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Abstract

Robust constrained control of linear systems with parametric uncertainty and additive disturbance is addressed. The main
contribution is the introduction of a mathematically rigorous and computationally tractable framework for stabilizing model
predictive control with online parameter estimation to improve performance and reduce conservatism. Requirements for closed-
loop stability and provable constraint satisfaction are considered separately, resulting in the use of online set-membership
system identification combined with homothetic prediction tubes for robust constraint satisfaction, and an H. optimal point
estimate of the unknown parameters to achieve a finite closed-loop gain from the disturbance to the state. Extensions to time-
varying parameters and persistently exciting inputs to guarantee parameter convergence are presented. A numerical example

illustrates the proven properties and efficacy of the approach.
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1 Introduction

Model predictive control (MPC) has become one of the
main tools to handle multivariable constrained control
problems. Given a model of the process, the basic idea
is to solve an open-loop finite-horizon optimal control
problem at each sampling time with the current state
as initial condition. Since the performance and stability
of MPC crucially depend on the model accuracy, robust
and stochastic MPC has received much attention [21,33].
While these approaches are suitable for handling un-
modeled dynamics and rapidly changing disturbances,
they are inherently conservative for slowly changing or
constant parametric uncertainty. To reduce the cost of
manual tuning in MPC and cope with slowly changing
dynamics, e.g. due to changing environment or wear and
tear, there is a strong interest in self-tuning predictive
control formulations but only few solution strategies are
available [25,28].
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As MPC includes an explicit model of the process to
be controlled, it should be amenable for online param-
eter adaption and system identification. The difficulty
lies in finding a rigorous yet tractable formulation with
provable constraint satisfaction and stability properties.
Most system identification methods lack explicit error
bounds or convergence guarantees when used for closed-
loop systems and in the presence of additive disturbance
or measurement noise. Similarly, given a disturbance and
uncertainty model, most robust MPC formulations rely
on extensive offline computations and hence are not suit-
able for a changing uncertainty description.

As a result, the existing literature on the topic can be
grouped into two main categories, depending on their re-
spective focus. The first category subsumes research that
focuses on system identification and online learning ap-
plied in MPC. In [24], the authors derive a persistence of
excitation (PE) condition, which is introduced as an ad-
ditional constraint in the MPC optimization, thereby en-
suring parameter convergence in a recursive estimation
scheme. In [17,18], a Kalman Filter is employed for pa-
rameter estimation and sufficient excitation is achieved
by explicitly incorporating the predicted covariance ma-
trix in the cost. The result is a dual control scheme, which
optimizes identification and regulation objectives simul-
taneously. Further advanced identification methods for
nonlinear systems have been successfully combined with
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linear robust MPC and nonlinear MPC, e.g., Gaussian
process regression [20,27] or particle filtering [4].

The second category subsumes research that focuses on
the MPC algorithm, in particular convergence of the
state, constraint satisfaction and (recursive) feasibility
of the online optimization. In [2,11], a generic online sys-
tem identification is used within a robust MPC frame-
work. In both contributions, recursive feasibility and
constraint satisfaction is guaranteed by employing ro-
bust MPC methods based on an a priori given uncer-
tainty set that is not updated online. System identifica-
tion is used only to update a nominal prediction model
in order to increase the closed-loop performance.

A small number of publications combine the advantages
of both approaches, namely online model adaption and
provable closed-loop properties. In [19], stabilizing adap-
tive MPC for linear SISO systems based on a modified
least squares estimation is introduced but the approach
crucially relies on the assumption of noise and additive
disturbances being absent. Results for nonlinear systems
have been presented in [1,15] using set-membership sys-
tem identification, yet the algorithm leads to a computa-
tionally demanding, non-convex optimization program
to be solved online. A computationally tractable combi-
nation of set-membership system identification and ro-
bust constraint tightening has been proposed in [34] and
successfully applied to a building control example in [35].
However, the algorithm relies on uncertain FIR models
and is hence restricted to stable systems. Furthermore,
the approach thereby requires a long prediction horizon
and the parametric uncertainty is described by a poly-
tope in an high dimensional space, which increases the
computational complexity. Recently, the algorithm has
been extended in [9] with an additional linear Recursive
Least Squares filter to handle chance constraints.

Building upon the results in [34] and [36], this paper
introduces an adaptive MPC algorithm for linear sys-
tems with model uncertainty and additive disturbances,
however, in a more general state-space formulation. In
particular, a computationally tractable framework for
MPC with online parameter adaption and guaranteed
constraint satisfaction is presented. Requirements for ro-
bust constraint satisfaction and for closed-loop stability
are considered separately. The former requires bounds
on possible parameter and future state values, hence
making set-membership estimation, as proposed in [34],
combined with a set-membership prediction tube a suit-
able choice. For the latter, gains from the disturbance
to the prediction error are most relevant, which leads
to the additional use of a suitable point estimate. The
state-space formulation makes it easy to incorporate ex-
tensions that have been developed for the non-adaptive
case. The emphasis is put on setpoint stabilization, but
the proposed combination of system identification and
constraint tightening constitutes a solid basis for work

on Dual MPC or tracking problems for systems with un-
certain or slowly varying parameters.

The main limitation of the proposed approach is due to
using an MPC formulation with terminal constraint and
terminal cost. If the uncertain system is unstable, this
requires the existence of a robustly stabilizing feedback
law and a common Lyapunov function for the stabilized
system, for all model parameters in a given prior bound-
ing set. Compared to the classical literature on adaptive
control, this assumption is restrictive. However, as a re-
quirement of robust MPC, it is in general unavoidable
if state constraints are to be satisfied robustly. Similar
assumptions are made in [1], while [34] is restricted to
stable systems. A further limitation comes from the use
of polytopes, which generally cause algorithm complex-
ity to scale badly with the system dimension. However,
the presented approach directly extends to using ellip-
soids instead of polytopes; this approach would suffer in-
creased conservativeness but its complexity would scale
better.

More generally, the approach builds upon set-membership
system identification, where pioneering results were
published in the 60s for integral type bounds and, start-
ing in the 80s, for componentwise bounds [3], as well as
Tube MPC [22,29], which is still an active research topic.

Preliminary results have been presented in the confer-
ence paper [23]. These results are extended and refined
here by providing a set-membership update with a
priori bounded complexity and we also discuss time-
varying parameters and persistence of excitation. Most
importantly, the algorithm has been extended to in-
clude a point-estimate and the cost function changed to
a certainty-equivalence cost instead of a min-max cost.
This allows to prove a finite 5 gain, which is novel in
the adaptive MPC literature.

The remainder is organized as follows. In Section 2 the
main assumptions and problem setup are introduced. In
Section 3 the system identification and constraint refor-
mulation are presented, followed by a summary of the
stabilizing adaptive MPC algorithm and its properties.
Section 4 presents extensions to time-varying parame-
ters and persistently exciting regressors to guarantee pa-
rameter convergence. A numerical example is presented
in Section 5 and Section 6 provides some conclusions and
directions for future work.

Notation The notation employed is standard. Upper-
case letters are used for matrices and lower case for vec-
tors. [A]; and [a]; denote the j-th row and entry of the
matrix A and vector a, respectively. By 1 we denote
a column vector of ones and by I the identity matrix
of appropriate size, respectively. Positive (semi)definite
matrices A are denoted A = 0 (A > 0). The Euclidean



norm of a vector x is denoted ||z|| and for A > 0 we de-
fine ||z]|% = 2" Az. R>q is the set of the non-negative
reals and N = {n € N | a < n < b}. We use z, for
the (real, measured) state at time k and ), for the
state predicted [ steps ahead at time k. A ® B denotes
the Minkowski set addition and A © B denotes the Pon-
tryagin set difference. IT4(z) = argmingc 4 ||z — y|| de-
notes the Euclidean projection of a vector z € R™ onto
a closed, nonempty set A C R™. B.(x) denotes an open
ball of radius € centered on x.

2 Problem formulation and preliminaries

This paper considers the control of a discrete-time, linear
system with state x; € R”, input ux € R™, additive
disturbance w;, € W C R”, and unknown but constant !
parameter 0 = §* € RP

Tpr1 = A(0)xg + B(O)uy + wg. (1)

We make the following assumption on the disturbance
and uncertainty.

Assumption 1 (Disturbance and Uncertainty)
The disturbance set W 1s a bounded, convexr polytope
given by

W={weR"| Hy,w <1}
with H,, € R9*" agnd 1 € R9. The system matrices
depend affinely on the parameter vector 8 € RP

P

(A(0), B(0)) = (Ao, Bo) + Y _(As, By)0l:  (2)

i=1
and a bounded parameter set given by

© ={0 € R” [ Hyf < ho}, (3)
which contains the true parameter vector 8* is known.

To capture actuator saturation or restrict the state to
desirable operating regions, the controller must enforce
mixed state and input constraints that can be modeled
with linear inequalities. The state and inputs are as-
sumed to be constrained to a bounded polytopic set Z
given by

Z={(z,u) eR" xR™ | Fr + Gu < 1} (4)
with given matrices F' € R¢*™ and G € R¢*™.

The control objective is to find a stabilizing control law
for system (1) such that the constraints (z,u) € Z are
satisfied robustly and the model uncertainty (3) is taken
into account and updated consistently with the state and
input history.

1 An extension to time-varying parameters in presented in
Section 4.1.

Indirect adaptive MPC To solve the control prob-
lem, a Tube MPC algorithm with online parameter esti-
mation is considered, in which the requirements for sta-
bility and robust constraint satisfaction are treated sep-
arately. Specifically, for the former, a nominal estimate
0y is employed in a certainty equivalence approach. For
the latter, a bounding set ©y for the unknown param-
eter 0 is updated consistently with the prior set © and
the state and input trajectories {x;, u; };cx observed up
to time k.

The bounding set ©y is employed to determine an ad-
missible state tube {Xllk}leNé\’v i.e., a sequence of sets
Xye C R® with I = 0,..., N that provides an outer
bound for the predicted states and satisfies the con-
straints (4). Specifically, let

Xojk 2 Tk, (5a)
Xigir 2 A(O)z + B(O)uyp(z) +w
Vx € X”k,w € W,9 S @k,

X uy(z) €Z Ve e Xy, (5¢)

with some input parametrization u; : R" — R™.

A feedback law is then determined by a receding horizon
scheme. At each sampling time k, a finite horizon optimal
control problem is solved, given by

Vi (2, Ok, O) = mi‘n J(h, O ung)
Un |k

s. t. (5)>XN|k - Xf

with a cost function J to be defined, horizon length
N, and terminal set X¢. Assuming a minimizer uy, =

{uj) bieny -1 exists, the control law is defined by u(xy) =
0

*
Uy -

In the following, we introduce a suitable choice for the
system identification and tube parametrization to ob-
tain a computationally tractable optimization problem.
This leads to a basic framework to guarantee recursive
feasibility and closed-loop constraint satisfaction in a re-
ceding horizon control algorithm. Furthermore, we show
that a standard quadratic cost with a suitably chosen
gradient-based algorithm for parameter point estimation
leads to a finite gain property from the additive distur-
bance to the state xy,.

3 Robust adaptive MPC

In this section, first a suitable parameter estimation
scheme is introduced, followed by a computationally
tractable parametrization for an admissible state tube
{Xuk}zeNg)V- Thereafter, a cost function and terminal

constraint for a stabilizing MPC scheme is presented.



Finally, the section concludes with a summary of the
MPC algorithm and an analysis of system theoretic
properties of the closed loop.

3.1 Parameter estimation

Many parameter estimation schemes have been pre-
sented in the literature but our main concern here is to
define a parameter estimation scheme that provides the
desirable system theoretic properties and still enables
a computationally tractable MPC algorithm. In order
to non-conservatively guarantee recursive feasibility
and constraint satisfaction, the parameter estimation is
based upon a set-membership estimation, which at each
time step yields a polytopic parameter bounding set.
Furthermore, to ensure a finite closed-loop gain from
the additive disturbance to the system state xj, an ad-
ditional point estimate for the unknown parameter 6* is
employed. We introduce a set-membership system iden-
tification for the state space description (1), (2) and a
projected least mean squares algorithm to update point
estimates of the parameter vector.

Bounding set Let D(z,u) € R™"*P be defined by

D(z,u) = [Alm + Biu, Asx + Bou, ..., Apx + Bpu} ,
Dy = D(xk,uk), and dp, = Aorp—1 + Bougp—1 — 2. At
time k > 1, given xx_1, ux—1, and zg, the non-falsified
parameter set can be described by

Ak = {9 c RP ‘ Tp — (A(H)J%—l + B(G)uk_l) S W}
= {0 € RP ‘ —H, D, _10<1+ dek}~
(6)
With this, the membership set of the uncertain param-
eter 0 at time k is given by

O =01 NA (7)
with initial condition ©y = ©.

Lemma 2 (Membership set) The set Oy, is a conve,
polytopic set explicitly given in half-space form

ek:{geRp|H9k9Sh9k} (8)

with Hp, € R%**P and hy, € R¥. Furthermore, 6* € Oy,
and ®k+1 Q ®k

Although not necessary from a theoretical perspective,
a minimal representation of ©j should be used to de-
crease the computational load of the MPC algorithm.
Redundant constraints in (8) can be removed efficiently
by solving a series of linear programs, cf. [8, Section 3.3].

Bounded complexity set update Under the up-
date law (7), the number of non-redundant half-spaces
defining O in (8) could in principle grow without
bound, making it necessary to use an approximation
of the minimal non-falsified parameter set under which
Lemma 2 remains valid. In the literature, several meth-
ods for bounded complexity set updates by means of
simpler regions have been proposed, including using
ellipsoids [13], parallelotopes [10] or more general poly-
topes [38]. All methods based on polytopic sets limit the
complexity by explicitly limiting the number of half-
spaces. Similar to using ellipsoids, the following update
rule ensures a constant complexity of the parameter set,
but is more flexible.

Let Hy € R?7*P be an a priori chosen matrix whose rows
define ¢ normal directions of the facets of a polytope
that bounds the estimated parameter set. At each time
step k the estimated membership set is given by O =
{6 € R? | Hyf < hgy, } with hy, € RY satisfying © C O
and hyg, ,, being a minimizer of

min 1"h
heR4,A€RL P

s.t. A

with py, = ¢+ qu-

Lemma 3 Let hg, be chosen by (9) with hg, € RY such
that © C Og, then 0* € O and

Or N A1 € Opyq C Oy, (10)

PROOF. The constraints in (9) are equivalent to Oy N
Agi1 € Op4q [21], which by induction implies 6* €
©y, for all k > 0. Furthermore A = [I 0], h = hg, is
a feasible solution for (9) and since the constraints on
the individual rows of [h, A] are decoupled, it necessarily
holds that h* < hy, , which implies Oy C O.

Remark 4 As proposed in [10], instead of an update in
each iteration, block processing every n,, steps using Ay,
ooy Ag_p, or a moving window could be used to achieve
a tighter set estimate without changing the result.

To decrease the computational load, similar to [38] one
could update only the entries [hg,]i of facets i that are
closest to facets in Ay in an inner product sense. But
note that the update algorithm proposed in [38] does not
always yield the best reduction in size as only one (and
not necessarily the best) facet is updated.



Point estimate Methods based on Kalman filters or
Recursive Least Squares have been suggested for param-
eter estimation. Instead, in order to provide closed-loop
stability guarantees, we propose a Least Mean Squares
(LMS) filter. For FIR models, in [16], the LMS filter has
been shown to be an H., optimal map from the dis-
turbance sequence to the sequence of prediction errors,
reaching the best achievable gain of 1.

Given a parameter estimate ék, denote the predicted
state by &1, = A(0k)xr + B(0))ur and the prediction
error by

Ty = A0 )zp + B0 )up — Ty (11)

For given éo € O and parameter update gain u € Ryg
satisfying i > SUp(, ez | D(z,u)||? the estimate 6y, is
defined recursively by

Ok = 01 + pD(zp-1,up—1) " (zk — T1jp—1)

b~ Tle (01 (12)

where Ilg(f) = argmingeo ||0 — 6| denotes the Eu-
clidean projection of a point # € RP onto the set O.

The following lemma summarizes the relevant proper-
ties, which will be used in the following stability analysis
of the MPC closed loop.

Lemma 5 (Point estimate) If sup,cy [lzk| < oo,

SUppen |uk]| < oo, then the parameter estimate Oy is
bounded, in accordance with the prior parameter set, i.e.

0, € O, and

. S Nl

meN,w, eW,0,€0 %HQO —0*[2 + ZZI:O lwel*

PROOF. Boundedness of ék and 9k € O follow trivially
from the set update (6), (7) and projection. To prove the
bound on the prediction error consider

1 T
—|0kg1 — 071> = =10k — 6%
7 [

1 T
< ;||9k+1 -0 ||2_;||9k_9 |12

L5 Az 205 AT (4 %
:;”9k+1_9k” +;(9k+1—9k) (O — 07)

1 ~ ~ N *
;HHDI;F(IW + wi) || + 2(&1 ), + wi) T D6k — 6%)

(ll Dell® = Dl1ays, + wil® = 12150 + [l
~[1Z1x? + wr ]

ININA

(13)

with Dy = D(x,ur). The first inequality follows from
non-expansiveness of the projection operator and 6* €
©. In the second equality and inequality we use (12)
with Tp11 — Ty, = 1k + Wi, T1p = Dr(0% — 0), and
completion of squares. Summing (13) from k& = 0 to m
yields

1 Ui o 1
O =072+ E1sll? < lwl®+=[160—07|,
K k=0 k=0 K

which proves the claim.

Corollary 6 If sup,cy |zk] < 00, supgey Jukl < oo,
and Y77, |lwk|[? < oo, then the prediction error con-
verges to 0 asymptotically, i.e., limy_, o [|Z1)x|| = 0.

Remark 7 In order to speed up parameter convergence,
in (12) a projection onto the set Oy, could be used without
changing the result in Lemma 5. Projecting the parameter
estimate onto a trust region is common practice for robust
adaptive control algorithms [32]. Furthermore, note that
the update gain p is non-increasing with an increasing
size of Z, which is in line with common recommendations
on stabilizing indirect adaptive control, c.f. [7, Chapter

7.4].
3.2 State-tube and constraint satisfaction

To cope with state predictions under uncertainty an in-
put parametrization

U”k(.%') = K(E + ’U”k

is introduced with decision variables v i = {vjjx } ey -1
0

vy € R™ and prestabilizing feedback gain K € R™*"
satisfying the following assumption.

Assumption 8 (Prestabilization) The feedback gain
K is chosen such that Ay (0) = A(0) + B(0)K is stable
foralld € ©.

‘While this assumption, compared to most adaptive con-
trol literature, is conservative, it is necessary to prove
robust constraint satisfaction. Note that, given the ini-
tial parameter set O, the gain K can be determined by
standard robust control methods.

By restricting the sets Xjj;, to be translations and dila-
tions of a given polytope Xg, the MPC optimization can
be recast as a computationally tractable, finite dimen-
sional optimization program. In the context of robust
MPC, the following parametrization has previously been
introduced in [22] and [30].

For a given polytope Xo = {z € R" | Hyz < 1} with
vertices {z',..., 2"}, MPC decision variables zy), =



{zurhienys e € R", and anpe = {ouphieny, upn €
R0, define

X”k = {Z”k} D al|kXO
={z e R" | Hp(z — zip) < cyppl}  (14)

= {zix} ® oy cofz', 2%, ... 2"}

The reason for choosing this tube parameterization is the
explicit description of Xj|;, in both vertex and half-space
form. This can be exploited to reformulate the prediction
constraints (5) as linear constraints while taking into
account the online updated parameter set ©y.

For a more compact notation in the following propo-
sition, define dilk = onf‘k + Bouﬁk — Zi41)k and
Dlj|k = D(x{‘k,uf‘k), where :cg‘k:zl|k+al|k:1:j and
“?wc :u”k(x{lk). Furthermore, for all i € NY define

[W]; = maxyew[H;l;w and for all ¢ € Nf define
[f]: = maxgex, [F + GK];x with F, G from (4).

Proposition 9 (Prediction tube) Let {X}cny be

parametrized as in (14) with decision variables zy\y,
ank, and V|-

Equations (5a)-(5¢) are satisfied if and only if for all
jENY, 1€ NJ'"" there exists Ajy € REG™ such that

(F + GK)zyy, + Guyy, + aqppef <1 (15a)
— Hy 2o, — ol < —Hyay, (15b)
A{|kh9k + H,; {\k — ol < —w (15¢)
Ho Dy = Ay, Hy, . (15d)

The value of Proposition 9 is that it allows the con-
straints on state tubes to be incorporated as linear con-
straints into the MPC optimization.

PROOF. Inequality (5¢) is equivalent to
(F + GK)Z”k + Gv”k + Oé”k(F + GK)I <1 Vo € XO,

which is equivalent to (15a) when maximized over = €
Xo.

Inequality (5a) is equivalent to (15b), and (5b) is equiv-
alent to (15¢), (15d) as shown by the following reformu-

lation.

Xig1r 2 Aa ()X, @ B(O)vyr, ® W vl € O,
o HI(ACZ(9)$ + B(Q)’U”k +w — Zl+1|k) < al+1|k1
Vx € X”k,e €O, weW
Hx(Acl(e)(Z”k + Oé”kl‘j) + B(G)U”k — Zl+1|k>
_al+1\k1 < —w V]€N11}79€®k

- I {Hy (A (0) (21 + cu”) + B(O)vyr) }

-

—Hezppe — ol < —w Vi €Ny

& max {HD)0} + Hodly — apapl <~ vjeNy
A\che, + Hod), — cipqpl < —w

& { H,Dj, = A, Ho, Vj e Ny

J uXqy
Allk e Ry,

The first equivalence follows from the equivalence of z €
Xiqpp with Hy (2 —2111)%) < @415 1. The second follows
from the left hand side being convex in x for given 6
so that therefore the inequality holds for all z € Xy, if
and only if it holds for the vertices of X;;.. In the third
equivalence the maximisation is to be understood row-
wise and the last equivalence follows from strong duality
in linear programming, cf. [6]. Specifically, considering
row ¢ € N{ in the maximisation, which is finite since Oy
is compact, we have that

mmax {1m.1:Df,0}

= min max{[Hl.}iDljlkﬂ + A, (he, — H@,ﬁ)}
)\,E]R;kd 0

= mir{} )\ZT ho,
i EREKO

st [Hy]iD]), = Al Ho, = 0.

Since the minimization in the inequality constraint can
be removed, this concludes the proof.

Remark 10 The equality constraint (15d) can equiva-
lently be written in vector form as a linear constraint

HCEAl H:L’Alxj HzBl _Iu ® [H‘;r]l Zl|k
H,As H,Asx? H,By —1I, ®[Hy ]2 gk 0
(e

Ho Ay HyApad HoB, —1, @ [H ], || vee((A],)7)

Lemma 2 and Proposition 9 constitute the basic frame-
work for a predictive control algorithm with model adap-
tion and robust constraint satisfaction. In the next sec-
tion, this is complemented with a suitable terminal con-
straint and a convex, positive definite objective function
to derive a stabilizing, adaptive MPC scheme.



3.8 Terminal constraint and objective function

As is common in stabilizing MPC, to prove stability and
recursive feasibility, we assume the existence of a ro-
bustly invariant terminal set for the state tube. Note
that if the system dynamics are stable and no state con-
straints are present, the terminal constraint can be omit-
ted by setting the prestabilizing feedback gain K to zero.

Assumption 11 (Terminal set) There  exists a
nonempty terminal set Xy = {(z, &) € R" xR>q | Hrz+
hra < 1} such that (z, Kz) € Z for all x € {z} & aXo,
(z,0) € Xy and for all 0 € © we have

(z,0) eXy = 3J(zt,0") € Xy 5.t
Aa(0)({z} @ aXo) ©W C {21} ® o X,

The assumption on the terminal set Xy is analogous
to the terminal set in robust MPC with homothetic
tubes, cf. [29]. It can be computed recursively, follow-
ing standard algorithms to determine a robust invariant
set through considering the dynamics of (z, ). For com-
pleteness, an explicit algorithm is given in Appendix A.1.

In the following, we use the point estimate ), to define
a certainty equivalence cost, which leads to a finite /o
gain from the disturbance to the state of the closed-loop
system. Similar to nominal MPC for linear systems, a
quadratic cost on the nominal predicted state and input
based on the parameter estimate 0 is employed. Let
Q € R™™™ and R € R™*™ be positive definite cost
matrices and let P € R™*" satisfy

Aq(0)"PAL(0)+Q+ K RK <P VYHcO. (16)

The finite horizon MPC cost function is then given by

N—

In @k O, vivie) = D IE0elld + gl % + 1237
=

—

(17)
where 2, 1y, are defined recursively by

Tk = A(Or) Ty, + B(Ok) Uy ks Tok = Tk, (18)
ﬁ”k = K‘%l\k + V-

Remark 12 Note that in the proposed cost function it
is not necessary to use “delayed” parameter estimates as
proposed in [11], where the updated parameter is inserted
only at the end of the prediction horizon. Delayed param-
eter estimates allow for a simpler analysis but slow down
the convergence of the prediction error.

Remark 13 Alternatively, as proposed in [23], based

only on the set estimate O, a min-max cost

E(Zl|kaal\k7vl|k) = x%%;{k {HQ$||<>0 + ||Rul|k(37)“oo}

(19)
can be employed, which has the advantage that the point
estimate 0y, for the parameter can be omitted. With a
suitable terminal cost, and under an additional, technical
assumption, practical stability of the closed loop has been
proved. Yet, the disadvantage of the approach in [23] is
that the ultimate bound on the state depends on the set
W whereas the approach proposed in this paper, i.e. using
the point estimate 0, allows the 5 morm or the state
to be bounded in terms of the £o morm of the realized
disturbance sequence.

3.4 MPC algorithm and stability analysis

Having derived tractable reformulations for the param-
eter estimation and optimal control problem, we sum-
marize the adaptive MPC algorithm and provide a brief
analysis of the relevant control theoretic properties.

In order to simplify notation, we denote the deci-
sion variables in the online optimization program
by dyjii = {znjk 0Nk Ve Anpe} with Ay =
{Ag|k}jeN5,leN§’*1' Given zj and Oy, the set of admissi-
ble decision variables is

D(l‘k,@k) = {dN|k ‘ (15), (ZN|k704N\k) S Xf}

The adaptive MPC algorithm can be summarized as fol-
lows.

Offtine: Choose cost matrices () and R. Determine a ro-
bustly stabilizing feedback gain K, terminal set X ac-
cording to Assumption 11, and terminal cost matrix P
satisfying (16).

Online: For each time step £k =0,1,2, ...

(i) Measure the state x.

(ii) If £ > 0 update the membership set ©; and point
estimate ), according to (7) or (9), and (12), re-
spectively.

(iii) Determine the minimizer of the linearly con-
strained quadratic program

dy, = arg minJN(x;g,ék,ka)
dn ik (20)
s. t. dN|k S ]D)(l‘k,Gk).

(iv) Apply
u = Kxy + vgy,- (21)

The following theorem establishes recursive feasibility of
the adaptive MPC algorithm, consistent parameter es-
timation, robust satisfaction of the constraints (4), and



finite gain /5 stability of the closed loop. Recursive feasi-
bility guarantees a well-defined control law; if there ex-
ists a solution to the optimization program for a given
initial condition, a solution to the optimization program
exists for all future states resulting from the application
of the proposed MPC control law. Consistent parame-
ter estimation implies that the true parameter is always
contained in the estimated parameter set and the esti-
mated parameter is consistent with the initially given
parameter set.

Theorem 14 (Closed-loop properties) Suppose
Assumptions 1 and 11 are satisfied. If 0* € Oy,
D(2ky, O, ) # 0, then for all k > ko

(i) D(ax, ©4) # 0
(ZZ) 0* € @k, 0, €O
(iii) xp X ug € Z.

Moreover, the system (1) in closed loop with the proposed
MPC control law u(xy) = Ky + v(’)‘lk 18 finite gain lo
stable, i.e., there exist constants cg,c1,ca € R such

that for all K € N

K K
S llzkll? < collzol+eallfo—0% 1P +e2 > lwill. (22)
k=0 k=0

Remark 15 Note that, unlike nominal MPC, the con-
troller is not a static state feedback, but a dynamic con-

troller with states 0 and ©y,. The term co lzol|? +c1 ||é0 —
0*||? bounds the possible overshoot due to the initial con-
dition of the plant and the controller.

PROOF. We prove claim (i) and (ii) for & = kg + 1;
since kg is arbitrary the results follow by induction.

Claim (i): At time ko, for I € Ny ', let wy,(z) =
Kz + vl*|k0 and X7+1|k0 be a feasible input and admis-
sible state tube trajectory satisfying the MPC con-
straints (5) and terminal constraint Xy, € Xj. For
time ko + 1 and I € NJ'~! define the candidate input
Uy pot1(T) = Kx+vl*+1|k0 with v}*\,‘ko = 0 and candidate

state tube X541 = sz+1|k0

and O, C ©, by Assumption 11, there exists Xy p,41 C
Xy satisfying A(0)z © B(0)un_ijk+1(x) & W C
XN|I€0+1 for all x € XN_1|;€0+1, 0 € @ko. By con-

. Since Xn_qjko+1 € Xy

struction {y41, X”kOH}IGNN_l satisfy the con-
0

straints (5b), (5c), and since zp 41 = A(0*)xr, +

B(0*)uk, + wi, € X1k, = Xojko+1, constraint (5a) is

satisfied. By Proposition 9 this is equivalent to feasibil-

ity of (15) and hence D(xy,41,Ok,) # 0, which implies

D(2g41, Org+1) # 0 as Okgr1 S Oy

Claim (ii): If zy, is bounded, the optimal solution
Vo, and hence wug, and xp,41 are well defined and

bounded [33]. The claim then follows from Lemma 2
and 5.

Claim (iii) is a direct corollary of D(xy,©k) # 0 and
Proposition 9.

To prove the finite f2 gain note that vy, = U;‘H“c for
le N(I)V_2 and vy _qx+1 = 0 denotes a feasible input se-
quence at time k+1. Let {&; by and {&1 541 }eny

denote the corresponding predicted state trajectories,
which evolve according to (18) with initial conditions z,
and xg1, respectively, and denote the difference by

0Ty = Ti—1k+1 — Lo
= A (Or41)" ™ (wi + Z1px)
-1
+ Z A Or0) " D (i, i) (k1 — ).

i=1

By non-expansiveness of the projection operator, we
have ||0x+1 — Ok || < ||0k+1 — k]|, and using (12) together
with % > SUP (4 ez | D(x,u)||? this leads to

-1
N A =1 ~
102kl < <Z||Acl(9k+l) ) [Tk + wiell-

=0

The claim then follows by a standard argument. With
Q = Q + KT RK consider

Vi (@t15 01, Org1) — Viv (@, Or, Op)
SIN(@r41, Ok 11, Vvie) — V (T, Ok, Of)
N—2

<- ||$k||2Q — NluxllR + Z ||5€l|k+1||zg + Hal|k+1||2R
1=0

N-1
+ 1E N1l — (Z 1113 + N[y ell7 + ||ka||?D>

=1
N-1

< = llzallyy = Nurlf + D & (I20klld + el )
=1

N-1
N 1 . .
+elingld + > (1 + 5) 1621117 + 102 1[I
1=1

< —llzkld + eV (zk, Ok, Or) + call 1y, + wy)?
< —cf|lxg]]® + callZy, + wy|?.

(23)
The third inequality follows by Cauchy-Schwarz and
Young’s inequality, which implies [|#;_1 |41/ = 1€ +
5£l|k||2Q < (1+5)||§7”;€H2Q+(1+%)||§x”k||2Q. Since for each
parameter set © and 0 € ©, Vi (z, 0, ©) is a continuous,



piecewise quadratic function in z, cf. [5], it can be up-
per bounded by a quadratic function on the feasible set.
In particular for each 6 € O, there exists cg, such that
Vn(z,0,0) = Iy (z,0,vi(2,0,0)) < cgllx||?, where v
is the optimal solution of (20) with z; = =z, b, = 0,
©, = O. Since Jy(z,-,vi(z,0,0)) is continuous, we
can choose an € > 0 such that Jy(z,0,vy(z,6,0)) <
co||x||? for each § € B.(#) and each § € ©. By compact-
ness of ©, there exists a finite collection {#'};c7 with 6 €

© such that U;e7B. (%) D ©. Hence, Jy (zk, Gk,v*NIk) <

égllz||* with ég = max;er cg:. Thus there exist suitable
constants ¢, ¢,cq € Ry such that the last two inequal-
ities hold. The final result follows by summing over k
and using Lemma 5 and again Young’s inequality for
211 + w]?.

Corollary 16 Suppose Assumptions 1 and 11 are sat-
isfied and D(xo,O0) # 0. If D pey [|wi]|®> < oo, then
limg o0 2 = 0 for the system (1) in closed loop with the
proposed MPC control law u(xzy) = Kxyg + Vok-

We have proved robust constraint satisfaction and sta-
bility for a computationally tractable MPC algorithm
with online parameter adaption.

4 Extensions

Being based on a modern state-space formulation, the
proposed MPC scheme with parameter adaption can be
directly combined with recent results in the MPC liter-
ature, e.g. output feedback or offset-free tracking. In the
following, we present two relevant modifications of the
basic algorithm, one for time-varying parameters and
one for persistently exciting regressors to achieve param-
eter convergence.

4.1  Time-varying parameters

We extend the admissible prediction tube and constraint
reformulation to include time-varying parameters 6;,
i.e., to include time-varying systems

Thy1 = A(@Z)Ik + B(GZ)uk + wg (24)
under the following assumption.
Assumption 17 (Time-varying parameters)
There exists dg € R, such that the parameter vector 0}
satisfies 0f € © for allk € N and
105-+1 — Okl < do-
Assumption 17 restricts the parameter variation be-

tween consecutive time steps. Furthermore, as before,
an absolute prior bound on the parameter vector is

assumed, which is necessary in order to be able to guar-
antee robust (state) constraint satisfaction. Note that
different rates of change of the parameters can easily be
incorporated by a weighting matrix or a suitable scaling
of the model.

To incorporate the dynamics of 6}, the parameter set
update (7) needs to be changed. To this end, we intro-
duce a dilation operator D;, which is defined for [ € N,
dp € R-p, and a polytope © = {0 € R? | Hyf < hy} by

Di(0) = {9 € RP ‘ Hy0 < hg + ld@l}

Using D; and assuming (without loss of generality)
I[Ho.lil| = 1 for all i € N7, the online parameter set
estimation (7) becomes

O, =D1(Or_1 NAL)NO. (25)

Similarly, to ensure constraint satisfaction, the equa-
tion for admissible state tubes (5b) needs to be adapted.
Specifically, the open-loop prediction for the estimated
parameter membership set needs to be changed from Oy
to

@l\k =Di(0k)NO. (26)

Note that D; is easily implemented for sets that are given
in half space form as only the right hand side needs
to be changed. Thus, analogous to Proposition 9, the
admissible prediction tube for systems with time-varying
parameters, including the parameter set prediction (26),
can be reformulated as linear constraints.

Proposition 18 (Prediction tube) Let {Xjx}cny

be parametrized as in (14) with decision variables z s,
ank, and vy. Without loss of generality, assume
I[Holill = 1, [I[HoyJill = 1 for alli € Ni*.

The prediction tube equations

Xojk 2 Tk,
Xl-',—llk D Acl(e)X”k (S¥) B(O)v”k. eW Ve,

are satisfied if, for all j € Ny, | € Név_l, there exists
Aglk € R;Sq’“ such that

— Hypzo — ol < —Hgay (28a)
Ag\kh@w + H, ?|k — ol < —w (28b)
HIDlj\k = Ag|kH‘91|k (28C)
with
H, , ho, + ldg1
H@z\k = o € R xp h91|k = Ok 4 c R4
Hg h@




PROOF. The proof follows analogously to the case
with non time-varying parameters and by noting that
{0 e RP ‘ H9z\k-0 < h91|k} = ’Dl(Gk) ne = el\k - ®l+k~

X1k 2 Aa(0)Xg), @ B(O)vyr, @ W
<= Xk 2 Aa(0)Xy, © B(O)vy, © W
o Ha(Aa(O) (e + aypa’) + BO)o, — zi11)

— al+1\k1 <-—w VjeNj0¢e @l|k

VO € Ok
Vo € ®l|k

< max {HrDljlkf)} + H, ?Ik —apl < —w VjeN]

9€@L|k
J J -
Ay hoy, + Hadyy — ol < —w

= Hlej|k = Ag“cHO”k RS Nll)

g u><q;c
Al|k S RZO

Similar to Section 3, the parameter set update law (25)
and admissible state tube description in Proposition 18
constitute a rigorous and computationally tractable
framework for model adaption and robust constraint
satisfaction in receding horizon control algorithms. For
systems with time-varying parameters, the MPC algo-
rithm presented in Section 3.4 remains the same, how-
ever with the update of the membership set ©y, in step
(ii) replaced by (25) and the admissible set D(xzy, Oy)
in optimization (20) replaced by

Dy(zg, Or) = {dnk | (152), (28), (zn ks anik) € Xy}

The terminal set is equivalent to the non time-varying
case, i.e. based on the entire parameter set © and as-
sumed to satisfy Assumption 11.

The following proposition summarizes the relevant
closed-loop properties, analogously to Theorem 14.

Proposition 19 (Closed-loop properties) Suppose
Assumptions 1, 11, 17 are satisfied. If 0} € Oy, and
Dy (2ky, Ok, ) # 0, then for all k > ko we have

(i) D¢(xr, O) # 0
(ii) 67 € O,
(iti) xp X uy, € Z

for the system (24) in closed loop with the proposed MPC'
control law u(wx) = Kxi, + v, -

PROOF. As before we prove the claim by induction.
Claim (i): First note that Oj41 € ©Opyq)s since
Olrt1 = Di(D1(OxNAK1)NO)NO C Dy(D1(Ok)) N
© = Di1(Ok) N O = Oy Let {ufj, X7y hieny
be an admissible input and state tube. For I € NJ'~2

X : . - N
consider the candidate solution U1 V41 ke
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S ~ N—2
Xifipt1 = X?+2|k and Uy _qjx41 = 0. For I € N we
have

X o 2 Aa(O)Xfs 1y @ BOW 1 ©W V0 € Oy
Xtk 2 Aa(0)Xp1 © B(O)Ujjip1 W VO € O14 1
=Xt1jk41 2 Aa(0)X 41 © B(O)Tyjip1 ©W VO € Oy

where the last implication follows from O 11 C Oy q -
Furthermore, by Assumption 11 there exists X ;41 sat-
isfying the last set inclusion with [ = N — 1. Since
(z, Kz + Ul*|k) € Z for all x € XJ; , this proves the claim

for k + 1.

Claim (ii): Let 0} € Oy and define 00, = 0}, — 0;.
Let O, NAgy1 = {0R? | Hg, 0 < hg, }. Then Hy, 0} | =
Hy, 0% + Hg, 00p < he, + dol, hence 0}, € Di(0 N
Ap41). Since by assumption 6 ; € © the result follows.

Claim (iii) is again a direct corollary of D (zx, Oy) # 0
and Proposition 18.

The parameter variation leads to an additional track-
ing error in the LMS filter, invalidating the previously
proved {5 gain. Hence, the certainty equivalence ap-
proach as presented in this paper should only be em-
ployed for ‘slow’ [26] parameter variations dy and com-
bined with a persistently exciting input. Alternatively,
this difficulty could be cirumvented by using the min-
max cost (19) as presented in [23].

4.2 Persistent excitation

The property of persistent excitation (PE) is central to
classical adaptive control design [26]. It is well known
that a lack of excitation can lead for example to a drift
in the parameter estimates, resulting in bursts or os-
cillatory behavior of the closed-loop system. Similar to
the classical self-tuning regulator [31], for the presented
adaptive MPC algorithm a PE condition is not neces-
sary to prove stability. Yet it ensures convergence of the
parameter estimates, thereby improving closed-loop per-
formance compared to a robust MPC approach. In the
following, we give a definition of persistent excitation,
provide two relevant results on parameter convergence,
and show how the assumption on PE can be verified in
the setup considered in this work.

Throughout this section, we make the following linear
independence assumption on the parameters, which is
necessary for uniquely estimating the parameters. If As-
sumption 20 is violated, one or more parameters can be
equivalently expressed by a linear combination of other
parameters. Note that it can be rewritten as a matrix
rank condition and checked easily.



Assumption 20 The equation Y b_, \;[A; B;] = 0 has
only the trivial solution A\; = 0.

Definition 21 (Persistent excitation) A regressor
{®r} with ), € RP*Y 4s persistently exciting if there
exist positive constants o, B, P such that for all kg

ko+P—1
al < Z @) < BI.
k=ko

This definition generalizes the more standard definition
of a regressor ¢, € RP; note that for ® = [p1 ... @]
the term <I>;€<I>;r is equal to > 7, ¢i¢;r. If a regressor
is PE, it has been proved that, under suitable assump-
tions on the disturbance, gradient algorithms and the
set-membership estimator converge to the true parame-
ter.

Proposition 22 (Convergence of ;) Assume wy, =
0. The true parameter 0* is a globally exponentially stable
fized point of the difference equation (12) if the regressor
{Dy} is persistently exciting.

Proposition 23 (Convergence of ©;) Assume {wy}
are realizations of a sequence of independent random
variables {Wy} with support W. With probability one as
k— oo

sup |61 —02]] =0
01,02€0y

if the regressor { Dy} is persistently exciting.

The proof of Proposition 22 follows classical results,
e.g. [32, Theorem 6.4], with, as previously, a minor adap-
tion due to the matrix notation and projection. The
proof of Proposition 23 follows [3, Theorem 2.1] with
again a minor difference due to the matrix notation and
vector valued disturbance. The assumption on the dis-
turbance could be weakened to the boundary of W being
a subset of the support of W.

The following result enables the application of the pre-
vious two propositions within the proposed MPC frame-
work, by providing sufficient conditions on the input
such that the regressor D,;r is persistently exciting.

Lemma 24 (Persistent excitation) Suppose As-
sumption 20 is satisfied and wy = 0. The regressor
{D,—'C—} is persistently exciting if the stacked input vector
{ul =[u] ...u]_ |} is persistently exciting.

The proof of Lemma 24 can be found in the appendix.
With Lemma 24 different results to achieve a PE input
in MPC can be directly incorporated into the presented
setup, e.g. augmenting the cost function [18], introduc-
ing an additional constraint [24] or a two-step proce-
dure [34].
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We conclude this section by remarking that instead of
PE, a min-max cost could be used to obtain optimal Dual
Control [12,37]. However, although this leads to optimal
inputs for a given cost function, it does not necessarily
guarantee parameter convergence and generally leads to
highly intractable, non-convex optimization programs.

5 Numerical example

In this section, examples are presented to illustrate the
advantages of the proposed adaptive MPC scheme. We
first demonstrate the online parameter identification and
constraint satisfaction in a setup where stabilization of
the origin is considered. Thereafter, we extend the prob-
lem setup and discuss convergence of the parameter esti-
mates with a persistently exciting input as well as time-
varying parameters.

Example 1 Consider the second-order discrete-time
linear system of the form (1) with randomly generated
uncertainty matrices A1, Ao, B3

0.5 0.2 0
AO = ) BO = ’
—0.1 0.6 0.5
0.042 0 0.015 0.019
= , A = , Ag = 0202,
0.072 0.03 0.009 0.035
0.040
{B;}i=1,2 = 02x1, B3 = ;
0.054

O={0ecR3|||0]o <1},00=0,6* =[0.80.2-0.5]T,
and an iid disturbance sequence with wy uniformly dis-
tributed on W = {w € R? | ||wl||oo < 0.1}.

The MPC parameters were set to horizon length N = 10,
cost weights

10
01

and prestabilizing feedback gain K = [0.017 —0.41]. Sep-
arate state and input constraints [zg]o > —0.3, |ug| < 1,
which should be satisfied robustly, were applied to the
system. An additional box constraint ||zx||cc < 3 has
been introduced to determine the parameter update gain

L.

Q= , R=1, P=

0.207 1.731

[1.467 0.207]

Figure 1 shows the state constraint [zy]s > —0.3, a
closed-loop state trajectory for a single disturbance se-
quence starting from initial condition z¢ = [2 3]T, and
the predicted state tube at time k& = 0. As proven in
Proposition 14, the state constraint is satisfied robustly



for all possible predicted states and the state converges
to a neighborhood of the origin. Similarly, the input con-
straints (not plotted) are satisfied for all k£ € N.

I T

3, |

[Zﬂk]l

Figure 1. Realized closed-loop trajectory from initial condi-
tion zop = [2 3]", predicted state tube at time k = 0, and
constraint [zy]s > —0.3.

To highlight the parameter estimation, the PE condi-
tion as described in Section 4.2 has been implemented,
following [24], via an additional constraint on the input

g
L

w,_ul_, = al (29)

l

Il
=]

with P = n+ 1 and a = 2. Starting from an initial con-
dition 2o = [0 0] T, the closed loop exhibits a persistently
exciting regressor, with the typical cyclic state and in-
put (Figure 2). Due to the state constraint, the center
of the trajectory path is shifted to the positive orthant,
such that the closed-loop state trajectory does not vio-
late the constraint [xy]2 > —0.3. As predicted by Propo-
sition 23, the parameter membership set converges to a
singleton (Figure 3). Given the realized state and input
trajectory, falsified parameters are removed and the un-
certainty set is non-increasing.

Finally, to demonstrate the capability of handling time-
varying systems, in the following, the problem setup has
been changed to a time-varying parameter ¢; with 05 =
¢0* and a bound on the variation of [|0; ., — 5| < 0.01.
In the simulation, the parameter has been taken to be a
periodic deterministic function in time. Each parameter
is increased /decreased linearly by %% je.

01
\/g I
0.01
\/g )

where the sign is changed upon hitting the boundary of
O. As above, the simulation has been initialized with

[0311)i = 1Or)i £
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0.5 |- e |
RS
| A
\ WK 'o'\\‘
= NOWIES >
- == 2V
0 7N

input uy

time step k

Figure 2. Closed-loop state and input trajectory with en-
forced PE input (solid line), state and input constraints
(dashed line).

-1 -1

-1 -1

-1 -1

Figure 3. Parameter membership set at time
k € {0,5,25,70,120,500}.

steps

w9 = [00]T and the additional PE constraint (29). Fig-
ure 4 shows the estimated parameter set at sampling
times k£ = 1, 100, 200, 300, 400 and 500. Instead of
convergence to a singleton as in Figure 3, the parameter
set varies in position, shape, and size.

The simulations were performed in Matlab with Yalmip
for setting up the optimization program, which was
solved using MOSEK. The median solver time (with PE
constraint) reported by Yalmip was 0.068s (0.10s) with a
maximum of 0.095s (0.19s) and minimum of 0.05s on an
Intel Core i7 with 3.4GHz. Choosing X, i.e. the shape
of the tube cross sections, to be the minimal robustly
forward invariant set under the local control law de-



-
i\

-1 -1

Figure 4. Parameter membership set for the sys-
tem with time-varying parameters at time steps

k € {0,100, 200, 300, 400, 500}.

creases conservatism and can increase performance. Yet,
due to the number of equality constraints in the MPC
optimization program, a significant increase in compu-
tation time was observed with increasing complexity
of Xy. Furthermore, note that the scalar input allows
the decomposition of the PE input constraint into two
linear constraints, leading to two convex QP problems
to be solved and compared in each MPC iteration [24].

6 Conclusions

A computationally tractable model predictive control al-
gorithm with recursive parameter update has been pre-
sented that provides guarantees for closed-loop stability
and robust constraint satisfaction. The requirements for
stability and constraint satisfaction are considered sep-
arately. This leads to a set-membership parameter es-
timation scheme being employed to derive bounds on
the state and input predictions whereas a Least Mean
Squares filter is used to achieve a finite gain from the
disturbance to the state. The online optimization to be
solved is a linearly constrained quadratic program and
proven to be recursively feasible. Two numerical exam-
ples are provided to demonstrate the effectiveness of the
proposed algorithm.

Extensions for time-varying parameters and for PE re-
gressors are discussed explicitly. As the MPC scheme
is formulated in a modern state-space framework, the
proposed setup provides a solid framework for adaptive
MPC algorithms and can be easily combined with fur-
ther results tailored to specific control objectives, e.g.,
tracking or output feedback MPC.

Compared to the classical adaptive control literature,
the assumptions made are necessarily more restrictive
in order to allow a robust MPC formulation. The use
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of less restrictive assumptions in combination with soft
constraints or chance constraints are currently under in-
vestigation. In particular for the time-varying case, it
would furthermore be of interest to derive bounds on
the estimation error, which could then be used to relax
Assumptions 8 and 11 to a parameter dependent presta-
bilizing feedback and terminal constraint. Finally, ques-
tions on optimal excitation of the system as discussed
in [12] remain open for future research.

A Appendix

A.1  Computation of the terminal region

As shown in [8] and [29], a terminal set X; satisfying As-
sumption 11 can be computed recursively by the follow-
ing algorithm. With X, and f as given above, i.e., Xg =
{z e R" | Hyx < 1} and [f]; = maxgex, [F+GK];z, let

X} ={(z,0) ER" xRy | (F+ GK)z+ af <1}

and define
Az, af) € Xf st
Xjfl =< (z,a) | Aq(0 )({z} ®aXp) dW N X(}.
C{zrf}eatXy VOO
(A1)

The sets X%, i € N are non-increasing with i and the
terminal set is given by the limit for ¢ — co. Under the
given assumptions, the sequence converges in finite time
such that Xy = X’ for some i € N satisfying X4 = X”

With {Hk}keNv;p being the vertices of the set ©, [h¥]; =
max,ex, [Hy)iAe (0%)r, and

(z0,2" ") |
citl _ (z,a) € X)97(2+,a+) %X}
! H, [Acl(ﬂk)z z+] + hﬁa —lat < —w|’
Vk € Ny»

the recursion (A.1) can be computed by X?Fl =

Proj, ., (X}H) where Proj,, , ; is the projection onto the
first n 4+ 1 coordinates.

As the projection of polytopes can be computationally
demanding, the recursion can be simplified through set-
ting z = 27 = 0 and determining only a suitable « sat-
isfying Assumption 11.

A.2  Proof of Lemma 24

PROOF. [Lemma 24] Let xy, be the solution of (1) with
wy, = 0. By [14, Corollary 2.4] {uy} being PE implies



{[z},u )"}k being PE. Let di, = [Dy];,
[A1 Bii ko+P—1 -
- k
= = , andSkO: Z [x; u;—}
4, By, ke L
p Dpli
Then
ko+P—1 ko+P—1 n T
D, DiDi= ) > di d
k=ko k=ko i=1
ko+P—1 n
x
= > YE [ W=
k=ko i=1
= ZEiSko‘—‘Z
i=1

Let ¢ and & be the smallest and largest singular value of

[Al Bl]l AN [Al Bl]n

[A, Byli...[A1 Biln

which are nonzero by Assumption 20, and define o/ =
o?a and ' = 528. Given al < Sg, =< BI, we have
T <30 | E;iSk,Ei =< B'I, which proves the claim.

References

[1] V. Adetola and M. Guay. Robust adaptive MPC for
constrained uncertain nonlinear systems. International

Journal of Adaptive Control and Signal Processing,
25(2):155-167, 2011.
[2] A. Aswani, H. Gonzalez, S. S. Sastry, and C. Tomlin.

Provably safe and robust learning-based model predictive
control. Automatica, 49(5):1216-1226, 2013.

[3] E.-W. Bai, H. Cho, and R. Tempo. Convergence properties
of the membership set. Automatica, 34(10):1245-1249, 1998.

[4] D.S. Bayard and A. Schumitzky. Implicit dual control based
on particle filtering and forward dynamic programming.
International Journal of Adaptive Control and Signal
Processing, 24(3):155-177, 2010.

[5] A. Bemporad, M. Morari, V. Dua, and E. N. Pistikopoulos.
The explicit linear quadratic regulator for constrained
systems. Automatica, 38(1):3-20, 2002.

[6] A. Ben-Tal, L. E. Ghaoui, and A. Nemirovski. Robust
optimization. Princeton Series in Applied Mathematics.
Princeton University Press, 2009.

[7]1 R.R. Bitmead, M. Gevers, and V. Wertz. Adaptive Optimal
Control, The Thinking Man’s GPC. Prentice Hall, 1990.

[8] F. Blanchini and S. Miani. Set-Theoretic Methods in Control.
Systems & Control: Foundations & Applications. Birkh&user
Boston, 2nd edition, 2015.

14

[9] M. Bujarbaruah, X. Zhang, and F. Borrelli. Adaptive MPC
with chance constraints for FIR systems. ArXiv e-prints,
abs/1804.09790, 2018.

[10] L. Chisci, A. Garulli, A. Vicino, and G. Zappa.
recursive parallelotopic bounding in set
identification. Automatica, 34(1):15-22, 1998.

[11] S. Di Cairano. Indirect adaptive model predictive control for
linear systems with polytopic uncertainty. In Proceedings of
the American Control Conference, pages 3570-3575, Boston,
MA, July 2016.

[12] A. A. Feldbaum. Dual-control theory I.
and Remote Control, 21:874-880, 1961.
Avtomatlka i Telemekhanika, 21(9), 1960.

[13] E. Fogel and Y. Huang. On the value of information in system
identification — Bounded noise case. Automatica, 18(2):229—
238, 1982.

[14] M. Green and J. B. Moore. Persistence of excitation in linear
systems. Systems & Control Letters, 7(5):351-360, 1986.

[15] M. Guay, V. Adetola, and D. DeHaan. Robust and
Adaptive Model Predictive Control of Nonlinear Systems.
Control, Robotics and Sensors. Institution of Engineering
and Technology, 2015.

[16] B. Hassibi, A. H. Sayed, and T. Kailath. LMS is H° optimal.
In Proceedings of the Conference on Decision and Control,
pages 74-79 vol.1, Dec 1993.

[17] T. A. N. Heirung, B. Foss, and B. E. Ydstie. MPC-based dual
control with online experiment design. Journal of Process
Control, 32:64-76, 2015.

(18] T. A. N. Heirung, B. E. Ydstie, and B. Foss. Dual adaptive
model predictive control. Automatica, 80:340-348, 2017.

[19] T. H. Kim and T. Sugie. Adaptive receding horizon predictive
control for constrained discrete-time linear systems with
parameter uncertainties. International Journal of Control,
81(1):62-73, 2008.

[20] E. D. Klenske, M. N. Zeilinger, B. Scholkopf, and P. Hennig.
Gaussian process-based predictive control for periodic error
correction. IEEE Trans. Control Syst. Technol., 24(1):110—
121, Jan 2016.

[21] B. Kouvaritakis and M. Cannon. Model Predictive Control:
Classical, Robust and Stochastic. Springer International
Publishing, Cham, Switzerland, 2016.

[22] W. Langson, I. Chryssochoos, S. V. Rakovié¢, and D. Mayne.
Robust model predictive control using tubes. Automatica,
40(1):125-133, 2004.

[23] M. Lorenzen, F. Allgéwer, and M. Cannon. Adaptive model
predictive control with robust constraint satisfaction. In
Proceedings of the IFAC World Congress, pages 3368-3373,
Toulouse, France, 2017.

[24] G. Marafioti, R. R. Bitmead, and M. Hovd. Persistently
exciting model predictive control. International Journal of
Adaptive Control and Signal Processing, 28(6):536-552, 2014.

[25] D. Q. Mayne. Model predictive control: Recent developments
and future promise. Automatica, 50(12):2967-2986, 2014.

[26] K. S. Narendra and A. M. Annaswamy. Stable adaptive
systems. Dover Publications, 2005.

[27] C. J. Ostafew, A. P. Schoellig, and T. D. Barfoot.
Conservative to confident: Treating uncertainty robustly
within learning-based control. In Proceedings of the IEEE
International Conference on Robotics and Automation, pages
421-427, May 2015.

[28] S. Qin and T. A. Badgwell. A survey of industrial model
predictive control technology. Control Engineering Practice,
11(7):733-764, 2003.

Block
membership

Automation
Translated from



[29] S. V. Rakovi¢ and Q. Cheng. Homothetic tube MPC for
constrained linear difference inclusions. In Proceedings of the
25th Chinese Control and Decision Conference, pages 754—
761, May 2013.

[30] S. V. Rakovi¢, B. Kouvaritakis, R. Findeisen, and M. Cannon.
Homothetic tube model predictive control. Automatica,
48(8):1631-1638, 2012.

[31] K. J. Astrom and B. Wittenmark. On self tuning regulators.
Automatica, 9(2):185 — 199, 1973.

[32] K. J. Astrém and B. Wittenmark. Adaptive Control. Dover
Publications, 2nd edition, 2008.

[33] J. B. Rawlings, D. Q. Mayne, and M. M. Diehl. Model
Predictive Control Theory and Design. Nob Hill Publishing,
2nd edition, 2017.

[34] M. Tanaskovic, L. Fagiano, R. Smith, and M. Morari.
Adaptive receding horizon control for constrained MIMO
systems. Automatica, 50(12):3019-3029, 2014.

[35] M. Tanaskovic, D. Sturzenegger, R. Smith, and M. Morari.
Robust adaptive model predictive building climate control.
In Proceedings of the IFAC World Congress, pages 1871—
1876, Toulouse, France, July 2017.

[36] S. Veres and J. Norton. Predictive self-tuning control by
parameter bounding and worst-case design. Automatica,
29(4):911-928, 1993.

[37] S. M. Veres. Adaptive control by worst-case duality. In
C. Bényész, editor, 5th IFAC Symposium on Adaptive
Systems in Control and Signal Processing, IFAC Postprint
Volume, pages 73-78. Pergamon, Oxford, 1995.

[38] S. M. Veres, H. Messaoud, and J. P. Norton. Limited-
complexity model-unfalsifying adaptive tracking-control.
International Journal of Control, 72(15):1417-1426, 1999.

15



