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Abstract

In this thesis, we will explore the non-commutative Iwasawa algebra OG of a uniform

pro-p group G over the ring of integers O of a finite extension K\Qp. Our aim is to

explore the prime ideal structure of OG, and our ultimate goal is to prove that all

prime ideals have a standard form for which we have a complete classification. We

will focus on the case where G is solvable, and we will divide the problem into two

cases, prime ideals containing p and prime ideals not containing p.

In the former case, we may quotient out by p and study the mod-p Iwasawa algebra

kG, where k is the residue field of K. For G nilpotent, the classification in this case

was completed by Ardakov, using the theory of Mahler expansions of continuous au-

tomorphisms of G. In the first half of this thesis, we will recap this theory, and show

how it can be generalised to complete the classification for prime ideals in kG over

solvable groups G of the form Zdp o Zp.

In the latter case, we may tensor with K and study the rational Iwasawa algebra

KG. The theory of Mahler expansions ultimately fails in this case, so we will instead

explore methods involving p-adic representation theory. We focus on the case where

G ∼= ZdpoZp is nilpotent, and we will complete the classification for faithful primitive

ideals of KG in this case for p > 2. Our main technique will be to study the

representation theory of the completed enveloping algebra Û(L)K of the associated

Lie algebra L of G, and to describe all primitive ideals of this algebra using a class

of canonical representations.
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Chapter 1

Introduction

Throughout, we will fix a prime number p, and a finite extension K of Qp. Let

O = OK be the valuation ring of K, let π ∈ O be a uniformiser, and let k be the

residue field of K.

1.1 Completed group algebras and Iwasawa alge-

bras

Let G be a profinite group in the sense of [17, Definition 1.1], and let R be a commu-

tative, pseudocompact topological ring in the sense of [12], i.e. the limit of an inverse

system of Artinian rings, so we could of course take R = O or R = k. We define the

completed group algebra of G with coefficients in R as:

RG := lim←−
UEoG

R[G/U ] (1.1)

where R[H] denotes the standard group algebra, and the inverse limit is taken as

U runs over all open normal subgroups of G, which form a topological basis of the

neighbourhoods of the identity in G. We can think of RG as a certain topological

completion of R[G].

We will assume that G is a compact p-adic Lie group, meaning that it is locally

homeomorphic to Zdp. Using [17, Theorem 8.32] we see that this just means that G is

profinite and contains an open subgroup that is a uniform pro-p group in the sense
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of [17, Definition 4.1].

If G is a compact p-adic Lie group, the completed group algebra OG is sometimes

called the O-Iwasawa algebra of G. This is a Noetherian, semilocal algebra, and

it is of fundamental importance in the representation theory of compact p-adic Lie

groups, since studying continuous, O-linear representations of G requires us to study

modules over OG with a pro-discrete topology by [32, Corollary 19.3].

In this thesis, we are interested in classifying the two-sided ideals of OG, which has

been an ongoing project in non-commutative ring theory for many years.

Note: The p-adic field K is not pseudocompact with respect to its canonical topol-

ogy, so we do not define KG as lim←−
UEoG

K[G/U ].

The usual approach to studying OG is to consider it separately through the lens of

characteristic p and characteristic 0. More specifically, we consider two further rings:

• The mod-p Iwasawa algebra kG, this can be realised as the quotient OG/(π).

• The Iwasawa algebra of continuous K-distributions KG := OG⊗O K.

Studying prime ideals in both these algebras is equivalent to studying prime ideals in

OG, because prime ideals in kG are in bijection with prime ideals in OG containing

p, and prime ideals in KG are in bijection with prime ideals in OG not containing p.

Also, to underline the importance of KG as an algebra, recall from [33, Section 2]

the definition of the locally analytic K-distribution algebra of G, D(G,K), and recall

from [34, Theorem 5.1] that it is a Fréchet-Stein algebra. The distribution algebra is

essential within the study of locally analytic representations of G, since admissible,
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locally analytic K-representations of G arise as coadmissible modules over D(G,K).

The Iwasawa algebra KG embeds into D(G,K) as a dense subalgebra, and in fact

D(G,K) is faithfully-flat over KG by [34, Theorem 4.11]. This suggests that under-

standing the structure of KG would help towards understanding D(G,K), and since

KG is Noetherian and D(G,K) generally is not, this approach would be easier than

approaching D(G,K) directly.

Now, since any compact p-adic Lie group G contains a uniform open normal sub-

group U , it follows that we can realise RG as a crossed product RG = RU ∗ G
U

, for

R = O, k,K, and G
U

is a finite group. Therefore, we may restrict our attention to the

study of uniform groups, which can make our calculations easier.

The Iwasawa algebra of a non-abelian group was first defined in 1965 by Lazard in

[25], where he used it to compute the continuous cohomology of a compact p-adic

Lie group, but these objects were not well studied until the early 2000s when it was

observed by Coates, Schneider and Sujatha in [13] that classifying prime c-ideals in an

Iwasawa algebra would have applications to the representation theory of the Galois

group of an elliptic curve without complex multiplication, and other related areas

which have applications within the Langlands programme. This work initiated the

project of obtaining a complete classification of the prime ideals in OG.

The most obvious examples of prime ideals are augmentation ideals of the form

(H − 1)OG for some closed, normal subgroup H of G, and centrally generated ideals.

The ultimate aim of this research is to prove that all prime ideals in OG can be

reduced to this form.

Definition 1.1.1. Let R = O, k or K, and let G be a uniform pro-p group. We say

that a prime ideal P of RG is standard if there exists a closed, normal subgroup H
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of G such that:

• G0 := G
H

is torsionfree.

• H − 1 ⊆ P .

• The image of P in RG0 is centrally generated.

We say that P is virtually standard if P ∩ RU is a finite intersection of standard

prime ideals of RU for some open normal subgroup U of G.

Note: If P is a prime ideal in OG containing p, then P is (virtually) standard in OG

if and only if it is (virtually) standard in kG. Similarly, if p /∈ P then P is (virtually)

standard in OG if and only if it is (virtually) standard in KG.

Since the centre of RG is RZ(G) for G uniform by [2, Corollary A], for an ideal P to

be centrally generated just means that P = (P ∩RZ(G))RG, i.e. that P is controlled

by Z(G). Using this, we deduce the following result:

Theorem 1.1.2. Let G be a uniform group, and let P be a standard prime ideal of

OG. Then P is completely prime, i.e. OG
P

is a domain.

Proof. If p ∈ P , this follows from [1, Theorem 8.6], and we will see in Appendix B.2

that the proof of this generalises to the case where p /∈ P .

The main conjecture in the study of the ideal structure of non-commutative Iwasawa

algebras, which is the essence of [4, Question N, Question O], is that virtually standard

prime ideals characterise the entire prime spectrum of OG when G is solvable and

uniform:

Conjecture 1.1.3. Let G be a solvable, uniform pro-p group. Then every prime ideal

of OG is virtually standard, and every prime ideal containing p is standard.
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Note: This conjecture is generally untrue if G is not solvable. For example, if G is

semisimple then KG will contain many faithful ideals of finite codimension, which

cannot be standard. We do suspect, however, that all prime ideals of infinite codi-

mension are standard in this case.

Using Theorem 1.1.2, it would follow from this conjecture that prime ideals in OG

are typically completely prime. Moreover, given any prime ideal P , after quotienting

by a smaller augmentation ideal, it would follow that P is uniquely determined by a

prime ideal in OZ(G), thus reducing the problem of ideal classification to a commu-

tative setting.

Conjecture 1.1.3 is trivially true when G is an abelian group, and the smallest non-

abelian example for which it holds is groups of rank 2 in characteristic p [38]. In this

thesis, we will take steps towards proving the conjecture in general.

1.2 Results to date in characteristic p

It is often easier to work with the mod-p Iwasawa algebra kG than with the whole of

OG, and many more results have been established in this case.

The first steps towards a proof of Conjecture 1.1.3 were made by Ardakov, Zhang

and Wei in [8], for G a group of Chevalley type, i.e. a uniform pro-p group whose Lie

algebra has a Chevalley basis in the sense of [36, Theorem 1].

Recall that a one-sided ideal I of a ring A is reflexive if the canonical map I →

HomA(HomA(I, A), A) is an isomorphism, and if I is two-sided then I is reflexive if

it is reflexive as a left and a right ideal.

Theorem 1.2.1 ([8, Corollary to Theorem A]). Assume that p ≥ 5 and let G be a

uniform pro-p group of Chevalley type, where p - n + 1 whenever the root system of
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G contains an irreducible component of type An. Then 0 is the only reflexive prime

ideal of kG.

It follows trivially that all reflexive prime ideals in kG are standard, which is weak

evidence for Conjecture 1.1.3 in characteristic p for groups of Chevalley type.

Theorem 1.2.1 is the amongst the strongest results obtained to date for ideal clas-

sification in kG for G semisimple. The key technique in the proof was to define a

canonical set of kGp-linear derivations of kG, and to prove that they all fixed the

reflexive ideal P . It follows that P is generated by a subset of kGp, and applying

induction gives that P = 0. This idea formed the inspiration for the idea of Mahler

expansions which we will explore in Chapter 3.

The notion of Mahler expansions was fully developed by Ardakov in [1], focusing on

the case where the group G is nilpotent, culminating in the proof of the strongest

result obtained to date in characteristic p:

Theorem 1.2.2 ([1, Theorem A]). Let G be a uniform, nilpotent group, and let P

be a prime ideal in kG. Then P is standard.

This verifies Conjecture 1.1.3 for nilpotent groups in characteristic p, and the first

aim of this thesis is to extend this to more general classes of solvable groups.

1.3 Results to date in characteristic 0

Studying the Iwasawa algebra KG proves to be more difficult, and many of the tech-

niques used in characteristic p fail to carry across. However, the structure of KG

opens new avenues of exploration that are not available to us in characteristic p.

First, recall that if R is a ring and M is a (left) R-module, we define the annihilator

of M to be the set AnnRM := {r ∈ R : rM = 0}. This is a two-sided ideal of R.

6



Definition 1.3.1. Let R be a K-algebra. We say that a two sided ideal P of R is:

• Primitive if P = AnnR(M) for some irreducible R-module M .

• Weakly rational if the centre Z(R/P ) is an algebraic field extension of K.

It is well known that all primitive ideals are prime, and it is easy to show that all

maximal ideals are primitive.

For G uniform, the algebras OG and kG are scalar local, i.e. they both contain a

unique primitive (and maximal) ideal, so studying primitive ideals is trivial. On the

other hand, KG has a rich primitive ideal structure, which we can focus on classify-

ing. It follows from [18, Theorem 1.1(1)] that every primitive ideal in KG is weakly

rational.

A useful technique we can exploit when studying KG is Lie theory. If we let L be

the associated Zp-Lie algebra of G, then it follows from [6, Theorem 10.4] that the

affinoid enveloping algebra Û(L)K := lim←−
n→∞

U(L)/pnU(L)⊗ZpK arises as a topological

completion of KG. Using this result, we can use the representation theory of L to

explore the primitive ideal structure of KG.

This notion is particularly useful when we consider G to be split-semisimple, in

which case L has a root space decomposition, and there is a well developed theory

of Verma modules and simple highest weight modules (see e.g. [20] for details). This

was generalised to an analogous representation theory of Û(L)K by Ardakov and

Wadsley in [7]:

Theorem 1.3.2 ([7, Theorem 5.4]). Let G be a connected, simply connected, split-

semisimple affine algebraic group over Zp, let G be an open uniform subgroup of

G(Zp), and let L be the O-Lie algebra of G, with Cartan subalgebra T . Then for any
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O-linear character λ : T → O, the affinoid Verma module M̂(λ)K is faithful over

KG.

Here, M̂(λ) is a p-adic completion of the classical Verma module. This is a Û(L)K-

module, and as in the classical case it gives rise to a unique simple quotient L̂(λ)K .

It is believed that M̂(λ)K can be replaced by L̂(λ)K in the statement of the previ-

ous theorem, whenever L̂(λ)K is infinite dimensional, and this would help towards

proving Conjecture 1.1.3 for semisimple groups in characteristic 0, by describing all

primitive ideals in KG in terms of annihilators of L̂(λ)K .

It should follow from the work of Stanciu in [35] that all primitive ideals in Û(L)K

arise as annihilators of simple highest weight modules L̂(λ)K , so using the dense em-

bedding of KG into Û(L)K together with faithfulness of L̂(λ)K over KG, it should

follow that 0 is the only primitive ideal in KG of infinite codimension, i.e. all prime

ideals of infinite codimension are standard.

Remark: The completion Û(L)K is not faithfully flat over KG, so in general it is dif-

ficult to translate information about the ideal structure of Û(L)K to KG. However, in

[6, Section 10], an inverse system of Noetherian Banach algebras Dpn is constructed,

each of which arise as a completion of KG, can be realised as a finite crossed product

of the affinoid enveloping algebra, and the limit of this system is the distribution

algebra D(G,K), which is faithfully flat over KG.

However, we are instead concerned with solvable groups, where the theory of highest

weight modules does not carry over. The second aim of this thesis is to generalise this

theory to the solvable case, and to this end we will follow the approach of Dixmier

in [16] and construct a class of irreducible, induced representations of Û(L)K which

characterise primitive ideals, and study the action of KG on these representations.
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1.4 Main Theorems

Theorem 1.2.2 establishes Conjecture 1.1.3 in characteristic p in the case where G is

nilpotent, and our first main result generalises this to another class of solvable groups:

Given a uniform group G, we say that G is abelian-by-procyclic if it is isomorphic to

a semidirect product Zdp o Zp for some d ∈ N. Clearly abelian-by-procyclic groups

are solvable.

Theorem A. Let G be a uniform, abelian-by-procyclic group. Then every prime ideal

of kG is standard.

This result has already been established for groups of the form Zp o Zp in [38, The-

orem 7.1]. Using [31], we see that all solvable uniform groups of rank 3 or less are

abelian-by-procyclic, so Theorem A verifies Conjecture 1.1.3 in characteristic p for

all solvable groups of rank 3 or less.

Our second main result is the key step in the proof of Theorem A, and this result is

a control theorem:

Definition 1.4.2. Let R = O, k or K, and I be a right ideal of RG:

1. Define I† := {g ∈ G : g − 1 ∈ I}, a closed subgroup of G, and if I is two

sided it is normal in G. We say I is faithful if I† = 1, i.e. if the natural map

G→ RG/I, g 7→ g + I is injective.

2. We say that a closed subgroup H ≤c G controls I if I = (I ∩RH)RG. Define the

controller subgroup of I by Iχ :=
⋂
{U ≤o G : U controls I}.

It follows from [3, Theorem A] that a closed subgroup H of G controls an ideal

I E RG if and only if Iχ ⊆ H, so in particular Iχ controls I.

9



To prove that a prime ideal P in RG is standard, our usual approach is to quotient

out by P † to obtain a faithful prime ideal of RG0 where G0 = G
P †

, and then to prove

that this ideal is centrally generated, i.e. controlled by Z(G). Thus the important

step is to prove that faithful, prime ideals in RG are controlled by Z(G).

Note: This is particularly useful in characteristic p, where P † is always isolated by

[1, Lemma 5.3(c)], and thus G0 remains torsionfree.

The usual approach is to prove that under the right conditions, P is controlled by a

proper subgroup of G, and apply an inductive argument. However, for this argument

to work, we need to work in greater generality than uniform groups, because these can

often have closed subgroups that are not uniform. So for our main control theorem,

we will assume instead that G is p-valuable in the sense of [25, III 2.1.2]:

Theorem B. Let G be a non-abelian, p-valuable, abelian-by-procyclic group, and let

P be a faithful, prime ideal of kG. Then P is controlled by a proper, open subgroup

of G.

This result is actually all that is required to prove Theorem A, and we will give the

proof of both these results at the end of Chapter 4. The main theory we need for

the proof of Theorem B is the theory of Mahler expansions from [1], which we will

recap in Chapter 3, and in Chapter 4 we will explore how to overcome the difficul-

ties with applying this theory in the non-nilpotent setting, using non-commutative

valuation theory and Lie theory. Most of this work has already been published in [23].

Unfortunately, the theory of Mahler expansions is not very useful in characteristic 0,

even if we assume that the group is nilpotent. Our third main result is the strongest

we can obtain for ideals in KG using Mahler expansions alone, and we will prove this

in Chapter 3.

10



Theorem C. Let G be a uniform group, and let P be a faithful, weakly rational ideal

of KG. Then P is controlled by CG(Z2(G)), the centraliser of Z2(G) in G.

Here Z2(G) is the second centre of G, i.e. the preimage of the centre of G
Z(G)

in G.

This theorem is not useful if Z2(G) = Z(G), in which case G = CG(Z2(G)) and

the result is trivial. However, there are large classes of solvable groups for which

CG(Z2(G)) is a proper subgroup, in particular all nilpotent groups. In fact, if G has

nilpotency class 2, i.e. (G, (G,G)) = 1, then CG(Z2(G)) = Z(G), so it follows from

Theorem C that all faithful primitive ideals in KG are standard.

In Chapter 5, we will take an interlude from Iwasawa algebras, and focus solely on the

affinoid enveloping algebra Û(L)K of the associated Zp-Lie algebra L of G. Following

the approaches in [16], for each O-linear form λ of L, we will define a representation

of Û(L)K known as a Dixmier module, denoted D̂(λ), which is essentially a gener-

alisation of the affinoid Verma module M̂(λ) for a semisimple Lie algebra. We will

prove that this is irreducible, and define the corresponding Dixmier annihilator to

be the primitive ideal I(λ) := Ann
Û(L)K

D̂(λ).

Our fourth main result characterises weakly rational ideals of Û(L)K in terms of

Dixmier annihilators:

Theorem D. Let g be a finite dimensional, nilpotent K-Lie algebra, and let L be an

O-Lie lattice in g. Then if P is a weakly rational ideal of Û(L)K, there exists n ∈ N

such that P ∩ Û(pnL)K is a Dixmier annihilator.

It follows from Theorem D that all primitive ideals in KG can be described in terms

of Dixmier annihilators, from which we deduce the following useful corollary:

Corollary 1.4.5. Let G be a nilpotent, uniform pro-p group such that every faithful

Dixmier annihilator in KG is controlled by Z(G). Then any faithful, primitive ideal

in KG is maximal and standard.
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We will prove this corollary in Chapter 6. The essential idea of the proof is to

show that the annihilator inside KG of a Dixmier module is centrally generated, and

therefore standard, and use Theorem D to obtain the general case.

Theorem E. Let G be a nilpotent, abelian-by-procyclic uniform pro-p group, for

p > 2. Then all primitive ideals of KG are maximal and virtually standard.

We will prove this result at the end of Chapter 6, and this will establish a version of

Conjecture 1.1.3 in characteristic 0 for nilpotent, abelian-by-procyclic groups, specif-

ically a version concerning primitive ideals as opposed to general prime ideals.

To prove Theorem E, the idea is we show that all Dixmier annihilators in KG are

centrally generated, and apply Corollary 1.4.5. To this end, we will study the action

of the abelian normal subgroup CG(Z2(G)) on a Dixmier module, since the kernel of

this action completely determines the KG-Dixmier annihilator using Theorem C.
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Chapter 2

Preliminaries

Notation: We write H ≤o G,H ≤c G to mean that H is respectively an open

subgroup and a closed subgroup of G. Also, we write H Eic G to mean H is a closed,

isolated normal subgroup of G, i.e. G
H

is torsionfree. We write (·, ·) to denote the

group commutator.

2.1 Uniform and p-valuable groups

A uniform pro-p group G is a torsionfree, finitely topologically generated pro-p group

such that (G,G) ⊆ Gp (or G4 if p = 2). Note that any uniform pro-p group is a com-

pact p-adic Lie group, in fact it follows from [17, Theorem 8.32] that a topological

group G is a compact p-adic Lie group if and only if it is profinite and contains an

open, uniform subgroup.

However, it is possible for a uniform group G to contain subgroups, even open sub-

groups, which are not uniform, so we need to work in greater generality.

A p-valuation on a group G is a map ω : G→ R ∪ {∞} such that for all g, h ∈ G:

• ω(g−1h) ≥ min{ω(g), ω(h)}.

• ω((g, h)) ≥ ω(g) + ω(h).

• ω(g) =∞ if and only if g = 1.
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• ω(gp) = ω(g) + 1.

• ω(g) > 1
p−1

.

And (G,ω) is p-saturated if ω(g) > 1 + 1
p−1

if and only if g = hp for some h ∈ G.

In Appendix B.1, we describe the notion of p-valuations in full, and we will recap it

only briefly here.

Throughout this thesis, we will usually take G to be a group carrying a complete

p-valuation ω such that (G,ω) has a finite ordered basis g = {g1, · · · , gd} such that

for every g ∈ G, g = gα := gα1
1 · · · g

αd
d for some unique αi ∈ Zp, and we call d the rank

of G. In this case, we say that G is p-valuable, and note that G ∼= Zdp as topological

spaces (and as groups if G is abelian).

The important property of the O-Iwasawa algebra of a p-valuable group G, is that we

have an isomorphism ofO-modules betweenOG and the power series ringO[[b1, · · · , bd]],

where each gi is sent to bi + 1.

Examples: 1. A uniform pro-p group carries a p-valuation ω where for all g ∈ G,

max{n ∈ N : g ∈ Gpn} = ω(g)− 1 (or ω(g)− 2 if p = 2). Then (G,ω) is p-valuable,

and in fact p-saturated.

2. Given a p-valuable group (G,ω), and an automorphism ϕ ∈ Aut(G), we say that

ϕ is ω-bounded if {ω(ϕ(g)g−1)− ω(g) : g ∈ G} is bounded below, and we define the

degree of ϕ to be deg(ϕ) = inf{ω(ϕ(g)g−1)− ω(g) : g ∈ G} ∈ R.

Following [1, Definition 4.5], we define Autω(G) := {ϕ ∈ Autω(G) : deg(ϕ) > 1
p−1
},

and it follows from [1, Corollary 4.5] that Autω(G) is a subgroup of Aut(G), and in

fact if G is p-saturated then Autω(G) is a p-saturated group, with p-valuation deg.
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2.2 Abelian-by-procyclic Groups

Given an abstract group H, we say that H is metabelian if the commutator subgroup

(H,H) is abelian. Clearly if H is metabelian then H is solvable. In this thesis, we

will be particularly focused on studying the Iwasawa algebras for a particular class

of metabelian p-valuable groups.

Definition 2.2.1. Let H be a group, n ∈ N. Define the n’th centre Zn(H) of H

inductively by Z0(H) := 1, and for n > 0, Zn(H) := {h ∈ H : (h,H) ⊆ Zi−1(H)}.

We define the upper central series of H to be the ascending chain of subgroups:

1 = Z0(H) ⊆ Z1(H) ⊆ Z2(H) ⊆ · · ·

We say that H is nilpotent if the upper central series terminates at H, i.e. Zn(H) =

H for some n ∈ N. The nilpotency class of H is the smallest integer n such that

Zn(H) = H.

Note that each Zn(H) is a normal subgroup of H, and Z1(H) = Z(H). By definition,

the second centre Z2(H) of H is equal to {h ∈ H : (g,H) ⊆ Z(H)}, and we define

the centraliser of the second centre to be:

CH(Z2(H)) := {h ∈ H : (h, Z2(H)) = 1}. (2.1)

Observe the following properties of CG(Z2(G)) for G a p-valuable group:

• CG(Z2(G)) is a closed, isolated normal subgroup of G.

• CG(Z2(G)) is a proper subgroup of G precisely when Z2(G) 6= Z(G), e.g. if G

is nilpotent.

• If G has nilpotency class 2 then CG(Z2(G)) = Z(G).

• If G is nilpotent then (G,G) ⊆ CG(Z2(G)).

Lemma 2.2.2. For G any p-valuable group, U ≤o G, CU(Z2(U)) = CG(Z2(G)) ∩ U .
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Proof. Firstly, we will show that Z2(U) ⊆ Z2(G):

If g ∈ Z2(U) then (g, U) ⊆ Z(U) by definition, and Z(U) ⊆ Z(G) by [1, Lemma

8.4(b)], so (g, U) ⊆ Z(G). But we know that Gpn ⊆ U for some n ∈ N, so for all

h ∈ G, (g, hp
n
) ∈ Z(G).

But Z(G) is an isolated normal subgroup of G by [1, Lemma 8.4(a)], so by [25,

IV.3.4.2], G
Z(G)

carries a p-valuation ω. Since (g, hp
n
) ∈ Z(G), we have that ω((g, hp

n
)) =

∞, but ω((g, hp
n
)) = ω(g, h) + n by [32, Proposition 25.1], and hence ω((g, h)) =∞.

Thus (g, h) ∈ Z(G) for all h ∈ G, and g ∈ Z2(G) as required.

Now, given g ∈ CU(Z2(U)), (g, Z2(U)) = 1, so if h ∈ Z2(G) then hp
n ∈ Z2(G) ∩ U =

Z2(U), so (g, hp
n
) = 1. So since G is p-valued, applying [32, Proposition 25.1] again

gives that (g, h) = 1, thus g ∈ CG(Z2(G)) and CU(Z2(U)) ⊆ CG(Z2(G)). Conversely,

if g ∈ CG(Z2(G)) ∩ U then (g, Z2(G)) = 1, so since Z2(U) ⊆ Z2(G), (g, Z2(U)) = 1

and g ∈ CU(Z2(U)) as required.

Now, the class of metabelian groups we will be particularly interested in in charac-

teristic p are abelian-by-procyclic groups :

Definition 2.2.3. A compact p-adic Lie group G is abelian-by-procyclic if there

exists H Eic G such that H is abelian and G
H
∼= Zp. For G non-abelian, H is unique,

and we call it the principal subgroup of G. It follows easily that Z(G) ⊆ H and

(G,G) ⊆ H, i.e. G is metabelian.

Note that if G is abelian-by-procyclic and nilpotent, with principal subgroup H, then

it is straightforward to see that H = CG(Z2(G)).

If G is non-abelian, p-valuable abelian-by-procyclic with principal subgroup H, then

using Lemma B.1.2 we can choose an ordered basis {h1, · · · , hd, X} for G such that
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{h1, · · · , hd} is an ordered basis for H, and it follows that G ∼= H o Zp. So since H

is abelian, G ∼= Zdp o Zp.

Moreover, as described above, we can choose an element X ∈ G\H such that for

every g ∈ G, g = hXα for some unique h ∈ H, α ∈ Zp. We call X a procyclic element

in G.

Lemma 2.2.4. Let G be a non-abelian p-valuable abelian-by-procyclic group with

principal subgroup H, and let C be a closed subgroup of G. Then C is abelian-by-

procyclic. Furthermore, if N is a closed, isolated normal subgroup of G, then G
N

is

p-valuable, abelian-by-procyclic.

Proof. Let H ′ := C∩H, then clearly H ′ is a closed, isolated, abelian normal subgroup

of C. Now, C
H′

= C
H∩C

∼= CH
H
≤ G

H
∼= Zp, hence C

H′
is isomorphic to a closed subgroup

of Zp, i.e. it is isomorphic to either 0 or Zp.

If C
H′

= 0 then C = H ′ = H ∩ C so C ⊆ H. Hence C is abelian, and therefore

abelian-by-procyclic. If C
H′
∼= Zp then C is abelian-by-procyclic by definition.

For any N Eio G, it follows from [25, IV.3.4.2] that G
N

is p-valuable, and clearly HN
N

is a closed, abelian normal subgroup of G
N

.

Consider the natural surjection of groups G
H
� G

HN
∼= G/N

HN/N
:

If the kernel of this map is zero, then it is an isomorphism, so G/N
HN/N

∼= G
H
∼= Zp, so G

N

is abelian-by-procyclic by definition.

If the kernel is non-zero, then G
HN

is a non-trivial quotient of G
H
∼= Zp, and hence is

finite, giving that HN is open in G. So HN
N

is abelian and open in G
N

, and it follows

that G
N

is abelian, and hence abelian-by-procyclic.
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2.3 Non-commutative valuations

Let R be a ring, throughout this thesis, we assume that all rings are unital. In

Appendix A.2, we define a ring filtration on R to be a map w : R → R ∪ {∞} such

that for all x, y ∈ R:

• w(x+ y) ≥ min{w(x), w(y)},

• w(xy) ≥ w(x) + w(y),

• w(1) = 0 and w(0) =∞.

Also recall from Appendix A.2 the definition of a Zariskian filtration w on R, and a

w-regular element x ∈ R. Also recall that w is a valuation if every element of R is

w-regular, i.e. w(xy) = w(x) +w(y) for all x, y ∈ R. We will now see some examples

of filtrations which we use throughout:

Examples: 1. If I is a two-sided ideal of R, the I-adic filtration on R is given by

F0R = R and FnR = In for all n > 0. If I = πR for some normal element π ∈ R, we

call this the π-adic filtration.

2. If R carries a filtration w, then w extends naturally to Mk(R) via w((ai,j)) =

min{w(ai,j) : i, j = 1, · · · , k} – the standard matrix filtration.

3. If R carries a filtration w and I E R, we define the quotient filtration w : R/I →

Z ∪ {∞}, r + I 7→ sup{w(r + y) : y ∈ I}. In this case, grw R/I = gr R/gr I.

4. Let (G,ω) be a p-valuable group with ordered basis g = {g1, · · · , gd}. We say that

ω is an abelian p-valuation if ω(G) ⊆ 1
n
Z for some n ∈ Z, and ω((g, h)) > ω(g)+ω(h)

for all g, h ∈ G.
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If ω is abelian, then using [34, section 4] and the natural O-module isomorphism

OG ∼= O[[b1, · · · , bd]], we see that OG carries a complete, Zariskian filtration w given

by:

w(
∑
α∈Nd

λαb
α1
1 · · · b

αd
d ) = inf{vp(λα) +

∑
i≤d
nαiω(gi) : α ∈ Nd}.

Note that this is not an integer valued filtration, but it takes values in 1
e
Z, where e

is the ramification index of K. So we may replace w by ew to obtain an equivalent,

integer valued filtration, which can be given explicitly by:

w(
∑
α∈Nd

λαb
α1
1 · · · b

αd
d ) = inf{vπ(λα) +

∑
i≤d
enαiω(gi) : α ∈ Nd}.

Furthermore, using [34, Lemma 4.3], we see that the associated graded ring is isomor-

phic to k[t, t1, · · · , kd], where k := O/πO is the residue field, ti = gr(bi) = gr(gi − 1)

and te ∈ kgr(p). We call w the Lazard filtration on OG.

5. Again, let (G,ω) be a p-valuable group, and assume that ω is abelian. It follows

that the algebras kG = OG/(π) and KG = OG⊗O K inherit filtrations wk and wK

from OG, where wk is the quotient filtration and wK(r ⊗ π−k) = w(r)− k. We also

call these Lazard filtrations, and their associated graded rings have the form:

grwk kG
∼= k[X1, · · · , Xd].

grwK KG ∼= k[t, t−1, X1, · · · , Xd].

Note that kG and OG are complete with respect to their respective Lazard filtrations,

but KG is not. In fact, we will see later that its completion will have the form of a

p-adically complete enveloping algebra.

Now, recall that a Noetherian domain D is a non-commutative discrete valuation ring

(DVR) if for any element x ∈ Q(D), either x ∈ D or x−1 ∈ D (here Q(D) is the

usual ring of quotients of D). Note that in this case, D is local, and every ideal of D

is two-sided of the form J(D)n = µnD for any µ ∈ J(D)\J(D)2.
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Lemma 2.3.1. Let D be a non-commutative DVR, let v′ be the J(D)-adic filtration

on Q(D), and let R := Mn(D) for some n ∈ N. Let v be the standard matrix filtration

on Q(R) = Mn(Q(D)) corresponding to the v′, then given r ∈ R, r is v-regular if and

only if r is normal in R, i.e. rR = Rr.

Proof. Firstly, if r is normal then rR = Rr is a two-sided ideal of R, so rR =

Mn(J(D)m) for some m ∈ N, and v(r) = m. Suppose first that m = 0, i.e. rR = R,

and hence r is a unit in R, and v(r−1) = 0. Thus for any y ∈ Q(R), v(y) = v(r−1ry) ≥

v(r−1) + v(ry) = v(ry) ≥ v(y), forcing equality. Thus v(ry) = v(y) = v(r) + v(y),

and similarly v(yr) = v(y) + v(r) and r is v-regular.

More generally, if v(r) = m then r = µms for some s ∈ R with v(s) = 0, so since

rR = µmR it follows that sR = R and hence s is v-regular by the above, and it

follows that r is v-regular as required.

Conversely, if r ∈ R is v-regular, then it is not a zero divisor in Q(R), and hence it

is a unit since Q(R) is Artinian. If v(r) = m then r = µms for some s ∈ R v-regular

with v(s) = 0. Thus v(s−1) = −v(s) = 0, so s is a unit in R, i.e. sR = Rs = R.

Therefore r = µms is normal in R.

This lemma motivates the following definition:

Definition 2.3.2. Let Q be a simple, Artinian ring. A non-commutative valuation

on Q is a Zariskian filtration v : Q→ Z∪ {∞} such that if Q̂ is the completion of Q

with respect to v, then Q̂ ∼= Mk(Q(D)) for some complete non-commutative DVR D,

and v is induced by the matrix filtration induced by the natural J(D)-adic filtration.

2.4 Crossed Products

Given a ring R and a group G, recall from [29, Definition 1.5.8] that a crossed product

of R with G, denoted R ∗G, is a ring extension R ⊆ S, free as a left R-module with

basis {ḡ : g ∈ G} ⊆ S× in bijection with G such that for each g, h ∈ G:
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• ḡR = Rḡ and

• ḡRh̄R = ghR.

Also, recall from [30, Definition 1.1] that for any crossed product S = R∗G there is a

group homomorphism σ : G→ Aut(R), known as the action, and a map τ : G×G→

R× known as the twist, such that for all g, h ∈ G, r ∈ R:

• ḡr = σ(g)(r)ḡ and

• gh = τ(g, h)gh.

The crossed product is completely determined by its action and twist, in other words

for any homomorphism σ : G → Aut(R) and any map τ : G × G → R× satisfying

the conditions of [30, Lemma 1.1], there is a crossed product R ∗G with action σ and

twist τ .

We prove some basic, algebraic properties of crossed products in Appendix A.1, but

the following result is particularly essential:

Proposition 2.4.1. Let R be a ring with a complete, positive, Zariskian valuation

w : R → N ∪ {∞}, let F be a finite group, and let S = R ∗ F be a crossed product

with action σ and twist γ. Suppose that w(σ(g)(r)) = w(r) for all g ∈ F , r ∈ R.

Then w extends to a complete, positive, Zariskian filtration w′ : S → N∪{∞} defined

by w′(
∑

g∈F rgg) = min{w(rg) : g ∈ G}, and grw′ S ∼= (grw R) ∗ F .

Proof. From the definition it is clear that w′(s1 + s2) ≥ min{w′(s1), w′(s2)}. So to

prove that w defines a ring filtration, it remains to check that w′(s1s2) ≥ w′(s1) +

w′(s2).
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In fact, using the additive property, we only need to prove that w′(rgsh) ≥ w′(rg) +

w′(sh) for all r, s ∈ R, g, h ∈ F . We will in fact show that equality holds here:

w′(rgsh) = w′(rσ(g)(s)gh) = w′(rσ(g)(s)γ(g, h)gh) = w(rσ(g)(s)γ(g, h))

= w(r) + w(σ(g)(s)) + w(γ(g, h)) (since w is a valuation)

= w(r) + w(s).

The last equality follows because w(σ(g)(s)) = w(s) by assumption, and since R

is positively filtered and γ(g, h) is a unit in R, it must have value zero. Clearly

w(r) + w(s) = w′(rg) + w′(sh) so we are done.

Hence w′ is a well-defined ring filtration, clearly w′(r) = w(r) for all r ∈ R, and

w′(g) = 0 for all g ∈ F . We can define θ : grw R→ grw′ S, r + Fn+1R 7→ r + Fn+1S,

which is a well defined, injective ring homomorphism.

Given s ∈ S, s =
∑
g∈F

rgg, so let As := {g ∈ F : w(rg) = w′(s)}. Then:

gr(s) =
∑
g∈As

rgg + Fw′(s)+1S =
∑
g∈As

(rg + Fw′(s)+1S)(g + F1S) =
∑
g∈As

θ(gr(rg))gr(g).

Hence grw′ S is finitely generated over θ(gr R) by {gr(g) : g ∈ F}. This set forms a

basis, hence grw′ S is free over θ(gr R), and it is clear that each gr(g) is a unit in gr

S, and they are in bijection with the elements of F .

Therefore gr S is Noetherian, and clearly R∗F is complete with respect to w′. Hence

w′ is Zariskian by [28, Chapter II, Theorem 2.1.2].
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Finally, gr(rg)gr(sh) =gr(rgsh) since we have shown that w′(rgsh) = w′(rg)+w′(sh),

so it is readily checked that (gr R)gr(g)gr(h) = ((gr R)(gr(g))((gr R)(gr(h)), and

clearly (gr R)(gr(g)) = (gr(g))(gr R).

Therefore grw′ S = (grw R) ∗ F .

2.5 The C(G,O)-action

Fix G a compact p-adic Lie group, and define:

C(G,O) := {f : G→ O : f continuous}.

Then C(G,O) is an O-algebra with pointwise addition and multiplication. Also, for

each n ∈ N, define:

Cn = C(G, O
πnO ) := {f : G→ O

πnO : f locally constant}.

Then each Cn is an O-algebra, and there exists a surjective map:

cn+1,n : Cn+1 → Cn, f 7→ (h : G→ O
πnO , g 7→ f(g) + πnO).

Furthermore, there exists a surjective map

cn : C(G,O)→ Cn, f 7→ (h : G→ O
πnO , g 7→ f(g) + πnO),

and clearly cn+1,n ◦ cn+1 = cn for all n.

Lemma 2.5.1. C(G,O) = lim←−
n∈N

Cn in the category of O-algebras.

Proof. Firstly, note that C(G,O) is π-adically complete, and thus

C(G,O) = lim←−
n∈N

C(G,O)/πnC(G,O). (2.2)

Consider the morphism of O-algebras:

Θ : C(G,O)→ Cn, f 7→ (f ′ : G→ O
πnO , g 7→ f(g) + πnO)
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It is clear that this map is surjective, and if Θ(f) = 0 then f(g) ∈ πnO for all g ∈ G,

so f ∈ πnC(G,O). Thus ker(Θ) = πnC(G,O), so C(G,O)/πnC(G,O) ∼= Cn, and

the result follows from (2.2).

For convenience, set An := O
πnO for each n ∈ N, and note that OG/πnOG ∼= AnG.

Recall from [3, Proposition 2.5] that there exists an action ρn : Cn → EndO(AnG)

for each n such that if U ≤o G and f ∈ Cn is constant on the cosets of U , and r ∈ AnG

with r =
∑

g∈G//U
sgg for some sg ∈ AnU , then ρn(f)(r) =

∑
g∈G//U

f(g)sgg. Here G//U

denotes a complete set of coset representatives for U in G.

Consider the canonical homomorphisms:

νn : EndO(AnG)→ Hom(OG,AnG),

f 7→ (g : OG→ OG/πnOG, r 7→ f(r + πnOG)).

µn+1,n : Hom(OG,An+1G)→ Hom(OG,AnG),

f 7→ (g : OG→ OG/πnOG, r 7→ f(r) + πnOG).

These give rise to the following commutative diagram for each n ∈ N:

Cn EndO(AnG) HomO(OG,AnG)

Cn+1 EndO(An+1G) HomO(OG,An+1G)

ρn νn

cn+1,n

ρn+1 νn+1

µn+1,n

Now, using a similar argument to Lemma 2.5.1, we get

HomO(OG,OG) = lim←−
n∈N

HomO(OG,AnG)

so it follows that there is a unique map from C(G,O) = lim←−
n∈N

Cn to HomO(OG,OG) =

EndOOG making the corresponding diagrams commute.
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Definition 2.5.2. Define ρ : C(G,O) → EndO(OG) to be the unique morphism

defined above. We call this the canonical action of C(G,O) on OG.

Note that for each n ∈ N, f ∈ Cn, g ∈ G, ρn(f)(g) = f(g)g, and it follows that

for each f ∈ C(G,O), we still have that ρ(f)(g) = f(g)g. Also, note that if f ∈

C(G,O) is locally constant, then ρ(f) is the same as the endomorphism defined in

[3, Proposition 2.5], and we have the following result:

Proposition 2.5.3 ([3, Proposition 2.8]). For each U ≤o G, let CU := {f ∈

C(G,O) : f is constant on the cosets of U}. Then CU is an O-subalgebra of C(G,O),

and for any right ideal I of OG, I is controlled by U if and only if ρ(CU)(I) ⊆ I, i.e.

if and only if for all g ∈ G, ρ(δUg)(I) ⊆ I, where δUg is the characteristic function of

the coset Ug.

Since the canonical action of C(G,O) on OG preserves the ideal (π), it follows that

it induces an action on kG which coincides with the action of C∞(G, k) defined in

[3], so the previous proposition still applies when O is replaced by k.

Now let us assume that G is p-valuable, and let g = {g1, · · · , gd} be an ordered basis

for G. For each α ∈ Zdp, define i
(α)
g : G→ O, gβ 7→

(
β
α

)
, where

(
β
α

)
:=
(
β1
α1

)
· · ·
(
βd
αd

)
.

Clearly i
(α)
g ∈ C(G,O), so let ∂

(α)
g := ρ(i

(α)
g ) ∈ EndO(OG). We call this the α-

quantized divided power. For each i = 1, · · · , d, if ei is the standard i’th basis vector,

we let ∂i := ∂
(ei)
g .

Proposition 2.5.4. Suppose that I is a right ideal of kG and ∂j(I) ⊆ I for some

j ∈ {1, · · · , d}. Then I is controlled by a proper open subgroup of G.

Proof. Recall from [1, Lemma 7.13] that if V is an open normal subgroup of G with

ordered basis {g1, · · · , gs−1, g
p
s , · · · , gpr , gr+1, · · · , gd} for some 1 ≤ s ≤ r ≤ d, then for

each g ∈ G, ρ(δV g) can be expressed as a polynomial in ∂s, · · · , ∂r. So it follows from
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Proposition 2.5.3 that if ∂i(I) ⊆ I for all i = s, · · · , r, then I is controlled by V .

Since we know that ∂j(I) ⊆ I, it remains to show that we can find a proper, open

normal subgroup U of G with ordered basis {g1, · · · , gj−1, g
p
j , gj+1, · · · , gd}, and it will

follow that U controls I.

Notation: Given d variables x1, · · · , xd, we will write x to denote the set {x1, · · · , xd},

x(j,p) to denote the same set, but with xj replaced by xpj , and x(j) to denote the set

with xj removed altogether. We write xα to denote xα1
1 · · ·x

αd
d .

Let U be the subgroup of G generated topologically by the set g
j,p

. It is clear that this

subgroup contains Gp, and hence it is open in G. Let us suppose, for contradiction,

that it contains an element u = gα where α ∈ Zdp and p - αj.

Recall from [17, Definition 1.8] that the Frattini subgroup φ(G) of G is defined as

the intersection of all maximal open subgroups of G, and since G is a pro-p group, it

follows from [17, Proposition 1.13] that φ(G) contains Gp and [G,G].

Hence φ(G) is an open normal subgroup of G, and G
φ(G)

is abelian.

Since g
(j,p)

generates U , it is clear that gφ(G)
(p,j)

generates Uφ(G)
φ(G)

. Therefore uφ(G) =

gφ(G)β
(j,p)

for some β ∈ Zdp.

But we know that u = gα, so uφ(G) = gφ(G)α. So since G
φ(G)

is abelian, it follows

that g
αj−pβj
j φ(G) = gφ(G)γ

j
for some γ ∈ Zdp.

But since p - αj, αj − pβj is a p-adic unit, and hence gjφ(G) = gφ(G)δ
j
, where

δi = γi(αi − pβi)−1. Therefore G
φ(G)

is generated by gφ(G)
(j)

=
g
(j)
φ(G)

φ(G)
.

It follows from [17, Proposition 1.9] that G is generated by g
j
, which has size d−1, and
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this is a contradiction since the rank d of G is the minimal cardinality of a generating

set. Therefore, every u ∈ U has the form gβ
j,p

for some β ∈ Zdp, i.e {g1, · · · , gpj , · · · , gd}

is an ordered basis for U .

Lemma 2.5.5. For any ordered basis {g1, · · · , gd}, i = 1, · · · , d, ∂i is a k-linear

derivation of kG.

Proof. The proof of the previous proposition shows that {g1, · · · , gpi , · · · , gd} is an or-

dered basis for a proper, open normal subgroup U of G. Hence every element r ∈ kG

can be written as
∑

0≤j<p
rjg

j
i for some unique rj ∈ kU , and ∂i(r) =

∑
0≤j<p

jrjg
j
i .

Since ∂i is k-linear, to prove that it is a derivation it remains to prove that ∂i(sg
j
i tg

l
i) =

sgji ∂i(tg
l
i) + ∂i(sg

j
i )tg

l
i for all s, t ∈ kU , 0 ≤ j, l < p.

But ∂i(sg
j
i tg

l
i) = ∂i((sg

j
i tg
−j
i )gj+li ) = (j + l)(sgji tg

−j
i )gj+li = jsgji tg

l
i + lsgji tg

l
i =

sgji ∂i(tg
l
i) + ∂i(sg

j
i )tg

l
i as required.

2.6 Mahler Expansions

The theory of Mahler expansions of automorphisms ϕ ∈ Autω(G) was developed in [1,

Section 6], purely in a characteristic p setting. We now extend this to the general case.

Fix G a p-valuable group, let A be a O algebra carrying a complete, separated, O-

linear filtration v : A→ Z∪{∞}, and suppose there is a continuous map ofO-algebras

τ : OG→ A. First we will need the following well-known result [25, III.1.2.4], known

as Mahler’s Theorem:

Theorem 2.6.1. Let M be a complete, topological Zp-module, let d ∈ N, and let

f : Zdp → M be any continuous map. Then for each α ∈ Nd, there exist coefficients

mα(f) ∈ M such that mα(f) → 0 in M as α → ∞, and for every β ∈ Zdp, f(β) =∑
α∈Nd

mα(f)
(
β
α

)
.
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Note: When we write
(
β
α

)
we mean

(
β1
α1

)
· · ·
(
βd
αd

)
.

So, given an automorphism ϕ ∈ Autω(G), fix an ordered basis g = {g1, · · · , gd} for

(G,ω), and consider the map f : Zdp → A, β 7→ τ(ϕ(gβ)g−β).

Since A is a complete Zp-module, we can apply Theorem 2.6.1 to obtain elements

mα(ϕ, g) = mα(f) ∈ A for every α ∈ Nd such that mα(ϕ, g) → 0 as α → ∞ and

f(β) = τ(ϕ(gβ)g−β) =
∑
α∈N

mα(ϕ, g)
(
β
α

)
for every β ∈ Zdp, or in other words:

τϕ(gβ) =
∑
α∈Nd

mα(ϕ, g)

Ç
β

α

å
τ(gβ). (2.3)

We call mα(ϕ, g) the α-Mahler coefficient of ϕ, and there is in fact an explicit formula

for these coefficients:

mα(ϕ, g) =
∑
γ≤α

(−1)α−γ
Ç
α

γ

å
τ(ϕ(gγ)g−γ). (2.4)

Recall the definition of the quantized divided power ∂
(α)
g ∈ EndO(OG) for each α ∈ Nd

from the previous section, and recall that ∂
(α)
g (gβ) =

(
β
α

)
gβ for every β ∈ Zdp. It follows

from (2.3) that for every g ∈ G:

τϕ(g) =
∑
α∈Nd

mα(ϕ, g)τ∂(α)
g (g). (2.5)

Since ∂
(α)
g is O-linear, it is clear that this identity also holds for any g ∈ O[G] after

we extend ϕ linearly.

In fact, ϕ extends to a continuous, O-linear automorphism of OG by the proof of [1,

Lemma 6.6], so we may consider the homomorphism τϕ : OG → A. Since ϕ and τ

are continuous, this is a continuous homomorphism.
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Also, since A is complete and mα(ϕ, g) → 0 as α → ∞, it follows that the sum∑
α∈Nd

mα(ϕ, g)τ∂
(α)
g (r) converges for every r ∈ OG. So since ∂

(α)
g is continuous and

O-linear, we see using (2.5) that:

τϕ =
∑
α∈Nd

mα(ϕ, g)τ∂(α)
g (2.6)

as continuous O-linear endomorphisms OG→ A. We call this expansion for τϕ the

Mahler expansion of ϕ.

2.7 Lie theory

As in the classical theory of Lie groups, to each compact p-adic Lie group G we can

associate a Qp-Lie algebra g, indeed it is shown in [32] that g can be regarded as the

tangent space to G at the identity, completely analogously.

However, following [17], we instead use a more algebraic construction. This is a well

known theory, which we outline fully in Appendix C.1, where we define the Zp-Lie

algebra LG = log(G) of a p-saturated group G to be the subset of the completion‘QpG with respect to the Lazard filtration consisting of elements of the form log(g)

for g ∈ G.

Also, recall from Appendix B.1 that every p-valuable group G can be embedded

as an open subgroup into the p-saturable group Sat(G), and we define the Qp-Lie

algebra of G to be gG := LSat(G) ⊗Zp Qp.

Given an automorphism ϕ ∈ Autω(Sat(G)), consider the image ϕ∗ of ϕ under the

transport of structure functor, i.e. for any u ∈ L = log(Sat(G)),

ϕ∗(u) = log(ϕ(exp(u))).

This is a Zp-linear derivation of L, and recall from [1, Proposition 4.6] that deg(ϕ∗−

1) > 1
p−1

, where deg(σ) denotes the degree of a linear endomorphism of L, as defined

in Appendix C.1. This gives rise to the following definition:
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Definition 2.7.1. Let ϕ ∈ Autω(G), and let ϕ̃ be the extension to Sat(G). Then

define the logarithm of ϕ as:

z(ϕ) : Sat(G)→ Sat(G), g 7→ exp

((∑
n≥1

(−1)n+1

n
(ϕ̃∗ − 1)n

)
(log(g))

)
(2.7)

This definition makes sense because since deg(ϕ̃∗−1) > 1
p−1

, the series
∑
n≥1

(−1)n+1

n
(ϕ̃∗ − 1)n

converges as an endomorphism of L. We will see later that given certain conditions

on ϕ, we can raise z(ϕ) to sufficiently high p’th powers to ensure that its image lies

in G.

2.8 Affinoid Enveloping Algebras

In Appendix D, we define an affinoid K-algebra as a quotient of the commutative Tate

algebra K〈t1, · · · , td〉 of convergent power series in K. In this section, we define a

non-commutative equivalent of affinoid algebras. First, recall the following definition

[6, Definition 2.7]:

Definition 2.8.1. Let V be a K-vector space. An O-lattice in V is an O-submodule

N of V such that
⋂
n∈N

πnN = 0 and N ⊗O K = V .

Note that every O-lattice N in V induces an exhaustive, separated filtration wN on

V given by

wN(u) := sup{n ∈ Z : u ∈ πnN}.

This is the π-adic filtration on V associated to N . If V is finite dimensional, then

V and N are complete with respect to wN , and if N1, N2 are different lattices then

wN1 and wN2 are topologically equivalent. More generally, the completion of N with

respect to wN is the O-module defined by:“N := lim←−
n∈N

N/πnN (2.8)
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while the completion of V with respect to wN is the K-vector space “V = “NK :=“N ⊗O K.

Now, let g be a finite dimensional K-Lie algebra, and let L be an O-Lie lattice in

g, i.e. L is an O-lattice in g and it is closed under the Lie bracket. Note that the

enveloping algebra U(L) is an O-lattice in U(g).

Definition 2.8.2. Define the affinoid enveloping algebra of L with coefficients in O

to be Û(L), the completion of U(L) with respect to its π-adic filtration. Also, define

the affinoid enveloping algebra of L with coefficients in K to be Û(L)K := Û(L)⊗OK

– the completion of U(g) with respect to the π-adic filtration associated to U(L).

The following lemma is a straightforward consequence of the Poincaré-Birkoff-Witt

theorem, see e.g. [26, Proposition 2.5.1] for the proof.

Lemma 2.8.3. If we let {x1, · · · , xd} be a K-basis for g which forms an O-basis for

L, then Û(L) is isomorphic as an O-module to the Tate algebra O〈x1, · · · , xd〉, and

hence Û(L)K is isomorphic to K〈x1, · · · , xd〉 as a K-vector space.

Now, let M be a g-representation, i.e. a U(g)-module, and let N be an O-lattice

in M such that L · N ⊆ N , and suppose that N is π-adically complete. Then it

follows that M has the structure of a Û(L)K-module. Unless otherwise stated, we

will assume that all modules are left modules.

Proposition 2.8.4. Let M be a finitely generated Û(L)K-module. Then M contains

an O-lattice N such that N is π-adically complete and L ·N ⊆ N .

Proof. M = Û(L)Km1 + · · ·+ Û(L)Kms, so let N := Û(L)m1 + · · ·+ Û(L)ms, clearly

N is an O-lattice in M .

Note that since Û(L) is π-adically complete and gr Û(L) ∼= k[t, u1, · · · , ud] is Noethe-

rian, it follows from [28, Ch. 2, Theorem 2.1.2] that the π-adic filtration on Û(L) is
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Zariskian, and hence any left submodule of Û(L)
s

is closed in Û(L)
s

.

Since N ∼= Û(L)
s

J
for some left submodule J of Û(L), it follows that N is π-adically

complete.

2.9 Completions of KG

Recall from section 2.7 that we define the associated Lie algebra LG of a p-saturable

group G to be a subset the completion ‘QpG of QpG with respect to the Lazard filtra-

tion. In this section, we will explore how we can describe completions of the rational

Iwasawa algebra KG using this Lie algebra. Throughout, we will assume that p > 2.

The most obvious completion of KG is with respect to the Lazard filtration wK . The

following result allows us to realise this as an affinoid enveloping algebra.

Theorem 2.9.1. Let G be a p-saturable group. Then the completion ‘KG of KG

with respect to the Lazard filtration is isomorphic to an affinoid enveloping algebra

Û(L)K, where L is an O-Lie lattice in gG ⊗Qp K containing LG ⊗Zp O. Indeed, if G

is uniform, then L = 1
p
LG ⊗Zp O.

Proof. This follows from [25, Théorème IV 3.2.5] in the case where K = Qp. By

extension of scalars, we get an embedding KG ↪−→ Û(L)K of K-algebras, continuous

with respect to the Lazard filtration on KG and the π-adic filtration on Û(L)K . Since

the latter is complete, it follows that this is a dense embedding.

The same argument was repeated in the case where G is uniform in [6, Theorem

10.4], in which case L was taken to be 1
p
LG ⊗Zp O.

This is a useful result, because from the point of view of calculation, it is easier to

work inside the affinoid enveloping algebra than the Iwasawa algebra. This is not

always the best completion, however, since it it not faithfully flat over KG.

32



Perhaps a better choice for a completion of KG would be the distribution algebra

D(G,K) of G with coefficients in K in the sense of [34]. In this case, the natural

dense embedding KG → D(G,K) is faithfully flat by [34, Theorem 4.11], but un-

fortunately D(G,K) is not Noetherian, so it would be difficult in practice to extract

general ring-theoretic information from D(G,K).

However, for each n ≥ 0, consider the crossed products Dpn = Dpn(G) := Û(pnL)K ∗
G
Gp

n as defined in [6, Proposition 10.6], which arise as a Banach completions of KG

with respect to the extension of the dense embedding KGpn → Û(pnL)K to KG =

KGpn ∗ G
Gpn

. These algebras give rise to an inverse system:

KG→ · · · → Dp3 → Dp2 → Dp → D0 = Û(L)K

and we strongly believe that D(G,K) = lim←−
n→∞

Dpn . So since D(G,K) is faithfully flat

over KG, we want to approximate D(G,K) using the Noetherian Banach algebras

Dpn , and thus limit how much information we lose. The following result makes this

more precise:

Proposition 2.9.2. Let P be a primitive ideal of KG, then for all sufficiently high

n ∈ N, there exists a primitive ideal Qn of Dpn = Û(pnL)K ∗
G
Gpn

such that Qn∩KG =

P .

Proof. Since P is primitive, P = AnnKGM for some irreducible KG-module M .

Using [6, Proposition 10.6(e), Corollary 10.11], we see that for n sufficiently high,

M̂ := Dpn ⊗KGM 6= 0.

Since M is irreducible and M̂ 6= 0, the natural map M → M̂,m 7→ 1 ⊗ m is

injective. And since Dpn is a Banach completion of KG with respect to some filtration

w, it follows that M̂ is a completion of M = KGm with respect to the filtration

v(rm) = sup{wn(r + y) : y ∈ KG and ym = 0}.
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Therefore, if r ∈ P , i.e. rM = 0, then passing to limits shows that rM̂ = 0, so

P ⊆ AnnKG M̂ = (AnnDpn M̂) ∩KG.

Now, sinceDpn is Noetherian and M̂ is a finitely generatedDpn-module, we can choose

a maximal submodule U ≤ M̂ , and let M ′ := M̂/U – an irreducible Dpn-module.

Also note that U is finitely generated by Noetherianity of Dpn , so completeness of

Dpn implies that U is complete, and hence closed in M̂ .

Since M is irreducible, the composition M ↪−→ M̂ � M ′ is either injective or zero.

If it is zero then M ⊆ U , and since U is closed in M̂ , it follows that M̂ ⊆ U and

M ′ = 0. This contradiction implies that the composition is injective.

Finally, let Qn = AnnDpn M
′, then Qn is a primitive ideal of Dpn , and P ⊆

AnnKG M̂ ⊆ AnnKGM
′ = Qn ∩KG. Also, if r ∈ Qn ∩KG then rM ′ = 0, so since

M ⊆M ′, rM = 0 and r ∈ P . Thus P = Qn ∩KG as required.

Remark: The proof of [6, Proposition 10.6(e), Corollary 10.11] cited in the above

proof was proved in [6] only in the case where K/Qp is an unramified extension, but

the proof carries across.

Lemma 2.9.3. Let A be a free abelian pro-p group of rank d, A := 1
p

log(A). Then

A
Ap

= C1 × · · · × Cd where each Ci = 〈ci〉 = 〈giAp〉 is a cyclic group of order p, and

Dp = Dp(A) is an iterated crossed product:

Dp = Û(pA)K ∗ C1 ∗ · · · ∗ Cd

where for each i = 1, · · · , d cir = cri for 0 ≤ r < p, and ci
p = gpi .

Proof. Firstly, it is clear that since A = Zdp that A
Ap

=
Zdp

(pZp)d
= ( Zp

pZp )d = C1× · · ·×Cd

as required.
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For the second statement, it suffices to prove that KA = KAp ∗ C1 ∗ · · · ∗ Cd, and

that this decomposition satisfies the same properties, since it will be preserved after

passing to the completion.

Choose a Zp-basis {g1, · · · , gd} for A, and we may assume that Ci = 〈ci〉 where

ci = giA
p. Then every element r ∈ KA has the form

∑
α∈[p−1]d

rαg
α1
1 · · · g

αd
d for some rα ∈

KAp, and r is sent to
∑

α∈[p−1]d
rαc

α1
1 · · · c

αd
d under the isomorphism KA→ KAp ∗ A

Ap
.

So, since gi, gj and gigj are sent to ci, cj and cicj respectively, it follows that cicj = ci·cj

for each i, j. Hence KA = KAp ∗ C1 ∗ · · · ∗ Cd.

Finally, for 0 ≤ r < p, gri is sent to cri , and hence ci
r = cri , and gpi ∈ KAp is sent to

gpi , so ci
p = gpi as required.

2.10 The Adjoint algebraic group

Let g be a finite dimensional nilpotent K-Lie algebra, and let L be an O-Lie lattice

in g. In Appendix C.2, we define the adjoint algebraic groups associated to g and pL.

These are group functors, and we denote them by G and G0 respectively.

Then G is an affine K-scheme, isomorphic to Am
K where m = dimK ad(g) = dimK

g
Z(g)

.

Therefore, we show in Appendix D that we can identify the rigid analytification Gan

with G. Also, for every finite extension F/K, G0(OF ) is an open affinoid subgroup of

G(F ), when considered as a rigid variety, isomorphic to the polydisc Dm
0 (F ). There-

fore, we can consider G0 as an open affinoid subdomain of G.

Given λ ∈ g∗, let X be the coadjoint orbit of λ in g∗, and let S be the stabiliser of λ

in G, i.e. S(F ) := {g ∈ G(F ) : g · λ = λ}, a subgroup functor of G.
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Lemma 2.10.1. There exists an isomorphism of K-varieties G ∼= S ×X such that

the map G→ X, g 7→ g · λ is just the natural projection S ×X → X.

Proof. Since G is affine and S is closed in G, we see using [10, Theorem II.6.8] that

the quotient variety G/S exists. Since the orbit map G → X is surjective and K

has characteristic 0, it follows that this map is separable in the sense of [10, AG.8.2],

and hence using [10, Theorem AG.17.3] and [10, Proposition II.6.7] it follows that

X = G/S and that the map G→ X is the quotient map. Since X is closed in g∗, it

follows that G/S is affine.

Now, using [22, I.5.6(1)] we see that G × S ∼= G ×G/S G as varieties, and using this

isomorphism, it follows that the natural map G → G/S is an S-torsor in the sense

of [14, Ch.III Definition 4.1.3].

Therefore, since S is unipotent and G/S is affine, it follows from [14, Ch.IV Propo-

sition 4.3.7(b)] that the torsor G → G/S is trivial, i.e. G ∼= S × G/S = S × X as

varieties and the map G→ X is just the projection to the second factor.

For each finite extension F/K, there exists a canonical action of G0(OF ) by contin-

uous automorphisms on the affinoid enveloping algebra Û(L)F , simply by applying

the exp series to the endomorphisms ad(u) : Û(L)F → Û(L)F for u ∈ pLF , which is

well defined since ad(u)p
n

converges to 0 as n→∞.

Note: 1. The action of G0 on Û(L)K preserves two-sided ideals.

2. If a is an ideal of g and A := a ∩ L, then the action of G0(O) on Û(L)K restricts

to Û(A)K . We say that an ideal I of Û(H)K is G0-invariant if g(I) = I for all

g ∈ G0(O), and I is G0-prime if it is G0-invariant and for any G0-invariant ideals

A,B of Û(H)K , AB ⊆ I implies that A ⊆ I or B ⊆ I.
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Proposition 2.10.2. Let h be an ideal of g, and let H := h ∩ L. Then if P is a

prime ideal of Û(L)K then Q := P ∩ Û(H)K is a G0-prime ideal of Û(H)K, so in

particular, it is semiprime.

Proof. Clearly Q is G0-invariant, so suppose that A1, A2 are G0-invariant ideals of

Û(H)K such that A1A2 ⊆ Q:

Note that for any u ∈ πL, exp(ad(u))− 1 sends Û(L) to πÛ(L), so it follows that we

can write ad(u) as log(exp(ad(u))). Since exp(ad(u))(Ai) = Ai for both i, it follows

that ad(u)(Ai) ⊆ Ai, and hence A1, A2 are g-invariant.

It follows that Û(L)KAi = AiÛ(L)K are two-sided ideals of Û(L)K , and Û(L)KA1Û(L)KA2 =

Û(L)KA1A2Û(L)K ⊆ Û(L)KQ ⊆ P . Therefore, since P is prime, we may assume

without loss of generality that Û(L)KA1 ⊆ P , and hence A1 ⊆ Q as required.

Finally, if we let P1, · · · , Pr be the minimal primes above Q, then for every g ∈ G0(O),

g(Pi) = Pj for some j. Therefore
√
Q := P1 ∩ · · · ∩ Pr is G0-invariant, so since Q is

G0-prime, it follows that
√
Q = Q and Q is semiprime as required.

2.11 J-ideals

Recall that we are interested in primitive ideals and weakly rational ideals in KG.

In this section, we will explore how we generalise these concepts.

Proposition 2.11.1. Let P be a primitive ideal of KG, then Z(KG/P ) is finite

dimensional over K, and hence P is weakly rational.

Proof. By definition, P = AnnKGM for some irreducible KG-module M . Then it

follows from [18, Theorem 1.1(1)] that the algebra EndK[G]M of G-equivariant K-

linear endomorphisms of M is a finite dimensional K-algebra.

Now, there exists a well defined, injective homomorphism of K-algebras:
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Z(KG/P )→ EndK[G]M, z + P 7→ (φz : M →M,m 7→ zm)

so it follows immediately that Z(KG/P ) is finite dimensional over K.

It is a useful condition for Z(KG/P ) to be a finite field extension of K, however it

will often necessary for us to work in slightly more generality:

Definition 2.11.2. Let Z := Z(G). Then given a right ideal I of KG, we say that

I is a J-ideal of KG if KZ(G)/I ∩KZ(G) is finite dimensional over K.

Using Proposition 2.11.1, it is clear that primitive ideals are J-ideals.

Lemma 2.11.3. Let P be a prime J-ideal of KG. Then P ∩KZ(G) is a maximal

ideal of KZ(G).

Proof. Since P is prime in KG, Q := P ∩ KZ(G) is prime in KZ(G). So since

KZ(G)/P ∩KZ(G) is a domain, finite dimensional over K, it is in fact a finite field

extension of K, hence P ∩KZ(G) is maximal in KG.

Lemma 2.11.4. Suppose G is nilpotent, and let P ⊆ Q be prime J-ideals of KG

with P faithful. Then Q is also faithful.

Proof. Let F1 = KZ(G)/P ∩KZ(G), F2 = KZ(G)/Q∩KZ(G), then F1, F2 are finite

field extensions of K, and clearly the natural surjection KG/P � KG/Q reduces to

a field extension F1 ↪−→ F2.

Since Q† = {g ∈ G : g − 1 ∈ Q} is a normal subgroup of G, using nilpotence

of G we see that if Q† 6= 1, then there exists z ∈ Q† ∩ Z(G) with z 6= 1. Thus

z + P, 1 + P ∈ F1 ⊆ F2, and z + Q = 1 + Q, which implies that z + P = 1 + P and

hence z − 1 ∈ P . So since P is faithful, z = 1 – contradiction.

Therefore, Q† = 1, and hence Q is faithful.

Lemma 2.11.5. Let U be an open normal subgroup of G, P a prime ideal of KU

such that PKG is a J-ideal of KG. Then P is a J-ideal of KU .
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Proof. Since PKG ∩ KU = P by Lemma B.2.1(ii), we have an injection of KU -

modules KU/P ↪−→ KG/PKG, and this map sends KZ(U)
KZ(U)∩P to KZ(U)+KZ(G)∩PKG

KZ(G)∩PKG .

But Z(U) ⊆ Z(G) by [1, Lemma 8.4(b)], so this image is contained inKZ(G)/KZ(G)∩

PKG, which is finite dimensional over K by the definition of a J-ideal. Hence

KZ(U)/KZ(U) ∩ P is finite dimensional over K as required.

Lemma 2.11.6. Suppose I is a J-ideal in KG and I ⊆ I ′ for some right ideal I ′ of

KG. Then I ′ is a J-ideal of KG.

Proof. Setting Z := Z(G), since I is a J-ideal, KZ/I ∩ KZ is finite dimensional

over K. But I ⊆ I ′, so there is a surjection KG/I → KG/I ′ of KG-modules, and

KZ/KZ ∩ I ′ is the image of KZ/KZ ∩ I under this map.

So since KZ/KZ ∩ I ′ is the image of a finite dimensional K-vector space under a

K-linear map, it is also finite dimensional over K, making I ′ a J-ideal.

Now, recall from Definition B.2.2 how we define a non-splitting prime ideal of KG,

as well as a virtually non-splitting right ideal.

Theorem 2.11.7. Let A be a closed subgroup of G, and suppose that all faithful,

virtually non-splitting right J-ideals of KG are controlled by A. Then all faithful,

prime J-ideals of KG are controlled by A.

Proof. This is similar to the proof of [1, Theorem 5.8].

Let P be a faithful, prime J-ideal of KG, and let P = I1 ∩ · · · ∩ Im be an essential

decomposition for P in the sense of [29, Definition 2.2.1], with each Ij a virtually

prime right ideal of KG, as defined in Definition B.2.2, and I1, · · · , Im forming a

single G-orbit.
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Setting r = 1, I1 = P , it is clear that such a decomposition exists, so we will as-

sume that r is maximal such that a decomposition of this form exists. We know that

r is finite because KG/P has finite uniform dimension in the sense of [29, Chapter 2].

So, by Theorem B.2.4, each Ij is a virtually non-splitting right ideal of KG, and

since P ⊆ Ij it follows from Lemma 2.11.6 that Ij is a J-ideal. Furthermore, since

P is faithful, it follows from Lemma B.2.5 that each Ij is faithful. Therefore, by

assumption, Ij is controlled by A, so Ij = (Ij ∩KA)KG for each j.

Since P = I1∩· · ·∩Ir, we have that (P∩KA)KG = ((I1∩KA)∩· · ·∩(Ir∩KA))KG =

(I1 ∩KA)KG∩ · · · ∩ (Ir ∩KA)KG by Lemma B.2.1(i). So since (Ij ∩KA)KG = Ij

for each j, (P ∩KA)KG = I1∩· · ·∩Ir = P , thus P is controlled by A as required.
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Chapter 3

Applications of Mahler Expansions

In this chapter, we will examine Mahler expansions in depth, and explore how they

can be used to deduce control theorems for faithful prime ideals in the Iwasawa al-

gebra OG.

Throughout the chapter, we will fix a complete, p-valued group (G,ω) of finite rank,

and an automorphism ϕ ∈ Autω(G).

3.1 Mahler Automorphisms

First, suppose that A is an O-algebra carrying a complete, separated, O-linear fil-

tration v : A → Z ∪ {∞}, and that τ : OG → A is a continuous, O-linear ring

homomorphism, and we will suppose further that the restriction of τ to G is injective.

Given an ordered basis g = {g1, · · · , gd} for G, recall expression (2.5) for the expan-

sion of τϕ(g) in terms of the Mahler coefficients mα(ϕ, g).

Even though there is a formula for Mahler coefficients (2.4), in practice they are very

difficult to calculate. Therefore, we will explore a particular class of automorphisms

for which there is a more workable formula.

Definition 3.1.1. Suppose g = {g1, · · · , gd} is an ordered basis for G, and ϕ ∈

Autω(G). We say that ϕ is a Mahler automorphism with respect to g if its Mahler
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coefficients satisfy:

mα(ϕ, g) = τ(ϕ(g1)g−1
1 − 1)α1 · · · τ(ϕ(gd)g

−1
d − 1)αd for all α ∈ Zdp.

The following proposition simplifies the task of finding Mahler automorphisms. For

convenience, we write ψ(g) := ϕ(g)g−1 for g ∈ G:

Proposition 3.1.2. Given an ordered basis g, the following are equivalent:

i. ϕ is a Mahler automorphism with respect to g = {g1, · · · , gd}.

ii. ψ(gβ) =
∏d

i=1 ψ(gi)
βi for all β ∈ Nd.

iii. ψ(gi) commutes with gj for all j ≤ i.

Proof. (ii =⇒ i) Given by the proof of [1, Lemma 6.7]

(i =⇒ ii) Recall from (2.4) that mα(ϕ, g) =
∑
β≤α

(−1)α−β
(
α
β

)
τψ(gβ11 g

β2
2 · · · g

βd
d ), so

suppose that for all α ∈ Nd:

mα(ϕ, g) = τ(ψ(g1)− 1)α1τ(ψ(g2)− 1)α2 · · · τ(ψ(gd)− 1)αd .

Given i = 1, · · · , d, we will first prove that ψ(gβii ) = ψ(gi)
βi for any βi ∈ N.

This is clear if βi = 0, so suppose, for induction that ψ(gki ) = ψ(gi)
k for all 0 ≤ k < βi.

Then setting α = (0, 0, · · · , βi, · · · , 0), we have that mα(ϕ, g) = τ(ψ(gi) − 1)βi by

assumption, and this is equal to
∑
k≤βi

(
βi
k

)
(−1)βi−kψ(gi)

k using binomial expansion.

Also, mα(ϕ, g) =
∑
k≤βi

(−1)βi−k
(
βi
k

)
τψ(gki ). So it follows that:

0 = mα(ϕ, g)− τ(ψ(gi)− 1)βi =
∑
k≤βi

(−1)βi−k
(
βi
k

)
(τψ(gki )− τψ(gi)

k) =

τψ(gβii )− τψ(gi)
βi .

Therefore, τψ(gβii ) = τψ(gi)
βi , so since τ is injective when restricted to G, it follows

that ψ(gβii ) = ψ(gi)
βi .
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Now, suppose that for some m with 1 ≤ m < d, we have that ψ(gβ11 · · · gβmm ) =

ψ(g1)β1 · · ·ψ(gm)βm for all βi ∈ N. We have proved this for m = 1, so we will now

show that it holds for m+ 1 and apply induction.

Also, we may suppose that for all k < βm+1, ψ(gβ11 · · · gβmm gkm+1) = ψ(gβ11 · · · gβmm )ψ(gm+1)k,

because it is clear that this holds for βm+1 = 1, so we can apply a second induction.

Let α = (β1, β2, · · · , βm+1, 0, · · · , 0), then by assumption, we know that mα(ϕ, g) =

τ(ψ(g1)− 1)β1τ(ψ(g2)− 1)β2 · · · τ(ψ(gm+1)− 1)βm+1 , so expanding this expression out

using the binomial theorem, we get:

mα(ϕ, g) =
∑
γ≤α

(−1)α−γ
(
α
γ

)
τψ(g1)γ1 · · · τψ(gm+1)γm+1 .

Also, we know that mα(ϕ, g) =
∑
γ≤α

(−1)α−γ
(
α
γ

)
τψ(gγ11 g

γ2
2 · · · g

γm+1

m+1 ), so taking the

difference, we get:

0 = mα(ϕ, g)−
∏

1≤i≤m+1

τ(ψ(gi)− 1)βi =

∑
γ≤α

(−1)α−γ
Ç
α

γ

å
(τψ(gγ11 g

γ2
2 · · · g

γm+1

m+1 )− τψ(g1)γ1 · · · τψ(gm+1)γm+1)

So since ψ(gγ11 g
γ2
2 · · · g

γm+1

m+1 ) = ψ(g1)γ1 · · · τψ(gm+1)γm+1 whenever γm+1 < βm+1, it fol-

lows that τψ(gβ11 g
β2
2 · · · g

βm+1

m+1 )−τψ(g1)β1 · · · τψ(gm+1)βm+1 = 0, and hence ψ(gβ11 g
β2
2 · · · g

βm+1

m+1 ) =

ψ(g1)β1 · · ·ψ(gm+1)βm+1 by injectivity of τ restricted to G.

(ii =⇒ iii) Given i ≤ j, we have that ψ(gigj) = ψ(gi)ψ(gj), so by the definition of

ψ, ϕ(gigj)(gigj)
−1 = ϕ(gi)g

−1
i ϕ(gj)g

−1
j .

Therefore, ϕ(gi)ϕ(gj)g
−1
j g−1

i = ϕ(gi)g
−1
i ϕ(gj)g

−1
j , so ϕ(gj)g

−1
j g−1

i = g−1
i ϕ(gj)g

−1
j , i.e.

g−1
i ψ(gj) = ψ(gj)g

−1
i .
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So ψ(gj) commutes with g−1
i , and hence it commutes with gi.

(iii =⇒ ii) This is clear from the definition of ψ.

Remarks: 1. It need not be true that if ϕ is a Mahler automorphism then ϕn is also

a Mahler automorphism. However, we will usually impose this condition.

2. It follows from the proposition that the Mahler automorphism property is inde-

pendent of the choice of A and τ .

Examples: 1. Suppose that ϕ ∈ Autω(G) is trivial mod centre, i.e. ϕ(g)g−1 ∈ Z(G)

for all g ∈ G. Then for any ordered basis g = {g1, · · · , gd}, ϕ(gi)g
−1
i is central, and

so commutes with g1, · · · , gi.

So by the proposition, ϕ is a Mahler automorphism with respect to any basis. In fact,

the proposition shows that if ϕ is a Mahler automorphism with respect to any basis,

then ϕ is trivial mod centre. But it is possible for ϕ to be a Mahler automorphism

with respect to some basis, and yet not be trivial mod centre.

2. It is not very useful to our purposes for our automorphism to be a Mahler au-

tomorphism only with respect to some arbitrary ordered basis, as we may not have

that much freedom of choice. In general, we need there to be some canonical form

that we can exploit:

Definition 3.1.3. Let Z = Z(G), and suppose there exists a closed, isolated normal

subgroup H of G such that Z ⊆ H and ψ(g) = ϕ(g)g−1 ∈ Z(H) for all g ∈ G. We say

that ϕ is an H-Mahler automorphism with respect to an ordered basis {Hg1, · · · , Hgt}

for G
H

if ψ(gi) ∈ Z for each i.

Furthermore, we say that ϕ is a strong H-Mahler automorphism with respect to

this basis if ψ(gi) = 1 for each i.
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Now, suppose that {h1, · · · , hd} is any ordered basis for H, then it follows that

{h1, · · · , hd, g1, · · · , gt} is an ordered basis for (G,ω). So if ϕ is an H-Mahler auto-

morphism with respect to {Hg1, · · · , Hgt}, then since ψ(hi) ∈ Z(H) for every i, it

follows that ψ(hi) commutes with h1, · · · , hi for every i ≤ d. Also, ψ(gj) ∈ Z(G) for

every j ≤ t, so ψ(gj) commutes with h1, · · · , hd, g1, · · · , gj.

Therefore, it follows from Proposition 3.1.2 that ϕ is a Mahler automorphism with

respect to {h1, · · · , hd, g1, · · · , gt}.

We will make use of this example throughout the chapter, since once we have estab-

lished a canonical subgroup H, we have complete freedom over the choice of ordered

basis for H.

3. (Key example) Let G be a non-abelian, abelian-by-procyclic group, in the sense

of Definition 2.2.3, with principal subgroup H and procyclic element X. So for any

basis {h1, · · · , hd} for H, {h1, · · · , hd, X} is an ordered basis for G.

Let ϕ be the inner automorphism of G induced from conjugation by X. Then since

G
H

is abelian, ϕ(g)g−1 ∈ H for all g ∈ G, and clearly ϕ(X)X−1 = 1, so it follows

that ϕ is a strong H-Mahler automorphism with respect to the basis {HX} for G
H

.

Furthermore, if G is not nilpotent, or indeed if it has nilpotency class greater than 2,

then ϕ is not trivial mod centre.

In the next chapter, we will focus solely on this example, and use the theory we

develop in this chapter to prove Theorem B.

4. (Non-example) Let H := 〈X, Y, Z〉 where Z is central and XYX−1 = Y Zp be

the Heisenberg group, and let G = H o 〈U〉 where UXU−1 = Xr, UY U−1 = Y r,

UZU−1 = Zr2 for some r ∈ Zp with r 6= 1 and r ≡ 1 (mod p).
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Then G has no H-Mahler automorphisms, and hence no Mahler automorphisms

that respect the canonical structure of the group.

3.2 Mahler Approximations

We will now explore some properties of Mahler automorphisms that will be useful

in our analysis. For now, we will assume that (G,ω) is p-saturated, and recall the

definition of the logarithm z(ϕ) of ϕ from Definition 2.7.1. Then we have the following

useful result, analogous to [1, Proposition 4.9]:

Lemma 3.2.1. Let ϕ ∈ Autω(G) be an automorphism, and suppose that there exists

g ∈ G such that for every n ∈ N, g commutes with ϕn(g). Then:

• z(ϕ)(g) commutes with ϕn(g) for all n.

• For sufficiently high m ∈ N, z(ϕ)(g)p
m ≡ ϕp

m
(g)g−1 (mod Gp2m).

• z(ϕ)(g) = lim
m→∞

(ϕp
m

(g)g−1)p
−m

.

• For all n ∈ N, z(ϕp
n
)(g) = z(ϕ)(g)p

n
.

Proof. Since G is p-saturated, L = log(G) is a saturated Lie algebra, so recall the

definition of the Lie automorphism ϕ∗ of L, and that ϕ∗(log(g)) = log(ϕ(g)) for all

g ∈ G. So using Definition 2.7.1, we see that

log(z(ϕ)(g)) =

Ç∑
n≥1

(−1)n+1

n
(ϕ∗ − 1)n

å
(log(g)) = log(ϕ∗)(log(g)).

Now, since ϕn(g) commutes with g for all n ∈ N, it follows easily that ϕn(g) and ϕm(g)

commute for all n,m ∈ N. But (ϕ∗ − 1)(log(g)) = log(ϕ(g))− log(g) = log(ϕ(g)g−1)

since ϕ(g) and g commute, and an inductive argument shows that (ϕ∗−1)n(log(g)) =

log(a) where a is a product of elements of the form ϕt(g)s for integers t, s.
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It follows immediately that ϕn(g) commutes with log(z(ϕ)(g)) for all n, and hence

it commutes with z(ϕ)(g) = exp(log(z(ϕ)(g))) for all n, so we deduce the first state-

ment.

For the second statement, we will show that log(z(ϕ)(g)p
m

) ≡ log(ϕp
m

(g)g−1) (mod

p2mL), and since ϕp
m

(g)g−1 commutes with z(ϕ)(g)p
m

, the statement will follow.

Firstly, log(z(ϕ)(g)p
m

) = pm log(z(ϕ)(g)) = pm log(ϕ∗)(log(g)), so set u := log(g) ∈ L

so that g = exp(u).

Then since g commutes with ϕp
m

(g), we see that log(ϕp
m

(g)g−1) = log(ϕp
m

(g)) −

log(g) = ϕp
m

∗ (u)− u. But

ϕp
m

∗ (u) = exp(log(ϕp
m

∗ ))(u) =
∑
n≥0

pnm

n!
(log(ϕ∗))

n(u) = u+ pm log(ϕ∗)(u) + p2mβm

for some βm ∈ L. Thus log(ϕp
m

(g)g−1)−log(z(ϕ)(g)p
m

) = ϕp
m

∗ (u)−u−pm log(ϕ∗)(u) =

p2mβm ∈ p2mL as required.

Since ϕp
m

(g)g−1 commutes with z(ϕ)(g) for all m and z(ϕ)(g)p
m

= ϕp
m

(g)g−1ap
2m

m for

some am ∈ G, it follows that z(ϕ)(g) = (ϕp
m

(g)g−1)p
−m
ap

m

m . Since G is p-valuable,

ap
m

m → 1 as m → ∞, so taking the limit on both sides as m → ∞ gives that

z(ϕ)(g) = lim
m→∞

(ϕp
m

(g)g−1)p
−m

as required.

For the final statement, we know that z(ϕp
n
)(g) = lim

m→∞
(ϕp

m+n
(g)g−1)p

−m
, while

z(ϕ)(g)p
n

=
(

lim
m→∞

(ϕp
m

(g)g−1)p
−m
)pn

= lim
m→∞

(ϕp
m

(g)g−1)p
n−m

= lim
m→∞

(ϕp
(m−n)+n

(g)g−1)p
n−m

,

and clearly these limits are equal as required.

Now, recall that a p-valuable group G embeds as an open subgroup into the p-

saturated group Sat(G). Given ϕ ∈ Autω(G), assume that ϕn is a Mahler automor-

phism with respect to some ordered basis g = {g1, · · · , gd} for G for all n ∈ N, and
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let ϕ̃ be the canonical extension of ϕ to Sat(G).

Then since ϕn(gi) commutes with gi for each i by Proposition 3.1.2, it follows from

Lemma 3.2.1 that z(ϕ̃p
m

)(gi) = z(ϕ̃)(gi)
pm for each i. Since G is open in Sat(G), we

can choose m ∈ N such that Sat(G)p
m ⊆ G, and hence z(ϕ̃p

m
)(gi) ∈ G for each i.

Now, as in the previous section, fix an O-algebra A with a separated, O-linear fil-

tration v : A → Z ∪ {∞}, and let τ : OG → A be a continuous O-linear ring

homomorphism whose restriction to G is injective. Note that since τ is continuous,

the subgroup Vr = {g ∈ G : v(τ(g − 1)) > r} is open in G, so it follows that for each

r ≥ 0 there exists m ∈ N such that v(τ(gp
m − 1)) > r for all g ∈ G.

Definition 3.2.2. Suppose ϕ ∈ Autω(G) and ϕn is a Mahler automorphism with

respect to g = {g1, · · · , gd} for every n ∈ N. Fix an integer m1 ≥ 0, which we call

the initial power, satisfying:

• For each i = 1, · · · , d, z(ϕ̃p
m1 )(gi) ∈ G.

• If τ(p) = 0 then v(τ(gp
m1 − 1)) > 0 for all g ∈ G.

• If τ(p) 6= 0 then v(τ(gp
m1 − 1)) > v(τ(p)) for all g ∈ G.

Note: We are free to choose m1 to be arbitrarily high.

For each m ∈ N, define the m’th Mahler approximation function to be um : G →

Sat(G), g 7→ z(ϕp
m

)(g), and if m1 is the initial power, define u := um1.

The following result, completely analogous to [1, Proposition 7.7], will be particularly

useful to us, as it allows us to approximate Mahler coefficients very accurately.

Proposition 3.2.3. Let g = {g1, · · · , gd} be an ordered basis for G such that ϕn is a

Mahler automorphism with respect to g for every n ∈ N. For each m ∈ N, i = 1, · · · d,
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set qi,m := τ(u(gi)
pm − 1), and write qα

m
:= qα1

1,m · · · q
αd
d,m for any α ∈ Nd. Then for all

α ∈ Nd, m ≥ m1:

• v(mα(ϕp
m+m1 , g)− qα

m
) ≥ p2m+m1 if τ(p) = 0.

• v(mα(ϕp
m+m1 , g)− qα

m
) ≥ (2m+m1)v(τ(p)) if τ(p) 6= 0.

Proof. By the definition of a Mahler automorphism, for each m ∈ N, α ∈ Nd,

mα(ϕp
m
, g) = τ(ϕp

m
(g1)g−1

1 − 1)α1 · · · τ(ϕp
m

(gd)g
−1
d − 1)αd . So for each i = 1, · · · d,

m ∈ N, define ei,m = τ(ϕp
m+m1 (gi)g

−1
i − 1)− qi,m, and:

mα(ϕp
m+m1 , g) = (q1,m + e1,m)α1 · · · (qd,m + ed,m)αd = qα

m
+ δm,α

where δm,α is a sum of products of length |α| in qi,m and ei,m, each containing at

least one ei,m, so it remains only to prove that v(ei,m) ≥ p2m−m1 if τ(p) = 0, and

v(ei,m) ≥ (2m−m1)v(τ(p)) if τ(p) 6= 0.

Firstly, using Lemma 3.2.1, we see that for each i, ϕp
m+m1 (gi)g

−1
i = z(ϕ̃)(gi)

pm+m1ap
2(m+m1)

m

for some am ∈ Sat(G). Thus:

ei,m = τ(ϕp
m+m1 (gi)g

−1
i − 1)− qi,m = τ(ϕp

m+m1 (gi)g
−1
i − 1)− τ(u(gi)

pm − 1)

= τ(ϕp
m+m1 (gi)g

−1
i − z(ϕ̃p

m1 )(gi)
pm) = τ(z(ϕ̃p

m1 )(gi)
pmap

2(m+m1)

m − z(ϕ̃p
m1 )(gi)

pm)

= τ(z(ϕ̃p
m1 )(gi)

pm)τ(ap
2(m+m1)

m − 1).

Since τ is continuous and gp
m

converges to 1 in G for all g ∈ G, it follows that

v(τ(g)) = 0 for all g, and hence v(τ(z(ϕ̃p
m1 )(gi)

pm)) = 0, so we now only need to

consider the value of τ(ap
2(m+m1)

m − 1).
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If τ(p) = 0 then A is an Fp-algebra, so τ(ap
2(m+m1)

m − 1) = τ(ap
m1

m − 1)p
2m+m1 . So since

v(ap
m1

m − 1) > 0 by Definition 3.2.2, this has value at least p2m+m1 as required.

If τ(p) 6= 0 then v(τ(ap
m1

m −1)) > v(τ(p)) by Definition 3.2.2, so it follows from Lemma

A.2.3 that v(τ(ap
2(m+m1)

m −1)) ≥ (2m+m1)v(τ(p))+v(τ(ap
m1

m −1)) ≥ (2m+m1)v(τ(p))

as required.

Now, recall from expression (2.6) that for every y ∈ OG, τϕp
m

(y) =
∑
α∈Nd

mα(ϕp
m
, g)τ∂

(α)
g (y).

So if we assume that ϕp
m

is a Mahler automorphism with respect to g, and define

qi,m := τ(u(gi)
pm − 1), then if we set εm(y) :=

∑
α∈Nd

(mα(ϕp
m+m1 , g)− qα

m
)τ∂

(α)
g (y), we

get that:

τϕp
m+m1 (y) =

∑
α∈Nd

qα
m
τ∂(α)

g (y) + εm(y). (3.1)

and it follows from the proposition that v(εm(y)) grows much faster with m than

v(q
m

).

Setting ∂i := ∂
(ei)
g , where ei is the standard i’th basis vector, we can rewrite (3.1) as:

(τϕp
m+m1 − τ)(y) = q1,mτ∂1(y) + · · ·+ qd,mτ∂d(y) +

∑
|α|≥2

qα
m
τ∂(α)

g (y) + εm(y). (3.2)

Now, if we choose a faithful prime ideal P of OG, then using [1, Theorem C], we

can equip the Goldie ring of quotients Q(OG/P ) with a non-commutative valuation

v such that the natural map τ : OG → Q(OG/P ) is continuous, and we can of

course take A to be the completion of Q(OG/P ). Moreover, since P is faithful, the

restriction of τ to G is injective by definition.

If we fix ϕ ∈Autω(G) such that ϕ(P ) = P , then for every y ∈ P , (τϕp
m+m1−τ)(y) = 0.

So if we assume that ϕ is a Mahler automorphism, our expression (3.2) becomes:
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0 = q1,mτ∂1(y) + · · ·+ qd,mτ∂d(y) +
∑
|α|≥2

qα
m
τ∂(α)

g (y) + εm(y). (3.3)

3.3 Convergence Arguments

So far, this theory is almost identical to the theory developed in [1, Section 7], which

was used to prove a control theorem for prime ideals in kG, invariant under some ϕ

trivial mod centre.

The approach, roughly speaking, is to consider our Mahler expansion (3.3), and to

divide out by some expression involving the qi,m’s and take the limit as m → ∞.

Under the right circumstances, we want to show that this limit of the right hand

side is τ∂i(y) for some i = 1, · · · , d, so since y ∈ P was arbitrary, this means that

τ∂i(P ) = 0, i.e. ∂i(P ) ⊆ P , and a control theorem will follow from Proposition 2.5.4.

This approach worked very well in characteristic p for ϕ trivial mod centre, culminat-

ing in the proof of [1, Theorem B], which yielded a complete classification of prime

ideals in kG for G nilpotent. But this approach does not generalise easily.

The first drawback is that if ϕ is not trivial mod centre, then the Mahler approxima-

tions τ(u(g)− 1) need not be central, and hence they may not be v-regular, or even

necessarily invertible. This is a problem because it means we may not be able to di-

vide out by the qi,m in our expression, and even if we could there is no guarantee that

the division would not affect the convergence of the higher order terms and destroy

our convergence argument.

In Chapter 4, we will explore methods of choosing our non-commutative valuation

v in such a way that we can ensure that the qi,m are v-regular, if we are working in
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characteristic p, i.e. if our prime ideal P contains p.

However, a more serious issue arises if we are working in characteristic 0, even if we

assume that ϕ is trivial mod centre. This issue may prove, in general, to be fatal.

The problem lies in the growth rate of the Mahler approximations qi,m with m. Recall

that these have the form τ(u(gi)
pm − 1). So if P contains p, i.e. P is a prime ideal in

kG, then this is equal to τ(u(gi) − 1)p
m

. It follows that the Mahler approximations

grow exponentially with m, so if we divide out by lower order terms, this will not

affect convergence of the higher order terms.

However, if p /∈ P then qi,m = τ(u(gi)
pm − 1) grows linearly with m by Lemma A.2.3,

which means dividing out by lower order terms becomes a problem, and we cannot

always guarantee that this will not affect the higher order terms. In fact, in general,

it should.

To see this problem more explicitly, let us rewrite our expression (3.3) in matrix form:à
0
0
.
.
0

í
=

à
q1,m q2,m · · · qd,m
q1,m+1 q2,m+1 · · · qd,m+1

. . · · · .

. . · · · .
q1,m+d−1 q2,m+d−1 · · · qd,m+d−1

íà
τ∂1(y)
τ∂2(y)
.
.

τ∂d(y)

í
+ εm(y)

(3.4)

where the error term εm(y) grows at roughly the rate of q2
1,m.

The approach in [1, Section 7] was to multiply (3.4) by the inverse of the d×d matrix

Tm with (i, j)-entry qi,m+j−1, as featured in the expression. In characteristic p, Tm

has the form of a Smith matrix, and it follows from [8, Lemma 1.1] that its inverse

grows at a strictly smaller rate than q−2
1,m, so after multiplying by the inverse and

passing to the limit, the error term tends to zero, and we conclude that τ∂i(y) = 0
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for all i as we require.

In characteristic 0, however, q−2
1,m grows linearly, and even the most optimistic esti-

mates on the growth of T−1
m will not be any smaller, even in the case where d = 2, so

the argument fails.

This problem demonstrates that it does not help to consider multiple expressions

simultaneously in characteristic zero, so in the next section, we will explore a case

where we can use a single expression to deduce a convergence argument.

3.4 Using Compactness

For now, we will fix our faithful, prime ideal P of OG, and we will assume that

p /∈ P . Thus Q(OG/P ) is a K-algebra, and we assume it carries a non-commutative

valuation v, and that τ : OG → Q(OG/P ) is continuous. We will also fix ϕ ∈

Autω(G), and a closed, isolated, central subgroup A of G satisfying:

• ϕ 6= 1.

• ϕ(P ) = P

• ϕ(g)g−1 ∈ A for all g ∈ G.

• OA/OA ∩ P is finitely generated over O.

In this case, ϕ is trivial mod centre, and thus for all n ∈ N, ϕn is a Mahler automor-

phism with respect to any ordered basis by Proposition 3.1.2, so we deduce expression

(3.3).

Recall from Definition 3.2.2 the Mahler approximation function u = z(ϕp
m1 ) : G→ G,

where m1 is the initial power. Then since p /∈ P , we see that v(τ(u(g) − 1)) > v(p)
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for all g ∈ G by the definition of m1.

Also, since ϕ is trivial mod centre, we see that u = z(ϕp
m1 ) is a group homomorphism

by [1, Proposition 4.9(c)], and since ϕp
m+m1 (g)g−1 ∈ A for all g ∈ G and A is isolated,

we get (ϕp
m+m1 (g)g−1)p

−m ∈ A for all m. So since A is closed, we see using Lemma

3.2.1 that u(g) = z(ϕp
m1 )(g) = lim

m→∞
(ϕp

m+m1 (g)g−1)p
−m ∈ A.

For now, fix any ordered basis g = {g1, · · · , gd} for G, and it follows that for all

m ∈ N, i = 1, · · · , d:

qi,m = τ(u(gi)
pm − 1) ∈ OA/OA ∩ P .

Define λ := inf{v(τ(u(g) − 1)) : g ∈ G} > v(p), then it follows from Lemma A.2.3

that if v(τ(u(g)− 1)) = λ then v(τ(u(g)p
m − 1)) = mv(p) + λ for all m ∈ N.

Lemma 3.4.1. λ <∞ and λ = min{v(τ(u(gi)− 1)) : i = 1, · · · , d}

Proof. Since P is faithful and v is separated, it follows from the proof of [1, Proposi-

tion 7.5] that λ < ∞. Note that it is essential here that ϕ 6= 1, otherwise the result

is untrue.

Clearly λ ≤ min{v(τ(u(gi)− 1)) : i = 1, · · · , d}, so suppose this is a strict inequality,

i.e. v(τ(u(gi)− 1)) > λ for all i.

Since u is a group homomorphism, for any g = gα ∈ G,

v(τ(u(g)− 1)) = v(τ(u(g1)α1 · · ·u(gd)
αd − 1)) ≥ v(α1q1,0 + · · ·+ αdqd,0) > λ

and this is a contradiction because λ := inf{v(τ(u(g)−1)) : g ∈ G}, and this infimum

must be attained by discreteness of v.
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Now, fix R := OA/OA ∩ P , then R is a subring of the K-algebra Q(OG/P ). So let

F be the K-span of R, then since R is a domain, finitely generated over O, F is a

finite field extension of K, and clearly F ⊆ Z(Q(OG/P )).

Let V be the valuation ring for F , and let µ ∈ V be a uniformiser. Since F is central

in Q(OG/P ), it follows from the definition of a non-commutative valuation that v|F

is a valuation on F , and hence v|F is a scalar multiple of the standard µ-adic valua-

tion on F . Therefore V = {β ∈ F : v(β) > 0}.

Now, choose i such that qi,0 has value λ, and we may assume without loss of gen-

erality that i = 1. Then since λ > v(p), v(q1,m) = mv(p)+λ for allm by Lemma A.2.3.

The key property of V which we can exploit is compactness, which implies that

any sequence in V has a convergent subsequence. Using this notion, we obtain the

following result:

Proposition 3.4.2. For any ordered basis g = {g1, · · · , gd}, set qi,m := τ(u(gi)
pm−1)

and assume without loss of generality that v(q1,0) = λ. Then for each i = 1, · · · , d,

the sequence q−1
1,mqi,m has a subsequence converging as m → ∞ to some βi ∈ V with

(β1τ∂1 + · · ·+ βdτ∂d)(P ) = 0.

Proof. For each m, q1,m is v-regular of value λ+mv(p), so since v(qi,m) ≥ λ+mv(p),

it follows that v(q−1
1,mqi,m) ≥ λ+mv(p)− λ−mv(p) = 0, so q−1

1,mqi,m ∈ V .

Therefore, using compactness of V , we can choose a subsequence a := (n1, n2, · · · )

with n1 < n2 < n3 < · · · such that q−1
1,nmqi,nm converges in V as m→∞.

Let βi := lim
m→∞

q−1
1,nmqi,nm ∈ V .
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Now, given α ∈ Nd with |α| ≥ 2; v(q−1
1,mq

α
m

) = v(qα
m

) − v(q1,m) ≥ m|α|v(p) + |α|λ −

mv(p)− λ ≥ mv(p) + λ→∞ as m→∞.

Also, using Proposition 3.2.3, v(q−1
1,mεm) = v(εm)−v(q1,m) ≥ (2m+m1)v(p)−mv(p)−

λ = (m+m1)v(p)− λ→∞ as m→∞.

Therefore, q−1
1,mq

α
m
→ 0 as m → ∞, q−1

1,mεm → 0 as m → ∞. So, dividing out our

expression (3.3) by q1,m, we obtain:

0 = q−1
1,mq1,mτ∂1(y)+q−1

1,mq2,mτ∂2(y)+· · ·+q−1
1,mqd,mτ∂d(y)+

∑
|α|≥2

q−1
1,mq

α

m
τ∂(α)

g (y)+q−1
1,mεm(y)

(3.5)

and considering the subsequence associated with a = (n1, n2, · · · ), and taking the

limit, we get that β1τ∂1(y) + β2τ∂2(y) + · · ·+ βdτ∂d(y) = 0.

Since our choice of y ∈ P was arbitrary, it follows that (β1τ∂1 + · · ·+ τ∂d)(P ) = 0 as

required.

Fix β1, · · · , βd as in the statement of Proposition 3.4.2, note that they depend on the

choice of ordered basis g, and define:

hg : OG→ Q(OG/P ), x 7→ (β1τ∂1 + β2τ∂2 + · · ·+ βdτ∂d)(x).

Then hg ∈ HomO(OG,Q(OG/P )), and it follows from Proposition 3.4.2 that hg(P ) =

0, and thus hg ∈HomO(OG/P,Q(OG/P )).

Also, since each βi lies in F = (OA/OA ∩ P ) ⊗O K, it follows that the image of

OG/P under hg lies in (OG/P ) ⊗O K = KG/(P ⊗O K). So since it is clear that

each ∂i extends to a K-linear endomorphism of KG, we may assume that hg lies in

HomO(KG/(P ⊗OK), KG/(P ⊗OK)) = EndO(KG/(P ⊗OK)), and hence it makes
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sense to raise hg to integer powers.

We now need some technical results:

Lemma 3.4.3. Fix R = OA
OA∩P , then there exists s ∈ N such that πsV ⊆ R. Also,

there exists t ∈ N such that if x ∈ V and v(x) > 0 then xt ∈ πR.

Proof. Since R is a lattice in F , which is a finite dimensional Qp-vector space, it

follows that R is a free Zp-module of rank dimQpF . This is also the rank of V , and it

follows that R has finite index in V , and hence plV ⊆ R for some l ∈ N, and the first

statement follows.

Now, if v(x) > 0, then x = π−kr for some r ∈ R, k ∈ N, and v(r) − kv(π) ≥ 1.

We know that there exists s ∈ N such that πsV ⊆ R, so choose t ∈ N such that

t ≥ (s+ 1)v(π).

Then xt = π−ktrt = πs+1(π−(kt+s+1)rt), and note that:

v(π−(kt+s+1)rt) = t(v(r)− kv(π))− (s+ 1)v(π) ≥ t− (s+ 1)v(π) ≥ 0.

Thus π−(kt+s+1)rt ∈ V , so since πs+1V ⊆ πR and xt = πs+1(π−(kt+s+1)rt), it follows

that xt ∈ πR as required.

Now, recall from the definition of ∂1, · · · , ∂d, that if g = gα ∈ G for some α ∈ Zdp,

then ∂i(g) = αig. So if we let kg,g := β1α1 +β2α2 + · · ·+βdαd ∈ V , then hg(g) = kg,gg

for all g ∈ G.

Lemma 3.4.4. Using Lemma B.1.2, choose an ordered basis g = {g1, · · · , gd} such

that for some r ≤ d, {g1, · · · , gr} is a basis for A. Then for each i = 1, · · · , d, we

have that ∂i(cr) = c∂i(r) + ∂i(c)r for every c ∈ OA, r ∈ OG. In particular, ∂i

restricts to a derivation of OA.
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Proof. Since each ∂i is a continuous K-linear map of OG, it suffices to prove this

identity for c ∈ O[A], r ∈ O[G]. In fact, we may assume further that c ∈ A and

r ∈ G, since the property will clearly be preserved after passing to K-linear combi-

nations.

So, by the definition of our ordered basis, c = gα1
1 · · · gαrr and r = gγ11 · · · g

γd
d for some

αi, γi ∈ Zp, and since g1, · · · , gr ∈ A andA is central inG, cr = gα1+γ1
1 · · · gαr+γrr g

γr+1

r+1 · · · g
γd
d .

For convenience, we will define αi = 0 for every i > r. In which case ∂i(c) = αic and

∂i(r) = γir for every i, and ∂i(cr) = (αi + γi)cr.

Therefore, ∂i(cr) = (αi + γi)cr = αicr + γicr = ∂i(c)r + c∂i(r) as required.

Lemma 3.4.5. For every ordered basis g = {g1, · · · , gd} of G such that {g1, · · · , gr}

is a basis for A for some r ≤ d, hg is F -linear.

Proof. Since hg(a) = ka,ga for every a ∈ A, and ka,g ∈ F , it follows that hg sends

OA to F = OA/(OA ∩ P ) ⊗O K, and hence it sends F to F , i.e. hg restricts to a

K-linear endomorphism of F .

Now, using Lemma 3.4.4, we see that for every c ∈ OA, r ∈ OG, i = 1, · · · , d,

∂i(cr) = c∂i(r) + ∂i(c)r. So since β1, · · · , βd are central, it is clear that this identity

is also satisfied by hg = β1τ∂1 + · · ·+ βdτ∂d.

Using this identity, and the fact that F = OA/(OA ∩ P ) ⊗O K, we see that to

prove hg is F -linear, it remains only to prove that hg(F ) = 0.

Since hg restricts to a K-linear derivation of OA, we will show, in fact, that all K-

linear derivations of F are zero, and the result will follow.
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Suppose that α ∈ F , then since F is a finite extension of K, α is the root of some

polynomial f(x) = a0 + a1x + · · · + anx
n with coefficients in K, and we will assume

that n is minimal. Let δ be a K-linear derivation of F , then:

0 = δ(0) = δ(a0 + a1α + · · ·+ anα
n) = a1δ(α) + · · ·+ anδ(α

n)

= a1δ(α) + · · ·+ nanα
n−1δ(α) = δ(α)(a1 + 2a2α + · · ·+ nanα

n−1).

So if δ(α) 6= 0 then a1 + 2a2α + · · · + nanα
n−1 = 0, contradicting minimality of n.

Hence δ(α) = 0, meaning that δ = 0.

From now on, we will assume that there is an r ≤ d such that {g1, · · · , gr} is an

ordered basis for A, and hence we may apply the previous results.

Now, let f be the degree of the residue field of F , then for all β ∈ V :

βp
f−1 ≡

®
1 v(β) = 0

0 v(β) > 0
(mod µV) (3.6)

It follows easily that for all n ∈ N:

βp
n(pf−1) ≡

®
1 v(β) = 0

0 v(β) > 0
(mod µn+1V) (3.7)

Using Lemma 3.4.3, choose an integer t0 ≥ 0 such that µt0+1V ⊆ πR where R =

OA/OA∩P and xp
t0 ∈ πR for all x ∈ V with v(x) > 0. Then examining (3.7) shows

that βp
t0 (pf−1) ∈ R ⊆ OG/P for all β ∈ V .

Also, using Lemma 3.4.5, we see that hg is F -linear. So since kg,g ∈ F , it follows

that hng (g) = kng,gg for all g ∈ G, n ∈ N. So if we define wg := h
pt0 (pf−1)
g , then since

k
pn+t0 (pf−1)
g,g ∈ OG/P for all g ∈ G, n ∈ N, we have that wp

n

g (g) = k
pn+t0 (pf−1)
g,g g ∈
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OG/P , and thus wg sends OG
P

to OG
P

.

Remark: π is not a unit in OG/P , because if 1 + πx ∈ P for some x ∈ OG then

1 = (1+πx)(1−πx+π2x2−π3x3 + · · · ) ∈ P , which is impossible. Hence πOG
P
6= OG

P
.

Fixing g ∈ G, n ∈ N, using (3.7) we have:

wp
n

g (g) ≡
®

1 v(kg,g) = 0

0 v(kg,g) > 0
(mod πn+1OG

P
).

So, setting S := OG
P

for convenience, consider the composition:

OG S Sτ wp
n

g

Let ιn be this composition, then ιn(πmOG) ⊆ πmS for allm, and ιn(g) ≡
®
g v(kg,g) = 0

0 v(kg,g) > 0
(mod πn+1S). Hence ιn(r) ≡ ιn+1(r) (mod πn+1S) for all n ∈ N, r ∈ OG.

Therefore, since S is π-adically complete, there exists a continuous, O-linear mor-

phism ι : OG→ S such that ι(P ) = 0, ι(x) ≡ ιn(x) (mod πn+1S) for all n ∈ N, hence

for all g ∈ G:

ι(g) =

®
g v(kg,g) = 0

0 v(kg,g) > 0
(3.8)

3.5 A Weak Control Theorem in characteristic 0

Now that we have seen how to employ Mahler expansions in characteristic zero to

deduce a convergence argument, we will show how to use these results to prove a

control theorem.

Recall the assumptions we made on the automorphism ϕ ∈ Autω(G) and the central

subgroup A Eic G at the beginning of the previous section. Also recall the defini-

tions of τ, v and u, and recall that we define λ := inf{v(τ(u(g) − 1)) : g ∈ G}, with
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1 ≤ λ <∞ by Lemma 3.4.1. We now assume further that ϕ acts trivially on A, i.e.

ϕ(a) = a for all a ∈ A.

Let U := {g ∈ G : v(τ(u(g) − 1)) > λ}, then using the proof of [1, Lemma

7.6] we see that U is a proper, open subgroup of G containing Gp. Since u(g) =

lim
n→∞

(ϕp
m1+m(g)g−1)p

−m
by Lemma 3.2.1, and ϕ(a) = a for all a ∈ A, it follows that

u(a) = 1 for all a, and hence A ⊆ U .

Therefore, after choosing an ordered basis for G
A

and applying Lemma B.1.2, we may

fix an ordered basis g = {g1, · · · , gd} for G such that {g1, · · · , gs} is an ordered basis

for A and {g1, · · · , gr, gpr+1, · · · , g
p
d} is an ordered basis for U for some s ≤ r ≤ d. We

want to prove that P is controlled by U .

Recall from the previous section the definition of kg,g ∈ V for each g ∈ G:

Lemma 3.5.1. U = {g ∈ G : v(kg,g) > 0}.

Proof. Using Proposition 3.4.2, we see that for each i = 1, · · · , d, βi = lim
m→∞

q−1
1,nmqi,nm ,

as nm runs over some subsequence a = (n1, n2, · · · · · · ), where qi,m := τ(u(gi)
pm − 1).

By Lemma A.2.3, v(qi,m) = λ+mv(p) for i ≤ r, and v(qi,m) > λ+mv(p) for all i > r.

Hence v(βi) = 0 for all i > r, v(βi) > 0 for all i ≤ r.

Given g ∈ U , g = gα1
1 · · · gαrr g

pαr+1

r+1 · · · g
pαd
d for αi ∈ Zp, so:

v(kg,g) = v(α1β1 + α2β2 + · · ·+ αrβr + pαr+1βr+1 + · · ·+ pαdβd) > 0.

Conversely, if v(kg,g) > 0, suppose g = gα, so kg,g = β1α1 + β2α2 + · · ·+ βdαd.
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By the definition of βi, this means that v(q−1
1,nm(α1q1,nm + · · · + αdqd,nm)) > 0 for

sufficiently high m, and hence v(αr+1qr+1,nm + · · ·+ αdqd,nm) > λ+ nmv(p).

But since u is a group homomorphism, it is easily seen that τ(u(g)p
nm − 1) ≡

α1q1,nm + · · ·+ αdqd,nm (mod λ+ nmv(p) + 1), so v(τ(u(g)p
nm − 1)) > λ+ nmv(p) for

sufficiently high m.

But v(τ(u(g)p
nm − 1)) = v(τ(u(g) − 1)) + nmv(p) by Lemma A.2.3, and hence

v(τ(u(g)− 1)) > λ and g ∈ U as required.

Now, recall from the previous section the definition of the continuous O-linear mor-

phism ι : OG → OG
P

. Then using the lemma and expression (3.8), we deduce that

ι(g) =

®
g g /∈ U
0 g ∈ U

.

Define f : G→ O, g 7→
®

1 g /∈ U
0 g ∈ U

, then clearly f ∈ C(G,O) is locally constant, so

the endomorphism ρ(f) ∈ EndO(OG) is well defined, and

ρ(f)(g) = f(g)g =

®
g g /∈ U
0 g ∈ U

.

Therefore τρ(f) = ι when restricted to O[G], so since ι is continuous, τ is contin-

uous, and ρ(f) is continuous, it follows that τρ(f) = ι. Hence τρ(f)(P ) = 0 and

ρ(f)(P ) ⊆ P .

Now we can prove a control theorem:

Theorem 3.5.2. Let P be a faithful, prime ideal of OG, and suppose there exists a

closed, isolated, central subgroup A of G and an automorphism ϕ ∈ Autω(G) such

that:

• ϕ 6= 1.
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• ϕ(P ) = P .

• ϕ(g)g−1 ∈ A for all g ∈ G.

• OA/P ∩ OA is a finitely generated O-module.

• ϕ(a) = a for all a ∈ A.

Then P is controlled by a proper, open subgroup of G.

Proof. Since U = {g ∈ G : v(τ(u(g) − 1)) > λ} is a proper, open subgroup of G, it

suffices to prove that P is controlled by U .

Firstly, suppose that C = {x1, · · · , xt} is a complete set of coset representatives for

U in G, then for all r ∈ OG, r =
∑
i≤t
rixi for some unique ri ∈ OU .

Suppose we can choose C such that if r ∈ P then r1 ∈ P ∩ OU . So let r ∈ P , then

since rx−1
i x1 ∈ P for all i = 1 · · · , t and rx−1

i x1 has x1 component ri, it follows that

ri ∈ P ∩ OU for each i, and hence P is controlled by U .

So it remains to prove that we can choose such a set C of coset representatives such

that if
∑
i≤t
rixi ∈ P , then at least one of the ri lies in P ∩ OU .

Now, since U has ordered basis {g1, · · · , gr, gpr+1, · · · , g
p
d} it follows that

C = {gbr+1

r+1 · · · g
bd
d : 0 ≤ bi < p}

is a complete set of coset representatives for U in G, so for each b ∈ [p − 1]d−r, let

gb = g
br+1

r+1 · · · g
bd
d (here [p− 1] = {0, 1, · · · , p− 1}).

Then if r =
∑

b∈[p−1]d−r
rbgb ∈ P , then ρ(f)(r) =

∑
b∈[p−1]d−r

f(gb)rbgb by the proof of [1,

Proposition 2.5], and this also lies in P since ρ(f)(P ) ⊆ P .
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But f(gb) = 1 if b 6= 0, and f(g0) = 0 hence ρ(f)(r) =
∑

b∈[p−1]d−r\{0}
rbgb ∈ P .

Therefore, r0g0 = r − ρ(f)(r) ∈ P , and thus r0 ∈ P ∩ OU as required.

Now that we have established a control theorem for ideals in OG satisfying the

appropriate finiteness property, we can now turn our attention to KG. Recall from

Definition 2.11.2 the definition of a J-ideal of KG:

Theorem 3.5.3. Let G be a p-valuable group, and let P be a faithful, prime J-ideal

of KG. Then P is controlled by CG(Z2(G)).

Proof. We will assume first that P is non-splitting in the sense of Definition B.2.2(i).

Let H := P χ be the controller subgroup of P in G, then Q := P ∩KH is a faithful,

prime ideal of KH by Proposition B.2.3, and since H is the smallest subgroup of G

controlling P , Q is not controlled by any proper subgroup of H.

Also, note that H is a normal subgroup of G by the proof of [1, Lemma 5.2], so for

any g ∈ G, (g,H) ⊆ H, and clearly A := Z(G) ∩ H is a closed, isolated, central

subgroup of H.

Since P is a J-ideal of KG, KZ(G)/KZ(G) ∩ P is finite dimensional over K by

definition, and KA/KA ∩ Q ⊆ KZ(G)/KZ(G) ∩ P . Therefore, KA/KA ∩ Q is fi-

nite dimensional over K, and hence OA/OA∩Q is finitely generated as an O-module.

So, given g ∈ Z2(G), (g,H) ⊆ Z(G)∩H = A, so let ϕ be the automorphism of H in-

duced by conjugation by g, then ϕ(Q) = Q, ϕ(h)h−1 ∈ A for all h ∈ H, and ϕ(a) = a

for all a ∈ A. So applying Theorem 3.5.2 gives that if ϕ 6= 1, then Q is controlled by

a proper subgroup of H – contradiction. Therefore ϕ = 1, i.e. g centralises H.
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Since our choice of g was arbitrary, we have now proved that Z2(G) centralises

H, and hence H is contained in the centraliser CG(Z2(G)) of Z2(G) in G as required.

Thus P is controlled by CG(Z2(G)).

Now suppose that I Er KG is a faithful and virtually non-splitting right J-ideal

of KG. Then I = PKG for some open subgroup U of G, and some faithful, non-

splitting prime P of KU , and P is a J-ideal of KU by Lemma 2.11.5.

We have proved that P is controlled by CU(Z2(U)), and CU(Z2(U)) = CG(Z2(G))∩

U by Lemma 2.2.2, and hence I is controlled by CG(Z2(G)). So, using Theorem

2.11.7, it follows that every faithful, prime J-ideal of KG is controlled by CG(Z2(G))

as required.

Now we can complete the proof of our main control theorem in characteristic 0:

Proof of Theorem C. Clearly all weakly rational ideals of KG are J-ideals, so it follows

from Theorem 3.5.3 that all faithful, weakly rational ideals of KG are controlled by

CG(Z2(G)) as required.

3.6 Growth Rates

For the rest of the chapter, we will assume that our faithful prime ideal P of OG

contains p, or in other words P is a faithful, prime ideal of kG. Again, fix a non-

commutative valuation v on Q(kG/P ) such that the natural map τ : kG→ Q(kG/P )

is continuous.

Since we are interested in convergence, we want to consider the growth of the values

of the Mahler approximations:
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Definition 3.6.1. Let Q be a ring with a filtration v : Q → Z ∪ {∞}. Define

ρ : Q→ R ∪ {∞}, x→ lim
n→∞

v(xn)
n

. This is the growth rate function of Q with respect

to v. The proof of [?, Lemma 1] shows that this is well defined.

Lemma 3.6.2. Let Q be a ring with a filtration v : Q → Z ∪ {∞}, and let ρ be the

corresponding growth rate function. Then for all x, y ∈ Q:

i. ρ(xn) = nρ(x) for all n ∈ N.

ii. If x and y commute then ρ(x+ y) ≥ min{ρ(x), ρ(y)} and ρ(xy) ≥ ρ(x) + ρ(y).

iii. ρ(x) ≥ v(x) and ρ is invariant under conjugation.

iv. If Q is simple and Artinian and v is separated, then ρ(x) =∞ if and only if x is

nilpotent.

v. If x is v-regular and commutes with y, then ρ(x) = v(x) and ρ(xy) = v(x) + ρ(y).

Proof. i and ii are given by the proof of [?, Lemma 1].

iii. For each n ∈ N, v(xn)
n
≥ nv(x)

n
= v(x), and so ρ(x) ≥ v(x).

Given u ∈ Q×, ρ(uxu−1) = lim
n→∞

v((uxu−1)n)
n

= lim
n→∞

v(u(xn)u−1)
n

≥ lim
n→∞

v(u)+v(xn)+v(u−1)
n

=

lim
n→∞

v(xn)
n

+ lim
n→∞

v(u)
n

+ lim
n→∞

v(u−1)
n

= ρ(x).

Hence ρ(x) = ρ(u−1uxu−1u) ≥ ρ(uxu−1) ≥ ρ(x) – forcing equality. Therefore ρ is

invariant under conjugation.

iv. Clearly if x is nilpotent then ρ(x) =∞.

First suppose that x is a unit, then for any y ∈ Q, v(y) = v(x−1xy) ≥ v(x−1)+v(xy),

and so v(xy) ≤ v(y) − v(x−1). It follows using induction that for all n ∈ N,

v(xny) ≤ v(y)− nv(x−1), and hence v(xny)
n
≤ v(y)

n
− v(x−1).
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Taking y = 1, it follows easily that ρ(x) ≤ −v(x−1), and since v is separated, this is

less than ∞.

Now, since Q is simple and Artinian, we have that Q ∼= Ml(D) for some division ring

D, l ∈ N. So applying Fitting’s Lemma [21, section 3.4], we can find a unit u ∈ Q×

such that uxu−1 has standard Fitting block form

Å
A 0
0 B

ã
, where A and B are

square matrices over D, possibly empty, A is invertible and B is nilpotent.

If x is not nilpotent then uxu−1 is not nilpotent, and hence A is non-empty. There-

fore, ρ(uxu−1) = ρ(A), and since A is invertible, ρ(A) < ∞. So by part iii,

ρ(x) = ρ(uxu−1) <∞.

v. Since x is v-regular, v(xn) = nv(x) for all n, so clearly ρ(x) = v(x). Also,

ρ(xy) = lim
n→∞

v((xy)n)
n

= lim
n→∞

v(xnyn)
n

= lim
n→∞

v(xn)+v(yn)
n

= lim
n→∞

v((xn)
n

+ lim
n→∞

v(yn)
n

= ρ(x) +

ρ(y) = v(x) + v(y).

So far, the theory of Mahler automorphisms we have developed is very general, but

now we will impose some further conditions on our automorphism ϕ:

Lemma 3.6.3. Suppose that G contains a closed, isolated normal subgroup H con-

taining Z(G) such that ϕ(g)g−1 ∈ H for all g ∈ G. Suppose further that for

all n ∈ N, ϕn is an H-Mahler automorphism with respect to some ordered basis

{Hgr+1, · · · , Hgd} for G
H

in the sense of Definition 3.1.3.

Then if u = um1 : G → Sat(G) is the Mahler approximation function, then for

any ordered basis {g1, · · · , gr} for H, u(gi) ∈ Z(H) for all i = 1, · · · , d, so if

qi := τ(u(gi) − 1) then q1, · · · , qd commute. Moreover, if ϕ is a strong H-Mahler

automorphism then qr+1 = · · · = qd = 0.
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Proof. We know that ϕ is a Mahler automorphism with respect to g = {g1, · · · , gd}, so

using Lemma 3.2.1 we see that u(gi) = lim
n→∞

(ϕp
m1+n(gi)g

−1
i )p

−n
for each i = 1, · · · , d.

So since H is a closed, isolated subgroup of G containing Z(G) ⊆ H, and ϕ(gi)g
−1
i ∈

Z(H) for each i, it follows that u(gi) ∈ Z(H), and hence q1, · · · , qd commute.

Furthermore, if ϕp
m

is a strong H-Mahler automorphism, then since ϕp
m

(gi)g
−1
i = 1

for all i > r, it follows again from Lemma 3.2.1 that u(gi) = 1, and hence qr+1 =

· · · = qd = 0.

Also, if ϕ is an H-Mahler automorphism, then ϕ(g)g−1 ∈ Z(H) for all g ∈ G, so it

follows that the restriction of ϕ to H is trivial mod centre, and hence the restriction

of u = z(ϕp
m1 ) to H is a group homomorphism by [1, Proposition 4.9(c)].

Given y ∈ P , recall our Mahler expansion (3.3) for a Mahler automorphism ϕ with

respect to some basis g = {g1, · · · , gd}:

0 = q1,mτ∂1(y) + · · ·+ qd,mτ∂d(y) +
∑
|α|≥2

qα
m
τ∂

(α)
g (y) + εm(y)

where qi,m = τ(u(gi)
pm − 1) for each i, and εm(y) =

∑
α∈Nd

(mα(ϕp
m
, g)− qαpm)τ∂

(α)
g .

So setting qi := qi,0 = τ(u(gi)− 1), since we are working in characteristic p it follows

that qi,m = qp
m

i for all i,m, and using Proposition 3.2.3 we have that v(εm(y)) ≥

p2m+m1 . So we can rewrite our expansion:

0 = qp
m

1 τ∂1(y) + · · ·+ qp
m

d τ∂d(y) +
∑
|α|≥2

qαp
m

τ∂(α)
g (y) + εm(y). (3.9)

So if {g1, · · · , gr} is an ordered basis for H and ϕ is an H-Mahler automorphism

with respect to {Hgr+1, · · · , Hgd}, then q1, · · · , qd commute by Lemma 3.6.3. We

will assume further that ϕ is a strong H-Mahler automorphism, and hence qi = 0 for
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all i > r.

Let ρ be the growth rate function corresponding to v in the sense of Definition 3.6.1,

and define λ := inf{ρ(τ(u(h) − 1)) : h ∈ H}. We see using Definition 3.2.2 and

Lemma 3.6.2(iii) that λ ≥ 1.

Lemma 3.6.4. If ϕ 6= 1 then λ < ∞ and for any ordered basis {g1, · · · , gr} for H,

λ = min{ρ(τ(u(gi)− 1)) : i = 1, · · · , r}.

Proof. Suppose that λ = ∞, then ρ(τ(u(h) − 1)) = ∞ for all h ∈ H, so since

Q(kG/P ) is simple and Artinian and v is separated, it follows from Lemma 3.6.2(iv)

that τ(u(h) − 1) is nilpotent for all h ∈ H, i.e. 0 = τ(u(h) − 1)p
m

= τ(u(h)p
m − 1)

for some m ∈ N.

So since P is faithful, this means that u(h)p
m

= 1, which means that u(h) = 1 for

all h ∈ H since G is torsionfree. Since ϕn(h)h−1 ∈ Z(H), we can apply Lemma

3.2.1 to get that u(h) = z(ϕp
m1 )(h) = z(ϕ)(h)p

m1 = 1, and hence z(ϕ)(h) = 1, i.e.

exp

ÇÇ∑
n≥1

(−1)n+1

n
(ϕ̃∗ − 1)n

å
(log(h))

å
= 1 in Sat(G) by Definition 2.7.1.

This means that log(ϕ∗) =
∑
n≥1

(−1)n+1

n
(ϕ̃∗ − 1)n sends log(H) to 0, and hence ϕ∗ =

exp(log(ϕ∗)) acts trivially on log(H), and it follows that ϕ is trivial when restricted

to H.

But ϕ is a strong H-Mahler automorphism with respect to some ordered basis

{Hgr+1, · · · , Hgd} for G
H

, so ϕ(gi) = gi for all i > r. So since ϕ|H = 1, it fol-

lows that ϕ = 1 – contradiction.

Therefore λ < ∞, and the proof that λ = min{ρ(τ(u(gi) − 1)) : i = 1, · · · , r}

is identical to the proof of Lemma 3.4.1, using Lemma 3.6.2(ii) and the fact that

τ(u(h1)− 1), · · · , τ(u(hr)− 1) commute.
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It follows from this lemma that for some i = 1, · · · , r, ρ(qi) = λ, and clearly for all

α ∈ Nd with |α| ≥ 2, ρ(qα) ≥ 2λ. So, for clarity, we write our Mahler expansion (3.9)

using Big O notation:

0 = qp
m

1 τ∂1(y) + ....+ qp
m

r τ∂r(y) +O(qp
m

). (3.10)

Where q ∈ Q = ̂Q(kG/P ) with ρ(q) > ρ(qi) ≥ λ for all i, i.e. the error term in (3.9)

grows at a faster rate than qp
m

.

During the remainder of this chapter, we will see how analysing expressions of this

form can help us to deduce a control theorem in characteristic p.

3.7 Growth Preserving Polynomials

For the rest of this chapter, we will fix a closed, isolated normal subgroup H of G,

containing Z(G). Contrary to previous notation, we will let d denote the rank of H.

Fix ϕ ∈ Autω(G) with ϕ 6= 1, ϕ(P ) = P , ϕ(g)g−1 ∈ Z(H) for all g ∈ G, and we will

suppose that ϕ is a strong H-Mahler automorphism with respect to some ordered

basis {Hg1, · · · , Hge} for G
H

.

Consider a polynomial of the form f(x) = a0x + a1x
p + a2x

p2 + · · · + arx
pr , where

ai ∈ τ(kZ(H)) for each i, r ≥ 0, we call r the p-degree of f . Note that f :

τ(kZ(H))→ τ(kZ(H)) is Fp-linear.

Then for each m ∈ N, i = 0, · · · , r, consider expression (3.9) above, with m replaced

by m+ i, and multiply by ap
m

i to obtain:

0 = (aiq
pi

1 )p
m
τ∂1(y) + ....+ (aiq

pi

d )p
m
τ∂d(y) +

∑
|α|≥2

(aiq
αpi)p

m
τ∂

(α)
g (y) + ap

m

i εm+i(y).

Sum all these expressions as i ranges from 0 to r we deduce:
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0 = f(q1)p
m

τ∂1(y) + ....+ f(qd)
pmτ∂d(y) +

∑
|α|≥2

f(qα)p
m

τ∂(α)
g (y) + δm(y) (3.11)

where δm(y) = ap
m

0 εm(y) + ap
m

1 εm+1(y) + · · ·+ ap
m

r εm+r(y), so it follows from Propo-

sition 3.2.3 that v(δm(y)) ≥ p2m+m1 .

Recall that we define λ := inf{ρ(τ(u(h)− 1)) : h ∈ H}, and we know that λ <∞ by

Lemma 3.6.4. Using this, we make the following definition:

Definition 3.7.1. We say that f(t) = a0t+ a1t
p + · · ·+ art

pr is a growth preserving

polynomial, or GPP, if:

i. ρ(f(q)) ≥ prλ for all q ∈ τ(kZ(H)) with ρ(q) ≥ λ.

ii. ρ(f(q)) > prλ for all q ∈ τ(kZ(H)) with ρ(q) > λ.

We say that a GPP f is trivial if for all q = τ(u(h)− 1), ρ(f(q)) > prλ.

Furthermore, f is a special GPP if f is not trivial, and for any q = τ(u(h)− 1) with

ρ(f(q)) = prλ, we have that f(q)p
k

is v-regular for sufficiently high k.

Example: f(t) = t is clearly a GPP. In general it need not be special, and it is not

trivial, because if ρ(q) = λ then ρ(f(q)) = ρ(q) = λ.

Note that if f is a growth preserving polynomial, then for all α ∈ Nd with |α| ≥ 2,

ρ(qα) > λ so ρ(f(qα)) > prλ. Moreover, since v(δm(y)) > p2m+m1 , it follows that

δm(y) also grows at a faster rate than prλ. Thus we may rewrite (3.11) using Big O

notation:

0 = f(q1)p
m

τ∂1(y) + ....+ f(qd)
pmτ∂d(y) +O(f(q)p

m

) (3.12)
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where q ∈ τ(kZ(H)) and ρ(q) > λ.

For any GPP f(t), define Uf := {h ∈ H : ρ(f(τ(u(h)− 1))) > prλ}.

Lemma 3.7.2. If f(t) is a GPP, then Uf is an open subgroup of H containing Hp.

Moreover, Uf = H if and only if f is trivial.

Proof. It is clear from the definition that Uf = H if and only if ρ(f(τ(u(h)−1))) > prλ

for all h ∈ H, i.e. if and only if f is trivial.

Given h, h′ ∈ H, let q = τ(u(h)− 1), q′ = τ(u(h′)− 1). Then

τ(u(hh′)− 1) = τ((u(h)− 1)(u(h′)− 1) + (u(h)− 1) + (u(h′)− 1))) = qq′ + q + q′.

Therefore f(τ(u(hh′) − 1)) = f(qq′) + f(q) + f(q) using Fp-linearity of f . But

ρ(q), ρ(q′) ≥ λ by the definition of λ, so ρ(qq′) ≥ 2λ > λ, so by the definition of

a GPP, ρ(f(qq′)) > prλ.

We know that ρ(f(q)), ρ(f(q′)) > prλ, thus ρ(f(qq′)+f(q)+f(q′)) > prλ. Therefore,

ρ(f(τ(u(hh′)− 1))) > prλ and hh′ ∈ Uf as required.

Also, τ(u(h−1)−1) = −τ(u(h−1))τ(u(h)−1) = −τ(u(h−1)−1)τ(u(h)−1)−τ(u(h)−1),

so by the same argument it follows that h−1 ∈ Uf , and Uf is a subgroup of H.

Finally, for any h ∈ H ρ(τ(u(hp) − 1)) = ρ(τ(u(h) − 1)p) ≥ pλ > λ, hence

ρ(f(τ(u(hp) − 1))) > prλ and hp ∈ Uf . Therefore Uf contains Hp and Uf is an

open subgroup of H.

In particular, for f(t) = t, let U := Uf = {h ∈ H : ρ(τ(u(h) − 1)) > λ}. Then U is

an open subgroup of H containing Hp by Lemma 3.7.2, and since f is non-trivial, it

is a proper subgroup.
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For the rest of this section, fix a non-trivial GPP f of p degree r. Then Uf is a proper

open subgroup of H containing Hp by Lemma 3.7.2, so fix a basis {h1, · · · , hd} for

H such that {hp1, · · · , h
p
t , ht+1, · · · , hd} is an ordered basis for Uf .

Set qi := τ(u(hi)−1) ∈ τ(kZ(H)) for each i, so that for i ≤ t, ρ(f(qi)) = prλ, and for

i > t, ρ(f(qi)) > prλ i.e. f(qi)
pm = O(f(q)p

m
) for some q ∈ τ(kZ(H)) with ρ(q) > λ.

Define:

Sm :=

à
f(q1)p

m
f(q2)p

m
. . f(qt)

pm

f(q1)p
m+1

f(q2)p
m+1

. . f(qt)
pm+1

. . . . .

. . . . .

f(q1)p
m+t−1

f(q2)p
m+t−1

. . f(qt)
pm+t−1

í
, ∂ :=


τ∂1(y)
τ∂2(y)
.
.
.

τ∂t(y)


Then we can rewrite (3.12) as:

0 = Sm · ∂ +


O(f(q)p

m
)

O(f(q)p
m+1

)
.
.
.

O(f(q)p
m+t−1

)

 (3.13)

and multiplying by the adjoint matrix adj(Sm) and applying standard linear algebra

gives:

0 = det(Sm)∂ + adj(Sm)


O(f(q)p

m
)

O(f(q)p
m+1

)
.
.
.

O(f(q)p
m+t−1

)

 . (3.14)

Lemma 3.7.3. Suppose that f is special. Then for each i, j ≤ t, the (i, j)-entry of

adj(Sm) has value at least pt−1
p−1

pm+rλ− pm+r+j−1λ for sufficiently high m.

Proof. By definition, the (i, j)-entry of adj(Sm) is (up to sign) the determinant of

the matrix (Sm)i,j obtained by removing the j’th row and i’th column of Sm. This

determinant is a sum of elements of the form:
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f(qk1)
pmf(qk2)

pm+1 · · · ̂f(qkj)
pm+j−1 · · · f(qkt)

pm+t−1

for ki ≤ t, where the hat indicates that the j’th term in this product is omitted.

Since f is special, f(qks)
pm is v-regular for m >> 0. So since ρ(f(qks)) = prλ, it

follows that f(qks)
pm is v-regular of value pm+rλ.

Therefore, this (i, j)-entry has value at least (1 + p+ · · ·+‘pj−1 + · · ·+ pt−1)pm+rλ

= pt−1
p−1

pm+rλ− pm+r+j−1λ.

Lemma 3.7.4. Let ∆ :=
∏

α∈Pt−1Fp
(α1f(q1) + · · ·+ αtf(qt)), where Pt−1Fp is a com-

plete set of representatives for the space Ftp under the equivalence relation α ≡ β if

α = µβ for some µ ∈ Fp.

Then there exists δ ∈ τ(kH), which is a product of length pt−1
p−1

in elements of the

form f(τ(u(h)− 1)), h ∈ H\Uf , such that ρ(∆− δ) > pt−1
p−1

prλ.

Proof. For each α ∈ Ftp\{0}, we have that α1f(q1)+· · ·+αtf(qt) = f(α1q1+· · ·+αtqt)

using linearity of f .

Using expansions inside kH, we see that α1q1 + · · ·+αtqt = τ(u(hα1
1 · · ·hαtt )− 1) + εα

for some εα ∈ τ(kH) such that ρ(εα) ≥ 2λ. Hence:

f(α1q1 + · · ·+ αtqt) = f(τ(u(hα1
1 · · ·hαtt )− 1)) + f(εα).

So setting hα := u(hα1
1 · · ·hαtt ), since αi 6= 0 for some i, it follows from Fp-linear

independence of h1, · · · , ht modulo Uf , that ρ(f(τ(u(hα) − 1))) = prλ, and hence

hα ∈ H\Uf .
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Set δ :=
∏

α∈Pt−1Fp
f(τ(u(hα)− 1)). Then ∆ =

∏
α∈Pt−1Fp

(α1f(q1) + · · ·+ αtf(qt))

=
∏

α∈Pt−1Fp
f(τ(u(hα)− 1)) + εα = δ + ε

Where ε is a sum of products over all α in f(τ(u(hα)− 1)) and εα, with each product

containing at least one εα.

Since the length of each of these products is pt−1
p−1

, and each term has growth rate

at least prλ, with one or more having growth rate at least 2prλ, it follows that

ρ(ε) > pt−1
p−1

prλ as required.

The following result, which will be fundamental in the next chapter, underlines the

importance of special GPPs.

Theorem 3.7.5. Let G be a p-valuable group, and let P be a faithful prime ideal of

kG. Suppose further that we have:

• A non-commutative valuation v on Q(kG/P ).

• A closed, isolated normal subgroup H of G.

• A strong H-Mahler automorphism ϕ ∈ Autω(G) such that ϕ(P ) = P .

• A special growth preserving polynomial f .

Then P is controlled by a proper open subgroup of G.

Proof. Since f is special, we have that for some k > 0, f(qi)
pk is v-regular for each

i ≤ t, and thus v(f(qi)
pk) = ρ(f(qi)

pk) = pr+kλ and for all m ≥ k, v(f(qi)
pm) =

pr+mλ.

Also, since ρ(f(q)) > prλ, we can choose c > 0 such that ρ(f(q)) > prλ + c, and

hence v(f(q)p
m

) > pm+rλ+ pmc for sufficiently high m.
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Consider our Mahler expansion (3.14):

0 = det(Sm)∂ + adj(Sm)


O(f(q)p

m
)

O(f(q)p
m+1

)
.
.
.

O(f(q)p
m+t−1

)

.

We will analyse this expression to prove that τ∂i(P ) = 0 for some i ≤ t, and it will

follow from Proposition 2.5.4 that P is controlled by a proper open subgroup of G as

required.

Consider the i’th entry of the vector

adj(Sm)


O(f(q)p

m
)

O(f(q)p
m+1

)
.
.
.

O(f(q)p
m+t−1

)

.

This has the form adj(Sm)i,1O(f(q)p
m

)+adj(Sm)i,2O(f(q)p
m+1

)+· · ·+adj(Sm)i,tO(f(q)p
m+t−1

).

By Lemma 3.7.3, we know that v(adj(Sm)i,j) ≥ pt−1
p−1

pm+rλ− pm+r+j−1λ for m >> 0,

and hence:

v(adj(Sm)i,jO(f(q)p
m+j−1

)) ≥ v(adj(Sm)i,j) + v(O(f(q)p
m+j−1

))

≥ pt−1
p−1

pm+rλ− pm+r+j−1λ+ pm+r+j−1λ+ pm+j−1c = pt−1
p−1

pm+rλ+ pm+j−1c for each j.

Hence this i’th entry has value at least pt−1
p−1

pm+rλ+ pmc.

Therefore, the i’th entry of our expression (3.14) has the form 0 = det(Sm)τ∂i(y) +

εi,m, where v(εi,m) ≥ pt−1
p−1

pm+rλ+ pmc.
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Now, take ∆ := det(S0), and it follows that det(Sm) = ∆pm for each m. Also, using

[8, Lemma 1.1(ii)] we see that:

∆ = β ·
∏

α∈Pt−1Fp
(α1f(q1) + · · ·+ αtf(qt)) for some β ∈ Fp.

Therefore, by Lemma 3.7.4, we can find an element δ ∈ τ(kH), which up to scalar

multiple is a product of length pt−1
p−1

in elements of the form f(τ(u(h) − 1)), with

ρ(f(τ(u(h)− 1))) = prλ for each h, such that ρ(∆− δ) > pt−1
p−1

prλ.

Hence we can find c′ > 0 such that for all m >> 0, v((∆− δ)pm) ≥ pt−1
p−1

pm+rλ +

pmc′.

Therefore, 0 = det(Sm)τ∂i(y)+εi,m = ∆pmτ∂i(y)+εi,m = δp
m
τ∂i(y)+(∆−δ)pmτ∂i(y)+

εi,m.

Again, since f is a special GPP, if h ∈ H and ρ(f(τ(u(h)−1))) = prλ, it follows that

f(τ(u(h)− 1))p
k

is v-regular for k >> 0.

So since δ is a product of pt−1
p−1

elements of the form f(τ(u(h) − 1)) of growth rate

prλ, it follows that for some k ∈ N, δp
k

is v-regular of value pt−1
p−1

pr+kλ.

Therefore for all m ≥ k, δp
m

is v-regular of value pt−1
p−1

pr+mλ, and dividing out by δp
m

gives that for each i = 1, · · · , t:

0 = τ∂i(y) + δ−p
m

(∆− δ)pmτ∂i(y) + δ−p
m
εi,m.

But for m >> 0, v(δ−p
m

(∆ − δ)p
m

) ≥ pt−1
p−1

pm+rλ + pmc′ − pt−1
p−1

pm+rλ = pmc′, and

v(δ−p
m
εi,m) ≥ pt−1

p−1
pm+rλ+ pmc− pt−1

p−1
pm+rλ = pmc, hence the right hand side of this

expression converges to τ∂i(y).
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Therefore, τ∂i(y) = 0, and since this holds for all y ∈ P , we have that τ∂i(P ) = 0

for each i = 1, · · · , t.

So to prove a control theorem, it remains only to prove the existence of a special

growth preserving polynomial.

3.8 Central Simple Algebras

In the final two sections of this chapter, we will deal with a special case. Since

Q(kG/P ) is simple, its centre is a field, so we will now assume that it is finite dimen-

sional over its centre, i.e. Q(kG/P ) is a central simple algebra (CSA).

Fix a non-commutative valuation v on Q, which we know exists by [1, Theorem C].

Then by definition, the completion Q of Q(kG/P ) with respect to v is isomorphic

to Mn(Q(D)) for some complete, non-commutative DVR D. But since Q(kG/P ) is

finite dimensional over its centre, the same property holds for Q, and hence Q(D) is

finite dimensional over its centre.

Let F := Z(Q(D)), s := dimF (Q(D)), R := F ∩ D. Then F is a field, R is a

commutative DVR, and Q(D) ∼= F s as F -vector spaces. Let µ ∈ R be a uniformiser,

and let t := v(µ) > 0.

Lemma 3.8.1. Let {y1, · · · , ys} be an F -basis for Q(D) with 0 ≤ v(yi) ≤ t for all i.

Then there exists l ∈ N such that if v(r1y1 + · · ·+ rsys) ≥ l then v(ri) > 0 for some i

with ri 6= 0.

Proof. First, note that the field F is complete with respect to the non-archimedean

valuation v, and Q(D) ∼= F s carries two filtrations as a F -vector space, which both

restrict to v on F . One is the natural valuation v on Q(D), the other is given by

v0(r1y1 + ....+ rsys) = min{v(ri) : i = 1, ..., s}.
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But it follows from [15, Proposition 2.27] that any two norms on F s are topologically

equivalent. Hence v and v0 induce the same topology on Q(D). It is easy to see that

any subspace of F s is closed with respect to v0, and hence also with respect to v.

So, suppose for contradiction that for each m ∈ N, there exist ri,m ∈ K, not all zero,

with v(ri,m) ≤ 0 if ri,m 6= 0, and v(r1,my1 + ....+ rs,mys) ≥ m.

Then there exists i such that ri,m 6= 0 for infinitely many m, and we can assume

without loss of generality that i = 1. So from now on, we assume that r1,m 6= 0 for

all m.

Dividing out by r1,m gives that v(y1 + t2,my2 + ....+ ts,mys) ≥ m− v(r1,m) ≥ m, where

ti,m = r−1
1,mri,m ∈ K.

Hence lim
m→∞

(y1 + t2,my2 + ....+ ts,mys) = 0, and thus lim
n→∞

(t2,my2 + ....+ ts,mys) exists

and equals −y1. But since SpanF{y2, ...., ys} is closed in F s, this means that y1 ∈

SpanF{y2, ....., ys} – contradiction.

Proposition 3.8.2. There exists a basis {x1, ...., xs} ⊆ D for Q(D) over F such that

D = Rx1 ⊕ ....⊕Rxs.

Proof. It is clear that we can find an F -basis {y1, ...., ys} ⊆ D for Q(D) such that

v(yi) < t for all i, just by rescaling elements of some arbitrary basis. Therefore, by

Lemma 3.8.1, there exists l ∈ N such that if v(r1y1 + · · · + rsts) ≥ l then v(ri) > 0

for some i with ri 6= 0.

Choose m ∈ N such that tm > l. Then given x ∈ D\{0}, v(x) ≥ 0 so v(µmx) ≥

tm > l. So if µmx = r1y1 + ....+ rsys then v(ri) ≥ 0 for some ri 6= 0.
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It follows from an easy inductive argument that µmsx ∈ Ry1 ⊕ .....⊕Rys, and hence

µmsD ⊆ Ry1 ⊕ .....⊕Rys.

But Ry1 ⊕ ..... ⊕ Rys is a free R-module, and R is a commutative PID, hence any

R-submodule is also free. Hence µmsD = R(µmsx1)⊕ ....⊕R(µmsxe) for some xi ∈ D.

It follows easily that e = s, {x1, ...., xs} is an F -basis for Q(D), and D = Rx1⊕ ....⊕

Rxs.

Now, we restrict our non-commutative valuation v on Q̂ ∼= Mn(Q(D)) to Q(D), and

by definition this is the natural J(D)-adic valuation. Using Proposition 3.8.2, we fix

a basis {x1, · · · , xs} ⊆ D for Q(D) over F , with D = Rx1 ⊕Rx2 ⊕ · · · ⊕Rxs.

Proposition 3.8.3. Let F ′ be any finite extension of F ; then v extends to F ′. Let

v′ be the standard matrix filtration of Ms(F
′) with respect to v.

Then there is a continuous embedding of F -algebras φ : Q(D) ↪−→ Ms(F
′) such

that

v′(φ(x)) ≤ v(x) < v′(φ(x)) + 2t for all x ∈ Q(D).

Hence applying the functor Mn to φ gives us a continuous embedding Mn(φ) : Q̂ ↪→

Mns(F
′) such that v′(Mn(φ)(x)) ≤ v(x) < v′(Mn(φ)(x)) + 2t for all x ∈ Q̂.

Proof. It is clear that the embedding F → F ′ is an isometry, so it suffices to prove

the result for F ′ = F .

Again, define v0 : Q(D) → Z ∪ {∞},
∑s

i=1 rixi 7→ min{v(ri) : i = 1, ...., s}, it

is readily checked that this is a separated filtration of F -vector spaces, and clearly

v(x) ≥ v0(x) for all x ∈ Q(D).
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Then if x = r1x1 + .... + rsxs ∈ Q(D) with 0 ≤ v(x) < t, then v(ri) ≥ 0 for all i

because D is an R-lattice by Lemma 3.8.2. Since v(xi) ≥ 0 for all i, v(rj) < t for

some j, so since rj ∈ R, this means that v(rj) = 0, and hence v0(x) = 0.

So if x ∈ Q(D) with v(x) = l, then at ≤ l < (a + 1)t where a = b l
t
c, and hence

0 ≤ v(µ−ax) < l, so v0(µ−ax) = 0.

Thus µ−ax = r1x1 + .... + rsxs with v(ri) ≥ 0 for all i, v(rj) = 0 for some i, and

hence v0(x) = ta, so v(x) < v0(x) + t.

So it follows that v0(x) ≤ v(x) < v0(x)+t for all x ∈ Q(D), in particular 0 ≤ v(xi) < t

for all i. Hence the identity map (Q(D), v)→ (Q(D), v0) is bounded.

Now, consider the map φ : Q(D) → EndF (Q(D)), x 7→ (Q(D) → Q(D), d 7→ x · d),

this is an injective F -algebra homomorphism.

Also, EndF (Q(D)) carries a natural filtration of F -algebras given by

v′(ψ) := min{v0(ψ(xi)) : i = 1, ..., s} for each ψ ∈ EndF (Q(D)).

Using the usual isomorphism EndF (Q(D)) ∼= Ms(F ), this is just the standard matrix

filtration, and it is readily seen that

v′(ψ) = inf{v0(ψ(d)) : d ∈ Q(D), 0 ≤ v(d) < t} for all ψ ∈ EndF (Q(D)).

So if v0(x) = r then since v0(1) = 0 and v0(φ(x)(1)) = v0(x · 1) = r, it follows that

v′(φ(x)) ≤ r. But for all i = 1, ..., s:

v0(x · xi) > v(x · xi)− t ≥ r + v(xi)− t ≥ r − t, hence v′(φ(x)) ≥ r − t.
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Therefore v′(φ(x)) ≤ v0(x) ≤ v′(φ(x)) + t for all x, so φ is bounded, and hence con-

tinuous.

Finally, since for all x ∈ Q(D), v0(x) ≤ v(x) ≤ v0(x) + t and v′(φ(x)) ≤ v0(x) ≤

v′(φ(x)) + t, it follows that v′(φ(x)) ≤ v(x) ≤ v′(φ(x)) + 2t.

Recall from Definition 3.6.1 the growth rate functions ρ and ρ′ of Q̂ and Mns(F
′)

with respect to v and v′ respectively. Then using Proposition 3.8.3, we see that for

all x ∈ Q̂:

ρ(x) = lim
n→∞

v(xn)
n
≤ lim

n→∞
v′(xn)+2t

n
= ρ′(x) ≤ ρ(x) – forcing equality.

Therefore ρ′ = ρ when restricted to Q̂.

Now, fix a closed, isolated normal subgroup H of G, and an H-Mahler automorphism

ϕ of G. Then given any basis {h1, · · · , hd} for H, setting qi := τ(u(hi) − 1), recall

our Mahler expansion (3.10):

0 = qp
m

1 τ∂1(y) + ....+ qp
m

d τ∂d(y) +O(qp
m

).

Where ρ(q) > 2ρ(qi) for all i.

We may embed Q(D) continuously into Ms(F
′) for any finite extension F ′ of F =

Z(Q(D)) by Proposition 3.8.3, and since each qi is a square matrix over Q(D), by

choosing F ′ appropriately, we may ensure that they can be reduced to Jordan normal

form inside Mns(F
′).

But since F ′ has characteristic p, after raising to sufficiently high p’th powers, a

Jordan block becomes diagonal. So we may choose m0 ∈ N such that qp
m0

i is diago-
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nalisable for each i.

But q1, · · · , qd commute, and it is well known that commuting matrices can be simul-

taneously diagonalised. Hence there exists a ∈Mns(F
′) invertible such that aqp

m0

i a−1

is diagonal for each i.

So, let ti := aqia
−1, then after multiplying (3.10) on the left by a, we get:

0 = tp
m

1 aτ∂1(y) + ....+ tp
m

d aτ∂d(y) +O(aqp
m

).

Note that since tp
m0

i is diagonal for each i, ρ′(tp
m0

i ) = v′(tp
m0

i ), and ρ′(ti) = ρ′(qi) since

growth rates are invariant under conjugation by Lemma 3.6.2(iii). Since ρ′ = ρ on

Q̂, it follows that ρ(qp
m0

i ) = v′(tp
m0

i ).

Moreover, v′(tp
m

i ) = ρ(qp
m

i ) = pmρ(qi) for each m ≥ m0.

Also, recall the definition of the initial power m1 from Definition 3.2.2, and that

qi = τ(u(hi)− 1) = τ(u0(hi)− 1)p
m1 for each i. So after replacing m1 by m1 +m0 we

may ensure that each ti is diagonal, and hence v′(ti) = ρ(qi).

Recall that λ = inf{v(ρ(τ(u(h)− 1))) : h ∈ H}, and let

U := {h ∈ H : ρ(τ(u(h)− 1)) > λ},

then U is a proper open subgroup of H containing Hp by Lemma 3.7.2. Fix an or-

dered basis {h1, · · · , hd} for H such that {hp1, · · · , hpr, hr+1, · · · , hd} is a basis for U ,

qi = τ(u(hi)− 1), ti = aqia
−1 as above.

Then it follows that for all i ≤ r, v′(ti) = ρ(qi) = λ, and for i > r, v′(ti) > λ, so we

have:

0 = tp
m

1 aτ∂1(y) + ....+ tp
m

r aτ∂r(y) +O(aqp
m

) (3.15)
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where ρ(q) > λ. In the next section, we will show how to analyse this expression.

3.9 Using Linear Dependence

Definition 3.9.1. Given ν ∈ Z, c1, · · · , cm ∈Mns(F
′) with v′(ci) = ν for some i, we

say that c1, · · · , cm are Fp-linearly independent modulo ν+ if for any α1, · · · , αm ∈ Fp,

not all zero, v′(α1c1 + · · ·+ αmcm) ≤ ν.

Lemma 3.9.2. t1, · · · , tr are Fp-linearly dependent modulo λ+.

Proof. Suppose, for contradiction, that v′(α1t1 + · · · + αrtr) > λ for some αi ∈ Fp,

not all zero, then using Lemma 3.6.2(iii) we see that

ρ(α1q1 + · · ·+ αrqr) = ρ(a(α1q1 + · · ·+ αrqr)a
−1) = ρ(α1t1 + · · ·+ αrtr) = v′(α1t1 +

· · ·+ αrtr) > λ.

But since qi = τ(u(hi) − 1) for each i, we can see using expansions in kG that

α1q1 + · · · + αrqr = τ(u(hα1
1 · · ·hαrr ) − 1) + O(qiqj), and clearly ρ(O(qiqj)) > λ, and

hence ρ(τ(u(hα1
1 · · ·hαrr )− 1)) > λ.

But U = {h ∈ H : ρ(τ(u(h) − 1)) > λ} = 〈hp1, · · · , hpr, hr+1, · · · , hd〉, so since p does

not divide every αi, it follows that hα1
1 · · ·hαrr /∈ U , and hence ρ(τ(u(hα1

1 · · ·hαrr ) −

1)) = λ – contradiction.

Notation: For each i = 1, · · · , ns, denote by ei the diagonal matrix with 1 in the

i’th diagonal position, 0 elsewhere.

Proposition 3.9.3. Suppose d1, · · · , dr ∈ Mns(F
′) are diagonal, v′(di) = λ for each

i, and suppose that for all m ∈ N we have:

0 = dp
m

1 a1 + · · ·+ dp
m

r ar +O(aqp
m

)
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where ai, a, q ∈Mns(F
′), ρ(q) > λ.

Suppose further that for some j ∈ {1, · · · , ns}, the j’th entries of d1, · · · , dr are

Fp-linearly independent modulo λ+. Then ejai = 0 for all i = 1, · · · , r.

Proof. Firstly, since d1,j, · · · , dr,j are Fp-linearly independent modulo λ+, it follows

immediately that ejd1, · · · , ejdr are Fp-linearly independent modulo λ+. And:

0 = (ejd1)p
m
a1 + · · ·+ (ejdr)

pmar +O(ejaq
pm).

For convenience, set d′i := ejdi, and in a similar vein to the proof of Theorem 3.7.5,

define the following matrices:

Dm :=

â
d′p

m

1 d′p
m

2 . . d′p
m

r

d′p
m+1

1 d′p
m+1

2 . . d′p
m+1

r

. . . . .

. . . . .

d′p
m+t−1

1 d′p
m+t−1

2 . . d′p
m+t−1

r

ì
, a :=


a1

a2

.

.

.
ar


Then we can rewrite our expression as:

0 = Dm · a+


O(ejaq

pm)

O(ejaq
pm+1

)
.
.
.

O(ejaq
pm+t−1

)


and multiplying by the adjoint matrix adj(Dm) gives:

0 = det(Dm)a+ adj(Dm)


O(ejq

pm)

O(ejaq
pm+1

)
.
.
.

O(ejaq
pm+t−1

)

 (3.16)

and using an identical argument to the proof of Lemma 3.7.3, we see that the (i, j)-

entry of adj(Dm) has value at least pr−1
p−1

pmλ− pm+j−1λ.

Since ρ(q) > λ, fix c > 0 such that ρ(q) > λ+ c, and hence v′(ejaq
pm) ≥ pmλ+ pmc+

v(a) for all sufficiently high m. Then we see that the i’th entry of the vector
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adj(Dm)


O(ejaq

pm)

O(ejaq
pm+1

)
.
.
.

O(ejaq
pm+t−1

)


has value at least pr−1

p−1
pmλ+ pmc+ v(a) for m >> 0.

So examining the i’th entry of our expression (3.16) gives that 0 = det(Dm)ai + εi,m,

where v′(εi,m) ≥ pt−1
p−1

pm+rλ+ pmc+ v(a).

Let ∆ := det(D0), then det(Dm) = ∆pm for all m ∈ N, and using [8, Lemma 1.1(ii)]

we see that

∆ = β ·
∏

α∈Pr−1Fp
(α1d

′
1 + · · ·+ αrd

′
r) for some β ∈ Fp.

Since d′1, · · · , d′r are Fp-linearly independent modulo λ+, each term in this product

has value λ, and moreover is a diagonal matrix, with only the j’th diagonal entry

non-zero.

Let δ be the j’th diagonal entry of ∆. Then δ ∈ F ′, δ−1∆ = ej, and v(δ) =
∑

α∈Pr−1Fp
λ =

pr−1
p−1

λ. So:

0 = δ−p
m

∆pmai + δ−p
m
εi,m = ejai + δ−p

m
εi,m

and v′(δ−p
m
εi,m) = v′(εi,m) − pmpr−1

p−1
λ ≥ pr−1

p−1
pmλ + pmc + v(a) − pm−1

p−1
pmλ = v(a) +

pmc→∞ as m→∞.

Hence δ−p
m
εi,m → 0 and ejai = 0 as required.

Now, consider again the maps ∂1, · · · , ∂r : kG → kG. These are k-linear derivations

of kG by Lemma 2.5.5, and we want to prove that ∂i(P ) = 0 for some i.

Lemma 3.9.4. Let δ : kG→ kG be any k-linear derivation of kG. Then if cτδ(P ) =

0 for some 0 6= c ∈Mns(F
′) then τδ(P ) = 0

86



Proof. Let I = {a ∈ Mns(F
′) : aτδ(P ) = 0}, then it is clear that I is a left ideal

of Mns(F
′), and I 6= 0 since 0 6= c ∈ I. We want to prove that 1 ∈ I, and hence

τδ(P ) = 0.

We will first prove that I is right Q̂-invariant:

Given r ∈ kG, y ∈ P , δ(ry) = rδ(y) + δ(r)y since δ is a derivation. So τδ(ry) =

τ(r)τδ(y)+τδ(r)τ(y) = τ(r)τδ(y). Therefore, for any a ∈ I, aτ(r)τδ(y) = aτδ(ry) =

0 since ry ∈ P . Thus aτ(r) ∈ I, and it follows that I is right kG/P -invariant.

Given s ∈ kG, regular mod P (i.e. τ(s) is a unit in Q(kG/P )), we have that

Iτ(s) ⊆ I. Hence we have a descending chain I ⊇ Iτ(s) ⊇ Iτ(s)2 ⊇ · · · of right

ideals of Mns(F
′). So since Mns(F

′) is Artinian, it follows that Iτ(s)n = Iτ(s)n+1 for

some n ∈ N, so dividing out by τ(s)n+1 gives that Iτ(s)−1 = I.

Therefore, I is right Q(kG/P )-invariant, and passing to the completion gives that it

is right Q̂-invariant as required.

This means that I ∩ Q̂ is a two sided ideal of the simple ring Q̂ ∼= Mn(Q(D)). We

will prove that I ∩ Q̂ 6= 0, and it will follow that I ∩ Q̂ = Q̂ and thus 1 ∈ I.

We know that Q̂ ∼= Mn(Q(D)) and Q(D) ↪−→ Ms(F
′). Since Q(D) is a division ring,

we must have that Ms(F
′) is free as a right Q(D)-module, so let {x1, · · · , xt} be a

basis for Ms(F
′) over Q(D). It follows easily that {x1Ins, · · · , xtIns} is a basis for

Mns(F
′) over Mn(Q(D)) = Q̂.

Now, c ∈ I and c 6= 0, so c = x1c1 + · · · + xtct for some ci ∈ Q̂, not all zero, and

cτδ(y) = 0 for all y ∈ P .
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Therefore 0 = cτδ(y) = x1(c1τδ(y)) + x2(c2τδ2(y)) + · · · + xt(ctτδ(y)), so it follows

from Q̂-linear independence of x1Ins, · · · , xtIns that ciτδ(y) = 0 for all i, and hence

ci ∈ I ∩ Q̂.

So choose i such that ci 6= 0, and since ci ∈ I∩Q̂, we have that I 6= 0 as required.

Theorem 3.9.5. Let δ1, · · · , δr : kG→ kG be k-linear derivations of kG, and suppose

that there exist matrices a, q, d1, · · · , dr ∈Mns(F
′) such that a is invertible, the di are

diagonal of value λ, ρ(q) > λ and for all y ∈ P :

0 = dp
m

1 aτδ1(y) + dp
m

2 aτδ2(y) + · · ·+ dp
m

r aτδr(y) +O(aqp
m

).

Suppose further that d1, · · · , dr are Fp-linearly independent modulo λ+, then τδi(P ) =

0 for all i.

Proof. We will use induction on r. First suppose that r = 1.

Then since 0 = dp
m

1 aτδ1(y) +O(aqp
m

), it follows immediately from Proposition 3.9.3

that ejaτδ1(y) = 0 for any j = 1, · · · , ns such that v(d1,j) = λ, and this holds for all

y ∈ P .

Since a is a unit, eja 6= 0, so using Lemma 3.9.4, we see that τδ1(P ) = 0 as

required.

Now suppose, for induction, that the result holds for all t < r:

Assume first that there exists j = 1, · · · , ns such that d1,j, · · · , dr,j are Fp-linearly

independent modulo λ+. Then using Proposition 3.9.3 and Lemma 3.9.4 again, we

see that ejaτδi(y) = 0 for all i = 1, · · · , r, y ∈ P , and hence τδi(P ) = 0 for all i as

required.
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Hence we may assume that all the corresponding entries of d1, · · · , dr are Fp-linearly

dependent modulo λ+, i.e. given j = 1, · · · , ns, we can find β1, · · · , βr ∈ Fp such that

v(β1d1,j+ · · ·+βrdr,j) > λ. We can of course choose j such that v(di,j) = λ for some i.

Without loss of generality, we may assume that for some 1 ≤ t < r, d1,j, · · · , dt,j

are Fp-linearly independent mod λ+, and that dt+1,j, · · · , dr,j can be expressed as

Fp-linear combinations of d1,j, · · · , dt,j modulo λ+ 1.

So, for each i = 1, · · · , r, ejdi =
∑t

k=1 βi,kejdk + εi for some βi,j ∈ Fp, εi ∈ Mns(F
′)

diagonal with v′(εi) > λ.

Multiplying our expression by ej gives:

0 = ejd
pm

1 aτδ1(y) + · · ·+ ejd
pm

r aτδr(y) +O(ejaq
pm)

=
∑r

i=1 ejd
pm

i aτδi(y) +O(ejaq
pm)

=
∑r

i=1 ej
∑t

k=1 βi,kd
pm

k aτδi(y) +
∑r

i=1 ε
pm

i aτδi(y) +O(aqp
m

)

= ejd
pm

1 a
∑r

i=1 βi,1τδi(y) + · · ·+ ejd
pm

t a
∑r

i=1 βi,tτδi(y) +
∑r

i=1 ε
pm

i aτδi(y) +O(aqp
m

).

Now, set δ′k :=
∑r

i=1 βi,kτδi(y), d′i := ejdi for each i = 1, · · · , t. Then the δ′i are k-

linear derivations of kG, and since ε is diagonal and v′(ε) > λ, it follows that ρ(ε) > λ,

and so
∑r

i=1 ε
pm

i aτδi(y) +O(aqp
m

) = O(aq′p
m

) for some q′ with ρ(q′) > λ. Hence:

0 = d′p
m

1 aτδ′1(y) + d′p
m

2 aτδ′2(y) + · · ·+ d′p
m

t aτδ′t(y) +O(aq′p
m

).

So since ejd1, · · · , ejdt are Fp-linearly independent module λ+, it follows from induc-

tion that τδ′k(P ) = 0 for all i, i.e. for all y ∈ P ,
∑r

i=1 βi,kτδi(y) = 0.
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Therefore, we may assume without loss of generality that for all y ∈ P , τδr(y) =

β1τδ1(y) + · · ·+ βr−1τδr−1(y) for some βi ∈ Fp, not all zero. Hence:

0 = dp
m

1 aτδ1(y) + · · ·+ dp
m

r aτδr(y) +O(aqp
m

)

= (d1 + β1dr)
pmaτδ1(y) + · · ·+ (dr−1 + βr−1dr)

pmaτδr−1(y) +O(aqp
m

)

But d1 +β1dr, · · · , dr−1 +βr−1dr are Fp-linearly independent modulo λ+, so it follows

from induction that τδi(P ) = 0 for all i = 1, · · · , r − 1.

Therefore, we have 0 = dp
m

r aτδr(y) +O(aqp
m

), so applying induction again gives that

τδr(P ) = 0 as required.

Corollary 3.9.6. Let G be a p-valuable group, and let P be a faithful prime ideal of

kG such that Q(kG/P ) is a CSA. If there exists a closed, isolated normal subgroup

H of G and a strong H-Mahler automorphism ϕ ∈ Autω(G) such that ϕ(P ) = P ,

then P is controlled by a proper open subgroup of G.

Proof. We know that t1, · · · , tr are Fp-linearly independent modulo λ+ by Lemma

3.9.2, so applying Theorem 3.9.5 with δi = ∂i and di = ti, it follows that τ∂i(P ) = 0

for all i = 1, · · · , r.

Hence P is controlled by a proper open subgroup of G by Proposition 2.5.4.
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Chapter 4

The Abelian-by-procyclic case in
characteristic p

Now that we have explored the usefulness of Mahler expansions in characteristic p,

we will see how to apply this in the abelian-by-procyclic case, where we can exploit

the canonical Mahler automorphisms.

4.1 Construction of a valuation

We have seen why non-commutative valuations are useful, but to ultimately prove

Theorem B, we will need to define a particular non-commutative valuation onQ(kG/P )

that allows for the construction of a special growth preserving polynomial. In this

section, we will show how to construct this valuation, following a similar argument

to the proof of [1, Theorem C].

Let R be a prime, Noetherian ring, and let w : R→ N ∪ {∞} be a positive Zariskian

filtration such that grwR is finitely generated as a module over a central, graded,

Noetherian subring A, and we will assume that the positive part A>0 of A is not

nilpotent, and hence we may fix a minimal prime ideal q of A with q 6⊇ A>0. Define:

T = {X ∈ A\q : X is homogeneous }.

Then T is central, and hence localisable in gr R, and the left and right localisations

agree.
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Lemma 4.1.1. Let q′ := T−1q, then q′ is a nilpotent ideal of T−1A and:

i. There exists Z ∈ T , homogeneous of positive degree, such that T−1A
q′
∼= (T

−1A
q′

)0[Z,Z
−1

],

where Z := Z + q′.

ii. The quotient
(T−1A)≥0

Z(T−1A)≥0
is Artinian, and T−1A is gr-Artinian, i.e. every descending

chain of graded ideals terminates.

Proof. Since A is a graded, commutative, Noetherian ring, this is identical to the

proof of [1, Proposition 3.2].

Since gr R is finitely generated over A, it follows that T−1gr R is finitely generated

over T−1A. So using this lemma, we see that T−1gr R is gr-Artinian.

Let S := {r ∈ R : gr(r) ∈ T}, then since w is Zariskian, S is localisable by [27,

Corollary 2.2], and there exists a Zariskian filtration w′ on S−1R such that

grw′ S
−1R ∼= T−1gr R, and if r ∈ R then w′(r) ≥ w(r) with equality if r ∈ S.

Furthermore, w′ satisfies w′(s−1r) = w′(r)− w(s) for all r ∈ R, s ∈ S.

Now, since R is prime, the proof of [1, Lemma 3.3] shows that S−1R = Q(R), so let

Q′ be the completion of Q(R) with respect to w′.

Let U := F0Q
′, which is Noetherian by [28, Ch.II Lemma 2.1.4], and it follows that

grw′ U ∼= (T−1gr R)≥0, and since gr Q′ = T−1gr R is gr-Artinian, Q′ is Artinian.

Lemma 4.1.2. There exists a regular, normal element z ∈ J(U) ∩Q′× such that U
zU

is Artinian, and for all n ∈ Z, Fnw′(z)Q
′ = znU , hence the z-adic filtration on Q′ is

topologically equivalent to w′. Moreover, U has Krull dimension 1 on both sides.

Proof. Recall the element Z ∈ T−1A from Lemma 4.1.1(i), then we can choose an

element z ∈ U such that grw′(z) = Z. Since w′ is Zariskian and Z has positive degree,
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z ∈ F1Q
′ ⊆ J(U).

Furthermore, since Z̄ = Z + q′ is a unit in T−1A
q′

and q′ is nilpotent, it follows that Z

is a unit in T−1A, and hence in T−1gr R = gr Q′.

This means that z is not a zero divisor in Q′, and hence it is a unit since Q′ is

Artinian. Also, for all u ∈ Q′, w′(zuz−1) = w′(u) since Z is central in gr Q′, and

hence zUz−1 = U . Therefore z is normal in U .

Since (T−1gr R)≥0 is finitely generated over (T−1A)≥0, it follows that gr U
Zgr U

is finitely

generated over the image of
(T−1A)≥0

Z(T−1A)≥0
→ gr U

Zgr U
.

This image is gr-Artinian by Lemma 4.1.1(ii) and hence gr U
Zgr U

is also gr-Artinian.

Therefore, since gr U
zU

= gr U
Zgr U

under the quotient filtration, it follows that U
zU

is

Artinian, and the proof of [1, Proposition 3.4] gives us that U has Krull dimension

at most 1 on both sides, and that Fnw′(z)Q
′ = znU for all n ∈ Z.

So, after passing to a simple quotient Q̂ of Q′, since Q(R) is simple it follows that

the map Q(R)→ Q̂ is injective, and the image is dense with respect to the quotient

filtration, so we can think of Q̂ as a topological completion of Q(R).

Now, setting V := Q̂≥0 as the image of U in Q̂, we can choose a maximal order B in

Q̂, which is equivalent to V in the sense of [29, Definition 1.9]. Such an order exists

by [1, Theorem 3.11], and it is Noetherian.

Furthermore, let z ∈ J(U) be the regular, normal element from Lemma 4.1.2, and let

z ∈ J(V ) be the image of z in V , then B ⊆ z−rV for some r ∈ N by [1, Proposition

3.7].
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It follows from [1, Theorem 3.6] that B ∼= Mn(D) for some complete non-commutative

DVR D, and hence Q̂ ∼= Mn(Q(D)). So let v be the J(B)-adic filtration, i.e. the

filtration induced from the valuation on D. Then v is topologically equivalent to the

z-adic filtration on Q̂.

It is clear from the definition that the restriction of v to Q(R) is a non-commutative

valuation, and the proof of [1, Theorem C] shows that (R,w)→ (Q(R), v) is contin-

uous.

Note that our construction depends on a choice of minimal prime ideal q of A. So

altogether, we have proved the following:

Theorem 4.1.3. Let R be a prime, Noetherian ring with a Zariskian filtration

w : R → N ∪ {∞} such that grw R is finitely generated as a module over a cen-

tral, graded, Noetherian subring A, and the positive part A>0 of A is not nilpotent.

Then for every minimal prime ideal q of A with q 6⊇ A>0, there exists a corresponding

non-commutative valuation vq on Q(R) such that the inclusion (R,w) → (Q(R), vq)

is continuous.

In particular, if P is a prime ideal of kG, then R = kG/P carries a natural Zariskian

filtration, given by the quotient of the Lazard filtration on kG, and gr R ∼= gr kG
gr P

is

commutative, and if P 6= J(kG) then (gr R)≥0 is not nilpotent by [1, Lemma 7.2].

Hence we may apply Theorem 4.1.3 to obtain a non-commutative valuation v on

Q(kG/P ) such that the natural map τ : (kG,w)→ (Q(kG/P ), v) is continuous.

4.2 Normal elements

Now that we have defined our non-commutative valuation, we need to explore its

properties. Again, gr R is finitely generated over a central, graded, Noetherian sub-
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ring A, and q is a minimal prime ideal of A, not containing A>0. Recall first the data

that we used in the construction of vq:

• w′ – a Zariskian filtration on Q(R) such that w′(r) ≥ w(r) for all r ∈ R, with

equality if grw(r) ∈ A\q. Moreover, if grw(r) ∈ A\q then r is w′-regular.

• Q′ – the completion of Q(R) with respect to w′.

• U – the positive part of Q′, a Noetherian ring.

• z – a regular, normal element of J(U) such that znU = Fnw′(z)Q
′ for all n ∈ Z.

• vz,U – the z-adic filtration on Q′, topologically equivalent to w′.

• Q̂ – a simple quotient of Q′.

• V – the positive part of Q̂, which is the image of U in Q̂.

• z – the image of z in V .

• vz,V – the z-adic filtration on Q̂, topologically equivalent to the quotient filtra-

tion.

• B – a maximal order in Q̂, equivalent to V , satisfying B ⊆ z−rV for some r ≥ 0,

isomorphic to Mn(D) for some non-commutative DVR D.

• vz,B – the z-adic filtration on B.

• vq – the J(B)-adic filtration on Q̂, topologically equivalent to vz,B.

From now on, we will assume further that R is an Fp-algebra.

Recall from Lemma 2.3.1 that an element r ∈ B is vq-regular if and only if r is normal

in B. Since it is important in the definition of a special GPP for us to establish v-

regularity, we will now explore how to construct normal elements.
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Lemma 4.2.1. Given r ∈ R such that gr(r) ∈ A\q, we have:

i. r is normal in U , a unit in Q′ and for any u ∈ U , w′(rur−1 − u) > w′(u).

ii. vz,V (r) = vz,U(r).

Proof. i. Since r ∈ S = {s ∈ R : gr(s) ∈ A\q} and Q(R) = S−1R, r is a unit in Q′,

and we know that w′(r) = w(r). Given u ∈ U , we want to prove that rur−1 ∈ U ,

thus showing that r is normal in U .

We know that U = F0Q
′ is the completion of the positive part F0Q(R) of Q(R) by

definition, and we may assume that u lies in Q(R), i.e. u = s−1t for some s ∈ S,

t ∈ R, and w′(u) = w′(t)− w(s) ≥ 0.

But gr(r), gr(s) /∈ q, and hence gr(r)gr(s) 6= 0, which means that w(rs) = w(r)+w(s).

Therefore w′(r−1ur) = w′((sr)−1tr) = w′(tr)−w(rs) ≥ w′(t)+w′(r)−w(r)−w(s) =

w′(t)− w′(s) ≥ 0, and so r−1ur ∈ U as required.

Furthermore, since gr(r) ∈ A is central in gr R, w′(ru−ur) > w′(u)+w′(r), and thus

w′(rur−1−u) = w′((ru−ur)r−1) ≥ w′(ru−ur)−w′(r) > w′(u)+w′(r)−w′(r) = w′(u).

ii. Let t := vz,U(r).

So r ∈ ztU\zt+1U = Ftw′(z)Q
′\F(t+1)w′(z)Q

′, and hence w′(r) = tw′(z) + j for some

0 ≤ j < w′(z).

Since grw′(r) ∈ A\q, we have that w′(r−1) = −w′(r) = −tw′(z)− j.

Let r be the image of r in Q̂. Then since r ∈ ztU , it is clear that r ∈ ztV , hence

vz,V (r) ≥ t, so it remains to prove that vz,V (r) ≤ t.
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Suppose that r ∈ zt+1V , i.e. r − zt+1u maps to zero in Q̂ for some u ∈ U , and hence

z−tr − zu = z−t(r − zt+1u) also maps to zero.

Let a = z−tr, b = −zu. Then w′(b) ≥ w′(u) + w′(z) ≥ w′(z), w′(a−1) ≥ w′(r−1) +

tw′(z) = −tw′(z) − j + tw′(z) = −j, so w′(a−1b) ≥ w′(z) − j > w′(z) − w′(z) = 0,

and therefore (a−1b)n → 0 as n→∞.

So by completeness of Q′, the series
∑
n≥0

(−1)n(a−1b)na−1 converges in Q′, and the

limit is the inverse of a+ b, hence a+ b = z−tr − zu is a unit in Q′.

Therefore a unit in Q′ maps to zero in Q̂ – contradiction.

Hence r /∈ zt+1V , so vz,V (r) ≤ t as required.

Proposition 4.2.2. Let u ∈ U be regular and normal, then u is a unit in Q′. Fur-

thermore, if w′(uau−1 − a) > w′(a) for all a ∈ Q′, then setting u as the image of u

in V , we have that up
m

is vq-regular for sufficiently high m ∈ N.

Proof. Since u is regular in U , it is not a zero divisor, so it follows that u is not a

zero divisor in Q′, and hence a unit since Q′ is Artinian.

Since u is normal in U , i.e. uU = Uu, it follows that uV = V u, so u is normal in V .

We want to prove that for m sufficiently high, up
m

is normal in B = F0Q̂, and it will

follow from Lemma 2.3.1 that it is vq-regular.

We know that w′(uau−1 − a) > w′(a) for all a ∈ Q′, so let θ : Q′ → Q′ be the

conjugation action of u, then (θ − id)(FnQ
′) ⊆ Fn+1Q

′ for all n ∈ Z.

Therefore, for all k ∈ N, (θ − id)k(FnQ
′) ⊆ Fn+kQ

′.
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Since Q′ is an Fp-algebra, it follows that (θp
m − id)(FnQ

′) = (θ − id)p
m

(FnQ
′) ⊆

Fn+pmQ
′, and clearly θp

m
is conjugation by up

m
. So fix k ∈ N such that pk ≥

w′(z). Then we know that znU = Fnw′(z)U , so (θp
k − id)(znU) ⊆ Fnw′(z)+pkU ⊆

F(n+1)w′(z)U = zn+1U .

Hence we have that for all a ∈ Q′, vz,U(up
k
au−p

k − a) > vz,U(a), and it follows imme-

diately that vz,V (up
k
au−p

k − a) > vz,V (a) for all a ∈ Q̂.

For convenience, let v := up
k ∈ V . We know that vz,V (vav−1 − a) > vz,V (a) for all

a ∈ Q̂, and we want to prove that vp
m

is normal in B for m sufficiently high.

Let I = {x ∈ V : qx ∈ V for all q ∈ B}, then I is a two-sided ideal of V , and since

B ⊆ z−rV , we have that zrV ⊆ I. Also note that BI ⊆ I, because if q, s ∈ B, x ∈ I

then sx ∈ V and q(sx) = (qs)x ∈ V , thus sx ∈ I.

Let ψ : Q̂ → Q̂ be conjugation by v, then we know that (ψ − id)(znV ) ⊆ zn+1V ,

and hence (ψ − id)s(V ) ⊆ zsV for all s. Choose m ∈ N such that pm ≥ r, then

(ψp
m − id)(V ) = (ψ − id)p

m
(V ) ⊆ zp

m
V ⊆ zrV ⊆ I.

Therefore, for all a ∈ V , vp
m
av−p

m − a ∈ I, and in particular, for all a ∈ I,

vp
m
av−p

m ∈ I, so vp
m
Iv−p

m ⊆ I. So set b := vp
m

, then it follows from Noetheri-

anity of V that bIb−1 = I.

Finally, consider the subring B′ := b−1Bb of Q̂ containing V , then since B is a maxi-

mal order equivalent to V , it follows immediately that B′ is equivalent to V , and that

B′ is also maximal.

Given c ∈ B′, c = b−1qb for some q ∈ B. So given x ∈ I, cx = b−1qbx = b−1qbxb−1b ∈
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b−1Ib = I, so c ∈ Ol(I) := {q ∈ Q̂ : qI ⊆ I}, and hence B′ ⊆ Ol(I).

But Ol(I) is an order in Q̂, equivalent to V , and since BI ⊆ I this order contains B.

Since B and B′ are maximal orders and are both contained in Ol(I), it follows that

Ol(I) = B = B′ = bBb−1.

Therefore b = vp
m

= up
m+k

is normal in B as required.

In particular, it is clear that z ∈ U satisfies the property that w′(zaz−1 − a) > w′(a)

for all a ∈ Q′, thus zp
m

is normal in B for large m.

The next result will be very useful to us later when we want to compare values of

elements in Q(kG/P ) based on their values in kG.

Theorem 4.2.3. Given r ∈ R such that grw(r) ∈ A\q, there exists m ∈ N such that

rp
m

is vq-regular inside Q̂. Also, if s ∈ R with w(s) > w(r) then for sufficiently high

m, vq(s
pm) > vq(r

pm).

Moreover, if w(s) = w(r) and grw(s) ∈ q then we also have that vq(s
pm) > vq(r

pm)

for sufficiently high m.

Proof. Since grw(r) ∈ A\q, it follows from Lemma 4.2.1(i) that r is normal and reg-

ular in U , and w′(rur−1 − u) > w′(u) for all u ∈ U . So for m ∈ N sufficiently high,

rp
m

is vq-regular by Proposition 4.2.2.

Note that since grw(r) ∈ A\q, we have that w′(r) = w(r). In fact, since grw(r) is

not nilpotent, we actually have that w′(rn) = w(rn) = nw(r) for all n ∈ N. So if

w(s) > w(r), then for any n, w′(sn) ≥ nw(s) > nw(r) = w′(rn).

Moreover, if w(s) = w(r) and grw(s) ∈ q, then since q′ = T−1q is nilpotent

by Lemma 4.1.1, it follows that for n sufficiently high, w′(sn) > nw′(s), and hence

w′(sn) > nw(s) = nw(r) = w(rn) = w′(rn).
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So, in either case, after replacing r and s by high p’th powers of r and s if necessary,

we may assume that w′(s) > w′(r), i.e. w′(s) ≥ w′(r) + 1.

It follows that for every M > 0, we can find m ∈ N such that w′(sp
m

) ≥ w′(rp
m

)+M .

First we will prove the same result for vz,U :

Given M > 0, let N = w′(z)(M + 1), so that M = 1
w′(z)

N − 1, then choose m such

that w′(sp
m

) ≥ w′(rp
m

) +N , and let l := vz,U(sp
m

), t := vz,U(rp
m

).

So sp
m ∈ zlU\zl+1U = Flw′(z)Q

′\F(l+1)w′(z)Q
′, and rp

m ∈ ztU\zt+1U = Flw′(z)Q
′\F(l+1)w′(z)Q

′.

Hence (l + 1)w′(z) ≥ w′(sp
m

) ≥ lw′(z) and (t+ 1)w′(z) ≥ w′(rp
m

) ≥ tw′(z).

Therefore, vz,U(sp
m

) = l = 1
w′(z)

((l + 1)w′(z))− 1 ≥ 1
w′(z)

w′(sp
m

)− 1

≥ 1
w′(z)

(w′(rp
m

) +N)− 1 ≥ 1
w′(z)

(tw′(z) +N)− 1

= t+ 1
w′(z)

N − 1 = t+M = vz,U(rp
m

) +M as required.

Now, since grw(r) ∈ A\q, we have that vz,V (rp
m

) = vz,U(rp
m

) for all m by Lemma

4.2.1(ii).

Therefore, since vz,V (sp
m

) ≥ vz,U(sp
m

) for all m, it follows that for every M > 0,

there exists m ∈ N such that vz,V (sp
m

) ≥ vz,V (rp
m

) +M .

Now we will consider vz,B, the z-adic filtration on Q̂.

Recall that V ⊆ B ⊆ z−rV , and thus znV ⊆ znB ⊆ zn−rV for all n. Hence
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vz,V (v)− r ≤ vz,B(v) ≤ vz,V (v) for all v ∈ V .

For any M > 0, choose m such that vz,V (sp
m

) ≥ vz,V (rp
m

) +M + r. Then:

vz,B(sp
m

) ≥ vz,V (sp
m

)− r ≥ vz,V (rp
m

) +M + r − r ≥ vz,B(rp
m

) +M .

Now, using Proposition 4.2.2, we know that we can find k ∈ N such that x := zp
k

is normal in B, i.e. xB = Bx is a two-sided ideal of B. Then since B ∼= Mn(D) for

some non-commutative DVR D, it follows that xB = J(B)a for some a ∈ N, and

xmB = J(B)am for all m.

So, choose m ∈ N such that rp
m

is vq-regular, vq(r
pm) ≥ a and vz,B(sp

m
) ≥ vz,B(rp

m
)+

pk. Then suppose that vq(r
pm) = n, i.e. rp

m ∈ J(B)n\J(B)n+1 and n ≥ a.

We have that n = qa+ t for some q, t ∈ N, 0 ≤ t < a, so q ≥ 1 and qa ≤ n < n+ 1 ≤

(q + 1)a. Therefore:

rp
m ∈ J(B)n ⊆ J(B)qa = xqB = zp

kqB, and so vz,B(rp
m

) ≥ pkq.

Hence vz,B(sp
m

) ≥ vz,B(rp
m

)+pk ≥ pkq+pk = pk(q+1), so sp
m ∈ zpk(q+1)B = xq+1B =

J(B)a(q+1) ⊆ J(B)n+1.

Therefore vq(s
pm) ≥ n+ 1 > n = vq(r

pm).

Furthermore, for all l ∈ N, vq(s
pm+l

) ≥ plvq(s
pm) > plvq(r

pm) = vq(r
pm+l

) – the last

equality holds since rp
m

is vq-regular.

Hence vq(s
pn) > vq(r

pn) for all sufficiently high n as required.
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4.3 The Extended commutator subgroup

From now on, we will fix G a p-valuable, non-abelian, abelian-by-procyclic group

with principal subgroup H, procyclic element X. We will also assume for now that

G has split-centre, i.e. 1→ Z(G)→ G→ G
Z(G)

→ 1 is a split exact sequence of groups.

Firstly, recall from Appendix C.1 how we define a valuation w : L → R ∪ {∞}

on a Zp-Lie algebra L. Also recall that we define ε :=

®
1 p > 2

2 p = 2
, and we say a free

Zp-Lie algebra L of finite rank is powerful if [L,L] ⊆ pεL. If L is powerful and w is a

valuation on L, then w corresponds to a p-valuation ω on the uniform group exp(L)

defined by ω(g) := w(log(g)). We use this construction to prove the following result:

Proposition 4.3.1. Let G be a non-abelian, uniform, abelian-by-procyclic group with

split-centre, let L := log(G), and let V := exp([L,L]) ⊆ Hp. Then there exists a

basis {h1, · · · , hd} for H, r ≤ d such that {hr+1, · · · , hd} is a basis for Z(G) and

{hp
t1

1 , · · · , hptrr } is a basis for V for some ti ≥ ε.

Moreover, there exists an abelian p-valuation ω on G such that (i) {h1, · · · , hd, X} is

an ordered basis for (G,ω), and (ii) ω(hp
t1

1 ) = ω(hp
t2

2 ) = · · · = ω(hp
tr

r ) > ω(X).

Proof. First, note that since G has split centre, we have that G ∼= Z(G) × G
Z(G)

. In

fact, since Z(G) ⊆ H, we have that H ∼= Z(G) ×H ′ for some H ′ ≤ H, normal and

isolated in G.

Set L := log(G), H := log(H), x := log(X). Then L is a powerful Zp-Lie algebra,

free of finite rank, and L = H o Zpx. Also, it follows from the preceding paragraph

that H = Z(L)⊕H′, where H′ := log(H ′), and clearly [L,L] = [x,H] = [x,H′].

Note that ad(x) : H′ → [L,L] is an injective, Zp-linear map, since its kernel is

H′ ∩ Z(L) = 1. Since [L,L] ⊆ H′, it follows that [L,L] has the same rank as H′,
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so by the Elementary Divisors Theorem, there exists a basis {v1, · · · , vr} for H′ such

that {pt1v1, ...., p
trvr} is a basis for [L,L] for some ti ≥ 0. And since L is powerful,

we have in fact that ti ≥ ε for each i.

Let {vr+1, · · · , vd} be any basis for Z(L), and set hi := exp(vi) for each i = 1, · · · d.

It follows that {hp
t1

1 , ....., hp
tr

r } is a basis for V , and that {hr+1, · · · , hd} is a basis for

Z(G) as required.

Now, the proof of [32, Lemma 26.13] shows that if ω is any p-valuation on G and we

choose c > 0 with ω(g) > c+ 1
p−1

for all g ∈ G, then ωc(g) := ω(g)− c defines a new

p-valuation on G satisfying ωc((g, h)) > ωc(g)+ωc(h), which preserves ordered bases.

So if ω is an integer valued p-valuation satisfying i and ii, then take c := 1
e

for any

integer e ≥ 2 and ωc will also satisfy i and ii. Also ωc(G) ⊆ 1
e
Z and ωc((g, h)) >

ωc(g) + ωc(h) for all g, h ∈ G, i.e. ωc is abelian.

Therefore, it remains to show that we can define an integer valued p-valuation on G

satisfying i and ii.

Assume without loss of generality that t1 ≥ ti for all i = 1, · · · , r. Choose a ∈ Z with

a > ε, and set ai := a+ t1− ti for each i, so that ai+ ti = aj + tj for all i, j = 1, · · · , r.

For convenience, set vd+1 := x, and for each i > r, set ai = ε. Then define:

w : L → Z ∪ {∞},
∑

i=1,··· ,d
αivi 7→ min{vp(αi) + ai : i = 1, · · · , d}.

We will prove that w is a valuation on L, and that w(ptivi) = w(ptjvj) > w(x) for all

i, j ≤ r. Then by defining ω on G by ω(g) = w(log(g)), the result will follow.

103



Firstly, the property that w(ptivi) = w(ptjvj) > w(x) is clear, since w(ptivi) = ti+ai =

tj + aj = w(ptjvj) for all i, j < d, and ai + ti = a+ t1 ≥ a > ε = w(x).

It is also clear from the definition of w that w(u + v) ≥ min{w(u), w(v)}, w(αu) =

vp(α)+w(u), w(u) =∞ if and only if u = 0, and w(u) > 1
p−1

for all u, v ∈ L, α ∈ Zp.

Therefore it remains to prove that w([u, v]) ≥ w(u) +w(v), and it is straightforward

to show that it suffices to prove this for basis elements.

So since vr+1, · · · , vd are central, we need only to show that w([x, vi]) ≥ w(x) +

w(vi) for all i ≤ r.

We have that [x, vi] = αi,1p
t1v1 + ....+ αi,rp

trvr for some αi,j ∈ Zp, so:

w([x, vi]) = min
j=1,··· ,r

{vp(αi,j) + tj + aj} = min
j=1,··· ,r

{vp(αi,j)}+ ti + ai ≥ ai + ti ≥ ai + ε =

w(vi) + w(x).

Remark: This result strongly depends on uniformity of G, it does not hold in gen-

eral. For example, if p > 2 and L = SpanZp{x, y, z} with [y, z] = 0, [x, y] = py,

[x, z] = y+ pz, then L is not powerful, and there is no valuation w on L that equates

the values of basis elements for [L,L].

Now, we know that G = H o 〈X〉 is p-valuable, so for each m ∈ N, define Gm :=

H o 〈Xpm〉. It is immediate that Gm is an open, normal subgroup of G, and that it

is non-abelian, p-valuable, abelian-by-procyclic with principal subgroup H, procyclic

element Xpm and split centre.

Lemma 4.3.2. There exists m ∈ N such that Gm is a uniform group.

Proof. Recall that G is an open subgroup of the p-saturated group Sat(G), i.e there

exists t ∈ N with Sat(G)p
t ⊆ G. Choose any such t and let m := t+ ε.
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Given h ∈ H, since h and XpmhX−p
m

commute, it follows from Lemma C.1.1

that (Xpm , h) = exp(
∑
n≥1

1
n!

(ad(pmx)n(v)) where x = log(X) and v = log(h) lie in

log(Sat(G)).

We want to prove that (Xpm , h) ∈ Hpε = Gpε ∩H, so since Sat(G)p
m

= Sat(G)p
t+ε ⊆

Gpε , it suffices to prove that 1
n!
ad(pmx)n(v) ∈ pm log(Sat(G)) for all n ≥ 1.

Clearly, for each n, ad(pmx)n(v) = [pmx, ad(pmx)n−1(u)], so we only need to prove

that ad(pmx)n−1(u) ∈ pvp(n!) log(Sat(G)), in which case:

1
n!

ad(pmx)n(v) = pm

n!
[x, ad(pmx)n−1(u)] ∈ pvp(n!)+m

n!
log(Sat(G)) ⊆ pm log(Sat(G)).

Let w be a saturated valuation on log(Sat(G)), i.e. if w(x) > 1
p−1

+ 1 then x = py

for some y ∈ log(Sat(G)).

Then since w(ad(pmx)n−1(u)) ≥ (n − 1)w(pmx) + w(u) > n−1
p−1

+ 1
p−1

, it follows that

ad(pmx)n−1(u) = pkv for some v ∈ log(Sat(G)), k ≥ n−1
p−1

.

We will show that k ≥ vp(n!), and it will follow that ad(pmx)n−1(u) = pkv ∈

pvp(n!) log(Sat(G)).

If n = a0 + a1p + · · · + arp
r for some 0 ≤ ai < p, then let s(n) = a0 + a1 + · · · + ar.

We know from [25, I 2.2.3] that vp(n!) = n−s(n)
p−1

.

Suppose that vp(n!) > n−1
p−1

, i.e. n−s(n)
p−1

> n−1
p−1

, and hence s(n) < 1. This means

that s(n) = 0 and hence n = 0 – contradiction.

Therefore k ≥ n−1
p−1
≥ vp(n!) as required.
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So from now on, fix c ∈ N minimal such that Gc is uniform, and let L := log(Gc)

– a powerful Zp-subalgebra of log(Sat(G)).

Lemma 4.3.3. Z(G) ∩ exp([L,L]) = 1

Proof. Since G has split centre, Gc must also have split centre, so 1 → Z(Gc) →

Gc → Gc
Z(Gc)

→ 1 is split-exact by definition. So since Gc is p-saturable and exp and

log are isomorphisms of categories by [25, IV.3.2.6], it follows that 0→ log(Z(Gc))→

L → L
log(Z(Gc))

→ 0 is split exact.

But since Z(G) ⊆ H ⊆ Gc and Z(Gc) = Z(G) ∩ Gc by [1, Lemma 8.4(a)], we have

that Z(Gc) = Z(G). It is also easily seen that log(Z(Gc)) = Z(L). Therefore L has

split centre, and hence Z(L) ∩ [L,L] = 0.

So if g ∈ Z(G) ∩ exp([L,L]) then log(g) ∈ Z(L) ∩ [L,L] = 0, so g = 1.

Using this lemma, we make the following definition:

Definition 4.3.4. Define the extended commutator subgroup of G to be

c(G) := (Z(G)× exp([L,L])) o 〈Xpc〉 ⊆ Gc.

Recall that if we define ϕ : G→ G to be the automorphism induced by conjugation

by X, then ϕ is a strong H-Mahler automorphism in the sense of Definition 3.1.3.

Also, it is clear that ϕ 6= 1 if G is non-abelian, and since ϕ is inner, it is clear that

ϕ(P ) = P for all prime ideals P of kG, so we may apply the results of the previous

chapter.

In particular, recall the definition of the Mahler approximation function um = z(ϕp
m

) :

G→ Sat(G), and recall from Lemma 3.2.1 that for h ∈ H, um(h) = lim
n→∞

(ϕp
n+m

(h)h−1)p
−n

=

lim
n→∞

(Xpm+n
hX−p

m+n
h−1)p

−n
= lim

n→∞
(Xpm+n

hp
n
X−p

m+n
h−p

n
)p
−2n

= exp([pn log(x), log(h)])

by [25, IV 3.2.3], so we have a Lie theoretic description of our Mahler approximations.
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Proposition 4.3.5. If G is any p-valuable, abelian-by-procyclic group with split cen-

tre, then:

i. c(G) is an open normal subgroup of G.

ii. There exists a basis {k1, k2, · · · , kd} for H such that {kr+1, · · · , kd} is a basis

for Z(G) and {uc(k1), uc(k2), · · · , uc(kr), kr+1, · · · , kd, Xpc} is a basis for c(G).

iii. We may choose this basis {k1, · · · , kd} such that for each i ≤ r, there

exist αi,j ∈ Zp with p | αi,j for j < i and αi,i = 1, such that Xuc(ki)X
−1

= uc(k1)αi,1 · · ·uc(kr)αi,r .

iv. There is an abelian p-valuation ω on c(G) such that {uc(k1), · · · , uc(kr), kr+1, · · · , kd, Xpc}

is an ordered basis for (c(G), ω) and ω(uc(ki)) = ω(uc(kj)) > ω(Xpc) for all

i, j ≤ r.

Proof. Let V = exp([L,L]), and let x = log(X) ∈ log(Sat(G)).

If h ∈ V then h = exp([pcx, u]) for some u ∈ log(H), i.e. u = log(k), and so:

h = exp([log(Xpc), log(k)]) = lim
n→∞

(Xpn+ckp
n
X−p

n+c
k−p

n
)p
−2n

by [25, IV. 3.2.3].

ThusXhX−1 = lim
n→∞

(Xpn+c(XkX−1)p
n
X−p

n+c
(XkX−1)−p

n
)p
−2n

= exp([log(Xpc), log(XkX−1)]).

Clearly this lies in V , and hence V is normal in G.

Using Lemma C.1.1, it is straightforward to show that for all h ∈ H, (Xpc , h) ∈ V ,

therefore:

hXpch−1 = (Xpc , h)−1Xpc ∈ V o 〈Xpc〉.
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It follows that c(G) = (Z(G)× V ) o
〈
Xpc

〉
is normal in G.

Using Proposition 4.3.1, we may choose a basis {h1, · · · , hd} forH such that {hr+1, · · · , hd}

is a basis for Z(G) and {hp
t1

1 , · · · , hptrr } is a basis for V . Therefore c(G) has basis

{hp
t1

1 , · · · , hptrr , hr+1, · · · , hd, Xpc+1}, and hence it is open in G as required.

Now, for each i = 1, · · · , d, let ui = log(hi), then {u1, · · · , ud} is a Zp-basis for log(H),

and {pt1u1, · · · , ptrur} is a basis for [L,L].

Therefore, for each i, ptiui = [pcx, vi] for some vi ∈ log(H), in fact we may as-

sume that vi ∈ SpanZp{u1, · · · , ur}, and it follows that {v1, · · · , vr} forms a basis for

SpanZp{u1, · · · , ur}.

Let ki := exp(vi) for each i = 1, · · · r, and for i > r set ki := hi. Then we know that

uc(ki) = exp([pc log(X), log(ki)]) = exp([pcx, vi]) = exp(ptiui) = hp
ti

i for each i ≤ r.

It follows that {uc(k1), · · · , uc(kr), kr+1, · · · , kd, Xpc} is a basis for c(G), thus giving

part ii.

Now, V is normal in G, and clearly V p is also normal, so consider the action ψ of X

on the r-dimensional Fp-vector space V
V p

, i.e. ψ(hV p) = (XhX−1)V p. It is clear that

this action ψ is Fp-linear.

Furthermore, since Gc is uniform and Xpc ∈ Gc, we have that ψp
c

= id, i.e. (ψ −

id)p
c

= 0. Therefore ψ has a 1-eigenvector in V
V p

, and it follows that we may choose

a basis for V
V p

such that ψ is represented by an upper-triangular matrix, with 1’s on

the diagonal.
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This basis is obtained by transforming {uc(k1), · · · , uc(kr)} = {hp
t1

1 , · · · , hptrr } by an

invertible matrix over Zp. The new basis will also have the same form {uc(k′1), · · · , uc(k′r)} =

{h′p
t1

1 , · · · , h′ptrr } as described by ii, and it will satisfy iii as required.

Finally, using Proposition 4.3.1, we see that there is an abelian p-valuation ω on the

uniform group Gc such that ω(uc(ki)) = ω(uc(kj)) > ω(Xpc) for all i, j ≤ r, and of

course ω restricts to c(G), which gives us part iv.

We call a basis {k1, · · · , kd} for H satisfying conditions ii and iii in this Proposition

a J-basis for H.

4.4 The c(G)-filtration

From now on, fix a J-basis {k1, · · · , kd} for the principal subgroup H, then Proposi-

tion 4.3.5 gives us an abelian p-valuation ω on the extended commutator subgroup

c(G) that equates the values of u(ki) and u(kj) for each i, j. Unfortunately, using the

standard Lazard filtration w on kG, we do not get that w(u(ki)− 1) = w(u(kj)− 1),

so we need to define a new filtration.

Theorem 4.4.1. Let G be a non-abelian, p-valuable, abelian-by-procyclic group with

split centre. Let c(G) be the extended commutator subgroup, and let {k1, · · · , kd} be

a J-basis for H.

Then there exists a complete, Zariskian filtration w : kG → N ∪ {∞}, which we

call the c(G)-filtration, such that:

i. For all i, j = 1, · · · , r, w(uc(ki)− 1) = w(uc(kj)− 1) = θ for some integer θ > 0.

ii. The associated graded gr kG ∼= k[T1, · · · , Td+1] ∗ G
c(G)

, where Ti = gr(uc(ki) − 1)

for i ≤ r, Ti = gr(ki − 1) for r + 1 ≤ i ≤ d and Td+1 = gr(Xpc − 1). Each Ti has

positive degree, and deg(Ti) = θ for i = 1, · · · , r.
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iii. Set X̄ := gr(X). Then Tr is central, and for each i < r, X̄TiX̄
−1 = Ti + Di for

some Di ∈ SpanFp{Ti+1, · · · , Tr}.

Also, let A := (k[T1, · · · , Td+1])
G
c(G) be the ring of invariants, then A is Noetherian,

central in gr kG, and k[T1, · · · , Td+1] is finitely generated over A.

Proof. Set U = c(G) = 〈uc(k1), · · · , uc(kr), kr+1, · · · , kd, Xpc〉. Then U is an open,

normal subgroup of G by Proposition 4.3.5(i), and hence kG ∼= kU ∗ G
U

.

Using Proposition 4.3.5(iv), we choose an abelian p-valuation ω on U such that

1
e
θ := ω(uc(ki)) = ω(uc(kj)) > ω(Xpc) for all i, j ≤ r, where θ > 0 is an integer.

Then we can define the Lazard valuation w on kU with respect to ω.

Since {uc(k1), · · · , uc(kr), kr+1, · · · , kd, Xpc} is an ordered basis for (U, ω), it fol-

lows from the definition of w that:

w(uc(kj)− 1) = eω(uc(kj)) = eω(uc(ki)) = w(uc(ki)− 1) = θ for all i, j ≤ r.

Furthermore, we have that if V := exp([L,L]) ⊆ U and r ∈ kV with w(r) > 0, then

w(r) ≥ θ.

We want to apply Proposition 2.4.1 and extend w to kG ∼= kU ∗ G
U

. So we only need

to verify that for all g ∈ G, r ∈ kU , w(grg−1) = w(r), and it suffices to verify this

property for r = uc(k1) − 1, · · · , uc(kr) − 1, kr+1 − 1, · · · , kd − 1, Xpc − 1, since they

form a topological generating set for kU .

Since kr+1, · · · , kd ∈ Z(G), it is obvious that w(g(kl − 1)g−1) = w(kl − 1) for each

r + 1 ≤ l ≤ d, g ∈ G.

For each j ≤ r, guc(kj)g
−1 ∈ V , thus:
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w(guc(kj)g
−1 − 1) ≥ θ = w(uc(kj)− 1) and it follows easily that equality holds.

Finally, g = hXβ for some h ∈ H, β ∈ Zp, so

gXpcg−1 − 1 = hXpch−1 − 1 = ((h,Xpc)− 1)(Xpc − 1) + ((h,Xpc)− 1) + (Xpc − 1).

Hence w(g(Xpc−1)g−1) ≥ min{w((h,Xpc)−1), w(Xpc−1)}, with equality if w((h,Xpc)−

1) 6= w(Xpc − 1). But since (h,Xpc) ∈ V , we have that

w((h,Xpc)− 1) ≥ θ = eω(uc(ki)) > eω(Xpc) = w(Xpc − 1)

and hence w(gXpcg−1 − 1) = w(Xpc − 1) as required. Note that it is here that we

need the fact that ω(uc(ki)) > ω(Xpc).

Therefore we can apply Proposition 2.4.1, and extend w to kG so that grw kG ∼= (grw

kU) ∗ G
U

, and we have that grw kU ∼= k[T1, ...., Td] as usual, where Ti = gr(uc(ki)− 1)

has degree θ for i ≤ r, Ti = gr(ki − 1) for r + 1 ≤ i ≤ d and Td+1 = gr(Xpc − 1) as

required.

Using Proposition 4.3.5(iii), we see that Xuc(ki)X
−1 = uc(k1)α1,i · · ·uc(kr)α1,i where

p | αj for j < i and αi,i = 1.

Hence X̄TiX̄
−1 = αi,1T1 + · · · + αi,rTr = Ti + αi+1,1Ti+1 + · · · + αi,rTr for each

i ≤ r, thus giving part iii.

Now, every element u ∈ gr kU is a root of the polynomial
∏

g∈ G
c(G)

(s− gug−1) ∈ A[s],

hence gr kU is integral over A.

So since k ⊆ A and gr kU ∼= k[T1, ...., Td+1] is a finitely generated k-algebra, we

have that gr kU is a finitely generated A-algebra, and hence finitely generated as an

A-module by the integral property.
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So it follows that grw kG is finitely generated as a right A-module. Furthermore,

since gr kU is Noetherian and commutative, it follows from [19, Theorem 2] that A

is Noetherian.

Furthermore, it is easy to show that the twist G
U
× G

U
→ (gr kU)× of the crossed

product is trivial, so it follows that if r ∈ gr kU is invariant under the action of G
U

then it is central. Hence A is central in gr kG.

Note: For any h ∈ H, we have that (uc(h)−1) +Fθ+1kG ∈ SpanFp{T1, · · · , Tr}, and

it is equal either to 0 or gr(uc(h)− 1).

Now, let P be a faithful prime ideal of kG, and let w be the c(G)-filtration on kG as

defined in the previous theorem. Then w induces the quotient filtration w on kG/P .

By [28, Ch.II Corollary 2.1.5], P is closed in kG, and hence kG/P is complete, and

grw kG/P ∼= gr kG
gr P

is Noetherian. Therefore w is Zariskian by [28, Ch.II Theorem

2.1.2], and clearly τ : kG→ kG/P is continuous.

For convenience, set T := T+ gr P ∈ gr kG/P for all T ∈ gr kc(G) = k[T1, · · · , Td+1].

Let A := A+gr P
gr P

be the image of A in gr kG/P , and let A′ := (k[T 1, · · · , T d+1])
G
c(G)

be the ring of G
c(G)

-invariants in k[T 1, · · · , T d+1] = k[T1,··· ,Td+1]+gr P

gr P
.

Since G
c(G)

-invariant elements in gr kG are G
c(G)

-invariant modulo gr P , it is clear that

A ⊆ A′ ⊆ k[T1,··· ,Td+1]+gr P

gr P
.

Then since k[T1, · · · , Td+1] is finitely generated over A by Theorem 4.4.1, it follows

that A′ is finitely generated over the Noetherian ring A, hence A′ is Noetherian.
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Therefore, kG/P is a prime ring with a Zariskian filtration w such that gr kG/P

is finitely generated over a central, Noetherian subring A′. Hence we may apply

Theorem 4.1.3 to produce a non-commutative valuation on Q(kG/P ).

4.5 A Special Case

Later in this chapter, we will prove Theorem B in full generality, and our approach

will be to construct a special growth preserving polynomial and apply Theorem 3.7.5

but first we need to deal with a special case:

Fix a J-basis {k1, · · · , kd} for H, and a Zariskian filtration w on kG satisfying the

conditions of Theorem 4.4.1. Using the notation of this theorem, we have that Tr ∈ A

and X̄TiX̄
−1 = Ti +Di for some Di ∈ SpanFp{Ti+1, · · · , Tr} for all i < r.

Assumption: We suppose that for each i < r, Di is nilpotent modulo gr P .

Thus for sufficiently high m, X̄T p
m

i X̄−1 ≡ (Ti +Di)
pm = T p

m

i +Dpm

i ≡ T p
m

i (mod gr

P ), i.e. T
pm

i ∈ A′

Fix an integer m0 such that T
pm0

i ∈ A′ for all i ≤ r.

Proposition 4.5.1. Suppose that for each i = 1, · · · , r, Ti is nilpotent modulo gr P ,

i.e. T i is nilpotent. Then Q(kG/P ) is a central simple algebra.

Proof. Using Theorem 4.4.1(ii), every element of gr kG has the form

∑
g∈ G

c(G)

(
∑

α∈Nd+1

λαT
α1
1 · · ·T

αd+1

d+1 )g

where λα = 0 for all but finitely many α.
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Therefore, it follows immediately from nilpotence of T 1, · · · , T r that gr kG
gr P

is finitely

generated over k[Tr+1,··· ,Td+1]+gr P

gr P
.

But since Z(G) = 〈kr+1, · · · , kd〉 by Proposition 4.3.5(ii), it follows that under the

quotient filtration, gr k(Z(G)×〈Xpc 〉)+P
P

∼= k[Tr+1,··· ,Td+1]+gr P

gr P
.

So since gr kG/P is finitely generated over gr k(Z(G)×〈Xpc 〉)+P
P

, and k(Z(G)×〈Xpc 〉)+P
P

is

closed in kG/P , it follows from [28, Ch.I Theorem 5.7] that kG/P is finitely gener-

ated over k(Z(G)×〈Xpc 〉)+P
P

.

But k(Z(G)×〈Xpc〉) is commutative, so kG/P is finitely generated as a right module

over a commutative subring. Therefore, by [29, Corollary 13.1.14(iii)], kG/P satisfies

a polynomial identity.

So since kG/P is prime, it follows from Posner’s theorem [29, Theorem 13.6.5],

that Q(kG/P ) is a central simple algebra.

Note: This proof relies on the split centre property, without which we would not be

able to argue that k[Tr+1,··· ,Td+1]+gr P

gr P
arises as the associated graded of some commu-

tative subring of kG/P .

Since we can prove Theorem B in the case where Q(kG/P ) is a CSA using Corollary

3.9.6, we may assume that Q(kG/P ) is not a CSA. So by the proposition, we know

that there exists s ≤ r such that T s is not nilpotent.

Since we know that T
pm0

s ∈ A′, it follows there exists a minimal prime ideal q of A′

such that T
pm0

s /∈ q. Using Theorem 4.1.3, we let v = vq be the non-commutative

valuation on Q(kG/P ) corresponding to q, and let ρ be the growth rate function of

v.
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So, T
pm0

s = grτ(uc(ks)− 1)p
m0 ∈ A′\q. So setting τ : kG→ Q(kG/P ) as the natural

map, we see using Theorem 4.2.3 that τ(uc(ks)− 1)p
k

is v-regular for some k ≥ m0,

and hence ρ(τ(uc(ks)− 1)p
k
) = v(τ(uc(ks)− 1)p

k
).

Recall from Definition 3.2.2 our definition of the initial power m1, and we may assume

that m1 ≥ m0. Also recall the Mahler approximation function u := um1 = z(ϕp
m1 ),

and we see using Lemma 3.6.4 that λ := inf{ρ(τ(u(g)− 1)) : g ∈ G} <∞.

Lemma 4.5.2. Let h ∈ H such that ρ(τ(u(h) − 1)) = λ. Then τ(u(h) − 1)p
m

is

v-regular for sufficiently high m.

Proof. It is clear that w(uc(h) − 1) ≥ θ = w(uc(ks) − 1), so let T (h) := uc(h) − 1 +

Fθ+1kG ∈ SpanFp{T1, · · · , Tr}. Then T (h) = gr(uc(h)−1) if and only if w(uc(h)−1) =

θ, otherwise T (h) = 0.

We know that gr(uc(ks)−1) = Ts /∈ gr P , and hence w(τ(uc(ks)−1)) = w(uc(ks)−1),

giving that w(τ(uc(h)− 1)) ≥ w(uc(h)− 1) ≥ w(uc(ks)− 1) = w(τ(uc(ks)− 1)).

Also, T (h)p
m0+ gr P ∈ A′, and if T (h)p

m0+ gr P /∈ q then T (h)p
m0+ gr P =

grw(τ(uc(h) − 1)p
m0 ) ∈ A′\q, so it follows from Theorem 4.2.3 that τ(u(h) − 1)p

m
is

v-regular for m >> 0.

So, suppose for contradiction that T (h)p
m0+ gr P ∈ q:

If T (h)p
m0+ gr P = 0 then w(τ(uc(h)− 1)p

m0 ) > pm0θ = w(τ(uc(ks)− 1)p
m0 ), and if

T (h)p
m0+ gr P 6= 0 then T (h)p

m0+ gr P = grw(τ(uc(h)− 1)p
m0 ) ∈ q. In either case,

using Theorem 4.2.3, it follows that for m sufficiently high:

v(τ(uc(h)− 1)p
m

) > v(τ(uc(ks)− 1)p
m

).

Therefore, v(τ(u(h)− 1)) > v(τ(u(ks)− 1)), so since τ(u(ks)− 1)p
m

is v-regular:
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ρ(τ(u(h)− 1)) ≥ 1
pm
v(τ(u(h)− 1)p

m
) > 1

pm
v(τ(u(ks)− 1)p

m
) = ρ(τ(u(ks)− 1)) ≥ λ

– contradiction.

Recall the definition of a growth preserving polynomial (GPP) from Section 2.4, and

recall that the identity map is a non-trivial GPP.

Proposition 4.5.3. Suppose that Q(kG/P ) is not a CSA, and that Di is nilpotent

mod gr P for all i < r. Then id : τ(kH) → τ(kH) is a special GPP with respect to

some non-commutative valuation on Q(kG/P ).

Proof. This is immediate from Definition 3.7.1 and Lemma 4.5.2.

Therefore, we can assume from now on that for some i, Di is not nilpotent mod gr

P .

Remark: We have now proved Theorem B in the case where G is uniform, because

Di = 0 for all i in this case. For general p-valuable G, however, we cannot assume this.

For example, if p > 2 and G = 〈X, Y, Z〉 where Y and Z commute, XYX−1 = Y r,

XZX−1 = (Y Z)r, r = ep ∈ Zp, then G is non-uniform, c = 1, and {Z, Y p−1Zp} is a

J-basis for H = 〈Y, Z〉. In this case, X̄T2X̄
−1 = T2, X̄T1X̄

−1 = T1 + T2, i.e. D2 = 0,

D1 = T2.

4.6 The Reduction Coefficients

Again, fix a J-basis {k1, · · · , kd} for H, let w be the c(G)-filtration on kG and let

Ti := grw(uc(ki) − 1) for each i ≤ r, Ti := grw(ki − 1) for i > r. We know that

Tr, · · · , Td are central, and Di := X̄TiX̄
−1−Ti ∈ SpanFp{Ti+1, · · · , Tr} for each i < r

by Theorem 4.4.1(iii).

We now assume that not all the Di are nilpotent modulo gr P , so let s < r be maxi-

mal such that Ds is not nilpotent, i.e. for all i > s, T
pm

i ∈ A′ for sufficiently high m.
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We fix m0 such that T
pm0

i ∈ A′ for all i > s, and we may assume that m1 ≥ m0,

where m1 is the initial power as defined in Definition 3.2.2.

By definition, we know that Ds ∈ SpanFp{Ts+1, · · · , Tr}, and hence D
pm0

s ∈ A′. So

since Ds is not nilpotent mod gr P , we can fix a minimal prime ideal q of A′ such

that D
pm0

s ∈ A′\q.

From now on, we will fix v = vq the corresponding non-commutative valuation given

by Theorem 4.1.3, and let ρ be the growth rate function corresponding to v.

Define a function L of commuting variables x and y by:

L(x, y) := xp − xyp−1. (4.1)

Moreover, for commuting variables x, y1, y2, · · · , yn, define the iterated function

L(n)(x, y1, y2, · · · , yn) := L(L(L(· · · (L(x, y1), y2), · · · ), yn) (4.2)

and for n = 0, we define L(n)(x, y1, · · · , yn) := x.

We can readily see that for any commutative Fp-algebra S, y1, · · · , yn ∈ S, L(n)(−, y1, · · · , yn)

is Fp-linear.

Lemma 4.6.1. Let S be an Fp-algebra, and let y1, · · · , yn ∈ S commute. Then there

exist a0, a1, · · · , an−1 ∈ S such that L(n)(x, y1, · · · , yn) = a0x+a1x
p+· · ·+an−1x

pn−1
+

xp
n

for all x commuting with y1, · · · , yn.

Proof. Both statements are trivially true for n = 0, so assume that they hold for

some n ≥ 0 and proceed by induction on n:
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So L(n)(x, y1, · · · , yn) = a0x+ a1x
p + · · ·+ an−1x

pn−1
+ xp

n
, and:

L(n+1)(x, y1, · · · , yn+1) = L(n)(x, y1, · · · , yn)p − L(n)(x, y1, · · · , yn)yp−1
n+1

= (a0x+ · · ·+ an−1x
pn−1

+ xp
n
)p − (a0x+ · · ·+ an−1x

pn−1
+ xp

n
)yp−1
n+1

= (−a0y
p−1
n+1)x+(ap0−a1y

p−1
n+1)xp+· · ·+(apn−2−an−1y

p−1
n+1)xp

n−1
+(apn−1−y

p−1
n−1)xp

n
+xp

n+1
.

So setting b0 = (−a0y
p−1
n+1), bi = (api−1 − aiy

p−1
n+1) for 1 ≤ i ≤ n (taking an := 1), we

have that L(n+1)(x, y1, · · · , yn+1) = b0x+ b1x
p + · · ·+ bnx

pn + xp
n+1

as required.

Now, let Bs := Ds, and for each 1 ≤ i < s, let Bi := L(s−i)(Di, Bs, · · · , Bi+1).

Lemma 4.6.2. For each i ≤ s, L(s−i+1)(T i, Bs, · · · , Bi)
pm0 ∈ A′, so in particular

B
pm0

i ∈ A′.

Proof. Note that C ∈ k[T1, · · · , Td] is central if and only if it is invariant under the

action of X̄.

Also, L(C,C) = Cp − CCp−1 = 0, and if D is X̄-invariant, then X̄L(C,D)X̄−1 =

L(X̄CX̄−1, D)

Notation: Let Y ′ := Y
pm0

for any Y ∈ gr kG.

We will proceed by downwards induction on i, starting with i = s. Clearly B′s = D′s ∈

SpanFp{T ′s+1, · · · , T ′r} is invariant under the action of X̄, so:

X̄L(T ′s, B
′
s)X̄

−1 = L(X̄T ′sX̄
−1, B′s) = L(T ′s + B′s, B

′
s) = L(T ′s, B

′
s) + L(Bs, Bs) =

L(T ′s, B
′
s).
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Therefore L(T ′s, B
′
s) is X̄-invariant and the result holds.

Suppose we have the result for all s ≥ j > i.

Then B′i = L(s−i)(D′i, B
′
s, · · · , B′i+1), and D′i ∈ SpanFp{T ′i+1, · · · , T ′r}.

Using linearity of L(−, y) we have that

B′i ∈ SpanFp{L(s−i)(T ′j , B
′
s, · · · , B′i+1) : j = i+ 1, · · · , r}

therefore B′i is X̄-invariant by the inductive hypothesis.

Also, since B′s, · · · , B′i+1 are X̄-invariant, we have that:

X̄L(s−i)(T ′i , B
′
s, · · · , B′i+1)X̄−1 = L(s−i)(X̄T ′i X̄

−1, B′s, · · · , B′i+1)

= L(s−i)(T ′i + X̄T ′i X̄
−1 − T ′i , B′s, · · · , B′i+1) = L(s−i)(T ′i , B

′
s, · · · , B′i+1) +Bi

The final equality follows from linearity of L(s−i)(−, B′s, · · · , B′i+1) and the fact that

D′i = X̄T ′i X̄
−1 − T ′i .

Set C := L(s−i)(T ′i , B
′
s, · · · , B′i+1), so that

L(s−i+1)(T ′i , B
′
s, · · · , B′i) = L(C,B′i) = Cp − CB′p−1

i , and X̄CX̄−1 = C +B′i.

Then:

X̄L(C,B′i)X̄
−1 = L(X̄CX̄−1, B′i) = L(C +B′i, B

′
i) = L(C,B′i) +L(B′i, B

′
i) = L(C,B′i)

Hence L(C,B′i) = L(s−i+1)(T ′i , B
′
s, · · · , B′i) is X̄-invariant as required.
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It follows immediately from this Lemma that L(s)(T ,Bs, · · · , B1)p
m0 ∈ A′ for all T ∈

SpanFp{T1, · · · , Tr} (i.e. for all T = (uc(h)− 1) + Fθ+1kG).

Now, for each i ≤ s, Di ∈ SpanFp{Ti+1, · · · , Tr}, so either Di = 0 or Di = grw(uc(fi)−

1) for some fi ∈ H with w(uc(fi)− 1) = θ.

Definition 4.6.3. Define ys := uc(fs) − 1, and for each 1 ≤ i < s, define yi ∈ kH

inductively by:

yi :=

®
L(s−i)(uc(fi)− 1, ys, · · · , yi+1) Di 6= 0

0 Di = 0

And define bi := τ(yi)
pm1−c ∈ Q(kG/P ), we call these bi the reduction coefficients.

For convenience, we will replace m1 by m1 + c, so that τ(u(g)− 1) = τ(uc(g)− 1)p
m1

for all g ∈ G, and bi = τ(yi)
pm1 . Since Bs /∈ gr P , it is clear that grw(bs) = B

pm1

s .

Since grw(bs) = B
pm1

s ∈ A′\q, it follows from Theorem 4.2.3 that bp
k

s is v-regular for

some k ∈ N. After replacing m1 by m1 + k, we may also assume that bs is v-regular.

Lemma 4.6.4. Given h ∈ H, let t := uc(h)− 1, T := t+Fθ+1kG ∈ gr kG. Then for

each i ≤ s:

• w(L(s−i)(t, ys, · · · , yi+1)) ≥ ps−iθ,

• w(L(s−i)(t, ys, · · · , yi+1)) = ps−iθ if and only if gr(L(s−i)(t, ys, · · · , yi+1)) =

L(s−i)(T,Bs, · · ·Bi+1),

• w(L(s−i)(t, ys, · · · , yi+1)) > ps−iθ if and only if L(s−i)(T,Bs, · · ·Bi+1) = 0.

In particular, for yi 6= 0, w(yi) ≥ ps−iθ, with equality if and only if Bi = gr(yi),

otherwise Bi = 0.

Proof. We will use downwards induction on i, with i = s as the base case:
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Since i = s, L(s−i)(t, ys, · · · , yi+1) = t, and clearly w(t) ≥ θ = ps−sθ, and equality

holds if and only if gr(t) = T , and otherwise T = 0 as required.

Now suppose the result holds for some i ≤ s, so let c := L(s−i)(t, ys, · · · , yi+1),

C := L(s−i)(T,Bs, · · · , Bi+1). Then by induction, w(c) ≥ ps−iθ, with equality if and

only if C = gr(c), and w(yi) ≥ ps−iθ.

So w(L(s−i+1)(t, ys, · · · , yi)) = w(cp − cyp−1
i ) ≥ min{w(cp), w(cyp−1

i )}

≥ min{pw(c), w(c)+(p−1)w(yi)} ≥ ps−i+1θ as required. In particular, this argument

shows that if w(c) > ps−iθ then w(cp − cyp−1
i ) > ps−i+1θ.

Therefore, if w(L(s−i+1)(t, ys, · · · , yi)) = ps−i+1θ then w(c) = ps−iθ, and so C =

gr(c) = c+ Fps−iθkG by induction. In this case,

gr(L(s−i+1)(t, ys, · · · , yi)) = (cp − cyp−1
i ) + Fps−i+1θkG.

Also, since c, yi ∈ kc(G) and w is a valuation on kc(G), we have that w(cp) = pw(c) =

ps−i+1θ and w(cyp−1
i ) = w(c) + (p− 1)w(yi) ≥ ps−i+1θ.

If w(yi) > ps−iθ then cp − cyp−1
i + Fθ+1kG = cp + Fθ+1kG = Cp. But since Bi = 0 by

induction, this means that cp − cyp−1
i + Fps−i+1θ+1 = Cp − CBp−1

i .

Whereas, if w(yi) = ps−iθ then Bi = gr(yi) = yi + Fps−iθ+1kG by assumption, so

cp − cyp−1
i + Fps−i+1θ+1kG = Cp − CBp−1

i as required.

Finally, if w(L(s−i+1)(t, ys, · · · , yi)) > ps−i+1θ then w(cp − cyp−1
i ) > ps−i+1θ. Clearly

if C = 0 then L(s−i+1)(T,Bs, · · · , Bi) = Cp − CBp−1
i = 0, so we may assume that

C 6= 0, and hence C = gr(c) = c+ Fps−iθ+1kG.

So since w(cp − cyp−1
i ) > ps−i+1θ, it follows that Cp − CBp−1

i = 0 as required.

121



Using this Lemma, we see that w(bi) ≥ ps−iθ, with equality if and only if grw(bi) =

B
pm1

i .

Notation: For each 0 ≤ i ≤ s, q ∈ Q(kG/P ) commuting with b1, · · · , bs, define

Li(q) := L(s−i)(q, bs, · · · , bi+1).

e.g. Ls(q) = q, Ls−1(q) = qp − qbp−1
s , Ls−2(q) = qp

2 − qp(bp2−ps − bp−1
s−1) + qbp−1

s bp−1
s−1.

Again, recall that λ = inf{ρ(τ(u(g)− 1)) : g ∈ G} <∞ by Lemma 3.6.4.

Lemma 4.6.5. For each i ≤ s, ρ(bi) ≥ ps−iλ, and it follows that ρ(Li(τ(u(h)−1)) ≥

ps−iλ for all h ∈ H.

Moreover, if ρ(bi) = ps−iλ then bp
m

i is v-regular for m sufficiently high.

Proof. For i = s the first statement is clear, because bs = τ(u(fs) − 1), so ρ(bs) ≥

λ = ps−sλ by definition. So we will proceed again by downwards induction on i.

The inductive hypothesis states that ρ(bi+1) ≥ ps−i−1λ, and ρ(Li+1(τ(u(h) − 1))) ≥

ps−i−1λ for all h ∈ H.

Thus ρ(Li(τ(u(h)− 1))) = ρ(Li+1(τ(u(h)− 1))p − Li+1(τ(u(h)− 1))bp−1
i+1 )

≥ min{p · ps−i−1λ, ps−i−1λ+ (p− 1)ps−i−1λ} = ps−iλ for all h.

By definition, bi = L(s−i)(τ(u(fi)− 1), bs, · · · , bi+1) = Li(τ(u(fi)− 1)), so

ρ(bi) = ρ(Li(τ(u(fi)− 1))) ≥ ps−iλ, as required.

For the second statement, suppose that ρ(bi) = ps−iλ:
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Then if w(bi) > ps−i+m1θ = w(bp
s−i
s ), then since grw(bs) = B

pm1

s ∈ A′\q, it follows

that v(bp
m

i ) > v(bp
s−i+m
s ) for m >> 0 by Theorem 4.2.3.

So using v-regularity of bs, we see that ρ(bi) > ρ(bp
s−i
s ) ≥ ps−iλ – contradiction.

Therefore, by Lemma 4.6.4, we see that w(bi) = ps−i+m1θ and grw(bi) = B
pm1

i .

We know that B
pm1

i ∈ A′, so suppose that B
pm1

i ∈ q. Then since w(bi) = ps−iθ =

w(bp
s−i
s ), it follows again from Theorem 4.2.3 that v(bp

m

i ) > v(bp
s−i+m
s ) for m >> 0,

and hence ρ(bi) > ps−iρ(bs) ≥ ps−iλ – contradiction.

Hence B
pm0

i = grw(bi) ∈ A′\q, so bp
k

i is v-regular for some k ∈ N by Theorem 4.2.3.

Now, using Lemma 4.6.1, we know that Li(x) = L(s−i)(x, bs, · · · , bi+1) = a0x+a1x
p+

· · ·+ as−i−1x
ps−i−1

+ xp
s−i

for some aj ∈ τ(kH).

Proposition 4.6.6. For each i ≤ s, Li is a growth preserving polynomial of p-degree

s− i, and Ls is not trivial.

Proof. Firstly, it is clear that Ls = id, and so Ls is a non-trivial GPP.

We first want to prove that for all q ∈ τ(kH), if ρ(q) ≥ λ then ρ(Li(q)) ≥ ps−iλ, with

strict inequality if ρ(q) > λ. We know that this holds for i = s, so as in the proof of

Lemma 4.6.5, we will use downwards induction on i.

So suppose that ρ(Li+1(q)) ≥ ps−i−1λ, with strict inequality if ρ(q) > λ. Then:

Li(q) = Li+1(q)p − Li+1(q)bp−1
i+1 , so ρ(Li(q)) ≥ min{ρ(Li+1(q)p), ρ(Li+1(q)bp−1

i+1 )}.
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But ρ(Li+1(q)p) ≥ p · ps−i−1λ = ps−iλ, and since ρ(bi+1) ≥ ps−iλ by Lemma 4.6.5,

ρ(Li+1(q)bp−1
i+1 ) ≥ ρ(Li+1(q)) + (p− 1)ρ(bi+1) ≥ ps−j−1λ+ (p− 1)ps−i−1λ = ps−iλ.

By the inductive hypothesis, both these inequalities are strict if ρ(q) > λ, and thus

Li is a GPP as required.

So all that remains is to prove that one of the Li is special.

4.7 Mahler Expansions again

In order for Li to be special it must be non-trivial, but there is no reason why this

should be true in general. Therefore, we must now revisit Mahler expansions one

final time to deal with the special case that for some i, Li is a trivial GPP, i.e.

ρ(Li(τ(u(h)− 1))) > ps−iλ for all h ∈ H.

We know that Ls is not trivial, so we can fix j ≤ s such that Lj is non-trivial and

Lj−1 is trivial. We will first need the following technical results:

Lemma 4.7.1. Let A be a k-algebra, with filtration w such that A is complete with

respect to w. Suppose a ∈ A and w(ap − a) > 0, then ap
m → b ∈ A with bp = b as

m→∞.

Proof. Let ε := ap − a, then w(ε) > 0, a commutes with ε, and ap = a+ ε.

Therefore, since char(k) = p, ap
2

= ap+εp = a+ε+εp, and it follows from induction

that for all m ∈ N, ap
m+1

= a+ ε+ εp + · · ·+ εp
m

.

But εp
m → 0 as m → ∞ since w(ε) > 0, so since A is complete, the sum

∑
m≥0

εp
m

converges in A, and hence ap
m → a+

∑
m≥0

εp
m ∈ A.

So let b := a+
∑
m≥0

εp
m

, then bp = ap + (
∑
m≥0

εp
m

)p = a+ ε+
∑
m≥1

εp
m

= a+
∑
m≥0

εp
m

= b

as required.
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Proposition 4.7.2. Let Q = ̂Q(kG/P ), and let δ1, · · · , δr : kG→ kG be derivations

such that τδi(P ) 6= 0 for all i. Set N := {(a1, · · · , ar) ∈ Qr : (a1τδ1+· · ·+arτδr)(P ) =

0}.

Then N is a Q-bisubmodule of Qr, and either N = 0 or there exist α1, · · · , αr ∈ Z(Q),

not all zero, such that for all (a1, · · · , ar) ∈ N , α1a1 + · · ·+ αrar = 0.

Proof. Since v is a non-commutative valuation, we have that Q is simple and Ar-

tinian, and the proof that N is a Q-bisubmodule of Qr is similar to the proof of

Lemma 3.9.4. For the second statement, we will proceed using induction on r.

First suppose that r = 1, then N is a two sided ideal of the simple ring Q, so it is

either 0 or Q. But if N = Q then 1 ∈ Q so τδ1(P ) = 0 – contradiction. Hence N = 0.

Now suppose that the result holds for r − 1 for some r > 1. If N 6= 0 then there

exists (a1, · · · , ar) ∈ N with ai 6= 0 for some i, and we may assume without loss of

generality that i = 1.

So, let A := {a ∈ Q : (a, a2, · · · , ar) ∈ N for some ai ∈ Q}, then clearly A is a

two-sided ideal of Q, so A = 0 or A = Q. But A 6= 0 since a1 ∈ A and a1 6= 0.

Therefore A = Q, and hence we have that for all b ∈ Q, (b, b2, · · · , br) ∈ N for

some bi ∈ Q.

Let N ′ = {(a2, · · · , ar) ∈ Qr−1 : (a2τδ2 + · · · + arτδr)(P ) = 0}. Suppose first that

N ′ = 0.

Then if for some q ∈ Q, (q, x2, · · · , xr), (q, x′2, · · · , x′r) ∈ N for xi, x
′
i ∈ Q, we have

that (x2 − x′2, · · · , xr − x′r) ∈ N ′ = 0, and hence xi = x′i for all i.
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Hence there is a unique (1, β2, · · · , βr) ∈ N .

Given x ∈ Q, (x, xβ2, · · · , xβr), (x, β2x, · · · , βrx) ∈ N , and so ([x, β2], · · · , [x, βr]) ∈

N ′. Hence [x, βi] = 0 for all i, so βi ∈ Z(Q).

Moreover, if (a1, · · · , ar) ∈ N , then since (a1, a1β2, · · · , a1βr) ∈ N , it follows that

ai = βia1 for all i > 1, and since τδ1(P ) 6= 0, it is clear that βi 6= 0 for some i, thus

giving the result.

So from now on, we may assume that N ′ 6= 0, so by the inductive hypothesis, this

means that there exist α2, · · · , αr ∈ Z(Q), not all zero, such that for all (a2, · · · , ar) ∈

N ′, α2a2 + · · ·+ αrar = 0.

Again, suppose we have that (a, x2, · · · , xr), (a, x′2, · · · , x′r) ∈ N for some a, xi, x
′
i ∈ Q.

Then clearly (x2−x′2, · · · , xr−x′r) ∈ N ′, and hence α2(x2−x′2)+· · ·+αr(xr−x′r) = 0,

i.e. α2x2 + · · ·+ αrxr = α2x
′
2 + · · ·+ αrx

′
r.

So, given q ∈ Q, (1, x2, · · · , xr) ∈ N , we have that (q, qx2, · · · , qxr), (q, x2q, · · · , xrq) ∈

N , and hence

α2qx2 + · · ·+ αrqxr = α2x2q + · · ·+ αrxrq

i.e [q, α2x2 + · · ·+ αrxr] = 0.

Since this holds for all q ∈ Q, it follows that α2x2 + · · ·+αrxr ∈ Z(Q), so let −α1 be

this value.

In fact, for any such (1, x′2, · · · , x′r) ∈ N , α2x
′
2 + · · ·+αrx′r = α2x2 + · · ·+αrxr = −α1,

so −α1 ∈ Z(Q) is unchanged, regardless of our choice of xi.
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Finally, suppose that (a1, · · · , ar), (1, x2, · · · , xr) ∈ N , then (a1, a1x2, · · · , a1xr) ∈ N ,

and hence (a2−a1x2, · · · , ar−a1xr) ∈ N ′. Thus α2(a2−a1x2)+· · ·+αr(ar−a1xr) = 0,

i.e.

α2a2 + · · ·+ αrar = a1(α2x2 + · · ·+ αrxr) = −α1a1.

Therefore α1a1 + α2a2 + · · ·+ αrar = 0, and αi ∈ Z(Q) as required.

Let Uf := {h ∈ H : ρ(f(τ(u(h) − 1))) > prλ} for any GPP f of p-degree r. Recall

from Lemma 3.7.2 that Uf is an open subgroup of H containing Hp, and that it is

proper in H if and only if f is non-trivial. For each i ≤ s, define Ui := ULi .

Then since Lj−1 is trivial and Lj is not, we know that Uj−1 = H and Uj is a proper

subgroup of H.

Lemma 4.7.3. There exists k ∈ N such that bp
k

j is v-regular of value pk+s−jλ, and

for any h ∈ H\Uj, (Lj(τ(u(h)− 1)b−1
j )p

m → c ∈ ̂Q(kG/P ) with c 6= 0 and cp = c.

Proof. Since Lj−1 is trivial, we know that for each h ∈ H, ρ(Lj−1(τ(u(h) − 1))) >

ps−j+1λ.

Choose h ∈ H\Uj, i.e. ρ(Lj(τ(u(h) − 1)) = ps−jλ. Setting q := τ(u(h) − 1) for

convenience, we have:

ρ(Lj−1(q)) = ρ(Lj(q)
p − Lj(q)bp−1

j ) > ps−j+1λ.

But ρ(Lj(q)
p−Lj(q)bp−1

j ) ≥ min{ρ(Lj(q)
p), ρ(Lj(q)b

p−1
j )}, with equality if ρ(Lj(q)

p) 6=

ρ(Lj(q)b
p−1
j ).

So if ρ(bj) > ps−jλ, then we have that:

ρ(Lj(q)b
p−1
j ) > ρ(Lj(q)) + (p− 1)ps−jλ = ps−j+1λ.
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But ρ(Lj(q)
p) = pρ(Lj(q)) = ps−j+1λ, and hence ρ(Lj−1(τ(u(h)−1))) = min{ρ(Lj(q)

p), ρ(Lj(q)b
p−1
j )}

= ps−j+1λ – contradiction.

Therefore, ρ(bj) ≤ ps−jλ, so using Lemma 4.6.5, we see that ρ(bj) = ps−jλ, and bp
k

j

is v-regular for some k, and thus v(bp
k

j ) = ρ(bp
k

j ) = pk+s−jλ.

Now, ρ((Lj(q)
pkb−p

k

j )p − (Lj(q)
pkb−p

k

j )) = ρ(b−p
k+1

j (Lj(q)
p − Lj(q)bp−1

j )p
k
)

= ρ(Lj−1(q)p
k
)− pv(bp

k

j ) > ps−j+k+1λ− ps−j+k+1λ = 0

This means that v(((Lj(q)b
−1
j )p − (Lj(q)b

−1
j ))p

m
) > 0 for m >> 0, so it follows from

Lemma 4.7.1 that Lj(τ(u(h)− 1))b−1
j )p

m
converges to c ∈ ̂Q(kG/P ) with cp = c.

Finally, since ρ(Lj(τ(u(h)− 1))p
k
b−p

k

j ) = 0, it follows that c 6= 0.

Theorem 4.7.4. If Lj−1 is trivial and Lj is not trivial, then P is controlled by a

proper open subgroup of G.

Proof. Since Uj is a proper subgroup of H containing Hp, we can choose an ordered

basis {h1, · · · , hd} for H such that {hp1, · · · , h
p
t , ht+1, · · · , hd} is an ordered basis for

Uj.

Consider our Mahler expression (3.12) with f = Lj and qi = τ(u(hi)− 1):

0 = Lj(q1)p
m

τ∂1(y) + · · ·+ Lj(qd)
pmτ∂d(y) +O(Lj(q)

pm) (4.3)

where y ∈ P is arbitrary and ρ(q) > λ, hence ρ(Lj(q)) > ps−jλ since Lj is a GPP.

Note that we also have:

ρ(Lj(qi)) = ps−jλ for all i ≤ t, and ρ(Lj(qi)) > ps−jλ for all i > t.
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Using Lemma 4.7.3, we see that bp
k

j is v-regular of value pk+s−j for some k, and for

each i ≤ t, (Lj(qi)
pkb−p

k

j )p
m → ci 6= 0 as m → ∞, with cpi = ci. Clearly c1, · · · , cr

commute.

So, divide out our expression (4.3) by bp
m

j , which is v-regular of value pm+s−jλ to

obtain:

0 = (b−1
j Lj(q1))p

m

τ∂1(y) + · · ·+ (b−1
j Lj(qd−1))p

m

τ∂d−1(y) +O((b−1
j Lj(q))

pm). (4.4)

Take the limit as m → ∞ and the higher order terms will converge to zero. Hence

the expression converges to c1τ∂1(y) + · · · + ctτ∂t(y). Therefore, since y ∈ P was

arbitrary, (c1τ∂1 + · · ·+ ctτ∂t)(P ) = 0.

Now, using Proposition 2.5.4, we know that if τ∂i(P ) = 0 for some i ≤ t then P is

controlled by a proper open subgroup of G. So we will suppose, for contradiction,

that τ∂i(P ) 6= 0 for all i ≤ t.

Let N := {(a1, · · · , at) ∈ ̂Q(kG/P ) : (a1τ∂1 + · · · + atτ∂t)(P ) = 0}, then 0 6=

(c1, · · · , ct) ∈ N , so N 6= 0. Therefore, using Proposition 4.7.2, we see that c1, · · · , ct

are Z(Q)-linearly dependent.

So, we can find some 1 < r ≤ t such that c1, · · · , cr are Z(Q)-linearly dependent, but

no proper subset of {c1, · · · , cr} is Z(Q)-linearly dependent. It follows that we can

find α2, · · · , αr ∈ Z(Q)\{0} such that c1 + α2c2 + · · ·+ αrcr = 0.

Therefore, since cpi = ci for all i, we also have that:

c1 + αp2c2 + · · ·+ αprcr = (c1 + α2c2 + · · ·+ αrcr)
p = 0.
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Hence (αp2 − α2)c2 + · · ·+ (αpr − αr)cr = 0.

So using minimality of {c1, · · · , cr}, this means that αpi = αi for each i, and it follows

that αi ∈ Fp for each i, i.e. c1, · · · , ct are Fp-linearly dependent.

So, we can find β1, · · · , βt ∈ Fp, not all zero, such that β1c1 + · · · + βtct = 0, or in

other words:

lim
m→∞

(Lj(β1q1 + · · ·+ βtqt)
pkb−p

k

j )p
m

= 0.

Therefore, ρ(Lj(β1q1 + · · · + βtqt)
pkb−p

k

j ) > 0, and hence ρ(Lj(β1q1 + · · · + βtqt)) >

v(bj) = ps−jλ.

But β1q1 + · · · + βtqt = τ(u(hβ11 · · ·h
βt
t ) − 1) + ε, where ρ(ε) > λ, and we know that

ρ(Lj(τ(u(hβ11 · · ·h
βt
t ) − 1))) = ps−jλ by the definition of Uj, and ρ(Lj(ε)) > ps−jλ

since Lj is a GPP.

Hence ρ(Lj(β1q1 + · · ·+ βtqt)) = ρ(Lj(τ(u(hβ11 · · ·h
βt
t )− 1))) = ps−jλ – contradic-

tion.

Therefore P is controlled by a proper open subgroup of G.

4.8 Control Theorem

We may now suppose that for all i ≤ s, Li is not trivial. In particular, L0 is a

non-trivial GPP of p-degree s.

Proposition 4.8.1. L0 is a special growth preserving polynomial.

Proof. Since L0 is non-trivial, we may choose h ∈ H such that ρ(L0(τ(u(h)− 1))) =

psλ. We want to prove that L0(τ(u(h) − 1))p
k

is v-regular for some k. Let T =

uc(h)− 1 + Fθ+1kG ∈ SpanFp{T1, · · · , Tr}.
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We know that L(s)(T ,Bs, · · · , B1)p
m1 lies inA′ by Lemma 4.6.2. If L(s)(T ,Bs, · · · , B1)p

m0 ∈

q then we may assume that L(s)(T ,Bs, · · · , B1)p
m1 = 0, so using Lemma 4.6.4 we see

that w(L(s)(τ(u(h)− 1), bs, · · · , b1)) > ps+m1θ = w(bp
s

s ).

So again, since grw(bs) = Bs ∈ A′\q, it follows from Theorem 4.2.3 that

v(L(s)(τ(u(h)− 1), bs, · · · , b1)p
m

) > v(bp
m+s

s ) for m >> 0.

Hence ρ(L0(τ(u(h)− 1))) = ρ(L(s)(τ(u(h)− 1), bs, · · · , b1)) > ρ(bp
s

s ) ≥ psλ – contra-

diction.

Therefore, we have that L(s)(T ,Bs, · · · , B1)p
m1 ∈ A′\q, and hence it is equal to

grw(L(s)(τ(u(h)− 1), bs, · · · , b1)) by Lemma 4.6.4.

It follows from Theorem 4.2.3 that for m >> 0, L0(τ(u(h) − 1))p
m

= L(s)(τ(u(h) −

1), bs, · · · , b1)p
m

is v-regular, and hence L0 is a special GPP by Definition 4.6.6.

Now we can finally prove our main control theorem in all cases. But we first need

the following technical result.

Lemma 4.8.2. Let G = H o 〈X〉 be an abelian-by-procyclic group. Then G has split

centre if and only if (G,G) ∩ Z(G) = 1.

Proof. It is clear that if G has split centre then (G,G) ∩ Z(G) = 1. Conversely,

suppose that (G,G) ∩ Z(G) = 1, and consider the Zp-module homomorphism:

H → H, h 7→ (X, h).

The kernel of this map is precisely Z(G), therefore (X,H) ∼= H
Z(G)

. So since Z(G) ∩

(X,H) = 1, it follows that Z(G)× (X,H) has the same rank as H, hence it is open

in H.
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Recall from [39, Definition 1.6] the definition of the isolator iG(N) of a closed, normal

subgroup N of G, and recall from [39, Proposition 1.7, Lemma 1.8] that it is a closed,

isolated normal subgroup of G, and that N is open in iG(N).

Let C = iG((X,H)) ≤ H, then it is clear that Z(G) ∩ C = 1 and that Z(G) × C is

isolated.

Therefore, since Z(G)× (X,H) is open in H, it follows that Z(G)×C = H, and

hence G = Z(G)× C o 〈X〉, and G has split centre.

Proof of Theorem B. Let Z2(G) := {g ∈ G : (g,G) ⊆ Z(G)}, this is a closed subgroup

of G containing Z(G). Suppose first that Z2(G) 6= Z(G).

Then choose g ∈ Z2(G)\Z(G), then (g,G) ⊆ Z(G), so if we take ψ ∈ Inn(G) to be

conjugation by g, then ψ is trivial mod centre, and clearly ψ(P ) = P . So it follows

that P is controlled by a proper, open subgroup of G by [1, Theorem B].

So from now on, we may assume that Z2(G) = Z(G) ⊆ H.

Suppose that (X, h) ∈ Z(G) for some h ∈ H, then clearly (h,G) ⊆ Z(G), so

h ∈ Z2(G) = Z(G), giving that (X, h) = 1. It follows that Z(G) ∩ (G,G) = 1,

and hence G has split centre by Lemma 4.8.2.

Therefore, using Theorem 4.4.1, we can choose a J-basis {k1, · · · , kd} for H and let w

be the corresponding c(G)-filtration on kG such that grw kG ∼= k[T1, · · · , Td+1]∗ G
c(G)

,

where Ti = gr(uc(ki) − 1) for i ≤ r, Ti = gr(ki − 1) for i > r, Tr, · · · , Td are central

and X̄TiX̄
−1 = Ti +Di for some Di ∈ SpanFp{Ti+1, · · · , Tr} for all i < r.
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If Q(kG/P ) is a CSA, then since conjugation by X is an inner strong H-Mahler auto-

morphism, the result follows from Corollary 3.9.6, so we may assume that Q(kG/P )

is not a CSA.

Hence if each Di is nilpotent mod gr P , then id : τ(kH) → τ(kH) is a special GPP

with respect to some non-commutative valuation by Proposition 4.5.3. Therefore, by

Theorem 3.7.5, P is controlled by a proper open subgroup of G as required.

If Ds is not nilpotent mod gr P for some s < r, then we can construct GPP’s

Ls, · · · , L0 with respect to some non-commutative valuation using Proposition 4.6.6,

and Ls is non-trivial.

If Lj−1 is trivial and Lj is non-trivial for some 0 < j ≤ s, then the result follows from

Theorem 4.7.4. Whereas if all the Li are non-trivial, then L0 is a special GPP by

Proposition 4.8.1, and the result follows again from Theorem 3.7.5.

4.9 Proof of Theorem A

Now we can conclude with our main classification result for prime ideals in kG for G

abelian-by-procyclic.

Proof of Theorem A. Let P be a prime ideal of kG. Let P † = {g ∈ G : g − 1 ∈ P},

and recall from [1, Lemma 5.3(c)] that P † is a closed, isolated normal subgroup of G,

and hence G0 = G
P †

is uniform, abelian-by-procyclic by Lemma 2.2.4, and the image

P0 := P
(P †−1)kG

of P in kG0 is a faithful prime ideal of kG0.

So to prove that P is standard, it remains only to prove that P0 is centrally gener-

ated, i.e. controlled by Z(G0). We will show, more generally, that for G a p-valuable,
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abelian-by-procyclic group, all faithful prime ideals in kG are controlled by Z(G).

Recall that a prime ideal P is non-splitting if for all U ≤o G controlling P , P ∩ kU

is prime in kU . We will suppose first that our faithful prime ideal P is non-splitting.

Consider the controller subgroup P χ of P . Using [1, Proposition 5.5] and the

non-splitting property, we see that Q := P ∩ kP χ is a faithful prime ideal of kP χ.

Also, since P χ is the smallest subgroup of G controlling P by [3, Theorem A], it

follows that Q is not controlled by any proper subgroup of P χ.

We know that P χ is a closed, normal subgroup of G, so it follows from Lemma 2.2.4

that P χ is abelian-by-procyclic. If P χ is non-abelian, then applying Theorem B gives

that Q is controlled by a proper open subgroup U of P χ – contradiction.

Therefore, P χ is abelian. So for any g ∈ G, if φ ∈ Autω(P χ) is defined by

φ(h) = ghg−1, then φ(h)h−1 ∈ P χ = Z(P χ) for all h ∈ P χ. Therefore, since

φ(Q) = Q and Q is not controlled by any proper subgroup of P χ, it follows from

[1, Theorem B] that φ = 1. Since this is true for all g ∈ G, it follows that P χ is

central in G, i.e. P χ ⊆ Z(G) and P is controlled by Z(G) as required.

So, we conclude that any faithful, non-splitting prime ideal of kG is controlled by

Z(G). Now suppose that I is a faithful, virtually non-splitting right ideal of kG, i.e.

I = PkU for some open subgroup U of G, P a faithful, non-splitting prime ideal

of kU . Using Lemma 2.2.4, we see that U is p-valuable, abelian-by-procyclic, so by

the above discussion, P is controlled by Z(U), and in fact, Z(U) = Z(G) ∩ U by [1,

Lemma 8.4]. Therefore, since I ∩ kU = P by [1, Lemma 5.1(ii)]:

I = PkG = (P ∩ kZ(U))kUkG = (I ∩ kU ∩ kZ(G))kG = (I ∩ kZ(G))kG.

So since G is p-valuable and every faithful, virtually non-splitting right ideal of kG

is controlled by Z(G), it follows from [1, Theorem 5.8, Proposition 5.9] that every

faithful prime ideal of kG is controlled by Z(G) as required.
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Chapter 5

Affinoid Dixmier Modules

We will now explore some Lie theory, which will be fundamental to the proof of our

final main results. Fix g a finite dimensional K-Lie algebra, and L an O-Lie lattice

in g. In this chapter, we will explore further the properties of the affinoid enveloping

algebra Û(L)K , ultimately leading to the proof of Theorem D.

5.1 Polarisations

For now, we will examine the classical picture. So let F be a field of characteristic

0, and let h be a finite dimensional Lie algebra over F . First recall the following

definition [16, 1.12.8]:

Definition 5.1.1. Given a linear form λ ∈ h∗, define a polarisation of h at λ to

be a solvable subalgebra b of h such that if V is a subspace of h and b ⊆ V , then

λ([V, V ]) = 0 if and only if V = b.

In particular, if b is a polarisation of h at λ, then λ([b, b]) = 0, i.e. λ restricts to a

character of b. Note that polarisations need not always exist.

Given λ ∈ h∗, define hλ := {x ∈ h : λ([x, h]) = 0}.

Lemma 5.1.2. Given λ ∈ h∗, if b is a polarisation of h at λ then:

• dimF b = 1
2
(dimF h + dimF hλ).
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• If b′ is a subalgebra of h such that λ([b′, b′]) = 0 and dimF b′ = 1
2
(dimF h +

dimF hλ), then b′ is a polarisation of h at λ.

• b contains every ideal a of h such that λ([h, a]) = 0. In particular, b contains

Z(h) and every ideal a such that λ(a) = 0.

Proof. The first two statements follow from [16, 1.12.1]. For the final statement, if a

is an ideal of h such that λ([h, a]) = 0, then λ([b + a, b + a]) ⊆ λ([b, b]) + λ([b, a]) +

λ([a, a]) = 0. Hence b+a = b by the definition of a polarisation, and hence a ⊆ b.

Examples: 1. If λ is a character of h, i.e. λ([h, h]) = 0, then h is a polarisation of h

at λ. In particular, if h is abelian, then for any λ ∈ h∗, h is a polarisation of h at λ,

in fact it is the only polarisation.

2. If h = a o Fx for some abelian subalgebra a of h, x ∈ h, then for any λ ∈ h∗, if

λ([h, h]) 6= 0 then a is a polarisation of h at λ.

3. If F is algebraically closed, and h is semisimple, then λ ∈ h∗ has a polarisation b if

and only if λ is regular in the sense of [16, 1.11.6]. In this case b is a Borel subalgebra

of h by [16, Proposition 1.12.18], and hence λ is a character of a Cartan subalgebra.

In our case, we will be interested in the case where h is solvable. The following result

ensures that polarisations always exist in this case:

Proposition 5.1.3. Suppose that h contains a chain of ideals 0 = h0 ⊆ h1 ⊆ · · · ⊆

hn = h such that dimFhi = i for each i, i.e. h is completely solvable. Given λ ∈ h∗,

if we set λi := λ|hi, then the subalgebra bλ := hλ11 + · · ·+ hλdd is a polarisation of h at

λ.

Proof. This is the proof of [16, Proposition 1.12.18].
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We call this polarisation bλ a standard polarisation of h at λ, note that it depends

on the choice of chain 0 = h0 ⊆ h1 ⊆ · · · ⊆ hn = h.

Note: 1. If h is nilpotent, a chain of this form always exists, and for general solv-

able h, we can pass to a finite extension F ′ of F to find such a chain in hF ′ := h⊗F F ′.

2. Given any abelian ideal a of h, we can find a chain such that bλ will contain a.

Now, for any λ ∈ h∗ and any polarisation b of h at λ, since λ restricts to a character

of b, it follows that Fλ := Fv is a U(b)-module via the b-action x · v := λ(x)v. This

gives rise to the following definition:

Definition 5.1.4. Let λ ∈ h∗, and let b be a polarisation of h at λ. We define the

b-Dixmier module of h at λ to be the U(h)-module:

D(λ) = D(λ)b := U(h)⊗U(b) Fλ. (5.1)

Note that D(λ) is a cyclic U(h) module, generated by a vector vλ on which U(b) acts

by scalars.

This definition is useful, because in the case where F is algebraically closed and h

is semisimple, these Dixmier modules are precisely the well-known Verma modules,

which are fundamental within the representation theory of semisimple Lie algebras.

So we may think of Dixmier modules as a generalisation of Verma modules.

Now we will return to the p-adic case. Recall from Definition 2.8.2 the definition

of the affinoid enveloping algebra Û(L)K , we now want to generalise the notion of a

Dixmier module over U(g) to a completed version over Û(L)K :
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Given a linear form λ ∈ g∗, we now make the additional assumption that λ(L) ⊆ O,

i.e. λ ∈ L∗ ⊆ g∗. First note that if b is a polarisation of g at λ, then B := b ∩ L is

a Lie lattice in b, and Kλ := Kvλ is a one dimensional module over Û(B)K via the

natural extension of the action of U(b) to the completion, which is well defined since

πnU(L) · Ovλ ⊆ πnOvλ for all n ∈ N.

Definition 5.1.5. Let λ ∈ L∗ and let b be a polarisation of g at λ. Define the

b-affinoid Dixmier module of L at λ to be the Û(L)K-module defined by:

D̂(λ) = D̂(λ)b := Û(L)K ⊗Û(B)K
Kλ. (5.2)

Notation: If it is unclear what the ground field K is, we may sometimes write D̂(λ)K

for D̂(λ). Also, if it is unclear which lattice L we are considering, we may sometimes

write D̂(λ)B instead of D̂(λ)b.

Note that as in the classical case, D̂(λ) is a cyclic Û(L)K-module, so D̂(λ)b =

Û(L)Kvλ, and Û(B)K acts by scalars on vλ. In particular, using Proposition 2.8.4,

we see that D̂(λ) is π-adically complete with respect to some lattice. In fact it is a

π-adic completion of the classical Dixmier module D(λ).

Examples: 1. If g is split semisimple with Borel subalgebra b, the affinoid Verma

module V̂ (λ) arises as a Dixmier module. This still has a unique simple quotient L̂(λ).

2. If g is abelian, or more generally if λ is a character of g, then D̂(λ) = K always.

3. If g = aoKx, for a abelian, then if λ is not a character of g, D̂(λ) ∼= K〈t〉, where

x acts by t, and each u ∈ a acts by a polynomial in K[ d
dt

].
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5.2 Reducing Quadruples

We will now recall some more classical theory. Again, let F be a field of characteristic

0. The following definition ([16, 4.7.7])) will be very useful to us throughout:

Definition 5.2.1. Let h be an F -Lie algebra. A reducing quadruple of h is a 4-tuple

(x, y, z, h′) where:

• 0 6= x, y, z ∈ h and h′ is an ideal of h of codimension 1,

• y, z ∈ h′ and x /∈ h′,

• z is central in h and y is central in h′,

• [x, y] = αz for some 0 6= α ∈ F .

In this section, we will prove some technical results concerning the relationship be-

tween reducing quadruples and polarisations that we will need in our main argument.

The first two can be found in the proof of [16, Theorem 6.1.1]:

Proposition 5.2.2. Suppose h is a nilpotent F -Lie algebra, and that 0 = h0 ⊆ h1 ⊆

· · · ⊆ hn = h is a chain of ideals in h with dimF hi = i for each i. Also let λ ∈ h∗ and

let bλ be the standard polarisation of h at λ with respect to this chain. If we suppose

that λ(a) 6= 0 for all non-zero ideals a of h then:

(i) There exist x, y, z ∈ h, h′ E h such that (x, y, z, h′) is a reducing quadruple for h.

(ii) bλ ⊆ h′.

(iii) bλ is a standard polarisation of h′ at λ|g′.

Proof. Fix j ≥ 0 minimal such that hj is not central, and thus hj−1 is central.

(i) Firstly, for any 0 6= z in the centre of h, Kz is an ideal of h, and hence λ(z) 6= 0.

Therefore, λ : Z(h)→ F is injective, meaning that Z(h) must have dimension 0 or 1.
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But since h is nilpotent, the centre cannot be 0, hence Z(h) = Kz for some z ∈ Z(h).

Since hj = hj−1 ⊕ Fy for some y ∈ hj, it follows that hj is abelian. Also, by our

definition of hj, y is not central.

Define h′ := {u ∈ h : λ([u, hj]) = 0}. It is clear that this is an ideal of h, and if

h′ = h then λ([h, hj]) = 0, which means that [h, hj] = 0 since it is an ideal, and so

hj is central in h – contradiction. Hence h′ is a proper ideal of h, and note that h′

contains the centre of h.

Since hj−1 ⊆ Z(h) = Fz, it follows that Fy ⊕ Fz is an ideal of h, so for all x ∈ h,

[x, y] = αy + βz for some α, β ∈ F . Hence (ad(x))n(y) = αny + αn−1βz, so since h is

nilpotent, it follows that α = 0, i.e. [y, h] ⊆ Fz.

Since λ(z) 6= 0, it follows that λ([u, y]) = 0 if and only if [u, y] = 0, and hence

h′ = ker(ad(y)). So since the image of ad(y) has dimension at most 1, this means

that h′ has codimension 1 in h, so h = h′ ⊕ Fx for some x ∈ h.

Finally, it is clear that y is central in h′ = ker(ad(y)), so since y is not central in

h, [x, y] = αz for some 0 6= α ∈ F . Thus (x, y, z, g′) is a reducing quadruple.

(ii) Let h′i := hi ∩ h′, then 0 = h′0 ⊆ · · · ⊆ h′n = h′. So choose a subsequence

0 = j0 < j1 < · · · < jm = n such that dimF hjk = k for all k. For convenience, set

tk := h′jk , and set µ := λ|h′ .

Note that if u ∈ hλii for some i, then u ∈ hi and λ([u, hi]) = 0. If i < j then hi is

central, thus u is central so u ∈ h′. Whereas if i ≥ j then [u, hj] ⊆ [u, hi], and hence

λ([u, hj]) = 0 and u ∈ h′. Therefore, hλii ⊆ h′ for each i, and hence bλ ⊆ h′.
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(iii) If u ∈ hλii then since u ∈ hi ∩ h′ = h′i we have that λ([u, h′i]) = 0, and hence

u ∈ h′λii . Therefore, bλ = hλ00 + · · · + hλnn ⊆ h′λ00 + · · · + h′λnn = tµ00 + · · · + tµmm = bµ.

But since bλ is a polarisation of h at λ and λ([bµ, bµ]) = 0, this means that bλ = bµ,

i.e. bλ is a standard polarisation of h′ at µ.

The next result ensures that after quotienting out by a suitable ideal, we can always

ensure that our linear form λ satisfies the hypotheses of Proposition 5.2.2.

Lemma 5.2.3. Let λ ∈ h∗, let 0 = h0 ⊆ h1 ⊆ · · · ⊆ hn = h be a chain of ideals

in h with dimF hi = i for each i, and let bλ = hλ0 + hλ11 + · · · + hλnn be the standard

polarisation at λ corresponding to this chain.

Given an ideal a of h such that λ(a) = 0, let µ be the linear form of hq := h/a

induced by λ, and let bq := (h0+a
a

)µ0 + · · ·+ (hn+a
a

)µn, where µi is the restriction of µ

to hi+a
a

. Then:

(i) a ⊆ bλ.

(ii) bq is a standard polarisation of hq at µ.

(iii) bq = bλ/a.

Proof. Let hqi := hi+a
a

for each i = 1, · · · , n. Then 0 = hq0 ⊆ hq1 ⊆ · · · ⊆ hqn = hq is

a chain of ideals in hq. So we choose a subsequence 0 = j0 < j2 < · · · < jm = n of

0, 1, · · · , n such that for each k, dimF hqjk = k.

For convenience, set tk := hqjk , then it is clear that each hqi appears in t1, · · · , tm.

(i) Since a is an ideal of h, [h, a] ⊆ a, so λ([h, a]) = 0. So since hn = h, this means

that a ⊆ {x ∈ h : λ([x, hn]) = 0} = hλnn ⊆ bλ as required.

(ii) Consider the standard polarisation bµ = tµ00 + · · ·+ tµmm of hq at µ, we will prove

that bµ = bq.

141



If x ∈ tµkk = {y ∈ tk : µ([y, tk]) = 0}, then x = z + a for some z ∈ hjk , and clearly

λ([z, hjk ]) = 0, so z ∈ h
λjk
jk

. Therefore tµkk ⊆
h
λjk
jk

+a

a
for each k, and hence bµ ⊆ b′.

Conversely, if z ∈ h
λjk
jk

, then it is clear that since λ(a) = 0, we have that µ([z+a, hk]) =

0, and so z + a ∈ tµkk . Thus tµkk =
h
λjk
jk

+a

a
and bµ = bq.

(iii) Since bλ = hλ00 + · · ·+ hλnn and a ⊆ bλ, it follows that

bλ/a = bλ+a
a

=
h
λ0
0 +···+hλnn +a

a
= (h0+a

a
)µ0 + · · ·+ (hn+a

a
)µn = bq.

While the previous results mainly concern restrictions of polarisations to reducing

quadruples, the next result is more concerned with extending them.

Lemma 5.2.4. Suppose that h has reducing quadruple (x, y, z, h′), and that µ is a

linear form of h′ with polarisation b ⊆ h′ such that µ(z) 6= 0. Then for any extension

λ of µ to h, b is a polarisation of h at λ.

Proof. Let V be a vector subspace of h such that b ⊆ V and λ([V, V ]) = 0. We will

show that V = b, and it will follow that b is a polarisation by Definition 5.1.1.

It will suffice to show that V ⊆ h′ and simply apply the fact that b is a polarisation

of h′. So given an element βx+ a ∈ V , with β ∈ F , a ∈ h′, we will prove that β = 0.

Since b is a polarisation of h′ and y is central in h′, we must have that y ∈ b ⊆ V ,

and therefore µ([βx + a, y]) = 0. But [a, y] = 0 and [x, y] = αz where α 6= 0, thus

0 = βµ([x, y]) = αβµ(z). So since α, µ(z) 6= 0, it follows that β = 0 as required.

The final classical result we need can be found in the proof of [16, Theorem 6.1.4]:

Proposition 5.2.5. Suppose that h is nilpotent with n := dimF h > 3, and suppose

that h has a reducing quadruple (x, y, z, h′). We assume further that λ ∈ h∗ and

λ(a) 6= 0 for all non-zero ideals a of h. Then for any polarisation b of h at λ, there
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exists a polarisation b′ at λ, contained in h′, and a proper subalgebra t ( h such that

b, b′ ⊆ t.

Proof. Firstly, note that hλ = {u ∈ h : λ([u, h]) = 0} is contained in b, otherwise

b ( b + hλ and λ([b + hλ, b + hλ]) = 0, contradicting the definition of a polarisation.

If b ⊆ h′, then taking b′ = b, t = h′, the statement is trivially true, so we may assume

that b 6⊆ h′.

Since y is central in h′ but not in h, it is clear that h′ = ker(ad(y)) and Fz = im(ad(y)).

So since there exists u ∈ b\h′, we have that [u, y] 6= 0, i.e. [u, y] = βz for some

0 6= β ∈ F . But since Fz is a non-zero ideal of h, λ(z) 6= 0, and thus λ([u, y]) 6= 0.

So since λ([b, b]) = 0 and u ∈ b, this means that y /∈ b.

Let b′ := (b ∩ h′) ⊕ Fy. This is a subalgebra of h, and clearly it is contained in h′.

Also, b∩h′ has codimension 1 in b, therefore dimF b′ = dimF b∩h′+1 = dimF b. But

it is clear that λ([b′, b′]) = 0, so by Lemma 5.1.2, this means that b′ is a polarisation

of h at λ.

Now, let t := b⊕ Fy. Since Fz = [y, h] ⊆ b, this is a subalgebra of h, and clearly

it contains b and b′, so we only need to prove that t 6= h, so assume for contradiction

that t = h. This means that b has codimension 1 in h, so dimF b = n − 1. But

dimF b = 1
2
(n+ dimF hλ) by Lemma 5.1.2, and thus dimF hλ = n− 2.

Furthermore, if βx+ γy ∈ hλ, then βλ([x, y]) = γλ([y, x]) = 0, which is only possible

if β = γ = 0 since λ(z) = λ(α−1[x, y]) 6= 0. So SpanF{x, y} ∩ hλ = 0, and therefore,

h = Fx⊕ Fy ⊕ hλ.
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Let a := ker(λ) ∩ hλ. Then since z ∈ hλ and λ(z) 6= 0, it follows that a has codimen-

sion 1 in hλ, which means that dimF a = n− 3.

It is clear that λ(a) = 0, so we will finish by proving that a is an ideal of h, and this

will imply that a = 0, and hence n− 3 = 0 and n = dimF h = 3 – contradicting our

assumption.

By the definition of hλ, it is clear that λ([hλ, h]) = 0 and so [hλ, a] ⊆ hλ ∩ ker(λ) = a.

So since h = Fx⊕ Fy ⊕ hλ, it remains to prove that [y, a] ⊆ a and [x, a] ⊆ a.

Since a ⊆ h′, we have that [y, a] = 0 ⊆ a, and if we choose u ∈ b such that u /∈ h′, then

b = hλ⊕Fu, so since h is nilpotent and b is a subalgebra, it follows that [u, hλ] ⊆ hλ,

and hence [u, a] ⊆ hλ. Also, since λ([b, b]) = 0, it follows that [u, a] ⊆ ker(λ), hence

[u, a] ⊆ a.

But since u /∈ h′, we have that u = βx+γy, where β 6= 0, so it follows immediately

that [x, a] ⊆ a as required.

5.3 Irreducibility of ’D(λ)

We will now examine the affinoid Dixmier module D̂(λ)b for a suitable polarisation

b, and in this section, we will prove that we can choose b such that D̂(λ) is irreducible.

Firstly, we generalise some results from the classical theory to an affinoid setting:

Lemma 5.3.1. Let h be a subalgebra of g, let a be an ideal of g such that a ⊆ h. Let

g1 := g/a, h1 := h/a. Also, set H := L ∩ h, A := L ∩ a, L1 := L/A, H1 := H/A,

which are Lie lattices in h, a, g1 and h1 respectively. Then:

(i) There is a continuous surjection of K-algebras Û(L)K � Û(L1)K induced by the

surjection L� L1. The kernel of this surjection is aÛ(L)K
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(ii) If M is a finitely generated Û(H1)K-module, then M has the structure of a

Û(H)K-module via the surjection in (i), and Û(L)K ⊗Û(H)K
M ∼= Û(L1)K ⊗Û(H1)K

M

as Û(L)K-modules.

Proof. (i) It is clear that the surjection L� L1 induces a surjection U(L)� U(L1)

sending πnU(L) to πnU(L1), so this yields a continuous map Û(L)→ Û(L1).

If we fix a basis {x1, · · · , xd} for L such that {xr+1, · · · , xd} is a basis forA, then using

Lemma 2.8.3, we see that every element of Û(L1)K has the form
∑
α∈Nr

λα(x1 +A)α1 · · · (xr +A)αr ,

where λα ∈ O → 0 as α → ∞. Clearly under the map Û(L) → Û(L1), xi maps to

xi +A for each i, and hence the map is surjective.

Moreover, we can write any element of Û(L) as
∑
α∈Nr

xα1
1 · · ·xαrr cα for some cα ∈ Û(A)

converging to zero, and this maps to 0 if and only if cα maps to 0 for each α. But

each cα has the form
∑

β∈Nd−r
µβx

βr+1

r+1 · · ·x
βd
d , and this maps to zero if and only if µ0 = 0,

i.e. cα ∈ Û(A)A. Hence the kernel of the surjection is Û(L)A and part (i) follows.

(ii) Let φ : Û(L)K → Û(L1)K be the surjection from part (i), and define a map:

Θ : Û(L)K ⊗Û(H)K
M → Û(L1)K ⊗Û(H1)K

M, r ⊗m 7→ φ(r)⊗m.

It is clear that this is a well defined map of Û(L)K-modules, we want to prove that

it is an isomorphism.

Every element s ∈ Û(L1)K can be written uniquely in the form

s =
∑
α∈Nr

λα(x1 +A)α1 · · · (xr +A)αr = φ(
∑
α∈Nr

λαx
α1
1 · · ·xαrr ),

so there is a unique element in K〈x1, · · · , xr〉 that maps onto s under φ. We call

this element φ−1(s), and it is clear that this defines a K-linear map φ−1 : Û(L1) →
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K〈x1, · · · , xr〉.

Therefore, we can define a K-linear map Ψ : Û(L1)K⊗Û(H1)K
M → Û(L)K⊗Û(H)K

M

sending s ⊗ m to φ−1(s) ⊗ m. We can show that this is well defined by choosing

an appropriate basis for H1 that extends to a basis for L1, and clearly it is a right

inverse to Θ.

Using the fact that Û(L)K is isomorphic as aK-vector space toK〈x1, · · · , xr〉〈xr+1, · · · , xd〉,

and xr+1, · · · , xd ∈ A ⊆ H, we see that every simple tensor s⊗m ∈ Û(L)K⊗Û(H)K
M

can be written as an infinite sum of simple tensors sn ⊗ mn converging to zero as

n→∞, with sn ∈ K〈x1, · · · , xr〉. We know this sum converges by Proposition 2.8.4.

Therefore, for any s ∈ Û(L)K , m ∈M , ΨΘ(s⊗m) =
∑
n∈N

ΨΘ(sn ⊗mn) =
∑
n∈N

Ψ(φ(sn)⊗mn),

and since sn ∈ K〈x1, · · · , xs〉 for each n, φ−1(φ(sn)) = sn, and hence ΨΘ(s ⊗m) =

s⊗m. Thus Ψ and Θ are mutually inverse bijections.

Now, recall from [5] that if A is a Banach K-algebra, and M is a left A-module,

π-adically complete with respect to some lattice N ⊆ M , then we may define the

Tate module:

M〈t1, · · · , td〉 := {
∑
α∈Nd

tα1
1 · · · t

αd
d sα : sα ∈M, sα → 0 as |α| → ∞}.

Note that we don’t necessarily give M〈t1, · · · , td〉 the structure of an A-module, a

priori it is just a K-vector space.

Proposition 5.3.2. Let h be a subalgebra of g, and let H := h∩L, so H is a Lie lattice

in h. Suppose that M is a finitely generated Û(H)K-module. Then if r = dimK g/h,

there is an isomorphism of K-vector spaces Û(L)K⊗Û(H)K
M ∼= M〈t1, · · · , tr〉, where

tiv corresponds to xi⊗v for some O-basis {x1, · · · , xr} for L/H. Thus M〈t1, · · · , tr〉
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carries the structure of a Û(L)K module.

Moreover, if r = 1, so L = H⊕Ox for some x ∈ L, then we can choose this isomor-

phism Û(L)K ⊗Û(H)K
M ∼= M〈t〉 such that:

(i) x acts by t on M〈t〉.

(ii) If y, z ∈ H act on M by scalars βy, βz ∈ O, [x, z] = 0 and [y, x] = αz for some

α ∈ K, then y acts on M〈t〉 by αβz
d
dt

+ βy.

(iii) If α, βz 6= 0 and M is irreducible over Û(H)K, then M〈t〉 is irreducible over

Û(L)K.

Proof. Let {x1, · · · , xd} be an O-basis for L such that {xr+1, · · · , xd} is a basis for H.

Then by Lemma 2.8.3, writing xα := xα1
1 · · · x

αd
d , we have: Û(L)K = {

∑
α∈Nd

λαx
α : λα ∈ O, λα →

0 as |α| → ∞}.

Define a map:

Θ : Û(L)K⊗Û(H)K
M →M〈t1, · · · , tr〉,

∑
α∈Nd

λαx
α⊗v 7→

∑
β∈Nr

tβ11 · · · tβrr (
∑

γ∈Nd−r
λ(β,γ)x

γv).

Note that here (β, γ) refers to the d-tuple whose first r terms are the terms of β, and

the last d − r terms are the terms of γ. It is straightforward but technical to show

that this is a well defined K-linear map, so we need to prove that it is an isomorphism.

Firstly, M = Û(H)Kv1 + · · · + Û(H)Kvt, so any element of M〈t1, · · · , tr〉 will have

the form
∑
β∈Nr

tβ11 · · · tβrr (a1,βv1 + · · ·+ at,βvt) for some ai,β ∈ Û(H)K . This is the image

of
∑
β∈Nr

xβ11 · · ·xβrr a1,β ⊗ v1 + · · ·+
∑
β∈Nr

xβ11 · · ·xβrr at,β ⊗ vt, so Θ is surjective.
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Furthermore, if
∑
β∈Nr

tβ11 · · · tβrr (a1,βv1 + · · · + at,βvt) = 0 then a1,βv1 + · · · + at,βvt = 0

for all β. Since Û(L)K ⊗Û(H)K
M is finitely generated, it is complete by Proposition

2.8.4, thus

∑
β∈Nr

xβ11 · · ·xβrr a1,β ⊗ v1 + · · ·+
∑
β∈Nr

xβ11 · · ·xβrr at,β ⊗ vt

=
∑
β∈Nr

xβ11 · · ·xβrr ⊗ (a1,βv1 + · · ·+ at,βvt) = 0,
(5.3)

hence Θ is injective.

Hence Θ is an isomorphism of K-vector spaces, and Θ(xi ⊗ v) = tiv for all i ≤ r,

v ∈M . So clearly we can define an action of Û(L)K on M〈t1, · · · , tr〉 making Θ into

an isomorphism of Û(L)K-modules.

(i) Since Θ(xnv) = tnv for all v ∈M , n ∈ N, it is clear that the action of x on M〈t〉

is given by multiplication by t.

(ii) Since y and z act by scalars on M , their action on M〈t〉 is determined entirely

by their action on the powers of t.

Since [x, z] = 0, it follows that z commutes with all powers of x, and hence z · tnv =

zΘ(xn ⊗ v) = Θ(xn ⊗ z · v) = Θ(βz(x
n ⊗ v)) = βzt

nv, so z acts on M〈t〉 via βz.

Clearly y ·v = βyv, so we will assume that for some n ≥ 0, y ·tnv = nαβzt
n−1v+βyt

nv

and show that y · tn+1v = (n+ 1)αβzt
nv+ βyt

n+1v, and it will follow using induction

that y acts by αβz
d
dt

+ βy:

y · tn+1v = yΘ(xn+1 ⊗ v) = Θ(yxn+1 ⊗ v) = Θ(([y, x]xn + xyxn)⊗ v)

= αzΘ(xn ⊗ v) + xyΘ(xn ⊗ v) = αztnv + xytnv

= αβzt
nv + xnαβzt

n−1v + xβyt
nv = (n+ 1)αβzt

nv + βyt
n+1v

(5.4)
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(iii) Let ∂ := d
dt

, and let ρ : Û(L)K → EndK(M〈t〉) be the action, then by part (ii),

ρ(y) = αβz∂ + βy, so ∂ = (αβz)
−1(ρ(y)− βy) = ρ((αβz)

−1(y − βy)) ∈ im(ρ).

Hence for each n ∈ N, ∂[n] = 1
n!
∂n ∈ im(ρ).

So, suppose that 0 6= T ≤ M〈t〉 is a submodule, i.e there exists
∑
m≥0

tmsm ∈ T ,

sm ∈M , sm not all zero, sm → 0 as m→∞.

Then since ∂[n](T ) ⊆ T for all n, it follows that
∑
m≥n

(
m
n

)
tm−nsm ∈ T , hence we may

assume that s0 6= 0.

Set s := s0 ∈M\{0}, and define a sequence of elements in T by r0 :=
∑
m≥0

tmsm, and

for i > 0, ri := ri−1 − ti∂[i](ri−1).

Now, if ri = s+
∑
m>i

tmsi,m, then ti∂[i](ri) =
∑
m>i

tm
(
m
i

)
si,m, so

ri+1 = ri − ti∂[i](ri) = s+
∑

m>i+1
tm(si,m −

(
m
i

)
si,m).

So inductively, we get that for each i ∈ N, ri = s+
∑
m>i

si,mt
m for some si,m ∈M with

v(si,m) ≥ v(si−1,m). It follows easily that ri → s in M〈t〉 as i→∞.

But since M〈t〉 is finitely generated over Û(L)K , which is Noetherian, it follows that

T is finitely generated over Û(L)K , and hence T is π-adically complete by Proposi-

tion 2.8.4. Therefore, since each ri ∈ T , this means that s ∈ T . So 0 6= s ∈ M ∩ T ,

and thus M ∩T 6= 0. But since M is irreducible, M ∩T = 0 or M , hence M ∩T = M .

It follows that M〈t〉 = Û(L)K⊗Û(L′)K
M ⊆ T , and hence T = M〈t〉. Since our choice

of T was arbitrary, this implies that M〈t〉 is irreducible as required.
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Now we prove the main theorem of this section, which is the affinoid analogue of [16,

Theorem 6.1.1]. This proof follows a strategy of induction on the dimension of g that

we will often use throughout this chapter.

Theorem 5.3.3. Suppose that g is nilpotent, λ ∈ L∗, and let Bλ = bλ ∩ L be a

standard polarisation of L at λ with respect to some chain of ideals. Then the affinoid

Dixmier module D̂(λ)bλ of L at λ with respect to bλ is irreducible as a Û(L)K-module.

Proof. Let n = dimKg, and first suppose that n = 1. Then g is abelian, so λ is a

character of g, and D̂(λ) = K, which is clearly irreducible. So we will assume that

the result holds for all m < n and apply induction:

Suppose first that there exists a non-zero ideal a E g such that λ(a) = 0. Let

g1 := g/a, then since a 6= 0, dimKg1 < n, so we may apply the inductive hypothesis

to g1.

Let A := L ∩ a, and let L1 := L
A , then A,L1 are lattices in a, g1 respectively. Let λ1

be the linear form of g1 induced by λ, and clearly λ1(L1) ⊆ O. Then using Lemma

5.2.3, we see that a ⊆ bλ and that b1 := bλ/a is a standard polarisation of g1 at λ1.

Let B1 := b1 ∩ L1, a Lie lattice in b1, and let M := D̂(λ1)b1 = Û(L1)K ⊗Û(B1)K
Kλ1 ,

then by the inductive hypothesis, M is irreducible over Û(L1)K .

Using the surjection Û(L)K � Û(L1)K given by Lemma 5.3.1(i), we see that M

has the structure of an irreducible Û(L)K-module, and using the fact that B1 = Bλ
A

and Lemma 5.3.1(ii) we see that M ∼= Û(L)K ⊗Û(Bλ)K
Kλ = D̂(λ)bλ , and hence

D̂(λ)bλ is irreducible as required.

So from now on, we may assume that λ(a) 6= 0 for all non-zero ideals a of g.
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Using Proposition 5.2.2, we can find a reducing quadruple (x, y, z, g′) such that

bλ ⊆ g′, and bλ is a standard polarisation of g′ at µ := λ|g′ . Setting L′ := L ∩ g′,

since dimK g′ = n − 1 < n, we see that D̂(µ)bλ = Û(L′)K ⊗Û(Bλ)K
Kλ is irreducible

over Û(L′)K by induction.

Now, since Û(L)K = Û(L)K ⊗Û(L′)K
Û(L′)K , it follows that D̂(λ)bλ = Û(L)K ⊗Û(L′)K

D̂(µ)bλ . Therefore, setting M := D̂(µ)bλ , we have that D̂(λ)bλ
∼= M〈t〉 as a K-vector

space by Proposition 5.3.2(i), where x acts on M〈t〉 by t.

Also, y, z are central in g′ and [y, x] = αz for some 0 6= α ∈ K. Therefore, since y and

z act by scalars λ(y), λ(z) respectively, we see using Proposition 5.3.2(ii) that y acts

on M〈t〉 by αλ(z) d
dt

+ λ(y). So, finally, since Kz is an ideal of g, λ(z) 6= 0, so since

α, λ(z) 6= 0, it follows from Proposition 5.3.2(iii) that D̂(λ)bλ = M〈t〉 is irreducible

over Û(L)K as required.

5.4 Dixmier Annihilators

The aim of this chapter is to describe all primitive ideals of Û(L)K as the annihilator

ideals of affinoid Dixmier modules, so in this section we will begin to examine these

ideals. From now on, we will always assume that g is nilpotent.

The first result we need is analogous to [16, Proposition 5.1.7]:

Lemma 5.4.1. Let h ≤ g be a subalgebra, let H := h∩L, and let M be a finitely gen-

erated Û(H)K-module, with J := Ann
Û(H)K

M . Then Ann
Û(L)K

(
Û(L)K ⊗Û(H)K

M
)

is the largest two-sided ideal in Û(L)K contained in Û(L)KJ . It follows that if M,N

are finitely generated Û(H)K-modules such that Ann
Û(H)K

M = Ann
Û(H)K

N then

Ann
Û(L)K

(Û(L)K ⊗Û(H)K
M) = Ann

Û(L)K
(Û(L)K ⊗Û(H)K

N).
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Proof. Fix anO-basis {x1, · · · , xd} for L such that {x1, · · · , xr} is a basis forH. Then

by Lemma 2.8.3, every element r ∈ Û(L)K can be written as r =
∑
α∈Nd

λαx
α1
1 · · ·x

αd
d , for

some λα ∈ K converging to zero as α→∞, i.e. r =
∑
α∈Nr

xαsα for some sα ∈ Û(H)K

such that sα → 0 as α→∞.

Using Proposition 5.3.2, we see that Û(L)K ⊗Û(H)K
M is isomorphic as a K-vector

space to the Tate module M〈t1, · · · , tr〉 = {
∑
α∈Nr

tα1
1 · · · tαrr sα : sα ∈ M, sα → 0 as

|α| → ∞} via an isomorphism Ψ sending xα ⊗m to tα1
1 · · · tαrr m. It is clear that the

set of all elements in Û(L)K that annihilate the set M inside M〈t1, · · · , tr〉 on the

left contains the left ideal Û(L)KJ .

Moreover, if rM = 0 for some r =
∑
α∈Nr

xαsα ∈ Û(L)K , then for all m ∈M :

0 = rm =
∑
α∈Nr

xαsαm = Ψ−1(
∑
α∈Nr

tα1
1 · · · tαrr sαm), and hence sαm = 0 for all α ∈ Nr.

Thus sα ∈ J for all α, and hence r ∈ Û(L)KJ . Therefore the right ideal Û(L)KJ is

the set of all elements of Û(L)K that annihilate the set M .

It follows that if rÛ(L)K⊗Û(H)K
M = 0, then rÛ(L)K annihilates M , so the two-sided

ideal generated by r is contained in Û(L)KJ . Since our choice of r was arbitrary, it

follows that the annihilator of Û(L)K ⊗Û(H)K
M is contained in Û(L)KJ .

Furthermore, if I ⊆ Û(L)KJ is a two-sided ideal of Û(L)K , then I annihilates M ,

so since IÛ(L)K = Û(L)KI, it must also annihilate the submodule generated by M

inside Û(L)K⊗Û(H)K
M , which is clearly the whole module, and the result follows.

The next result will be essential to several of the proofs in this chapter, since it allows

us to safely pass to and from a reducing quadruple.
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Theorem 5.4.2. Suppose that g has a reducing quadruple (x, y, z, g′) with x, y, z ∈ L,

and let L′ := L∩ g′. Then if I is a two-sided ideal of Û(L)K such that z + I is not a

zero divisor in Û(L)K/I, then I is controlled by L′, i.e.:

I =
(
I ∩ Û(L′)K

)
Û(L)K = Û(L)K

(
I ∩ Û(L′)K

)
.

Proof. Using Lemma 2.8.3, we see that every element of Û(L)K can be written as

g(x) for some Tate power series g with coefficients in Û(L′)K . We will prove that if

g(x) ∈ I then the coefficients of g all lie in I, and the result follows.

It will suffice to show that if g(x) = c0 + c1x + c2x
2 + · · · ∈ I then the formal

derivative g′(x) = c1 + 2c2x + 3c3x
2 + · · · also lies in I. Then using an argument

similar to the proof of Proposition 5.3.2(iii), we can construct a sequence of elements

in I converging to c0. By closure of I in Û(L)K , it follows that c0 ∈ I, so repeating

the argument for 1
n!
g(n)(x) for each x, it follows that all coefficients of g(x) lie in I as

required.

To prove that g′(x) lies in I, consider the action of y on Û(L)K/I:

Since y is central in L′, y commutes with everything in Û(L′)K . Also, since [x, y] = αz,

clearly y · x = xy−αz, and an easy induction shows that y · xn = xny−nαxn−1z. So

if ly is the left action of y on Û(L)K/I, ry is the right action, then ly − ry = −αz d
dx

.

Therefore, since z is not a zero divisor modulo I, and α 6= 0, it follows that if g(x) ∈ I

then d
dx

(g(x)) ∈ I as required.

For us to unambiguously describe the annihilator of a Dixmier module, we want to

ensure that this does not depend on the choice of polarisation, as [16, Theorem 6.1.4]

shows in the classical case. The following lemma establishes this in a special case,

and we will follow it by a proof in full generality:
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Lemma 5.4.3. Suppose that L has an O-basis {x, y, z} such that z is central and

[x, y] = αz for some 0 6= α ∈ O. Then for any β ∈ O\0, the ideal (z − β)Û(L)K is a

maximal two-sided ideal of Û(L)K.

Proof. Let I be a proper ideal of Û(L)K containing z − β. Then since β 6= 0, z + I

is not a zero divisor in Û(L)K/I. So setting g′ := SpanK{y, z}, since (x, y, z, g′) is a

reducing quadruple, it follows from Theorem 5.4.2 that I is controlled by L′ = g′∩L.

Therefore, if we can prove that I ∩ Û(L′)K = (z − β)Û(L′)K then it follows that

I = (z − β)Û(L)K .

Let ȳ be the image of y in Û(L′)K/(z−β)Û(L′)K , then given r ∈ Û(L′)K , by Lemma

2.8.3, the image of r in Û(L′)K/(z − β)Û(L′)K has the form r̄ =
∑
n≥0

λnȳ
n for some

λn ∈ K, λn → 0 as n→∞.

Since [x, y] = αz, we have that x · ȳ = ȳx + αβ, and an easy induction shows that

x · ȳn = ȳnx+αβȳn−1 for all n, i.e. if lx and rx are the respective left and right actions

of x on Û(L′)K/(z − β), then lx − rx = αβ d
dȳ

. Since α, β 6= 0 and I is a two-sided

ideal, d
dȳ

preserves I ∩ Û(L′)K/(z − β).

So if g(ȳ) = λ0 + λ1ȳ + λ2ȳ
2 + · · · ∈ I ∩ Û(L′)K/(z − β)Û(L′)K , it follows that

1
n!
g(n)(ȳ) ∈ I for all n ∈ N, and using an argument similar to the proof of Proposition

5.3.2(iii), we can construct a sequence of elements in I∩Û(L′)K converging to λ0 ∈ K.

By closure of I ∩ Û(L)K , this implies that λ0 ∈ I, and hence λ0 = 0, and it follows

after replacing g(ȳ) by 1
n!
g(n)(ȳ) that λn = 0 for all n, i.e. g(ȳ) = 0. Therefore

I ∩ Û(L′)K = (z − β)Û(L′)K , and I = (z − β)Û(L)K . So since our choice of I was

arbitrary, (z − β)Û(L)K is maximal as required.
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Theorem 5.4.4. Suppose g is nilpotent, and let λ ∈ L∗. Then for any polarisations

b1,b2 of g at λ, Ann
Û(L)K

D̂(λ)b1 = Ann
Û(L)K

D̂(λ)b2.

Proof. If g is abelian then b1 = b2 = g so the statement is obvious. Since all nilpotent

Lie algebras of dimension 1 and 2 are abelian, we may assume that dimKg ≥ 3.

If g is non-abelian and dimKg = 3 then it is straightforward to show that L has basis

{x, y, z} with z central and [x, y] = αz for some α ∈ O\0. If λ(z) = 0 then λ is a

character of g, so g is the only polarisation and the statement is trivially true. If

λ(z) 6= 0, then for any polarisation b, z acts on D̂(λ)b by λ(z), and so the Û(L)K-

annihilator must contain (z−λ(z)), which is a maximal ideal by Lemma 5.4.3, hence

this must be the annihilator in all cases as we require.

So from now on, we may assume that n = dimKg ≥ 4 and we will proceed by induc-

tion on n:

Suppose first that there exists a non-zero ideal a E g such that λ(a) = 0, so λ induces

a linear form λ0 of g0 := g/a. Setting A := a ∩ L, L0 := L
A , it is clear that L0 is a

Lie lattice in g0 and λ0(L0) ⊆ O.

Note that a ⊆ b1, b2 by Lemma 5.1.2, so set bi,0 := bi/a for i = 1, 2, and b1,0,b2,0 are

polarisations of g0 at λ0.

Since dimKg0 < n, it follows from induction that Ann
Û(L0)K

D̂(λ0)b1,0 = Ann
Û(L0)K

D̂(λ0)b2,0 .

Using Lemma 5.3.1, we see that for i = 1, 2, D̂(λ0)bi,0 = Û(L0)K ⊗Û(Bi,0)K
Kλ is

naturally a Û(L)K-module, and that it is isomorphic to Û(L)K ⊗Û(Bi)K
Kλ = D̂(λ)bi .
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If φ : Û(L)K � Û(L0)K is the natural surjection, then it is clear that Ann
Û(L0)K

D̂(λ0)bi,0 =

Ann
Û(L)K

D̂(λ0)bi,0
ker(φ)

for i = 1, 2. Thus Ann
Û(L)K

D̂(λ0)b1,0 = Ann
Û(L)K

D̂(λ0)b2,0 , and

hence:

Ann
Û(L)K

D̂(λ)b1 = Ann
Û(L)K

D̂(λ0)b1,0 = Ann
Û(L)K

D̂(λ0)b2,0 = Ann
Û(L)K

D̂(λ)b2 as

required.

So from now on, we may assume that λ(a) 6= 0 for all non-zero ideals a of g. Using

Proposition 5.2.2, we see that this means that there exists a reducing quadruple

(x, y, z, g′) for g. Since we are assuming dimKg > 3, we may apply Proposition 5.2.5

to get that for each i = 1, 2 there exists a proper subalgebra hi of g containing bi,

and a polarisation b′i of g at λ contained in hi and g′.

By induction, since dimKg
′ < n, we get that Ann

Û(L′)K
D̂(λ|g′)b′1 = Ann

Û(L′)K
D̂(λ|g′)b′2 ,

so by Lemma 5.4.1, Ann
Û(L)K

D̂(λ)b′1 = Ann
Û(L)K

D̂(λ)b′2 .

Similarly, since h1, h2 are proper subalgebras of g, we also have that Ann
Û(Hi)K

D̂(λ|hi)bi =

Ann
Û(Hi)K

D̂(λ|hi)b′i for i = 1, 2, and applying Lemma 5.4.1 again gives that Ann
Û(L)K

D̂(λ)bi =

Ann
Û(L)K

D̂(λ)b′i , and it follows that Ann
Û(L)K

D̂(λ)b1 = Ann
Û(L)K

D̂(λ)b2 as re-

quired.

Now that we have established that the annihilator of a Dixmier module does not

depend on the choice of polarisation, we can unambiguously make the following def-

inition:

Definition 5.4.5. Let F/K be a finite extension, and let λ ∈ L∗F := (L ⊗O OF )∗ be

a linear form. Define the Dixmier annihilator in Û(L)K associated to λ to be the two

sided ideal I(λ) := Ann
Û(L)K

D̂(λ)F (or I(λ)F if it is unclear what the base field is).

Note: This definition makes sense because there is a natural embedding Û(L)K →

Û(LF )F for any finite extension F/K. Using Theorem 5.3.3, we see that I(λ) is a

primitive ideal of Û(L)K whenever F = K.
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5.5 Locally closed ideals in ’U(L)K
Now we will study some ring theoretic properties of the affinoid enveloping algebra.

For the moment, we assume only that L is an O-Lie lattice in a K-Lie algebra g.

Proposition 5.5.1. Let P be a prime ideal of Û(L)K, and let J be a two-sided ideal

of R := Û(L)K/P . Then if J 6= 0 there exists an element a ∈ J such that an does

not converge to 0 as n→∞.

Proof. Let w be the π-adic filtration on Û(L)K corresponding to the lattice Û(L),

and let w̄ be the quotient filtration on R := Û(L)K/P . Then since R is complete

with respect to w̄ and grw̄ R ∼= grw Û(L)K
grw P

, it follows from [28, Ch II Theorem 2.2.1]

that w̄ is a Zariskian filtration on R.

Also, since grw Û(L)K
∼= U(L/πL)[t, t−1] by [6, Lemma 3.1], and it is well known

that U(L/πL) is finitely generated over its centre, it follows that grw̄ R is also finitely

generated over its centre.

Furthermore, t = gr(π) is central of positive degree in grw̄ R, and it is non-

nilpotent, so it follows that grw̄ R is finitely generated over a central Noetherian

subring whose positive part is non-nilpotent. So we can apply Theorem 4.1.3 to find

a non-commutative valuation v on the ring of quotients Q(R) such that the inclusion

(R, w̄)→ (Q(R), v) is continuous.

Therefore, we may define the growth rate function ρ : Q(R)→ R∪{∞}, q 7→ lim
n→∞

v(qn)
n

associated to v, as in Definition 3.6.1. Suppose that for every element a ∈ J , an → 0

as n → ∞, we will prove that this implies that J = 0. Choose an arbitrary a ∈ J ,

and let m := dρ(a)e.
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If we assume that m < ∞, then set b := π−(m+1)a, and since π is central in R, and

hence v-regular, we see using Lemma 3.6.2(v) that ρ(b) = ρ(a) − (m + 1)v(π) ≤

ρ(a)− (ρ(a) + 1)v(π) < 0, and hence bn does not converge to 0 as n→∞ – contra-

diction since b ∈ J .

Therefore m = ρ(a) = ∞, and since Q(R) is simple and Artinian, it follows from

Lemma 3.6.2(iv) that a is nilpotent.

Since our choice of a was arbitrary, this means that every element of J is nilpotent,

and using [16, Lemma 3.1.14] it follows that J is a nilpotent ideal of R. Since R is

prime, this means that J = 0 as required.

The following result is the affinoid version of [16, Proposition 3.1.15]:

Theorem 5.5.2. Let L be a Lie lattice in g and let I be a two sided ideal of Û(L)K.

Then I is semiprime if and only if I is an intersection of primitive ideals.

Proof. Clearly if I is an intersection of primitive ideals, then it is semiprime, so it

remains only to prove the converse, i.e. that if I is semiprime then it is the intersec-

tion of primitive ideals.

Since semiprime ideals arise as an intersection of primes, we can assume that I is

prime in Û(L)K , and we will show that J(Û(L)K/I) = 0, from which the result fol-

lows.

Assume for contradiction that J := J(Û(L)K/I) 6= 0, then since I is prime it follows

from Proposition 5.5.1 that we can choose an element a ∈ J such that an does not

converge to zero as n→∞.

Let R :=
Û(L)K
I

, and let C := R〈X〉 be the Tate algebra in one variable over R, as

defined in Appendix D. Then if we set g0 := g×K, L0 := L ×O, it is clear that L0
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is a Lie lattice in g0 and it follows from Lemma 2.8.3 that C ∼= Û(L0)K/IÛ(L0)K .

Consider the element 1− aX ∈ C. If this element is a unit, its inverse must have the

form a0 + a1X + a2X
2 + · · · for some ai ∈ Û(L)K/I with an → 0 as n → ∞. But

since 1 = (1− aX)(a0 + a1X + a2X
2 + · · · ), it follows that a0 = 1, a1 = a, a2 = a2,

· · · , an = an, and hence an → 0 as n→∞ – contradiction.

Therefore 1−aX is not a unit in C, so there exists a maximal left ideal of C contain-

ing 1− aX, i.e. there exists an irreducible C-module M and an element 0 6= m ∈M

such that (1− aX)m = 0.

Now, X does not act by zero on M , otherwise 1− aX would act by 1, and we would

have (1 − aX)m = m 6= 0. So using Schur’s Lemma, the action of X is invertible,

and using [35, Theorem 6.4.6] we see that the action of X−1 is algebraic over K, i.e.

there exists f(t) = a0 + a1t+ · · ·+ ant
n for some ai ∈ K such that f(X−1) = 0, and

we may assume that a0 6= 0. So let g(t) := a−1
0 f(t) = 1 + b1t+ · · ·+ bnt

n.

Since aXm = m, we have that am = X−1aXm = X−1m, hence arm = X−rm for all

r ∈ N, and thus g(a)m = g(X−1)m = 0.

But g(a) = 1 + (b1 + b2a+ · · ·+ bna
n−1)a, so since a ∈ J(Û(L)K/I), this means that

g(a) is a unit in Û(L)K/I. Therefore, since m 6= 0, g(a)m 6= 0 – contradiction.

Therefore J(Û(L)K/I) = 0 as we require.

Now, since this proposition gives us that all prime ideals in the affinoid enveloping

algebra arise as an intersection of primitive ideals, we can now focus on a particular

class of primitives:
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Definition 5.5.3. Let R be a ring, and let P be a prime ideal of R. We say that

P is locally closed if P is not equal to the intersection of all prime ideals properly

containing it.

It is not difficult to prove that a prime ideal P is locally closed in R if and only if

the singleton {P} is locally closed in Spec R with the Zariski topology.

Using Theorem 5.5.2, we see that if P is a locally closed prime ideal in Û(L)K , then

P must be primitive. The most obvious examples of locally closed ideals are maxi-

mal ideals, since the intersection of all prime ideals properly containing them is empty.

In this section, we want to prove that all locally closed ideals arise as Dixmier anni-

hilators. We first need the following technical results:

Lemma 5.5.4. Suppose that g is nilpotent and dimK g > 1. Let I be an ideal of

Û(L)K. Suppose further that Z(Û(L)K/I) = K, and I ∩ g = 0. Then g has a

reducing quadruple (x, y, z, g′).

Proof. Firstly, suppose u, v ∈ g are central, then u + I, v + I ∈ Z(Û(L)K/I) = K,

hence they are K-linearly dependent. So there exist non-zero α, β ∈ K such that

αu + βv ∈ I ∩ g = 0, hence u, v are K-linearly dependent in g. Since g is nilpotent,

Z(g) 6= 0, so it follows that Z(g) has dimension 1, i.e. Z(g) = Kz for some z ∈ Z(g).

So, since dimKg > 1, g is non-abelian, and again using nilpotence of g, we can find

y ∈ g such that y is not central, but [y, g] ⊆ Z(g) = Kz.

Let g′ := ker(ad(y)). Then g′ is an ideal of g, and since ad(y) : g→ Kz is non-zero,

g′ must have codimension 1 in g, so g = g′ ⊕Kx, and it is clear that (x, y, z, g′) is a

reducing quadruple for g.
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Proposition 5.5.5. Let I be a two sided ideal of Û(L)K such that F = Z(Û(L)K/I)

is a finite field extension of K. Then ̂U(L ⊗O OF )F
∼= Û(L)K ⊗K F , and there exists

a surjection ̂U(L ⊗O OF )F → Û(L)K/I of F -algebras with kernel containing I⊗K F .

Proof. To see that ̂U(L ⊗O OF )F
∼= Û(L)K ⊗K F , note that:

U(L)⊗O OF → U(L ⊗O OF )

a⊗ α 7→ αa

is an isomorphism of OF algebras, whose inverse is the natural extension of the map

L ⊗O OF → U(L)⊗O OF , u⊗ α 7→ u⊗ α to U(L ⊗O OF ). These maps preserve the

π-adic filtration, hence they induce an isomorphism ̂U(L ⊗O OF ) ∼= Û(L) ⊗O OF ,

and the result follows.

Since F = Z(Û(L)K/I) ⊆ Û(L)K/I, it is clear that Û(L)K/I is an F -algebra, and

the map Û(L)K ⊗K F → Û(L)K/I, r ⊗ (α + I) 7→ αr + I is clearly a surjection of

F -algebras sending I ⊗ F to 0 as required.

Proposition 5.5.6. Let g be a nilpotent K-Lie algebra, and let L be an O-Lie lattice

in g such that every locally closed prime ideal in Û(L)K has the form I(λ)F for some

finite extension F/K and some λ ∈ L∗F . Then given any prime ideal P in Û(L)K, P

arises as an intersection of Dixmier annihilators.

Proof. Note that since gr Û(L)K
∼= U(L/πL)[t, t−1] has finite left and right Krull

dimension, it follows from [28, Ch.I Theorem 7.1.3] that Û(L)K has finite left and

right Krull dimension. Therefore, using [29, Lemma 6.4.5], it follows that Û(L)K has

finite classical Krull dimension, i.e. there is a finite upper bound on the length of

chains of prime ideals in Û(L)K .

So, given a prime ideal P of R, define the dimension dim(P ) of P to be the largest

integer n ≥ 0 such that there exists a chain of prime ideals P = P0 ( P1 ( · · · ( Pn
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of Û(L)K . We will proceed by induction on dim(P ).

If dim(P ) = 0, then P is maximal, and hence locally closed, so by the hypothesis,

P = I(λ)F for some finite extension F , λ ∈ L∗F as required. Now suppose the result

holds whenever dim(P ) < n.

If dim(P ) = n then for every prime ideal Q of Û(L)K with P ( Q, Q arises as an

intersection of Dixmier annihilators by the inductive hypothesis.

If P is locally closed, then P is a Dixmier annihilator by hypotheis, otherwise P is

equal to the intersection of all prime ideals properly containing it, and hence it is an

intersection of Dixmier annihilators as required.

Now we can proceed to prove the main theorem of this section, but first we need a

small lemma:

Lemma 5.5.7. Let a be an ideal of g nilpotent, let A := a ∩ L and let L0 := L/A.

Let P be a prime ideal of Û(L)K, containing a, such that the image P0 E Û(L0)K

of P under the surjection Û(L)K → Û(L0)K is a Dixmier annihilator. Then P is a

Dixmier annihilator.

Proof. We know that P0 = Ann
Û(L0)K

D̂(µ)F for some finite extension F/K, µ ∈

(L/A)∗F . Clearly µ is induced from a linear form λ of g⊗K F such that λ(L) ⊆ OF

and λ(a) = 0. We will prove that P = Ann
Û(L)K

D̂(λ)F .

Choose a polarisation b of g ⊗K F at λ, and since the annihilator is independent

of the choice of polarisation by Theorem 5.4.4, we may assume that a ⊆ b, i.e.

b/a is a polarisation of g/a at µ. Using Lemma 5.3.1(iii), we see that D̂(λ)F =

Û(L)F ⊗Û(B)F
F ∼= ̂U(L/A)F ⊗ ̂U(B/A)F

F = D̂(µ)F .
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Using Lemma 5.3.1(i), we know that Û(L)/âU(L) ∼= ̂U(L/A)K , and hence P0 =

P/aÛ(L)K . Therefore, since P0 = Ann
Û(L0)K

D̂(µ)F , and hence PD̂(µ)F = 0, it

follows that PD̂(λ)F = 0, i.e. P ⊆ Ann
Û(L)K

D̂(λ)F .

Moreover, if xD̂(λ)F = 0 then xD̂(µ)F = 0 so x+ aÛ(L)K ∈ P0 and hence x ∈ P .

Therefore P = Ann
Û(L)K

D̂(λ)F as required.

Theorem 5.5.8. Let g be a nilpotent K-lie algebra, with O-Lie lattice L, and let P

be a locally closed prime ideal of Û(L)K. Then P is a Dixmier annihilator.

Proof. We will use induction on n = dimKg:

First suppose that n = 1, and hence Û(L)K
∼= K〈u〉 by Lemma 2.8.3. So if P is a

locally closed ideal, then it is primitive, and hence maximal since Û(L)K is commu-

tative. So let F := Û(L)K/P , then F is a field.

Furthermore, using [11, Corollary 2.2.12], we see that F is a finite extension of K, so

define λ : g→ F, x 7→ x+P , and clearly this map is K-linear. Also, Û(L)/P∩Û(L) =

O〈u〉/P ∩ O〈u〉 is a lattice in F = K〈u〉/P . Thus Û(L)/P ∩ Û(L) ⊆ OF so clearly

λ(L) ⊆ OF .

So D̂(λ)F = F , where x ∈ Û(L)K acts by zero if and only if λ(x) = 0, i.e. if and only

if x ∈ P , so P = Ann
Û(L)K

D̂(λ)F = I(λ)F as required.

So now suppose that the result holds whenever dimK g < n.

Again, suppose that P is a locally closed ideal of Û(L)K , and let a := P∩g, A := a∩L.

Clearly a is an ideal of g, contained in P , and A is a Lie lattice in a. We will suppose

first that a 6= 0.
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Let P0 be the image of P under the surjection Û(L)K → ̂U(L/A)K , then P0 is a lo-

cally closed ideal of ̂U(L/A)K . Since dimKg/a < n, it follows from induction that P0

is a Dixmier annihilator. Therefore, using Lemma 5.5.7, P is a Dixmier annihilator

as required.

So from now on we may assume that a = P ∩ g = 0.

Since we know by Theorem 5.5.2 that P is primitive, it follows from [35, Theorem

6.4.6] that F = Z(Û(L)K/P ) is an algebraic field extension of K. Since the centre

of Û(L)K/P is closed and Û(L)K/P is complete, it follows that F is complete, so it

must in fact be a finite extension of K.

We will assume for now that F = K, so applying Lemma 5.5.4, we see that g has a

reducing quadruple (x, y, z, g′). So let L′ := g′ ∩ L, then since z /∈ P , it is clear that

z +P ∈ Z(Û(L)K/P ) = K is not a zero divisor, so using Theorem 5.4.2, we see that

P is controlled by L′, i.e. P = Û(L)K(P ∩ Û(L′)K).

Let Q := P ∩Û(L′)K , then Q is a semiprime ideal of Û(L′)K by Proposition 2.10.2, so

since all locally closed prime ideals in Û(L′)K are Dixmier annihilators by induction,

it follows from Proposition 5.5.6 that all semiprime ideals arise as an intersection of

Dixmier annihilators, i.e. there exist finite extensions Fj/K, µj ∈ (L′)∗Fj , as j ranges

over some indexing set X, and

Q =
⋂
j∈X

I(µj)Fj .

Since z /∈ Q and Z(Û(L)K/P ) = K, there exists 0 6= β ∈ K such that z − β ∈ Q.

Therefore z − β ∈ I(µj)Fj for each j. Since β 6= 0, this means that z /∈ I(µj)Fj , i.e.

µj(z) 6= 0.
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Now, it is clear that (x⊗1, y⊗1, z⊗1, g′⊗K Fj) is a reducing quadruple for g⊗K Fj,

so applying Lemma 5.2.4 gives that if b is a polarisation of g′ ⊗K Fj at µj and λj is

an extension of µj to g⊗K Fj, then b is a polarisation of g⊗K Fj at λj.

Therefore, D̂(λj)Fj
∼= Û(L)Fj⊗Û(L′)Fj

D̂(µj)Fj , so by Lemma 5.4.1, I(λj)Fj = Ann
Û(L)Fj

D̂(λj)Fj

is the largest two-sided ideal of Û(L)Fj contained in Û(L)Fj Ann
Û(L′)F

D̂(µj)Fj .

But P = Û(L)KQ ⊆ Û(L)KI(µj)Fj , and by Proposition 5.5.5, Û(L)Fj = Û(L)K ⊗K

Fj, hence P ⊗K Fj ⊆ Û(L)FjI(µj)Fj ⊆ Û(L)Fj Ann
Û(L′)Fj

D̂(µj)Fj .

Thus P ⊗K Fj ⊆ Ann
Û(L)Fj

D̂(λj)Fj and P ⊆ Ann
Û(L)K

D̂(λj)Fj = I(λj)Fj .

Furthermore, given r ∈
⋂
j∈X

I(λj)Fj , we have that r =
∑
i≥0
xiri for some ri ∈ Û(L′)K

by Lemma 2.8.3, with ri → 0 as i→∞. Then since each I(λj)Fj is a prime ideal of

Û(L)K , and z /∈ I(λj)Fj , it follows from Theorem 5.4.2 that each ri lies in I(λj)Fj for

every j.

This means that riD̂(λj)Fj = 0 for all i, j, so riD̂(µj)Fj = 0 and thus ri ∈
⋂
j∈X

I(µj)Fj =

Q for every i. Therefore r ∈ Û(L)KQ = P . Since our choice of r was arbitrary, it

follows that:

P =
⋂
j∈X

I(λj)Fj .

Since P is locally closed and each I(λj)Fj is a prime ideal of Û(L)K containing P , it

follows that P = I(λj)Fj for some j ∈ X as we require.

Finally, take P to be a general locally closed prime ideal. Then F = Z(Û(L)K/P )

is a finite extension of K, so let g0 := g ⊗K F , L0 := L ⊗O OF . Then dimFg0 =

dimKg = n, L0 is a Lie lattice in g0, and by Proposition 5.5.5, there exists a surjection

of F -algebras Û(L0)F = Û(L)K ⊗K F � Û(L)K/P whose kernel contains P ⊗K F .
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Let J be this kernel.

Then J is a locally closed prime ideal of Û(L0)F and Û(L0)F/J
∼= Û(L)K/P . But

Z(Û(L)F/J) ∼= Z(Û(L)K/P ) = F so it follows from the above discussion that

J = Ann
Û(L0)F

D̂(λ)F ′ for some finite extension F ′/F and some linear form λ of

g0 ⊗F F ′ such that λ(L0) ⊆ OF ′ .

It is clear that J ∩ Û(L)K = P , and hence P = Ann
Û(L)K

D̂(λ)F ′ = I(λ)F ′ as

required.

Remark: In the previous proof, and also in the proof of Theorem 5.5.2, we cite a

result from [35], a doctoral thesis which is still in preparation and has not yet been

examined. However, a very similar version of this result can be found in [6, Corollary

8.6], which still allows us to prove all the results in this section, provided we make the

additional assumption that [L,L] ⊆ pL. Since we need to pass to a sublattice pnL to

prove Theorem D anyway, this assumption would change nothing in the statement

or the proof.

Corollary 5.5.9. Let L be a Lie lattice in g nilpotent. Then given a prime ideal P

of Û(L)K, P arises as an intersection of Dixmier annihilators.

Proof. This is immediate from Theorem 5.5.8 and Proposition 5.5.6.

5.6 The Coadjoint action

For the rest of this chapter, we will always assume that g is nilpotent. In Appendix

C.2, we defined the adjoint group of g, G := {exp(ad(u)) : u ∈ g} ⊆ Aut(g), and

recall that this acts on the linear dual g∗, with orbits termed coadjoint orbits.
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In the classical case, using [16, Proposition 6.2.3], we see that if two linear forms lie

in the same coadjoint orbit, then their Dixmier annihilators are the same. And the

following result shows that the same is true in the affinoid case when considering the

action of the adjoint group G0 associated to the lattice pL:

Lemma 5.6.1. If λ, µ ∈ L∗ lie in the same coadjoint orbit of G0, then I(λ) = I(µ).

Proof. Suppose that µ = g · λ where g = exp(ad(u)) for some u ∈ pL. Then the

K-linear map ad(u) : Û(L)K → Û(L)K sends Û(L) to pÛ(L), and thus the sequence

ad(u)n converges to 0 as n→∞. Therefore the series exp(ad(u)) =
∑
n≥0

1
n!

ad(u)n con-

verges to a continuous K-algebra automorphism of Û(L)K , and clearly this restricts

to g on g.

If r ∈ Ann
Û(L)K

D̂(µ) then for any basis {u1, · · · , ud} for L, we can write r as a Tate

power series
∑
α∈Nd

λαu
α1
1 · · ·u

αd
d , where λα ∈ K → 0 as α→∞.

Since D̂(µ) = D̂(g · λ), it follows that for any v ∈ g, the action of v on D̂(µ) coincides

with the action of g−1 · v on D̂(λ). In particular, since rD̂(µ) = 0, it follows that:

g−1(r) =
∑
α∈Nd

λαg
−1(u1)α1 · · · g−1(ud)

αd ∈ Ann
Û(L)K

D̂(λ).

Therefore r ∈ g(Ann
Û(L)K

D̂(λ)), but it is clear that g = exp(ad(u)) preserves two-

sided ideals of Û(L)K , and therefore r ∈ Ann
Û(L)K

D̂(λ), and hence Ann
Û(L)K

D̂(µ) ⊆

Ann
Û(L)K

D̂(λ).

After replacing g by g−1, we similarly obtain that Ann
Û(L)K

D̂(λ) ⊆ Ann
Û(L)K

D̂(µ)

as required.

Unfortunately, the proof of this does not carry across to when λ, µ lie in the same

G-coadjoint orbit, since we cannot always extend elements of G to automorphisms of

Û(L)K . Despite this drawback, we will explore in the rest of this section how we can
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still relate affinoid Dixmier annihilators in this case. Firstly, we will show how our

Dixmier annihilator does not depend on the choice of the defining field extension:

Proposition 5.6.2. Let F/K be a finite extension, and let λ : g → K be K-linear.

Then there exists a polarisation b of g at λ such that b ⊗K F is a polarisation for

g⊗K F at the extension λF : g⊗K F → F .

Proof. Using induction on dim(g). If dim(g) = 1 then it is obvious, because g and

g⊗ F are the only polarisations. So suppose the result holds whenever dim(g) < n.

If λ(a) = 0 for some non-zero ideal a of g, then using induction we may choose a

polarisation a ⊆ b such that b
a
⊗K F = b⊗KF

a⊗KF
is a polarisation for g⊗KF

a⊗KF
at λF . Hence

b⊗K F is a polarisation for g⊗K F at λF .

So from now on, we may assume that λ(a) = 0 for all non-zero ideals a of g. Then

it follows from Proposition 5.2.2 that g has a reducing quadruple (x, y, z, g′), and

λ(z) 6= 0. Clearly (x⊗ 1, y ⊗ 1, z ⊗ 1, g′ ⊗K F ) is a reducing quadruple for g⊗K F .

Let b be a polarisation for g′ at λ|g′ such that b⊗K F is a polarisation for g′ ⊗K F .

Then using Lemma 5.2.4 we see that b is a polarisation for g at λ, and b ⊗K F is a

polarisation for g⊗K F at λF as required.

Corollary 5.6.3. Let F/K be a finite extension, and let λ : g→ F be K-linear such

that λ(L) ⊆ OF . Then for any finite extension L/F , I(λ)F = I(λ)L.

Proof. This is immediate from Proposition 5.6.2 and Theorem 5.4.4.

So, from now on, we will assume that λ and µ take values in K. We will now assume

further that they lie in the same coadjoint orbit, i.e. µ = exp(ad(u))·λ for some u ∈ g.

Let a := exp(ad(u)) ∈ G, and fix a natural number N ∈ N such that u ∈ p−NL. Also

let c be the nilpotency class of g, i.e. c is minimal such that ad(g)c = 0.
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Since a is a Lie automorphism of g, it follows that aL is an O-Lie lattice in g, hence

there exists a natural number n ∈ N such that pnL ⊆ aL and pnaL ⊆ L.

Lemma 5.6.4. For any n ≥ cN + vp(c!), pnL ⊆ aL and pnaL ⊆ L.

Proof. Since a = exp(ad(u)), where u = p−Nv for some v ∈ L, it follows that for all

w ∈ L:

a(w) = w + p−N [v, w] +
1

2
p−2N [v, [v, w]] + · · ·+ 1

c!
p−cN(ad(v))c(w). (5.5)

But for each 0 ≤ i ≤ c, (ad(v))i(w) ∈ L, vp(
1
i!
p−iN) = −iN − vp(i!) ≥ −cN − vp(c!) ≥

−n, so 1
i!
p−iN(ad(v))i(w) ∈ p−nL. Hence aL ⊆ p−nL, and pnaL ⊆ L.

Also, a is an isomorphism, and a−1 = exp(ad(−u)), with −u ∈ p−NL. Therefore,

since a−1 : aL → L is a Lie-isomorphism, it follows from the above discussion that

pnL ⊆ aL.

It is clear that since a : L → aL is a continuous isomorphism of O-Lie lattices, it

extends to a continuous isomorphism a : Û(L)K → Û(aL)K of K-algebras. Moreover,

for any n ∈ N, a induces an isomorphism a : Û(pnL)K → ̂U(pnaL)K , and thus using

Lemma 5.6.4, for n ≥ cN + vp(c!), there is an injective K-algebra homomorphism

a : Û(pnL)K → Û(L)K .

Proposition 5.6.5. Given n ∈ N such that n ≥ cN + vp(c!), if I is a two-sided ideal

of Û(L)K, then a : Û(pnL)K → Û(L)K maps I ∩ Û(pnL)K into I.

Proof. Consider the sequence of continuous O-linear maps ai :=
∑

0≤j≤i

1
j!

(ad(u))j :

Û(pnL)K → Û(L)K . Clearly each of these sends I ∩ Û(pnL)K into I.

We will show that ai converges pointwise to a as i → ∞, and it will follow from

closure of ideals in Û(L)K that a(I ∩ Û(pnL)K) ⊆ I.
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Let δ := ad(u), and let v be the p-adic filtration on Û(L)K induced from Û(L). Then

for all u ∈ L, v(δ(u)) ≥ v(u) − N . Since δ is a derivation, a standard inductive

argument shows that for all x1, · · · , xr ∈ Û(L)K :

∑
0≤j≤i

1

j!
δj(x1x2 · · · xr) =

∑
0≤j≤i

( ∑
j1+···+jr=j

( ∏
1≤m≤r

1

jm!
δjm(xj)

))
. (5.6)

So, if x ∈ Û(L)K , then x =
∑

(r,u)

λuu1 · · ·ur, where the sum is taken over all r ≥ 0,

u = u1 · · ·ur for ui ∈ L, and vp(λu) − nr → ∞ as r → ∞. Therefore, fixing t ∈ N,

we have:

(a−at)(x) =
∑
(r,u)

λu(a− at)(u1 · · ·ur) =
∑
(r,u)

λu

(∑
j>t

( ∑
j1+···+jr=j

( ∏
1≤m≤r

1

jm!
δjm(um)

)))
.

(5.7)

Note that δc(u) = 0 for all u ∈ L. So for each r ≥ 0, let Ar := {α ∈ [c]r : |α| > t},

where [c] = {0, · · · , c− 1}.

Then Ar is a finite set and (a − at)(x) =
∑

(r,u)

λu

Ç ∑
α∈Ar

∏
1≤m≤r

1
αm!

δαm(um)

å
, where∑

α∈Ar

∏
1≤m≤r

1
αm!

δαm(um) is a finite sum.

Since αm < c for all α ∈ Ar, we have that vp(αm!) ≤ vp(c!). Also, since v(δ(u)) ≥

v(u) − N , it follows that v(δαm(u)) ≥ v(u) − αmN . Therefore v( 1
αm!

δαm(um)) ≥

v(um)− αmN − vp(c!) for all m ≤ r.

Thus for each pair (r, u):

v(
∑
α∈Ar

∏
1≤m≤r

1
αm!

δαm(um)) ≥ v(u1) + · · ·+ v(ur)− (|α|N + vp(c!)r) ≥

−(|α|N + rvp(c!)) ≥ −r(cN + vp(c!)),

where the last inequality follows since |α| ≤ rc.
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Therefore, v

Ç
λu

Ç ∑
α∈Ar

∏
1≤m≤r

1
αm!

δαm(um)

åå
≥ vp(λu) − r(cN + vp(c!)) ≥ vp(λu) −

nr →∞ as r →∞.

Moreover, for r ≤ t
c
, Ar = ∅, so we have:

(a− at)(x) =
∑

(r,u),r> t
c

λu

(∑
α∈Ar

∏
1≤m≤r

1

αm!
δαm(um)

)
. (5.8)

Therefore, v((a−at)(x)) ≥ inf{vp(λu)−nr : u = u1 · · ·ur with r > t
c
}, and this tends

to infinity as t→∞. Hence (a− at)(x)→ 0 as t→∞.

So a(x) = lim
t→∞

at(x), so if x ∈ I then a(x) ∈ I as required.

Now, let b be a polarisation for g at λ, and let b′ be a polarisation for g at µ.

Since µ = a · λ, it follows that ab is also a polarisation for g at µ. Also, it is clear

that ab ∩ aL = a(b ∩ L), so let B := b ∩ L and B′ := b′ ∩ L.

Consider the Dixmier modules D̂(λ)B := Û(L)K⊗Û(B)K
Kλ, D̂(µ)aB := Û(aL)K⊗Û(aB)K

Kµ, D̂(µ)B′ := Û(L)K ⊗Û(B′)K
Kµ.

Then D̂(λ)B and D̂(µ)B′ are Û(L)K-modules, topological completions of the U(g)-

modules D(λ)b and D(µ)b′ respectively, while D̂(µ)aB is a Û(aL)K-module, a topo-

logical completion of D(µ)ab.

Let I(µ) := Ann
Û(L)K

D̂(µ)B′ E Û(L)K , and let I ′(µ) := Ann
Û(aL)K

D̂(µ)aB E

Û(aL)K .

Lemma 5.6.6. Given n ∈ N such that pnL ⊆ aL, I(µ)∩Û(pnL)K = I ′(µ)∩Û(pnL)K.

Proof. Let C := ab ∩ pnL, then the Û(pnL)K-affinoid Dixmier module D̂(µ)C :=

Û(pnL)K⊗Û(C)K
Kµ embeds densely into D̂(µ)aB. So if x ∈ Û(pnL)K then xD̂(µ)C = 0
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if and only if xD̂(µ)aB = 0.

But since ab and b′ are polarisations of g at µ with ab∩pnL = C and b′∩pnL = pnB′,

we can apply Theorem 5.4.4 to get that Ann ̂U(pnL)K
D̂(µ)C = Ann ̂U(pnL)K

D̂(µ)pnB′ .

Therefore, given x ∈ Û(pnL)K :

xD̂(µ)aB = 0 ⇐⇒ xD̂(µ)C = 0 ⇐⇒ D̂(µ)pnB′ = 0 ⇐⇒ xD̂(µ)B′ = 0.

Therefore I(µ) ∩ Û(pnL)K = I ′(µ) ∩ Û(pnL)K as required.

Lemma 5.6.7. a(I(λ)) = I ′(µ).

Proof. Consider the map Θ : Û(L)K ⊗Û(B)K
Kλ → Û(aL)K ⊗Û(aB)K

Kaλ, x ⊗ v 7→

a(x)⊗ v.

We will show that Θ is a K-linear isomorphism such that Θ(xm) = a(x)Θ(m) for

all x ∈ Û(L)K , m ∈ D̂(λ)B. It will follow from this that xD̂(λ)B = 0 if and only if

a(x)D̂(µ)B′ = 0, and hence a(I(λ)) = I ′(µ) as required.

It is clear that Θ is K-linear, and that it has an inverse defined by x⊗v 7→ a−1(x)⊗v,

hence it is an isomorphism of vector spaces.

Finally, Θ(x(y ⊗ v)) = Θ(xy ⊗ v) = a(xy)⊗ v = a(x)(a(y)⊗ v) = a(x)Θ(y ⊗ v).

The next theorem is the key step in the proof of Theorem D, and it allows us to

compare Dixmier annihilators for λ, µ ∈ g∗ in the same G-coadjoint orbit:

Theorem 5.6.8. Let g be a nilpotent K-Lie algebra, with nilpotency class c, and let

L be an O-Lie lattice in g. Let λ, µ : g→ K be K-linear maps such that λ(L) ⊆ OK,

and suppose that µ = exp(ad(u)) · λ for some u ∈ p−N(L⊗O OK). Then given n ∈ N

such that n ≥ Nc+ vp(c!), I(λ) ∩ ̂U(p2nL)K = I(µ) ∩ ̂U(p2nL)K
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Proof. Firstly, note that u lies in p−N(L ⊗O OF ) for some finite extension F of K,

and we may assume further that λ and µ take values in F , possibly after extending F .

Using Corollary 5.6.3, we see that I(λ) = I(λ)F , i.e. I(λ) = Ann
Û(L)K

D̂(λ)F , and

similarly I(µ) = Ann
Û(L)K

D̂(µ)F , so we may safely assume that F = K. So λ and µ

are K-linear forms of g, u ∈ p−NL, and setting a := exp(ad(u)), since n ≥ Nc+ v(c!)

we see using Lemma 5.6.4 that pnL ⊆ aL and pnaL ⊆ L.

We will prove that I(µ)∩ ̂U(p2nL)K ⊆ I(λ), and after replacing a by a−1 = exp(ad(−u)),

it will follow that I(λ) ∩ ̂U(p2nL)K ⊆ I(µ) as required.

By Lemma 5.6.6, we see that I(µ)∩ ̂U(p2nL)K = I ′(µ)∩ ̂U(p2nL)K , and using Lemma

5.6.7 we see that I ′(µ) = a(I(λ)).

Therefore I ′(µ) ∩ ̂U(p2nL)K = a(I(λ)) ∩ ̂U(p2nL)K ⊆ a(I(λ)) ∩ ̂U(pnaL)K

= a(I(λ) ∩ Û(pnL)K).

So I(µ)∩ ̂U(p2nL)K ⊆ a(I(λ)∩Û(pnL)K), but since I(λ) is a two-sided ideal of Û(L)K ,

it follows from Proposition 5.6.5 that a(I(λ) ∩ Û(pnL)K) ⊆ I(λ) as required.

5.7 Proof of Theorem D

Now we are ready to prove the main theorem of this chapter. As in the statement, fix

a weakly rational ideal P of Û(L)K . Then since P is prime, we see using Corollary

5.5.9 that P arises as an intersection of Dixmier annihilators:

P =
⋂
j∈X

I(λj)

for some λj : g → K K-linear, such that λj(L) ⊆ OK for each j. Since D̂(λ) is a

topological completion of D(λ), it follows that I(λj) ∩ U(g) = AnnU(g) D(λj).
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Since P is weakly rational, it follows that Z (U(g)/P ∩ U(g)) is a finite field extension

of K, and hence P ∩U(g) is a maximal ideal of U(g) by [16, Proposition 4.7.4]. Since

P ⊆ I(λj) for each j and P ∩U(g) is maximal, it follows that P ∩U(g) = I(λj)∩U(g)

for each j. Therefore AnnU(g) D(λj) = AnnU(g) D(λk) for all j, k ∈ X.

Using [16, Proposition 6.2.3], we see that for any linear forms λ, µ : g → K, if

AnnU(g) D(λ) = AnnU(g) D(µ) then there exists an element a ∈ G(K) such that

a ·λ = µ. Therefore, for any j, k ∈ X, there exists aj,k ∈ G(K) such that aj,k ·λj = λk,

i.e. all λj lie in the same coadjoint orbit.

Proposition 5.7.1. Let λ : g → K be a K-linear map such that λ(L) ⊆ OK. Then

there exists an integer N ≥ 0 such that for any linear form µ : g → K in the G-

coadjoint orbit of λ with µ(L) ⊆ OK, µ = exp(ad(u)) ·λ for some u ∈ p−N(L⊗OOK).

Proof. Let Y be the coadjoint orbit in g∗ = HomK(g, K) containing λ, and recall

from Lemma 2.10.1 that there exists an affine algebraic subgroup S of G such that

G ∼= S × Y as varieties, where the natural morphism G → Y, g 7→ g · λ is just the

projection to the second factor. Consider the following sequence in the category of

K-varieties defined over K:

ad(g) →
exp

G ∼= S × Y → Y. (5.9)

Apply the rigid analytification functor as described in Appendix D, and we get the

following sequence in the category of rigid spaces over K:

ad(g)an →
exp

Gan ∼= (S × Y )an → Y an. (5.10)

and the K-points on the rigid varieties in (5.10) are precisely the K-points on the

varieties in (5.9).
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Let U be the set of all µ ∈ Y an such that µ(L) ⊆ OK . Then U is an affinoid sub-

domain of Y an, isomorphic to Sp ‘S(g), where ‘S(g) is the π-adic completion of the

symmetric algebra S(g) with respect to the lattice S(L). Since exp is an isomor-

phism, we may take the inverse image V := exp−1(1× U) of 1× U , which will be an

affinoid subdomain of ad(g)an.

But ad(g) ∼= g/Z(g) is a union of open discs containing p−n(L/Z(L)) for n ∈ N. So

since V is affinoid, it follows that V is contained in p−N(L/Z(L) ⊗O OK) for some

N ∈ N.

Therefore, for any µ ∈ U ∩ Y , we can choose u ∈ p−N(L ⊗O OK) such that µ is

the image of ad(u) under the composition ad(g) → G → Y , i.e. µ = exp(ad(u)) · λ

as required.

Now we can finally prove the main theorem of this chapter:

Proof of Theorem D. Let P be a weakly rational ideal of Û(L)K , then since P is

prime, we see using Corollary 5.5.9 that P =
⋂
j∈X

I(λj) for linear forms λj = all lying

in the same coadjoint orbit. Since λj(L) ⊆ OK for each j, it follows from Proposition

5.7.1 that we can choose N ∈ N, uj,k ∈ p−N(L ⊗O OK) for each j, k ∈ X such that

λk = exp(ad(uj,k)) · λj.

Therefore, let c be the nilpotency class of g, and choose n ∈ N with n ≥ 2Nc+2v(c!).

Then using Theorem 5.6.8, we see that I(λj)∩ Û(pnL)K = I(λk)∩ Û(pnL)K for each

j, k ∈ X.

Therefore, P ∩ Û(pnL)K =
⋂
j∈X

I(λj) ∩ Û(pnL)K = I(λj) ∩ Û(pnL)K for any j ∈ X.

Hence P ∩ Û(pnL)K = Ann ̂U(pnL)K
D̂(λj) is a Dixmier annihilator as required.
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Chapter 6

The Nilpotent,
Abelian-by-procyclic case in
characteristic 0

Throughout this chapter, we will assume that p > 2, and fix G a uniform pro-p group,

L := 1
p

log(G), and g := L⊗ZpQp. The aim of this chapter is to study primitive ideals

in KG when G is nilpotent, abelian-by-procyclic, and ultimately prove Theorem E.

6.1 Faithful Dixmier Annihilators

Let F/K be a finite extension, and let λ : g → F be a Qp-linear form such that

λ(L) ⊆ OF . Then setting gF := g ⊗Qp F and LF := L ⊗Zp OF , we choose a po-

larisation b of gF at λ, set B := b ∩ LF , and let D̂(λ)F = Û(L)F ⊗Û(B)F
Fλ be the

corresponding Dixmier module.

Recall from Theorem 2.9.1 that there is a dense embedding KG→ Û(L)K . So since

Û(L)K clearly embeds into Û(L)F , there is a natural action of KG on D̂(λ)F . Set

P := AnnKG D̂(λ)F = I(λ) ∩ KG to be the corresponding Dixmier annihilator in

KG, and it follows from Theorem 5.4.4 that this does not depend on the choice of

polarisation.

Lemma 6.1.1. Let P = AnnKG D̂(λ)F be a Dixmier annihilator in KG. Then P is

a prime J-ideal of KG.
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Proof. Since D̂(λ)F is irreducible over Û(L)F by Theorem 5.3.3, it follows that

I = Ann
Û(L)F

D̂(λ)F is a primitive ideal of Û(L)F , and hence it is prime. It fol-

lows immediately that Q := I ∩ Û(L)K = Ann
Û(L)K

D̂(λ) is a prime ideal of Û(L)K .

Now, suppose that A,B are two-sided ideals in KG such that AB ⊆ P , then let Â, “B
be the closures of A and B respectively inside Û(L)K . Then Â, “B are two-sided ideals

of Û(L)K , and Â“B ⊆ P̂ .

Since Û(L)K is complete with respect to the π-adic filtration, which is a Zariskian

filtration, it follows from [28, Ch.II Corollary 2.1.5] that Q is closed in Û(L)K .

Therefore, since P ⊆ Q, it follows that P̂ ⊆ Q, and hence Â“B ⊆ Q. So since

Q is prime, we may assume without loss of generality that Â ⊆ Q, and hence

A ⊆ Â ∩KG ⊆ Q ∩KG = P . Therefore P is prime.

Finally, since log(Z(G)) ⊆ Z(L) and Z(L) acts by scalars in F on D̂(λ)F , it follows

that KZ(G)/KZ(G) ∩ P is a ring extension of K, contained in F , and since P is

prime, it is in fact a domain. But F is a finite extension of K, so it follows that

KZ(G)/KZ(G) ∩ P is a finite field extension of K, and hence P is a prime J-ideal

by Definition 2.11.2.

Lemma 6.1.2. Let F/K be a finite extension, and let I ′ a right ideal of FG. Setting

I := I ′ ∩KG, we have that if I ′ is controlled by U ≤c G then I is controlled by U .

Proof. We will first suppose that U is open in G. Then given r ∈ I, choose a

complete set of coset representatives {g1, · · · , gr} for U in G, then r =
∑

1≤i≤r
rigi for

some ri ∈ KU ⊆ FU .

So since I = I ′∩KG and I ′ is controlled by U , it follows that ri ∈ I ′∩FU∩KG =

I ′ ∩KU = I for each i, and hence I is controlled by U .

So, let Iχ be the controller subgroup of I, i.e. the intersection of all open subgroups

of G controlling I. So since this includes all open subgroups of G controlling I ′, we
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have that Iχ ⊆ I ′χ, hence any closed subgroup controlling I ′ also controls I.

So since P = AnnFG D̂(λ)F ∩ KG, it follows from this lemma that if we can

prove a control theorem for AnnFG D̂(λ)F in FG, the same result will follow for P in

KG, and thus we can safely replace F by K. So from now on, we will assume that

λ : g→ K with λ(L) ⊆ O.

Definition 6.1.3. Define the λ-scalar ideal of g to be the largest ideal of g contained

in ker(λ), and denote this ideal by aλ. Also, set Aλ := aλ∩L, and define the λ-scalar

subgroup of G to be Aλ := exp(pAλ). This is a closed, isolated, normal subgroup of

G.

Note: Using Lemma 5.1.2, we see that for any choice of polarisation b of g ⊗Qp K

at λ, aλ ⊆ b.

Lemma 6.1.4. Suppose G is nilpotent, and let P = AnnKG D̂(λ), then P † := {g ∈

G : g − 1 ∈ P} is equal to the λ-scalar subgroup Aλ. It follows that P is faithful if

and only if the restriction of λ to Z(g) is injective.

Proof. Firstly, since aλ ⊆ b and λ(aλ) = 0, we see that aλÛ(L)KD̂(λ) = aλÛ(L)K⊗Û(B)K

Kλ = Û(L)Kaλ ⊗Û(B)K
Kλ ⊆ Û(L)K ⊗Û(B)K

aλKλ = 0.

So since Aλ − 1 ⊆ aλÛ(L)K , it is clear that Aλ − 1D̂(λ) = 0. Hence Aλ − 1 ⊆ P , i.e.

Aλ ⊆ P †.

Now, since T = P † is a closed, normal subgroup of G, T := 1
p

log(T ) is an ideal

of L, and it contains 1
p

log(Aλ) = Aλ. Also, since (T − 1)D̂(λ) = 0, it follows that

T D̂(λ) = 0, which is only possible if T ⊆ B and λ(T ) = 0.

Setting t := T ⊗Zp Qp, t is an ideal of g, aλ ⊆ t and λ(t) = 0. So by the definition of

aλ, this means that aλ = t, and hence Aλ = t ∩ L = T . It follows immediately that
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Aλ = T .

Finally, since G is nilpotent, L is nilpotent, and thus if Aλ 6= 0, then it must have

non-trivial intersection with Z(g). So since P is faithful if and only if Aλ = 1 (i.e.

if and only if aλ = 0), and any subspace of Z(g) is an ideal of g, it follows that

P is faithful precisely when nothing in Z(g) is sent to zero under λ, i.e. λ|Z(g) is

injective.

This lemma is useful to know, because it implies that for any Dixmier annihilator

P , P † is a closed, isolated normal subgroup of G, and hence we can replace G by

G0 = G
P †

, which is still a nilpotent, uniform group, and P0 = P
(P †−1)KG

becomes a

faithful Dixmier annihilator.

Now, let us suppose that G is nilpotent and abelian-by-procyclic with principal

subgroup H := CG(Z2(G)) and procyclic element X. Setting H = 1
p

log(H) as the

Zp-Lie algebra of H, we want to examine the action of Û(H)K on D̂(λ).

From now on, we will always assume that λ|Z(g) is injective, and note that since

h := H ⊗Zp Qp is an abelian ideal of codimension 1 in g, this means that h is a

polarisation for g at λ.

Using Proposition 5.3.2, we see that D̂(λ) is isomorphic as a K-vector space to K〈x〉,

where x := p log(X).

Notation: In this chapter, for each u ∈ g, we write ad(u)(v) := [v, u] as opposed to

the more conventional ad(u)(v) = [u, v].

Lemma 6.1.5. Let ∂ := d
dx
∈ EndKK〈x〉. Then for each u ∈ h, u acts on D̂(λ) =

K〈x〉 by
∑
n≥0

1
n!
λ(ad(x)n(u))∂n, which is a finite sum since g is nilpotent.
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Proof. It suffices to prove that for each j ≥ 0, u · xj =
∑
n≥0

1
n!
λ(ad(x)n(u))∂n(xj) =∑

n≥0

(
j
n

)
λ(ad(x)n(u))xj−n.

We will prove this by induction on j:

For the base case, suppose that j = 0. Note that we may take the element 1 ∈ F 〈x〉

to be the basis vector for Fλ, i.e. for all u ∈ H, u · 1 = λ(u) · 1, thus u · x0 = u · 1 =

λ(u) =
∑
n≥0

(
0
n

)
λ(ad(x)n(u))xj−n.

So, suppose the result holds for some j ≥ 0. Then:

u · xj+1 = ux · xj = [u, x] · xj + xu · xj

=
∑

0≤n≤j

(
j
n

)
λ(ad(x)n([u, x]))xj−n + x

∑
0≤n≤j

(
j
n

)
λ(ad(x)n(u))xj−n

=
∑

0≤n≤j

(
j
n

)
λ(ad(x)n+1(u))xj−n +

∑
0≤n≤j

(
j
n

)
λ(ad(x)n(u))xj+1−n

= λ(ad(x)j+1(u)) +
∑

1≤n≤j
(
(
j
n

)
+
(

j
n−1

)
)λ(ad(x)n(u))xj+1−n + λ(u)xj+1

=
∑

0≤n≤j+1

(
j+1
n

)
λ(ad(x)n(u))xj+1−n.

So, for each u ∈ H, the action of u on K〈x〉 is given by a polynomial fu in ∂, and

fu(0) = λ(u) ∈ O. This will become very important in our proof of Theorem E.

6.2 Dixmier-Standard groups

In this section, we will define a class of groups for which Conjecture 1.1.3 is satisfied

for faithful, primitive ideals, and ultimately prove the corollary to Theorem D stated

in the introduction. For now, we assume only that G is nilpotent.
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Proposition 6.2.1. Given a primitive ideal P of KG, there exists m ∈ N, finite

extensions F1, · · · , Fr/K and Qp-linear maps λi : g → Fi with λi(p
mL) ⊆ OFi for

each i = 1, · · · , r, such that:

P ∩KGpm = AnnKGpm D̂(λ1)F1
∩ · · · ∩ AnnKGpm D̂(λr)Fr .

Proof. Using Proposition 2.9.2, if P is primitive, then for any sufficiently high n ∈ N,

there is a primitive ideal Q of Dpn = Û(pnL)K ∗
G
Gpn

such that Q ∩ KG = P , and

hence Q ∩KGpn = P ∩KGpn .

Let I = Q ∩ Û(pnL)K , then using Lemma A.1.2 we see that I is a semiprimitive

ideal of Û(pnL)K , so choose primitive ideals J1, J2, · · · , Jr of Û(pnL)K such that

I = J1 ∩ J2 ∩ · · · ∩ Jr.

Since each Ji is primitive, it follows from Theorem D that there exists m ≥ n such

that for each i, Ji ∩ Û(pmL)K = Ann ̂U(pmL)K
D̂(λi)Fi , for Fi/K a finite extension,

λi : g→ Fi Qp-linear with λi(L) ⊆ OFi . Thus:

P ∩KGpm = Q∩KGpm = I∩KGpm = (J1∩Û(pmL)K)∩· · ·∩(Jr∩Û(pmL)K)∩KGpm

is an intersection of Dixmier annihilators as required.

We want to show that all faithful, primitive ideals of KG are centrally generated, so

using the previous proposition we see that it is useful to assume that this condition

holds for Dixmier annihilators.

Definition 6.2.2. • We say that a nilpotent, uniform pro-p group G is a weakly

Dixmier standard group if for any finite extension F/K, and any Qp-linear

form λ : g → F with λ(L) ⊆ OF and λ|Z(g) injective, the Dixmier annihilator

P = I(λ) ∩KG = AnnKG D̂(λ)F is controlled by Z(G).

• We say that G is a Dixmier standard group if Gpn is weakly Dixmier standard

for all n ≥ 0.
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We believe that all nilpotent groups are Dixmier standard, but we will not prove this

here. Until the end of this section, we will assume that G is a Dixmier standard

group.

Theorem 6.2.3. Let G be a uniform, Dixmier standard group with centre Z, and

let P be a faithful, primitive ideal of KG. Then there exists N ∈ N such that for all

n ≥ N , P ∩KGpn is controlled by Zpn.

Proof. Using Proposition 6.2.1, we see that for some N ∈ N, there are finite ex-

tensions F1, · · · , Fr and Qp-linear maps λi : g → Fi with λ(pNL) ⊆ OFi such that

P ∩KGpN = AnnKGpN D̂(λ1)F1
∩ · · · ∩ AnnKGpN D̂(λr)Fr .

For each i = 1, · · · , r, set Ji := AnnKGpN D̂(λi)Fi for convenience, and by Lemma

6.1.1, the Ji are prime J-ideals of KGpN . Thus P ∩KGpN is semiprime and J1, · · · , Jr

are the minimal primes above P∩KGpN , hence they are all G-conjugate by [1, Lemma

5.4(b)].

Also, since P is faithful, P ∩ KGpN is faithful, so J†1 ∩ · · · ∩ J†r = P † = 1. But

since J†1 , · · · , J†r are G-conjugate and G is orbitally sound by [1, Proposition 5.9], this

means that the subgroup 1 must have finite index in J†i for each i, which means that

they are finite. But G is torsionfree, so J†i = 1 for all i, i.e. J1, · · · , Jr are faithful.

So since Ji = AnnKGpN D̂(λi)Fi is faithful, it follows from Lemma 6.1.4 that λi is

injective when restricted to Z(g).

So since G is Dixmier standard, Gpn is weakly Dixmier standard for all n ≥ N , and

hence Ji ∩ KGpn is controlled by Z(Gpn) for each i, and using [1, Lemma 8.4(a)],

Z(Gpn) = Z(G) ∩Gpn = Zpn .

Therefore, setting Bi,n := Ji ∩KGpn = AnnKGpn D̂(λi), Bi,n = (Bi,n ∩KZpn)KGpn

for each i, so using Lemma B.2.1:
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P ∩KGpn = B1,n ∩ · · · ∩Br,n = (B1,n ∩KZpn)KGpn ∩ · · · ∩ (Br,n ∩KZpn)KGpn

= (B1,n ∩ · · · ∩Br,n ∩KZpn)KGpn = (P ∩KZpn)KGpn

Hence P ∩KGpn is controlled by Zpn as required.

So to prove that a primitive ideal P is standard, it remains to extend this result

from KGpn to KG:

Proposition 6.2.4. Let G be a Dixmier standard group, and let P1 ⊆ P2 be faithful,

primitive ideals of KG. Then there exists n ∈ N such that P1 ∩KGpn = P2 ∩KGpn.

It follows that if P is a faithful, primitive ideal of KG then P is maximal.

Proof. Using Theorem 6.2.3, we see that there exist N1, N2 ∈ N such that for all

n1 ≥ N1, n2 ≥ N2, Pi ∩ KGpni is controlled by Z(G)p
ni for both i. So choose

n ≥ max{N1, N2} and we have that P1 ∩KGpn , P2 ∩KGpn are controlled by Z(G)p
n
.

Since P1 is primitive, it is weakly rational, so using Lemma 2.11.3 we see that P1 ∩

KZ(G) is a maximal ideal of KZ(G). So since P1 ∩ KZ(G) ⊆ P2 ∩ KZ(G), we

have that P1 ∩KZ(G) = P2 ∩KZ(G), and hence P1 ∩KZ(G)p
n

= P2 ∩KZ(G)p
n
.

Therefore:

P1 ∩KGpn = (P1 ∩KZ(G)p
n
)KGpn = (P2 ∩KZ(G)p

n
)KGpn = P2 ∩KGpn .

Finally, given a faithful, primitive ideal P of KG, let Q be a maximal ideal of KG

containing P . Since P and Q are primitive, they are prime J-ideals, so since P is

faithful, Q is faithful by Lemma 2.11.4. Thus, by the above, there exists n ∈ N such

that P ∩KGpn = Q ∩KGpn is controlled by Z(G)p
n
.
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But P ∩KZ(G) is prime in KZ(G), so P ∩KGpn = (P ∩KZ(G)p
n
)KGpn is prime

in KGpn by Theorem B.2.6. So since P ∩ KGpn = Q ∩ KGpn , it follows from [30,

Theorem 16.6(iii)] that P = Q, and hence P is maximal.

Now, we can finally prove Corollary 1.4.5 to Theorem D from the introduction:

Theorem 6.2.5. Let G be a uniform, Dixmier standard group. Then all faithful,

primitive ideals of KG are maximal and standard.

Proof. Let P be a faithful, primitive ideal of KG, and let Z = Z(G). We know from

Proposition 6.2.4 that P is maximal, so we just need to prove that P is controlled by

Z.

Using Theorem D, we know that there exists n ∈ N such that P ∩KGpn is controlled

by Zpn , and hence is prime in KGpn by Theorem B.2.6. So let J := (P ∩KGpn)KG,

then using Lemma A.1.1 we see that J is a semiprime ideal of KG, and P is minimal

prime above J .

Let Q := P ∩ KZ, then Q is prime in KZ, so QKG is prime in KG by Theorem

B.2.6. And since P ∩KGpn = (P ∩KZpn)KGpn , we have that:

J = (P ∩KGpn)KG = (P ∩KZpn)KG ⊆ QKG.

But clearly QKG ⊆ P , so since QKG is prime and P is minimal prime above J ,

it follows that P = QKG = (P ∩ KZ)KG, and hence P is controlled by Z as

required.

So to prove Theorem E, it remains to prove that nilpotent, abelian-by-procyclic

groups are Dixmier standard.
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6.3 Almost-Polynomial maps

In Appendix D, we give an overview of rigid analytic geometry – the p-adic analogue

of differential geometry. We will now prove some technical results from rigid geometry

that will be essential in the proof of our main theorem. Recall from this appendix the

definition of an affinoid K-algebra A, and recall that it carries a complete, Zariskian

filtration wA.

Lemma 6.3.1. Let φ : K〈u1, · · · , ud〉 → A be a map of affinoid algebras, and let

a ∈ A lie in the image of φ. Then there exists m ∈ N such that the image of φ inside

A contains the affinoid K-subalgebra topologically generated by πma.

Proof. We know that a = φ(r) for some r ∈ K〈u1, · · · , ud〉, so choose m ∈ N such

that winf(π
mr) ≥ 0 and wA(πma) ≥ 0.

Then there exist K-algebra maps Θ1 : K〈X〉 → K〈u1, · · · , ud〉 and Θ2 : K〈X〉 → A

sending X to πmr and πma respectively, and it is clear that Θ2 = φΘ1. Therefore, the

image of φ must contain the image of Θ2, which is precisely the affinoid K-algebra

topologically generated by πma as required.

Now we will make a special definition:

Definition 6.3.2. A map φ : K〈u1, · · · , ud〉 → K〈t〉 of K-algebras is called an

almost-polynomial map if

• φ(ui) ∈ K[t] for each i,

• φ(ui)(0) ∈ O for each i,

• t is contained in the image of φ.

Using Lemma 6.3.1, we see that if φ is an almost-polynomial map then there exist

m ∈ N such that im(φ) contains K〈πmt〉.

185



Now, following [26, 5.1.2], for each non-constant polynomial g(t) := b0 + b1t + · · · +

bnt
n ∈ K[t] with b0 ∈ O, define

χ(g) := max
1≤j≤n

−vπ(bj)

j
.

Lemma 6.3.3. Let g(t) ∈ K[t] be a polynomial with g(0) ∈ O, and let β ∈ K

with vπ(β) > 0. Then χ(βg) < χ(g). It follows that if f1(t), · · · , fd(t) ∈ K[t] are

polynomials with fi(0) ∈ O for each i, then setting µi := max
1≤j≤d

χ(βifj) for each i ≥ 0,

we have that µ0 > µ1 > µ2 > · · · .

Proof. Suppose g(t) = b0 + b1t+ · · ·+ bnt
n, with b0 ∈ O, bn 6= 0. Then by definition;

χ(βg) = max
1≤j≤n

−vπ(βbj)

j
= max

1≤j≤n
−vπ(bj)

j
− vπ(β)

j
.

So since vπ(β) > 0, this maximum is strictly less than max
1≤j≤n

−vπ(bj)

j
= χ(g).

To prove the second statement, it suffices to prove that µ0 > µ1 and apply induction.

So suppose µ1 = χ(βfi) and µ0 = χ(fj), then we have that µ1 = χ(βfi) < χ(fi) ≤

χ(fj) = µ0.

Recall from [26, Theorem 5.1.2] that if we assume that b0 6= 0, then the set X(g) :=

{α ∈ K : vπ(g(α)) ≥ 0} is an affinoid subdomain of A1,an
K = K, whose G-connected

component about 0 is the set D1
χ(g) = {α ∈ K : vπ(α) ≥ χ(g)}.

Furthermore, if b0 = 0, it is clear that χ(g) = χ(1 + g), and that X(g) = {α ∈

K : vπ(g(α)) ≥ 0} = {α ∈ K : vπ(1 + g(α)) ≥ 0} = X(1 + g), so we reach the same

conclusion.

Lemma 6.3.4. Let φ : K〈u1, · · · , ud〉 → K〈t〉 be an almost-polynomial map, and let

fi(t) := φ(ui) ∈ K[t] for each i. Setting Y := {α ∈ K : vπ(fi(α)) ≥ 0 for each i}, we

have that:

i. Y is an affinoid subdomain of A1,an
K , in fact it is a disjoint union of closed discs.
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ii. The image of φ in K〈t〉 is isomorphic to the Tate algebra in one variable over a

finite extension of K.

iii. The image of φ is contained in the set of all functions in K〈t〉 converging on Y .

Proof. Set A := im(φ), then since K〈t〉 is affinoid, it follows from Lemma 6.3.1 that

there exists m ∈ N such that A contains K〈πmt〉, and we may of course choose m to

be arbitrarily large.

If we set B := K〈πmt〉〈t1, · · · , td〉/(ti − fi(t) : i = 1, · · · , d), then there is a natural

surjection from B to A, identical on K〈πmt〉, which sends ti to fi(t). This gives rise

to a closed embedding of affinoid varieties Sp A ↪−→ Sp B.

i. Since each fi is a polynomial, it is clear that there exists N > 0 such that if α ∈ K

and vπ(α) < −N then vπ(fi(α)) < 0 for all i. So by choosing m > N we may assume

that

Y = {α ∈ D1
−m : vπ(fi(α)) ≥ 0}.

Hence using [11, Lemma 3.3.10(i)] and the proof of [11, Proposition 3.3.11], we see

that Y = Sp B, and hence Y is an affinoid subdomain of A1,an
K , and B is the set of

all analytic functions converging on Y . Moreover, we see using [26, Corollary 5.1.2]

that X(fi) := {α ∈ K : vπ(fi(α)) ≥ 0}} is a disjoint union of closed discs for each i,

and hence so is Y = X(f1) ∩ · · · ∩X(fd) as required.

ii. Since Sp A→ Y is a closed embedding of affinoid varieties, we see that Sp A is a

disjoint union of discs and points. But since A ⊆ K〈t〉, it follows that A is a domain,

and hence Sp A is connected, so it is either a disc or a point.

But since A contains K〈πmt〉, it has infinite dimension over K, hence Sp A cannot

be a point, so it is a disc, and hence A is the set of all functions in K〈t〉 converging
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on a disc in A1,an
K , i.e. a Tate algebra in one variable over a finite extension of K.

iii. Notice that K〈u1, · · · , ud〉 is precisely the set of functions converging on the closed

unit disc Dd
0, so it follows that the image of K〈u1, · · · , ud〉 under φ is contained in

the set of functions converging on {α ∈ K : (f1(α), · · · , fd(α)) ∈ Dd
0} = {α ∈ K :

vπ(fi(α)) ≥ 0 for all i} = Y as required.

The following result will be essential later when proving a control theorem.

Proposition 6.3.5. Let φ : K〈u1, · · · , ud〉 → K〈t〉 be an almost-polynomial map,

and let fi(t) := φ(ui) ∈ K[t] for each i. Then there exists k ∈ {1, · · · , d} such that

exp(pfk(t)) does not lie in φ(K〈pu1, · · · , pud〉).

Proof. We may assume that K contains an element ω such that ωp−1 = p, and note

that vp(ω) = 1
p−1

. If we prove the result in this case, then it follows generally, since

if K ′ := K( p−1
√
p) and we can find k such that exp(pfk) does not lie in the image of

K ′〈pu1, · · · , pud〉, then it will also not lie in the image of K〈pu1, · · · , pud〉.

For each j ≥ 0 let Yj := {α ∈ K : vπ(ωjfi(α)) ≥ 0 for all i}. Then using

Lemma 6.3.4(i, iii), we see that Yj is an affinoid subdomain of A1,an
K , and that

φ(K〈ωju1, · · · , ωjud〉) is contained in the set of all functions in K〈t〉 converging on Yj.

Moreover, set µj := max
i=1,··· ,d

χ(ωjfi), and using [26, Theorem 5.1.2] we see that the

G-connected component of Yj about zero is the closed disc D1
µj

. So it remains to

prove that for some k, exp(pfk) = exp(ωp−1fk) does not converge on D1
µp−1

, and

thus does not converge on Yj and cannot lie in the image of K〈pu1, · · · , pud〉 =

K〈ωp−1u1, · · · , ωp−1ud〉.

Using [24, Example 0.4.1], the disc of convergence for exp is {λ ∈ K : vp(λ) > 1
p−1
},

so it remains only to find α ∈ D1
µp−1

such that vp(pfk(α)) ≤ 1
p−1

for some k, i.e.
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vp(fk(α)) ≤ 1
p−1
− 1.

For each j ≥ 0, fix ij = 1, · · · , d such that χ(ωjfij) = µj. Using Lemma 6.3.3

we see that µ0 > µ1 > µ2 > · · · , and we know that for each j, the G-connected

component of X(ωj−1fij−1
) about zero is D1

µj−1
, which means in particular that

D1
µj
6⊆ X(ωj−1fij−1

) since µj−1 > µj, and D1
µj

is G-connected. So for each j, we

may choose αj ∈ D1
µj
\X(ωj−1fij−1

).

But X(ωj−1fij−1
) = {α ∈ K : vπ(fij−1

(α)) ≥ −(j − 1)} = {α ∈ K : vp(fij−1
(α)) ≥

−vp(π)(j − 1)}, so this means that vp(fij−1
(αj)) < −vp(π)(j − 1).

So, finally, choose j = 1
vp(π)

≥ p− 1, and let k := ij−1. Then

−(j − 1)vp(π) = vp(π)− 1 ≤ 1
p−1
− 1,

so αj ∈ D1
µj
⊆ D1

µp−1
and vp(fk(αj)) = vp(fij−1

(αj)) < −(j − 1)vp(π) ≤ 1
p−1
− 1 as

required.

Now, we will return to the action on the affinoid Dixmier module D̂(λ). Since

Û(H)K
∼= K〈u1, · · · , ud〉, we are considering the action of the Tate algebra in d

variables on D̂(λ). We will be assuming that D̂(λ) = K〈x〉, and using Lemma 6.1.5,

we see that the action of each u ∈ SpanQp{u1, · · · , ud} is given by a polynomial in

∂ = d
dx

with coefficients in K.

Theorem 6.3.6. Suppose that K〈u1, · · · , ud〉 acts on K〈t〉 by K-linear endomor-

phisms, where each ui acts by fi(∂) for some fi(x) ∈ K[x] with fi(0) ∈ O. Let A

denote the image of this action in EndKK〈t〉, and we suppose that ∂ ∈ A, then:

i. A is isomorphic to a direct product of rings A1 × · · · × Am.
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ii. For each i, there is a finite extension Fi/K such that Ai ∼= Fi or Fi〈si〉.

iii. Not all the Ai are fields.

iv. If Ai = Fi〈si〉 then the natural surjection Fi〈u1, · · · , ud〉 → Ai is an almost

polynomial map.

Proof. By definition, A is an affinoid K-algebra, so using Lemma 6.3.1 we see that

A contains K〈πm∂〉 for some m ∈ N. Consider the affinoid algebra

B := K〈πms〉〈ζ1, · · · , ζd〉/(ζi − fi(s) : i = 1, · · · , d).

Then there is a natural map from B to EndKK〈t〉 sending s to ∂ and ζi to fi(∂) for

each i, and it is clear that the image of this map is A. This gives rise to a natural

closed embedding of affinoid varieties Sp A ↪−→ Sp B.

After choosing m sufficiently high and applying [11, Lemma 3.3.10] and the proof of

[11, Proposition 3.3.11], we see that Sp B ∼= {α ∈ K : vπ(fi(α)) ≥ 0 for all i} as

affinoid varieties, and using Lemma 6.3.4(i), we see that this is a disjoint union of

closed discs, so Sp B = U1 t · · · t Ur, for Ui a closed disc in A1,an
K .

Thus the image of the closed embedding Sp A→ Sp B must be a disjoint union

of discs and points in A1,an
K , so:

Sp A = V1 t V2 t · · · t Vt

where each Vj is a disc or a point. Therefore, since A can be realised as the ring of

analytic functions on Sp A, if we set Ai as the ring of analytic functions on Vi, parts

i and ii follow immediately.

Also, if all the Ai are finite extensions of K, then A must be finite dimensional over

K, but this is impossible since A contains K〈πm∂〉. Hence not all the Ai are fields,
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so part iii follows.

In particular, there exists i such that Vi is not a point, hence it is a disc, and

moreover, Vi is a connected component of Sp B = {α ∈ K : fi(α) ≥ 0 for all i}. So if

we choose any αi ∈ Vi ⊆ K, and set s as the coordinate of B, then we may consider

si to be the image of πri(s− αi) under the surjection B � Ai, where ri is the radius

of Vi. In other words, the image of s in Ai is π−risi + αi.

Finally, for each k = 1, · · · , d, the image of uk in Ai is fk(π
−risi + αi) =: gi,k(si),

which is clearly a polynomial in si, and gi,k(0) = fj(π
−ri0 + αi) = fk(αi). So since

vπ(fk(αi)) ≥ 0, it follows that fk(αi) ∈ O, and hence gi,k(0) ∈ O.

Also, since the composition K〈u1, · · · , ud〉 → A→ Ai is surjective, it follows that

si lies in the image, and hence this is an almost-polynomial map as required.

6.4 Using the completion Dp

In this section, we will prove a control theorem for kernels of almost-polynomial maps.

Throughout, we will assume that K contains a p’th root of unity ζ.

Fix A a free abelian pro-p group of rank d, let A := 1
p
LA be the associated Zp-Lie

algebra of A, and let φ : Û(A)K → K〈t〉 be an almost polynomial map.

Consider the crossed product Dp = Dp(A) = Û(pA)K ∗
A
Ap

as defined in Chapter

2.9. This is a Banach completion of KA with respect to the extension of the dense

embedding ι : KAp → Û(pA)K to KA, and there is a natural map τ : Dp → Û(A)K .

Define φ′ : Dp → K〈t〉 and φA : KA→ K〈t〉 making the following diagram commute:

Dp Û(A)K

KA K〈t〉

τ

φ′

φι

φA
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From now on, set I = ker(φ′), and let Q := ker(φA) = I ∩KA, and define:

U := {a ∈ A : φ(a) ∈ φ(Û(pA)K)}.

Proposition 6.4.1. U is a proper open subgroup of A containing Ap.

Proof. Since φ is a ring homomorphism, it is clear that for all a, b ∈ U , ab ∈ U , and

since KAp is a subalgebra of Û(pA)K , it is clear that Ap ⊆ U . Therefore, since A
Ap

is

a finite group, and U
Ap

is closed under multiplication, it follows that U is a subgroup

of A containing Ap, and hence it it open.

Finally, since φ is an almost polynomial map, it follows from Proposition 6.3.5 that

there exists u ∈ A such that exp(pφ(u)) = φ(exp(pu)) does not lie in the image of

Û(pA)K under φ. But a := exp(pu) ∈ A and hence a /∈ U . Therefore U is a proper

subgroup of G.

Using this proposition, and Lemma B.1.2, we can fix a Zp-basis {a1, · · · , ad} for

A such that {a1, · · · , ar, apr+1, · · · , a
p
d} is a Zp-basis for U , so a1, · · · , ar ∈ U and

ar+1, · · · , ad /∈ U .

Since A is a free abelian pro-p group, we have that A
Ap

is a direct product of d

copies of the cyclic group of order p, where the i’th copy is generated by the image

of ai in A
Ap

. Setting ci := aiA
p, it follows from Lemma 2.9.3 that:

Dp = Û(pA)K ∗ 〈c1〉 ∗ · · · ∗ 〈cd〉 (6.1)

where ci
r = cri for 0 ≤ r < p and ci

p = api .

From now on, let S := φ(Û(pA)K) ⊆ K〈t〉, and let B := Û(pA)K∗〈c1〉∗· · ·∗〈cr〉 ≤ Dp.

Then since a1, · · · , ar lie in U , the image of B under φ is S by the definition of U .

Furthermore, since KU = KAp ∗ U
Ap

= KAp ∗ 〈c1〉 ∗ · · · ∗ 〈cr〉, it is clear that KU ⊆ B.
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Let J := I ∩B E B be the kernel of the restriction of φ′ to B, and let I ′ := JDp, an

ideal of Dp contained in I.

Lemma 6.4.2. I is a prime ideal of Dp, minimal prime above I ′.

Proof. Since Dp/I ∼= im(φ′) ≤ K〈t〉, it is clear that I is a prime ideal of Dp. And

since Dp is a crossed product of B with a finite group, it follows from Lemma A.1.1(ii)

that I is minimal prime above I ′ = (I ∩B)Dp.

We are now ready to prove the key result needed in the proof of Theorem E. First,

we need a small result from Galois theory [37].

Lemma 6.4.3. Let F be a field of characteristic 0, containing a p’th root of unity ζ.

Let r ∈ F , and suppose that r has no p’th root in F . Choose a p’th root α ∈ F of

r, and let F ′ := F (α). Then if β ∈ F ′ and βp ∈ F then β = cαm for some c ∈ F ,

0 ≤ m < p.

Proof. Since F ′ is the splitting field for the polynomial xp− r over F , it is clear that

F ′ is a Galois extension of F . So since [F ′ : F ] = p this means that Gal(F ′/F ) has

order p.

In fact, if we consider the element σ ∈ Gal(F ′/F ) sending α to ζα, thenGal(F ′/F )

is cyclic of order p, generated by σ.

The result is clear if β ∈ F , so assume β /∈ F and βp ∈ F . Then β is a root of the

polynomial xp − βp ∈ F [x], and hence σ(β) is also a root. Therefore σ(β) = ζmβ for

some 0 ≤ m < p, so σ(α−mβ) = ζ−mα−mζmβ = α−mβ.

But since σ generates Gal(F ′/F ), it follows that α−mβ is fixed by the Galois group,

so since F ′/F is a Galois extension, this means that c := α−mβ ∈ F and β = cαm as

required.

For clarity, we will introduce/recall the following data:
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• I = ker(φ′) E Dp.

• Q = I ∩KA E KA.

• U = {a ∈ A : φ(a) ∈ φ(Û(pA)K)} = 〈a1, · · · , ar, apr+1, · · · , a
p
d〉.

• B = Û(pA)K ∗ 〈c1〉 ∗ · · · ∗ 〈cr〉 ≤ Dp.

• S = φ(Û(pA)K) = φ′(B) ≤ K〈t〉.

• J = I ∩B E B.

• I ′ = JDp E Dp.

• R := Dp/I
′

Proposition 6.4.4. R is a domain.

Proof. Since Dp = B∗〈cr+1〉∗· · ·∗〈cd〉 and I ′ = JDp, it follows from Lemma A.1.1(iii)

that R ∼= S ∗ 〈cr+1〉 ∗ · · · ∗ 〈cd〉, where c̄pi = φ(api ) for each i.

Since Û(pA)K is a Tate algebra in d variables, we see using Lemma 6.3.4(ii) that S

is isomorphic to a Tate algebra in one variable over a finite extension of K, hence

it is an integrally closed domain by [11, Proposition 2.2.15], and using [30, Theorem

4.4] we see that R is a semiprime ring, i.e. it contains no nilpotents.

Therefore, we may consider the usual semisimple Artinian ring of quotients Q(R) of

R, which has the form:

Q(R) = Q(S) ∗ 〈cr+1〉 ∗ · · · ∗ 〈cd〉,

where Q(S) is the field of fractions of S. It remains to prove that Q(R) is a field.

Let T0 := Q(S), and for each i = 1, · · · , d − r, define Ti := Ti−1 ∗ 〈cr+i〉, so that

Td−r = Q(R).
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Clearly T0 is a field, so we will use induction to show that Ti is a field for each i, so

in particular, Q(R) is a field. So assume that for some j > 0, T0, · · · , Tj−1 are all fields:

Then since Tj = Tj−1 ∗ 〈cr+j〉 where c̄pr+j = φ(apr+j) ∈ S, it follows that

Tj = Tj−1[x]/(xp − φ(apr+j)).

So we only need to show that the polynomial xp − φ(apr+j) ∈ Tj−1[x] is irreducible

over the field Tj−1.

Since K contains a p’th root of unity, we see using standard Galois theory that this

just means we need to show that this polynomial has no root in Tj−1, i.e. that there

is no b ∈ Tj−1 such that bp = φ(apr+j).

Let us suppose for contradiction that bp1 = φ(apr+j) for some b1 ∈ Tj−1 = Tj−2∗〈cr+j−1〉.

Then since φ(apr+j) ∈ S ⊆ Tj−2 and Tj−2 is a field containingK, it follows from Lemma

6.4.3 that b1 = b2c̄
k1
r+j−1 for some b2 ∈ Tj−2, 0 ≤ k1 < p.

Therefore, bp2 = φ((ar+ja
−k1
r+j−1)p) ∈ S, so applying a second induction, for each

i > 0, we can find integers 0 ≤ k1, · · · , ki−1 < p and bi ∈ Tj−i such that bpi =

φ((ar+ja
−k1
r+j−1a

−k2
r+j−2 · · · a

−ki−1

r+j−i+1)p) ∈ S.

Taking i = j we have that bj ∈ T0 = Q(S) and bpj ∈ S. So since S is integrally

closed, it follows that bj ∈ S ⊆ K〈t〉.

Now, (bjφ(a−1
r+ja

k1
r+j−1 · · · a

kj−1

r+1 ))p = 1, so it follows that there is a p’th root of unity

ζ ∈ K such that:

ζbj = φ(ar+ja
−k1
r+j−1a

−k2
r+j−1 · · · a

−kj−1

r+1 ).

195



Therefore, since bj ∈ S, this means that φ(ar+ja
−k1
r+j−1a

−k2
r+j−1 · · · a

−kj−1

r+1 ) ∈ S = φ(Û(pA)K),

or in other words ar+ja
−k1
r+j−1a

−k2
r+j−1 · · · a

−kj−1

r+1 ∈ U by the definition of U .

This is the required contradiction since {a1, · · · , ar, apr+1, · · · , a
p
d} is a Zp-basis for

U , and each ki is less than p.

Now we can prove the main result of this section:

Theorem 6.4.5. Let φ : Û(A)K → K〈t〉 be an almost-polynomial map. Then the

kernel Q of the restriction of this map to KA is controlled by a proper open subgroup

of A.

Proof. If I = ker(φ′) E Dp, then we see that R = Dp/(I ∩ B)Dp is a domain using

Proposition 6.4.4. But we know that I is minimal prime above (I ∩B)Dp by Lemma

6.4.2, so it follows that I = (I ∩B)Dp.

Now, if r ∈ Q = I ∩ KA, then since KA = KU ∗ A
U

, r =
∑

a∈A//U
saa for some

sa ∈ KU ⊆ B, where A//U denotes a complete set of cost representatives for U in

A.

Since r ∈ I = (I ∩ B)Dp it follows that sa ∈ I ∩ B ∩KU = Q ∩KU for each a,

and hence r ∈ (Q ∩KU)KA. But our choice of r was arbitrary, so this means that

Q = (Q ∩KU)KA, i.e. Q is controlled by U , and U is a proper open subgroup of A

by Proposition 6.4.1.

6.5 Proof of Theorem E

From now on, we will assume that G is a uniform, nilpotent, abelian-by-procyclic

group, with principal subgroup H, and let L, g, H, h be the usual Zp and Qp-Lie

algebras of these groups.

Proposition 6.5.1. Let P = AnnKG D̂(λ) be a faithful, Dixmier annihilator in KG.

Then P ∩KH is a prime ideal of KH.
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Proof. This proof is similar to the proof of [1, Proposition 5.5]. Firstly, write G =

H o 〈X〉, and for each n ∈ N, let Gn = H o 〈Xpn〉. Then Gn is an open, uniform

normal subgroup of G containing H, so if we let Ln := 1
p

log(Gn) then Ln is a powerful

Lie-lattice in g, contained in L.

Clearly λ(Ln) ⊆ O, so we may define the affinoid Dixmier module D̂(λ)n over

Û(Ln)K , and since these both arise as completions of the standard Dixmier module

D(λ), we have a dense embedding of Û(Ln)K-modules D̂(λ)n ↪−→ D̂(λ). Therefore:

Ann
Û(Ln)K

D̂(λ)n = (Ann
Û(L)K

D̂(λ)) ∩ Û(Ln)K . (6.2)

Therefore, it follows that P ∩ KGn = AnnKGn D̂(λ)n is a Dixmier annihilator,

and hence it is a prime J-ideal of KGn by Lemma 6.1.1, and clearly it is faithful.

Now, let Q := P ∩KH. Then Q is a semiprime ideal of KH, so let Q1, · · · , Qr

be the minimal prime ideals of KH above Q, and Q = Q1 ∩ · · · ∩ Qr. Since Q is

G-invariant, the conjugation action of G permutes Q1, · · · , Qr. So let U be the kernel

of the action of G on {Q1, · · · , Qr}.

Then U is a normal subgroup of G of finite index, hence it is open in G, and clearly

it contains H. Since G
H
∼= Zp, it follows that the only open subgroups of G containing

H are the subgroups Gn, and hence U = Gm for some m ∈ N.

Therefore, by the above, P ∩ KU is a prime J-ideal of KU , so it follows from

Theorem 3.5.3 that P ∩KU is controlled by H, i.e. P ∩KU = (P ∩KH)KU = QKU .

But since U fixes each idealQi, it follows thatQ1KU,Q2KU, · · · , QrKU are two-sided

ideals of KU , and using Lemma B.2.1(i), Q1KU∩· · ·∩QrKU = (Q1∩· · ·∩Qr)KU =

QKU = P ∩KU . So since P ∩KU is prime, this implies that P ∩KU = QiKU for
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some i = 1, · · · , r.

Therefore, P ∩KH = QiKU ∩KH = Qi by Lemma B.2.1(ii), and hence P ∩KH is

prime as required.

Theorem 6.5.2. Let G be a uniform, nilpotent, abelian-by-procyclic group. Then G

is a weakly Dixmier standard group.

Proof. Using Definition 6.2.2, we need to prove that if P = AnnKG D̂(λ) is a Dixmier

annihilator, where λ(L) ⊆ O and λ|Z(g) is injective, then P is controlled by Z(G).

Using Lemma 6.1.2, we may assume that K contains a p’th root of unity, and thus

we can apply Theorem 6.4.5. Also, since λ|Z(g) : Z(g) → K is injective, it fol-

lows from Lemmas 6.1.1 and 6.1.4 that P = AnnKG D̂(λ) is a faithful, prime J-ideal

of KG, and using Proposition 6.5.1, we see that Q := P ∩KH is a prime ideal of KH.

Using Theorem 3.5.3, we see that P is controlled by H = CG(Z2(G)). We will exam-

ine the action of Û(H)K on D̂(λ) = K〈x〉.

Let A = P χ be the controller subgroup of P . Then A is a closed, normal subgroup

of G, contained in H, and since P ∩KH is prime, Q := P ∩KA = AnnKA D̂(λ) is a

prime ideal of KA. Let A := 1
p

log(A) ≤ H, and normality of A implies that A is an

ideal of L.

Let us assume that A is not central in G, and hence A is not central in L. We will

show that in this case we can find a proper, closed subgroup U of A which controls

P , which will be a contradiction since A is the controller subgroup of P .

Since A is not central, we see using nilpotence of L that there is an element v ∈ A

such that v /∈ Z(g) and [v, g] ⊆ Z(g). Therefore, using Lemma 6.1.5, we see that v

acts on K〈x〉 by λ(v)+λ([v, x])∂, where ∂ = d
dx

. But since v is not central, [v, x] 6= 0,

198



and injectivity of λ|Z(g) implies that λ([v, x]) 6= 0.

So setting Θ : Û(L)K → EndKK〈x〉 as the action, ∂ = Θ(λ([v, x])−1(v−λ(v))). So if

we let S = Θ(Û(A)K) ⊆ EndKK〈x〉, then ∂ ∈ S and it follows from Theorem 6.3.6

that:

1. S ∼= S1 × · · · × St for some commutative domains Si.

2. We assume without loss of generality that S1
∼= F 〈t〉 for some finite extension F/K.

3. The natural surjection φ : Û(A)F → S1 is an almost-polynomial map.

Let I E KA be the kernel of the map φ restricted to KA. Clearly Q ⊆ I, and using

the decomposition S = S1× · · ·×St it is straightforward to show that I is a minimal

prime above Q. So since Q is prime, this means that I = Q.

Now, let I ′ = ker(φ|FA), then clearly I = I ′ ∩KA, so if we show that I ′ is controlled

by a proper, closed subgroup U of A, then U controls I by Lemma 6.1.2. So we may

assume that F = K.

Since φ is an almost-polynomial map, it follows from Theorem 6.4.5 that I = Q =

P ∩KH is controlled by a proper open subgroup of A, and hence so is P , which is

the desired contradiction.

Now, we are finally ready to prove our main theorem in characteristic 0. But first we

need a small lemma:

Lemma 6.5.3. Let G be a uniform pro-p group, let N be a closed, normal subgroup

of G. Then there exists an open, uniform normal subgroup U of G such that N ∩ U

is a closed, isolated normal subgroup of U .
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Proof. Recall from [39, Definition 1.6] the definition of the isolater iG(N) of N in

G, and recall from [39, Proposition 1.7, Lemma 1.8] that iG(N) is a closed, isolated

normal subgroup of G, and N is open in iG(N).

Therefore, there exists n ∈ N such that if g ∈ iG(N) then gp
n ∈ N . So if g = hp

n ∈

U := Gpn and gp = hp
n+1 ∈ N ⊆ iG(N), then h ∈ iG(N), so g = hp

n ∈ N . Hence

N ∩ U is isolated in U as required.

Proof of Theorem E. If G is a nilpotent, abelian-by-procyclic group, then so is Gpn

for every n ∈ N. So using Theorem 6.5.2, it follows that G is a Dixmier-standard

group in the sense of Definition 6.2.2. Therefore, applying Theorem 6.2.5 gives us

that all faithful, primitive ideals of KG are maximal and standard.

So, let P be a primitive ideal of KG, and we want to prove that P is virtually stan-

dard, i.e. that P ∩KU is standard for some open, normal subgroup U of G.

Let N := P † = {g ∈ G : g − 1 ∈ P}. Then N is a closed, normal subgroup of G, so

by Lemma 6.5.3, there exists an open, uniform normal subgroup U of G such that

N ∩U is isolated in U . Let Q := P ∩KU , then Q is a semiprimitive ideal in KU by

Lemma A.1.2, and Q† = N ∩ U is a closed, isolated normal subgroup of U .

Let U1 := U
Q†

, and let Q1 := Q
(Q†−1)KU

. Then U1 is a uniform, nilpotent, abelian-

by-procyclic group by Lemma 2.2.4, and Q1 is a faithful semiprimitive ideal of KU1.

Therefore, it follows that Q is a finite intersection of faithful, primitive ideals in KU1.

Since all faithful primitives in KU1 are maximal and standard, this means that Q1 is

a finite intersection of maximal standard ideals.

Therefore, since Q1 is a homomorphic image of Q, this means that Q is a finite

intersection of maximal, standard ideals. It follows from Definition 1.1.1 that P is a
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virtually standard prime ideal of KG, so it remains to show that P is maximal.

Using Lemma A.1.1(ii), we see that P is minimal prime above the semiprime ideal

(P ∩KU)KG. So since P ∩KU is semimaximal in KU , it follows from [30, Theorem

16.6(iii)] that P is maximal in KG as required.
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(1965).

[26] B. Lewis, Primitive factor rings of p-adic completions of enveloping algebras

as arithmetic differential operators, Doctoral Thesis, Queen Mary University of

London (2015).

[27] H. Li, Lifting Ore sets of Noetherian filtered rings and applications. J. Algebra

179(3), 686-703 (1996).

[28] H. Li; F. Van Oystaeyen, Zariskian Filtrations. Kluwer Academic, Dordrecht,

(1996).

[29] J.C. McConnell; J.C. Robson, Noncommutative Noetherian Rings. Graduate

Studies in Mathematics, vol 30. American Mathematical Society, Providence,

(2001).

[30] D.S. Passman, Infinite Crossed Products. Pure and Applied Mathematics, vol.

135. Academic Press, Boston, (1989).

[31] J. Patera; H. Zassenhaus, Solvable Lie algebras of dimension ≤ 4 over perfect

fields, Linear Algebra and its Applications, vol. 142, 1-17 (1990).

204



[32] P. Schneider, p-adic Lie Groups. Grundlehren der Mathematischen Wis-

senschaften, vol. 344. Springer, Heidelberg, (2011).

[33] P. Schneider; J. Teitelbaum, Locally analytic distributions and p-adic represen-

tation theory, with applications to GL2 J. Amer. Math. Soc 15, 443-468 (2002).

[34] P. Schneider; J. Teitelbaum, Algebras of p-adic distributions and admissible

representations, Invent. Math. 153, 145-196 (2003).

[35] I. Stanciu, Primitive ideals in the affinoid enveloping algebra of a semisimple Lie

algebra and related topics, Doctoral thesis, University of Oxford (in preparation),

(2020).

[36] R. Steinberg, Lectures on Chevalley Groups, Mimeographed Notes, Yale Univer-

sity, New Haven (1967).

[37] User reuns, https://math.stackexchange.com/questions/3241556/pth-roots-in-

an-extension-of-prime-degree-p.

[38] O. Venjakob; A noncommutative Weierstrass preparation theorem and applica-

tions to Iwasawa theory, J. Reine Angew. Math. 559, 153-191 (2003).

[39] W. Woods, On the structure of virtually nilpotent compact p-adic analytic

groups. arxiv: 1608.03137vl [math.GR], (2016).

205



Appendices
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Appendix A

Ring theory

A.1 Properties of Crossed products

Recall that a crossed product of a ring R with a group G is a ring S = R ∗G, free as

an R-module, with a basis {ḡ : g ∈ G} in bijection with G such that for all g, h ∈ G:

• ḡR = Rḡ and

• ḡRh̄R = ghR.

Lemma A.1.1. Let R be a Noetherian Q-algebra, F a finite group. Then if P is a

prime ideal of a crossed product S = R ∗ F , then:

i. P ∩R is semiprime in R.

ii. J := (P ∩R) · S is semiprime in S, and P is a minimal prime above J .

iii. S/J = (P/P ∩R) ∗ F .

Proof. We will prove that P ∩ R is an F -prime ideal, i.e. it is F -invariant, and for

any F -invariant ideals A,B of R, if AB ⊆ P ∩R then A ⊆ P ∩R or B ⊆ P ∩R.

Having established this, part i follows from the fact that all minimal primes above

P ∩ R form a single F -orbit by [30, Lemma 14.2(ii)], part iii is obvious since

J = ⊕
g∈F

(P ∩ R)ḡ, and part ii is part iii together with [29, Proposition 10.5.8] and

[30, Theorem 4.4].
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So, suppose A,B E R are F -invariant, i.e. for all g ∈ F , ḡA = Aḡ and ḡB = Bḡ, and

suppose that AB ⊆ P ∩R. Then AS,BS are two-sided ideals of S, and (AS)(BS) ⊆

P . So since P is prime, we can assume without loss of generality that AS ⊆ P .

So since AS = ⊕
g∈F

Aḡ, it follows that A ⊆ P ∩R, and hence P ∩R is F -prime as

required.

Lemma A.1.2. Let R be a Noetherian ring, F a finite group. Then if P is a primitive

ideal of a crossed product R ∗ F , then P ∩R is semiprimitive.

Proof. Let S = R ∗ F , then since P is primitive, P = AnnSM for some irreducible

S-module M . Since F is finite, M is finitely generated over R, so since R is Noethe-

rian, we can choose a maximal R-submodule U of M .

For each g ∈ F , gUg−1 is a maximal R-submodule of M , so set Mg := M/gUg−1,

an irreducible R-module, and let Qg := AnnRMg, a primitive ideal of R. Clearly if

r ∈ P ∩R = AnnRM then rMg = 0 for all g ∈ F , so P ∩R ⊆ ∩
g∈F

Qg.

Also, ∩
g∈F

gUg−1 is an S-submodule, so by simplicity of M , ∩
g∈F

gUg−1 = 0. So if

r ∈ ∩
g∈F

Qg then rMg = 0 for all g, so rM ⊆ gUg−1 for all g, i.e. rM ⊆ ∩
g∈F

gUg−1 = 0

and hence r ∈ AnnRM = P ∩R. Hence:

P ∩R = ∩
g∈F

Qg

Hence P ∩R is semiprimitive as required.

A.2 Ring filtrations

Definition A.2.1. A filtration of a ring R is a map w : R→ R∪{∞} such that for

all x, y ∈ R:

• w(x+ y) ≥ min{w(x), w(y)},

• w(xy) ≥ w(x) + w(y),
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• w(1) = 0 and w(0) =∞.

The filtration is separated if w(x) =∞ implies that x = 0.

Note: Unless otherwise stated, we will always assume that our filtrations take values

in Z ∪ {∞}.

If R carries a filtration w, then there is an induced topology on R with the subgroups

FnR := {r ∈ R : w(r) ≥ n} forming a basis for the neighbourhoods of the identity.

This topology is Hausdorff if and only if the filtration is separated.

Recall from [28, Ch.II Definition 2.1.1] that a filtration is Zariskian if F1R ⊆ J(F0R)

and the Rees ring R̃ := ⊕
n∈Z

FnRt
n is Noetherian. Zariskian filtrations can only be de-

fined on Noetherian rings, and using [28, Ch.II Theorem 2.1.2] we see that a Zariskian

filtration is separated.

If R carries a filtration w, then define the associated graded ring of R to be

gr R := ⊕
n∈Z

FnR
Fn+1R

.

This is a graded ring with multiplication given by (r + Fn+1R) · (s + Fm+1R) =

(rs+ Fn+m+1R).

Notation: For r ∈ R with w(r) = n we define gr(r) := r + Fn+1R ∈ gr R.

Our convention is to say that a filtration w is positive if w(r) ≥ 0 for all r ∈ R.

Definition A.2.2. If R carries a filtration w and x ∈ R\{0}, we say that x is w-

regular if w(xy) = w(x) + w(y) for all y ∈ R, i.e. gr(x) is not a zero divisor in gr

R. If all non-zero x are w-regular we say that w is a valuation.
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Also, given a central subring S of R, we say that w is S-linear if every non-zero

element of S is w-regular.

Note that if x is w-regular and a unit then x−1 is w-regular and w(x−1) = −w(x).

Lemma A.2.3. Suppose w is a separated Zp-linear filtration on an Zp-algebra A of

characteristic 0, and suppose that x ∈ A with w(x− 1) > w(p). Then w(xp
m − 1) =

mw(p) + w(x− 1) for all m ∈ N.

Proof. Using the binomial theorem, it is clear that

xp
m − 1 = (x− 1 + 1)p

m − 1 =
∑
k≥1

(
pm

k

)
(x− 1)k = pm(x− 1) +

∑
k≥2

(
pm

k

)
(x− 1)k

Clearly w(pm(x − 1)) = w(pm) + w(x − 1) = mw(p) + w(x − 1) since w is O-linear.

So it remains to show that w(
(
pm

k

)
(x− 1)k) > mw(p) + w(x− 1) for all k ≥ 2.

First, note that w(
(
pm

pm

)
(x − 1)p

m
) = w((x − 1)p

m
) ≥ pmw(x − 1) = (pm − 1)w(x −

1) + w(x− 1) > (pm − 1)w(p) + w(x− 1) ≥ mw(p) + w(x− 1).

So from now on, we may assume that k < pm.

Now, k = a0 + a1p+ · · ·+ atp
t for some integers 0 ≤ ai < p, and since k ≤ pm− 1 we

may assume that t = m − 1. Let m ≥ i ≥ 1 be maximal such that am−i 6= 0, then

pm = (p− 1)pm−i + (p− 1)pm−i+1 + · · ·+ (p− 1)pm−1 + pm−i, and:

pm−k = (p−1−am−i)pm−i+(p−1−am−i+1)pm−i+1 + · · ·+(p−1−am−1)pm−1 +pm−i

= (p− am−i)pm−i + (p− 1− am−i+1)pm−i+1 + · · ·+ (p− 1− am−1)pm−1.

It follows that i is equal to the number of carries when pm − k is added to k in base

p. So by Kummer’s theorem, vp(
(
pm

k

)
) = i.
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Also, k = am−ip
m−i + · · ·+ am−1p

m−1 = pm−i(am−i + · · ·+ am−1p
i−1), so k ≥ pm−i ≥

m− i+ 1 if i < m.

Now, w(
(
pm

k

)
(x− 1)k) ≥ w(

(
pm

k

)
) + kw(x− 1) ≥ vp(

(
pm

k

)
)w(p) + kw(x− 1)

= iw(p) + (k − 1)w(x− 1) + w(x− 1) > iw(p) + (k − 1)w(p) + w(x− 1).

So if i < m then this is at least iw(p) + (m− i)w(p) +w(x− 1) = mw(p) +w(x− 1).

Whereas if i = m then since k > 1 we have iw(p) + (k − 1)w(p) + w(x − 1) =

mw(p) + (k − 1)w(p) + w(x− 1) ≥ mw(p) + w(x− 1) as required.
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Appendix B

Groups and Group algebras

B.1 Uniform pro-p groups and p-valuations

Let G be a group. Recall from [32, Section 23] that we define a p-valuation on G to

be a map ω : G→ R ∪ {∞} such that for all g, h ∈ G:

• ω(g−1h) ≥ min{ω(g), ω(h)}.

• ω((g, h)) ≥ ω(g) + ω(h).

• ω(g) =∞ if and only if g = 1.

• ω(gp) = ω(g) + 1.

• ω(g) > 1
p−1

.

We say that G is p-valued if it carries a p-valuation ω, and we say that (G,ω) is

p-saturated if for all g ∈ G, whenever ω(g) > 1
p−1

+ 1 there is an element h ∈ G such

that g = hp.

If G carries a p-valuation ω then there is a natural, ultrametric topology on G, induced

by the metric d(g, h) := c−ω(gh−1) for c > 1. This topology is naturally Hausdorff and

totally disconnected, and we usually assume further that G is complete with respect

to ω, in which case we can define p-adic exponentiation, i.e. for all g ∈ G, α ∈ Zp,

gα ∈ G is well defined.
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It follows from [25, III 2.2.6] that (G,ω) is compact if and only if G has finite

rank, i.e. there exists a finite subset g = {g1, · · · , gd} ⊆ G such that for every

g ∈ G there exist a unique d-tuple α ∈ Zdp such that g = gα := gα1
1 · · · g

αd
d and

ω(g) = min{vp(αi) + ω(gi) : i = 1, · · · , d}. We call g an ordered basis for (G,ω), and

the unique integer d is the rank of G.

It follows that G is a pro-p group of finite rank in the sense of [17], and hence G is

isometric with Zdp. In fact, if G is abelian then G ∼= Zdp as groups.

If we suppose that G is a compact, p-adic Lie group, then its group structure com-

pletely determines its topology, i.e. there is only one possible topology on G which

makes it a profinite topological group. Therefore, if G carries a complete p-valuation

ω of finite rank, then the induced topology is the natural topology of G. This prompts

the following definition.

Definition B.1.1. We say that a compact p-adic Lie group G is p-valuable if it

carries a complete p-valuation ω of finite rank.

Recall the definition of a uniform pro-p group from [17, Definition 4.1], and setting

ε :=

®
2 p = 2

1 p > 2
, recall from [17, Theorem 4.5] that G is uniform if and only if G is a

torsionfree pro-p group of finite rank, and (G,G) ⊆ Gpε .

If G is a uniform pro-p group, then G carries a p-valuation ω given by ω(g) =

min{n+ ε : g ∈ Gpn\Gpn+1}, and in fact this is p-saturated. Note that G is complete

with respect to ω, and any minimal topological generating set for G is an ordered

basis for (G,ω), which implies that (G,ω) has finite rank. Also note that any closed

subgroup of a p-valuable group is automatically p-valuable by restriction of the p-

valuation.

We use the following result very often:
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Lemma B.1.2 ([1, Lemma 4.2]). Let G be a p-valuable group, and let H be a closed

subgroup of G. Then there exists an ordered basis g = {g1, · · · , gd} for G, r ≤ d, and

n1, · · · , ns ∈ N such that {gp
n1

1 , · · · , gpnrr } is an ordered basis for H. Furthermore,

r = d if and only if H is open in G, and H is isolated in G if and only if ni = 1 for

all i.

Recall from [25, III 3.3.1] that if (G,ω) is complete of finite rank, then there exists a

canonical, p-saturated group Sat(G) such that G embeds as an open subgroup into

Sat(G), and the p-valuation on Sat(G) restricts to ω. Moreover, Sat is a functor

from the category of p-valuable groups to the category of p-saturated groups.

B.2 Technical results for KG

In [1, Section 5], a number of technical results were stated and proved for completed

group algebras in characteristic p. These results are fundamental for the study of

ideals in Iwasawa algebras, so it is important for us to establish them in characteristic

zero. We assume only that G is a p-valuable group throughout.

Lemma B.2.1. Let H be a closed subgroup of G, and let I1, · · · , Im, J be right ideals

of KH. Then:

(i) I1KG ∩ · · · ∩ ImKG = (I1 ∩ · · · ∩ Im)KG.

(ii) JKG ∩KH = J .

Proof. We will prove that KG is faithfully flat over KH. Then part (i) follows from

applying the functor − ⊗KH KG to the short exact sequence 0 → I1 ∩ · · · ∩ Im →

KH → ⊕
j≤m

KH
Ij
→ 0, and part (ii) follows from [29, Lemma 7.2.5], taking R = KH,

S = KG and M = KH
J

.

Recall that OG carries the Lazard filtration w, and the restriction of w to OH is

just the Lazard filtration on OH. We will prove that the associated graded gr OG is

faithfully flat over gr OH, and since w is Zariskian, it will follow from [28, Chapter
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II Proposition 1.2.2] that OG is faithfully flat over OH. It follows easily that KG is

faithfully flat over KH.

Choose an ordered basis {g1, · · · , gd} for G such that {gp
n1

1 , · · · , gpnss } is an ordered

basis for H. We know that gr OG ∼= k[t, t1, · · · , td] where ti = gr(gi − 1), and thus

gr OH = k[t, tp
n1

1 , · · · , tpnrr ].

Now, it is clear that k[t, t1, · · · , td] is a free k[t, tp
n1

1 , · · · , tpnrr ]-module, and since free

modules are faithfully flat, the result follows.

Using this Lemma, we can now carry over the proofs of every result in [1, Chap-

ter 5], with the exception of [1, Lemma 5.3], whose proof strongly depends on the

assumption that the ground field has characteristic p.

Let us first reintroduce some definitions from [1, Section 5]:

Definition B.2.2. (i). Given a prime ideal P of KG, we say that P is non-splitting

if for any open normal subgroup U of G controlling P , P ∩KU is prime in KU .

(ii). Let P be a property satisfied by two-sided ideals in KH, for H any compact

p-adic Lie group. Then given a right ideal I of KG, we say that I virtually satisfies

P if there exists an open subgroup U of G and a two sided ideal J of KU such that

J satisfies P and I = JKG.

In particular, I is virtually non-splitting if I = PKU for some non-splitting prime

ideal P of KU .

Proposition B.2.3. Let P be a non-splitting prime ideal of KG, then P ∩KP χ is

prime in KP χ.

Proof. This is the proof of [1, Proposition 5.5], applied using Lemma B.2.1.
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Now, recall from [1, Definition 5.6] that if R is a ring, J1, · · · , Jr are right ideals of

R with intersection I, then I = J1 ∩ · · · ∩ Jr is an essential decomposition for I if

the R-module embedding R
I
→ R

J1
× · · · × R

Jr
has essential image in the sense of [29,

Definition 2.2.1].

Proposition B.2.4. Let P be a prime ideal of KG, and let P = I1 ∩ · · · ∩ Ir be an

essential decomposition for P such that each Ij is virtually prime and I1, · · · , Ir form

a single G-orbit. If we assume that r is as large as possible then each Ij is virtually

non-splitting.

Proof. This is the proof of [1, Theorem 5.7], applied using Lemma B.2.1.

Lemma B.2.5. Let I be a two-sided ideal of KG such that I = J1∩· · ·∩Jr for some

right ideals Ji of KG forming a complete G-orbit via the conjugation action. Then if

I is faithful, each Ji is faithful.

Proof. For any ideal J of KG, let J† := {g ∈ G : g − 1 ∈ J}. Then clearly J† is

a closed subgroup of G, and if J is a two-sided ideal then it is a normal subgroup.

Clearly J is faithful if and only in J† = 1.

It is also clear that (J1)†, · · · , (Jr)† form a single G-orbit, and I† = (J1)†∩ · · ·∩ (Jr)
†.

But since G is p-valuable, it follows from [1, Proposition 5.9] that G is orbitally sound,

i.e. for any closed subgroup H of G with finitely many G-conjugates, the intersection

of these conjugates is open in H. Therefore I† has finite index in (Ji)
† for each i.

So if I is faithful, then (Ji)
† is a finite subgroup of G. So since G is torsionfree,

this means that (Ji)
† = 1, and Ji is faithful as required.

Finally, we prove [1, Theorem 8.6] in characteristic 0:

Theorem B.2.6. Let P be a prime ideal of KZ(G). Then PKG is a completely

prime ideal of KG (i.e. KG/PKG is a domain), and if P is faithful then PKG is

faithful.
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Proof. Let Z := Z(G). We will prove that if P is a prime ideal of OZ with p /∈ P

then POG is completely prime, and it is faithful if P is faithful. The result for the

rational Iwasawa algebras follows immediately.

Let Q be the field of fractions of OZ/P . If we let w be the Lazard filtration on OZ,

then since w is a Zariskian filtration and the associated graded is a commutative,

infinite dimensional k-algebra, it follows from [1, Theorem C] that there exists a val-

uation v′ on Q such that the natural map τ : OG→ Q is continuous, and if w(x) ≥ 0

then v′(τ(x)) ≥ 0.

Furthermore, if v′(τ(z − 1)) = 0 for some z ∈ Z then v′(τ(z − 1)n) = 0 for all n

since v′ is a valuation, which is a contradiction since (z − 1)n converges to zero in

OG, and hence in Q by continuity of τ . Therefore v′(τ(z − 1)) > 0 for all z ∈ Z(G),

and after choosing an ordered basis {z1, · · · , zn} for Z and an integer M such that

Mv′(τ(zi− 1)) ≥ w(zi− 1) for all i, then we obtain an equivalent valuation v := Mv′

on Q such that v(τ(x)) ≥ w(x) for all x ∈ OZ.

Recall that if we fix an ordered basis {g1, · · · , ge} for G
Z

, then every element of OG

has the form
∑
α∈Ne

µαc
α for some µα ∈ OZ where ci = gi− 1. Define a map u : OG→

Z ∪ {∞} via:

u : OG→ Z ∪ {∞},
∑
α∈Ne

µαc
α 7→ inf{v(τ(µα)) + w(cα) : α ∈ Ne}. (B.1)

Since v is a separated valuation, it is clear that u(
∑
α∈Ne

µαc
α) = ∞ if and only if

µα ∈ P for all α, i.e. if and only if
∑
α∈Ne

µαc
α ∈ POG. Therefore u−1(∞) = POG. So

following the proof of [1, Theorem 8.6], we will prove that u is a valuation on OG,

from which it will follow that POG = u−1(∞) is a completely prime ideal.
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Firstly, it is clear from the definition that u(r+ s) ≥ min{u(r), u(s)}, u(µ) = v(τ(µ))

and u(µr) = u(µ) + u(r) for all r, s ∈ OG, µ ∈ OZ. It is also clear that if

r1, r2, · · · ∈ OG with ri → 0 as i→∞ then u(r1+r2+· · · ) ≥ inf{u(ri) : i ≥ 1}, there-

fore to prove that u is a filtration it remains to prove that u(cαcβ) ≥ u(cα) + u((c)β)

for all α, β ∈ Nr.

Write cαcβ =
∑
γ∈Ne

λα,βγ cγ, then by the definition of the Lazard filtration, w(
∑
γ∈Ne

λα,βγ cγ) =

inf{w(λα,βγ ) + w(cγ) : γ ∈ Nd}. So since u(x) ≥ w(τ(x)) for all x ∈ OZ, we have:

u(cαcβ) = inf{v(τ(λα,βγ )) + w(cγ) : γ ∈ Ne} ≥ inf{w(λα,βγ ) + w(cγ) : γ ∈ Ne} =

w(cα) + w(cβ) = u(cα) + u(cβ).

So u is a filtration on OG, and to verify that it is a valuation, we will show that

the associated graded gru OG is a domain. First note that the definition of u gives

rise to a natural inclusion of graded rings grv OZ/P → gru OG, and this gives rise to

an isomorphism of graded rings grv (OZ/P )[Y1, · · · , Ye] → gru OG where Yi is sent

to gr(ci). Therefore gru OG is a domain and u is a valuation as required.

Finally, if P is faithful, then suppose g ∈ G and g − 1 ∈ POG. Then write g =

zgα1
1 · · · gαee for some z ∈ Z, αi ∈ Zp, and it follows that:

h− 1 = (z − 1) + (z − 1)
∑

0 6=γ∈Ne

(
α
γ

)
cα +

∑
06=γ∈Ne

(
α
γ

)
cα.

Therefore, we see that z − 1 ∈ P and hence z = 1 since P is faithful. It also follows

that for each 0 6= γ ∈ Ne,
(
α
γ

)
∈ P , and hence

(
α
γ

)
= 0 since P ∩ O = 0. This is only

possible if α = (α1, · · · , αe) = 0, and hence h = zgα1
1 · · · gαee = 1 and POG is faithful

as we require.
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Appendix C

Lie theory

C.1 The Lie algebra of G

Let G be a p-valuable group, let w be the Lazard filtration on the rational Iwasawa

algebra QpG as defined in Chapter 2.3, and let ‘QpG be the completion of QpG with

respect to w. For each g ∈ G, the series log(g) :=
∑
n≥1

(−1)n+1

n
(g − 1)n converges in‘QpG, so we define LG = log(G) := {log(g) : g ∈ G} ⊆‘QpG.

If G is p-saturated of rank d, then LG is a free Zp-Lie subalgebra of ‘QpG of rank d,

which we call the Zp-Lie algebra of G. It follows from [25, Proposition IV 3.2.3] that

given g, h ∈ G, α ∈ Zp, the Lie operations on LG are given by:

• log(g) + log(h) = log( lim
n→∞

(gp
n
hp

n
)p
−n

).

• α log(g) = log(gα).

• [log(g), log(h)] = log( lim
n→∞

(gp
n
hp

n
g−p

n
h−p

n
)p
−2n

).

We define the Qp-Lie algebra of G to be gG := LG ⊗Zp Qp. Clearly this is a Qp-Lie

algebra, and LG is a Zp-Lie lattice in gG.

Define ε :=

®
1 p > 2

2 p = 2
, and recall from [17, Chapter 9], that a free Zp-Lie algebra L

of finite rank is powerful if [L,L] ⊆ pεL, and it follows from [17, Theorem 9.10] that
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a p-saturable group G is uniform if and only if LG is powerful.

Also, recall that every p-valuable group G can be embedded as an open subgroup

into a p-saturable group Sat(G), thus we define the Qp-Lie algebra of G, gG, to be

the Qp-Lie algebra of Sat(G).

Lemma C.1.1. Let G be a p-valuable group, and let g, h ∈ G such that h and ghg−1

commute. Set v = log(h), u = log(g) in log(Sat(G)), then (g, h) = exp(
∑
n≥1

1
n!

(ad(u))n(v)).

Proof. ghg−1 = g exp(v)g−1 =
∑
n≥0

1
n!
gvng−1 =

∑
n≥0

1
n!

(gvg−1)n = exp(gvg−1).

Let lx, rx be left and right multiplication by x, then note that lx − rx = ad(x),

lexp(x) = exp(lx) and lexp(rx) = exp(rx).

Then gvg−1 = exp(u)v exp(u)−1 = exp(u)v exp(−u) = (lexp(u)rexp(−u))(v)

= (exp(lu) exp(r−u))(v) = exp(lu − ru)(v) = exp(ad(u))(v) =
∑

n≥0
1
n!

(ad(u))n(v).

Therefore ghg−1 = exp(gvg−1) = exp(
∑
n≥0

1
n!

(ad(u))n(v)).

Finally, log((g, h)) = log((ghg−1)h−1) = log(ghg−1)− log(h) since h and ghg−1 com-

mute. Clearly this is equal to
∑
n≥1

1
n!

(ad(u))n(v) as required.

The following definition allows us to define a category of Zp-Lie algebras which are

the Lie theoretic equivalent of p-saturated groups:

Definition C.1.2. Let L be a Zp-Lie algebra. A map w : L → R∪{∞} is a valuation

if for all u, v ∈ L, α ∈ Zp:

• w(u+ v) ≥ min{w(u), w(v)},

• w([u, v]) ≥ w(u) + w(v),
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• w(αu) = vp(α) + w(u),

• w(u) =∞ if and only if u = 0,

• w(u) > 1
p−1

.

Furthermore, we say that w is a saturated valuation if for any u ∈ L, w(u) > 1
p−1

+ 1

if and only if u = pv for some v ∈ L.

If G is p-saturated, and w is a valuation on LG, then it follows from [32, Proposition

32.6] this defines a p-valuation ω on G via ω(g) := w(log(g)), and w is saturated if

and only if (G,ω) is p-saturated.

Moreover, we see using [25, IV 3.2.6] that the category of complete, p-saturated

groups of finite rank is isomorphic to the category of saturated Zp-Lie algebras, via

the transport of structure functors exp and log. Similarly, the category of uniform

pro-p groups is isomorphic to the category of powerful Zp-Lie algebras.

Finally, recall from [1, Section 4.5] that we define the degree of a linear endomorphism

σ of a valued Lie algebra (L, w) as deg(σ) := inf{w(σ(u))− w(u) : u ∈ L}.

C.2 The Adjoint group functor

The adjoint algebraic group associated to a finite dimensional Lie algebra is a com-

monly studied object in representation theory, and it can be defined as a group

functor, as outlined in [22]. This is usually done over fields of characteristic 0, but

we can generalise it:

Let R be a commutative domain containing Z, and let h be a nilpotent, torsionfree Lie

algebra over R, and we will assume further that ad(u)n(h) ⊆ n!h for each u ∈ h, n ∈ N.

Note that the map ad(u) is a nilpotent derivation of h, so we can define:
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exp(ad(u)) :=
∑
n≥0

1

n!
ad(u)n : h→ h. (C.1)

Since ad(u) is a derivation, it follows that exp(ad(u)) is a Lie-automorphism of h.

Note that our assumptions on R are satisfied if R is any field of characteristic 0, or

if R is the ring of integers of a p-adic field and [h, h] ⊆ ph.

Definition C.2.1. Define the adjoint group of h to be

H(h) := {exp(ad(u)) ∈ Aut(h) : u ∈ h}

Then H(h) is a subgroup of Aut(h). If we let Ch be the category of commutative

R-algebra domains S such that hS := h⊗RS is torsionfree over S and (ad(u))n(hS) ⊆

n!hS for all u ∈ hS and n ∈ N, then we can define the group functor H : Ch → Grp,

S 7→ H(hS). We call this the adjoint algebraic group of h, although if R is not a field

this need not actually be an algebraic group.

Note: If R = F is a field of characteristic 0, then Ch = F -alg and H is an affine

algebraic group over F in the sense of [22, Definition I.2.1], and it is unipotent. If we

view the space ad(h) ⊆ EndR(h) as an affine variety, then the map exp : ad(h)→ H

is an isomorphism of varieties, with inverse log.

Now, let h∗ : Ch → Set be the linear dual of h, i.e. h∗(S) = HomS(h ⊗R S, S) ∼=

h∗(R) ⊗R S. Then there is an action of the group functor H on g∗, i.e. a natural

transformation H × h∗ → h∗, given by (g · f)(u) = f(g−1u). This is the coadjoint

action, and the orbits of this action in h∗ are called coadjoint orbits.

Again, note that if R is a field of characteristic 0 then h∗ is an affine variety in

the sense of [22, Definition I.1.3], and this is an action of algebraic groups.
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Appendix D

Rigid Analytic Geometry

During this thesis, we occasionally exploit geometric techniques, particularly when us-

ing the adjoint algebraic group. To this end, we need to explore the non-archimedean

equivalent of differential geometry, usually termed rigid analytic geometry. We give

a brief recap of this subject here.

Recall from [11, Definition 2.2.2] that if R is a ring carrying a complete, separated

filtration w, the Tate algebra in d variables t1, · · · , td over R is the algebra:

R〈t1, · · · , td〉 := {
∑
α∈Nd

λαt
α1
1 · · · t

αd
d : w(λα)→∞ as α→∞}.

In other words, the Tate algebra is the ring of power series with coefficients in R that

converge on the unit disc Rd
+, we call these Tate power series. This ring carries a

separated filtration given by winf(
∑
α∈Nd

λαt
α1
1 · · · t

αd
d ) := inf{w(λα) : α ∈ Nd}.

Normally, R is assumed to be commutative, and in our case, we will usually take

R = K, in which case the Tate algebra is Noetherian, and the filtration winf is

Zariskian. Recall from [11, Definition 3.1.1] that we define an affinoid algebra to be

any quotient of a Tate algebra over a complete, discretely valued field. Clearly any

affinoid algebra A will carry a complete, Zariskian filtration wA given by the quotient

filtration with respect to winf .
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Affinoid algebras play a similar role in rigid geometry as commutative algebras play

in standard algebraic geometry. Specifically, if A is an affinoid algebra, we define Sp

A to be the space of maximal ideals of A. We call this an affinoid variety, and we

can realise A as a ring of K-valued functions on Sp A, where a(p) := a + p. This

takes values in K since any maximal ideal in the Tate algebra has finite codimension

by [11, Corollary 2.2.12].

We say that A is the ring of analytic functions on the affinoid variety Sp A. Note

that for any ring homomorphism φ : A→ B between affinoid algebras induces a map

φ# : Sp B → Sp A, q 7→ φ−1(q), continuous with respect to the Zariski topology, and

we call this a morphism of affinoid varieties. Therefore, we can realise affinoid vari-

eties as a category, equivalent to the category of affinoid algebras, via an equivalence

where each variety is sent to its ring of analytic functions.

Now, affinoid varieties are useful in p-adic analysis, since they can indeed be realised

as non-archimedean spaces. Recall that for each ε ∈ R, we define the d-dimensional

polydisc of radius ε to be the space

Dd
ε := {α ∈ Kd

: vπ(αi) ≥ ε for each i}.

When ε = 0 we call this the unit disc. We can consider this disc an affinoid space,

isomorphic to Sp K〈u1, · · · , ud〉, and thus all discs are isomorphic, regardless of the

radius.

Note that the Tate algebra K〈u1, · · · , ud〉 is precisely the set of power series converg-

ing on Dd
0, so we can indeed realise the Tate algebra as the ring of analytic functions

on the unit disc. Moreover, for each n ∈ N, the subalgebra K〈πnu1, · · · , πnud〉 is

precisely those functions which converge on Dd
−n.

In this thesis, we will not explore the more general theory of rigid varieties, which

are essentially spaces that locally have the structure of affinoid varieties, since this
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would require us to introduce the deep theory of G-topologies which is not relevant

to our investigation (see [11, Chapter 5] for a detailed introduction to this theory).

However, we will briefly recap the notion of analytification, which is a fully faithful

functor from the category of K-schemes to the category of rigid varieties, defined in

[11, Definition and Proposition 5.4.3], that associates a scheme X to its analytifica-

tion Xan, which is essentially the smallest rigid variety that encompasses the algebraic

structure of X.

Example: Let X = An
K be standard affine n-space, i.e. X = Spec K[u1, · · · , un].

ThenXan can be realised as the direct limit of the polydiscs Dn
ε as ε→∞, and the ring

of analytic functions on this space is the ring K{u1, · · · , ud} = lim←−
k

K〈πku1, · · · , πkud〉

of rapidly convergent power series.

In fact, since the definition of a polydisc gives that K
n

= ∪
ε∈R

Dn
ε , we can actually

identify both X and Xan with the set K
n
, so we may often interchange the two.
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