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Abstract

This thesis mainly concerns the analysis of non-invasive electrophysiological data, focus-

ing on development of new methodologies for extracting more information from existing

datasets. The primary object of interest is the temporal structure in brain network ac-

tivity, in particular, time-varying functional connectivity (FC), which has been linked to

cognition, demographics and disease states. Statistical machine learning and deep learn-

ing allows researchers to formulate generative models such as the HMM (Hidden Markov

Model) and DyNeMo (Dynamic Network Modes) to give estimates of time-varying FC at

the time scales of fast cognition, i.e. on the order of 100 milliseconds, which has been

impossible with traditional methods like the sliding window approach. The main contri-

bution of the work in this thesis lies in tackling two of the limitations of these generative

models.

Firstly, time-varying estimates of power and FC are calculated under the assumption

that they share the same dynamics. But there is no principled basis for this assumption.

We propose Multi-dynamic Network Modes (M-DyNeMo), an extension to DyNeMo, that

allows for the possibility that the power and the FC networks have different dynamics. Us-

ing this new method on magnetoencephalography (MEG) data, we show that the dynamics

of the power and the FC networks are not strongly coupled. Using a visual perception

task MEG dataset, we also show that the power and FC network dynamics are modulated

by the task, and that the coupling in their dynamics changes significantly during task.

This new method reveals novel insights into evoked responses and ongoing activity that

previous methods fail to capture, challenging the assumption that power and FC share

the same dynamics.

Secondly, existing methods assume the same network, or set of networks, are shared by

all recording sessions, i.e. the networks are estimated at the group level. This is an unreal-

istic assumption as functional brain activity is known to possess significant heterogeneity

and these methods do not allow for the discovery of, nor benefit from, subpopulation struc-

ture in the data. We propose the use of embedding vectors (c.f. word embedding in Nat-

ural Language Processing) to explicitly model individual sessions while inferring networks

across a group. This vector is effectively a “fingerprint” for each session, which can cluster
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sessions with similar functional networks together in a learnt embedding space. We apply

this approach to estimate time-varying FC, using the HMM, to model individual sessions

in neuroimaging data. We call this approach HIVE (HMM with Integrated Variability

Estimation). Using simulated data, we show that HIVE can recover the true, underlying

inter-session variability and show improved performance over existing approaches. Us-

ing real MEG data, we show the learnt embedding vectors (session fingerprints) reflect

meaningful sources of variation across a population (demographics, scanner types, sites,

etc). This work provides a powerful new technique for modelling individual sessions while

leveraging information available across an entire group.

Overall, this thesis utilises techniques in statistical machine learning and deep gen-

erative models to extract more information from neuroimaging data. This body of work

provides ways to gain extra insights in cortical network dynamics from large-scale and

diverse datasets. In addition to those in methodology, significant contributions were made

to the software package osl-dynamics that allows models to be trained and analysed effi-

ciently and reproducibly.
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the original logit sequences and the process is repeated. The gener-

ated sequences of logits are normalised with a softmax transformation

and we get the mode time courses α1:T ,β1:T . Diagonal matrices Ej

and correlation matrices Rj are linearly mixed with α1:T and β1:T

respectively to give the time-varying power Gt and FC F t. Finally

the observed data are generated through the multivariate Gaussian

distribution with time-varying covariance GtF tGt. . . . . . . . . . . 82

5.1 Examples of embedding vectors. a) Example of word embedding

vectors. The x-axis encodes whether a word is for animals or non-

animals and the y-axis encodes whether the object can fly or not.
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5.2 Forward pass of the variability encoding block. Session-specific

information from the session embedding vectors ωi and state-specific

information from the group-level Cholesky vectors lj are combined to

generate session and state-specific Cholesky vectors lij. Here the en-

coder k is an affine transformation that condenses state-specific infor-

mation to a lower dimensional space. The decoder h is a multi-layer

perceptron (MLP) that decodes state and session-specific deviations

from the concatenated embedding vectors ξij. Deviation magnitude

dij is generated by an exponential distribution with rate λi
j, which is

generated by applying an affine transformation f followed by a soft-

max ρ to the output of h. The deviation map eij is generated by

applying an affine transformation g and normalisation η to the out-

put of h. Finally we get the session-specific Cholesky vector lij with

lij = lj + dije
i
j. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

5.3 Generative model of HIVE. State time courses are generated from

the group-level transition probability matrix A through a Markov

process. At the same time, session embedding vectors ωi and group-
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to give session-specific Cholesky vectors lij. Given the state sit at

each time, the observed data is generated through the multivariate

Gaussian likelihood. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

5.4 The full HIVE training framework. The black solid arrows in

the plot show connections where gradient flows through during back-

propagation and the dashed black arrows show connections where

gradient does not flow through. . . . . . . . . . . . . . . . . . . . . . 95
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5.5 Variability encoding block learns session-specific covariance

deviations. Results obtained using Simulation study 1. a) Simulated

(top row), HMM-DE inferred (middle row) and HIVE inferred (bot-

tom row) group-level covariances. The columns show covariances of

different states. b) Inferred session embedding vectors. Sessions 1

and 2 are annotated. c) Simulated deviations (top row) and devia-

tions from trained generative model of HIVE (bottom row) for state

1 for session 1 (left column) and for session 2 (right column). . . . . . 101

5.6 HIVE infers the underlying subpopulation structure. Results

obtained using Simulation study 2. a) Simulated (left) and inferred

(right) session embedding vectors. Each point is marked and coloured

by the ground truth group assignment, and is annotated with the

session number. b) Simulated (top), HMM-DE inferred (middle) and

HIVE inferred (bottom) state time courses. c) Session-pairwise cosine

distance of simulated (x-axis) against inferred (y-axis) covariances

from HMM-DE (left) and HIVE (right). The black line shows the y =

x line, which corresponds to optimal performance, and the red line is

a fitted line through the points, with the coefficient of determination

r2 displayed in the title. . . . . . . . . . . . . . . . . . . . . . . . . . 103

5.7 HIVE performs more accurate inference than HMM-DE. Re-

sults obtained using Simulation study 3. Accuracy of session-specific

covariances (y-axis) are plotted against the number of sessions in the

dataset (x-axis) for HMM-DE (blue) and HIVE (orange). Here the

number of samples per session is always the same. Correlation be-

tween inferred and simulated session-specific covariances is used as a

metric for accuracy. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104
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5.8 HIVE reveals similarities and differences between MEG record-

ings. Results obtained on the Wakeman-Henson dataset. a) Session-

pairwise cosine distance of inferred embedding vectors. Embedding

vectors for the same subject are grouped together and have smaller

distance between them. b) Session-pairwise L2 distance of inferred

covariances from HIVE (left) and HMM-DE (right). c) Clustering

metrics - Silhouette score (left), negative Davies-Bouldin score (mid-

dle), Calinski-Harabasz score (right), based on subject labels for 10

independent runs of both approaches. Higher values for these metrics

indicate better clustering. . . . . . . . . . . . . . . . . . . . . . . . . 106

5.9 Embedding vectors reflect meaningful variability regarding

scanner/site. Results obtained with a combination of the Notting-

ham and Cam-CAN datasets. a) PCA-projected embedding vectors

coloured with different datasets (left, black stars indicate centroids of

embedding vectors from the two datasets) and different age groups

(right, older subjects are coloured with lighter colours). b) Subject-

pairwise cosine distance of embedding vectors. c) Clustering met-

rics - Silhouette score (left), negative Davies-Bouldin score (middle),

Calinski-Harabasz score (right), based on subject labels for 10 inde-

pendent runs for both approaches. d) 6 states are inferred with HIVE.

The first and second row shows the group level power (red areas show

above average and blue areas show below average power across states)

and FC maps (top 3% edges are plotted). The third row shows power

difference (red areas show higher and blue areas show lower power in

Nottingham subjects than Cam-CAN subjects) for each state between

centroids of both datasets. The bottom row shows the difference in

PSDs (solid lines show the means and shaded areas show one standard

deviation across the channels) across frequencies between datasets. . . 108
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5.10 HIVE infers age structure in the population more accurately

than dual estimation. Results obtained with the Cam-CAN dataset.

a) Inferred embedding vectors projected to 2 dimensions with PCA.

Darker-coloured points are younger participants and lighter-coloured

ones are older participants. The two red stars show centroids of sub-

jects with age < 36 and > 72. b) 20-fold cross validated age prediction

accuracy for HIVE with different embedding dimensions and HMM-DE.109

5.11 HIVE infers interpretable age patterns in networks. Results

obtained with the Cam-CAN dataset. 8 states are inferred by HIVE.

Group level power (red areas show above average and blue areas show

below average power across states) and FC maps (top 3% edges are

plotted) are shown as well as the differences in power (red areas show

higher and blue areas show lower power in older subjects than younger

subjects) and PSDs (solid lines show the means and shaded areas show

one standard deviation across the channels) between old and young

subjects. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

5.12 Free energy is used to choose nω. For each of the real datasets

results, different models with different candidate embedding dimen-

sions are trained 10 times independently. The free energy on training

data is plotted against embedding dimension. The p-values of the

t-tests are plotted between the boxplots. . . . . . . . . . . . . . . . . 112

5.13 Variability in the data can cause ever-decreasing free energy

in HMM. a) There is no subject variability in the data and the

variational free energy is plotted against number of states. b) There

is subject variability in the data and the variational free energy is

plotted against the number of states . . . . . . . . . . . . . . . . . . . 112
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5.14 Sex differences are not visible from PCA-projected embed-

ding vectors. The same set of embedding vectors shown in Figure

5.10a are coloured with the sex of individual. Embedding vectors

associated with male and female participants are coloured with blue

and orange respectively. . . . . . . . . . . . . . . . . . . . . . . . . . 113

5.15 The embedding vector of the masked session can be recov-

ered. Ground truth simulated embedding vectors (left) and inferred

embedding vectors are plotted (right). Each point is coloured ac-

cording to the task ID and annotated by the subject ID. The circled

session on the right indicate the masked session during training. . . . 116

5.16 The covariance matrices of the masked session can be recov-

ered. Ground truth simulated (top row) and generated (bottom row)

covariance matrices of the masked session are plotted. Each column

shows the covariance matrices for each state. . . . . . . . . . . . . . . 116

B.1 Sliding window approach fails to infer ground truth state

time courses. Results on Simulation 1 dataset. a) Dice coefficient of

state time courses inferred by sliding window approach using different

window lengths. b) The simulated (top row) and sliding window

approach inferred (bottom row, with window size of 6 samples) time

courses. A segment of 500 samples containing short state transitions

is shown. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 150
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B.2 M-DyNeMo infers time courses more accurately than DyNeMo

when data has multiple dynamics. Results on Simulation 1

dataset. a) The simulated (top row), M-DyNeMo inferred (mid-

dle row) and DyNeMo inferred (bottom row) time courses for time-

varying standard deviations (left column) and correlations (right col-

umn). Here different colours indicate activation of different states

and only the first 500 samples are plotted. b) DICE coefficients of

DyNeMo and M-DyNeMo inferred time courses compared to the sim-

ulated ground truth. c) The reconstruction error (Riemannian dis-

tance) of the first 500 samples of time varying covariances is plotted

against sample on the x-axis. The reconstruction error of DyNeMo is

plotted in orange and that of M-DyNeMo is plotted in blue. . . . . . 151

B.3 M-DyNeMo infers accurately on data with single dynamic.

Results on Simulation 2 dataset. a) From top to bottom row are the

ground truth simulated, the DyNeMo inferred, and the two “sepa-

rate” M-DyNeMo inferred mode time courses. Here different colours

indicate activation of different states and only the first 500 samples

are plotted. b) The reconstruction error (Riemannian distance) of

the first 5000 samples of time-varying covariances is plotted against

sample on the x-axis. The reconstruction error of DyNeMo is plotted

in orange and that of M-DyNeMo is plotted in blue. . . . . . . . . . . 152
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B.4 Single dynamic DyNeMo is dominated by time-varying power.

Results from amplitude time courses (1-45Hz) of 38 brain regions ob-

tained from MEGUK-38 resting-state data. Power (top row) and FC

(covariance, bottom row) network maps given by re-calculated net-

works using M-DyNeMo inferred FC mode time course β. The co-

sine similarity is also shown for each pair of modes between the re-

calculated covariances on M-DyNeMo inferred FC mode time course

β and standard DyNeMo inferred covariances. . . . . . . . . . . . . . 152

B.5 M-DyNeMo reconstructed time varying covariances show

greater fluctuation over time. Results from amplitude time courses

(1-45Hz) of 38 brain regions obtained from MEGUK-38 resting-state

data. For M-DyNeMo and DyNeMo, the y-axis shows the variability
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nian distance of time varying covariances from the mean covariance

for each subject. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153

B.6 Evoked responses given by DyNeMo. Results from amplitude

time courses (1-45Hz) of 38 brain regions obtained from Wakeman-

Henson data. a) Power maps for different modes given by DyNeMo.

b) Evoked response analysis on DyNeMo-inferred mode time course.

Different colours show baseline corrected evoked response (contribu-

tion to overall variance) of different modes. . . . . . . . . . . . . . . . 153
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B.7 Sliding window approach reveals evidence of different cor-

relation profiles during task versus during rest. Results from

amplitude time courses (1-45Hz) of 52 brain regions obtained from

MEGUK-52 data. a) Power (top row) and FC (bottom row) maps

for each mode of the two state time courses. b) Correlations within α

(left) and within β (middle) are shown. The right plot shows the dif-

ferences in correlations during task versus during rest. Correlations

that significantly differ from zero are marked with asterisks depending

on the p-values. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 154
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degree spatial maps on the Wakeman-Henson dataset (left) and the

cosine similarity between power maps and FC degree maps for each

pair of power and FC modes (right). b) FC degree spatial maps on

the MEGUK-52 dataset (left) and the cosine similarity between power

maps and FC degree maps for each pair of power and FC modes (right).155

C.1 Outlier in the Wakeman-Henson dataset. Top: PSD for the
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D.2 Simulation results of DIVE. Top: Simulated and inferred mode

time courses. Different colours show the mode time courses for dif-

ferent modes. Bottom: Simulated and inferred embedding vectors.

Here the points are coloured with the ground truth group assignment
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E.1 DyNeMo with Gaussian Process fails to recover the time

courses. Simulated state time courses (top) and inferred mode time

courses (bottom) are plotted. Different colours show activation of

different modes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 177

Rukuang Huang xxv



University of Oxford Jesus College

Rukuang Huang xxvi



List of Tables

B.1 Model specifications of M-DyNeMo on different datasets. . . . . . . . 158

B.2 Model specifications of DyNeMo on different datasets. . . . . . . . . . 159

C.1 Model specifications for training HMM on simulated datasets. . . . . 164

C.2 Model specifications for training HMM on real datasets. . . . . . . . . 164

C.3 Model specifications for training HIVE on simulated datasets. . . . . 165

C.4 Model specifications for training HIVE on real datasets. . . . . . . . . 165

xxvii



University of Oxford Jesus College

Rukuang Huang xxviii



Notations and Nomenclatures

Notations used in this thesis are defined by this list unless otherwise stated:

[n] The set {1, . . . , n} for n ∈ N.

In The n× n identity matrix.

X A matrix (uppercase in bold).

x A vector (lowercase in bold).

XT The transpose of matrix X.

X−1 The inverse of matrix X.

Eq Expectation under the distribution q.

N The set of natural numbers.

R The set of real numbers.

R
n The set of n-dimensional real numbers.

R
m×n The set of m× n matrices of real numbers.

N (µ,Σ) The multivariate normal distribution with mean µ and covariance Σ.

f ◦ g The composition of functions f and g.

f : S1 → S2 A function from set S1 to set S2.

xxix



University of Oxford Jesus College

x← y Assignment of value y to variable x.

x A scalar.

x1:n The set {x1, . . . , xn}.

[x,y] The concatenation of vectors x and y.

ANN Artificial Neural Network

CPU Central Processing Unit

DIVE DyNeMo with Integrated Variability Estimation

DyNeMo Dynamic Network Modes

EEG Electroencephalography

ELBO Evidence Lower Bound

EM Expectation-Maximization algorithm

ERM Empirical Risk Minimization

FC Functional Connectivity

fMRI Functional Magnetic Resonance Imaging

GMM Gaussian Mixture Model

GPU Graphics Processing Unit

HIVE HMM with Integrated Variability Estimation

HMM-DE HMM with Dual Estimation

HMM Hidden Markov Model

ICA Independent Component Analysis

Rukuang Huang xxx



University of Oxford Jesus College

KL divergence Kullback-Leibler divergence

LCMV Linearly Constrained Minimum Variance

LSTM Long Short-Term Memory

M-DyNeMo Multi-Dynamic Network Modes

MAP Maximum A Posteriori

MEG Magnetoencephalography

MLP Multi-Layer Perceptron

MRI Magnetic Resonance Imaging

NLP Natural Language Processing

PCA Principal Component Analysis

PC Principal Component

PROFUMO Probabilistic Functional Modes

PSD Power Spectral Density

ReLU Rectified Linear Unit

RNN Recurrent Neural Network

ROI Region of Interest

SGD Stochastic Gradient Descent

sMRI structural MRI

TDE Time Delay Embedding

TPU Tensor Processing Unit

Rukuang Huang xxxi



University of Oxford Jesus College

TVFC Time-varying Functional Connectivity

TV Time-varying

UKB UK Biobank

VAE Variational Autoencoder

Rukuang Huang xxxii



Chapter 1

Introduction

The brain is a vital organ that serves as the centre of the nervous system in most

animals, including humans. The human brain, in particular, is a complex network

of approximately 90 billion neurons - cells that receive and transmit electrochem-

ical signals, and is responsible for a wide range of functions, including cognition

([Nestler et al., 2020, Diamond, 2013]), emotion ([Armony and Vuilleumier, 2013]),

memory ([Baddeley, 2007, Eysenck, 2012]), sensation ([Hellier, 2014, Acevedo et al., 2018,

Guyton and Hall, 2011]), and motor control ([Guyton and Hall, 2011]). Indeed, the

brain is sometimes referred to as the last frontier of biology ([Squire et al., 2012])

and paradoxically, the study of the brain and nervous system (neuroscience) might

be an ultimate challenge for the human brain: Does the brain have the capacity to

fully understand something as complex as itself ([Pinel, 2009])?

This thesis endeavours to make an incremental, yet significant step in the area

of computational neuroscience. Leveraging mathematical and statistical models,

alongside recent advances in computer science, machine learning and deep learning,

it seeks to understand the brain and its operations through the analysis of functional

neuroimaging data.
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1.1 Recording signals from the brain

The brain is a complex system and there are enormous amount of neurons and

connections between them. As a results, it is impossible to directly observe its ac-

tivity. However, it is possible to record the activity of the brain by measuring its

electrical, magnetic, or metabolic activity. The resulting data are called functional

neuroimaging data. Methods for recording these data can be broadly divided into

two categories: invasive and non-invasive methods. Invasive methods include elec-

trocorticography (ECoG), intracranial EEG (iEEG), etc. These are critical tools

for studying the brain, especially in the context of epilepsy treatment and research

([Zhang et al., 2021, Kramer et al., 2010]). These techniques involve placing elec-

trodes directly on or in the brain to record electrical activity ([Miller et al., 2009])

and can record data with high signal-to-noise ratio (SNR). However, these are in-

vasive procedures that carry risks associated with surgery and hence are naturally

constrained in quantity of data and diversity of population.

This thesis concerns the analysis of non-invasive modalities (e.g. electroen-

cephalography - EEG, magnetoencephalography - MEG, functional magnetic res-

onance imaging - fMRI, etc) of brain signal recordings. Despite having a lower

SNR, the non-invasiveness of this type of recordings allows scanning of a much

wider population and thus enables massive datasets to be collected in diverse exper-

imental setups. For instance, the UK Biobank (UKB) consists of fMRI recordings

of around 40,000 individuals, and the Cam-CAN dataset ([Taylor et al., 2017]) has

both MEG and fMRI recordings for approximately 700 individuals. This is particu-

larly important for the study of brain disorders and diseases ([Mandal et al., 2018,

Kohl et al., 2024]) because risk factors and biomarkers can be ignored due to lack

of statistical power in small datasets, as well as for the development of brain-

computer interfaces and neurofeedback systems ([McFarland and Wolpaw, 2017]),

where model training is often extremely data-hungry.
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1.2 Networks and functional connectivity

Neuroscientists nowadays believe that cognitive tasks are performed not by individ-

ual brain regions working in isolation, but by networks of several brain areas which

are said to be functionally connected ([Fair et al., 2009, Park and Friston, 2013,

Petersen and Sporns, 2015]). A number of studies have shown that the brain recruits

functional networks during task ([Fries, 2015, Quinn et al., 2018, Luckhoo et al., 2012,

Cole et al., 2014]), and at rest ([Beckmann et al., 2005, Brookes et al., 2011]). As

opposed to structural connectivity, which refers to the physical connections be-

tween brain regions, functional connectivity (FC) is defined as any measure of

statistical dependency between spatially remote regions ([Friston, 1994]). FC is

typically measured in terms of correlation or coherence ([Bowyer, 2016]) between

the time series of different brain regions and therefore is an empirical measure

of the temporal relationship between regions, without indicating how the tem-

poral co-variation is mediated ([Hutchison et al., 2013, Friston, 2011]). Although

the neural underpinnings of FC are still unsolved, evidence suggests that FC is

related to underlying neural activity (See for example [Nir et al., 2008]) and sig-

nificant differences have been found in FC between healthy and diseased states

([Greicius, 2008, Heine et al., 2012, Menon, 2011]).

Traditionally, it was typically assumed that the strength of interactions be-

tween regions is constant over time (stationary) during resting-state scans, but

given the dynamic nature of the brain ([Rabinovich et al., 2012]), evidence suggest-

ing that FC changes with active tasks ([Esposito et al., 2006, Fornito et al., 2012]),

and the fact that within-subject variation in FC has been shown to considerable

([Honey et al., 2009, Meindl et al., 2010, Van Dijk et al., 2010]), an increasing im-

portant perspective is how functional networks dynamically fluctuates over time.

This is the main goal of this thesis: to develop and extend computational models

that can capture the fast temporal dynamic nature of functional networks in the

brain.
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1.3 The sliding window approach

One of the most common approaches to compute time-varying FC (TVFC) is the

sliding window approach ([Allen et al., 2014, Chang and Glover, 2010]). During this

approach, a time window of a fixed number of time points (called the window size)

is selected and FC is calculated for the selected window with, for example, corre-

lation or coherence. Next the window is moved by a fixed number of time points

(called the step size) and the process is repeated. This results in a time series of

FC measures. Clustering methods such as the K-means clustering algorithm (See

Example 2.2) are followed to identify recurring and transient patterns of FC states

([Allen et al., 2014]).

Despite its success in studying TVFC, the sliding window approach has its lim-

itations. The choice of window size and step size are arbitrary and can have a

significant impact on the interpretation of results. On one hand, a large window

size gives more robust estimation of TVFC, but it reduces sensitivity to short-lived

changes in FC (e.g. transient bursts). On the other hand, a small window size can

be more sensitive to intrinsic noise in the data, resulting in spurious and unstable

estimates.

1.4 Magnetoencephalography signal

Although the tools and methods introduced in this thesis can in theory be applied

to other modalities of functional data, we focus on results from MEG datasets due

to its excellent time resolution (∼ 1kHz), which allows temporal dynamics to be

studied at the time scales of fast cognition (on the order of 100 milliseconds), and

good data quality compared to EEG. In this section we give a very brief description

of the MEG signal and the steps for processing data before they are analysed.

During synaptic transmission, electrical currents are generated in the brain

which, according to Maxwell’s equations, produce magnetic fields. These magnetic
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fields can be measured by extremely sensitive sensors (called SQUIDs) and that

record time series data of magnetic field measurements.

1.4.1 MEG data preprocessing

The strength of the magnetic fields induced by synchronised neuronal currents is

considerably weaker than the ambient magnetic field and can be easily distorted

(e.g. by a nearby vibration, power line, muscle movement, etc). Therefore, it is

paramount for MEG data to be preprocessed in order to remove noise and artefacts

before any analysis. Typical preprocessing steps include:

• Band-pass filtering: Only signal within a certain frequency range is kept to

to remove high-frequency noise and low-frequency drifts.

• Notch filtering: Signal at a specific frequency (e.g. 50 Hz) is discarded to

remove known sources of noise, such as power lines.

• Bad segment/channel removal: Time segments or channels of data with

excessive noise are removed.

• Independent component analysis (ICA): Signal is decomposed into inde-

pendent components and components that are likely to be noise are removed.

• Downsampling: Data is downsampled to reduce computational load.

1.4.2 Source reconstruction and parcellation

MEG sensors measure the signal outside of the head (called sensor space), but in

many cases the goal is to infer the underlying neural activity that generates the sig-

nal. This requires estimating the signals in the brain (called source space) that give

rise to the measured signals on the scalp. This process is called source reconstruction

(also called source localisation) and is a challenging problem due to the ill-posed na-

ture of the inverse problem - as there are much more source locations than there
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are sensors, see [Ou et al., 2009]. Several methods have been proposed to solve this

problem, including the minimum-norm estimation ([Ou et al., 2009]) and the lin-

early constrained minimum variance (LCMV) beamformer ([Van Veen et al., 1997,

Van Veen and Buckley, 1988]).

Before solving the inverse problem, a step called coregistration is done to align

the MEG sensors with the structural MRI of the subject so that the estimated source

signals can be projected back to the brain. In this thesis, structural data were coreg-

istered with the MEG data using an iterative close-point algorithm, and digitised

head points acquired with a Polhemous pen were matched to individual subject’s

scalp surfaces extracted with FSL’s BET tool ([Jenkinson et al., 2005, Smith, 2002]).

The nose was not included in the coregistration as the structural MRI images were

defaced.

Source reconstruction often gives time series signal for thousands of dipoles (vox-

els) in the brain, which can result in a debilitating number of statistical tests, or

can be computationally infeasible to handle, depending on the analysis being done.

Therefore, a common next step is to parcellate the brain into regions of interest

(ROIs) and aggregate the signal of all dipoles within each ROI. The aggregation

process in MEG is to use the first principle component. The ROIs are typically de-

fined using an anatomical (e.g. [Tzourio-Mazoyer et al., 2002]) or a functional (e.g.

[Yeo et al., 2011]) atlas.

1.4.3 Sign ambiguity and leakage correction

Despite the regularisation and constraints used in source reconstruction techniques

like the beamformer, the estimated source signals are still subject to sign ambiguity

and leakage.

Sign ambiguity refers to the fact that the polarity of the estimated dipole source

is arbitrary and can be flipped. This means that the signs of the estimated source

signal are arbitrary across different recording sessions and subjects, which poses a
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challenge for group level analysis. [Vidaurre et al., 2016] proposed a method to align

the signs across sessions by greedily searching for the sign flipping that maximises

the agreement between the estimated source signals from different sessions.

Leakage is again a result of the ill-posed nature of the inverse problem and

refers to the fact that the estimated source signals are not spatially confined to the

true source location, but can leak into neighbouring regions. This is particularly

problematic when the goal is to estimate the FC between regions, as the leakage

can lead to spurious correlations. Several methods have been proposed to correct

for leakage. The symmetric multivariate leakage reduction method proposed by

[Colclough et al., 2015] was used in this thesis.

1.4.4 Amplitude envelope data

The raw source reconstructed MEG signals are typically very noisy and difficult

to analyse. Therefore, it is common to extract the amplitude envelope (or power

envelope) of the MEG signal and use it as input for further analysis. Historically,

variations in the amplitude of the MEG signal have been used to study brain activ-

ity ([Baker et al., 2014, O’Neill et al., 2015]) and the correlation between amplitude

envelope signals has been used as a measure of FC. The amplitude envelope is typi-

cally extracted by applying a Hilbert transform ([Feldman, 2011]) to the signal and

taking the modulus of the resulting complex signal.

In Figure 1.1 we show an example of extracting the amplitude envelope from an

oscillation. The black line represents the raw signal

x(t) = a(t) sin(2πf1t)

a(t) = sin(2πf2t),

(1.1)

where f1 = 2 Hz, f2 = 0.1 Hz and the red line represents the extracted amplitude

envelope.
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Figure 1.1: An example of extracting the amplitude envelope from an
oscillation. The black line represents the raw signal, the red line represents the
extracted amplitude envelope.

1.4.5 Time-delay embedding

Instead of variations in the amplitude of the MEG signal, the spectral properties of

the MEG signal are also of interest and have been widely used to study brain activity

and diseases ([Cheyne, 2013, David et al., 2006, Fernández et al., 2006]). The spec-

tral properties of the MEG signal can be extracted by the so-called time-delayed

embedding (TDE) method ([Vidaurre et al., 2018b, Gohil et al., 2022]). This in-

volves adding extra channels which are time-lagged versions of each channel in the

original data. The covariance matrix of the time-delay embedded data includes

cross/auto-correlations of the original data in the off/on-diagonal blocks. As the

auto-correlations include information about the spectral properties of the data, this

transformation allows downstream models to capture and focus on the spectral prop-

erties of the data.

In Figure 1.2 we show an example of the effect of time-delay embedding with 15

embeddings (±7 lags) on a two-channel signal simulated from:

x(t) = a(t) sin(2πf1t), a(t) = sin(2πf2t),

y(t) = x(t + 0.07),

(1.2)

where f1 = 2 Hz, f2 = 0.1 Hz and t = {10−2 × (i − 1) : i ∈ [500]}. Notice y(t) is a
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time-lagged version of x(t) by 7 time steps and we can clearly see that the covariance

entry is the highest when the lag is 7, which is the time lag between x(t) and y(t).

In this thesis, we typically use TDE to allow us to capture the spectral properties

of the original data (e.g. Chapter 5). The exception to this is Chapter 4, where we

take the alternative approach of modelling amplitude/Hilbert envelope time courses.

1.4.6 Frequency domain analysis

The raw MEG signals are time series data, from which we can observe the change of

power (magnetic field) over time, hence we say the raw MEG signals are in the time

domain. Rather than the magnitude at different time points, one maybe interested in

the frequency content, i.e. the magnitude of the signal at different frequency bands.

The requires the transformation from the time domain to the frequency domain.

This can be done with different transformations, an example of which is the Fourier

transform, which converts a function in time into a complex-valued sum or integral

of sine waves of different frequencies, with amplitude and phase information. Figure

1.3 shows an example of transforming a simulated oscillation at 5 Hz from time

domain to frequency domain. Here the original oscillation is simulated by

x(t) = e−0.1π(t−5)2 sin(2πft), t ∈ {10−3 × (i− 1) : i ∈ [1000]}, (1.3)

where f = 5 Hz. Here we have omitted the phase information of the Fourier trans-

formed signal and only plotted the square norm of the complex signal. A clear spike

at 5 Hz is clearly picked up by the Fourier transformation.

1.5 MEG datasets used in this thesis

In this thesis we use several publicly available MEG datasets to validate the devel-

oped models as well as to demonstrate the utility and advantages of the models.

In this section we give the details of dataset availability and the data preparation
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Figure 1.2: An example of time-delay embedding. The top panel shows a
simulated two-channel signal. The black line shows the simulated signal of channel
x(t) and the red line shows the that of channel y(t) = x(t+0.07). The bottom panel
shows the covariance matrix of the time-delay embedded data. The off-diagonal
blocks of the covariance matrix include the auto-correlations of the original data.
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Figure 1.3: Example of transforming from time domain to frequency do-
main with Fourier transform. Left panel shows the simulated oscillation at 5
Hz in the time domain and the right panel show the magnitude (square norm) of
the complex Fourier transformed signal in the frequency domain.

steps applied to the data before analysis. All the data preprocessing, source recon-

struction and parcellation steps were done using the OHBA software library (OSL,

[Quinn et al., 2022]).

1.5.1 Flowchart symbols

Here we introduce the symbols in the flowchart for preprocessing pipeline:

• pick: Only pick certain channels.

• filter: Band-pass filter the data at a frequency range.

• notch filter: Notch filter the data at certain frequencies.

• resample: Resample the data at a different frequency.

• bad segments: Annotate bad segments of the data.

• bad channels: Annotate bad channels of the data.

• ica raw: Perform ICA on the data.

• ica autoreject: Reject ICA components automatically.
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• interpolate bads: Interpolate bad segments.

1.5.2 The Wakeman-Henson dataset

This is a visual task MEG dataset collected at 1kHz using an Elekta Neuromag

Vectorview 306 scanner. In this dataset, each of the 19 participants (11 male,

8 female, aged 23-37 years) were scanned 6 times, during which they were pre-

sented with an image of famous, unfamiliar, or scrambled faces. In each scanning

session, there were approximately 200 trials evenly split between the three con-

ditions. The MaxFiltered dataset is publicly available and is referred to as the

Wakeman-Henson dataset in this thesis. We refer the reader to the original pa-

per (([Wakeman and Henson, 2015])) for more details on the experimental design

and data collection.

Data preparation

The MaxFiltered data were preprocessed with the pipeline shown in Figure 1.4.

Then the data were coregistered and source reconstructed onto an 8mm isotropic

grid using an LCMV beamformer. Voxels were then parcellated into 38 anatomically

defined ROIs, which is called the Giles parcellation, used in [Gohil et al., 2024a,

Gohil et al., 2024b], before leakage reduction and sign flipping were applied.

1.5.3 The Cam-CAN dataset

This is an MEG dataset collected at University of Cambridge, UK as part of the

Cam-CAN project ([Taylor et al., 2017]). This is a large scale dataset of 612 partic-

ipants aged 18-88 years. The MEG data was collected using a 306-channel Elekta

Neuromag Vectorview system at a sampling frequency of 1kHz with a highpass filter

of 0.03Hz. In this thesis, we only used the resting-state recordings, each of which are

approximately 9 minutes, and participants were instructed to keep their eyes closed.
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Figure 1.4: Flowchart of the preprocessing steps applied to the Wakeman-
Henson dataset. The flowchart was produced by the OSL library. Firstly, a
band-pass filter of 0.5-125Hz and a notch filter with 50Hz and 100 Hz were applied.
Then the data was downsampled to 250Hz, after which bad segments and channels
were removed. Then an ICA step with 40 components was used to remove noise and
finally the bad channels are interpolated.
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The dataset is publicly available and is referred to as the Cam-CAN dataset in

this thesis.

Data preparation

Similar to the Wakeman-Henson dataset, MaxFiltered data are available for the

Cam-CAN dataset. The preprocessing steps are summarised in Figure 1.5. Data

were coregistered and source reconstructed onto an 8mm isotropic grid using an

LCMV beamformer. Voxels were then parcellated into the same 38 anatomically

defined ROIs as the Wakeman-Henson dataset, before leakage reduction and sign

flipping were applied.

1.5.4 The MRC MEGUK dataset

In this thesis, only the Nottingham subset of this dataset was used, including eyes-

open resting-state recordings of 65 subjects, eyes-closed resting-state recordings of

64 subjects and visual task recordings of 67 subjects. We refer to this dataset as

the MEGUK dataset.

Data preparation

The preprocessing steps are summarised in Figure 1.6. Data were coregistered and

source reconstructed onto an 8mm isotropic grid using an LCMV beamformer. Two

atlases were used for parcellating the MEGUK dataset. One is the Giles parcellation

with 38 ROIs used in Section 1.5.2 and 1.5.3, and the other is the Glasser parcellation

with 52 ROIs ([Kohl et al., 2023]). The resulting data are referred to as MEGUK-

38 and MEGUK-52 according to the number of parcels in the parcellation.
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Figure 1.5: Flowchart of the preprocessing steps applied to the Cam-CAN
dataset. The flowchart was produced by the OSL library. Firstly, a band-pass filter
of 0.5-125Hz and a notch filter with 50Hz and 100 Hz were applied. Then the data
was downsampled to 250Hz, after which bad segments and channels were removed.
Then an ICA step with 64 components was used to remove noise and finally the bad
channels are interpolated.
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Figure 1.6: Flowchart of the preprocessing steps applied to the MEGUK
dataset. The flowchart was produced by the OSL library. Firstly, a band-pass filter
of 0.5-125Hz and a notch filter with 50Hz and 100 Hz were applied. Then the data
was downsampled to 250Hz, after which bad segments and channels were removed.
Then an ICA step with 64 components was used to remove noise and finally the bad
channels are interpolated.
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1.6 Thesis outline

In this thesis, there are two main questions we want to answer regarding dynamic

FC:

• Do power and FC share the same dynamics? Specifically, do the amplitudes

of oscillatory brain activity and the magnitude of interactions between regions

of the brain fluctuate with the same temporal dynamics?

• How do we model the variability in datasets or even between datasets? For

example, how can we model the way in which functional brain networks vary

between different people?

We aim to build machine learning models to help us answer these two questions. In

Chapter 2, we give a brief description of the tools and methodology behind the

developed models in this thesis as well as the necessary statistical theory to help

us draw conclusions and interpretations. In Chapter 3, we describe two existing

model-based methods for estimating TVFC and discuss limitations associated with

these methods. Furthermore, we introduce attempts in quantitatively comparing

generative models. In Chapter 4, we tackle the first question by introducing a

model that can infer potentially uncoupled power and FC dynamics. We show how

this model can give additional insights on brain dynamics and how it relates to

cognition. In Chapter 5, we focus on the second question. We show how the use

of embedding vectors capture variability between sessions and how we can extract

meaningful sources of variation with the proposed framework. Finally, in Chapter

6, we conclude and summarise the implications of the work in this thesis.
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Chapter 2

Modelling and learning techniques

In this chapter, an overview of the underlying theories of the models discussed in

later chapters is given. This includes statistical learning, deep learning and hypoth-

esis tests.

2.1 Statistical learning

The goal of statistical learning (also used interchangeably with machine learning)

is to build models and algorithms that can understand and make predictions from

data. The data can be in the form of images, text, time series (which is the focus of

this thesis), etc. Statistical learning falls into different categories, including but not

limited to supervised learning and unsupervised learning, depending on the nature

of the data and the learning task.

2.1.1 Supervised learning

From the perspective of statistical decision theory, it is assumed that the observed

data from the real world are generated by some unknown probability distribution.

In the context of supervised learning, the data of interest is the doublet (x, y) ∈

X ×Y , where x ∈ X denote a real-valued random input vector (also called a feature
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or an independent variable) and y ∈ Y denote a real-valued random output variable

(also called a response or a dependent variable), drawn from the unknown joint

distribution p(x, y) on the space X × Y . We aim to find a function f̂ : X → Y so

that the expected risk is minimised:

f̂ = arg min
f
Ep(x,y)L(y, f(x)), (2.1)

where L : Y × Y → R is the pre-defined loss function that penalises incorrect

predictions made by f . The intuition is to find the function that performs the best

on “average”. By the tower rule, Equation (2.1) can be written as

f̂ = arg min
f
Ep(x)Ep(y|x)L(y, f(x)). (2.2)

Hence it suffices to minimise the point-wise loss function:

f̂(x∗) = arg min
f
Ep(y|x=x∗)L(y, f(x)) ∀x∗ ∈ X , (2.3)

which means some of the supervised learning algorithms (discriminative models) can

be thought of as estimating the conditional data distribution p(y|x).

For the purpose of avoiding overfitting, interpretability and computational effi-

ciency, we often restrict the class of functions f to a parametric family of functions

fθ with parameters θ. Then the problem becomes finding the best parameters θ̂ that

minimises the expected loss function. The simplest example is the ordinary least

squares linear regression, shown in Example 2.1.

Example 2.1 (Linear regression) In linear regression ([Montgomery et al., 2021]),

the function f is assumed to be linear and has the form:

fθ(x) = xTθ, (2.4)
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and a common choice of the loss function is the squared loss:

L(y, fθ(x)) = (y − fθ(x))2. (2.5)

We can show that the optimal parameter θ̂ that minimises the expected loss function

is given by

θ̂ = arg min
θ
E(y − xTθ)2 = [E(xxT )]−1

E(xy), (2.6)

where the expectation is taken over the unknown joint distribution p(x, y).

2.1.2 Empirical risk minimisation

As aforementioned, the true data distribution p(x, y) is unknown and thus min-

imising the true expected risk is infeasible in practice. Instead, with observed data

{xi, yi : i ∈ [n]}, we can use the empirical distribution p̂(x, y) = 1
n

∑n
i=1 δ(xi,yi)(x, y)

to approximate the true distribution, where δ(xi,yi) is the Dirac delta function. The

empirical risk minimisation (ERM) problem is then

f̂ = arg min
f
Ep̂(x,y)[L(y,x)] = arg min

f

1

n

n∑
i=1

L(yi, f(xi)), (2.7)

and if it is assumed fθ lies in a parametric family parameterised by θ:

θ̂ = arg min
θ

1

n

n∑
i=1

L(yi, fθ(xi)). (2.8)

It is worth mentioning that one can show, using the strong law of large numbers, the

empirical distribution converges to the true unknown distribution almost surely as

the number of observed samples n → ∞ ([Sen and Singer, 1994] Theorem 2.3.10).

This is the reason why performance of ERM generally improves with more data.
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2.1.3 Linear regression as a probabilistic generative model

Under ERM, one can show that Equation (2.6) becomes

θ̂OLS = (XTX)−1XTy, (2.9)

where X = [x1, . . . ,xn]T is an n × p matrix called the design matrix and y =

[y1, . . . , yn]T is the response vector. This is the well-known formula for the ordinary

least squares (OLS) estimator in linear regression.

We can also view the problem of linear regression from a probabilistic perspective,

by assuming the conditional data distribution p(y|x) is a Gaussian distribution:

p(y|x) = N (y|xTθ, σ2), (2.10)

and data samples are drawn from the distribution independently. Then the likeli-

hood of the data is given by

p(y1, . . . , yn|x1, . . . ,xn,θ, σ
2) =

n∏
i=1

N (yi|xT
i θ, σ

2). (2.11)

The maximum likelihood estimator (MLE) of θ is then given by

θ̂MLE = (XTX)−1XTy, (2.12)

which is the same as the OLS estimator.

2.1.4 Unsupervised learning

Unlike supervised learning, the output variable y is not provided in unsupervised

learning and the data of interest is x ∈ X , assumed to be drawn from the unknown

distribution p(x). The goal of unsupervised learning is to find the underlying struc-

ture of the data by analysing properties of the distribution p(x). The main chal-
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lenges of unsupervised learning include typically much higher dimensionality of x,

the lack of a clear objective function to optimise and the difficulty in evaluating the

performance of the model. One must often rely on domain knowledge and heuristics

to guide the interpretation of the results. Based on different model assumptions,

unsupervised learning generally aims to find a region in the space of x such that

p(x) is large. Similar to the supervised learning setting, the empirical distribution

p̂(x) = 1
n

∑n
i=1 δxi

(x) is used to approximate the true distribution.

Clustering Analysis

In clustering analysis, the goal is to partition the data {xi : i ∈ [n]} into K groups

or clusters C = {Ck : k ∈ [K]} that satisfy

K⋃
k=1

Ck = {xi : i ∈ [n]}, Ck ∩ Ck′ = ∅ ∀k ̸= k′, (2.13)

so that data points are similar to those in the same cluster and dissimilar to those

in other clusters. One of the challenges is to define a measure of similarity between

data points.

Example 2.2 (K-means) A common approach is to use the Euclidean distance

for quantitative variables. One of the most popular clustering methods is the K-

means algorithm ([Jain, 2010]), which aims to find the partition that minimises the

within-cluster sum of squares:

W (C) =
K∑
k=1

∑
xi∈Ck,xi′∈Ck

||xi − xi′ ||2, (2.14)

Dimensionality reduction

This class of methods attempts to identify low-dimensional manifolds within the

space of data that represents high data density p(x).

Example 2.3 (Principal Component Analysis - PCA) PCA finds a linear map
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that projects the data onto a lower-dimensional space spanned by orthonormal basis

vectors called principal components ([Jolliffe and Cadima, 2016]). The first princi-

pal component is the direction in which the data varies the most, and the second

principal component is the direction that is orthogonal to the first principal compo-

nent and in which the data varies the most, and so on.

Example 2.4 (Independent Component Analysis - ICA) Many multivariate

data can be considered as measurements from multiple underlying sources, which

cannot be directly measured. Electrophysiology data is a typical example. ICA

([Comon, 1994]) aims to find a linear transformation of the data such that the

components are non-Gaussian and statistically independent.

2.1.5 Latent variable models (generative models)

K-means and PCA are unsupervised learning methods that are very established and

widely used. However, they are non-probabilistic models that are based on heuristics

and intuitive notion of (dis-)similarity and important information in the data. In

K-means, the notion of similarity is defined using Euclidean distance, and in PCA,

the important information is defined by the directions of maximum variance, which

are strong assumptions and not necessarily true in practice. Latent variable models

([Loehlin, 2004]) are a more general class of models that aims to model the prob-

abilistic generating process of the data itself through unobserved latent variables,

which serves as representations and summary of the data. For instance, in mixture

models, in particular Gaussian Mixture Models (GMM, [Reynolds et al., 2009]), the

latent variables represent cluster assignments of the data points while in probabilistic

PCA and variational autoencoders, the latent variables represent lower dimensional

representations of the data. The latent variable models have several advantages and

disadvantages:

• Distribution over the latent variables allows for uncertainty quantification.
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zi xi

ϕ

i ∈ [n]

Figure 2.1: Graphical model of a latent variable model. Here xi is the observed
data, zi is the latent variable and ϕ is the model parameters.

• The model can be naturally extended to Bayesian learning where the model

parameters are assigned prior distributions.

• Prior knowledge and domain expertise can be easily incorporated into the

model through the prior distributions.

• Posterior distributions of the latent variables are often intractable and need

to be approximated.

Formulation

Consider the scenario that in addition to the observed data x1:n = {xi : i ∈ [n]},

there are unobserved latent variables z1:n = {zi : i ∈ [n]}. Here we assume, for

simplicity, that the number of latent variables is the same as the number of observed

data points, which is not necessarily true in a more general setting. The joint

distribution of the probabilistic model is given by

pϕ(x1:n, z1:n) = pϕ(z1:n)
n∏

i=1

pϕ(xi|zi), (2.15)

where ϕ is the model parameters and we assume that the observed data are condi-

tionally independent given the latent variables. The graphical representation of a

latent variable model is shown in Figure 2.1.

Example 2.5 (Gaussian Mixture Model - GMM) In GMM, the latent vari-
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ables represent the cluster assignments of the data points and are assumed to be

drawn independently from a multinomial distribution, i.e.

P(zi = k) = πk, (2.16)

where for k ∈ [K], πk ≥ 0, such that
∑K

k=1 πk = 1 are called the mixing coefficients.

Given the latent variable, the observed data follows a Gaussian distribution:

xi|(zi = k) ∼ N (µk,Σk). (2.17)

Hence the model parameters are ϕ = {πk,µk,Σk : k = 1, . . . , K}. One can show

that assuming Σk = σ2I, as σ2 → 0, the posterior probability pθ(zi|x) becomes

binarised and GMM coincides with K-means.

Example 2.6 (Hidden Markov Model - HMM) In the HMM, the latent vari-

ables follow a discrete-time (homogeneous) Markov process, i.e.

p(z) = p(z1)
n∏

i=2

p(zi|zi−1). (2.18)

Assuming that z takes values in a finite state space [K], the transition probability

matrix A is such that Akk′ = p(zi = k′|zi−1 = k). The observed data is assumed

to be conditionally independent given the latent variables and follows the emission

distribution p(xi|zi). Hence the complete likelihood of the data is given by

p(x, z) = p(x1|z1)p(z1)
n∏

i=2

p(xi|zi)p(zi|zi−1), (2.19)

where the dependence on model parameters ϕ is omitted for readability.
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Inference challenges

To obtain estimates of the model parameters ϕ, we would like to maximise the model

likelihood. Notice that our probabilistic model is pϕ(x, z) and we have no access to

the latent variables z. Therefore, we wish to maximise the marginal log-likelihood

of the observed data

log pϕ(x) = log

∫
pϕ(x, z)dz (2.20)

with respect to ϕ. However, marginalisation over the latent variables often results

in intractable integrals. This poses a significant optimisation challenge and we need

to resort to iterative algorithms and approximations.

2.1.6 Expectation-Maximisation (EM) algorithm

The EM algorithm ([Dempster et al., 1977]) is an iterative strategy for maximising

the likelihood under missing data or unobserved latent variables. An approximation

q(z), called the variational distribution, to the posterior distribution p(z|x) is intro-

duced and we can rewrite the marginal log-likelihood as (assuming pϕ(z) = p(z))

log

∫
pϕ(x, z)dz = log

∫
pϕ(x, z)q(z)

q(z)
dz

[Jensen’s Inequality] ≥
∫

q(z) log
pϕ(x|z)p(z)

q(z)
dz

=

∫
q(z) log pϕ(x|z)dz −

∫
q(z) log

q(z)

p(z)
dz

= Eq(z)[log pϕ(x|z)]−DKL(q(z)||p(z))

:= F(ϕ, q).

(2.21)

Here DKL(.||.) is the Kullback-Leibler divergence ([Kullback and Leibler, 1951]) and

F(ϕ, q) is called the evidence lower bound (ELBO), where evidence is an alternative

term for the marginal log-likelihood. The first term in the ELBO Eq(z)[log pϕ(x|z)]

is the expected conditional log likelihood, which serves as a measure of reconstruction
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error and how well the model fits to the data, whilst the second term DKL(q(z)||p(z))

acts as a model complexity penalisation term and punishes q if it deviates away from

the prior distribution p(z).

The EM algorithm, as the name suggests, consists of two steps and at each

iteration t:

• E-step: Maximise the ELBO with respect to the variational distribution while

holding the model parameters fixed. It can be shown that the optimal varia-

tional distribution is given by

q(t)(z) = arg max
q
F(ϕ(t−1), q) = pϕ(t−1)(z|x). (2.22)

• M-step: Maximise the ELBO with respect to the model parameters while

holding the variational distribution fixed:

ϕ(t) = arg max
ϕ
F(ϕ, q(t)) = arg max

ϕ
Eq(t)(z)[log pϕ(x|z)]. (2.23)

Depending on the parametric model pϕ(x|z), the M-step in some cases cannot be

solved exactly, in which case we can use gradient-based optimisation algorithms in-

side the M-step. This is called the generalised EM algorithm ([McLachlan and Krishnan, 2007]).

Furthermore, during the E-step, the true posterior distribution pϕ(t−1)(z|x) is only

available in a few special cases (e.g. GMM and probabilistic PCA) and in general,

we need to restrict the class of variational distributions to a more tractable family

of distributions. This approach is called variational inference.
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Mean-field variational family

One of the most popular choices of variational family is the mean-field variational

family, where we assume that the latent variables are independent of each other:

q(z) =
n∏

i=1

q(zi). (2.24)

Though this assumption greatly simplifies the computation of the E-step, it is a

strong assumption and often result in underestimation of posterior variance in prac-

tice ([Blei et al., 2017]). Other variational families are possible, including the use

of normalising flows that finds a transformation of a simple distribution to achieve

richer variational families.

2.2 Deep learning

Deep learning is a sub-field of machine learning that utilises Artificial Neural Net-

works (ANNs), which are inspired by biological neural networks, to learn mappings

from input data to output data. The word “deep” refers to the use of multiple layers

in the neural network for parameterising a rich family of transformations. The use

of deep learning has been very successful in a wide range of applications, including

computer vision, natural language processing (NLP), signal recognition and gener-

ation, etc. The success of deep learning is due to the development of new architec-

tures, optimisation algorithms, but more importantly, the availability of large-scale

datasets and extremely powerful computational hardware. It has several advantages

and disadvantages compared to traditional machine learning approaches, such as:

Advantages:

• There is no need for feature engineering. The neural network learns to extract

high level and abstract features from the data automatically.

• Stochastic gradient descent (SGD, see Section 2.2.2) and its variants allow deep
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learning algorithms to handle large-scale datasets efficiently, i.e. the methods

are scalable.

• Due to the universal approximation theorem ([Hornik et al., 1989]), deep learn-

ing models are theoretically capable of approximating arbitrary functions.

• Advancement in computational hardware (e.g. GPU and TPU) enables fast

and scalable training of these models.

• Software libraries such as TensorFlow and PyTorch provide ease of use and

flexibility for building and training deep learning models.

• Deep learning models are fundamentally modularised. Complex models can

be built by stacking simple and basic modules, which makes it easy to modify

and extend models.

Disadvantages:

• The training of deep learning models is computationally expensive due to the

large amount of parameters.

• Deep learning models are data-hungry and could be prone to overfitting when

the amount of training data is limited.

• These models are often considered as black boxes and it is typically extremely

difficult to interpret the decisions and predictions made by the models.

2.2.1 Examples of modules

As mentioned, deep learning models are fundamentally modularised and in this

section, we give details of the basic modules that are used in this thesis.
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Fully-connected layers

A fully-connected layer f ∼ Dense(q, p) is also called a dense layer, a feed-forward

layer or a linear layer :

f(x) = Wx+ b, (2.25)

where x ∈ Rp is the input, W ∈ Rq×p and b ∈ Rq are parameters called weights and

biases respectively. Here p is the input dimension and q is the output dimension,

also called the number of units.

Nonlinearity

Element-wise nonlinear functions σ, called activations, are used to introduce non-

linearity in the neural network, which is essential in ensuring expressiveness of the

neural networks. Popular activation functions include but are not limited to:

• Sigmoid. σ(x) = 1
(1+exp(−x))

.

• Hyperbolic tangent. σ(x) = tanh(x) = exp(x)−exp(−x)
exp(x)+exp(−x)

.

• ReLU (Rectified Linear Unit, [Nair and Hinton, 2010]). σ(x) = max(0, x).

• Softplus. σ(x) = log(1 + exp(x)).

Multi-layer perceptron (MLP)

An MLP f ∼ MLP(dL, . . . , d0, σ) ([Gardner and Dorling, 1998]) is formed by com-

positing multiple dense layers with activations in-between:

f(x) = fL ◦ σ ◦ · · · ◦ σ ◦ f1(x), fl ∼ Dense(dl, dl−1), for l ∈ [L], (2.26)

where L is the number of layers. See Figure 2.2 for a graphical representation of an

MLP.
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x f(x)
f1 ◦ σ fL ◦ σ

Figure 2.2: Graphical representation of a multi-layer perceptron. x is the
input and f(x) is the output. The dotted arrow represents multiple applications of
dense layers and activations.

x1 x2 x3 xT

h1 h2 h3 hTh0

y1 y2 y3 yT

g1 g1 g1 g1

g2 g2 g2 g2

Figure 2.3: Graphical representation of a Recurrent Neural Network. Here
x1, . . . ,xT are the inputs, h0, . . . ,hT are the hidden states, and y1, . . . ,yT are the
outputs. g1 and g2 are neural networks themselves and the dotted arrow represents
multiple applications of the same procedure.

Recurrent Neural Network (RNN)

A Recurrent Neural Network ([Rumelhart et al., 1986]) is typically applied to time

series data x1,x2, . . . ,xT and y1,y2 . . . ,yT are the outputs. In an RNN, the output

yt is a function of the whole history x1:t. This is achieved by computing a sequence

of hidden representations ht based on the history x1:t and decode ht to get yt. Hence

starting from an initial state h0, for each t = 1, . . . , T

ht = g1(ht−1,xt)

yt = g2(ht),

(2.27)

where g1, g2 are neural networks and can be as simple as a dense layer followed by

an activation. See Figure 2.3 for a graphical representation of an RNN.
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2.2.2 Optimisation

Training the large amount of parameters in deep learning models is extremely chal-

lenging. Recall the ERM problem in Equation (2.7):

min
ϕ
L(ϕ) = min

ϕ

1

n

n∑
i=1

L(yi, fϕ(xi)). (2.28)

Unlike linear regression, in most cases of deep learning, an analytic solution for the

parameter ϕ is infeasible given the complexity of the neural network fϕ. Instead,

numerical optimisation is used and the most common one used for training deep

neural networks is gradient descent, i.e. starting with an initial value ϕ0, for each

iteration t,

ϕt = ϕt−1 − ϵt
dL
dϕ

(ϕt−1), (2.29)

where ϵt is called the learning rate. Automatic differentiation tools ([Paszke et al., 2017])

allow efficient computation of the gradient dL
dϕ

through chain rule and matrix multi-

plication but there are several challenges:

• Complexity of computing the gradient scales linearly with the number of sam-

ples n:

dL
dϕ

=
1

n

n∑
i=1

d

dϕ
L(yi, fϕ(xi)). (2.30)

Many datasets for training deep learning models are huge in size hence com-

puting the gradient is not practical even for modern computational hardware.

Instead an unbiased stochastic estimate of the gradient:

d̂L
dϕ

=
1

|B|
∑
i∈B

d

dϕ
L(yi, fϕ(xi)), (2.31)

where B is a uniformly randomly sampled subset of [n], called a minibatch,

with |B| ≪ n. This approach is called stochastic gradient descent (SGD).

Typically, the dataset is split into n/|B| minibatches and each minibatch is
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used in turn for updating the model parameters. After the whole dataset has

been processed once, called an epoch, a different randomised set of minibatches

is used for the next epoch. Although SGD uses a noisy estimate of the true

gradient, it has been shown to converge almost surely for convex objective

functions ([Bottou, 1998]). For non-convex optimisation problems, which is

typical for highly complex and nonlinear fϕ, extensions of SGD, such as ADAM

([Kingma and Ba, 2014]), have been proposed to help cross over the ridges and

valleys of the loss function.

• The computation of gradients involves a chain of matrix multiplications of the

Jacobian matrices. If the matrices have eigenvalues that are greater than 1,

then in some directions, the gradients as products can become bery large. This

is called the exploding gradients issue ([Ribeiro et al., 2020]). On the other

hand, if some eigenvalues are small and close to 0, the gradients can vanish.

This is problematic especially in RNNs where the same set of weights are

applied multiple times. The LSTM cell ([Hochreiter and Schmidhuber, 1997])

is designed to mitigate the this issue. Another solution is to clip gradients

such that gradients larger than a threshold are set to the threshold.

2.2.3 Variational Autoencoder (VAE)

As mentioned in Section 2.1.5, the exact posterior distribution p(z|x) is intractable

in most cases in latent variable models, especially when the likelihood pϕ(x|z) and

the prior distribution p(z) are non-trivial. In the field of deep learning, the likelihood

is also called a decoder and one of the solutions to the problem of approximating the

posterior distribution is amortised learning. This involves considering a variational

distribution qψ(z|x), which is typically parameterised by a neural network, called a

encoder, with parameters ψ. The encoder serves as a function that maps data x to

the variational distribution qψ(z|x), which is an approximation to the true posterior

distribution p(z|x). This approach has two main advantages:
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• When the number of latent variables is large and scales with the sample size,

this avoids learning the variational parameter for each latent variable. Learn-

ing a map from data to the variational parameters allows training to be scalable

with large datasets.

• When new data x∗ comes in, one can directly get an approximation to the

posterior distribution p(z|x∗) by passing the new data through the encoder

instead of training the whole model from the beginning.

This framework is called a variational autoencoder ([Kingma and Welling, 2013])

and the ELBO ((2.21)) becomes:

F(x,ϕ,ψ) = Eqψ(z|x)[log pϕ(x|z)]−DKL(qψ(z|x)||p(z)). (2.32)

The (scaled) ELBO for the whole set of observations {xi : i ∈ [n]} is

F(ϕ,ψ) =
1

n

n∑
i=1

{
Eqψ(z|xi)[log pϕ(xi|z)] + DKL(qψ(z|xi)||p(z))

}
. (2.33)

Assuming that {(xi, zi) : i ∈ [n]} are drawn i.i.d. from pϕ(x, z), F(ϕ,ψ) is a lower

bound of the scaled model evidence 1
n

log pϕ(x1, . . . ,xn) = 1
n

∑n
i=1 log pϕ(xi), since

F(xi,ϕ,ψ) ≤ log pϕ(xi) for all i. In practice, instead of maximising the ELBO,

we minimise the negative ELBO as our loss function (also known as variational free

energy) L(ϕ,ψ) = −F(ϕ,ψ). Now as opposed to the two-step optimisation in EM

algorithm, we use gradient descent to optimise the loss function with respect to ϕ

and ψ jointly.

A common choice of the encoder is a Gaussian distribution with diagonal matrix

and a standard Gaussian distribution for the prior:

qψ(z|x) = N (z|µψ(x), σ2
ψ(x)I),

p(z) = N (0, I),

(2.34)
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where µψ, σψ are neural networks. With this particular choice, the KL divergence

has an analytic solution and it is easy to compute its gradient with respect to the

weights of the encoder. However, the same cannot be said about the expected

conditional log-likelihood, the analytic form of which we do not often have access

to. The solution to this is to use a Monte-Carlo estimate of the gradient.

2.2.4 Reparameterisation trick

In order to optimise the loss function, it remains to estimate the gradients of the

term Eqψ(z|x)[log pϕ(x|z)]. We could get a single sample Monte Carlo estimate of

this quantity by drawing zs ∼ qψ(z|x) and estimating

Êqψ(z|x)[log pϕ(x|z)] = log pϕ(x|zs). (2.35)

But by doing this we lose the dependence on ψ and we cannot compute the gradient

with respect to it. The solution to this is the reparameterisation trick ([Kingma and Welling, 2013]).

We know for a fact that if

zs ∼ N (µ, σ2),

(z′)s = µ + σϵ, ϵ ∼ N (0, 1)

, (2.36)

Then zs and (z′)s have the same distribution. Hence by the law of the uncon-

scious statistician ([DeGroot and Schervish, 2012]), if we use a Gaussian variational

distribution, the expected conditional log-likelihood can be rewritten as

Eqψ(z|x)[log pϕ(x|z)] = Eϵ[log pϕ(x|µψ(x) + σ2
ψ(x)ϵ)], (2.37)

and use the estimate log pϕ(x|µψ(x) + σ2
ψ(x)ϵs) with ϵs ∼ N (0, I). Notice now we

are able to compute the gradient of this estimate with respect to all the parameters

and this estimator is an unbiased estimator of the true gradient of the expected
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x Encoder(ψ)

µψ(x)

σψ(x)

ϵs ∼ N (0, I)

×

+

Decoder(ϕ)

− log pϕ(x|µψ(x) + σ2
ψ(x)ϵs)

Reconstruction loss

DKL(N (µϕ(x), σ2
ψ(x)I)||N (0, I))

KL divergence regularisation

Figure 2.4: Illustration a variational autoencoder with Gaussian variational
distribution. The encoder with parameters ϕ takes input x, and gives the vari-
ational mean µψ(x) and standard deviation σψ(x). Using the reparameterisation
trick, a sample ϵs from the standard Gaussian distribution is drawn, which is then
multiplied with σψ and added to µψ(x). The resulting sample from the variational
distribution is passed through the decoder with parameters ϕ to get an estimate of
the original input. Here the red boxes indicate different terms of the loss function.

conditional log-likelihood. See Figure 2.4 for an illustration of this special case of

VAE.

2.3 Statistical hypothesis testing

In many cases we want to make claims about some data x ∈ X which are assumed

to be drawn from a (possibly unknown) distribution p(x). Statistical hypothesis

tests are methods that are used to decide whether there is sufficient evidence in the

data that supports some sort of “abnormality” in a rigorous manner. The general
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procedure is as follows. Firstly, a claim that the effect being studied does not exist

is defined. This is called the null hypothesis. Then we are interested in the question

“Under the null hypothesis (assuming there is no effect), what is the probability

that the data can be as extreme as my observed data?” If the probability is below a

threshold, called the significance level, then we can conclude that there is evidence

of an effect and the null hypothesis is rejected by the hypothesis test with a certain

significance level ([Lehmann et al., 1986a]).

Formally, we would want to summarise the data with a function S : X → R,

called a statistic that maps the data into a scalar, so that there is an order imposed

on the data and the “as extreme as” statement is well-defined. The probability of

question is called the Type I error (also more widely known as the p-value) and is

defined as

p> = P(S(x) > S(xobs)|H0), (2.38)

where xobs is the observed data and the probability is taken with respect to the

conditional data distribution p(·|H0) given the null hypothesis.

With different study objectives, different alternative hypotheses can be defined,

upon which the following definitions of p-value can also be used:

p< = P(S(x) > S(xobs)|H0)

p ̸= = P(|S(x)| > |S(xobs)||H0),

(2.39)

where p>, p< are called p-values of one-sided tests whilst p ̸= is called a p-value of a

two-sided test.

In many cases, the Central Limit Theorem (CLT) tells us as the number of sample

tends to infinity, the distribution of the mean of samples converges in distribution

to a normal distribution, which allows one to approximate the p-value. However

this is not always the case as we may be interested in test statistics other than the

sample mean or there is simply a lack of data. Non-parametric tests solves this
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by not placing any assumption on the null distribution and sometimes exploiting

structure (exchangeability) within the data.

2.3.1 Permutation tests

An example of non-parametric tests used in this thesis is the permutation test

([Lehmann et al., 1986b, Pesarin and Salmaso, 2010]), which uses the idea of proof

by contradiction. Suppose we have observations x,y from two groups and we want

to test if they come from the same distribution, which is the null hypothesis. Under

the assumption that the group labels are exchangeable, permuting the group assign-

ment of the observations gives the same joint distribution under the null hypothesis.

Hence the test involves calculating the test statistic for every permutation of group

assignment. The null hypothesis is rejected if the observed test statistic is among

the extremes of the test statistics obtained by permutations.

The permutation test is an exact test and does not put any parametric assump-

tion on the underlying data distribution. However, this comes with the downside of

extremely high computational cost, due to the fact that the number of permutations

grows exponentially with the number of samples. This is solved by a modification

of the test with Monte Carlo sampling.

2.3.2 Monte Carlo testing

The important quantity p-value p> can be rewritten as

p> = P(S(x) > S(xobs)|H0)

= E[1{S(x) > S(xobs)}|H0].

(2.40)

Hence we can consider using the Monte Carlo estimate

p̂> =
1

Ns

Ns∑
s=1

1{S(xs) > S(xobs)}, (2.41)
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where xs are samples from the null distribution and Ns is the number of sam-

ples. This idea can be applied to permutation tests as a random assignment of

groups is a sampling from the null distribution and thus reducing the computa-

tional cost of permutation test by using a Monte Carlo estimate of the p-value

([Pesarin and Salmaso, 2010, Walter and Barkema, 2015]).

2.3.3 The multiple testing problem

In some cases it is useful to test multiple hypotheses simultaneously. However, this

raises the problem that as the number of tests increases, there is an increasing chance

that one of the tests will show significant results even the ground truth is all of the

null hypotheses are true ([Hochberg, 1987]).

Formally, suppose we have a family of null hypotheses and {xi : i ∈ [M ]} are

data from the null distributions, where M is the number of tests. Then the family-

wise error rate (FWER), defined as the probability that there is at least one false

positives in the family of tests, is

FWER = P

(
M⋃
i=1

{S(xi) > S(xobs,i)}

)
≥ P(S(xi) > S(xobs,i)) ∀i ∈ [M ], (2.42)

where xobs,i is the observed data for test i. This can be thought of as the Type I error

of the test with null hypothesis that there is no effect anywhere (all the individual

null hypotheses are true). If the tests are independent, then it is trivial to show

FWER = 1−
M∏
i=1

(1−P(S(xi) > S(xobs,i))) , (2.43)

which is typically much larger than the individual Type I errors and is non-decreasing

with M . A number of methods have been proposed to correct the individual signif-

icance levels to assure the FWER is controlled, e.g. the Bonferroni correction, but

these methods can result in very conservative tests, which has low statistical power.
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2.3.4 Maximum statistic

The use of maximum statistic ([Nichols and Hayasaka, 2003]) is one of the ways to

mitigate the issue of multiple testing. Suppose all statistics S(xi) have identical

marginal distribution under the null hypotheses, then

P

(
M⋃
i=1

{S(xi) > T}

)
, (2.44)

which is the probability that at least one of S(xi) is greater than T for some T ∈ R,

can be re-expressed as

P

(
M⋃
i=1

{S(xi) > T}

)
= 1−P

(
M⋂
i=1

{S(xi) ≤ T}

)

= 1−P
(

max
i∈[M ]

S(xi) ≤ T

)
= P

(
max
i∈[M ]

S(xi) > T

)
.

(2.45)

Hence if we choose T to be the (1−α) quantile of the distribution of the maximum

statistic maxi∈[M ] S(xi), where α is the significance level, and reject the i-th null

hypothesis if and only if S(xobs,i) > T , the FWER is controlled at significance level

of α.

The distribution of the maximum statistic is complicated and most likely there

is no closed-form solution for its quantiles. Hence Monte Carlo tests (together with

permutation tests) are often used to approximate the quantile.
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Chapter 3

Existing models for estimating

dynamic brain networks

In Section 1.3 we discussed the sliding window approach for computing dynamic

functional connectivity and the limitations of this approach. In this chapter, we

give an overview of two recently developed techniques that use generative models

to infer brain network dynamics in a principled, model-based and data-driven way.

In addition, we describe attempts to quantitatively compare different generative

models and contributions to the osl-dynamics toolbox ([Gohil et al., 2024a]).

3.1 Modelling brain dynamics with the Hidden

Markov Model

[Baker et al., 2014] proposed using the HMM (Hidden Markov Model) to model the

dynamics of functional brain networks. The basic assumption is that temporally, the

brain undergoes transitions between brain states which have different spatiotemporal

characteristics. The generative model of HMM describes how the time series data

is generated given the model parameters and through training, we find parameters

that best generate the observed data and partitions the time dimension of the data
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into a finite number of mutually exclusive states.

3.1.1 Formulation of generative model

The general HMM framework is defined in Example 2.6 and in what follows we

delve into how to use the HMM to describe the generating process of functional

neuroimaging data. Suppose the data we have is x1:T = {xt : t ∈ [T ]}, where T is

the number of samples and xt is the functional data we observe at time t, which

is a vector of length Nc - the number of channels. The hidden states s1:T = {st :

t ∈ [T ]} of the HMM represent brain state labels taking values in the finite set [J ],

with J being the number of states. The emission distributions are assumed to be

multivariate Gaussian distributions:

p(xt|st) = N (xt|µst ,Σst). (3.1)

The collection ϕ = {A,µj,Σj : j ∈ [J ]}, where A is the transition probability

matrix, includes all parameters to infer during model training.

3.1.2 Model training

In osl-dynamics ([Gohil et al., 2024a]), model training is done with the EM algo-

rithm (see Section 2.1.6). More specifically, we employ a modified Baum-Welch

algorithm ([Baum and Petrie, 1966, Baum and Eagon, 1967]). At each iteration i,

we perform one E-step and one M-step. During the E-step, the forward-backward

algorithm is used to compute the posterior probability (state probability q(s1:T )) of

the hidden states.

During the M-step, the parameters ϕ are updated. The transition probability

matrixA is updated by the stochastic update technique used in [Vidaurre et al., 2018a]:

Anew = (1− ζ)Aold + ζAinterim, (3.2)
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where Aold and Anew are the transition probability matrices before and after the

update, Ainterim is the interim update of the transition probability matrix given by

the Baum-Welch algorithm, and ζ is the update weight that decreases with training

epoch:

ζ(i) = (i + delay)−forget, (3.3)

where delay = 5 and forget = 0.7. The rest of the parameters {µj,Σj : j ∈ [J ]}

are updated by minimising the negative expected conditional log-likelihood of the

data through gradient descent:

L(ϕ) = −Eq(s1:T ) [log pϕ(x1:T |s1:T )]

= −
T∑
t=1

Eq(st)[log pϕ(xt|st)]

= −
T∑
t=1

J∑
j=1

γjt logN (xt|µj,Σj),

(3.4)

where γjt = q(st = j) is the posterior probability that the state at time t is j.

3.2 Extending HMMwith Dynamic Network Modes

Dynamic Network Modes (DyNeMo, [Gohil et al., 2022]) attempts to tackle two of

the limitations of the HMM. Firstly, the temporal model of the HMM is a first-order

Markov chain, which means that the state at time t only depends on the state at

time t− 1. This is a strong prior assumption on the data that hinders the model’s

ability to capture long range temporal dependency. DyNeMo replaces the Markov

chain with an RNN (See Section 2.2.1) to model the temporal dependency. Secondly,

the time series data is partitioned into a finite number of mutually exclusive states

in the HMM, i.e. data at each time point can only be generated by one state. This

is a strong assumption on the data and might not be true in practice. DyNeMo

introduces a soft-mixture of modes of networks, which is a much more flexible model
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for modelling the potentially continuous nature of the dynamics of the brain. It

has been shown that DyNeMo could infer TVFC more accurately than the HMM

([Gohil et al., 2022]), and can identify networks that are useful for studying task

data ([Gohil et al., 2024b]).

3.2.1 Formulation of generative model

Conceptually, DyNeMo learns a set of modes, where each mode corresponds to

a distinct spatial/spectral configuration of network activity. The actual network

activity at each time point is then modelled as a linear combination of these modes.

The time series of mixing coefficients characterises the dynamics of the modes and

is referred to as the mode time courses. Formally, similar to the HMM, DyNeMo

assumes that the data is generated by

xt ∼ N (mt,Ct) ∀t ∈ [T ], (3.5)

where mt,Ct are the instantaneous time-varying mean and covariance of the data

at time t, which are generated by a mixture of finite number of modes of means µj

and covariances Σj:

mt =
J∑

j=1

αjtµj,

Ct =
J∑

j=1

αjtΣj,

(3.6)

where αjt is the mixing coefficient for mode j at time t. The mixing coefficients are

generated through a softmax transformation of latent probabilistic variables θ1:T

(where θt = {θjt : j ∈ [J ]} ∀t ∈ [T ]), referred to as the logits :

αjt =
exp(θjt/τ)∑J

j′=1 exp(θj′t/τ)
, (3.7)
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in order to ensure
∑J

j=1 αjt = 1, ∀t ∈ [T ]. Here τ is the temperature parameter that

controls the sharpness of the mixing coefficients. The prior distribution (which de-

fines the probabilistic generating process) of the logits, which are the latent variables

in this generative model, is a product of the conditional distributions:

p(θ1:T ) =
T∏
t=2

p(θt|θ1:t−1) =
T∏
t=2

N (θt|µθt(θ1:t−1),σ
2
θt(θ1:t−1)I), (3.8)

where the parameters µθt(θ1:t−1) and σθt(θ1:t−1) are parameterised by an RNN:

µθt(θ1:t−1) = ggen(RNN(θ1:t−1)),

σθt(θ1:t−1) = ρ(hgen(RNN(θ1:t−1))),

(3.9)

where ggen, hgen are learnable affine transformations and ρ is the softplus function

to ensure positivity of standard deviations.

Remark 3.1 Through out this thesis, RNNs, and in particular the vanilla LSTMs,

are used over other sequence models such as the Transformers ([Vaswani et al., 2017])

and the S4 model ([Gu et al., 2021]). The main reason was that empirically we found

LSTMs work reasonably well for our purpose (modelling FC dynamics) and prelim-

inary experiments with Transformers did not seem to have a huge impact on the

results.

3.2.2 Model training

During model training, we aim to infer model parameters ϕ that include {µj,Σj :

j ∈ [J ]} as well as parameters of the RNN, and affine transformations ggen, hgen. Due

to the highly intractable nature of the prior distribution parameterised by an RNN,

it is impossible to compute the exact posterior distribution p(θ|x) analytically. In

osl-dynamics, we use variational inference to infer an approximation to the posterior

distribution as well as the observation model parameters. The loss function to be
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minimised is the variational free energy (see Section 2.2.3 for derivation of the general

framework):

L = −Eq(θ1:T )[log pϕ(x1:T |θ1:T )] + DKL(q(θ1:T )||pϕ(θ1:T )), (3.10)

where q(θ1:T ) is the variational distribution, on which we employ the mean-field

approximation (Section 2.1.6):

q(θ1:T ) =
T∏
t=1

q(θt) =
T∏
t=1

N (θt|mθt , s
2
θtIJ). (3.11)

As mentioned in Section 2.2.3, when the number of samples T is large, it is not

feasible to learn all the variational parameters mθt , sθt separately. Instead we use

amortised inference, where a function that maps the observed data to the variational

parameters is learned. This has the additional benefit of straightforwardly applying

a trained model to unseen data. More specifically, we use a bidirectional RNN:

mθ1:T = ginf (BiRNN(x1:T )),

sθ1:T = ρ(hinf (BiRNN(x1:T ))),

(3.12)

where again ginf , hinf are learnable affine transformations. Hence the parameters of

the encoder ψ include parameters of the bidirectional RNN, and affine transforma-

tions ginf , hinf . The loss function in (3.10) becomes

L(ϕ,ψ) = −
T∑
t=1

Eqψ(θt)[log pϕ(xt|θt)]︸ ︷︷ ︸
LL

+
T∑
t=2

DKL(qψ(θt)||pϕ(θt|θ1:t−1))︸ ︷︷ ︸
KL

.
(3.13)

The first term LL measures how well the model is fitted to the observed data and the

second term KL is a temporal regularisation term that encourages the model to learn

a sensible temporal structure. During training, gradient descent type algorithm was

used to minimise the loss function with respect to ϕ,ψ and the reparameterisation

Rukuang Huang 48



University of Oxford Jesus College

trick was used to estimate the gradient of LL (Section 2.2.4).

Breaking data into sequences

In practice, we are able to feed the whole sequence directly to a very long RNN

sequence due to memory restrictions. More importantly, although the use of long

short-term memory cell (LSTM, [Hochreiter and Schmidhuber, 1997]) mitigates the

issue of gradient explosion and vanishing to some extent, it is still an issue when the

sequence is long ([Bengio et al., 1994]). Typically, it is advised that the sequence

length cannot exceed a few hundreds ([Jozefowicz et al., 2015]). Hence we further

separate the data into sequences to feed the RNNs. Let Tseq be the sequence length

and Nseq be the number of sequences such that ⌊T/Tseq⌋ = Nseq, then the loss for

sequence n is

Ln(ϕ,ψ) = −
Tseq∑
t=1

Eqψ(θt)[log pϕ(xt|θt)]︸ ︷︷ ︸
LL

+

Tseq∑
t=2

DKL(qψ(θt)||pϕ(θt|θ1:t−1))︸ ︷︷ ︸
KL

, (3.14)

where xt,θt are the t-th element in sequence n of data and latent logit, respectively.

The (average) loss for a randomly drawn batch B ⊆ [Nseq] is

L(ϕ,ψ) =
1

|B|
∑
n∈B

Ln(ϕ,ψ). (3.15)

Notice here each sequence can be seen as a data point and Ln(ϕ,ψ) is the loss

associated with this data point.

The need to break data into sequences presents a limitation of DyNeMo, being

that it cannot capture super long range temporal dependencies (e.g. more than 10

seconds), which have been shown to exist and play an important role in sleep. We

attempted to tackle this challenge by using Gaussian processes instead of RNNs to

model the temporal generative process (see Appendix E).
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3.2.3 Tricks for training DyNeMo

Annealing the KL term

Optimising the parameters of a VAE with RNN is challenging. In most runs, the

KL term dominates and the model consistently sets the variational distribution

to be close to the prior distribution of the latent variables, yielding a very small

KL term ([Bowman et al., 2015]). The solution to this is surprisingly simple and

effective: annealing the KL term. The idea is to train the model with a modified

loss function where the KL term is multiplied by an annealing factor κ that starts

at 0 and gradually increases to 1 as the training progresses, i.e.

Ln = −LL + κKL. (3.16)

This allows the model to first learn a good encoder before tuning the variational

distribution to match the prior distribution. In this thesis, we use a tanh scheme

for the annealing factor κ:

κ =


0 if epoch = 1

1 if epoch ≥ Nanneal

1
2

tanh
(
sharpness [(epoch−1) mod Nanneal]−Nanneal/2

Nanneal

)
+ 1

2
otherwise,

(3.17)

where Nanneal is the number of annealing epochs beyond which κ = 1 and sharpness

is a hyper-parameter that controls the steepness of how κ increases.

The trick of annealing the KL term during training involves tuning many hyper-

parameters. Recently there have been more principled ways for training VAEs (e.g.

[Rezende and Viola, 2018b, Rezende and Viola, 2018a]), and these methods can be

explored for better training of the model.
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Multi-start initialisation

The DyNeMo loss is highly non-convex and the model can end up in different local

minima depending on the initialisation. To mitigate this, a multi-start initialisa-

tion strategy is used. At each initialisation, the model parameters are initialised

randomly and the model is trained for a small number of epochs. This is repeated

multiple times and the model with the lowest loss is chosen for further training.

Learning covariance matrices

A square matrix Σ ∈ Rn×n is a legitimate covariance matrix if and only if it is

• Symmetric. Σ = ΣT .

• Strictly positive definite. vTΣv > 0, ∀v ∈ Rn.

Hence we cannot simply learn all the entries of the covariances Σj as there are

too many degrees of freedom and there is no guarantee that we learn a legitimate

covariance matrix. Instead, we use the fact that there is a bijection between the

space of strictly positive definite matrices and the space of lower-triangular matrices

with strictly positive diagonals through Cholesky decomposition. In osl-dynamics,

a vector of length Nc(Nc + 1)/2 is learned before it is filled as the entries of a lower

triangular matrix whose diagonal is softplus transformed. The resulting matrix is

multiplied with its own transpose to get the covariance matrix.

3.3 Comparing different generative models

Qualitatively, DyNeMo gives a description of the observed data under more relaxed

assumptions than the HMM, and it has been shown in [Gohil et al., 2022] that

DyNeMo is able to infer binarised mode time courses if the data is indeed generated

from the HMM generative model, meaning when fitted on the real data, there is

nothing in the generative model or model training that forces soft-mixing of mode
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time courses. It is the solely the data itself that determines the soft-mixing nature

of the inferred mode time courses. However, we ask the question if there is a quan-

titative way to compare HMM and DyNeMo? This is also closely related to the

classic problem of choosing the number of states in HMM and the number of modes

in DyNeMo.

3.3.1 Calculation of free energy

A natural choice of metric for goodness of fit is the loss function during training,

i.e. the variational free energy.

Free energy of HMM-based models

For the HMM, the free energy can be written as

F =

∫
q(z1:T ) log

[
q(z1:T )

p(x1:T , z1:T )

]
dz1:T ,

=

∫
q(z1:T ) log

[
q(z1:T )

p(x1|z1)p(s1)
∏T

t=2 p(xt|zt)p(zt|zt−1)

]
dz1:T ,

= −
∫

q(z1:T ) log

[
T∏
t=1

p(xt|zt)

]
dz1:T +

∫
q(z1:T ) log

[
q(z1:T )

p(z1)
∏T

t=2 p(zt|zt−1)

]
dz1:T ,

= −
∫

q(z1:T ) log

[
T∏
t=1

p(xt|zt)

]
dz1:T︸ ︷︷ ︸

LL

+

∫
q(z1:T ) log q(z1:T )dz1:T︸ ︷︷ ︸

E

−
∫

q(z1:T ) log

[
p(z1)

T∏
t=2

p(zt|zt−1)

]
︸ ︷︷ ︸

P

,

(3.18)

where LL is the posterior expected log-likelihood, E is the posterior entropy and P

is the posterior expected prior probability. Notice E−P is the usual KL divergence
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term. Each of the terms can be simplified and it can be shown that

LL =
T∑
t=1

K∑
k=1

γk(t) logN (xt|µk,Σk), (3.19)

E =
T−1∑
t=1

K∑
k=1

K∑
l=1

ξkl(t) log ξkl(t)−
T−1∑
t=2

K∑
k=1

γk(t) log γk(t), (3.20)

P =
K∑
k=1

γk(1) log πk +
T−1∑
t=1

K∑
k=1

K∑
l=1

ξkl(t) logAkl, (3.21)

where γ(t) = q(zt), ξ(t) = q(zt, zt+1). For details of derivation, we refer the readers to

https://github.com/OHBA-analysis/osl-dynamics/blob/main/doc/models/images/hmm-

cost-function.pdf.

For HIVE (Chapter 5), we are not able to get the exact free energy due to the

fact that the posterior expected log-likelihood involves an intractable integral with

respect to the variational distribution of deviation magnitudes. We can estimate it

by plugging in the MAP estimate of deviation magnitudes.

Free energy of DyNeMo-based models

Training of DyNeMo-based models, including DyNeMo, M-DyNeMo (Chapter 4)

and DIVE (Appendix D), directly optimises the variational free energy. When cal-

culating the free energy, one can choose to plug in the MAP estimate of hidden

variables or use a Monte-Carlo estimate. In practice, it is found that although there

are differences between the two approaches, they follow the general trend, i.e. mod-

els with lower plug-in estimate generally have lower MC estimate of free energy, and

vice versa.

3.3.2 Calculating model evidence

Some preliminary work was done using free energy as a metric of determining the

number of states in HMM and the number of modes in DyNeMo. Although the

metric is behaving itself in simulated datasets, meaning the trace of free energy flat-
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tens out when going beyond the ground truth number of states (see Figure 5.13a),

its performance on real datasets has been sub-optimal as the free energy kept de-

creasing with the number of states/modes ([Baker et al., 2014, Vidaurre et al., 2016,

Gohil et al., 2022]). One hypothesis is this is a result of variability within datasets

(Section 5.11), another hypothesis is that the free energy is not a good metric to

use. As discussed in Section 2.2.3, the ELBO (negative free energy) is a lower bound

of the model evidence or the marginal log-likelihood of the data, which is what we

want to optimise initially.

Exact model evidence of the HMM

In the HMM, although we cannot optimise the model evidence directly, it is possible

to calculate the exact model evidence of a trained HMM with an iterative approach.

The HMM model evidence log p(x1:T ) can be written as

log p(x1:T ) = log p(x1) +
T∑
t=2

log p(xt|x1:t−1). (3.22)

Thus it suffices to calculate each of the conditional probabilities p(xt|x1:t−1). Now

consider the following algorithm iterating between the prediction step and update

step. For t ∈ [T ],

• Prediction step:

p(st|x1:t−1) =

∫
p(st|st−1)p(st−1|x1:t−1)dst−1 (3.23)

• Update step:

p(xt|x1:t−1) =

∫
p(xt|st)p(st|x1:t)dst,

p(st|x1:t) =
p(xt|st)p(st|x1:t−1)

p(xt|x1:t−1)
,

(3.24)

where p(st|x1:t−1) := p(s1) if t = 1. In our case, due to the fact that we have a

simple finite state space HMM, the integrals become sums. To improve numerical
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stability, we perform the calculations in the log space, resulting in the algorithm

summarised in Algorithm 1.

Algorithm 1: HMM exact evidence

Input: Initial distribution p(s1), transition probabilities p(st|st−1),
conditional likelihood p(xt|st)
Output: Model evidence l
Procedure:
l← 0
for t = 1, . . . , T do

Prediction step:
if t = 1 then

lpj ← log p(s1 = j), j ∈ [J ]

else
lpj ← log

∑
i exp[log p(st = j|st−1 = i) + lui ], j ∈ [J ]

Update step:
luj ← log p(xt|st = j) + lpj , j ∈ [J ]
l∗ ← log

∑
i exp(lui )

luj ← luj − l∗, j ∈ [J ]
l← l + l∗

return l

Estimating model evidence of DyNeMo-based models

There is no easy way to compute the exact model evidence of DyNeMo given the

complexity of the generative model and neural networks involved. Notice that the

marginal likelihood is the normalising constant in for the posterior distribution:

p(θ1:T |x1:T ) =
p(x1:T |θ1:T )p(θ1:T )

p(x1:T )
(3.25)

This motivates the use of importance sampling ([Tokdar and Kass, 2010]) targeting

the posterior distribution to estimate the normalising constant. First consider the

simple case where we want to target the posterior distribution with t = 1:

p(θ1|x1) ∝ p(x1|θ1)p(θ1). (3.26)
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Let q1 be our proposal distribution and we have the normalised importance weight

function as:

w1(θ1) =
p(θ1)p(x1|θ1)

q1(θ1)
. (3.27)

Now we sample M i.i.d. samples from the proposal

θ
(1)
1 , . . . ,θ

(M)
1

i.i.d.∼ q1(θ1), (3.28)

and get the importance weights as

w
(m)
1 =

p(θ
(m)
1 )p(x1|θ(m)

1 )

q1(θ
(m)
1 )

∀m ∈ [M ]. (3.29)

Then it is easy to show the normalised importance sampling estimate for p(x1)

pM(x1) =
1

M

M∑
m=1

w
(m)
1

a.s.→ p(x1) (3.30)

as M →∞. Now we want to consider targeting the more general posterior distribu-

tion. Suppose, at time t−1, we have already approximated the posterior distribution

p(θ1:t−1|x1:t−1) with the proposal distribution qt−1 with importance weight function

wt−1(θ1:t−1) ∝
p(θ1:t−1|x1:t−1)

qt−1(θ1:t−1)
. (3.31)

Assume further that we have M i.i.d. sample paths from the proposal distribution:

θ
(1)
1:t−1, . . . ,θ

(M)
1:t−1

i.i.d.∼ qt−1(θ1:t−1), (3.32)

where θ
(m)
1:t−1 is the m-th sample, and importance weights

w
(m)
t−1 ∝

p(θ
(m)
1:t−1|x1:t−1)

qt−1(θ
(m)
1:t−1)

. (3.33)
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The idea is to approximate the posterior distribution at time t by updating the

importance weights from the previous step. We introduce the conditional proposal

qt|t−1(θt|θ1:t−1) and draw samples with

θ
(m)
t ∼ qt|t−1(θt|θ(m)

1:t−1). (3.34)

Then the sampled trajectories/paths follow the distribution

θ
(m)
1:t ∼ qt−1(θ1:t−1)qt|t−1(θt|θ1:t−1) := qt(θ1:t). (3.35)

Notice that with the proposal distribution constructed in this conditional way, the

importance weight function targeting p(θ1:t|x1:t) with proposal qt(θ1:t) is

wt(θ1:t) ∝
p(θ1:t|x1:t)

qt(θ1:t)

∝ p(θ1:t,x1:t)

qt(θ1:t)

∝ p(xt|θt)p(θt|θ1:t−1)p(θ1:t−1|x1:t−1)

qt|t−1(θt|θ1:t−1)qt−1(θ1;t−1)

=
p(xt|θt)p(θt|θ1:t−1)

qt|t−1(θt|θ1:t−1)
wt−1(θ1:t−1).

(3.36)

Hence we have found a way to update the importance weights with previous calcu-

lated weights without sampling the whole path again (which is why a Markov Chain

Monte Carlo (MCMC, [Hastings, 1970]) targeting the posterior is not ideal in our

case):

w
(m)
t =

p(xt|θ(m)
t )p(θ

(m)
t |θ

(m)
1:t−1)

qt|t−1(θ
(m)
t |θ

(m)
1:t−1)

w
(m)
t−1 . (3.37)

Now with these weights, we can approximate the predictive likelihood with

pM(xt|x1:t−1) =

∑M
m=1w

(m)
t∑M

m=1w
(m)
t−1

, (3.38)
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and the model evidence can be approximated by

log p(x1:T ) ≈ log pM(x1:T ) :=
T∑
t=2

log pM(xt|x1:t−1). (3.39)

This algorithm is generally called sequential importance sampling (SIS).

Resampling

The SIS algorithm provides a way to update weights when new observations are

obtained, but there is a pitfall. As the sequence length gets longer, it is often the

case that all but a few weights are non-zero, resulting in low effective sample size

(ESS) and large variance in the estimators. A solution to this is through resampling

of particles {(w(m)
t ,θ

(m)
1:t ) : m ∈ [M ]}. During resampling, an “ancestry” variable

A(m) ∼ Multi(w
(1)
t , . . . , w

(M)
t ) is drawn and the particle θ

(m)
t is set to θ

(A(m))
t for

all m ∈ [M ] and all of the weights are set to 1/M . It is easy to show that this

resampling scheme is consistent in the sense that it keeps the expectation with

respect to the empirical distribution of the particles unchanged. In practice, the

resampling is performed whenever the ESS goes below a threshold. The SIS al-

gorithm with resampling is often called a particle filter or sequential Monte Carlo

([Del Moral et al., 2006]).

Simulation result

The particle filter is also applicable for estimating the model evidence of the HMM,

whose exact model evidence can be computed (Algorithm 1). We validate the parti-

cle filter on simulated data generated with the HMM generative model (J = 5, T =

25, 600, see Appendix A.2). Here we perform 10 folds cross validation and train

the HMM with increasing number of states (2− 10) and calculate the exact model

evidence, the negative free energy and the particle filter estimated model evidence of

the trained HMM with each number of states on left out data of each fold. We can
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Figure 3.1: Particle filter finds the correct number of states. Exact model
evidence (blue, covered by orange line), negative free energy (orange) and estimated
model evidence with particle filter (green) of the trained HMM is plotted on the
y-axis against the number of states. The shades show one standard deviation of 10
folds cross validation.

see in Figure 3.1 that all three metrics finds the correct number of states (plateau

after 5 states) and while the particle filter overestimates model evidence, the error

is reasonably small.

The above preliminary results of using the particle filter was shown with sim-

ulated data and the algorithm seems to behave well. However, there is no ground

truth and it is hard to quantify the variance of the estimator, which makes it hard

to justify to use the particle filter estimate of model evidence as a way to compare

models. We decided it is not worth the time to dig deeper in this path.

3.4 Discussion

In this chapter, we gave a description of popular generative models, the HMM and

DyNeMo, for inferring dynamic brain networks. Although work has been done to

qualitatively show advantages of DyNeMo over the HMM, it is still paramount to

have a concrete way to compare them qualitatively, given the observation that the

objective function of both methods keeps decreasing with increasing model com-
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plexity (number of state/modes).

We attempted to use model evidence, which is the original object we were trying

to optimise, instead of its lower bound, the free energy. However, it turns out the

model evidence has the similar behaviour of ever-decreasing with model complexity.

Another route is by using the so-called bi-cross validation method for determining

the optimal number of clusters in K-Means clustering ([Fu and Perry, 2020]) and

there has been some promising results on determining the optimal number of states

of HMM in fMRI data.

Apart from the new models developed and described in Chapter 4 and Chapter

5, improvements and additional features to the HMM and DyNeMo are also intro-

duced in the osl-dynamics toolbox, including parameter regularisation, better model

initialisation for more stable training, different ways of estimating individual-level

networks from a trained group-level model, etc. Furthermore, there is the option

to utilise GPU for faster and parallelised training of the HMM, and a new data

pipeline that allows efficient distributed training on enormous datasets, which was

not possible before.
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Chapter 4

Multi-dynamic modelling of MEG

data

4.1 Introduction

Generative models for inferring dynamic brain networks mentioned so far, including

the HMM (Section 3.1) and DyNeMo (Section 3.2), make the underlying assumption

that the dynamics of time-varying power and FC are the same (i.e. coupled). But

there is no principled reason to assume fluctuation in connections between brain

regions should be coupled with that in power of individual brain regions. This

motivates us to present Multi-dynamic Network Modes (M-DyNeMo), an extension

to DyNeMo, to infer potentially uncoupled power and FC dynamics.

In this chapter, with resting-state MEG data, we present evidence of separate

power and FC dynamics given by the traditional sliding window approach, and show

that plausible networks of separate dynamics can be inferred by M-DyNeMo. We

further demonstrate that the networks are reproducible across different subjects,

datasets, and parcellations, validating the robustness of M-DyNeMo on MEG data.

Using visual task data, M-DyNeMo reveals distinct evoked network responses of

power and FC dynamics to visual stimuli. We also show evidence for task-induced
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coupling between power and FC dynamics.

Source code for M-DyNeMo is available in the osl-dynamics toolbox and scripts

to reproduce results in this manuscript are available at:

https://github.com/OHBA-analysis/Huang2024 EvidenceForUncoupledDynamics .

4.2 Structural equation modelling motivates multi-

dynamic modelling.

We can motivate multi-dynamic modelling by considering a dynamic version of struc-

tural equation modelling (SEM, [Penny et al., 2004]):

xt = M txt + et, (4.1)

where xt is the vector of brain signal at time t for Nc channels, M t is an Nc × Nc

matrix representing the connectivity information at time t, with diag(M t) = 0, and

et ∼ N (0,σ2
tINc) is the noise at time t.

Rearranging Equation (4.1) gives

xt = (INc −M t)
−1et, (4.2)

from which we can see xt is normally distributed with mean 0 and covariance matrix

(INc−M t)
−1(σ2

tINc)(INc−M t)
−T . Notice that the dynamics of the standard devi-

ation of xt depends only on the dynamics of σt and the dynamics of the correlation

matrix of xt depends only on the dynamics of M t. In other words, if σt and M t

follow distinct dynamics, we should expect the dynamics of the standard deviation

and the correlation of xt to be uncoupled.
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4.3 Results

In this section, we study three real MEG datasets (Section 4.6.1): MEGUK-38

(resting-state), MEGUK-52, and Wakeman-Henson. For choices of hyper-parameters

see Appendix B.5.

4.3.1 Sliding window approach reveals distinct power and

FC dynamics

Firstly, we apply the well-established sliding window approach followed by K-Means

clustering to identify two separate dynamics according to time-varying (TV) power

(variance) and TVFC (correlation) respectively (See Section 4.6.3, [Allen et al., 2014])

from amplitude time courses (1-45Hz) of 38 brain regions obtained from MEGUK-

38 resting-state data. Figure 4.1a illustrates the first 20 seconds of the state time

courses (K-Means cluster assignments) for the first subject in the MEGUK-38 resting-

state data. Qualitatively, we can see that TV power and TVFC does not follow the

same dynamics, and the correlation between the two time courses is low, as shown

in Figure 4.1b. Furthermore, each of the two state time courses corresponds to

reasonable power and FC maps respectively, demonstrated in Figure 4.1c.

While Figure 4.1 provides preliminary evidence that power and FC have dis-

tinct dynamics, we do not know if this is an artefact of the choice of arbitrary

hyperparameters (e.g. window size) or the inability of sliding window approaches to

automatically adapt over time to fast dynamics (Section B.1.2 demonstrates this on

simulated data). We instead need a method that can infer multiple dynamics in an

adaptive, data-driven way. This motivates a new approach, Multi-dynamic Network

Modes (M-DyNeMo).
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Figure 4.1: Sliding window approach reveals distinct power and FC dynam-
ics. Results from amplitude time courses (1-45Hz) of 38 brain regions obtained from
the MEGUK-38 resting-state data. a) K-Means state time courses for TV variance
(i.e. power) (top row) and TVFC (i.e. correlation) (bottom row), using 2s sliding
windows. Different colours indicate activation of different brain states and only the
first 20s of the first subject is shown. b) Correlation between power (y-axis) and
FC state time courses (x-axis). c) Power maps of each K-Means state are plotted
on the top row. Red areas indicate brain areas with higher power (and blue areas
lower power) than the average across states. FC maps are plotted on the bottom
row. Red edges indicate positive correlations (and blue edges negative correlations)
between brain areas.
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4.3.2 Power and FC have similar spatial patterns but dis-

tinct dynamics

A formal description of M-DyNeMo is available in the Methods section (Section

4.6), including the generative model and the inference framework to fit the model

to data. Conceptually, M-DyNeMo learns two basis sets of spatial configurations

of networks (called modes), one for power (where the network is a spatial map

over brain regions) and another for the FC (where the network is an edge-wise

connectome), in contrast to DyNeMo where there is only one basis set of networks.

The underlying assumption is that fluctuations in power and FC can be described

independently via dynamics in the mixing of their respective basis sets. We can

show using simulated data that M-DyNeMo performs more accurate inference than

standard DyNeMo, if the ground truth contains distinct dynamics for power and

FC (see Appendix B.1.2).

First, we trained M-DyNeMo on the amplitude time courses (1-45Hz) of 38 brain

regions obtained from MEGUK-38 resting-state data. Figure 4.2a shows the re-

normalised mode time courses for the first 8 seconds of the first subject in this dataset

(See Appendix B.4.1 for details on re-normalisation). We see qualitatively that mode

time courses for power (α) and for FC (β) possess very different characteristics, in

the sense that β is much more binarised than α.

Power and FC networks for each mode are shown in Figure 4.2b. These networks

resemble those found in multiple previous studies ([Baker et al., 2014, Vidaurre et al., 2016,

Gohil et al., 2022, Gohil et al., 2024b]). For a clearer visual comparison, we also

show the FC degree maps, each of which plot the sum of correlations for each node,

relative to the average across modes. Note, the ordering of spatial modes found by

the model is arbitrary, hence the network maps shown in this figure have been re-

ordered post-hoc to match the spatial patterns of activity in power and FC for each

pair of modes. Even though there is no requirement for them to be similar, there is

good correspondence between the spatial patterns of the power and the FC spatial
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maps. Specifically, there is significantly high cosine similarities between power and

FC degree maps (0.98, 0.65 and 0.74 for mode pairs 1, 2 and 4 respectively) under

a maximum statistic permutation test (see Appendix B.4.2 for details), illustrated

by the diagonal entries in Figure 4.2c.

Although we identify power and FC modes that show activity in the same re-

gions, their corresponding mode time courses (dynamics, α vs β) are not significantly

correlated (under a maximum statistic permutation test across subjects), as demon-

strated in Figure 4.2d, plotted on the right, suggesting time points with high power

in a particular region may not necessarily also have high FC in the same region.

The correlations within the power mode dynamics (α, left) and within the FC mode

dynamics (β, middle) are mostly negative, indicating when a mode activates the

others deactivate.

In summary, Figure 4.2 shows that power and FC have similar spatial patterns

but distinct dynamics. However, one concern is that the distinct dynamics might

be enforced by the assumptions made by M-DyNeMo. To mitigate this concern,

we used simulations in Appendix B.1.3 to show that if the data is generated using

a single, shared dynamic for power and FC, then M-DyNeMo does not incorrectly

infer distinct dynamics.

4.3.3 Single dynamic DyNeMo is dominated by time-varying

power

Given the evidence that there are distinct dynamics, we were interested to learn

which of the dynamics dominate the decomposition when only a single dynamic is

allowed, as is the case in standard DyNeMo. To investigate this we assumed that

the power and FC share a single dynamic given by the power mode time course

α, extracted from a trained M-DyNeMo, and then re-calculated the power and

FC for each mode. The resulting networks are shown in Figure 4.3a. Comparing

this with the networks inferred by standard DyNeMo on the same amplitude time
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Figure 4.2: Power and FC have similar spatial patterns but distinct dy-
namics. Results of running M-DyNeMo on the amplitude time courses (1-45Hz) of
38 brain regions obtained from the MEGUK-38 resting-state data. a) Inferred mode
time courses (re-normalised) for power, α (top) and FC, β (bottom). b) Top row
shows power spatial modes where red areas show higher (blue areas show lower)
activation than average across modes. Middle row shows FC spatial modes where
red edges show positive (and blue edges show negative) connectivity. Bottom row
shows the FC degree maps where red areas show higher (blue areas show lower) node
degree (i.e. centrality) than average across modes. c) Pairwise cosine similarity be-
tween power and FC degree spatial maps. Diagonal entries with significantly large
values are annotated with asterisks depending on the p-values. d) Correlation profile
of mode time courses for within power modes (left), within FC modes (middle) and
between power and FC modes. Correlations significantly (at 5% significance level)
differ from zero under a maximum statistic permutation test are marked with an
asterisk.
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courses (1-45Hz) of 38 brain regions from the MEGUK-38 resting-state data, shown

in Figure 4.3b, we can see that the power mode time course (α) inferred by M-

DyNeMo contains similar information as the mode time course inferred by standard

DyNeMo. Quantitatively, for each pair of modes, there is a significantly large cosine

similarity (p-values all less than 0.001 under a maximum statistic permutation test)

between the re-calculated networks using M-DyNeMo inferred power mode time

course α and the inferred networks given by standard DyNeMo. This suggests the

description provided by standard DyNeMo is dominated by the dynamics in power

rather than FC. Furthermore, by re-calculating networks using M-DyNeMo inferred

FC mode time course β, we show in Appendix Figure B.4 that the FC dynamics

given by M-DyNeMo contains different information as the mode time course inferred

by standard DyNeMo.

4.3.4 M-DyNeMo inferred networks are reproducible across

subsets of data

To evaluate the reproducibility and robustness of the model, we train M-DyNeMo

on different subsets of subjects of the MEGUK-38 resting-state dataset. We split

65 subjects of this dataset into two halves where the first half contains subjects

1 to 32 and the second half contains subjects 33 to 65. M-DyNeMo was trained

independently on each half. Figure 4.4a and b shows that network maps inferred by

M-DyNeMo on each half, with modes matched using cosine similarity, which is also

shown in the figure for each pair of modes. In general, we see the same networks

in each half with significantly large cosine similarity (p-values all less than 0.001)

under a maximum statistic permutation test. There are only slight differences in

the spatial pattern of activity in power modes 2 and 3.
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Figure 4.3: Single dynamic DyNeMo is dominated by time-varying power.
Results from amplitude time courses (1-45Hz) of 38 brain regions obtained from
MEGUK-38 resting-state data. a) Power (top row) and FC (covariance, bottom
row) network maps given by re-calculating time varying covariances on M-DyNeMo
inferred power mode time course α. b) Power (top row) and FC (covariance, bottom
row) maps given by DyNeMo. c) Cosine similarity between re-calculated covariances
on M-DyNeMo inferred power mode time course α and DyNeMo inferred covariances
for each pair of modes.
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Figure 4.4: M-DyNeMo inferred networks are reproducible across halves.
Results from amplitude time courses (1-45Hz) of 38 brain regions obtained from
MEGUK-38 resting-state data. a) Power spatial modes given by training M-DyNeMo
on subjects 1-32 (top row) and subjects 33-65 (bottom row) independently. The
cosine similarity between power maps from each half is also shown for each pair of
modes. b) FC spatial modes given by training M-DyNeMo on subjects 1-32 (top
row) and subjects 33-65 (bottom row) independently. The ordering of both power
and FC modes are matched with cosine similarities between networks from each
half, which are shown in the figure for both power and FC networks.
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4.3.5 Power and FC dynamics show different timings in

evoked network response

In Section 4.3.2, we saw M-DyNeMo infers distinct dynamics (i.e. uncorrelated

mode time courses) for power and FC using the amplitude time courses (1-45Hz)

from resting-state MEG data. We now turn to task MEG data and ask the question:

Do α and β respond differently to tasks? We perform this investigation with the

Wakeman-Henson dataset, where participants are presented with images of famous,

unfamiliar, or scrambled faces. This allows us to study how the mode time courses

respond to visual stimuli as well as the difference in responses to different visual

stimuli.

The network plots are shown in Figure 4.5a, which are comparable to those in-

ferred from MEGUK-38 resting-state data, shown in Figure 4.2b. In Figure 4.5b, the

evoked network responses are shown for different contrasts, including the average of

all visual stimuli, the difference between faces (including both famous and unfamil-

iar faces) and scrambled faces, and the difference between famous and unfamiliar

faces.

Power dynamics

We focus on the top row of Figure 4.5b first. Similar to the analysis performed in

[Gohil et al., 2024b], a two-level General Linear Model (GLM, [Winkler et al., 2014])

is used for computing evoked network responses, where an evoked response analysis

is carried out on each of the task epoched M-DyNeMo mode time courses. Note,

that this is carried out after M-DyNeMo is trained, i.e. M-DyNeMo has no knowl-

edge of the task timings. A maximum statistic permutation test is used to identify

periods of significant responses.

We see in the top row of Figure 4.5b that evoked network responses for power,

α, are broadly consistent with those given by training standard DyNeMo on the

same data (see Appendix Figure B.6). For example, in the average visual response,
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there is an immediate activation of the visual network (α mode 2) followed by an

activation of the frontal network (α mode 4) and a deactivation of the visual network.

In the difference between unscrambled faces (famous plus unfamiliar) and scrambled

faces, there is an activation of the visual network and a delayed deactivation of the

frontotemporal network. The only difference is that there is no activation of the

suppressed network (α mode 1) at around 600ms after the onset like in the analysis

of standard DyNeMo. There are no significant differences when we look at the

responses to famous and unfamiliar faces.

FC dynamics

We now draw our attention to the bottom row of Figure 4.5b where the evoked

responses of the FC network mode dynamics, β, are illustrated. For the average

visual response (left), we see an immediate activation of mode 1 and deactivation

of mode 3, followed by a delayed and persistent activation of mode 2 as well as

a deactivation of the mode 1 and mode 4. Looking at the differences in response

to faces and scrambled faces, there is only a delayed activation of mode 3 and a

deactivation of the mode 1. Finally, there is a short-lived activation of the mode 3

when comparing responses to famous and unfamiliar faces.

4.3.6 The coupling between power and FC dynamics is mod-

ulated by task

As shown in Figure 4.5, there is evidence of different timings in evoked network

responses for power and FC dynamics. This motivated us to investigate whether

the extent to which the coupling between power dynamics and FC dynamics is

different between task and rest. To this end, we trained M-DyNeMo on a new

dataset, MEGUK-52, which contains 63 subjects that have both resting-state and

visual task recordings, totalling 126 sessions.

Figure 4.6a shows the inferred networks, which are broadly consistent with those
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Figure 4.5: Evoked responses have different timings in different mode time
courses. Results from amplitude time courses (1-45Hz) of 38 brain regions obtained
from Wakeman-Henson data. a) Power spatial modes are shown on the top row
and FC spatial modes are shown on the bottom row. b) Evoked responses for
re-normalised α (top row) and β (bottom row) for different contrasts on different
columns, including the average visual response (left), the difference between faces
and scrambled faces (middle), and the difference between famous and unfamiliar
faces (right). Here different colours represent baseline corrected evoked responses
for different modes as contribution to either the overall variance (for α) or the overall
correlation (for β). Periods with significant (de-)activation are indicated with a bar
for each mode.
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inferred on the same dataset, using a different parcellation compared to in Sec-

tion 4.2 (MEGUK-38 resting-state data) and on a different dataset to Section 4.3.5

(Wakeman-Henson - which only contains visual task data and on a different set of

subjects). This again demonstrates the reproducibility of M-DyNeMo on different

datasets and parcellations.

The evoked network responses to visual stimuli, shown in Figure 4.6b, which

is consistent with the findings in Section 4.3.5. Figure 4.6c shows the correlations

between the power (α) and FC (β) dynamics during rest (left), those during epochs

of 0.5 seconds before and 2 seconds after the visual stimuli (middle), as well as the

difference in correlations between task and resting state. In particular, from rest

to task, we see increased correlation of α mode 2 with β mode 1 and decreased

correlation with β mode 2, which is consistent with the immediate activation of

α mode 2 and β mode 1, and the delayed activation of β mode 2 in Figure 4.6b.

It is worth noting that the sliding window approach on this dataset also provides

evidence for the difference in the coupling of the two dynamics (See Appendix Figure

B.7).

4.4 Discussion

With resting-state MEG data, we found preliminary evidence for the existence of

distinct power and FC dynamics using a standard sliding window approach. How-

ever, this approach lacks the ability to adapt to transient dynamics at unknown

time-scales in electrophysiological data. We demonstrated the deficiency of sliding

window approaches to do this using simulated data in Appendix B.1.2. Therefore,

we proposed a new generative model approach that automatically tunes to the re-

quired time-scales based on the data, and that can incorporate multiple dynamics:

M-DyNeMo.

Using M-DyNeMo, we show that while they have similar spatial patterns, the two
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Figure 4.6: Coupling between α and β is modulated by task stimuli. Results
from amplitude time courses (1-45Hz) of 52 brain regions obtained from MEGUK-
52 data. a) Power (top row) and FC (bottom row) spatial modes are plotted. b)
Evoked responses (baseline corrected) for re-normalised α (left) and β (right) to
visual stimuli. Different colours show evoked responses for different modes. c)
Correlations between α and β during rest (left) and during task (middle) are shown.
The right plot illustrates difference between the correlation profiles where significant
differences are marked with asterisks.
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mode time courses, one for power and one for FC, possess very different character-

istics and there is no significant correlation between them, i.e. they are decoupled.

The same property can also be found in two other datasets (see Appendix Figure

B.8). It should be noted that there is no constraint imposed by the generative model

or inference framework in M-DyNeMo on the dynamics. It is solely the data itself

that decides the dynamics are decoupled and the FC dynamics is more binarised

than the power dynamics.

Using standard single-dynamic DyNeMo, consistent differences have previously

been found in mode time courses between young and old participants ([Gohil et al., 2024a]).

Therefore, a future direction is to see if the FC mode time courses, which to date

will have been ignored due to its relative low signal in real data, can provide more

understanding into aging, and distinctions between healthy and diseased brains.

Aside from resting-state data, we also explore the additional insights M-DyNeMo

provides on task data. In Section 4.3.5, we show that the two mode time courses

respond differently to visual stimuli. Moreover, we provide evidence that coupling

between power and FC dynamics is modulated by stimuli. This could be related to

the findings in [Barttfeld et al., 2015] that increased level of consciousness is asso-

ciated with decreased complexity in FC dynamics, which could possibly be a result

of increased coupling between the power and FC dynamics. Overall, our results

demonstrate how M-DyNeMo has opened a new door to studying the relationship

between cognition and TVFC.

In Section 4.3.3, we showed that standard, single-dynamic DyNeMo tends to

ignore the FC dynamics in real data, and is dominated by the power dynamics.

This is consistent with the idea that the signal from TVFC is weaker in real data

than that from power, which is perhaps to be expected given that power is easier to

estimate in general. If we look at the fluctuation of the reconstructed TV covariances

from both M-DyNeMo and standard DyNeMo (Appendix Figure B.5), we can see

that the shared-dynamics constraint of standard DyNeMo causes lower variability
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in FC, which is consistent to the findings of applying multi-dynamic modelling to

fMRI data ([Pervaiz et al., 2022]).

In Appendix B.1.3, we showe that if the underlying data is generated by a single

dynamic process, then M-DyNeMo does not enforce distinct dynamics for FC and

power, and correctly infers a single, shared set of dynamics. It is worth noting that

although data are simulated using the generative model of a Hidden Markov Model,

where time courses are binarised, M-DyNeMo is still capable to learn from the data

and infer binarised time courses, without a constraint being posed on its generative

model. We have also explored using an edge time series technique proposed by

[Faskowitz et al., 2020] on the simulated dataset. However, we find it gives noisy

estimates of FC and fails to capture the transient temporal changes present in MEG

data accurately.

In this chapter, we used amplitude envelope time courses (1-45Hz) from MEG

data, and correspondingly used correlation between amplitude envelopes as a mea-

sure of FC. However, this ignores more detailed spectral information in the MEG

signal. For example, the phase-locking between brain regions (coherence) has re-

cently gained increasing interest as a measure of FC in electrophysiology data.

[Vidaurre et al., 2016] introduced a method called time-delayed embedding for in-

cluding spectral information into the covariance matrix of the time-delay embedded

data. However, it is not trivial to decompose this covariance matrix into parts that

correspond to power and parts that correspond to FC, similar to what was done

in Section 4.6.4. The additional PCA step for reducing dimensionality complicates

the modelling even further. An important aspect of future work is to find a way to

allow inference of separate dynamics based on spectral information.
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4.5 Conclusions

We proposed a new method for inferring potentially separate power and FC dy-

namics. We show that the proposed model is robust and the inferred networks are

reproducible across subjects, datasets and parcellations. We use this to show that

power and FC have similar spatial patterns, but distinct dynamics, in ongoing MEG

brain activity. Furthermore, we show that the two types of dynamics respond dif-

ferently to visual stimuli in MEG task data, and that the extent to which there is

coupling between the two types of dynamics is modulated by task.

4.6 Methods

4.6.1 Dataset

Three real MEG datasets are used, including the Wakeman-Henson dataset (Section

1.5.2), MEGUK-38 (where only the eyes-open resting-state recordings were used)

and MEGUK-52 (where both the eyes-open resting-state and visual task recordings

were used) (Section 1.5.4).

Data preparation before training

Before training M-DyNeMo on the MEG datasets mentioned above, extra steps are

taken to help with convergence of the model. The following steps are taken:

• Band-pass filter the data between 1 and 45 Hz. This is to concentrate the data

in the frequency range where the neural activity is most prominent.

• Extract amplitude envelope signals (See Section 1.4.4 for details).

• Non-overlapping moving average of window size 25 samples (100ms at 250 Hz)

is applied to smooth the amplitude envelope data.
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• Standardise (z-transform) to ensure zero mean and unit variance for each chan-

nel. This is done independently for each subject.

• Orthogonalising the data with a full-rank PCA. This is done to help with the

convergence of the model. See Section 4.7 for details.

4.6.2 Measure of power and FC

In this chapter, variance, instead of mean activation, of the amplitude of the record-

ing signals is used as a measure of power. This is because we adopt the so-called zero-

mean model, which has been widely used in previous literature ([Vidaurre et al., 2016,

Vidaurre et al., 2018b, Gohil et al., 2022]). Correlation between amplitude signals

is used as a measure of FC.

4.6.3 Sliding window approach for uncoupled dynamics

The aim of this method is to use a model free approach to partition the time di-

mension into a finite number of states according to either dynamic changes in power

or FC. This heuristic approach is a combination of applying the sliding window

approach and the K-means clustering. The steps include:

• Apply sliding window with window size of 500 samples (2s at 250Hz) and step

size of 10 samples (40ms at 250Hz).

• For each window, calculate the correlation matrix and the standard deviations

of the data.

• Apply K-means clustering algorithm to the TV correlation matrices and stan-

dard deviations separately.

Each time point is assigned to a cluster, which in our case can be thought of as a

state, according to either TV power or TVFC. Hence we have formed two state time

courses for power and FC separately. Notice in this chapter the number of clusters
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K in the K-means clustering is chosen to be 4 to compare with M-DyNeMo where

the number of modes is chosen to be 4.

4.6.4 Generative model of M-DyNeMo

In this section we formulate the generative model of M-DyNeMo. Similar to DyNeMo,

it is assumed that the data is generated by a multivariate Gaussian distribution

with zero mean. Let x1:T be the observed data, where T is the number of sam-

ples/timestamps and xt is a vector of length Nc - the number of channels. Then

xt ∼ N (0,Ct) ∀t ∈ [T ] (4.3)

independently, where Ct is the TV covariance matrix of the data at time t.

In M-DyNeMo, it is further assumed that Ct can be decomposed into

Ct = GtF tGt, (4.4)

where Gt is a diagonal matrix with strictly positive diagonal entries and F t is

a positive-definite matrix with ones on the diagonal. In particular, the diagonal

elements of Gt are the TV standard deviations and the off diagonal elements of F t

are the TV correlations of the data at time t. The TV standard deviations and

correlations are assumed to be generated by a linear mixture of a finite number of

modes:

Gt =
J1∑
j=1

αjtEj,

F t =
J2∑
j=1

βjtRj.

(4.5)

Here Ej is a diagonal matrix with positive diagonal entries, and Rj is a positive-

definite matrix with ones on the diagonal. Notice here that the number of modes

J1, J2 can be different. The mixing coefficients αjt and βjt are generated through
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a softmax transformation of latent probabilistic variables θ11:T ,θ
2
1:T , respectively,

whose prior distribution is parameterised by an RNN:

p(θ1,21:T ) =
T∏
t=2

p(θ1,2t |θ
1,2
1:t−1)

=
T∏
t=2

2∏
k=1

p(θkt |θ
1,2
1:t−1)

=
T∏
t=2

2∏
k=1

N (θkt |µθkt (θ1,21:t−1),σ
2
θkt

(θ1,21:t−1)IJk),

(4.6)

where

µθkt
(θ1,21:t−1) = gkgen(LSTM([θ11:t−1,θ

2
1:t−1])),

σθkt
(θ1,21:t−1) = ρ(hk

gen(LSTM([θ11:t−1,θ
2
1:t−1]))), k = 1, 2,

(4.7)

and [θ11:t−1,θ
2
1:t−1] represents concatenating θ11:t−1,θ

2
1:t−1 along the mode dimension.

Here LSTM is a long short-term memory recurrently neural network, gkgen, h
k
gen are

learnable linear transformations (dense layers), and ρ is the softplus activation.

With this generative model, each of the latent logits θ1t ,θ
2
t are generated by the

history of both logits. This allows information to be communicated between the two

different time courses in the generative model. An overview of the generative model

is illustrated in Figure 4.7.

4.7 Orthogonalisation with PCA

Due to increased model complexity compared to DyNeMo, the stability of training

the generative model above is sub-optimal, especially on relatively small datasets

(around 50 subjects). We found in practice that orthorgonalising the data, i.e.

removing the correlation between channels, improved convergence of model training

significantly. To this end, a full rank Principal Component Analysis (PCA) was

applied to the data. Notice that the PCA-projected channels are linear combinations
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Figure 4.7: Generative model of M-DyNeMo. Historic logits θ11:t and θ21:t are
concatenated and passed to the LSTM cell. The outputs of the LSTM cell are
the parameters of the distribution from which we sample the future logits θ1t+1

and θ2t+1. The sampled logits are concatenated to the original logit sequences and
the process is repeated. The generated sequences of logits are normalised with a
softmax transformation and we get the mode time courses α1:T ,β1:T . Diagonal
matrices Ej and correlation matrices Rj are linearly mixed with α1:T and β1:T

respectively to give the time-varying power Gt and FC F t. Finally the observed
data are generated through the multivariate Gaussian distribution with time-varying
covariance GtF tGt.
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of the original channels, which makes separating dynamics of power and FC in this

projected space non-trivial. Hence we instead modify the generative model and

incorporate the PCA projection matrix into the generative model specified above.

This allows easy interpretation of the learnt observation model parameters.

Formally, let W ∈ RNc×Nc be the matrix with eigenvectors of the covariance

matrix of the data on the rows, then the PCA-transformed data x̃t = Wxt at time

t has the following distribution, under the M-DyNeMo generative model:

x̃t ∼ N (0, C̃t), (4.8)

where C̃t = WCtW
T . Due to the fact thatW is full-rank and henceW TW = INc ,

C̃t = WCtW
T

= WGtF tGtW
T

= (WGtW
T )(WF tW

T )(WGtW
T )

:= G̃tF̃ tG̃t.

(4.9)

Then the projection matrix W can be passed in into linear combination equations:

G̃t = WGtW
T =

J1∑
j=1

αjtWEjW
T ,

F̃ t = WF tW
T =

J2∑
j=1

βjtWRjW
T .

(4.10)

Now we have defined the generative model in the PCA-transformed space with the

observation model parameters θobs in the original space.
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4.8 Model training

The model parameters ϕ to estimate in M-DyNeMo include {Ej : j ∈ [J1]}, {Rj :

j ∈ [J2]}, the weights of the LSTM, and of the affine transformations gkgen, h
k
gen,

for k = 1, 2. Due to the highly intractable nature of the posterior distribution,

variational inference is employed where we have used the mean field approximation

to approximate the true posterior:

q(θ1,21:T ) =
T∏
t=1

2∏
k=1

q(θkt ),

=
T∏
t=1

2∏
k=1

N (θkt |mθkt
, s2
θkt
IJk),

mθkt
= gkinf (BiLSTM(x̃1:Tseq)),

sθkt = ρ(hk
inf (BiLSTM(x̃1:Tseq))),

(4.11)

The learning of variational parameters are amortised by learning a map from the data

to the variational parameters mθkt
, sθkt using bi-directional LSTM (BiLSTM) and

learnable linear transformations gkinf , h
k
inf , k = 1, 2. Hence the encoder parameters ψ

include the weights of BiLSTM, and of the affine transformations gkinf , h
k
inf , k = 1, 2.

Similar to training a DyNeMo, in practice, it is infeasible to feed the whole time

series to the LSTM due to memory restrictions. Hence we separate the data into

Nseq sequences of length Tseq = 200 (so that ⌊T/Tseq⌋ = Nseq). For M-DyNeMo, the

loss (variational free energy) for each sequence n is

Ln(ϕ,ψ) = −
Tseq∑
t=1

Eqψ(θ
1,2
t )[log pϕ(x̃t|θ1,2t )]︸ ︷︷ ︸

LL

+

Tseq∑
t=2

2∑
k=1

DKL(qψ(θkt )||pϕ(θkt |θ
1,2
1:t−1))︸ ︷︷ ︸

KL

,

(4.12)

and ADAM is used to minimise the loss with respect to ϕ and ψ.

Several tricks are used to help with the convergence of training and minimisation

of the loss. See Appendix B.3.2 for more details.
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Chapter 5

Modelling variability in functional

brain networks using embeddings

5.1 Introduction

So far we have introduced different methods for inferring TVFC and they have

provided numerous insights. However, all of these methods assume the same set of

basis networks is shared by all recording sessions. This is an unrealistic assumption

as functional brain activity is known to possess significant heterogeneity. Several

key factors which contribute to this variability include:

• Subject variability: Physical structures of different individuals’ brain can

vary greatly (e.g. due to age, sex, disease states, etc), resulting in differences

in recording signals.

• Different scanners: The number of sensors, sensor type, sensor positions and

characteristics of the magnetically shielded room (MSR) can all contribute to

differences in the resulting signal.

• Scanning site: Environmental factors, such as nearby power lines or varia-

tions in scanning protocols, can introduce additional differences.
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While this variability poses challenges on data analysis and the derivation of norma-

tive group-level estimates, it provides a way for investigating the underlying cause

of the variability. For example, we can study the effect of age or sex on the brain or

even try to predict demographics from functional brain signals. This chapter delves

into a framework that simultaneously yield consistent estimates at both the group

level and the individual level.

It is possible to get session-specific estimates with post-hoc analyses, in par-

ticular, with a method called dual estimation, which has the similar rationale as

dual regression in Independent Component Analysis (ICA, [Nickerson et al., 2017],

[Beckmann et al., 2009]). However, this approach does not allow the inference of

dynamic networks from the data to benefit from the subpopulation structure within

the group. An approach to overcome this is to use hierarchical models that cap-

ture variability across sessions. For example, PROFUMO ([Harrison et al., 2015,

Harrison et al., 2020]) has been successfully used to capture aspects of subject vari-

ability in functional modes in fMRI data. However, variability within a population

is typically modelled using very simple parametric distributions (e.g. univariate

Gaussian), which fails to capture the rich, multivariate variability expected across

sessions.

In this chapter of the thesis, we employ embedding vectors, a technique widely

used in the Natural Language Processing literature for characterising semantic re-

lationships between words ([Mikolov et al., 2013]), to explicitly model variability in

the basis set of networks. Embedding vectors have been previously used to deal with

between-subject variability in supervised ([Csaky et al., 2023, Chehab et al., 2021])

and self-supervised learning ([Défossez et al., 2023, Jayalath et al., 2024]) contexts.

Here we aim to incorporate it into an unsupervised generative model of dynamic

network activity. Specifically, we incorporate embedding vectors and hierarchical

Bayesian Modelling ([Kruschke and Vanpaemel, 2015]) into the generative model of

the HMM (Section 3.1), which has been successfully applied to both fMRI and MEG
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data ([Baker et al., 2014, Vidaurre et al., 2016, Vidaurre et al., 2018b, Vidaurre et al., 2017,

Higgins et al., 2021, Quinn et al., 2018]), and we call this extension HIVE (HMM

with Integrated Variability Estimation)

In this chapter, with simulated and real MEG datasets, we show that our pro-

posed method can infer the underlying population structure in an unsupervised

manner. This helps to give a more accurate description of the session-specific net-

work estimates than traditional method based on the group-level model. Source

code for HIVE is available in the osl-dynamics toolbox and scripts to reproduce

results in this paper are available here:

github.com/OHBA-analysis/Huang2024 ModelVariabilityWithEmbeddings .

5.2 Dual estimation in the traditional HMM ap-

proach

In the HMM, the state means and covariances µj,Σj are group-level estimates.

Similar to dual regression in ICA, dual estimation ([Vidaurre et al., 2021]) is a way

to compute session-specific means and covariances in the HMM. For each session,

we fix the state probabilities from the group-level HMM and re-estimate the obser-

vation model parameters with the session’s data. We use HMM-DE (HMM with

dual estimation) to refer to the pipeline of training a group-level HMM followed by

dual estimation for estimating session-specific parameters. See Appendix C.1 for

derivations.

5.3 The use of embedding vectors

The use of word embeddings is a common practice in Natural language processing

(NLP, [Mikolov et al., 2013]). A word embedding is a real-valued vector that encodes

the meaning of the word such that words closer in the vector space have similar
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Figure 5.1: Examples of embedding vectors. a) Example of word embedding
vectors. The x-axis encodes whether a word is for animals or non-animals and the y-
axis encodes whether the object can fly or not. b) Illustration of possible variability
captured by embedding vectors. The x-axis encodes the direction of increasing beta
power in motor network whereas the y-axis encodes the direction of increasing peak
alpha frequency in visual network.

meanings. In Figure 5.1a, we show an example of word embeddings. Here the x-axis

encodes whether a word is for animals or non-animals and the y-axis encodes whether

the object can fly or not. Similarly, we can assign a vector for each recording session

and hope that sessions with similar properties are close to each other in the vector

space. In Figure 5.1b, we show an illustration of possible variability captured by

embedding vectors. Here the x-axis encodes the direction of increasing beta power

in motor network whereas the y-axis encodes the direction of increasing peak alpha

frequency in visual network.

5.4 Generating session-specific covariances

In this section we outline the process of modelling session-specific covariances. For

simplicity, we will assume that the state-specific means are fixed to zero (i.e. µj =

0,∀j ∈ [J ]), but similar modelling can be easily applied to the means. We still
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assume that our data is generated from a multivariate Gaussian distribution with

xi
t|(sit = j) ∼ N

(
0,Σi

j

)
, ∀t ∈ [T ], i ∈ [N ], (5.1)

where i is the session index and N is the number of sessions. We further assume

that the transition probability matrices for all sessions are the same, i.e. Ai =

A ∀i ∈ [N ]. Importantly, we assume each session i has its own set of covariances

{Σi
j : j ∈ [J ]} and we want the covariances for different sessions to respect (be

regularised) by the relationships between sessions in the population. Furthermore,

we want the session-specific covariances to vary around the group-level covariances.

This is done using our novel variability encoding block described in Figure 5.2.

Given a session i, we want to generate the session-specific covariances Σi
j. Let ωi

be the session embedding vector of session i, which is a vector of pre-defined length

nω that provides a “fingerprint” for this session. Next, let Σj be the group-level

covariance matrix for state j and to ensure legitimacy of generated session-specific

covariances, we work in the Cholesky space. Let lj, l
i
j be the flattened vectors of

the lower triangular entries of the Cholesky factors Lj,L
i
j of Σj,Σ

i
j respectively,

then the session-specific Cholesky vector lij is generated by adding a deviation to

the group-level Cholesky vector lj with

lij = lj + dije
i
j, (5.2)

where dij is a scalar representing the spatially global magnitude of the deviation and

eij is a vector representing the standardised pattern of the spatial deviation, in the

sense that it has unit sample standard deviation. We would expect the deviation

magnitude dij to be small so that the session-specific covariances vary around the

group-level covariances, while enforcing positivity of this quantity. Hence we put an

exponential prior on dij:

dij ∼ Exp(λi
j). (5.3)
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Figure 5.2: Forward pass of the variability encoding block. Session-specific
information from the session embedding vectors ωi and state-specific information
from the group-level Cholesky vectors lj are combined to generate session and state-
specific Cholesky vectors lij. Here the encoder k is an affine transformation that
condenses state-specific information to a lower dimensional space. The decoder h
is a multi-layer perceptron (MLP) that decodes state and session-specific deviations
from the concatenated embedding vectors ξij. Deviation magnitude dij is generated
by an exponential distribution with rate λi

j, which is generated by applying an affine
transformation f followed by a softmax ρ to the output of h. The deviation map
eij is generated by applying an affine transformation g and normalisation η to the

output of h. Finally we get the session-specific Cholesky vector lij with lij = lj+dije
i
j.
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The rate parameter λi
j and deviation pattern eij are generated through

λi
j = ρ(f(h(ξij))),

eij = η(g(h(ξij))),

(5.4)

where ρ is the softplus function to ensure positivity of λi
j and η is a Layer Normal-

isation layer ([Ba et al., 2016]) with non-trainable scale parameter of 1 to ensure

unit standard deviation of eij. Affine functions f, g are learnable transformations

that extract different information from the hidden state given by the decoder h,

a multi-layer perceptron (MLP, [Popescu et al., 2009]). ξij is the key object called

a concatenated embedding vector that encodes both session and state-specific

information. It is formed by concatenating the session embedding vector ωi and spa-

tial embedding vector l∗j , which is a lower dimensional representation of the Cholesky

vectors:

ξij = [ωi, l∗j ], l∗j = k(lj), (5.5)

where k is an affine transformation that serves as an encoder to encode spatial

information and [ωi, l∗j ] concatenates the two vectors. The complete generative

process is summarised in Figure 5.3.

5.5 Training HIVE

The model parameters of HIVE, ϕ include

• the transition probability matrix A,

• the embedding vectors ω = {ωi : i ∈ [N ]},

• the group-level Cholesky vectors l = {lj : j ∈ [J ]},

• the weights of the encoder k, the decoder h, the layer normalisation layer η

and the affine transformations f, g.
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Figure 5.3: Generative model of HIVE. State time courses are generated from
the group-level transition probability matrix A through a Markov process. At the
same time, session embedding vectors ωi and group-level Cholesky vectors lj are
passed to the variability encoding block to give session-specific Cholesky vectors
lij. Given the state sit at each time, the observed data is generated through the
multivariate Gaussian likelihood.
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To perform inference on these parameters, we employ the variational EM algorithm

(Section 2.1.6, [Dempster et al., 1977]). During the “E-step”, we update the state

probabilities (the posterior distribution of the states) with the forward-backward al-

gorithm of the Baum-Welch algorithm, similar to the HMM (Section 3.1.2). During

the “M-step”, given the state probabilities, we again update the transition probabil-

ity matrix A with the stochastic update technique used in [Vidaurre et al., 2018a]

(see Section 3.1.2). Notice we do not have access to the exact posterior distribu-

tion of the deviation magnitudes p(d|x) and we approximate it with a mean field

approximation (See section 2.1.6):

q(d) =
N∏
i=1

J∏
j=1

q(dij) =
N∏
i=1

J∏
j=1

Γ(dij|aij, bij). (5.6)

Here the shape aij and the rate bij parameters of the Gamma distributions Γ are

learnable parameters. The reason that Gamma distributions are chosen is that there

is an analytic solution for the KL divergence between a Gamma distribution and

an Exponential distribution. As a result, the variational parameters ψ = {aij, bij :

i ∈ [N ], j ∈ [J ]}. All other parameters in ϕ and ψ are optimised by minimising the

variational free energy given the state probabilities.

5.5.1 Free energy given the state probabilities

Similar to training DyNeMo and M-DyNeMo, data is separated into sequences for

scalability. We ensure that data in each sequence n belong to the same session in
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and the loss for this sequence is

Ln(ϕ,ψ) = −Eq(sin )Eqψ(d
in )[log pϕ(xin|sin ,din)] +

1

Nseq

DKL(qψ(d)||pϕ(d))

= −
Tseq∑
t=1

Eq(sint )Eqψ(d
in )[log pϕ(xin

t |sint ,din)] +
1

Nseq

DKL(qψ(d)||pϕ(d))

= −
Tseq∑
t=1

J∑
j=1

P(sint = j|xin)Eqψ(d
in )[logN (xin

t |0,Σin
j (ϕ, dinj (ϕ)))]︸ ︷︷ ︸

LL

+
1

Nseq

N∑
i=1

J∑
j=1

DKL(qψ(dij)||pϕ(dij))︸ ︷︷ ︸
KL

,

(5.7)

where the 1
Nseq

factor is due to the fact that the loss is averaged over sequences in a

batch.

In summary, for a randomly drawn mini-batch B ⊆ [Nseq], the training iterates

between getting the posterior probabilities of the hidden states q(s) and one step of

gradient descent with the loss function

L(ϕ,ψ) =
1

|B|
∑
n∈B

Ln(ϕ,ψ), (5.8)

where the reparameterisation trick is used to pass gradient through to the variational

parameters ψ. See Figure 5.4 for an overview of the forward pass for training HIVE.

5.5.2 Choosing the embedding dimension

The length nω of the embedding vectors ωi is a hyperparameter that needs to be

pre-defined. Given a fixed decoder h, a smaller nω will lead to a more parsimonious

model but there could be a risk of over-regularisation and underfitting. On the other

hand, a larger nω will lead to a more flexible model but could lead to overfitting.

In practice, we use the loss function and follow the following procedure. Firstly, we
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Figure 5.4: The full HIVE training framework. The black solid arrows in the
plot show connections where gradient flows through during back-propagation and
the dashed black arrows show connections where gradient does not flow through.
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define a set of candidate values for nω, say {n1
ω, . . . , n

M
ω } where nk

ω < nk+1
ω , ∀k ∈

[M − 1]. Then we train the model with each of these candidates of embedding

dimension a number of times independently and for each run, we get the training

loss (variational free energy on the training data) of the model. Starting from k = 1,

we test whether the training loss of the model with embedding dimension nk+1
ω is

significantly lower than that with embedding dimension nk
ω. If it is, we continue

to test for nk+1
ω and nk+2

ω . If it is not, we choose nk
ω as the embedding dimension.

The test for significance can be done with a one sided t-test or a non-parametric

permutation test. Formally, the procedure is summarised in Algorithm 2.

Algorithm 2: Choosing the embedding dimension

Input: Embedding dimension candidates {n1
ω, . . . , n

M
ω }

Output: Chosen embedding dimension n∗
ω

Procedure:
for k ∈ [M − 1] do

Test the null hypothesis that the training loss of model with nk
ω is not

significantly lower than that with nk+1
ω

if Null hypothesis is not rejected then
return nk

ω

return nM
ω

5.5.3 Initialisation of variational parameters

In practice, we found that the a good initialisation of the variational parameters

of the Gamma distributions {aij, bij : j ∈ [J ], i ∈ [N ]} is crucial for the training of

HIVE, without which the model can either get stuck in a local minimum or diverge.

Here we initialise the shape and rate parameters of the Gamma distributions as
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follows:

dmean =
1

N

N∑
i=1

|listatic − listatic|

dvar =
1

5
dmean

aij =
d2mean

dvar
∀i ∈ [N ], j ∈ [J ]

bij =
dmean

dvar
∀i ∈ [N ], j ∈ [J ].

(5.9)

The idea is to estimate the mean deviation magnitude dmean with the deviation

of the Cholesky vectors {listatic}Ni=1 of the static covariance matrices from different

subjects and get the parameters so that the resulting Gamma distribution has mean

dmean and variance dvar = 1
5
dmean, which is what we found to be a good initialisation

in practice.

5.5.4 Annealing during training

Similar to the annealing technique discussed in Section 3.2.3, we anneal the contribu-

tion from the KL divergence term in the loss function during training. Additionally,

we anneal the sampling process of the variational distribution of deviation magni-

tudes q(d) when applying the reparameterisation trick:

d̂ = (1− κ)d̄+ κd∗, (5.10)

where d̄ is the expectation of q(d), d∗ is a sample from q(d) and κ is the annealing

parameter that starts from 0 and increases to 1 during training. We find this sig-

nificantly improves the convergence of the model and we believe this serves as an

exploration-exploitation mechanism, which is extensively studied in the fields of rein-

forcement learning ([Wang et al., 2018]) and Bayesian Optimisation ([Jalali et al., 2012,

Shahriari et al., 2015]). At the beginning of the training, only the expectation is

used and the gradient will intend to push the mean deviations to the correct posi-

tion. This is the exploration phase. As training progresses, we gradually take into
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account the uncertainty in the latent variables, i.e. the variance and higher moments

of the variational distribution, which allows the training to fine tune the variational

parameters. This is the exploitation phase.

5.6 Datasets

5.6.1 Simulated datasets

In the simulation studies, we simulate data with an HMM generative model (See

A.1, A.2). The simulated data for the 3 simulation studies are described below.

• Simulation study 1. We simulate data with N = 10, Ti = 25, 600,∀i ∈

[N ], Nc = 11, J = 5. Here the state covariance matrices of sessions 1 and 2 are

altered and all other sessions have the same unaltered group-level covariance

matrices - session 1 has increased variance in channel 1 and decreased variance

in channel 2 whilst session 2 has decreased variance in channel 1 and increased

variance in channel 2. For both sessions 1 and 2, the increased variances are

5 times and the decreased variances are 20% of the group-level variances.

• Simulation study 2. Here N = 100, Ti = 3000, ∀i ∈ [N ], Nc = 40, J =

5. Sessions are assigned into 3 groups and an embedding vector for each

session is simulated according to the session’s group assignment. Session-

specific covariances are simulated based on the simulated embedding vectors.

(See A.4 for details).

• Simulation study 3. In this study 4 datasets are simulated with N ∈

{5, 10, 50, 100} and Ti = 3000,∀i ∈ [N ], Nc = 40, J = 5. Session-specific

covariances are simulated in the same way as in Simulation study 2.

5.6.2 Real MEG datasets

Three real MEG datasets are used:
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• The MEGUK-38 dataset (Section 1.5.4). Only the eyes-closed resting-state

recordings (64 subjects) are used. This subset of recordings is referred to as

the Nottingham dataset in this chapter.

• The Wakeman-Henson dataset (Section 1.5.2).

• The Cam-CAN dataset (Section 1.5.3).

Data preparation before training

Before training HIVE on these real MEG data, extra steps are taken to help the

model capture spectral information in the data, as well as to speed up training and

convergence. The following steps are used:

• Data are time delay embedded with ±7 lags (See Section 1.4.5).

• Data are standardised across time for each session. This is done so that the

next PCA step is not confused by potential different scaling in different chan-

nels.

• Data are projected by PCA with 80 components. This is done to reduce the

dimensionality of the data as it is impossible to train the model on the original

time delay embedded data even on modern hardware.

• Data are standardised again to help with convergence of the model.

The combined dataset

In one of the studies, HIVE is trained on a combined dataset that has data from

both the Nottingham and the Cam-CAN dataset. In this combined dataset, age and

sex profiles of the subjects are matched in the sense that in each of the age groups

and sex, there is the same number of subjects from each of the datasets. There are

128 subjects in total, with 64 subjects from each of the Nottingham and Cam-CAN

datasets. Subjects are scanned with their eyes closed in this combined dataset.
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5.7 Simulation results

Here we show the results of training HIVE on the 3 simulated datasets described in

Section 5.6.1. We also compare these results with those from HMM-DE (See Section

5.2). For model specifications see Appendix C.4.

5.7.1 Simulation study 1

Variability encoding block learns multivariate session-specific covariance

deviations

We aim to test if patterns of deviations across multiple channels can be learnt by

the generative model, in particular, the variability encoding block, during inference.

This is an important feature in the sense that we want the generative model to act

as a prior that regularises how each session can deviate from the group. Firstly, we

can see from Figure 5.5a that both HMM-DE and HIVE can infer the group-level

covariances correctly.

What HIVE offers in addition is shown in Figure 5.5b where the inferred session

embedding vectors are plotted. We can clearly see that the embedding vectors for

sessions 1 and 2 are far away from the cluster formed by other sessions which have

unaltered covariances, which matches well with the ground truth. The model’s

capability to encode deviation pattern across multiple channels in the generative

model is illustrated in Figure 5.5c, in which the simulated patterns of deviation

for sessions 1 and 2 can be generated from the trained variability encoding block.

Although HMM-DE can infer session-specific covariances via dual estimation, it

cannot generate data with patterns that deviate from the group mean. This is

because intrinsically HMM-DE is a group-level model.
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Figure 5.5: Variability encoding block learns session-specific covariance
deviations. Results obtained using Simulation study 1. a) Simulated (top row),
HMM-DE inferred (middle row) and HIVE inferred (bottom row) group-level co-
variances. The columns show covariances of different states. b) Inferred session
embedding vectors. Sessions 1 and 2 are annotated. c) Simulated deviations (top
row) and deviations from trained generative model of HIVE (bottom row) for state
1 for session 1 (left column) and for session 2 (right column).
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5.7.2 Simulation study 2

Underlying subpopulation structure is inferred by HIVE

In this simulation study, we aim to show that HIVE can recover the ground truth

underlying subpopulation structure (simulated embedding vectors of sessions). This

is demonstrated in Figure 5.6a, where the ground truth grouping of sessions is

recovered by the inferred session embedding vectors. In particular, sessions which

are close together in the simulated space (e.g. sessions 7 and 45) stay close in the

inferred space. Figure 5.6b shows both HMM-DE and HIVE can infer the state time

courses perfectly. Furthermore, we can see from Figure 5.6c that both approaches

can recover the pairwise session relationship between session-specific covariances,

though HMM-DE overestimates the pairwise distance due to noise added to the

data, whereas HIVE has the preferable behaviour of underestimating the pairwise

distance due to the regularising effect of the prior on the deviation magnitude.

This prior makes the inferred session-specific covariances more similar to the group

average, when there is insufficient evidence available in the data to do otherwise.

5.7.3 Simulation study 3

HIVE performs more accurate inference than HMM-DE

Now we focus on comparing HIVE and HMM-DE in terms of accuracy of inferred

session-specific covariances. Both HIVE and HMM-DE are trained 10 times to get a

more accurate and stable estimation of the accuracy. From Figure 5.7 we see HIVE

can infer more accurate session-specific covariances than HMM-DE. Crucially, with

the number of samples per session being kept the same, the accuracy for HIVE

improves with more sessions in the dataset while that for HMM-DE does not have a

significant improvement. This shows the advantage of the variability encoding block

in making use of data of heterogeneous sessions to help infer on every single session.
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Figure 5.6: HIVE infers the underlying subpopulation structure. Results
obtained using Simulation study 2. a) Simulated (left) and inferred (right) session
embedding vectors. Each point is marked and coloured by the ground truth group
assignment, and is annotated with the session number. b) Simulated (top), HMM-
DE inferred (middle) and HIVE inferred (bottom) state time courses. c) Session-
pairwise cosine distance of simulated (x-axis) against inferred (y-axis) covariances
from HMM-DE (left) and HIVE (right). The black line shows the y = x line, which
corresponds to optimal performance, and the red line is a fitted line through the
points, with the coefficient of determination r2 displayed in the title.
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Figure 5.7: HIVE performs more accurate inference than HMM-DE. Results
obtained using Simulation study 3. Accuracy of session-specific covariances (y-axis)
are plotted against the number of sessions in the dataset (x-axis) for HMM-DE (blue)
and HIVE (orange). Here the number of samples per session is always the same.
Correlation between inferred and simulated session-specific covariances is used as a
metric for accuracy.

5.8 Real data results

For model specifications see Appendix C.4.

5.8.1 Wakeman-Henson dataset

HIVE reveals similarities and differences between MEG recordings

In this section, we study the Wakeman-Henson dataset (see Section 5.6.2). This

dataset contains 6 sessions for each subject. Ideally, we would expect the sessions

for a subject to be more similar than sessions for different subjects. In this study,

we assign each session an embedding vector and train HIVE on this data with

nω = 10 (see Section 5.5.2). The session-pairwise cosine distances of embedding

vectors are plotted in Figure 5.8a, which shows a clear block diagonal structure

- session embedding vectors from the same subject are closer together than those

from different subjects. This shows the model is able to identify certain recordings

which have similar deviations from the group, despite HIVE being trained in an

unsupervised manner with no knowledge of which sessions belong to which subjects.
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To compare with the traditional approaches, we trained both HIVE and HMM-

DE on this dataset. In Figure 5.8b, the session-pairwise L2 distances of inferred

covariances from both approaches are plotted. Although the same block diagonal

structure can be seen in both approaches, it is clearer in the case of HIVE. One can

observe there is a particular session (session 3 of subject 8) that has much higher

distance with all other sessions, especially with HMM-DE. This is related to the fact

that this particular session has very different oscillatory activity compared to other

sessions (see Section C.2). In order to quantify the advantages with HIVE, we em-

ploy 3 different metrics - Silhouette score ([Rousseeuw, 1987]), Davies-Bouldin score

([Davies and Bouldin, 1979]) and Calinski-Harabasz score ([Caliński and Harabasz, 1974])

for assessing how well the inferred covariances form distinct and well-separated sub-

ject clusters. Figure 5.8c shows that with all three metrics, HIVE inferred covari-

ances form tighter and more distinct clusters than the dual estimated covariances

from HMM-DE.

5.8.2 Combined dataset

Embedding vectors reflect meaningful variability regarding scanner

In this study, we want to test if our model is able to differentiate data acquired by

different scanners. We trained on two different resting-state MEG datasets (Not-

tingham and Cam-CAN) described in Section 5.6.2. There are 128 subjects in total

and 64 subjects from each datasets. To avoid the possibility that the model is bi-

ased towards either dataset, we match the age and sex profiles. Here we choose

nω = 20 (See Section 5.5.2). We can clearly see two clusters of embedding vectors

inferred in Figure 5.9a, and at the same time an age gradient in the embedding

space. This means scanner type and age information are simultaneously encoded

(in different directions in the embedding space) by the embedding vectors, despite

the fact that HIVE was trained unsupervised with no knowledge that the sessions

were from different scanner types. We can also see a block diagonal structure in
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Figure 5.8: HIVE reveals similarities and differences between MEG record-
ings. Results obtained on the Wakeman-Henson dataset. a) Session-pairwise cosine
distance of inferred embedding vectors. Embedding vectors for the same subject
are grouped together and have smaller distance between them. b) Session-pairwise
L2 distance of inferred covariances from HIVE (left) and HMM-DE (right). c)
Clustering metrics - Silhouette score (left), negative Davies-Bouldin score (middle),
Calinski-Harabasz score (right), based on subject labels for 10 independent runs of
both approaches. Higher values for these metrics indicate better clustering.
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Figure 5.9b where subjects from the same dataset have smaller pairwise cosine dis-

tances of their inferred embedding vectors. With the clustering metrics described in

Section 5.8.1, we see from Figure 5.9c that subject-specific covariances from HIVE

form better-defined clusters based on scanners/sites.

HIVE also provides a way to summarise the differences in state-specific spectral

content between scanner types. Ten nearest neighbours in the embedding space

are selected for each of the dataset centroids and are used to give a representation

of spectral contents of both datasets. In Figure 5.9d, we can see these differences

between the “centroids” of the datasets. In particular, subjects from the Notting-

ham dataset generally have lower power than those from Cam-CAN, especially in

posterior regions and alpha band.

5.8.3 Cam-CAN dataset

HIVE infers age structure in the population more accurately than dual

estimation

Here we use the Cam-CAN dataset described in Section 5.6.2, that consists of 612

healthy subjects aged between 18-88 and choose nω = 50 (See Section 5.5.2). From

Figure 5.10a, We can clearly see an age gradient from darker to lighter dots in both

plots. This means after training, age information is encoded by the embedding vec-

tors of the subjects, despite the fact that HIVE was trained unsupervised with no

knowledge of the subjects’ ages. In order to see if the learnt hidden representation

given by the embedding vectors helps improve the model’s ability to distinguish be-

tween subject demographics, we try to predict age with the inferred subject-specific

covariances. Here HMM-DE and HIVE with increasing embedding dimensions are

trained on this dataset. Shown in Figure 5.10b are the distributions of accuracy

(given by different folds of cross validation) of predicting age with inferred subject-

specific covariances (See below for details). The coefficient of determinant (r2) is

used as a measure of prediction accuracy and it gradually increases with the em-
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Figure 5.9: Embedding vectors reflect meaningful variability regarding
scanner/site. Results obtained with a combination of the Nottingham and Cam-
CAN datasets. a) PCA-projected embedding vectors coloured with different datasets
(left, black stars indicate centroids of embedding vectors from the two datasets)
and different age groups (right, older subjects are coloured with lighter colours).
b) Subject-pairwise cosine distance of embedding vectors. c) Clustering metrics -
Silhouette score (left), negative Davies-Bouldin score (middle), Calinski-Harabasz
score (right), based on subject labels for 10 independent runs for both approaches.
d) 6 states are inferred with HIVE. The first and second row shows the group level
power (red areas show above average and blue areas show below average power across
states) and FC maps (top 3% edges are plotted). The third row shows power differ-
ence (red areas show higher and blue areas show lower power in Nottingham subjects
than Cam-CAN subjects) for each state between centroids of both datasets. The
bottom row shows the difference in PSDs (solid lines show the means and shaded
areas show one standard deviation across the channels) across frequencies between
datasets.
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Figure 5.10: HIVE infers age structure in the population more accurately
than dual estimation. Results obtained with the Cam-CAN dataset. a) Inferred
embedding vectors projected to 2 dimensions with PCA. Darker-coloured points are
younger participants and lighter-coloured ones are older participants. The two red
stars show centroids of subjects with age < 36 and > 72. b) 20-fold cross validated
age prediction accuracy for HIVE with different embedding dimensions and HMM-
DE.

bedding dimension until there is a significant improvement over HMM-DE when

using an embedding dimension of 50. There is a slight drop in accuracy when using

an embedding dimension of 100, which could be due to overfitting. Notice that

when selecting the embedding dimension, we do not see a significant decrease in free

energy if we increase nω from 50 to 100 (Figure 5.12).

Classifier for predicting age with subject-specific covariances

HMM-DE and HIVE with embedding dimensions 3, 5, 10, 20, 50, 100 were trained on

the Cam-CAN dataset. Each of the 7 models was trained 10 times independently and

the best model was chosen based on free energy. Next the inferred subject-specific

covariances were projected by PCA, whose first few PCs were used as regressors

in a ridge regression to predict subject age. The subject age data were separated

into 20 folds. For each fold, a classifier was trained on 19 folds and tested on the

remaining 1 fold. During training, a 5-fold cross validated grid search was used to

select the best dimension of PCA projection and the regularisation strength of the

ridge regression. PCA projection dimension was chosen from {5, 20, 50, 100} and

regularisation strength was chosen from {10i : i ∈ {−5,−4,−3,−2,−1, 0, 1, 2, 3}}.
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HIVE infers interpretable age patterns in networks

Centroids of subjects of age groups < 36 and > 72 were used as representatives of

young and old subjects. Similar to the analysis in Section 5.8.2, we can find the

nearest neighbours (here we choose 20 subjects) for both representatives and get the

power maps, PSDs for young and old subjects. We show the results in Figure 5.11.

We can conclude that HIVE can discover meaningful age patterns in the data.

5.8.4 Choosing embedding dimension on the real datasets

In this section we fill in the details behind choosing nω for different datasets. We

use the procedure described in Section 5.5.2 to choose nω for the 3 real dataset

results. For the model trained on the Wakeman-Henson dataset in Section 5.8.1,

the decrease in free energy is insignificant when comparing nω = 10 and nω = 20.

Hence for this dataset, we choose nω = 10. For the model trained on the combined

dataset in Section 5.8.2, the tests are all significant and we choose nω = 20. For the

model trained on the Cam-CAN dataset in Section 5.8.3, the tests are all significant

until nω = 50. Hence we choose nω = 50 for this dataset. See Figure 5.12 for details.

In fact, one may notice that the procedure described in Algorithm 2 is not perfect.

See Appendix C.3 for possible improvements to this algorithm.

5.9 Variability and model complexity

The number of state/modes is an important hyper-parameter in HMM and DyNeMo

that could potentially affect the interpretation of the data. Previous studies show

the variational free energy of these models keep decreasing with increasing number

of states/modes ([Baker et al., 2014, Gohil et al., 2022]). We hypothesise that this

could be due to variability in the data.

To test this hypothesis, we simulate two datasets, one without variability, the

other with variability. The ground truth number of states for both datasets is 4. The
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Figure 5.11: HIVE infers interpretable age patterns in networks. Results
obtained with the Cam-CAN dataset. 8 states are inferred by HIVE. Group level
power (red areas show above average and blue areas show below average power
across states) and FC maps (top 3% edges are plotted) are shown as well as the
differences in power (red areas show higher and blue areas show lower power in
older subjects than younger subjects) and PSDs (solid lines show the means and
shaded areas show one standard deviation across the channels) between old and
young subjects.
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Figure 5.12: Free energy is used to choose nω. For each of the real datasets
results, different models with different candidate embedding dimensions are trained
10 times independently. The free energy on training data is plotted against embed-
ding dimension. The p-values of the t-tests are plotted between the boxplots.

Figure 5.13: Variability in the data can cause ever-decreasing free energy
in HMM. a) There is no subject variability in the data and the variational free
energy is plotted against number of states. b) There is subject variability in the
data and the variational free energy is plotted against the number of states

HMM was trained 5 times independently on both datasets and the free energy on

training data is plotted in Figure 5.13. It shows that when there is no variability, the

free energy decreases with increasing number of states until it plateaus at the ground

truth number of states. However, when there is variability, the free energy keeps

decreasing with increasing number of states. This is because the model can keep

finding more states to explain the variability in the data. By modelling variability in

the data, HIVE could be a potential solution to the problem of choosing the number

of states.
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Figure 5.14: Sex differences are not visible from PCA-projected embedding
vectors. The same set of embedding vectors shown in Figure 5.10a are coloured
with the sex of individual. Embedding vectors associated with male and female
participants are coloured with blue and orange respectively.

5.10 Constraining embedding vectors

In Sections 5.8.2 and 5.8.3, we saw a clear age gradient in the PCA-projected embed-

ding vectors. However, if we colour the points instead with the sex of the subject, we

cannot see clear clusters according to sex (see Figure 5.14). There are two possible

reasons for this, one of which is that PCA looks for directions of largest variance

but sex is not the biggest source of variation in the dataset. The other relates to

the first one in the sense that because variation due to sex is not as prominent as

variations due to age and scanning sites, the model is not rewarded to look for sex

variations during minimisation of loss.

One possible solution is by putting constraints and forcing a structure on the

embedding space. We do this by assuming the embedding space is formed by the

(orthogonal) sum of individual embedding spaces defined by different sources of

variation. By using this approach, variability in the data due to different sources

of variation are isolated to the corresponding individual embedding spaces, which

regularises the embedding space and allows us to post-hoc investigate the effects

of each of the sources of variation by only looking at the corresponding embedding

space.
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Instead of assigning an embedding vector to each session, we assign an embed-

ding vector to each condition of different sources of variation. For example, consider

the case where there are 3 subjects and each subject undergoes scanning with 3

different tasks, totalling 9 sessions. We would like to assign an embedding vector for

each of the 3 subjects and each of the 3 tasks. When computing the embedding vec-

tor for each session, we can simply add up (or concatenate) the embedding vectors,

which is a common practice in literature to add extra information to the embed-

ding vectors (e.g. the use of positional encoding to provide positional information

for transformers ([Vaswani et al., 2017])). Formally, let S be the set of sources of

variations (e.g. task, sex, age) and for each s ∈ S, Cs the set of different conditions

for source s (e.g. male and female or eyes-open and eyes-closed resting state), then

for each session i,

ωi =
∑
s∈S

∑
c∈Cs

1{Cs(i) = c}Ωs(c) (5.11)

where Cs : [N ] → Cs returns the condition of source s of session i and Ωs(c) is the

embedding vector corresponding to condition c in the matrix of embedding vectors

Ωs for source s.

Notice this formulation allows us to train on data where there are missing com-

binations of sources of variation as long as ∀s ∈ S,∀c ∈ Cs,∃i ∈ [N ] s.t. Cs(i) = c.

Consequently, we are able to predict the embedding vector for a missing combina-

tion. For instance, consider a dataset where some subjects have both eyes-open

(EO) and eyes-closed (EC) resting state recordings, but some subjects only have

EO recording sessions. With this formulation, we are able to train on this dataset

and recover the session embedding vector for EC sessions for those undergo only

EO scans. This is extremely useful as we can leverage what we learn about the

relationship between EO and EC to reconstruct the networks of EC recordings for

subjects without EC recordings through the variability encoding block. We show

its potential through a simulation example.
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5.10.1 Simulation example

Here consider the case where 3 subjects, each of them performing 3 tasks, totalling

9 recording sessions. We do this by simulating 3 embedding vectors for each subject

and 3 embedding vectors for each task. Figure 5.15 shows the ground truth simulated

embeddings on the left. In particular, embedding vectors for different tasks form

different clusters and the same subject have the same deviation from the group for

different tasks. Time series data are then generated through the HMM generative

model similar to Appendix A.4 and A.2.

During training, the session with task 0 and subject 0 is not included in the

training set and the right plot of Figure 5.15 shows the inferred embedding vectors

of HIVE in which the circled vector corresponds to the masked session and was

generated by adding up the corresponding learnt embedding vectors of task ID and

subject ID. We see that HIVE learns the relationship between subjects and tasks

independently and was able to recover the missing combination of task 0 and subject

0. Moreover, the generated embedding vector of the masked session can be passed

through the learnt variability encoding block to generate covariance matrices for the

missing session. From Figure 5.16 we see that the covariance matrices are recovered

with good accuracy.

5.11 Discussion

In this chapter we propose the use of embedding vectors as a means of characterising

individual sessions in a dataset similar to how word embedding vectors characterise

semantic differences between words in a word dictionary. We use this approach to

extend the HMM, referring to the new method as HIVE. In particular, we propose

a novel variability encoding block to translate the information encoded in the em-

bedding space to session-specific networks (covariances), which are then fed to the

HMM generative model.
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Figure 5.15: The embedding vector of the masked session can be recovered.
Ground truth simulated embedding vectors (left) and inferred embedding vectors are
plotted (right). Each point is coloured according to the task ID and annotated by
the subject ID. The circled session on the right indicate the masked session during
training.

Figure 5.16: The covariance matrices of the masked session can be recov-
ered. Ground truth simulated (top row) and generated (bottom row) covariance
matrices of the masked session are plotted. Each column shows the covariance ma-
trices for each state.
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Using simulations, we show that during inference the variability encoding block

learns multivariate session-specific deviations (Section 5.7). This is an important

feature because multivariate session-specific deviations are expected in real data

and this model is capable of learning these. Additionally, we also see that the

model can accurately infer the pairwise relationships between sessions, i.e. discover

subpopulation structure through the embedding vectors. This allows the model to

perform more accurate inference than dual estimation on individual sessions with

the HMM (Section 5.7.3).

Similar to the approach taken in PROFUMO ([Harrison et al., 2015, Harrison et al., 2020]),

session deviations from the group-level estimates are generated through a Bayesian

prior. The additional feature of embedding vectors allows the model to find sub-

populations in the group. By training HIVE on the Wakeman-Henson dataset, we

observe that inter-subject variability is much greater than inter-session variability

(Section 5.8.1). This was also found in fMRI literature ([Gratton et al., 2018]). Al-

though the HIVE inferred covariances have slightly underestimated deviations from

the group due to the regularising effect of the Bayesian prior, it is robust to noise

in the dataset (Figure 5.8). Furthermore, the covariances from this approach form

better separated clusters due to this de-noising effect compared to the traditional

HMM-DE.

In Section 5.8.2, we can observe systematic differences between scanners by train-

ing HIVE on data from different sites. The model is trained in an unsupervised

fashion and is unaware of the scanners/sites. By finding the centroids of embedding

vectors of both datasets and pooling over nearest neighbours, we are able to find the

power maps, FC maps and PSD profiles of representatives from both datasets. This

allows us to study the systematic differences between scanners. Moreover, HIVE in-

ferred covariances form better-separated clusters than HMM-DE inferred ones based

on dataset.

Finally, in Section 5.8.3, by training on a large-scale dataset, we show that
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the inferred embedding vectors contains age information and there is a clear age

gradient. By training classifiers to predict subject age with inferred subject-specific

covariances, we see that accuracy increases with embedding dimension and at some

point, HIVE inferred features are able to outperform HMM-DE inferred ones. By

picking representatives of young and old subjects, and again pooling over information

of nearest neighbours, we can acquire brain networks and PSD profiles of young and

old brains.

5.11.1 Future work

In this chapter we incorporated embedding vectors into the HMM to model indi-

vidual sessions. The variability encoding block used in this work is also compatible

with another popular model for inferring dynamic functional networks - DyNeMo

(see Appendix D for details and simulation results). We have shown that HIVE

provides a way of learning the underlying population structure, which can be used

to regularise the estimates of session-specific measures (e.g. PSD). This could be

potentially useful in boutique studies which has relatively small number of subjects

and contains subjects with specific demographics. By training our proposed model

on a large-scale dataset and using the learned population structure, subject-specific

estimates could be better inferred on the small dataset. Additionally, although the

model has been shown to be robust with around 3000 data points per subject (12s

of MEG data on 250Hz), the lower bound for number of data points for robust

inference is still unknown. Further work on this matter is needed and essential for

this model to be trained on fMRI data where the number of subjects is much larger

but number of samples per subject is much smaller. Furthermore, we have shown

that HIVE gives better clustering results than dual estimation. A next step will be

to investigate the possibility of utilising this advantage in demographics and disease

prediction. Lastly, the model provides a natural way to provide subject/session

information (e.g. task, age, sex, etc) via the embedding vectors (Section 5.10).

Rukuang Huang 118



University of Oxford Jesus College

This could be useful when there is an intrinsic subpopulation structure in the group

(e.g. multiple sessions for different subjects and both task and resting-state data

are available for the subjects).

5.11.2 Hyper-parameters

Due to the additional complexity of the model, it has more hyper-parameters than

HMM and DyNeMo, including the number of layers, number of neurons per layer

in the decoders of the variability encoding block. However in practice, we find that

results are very robust to the choice of these hyper-parameters.

The number of states/modes is an important hyper-parameter in HMM and

DyNeMo that could affect the interpretation of the data. Previous studies show

the variational free energy keeps decreasing with increasing number of state/modes

([Baker et al., 2014], [Gohil et al., 2022]). We hypothesise that this could be due to

the inter-session variability in the data (Section 5.9). Modelling the variability in

the data could be a potential solution to this problem.

5.12 Conclusions

We proposed the use of embedding vectors to model individual functional neuroimag-

ing sessions and applied this approach to extend the HMM, giving us HIVE. The

variability encoding block explicitly models variability within a population in a prin-

cipled way. We provide a way to perform efficient inference on the model parameters

and the algorithm is readily scalable to large amount of data. With a Bayesian prior,

the model pools information across individuals for how they may deviate from the

group mean. The embedding vectors allow the model to group together similar

data and help the interpretation of sources of variation in a population. This is an

important step towards making use of the large-scale datasets collected with differ-

ent protocols. We believe the above results demonstrate that the proposed model
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provides a novel perspective in population modelling and the inference of dynamic

functional networks.
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Chapter 6

Conclusion

This thesis primarily concerns the use of computational methods, in particular, tech-

niques in statistical learning and deep learning (Chapter 2) in extracting information

from functional neuroimaging data. We describe two of the popular methods for es-

timating dynamic brain networks in Chapter 3, and aim to extend existing methods

in order to overcome their limitations.

The work done in Chapter 4 is motivated by the observation that the model

free heuristic approach (sliding window approach followed by clustering) identifies

uncoupled state time courses for power and FC. However, the sliding window ap-

proach can fail to accurately infer the transient, sub-second dynamics present in

electrophysiological data and we resort to generative models. We then extended

the recent DyNeMo model to M-DyNeMo to allow inference of potentially uncou-

pled dynamics. With simulated data, we show the advantages of M-DyNeMo over

DyNeMo when there is indeed uncoupled power and FC dynamics and crucially, M-

DyNeMo does not “invent” uncoupled dynamics if the ground truth is that the two

dynamics are coupled, meaning it is solely the data itself that determines whether

there are separate dynamics or not. We then move onto validating M-DyNeMo with

real MEG data and we show that the model reveals power and FC networks have

similar spatial patterns but have uncoupled dynamics at the same time, which is

121



University of Oxford Jesus College

robust and reproducible across different subsets of subjects, different datasets, and

different parcellations. We further show that the two uncoupled dynamics respond

to visual stimulus differently and there is evidence of the coupling between dynamics

being modulated by task stimuli.

In contrast to developing a model that helps gain more insights about the mech-

anisms of the brain directly as in Chapter 4, the framework proposed in Chapter 5

provides a way to extend many current generative models to incorporate the mod-

elling of variability in a principled way, providing more accurate group-level and

individual-level estimates at the same time. Motivated by how word embeddings

are used in NLP to characterise semantic relationships between words, we use em-

bedding vectors to characterise relationships between recording sessions. We show

how this approach learns the subpopulation structure and is able to extract mean-

ingful sources of variation within and between datasets. The work done in this

chapter opens a path into accurate inference and analysis on multiple datasets si-

multaneously, and normative modelling/transfer learning by leveraging information

learnt in large datasets to help inference on small datasets.

This body of work is by no means complete and flawless, and there are countless

directions in which we can explore. In Section 5.10, we discuss a way to constrain

the embedding space and provide known information to the model and have shown

its potential, with simulation, in generating networks of unseen recording sessions.

Additionally, we tried using Gaussian Process to capture (theoretically) unlimited

long range temporal dependencies in a non-parametric way (Appendix E). Another

challenging, yet important direction is to develop a way to compare different gener-

ative models quantitatively. For instance, we can show qualitatively the advantages

of DyNeMo over the HMM ([Gohil et al., 2022, Gohil et al., 2024b]), of M-DyNeMo

over DyNeMo (Chapter 4, and of HIVE over the HMM (Chapter 5), but these inter-

pretations all depends somewhat on prior knowledge and heuristics. Section 3.3 lists

some of our attempts to develop quantitative metrics to compare different generative
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models, but they need further validation.

Finally, the problem of how to choose the number of states in the HMM and the

number of modes in DyNeMo-based models remains unsolved. This hyperparameter

in particular has profound influence on the interpretability and reproducibility of the

results, which might hinder the generalisation of the developed methods. To date the

choice of this hyperparameter has been based on a combination of heuristics and

“hacky” metrics (e.g. split-half reproducibility). Therefore, developing a general

framework for choosing this hyperparameter with less heuristics is paramount for

these generative models to be applied more widely.

Summary

In summary, in this thesis we attempted to address two questions in computational

neuroscience concerning dynamic FC by utilising probabilistic generative models.

We developed a dedicated computational method that provides evidence of uncou-

pled power and FC dynamics and how cognition is related to the coupling between

the dynamics. We also provided a framework that can be used to extend popular

generative models for inferring dynamic FC so that variability is modelled in a prin-

cipled way. We believe that with computational methods, the work in this thesis

made an incremental step in the marathon of our ultimate goal: understanding the

brain.
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Appendix A

Data simulation

In this thesis, data simulation involves two components:

• Simulating the underlying hidden time courses of the brain dynamics.

• Simulating the observed data given the hidden time courses with the observa-

tion model.

A.1 Simulating the hidden time courses

Binary time courses can be generated with a Markov chain, i.e. given the number

of states J , the transition probability matrix A, we generate the hidden time course

z1:T with

zt|zt−1 ∼ Cat(Azt−1,:) for t = 2, . . . , T, (A.1)

where z1 is fixed to be the first state. Soft mixing time courses can be generated by

combining logits, which are sine waves with different frequencies, amplitudes, and

phases, i.e.

θjt = relative activationj + amplitudej ∗ sin(2πfjt + ϕj), (A.2)
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where fj, amplitudej, relative activationj are pre-specified frequency, amplitude and

relative activation of mode j, and ϕj is the phase of mode j, which is uniformly

sampled from U [0, 2π]. The hidden time course α1:T (i.e. mixing probabilities) is

generated by applying a softmax function to the logits at each time t.

A.2 Simulating the observed data

The observed data are assumed to be conditionally independent given the hidden

time courses. The observation model is a multivariate Gaussian distribution. For

binary time courses, the data is generated with

xt ∼ N (µzt ,Σzt), (A.3)

and for soft mixing time courses the data is generated with

xt ∼ N

(
J∑

j=1

αjtµj,
J∑

j=1

αjtΣj

)
, (A.4)

where µj is either a vector of zeros or each of its entries is sampled independently

from N (0, 0.22). The simulation of covariance matrices Σj is more involved. We first

sample a Nc×Nc matrix Wj whose entries are sampled independently fromN (0, 0.1).

Then to replicate the case where we have activations in different channels, a large

value is added to randomly selected rows of Wj. Then we set Σj = WjW
T
j +ϵI, where

ϵ = 10−6 is added to the diagonal to ensure the matrix is positive definite. Lastly,

independent Gaussian noise maybe added to the final time series data depending on

the specific simulation settings.
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A.3 Simulating data with multiple dynamics

We need to simulate standard deviations and correlation matrices. This can be

easily done by generating the covariance matrices Σj as described in Section A.2

and extracting the standard deviations Ej and correlation matrices Rj by

Ej =
√

diag(Σj)I, Rj = E−1
j ΣjE

−1
j . (A.5)

Then we simulate independent time courses as described in Section A.1 and generate

the observed data with standard deviations and correlation matrices depending on

different time courses.

A.4 Simulate session-specific covariances

In the case where we want to simulate session-specific covariances, we first generate

group-level covariances as described in Section A.2. Each session is associated with

an embedding vector, which is assigned a group uniformly randomly from a set of

groups. Each embedding vector is generated with a multivariate Gaussian distribu-

tion with the same variance but different means depending on the group assignment.

Next linear transformations are generated randomly to map the group-level Cholesky

vectors to spatial embeddings for each state/mode, which are concatenated with the

embedding vectors to give the concatenated embeddings. The session-specific devi-

ations are generated by applying another randomly generated linear transformation

to the concatenated embeddings. Finally, the session-specific covariance matrices are

generated by adding the session-specific deviations to the group-level covariances.
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Appendix B

Supplementary material on

multi-dynamic modelling

This contains supplementary information for materials discussed in Chapter 4.

B.1 Simulation results

In this section, we describe how we use simulation to validate M-DyNeMo and

investigate potential benefits of multi-dynamic modelling.

B.1.1 Simulated data

We simulate data with the HMM generative model. We pre-specify the number

of states J1 = J2 = J , the transition probability A and randomly simulate the

observation model parameters θobs, which are then used to simulate the observed

data. Two simulation datasets are used:

• Simulation 1. Here we simulate data with multiple dynamics using J =
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5, Nc = 40, T = 25600. The transition probability matrix is

A =



0.9 0.1 0 0 0

0 0.9 0.1 0 0

0 0 0.9 0.1 0

0 0 0 0.9 0.1

0.1 0 0 0 0.9


. (B.1)

• Simulation 2. Here data is simulated with the same setting as Simulation 1

except that Ej,Rj follow the same underlying temporal dynamics, i.e. they

depend on the same underlying Markov chain of states.

B.1.2 Simulation 1: M-DyNeMo performs more accurate

inference on data with multiple dynamics

Here we aim to see if M-DyNeMo can perform inference more accurately than the

traditional sliding window approach and DyNeMo, given the data has multiple dy-

namics. We focus on the first simulated data in Section B.1.1 and follow the pro-

cedure described in Section 4.6.3 with step size of 1 and window lengths ranging

from 4 to 16. We show the DICE coefficients of the inferred time courses in Figure

B.1a. We see the optimal window length of 6 samples does not give perfect DICE

coefficient. If we look closely and compare the simulated and inferred time courses in

Figure B.1b, we observe that sliding window approach does a decent job at inferring

relatively long state changes, but fails to infer the transient state changes accurately.

This is the reason why we turn to generative models that implicitly learn the time

scale from data.

We now train M-DyNeMo and DyNeMo on the same simulated dataset. From

Figure B.2a, we see that M-DyNeMo can recover both state time courses accurately

while DyNeMo cannot, due to its intrinsic model assumption of shared dynamics.
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Specifically, DyNeMo only infers the correlation dynamics. A quantitative mea-

sure of the accuracy of inferred time courses measure by DICE coefficient is shown

in Figure B.2b, where we see M-DyNeMo achieves perfect inference of both time

courses. In this simulation study, the signal from time-varying power is relatively low

compared to that from time-varying FC, which is why DyNeMo ignores the power

dynamics. Additionally, we can investigate the reconstruction error measured by

Riemannian distance between the reconstructed covariances and the ground truth

at each time point, shown in Figure B.2c. It is clear that M-DyNeMo has a lower

reconstruction error than DyNeMo, indicating M-DyNeMo is a more accurate model

of time-varying covariances on this data.

B.1.3 Simulation 2: M-DyNeMo can infer accurately on sin-

gle dynamics data

It is important to show that the separate dynamics is not an artefact invented by

M-DyNeMo. This can be shown by training M-DyNeMo on the second simulated

dataset where data were simulated with a single underlying dynamics shared by both

standard deviation and correlation. Shown in Figure B.3a, both of the M-DyNeMo

inferred mode time courses match the ground truth and the reconstruction error of

time-varying covariances is comparable to that of DyNeMo, shown in Figure B.3b.

B.2 More results on real data

Here we show some additional results on real MEG data in Figures B.4, B.5, B.6,

B.7, and B.8.
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Figure B.1: Sliding window approach fails to infer ground truth state time
courses. Results on Simulation 1 dataset. a) Dice coefficient of state time courses
inferred by sliding window approach using different window lengths. b) The sim-
ulated (top row) and sliding window approach inferred (bottom row, with window
size of 6 samples) time courses. A segment of 500 samples containing short state
transitions is shown.

Rukuang Huang 150



University of Oxford Jesus College

Figure B.2: M-DyNeMo infers time courses more accurately than DyNeMo
when data has multiple dynamics. Results on Simulation 1 dataset. a) The sim-
ulated (top row), M-DyNeMo inferred (middle row) and DyNeMo inferred (bottom
row) time courses for time-varying standard deviations (left column) and correla-
tions (right column). Here different colours indicate activation of different states
and only the first 500 samples are plotted. b) DICE coefficients of DyNeMo and
M-DyNeMo inferred time courses compared to the simulated ground truth. c) The
reconstruction error (Riemannian distance) of the first 500 samples of time varying
covariances is plotted against sample on the x-axis. The reconstruction error of
DyNeMo is plotted in orange and that of M-DyNeMo is plotted in blue.
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Figure B.3: M-DyNeMo infers accurately on data with single dynamic.
Results on Simulation 2 dataset. a) From top to bottom row are the ground truth
simulated, the DyNeMo inferred, and the two “separate” M-DyNeMo inferred mode
time courses. Here different colours indicate activation of different states and only
the first 500 samples are plotted. b) The reconstruction error (Riemannian distance)
of the first 5000 samples of time-varying covariances is plotted against sample on
the x-axis. The reconstruction error of DyNeMo is plotted in orange and that of
M-DyNeMo is plotted in blue.

Figure B.4: Single dynamic DyNeMo is dominated by time-varying power.
Results from amplitude time courses (1-45Hz) of 38 brain regions obtained from
MEGUK-38 resting-state data. Power (top row) and FC (covariance, bottom row)
network maps given by re-calculated networks using M-DyNeMo inferred FC mode
time course β. The cosine similarity is also shown for each pair of modes between
the re-calculated covariances on M-DyNeMo inferred FC mode time course β and
standard DyNeMo inferred covariances.
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Figure B.5: M-DyNeMo reconstructed time varying covariances show
greater fluctuation over time. Results from amplitude time courses (1-45Hz)
of 38 brain regions obtained from MEGUK-38 resting-state data. For M-DyNeMo
and DyNeMo, the y-axis shows the variability of model reconstructed time varying
covariances in terms of Riemannian distance of time varying covariances from the
mean covariance for each subject.

Figure B.6: Evoked responses given by DyNeMo. Results from amplitude
time courses (1-45Hz) of 38 brain regions obtained from Wakeman-Henson data. a)
Power maps for different modes given by DyNeMo. b) Evoked response analysis
on DyNeMo-inferred mode time course. Different colours show baseline corrected
evoked response (contribution to overall variance) of different modes.
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Figure B.7: Sliding window approach reveals evidence of different corre-
lation profiles during task versus during rest. Results from amplitude time
courses (1-45Hz) of 52 brain regions obtained from MEGUK-52 data. a) Power (top
row) and FC (bottom row) maps for each mode of the two state time courses. b)
Correlations within α (left) and within β (middle) are shown. The right plot shows
the differences in correlations during task versus during rest. Correlations that sig-
nificantly differ from zero are marked with asterisks depending on the p-values.
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Figure B.8: Additional FC degree spatial maps. Results from amplitude time
courses (1-45Hz) of 38 brain regions obtained from Wakeman-Henson data and of
52 brain regions obtained from MEGUK-52 data. a) FC degree spatial maps on
the Wakeman-Henson dataset (left) and the cosine similarity between power maps
and FC degree maps for each pair of power and FC modes (right). b) FC degree
spatial maps on the MEGUK-52 dataset (left) and the cosine similarity between
power maps and FC degree maps for each pair of power and FC modes (right).
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B.3 Model training details

B.3.1 Learning correlation matrices

A square matrix R ∈ Rn×n is a correlation matrix if and only if it is a covariance

matrix with diagonal of 1. Similar to learning a covariance matrix, we cannot learn

the entries of a correlation matrix directly and need to parameterise the matrix

with a vector using a bijection. Similar to learning a covariance matrix, we resort

to learning the Cholesky decomposition of a correlation R = LLT , where the k, l

element Lkl satisfies:

Lkl =


0 if k < l,

M kl/wk if k > l,

1/wk if k = l,

(B.2)

where M kl is the k, l entry of a lower triangular matrix M and w is a vector

such that its k-th element is wk =
√

1 +
∑k−1

l=0 M
2
kl. It is easy to check that R

constructed in this way is a legitimate correlation matrix and during training, we

learn the vector of lower triangular entries of M .

B.3.2 Extra tricks for model training

Some extra tricks were used to help fast and stable convergence of M-DyNeMo:

• KL annealing: See Section 3.2.3.

• Multi-start initialisation: See Section 3.2.3.

• Learning rate scheduling: A learning rate scheduler is used to exponentially

reduce the learning rate as the training progresses. This helps the model

to take large steps in the beginning for faster convergence and smaller steps

towards the end for fine-tuning. In practice, we only start decreasing the

learning rate after the KL annealing phase.
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• Initialisation for Rj: We find in practice that without a “good” initialisation

of the correlation matrices, the convergence of the model is extremely slow.

To help with this, we initialise the correlation matrices with “realistic” ones

obtained from the data. Specifically, we use a sliding window approach to

calculate the time-varying correlation matrices and used K-means clustering

to identify J2 clusters of time-varying correlation matrices. We then initialise

the correlation matrices with the cluster centroids. We find that this helps the

model to converge to a lower loss consistently.

B.4 Post-hoc analysis

B.4.1 Re-normalising mode time courses

As mentioned in [Gohil et al., 2022], the inferred mode time courses do not account

for the difference in the relative magnitude of each of the spatial modes. Intuitively,

if the covariance matrix for a mode is large in the diagonal, fluctuation in its mixing

coefficient will have a large impact on the overall variance. For α, the raw mode

time course is multiplied by the mean of the square of the diagonal elements of Ej

before normalised by dividing the sum over modes at each time point. Similarly

for β, the raw mode time course is multiplied by the mean of absolute off-diagonal

elements of Rj and normalised.

B.4.2 Maximum statistic permutation test for spatial map

similarity

The underlying assumption of this test is that sequences of mode time courses are

exchangeable under the null hypothesis and we used the maximum statistic approach

to correct for multiple comparison. The procedure for generating samples from the

null distribution is as follows:
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Hyper-parameters Simulation 1, 2 MEG-38 Wakeman-Henson MEG-52
Number of modes 5 4 4 4
Sequence length 200 200 200 200

Inference RNN hidden units 64 64 64 64
Model RNN hidden units 64 64 64 64
KL annealing sharpness 10 10 10 10

KL annealing epochs 40 40 20 20
Training epochs 80 80 40 40

Batch size 32 256 256 256
Learning rate 1e-2 1e-3 1e-3 1e-3

Learning rate decay factor 0.1 0.1 0.1 0.1
Number of multi-starts 5 10 10 10

Multi-start epochs 10 5 5 5

Table B.1: Model specifications of M-DyNeMo on different datasets.

• Separate mode time courses into sequences of 1 second.

• Shuffle the sequences.

• Regress TV variances/correlations/covariances on the shuffled mode time courses

and get regressed spatial maps.

• Match the spatial maps with cosine similarity using the Hungarian algorithm

([Kuhn, 1955]).

• Get the maximum cosine similarity across pairs of modes (see Section 2.3.4).

The p-value of the cosine similarities of each pair of modes is calculated as the

percentage of samples from the null distribution that exceeds the observed cosine

similarity. In this paper, tests with p-value lower than 0.05, 0.01, and 0.001 are

annotated with one, two, and three asterisks respectively.

B.5 Model specifications

Here we present the hyper-parameters used in training M-DyNeMo (Table B.1) and

DyNeMo (Table B.2) on different datasets.
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Hyper-parameters Simulation 1, 2 MEG-38 Wakeman-Henson
Number of modes 5 4 4
Sequence length 200 200 200

Inference RNN hidden units 64 64 64
Model RNN hidden units 64 64 64
KL annealing sharpness 10 10 10

KL annealing epochs 40 20 20
Training epochs 80 40 40

Batch size 32 256 256
Learning rate 1e-2 5e-3 1e-3

Learning rate decay factor 0.1 0.1 0.1
Number of multi-starts 5 5 5

Multi-start epochs 10 2 2

Table B.2: Model specifications of DyNeMo on different datasets.
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Appendix C

Supplementary material on

modelling variability

This contains supplementary information for materials discussed in Chapter 4.

C.1 Dual estimation in HMM

Let γjt be the state probability of state j at time t, then the session-specific means

{µ̂j}Jj=1 and covariances {Σ̂j}Jj=1 are estimated by

µ̂j =

∑T
t=1 γjtxt∑T
t=1 γjt

,

Σ̂j =

∑T
t=1 γjt(xt − µ̂j)(xt − µ̂j)

T∑T
t=1 γjt

.

(C.1)

These expressions are derived by differentiating (3.4) with respect to the observation

model parameters.

C.2 Outlier in the dataset

We see from Figure C.1 that run 3 of subject 8 has a very different static PSD profile

from the other runs. In particular the spike at around 26 Hz. Furthermore it has
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a very different session-pairwise correlation of the static covariances from the other

runs.

C.3 Possible improvements on algorithm for choos-

ing embedding dimensions

In practice, we can also use other ways to choose nω. One may notice that the

procedure described in Algorithm 2 is flawed in the sense that it requires a “sensible”

choice of candidate embedding dimensions set. Imagine if we choose a set where the

elements only differ by 1, then the hypothesis tests are highly likely not rejected and

we will end up always choosing the smaller embedding dimension.

C.3.1 Improving the procedure

A more robust way is the described in Algorithm 3. The idea is to keep testing

with larger embedding dimensions until we reach the largest one and update the

chosen embedding dimension whenever the null hypothesis is rejected. This way we

can ensure that we are not missing out on larger embedding dimensions that could

potentially give better performance.

Algorithm 3: Choosing the embedding dimension

Input: Embedding dimension candidates {n1
ω, . . . , n

M
ω }

Output: Chosen embedding dimension n∗
ω

Procedure: k ← 1, n∗
ω ← n1

ω

while k < M do
Test the null hypothesis that the training loss of model with nk+1

ω is not
significantly lower than that with n∗

ω

if Reject the null hypothesis then
n∗
ω ← nk+1

ω

k ← k + 1
return n∗

ω
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Figure C.1: Outlier in the Wakeman-Henson dataset. Top: PSD for the
prepared data used for training is plotted for different runs of subject 8. Bottom:
The session-pairwise L2 distance of the static covariances is plotted for the prepared
data used for training. The outlier session is highlighted by exceptionally high
distance with all other sessions.
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Hyper-parameters Simulation 1 Simulation 2 Simulation 3
Number of modes 5 5 5
Sequence length 200 200 200
Training epochs 40 40 40

Batch size 32 64 64
Learning rate 1e-2 5e-3 5e-3

Learning rate decay factor 0.05 0.05 0.05
Number of multi-starts 10 5 5

Multi-start epochs 5 3 5

Table C.1: Model specifications for training HMM on simulated datasets.

Hyper-parameters Wakeman-Henson Combined dataset Cam-CAN
Number of modes 6 6 8
Sequence length 2000 2000 2000
Training epochs 20 20 10

Batch size 32 32 32
Learning rate 1e-2 1e-2 1e-3

Learning rate decay factor 0.1 0.1 0.1
Number of multi-starts 3 3 3

Multi-start epochs 1 1 1

Table C.2: Model specifications for training HMM on real datasets.

C.3.2 The one standard deviation rule

The one standard deviation rule is a simple and popular heuristic for choosing model

complexity (See for example [Hastie et al., 2009] Page 244). The idea is to choose

the most parsimonious model that is within one standard deviation of the model

giving lowest loss.

C.4 Model specifications

Here we present the model specifications of HMM in Tables C.1, C.2 and of HIVE

in Tables C.3, C.4 when training on different datasets.
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Hyper-parameters Simulation 1 Simulation 2 Simulation 3
Number of modes 5 5 5
Sequence length 200 200 200

Embedding dimension 2 2 10
Spatial embedding dimension 2 2 2

Decoder number of layers 5 5 5
Decoder number of units 32 32 32

Decoder activation tanh tanh tanh
Decoder regularisation L1 L1 L1

Decoder regularisation strength 10 10 0.1
Annealing sharpness 10 10 10

Annealing epochs 20 20 20
Training epochs 40 40 40

Batch size 32 128 64
Learning rate 5e-3 5e-3 5e-3

Learning rate decay factor 0.05 0.05 0.05
Number of multi-starts 10 10 5

Multi-start epochs 5 5 5

Table C.3: Model specifications for training HIVE on simulated datasets.

Hyper-parameters Wakeman-Henson Combined dataset Cam-CAN
Number of modes 6 6 8
Sequence length 200 200 200

Embedding dimension 10 20 50
Spatial embedding dimension 2 2 2

Decoder number of layers 5 5 5
Decoder number of units 32 32 32

Decoder activation tanh tanh tanh
Decoder regularisation L1 L1 L1

Decoder regularisation strength 10 10 10
Annealing sharpness 10 10 10

Annealing epochs 15 20 15
Training epochs 30 40 30

Batch size 128 128 128
Learning rate 5e-3 5e-3 2.5e-3

Learning rate decay factor 0.1 0.1 0.1
Number of multi-starts 10 10 10

Multi-start epochs 2 2 1

Table C.4: Model specifications for training HIVE on real datasets.
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Appendix D

DyNeMo with Integrated

Variability Estimation

In Chapter 5, we proposed embedding vectors as a means of modelling variability

between sessions. We applied this idea to the HMM as an example, giving us HIVE.

The core building block in HIVE - the variability encoding block can also be applied

to DyNeMo (Section 3.2, [Gohil et al., 2022]). We call this model DIVE (DyNeMo

with Integrated Variability Estimation). Conceptually, similar to HIVE, the vari-

ability encoding block generates session-specific means and covariances, which form

the basis set of networks and are linearly mixed with the mode time courses.

The generative model of DIVE differs from that of DyNeMo in the same way as

HIVE differs from HMM. Formally in DIVE

xi
t ∼ N (mi

t,C
i
t),

mi
t =

J∑
j=1

αi
jtµ

i
j, C

i
t =

J∑
j=1

αi
jtΣ

i
j, ∀t ∈ [T ], i ∈ [N ],

(D.1)

where µi
j,Σ

i
j are the observation model parameters for session i generated by the

variability encoding block and αi
jt is the mixing coefficient generated by the same

RNN across sessions. Figure D.1 summarises the generative model of DIVE and
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compares it with that of HIVE. They only differ in the temporal model.

D.1 Training DIVE

The training of DIVE does not involve the iterative process used in training HIVE.

Instead, we can derive from first principles the variational free energy of the model

and use gradient-based optimisation to train the model, which is similar to the train-

ing of DyNeMo and VAE in general. Similar to the models discussed in this thesis

so far, time series data are separated into sequences and ensure that data in each

sequence n belong to the same session in. Let phi be the model parameters that

include {µj,Dj : j ∈ [J ]}, the weights of the RNN, and of the variability encoding

block, and let ψ be the variational parameters that include the weights of bidi-

rectional RNN, and the parameters of the variational distribution of the deviation

magnitudes {aij, bij : i ∈ [N ], j ∈ [J ]}, then the loss for this sequence is given by:

Ln(ϕ,ψ) = −Eqψ(θ
in ,din )[log pϕ(xin|θin ,din)]︸ ︷︷ ︸

LL

+ DKL(qψ(θin)||pϕ(θin)) +
1

Nseq

DKL(qψ(din)||pϕ(din))︸ ︷︷ ︸
KL

,
(D.2)

which is effectively the loss function for DyNeMo with an extra term for the KL di-

vergence of the variational distribution of the deviation magnitude. During training,

the reparameterisation trick is used to sample from the variational distribution and

pass gradient through the sampling process. The KL annealing technique described

in Section 5.5.4 is also used in training DIVE.

D.2 Simulation results

In this section we show a simple simulation result to validate DIVE. We simulate

mode time courses and session-specific covariances for 100 sessions (See Sections A.1,
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Figure D.1: Generative model of DIVE vs HIVE. The generative model of
DIVE only differs from that of HIVE in the temporal model. Time courses are
generated from either an RNN or a Markov process, which is then used to generate
the time-varying observation model parameters for each session.
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A.4). Each session contains data with 3000 samples and Figure D.2 shows DIVE is

able to accurately infer both the mode time courses and session embedding vectors.
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Figure D.2: Simulation results of DIVE. Top: Simulated and inferred mode time
courses. Different colours show the mode time courses for different modes. Bottom:
Simulated and inferred embedding vectors. Here the points are coloured with the
ground truth group assignment and are annotated with the session ID.
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Appendix E

Modelling temporal dynamics

with Gaussian Process

DyNeMo attempts capture long range temporal dependency with an RNN. However

in DyNeMo,

• Data is separated into smaller sequences which are fed to the RNNs. Hence

longer temporal dependency (say more than 200 timestamps) cannot be cap-

tured.

• There are many hyperparameters related to the RNNs, such as the number of

units, number of layers, dropout rate, etc.

• RNNs are black-boxes and it is hard to directly interpret the RNN weights.

The above motivates using Gaussian processes to model the temporal dynamics of

the hidden logits θ1:T instead of RNNs. A Gaussian process can be thought of as a

infinite dimensional multivariate distribution.

Formally, it is characterised by a mean function m : R → R and a covariance

function (kernel) k : R×R→ R. Let T be an index set (which can be uncountably

infinite), a real-valued stochastic process f ∼ GP (m, k) is a Gaussian process if for
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every finite subset t = {t1, . . . , tk} ⊆ T ,

f := f(t) = (f(t1), . . . , f(tk)) ∼ N (m,K),

where mi = m(ti),Kij = k(ti, tj).

E.1 Generative model

Instead of RNNs, we assume the hidden logits follow Gaussian processes. For sim-

plification, we assume that for each mode j ∈ [J ], θj ∼ GP (mj, kj) independently.

Then evaluated on the index set [T ],

θj1:T = (θj(t), . . . , θj(T ))T ∼ N (mj
1:T ,K

j
1:T,1:T ), (E.1)

and it is easy to show with Gaussian conditioning that

θjt |θ
j
1:t−1 ∼ N (µj

t , σ
j
t

2
), (E.2)

where

µj
t = mj

t +Kj
t,1:t−1(K

j
1:t−1,1:t−1)

−1(θj1:t−1 −m
j
1:t−1)

σj
t

2
= Kj

t,t −K
j
t,1:t−1(K

j
1:t−1,1:t−1)

−1Kj
1:t−1,t.

Normally the mean functions are fixed to be zero functions and there are several

choices for the kernel, which determines the relationships between values at different

time points. A common family of kernels is the RBF kernel:

k(t, t′) = exp

(
−(t− t′)2

2γ2

)
, (E.3)

where γ is called the length scale. Notice with this kernel:

• If two time points are closer together, their covariance is smaller.
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• γ controls the rate of decay of covariance. A larger γ leads to slower decay

and longer temporal dependency.

• γ controls the “global” behaviour of the covariance function, and hence is less

flexible than RNNs, which provide local estimates.

Finally, similar to HMM and DyNeMo, data are assumed to be generated through

a multivariate Gaussian distribution conditioning on the hidden logits.

E.2 Inference

We would want to infer the posterior distribution of the hidden logits p(θ1:J1:T |x1:T ) ∝

p(x1:T |θ1:J1:T )p(θ1:J1:T ). Due to the fact that the likelihood of our data conditioned on

the logits is not Gaussian, we need to use variational inference to approximate this

posterior with q(θ1:J1:T ), which is assumed to be Gaussian itself and parameters to be

learned. See Variational Gaussian Process (VGP, [Titsias, 2009]) for more details.

However, this approach involves the inversion of the matrix Kj
1:T,1:T , which requires

O(T 3) computational cost and O(T 2) memory and is infeasible for large T . One

of the solutions is the inducing point approximation. Intuitively, it summarises the

data points with a set of pseudo data points, which is much smaller in size. The

resulting model is the Sparse Variational Gaussian Process (SVGP, [Titsias, 2009]).

Formally, suppose zj1:m is a vector of length m ≪ T , that lives in the domain

of our Gaussian process. Let uj
1:m = θj(zj1:m), called the inducing points, then

the idea is to consider instead the variational distribution for the joint posterior

p(θ1:J1:T ,u
1:J
1:m|x1:T ) in the form q(θ1:J1:T ,u

1:J
1:m) = p(θ1:J1:T |u1:J

1:m)q(u1:J
1:m) where

q(u1:J
1:m) =

J∏
j=1

q(uj
1:m) =

J∏
j=1

N (uj
1:m|µj

u,Σ
j
u). (E.4)

Here µj
u,Σ

j
u are the learnable variational parameters. The objective function is the

usual ELBO/free energy, i.e.
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ELBO = Eq(θ1:J1:T ,u1:J
1:m)

[
log p(x1:T |θ1:J1:T ,u

1:J
1:m)

]
−DKL(q(θ1:J1:T ,u

1:J
1:m)||p(θ1:J1:T ,u

1:J
1:m))

= Eq(θ1:J1:T )

[
log p(x1:T |θ1:J1:T )

]
−DKL(q(θ1:J1:T ,u

1:J
1:m)||p(θ1:J1:T ,u

1:J
1:m))

= Eq(θ1:J1:T )

[
log p(x1:T |θ1:J1:T )

]
−DKL(q(u1:J

1:m)||p(u1:J
1:m)),

(E.5)

where q(θ1:J1:T ) =
∫
q(θ1:J1:T ,u

1:J
1:m)du1:J

1:m =
∫
p(θ1:J1:T |u1:J

1:m)q(u1:J
1:m)du1:J

1:m. Since we have

a Gaussian process, and the variational distribution on the inducing points is also

Gaussian, we get (with Gaussian conditioning)

q(θj1:T ) = N (θj1:T |A
jµj

u,A
jΣj

u(Aj)T +Bj), (E.6)

where

Aj = Kj
1:T,1:m(Kj

1:m,1:m)−1

Bj = Kj
1:T,1:T −K

j
1:T,1:m(Kj

1:m,1:m)−1Kj
1:m,1:T .

(E.7)

Notice now the expression only depends on the inverse of a much smaller ma-

trix Kj
1:m,1:m. To estimate the expectation of the log-likelihood with respect to

the variational distribution, we can use the reparameterisation trick mentioned

before. Another popular approach involves the use of Gauss-Hermite quadrature

([Liu and Pierce, 1994]), which is the approach implemented in tensorflow-probability.

Finally, to get our initial goal, the posterior distribution p(θ1:J1:T |x1:T ), notice

p(θ1:J1:T |x1:T ) =

∫
p(θ1:J1:T ,u

1:J
1:m|x1:T )du1:J

1:m

≈
∫

q(θ1:J1:T ,u
1:J
1:m)du1:J

1:m

= q(θ1:J1:T ).

(E.8)
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Figure E.1: DyNeMo with Gaussian Process fails to recover the time
courses. Simulated state time courses (top) and inferred mode time courses (bot-
tom) are plotted. Different colours show activation of different modes

E.3 Simulation result

Here we train this model on HMM generated data with J = 5, T = 25, 600. Shown

in Figure E.1 are the simulated state time courses and inferred mode time courses

from DyNeMo with Gaussian Process. We see that although the activations in the

inferred mode time courses correspond to state activations in the ground truth state

time courses, the proposed model is not able to recover the ground truth accurately.

E.4 Discussion

Although this model is non-parametric in nature and can theoretically infer any

temporal dynamics, the use of inducing points still hinders its expressiveness. An

exploratory simulation study on data simulated with the HMM generative model,

shows that the number of state transitions allowed is constrained by the number

of inducing points. Though it could be argued that this model might work well in

the case of soft mixing mode time courses where the changes of temporal dynamics

are less binarised. It was decided this direction was not worth exploring until there

is a good use case for it (for example, in data where very long range dependency
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is crucial and the temporal dynamics is smoother). Possible extensions to look at

include deep Gaussian processes ([Damianou and Lawrence, 2013]), where multiple

layers of SVGPs are stacked in the same manner as dense layers in MLPs to improve

the expressiveness of the model.
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