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Abstract

We construct a 2-parameter family of new triaxial SU (2)-invariant complete negative Einstein
metrics on the complex line bundle ©O(—4) over CP!. The metrics are conformally compact
and neither Kéhler nor self-dual. The proof involves using rigorous numerics to produce an
approximate Einstein metric to high precision in a bounded region containing the singular
orbitor “bolt”, which is then perturbed to a genuine Einstein metric using fixed-point methods.
At the boundary of this region, the latter metric is sufficiently close to hyperbolic space for
us to show that it indeed extends to a complete, asymptotically hyperbolic Einstein metric.

1 Introduction and preliminaries
1.1 Introduction

An Einstein manifold is a smooth manifold M equipped with a Riemannian metric g satisfying
Ricg = Ag (€))]

for some real constant A. In local coordinates, (1) is a second-order quasilinear PDE for
which it is difficult to produce or classify solutions in general. Nonetheless, by requiring that
g possess certain symmetries, we can reduce the number of independent variables in (1) and
consequently substantially reduce its complexity. For instance, if (M, g) is a homogeneous
space, i.e. g is invariant under the transitive action of a Lie group G, then the Einstein
equation becomes a tractable algebraic condition [27]. There is a complete classification of
homogeneous Einstein manifolds of dimension 4 [18].

Less restrictively, one can assume that G acts on (M, g) with generic “principal orbits”
of codimension one which together cover a dense subset of M. In this case, g is said to
be of cohomogeneity one and (1) becomes a system of ODEs in a coordinate normal to
the principal orbits. This system has been extensively studied and many new, often explicit,
Einstein metrics have been found, for instance in [2, 10, 13]. In particular, several papers,
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for instance [4, 5, 22], have considered (O(d; + 1) x O(d> + 1))-invariant doubly warped
product cohomogeneity one metrics on the (d; + d2 + 1)-dimensional sphere.

Anintriguing feature of the work [5] by Buttsworth—Hodgkinson is that it uses a somewhat
unconventional, computer-assisted method. More precisely, the authors construct a non-round
Einstein metric on S'? in the following way. First, they obtain a heuristic solution up to high
accuracy, which they approximate rigorously using Chebyshev polynomials in order to obtain
arigorous upper bound on the a posteriori error in the Einstein equation. Then, they linearise
the system around this Chebyshev-interpolated approximate solution and use fixed-point
theory to show that there is a true solution “nearby” if the a posteriori error is sufficiently
small.

Unlike in the homogeneous case, we do not yet have a classification of cohomogeneity one
Einstein 4-manifolds. In this work, we focus on the most interesting special case of the latter,
namely SU (2)-invariant 4-dimensional cohomogeneity one metrics. They are less symmetric
than (O (d; + 1) x O(dy + 1))-invariant metrics, as they depend on 3 functions rather than 2,
since the space of left-invariant metrics on SU (2), equivalently the space of scalar products
on the Lie algebra su(2), is 3-dimensional after diagonalisation!. The topology is also more
complex than that of a doubly warped product. Einstein metrics of this form are relevant in
physics, where they are known as “Bianchi [X” solutions [15], in reference to the Bianchi
classification of real 3-dimensional Lie algebras. The SU (2)-invariant Einstein equation has
been solved under a variety of additional symmetry assumptions, detailed in §1.3. A summary
of known examples of Bianchi IX metrics can be found in Table 1.

The objective of the present work is to use the numerical analysis and computational
methods of [5] to construct new triaxial SU (2)-invariant complete negative Einstein metrics.
The constructed metrics are asymptotically hyperbolic, of non-constant curvature, and the
total space is the bundle O (—4) over C P!, although similar techniques can most likely be used
to construct similar metrics on O(—1) or O(—2). Broadly speaking, our proof goes in two
steps, both of which will involve some computer assistance : constructing a solution starting
from the singular orbit (i.e. the zero section of the bundle O(—k) in question)(§1.1.1), and
extending it to infinity (§1.1.2). Our numerical methods only allow us to analyse a particular,
arbitrarily chosen metric in a conjectured 2-parameter family of Einstein metrics (see Figure
1). Nonetheless, by the continuous nature of our arguments, we in fact obtain a small 2-
parameter region of (distinct even up to diffeomorphism, see §6.5) metrics in a small open
neighbourhood of the abovementioned metric in moduli space.

1.1.1 Solution starting from the singular orbit

The cohomogeneity one Einstein equation, considered as an initial value problem in the
radial geodesic coordinate 7, is well-posed and admits a solution in a neighbourhood of the
singular orbit which is unique up to a finite number of parameters [26] (in the SU (2)-invariant
case, 2 parameters). However, we would like to prove the existence of such a solution up
to a quantified, positive time 7, a result unavailable from standard theory. To do so, we
first linearise the Einstein equation (suitably rewritten as a first-order singular initial value
problem in the sense of [14, Theorem 4.7]) around a approximate solution which is “nearly
Einstein” in the sense that the a posteriori differential equation error is small. Practically, this
approximate solution is obtained by fitting a high-order sum of Chebyshev polynomials to
a high-precision heuristic numerical power series solution. From the approximate solution,

! In fact, the metric is constrained by the Einstein equation to remain diagonal [8], so there are 3 functions
rather than 6.
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we obtain using interval arithmetic rigorous bounds on the terms of the Einstein equation,
allowing us to use the fixed point theorem 5.4 to construct a smooth metric up to time ¢y with
good control on its C® norm. This procedure broadly follows [5].

1.1.2 Extending the metric to infinity

In order to perform numerics near infinity, we rescale the problem to a compact non-geodesic
coordinate r € [0, 1), with infinity at » = 1. A key observation is that our new negative
Einstein metrics are conformally compact [6], so we work in a choice of “conformally
compactified” variables. Then, we use a (computer-assisted) Gronwall’s inequality argument
to show that Einstein metrics which are “close enough” to hyperbolic space must tend towards
it at infinity, and in particular must be complete.

Finally, we fix a particular choice of initial data and # s, and produce a specific approximate
solution which is “close enough” to bridge the gap between the arguments of §1.1.1 and
§1.1.2, using the specific values in appendix B. This leads to the main result of this work,
Theorem 6.2.

Remark 1n a sense, our work fulfils part of the hope of Buttsworth-Hodgkinson that their
methods be applied to construct solutions to more general geometric equations. Moreover,
given the highly procedural nature of the analytical approach and the great flexibility of
computational tools and methods, we believe that the potential of this computer-assisted
strategy is far from exhausted. In particular, it would be fruitful to apply the strategy to other
cohomogeneity one special curvature conditions.

1.2 Setup and notation

Consider a smooth 4-manifold M equipped with a Riemannian metric g of cohomogeneity
one under the action of SU(2). Then, if g is Einstein, it can be written as

g =dt* +a)’of + b(t)*0} + c(t)*0f, )

where o1, 02, 03 are SU (2)-invariant 1-forms on the principal orbits satisfying doy = o3 A03,
etc., and 7 is a coordinate parametrising a unit speed geodesic normal to the principal orbits.
The fact that (2) can be written in diagonal form follows from [8]. The group action can also
be SO(3) and the principal orbit can be SU (2) or certain finite quotients thereof.

Let the dot denote the derivative d/dt. In the directions tangential to the principal orbits,
the Einstein equation (1) for the above metric (2) is

rn—L— (L)L =Aid,

where r; is the Ricci endomorphism of the principal orbits, and

o (fa b ¢
L = diag b
a c

is their shape operator. In terms of a, b, c, the tangential Einstein equation is written as [9]

d (a\_ _afa_ b ¢ +a4—(b2—62)2 A 3
di\a)  al\a b ¢ 2a%b2c? ’
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along with the equations obtained by cyclically exchanging a, b, c. In the radial (3/d7)
direction, the Einstein equation is

—tr(L) + tr(L?) = A.

Taking the trace of the tangential equation and using the radial equation yields the conserva-
tion law
S+tr(L?) — (tr L)> = 2A,

where S is the scalar curvature of the principal orbits. In terms of a, b, c, it takes the form

—at bt =t 4 2a%? + 2072 2% <a1; bé | ca

) I ) N v
2(abc)? ab + bc + ca) + @

If the tangential equations are satisfied, then it suffices to check that the radial equation, or
equivalently the conservation law, holds at one time to show that it holds at all other times
[13]. It is also worth noting that the Einstein ODEs are invariant under any sign change
(a,b,c) — (£a, b, £c), and thus we may assume that a, b, ¢ > 0.

The ODEs (3) form a singular initial value problem at the singular orbit(s) of the manifold.
Suppose throughout the remainder of the paper that M is complete.

e For A > 0, by the Bonnet-Myers theorem, M is compact and consequently has two
singular orbits.

e When A = 0, there is exactly one singular orbit, for the following reasons. There at least
one, because otherwise, by the Cheeger—Gromoll splitting theorem, M is isometric to
a product N x R. There is at most one, as otherwise M is compact, all Killing vector
fields on M are parallel, which leads to a contradiction if one considers the Killing field
generated by the cohomogeneity one action.

e When A < 0, As compact negative Einstein manifolds admit no nonzero Killing vector
fields, there can be either O or 1 singular orbits. While complete metrics with no singular
orbits, i.e. solutions existing for all # € R, may exist, we will restrict ourselves in the
present work to metrics with at least one singular orbit.

In addition, the topology of the singular and principal orbits imposes boundary conditions
required for smooth extension of the metric to the singular orbit. More specifically, there are
four possible boundary conditions at the singular orbit for g to be a smooth metric. In each
case, the space of smooth Einstein metrics defined on a neighbourhood of the singular orbit,
considered as formal power series for a, b and ¢, is two-dimensional and can be parametrised
by some (non-canonical choice of a) pair of boundary conditions. Here, the nuts and bolts
terminology follows [15], and we will assume that the singular orbit in question is at t = 0.

e “Nut” case : We have a one-point singular orbit, principal orbits homeomorphic to §3
and the initial data a(0) = b(0) = ¢(0) = 0 and a(0) = 15(0) =¢(0) = % The global
topology of the manifold is then R*. The space of local Einstein metrics, i.e. Einstein
metrics defined in a neighbourhood of = 0, can be parametrised by a® (0) and b (0).

e “Bolt” cases : For k = 1, 2,4, up to double covers, we have an $2 singular orbit and
principal orbits of the form $3/Z;. The total space is consequently the complex line
bundle O(—k) over CP'. For the initial data, we may assume without loss of generality
that a(0) = 0 but 5(0), c(0) # 0. Then, it follows that b(0) = ¢(0) = h > 0 and we
have one of the following cases.

— O(—4) : a(0) = 2. The space of local Einstein.{netrics is parametrised by & and B(O).
— O(=2) : a(0) = 1. The parameters are i and b(0).
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Table 1 List of known SU (2)-invariant Einstein metrics. Triaxial metrics are indicated by a star *. The author
conjectures, based on numerical evidence, that no additional positive or Ricci-flat examples exist (consistently
with [11, Conjecture 1.5] in the positive case)

positive Ricci-flat negative

metric topology metric topology metric topology
round g g4 st Taub-NUT [21] R* Hitchin* [17] R*

852 X 852 52 x §2 Atiyah-Hitchin* [1]  O(—4) Pedersen [25] O(—4)
Fubini-Study cp? Eguchi—Hanson [12] O(-2) Dancer—Strachan* [9] O(=2)
Page [23] CP2#CP2 Taub-bolt [24] O(-1)

- O(-1):a(0) = % The parameters are 7 and b (0).

The parameter / can be interpreted as the size of the S? bolt.

Details and derivations for the above boundary conditions and free parameters can be
found in appendix C. Examples of (noncompact) Einstein metrics for each topology are
given in Table 1.

1.3 Known examples and results for subsystems

The SU (2)-invariant Einstein equations (3), (4) have been fully solved under a variety of
different additional symmetry or special curvature conditions. This includes

e The Kihler condition [9].

e The (anti-)self-dual condition [1, 17].

e An additional U (1) symmetry, i.e. g is U (2)-invariant. The equations under this hypoth-
esis, given by (3), (4) with b = ¢, are fully integrable [2]. Their solutions are called
biaxial metrics. If a, b, ¢ are distinct, the metric is said to be triaxial.

1.4 Summary of numerical results for negative Einstein metrics

We can obtain heuristic numerics for the Einstein equation (3) starting from the singular orbit
by starting a Runge—Kutta solver at a very small time, using the first few terms of the formal
power series solutions in appendix C as approximate initial data. This is repeated along a grid
of points in the parameter plane of local Einstein metrics. Numerical results for the a(0) = 2
case, which will be the focus of the remainder of the paper, are shown in Figure 1.

We find that for each of the four singular orbit topologies there appears to be a 2-parameter
family of complete negative Einstein metrics. Generically, these metrics are all conformally
compact, with conformal infinity given by (the conformal class of) an SU (2)-invariant metric
on S3 or some finite quotient thereof. They are also generically triaxial, with a 1-dimensional
biaxial subfamily. In some sense, the metrics with bolt singular orbits are generalisations of
the Graham-Lee fillings [16] but with nontrivial internal topology. We numerically assess
whether the metrics are Kihler using criteria in [9], and whether they are self-dual using
criteria in [7].

More specifically, we observe numerically that there are negative Einstein metrics as
follows.
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Fig. 1 Numerical evidence for the existence of complete negative Einstein metrics in the parameter plane
(h, by) forana(0) = 2 bolt, corresponding to the total space M = O(—4). The dark shaded region corresponds
to likely complete Einstein metrics. The red curves divide the half-plane into three regions A, B and C, in
which a, b and c are respectively the largest warping functions as one approaches either conformal infinity
(shaded region) or a finite time singularity (unshaded region). Note that there is a symmetry b} < —by,
b < ¢, and the horizontal axis b1 = 0 corresponds to biaxial metrics with b = ¢

e For a point singular orbit (nut, M = R?), there is a 2-parameter family of anti-self-dual
metrics which appears in Hitchin’s work [17]. This includes hyperbolic space and the
pseudo-Fubini-Study metric [25].

e When the singular orbit is $2 and the principal orbitis SO (3)/Z, (bolt, M = O(—4)), we
see a 2-parameter family of complete solutions, out of which there is a (biaxial) Kihler
metric which appears in a work of H. Pedersen [25]. The rest of the triaxial metrics (see
Figure 1), all non-Kéhler and non self-dual, appear to be new.

e When the singular orbit is S2 and the principal orbit is SO(3) (bolt, M = O(-2)),
we see a 2-parameter family of non-self-dual complete metrics, out of which there is a
l-parameter family of Kéhler metrics due to Dancer—Strachan [9].

e When the singular orbit is $? and the principal orbit is SU (2) (bolt, M = O(—1)), we
see a 2-parameter family of complete metrics which are not self-dual nor Kihler.

Remarks Numerical evidence for the existence of these two-parameter families of metrics
has been independently found in the recent work [11]. The author of the latter work also
proves their existence in an open neighbourhood of the 1-dimensional subset of parameter
space corresponding to U (2)-invariant metrics using perturbative methods. However, the
procedure in the present work allows the construction of metrics that are genuinely triaxial,
in the sense of being “arbitrarily far away” from being biaxial/U (2)-invariant.

Our proof method, however, is limited to constructing metrics in an infinitesimal neigh-
bourhood of any particular point in the shaded region of Figure 1. Consequentially, we do
not obtain any information as to what happens at the boundaries of the region, nor where that
boundary lies. These questions warrant further investigation using different methods.
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1.5 Plan of the paper

We will use a two-pronged computer-assisted scheme to construct negative Einstein met-
rics whose existence is numerically evidenced by Figure 1. First, noting that these metrics
appear to be asymptotically hyperbolic, we will study them near infinity using the notion
of conformally compact metrics, introduced in §2. Next, in §3, we will use a Gronwall’s
inequality-type estimate to show in Lemma 3.2 that “sufficiently nice” negative Einstein
metrics near infinity can be extended to complete metrics.

At this stage, we specialise to the k = 4, or equivalently a(0) = 2 case, and detail the
singular initial value problem corresponding to the Einstein equation in §4. We then use in §5
a fixed-point argument along the lines of [5] to prove the existence of a true Einstein metric
satisfying hypotheses (2)-(4) of Lemma 3.2 up until some a priori determined time # ¢, given
a “sufficiently nearby” approximate solution in the sense of the hypotheses of Lemma 5.5.

Finally, in §6, we describe the computer-assisted construction of the approximate solution,
and how it leads to the main result of the paper, Theorem 6.2.

We consider only the O(—4) case for simplicity and for illustrative purposes, but a similar
procedure can most likely be used to construct new triaxial metrics on O(—2) or O(—1).
Throughout the construction, the Einstein constant is fixed to be A = —3.

2 Negative Einstein metrics in the conformally compact formalism

The negative Einstein metrics we would like to construct are noncompact, so there is a priori
no straightforward way of proving completeness using the ODEs in the unit-speed radial
geodesic coordinate 7, which goes to infinity. However, an important observation is that the
metrics are conformally compact, which allows us to formulate an initial value problem at
infinity. In this section, we recall the relevant definitions and reformulate the equations (3),
4).

Let M be a manifold with boundary. A metric g on the interior of M is said to be confor-
mally compact if there is a smooth defining function p such that g = p2g extends smoothly
to the boundary d M. A defining function p satisfies p > 0 in the interior of M, p = 0 on
oM, and Dp # 0 on dM (i.e. its gradient is nonvanishing on the boundary). The conformal
class of the restriction of g to dM is said to be the conformal infinity of the conformally
compact manifold (M, g).

The metric g is said to be conformally compact Einstein if in addition Ricg = —(n — 1) g,
where n = dim M. There is a considerable amount of work on conformally compact Einstein
manifolds in the literature; see for instance the recent review [6].

Inthe (A = —3) Bianchi IX case, we make the radial change of coordinates r = tanh(z/2)
and consider the defining function p = %(1 — r?). Note that by doing so, we compactify the
manifold by adding a copy of a principal orbit SU(2)/Zy at r = 1, which corresponds to
t = 00. Indeed, let

a=pa, B=pb  y=pc

be the defining functions of § = p’g = dr? + azaf + ﬂ2022 + y2c732. Let’ denote d/dr.
Then, the tangential ODEs become

Ol/ / _ a/ O[/ /3/ y/ O[4 _ (,32 _ )/2)2 1 3(1/ ,B/ J//
(5) _7<E+E+?)+W+E<5_r<7+ﬁ+?>>
5
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along with the cyclic permutations of «, £, y. Using the fact that

a o r
—=p(=+-), ©)
a a p

we obtain that the conservation law (4) takes the form

_054_,34_)/4+2012ﬂ2+2,32)/2+2]/2012 3
2(apy)? B
() () () G D) 5
a p)J\B p B p/\v »p y p/\a p P
@)

Complete, conformally compact Einstein metrics correspond to solutions of (5) onr € [0, 1]
satisfying the above conservation law.

Remark A complete Einstein metric as above has conformal infinity given by the class of a
homogeneous metric on dIM = SU(2)/Zy, k = 1, 2, 4, parametrised by (« (1), (1), y(1)).

3 Proof of existence : asymptotic hyperbolicity near infinity

The solutions to (3) for A < 0 are “stable at hyperbolic infinity” in the sense that if an
Einstein metric is sufficiently close to the hyperbolic metric, then it extends to infinity in a
way that approaches hyperbolic space. In this section, we will make this notion precise in
Lemma 3.2 using a Gronwall’s inequality argument.

In the coordinate s = 1 — r, the tangential equations (5) become, with " now denoting
d/ds instead of d/dr,

a/ / _ a/ a/ /3/ y/ a4 _ (52 _ y2)2 1 3(1/ ﬁ/ y/
(5) " e <E+E+?>+W+E<S+“ ‘”(7*3*?))

and cyclically. The form of the equations requires that solutions which extend to s = 0 satisfy

O _ O _ O _
a0 ~ BO) v

Consequently, we make the change of variables

1 1
B
/

X = ,
/

Z =2 _F =

1=—+1, Zz—g-i-l, Zy=—+1.

1
-, Xa
o

o
Then, the system becomes
X\ =01-2Z)X,

Z

1
8Lt 2+ Zy) - L2+ 22+ 23 = 3) (8)

5s +l—s
2—s 2-—5

+ BZ1+ Zy+ Z3) + Ry
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and cyclic permutations, where

R:a4_('g2_y2)2:l 012 B :32 B J/2 _}_i
! 2a2f2y2 2\ B2 7 Y22 T o282 o2

and cyclically. Denote Z = (Z, Z2, Z3)T and

311
M_;=|131
113

We multiply the equation for Z/ by Z; and sum over i = 1, 2, 3 to obtain
1 y L g 2 s Ss
(121 ==-Z"MAZ+ZI" (4 —— D1+ 2+ Z3) |+ —(Z1 + 22+ Z3)
2 s 2—s 2—3s
l—vs
o (Lt Z3)? + Z\R\ + ZoRy + Z3Rs.

Suppose that s < sg for some sg € (0, 1). We would like to estimate (|Z |2)’ from below
in order to use Gronwall’s inequality.

From the Peter-Paul (2ab < e 1a? + ¢b? foreacha, b € R and ¢ > 0) and Cauchy—
Schwarz inequalities we obtain the estimates

1 3

Zi+ 20+ 23> —=—|Z] — S A 9

1+ L+ 23z —51Z210 -5 ©))
Lo B> h o o

ZlR1+ZzR2+Z3R3Z—232|Z| - 2(R1+R2+R3), (10)

which hold uniformly in s for any constants A, B > 0, to be chosen later. We discard the
singular term by using the fact that M_; is positive definite, thus obtaining the estimate

1 24/ 2 S
§(|Z| ) = |Z] 4_m—(Z1+ZZ+Z3)

S5s 3

1 2 2 1 2 32 2 2 2
(=12 - 2A%) - —|Z)> = =—(R}+ R} + R)).
+2—s< SYEA ) g2 A1 T (R Ry + RS)

We now consider the following assumptions, for some constants C € R, D > 0:

o Assumption C: Z1 + Zy + Z3 — (4 — 5>) < C.
o Assumption D: R% + R% + R% < D.

Suppose that both assumptions hold at s = sg. Define the set
Sc.p = 1{s € [0, so] | assumptions C and D hold} .

Let s; = sup{s € [0,s0] | s ¢ Sc.p}. Then, [s1, so] C Sc,p, since Sc,p is closed by the
continuity of Z; and R;. Our goal is to show that for suitable values of Z(so) and of the
constants A, B, C, D, such an s; > 0 cannot exist and consequently Sc,p = [0, so]. If this
holds, then by assumption C, Z would be bounded up until s = 0 and therefore «, 8, y would
be bounded and the metric would exist up to conformal infinity. To prove this, we estimate
from above the growth of Z and R in S¢ p, and show that they cannot “break free” from the
assumptions within [s1, so] C [0, so].
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3.1 Estimates under assumptions Cand D

All the estimates in this subsection use assumptions C and D, and consequently hold in
s € [s1, so]. Within the latter interval, we have the estimate

L., , 5s 15, 3, 1 _, B?
—(21% = -C1Z* + — [ —=—=12Z]* —= =A%) - —|Z)* - —D.
J0ZPY = =C1zP + S (=5 512 = 2P =5
For convenience in applying Gronwall’s inequality, we change sign againto 1 = —s =
r — 1. Then, the estimate becomes
d _, ) 1 5t 1 5 15A%7
iz <12 <2c+ﬁ——2+fﬁ> pp - DT
We may write this schematically as
d . n 2
p IZ]" = 0(IZI" + ¢(7) an
T
with
6(r) = 2C + 1 5t 1 () = B2D 15A%t
7) = — - ——, 7) = — .
BZ 2471 A? 2+1

Note that 0, ¢ are defined up to T = 0. We recall Gronwall’s inequality:

Theorem 3.1 Let «, B, u be continuous functions on [a, b, with B > 0. If, for all t € [a, b],
u satisfies

t
u(t) < a(t) +/ B()u(z)dz,

then

t t
u(t) < a(r) +/ a(z)B(z) exp (f B(r) dr) dz. (12)

a

We integrate (11) to obtain, denoting Zg = Z(t = —s0),

1Z1*(v) = 1Zo|* < ¢><r)dz+/ 00| Z|* (1) dt.

—s0 =50

We can now apply Theorem 3.1 with 7 being the time coordinate, a = —so,
T
u=1ZP@, a=IZP+ [ ¢wd. p=06().
Explicitly, we get

T T Z T
1Z12(t) < |Zo|* + ¢(z)dz+/ <|20|2+ ¢(t)dt>9(z)e><p(/ 6(r)dr>dz.

—s0 =50 —s0

Denote the right-hand side of (13) by ¢2. Suppose that & > 0. Then, both integrands of
the right-hand side are positive functions of z, and consequently ¢ is an increasing function

of 7. From this point on, we return to using the coordinate s = —7. We consequently have
1Z(s)| = ¢(s)
for s € [s1, sol. In fact, we note that since s; > 0, we have for any s that
2(s) < &m.
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where
0 0 z 0
in = |Zo|2+ ¢(z)dz+/ <|Z0|2—|— qb(t)dt)@(z)exp (/ 9(r)dr> dz
—S0 —S50 —S50 Z
is a constant that depends only on sg, Z(s9), A, B, C, D. In turn, for each s,
a/
— + 1| < ¢m,
o
which gives after integrating that
a(sO)eSO—Se—(SO—S)§m <a(s) < a(SO)eSO—Se(SO—S)Km
for each s € [s1, s9]. The same estimate holds for 8 and y.
‘We now turn to estimates of R; by expanding
1 1 1 1 1 1 3ot 3% 3yt
RI4RI+R} = — — l & v

204 +2734 + 294 + a2p? + y2a2 + p2y2 + 444 + 4ytat + 4o B
B2 yz o2 yz o2 B2
yad  pRat p2pt a2pt Byt a2yt

Using the Cauchy—Schwarz inequality, we estimate

R%+R§+R§<—i—i—i+ S L
- 2014 2’34 2y4 0(2,32 )/2012 527/2
3a* N 3p* N 3y4
4’34),4 4]/4054 4014,34
1 1 1 3ot 3% 3y?

ST T 5ad  5od T qpaod 14T i
200 28 2y 48%y 4yta 4B

3 (ot Bt 4 3 (ot yt 4 3 /Byt 4
=—|lmtm3)taal =2+ 3)+t3 + -3
8)/4 ,34 ot 3 8,34 J/4 ot 3 8ot )/4 ,34 3

= Kp.

The quantity K is suitable for our estimates, as the expressions within parentheses are all

strictly positive. Let g = «(s0), Bo = B(s0), Yo = v (s0), and suppose that g > Bo > 0.

Since x + 1/x is greatest at the maximum of either x or 1/x, whichever is larger, we conclude
that

3 g ; 4
Ki(s1) = Sen—400-s0) ((gesmo—sl)an n fge—sm—smm _ 3)

4 4
& 8so—sm o Y0 ~8so—s)tm _ 4
+ <4€ + 76 - =

"0 %o 3
4 4
n /igesmo—sl);m 20 s 2
Yo By 3
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For all sy, this expression can be loosely estimated by

3 B 3 Y 3 (B % ;
8 <f34+ >+8f30< + 0>+8a0( +ﬂ0> if &y < 1/3

KR < %(3(4{"1_4)S0 < (%egsofm + ﬁ%e—SSo{zn)

0 (]

4 4 4 4
+ <%egs0§m + 2%6_8505'"> + (%685091 + %e—&o;m)) if & > 1/3.
0 0 0

0

Denote the top value by K and the lower value by K. We have thus laid the groundwork
for the following lemma.

Lemma 3.2 Let Z be a solution to the Einstein equation (8) in a neighbourhood of so € (0, 1)
and let A, B > 0 be constants. Let C € R, D > 0 be such that assumptions C and D hold
at s = sg, recalling that

o Assumption C: Z1+Z +Z3 — (4 — =) < C.
e Assumption D: R% + R% + R% < D.

Suppose that the following hypotheses, which depend only on Z(sy) and the choices of
A, B, C, D, hold:

(1) 2C+ 47 = 0,

(2) Cm < 1/3,

(3) V36m <4+ C —50/(2 = s0),
(4) Ko < D.

Then the solution Z extends to s = 0.

Remark The constants A, B, C and D will eventually be chosen by trial and error, depending
only on 5o and Z(sp), taking into consideration the following heuristics.

e We choose A, B > 0 to balance out the contributions from the linear and constant terms
of the differential inequality (11) in order to get a better Gronwall’s estimate. The freedom
to choose A and B comes from the estimates (9) and (10) respectively.

e We choose C as small as possible so that the estimate ¢, of the right-hand side of (13)
remains under \%(4 + C + 50/(2 — 50)), in order for assumption C to hold throughout
s €10, sol. ’

e Since we are assuming that ¢, < 1/3, we have Kz < Kj for all s and consequently
assumption D holds so long as we pick D > Kg. As B2 D appears in the constant term of
(11), we choose D to be as small as possible, namely Ko + & for some arbitrarily small
& > 0 which plays no role in the numerics.

Proof Recall that we defined

Sc.p = {s € [0, so] | assumptions C and D hold}

and
s = sup{s € [0, so] |'s ¢ SC,D}- (14)
We estimate using the above considerations and hypothesis (3) that
S0
1Z1(sD)| + 1 Z2(s0)] + 1 Z3(s1)] < V3IZ(s1)] <3¢m <4+ C — sy
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where the second inequality uses Theorem 3.1, which is possible as hypothesis (1) ensures
that & > 0. In particular,

Z1(s1) + Za(s1) + Z3(s1) — (4— 7 & ) <C.

— 5
Since ¢, < 1/3 by hypothesis (2), we have
Ri(s1)* + Ra(s1)* + R3(s1)* < Kg < Ko < D.

By the continuity of Z; and R;, there is consequently some § > 0 such that s1 + 6 € Sc p,

which contradicts (14). Consequently, such an s; does not exist and Sc.p = [0, so]. In
particular, Z and therefore X are bounded up until s = 0 or r = 1, which proves the lemma.
]

Remark Solutions Z which extend to s = 0 or equivalently r = 1 satisfy the boundary
condition

dfa(l) =a(l) @(1) = p() dl(l) =y
ar T dr- " ’ ar T
We deduce from (6) that

lim — = lim — = lim E=1

t—00 g t—o00 b t—o00 ¢

Consequently, the solutions tend to a “hyperbolic infinity” a ~ aece’, b ~ baoe’, ¢ ~ cooe’
for some constants deo, Poo, Coo-

4 Singular initial value problem and approximate solution

In this section, we will reformulate the Einstein condition with boundary conditions corre-
sponding to O(—4) as a first-order singular initial value problem of a form satisfying the
hypotheses of [14, Theorem 4.7]. We then linearise the initial value problem around an
approximate solution 7.

Consider the tangential equation (5) under the change of variables

Xl: N Xz:—

b’ T oc a _Z’ B

In the negatively curved case, it takes the form

1
a

X =-X11
. 1
f= =N+ Yo+ ) + 3 X3X30E (X7 - (07— x5)?) 43

and cyclically. Similarly to the equations at conformal infinity, we denote

4 2 _ 22
a* — (b* —¢*) | N 2 —2,2
Ri= " o = X100 (X7 - 0 - X577
and cyclically. Since a ~ 2t, b ~ h + bit and ¢ ~ h — b;t, we substitute
Xi= ot O La Xy= i
1=, T, 2= 5T n2, 3=t n3

L v =2y AL
l—t n4, 2 = h URE 3= h 16 -
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After some computation, we obtain that the tangential Einstein ODEs (5) become a first-order
system in terms of 1(t) = (11 (t), n2(t), n3(t), na(t), ns(t), n6(t))T of the form

|
n= ;Ln + M(t, ), (15)

where M(t, ) = (M1, Ma, M3, My, M5, Mg)T and

1 0 0 —1/2 0 0

0 -1 0 0 —1/h 0
L= 0 0 —1 0 0 —1/h
0 0 0 -2 -1 -1 ’
0 —h/2 /2 0 -1 0
0 h/2 —h/2 0 0 -1
My = —nina
b% by by
Mz=h7+h7ns—;nz—nzns
b b by
M3=hf3—hf2ﬂ6+;’)3—rl3ﬂ6

(16)
My = —n4(na +ns5+ne) + R1 +3
by

by 1
Ms=—<*+n5>(ﬂ4+ﬂs+n6)+Rz—*(h

1
—h — 3
A ; 3 (m2 ﬂ3)>+
by

by 1
M6=—(—*+n6>(n4+n5+n6)+R3—;< 7

W + %h(nz - T}3)) + 3.

A solution to (15) in a neighbourhood of zero with 7(0) = 0 corresponds to an Einstein
metric with b(0) = ¢(0) = h and 15(0) = —¢(0) = by. Although it does not seem so at first
glance, M(t, n) is indeed bounded near + = 0 and continuous in both arguments away from
b,c=0.

The matrix L has eigenvalues {—2, —1, 0} and consequently, by [14, Theorem 4.7], the
singular initial value problem consisting of the system (15) subject to the initial condition
n(0) = 0 is well-posed in a neighbourhood of + = 0 and there is local existence and
uniqueness of solutions.

We will now consider a smooth “approximate solution” 7(¢) to the above singular initial
value problem, and consider the system (15) near 77(¢). More specifically, it should satisfy

~ 1 .
Ex (1) = ;Lﬁ(t) + M@, 1) — (),

for some smooth function £ » for which we will determine bounds after the fact. We will also
require that 7(0) = 0. Let u(¢) = n(¢t) — n(¢). Then

() = 7(t) — n(t)

1 1 . R ~
= ;Ln+M(t,n) - ;Ln—M(t,n)JrEz

1 . . .
?LM_’_Ml(t’ 7]) 'I‘L+Mn[(ta n, M)+E25
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where M; and M,,; designate the linear and nonlinear parts of M (¢, n) — M (¢, 1) considered
as a function of u. More specifically, since M (¢, -) is continuous, we have

5 am
M(t,m) — M@, 7)) =) Ty (0 Dmi + o),
i=1 "
so that
. oM oM; R
Ml(tan):f(nn): 7(1‘77))
an an; ij

My (e, f), 1) = M(t,m) = M2, 1) = Mi(1,9) - o = O(1?).

In order to use a fixed-point argument to show that 7 can be perturbed to a genuine
solution, we will eventually need bounds on M;(t, ) and M,,; (¢, 1, ;). We will assume that
Cj, Cy; > 0 are constants such that the following hold throughout the subsequent sections,
forall t € (0,1y):

IM;(t, )| < C; 17
| Mo (1, 71, )] < Coal (0] (18)

The constants C; and C,,; depend on the choice of approximate solution 7 and will be deter-
mined later using the expressions in appendix A.

5 Proof of existence : fixed-point argument starting from the singular
orbit

5.1 C'-type estimate

Consider the linear inhomogeneous initial value problem

1
p(r) = TLut F@) (19)

subject to the initial conditions p(0) = 0. It has a unique solution, up to some time which
we will denote 7. Since the equation is linear, we may define a solution map £ by

uw=LF.

We will prove (part of) the equivalent of [5, Lemma 13]. The proof is mostly identical, but
we reproduce it here for completeness.

Lemma 5.1 Foreacht > 0, we have the estimate |(LF)(t)/t] < B||Fllco(,r)), where
B = 19 + : + : h+ :
T8 e 2 h)
Proof We note that (19) can be written

%(eXp(—L logr)p(r)) = exp(—Llogt) F (),

so that foreach 0 < 19 < 1,

t
u(t) —exp(L(logt — logty))u(tp) = exp(L logt)/ exp(—Llogs)F(s)ds. (20)
0]
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Consider the prefactor of 1 (f), which we denote
B = exp(L(logt —log1y)).

We would like to show that the operator norm (denoted ||-||) of B is bounded by a constant
independent of ¢ and 7y, in order to eventually take the limit of (20) as #p — 0. For simplicity,

we split B into submatrices
_ (B1 B2
5= (5 5)

where

0
4<u+1)2 —Tu—-1n2],
—tu—-1? Ju+1)?

S —u ](uz—u+ulog;) I (u*—u+ulogl)
By = o W2 —1—=2ulogl) L (1—u?—2ulogl) ],
0 2 (L—u?—2ulogl) L (u? —1—-2ulogl)
0 0 0 > ut—u u> —u
3322 0uw?—11—u?|, Bs=]0 tw+1? —tw-12],
01 —u?u?—1 0 —du—12 tw+1?
and u = 1tp/t, so that 0 < u < 1. We compute
1Bl = 2+, IBsl = 21 —ud,  max Bl < 1.
2 2 uel0,1]

Let (2 1\ 1
i 2 (u —1—2u10g7)4—(1—u —2ulog 1)
2=11 1 :
W (1—u —2ulog - )4—(u —1—2ulogg)
It satisfies
12l L - ), Lutog !
=max { — (1 —u”), —ulog—1},
2 20 Phia

< % for all u € [0, 1],

which implies that, since u log %

1
max [ B|| < —
uel0,1] 2h°

. . 1,2 1
Finally, since 5 (u” —u) < g,

A
=3 2 2h

We thus have, for any 0 < u < 1, that

19 1 1 1
IBI = IBull + B2l + B3| + 1 Ball = ==+~ + 5 (h + ﬁ) = B.

Consequently, since 1 (0) = 0, we can take the limit 7o — 0 in (20) to obtain

t
u(t) = / exp(L(logt —logs))F(s)ds.
0
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Then, we have that

t
(@) < fo B|F(s)|ds < Btf| Fllcogo,)-

as well as ®
w(t
’T = BlIFllcog.r))-
O
5.2 Linear inhomogeneous initial value problem and C° estimate
Now we consider the inhomogeneous problem which includes the linear term, namely
. 1 .
n(r) = ;LM + Mt M+ Fa(0). 2D

It can be written as
w= LM, D+ Fa(t))

with, in the notation of the previous subsection, F = M;(t, )1 + F>(t). We then obtain by
(17) and Lemma 5.1 the estimate

w(r)
—=| < B(Cillnllcoqo.ny + 1 F2llcogo.r) - (22)

5.2.1 Non-negativity of L

We note some important properties of the matrix L. The characteristic polynomial of its
symmetrization Lyym = 1/2(L + LT) is given by

(h = 1)? (h+1)*
pomt) = (5= S ) (50 A5
x (x* +5x% + 30 x4+ am_ 3 x+§_i
16 4h? 8  4n? 16 64h%)°

We will assume throughout the remainder of this work that 7 > %,/ % (noting that the

boundary of the shaded region of Figure 1 at by = 0 appears to be at %\/g ~ (0.58). Then,
all the coefficients of pyy,, are positive and by Descartes’ rule of signs Ly, has precisely
one positive eigenvalue,
(h—1)*

2h

A

5.2.2 C° estimate

We would like to estimate the quantity % wT L. First, we note that u” Ly = "L symi =<
Al/]?. An issue is that the prefactor 2/t blows up at r = 0, so in a region surrounding r = 0
we must instead use the “C'-type estimate” (22). To do so, we break the time domain into
two parts, delimited by 0 < 79 < ¢, and write

2ol < h() + r @)
Sl = ule,
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where A (t) is some function vanishing outside of (0, 7), and r(¢) is the continuous and
uniformly bounded function

%A ifo<t <t
r) =4, .
A ift > 1.

In practice, fo will be chosen to be much smaller than ¢7. To choose a suitable function /£,
note first that

and that (a 4+ b)? < 2a? + 2b2, so we choose, using (22),

2 2 2 2 .
21 (1 _ %) 2AB (C, 1120 0.0y + ||F2||C0((0J))) if0<r<1

0 ift > 1.

h(t) = (23)

We then estimate the solution to (21) by
a2y 2T T .
2u-p=(ul?) = M L2 My, My +2u - Fa(t)
<3A| 1> 4+ 2C; u)? + 2|u| | F
= Jhlu 1] + 2| ][ F2
< (O +2C + D) [P + [BOF + h).
Another version of Gronwall’s inequality states the following.

Lemma 5.2 Let «, 8 be continuous real functions on the interval [0, T witha > 0. If y > 0
is a differentiable function on [0, T] satisfying y(0) = 0 and

y < ay+ 8B,
then, for eacht € [0, T),
t
ﬂnsﬂofzm”mww,
0

t
Z(t) =exp (/ oc(s)ds) > 1.
0

Applying the inequality to our problem, we have

where

t
|MﬂV§ﬂ0AIH@W+h®d&

In particular, recalling that 4 is supported in (0, #p) and continuing until the end of the time
interval (0, t5),

0]
MMQEMﬂ@m@+AhmM)

where the norms CY and L? are over the entirety of (0, ¢ ). Integrating the prefactor of A (r)
over its support yields
1o t t2
/ 2t(1——)dt: 2
0 fo 3
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S0 we obtain
2 2 0 2021012 2
leellco < Z(tp) | 1 F2115 2 + 3 2B (Cillpllo + 1F2lico) ) - (24)
An explicit computation yields

21
t
T(ty) = exp((2C; + Dits + 21) (%) .
0
The prefactor of || /LH%O on the right-hand side of (24) is then

2 -
2 pQCIH D422, t}’\ABZClztg 2

We set this equal to %, and choose 1y to be the corresponding value, namely

V3 e €t/ \ VAP
= ——— .
2 t}BClﬁ

Note that this is only possible if A < 1, or equivalently
he2—+32+3). (25)

We consequently have the estimate

1 2
Enunzo < I(tf) (quniz +3 (%anan?Co) :

To make the following steps simpler, we loosen the estimate slightly to

2
lnlico = /Z(ty) <\/§||lele + ﬁtoBllellctJ) :

We will eventually estimate || F> || o directly, so we can further weaken the above to

2
lllco < /Z(ty) (\/th + ﬁt03> | F2l co-

We summarise the results as follows. Let S, @ C9((0, tr)) — (o, tr)) be the linear
solution map defined by
n=5"r, (26)

where p is the unique solution to the linear equation (21), which we assume a priori to exist
up until time 7. Then, we have shown the following.

Lemma 5.3 The operator Sy defined by (26) is bounded with norm at most
1/I(l‘f) (,/2tf + il‘()B) .
V3
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5.3 Fixed-point theorem and proof of existence

Consider now a true solution 7 + u of the Einstein equation corresponding to the initial data
h, by. Then, it satisfies £ (0) = 0 and

L1 . . .
fo= Ly M@, 0) - o+ Mu @, 1) + Ea. 27)
Correspondingly, on the interval (0, 5), we have

= S(Ex 4+ My (1, i, ).

Suppose that || Ez lco < &. Then, we get using (18) the estimate

2
lullco < /Z(tp) (w/zrf + ﬁt03> (e + Curllullo)

We can consequently apply a version of the Schauder fixed point theorem to construct a
solution . More specifically, we will use the following special case of [5, Theorem 2].

Theorem 5.4 Let X be a Banach spaceand Q : X — X be amap satisfying || Q (x)] < q||x||2
whenever || x|| < so. If || xoll +qs2 < s forsome xg € X and 0 < s < 50, and Q is completely
continuous, then the fixed point equation

x =x0+ Q)
has a solution x* € X satisfying |x*| < s.

To apply the above theorem in our context, we work in X = C°((0, ¢ f))6, the space of
bounded continuous functions (0, f7) — R, which is a Banach space. We also have x = 1

and xo = &2 Ez. Consequently, the above estimates give

2
Iwoll < /ZGp) <\/2rf + ﬁt03> .

Similarly, we have Q(x) = Sy My, giving the estimate

10 < qllnll?,

f%7Q57+4%ﬁ>

The existence of an s such that ||xg| + qs < s is equivalent to

where

lIxoll !
xol < —,
0 4f]

so we can choose s to be equal to 1/(2¢g). We need then that

1
< = 5=
AT r)Cu( 2ty + ﬂtoB)

Consequently, we have shown the following.

Lemma 5.5 Suppose that there exists a smooth approximate solution 1)(t) on [0, t 7] satisfying

(1) 7(0) =0,
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(2) IMy(t.0)| < C foreacht € 10,17],

(3) IMu(t. 71, )| < Culpe()? for eacht € 10,71,

(4) IE2lco < eo, where Ex(t) = Lij(e) + M(t,)) = (1), £0 = (4L(tp)Cu (/215 +
2

\/gtoB)z)’l and L(ty), to, B are given as above.

Then, there exists a solution ( to the fixed point problem yu = SQ(EZ + My (t, 0, ), where
Sy is given by (26), and consequently n = wu + 1) is an Einstein metric on M defined for
t € [0, ty]. Furthermore,

1
270, ( 2+ %IOB) Col

()] < (28)

for each t, in particular for t = ty.

6 Computer-assisted construction

In this section, we construct the smooth function 7 that satisfies the hypotheses of Lemma
5.5 and can be perturbed to a metric at ¢ satisfying the hypotheses of Lemma 3.2, using a
procedure similar to that used in [5], which goes as follows.

(1) Choosing a point (%, by) of Figure 1 where there is numerical evidence of a complete
Einstein metric, construct a heuristic solution up to arbitrary precision, with no guarantees
of accuracy. This is done using power series methods, in particular using Frobenius’
method near the singular orbit, as discrete-time iterative schemes such as Runge—Kutta
methods are unable to reach the required levels of precision.

(2) Approximate the heuristic solution of step (1) using Chebyshev polynomials satisfying
hypothesis (1) of Lemma 5.5 whose coefficients are rigorously controlled with interval
arithmetic.

(3) Writing M and M,,; as rational functions in terms of the Chebyshev polynomial approx-
imations of step 2, obtain rigorous bounds C;, Cy; satisfying hypotheses (2) and (3) of
Lemma 5.5 using Sturm’s theorem.

(4) Compute &g using interval arithmetic from C;, C;,; and ¢, and compare to a good estimate
e of ||§2||Co as a function of the Chebyshev approximation, obtained using Sturm’s
theorem. If ¢ < gp, then hypothesis (4) holds and so does the conclusion of Lemma 5.5.
We consequently have a smooth Einstein metric 7 on M from the singular orbit to # .

(5) Letting so = 1 — tanh(z//2), find constants A, B, C, D such that the hypotheses of
Lemma 3.2 hold for the initial data Z(sg) corresponding to the solution 7 of step (4).
The lemma then gives us that Z extends to s = 0, or equivalently n extends to t — oo,
giving us a complete Einstein metric on M. By the well-posedness of the ODEs and
the continuity of the arguments in §3, we also conclude that there is a (2-dimensional)
neighbourhood of (&, b1) which is in correspondence with distinct complete Einstein
metrics.

We may choose essentially any point in the dark shaded region of Figure 1 satisfying (25).
For convenience, we will pick
h=15, by =0.1.

The specific values of the various constants and estimates used in steps (3)-(5) are listed in
appendix B. We perform rigorous numerical computations using arbitrary precision interval
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arithmetic via the software package arb [19]. All implementations were done in Python,
and are available at https://github.com/Qiu-Shi- Wang/SU2-Einstein.

6.1 Formal power series solutions

Near r = 0, we must use Frobenius” method. Consider the singular initial value problem
o1
n=—Ln+M@.n). n0) =0

for an analytic function M.> Expand the solution near r = 0 as the series n = > ic a;t.
Then

. . : 1 .
i=Y @G+, Ln=Y Lagr,
i=0 =0

and we consequently get the recurrence relation

> (G + Dide + Ly aip1t' = M(t, 7).
i=0

Expanding M (t,n) = Zi:O b;t', where we note that b; depends only on ay, ..., a;, we
obtain the iterative formula

aip1 = ((i 4+ Didg — L)™' b;.

Away from ¢ = 0, we can centre the power series around some other time 7o > 0 and
obtain a similar recurrence relation. More specifically, write T = ¢ — 1, and let

n(T+1) =Y at'

i=0

where we obtain the value ag = 71 (tp) from evaluation of the previous power series. Let

M) =M@ +10.m) =Y bt
i=0

The Einstein equation is then given by
. 1 . )
=1 _ ) 1
iila,lr =T % igoLa,T +£0blrl

We obtain from it the iterative formula

ai+1 = i1 toyl i)

where

fo

i i
1
Vi = E afi—i, o =La, Bi= (—*> .
1=0

2 Although it is not immediately apparent, for each t+ > 0, M (t, -) is in fact analytic near the approximate

solution 7(r). This can be seen in the expressions for %ﬂ at the end of §A.1. Hence, we can indeed use

m
power series methods. Indeed, we know a priori [3, Theorem 5.26] that solutions to the Einstein equation are
analytic, as a result of its ellipticity.

@ Springer


https://github.com/Qiu-Shi-Wang/SU2-Einstein

Annals of Global Analysis and Geometry (2026) 69:18 Page230f36 18

We will estimate the radius of convergence of each formal power series using the root
test. More specifically, given a (vector-valued) series ) . cxt®, the radius of convergence r
is given by r~! = lim SUp;_, oo llckll 1/ We estimate this quantity by taking the maximum of
the 10 “final terms” of the lim sup. More specifically, given a formal power series computed
up to N terms, we approximate its radius of convergence by

Each power series is then evaluated at 7 /2 past its centre, at which point another formal
power series solution is computed. This procedure is repeated until the final time ¢ ¢ is reached,
resulting in a heuristic approximate solution 7(¢) for t € [0, 7¢].

6.2 Chebyshev polynomial approximations

We will recall that the Chebyshev polynomials of the first kind T,, for n € N, are defined on
[—1, 1] through the identity
T, (cosB) = cos(nd).

T, (x) has zeroes {x;} fork =1, ..., n, where
(n(k - ;))
xp =cos | ———|.
n
We compute the heuristic derivative of 7(¢) using the right-hand side:

- 1. .
np(t) = ;Ln + M(t, n).

Consider a function f on [—1, 1]. If we let

2 \

N
cj = Zf(xk)T (x)

()= ()

then we may approximate f by a degree N — 1 polynomial via [20, Theorem 6.7]

4

N—1
f) & eTix) = ~co
=0

The approximation is exact at the N zeroes of Ty (x), which follows from the fact that the
T;’s satisfy on the zero set {xi} of 7, the discrete orthogonality property [20, §4.6]

et 0 ifi # j(<n)
Y T Ti) ={n+1  ifi=j=0
k=1 fn+1) if0<i=j<n.

We approximate 77p by a sum of Chebyshev polynomials 7jp(7) in exactly this manner,
after rescaling the the T;’s to be defined on [0, #¢] rather than [—1, 1].
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We can then integrate 7p (¢) starting from ¢ = 0, using the identity

1 1
Tpdt = —— Ty — ——— Ty,
/ " 2n+ ) " T 2!

to obtain an approximate solution 7(¢) satisfying 7(0) = 0 (and thus hypothesis (1) of Lemma
5.5) as a sum of Chebyshev polynomials.

6.3 Estimates on the linear and nonlinear terms

Using the expressions in appendix A, we note that M; (¢, ) and M, (¢, 1, ;) can be written
as rational functions of 7. Using the identity

1
Tan = 5 (Tm+n - T|m7n|) 5

we can write each term of M; and M,,; as a rational function of finite sums of Chebyshev
polynomials with coefficients controlled by interval arithmetic. They can in turn be converted
into a quotient of polynomials P (x)/Q(x) in the usual monomial basis.

We note that |P(x)/Q(x)| < € for all x € [a, b] if:

e There exists an xg € (a, b) such that | P(x9)/Q(x0)| < &,

e P —¢Q and P + ¢Q have no zeroes in [a, b].
In order to prove that a polynomial with coefficients given in interval arithmetic form has no
zeroes, we use Sturm’s theorem:
Theorem 6.1 Let P(x) be a polynomial with real coefficients. Define the Sturm sequence P;,
i>0, by

PO:Pa PIZP/s P[+]:_rem(Pi—laPi)9

where rem is the remainder of polynomial division. There are at most deg P nonzero terms.
For any & € R, consider the sequence

Po(§), P1(§), P2(§), ...

We will denote the number of sign variations in this sequence, disregarding zeroes, by V (§).
Then, V (a) — V (b) is the number of distinct real roots of P in (a, b].

We use binary search to determine reasonably sharp bounds ¢ on each relevant expression.
This procedure produces rigorous bounds C; and C,; satisfying hypotheses (2) and (3) of
Lemma 5.5 respectively. It is worth noting that the O(u?) terms of M,,; can be disregarded,
at the cost of a negligible fractional increase in C,;, as the perturbation p will be very small
and consequently all terms will be dominated by the leading order terms.

Remark To reduce the numerical precision required in the Euclidean divisions, similarly
to [5], we rescale the variable x of P(x) to y = x/p, and consider the sign variations of
I5(y) = f’(x/,o) = P(x) in (pa, pb]. Practically, we notice that p = 0.5 is a convenient
choice for our problem.

6.4 Smooth metric up until t;

Using the method of the previous subsection, we can obtain a C® estimate on

. 1 . o
E; = ;Ln(t) + M, 1) —np(),
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which we denote by ¢. Then, we compute
1
&0 = 5 5
AZ(t)Cu( 2ty + ﬁl‘oB)

using interval arithmetic. Here, recall that

1\ (h —1)2
I(tp) =exp(QC + Dtp+20) (L) . A=,
to 2h
19 1 1 l ﬁe*(cl+l/2)tf*)h ]/(l—k)
B=—+—+- h+—>, h=|——-— .
8 e 2 ( h 2 1}V/ABCG

If ¢ < &0, then hypothesis (4) of Lemma 5.5 holds. The lemma consequently stipulates the
existence of a real solution y up to time ¢y with bounds (28).

6.5 Extension to infinity

The procedure in this subsection follows §3. Given a choice of constants A, B, C, D, we
can use the bound (28) to give a rigorous estimate of |Zo|? from above, and consequently
estimate from above the quantity ¢, of §3.1 using interval arithmetic. We can also get upper
estimates for Ky from the bound (28).

More precisely, consider the solution i produced by Lemma 5.5 at the final time 7. It is
given by

n(ty) =nlty) + p(ty),

where the bound (28) on 1.(¢y) can be computationally absorbed into the interval-arithmetic
error of 7(¢y). We can then compute | Zo| = VZ1(50)2 + Z»(s0)2 + Z3(s0)2, where

1 1
Zi(so) =14+ — (ro -— = 774(1f)>
0 ty
1 by
Zz(S0)=l+*<ro—*—n5(tf)) (29)
£0 h
Za(s0) = 1+ — ( L (t))
3(50) = % ro ; neltg) ),

and ro = tanh(t7/2), pg = %(1 — rg). Similarly, we can obtain rigorous estimates on

3 (ot 4 3 (ot 4 3 4 4
Ko=2-73 *3+ﬁ*3 o () EZ+LZ ’
8vo \By 88y \vo 8ag \vy Ao

where
w0 = P0
% +n1(tf)
£0
Po= 157
T2 + [fr/2(tf)
00
Yo =

bty :
it )

We now state the main result of our paper.
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Theorem 6.2 There exists an open neighbourhood U C R? containing (h, b1) = (1.5,0.1)
such that for each (ﬁ Z;l) € U, there is a unique solution (a, b, c¢) : [0, 00) — [0, 00) x
(0, 00) x (0, 00) of the SU(2)-invariant Einstein ODEs (3), (4) satlsfylng the boundary
conditions a(0) = 0, a(0) = 2, b(0) = ¢(0) = h and b(O) = —¢(0) = b1 Thus, each
(h, b)) eU corresponds to a distinct SU (2)-invariant complete negative Einstein metric
iy 01 the bundle O(—4) over CP' of the form

8h.by) = dt* + a(t)*of + b(t)*03 + c(t)?03,

fort € [0, 00). Each of these metrics is conformally compact and neither Kdihler nor anti-
self-dual.

Proof Recall that so far we have used Lemma 5.5 to construct an Einstein metric on the
region {0 < t < ty} around the singular orbit, with very good control on its value n(ty) at
the “endpoint” {t = t}. This yields, after a coordinate and variables change, good control
on Z(sg) via (29), as well as an estimate on Kj.

By trial and error, following the heuristics outlined in the remark after the statement
of Lemma 3.2, we can choose A, B, C, D such that the hypotheses of said lemma hold.
Consequently, we obtain a solution 7(¢) of the Einstein equation on ¢ € [0, co) with the
boundary parameters (i, b1) = (1.5,0.1).

While we can deduce from the fact that it does not appear in the known classifications that
8&(h,by) 18 not Kihler nor anti-self-dual, it is also possible to verify this directly as follows. For
eacht € (0, 77), we have the tight bound (28) on |4 (#)[, and consequently good control on the
functions a(t), b(t), c(t) corresponding to g p,). One can explicitly check, using interval
arithmetic, that the equations of Theorem 4.1 of [9] are not satisfied, and consequently the
metric is not Kéhler. Finally, one checks that the metric is not anti-self-dual in a similar manner
with equation (30) of [7, §3]. By the well-posedness of the initial value problem (15) and the
continuous nature of the estimates of §3, there must consequently be an open neighbourhood
U of (h, by) in bijection with (non-Kéhler, non-anti-self-dual) Einstein metrics.

Finally, it remains to show that different points of U correspond to distinct, non-isometric
metrics. First, we note that diffeomorphisms of M which are equivariant under the coho-
mogeneity one action (say of the Lie group G) must send singular orbits to singular orbits
and principal orbits to principal orbits. Hence, if two metrics corresponding to two points
in U were isometric via a G-equivariant diffeomorphism, they must have isometric bolts,
and consequently the same bolt size h. In order for principal orbits to be isometric in a
neighbourhood of the bolt, they must also have the same value of bj.

If two metrics g1 and g were isometric via a non G-equivariant diffeomorphism, then
the isometric G-action on (say) g; pulls back to a G-action via isometries on g, which is
different from the cohomogeneity one action. This implies that the isometry group of g5 is
strictly larger than G (i.e. of higher dimension than SU (2)), which is not possible. O

Remark The metrics constructed in Theorem 6.2 are genuinely triaxial in the sense that the
initial data is a nonzero distance away (indeed a distance of &~ (.1) from the subset {b; = 0}
of parameter space corresponding to biaxial metrics. This is not the case for the metrics
constructed in [11, Lemma 4.5] by perturbing U (2)-invariant solutions.
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Appendix A Expressions and estimates for I; and M,
Recall that M (t, n) = (M}, ..., Mg)T is an analytic function of 7 and 5 (for n near 7)) given

by (16), and that for a true Einstein metric 1, an approximate Einstein metric 7, and © = n—1,
the quantities M; and M, are defined by

. oM; . . .
M, 1) = <7anf(t,n)> o M@ ) = M) = M) — My, i) - e
J ij

They form the decomposition

M, 9+ @) — M@, n) =M, 7)1+ Myt 9, 1),
O(u) O(u?)

which will play an essential role in the analysis of the Einstein equation near 7 (27). We are
interested in obtaining reasonably sharp constants C;, C,,; > 0 satisfying the estimates (17),
(18). To do so, we compute in this appendix explicit expressions for M; and M, from (16).

A.1 Linear term M,

We compute for My, My, M3 that

oM, . oM,

Tmz_m’ m=—m
M, by R oM, by ~
87172:_<z+ 5>’ 875:?2:"2
oMz by, IM3 by

with all other terms zero. Denote with a hat quantities corresponding to the approximate
solution 7. For M4, we have

oMy XoXs  XIX, XX}

2
=-== - 42X
3 2 2
am X3 X3 X3
My _ <X2X§ X% X%X2>t
2 3 2
dm2 X3 X3 X3
v, Y2 22 2 %
My _ (}(3)(2 3R xlx3)
2 3 2
am3 X7 X3 X3
oMy R . . oMy . oMy
—— =20 s —fle, ——=—f —— =M
N4 ans ane
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For M5, we have

oMs XX RR ORI,

52 3 v3
am X3 X; X3
M XX XiX, XoX? . h
S (R B2 0k )it o
an2 X3 X3 X3
aMs [ X3X?  X2XZ X3X; h
= — =+ = — = r— —
an3 X3 X3 X2 2t

oMs by R oMs . . R b1 oMs by .
— == — + , —=— -2 — -, — =—\—=—++ .
I (/’l 775) s N4 ns — e 7 a6 < A 775)

For Mg, we have

IMs )A(QA(% n )A(%)A(% B )?%)A(l

o2 o3 o2
am X3 X3 X3
dMg )22)2% X%X’% X%X’z h
m 2 T e ) T
n” 3 3 i
M X2x2 XXy XX h
R S P S S O T
an3 X3 X3 x? 2t
dMg _ by . dMg B by R dMg . R 2+ by
We may write this as a block matrix
Moo M01>
M = ,
! <M10 M
with
M di R by P by,
= diag { =4, — | — L=
00 2114 y T ) e
. . b, by .
My, = diag gy T h7+ﬂ3
—204 — 15 — 16 14 —4
My = —(%14-755) B —fy—20s —fs  — %+ﬁ5)
B e B e B fy — fis — 2i6

We can loosely estimate
1Ml < IMooll + 1Mol + IMioll + 1M1l

The first two terms are simple to estimate, namely
oobe b,
| Mooll = max q 741, IZ + 75l |Z — 16l

. bt b1
| Mo1 ]| = max |n1|,|ﬁ—n2|,|ﬁ+n3| .
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Furthermore

—14 —14 —14
e bl o~ b~ b A
Myl = =4 + 05 +fe)id + | =3 —0s =5 — s =3 — 105 |,

b A b bl A
D=1 F—1Ne - —16

so that

N s A ~ by ~ 2 by R 2
||M11||§|'74+775+776|+\/§\/|n4|2+<h-}-;75) +<Z_n6 )

We further simplify the components of Mg, as terms with positive powers of X\ are a priori
singular. Explicitly smooth expressions are listed below.

My = 1 R (2b' + i3 — H2) (X2 + X3)?
— =X -5+ 5
am (2 +t11) 2 X2X3
My o ooy 1 QU+ — X+ XD+ X) (1 >
o2 L (7+zm)
a2 (5 +171)? X5X3 2
My oo B —QU 4+ — )X+ XX+ X) (1 \?
FINRE S e i 2253 5t
an3 (3 +171) X3X3 2
OMs  opon 1 (1 . ) (X3 + XD (X3 + X2) <2b1 X )
7:XX7A+ — 41t - ~A A —S +n3—m
om Gy 2 X3X3 h
3M5 I A% )2'2
=2X,t — X3 X27A—771(1+“71)
. A )2 X3 X}
1 sby 1. . b1 .\ (b L\
—| (-5 + -G -2 t3(— =
+4X§[< TR AL n3)>+ ( (h2 +nz> 2 T
by 3 1 [3p by g
2 ~ ~
+th(—ﬁ+ 2) ]+W{h2 nz+n3+th<h2+n3>
IMs JUUR 3
—— = XX ——— i+ i)
an3 (5 +171)?
LI, Ly 2A) by ’
RAVER M3 nz —z T

+t2hb ’ R ) fi3 + o + th b+ ’
m T 13 42 g B e
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WMo oron 1 1 N\ +HXDEX3+X) (260 .,
7:)(%)(517’\3—(*‘*'“71) 3 /\22A2 724'7)3—772
am (3 +1t01) 2 X3X3 h

IMe cr s 13 X X
—:—XX7+771(1+H71) -

o A 2 X2 X2

1 sby 1. . b1 .\ (b L\
—— | (- + -G -2 3=+ (=
4X§[< T, 0m n3)>+ ( (h2 +772> 2 T
b .\ 1 (3 .. b 2
2
2h-——= - |- th
on(e) |- e oo
IMs o one 3
—=2X3r—X%X317—m(1+rm) :
an3 (5 +171)? X3 X
(22 Yy — i ) o (3 (2 45 i b ’
5 (b 3 1 3B .. by 2
+1°h h2+7l3 +E —hj—ﬂ3+ﬂ2+fh h2+772 .
2

For simplicity, we estimate the operator norm of Mg by its Frobenius norm, namely

+

A.2 Nonlinear term M,

We have
Myt = —pipa, Muyp = —pops, My 3= —u3ue,

as well as

M4 = —pa(us + s + pe) + Ry
My 5 = —us(ug + s + pe) + Ro
M6 = —pe(pa + s + pe) + R3ni1,

where R; , is the nonlinear part of R; (X) — R; ()? ) considered as a function of f.
2y2 X2 2
Let Kk ' be the nonlinear part of 5 — ~--/ Then
Xi X;

1

Rin = E(Kl — 3" — k3 +ud
1

Ry = E(Kgl _K321 —K123) +t2,u,%

1
R3n = 5(/(321 — /c123 — /c;l) + tz,ug.
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An explicit computation yields that

23 1 Xy + )
Kl = =2 - AzAi
X1 X](Xl + Ml)2
X+ )
X3(Xy + )2
31 1\ (3X3G6X0 +2t10)  4Xspops  2Xstpuap3(3Xo + 2t0)
k=5 1! 23 0% T 23 0%
2 X5(X2 + tua)? X3 X5(X2 + tua)?
2u1(3 +th1) +tud
X3(Xa + tpa)?

) (P33 + R2ud) + @Rtz + Pud) @ R3tus + 21d) )

20(X3 X303 + X3Xapun)

A

. . . . X2
((2X3M3 F X2~ Ropn + m%)xg) + M%X—Z.
2

The other relevant coefficient K321 is obtained by a permutation of the indices 2 <> 3 in the

formula for Kg 1

Appendix B Specific values used in the computer-assisted proof

In this appendix, we detail for illustrative purposes the specific values for the various constants
and estimates obtained from the choice of initial data h = 1.5, b1 = 0.1.

The heuristic ODE solver is used at 1000 digit precision, and the numerical Sturm’s
theorem estimator uses 2000 digit precision. Each power series is evaluated up to order
110, and the each component of the heuristic solution 7 is approximated by a degree 110
Chebyshev polynomial.

The specific solution we produce at (h, b1) = (1.5, 0.1) is shown in Figure 2.

Table2 Constants and values used in the fixed-point-theorem estimates of §5. The hypotheses mentioned are
those of Lemma 5.5. Quantities listed without inequalities are exact

Constant Value Requirement
h %:1.5 >%,/%amd<2+«/§
1 _
by 15 =0.1
ty 2.25
C < 30.895
Cul < 12.620
1
A 7
10 >9.100- 10717
Z(tf) <2.783-10%
19 1 1 1) o
B Ralaf(n+f)~3s82
&0 > 6.461 - 10732
€ <2.709 - 10733 < &0
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Table 3 Constants and values used in the estimates at infinity of §3. The hypotheses mentioned are those of
Lemma 3.2. Quantities listed without inequalities are exact

Constant Value Requirement
A 0.375
B 0.43
C -2.5
D Ko+ forany § > 0
20+ 25 o > 0 from hypothesis (1)
S0 1 —tanh(1.125) ~ 0.191
| Z(s0)| < 0.199
Cm < 0.33294 < 1/3 from hypothesis (2)
44C—50/Q2—50) —3m > 0.817 > 0 from hypothesis (3)
Ky < 0.594 < D from hypothesis (4)
14 2.25 ;
— a=pa H
124 L, 2001 — p=pb i
5 Qays{ T VERC )
3 10 s === ro=1-150~0.809 I
s & 150 v
s o 5 1251 :
E 64 E 1.00 1 i
E 2 0.75 1 |
S 47 £ |
g £ 0.50 i
27 ¥ 0251 i
0 0.00 i
0.0 0.5 1.0 15 2.0 25 0.0 0.2 0.4 0.6 0.8 1.0
unit speed geodesic coordinate t compactified coordinate r =tanh(t/2)

(A) Warping functions of an Einstein metric  (B) Warping functions of p?g as a function of
g of the form (2) in the geodesic coordinate ¢t.  the compact coordinate r € [0,1]. Note that
Note that a,b,c ~ e’ as t — oo. o/(1) = a(1) and cyclically.

Fig. 2 Plot of the warping functions of the Einstein metric constructed in §6, with h = 1.5, by = 0.1. The
cutoff time where the fixed-point construction of §5 meets the asymptotic hyperbolicity estimates of §3 is
indicated by the brown dashed line. The numerics are produced using an order 8 Runge—Kautta solver

Appendix C Boundary data and formal power series solutions for each
singular orbit topology

In this appendix, we will discuss the initial data to be used by the heuristic numerical solver
for various types of singular orbit topologies. From this point on, for simplicity we will denote
bj = b (0) and so on.

C.1 Initial data for a nut

Suppose that we have anutat t = 0, i.e. a(0) = b(0) = c(0) = 0, a(0) = b(0) = é(0) = §
and the singular orbit is a point. By the smoothness conditions, d(0) = 15(0) = ¢(0) = 0.
In fact, even without assuming that the functions are odd, one can show that the equations
require the second derivatives at zero to vanish. In order to distinguish a, b and ¢, we thus
have to consider the order 3 term. The tangential ODEs are trivial, while the conservation
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law gives

A
a3+b3+C3=—5.

Consequently, the metric near t = 0 takes the form

1 as ; 5 1 b33 5
1) = —t —t Ot, b(t) = -t —t Ot,
a(t) 2+6 +0(@) ®) 2+6 +0(@)
(1) = lt ! A+ +b )3+ 0@)
Cc —2 6 2 as 3 .

The free parameters are az and b3. Consider now a bolt at t = 0, supposing without loss of
generality that a(0) = 0 while b(0), ¢(0) # 0. Owing to the symmetries of the equations, we
may assume without loss of generality that a, b, ¢ > 0. All of the constraints and equations
also are symmetric under the exchange of b and c. Many of the calculations in this section
are done with a computer algebra system.

First, we note that in the case of a bolt, the conservation equation (4) is entirely redundant,
as it only needs to be verified to zeroth order and at zeroth order is equivalent to the sum of
the b and ¢ equations.

Taking limits # — 0 on both sides of the equation (5) for d, we get that b(0) = ¢(0) and
that & = 0. Denote

h =b(0) = c(0).

In fact, the smoothness conditions require that a be odd and 5%, ¢* be even, although it
suffices to verify this up to second order. For b, ¢, we note that the equation for @ = 0 gives
that b1 + ¢; = 0, while the right-hand side of the equation for b (or indeed for ¢) tends as
t —> 0tob (L — 4). Therefore by = ¢y = 0, unless a; = 2.

2
@

C.2 Initial data for an a(0) = 2 bolt (total space O(—4))

Assume that a; = 2. In this case, we have the free parameters / and b1, and the formal power
series solution

a(t) =2t + 0@, bt)=h+bit+0F>), ct) =h—bit +O(?).

The ranges of the parameters are & € (0, co) and b; € [0, 00).
Assume henceforth that a; # 2. This results in b1 = ¢; = 0 and subsequently the b = 0
equation gives that

N (P
(z - 7(_1(0)2) bO) + 75780 = = Al

and the ¢ = 0 equation gives the same thing with b and ¢ swapped. The two above conditions
together imply that for all a; # 1,
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C.3 Initial data for a a(0) = 1 bolt (total space O(—2))

When a; = 1, we just have the constraint b 4+ ¢ = % — Ah. Therefore the free parameters
in question are & and b, and the initial data is

aty=t+0@%), b@t)=h+ bz—zrz + 0@

) =h+ 1 Ah—b ﬁ+(9(t3)
co=ni (L-an-n) s o)

Assume from now on that a; # 2, 1.

We now consider first order constraints, i.e. evaluating the first time derivative of the
tangential equations at zero. The derivative of the a equation yields a3 = —a;/ h?. The first
derivative of the b (and therefore ¢) equation holds trivially for all values of the parameters.

Now we move to second order constraints, given a3 = —a; /hz. The second derivative
of the & = 0 equation is trivially true, and the second derivative of the b = 0 and & = 0
equations respectively give us

1 1 6a7 +4 4A
8— = |bat+ 5ca=——5—+ —

aj aj h3 h

LY PR 6a12+4+4A

— ——=)lg=———"—+—.

a% 4 a% 4 h3 h

We see that by = ¢4 = —Im W—kﬁlfandon]ylfa] #1/2.

C.4 Initial data for a a(0) = 1/2 bolt (total space O(—1))
If a1 = 1/2, then we only have the constraint

3
by+ep=—"— — 4=

Correspondingly, the solution takes the form
3

t 1 12 by
N=-——+0@), b)=h+(——An)=+ =t*+ 00,
a(t) =5 = o5 O b() +<h )4+24 +0@)
‘ 1 21 11 A A 5
c(t)y=h+ Z—Ah Z—i_ﬁ _W—i_z_b‘l 4+ 0).
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