�lling.

To provide intuition to (2.11), observe the MIMO signaling model:

Y = HX + V, (2.13)

which mathematically describes the system depicted in Fig. 2.4, where
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Figure 2.4: Illustration of MIMO system, where transmitter has mS trans-
mit antennas and receiver has mD receive antennas. The links between the
i, jth antenna pair are described by the channel coe�cient hij. The channel
between the transmitter and receiver can then be described by the channel
matrix H ∈ CmS×mD , where hij is the i, jth element of H.

X ∈ CmS is the transmit signal vector; Y ∈ CmD is the received signal

vector; H is the channel matrix; and V ∈ CmD is the received noise vector

at the destination, the elements of which are complex Gaussian with total

variance n0. Note that H can be decomposed into H = UΛV†, where U

and V are unitary matrices, and Λ is a diagonal matrix whose diagonal

entries are the singular values of H. This decomposition is known as the

singular value decomposition (SVD), [45]. By pre and post coding12 by V

and U†, respectively, the signaling model becomes

Y = ΛX + V , (2.14)

where Y = U†Y and V = U†V . From (2.14), the channel has been di-

agonalized into min{mS,mD} parallel subchannels13, one for each non-zero

singular value. More speci�cally, letting xi, yi and vi be the ith elements of

12This would require full channel state information (CSI) at the source and destination.
13Note, the subchannels are often referred to as eigenchannels, and the transmission

of separate data streams over these is referred to as spatial multiplexing.
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X, Y and V , respectively, and assuming that E|xi|2 = p?i , we can write the

signaling model for the ith eigenchannel as

y
i

= ωixi + vi, (2.15)

and because U and V are unitary, pre and post coding does not a�ect the

total average transmit power or noise statistic. Consequently, the network's

capacity is given by the sum of the capacities on each eigenchannel, which,

from (2.4), gives us (2.11). Thus, provided the channel matrix is well condi-

tioned the capacity will almost surely scale linearly with min{mS,mD} [43] -

the number of non-zero singular values of H - and employing more source

and destination antennas can dramatically improve the performance of a

wireless link. This is in stark contrast to SISO systems, for which linear ca-

pacity gains require exponential SNR growth when SNR is large (see (2.4)).

2.2.3 OFDM

Another solution to increase the network's capacity is to allow users to op-

erate over larger bandwidths14. This is because larger bandwidths allow

the source to transmit a signal that has been sampled at a higher rate15,

and consequently transmit at a larger symbol rate. However, in wireless

channels, if the symbol period becomes too short with respect to the delay

spread, inter-symbol interference (ISI) will occur. If not properly countered,

ISI can be extremely detrimental to system performance. ISI is canonically

14It is important to note that, for a �xed average transmit power, the capacity cannot
be increased arbitrarily by appropriately selecting the bandwidth. This is because system
noise scales linearly with bandwidth.

15The Nyquist sampling theorem tells us that to perfectly reconstruct a sampled signal,
we must sample at no less than twice the highest frequency contained within the signal.
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a time domain observation. The frequency domain dual of ISI is that the

bandwidth of operation is wider than the coherence bandwidth of the chan-

nel so that it appears frequency selective. In this scenario, the channel is

referred to as wideband. Interestingly, if ISI is properly dealt with, frequency

selectivity can improve the diversity order of the channel.

An incredibly e�cient method for countering ISI in wideband wireless

channels is to employ OFDM [46], which we will now describe in detail. Con-

sider a wireless channel with end-to-end16 impulse response h̃(t). Further-

more, assume that the memory of the impulse response is l times the sample

period. Suppose the source packages time-domain samples into blocks of n′

before transmission. At baseband, the ith transmit OFDM symbol can

then be written as X̃(i) = [x̃1(i) · · · x̃n′(i)]T ∈ Cn′ , so that the ith received

OFDM symbol, Ỹ (i) = [ỹ1(i) · · · ỹn′(i)]T ∈ Cn′ , observed at the destination

is given by

Ỹ (i) = H̃0X̃(i) + H̃1X̃(i− 1) + Ṽ (i), (2.16)

where

H̃0 =



h̃(0) 0 0 · · · 0

... h̃(0) 0 · · · 0

h̃(l) · · · . . . · · · ...
... . . . · · · . . . ...

0 · · · h̃(l) · · · h̃(0)


, H̃1 =



0 · · · h̃(l) · · · h̃(1)

... . . . 0
. . . ...

0 · · · . . . · · · h̃(l)

... . . . ... . . . ...

0 · · · 0 · · · 0


(2.17)

are n′×n′ complex random matrices. From (2.16), it can be seen that, if not

properly countered, inter-block interference (IBI) will occur. To circumvent

16Here, the end-to-end impulse response is the cascade of the transmit �lter, the time
dispersive channel, and the receiver �lter.
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IBI, guard chips are inserted into the transmitted block. This is done by

taking the vector X̃(i) ∈ Cn of intended transmit information symbols, and

constructing X̃(i) = TcpX̃(i), where

Tcp =
[
ITcp ITn

]T ∈ Cn′×n (2.18)

(Icp is formed from the �nal l rows of In) is a cyclic-pre�x (CP) inserting

matrix that takes a copy of the �nal l elements from X̃(i) and appends them

to its beginning, so that n′ = l+ n symbols are used to transmit n = n′ − l

information symbols. IBI is then removed by ignoring the �rst l samples of

Ỹ (i), which is achieved by post multiplying Ỹ (i) by the CP removal matrix

Rcp = [0n×l In] ∈ Cn×(n+n′) (2.19)

to give Ỹ (i) ∈ Cn. After all these steps have been performed, it can be

shown that

Ỹ (i) := RcpỸ (i) = [ỹl+1(i) · · · ỹn′(i)]T = H̃0X̃(i) + RcpṼ (i), (2.20)

where H̃0 = RcpH̃0Tcp. Thus, by inserting and removing su�ciently long

CPs, IBI can be removed. Furthermore, it can be shown that H̃0 is a

circulant matrix. Consequently, the following eigendecomposition holds:

H̃0 = F−1
n ΛFn [47], where Fn is the n × n fast fourier transform (FFT)

matrix whose (j, k)th element is given by e−
i2π(j−1)(k−1))

n /
√
n and Λ is a

diagonal matrix. This property allows for low-complexity equalization: The

source constructs a frequency domain block X(i) = [x1(i) · · · xn(i)]T ∈ Cn
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Figure 2.5: Block diagram of OFDM system.

and performs an inverse FFT to obtain

X̃(i) = F−1
n X(i). (2.21)

The CP is then inserted at the transmitter. After the OFDM block has

traversed the channel, the destination removes the CP, and then takes the

FFT of the received block to obtain

FnỸ (i) = ΛX(i) + FnRcpṼ (i), (2.22)

allowing the channel to be diagonalized. Equalization can then be performed

by inverting Λ, which is trivially achieved by inverting the elements along

its leading diagonal. Fig. 2.5 shows a block diagram describing the OFDM

system discussed above.

28



Section 2.2

2.2.3.1 Multicarrier interpretation of OFDM

At present, we have provided a su�cient amount of detail to how OFDM can

be employed to mitigate the e�ects of IBI, but we have not yet revealed the

interpretation of OFDM as a multicarrier system. To reveal this, consider

(2.21). From this, we can see that the kth column of F−1
n , given by

fk :=
1√
N

[
ei×0 ei2πk/n ei2πk2/n · · · ei2πk(n−1)/n

]T
, (2.23)

can be viewed as representing a kth carrier wave (in the time domain at

base-band) that is being modulated by the kth element of X(i) to form a

modulated transmit subcarrier. This is where the interpretation of OFDM

as a multicarrier system comes from. In Fig. 2.6 we show the real part of fk

for a 128 subcarrier system when k = 1, 2, 3. In the frequency domain, the

fk's become sinc functions. Fig. 2.7 shows a plot of these sinc functions for

an 8 subcarrier system. The crucial point to acknowledge about Fig. 2.7 is

that each of the sinc functions are orthogonal in the sense that the peak of

one coincides exactly with the zeros of all the others. This explains where

`Orthogonal' comes from in the abbreviation `OFDM'.

2.2.4 Peak-power Constrained OFDM-based Systems

We now discuss a fundamental issue that arises when amplifying OFDM

waveforms. Consider an n subcarrier OFDM transmitter, β, as described

in section 2.2.3. The time-domain waveform at β is given by

X̃β(t) =
1√
n

n∑
k=1

e
i2πkt
n Xβ(k), (2.24)
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Figure 2.6: Plot showing the real part of fk (2.23) for a 128 subcarrier
system when k = 1, 2, 3.
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Figure 2.7: Plot showing the absolute value of the FFT of fk (2.23) for an
8 subcarrier system.
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where Xβ ∈ Cn represents the frequency-domain block of symbols, and

X̃β ∈ Cn represents the OFDM block in the time-domain. Suppose that the

frequency domain symbols are zero-mean, constant amplitude, independent

and identically distributed (i.i.d.), and without loss of generality (w.l.o.g.)

normalized such that the entire block has unit average power, then it is easy

to see from (2.24) that the peak-power of the time-domain symbol is n. In a

more general setting, we �nd that the peak-to-average power ratio (PAPR)

of OFDM waveforms scale like O(n).

This O(n) scaling poses an immediate problem when amplifying such

signals because the ampli�er will require a large linear region (with respect

to the average power) - to cope with the large peaks - if nonlinear distortion17

is to be avoided. Ampli�ers with large linear regions are expensive (both

economically and in power e�ciency); while ampli�ers with smaller linear

regions tend to be less expensive, but su�er more greatly from the e�ects of

nonlinear distortion, [49,50]. For these reasons, OFDM-based terminals will

often have to deal with the e�ects of nonlinear distortion, and a thorough

understanding of the corresponding performance degradation is necessary.

In [7], the theoretical characteristics of OFDM-based systems operating

with band-pass �lters18 over memoryless nonlinear channels were studied.

In particular, with the input to the OFDM-based nonlinear channel given

by a stationary random process

X̃β(t) = a(t) + ib(t) = θ(t)eiφ(t), (2.25)

17Nonlinear ampli�er distortion occurs when the output power of the ampli�er does not
scale linearly with its input power. The distortion can be partitioned into two categories:
signal amplitude inducing amplitude distortion (AM-AM) and/or signal amplitude in-
ducing phase distortion (AM-PM), [48].

18It is well known [51] that OFDM systems generally require root-raised cosine �lters
with extremely steep roll-o� factors that closely resemble band-pass �lters.
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where θA(t) is the amplitude response and θP (t) is the phase response, it

is shown that as the number of subcarriers grows large the output of the

nonlinear channel

Ỹβ(t) = FA [θA(t)] eiFP [θA(t)]eiθP (t) = F [a(t), b(t)] , (2.26)

where FA is the channel's amplitude response and FP is its phase response,

can be written as

Ỹβ(t) = ζβX̃β(t) + %̃β(t), (2.27)

where %(t) is an in-band ZMCG nonlinear distortion artifact uncorrelated

with X̃β(t), having variance

ηβ := E
[
|%̃(t)|2

]
= E

[
FA [θ(t)]2

]
− |ζβ|2 E

[
θ(t)2

]
; (2.28)

and

ζβ =
1

2
E
[
∂F [a, b]

∂a
− i

∂F [a, b]

∂b

]
(2.29)

is a complex scaling term, independent of time, which acts as an attenuation

factor to the input of the memoryless nonlinear device. Because of the

linearity of the Fourier transform, (2.27) can be expressed in the frequency

domain as

Yβ(k) = ζβXβ(k) + %β(k). (2.30)

Eqs. (2.27) and (2.30) can be thought of as an extension of Bussgang's

theorem [4] to memoryless nonlinear devices with complex Gaussian inputs;

for, as an immediate consequence of the central limit theorem, the time-

domain OFDM waveform converges to a complex Gaussian distribution as

32



Section 2.2

the number of subcarriers grows large (see (2.24)). Throughout this thesis,

the terms ηβ and ζβ are often referred to as Bussgang parameters.

Di�erent nonlinear ampli�er models exist, for example, the traveling-

wave tube (TWT), solid-state power ampli�er (SSPA) and the soft envelope

limiter (SEL). The amplitude, FA(·), and phase response, FP (·), for each of

these are given, respectively, below [7]:

FA (θA, pmaxβ) =
pmaxβθA
θ2 + pmaxβ

, FP (θA, pmaxβ) =
π

3

(
θA

θ2
A + pmaxβ

)

(2.31)

FA (θA, pmaxβ) =
θA√

1 +
θ2
A

p0β

, FP (θA, pmaxβ) = 0 (2.32)

FA (θA, pmaxβ) =


θA, θ2

A ≤ pmaxβ

pmaxβ, θ2
A > pmaxβ

, FP (θA, pmaxβ) = 0, (2.33)

where θA is the input amplitude, pmaxβ is the ampli�er input saturation

power and p0β is the output power at the saturation point. Fig. 2.8 shows

plots of the amplitude responses for each of these models. From this �gure,

it can be seen that the SEL provides a reasonable approximation to the

SSPA.

For TWT and SSPA, the Bussgang parameters require numerical calcu-

lation; for the SEL, it can be shown that

ζβ = 1− e
−
pmaxβ

σ2
β +

√
πpmaxβ

4σ2
β

erfc

(
pmaxβ
σ2
β

)
(2.34)

ηβ = σ2
β

(
1− e

−
pmaxβ

σ2
β

)
− ζ2

βσ
2
β, (2.35)
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Figure 2.8: Figure showing the amplitude responses, FA (θ, pmaxβ), given for
the TWT (2.31), SSPA (2.32), and SEL (2.33).

where σ2
β = E

[
|Xβ(t)|2

]
, and the average transmit power is given by

pβ =

pmax,β∫
0

e
− x

σ2
β

σ2
β

dx+

∞∫
pmax,β

pmax,β
e
− x

σ2
β

σ2
β

dx = σ2
β

(
1− e

−
pmaxβ

σ2
β

)
. (2.36)

Nonlinear distortion can be countered to a certain degree by employing

predistortion techniques. These techniques predistort the input so that the

cascade of the predistorter and the power ampli�er response are (approxi-

mately) linear, [52]. Note, the SEL is of particularly important theoretical

interest as it is known to model the entire transmit-side chain when ideal

predistortion is implemented, [53]. Thus, not only does the SEL provide a

reasonable approximation for the SSPA, performance results obtained for

the SEL will also upper bound those for more general nonlinearities.
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Figure 2.9: Basic illustration of a relay network, where one relay node aids
communication between two source nodes and two destination nodes. The
channel coe�cients are given by hij, i, j ∈ {A,B,R}.

2.2.5 Relaying

In sections 2.1.2 and 2.1.3 relaying was discussed as a key technology for

current and next generation communication systems. For this reason, over

the last 15 years relaying has captured signi�cant attention in the research

community. The relay network was �rst introduced by Van der Meulen

in his seminal work, [54]. In general, a relay network - in the context of

wireless networks - is a wireless network consisting of a source or multiple

source node(s), a destination or multiple destination node(s), and an arbi-

trary number of intermediary relay nodes. The nodes in the network must

necessarily cooperate, and the relay nodes are responsible for relaying pack-

ets of information from the source(s) to the destination(s). Fig. 2.9 shows

an example of a relay network.

Apart from their ability to facilitate adhoc networks, relays are deployed

because they allow for an improved quality of service for the users of a
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network. These improvements can be summarized as:

1. increased capacity,

2. increased diversity,

3. increased physical layer security.

We will now discuss each of these points in-turn.

2.2.5.1 Increased Capacity

An alternative to (or in combination with) embedding multiple antennas

at the source and destination nodes of a network is to distribute antennas

among the network as relay nodes. In [55], it is demonstrated that deploying

a single relay can provide capacity improvements for a network. Capacity

scaling laws are studied in [56] for two-hop relay networks when the source

and destination have m antennas, and there are k single or multiple an-

tenna relays aiding the communication. In this paper, it is shown that

c = (m/2) log(k) +O(1) for large k. It is also shown in [56] that relays can

be deployed to act as active scatterers, helping improve the condition num-

ber of the source-destination channel matrix. Similar results are reported

in [57], where it is shown that relays can be deployed to mitigate keyhole

e�ects19 in MIMO systems. Other attempts to demonstrate the capacity

improvements that relays provide can be found in [59�61].

19A MIMO keyhole is any environment that causes the channel matrix to have rank
one, irrespective of the number of antennas at each node, [58].
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2.2.5.2 Increased Diversity

A typical single-hop SISO Rayleigh fading channel will achieve a diversity

order of one. By deploying more antennas at the nodes of such a network

(i.e., transforming it into a MISO/SIMO/MIMO network), greater levels of

diversity can be achieved, [62]. Under the assumption that channel fading

is independent between each antenna pair, single-hop MIMO networks can

achieve a maximum diversity order of mn, where m and n are the number of

antennas at the source and destination, respectively20. In a similar fashion,

relays can be deployed within a SISO network. Because they are spatially

separated, the relays perform a similar role as the extra antennas in the

MIMO example above, allowing for increased diversity.

The diversity order o�ered by relaying was originally studied by Lane-

man et al in their seminal work [63�65]. In particular, it was shown that

deploying a single relay between two nodes subject to Rayleigh fading could

double the diversity order of the network. Naturally, the diversity order can

be increased further by introducing more relay nodes. In [66], a cooperative

relaying scheme was proposed that would allow the network's diversity order

to scale linearly with the number of relaying nodes. The scheme operated

by having only the `best' relay out of a cluster to perform forwarding. This

scheme is now referred to as relay selection. Other e�orts to understand the

diversity order of relay networks can be found in [28,67,68].

20It should be noted that there exists a trade-o� between the spatial multiplexing gains
(discussed in section 2.2.2) and the diversity gain o�ered by MIMO systems, [62].
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2.2.5.3 Relaying Strategies

Di�erent relaying strategies have been proposed in the literature; e.g., AF,

decode-and-forward (DF), compress-and-forward (CF) and others. We will

now brie�y discuss each of these, providing particular focus on the most

common strategies (AF and DF).

Amplify-and-forward Relaying The AF strategy [69, 70] operates by

having the relay apply an ampli�cation factor to its received signal before

subsequent (re)transmission. In more detail, suppose a single information

source transmits the symbol x to a relay so that the relay receives hx + v,

where h denotes the scalar channel coe�cient between the source and relay

and v ∼ CN (0, n0) denotes the channel noise, then the relay will transmit

y = gα (hx+ v) , (2.37)

where gα is given by [71]

gFG =

√
pR

pSE|h|2 + n0

(2.38)

for FG ampli�cation and [72]

gV G =

√
pR

pS|h|2 + n0

(2.39)

for VG ampli�cation. The terms pS and pR denote the average transmit

power at the information source and the relay, respectively.

The bene�ts of employing AF relaying are:

1. lower complexity;
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2. lower latency;

3. takes place at the physical layer.

Each of these points are closely linked. The lower latency is an immediate

consequence of the lower complexity, which results from the minimal signal

processing performed by the relay. Similarly, because forwarding takes place

at the physical layer, the relay has fewer overheads and will be able to more

easily o�er forwarding services to a wider range of devices, which may make

it particularly attractive for the IoT. The main drawbacks of AF relaying

are:

1. ampli�cation of noise at the relay,

2. more di�cult to study analytically,

3. increased signal variance as number of hops grows.

For the �rst point, clearly ampli�cation of noise will degrade the channel

quality. The second point occurs because the AF relay (by its nature)

concatenates sequential channels. This results in a more mathematically

complex end-to-end signaling distribution. The �nal point is also due to

the concatenation of sequential channels and may result in power control

issues, the symptoms of which may be, e.g., nonlinear ampli�er distortion.

Decode-and-forward Relaying The DF strategy operates by having

the relay decode its received signal and, provided correct decoding has been

performed, (re)encoding and (re)transmitting to the next node. The bene-

�ts of DF relaying are:
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1. provided decoding has been performed correctly, noise is removed at

the relay;

2. more easy to study analytically.

The �rst point follows from the fact that the DF relay can employ error

correction codes to remove errors in received information blocks. The main

concern with this is that, if incorrect decoding has been performed at the

relay without detection, instead of removing noise, the relay will forward

an erroneous information block. If this occurs, the relay will hinder the

performance of the network. Thus, it is important that DF relays only

forward if non-erroneous decoding has been performed. The second point

occurs because at each relay the signal is e�ectively `reset' by the decoding

operation. Consequently, the analysis of DF networks can often by reduced

to studying each hop individually. The main drawbacks of DF relaying are

1. greater complexity;

2. greater latency;

3. requires, at the very least, demodulation and decoding followed by

re-encoding, modulation and ampli�cation;

4. erroneous decoding can further degrade the network performance.

All of these points are immediate consequences of the decoding operation.

The third point implies that DF relays will require more overheads if they

are to serve a wide range of devices. The �nal point was discussed above, and

can cause severe performance degradation if not properly countered, [65].
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Other Relaying Strategies For AF and DF, the relay forwards a copy21

of the source's transmission. In CF [73], the relay quantizes and compresses

the received message from the source before forwarding the message to the

destination. The destination then uses the message from the source as side

information when decoding the message from the relay.

There have been other e�orts to extend the AF and DF schemes. For ex-

ample, [74] proposes a scheme called decode-amplify-forward (DAF), which

has the relay perform soft decoding to obtain the log-likelihood ratios, and

then performs AF on these log-likelihood ratios. It was shown in [74] that

DAF could provide capacity improvements for channels with binary inputs

when compared to AF and DF. In [75], a hybrid AF-DF scheme was pro-

posed, where the relay performs DF if correct decoding is performed, oth-

erwise AF is performed.

2.2.5.4 Two-way Relaying and Network Coding

In certain scenarios, the relay may be aiding bi-directional communication.

When this occurs, the relay channel is said to be two-way, see Fig. 2.10.

Consider such a two-way two-hop network. Two nodes, A and B, communi-

cate bidirectionally with the aid of a relay, node R. For this, a rudimentary

approach to relaying is to partition the channel into four time-slots. Node

A transmits to the relay in the �rst time-slot. The relay forwards this in

the second time-slot. Node B transmits to the relay in the third time-slot.

The relay forwards this in the fourth time-slot.

By employing standard network coding at the relay, the number of time-

slots required can be reduced from four to three. This is achieved as follows:

21Either a noisy ampli�ed version, or an (attempted) exact copy.
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Figure 2.10: Topological illustration of a basic two-way relay network. The
channel coe�cients between nodes A and the relay and B and the relay are
denoted hA and hB, respectively.

in the �rst time-slot, node A transmits the symbol a to the relay; in the

second time-slot, node B transmits the symbol b to the relay; in the third

time-slot, the relay transmits a⊕ b, where ⊕ is some prede�ned associative

binary operation. Node A then obtains b by calculating a−1 ⊕ a⊕ b, while

node B obtains a by calculating a⊕ b⊕ b−1. Note, here we have implicitly

assumed that x−1 denotes the inverse of x with respect to the binary opera-

tion ⊕. Consequently, the network throughput can be increased by a factor

of 4/3.

Although performance is improved by performing network coding at the

relay, it is possible to further reduce the number of time-slots required from

3 to 2 by allowing the network coding to take place at the physical layer;

i.e., perform PNC [76�79]. In this scenario, both source nodes transmit

at the same time to the relay so that the relay receives a superposition of

their transmissions. After processing22 this superimposed signal, the relay

then forwards the processed signal back to the source nodes in the second

time-slot. The source nodes then remove their own symbols from the relay's

transmission to obtain the other's symbol. This methodology can be applied

to both AF and DF systems. In what follows, we will describe the technical

details of PNC for AF relaying - details of PNC for DF relaying can be

22Processing may refer to ampli�cation, or some other more complex process; e.g.,
mapping the superimposed signal to a particular set of symbols.
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found in [79].

Physical Layer Network Coding for AF Suppose the �rst source

transmits a and the second source transmits b. The relay then receives

(hAa+ hBb+ vR) and transmits

x = gα(hAa+ hBb+ vR), (2.40)

where hA and hB are the respective channel coe�cients between nodes A

and R, and B and R; and vi, i ∈ {A,B,R}, is the noise at node i. Assuming

channel reciprocity, and that the entire protocol has taken place within the

channel's coherence time, nodes A and B respectively receive

yA = hAgα(hAa+ hBb+ vR) + vA and yB = hBgα(hAa+ hBb+ vR) + vB.

(2.41)

Each of the source nodes can remove its own self-interference by performing

a simple subtraction of its symbol, phase shifted and scaled by the relevant

channel coe�cient and relay gain; e.g., node A removes self-interference by

calculating yA − gαh2
Aa. We will return to this model in section 3.2.

2.3 Summary

In this chapter, we discussed the development of modern wireless networks.

We then focused on modern communication techniques that are being con-

sidered for current and future systems: spatial multiplexing, OFDM, and

relaying. These fundamental concepts will form the building blocks for the

novel research presented in this thesis.
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Chapter 3

Two-way Networks: Outage

Probability Analysis and

Optimization

This is the �rst of our research chapters. In this chapter, we derive closed

form outage probability expressions for the FG and VG two-way AF relay

network when a nonlinear transmission occurs only at the relay. We show

how this result can be extended trivially to the scenario in which distor-

tion also occurs at the source. We then derive an explicit expression for

the relay gain that optimizes the network's performance. Following this,

we show that if the source nodes have no access to the distortion char-

acteristics of the relay's ampli�er, which inhibits self-interference removal,

the network's performance will change negligibly. Finally, we consider the

problem of allocating power among the nodes of the network. Two power

allocation problems are considered: 1) the transmit power budget of the

communicating nodes is independent of the relay's transmit power, 2) the
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relay's transmit power is included within the total power budget of the net-

work. For the former, a closed form solution is obtained. For the latter,

the problem is shown to be non-convex in its standard form. By applying

a substitution, we show that it can be converted into a convex problem.

Numerical results are provided to demonstrate the e�cacy of our methods.

Finally, a discussion is included to give further insight into how our power

allocation scheme behaves as a function of the network's asymmetry.

3.1 Introduction

As discussed in section 2.2.4, OFDM systems exhibit a large PAPR in their

transmit envelopes and are thus susceptible to the e�ects of nonlinear am-

pli�er distortion. When combined with the e�ects of channel fading, even

larger PAPR will be produced at the relay of OFDM-based networks. It

is thus particularly important to understand how nonlinear ampli�cation

might a�ect the performance of OFDM-based relaying systems.

In [71], the e�ect of relay saturation on the outage probability of a single-

carrier (SC) link is considered. However, the model adopted in that work

does not include distortion (or OFDM), but instead opts to create an adap-

tive FG / VG system that changes state based upon whether or not the

relay ampli�er is saturated. In [80], closed form expressions are obtained

for the complementary cumulative density function (CCDF) of the output

power at the relay of an AF and DF relay, where it is shown that DF has

a signi�cantly lower probability of exceeding a prede�ned power constraint

compared to AF. In [81], the outage probability of a two-hop OFDM VG

relay system with a direct source-destination link in the presence of relay
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nonlinearities is approximated, whereas [82] focuses on the SER of such

a system without a source-destination link when a nonlinear transmission

occurs at the source. The work of [83] considers an FG relay system with

direct source-destination link, and nonlinear distortion at the relay. A non-

linear distortion aware maximal ratio combining strategy is proposed that

is shown to improve the performance of the system signi�cantly. In [84], a

power allocation scheme is proposed over a cluster of relays that are sub-

ject to nonlinear transmissions and are aiding a two-hop network, which is

shown to maximize the signal-to-noise and distortion ratio (SNDR) across

the network. In [85], closed form expressions for the outage probability and

ergodic capacity are established for an FG network when a nonlinear ampli-

�er is present at the source, and in-phase and quadrature-phase imbalances

are present at the destination.

To the best of the author's knowledge, in the previous literature no

attempt has been made to study two-way relay networks in which the net-

work's nodes are subject to nonlinear ampli�er transmissions. The focus of

this chapter is to provide such a study. We begin by:

1. establishing outage probability expressions for FG and VG networks

in the general two-way relaying scenario (this work has been published

in [8]),

2. we then determine optimal power allocation strategies for the two-way

network (this work has been published in [9]).

To clarify the discussion in the previous two paragraphs, we present

Table 3.1, which contains a corresponding high level overview of previous

literature and our own contributions. Note, for completeness this table also
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contains details of the contributions of this thesis that are presented in

Chapter 4. This is because the system model considered in Chapter 4 can

be viewed as a special case of that considered in this chapter.

3.2 System Model

The aim of this section is to present the general two-hop two-way AF relay-

ing system model that will be studied throughout this and the next chapter.

This chapter will study this general system model, while Chapter 4 will con-

sider the one-way special case.

Consider a two-hop, two-way, time-division duplexing (TDD) AF OFDM

relay network operating over a total of n subcarriers (Fig. 3.1). We consider

an l tap quasi-static linear time-invariant channel impulse response for links

A-R and B-R, respectively. We further assume that these impulse responses

have exponentially decaying pro�les, [86]. It is important to note that delay

pro�les are not in general limited to those that exponentially decay (see, for

example, [87]). After time-domain sampling, the impulse response for hop

β ∈ {A,B} to the relay can be represented as the time-domain vector

H̃β =

√
n
[
δ(0)h̃β0 δ(1)h̃β1 · · · δ(l − 1)h̃β,l−1

]
√∑l−1

i=0 δ(i)
2

, (3.1)

where the ith entry of H̃β corresponds to ith tap of the channel, δ is the

exponent of the delay pro�le, and h̃βi, i ∈ {0, . . . , l− 1}, is an i.i.d. ZMCG

random variable with total variance µβ. The prefactor
√
n/
∑l−1

i=0 δ(i)
2 is

a normalization term. After taking the unitary FFT of the channel's l tap

impulse response, the frequency response for the kth subcarrier between
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Figure 3.1: Nodes A and B wish to communicate with each other via the
relay, node R. The �gure represents the state of the half-duplex system in
its �rst time slot.

links A-R and B-R are given by hAk ∼ CN (0, µA) and hBk ∼ CN (0, µB),

k ∈ {1, . . . , n}, respectively. Note, within our system model, individual

subcarriers of the same hop are necessarily correlated with each other.

We will now describe the relaying protocol from transmission to recep-

tion. This takes place over two time slots and is detailed in the following

subsections.

3.2.1 First Time Slot

Nodes A and B construct OFDM symbol vectors comprised of n symbols,

which we denote by the frequency-domain vectors XA = [xA1, . . . , xAn]T

and XB = [xB1, . . . , xBn]T , where σ2
A := E[|xAk|2] and σ2

B := E[|xBk|2]. It

is assumed that the symbols {xAk} and {xBk} are chosen uniformly and

independently from a quadrature phase-shift keying (QPSK) constellation.

3.2.1.1 Cyclic Pre�x Insertion and Removal

Vectors XA and XB are processed with an inverse FFT, after which a CP of

suitable length is appended to mitigate IBI. CP insertion and removal can
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be performed in di�erent ways for the relay network, [88]:

1. the relay may remove the CP so that it can locally mitigate IBI, and

then insert a new CP for the second hop;

2. the CP insertion and removal may be performed entirely at the sources

and destinations.

For the former, the CP for the �rst hop should be as long as the impulse

response of the �rst hop, while the CP for the second hop should be as long

as the impulse response of the second hop. For the latter, the length of the

relay channel's impulse response is given by the convolution of the per-hop

impulse responses. Consequently, the length of the entire channel impulse

response is given by the sum of the lengths of the per-hop impulse responses.

In this system model, we assume that CP insertion and removal is performed

as per point 2; i.e., entirely at the sources and destinations. Consequently,

the CP must be more than 2l sample periods in length to mitigate IBI.

Before being passed through an SEL, the time-domain transmit vector at

node β is given by

X̃β,cp = [x̃β,n−2l−1 x̃β,n−2l · · · x̃β,n−1 x̃β,0 x̃β,1 · · · x̃β,n−1]T , (3.2)

where x̃β,i is the ith entry of X̃β := F−1Xβ. With this CP insertion and

removal model, the channel can be considered at a subcarrier level.

3.2.1.2 Source Transmission

The sources are subject to maximum transmit power constraints, pmax,β,

β ∈ {A,B}. To ensure that these constraints are not exceeded, nodes A

51



Section 3.2

and B, respectively, pass their time-domain waveforms through SELs (see

(2.33)). The output of the SEL in the time-domain given that the input is

the kth element of (3.2) is

ỹβk = min
{√

pmaxβ, |x̃βk|
}

exp (i arg x̃βk) , β ∈ {A,B}. (3.3)

By considering the theory presented in Chapter 2.2.4, and provided the

number of subcarriers is su�ciently large, the frequency domain output of

the SEL on each subcarrier can be written as

yβk = ζβxβk + %βk, β ∈ {A,B}, (3.4)

where ζβ is given by (2.34), and %βk is uncorrelated with xβk and well ap-

proximated by a ZMCG random variable with total variance ηβ given by

(2.35). The average transmit power, pβ, on each subcarrier at node β is

given by (2.36). Note, since good codes commonly form stationary ZMCG

processes [89], Bussgang's theorem will still apply when these are used.

The received signal at the relay on the kth subcarrier is then given by

yRk = hAkζAxAk + hBkζBxBk + vRk + hAk%Ak + hBk%Bk, (3.5)

where vRk ∼ CN (0, n0) is the noise term on the kth subcarrier at the relay.

We can write the average SNRs from nodes A and B to R, and total average

SNR at the relay, as

γ̄AR =
pAµA
n0

, γ̄BR =
pBµB
n0

, γ̄R = γ̄AR + γ̄BR; (3.6)
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Figure 3.2: Figure illustrating the two step process used to model the am-
pli�cation at the relay before transmission.

and the kth subcarrier instantaneous SNRs from nodes A and B to R, and

total instantaneous SNR at the relay, as

γARk=
pA|hAk|2

n0

, γBRk=
pB|hBk|2

n0

, γRk=γARk + γBRk. (3.7)

3.2.2 Relay Ampli�cation Model

Once yRk, (3.5), has been received at the relay, the relay performs the

ampli�cation process and then transmits the resultant signal. This process

takes place over two distinct steps, see Fig. 3.2.

Step One The relay applies the ampli�cation factor gαk to its received

signal, where α ∈ {FG, V G} denotes whether FG or VG has been consid-

ered. For the FG scenario, the ampli�cation factor for the kth subcarrier is

given by

gFGk =

√
σ2
R

pAµA + pBµB + n0

; (3.8)

53



Section 3.2

where σ2
R is the average input power to the SEL at the relay. For the VG

scenario, we assume the gain for the kth subcarrier takes the form

gV Gk =

√
σ2
R

pA|hAk|2 + pB|hBk|2 + n0

. (3.9)

Note, (3.8) is independent of k. However, to aid exposition, we refrain from

removing the subscript k.

Step Two Before transmission, the relay passes the ampli�ed time-domain

waveform through an SEL to limit its maximum transmit power to pmaxR.

As an immediate consequence of the central limit theorem, this time-domain

signal converges in distribution to a stationary ZMCG variable with vari-

ance σ2
R as the number of subcarriers grows large.

It is important that we discuss a particular subtlety that occurs when

applying Bussgang's theorem to FG relaying. For the Bussgang parameters

at the relay to be completely determined by the average input power to

the SEL1 (see σ2
R in (3.8) and (3.9)), the input to the relay's SEL should be

stationary. For FG, this stationarity is contingent on there being a su�cient

number of signi�cant taps within the channel. This is not the case for VG.

To understand why a su�cient number of taps is required for FG, consider

the extreme scenario in which the channels are �at across all the subcarriers;

i.e., the channels have a single tap impulse response. Furthermore, note that

a quasi-static fading model has been considered, so the channel coe�cients

are considered to be �xed for a single OFDM time-domain block. For this,

the subcarrier responses will be independent of their indices, i.e., hβi = hβj

1When this is the case, analytic calculations become tractable.
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∀ i, j. With hβi = hβ ∼ CN (0, µβ) for all i, this allows us to write the

time-domain waveform at the relay's SEL as

ỸR(t) =
1√
n

n∑
k=1

e
i2πkt
n gFGk (hAζAxAk + hBζBxBk + vRk + hA%Ak + hB%Bk) .

(3.10)

Because the gains are �xed and independent of k, and the channel coe�-

cients are assumed to be quasi-static, ỸR(t) will approach a ZMCG variable

with conditional variance

V
[
ỸR (t) |{hA, hB}

]
=

(
σ2
R

pAµA + pBµB + n0

)(
pA |hA|2 + pB |hB|2 + n0

)
.

(3.11)

Note conditioning on the channel coe�cients is performed to account for the

quasi-static nature of the channel. Thus, we will not have the requirement

for the Bussgang parameters that the input to the SEL be a stationary

ZMCG variable with variance σ2
R. In particular, this will be a function of

the quasi-static random variables2 hA and hB. The Bussgang parameters

will then become functions of these instantaneous parameters, varying from

one fading block to next. However, as the number of channel taps grows,

h1i and h1j, i 6= j, will become increasingly decorrelated and the averaging

performed by the inverse FFT in (3.10) will tend to remove the dependence

of ỸR(t)'s conditional variance on the instantaneous realizations of hAk and

hBk. Concretely, ỸR(t) will approach a stationary ZMCG random variable

with conditional variance σ2
R as the number of channel taps grows large. To

2Equation (3.11) also illustrates why a su�cient number of taps is not required for
VG: for VG, the denominator of the �rst bracketed term will be identical to the second
bracketed term, and therefore cancel with it.
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see this, observe the following:

V
[
ỸR (t) | {hA1, . . . , hAn, hB1, . . . , hBn}

]
=

1

n

n∑
k=1

V
[
e
i2πkt
n gFGk (hAkζAxAk + hBkζBxBk + vRk + h1kdSk) |h1k

]
=

(
σ2
R

pAµA + pBµB + n0

)
1

n

n∑
k=1

(
pA |hAk|2 + pB |hBk|2 + n0

)
. (3.12)

In the limit as the number of channel taps and subcarriers grow large, |hβi|2

becomes independent of |hβj|2 for all i 6= j and β ∈ {A,B}, and from (3.12)

and the law of large numbers

V
[
ỸR (t) | {hA1, . . . , hAn, hB1, . . . , hBn}

]
−→ σ2

R.

This shows us that ỸR (t) approaches a stationary random variable as the

number of channel taps grows large. Of course, in practice the number of

channel taps will be �nite. However, from heuristic observations, we �nd

that 16 or more channel taps allows for very accurate analytical modeling of

FG systems using Bussgang's theorem. We will demonstrate this in section

3.3.3. Note, in [90] it was shown that a particular 20MHz bandwidth non-

line-of-sight micro cellular environment would have as many as 40 signi�cant

taps in its channel impulse response.

Similar to before (3.4), we can now write the frequency-domain output

of the relay's SEL as

xRk = ζRgαkyRk + %Rk, (3.13)

where ζR is given by (2.34) and %Rk is uncorrelated with yRk and well ap-

proximated by a ZMCG random variable with variance ηR given by (2.35).
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The average transmit power on each subcarrier at the relay is given by pR

(see (2.36)).

3.2.3 Second Time Slot

By assuming channel reciprocity, which follows from the TDD nature of

the channel, and that the entire relaying process has taken place within the

coherence time of the channel, the received signal on the kth subcarrier at

node β ∈ {A,B} is

yβk = hβkxRk + vβk, (3.14)

where vβk ∼ CN (0, n0) is the additive noise term on the kth carrier at

node β. Note, to obtain (3.14), node β must �rst remove the CP from the

received time-domain block and then perform an FFT on this block. The

kth element of the output vector of the FFT will then be given by (3.14).

To perfectly remove all self-interference from the network, A and B

should calculate

y
Ak

= yAk − ζAζRgαkh2
AkxAk, y

Bk
= yBk − ζBζRgαkh2

BkxBk. (3.15)

However, in some scenarios the destination nodes may be unaware of the

relay's ampli�er distortion characteristics. In this scenario, they calculate

y
Ak

= yAk − ζAgαkh2
AkxAk, yBk = yBk − ζBgαkh2

BkxBk. (3.16)

Thus, there will be self-interference at A and B given, respectively, by

gαk(ζR − 1)h2
AkxAk and gαk(ζR − 1)h2

BkxBk. (3.17)
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The average SNRs from nodes R to A and B are given by

γ̄RA =
pRµA
n0

, γ̄RB =
pRµB
n0

; (3.18)

and the kth subcarrier instantaneous SNRs from nodes R to A and B are

given by

γRAk=
pR|hAk|2

n0

, γRBk=
pR|hBk|2

n0

. (3.19)

Note, in (3.18) and (3.19) we have assumed signal power to be the total

power of the signal transmitted by the relay. This includes the self interfer-

ence term and nonlinear distortion.

3.3 Outage Probability for Two-way Network

with Imperfect Interference Removal

Consider the system model presented in section 3.2. Let us consider the

per-direction outage probability of this network at node B when imperfect

interference removal is performed as per (3.16) and no distortion occurs at

the sources3. This is de�ned to be

P
(α)
oB := P[γ

(α)
Bk < γthB], (3.20)

where γthB is an appropriately selected signal-to-interference, noise and dis-

tortion ratio (SINDR) protection threshold and γ
(α)
Bk is the kth subcarrier

3Following this, we will show that the outage probability can be trivially extended to
the source distortion scenario by applying a particular substitution.
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instantaneous SINDR at B given by

γ
(α)
Bk =

ζ2
Rg

2
αk|hAk|2|hBk|2pA

|hBk|2(ζ2
Rg

2
αkn0+ηR)+g2

αk|hBk|4 w+n0

, (3.21)

with gαk, α ∈ {FG, V G}, given by (3.8) or (3.9) dependent upon whether

FG or VG has been implemented and

w = pB(ζR−1)2 (3.22)

denoting the self-interference. This de�nition of outage probability cor-

responds to the scenario where users are assigned a contiguous block of

subcarriers within the coherence bandwidth. The outage probability on one

subcarrier is then equal to that of the contiguous block. However, it was also

shown in [91] that, for parallel fading channels, the outage probability of

the entire channel could be written as a functional of the subchannel outage

probabilities. Thus, the results in [91] extend the utility of per subcarrier

outage probability expressions to the scenario in which a contiguous block

of subcarriers exceeds the coherence bandwidth of the channel.

3.3.1 Fixed-gain Outage Probability

The outage probability of our FG system at node B is calculated by writing

(3.21) in terms of the instantaneous and average per-hop SNRs γARk, γRBk

and γ̄R (see (3.6), (3.7), (3.18) and (3.19)). This is done by de�ning

u1 :=
pAµA + pBµB

n0

/
ζ2
Rg

2
FGk(pAµA + pBµB)

ζ2
Rg

2
FGkn0 + ηR

, (3.23)

u2 :=
w

pRζ2
R

=
γ̄BR (ζR − 1)2

γ̄RBζ2
R

, (3.24)
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so that we can rewrite (3.21) as

γ
(α)
Bk =

γARkγRBk
u1 (γRBk + 1) + γ2

RBku2 + γ̄R
. (3.25)

Here, u1 is the ratio between the received SNR at the relay before ampli�ca-

tion to output SNDR at the relay's SEL; u2 relates to the self-interference.

Since γARk and γRBk are exponentially distributed, the outage probabil-

ity on a given subcarrier at node B can be calculated to be

P
(FG)
oB = 1− 2

√
γthB (u1 + γ̄R)

γ̄RB(u2γ̄RBγthB + γ̄AR)
e
−u1γthB

γ̄AR

×K1

(
2

√
γthB (u1 + γ̄R) (u2γ̄RBγthB + γ̄AR)

γ̄2
ARγ̄RB

)
, (3.26)

where Kv(·) is the vth order modi�ed Bessel function of the second kind.

The proof of this can be found in Appendix A.1. It can be seen that (3.26)

reduces to [71, eq. (10)]

P
(FG)
oB = 1− 2

√
γthB (1 + γ̄AR)

γ̄RBγ̄AR
e
− γthB
γ̄AR K1

(
2

√
γthB (1 + γ̄AR)

γ̄ARγ̄RB

)
(3.27)

as pmax,R → ∞ ⇒ ηR → 0 (⇒ u1 → 1, u2 → 0), and pB → 0; i.e., as

distortion goes to zero and the network becomes one-way. Thus, (3.26)

provides a generalization of this one-way distortionless result, (3.27).

3.3.2 Variable-gain Outage Probability

Focusing on VG, we use (3.6) and (3.7) to write the instantaneous SINDR,

(3.21), at B as
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γ
(V G)
Bk =

ζ2
RργARkγBRk

pB/n0 (γARk + 1) + γBRk (b+ γARkηR/n0) + aγ2
BRk

, (3.28)

where ρ = σ2
R/n0, a = wρ+pBηR/n0

pB
, b = (pR + pB) /n0. The outage probability

can then be calculated to be

P
(V G)
oB =

 1− 2q3
q1γ̄BR

√
q2q3

e−kK1

(
2
√
q2q3

)
, q1 > 0

1, q1 ≤ 0
, (3.29)

where

q1 = ζ2
Rρ− γthB η̄R, q2 =

γthBa

q2
1 γ̄AR

+
1

q1γ̄BR
,

q3 =
1

γ̄AR

(
pBγthB
n0

+
bpBγ

2
thB

n0q1

+
ap2

Bγ
3
thB

n0
2q2

1

)
,

q4 =
pBγthB
n0q1γ̄BR

+
1

γ̄AR

(
bγthB
q1

+
2apBγ

2
thB

n0q2
1

)
.

The proof of this can be found in Appendix A.2. It can be shown that (3.29)

reduces to the expression when no distortion is considered, [77, Theorem 1],

as pmax,R →∞:

P
(V G)
oB = 1−

2
√
γth,B (γth,B (γ̄BR + γ̄RB) γ̄AR + γ̄ARγ̄RB)

γ̄ARγ̄RB
×

e
−
γth,B(γ̄BR+γ̄RB+γ̄AR)

γ̄ARγ̄RB K1

(
2
√
γth,B (γth,B (γ̄BR + γ̄RB) γ̄AR + γ̄ARγ̄RB)

γ̄ARγ̄RB

)
.

(3.30)
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Figure 3.3: Theoretical (lines) vs Monte Carlo (circle marker, 100000 trials)
outage probability for FG system with di�erent values of pmax,R/n0. We set
gFGk = µA = µB = γthB = n0 = 1, l = 32 taps, n = 256 subcarriers, and
vary pA = pB. The delay pro�le exponent, δ, was set to 0.

3.3.3 A Brief Discussion of Fixed-gain and Variable-

gain Results

A plot of (3.26), the FG outage probability expression, is shown in Fig. 3.3

to demonstrate its accuracy when compared to Monte Carlo simulations. A

similar plot is shown for (3.29), the VG outage probability exression, in Fig.

3.4. These simulations were performed for a 256 subcarrier system. The

channels were generated from a 32 tap time-domain impulse response with

an exponentially decaying pro�le (see (3.1)). The delay pro�le exponent, δ,

was set to 0.2.

From Figs. 3.3 and 3.4, both systems can be characterized as being

in one of two regions: a noise limited region, a distortion limited region.
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Figure 3.4: Theoretical (lines) vs numerical (markers, 100000 trials) outage
probability for VG system with di�erent values of pmax,R/n0. σ2

R = pA,
µA = µB = γthB = n0 = 1, l = 32 taps, n = 256 subcarriers, and vary
pA = pB. The delay pro�le exponent, δ, was set to 0.

In the former, increasing γ̄AR = γ̄BR
4 will cause a negligible growth in

the distortion power, so the outage probability will decrease. However,

in the latter, by increasing γ̄AR = γ̄BR we push the average input power

into the SEL su�ciently close to pmax,R. This causes a signi�cant increase

in distortion and thus, also, the outage probability. Consequently, we �nd

that the minimum of the outage probability curves occur at the point where

the network goes from being distortion limited to noise limited. We will

investigate distortion limited networks in section 4.2.

It was also mentioned in section 3.2.2 that for the Bussgang parameters

to be uniquely determined by the average input power to the SEL at the

relay, σ2
R, a su�cient number of channel taps was required in the incoming

4Since gFGk is �xed for FG and ρ is proportional to γ̄AR = γ̄BR for the VG case, this
corresponds directly to an increase in the average input power to the SEL.
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Figure 3.5: Theoretical (lines) vs numerical (50000 trials) (markers) outage
probability as function of pA/n0 for an FG and VG network. We set σ2

R =
pA = pB, µA = µB = γthB = n0 = 1, n = 128 subcarriers, pmax,R/n0 =
50dB, pmax,A = pmax,B =∞, and δ (delay pro�le exponent) set to 0.

channels for FG. Speci�cally, we stated that 16 or more channel taps would

be su�cient. We demonstrate this in Fig. 3.5, which shows outage prob-

ability as a function of pA/n0 for FG when di�erent channel tap numbers

are used in the Monte Carlo simulations. From this �gure, we can clearly

see that as l approaches 16, the theoretical and numerical results coincide

very accurately. We also see that when the system is in a noise limited re-

gion (i.e., when the curves have a negative gradient), the theoretical model

accurately predicts the numerical behavior even when l is small. This is ex-

pected because in this region there will be negligible discrepancies between

the theoretical and numerical Bussgang coe�cients (i.e., ζR ≈ 1 and ηR ≈ 0

for both numerical and theoretical scenarios). Thus, the discrepancy will

have a negligible e�ect on the resulting outage probability.
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3.3.4 Extending Results to Distortion at the Sources

The outage expressions in (3.26) and (3.29) are obtained for the network

when no distortion occurs at the source nodes. It is important to note that

Bussgang's theorem can be legitimately applied at the source nodes too,

and that when doing so this does not a�ect the applicability of Bussgang's

theorem at the relay. This is because the central limit theorem can still be

applied in the usual way and implies that the OFDM waveform at the relay

will still be well approximated by a complex Gaussian distribution. Further-

more, the distortion produced by the nonlinear ampli�er at the source is

itself Gaussian. In what follows, we will extend these results to the scenario

in which distortion also occurs at the source nodes.

When distortion also occurs at nodes A and B, node B receives extra

self interference in the form of its own distortion, as well as distortion from

A. Consequently, γ(α)
Bk (3.21) becomes

γ(α)

Bk
=

ζ2
Aγ

2
Aζ

2
Rg

2
αk|hAk|2|hBk|2

ζ2
Rg

2
αk|hAk|2|hBk|2ηA + |hBk|2(ζ2

Rg
2
αkn0+ηR)+ |hBk|4g2

αkw+n0

, (3.31)

where

w = ζ2
Bσ

2
B (1− ζR)2 + ηBζ

2
R. (3.32)

By performing basic algebraic manipulations, it is easy to show that

γ(α)

Bk
< γthB if and only if γ

(α)
Bk

∣∣∣
w=w

<
pAγthB

σ2
Aζ

2
A − γthBηA

. (3.33)

Consequently, performing the substitutions w → w and γthB → pAγthB
σ2
Aζ

2
A−γthBηA

in the previous outage probability expressions, we can calculate the outage

probability of the network when distortion also occurs at the sources.
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3.4 Gain Optimization and Interference Re-

moval Assessment

This section describes how we should optimally select

ρ := σ2
R/n0, , (3.34)

the average normalized input power to the SEL at the relay. For our op-

timization strategy the optimal value for ρ is independent of whether FG

or VG is being considered. Our optimization is done for a network that

performs perfect self-interference removal and experiences no distortion at

the sources. We then show that when imperfect self-interference removal is

executed, the degradation in the network's performance will be negligible.

3.4.1 Gain Optimization

3.4.1.1 One-way Optimization

When perfect self-interference removal is performed, we de�ne the average

SNDR at B for FG and VG systems to be

γ̄
(α)
Bk :=

E
[
ζ2
Rg

2
αk |hAhB|

2 pA
]

E
[
|hB|2 (ζ2

Rg
2
αkn0 + ηR) + n0

] , (3.35)

where gαk is given by (3.8) or (3.9) dependent upon whether FG or VG is

being considered, and the expectation is taken with respect to the channel

coe�cients. The following Lemma formalizes the optimal ρ that maximizes

(3.35).
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Lemma 1 The optimal ρ that maximizes (3.35) is independent of whether

FG or VG is being considered. As pmax,R/n0 grows large, the optimal ρ is

given to leading order by

ρopt,B ∼ pmax,R

/(
n0W

(
pmax,RµB

2n0

))
, (3.36)

where W (·) is the Lambert-W function (i.e., x = W (y)⇔ y = xex), [2].

Proof For both FG and VG, by calculating dγ̄
(α)
Bk /dρ = 0, and after signi�-

cant algebraic manipulation, we obtain ρopt,B = argρ

{
erfc (x(ρ)) = ux(ρ)

pmax,R

}
,

where u = 2n0

µB
√
π
and x(ρ) = pmax,R/ρn0. To leading order, we have

ρopt,B ∼ argρ

{
e−x(ρ)2

√
πx(ρ)

= ux(ρ)
pmax,R

}
. The stated result follows immediately. �

3.4.1.2 Bidirectional Optimization

To optimize the bi-directional performance, we choose

ρopt,bi = argρ max
{

min{γ̄(α)
Bk , γ̄

(α)
Ak }

}
, (3.37)

where γ̄(α)
Ak is the average SNDR at node A, given by

γ̄
(α)
Ak :=

E
[
ζ2
Rg

2
αk |hAhB|

2 pB
]

E
[
|hA|2 (ζ2

Rg
2
αkn0 + ηR) + n0

] . (3.38)

Lemma 2 formalizes the solution to (3.37).

Lemma 2 The bi-directional performance is optimized when (3.37) is sat-
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is�ed. The solution to (3.37) is given by

ρopt,bi =


ρopt,B, γ̄

(α)
Bk (ρopt,B) ≤ γ̄

(α)
Ak (ρopt,B)

ρopt,A, γ̄
(α)
Ak (ρopt,A) ≤ γ̄

(α)
Bk (ρopt,A)

ρ?, otherwise

where ρ? = argρ

{
γ̄

(α)
Ak = γ̄

(α)
Bk

}
, ρopt,B is given asymptotically by (3.36), and

ρopt,A is given (similar to (3.36)) asymptotically by

ρopt,A ∼ pmax

/(
n0W

(
pmax,RµA

2n0

))
. (3.39)

Moreover, we have mini{ρopt,i} ≤ ρopt,bi ≤ maxi{ρopt,i}.

Proof This is seen by noting that γ̄(α)
Ak and γ̄(α)

Bk have single global maxima

as functions of ρ. �

Figs. 3.6 and 3.7 show plots of the numerically calculated total outage

probability [92]

P
(α)
o,AB := P

[
γ

(α)
Ak < γth,A ∪ γ(α)

Bk < γthB

]
(3.40)

as a function of pmax,R/n0 for FG and VG systems, respectively. These

�gures also show plots when rudimentary FG and VG gains are applied at

the relay. These are given, respectively, by

gFGr =

√
pmax,Rr

pAµA + pBµB + n0

(3.41)
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or

gV Gr =

√
pmax,Rr

pA |hAk|2 + pB |hBk|2 + n0

, (3.42)

where r de�nes the fraction of the total available transmit power that the

relay utilizes. In Figs. 3.6 and 3.7, the rudimentary curves approach the

ρopt,bi curve; then deviate away. This is because, during the approach, they

underestimate the optimal gain; and during the deviation, they overesti-

mate this gain. The point at which the curves end approaching and begin

to deviate are points of optimal performance. These points touch the ρopt,bi

curve, suggesting that the ρopt,bi gains achieve near optimal outage proba-

bility - they were designed to maximize the ratio of the average signal to

average noise and distortion power. As an extra point of discussion, by

inspecting very closely we can see from these �gures that increasing the

network's asymmetry (going from µA = µB to 0.1µA = µB) allows the gain

with r = 0.15 to outperform that with r = 0.1 over a very slightly larger

range of pmax,R/n0. This suggests that the negative e�ects of distortion

(which are more prevalent for larger r) are outweighed by the requirement

for the relay to ensure that a signal is received at the distant destination in

the asymmetric setting. Indeed, this reasoning turns out to be true, and we

will discuss it in more detail in section 3.5.3 and Fig. 3.13 when we consider

optimal power allocation strategies.

3.4.2 Interference Removal Assessment

We now show that the average self-interference term, normalized by n0

and evaluated at ρopt,bi, is negligible for realistic networks; i.e., those for
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Figure 3.6: Monte Carlo based (50000 trials) FG total outage probability,
(3.40), when gains from Lemma 2 and (3.41) are applied at the relay. µA =
1, γth,A = γthB = 10, n0 = 1, γ̄AR = γ̄BR = 40 dB, the number of taps
l = 32, pro�le decay exponent δ = 0.1 and vary pmax,R.
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Figure 3.7: Monte Carlo based (50000 trials) VG total outage probability,
(3.40), when gains from Lemma 2 and (3.42) are applied at relay. We �x
µA = 1, γthA = γthB = 10, n0 = 1, γ̄AR = γ̄BR = 40 dB, l = 32 taps, pro�le
decay exponent δ = 0.1 and vary pmax,R.
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which pmax,R � n0. We do this by considering the FG self-interference and

reason that the self-interference term for VG will be on the same order of

magnitude. With gFGk as in (3.8), the average normalized self-interference

term at B is

wavg (ρ) =
E [g2

FGk|hBk|4 w]

n0

=
2g2

FGkµ
2
BpB (ζR − 1)2

n0

. (3.43)

The following lemma is used to upper bound (3.43).

Lemma 3 Without loss of generality, assume max{ρopt,A, ρopt,B} = ρopt,B.

With b =
pmax,RµB

2n0
, as pmax,R/n0 grows large so that (3.36) becomes asymp-

totically exact, we have

wavg (ρopt,bi) ≤ wavg (ρopt,B) ≤ pBµB (2 log b)2

(pAµAbW (b))
. (3.44)

Proof The �rst inequality follows from the monotonicity of wavg(ρ) with

ρ. The second inequality follows by evaluating ζR at ρopt,B and performing

a �rst order expansion at pmax,R →∞, so we have

ζR (ρopt,B) = 1−e−W
(
pmax,RµB

2n0

)
+

√√√√πW
(
pmax,RµB

2n0

)
2

erfc

(√
W

(
pmax,RµB

2n0

))
,

which is given asymptotically by

ζR (ρopt,B)
pmax,R∼ 1−

log
(
pmax,RµB

2n0

)
(
pmax,RµB

2n0

)
log
(
pmax,RµB

2n0

) 1

log(
pmax,RµB

2n0
)

+

e
−W

(
pmax,RµB

2n0

)√1

2
−

√
π

2
√

2πW
(
pmax,RµB

2n0

)
 ,
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and can be bounded according to

ζR (ρopt,B) ≥ 1−
log
(
pmax,RµB

2n0

)
(
pmax,RµB

2n0

) . (3.45)

This gives (ζR (ρopt,B)− 1)2 ≤
(

log b
/
b
)2

. The stated result follows by

substituting this inequality into (3.43). �

It is easy to see that the upper bound in (3.44) becomes negligible for re-

alistic network setups (i.e., when pmax,R � n0). Fig. 3.8 shows wavg (ρopt,B)

and its upper bound, (3.44). For typical relaying scenarios (i.e., when

pmax,R � n0), wavg (ρopt,B) is orders of magnitude smaller than n0. As

an example, from this �gure when pmax,R/n0 = 50dB, the average inter-

ference term is at least 30dB smaller than the noise term. Consequently,

when maximizing the average SNDR, the network's performance is degraded

much more severely by noise than self-interference.

3.5 Power Allocation Strategies with Perfect

Self-interference Removal

In this section, we provide a comprehensive understanding of how power

should be allocated among the nodes of the network presented in section 3.2

when perfect interference removal has been performed and distortion occurs

only at the relay. Note, in order for perfect self-interference removal to be

performed as per (3.15), it is necessary that A and B have access to the

distortion characteristics of the relay's ampli�er as well as the relevant CSI.
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Figure 3.8: Plot of wavg(ρopt,B)/n0, expressed in dB, (solid line) and its
upper bound given by Lemma 3 as functions of pmax,R/n0, for di�erent
r := pAµA/pBµB.

3.5.1 Power Allocation when Relay is not Considered

in Power Budget

Our goal is to optimize the performance of our system by e�ectively allo-

cating power among its nodes. To do this, we must �rst select a suitable

performance metric. We might choose the total outage probability, which

is de�ned to be

P
(α)
o,AB = P

[
γ

(α)
Ak ≤ γth,A ∪ γ(α)

Bk ≤ γthB

]
, (3.46)

where γ(α)
βk and γth,i are the instantaneous per-direction SNDRs and SNDR

protection threshold at node β ∈ {A,B}, respectively. Alternatively, we

might choose the average sum SER of the system. To the best of the au-

thors' knowledge, no closed form solutions for these metrics exist. Con-
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sequently, we focus on an alternative cost funtion. We reason that the

overall performance of the system will be limited by the minimum of the

directional performance. Furthermore, it is clear that there will be a (ap-

proximately5) monotonic relationship between SNDR and standard metrics

such as outage probability or SER. Consequently, to optimize the perfor-

mance of the system, we maximize the minimum of the directional average

SNDRs. Mathemtically, our problem is:

maximize min
{
γ̄

(α)
Ak , γ̄

(α)
Bk

}
, s.t. pA + pB ≤ p (3.47)

where

γ̄
(α)
Ak :=

pBg
2
FGkζ

2
RµAµB

µA (g2
FGkζ

2
Rn0 + ηR) + n0

(3.48)

γ̄
(α)
Bk :=

pAg
2
FGkζ

2
RµAµB

µB (g2
FGkζ

2
Rn0 + ηR) + n0

(3.49)

are the average directional SNDRs at nodes A and B, respectively, and we

choose g2
αk as in (3.8) to make the problem more tractable for VG. As we

shall see later, this choice for g2
αk works well when optimizing both FG and

VG systems. This is not surprising for the FG system, but perhaps more

so for the VG system. By inspecting the FG and VG gains de�ned in (3.8)

and (3.9), we see that g2
FGk for the FG system is equivalent to g2

V Gk for the

VG system when the channel gains are evaluated at their means. This fact

5We say approximately because the end-to-end average SNDR of a relay link is a
function of multiple parameters; e.g., source/relay transmit power, the average fading
coe�cient of the �rst/second hop, etc. Thus, it will be possible to �nd di�erent param-
eterizations that give the same average end-to-end average SNDR, but acheive di�erent
values of another performance metric; e.g., outage probability or SER.
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goes someway to explaining the generality of our method. We then use

p?i (3.50)

to denote the solutions of (3.47).

Because γ̄(α)
Ak and γ̄

(α)
Bk are monotonically increasing with pB and pA,

respectively, the solution to (3.47) occurs when

γ̄
(α)
Ak = γ̄

(α)
Bk and pA + pB = p. (3.51)

Since ζR and ηR are not functions of pA or pB, we can expand the left-hand

equation of (3.51) (including the gain terms), substituting pB = p− pA, to

obtain the quadratic equation

xp2
A + ypA + z = 0, (3.52)

where

x = (µA − µB) (ηR (µA + µB) + 2n0) (3.53)

y = −p(µA − µB)(n0 + ηRµB) + n0(2n0 + ηR(µA + µB))

+pµB(2n0 + ηR(µA + µB)) + n0ζ
2
R(µA + µB)γ2

R (3.54)

z = −n0p(ηRµB + n0)− µBp2(ηRµB + n0)− µBn0pγ
2
Rζ

2
R (3.55)
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and pB is written as

pB = p− pA. (3.56)

Clearly, the positive root of (3.52) is the one that should be chosen, which

gives

p?A =
−y +

√
y2 − 4xz

2x
. (3.57)

We now have a complete solution to the problem presented in (3.47). To

obtain p?B, we calculate p− p?A.

Figs. 3.9 and 3.10 show plots of the total outage probability, (3.46), as

a function of pmax,R/n0 for an FG and VG system, respectively. In these

�gures, power is allocated between nodes A and B according to 1) our op-

timal scheme, and 2) a rudimentary scheme in which pA is �xed to some

constant fraction of the total available power p, where pB = p − pA. In

this model, 16 channel taps are considered in the channel models used to

generate these plots. It is clear from these �gures that our optimal power

allocation strategy provides the best performance because it lower bounds

all the other rudimentary power allocation strategies. Interestingly, one of

the rudimentary approaches also provides near optimal performance over

the entire pmax,R region for this particular setup (i.e., pA = 0.1p). It is im-

portant to note, however, that the rudimentary power allocation schemes in

these �gures will not be robust to changes in the network's asymmetry (i.e.,

changes in µA/µB). Consequently, the rudimentary approaches that provide

near optimal performance in these �gures will perform sub-optimally if the

network's asymmetry were to change. The behavior of the optimal power

allocation scheme as a function of network asymmetry will be discussed in
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Figure 3.9: Monte Carlo based (100000 trials) FG total outage probability
for two-way system with asymmetric channel, µB = 0.01µA, 16 channel
taps, p the total power budget of nodes A and B is equal to pmax,R, and the
pro�le decay exponent δ = 0.1. For rudimentary gains, σ2

R = 0.1pmax,R.

detail in section 3.5.3.

3.5.2 Power Allocation when Relay is Considered in

Power Budget

In this section, we take a more complete view of the power allocation prob-

lem considered in section 3.5.1. In particular, we assume that the relay's

transmit power is part of the total power budget. This modi�ed problem

takes the following form:

maximize min
{
γ̄

(α)
Ak , γ̄

(α)
Bk

}
, s.t. pA + pB + pR ≤ p. (3.58)

At present, (3.58) is neither convex nor log-convex. Strictly speaking,

the objective function is neither concave nor log-concave. Consequently,
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Figure 3.10: Monte Carlo based (100000 trials) VG total outage probability
for two-way system with asymmetric channel, µB = 0.01µA, p = pmax, 16
taps, pro�le decay exponent δ = 0.1. For rudimentary gains, σ2

R = 0.1pmax.

the fruitful theory of convex optimization cannot be employed to solve our

problem in its current form. It turns out, however, that there exists a par-

ticular substitution that we can apply to convert our non-concave objective

function into one that is log-concave. This is formalized in the following

lemma.

Lemma 4 By applying the substitution

pi log = log pi, i ∈ {A,B,R} (3.59)

the objective function in (3.58) becomes log-concave as a function of pi log

for 0 ≤ pR ≤ pmax and pA, pB ≥ 0.
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Proof Since the min {·, ·} operator preserves concavity, if

d2 log γ̄
(α)
Ak

d (log pi)
2 :=

d2 log γ̄
(α)
Ak

dp2
i log

≤ 0 ∀ i ∈ {A,B,R}, pR log ≤ log pmax,R, (3.60)

we will reach our result. Note,

pi
d2 log γ̄

(α)
Ak

dp2
i

+
d log γ̄

(α)
Ak

dpi
≤ 0 (3.61)

implies (3.60). Demonstrating (3.61) for i ∈ {A,B} is trivial. Letting

γ̄
(α)
A,k,nd denote the equivalent average SNDR expression when no distortion

occurs (i.e., when ηR = 0 and ζ2
R = 1) we can also trivially demonstrate

pR
d2 log γ̄

(α)
A,k,nd

dp2
R

+
d log γ̄

(α)
A,k,nd

dpR
≤ 0. (3.62)

Furthermore, it is easy to see that

d log γ̄
(α)
A,k,nd

dpR
≥ d log γ̄

(α)
Ak

dpR
and

d2 log γ̄
(α)
A,k,nd

dp2
R

≥ d2 log γ̄
(α)
Ak

dp2
R

,

for pR ≤ pmax, which immediately gives us our result. �

Thus, by applying the substitution in (3.59) and noting that

{(pA log, pB log, pR log) ; epA log + epB log + ep̄R ≤ p} is convex, (3.58) becomes con-

vex. To obtain p?i we invert (3.59).

Although (3.58) can be converted into a convex problem, we can take

extra steps - similar to the quadratic based steps above - to simplify it

further. To do this, let us begin by making some observations about (3.58).
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Similar to before, the solutions p?i , i ∈ {A,B,R}, satisfy

γ̄
(α)
Ak = γ̄

(α)
Bk and pA + pB + pR = p. (3.63)

However, this time we have two equations with three unknowns. Thus,

there will be more than one tri-variate solution to (3.63). Also, pR is not

selected by the designer explicitly. Instead, σ2
R is selected, which acts as an

argument for the gains de�ned in (3.8) and (3.9). By rearranging (2.36), we

obtain

σ2
R =

1 + pR
pmax,R

W
(
−pmax,R

pR
e
−
pmax,R
pR

)
pR


−1

, (3.64)

where W (·) is the Lambert-W function.

We can use the equality constraint in the right hand side of (3.63) to

remove pA from γ̄
(α)
Ak = γ̄

(α)
Bk . After some algebraic manipulation, this gives

xp2
B + ypB + z = 0,

where

x = (µB − µA) (n0 + n0 + ηR (µA + µB))

y = n0 (n0 − µA (p− pR)) + ηRµA (n0 − 2pRµA + 2pµA) +

n0 (n0 + (p− pR) (2µA − µB)) + n0ηRµB + ζ2n0σ
2
R (µA + µB)
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z = (pR − p)((n0 − µA (pR − p))(n0 + µAηR))

+ (pR − p) ζ2µAn0σ
2
R.

Note, σ2
R is a function of pR (see (3.64)). We now have a functional rela-

tionship between pB and pR when (3.63) is satis�ed. By substituting

pA = p− pB (pR)− pR, (3.65)

where pB (pR) is given by

pB (pR) =
−b+

√
b2 − 4ac

2a
, (3.66)

into γ̄(α)
Ak , the number of variables being searched over falls from three to

one. The problem in (3.58) then reduces to

maximize γ̄
(α)
Ak , s.t. pR ≤ pmax,R, and (3.65), (3.66) are satisfied (3.67)

This problem is still log-concave as a function of pR log . Thus, a standard

convex optimization tool can be used to �nd p?R log (the optimal value of

pR log). p?R is obtained by calculating ep
?
R log , p?B can then be obtained from

(3.66), so that p?A can be obtained from (3.65).

Figs. 3.11 and 3.12 show plots of the total outage probability as a func-

tion of pmax,R/n0 for FG and VG systems with di�erent power allocation

schemes: optimal allocation and rudimentary allocation schemes where pR

and pB are constant fractions of pmax and pA, respectively. We see in Fig.

3.12 that the performance of the VG system when power is allocated ac-

cording to pR = 0.15pmax,R, pB = 0.1pA is slightly better than our proposed
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Optimal power allocation

pR = 0.1pmax, pB = 0.5pA
pR = 0.1pmax, pB = 0.1pA
pR = 0.1pmax, pB = 0.01pA
pR = 0.15pmax, pB = 0.5pA
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Figure 3.11: Monte Carlo based (100000 trials) FG total outage probability
for two-way system with asymmetric channel, µB = 0.01µA, p = 2pmax,R
according to the constraint (3.58) and 16 channel taps, δ = 0.1.

power allocation scheme at pmax,R/n0 ≈ 60dB. Note, however, that as before

the rudimentary power allocation schemes are not robust to changes in the

network's asymmetry. This is testament to the fact that our optimization is

being performed with respect to the average SNDR of the system, while the

results are presenting total outage probability (cf. (3.46)). Nevertheless,

our methods are clearly e�ective.

3.5.3 Discussion and Further Results

In Fig. 3.13, we now provide insight into the behavior of our complete power

allocation scheme, (3.67), as the network's asymmetry changes. This �gure

also contains plots of the distortion and maximum transmit power at the

relay. For small µB/µA, we see that p?B is much larger than p?A. If this were

not the case, as µB/µA decreased, the power received from A would tend to
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Optimal power allocation

pR = 0.1pmax, pB = 0.5pA
pR = 0.1pmax, pB = 0.1pA
pR = 0.15pmax, pB = 0.5pA
PR = 0.15pmax, pB = 0.1pA

Figure 3.12: Monte Carlo based (100000 trials) VG total outage probability
for two-way system with asymmetric channel, µB = 0.01µA, p = 2pmax,R
according to the constraint (3.58) and 16 channel taps, δ = 0.1.

dominate that received from B. Because the relay is also subject to a power

constraint, if such a scenario arose, it would be forced to allocate more of

its own power budget to forward A's transmission, rather than B's. We can

also see that as µB/µA decreases, the relay is pushed closer to its maximum

transmit power threshold, which corresponds directly to an increase in the

distortion power, ηR. Consequently, for largely asymmetric networks the

negative e�ects of distortion are outweighed by the desire for the relay to

ensure that signals are received at the destinations.

3.6 Summary

In this chapter, we derived theoretical results for the outage probability of

two-way AF relay networks that have a nonlinear ampli�er at the relay. We

showed how these results can be extended trivially to the scenario in which
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Figure 3.13: Power plots as functions of the average channel gain ratio when
power is allocated according to (3.67) with n0 = 1.

distortion also occurs at the sources. We then optimized the ampli�cation

factor of such systems. Following this, we considered the behavior of the

network when perfect and imperfect self-interference removal are performed.

It was shown that, in regions of interest, the optimal performance attained

by the two approaches is essentially the same. Finally, we studied the

problem of allocating power among the nodes of the network. We considered

two allocation problems: 1) where the destination nodes are subject to a

total power budget, and the relay is limited by its own independent power

constraint; 2) where the relay's transmit power is included within the total

power budget, whilst also being subject to an independent power constraint.

A closed form solution is obtained for the former. For the latter, we have

shown that the problem can be converted into one that is convex and thus

solvable using convex optimization techniques. Results were then presented

to demonstrate the e�cacy of our approaches.
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Chapter 4

One-way Networks: Distortion

Limitation, Symbol Error Rate

and Experimental Testing

This chapter is the second of our research chapters. In it, we continue

our study of the system described in section 3.2. In partiular, we focus

on the special case when the network becomes one-way; i.e., pB → 0. For

this special case, we begin by studying the system when distortion power

dominates noise power. The log-log decay of the outage probability with

the source/relay transmit powers is shown to be (asymptotically) 0 for FG

and 1 for VG if distortion occurs at the relay; if distortion occurs only

at the source, this decay will be 1 for both. With εβ = n0/ηβ (n0 the

noise power, ηβ the non-linear distortion power at node β ∈ {S,R}, i.e.,

the source or relay), we then demonstrate the emergence of an ε-critical

signal-to-noise plus distortion ratio (SNDR) threshold (a threshold that

emerges when min{εβ} becomes small) for both forwarding protocols. We
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show that crossing this threshold in distortion limited regions will cause

a phase transition in the network's outage probability. Our results reveal

that, for distortion limited networks, small reductions in the required end-

to-end transmission rate can have signi�cant reductions in the network's

outage probability.

Following the distortion limited analysis, we calculate a closed form ex-

pression for the SER of the one-way FG system with general noise condi-

tions. From this, we are able to calculate the optimal relay gain that should

be applied to minimize the SER. Finally, we demonstrate the performance

gain achieved through the application of the optimal relay gain through

both numerical simulations and real-world experimentation using a USRP

relay network testbed. The real-world experimentation, section 4.4, was set

up and performed by David Halls, of Toshiba Research Laboratory, Bristol.

4.1 Introduction

As was discussed in the introduction of the previous chapter, understand-

ing the e�ects of distortion in OFDM-based relaying systems is of great

practical importance. The literature pertaining to the study of peak-power

constrained OFDM-based relaying systems was discussed in section 3.1. Sec-

tion 3.1 also included a table (Table 3.1) to provide a high level overview

of previous pertinent literature and how the work contained in Chapters 3

and 4 relates to this larger body of work. The focus of Chapter 3 was to

study peak-power constrained OFDM-based two-way relaying systems. To

the best of the author's knowledge, such systems have never been studied

in the general two-way relaying scenario prior to this work.
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In this chapter, we focus on the one-way special case of the network

studied in the previous chapter. While such networks have been studied in

the literature prior to our work, to the best of the author's knowledge no

attempts have been made to establish:

1. how extreme distortion levels a�ect the performance of such systems

[11] (here we �nd that FG is more signi�cantly a�ected than VG),

2. how theoretical gain optimization a�ects the performance of a real

world test-bed [10] (here we �nd that it is very a�ective).

It is the goal of this chapter to �ll in these research gaps.

4.2 Distortion Limited Networks

Consider the system model in section 3.2 when pB → 0. We begin by con-

sidering general noise and distortion conditions, with the aim of quantifying

the e�ects that distortion limitations have on performance.

The per-subcarrier outage probability at B is de�ned to be

P
(α)
oB := P

[
γ

(α)
Bk ≤ γth,B

]
, (4.1)

where γ(α)
Bk is the one-way SNR (from (3.21), letting pB → 0) and γth,B is an

SNDR protection threshold. For FG, the solution to (4.1) is given in [10, eq.

(16)] when relay distortion occurs, and can be obtained as a special case of

(3.26) when the destination power goes to zero. It is given by

P
(FG)
oB = 1− 2e

−
u1γth,B
γ̄AR

√
(u1 + γ̄AR)γth,B

γ̄ARγ̄RB
K1

(
2

√
(u1 + γ̄AR)γth,B

γ̄ARγ̄RB

)
. (4.2)
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For VG, the outage probability of the two-way network when distortion

occurs at the relay is given by (3.29). Again, by considering the limit as the

transmit power at the destination node goes to zero, (4.1) becomes

P
(V G)
oB =

1−2e−q6
√
q5K1

(
2
√
q5

)
, ζ2
Rσ

2
R>γth,BηR

1, ζ2
Rσ

2
R≤γth,BηR

, (4.3)

when distortion occurs only at the relay; where K1(·) is the �rst order

modi�ed Bessel function of the second kind,

q5 :=
γth,B

γ̄ARγ̄RB,cr

(
1 +

γ̄RBγth,B
γ̄RB,cr

)
; q6 :=

γth,B
γ̄RB,cr

(
1 +

γ̄RB
γ̄AR

)
;

we de�ne

γ̄RB,cr := γ̄RB −
(1 + γth,B)µB

εR
(4.4)

to be the average critical second-hop SNR1, and εR := n0/ηR. As dis-

cussed in section 3.3.4, the solution for the outage probability when dis-

tortion occurs only at the relay can be trivially extended to the scenario in

which distortion is also introduced at the source by making the substitution

γth,B → γth,BpA/(σ
2
Sζ

2
S − γth,BηS), where σ2

Sζ
2
S − γth,BηS ≤ 0 implies outage

will occur surely2.

4.2.1 Distortion Limited Performance

Let us consider the behavior of P (α)
oB when the distortion power dominates

the noise power. To do this, we make the following assumptions:

1We use this term because γ̄RB,cr ≤ 0 implies outage will occur almost surely.
2The distinction between an event occuring almost surely and surely is the same as

the subtle distinction between it happening with a probability of 1 and always happening.
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1. the source power is proportional to the relay power,

2. the power clipping ratios, pmax,β/σ2
β, are �xed.

With these assumptions, ζβ becomes �xed and we can write

pR = p
R
pA, σ2

β = σ2
βpA and ηβ = η

β
pA, (4.5)

where p
R
, σ2

R, ηβ ∈ R+ are proportionality constants.

Because of our assumptions, analyzing the system when it is distortion

limited (i.e., when max{ηS, ηR} � n0) is identical to analyzing the system

in the high transmit power regime (see (4.5)). Consequently, if we are to

study the distortion limited performance of the network, it is of interest to

study the �rst order behavior of P (α)
oB as pA →∞. With σ2

Sζ
2
S−γth,BηS > 0,

for FG (4.1) is given to �rst order by

P
(FG)
oB ∼

(
1−e

−
η
R
γth,B

(σ2
S
ζ2
S
−γth,BηS)σ2

R
ζ2
R

)
+ log (pA)(ξFGpA)−1; (4.6)

while for VG, from (4.3), it is given by

P
(V G)
oB ∼ (ξV GpA)−1 , (4.7)

where ξα, α ∈ {FG, V G}, is the coding gain, given by

ξFG =
p
R
σ2
Rζ

2
RµB

(
n0γth,B

(
η
R

+ σ2
Rζ

2
R

))−1

exp

(
− η

R
γth,B

σ2
Rζ

2
R(σ2

Sζ
2
S−γth,BηS)

) , (4.8)

ξV G =

(
σ2
Rζ

2
R−

η
R
γth,B

(σ2
Sζ

2
S−γth,BηS)

)
µAµB

n0γth,B

(
µA + p

R
µB

) (4.9)
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for FG and VG, respectively. Assuming σ2
Sζ

2
S − γth,BηS > 0, the limiting

log-log decay3 of P (α)
oB with pA is given by

dFG := − lim
pA→∞

(
logP

(FG)
oB

log pA

)
=

 0 η
R
6= 0

1 η
R

= 0
(4.10)

for FG; while for VG, it is independent of η
R
, and given by

dV G := − lim
pA→∞

(
logP

(V G)
oB

log pA

)
= 1. (4.11)

We �nd that, for a �xed power clipping ratio, pmax,β/σ2
β, and assuming

σ2
βζ

2
β− γth,Bηβ > 0, relay distortion only a�ects the asymptotic decay of the

outage probability for FG, while distortion at the source has no a�ect on the

decay for either forwarding strategy. Note, the coding gains are a�ected by

the distortion. These observations contrast with known results for FG and

VG relaying [71] where it was observed that, without nonlinear distortion

at the relay, the performance di�erences between FG and VG are negligible

at high transmit power. An illustration of (4.10) and (4.11) is shown in

Fig. 4.1, showing that if relay distortion occurs, the outage probability will

decay continually as a function of pA at a negative (log-log) gradient of 1

for VG but will not for FG. Thus, this �gure clearly illustrates the results

in (4.10) and (4.11).

3We refrain from referring to (4.10) and (4.11) as diversity gains. This is because,
strictly speaking, diversity de�nes the limiting log-log decay of the outage probability
with the average SNR/SNDR. With the assumptions that have been made, distortion
stops the SNDR from growing without bound with pA.
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Figure 4.1: Figure illustrating diversity results in (4.10) and (4.11). Lines -
theoretical results. Markers - Monte Carlo (1000000 trials). We set σ2

R = pA,
pmax,R = 8pA, pmax,A =∞, γth = 20 dB, l = 32 taps, n = 128 subcarriers.

4.2.2 The ε-critical Phase Transition

To explain the results that were seen above (e.g., why VG asymptotically

outperforms FG with relay distortion, or why the �rst order expansion of the

FG outage probability is lower bounded by the bracketed term of (4.6)), we

will now de�ne the ratio between the noise power and the distortion power

at node β to be εβ; i.e.,

εβ :=
n0

ηβ
, β ∈ {S,R}. (4.12)

With (4.12), for FG we can write (3.21) as

γ
(FG)
Bk =

σ2
Sζ

2
Sσ

2
Rζ

2
R|h1|2

/
(µA max{ηβ})

a
(1)
FG+a

(2)
FGε?+a

(3)
FGε?

2
(4.13)
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where

ε? = min
β
{εβ}, (4.14)

a
(1)
FG =

η
R

max{η
β
} +

σ2
Rζ

2
R|h1|2ηS

max{η
β
}µA

, a(2)
FG = 1

|h2k|2
+

p
R

µA
, and a(3)

FG =
η
R

µA|h2k|2
; and for

VG (3.21) becomes

γ
(V G)
Bk =

σ2
Sζ

2
Sσ

2
Rζ

2
R

/
max{ηβ}

a
(1)
V G+a

(2)
V Gε?+a

(3)
V Gε

2
?

. (4.15)

where a(1)
V G =

η
R

max{η
β
} +

σ2
Rζ

2
RηS

max{η
β
} , a

(2)
V G = 1

|h2k|2
+

p
R

|h1k|2
, and a(3)

V G =
η
R

|h1k|2|h2k|2
.

Our goal is to analyze the system as ε? → 0. This can be done by

letting n0 → 0 or max{ηβ} → ∞. With the same assumptions as before,

both approaches will yield

γ
(FG)
Bk ∼ σ2

Sζ
2
Sσ

2
Rζ

2
R|h1|2(

η
R

+
σ2
Rζ

2
RηS |h1|2

µA

)
µA
, γ

(V G)
Bk ∼ σ2

Sζ
2
Sσ

2
Rζ

2
R

η
R

+σ2
Rζ

2
RηS

. (4.16)

From (4.16), we see that the zeroth order behavior of γ(V G)
Bk is necessarily

non-random, while for γ(FG)
Bk it is non-random only if source distortion exists

and the relay is distortion free. Crucially, neither of these terms contain the

variable pA, which is why the outage probability for FG is lower bounded

(i.e., does not decay asymptotically) when relay distortion occurs, while for

VG it always decays to 0. Furthermore, the lower bound on the FG outage

probability, i.e., the bracketed term of (4.6), is simply the CDF of γ(FG)
Bk 's

zeroth order behavior.
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4.2.2.1 The ε-critical Phase Transition

We will now show for FG and VG that an ε-critical phase transition (a

phase transition arising for small ε?) will occur. We will then calculate the

outage probability drop that occurs during this phase transition.

For FG, consider the outage probability of γ(FG)
Bk 's zeroth order approx-

imation (see (4.16)), which can be manipulated into

P

[
σ2
Rζ

2
R|h1|2

µAηR

(
σ2
Sζ

2
S − γth,BηS

)
≤ γth,B

]
. (4.17)

From (4.17), we see that if σ2
Sζ

2
S/ηS ≤ γth,B outage will occur surely as

pA →∞ (i.e., ε? → 0); otherwise, it will go to the bracketed term of (4.6).

Consequently, we expect to observe a phase transition in the distortion

limited region for the FG network at the critical γth,B point

γ
(FG)
th,c = σ2

Sζ
2
S/ηS. (4.18)

A similar event occurs for VG, but because the zeroth order behavior of

γ
(V G)
Bk is necessarily deterministic, the critical γth,B point follows immediately

from (4.16), and is given by

γ
(V G)
th,c = σ2

Sζ
2
Sσ

2
Rζ

2
R

/(
η
R

+ σ2
Rζ

2
RηS

)
. (4.19)

We call (4.18) and (4.19) the ε-critical SNDR thresholds.

Figs. 4.2 and 4.3 show plots of the outage probability as a function of

γth,B for FG and VG, and the ε-critical values of γth,B (vertical dashed lines),

(4.18) and (4.19). From these �gures, it is easy to see that as pA grows (i.e.,
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as ε? becomes small), crossing the ε-critical value of γth,B causes a dramatic

reduction (a phase transition) in the outage probability of the network.

This clearly demonstrates that small increases in the desired rate can have

dramatic consequences for the outage probability if the network is operating

in a distortion limited scenario and γth is close to the ε-critical threshold

((4.18) or (4.19)). These �gures also contain Monte Carlo generated plots

(circular markers), and plots of the �rst order expansions (expanded about

γth,B = 0) of the outage probability functions (straight diagonal dashed

lines), which will be calculated below. The intersection of the �rst order

expansions with the outage probability curves are denoted by the ordinate

points. These points will be used below to establish the size of the outage

probability drop that occurs as the ε-critical threshold is crossed.

As an extra note, interestingly these �gures also illustrate the diversity

gain results of (4.10) and (4.11). This is seen by noting that the vertical shift

associated with the FG outage curves (Fig. 4.2) decreases as pA grows. This

vertical shift will eventually go to zero, indicating that dFG = 0. Meanwhile,

the vertical shift associated with the VG outage curves (Fig. 4.3) remains

�xed as pA increases. This indicates that dV G 6= 0.

4.2.2.2 Outage Drop about the ε-critical SNDR Threshold

To establish the size of the outage probability drop about γ(α)
th,c, we begin by

calculating the �rst order expansions of the outage expressions at γth,B = 0.
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Figure 4.2: P (FG)
oB as function of γth,B. µA = µB = n0 = 1, pmax,A/σ2

A = 5,
pmax,R/σ

2
R = 8. Lines - theoretical results. Markers - Monte Carlo (100000

trials) with n = 512 subcarriers, 40 channel taps, pro�le decay exponent
δ = 0. Vertical dashed line is γ(FG)

th,c , (4.18). Straight diagonal dashed lines
- (4.20). Ordinates given (asymptotically) by (4.22).

For FG, this is given by

P
(FG)
oB ∼zγth,B[γ̄BR + γ̄ARµB/εR+

(1+γ̄AR) (1−2χ−log [zγth,B (1+γ̄AR)])], (4.20)

where χ is the Euler-Mascheroni constant [93] and z = 1
/(

σ2
Sζ

2
SµA
n0

σ2
Rζ

2
RµB
n0

)
.

For VG, it is given by

P
(V G)
oB ∼ zγth,B (1− 2χ+ γ̄AR + γ̄BR − log (zγth,B)). (4.21)

We now use (4.20) and (4.21) to understand the phase transitions ob-

served in Figs. 4.2 and 4.3. This is done by evaluating them at the ε-critical

SNDR threshold ((4.18) or (4.19)), which will give us the ordinates illus-
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Figure 4.3: P (V G)
oB as function of γth,B. µA = µB = n0 = 1, pmax,A/σ2

A =
∞, pmax,R/σ2

R = 5. Lines - theoretical results. Markers - Monte Carlo
simulations (100000 trials) with n = 512 subcarriers, 40 channel taps, pro�le
decay exponent δ = 0. Vertical dashed line - γ(V G)

th,c , (4.19). Straight diagonal
dashed lines - (4.21). Ordinates given (asymptotically) by (4.23).

trated in these �gures and indicate the outage probability drop that should

be expected as the ε-critical threshold is crossed. For FG, with η
S
6= 0, the

ordinate is given to leading order about ε? = 0 by

ordFG ∼
ε? max{η

β
}

η
S
σ2
Rζ

2
RµB

(
µB
εR

+ log

(
η
S
σ2
Rζ

2
RµB

ε? max{η
β
}

))
; (4.22)

while for VG, it is given by

ordV G ∼
ε2? max{η

β
}

aV GµAµB
log

(
aV GµAµB
ε2? max{η

β
}

)
. (4.23)

These ordinates indicate the size of the outage probability drop that will

occur as the ε-critical threshold is crossed.
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4.2.3 A Discussion of the ε-critical Phase Transition

In this subsection we will elucidate some observations made in sections

4.2.2.1 and 4.2.2.2. First, from (4.18) and (4.19), we �nd that

γ
(FG)
th,c − γ

(V G)
th,c = σ2

Sζ
2
SηR

/(
η
S
η
R

+ σ2
Rζ

2
RηS

)
. (4.24)

Consequently, γ(V G)
th,c ≤ γ

(FG)
th,c , where equality is maintained when the relay is

distortion free. It follows that if γ(V G)
th,c < γth,B < γ

(FG)
th,c FG will outperform

VG in distortion limited regions. This is the only point at which distortion

limited FG networks appear favorable over distortion limited VG networks.

Moreover, if γth,B belongs to this interval, by considering the FG outage

probability lower bound (the bracketed term of (4.6)), FG will outperform

VG at most by the factor

1− exp
(
−η

R
γ

(V G)
th,c

/(
σ2
Sζ

2
S − γth,BηS

)
σ2
Rζ

2
R

)
.

Turning our attention to the outage probability drop that occurs about

γ
(α)
th,c, from (4.22) and (4.23) we �nd that the ordinate of the drop scales at

best (i.e., when εR = ∞) like O (−εS log εS) for FG, while it always scales

like O (−ε2? log ε2?) for VG. Consequently, much larger outage probability

drops should be expected for the VG network. Furthermore, when εR 6=∞,

(4.22) becomes O(1); i.e., it becomes independent of ε?. This makes sense

from our observation that the outage probability for the FG network is lower

bounded (i.e., its decay rate is asymptotically 0) when distortion occurs at

the relay.
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4.3 Fixed-gain Performance Analysis and Gain

Optimization

In this section, we calculate the SER of the FG one-way relay network

studied above when distortion occurs only at the relay for general noise

conditions. We then discuss how our analysis can be used to minimize the

SER of the link and apply our techniques to a real-world testbed.

4.3.1 Symbol Error Rate Calculation

The form of the average SER on a given subcarrier for many general mod-

ulation schemes is given by [94]

P̄s = E
[
aQ

(√
2bγ

(FG)
Bk

)]
(4.25)

where a and b are parameters that are speci�c to the constellation employed,

Q(·) is the Gaussian Q-function, γ(FG)
Bk is the end-to-end SNDR on a given

subcarrier, and the expectation is taken over the channel coe�cients. For

BPSK, we have a = 1 and b = 1; for QPSK, a = 2 and b = 0.5; and for

q-ary pulse-amplitude modulation, a = 2(q − 1)/q and b = 3/(q2 − 1) [94].

By employing integration by parts and applying the chain rule, we can use

(4.25) to express the SER for the one-way FG network at node B as the

integral

P̄
(FG)
sB =

a

2

√
b

π

∫ ∞
0

γ
− 1

2
th,Be

−bγth,BP
(FG)
oB (γth,B) dγth,B. (4.26)

Using P (FG)
oB as in (4.2), we can evaluate the integral in (4.26), the solu-
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tion to which is given by [95, eq. (2.16.6.3)]

P̄
(FG)
sB =

a

2
− a

4

√
bγ̄ARπ

u+ bγ̄AR
U

(
1

2
, 0,

u+ γ̄AR
(u+ bγ̄AR)γ̄RB

)
(4.27)

where u is given by (3.23) and U(·, ·, ·) is the con�uent hypergeometric

function of the second kind (Tricomi solution), [95].

We show a plot of (4.27) in Fig. 4.4 to demonstrate its accuracy when

compared to Monte Carlo simulations. Three plots are shown for di�erent

values of pmax,R/pA. The reason these plots have lower bounds is because

the gain at the relay is kept �xed. Consequently, the power clipping ratio,

pmax,R/σ
2
R also tends towards a �xed value as pA grows large. As we saw in

the previous section, �xing the power clipping ratio will cause the network

to become distortion limited in the high transmit power regime and the FG

network will have a lower bounded outage probability (and a diversity order

of zero, (4.10)) if distortion occurs at the relay. This explains why the SER

is lower bounded.

4.3.2 Optimal Relay Gain

Fig. 4.5 shows a plot of the SER as a function of the relay's gain. From this,

it can be seen that correctly selecting our relay gain is important if optimal

SER performance is to be achieved. The optimal gain can be determined

by solving dP̄ (FG)
sB /dgFGk = 0 for gFGk. Note, however, that both u and

γ̄RB are functions of gFGk in (4.27). This complicates the expression for

the derivative, leading to an implicit transcendental function of gFGk. In

general, a root-�nding algorithm must be employed to obtain this.

Fig. 4.6 shows the SER as a function of pmax,R when optimal and sub-
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Figure 4.4: Theoretical (lines) and numerical (markers, 50000 trials) SER
results for di�erent pmax,R (in dB relative to pA) as function of average
per-hop SNR, (γ̄AR + γ̄RB)/2 for BPSK and QPSK modulation. Plot is
generated by �xing gFGk, µA, µB and n0 to one and sweeping pA across a
range of values to obtain (γ̄AR + γ̄RB)/2. l = 32 taps and δ = 0.1 pro�le.
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Figure 4.5: The SER (4.27) plotted as a function of gFGk for di�erent pmax,R
(pmax,R is given in dB relative to the average received signal power at the
relay). The plot is generated for QPSK with µA, µB and n0 �xed to one
and pA = 104. l = 32 taps and δ = 0.1 pro�le exponent.
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optimal gains are applied at the relay. To obtain the numerical results

corresponding to the optimal gains, the root of dP̄ (FG)
sB /dgFGk = 0 for gFGk

was found using the bisection method. To obtain the results related to

suboptimal gain con�gurations, the gain de�nition

gFG,r =

√
pmax,Rr

pAµA + n0

(4.28)

was employed [71,96]. Note, r represents the fraction of the total available

power that is input to the relay's SEL. The superior performance of the

optimal gain strategy is evident for all values of pmax,R that were tested.

This example also illustrates the intuitive result that the system is less

sensitive to the gain parameter when the clipping power is high since the

outage probability becomes limited by the �rst hop.

4.4 Physical Universal Software Radio Periph-

eral Relay Testbed and Results

Given the complexities of the nonlinear system that was studied, it is impor-

tant that our theoretical results be validated as much as possible through

practical experimentation. In this section, we provide details of a physical

relay testbed implementation that uses universal software radio peripherals4

(USRP). We then present performance results for the testbed setup.

4The testbed was set up and run by David Halls of Toshiba Research Laboratory,
Bristol.
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Figure 4.6: The SER plotted as a function of pmax,R (pmax,R is given in
dB relative to the received noise power at the relay) for optimal SER gains
(solid line) compared with gains obtained from (4.28) for di�erent values of
r (non-solid lines). The plot is generated for a QPSK system by �xing µA,
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4.4.1 Implementation

The USRPs connect to a host computer via a gigabit Ethernet link, which

the host-based software uses to receive and transmit the baseband IQ stream.

The host controls the USRP using USRP hardware driver (UHD) com-

mands, including setting parameters such as ampli�er gain. The USRP then

performs the necessary baseband processing then up/down-conversion and

transmission/reception. We used the Ettus Research N210 USRP, which

consists of a motherboard and a radio frequency (RF) daughterboard (the

XCVR2450); more details can be found in [97].

For this work, we used GNURadio [98] as the host-processing software.

The software in these experiments used a heavily modi�ed version of the

�OFDM_tx� and �OFDM_rx� �ow graph examples provided in GNURadio
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Figure 4.7: USRP testbed topology. From the left: source, relay, destina-
tion.

at the source and destination, respectively. Bespoke code was created for

the relay, which included a gain block and an SEL block. The SEL block

allowed us to test the theory without running into other problems, e.g.

exceeding the dynamic range of the DAC.

4.4.1.1 Topology and Frame Format

We used a 3-node, 2-hop topology, as shown in Fig. 4.7. The USRPs

each had a single 3dBi omni-directional antenna (at 2.4 - 2.5 GHz and 4.9

- 5.85 GHz). The source and destination USRPs were connected to one

laptop by a gigabit switch and the relay USRP was connected to a second

laptop. All three USRPs were connected to an external synchronization

signal as detailed in section 4.4.1.3. A metal obstruction was placed in

between source and relay, and relay and destination, to ensure an NLoS

channel. The con�guration was such that equal average channel gains were

achieved between source and relay, and relay and destination, respectively.

Symbolically, this equates to the condition µA = µB.

In order to perform synchronization and channel estimation, preambles
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consisting of two synchronization symbols and a header symbol were used.

These were transmitted at the beginning of each packet. The preambles

were followed by the payload symbols.

4.4.1.2 OFDM Parameters

We employed an OFDM solution with 64 subcarriers. There were 48 data

subcarriers, with a DC carrier, 11 guard carriers, and 4 pilot carriers at

frequency indices -21, -7, 7 and 21. We employed a CP of 1/4 (i.e., 16

samples) and a center frequency of fc = 2.4 GHz with a 1 MHz bandwidth

(i.e., 1 MS/s sampling rate). Each packet contained 16 OFDM symbols and

no channel coding was implemented in the system.

4.4.1.3 Synchronization

Symbol Timing Synchronization OFDM symbol timing was achieved

using the well-known Schmidl and Cox technique [99]. Any timing inac-

curacy would result in a rotation in phase in the frequency domain. As

long as the timing estimation error is less than the CP length, the received

signal remains ISI free. Under this assumption, the phase rotations cannot

be distinguished from the phase delay caused by the channel, therefore they

can be compensated through channel estimation and equalization.

Frequency Synchronization The USRP devices take two reference sig-

nals in order to synchronize clocks and time: a 10 MHz reference to provide

a single frequency reference across devices and a 1 pulse-per-second (PPS)

signal to synchronize the sample time across devices. Using external syn-

chronization the USRPs will be mutually frequency- and phase-locked. For
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all experiments detailed herein, there was external synchronization between

all USRPs, so there was negligible carrier frequency o�set, which would oth-

erwise be caused by the inaccuracy of the respective internal temperature-

compensated crystal oscillators in each USRP.

4.4.2 Testbed Results

We collected SER results from the testbed using QPSK modulation for a

range of pmax,R/(pAµA) values, incrementing in 2.5 dB steps. For each value,

we tested the corresponding optimal gain and the gain obtained from (4.28)

with r = 0.1. A total of 131 packets were sent, which resulted in a total

of 100,608 symbols per data point. Each set of experiments was run �ve

times. The results can be seen in Fig. 4.8.

From this �gure we see that the SER performance in the optimal gain

case outperforms the case where gains are calculated sub-optimally with

r = 0.1. Note, however, that although the relative performance of the

two approaches detailed in Fig. 4.8 is in line with theoretical predictions

(i.e., the curve plotted with gFG,opt performs best), the exact performance

deviates from theory shown in Fig. 4.6. This disagreement follows from

discrepancies between the theoretical and experimental models. For exam-

ple, the experimental channel is not ergodic, i.e., it is relatively static and

thus the experiments could not be used to obtain SER results averaged

over all channel states. As a result, the channel more closely resembles an

AWGN channel, and thus the attainable SER (with increasing pmax,R) is

much lower than for a truly ergodic channel. This explains the lack of an

error �oor in Fig. 4.8. Other factors that contributed to the di�erences

between the theoretical predictions and the experimental measurements in-
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Figure 4.8: QPSK SER for testbed as function of pmax,R (relative to n0) for
optimal SER gains (solid line) and gains obtained from (4.28) for r = 0.1
(dashed line). Plot is generated for an average �rst hop SNR of 25 dB.

clude the physical impairments (e.g., channel estimation errors, carrier fre-

quency o�set, etc) that are inherent to practical demonstrations.

Despite the aforementioned di�erences, optimal gain selection based on

theoretical performance analysis will clearly lead to a practical performance

improvement. Indeed, our experiments have gone some way to demonstrat-

ing that our theoretically motivated gain optimisation procedure is robust

to changes in the fading characteristics of the environment in which a relay

system operates.

4.5 Summary

This chapter is the last that provides an analysis of the system model pre-

sented in section 3.2. In it, we studied the one-way special case of this

system. We began by considering the scenario in which the network op-
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erates in a distortion limited region. It was shown that distortion at the

source will not a�ect the asymptotic decay rate of the outage probability,

while distortion at the relay will a�ect this, but only for FG ampli�ca-

tion. We then revealed a critical operational SNDR threshold for both FG

and VG, which we termed the ε-critical SNDR threshold. It was shown

that crossing the threshold in distortion limited scenarios will cause a phase

transition in the network's outage probability. Following this, we derived

the theoretical SER of a one-way two-hop FG OFDM relay network oper-

ating with nonlinearities at the relay. This analysis was used to calculate

the FG gain value that minimizes the SER given various dependent sys-

tem parameters. We then tested this theory with simulations as well as

through experiments conducted using a USRP relay testbed. Our �ndings

demonstrate that the gains chosen using the theoretical framework do, in-

deed, result in performance improvements in practice relative to a standard

benchmark. Additionally, the discrepancies between the theoretical and

experimental models demonstrate the robustness of our approach.
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Chapter 5

Multihop MIMO Networks:

Capacity and Power Scaling Laws

In this chapter, we focus our study on an single-carrier (SC) frequency �at

n-hop (n > 2) MIMO AF relay network. We present a novel framework

that can be used to study the capacity and power scaling properties of this

network when each node is equipped with d antennas. This is done by mod-

eling it as a RDS and calculating its d Lyapunov exponents. Our analysis

can be applied to systems with any per-hop channel fading distribution,

although in this chapter we focus on Rayleigh fading. Our main results are

twofold: 1) the total transmit power at the nth node will follow a determin-

istic trajectory through the network governed by the network's maximum

Lyapunov exponent, 2) the capacity of the ith eigenchannel1 at the nth node

will follow a deterministic trajectory through the network governed by the

network's ith Lyapunov exponent. Before concluding, we concentrate on

some applications of our results. In particular, we show how the Lyapunov

1The parallel subchannels that emerge when spatial mutiplexing is performed are the
eigenchannels. For more information on this, see (2.15) and the surrounding text.
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exponents are intimately related to the rate at which the eigenchannel ca-

pacities diverge from each other, and how this relates to the ampli�cation

strategy and number of antennas at each relay. We also use them to deter-

mine the extra cost in power associated with each extra multiplexed data

stream.

5.1 Introduction

Consider a MIMO link with mS source antennas and mD destination anten-

nas. It is well known that, under some basic assumptions (i.e., independent

channel fading between each antenna pair), the capacity will almost surely

scale linearly with min{mS,mD}, [43].

Now, consider an n-hop MIMO link, aided by n− 1 relay nodes, where

each relay node is equipped with d transmit and receive antennas. Further-

more, assume that signals received at the ith relay node propagate only as

far as the (i + 1)th node (Fig. 5.1). The end-to-end capacity, cn, of such

links has been studied in many works: see, e.g., [100�105] for AF studies,

and [106�110] for DF studies. By considering the max-�ow min-cut theo-

rem [111], it is trivial to show that the capacity of linear multihop networks

is achieved by employing DF relaying2. To see this, note that the end-to-end

capacity of an n-hop DF network is given by the minimum of the per-hop

2It is important to acknowledge that the capacity of a two-hop relay channel with

direct source-destination link is still unknown [112, 113]. In our work, if we considered
the scenario in which signals from the ith node traveled further than the i + 1th node
then we would have a network that built upon this three node system. Consequently, if
this were the case it is unknown which relaying strategy would achieve capacity.
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capacities, e.g., when each hop is a SISO fading channel with Gaussian noise

cn = min
i∈{1,...,n}

{log (1 + γi)}, (5.1)

where γi is the instantaneous SNR of the ith hop. Eq. (5.1) coincides

exactly with the upper bound on the achievable capacity that is obtained

when we apply the max-�ow min-cut theorem. However, when larger num-

bers of nodes are deployed, DF-based protocols may result in prohibitive

latency/complexity because of the decoding process that takes place at each

relay. AF protocols become interesting at this point since they can be em-

ployed to yield low complexity and/or low latency solutions. Under certain

scenarios, they also have the potential to o�er greater diversity when com-

pared to DF schemes [65].

The analysis of DF networks in the general multihop setting is made eas-

ier by the fact that a local view can often be taken � i.e., the transmission is

�reset� at each relay node, and thus sequential hops can, to a certain extent,

be treated independently. This is not the case for AF networks, which must

be observed globally in the general case since the end-to-end transmission

is a�ected by a composition of mappings, one for each hop. Consequently,

although AF relay networks may exhibit potential in multihop applications,

relatively little is known about how these systems scale.

A number of results exist pertaining to AF relay networks that scale in

size. For a linear n-hop network, it was shown in [100, 101] that limn→∞

limmD→∞ (cn/mD) /n exists almost surely and is strictly positive, provided

m/mD scales at least linearly with n (i.e., m/mD = Ω (n)), where cn is

the capacity at the nth node of the network. This work also considered the
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aforementioned limit for other forwarding strategies; namely, DF, compress-

and-forward, and quantize-and-forward. In [104], the asymptotic (in matrix

dimension) eigenvalue distribution of the channel's covariance matrix for

linear n-hop MIMO channels with noiseless relays was established. Using

free probability theory and, again, under the premise that negligible noise

was received at the relays, it was shown in [102] that when linear precoding

was applied at each relay, cn would converge almost surely to a limit as m

grows large. The singular vectors of the optimal precoding matrices for such

a network when noise is negligible at the relays was also established in [102].

When noise was present at the relays, ergodic capacity and average bit error

rate results were established in [103] for multihop AF MIMO networks when

arbitrary signaling occurs at the source node and, again, m grows without

bound. Meanwhile, in [105], cn was assessed for general n-hop AF networks

in terms of the limiting (inm) eigenvalue distribution of products of random

matrices when noise is not negligible at the relay nodes. Related work on the

diversity-multiplexing tradeo�, [62], for various MIMO multihop relaying

strategies can be found in [106,114�116].

Other attempts to determine the behavior of AF networks as they scale

(not necessarily in the number of hops) can be found in [56, 61, 117]. In

more detail, [61] considers a network of n source-destination nodes commu-

nicating through a set of k relays in a two-hop fashion. It is shown that,

provided k grows fast enough with n, in the large n limit the network will

`crystallize' into a set of nonfading source-destination links with strictly

positive capacity. In [117] a single-antenna source-destination pair aided by

layered relays is studied. It is shown that such networks will approach the

cut-set bound as the received power at each relay increases. An m antenna
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source-destination pair assisted by k single-antenna two-hop relays is stud-

ied in [56], where it is shown that for �xed m, the capacity of the network

will obey c = m/2 log k +O(1) as k →∞.

To the best of the authors' knowledge, all attempts to study the statis-

tical behavior of the end-to-end capacity for n-hop (n > 2) AF MIMO net-

works have leveraged a viewpoint in which the number of antennas at each

node grows large3. To achieve this, results from random matrix theory [5]

have commonly been employed; e.g., [119�121], which describe the asymp-

totic/limiting spectral properties of large random matrices. The limitations

of such approaches are that statistical spectrum behavior is established only

at a macroscopic scale4. In this chapter, we establish statistical laws for each

of the spectra individually. Crucially, this allows us to determine capacity

scaling laws for each of the subchannels of a network when the number of

antennas at each node is �nite. This is done by employing the formalism of

RDS5, [6]. Such systems have also been used to study econometrics [123],

biological systems [124, 125], chemical reactions [125], and the propagation

of particles through �uidic media [126]. For relevant information on RDSs,

the reader may refer to section 5.4.

Going into more detail, the Lyapunov exponents [6] of RDSs are known

to characterize the exponential growth/decay rates of the spectrum of �nite

dimensional random matrix products [6, 127, 128]. In this chapter, we use

3Note, for n = 2 hops, results have been obtained for �nite antenna systems (see,
e.g., [118]).

4The term macroscopic scale is commonly used in random matrix theory to describe
macroscopic/`global' observables such as the empirical eigenvalue distribution (see [122]
for more details).

5The RDS formalism can be applied to any relay system that can be described as
a product of random matrices. This encompasses all AF strategies. Because of the
`resetting' nature of digital relaying protocols (e.g., DF), it is unclear whether the RDS
formalism can be employed to study the scaling properties of such networks.
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Figure 5.1: An illustration of a linear relay network. The ith hop's channel
is described by the channel matrix Hi. The noise received at the jth node
is described by the vector Vj. Nodes 0 and n are the source and destination,
respectively.

these Lyapunov exponents to study the spectral properties of the n-hop AF

MIMO network6. The main result of this chapter is that the Lyapunov

exponents of the network, which are obtained by studying the network as

an RDS, can be used to evaluate the exponential growth/decay of the nth

node transmit power and nth node end-to-end eigenchannel capacity when

each of the nodes in the network has a �nite number of antennas.

Section 5.2 introduces the system model. Section 5.3 clari�es the key

results obtained in this chapter. Section 5.4 introduces the mathematical

preliminaries and new RDS results that will be utilized throughout this

chapter. In section 5.5 we calculate the Lyapunov exponents, and show

that they can be used to characterize the network's transmit power and

end-to-end eigenchannel capacity. Section 5.6 establishes applications of

the results that are obtained in section 5.5. Section 5.7 provides numerical

illustrations of the theory that has been developed. Finally, section 5.8

concludes the chapter.

6Note, Lyapunov exponents were used in [129, 130], where sum-capacity scaling laws
were established for the non-ergodic Wyner cellular model as the number of cells grew
large. In more detail, the upper Lyapunov exponent is used in [129, 130] by considering
the Thouless formula, which relates the determinant of a large random matrix to a
product of �xed size matrices.
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5.2 System Model

Let us present the signaling model studied in this chapter. Consider

an n-hop AF relay network, as depicted in Fig. 5.1. We assume that each

node has m ≥ 1 transmit and receive antennas. Independent frequency-

�at Rayleigh fading [131] is assumed to take place between each node pair.

Thus, the channel for the ith hop can be described by a m × m random

matrix, Hi, whose elements are circularly symmetric complex Gaussian [131]

with total variance µi; i.e., for hab,i ∼ CN (0, µi), we have

Hi =



h11,i h12,i · · · h1m,i

h21,i h22,i · · · h2m,i

... . . . ...

hm1,i hm2,i · · · hmm,i


. (5.2)

At each node (apart from the zeroth node; i.e., the source) we assume

noise is introduced into the system. We use Vj ∈ Cm to denote the vector of

noise terms introduced at the jth relay. The elements of Vj correspond to

the noise samples received at each antenna of node j and are independent

complex Gaussian random variables with total variance n0.

An information vector

X0 = [x0,1, . . . , x0,m]T (5.3)

is constructed at the source (node 0). We assume each element of X0 has a

mean of zero and average power given by E[|x0,i|2] = p0/m. The ith element

of X0 is then transmitted from the ith antenna of node 0.
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We assume the jth relay node receives the transmission only from the

(j − 1)th node in one time slot. This relay then applies a scalar gain, gj, to

the received signal on each of its antennas and transmits in the next time

slot. Thus, the relays operate in a half-duplex manner. The gain for the jth

relay is either a FG parameter, depending only upon the average statistics

of the channel matrix of the previous hop, given by

gFG,j =

√
pj

pj−1mµj +mn0

; (5.4)

or a VG parameter given by [132, eq. (7)]

gV G,j =

√
pj

pj−1

m
‖Hj‖2

F +mn0

. (5.5)

The term pj is selected by the relay, and represents the average transmit

power at node j. Also, we assume that limn→∞(1/n) log(pn/p0) <∞. This

assumption implies that the average transmit power does not grow at a

super-exponential rate. Similar assumptions have also been made in [101].

It is important to note that we are implicitly assuming the relays have access

to statistical CSI in the form of µi for FG and ‖Hj‖2
F for VG. The precise

mechanism by which these are obtained is beyond the scope of this work.

Needless to say, using tools such as received signal strength indicators, it is

possible for these to be gleaned from a channel output without having to

perform decoding operations at each relay.

The information bearing content of the signal (herein referred to as the
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information component) at the nth node is given by

I(α)
n = gα,nHnI(α)

n−1 (5.6)

=
n∏
j=1

gα,jHjX0, (5.7)

where α ∈ {FG, V G} dependent upon whether FG or VG is being imple-

mented. Similarly, the total transmitted signal at the nth node is given

by

X(α)
n = gα,n

(
HnX

(α)
n−1 + Vn

)
= I(α)

n + gα,n

n∑
i=1

n∏
j=i+1

gα,j−1HjVi︸ ︷︷ ︸
N (α)
n

, (5.8)

where
∏n

j=n+1 gα,j−1HjVn := Vn and N (α)
n denotes the accumulated noise at

node n. Owing to our choice of gain, and by the de�nition of the source

transmit vector (5.3), for all i ∈ N ∪ {0} the ith node is subject to the

following average power constraint:

E
[
X

(α)†
i X

(α)
i

]
≤ pi. (5.9)

Note, the channel input, (5.8), can be re-expressed as the �rst m entries

of the following matrix product:

 X
(α)
n

√
n0

 =
n∏
j=1

Q
(α)
j

 X0

√
n0

 , (5.10)
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where

Q
(α)
j :=

 gα,jHj gα,jZj

0T 1

 (5.11)

and Zi = Vi/
√
n0. This matrix formulation will help us to establish power

scaling laws for the network.

Finally, we give a de�nition for the capacity of the network described

above.

De�nition 1 The information capacity of the n-hop network with ampli�-

cation strategy α and average power constraint pi for the ith node is

c(α)
n = max

PX0
(X)

I
(
X0;X(α)

n /gα,n
)
, (5.12)

where PX0 denotes the probability density function of the source vector,

X0, and I
(
X0;X

(α)
n /gα,n

)
denotes the mutual information between X0 and

X
(α)
n /gα,n.

Fact 1 From [101], the end-to-end channel capacity of the network, (5.12),

is given by

c(α)
n = log det

(
Im + R

(α)
I,nR

(α)−1
N ,n

)
=

m∑
i=1

c
(α)
n,i (nats/channel use), (5.13)

where

R
(α)
I,n =

(
p0

n∏
i=1

g2
α,i

)
Hn · · ·H1H

†
1 · · ·H†n, (5.14)

R
(α)
N ,n = n0

(
Im +

n∑
l=2

n∏
i=l

g2
α,iHn · · ·HlH

†
l · · ·H

†
n

)
(5.15)

are covariance matrices; and c
(α)
n,i = log

(
1 + Ei

(
R

(α)
I,nR

(α)−1
N ,n

))
is the capac-
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ity of the ith eigenchannel at the nth node.

5.3 Key Results

One of the key insights that we provide in this chapter is that n-hop AF

MIMO systems can be studied from the viewpoint of RDS. To the best of

our knowledge, this is the �rst time such an approach has been taken in the

literature. This viewpoint then leads us to obtain the following results:

• In Lemma 6 and Theorem 2, we show that the m×m antenna MIMO

AF network has associated with it an ordered set {λ(α)
H,1, · · · , λ

(α)
H,m} of

Lyapunov exponents satisfying

λ
(α)
H,1 > · · · > λ

(α)
H,m,

where the α ∈ {FG, V G} term in the subscript denotes the ampli-

�cation strategy that is being implemented. From this ordered set,

two other sets of exponents are established. The �rst of these sets

is constructed from elements of the form λ
(α)
Q,i = max{λ(α)

H,i, 0}, and

is associated with the instantaneous total transmit signal at the nth

node. The second of these sets is constructed from elements of the

form λ
(α)
γ,i = min{2λ(α)

H,i, 0}, and is associated with the end-to-end SNR

of the network's m eigenchannels.

• In Lemma 6, we show that the instantaneous transmit power, ‖X(α)
n ‖2,

at the nth node obeys the relationship

‖X(α)
n ‖2 = ΘP

(
e2nλ

(α)
Q,1

)
, (5.16)
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where, f(n) = ΘP(g(n)) implies that f(n) is equal to g(n), to �rst

order in the exponent [39, eq. (3.26)]. This is de�ned more rigorously

in the notation section at the beginning of the thesis.

• In Theorem 2, we show that the SNR and capacity of the ith eigen-

channel at the nth node, Ei
(
R

(α)
I,nR

(α)−1
N ,n

)
and c(α)

i,n , satisfy the relations

Ei
(
R

(α)
I,nR

(α)−1
N ,n

)
= ΘP

(
enλ

(α)
γ,i

)
and c

(α)
i,n = ΘP

(
enλ

(α)
γ,i

)
, (5.17)

where R
(α)
I,n and R

(α)
N ,n are given in (5.14) and (5.15), respectively.

On top of our main results, we also establish the following notable secondary

results:

• In Lemma 6, we show that to ensure the instantaneous transmit power

almost surely displays no exponential growth, and that the end-to-

end capacity of the dominant eigenchannel almost surely displays no

exponential decay (i.e., from (5.16) and (5.17), λ(α)
H,1 = 0), the average

transmit power must grow exponentially with n. Furthermore, this

rate of average power growth can be reduced by:

1. implementing VG instead of FG,

2. increasing the number of antennas at each node.

• In (5.54), we show that the exponential rate at which the capacities of

the ith and jth (i < j) eigenchannels diverge away from each other is

given by n
(
λ

(α)
γ,i − λ

(α)
γ,j

)
. When the ith and jth eigenchannel capac-

ities are either both decaying or both not decaying, this divergence

rate is shown to be independent of whether FG or VG relaying is be-

ing performed. Furthermore, from Lemma 9 and Corollary 1, with
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i = 1, to ensure that this rate is asymptotically bounded away from

in�nity (so that multiplexing j streams is asymptotically viable) we

must either:

1. ensure that λ(α)
H,j ≥ 0,

2. ensure that the number of antennas at each node grows like m =

Ω(n). This result complements those presented in [100,101].

• In Remark 3, we assign a transmit power cost to the nth node for each

extra data stream that is multiplexed over the network. In particular,

if i data streams are being multiplexed, then, to multiplex one extra

stream, we must increase the nth relay's instantaneous transmit power

by a factor of exp(n/(m− i)).

On the way to proving the above mentioned results, we also obtain the

following RDS results, which we believe are of independent interest.

• For i ∈ N, let Ai ∈ Cm×m and Ri ∈ Cm be random matrices and

vectors, respectively, with E log+ ‖A1‖ < ∞, E log+ ‖R1‖ < ∞, and

Ri

a.s.

6= 0. Suppose that there exists αj, βj ∈ R such that A1 is equal

in distribution to αjAj and R1 is equal in distribution to βjRj. In

Lemma 5, we show that the Lyapunov exponents of an a�ne RDS

taking the form

Xn = AnXn−1 +Rn, (5.18)

are strictly positive, and, consequently, are identical to those of

 Xn

1

 =

 An Rn

0T 1

 · · ·
 A1 R1

0T 1


 X0

1

 . (5.19)
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• In Theorem 1, we show that the Lyapunov exponents of (5.19) are

given by the non-negative Lyapunov exponents of

πn(A) := An · · ·A1. (5.20)

Less formally, our RDS results provide us with a framework for deter-

mining all of the Lyapunov exponents of m dimensional a�ne RDSs, which

will be crucial to our information theoretic analysis.

5.4 Random Dynamical Systems

In this section, we introduce the RDS results that will be relied upon

heavily throughout this chapter. The �rst subsection is devoted to pre-

senting preexisting RDS theory, while the second subsection presents a new

result which will be used to calculate the Lyapunov exponents of a�ne

systems.

5.4.1 Preliminary Random Dynamical Systems Results

The study of dynamical systems is concerned with tracking the tra-

jectory of a position (particle/state/point) through a state space. In the

discrete case, this position is calculated through the repeated action of

a deterministic map. Informally, an RDS occurs when this map is non-

deterministic and drawn from a sample space according to some �xed prob-

ability distribution. Such systems are are often used to study economet-

rics [123], biological systems [124, 125], chemical reactions [125], and the

propagation of particles through �uidic media [126]. The formal and rather

intricate de�nition of an RDS can be found in [6].
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In this chapter, we consider an RDS to be the action of a product of

m×m (m ∈ N) complex random matrices on an appropriately dimensioned

vector (the initial state X0 ∈ Cm). The state of the RDS at time n (Xn ∈

Cm) can then be written as either

Xn = An · · ·A1X0, (5.21)

or

Xn = A1 · · ·AnX0 (5.22)

where, in general, we assume that A1, . . . ,An are independent and identi-

cally distributed (i.i.d.) up to an arbitrary positive scaling factor. Math-

ematically, this means that ∃ aj > 0 such that A1
d
= ajAj for all j. Eqs.

(5.21) and (5.22) are referred to as forward and backward RDSs, respec-

tively, and take their names from the forward [6, Def'n. 1.1.1] and back-

ward [6, Rem. 1.1.10] cocycle properties that their random mappings satisfy.

It is interesting and important to note that, unlike (5.21), (5.22) is some-

what unnatural, in the sense that it is anticausal; however, all of the RDS

properties that are to be described for (5.21) will apply to (5.22) as well, [6].

Suppose we wish to study the asymptotic behavior of

‖πn(A)‖ (5.23)

as n → ∞. A traditional approach is to exponentiate the logarithm of the

norm; i.e., write (5.23) as

‖πn(A)‖ = en
1
n

log‖πn(A)‖ (5.24)
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and investigate the behavior of the exponent, speci�cally, 1
n

log ‖πn(A)‖ as

n grows large. In this manner, the exponential growth/decay rate of the

system can be observed. If {Aj} was a set of scalars (i.e., m = 1), the law

of large numbers could be employed to evaluate the limiting behavior of

1
n

log ‖πn(A)‖; however, this is not the case for general m.

The question of whether 1
n

log ‖πn(A)‖ tends to a limit does not have a

clear answer in most cases. Under the condition that E[log+ ‖A1‖] <∞ and

limn→∞ 1/n
∑n

i=1 log+ |gi| < ∞, however, the theorem of Furstenberg and

Kesten [6] guarantees that the limit exists. We then obtain the Lyapunov

index :

De�nition 2 The Lyapunov index is given by

ι(A) := lim sup
n→∞

1

n
log ‖πn(A)‖ . (5.25)

The Lyapunov index can be used to describe the exponential growth rate

of ‖πn(A)‖. By evaluating the Lyapunov index at a speci�c initial position

within the state space, we then obtain the Lyapunov exponent :

De�nition 3 The Lyapunov exponent is given by

λ(A, X) := lim sup
n→∞

1

n
log ‖πn(A)X‖ . (5.26)

The Lyapunov exponent can be used to describe the exponential growth

rate of the norm of a trajectory through its state space, where the initial

state of the trajectory is given by X.

Remark 1 In the de�nitions of the Lyapunov index and exponent ( (5.25)

and (5.26), respectively), if the system is linear then the lim sup can be
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replaced with a limit, [6].

Fact 2 From [6, pp. 114− 115, Theorem 3.3.3], assuming E[log+ ‖A1‖] <

∞ and −∞ < limn→∞ 1/n
∑n

i=1 log+ |gi| < ∞ (where A1
d
= giAi), the

Lyapunov exponent has the following properties [6]:

1. λ(A, X) ∈ R ∪ {−∞} ∀ X ∈ Cm, where λ(A,0) := −∞;

2. The number, p, of distinct values, λi, that λ(A, X) can take on for

X ∈ Cm\{0} is at most m, and we have −∞ ≤ λp < · · · < λ1 <∞.

3. The sets

Vi := {X : λ (A, X) ≤ λi} (5.27)

are linear subspaces, form a �ltration

{0} =: Vp+1 ⊂ Vp ⊂ · · · ⊂ V1 = Cm (5.28)

(where all inclusions are proper), and

λi = λ (A, X)⇔ X ∈ Vi \ Vi+1, i = 1, . . . , p. (5.29)

The integer m(i) := dimVi − dimVi−1 is the multiplicity of λi.

4. The limiting behavior for the ordered singular values of the matrix

product πn(A) satis�es

1

2n
log Ei

{
πn(A)πn(A)†

}
→ λi. (5.30)
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Consequently, the random variable Ei
{
πn(A)πn(A)†

}
satis�es

Ei
{
πn(A)πn(A)†

}
= ΘP

(
e2nλi

)
. (5.31)

In what follows, we will often drop the functional notation λ(A, X) and

simply write λA,i to refer to the ith ordered Lyapunov exponent of the

system corresponding to πn (A). When it is clear, we may also omit the

subscript A as we did in Fact 2.

5.4.2 On the Lyapunov Exponents of A�ne Random

Dynamical Systems

Throughout this chapter, we will often be concerned with the Lyapunov

exponents of a�ne systems of the form

Xn = AnXn−1 +Rn, (5.32)

where An ∈ Cm×m is a random matrix and Rn ∈ Cm is a random vector

with Rn

a.s.

6= 0 that satis�es Rn
d
= −Rn . The following theorem will be used

in the calculation of these exponents.

Theorem 1 For i ∈ N, consider the product of random matrices πn(M),

where

Mi =

 Ai Ri

0T ai

 ∈ C(m+1)×(m+1) (5.33)

E log+ ‖Ai‖ < ∞, E log+ ‖Ri‖ < ∞, and E log+ |ai| < ∞. Under the

assumption that πn(A) has m distinct Lyapunov exponents, ∀ i ∃ X0 ∈ Cm
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such that

λ
(
M,
[
XT

0 1
]T)

= max {λA,i, λa,1} . (5.34)

Proof See Appendix B.1. �

5.4.2.1 Applications and Implications of Theorem 1

We will now show that Theorem 1 can be used to calculate the Lyapunov

exponents of (5.32). To do this, the a�ne structure of (5.32) will be cap-

tured by converting it into a linear (non-a�ne) (m + 1) × (m + 1) system

of the following form:

 Xn

1

 =

 An Rn

0T 1

 · · ·
 A1 R1

0T 1


 X0

1

 . (5.35)

One may naively assume that the Lyapunov exponents of (5.32) are trivially

identical to those of (5.35). However, for this to be true, we must have

limn→∞
1
n

log ‖Xn‖ ≥ 0, because, clearly,

lim
n→∞

1

n
log
∥∥∥[Xn 1]T

∥∥∥ ≥ 0. (5.36)

We now provide the following lemma, which tells us that the Lyapunov

exponents of (5.32) are indeed strictly non-negative, and that, consequently,

the Lyapunov exponents of (5.32) and (5.35) are identical.

Lemma 5 For Xn given by (5.32), we have

lim
n→∞

1

n
log ||Xn|| ≥ 0.
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Consequently, the Lyapunov exponents of the a�ne system, (5.32), and

those of the linear-to-a�ne converted system, (5.35), are identical.

Proof See Appendix B.2. �

From Fact 3 (below), it can be seen that the Lyapunov exponents of

(5.35) (and consequently (5.32)) must belong to {max {λA,i, 0} : i = 1, . . . ,m} .

Fact 3 [133, Theorem 5], consider the product of random matrices πn(M),

where

Mi =

 Ai Ri

0T ai

 ∈ C(m+1)×(m+1), (5.37)

E log+ ‖Ai‖ < ∞, E log+ ‖Ri‖ < ∞, and E log+ |ai| < ∞. Then the Lya-

punov exponents of πn (M) are given by {λA,i : i = 1, . . . , n}∪λa,1. Further-

more, the Lyapunov exponents of πn(M) are independent of the statistics of

Ri.

Notice that Fact 3 tells us nothing about how initial states of the form[
XT

0 1
]T (c.f. (5.35)), will a�ect the Lyapunov analysis. Consequently,

we require a theorem that deals with such initial states. This provides the

rationale behind Theorem 1. Theorem 1 also plays a pivotal role in the

proof of Theorem 2.

5.5 Capacity and Power Scaling

In this section, we will use the network's Lyapunov exponents to estab-

lish the scaling behavior of the end-to-end capacity and nth node transmit

power. The following theorem relates the Lyapunov exponents to the net-

work's end-to-end capacity.
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Theorem 2 Let λ
(α)
H,i be the Lyapunov exponent of I

(α)
n (which is de�ned in

(5.6)) and c(α)
n =

∑m
i=1 c

(α)
n,i (nats/channel use) be the capacity of the n-hop

AF network with ampli�cation strategy α ∈ {FG, V G} (see De�nition 1

and Fact 1), where c
(α)
n,i is the capacity of the ith eigenchannel at the nth

node. Then the following statements hold.

A. limn→∞
1
n

log Ei
(
R

(α)
I,nR

(α)−1
N ,n

)
a.s.
= min{0, 2λ(α)

H,i} =: λ
(α)
γ,i . Hence, the SNR

of the ith eigenchannel obeys

Ei
(
R

(α)
I,nR

(α)−1
N ,n

)
= ΘP

(
enλ

(α)
γ,i

)
. (5.38)

B. limn→∞
1
n

log c
(α)
n,i

a.s.
= min{0, 2λ(α)

H,i} =: λ
(α)
γ,i . Thus, the capacity of the ith

eigenchannel obeys

c
(α)
n,i = ΘP

(
enλ

(α)
γ,i

)
. (5.39)

Proof See Appendix B.3. �

The next lemma will evaluate the Lyapunov exponent λ(α)
H,i, and establish

how it relates to the Lyapunov exponents of X(α)
n and the average transmit

power at the nth node. This lemma will in turn allow us to establish a

trade o� between capacity decay and power growth across the network. It

will also have implications on gain design.

Lemma 6 With I(α)
n given by (5.6), X(α)

n given by (5.8), and the average

transmit power at the nth node given by pn, the following statements hold.

A. The ith Lyapunov exponent of I(α)
n is given by

λ
(α)
H,i =

1

2

(
L
(
gα

2µ
)

+ ψ(m− i+ 1)
)
, i = 1,· · ·,m; (5.40)
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where ψ (·) is the digamma function [2, eq. (6.3.1)] and

L(g2
αµ) := lim

n→∞

1

n

n∑
i=1

log(g2
α,iµi). (5.41)

The ith Lyapunov exponent of X
(α)
n is given by

λ
(α)
Q,i := λ

(
Q,
[
XT

0

√
n0

])
= max

{
0, λ

(α)
H,i

}
. (5.42)

Hence, the information power and total transmit power obey

∥∥I(α)
n

∥∥2
= ΘP

(
e2nλ

(α)
H,1

)
, (5.43)∥∥X(α)

n

∥∥2
= ΘP

(
e2nλ

(α)
Q,1

)
. (5.44)

B. For FG, we have

lim
n→∞

1

n
log

pn
p0

≥ max
{

2λ
(FG)
H,1 + logm− ψ(m), 0

}
; (5.45)

for VG, we have

lim
n→∞

1

n
log

pn
p0

≥ max
{

2λ
(V G)
H,1 + ψ(m2)− ψ(m)− logm, 0

}
; (5.46)

where equality is maintained only when n0 = 0.

Proof See Appendix B.4. �

5.5.1 A Brief Discussion of Theorem 2 and Lemma 6

From the �rst statement of Lemma 6, by ensuring λ(α)
H,m < · · · < λ

(α)
H,1 =

0, we can avoid exponential growth in the instantaneous transmit power.
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However, in this setup Theorem 2 tells us that all but the �rst eigenchannel

will display an exponentially decaying capacity. Conversely, by ensuring

λ
(α)
H,1 > · · · > λ

(α)
H,q ≥ 0 > λ

(α)
H,q+1 > · · · > λ

(α)
H,m, we can stop the end-

to-end capacity of the upper q eigenchannels from almost surely decaying

exponentially. However, in this scenario, we must allow for exponential

growth in the instantaneous power across the network. Thus, there is a

clear tradeo� to be had between multiplexing multiple data streams across

the network, and growth in the instantaneous transmit power at the nth

node.

Focusing on the second statement of Lemma 6, it can be seen that

the terms logm − ψ(m) and ψ(m2) − ψ(m) + logm in (5.45) and (5.46),

respectively, are strictly non-negative. Thus, this statement tells us that,

asymptotically, the average transmit power must grow at a greater exponen-

tial rate than the instantaneous power. Crucially, we �nd that exponential

growth in pn can be allowed for whilst avoiding (with high probability) ex-

ponential instantaneous power growth at the relays. Said in a di�erent way,

as the network scales in size, the density function of the transmit power at

the nth node becomes increasingly heavy tailed. Whilst most of the distri-

bution's mass will be concentrated at the point governed by the Lyapunov

exponent (cf. (5.44)), the distribution's heavy tail will push the average up

exponentially. Combining this observation with Theorem 2, it can be seen

that ensuring the �rst eigenchannel displays a non exponentially decaying

capacity implies that the average transmit power will grow exponentially.

It can also be seen that, because logm−ψ(m) ≥ ψ(m2)−ψ(m)− logm,

the lower bound on the exponential growth rate of the average transmit

power for VG is strictly less than that for FG, which suggests that the VG
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network can sustain an approximately constant instantaneous power trend

with a reduced growth in the average transmit power. Furthermore, as the

number of antennas grows large, both bounds in Lemma 6 converge towards

the Lyapunpov exponents. Thus, ergodic behavior is induced as m grows

large.

In summary, Theorem 2 and the �rst statement of Lemma 6 expose a

fundamental trade o� between capacity decay and instantaneous transmit

power growth across the network. The second statement of Lemma 6 has

important implications on gain design for scaled networks. In particular, it

implies that the average transmit power at each node should grow exponen-

tially with the network if an approximately constant instantaneous power

trend is to be maintained. These implications contrast with the system

model proposed in [100,101], where the capacity was assessed under strictly

linear scaling of pn while the number of antennas at each node grew with

the number of hops within the network. For the �nite antenna system, we

see that if linear scaling of pn occurs, limn→∞ log(pn/p0)/n = 0 and (from

Lemma 6) λ(α)
H,1 < 0. As has been seen in the Theorem 2, λ(α)

H,1 < 0 will have

serious implications on the network's end-to-end capacity. As an extra note,

it can be seen that our result implicitly applies to a network whose length

grows with the number of hops in the network (the extended regime); i.e.,

the distance between each node is �xed. For future work, it may be interest-

ing to consider capacity and power scaling properties for networks when the

end-to-end length of the network is �xed, and the distance between each of

the nodes decreases with the number of hops (the dense regime), see [134].

However, this is beyond the scope of this chapter.

Finally, we would like to point out that it is unclear whether our RDS
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and corresponding Lyapunov analysis can be applied to study other for-

warding schemes (e.g., DF). For the AF scenario, the analysis relies on the

ability to make a correspondence between the network and products of ran-

dom matrices. Moving to other (non AF) forwarding scenarios, the relay

network will be described by a composition of random nonlinear mappings.

In general, when determining the Lyapunov exponents of a system, the

multiplicative ergodic theorem [6] (MET) is referred to. This theorem is a

linear result, and when one refers to the MET for a nonlinear system they

are implicitly referring to the application of this theorem to the linearized

version of the nonlinear system. Thus, we have two open questions about

applying our approach to other forwarding schemes:

1. Does the linearization of a system describing forwarding such as DF

make sense from a practical view point?

2. If the answer to 1) is yes, can analogous capacity and power results

be obtained for such schemes?

5.6 Applications of Theorem 2 and Lemma 6

In this section, we will study some applications of Theorem 2 and Lemma 6.

In particular, we will study the rates at which the eigenchannel capacities

diverge away from each other, and how this relates to:

• the ampli�cation strategy and number of antennas at each node,

• the growth in the instantaneous transmit power.
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To discuss the above mentioned points, we will require the following pre-

liminary de�nitions and lemmas.

5.6.1 Preliminary De�nitions and Lemmas

De�nition 4 The (i, j)th normalized channel capacity, i ≤ j, is de�ned to

be

ν
(α)
i,j,n :=

c
(α)
i,n

c
(α)
j,n

. (5.47)

Clearly, if ν(α)
1,j,n ≈ 1, the channel will be well suited for multiplexing j

data streams, [42, 131], provided c(α)
1,n is su�ciently large; otherwise, it will

not.

De�nition 5 For both FG and VG, the (i, j)th Lyapunov di�erence, i ≤ j,

is de�ned to be

φ
(α)
i,j := λ

(α)
γ,i − λ

(α)
γ,j . (5.48)

The following two lemmas are used to bound φ(α)
i,j , and will be employed

in the ensuing analysis.

Lemma 7 The (i, j)th Lyapunov di�erence is bounded as follows:

0 ≤ φ
(α)
i,j ≤ 2

(
λ

(α)
H,i − λ

(α)
H,j

)
=: φ̄i,j, (5.49)

where lower equality is maintained if and only if λ
(α)
H,i > λ

(α)
H,j ≥ 0, upper

equality is maintained if and only if λ
(α)
H,j < λ

(α)
H,i ≤ 0, and φ

(α)
i,j = −2λ

(α)
H,j

otherwise. Furthermore, the upper bound is independent of whether FG or

VG is being implemented.

Proof See Appendix B.5. �
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Finally, we will also exploit the following lemma later in this section.

Lemma 8 For i < j, we have

φ̄i,j =
m−i∑

k=m−j+1

1

k
= (Hm−i −Hm−j) , (5.50)

where Hi is the ith harmonic series de�ned to be

Hi =
i∑

j=1

1

j
. (5.51)

Furthermore, by considering the �rst and last summands in (5.50), we can

trivially construct the following bound:

j − i+ 1

m− i
≤ φ̄i,j ≤

j − i+ 1

m− j + 1
. (5.52)

Proof This follows immediately from (5.40), Lemma 7, and applying the

telescope property of the digamma function [2, eq. (6.3.5)]:

ψ(x+ 1) = ψ(x) +
1

x
. (5.53)

�

5.6.2 Growth of ν
(α)
i,j,n and ‖Xn‖2

We will now apply Theorem 2 and Lemma 6 to study ν(α)
i,j,n (De�nition

4) and ‖X(α)
n ‖2. Considering Theorem 2 �rst, from De�nitions 4 and 5 we

have

lim
n→∞

1

n
log ν

(α)
i,j,n = φ

(α)
i,j ⇐⇒ ν

(α)
i,j,n = ΘP

(
enφ

(α)
i,j

)
. (5.54)
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We will now use (5.54) (in conjunction with Lemma 6) to study the following

four problems:

1. The dependence of the growth in ν(α)
i,j,n on the ampli�cation strategy.

2. The dependence of the growth in ν(α)
i,j,n on the number of antennas at

each node

3. The behavior of the network when either φ(α)
1,i = 0 or λ(α)

H,1 = 0; i.e.,

when either ν(α)
i,j,n or ‖X(α)

n ‖2 display no exponential growth, respec-

tively.

4. The growth in ν(α)
i,i+1,n (i.e., rate at which adjacent eigenchannel capac-

ities diverge away from each other), and the cost (in terms of instan-

taneous transmit power) associated with each extra multiplexed data

stream.

5.6.2.1 Growth of νi,j,n and the Forwarding Strategy

Let us �rst establish how the ampli�cation strategy a�ects the growth of

ν
(α)
i,j,n. As an immediate consequence of Lemma 7, it can be seen that when

λ
(α)
H,j < λ

(α)
H,i ≤ 0 the exponential growth of ν(α)

i,j,n will be independent of the

ampli�cation strategy that has been implemented. The same holds true

when 0 ≤ λ
(α)
H,j < λ

(α)
H,i, since we will have φ

(α)
i,j,n = 0. For λ(α)

H,j < 0 < λ
(α)
H,i, we

will have φ(α)
i,j,n = −2λ

(α)
H,j. Consequently, in this scenario ν(α)

i,j,n is given by

ν
(f)
i,j,n = ΘP

(
e−2λfH,j

)
= ΩP

(
e
− limn→∞

1
n

log pn
p0

+logm−ψ(m−j+1)
)
, (5.55)
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for FG, and

ν
(v)
i,j,n = ΘP

(
e−2λvH,j

)
= ΩP

(
e
− limn→∞

1
n

log pn
p0
−log(m)+ψ(m2)−ψ(m−j+1)

)
,

(5.56)

for VG, where the second equalities of (5.55) and (5.56) follow from Lemma

11. Notice that, because logm2 > ψ (m2),

e
− limn→∞

1
n

log pn
p0

+logm−ψ(m−j+1) ≥ e
− limn→∞

1
n

log pn
p0
−log(m)+ψ(m2)−ψ(m−j+1)

.

(5.57)

5.6.2.2 Growth of νi,j,n and the Number of Antennas

We will now establish how the number of antennas at each node will a�ect

the growth rate of ν(α)
i,j,n. In particular, we will determine how nφ

(α)
i,j (the term

in the exponent of (5.54)) scales with n, and how the number of antennas

relates to this. More speci�cally, in what follows (Lemma 9 and Corollary

1) we will determine conditions that give the following:

lim
n→∞

[
nφ

(α)
i,j

]
= 0 ⇔ φ

(α)
i,j = o (1/n) , (5.58)

0 < lim
n→∞

[
nφ

(α)
i,j

]
≤ K <∞ ⇔ φ

(α)
i,j = Θ (1/n) , (5.59)

lim
n→∞

[
nφ

(α)
i,j

]
=∞ ⇔ 1/φ

(α)
i,j = o (n) . (5.60)

Of course, if φ(α)
i,j = 0 (i.e., λ(α)

H,i > λ
(α)
H,j ≥ 0) (5.58) is obtained trivially. We

are therefore only interested in studying the behavior of nφ(α)
i,j when either

0 ≥ λ
(α)
H,i > λ

(α)
H,j or λ

(α)
H,i > 0 > λ

(α)
H,j. We treat 0 ≥ λ

(α)
H,i > λ

(α)
H,j in Lemma 9

and consider λ(α)
H,i > 0 > λ

(α)
H,j in its corollary.

Lemma 9 When 0 ≥ λ
(α)
H,i > λ

(α)
H,j, for both FG and VG, to leading order

137



Section 5.6

about m =∞ (i.e., i < j �xed and m→∞) φ
(α)
i,j is given by

φ
(α)
i,j = φ̄i,j =

(j − i)
m

+O

(
1

m

)2

. (5.61)

Consequently,

1. the conditions that give (5.58) are 1/m = o(1/n),

2. the conditions that give (5.59) are 1/m = Θ(1/n)

3. the conditions that give (5.60) are m = o(n).

Proof Eq. (5.61) is obtained by performing a Taylor expansion of φ̄i,j

about the point m and letting m → ∞, with i ≤ j �xed. The following

statements then follow immediately. �

Corollary 1 It is only possible to maintain λ
(α)
H,i > 0 > λ

(α)
H,j when m =

O(1). From Lemma 9, when this occurs limn→∞ nφ
(α)
i,j =∞.

We will now discuss Lemma 9 and its corollary. These are seen to

complement [101, Thrm. 4], where they were able to show that limn→∞

limmD→∞ (cn/mD) /n (where mD is the number of destination antennas)

will be strictly positive if and only if m/mD = Θ(n1+ε) for all ε ≥ 0 (note,

the inequality for ε is not strict). In our work, if m/j = Θ(n1+ε), for �xed

j, nφ(α)
i,j will be bounded away from in�nity ∀ i < j and consequently, from

(5.54), ν(α)
i,j,n will almost surely display no exponential growth as n grows

without bound7. Clearly, avoiding exponential growth of ν(α)
1,j,n is required if

7Note, for the work in [101] and our work, mD and j can be thought of as the
maximum number of data streams that can be multiplexed over the channel, respectively.
This draws the connection between that work, where the scaling of the ratio m/mD is
assessed, and our work, where the scaling of m/j is assessed.
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we are to multiplex over the j upper eigenchannels. Crucially, these results

provide us with an alternative perspective to [101] on how the number of

antennas (more precisely, the scaling of this number) at each node a�ects

the end-to-end capacity of the network.

5.6.2.3 Network behavior when φ
(α)
1,i = 0 or λ

(α)
H,1 = 0

Suppose we wish to ensure that the (1, i)th normalized channel capacity

displays no exponential growth; i.e., (from (5.54)) φ(α)
1,i = 0. Furthermore,

suppose this is achieved by ensuring that

λ
(α)
H,1 > λ

(α)
H,i = 0. (5.62)

Then (5.44) and Lemma 8 give us

∥∥X(α)
n

∥∥2
= ΘP

(
en(Hm−1−Hm−i)

)
, (5.63)

where the argument of ΘP (·) in (5.63) is bound in the following way:

e
ni
m−1 ≤ en(Hm−1−Hm−i) ≤ e

ni
m−i+1 . (5.64)

Thus, ensuring φ(α)
1,i = 0 implies that the transmit power must grow accord-

ing to (5.63). This growth rate is strictly positive and bound according to

(5.64). We can see that by increasing the number of antennas, m, for a �xed

i, the rate at which the transmit power grows can be reduced. Conversely,

by �xing m and increasing i (i.e., multiplexing more data streams), the rate

at which the transmit power must grow will increase.

Suppose instead we wish to ensure that the transmit power displays no
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exponential growth by setting λ(α)
H,1 = 0. From (5.54) and Lemmas 7 and 8,

this gives

ν
(α)
1,i,n = ΘP

(
en(Hm−1−Hm−i)

)
. (5.65)

Thus, all of the growth properties that applied to ‖X(α)
n ‖2 when λ(α)

H,i = 0

apply to ν(α)
1,i,n when λ(α)

H,1 = 0.

Remark 2 Interestingly, from (5.63) and (5.65), it can be seen that there

is a duality between the exponential growth rate of
∥∥∥X(α)

n

∥∥∥2

and ν
(α)
1,i,n when

either λ
(α)
H,i = 0 or λ

(α)
H,1 = 0, respectively. This duality property will be

exploited below.

5.6.2.4 Adjacent Eigenchannel Capacity Divergence and Individ-

ual Data Stream Cost

For the �nal problem, let us consider the rate at which adjacent eigenchannel

capacities diverge away from each other. Of course, we have already seen

(Lemma 7 and (5.54)) that if λ(α)
H,i > λ

(α)
H,i+1 ≥ 0 then ci,n and ci+1,n will not

diverge away from each other. Thus, in what follows we consider the cases

0 ≥ λ
(α)
H,i > λ

(α)
H,i+1 and λ(α)

H,i > 0 > λ
(α)
H,i+1.

When 0 ≥ λ
(α)
H,i > λ

(α)
H,i+1, by employing Lemma 8 we �nd that

ν
(α)
i,i+1,n = ΘP

(
e

n
m−i

)
. (5.66)

Thus, the ith and (i+ 1)th channel capacities diverge away from each other

at an exponential rate 1/(m− i). When λ(α)
H,i ≥ 0 > λ

(α)
H,i+1 we �nd that

ν
(α)
i,i+1,n = ΘP

(
e−2nλ

(α)
H,i+1

)
= OP

(
e

n
m−i

)
(5.67)
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and the capacities diverge away from each other at an exponential rate

−2λ
(α)
H,i+1, which is upper bounded by the exponential rate of (5.66).

Remark 3 By considering the discussion of duality in Remark 2, we can

assign a cost (in terms of extra instantaneous power requirements) to each

extra data stream that we attempt to multiplex. In particular, from (5.66)

and because of the duality property, if we are multiplexing i data streams,

then, to multiplex 1 more stream (whilst ensuring λ
(α)
H,i+1 = 0), we must

increase the nth relay's instantaneous transmit power by (approximately) a

factor of exp(n/(m − i)). Furthermore, we �nd that the cost of each extra

eigenchannel increases with i.

5.7 Numerical Illustration

In this section, we will illustrate the theory that has been presented in

the previous sections. It is important to mention �rstly that the following

Monte Carlo simulations were generated using the variable precision arith-

metic (vpa) function within the Matlab symbolic toolbox, which allowed us

to increase the accuracy of our calculations to (approximately) 100 decimal

places. This is required because of the nature of our results: we are verify-

ing as clearly as possible that the eigenchannel capacities follow exponential

trends governed by their corresponding Lyapunov exponents. For large net-

works, this results in computational rounding within the simulations if vpa

is not utilized. An immediate consequence of employing such high preci-

sion is that simulations are very computationally intensive. Crucially, this

restricts us to demonstrating network trends when the number of antennas

at each node are small (i.e., 3 or 4).
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Figure 5.2: Figure demonstrating c
(FG)
n,i = ΘP

(
enλ

(FG)
γ

)
for a 4 × 4 FG

MIMO system, see Theorem 2. Dashed lines represent exp
(
nλ

(FG)
γ,i

)
; solid

lines represent instantaneous realizations of c(FG)
n,i , where, starting from the

top, i = 1, · · · , 4. For all i = 1, . . . , n, we set pi = n0 = µi = 1.

Figs. 5.2 and 5.3 illustrate the second statement of Theorem 2 for a

4×4 FG system. The �rst of these �gures shows eigenchannel capacity as a

function of network size, and clearly demonstrates that this will trend along

a deterministic trajectory governed by the network's Lyapunov exponents.

The second of these �gures clearly shows convergence in the normalized log-

arithm of the eigenchannel capacity to the network's Lyapunov exponents.

Figs. 5.4 and 5.5 illustrate analogous results to those above, but for a VG

system. Interestingly, for all these �gures we see that convergence to the

stated trends occur quickly, sometimes in the order of 5 to 10 hops, which

attests to the utility of our methods. Figs. 5.6 and 5.7 demonstrate (5.54)

as a function of n for a 3 × 3 VG system. Similar plots occur for FG. As
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Figure 5.3: Figure demonstrating the second statement of Theorem 2 for a
4 × 4 FG MIMO system. Dashed lines represent the Lyapunov exponents
λ

(FG)
γ,i , (2); solid lines represent instantaneous realizations of 1

n
log c

(FG)
n,i ,

where, starting from the top, i = 1, · · · , 4. For all i = 1, . . . , n, we set
pi = n0 = µi = 1.

with above, convergence to the stated trends occurs quickly.

Because of the issues associated with computational complexity (men-

tioned at the beginning of this section), we were unable to employ Monte

Carlo simulations to demonstrate (numerically) the relationship between

antenna scaling with respect to number of hops, and the rate at which

eigenchannel capacities diverge away from each other (see Lemma 9). We

do, however, show Fig. 5.8, which plots φ̄1,i as a function of the number

of antennas at each node. In this �gure, when m is large the curves are

seen to decay linearly on the log-log scale; i.e., they decay like O(1/m) on a

linear scale. This observation theoretically illustrates Lemma 9 (speci�cally,

(5.61)), and consequently, that if super-linear antenna scaling occurs with

respect to the number of hops within the network, the ith and jth eigen-
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Figure 5.4: Figure demonstrating c
(V G)
n,i = ΘP

(
enλ

(V G)
γ

)
for a 3 × 3 VG

MIMO system, see Theorem 2. Dashed lines represent exp
(
nλ

(V G)
γ,i

)
; solid

lines represent instantaneous realizations of c(V G)
n,i , where, starting from the

top, i = 1, · · · , 3. For all i = 1, . . . , n, we set pi = n0 = µi = 1.

channel capacities will not exponentially diverge away from each other.

Finally, Fig. 5.9 shows an estimation of λ(α)
H,i and its upper bound (B.44)

for a VG network as a function of the transmit power at each node for a

large network size, n = 1000. The choice of such a large n is only made to

ensure that our results have converged signi�cantly, where smaller values of

n may exhibit less smooth plots. For this �gure, we assume that the mean

channel fading coe�cient at the ith node is log-normally distributed. It is

easy to see that the bound is very tight for large pi/n0.

5.8 Summary

In this chapter, we have employed the formalism of RDSs to study the

scaling properties of the transmit power and end-to-end channel capacity of
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log c
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n,i ,

where, starting from the top, i = 1, 2, 3. For all i = 1, . . . , n, we set pi =
n0 = µi = 1.

�nite antenna MIMO AF relay networks. By employing the RDS formalism,

we have been able to associate Lyapunov exponents (which are classically

used to characterize the stability of RDSs) with the MIMO AF relay net-

work. Our study has revealed that the exponential growth and/or decay of

the transmit power and end-to-end channel capacity are completely charac-

terized by the network's Lyapunov exponents. Furthermore, our methods

can be applied to systems with arbitrary channel fading statistics, provided

E log+ ‖Hi‖ <∞, where Hi is the channel matrix for the ith hop; however,

in this chapter we focus explicitly on the Rayleigh fading scenario. We

then establish growth laws for the eigenchannel capacity divergence, how

this relates to the ampli�cation strategy and number of antennas at each

node, and the cost (in terms of power) associated with multiplexing extra
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data streams. Finally, we end the chapter with the following open question:

Can our techniques be extended to study the capacity and power scaling

properties of networks employing other (non AF) forwarding strategies?
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Chapter 6

Multihop OFDM-based MIMO

Networks: Peak-power

Constraints

This chapter is our �nal research chapter. In it, we combine the techniques

that were used to study the AF networks in Chapters 3, 4 and 5. In par-

ticular, we study the capacity and power scaling properties of peak-power

constrained OFDM-based multihop AF networks, and how these relate to

those of peak-power constrained frequency-�at SC AF networks. We con-

clude that, as the networks grow large, SC systems will always outperform

OFDM-based systems at a subcarrier level. To demonstrate the above, we

1) study the capacity of SC AF networks; 2) apply Bussgang's theorem to

calculate the distortion caused by power constraints within OFDM-based

networks. Our result follows by noting that, from Bussgang's theorem, non-

linear distortion in OFDM-based networks (caused by the presence of peak

power constraints) occurs when the ergodic transmit power gets close to
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the peak-power thresholds; however, from the Lyapunov exponent analysis,

this is not the case for frequency-�at SC systems. Finally, we show that

employing VG relaying rather than FG relaying or increasing the number

of antennas at each relay will improve the capacity scaling properties of the

network. It is then shown that if the number of antennas at each node scales

at a super-linear rate with the number of hops within the network, distor-

tion growth can be circumvented in OFDM-based networks whilst avoiding

exponential capacity decay.

The rest of this chapter is outlined as follows. Section 6.1 introduces

the chapter, while section 6.2 outlines the system model. In section 6.3 we

study the scalability of the OFDM AF relay network and present distortion

mitigation strategies that can be employed to increase network scalability.

Section 6.4 provides Monte Carlo simulations. Finally, section 6.5 concludes

the chapter.

6.1 Introduction

As was discussed in the previous chapter, the study of capacity for multihop

MIMO AF networks only has a very short history, beginning in 2002 [104].

This work and all other attempts [100�105] to study such networks always

employed tools from random matrix theory [5]. These tools are limited in

their scope because they rely on the assumption that the number of anten-

nas at each relay grows asymptotically. The tools developed in the previous

chapter allowed us to employ RDS theory [6] to study the capacity and

power scaling properties of multihop AF networks, rather than exploiting

results from random matrix theory. This allowed us to analyze these net-
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works when each of the nodes was restricted to using a strictly �nite number

of antennas, and provided a much richer level of detail about how the ca-

pacity of the network behaves as the network grows. In particular, we were

able to determine power scaling laws for the network and capacity scaling

laws for each of the individual eigenchannels of the network. Our analysis

applied speci�cally to SC systems, and a natural question to ask is, �what

does this approach tell us about the capacity scaling properties on each sub-

carrier of an OFDM-based AF network?�. A rudimentary response to this

question might be, �Subcarriers behave like SC systems, so rules that apply

to the SC system will also apply to the subcarriers of an OFDM-based sys-

tem�. While such reasoning may temporarily seem plausible, we must not

forget about the particular e�ect that an accumulation of subcarriers has

on the waveform's distribution at the transmitter of an OFDM-based sys-

tem. Speci�cally, as was discussed in section 2.2.4, OFDM-based waveforms

su�er from a large PAPR, and - as we shall see in this chapter - it is partic-

ularly important that we consider these e�ects when studying the capacity

and power scaling properties of peak-power constrained OFDM-based AF

networks.

The aim of this chapter is to perform a capacity and power scaling study

of OFDM-based AF networks when power constraints are present at each

relay. This is done by combining the tools developed in the previous chapter

for studying the capacity and power scaling properties of SC AF networks

with those used to study the e�ects of power constraints in OFDM-based

systems. The main contributions of this chapter are:

1. We show that peak-power constraints quickly render OFDM-based

multihop MIMO networks useless if each node has a �xed number
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of antennas that it can use. This is because distortion will grow at

an exponential rate if we set the network's upper Lyapunov exponent

(5.40) to zero1. Note, this is not the case for peak-power constrained

SC systems.

2. If the number of antennas at each node is allowed to scale linearly

with the number of hops in the network, the e�ects of distortion can

be circumvented.

6.2 System Model

We begin by describing the system in the peak-power limit2. Consider an

n-node AF OFDM-based relay network whose topology is depicted in Fig.

5.1. We assume our system operates over m subcarriers. We further assume

that each node has m ≥ 1 transmit and receive antenna.

For the ith antenna, an information vector [x0,1,i, . . . , x0,m,i]
T is con-

structed at the source (node 0), the elements of which will be transmitted

across each of the m subcarriers. We assume its elements to have a mean

of zero and average power given by E[|x0,i,j|2] = σ2
0/m. After processing

this vector with an inverse FFT, node zero inserts a CP of suitable length

to allow the removal of inter-block interference. As in section 3.2, there

are di�erent ways in which CP insertion and removal can be performed in

multi-hop relaying systems. For example, a single CP can be inserted at the

source node with length as long as the entire memory of the n-hop channel,

1Remember, this is required if we are to ensure that the capacity of the upper eigen-
channel of an SC system does not decay exponentially.

2The term peak-power limit is used to imply that the peak-power constraints at each
node have been taken to ∞. We will use this term throughout the chapter.
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Figure 6.1: Plot showing the real part of a time-domain SC waveform.

or CP insertion and removal can be performed at each relaying node [88].

Whatever the case, we assume that the process has been performed in such

a way that the system can be modeled at a subcarrier level, i.e., we model

each subcarrier as an SC. To provide further insight to this reasoning, we

present the following two �gures (Figs. 6.1 and 6.2), which show time and

frequency-domain plots of an SC waveform transmitted from any one of

the m source antennas. By comparing these �gures with those obtained

for OFDM-based systems (see Figs. 2.6 and 2.7) we see that the time and

frequency responses of an SC system are precisely those obtained for each of

the subcarriers of an OFDM system: the time-domain waveform is a perfect

sinusoid, while the frequency-domain waveform is a single sinc function. We

now assume that node 0 transmits on the kth subcarrier an m × 1 vector

across its m antennas given by X0,k = [x0,k,1 x0,k,2 . . . x0,k,m]T .

Independent frequency �at channel fading is assumed to take place be-

tween each node pair on an individual subcarrier. The kth subcarrier chan-
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Figure 6.2: Plot showing (the absolute value of) the FFT of a time-domain
SC waveform at baseband.

nel coe�cients between node pairs (0, 1) , . . . , (n− 2, n− 1) , (n− 1, n) can

be described bym×m complex random matrices, which are denoted respec-

tively as H1,k, . . . ,Hn−1,k,Hn,k. The elements of these matrices are ZMCG

with variance µj, j ∈ {1, . . . , n}. We therefore have

Hi,k =



hi,k,11 hi,k,12 · · · hi,k,1m

hi,k,21 hi,k,22 · · · hi,k,2m
... . . . ...

hi,k,m1 hi,k,m2 · · · hi,k,mm


. (6.1)

At each node (apart from node 0) we assume noise is introduced into the

system. We use Vj,k ∈ Cm to denote the vector of noise terms introduced at

the jth relay on the kth subcarrier, where the elements of Vj,k are ZMCG

with total variance n0. For brevity, apart from where necessary, we refrain

from indexing subcarriers in what follows.
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We assume the jth node applies the gain gα,j to the received signal

across all of its antenna. The subscript α signi�es whether FG or VG is

being implemented. For FG relaying, the gain is given by

gFGj =

√
σ2
j

σ2
j−1mµj +mn0

; (6.2)

while for VG relaying it is given by

gV Gj =

√√√√ σ2
j

σ2
j−1

m
‖Hj‖2

F +mn0

. (6.3)

The term σ2
j represents the average signal power on the kth subcarrier after

ampli�cation at the jth node. Thus, in the peak-power limit we can write

the transmitted signal at the jth relay on any given subcarrier recursively

as

Xj = gαj(HjXj−1 + Vj). (6.4)

6.2.1 Power Constraints

In the peak-power constrained regime (i.e., not in the peak-power limit), we

assume that at each node of the network the signal power is clipped. This

is performed in a similar way as that in Chapters 3 and 4; i.e.,

1. the nth relay ampli�es the received signal on the kth subcarrier by

the ampli�cation factor gα,n.

2. at each antenna, the nth relay then passes the time-domain OFDM
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block through an SEL which clips the amplitude of the signal to

√
pmax,n
m

so that the maximum transmit power at the nth relay is pmax,n.

Since the time-domain OFDM symbol is a�ected by the nonlinearity, we

can apply Bussgang's extended theorem [7] (see section 2.2.4) to model the

distortion introduced as a consequence of power clipping by each relay. By

letting rn,j,i and tn,j,i be the input and output for the jth subcarrier on the

ith antenna at the SEL of the nth node, Bussgang's theorem allows us to

write the input-output relationship as [7�11]

tn,j,i = ζnrn,j,i + dn,j,i, (6.5)

where

ζn = 1− e−
pmax,n

σ2
n +

√
pmax,nπ

4σ2
n

erfc

(√
pmax,n
σ2
n

)
, (6.6)

dn,j,i is a distortion term, uncorrelated with rn,j,i, which is well modeled by

a ZMCG random variable with variance

ηn
m

=
pn − σ2

nζ
2
n

m
, (6.7)

and pn, the total transmitted power at each relay, is given by

pn := E‖Xn‖2 = σ2
n

(
1− e−

pmax,n

σ2
n

)
. (6.8)
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6.3 Scaling OFDM-based Amplify-and-forward

Relay Networks

In Chapter 5, the capacity and power scaling properties of the peak-power

unconstrained network are determined by studying it as an RDS. In par-

ticular, the Lyapunov exponents of the network are calculated and shown

to characterize the exponential growth/decay rates of the transmit power

and end-to-end capacity. Speci�cally, as a consequence of Theorem 2 and

Lemma 6, in the peak-power limit we have

‖Xn‖2 = ΘP

(
e2nλ

(α)
Q,1

)
(6.9)

cn,i = ΘP

(
enλ

(α)
γ,i

)
, (6.10)

where

λQ,1 = max{2λ(α)
H,1, 0}, (6.11)

λγ,i = min{2λ(α)
H,i, 0} (6.12)

and λ(α)
H,i is the ith Lyapunov exponent of the network given by (5.40).

We now reach a crucial result within the chapter, which begins by mak-

ing the following observations:

1. the nonlinearity begins to in�uence system performance when σ2
n gets

close to pmax,n, an e�ect that can be observed through the Bussgang

parameters ((6.6) and (6.7));
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2. we have

lim
n→∞

1

n
log

σ2
n

σ2
0

≥ lim
n→∞

1

n
log

pn
σ2

0

≥ 2λ
(α)
Q,1 ≥ 2λαH,1 ≥ λ

(α)
γ,1 , (6.13)

where the �rst inequality is strict in the peak-power constrained sys-

tem, and the second/third inequalities follows from (5.45) and (5.46).

The �nal inequality follows from (6.12).

Key Remark 1 By combining points 1) and 2) above, we see that avoiding

exponential growth3 in σ2
n (i.e., setting limn→∞

1
n

log (σ2
n/σ

2
0) = 0) necessar-

ily implies that the end-to-end capacity of the network in the peak-power

limit will decay exponentially to zero (see (6.10), (6.13)). This in turn

implies that the peak-power constrained end-to-end capacity will decay ex-

ponentially to zero. Conversely, avoiding capacity decay in the peak-power

limit implies that σ2
n will grow exponentially, which implies that distortion

will occur in the peak-power constrained OFDM-based system, (see (6.7)).

It is important the reader understands that the this remark will not hold for

SC (frequency-�at) systems. This is because, in such systems, exponential

growth in σ2
n can be allowed for whilst ensuring, with probability approaching

one, that the power of the instantaneous transmit signal does not grow expo-

nentially (see (6.9) and (6.13)). Clearly then, in the limit of a large number

of nodes, peak-power constrained OFDM-based networks do not scale as well

as narrow-band SC peak-power constrained systems.

3limn→∞
1
n log σ2

n/σ
2
0 ≈ 0 is required if distortion growth, which is expressed through

the growth and decay in ζn and ηn, respectively, across the network is to be avoided in
the peak-power constrained OFDM-based system.
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6.3.1 Combating Issues of Distortion in OFDM-based

Networks

Before assessing how the network's scalability can be improved, we provide

the following de�nition, which is obtained by rearranging (6.13):

s(α)
n := lim

n→∞

1

n
log

σ2
n

σ2
0

− λ(α)
γ,1 ∈ [0,∞). (6.14)

This parameter gives us a measure of the di�erence in the exponential diver-

gence rates for the average (normalized) transmit power and the end-to-end

SNR of the upper eigenchannel in the peak-power limit4. Said in a di�erent

way, the average (normalized) power at the nth node, normalized by the

end-to-end channel capacity, will be given (from (6.10), (6.12))

σ2
n/σ

2
0

cn,i
= Θ

(
ens

(α)
n

)
. (6.15)

The closer s(α)
n is to zero, the more scalable the network will be. This

is because, if its value is smaller, a reduced rate of distortion growth with

respect to the channel capacity decay will occur in the peak-power con-

strained system. We will now discuss two di�erent methods that can be

employed to decrease s(α)
n .

6.3.1.1 Fixed-gain vs Variable-gain

Rather intuitively, one method that can be used to decrease s(α)
n is to employ

VG instead of FG. This can be seen from (5.45) and (5.46), which show that

4Note, it was shown in Theorem 2 that in the peak-power limit the exponential growth
rates of the end-to-end SNR and capacity of the ith eigenchannel are given by the right-
hand side of (6.12).
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for FG

s(FG)
n ≥ max{2λ(FG)

H,1 − λ
(FG)
γ,1 + logm− ψ(m),−λ(FG)

γ,1 }, (6.16)

while for VG

s(V G)
n ≥ max{2λ(V G)

H,1 − λ
(V G)
γ,1 + ψ(m2)− ψ(m)− logm,−λ(V G)

γ,1 }. (6.17)

Importantly, these inequalities become equalities as the noise power goes to

zero, and in this scenario

s(f)
n − s(v)

n = max{2λ(FG)
H,1 − λ

(FG)
γ,1 + logm− ψ(m),−λ(FG)

γ,1 }

−max{2λ(V G)
H,1 − λ

(V G)
γ,1 + ψ(m2)− ψ(m)− logm,−λ(V G)

γ,1 } ≥ 0. (6.18)

When limn→∞ 1/n log σ2
n/σ

2
0 is �xed, this quantity represents the greater

exponential rate at which the end-to-end capacity will decay for an FG

system compared to a VG system. When λ(FG)
γ = λ

(V G)
γ , it represents the

greater average power growth that will occur for FG when each network has

the same exponential rate of capacity decay. Crucially, employing such a

technique will marginally improve network scalability; but ultimately, both

forwarding strategies have the same issue: if exponential capacity decay is

to be avoided in the peak-power limit, the rate of average power growth

(which is responsible for distortion) will necessarily be positive.

6.3.1.2 Increasing the Number of Antennas at Each Node

Another method that can be taken to reduce s(α)
n is to increase the number

of antennas at each relay. This can be seen from (6.16) and (6.17) where,
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for both FG and VG, we have

s(α)
n =

1

2m
+O

(
1

m

)2

. (6.19)

An immediate consequence of (6.19) is that if the inverse of the number

of antennas at each relay is given by

1

m
= o

(
1

n

)
, (6.20)

ens
(α)
n will go to one for both forwarding strategies. From (6.15), this implies

that the network will be able to support no exponential average power

growth5 across the network and no exponential capacity decay in the peak-

power limit.

6.4 Numerical Results and Discussion

We now present Monte Carlo simulation results for the outage probability

of an n-hop AF network. In this chapter, the outage probability at the nth

node, P (α)
o,n , is de�ned to be the probability that the end-to-end instanta-

neous SNDR of the upper eigenchannel on any carrier, γ(α)
n drops below a

threshold value, γth; i.e.,

P (α)
o,n = P

[
γ(α)
n ≤ γth

]
. (6.21)

Our �rst goal is to demonstrate that SC systems will outperform OFDM-

based systems at a subcarrier level when the network grows large. To do

5This would be desirable in a peak-power limited OFDM-based AF network.
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this, we consider a worst-case/best-case scenario for the SC/OFDM com-

parison, respectively. In particular, for the SC system we assume that the

system fails completely (i.e., outage necessarily occurs) if any of the node's

power constraints are exceeded; while for the OFDM-based system, we as-

sume that each node possesses an SEL6. Clearly, from footnote 6 these two

scenarios correspond to the worst/best situations for the respective systems.

Figs. 6.3 and 6.4 show this comparison for an FG and VG network. From

these �gures, it is clear that, even for the worst case scenario, SC will even-

tually outperform OFDM. Also, this performance advantage will be more

pronounced for more realistic SC distortion models. Furthermore, we can

also see that increasing the number of antennas at each node allows the

OFDM system to outperform the SC system for larger network sizes.

In Fig. 6.5, we plot the outage probability of an FG network with

di�erent levels of antenna scaling at each of the nodes and di�erent levels of

power growth across that network. Note, the jagged plots occur because the

antenna scaling function has a non-continuous derivative. From this �gure,

we see that the networks with sublinear and linear antenna scaling hit a

wall at around 6 or 7 nodes in length. At this point, the average transmit

power has grown to the point that the negative e�ects of distortion begin

to dominate the positive e�ects of average power growth across the network

(which are expressed through the reduced rate of capacity decay in the

peak-power limit). Meanwhile, the outage probability of the network with

superlinear antenna scaling continues to decay with the network size. This

is because the greater rate of antenna scaling allows for a reduced rate of

6The SEL is known to model the entire transmitter-side nonlinearity when ideal pre-
distortion is implemented, [53].
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Figure 6.3: Figure comparing SC system to OFDM system for di�erent
number of antennas at each node for FG systems. Noise power is set to
unity, λfH,1 = 0, γth = 1, p0 = 100, pmax,n = 1000 for all n.

average power growth to support the Lyapunov scaling properties of the

capacity (see (6.10), (6.13), (6.14) and (6.19)).

6.5 Summary

This chapter is the last of our research chapters. In it, we have shown that

peak-power constrained OFDM-based AF networks are inherently less scal-

able than their SC narrowband counterparts. This is because the distortion

in OFDM-based networks is determined by the ergodic properties of the

system, while the end-to-end capacity is determined by its Lyapunov prop-

erties. More speci�cally, to ensure a non-decaying end-to-end capacity, the

average power should grow exponentially. However, for OFDM-based sys-

tems, such growth will quickly introduce nonlinear distortion and degrade

the performance of the network. This is not the case for SC systems. Fi-
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nally, mitigation strategies are proposed, and it is shown that 1) compared

to FG networks, VG networks can support a reduced rate of average power

growth with respect to the end-to-end capacity decay; 2) having the num-

ber of antennas at each node scale at a superlinear rate with respect to the

number of hops within the network causes the exponential rate of average

power growth with respect to the capacity decay to go to zero.
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Chapter 7

Conclusions and Future Work

Throughout this thesis, we have employed pre-existing and developed novel

tools that can be used to study the performance of power and antenna con-

strained AF networks. The �rst of these tools is Bussgang's theorem, which

provides a theoretical characterization of the distortion introduced by peak-

power constraints. The second of these tools, codeveloped by the author of

this thesis, provides a unique perspective on how the capacity and power

behave across multihop AF networks when each of the network's nodes is

constrained to using an arbitrary �nite number of antennas. Our tool is de-

rived from a particular branch of mathematics, RDS theory. Speci�cally, we

demonstrated that key observable studied in RDS theory (Lyapunov expo-

nents) can also be used to study the capacity and power scaling properties of

AF networks. The intuition behind this is that channel capacity and power

are related to the spectral properties of particular products of random ma-

trices, while Lyapunov exponents describe the spectral growth properties of

�nite dimensional random matrix products1. It is through these separate

1This is a consequence of the Furstenberg-Keston theorem and Multiplicative Ergodic
theorem.
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relationships that we were able to form a correspondence between Lyapunov

exponents, and capacity and power scaling across multihop networks.

The key conclusions that we were able to draw through the deployment

of these tools were:

1. Two-hop power constrained OFDM-based AF networks can be ana-

lyzed successfully using the tools developed by Bussgang. Further-

more, such analysis can be used to successfully optimize the perfor-

mance of these networks. Finally, theoretical optimization criteria

proves successful when optimizing a real world test bed setup.

2. The framework that was codeveloped by the author (Chapter 5) pro-

vides new insight to the way capacity and power behave across SC mul-

tihop AF networks. With this framework, we were able to determine

that when these networks have their antenna number constrained, the

capacity on all but the �rst eigenchannel will decay exponentially to

zero if peak power constraints are imposed on the network. Further-

more, relaxing the constraints on the number of antennas at each node

will reduce the exponential rates at which the lower eigenchannels de-

cay.

3. Finally, when considering power constrained OFDM multihop AF net-

works, the end-to-end capacity will necessarily decay to zero at an

exponential rate if the antenna number is also constrained. Moreover,

this exponential decay can be circumvented if we allow the number

of antennas to scale at least linearly with the number of hops in the

network.
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Future Work

Throughout this thesis, we have dropped some hints to open questions that

could motivate future work. We formalize these points - along with some

others - in the following:

• A natural extension to the work contained in Chapters 3 and 4 is to

study more complex network topologies. As an example, the standard

`butter�y' topology, see Fig. 2.9.

• In Chapter 5, it was noted that the capacity scaling properties of the

network were implicitly studied when the multihop network's length

grew linearly with the number of hops within the network. Future

work may consider the scaling behavior for �xed length networks, as

the node density grows large.

• In Chapter 5, we also noted that it was unclear whether the techniques

that we have developed to study the capacity scaling properties of the

AF network could be extended to other forwarding strategies; e.g.,

DF, CF. Future work may attempt to �nd such extensions.

• The capacity scaling results presented in Chapter 5 show that the ca-

pacity along each eigenchannel will follow a deterministic trajectory.

It would be interesting to establish 1) how the capacity is distributed

around this trajectory, and 2) does this distribution converge in prob-

ability to a stable distribution as the number of hops grows large?

• Much of the previous literature pertaining to the capacity of multihop

AF networks considers behavior as the number of antennas at each

169



Section 7.0

Figure 7.1: Depiction of a cooperative multihop network topology.

node grows large. The key contribution in Chapter 5 was to present

methods for determining capacity scaling properties when each relay

has a �nite number of antennas, while the number of hops grows

large. Future work may attempt to establish quantitative trade-o�s

between these two techniques, which may help engineers better utilize

the methods within practical implementation.

• Finally, the work in Chapter 5 could be used to study the capacity

and power scaling properties of other multihop topologies. Fig. 7.1

shows an example of a particular topology that may be of interest, a

brief study of which can be found in [135].
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Appendix A

Chapter 3 Proofs

The proofs for the outage probability of the FG and VG networks will utilize

the identity [136, Sec 8.432 eq. (6)]

∞∫
x=0

e−
1
x
−axdx =

2√
a
K1

(
2
√
a
)
, R{a} > 0. (A.1)

Let us begin with the proof for the FG system.

A.1 Outage Probability for FG System

The outage probability for he FG system is given by

P
(FG)
oB = P

[
γ

(FG)
B =

γARγRB
(1 + γRB)u+ qγ2

RB + γ̄R
< γth,B

]
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which, expressed as an integral, is

P
(FG)
oB =

∞∫
γRB=0

γth,B((1+γRB)u+qγ2
RB+γ̄R)

γRB∫
γAR=0

e
− γAR
γ̄AR
− γRB
γ̄RB

γ̄ARγ̄RB
dγARdγRB

= 1−
∞∫

γRB=0

e
−
γth,B
γ̄AR

(
(1+γRB)u+qγ2

RB+γ̄R
γRB

)
− γRB
γ̄RB

γ̄RB
dγRB

= 1− e−
γth,Bu

γ̄AR

∞∫
γRB=0

1

γ̄RB
e
− 1
γRB

(
γth,B(u+γ̄R)

γ̄AR

)
−γRB

(
qγth,Bγ̄RB+γ̄AR

γ̄RBγ̄AR

)
dγRB

= 1− 2

√
γth,B (u+ γ̄R)

γ̄RB (qγ̄RBγth,B + γ̄AR)
e
−
γth,Bu

γ̄AR

∞∫
γRB=0

1

2
×

√
qγ̄RBγth,B + γ̄AR
γth,B (u+ γ̄R)

e
− 1
γRB

(
γth,B(u+γ̄R)

γ̄AR

)
−γRB

(
qγth,Bγ̄RB+γ̄AR

γ̄RBγ̄AR

)
dγRB.

By letting 1
γRB

= 1
x

(
γ̄AR

γth,B(u+γ̄R)

)
and setting d =

(qγth,B γ̄RB+γ̄AR)γth,B(u+γ̄R)

γ̄RB γ̄
2
AR

we obtain

Po = 1− 2

√
γth,B (u+ γ̄R)

γ̄RB (qγ̄RBγth,B + γ̄AR)
e
−
γth,Bu

γ̄AR

∞∫
x=0

1

2

√
de−

1
x
−dxdx

= 1− 2

√
γth,B (u+ γ̄R)

γ̄RB (qγ̄RBγth,B + γ̄AR)
e
−
γth,Bu

γ̄AR K1

(
2
√
d
)

where the last line follows from the integral representation of the Bessel

function given in (A.1).



A.2 Outage Probability for VG System

We will now prove the outage probability expression for the VG network.

It can be shown that the outage probability at node B is equivalent to

P
(V G)
oB = P

[
γAR (fγBR − dγth,B)

aγ2
BR + bγBR + d

≤ γth,B

]
,

where a = (ζR − 1)2 ρ+ η̄R, b = (pR + pB)/n0, d = pB/n0, η̄R = ηR/n0 and

f = ζ2
Rρ−γthB η̄R. Since a, b, d > 0, if (fγBR − dγth,B) < 0 outage will occur

with certainty. This makes sense since

fγBR < dγth,B =⇒ γB <
ζ2ρ |hB|2

|hB|2 η̄R + 1
< γth,B.

Now, we have two scenarios:

1. If f ≤ 0 =⇒ fγBR − dγth,B < 0 for all γBR. The outage probability

of the system is then given by P (V G)
oB = 1.

2. If f > 0 =⇒ fγBR − dγth,B < 0 for γBR < dγth,B/f . From the law of

total probability, the outage probability is then given by

P
(V G)
oB = P

[
γBR <

cγth,B
f

]
+

P
[
γAR ≤

γth,B(aγ2
BR + bγBR + d)

fγBR − dγth,B
∩ γBR >

dγth,B
f

]



=

dγth,B
f∫

0

e
− x
γ̄BR

γ̄BR
dx+

∞∫
dγth,B
f

e
− x
γ̄BR

γ̄BR

(
1− e−

γth,B(ax2+bx+d)

γ̄AR(fx−dγthB)

)
dx

= 1−
∞∫

0

e−
g
y
−hy−k

fγ̄BR
dy (A.2)

where

g =
γthBa

f 2γ̄AR
+

1

fγ̄BR
, (A.3)

h =
1

γ̄AR

(
dγthB +

bdγ2
thB

f
+
ad2γ3

thB

f 2

)
, (A.4)

k =
dγthB
fγ̄BR

+
1

γ̄AR

(
bγthB
f

+
2adγ2

thB

f 2

)
. (A.5)

and the substitution y = fx− dγth,B has been used to obtain the �nal line.

From (A.1), (1) and (A.2), the result follows immediately.



Appendix B

Chapter 5 Proofs

B.1 Proof of Theorem 1

Firstly, let
n∏
i=1

Mi

[
XT

0 1
]T

:=
[
XT
n 1

]T
, (B.1)

it is easy to see from De�nition 3 that λ
(
M,
[
XT

0 1
]T) ≥ λa,1. Thus, from

Fact 3

λ
(
M,
[
XT

0 1
]T) ∈ {λA,i ≥ λa,1} ∪ λa,1 =: L. (B.2)

The proof of the theorem now follows from Claim 1 (mentioned below).

Claim 1 With Y := {[y1 · · · yd 1]T : yi ∈ C}, the mapping

λ(M, ·) : Y → L (B.3)

is surjective.

Proof of Claim 1: If λA,1 < λa,1 then L = {λa,1}, λ (M, Y ) = λa,1

∀ Y ∈ Y and the surjectivity of (B.3) is satis�ed. Thus, w.l.o.g., we assume
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that ∃ k ≤ d such that

λA,1 > · · · > λA,k ≥ λa,1 > λA,k+1 > · · · > λA,d. (B.4)

In what follows, we consider the scenario in which λA,k > λa,1 > λA,k+1.

The proof can easily be extended to the case when λA,k = λa,1.

Consider the �ltration,

{0} =: Vp+1 ⊂ Vp ⊂ · · · ⊂ V1 = Cd+1 (B.5)

where Y ∈ Vi \ Vi+1 ⇔ λ(M, Y ) = λi (the existence of such a �ltration is

guaranteed by Fact 2.3). The proof of Claim 1 then follows immediately

from Claim 2 (mentioned below).

Claim 2 Let Vi be as in (B.5) and Y be as in Claim 1. Then (Vi\Vi+1)∩Y 6=

∅ for all i = 1, . . . , k + 1, where λA,k > λa,1 > λA,k+1.

Proof of Claim 2: Claim 2 follows immediately from Claim 3 (mentioned

below).

Claim 3 Let Vi be as in (B.5), Y be as in Claim 1, and suppose that λA,k >

λa,1 > λA,k+1. Then:

1) for all i ≤ k, (Vi \ Vi+1)∩Y = ∅ implies (Vl \ Vl+1)∩Y = ∅ for all l < i,

2) (V1 \ V2) ∩ Y 6= ∅.

Proof of Claim 3: We will begin by proving the �rst part of the claim.

To do this, we �rst note the following: all the Lyapunov exponents have

multiplicity 1 (i.e., they are distinct); consequently, from Fact 3, dimVj −

dimVj+1 = 1 ∀ j and

dimVj = d+ 2− j. (B.6)



Clearly,

(Vi \ Vi+1) ∩ Y = ∅ ⇔ Vi ∩ Y = ∅ or Y ⊆ Vi+1 ⊂ · · · ⊂ V1. (B.7)

However, if Vi∩Y = ∅ is satis�ed, it can be seen that because Vi is a vector

space all vectors in Vi must have their (d+1)th element equal to zero. Thus,

Vi ∩ Y = ∅

⇒Vi =
{
X = [y1 · · · yd 0]T : λ(M, X) ≤ λA,i

}
⇒ dimVi = dim

{
X ′ = [y1 · · · yd]T : λ(A, X ′) ≤ λA,i

}
= d+ 1− i. (B.8)

But from (B.6), dimVi = d + 2 − i, so Vi ∩ Y = ∅ gives us a contradiction

so (B.7) becomes

(Vi \ Vi+1) ∩ Y = ∅ ⇔ Y ⊆ Vi+1 ⊂ · · · ⊂ V1, (B.9)

and

(Vj \ Vj+1) ∩ Y = ∅, ∀ j ≤ i. (B.10)

This proves the �rst part of the Claim.

We will now prove the second part of the claim. From (B.9) we have

(V1 \ V2) ∩ Y = ∅ ⇔ V2 ⊇ Y . But Y contains a d dimensional subspace

A := {[y1 · · · yd 0]T : yi ∈ C}, and V2 is also d dimensional, so

V2 ⊇ Y ⊇ A ⇒ A = V2 ⇒ A = Y . (B.11)



But A ⊂ Y , so from (B.11) V2 ⊇ Y gives us a contradiction. Thus V2 6⊇ Y ,

which (from (B.9)) gives

(V1 \ V2) ∩ Y 6= ∅. (B.12)

This completes the proof.

B.2 Proof of Lemma 5

We have

lim
n→∞

1

n
log ||Xn|| = lim

n→∞

1

n
log ||AnXn−1 −Rn + 2Rn||

≤ max

{
lim
n→∞

1

n
log ||AnXn−1 −Rn||, lim

n→∞

1

n
log ||2Rn||

}
a.s.
= max

{
lim
n→∞

1

n
log ||Xn||, 0

}
, (B.13)

where the second line follows from Lemma 10 (below) and the last line

follows from the symmetry of Rn. If

lim
n→∞

1

n
log ||Xn|| ≥ 0,

our result is reached trivially; if

lim
n→∞

1

n
log ||Xn|| = λ < 0,

from Lemma 10 (below), the line above (B.13) holds with equality, which



gives λ = 0. This contradicts our assumption that λ < 0. Therefore,

lim
n→∞

1

n
log ||Xn|| ≥ 0.

This completes the proof.

Lemma 10 For αn, βn ∈ Cd,

lim
n→∞

1

n
log ||αn + βn|| ≤ max

{
lim
n→∞

1

n
log ||αn|| , lim

n→∞

1

n
log ||βn||

}
, (B.14)

where equality holds when

lim
n→∞

1

n
log ||αn|| 6= lim

n→∞

1

n
log ||βn||. (B.15)

Proof For αn, βn ∈ Cd,

lim
n→∞

1

n
log ||αn + βn|| ≤ max

{
lim
n→∞

1

n
log ||αn|| , lim

n→∞

1

n
log ||βn||

}
(B.16)

since ||αn + βn|| ≤ 2 max{||αn||, ||βn||}. To show that (B.16) holds with

equality when

lim
n→∞

1

n
log ||αn|| 6= lim

n→∞

1

n
log ||βn||, (B.17)

w.l.o.g., we assume that limn→∞
1
n

log ||αn|| < limn→∞
1
n

log ||βn||. Eq. (B.16)



then gives us

lim
n→∞

1

n
log ||αn + βn|| ≤ lim

n→∞

1

n
log ||βn|| (B.18)

= lim
n→∞

1

n
log ||αn + βn − αn||

≤ max

{
lim
n→∞

1

n
log ||αn + βn||, lim

n→∞

1

n
log ||αn||

}
(B.19)

It follows that if limn→∞(1/n) log ||αn+βn|| < limn→∞
1
n

log ||αn|| then (from

(B.18) and (B.19)) limn→∞(1/n) log ||βn|| ≤ limn→∞(1/n) log ||αn|| which

contradicts our assumption. Consequently, limn→∞(1/n) log ||βn|| is sand-

wiched either side by limn→∞(1/n) log ||αn + βn|| and so must be equal to

it. �

B.3 Proof of Theorem 2

Theorem 2 contains two statements. We prove these separately in the

following two subsections.

B.3.1 First Statement

We prove the �rst statement in two parts. Each of these parts will involve

manipulating the inverse of
(
R

(α)
I,nR

(α)−1
N ,n

)
, which is given by

(
R

(α)
I,nR

(α)−1
N ,n

)−1

= RN ,nR
(α)−1
I,n

=
(
R

(α)−1
I,n +

n∑
l=2

Hn · · ·HlR
(α)−1
I,l−1 H−1

l · · ·H
−1
n

)
,(B.20)



where, without loss of generality, we have assumed that n0 = 1. The �rst

part constructs an upper bound on the limit in question. The second part

constructs a lower bound on the same limit, which is identical to the lower

bound. This proves the �rst part of the theorem.

B.3.1.1 Upper Bound

Our aim is to show that

lim
n→∞

1

n
log Ei

(
R

(α)
I,nR

(α)−1
N ,n

) a.s.

≤ min{0, 2λαH,i}. (B.21)

By noting that

Ei
(
R

(α)−1
I,1

) a.s.

6= 0,

and does not depend on n, we obtain

lim
n→∞

1

n
log Ei

(
R

(α)−1
I,1

)
a.s.
= 0. (B.22)

Also, from the de�nition of R
(α)
I,n and property 4 of Fact 2, it is clear that

lim
n→∞

1

n
log Ei

(
R

(α)−1
I,n

)
a.s.
= −2λαH,i. (B.23)

By combining (B.22), (B.23), and

−max{0,−a} = min{0, a}, a ∈ R, (B.24)

the upper bound of (B.21) follows immediately from the following claim

(the proof of which is given at the end of Appendix 2).



Claim 4 The eigenvalues of
(
R

(α)
I,nR

(α)−1
N ,n

)−1

are bound in the following

way:

Ei
((

R
(α)
I,nR

(α)−1
N ,n

)−1
)
≥ max

{
Ei
(
R

(α)−1
I,n

)
, Ei
(
R

(α)−1
I,1

)}
, (B.25)

B.3.1.2 Lower Bound

We will now provide the second part of the proof (constructing the lower

bound). To begin, let us introduce the following RDS1, which will be ex-

ploited in a moment:

Yn := M
(α)
1 · · ·M(α)

n

 Ŷ0

1

 , (B.26)

where

M
(α)
i :=

 1
αi

H−1
i Ŷ0

0T ±1

 . (B.27)

To allow us to describe the mechanism by which the sign of ±1 is chosen in

the bottom right corner of (B.27), we must �rst establish the inner product

1Note, (B.26) is a backward RDS as per (5.22).



of Yn. The inner product of Yn is given by

‖Yn‖2 =

First inner product term︷ ︸︸ ︷
Ŷ †0

(
R

(α)−1

I,n +
n−1∑
l=1

R
(α)−1

I,l + Id

)†
Ŷ0

Second inner product term︷ ︸︸ ︷
±Ŷ †0

(
1

gα,j

(
H−1
n

)† · · · (H−1
1

)†
H−1

1 · · ·H−1
n−1

n∏
j=1

1

gα,j

n−1∏
j=1

± · · · ±
(
H−1
n

)† · · · (H−1
1

)†
H−1

1

1

gα,1

n∏
j=1

1

gα,j

± · · · ±
(
H−1

1

)† 1

gα,1

)
Ŷ0, (B.28)

where

R
(α)−1

I,i := H−1
i · · ·H−1

1

(
H−1

1

)† · · · (H−1
i

)† i∏
j=1

1

g2
α,j

. (B.29)

It is clear that the second inner product term is a real number that, at

the moment, may be either positive or negative. However, there is nothing

stopping us from ensuring that this is strictly positive by appropriately

selecting the sign of ±1 in (B.27); for, the RDS is permitted to remember

the past, and predict the future [6]. This is the mechanism that we will

use to select the sign. Furthermore, performing sign selection in this way

will not a�ect the Lyapunov exponents of the system in question (Fact 3).

We now have the following upper bound on the �rst inner product term of

(B.28), which will be exploited later on:

‖Yn‖2 ≥ Ŷ †0

(
R

(α)−1

I,n +
n−1∑
l=1

R
(α)−1

I,l + Id

)†
Ŷ0. (B.30)

It can already be seen that (B.20) is remarkably similar to the �rst



inner product term of (B.28). We will now show that this similarity is not

super�cial, and that

lim
n→∞

1

n
log Ei

((
R

(α)
I,nR

(α)−1
N ,n

)−1
)
≤ lim

n→∞

1

n
log Ei

(
R

(α)−1

I,n +
n−1∑
l=1

R
(α)−1

I,l + Id

)
.

(B.31)

To do this, note that

Ei
{

Hn · · ·HlR
(α)−1
I,l−1 H−1

l · · ·H
−1
n

}
= Ei

{
R

(α)−1
I,l−1

}
d
= Ei

{
R

(α)−1

I,l−1

}
.(B.32)

Consequently,

Ei
((

R
(α)
I,nR

(α)−1
N ,n

)−1
)

d
= Ei

(
R

(α)−1
I,n +

n−1∑
l=1

R
(α)−1
I,l

)
(B.33)

d
= Ei

(
R

(α)−1

I,n,1 +
n−1∑
l=1

R
(α)−1

I,l

)
(B.34)

≤ Ei

(
R

(α)−1

I,n,1 +
n−1∑
l=1

R
(α)−1

I,l + Id

)
, (B.35)

where (B.33) follows from the �rst equality of (B.32), (B.34) follows from

the second equality of (B.32), and (B.35) follows trivially from (B.34).

With (B.33) and (B.35), we have shown (B.31). The right hand side of

(B.30) is known to be equal to the ith eigenvalue when Ŷ0 is an ith unit

eigenvector. Combining this fact with (B.35) gives us

lim
n→∞

1

n
log Ei

((
R

(α)
I,nR

(α)−1
N ,n

)−1
)
≤ lim

n→∞

1

n
log ‖Yn‖2. (B.36)

But the limit on the right hand side of (B.36), when Yn is given by (B.26),



is given by Theorem 1. Thus, (B.36) and Theorem 1 give us

lim
n→∞

1

n
log Ei

(
R

(α)
I,nR

(α)−1
N ,n

)
≥ −max {−2λαH,i, 0} , (B.37)

which can then be combined with (B.24) to yield the lower bound.

B.3.2 Second Statement

From the �rst statement of Theorem 2, we have

P
[
log
(
enλ

(α)
γ,i−o(n)+1

)
≤ c

(α)
n,i ≤ log

(
enλ

(α)
γ,i +o(n)+1

)]
→ 1,

which gives

P
[
enλ

(α)
γ,i−o(n) +O

(
e2nλ

(α)
γ,i

)
≤c(α)

n ≤enλ
(α)
γ,i+o(n) +O

(
e2nλ

(α)
γ,i

)]
→ 1

⇒ P
[
enλ

(α)
γ,i−o(n)O (1) ≤ c(α)

n ≤ enλ
(α)
γ,i +o(n)O (1)

]
→ 1

⇒ P
[
enλ

(α)
γ,i−o(n) ≤ c(α)

n ≤ enλ
(α)
γ,i +o(n)

]
→ 1

where the �rst line follows from the Taylor expansion of log(1 + x) about

x = 0 and the second line follows by factoring enλ
(α)
γ ±o(n) from the left and

right sides of the second line, respectively, and noting that λ(α)
γ,i ≤ 0.

Proof of Claim 4: An immediate consequence of the dual Lidskii

inequality [137] is that

Ei (A + B) ≥ Ei (A) + Ed (B) , (B.38)

which applies to d×d Hermitian matrices A and B. Combining (B.38) with

the fact that the summands in (B.20) are positive de�nite (i.e., they have



positive eigenvalues), gives us

Ei
((

R
(α)
I,nR

(α)−1
N ,n

)−1
)
≥ Ei

(
R

(α)−1
I,n

)
and Ei

((
R

(α)
I,nR

(α)−1
N ,n

)−1
)
≥ Ei

(
Hn · · ·H2R

(α)−1
I,1 H−1

2 · · ·H−1
n

)
. (B.39)

Claim 4 follows immediately from (B.39) after noting that

Ei
(
Hn · · ·H2R

(α)−1
I,1 H−1

2 · · ·H−1
n

)
= Ei

(
R

(α)−1
I,1

)
.

B.4 Proof of Lemma 6

Lemma 6 contains two statements. We prove these separately in the

following two subsections.

B.4.1 First Statement

The Lyapunov exponents of the matrix product that describes the pro-

gression of In, (5.6), follow immediately from [138, Proposition 1]. The

Lyapunov exponents of X(α)
n , (5.6), then follow immediately from Theorem

1. Combining these with (5.31), we obtain (5.43) and (5.44).

B.4.2 Second Statement

For the second statement, we begin by showing that the limit is greater

than or equal to zero for both �xed-gain and variable-gain:

lim
n→∞

1

n
log

pn
p0

≥ lim
n→∞

1

n
log

g2
α,nn0

p0

a.s.
= 0, (B.40)



where the almost sure equality becomes an equality for �xed-gain. For �xed-

gain, the stated result then follows immediately from (B.40) and (B.43). For

variable-gain, the stated result then follows immediately from (B.40) and

(B.44).

B.5 Proof of Lemma 7

The lower bound follows trivially from (2) and (5.48). By noting that

λαH,1 > λαH,i ≥ 0 ⇔ λ
(α)
γ,1 = λ

(α)
γ,i = 0, we obtain equality of the bound.

For the upper bound, we need to prove that

a− b ≥ min{0, a} −min{0, b} (B.41)

for a ≥ b. To do this, we need to check the following three cases:

1. a ≥ 0, b ≥ 0, a ≥ b;

2. a ≥ 0, b ≤ 0;

3. a ≤ 0, b ≤ 0, a ≥ b;

which can be done trivially. Equality of the upper bound occurs when

b ≤ a ≤ 0. Finally, to obtain the if and only if statements, we need to show

that a > 0 and b < 0 implies that

a− b > min{0, a} −min{0, b} > 0, (B.42)

which can be done trivially. The independence of �xed-gain or variable-gain

implementation is trivial.



B.6 Lemma 11 and Proof

Lemma 11 For the �xed-gain network,

λgFGH,j ≤
1

2

(
lim
n→∞

1

n
log

pn
p0

− log d+ ψ(d− j + 1)

)
, (B.43)

For the variable-gain network,

λgV GH,i ≤
1

2

(
lim
n→∞

1

n
log

pn
p0

+ log(d)− ψ
(
d2
)

+ ψ (d− i+ 1)

)
. (B.44)

Proof The �rst equation, (B.43), is obtained from (5.40) by noting that

L(g2
FGµ) ≤ lim

n→∞

1

n
log

pn
p0

− log d.

For the second equation, (B.44), we have

L(g2
V Gµ) = lim

n→∞

1

n

n∑
i=1

log

(
pi

pi−1

d
‖Hi‖2

F + dn0

µi

)
≤ lim

n→∞

1

n

n∑
i=1

log

(
dpi

pi−1‖Hi‖2
F

µi

)
= lim

n→∞

1

n
log

pn
p0

+ log(d)− ψ(d2). (B.45)

where the �nal line follows from E log ‖Hi‖2
F /µi = ψ(d2). From (5.40), the

stated result follows immediately. �
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