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Abstract

In this thesis, we will explore the non-commutative Iwasawa algebra OG of a uniform
pro-p group G over the ring of integers O of a finite extension K\Q,. Our aim is to
explore the prime ideal structure of OG, and our ultimate goal is to prove that all
prime ideals have a standard form for which we have a complete classification. We
will focus on the case where G is solvable, and we will divide the problem into two

cases, prime ideals containing p and prime ideals not containing p.

In the former case, we may quotient out by p and study the mod-p Iwasawa algebra
kG, where k is the residue field of K. For G nilpotent, the classification in this case
was completed by Ardakov, using the theory of Mahler expansions of continuous au-
tomorphisms of G. In the first half of this thesis, we will recap this theory, and show
how it can be generalised to complete the classification for prime ideals in kG over

solvable groups G of the form Zg X L.

In the latter case, we may tensor with K and study the rational Iwasawa algebra
KG. The theory of Mahler expansions ultimately fails in this case, so we will instead
explore methods involving p-adic representation theory. We focus on the case where
G= ZZ X Zy, is nilpotent, and we will complete the classification for faithful primitive
ideals of KG in this case for p > 2. Our main technique will be to study the
representation theory of the completed enveloping algebra U/(Z) 5 of the associated

Lie algebra £ of G, and to describe all primitive ideals of this algebra using a class

of canonical representations.
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Chapter 1

Introduction

Throughout, we will fix a prime number p, and a finite extension K of Q,. Let
O = Ok be the valuation ring of K, let 7 € O be a uniformiser, and let k be the
residue field of K.

1.1 Completed group algebras and Iwasawa alge-
bras

Let G be a profinite group in the sense of [I7, Definition 1.1], and let R be a commu-
tative, pseudocompact topological ring in the sense of [12], i.e. the limit of an inverse
system of Artinian rings, so we could of course take R = O or R = k. We define the

completed group algebra of G with coefficients in R as:

RG := lim R|G/U] (1.1)
U<,G

where R[H| denotes the standard group algebra, and the inverse limit is taken as
U runs over all open normal subgroups of GG, which form a topological basis of the
neighbourhoods of the identity in G. We can think of RG as a certain topological

completion of R[G].

We will assume that G is a compact p-adic Lie group, meaning that it is locally
homeomorphic to Z{. Using [17, Theorem 8.32] we see that this just means that G is

profinite and contains an open subgroup that is a uniform pro-p group in the sense



of [I7, Definition 4.1].

If G is a compact p-adic Lie group, the completed group algebra OG is sometimes
called the O-lIwasawa algebra of G. This is a Noetherian, semilocal algebra, and
it is of fundamental importance in the representation theory of compact p-adic Lie
groups, since studying continuous, O-linear representations of G requires us to study

modules over OG with a pro-discrete topology by [32, Corollary 19.3].

In this thesis, we are interested in classifying the two-sided ideals of OG, which has

been an ongoing project in non-commutative ring theory for many years.

Note: The p-adic field K is not pseudocompact with respect to its canonical topol-

ogy, so we do not define KG as lim K[G/U].
U<,G
The usual approach to studying OG is to consider it separately through the lens of

characteristic p and characteristic 0. More specifically, we consider two further rings:

e The mod-p Iwasawa algebra kG, this can be realised as the quotient OG/ ().

e The Iwasawa algebra of continuous K -distributions KG := OG Q¢ K.

Studying prime ideals in both these algebras is equivalent to studying prime ideals in
OG, because prime ideals in kG are in bijection with prime ideals in OG containing

p, and prime ideals in KG are in bijection with prime ideals in OG not containing p.

Also, to underline the importance of K G as an algebra, recall from [33], Section 2]
the definition of the locally analytic K-distribution algebra of G, D(G, K'), and recall
from [34, Theorem 5.1] that it is a Fréchet-Stein algebra. The distribution algebra is

essential within the study of locally analytic representations of GG, since admissible,



locally analytic K-representations of G arise as coadmissible modules over D(G, K).

The Iwasawa algebra KG embeds into D(G, K) as a dense subalgebra, and in fact
D(G, K) is faithfully-flat over K'G by [34, Theorem 4.11]. This suggests that under-
standing the structure of K'G would help towards understanding D(G, K'), and since
KG is Noetherian and D(G, K) generally is not, this approach would be easier than

approaching D(G, K) directly.

Now, since any compact p-adic Lie group G contains a uniform open normal sub-
group U, it follows that we can realise RG as a crossed product RG = RU x g, for
R=0,k K, and % is a finite group. Therefore, we may restrict our attention to the

study of uniform groups, which can make our calculations easier.

The Iwasawa algebra of a non-abelian group was first defined in 1965 by Lazard in
[25], where he used it to compute the continuous cohomology of a compact p-adic
Lie group, but these objects were not well studied until the early 2000s when it was
observed by Coates, Schneider and Sujatha in [13] that classifying prime c-ideals in an
Iwasawa algebra would have applications to the representation theory of the Galois
group of an elliptic curve without complex multiplication, and other related areas
which have applications within the Langlands programme. This work initiated the

project of obtaining a complete classification of the prime ideals in OG.

The most obvious examples of prime ideals are augmentation ideals of the form
(H —1)OG for some closed, normal subgroup H of G, and centrally generated ideals.
The ultimate aim of this research is to prove that all prime ideals in OG can be

reduced to this form.

Definition 1.1.1. Let R = O,k or K, and let G be a uniform pro-p group. We say

that a prime ideal P of RG is standard if there exists a closed, normal subgroup H



of G such that:
o Gy := % 15 torsionfree.
e H-1CP.
e The image of P in RGq is centrally generated.

We say that P is virtually standard if P N RU is a finite intersection of standard

prime ideals of RU for some open normal subgroup U of G.

Note: If P is a prime ideal in OG containing p, then P is (virtually) standard in OG
if and only if it is (virtually) standard in kG. Similarly, if p ¢ P then P is (virtually)

standard in OG if and only if it is (virtually) standard in KG.

Since the centre of RG is RZ(G) for G uniform by [2, Corollary A], for an ideal P to
be centrally generated just means that P = (PN RZ(G))RG, i.e. that P is controlled

by Z(G). Using this, we deduce the following result:

Theorem 1.1.2. Let G be a uniform group, and let P be a standard prime ideal of

oc

5 18 a domain.

OG. Then P s completely prime, i.e.

Proof. 1f p € P, this follows from [I, Theorem 8.6], and we will see in Appendix

that the proof of this generalises to the case where p ¢ P. O

The main conjecture in the study of the ideal structure of non-commutative Iwasawa
algebras, which is the essence of [4, Question N, Question O], is that virtually standard
prime ideals characterise the entire prime spectrum of OG when G is solvable and

uniform:

Conjecture 1.1.3. Let G be a solvable, uniform pro-p group. Then every prime ideal

of OG is virtually standard, and every prime ideal containing p is standard.



Note: This conjecture is generally untrue if G is not solvable. For example, if G is
semisimple then K'G will contain many faithful ideals of finite codimension, which
cannot be standard. We do suspect, however, that all prime ideals of infinite codi-

mension are standard in this case.

Using Theorem [1.1.2] it would follow from this conjecture that prime ideals in OG
are typically completely prime. Moreover, given any prime ideal P, after quotienting
by a smaller augmentation ideal, it would follow that P is uniquely determined by a
prime ideal in OZ(G), thus reducing the problem of ideal classification to a commu-

tative setting.

Conjecture is trivially true when G is an abelian group, and the smallest non-
abelian example for which it holds is groups of rank 2 in characteristic p [38]. In this

thesis, we will take steps towards proving the conjecture in general.

1.2 Results to date in characteristic p

It is often easier to work with the mod-p Iwasawa algebra kG than with the whole of

OG, and many more results have been established in this case.

The first steps towards a proof of Conjecture were made by Ardakov, Zhang
and Wei in [8], for G a group of Chevalley type, i.e. a uniform pro-p group whose Lie

algebra has a Chevalley basis in the sense of [36, Theorem 1].

Recall that a one-sided ideal I of a ring A is reflexive if the canonical map I —
Hom(Hom (I, A), A) is an isomorphism, and if I is two-sided then I is reflezive if

it is reflexive as a left and a right ideal.

Theorem 1.2.1 ([8, Corollary to Theorem A]). Assume that p > 5 and let G be a

uniform pro-p group of Chevalley type, where p t n + 1 whenever the root system of



G contains an irreducible component of type A,. Then 0 is the only reflexive prime

wdeal of kG.

It follows trivially that all reflexive prime ideals in kG are standard, which is weak

evidence for Conjecture in characteristic p for groups of Chevalley type.

Theorem is the amongst the strongest results obtained to date for ideal clas-
sification in kG for G semisimple. The key technique in the proof was to define a
canonical set of kGP-linear derivations of kG, and to prove that they all fixed the
reflexive ideal P. It follows that P is generated by a subset of £GP, and applying
induction gives that P = 0. This idea formed the inspiration for the idea of Mahler

expansions which we will explore in Chapter 3.

The notion of Mahler expansions was fully developed by Ardakov in [I], focusing on
the case where the group G is nilpotent, culminating in the proof of the strongest

result obtained to date in characteristic p:

Theorem 1.2.2 ([I, Theorem A]). Let G be a uniform, nilpotent group, and let P

be a prime ideal in kG. Then P is standard.

This verifies Conjecture for nilpotent groups in characteristic p, and the first

aim of this thesis is to extend this to more general classes of solvable groups.

1.3 Results to date in characteristic O

Studying the Iwasawa algebra K G proves to be more difficult, and many of the tech-
niques used in characteristic p fail to carry across. However, the structure of KG

opens new avenues of exploration that are not available to us in characteristic p.

First, recall that if R is a ring and M is a (left) R-module, we define the annihilator

of M to be the set Anng M := {r € R:rM = 0}. This is a two-sided ideal of R.



Definition 1.3.1. Let R be a K-algebra. We say that a two sided ideal P of R is:

e Primitive if P = Anng(M) for some irreducible R-module M.

e Weakly rational if the centre Z(R/P) is an algebraic field extension of K.

It is well known that all primitive ideals are prime, and it is easy to show that all

maximal ideals are primitive.

For G uniform, the algebras OG and kG are scalar local, i.e. they both contain a
unique primitive (and maximal) ideal, so studying primitive ideals is trivial. On the
other hand, K'G has a rich primitive ideal structure, which we can focus on classify-
ing. It follows from [I8, Theorem 1.1(1)] that every primitive ideal in K G is weakly

rational.

A useful technique we can exploit when studying KG is Lie theory. If we let £ be

the associated Z,-Lie algebra of G, then it follows from [6, Theorem 10.4] that the

affinoid enveloping algebra U/(E)K = lim U(L)/p"U(L) ®z, K arises as a topological
n—oo

completion of KG. Using this result, we can use the representation theory of £ to

explore the primitive ideal structure of KG.

This notion is particularly useful when we consider G' to be split-semisimple, in
which case £ has a root space decomposition, and there is a well developed theory
of Verma modules and simple highest weight modules (see e.g. [20] for details). This
was generalised to an analogous representation theory of U/(Z) x by Ardakov and

Wadsley in [7]:

Theorem 1.3.2 ([7, Theorem 5.4)). Let G be a connected, simply connected, split-
semisimple affine algebraic group over Z,, let G be an open uniform subgroup of

G(Z,), and let L be the O-Lie algebra of G, with Cartan subalgebra T. Then for any



—

O-linear character X\ : T — O, the affinoid Verma module M (X), is faithful over

K@G.

— —

Here, M () is a p-adic completion of the classical Verma module. This is a U(L) -

—_—

module, and as in the classical case it gives rise to a unique simple quotient L(\) .

L — o~

It is believed that M(\), can be replaced by L(\), in the statement of the previ-
ous theorem, whenever m , 1s infinite dimensional, and this would help towards
proving Conjecture for semisimple groups in characteristic 0, by describing all
primitive ideals in K'G in terms of annihilators of L/()\\) o

—

It should follow from the work of Stanciu in [35] that all primitive ideals in U(L),

—

arise as annihilators of simple highest weight modules L(\) ., so using the dense em-
bedding of KG into U/(\E) 5 together with faithfulness of L/()\\) x over KG, it should
follow that 0 is the only primitive ideal in K'G of infinite codimension, i.e. all prime
ideals of infinite codimension are standard.

—

Remark: The completion U(L), is not faithfully flat over K'G, so in general it is dif-
ficult to translate information about the ideal structure of (7(2) x to KG. However, in
[6l, Section 10], an inverse system of Noetherian Banach algebras D, is constructed,
each of which arise as a completion of K, can be realised as a finite crossed product

of the affinoid enveloping algebra, and the limit of this system is the distribution
algebra D(G, K), which is faithfully flat over KG.

However, we are instead concerned with solvable groups, where the theory of highest
weight modules does not carry over. The second aim of this thesis is to generalise this
theory to the solvable case, and to this end we will follow the approach of Dixmier

in [16] and construct a class of irreducible, induced representations of U(L),, which

characterise primitive ideals, and study the action of K'G on these representations.



1.4 Main Theorems

Theorem [1.2.2] establishes Conjecture [1.1.3|in characteristic p in the case where G is

nilpotent, and our first main result generalises this to another class of solvable groups:

Given a uniform group G, we say that G is abelian-by-procyclic if it is isomorphic to
a semidirect product Zg X Zy for some d € N. Clearly abelian-by-procyclic groups

are solvable.

Theorem A. Let G be a uniform, abelian-by-procyclic group. Then every prime ideal

of kG is standard.

This result has already been established for groups of the form Z, x Z, in [38, The-
orem 7.1]. Using [31], we see that all solvable uniform groups of rank 3 or less are
abelian-by-procyclic, so Theorem [A] verifies Conjecture in characteristic p for

all solvable groups of rank 3 or less.

Our second main result is the key step in the proof of Theorem [A] and this result is

a control theorem:

Definition 1.4.2. Let R = O,k or K, and I be a right ideal of RG:

1. Define I' .= {g € G : g—1 € I}, a closed subgroup of G, and if I is two
sided it is normal in G. We say I is faithful if IT = 1, i.e. if the natural map

G — RG/I,g— g+ 1 is injective.

2. We say that a closed subgroup H <. G controls I if [ = (I N RH)RG. Define the

controller subgroup of I by IX := ({U <, G : U controls I}.

It follows from [3, Theorem A] that a closed subgroup H of G controls an ideal

I < RG if and only if IX C H, so in particular IX controls I.



To prove that a prime ideal P in RG is standard, our usual approach is to quotient
out by PT to obtain a faithful prime ideal of RG, where G = %, and then to prove
that this ideal is centrally generated, i.e. controlled by Z(G). Thus the important

step is to prove that faithful, prime ideals in RG are controlled by Z(G).

Note: This is particularly useful in characteristic p, where P is always isolated by

[1, Lemma 5.3(c)|, and thus Gy remains torsionfree.

The usual approach is to prove that under the right conditions, P is controlled by a
proper subgroup of GG, and apply an inductive argument. However, for this argument
to work, we need to work in greater generality than uniform groups, because these can
often have closed subgroups that are not uniform. So for our main control theorem,

we will assume instead that G is p-valuable in the sense of [25, III 2.1.2]:

Theorem B. Let G be a non-abelian, p-valuable, abelian-by-procyclic group, and let
P be a faithful, prime ideal of kG. Then P is controlled by a proper, open subgroup
of G.

This result is actually all that is required to prove Theorem [A] and we will give the
proof of both these results at the end of Chapter 4. The main theory we need for
the proof of Theorem [B|is the theory of Mahler expansions from [I], which we will
recap in Chapter 3, and in Chapter 4 we will explore how to overcome the difficul-
ties with applying this theory in the non-nilpotent setting, using non-commutative

valuation theory and Lie theory. Most of this work has already been published in [23].

Unfortunately, the theory of Mahler expansions is not very useful in characteristic 0,
even if we assume that the group is nilpotent. Our third main result is the strongest
we can obtain for ideals in K G using Mahler expansions alone, and we will prove this

in Chapter 3.

10



Theorem C. Let G be a uniform group, and let P be a faithful, weakly rational ideal
of KG. Then P is controlled by Cq(Z2(G)), the centraliser of Zy(G) in G.

Here Z5(G) is the second centre of G, i.e. the preimage of the centre of % in G.
This theorem is not useful if Z5(G) = Z(G), in which case G = Cg(Z2(G)) and
the result is trivial. However, there are large classes of solvable groups for which
Ca(Z5(G)) is a proper subgroup, in particular all nilpotent groups. In fact, if G has
nilpotency class 2, i.e. (G, (G,G)) =1, then C(Z2(G)) = Z(G), so it follows from

Theorem [C] that all faithful primitive ideals in K'G are standard.

In Chapter 5, we will take an interlude from Iwasawa algebras, and focus solely on the

affinoid enveloping algebra U/(Z) ;- of the associated Z,-Lie algebra £ of G. Following
the approaches in [16], for each O-linear form A of £, we will define a representation

— —

of U(L), known as a Dizmier module, denoted D(\), which is essentially a gener-
alisation of the affinoid Verma module m for a semisimple Lie algebra. We will
prove that this is irreducible, and define the corresponding Dizmier annihilator to

be the primitive ideal I(\) := AnnU/(Z) D(\).
K

o~

Our fourth main result characterises weakly rational ideals of U(L), in terms of
Dixmier annihilators:

Theorem D. Let g be a finite dimensional, nilpotent K -Lie algebra, and let L be an

—

O-Lie lattice in g. Then if P is a weakly rational ideal of U(L),., there exists n € N

—

such that PN U(p"L) . is a Dizmier annihilator.

It follows from Theorem [D] that all primitive ideals in K'G can be described in terms

of Dixmier annihilators, from which we deduce the following useful corollary:

Corollary 1.4.5. Let G be a nilpotent, uniform pro-p group such that every faithful
Dizmier annihilator in KG is controlled by Z(G). Then any faithful, primitive ideal

m KG is maximal and standard.

11



We will prove this corollary in Chapter 6. The essential idea of the proof is to
show that the annihilator inside K'G of a Dixmier module is centrally generated, and

therefore standard, and use Theorem [D] to obtain the general case.

Theorem E. Let G be a nilpotent, abelian-by-procyclic uniform pro-p group, for

p > 2. Then all primitive ideals of KG are mazimal and virtually standard.

We will prove this result at the end of Chapter 6, and this will establish a version of
Conjecture [1.1.3|in characteristic 0 for nilpotent, abelian-by-procyclic groups, specif-
ically a version concerning primitive ideals as opposed to general prime ideals.

To prove Theorem [E] the idea is we show that all Dixmier annihilators in KG are
centrally generated, and apply Corollary To this end, we will study the action
of the abelian normal subgroup Cg(Z2(G)) on a Dixmier module, since the kernel of

this action completely determines the K G-Dixmier annihilator using Theorem [C]

12



Chapter 2

Preliminaries

Notation: We write H <, G, H <. G to mean that H is respectively an open

subgroup and a closed subgroup of G. Also, we write H <! G to mean H is a closed,

TIQ

isolated normal subgroup of G, i.e. is torsionfree. We write (-,-) to denote the

group commutator.

2.1 Uniform and p-valuable groups

A uniform pro-p group G is a torsionfree, finitely topologically generated pro-p group
such that (G, G) C GP (or G* if p = 2). Note that any uniform pro-p group is a com-
pact p-adic Lie group, in fact it follows from [I7, Theorem 8.32] that a topological
group G is a compact p-adic Lie group if and only if it is profinite and contains an

open, uniform subgroup.

However, it is possible for a uniform group G to contain subgroups, even open sub-

groups, which are not uniform, so we need to work in greater generality.

A p-valuation on a group G is a map w : G — RU {oco} such that for all g, h € G:
o w(g~'h) = min{w(g), w(h)}.
e w((g, h)) = w(g) +w(h).

e w(g) = oo if and only if g = 1.

13



e w(g") =w(g) +1.
o w(g) > 7.

And (G,w) is p-saturated if w(g) > 1 + Iﬁ if and only if ¢ = h? for some h € G.
In Appendix [B.I] we describe the notion of p-valuations in full, and we will recap it

only briefly here.

Throughout this thesis, we will usually take G to be a group carrying a complete
p-valuation w such that (G,w) has a finite ordered basis g = {g1,--- ,ga} such that
for every g € G, g = g* := g7 - - - g for some unique ; € Z,, and we call d the rank
of G. In this case, we say that G is p-valuable, and note that G = Zg as topological

spaces (and as groups if G is abelian).

The important property of the O-Iwasawa algebra of a p-valuable group G, is that we
have an isomorphism of O-modules between OG and the power series ring O[[by, - - - , b4]],

where each g; is sent to b; + 1.

Examples: 1. A uniform pro-p group carries a p-valuation w where for all ¢ € G,
max{n € N:ge G?"} = w(g) — 1 (or w(g) — 2 if p = 2). Then (G, w) is p-valuable,

and in fact p-saturated.

2. Given a p-valuable group (G,w), and an automorphism ¢ € Aut(G), we say that
¢ is w-bounded if {w(p(g)g™) —w(g) : g € G} is bounded below, and we define the

degree of  to be deg(y) = inf{w(p(g)g™!) —w(g) : g € G} € R.
Following [I Definition 4.5], we define Aut¥(G) := {¢ € Awt*(G) : deg(p) > Zﬁ},

and it follows from [I, Corollary 4.5] that Aut*(G) is a subgroup of Aut(G), and in

fact if G is p-saturated then Aut*(G) is a p-saturated group, with p-valuation deg.
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2.2 Abelian-by-procyclic Groups

Given an abstract group H, we say that H is metabelian if the commutator subgroup
(H, H) is abelian. Clearly if H is metabelian then H is solvable. In this thesis, we
will be particularly focused on studying the Iwasawa algebras for a particular class

of metabelian p-valuable groups.

Definition 2.2.1. Let H be a group, n € N. Define the n’th centre Z,(H) of H
inductively by Zy(H) := 1, and forn >0, Z,(H) :={h € H: (h,H) C Z;_1(H)}.

We define the upper central series of H to be the ascending chain of subgroups:

1=2y(H)C Zi(H) C Zy(H) C -

We say that H is nilpotent if the upper central series terminates at H, i.e. Z,(H) =
H for some n € N. The nilpotency class of H is the smallest integer n such that
Z.(H)=H.

Note that each 7, (H) is a normal subgroup of H, and Z;(H) = Z(H). By definition,
the second centre Zy(H) of H is equal to {h € H : (9, H) C Z(H)}, and we define

the centraliser of the second centre to be:

Cu(Zo(H)) == {h € H : (h, Zo(H)) = 1}. (2.1)

Observe the following properties of Ci(Z3(G)) for G a p-valuable group:

o Cu(Z3(@)) is a closed, isolated normal subgroup of G.

Cc(Z5(@)) is a proper subgroup of G precisely when Z5(G) # Z(G), e.g. if G

is nilpotent.

If G has nilpotency class 2 then Cg(Z2(G)) = Z(G).

If G is nilpotent then (G, G) C Cq(Z2(G)).

Lemma 2.2.2. For G any p-valuable group, U <, G, Cy(Z2(U)) = Ca(Z2(G)) N U.
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Proof. Firstly, we will show that Z,(U) C Z5(G):

If g € Zy(U) then (¢g,U) C Z(U) by definition, and Z(U) C Z(G) by [I, Lemma
8.4(b)], so (9,U) C Z(G). But we know that GP" C U for some n € N, so for all
h e, (g,h") € Z(G).

But Z(G) is an isolated normal subgroup of G by [I, Lemma 8.4(a)], so by [25,
1V.3.4.2], % carries a p-valuation @. Since (g, h*") € Z(G), we have that @((g, h*")) =
oo, but w((g, h*")) = w(g, h) +n by [32, Proposition 25.1], and hence @((g, h)) = co.
Thus (g,h) € Z(G) for all h € G, and g € Z5(G) as required.

Now, given g € Cy(Zy(U)), (g, Zo(U)) = 1, so if h € Z5(G) then h*" € Zo(G)NU =
Zy(U), so (g,h?") = 1. So since G is p-valued, applying [32, Proposition 25.1] again
gives that (g, h) = 1, thus g € Cu(Z2(G)) and Cy(Z2(U)) € Ca(Z2(G)). Conversely,
if g € C(Z2(G)) NU then (g, Z2(G)) = 1, so since Zy(U) C Zy(G), (g, Z2(U)) =1
and g € Cy(Z3(U)) as required. O

Now, the class of metabelian groups we will be particularly interested in in charac-

teristic p are abelian-by-procyclic groups:

Definition 2.2.3. A compact p-adic Lie group G is abelian-by-procyclic if there
exists H <' G such that H is abelian and % = Z,. For G non-abelian, H 1is unique,
and we call it the principal subgroup of G. It follows easily that Z(G) C H and

(G,G) C H, i.e. G is metabelian.

Note that if G is abelian-by-procyclic and nilpotent, with principal subgroup H, then

it is straightforward to see that H = Cg(Z2(G)).

If G is non-abelian, p-valuable abelian-by-procyclic with principal subgroup H, then
using Lemma we can choose an ordered basis {hy,--- ,hq, X} for G such that
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{h1,--- ,hq} is an ordered basis for H, and it follows that G = H x Z,. So since H

is abelian, G =2 ZZ X L.

Moreover, as described above, we can choose an element X € G\H such that for
every g € G, g = hX® for some unique h € H, o € Z,. We call X a procyclic element
in G.

Lemma 2.2.4. Let G be a non-abelian p-valuable abelian-by-procyclic group with
principal subgroup H, and let C' be a closed subgroup of G. Then C' is abelian-by-
procyclic. Furthermore, if N is a closed, isolated normal subgroup of G, then < is

N

p-valuable, abelian-by-procyclic.

Proof. Let H' := CNH, then clearly H' is a closed, isolated, abelian normal subgroup
of C. Now, % = HLFWC = CTH < % = Z,, hence % is isomorphic to a closed subgroup

of Z,, i.e. it is isomorphic to either 0 or Z,.

If % = 0then C = H = HNC so C C H. Hence C is abelian, and therefore

abelian-by-procyclic. If % = Zp then C' is abelian-by-procyclic by definition.

For any N < G, it follows from [25], TV.3.4.2] that % is p-valuable, and clearly %
is a closed, abelian normal subgroup of %
G ~ G/N .

Consider the natural surjection of groups % ~ 0N = BN

G/N
HN/N

I

If the kernel of this map is zero, then it is an isomorphism, so %

is abelian-by-procyclic by definition.

If the kernel is non-zero, then H—GN is a non-trivial quotient of % = Z,, and hence is

finite, giving that HN is open in GG. So H—]\],V is abelian and open in %, and it follows

that % is abelian, and hence abelian-by-procyclic. O]
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2.3 Non-commutative valuations

Let R be a ring, throughout this thesis, we assume that all rings are unital. In

Appendix , we define a ring filtration on R to be a map w : R — R U {oco} such

that for all x,y € R:

o w(z +y) > min{w(z), w(y)},
o w(zy) > w(z) +w(y),
e w(l) =0 and w(0) = occ.

Also recall from Appendix the definition of a Zariskian filtration w on R, and a
w-reqular element x € R. Also recall that w is a valuation if every element of R is
w-regular, i.e. w(zy) = w(x) +w(y) for all x,y € R. We will now see some examples

of filtrations which we use throughout:

Examples: 1. If I is a two-sided ideal of R, the I-adic filtration on R is given by
FoR =R and F,R = I" for all n > 0. If I = 7w R for some normal element 7 € R, we

call this the m-adic filtration.

2. If R carries a filtration w, then w extends naturally to M (R) via w((a;;)) =

min{w(a, ;) : 4,7 =1,--- ,k} — the standard matriz filtration.

3. If R carries a filtration w and I < R, we define the quotient filtration w : R/I —

ZU{oo},r+ I sup{w(r+vy):y € I}. In this case, gruz R/ = gr R/gr 1.
4. Let (G,w) be a p-valuable group with ordered basis g = {g1,--- ,gq}. We say that

w is an abelian p-valuation if w(G) C +Z for some n € Z, and w((g, h)) > w(g) +w(h)

for all g, h € G.
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If w is abelian, then using [34, section 4] and the natural @-module isomorphism
OG = O[[by, - - ,bg]], we see that OG carries a complete, Zariskian filtration w given
by:

w( Y AT 057) = inf{v,(\a) + Y nayw(g;) : a € N
aeNd 1<d
Note that this is not an integer valued filtration, but it takes values in %Z, where e
is the ramification index of K. So we may replace w by ew to obtain an equivalent,
integer valued filtration, which can be given explicitly by:
w( 3 Ab] - 057) = inf{v.(N\a) + Y enauw(g;) : a € N}
aeNd 1<d
Furthermore, using [34, Lemma 4.3], we see that the associated graded ring is isomor-
phic to k[t,t1,- - , k4], where k := O/mO is the residue field, t; = gr(b;) = gr(g; — 1)

and t¢ € kgr(p). We call w the Lazard filtration on OG.

5. Again, let (G,w) be a p-valuable group, and assume that w is abelian. It follows
that the algebras kG = OG/ () and KG = OG ®¢ K inherit filtrations wy and wg
from OG, where wy, is the quotient filtration and wg (r ® 77%) = w(r) — k. We also

call these Lazard filtrations, and their associated graded rings have the form:

gry, kG = k[Xy, -, X4].
gl KG 2kt t71 Xy, -+, Xqg].

Note that kG and OG are complete with respect to their respective Lazard filtrations,
but KG is not. In fact, we will see later that its completion will have the form of a

p-adically complete enveloping algebra.

Now, recall that a Noetherian domain D is a non-commutative discrete valuation ring
(DVR) if for any element x € Q(D), either x € D or z7' € D (here Q(D) is the
usual ring of quotients of D). Note that in this case, D is local, and every ideal of D

is two-sided of the form J(D)" = ™D for any pu € J(D)\J(D)?.
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Lemma 2.3.1. Let D be a non-commutative DVR, let v' be the J(D)-adic filtration
on Q(D), and let R := M, (D) for somen € N. Let v be the standard matriz filtration
on Q(R) = M, (Q(D)) corresponding to the v', then given r € R, r is v-reqular if and

only if r is normal in R, i.e. TR = Rr.

Proof. Firstly, if r is normal then R = Rr is a two-sided ideal of R, so rR =
M, (J(D)™) for some m € N, and v(r) = m. Suppose first that m = 0, i.e. TR = R,
and hence r is a unit in R, and v(r~1) = 0. Thus for any y € Q(R), v(y) = v(r~try) >
v(r7!) +v(ry) = v(ry) > v(y), forcing equality. Thus v(ry) = v(y) = v(r) + v(y),
and similarly v(yr) = v(y) + v(r) and r is v-regular.

More generally, if v(r) = m then r = p™s for some s € R with v(s) = 0, so since
rR = p™R it follows that sR = R and hence s is v-regular by the above, and it

follows that r is v-regular as required.

Conversely, if 7 € R is v-regular, then it is not a zero divisor in Q(R), and hence it
is a unit since Q(R) is Artinian. If v(r) = m then r = p™s for some s € R v-regular
with v(s) = 0. Thus v(s™') = —v(s) = 0, so s is a unit in R, i.e. sR = Rs = R.

Therefore » = ps is normal in R. O
This lemma motivates the following definition:

Definition 2.3.2. Let Q) be a simple, Artinian ring. A non-commutative valuation
on Q is a Zariskian filtration v : Q@ — Z U {0} such that zf@\ 15 the completion of Q)
with respect to v, then @ = Mi(Q(D)) for some complete non-commutative DVR D,

and v is induced by the matriz filtration induced by the natural J(D)-adic filtration.

2.4 Crossed Products

Given a ring R and a group G, recall from [29 Definition 1.5.8] that a crossed product
of R with G, denoted R x (G, is a ring extension R C S, free as a left R-module with

basis {g : g € G} C S* in bijection with G such that for each g, h € G:

20



e gR = Rg and
e GRhR = ghR.

Also, recall from [30], Definition 1.1] that for any crossed product S = R G there is a
group homomorphism o : G — Aut(R), known as the action, and amap 7 : G x G —

R* known as the twist, such that for all g,h € G, r € R:

e gr =0(g)(r)g and

o gh=r1(g.h)gh.

The crossed product is completely determined by its action and twist, in other words
for any homomorphism o : G — Aut(R) and any map 7 : G x G — R* satisfying
the conditions of [30, Lemma 1.1], there is a crossed product R* G with action o and

twist 7.

We prove some basic, algebraic properties of crossed products in Appendix [A.T] but

the following result is particularly essential:

Proposition 2.4.1. Let R be a ring with a complete, positive, Zariskian valuation
w: R — NU{oo}, let F be a finite group, and let S = R x F be a crossed product

with action o and twist . Suppose that w(o(g)(r)) = w(r) for allg € F, r € R.

Then w extends to a complete, positive, Zariskian filtration w' : S — NU{oo} defined

by w/(deF reg) = min{w(ry) : g € G}, and gryy S = (gr, R) * F.

Proof. From the definition it is clear that w'(s; 4+ s2) > min{w/(s1),w'(s2)}. So to
prove that w defines a ring filtration, it remains to check that w'(syse) > w'(s1) +

w'(s2).
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In fact, using the additive property, we only need to prove that w’(rgsh) > w'(rg) +

w'(sh) for all r,s € R, g,h € F. We will in fact show that equality holds here:

w'(rgsh) = w'(ro(g)(s)gh) = w'(ro(g)(s)v(g, h)gh) = w(ra(g)(s)v(g, h))

=w(r)+w(o(g)(s)) +w(y(g,h)) (since w is a valuation)

= w(r) +w(s).

The last equality follows because w(o(g)(s)) = w(s) by assumption, and since R
is positively filtered and (g, h) is a unit in R, it must have value zero. Clearly

w(r) + w(s) = w'(rg) + w'(sh) so we are done.

Hence w' is a well-defined ring filtration, clearly w'(r) = w(r) for all » € R, and
w'(g) =0 for all g € F. We can define 6 : gr, R — gry S;r+ F, 1 R— 1+ F,118S,

which is a well defined, injective ring homomorphism.

Given s € S, s = Y 1., solet A, :={g € F: w(ry) = w'(s)}. Then:
geF

gr(s) = 27,9+ Furyi1S = 3 (rg + Fu919) (G + F1S) = 3 0(gr(r,))er(9).

gEAs gEA, gEAs

Hence gr,, S is finitely generated over 6(gr R) by {gr(g) : ¢ € F'}. This set forms a
basis, hence gr,, S is free over #(gr R), and it is clear that each gr(g) is a unit in gr

S, and they are in bijection with the elements of F'.

Therefore gr S is Noetherian, and clearly R F is complete with respect to w’. Hence

w' is Zariskian by [28, Chapter II, Theorem 2.1.2].
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Finally, gr(rg)gr(sh) =gr(rgsh) since we have shown that w'(rgsh) = w'(rg)+w'(sh),
so it is readily checked that (gr R)gr(g)gr(h) = ((gr R)(gr(g))((gr R)(gr(h)), and

clearly (gr R)(gr(7)) = (gr(9))(gr R).

Therefore gr,, S = (gry, R) * F. O

2.5 The C(G,O)-action
Fix G a compact p-adic Lie group, and define:
C(G,0):={f:G— O : f continuous}.

Then C(G, O) is an O-algebra with pointwise addition and multiplication. Also, for

each n € N, define:

C,=C(G,-2):={f:G—

7m0 OO . f locally constant}.

Then each C), is an O-algebra, and there exists a surjective map:
Cotin: Cop1 = Coy f = (h: G — %,g — f(g) + 7"O).
Furthermore, there exists a surjective map
n:CG,O0)—=Ch, fr=(h:G— %,ng(g)jL?T"(?),
and clearly c¢,415, 0 cpy1 = ¢, for all n.
Lemma 2.5.1. C(G,0) = @ C,, in the category of O-algebras.

neN

Proof. Firstly, note that C'(G, Q) is m-adically complete, and thus

C(G,0) = imC(G, 0)/7"C(G, 0). (2.2)

neN

Consider the morphism of O-algebras:

0:C(G,0) = Cy, f = (f': G — 25,9 flg) +7"0)
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It is clear that this map is surjective, and if ©(f) = 0 then f(g) € 7O for all g € G,
so f € mC(G,0). Thus ker(0) = 7"C(G,0), so C(G,0)/m"C(G,0) = C,, and
the result follows from (2.2)). O

For convenience, set A,, := % for each n € N, and note that OG/7"OG = A,G.

Recall from [3], Proposition 2.5] that there exists an action p,, : C;, = Endp(A,G)
for each n such that if U <, G and f € C, is constant on the cosets of U, and r € A,,G

with r = 3 s4g9 for some s, € AU, then p,(f)(r) = > f(g9)sq9. Here G//U
9€G//U geG/ /U

denotes a complete set of coset representatives for U in G.

Consider the canonical homomorphisms:
v, : Endp(A,G) — Hom(OG, A,,G),
fr—(9:0G— OG/m"OG,r — f(r+ 1"OG)).
tnt1n : Hom(OG, A, 11G) — Hom(OG, A,,G),
f=(9: 0G— OG/m"OG,r — f(r)+ 7"OG).

These give rise to the following commutative diagram for each n € N:

Cn L) Endo(AnG) L> H0m0<OG,AnG)
Cn-HmT Nn+1,nT

Crpr 2% Endp(AniG) =5 Home(OG, Ayl G)

Now, using a similar argument to Lemma [2.5.1] we get
Homo (OG, OG) = lim Home (OG, 4,G)
neN
so it follows that there is a unique map from C(G, Q) = lim Cy, to Homp (OG, OG) =

neN
EndpOG making the corresponding diagrams commute.
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Definition 2.5.2. Define p : C(G,0) — Endp(OG) to be the unique morphism
defined above. We call this the canonical action of C'(G,O) on OG.

Note that for each n € N, f € C,,, g € G, pu(f)(9) = f(g9)g, and it follows that
for each f € C(G,0), we still have that p(f)(g) = f(g)g. Also, note that if f €
C(G, O) is locally constant, then p(f) is the same as the endomorphism defined in

[3, Proposition 2.5], and we have the following result:

Proposition 2.5.3 ([3, Proposition 2.8]). For each U <, G, let Cy = {f €
C(G,0) : f is constant on the cosets of U}. Then Cy is an O-subalgebra of C(G,O),
and for any right ideal I of OG, I is controlled by U if and only if p(Cy)(I) C I, i.e.
if and only if for all g € G, p(du,)(L) C I, where oy, is the characteristic function of

the coset Ug.

Since the canonical action of C'(G, O) on OG preserves the ideal (7), it follows that
it induces an action on kG which coincides with the action of C*(G, k) defined in

[3], so the previous proposition still applies when O is replaced by k.

Now let us assume that G is p-valuable, and let g = {g1,--- , g4} be an ordered basis

for GG. For each o € Zz, define i(ga) G — O,g_]ﬂ —> (ﬁ), where (B) = (’31) e (Bd).

«@ «@ (e %1 ag

Clearly igf) e C(G,0), so let ag“) = p(i) € Endo(OG). We call this the a-

quantized divided power. For each 7 = 1,--- ,d, if e; is the standard 7'th basis vector,

we let 0, := 8;61).

Proposition 2.5.4. Suppose that I is a right ideal of kG and 0;(I) C I for some

je{l,---,d}. Then I is controlled by a proper open subgroup of G.

Proof. Recall from [I, Lemma 7.13] that if V' is an open normal subgroup of G with
ordered basis {g1, - ,9s-1, 9%, , 9%, Gr41, -+ , ga} for some 1 < s <1 < d, then for

each g € G, p(dy,) can be expressed as a polynomial in 0, - - - , 0. So it follows from
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Proposition that if 0;(1) C [ for all i = s,--- ,r, then I is controlled by V.

Since we know that 0;(I) C I, it remains to show that we can find a proper, open
normal subgroup U of G with ordered basis {g1, - , gj_1. gf, Gj+1s - 5 9a}, and it will

follow that U controls 1.

Notation: Given d variables 1, - - - , x4, we will write z to denote the set {xy,- -, x4},

p

Z(;p to denote the same set, but with z; replaced by z, and z(; to denote the set

with x; removed altogether. We write * to denote x7" - - - x5

Let U be the subgroup of G generated topologically by the set 9, It is clear that this
subgroup contains GP, and hence it is open in G. Let us suppose, for contradiction,

that it contains an element v = g* where a € Zg and p 1 ;.

Recall from [I7, Definition 1.8] that the Frattini subgroup ¢(G) of G is defined as
the intersection of all maximal open subgroups of G, and since G is a pro-p group, it

follows from [I7, Proposition 1.13] that ¢(G) contains G? and [G, G].

Hence ¢(G) is an open normal subgroup of G, and % is abelian.

generates 299 Therefore up(G) =

Since g 5

i) generates U, it is clear that go(G)

( ———=(p.J)

B d
ggb(G)Um for some 3 € Z.

But we know that u = g%, so u¢(G) = gp(G)”. So since % is abelian, it follows

that gj‘j_pﬁ%(G) = g¢(G)” for some ~ € Z.

E—

d

But since p { «a;, o — pf; is a p-adic unit, and hence g;¢p(G) = g¢(G)j, where
_ . 9.,,9(G)
0; = vi(a; — pB;) L. Therefore % is generated by gqb(G)(j) = (f;(—G)

It follows from [I7, Proposition 1.9] that G is generated by 9 which has size d—1, and
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this is a contradiction since the rank d of G is the minimal cardinality of a generating
set. Therefore, every u € U has the form g_]fp for some [ € Zg, ie{gy, - ,gf, o qa}

is an ordered basis for U. O

Lemma 2.5.5. For any ordered basis {g1,+- ,9a}, @ = 1,---,d, 0; is a k-linear

derivation of kG.

Proof. The proof of the previous proposition shows that {g1,---,¢",-+- , ga} is an or-
dered basis for a proper, open normal subgroup U of G. Hence every element r € kG
can be written as rjg{ for some unique r; € kU, and 0;(r) = > jrjgg.

0<j<p 0<j<p
Since 0; is k-linear, to prove that it is a derivation it remains to prove that @(sgf tgl) =

sgf@i(tgé) + éh(sgg)tgﬁ for all s,t € kU, 0< 4,1 <p.

But 9;(sgltgl) = 0i((sgitg;))gl™) = (5 + D)(sgltg;?)gl™ = jsgltgl + lsgltg =

sg)0;(tg!) + 0;(sg))tg! as required. =

2.6 Mahler Expansions

The theory of Mahler expansions of automorphisms ¢ € Aut“(G) was developed in [,

Section 6], purely in a characteristic p setting. We now extend this to the general case.

Fix G a p-valuable group, let A be a O algebra carrying a complete, separated, O-
linear filtration v : A — ZU{oc}, and suppose there is a continuous map of O-algebras
7: OG — A. First we will need the following well-known result |25, II1.1.2.4], known

as Mahler’s Theorem:

Theorem 2.6.1. Let M be a complete, topological Z,-module, let d € N, and let

I Zg — M be any continuous map. Then for each o € N%, there exist coefficients

ma(f) € M such that mq(f) — 0 in M as a — oo, and for every [ € Zg, f(B) =

> mal(f)(%).

a€eNd
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. ; B By ... (B
Note: When we write (7) we mean (ai) (aj)
So, given an automorphism ¢ € Aut*(G), fix an ordered basis g = {g1,--- , ga} for

(G,w), and consider the map f: Z¢ — A, 3 — 7(p(g°)g~7).

Since A is a complete Z,-module, we can apply Theorem to obtain elements

ma(p,9) = ma(f) € A for every o € N? such that mqa(p,g) = 0 as &« — oo and

f(B) =71(p(g?)g™") = S ma(e, 9) (g) for every (8 € Zg, or in other words:
== aeN =

ro@®) = 3 malerg) (6>T(g5)- (2.3)

We call m, (@, g) the a-Mahler coefficient of ¢, and there is in fact an explicit formula

for these coefficients:

malp,g) =Y (~=1)*7 (a)T(SO(g”)g_"’)- (2.4)

v<a v
Recall the definition of the quantized divided power 8;00 € Endp(OG) for each o € N4
from the previous section, and recall that 0;06) (5_15 )= (g ) 25 for every 8 € Zg. It follows

from ([2.3) that for every g € G:

To(9) = Y malp, 9)T0\(9). (2.5)

aeNd -
Since 8§a) is O-linear, it is clear that this identity also holds for any g € O[G] after

we extend ¢ linearly.
In fact, ¢ extends to a continuous, O-linear automorphism of OG by the proof of [I,

Lemma 6.6], so we may consider the homomorphism 7¢ : OG — A. Since ¢ and 7

are continuous, this is a continuous homomorphism.
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Also, since A is complete and m,(¢,g) — 0 as a — oo, it follows that the sum

™ ma(e, g)T@éa)(r) converges for every r € OG. So since 85()‘) is continuous and
aeNd - B

O-linear, we see using ([2.5)) that:

T =Y malp,g)T0}" (2.6)
aeNd
as continuous O-linear endomorphisms OG — A. We call this expansion for 7¢ the

Mabhler expansion of .

2.7 Lie theory

As in the classical theory of Lie groups, to each compact p-adic Lie group G we can
associate a Q,-Lie algebra g, indeed it is shown in [32] that g can be regarded as the

tangent space to GG at the identity, completely analogously.

However, following [I7], we instead use a more algebraic construction. This is a well
known theory, which we outline fully in Appendix [C.I, where we define the Z,-Lie
algebra Ls = log(G) of a p-saturated group G to be the subset of the completion
(@Z} with respect to the Lazard filtration consisting of elements of the form log(g)
for g € G.

Also, recall from Appendix that every p-valuable group G can be embedded
as an open subgroup into the p-saturable group Sat(G), and we define the Q,-Lie

algebra of G to be gg := Lsaq) @z, Qp.

Given an automorphism ¢ € Aut”(Sat(G)), consider the image ¢, of ¢ under the

transport of structure functor, i.e. for any u € £ = log(Sat(G)),
s (u) = log(p(exp(u))).
This is a Z,-linear derivation of £, and recall from [Il, Proposition 4.6] that deg(y. —

1) > -1 where deg(c) denotes the degree of a linear endomorphism of £, as defined
p

in Appendix This gives rise to the following definition:
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Definition 2.7.1. Let ¢ € Aut“(G), and let ¢ be the extension to Sat(G). Then

define the logarithm of ¢ as:

(¢) : Sat(G) — Sat(G). g+ exp ((Z(_I—Qf“m - 1)”) <1og<g>>) 27)

n>1

. g . ~ . -1 n+1 ,
This definition makes sense because since deg(p,—1) > ﬁ, the series ;1% (Px — 1)"
nz
converges as an endomorphism of £. We will see later that given certain conditions
on @, we can raise z(p) to sufficiently high p’th powers to ensure that its image lies

in G.
2.8 Affinoid Enveloping Algebras

In Appendix D] we define an affinoid K-algebra as a quotient of the commutative Tate
algebra K (ty,--- ,tq) of convergent power series in K. In this section, we define a
non-commutative equivalent of affinoid algebras. First, recall the following definition

[0, Definition 2.7]:

Definition 2.8.1. Let V' be a K-vector space. An O-lattice in V' is an O-submodule

N of V such that (\7"N =0 and N o K =V.

neN
Note that every O-lattice N in V induces an exhaustive, separated filtration wy on

V' given by
wy(u) :==sup{n € Z:u e 1" N}.

This is the m-adic filtration on V associated to N. If V is finite dimensional, then
V and N are complete with respect to wy, and if Ny, Ny are different lattices then
wy, and wy, are topologically equivalent. More generally, the completion of N with

respect to wy is the O-module defined by:

N = l'&lN/W"N (2.8)

neN
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while the completion of V' with respect to wy is the K-vector space V=N K =

N®oK.

Now, let g be a finite dimensional K-Lie algebra, and let £ be an O-Lie lattice in
g, i.e. L is an O-lattice in g and it is closed under the Lie bracket. Note that the

enveloping algebra U(L) is an O-lattice in U(g).

Definition 2.8.2. Define the affinoid enveloping algebra of £ with coefficients in O

—

to be U(L), the completion of U(L) with respect to its w-adic filtration. Also, define

—_—

the affinoid enveloping algebra of £ with coefficients in K to be U(L) - == U(L)Rp K

— the completion of U(g) with respect to the m-adic filtration associated to U(L).

The following lemma is a straightforward consequence of the Poincaré-Birkoff-Witt

theorem, see e.g. [26, Proposition 2.5.1] for the proof.

Lemma 2.8.3. If we let {z1,--- , x4} be a K-basis for g which forms an O-basis for

—

L, then U(L) is isomorphic as an O-module to the Tate algebra O{xy, - ,x4), and

—

hence U(L) is isomorphic to K(x1,--- ,xq) as a K-vector space.

Now, let M be a g-representation, i.e. a U(g)-module, and let N be an O-lattice
in M such that £- N C N, and suppose that N is w-adically complete. Then it

—_—

follows that M has the structure of a U(L),-module. Unless otherwise stated, we

will assume that all modules are left modules.

—

Proposition 2.8.4. Let M be a finitely generated U(L)-module. Then M contains

an O-lattice N such that N s w-adically complete and L- N C N.

— — — —_—

Proof. M =U(L);mi+---+U(L)ms, solet N :=U(L)my+---+U(L)ms, clearly
N is an O-lattice in M.
Note that since (7(2) is m-adically complete and gr (7(2) = k[t,uy, -, ug] is Noethe-

—

rian, it follows from [28, Ch. 2, Theorem 2.1.2] that the w-adic filtration on U(L) is
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_——_5

Zariskian, and hence any left submodule of (T(Z)S is closed in U(L) .

——s

Since N = U(f) for some left submodule J of U/(Z), it follows that N is m-adically

complete. O

2.9 Completions of KG

Recall from section [2.7|that we define the associated Lie algebra L of a p-saturable
group G to be a subset the completion @ of Q,G with respect to the Lazard filtra-
tion. In this section, we will explore how we can describe completions of the rational

Iwasawa algebra K G using this Lie algebra. Throughout, we will assume that p > 2.

The most obvious completion of K G is with respect to the Lazard filtration wg. The

following result allows us to realise this as an affinoid enveloping algebra.

Theorem 2.9.1. Let G be a p-saturable group. Then the completion KG of KG
with respect to the Lazard filtration is isomorphic to an affinoid enveloping algebra
U/(Z)K, where L is an O-Lie lattice in go ®q, K containing Lo @z, O. Indeed, if G

is uniform, then L = Z—l)EG ®z, O.

Proof. This follows from [25, Théoreme IV 3.2.5] in the case where K = Q,. By
extension of scalars, we get an embedding KG — (7(?) 5 of K-algebras, continuous
with respect to the Lazard filtration on K'G and the m-adic filtration on U/(Z) - Since
the latter is complete, it follows that this is a dense embedding.

The same argument was repeated in the case where G is uniform in [0, Theorem

10.4], in which case £ was taken to be %EG ®z, O. O

This is a useful result, because from the point of view of calculation, it is easier to
work inside the affinoid enveloping algebra than the Iwasawa algebra. This is not

always the best completion, however, since it it not faithfully flat over KG.
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Perhaps a better choice for a completion of KG would be the distribution algebra
D(G, K) of G with coefficients in K in the sense of [34]. In this case, the natural
dense embedding KG — D(G, K) is faithfully flat by [34, Theorem 4.11], but un-
fortunately D(G, K) is not Noetherian, so it would be difficult in practice to extract

general ring-theoretic information from D(G, K).

However, for each n > 0, consider the crossed products Dyn = Dpn(G) :=U ( L) i
= as defined in [6, Proposition 10.6], which arise as a Banach completions of KG
with respect to the extension of the dense embedding KGP" — m) x to KG =

KGP" Gpn. These algebras give rise to an inverse system:

—

KG—--+— Dy — Dyp—D,— Dy=U(L)y

and we strongly believe that D(G, K) = l&n Dyn. So since D(G, K) is faithfully flat
n—oo

over KG, we want to approximate D(G, K) using the Noetherian Banach algebras

D,n, and thus limit how much information we lose. The following result makes this

more precise:

Proposition 2.9.2. Let P be a primitive ideal of KG, then for all sufficiently high

n € N, there exists a primitive ideal ), of Dpn = U( nL) . *-r such that Q,NKG =

KGP

P.

Proof. Since P is primitive, P = Anngg M for some irreducible K G-module M.
Using [6, Proposition 10.6(e), Corollary 10.11], we see that for n sufficiently high,
M := Dyn @ M # 0.

Since M is irreducible and M # 0, the natural map M — M ,m — 1 ®mis
injective. And since D,» is a Banach completion of K'G with respect to some filtration
w, it follows that M is a completion of M = KGm with respect to the filtration

v(rm) = sup{w,(r +vy) : y € KG and ym = 0}.
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Therefore, if r € P, i.e. 7M = 0, then passing to limits shows that rM = 0, so
P C Ananl\//T: (Annp_, ]\/4\) N KG.

Now, since Dy~ is Noetherian and Misa finitely generated D,»-module, we can choose
a maximal submodule U < M, and let M’ := M /U — an irreducible D,»-module.
Also note that U is finitely generated by Noetherianity of D,», so completeness of

D, implies that U is complete, and hence closed in M.

Since M is irreducible, the composition M — M — M’ is either injective or zero.
If it is zero then M C U, and since U is closed in M , it follows that M C U and

M’ = 0. This contradiction implies that the composition is injective.

Finally, let @, = Annp, M’, then @, is a primitive ideal of Dy, and P C
AnnKG]\/j C AnngegM' = Q, N KG. Also, if r € Q,, N KG then rM’ = 0, so since
MC M, rM=0andr € P. Thus P =Q,, N KG as required. m

Remark: The proof of [0, Proposition 10.6(e), Corollary 10.11] cited in the above
proof was proved in [6] only in the case where K/Q, is an unramified extension, but

the proof carries across.

Lemma 2.9.3. Let A be a free abelian pro-p group of rank d, A := %log(A). Then
% = Cy X -+ x Cy where each C; = (¢;) = (g;AP) is a cyclic group of order p, and
D, = D,(A) is an iterated crossed product:

—

D, =U(pA)+«Cy*---%Cy
where for each i =1,--- de" =c for0<r <p, andc? = g¢.

d
Proof. Firstly, it is clear that since A = ZZ that % = (ﬁ)d =Cyx--xCy

as required.
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For the second statement, it suffices to prove that KA = KAP x Cy % --- % Cy, and
that this decomposition satisfies the same properties, since it will be preserved after

passing to the completion.

Choose a Z,-basis {g1, -+, g4} for A, and we may assume that C; = (¢;) where

¢; = giAP. Then every element r € KA has the form Y r,g7" - - gy for some r, €
aglp—1]¢

KAP and rissent to > rucft--- ¢y under the isomorphism KA — KAP %.

aglp—1]4
So, since g;, g; and g;g; are sent to ¢;, ¢; and ¢;¢; respectively, it follows that ¢;¢c; = ¢-¢;

for each 7, j. Hence KA = KAP x Cy % --- x Cy.

Finally, for 0 < r < p, g7 is sent to ¢}, and hence ¢;” = ¢}, and g € K AP is sent to

gY, so ¢P = g as required. O

2.10 The Adjoint algebraic group

Let g be a finite dimensional nilpotent K-Lie algebra, and let £ be an O-Lie lattice
in g. In Appendix|[C.2] we define the adjoint algebraic groups associated to g and pL.

These are group functors, and we denote them by G and Gy respectively.

Then G is an affine K-scheme, isomorphic to A% where m = dimg ad(g) = dimg %.
Therefore, we show in Appendix [D] that we can identify the rigid analytification G*"
with G. Also, for every finite extension F'//K, Go(Op) is an open affinoid subgroup of
G(F'), when considered as a rigid variety, isomorphic to the polydisc Dj*(F'). There-

fore, we can consider GGg as an open affinoid subdomain of G.

Given A € g*, let X be the coadjoint orbit of A in g*, and let S be the stabiliser of A

in G, ie S(F):={g€G(F):g-X= A}, asubgroup functor of G.
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Lemma 2.10.1. There exists an isomorphism of K -varieties G = S x X such that

the map G — X, g+ g- X\ is just the natural projection S x X — X.

Proof. Since G is affine and S is closed in G, we see using [10, Theorem I1.6.8] that
the quotient variety G/S exists. Since the orbit map G — X is surjective and K
has characteristic 0, it follows that this map is separable in the sense of [10, AG.8.2],
and hence using [10, Theorem AG.17.3] and [I0, Proposition 11.6.7] it follows that
X = G/S and that the map G — X is the quotient map. Since X is closed in g*, it

follows that G/S is affine.

Now, using [22, 1.5.6(1)] we see that G x S = G x5 G as varieties, and using this
isomorphism, it follows that the natural map G — G/S is an S-torsor in the sense

of [14, Ch.III Definition 4.1.3].

Therefore, since S is unipotent and G/S is affine, it follows from [14, Ch.IV Propo-
sition 4.3.7(b)] that the torsor G — G/S is trivial, i.e. G = S x G/S =5 x X as

varieties and the map G — X is just the projection to the second factor. O

For each finite extension F/K, there exists a canonical action of Go(Op) by contin-

uous automorphisms on the affinoid enveloping algebra U(L) ., simply by applying

—_—

the exp series to the endomorphisms ad(u) : U(L), — U(L) for u € pLp, which is

well defined since ad(u)P" converges to 0 as n — oc.

—

Note: 1. The action of Gy on U(L), preserves two-sided ideals.

—

2. If a is an ideal of g and A := a N L, then the action of Go(O) on U(L), restricts

— —

to U(A),. We say that an ideal I of U(H), is Go-invariant if g(I) = I for all

g € Go(O), and I is Gg-prime if it is Go-invariant and for any Ge-invariant ideals

—

ABof UH), AB C I implies that A C [ or B C .

36



Proposition 2.10.2. Let h be an ideal of g, and let H := h N L. Then if P is a

prime ideal of U(L), then Q := PNU(H) is a Go-prime ideal of U(H), so in

particular, it 1s semiprime.

Proof. Clearly @) is Gg-invariant, so suppose that A, Ay are Gy-invariant ideals of

—

U(H), such that A; Ay C Q-

Note that for any u € 7L, exp(ad(u)) — 1 sends U/(Z) to 7TU/(Z>, so it follows that we

can write ad(u) as log(exp(ad(u))). Since exp(ad(u))(A;) = A; for both i, it follows

that ad(u)(A;) C A;, and hence Ay, Ay are g-invariant.

It follows that (7(2) A= AJT(\E) 5 are two-sided ideals of IT(E) 5, and (7(2) KAlU/(Z) Ao =
U/(E)KAlAgU/(Z)K C U/(E)KQ C P. Therefore, since P is prime, we may assume

—

without loss of generality that U(L),A; C P, and hence A; C @ as required.

Finally, if we let Py, - -, P, be the minimal primes above @, then for every g € Gy(O),
g(P;) = P; for some j. Therefore /Q := Py N---N P, is Go-invariant, so since @Q is

Go-prime, it follows that /@Q = @ and @ is semiprime as required. O

2.11 J-ideals

Recall that we are interested in primitive ideals and weakly rational ideals in KG.

In this section, we will explore how we generalise these concepts.

Proposition 2.11.1. Let P be a primitive ideal of KG, then Z(KG/P) is finite

dimensional over K, and hence P is weakly rational.

Proof. By definition, P = Anngg M for some irreducible KG-module M. Then it
follows from [I8, Theorem 1.1(1)] that the algebra EndggM of G-equivariant K-

linear endomorphisms of M is a finite dimensional K-algebra.

Now, there exists a well defined, injective homomorphism of K-algebras:
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Z(KG/P) = EndgigM,z + P — (¢, : M — M, m +— zm)
so it follows immediately that Z(KG/P) is finite dimensional over K. O

It is a useful condition for Z(KG/P) to be a finite field extension of K, however it

will often necessary for us to work in slightly more generality:

Definition 2.11.2. Let Z := Z(G). Then given a right ideal I of KG, we say that
Iis a J-ideal of KG if KZ(G)/I N KZ(G) is finite dimensional over K.

Using Proposition [2.11.1} it is clear that primitive ideals are J-ideals.

Lemma 2.11.3. Let P be a prime J-ideal of KG. Then PN KZ(G) is a mazximal
ideal of KZ(G).

Proof. Since P is prime in KG, @ := PN KZ(G) is prime in KZ(G). So since
KZ(G)/PNKZ(G) is a domain, finite dimensional over K, it is in fact a finite field

extension of K, hence PN KZ(G) is maximal in KG. O

Lemma 2.11.4. Suppose G is nilpotent, and let P C @ be prime J-ideals of KG
with P faithful. Then @) is also faithful.

Proof. Let F1 = KZ(G)/PNKZ(G), Iy = KZ(G)/QNKZ(G), then Iy, F» are finite
field extensions of K, and clearly the natural surjection KG/P — KG /@ reduces to

a field extension F; < Fj.

Since QT = {g € G : g — 1 € Q} is a normal subgroup of G, using nilpotence
of G we see that if QT # 1, then there exists 2 € Q' N Z(G) with 2z # 1. Thus
2+ P 1+PeF) CF, and 2+ Q =1+ Q, which implies that 2z + P =1+ P and
hence z — 1 € P. So since P is faithful, z = 1 — contradiction.

Therefore, Qf = 1, and hence Q is faithful. O

Lemma 2.11.5. Let U be an open normal subgroup of G, P a prime ideal of KU
such that PKG s a J-ideal of KG. Then P is a J-ideal of KU.
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Proof. Since PKG N KU = P by Lemma [B.2.1fii), we have an injection of KU-

modules KU/P — KG/PKG), and this map sends KI;(ZJ%) 5 to KZ(%ZgﬂS}?g KG.
But Z(U) C Z(G) by [1, Lemma 8.4(b)], so this image is contained in K Z(G)/K Z(G)N
PKG, which is finite dimensional over K by the definition of a J-ideal. Hence

KZ(U)/KZ(U)N P is finite dimensional over K as required. O

Lemma 2.11.6. Suppose I is a J-ideal in KG and I C I' for some right ideal I' of
KG. Then I' is a J-ideal of KG.

Proof. Setting Z := Z(G), since [ is a J-ideal, KZ/I N KZ is finite dimensional
over K. But I C I, so there is a surjection KG/I — KG/I' of KG-modules, and
KZ/KZ NI is the image of KZ/KZ NI under this map.

So since KZ/KZ NI’ is the image of a finite dimensional K-vector space under a

K-linear map, it is also finite dimensional over K, making I’ a .J-ideal. O

Now, recall from Definition how we define a non-splitting prime ideal of KG,

as well as a virtually non-splitting right ideal.

Theorem 2.11.7. Let A be a closed subgroup of G, and suppose that all faithful,
virtually non-splitting right J-ideals of KG are controlled by A. Then all faithful,

prime J-ideals of KG are controlled by A.

Proof. This is similar to the proof of [I, Theorem 5.8].

Let P be a faithful, prime J-ideal of KG, and let P = I, N---N I, be an essential
decomposition for P in the sense of [29, Definition 2.2.1], with each I; a virtually
prime right ideal of KG, as defined in Definition [B.2.2] and I, -- , I, forming a

single G-orbit.
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Setting » = 1, I; = P, it is clear that such a decomposition exists, so we will as-
sume that r is maximal such that a decomposition of this form exists. We know that

r is finite because K'G/P has finite uniform dimension in the sense of [29, Chapter 2].

So, by Theorem each I; is a virtually non-splitting right ideal of K'G, and
since P C [; it follows from Lemma [2.11.6| that [; is a J-ideal. Furthermore, since
P is faithful, it follows from Lemma that each [; is faithful. Therefore, by

assumption, [; is controlled by A, so I; = (I; N KA)KG for each j.
Since P = I1N---NI,, we have that (PNKA)KG = (LNKA)N---N([,NKA))KG =

(LNKA)KGN---N(I,N KA)KG by Lemma [B.2.1](i). So since (I; NKA)KG = I;
for each j, (PNKA)KG = I1N---N1I, = P, thus P is controlled by A as required. [
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Chapter 3

Applications of Mahler Expansions

In this chapter, we will examine Mahler expansions in depth, and explore how they

can be used to deduce control theorems for faithful prime ideals in the Iwasawa al-

gebra OG.

Throughout the chapter, we will fix a complete, p-valued group (G, w) of finite rank,

and an automorphism ¢ € Aut*(G).

3.1 Mahler Automorphisms

First, suppose that A is an O-algebra carrying a complete, separated, O-linear fil-
tration v : A — Z U {oo}, and that 7 : OG — A is a continuous, O-linear ring

homomorphism, and we will suppose further that the restriction of 7 to G is injective.

Given an ordered basis g = {g1,- -+, ga} for G, recall expression (2.5 for the expan-

sion of T7¢(g) in terms of the Mahler coefficients m, (¢, g).

Even though there is a formula for Mahler coefficients (2.4)), in practice they are very
difficult to calculate. Therefore, we will explore a particular class of automorphisms

for which there is a more workable formula.

Definition 3.1.1. Suppose g = {g1,---, g4} is an ordered basis for G, and ¢ €

Aut*(G). We say that ¢ is a Mahler automorphism with respect to g if its Mahler
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coefficients satisfy:

ma(p,9) =7(p(g1)gr ' — D™ -+ 7(@(ga)g; " — 1) for all o € Z2.

The following proposition simplifies the task of finding Mahler automorphisms. For

convenience, we write 1(g) := p(g)g~* for g € G:

Proposition 3.1.2. Given an ordered basis g, the following are equivalent:

i. @ is a Mahler automorphism with respect to g = {g1,--- , ga}.
i (g”) = [Tz ¥(g:)* for all § € N*.

iti. P(g;) commutes with g; for all j <.

Proof. (ii = i) Given by the proof of [I, Lemma 6.7]

(1t = i) Recall from 1} that ma(cp,g) = Z(—l)a_ﬁ(g)Tw(gf1g§2~~~ggd), SO

BLa
suppose that for all o € N%:

ma(p,g) = T((g1) — D) 7(p(g2) — 1)*% - - - 7(¢(ga) — 1)

Given i = 1,--- ,d, we will first prove that w(gzﬁ) = 9(g;)? for any f3; € N.

This is clear if 8; = 0, so suppose, for induction that ¥ (g¥) = 1(g;)* for all 0 < k < ;.

Then setting o = (0,0,---,5;,---,0), we have that mq(p,9) = 7(¢¥(g;) — 1)% by

assumption, and this is equal to (ii)(—l)ﬁi_kw(gi)k using binomial expansion.
k<pB;

Also, mq(p,9) = > (—1)%F (i)T (g¥). So it follows that:
k<B;
0= rmo(.9) = T(lgs) = 1% = 22 (D) (rolar) - ml9)") =

T(g7") — T (9:)".
Therefore, Tz/)(giﬁ 1) = 79(g;)%, so since 7 is injective when restricted to G, it follows

that ¥(g/") = ¥(g;)%.
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Now, suppose that for some m with 1 < m < d, we have that w(glﬁ1 N I
¥(g1)? - 1(gm)Pm for all B; € N. We have proved this for m = 1, so we will now

show that it holds for m + 1 and apply induction.

Also, we may suppose that for all k < fuar, $(g0" -+~ 9mgh 1) = (g7 - g2 (g,

because it is clear that this holds for (,,,1 = 1, so we can apply a second induction.

Let o = (51, P2, 5 Bms1,0,- -+ ,0), then by assumption, we know that m.(p,g) =

7(¢¥(g1) — 1) 7((g2) — 1)P2 - - 7(¥(gimy1) — 1)P+1, so expanding this expression out

using the binomial theorem, we get:
ma(%ﬂ) = ; (_]')aify (:)T¢(91)71 e Tw<gm+1)fym+l'
TS«
Also, we know that ma(p,g) = S (=1)*77(3)7¢(9" 5> - - - gprii'), so taking the

7<a 7
difference, we get:

0=ma(e,g9)— [] 7@W(g) -1 =

1<i<m+1
(0 () (gl g gl = (g T (g )
v
r<a

So since (g7 g3 -~ ) = $(1) -+ T (Gourt) 1 Whemever Youps < s, it fol-
lows that 7¢(g)" g5 - - gori ) =T(91)P" - - - T (Gmyr )P+t = 0, and hence (g} g5° - - - gy ) =

¥(g1)P - - (gma1 )P+t by injectivity of T restricted to G.

(11 = i) Given ¢ < j, we have that ¥(g;9;) = ¥(g:)¥(g;), so by the definition of

1:

b, 0(9i9;)(9:95) " = (91)g; " e(gi)g; "

Therefore, 0(g:)¢(9;)g; '9; ' = (9:)9; " e(95)g; ", s0 ©(g;)g; 9t = g5 'olgs)g; s ie.
g9 ' (g;) = ¥(g)gi
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So ¥(g;) commutes with g; ', and hence it commutes with g;.

(19 = i) This is clear from the definition of . O

Remarks: 1. It need not be true that if ¢ is a Mahler automorphism then " is also

a Mahler automorphism. However, we will usually impose this condition.

2. It follows from the proposition that the Mahler automorphism property is inde-

pendent of the choice of A and 7.

Examples: 1. Suppose that ¢ € Aut?(G) is trivial mod centre, i.e. p(g)g~* € Z(G)

for all g € G. Then for any ordered basis g = {g1,--- , ga}, ©(g:)g;* is central, and

)

so commutes with g1, -, g;.

So by the proposition, ¢ is a Mahler automorphism with respect to any basis. In fact,
the proposition shows that if ¢ is a Mahler automorphism with respect to any basis,
then ¢ is trivial mod centre. But it is possible for ¢ to be a Mahler automorphism

with respect to some basis, and yet not be trivial mod centre.

2. It is not very useful to our purposes for our automorphism to be a Mahler au-
tomorphism only with respect to some arbitrary ordered basis, as we may not have
that much freedom of choice. In general, we need there to be some canonical form

that we can exploit:

Definition 3.1.3. Let Z = Z(G), and suppose there exists a closed, isolated normal
subgroup H of G such that Z C H and(g) = ¢(9)g~ " € Z(H) for allg € G. We say
that o is an H-Mahler automorphism with respect to an ordered basis {Hgy,--- , Hg: }
for S if(g;) € Z for each i.

Furthermore, we say that ¢ is a strong H-Mahler automorphism with respect to

this basis if ¥(g;) = 1 for each i.
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Now, suppose that {hy,--- , hq} is any ordered basis for H, then it follows that
{h1,"+ ,ha, g1, -+ ,g:} is an ordered basis for (G,w). So if ¢ is an H-Mahler auto-
morphism with respect to {Hgy,- -, Hg;:}, then since 1(h;) € Z(H) for every i, it
follows that ¢ (h;) commutes with hy,--- , h; for every i < d. Also, ¢(g;) € Z(G) for
every j <t, so ¢(g;) commutes with hy,--- , hq, g1, - , g;-.

Therefore, it follows from Proposition [3.1.2 that ¢ is a Mahler automorphism with

respect to {h1, -, ha, 91, , Gt }-

We will make use of this example throughout the chapter, since once we have estab-
lished a canonical subgroup H, we have complete freedom over the choice of ordered

basis for H.

3. (Key example) Let G be a non-abelian, abelian-by-procyclic group, in the sense
of Definition [2.2.3 with principal subgroup H and procyclic element X. So for any
basis {hq,--- ,hq} for H, {hy,--- , hq, X} is an ordered basis for G.

Let ¢ be the inner automorphism of G induced from conjugation by X. Then since

& is abelian, ¢(g)g~' € H for all g € G, and clearly p(X)X ' = 1, so it follows

. . . . G
that ¢ is a strong H-Mahler automorphism with respect to the basis {HX} for .
Furthermore, if G is not nilpotent, or indeed if it has nilpotency class greater than 2,

then ¢ is not trivial mod centre.

In the next chapter, we will focus solely on this example, and use the theory we

develop in this chapter to prove Theorem
4. (Non-example) Let H := (X,Y,Z) where Z is central and XY X! = Y ZP be

the Heisenberg group, and let G = H x (U) where UXU™! = X", UYU™! = Y7,

UZU = Z" for some r € Z, with r # 1 and r = 1 (mod p).
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Then G has no H-Mahler automorphisms, and hence no Mahler automorphisms

that respect the canonical structure of the group.

3.2 Mahler Approximations

We will now explore some properties of Mahler automorphisms that will be useful
in our analysis. For now, we will assume that (G,w) is p-saturated, and recall the
definition of the logarithm z(¢) of ¢ from Definition Then we have the following

useful result, analogous to [I, Proposition 4.9]:

Lemma 3.2.1. Let ¢ € Aut“(G) be an automorphism, and suppose that there exists

g € G such that for every n € N, g commutes with ¢"(g). Then:

e 2(p)(g) commutes with ©"(g) for all n.

m

For sufficiently high m € N, 2(¢)(g)"" = ¢"" (9)g~* (mod szm),

e 2(p)(g) = lim (""" (g)g~ ") ".

m— 00

(o

For alln € N, z2(¢"")(g9) = 2(¢)(g9)*".

Proof. Since G is p-saturated, £ = log(G) is a saturated Lie algebra, so recall the
definition of the Lie automorphism ¢, of £, and that ¢, (log(g)) = log(p(g)) for all
g € G. So using Definition [2.7.1], we see that

log(2(¥)(9)) = <n;%(so* - 1)”) (log(g)) = log(y.)(log(g))-

Now, since ¢"(g) commutes with g for all n € N it follows easily that ¢™(g) and ¢ (g)

commute for all n,m € N. But (¢, — 1)(log(g)) = log(x(g)) — log(g) = log(¢(g)g™)

since ¢(g) and g commute, and an inductive argument shows that (¢, —1)"(log(g)) =

log(a) where a is a product of elements of the form ¢’(g)* for integers ¢, s.
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It follows immediately that ¢"(g) commutes with log(z(¢)(g)) for all n, and hence
it commutes with z(¢)(g) = exp(log(z(¢)(g))) for all n, so we deduce the first state-

ment.

For the second statement, we will show that log(z(¢)(g)?") = log(¢?" (g9)g~*) (mod

p?™L), and since ¢*" (¢)g~' commutes with z()(g)P", the statement will follow.

Firstly, log(z(¢)(9)"") = p™ log(2(¢)(g)) = p™ log(g.)(log(g)), so set u := log(g) € L

so that g = exp(u).

Then since g commutes with ¢?" (g), we see that log(?" (g)g™!) = log(¢?" (g)) —

log(g) = ¢%" (u) — u. But

@ (u) = exp(log(?™))(u) = %’ﬁ—r(log(%))"(u) = u+ p" log(e.)(u) + p*™ B

for some f,, € L. Thus log(¢”" (9)g™")—log(2(¢)(9)"") = ©¥" (u)—u—p™ log(.)(u)

P B € ML as required.

Since ©?" (g)g~" commutes with z(¢)(g) for all m and z(p)(g)?" = @™ (g)g~'a?." for

some a,, € G, it follows that z(¢)(g) = (¢ (9)g~ )P "aP". Since G is p-valuable,

m

aP

p> — 1 as m — oo, so taking the limit on both sides as m — oo gives that

2()(g) = lim (" (9)g~')P " as required.

m—ro0

For the final statement, we know that z(¢”")(g) = lim (""" (g)g~")* ", while
m—r0o0

(e

n . m _ —m\P . m _ n—m . m—n)+n _ n—m
)9l = (Tim (¢ (9)g ") = Tim (¢ (g)g " = lim (2" (g)g

m—00 m—00 m—00

and clearly these limits are equal as required. O

Now, recall that a p-valuable group G embeds as an open subgroup into the p-
saturated group Sat(G). Given ¢ € Aut“(G), assume that ¢" is a Mahler automor-

phism with respect to some ordered basis g = {g1, -+ ,ga} for G for all n € N, and
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let ¢ be the canonical extension of ¢ to Sat(G).

Then since ¢"(g;) commutes with g; for each ¢ by Proposition [3.1.2] it follows from
Lemma that z(3")(g;) = 2(®)(gs)P" for each 4. Since G is open in Sat(G), we

can choose m € N such that Sat(G)P" C G, and hence z(@P")(g;) € G for each i.

Now, as in the previous section, fix an O-algebra A with a separated, O-linear fil-
tration v : A — Z U {oo}, and let 7 : OG — A be a continuous O-linear ring
homomorphism whose restriction to G is injective. Note that since 7 is continuous,
the subgroup V,, = {g € G : v(7(g — 1)) > r} is open in G, so it follows that for each

r > 0 there exists m € N such that v(7(¢g?" — 1)) > r for all g € G.

Definition 3.2.2. Suppose ¢ € Aut?(G) and ¢" is a Mahler automorphism with
respect to g = {g1, -+ ,ga} for every n € N. Fix an integer my > 0, which we call

the initial power, satisfying:
e Foreachi=1,---,d, z2(¢""")(g:) € G.
o IfT(p) =0 then v(1(g""" — 1)) >0 for all g € G.

o If7(p) #0 then v(t(g?"" — 1)) > v(7(p)) for all g € G.

Note: We are free to choose my to be arbitrarily high.

For each m € N, define the m’th Mahler approximation function to be u,, : G —

Sat(G), g~ 2(¢"")(g), and if my is the initial power, define U = Uy, .

The following result, completely analogous to [I, Proposition 7.7], will be particularly

useful to us, as it allows us to approximate Mahler coefficients very accurately.

Proposition 3.2.3. Let g = {g1,--- , ga} be an ordered basis for G such that ¢ is a

Mahler automorphism with respect to g for everyn € N. For eachm € N, i =1,---d,
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o v(ma(e?" g) —q3) Z P if T(p) = 0.
o v(ma(”" ", g) = q%) = (2m +m)v(7(p)) if T(p) # 0.

Proof. By the definition of a Mahler automorphism, for each m € N, a € N
ma(e?",9) = T(¢"" (g1)gr " — D)™ - (9" (9a)gg " — 1) So for each i = 1,---d,
m € N, define e;,, = T(gppm+m1 (9)g; " — 1) = Gim, and:

m—+mq

mOl(gOp 7g) = (qu + el,m)a1 e <Qd,m + ed,m)ad = qa + 5m,a

where d,,, is a sum of products of length |a| in ¢, and e;,,, each containing at
least one e;,,, so it remains only to prove that v(e;,,) > p*™ ™ if 7(p) = 0, and
v(eim) > (2m —mq)v(7(p)) if 7(p) # 0.

m-+4my p2(m+m1)
m

Firstly, using Lemma/3.2.1] we see that for each i, o*" ™ (¢;)g: " = 2(@)(g:)?

for some a,, € Sat(G). Thus:

= 7("" " (g9t — 2@ )") = () (o) e T = (@) (9"

= () g V(@ 1),

Since 7 is continuous and ¢?" converges to 1 in G for all ¢ € G, it follows that
v(7(g)) = 0 for all g, and hence v(7(2(@""")(g;)?")) = 0, so we now only need to

. 2(m-+mq)
consider the value of 7(a?," """ —1).
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If 7(p) = 0 then A is an F,-algebra, so T(afj(mml) —1) =7(al — 1)p2m+m1. So since

v(aP"" — 1) > 0 by Definition [3.2.2] this has value at least p*™*™ as required.

m

If 7(p) # 0 then v(7(a?. " —1)) > v(7(p)) by Definition [3.2.2} so it follows from Lemma
that o(7(a, """ =1)) > (2m+m1)o(7(p))+o(r(al " =1)) > (2m-+mi)o(7(p))

as required. O

Now, recall from expression {} that for every y € OG, 70" (y) = Y ma(p?", Q)rag)‘) ().

aeNd
So if we assume that ¢P" is a Mahler automorphism with respect to g, and define

Gim = T(u(gi)”" — 1), then if we set £,,(y) == Y (ma(@”"™, g) — ¢2)704" (y), we

a€eNd

get that:

7" () = Ym0 (y) + em(y)- (3.1)

a€cNd

and it follows from the proposition that v(e,,(y)) grows much faster with m than

v(g ).

—m

Setting 0; := 8§€i), where e; is the standard ’th basis vector, we can rewrite 1} as:

=) = @m0 W)+ + amT0aly) + Y @7 (y) +em(y). (32)

la|>2
Now, if we choose a faithful prime ideal P of OG, then using [I, Theorem C], we
can equip the Goldie ring of quotients Q(OG/P) with a non-commutative valuation
v such that the natural map 7 : OG — Q(OG/P) is continuous, and we can of
course take A to be the completion of Q(OG/P). Moreover, since P is faithful, the

restriction of 7 to GG is injective by definition.

If we fix ¢ € Aut®(G) such that p(P) = P, then for every y € P, ("™ ™ —7)(y) = 0.

So if we assume that ¢ is a Mahler automorphism, our expression (3.2)) becomes:
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0=qim7h(y) + - + dammOaly) + Y _ ¢ 70 (y) + em(y). (3.3)

|a|>2
3.3 Convergence Arguments

So far, this theory is almost identical to the theory developed in [I, Section 7], which
was used to prove a control theorem for prime ideals in kG, invariant under some ¢

trivial mod centre.

The approach, roughly speaking, is to consider our Mahler expansion , and to
divide out by some expression involving the g;,,’s and take the limit as m — oo.
Under the right circumstances, we want to show that this limit of the right hand
side is 70;(y) for some i = 1,--- ,d, so since y € P was arbitrary, this means that

79;(P) = 0, i.e. 9;(P) C P, and a control theorem will follow from Proposition [2.5.4]

This approach worked very well in characteristic p for ¢ trivial mod centre, culminat-
ing in the proof of [I, Theorem B], which yielded a complete classification of prime

ideals in kG for G nilpotent. But this approach does not generalise easily.

The first drawback is that if ¢ is not trivial mod centre, then the Mahler approxima-
tions 7(u(g) — 1) need not be central, and hence they may not be v-regular, or even
necessarily invertible. This is a problem because it means we may not be able to di-
vide out by the ¢, ,, in our expression, and even if we could there is no guarantee that
the division would not affect the convergence of the higher order terms and destroy

our convergence argument.

In Chapter 4, we will explore methods of choosing our non-commutative valuation

v in such a way that we can ensure that the g;,, are v-regular, if we are working in
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characteristic p, i.e. if our prime ideal P contains p.

However, a more serious issue arises if we are working in characteristic 0, even if we

assume that ¢ is trivial mod centre. This issue may prove, in general, to be fatal.

The problem lies in the growth rate of the Mahler approximations ¢; ,, with m. Recall
that these have the form 7(u(g;)P" —1). So if P contains p, i.e. P is a prime ideal in
kG, then this is equal to 7(u(g;) — 1)P". It follows that the Mahler approximations
grow exponentially with m, so if we divide out by lower order terms, this will not

affect convergence of the higher order terms.

However, if p ¢ P then ¢;,, = 7(u(g;)?" — 1) grows linearly with m by Lemma|A.2.3
which means dividing out by lower order terms becomes a problem, and we cannot
always guarantee that this will not affect the higher order terms. In fact, in general,

it should.

To see this problem more explicitly, let us rewrite our expression (3.3]) in matrix form:

0 d1,m 42,m e dd,m Tal <y>
0 q1,m+1 G2m+1 0 Qdmyl T0s(Y)
= - +em(y)
0 Qimtd—1 G2mtd—1 *° Qdm+d—1 704(Yy)
(3.4)

where the error term g, (y) grows at roughly the rate of g7 .

The approach in [, Section 7] was to multiply by the inverse of the d x d matrix
T, with (4, j)-entry g;m+j—1, as featured in the expression. In characteristic p, T,
has the form of a Smith matriz, and it follows from [8, Lemma 1.1] that its inverse
grows at a strictly smaller rate than q; 2 so after multiplying by the inverse and

passing to the limit, the error term tends to zero, and we conclude that 70;(y) = 0
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for all 7 as we require.

In characteristic 0, however, q; 2 grows linearly, and even the most optimistic esti-
mates on the growth of 7-! will not be any smaller, even in the case where d = 2, so

the argument fails.

This problem demonstrates that it does not help to consider multiple expressions
simultaneously in characteristic zero, so in the next section, we will explore a case

where we can use a single expression to deduce a convergence argument.

3.4 Using Compactness

For now, we will fix our faithful, prime ideal P of OG, and we will assume that
p ¢ P. Thus Q(OG/P) is a K-algebra, and we assume it carries a non-commutative
valuation v, and that 7 : OG — Q(OG/P) is continuous. We will also fix ¢ €

Aut*(G), and a closed, isolated, central subgroup A of G satisfying:

o v F1.
e (P)=P
e p(g)gt e Aforall g e G.

OA/OAN P is finitely generated over O.

In this case, @ is trivial mod centre, and thus for all n € N, ¢™ is a Mahler automor-

phism with respect to any ordered basis by Proposition so we deduce expression

B3).

Recall from Definition the Mahler approximation function u = z(¢?"™") : G — G,

where my is the initial power. Then since p ¢ P, we see that v(7(u(g) — 1)) > v(p)
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for all ¢ € G by the definition of m;.

Also, since ¢ is trivial mod centre, we see that u = 2(¢?"") is a group homomorphism
by [I, Proposition 4.9(c)], and since "™ (g)g~* € A for all g € G and A is isolated,

we get (o”" " (g)g~ )P € A for all m. So since A is closed, we see using Lemma

3.2.1 that u(g) = 2(¢”")(g) = lim (""" (g9)g™")"" € A.

m— 00

For now, fix any ordered basis g = {g1,---, g4} for G, and it follows that for all

meN,i=1,---,d:
Gim = T(u(g;))?" — 1) € OAJOAN P.

Define A := inf{v(7(u(g) — 1)) : g € G} > v(p), then it follows from Lemma

m

that if v(7(u(g) — 1)) = A then v(7(u(g)?" — 1)) = mov(p) + A for all m € N.
Lemma 3.4.1. A < oo and A\ = min{v(7(u(g;) — 1)) :i=1,--- ,d}

Proof. Since P is faithful and v is separated, it follows from the proof of [I, Proposi-
tion 7.5] that A < co. Note that it is essential here that ¢ # 1, otherwise the result

1S untrue.

Clearly A < min{v(7(u(g;) — 1)) :i=1,--- ,d}, so suppose this is a strict inequality,
ie. v(r(u(gi) — 1)) > A for all 4.
Since u is a group homomorphism, for any g = ¢g* € G,

v(T(u(g) — 1)) = v(1(u(g1)™ - -u(ga)* — 1)) > v(oaqro+ -+ + @agao) > A

and this is a contradiction because A := inf{v(7(u(g)—1)) : ¢ € G}, and this infimum

must be attained by discreteness of v. O]
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Now, fix R := OA/OAN P, then R is a subring of the K-algebra Q(OG/P). So let
F be the K-span of R, then since R is a domain, finitely generated over O, F'is a
finite field extension of K, and clearly F' C Z(Q(OG/P)).

Let V be the valuation ring for F', and let p € V be a uniformiser. Since F' is central
in Q(OG/P), it follows from the definition of a non-commutative valuation that v|p
is a valuation on F', and hence v|r is a scalar multiple of the standard p-adic valua-

tion on F. Therefore V = {f € F': v(B) > 0}.

Now, choose 7 such that ¢; o has value A, and we may assume without loss of gen-

erality that i = 1. Then since A > v(p), v(q1.m) = mv(p)+A for all m by LemmalA.2.3|

The key property of V which we can exploit is compactness, which implies that
any sequence in V has a convergent subsequence. Using this notion, we obtain the

following result:

Proposition 3.4.2. For any ordered basis g = {g1," -, ga}, set Gim = 7(u(g;)P" —1)
and assume without loss of generality that v(q10) = A. Then for each i = 1,--- ,d,

the sequence qf,}nqz',m has a subsequence converging as m — oo to some [3; € V with

(B170L + - - - + BaT04)(P) = 0.

Proof. For each m, qi ,,, is v-regular of value A +mu(p), so since v(g;m) > A +muv(p),

it follows that v(gypgim) = A+ mu(p) — A — mu(p) = 0, 50 g1, Gim € V-

Therefore, using compactness of V; we can choose a subsequence a := (ny,ng, - - -)

with n; < ny < ng < --- such that qi}mmqi’nm converges in V as m — oQ.

Let f; := lim ¢} qin, € V.
m—oo MY
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Now, given o € N with |a| > 2; v(ql’,}nggl) =v(g®) — v(q1,m) = mlalv(p) + || —

mu(p) — A > mu(p) + A — 00 as m — 0.

Also, using Proposition [3.2.3) v(qy pem) = v(em) —v(q1,m) = (2m+mq)v(p) —mu(p) —

A= (m+mp)v(p) — A — 0o as m — o0.

Therefore, qi,lan‘n — 0 as m — oo, qf’}nem — 0 as m — oo. So, dividing out our

expression (3.3)) by ¢1.,, we obtain:

0 = G @1 T (V) F i G2 TO2(Y) 1 GamTOa(U)+ Y G TON () +01 pEm ()
loo|>2
(3.5)
and considering the subsequence associated with a = (ny,ns,---), and taking the

limit, we get that 5170,(y) + Sam0a(y) + -+ - + Bam0aly) = 0.

Since our choice of y € P was arbitrary, it follows that (8170, + -+ 704)(P) = 0 as

required. ]

Fix 1, -, Bq as in the statement of Proposition [3.4.2] note that they depend on the

choice of ordered basis g, and define:
hg :0G — Q(OG/P),.T — (517'81 + 627'82 + e+ ﬁﬂ@d)(x).

Then hy € Homo(OG, Q(OG/P)), and it follows from Propositionthat he(P) =
0, and thus hy €Home(OG/P,Q(OG/P)).

Also, since each f; lies in F = (OA/OAN P) ®p K, it follows that the image of
OG/P under hy lies in (OG/P) ®o K = KG/(P ®p K). So since it is clear that
each J; extends to a K-linear endomorphism of K'G, we may assume that h, lies in

Homop(KG/(P®o K), KG/(P®e K)) = Endo(KG/(P ®0 K)), and hence it makes
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sense to raise h, to integer powers.

We now need some technical results:

Lemma 3.4.3. Fix R = O(A?—f]P, then there exists s € N such that 7V C R. Also,

there exists t € N such that if x € V and v(x) > 0 then z' € TR.

Proof. Since R is a lattice in F', which is a finite dimensional Q,-vector space, it
follows that R is a free Z,-module of rank dimg, F". This is also the rank of V', and it
follows that R has finite index in V, and hence p'V C R for some [ € N, and the first

statement follows.

Now, if v(z) > 0, then z = 7 *r for some r € R, k € N, and v(r) — kv(m) > 1.
We know that there exists s € N such that 7°Y C R, so choose t € N such that

t > (s+ 1v(m).

Then ot = 7 =Fpt = gstl(z=(kt+s+Dpt) "and note that:
v(r= kst Ry = (u(r) — kv(r)) — (s + Do(r) >t — (s + 1v(w) > 0.
Thus 7~ *+s+hrt € V) 50 since 77V C 7R and 2t = 7o+ (r=FtHs+Dpt) it follows

that z' € TR as required. ]

Now, recall from the definition of dy,--- , 0y, that if g = g% € G for some o € Zg,
then 0;(g) = cig. So if we let kg, 1= Bray + facy +- - -+ Bacg € V, then hy(g) = kg 49

for all g € G.

Lemma 3.4.4. Using Lemma choose an ordered basis g = {g1,--- ,ga} such
that for some r < d, {q1, -+ ,g-} is a basis for A. Then for each i = 1,--- ,d, we
have that 0;(cr) = cO;(r) + O;i(c)r for every ¢ € OA, r € OG. In particular, O

restricts to a derivation of OA.
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Proof. Since each 0; is a continuous K-linear map of OG, it suffices to prove this
identity for ¢ € O[A], r € O[G]. In fact, we may assume further that ¢ € A and
r € (G, since the property will clearly be preserved after passing to K-linear combi-

nations.

So, by the definition of our ordered basis, ¢ = g{* --- ¢g& and r = g{* - - - g)* for some

a1+71 Yr41

o, € Ly, and since gy, - , g, € Aand Aiscentralin G, cr = ¢ e gortarg it

r

For convenience, we will define a; = 0 for every ¢ > r. In which case 9;(c) = a;c and

0;(r) = ~;r for every i, and 0;(cr) = (a; + i)er.

Therefore, 0;(cr) = (o + 7v;)er = aer + yer = 0;(e)r + ¢0;(r) as required. O

Lemma 3.4.5. For every ordered basis g = {g1,- -+ , g4} of G such that {g1,---,gr}

is a basis for A for some r < d, h, is F-linear.

Proof. Since hy(a) = kqga for every a € A, and k,, € F, it follows that h, sends
OAto F'= OA/(OAN P) ®o K, and hence it sends F' to F, i.e. hy restricts to a

K-linear endomorphism of F'.

Now, using Lemma [3.4.4, we see that for every ¢ € OA, r € OG, i = 1,--- ,d,
O;(cr) = cd;(r) + 0;(c)r. So since [y, - -+ , B4 are central, it is clear that this identity
is also satisfied by hy = 51701 + -+ + Ba704.

Using this identity, and the fact that ' = OA/(OAN P) ®p K, we see that to

prove h, is F-linear, it remains only to prove that hy(F') = 0.

Since hy restricts to a K-linear derivation of OA, we will show, in fact, that all K-

linear derivations of F' are zero, and the result will follow.

o8
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Suppose that € F, then since F' is a finite extension of K, « is the root of some
polynomial f(x) = ag+ a1x + - - - + a,a™ with coefficients in K, and we will assume

that n is minimal. Let § be a K-linear derivation of F', then:
0=19(0)=d(ao+ a1+ -+ aa™) = a10(a) + - - - + a,0(a™)
=a16(a) + -+ + na,a"16(a) = 6(a)(a + 2aa + - - - + na,a™ ).

So if d(a) # 0 then a3 + 2asx + - -+ + na,a™* = 0, contradicting minimality of n.

Hence §(a) = 0, meaning that § = 0. O

From now on, we will assume that there is an r < d such that {g;,---,¢.} is an

ordered basis for A, and hence we may apply the previous results.

Now, let f be the degree of the residue field of F', then for all g € V:

pf_1: 1 U(ﬁ):() mo
8 _{0 o3 = o et ) (3.6)

It follows easily that for all n € N:

g =1 = {é 222; : 8 (mod p"™'V) (3.7)

Using Lemma choose an integer ¢, > 0 such that pf™'V C 7R where R =
OA/OANP and 27° € 7R for all x € V with v(x) > 0. Then examining (3.7) shows
that gP°®' -1 ¢ R C OG/P for all 8 € V.

Also, using Lemma [3.4.5] we see that h, is F-linear. So since kg, € F, it follows
that hy(g) = kg, for all g € G, n € N. So if we define w, := hgto(pf_l), then since

kgz—to(pffl) c OG/P for all g € G, n € N, we have that wgn(g) _ kgz—zo(pffl)g c
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OG/P, and thus w, sends 9 to <.

Remark: 7 is not a unit in OG/P, because if 1 + 7z € P for some x € OG then

1= (1+7z)(l—7mz+7r%?—n32®+...) € P, which is impossible. Hence m9¢ # 9¢.

Fixing g € G, n € N, using (3.7) we have:

n 1 wv(kyy) =0
P = 9.9 d 119Gy
wy (9) {O ok ) > 0 (mod 7" +19<)

)

So, setting S := O—PG for convenience, consider the composition:

oG —— S5 — S

Let ¢, be this composition, then ¢, (7" OG) C ™S for all m, and ¢,,(g) = {

(mod ©"*1S). Hence 1, (1) = tpy1(r) (mod 7™1S) for allm € N, r € OG.

Therefore, since S is m-adically complete, there exists a continuous, O-linear mor-
phism ¢ : OG — S such that ((P) = 0, t(z) = t,(x) (mod 7" 18) for all n € N, hence

for all g € G-

g U(kg,g)zo
Lg) = {0 olly) > 0 (3.8)

3.5 A Weak Control Theorem in characteristic 0

Now that we have seen how to employ Mahler expansions in characteristic zero to
deduce a convergence argument, we will show how to use these results to prove a

control theorem.

Recall the assumptions we made on the automorphism ¢ € Aut“(G) and the central
subgroup A <! G at the beginning of the previous section. Also recall the defini-

tions of 7,v and u, and recall that we define A := inf{v(7(u(g) — 1)) : ¢ € G}, with
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1 < A < oo by Lemma [3.4.1,. We now assume further that ¢ acts trivially on A, i.e.

p(a) = a for all a € A.

Let U :== {g € G : v(r(u(g) — 1)) > A}, then using the proof of [I, Lemma

7.6] we see that U is a proper, open subgroup of G containing GP. Since u(g) =

lim ("™ "™ (¢)g~")? " by Lemma [3.2.1, and ¢(a) = a for all a € A, it follows that

n—o0

u(a) =1 for all a, and hence A C U.

Therefore, after choosing an ordered basis for % and applying Lemma , we may
fix an ordered basis g = {g1,--- , ga} for G such that {gi,--- , g} is an ordered basis
for A and {g1,- -, 9r, 9711, -+, g5} is an ordered basis for U for some s < r < d. We

want to prove that P is controlled by U.

Recall from the previous section the definition of &y, € V for each g € G:

Lemma 3.5.1. U = {g € G : v(k,,) > 0}.

Proof. Using Proposition 3.4.2] we see that for each i = 1,--- ,d, 5; = lim ¢} Gin,.,
m—oo MY

as n,, runs over some subsequence a = (ny,ng, - - ), where g; = T(u(g:)?" —1).

By Lemma[A.2.3] v(q;m) = A+mu(p) for i < r, and v(gim) > A+mu(p) for all i > r.

Hence v(3;) =0 for all i > r, v(3;) > 0 for all i < r.

POr41

Givenge U, g=g" -+ g2 grsi™ - - g™ for oy € Zy, so:
UU{;Q,Q) = U<alﬁl + a2ﬁ2 + et O‘rﬁr + par+1ﬁr+1 + e +padﬁd> > 0.

Conversely, if v(kg,y) > 0, suppose g = g%, s0 ky, = i1 + Baaz + -+ + Byaa.
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By the definition of f;, this means that U(Qiim(@ﬂh,nm + - 4+ a4Qan,)) > 0 for

sufficiently high m, and hence v(o,11¢41n,, + - + Qalin,,) > A + nyu0(p).

But since v is a group homomorphism, it is easily seen that 7(u(g)”"™ — 1) =
141y, +oot Aaqdn, (Il’lOd A+ nmv(p) + 1)7 S0 U(T(u<g)pnm - 1)) > A+ nmv(p) for

sufficiently high m.

But v((u(g)?”"™ — 1)) = v(r(u(g) — 1)) + npmo(p) by Lemma [A.2.3] and hence
v(T(u(g) — 1)) > XA and g € U as required. O

Now, recall from the previous section the definition of the continuous O-linear mor-

phism ¢ : OG — %. Then using the lemma and expression 1' we deduce that

_Jg g¢U
L(g)—{O gelu

U
9¢ , then clearly f € C(G,O) is locally constant, so
0 geU

the endomorphism p(f) € Endo(OG) is well defined, and

1
Deﬁnef:G—>O,g»—>{

g g¢U

p(f)(g) = flg)g = {0 geU

Therefore 7p(f) = ¢ when restricted to O[G], so since ¢ is continuous, 7 is contin-

uous, and p(f) is continuous, it follows that 7p(f) = ¢. Hence 7p(f)(P) = 0 and

p(f)(P) C P.

Now we can prove a control theorem:

Theorem 3.5.2. Let P be a faithful, prime ideal of OG, and suppose there exists a
closed, isolated, central subgroup A of G and an automorphism ¢ € Aut*(G) such

that:
o v #£1.
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e ©(P)=P.

o(g)g~t € A forall g € G.

OA/PNOA is a finitely generated O-module.

e o(a) =a for all a € A.

Then P is controlled by a proper, open subgroup of G.

Proof. Since U = {g € G : v(7(u(g) — 1)) > A} is a proper, open subgroup of G, it

suffices to prove that P is controlled by U.

Firstly, suppose that C' = {x1,--- ,x;} is a complete set of coset representatives for

U in G, then for all r € OG, r = > ryx; for some unique r; € OU.
i<t

Suppose we can choose C' such that if »r € P then r; € PN OU. So let r € P, then
since m;;lxl € Pforalli=1---,t and mc;lxl has x; component 7;, it follows that

r; € PN OU for each i, and hence P is controlled by U.

So it remains to prove that we can choose such a set C' of coset representatives such

that if Y r;z; € P, then at least one of the r; lies in P N OU.

i<
Now, since U has ordered basis {g1,--- , gr, 9b 11, - , g4} it follows that
C={g/ g5 0< b <p}

is a complete set of coset representatives for U in G, so for each b € [p — 1]%7", let

g =gyt gt (here [p— 1] = {0,1,--- ,p— 1}).

Then if r = Y ryg € P, then p(f)(r) = > f(gp)7regs by the proof of [

belp—1]d-r be[p—1]d-
Proposition 2.5], and this also lies in P since p(f)(P) C P.
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But f(g,) = 1if b # 0, and f(go) = 0 hence p(f)(r) = > rogy € P.
be[p—1]4-m\{0}

Therefore, rogo = r — p(f)(r) € P, and thus o € P N OU as required. O

Now that we have established a control theorem for ideals in OG satisfying the

appropriate finiteness property, we can now turn our attention to KG. Recall from

Definition 2.11.2] the definition of a J-ideal of KG:

Theorem 3.5.3. Let G be a p-valuable group, and let P be a faithful, prime J-ideal
of KG. Then P is controlled by Ca(Z2(G)).

Proof. We will assume first that P is non-splitting in the sense of Definition [B.2.2{7).
Let H := PX be the controller subgroup of P in GG, then ) := PN K H is a faithful,
prime ideal of K H by Proposition and since H is the smallest subgroup of G

controlling P, () is not controlled by any proper subgroup of H.

Also, note that H is a normal subgroup of G by the proof of [I, Lemma 5.2], so for
any g € G, (g,H) C H, and clearly A := Z(G) N H is a closed, isolated, central

subgroup of H.

Since P is a J-ideal of KG, KZ(G)/KZ(G) N P is finite dimensional over K by
definition, and KA/KANQ C KZ(G)/KZ(G) N P. Therefore, KA/KANQ is fi-

nite dimensional over K, and hence OA/OANQ is finitely generated as an O-module.

So, given g € Z»(G), (g9, H) C Z(G)NH = A, so let ¢ be the automorphism of H in-
duced by conjugation by g, then p(Q) = Q, p(h)h~' € Aforallh € H, and p(a) = a
for all a € A. So applying Theorem [3.5.2] gives that if ¢ # 1, then @ is controlled by

a proper subgroup of H — contradiction. Therefore ¢ = 1, i.e. g centralises H.
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Since our choice of g was arbitrary, we have now proved that Zy(G) centralises
H, and hence H is contained in the centraliser C(Z2(G)) of Z5(G) in G as required.

Thus P is controlled by C(Z5(G)).

Now suppose that I <, KG is a faithful and virtually non-splitting right J-ideal
of KG. Then I = PKG for some open subgroup U of G, and some faithful, non-
splitting prime P of KU, and P is a J-ideal of KU by Lemma [2.11.5]

We have proved that P is controlled by Cy(Z2(U)), and Cy (Zo(U)) = Ca(Z2(G))N
U by Lemma [2.2.2) and hence I is controlled by Cg(Z2(G)). So, using Theorem
2.11.7, it follows that every faithful, prime J-ideal of K'G is controlled by Cx(Z2(G))

as required. O

Now we can complete the proof of our main control theorem in characteristic 0:

Proof of Theorem[(. Clearly all weakly rational ideals of K'G are J-ideals, so it follows
from Theorem that all faithful, weakly rational ideals of K'G are controlled by
Ce(Z2(@)) as required. O

3.6 Growth Rates

For the rest of the chapter, we will assume that our faithful prime ideal P of OG
contains p, or in other words P is a faithful, prime ideal of kG. Again, fix a non-
commutative valuation v on Q(kG/P) such that the natural map 7 : kG — Q(kG/P)

1S continuous.

Since we are interested in convergence, we want to consider the growth of the values

of the Mahler approximations:
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Definition 3.6.1. Let QQ be a ring with a filtration v : Q — 7Z U {cc}. Define
p:Q — RU{oco},z — lim @ This is the growth rate function of Q) with respect
n—oo

to v. The proof of [T, Lemma 1] shows that this is well defined.

Lemma 3.6.2. Let QQ be a ring with a filtration v : Q — Z U {0}, and let p be the
corresponding growth rate function. Then for all x,y € Q:

i. p(x™) =np(z) for alln € N.

. If x and y commute then p(z +y) > min{p(z), p(y)} and p(zy) > p(z) + p(y).
iii. p(x) > v(x) and p is invariant under conjugation.

iv. If Q is simple and Artinian and v is separated, then p(x) = oo if and only if = is
nilpotent.

v. If x is v-reqular and commutes with y, then p(xz) = v(z) and p(xy) = v(z) + p(y).

Proof. i and ii are given by the proof of [?, Lemma 1].

iti. For each n € N, ”(x > @) — y(z), and so p(z) > v(z).

n

v((uzu=1)")

Given u € Q*, p(uru™') = lim = lim 20D > iy U("Hv(mz)w("_l) =
n—00 n—o0 n—0o0

lim Y& 4 Jjp 2 hm U(u D = p(x).

n—o00 n—00

Hence p(z) = p(u~turuu) > p(uru=t) > p(x) — forcing equality. Therefore p is

invariant under conjugation.
iv. Clearly if x is nilpotent then p(x) = oco.
First suppose that z is a unit, then for any y € @, v(y) = v(z 'ay) > v(z™!) +v(xy),

and so v(zy) < v(y) —v(z™!). Tt follows using induction that for all n € N,

v(z™y) < v(y) — nv(z™'), and hence @ < MW (g,

n
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Taking y = 1, it follows easily that p(x) < —v(x™!), and since v is separated, this is

less than oo.

Now, since @ is simple and Artinian, we have that @ = M;(D) for some division ring
D, I € N. So applying Fitting’s Lemma [21], section 3.4], we can find a unit u € Q*
such that wru~! has standard Fitting block form ( jg g ), where A and B are
square matrices over D, possibly empty, A is invertible and B is nilpotent.

If x is not nilpotent then uxu=*

is not nilpotent, and hence A is non-empty. There-
fore, p(uzu™) = p(A), and since A is invertible, p(A) < oo. So by part #ii,

p(z) = p(uru™) < oco.

v. Since x is v-regular, v(z") = nv(z) for all n, so clearly p(x) = v(x). Also,
n—00 n—o00 n—00 n—00 n—oo
ply) = v(x) +v(y). O

So far, the theory of Mahler automorphisms we have developed is very general, but

now we will impose some further conditions on our automorphism :

Lemma 3.6.3. Suppose that G contains a closed, isolated normal subgroup H con-
taining Z(G) such that o(g)g~ € H for all g € G. Suppose further that for

all n € N, ¢" is an H-Mahler automorphism with respect to some ordered basis

{Hg,41, -+ ,Hgq} for & in the sense of Definition .

Then if u = Uy, : G — Sat(G) is the Mahler approzimation function, then for
any ordered basis {q1, -+ ,g.} for H, u(g;) € Z(H) for all i = 1,---,d, so if
g = T(u(g;) — 1) then qi,--- ,qq commute. Moreover, if ¢ is a strong H-Mahler

automorphism then q.o1 = --- = qq = 0.
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Proof. We know that ¢ is a Mahler automorphism with respect to g = {g1,- - - , ga}, so

using Lemma |3.2.1| we see that u(g;) = lim (cppmﬁn(gi)gi_l)p_" foreachi=1,---,d.
n—oo

So since H is a closed, isolated subgroup of G containing Z(G) C H, and o(g;)g; "

)

S

Z(H) for each 1, it follows that u(g;) € Z(H), and hence ¢y, - - - , g4 commute.

Furthermore, if " is a strong H-Mahler automorphism, then since P (g;)g; =1
for all @ > r, it follows again from Lemma that u(g;) = 1, and hence ¢,.; =
- = Qd = 0 D

Also, if ¢ is an H-Mahler automorphism, then ¢(g)g~* € Z(H) for all g € G, so it
follows that the restriction of ¢ to H is trivial mod centre, and hence the restriction

of u=z(pP"") to H is a group homomorphism by [, Proposition 4.9(c)].

Given y € P, recall our Mahler expansion (3.3) for a Mahler automorphism ¢ with

respect to some basis g = {o1,--+ g4}

0= T (y) + - + qamT0a(y) + 3 70 (y) + em(y)

o] >2

where gi, = 7(u(g)?" — 1) for each i, and e, (y) = 3 (ma(@?", g) — ¢ )70y
aeNd - - B

So setting ¢; 1= ¢;0 = 7(u(g;) — 1), since we are working in characteristic p it follows

that ¢, = qu for all 7,m, and using Proposition we have that v(e,(y)) >

p?" ™ So we can rewrite our expansion:

0=q" 701(y) +- -+ ¢ 70a(y) + Y _ ¢ 70 (y) + em(y). (3.9)

la|>2 -

So if {g1,---,g,} is an ordered basis for H and ¢ is an H-Mahler automorphism
with respect to {Hg,41,- -, Hga}, then ¢, -+ ,qq commute by Lemma We

will assume further that ¢ is a strong H-Mahler automorphism, and hence ¢; = 0 for
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all i > r.

Let p be the growth rate function corresponding to v in the sense of Definition [3.6.1],

and define A := inf{p(r(u(h) — 1)) : h € H}. We see using Definition and
Lemma [3.6.2)(iii) that A > 1.

Lemma 3.6.4. If p # 1 then A < oo and for any ordered basis {g1,- - ,g.} for H,
A =min{p(r(u(g;) — 1)) :i=1,---,71}.

Proof. Suppose that A = oo, then p(7(u(h) — 1)) = oo for all h € H, so since
Q(kG/P) is simple and Artinian and v is separated, it follows from Lemma [3.6.2)(iv)
that 7(u(h) — 1) is nilpotent for all h € H, i.e. 0 = 7(u(h) — 1)P" = 7(u(h)?" — 1)
for some m € N.

m

So since P is faithful, this means that u(h)?" = 1, which means that u(h) = 1 for

all h € H since G is torsionfree. Since ¢"(h)h™' € Z(H), we can apply Lemma
to get that u(h) = 2(p?"")(h) = 2(¢)(h)?"" = 1, and hence z(p)(h) = 1, i.e.
exp ((Z( D n+1( —1)" ) (log(h)) ) =1 in Sat(G) by Definition [2.7.1

n>1

This means that log(p,) = > %(@* — 1)™ sends log(H) to 0, and hence ¢, =
n>1
exp(log(p,)) acts trivially on log(H), and it follows that ¢ is trivial when restricted

to H.

But ¢ is a strong H-Mahler automorphism with respect to some ordered basis
{Hg,41, -+, Hgy} for & s 80 @(g;) = g; for all i > r. So since ¢|y = 1, it fol-

lows that ¢ = 1 — contradiction.

Therefore A < oo, and the proof that A = min{p(7(u(g;) — 1)) : i = 1,--- ,r}
is identical to the proof of Lemma [3.4.1 using Lemma [3.6.2)(ii) and the fact that
T(u(hy) — 1), ,7(u(h,) — 1) commute. O
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It follows from this lemma that for some i = 1,--- | r, p(¢;) = A, and clearly for all
o € N with |af > 2, p(¢*) > 2. So, for clarity, we write our Mahler expansion (3.9)

using Big O notation:

0=¢"701(y) + ... + " 70, (y) + O(¢&""). (3.10)

Where ¢ € Q = QWP) with p(q) > p(¢;) > A for all 4, i.e. the error term in 1)

grows at a faster rate than ¢?".

During the remainder of this chapter, we will see how analysing expressions of this

form can help us to deduce a control theorem in characteristic p.

3.7 Growth Preserving Polynomials

For the rest of this chapter, we will fix a closed, isolated normal subgroup H of G,
containing Z(G). Contrary to previous notation, we will let d denote the rank of H.
Fix ¢ € Aut*(GQ) with ¢ # 1, p(P) = P, v(g)g~' € Z(H) for all g € G, and we will
suppose that ¢ is a strong H-Mahler automorphism with respect to some ordered

basis {Hgi, -+, Hge} for <.

Consider a polynomial of the form f(z) = apxr + ay2? + asx® + -+ + a,a?", where
a; € 7(kZ(H)) for each i, r > 0, we call r the p-degree of f. Note that f :

T(kZ(H)) — 7(kZ(H)) is F)-linear.
Then for each m € N, i =0, --- ,r, consider expression (3.9) above, with m replaced
by m + i, and multiply by a?” to obtain:
0= (0 V" 701 (y) + oo + (g )" TOaly) + | lz (aig™ V" 705" () + " e ().
a|>2

Sum all these expressions as ¢ ranges from 0 to r we deduce:
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0= f(a)" 701(y) + ... + flaa)”" TOuly +ng "M (y) + Omly)  (3.11)

where 0,,(y) = ab) e (y) + @ emir(y) + - 4 " emyr(y), s0 it follows from Propo-

sition that v(0,,(y)) > p?™tm.

Recall that we define A := inf{p(7(u(h) — 1)) : h € H}, and we know that A\ < oo by

Lemma [3.6.4. Using this, we make the following definition:

Definition 3.7.1. We say that f(t) = aot +ait? + - - -+ a,t?" is a growth preserving
polynomial, or GPP, if:

i. p(f(q)) = p"A for all g € T(kZ(H)) with p(q) = A.

ii. p(f(q)) >p"A forall q € T(kZ(H)) with p(q) > A.

We say that a GPP f is trivial if for all ¢ = 7(u(h) — 1), p(f(q)) > p"A.
Furthermore, f is a special GPP if f is not trivial, and for any ¢ = 7(u(h) — 1) with

p(f(q)) = p™\, we have that f(q)?" is v-regular for sufficiently high k.

Example: f(t) =t is clearly a GPP. In general it need not be special, and it is not
trivial, because if p(q) = A then p(f(q)) = p(q) = A

Note that if f is a growth preserving polynomial, then for all o € N? with |a| > 2,
p(q*) > X so p(f(g*)) > p"A. Moreover, since v(dnm(y)) > p*™™, it follows that
Om(y) also grows at a faster rate than p"A. Thus we may rewrite (3.11]) using Big O

notation:

0= fa)"" 701(y) + ... + f(aa)"" m0aly) + O(f(@)"") (3.12)
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where ¢ € 7(kZ(H)) and p(q) > \.

For any GPP f(t), define Uy :={h € H : p(f(r(u(h) —1))) > p"A}.

Lemma 3.7.2. If f(t) is a GPP, then Uy is an open subgroup of H containing HP.

Moreover, Us = H if and only if f is trivial.

Proof. 1t is clear from the definition that U; = H if and only if p(f(7(u(h)—1))) > p"A

for all h € H, i.e. if and only if f is trivial.

Given h,h' € H, let ¢ = 7(u(h) — 1), ¢ = 7(u(h’) — 1). Then
T(u(ht') = 1) = 7((u(h) = D(u(t') = 1) + (u(h) = 1) + (u(h) = 1))) = ¢¢' + ¢ + ¢

Therefore f(r(u(hh') — 1)) = f(q¢') + f(q) + f(q) using F,-linearity of f. But
p(q),p(¢") > X by the definition of A\, so p(qq’) > 2XA > A, so by the definition of

a GPP, p(f(qq')) > p"\.

We know that p(f(q)), p(f(¢')) > p"A, thus p(f(qq') + f(q) + f(¢')) > p"A. Therefore,
p(f(r(u(hh') —1))) > p"A and hh' € Uy as required.

Also, T(u(h™1)—=1) = —7(u(h™1))7(u(h)—1) = —7(u(h™1)=1)7(u(h)—1)—7(u(h)—1),

so by the same argument it follows that h=' € Uy, and Uy is a subgroup of H.

Finally, for any h € H p(r(u(h?) — 1)) = p(r(u(h) — 1)?) > pA > A, hence
p(f(r(u(h?) —1))) > p"A and h? € Uy. Therefore Uy contains H? and Uy is an

open subgroup of H. O

In particular, for f(t) =t, let U := Uy = {h € H : p(t(u(h) — 1)) > A}. Then U is
an open subgroup of H containing H? by Lemma and since f is non-trivial, it

is a proper subgroup.
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For the rest of this section, fix a non-trivial GPP f of p degree r. Then Uy is a proper
open subgroup of H containing H? by Lemma [3.7.2 so fix a basis {hy, -+, hq} for
H such that {h}, -+ hY hyiq1, -+, hq} is an ordered basis for Uy.

Set q; := T(u(h;) —1) € 7(kZ(H)) for each i, so that for ¢ <t, p(f(¢;)) = p" A, and for
i >t p(f(q) >p Nie f(g)P" = O(f(q)P") for some q € 7(kZ(H)) with p(q) > .
Define:

fla)y™  fle) o fla)™ TO1(y)
Py f@”™ o e m%(y)
S 1= . . .o . , 0= )
Fla)™™ " fle?™ o e )

Then we can rewrite (3.12)) as:

0=S, 0+ ' (3.13)

O(f(g™")
and multiplying by the adjoint matrix adj(S,,) and applying standard linear algebra

gives:

O(f(a")
O(f(q)""™)

0 = det(S,,)d + adj(Si) | . (3.14)

O(f(g)"™)
Lemma 3.7.3. Suppose that f is special. Then for each i,j < t, the (i,7)-entry of

adj(Sy) has value at least %pm”/\ — pm T HI=IN for sufficiently high m.

Proof. By definition, the (i, j)-entry of adj(Sy,) is (up to sign) the determinant of
the matrix (S,,);; obtained by removing the j’th row and i’th column of S,,. This

determinant is a sum of elements of the form:
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m—+1 m—+t—1

Flae)?" flaw)?" - f (qu‘l o flaw,)?

for k; < t, where the hat indicates that the j'th term in this product is omitted.

Since f is special, f(qx,)?" is v-regular for m >> 0. So since p(f(q,)) = p"A, it

follows that f(q,)P" is v-regular of value p™*"\.

—

Therefore, this (i, j)-entry has value at least (1 +p+ -+ +pi=t + .- 4 p=1)pmFr )

— Ppl_*llpm—s—r)\ _ pm—i-r—l—j—l)\' N
Lemma 3.7.4. Let A .= J[ (oaf(q) +- 4+ auf(q)), where PIF, is a com-
a€ePt—1F,

plete set of representatives for the space IF;) under the equivalence relation o = 3 if

a = pf for some p €.

Then there exists & € T(kH), which is a product of length ’% in elements of the
t_1 -

form f(7(u(h) —1)), h € H\Uy, such that p(A —§) > E=p"A.

Proof. For each o € F}\{0}, we have that ay f(q1)+- -+ f(q) = flarq+- - -+auq)

using linearity of f.

Using expansions inside kH, we see that ayqy +- - -+ auqe = 7(u(hy* -+ - hi'") — 1) + €4

for some €, € 7(kH) such that p(e,) > 2A. Hence:

flaag + -+ awqr) = f(r(u(hy” - hi") = 1) + f(€a)-
So setting h, = u(h{*---h), since a; # 0 for some i, it follows from F,-linear

independence of hy,---,hy modulo Uy, that p(f(7(u(hs) —1))) = p"A, and hence
h, € H\Uf
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Set 6 : = J] f(r(u(hy)—1)). Then A= [ (a1f(qr)+--+uf(q))

a€Pt-1F, a€Pt1F,

= JI f(r(u(ha)=1))+ea=0+e¢

a€Pt—1F,

Where € is a sum of products over all « in f(7(u(hy)—1)) and €,, with each product

containing at least one ¢,.

Since the length of each of these products is %, and each term has growth rate

at least p"A, with one or more having growth rate at least 2p"\, it follows that

pe) > %pr)\ as required. O

The following result, which will be fundamental in the next chapter, underlines the

importance of special GPPs.

Theorem 3.7.5. Let G be a p-valuable group, and let P be a faithful prime ideal of

kG. Suppose further that we have:
e A non-commutative valuation v on Q(kG/P).
e A closed, isolated normal subgroup H of G.
o A strong H-Mahler automorphism ¢ € Aut¥(G) such that o(P) = P.
e A special growth preserving polynomial f.

Then P is controlled by a proper open subgroup of G.

Proof. Since f is special, we have that for some k > 0, f(¢;)?" is v-regular for cach
i < t, and thus v(f(qi)pk) = p(f(ql-)pk) = p"™*\ and for all m > k, v(f(g)"") =

[N

Also, since p(f(q)) > p"A, we can choose ¢ > 0 such that p(f(q)) > p"A + ¢, and

hence v(f(q)?") > p™* "\ + p™c for sufficiently high m.
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Consider our Mahler expansion (3.14)):

(flq)"™)
S

)
O(f(@™)

0 = det(S,)d + adj(S,,)

O(f(g)™"* ™)

We will analyse this expression to prove that 70;(P) = 0 for some i < ¢, and it will
follow from Proposition that P is controlled by a proper open subgroup of G as

required.

Consider the i’th entry of the vector

O(f (@)™ ™)
This has the forms adj (S, ) O(F (@) ) +adj (S, 20U (@)™ -4+ -+ adi (S, O™ ™).

t

By Lemma [3.7.3] we know that v(adj(S,,)i ) > ’;__llpm*’")\ — p™ TN for m >> 0,

and hence:

v(adj(Sm)i,O(F(@)""" ")) = v(adj(Sm)i ) + v(O(f(@)"" ™))

> Z;t_—llpm+r)\ . pm—i-r—l-j—l)\ _|_pm+r+j—1)\ + pm+j—lc — ]%pm—&-r)\ +pm+j—lc for each ]

Hence this ¢'th entry has value at least %pm”)\ +p™me.

Therefore, the i'th entry of our expression (3.14) has the form 0 = det(.S,,)79;(y) +

t_
€i.m, Where V(€ ,,) > pp—_llpm”)\ + p™e.
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Now, take A := det(Sy), and it follows that det(S,,) = AP" for each m. Also, using

[8, Lemma 1.1(i7)] we see that:

A=p- T (aaf(q:)+- -+ f(q)) for some g € F,,.

a€Pt—1F,

Therefore, by Lemma [3.7.4] we can find an element § € 7(kH), which up to scalar
multiple is a product of length ’% in elements of the form f(7(u(h) — 1)), with
r -1 r

p(f(T(u(h) —1))) = p"A for each h, such that p(A — ) > E="p"A.

Hence we can find ¢ > 0 such that for all m >> 0, v((A — §)P") > i_llpm”)\ +

m ./

pmc.

Therefore, 0 = det(.S,,)70;(y)+€im = Ameé?i(y)—l—eLm = 6" 70;(y)+(A—0)P" 70, (y)+

ei,m-

Again, since f is a special GPP, if h € H and p(f(7(u(h)—1))) = p"A, it follows that
f(r(u(h) —1))?" is v-regular for k >> 0.
pt

So since ¢ is a product of pT_ll elements of the form f(7(u(h) — 1)) of growth rate

p")\, it follows that for some k € N, 67" is v-regular of value %p’"*"c)\.

Therefore for all m > k, 6*" is v-regular of value ’%p”m)\, and dividing out by 67"

gives that for each ¢ =1,--- | ¢
0= T@z(y) + 5_pm (A — 5)pm7'82(y) + (5_pm€l'7m.

But for m >> 0, v(6 7" (A — §)P") > %pm”)\ +pmd — %pm”)\ = p™c, and
(07" €1m) > %pm”)\ +p"c— %pm”)\ = p"c, hence the right hand side of this

expression converges to 70;(y).
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Therefore, 70;(y) = 0, and since this holds for all y € P, we have that 79;(P) = 0

foreachi=1,--- ,t. O

So to prove a control theorem, it remains only to prove the existence of a special

growth preserving polynomial.

3.8 Central Simple Algebras

In the final two sections of this chapter, we will deal with a special case. Since
Q(kG/P) is simple, its centre is a field, so we will now assume that it is finite dimen-

sional over its centre, i.e. Q(kG/P) is a central simple algebra (CSA).

Fix a non-commutative valuation v on @), which we know exists by [1, Theorem C].
Then by definition, the completion @ of Q(kG/P) with respect to v is isomorphic
to M, (Q(D)) for some complete, non-commutative DVR D. But since Q(kG/P) is
finite dimensional over its centre, the same property holds for @, and hence Q(D) is

finite dimensional over its centre.

Let F = Z(Q(D)), s := dimp(Q(D)), R := FND. Then F is a field, R is a
commutative DVR, and Q(D) = F* as F-vector spaces. Let 1 € R be a uniformiser,

and let ¢ := v(u) > 0.

Lemma 3.8.1. Let {y1,--- ,ys} be an F-basis for Q(D) with 0 < v(y;) <t for all i.
Then there exists | € N such that if v(riyy + -+ - +1rsys) > 1 then v(r;) > 0 for some i
with r; # 0.

Proof. First, note that the field F' is complete with respect to the non-archimedean
valuation v, and Q(D) = F*® carries two filtrations as a F-vector space, which both
restrict to v on F. One is the natural valuation v on Q(D), the other is given by

vo(riyr + oo + 7sys) = min{o(r;) i =1, ..., s}.
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But it follows from [I5, Proposition 2.27] that any two norms on F** are topologically
equivalent. Hence v and vy induce the same topology on Q(D). It is easy to see that

any subspace of [ is closed with respect to vy, and hence also with respect to v.

So, suppose for contradiction that for each m € N, there exist r;,, € K, not all zero,

with v(r;m) < 0if 7y, # 0, and v(rymys + ... + s mys) > m.

Then there exists ¢ such that r;,, # 0 for infinitely many m, and we can assume
without loss of generality that ¢ = 1. So from now on, we assume that r,, # 0 for

all m.

Dividing out by ry ,,, gives that v(y; +tomya + ... + tsm¥ys) > m—v(r1,,) > m, where

-1
tim = T mTim € K.

Hence lim (y1 +tom¥ys + ... + tsmys) = 0, and thus lim (t2,,y2 + ... + tsmYs) exists
m—00 n—oo
and equals —y;. But since Spang{ys,....,ys} is closed in F** this means that y; €

Spang{ys, ....., ys} — contradiction. ]

Proposition 3.8.2. There exists a basis {1, .....,xs} T D for Q(D) over F such that

D=Rxi®.. D Rx,.

Proof. 1t is clear that we can find an F-basis {y1,....,ys} € D for Q(D) such that
v(y;) < t for all 4, just by rescaling elements of some arbitrary basis. Therefore, by
Lemma [3.8.1] there exists [ € N such that if v(ryy; + -+ + r5ts) > 1 then v(r;) > 0

for some ¢ with r; # 0.

Choose m € N such that tm > [. Then given = € D\{0}, v(z) > 0 so v(u"x) >

tm > 1. So if p"x = ryy; + .... + rsys then v(r;) > 0 for some r; # 0.
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It follows from an easy inductive argument that u"™*x € Ry, @ ..... @ Rys, and hence

But Ry, & ..... @ Ry, is a free R-module, and R is a commutative PID, hence any

R-submodule is also free. Hence p™*D = R(u™21)®....® R("™*x.) for some z; € D.

It follows easily that e = s, {1, ...., x5} is an F-basis for Q(D), and D = Rx; & .... &
Rux,. ]

Now, we restrict our non-commutative valuation v on Q = M, (Q(D)) to Q(D), and
by definition this is the natural J(D)-adic valuation. Using Proposition we fix
a basis {x1, -+ ,zs} C D for Q(D) over F, with D = Rz @& Rxs & - - - & Rus.

Proposition 3.8.3. Let F' be any finite extension of F'; then v extends to F'. Let
v" be the standard matriz filtration of My(F") with respect to v.
Then there is a continuous embedding of F-algebras ¢ : Q(D) — My(F") such

that

V(p(z)) <wv(x) <v'(o(x))+ 2t for all z € Q(D).

~

Hence applying the functor M, to ¢ gives us a continuous embedding M, (¢) : Q —
M (F') such that ' (M, (¢)(z)) < v(x) < v/ (Mn(¢)(x)) + 2t for all x € Q.

Proof. 1t is clear that the embedding F' — F’ is an isometry, so it suffices to prove

the result for F/ = F.

Again, define vy : Q(D) — Z U {oo},> i rx; — min{u(r;) 4 = 1,....,s}, it
is readily checked that this is a separated filtration of F-vector spaces, and clearly

v(x) > vo(x) for all x € Q(D).
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Then if x = rmzy + ... + rszs € Q(D) with 0 < v(x) < ¢, then v(r;) > 0 for all i
because D is an R-lattice by Lemma Since v(x;) > 0 for all ¢, v(r;) < ¢t for

some j, so since r; € R, this means that v(r;) = 0, and hence vy(z) = 0.

So if z € Q(D) with v(z) = [, then at < I < (a + 1)t where a = |}], and hence
0 <w(p )<l souvy(pux)=0.
Thus p~ % = rx; + ... + 152, with v(r;) > 0 for all 4, v(r;) = 0 for some 4, and

hence vy(z) = ta, so v(z) < vo(x) + t.

So it follows that vy(z) < v(z) < vo(z)+t for all x € Q(D), in particular 0 < v(z;) <t

for all i. Hence the identity map (Q(D),v) — (Q(D),v) is bounded.

Now, consider the map ¢ : Q(D) — Endp(Q(D)),z — (Q(D) — Q(D),d — x - d),

this is an injective F-algebra homomorphism.

Also, Endr(Q(D)) carries a natural filtration of F-algebras given by

V(1) := min{vg(¢(x;)) : i = 1,..., s} for each ¢ € Endp(Q(D)).

Using the usual isomorphism Endp(Q(D)) = M,(F), this is just the standard matrix

filtration, and it is readily seen that
V(1) = inf{vg(¢(d)) : d € Q(D),0 < wv(d) < t} for all ¢ € Endp(Q(D)).

So if vo(z) = r then since vy(1) = 0 and vo(¢p(x)(1)) = vo(x - 1) = r, it follows that

V(p(x)) <r. Butforalli=1,..s:

vo(z - ;) >v(x-x;) =t >r+wv(x;)) —t >r—t, hence v'(¢(z)) >r —t.
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Therefore v'(¢(x)) < vo(x) < v'(¢p(z)) +t for all 2, so ¢ is bounded, and hence con-

tinuous.

Finally, since for all z € Q(D), vo(z) < v(z) < vo(z) + ¢ and v'(¢(z)) < vo(z) <

v'(p(x)) + t, it follows that v'(¢(z)) < v(z) < V'(p(x)) + 2t.

Recall from Definition the growth rate functions p and o/ of Q and M, s(F")

with respect to v and v’ respectively. Then using Proposition [3.8.3] we see that for

all x € @:
p(x) = lim v(in) < lim w = p/(z) < p(x) — forcing equality.

Therefore p’ = p when restricted to @

Now, fix a closed, isolated normal subgroup H of G, and an H-Mahler automorphism
¢ of G. Then given any basis {hq,- -+, hg} for H, setting ¢; := 7(u(h;) — 1), recall

our Mahler expansion (|3.10)):
= ¢ 701 (y) + .. + ¢ T0a(y) + O(").
Where p(q) > 2p(g;) for all 7.
We may embed Q(D) continuously into M(F”) for any finite extension F’ of F' =
Z(Q(D)) by Proposition [3.8.3, and since each ¢; is a square matrix over Q(D), by

choosing F’ appropriately, we may ensure that they can be reduced to Jordan normal

form inside M,,s(F").

But since F’ has characteristic p, after raising to sufficiently high p’th powers, a

Jordan block becomes diagonal. So we may choose mg € N such that ¢” "0 s diago-
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nalisable for each 3.

But ¢, - - , g commute, and it is well known that commuting matrices can be simul-
taneously diagonalised. Hence there exists a € M,,;(F") invertible such that ag’ "t

is diagonal for each 1.

So, let t; := ag;a™t, then after multiplying (3.10) on the left by a, we get:
0==2t"ard\(y) + ... + t7 arda(y) + O(ag’™).

Note that since " is diagonal for each 7, p/(t*"") = v'(t?""), and p/(t;) = p'(g;) since
growth rates are invariant under conjugation by Lemma W(zm) Since p' = p on
Q, it follows that p("") = v (7).

Moreover, v/'(t7") = p(¢”") = p™p(g;) for each m > my.

Also, recall the definition of the initial power m; from Definition [3.2.2] and that
¢ = 7(u(h;) — 1) = 7(uo(hs) — 1)P"* for each i. So after replacing m; by m; +mg we

may ensure that each ¢; is diagonal, and hence v'(t;) = p(¢;).
Recall that A = inf{v(p(7(u(h) —1))) : h € H}, and let

U:={heH:p(rt(ulh)—1)) > A},

then U is a proper open subgroup of H containing H” by Lemma [3.7.2] Fix an or-
dered basis {hy,--- ,hq} for H such that {h] -+ JhE h,.1,---  hq} is a basis for U,

Y T

¢ = 7(u(h;) — 1), t; = agia™" as above.

Then it follows that for all i < r, v'(t;) = p(q;) = A, and for i > r, v'(t;) > A, so we

have:

0=t""ardy(y) + ... + 2" ar0,(y) + O(ag’") (3.15)
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where p(q) > A. In the next section, we will show how to analyse this expression.

3.9 Using Linear Dependence

Definition 3.9.1. Given v € Z, ¢y, - , ¢y € Myps(F') with v'(c;) = v for some i, we
say that ¢y, -+ , ¢y, are Fy-linearly independent modulo v if for any ay,- -+, o, € Fp,

not all zero, v'(acy + -+ - 4+ apem) < v.
Lemma 3.9.2. t1,--- ,t, are Fy-linearly dependent modulo ™.

Proof. Suppose, for contradiction, that v'(aity + - -+ + ayt,) > X for some o; € F,

not all zero, then using Lemma [3.6.2)(iii) we see that

plarqn + -+ arqr) = plalanq + -+ argr)a™t) = plaaty + -+ + apty) = V' (ot +
Cdat) > A

But since ¢; = 7(u(h;) — 1) for each i, we can see using expansions in kG that
arqr + -+ gy = T(u(hit - h8T) — 1) + O(giq;), and clearly p(O(gigj)) > A, and
hence p(7(u(hi™ ---ho) — 1)) > A

But U ={h € H: p(t(u(h) — 1)) > A} = (b}, ,hE, hyy1, -+ , ha), so since p does
not divide every «;, it follows that Af'---hS ¢ U, and hence p(T(u(hi*---hir) —

1)) = X\ — contradiction. O

Notation: For each i = 1,--- ,ns, denote by e; the diagonal matrix with 1 in the

1’th diagonal position, 0 elsewhere.

Proposition 3.9.3. Suppose dy,--- ,d,. € M,s(F") are diagonal, v'(d;) = X\ for each

i, and suppose that for all m € N we have:

0=d"a,+ -+ d"a, + O(ag"")
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where a;,a,q € Mps(F'), p(q) > A.

Suppose further that for some j € {1,--- ns}, the j'th entries of dy,--- ,d, are

F,-linearly independent modulo A\*. Then eja; =0 for alli=1,--- ,r.
Proof. Firstly, since dy j,--- ,d,; are Fy-linearly independent modulo A%, it follows
immediately that e;dy, - - , e;d, are F)-linearly independent modulo A™. And:

0= (ejdi)""ar + -+ (e;dy)"" ar + O(ejaq”").

For convenience, set d} := e;d;, and in a similar vein to the proof of Theorem [3.7.5]

define the following matrices:

/ m / m m
dy v’ .. dP “
/pm+1 /perl ,pm+1 a/2
d! d! "
D,, = . . .o . , Q=
/pm+t71 ,pm+t71 /pm+t_1
d! d! L o

Then we can rewrite our expression as:

O(ejaq™)
Olejaq”™)

O(ejag™ ™)
and multiplying by the adjoint matrix adj(D,,) gives:
Ole;q™" )
O(ejag”™)
0 = det(Dy)a + adj(D,,) | (3.16)

O(ejaqpmﬂfl)

and using an identical argument to the proof of Lemma [3.7.3] we see that the (i, j)-

entry of adj(D,) has value at least Z=Lp™\ — p™ =1\,

p—

Since p(q) > A, fix ¢ > 0 such that p(q) > A+ ¢, and hence v'(ejaq?”) > p™ A +p™c+

v(a) for all sufficiently high m. Then we see that the i’th entry of the vector
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O(ejaq™)
Olejaq”™™)

adj(Dn)
O(ejaqpm+t—1)

has value at least ’%pm)\ + p"c+v(a) for m >> 0.

So examining the ’th entry of our expression (3.16)) gives that 0 = det(D,,)a; + €;m,

where V(&) > ’%pm”)\ +p"c+v(a).

Let A := det(Dy), then det(D,,) = A" for all m € N, and using [8, Lemma 1.1(44)]

we see that
A=p- I (aadi+---+ a.d.) for some § € F,.
a€Pr—1F,
Since d},--- ,d. are F,-linearly independent modulo A", each term in this product

has value A\, and moreover is a diagonal matrix, with only the j’th diagonal entry

non-zero.

Let 6 be the j'th diagonal entry of A. Thend € F/, 67 'A =¢;,andv(d) = > A=

a€Pr—1F,
p'—1 .
= A. So:

—_m m _m _om
O:(Sp AP ai—i—ép eiym:ejai—i—ép €i,m

and v' (077" €; ) = V' (€.m) — pm%)\ > % "X+ pme+v(a) — ’%pm)\ =v(a) +
pc — o0 as m — 00.

Hence 6 7"¢;,, — 0 and e;ja; = 0 as required. O

Now, consider again the maps 0y, - ,0, : kG — kG. These are k-linear derivations

of kG by Lemma [2.5.5, and we want to prove that d;(P) = 0 for some i.

Lemma 3.9.4. Let 0 : kG — kG be any k-linear derivation of kG. Then if ctd(P) =
0 for some 0 # ¢ € M,s(F") then T6(P) =0
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Proof. Let I = {a € M,,(F’") : at§(P) = 0}, then it is clear that I is a left ideal
of M,s(F"), and I # 0 since 0 # ¢ € I. We want to prove that 1 € I, and hence
T76(P) = 0.

We will first prove that I is right @—invariant:

Given r € kG, y € P, §(ry) = ré(y) + 6(r)y since ¢ is a derivation. So 76(ry) =
7(r)Té(y) +7(r)7(y) = 7(r)70(y). Therefore, for any a € I, ar(r)7é(y) = atd(ry) =

0 since ry € P. Thus ar(r) € I, and it follows that I is right kG/P-invariant.

Given s € kG, regular mod P (i.e. 7(s) is a unit in Q(kG/P)), we have that
IT(s) C I. Hence we have a descending chain I D I7(s) 2 I7(s)> 2 --- of right
ideals of M,,(F"). So since M, (F") is Artinian, it follows that I7(s)" = I7(s)"™! for

some n € N, so dividing out by 7(s)"™! gives that I7(s)™! = I.

Therefore, I is right Q(kG/P)-invariant, and passing to the completion gives that it

is right Q-invariant as required.

This means that 1 N Q is a two sided ideal of the simple ring Q = M, (Q(D)). We

will prove that I N @ # 0, and it will follow that I N @ = @ and thus 1 € 1.

We know that Q = M,(Q(D)) and Q(D) < M,(F"). Since Q(D) is a division ring,
we must have that M(F") is free as a right Q(D)-module, so let {xy,--- ,z;} be a
basis for M (F") over Q(D). It follows easily that {zl,s, -,z [,s} is a basis for
Moy (') over M, (Q(D)) = 0.

Now, ¢ € I and ¢ # 0, so ¢ = x1¢1 + - - + x4¢; for some ¢; € @, not all zero, and

ctd(y) =0 for all y € P.
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Therefore 0 = ¢7d(y) = z1(c170(y)) + x2(c2d2(y)) + - - - + 2(c76(y)), so it follows
from @—linear independence of 11, - , 1,5 that ¢;76(y) = 0 for all 4, and hence

Ciejﬂéj.

So choose ¢ such that ¢; # 0, and since ¢; € T ﬂ@, we have that I # 0 as required. [J

Theorem 3.9.5. Let 6y, ,0, : kG — kG be k-linear derivations of kG, and suppose
that there exist matrices a,q,dy,- - ,d,. € M,s(F") such that a is invertible, the d; are

diagonal of value A, p(q) > X and for ally € P:
0= dllomaT(Sl (y) + dngLT(52 (y) 4+t dffmCLT(ST <y) + O(aqpm)_

Suppose further that dy,-- - ,d, are F,-linearly independent modulo A*, then 76;(P) =
0 for all .

Proof. We will use induction on r. First suppose that r = 1.

Then since 0 = & a7y (y) + O(ag’™), it follows immediately from Proposition m
that e;jard;(y) = 0 for any j = 1,--- ,ns such that v(d; ;) = A, and this holds for all
y e P.

Since @ is a unit, e;a # 0, so using Lemma we see that 701(P) = 0 as

required.

Now suppose, for induction, that the result holds for all ¢t < 7:

Assume first that there exists j = 1,--- ,ns such that d; j,--- ,d,; are F,-linearly
independent modulo AT. Then using Proposition and Lemma again, we

see that ejard;(y) =0 foralli =1,--- ,r, y € P, and hence 76;(P) = 0 for all ¢ as

required.
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Hence we may assume that all the corresponding entries of dy, - - - , d, are F,-linearly
dependent modulo A, i.e. given j =1,--- ,ns, we can find fy,-- - , B, € F,, such that

v(frdyj+- - -+ Brd, ;) > X We can of course choose j such that v(d; ;) = A for some 1.

Without loss of generality, we may assume that for some 1 <t < r, dyj,--- ,dy;
are F,-linearly independent mod A", and that diyq,---,d,; can be expressed as
[F,-linear combinations of d; j,--- ,d; ; modulo A + 1.

So, for each i = 1,--+ |7, e;d; = S"5_1 Bire;dy + € for some B;; € Fp, €, € M (F")

diagonal with v'(e;) > .

Multiplying our expression by e; gives:

0=e;d ard(y) + -+ e;d?" aré,(y) + O(ejaq”™)

= Yisieid ardi(y) + Olejaq™)

= 3165 i Bindy atdi(y) + iy € ardi(y) + Olag”™)

= e;d a Y1y Bintdi(y) + e a3y Burdily) + i € ardi(y) + O(ag”").
Now, set 0}, := > i Bix70i(y), d; == e;d; for each ¢ = 1,--- ,t. Then the ¢] are k-

linear derivations of kG, and since € is diagonal and v'(¢) > A, it follows that p(€) > A,

and so S0_, € ard;(y) + O(ag”") = O(ag”®") for some ¢’ with p(¢’) > . Hence:
0=df" ardi(y) + df" ardy(y) + - +di" ard;(y) + Oag"").

So since e;dy, - - -, e;d; are Fy-linearly independent module A*, it follows from induc-

tion that 76, (P) = 0 for all 4, i.e. for all y € P, Y7, B x70;(y) = 0.
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Therefore, we may assume without loss of generality that for all y € P, 74,(y) =

im0 (y) + - - -+ Br_176,—1(y) for some B; € [F,, not all zero. Hence:

0= dﬁ’male (y) + -+ d?"a76,.(y) + O(ag”™)

= (dl + Bldr)pmaT(sl (y) + o+ (drfl + 5r71dr)pma7'5r71(y) + O(aqpm>

But di + fid,, - - ,d,—1 + B,_1d, are F,-linearly independent modulo A*, so it follows

from induction that 76;(P) =0 forall i =1,--- ,r — 1.

Therefore, we have 0 = d&" até,(y) + O(ag”"), so applying induction again gives that
76, (P) = 0 as required. O

Corollary 3.9.6. Let G be a p-valuable group, and let P be a faithful prime ideal of
kG such that Q(kG/P) is a CSA. If there exists a closed, isolated normal subgroup
H of G and a strong H-Mahler automorphism ¢ € Aut”(G) such that p(P) = P,

then P s controlled by a proper open subgroup of G.

Proof. We know that tq,--- ,t, are F,-linearly independent modulo A™ by Lemma
3.9.2 so applying Theorem with §; = 0; and d; = t;, it follows that 70;(P) = 0
foralle=1,---,7.

Hence P is controlled by a proper open subgroup of G by Proposition [2.5.4, [
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Chapter 4

The Abelian-by-procyclic case in
characteristic p

Now that we have explored the usefulness of Mahler expansions in characteristic p,
we will see how to apply this in the abelian-by-procyclic case, where we can exploit

the canonical Mahler automorphisms.

4.1 Construction of a valuation

We have seen why non-commutative valuations are useful, but to ultimately prove
Theorem B we will need to define a particular non-commutative valuation on Q(kG/P)
that allows for the construction of a special growth preserving polynomial. In this
section, we will show how to construct this valuation, following a similar argument

to the proof of [1, Theorem CJ.

Let R be a prime, Noetherian ring, and let w : R — N U {oc} be a positive Zariskian
filtration such that gr, R is finitely generated as a module over a central, graded,
Noetherian subring A, and we will assume that the positive part A.q of A is not

nilpotent, and hence we may fix a minimal prime ideal q of A with q 2 A-. Define:
T ={X € A\q: X is homogeneous }.

Then T is central, and hence localisable in gr R, and the left and right localisations

agree.
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Lemma 4.1.1. Let g’ :=T"'q, then q' is a nilpotent ideal of T~*A and:

i. There exists Z € T', homogeneous of positive degree, such that T;,IA o (%)0[7’7

where Z = 7 + (.

(T~ A)>0

2T T A) oy is Artinian, and T—1A is gr-Artinian, i.e. every descending

1. The quotient

chain of graded ideals terminates.

Proof. Since A is a graded, commutative, Noetherian ring, this is identical to the

proof of [1l, Proposition 3.2]. O

Since gr R is finitely generated over A, it follows that T~ 'gr R is finitely generated

over T7'A. So using this lemma, we see that T~ 1gr R is gr-Artinian.

Let S := {r € R : gr(r) € T}, then since w is Zariskian, S is localisable by [27,
Corollary 2.2], and there exists a Zariskian filtration w’ on S™'R such that
gry STIR2 T 'gr R, and if r € R then w'(r) > w(r) with equality if r € S.

Furthermore, w’ satisfies w'(s™'r) = w'(r) —w(s) for all7 € R, s € S.

Now, since R is prime, the proof of [I, Lemma 3.3] shows that S™'R = Q(R), so let

@’ be the completion of Q(R) with respect to w'.

Let U := Fy@’, which is Noetherian by [28, Ch.II Lemma 2.1.4], and it follows that

gry U= (T 'gr R)sg, and since gr Q' = T 'gr R is gr-Artinian, @’ is Artinian.

Lemma 4.1.2. There exists a regular, normal element z € J(U) N Q™ such that 1
is Artinian, and for alln € Z, Fly»)Q" = 2"U, hence the z-adic filtration on Q' is

topologically equivalent to w'. Moreover, U has Krull dimension 1 on both sides.

Proof. Recall the element Z € T-'A from Lemma M(z), then we can choose an

element z € U such that gr,/(z) = Z. Since w' is Zariskian and Z has positive degree,
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€ Q' C J(U).

Furthermore, since Z = Z + ¢’ is a unit in T;# and ¢’ is nilpotent, it follows that Z
is a unit in 7' A, and hence in T 'gr R = gr Q'.

This means that z is not a zero divisor in @', and hence it is a unit since @’ is
Artinian. Also, for all u € Q', w'(zuz™!) = w'(u) since Z is central in gr Q’, and

1

hence zUz~" = U. Therefore z is normal in U.

Since (T 'gr R)>o is finitely generated over (T~'A)s, it follows that

grU - .
Zar U 15 finitely

T-14)>0 gr U
(T—1A)>0 Zgr U*

generated over the image of Z(

This image is gr-Artinian by Lemma |4.1.1(i7) and hence Zg;rUU is also gr-Artinian.

Therefore, since gr % = Zg;% under the quotient filtration, it follows that % is
Artinian, and the proof of [I, Proposition 3.4] gives us that U has Krull dimension

at most 1 on both sides, and that F,,(.)Q" = 2"U for all n € Z. O

So, after passing to a simple quotient @ of @, since Q(R) is simple it follows that
the map Q(R) — @ is injective, and the image is dense with respect to the quotient

filtration, so we can think of @ as a topological completion of Q(R).

Now, setting V' := @20 as the image of U in @, we can choose a maximal order B in
@, which is equivalent to V' in the sense of [29, Definition 1.9]. Such an order exists

by [I, Theorem 3.11], and it is Noetherian.
Furthermore, let z € J(U) be the regular, normal element from Lemma|4.1.2, and let

zZ € J(V) be the image of z in V', then B C Z7"V for some r € N by [I Proposition

3.7].
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It follows from [I, Theorem 3.6] that B = M,,(D) for some complete non-commutative
DVR D, and hence Q = M,(Q(D)). So let v be the J(B)-adic filtration, i.e. the
filtration induced from the valuation on D. Then v is topologically equivalent to the

z-adic filtration on @

It is clear from the definition that the restriction of v to Q(R) is a non-commutative
valuation, and the proof of [Il, Theorem C] shows that (R, w) — (Q(R),v) is contin-

uous.

Note that our construction depends on a choice of minimal prime ideal q of A. So

altogether, we have proved the following:

Theorem 4.1.3. Let R be a prime, Noetherian ring with a Zariskian filtration
w: R — NU{oo} such that gr, R is finitely generated as a module over a cen-

tral, graded, Noetherian subring A, and the positive part A~ of A is not nilpotent.

Then for every minimal prime ideal q of A with q 2 A<, there exists a corresponding
non-commutative valuation vy on Q(R) such that the inclusion (R, w) — (Q(R),v,)

1S continuous.

In particular, if P is a prime ideal of kG, then R = kG /P carries a natural Zariskian

filtration, given by the quotient of the Lazard filtration on kG, and gr R = ggrr—k]f is

commutative, and if P # J(kG) then (gr R)>¢ is not nilpotent by [I, Lemma 7.2].
Hence we may apply Theorem to obtain a non-commutative valuation v on

Q(kG/P) such that the natural map 7 : (kG,w) — (Q(kG/P),v) is continuous.

4.2 Normal elements

Now that we have defined our non-commutative valuation, we need to explore its

properties. Again, gr R is finitely generated over a central, graded, Noetherian sub-
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ring A, and ¢ is a minimal prime ideal of A, not containing A.,. Recall first the data

that we used in the construction of vg:

e w' — a Zariskian filtration on Q(R) such that w'(r) > w(r) for all r € R, with

equality if gr,(r) € A\g. Moreover, if gr,,(r) € A\q then r is w’-regular.
e (' — the completion of Q(R) with respect to w'.
e U — the positive part of ()', a Noetherian ring.
e > — a regular, normal element of J(U) such that 2"U = F,,(,)Q' for all n € Z.
e v,y — the z-adic filtration on @', topologically equivalent to w'.
e () — a simple quotient of Q.
e I/ — the positive part of @, which is the image of U in @

e Z — the image of z in V.

e vzy — the z-adic filtration on @, topologically equivalent to the quotient filtra-

tion.

e 3 — a maximal order in @, equivalent to V, satisfying B C Z="V for some r > 0,

isomorphic to M, (D) for some non-commutative DVR D.
e vz — the z-adic filtration on B.

e v, — the J(B)-adic filtration on @, topologically equivalent to v; z.
From now on, we will assume further that R is an [F,-algebra.
Recall from Lemma that an element r € B is vg-regular if and only if 7 is normal

in B. Since it is important in the definition of a special GPP for us to establish v-

regularity, we will now explore how to construct normal elements.
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Lemma 4.2.1. Given r € R such that gr(r) € A\q, we have:

1

i. v is normal in U, a unit in Q' and for any v € U, w'(rur™" —u) > w'(u).

ii. vy (r) = v, u(r).
Proof. i. Sincer € S = {s € R: gr(s) € A\q} and Q(R) = S™'R, r is a unit in ',
and we know that w'(r) = w(r). Given u € U, we want to prove that rur~* € U,

thus showing that r is normal in U.

We know that U = Fy@' is the completion of the positive part FyQ(R) of Q(R) by
definition, and we may assume that u lies in Q(R), i.e. u = s~ 't for some s € S,

t € R, and w'(u) = w'(t) — w(s) > 0.
But gr(r), gr(s) ¢ q, and hence gr(r)gr(s) # 0, which means that w(rs) = w(r)+w(s).
Therefore w'(r~tur) = w'((sr)~'tr) = w'(tr) —w(rs) > w'(t) +w'(r) —w(r) —w(s) =

w'(t) —w'(s) > 0, and so r~tur € U as required.

Furthermore, since gr(r) € A is central in gr R, w'(ru—ur) > w'(u) +w'(r), and thus

w'(rurt—u) = W' ((ru—ur)r=1) > w'(ru—ur)—w'(r) > w'(u)+w'(r)—w'(r) = w'(u).
it. Let t := v, y(r).

So r € Z'U\"MU = Fow(» Q' \Flt+1yw(» @', and hence w'(r) = tw'(z) + j for some
0<j<uw(z).

Since gr,/(r) € A\q, we have that w'(r~!) = —u/(r) = —tw'(z) — j.

Let 7 be the image of r in @ Then since r € 2'U, it is clear that 7 € Z'V, hence

vz (r) > t, so it remains to prove that vz y(r) <t.
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Suppose that 7 € 21V, i.e. r — 2t+1y maps to zero in Q for some u € U, and hence

27 — zu = 2z7%(r — z"*1u) also maps to zero.

Let a = z7'r, b = —zu. Then w'(b) > w'(u) + w'(z) > w'(z), w'(a™') > w'(r71) +
tw'(z) = —tw'(2) — j + tw'(z) = —J, so w'(a™b) > w'(z) — j > w'(z) —w'(z) = 0,

and therefore (a7'b)" — 0 as n — co.

So by completeness of @', the series Y (—1)"(a"'b)"a™" converges in @', and the
n>0

limit is the inverse of a + b, hence a + b = z7'r — zu is a unit in Q’.

Therefore a unit in @)’ maps to zero in () — contradiction.

Hence 7 ¢ 71V | so vz (r) < t as required. O

Proposition 4.2.2. Let u € U be regular and normal, then w is a unit in Q'. Fur-

1

thermore, if w'(uau™" — a) > w'(a) for all a € @', then setting T as the image of u

in V', we have that u?" is vy-regular for sufficiently high m € N.

Proof. Since wu is regular in U, it is not a zero divisor, so it follows that w is not a

zero divisor in ', and hence a unit since Q)" is Artinian.

Since u is normal in U, i.e. uU = Uu, it follows that uV = Vu, so @ is normal in V.
We want to prove that for m sufficiently high, @w?" is normal in B = FOQ\, and it will

follow from Lemma that it is vg-regular.
We know that w'(uau™ — a) > w'(a) for all a € Q', so let 6 : Q' — Q' be the

conjugation action of u, then (0 —id)(F, Q") C F,1 Q' for all n € Z.

Therefore, for all k € N, (0 —id)*(F,Q") C F,.,.Q'.
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Since )’ is an Fj-algebra, it follows that (6*" — id)(F,Q") = (0 — id)*" (F,Q")

N

v

Foipm@', and clearly 67" is conjugation by @*”. So fix k¥ € N such that p"
w'(z). Then we know that 2"U = Fp U, so (07" — id)(="U) C Frw ()40 U

N

F(n+1)w’(z)U = 2"y,

Hence we have that for all a € @', v,y (u? au™" —a) > v, y(a), and it follows imme-
diately that vz y (@ au " — a) > vsy(a) for all a € Q.

1

For convenience, let v := 7" € V. We know that vz (vav™" — a) > vz (a) for all

a € @, and we want to prove that v?" is normal in B for m sufficiently high.

Let I ={x €V :qr €V for all ¢ € B}, then [ is a two-sided ideal of V', and since
B C zZ7"V, we have that "V C I. Also note that BI C I, because if g, s € B, x € I

then sz € V and ¢(sz) = (¢s)x € V, thus sx € I.

Let 1) : Q — Q be conjugation by v, then we know that (¢ —id)(z"V) C z" TV,
and hence (¢ — id)*(V) C z°V for all s. Choose m € N such that p™ > r, then

(YP" —id) (V) = (¢ —id)P" (V) CzP"V Cz'V C I.

Therefore, for all a € V, v*"av™?" —a € I, and in particular, for all a € I,
v av " € I, so vP"TvP" C I. So set b := v*", then it follows from Noetheri-
anity of V that bIb=! = I.

Finally, consider the subring B’ := b='Bb of @ containing V', then since B is a maxi-
mal order equivalent to V', it follows immediately that B’ is equivalent to V', and that
B’ is also maximal.

Given ¢ € B', ¢ = b~1qb for some q € B. So given z € I, cx = b~ qbx = b~ 'qbab'b €
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b='Ib=1,s0ce OfI):={qeQ:ql CI}, and hence B' C O)(I).

But Oy(I) is an order in @, equivalent to V', and since BI C I this order contains B.
Since B and B’ are maximal orders and are both contained in Oy(I), it follows that

O)(I) =B =B =bBb.

m —ym+k . . .
Therefore b = 0P = uP is normal in B as required. O

In particular, it is clear that z € U satisfies the property that w'(zaz™! —a) > w/(a)

for all @ € @', thus z°" is normal in B for large m.

The next result will be very useful to us later when we want to compare values of

elements in Q(kG/P) based on their values in kG.

Theorem 4.2.3. Given r € R such that gr,(r) € A\q, there exists m € N such that
" is vg-reqular inside @ Also, if s € R with w(s) > w(r) then for sufficiently high
m, vg(sP") > vy (r?").

Moreover, if w(s) = w(r) and gr,(s) € q then we also have that vy(sP") > vy(r?")

for sufficiently high m.

Proof. Since gr,,(r) € A\g, it follows from Lemma [4.2.1](¢) that r is normal and reg-

ular in U, and w'(rur™ — u) > w'(u) for all u € U. So for m € N sufficiently high,

rP" is vg-regular by Proposition [4.2.2]

Note that since gr,(r) € A\g, we have that w'(r) = w(r). In fact, since gr,(r) is
not nilpotent, we actually have that w'(r") = w(r™) = nw(r) for all n € N. So if
w(s) > w(r), then for any n, w'(s") > nw(s) > nw(r) = w'(r").

Moreover, if w(s) = w(r) and gr,(s) € q, then since ¢ = T~'q is nilpotent
by Lemma it follows that for n sufficiently high, w'(s™) > nw’(s), and hence

w'(s™) > nw(s) = nw(r) = w(r") = w'(r").

99



So, in either case, after replacing r and s by high p’th powers of r and s if necessary,

we may assume that w'(s) > w'(r), i.e. w'(s) > w'(r) + 1.

It follows that for every M > 0, we can find m € N such that w’(s?™) > w'(r?") + M.

First we will prove the same result for v,

Given M > 0, let N = w'(z)(M + 1), so that M = ﬁ]\f — 1, then choose m such

that w'(s?") > w'(r’") + N, and let [ := v, y(s?"), t := v, py(r").

So s € ZIU\ZHlU = Ew’(z)Q/\F(l+1)w’(z)Q/a and " € ZtU\ZtJrlU = Ew’(z)Q/\F(l+l)w’(Z)Ql'

Hence (I + 1w'(z) > w'(sP™) > lw'(z) and (t + D)w'(z) > w'(rP") > tw'(2).

Therefore, v, ;(s?") =1 = = ((l+ Dw'(z)) — 1 > A=w'(s?") — 1

)

vV
2
=
=
-
+
=2
|
-
vV

(tw'(z) + N) —1

— ¢+ w’;(z)N —1=t+M =v,y(r"") + M as required.

Now, since gr,(r) € A\g, we have that vy (r"") = v, y(r?") for all m by Lemma

i),

Therefore, since vsy(sP") > v, y(sP") for all m, it follows that for every M > 0,

there exists m € N such that vz y(s?") > vy (r?") + M.
Now we will consider vz g, the Z-adic filtration on @

Recall that V C B C z7"V, and thus 2"V C z"B C 2" "V for all n. Hence
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vy (v) =1 <wvzp(v) <wvsy(v) forallv e V.
For any M > 0, choose m such that vsy(s?") > vy (r?") + M +r. Then:

vep(sP") > vy () —r > sy (P + M 41— 1 > v 5(r?") + M.
Now, using Proposition we know that we can find k& € N such that z := 27"
is normal in B, i.e. B = Bz is a two-sided ideal of B. Then since B = M, (D) for
some non-commutative DVR D, it follows that 2B = J(B)* for some a € N, and

B = J(B)* for all m.

So, choose m € N such that 77" is v,-regular, vy(r?") > a and vs 5(s?") > vz p(r*") +

p*. Then suppose that v,(r?") = n, i.e. " € J(B)"\J(B)"™ and n > a.

We have that n = ga+1t for some ¢,t e N0 <t <a,sog>landga<n<n+1<

(¢ + 1)a. Therefore:

" e J(B)* C J(B)® = 298 = 7", and so v z(1r"") > p¥q.

Hence vz 5(s”") > v 5(r?" ) +p* > pFg+pP = pF(g+1), s0 87" € 7" @B = 0+ B =

J(B)a(q+1) C J(B)n+1.
Therefore vy(s?™) > n+1>n = v,(r’").
Furthermore, for all [ € N, vy(s?™"") > plug(s”™) > plog(1?™) = vy(r*""") — the last

equality holds since 77" is v,-regular.

Hence v,(s?") > v,y(r?") for all sufficiently high n as required. O
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4.3 The Extended commutator subgroup

From now on, we will fix G a p-valuable, non-abelian, abelian-by-procyclic group
with principal subgroup H, procyclic element X. We will also assume for now that
G has split-centre, ie. 1 —» Z(G) - G — % — 11is a split exact sequence of groups.

Firstly, recall from Appendix how we define a valuation w : £ — R U {00}

1 > 2
on a Z,-Lie algebra L. Also recall that we define € := {2 b 5
p =

Z,-Lie algebra L of finite rank is powerful if [C, L] C p°L. If L is powerful and w is a

, and we say a free

valuation on £, then w corresponds to a p-valuation w on the uniform group exp(L)

defined by w(g) := w(log(g)). We use this construction to prove the following result:

Proposition 4.3.1. Let G be a non-abelian, uniform, abelian-by-procyclic group with
split-centre, let L = log(G), and let V := exp([L,L]) C HP. Then there exists a
basis {hy,--- ,hq} for H, r < d such that {h,i1, -+, ha} is a basis for Z(G) and

{hﬁ”tl, - B2} is a basis for V for some t; > e.
Moreover, there exists an abelian p-valuation w on G such that (i) {hy, -, hq, X} is
an ordered basis for (G,w), and (i1) w(hzl’tl) = w(hth) == w(h?") > w(X).

Proof. First, note that since G has split centre, we have that G = Z(G) x % In
fact, since Z(G) C H, we have that H = Z(G) x H' for some H' < H, normal and

isolated in G.

Set £ := log(G), H :=log(H), x := log(X). Then L is a powerful Z,-Lie algebra,
free of finite rank, and £ = H x Z,z. Also, it follows from the preceding paragraph
that H = Z(L) & H', where H' :=log(H’), and clearly [L, L] = [z, H] = [z, H'].

Note that ad(z) : H' — [L£,L] is an injective, Z,-linear map, since its kernel is

H NZ(L) = 1. Since [L,L] C H', it follows that [£, L] has the same rank as H’,
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so by the Elementary Divisors Theorem, there exists a basis {vy,- - ,v,} for H' such
that {p"vy,....,p'"v,.} is a basis for [£, L] for some ¢; > 0. And since £ is powerful,

we have in fact that ¢; > € for each i.

Let {v,41,- -+ ,vq} be any basis for Z(L), and set h; := exp(v;) for each i = 1,---d.
It follows that {hﬁ’tl, ..... ,h?'"V is a basis for V, and that {h,4q1,--- , hq} is a basis for

Z(G) as required.

Now, the proof of [32, Lemma 26.13] shows that if w is any p-valuation on G and we
choose ¢ > 0 with w(g) > ¢+ zﬁ for all g € G, then w.(g) := w(g) — ¢ defines a new

p-valuation on G satisfying w.((g, h)) > w.(g) +w.(h), which preserves ordered bases.

So if w is an integer valued p-valuation satisfying ¢ and i, then take ¢ := é for any
integer ¢ > 2 and w, will also satisfy i and ii. Also w.(G) C 2Z and w.((g,h)) >

we(g) + we(h) for all g,h € G, i.e. w, is abelian.

Therefore, it remains to show that we can define an integer valued p-valuation on G

satisfying ¢ and .

Assume without loss of generality that ¢t > ¢, forall¢ =1,--- ,r. Choose a € Z with

a > €, and set a; := a+1t; —t; for each 7, so that a;+t;, = a;+¢; foralli,j =1,--- | r.

For convenience, set v4.1 := x, and for each ¢ > r, set a; = €. Then define:

w: L —=ZU{oo}, > au = min{u,(e)+a;:i=1,---,d}.
=17 d

We will prove that w is a valuation on £, and that w(p'iv;) = w(piv;) > w(x) for all

i,j <r. Then by defining w on G by w(g) = w(log(g)), the result will follow.
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Firstly, the property that w(p'iv;) = w(pv;) > w(x) is clear, since w(pv;) = t;4a; =

t; +a; =w(phvy) forall i,j <d, and a; +t; =a+t; > a > e = w(x).

It is also clear from the definition of w that w(u + v) > min{w(u),w(v)}, w(au) =

vp(a) +w(u), w(u) = oo if and only if u = 0, and w(u) > p%l for all u,v € £, o € Z,,.

Therefore it remains to prove that w([u,v]) > w(w) 4+ w(v), and it is straightforward
to show that it suffices to prove this for basis elements.
So since vy41, -+ ,vq are central, we need only to show that w([z,v;]) > w(x) +

w(v;) for all i <7,
We have that [x,v;] = a;1p" 01 + ... + @y p' o, for some «; ; € Z,, so:

w([z,v]) = j:rgli__r}r{vp(ozi7j) +tj+a;} = jzllili“I.lr{/Up(ai,j)} +tita;>a;,+t;>a;,+e=

w(v;) +w(x). O
Remark: This result strongly depends on uniformity of G, it does not hold in gen-
eral. For example, if p > 2 and £ = Spang, {z,y, 2z} with [y,z] = 0, [z,y] = py,
[z, 2] = y+pz, then L is not powerful, and there is no valuation w on £ that equates

the values of basis elements for [L, L].

Now, we know that G = H x (X) is p-valuable, so for each m € N, define G,, :=
H x (XP"). Tt is immediate that G,, is an open, normal subgroup of G, and that it
is non-abelian, p-valuable, abelian-by-procyclic with principal subgroup H, procyclic

element X?" and split centre.
Lemma 4.3.2. There exists m € N such that G,, is a uniform group.

Proof. Recall that G is an open subgroup of the p-saturated group Sat(G), i.e there

exists t € N with Sat(G)?" € G. Choose any such ¢ and let m =t + €.
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Given h € H, since h and XP"hXP" commute, it follows from Lemma
that (X*",h) = exp(Y_ & (ad(p™z)"(v)) where z = log(X) and v = log(h) lie in

n>1

log(Sat(G)).

t+4€

We want to prove that (X?" h) € H? = GP" N H, so since Sat(G)P" = Sat(G)?" " C

G¥", it suffices to prove that Lad(p™z)"(v) € p™log(Sat(G)) for all n > 1.

Clearly, for each n, ad(p™z)"(v) = [p™x,ad(p™x)" (u)], so we only need to prove
that ad(p™z)" ! (u) € p»™) log(Sat(G)), in which case:

pUP (n)+m

% ad(p™z)"(v) = %[w, ad(p™z)" 1 (u)] € log(Sat(G)) C p™log(Sat(G)).

n!
Let w be a saturated valuation on log(Sat(G)), i.e. if w(z) > zﬁ + 1 then x = py

for some y € log(Sat(G)).

Then since w(ad(p™z)" ! (u)) > (n — Dw(p™x) + w(u) > ;% + p%l, it follows that
ad(p™x)" ! (u) = p*v for some v € log(Sat(G)), k > o=
We will show that k& > wv,(n!), and it will follow that ad(p™z)"'(u) = prv €

pr™ log(Sat(Q)).

Ifn=ay+ap+---+ap" for some 0 < a; < p, then let s(n) =ag+a; + - + a,.

We know from [25, I 2.2.3] that v,(n!) = n_s(ln).

Suppose that v,(n!) > Z%i, Le. ";f(ln) > Z%i, and hence s(n) < 1. This means

that s(n) = 0 and hence n = 0 — contradiction.

Therefore k > Z%i > vp(n!) as required. O
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So from now on, fix ¢ € N minimal such that G, is uniform, and let £ := log(G.,)

— a powerful Z,-subalgebra of log(Sat(G)).
Lemma 4.3.3. Z(G) Nexp([£,L]) =1

Proof. Since G has split centre, G. must also have split centre, so 1 — Z(G.) —

G. — Z(GGCC) — 1 is split-exact by definition. So since G, is p-saturable and exp and
log are isomorphisms of categories by [25, IV.3.2.6], it follows that 0 — log(Z(G.)) —

L — — 0 is split exact.

_ L
log(Z(G.))

But since Z(G) € H C G. and Z(G.) = Z(G) N G, by [1I, Lemma 8.4(a)], we have
that Z(G.) = Z(G). It is also easily seen that log(Z(G.)) = Z(L). Therefore L has
split centre, and hence Z (L) N [L, L] = 0.

So if g € Z(G) Nexp([L, L]) then log(g) € Z(L)N[L,L] =0,s0 g = 1. O
Using this lemma, we make the following definition:

Definition 4.3.4. Define the extended commutator subgroup of G' to be

c(G) == (Z(G) x exp([£, L£])) x (XP") C G..

Recall that if we define ¢ : G — G to be the automorphism induced by conjugation
by X, then ¢ is a strong H-Mahler automorphism in the sense of Definition [3.1.3]
Also, it is clear that ¢ # 1 if G is non-abelian, and since ¢ is inner, it is clear that
©(P) = P for all prime ideals P of kG, so we may apply the results of the previous

chapter.

In particular, recall the definition of the Mahler approximation function u,, = z(p?") :

G — Sat(G), and recall from Lemmal3.2.1|that for h € H, u,,(h) = lim (""" (h)h=1)P " =
n—oo

lim (X?" " RX PR = Lim (X RPN X P " = exp([pt log(x), log(h)])

n—0o0 n—oo

by [25, IV 3.2.3], so we have a Lie theoretic description of our Mahler approximations.
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Proposition 4.3.5. If G is any p-valuable, abelian-by-procyclic group with split cen-

tre, then:

i. ¢(G@) is an open normal subgroup of G.

ii. There exists a basis {ky, ko, -+, kq} for H such that {k..1, - ,kq} is a basis
for Z(G) and {u.(k1),uc(ka), -+ s uc(ky), kpy1, -+ kag, XP°} is a basis for ¢(G).

iii. We may choose this basis {ki,--- ,kq} such that for each i < r, there
exist a; ; € Ly with p | aij for j <i and a;; = 1, such that Xu.(k;) X
= ue(ky)®t - ue(ky ).

w. There is an abelian p-valuation w on ¢(G) such that {uc(ky), - uc(k), ki1, 5 ka, X7}
is an ordered basis for (¢(G),w) and w(u.(k;)) = w(uc(k;)) > w(XP") for all

i,j <.

Proof. Let V = exp([L, L]), and let x = log(X) € log(Sat(G)).

If h € V then h = exp([p°x,u]) for some u € log(H), i.e. u = log(k), and so:

h = exp([log(X”"), log(k)]) = lim (X7 k2" X" 2"y

n—oo

by [25, IV. 3.2.3).

Thus XhX ! = lim (XP"™ (XX 1" X 2" (XEX 1) P")P" = exp([log(X?), log(X kX ~1)]).

n—oo

Clearly this lies in V| and hence V' is normal in G.

Using Lemma |C.1.1] it is straightforward to show that for all h € H, (X*",h) € V,

therefore:

hXP R = (XP°,h)"LXP € V % (XP°).
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It follows that ¢(G) = (Z(G) x V) x (X*") is normal in G.

Using Proposition4.3.1}, we may choose a basis {hy, - - - , ha} for H such that {h,.1, -, ha}
is a basis for Z(G) and {hfﬁl, .-+ h?"} is a basis for V. Therefore ¢(G) has basis

t1 tr c+1 o . .
{Ry " -+ JhP" hpyq,--+  heg, XP }, and hence it is open in G as required.

Now, foreachi =1,--- ,d, let u; = log(h;), then {uy,--- ,us} is a Z,-basis for log(H ),

and {p"us,--- ,p'u,} is a basis for [£, L].

Therefore, for each 4, pliu; = [px,v;] for some v; € log(H), in fact we may as-
sume that v; € Spang, {u,--- ,u,}, and it follows that {vy,--- ,v.} forms a basis for
Spang, {uy, - -, u,}.

Let k; := exp(v;) for each ¢ = 1,---r, and for i > r set k; := h;. Then we know that
ue(k;) = exp([p©log(X),log(k;)]) = exp([p°x, v;]) = exp(pliu;) = hfti for each 7 < r.

It follows that {u.(k1), - ,uc(ky), kry1, -+, kg, XP°} is a basis for ¢(G), thus giving

part ie.

Now, V is normal in GG, and clearly V? is also normal, so consider the action ¢ of X

on the r-dimensional F,-vector space 1, i.e. ¥(hVP) = (XhX1)VP. It is clear that

this action ¢ is F)-linear.

Furthermore, since G, is uniform and X?° € G,, we have that ¢ = id, i.e. (1) —

id)?" = 0. Therefore v has a l-eigenvector in %, and it follows that we may choose

a basis for % such that v is represented by an upper-triangular matrix, with 1’s on

the diagonal.
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This basis is obtained by transforming {u.(k1),--- ,uc(k,)} = {hﬁ’tl, .- h?"} by an
invertible matrix over Z,. The new basis will also have the same form {u.(k}), - - ,u.(k.)} =

{h’lpt1 .-+, P} as described by 44, and it will satisfy iii as required.

Finally, using Proposition [£.3.1], we see that there is an abelian p-valuation w on the
uniform group G. such that w(u.(k;)) = w(ue(k;)) > w(XP") for all i,j < r, and of

course w restricts to ¢(G), which gives us part iv. O]

We call a basis {ki,- -, kq} for H satisfying conditions ii and i in this Proposition

a J-basis for H.

4.4 The ¢(G)-filtration

From now on, fix a J-basis {kq,- -, kq} for the principal subgroup H, then Proposi-
tion gives us an abelian p-valuation w on the extended commutator subgroup
¢(G) that equates the values of u(k;) and u(k;) for each ¢, j. Unfortunately, using the
standard Lazard filtration w on kG, we do not get that w(u(k;) — 1) = w(u(k;) — 1),

so we need to define a new filtration.

Theorem 4.4.1. Let G be a non-abelian, p-valuable, abelian-by-procyclic group with
split centre. Let ¢(G) be the extended commutator subgroup, and let {ki,---  kq} be
a J-basis for H.

Then there exists a complete, Zariskian filtration w : kG — N U {oco}, which we

call the ¢(G)-filtration, such that:
i. Foralli,j=1,---,r, w(uc(k;) —1) = w(u.(k;) — 1) =0 for some integer 6 > 0.

ii. The associated graded gr kG = k[T, -, Tyi1] * CL

@k where T; = gr(uc(k;) — 1)

fori <r, T; = gr(k; — 1) forr+1<i <d and Tyy, = gr(X?" —1). Each T, has

positive degree, and deg(T;) =60 fori=1,---r.
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iii. Set X := gr(X). Then T, is central, and for each i <r, XT;X ' =T, + D; for

some D; € Spang {Ti1,---,T,}.

Also, let A = (k[T,- - ,TdH])c%) be the ring of invariants, then A is Noetherian,

central in gr kG, and k[Ty,--- ,Ty1] is finitely generated over A.

Proof. Set U = ¢(G) = (u.(k1), - ,uc(ky), kpy1, -+, kg, XP°). Then U is an open,
normal subgroup of G by Proposition M(z), and hence kG = kU x %

Using Proposition (iv), we choose an abelian p-valuation w on U such that
10 = w(uc(k;)) = w(uc(k;)) > w(X?) for all i,j < r, where § > 0 is an integer.
Then we can define the Lazard valuation w on kU with respect to w.

Since {uc(ky), -+, ue(k), kpar, -+, kg, XP°} is an ordered basis for (U,w), it fol-

lows from the definition of w that:
w(ue(kj) — 1) = ew(uc(k;)) = ew(uc(k;)) = w(uc(k;) —1) =6 for all 4,5 <r.

Furthermore, we have that if V := exp([£, £]) C U and r € kV with w(r) > 0, then

w(r) > 6.

We want to apply Proposition and extend w to kG =2 kU x % So we only need
to verify that for all g € G, r € kU, w(grg™') = w(r), and it suffices to verify this
property for r = u.(ky) — 1, -+ ,uc(k,) — 1, kpyy — 1,-++ kg — 1, XP° — 1, since they

form a topological generating set for kU.

Since k41, ,ka € Z(G), it is obvious that w(g(k; — 1)g™') = w(k; — 1) for each

r+1<1<d, ged.

For each j <r, gu.(k;)g~* € V, thus:

110



w(gue(k;)g™ — 1) > 0 = w(u(k;) — 1) and it follows easily that equality holds.

Finally, g = hX”? for some h € H, 3 € Z,, so
gXP g™ =1 =hXPRT = 1= (A XP) = (XY = 1)+ ((h, X') = 1) + (X" —1).

Hence w(g(X? —1)g~1) > min{w((h, X?")—1),w(X?P —1)}, with equality if w((h, X?")—
1) # w(XP" —1). But since (h, X*) € V, we have that

w((h, XP°) = 1) > 0 = ew(u(k;)) > ew(XP") = w(X? —1)

and hence w(gX? ¢! — 1) = w(X?" — 1) as required. Note that it is here that we

need the fact that w(u.(k;)) > w(X?).

Therefore we can apply Proposition and extend w to kG so that gr,, kG = (gr,
kU) * &, and we have that gr,, kU = k[T, ...., T,] as usual, where T; = gr(u.(k;) — 1)
has degree 0 for i < r, T; = gr(k; — 1) for r + 1 <4 < d and Tyy; = gr(X?" — 1) as

required.

Using Proposition M(m), we see that Xu.(k;) X' = ue(ky) - - uo(k,)* where
p|ajfor j <ianda,;; =1.
Hence XT; X' = a;, Ty + - +@;, T, = T, + @111 + -+ + @, T, for each

1 < r, thus giving part 7ii.

Now, every element u € gr kU is a root of the polynomial [] (s — gug™') € Als],
9€ Gy
hence gr kU is integral over A.

So since k C A and gr kU = k[T, ....,Tys1] is a finitely generated k-algebra, we

have that gr kU is a finitely generated A-algebra, and hence finitely generated as an

A-module by the integral property.
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So it follows that gr, kG is finitely generated as a right A-module. Furthermore,
since gr kU is Noetherian and commutative, it follows from [19, Theorem 2| that A

is Noetherian.

Furthermore, it is easy to show that the twist % X % — (gr kU)* of the crossed
product is trivial, so it follows that if » € gr kU is invariant under the action of %

then it is central. Hence A is central in gr kG. m

Note: For any h € H, we have that (u.(h) — 1) + Fy;1 kG € Spang, {T1,--- ,T,}, and

it is equal either to 0 or gr(u.(h) —1).

Now, let P be a faithful prime ideal of kG, and let w be the ¢(G)-filtration on kG as

defined in the previous theorem. Then w induces the quotient filtration w on kG/P.

By [28, Ch.II Corollary 2.1.5], P is closed in kG, and hence kG/P is complete, and
grz kG/P = ggrr—kg is Noetherian. Therefore w is Zariskian by [28, Ch.II Theorem

2.1.2], and clearly 7 : kG — kG/P is continuous.

For convenience, set T := T+ gr P € gr kG/P for all T € gr ke(G) = K[Ty, - - , Tuyy1].

G

Let A := % be the image of A in gr kG/P, and let A’ := (k[Ty, -+ ,Tqy1]) @

k[Tl,--- ,Td+1}+gr P

be the ring of T%)—invariants in k[T, -, Tap] = 5

Since T%)—invariant elements in gr kG are %—invariant modulo gr P, it is clear that

Z g Al g k[Tlv"'de+l]+grP.
gr P

Then since k[T},- -+, Ty41] is finitely generated over A by Theorem [1.4.1] it follows

that A’ is finitely generated over the Noetherian ring A, hence A’ is Noetherian.
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Therefore, kG/P is a prime ring with a Zariskian filtration w such that gr kG/P
is finitely generated over a central, Noetherian subring A’. Hence we may apply

Theorem to produce a non-commutative valuation on Q(kG/P).

4.5 A Special Case

Later in this chapter, we will prove Theorem [B| in full generality, and our approach
will be to construct a special growth preserving polynomial and apply Theorem |3.7.5

but first we need to deal with a special case:

Fix a J-basis {ki,--- ,kq} for H, and a Zariskian filtration w on kG satisfying the
conditions of Theorem [£.4.1] Using the notation of this theorem, we have that T, € A
and XT; X! = T; + D; for some D; € Spang, {Ti41,--- , 1} for all i < r.

Assumption: We suppose that for each ¢ < r, D; is nilpotent modulo gr P.

Thus for sufficiently high m, XT?" X' = (T, + D,)*" = T"" + D"" = T (mod gr

P), ie. Tfm c A
Fix an integer mg such that Tfmo € A foralli <r.

Proposition 4.5.1. Suppose that for each i =1,--- ,r, T; is nilpotent modulo gr P,

i.e. T is nilpotent. Then Q(kG/P) is a central simple algebra.

Proof. Using Theorem M(u), every element of gr kG has the form
Z ( Z )‘oleal T 'Tjﬁfl)g
ge% aeNd+1

where A, = 0 for all but finitely many «.
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gr kG
gr P

Therefore, it follows immediately from nilpotence of T4, --- ,T, that is finitely

E[Tr41,  Tapa]+er P
gr P :

generated over

But since Z(G) = (ky41,- - , kq) by Proposition [4.3.5(i7), it follows that under the

(Z(G)X(XPN+P ~ K[Tvi1,+ Tay1]+gr P
P - gr P :

quotient filtration, gr b

E(Z(G)x(XP ) +P E(Z(G)x(XP ) +P .
> , and 2 is

closed in kG/P, it follows from [28, Ch.I Theorem 5.7 that kG/P is finitely gener-

So since gr kG/P is finitely generated over gr

k(Z(G)x (XP))+P
5 }

ated over

But k(Z(G) x (X?°)) is commutative, so kG /P is finitely generated as a right module
over a commutative subring. Therefore, by [29, Corollary 13.1.14(iii)], kG /P satisfies
a polynomial identity.

So since kG/P is prime, it follows from Posner’s theorem [29, Theorem 13.6.5],

that Q(kG/P) is a central simple algebra. O

Note: This proof relies on the split centre property, without which we would not be

E[Tr41, - Taya1]+gr P
gr P

able to argue that arises as the associated graded of some commu-

tative subring of kG/P.

Since we can prove Theorem [B|in the case where Q(kG/P) is a CSA using Corollary
3.9.6, we may assume that Q(kG/P) is not a CSA. So by the proposition, we know

that there exists s < r such that T', is not nilpotent.

Since we know that TZO € A', it follows there exists a minimal prime ideal q of A’

such that Timo ¢ q. Using Theorem [4.1.3| we let v = v, be the non-commutative

valuation on Q(kG/P) corresponding to ¢, and let p be the growth rate function of

V.
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So, Tﬁmo = gr7(u.(ks) — 1)P™° € A’\q. So setting 7 : kG — Q(kG/P) as the natural
map, we see using Theorem m that 7(u.(ks) — 1)P" is v-regular for some k > my,
and hence p(7(uc(ks) — 1)7") = v(7(ue(ks) — 1)P").

Recall from Definition our definition of the initial power m;, and we may assume

that m; > mg. Also recall the Mahler approximation function u := u,,, = 2(¢*""),

and we see using Lemma that A := inf{p(7(u(g) — 1)) : g € G} < 0.

Lemma 4.5.2. Let h € H such that p(7(u(h) — 1)) = X\. Then 7(u(h) — 1)P" is

v-reqular for sufficiently high m.

Proof. 1t is clear that w(u.(h) — 1) > 0 = w(u.(ks) — 1), so let T'(h) := u.(h) — 1 +
Fyp11kG € Spang, {T1,--- ,T;}. ThenT'(h) = gr(uc(h)—1) if and only if w(u.(h)—1) =
0, otherwise T'(h) = 0.

We know that gr(u.(ks)—1) =T, ¢ gr P, and hence wW(7(u.(ks) —1)) = w(uc(ks) —1),
giving that @W(7(u.(h) — 1)) > w(u.(h) — 1) > w(uc(ks) — 1) = W(r(uc(ks) — 1)).

Also, T(h)P"+ gr P € A’ and if T(h)P"°+ gr P ¢ q then T(h)?"’+ gr P =
gra(T(uc(h) — 1)P"°) € A'\q, so it follows from Theorem that 7(u(h) — 1)P" is
v-regular for m >> 0.

So, suppose for contradiction that T'(h)P"°+ gr P € q:

If T(h)P"°+ gr P = 0 then w(7(uc(h) — 1)P"°) > p™0 = w(7 (uc(ks) — 1)P"°), and if
T(h)P"+ gr P # 0 then T'(h)P"’+ gr P = gry(t(u.(h) — 1)P™°) € q. In either case,
using Theorem [4.2.3] it follows that for m sufficiently high:

v(r(uc(h) = ") > v(7(ue(ks) — 1))

Therefore, v(7(u(h) — 1)) > v(r(u(ks) — 1)), so since 7(u(ks) — 1)P" is v-regular:
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p(r(u(h) = 1)) = Zro(r(u(h) = 1)) > Fo(r(u(ks) = 1)) = p(r(u(k) — 1)) = A

— contradiction. O

Recall the definition of a growth preserving polynomial (GPP) from Section 2.4, and

recall that the identity map is a non-trivial GPP.

Proposition 4.5.3. Suppose that Q(kG/P) is not a CSA, and that D; is nilpotent
mod gr P for alli < r. Then id : 7(kH) — 7(kH) is a special GPP with respect to

some non-commutative valuation on Q(kG/P).
Proof. This is immediate from Definition and Lemma 4.5.2 O]

Therefore, we can assume from now on that for some ¢, D; is not nilpotent mod gr

P.

Remark: We have now proved Theorem [Bfin the case where G is uniform, because
D; = 0 for all 7 in this case. For general p-valuable G, however, we cannot assume this.
For example, if p > 2 and G = (XY, Z) where Y and Z commute, XY X! = Y7,
XZX 1= (YZ), r=eP €Z, then G is non-uniform, ¢ = 1, and {Z, Y"1 2P} is a
J-basis for H = (Y, Z). In this case, XToX ' =T, XT1 X ' =T, + Ty, ie. Dy =0,
Dy =T.

4.6 The Reduction Coeflicients

Again, fix a J-basis {k;, - ,kq} for H, let w be the ¢(G)-filtration on kG and let
T; := gry(uc(k;) — 1) for each i < r, T; := gry,(k; — 1) for i« > r. We know that
T.,--- T, are central, and D, .= XT, X' —T, € Spang, {141, -+, T, } for each i < r
by Theorem [4.4.1](i1).

We now assume that not all the D; are nilpotent modulo gr P, so let s < r be maxi-

mal such that Dy is not nilpotent, i.e. for all i > s, Tfm € A’ for sufficiently high m.
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We fix mg such that T?mo € A’ for all i > s, and we may assume that m; > my,

where m; is the initial power as defined in Definition [3.2.2]
By definition, we know that D, € Spang,{Ts11,---,7,}, and hence Eimo e A. So
since D, is not nilpotent mod gr P, we can fix a minimal prime ideal q of A’ such

that D" € A'\q.

From now on, we will fix v = v, the corresponding non-commutative valuation given

by Theorem [£.1.3] and let p be the growth rate function corresponding to v.

Define a function L of commuting variables x and y by:

L(z,y) == aP — xy? 1. (4.1)
Moreover, for commuting variables z, y1, 49, - - - , yn, define the iterated function
L(n)(ma Y1, Y2, 7yn> = L<L<L( v (L(l’, y1)7 y2)7 o )7 yn) (42>

and for n = 0, we define L™ (2,91, -+ ,y,) = 2.

We can readily see that for any commutative F,-algebra S, y1,--- ,y, € S, L0 (=, yy, -

is [F-linear.

Lemma 4.6.1. Let S be an Fy-algebra, and let yy,--- ,y, € S commute. Then there
exist ag, ay, - ,an_1 € S such that L™ (z,y1, -+ ,yn) = aow+a,aP+- - ta, xP" T+
2P for all x commuting with y1,- -, Yn.

Proof. Both statements are trivially true for n = 0, so assume that they hold for

some n > 0 and proceed by induction on n:
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So L(n)(xayla U 7yn) = apT + ayr? + -+ anflxpni1 + xp"’ and:

L(n—H)(‘rayl? U ;yn—l-l) - L(n)<x7y17 te 7yn)p - L(n)(‘rayh U Jyn)y;’;;%

g (aox —I'— .. + a/n_lxpn_l + xpn)p — (aox _I._ . + a/n_lxpn_l + xpn)yzli

—1 n+1

= (—aoufi o (= ar )+ 4 (g an gl e oy~ e

So setting by = (—aopy’;1), bi = (¥, — a;yt;y) for 1 < i < n (taking a, := 1), we

have that L) (2,41, , Yps1) = box + byaP + - - + bpa?" + 2P as required. O

Now, let B, := D,, and for each 1 <i < s, let B; := L™(D;, By, - , Bi1).

Lemma 4.6.2. For each i < s, L6~ )(T;, By,--- ,B;)?"* € A’, so in particular
B e A
Proof. Note that C' € k[Ty,--- ,Ty] is central if and only if it is invariant under the

action of X.

Also, L(C,C) = C? — CCP~! = 0, and if D is X-invariant, then XL(C, D)X~ =
L(XCX~' D)

Notation: Let Y’ := V" for any Y € gr kG.

We will proceed by downwards induction on i, starting with i = s. Clearly B, = D’ €

Spang {17, .-+, T/} is invariant under the action of X, so:

XL(T,, B)X~' = L(XTX"',B,) = L(T! + B,,B) = L(I.. B}) + L(B.,B.) =
L(T!, BY).
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Therefore L(T!, B.) is X-invariant and the result holds.

Suppose we have the result for all s > j > 1.

Then B; = L(Sil)(D;a Bé) T ’Bz{-l—l)’ and D”IL S Spaan{T'i/—H? T aT;}

Using linearity of L(—,y) we have that
Bl e Spaan{L(s—i)(T]{’B;’... 7B§+1) cj=di4+ 1,00}

therefore B/ is X-invariant by the inductive hypothesis.

Also, since B, -+, B;,, are X-invariant, we have that:

XL(S_i)(,'TiIJ Bfea e 7B£+1)X_1 - L(S_i)(Xn/X_l7 B;7 e JB'E+1>

- L(Sii)(TZ + X,IZL'/Xil - 71'/’ Bév T aBz{-i-l) - L(Sii)(ﬂlﬁ B;7 e aBz{-i-l) + Bz

The final equality follows from linearity of L(=9(—, B/, -+ B}, ,) and the fact that

D,=XT/X'—T!

Set C' := L=)(T!, B., - -- , B, 1), so that
Le=#0(T! B ... B))=L(C,B))=C?P —CB* ", and XCX~ ' =C + B..

Then:

XL(C, B)X~' = L(XCX™!, B)) = L(C + B}, Bj) = L(C, B)) + L(B}, B) = L(C, B))

Hence L(C, B}) = LC~#U(T}, B, --- , B}) is X-invariant as required. O
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It follows immediately from this Lemma that L)(T, By, ---, B,)P"™ € A’ for all T €

Spang, {T1,---,T.} (i.e. for all T = (uc(h) — 1) + Fyp 1 kG).

Now, for each i < s, D; € Spang, {Ti11,- -, 1.}, so either D; = 0 or D; = gr,, (uc(fi) —
1) for some f; € H with w(u.(f;) —1) = 6.

Definition 4.6.3. Define y; := u.(fs) — 1, and for each 1 < i < s, define y; € kH

inductively by:

Yi = L(S—i) (uc(fz> - 17 Ys, = ayi—‘rl) DZ 7£ 0
And define b; == 7(y;)P""° € Q(kG/P), we call these b; the reduction coefficients.

For convenience, we will replace m; by m; + ¢, so that 7(u(g) — 1) = 7(u.(g) — 1)P™

—p™1
Bs

for all g € G, and b; = 7(y;)P"". Since B, ¢ gr P, it is clear that gry(b,) =

Since gry(bs) = B e \q, it follows from Theorem that 07" is v-regular for

S

some k € N. After replacing m, by m; + k, we may also assume that b, is v-regular.

Lemma 4.6.4. Given h € H, lett :=u.(h)—1, T :=t+ Fy1kG € gr kG. Then for

each i < s:

b w(L(S_Z)O:J Ysy oo - 7yi+1)) Z ps_ief

L4 w(L(s_i)(taysa”' 7yi+1)) = ps—ie Zf and Only Zf gr(L(s_i)(taysa'” 7yi+1)) =
L(S_i) (T7 BS7 e Bi+1)7

o w(LU(t, s, 1)) > P70 if and only if L™)(T, By, -+ Biyq) = 0.

In particular, for y; # 0, w(y;) > p*~*0, with equality if and only if B; = gr(y;),

otherwise B; = 0.

Proof. We will use downwards induction on i, with ¢ = s as the base case:
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Since i = s, L™ (t,y,, -+ ,yis1) = t, and clearly w(t) > 6 = p°~*f, and equality

holds if and only if gr(¢) = T, and otherwise T'= 0 as required.

Now suppose the result holds for some i < s, so let ¢ := L™ (t, 5, -, yi11),
C = L6~)(T, By,--- , Biy1). Then by induction, w(c) > p*~0, with equality if and

only if C' = gr(c), and w(y;) > p*~*0.

So w(L(SiiJrl)(ta Yss o 7%)) = w(cp - Cyf_l) > min{w(cp), w(cyf_l)}
> min{pw(c),w(c)+(p—1D)w(y;)} > p*~7'0 as required. In particular, this argument

shows that if w(c) > p*~'0 then w(cP — cyf_l) > psitlg,

Therefore, if w(LE~ Y (t, g, -+, 1)) = p* 10 then w(c) = p*~0, and so C' =

gr(c) = ¢+ F,—igkG by induction. In this case,
gr(L(87i+1) (tv Ysy =t 7yz)) = (Cp - Cyf_1> + Fps_i""lek:G'

Also, since ¢, y; € ke(G) and w is a valuation on kc(G), we have that w(c?) = pw(c) =

p* 0 and wiey! ) = w(e) + (p = Dw(ys) > p*~ 0.

If w(y;) > p° 0 then & — ey’ " + Fyu1 kG = ¢ 4+ Fp 1 kG = CP. But since B; = 0 by
induction, this means that ¢” — cy? ™" + Foeit1gp = CP — cBrt
Whereas, if w(y;) = p* ‘0 then B; = gr(y;) = y;i + Fjs-ig41kG by assumption, so

& —cyf ' 4 Fpoivig kG = C? — CBY™! as required.
Finally, if w(LE~ 4D (¢, ys, -, 5:)) > p* 10 then w(c? — ey’ ") > p*~+10. Clearly
if C = 0 then L6~*#(T, B,,--- ,B;) = C? — CB"" = 0, so we may assume that

C # 0, and hence C = gr(c) = ¢ + Fpe—ip11kG.

So since w(c? — cy?~') > p*~i+10, it follows that C? — CBP~' = 0 as required. O
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Using this Lemma, we see that w(b;) > p*~'0, with equality if and only if gry(b;) =

_pml
Bi

Notation: For each 0 < i < s, ¢ € Q(kG/P) commuting with by, --- ,bs, define

Li(q) = L(Sﬂ')(% bs, -+ bit1).

.8 Ly(q) =q, Leo1(q) = ¢ — "™, Lo_s(q) = ¢*" — q?(bP" 7 — bP1) + qb? 601

Again, recall that A = inf{p(7(u(g) — 1)) : ¢ € G} < 0o by Lemma [3.6.4]

Lemma 4.6.5. For each i < s, p(b;) > p*~'\, and it follows that p(L;(T(u(h)—1)) >
p* "\ for all h € H.

Moreover, if p(b;) = p*~*\ then bfm 158 v-reqular for m sufficiently high.

Proof. For i = s the first statement is clear, because by = 7(u(fs) — 1), so p(bs) >

A = p°~*X by definition. So we will proceed again by downwards induction on 1.

The inductive hypothesis states that p(b;r1) > p*~ '\, and p(L; 11 (7(u(h) — 1))) >

p*~ I\ forall h € H.

Thus p(Li(r(u(h) = 1))) = p(Lisa(7(u(h) = 1))P = Lisa (r(u(h) — 1))b1)

> min{p - p N p T IN + (p— D)pF TN} = p* i for all h.

By definition, b; = LC~9(7(u(fi) — 1), bs,--- ,biy1) = Li(t(u(f;) — 1)), so
p(bi) = p(Li(7(u(fi) — 1))) > p°'A, as required.

For the second statement, suppose that p(b;) = p*~*\:
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Then if w(b;) > p*~ ™0 = wW(H?" "), then since gry(bs) = B € A'\q, it follows

s

that v(b?") > (B "™) for m >> 0 by Theorem m

So using v-regularity of by, we see that p(b;) > p(b?"") > p*~*\ — contradiction.

M1

Therefore, by Lemma we see that w(b;) = p*~ ™60 and gry(b;) = B,

)

We know that Efm € A’, so suppose that Efml € q. Then since w(b;) = p*~'0 =

w(b""), it follows again from Theorem m that o(b?") > v ") for m >> 0,

s

and hence p(b;) > p*p(bs) > p*~*A — contradiction.

Hence Efmo = gry(b;) € A'\q, so bfk is v-regular for some k € N by Theorem4.2.3| [

Now, using Lemma |4.6.1}, we know that L;(x) = LC~(z, by, -+ ,biy1) = apw +a,aP +

—i—1

ot ag 2”4 2P for some a; € T(kH).

Proposition 4.6.6. For each i < s, L; is a growth preserving polynomial of p-degree

s —1, and L is not trivial.

Proof. Firstly, it is clear that L, = id, and so L, is a non-trivial GPP.

We first want to prove that for all ¢ € 7(kH), if p(q) > A then p(L;(g)) > p* '), with
strict inequality if p(¢) > A. We know that this holds for i = s, so as in the proof of
Lemma [£.6.5], we will use downwards induction on i.

So suppose that p(L;y1(q)) > p* "1\, with strict inequality if p(¢) > X. Then:

Li(q) = Lit1(q)? — Li+1(Q>b€—:117 so p(Li(q)) > min{P(Lz’H(Q)p)aP(Li+1(Q)bf+_11)}-
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But p(Lit1(q)?) > p-p*~ "X = p*~'A, and since p(by1) > p*'A by Lemma [4.6.5]
p(Lis1 (V1) > p(Livi(q)) + (p — Dp(bisr) > p* 7N+ (p — Dp* 1A = p*~i.

By the inductive hypothesis, both these inequalities are strict if p(¢) > A, and thus
L; is a GPP as required. O

So all that remains is to prove that one of the L; is special.

4.7 Mahler Expansions again

In order for L; to be special it must be non-trivial, but there is no reason why this
should be true in general. Therefore, we must now revisit Mahler expansions one
final time to deal with the special case that for some ¢, L; is a trivial GPP, i.e.

p(Li(t(u(h) = 1))) > p*“Afor all h € H.

We know that Lg is not trivial, so we can fix j < s such that L; is non-trivial and

L;_; is trivial. We will first need the following technical results:

Lemma 4.7.1. Let A be a k-algebra, with filtration w such that A is complete with
respect to w. Suppose a € A and w(a? — a) > 0, then a?" — b € A with I’ = b as

m — Q.

Proof. Let ¢ := a? — a, then w(e) > 0, a commutes with e, and a”? = a + €.

Therefore, since char(k) = p, a?’ = aP 4P = a+e+¢eP, and it follows from induction

that forall m e N, ®""' =a4c+eP + - 4.

But e — 0 as m — oo since w(g) > 0, so since A is complete, the sum > ™
m>0

converges in A, and hence a?” — a+ Y & € A.
m>0

Soletb:=a+ S e then 0P =al + (Y. e’ VP =a+e+ Y " =a+ Y & =)

m>0 m>0 m>1 m>0
as required. O
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Proposition 4.7.2. Let Q) = Q(kG/P), and let 6y, -+ ,6, : kG — kG be derivations
such that 76;(P) # 0 for alli. Set N :={(a,--- ,a,) € Q" : (1761 +- - -+a,76,)(P) =
0}.

Then N is a Q-bisubmodule of Q", and either N = 0 or there exist oy, - -+ , o, € Z(Q),

not all zero, such that for all (a1, - ,a,) € N, cqa; + -+ -+ a,a, = 0.

Proof. Since v is a non-commutative valuation, we have that @) is simple and Ar-
tinian, and the proof that N is a @)-bisubmodule of ()" is similar to the proof of

Lemma [3.9.4. For the second statement, we will proceed using induction on 7.

First suppose that » = 1, then /N is a two sided ideal of the simple ring @), so it is
either 0 or Q. But if N = @ then 1 € @ so 76;(P) = 0 — contradiction. Hence N = 0.

Now suppose that the result holds for » — 1 for some r > 1. If N £ 0 then there
exists (ay,---,a,) € N with a; # 0 for some i, and we may assume without loss of

generality that ¢ = 1.

So, let A :={a € Q : (a,aq,---,a,) € N for some a; € @}, then clearly A is a
two-sided ideal of @), so A=0or A= Q. But A # 0 since a; € A and a; # 0.
Therefore A = @), and hence we have that for all b € @, (b, b9, -+ ,b.) € N for

some b; € Q.

Let N = {(ay, - ,a,) € Q"' : (a7 + -+ + a,76,)(P) = 0}. Suppose first that

N =0.
Then if for some ¢ € Q, (¢, 22, ,x,),(q,25,--- ,2)) € N for z;, 2, € Q, we have
that (zg — 2%, -+ , 2, — ) € N' =0, and hence x; = z} for all 1.
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Hence there is a unique (1, 55, ,5,) € N.

Given x € Q, (z,xfs, -+ ,xf,), (z, oz, -, frx) € N, and so ([z, 5], - , [z, 5,]) €
N’. Hence [z, 5;] = 0 for all i, so 5; € Z(Q).

Moreover, if (aj,---,a,) € N, then since (aj,a182, -+ ,a15,) € N, it follows that
a; = fia; for all ¢ > 1, and since 76, (P) # 0, it is clear that §; # 0 for some 4, thus

giving the result.

So from now on, we may assume that N’ # 0, so by the inductive hypothesis, this
means that there exist aw, - -+, . € Z(Q), not all zero, such that for all (az, - ,a,) €
N', ayay + -+ + apa, = 0.

Again, suppose we have that (a,zs, -, z,), (a, 2, -+ ,2.) € N for some a, x;, x; € Q.

Then clearly (xg—ab, - ,z,—x.) € N’ and hence ag(xe —2h)+- - -+ a,.(z, —2.) =0,

1 / /
Le. aoXy + -+ opx, = oy + -+ - + QT

So, given q € @, (1,29, -+ ,z,) € N, we have that (q, qrs, - - - ,qz,), (¢, T2q, -+ ,T,q) €
N, and hence

Q2qXo + -+ QpQTy = 2X2q + -+ + QT

ie [q, asxe + -+ + apx,] = 0.

Since this holds for all g € @, it follows that csxs + - -+ .z € Z(Q), so let —ay be

this value.

In fact, for any such (1,25, -+ ,2.) € N, awhy++ - -+, x,. = agxo+- - -+ 0,2, = —ay,

»<rr

so —ay € Z(Q) is unchanged, regardless of our choice of x;.
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Finally, suppose that (a1, -+ ,a,), (1,29, -+ ,2,) € N, then (a1, @122, ,a12,) € N,

and hence (as—ayz9,- -+ ,a,—ayz,) € N'. Thus as(as—aizs)+- -+ a,(a,—arx,.) =0,
ie.

gy + -+ apa, = ar(ars + -+ -+ apx,) = —aqag.
Therefore aja; + agas + - -+ + a,a, = 0, and «; € Z(Q) as required. O

Let Uy :={h € H : p(f(7(u(h) —1))) > p"A} for any GPP f of p-degree r. Recall
from Lemma that Uy is an open subgroup of H containing H?, and that it is

proper in H if and only if f is non-trivial. For each ¢ < s, define U, := Uy,.

Then since L;_; is trivial and L; is not, we know that U;_; = H and U; is a proper

subgroup of H.

Lemma 4.7.3. There exists k € N such that b?k is v-reqular of value p***=I\, and

—

for any h € H\U;, (Lj(r(u(h) — 1)b;' )" — ¢ € Q(kG/P) with ¢ # 0 and ¢® = c.
Proof. Since L;_; is trivial, we know that for each h € H, p(L;_1(7(u(h) —1))) >

Choose h € H\Uj;, ie. p(Lj(r(u(h) — 1)) = p*I\. Setting ¢ := 7(u(h) — 1) for

convenience, we have:
p(Li-1(q)) = p(Li(q)P — Li(@)bf™") > p* 31\,
But p(L;(q)"—L;(q)b5~") > min{p(L;(q)"), p(L;()b5 ")}, with equality if p(L;(q)") #
p(Li(@)b) ™).
So if p(b;) > p*~I\, then we have that:

p(L(@Y ) > plLy(0)) + (p = Dp* A = p7H1A
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But p(L;(q)?) = pp(L;(q)) = p>*'\, and hence p(L;_1(T(u(h)—1))) = min{p(L;(q)?), p(L; ()05 ~")}

= p* I\ — contradiction.

Therefore, p(b;) < p* ), so using Lemma |.6.5, we see that p(b;) = p* 7\, and bfk

k

is v-regular for some k, and thus v(b?k) = p(b ) = pFreTin

_ .k _pk _
Now, p((L;(a)”"b; " ) = (L;(@)""b; ")) = p(b;”
= p(LJfl(q)pk) _ pv(b‘];k) > pS_j+kJ+1)\ _ ps—j+k+1)\ =0

This means that v(((L;(q)b;")* — (L;(q)b; 1))P™) > 0 for m >> 0, so it follows from

o —

Lemma {4.7.1 that L;(7(u(h) —1))b; )P converges to ¢ € Q(kG/P) with ¢ = c.

Finally, since p(L;((u(h) — 1))?" b;pk) =0, it follows that ¢ # 0. O

Theorem 4.7.4. If L;_; is trivial and L; is not trivial, then P is controlled by a

proper open subgroup of G.

Proof. Since Uj; is a proper subgroup of H containing H?, we can choose an ordered
basis {hi,- - ,hq} for H such that {h],---  hY hyy1,--- , hq} is an ordered basis for
Uj.

Consider our Mahler expression (3.12) with f = L; and ¢; = 7(u(h;) — 1):

0=L;(q)"" 701 (y) + - - + Lj(qa)"" 70a(y) + O(L;(q)"") (4.3)

where y € P is arbitrary and p(q) > A, hence p(L;(q)) > p* 7\ since L; is a GPP.

Note that we also have:

p(L;(g:)) =p I\ for all i <t, and p(L;j(g;)) > p*I\ for all i > t.

128



Using Lemma [4.7.3, we see that bfk is v-regular of value p***=7 for some k, and for

each 7 < t, (Lj(qi)pkbj_pk)pm — ¢ # 0 as m — oo, with & = ¢;. Clearly ¢1,-- , ¢,

commute.

So, divide out our expression 1D by bfm, which is v-regular of value p™* 7\ to

obtain:

0= (b Li(q)"" 701 (y) + -+ + (b7 Ly(ga—1))" 70a-1(y) + O((b7 ' L;(q))""). (4.4)

Take the limit as m — oo and the higher order terms will converge to zero. Hence
the expression converges to ¢1701(y) + - -+ + ¢,70;(y). Therefore, since y € P was

arbitrary, (c;70; + -+ + ¢,79;)(P) = 0.

Now, using Proposition 2.5.4] we know that if 70;(P) = 0 for some ¢ < ¢ then P is
controlled by a proper open subgroup of G. So we will suppose, for contradiction,

that 70;(P) # 0 for all i < t.

—

Let N = {(ar, @) € QRGIP) : (@7 + - +ard)(P) = 0}, then 0 #
(c1,+-+,¢;) € N,so N # 0. Therefore, using Proposition we see that ¢q,--- , ¢

are Z(())-linearly dependent.

So, we can find some 1 < r < ¢ such that ¢y, - , ¢, are Z(Q)-linearly dependent, but
no proper subset of {cy, -+, ¢} is Z(Q)-linearly dependent. It follows that we can
find g, -+, . € Z(Q)\{0} such that ¢; + agea + -+ - + a,.c. = 0.

Therefore, since ¢! = ¢; for all i, we also have that:

1+ abes+ -+ ale, = (¢ + ages + - -+ + e )P = 0.
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Hence (o — ag)ca + -+ + (o — o) e, = 0.

So using minimality of {cy, -+ , ¢}, this means that of = «; for each i, and it follows
that o; € I, for each 7, i.e. ¢1,--- , ¢, are Fy-linearly dependent.
So, we can find fy,---, 5 € [Fp, not all zero, such that fic; +--- + B, = 0, or in

other words:

lim (Lj(ﬁlql + -4 tht)pkbj_pk)pm = 0.

m—ro0

_k
Therefore, p(L;(fiqn + -+~ + 5tqt)pkbjp ) > 0, and hence p(L;(fiqy + -+ + Beqt)) >

But Biqi + - - + Begr = T(w(R - hP*) — 1) + &, where p(¢) > A, and we know that
p(Li(m(u(hy* -~ h) — 1)) = p* I\ by the definition of U;, and p(L;()) > p*~\
since L; is a GPP.

Hence p(L(Bigs + -+~ + fua)) = p(Ly(r(u(h - h*) = 1))) = pI\ - contradic-

tion.

Therefore P is controlled by a proper open subgroup of G. O

4.8 Control Theorem

We may now suppose that for all ¢ < s, L; is not trivial. In particular, Ly is a

non-trivial GPP of p-degree s.
Proposition 4.8.1. Ly is a special growth preserving polynomial.

Proof. Since Ly is non-trivial, we may choose h € H such that p(Lo(7(u(h) —1))) =
p*A. We want to prove that Lo(r(u(h) — 1))?" is v-regular for some k. Let T =

uc(h) — 1+ Fyp kG € Spang, {T1,--- ,T,}.
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We know that L®)(T, By, - -+, B1)?"" lies in A’ by Lemmal4.6.2L If L&)(T, B,,--- , B,)P™ €
q then we may assume that L®)(T, By, --- , B;)?"" =0, so using Lemma we see
that @W(LO (r(u(h) — 1),bs, -+ b)) > p*™0 = WKL),

S

So again, since gry(bs) = By € A'\q, it follows from Theorem m that
v(LO(r(u(h) = 1),bg, -, by)P") > v(B¥"™") for m >> 0.

Hence p(Lo(r(u(h) — 1)) = p(LO(r(u(h) = 1),by,- -+ ,b1)) > p(b2') > p°X ~ contra-

diction.

Therefore, we have that L) (T, By, --- , B1)P"" € A’\q, and hence it is equal to

gro( L) (r(u(h) — 1),bs, -+ ,by)) by Lemma [4.6.4}

It follows from Theorem m that for m >> 0, Lo(T(u(h) — 1))*" = LE (7 (u(h) —
1),bs, -+ ,b1)P" is v-regular, and hence Ly is a special GPP by Definition 4.6.6, [

Now we can finally prove our main control theorem in all cases. But we first need

the following technical result.

Lemma 4.8.2. Let G = H x (X)) be an abelian-by-procyclic group. Then G has split
centre if and only if (G,G)NZ(G) = 1.

Proof. 1t is clear that if G has split centre then (G,G) N Z(G) = 1. Conversely,

suppose that (G,G) N Z(G) = 1, and consider the Z,-module homomorphism:
H — H, hs (X, h).

The kernel of this map is precisely Z(G), therefore (X, H) = % So since Z(G) N
(X, H) =1, it follows that Z(G) x (X, H) has the same rank as H, hence it is open

in H.
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Recall from [39] Definition 1.6] the definition of the isolator i¢(N) of a closed, normal
subgroup N of GG, and recall from [39, Proposition 1.7, Lemma 1.8] that it is a closed,

isolated normal subgroup of GG, and that N is open in ig¢(N).

Let C' =ig((X,H)) < H, then it is clear that Z(G) N C = 1 and that Z(G) x C' is
isolated.

Therefore, since Z(G) x (X, H) is open in H, it follows that Z(G) x C = H, and
hence G = Z(G) x C' x (X), and G has split centre. O

Proof of Theorem|[B. Let Z5(G) :={g € G : (9,G) C Z(G)}, this is a closed subgroup
of G containing Z(G). Suppose first that Z»(G) # Z(G).

Then choose g € Zy(G)\Z(G), then (g9,G) C Z(G), so if we take ¢ € Inn(G) to be
conjugation by g, then v is trivial mod centre, and clearly )(P) = P. So it follows

that P is controlled by a proper, open subgroup of G by [I, Theorem B].

So from now on, we may assume that Zy(G) = Z(G) C H.

Suppose that (X,h) € Z(G) for some h € H, then clearly (h,G) C Z(G), so
h € Zy(G) = Z(G), giving that (X,h) = 1. It follows that Z(G) N (G,G) = 1,

and hence G has split centre by Lemma [4.8.2]

Therefore, using Theorem , we can choose a J-basis {ki,- -, kq} for H and let w
be the corresponding ¢(G)-filtration on kG such that gr,, kG = k[T},- -+, Tys1] * %,
where T; = gr(u.(k;) — 1) for i <r, T; = gr(k; — 1) for ¢ > r, T}, --- , T, are central
and XT;X ! =T, + D; for some D; € Spang,{Tj41,---, 1.} for all i <r.
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If Q(kG/P) is a CSA, then since conjugation by X is an inner strong H-Mahler auto-
morphism, the result follows from Corollary [3.9.6, so we may assume that Q(kG/P)
is not a CSA.

Hence if each D; is nilpotent mod gr P, then id : 7(kH) — 7(kH) is a special GPP
with respect to some non-commutative valuation by Proposition 4.5.3. Therefore, by

Theorem [3.7.5] P is controlled by a proper open subgroup of G as required.

If D, is not nilpotent mod gr P for some s < r, then we can construct GPP’s
Lg, -+, Ly with respect to some non-commutative valuation using Proposition [4.6.6]

and L, is non-trivial.

If L;_; is trivial and L; is non-trivial for some 0 < j < s, then the result follows from
Theorem Whereas if all the L; are non-trivial, then Lg is a special GPP by

Proposition [4.8.1 and the result follows again from Theorem [3.7.5 m

4.9 Proof of Theorem [A]

Now we can conclude with our main classification result for prime ideals in kG for G

abelian-by-procyclic.

Proof of Theorem . Let P be a prime ideal of kG. Let PT = {ge G:g—1¢€ P},
and recall from [I, Lemma 5.3(c)] that P is a closed, isolated normal subgroup of G,
and hence Gy = % is uniform, abelian-by-procyclic by Lemma , and the image

Py = of P in kG is a faithful prime ideal of kGj.

__P
PT—DkG

So to prove that P is standard, it remains only to prove that F, is centrally gener-

ated, i.e. controlled by Z(Gj). We will show, more generally, that for G a p-valuable,
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abelian-by-procyclic group, all faithful prime ideals in kG are controlled by Z(G).

Recall that a prime ideal P is non-splitting if for all U <, G controlling P, P N kU
is prime in kU. We will suppose first that our faithful prime ideal P is non-splitting.

Consider the controller subgroup PX of P. Using [I, Proposition 5.5] and the
non-splitting property, we see that ) := P N kPX is a faithful prime ideal of kPX.
Also, since PX is the smallest subgroup of G controlling P by [3, Theorem A], it

follows that () is not controlled by any proper subgroup of PX.

We know that PX is a closed, normal subgroup of GG, so it follows from Lemma
that PX is abelian-by-procyclic. If PX is non-abelian, then applying Theorem [B] gives
that @) is controlled by a proper open subgroup U of PX — contradiction.

Therefore, PX is abelian. So for any g € G, if ¢ € Aut¥(PX) is defined by
¢(h) = ghg™!, then ¢(h)h™' € PX = Z(PX) for all h € PX. Therefore, since
»(Q) = @ and @ is not controlled by any proper subgroup of PX, it follows from
[T, Theorem B] that ¢ = 1. Since this is true for all ¢ € G, it follows that PX is

central in G, i.e. PX C Z(G) and P is controlled by Z(G) as required.

So, we conclude that any faithful, non-splitting prime ideal of kG is controlled by
Z(@). Now suppose that [ is a faithful, virtually non-splitting right ideal of kG, i.e.
I = PEU for some open subgroup U of G, P a faithful, non-splitting prime ideal
of kU. Using Lemma [2.2.4] we see that U is p-valuable, abelian-by-procyclic, so by
the above discussion, P is controlled by Z(U), and in fact, Z(U) = Z(G) N U by [1,
Lemma 8.4]. Therefore, since I N kU = P by [I, Lemma 5.1(ii)]:

I = PkG = (PNkZ(U)KUKG = (INkU N kZ(G))kG = (I N kZ(G))kG.

So since G is p-valuable and every faithful, virtually non-splitting right ideal of kG
is controlled by Z(G), it follows from [I, Theorem 5.8, Proposition 5.9] that every

faithful prime ideal of kG is controlled by Z(G) as required. O
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Chapter 5

Affinoid Dixmier Modules

We will now explore some Lie theory, which will be fundamental to the proof of our
final main results. Fix g a finite dimensional K-Lie algebra, and £ an O-Lie lattice
in g. In this chapter, we will explore further the properties of the affinoid enveloping

algebra U/(E) ., ultimately leading to the proof of Theorem Iﬂ

5.1 Polarisations

For now, we will examine the classical picture. So let F' be a field of characteristic
0, and let h be a finite dimensional Lie algebra over F'. First recall the following

definition [16, 1.12.8]:

Definition 5.1.1. Given a linear form A € b*, define a polarisation of b at A to
be a solvable subalgebra b of b such that if V' is a subspace of h and b C V', then

MV, V]) =0 if and only if V = b.

In particular, if b is a polarisation of h at A, then A([b,b]) = 0, i.e. A restricts to a

character of b. Note that polarisations need not always exist.

Given )\ € b*, define b* := {z € b : A\([z,b]) = 0}.
Lemma 5.1.2. Given A € b*, if b is a polarisation of b at X then:

e dimp b = 1(dimp b + dimp b?).
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o If b is a subalgebra of b such that A([b',t']) = 0 and dimp b’ = $(dimp b +

dimp b?), then b is a polarisation of b at \.

e b contains every ideal a of h such that A([h,a]) = 0. In particular, b contains

Z(h) and every ideal a such that A(a) = 0.

Proof. The first two statements follow from [16], 1.12.1]. For the final statement, if a
is an ideal of b such that A([h, a]) = 0, then A\([b + a,b + a]) C A([b, b]) + A([b, a]) +

A([a, a]) = 0. Hence b+a = b by the definition of a polarisation, and hence a C b. [

Examples: 1. If A is a character of b, i.e. A([h, h]) = 0, then b is a polarisation of b
at A. In particular, if b is abelian, then for any A € h*, § is a polarisation of h at A,

in fact it is the only polarisation.

2. If h = a x Fz for some abelian subalgebra a of h, z € b, then for any A € b*, if

A([h, b]) # 0 then a is a polarisation of b at A.

3. If F is algebraically closed, and b is semisimple, then A\ € h* has a polarisation b if
and only if A is reqular in the sense of [16], 1.11.6]. In this case b is a Borel subalgebra

of h by [16, Proposition 1.12.18|, and hence A is a character of a Cartan subalgebra.

In our case, we will be interested in the case where b is solvable. The following result

ensures that polarisations always exist in this case:

Proposition 5.1.3. Suppose that b contains a chain of ideals 0 = by C h C --- C
b, = b such that dimph; =i for each i, i.e. b is completely solvable. Given \ € b*,
if we set \; := Ay, then the subalgebra by := bi\l +-+ f);‘d s a polarisation of b at
A.

Proof. This is the proof of [16, Proposition 1.12.18]. ]
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We call this polarisation by a standard polarisation of h at A, note that it depends

on the choice of chain 0 =hy Ch, C---Ch,=h.

Note: 1. If b is nilpotent, a chain of this form always exists, and for general solv-

able b, we can pass to a finite extension F” of F' to find such a chain in b = hQp F’.

2. Given any abelian ideal a of h, we can find a chain such that by will contain a.

Now, for any A\ € h* and any polarisation b of h at A, since X restricts to a character
of b, it follows that F) := Fv is a U(b)-module via the b-action z - v := A(x)v. This

gives rise to the following definition:

Definition 5.1.4. Let A € b*, and let b be a polarisation of h at \. We define the

b-Dixmier module of b at A to be the U(h)-module:

Note that D(A) is a cyclic U(h) module, generated by a vector vy on which U(b) acts

by scalars.

This definition is useful, because in the case where F' is algebraically closed and b
is semisimple, these Dixmier modules are precisely the well-known Verma modules,
which are fundamental within the representation theory of semisimple Lie algebras.

So we may think of Dixmier modules as a generalisation of Verma modules.

Now we will return to the p-adic case. Recall from Definition the definition

—

of the affinoid enveloping algebra U(L),,, we now want to generalise the notion of a

—

Dixmier module over U(g) to a completed version over U(L)
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Given a linear form A € g*, we now make the additional assumption that A(£) C O,
ie. A € L' C g*. First note that if b is a polarisation of g at A, then B := b N L is
a Lie lattice in b, and K, := Kwv, is a one dimensional module over U/(E) 5 Via the
natural extension of the action of U(b) to the completion, which is well defined since

7"U(L) - Ovy C 7" Ow, for all n € N.

Definition 5.1.5. Let A\ € L* and let b be a polarisation of g at A. Define the

—

b-affinoid Dixmier module of £ at A to be the U(L),-module defined by:

K. (5.2)
K

—

Notation: If it is unclear what the ground field K is, we may sometimes write D(\)

—

for D(X). Also, if it is unclear which lattice £ we are considering, we may sometimes

— —

write D(A), instead of D(A),.

o~ o~ o~

Note that as in the classical case, D(A) is a cyclic U(L),-module, so D(\), =

— —

U(L) vy, and U(B) acts by scalars on vy. In particular, using Proposition [2.8.4]

—

we see that D(\) is m-adically complete with respect to some lattice. In fact it is a

m-adic completion of the classical Dixmier module D(\).

Examples: 1. If g is split semisimple with Borel subalgebra b, the affinoid Verma

— —

module V() arises as a Dixmier module. This still has a unique simple quotient L(\).

—

2. If g is abelian, or more generally if A is a character of g, then D(\) = K always.

—

3. If g = a x Kz, for a abelian, then if \ is not a character of g, D(\) = K (t), where

x acts by t, and each u € a acts by a polynomial in K[%].
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5.2 Reducing Quadruples

We will now recall some more classical theory. Again, let F' be a field of characteristic

0. The following definition ([16], 4.7.7])) will be very useful to us throughout:

Definition 5.2.1. Let b be an F-Lie algebra. A reducing quadruple of b is a 4-tuple

(z,y,2,b") where:

e 0F£ux,y,z€bhandl is an ideal of b of codimension 1,
e yzeh andx ¢V,
e 2 is central in b and y is central in b,

o [z,y] = az for some 0 # o € F.

In this section, we will prove some technical results concerning the relationship be-
tween reducing quadruples and polarisations that we will need in our main argument.

The first two can be found in the proof of [16, Theorem 6.1.1]:

Proposition 5.2.2. Suppose by is a nilpotent F'-Lie algebra, and that 0 = hy C b, C
-+« C b, =bis a chain of ideals in b with dimp b; = i for each i. Also let X\ € h* and
let by be the standard polarisation of § at A with respect to this chain. If we suppose
that A(a) # 0 for all non-zero ideals a of b then:

(i) There exist x,y,z € b, b’ Qb such that (x,y, z,b') is a reducing quadruple for b.
(it) by C B'.

(13i) by is a standard polarisation of ' at A|y.

Proof. Fix j > 0 minimal such that b, is not central, and thus b;_; is central.

() Firstly, for any 0 # z in the centre of b, Kz is an ideal of b, and hence A\(z) # 0.

Therefore, A : Z(h) — F is injective, meaning that Z(h) must have dimension 0 or 1.
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But since b is nilpotent, the centre cannot be 0, hence Z(h) = Kz for some z € Z(b).

Since h; = h;j_; @ Fy for some y € b;, it follows that bh; is abelian. Also, by our

definition of b;, y is not central.

Define ' := {u € b : A([u,h;]) = 0}. It is clear that this is an ideal of b, and if
b’ = b then A([h, b;]) = 0, which means that [h,h;] = 0 since it is an ideal, and so
h; is central in b — contradiction. Hence b’ is a proper ideal of h, and note that b’

contains the centre of h.

Since h;_1 C Z(h) = F'z, it follows that F'y @ F'z is an ideal of b, so for all z € b,
[z,y] = ay + Bz for some a, B € F. Hence (ad(x))"(y) = a"y + o™ 'z, so since b is

nilpotent, it follows that a = 0, i.e. [y, h] C Fz.

Since A(z) # 0, it follows that A([u,y]) = 0 if and only if [u,y] = 0, and hence
h' = ker(ad(y)). So since the image of ad(y) has dimension at most 1, this means

that b’ has codimension 1 in b, so h = b’ & Fx for some x € b.

Finally, it is clear that y is central in h’ = ker(ad(y)), so since y is not central in

b, [z,y] = az for some 0 # a € F. Thus (z,y, z,¢') is a reducing quadruple.

(17) Let b, := h; Ny, then 0 = hj C --- C b/, = b’. So choose a subsequence
0=jo <71 << jm=nsuch that dimgb; = k for all k. For convenience, set

t, := b’ , and set p = Aly.
Note that if u € b} for some i, then u € b; and A([u,b;]) = 0. If i < j then b; is

central, thus u is central so u € h’. Whereas if ¢ > j then [u, b;] C [u, b;], and hence

AM[u, b;]) = 0 and u € b'. Therefore, h}* C b’ for each 4, and hence by C b

140



(#77) If w € b} then since u € h; N'h’ = b} we have that A([u,b}]) = 0, and hence
u € b, Therefore, by = ho° + -+ + b CheO + -+ hM =40 + -+t = b,
But since by is a polarisation of h at X and A([b,,b,]) = 0, this means that by = b,,

i.e. by is a standard polarisation of b’ at p. O

The next result ensures that after quotienting out by a suitable ideal, we can always

ensure that our linear form A\ satisfies the hypotheses of Proposition |5.2.2]

Lemma 5.2.3. Let A € b*, let 0 = ho C h, C --- C b, = b be a chain of ideals
in b with dimp b; = i for each i, and let by = hr + hi\l + -+ + b be the standard
polarisation at A corresponding to this chain.

Given an ideal a of b such that AM(a) = 0, let u be the linear form of h? := h/a
induced by \, and let b9 := (b%fl)“o +--+ (b‘%a)"", where p; is the restriction of p
to h%“ Then:

(1) a C by.
(71) b2 is a standard polarisation of h? at p.

(iii) b7 = by /a.

Proof. Let b := hT“ for each i = 1,--+ ,n. Then 0 = hf C h{ C --- C h? = h? is
a chain of ideals in h?. So we choose a subsequence 0 = jy < jo < -+ < J, = n of
0,1,---,n such that for each k, dimp hj = k.

For convenience, set t; := ?k, then it is clear that each h? appears in t1,- - , t,,.

(7) Since a is an ideal of b, [h,a] C a, so A([h,a]) = 0. So since h,, = b, this means

that a C {x € b : \([z,h,]) = 0} = h)» C b as required.

(1) Consider the standard polarisation b, = ;° + - - - + t#m of h? at u, we will prove

that b, = b?.
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If v € % = {y € t : pu([y,t]) = 0}, then x = z + a for some z € b;,, and clearly

. Nk g
A([z,h;,]) =0,50 z € f)j:’“ Therefore /¥ C h”“TjL for each k, and hence b, C b'.

Conversely, if z € b;}:’“, then it is clear that since A(a) = 0, we have that p([z+a, hg]) =

hA-jk+a
Jk S q
“E— and b, = b?.

0, and so z +a € t*. Thus t,* =

(i47) Since by = hy° 4 --- + b and a C by, it follows that

Ao pin
b)\/a _ b/\:‘U _ b+ :‘hn o _ (ho:-a)uo RS (bn:-awn — po. 0

While the previous results mainly concern restrictions of polarisations to reducing

quadruples, the next result is more concerned with extending them.

Lemma 5.2.4. Suppose that b has reducing quadruple (x,y,z,b"), and that p is a
linear form of ' with polarisation b C B’ such that u(z) # 0. Then for any extension

A of uto b, b is a polarisation of b at \.

Proof. Let V' be a vector subspace of ) such that b C V and A([V,V]) = 0. We will

show that V = b, and it will follow that b is a polarisation by Definition [5.1.1}

It will suffice to show that V' C b’ and simply apply the fact that b is a polarisation

of h’. So given an element Sz +a € V, with § € F, a € i/, we will prove that 5 = 0.

Since b is a polarisation of b’ and y is central in §’, we must have that y € b C V,
and therefore p([fzx + a,y]) = 0. But [a,y] = 0 and [z,y] = az where o # 0, thus

0= Bu([z,y]) = aBu(z). So since a, u(z) # 0, it follows that 8 = 0 as required. [
The final classical result we need can be found in the proof of [16, Theorem 6.1.4]:

Proposition 5.2.5. Suppose that § is nilpotent with n := dimg b > 3, and suppose
that b has a reducing quadruple (x,y,z,b"). We assume further that X\ € bh* and

Aa) # 0 for all non-zero ideals a of . Then for any polarisation b of b at \, there
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exists a polarisation b at X, contained in by, and a proper subalgebra t C b such that

b,b' C t.

Proof. Firstly, note that b* = {u € b : A([u,h]) = 0} is contained in b, otherwise

b C b+ bh* and A([b+ b, b+ b?]) = 0, contradicting the definition of a polarisation.

If b C b, then taking b’ = b, t = ', the statement is trivially true, so we may assume

that b Z by'.

Since y is central in b’ but not in b, it is clear that h’ = ker(ad(y)) and F'z = im(ad(y)).
So since there exists u € b\h’, we have that [u,y] # 0, i.e. [u,y] = Bz for some
0 # B € F. But since Fz is a non-zero ideal of b, A\(z) # 0, and thus A([u,y]) # 0.

So since A([b, b]) = 0 and u € b, this means that y ¢ b.

Let b’ := (bNY) @ Fy. This is a subalgebra of b, and clearly it is contained in b'.
Also, bNb’ has codimension 1 in b, therefore dimp b’ = dimp bNh’'+1 = dimp b. But
it is clear that A([b’,b']) = 0, so by Lemma , this means that b’ is a polarisation
of h at \.

Now, let t := b @ Fy. Since F'z = [y, h] C b, this is a subalgebra of b, and clearly
it contains b and b’, so we only need to prove that t # b, so assume for contradiction

that t = h. This means that b has codimension 1 in h, so dimgpb = n — 1. But

dimp b = £(n + dimp h*) by Lemma [5.1.2} and thus dimp h* = n — 2.
Furthermore, if Bz + vy € b*, then SA([z,y]) = vA([y, z]) = 0, which is only possible

if 3=~ =0 since \(z) = Ma~[z,y]) # 0. So Spanp{z,y} NH* = 0, and therefore,

h=Fz @ Fy®h
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Let a := ker(\) N h*. Then since z € h* and A\(2) # 0, it follows that a has codimen-

sion 1 in h*, which means that dimra =n — 3.

It is clear that A(a) = 0, so we will finish by proving that a is an ideal of b, and this
will imply that a = 0, and hence n — 3 = 0 and n = dimg h = 3 — contradicting our

assumption.

By the definition of h?, it is clear that A([h*, h]) = 0 and so [h*,a] C b Nker()) = a.

So since h = Fo @ Fy @ b, it remains to prove that [y, a] C a and [z, a] C a.

Since a C b, we have that [y, a] = 0 C a, and if we choose u € b such that u ¢ b, then
b = h* @ Fu, so since b is nilpotent and b is a subalgebra, it follows that [u, h*] C bh*,
and hence [u,a] C h*. Also, since A([b,b]) = 0, it follows that [u,a] C ker()), hence
[u,a] C a.

But since u ¢ ', we have that u = Sx+~yy, where 8 # 0, so it follows immediately
that [x,a] C a as required. O

—_—

5.3 Irreducibility of D()\)

—

We will now examine the affinoid Dixmier module D(\), for a suitable polarisation

b, and in this section, we will prove that we can choose b such that D(\) is irreducible.

Firstly, we generalise some results from the classical theory to an affinoid setting:

Lemma 5.3.1. Let b be a subalgebra of g, let a be an ideal of g such that a C . Let
g1 :=g/a, by :=bh/a. Also, set H .=LNh, A:=LNa, L1 :=L/A, H :=H/A,
which are Lie lattices in b, a, g1 and by respectively. Then:

—_—

(¢) There is a continuous surjection of K-algebras U(L), — U(L1), induced by the

—

surjection L — Ly. The kernel of this surjection is aU (L),
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—

(¢1) If M is a finitely generated U(Hq)-module, then M has the structure of a

— — —

U(H) -module via the surjection in (i), and U(L), & M =U(Ly)y O ) M

—_—

as U(L) j--modules.

Proof. (i) It is clear that the surjection £ — £; induces a surjection U(L) — U(L;)

—

sending 7"U (L) to 7"U(Ly), so this yields a continuous map U (L) — U(L;).

If we fix a basis {x1, - -+ , x4} for £ such that {z, 1, -+, x4} is a basis for A, then using

Lemma|2.8.3| we see that every element of U/(E\l)K has the form Y Aq(z1 +A)* - (2, + A)*r,
a€eN"

—_——

where A, € O — 0 as o — oo. Clearly under the map U(L) — U(Ly), x; maps to

x; + A for each 7, and hence the map is surjective.

_ _ .
Moreover, we can write any element of U(L) as > 7" - 227¢, for some ¢, € U(A)
aeN"

converging to zero, and this maps to 0 if and only if ¢, maps to 0 for each a. But
each ¢, has the form )7 ugxf:il x -xgd, and this maps to zero if and only if pg = 0,
ﬁeN(i—r

— —

i.e. ¢, € U(A)A. Hence the kernel of the surjection is U(L).A and part (i) follows.

—_——

(¢7) Let ¢ : U(L) — U(L1), be the surjection from part (i), and define a map:

— o —

@:U(E)K®U/(§)KM—>U(£1)K® KM,r@mHgb(r)@m.

U(Hy)

—

It is clear that this is a well defined map of U(L),-modules, we want to prove that
it is an isomorphism.

—

Every element s € U(L;), can be written uniquely in the form
s= > Aalzr + A (2 + A) = (S0 At - xl),
a€Nr a€Nr

so there is a unique element in K(xq,---,x,) that maps onto s under ¢. We call

—

this element ¢~!(s), and it is clear that this defines a K-linear map ¢~ : U(L;) —
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L — o~

Therefore, we can define a K-linear map ¥ : U(L;) B M —U(L), 50, M
sending s @ m to ¢~'(s) ® m. We can show that this is well defined by choosing
an appropriate basis for H; that extends to a basis for £;, and clearly it is a right

inverse to ©.

Using the fact that U (L) is isomorphic as a K-vector space to K(z1,- -+ , %) {(Tyi1, -+ , Ta),
and 41, , 24 € A C H, we see that every simple tensor s@m € U(L); ®=—== M

U(H) i

can be written as an infinite sum of simple tensors s, ® m, converging to zero as
n — oo, with s, € K(z1,++ ,z,). We know this sum converges by Proposition [2.8.4]

—

Therefore, for any s € U(L) ., m € M, YO(s@m) = > VO(s, @ my) = > V(P(sp) @ my,),
neN neN

and since s, € K(x1,--- ,x,) for each n, ¢~ (¢(s,)) = s,, and hence VO(s @ m) =

s ®@m. Thus ¥ and © are mutually inverse bijections. O]

Now, recall from [5] that if A is a Banach K-algebra, and M is a left A-module,
m-adically complete with respect to some lattice N C M, then we may define the
Tate module:

Mty, - tg) :={ > t7" - t5%0 1 Sa € M, 5, — 0 as |a| — oo}.
aeNd

Note that we don’t necessarily give M (ty,--- ,t4) the structure of an A-module, a

priori it is just a K-vector space.

Proposition 5.3.2. Let b be a subalgebra of g, and let H := bNL, so H is a Lie lattice
in bh. Suppose that M s a finitely generated @K-module. Then if r = dimg g/b,

there is an isomorphism of K -vector spaces U (L), 555 M = M(ty,--- t.), where
K

tiv corresponds to x; @v for some O-basis {x1,--- ,x,} for L/H. Thus M{ty,--- ,t,)
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—

carries the structure of a U(L) - module.

Moreover, if r =1, so L =H ® Ox for some x € L, then we can choose this isomor-

—

phism U(L) ; ® M = M(t) such that:
K

UH)
(1) = acts by t on M(t).

(i1) If y,z € H act on M by scalars B, 5, € O, [x,2] =0 and |y, x| = az for some

a € K, then y acts on M(t) by aﬁZ% + 5y.

—

(¢i9) If o, B, # 0 and M s irreducible over U(H),, then M(t) is irreducible over
U(L) -

Proof. Let {x1,--- , x4} be an O-basis for £ such that {z,,1,--- , x4} is a basis for H.

Then by Lemmal2.8.3| writing * := z7" - - - 2}, we have: U/(Z)K ={ > Az A €0, N, —

a€eNd

0 as |a| — oo}.

Define a map:

—

O: U(‘C)K® M — M<t17 7t7“>7 Z Aa£a®v = Z t?l tfr( Z )\(ﬂa’Y)i,y,U)'

000 aeNd BENT yENd—T

Note that here (3, ) refers to the d-tuple whose first r terms are the terms of 3, and
the last d — r terms are the terms of 7. It is straightforward but technical to show
that this is a well defined K-linear map, so we need to prove that it is an isomorphism.
Firstly, M = /(-7?);(01 +-- 4 @K%, so any element of M(ty,--- ,t,.) will have
the form ) ]t (aygvr + - ag gy for some a5 € /(77)1{ This is the image

BeNT

of Stait - xlrais@ui 44+ Y 2t abra s @ vy, so O is surjective.
BeENT BENT
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Furthermore, if S /-t (ay gy + -+ + argvy) = 0 then ay gvy + -+ - + az gy = 0

BENT
for all 8. Since U(L), 560 M is finitely generated, it is complete by Proposition
K

2.8.4} thus

fol...xfraLﬂ@Ul_i_...—'— lefl"'mfrat,ﬂ®vt
BENT BENT

= Z‘r?l .o .xfr ® (al,ﬂvl + oo _|_ a/t,ﬁvt) = O’
BeNT

hence © is injective.

Hence © is an isomorphism of K-vector spaces, and O(z; ® v) = t;v for all i < r,

—

v € M. So clearly we can define an action of U(L), on M(ty,--- ,t,) making © into

—_—

an isomorphism of U (L) ,-modules.

(1) Since ©(z™v) = t"v for all v € M, n € N, it is clear that the action of z on M(t)

is given by multiplication by t.

(77) Since y and z act by scalars on M, their action on M (t) is determined entirely

by their action on the powers of t.

Since [z, z] = 0, it follows that z commutes with all powers of x, and hence z - t"v =

20(2" ®@v) =0(2" ® z-v) = O(B.(z" ®v)) = B.t"v, so z acts on M (t) via ..

Clearly y-v = S,v, so we will assume that for some n > 0, y-t"v = naS.t" v+ f,t"v
and show that y - t""v = (n + 1)af.t"v + B,t" v, and it will follow using induction

that y acts by 0462% + By

y- "o =y0 (2" @v) = Oyz" ! @ v) = O(([y, 2)2" + zya™) @ v)
= az0(z" ®v) + 2yO (2" ® v) = azt"v + xyt"v (5.4)
= aft"v + znaft" v + 2B,t" = (n + 1)aB.t™v + B,t"
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—

(i31) Let @ := < and let p: U(L), — Endgx(M(t)) be the action, then by part (ii),

=

p(y) = aB.0+ By, 50 0 = (af.) " py) — By) = p((af.) " (y — By)) € im(p).

Hence for each n € N, 0"l = 19" € im(p).

So, suppose that 0 # T < M(t) is a submodule, i.e there exists > t"s,, € T,

m>0
Sm € M, s,, not all zero, s,, — 0 as m — oc.

Then since 0"/(T) C T for all n, it follows that S (™)t™ "s,, € T, hence we may

m>n

assume that sg # 0.

Set s := 59 € M\{0}, and define a sequence of elements in T" by 7y := > t™s,,, and
m>0

for i > O, =T — tzﬁm (7”2‘,1).

Now, if r; = s+ 3 t™S; ., then t°0U(r;) = S ¢™(7) $im, s0

i

m>1 m>1
Tiv1 =T — tlam (T’Z) =S+ Z tm(sz’,m - (711) Si,m>'
m>i+1

So inductively, we get that for each i € N, r; = s+ > 5;,,t™ for some s;,, € M with

m>1

V(Sim) > v(Si—1,m). It follows easily that r; — s in M(t) as i — oc.

But since M (t) is finitely generated over U/(Z) 5, which is Noetherian, it follows that
T is finitely generated over U/(Z) 5> and hence T is m-adically complete by Proposi-
tion Therefore, since each r; € T, this means that s € T. So 0 #se€ M NT,

and thus M NT # 0. But since M is irreducible, M NT = 0 or M, hence MNT = M.

—

It follows that M(t) = U(L) Q5 M T, and hence T'= M (t). Since our choice
K
of T was arbitrary, this implies that M (t) is irreducible as required. ]
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Now we prove the main theorem of this section, which is the affinoid analogue of [16],
Theorem 6.1.1]. This proof follows a strategy of induction on the dimension of g that

we will often use throughout this chapter.

Theorem 5.3.3. Suppose that g is nilpotent, X € L*, and let By = by N L be a
standard polarisation of L at A with respect to some chain of ideals. Then the affinoid

—

Dizmier module lﬁm of L at X\ with respect to by is irreducible as a U (L) ;.-module.

Proof. Let n = dimgg, and first suppose that n = 1. Then g is abelian, so A is a

character of g, and D(\) = K, which is clearly irreducible. So we will assume that

the result holds for all m < n and apply induction:

Suppose first that there exists a non-zero ideal a < g such that A(a) = 0. Let
g1 := g/a, then since a # 0, dimgg; < n, so we may apply the inductive hypothesis

to di1.

Let A:=LNa, and let £; := ﬁ, then A, £, are lattices in a, g; respectively. Let \;
be the linear form of g; induced by A, and clearly \;(£;) C O. Then using Lemma

5.2.3, we see that a C by and that by := by/a is a standard polarisation of g; at A;.

—_—

Let By := b; N Ly, a Lie lattice in by, and let M := D()\l)bl =U(Ly) g ®(ﬁ8\) K,,,
UK
then by the inductive hypothesis, M is irreducible over (m i
Using the surjection U{(Z)K —» U/(L\I)K given by Lemma |5.3.1(), we see that M
has the structure of an irreducible U/(E) r-module, and using the fact that B, = %

o~ o~

and Lemma [5.3.1(i7) we see that M = U(L), Q5@ Kr = D(A)y,, and hence
K

—

D(X)g, is irreducible as required.

So from now on, we may assume that A(a) # 0 for all non-zero ideals a of g.
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Using Proposition we can find a reducing quadruple (x,y,z,g’) such that

by C ¢, and by is a standard polarisation of g’ at p := A|y. Setting £ := LN¢g,

—_——

since dimg g = n —1 < n, we see that D(u),, = U(L') @z Ky is irreducible
K

over U/(ﬁ\’) 5 by induction.

Now, since U(L), = U(L) 5, U(L') ., it follows that D(X), = U(L) g 5,

D(p)y, - Therefore, setting M := D(u), , we have that D()), = M(t) as a K-vector
space by Proposition [5.3.2(i), where z acts on M(t) by t.

Also, y, z are central in g’ and [y, ] = az for some 0 # a € K. Therefore, since y and
z act by scalars A(y), A(z) respectively, we see using Proposition [5.3.2)(ii) that y acts
on M(t) by aX(z)% + A(y). So, finally, since Kz is an ideal of g, A(z) # 0, so since

—

a, A(z) # 0, it follows from Proposition |5.3.2(u17) that D(A),, = M({) is irreducible

o~

over U(L),, as required. O

5.4 Dixmier Annihilators

The aim of this chapter is to describe all primitive ideals of U (L), as the annihilator
ideals of affinoid Dixmier modules, so in this section we will begin to examine these

ideals. From now on, we will always assume that g is nilpotent.

The first result we need is analogous to [16, Proposition 5.1.7]:

Lemma 5.4.1. Let b < g be a subalgebra, let H := hNL, and let M be a finitely gen-

erated U(H) j--module, with J := Ann@K M. Then AnnU/(c\)K (U(E)K D500 M)
is the largest two-sided ideal in U(L), contained in U (L) J. It follows that if M, N
are finitely generated U/(7T)K-m0dules such that AnnUf(ﬁ) M = AnnU/(?T) N then
K K
AnnU/(L‘,\)K(U(‘C)K ®U/(\H)K M) = AnnmL\)K(U(ﬁ)K ®U/(7T)K N)
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Proof. Fix an O-basis {x1, - , x4} for L such that {zy,--- ,x,} is a basis for H. Then

by Lemma|2.8.3] every element r € U(L), can be writtenasr = > A\a]'--- 2y, for
a€eNd
some A\, € K converging to zero as o — 00, i.e. 7 = > 25, for some s, € U(H),

a€eN"
such that s, — 0 as a — 0.

Using Proposition [5.3.2, we see that U/(Z) kK ® M is isomorphic as a K-vector

Uk

space to the Tate module M (ty,--- ,t,) = { D 7" t0sq : 54 € M,s5, — 0 as
aeN"

|a] — oo} via an isomorphism ¥ sending z® @ m to ' ---t% m. It is clear that the
set of all elements in U(L), that annihilate the set M inside M(ty,--- ,t,) on the

left contains the left ideal U/(Z) xJ-

Moreover, if rM = 0 for some r = Y~ %5, € U/(Z)K, then for all m € M:
a€eN"

0=rm= Y z%am =V Y ¢ - t2s,m), and hence s,m = 0 for all « € N".
aeN" aeN"

Thus s, € J for all a, and hence r € U/(Z) . Therefore the right ideal IT(Z) PORE

the set of all elements of U/(\E) 5 that annihilate the set M.

It follows that if 7’(7(2) K® M =0, then TU/(Z) - annihilates M, so the two-sided

U(H)

ideal generated by r is contained in U(L),J. Since our choice of r was arbitrary, it

—

follows that the annihilator of U/(Z) 5 ® M is contained in U(L),J.

UH)x
Furthermore, if I C U/(Z) J is a two-sided ideal of (7(2) 5> then I annihilates M,
so since U (E) r=U ( )L, it must also annihilate the submodule generated by M

inside U (ﬁ) M, which is clearly the whole module, and the result follows. [

KO0

The next result will be essential to several of the proofs in this chapter, since it allows

us to safely pass to and from a reducing quadruple.
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Theorem 5.4.2. Suppose that g has a reducing quadruple (z,y, z,¢') with x,y, z € L,

and let L' := LNg'. Then if I is a two-sided ideal of U(L) - such that z+ I is not a

zero divisor in U/(Z)K/], then I is controlled by L', i.e.:

I = (IHU/([’\/)K> U/(Z)KZIT(Z)K<IQU/(‘C\/)K)'

Proof. Using Lemma [2.8.3] we see that every element of (7(2)  can be written as

g(z) for some Tate power series g with coefficients in U(L’),. We will prove that if

g(z) € I then the coefficients of g all lie in 7, and the result follows.

It will suffice to show that if g(x) = ¢y + 1@ + coz® + -+ € I then the formal
derivative ¢'(x) = ¢; + 2cow + 3c3z® + -+ also lies in I. Then using an argument
similar to the proof of Proposition m(m), we can construct a sequence of elements
in I converging to ¢o. By closure of I in U/(Z) . it follows that ¢y € I, so repeating
the argument for ;g™ (z) for each =, it follows that all coefficients of g(z) lie in I as
required.

—

To prove that ¢'(z) lies in I, consider the action of y on U(L)/I:
Since y is central in £, y commutes with everything in U(L’) .. Also, since [z,y] = az,
clearly y - x = xy — az, and an easy induction shows that y - 2" = 2"y — naz™ '2. So
if 1, is the left action of y on U(L) /I, 1, is the right action, then I, — r, = —az-L.

Therefore, since z is not a zero divisor modulo I, and o # 0, it follows that if g(z) € T

then £ (g(z)) € I as required. O

For us to unambiguously describe the annihilator of a Dixmier module, we want to
ensure that this does not depend on the choice of polarisation, as [16, Theorem 6.1.4]
shows in the classical case. The following lemma establishes this in a special case,

and we will follow it by a proof in full generality:
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Lemma 5.4.3. Suppose that L has an O-basis {x,y,z} such that z is central and

—

[z,y] = az for some 0 # o € O. Then for any € O\O, the ideal (z — B)U(L)y is a
mazimal two-sided ideal of U/(Z)K

—

Proof. Let I be a proper ideal of U(L), containing z — 5. Then since 8 # 0, z + [
is not a zero divisor in U/(Z)K/I So setting g’ := Spang{y, z}, since (z,y,z,¢’) is a

reducing quadruple, it follows from Theorem that I is controlled by £ = g'N L.

L — —

Therefore, if we can prove that I N U(L'), = (2 — B)U(L') ) then it follows that

—

I'= (2= B)U(L)-

—_— —

Let g be the image of y in U(L') /(2 —B)U(L'), then given r € U(L') -, by Lemma

—

2.8.3, the image of r in U(L') /(2 — B)U(L'), has the form 7 = Y \,y" for some

n>0

M€K, N\, —0asn— oo.

Since [z,y] = az, we have that z - § = gz + a3, and an easy induction shows that

-y =y x+aBy™ ! for all n, i.e. if [, and r, are the respective left and right actions

—

of x on U(L'), /(2 — ), then I, —r, = 046(%. Since «, 8 # 0 and [ is a two-sided

—

ideal, d% preserves I NU (L) /(2 — B).

—_—

Soif g(g) = N+ MU+ XG>+ - € INUL) /(2 — B)U(L) g, it follows that

Lg"(g) € I for all n € N, and using an argument similar to the proof of Proposition

—

5.3.2|(4it), we can construct a sequence of elements in /NU(L’) .- converging to Ay € K.

—

By closure of I NU(L),, this implies that Ay € I, and hence Ay = 0, and it follows

after replacing ¢(y) by %g(”)(gj) that A\, = 0 for all n, i.e. g(y) = 0. Therefore

In U/(C\’)K = (z — B)U/(_E\’)K, and [ = (z — B)U/(Z)K So since our choice of I was

arbitrary, (z — B)U(L) ) is maximal as required. O
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Theorem 5.4.4. Suppose g is nilpotent, and let A\ € L*. Then for any polarisations

— —

b1,by of g at A, Annﬁ(c\)K D(N),, = AnnU/(L\)K D(\),

9°

Proof. 1f g is abelian then b; = by = g so the statement is obvious. Since all nilpotent

Lie algebras of dimension 1 and 2 are abelian, we may assume that dimgg > 3.

If g is non-abelian and dimgg = 3 then it is straightforward to show that £ has basis
{z,y, 2z} with z central and [x,y] = az for some a € O\0. If A(z) = 0 then A is a
character of g, so g is the only polarisation and the statement is trivially true. If
A(z) # 0, then for any polarisation b, z acts on lﬁb by A(z), and so the U/(Z)K—

annihilator must contain (z — A(z)), which is a maximal ideal by Lemma [5.4.3] hence

this must be the annihilator in all cases as we require.

So from now on, we may assume that n = dimgg > 4 and we will proceed by induc-

tion on n:

Suppose first that there exists a non-zero ideal a < g such that A(a) = 0, so A induces
a linear form A\ of go := g/a. Setting A:=anN L, Ly:= ﬁ, it is clear that L is a
Lie lattice in go and A\g(Ly) C O.

Note that a C by, by by Lemma so set b; o :=b;/a for i = 1,2, and by 9,bo are

polarisations of gy at Ag.

o — —

Since dimg gy < n, it follows from induction that Ann—  D(Xg), = A D(X\o)

U(Lo) g 1,0 nnU/(L\O)K b2,0°

—

Using Lemma |5.3.1) we see that for i = 1,2, D(Xo),,, = U(Lo)g G K, is
i, ,0) i

o~ — o~

naturally a U(L),-module, and that it is isomorphic to U(L) B FE) K\ = D(A),.-
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—_— o —

If¢:U(L), — U(Ly)g is the natural surjection, then it is clear that Ann —  D(\g), =

U(Lo) g bi.0
20 P g — 12, Thus A DA, = A D(Xo) d
e ori = 1,2. us Anngos ( O)bl,o = Amngoy ( 0)b2’0, an
hence:
AnnU/(/:\)K D()\)bl = AnnU/(E\)K D()\g)bw = AnnU/(L\)K D()\O)bz,o = Annﬁ(—L\)K l)(}\)b2 as

required.

So from now on, we may assume that A(a) # 0 for all non-zero ideals a of g. Using
Proposition [5.2.2] we see that this means that there exists a reducing quadruple
(x,y,2,¢) for g. Since we are assuming dimgg > 3, we may apply Proposition m
to get that for each ¢ = 1,2 there exists a proper subalgebra b; of g containing b,

and a polarisation b} of g at A contained in b; and g'.

— —

By induction, since dimgg’ < n, we get that AnnU/(ﬁ\,) D()\]g/)h,l = AnnU/(E\,) DO"Q’)%’
K K

so by Lemma [5.4.1} AnnU/(E\)K D(N)y, = AnnU/(L\)K D(N)g, -
Similarly, since b1, hs are proper subalgebras of g, we also have that Annﬁ) m )o. =

1)K g3
AnnU/(H\i)K D(Mha)bg fori = 1,2, and applying Lemmal5.4.1|again gives that Ann@K D(A), =
AnnU/(E\)K D(X)y,, and it follows that AnnU/(E\)K D(N),, = AnnU/(E\)K D(A),, as re-
quired. O

Now that we have established that the annihilator of a Dixmier module does not
depend on the choice of polarisation, we can unambiguously make the following def-
mition:

Definition 5.4.5. Let F'//K be a finite extension, and let A € L, = (L ®@p Op)* be

—

a linear form. Define the Dixmier annihilator in U(L), associated to X to be the two
sided ideal I(X\) := AnnU/(Z) @F (or I(N\) g if it is unclear what the base field is).
K

—

Note: This definition makes sense because there is a natural embedding U(L), —

—

U(Lp)y for any finite extension F'/K. Using Theorem [5.3.3, we see that I()) is a

—

primitive ideal of U (L), whenever F' = K.
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5.5 Locally closed ideals in U(L),

Now we will study some ring theoretic properties of the affinoid enveloping algebra.
For the moment, we assume only that £ is an O-Lie lattice in a K-Lie algebra g.
Proposition 5.5.1. Let P be a prime ideal of U/(Z)K, and let J be a two-sided ideal
of R := U/(Z)K/P. Then if J # 0 there exists an element a € J such that a™ does
not converge to 0 as n — oo.

Proof. Let w be the m-adic filtration on (7(2) 5 corresponding to the lattice lvj(\ﬁ),
and let w be the quotient filtration on R := U/(Z) /P. Then since R is complete
with respect to w and grgy R = %, it follows from [28, Ch II Theorem 2.2.1]

that w is a Zariskian filtration on R.

Also, since gry, U/(\[,)K ~ U(L/mL)[t,t7'] by [6, Lemma 3.1], and it is well known
that U(L/mwL) is finitely generated over its centre, it follows that grg R is also finitely

generated over its centre.

Furthermore, ¢ = gr(m) is central of positive degree in grgy R, and it is non-
nilpotent, so it follows that gr; R is finitely generated over a central Noetherian
subring whose positive part is non-nilpotent. So we can apply Theorem to find
a non-commutative valuation v on the ring of quotients QQ(R) such that the inclusion
(R,w) — (Q(R),v) is continuous.

Therefore, we may define the growth rate function p : Q(R) — RU{oc}, ¢ — nh_}r{)lo @
associated to v, as in Definition [3.6.1] Suppose that for every element a € J, a™ — 0
as n — 0o, we will prove that this implies that J = 0. Choose an arbitrary a € J,

and let m = [p(a)].
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If we assume that m < oo, then set b := 7~ (™*tq, and since 7 is central in R, and
hence v-regular, we see using Lemma [3.6.2(v) that p(b) = p(a) — (m + 1)v(w) <
pla) — (p(a) + 1)v(r) < 0, and hence ™ does not converge to 0 as n — oo — contra-

diction since b € J.

Therefore m = p(a) = oo, and since Q(R) is simple and Artinian, it follows from

Lemma [3.6.2(iv) that a is nilpotent.

Since our choice of a was arbitrary, this means that every element of J is nilpotent,
and using [16, Lemma 3.1.14] it follows that J is a nilpotent ideal of R. Since R is

prime, this means that J = 0 as required. O

The following result is the affinoid version of [16, Proposition 3.1.15]:

—

Theorem 5.5.2. Let L be a Lie lattice in g and let I be a two sided ideal of U(L),,.

Then I is semiprime if and only if I is an intersection of primitive ideals.

Proof. Clearly if I is an intersection of primitive ideals, then it is semiprime, so it
remains only to prove the converse, i.e. that if I is semiprime then it is the intersec-

tion of primitive ideals.

Since semiprime ideals arise as an intersection of primes, we can assume that I is

—

prime in U(L),, and we will show that J (U/(Z) /1) =0, from which the result fol-

lows.

Assume for contradiction that J := J (U/(Z) /1) # 0, then since [ is prime it follows
from Proposition that we can choose an element a € J such that a™ does not

converge to zero as n — oo.

—

Let R = @, and let C':= R(X) be the Tate algebra in one variable over R, as

defined in Appendix [D] Then if we set go := g x K, Lo := L x O, it is clear that Ly
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—

is a Lie lattice in gy and it follows from Lemma [2.8.3| that C' = U(Ly) ;- /IU(Lo) k-

Consider the element 1 —aX € C. If this element is a unit, its inverse must have the
form ag + a1 X + asX? + -+ for some a; € IT(Z)K/I with a,, — 0 as n — oco. But
since 1 = (1 —aX)(ap + a1 X + axX? + --+), it follows that ag = 1, a; = a, ay = a?,

-, a, = a", and hence a" — 0 as n — oo — contradiction.

Therefore 1 —aX is not a unit in C, so there exists a maximal left ideal of C' contain-
ing 1 —aX, i.e. there exists an irreducible C-module M and an element 0 # m € M

such that (1 —aX)m = 0.

Now, X does not act by zero on M, otherwise 1 — aX would act by 1, and we would
have (1 —aX)m = m # 0. So using Schur’s Lemma, the action of X is invertible,
and using [35, Theorem 6.4.6] we see that the action of X ! is algebraic over K, i.e.
there exists f(t) = ap + a1t + - - - + a,t™ for some a; € K such that f(X ') =0, and

we may assume that ag # 0. So let g(t) :=ag ' f(t) = 1+ byt + -+ - + b,t™.

Since aXm = m, we have that am = X 'aXm = X ~!'m, hence a"m = X "m for all

r € N, and thus g(a)m = g(X~")m = 0.

But g(a) =1+ (by + baa+ -+ + ba™ 1)a, so since a € J(U/(Z)K/I), this means that

g(a) is a unit in ZT(E)K/I. Therefore, since m # 0, g(a)m # 0 — contradiction.

Therefore J (U/(Z) /1) =0 as we require. O

Now, since this proposition gives us that all prime ideals in the affinoid enveloping
algebra arise as an intersection of primitive ideals, we can now focus on a particular

class of primitives:
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Definition 5.5.3. Let R be a ring, and let P be a prime ideal of R. We say that
P is locally closed if P is not equal to the intersection of all prime ideals properly

containing it.

It is not difficult to prove that a prime ideal P is locally closed in R if and only if

the singleton { P} is locally closed in Spec R with the Zariski topology.

—

Using Theorem [5.5.2}, we see that if P is a locally closed prime ideal in U(L),, then

P must be primitive. The most obvious examples of locally closed ideals are maxi-

mal ideals, since the intersection of all prime ideals properly containing them is empty.

In this section, we want to prove that all locally closed ideals arise as Dixmier anni-

hilators. We first need the following technical results:

Lemma 5.5.4. Suppose that g is nilpotent and dimg g > 1. Let I be an ideal of

U(L)y. Suppose further that Z(U/(Z)K/I) =K, and INg = 0. Then g has a

reducing quadruple (x,y,z, ¢').

Proof. Firstly, suppose u,v € g are central, then v+ I,v+1 € Z(U(L),/I) = K,
hence they are K-linearly dependent. So there exist non-zero «, 3 € K such that
au+ fv € I Ng =0, hence u,v are K-linearly dependent in g. Since g is nilpotent,

Z(g) # 0, so it follows that Z(g) has dimension 1, i.e. Z(g) = Kz for some z € Z(g).

So, since dimgg > 1, g is non-abelian, and again using nilpotence of g, we can find

y € g such that y is not central, but [y, g] C Z(g) = Kz.
Let g’ := ker(ad(y)). Then ¢’ is an ideal of g, and since ad(y) : g — Kz is non-zero,

g’ must have codimension 1 in g, so g = ¢’ ® Kz, and it is clear that (z,y, z,¢) is a

reducing quadruple for g. m
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Proposition 5.5.5. Let I be a two sided ideal of U(L), such that F' = Z(U/(\E)K/I)
is a finite field extension of K. Then U(ET@O\(’)F)F = @K ®k I, and there exists
a surjection U(£/®O\OF)F — U/(Z)K/I of F-algebras with kernel containing I Qx F .

—_—

Proof. To see that U(E/@JO\OF)F = U(L), ®k F, note that:
U(L) 0 O = U(L @0 OF)
a®a— aa

is an isomorphism of O algebras, whose inverse is the natural extension of the map
Lo Op 5 U(L) R0 Op,u®@a— u®atoU(L & Op). These maps preserve the
m-adic filtration, hence they induce an isomorphism U (L’TX)o\OF) o U/(Z) ®o OF,

and the result follows.

Since F' = Z(U/(Z)K/[) C U/(Z)K/I, it is clear that U/(Z)K/I is an F-algebra, and

the map U(L), ®x F = U(L) /I, r ® (o +I) — ar + I is clearly a surjection of

F-algebras sending I ® F' to 0 as required. [

Proposition 5.5.6. Let g be a nilpotent K-Lie algebra, and let L be an O-Lie lattice

—

in g such that every locally closed prime ideal in U (L), has the form I(\)r for some

—

finite extension F/K and some A € L},. Then given any prime ideal P in U(L),., P
arises as an intersection of Dizmier annihilators.

—

Proof. Note that since gr U(L), = U(L/mL)[t,t"'] has finite left and right Krull

—

dimension, it follows from [28, Ch.I Theorem 7.1.3] that U(L),  has finite left and
right Krull dimension. Therefore, using [29, Lemma 6.4.5], it follows that U/(Z) 5 has
finite classical Krull dimension, i.e. there is a finite upper bound on the length of

—_—

chains of prime ideals in U(L) .

So, given a prime ideal P of R, define the dimension dim(P) of P to be the largest

integer n > 0 such that there exists a chain of prime ideals P=F C P, C --- C P,
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of U(L),. We will proceed by induction on dim(P).

If dim(P) = 0, then P is maximal, and hence locally closed, so by the hypothesis,
P = I(\)p for some finite extension F, A\ € L} as required. Now suppose the result
holds whenever dim(P) < n.

If dim(P) = n then for every prime ideal @ of U/(\L) , with P C @, @ arises as an

intersection of Dixmier annihilators by the inductive hypothesis.

If P is locally closed, then P is a Dixmier annihilator by hypotheis, otherwise P is
equal to the intersection of all prime ideals properly containing it, and hence it is an

intersection of Dixmier annihilators as required. O

Now we can proceed to prove the main theorem of this section, but first we need a
small lemma:

Lemma 5.5.7. Let a be an ideal of g nilpotent, let A := an L and let Ly := L/ A.

— —

Let P be a prime ideal of U(L),, containing a, such that the image Py < U(Ly)

of P under the surjection U(L);. — U(Ly), ts a Dizmier annihilator. Then P is a

Dizmier annihilator.

Proof. We know that Py = Ann-——— 17(;) » for some finite extension F/K, p €

U(,C())K
(L] A)s. Clearly p is induced from a linear form A of g ®x F such that A\(£) C Op
and A\(a) = 0. We will prove that P = AnnU/(E\)KD()\)F.

Choose a polarisation b of g ®x F' at A, and since the annihilator is independent

of the choice of polarisation by Theorem [5.4.4] we may assume that a C b, i.e.

—

b/a is a polarisation of g/a at p. Using Lemma [5.3.1(iii), we see that D(\), =
U(L)p ®U/(E)F F=UL/A)r ®U(/B/\A)F F=D(p)p.
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Using Lemma |5.3.1(7), we know that U( )/aU( ) = Um)K, and hence Py =

P/aU/(Z)K. Therefore, since Py = AnnU/(L\O)K @F, and hence szr =0, it
follows that PZﬁF =0,ie. PC Annmﬁ\)K lj(T)F

Moreover, if xlﬁp = 0 then me =0so m+a(7(Z)K € Py and hence z € P.
Therefore P = Anng— qop lﬁ 7 as required. O

Theorem 5.5.8. Let g be a nilpotent K-lie algebra, with O-Lie lattice L, and let P

be a locally closed prime ideal of U/(Z)K. Then P 1is a Dizmier annihilator.

Proof. We will use induction on n = dimgg:

First suppose that n = 1, and hence U/(Z)K =~ K(u) by Lemma [2.8.3, So if P is a

—_—

locally closed ideal, then it is primitive, and hence maximal since U(L) - is commu-

tative. So let F':= U( )i/ P, then F'is a field.

Furthermore, using |11, Corollary 2.2.12], we see that F' is a finite extension of K, so
define A : g — F,x — x4+ P, and clearly this map is K-linear. Also, U(L )/PﬂU( )=
O(u)/P N O(u) is a lattice in F = K(u)/P. Thus U( )/P N U(E) C Or so clearly
ML) C Op.

So lﬂF = F, where x € IT(Z)K acts by zero if and only if A(z) = 0, i.e. if and only

—

ifre P, soP = Annm?)K D(X) = I(\)F as required.

So now suppose that the result holds whenever dimg g < n.
Again, suppose that P is a locally closed ideal of U/(Z)K, and let a := PNg, A := anL.

Clearly a is an ideal of g, contained in P, and A is a Lie lattice in a. We will suppose

first that a # 0.

163



—_—

Let Py be the image of P under the surjection U(L), — U(L/A), then B is a lo-
cally closed ideal of U(/E/\.A) - Since dimgg/a < n, it follows from induction that Fy
is a Dixmier annihilator. Therefore, using Lemma [5.5.7, P is a Dixmier annihilator

as required.

So from now on we may assume that a = PNg=0.

Since we know by Theorem that P is primitive, it follows from [35, Theorem

—

6.4.6] that F' = Z(U(L),/P) is an algebraic field extension of K. Since the centre

of U(L) /P is closed and U(L), /P is complete, it follows that F' is complete, so it

must in fact be a finite extension of K.

We will assume for now that F' = K, so applying Lemma [5.5.4] we see that g has a

reducing quadruple (z,y, z,¢'). So let £ := g’ N L, then since z ¢ P, it is clear that

z+ P € Z((T(Z)K/P) = K is not a zero divisor, so using Theorem [5.4.2] we see that

—_—

P is controlled by L', i.e. P=U(L)(PNU(L) ).

—

Let @ := PNU(L), then @ is a semiprime ideal of U/(LT)K by Proposition [2.10.2} so

since all locally closed prime ideals in U(L’),, are Dixmier annihilators by induction,
it follows from Proposition that all semiprime ideals arise as an intersection of
Dixmier annihilators, i.e. there exist finite extensions Fj/K, yi; € (L')},, as j ranges

over some indexing set X, and
Q= N1)r-
jeX

Since z ¢ @ and Z(U/(Z)K/P) = K, there exists 0 # € K such that z — 8 € Q.

Therefore 2 — 8 € I(u;)r, for each j. Since 8 # 0, this means that 2z ¢ I(u;)r,, i.e.
1(z) # 0.

164



Now, it is clear that (z®1,y®1,2®1, ¢’ ®k F}) is a reducing quadruple for g ® Fj,
so applying Lemma m gives that if b is a polarisation of g’ ®x F; at p; and A; is

an extension of y; to g ®x Fj, then b is a polarisation of g ®x F} at ;.

Therefore, D()\ )F = IT(Z) (ﬁ,) ij, so by Lemma(5.4.1} I()\;)r, = Ann—

— o —

is the largest two-sided ideal of U (E) r, contained in U(L)p, AnnU/(L\,F D) .-

But P = U( )@ C U( )X (15)F,, and by Proposition [5.5.5, U(L) = U(L)x @k

F;, hence P @k F; C U(E) L (115) U(E) Annﬂﬁ\,p D(45) .-
—_— J —_—

Thus P ®x F; € Ann— D()\j)Fj and P C Ann;—

UL)p, (L) g S i
Furthermore, given 7 € () I(\;)p,, we have that r = > a'r; for some r; € U(L')
jeX >0

by Lemma [2.8.3, with r; — 0 as 7 — oo. Then since each I(\;), is a prime ideal of

U/(E)K, and z ¢ I(););, it follows from Theorem |5.4.2 that each r; lies in I();)F; for

every 7.

— —

This means that riD()\j)Fj = 0forall,j,sor;D(u;)p p, = Oandthusr; € N I(ps)p, =

jeX

Q for every i. Therefore r € U ( )@ = P. Since our choice of r was arbitrary, it

follows that:

—_—

Since P is locally closed and each I();)F; is a prime ideal of U(L), containing P, it

follows that P = I();)F, for some j € X as we require.

Finally, take P to be a general locally closed prime ideal. Then F = Z (U/(Z) x/P)
is a finite extension of K, so let gy := g ®x F', Ly := L ®o Op. Then dimpgy =
dimgg = n, Ly is a Lie lattice in go, and by Proposition there exists a surjection

—

of F-algebras U/(ﬁ\O)F =U(L)y ®x F — U( )i/ P whose kernel contains P ®p F'.
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Let J be this kernel.

Then J is a locally closed prime ideal of U/(E\O)F and U/(E\O)F/J = U/(Z)K/P. But
Z(U/(Z)F/J) = Z(U/(Z)K/P) = F so it follows from the above discussion that

)
go ®p F' such that A\(Ly) C Op.

J = AmmU/(ﬁ\O m  for some finite extension F’/F and some linear form A of
F

o~ o~

It is clear that J NU(L), = P, and hence P = AnnU/(E\) DN g = I(N)p as
K

required. O]

Remark: In the previous proof, and also in the proof of Theorem [5.5.2] we cite a
result from [35], a doctoral thesis which is still in preparation and has not yet been
examined. However, a very similar version of this result can be found in [6, Corollary
8.6], which still allows us to prove all the results in this section, provided we make the
additional assumption that [£, £] C pL. Since we need to pass to a sublattice p"L to
prove Theorem [D] anyway, this assumption would change nothing in the statement

or the proof.

Corollary 5.5.9. Let L be a Lie lattice in g nilpotent. Then given a prime ideal P

o~

of U(L) e, P arises as an intersection of Dizxmier annihilators.

Proof. This is immediate from Theorem and Proposition [5.5.6{ O

5.6 The Coadjoint action

For the rest of this chapter, we will always assume that g is nilpotent. In Appendix
[C.2, we defined the adjoint group of g, G := {exp(ad(u)) : u € g} C Aut(g), and

recall that this acts on the linear dual g*, with orbits termed coadjoint orbits.
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In the classical case, using [16, Proposition 6.2.3], we see that if two linear forms lie
in the same coadjoint orbit, then their Dixmier annihilators are the same. And the
following result shows that the same is true in the affinoid case when considering the

action of the adjoint group Gq associated to the lattice pL:
Lemma 5.6.1. If \,u € L* lie in the same coadjoint orbit of Gy, then I(N) = I(p).

Proof. Suppose that 1 = g - A where g = exp(ad(u)) for some u € pL. Then the

—_— —_——

K-linear map ad(u) : U(L), — U(L), sends U(L) to pU(L), and thus the sequence

ad(u)™ converges to 0 as n — oo. Therefore the series exp(ad(u)) = 3 4 ad(u)" con-
n>0

—

verges to a continuous K-algebra automorphism of U(L) ., and clearly this restricts

to g on g.

Ifre AnnU/(L\) D(u) then for any basis {uy,- - ,uq} for £, we can write r as a Tate
K
power series > Aqui’ - --uy?, where A, € K — 0 as o — o0.
aeNd

—_—— —

Since D(u) = D(g - A), it follows that for any v € g, the action of v on D(u) coincides

— —

with the action of g™' - v on D(A). In particular, since rD(u) = 0, it follows that:

—

g Hr)= 3 Aag Hu)* - g7 H(ug)™ € Ann—  D(N).

UL
asNd (L)

Therefore r € g(AnnU/(E\) 17(7)), but it is clear that g = exp(ad(u)) preserves two-
K

— — —

sided ideals of U (L), and therefore r € AnnUf(ﬁ\)K D(\), and hence AnnU/(C\)K D(u) C
AnnU/(L\)K D(\).

—_—

, we similarly obtain that AnnU/(Z)K D()\) C AnnU/(Z)K D(p)

After replacing g by ¢!

as required. O

Unfortunately, the proof of this does not carry across to when A, i lie in the same
G-coadjoint orbit, since we cannot always extend elements of G to automorphisms of

—

U(L) . Despite this drawback, we will explore in the rest of this section how we can
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still relate affinoid Dixmier annihilators in this case. Firstly, we will show how our

Dixmier annihilator does not depend on the choice of the defining field extension:

Proposition 5.6.2. Let F'/K be a finite extension, and let X : g — K be K-linear.
Then there exists a polarisation b of g at A\ such that b @ F is a polarisation for

g Rk F at the extension \p : g Qg F' — F.

Proof. Using induction on dim(g). If dim(g) = 1 then it is obvious, because g and

g ® F are the only polarisations. So suppose the result holds whenever dim(g) < n.

If A(a) = 0 for some non-zero ideal a of g, then using induction we may choose a

polarisation a C b such that §® xk F = % is a polarisation for g% at Ap. Hence

b ®g F' is a polarisation for g ®x F' at A\p.

So from now on, we may assume that A(a) = 0 for all non-zero ideals a of g. Then
it follows from Proposition that g has a reducing quadruple (z,y, z,¢’), and

AMz) #0. Clearly (z®1,y®1,2® 1,¢ ®g F) is a reducing quadruple for g @ F.

Let b be a polarisation for g’ at A|y such that b ®x F' is a polarisation for g’ @ F.
Then using Lemma [5.2.4] we see that b is a polarisation for g at A\, and b ®x F'is a

polarisation for g ®x F at Ag as required. O

Corollary 5.6.3. Let F'//K be a finite extension, and let X\ : g — F be K-linear such
that A(L) C Op. Then for any finite extension L/F, I(A\)p = I(\).

Proof. This is immediate from Proposition [5.6.2| and Theorem [5.4.4] O]

So, from now on, we will assume that A and p take values in K. We will now assume
further that they lie in the same coadjoint orbit, i.e. u = exp(ad(u))-A for some u € g.
Let a := exp(ad(u)) € G, and fix a natural number N € N such that v € p~N£. Also

let ¢ be the nilpotency class of g, i.e. ¢ is minimal such that ad(g)° = 0.
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Since a is a Lie automorphism of g, it follows that a£ is an O-Lie lattice in g, hence

there exists a natural number n € N such that p”"L C aL and p"al C L.
Lemma 5.6.4. For any n > c¢N +v,(c!), p"L C al and p"al C L.

Proof. Since a = exp(ad(u)), where u = p~Nv for some v € L, it follows that for all

w e L:

a(w) = w+p Vo, ul 4 gp o, o wl] 4+ oy Nadw) ). (55)

But for each 0 < i < ¢, (ad(v)) (w) € L, v,(5p ) = —iN —v,(i!) = —eN —v,(c!) >

—n, so £p~ N (ad(v))(w) € p™L. Hence aL C p~"L, and p"aLl C L.

1

Also, a is an isomorphism, and a™' = exp(ad(—u)), with —u € p~VL. Therefore,

since a=! : aL — L is a Lie-isomorphism, it follows from the above discussion that

p"L Cal. O]

It is clear that since a : £ — aL is a continuous isomorphism of O-Lie lattices, it

—

extends to a continuous isomorphism a : U(L), — U(aL), of K-algebras. Moreover,

for any n € N, a induces an isomorphism a : U ( "L) — U(praLl),, and thus using
Lemma [5.6.4] “ for n > ¢N + v,(c!), there is an injective K-algebra homomorphism

a:U(pL) — U(L)

Proposition 5.6.5. Given n € N such that n > ¢N +v,(c!), if I is a two-sided ideal

o —

oflf(Z)K, then a : U(pnL),;; — U/(Z)K maps IHW)K into 1.

Proof. Consider the sequence of continuous O-linear maps a; = > J,(ad( u))’
0<5<1

Up"L); — U(L). Clearly each of these sends I NU(p"L),. into 1.

We will show that a; converges pointwise to a as ¢ — oo, and it will follow from

closure of ideals in U(E) that a(I N U( L)) C
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Let § := ad(u), and let v be the p-adic filtration on U/(Z) 5 induced from U/(\E) Then
for all w € £, v(d(u)) > v(u) — N. Since ¢ is a derivation, a standard inductive

argument shows that for all z1, -+, 2, € U(L):

> 5 5ﬂ (2129 1) = Z( 3 <Hiaﬂm(%)>> (5.6)

O<j<z 0<j<i \j1+-~+jr=j 1<m<r‘]m
So, if x € U(E)K, then z = > Ayuq - - - u,, where the sum is taken over all r > 0,
(ru)
u=1u---u, for u; € £, and v,(\,) —nr — oo as r — oo. Therefore, fixing ¢ € N,

we have:

1 ..

RIS wYTEIURAES v O o (D ol 1 et )
(ryu) (ryu) J>t \ji+-+jr=J ISmSij'

(5.7)

Note that §°(u) = 0 for all u € L. So for each r > 0, let A, := {a € [(]" : |a] > t},

where [c] = {0, -+ ,¢— 1},

Then A, is a finite set and (a — a;)(z) = > A, ( SO0 & 5am(um)), where
U a€cA, 1<m<7’

1 sa : -
2709 () is a finite sum.

acA,1<m<r

Since o, < ¢ for all @ € A,, we have that v,(a,!) < v,(cl). Also, since v(d(u))

v

v(u) — N, it follows that v(6*"(u)) > v(u) — am,N. Therefore v(= =0 (Um)) >

V() — amN —vy(c!) for all m <.

Thus for each pair (r,u):

v(aezA 1<]n:[<ra+n!5aT”(um)) > o(uy) + - +o(u) — (|a|N 4+ v,(cl)r) >
—(la|N + rvy(c!)) > —r(eN + vy(c!)),

where the last inequality follows since |a| < rec.
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Therefore, v ()\u ( S T1 %(5am(um))> > vp(Ay) — r(eN + vy(cl) > v,(Ay) —

a€A 1<m<r "
nr — oo as r — oQ.

Moreover, for r <t A, =0, so we have:

(a—a)(@) = D A (Z 11 —5am um> (5.8)

(ryu) 7«>% acA 1<m<r
Therefore, v((a—ay)(x)) > inf{v,(A,) —nr : w = uy - u, with r > £}, and this tends
to infinity as t — oo. Hence (a — a¢)(z) — 0 as t — oo.

So a(z) = tlim a;(x), so if x € I then a(x) € I as required. O
—00

Now, let b be a polarisation for g at A\, and let b’ be a polarisation for g at pu.
Since p = a - A, it follows that ab is also a polarisation for g at p. Also, it is clear

that abNal =a(bNL),solet B:=bNL and B :=b'NL.

Consider the Dixmier modules 17(7)8 = U/(Z)K(X)U/(B\) K, maB = U/(QT)K@)@)
K av)k
Ky, D(p)g = U(L) e Q5 K-

U(B') i

Then lﬁ 5 and 17(;)3, are U/(E) -modules, topological completions of the U(g)-

—

modules D(\), and D(p)y respectively, while mas is a U(aL)-module, a topo-

logical completion of D(11) 4

Let I(p) = Anng T D(p)g < U(L)g, and let I'(p) := AnnU( ap D(p),z <
U(al)

— —

Lemma 5.6.6. Givenn € N such that p"L C oL, I(pn)NU (L), = I'()NU (pnL) -

Proof. Let C := ab N p"L, then the U( "L) -affinoid Dixmier module 17(;)6 =
W)K@)i@ K,, embeds densely into D( )ug- Soifz € U( "L), then xmc =0
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if and only if mmw =0.

But since ab and b’ are polarisations of g at u with abNp"L = C and b’'Np"L = p"B’,

— —

we can apply Theorem [5.4.4] to get that Ann — ) D(p)e = Ann —. ey D(p) -

—

Therefore, given x € U(p"L)

— — —

2D(p) s =0 <= zD(p)e =0 <= D(u),up =0 < zD(u)p = 0.

— —

Therefore I(p) NU(p"L), = 1I'(1n) NU(pL),, as required. O
Lemma 5.6.7. a(I(\)) = I'(n).

Proof. Consider the map O : U(E) K, — (mK ® Ko,z ®@v —

OB U(aB)

a(r) ®wv.

We will show that © is a K-linear isomorphism such that ©(zm) = a(z)©(m) for
all x € (T(Z)K, m € lﬂB. It will follow from this that xmB = 0 if and only if

—

a(z)D(p)g = 0, and hence a(I(X\)) = I'(p) as required.

It is clear that © is K-linear, and that it has an inverse defined by z®@v — a!(z) @,

hence it is an isomorphism of vector spaces.

Finally, O(z(y ® v)) = O(2zy @ v) = a(zy) ® v = a(x)(a(y) ® v) = a(z)O(y ®v). O

The next theorem is the key step in the proof of Theorem [D] and it allows us to

compare Dixmier annihilators for A, u € g* in the same G-coadjoint orbit:

Theorem 5.6.8. Let g be a nilpotent K-Lie algebra, with nilpotency class c, and let
L be an O-Lie lattice in g. Let A\, pu: g — K be K-linear maps such that \(£) C O,
and suppose that ;i = exp(ad(u)) - A for some u € p™N (L ®@p O). Then givenn € N
such that n > Nc+v,(c!), I(A) N U( L) =1(p) N U( L)
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Proof. Firstly, note that u lies in p™ (£ ®p OF) for some finite extension F of K,

and we may assume further that A and p take values in F', possibly after extending F'.

Using Corollary |5.6.3] we see that I(\) = I(A\)p, i.e. I(A) = AnnU(L @F, and

similarly I(u) = AnnU/(E) mF, so we may safely assume that F' = K. So A and p
K
are K-linear forms of g, u € p~V £, and setting a := exp(ad(u)), since n > Nec+wv(c!)

we see using Lemma that p"L C aL and p"al C L.

We will prove that I (u )ﬂU( L) € I(N), and after replacing a by a™! = exp(ad(—u)),
it will follow that I(\) NU ( L), € I(p) as required.

—

By Lemma|5.6.6, we see that I(u )ﬂU( L) =1'(p)NU(p*" L), and using Lemma

5.6.7| we see that I'(u) = a(I(N)).

Therefore I'(11) N U2 L) e = a(I(\) N U@ L) . € a(I(N) N U(pral)
— a(I\) NU (L) ).

So I(p )ﬂU( L) g (I()\)HU( "L) ), but since I(\) is a two-sided ideal of U/(\[.)K

it follows from Proposition [5.6.5 that a(Z(\) N U@)K) C I(\) as required. O

5.7 Proof of Theorem

Now we are ready to prove the main theorem of this chapter. As in the statement, fix
a weakly rational ideal P of U(L),. Then since P is prime, we see using Corollary

[.5.9 that P arises as an intersection of Dixmier annihilators:

P=1(%)

jeX
for some \; : g — K K-linear, such that \;(£) C O for each j. Since lﬁ is a

topological completion of D(A), it follows that I(A;) N U(g) = Anny g D(A;).
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Since P is weakly rational, it follows that Z (U(g)/P N U(g)) is a finite field extension
of K, and hence PNU(g) is a maximal ideal of U(g) by [16, Proposition 4.7.4]. Since
P C I()\;) for each j and PNU(g) is maximal, it follows that PNU(g) = I(\;)NU(g)
for each j. Therefore Anny g D();) = Anngg) D(Ag) for all j, k € X.

Using [I6, Proposition 6.2.3], we see that for any linear forms A\, p : g — K, if
Anngg) D(A) = Anngy) D(p) then there exists an element a € G(K) such that
a-A = p. Therefore, for any j,k € X, there exists a;;, € G(K) such that @ik Nj = Mg,

i.e. all A; lie in the same coadjoint orbit.

Proposition 5.7.1. Let A\ : g — K be a K-linear map such that \(£) C Og. Then
there exists an integer N > 0 such that for any linear form u : g — K in the G-

coadjoint orbit of A with u(L) C O, u = exp(ad(u))-\ for some u € p~™N (L. 2o O%).

Proof. Let Y be the coadjoint orbit in g* = Homg (g, K) containing A, and recall
from Lemma that there exists an affine algebraic subgroup S of G such that
G = S x Y as varieties, where the natural morphism G — Y, g + ¢ - A is just the
projection to the second factor. Consider the following sequence in the category of

K -varieties defined over K:

ad(g) > G=ZSxY =Y. (5.9)

exp
Apply the rigid analytification functor as described in Appendix [D] and we get the

following sequence in the category of rigid spaces over K:

ad(g)™ — G™ = (S x V)™ — Y, (5.10)

exp

and the K-points on the rigid varieties in (5.10)) are precisely the K-points on the
varieties in (5.9)).
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Let U be the set of all 1 € Y such that u(£) C Ox. Then U is an affinoid sub-
domain of Y*", isomorphic to Sp @, where S/’(E) is the m-adic completion of the
symmetric algebra S(g) with respect to the lattice S(L£). Since exp is an isomor-

phism, we may take the inverse image V := exp~'(1 x U) of 1 x U, which will be an

affinoid subdomain of ad(g)®".

But ad(g) = g/Z(g) is a union of open discs containing p~"(L/Z (L)) for n € N. So
since V is affinoid, it follows that V is contained in p~™(L/Z(L) ®0 OF) for some
N eN.

Therefore, for any g € U NY, we can choose u € p~N (£ ®o Of) such that p is
the image of ad(u) under the composition ad(g) - G — Y, i.e. pu = exp(ad(u)) - A

as required. O

Now we can finally prove the main theorem of this chapter:

—

Proof of Theorem @ Let P be a weakly rational ideal of U(L), then since P is

prime, we see using Corollary [5.5.9| that P = () I(};) for linear forms \; = all lying
jex

in the same coadjoint orbit. Since A\;(£) C O for each j, it follows from Proposition

that we can choose N € N, u;;, € p~V(L ®0 Of) for each j, k € X such that
Ar = exp(ad(ujg)) - Aj.

Therefore, let ¢ be the nilpotency class of g, and choose n € N with n > 2Nc+ 2v(c!).

— —

Then using Theorem [5.6.8| we see that I(\;) NU(p"L), = I(Ap) NU(p" L) for each

J. k€ X.
Therefore, P N W)K = NIN) DW)K =I1(\)N W)K for any j € X.
jex
Hence PNU(pL), = AnnUm) D();) is a Dixmier annihilator as required. O
K
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Chapter 6

The Nilpotent,
Abelian-by-procyclic case in
characteristic O

Throughout this chapter, we will assume that p > 2, and fix G' a uniform pro-p group,

L := +1og(G), and g := L®7z, Q,. The aim of this chapter is to study primitive ideals

Top

in KG when G is nilpotent, abelian-by-procyclic, and ultimately prove Theorem [E]

6.1 Faithful Dixmier Annihilators

Let F/K be a finite extension, and let A : g — F be a Q,-linear form such that

A(L) € Op. Then setting gr = g ®q, F' and Lp = L ®z, Op, we choose a po-

larisation b of gp at A, set B := b N Lp, and let D(N\), = U(L)p ® F)\ be the

UB)r

corresponding Dixmier module.

—

Recall from Theorem [2.9.1| that there is a dense embedding KG — U(L) . So since

— — —

U(L) clearly embeds into U(L), there is a natural action of KXG on D(\),. Set

—

P := Annge D(N) = I(A\) N KG to be the corresponding Dixmier annihilator in

KG@G, and it follows from Theorem that this does not depend on the choice of
polarisation.

—

Lemma 6.1.1. Let P = Anngg D(X\) be a Dizmier annihilator in KG. Then P is
a prime J-ideal of KG.
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—

Proof. Since D(X), is irreducible over U/(\E) by Theorem [5.3.3 it follows that

o~ o~

I = AnnU/(L\) D(X)y is a primitive ideal of U(L), and hence it is prime. It fol-
F

— ——

lows immediately that Q :=INU(L), = Anng s D(\) is a prime ideal of U/(E)K
K

Now, suppose that A, B are two-sided ideals in K G such that AB C P, then let 121\, B

be the closures of A and B respectively inside U/(Z) 5- Then g, B are two-sided ideals

of U/(Z)K, and AB C P.

—

Since U(L) - is complete with respect to the m-adic filtration, which is a Zariskian
filtration, it follows from [28, Ch.II Corollary 2.1.5] that @ is closed in U/(\ﬁ) K
Therefore, since P C (@, it follows that P C @, and hence AB C @. So since
() is prime, we may assume without loss of generality that A C (), and hence
ACANKGC Q@ N KG = P. Therefore P is prime.

Finally, since log(Z(G)) C Z(L£) and Z(L) acts by scalars in F' on lﬁF, it follows
that KZ(G)/KZ(G) N P is a ring extension of K, contained in F, and since P is

prime, it is in fact a domain. But F is a finite extension of K, so it follows that

KZ(G)/KZ(G)N P is a finite field extension of K, and hence P is a prime J-ideal
by Definition [2.11.2] m

Lemma 6.1.2. Let F'/K be a finite extension, and let I' a right ideal of FG. Setting

=1'N KG, we have that if I' is controlled by U <. G then I is controlled by U.

Proof. We will first suppose that U is open in G. Then given r € I, choose a
complete set of coset representatives {g1, - ,¢,} for U in G, then r = ;< r;g; for
some r; € KU C FU. =

So since I = I'NKG and I’ is controlled by U, it follows that r;, € 'NFUNKG =

I'NM KU = I for each i, and hence [ is controlled by U.

So, let IX be the controller subgroup of I, i.e. the intersection of all open subgroups

of G controlling I. So since this includes all open subgroups of G controlling I’, we
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have that IX C I'X hence any closed subgroup controlling I’ also controls 1. O

—

So since P = Annpg D(\)p N KG, it follows from this lemma that if we can
prove a control theorem for Annpg m r in F'G, the same result will follow for P in

K@, and thus we can safely replace F' by K. So from now on, we will assume that

A:g— K with A(£) C O.

Definition 6.1.3. Define the A-scalar ideal of g to be the largest ideal of g contained
in ker(\), and denote this ideal by ay. Also, set Ay := ayNL, and define the A-scalar

subgroup of G to be Ay := exp(pA,). This is a closed, isolated, normal subgroup of
G.

Note: Using Lemma [5.1.2, we see that for any choice of polarisation b of g ®q, K
at A\, ay C b.

—

Lemma 6.1.4. Suppose G is nilpotent, and let P = Anngg D()\), then PT := {g €
G :g—1€ P} is equal to the A-scalar subgroup Ay. It follows that P is faithful if
and only if the restriction of X to Z(g) is injective.

——

Proof. Firstly, since ay C band A(ay) = 0, we see that a\U (L) - D(X) = “/\U<£)K®U/(E)
K
K, = U(E)KCU\ ®ﬁ(B\)K K, C U(E)K ®@K a K, =0.

— —

So since Ay —1 C ayU(L), it is clear that Ay —1D(A\) = 0. Hence Ay —1 C P, i.e.
A, C PT.

Now, since T' = PT is a closed, normal subgroup of G, T := %log(T) is an ideal
of £, and it contains ilog(A)\) = A,. Also, since (T — 1)17@ = 0, it follows that

—

T D()\) = 0, which is only possible if 7 C B and A\(T) = 0.

Setting t := T ®z, Qp, tis an ideal of g, ay C t and A(t) = 0. So by the definition of

ay, this means that ay = t, and hence A, = tN L = T. It follows immediately that
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Ay=T.

Finally, since G is nilpotent, £ is nilpotent, and thus if A, # 0, then it must have
non-trivial intersection with Z(g). So since P is faithful if and only if Ay = 1 (i.e.
if and only if ay = 0), and any subspace of Z(g) is an ideal of g, it follows that
P is faithful precisely when nothing in Z(g) is sent to zero under A, ie. A|z) is

injective. [

This lemma is useful to know, because it implies that for any Dixmier annihilator

P, P'is a closed, isolated normal subgroup of G, and hence we can replace G by

Gy = <, which is still a nilpotent, uniform group, and Py = i

B> 7o becomes a

___pP
Pi—1)

faithful Dixmier annihilator.

Now, let us suppose that G is nilpotent and abelian-by-procyclic with principal
subgroup H := Cg(Z2(G)) and procyclic element X. Setting H = %log(H) as the
Z,-Lie algebra of H, we want to examine the action of U/(”;‘T) o on lﬁ

From now on, we will always assume that \|z( is injective, and note that since

h := H ®z, Q, is an abelian ideal of codimension 1 in g, this means that b is a

polarisation for g at \.

——

Using Proposition [5.3.2} we see that D()) is isomorphic as a K-vector space to K(x),

where z := plog(X).

Notation: In this chapter, for each u € g, we write ad(u)(v) := [v,u] as opposed to
the more conventional ad(u)(v) = [u,v].

—_—

Lemma 6.1.5. Let 0 := L € EndgK(x). Then for each u € b, u acts on D(X) =

K(z) by 3 S X(ad(z)™(u))d", which is a finite sum since g is nilpotent.
n>0
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Proof. Tt suffices to prove that for each j > 0, u -2/ = Y L A(ad(z)"(u))d"(27) =
n>0
> (fl))\(ad(:p)"(u))xj*”.

n>0

We will prove this by induction on j:

For the base case, suppose that j = 0. Note that we may take the element 1 € F(z)

to be the basis vector for Fy, i.e. forallu € H, u-1=Au)-1, thusu-2°=u-1=

Au) =Y (S)A(ad(x)”(u))xj*”.

n>0

So, suppose the result holds for some 7 > 0. Then:

w-d T =2l = [u, )2+ ou-d

0<n<; 0<n<;

= Mad(z)" " () + 3 ((7) + (2 )M ad(@)" ()27 + A(u)2! !

—1
1<n<;j "

= T U Aad(ay )t s

So, for each u € H, the action of u on K(z) is given by a polynomial f, in 9, and

fu(0) = A(u) € O. This will become very important in our proof of Theorem [E]|

6.2 Dixmier-Standard groups

In this section, we will define a class of groups for which Conjecture is satisfied
for faithful, primitive ideals, and ultimately prove the corollary to Theorem [D] stated

in the introduction. For now, we assume only that G is nilpotent.
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Proposition 6.2.1. Given a primitive ideal P of KG, there exists m € N, finite
extensions Fy,--- | F./K and Q,-linear maps X; : g — F;, with \;(p"L) C Op, for
eachi=1,---,r, such that:

—

PNKGP" = Annygom D()\l)F1 NN Anngepm ZT()\\T)F )

T

Proof. Using Proposition [2.9.2] if P is primitive, then for any sufficiently high n € N,

there is a primitive ideal @ of Dyn = U( nL) & such that Q N KG = P, and

K Gp
hence Q N KGP" = PN KGP".

Let I = QNU((p"L)y, then using Lemma [A.1.2) we see that [ is a semiprimitive

ideal of UW)K, so choose primitive ideals Jy,Jo, -, J, of m)K such that
I'=J0hnNnJhn---NdJd.

Since each J; is primitive, it follows from Theorem [D] that there exists m > n such

that for each 4, J; N U( ML) = Ann_— D/()\\l)F, for F;/K a finite extension,

Up™L)
Ai 1 g — F; Qp-linear with \;(£) C Op,. Thus:

PAKG™ = QNKGY" = INKGY" = (JiNU(pmL) )N -0 (AU (pmL) ) N KGP™

is an intersection of Dixmier annihilators as required. O

We want to show that all faithful, primitive ideals of KG are centrally generated, so
using the previous proposition we see that it is useful to assume that this condition

holds for Dixmier annihilators.

Definition 6.2.2. e We say that a nilpotent, uniform pro-p group G is a weakly
Dixmier standard group if for any finite extension F/K, and any Q,-linear
form X\ : g = F with A(L) C Op and Az injective, the Dizmier annihilator

P=1(AN)NKG = Anngg lg(T)F is controlled by Z(Q).

e We say that G is a Dixmier standard group if GP" is weakly Dizmier standard

for alln > 0.
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We believe that all nilpotent groups are Dixmier standard, but we will not prove this

here. Until the end of this section, we will assume that G is a Dixmier standard

group.

Theorem 6.2.3. Let G be a uniform, Dizmier standard group with centre Z, and
let P be a faithful, primitive ideal of KG. Then there exists N € N such that for all
n> N, PNKGP" is controlled by ZP".

Proof. Using Proposition [6.2.1, we see that for some N € N, there are finite ex-
tensions F,--- , F. and Q-linear maps \; : g — F; with A(p™'L) C Op, such that

PNEKG"™ = Anngn D(M)p NN Anng gy D), .

For each ¢ = 1,--- |1, set J; := Ann,,~ IT(A\I)F for convenience, and by Lemma
6.1.1] the .J; are prime J-ideals of K GP". Thus PNKGP" is semiprime and Jy,- -, J,
are the minimal primes above PNK GP" . hence they are all G-conjugate by [I, Lemma

5.4(b)].

Also, since P is faithful, P N KG?" is faithful, so JIn---nJl = PI = 1. But
since J{f .-+, JI are G-conjugate and G is orbitally sound by [Il, Proposition 5.9], this
means that the subgroup 1 must have finite index in JJ for each i, which means that

they are finite. But G is torsionfree, so JiT =1 for all ¢, i.e. Jy,---,J, are faithful.

o —

So since J; = Ann .~ D(\i)p, is faithful, it follows from Lemma [6.1.4] that ); is

injective when restricted to Z(g).

So since G is Dixmier standard, G?" is weakly Dixmier standard for all n > N, and
hence J; N KGP" is controlled by Z(GP") for each i, and using [I, Lemma 8.4(a)],
Z(GP") = Z(G)NnGPr" = ZP".

Therefore, setting Bi,, := J; N KG?” = Anngewm D(N), Bin = (Bin N K27 )KGP"
for each i, so using Lemma [B.2.1}
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PNKGY =By,N---NB.,, = (B, NKZP"YKG*" N---N (B, N KZP")KGP"

=(B,N--NB.,NKZ'")KGP" = (PN KZ"")KGP"

Hence PN KGP" is controlled by ZP" as required. O

So to prove that a primitive ideal P is standard, it remains to extend this result

from KGP" to KG:-

Proposition 6.2.4. Let G be a Dizmier standard group, and let Py C Py be faithful,
primitive ideals of KG. Then there exists n € N such that P, N KGP" = PN KGP".

It follows that if P is a faithful, primitive ideal of KG then P is maximal.

Proof. Using Theorem [6.2.3, we see that there exist Ni, No € N such that for all
ny > Ny, ng > Ny Py KGP™ is controlled by Z(G)P" for both i. So choose
n > max{Ni, No} and we have that P, N KGP", P, N KGP" are controlled by Z(G)P".

Since P is primitive, it is weakly rational, so using Lemma [2.11.3| we see that P; N
KZ(G) is a maximal ideal of KZ(G). So since P, N KZ(G) C P, N KZ(G), we
have that P, N KZ(G) = P,N KZ(G), and hence P, N KZ(G)?" = P, N KZ(G)P".

Therefore:
PN KGP' = (PN KZ(G)pn)KGpn = (PN KZ(G)pn)KGpn =P,NKGP".

Finally, given a faithful, primitive ideal P of KG, let ) be a maximal ideal of KG
containing P. Since P and () are primitive, they are prime .J-ideals, so since P is
faithful, @ is faithful by Lemma [2.11.4] Thus, by the above, there exists n € N such

that PN KGP" = QN KGP" is controlled by Z(G)*".
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But PN KZ(G) is prime in KZ(G), so PNKG?" = (PN KZ(G)P")KGP" is prime
in KGP" by Theorem [B.2.6 So since PN KGP" = QN KGP", it follows from [30),
Theorem 16.6(7i¢)] that P = @, and hence P is maximal. O

Now, we can finally prove Corollary to Theorem |D| from the introduction:

Theorem 6.2.5. Let G be a uniform, Dixmier standard group. Then all faithful,

primitive ideals of KG are mazimal and standard.

Proof. Let P be a faithful, primitive ideal of KG, and let Z = Z(G). We know from
Proposition that P is maximal, so we just need to prove that P is controlled by

Z.

Using Theorem @, we know that there exists n € N such that PN KGP" is controlled
by ZP", and hence is prime in KGP" by Theorem [B.2.6| So let J := (PN KGP")KG,
then using Lemma we see that J is a semiprime ideal of KG, and P is minimal

prime above J.

Let @ := PN KZ, then @ is prime in KZ, so QKG is prime in KG by Theorem
B.2.6, And since PN KGP" = (PN KZP")KGP", we have that:

J=({PnNKG"KG=(PNKZ")KG C QKG.

But clearly QKG C P, so since QKG is prime and P is minimal prime above J,
it follows that P = QKG = (P N KZ)KG, and hence P is controlled by Z as

required. O

So to prove Theorem [E] it remains to prove that nilpotent, abelian-by-procyclic

groups are Dixmier standard.
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6.3 Almost-Polynomial maps

In Appendix [D] we give an overview of rigid analytic geometry — the p-adic analogue
of differential geometry. We will now prove some technical results from rigid geometry
that will be essential in the proof of our main theorem. Recall from this appendix the
definition of an affinoid K-algebra A, and recall that it carries a complete, Zariskian

filtration w4.

Lemma 6.3.1. Let ¢ : K{uy, -+ ,uq) — A be a map of affinoid algebras, and let
a € A lie in the image of ¢. Then there exists m € N such that the image of ¢ inside

A contains the affinoid K-subalgebra topologically generated by m™a.

Proof. We know that a = ¢(r) for some r € K(uy,--- ,uq), so choose m € N such

that wi,e(7™r) > 0 and wa(7™a) > 0.

Then there exist K-algebra maps 01 : K(X) — K(uy,--- ,ug) and ©y : K(X) - A
sending X to 7™r and 7™ a respectively, and it is clear that ©y = ¢»©,. Therefore, the
image of ¢ must contain the image of ©,, which is precisely the affinoid K-algebra

topologically generated by 7n™a as required. O
Now we will make a special definition:

Definition 6.3.2. A map ¢ : K(uy,--- ,uq) — K(t) of K-algebras is called an

almost-polynomial map uf
o o(u;) € K[t] for each i,
e o(u;)(0) € O for each i,
e t is contained in the image of ¢.

Using Lemma [6.3.1] we see that if ¢ is an almost-polynomial map then there exist

m € N such that im(¢) contains K (7t).
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Now, following [26], 5.1.2], for each non-constant polynomial g(t) := by + byt + - - +
b,t" € K|[t] with by € O, define

A _Uﬂ(bj)
x(g) = max —=7.

Lemma 6.3.3. Let g(t) € KJt] be a polynomial with g(0) € O, and let § € K

with v.(8) > 0. Then x(Bg) < x(g). It follows that if fi(t),---, fa(t) € K[t] are

polynomials with f;(0) € O for each i, then setting p; = 11213<XdX(5ifj) for each i > 0,
<j<

we have that pg > g > pig > -+ -.

Proof. Suppose g(t) = by + bit + - - - + b,t™, with by € O, b, # 0. Then by definition;

_ un(Bh) _ b)) val®)
A - S R - A
So since v, () > 0, this maximum is strictly less than max _ony) x(9).

1<j<n J

To prove the second statement, it suffices to prove that g > py and apply induction.
So suppose i = Y(Bf;) and sy = x(f;), then we have that uy = (8f;) < x(fi) <
x(fi) = po. O

Recall from [26, Theorem 5.1.2] that if we assume that by # 0, then the set X (g) :=
{a € K : v(g9(a)) > 0} is an affinoid subdomain of A" = K, whose G-connected
component about 0 is the set Di(g) ={a € K :v(a) > x(9)}.

Furthermore, if by = 0, it is clear that x(g) = x(1 + g), and that X(g9) = {«a €
K :v:(g(a)) >0} ={a € K :v:(1+g(a)) >0} = X(1 +g), so we reach the same

conclusion.

Lemma 6.3.4. Let ¢ : K(uy, -+ ,uq) — K(t) be an almost-polynomial map, and let
fi(t) == ¢(u;) € K[t] for each i. Setting Y = {a € K : vy(fi(a)) >0 for each i}, we

have that:

1. Y is an affinoid subdomain of A};‘m, in fact it 1s a disjoint union of closed discs.
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ii. The image of ¢ in K(t) is isomorphic to the Tate algebra in one variable over a

finite extension of K.

iti. The image of ¢ is contained in the set of all functions in K (t) converging on Y.

Proof. Set A :=im(¢), then since K (t) is affinoid, it follows from Lemma that
there exists m € N such that A contains K (7"t), and we may of course choose m to

be arbitrarily large.

If we set B := K{(n™t)(t1, - ,tq)/(t; — fi(t) : 1 = 1,--+ ,d), then there is a natural
surjection from B to A, identical on K (7™t), which sends t¢; to f;(¢). This gives rise

to a closed embedding of affinoid varieties Sp A — Sp B.

i. Since each f; is a polynomial, it is clear that there exists N > 0 such that if « € K
and v, (o) < —N then v, (f;(a)) < 0 for all . So by choosing m > N we may assume

that
Y ={aeD!, :v.(fi(a)) >0}

Hence using [11, Lemma 3.3.10(¢)] and the proof of [11l Proposition 3.3.11], we see
that Y = Sp B, and hence Y is an affinoid subdomain of A};‘m, and B is the set of
all analytic functions converging on Y. Moreover, we see using [26, Corollary 5.1.2]
that X(f;) := {a € K : v:(fi(a)) > 0}} is a disjoint union of closed discs for each 1,

and hence so is Y = X (f1) N --- N X(fs) as required.

1. Since Sp A — Y is a closed embedding of affinoid varieties, we see that Sp A is a
disjoint union of discs and points. But since A C K (t), it follows that A is a domain,
and hence Sp A is connected, so it is either a disc or a point.

But since A contains K (7™t), it has infinite dimension over K, hence Sp A cannot

be a point, so it is a disc, and hence A is the set of all functions in K(t) converging
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on a disc in Ag™, i.e. a Tate algebra in one variable over a finite extension of K.

iti. Notice that K (uy,--- ,ug) is precisely the set of functions converging on the closed
unit disc D¢, so it follows that the image of K (uy,--- ,uq) under ¢ is contained in
the set of functions converging on {a € K : (fi(a), -+, fa(a)) € DI} = {a € K :

vx(fi(a)) > 0 for all i} =Y as required. O
The following result will be essential later when proving a control theorem.

Proposition 6.3.5. Let ¢ : K(uy, -+ ,uq) — K(t) be an almost-polynomial map,
and let fi(t) := ¢(u;) € K|t] for each i. Then there exists k € {1,--- ,d} such that

exp(pfr(t)) does not lie in ¢(K (puy,--- ,pug)).

Proof. We may assume that K contains an element w such that w?~! = p, and note
that v,(w) = ﬁ. If we prove the result in this case, then it follows generally, since
if K" := K(»+/p) and we can find k such that exp(pf;) does not lie in the image of

K'(puy, -+ ,pug), then it will also not lie in the image of K {(puy,--- , pug).

For each j > 0 let Y; := {a € K : v (wfi(a)) > 0 for all i}. Then using
Lemma M(z, iii), we see that Yj is an affinoid subdomain of AR™, and that

P(K (wiuy, -+ ,wiug)) is contained in the set of all functions in K'(t) converging on Y.

Moreover, set p; = Erllaxdx(wjfi), and using [26], Theorem 5.1.2] we see that the

Ty

G-connected component of Y; about zero is the closed disc ]Dbj. So it remains to

prove that for some k, exp(pfi) = exp(wP !fy) does not converge on D}LP* ., and
thus does not converge on Y; and cannot lie in the image of K(puy,--- ,puq) =
K(wPtuy, - wPluy).

Using [24, Example 0.4.1], the disc of convergence for exp is {\ € K : v,()\) > ]ﬁ},

so it remains only to find @ € D, | such that v,(pfi(a)) < zﬁ for some k, i.e.

1
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v(fi(a)) < 75 = 1.

For each j > 0, fix i; = 1,--- ,d such that x(w’f;;) = p;. Using Lemma
we see that pug > puy > pe > ---, and we know that for each j, the G-connected
component of X (w'~'f; ) about zero is ]DLJ__I, which means in particular that
D, & X(w'fi;, ,) since ;1 > p;, and D) is G-connected. So for each j, we

may choose a; € D, \X (w’~'fi; ).

But X(w/ ', ) = {a € K : vr(fy1(a)) = —(G — D} = {a € K+ 0p(fy () =
—vp(7)(j — 1)}, so this means that v,(f;,_, (o)) < —v,(7)(j —1).

So, finally, choose j = —— >p —1, and let k := i, ;. Then

vp ()

(G Duylr) =uylm) — 1< 55— 1,

soa; €D C D and vy(filey)) = vp(fi, 1 (0))) < =( = Dup(m) < 5 — 1as

required. O]

Now, we will return to the action on the affinoid Dixmier module D(\). Since

L —

UM), = K(u,--- ,uq), we are considering the action of the Tate algebra in d

— —

variables on D(\). We will be assuming that D(\) = K(z), and using Lemma [6.1.5]

we see that the action of each u € Spang,{u1,- - ,u4} is given by a polynomial in

0= % with coefficients in K.

Theorem 6.3.6. Suppose that K(uy,--- ,ug) acts on K(t) by K-linear endomor-
phisms, where each u; acts by f;(0) for some fi(x) € Klz| with f;(0) € O. Let A

denote the image of this action in Endg K(t), and we suppose that O € A, then:

i. A 1s isomorphic to a direct product of rings Ay X -+ X Ay,.
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ii. For each i, there is a finite extension F;/K such that A; = F; or Fi(s;).

191. Not all the A; are fields.

iv. If A; = Fi(s;) then the natural surjection Fi(uy,--- ,uq) — A; is an almost

polynomial map.

Proof. By definition, A is an affinoid K-algebra, so using Lemma [6.3.1] we see that

A contains K (nm™0) for some m € N. Consider the affinoid algebra

B = K{(m™s)(C1, -+ ,Ca) /(¢ — fi(s) :i=1,---,d).

Then there is a natural map from B to Endg K (t) sending s to 0 and ¢; to f;(0) for
each 7, and it is clear that the image of this map is A. This gives rise to a natural

closed embedding of affinoid varieties Sp A — Sp B.

After choosing m sufficiently high and applying [I1, Lemma 3.3.10] and the proof of
[T, Proposition 3.3.11], we see that Sp B = {a € K : v(fi(a)) > 0 for all i} as
affinoid varieties, and using Lemma [6.3.4(i), we see that this is a disjoint union of
closed discs, so Sp B = Uy U --- U U,, for U; a closed disc in Ap™".

Thus the image of the closed embedding Sp A — Sp B must be a disjoint union

of discs and points in AR*", so:
Sp A=ViUVaU---UV,

where each Vj is a disc or a point. Therefore, since A can be realised as the ring of
analytic functions on Sp A, if we set A; as the ring of analytic functions on V;, parts

¢ and 4z follow immediately.

Also, if all the A; are finite extensions of K, then A must be finite dimensional over

K, but this is impossible since A contains K (7™0). Hence not all the A; are fields,
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so part i1 follows.

In particular, there exists ¢ such that V; is not a point, hence it is a disc, and
moreover, V; is a connected component of Sp B = {a € K : fi(a) > 0 for all i}. So if
we choose any «; € V; C K, and set s as the coordinate of B, then we may consider
s; to be the image of 7" (s — ;) under the surjection B — A;, where r; is the radius

of V;. In other words, the image of s in A; is 77"'s; + «;.

Finally, for each £ = 1,--- ,d, the image of u; in A; is fe(m"s; + o) =: gix(s:),
which is clearly a polynomial in s;, and g; x(0) = f;(770 + o) = fx(). So since
v (fe(ci)) > 0, it follows that fr(a;) € O, and hence g; x(0) € O.

Also, since the composition K (uy,--- ,uq) — A — A; is surjective, it follows that

s; lies in the image, and hence this is an almost-polynomial map as required. O

6.4 Using the completion D,

In this section, we will prove a control theorem for kernels of almost-polynomial maps.

Throughout, we will assume that K contains a p’th root of unity (.

Fix A a free abelian pro-p group of rank d, let A := I%EA be the associated Z,-Lie

—

algebra of A, and let ¢ : U(A), — K(t) be an almost polynomial map.

—

Consider the crossed product D, = D,(A) = U(pA) * 4 as defined in Chapter

2.9 This is a Banach completion of K A with respect to the extension of the dense

embedding ¢ : KA? — U(pA), to KA, and there is a natural map 7 : D, — U/(Z)K.

Define ¢’ : D, — K(t) and ¢4 : KA — K (t) making the following diagram commute:

—

D, —— U(A)

[k

KA~ K1)
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From now on, set I = ker(¢'), and let @) := ker(¢4) = I N KA, and define:

—

U:={acA:d(a) € o(UpA)g)}-
Proposition 6.4.1. U is a proper open subgroup of A containing AP.

Proof. Since ¢ is a ring homomorphism, it is clear that for all a,b € U, ab € U, and

—

since K AP is a subalgebra of U(pA),, it is clear that A? C U. Therefore, since 4 is
a finite group, and % is closed under multiplication, it follows that U is a subgroup

of A containing AP, and hence it it open.

Finally, since ¢ is an almost polynomial map, it follows from Proposition that
there exists u € A such that exp(pp(u)) = ¢(exp(pu)) does not lie in the image of

U(pA), under ¢. But a := exp(pu) € A and hence a ¢ U. Therefore U is a proper

subgroup of G. O

Using this proposition, and Lemma , we can fix a Z,-basis {ay,---,aq} for
A such that {a1,---,a,,al 4, ,ad} is a Z,-basis for U, so a1, -+ ,a, € U and
ry1,- o ya0 ¢ U.

Since A is a free abelian pro-p group, we have that % is a direct product of d
copies of the cyclic group of order p, where the i’th copy is generated by the image
of a; in ﬁ. Setting ¢; := a; AP, it follows from Lemma that:

D, =U(pA)y * (c1) * - - x (cq) (6.1)

where ¢;" = ¢! for 0 <r < p and ¢ = a’.

— —

From now on, let S := ¢(U(pA) ) C K(t), and let B := U(pA) jox(c1)*- - -x(c,) < D,,.
Then since aq,--- ,a, lie in U, the image of B under ¢ is S by the definition of U.

Furthermore, since KU = KAP« 2 = KAPx (c;) % x(c,), it is clear that KU C B.
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Let J := 1N B < B be the kernel of the restriction of ¢' to B, and let I’ := JD,, an

ideal of D), contained in I.
Lemma 6.4.2. [ is a prime ideal of D,, minimal prime above I'.

Proof. Since D, /I = im(¢') < K(t), it is clear that I is a prime ideal of D,. And
since D, is a crossed product of B with a finite group, it follows from Lemma|A.1.1{(77)

that [ is minimal prime above I’ = (I N B)D,. O

We are now ready to prove the key result needed in the proof of Theorem [E] First,

we need a small result from Galois theory [37].

Lemma 6.4.3. Let F' be a field of characteristic 0, containing a p’th root of unity C.
Let r € F, and suppose that v has no p’th root in F. Choose a p’th root o € F of
r, and let F' := F(«). Then if § € F' and P € F then 5 = ca™ for some ¢ € F,

0<m<p.

Proof. Since F’ is the splitting field for the polynomial 2 — r over F', it is clear that
F’ is a Galois extension of F. So since [F' : F] = p this means that Gal(F’/F) has
order p.

In fact, if we consider the element o € Gal(F'/F) sending « to v, then Gal(F'/F)

is cyclic of order p, generated by o.

The result is clear if 5 € F', so assume § ¢ F and P € F. Then (3 is a root of the
polynomial a? — g7 € Fxz], and hence () is also a root. Therefore o(5) = (™f for

some 0 <m < p,soc(a™P)="a ("B =a"p.

But since o generates Gal(F'/F), it follows that a~™f is fixed by the Galois group,
so since F'/F is a Galois extension, this means that ¢ := o™ € F and § = ca™ as

required. O

For clarity, we will introduce/recall the following data:

193



o [ =ker(¢') < D,.

Q=INKA<KA.

U={acA:da) € ¢UpA))} = lar, - ,andl,, - ,ab).

—

o B=U(pA), *(c1) *--x(c;) < D,.

—

o S=o(UpA)g) =¥ (B) < K(1).

e J=INBJIB.

I'=JD, < D,.
e R:=D,/I
Proposition 6.4.4. R is a domain.

Proof. Since D, = Bx(c,41)*- - -x{(cq) and I' = JD,, it follows from Lemma |[A.1.1{(7i7)
that R 2 S % (c,11) % -+ - % (cq), where & = ¢(al) for each i.

—

Since U(pA) is a Tate algebra in d variables, we see using Lemma [6.3.4(i7) that S

is isomorphic to a Tate algebra in one variable over a finite extension of K, hence
it is an integrally closed domain by [I1], Proposition 2.2.15], and using [30, Theorem

4.4] we see that R is a semiprime ring, i.e. it contains no nilpotents.

Therefore, we may consider the usual semisimple Artinian ring of quotients Q(R) of

R, which has the form:

Q(R) = Q(S) * (cry1) * -+ * (ca),

where Q(S) is the field of fractions of S. It remains to prove that Q(R) is a field.

Let Ty := Q(S), and for each ¢ = 1,--- ,d — r, define T; := T;_1 * (¢, 4;), so that
Ty = Q(R)
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Clearly Ty is a field, so we will use induction to show that T; is a field for each i, so

in particular, Q(R) is a field. So assume that for some j > 0, Ty, - - - , Tj_; are all fields:

Then since Tj = T 1 * (c,4;) where ¢, ; = ¢(ay, ;) € 5, it follows that

Tj = Tjalz] /(2" = dlayy ;).

So we only need to show that the polynomial 27 — ¢(ay, ;) € Tj1[z] is irreducible

over the field Tj_,

Since K contains a p’th root of unity, we see using standard Galois theory that this
just means we need to show that this polynomial has no root in 7T_;, i.e. that there

is no b € T such that 0¥ = ¢(ay, ;).

Let us suppose for contradiction that b = ¢(ay., ;) for some by € Tj_1 = Tj_o*(cryj-1)-
Then since ¢(ay, ;) € S C Tj 5 and T;_» is a field containing K, it follows from Lemma

m that b; = bgér_lw-_l for some by € Tj_o, 0 < ky < p.

Therefore, b5 = qﬁ((awja;f}fl)p) € S, so applying a second induction, for each
i > 0, we can find integers 0 < ki, -, ki1 < p and b; € Tj_; such that o} =
¢((ar+ﬂrfg 1a7«4’:32 2" arfg i+1)?) € 5.

Taking i = j we have that b; € Tp = Q(S) and b} € S. So since S is integrally
closed, it follows that b; € S C K(t).
Now, (bj¢(a,. r+] 7“+] e ]:ill))p = 1, so it follows that there is a p’th root of unity
¢ € K such that:

k —k;_
Cbj = ¢(ar+3ar+g TR
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Therefore, since b; € S, this means that gb(arﬂa;f;flar_fjfl o -a;ffl) e S=o(U(PA)y),

. —k1 —ko _kjfl oy
or in other words a, ;a7 ya,5 1---a,;3 €U by the definition of U.

This is the required contradiction since {ay,- -+, a,,a’,,, -+, a5} is a Z,-basis for

U, and each k; is less than p. m

Now we can prove the main result of this section:

—

Theorem 6.4.5. Let ¢ : U(A), — K(t) be an almost-polynomial map. Then the
kernel QQ of the restriction of this map to KA is controlled by a proper open subgroup
of A.

Proof. If I = ker(¢') < D,, then we see that R = D,/(I N B)D, is a domain using
Proposition [6.4.4 But we know that / is minimal prime above (I N B)D, by Lemma

6.4.2 so it follows that [ = (I N B)D,.

Now, if r € Q@ = I N KA, then since KA = KU x %, r = Y. sea for some
acA//U

sq € KU C B, where A//U denotes a complete set of cost representatives for U in
A.

Since r € I = (I N B)D, it follows that s, € IN BN KU = QN KU for each a,
and hence r € (Q N KU)KA. But our choice of r was arbitrary, so this means that
Q=(QNKU)KA,ie. Q is controlled by U, and U is a proper open subgroup of A
by Proposition [6.4.1] ]

6.5 Proof of Theorem [E

From now on, we will assume that G is a uniform, nilpotent, abelian-by-procyclic
group, with principal subgroup H, and let £, g, H, h be the usual Z, and Q,-Lie
algebras of these groups.

—

Proposition 6.5.1. Let P = Anngg D(N) be a faithful, Dizmier annihilator in KG.
Then PN KH is a prime ideal of KH.
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Proof. This proof is similar to the proof of [I, Proposition 5.5]. Firstly, write G =
H x (X), and for each n € N, let G,, = H x (X?"). Then G, is an open, uniform
1

normal subgroup of G containing H, so if we let £,, := & log(G,,) then L, is a powerful

Lie-lattice in g, contained in L.

—

Clearly A(£,) € O, so we may define the affinoid Dixmier module D()\) over

n

—

U(L,), and since these both arise as completions of the standard Dixmier module

—_——

D()), we have a dense embedding of (mK—modules D(X),, = D(A). Therefore:

o~ —

Az D), = (Anngrs D) N U(Ln) - (6.2)

—

Therefore, it follows that P N KG, = Anngg, D(\), is a Dixmier annihilator,

and hence it is a prime J-ideal of KG,, by Lemma [6.1.1], and clearly it is faithful.

Now, let ) := PN KH. Then (Q is a semiprime ideal of KH, so let Q1, -+ ,Q,
be the minimal prime ideals of KH above @), and Q = Q1 N---NQ,. Since Q is

G-invariant, the conjugation action of G permutes @1, -- , @Q,. Solet U be the kernel

of the action of G on {Q1, -+ ,Q,}.

Then U is a normal subgroup of G of finite index, hence it is open in G, and clearly
it contains H. Since % = Z,, it follows that the only open subgroups of G containing
H are the subgroups G,,, and hence U = G, for some m € N.

Therefore, by the above, P N KU is a prime J-ideal of KU, so it follows from
Theoremthat PNKU is controlled by H, i.e. PNKU = (PNKH)KU = QKU.

But since U fixes each ideal @;, it follows that Q1 KU, Q. KU, --- , Q, KU are two-sided

ideals of KU, and using Lemma [B.2.1(i), Q: KUN---NQ, KU = (Q1N---NQ,)KU =
QKU = PN KU. So since PN KU is prime, this implies that PN KU = @Q; KU for
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some ¢ =1,--- 1.

Therefore, PN KH = Q; KU N KH = Q; by Lemma [B.2.1|(i4), and hence PN KH is

prime as required. O

Theorem 6.5.2. Let G be a uniform, nilpotent, abelian-by-procyclic group. Then G

1s a weakly Dixmier standard group.

—

Proof. Using Definition [6.2.2] we need to prove that if P = Anngg D()) is a Dixmier

annihilator, where A(£) C O and |z is injective, then P is controlled by Z(G).

Using Lemma [6.1.2] we may assume that K contains a p’th root of unity, and thus

we can apply Theorem [6.4.5, Also, since Az : Z(g) — K is injective, it fol-

—_—

lows from Lemmas|6.1.1{and |6.1.4 that P = Anngg D(A) is a faithful, prime J-ideal

of KG, and using Proposition [6.5.1] we see that () := PNK H is a prime ideal of K H.

Using Theorem [3.5.3| we see that P is controlled by H = C¢(Z2(G)). We will exam-

—

ine the action of U(H), on D(\) = K (x).

Let A = PX be the controller subgroup of P. Then A is a closed, normal subgroup
of G, contained in H, and since PN K H is prime, () := PN KA = Anng 4 lﬁ is a
prime ideal of KA. Let A := %log(A) < H, and normality of A implies that A is an
ideal of L.

Let us assume that A is not central in G, and hence A is not central in £. We will

show that in this case we can find a proper, closed subgroup U of A which controls

P, which will be a contradiction since A is the controller subgroup of P.

Since A is not central, we see using nilpotence of £ that there is an element v € A

such that v ¢ Z(g) and [v,g] C Z(g). Therefore, using Lemma [6.1.5] we see that v

acts on K (z) by A(v) + A([v, 2])9, where & = <L. But since v is not central, [v, ] # 0,
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and injectivity of A|() implies that A([v,z]) # 0.

——

So setting © : U(L), — Endg K (x) as the action, = O(A([v, 2]) "} (v —A(v))). So if

we let S = @((@K) C Endg K(z), then 0 € S and it follows from Theorem 6.3.6

that:

1. 525 x--- xS} for some commutative domains S;.

2. We assume without loss of generality that S; = F(t) for some finite extension F// K.

o~

3. The natural surjection ¢ : U(A), — S is an almost-polynomial map.

Let I < KA be the kernel of the map ¢ restricted to KA. Clearly @ C I, and using
the decomposition S = 57 X - -+ x S; it is straightforward to show that [ is a minimal

prime above (). So since () is prime, this means that I = Q).

Now, let I = ker(¢|ra), then clearly I = I' N KA, so if we show that I’ is controlled
by a proper, closed subgroup U of A, then U controls I by Lemma [6.1.2l So we may

assume that F' = K.

Since ¢ is an almost-polynomial map, it follows from Theorem that I = Q =
P N KH is controlled by a proper open subgroup of A, and hence so is P, which is

the desired contradiction. O

Now, we are finally ready to prove our main theorem in characteristic 0. But first we

need a small lemma:

Lemma 6.5.3. Let G be a uniform pro-p group, let N be a closed, normal subgroup
of G. Then there exists an open, uniform normal subgroup U of G such that N N U

is a closed, isolated normal subgroup of U.
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Proof. Recall from [39, Definition 1.6] the definition of the isolater i¢(N) of N in
G, and recall from [39, Proposition 1.7, Lemma 1.8] that ig(/N) is a closed, isolated

normal subgroup of G, and N is open in ig(V).

Therefore, there exists n € N such that if g € ig(N) then g?" € N. So if g = h?" €
U:=G and ¢» = """ € N C ig(N), then h € ig(N), so g = h*" € N. Hence

N NU is isolated in U as required. O]

Proof of Theorem @ If G is a nilpotent, abelian-by-procyclic group, then so is G?"
for every n € N. So using Theorem [6.5.2] it follows that G is a Dixmier-standard
group in the sense of Definition [6.2.2 Therefore, applying Theorem [6.2.5| gives us

that all faithful, primitive ideals of KG are maximal and standard.

So, let P be a primitive ideal of KG, and we want to prove that P is virtually stan-

dard, i.e. that P N KU is standard for some open, normal subgroup U of G.

Let N:= Pl ={g€ G:g—1¢€ P}. Then N is a closed, normal subgroup of G, so
by Lemma [6.5.3] there exists an open, uniform normal subgroup U of G such that
N NU is isolated in U. Let @) := PN KU, then @ is a semiprimitive ideal in KU by

Lemma, and QT = N NU is a closed, isolated normal subgroup of U.

Let Uy := %, and let (4

by-procyclic group by Lemma [2.2.4] and Q) is a faithful semiprimitive ideal of KUj.

= m Then U; is a uniform, nilpotent, abelian-

Therefore, it follows that () is a finite intersection of faithful, primitive ideals in KU;.
Since all faithful primitives in KU; are maximal and standard, this means that @)y is

a finite intersection of maximal standard ideals.

Therefore, since () is a homomorphic image of (), this means that () is a finite

intersection of maximal, standard ideals. It follows from Definition that P is a
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virtually standard prime ideal of KG, so it remains to show that P is maximal.
Using LemmalA.1.1[i7), we see that P is minimal prime above the semiprime ideal
(PNKU)KG. Sosince PN KU is semimaximal in KU, it follows from [30, Theorem

16.6(77¢)] that P is maximal in K G as required. O
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Appendix A

Ring theory

A.1 Properties of Crossed products

Recall that a crossed product of a ring R with a group G is a ring S = R x G, free as

an R-module, with a basis {g : ¢ € G} in bijection with G such that for all g, h € G:
e R = Rg and
e GgRhR = ghR.

Lemma A.1.1. Let R be a Noetherian Q-algebra, F a finite group. Then if P is a
prime ideal of a crossed product S = R x F', then:

1. PN R is semiprime in R.

it. J:=(PNR)-S is semiprime in S, and P is a minimal prime above J.

iii. $)J = (P/PNR)*F.

Proof. We will prove that P N R is an F-prime ideal, i.e. it is F-invariant, and for
any F-invariant ideals A, B of R, if ABC PN Rthen AC PNRor BC PNR.

Having established this, part ¢ follows from the fact that all minimal primes above
P N R form a single F-orbit by [30, Lemma 14.2(i7)], part éii is obvious since
J = & (PN R)g, and part ii is part iii together with [29, Proposition 10.5.8] and

geFr

[30, Theorem 4.4].
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So, suppose A, B < R are F-invariant, i.e. for all g € F', gA = Ag and gB = Bg, and
suppose that AB C PN R. Then AS, BS are two-sided ideals of S, and (AS)(BS) C
P. So since P is prime, we can assume without loss of generality that AS C P.

So since AS = ?FAQ, it follows that A C PN R, and hence PN R is F-prime as
required. ’ O
Lemma A.1.2. Let R be a Noetherian ring, F a finite group. Then if P is a primitive

wdeal of a crossed product R F', then PN R is semiprimitive.

Proof. Let S = R x F, then since P is primitive, P = Anng M for some irreducible
S-module M. Since F' is finite, M is finitely generated over R, so since R is Noethe-

rian, we can choose a maximal R-submodule U of M.

For each g € F, gUg ! is a maximal R-submodule of M, so set M, := M/qUg ™",
an irreducible R-module, and let ), := Anng M, a primitive ideal of R. Clearly if
r€ PNR=Anng M then rMy,=0forall g€ F,so PNRC N Q.

geF

Also, ﬂFgUg*1 is an S-submodule, so by simplicity of M, ﬂFgUg*1 = 0. So if
ge ge

re ﬂFQg then M, = 0 for all g, so rM C gUg ! for all g, i.e. rM C ﬂFgUg_1 =0
S ge

and hence r € Anng M = PN R. Hence:
PNR= NQ,

geF

Hence P N R is semiprimitive as required. O

A.2 Ring filtrations

Definition A.2.1. A filtration of a ring R is a map w : R — RU{oc} such that for

all z,y € R:

o w(r+y) > min{w(z),w(y)},
o w(zy) > w(z)+wy),
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e w(l) =0 and w(0) = co.
The filtration is separated if w(x) = oo implies that x = 0.

Note: Unless otherwise stated, we will always assume that our filtrations take values

in Z U {oo}.

If R carries a filtration w, then there is an induced topology on R with the subgroups
F,R :={r € R: w(r) > n} forming a basis for the neighbourhoods of the identity.

This topology is Hausdorff if and only if the filtration is separated.

Recall from [28, Ch.IT Definition 2.1.1] that a filtration is Zariskian if F1R C J(FyR)
and the Rees ring R:= @ F,Rt" is Noetherian. Zariskian filtrations can only be de-
neL

fined on Noetherian rings, and using [28, Ch.II Theorem 2.1.2] we see that a Zariskian

filtration is separated.

If R carries a filtration w, then define the associated graded ring of R to be

gr R:== & FF”RR.
nez -l

This is a graded ring with multiplication given by (r + F,1R) - (s + F,11R) =

(TS + Fn+m+lR) .

Notation: For r € R with w(r) = n we define gr(r) :==r + F,1 R € gr R.

Our convention is to say that a filtration w is positive if w(r) > 0 for all r € R.

Definition A.2.2. If R carries a filtration w and v € R\{0}, we say that x is w-
regular if w(zy) = w(x) +w(y) for ally € R, i.e. gr(x) is not a zero divisor in gr

R. If all non-zero x are w-reqular we say that w is a valuation.
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Also, given a central subring S of R, we say that w is S-linear if every non-zero

element of S is w-regular.

1

Note that if - is w-regular and a unit then 27! is w-regular and w(z™') = —w(z).

Lemma A.2.3. Suppose w is a separated Z,-linear filtration on an Z,-algebra A of
characteristic 0, and suppose that x € A with w(z — 1) > w(p). Then w(a?" —1) =

muw(p) +w(x — 1) for all m € N.

Proof. Using the binomial theorem, it is clear that

P —l=(z—1+1)P" —1= z(P,;”)(x—Uk:pm(x—1)+];2(1’;")(x—1)’f

=

—

Clearly w(p™(x — 1)) = w(p™) + w(z — 1) = mw(p) + w(x — 1) since w is O-linear.
So it remains to show that w((?, )(z — 1)*) > mw(p) + w(z — 1) for all k > 2.
First, note that w((z::) (x —1)P") = w((x — 1)P") > pmw(z — 1) = (p" — Nw(z —
) +w(x—1)> (™ — Dw(p) + w(z — 1) > mw(p) + w(z —1).

So from now on, we may assume that £ < p™.
Now, k = ag + a1p+ - - - + a.p' for some integers 0 < a; < p, and since k < p™ — 1 we
may assume that ¢t = m — 1. Let m > ¢ > 1 be maximal such that a,, ; # 0, then
pm — (p _ 1)pm—i + (p _ 1)pm—i+1 4+t <p _ 1>pm—1 _i_pm—i’ and:
pr—k=p—1=an-)p" "+ (p—1—amnir)p" "+ (P L =) P P

== n-i)p" (P =1 = A )P 4+ (D= 1 — )P

It follows that ¢ is equal to the number of carries when p™ — k is added to k in base

p. So by Kummer’s theorem, v,((” )) = .



AISO, k= amfipm_i + amflpm_1 = pm_i(amfi + -+ amflpi_l)a so k Z pm—i Z

m—i+1ifi<m.
Now, w((% ) (x = 1)¥) = w((?,)) + kw(z — 1) > u,((%)) )w(p) + kw(z 1)
= iw(p) + (k = Dw(z = 1) + w(z — 1) > iw(p) + (k = Dw(p) + w(z —1).
So if i < m then this is at least iw(p) + (m —i)w(p) + w(r — 1) = mw(p) + w(z — 1).

Whereas if ¢ = m then since £ > 1 we have iw(p) + (kK — Dw(p) + w(z — 1) =

mw(p) + (k — Dw(p) + w(x — 1) > mw(p) + w(x — 1) as required. O
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Appendix B

Groups and Group algebras

B.1 Uniform pro-p groups and p-valuations

Let G be a group. Recall from [32], Section 23] that we define a p-valuation on G to

be a map w : G — R U {oo} such that for all g,h € G:
e w(g~h) > min{w(g),w(h)}.
e w((g,h)) = w(g) +w(h).
e w(g) = oo if and only if g = 1.
* w(g’) =w(g) + 1.
o w(g) > 5.

We say that G is p-valued if it carries a p-valuation w, and we say that (G,w) is
p-saturated if for all g € G, whenever w(g) > p%l + 1 there is an element h € G such

that g = h?.

If G carries a p-valuation w then there is a natural, ultrametric topology on GG, induced
by the metric d(g, k) := ¢ ") for ¢ > 1. This topology is naturally Hausdorff and
totally disconnected, and we usually assume further that G is complete with respect
to w, in which case we can define p-adic exponentiation, i.e. for all g € G, o € Z,,

g® € G is well defined.
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It follows from [25 IIT 2.2.6] that (G,w) is compact if and only if G has finite
rank, i.e. there exists a finite subset g = {g1,---,94} € G such that for every

g

g € G there exist a unique d-tuple a € Zg such that g = g% = g¢{" ---g;* and
w(g) = min{v, (o) +w(g;) :i=1,---,d}. We call g an ordered basis for (G,w), and

the unique integer d is the rank of G.

It follows that G is a pro-p group of finite rank in the sense of [17], and hence G is

isometric with Z¢. In fact, if G is abelian then G = Z¢ as groups.

If we suppose that G is a compact, p-adic Lie group, then its group structure com-
pletely determines its topology, i.e. there is only one possible topology on G which
makes it a profinite topological group. Therefore, if G carries a complete p-valuation
w of finite rank, then the induced topology is the natural topology of G. This prompts

the following definition.

Definition B.1.1. We say that a compact p-adic Lie group G is p-valuable if it

carries a complete p-valuation w of finite rank.

Recall the definition of a uniform pro-p group from [I7, Definition 4.1], and setting
2 =2
€= {1 b 5’ recall from [I7, Theorem 4.5] that G is uniform if and only if G is a
p >
torsionfree pro-p group of finite rank, and (G,G) C G*".

If G is a uniform pro-p group, then G carries a p-valuation w given by w(g) =
min{n +¢: g e G"\G”""'}, and in fact this is p-saturated. Note that G is complete
with respect to w, and any minimal topological generating set for G is an ordered
basis for (G,w), which implies that (G,w) has finite rank. Also note that any closed
subgroup of a p-valuable group is automatically p-valuable by restriction of the p-

valuation.

We use the following result very often:
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Lemma B.1.2 ([Il, Lemma 4.2]). Let G be a p-valuable group, and let H be a closed
subgroup of G. Then there exists an ordered basis g = {g1,--- ,ga} for G, r < d, and
ny, - ,ns € N such that {gfnl, o+ gP""} is an ordered basis for H. Furthermore,
r =d if and only if H is open in G, and H 1is isolated in G if and only if n; = 1 for

all 7.

Recall from [25] IIT 3.3.1] that if (G,w) is complete of finite rank, then there exists a
canonical, p-saturated group Sat(G) such that G embeds as an open subgroup into
Sat(G), and the p-valuation on Sat(G) restricts to w. Moreover, Sat is a functor

from the category of p-valuable groups to the category of p-saturated groups.

B.2 Technical results for KG

In [T, Section 5|, a number of technical results were stated and proved for completed
group algebras in characteristic p. These results are fundamental for the study of
ideals in Iwasawa algebras, so it is important for us to establish them in characteristic

zero. We assume only that G is a p-valuable group throughout.

Lemma B.2.1. Let H be a closed subgroup of G, and let I1,--- , I,,,J be right ideals
of KH. Then:

(i) hKGNn---NI,KG=(LN---NI,KG.

(it) IKGNKH = J.

Proof. We will prove that KG is faithfully flat over K'H. Then part (i) follows from

applying the functor — ® gy KG to the short exact sequence 0 — Iy N ---N 1, —

KH — & @ — 0, and part (ii) follows from [29, Lemma 7.2.5], taking R = K H,
j<m 1

S:KGandM:K—JH.

Recall that OG carries the Lazard filtration w, and the restriction of w to OH is
just the Lazard filtration on OH. We will prove that the associated graded gr OG is

faithfully flat over gr OH, and since w is Zariskian, it will follow from [28, Chapter

1X



IT Proposition 1.2.2] that OG is faithfully flat over OH. It follows easily that KG is

faithfully flat over K H.

Choose an ordered basis {gi,--- , g4} for G such that {g"",---,¢g?"} is an ordered
basis for H. We know that gr OG = klt, t,,--- ,t4] where t; = gr(g; — 1), and thus
gr OH = k[t, 7" - 7],

T

Now, it is clear that k[t,tq,--- ,t4] is a free k[t, tﬁ’nl, -++ , t?""]-module, and since free

modules are faithfully flat, the result follows. m

Using this Lemma, we can now carry over the proofs of every result in [I, Chap-
ter 5], with the exception of [I, Lemma 5.3|, whose proof strongly depends on the

assumption that the ground field has characteristic p.

Let us first reintroduce some definitions from [II, Section 5]:

Definition B.2.2. (i). Given a prime ideal P of KG, we say that P is non-splitting

if for any open normal subgroup U of G controlling P, PN KU s prime in KU.

(7). Let P be a property satisfied by two-sided ideals in KH, for H any compact
p-adic Lie group. Then given a right ideal I of KG, we say that I virtually satisfies
P if there exists an open subgroup U of G and a two sided ideal J of KU such that
J satisfies P and I = JKG.

In particular, I is virtually non-splitting if I = PKU for some non-splitting prime
ideal P of KU.

Proposition B.2.3. Let P be a non-splitting prime ideal of KG, then PN K PX is

prime in K PX.

Proof. This is the proof of [I, Proposition 5.5], applied using Lemma [B.2.1] O



Now, recall from [I Definition 5.6] that if R is a ring, Ji,--- ,J, are right ideals of
R with intersection I, then I = J; N --- N J, is an essential decomposition for I if
the R-module embedding % — % X oo X % has essential image in the sense of [29,

Definition 2.2.1].

Proposition B.2.4. Let P be a prime ideal of KG, and let P =1, N---N 1. be an
essential decomposition for P such that each I; is virtually prime and I, -- , I, form
a single G-orbit. If we assume that r is as large as possible then each I; is virtually

non-splitting.
Proof. This is the proof of [1, Theorem 5.7], applied using Lemma [B.2.1] O

Lemma B.2.5. Let I be a two-sided ideal of KG such that [ = JyN---NJ, for some
right ideals J; of KG forming a complete G-orbit via the conjugation action. Then if
I s faithful, each J; is faithful.

Proof. For any ideal J of KG, let JT := {g € G : g—1 € J}. Then clearly J' is
a closed subgroup of GG, and if J is a two-sided ideal then it is a normal subgroup.

Clearly J is faithful if and only in JT = 1.

It is also clear that (J;)T, -+, (J,)" form a single G-orbit, and IT = (J;)TN---N(J,)T.

But since G is p-valuable, it follows from [I, Proposition 5.9] that G is orbitally sound,

i.e. for any closed subgroup H of G with finitely many G-conjugates, the intersection

of these conjugates is open in H. Therefore I has finite index in (J;)' for each i.
So if I is faithful, then (J;)' is a finite subgroup of G. So since G is torsionfree,

this means that (J;)" = 1, and J; is faithful as required. O

Finally, we prove [I, Theorem 8.6] in characteristic 0:

Theorem B.2.6. Let P be a prime ideal of KZ(G). Then PKG is a completely
prime ideal of KG (i.e. KG/PKG is a domain), and if P is faithful then PKG is
faithful.
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Proof. Let Z := Z(G). We will prove that if P is a prime ideal of OZ with p ¢ P
then POG is completely prime, and it is faithful if P is faithful. The result for the

rational Iwasawa algebras follows immediately.

Let @ be the field of fractions of OZ/P. If we let w be the Lazard filtration on OZ,
then since w is a Zariskian filtration and the associated graded is a commutative,
infinite dimensional k-algebra, it follows from [I, Theorem C] that there exists a val-

uation v' on @ such that the natural map 7 : OG — @ is continuous, and if w(z) > 0

then v'(7(x)) > 0.

Furthermore, if v'(7(z — 1)) = 0 for some z € Z then v/(7(z — 1)") = 0 for all n
since v’ is a valuation, which is a contradiction since (z — 1)™ converges to zero in
OG, and hence in @) by continuity of 7. Therefore v'(7(z — 1)) > 0 for all z € Z(G),
and after choosing an ordered basis {z1,- -, z,} for Z and an integer M such that

MV (1(z;— 1)) > w(z; — 1) for all i, then we obtain an equivalent valuation v := Mv’

on @ such that v(7(z)) > w(z) for all x € OZ.

Recall that if we fix an ordered basis {g1,- - , g.} for %, then every element of OG

has the form Y~ p,c® for some p, € OZ where ¢; = g; — 1. Define a map v : OG —
aeNe

Z U {0} via:

u: OG — ZU{x}, Zana — inf{v(7(1a)) + w(c®) : @ € N}, (B.1)

aeNe

Since v is a separated valuation, it is clear that u( Y pac®) = oo if and only if
aeNe

o € P for all @, i.e. if and only if Y pac® € POG. Therefore u™'(c0) = POG. So
aEeNe
following the proof of [I, Theorem 8.6], we will prove that u is a valuation on OG,

from which it will follow that POG = u~!(oc0) is a completely prime ideal.
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Firstly, it is clear from the definition that u(r +s) > min{u(r), u(s)}, u(p) = v(7(w))
and u(pr) = wu(p) + u(r) for all r,s € OG, p € OZ. It is also clear that if
1,72, - € OG with r; — 0 as i — oo then u(ri+ro+---) > inf{u(r;) : ¢ > 1}, there-
fore to prove that u is a filtration it remains to prove that u(c®c®) > u(c®) + u((c)?)

for all a, f € N".

Write ¢*c” = Y )\3’5 ¢”, then by the definition of the Lazard filtration, w( > )\3"3 ) =
yENe yeNe

inf{w(A2?) + w(c?) : v € N}, So since u(x) > w(r(z)) for all 2 € OZ, we have:
u(c®c®) = inf{o(T(A2P)) + w(c?) : v € N} > inf{w(A3P) + w(c?) : v € N} =

w(c®) +w(c’) = u(c*) + u(cf).

So w is a filtration on OG, and to verify that it is a valuation, we will show that
the associated graded gr, OG is a domain. First note that the definition of u gives
rise to a natural inclusion of graded rings gr, OZ/P — gr,, OG, and this gives rise to
an isomorphism of graded rings gr, (OZ/P)[Y1, -+ ,Y.] — gr, OG where Y; is sent

to gr(c;). Therefore gr, OG is a domain and w is a valuation as required.

Finally, if P is faithful, then suppose ¢ € G and g — 1 € POG. Then write g =

zgit -+ - goe for some z € Z, o; € Z,, and it follows that:

h—1=(z-1)4+(z-1) WISE DY (4)e.

0#v€ENe 0#£~vyENe 7
Therefore, we see that 2 — 1 € P and hence z = 1 since P is faithful. It also follows

that for each 0 # v € N°, ( ) € P, and hence (:) = 0 since PN O = 0. This is only

(&7
v

% = 1 and POG is faithful

possible if & = (aq, -+ ,a.) = 0, and hence h = zg{"* - - - ¢¢

as we require. ]
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Appendix C

Lie theory

C.1 The Lie algebra of GG

Let G be a p-valuable group, let w be the Lazard filtration on the rational Iwasawa

algebra Q,G as defined in Chapter , and let @ be the completion of Q,G with

respect to w. For each g € G, the series log(g) := > ﬂ(g — 1)™ converges in
n>1

n

@p\G, so we define Lg = log(G) := {log(g) : g € G} C @ZJ.

If G is p-saturated of rank d, then L is a free Z,-Lie subalgebra of (@,\G of rank d,
which we call the Z,-Lie algebra of G. It follows from [25, Proposition IV 3.2.3] that

given g,h € G, a € Z,, the Lie operations on L are given by:
o log(g) + log(h) = log( lim (g”"h?")""").
o alog(g) =log(g”).
o [log(g),log(h)] = log( lim (" A*"g~#" A" )""™").

We define the Q,-Lie algebra of G to be gg := Lg ®z, Q,. Clearly this is a Q,-Lie

algebra, and L is a Z,-Lie lattice in gg.

1 p>2

Define € := {
2 p=2
of finite rank is powerful if [£, L] C p°L, and it follows from [I7, Theorem 9.10] that

, and recall from [I7, Chapter 9], that a free Z,-Lie algebra £

Xiv



a p-saturable group G is uniform if and only if L4 is powerful.

Also, recall that every p-valuable group G can be embedded as an open subgroup
into a p-saturable group Sat(G), thus we define the Q,-Lie algebra of G, ga, to be
the Q,-Lie algebra of Sat(G).

Lemma C.1.1. Let G be a p-valuable group, and let g,h € G such that h and ghg™*
commute. Setv =log(h), u =log(g) inlog(Sat(G)), then (g, h) = exp( 3" & (ad(u))"(v)).

n>1

Proof. ghg™' = gexp(v)g™t = Y Zgv"gt = 3 L(gug™")" = exp(gug ).

n>0 n>0

Let [, r, be left and right multiplication by z, then note that I, — r, = ad(z),

lexp(z) = €xp(lz) and lexp(r,) = exp(ry).

Then gvg~! = exp(u)vexp(u) ™' = exp(u)vexp(—u) = (lexp(u)rexp(_u))(v)

Therefore ghg™ = exp(gvg™") = exp( 3" % (ad(u))"(v)).

n>0

mute. Clearly this is equal to
n

L (ad(u))"(v) as required. 0

Finally, log((g, h)) = log((ghg=*)h™') = log(ghg™') — log(h) since h and ghg~' com-
=1

The following definition allows us to define a category of Z,-Lie algebras which are

the Lie theoretic equivalent of p-saturated groups:

Definition C.1.2. Let L be a Z,-Lie algebra. A map w : L — RU{oo} is a valuation

if for all u,v € L, o € Zy:
e w(u+v) > min{w(u), w(v)},
o w([u,v]) = w(u) +w(v),

XV



o w(au) = v,(a) + w(u),
o w(u) = o0 if and only if u =0,
o w(u) > ﬁ.

Furthermore, we say that w is a saturated valuation if for any u € £, w(u) > zﬁ +1

if and only if u = pv for some v € L.

If G is p-saturated, and w is a valuation on L, then it follows from [32, Proposition
32.6] this defines a p-valuation w on G via w(g) := w(log(g)), and w is saturated if

and only if (G,w) is p-saturated.

Moreover, we see using [25, IV 3.2.6] that the category of complete, p-saturated
groups of finite rank is isomorphic to the category of saturated Z,-Lie algebras, via
the transport of structure functors exp and log. Similarly, the category of uniform

pro-p groups is isomorphic to the category of powerful Z,-Lie algebras.

Finally, recall from [I}, Section 4.5] that we define the degree of a linear endomorphism

o of a valued Lie algebra (£, w) as deg(c) := inf{w(o(u)) —w(u) : u € L}.

C.2 The Adjoint group functor

The adjoint algebraic group associated to a finite dimensional Lie algebra is a com-
monly studied object in representation theory, and it can be defined as a group
functor, as outlined in [22]. This is usually done over fields of characteristic 0, but

we can generalise it:

Let R be a commutative domain containing Z, and let h be a nilpotent, torsionfree Lie
algebra over R, and we will assume further that ad(u)™(h) C n!h for eachu € h,n € N.

Note that the map ad(u) is a nilpotent derivation of b, so we can define:

Xvi



exp(ad(u)) := Z% ad(u)" : h — b. (C.1)

n>0

Since ad(u) is a derivation, it follows that exp(ad(u)) is a Lie-automorphism of b.
Note that our assumptions on R are satisfied if R is any field of characteristic 0, or

if R is the ring of integers of a p-adic field and [h, h] C ph.

Definition C.2.1. Define the adjoint group of b to be

H(h) := {exp(ad(u)) € Aut(h) : u € b}

Then H(h) is a subgroup of Aut(h). If we let Cy be the category of commutative
R-algebra domains S such that hg := h®g .S is torsionfree over S and (ad(u))"(hs) C
nlhg for all u € hg and n € N, then we can define the group functor H : Cy — Grp,
S +— H(bs). We call this the adjoint algebraic group of b, although if R is not a field

this need not actually be an algebraic group.

Note: If R = F' is a field of characteristic 0, then Cy = F-alg and H is an affine
algebraic group over F' in the sense of [22] Definition 1.2.1], and it is unipotent. If we
view the space ad(h) C Endg(h) as an affine variety, then the map exp : ad(h) — H

is an isomorphism of varieties, with inverse log.

Now, let h* : Cy — Set be the linear dual of b, i.e. h*(S) = Homg(h ®5 S,95) =
h*(R) ®r S. Then there is an action of the group functor H on g*, i.e. a natural
transformation H x h* — b*, given by (¢ - f)(u) = f(g~'u). This is the coadjoint
action, and the orbits of this action in h* are called coadjoint orbits.

Again, note that if R is a field of characteristic 0 then h* is an affine variety in

the sense of [22], Definition 1.1.3], and this is an action of algebraic groups.
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Appendix D

Rigid Analytic Geometry

During this thesis, we occasionally exploit geometric techniques, particularly when us-
ing the adjoint algebraic group. To this end, we need to explore the non-archimedean
equivalent of differential geometry, usually termed rigid analytic geometry. We give

a brief recap of this subject here.

Recall from [I1], Definition 2.2.2] that if R is a ring carrying a complete, separated
filtration w, the Tate algebra in d variables tq,--- ,t4 over R is the algebra:

R(ty, -+ ,ta) == { > Aati? - tg" s w(Ay) = 00 as a — oo}

a€Nd

In other words, the Tate algebra is the ring of power series with coefficients in R that
converge on the unit disc Ri, we call these Tate power series. This ring carries a
separated filtration given by wjiue( Zd)\at(fl ~t99) = inf{w(\a) : @ € N9}
a€N

Normally, R is assumed to be commutative, and in our case, we will usually take
R = K, in which case the Tate algebra is Noetherian, and the filtration wi,¢ is
Zariskian. Recall from [I1], Definition 3.1.1] that we define an affinoid algebra to be
any quotient of a Tate algebra over a complete, discretely valued field. Clearly any

affinoid algebra A will carry a complete, Zariskian filtration w4 given by the quotient

filtration with respect to win¢.
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Affinoid algebras play a similar role in rigid geometry as commutative algebras play
in standard algebraic geometry. Specifically, if A is an affinoid algebra, we define Sp
A to be the space of maximal ideals of A. We call this an affinoid variety, and we
can realise A as a ring of K-valued functions on Sp A, where a(p) := a + p. This
takes values in K since any maximal ideal in the Tate algebra has finite codimension
by [11], Corollary 2.2.12].

We say that A is the ring of analytic functions on the affinoid variety Sp A. Note
that for any ring homomorphism ¢ : A — B between affinoid algebras induces a map
" : Sp B — Sp A, q — ¢~1(q), continuous with respect to the Zariski topology, and
we call this a morphism of affinoid varieties. Therefore, we can realise affinoid vari-
eties as a category, equivalent to the category of affinoid algebras, via an equivalence

where each variety is sent to its ring of analytic functions.

Now, affinoid varieties are useful in p-adic analysis, since they can indeed be realised
as non-archimedean spaces. Recall that for each € € R, we define the d-dimensional

polydisc of radius € to be the space
D¢ := {a € K U (;) > € for each i}.

When € = 0 we call this the unit disc. We can consider this disc an affinoid space,

isomorphic to Sp K(uy,--- ,uq), and thus all discs are isomorphic, regardless of the
radius.
Note that the Tate algebra K (us,--- ,ug) is precisely the set of power series converg-

ing on D¢, so we can indeed realise the Tate algebra as the ring of analytic functions
on the unit disc. Moreover, for each n € N, the subalgebra K (n"uy,--- ,7"ug) is

precisely those functions which converge on D? .

In this thesis, we will not explore the more general theory of rigid varieties, which

are essentially spaces that locally have the structure of affinoid varieties, since this
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would require us to introduce the deep theory of G-topologies which is not relevant

to our investigation (see [L1, Chapter 5] for a detailed introduction to this theory).

However, we will briefly recap the notion of analytification, which is a fully faithful
functor from the category of K-schemes to the category of rigid varieties, defined in
[T, Definition and Proposition 5.4.3], that associates a scheme X to its analytifica-
tion X", which is essentially the smallest rigid variety that encompasses the algebraic

structure of X.

Example: Let X = A’ be standard affine n-space, i.e. X = Spec Kuy,--- ,uy].

Then X" can be realised as the direct limit of the polydiscs D as e — oo, and the ring

of analytic functions on this space is the ring K{uy,-- ,uq} = @K(ﬂkul, s mRug)
k

of rapidly convergent power series.

In fact, since the definition of a polydisc gives that K= = UR]D” we can actually
€e

€

identify both X and X with the set K ', so we may often interchange the two.
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