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Abstract

In this thesis, we consider problems related to the numerical simulation of

stochastic differential equations (SDEs). In particular, we are interested

in methods that use both increments and areas of the Brownian path.

For example, time integrals of Brownian motion carry useful information

whilst being normally distributed and thus straightforward to generate.

We will make precise the “path information” contained by such integrals

and present a polynomial approximation theorem for Brownian motion.

Since the Gaussian coefficients given by this expansion are independent,

we can express Brownian motion as a polynomial with additional noise.

We shall then use this simple observation to develop high order methods.

The majority of these methods approximate SDEs through the use of

ODEs, which can be accurately discretized using state-of-the-art solvers.

To numerically demonstrate these approaches, we will simulate four SDEs:

Inhomogeneous Geometric Brownian Motion, Cox-Ingersoll-Ross model,

underdamped Langevin equation and the Lévy area of Brownian motion.

The code for these examples can be found at github.com/james-m-foster.

We also study problems related to variable step size methods for SDEs.

Most notably, we investigate which numerical methods and variable step

size strategies can ensure pathwise convergence to the true SDE solution.

Our analysis is based on rough path theory and requires methods to be

locally close to an ODE driven by a piecewise “Brownian polynomial”.

This result can therefore be applied to the Heun and midpoint methods.

In order to prove convergence, we will require variable step size strategies

to produce a nested sequence of partitions with mesh size tending to zero.

https://github.com/james-m-foster
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7.2 The kurtosis of Brownian Lévy area as a function of space-time area. 183

List of Tables

4.1 Estimated times for computing 100,000 sample paths with a given

accuracy using a single-threaded C++ program on a desktop computer. 91

4.2 Simulation times for computing 100,000 sample paths with 100 steps

per path using a single-threaded C++ program on a desktop computer. 92

6.1 Convergence rates for Euler-based approximations of the CIR process. 159

6.2 Estimated times for computing 100,000 sample paths with a given

accuracy by a single-threaded C++ program on a laptop computer. 169

6.3 Simulation times for computing 100,000 sample paths with an average

of 100 steps per path by a single-threaded C++ program on a laptop. 169

7.1 Table showing estimated 2-Wasserstein distances between discretized
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Chapter 1

A brief outline of the thesis

The main result of this thesis is a polynomial representation of Brownian motion,

which is presented in Chapter 4 (along with some applications to SDE simulation).

 

Figure 1.1: Sample paths of Brownian motion with their polynomial approximations.

In particular, this polynomial approximation (Theorem 4.1.12) can be applied to

develop estimators for non-Gaussian iterated integrals of Brownian motion such as∫ t

s

∫ u

s

◦ dW (i)
v ◦ dW (j)

u and

∫ t

s

∫ u

s

∫ v

s

◦ dW (i)
r ◦ dW (j)

v du. (1.0.1)

These estimators are obtained by taking the moments of (1.0.1) conditional on certain

Gaussian iterated integrals of Brownian motion (which can be generated exactly):∫ t

s

◦ dWu and

∫ t

s

∫ u

s

◦ dWv du. (1.0.2)

These integrals appear naturally in stochastic Taylor expansions and are of great

importance to the design and analysis of high order numerical methods for SDEs.

The study of Brownian iterated integrals will be a long-running focus of the thesis

and we present results concerning their conditional moments in Chapters 4, 5 and 7.

(More specifically, these are Theorems 4.2.8, 4.4.1, 5.1.2, 5.1.3, 7.1.1, 7.2.1 and 7.2.2).
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The polynomial approximation of Brownian motion is introduced in Chapter 4

and its immediate applications to iterated integrals are given in sections 4.1 and 4.2.

In Chapters 4 & 5, we will develop numerical methods using the integral estimators:

• A log-ODE method for SDEs driven by a single Brownian motion

In section 4.3, we shall present a new version of the asymptotically efficient

log-ODE (or Castell-Gaines) method that utilizes a certain integral estimator.

We discuss the rough path formulation of the log-ODE method in section 3.4.

• A stochastic Runge-Kutta method for SDEs with additive noise

In section 4.4, we will derive and solve order conditions for a type of explicit

three-stage Runge-Kutta method that approximates SDEs with additive noise.

• ODE methods based on “high order” piecewise linear paths

In sections 5.1 and 5.2, we use the integral estimators to design piecewise linear

paths that accurately approximate Brownian motion (with its iterated integrals).

Each research chapter (i.e. 4–7) has a section with numerical experiments. These are:

• Inhomogeneous Geometric Brownian Motion (section 4.5)

dyt = a(b− yt) dt+ σyt dWt .

• The underdamped Langevin equation (section 5.3)

dQt = Pt dt,

dPt = −∇U(Qt) dt− νPt dt+
»

2ν
β
dWt .

• The Cox-Ingersoll-Ross model (section 6.3)

dyt = a(b− yt) dt+ σ
√
yt dWt .

• The Lévy area between independent Brownian motions (section 7.3)

dxt = W
(i)
t dW

(j)
t .

Each numerical method for these SDEs is based on the theory developed in its chapter.

In Chapter 6, we consider approximations for SDEs that use variable step sizes.

Since the methods proposed in Chapter 5 require generating a third random variable

along with (1.0.2), we extend Lévy’s construction to certain triples in section 6.1.

This allows us to reduce step sizes conditional on these (Brownian) random variables.

In section 6.2, we shall apply rough path theory (which is discussed in Chapter 3)

to establish sufficient conditions that ensure a variable step size method converges.

This result applies to a large class of numerical methods, including Milstein’s method,

but does not apply to the Euler-Maruyama method (which may not converge [39]).

Chapters 2 and 3 are introductory and give the necessary background for the thesis.
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Third order discretizations of the 
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High order variable step size 

methodology for 1d SDEs 

(Definition 6.0.1 in Section 6.1) 
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and Davie’s lemma 

(Section 3.3) 

Pathwise convergence of  
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Figure 1.2: Diagram showing how the various topics within the thesis are connected.
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Chapter 2

Introduction to numerical methods
for SDEs

Numerical methods for stochastic differential equations (SDEs) have be studied over

the past few decades and thus an extensive literature has developed on the subject.

However, for the purposes of this thesis, it will be enough to introduce some of the

key concepts underlying SDE numerics before applying them in subsequent chapters.

This introductory chapter is primarily based on the book of Kloeden & Platen [62]

(currently the highest cited text on the subject) and a review paper of Higham [54].

Many real-world phenomena (such as particle systems [76], financial markets [11]

and population dynamics [55]) can be modelled using the following class of Itô SDEs:

dyt = f0 (yt) dt+
d∑
i=1

fi (yt) dW
(i)
t , (2.0.1)

y0 = ξ,

where the initial condition ξ and solution process {yt}t≥0 takes their values in Re,

each fi : Re → Re is a vector field on Re and W is a d-dimensional Brownian motion.

In practice, one is often interested in computing some averaged quantity from (2.0.1):

ϕ̄ := E
[
ϕ(y) : y0 = ξ

]
, (2.0.2)

where ϕ is a functional on path space, e.g. ϕ(y) could be a function of the point yT .

In certain situations, the expected functional (2.0.2) can be approximated by solving

a parabolic PDE (such as via the Feynman-Kac formula). However, standard finite

difference methods for these PDEs will suffer from the “curse of dimensionality”.

Furthermore, there are many problems (such as pricing exotic financial derivatives)

where ϕ depends on the entire trajectory of y and a PDE formulation is not possible.

Hence, in this thesis we shall focus on computing (2.0.2) by Monte Carlo simulation.

4



Therefore, the general strategy for approximating (2.0.2) that we will consider is

Definition 2.0.1 (Monte Carlo simulation of SDEs). ForN ≥ 1, define the estimator:

ϕ̄N :=
N∑
n=1

wNi ϕ(Y n,N), (2.0.3)

where
{
wNn
}

1≤n≤N are a collection of weights (typically wNn = 1
N

) and each Y n,N is a

numerical solution of (2.0.1), usually obtained from a discretized sample path of W .

Remark 2.0.2. When the weights are uniform and the numerical solutions Y n,N are

independent and identically distributed, the Monte Carlo estimator (2.0.3) becomes

ϕ̄N =
1

N

N∑
n=1

ϕ(Y n). (2.0.4)

So if ϕ(Y n) has a finite second moment, it follows from the central limit theorem that
√
N
(
ϕ̄N − E

[
ϕ(Y )

]) d−→ N
(
0,Var

(
ϕ(Y )

))
.

In other words, the estimator ϕ̄N converges to its expectation with a rate of O
(

1√
N

)
.

It should be noted that E
[
ϕ(Y )

]
will differ from the true expectation ϕ̄ = E

[
ϕ(y)

]
due

to the (weak) approximation error of the numerical solution. For standard methods,

such as the Euler-Maruyama method, this error is O(h) where h denotes the step size.

It is reasonable to ask whether there are smarter ways of designing the Monte

Carlo estimator (2.0.3) than the standard approach described by the above remark.

One popular technique is called Multilevel Monte Carlo (introduced by Giles [43])

which is a variance reduction strategy inspired by control variates and takes the form

ϕ̄N0 ,··· ,NL :=
L∑
`=0

ϕ̂N` , with ϕ̂N` :=
1

N`

N∑̀
n=1

(
ϕ
(
Y n,`
`

)
− ϕ

(
Y n,`
`−1

))
, (2.0.5)

where ϕ
(
Y−1

)
≡ 0 and each pair of numerical solutions

(
Y n,`
` , Y n,`

`−1

)
can be coupled.

The level ` often indicates the step size used to compute each numerical solution Y`

(e.g. Y0 is obtained cheaply with large steps whilst each Y n,L
L is a fine discretization).

By computing ϕ
(
Y n,`
`

)
and ϕ

(
Y n,`
`−1

)
from the same sample paths of Brownian motion

it is possible to reduce the variance of the estimator 1
N`

∑N`
n=1

(
ϕ
(
Y n,`
`

)
− ϕ

(
Y n,`
`−1

))
.

Thus, by choosing each N` appropriately, the multilevel Monte Carlo estimator (2.0.5)

will exhibit a significantly lower variance than standard estimator given by (2.0.4).

Theorem 2.0.3 (Complexity of Multilevel Monte Carlo, Theorem 1 in [44]). Suppose

that the independent estimators ϕ̂N` based on N` samples given by (2.0.5) each costs

C` and there exists positive constants α, β, γ, c1, c2, c3 such that α ≥ 1
2

min(β, γ) and
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•
∣∣E[ϕ(Y `

`

)]
− E[ϕ(y)]

∣∣ ≤ c12−α`,

• Var(ϕ̂N`) ≤ c2N
−1
` 2−β`,

• E[C`] ≤ c32γ`.

Then there exists a positive constant c4 such that for any ε < 1 there exist L ≥ 0

and {N`}0≤`≤L for which the multilevel estimator ϕ̄N0 ,··· ,NL given by (2.0.5) obtains a

mean squared error E
[(
ϕ̄N0 ,··· ,NL − E[ϕ(y)]

)2 ]
< ε2 with expected computational cost

C ≤


c4ε
−2, β > γ,

c4ε
−2(log ε)2, β = γ,

c4ε
−2− (γ−β)

α , β < γ.

(2.0.6)

Remark 2.0.4. Suppose that we discretized the SDE (2.0.1) using a numerical method

with a “weak” convergence rate (see definition 2.2.1) of O(hr) where h is the step size.

Then in order to achieve a mean squared accuracy of ε2, the standard Monte Carlo

estimator (2.0.4) would require O(ε−2) simulations (due to the Monte Carlo error)

and each simulation would require O(ε−
1
r ) steps (due to the discretization error).

Therefore the standard Monte Carlo estimator (2.0.4) has a complexity of O(h−2− 1
r ).

On the other hand, when β > γ, the multilevel estimator (2.0.5) achieves the optimal

Monte Carlo complexity of O(ε−2). That is, the average simulation has an O(1) cost.

In the multilevel Monte Carlo paradigm, three different rates appear: α, β and γ.

The rate α may be viewed simply as the “weak” convergence rate of the SDE solver,

whereas the rate β can be related to the “strong” convergence of the numerical solver

(these two types of convergence for SDE approximations are discussed in section 2.2).

For example, when the functional ϕ is assumed to be Lipschitz continuous, we have

Var(ϕ̂N`) ≤ N−1
` E

[∥∥ϕ(Y `
`

)
− ϕ

(
Y `
`−1

)∥∥2
]
≤ N−1

` ‖ϕ‖
2
Lipschitz E

[∥∥Y `
` − Y `

`−1

∥∥2
]
,

where the mean squared error E
î∥∥Y `

` − Y `
`−1

∥∥2
ó

depends on the strong convergence

of the method. The rate γ relates to how the computational cost increases with level.

Whilst the design of efficient Monte Carlo estimators is tremendously important

for SDE simulation, this thesis shall focus on the methodologies for computing the

numerical solutions Y accurately from discretized sample paths of Brownian motion.

That said, the majority of numerical methods that are proposed by this thesis will

have high convergence rates and should be compatible with the multilevel framework.

Incorporating the ideas of the thesis into more sophisticated Monte Carlo estimators

would be a step towards tackling real-world problems and thus is a goal of the author.
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2.1 Some examples of numerical methods

In this section, we will present a variety of well-known methods for discretizing (2.0.1).

For simplicity, these methods will be defined using a uniform partition 4N of [0, T ].

Definition 2.1.1 (The Euler-Maruyama method). For N ≥ 1, we can construct

a numerical solution {Yk}0≤k≤N of (2.0.1) by setting Y0 := ξ and for k ∈ [0 . . N − 1]

defining Yk+1 as

Yk+1 := Yk + f0 (Yk)h+
d∑
i=1

fi (Yk)
Ä
W

(i)
tk+1
−W (i)

tk

ä
, (2.1.1)

where h = T
N

and tk = kT
N

.

Definition 2.1.2 (The Milstein method). For a fixed N ≥ 1, we can construct a

numerical solution {Yk}0≤k≤N of (2.0.1) by setting Y0 := ξ and for k ∈ [0 . . N − 1]

defining Yk+1 as

Yk+1 := Yk + f0 (Yk)h+
d∑
i=1

fi (Yk)
Ä
W

(i)
tk+1
−W (i)

tk

ä
(2.1.2)

+
d∑

i,j=1

f ′i (Yk)fj (Yk)

(
1

2

Ä
W

(i)
tk+1
−W (i)

tk

äÄ
W

(j)
tk+1
−W (j)

tk

ä
+ A

(i,j)
tk,tk+1

− 1

2
hδij

)
,

where the antisymmetric matrix A is known as the Lévy area of Brownian motion:

A
(i,j)
tk,tk+1

:=
1

2

(∫ tk+1

tk

(
W (i)
u −W

(i)
tk

)
dW (j)

u −
∫ tk+1

tk

(
W (j)
u −W

(j)
tk

)
dW (i)

u

)
,

for i, j ∈ {1, · · · , d}, h = T
N

, tk = kT
N

and δ is the Kronecker delta. So when d = 1,

the Milstein method becomes

Yk+1 := Yk + f0 (Yk)h+ f1 (Yk)Wtk ,tk+1
+

1

2
f ′1 (Yk)f1 (Yk)

Ä
W 2
tk ,tk+1

− h
ä
, (2.1.3)

where Wtk ,tk+1
= Wtk+1

−Wtk is the increment of the Brownian motion over [tk , tk+1 ].

The methods (2.1.1) and (2.1.3) are both straightforward to implement since the

Brownian motion W has independents increments and coordinate processes {W (i)}.
So to propagate these numerical solutions we generate the Gaussian random variables

W
(i)
tk ,tk+1

∼ N (0, h), (2.1.4)

independently for i ∈ {1, · · · , d} and k ≥ 0.
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If the Brownian motion is multidimensional, the Milstien method will in general1

require one to generate the Lévy area Atk,tk+1
in addition to the increment Wtk,tk+1

.

This is known to be difficult problem [30] and algorithms for exact simulation have

only been proposed when d = 2 [38]. In Chapter 7, we will discuss Lévy area further.

As well as requiring a Jacobian matrix f ′i : Re → L
(
Re,Re

)
for each i ∈ {1, · · · , d},

the Milstein method has a higher strong convergence rate than Euler-Maruyama and,

for example, is known to outperform Euler-Maruyama for SDEs with scalar noise [54].

However in the general setting, the Euler-Maruyama and Milstein methods will both

achieve the same orders of convergence when the area As,t is omitted from (2.1.2).

The convergence rates for both of these methods will be discussed in the next section.

In Chapter 6, we shall analyse the convergence of variable step size methods using

rough path theory. Whilst the Euler-Maruyama method generally will not converge

to the true SDE solution when variable steps are used ([39] gives an example of this),

we will show that the “no-area” Milstein method (that is (2.1.2) without As,t) does

converge under certain assumptions on the vector fields {fi} and variable step sizes.

However, since this analysis relies on certain key theorems from rough path theory,

it will be necessary to write the Itô SDE (2.0.1) in the following Stratonovich form:

dyt = f̃0 (yt) dt+
d∑
i=1

fi (yt) ◦ dW (i)
t , (2.1.5)

y0 = ξ,

where f̃0(y) := f0(y)− 1
2

d∑
i=1

f ′i(y)fi(y) is the drift with the Itô-Stratonovich correction.

Since it is easier to develop high order numerical methods for Stratonovich SDEs,

the approximations presented in this thesis will directly apply to the SDE (2.1.5).

Below is a list of some low order numerical methods for the above Stratonovich SDE:

Definition 2.1.3 (The no-area Milstein method for Stratonovich SDEs).

Yk+1 := Yk + f̃0 (Yk)h+
d∑
i=1

fi (Yk)
Ä
W

(i)
tk+1
−W (i)

tk

ä
(2.1.6)

+
1

2

d∑
i,j=1

f ′i (Yk)fj (Yk)
Ä
W

(i)
tk+1
−W (i)

tk

äÄ
W

(j)
tk+1
−W (j)

tk

ä
.

1If the vector fields {fi}1≤i≤d commute according to (2.2.3) then the Atk,tk+1
terms cancel out.
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Definition 2.1.4 (The Euler-Heun method).‹Yk := Yk + f̃0 (Yk)h+
d∑
i=1

fi (Yk)
Ä
W

(i)
tk+1
−W (i)

tk

ä
,

Yk+1 := Yk + f̃0

(
Yk
)
h+

1

2

d∑
i=1

Ä
fi
(
Yk
)

+ fi
(‹Yk)äÄW (i)

tk+1
−W (i)

tk

ä
.

Definition 2.1.5 (Heun’s method (or the explicit trapezoidal rule)).

Yk+1 := Yk +
1

2

Ä
f̃0

(
Yk
)

+ f̃0

(‹Yk)äh+
1

2

d∑
i=1

Ä
fi
(
Yk
)

+ fi
(‹Yk)äÄW (i)

tk+1
−W (i)

tk

ä
.

Definition 2.1.6 (The explicit midpoint method).

Yk+1 := Yk + f̃0

Å
1

2

Ä
Yk +‹Ykäãh+

1

2

d∑
i=1

fi

Å
1

2

Ä
Yk +‹YkäãÄW (i)

tk+1
−W (i)

tk

ä
.

Except possibly Euler-Heun, these methods can be obtained by discretizing an

ODE goverened by the same vector fields but driven by a linear path Ŵ on [tk , tk+1 ]

with a second order ODE method. Since these methods match the O(
√
h) and O(h)

terms in the Taylor expansion of this ODE, they converge with variable step sizes

(Theorem 6.2.17). Finally, we shall present two high order (in a weak sense) schemes.

The first scheme (originally proposed by Talay in [88]) is based on the idea that it

is straightforward to generate a random variable with the same mean and covariance

as Brownian Lévy area and exploits the that (iterated) Itô integrals have mean zero.

Definition 2.1.7 (The Talay scheme). For a fixed N ≥ 1, we can construct a

numerical solution {Yk}0≤k≤N of (2.0.1) by setting Y0 := ξ and for k ∈ [0 . . N − 1]

defining Yk+1 as

Yk+1 := Yk +
∑
i=0

fi (Yk)W
(i)

tk,tk+1

+
d∑

i,j=0

f ′i (Yk)fj (Yk)

(
1

2
W

(i)

tk,tk+1
W

(j)

tk,tk+1
− A(i,j)

tk,tk+1
− 1

2
hδij

)
,

where W
(0)

tk,tk+1
= h and

{
W

(i)

tk,tk+1

}
1≤i≤d is a collection of independent and identically

distributed random variables with either W
(i)

tk,tk+1
∼ N (0, h) or

P
(
W

(i)

tk,tk+1
= ±
√

3h
)

=
1

6
, P

(
W

(i)

tk,tk+1
= 0
)

=
2

3
,

9



and Atk,tk+1
is an antisymmetric matrix with A

(i,0)

tk,tk+1
= A

(0,i)

s,t = 0 for 1 ≤ i ≤ d and

P
Å
A

(i,j)

tk,tk+1
= ±1

2

√
h

ã
=

1

2
,

for 1 ≤ i < j ≤ d.

For the Itô SDE (2.0.1), Talay’s scheme obtains
∣∣E[ϕ(yT )]−E[ϕ(YN)]

∣∣ = O(N−2)

provided the functional ϕ is six times continuously differentiable and has derivatives

with polynomial growth. However the “Stratonovich” version of the Talay scheme

(i.e. without the Kronecker delta) will not achieve a high rate of weak convergence.

In particular, it will not capture the expectation of the certain triple iterated integrals

in its Taylor expansion (approximations of such integrals are discussed in section 4.2).

For Stratonovich SDEs, the Ninomiya-Victoir scheme (originally proposed in [81])

is a well-known method that can be viewed as an extension of the Strang splitting.

Definition 2.1.8 (The Ninomiya-Victoir scheme). For a fixed N ≥ 1, we can

construct a numerical solution {Yk}0≤k≤N of (2.1.5) by setting Y0 := ξ and for each

k ∈ [0 . . N − 1] defining Yk+1 as

Yk+1 :=

{“Yk+1 , if nk = 1,“
Yk+1 , if nk = −1,

where nk is an independent Rademacher random variable and “Yk+1,

“
Yk+1 are given by“Yk+1 := exp

Å
1

2
hf0

ã
exp

(
W

(1)
tk,tk+1

f1

)
· · · exp

(
W

(d)
tk,tk+1

fd

)
exp

Å
1

2
hf0

ã
Yk ,“

Yk+1 := exp

Å
1

2
hf0

ã
exp

(
W

(d)
tk,tk+1

fd

)
· · · exp

(
W

(1)
tk,tk+1

f1

)
exp

Å
1

2
hf0

ã
Yk ,

with exp
(
Cfi

)
denoting the map from x ∈ Re to the solution at u = 1 of the ODE,

dz

du
= Cfi(z), z(0) = x.

Remark 2.1.9. The high order weak convergence rate of this method can be achieved

if each ODE is discretized using an explicit fourth order Runge-Kutta method [41].

It was shown in [5] that if the SDE (2.1.5) has smooth bounded vector fields

satisfying an ellipticity condition, then the Ninomiya-Victoir scheme converges in

total variation distance with order 2. That is, for t ∈ (0, T ] there exists a constant

Ct <∞ such that for any given bounded measurable function ϕ : Re → R, we have

sup
tk≥t

∣∣E[ϕ(Yk)]− E
[
ϕ
(
ytk
)]∣∣ ≤ Ct‖ϕ‖∞

N2
, ∀N ≥ 1.

Since this thesis primarily focuses on strong approximations, we refer the reader

to Chapters 14 and 15 of [62] for an overview of weak numerical methods for SDEs.
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2.2 Types of convergence for numerical methods

In this section, we consider how the convergence of SDE methods can be quantified.

Since we are usually interested in computing the expectation of a functional (2.0.2),

a natural measure of convergence for SDE numerical methods is “weak” convergence:

Definition 2.2.1 (Weak convergence). A numerical solution Y for (2.0.1) is said

to converge in a weak sense with order β if for any polynomial p there exists Cp > 0

such that

|E [ p (YN)]− E [ p (yT )] | ≤ Cp h
β, (2.2.1)

for all sufficiently small step sizes h = T
N

.

On the other hand, there are situations where we would like the entire trajectory

of the numerical solution Y to be accurate and a notation of “pathwise” accuracy

should also help reduce the variance of the Multilevel Monte Carlo estimator (2.0.5).

The most popular measure for “strong” convergence is defined using the L2(P) norm:

Definition 2.2.2. We define the L2(P) norm of an Re-valued random variable Z as

‖Z‖L2(P) :=
»

E
[
‖Z‖2

2

]
. (2.2.2)

We shall now define the order of strong convergence for SDE numerical methods.

Definition 2.2.3 (Strong convergence). A numerical solution Y for (2.0.1) is said

to converge in a strong sense with order α if there exists a constant C > 0 such that

‖YN − yT‖L2(P) ≤ Chα,

for all sufficiently small step sizes h = T
N

.

The convergence rates for the Euler-Maruyama and Milstein methods are given below:

Theorem 2.2.4. Let y denote the true solution of (2.0.1) over the interval [0, T ]

where f0 , f1 , · · · , fd are bounded smooth vector fields on Re with bounded derivatives.

Let Y eul and Y mil denote the numerical solutions of (2.0.1) on [0, T ] obtained from

the initial condition y0 using the Euler-Maruyama and Milstein methods respectively.

Then Y eul converges strongly with order 0.5, Y mil converges strongly with order 1.0

and both methods will converge weakly with order 1.0. Without the Lévy area term,

the Milstein method converges strongly with order 0.5 and weakly with order 1.0.

Furthermore, if the “noise” vector fields {fi}1≤i≤d satisfy the commutativity condition

f ′i(x)fj(x) = f ′j(x)fi(x), ∀x ∈ Re, (2.2.3)

for i, j ∈ {1, · · · , d}, the no-area Milstein method converges strongly with order 1.0.
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As the Euler-Maruyama and no-area Milstein methods have a strong convergence

rate of O
(√

h
)

for general SDEs, it is reasonable to ask if there exist approximations

defined from the increments of W that achieve higher orders of strong convergence.

In 1980, Cameron and Clark [21] addressed this question with the following example:

Theorem 2.2.5 (An example of a slow best rate). Consider the following Itô SDE:

dxt = yt dW
(1)
t , (2.2.4)

dyt = dW
(2)
t ,

where W (1) and W (2) are two independent Brownian motions and x0 = 0, y0 = 0.

For T > 0, N ≥ 1, Let PN be the σ-algebra generated by
{
W

(1)
kT
N

,W
(2)
kT
N

}
0≤k≤N

. Then

∥∥xT − E
[
xT |PN

]∥∥
L2(P)

=
T

2

Å
1

N

ã 1
2

. (2.2.5)

Corollary 2.2.6. For a general Itô SDE, any numerical method which uses only

increments of the Brownian motion cannot converge strongly with an order above 0.5.

Proof. Since the Milstein method converges strongly with order 1.0 (Theorem 2.2.4),

it is enough to argue that no “increment only” method can approximate the Milstein

numerical solution Y mil with an order above 0.5. This follows immediately from

Theorem 2.2.5 as Milstein’s method requires iterated integrals of Brownian motion,

(or equivalently Lévy area) which requires one to solve the Itô SDE (2.2.4).

In addition, it was shown in [30] that any approximation of the SDE (2.2.4) which

is measurable with respect to N Gaussian random variables (which are expressible as

linear functionals on W ) cannot have a strong convergence rate better than O
(
N−

1
2

)
.

Since “increment only” methods for (2.0.1) usually have a strong convergence rate

of O
(√

h
)
, the Euler-Maruyama method is appealing as it’s computationally cheap.

On the other hand, these complexity results do not give upper bounds for the weak

convergence of numerical methods. For example, the Talay and Ninomiya-Victoir

schemes both achieve a second order weak convergence rate (see previous section).

In fact, methods can be constructed to have higher orders of weak convergence [62].

Numerical methods can also achieve convergence rates better than O
(√

h
)

in the

Wasserstein metric (which is defined by the Lp(P) norm and a probabilistic coupling).

Such an approximation was proposed by Davie in [27] and further analysed in [34].

In Chapter 7, we consider possible improvements to Davie’s approximation of (2.2.4).
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Fortunately, there are SDEs used in practice which satisfy the commutativity

condition (such as SDEs driven by a single Brownian motion or with additive noise).

In Chapters 4 and 5, we shall consider the d = 1 case and be primarily interested in

numerical methods that can achieve high orders of both strong and weak convergence.

In addition, we will develop methods for additive noise SDEs in sections 4.4 and 5.3.

Our approaches are based on a new polynomial representation of Brownian motion

(Theorem 4.1.12) and its direct applications to approximating stochastic integrals.

In Chapter 6, we incorporate some of these ideas into a variable step size framework.

2.3 The stochastic Taylor expansion

Just as for ODEs, numerical methods for SDEs can be analysed via Taylor expansions.

Therefore, the general strategy used to develop and analyse methods in this thesis is

Step 1. We first consider a high order Taylor approximation of the SDE (2.1.5)

when the commutativity condition (2.2.3) is satisfied. In Chapters 4 and 5, we focus

on Taylor expansions containing terms with an L2(P) norm that is at least O(h2).

When we assume the SDE has bounded smooth vector fields with bounded derivatives,

it will follow that the approximation has a local error that is O
(
h

5
2

)
in an L2(P) sense

(by Theorem 4.3.1).

Step 2. The Taylor approximation described in Step 1 contains certain integrals:∫ t

s

◦ dWu ,

∫ t

s

∫ u

s

◦ dWv du,

∫ t

s

∫ u

s

dv ◦ dWu , (2.3.1)∫ t

s

∫ u

s

∫ v

s

◦ dWr ◦ dWv du,

∫ t

s

∫ u

s

∫ v

s

◦ dWr dv ◦ dWu ,

∫ t

s

∫ u

s

∫ v

s

dr ◦ dWv ◦ dWu .

Whilst the integrals in the first line are Gaussian and can be generated, the integrals

given in the second line are non-Gaussian and currently can only be approximated.

Two key results in the thesis (Theorems 4.2.8 and 5.1.2) give the mean and variance

of these non-Gaussian triple iterated integrals conditional on the Gaussian integrals.

When the Brownian motion is multidimensional, there are also integrals of the form∫ t

s

∫ u

s

∫ v

s

◦ dW (i)
r ◦ dW (j)

v du, (i 6= j)

We present the conditional expectations of these iterated integrals in Theorem 4.4.1.

Step 3. By applying these new unbiased integrals estimators for (2.3.1) to the

Taylor approximation in Step 1, we can derive an explicit stochastic Taylor method.
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We then wish to design efficient and practical numerical methods that are locally

O
(
h

5
2

)
close to this high order stochastic Taylor approximation (in an L2(P) sense).

In Chapters 4 and 5, we shall be considering the following types of numerical method:

• Log-ODE methods (definition 4.3.4)

• Stochastic Runge-Kutta methods (definition 4.4.3)

• Piecewise linear ODE methods (definitions 5.1.6, 5.1.11 and 5.2.2)

It is worth noting that the analysis of above methods also requires Taylor expansions.

Therefore, we will now present the Stratonovich-Taylor expansion for the SDE (2.1.5).

To do this, we shall first identify vector fields with differential operators as follows:

Definition 2.3.1 (Vector fields as differential operators). Let V : Rn → Rn be

a vector field on Rn. Then we can identify V with the first order differential operator

n∑
i=1

Vi(x)
∂

∂xi
, (2.3.2)

where V = (V1 , V2 , · · ·, Vn) and the variables {xi} come from a choice of basis of Rn.

Definition 2.3.2. For vector fields U, V on Rn, we can define the differential operator

UV :=

(
n∑
i=1

Ui(x)
∂

∂xi

)(
n∑
j=1

Vj(x)
∂

∂xj

)
(2.3.3)

=
n∑

i,j=1

Ui(x)
∂Vj
∂xi

(x)
∂

∂xj
+

n∑
i,j=1

UiVj
∂2

∂xi∂xj
.

Definition 2.3.3 (Vector field Lie bracket). Let U and V be vector fields on Rn.

We shall define the Lie bracket of U and V as the first order differential operator:

[U , V ] := UV − V U =
n∑

i,j=1

Å
Ui(x)

∂Vj
∂xi

(x) − Vi(x)
∂Uj
∂xi

(x)

ã
∂

∂xj
. (2.3.4)

Remark 2.3.4. The Lie bracket [U , V ] does not depend on the choice of basis of Rn.

Whilst the stochastic Taylor expansion of (2.1.5) is detailed in Chapter 5 of [62],

it will be more convenient to use the notation that is given by Proposition 1.1 of [6].

Definition 2.3.5. Let A∗ :=
⋃
k≥0{0, 1, · · · , d}k denote the set of all multi-indices.

For a multi-index I = (i1 , · · · , ik) ∈ A∗, we define the degree of I by deg(∅) = 0 and

deg(I) := k +
∣∣{j ∈ {1, · · · , k} : ij = 0}

∣∣. (2.3.5)
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Theorem 2.3.6 (Stratonovich-Taylor expansion). Let m ≥ 0 be a fixed constant.

Suppose that F : Re → Re is an (m + 2)-times continuously differentiable function.

Let y be the unique solution of (2.1.5) where the d + 1 vector fields {fi}0≤i≤d on Re

are smooth, bounded and with bounded derivatives. Then F (yt) can be expanded as

F (yt) =
∑

I=(i1 ,··· ,ik)∈A∗
deg(I)≤m, k≥0

fi1 · · · fikF (y0)W I
t +Rm(t, y0 , F ), (2.3.6)

where for each multi-index I = (i1 , · · · , ik), the Stratonovich integral W I
t is defined as

W I
t :=

∫ t

0

∫ tk

0

· · ·
∫ t2

0

◦ dW (i1)
t1 · · · ◦ dW

(ik)
tk

, (2.3.7)

with W ∅
t ≡ 1 and the zero coordinate of W denoting time (i.e. W

(0)
t := t for t ≥ 0).

Furthermore, there exists a constant C > 0 such that the remainder term Rm satisfies

sup
y0∈Re

‖Rm(t, y0 , F )‖L2(P) ≤ Ct
1
2(m+1+1{t>1}) sup

I=(i1 ,··· ,ik)∈A∗
m<deg(I)≤m+2 , k≥0

‖fi1 · · · fikF‖∞ . (2.3.8)

In particular, the remainder term Rm(t) is O
(
t
1
2

(m+1)
)

in an L2(P) sense for t < 1.

In Chapters 4 and 5, we will apply this stochastic Taylor expansion when F (y) = y,

m = 4 and the vector fields {fi}1≤i≤d satisfy the commutativity condition (2.2.3).

When d = 1, we explicitly write (2.3.6) in terms of {fi, f ′i , f ′′i }0≤i≤d (Theorem 4.3.1).

Throughout the thesis we assume the vector fields {fi} are smooth and bounded

with bounded derivatives. However, it is possible to establish convergence rates for

strong approximations of Stratonovich SDEs under significantly weaker assumptions.

We informally describe the conditions required by Theorem 10.7.1 from [62] below:

• (Lipschitz condition)
∣∣fi1 · · · fikId(t, x) − fi1 · · · fikId(t, y)

∣∣ ≤ K1|x − y| for all

x, y ∈ Re and multi-indices I = (i1, · · · , ik) with deg(I) ≤ m.

• (Technical conditions) These are regularity and integrability conditions on each

fi1 · · · fikId so that
∥∥ ∫ t

0

∫ tk
0
· · ·
∫ t2

0
fi1 · · · fikId(t1, yt1) ◦ dW

(i1)
t1 · · · ◦ dW

(ik)
tk

∥∥
L2(P)

exists and is finite (for all multi-indices I = (i1, · · · , ik) with deg(I) ≤ m).

• (Linear growth condition)
∣∣fi1 · · · fikId(t, x)

∣∣ ≤ K2

(
1 + |x|

)
for all multi-indices

I = (i1, · · · , ik) with deg(I) ≤ m+ 2.

At the very least, we expect that the methods proposed in Chapters 4 and 5 will

achieve their high convergence rates when f0 is three times differentiable, {fi}i≥1 are

four times differentiable and all the vector fields and their derivatives are bounded.

Analysing our proposed methods under weaker conditions will be left as future work.
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Chapter 3

Elements of rough path theory

In this chapter, we shall give a brief overview of rough path theory. In particular,

we will focus on the fundamental concepts that will be most relevant to the thesis.

Detailed accounts of rough path theory are given by the books of Friz & Hairer [36]

and Friz & Victoir [37] as well as the lecture notes of Lyons, Caruana and Lévy [72].

The theory of rough paths was introduced in 1998 by Terry Lyons is his paper

“Differential equations driven by rough signals” (see [70] for further information).

Rough path theory provides an integration theory for controlled differential equations,

which are a natural generalization of SDEs/ODEs and can be expressed succinctly as

dYt = f(Yt) dXt , (3.0.1)

where the solution Y takes values in a Banach space W , the path X takes values in

a Banach space V and f : W → L(V,W ) denotes a collection of vector fields on W .

The crucial observation of rough path theory is that when X is sufficiently irregular,

additional information about the path X is required for the solution Y to be defined.

In particular, this information can be viewed as the iterated integrals of the path X.

For example, if the driving path is Brownian motion (possibly coupled with time),

this information can encode whether (3.0.1) is defined in an Itô or Stratonovich sense.

By viewing an SDE as a “rough differential equation”, we can study the solution Y

in a pathwise manner. This interpretation complements the classical theory of SDEs

and gives a topology where Y is well-posed (and thus depends continuously on X).

An important object within this theory is the so-called enhanced Brownian motion:

Definition 3.0.1. Let W be a d-dimensional Brownian motion on the interval [0, T ].

For T > 0, let ∆T :=
{

(s, t) : 0 ≤ s ≤ t ≤ T
}

. Using Itô or Stratonovich integration,

we shall define a stochastic process W taking values in T (2)
(
Rd
)

:= R⊕Rd⊕
(
Rd
)⊗2

.

We will refer to the processW : ∆T → T (2)
(
Rd
)

as an enhanced Brownian motion
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in the Itô sense if, almost surely, we have the following increment for (s, t) ∈ ∆T ,

Ws,t =

(
1 ,

∫ t

s

dWu ,

∫ t

s

∫ u

s

dWv ⊗ dWu

)
. (3.0.2)

Likewise, an enhanced Brownian motion in the Stratonovich sense is given by

Ws,t =

(
1 ,

∫ t

s

◦ dWu ,

∫ t

s

∫ u

s

◦ dWv ⊗ ◦ dWu

)
. (3.0.3)

Remark 3.0.2. It can be show that (3.0.2) and (3.0.3) are p-rough paths with p > 2.

The classical argument is to construct a sequence of discrete approximations of W

and consider the limiting object. For example, we could approximate (3.0.3) using

piecewise linear discretizations of W and then apply a correction term to get (3.0.2).

These “rough path lifts” of Brownian motion will be discussed further in section 3.2.

(For a comprehensive account of enhanced Brownian motion, see Chapter 13 of [37]).

Another key observation provided by rough path theory is that when the driving

path X has controlled roughness (i.e. finite p-variation), the governing vector fields

must compensate for this and have sufficient regularity for (3.0.1) to be well posed.

This notion of regularity is referred to as Lip(γ) and is originally due to E. Stein [87].

Definition 3.0.3. A function f : Re → Re is said to be Lip(γ) with γ > 1 if

it is bounded with bγc bounded derivatives, the last being Hölder continuous with

exponent (γ−bγc). We say that f is Lip(1) if it is bounded and Lipschitz continuous.

In addition to the analytic results concerning controlled differential equations,

there are also algebraic aspects to rough path theory. These arise immediately when

one considers the increments and iterated integrals of a bounded variation path X:∫ t

s

Xs,v dXv =

∫ u

s

Xs,v dXv +Xs,uXu,t +

∫ t

u

Xu,v dXv , (3.0.4)

where these integrals are defined in the Riemann-Stieltjes sense and Xs,v := Xv−Xs .

The above equality follows from standard properties of integration and implies that(
1 ,

∫ t

s

dXv ,

∫ t

s

∫ v

s

dXr ⊗ dXv

)
(3.0.5)

=

(
1 ,

∫ u

s

dXv ,

∫ u

s

∫ v

s

dXr ⊗ dXv

)
⊗

(
1 ,

∫ t

u

dXv ,

∫ t

u

∫ v

u

dXr ⊗ dXv

)
,

where the middle ⊗ denotes the tensor product on T (2)
(
Rd
)

:= R ⊕ Rd ⊕
(
Rd
)⊗2

.

The identity (3.0.5) can be seen as an example of Chen’s relation (Theorem 3.1.20),

which is a fundamental property that is used to define rough paths more generally.

We begin the chapter by giving an overview of the algebraic side to rough path theory.
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3.1 Signatures and tensor algebras

One of the central objects within rough path theory is the so-called “path signature”.

In order to define the signature, it will be necessary to consider the following spaces:

Definition 3.1.1. We say that T
(
Rd
)

:=
⊕

k≥0

(
Rd
)⊗k

is the tensor algebra of Rd

and T
((
Rd
))

:=
¶
a =

(
a0 , a1 , · · ·

)
: ak ∈

(
Rd
)⊗k ∀k ≥ 0

©
is the set of formal series

of tensors of Rd. Moreover, T
(
Rd
)

and T
((
Rd
))

can be endowed with the operations

of addition and multiplication. Given a = (a0 , a1 , · · · ) and b = (b0 , b1 , · · · ), we have

a+ b =
(
a0 + b0 , a1 + b1 , · · ·

)
, (3.1.1)

a⊗ b =
(
c0 , c1 , c2 , · · ·

)
, (3.1.2)

where for n ≥ 0, the n-th term cn ∈
(
Rd
)⊗n

can be written using tensor notation as

cn :=
n∑

k=0

ak ⊗ bn−k . (3.1.3)

The operation ⊗ given by (3.1.2) is called the “tensor product”.

Remark 3.1.2. With these operations, we have that T
(
Rd
)

and T
((
Rd
))

are algebras.

Due to the structure of T
(
Rd
)
, we can study certain finite dimensional subspaces:

Definition 3.1.3. For N ≥ 0, we say that T (N)
(
Rd
)

:=
⊕N

k=0

(
Rd
)⊗k

is the N -step

truncated tensor algebra of Rd, which we can endow with addition and multiplication.

For a, b ∈ T (N)
(
Rd
)
, we define a ⊗ b := PN(ιN(a) ⊗ ιN(b)) where the functions

PN : T
((
Rd
))
→ T (N)

(
Rd
)

and ιN : T (N)
(
Rd
)
→ T

((
Rd
))

are the natural projection

and inclusion maps. In particular, T (N)
(
Rd
)

is not a subalgebra of T
(
Rd
)

or T
((
Rd
))

.

Remark 3.1.4. There are natural isomorphisms between the algebras T
((
Rd
))

, T
(
Rd
)
,

T (N)
(
Rd
)

and certain spaces of non-commutative polynomials (that have d variables).

Let A be an alphabet with d letters and R〈〈A〉〉 denote the space of all formal series

over R in non-commutative variables from A. Similarly, let R〈A〉 be the associated

subspace of polynomials (i.e formal series with a finite number of non-zero terms).

It is worth noting that the standard notions of addition and multiplication in R〈A〉
immediately extend to R〈〈A〉〉. In other words, R〈〈A〉〉 and R〈A〉 are both algebras.

Moreover, it is then a straightforward exercise to establish the identifications below.

T
((
Rd
))
' R〈〈A〉〉,

T
(
Rd
)
' R〈A〉,

T (N)
(
Rd
)
' {p ∈ R〈A〉 : deg p ≤ N }.
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In rough path theory, there are three important functions defined on these spaces.

Definition 3.1.5 (The exponential of a formal series). We define the function exp as

exp : T
((
Rd
))
→ T1

((
Rd
))
, (3.1.4)

a 7→
∞∑
n=0

a⊗n

n!
, (3.1.5)

where a = (a0 , a1 , a2 , · · · ) is an element of T
((
Rd
))

and the set T1

((
Rd
))

is given by

T1

((
Rd
))

:=
{
a ∈ T

((
Rd
))

: a0 = 1
}
. (3.1.6)

Remark 3.1.6. The series (3.1.5) is defined as the limit of the partial sums
Ä∑N

n=0
a⊗n

n!

ä
.

It is straightforward to verify that this limit is well-defined in the coordinatewise sense.

Definition 3.1.7 (The logarithm of a formal series). For a = (a0 , a1 , · · · ) ∈ T
((
Rd
))

with a0 > 0, define log(a) to be the element of T
((
Rd
))

given by the following series:

log(a) := log(a0) +
∞∑
n=1

(−1)n

n

Å
1− a

a0

ã⊗n
, (3.1.7)

where 1 = (1, 0, · · · ) is the unit element of T
((
Rd
))

and log(a0) is viewed as log(a0)1.

Remark 3.1.8. The series (3.1.7) is locally finite, and thus defined purely algebraically.

(That is, for any k, the entries with degree k can be written as a finite sum of terms)

Definition 3.1.9 (The inverse of a formal series). For a = (a0 , a1 , · · · ) ∈ T
((
Rd
))

with a0 6= 0, we define a−1 to be the element of T
((
Rd
))

given by the following series:

a−1 := a−1
0

∞∑
n=0

Å
1− a

a0

ã⊗n
. (3.1.8)

Remark 3.1.10. As before, the series (3.1.8) is locally finite and therefore well-defined.

Similar to (3.1.6), we will also consider the subset of T
((
Rd
))

with leading term zero.

T0

((
Rd
))

:=
{
a ∈ T

((
Rd
))

: a0 = 0
}
. (3.1.9)

Given these functions, one can immediately prove a number of elementary properties.

In particular, when the domain of the exponential function (3.1.5) is restricted to

T0

((
Rd
))

and the domain of the logarithm function (3.1.7) is restricted to T1

((
Rd
))

,

it is straightforward to directly verify that exp and log are inverses of one another.

Similarly, it can be shown that the formula (3.1.8) for a−1 satisfies a−1a = aa−1 = 1.

As one would expect, there is also an identity concerning the inverse of an exponential.

We will give these results in the below theorem (see chapter 2 of [72] for more details).
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Theorem 3.1.11 (Basic properties of the exponential, logarithm and inverse maps).

The maps exp : T0

((
Rd
))
→ T1

((
Rd
))

and log : T1

((
Rd
))
→ T0

((
Rd
))

are inverses

of each other. In addition, there exists an inverse map a 7→ a−1 on the subset

T
((
Rd
))
\T0

((
Rd
))

given by the series (3.1.8). We also have the following identities:

exp(0) = 1,

log(1) = 0,

exp(a)−1 = exp(−a),

log
(
a−1
)

= − log(a).

In addition, these maps can be defined on the truncated tensor algebra T (N)
(
Rd
)
.

To do this, we will first consider the projection and inclusion maps on these algebras.

Definition 3.1.12 (Projection and inclusion maps). Let PN : T
((
Rd
))
→ T (N)

(
Rd
)

be the natural projection map and ιN : T (N)
(
Rd
)
→ T

((
Rd
))

be the inclusion map.

Let πN : T
((
Rd
))
→
(
Rd
)⊗N

denote the projection onto the N th tensor power of Rd.

We can now define truncated versions of exp, log and (·)−1 using the above maps.

Definition 3.1.13 (The exponential, logarithm and inverse functions on T (N)
(
Rd
)
).

Consider the subset of T (N)
(
Rd
)

given by T
(N)
+

(
Rd
)

:=
{
a ∈ T (N)

(
Rd
)

: π0(a) > 0
}

.

We can define the exponential and logarithm maps on these (truncated) domains as

exp(N) : T (N)
(
Rd
)
→ T (N)

(
Rd
)
, (3.1.10)

a 7→
(
PN ◦ exp ◦ ιN

)
(a),

log(N) : T
(N)
+

(
Rd
)
→ T (N)

(
Rd
)
, (3.1.11)

a 7→
(
PN ◦ log ◦ ιN

)
(a),

and for a = (a0 , a1 , · · · , an) ∈ T (N)
(
Rd
)

with a0 6= 0, we can define the inverse a−1 as

a−1 := PN
(
ιN(a)−1

)
. (3.1.12)

Remark 3.1.14. The above maps will satisfy a “truncated version” of Theorem 3.1.11.

Throughout this chapter, we shall see that there are additional algebraic structures

within T (N)
(
Rd
)
. In particular, there is a free nilpotent Lie group which will enable

us to study certain group-valued rough paths that have desirable analytic properties.

The logarithm map (3.1.11) then maps this Lie group to a certain free Lie algebra.

This connection with Lie theory will become relevant in the next section, where we

introduce the geometric rough paths (which satisfy an integration by parts formula).
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We will now define the signature of a finite variation path X taking values in Rd.

Definition 3.1.15. The path X : [0 , T ] → Rd is said to have finite variation if

‖X‖1-var;[0,T ] := sup
D

∑
k

‖Xtk+1
−Xtk‖ <∞, (3.1.13)

where ‖ · ‖ is a norm on Rd and the supremum is taken over all partitions D of [0, T ].

Definition 3.1.16. The signature of a finite variation path X : [0, T ] → Rd over

the interval [s, t] is defined as the following collection of Riemann-Stieltjes integrals:

Ss,t
(
X
)

:=
(

1 , X
(1)
s,t , X

(2)
s,t , X

(3)
s,t , · · ·

)
∈ T

((
Rd
))
, (3.1.14)

where for n ≥ 1,

X
(n)
s,t :=

∫
· · ·
∫

s<u1< ···<un<t

dXu1 ⊗ · · · ⊗ dXun ∈
(
Rd
)⊗n

. (3.1.15)

Similarly, we can define the N -step (or truncated) signature of the path X on [s, t].

S
(N)
s,t

(
X
)

:=

(
1 ,

∫
s<u1<t

dXu , · · · ,
∫
· · ·
∫

s<u1< ···<uN<t

dXu1 ⊗ · · · ⊗ dXuN

)
∈ T (N)

(
Rd
)
.

(3.1.16)

The signature gives a high level description of the path and has seen a number of

recent applications within machine learning [71]. One of the main reasons for this,

is that Ss,t
(
X
)

uniquely determines the path X on the interval [s, t] modulo certain

equivalences [52] (for example Ss,t
(
X
)

does not depend on the parametrization of X).

The following theorem indicates that the signature is related to the exponential map.

Theorem 3.1.17 (The signature of a linear path). Suppose that Xu = Xs+λ(u− s)
for u ∈ [s, t] where λ ∈ Rd is some constant. Then the signature of X over [s, t] is

Ss,t
(
X
)

= exp
(
ι1
(
0, λ(t− s)

))
, (3.1.17)

where exp is the exponential given by (3.1.5) and ι1 is an inclusion map into T
((
Rd
))

.

Remark 3.1.18. With a slight abuse of notation, we will no longer display the map ι1.

Hence the (truncated) signature of the linear path X can be concisely expressed as

Ss,t
(
X
)

= exp
(
Xs,t

)
, (3.1.18)

SNs,t
(
X
)

= exp(N)
(
Xs,t

)
. (3.1.19)
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Definition 3.1.19. The log-signature of a path X is log
(
Ss,t
(
X
))
∈ T0

((
Rd
))

.

Similar to before, we can also define the N -step log-signature as log(N)
(
S

(N)
s,t

(
X
))

.

By applying the logarithm, we see the log-signature of a linear path X is Xs,t .

Moreover, we will see that the log-signature is an important quantity in rough path

theory and leads to the “log-ODE method” (which will be presented in section 3.4).

To conclude this section, we shall discuss a key property of signatures known as

Chen’s relation, which allows us to interpret the signature map as a homomorphism.

Theorem 3.1.20 (Chen’s relation). Let X : [0, T ]→ Rd be a finite variation path.

Then for s, u, t ∈ [0, T ] with s ≤ u ≤ t, the signatures on [s, u], [u, t], [s, t] satisfy

Ss,t
(
X
)

= Ss,u
(
X
)
⊗ Su,t

(
X
)
, (3.1.20)

where ⊗ is the tensor product given by definition 3.1.1. Similarly, we have

S
(N)
s,t

(
X
)

= S(N)
s,u

(
X
)
⊗ S(N)

u,t

(
X
)
. (3.1.21)

Proof. The result follows directly from the additivity and linearity of integration.

Remark 3.1.21. Suppose that X and Y are finite variation paths on the intervals [s, u]

and [u, t] respectively (both taking values in Rd). Then (3.1.20) can be expressed as

Ss,t
(
X ∗ Y

)
= Ss,u

(
X
)
⊗ Su,t

(
Y
)
, (3.1.22)

where ∗ is path concatenation. In this sense, we see that the signature transform

X 7→ S(X) is a homomorphism from the monoid of finite variation paths to T1

((
Rd
))

.

Moreover, we can take the view that the signature map is a homomorphism further.

Concatenating a path X with its reverse path
←−
X does not result in the “zero path”.

However, the resulting path X ∗
←−
X has no total increment or any enclosed area over

the interval and thus can be viewed as a “tree-like” excursion from the zero path.

This then implies that X ∗
←−
X has trivial iterated integrals and so S

(
X ∗
←−
X
)

= 1.

Theorem 3.1.22 (The inverse signature of a path). Let X be a finite variation path

over the interval [s, t]. Then the inverse signature of the path X can be expressed as

Ss,t
(
X
)−1

= Ss,t
Ä←−
X
ä
, (3.1.23)

where
←−
X :=

{
Xt−(u−s)

}
u∈ [s,t ]

is the path X run backwards. Similarly, we also have

S
(N)
s,t

(
X
)−1

= S
(N)
s,t

Ä←−
X
ä
. (3.1.24)

Remark 3.1.23. In this sense, the signature map can be viewed as a homomorphism

from the group of finite variation paths (modulo tree-like excursions) into T1

((
Rd
))

.
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3.2 Rough paths and the p-variation metric

Having previously discussed certain algebraic structures defined using tensors of Rd,

we shall now turn our attention to some of the analytic aspects of rough path theory.

To begin, we will equip the tensor algebra T
(
Rd
)

with the following family of norms:

Definition 3.2.1 (Admissible norms on tensor products). We say that the tensor

powers of Rd are endowed with admissible norms if the below conditions are satisfied:

1. The n-th norm ‖ · ‖ on
(
Rd
)⊗n

is invariant under the symmetric group Sn , i.e.

‖σv‖ = ‖v‖, ∀v ∈
(
Rd
)⊗n

, ∀σ ∈ Sn . (3.2.1)

2. The tensor product has an operator norm of 1. That is, for n,m ≥ 1, we have

‖v ⊗ w‖ ≤ ‖v‖‖w‖, ∀v ∈
(
Rd
)⊗n

, ∀w ∈
(
Rd
)⊗m

. (3.2.2)

Definition 3.2.2 (Examples of admissible norms on T
(
Rd
)
). Let v ∈

(
Rd
)⊗n

. Then

• the projective norm of v is

‖v‖1 :=
∑

i1 ,i2 , ··· ,in∈{1,··· ,d}

∣∣v i1,i2 , ··· ,in∣∣ , (3.2.3)

• the injective norm of v is

‖v‖∞ := sup
i1 ,i2 , ··· ,in∈{1,··· ,d}

∣∣v i1,i2 , ··· ,in∣∣ , (3.2.4)

• the L2 norm of v is

‖v‖2 :=

√ ∑
i1 ,i2 , ··· ,in∈{1,··· ,d}

∣∣v i1,i2 , ··· ,in∣∣2 , (3.2.5)

As indicated in the previous section, the truncated signature of a finite variation

path can itself be viewed as a path taking values in a certain group within T (N)
(
Rd
)
.

This is referred to as the “N -step free nilpotent group” GN
(
Rd
)
, and is defined below.

Definition 3.2.3 (TheN -step free nilpotent group). Consider the subset of T (N)
(
Rd
)
,

GN
(
Rd
)

:=
{
S

(N)
0 ,1

(
X
)

: X is a finite variation path taking values in Rd
}
. (3.2.6)

Then by Chen’s relation, GN
(
Rd
)

becomes a group under the tensor product (3.1.2).
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Associated with the Lie group GN
(
Rd
)

is the “N -step free Lie algebra” gN
(
Rd
)
.

Definition 3.2.4 (TheN -step free Lie algebra). Consider the commutator Lie bracket

[a, b] := a⊗ b− b⊗ a, (3.2.7)

for a, b ∈ T
((
Rd
))

. Then for subspaces U and V of T
((
Rd
))

, we can define the space

[U, V ] := R
〈{

[a, b] : a ∈ U, b ∈ V
}〉
⊆ T

((
Rd
))
. (3.2.8)

The N -step free Lie algebra gN
(
Rd
)

is the smallest subalgebra of T (N)
(
Rd
)

that

contains Rd and is closed under the Lie bracket (3.2.7). That is, gN
(
Rd
)

is given by

gN
(
Rd
)

= Rd ⊕
[
Rd, Rd

]
⊕ · · · ⊕

[
Rd,
[
. . . ,

[
Rd, Rd

]]]︸ ︷︷ ︸
(N−1) brackets

. (3.2.9)

Using the exponential map, we can give the key relationship between GN and gN .

Theorem 3.2.5. The N-step free nilpotent group GN
(
Rd
)

can also be expressed as

GN
(
Rd
)

= exp(N)
(
gN
(
Rd
))
, (3.2.10)

and

GN
(
Rd
)

=

{
m⊗
i=1

exp(N)(xi) : x1 , · · · , xm ∈ Rd

}
. (3.2.11)

As one would expect, we can extend the above definitions and hence construct

the full nilpotent Lie group G
(
Rd
)

and free Lie algebra g
(
Rd
)

as subsets of T
((
Rd
))

.

Definition 3.2.6 (The full Lie group and Lie algebra). We define the set G
(
Rd
)

as

G
(
Rd
)

:=
{
S0 ,1

(
X
)

: X is a finite variation path taking values in Rd
}
. (3.2.12)

Then by Chen’s relation, G
(
Rd
)

becomes a group under the tensor product.

We can also define the free Lie algebra g
(
Rd
)

as the smallest subalgebra of T
((
Rd
))

that contains Rd and is closed under the Lie bracket (3.2.7). Thus, g
(
Rd
)

is given by

g
(
Rd
)

=
{
a ∈ T

((
Rd
))

: PN(a) ∈ gN
(
Rd
)
, ∀N ≥ 0

}
. (3.2.13)

Remark 3.2.7. In the remainder of this chapter, we may refer to elements of the

algebra g
(
Rd
)

as Lie series and say that elements of
⋃
N≥0

gN
(
Rd
)

are Lie polynomials.

Remark 3.2.8. For N ≥ 0, we have GN
(
Rd
)

= PN
(
G
(
Rd
))

and gN
(
Rd
)

= PN
(
g
(
Rd
))

.
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As before, the exponential map gives a key connection between G
(
Rd
)

and g
(
Rd
)
.

Theorem 3.2.9. The free Lie group G
(
Rd
)

and Lie algebra g
(
Rd
)

can be related by

G
(
Rd
)

= exp
(
g
(
Rd
))
. (3.2.14)

A useful concept within Chapter 6 will be the “homogeneous” norm on GN
(
Rd
)
.

Definition 3.2.10. A homogeneous norm on the N -step free nilpotent group is a

function ‖·‖ : GN
(
Rd
)
→ [0,∞) that is continuous and satisfies the below conditions:

1. ‖g‖ = 0 if and only if g is the unit element 1 ∈ GN
(
Rd
)
.

2. For any element g ∈ GN
(
Rd
)

and scalar λ ∈ R, we have the following equality:

‖δλ(g)‖ = |λ| · ‖g‖, (3.2.15)

where δλ : T
(
Rd
)
→ T

(
Rd
)

is the dilation map with the defining property that

πn
(
δλ(g)

)
= λnπn(g), (3.2.16)

for n ≥ 0.

In addition, a homogeneous norm on GN
(
Rd
)

is said to be symmetric if ‖g‖ = ‖g−1‖
and subadditive if ‖g⊗h‖ ≤ ‖g‖+‖h‖ (where ⊗ denotes the usual tensor product).

Remark 3.2.11. The classic example of a homogeneous norm on GN
(
Rd
)

is given by

‖g‖G := max
k=1,2, ··· ,N

‖πk(g)‖
1
k , (3.2.17)

for g ∈ GN
(
Rd
)
, where the above ‖·‖ form a family of admissible norms on T (N)

(
Rd
)
.

In general, the homogeneous norm given by (3.2.17) is not symmetric or subadditive.

Remark 3.2.12. Just as for norms on Rd and admissible norms on T
(
Rd
)
, we have

that all the homogeneous norms on the free nilpotent group GN
(
Rd
)

are equivalent.

So for homogeneous norms ‖ · ‖1 and ‖ · ‖2 , there exists a constant C ≥ 1 such that

1

C
‖g‖1 ≤ ‖g‖2 ≤ C‖g‖1 , (3.2.18)

for all g ∈ GN
(
Rd
)
.

Given the above definitions, we would like to explicitly find a homogeneous norm

on the N -step free nilpotent group GN
(
Rd
)

that is both symmetric and subadditive.

Such a homogeneous norm can then be used to define a metric on the group GN
(
Rd
)
.

This will be possible using the Carnot-Caratheodory distance (Theorem 7.32 in [37]).

25



Definition 3.2.13 (Carnot-Caratheodory distance). For g ∈ GN
(
Rd
)
, we define

‖g‖ := inf

®∫ 1

0

|dγ| : γ is a finite variation path in Rd with S
(N)
0,1 (γ) = g

´
.

Then ‖ · ‖ gives a well-defined homogeneous norm on GN
(
Rd
)

that is symmetric,

subadditive and continuous. Moreover, it induces the following metric on the group:

d
(
g,h

)
:=
∥∥g−1 ⊗ h

∥∥. (3.2.19)

The above metric is commonly referred to as the “Carnot-Caratheodory distance”.

Moreover, the Carnot-Caratheodory metric (3.2.19) is left-invariant. In other words,

d
(
g ⊗ h, g ⊗ k

)
= d

(
h,k

)
,

for g,h,k ∈ GN
(
Rd
)
.

Another key concept within rough path theory is the multiplicative functional,

which extends Chen’s relation (Theorem 3.1.20) to paths taking values in T (N)
(
Rd
)
.

We can then define rough paths as multiplicative functionals with certain regularity.

Definition 3.2.14 (Rescaled simplex in R2). We define the simplex 4T ⊂ [0, T ]2 as

4T :=
{

(s, t) ∈ [0, T ]2 : 0 ≤ s ≤ t ≤ T
}
.

Definition 3.2.15 (Multiplicative functional). Let N ≥ 1 be a positive integer

and let X : 4T → T (N)
(
Rd
)

be a continuous function. For (s, t) ∈ 4T , we use the

notation Xs,t to denote the image X(s, t). We will refer to Xs,t as the path increment:

Xs,t =
(
X

(0)
s,t , X

(1)
s,t , · · · , X

(N)
s,t

)
∈ T (N)

(
Rd
)
.

The function X is called a multiplicative functional of degree N in Rd if X
(0)
s,t = 1 and

Xs,u ⊗Xu,t = Xs,t , (3.2.20)

for all (s, u), (u, t) ∈ 4T .

Remark 3.2.16. Although we have the Chen property (3.2.20), it does not follow that

a multiplicative functional X of degree N in Rd takes its values in the group GN
(
Rd
)
.

We shall now introduce the p-variation metric, which will extend the notion of

finite variation given by (3.1.13) to more irregular paths (such as Brownian motion).

Within rough path theory, there are two popular definitions for the p-variation metric.
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Definition 3.2.17 (The p -variation metric for multiplicative functionals).

For multiplicative functionals X, Y of degree N , we define the p-variation metric as

dp-var;[s,t](X, Y ) := max
n=1,2, ··· ,N

sup
D

(∑
k

∥∥X(n)
tk,tk+1

− Y (n)
tk,tk+1

∥∥ pn)n
p

, (3.2.21)

where supremum is taken over all partitions D of [s, t] and ‖ · ‖ are admissible norms.

Similarly, we can define the p-variation norm of X by removing Y from the above:

‖X‖p-var;[s,t] := max
n=1,2, ··· ,N

sup
D

(∑
k

∥∥X(n)
tk,tk+1

∥∥ pn)n
p

. (3.2.22)

Definition 3.2.18 (The homogeneous p -variation metric for paths in GN ).

For multiplicative functionals X and Y of degree N and taking values in the N -step

free nilpotent group GN
(
Rd
)
, we can define the homogeneous p-variation metric as

d̃p-var;[s,t](X, Y ) :=

(
sup
D

∑
k

d
(
Xtk,tk+1

, Ytk,tk+1

)p)1/p

, (3.2.23)

where d is the Carnot-Caratheodory metric.

Another metric that can be defined on the space of multiplicative functionals is the

α-Hölder metric and is intimately related to the p-variation metric given by (3.2.21).

Definition 3.2.19 (The α-Hölder metric for multiplicative functionals). For

multiplicative functionals X and Y of degree N , the α-Hölder metric is defined as

dα-Höl;[s,t](X, Y ) := max
n=1,2, ··· ,N

sup
s≤u<v≤t

‖X(n)
u,v − Y (n)

u,v ‖
|v − u|nα

, (3.2.24)

where the ‖ · ‖ are a family of admissible norms on the truncated algebra T (N)
(
Rd
)
.

Just as before, we can define the α-Hölder norm of X by removing Y from the above:

‖X‖α-Höl;[s,t] := max
n=1,2, ··· ,N

sup
s≤u<v≤t

‖X(n)
u,v‖

|v − u|nα
. (3.2.25)

Definition 3.2.20 (The homogeneous α-Hölder metric for paths in GN ).

For multiplicative functionals X and Y of degree N and taking values in the N -step

free nilpotent group GN
(
Rd
)

, we can define the homogeneous α-Hölder metric as

d̃α-Höl;[s,t](X, Y ) := sup
s≤u<v≤t

d
(
Xu,v , Yu,v

)
|v − u|α

, (3.2.26)

where d is the Carnot-Caratheodory metric.
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We can view the p-variation norm as a parametrization invariant version of the

α-Hölder norm. Furthermore, we have a simple estimate that relates the two norms.

Theorem 3.2.21. Let X, Y be multiplicative functionals with finite α-Hölder norm.

Then on any interval [s, t] with |t− s| < 1, we have

dp-var;[s,t](X, Y ) ≤ dα-Höl;[s,t](X, Y )(t− s)α . (3.2.27)

We will now define the most important object in the chapter, the p-rough path.

Definition 3.2.22 (The p-rough path). Let p ≥ 1 be a constant. Then a p-rough

path in Rd is a multiplicative functional of degree bpc in Rd with finite p-variation.

For the purposes of this thesis (which primarily focuses on Stratonovich SDEs),

we shall consider a special class of rough path that behave like finite variation paths.

Definition 3.2.23 (Geometric p-rough path). A p-rough path X is said to be

geometric if there exists a sequence of finite variation paths (taking values in Rd)

{Xn}n≥1 which converges to X in the p-variation metric on the group Gbpc
(
Rd
)
, i.e

dp-var;[0,T ]

Ä
S

(bpc)
0,T

(
Xn

)
,X
ä
→ 0, (3.2.28)

as n→∞. We shall denote the space of geometric p-rough paths in Rd by GΩp

(
Rd
)
.

We now give the main example of a p-rough path, the enhanced Brownian motion.

Theorem 3.2.24 (Enhanced Brownian motion as a geometric p -rough path).

Let W be a standard Brownian motion on [0, 1] and let Ŵ n denote its piecewise linear

discretization on the grid Dn = {t0 < t1 < · · · < t2n} with tk = k2−n. Then for p > 2,

dp-var;[0,1]

Ä
S

(2)
0,1

Ä
Ŵ n
ä
,W
ä
→ 0, (3.2.29)

as n→∞ almost surely, where W is the Stratonovich enhanced Brownian motion:

Ws,t =

(
1 ,

∫ t

s

◦ dWu ,

∫ t

s

∫ u

s

◦ dWv ⊗ ◦ dWu

)
. (3.2.30)

Remark 3.2.25. By applying the Itô-Stratonovich correction to the iterated integrals,∫ t

s

∫ u

s

dW (i)
v ⊗ dW (j)

u =

∫ t

s

∫ u

s

◦ dW (i)
v ⊗ ◦ dW (j)

u −
1

2
(t− s)δij ,

where i, j ∈ {1, · · · , d}, we can construct the Itô enhanced Brownian motion as

W Itô
s,t =

(
1 ,

∫ t

s

dWu ,

∫ t

s

∫ u

s

dWv ⊗ dWu

)
. (3.2.31)

The Itô enhanced Brownian motion is a p-rough path (p > 2) but is not geometric.
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In this thesis, we are primarily interested in approximating Stratonovich SDEs.

As a result, we will not use the Itô enhanced Brownian motion given by (3.2.31).

Instead, we will extend (3.2.29) to a wider class of pathwise approximations of W

(see Theorem 6.2.14 in Chapter 6). This application of rough path theory will then

lead to sufficient conditions that ensure the convergence of variable step size methods,

which can be challenging to study when step sizes depend on the future values of W .

Since the signature of a finite variation path is defined using Riemann-Stieltjes

integration, its various integrals can be related via the integration by parts formula.

By (3.2.28), it follows that integration by parts will apply to geometric rough paths.

These relationships can be encoded using an operation called the “shuffle product”.

To begin with, we can consider the integration by parts for second iterated integrals.∫ t

s

dX i
u

∫ t

s

dX j
u =

∫ t

s

∫ u

s

dX i
v dX

j
u +

∫ t

s

∫ u

s

dX j
v dX

i
u , (3.2.32)

for i, j ∈ {1, · · · , d}. In order to place (3.2.32) within a wider algebraic framework,

we will first identify the iterated integrals of X with words built from an alphabet A.

Definition 3.2.26. Let X : [0, T ]→ Rd be a finite variation path and let A denote

an alphabet consisting of d letters. For a word w = w1 · · ·wn with wi ∈ A, we define

I : A∗ ×4T → R,

Iw(s, t) :=

∫
· · ·
∫

s<u1< ···<un<t

dXw1
u1
· · · dXwn

un . (3.2.33)

In addition, the map I can be naturally extended to R〈A〉×4T by linearity. That is

Iλ1u+λ2v(s, t) := λ1Iu(s, t) + λ2Iv(s, t),

for scalars λ1, λ2 ∈ R and words u, v ∈ A∗.

Using the notation given above, integration by parts (3.2.32) can be written as

Ia(s, t) · Ib(s, t) = Iab(s, t) + Iba(s, t)

= Iab+ba(s, t),

for letters a, b ∈ A. Ideally, we would like to generalize the above to Iu · Iv = Iu∗v,

where ∗ is an operation defined on the algebra of noncommutative polynomials R〈A〉.
We will see that the operation with this desired property is the shuffle product tt .

As tt encodes the integration by parts formula, we expect it to be defined recursively.
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Definition 3.2.27 (The shuffle product on noncommutative polynomials).

The shuffle product is the unique bilinear map tt : R〈A〉 × R〈A〉 → R〈A〉 satisfying

ua tt vb = (u tt vb)a+ (ua tt v)b, ∀a, b ∈ A, ∀u, v ∈ A∗, (3.2.34)

u tt e = e ttu = u, ∀u ∈ A∗,

where e denotes the empty word.

The shuffle product between words u = u1 · · ·un and v = v1 · · · vm can be viewed

as the sum of all words w constructed from the n+m letters {u1 , · · · , un , v1 , · · · , vm}
such that u can be obtained from w by removing the letters of v and vice versa for v.

Hence, each word w can be defined from u and v using a riffle shuffle permutation.

We shall give some examples to illustrate this interpretation of the shuffle product.

Example 3.2.28. ab tt xy = (a ttxy)b+ (ab ttx)y

= ((e ttxy)a+ (a tt x)y)b+ ((a ttx)b+ (ab tt e)x)y

= xyab+ (ax+ xa)yb+ (ax+ xa)by + abxy

= xyab+ axyb+ xayb+ axby + xaby + abxy.

Example 3.2.29. a tt (w1 · · ·wn) = (e tt (w1 · · ·wn))a+ (a tt (w1 · · ·wn−1))wn

= (w1 · · ·wn)a + (w1 · · ·wn−1)awn

+ (a tt (w1 · · ·wn−2))wn−1wn

...

= (w1 · · ·wn)a +
n−1∑
k=1

(w1 · · ·wk)a(wk+1 · · ·wn)

+a(w1 · · ·wn).

The shuffle product is important in rough path theory due to the below theorem:

Theorem 3.2.30 (Shuffle product encodes the integration by parts formula).

Let X : [0, T ]→ Rd be a finite variation path. Then with the above notation, we have

Iu(s, t) · Iv(s, t) = Iutt v(s, t), (3.2.35)

for all u, v ∈ R〈A〉. In addition, (3.2.35) extends naturally to geometric rough paths.

Since the signature of “space-time” Brownian motion XW
t := (t,Wt) can be viewed

as a geometric rough path, we will be able to use the shuffle product to simplify

calculations whenever a product of iterated integrals between W and time appear.

This shall be particularly helpful in Chapter 4 (Theorem 4.2.5) where we are interested

in finding efficient methods for approximating certain triple iterated integrals of XW .
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3.3 The universal limit theorem and Davie’s lemma

In previous sections, we have presented some of the key objects in rough path theory

but have yet to connect these objects to the controlled differential equation (3.0.1).

Therefore, we shall begin this section by outlining two prominent definitions for the

solution of a “rough differential equation” driven by a geometric p-rough path X.

Whilst RDEs can be defined more generally, the definition due to Davie [26] will

suffice for studying Stratonovich SDEs driven by multidimensional Brownian motion.

Definition 3.3.1 (Davie’s definition of RDE solution). Let X =
(
1, X(1), X(2)

)
be a p-rough path in Rd with p ∈ [2, 3) and for each i ∈ {1, · · · d} let fi : Re → Re

denote a continuously differentiable vector field. We use the map f : Re → L
(
Rd,Re

)
to represent the collection of vector fields, f(y)x :=

∑
i fi(y)xi for y ∈ Re and x ∈ Rd.

We say that Y : [0, T ]→ Re is a solution to the rough differential equation (or RDE)

dYt = f(Yt) dX t , (3.3.1)

Y0 = ξ,

if there exits a non-negative function θ on [0,∞) such that θ(h) = o(h) as h→ 0 and∥∥∥Yt − Ys − f(Ys)X
(1)
s,t −Df(Ys)f(Ys)X

(2)
s,t

∥∥∥ ≤ θ(t− s), (3.3.2)

for all s, t ∈ 4T , where Df : Re → L
(
Re,L

(
Rd,Re

))
is the Fréchet derivative of f

and (Df )f : Re → L
((
Rd
)⊗2

, Re
)
.

In addition, we shall also describe the original approach due to Lyons [70, 72].

That said, we will not give the key details as certain concepts have not be introduced

within this chapter (such as almost rough paths and integration along rough paths).

As well as applying to SDEs driven by Brownian motion, the Lyon’s definition also

“works” in the rougher setting (i.e. when X only has finite p-variation for p ≥ 3).

Remark 3.3.2 (Lyon’s definition of RDE solution). We will briefly outline the

approach taken by Lyons to define the solution of a rough differential equation [70, 72].

As one might expect, the RDE (3.3.1) could be formulated as an integral equation.

To do this, we require a theory of rough integration that can give precise meaning to∫ ·

0

ϕ(Z) dZ , (3.3.3)

where Z = π1(Z) and ϕ is sufficiently smooth (i.e. Lip(γ), as in definition 3.0.3).

In particular, when Z = S
bpc
0,T (Z) for some finite variation path Z : [0, T ] → Rd, we
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would like (3.3.3) to coincide with the usual Riemann-Stieltjes integral
∫ ·

0
ϕ(Z) dZ.

With a notion of rough integration, one can make sense of (3.3.1) by defining Z to

be the geometric p-rough path in Rd ⊕ Re satisfying the following integral equation:

Z0,· =

∫ ·

0

ϕ(Z) dZ , (3.3.4)

where Z = π1(Z) = (X, Y ) and ϕ(Z) =

Å
Id 0
f(Y ) 0

ã
.

The solution Y can then be defined as a projection of Z onto its second component.

With Lyons’ definition of RDE solution, it is possible to present one of the main

results within rough path theory, the Universal Limit Theorem (Theorem 5.3 in [72]).

Theorem 3.3.3 (Universal Limit Theorem). Let p ≥ 1 and f : Re → L
(
Rd,Re

)
be Lip(γ) function with γ > p. Then for all X ∈ GΩp

(
Rd
)

and ξ ∈ Re, the equation

dYt = f(Yt) dX t , (3.3.5)

Y0 = ξ,

admits a unique solution Z ∈ GΩp

(
Rd⊕Re

)
which on a path level is π1(Z) = (X, Y )

(as outlined by remark 3.3.2 and given by definition 5.1 in [72]) and the solution map

Φf : GΩp

(
Rd
)
× Re → GΩp

(
Re
)
,(

X, ξ
)
7→ Y ,

is the unique extension of the standard solution map (i.e. when X has finite variation)

that is continuous in the p-variation topology.

For the purposes of this thesis (where we study Brownian motion and p ∈ (2, 3)),

it suffices to consider Davie’s definition due to the result below (Theorem 3.3 in [26]):

Theorem 3.3.4 (RDE solutions when p < 3). Suppose that X is a geometric

p-rough path with p ∈ [2, 3) and f : Re → L
(
Rd,Re

)
is a Lip(γ) function with γ > p.

Then the Davie and Lyons definitions for the solution of RDE (3.0.1) are equivalent.

In Chapter 6, the universal limit theorem will enable us to establish pathwise

convergence for a certain class of SDE approximation (namely the solutions of ODEs

that are driven by piecewise polynomials and constructed using variable step sizes).

However in practice, one would not expect a numerical method to exactly solve these

“polynomial driven ODEs”. On the other hand, it is possible to develop numerical

methods that are close to a polynomial-ODE (local errors are o(h), similar to (3.3.2)).

To show convergence for this larger, and more practical, class of variable step size

approximation, we should quantify how the flow of an RDE propagates local errors.
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This analysis will be made possible due to another key result in rough path theory,

Davie’s lemma (also called Davie’s estimate). In addition to showing that an RDE

solution depends continuously on its initial condition, vector field and driving path,

Davie’s lemma tells us that all these dependencies are Lipschitz (in the usual sense).

Before introducing these estimates, we will define a norm on the Lip(γ) vector fields.

Definition 3.3.5. For γ ≥ 1, we define the norm of a Lip(γ) function f : Re → Re,

‖f‖Lip(γ) := max

®
sup

x,y∈Re

‖Dbγcf(y)−Dbγcf(x)‖
‖x− y‖{γ}

, max
k=0,1, ··· ,bγc−1

®
sup
y∈Re
‖Dkf(y)‖

´´
,

where {γ} := 1 for γ ∈ N and {γ} := γ − bγc otherwise.

Using this norm, we shall now present Davie’s lemma (Theorem 10.29 from [37]).

Theorem 3.3.6 (Davie’s lemma). Suppose that γ > p ≥ 1 and consider the RDEs:

dY 1
t = f 1

(
Y 1
t

)
dX1

t ,

Y 1
0 = ξ1 ,

dY 2
t = f 2

(
Y 2
t

)
dX2

t ,

Y 2
0 = ξ2 ,

where X1 and X2 denote geometric p-rough paths in Rd with ‖Xi‖ 1
p

-Höl;[0,T ] ≤ 1,

f 1, f 2 : Re → L
(
Rd,Re

)
are collections of d Lip(γ) vector fields, ξ1 , ξ2 ∈ Re are the

initial conditions for the solutions Y 1, Y 2 : [0, T ] → Re and k is an upper bound on

the norms ‖f 1‖Lip(γ) and ‖f 2‖Lip(γ). Then the RDE solutions Y 1, Y 2 are well-defined

(as geometric p-rough paths in Re) and there exists a constant C(γ, p) > 0 such that

d 1
p

-Höl;[0,T ]

(
Y 1, Y 2

)
≤ C

(
k‖Y 1

0 − Y 2
0 ‖+ ‖f 1 − f 2‖Lip(γ−1) + kd 1

p
-Höl;[0,T ]

(
X1,X2

))
· exp(CkpT ). (3.3.6)

Remark 3.3.7. As one might expect, there is a version of Davie’s lemma in p-variation:

dp-var;[0,T ]

(
Y 1, Y 2

)
≤ C

(
k‖Y 1

0 − Y 2
0 ‖+ ‖f 1 − f 2‖Lip(γ−1) + kdp-var;[0,T ]

(
X1,X2

))
· exp(Ckpvp), (3.3.7)

where v is a bound on ‖X1‖p-var;[0,T ] and ‖X2‖p-var;[0,T ] .

In Chapter 6, we are interested in quantifying the propagation of local errors.

Therefore, we only require a Lipschitz property for the RDE flow and will apply

Davie’s lemma (3.3.6) in the case when f 1 = f 2 and X1 = X2 (see Theorem 6.2.18).
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3.4 The Taylor expansion and log-ODE method

for RDEs

Just as for SDEs, Taylor expansions are an important tool within rough path theory.

Moreover, such RDE expansions naturally lead to a canonical ODE approximation

known as the log-ODE method, which we study in the SDE setting in Chapter 4.

The below expansion (Theorem 1.1 of [9]) also inspired the methods in Chapter 5.

Theorem 3.4.1 (Rough Taylor expansion). Let X be a geometric p-rough path

in Rd with p ∈ [2, 3) and let f : Re → L
(
Rd,Re

)
denote a Lip(γ) function with γ > p.

Let Y be the unique solution of (3.3.1) defined in either the Davie or Lyons sense.

Then Yt can be expanded as a function of Ys along with a remainder term as follows:

Yt = Ys +

bγc∑
k=1

∑
i1, ··· ,ik∈{1 , ··· ,d}

fi1 · · · fikId
(
Ys
) ∫

· · ·
∫

s<u1< ···<uk<t

dX i1
u1
· · · dX ik

uk
(3.4.1)

+Rbγc(Ys ,X , [s, t]).

where

RN(Ys ,X , [s, t]) (3.4.2)

=
∑

i1, ··· ,iN∈{1 , ··· ,d}

∫
· · ·
∫

s<u1< ···<uN<t

fi1 · · · fiN Id
(
Yu1
)
− fi1 · · · fiN Id

(
Ys
)
dX i1

u1
· · · dX iN

uN
,

with the differential operators fi1 · · · fiN defined by (2.3.3) from the previous chapter.

In addition, there exists a positive constant Cp > 0, that depends only on p, such that∥∥RN(Ys ,X , [s, t])
∥∥ ≤ 1Ä

bγc
p

ä
!
βbγcMp,γ‖f‖◦γ‖X‖γp-var;[s,t] , (3.4.3)

where we use the gamma function Γ to define the factorial
Ä
bγc
p

ä
! := Γ

Ä
bγc
p

+ 1
ä

and

Mp,γ := 2Cp
(
‖f‖Lip((γ−1)∧bpc) ∨ 1

)bpc+1(‖X‖p-var;[s,t] ∨ 1
)bpc+1

,

‖f‖◦γ := max
bγc−bpc+1≤k≤bγc

‖f ◦k‖min(γ−m,1)
Lip(min(γ−k,1) ,

β := p

(
1 +

∞∑
r=2

Å
2

r − 1
∧ 1

ã bpc+1
p

)
,

and the derivatives f ◦k : Re → L
(
(Rd)⊗k,Re

)
are defined inductively for k ≥ 1 by

f ◦1(y) := f(y),

f ◦(k+1)(y) := D
(
f ◦k
)
(y)f(y),

for y ∈ Re.

34



Remark 3.4.2. It is sometimes more convenient to write (3.4.1) in the following form:

Yt = Ys +

bγc∑
k=1

f ◦k(Ys)X
(k)
s,t +Rbγc(Ys ,X , [s, t]), (3.4.4)

where

X
(k)
s,t :=

∫
· · ·
∫

s<u1< ···<uk<t

dXu1 ⊗ · · · ⊗ dXuk ∈
(
Rd
)⊗k

,

for k ≥ 1.

Whilst there is clearly a very detailed analysis required to prove Theorem 3.4.1,

we can make a simple observation concerning the (truncated) rough Taylor expansion

Ys +

bγc∑
k=1

f ◦k(Ys)X
(k)
s,t . (3.4.5)

Namely that (3.4.5) is expressible as a linear functional on the signature S
(bγc)
s,t

(
X
)
.

Thus, we define a homomorphism from T
(
Rd
)

into the space of differential operators.

Theorem 3.4.3. Let {f1, · · · , fd} denote a collection of smooth vector fields on Re

and let {f 1, · · · , fd} denote the corresponding differential operators given by (2.3.2).

Then there exists a unique algebra homomorphism Φ from the tensor algebra T
(
Rd
)

(endowed with the tensor product ⊗) into the space of differential operators (which is

an algebra under the composition operation given by (2.3.3)) such that Φ(1) = Id and

Φ(ei) = f i, (3.4.6)

for basis vectors {ei} of Rd (viewed as elements of T
(
Rd
)

using the inclusion map).

Remark 3.4.4. Using this homomorphism, the Taylor expansion (3.4.5) can be written

Φ
(
S

(bγc)
s,t

(
X
))

Id(Ys) = Ys +

bγc∑
k=1

f ◦k(Ys)X
(k)
s,t . (3.4.7)

Since S
(bγc)
s,t

(
X
)
∈ Gbγc

(
Rd
)
, we can take the above remark further using exp and log.

Φ
(
S

(bγc)
s,t

(
X
))

= Φ
(

exp(bγc) log(bγc) S
(bγc)
s,t

(
X
))

= Φ

Ñ
1 +

bγc∑
k=1

1

k!

Ä
log(bγc) S

(bγc)
s,t

(
X
)ä⊗ké

= Id +

bγc∑
k=1

1

k!

Ä
Φ
Ä
log(bγc) S

(bγc)
s,t

(
X
)ääk

.
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Thus, we can view a Taylor expansion as an “exponential” of a differential operator.

Ys +

bγc∑
k=1

f ◦k(Ys)X
(k)
s,t = exp(bγc) Φ

(
logS

(bγc)
s,t

(
X
))

Id(Ys), (3.4.8)

where logS
(bγc)
s,t

(
X
)

is the bγc-step log-signature of the geometric p-rough path X.

Since the log-signature ofX is an element of the bγc-step free Lie algebra gbγc
(
Rd
)
,

it can be expressed uniquely with respect to a basis B of gbγc
(
Rd
)
. Thus, we will write

logS
(bγc)
s,t

(
X
)

=
∑
`∈B

L`s,t `. (3.4.9)

The next key observation is that Φ(`) is a first order differential operator for ` ∈ B.

Theorem 3.4.5. Let a, b ∈ T
(
Rd
)

give first order differential operators Φ(a),Φ(b).

Then Φ
(
[a, b]

)
is also first order (and hence corresponds to a vector field by (2.3.2)).

Proof. The result follows from the definition of vector field Lie bracket, (2.3.4).

Therefore Φ
(
logS

(bγc)
s,t

(
X
))

Id(·) can be viewed as the following vector field on Re:

F (·) :=
∑
`∈B

L`s,tΦ(`)Id(·). (3.4.10)

As vector field Lie brackets do not depend on a choice of basis, F is uniquely

determined by the RDE vector fields {f1, · · · , fd} and the geometric rough path X.

Hence by (3.4.8), a natural approximation of Yt would be the exponential of F at Ys .

These observations motivate the so-called “log-ODE method” for RDEs [57, 71, 10].

Definition 3.4.6 (The log-ODE method). Consider X, f , Y from Theorem 3.4.1.

Then, given Ys , we can approximate Yt by the solution at u = 1 of the below ODE:

dY s,t

du
= F

(
Y s,t
u

)
, (3.4.11)

Y s,t
0 = Ys ,

where F : Re → Re is the vector field (3.4.10) defined using the log-signature of X.

Theorem 3.4.7 (Lemma 15 in [10]). There exists a positive constant Cp,γ such that

‖Yt − Y s,t
1 ‖ ≤ Cp,γ‖f‖γLip(γ)‖X‖

γ
p-var;[s,t] . (3.4.12)

Remark 3.4.8. The solution at u = 1 of the log-ODE (3.4.11) can be viewed as the

solution of an RDE driven by the geodesic path Z with the defining property that

Ss,t
(
Z
)

= exp
(
logS

(bγc)
s,t

(
X
))

. The existence of this path follows by Chow’s theorem.

This makes the log-ODE method well-suited for approximating RDEs on manifolds.
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Chapter 4

A polynomial approximation of
Brownian motion and applications

In this chapter, we will introduce a strong (or pathwise) approximation of standard

Brownian motion by polynomials. As Brownian motion is continuous almost surely,

the Weierstrass approximation theorem [67] shows that polynomials are a sufficiently

rich class of functions for approximating Brownian sample paths on closed intervals.

This was studied in [63], where random Bernstein polynomials were constructed by

interpolating a finite number of points along the Brownian motion. Although this

method converges almost surely, it is not suitable for numerical modelling due to the

large computational cost needed to evaluate Bernstein polynomials with high degree.

In [48], the authors were motivated by the idea of Lévy’s construction which allows

one to discretize Brownian motion as a piecewise linear function using Haar wavelets.

In the paper, they show that this can be extended by discretizing Brownian motion

as a piecewise polynomial using Alpert-Rokhlin multiwavelets (see [8]). However,

explicit formulae is only derived in the piecewise linear and piecewise parabola cases.

Since we expect these wavelets to be more practical than the Bernstein polynomials,

it is the approach of [48] that leads to the main result (Theorem 4.1.3) of this chapter.

In the first section, we will prove a “polynomial version” of the Karhunen-Loève

theorem for the Brownian bridge. This enables us to express Brownian motion as a

weighted sum of orthogonal polynomials where the weights are independent Gaussian

random variables. We shall then explore the relationship between these orthogonal

polynomials and the Alpert-Rokhlin wavelets. In the second section, the polynomial

approximation will be used for studying certain triple iterated integrals of Brownian

motion and time. In particular, we shall derive new optimal estimators for these third

order integrals and compute their respective L2(P) approximation errors. These new
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estimators can be directly incorporated into high order numerical methods for SDEs.

This will be demonstrated in the final sections where we develop a Runge-Kutta

method for SDEs with multidimensional additive noise as well as a state-of-the-art

discretization of Inhomogeneous Geometric Brownian Motion (IGBM). The majority

of the results that are presented in this chapter have already been published in [35].

4.1 A polynomial based Karhunen-Loève theorem

for the Brownian bridge

Before we state and prove the main theorem of this chapter, we shall review the

approach detailed in [48]. In the paper, Brownian motion is generated in terms of

Alpert-Rokhlin multiwavelets (see [8]), which are defined as piecewise polynomials.

Definition 4.1.1 (Alpert-Rokhlin wavelets). For q ≥ 1, define the q functions

φq,1, · · · , φq,q : [0, 1] → R as piecewise polynomials of degree q − 1 with pieces on

[0, 1
2
], [1

2
, 1] and which satisfies the following conditions for 1 ≤ p ≤ q and t ∈ [0, 1

2
) :

φq,p(t) = (−1)q+p−1φq,p(1− t), (4.1.1)∫ 1

0

φq,p(t)φq,r(t) dt = δqr , for 1 ≤ r ≤ q, (4.1.2)∫ 1

0

tkφq,p(t) dt = 0, for 0 ≤ k ≤ q − 1. (4.1.3)

The Alpert-Rokhlin multiwavelets of order q can now be generated by translating and

scaling the mother functions φq,p.

φq,pnk (t) :=
1√
2n
φq,p(2nt− k), (4.1.4)

for n ≥ 0 and k ∈ {0, · · · , 2n − 1}.

Brownian motion can then be represented using the integrals of the above wavelets,

hq,p00 (t) :=

∫ t

0

φq,p(s) ds,

with hq,pnk defined by translating and scaling hq,p00 in precisely the same way as (4.1.4),

hq,pnk (t) :=
1√
2n
hq,pnk (2nt− k).

For example, the following representation of Brownian motion was established in [48].
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Theorem 4.1.2 (Brownian motion expressed in terms of quadratic polynomials).

W (t) = a0t+ a1

√
3t(1− t) +

∞∑
n=0

2n−1∑
k=0

2∑
p=1

a
(p)
nk h

2,p
nk (t), for t ∈ [0, 1], (4.1.5)

where the weights a0, a1, a
(p)
nk are independent standard normal random variables and

h2,1
00 (t) =

®√
3 t(1− 2t), for t ∈

[
0, 1

2

]
√

3(1− t)(1− 2t), for t ∈
[

1
2
, 1
] ,

h2,2
00 (t) =

®
t(3t− 1), for t ∈

[
0, 1

2

]
(t− 1)(3t− 2), for t ∈

[
1
2
, 1
] .

It is also highlighted in [48] that the random coefficient a1 is the integral of the basis

function
√

3(2t− 1) with respect to the Brownian path. Since a0 corresponds to the

endpoint W1, it is straightforward to produce a graph comparing a finely discretized

Brownian sample path against the approximation we obtain from truncating (4.1.5).

 

Figure 4.1: Brownian motion approximated by piecewise linear and parabola paths.

Both discretizations require ten independent Gaussian random variables to generate.

The above figure seems to indicate that the piecewise parabola may be a more

effective approximant for Brownian motion than the standard piecewise linear path.

As we shall see, the reason for this is that parabolas can capture the “space-time”

area of a path. This fact will be exploited in one of our numerical methods for SDEs.

The main result of this chapter provides a representation of Brownian motion in

terms of Jacobi-like polynomials. The proof follows the standard argument for the

Karhunen-Loève theorem, but relies on the new discovery that a class of orthogonal

polynomials are eigenfunctions of an integral operator defined from the Brownian

bridge covariance function. After establishing a defining property for these basis
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functions, we shall give an explicit formula for them in terms of the well-studied

Jacobi polynomials. In addition, these polynomials can then be used to interpret the

geometrical features that certain iterated integrals encode about the Brownian path.

Theorem 4.1.3 (A polynomial Karhunen-Loève theorem for the Brownian bridge).

Let B denote a Brownian bridge on [0, 1] and consider the Borel measure µ given by

µ(a, b) :=

∫ b

a

1

x(1− x)
dx, for all open intervals (a, b) ⊂ [0, 1].

Then there exists a family of orthogonal polynomials {ek}k≥1 with deg (ek) = k+1 and∫ 1

0

ei ej dµ = δij ,

with δij denoting the Kronecker delta, such that B admits the following representation

B =
∞∑
k=1

Ikek , (4.1.6)

where {Ik} is the collection of independent centered Gaussian random variables with

Ik :=

∫ 1

0

Bt ·
ek (t)

t(1− t)
dt, (4.1.7)

and

Var(Ik) =
1

k(k + 1)
.

Moreover, {ek} is an optimal orthonormal basis of L2([0, 1], µ) for approximating B

using truncated series expansions with respect to the following weighted L2(P) norm

‖X‖L2
µ(P) :=

√
E
ñ∫ 1

0

(Xs)
2 dµ(s)

ô
,

where X is a square µ-integrable process.

Proof. Our argument is that of the Karhunen-Loève theorem in general L2 spaces.

Note that B is a square µ-integrable process as

E
ñ∫ 1

0

(Bs)
2 dµ(s)

ô
=

∫ 1

0

E
[
(Bs)

2
]
dµ(s) =

∫ 1

0

s(1− s) · 1

s(1− s)
ds = 1 <∞.

Let KB denote the covariance function for the standard Brownian bridge on [0, 1].

One can show by direct calculation that

‖KB‖2
L2([0,1]2, µ2) =

∫ 1

0

∫ 1

0

(min(s, t)− st)2 dµ(s) dµ(t) =
1

3
π2 − 3 <∞.
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Hence, it follows that the integral operator TK : L2([0, 1], µ)→ L2([0, 1], µ) given by

(TKf)(t) :=

∫ 1

0

KB(s, t)f(s) dµ(s),

is well-defined and continuous.

Furthermore, the function kB on [0, 1] defined as kB(x) := KB(x, x) is µ-integrable as∫ 1

0

|kB(x)| dµ(x) =

∫ 1

0

x(1− x) · 1

x(1− x)
dx = 1 <∞.

It is now possible to apply Mercer’s theorem for kernels on general L2 spaces (see [18]).

It then follows from Mercer’s theorem that there exists an orthonormal set {ek}k≥1 of

L2([0, 1], µ) consisting of eigenfunctions of TK such that the corresponding sequence

of eigenvalues {λk}k≥1 is non-negative. Moreover, the eigenfunctions corresponding to

non-zero eigenvalues are continuous on [0, 1] and the kernel KB has the representation

KB(s, t) =
∞∑
k=1

λkek(s)ek(t), (4.1.8)

where the series converges absolutely and uniformly on the compact subsets of [0, 1].

In the next part of the proof, we’ll show that each ek is a polynomial of degree k+ 1.

As each ek is an eigenfunction of TK , we have∫ 1

0

min(s, t)− st
s(1− s)

ek(s) ds = λkek(t). (4.1.9)

Since ek ∈ L2([0, 1], µ), it follows that ek(0) = 0 and ek(1) = 0 for each k ≥ 1.

Therefore by using the Leibniz integral rule to twice differentiate both sides of (4.1.9)

and then multiplying by t(1− t), we observe that ek satisfies the differential equation,

t(1− t)λke′′k(t) + ek(t) = 0. (4.1.10)

Since ek 6= 0, we have that λk 6= 0. Thus we can write the above in the standard form

e′′k(t) +
1

t(1− t)
λ−1
k ek(t) = 0. (4.1.11)

Since the function t−1(1−t)−1 only has order 1 poles, the above ODE will have regular

singular points at 0 and 1. Therefore we can apply the Frobenius method to (4.1.11)

(see Chapter 4 of [90]). That is, we write ek using it power series expansion at zero,

ek(t) =
∞∑
n=1

a(k)
n tn, (4.1.12)
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and then substitute it into the second order ODE (4.1.10). This gives the following:

∞∑
n=0

(n+ 1)(n+ 2)a
(k)
n+2t

n+1 −
∞∑
n=0

(n+ 1)(n+ 2)a
(k)
n+2t

n+2 + λ−1
k

∞∑
n=0

a
(k)
n+1t

n+1 = 0.

Thus, by equating the coefficients of each monomial, we have

n(n+ 1)a
(k)
n+1 =

(
n(n− 1)− λ−1

k

)
a(k)
n , (4.1.13)

for n ≥ 1 and so each coefficient is given by

a(k)
n =

(
n−1∏
i=1

i(i− 1)− λ−1
k

i(i+ 1)

)
a

(k)
1 .

We assume for a contradiction that λ−1
k is not of the form i(i − 1) for some i > 1.

Then lim
n→∞

a(k)
n exists and is non-zero when a

(k)
1 6= 0. So by the limit comparison test,

we see that for each t ∈ [0, 1],

∞∑
n=1

a(k)
n tn converges if and only if

∞∑
n=1

tn converges.

Thus the series (4.1.12) does not converge at 1 which gives a contraction as ek(1) = 0.

Hence λ−1
k = i(i+ 1) for some i > 1. Without loss of generality, we can let {λ−1

k }k≥1

be an increasing sequence with λ−1
k = k(k+ 1). Then by the series expansion (4.1.12)

and the recurrence relation (4.1.13), we see that ek is a polynomial with degree k+ 1.

Differentiating both sides of ODE (4.1.10) yields

t(1− t) d
2

dt2
(e′k) + (1− 2t)

d

dt
(e′k) + k(k + 1)e′k(t) = 0.

For x ∈ [−1, 1], we define the function

yk(x) := e′k

Å
1

2
(1 + x)

ã
.

Thus yk satisfies the following differential equation

(1− x2)y′′k(x)− 2xy′k(x) + k(k + 1)yk(x) = 0. (4.1.14)

Remarkably, this is the Legendre differential equation [31] and so yk is proportional

the k-th Legendre polynomial (as we have already established that e′k is a polynomial).

Hence ek is a constant multiple of the integral of the k-th shifted Legendre polynomial.
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We now define the following integrals for k ≥ 1,

Ik :=

∫ 1

0

Bt ·
ek (t)

t(1− t)
dt.

It follows from Fubini’s theorem that

E[Ik ] = 0,

E[IiIj ] = E
ñ∫ 1

0

∫ 1

0

BsBt ei(s) ej(t) dµ(s) dµ(t)

ô
=

∫ 1

0

∫ 1

0

E[BsBt] ei(s) ej(t) dµ(s) dµ(t)

=

∫ 1

0

ej(t)

Ç∫ 1

0

KB(s, t) ei(s) dµ(s)

å
dµ(t)

= λiδij .

Since each Ik is defined by a linear functional on the same Gaussian process B, we see

from the above that {Ik} is a collection of uncorrelated (and therefore independent)

Gaussian random variables with

E[Ik] = 0,

Var(Ik) =
1

k(k + 1)
.

Finally, the L2(P) convergence we require follows as

E

(Bt −
N∑
k=1

Ikek(t)

)2
 = kB(t) + E

[
N∑

i,j=1

IiIj ei(t)ej(t)

]
− 2E

[
Bt

N∑
k=1

Ikek(t)

]

= kB(t) +
N∑
i=1

λie
2
i (t)− 2E

[
N∑
i=1

∫ 1

0

BsBt ei(s)ei(t) dµ(s)

]

= kB(t)−
N∑
i=1

λie
2
i (t),

which converges to 0 by Mercer’s theorem (4.1.8).

All that remains is to prove optimality for the truncated series expansions of (4.1.6).

Let {fk}k≥1 denote an orthonormal basis of L2([0, 1], µ) such that

B =
∞∑
k=1

Jkfk, where Jk :=

∫ 1

0

Bt fk(t) dµ(t), ∀k ≥ 1.

For each n ≥ 1, we will consider the associated error process rn :=
∞∑

k=n+1

Jkfk .
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Then the square L2(P) norm of the error process admits the following expansion,

‖rn(t)‖2
L2(P) = E

[
∞∑

i=n+1

∞∑
j=n+1

JiJjfi(t)fj(t)

]

=
∞∑

i=n+1

∞∑
j=n+1

E
ñ∫ 1

0

∫ 1

0

BsBt fi(s)fj(t) dµ(s) dµ(t)

ô
fi(t)fj(t)

=
∞∑

i=n+1

∞∑
j=n+1

Ç∫ 1

0

∫ 1

0

KB(s, t) fi(s)fj(t) dµ(s) dµ(t)

å
fi(t)fj(t).

Integrating the above with respect to µ and using the orthogonality of {fk} gives

‖rn‖2
L2
µ(P) =

∫ 1

0

‖r(t)‖2
L2(P) dµ(t) =

∞∑
k=n+1

∫ 1

0

∫ 1

0

KB(s, t)fk(s)fk(t) dµ(s) dµ(t).

Note that an optimal orthonormal basis of L2([0, 1], µ) solves the following problem:

min
fk
‖rn‖2

L2
µ(P) subject to ‖fk‖L2([0,1],µ) = 1.

By introducing Lagrange multipliers νk, we wish to find functions {fk} that minimize

En[{fk}] :=
∞∑

k=n+1

∫ 1

0

∫ 1

0

KB(s, t)fk(s)fk(t) dµ(s)dµ(t)− νk

Ç∫ 1

0

(
fk(s)

)2
dµ(s)− 1

å
.

We will now consider the following square integrable functions, defined for s, t ∈ (0, 1):

f̃k(t) := fk(t) ·
1√

t(1− t)
, K̃B(s, t) := KB(s, t) · 1√

s(1− s)
· 1√

t(1− t)
.

Therefore it is enough to find a family of functions {f̃k} in L2([0, 1]) that minimizes

Ẽn[{f̃k}] :=
∞∑

k=n+1

∫ 1

0

∫ 1

0

K̃B(s, t)f̃k(s)f̃k(t) ds dt− νk

Ç∫ 1

0

(
f̃k(s)

)2
ds− 1

å
.

To find a minimizer, we set the functional derivative of Ẽn with respect to f̃k to zero.

∂Ẽn

∂f̃k(t)
= 2

∫ 1

0

K̃B(s, t)f̃k(s) ds− 2νk f̃k(t) = 0.

By using the definitions of f̃k and K̃B, it is trivial to show the above is equivalent to∫ 1

0

KB(s, t)fk(s) dµ(s) = νkfk(t),

which is satisfied if and only if fk are eigenfunctions of TK .
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As Brownian motion is expressible as the sum of its straight line approximation

and an independent Brownian bridge, the above theorem can be naturally extended.

Corollary 4.1.4 (A polynomial decomposition of Brownian motion). Let W be a

standard Brownian motion on [0, 1] and let B denote the associated bridge process.

Then by Theorem 4.1.3, we have the following series representation for W :

W = W1e0 +
∞∑
k=1

Ikek , (4.1.15)

where e0(t) := t for t ∈ [0, 1], and the random variables {Ik} are independent of W1.

 

Figure 4.2: Brownian motion as a sum of polynomials with independent weights.

The polynomials are orthogonal and capture different time integrals of the path.

Since ek ∈ L2([0, 1], µ) for each k ≥ 1, it follows that ek has roots at the endpoints,

ek(0) = ek(1) = 0. This implies that ek · 1
t(1−t) is a polynomial but with degree k − 1.

Thus we can use integration by parts to express the stochastic integrals {Ik} defined

in Theorem 4.1.6 in terms of the following iterated integrals of the Brownian bridge:∫
0<s1<1

Bs1 ds1 ,

∫
0<s1<s2<1

Bs1 ds1 ds2 , · · · ,
∫

0<s1<···<sn<1

Bs1 ds1 · · · dsn , · · ·

These are special coordinate integrals that appear in the signature of a space-time

Brownian bridge XB
t := (t, Bt). Theorem 4.1.3 will help us to interpret these integrals

and what they encode about the trajectory of the Brownian path. In essence, the

first n iterated time integrals describe a polynomial approximant with degree n + 1.

In order to establish this general idea as a theorem, we require the following lemma.
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Lemma 4.1.5. For each n ≥ 1, there exists a lower triangular n×n matrix Mn with

non-zero diagonal entries such thatÖ
I1
...
In

è
= Mn

Ö ∫
0<s1<1

Bs1 ds1

...∫
0<s1<···<sn<1

Bs1 ds1 · · · dsn

è
. (4.1.16)

Proof. It has already been shown that ek · 1
t(1−t) is a polynomial with degree k − 1.

Hence we can apply the integration by parts formula k − 1 times to express Ik as a

linear combination of integrals in
¶∫

0<s1<1
Bs1 ds1, · · · ,

∫
0<s1<···<sk<1

Bs1 ds1 · · · dsk
©

.

Importantly, the coefficient that appears in front of
∫

0<s1<···<sk<1
Bs1 ds1 · · · dsk is

non-zero as the (k − 1)-th derivative of ek · 1
t(1−t) is non-zero.

Since Mn is a lower triangular matrix with a non-zero diagonal, it is invertible.

Therefore both of the column vectors in (4.1.16) carry precisely the same information

about the Brownian bridge. As a result, we can establish the following connection

between Brownian motion, polynomials and certain coordinate integrals appearing in

the signature of XW
t := (t,Wt).

Theorem 4.1.6. Consider the following unbiased estimator of a one-dimensional

Brownian motion over the interval [0, 1],

W n
t := E

ñ
Wt

∣∣∣W1 ,

∫
0<s1<1

Ws1 ds1 , · · · ,
∫

0<s1<···<sn−1<1

Ws1 ds1 · · · dsn−1

ô
. (4.1.17)

Then W n is the unique polynomial of degree n with a root at 0 such that W n
1 = W1

and
∫

0<s1< ···<sk<1
W n
s1
ds1 · · · dsk =

∫
0<s1< ···<sk<1

Ws1 ds1 · · · dsk for 1 ≤ k ≤ n−1.

Proof. It is a direct consequence of lemma 4.1.5 that W n
t = E[Wt |W1, I1, · · · , In−1].

Therefore by Corollary 4.1.4 and independence of the random variables {W1, I1, · · · },
we have that

W n = W1e0 +
n−1∑
k=1

Ikek . (4.1.18)

Hence W n is a polynomial of degree n with a root at 0 and has the same increment

as the Brownian path. Without loss of generality, we shall be assuming that n ≥ 2.

It now suffices to show that W n matches the n−1 iterated integrals given in (4.1.17).

Recall that the stochastic integrals {Ik} are defined in terms of a Brownian bridge as

Ik =

∫ 1

0

Bt ·
ek (t)

t(1− t)
dt.
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Using the orthogonality of {ek}, it is a consequence of (4.1.18) that for 1 ≤ k ≤ n−1:

Ik =

∫ 1

0

(
Wt −W1e0(t)

)
· ek (t)

t(1− t)
dt

=

∫ 1

0

(
W n
t +

∞∑
m=n

Imem(t)−W1e0(t)

)
· ek (t)

t(1− t)
dt

=

∫ 1

0

(
W n
t −W1e0(t)

)
· ek (t)

t(1− t)
dt+

∞∑
m=n

Im

∫ 1

0

em (t) ek (t)

t(1− t)
dt

=

∫ 1

0

(
W n
t −W1e0(t)

)
· ek (t)

t(1− t)
dt.

Therefore W n matches the integrals of Brownian motion against polynomials with

degree at most n− 1. The result now follows from the integration by parts argument

used in the proof of lemma 4.1.5.

 

Figure 4.3: Sample paths of Brownian motion with their polynomial approximations.

Whilst the approximation theorems we have seen are interesting from a theoretical

viewpoint, there has been no explicit formula for the orthogonal polynomials {ek}.
Fortunately, it was identified in the proof of Theorem 4.1.3 that the derivative e′k is

proportional to the k-th shifted Legendre polynomial. As a result, we would expect

that each ek is a (normalized) shifted (α, β)-Jacobi polynomial but with α = β = −1.

Since Jacobi polynomials are traditionally studied with α, β > −1, it is important

to check that there are no issues appearing as both of these parameters tend to −1.

After establishing the existence of this non-standard family of Jacobi polynomials,

we shall derive explicit constructions for them and hence also for the functions {ek}.

Lemma 4.1.7. Let P
(α,β)
k denote the k-th degree (α, β)-Jacobi polynomial on [−1, 1].

Then for k ≥ 2, there exists a real-valued polynomial Pk such that
∥∥Pk−P (α,β)

k

∥∥
∞ → 0

as α, β → −1+.
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Proof. Consider the following integral relationship for (α, β)-Jacobi polynomials with

α, β > −1 (see [96]).

P
(α,β)
k (x) =

k + α + β + 1

2

∫ x

−1

P
(α+1,β+1)
k−1 (u) du, for all k ≥ 2. (4.1.19)

Define a real-valued polynomial Pk on [−1, 1] by

Pk(x) :=
k − 1

2

∫ x

−1

P
(0,0)
k−1 (u) du, for all k ≥ 2. (4.1.20)

Since the terms of (α, β)-Jacobi polynomials depend continuously on (α, β), we have

P
(0,0)
n = limα,β→0 P

(α,β)
n for n ≥ 1. The result follows from (4.1.19) and (4.1.20).

Hence, we can take the limit α, β → −1+ so that the definition below makes sense.

Definition 4.1.8. For k ≥ 2, the k-th degree (−1,−1)-Jacobi polynomial P
(-1,-1)
k is

P
(-1,-1)
k := lim

α,β→−1+
P

(α,β)
k .

Using the above definition, it is now straightforward to produce an explicit formula

for the family of orthogonal polynomials {ek} originally appearing in Theorem 4.1.3.

Theorem 4.1.9. Suppose each ek has a positive leading coefficient. Then for k ≥ 1,

ek(t) =
1

k

»
k(k + 1)(2k + 1)P

(-1,-1)
k+1 (2t− 1), ∀t ∈ [0, 1].

Proof. The following result is stated in [96]:∫ 1

−1

(1− x)α(1 + x)β
(
P (α,β)
n (x)

)2
dx =

2α+β+1

2n+ α + β + 1

Γ(n+ α + 1) Γ(n+ β + 1)

Γ(n+ α + β + 1)n!
,

for n ≥ 1 and α, β > −1. Applying the change of variables, t := 1
2
(x+ 1), we have∫ 1

0

tβ(1− t)α
(
P (α,β)
n (2t− 1)

)2
dt =

1

2n+ α + β + 1

Γ(n+ α + 1) Γ(n+ β + 1)

Γ(n+ α + β + 1)n!
,

for n ≥ 1 and α, β > −1. By definition 4.1.8, taking the limit α, β → −1+ will yield∫ 1

0

1

t(1− t)
Ä
P (-1,-1)
n (2t− 1)

ä2
dt =

1

2n− 1

(n− 1)! (n− 1)!

n! (n− 2)!

=
1

2n− 1

n− 1

n
, for all n ≥ 2.

Therefore by setting k := n− 1, we have∫ 1

0

1

t(1− t)

Å
1

k

»
k(k + 1)(2k + 1)P (-1,-1)

n (2t− 1)

ã2

dt = 1, for all k ≥ 1.

Note that the construction of Pk in the proof of lemma 4.1.7 implies that each ek(t) is

proportional to P
(-1,-1)
k+1 (2t−1). The result now follows from the above calculations.
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In practice, there are at least two different methodologies for computing the

Jacobi-like polynomials P
(-1,-1)
k . These approaches are outlined by the theorems below.

Theorem 4.1.10 (A recurrence relation for constructing Jacobi-like polynomials).

For each n ≥ 2, we have

n(n+ 2)P
(-1,-1)
n+2 (x) = (n+ 1)(2n+ 1)xP

(-1,-1)
n+1 (x)− n(n+ 1)P (-1,-1)

n (x), (4.1.21)

where the initial polynomials are given by

P
(-1,-1)
2 (x) =

1

4
(x− 1)(x+ 1),

P
(-1,-1)
3 (x) =

1

2
x(x− 1)(x+ 1).

Proof. The following recurrence relation for Jacobi polynomials is given in [96],

2(k + 1)(k + α + β + 1)(2k + α + β)P
(α,β)
k+1 (x)

= (2k + α + β + 1)
(
(2k + α + β)(2k + α + β + 2)x+ α2 − β2

)
P

(α,β)
k (x)

− 2(k + α)(k + β)(2k + α + β + 2)P
(α,β)
k−1 (x),

for k ≥ 1 and α, β > −1. By definition 4.1.8, it is possible to take the limit α, β → 1+

provided that k ≥ 3. Therefore, taking this limit and setting n = k− 1 ≥ 2 produces

4n2(n+ 2)P
(-1,-1)
n+2 (x) = 4n(n+ 1)(2n+ 1)xP

(-1,-1)
n+1 (x)− 4n2(n+ 1)P (-1,-1)

n (x),

for n ≥ 2. Dividing the above by 4n gives the required recurrence relation (4.1.21).

Finally the below formula, stated in [96], can be used to compute P
(-1,-1)
2 and P

(-1,-1)
3 :

P (α,β)
n (x) =

(−1)n

2nn!
(1− x)−α (1 + x)−β

dn

dxn

Ä
(1− x)α+n (1 + x)β+n

ä
, for n ≥ 2.

As before we take α, β → 1+ in the above to obtain an explicit formula for P
(-1,-1)
n .

In addition to computing these polynomials via a recurrence relation, it is also

possible to express each P
(-1,-1)
n as the difference of two rescaled Legendre polynomials.

Since the Legendre polynomials already have efficient implementations in the majority

of high-level programming languages, this second approach is particularly appealing.

Theorem 4.1.11 (Relationship between the Jacobi-like and Legendre polynomials).

For n ≥ 1, we have

P
(-1,-1)
n+1 (x) =

n

4n+ 2
(Qn+1(x)−Qn−1(x)) ,

where Qk denotes the degree k Legendre polynomial defined on [−1, 1].
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Proof. Recall that d
dx

(P
(-1,-1)
n+1 ) = n

2
P

(0,0)
n for n ≥ 1, where P

(0,0)
n (= Qn) denotes the

degree n Legendre polynomial. Therefore differentiating both sides of (4.1.21) yields

1

2
n(n+ 1)(n+ 2)Qn+1(x) = (n+ 1)(2n+ 1)P

(-1,-1)
n+1 (x) +

1

2
n(n+ 1)(2n+ 1)xQn(x)

− 1

2
n(n− 1)(n+ 1)Qn−1(x).

Hence by simplifying and rearranging the above, we have that for n ≥ 1,

(2n+ 1)P
(-1,-1)
n+1 (x) =

1

2
n (Qn+1(x)−Qn−1(x))

+
1

2
n ((n+ 1)Qn+1(x)− (2n+ 1)xQn(x) + nQn−1(x)) .

We see the last term is zero by a recurrence relation for Legendre polynomials [31].

Using the above theorem, one can generate plots of these “Brownian polynomials”.

0 0.2 0.4 0.6 0.8 1
-0.5

0

0.5

1

1.5

2
Brownian polynomial (degree = 100)

Figure 4.4: A polynomial sample path of Brownian motion that has degree 100.

Matlab code for producing such plots can be found at the following web page:

www.chebfun.org/examples/stats/RandomPolynomials.html
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The first four orthogonal polynomials are given below for t ∈ [0, 1]:

e1(t) =
√

6 t(t− 1),

e2(t) =
√

30 t(t− 1)(2t− 1),

e3(t) =
5
√

21

2
t(t− 1)

Å
(2t− 1)2 − 1

5

ã
,

e4(t) =
21
√

5

2
t(t− 1)(2t− 1)

Å
(2t− 1)2 − 3

7

ã
.

In addition to viewing the polynomials {ek} as orthogonal with respect to the

weight function w(x) := 1
x(1−x)

, we can characterize them via their iterated integrals.

In particular, for 1 ≤ k ≤ n− 1, we have∫
0<s1<···<sk<1

en(s1) ds1 · · · dsk =

∫ 1

0

en(s) d

Å
1

k!
sk
ã

=
1

(k − 1)!

∫ 1

0

sk−1en(s) ds

= − 1

k!

∫ 1

0

ske′n(s) ds

= 0, (by the orthogonality of e′k) .

Thus for k ≥ 1, ek is a polynomial with degree k + 1 that has zeroes at 0 and 1

as well as k− 1 trivial iterated integrals against time. By additionally specifying the

k-th iterated time integral, it is then possible to characterize the k-th polynomial ek.

We shall now address the relationship between the Jacobi-like polynomials {ek}
and the Alpert-Rokhlin multiwavelets given by definition 4.1.1. Recall that the family

of polynomials {e′k} is orthogonal with respect to the standard L2([0, 1]) inner product.

This orthogonality is exactly what is needed to satisfy conditions (4.1.2) and (4.1.3).

So for any q ≥ 1 there exists an Alpert-Rokhlin mother function of order q that is a

piecewise polynomial where both pieces can be translated and rescaled to give e′q−1.

Since it is the integrals of Alpert-Rokhlin wavelets that form the approximants for

the Brownian path, we see that both of the approaches discussed in this chapter will

create the same family of piecewise polynomial approximations of Brownian motion.

Finally, we shall study the error processes corresponding to these polynomial

approximations. In particular, we will focus on the two simplest non-trivial cases

(when the polynomial approximant is quadratic or cubic). It will be shown that

these error processes are independent and Gaussian with interesting variance profiles.
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Theorem 4.1.12. Let W denote a standard real-valued Brownian motion on [0, 1].

Let W n be the unique n-th degree random polynomial with a root at 0 and satisfying∫ 1

0

uk dW n
u =

∫ 1

0

uk dWu , for k = 0, 1, · · · , n− 1.

Then W = W n + Zn , where Zn is a centered Gaussian process independent of W n.

Furthermore, Zn has the following covariance function:

Cov(Zn
s , Z

n
t ) = KB(s, t)−

n−1∑
k=1

λkek(s)ek(t), for s, t ∈ [0, 1].

where KB denotes the standard Brownian bridge covariance function and {λk}, {ek}
are the eigenvalues and eigenfunctions that were defined in the proof of Theorem 4.1.3.

Proof. It follows directly from the integration by parts formula that W n matches the

increment and n−1 iterated time integrals of Brownian motion appearing in (4.1.17).

Hence W n is also the polynomial defined in Theorem 4.1.6 and W = W n +Zn where

W n = W1e0 +
n−1∑
k=1

Ikek ,

Zn =
∞∑
k=n

Ikek .

So by Theorem 4.1.3, Zn is a centered Gaussian process that is independent of W n.

In addition, the covariance function defining Zn can be directly computed as follows:

Cov(Zn
s , Z

n
t ) = Cov

(
∞∑
i=n

Iiei(s),
∞∑
j=n

Ij ej(t)

)

=
∞∑
k=n

λkek(s)ek(t)

= KB(s, t)−
n−1∑
k=1

λkek(s)ek(t), for s, t ∈ [0, 1] .

Note that the final line is achieved using the representation of KB given by (4.1.8).

The above theorem has a simple yet striking conclusion, namely that polynomials

can be unbiased approximants of Brownian motion for which the error process is

independent and can be uniformly estimated in an L2(P) sense. Since we shall be

investigating some applications of this theorem, we will use the following definitions:
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Definition 4.1.13. The standard Brownian parabola ıW is the unique quadratic

polynomial on [0, 1] with a root at 0 and satisfyingıW1 = W1 ,

∫ 1

0

ıWu du =

∫ 1

0

Wu du.

Definition 4.1.14. The standard Brownian arch Z is the process Z := W −ıW .

By Theorem 4.1.12 is the centered Gaussian process on [0, 1] with covariance function

KZ (s, t) = min (s, t)− st− 3st(1− s)(1− t), for s, t ∈ [0, 1] .

 

Figure 4.5: Brownian motion can be expressed as a parabola plus independent noise.

In fact, this parabola has the same increment and time integral as the original path.

Definition 4.1.15. The standard n-th degree Brownian polynomial W n is the

n-th degree random polynomial with a root at 0 that was defined in Theorem 4.1.12.

Definition 4.1.16. The standard n-th degree Brownian bridge Zn is the centered

Gaussian process on [0, 1] given as Zn := W−W n and constructed in Theorem 4.1.12.

In the case n = 3, the above bridge process has the following covariance function:

KZ3 (s, t) = min (s, t)− st− 3st(1− s)(1− t)

− 5st(1− s)(1− t)(1− 2s)(1− 2t), for s, t ∈ [0, 1] .

By applying the natural scaling of Brownian motion, the above definitions can

be extended to define processes on any interval [s, t] with finite length h = t − s.

Although the Brownian arch can be viewed in a similar light to the Brownian bridge,

there are clear qualitative and quantitative differences in their covariance functions.

In particular, the Brownian arch has less variance at its midpoint compared to most

points in [s, t]
(
by which we mean that |{u ∈ [s, t] : Var(Zu) ≤ Var(Z 1

2
(s+t))}| < 1

2
h
)
.

This is in contrast to the Brownian bridge, which has most variance at its midpoint.

Moreover, the Brownian parabola gives a fairly uniform estimate of the original path.
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Figure 4.6: Variance profiles of the Brownian arch and third degree bridge over [0, 1].

The polynomial expansion of Brownian motion presented in this section was also

obtained by Habermann in [50] and expressed using shifted Legendre polynomials.

Furthermore, it was shown that the n-th degree bridge process Zn converges to zero in

an L2(P) sense at a rate of O
(

1√
n

)
and has a variance profile approaching a semicircle.

 

Figure 4.7: Variance profile of the 20th degree Brownian bridge over the unit interval.

It is straightforward to extend all the results in this section to a d-dimensional

Brownian motion W =
(
W (1), · · · ,W (d)

)
. For example, we can approximate W by

taking d independent polynomial approximations for each coordinate process W (i).

There may also be possible extensions of these results to fractional Brownian motion,

however this will not be explored within the thesis. In Chapter 7, we will consider

the multidimensional setting and use the polynomials to study Brownian Lévy area.
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Since we have a polynomial expansion of Brownian motion, it is natural to compare

it to the standard Karhunen–Loève expansion, which involves trigonometric functions.

Truncating the trigonometric expansion may give a better approximation of W as it

is optimal with respect to the standard L2(P) norm for stochastic processes on [0, 1],

‖X‖L2(P) :=

√
E
ñ∫ 1

0

(Xs)
2 ds

ô
,

whereas the polynomial approach is optimal with respect to a weighted L2(P) norm.

Therefore we believe the advantage of the polynomial approach is theoretical in that

it leads to new approximations for iterated integrals of Brownian motion and SDEs.

In fact, the majority of approximations proposed within this thesis are based on this

polynomial expansion (one exception being the shifted ODE method in section 5.3).

Although we have not found an application for it, we would also like to present a

“rational construction” of Brownian motion that is associated to the polynomials ek .

To derive this rational construction, we will first note the following standard result:

Proposition 4.1.17 (Brownian motion as a rescaled time-changed Brownian bridge).

Let B denote a Brownian bridge on [0, 1]. Then the stochastic process W ′ = {W ′
t}t≥0

given by

W ′
t := (1 + t)B t

1+t
,

has the same law as a standard Brownian motion defined on [0,∞).

Proof. To show the result, it suffices to verify that Cov(W ′
s ,W

′
t) = min(s, t).

By expressingB in terms of the polynomials {ek}, we obtain the following theorem:

Theorem 4.1.18 (Construction of Brownian motion using rational functions). Let

{Zk}k≥1 be a sequence of independent normal random variables with Zk ∼ N
(
0, 1

k(k+1)

)
and {ek}k≥1 be the family of orthogonal polynomials given by Theorem 4.1.3 and define

W ′
t :=

∞∑
k=1

Zkẽk(t)

where ẽk(t) := (1 + t)ek
(

t
1+t

)
for t ≥ 0 (note that each ẽk is a rational function).

Then W ′ has the same law as a standard Brownian motion defined on [0,∞).

Proof. The result follows immediately from Theorem 4.1.3 and Proposition 4.1.17.

Moreover, we conjecture that {ẽk}k≥1 is a family of Jacobi-like rational functions

on [0,∞) which are orthogonal with respect to the weight function w(x) := 1
x(1+x)2

.

55



4.2 Conditional moments of third order iterated

Brownian time integrals

It was shown in the previous section that certain iterated integrals of Brownian motion

and time have a centered Gaussian distribution. In particular, these iterated integrals

are expressible using multiple dt integrators but with only a single dW integrator.

Thus, they correspond to certain linear functionals evaluated on the Brownian path.

It is therefore practical to generate such integrals for the purpose of SDE simulation.

The following integral is not Gaussian and currently can only be approximated [89],∫ t

s

∫ u

s

∫ v

s

◦ dWr ◦ dWv du.

In this section, we will derive new optimal and unbiased estimators for the above

quantity and understand their associated L2(P) errors. These estimators and their

L2(P) errors can then be utilized in numerical methods for SDEs. For example, they

can be directly incorporated into the stochastic Taylor method and the log-ODE or

Castell-Gaines method (see [19, 74]). To achieve this, we use the following definitions:

Definition 4.2.1. The rescaled space-time Lévy area of Brownian motion over

the interval [s, t] encodes the signed area of the associated bridge process with time,

Hs,t :=
1

h

∫ t

s

Ws,u −
u− s
h

Ws,t du, (4.2.1)

where h = t− s. Since e1(t) =
√

6 t(t− 1), one can see that H0,1 corresponds to
√

6
6
I1

as defined in Theorem 4.1.3. Therefore Hs,t ∼ N
(
0, 1

12
h
)

and is independent of Ws,t.

𝑊𝑡 

𝑊𝑠 

𝑠 𝑡 

= ℎ𝐻𝑠,𝑡 

 

 

Figure 4.8: Space-time Lévy area as the region enclosed by a path and its chord.

Remark 4.2.2. It is straightforward to prove that
∫ t
s

∫ u
s
◦ dWv du = 1

2
hWs,t + hHs,t

and
∫ t
s

∫ u
s
dv ◦dWu = 1

2
hWs,t−hHs,t . This fact will be used by the log-ODE method.
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Definition 4.2.3. The rescaled space-time-time Lévy area of Brownian motion

over an interval [s, t] is the below estimator for skewness of the associated arch process.

Ks,t :=
1

h2

∫ t

s

(
Ws,u −

u− s
h

Ws,t

)Å1

2
h− (u− s)

ã
du, (4.2.2)

where h = t− s. Since e2(t) =
√

30 t(t− 1)(2t− 1), K0,1 will be associated to 1
2
√

30
I2

as defined in Theorem 4.1.3. So Ks,t ∼ N
(
0, 1

720
h
)

and is independent of (Ws,t , Hs,t).

 

Figure 4.9: Space-time-time Lévy area gives the amplitude of the cubic approximant.

Definition 4.2.4. The space-space-time Lévy area of Brownian motion over an

interval [s, t] is defined as the following linear combination of triple iterated integrals.

Ls,t :=
1

6

Å∫ t

s

∫ u

s

∫ v

s

◦ dWr ◦ dWv du− 2

∫ t

s

∫ u

s

∫ v

s

◦ dWr dv ◦ dWu (4.2.3)

+

∫ t

s

∫ u

s

∫ v

s

dr ◦ dWv ◦ dWu

ã
.

Although it is difficult to describe space-space Lévy area through an illustration,

the lemma below shows why it is an important object for studying iterated integrals.

Lemma 4.2.5. Let Hs,t and Ls,t denote the Lévy areas of Brownian motion given by

definitions 4.2.1 and 4.2.4 respectively. Then the following integral relationships hold,∫ t

s

∫ u

s

∫ v

s

◦ dWr ◦ dWv du =
1

6
hW 2

s,t +
1

2
hWs,tHs,t + Ls,t ,∫ t

s

∫ u

s

∫ v

s

◦ dWr dv ◦ dWu =
1

6
hW 2

s,t − 2Ls,t ,∫ t

s

∫ u

s

∫ v

s

dr ◦ dWv ◦ dWu =
1

6
hW 2

s,t −
1

2
hWs,tHs,t + Ls,t ,

where h = t− s.
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Proof. By the Markov property of Brownian motion, it is enough to show the result in

the case s = 0. We use the following notation to represent various iterated integrals.

Iτ (t) :=

∫ t

0

du, Iw(t) :=

∫ t

0

◦ dWu ,

Iτw(t) :=

∫ t

0

∫ u

0

dv ◦ dWu , Iwτ (t) :=

∫ t

0

∫ u

0

◦ dWv du,

Iτww(t) :=

∫ t

0

∫ u

0

∫ v

0

dr ◦ dWv ◦ dWu , Iwτw(t) :=

∫ t

0

∫ u

0

∫ v

0

◦ dWr dv ◦ dWu ,

Iwwτ (t) :=

∫ t

0

∫ u

0

∫ v

0

◦ dWr ◦ dWv du.

The result then follows by direct computation using the integration by parts formula

(or equivalently the shuffle product on words with letters from the alphabet {τ, w}).
1

6
tW 2

t +
1

2
tWtHt + Lt =

1

6
Iτ IwIw +

1

4
Iw (Iwτ − Iτw) +

1

6
(Iwwτ − 2Iwτw + Iτww)

=
1

3
(Iτww + Iwτw + Iwwτ ) +

1

4
(2Iwwτ + Iwτw)

− 1

4
(Iwτw + 2Iτww) +

1

6
Iwwτ −

1

3
Iwτw +

1

6
Iτww

= Iwwτ .

1

6
tW 2

t − 2Lt =
1

6
Iτ Iw Iw −

1

3
(Iwwτ − 2Iwτw + Iτww)

=
1

3
(Iτww + Iwτw + Iwwτ )−

1

3
(Iwwτ − 2Iwτw + Iτww)

= Iwτw .

1

6
tW 2

t −
1

2
tWtHt + Lt =

1

6
Iτ IwIw −

1

4
Iw (Iwτ − Iτw) +

1

6
(Iwwτ − 2Iwτw + Iτww)

=
1

3
(Iτww + Iwτw + Iwwτ )−

1

4
(2Iwwτ + Iwτw)

+
1

4
(Iwτw + 2Iτww) +

1

6
Iwwτ −

1

3
Iwτw +

1

6
Iτww

= Iτww .

It is also possible to derive similar formulae for the rescaled space-time-time Lévy

area defined previously. These integral relationships can be interpreted using rough

path theory and will be vital to our error analysis for a new version of the log-ODE

(or Castell-Gaines) method. In the last section of this chapter, we shall utilize this

method to accurately discretize Inhomogeneous Geometric Brownian Motion (IGBM).
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Lemma 4.2.6. Let Hs,t and Ks,t denote the rescaled Lévy areas of Brownian motion

given by definitions 4.2.1 and 4.2.3. Then we have the following integral relationships,∫ t

s

∫ u

s

∫ v

s

◦ dWr dv du =
1

6
h2Ws,t +

1

2
h2Hs,t + h2Ks,t ,∫ t

s

∫ u

s

∫ v

s

dr ◦ dWv du =
1

6
h2Ws,t − 2h2Ks,t ,∫ t

s

∫ u

s

∫ v

s

dr dv ◦ dWu =
1

6
h2Ws,t −

1

2
h2Hs,t + h2Ks,t .

Proof. It suffices to prove the result when s = 0. It follows by direct calculation that∫ t

0

∫ u

0

∫ v

0

dr dv ◦ dWu =

∫ t

0

1

2
u2 ◦ dWu

=
1

2
t2Wt −

∫ t

0

Wu d

Å
1

2
u2

ã
(integration by parts)

=
1

2
t2Wt −

∫ t

0

uWu du

=
1

2
t2Wt +

∫ t

0

(
Wu −

u

t
Wt

)Å1

2
t− u

ã
du

− 1

2
t

∫ t

0

Wu du+

∫ t

0

u

t
Wt

Å
1

2
t− u

ã
du

=
1

6
t2Wt −

1

2
t2Ht + t2Kt .∫ t

0

∫ u

0

∫ v

0

◦ dWr dv du =

∫ t

0

∫ u

0

Wv dv du

= t

∫ t

0

Wu du−
∫ t

0

u d

Å∫ u

0

Wv dv

ã
(integration by parts)

= t

∫ t

0

Wu du−
∫ t

0

uWu du

=
1

6
t2Wt +

1

2
t2Ht + t2Kt . (by the previous calculations)∫ t

0

∫ u

0

∫ v

0

dr ◦ dWv du =

∫ t

0

Å
uWu −

∫ u

0

∫ v

0

◦ dWr dv

ã
du (integration by parts)

=

∫ t

0

uWu du−
∫ t

0

∫ u

0

∫ v

0

◦ dWr dv du

=
1

6
t2Wt−2t2Kt . (by the previous calculations)

Using the notation presented in the proof of lemma 4.2.5, we can express these

Brownian integrals in terms of the commutator Lie bracket [·, ·] on the algebra R〈τ, w〉.
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Theorem 4.2.7. Let Hs,t, Ls,t and Ks,t denote the Lévy areas of Brownian motion

over the interval [s, t] given by definitions 4.2.1, 4.2.1 and 4.2.3 respectively. Then

Ws,t = Iw ,

hHs,t =
1

2
I[w,τ ] ,

Ls,t =
1

6
I[w, [w,τ ]] ,

h2Ks,t =
1

6
I[[w,τ ],τ ] ,

where for any word z ∈ {τ, w}∗ and we define the integral Iz := Iz(s, t) recursively as

Iz(s, r) :=


1, if the word z has zero length∫ r
s
Ix(s, u) du, if z = xτ for some word x ∈ {τ, w}∗∫ r

s
Ix(s, u) ◦ dWu , if z = xw for some word x ∈ {τ, w}∗

,

and for words x, y ∈ {τ, w}∗ and λ1, λ2 ∈ R, we can consider the linear combinations

Iλ1x+λ2y := λ1Ix + λ2Iy ,

I[x,y] := Ixy−yx .

Proof. This is a consequence of remark 4.2.2, definition 4.2.4 and lemma 4.2.6.

The above theorem has an interpretation within rough path theory. It shows that

Ws,t, Hs,t, Ls,t and Ks,t can all be viewed as (rescaled) coefficients appearing in the

Stratonovich log-signature of space-time Brownian motion XW := {(u,Wu)}u∈[s,t].

Specifically, they appear as (rescaled) coefficients of the log-signature with respect

to the Lyndon basis for the free real Lie algebra generated by the alphabet {w, τ}.
Log-signatures, Lyndon words and their respective computations are detailed in [83].

Rough path theory also informs us that the log-signature is an efficient method

of encoding information about a path [71]. In the thesis, this will be utilized for

the numerical simulation of SDEs. It is first worth noting that Ws,t, Hs,t, Ks,t are all

independent Gaussian random variables and thus it is straightforward to generate or

approximate these quantities in practice. On the other hand, the Lévy area Ls,t poses

a significant challenge as its distribution is non-Gaussian and currently it can only be

approximately generated [89]. This motivates us to study the relationship between

Ls,t and the other “low order” coefficients of the space-time Brownian log-signature.

In particular, the following theorem establishes various conditional moments of Ls,t

that give new unbiased estimators for the truncated log-signature of Brownian motion.
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Theorem 4.2.8 (Conditional moments of Brownian space-space-time Lévy area).

Let Hs,t, Ls,t and Ks,t denote the Brownian Lévy areas we previously defined. Then

E
[
Ls,t

∣∣Ws,t, Hs,t

]
=

1

30
h2 +

3

5
hH2

s,t , (4.2.4)

Var
(
Ls,t

∣∣Ws,t, Hs,t

)
=

11

25200
h4 + h3

Å
1

720
W 2
s,t +

1

700
H2
s,t

ã
, (4.2.5)

E
[
Ls,t

∣∣Ws,t, Hs,t, Ks,t

]
=

3

140
h2 +

3

5
hH2

s,t − hWs,tKs,t +
60

7
hK2

s,t , (4.2.6)

Var
(
Ls,t

∣∣Ws,t, Hs,t, Ks,t

)
=

11

88200
h4 + h3

Å
1

700
H2
s,t +

1

49
K2
s,t

ã
, (4.2.7)

Proof. By the natural Brownian scaling it is enough to prove the result on [0, 1].

Recall that W = ıW +Z where the parabola ıW is completely determined by (W1, H1)

and Z is independent of (W1, H1). This immediately leads to the following calculation,

E
ñ∫ 1

0

W 2
u du

∣∣∣W1, H1

ô
= E
ñ∫ 1

0

ÄıWu + Zu
ä2
du
∣∣∣W1, H1

ô
= E
ñ∫ 1

0

ıW 2
u du+ 2

∫ 1

0

ıWu Zu du+

∫ 1

0

Z2
u du

∣∣∣W1, H1

ô
=

∫ 1

0

ıW 2
u du+ 2

∫ 1

0

ıWu E [Zu] du+

∫ 1

0

E
[
Z2
u

]
du

=

∫ 1

0

(uW1 + 6u(1− u)H1)2 du+

∫ 1

0

u− u2 − 3u2(1− u)2 du

=

∫ 1

0

u2W 2
1 + 12u2(1− u)W1H1 + 36u2(1− u)2H2

1 du

+

∫ 1

0

u− u2 − 3u2(1− u)2 du

=
1

3
W 2

1 +W1H1 +
6

5
H2

1 +
1

15
.

The first conditional expectation (4.2.4) now follows from the above and lemma 4.2.5.

Deriving the first conditional variance (4.2.5) requires more extensive computations.

Var

Ç∫ 1

0

W 2
u du

∣∣∣W1, H1

å
= Var

Ç∫ 1

0

W 2
u du−

∫ 1

0

ıW 2
u du

∣∣∣W1, H1

å
= Var

Ç
2

∫ 1

0

ıWu Zu du+

∫ 1

0

Z2
u du

∣∣∣W1, H1

å
= 4 Var

Ç∫ 1

0

ıWu Zu du
∣∣∣W1, H1

å
+ Var

Ç∫ 1

0

Z2
u du

å
+ 4 Cov

Ç∫ 1

0

ıWu Zu du,

∫ 1

0

Z2
u du

∣∣∣W1, H1

å
.
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Recall Z =
∞∑
k=2

Ikek where {Ik} are independent centered Gaussian random variables.

In particular, this means that Z and −Z have the same law. Therefore, we have that

E
ñ∫ 1

0

ıWuZu du
∣∣∣W1, H1

ô
= 0,

and

Cov

Ç∫ 1

0

ıWuZu du,

∫ 1

0

Z2
u du

∣∣∣W1, H1

å
= 0.

The remaining two terms were resolved with assistance from Wolfram Mathematica.

Var

Ç∫ 1

0

ıWuZu du
∣∣∣W1, H1

å
=

∫ 1

0

∫ 1

0

ıWu
ıWv E [ZuZv |W1, H1] du dv

=

∫ 1

0

∫ 1

0

ıWu
ıWv (min(u, v)− uv − 3uv(1− u)(1− v)) du dv

= 2

∫ 1

0

ıWv

∫ v

0

uıWu du dv −
Ç∫ 1

0

uıWu du

å2

− 3

Ç∫ 1

0

u(1− u)ıWu du

å2

= 2

Å
1

15
W 2

1 +
13

60
W1H1 +

13

70
H2

1

ã
−
Å

1

3
W1 +

1

2
H1

ã2

− 3

Å
1

12
W1 +

1

5
H1

ã2

=
1

720
W 2

1 +
1

700
H2

1 .

Var

Ç∫ 1

0

Z2
u du

å
= E

[Ç∫ 1

0

Z2
u du

å2
]
−
Ç
E
ñ∫ 1

0

Z2
u du

ôå2

=

∫ 1

0

∫ 1

0

E
[
Z2
uZ

2
v

]
du dv −

Ç
E
ñ∫ 1

0

Z2
u du

ôå2

=

∫ 1

0

∫ 1

0

E
[
Z2
u

]
E
[
Z2
v

]
+ 2 (E [ZuZv])

2 du dv −
Ç
E
ñ∫ 1

0

Z2
u du

ôå2

= 4

∫ 1

0

∫ v

0

(u− uv − 3uv(1− u)(1− v))2 du dv

=
11

6300
.

By lemma 4.2.5, we can derive an explicit formula for the conditional variance (4.2.5).

Var
(
L1

∣∣W1, H1

)
= Var

Ç
1

2

∫ 1

0

W 2
u du

∣∣∣W1, H1

å
=

11

25200
+

1

720
W 2

1 +
1

700
H2

1 .

The last two moments (4.2.6) and (4.2.7) will be shown using a very similar strategy.
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Recall that W = W̃ + Z̃ where the cubic polynomial W̃ is completely determined

by (W1, H1, K1) and Z̃ is a centered Gaussian process independent of (W1, H1, K1).

Moreover, Z̃ is a third degree Brownian bridge and has the below covariance function:

K‹Z (s, t) = min (s, t)− st− 3st(1− s)(1− t)

− 5st(1− s)(1− t)(1− 2s)(1− 2t), for s, t ∈ [0, 1] .

As before, we consider a conditional expectation for the integral of W 2 against time.

E
ñ∫ 1

0

W 2
u du

∣∣∣W1, H1, K1

ô
= E
ñ∫ 1

0

Ä
W̃u + Z̃u

ä2
du
∣∣∣W1, H1, K1

ô
= E
ñ∫ 1

0

W̃ 2
u du+ 2

∫ 1

0

W̃u Z̃u du+

∫ 1

0

Z̃2
u du

∣∣∣W1, H1, K1

ô
=

∫ 1

0

W̃ 2
u du+ 2

∫ 1

0

W̃u E[Z̃u] du+

∫ 1

0

E[Z̃2
u] du

=

∫ 1

0

(uW1 + 6u(1− u)H1 + 60u(1− u)(1− 2u)K1)2 du

+

∫ 1

0

u− u2 − 3u2(1− u)2 − 5u2(1− u)2(1− 2u)2 du

=
1

3
W 2

1 +W1H1 +
6

5
H2

1 − 2W1K1 +
120

7
K2

1 +
3

70
.

The second conditional expectation (4.2.6) follows from the above and lemma 4.2.5.

Finally, we will consider the second conditional variance (4.2.7) for the Lévy area L1.

Var

Ç∫ 1

0

W 2
u du

∣∣∣W1,H1,K1

å
= 4 Var

Ç∫ 1

0

W̃u Z̃u du
∣∣∣W1,H1,K1

å
+ Var

Ç∫ 1

0

Z̃2
u du

å
+ 4 Cov

Ç∫ 1

0

W̃u Z̃u du,

∫ 1

0

Z̃2
u du

∣∣∣W1, H1, K1

å
.

Since Z̃ =
∞∑
k=3

Ikek, we see that Z̃ and −Z̃ have the same law. Hence this implies that

E
ñ∫ 1

0

W̃u Z̃u du
∣∣∣W1, H1, K1

ô
= 0,

and

Cov

Ç∫ 1

0

W̃u Z̃u du,

∫ 1

0

Z̃2
u du

∣∣∣W1, H1, K1

å
= 0.

Therefore the above conditional variance can be simplified to the following expression:

Var

Ç∫ 1

0

W 2
u du

∣∣∣W1,H1,K1

å
= 4Var

Ç∫ 1

0

W̃u Z̃u du
∣∣∣W1,H1,K1

å
+ Var

Ç∫ 1

0

Z̃2
u du

å
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The remaining two terms were resolved with assistance from Wolfram Mathematica.

Var

Ç∫ 1

0

W̃u Z̃u du
∣∣∣W1, H1, K1

å
=

∫ 1

0

∫ 1

0

W̃uW̃v E
î
Z̃u Z̃v |W1, H1, K1

ó
du dv

=

∫ 1

0

∫ 1

0

W̃uW̃v (min(u, v)− uv − 3uv(1− u)(1− v)

−5uv(1− u)(1− v)(1− 2u)(1− 2v)) du dv

= 2

∫ 1

0

W̃v

∫ v

0

uW̃u du dv −
Ç∫ 1

0

uW̃u du

å2

− 3

Ç∫ 1

0

u(1− u)W̃u du

å2

− 5

Ç∫ 1

0

u(1− u)(1− 2u)W̃u du

å2

= 2

Å
1

15
W 2

1 +
13

60
W1H1 −

5

14
W1K1 +

13

70
H2

1 −
1

2
H1K1 +

5

7
K2

1

ã
−
Å

1

3
W1 +

1

2
H1 −K1

ã2

− 3

Å
1

12
W1 +

1

5
H1

ã2

− 5

Å
2

7
K1 −

1

60
W1

ã2

=
1

700
H2

1 +
1

49
K2

1 .

Var

Ç∫ 1

0

Z̃2
u du

å
= E

[Ç∫ 1

0

Z̃2
u du

å2
]
−
Ç
E
ñ∫ 1

0

Z̃2
u du

ôå2

=

∫ 1

0

∫ 1

0

E[Z̃2
u Z̃

2
v ] du dv −

Ç
E
ñ∫ 1

0

Z̃2
u du

ôå2

=

∫ 1

0

∫ 1

0

E[Z̃2
u]E[Z̃2

v ] + 2
Ä
E[Z̃u Z̃v]

ä2
du dv −

Ç
E
ñ∫ 1

0

Z̃2
u du

ôå2

= 4

∫ 1

0

∫ v

0

(u− uv − 3uv(1− u)(1− v)

−5uv(1− u)(1− v)(1− 2u)(1− 2v))2 du dv

=
11

22050
.

By lemma 4.2.5, we can derive an explicit formula for the conditional variance (4.2.7).

Var
(
L1

∣∣W1, H1, K1

)
= Var

Ç
1

2

∫ 1

0

W 2
u du

∣∣∣W1, H1, K1

å
=

11

88200
+

1

700
H2

1 +
1

49
K2

1 .

Remark 4.2.9. The methodology presented in the above proof can be extended to

computing means and variances of Ls,t conditional on {W1, I1, I2, · · · , In} for n > 2.

However, this would be quite challenging due to the involved calculations for large n.
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Theorem 4.2.8 is a central result in the thesis and utilized in upcoming chapters.

For the remainder of this section, we shall outline these applications for the theorem.

Most notably, the conditional expectations (4.2.4) and (4.2.6) can be used to

approximate Ls,t and are thus applicable to high order numerical methods for SDEs.

Although there are many numerical methods for any given SDE, we will see that these

unbiased estimators are especially applicable within the following classes of methods:

• Stochastic Taylor methods

Unsurprisingly, it is possible to incorporate estimators for iterated integrals into

stochastic Taylor methods. Chapter 2 gives a brief overview of these methods.

Just as for ODEs, there are potentially three disadvantages of Taylor methods:

– They require one to explicitly compute or estimate vector fields derivatives

– They can exhibit instability (such as for SDEs on manifolds or stiff SDEs)

– High order Taylor methods can perform poorly if large step sizes are used

For the above reasons, we will present more suitable methods for the numerical

examples covered in the thesis. On the other hand, it is worth noting that

the Milstein scheme is a type of stochastic Taylor method and is particularly

applicable to multidimensional SDEs (see [42] and [45] for concrete examples).

Moreover, the approximations of Brownian Lévy area developed in Chapter 7

can be naturally incorporated into the Milstein scheme. That said, it is still

ongoing work to demonstrate and quantify the effectiveness of this methodology.

• The log-ODE method

The log-ODE method is a way of approximating an SDE by numerically solving

an ODE constructed using iterated integrals along with vector field Lie brackets.

Compared to Taylor methods, this approach is more stable and performs well

when larger step sizes are used (provided the ODE solver has these properties).

Unfortunately, this method has the disadvantage of requiring derivatives of

vector fields and the “log-ODE” can be stiff and difficult to solve numerically.

Chapter 3 contains an overview of this method from the rough path perspective.

In the next section, we shall analyse a version of the log-ODE method that uses

the estimator (4.2.4) for SDEs driven by a one-dimensional Brownian motion.

The log-ODE method with (4.2.4) is then used further in this chapter to design

a state-of-the-art discretization of Inhomogeneous Geometric Brownian Motion.
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• Stochastic Runge-Kutta methods

A popular class of numerical methods for ODEs are the Runge-Kutta methods,

which have seen significant development in the past century (see [15] for details).

The general idea is to match the Taylor expansion of the differential equation,

up to some order, by weighted sums of nested compositions of the vector field.

As SDEs have multiple vector fields and admit Taylor expansions which contain

stochastic integrals, it is often difficult to design Runge-Kutta methods for them.

In the penultimate section of this chapter, we will exploit the structure that

comes from the parabola approximation of Brownian motion to design a high

order three-stage stochastic Runge-Kutta method for SDEs with additive noise.

• Piecewise linear or Wong-Zakai methods

A classical approach (first introduced in [97] by E. Wong and M. Zakai) is to

discretize the driving Brownian motion as the piecewise linear path that agrees

on discretization points. Along each such piece, the SDE then reduces to an

ODE that can be approximated using a sufficiently accurate numerical method.

It is worth noting that this is precisely the “derivative-free” log-ODE method.

In Chapter 5, we develop a piecewise linear discretization of Brownian motion

that captures the “shape” of the path (i.e. matches certain iterated integrals).

Here the estimators (4.2.4) and (4.2.6) play a critical role in designing the paths.

These new piecewise linear discretizations can be applied to SDE simulation just

as before, but are expected to give higher orders of strong and weak convergence.

Specific numerical examples for these methods are given in sections 5.3 and 6.3.

 

Figure 4.10: Brownian motion approximated by “high order” piecewise linear paths.

In practice, the above piecewise linear paths can be generated using two independent
Gaussian random variables and a further independent Rademacher random variable.
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In addition, the conditional variances given by (4.2.5) and (4.2.7) enable one

to compute the L2(P) errors corresponding to the estimators (4.2.4) and (4.2.6).

Since the iterated integrals associated with Ls,t appear naturally in stochastic Taylor

expansions and can be the largest source of numerical error in high order methods, this

provides a methodology for estimating the L2(P) error of each one-step approximation.

Estimating such L2(P) errors is especially important within the context of variable

step size methods which are very well suited for tackling non-homogeneous problems.

Unlike for ODEs, it is not entirely trivial to simply “take a smaller step size”.

The reason is that the decision to reduce a step size usually comes after information

about the Brownian path has been generated (with respect to the larger step size).

Fortunately, Lévy’s construction of Brownian motion is precisely what is needed to

generate path increments within an interval conditional on the endpoint information.

In [13], it was explicitly shown how to extend this approach to generate both the

Brownian increment and time area conditional on the same pair over a larger interval.

 

 

𝑠 𝑢 𝑡 

𝑊𝑢 

𝑊𝑠 

𝑊𝑡 𝐻𝑠,𝑢 

 

𝐻𝑢,𝑡  

 

+ + = ℎ𝐻𝑠,𝑡 

Figure 4.11: Brownian motion and its space-time area can be generated at a midpoint.

In Chapter 6, we shall apply Theorem 4.2.8 for determining when a step size is

large enough to cause the local numerical error to exceed at a prespecified tolerance.

For example, if the path’s increment or space-time Lévy area is particularly large

(which is possible as they have normal distributions), then the conditional variance

computed using (4.2.5) and thus the estimated L2(P) error will also be considerable.

In section 6.3, we will combine the new piecewise linear method for SDEs, a diagonally

implicit Runge-Kutta method for ODEs and this variable step size methodology to

accurately discretize the Cox-Ingersoll-Ross model (and thus also the Bessel process).
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4.3 Application of conditional moments to parabola

and log-ODE methods

For this section, we shall be considering the Stratonovich SDE on the interval [0, T ]:

dyt = f0(yt)dt+ f1(yt) ◦ dWt , (4.3.1)

y0 = ξ ,

where ξ ∈ Re and fi denote bounded C∞ vector fields on Re with bounded derivatives.

It follows from the standard Picard iteration or fixed point argument that there exists

a unique strong solution y to the above SDE (see chapter 8 of [66] for further details).

As discussed in section 2.3, an important tool in the numerical analysis of this solution

is the stochastic Taylor expansion (see chapter 5 of [62] for a comprehensive review).

For the purposes of this section, we only need the following specific Taylor expansion:

Theorem 4.3.1 (High order Stratonovich-Taylor expansion). Let y denote the unique

strong solution to (4.3.1) and let 0 ≤ s ≤ t. Then yt can be Taylor expanded as follows:

yt = ys + f0(ys)h+ f1(ys)Ws,t +
1

2
f ′1(ys)f1(ys)W

2
s,t +

1

2
f ′0(ys)f0(ys)h

2 (4.3.2)

+ f ′0(ys)f1(ys)

∫ t

s

∫ u

s

◦ dWv du+ f ′1(ys)f0(ys)

∫ t

s

∫ u

s

dv ◦ dWu

+
1

6

(
f ′1(ys)f

′
1(ys)f1(ys) + f ′′1 (ys)(f1(ys), f1(ys))

)
W 3
s,t

+ (f ′0(ys)f
′
1(ys)f1(ys) + f ′′0 (ys)(f1(ys), f1(ys)))

∫ t

s

∫ u

s

∫ v

s

◦ dWr ◦ dWv du

+ (f ′1(ys)f
′
0(ys)f1(ys) + f ′′1 (ys)(f0(ys), f1(ys)))

∫ t

s

∫ u

s

∫ v

s

◦ dWr dv ◦ dWu

+ (f ′1(ys)f
′
1(ys)f0(ys) + f ′′1 (ys)(f1(ys), f0(ys)))

∫ t

s

∫ u

s

∫ v

s

dr ◦ dWv ◦ dWu

+
1

24

(
f ′1(ys)f

′
1(ys)f

′
1(ys)f1(ys) + f ′1(ys)f

′′
1 (ys)(f1(ys), f1(ys))

+ 3f ′′1 (ys)(f
′
1(ys)f1(ys), f1(ys)) + f ′′′1 (ys)(f1(ys), f1(ys), f1(ys))

)
W 4
s,t

+R4(h, ys) +R5(h, ys),

where h := t−s and the remainder terms have the below uniform estimates for h < 1,

E [R4(h, ys) ] = 0, (4.3.3)

sup
ys∈Re

‖R4(h, ys)‖L2(P) ≤ C1 h
5
2 , (4.3.4)

sup
ys∈Re

‖R5(h, ys)‖L2(P) ≤ C2 h
3 , (4.3.5)

and the constants C1, C2 depend only on the vector fields of the differential equation.
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Remark 4.3.2. The derivatives appearing in the above Taylor expansion can be defined

as Fréchet derivatives, and thus viewed as maps into the space of multilinear functions:

fn : Re → L
(
(Re)⊗n ,Re

)
, for n ≥ 0.

In addition to being multilinear, each fn(y) is symmetric in its n arguments for n ≥ 2.

Remark 4.3.3. As discussed in section 2.3, the above Taylor expansion holds when a

finite order of smoothness is assumed on the vector fields (for example, it suffices to

assume boundedness for the first three derivatives of f0 and four derivatives of f1).

Moreover, stochastic Taylor expansions can be used under weaker assumptions such

as linear growth (instead of boundedness) and this will be considered in future work.

From a numerical perspective, the most challenging terms appearing within (4.3.2)

are those with non-trivial third order iterated integrals of Brownian motion and time.

Fortunately, Theorem 4.2.8 gives a natural method for approximating these integrals.

Therefore in order to propagate a numerical solution of (4.3.1) over an interval [s, t],

we will generate (Ws,t, Hs,t) exactly and then approximate Ls,t using Theorem 4.2.8.

Recall that by lemma 4.2.5, we can recover iterated integrals from (h,Ws,t, Hs,t, Ls,t).

In this section, we shall be considering the following two numerical methods for (4.3.1):

Definition 4.3.4. (High order log-ODE method). For a fixed number of steps N

we can construct a numerical solution {Yk}0≤k≤N of (4.3.1) by setting Y0 := ξ and for

each k ∈ [0 . . N − 1], defining Yk+1 to be the solution at u = 1 of the following ODE:

dz

du
= f0(z)h+ f1(z)Wtk,tk+1

+ [f1, f0 ](z) · hHtk,tk+1
(4.3.6)

+ [f1, [f1, f0 ]](z) ·
Å

3

5
hH2

tk,tk+1
+

1

30
h2

ã
,

z0 = Yk ,

where h := T
N

, tk := kh and [·, ·] denotes the standard Lie bracket of vector fields.

Definition 4.3.5. (The parabola-ODE method). For a fixed number of steps N

we can construct a numerical solution {Yk}0≤k≤N of (4.3.1) by setting Y0 := ξ and for

each k ∈ [0 . . N − 1], defining Yk+1 to be the solution at u = 1 of the following ODE:

dz

du
= f0(z)h+ f1(z)

(
Wtk,tk+1

+ (6− 12u)Htk,tk+1

)
, (4.3.7)

z0 = Yk ,

where h := T
N

and tk := kh.
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In the above methods, the true solution y at time tk can be approximated by Yk.

Whilst there are different ways of interpolating between the successive approximations

Yk and Yk+1, for the thesis we will simply interpolated between these points linearly.

Before giving an error analysis for these numerical methods, we shall discuss how the

high order log-ODE method relates to the rough path theory presented in Chapter 3.

The (Stratonovich) signature of space-time Brownian motionXW := {(u,Wu)}u∈[s,t]

is given as the following element in the vector space of all formal series of tensors,

T ((R2)) := {a = (a0, a1, · · · ) : an ∈ (R2)
⊗n ∀n ≥ 0}:

Ss,t
(
XW

)
=

Å
1, (Iτ , Iw) ,

Å
Iττ Iτw
Iwτ Iww

ã
,

ÅÅ
Iτττ Iττw
Iτwτ Iτww

ã
,

Å
Iwττ Iwτw
Iwwτ Iwww

ãã
, · · ·
ã
,

where we use notation presented in Theorem 4.2.7. Using the results of the previous

section, we see that taking an expectation of Ss,t
(
XW

)
conditional on Ws,t, Hs,t yields:

E
[
Ss,t

(
XW

) ∣∣Ws,t, Hs,t

]
=

Ç
1, (h,Ws,t) ,

Ç 1
2
h2 1

2
hWs,t − hHs,t

1
2
hWs,t + hHs,t

1
2
W 2
s,t

å
,ÇÇ 1

6
h3 1

6
h2Ws,t − 1

2
h2Hs,t

1
6
h2Ws,t

1
6
hW 2

s,t − 1
2
hWs,tHs,t + 3

5
H2
s,t + 1

30
h2

å
,Ç 1

6
h2Ws,t + 1

2
h2Hs,t

1
6
hW 2

s,t − 6
5
H2
s,t − 1

15
h2

1
6
hW 2

s,t + 1
2
hWs,tHs,t + 3

5
H2
s,t + 1

30
h2 1

6
W 3
s,t

åå
, · · ·
å
.

Since E
[
Ss,t

(
XW

) ∣∣Ws,t, Hs,t

]
is an element of T ((R2)) with first entry equal to 1,

we can apply the logarithm map log(a) := log(a0) +
∞∑
n=1

(−1)n−1

n

Ä
1
a0
a− 1

än
to give

log
(
E
[
Ss,t

(
XW

) ∣∣Ws,t, Hs,t

])
=

Ç
0, (h,Ws,t) , hHs,t

Ç
0 −1

1 0

å
,

Å
3

5
H2
s,t +

1

30
h2

ãÇÇ0 0

0 1

å
,

Ç
0 −2

1 0

åå
, · · ·
å

= h eτ +Ws,t ew + hHs,t e[w,τ ] +

Å
3

5
H2
s,t +

1

30
h2

ã
e[w,[w,τ ]] + 0 e[[w,τ ],τ ] + · · · ,

where eτ , ew, e[w,τ ], e[w,[w,τ ]], e[[w,τ ],τ ] are the first five Lyndon basis vectors in the

free Lie algebra g (R2) ⊂ T ((R2)) (see [83] for further details). From the above

calculations, we can now give a rough path interpretation of the new log-ODE method:

Remark 4.3.6. The log-ODE (4.3.6) is constructed from the “log-expected-signature”

of space-time Brownian motion conditional on (Ws,t, Hs,t) and truncated at level 3.
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Moreover, the basis used to express this log-signature coincides with the Lyndon basis

and the log-ODE true solution, z1, is equal to the solution at time r = h of the RDE:

dxr = f0 (xr) dγ
(0)
r + f1 (xr) dγ

(1)
r , x0 = ys . (4.3.8)

where the rough path γ is a so-called “geodesic in the 3-step nilpotent group” with

log(S0,h(γ)) = log
(
E
[
S3
s,t

(
XW

) ∣∣Ws,t, Hs,t

])
.

This leads us to an important remark concerning the practicality of these methods.

Remark 4.3.7. Both methods can be viewed as solutions to RDEs driven by either a

geodesic (in the log-ODE case) or a space-time parabola (in the parabola-ODE case).

However, whilst these methods involve computing a numerical solution of an ODE,

the parabola method does not require one to explicit resolve vector field derivatives.

Therefore, the parabola-ODE method may be applicable to a wider class of problems.

In order to estimate the numerical errors experienced by these methods, we will

compute their respective (standard) Taylor expansions up to a sufficiently high order.

Theorem 4.3.8. Let Y log be the one-step approximation defined by the log-ODE

method on the interval [s, t] with initial value Y log
0 = ys. Then for sufficiently small h

Y log
1 = ys + f0(ys)h+ f1(ys)Ws,t +

1

2
f ′1 f1(ys)W

2
s,t +

1

2
f ′0 f0(ys)h

2 (4.3.9)

+ f ′0 f1(ys)

Å
1

2
hWs,t + hHs,t

ã
+ f ′1 f0(ys)

Å
1

2
hWs,t − hHs,t

ã
+

1

6
(f ′1 f

′
1 f1 + f ′′1 (f1, f1))(ys)W

3
s,t

+ (f ′0 f
′
1 f1 + f ′′0 (f1, f1))(ys)

Å
1

6
hW 2

s,t +
1

2
hWs,tHs,t +

3

5
H2
s,t +

1

30
h2

ã
+ (f ′1 f

′
0 f1 + f ′′1 (f0, f1))(ys)

Å
1

6
hW 2

s,t −
6

5
H2
s,t −

1

15
h2

ã
+ (f ′1 f

′
1 f0 + f ′′1 (f1, f0))(ys)

Å
1

6
hW 2

s,t −
1

2
hWs,tHs,t +

3

5
H2
s,t +

1

30
h2

ã
+

1

24

(
f ′1 f

′
1 f
′
1 f1 + f ′1 f

′′
1 (f1, f1) + 3f ′′1 (f ′1 f1, f1) + f ′′′1 (f1, f1, f1)

)
(ys)W

4
s,t

+Rlog(h, ys) +O(h3),

where ‖Rlog‖L2(P) ∼O(h
5
2 ) satisfies the same L2(P) estimate as (4.3.4) and E

[
Rlog

]
= 0.

In the expansion, O(h3) denotes a remainder term R(h, ys) which can be estimated as

sup
ys∈Re

‖R(h, ys)‖L2(P) ≤ CR h
3.

where the constant CR depends only on the vector fields of the differential equation.
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Remark 4.3.9. Throughout this thesis (except section 6.2), we use the notation O(hα)

to refer to terms with an L2(P) norm that can be bounded by Chα for some C > 0.

Proof. In order to derive (4.3.9), we shall Taylor expand of the ODE (4.3.6) on [0, 1].

Let F denote the vector field defined in (4.3.6) that was constructed from f0 and f1:

F (y) := f0(y)h+ f1(y)Ws,t + [f1, f0](y)hHs,t + [f1, [f1, f0]](y)

Å
3

5
H2
s,t +

1

30
h2

ã
,

= f0(y)h+ f1(y)Ws,t +
(
f ′0 f1 − f ′1 f0

)
(y)hHs,t +

(
f ′0 f

′
1 f1 − 2f ′1 f

′
0 f1 + f ′1 f

′
1 f0

+ f ′′0 (f1, f1)− 2f ′′1 (f0, f1) + f ′′1 (f1, f0)
)
(y)

Å
3

5
H2
s,t +

1

30
h2

ã
.

Therefore, we see that F is a bounded C∞ vector field on Re with bounded derivatives.

As F is smooth, we can apply the classical Taylor’s theorem to the log-ODE (4.3.6).

Y log
1 = ys + F (ys) +

1

2
F ′F (ys) +

1

6
F ′F ′F (ys) +

1

6
F ′′(F, F )(ys) +

1

24
F ′F ′F ′F (ys)

+
1

24
F ′F ′′(F, F )(ys) +

1

8
F ′′(F ′F, F )(ys) +

1

24
F ′′′(F, F, F )(ys)

+
1

120
F ′F ′F ′F ′F (ys) +

1

120
F ′F ′F ′′(F ′, F ′)(ys) +

1

120
F ′F ′′′(F, F, F )(ys)

+
1

40
F ′F ′′(F ′F, F )(ys) +

1

40
F ′′(F ′F, F ′F )(ys) +

1

30
F ′′(F ′′(F, F ), F )(ys)

+
1

30
F ′′ (F ′F ′F, F ) (ys) +

1

20
F ′′′(F ′F, F, F )(ys) +

1

120
F ′′′′(F, F, F, F )(ys)

+ higher order terms.

One can define the degree of each term in the above Taylor expansion by counting

the number of times functions from {F, F ′, F ′′, · · · } appear. Hence we can see that

the higher order terms are precisely the terms with degree strictly greater than five.

Since the largest component of F is f1(·)Ws,t, both F and its derivatives are O(h
1
2 ).

Thus the “higher order terms” in the above Taylor expansion are O(h3) as in (4.3.5).

Moreover, it follows from the definition of F that the O(h
5
2 ) component in the Taylor

expansion can be expressed as a linear combination of the following random variables:

W 5
s,t , hW

3
s,t , h

2Ws,t , hW
2
s,tHs,t , h

2Hs,t , W
3
s,tH

2
s,t , hWs,tH

2
s,t , hH

3
s,t , Ws,tH

4
s,t .

As Ws,t and Hs,t are independent centered Gaussian random variables, all of these

terms have zero expectation. Since f0, f1 and their derivatives are globally bounded,

we have shown that Y log
1 = M log +Rlog +O(h3) where M log consists entirely of terms

that are at least O(h2) and the remainder Rlog+O(h3) satisfies the required estimates.
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As the terms of degree four that are not O(h
5
2 ) are those involving W 4

s,t, it is enough

to expand only the first four terms in the expansion of Y log
1 using the definition of F :

Y log
1 = ys + f0(ys)h+ f1(ys)Ws,t + [f1, f0](ys)hHs,t + [f1, [f1, f0]](ys)

Å
3

5
H2
s,t +

1

30
h2

ã
+

1

2

(
f ′0 h+ f ′1Ws,t + [f1, f0]′ hHs,t

)(
f0h+ f1Ws,t + [f1, f0]hHs,t

)
(ys)

+
1

6

(
f ′0h+ f ′1Ws,t

)(
f ′0h+ f ′1Ws,t

)(
f0h+ f1Ws,t

)
(ys)

+
1

6

(
f ′′0 h+ f ′′1 Ws,t

)(
f0h+ f1Ws,t, f0h+ f1Ws,t

)
(ys)

+
1

24

(
f ′1 f

′
1 f
′
1 f1 + f ′1 f

′′
1 (f1, f1) + 3f ′′1 (f ′1 f1, f1) + f ′′′1 (f1, f1, f1)

)
(ys)W

4
s,t

+Rlog
1 (h, ys) +O(h3),

where Rlog
1 (h, ys) has zero mean and satisfies the same L2 (P) estimate as Rlog(h, ys).

The result can now be shown by directly expanding and rearranging the above terms.

For example, the coefficient which appears in front of hWs,tHs,t can be computed as

1

2

(
[f1, f0]′f1 + f ′1[f1, f0]

)
(ys)

=
1

2

(
(f ′0 f1 − f ′1 f0)′f1 + f ′1(f ′0 f1 − f ′1 f0)

)
(ys)

=
1

2

(
f ′′0 (f1, f1)− f ′′1 (f1, f0) + f ′0 f

′
1 f1 − f ′1 f ′0 f1 + f ′1 f

′
0 f1 − f ′1 f ′1 f0

)
(ys)

=
1

2

(
f ′0 f

′
1 f1 + f ′′0 (f1, f1)− f ′1 f ′1 f0 − f ′′1 (f1, f0)

)
(ys) .

As the higher order terms obtained after expanding are either O(h
5
2 ) with mean zero

or O(h3), it follows that Y log
1 has the required Taylor expansion given by (4.3.8).

Remark 4.3.10. In practice, it is often difficult or even impossible to solve the log-

ODE (4.3.6) exactly. In which case, it must be approximated using an appropriate

solver. It is clear from the proof of Theorem 4.3.8 that a one-step approximation from

any ODE numerical method of fourth order will produce the desired Taylor expansion

and if the noise is additive (i.e. f1 is constant) then a third order method is sufficient.

Due of the structure of the log-ODE’s vector field, splitting methods can be applied.

Fundamentally the idea behind this proof is an entirely algebraic one and can

be extended to the general rough path setting (see Chapter 3 for further details).

The exponential map of a smooth vector field V is defined as the flow obtained from

solving y′ = V (y) over the unit interval. Thus the log-ODE method corresponds to

the exponential of a vector field F that is constructed from a truncated log-signature.
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In particular, the Taylor expansion for z1 where z′ = F (z) can be viewed as the

standard algebraic series representation of exp(F ). Similarly, applying the algebraic

series representation of the exponential map to the log-signature gives the signature.

Since there is a natural algebra isomorphism between the space of formal tensor

series T ((Rd)) and a space of differential operators generated using V = (V1, · · · , Vd),
exp(F )(ys) can be expressed as the output of a linear function applied to the signature.

In fact, the algebra works out exactly and exp(F )(ys) coincides precisely with the

Stochastic/Rough Taylor expansion obtained from the vector fields V = (V1, · · · , Vd)
and the exponential of the input truncated log-signature in T ((Rd)). Combining this

result with Chow’s theorem (see section 7.4 of [37] for a statement and proof of this)

then leads to the geodesic interpretation of the log-ODE method seen in remark 4.3.6.

We shall now compute a similar Taylor expansion for the parabola-ODE method.

Theorem 4.3.11. Let Y para be the one-step approximation for the parabola-ODE

method on an interval [s, t] with initial value Y para
0 = ys. Then for sufficiently small h

Y para
1 = ys + f0(ys)h+ f1(ys)Ws,t +

1

2
f ′1 f1(ys)W

2
s,t +

1

2
f ′0 f0(ys)h

2 (4.3.10)

+ f ′0 f1(ys)

Å
1

2
hWs,t + hHs,t

ã
+ f ′1 f0(ys)

Å
1

2
hWs,t − hHs,t

ã
+

1

6
(f ′1 f

′
1 f1 + f ′′1 (f1, f1))(ys)W

3
s,t

+ (f ′0 f
′
1 f1 + f ′′0 (f1, f1))(ys)

Å
1

6
hW 2

s,t +
1

2
hWs,tHs,t +

3

5
H2
s,t

ã
+ (f ′1 f

′
0 f1 + f ′′1 (f0, f1))(ys)

Å
1

6
hW 2

s,t −
6

5
H2
s,t

ã
+ (f ′1 f

′
1 f0 + f ′′1 (f1, f0))(ys)

Å
1

6
hW 2

s,t −
1

2
hWs,tHs,t +

3

5
H2
s,t

ã
+

1

24

(
f ′1 f

′
1 f
′
1 f1 + f ′1 f

′′
1 (f1, f1) + 3f ′′1 (f ′1 f1, f1) + f ′′′1 (f1, f1, f1)

)
(ys)W

4
s,t

+Rpara(h, ys) +O(h3),

where ‖Rpara‖L2(P) ∼ O(h
5
2 ) has the same L2(P) estimate as (4.3.4) and E

[
Rpara

]
= 0.

In the expansion, O(h3) denotes a remainder term R(h, ys) which can be estimated as

sup
ys∈Re

‖R(h, ys)‖L2(P) ≤ CR h
3 .

where the constant CR depends only on the vector fields of the differential equation.
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Proof. Using the substitution Xu = z 1
h

(u−s) for u ∈ [s, t], the ODE (4.3.7) can be

rewritten as

dXu = f0 (Xu) du+ f1 (Xu) dıWu , (4.3.11)

Xs = ys ,

where ıW denotes the Brownian parabola defined by (Ws,t, Hs,t) on the interval [s, t].

By emulating the derivation of the Stratonovich-Taylor expansion (4.3.2), it is possible

to Taylor expand (4.3.11) in the same fashion. The only difference is that Stratonovich

integrals with respect to W are replaced by Riemann-Stieltjes integrals against ıW .

Note that this type is argument is common in rough path theory, and leads to the

so-called rough Taylor expansion (see [9] for a recent account of this expansion that

gives a uniform factorial decay estimate for the remainder in the p-variation metric).

In our setting, the rough path driving the differential equation is the “space-time”

Brownian parabola X
ıW := {(u,ıWu)}u∈[s,t]. However, we are interested in estimating

the remainder term in an L2(P) sense and not a rough path sense (such as p-variation).

Thus, the Taylor expansion of the ODE (4.3.11) can be written in the following form:

Y para
1 = ys + f0(ys)h+ f1(ys)ıWs,t +

1

2
f ′1 f1(ys)ıW 2

s,t +
1

2
f ′0 f0(ys)h

2 (4.3.12)

+ f ′0 f1(ys)

∫ t

s

∫ u

s

dıWv du+ f ′1 f0(ys)

∫ t

s

∫ u

s

dv dıWu

+
1

6

(
f ′1 f

′
1 f1 + f ′′1 (f1, f1)

)
(ys)ıW 3

s,t

+ (f ′0 f
′
1 f1 + f ′′0 (f1, f1))(ys)

∫ t

s

∫ u

s

∫ v

s

dıWr dıWv du

+ (f ′1 f
′
0 f1 + f ′′1 (f0, f1))(ys)

∫ t

s

∫ u

s

∫ v

s

dıWr dv dıWu

+ (f ′1 f
′
1 f0 + f ′′1 (f1, f0))(ys)

∫ t

s

∫ u

s

∫ v

s

dr dıWv dıWu

+
1

24

(
f ′1 f

′
1 f
′
1 f1 + f ′1 f

′′
1 (f1, f1) + 3f ′′1 (f ′1 f1, f1) + f ′′′1 (f1, f1, f1)

)
(ys)ıW 4

s,t

+Rpara(h, ys) + higher order terms ,

where Rpara(h, ys) consists of terms corresponding to the following iterated integrals:ıW 5
s,t ,

∫ t

s

∫ u

s

∫ v

s

dr dv dıWu,

∫ t

s

∫ u

s

∫ v

s

dr dıWv du,

∫ t

s

∫ u

s

∫ v

s

dıWr dv du,∫ t

s

∫ u

s

∫ v

s

∫ r

s

dw dıWr dıWv dıWu ,

∫ t

s

∫ u

s

∫ v

s

∫ r

s

dıWw dr dıWv dıWu ,∫ t

s

∫ u

s

∫ v

s

∫ r

s

dıWw dıWr dv dıWu ,

∫ t

s

∫ u

s

∫ v

s

∫ r

s

dıWw dıWr dıWv du.
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Since ıWu can be expressed as a linear combination of Ws,t and Hs,t, it follows that all

of the above iterated integrals have zero expectation. Therefore, E [Rpara(h, ys)] = 0.

Moreover, by the natural Brownian scaling, we see that these integrals are all O(h
5
2 ).

This implies that Rpara ∼ O(h
5
2 ) satisfies the same type of L2(P) estimate as (4.3.4).

By lemma 4.2.5 and some calculations from the proof of Theorem 4.2.8, we have that∫ t

s

∫ u

s

∫ v

s

dıWr dıWv du =
1

6
hW 2

s,t +
1

2
hWs,tHs,t +

3

5
H2
s,t ,∫ t

s

∫ u

s

∫ v

s

dıWr dv dıWu =
1

6
hW 2

s,t −
6

5
H2
s,t ,∫ t

s

∫ u

s

∫ v

s

dr dıWv dıWu =
1

6
hW 2

s,t −
1

2
hWs,tHs,t +

3

5
H2
s,t .

Finally, it follows from Brownian scaling that the “higher order terms” are O(h3).

Remark 4.3.12. The key difference between the Taylor expansions of the two methods

are the terms corresponding to certain triple integrals of Brownian motion and time.

In particular, after comparing the expansions for the log-ODE and parabola-ODE

methods with the Stratonovich-Taylor expansion of the original SDE (4.3.1), we have

Y log
1 = yt − [f1, [f1, f0]](ys)

(
Ls,t − E

[
Ls,t
∣∣Ws,t, Hs,t

] )
+ E log(h, ys), (4.3.13)

Y para
1 = yt − [f1, [f1, f0]](ys)

Å
Ls,t −

3

5
hH2

s,t

ã
+ E para(h, ys), (4.3.14)

with high order errors satisfying E log, E para ∼ O(h
5
2 ) and E

[
E log

]
,E [E para] ∼ O(h3).

The above remark shows that both methods give a one-step local error of O(h2).

This means the log-ODE and parabola-ODE methods are both locally high order;

however there is a significant difference in how the methods propagate local errors.

The reason is that the O(h2) parts of the log-ODE local errors give a martingale,

whilst the O(h2) part for each parabola-ODE local error has non-zero expectation.

Thus the log-ODE method is globally high order whilst the parabola method is not.

However, since the parabola-ODE method is straightforward to implement and locally

high order, one could expect it to perform well compared to other low order methods.

In the numerical example, we shall see that the parabola method has the same order of

convergence as the standard piecewise linear approach but gives much smaller errors.

We will now present the convergence rates for the parabola and log-ODE methods.

Recall that the notions of weak and strong convergence (with order α) for numerical

solutions of SDEs were given in Chapter 2 by definitions 2.2.1 and 2.2.3 respectively.
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Theorem 4.3.13 (Orders of convergence). For a general SDE (4.3.1), the log-ODE

method converges in a strong sense with order 1.5 and a weak sense with order 2.0.

The parabola-ODE method converges in both a strong and weak sense with order 1.0.

Proof. Taylor expansions for these methods are given in Theorems 4.3.8 and 4.3.11.

The strong convergence can then be shown as in the proof of Theorem 11.5.1 in [62].

Moreover, the proof of Theorem 11.5.1 also provides the orders of strong convergence.

Since these methods converge strongly to the true solution, they also converge weakly.

Additionally, the weak convergence (with rates) follow from the Taylor expansions

(4.3.9), (4.3.10) and can be established as in the proof of Theorem 14.5.2 in [62].

Although we have not presented a detailed self-contained proof (which would require

further estimates such as Gröwall’s inequality), we will highlight the following ideas:

1. Since the largest part of the log-ODE local error is O(h2) and has mean zero,

the local errors propagate like a random walk and give a strong error of O(h
3
2 ).

2. In addition, the O(h
5
2 ) component of the log-ODE local error has zero mean.

Therefore each moment of the one-step approximation has an error of O(h3).

These errors propagate at least linearly and provide theO(h2) weak convergence.

3. For the parabola-ODE method, the expected value of the local error is O(h2)

provided that the two vectors fields do not satisfy the commutativity condition:

[f1, [f1, f0]] = 0.

The O(h2) bias in each one-step approximation causes local errors to propagate

linearly and produces the O(h) convergence rates for the parabola-ODE method.

It is also worth noting that these arguments (and theorems in [62]) still apply if the

initial condition ξ is a random variable that satisfies certain moment conditions.

Remark 4.3.14. This result can be extended naturally to the multidimensional case:

dyt = f0 (yt) dt+
d∑
i=1

fi (yt) ◦ dW (i)
t ,

y0 = ξ ,

where W is a standard d-dimensional Brownian motion and the smooth vector fields

fi are assumed to have bounded derivatives and satisfy the commutativity conditions

[fi, fj] = 0, ∀ i, j ∈ {1, · · · , d}. (4.3.15)

77



Note that this includes the SDEs with additive noise (i.e. fi is constant for i ≥ 1).

In this setting, each step of the numerical methods require generating d independent

copies of (Ws,t, Hs,t) for each coordinate of W . The parabola-ODE and log-ODE

methods can then be extended by replacing the any term constructed from f1 with the

corresponding sum of d terms that involve {f1, · · · , fd} and
{(
W

(i)
s,t , H

(i)
s,t

)
: 1 ≤ i ≤ d

}
.

Due to the condition (4.3.15), the convergence rates given in Theorem 4.3.13 still hold.

Although the parabola-ODE method has a low order of convergence, it is in some

sense “close” to being high order. Specifically, if one corrects for the local bias of
1
30

[f1, [f1, f0]]h2 after each step then the resulting numerical method would enjoy high

orders of both strong and weak convergence. That said, this approach would require

computing vector field derivatives (which was a key feature of the parabola method).

This suggests that whilst the parabola gives an unbiased and effective approximation

of a Brownian path, it may not be the most suitable path for general SDE simulation.

In Chapter 5, we construct piecewise linear paths that compensate for this O(h2)

bias and thus solving the ODE driven by these paths gives high order methodologies.

As one would expect, this also extends to the commutative multidimensional setting.

To conclude this section, we shall briefly discuss some topics related to this work.

Interplay between ODE approximations of SDEs and numerical ODE solvers

A central theme throughout this thesis is that SDEs can be well approximated

by solutions of (random) ODEs. However for this to lead to practical methodologies,

one needs to also consider the numerical method that is used to discretize each ODE.

In the case where vector fields are smooth, bounded and with bounded derivatives

we have that the random coefficients of each ODE have finite moments of all orders

(since any polynomial function of Gaussian random variables has finite moments).

Therefore, when we apply a Runge-Kutta method to the random ODE (and consider

its Taylor expansion), we should obtain an error term which has a finite L2(P) norm.

Moreover any fourth order Runge-Kutta method will have a Taylor expansion with

the desired terms and therefore should produce an error term that is O(h
5
2 ) in L2(P).

On the other hand, for certain problems these random ODEs could become stiff

and thus standard explicit Runge-Kutta methods may lead to numerical instability.

In Chapters 5 and 6, we give two numerical examples of SDEs where this is the case:

• The Langevin diffusion moving in a locally Lipschitz potential (section 5.3).

Here, the SDE can become stiff whenever the gradient of the potential is large.
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• The Cox-Ingersoll-Ross and squared Bessel processes (section 6.3). These SDEs

become stiff near zero as the derivatives of the square root vector field blow-up.

In the ODE literature, implicit methods and variable step size methods are used

for tackling stiff problems [15]. Similarly, such ideas apply to the SDE setting [62].

However, in our setting there are two ways in which variable step sizes can be used:

1. We discretize the SDE using variable step sizes. This would involve generating

increments (and areas) of the Brownian motion over a non-uniform partition.

The problem of generating W in an adaptive manner is discussed in Chapter 6.

2. We discretize each random ODE using variable step sizes (for the ODE solver).

This does not require generating further information about the Brownian path.

It is worth noting that these approaches are not mutually exclusive and can be

simultaneously applied to tackle the same problem. That said, we take the view that

(1) is the more important type of step size and so we prefer to avoid the use of (2).

For example, when discretizing the CIR model, we use variable step sizes for the SDE

but solve each ODE using one step of an implicit third order Runge-Kutta method.

We prefer step sizes of type (1) simply because it intuitively feels more appealing

to generate further information about the Brownian path. Thus understanding the

trade-off between these two different types of variable step size is an open problem.

Although it is not a central focus of this thesis, the use of implicit ODE solvers

is an important consideration for stiff problems. In particular, implicit Runge-Kutta

methods can be “A-stable” (that is, they exhibit the correct long-term behaviour

when applied to y′ = −λy with λ > 0) and are therefore desirable for stiff ODEs [15].

For the CIR model, we apply an A-stable diagonally implicit Runge-Kutta method

(in addition, this method also preserves the non-negativity of the numerical solution).

Comparison to well-known SDE schemes such as stochastic Taylor methods

It is reasonable to compare the numerical methods proposed in this thesis with

other strong order 1.5 methods (such as those given in [84] and section 11.2 of [62]).

Whilst all these methods achieve the same order of strong convergence, previously

studied methods do not utilize expectations of space-space-time Lévy area that are

conditional on both increment and integral information about the Brownian path.

So, everything else being equal, we expect previous methodologies to exhibit greater

local error for each one-step approximation (asymptotically and in an L2(P) sense).

Quantifying the improvement in accuracy gained from these new (optimal) estimators

of Ls,t as well as further comparisons with existing schemes is a topic of future research.
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Extension to more complicated models with piecewise smooth vector fields

In mathematical finance, it is reasonable to consider SDEs with vector fields that

have discontinuities in time. In particular, so-called “term structure” models for

interest rates may use piecewise constant or piecewise linear coefficients - which allows

them to be calibrated against multiple bond prices with different maturity dates [11].

For example, in [56], the authors propose the following extension of the CIR model:

drt =
(
a(t)(b− rt) + c(t)

)
dt+ σ(t)

√
rt dWt ,

where the mean reversion a(t), c(t) and volatility σ(t) coefficients can be time-varying.

For problems where vector fields (or their derivatives) have discontinuities in time,

we would simply compute a numerical solution between each point of discontinuity.

Letting {τn} be the sequence of times where a discontinuity occurs and provided the

SDE’s vector fields are sufficiently smooth on each interval (τn, τn+1), we may apply

a high order approximation. For each such interval, we would continuously extend

the vector fields from (τn, τn+1) to [τn, τn+1] before defining our ODE approximation.

As usual, a high order Runge-Kutta method can then be applied to solve each ODE.

4.4 A Runge-Kutta method for the parabola-ODE

when noise is additive

In this section, we shall develop a numerical method for SDEs of the following form:

dyt = f(yt)dt+ σdWt , (4.4.1)

y0 = ξ ,

where ξ ∈ Rd, W is a standard d-dimensional Brownian motion, σ > 0 is a constant

and f will denote a bounded smooth vector field on Rd that has bounded derivatives.

In [84], the author develops stochastic Runge-Kutta methods for (4.4.1) which

converge strongly with order 1.5 and do not require us to evaluate derivatives of

f . However whilst these methods use the increment Ws,t and space-time Lévy area

Hs,t of the Brownian motion, they do not optimally approximate (in an L2(P) sense)

higher iterated integrals using the pair (Ws,t, Hs,t). In this section, we will develop a

Runge-Kutta method for (4.4.1) based on some optimal estimators of such integrals.

Due to the structure of these integral estimators (see Theorem 4.4.1), the proposed

Runge-Kutta method also requires evaluations/approximations of the Laplacian ∆f .

Whilst this is not ideal, ∆f is easier to compute than f ′′ and scales linearly with d,

which may be important for applications such as the overdamped Langevin equation.
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To discretize (4.4.1), we consider a three-stage Runge-Kutta method of the form:

Yt := Ys + b1k1 + b2k2 + b3k3 , (4.4.2)

where b1, b2, b3 ∈ R and the stages that we use to compute the numerical solution are

k1 := hf(Ys) + σWs,t + d1σHs,t , (4.4.3)

k2 := hf(Ys + a21k1) + σWs,t + d2σHs,t , (4.4.4)

k3 := hf(Ys + a31k1 + a32k2) + σWs,t + d3σHs,t , (4.4.5)

where Ws,t and Hs,t are now defined as vectors in Rd and the coefficients are all real.

One can express the method (4.4.2) more concisely using the Butcher tableau below:

0 d1

c2 a21 d2

c3 a31 a32 d3

b1 b2 b3

As the noise in (4.4.1) is additive, it can be interpreted in a Stratonovich sense.

Therefore, we have the following high order Stratonovich-Taylor expansion for (4.4.1):

yt = ys + σWs,t + f(ys)h+
1

2
f ′(ys)f(ys)h

2 + σf ′(ys)

∫ t

s

∫ u

s

◦ dWv du (4.4.6)

+ σ2f ′′(ys)

∫ t

s

∫ u

s

∫ v

s

◦ dWr ⊗ ◦ dWv du

+ σf ′′(ys)

Å
f(ys)⊗

∫ t

s

∫ u

s

∫ v

s

◦ dWr dv du

ã
+ σf ′(ys)f

′(ys)

∫ t

s

∫ u

s

∫ v

s

◦ dWr dv du

+ σf ′′(ys)

Å
f(ys)⊗

∫ t

s

∫ u

s

∫ v

s

dr ◦ dWv du

ã
+R4(h, ys) +R5(h, ys),

where the two remainder terms will satisfy the below (uniform) estimates for h < 1,

E [R4(h, ys) ] = 0,

sup
ys∈Rd

‖R4(h, ys)‖L2(P) ≤ C1 h
5
2 ,

sup
ys∈Rd

‖R5(h, ys)‖L2(P) ≤ C2 h
3 ,

and the constants C1 and C2 depend only on the smooth vector field f as well as σ.

Tensor notation can be used here since the derivative f ′′( · ) is a bilinear form on Rd.

(see chapter 5 of [62] for a review of multidimensional stochastic Taylor expansions)
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As in the previous section, we would like to design numerical methods that match

the conditional expectation of the Taylor expansion (4.4.6) up to a certain high order.

Therefore, our first step is to derive the unbiased estimators for the various integrals.

Theorem 4.4.1. (Conditional expectations of multidimensional Brownian integrals)∫ t

s

Ws,u du =
1

2
hWs,t + hHs,t , (4.4.7)

E

[ ∫ t

s

∫ u

s

∫ v

s

◦ dWr ⊗ ◦ dWv du
∣∣∣Ws,t, Hs,t

]
=

1

6
hW⊗2

s,t +
1

2
hHs,t ⊗Ws,t (4.4.8)

+
3

5
hH⊗2

s,t +
1

30
h2Id ,

E

[ ∫ t

s

∫ u

s

∫ v

s

◦ dWr dv du
∣∣∣Ws,t, Hs,t

]
=

1

6
h2Ws,t +

1

2
h2Hs,t , (4.4.9)

E

[ ∫ t

s

∫ u

s

∫ v

s

dr ◦ dWv du
∣∣∣Ws,t, Hs,t

]
=

1

6
h2Ws,t , (4.4.10)

where Id denotes the d× d identity matrix.

Proof. The first equality was addressed by remark 4.2.2 and used in previous sections.

The last two equalities follow by lemma 4.2.6 and the independence of (Ws,t, Hs,t, Ks,t).

The second conditional expectation has already been proved in the one-dimensional

case by Theorem 4.2.8 (along with lemma 4.2.5). Thus, all that remains is to compute

E

[ ∫ t

s

∫ u

s

∫ v

s

◦ dW (i)
r ◦ dW (j)

v du
∣∣∣Ws,t, Hs,t

]
,

when i 6= j.

Similar to the proof of Theorem 4.2.8, we shall use the decomposition W = ıW + Z,

where ıW is the (multidimensional) Brownian parabola and Z is the associated arch.

So by the linearity of conditional expectations and Stratonovich integration, we have

E

[ ∫ t

s

∫ u

s

∫ v

s

◦ dW (i)
r ◦ dW (j)

v du
∣∣∣Ws,t, Hs,t

]

= E

[ ∫ t

s

∫ u

s

∫ v

s

◦ d
ÄıW (i)

r + Z(i)
r

ä
◦ d
ÄıW (j)

r + Z(j)
r

ä
du
∣∣∣Ws,t, Hs,t

]

=

∫ t

s

∫ u

s

∫ v

s

dıW (i)
r dıW (j)

v du+ E
ï∫ t

s

∫ u

s

∫ v

s

◦ dZ(i)
r ◦ dZ(j)

r du
∣∣∣Ws,t, Hs,t

ò
+ E

[ ∫ t

s

∫ u

s

∫ v

s

dıW (i)
r ◦ dZ(j)

r du+

∫ t

s

∫ u

s

∫ v

s

◦ dZ(i)
r dıW (j)

r du
∣∣∣Ws,t, Hs,t

]
.
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As Z is symmetric and ıW is determined by (Ws,t, Hs,t), the last line gives zero.

The other expectation is zero as Z(i) and Z(j) are independent symmetric processes.

Therefore, the result follows by explicitly computing the remaining iterated integral.

E

[ ∫ t

s

∫ u

s

∫ v

s

◦ dW (i)
r ◦ dW (j)

v du
∣∣∣Ws,t, Hs,t

]

=

∫ t

s

∫ u

s

∫ v

s

dıW (i)
r dıW (j)

v du

=
1

6
hW

(i)
s,tW

(j)
s,t +

1

h3
W

(i)
s,tH

(j)
s,t

∫ t

s

∫ u

s

(v − s) d
(
6(t− v)(v − s)

)
du

+
1

h3
H

(i)
s,tW

(j)
s,t

∫ t

s

∫ u

s

6(t− v)(v − s) dv du

+
1

h4
H

(i)
s,tH

(j)
s,t

∫ t

s

∫ u

s

6(t− v)(v − s) d
(
6(t− v)(v − s)

)
du

=
1

6
hW

(i)
s,tW

(j)
s,t +

1

2
hH

(i)
s,tW

(j)
s,t +

3

5
hH

(i)
s,tH

(j)
s,t ,

for i, j ∈ {1, · · · d} with i 6= j.

Therefore, we would like the method (4.4.2) to have the following Taylor expansion:

Yt = Ys + σWs,t + f(Ys)h+
1

2
f ′(Ys)f(Ys)h

2 + σf ′(Ys)

Å
1

2
hWs,t + hHs,t

ã
(4.4.11)

+ σ2f ′′(Ys)

Å
1

6
hW⊗2

s,t +
1

2
hHs,t ⊗Ws,t +

3

5
hH⊗2

s,t +
1

30
h2Id

ã
+ σf ′′(Ys)

Å
f(Ys)⊗

Å
1

3
h2Ws,t +

1

2
h2Hs,t

ãã
+ σf ′(Ys)f

′(Ys)

Å
1

6
h2Ws,t +

1

2
h2Hs,t

ã
+ higher order terms.

Since 1
30
h2σ2f ′′(Ys)(Id) is a challenging term that can be computed afterwards

using the stages k1, k2, k3, the Runge-Kutta method will actually have the expansion:

Yt = Ys + σWs,t + f(Ys)h+
1

2
f ′(Ys)f(Ys)h

2 + σf ′(Ys)

Å
1

2
hWs,t + hHs,t

ã
(4.4.12)

+ σ2f ′′(Ys)

Å
1

6
hW⊗2

s,t +
1

4
hHs,t ⊗Ws,t +

1

4
hWs,t ⊗Hs,t +

3

5
hH⊗2

s,t

ã
+ σf ′′(Ys)

Å
f(Ys)⊗

Å
1

6
h2Ws,t +

1

4
h2Hs,t

ã
+

Å
1

6
h2Ws,t +

1

4
h2Hs,t

ã
⊗ f(Ys)

ã
+ σf ′(Ys)f

′(Ys)

Å
1

6
h2Ws,t +

1

2
h2Hs,t

ã
+ higher order terms .
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Since f ′′( · ) is symmetric, the rearrangements that were performed are acceptable.

By Taylor expanding the stages (4.4.4) and (4.4.5) using tensor notation, we obtain

k1 = σWs,t + d1σHs,t + hf(Ys),

k2 = σWs,t + d2σHs,t + hf(Ys + a21k1)

= σWs,t + d2σHs,t + hf(Ys) + hf ′(Ys)(a21k1) +
1

2
hf ′′(Ys)(a21k1)⊗2

+ higher order terms

= σWs,t + d2σHs,t + hf(Ys) + a21hf
′(Ys)(σWs,t + d1σHs,t + hf(Ys))

+
1

2
a2

21hf
′′(Ys) (σWs,t + d1σHs,t + hf(Ys))

⊗2 + higher order terms .

k3 = σWs,t + d3σHs,t + hf(Ys + a31k1 + a32k2)

= σWs,t + d3σHs,t + hf(Ys) + hf ′(Ys)(a31k1 + a32k2) +
1

2
hf ′′(Ys)(a31k1 + a32k2)⊗2

+ higher order terms

= σWs,t + d3σHs,t + hf(Ys)

+ hf ′(Ys)((a31 + a32)(σWs,t + hf(Ys)) + (a31d1 + a32d2)σHs,t)

+ a32a21h
2f ′(Ys)f

′(Ys)(σWs,t + d1σHs,t)

+
1

2
hf ′′(Ys)((a31 + a32)(σWs,t + hf(Ys)) + (a31d1 + a32d2)σHs,t)

⊗2

+ higher order terms .

Since the expansion of (4.4.2) will have 16 individual terms (and Ys), there are

initially 16 order conditions that we would like to be satisfied by the 9 coefficients.

That said, there are several terms in these expansions that give the same conditions.

After removing such redundancies, we are left with the following order conditions:

b1 + b2 + b3 = 1, (4.4.13)

b1d1 + b2d2 + b3d3 = 0, (4.4.14)

b2a21 + b3(a31 + a32) =
1

2
, (4.4.15)

b2a21d1 + b3(a31d1 + a32d2) = 1, (4.4.16)

b2a
2
21 + b3(a31 + a32)2 =

1

3
, (4.4.17)
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b2a
2
21d1 + b3(a31 + a32)(a31d1 + a32d2) =

1

2
, (4.4.18)

b2a
2
21d

2
1 + b3(a31d1 + a32d2)2 =

6

5
, (4.4.19)

b3a32a21 =
1

6
, (4.4.20)

b3a32a21d1 =
1

2
. (4.4.21)

As the number of equations and variables are the same, we hope that a solution exists.

Theorem 4.4.2. The conditions (4.4.13)–(4.4.21) have the following unique solution

0 3
3
7

3
7

12
7

1 −13
15

28
15

−36
5

1
9

49
72

5
24

(4.4.22)

Proof. It is clear that the two order conditions (4.4.20) and (4.4.21) imply that d1 = 3.

To make the computations easier to handle, we shall use the change of variables below.

c3 := a31 + a32 , (4.4.23)

x := 3a31 + a32d2 , (4.4.24)

With the above variables, the four order conditions (4.4.15)–(4.4.18) will simplify to

b2a21 + b3c3 =
1

2
, (4.4.25)

b2a
2
21 + b3c

2
3 =

1

3
, (4.4.26)

3b2a21 + b3x = 1, (4.4.27)

3b2a
2
21 + b3c3x =

1

2
. (4.4.28)

By multiplying the first two conditions by 3 and then subtracting the others, we have

3b3c3 − b3x =
1

2
,

3b3c
2
3 − b3c3x =

1

2
.

Dividing the second equation by the first gives c3 = 1 and therefore b3 = 1
2(3−x)

.

Substituting these values for c3 and b3 into the equations (4.4.25) and (4.4.26) yields

b2a21 +
1

2(3− x)
=

1

2
,

b2a
2
21 +

1

2(3− x)
=

1

3
.
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By multiplying the top equation by a21, we can derive the following equation for a21.

1

2(3− x)
(a21 − 1) =

1

2
a21 −

1

3
.

Rearranging the above shows that a21 = 2x−3
3(x−2)

and therefore gives b2 = 3(x−2)2

2(x−3)(2x−3)
.

We can now substitute the values for b3 and a21 into condition (4.4.20) to obtain a32.

a32 =
(x− 3)(x− 2)

3− 2x
.

As c3 = 1, it follows by (4.4.23) that a31 = 1 − a32. Thus, we have a31 = x2−3x+3
2x−3

.

Using these values along with the definition of x, we can derive the following equation,

d2 =
3− 2x

(x− 3)(x− 2)

Å
x− 3 · x

2 − 3x+ 3

2x− 3

ã
=
x− 3

x− 2
.

Conditions (4.4.13) and (4.4.14) now allow us to determine b1 and d3 in terms of x.

b1 =
x− 1

2(2x− 3)
, d3 = 3(x− 3).

Substituting x and the values of a21, b2, b3, d1 into the order condition (4.4.19) yields

27(x− 2)2

2(x− 3)(2x− 3)

Å
2x− 3

3(x− 2)

ã2

+
1

2(3− x)
x2 =

6

5
.

It is now straightforward to see that the unique solution to the above is x = 3
5
.

The Runge-Kutta method that is defined by the Butcher tableau (4.4.22) will now

produce the Taylor expansion given by (4.4.12). In particular, it is worth noting that

this coincides precisely with the expansion of the parabola-ODE up to the third level.

Hence, we have derived a three-stage Runge-Kutta method for discretizing the ODE:

dYt = f(Yt)dt+ σ dıWt , (4.4.29)

Therefore, we would expect this three-stage Runge-Kutta method to have the same

low order of convergence as the parabola-ODE method did in the previous section.

On the other hand, by accounting for the local O(h2) bias in each step, the numerical

method should achieve the same high orders of convergence as the log-ODE method.

Recall that the O(h2) correction term that should be computed after each step is

1

30
h2σ2f ′′(Ys)(Id) =

1

30
h2σ2∆f(Ys), (4.4.30)
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which can be estimated by taking finite differences of the stages within the method:

f ′i(Ys) ≈
fi
Ä
Ys + 3

7
k

(i)
1

ä
− fi

(
Ys
)

3
7
k

(i)
1

,

f ′i

Å
Ys +

3

7
k

(i)
1

ã
≈
fi
Ä
Ys + 3

7
k

(i)
1

ä
− fi
Ä
Ys − 13

15
k

(i)
1 + 28

15
k

(i)
2

ä
136
105
k

(i)
1 − 28

15
k

(i)
2

,

∆fi(Ys) ≈
f ′i
Ä
Ys + 3

7
k

(i)
1

ä
− f ′i(Ys)

3
7
k

(i)
1

,

where fi : Rd→ R is the i-th component of f and k
(i)
j ∈ R is the i-th coordinate of kj.

Therefore, the proposed three-stage Runge-Kutta method for SDE (4.4.1) is given by

Definition 4.4.3. (A stochastic Runge-Kutta method for additive noise).

For a fixed number of steps N , we can construct a numerical solution {Yi}0≤i≤N of

(4.4.29) by setting Y0 := ξ and for each i ∈ [0 . . N−1], defining Yi+1 with the formula

Yi+1 := Yi +
1

9
k1 +

49

72
k2 +

5

24
k3 +

1

30
h2σ2∆f(Yi), (4.4.31)

where the Laplacian ∆f(Yi) can be discretized through finite differences of the stages

k1 := hf(Yi) + σWti,ti+1
+ 3σHti,ti+1

,

k2 := hf

Å
Yi +

3

7
k1

ã
+ σWti,ti+1

+
12

7
σHti,ti+1

,

k3 := hf

Å
Yi −

13

15
k1 +

28

15
k2

ã
+ σWti,ti+1

− 36

5
σHti,ti+1

.

Using the same error analysis as in the previous section, we see that the above

method converges in a strong sense with order 1.5 and in a weak sense with order 2.0.

It is also worth noting that in the zero noise setting (i.e. when the constant σ = 0),

it is straightforward to verify that (4.4.31) gives a third order Runge-Kutta method.

Therefore, we expect this method to perform especially well when the noise is small.

We have not yet conducted numerical experiments for our proposed method but

intend to apply it to the overdamped Langevin diffusion. We would compare against

the following SRK method given in [77] and studied as an MCMC algorithm in [69]:

Yi+1 := Yi +
1

2
h
(
f
(
Y +
i

)
+ f
(
Y −i
))

+ σWti,ti+1
,

Y +
i := Yi + σ

ÅÅ
1

2
+

1√
6

ã
Wti,ti+1

+Hti,ti+1

ã
,

Y −i := Yi + f(Yi)h+ σ

ÅÅ
1

2
− 1√

6

ã
Wti,ti+1

+Hti,ti+1

ã
.
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4.5 Discretizations of Inhomogeneous Geometric

Brownian Motion (IGBM)

We shall demonstrate some of the core ideas presented in this chapter through various

discretizations of Inhomogeneous Geometric Brownian Motion (IGBM)

dyt = a(b− yt) dt+ σyt dWt , (4.5.1)

where a ≥ 0 and b ∈ R are the mean reversion parameters and σ ≥ 0 is the volatility.

As the vector fields are smooth, the SDE (4.5.1) is expressible in Stratonovich form:

dyt = ã(b̃− yt) dt+ σyt ◦ dWt , (4.5.2)

where ã := a+ 1
2
σ2 and b̃ := 2ab

2a+σ2 denote the “adjusted” mean reversion parameters.

IGBM is an example of a one-factor short rate model and has seen recent attention

in the mathematical finance literature as an alternative to popular models [17, 100].

Since the solution of the SDE (4.5.1) is both mean-reverting and non-negative, IGBM

is suitable for modelling interest rates, stochastic volatilities and default intensities.

In addition, it was used in [1] as a stochastic model for coal and natural gas prices.

IGBM is also one of the simplest SDEs that has no known method of exact simulation.

By incorporating the ideas provided by the main result (Theorem 4.1.3) into

the log-ODE method, we will design a state-of-the-art numerical method for IGBM.

Whilst the vector fields are unbounded, they have linear growth and our numerical

evidence indicates the method converges with a strong rate of O(h
3
2 ) and a weak rate

of O(h2). It is known that (4.5.2) admits a unique strong solution (see [99]) satisfying

yt = e−ãh+σWs,t

Å
ys + ab

∫ t

s

eã(u−s)−σWs,u du

ã
. (4.5.3)

This representation will be utilized for approximating the parabola-ODE accurately.

Another appealing feature of (4.5.2) is that the following Lie brackets are constants:

[f1, f0](y) =
(
f ′0 f1 − f ′1 f0

)
(y)

= −ãσy − ãσ(b̃− y)

= −abσ,

[f1, [f1, f0]](y) =
(
f ′0 f

′
1 f1 − 2f ′1 f

′
0 f1 + f ′1 f

′
1 f0

+ f ′′0 (f1, f1)− 2f ′′1 (f0, f1) + f ′′1 (f1, f0)
)
(y)

= −ãσ2y + 2ãσ2y + ãσ2(b̃− y)

= abσ2 .
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Therefore the high order log-ODE (4.3.6) that was given by definition 4.3.4 becomes

dz

du
= ã(b̃− z)h+ σzWs,t − abσhHs,t + abσ2

Å
3

5
hH2

s,t +
1

30
h2

ã
. (4.5.4)

From the above, we will see that the log-ODE method for IGBM can be written in

terms of a closed-form expression that guarantees positivity for the numerical solution.

We shall investigate the strong and weak convergence rates of the following methods:

1. Log-ODE method (see definition 4.3.4)

Since the vector fields of (4.5.2) give constant Lie brackets, this method becomes

Y log
k+1 := Y log

k e−ãh+σWtk,tk+1

+ abh

Å
1− σHtk,tk+1

+ σ2

Å
3

5
hH2

tk,tk+1
+

1

30
h

ãã
e−ãh+σWtk,tk+1 − 1

−ãh+ σWtk,tk+1

,

Y log
0 := y0 .

2. Parabola-ODE method (see definition 4.3.5)

By emulating the proof of the formula (4.5.3), this method can be expressed as

Y para
k+1 := e−ãh+σWtk,tk+1

Å
Y para
k + ab

∫ tk+1

tk

eã(s−tk)−σıWtk,s ds

ã
,

Y para
0 := y0 ,

where ıW denotes the Brownian parabola constructed using (Wtk,tk+1
, Htk,tk+1

).

The integral above will be approximated by 3-point Gauss-Legendre quadrature.

3. Piecewise linear method (see [97] for a definition with proof of convergence)

Just as above, this method can be simplified to give a straightforward formula.

Y lin
k+1 := Y lin

k e−ãh+σWtk,tk+1 + abh
e−ãh+σWtk,tk+1 − 1

−ãh+ σWtk,tk+1

,

Y lin
0 := y0 .

4. Milstein method (see section 6 of [54] and section 10.3 of [62] for overviews)

For this method, we shall be taking the positive part to guarantee non-negativity.

Y mil
k+1 :=

(
Y mil
k + ã(b̃− Y mil

k )h+ σ Y mil
k Wtk,tk+1

+
1

2
σ2 Y mil

k W 2
tk,tk+1

)+

,

Y mil
0 := y0 .

5. Euler-Maruyama method (see sections 4, 5 of [54] and section 10.2 of [62])

Just as before, we take the positive part of each step and ensure non-negativity.

Y eul
k+1 :=

(
Y eul
k + a(b− Y eul

k )h+ σ Y eul
k Wtk,tk+1

)+

,

Y eul
0 := y0 .
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The Euler-Maruyama and Milstein methods are included in the numerical experiment

as benchmarks for testing how the proposed methods compare to well-known methods.

 

Figure 4.12: Log-ODE sample paths of IGBM where a = 0.1, b = 0.04 and σ = 0.6.
The sample paths experience larger fluctuations the further away from zero they are.

We shall now present the estimators used for quantifying strong and weak errors.

As before, we shall be discretizing the SDE on a uniform partition with mesh size h.

The functional chosen for testing weak convergence is p(y) = (y − b)+ which is the

payoff of a European call option with strike b and well approximated by polynomials.

Definition 4.5.1 (Strong and weak error estimators). For each N ≥ 1, let YN denote

a numerical solution of (4.5.1) computed at time T using the fixed step size h = T
N

.

We can define the following estimators for quantifying strong and weak convergence:

SN :=
√

E
î(
YN − Y fine

T

)2
ó
, (4.5.5)

EN :=
∣∣∣Eî(YN − b)+

ó
− E
î(
Y fine
T − b

)+
ó∣∣∣ , (4.5.6)

where the above expectations are approximated by standard Monte-Carlo simulation

and Y fine
T is the numerical solution of (4.5.1) obtained at time T using the log-ODE

method with a “fine” step size of min
(
h
10
, T

1000

)
. The fine step size is chosen so that

the L2(P) error between Y fine
T and the true solution y is negligible compared to SN .

Note that YN and Y fine
T are both computed with respect to the same Brownian paths.

In this numerical example, we shall use the same parameter values as in [17],

namely a = 0.1, b = 0.04, σ = 0.6 and y0 = 0.06. The time horizon is fixed at T = 5.
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We will now present our results for the numerical experiment described above.

 

Figure 4.13: SN computed with 100,000 sample paths as a function of step size h = T
N

.

From the above graph we see that the log-ODE method is by far the most accurate.

This is epitomized by the fact that the numerical error produced by 100 steps of the

log-ODE method is comparable to the error of the parabola method with 1000 steps.

In addition, whilst there are three methods that share the same order of convergence

it is evident there are magnitudes of difference between their respective accuracies.

For example, the parabola method is seven times more accurate than piecewise linear.

As one might expect, the Euler-Maruyama and Milstein schemes both perform poorly.

Nevertheless, in order to truly measure the performance of these numerical methods,

we should consider the computational costs required for achieving a specified accuracy.

Table 4.1: Estimated simulation times for computing 100,000 sample paths that
achieve a given accuracy by a single-threaded C++ program on a desktop computer.

Log-ODE Parabola Linear Milstein Euler

Estimated time to achieve 0.179 0.405 1.47 15.4 0.437

an accuracy of SN = 10−4 (s) (s) (s) (s) (days)

Estimated time to achieve 0.827 3.90 14.9 157 61.2

an accuracy of SN = 10−5 (s) (s) (s) (s) (days)

The above times are estimated using the graph in figure 4.13 with the following table:
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Table 4.2: Simulation times for computing 100,000 sample paths with 100 steps per
path using a single-threaded C++ program on the same desktop computer.

Log-ODE Parabola Linear Milstein Euler

Computation time (s) 2.44 2.95 1.48 1.18 1.17

Finally, we will investigate the rates of weak convergence for these numerical methods.

 

Figure 4.14: EN computed with 500,000 sample paths as a function of step size h = T
N

.

The above graph demonstrates that the log-ODE method is especially well-suited

for weak approximation as it achieves a second order convergence rate in this example.

As well as achieving this high order of weak convergence, the method is accurate even

when using larger step sizes. For example, the log-ODE method produces less weak

error with a step size of 0.5 than the other methods produce using a step size of 0.005.

Surprisingly, the middle three methods all perform with a similar level of accuracy.

In particular, this gives numerical evidence that the parabola-ODE method has low

convergence rates (in both senses) but may perform better as a strong approximation.

We expect the log-ODE and parabola-ODE methods to have about twice the

computational cost as other methods since each step requires two random variables.

Table 4.2 confirms this and thus sampling may be a bottleneck for these methods.

So overall, the numerical evidence supports our claim that the high order log-ODE

method is currently a state-of-the-art method for the strong approximation of IGBM

(though we have yet to compare with the splitting schemes recently proposed in [92]).
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In conclusion, there are primarily four results that are established in this chapter:

• An efficient strong polynomial approximation of Brownian motion

The main result allows one to construct a “smoother” Brownian motion as a

finite sum of (-1, -1)-Jacobi polynomials with independent Gaussian weights.

Moreover, it was shown that the approximation is optimal in a weighted L2(P)

sense and the surrounding noise is an independent centered Gaussian process.

• Unbiased approximation of third order Brownian iterated integrals

Iterated integrals of Brownian motion and time are important objects in the

study of SDEs as they appear naturally within stochastic Taylor expansions.

We have derived the L2(P)-optimal estimator for a class of such integrals that

is measurable with respect to the path’s increment and space-time Lévy area.

• A parabola-based Runge-Kutta method for SDEs with additive noise

Runge-Kutta methods are popular for numerically solving differential equations

since they only require evaluations of the vector field (and not its derivatives).

We have developed a three-stage Runge-Kutta for SDEs with additive noise

that gives a Taylor expansion which correctly uses the new integral estimators.

• Simulation of Inhomogeneous Geometric Brownian Motion (IGBM)

IGBM is a mean-reverting short rate model used in mathematical finance and

also one of the simplest SDEs that has no known method of exact simulation.

By incorporating a new iterated integral estimator into the log-ODE method we

have developed a high order and state-of-the-art numerical method for IGBM.

Moreover, the results of this chapter immediately lead to the following open problems:

• Is it possible to generalize the main theorem for a fractional Brownian motion?

• What are the most efficient Runge-Kutta methods for general one-dimensional

SDEs that correctly utilize the new estimators for third order iterated integrals?

• Does this polynomial expansion give an optimal approximation of Lévy area?

(This problem was studied for the standard Karhunen-Loève expansion in [30])

• Is there a connection between the stochastic integrals {Ik} appearing in the

polynomial expansion and the “space-time” log-signature of Brownian motion?

(We have already shown that I1 and I2 are (rescaled) log-signature coefficients)

• Does the polynomial approximation theorem extend to the Brownian sheet?

(This would correspond to the space-time white noise commonly used in SPDEs)
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Chapter 5

High order piecewise linear
discretizations of Brownian motion

In the previous chapter, we presented a high order version of the log-ODE method

based on new unbiased estimators for certain iterated integrals of Brownian motion.

In particular, this numerical method was designed for Stratonovich SDEs of the form:

dyt = f0 (yt) dt+ f1 (yt) ◦ dWt , (5.0.1)

y0 = ξ ,

where ξ ∈ Re and fi denote bounded C∞ vector fields on Re with bounded derivatives.

Although it is accurate, there are primarily two disadvantages of the log-ODE method.

1. The method requires one to explicitly evaluate or approximate the Lie brackets:

[f1, f0] = f ′0 f1 − f ′1 f0 ,

[f1, [f1, f0]] = f ′0 f
′
1 f1 − 2f ′1 f

′
0 f1 + f ′1 f

′
1 f0

+ f ′′0 (f1, f1)− 2f ′′1 (f0, f1) + f ′′1 (f1, f0).

2. It is possible for the “log-ODE” itself to be stiff and difficult to solve numerically.

This motivates us to consider alternative numerical methods that can discretize SDEs

using ODE solvers, but do not necessarily require knowledge of vector field derivatives.

The methods that are presented in this chapter are all examples of piecewise linear

or Wong-Zakai approximations ([97] has the first account of this standard approach).

The idea is to discretize the Brownian motion as a piecewise linear path that agrees

on discretization points. Along each such piece, the SDE can then be approximated

by an associated ODE that has the same vector fields but is driven by a linear path.

In practice, each step of this numerical method requires one to discretize an ODE

with a sufficiently accurate solver (such as Runge-Kutta or linear multistep methods).
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Before we start designing piecewise linear discretizations in sections 5.1 and 5.2,

we will give an overview of our motivation, general strategy and numerical examples.

To begin, we recall the piecewise linear paths used in the Wong-Zakai approximation.

Definition 5.0.1. (Standard piecewise linear method). Let Ŵ be the piecewise

linear approximant for a Brownian motion W that agrees on N equally spaced points,

Ŵu := Wtk +
u− tk
h

Wtk,tk+1
, for u ∈ [tk, tk+1] and k = 0, 1, · · · , N − 1,

where h := T
N

and tk := kh. We construct a numerical solution {Yk}0≤k≤N for (5.0.1)

by setting Y0 := ξ and defining Yk+1 to be the solution at u = 1 of the following ODE:

dz

du
= f0(z)h+ f1(z)Ŵtk,tk+1

, (5.0.2)

z0 = Yk ,

for k ∈ [0 . . N − 1] where Ŵtk,tk+1
:= Ŵtk+1

− Ŵtk is an increment of the path Ŵ .

Alternatively, we can view the above as simply the “derivative-free” log-ODE method.

Remark 5.0.2. The path Ŵ is the best L2(P) approximation of the Brownian motion

that is measurable with respect to its increments on uniformly spaced grid points [21],

Ŵu = E
[
Wu

∣∣Wt0 ,Wt1 , · · ·WtN

]
for u ∈ [0, T ].

Remark 5.0.3. For a general SDE (5.0.1), this method exhibits strong and weak

convergence rates of O(h). Thus the standard piecewise linear approach is low order.

In this chapter, we shall be constructing piecewise linear paths so that solving the

associate sequence of ODEs (5.0.2) gives a high order numerical method for (5.0.1).

In order to achieve this, we design these piecewise linear discretizations of Brownian

motion to capture the “local shape” of the path (i.e. match certain iterated integrals).

 

Figure 5.1: Brownian motion with piecewise linear paths that match certain integrals.

In practice, the above piecewise linear paths can be generated using two independent
Gaussian random variables and a further independent Rademacher random variable.
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In addition to the above geometrical interpretation, we can view these piecewise

linear approximations as specific compositions of derivative-free log-ODE methods.

It is still ongoing research to develop and analyse new methodologies for composing

log-ODE methods containing vector field Lie brackets or multiple Brownian motions.

As one would expect, over each interval [s, t] we will construct a piecewise linear

path γ using the increment Ws,t and space-time Lévy area Hs,t of the Brownian path.

After generating γ, we can then consider an ODE defined with the same vector fields:

dzu = f0 (zu) du+ f1 (zu) dγu . (5.0.3)

Recall that in the proof of Theorem 4.3.11, we analysed the above differential equation

but with γ equal to the Brownian parabola corresponding to W over the interval [s, t].

In a similar fashion, the ODE (5.0.3) yields the (rough) Taylor expansion for small h,

zt = zs + f0(zs)h+ f1(zs) γs,t +
1

2
f ′1 f1(zs) γ

2
s,t +

1

2
f ′0 f0(zs)h

2 (5.0.4)

+ f ′0 f1(zs)

∫ t

s

∫ u

s

dγv du+ f ′1 f0(zs)

∫ t

s

∫ u

s

dv dγu

+
1

6
(f ′1 f

′
1 f1 + f ′′1 (f1, f1))(zs) γ

3
s,t

+ (f ′0 f
′
1 f1 + f ′′0 (f1, f1)) (zs)

∫ t

s

∫ u

s

∫ v

s

dγr dγv du

+ (f ′1 f
′
0 f1 + f ′′1 (f0, f1)) (zs)

∫ t

s

∫ u

s

∫ v

s

dγr dv dγu

+ (f ′1 f
′
1 f0 + f ′′1 (f1, f0)) (zs)

∫ t

s

∫ u

s

∫ v

s

dr dγv dγu

+
1

24

(
f ′1 f

′
1 f
′
1 f1 + f ′1 f

′′
1 (f1, f1) + 3f ′′1 (f ′1 f1, f1) + f ′′′1 (f1, f1, f1)

)
(zs) γ

4
s,t

+ higher order terms .

Thus for the numerical method defined by γ to perform comparably to the high

order log-ODE method, we want (5.0.4) to be close to the Taylor expansion (4.3.9).

Therefore as a minimum requirement, the path γ should match both Ws,t and Hs,t.

So if γ has two pieces, it must belong to the following one-parameter family of paths:

γθ :=

Ws + u−s
h
Ws,t + 2(u−s)

θh
Hs,t for u ∈ [s, s+ θh]

Ws + u−s
h
Ws,t + 2(t−u)

(1−θ)h Hs,t for u ∈ [s+ θh, t]
, where θ ∈ (0, 1).
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In this case, it is possible to analytically compute the following integrals of the path,

(The calculations required to derive these expressions are presented in Appendix A)∫ t

s

γθs,u du =

∫ t

s

Ws,u du,∫ t

s

(
γθs,u
)2
du =

1

3
hW 2

s,t +
2

3
(1 + θ)hWs,tHs,t +

4

3
hH2

s,t ,∫ t

s

(u− s)γθs,u du =
1

3
h2Ws,t +

1

3
(1 + θ)h2Hs,t .

On the other hand, the integral moments below were derived in the previous chapter.

E

[∫ t

s

W 2
s,u du

∣∣∣Ws,t, Hs,t

]
=

1

3
hW 2

s,t + hWs,tHs,t +
6

5
hH2

s,t +
1

15
h2 ,

E

[∫ t

s

(u− s)Ws,u du
∣∣∣Ws,t, Hs,t

]
=

1

3
h2Ws,t +

1

2
h2Hs,t .

It is clear that the paths in the one-parameter family {γθ}θ∈(0,1) are not sufficient to

capture (Ws,t, Hs,t) along with the above estimators for third order iterated integrals.

Thus, the piecewise linear paths developed in this chapter have at least three pieces.

To begin with, we shall choose the paths from the following three-parameter family:

γa,b,c :=


Ws + b

ah
(u− s) for u ∈ [s, s+ ah]

Ws + b+ c−b
(1−2a)h

(u− (s+ ah)) for u ∈ [s+ ah, t− ah]

Ws + c+ Ws,t−c
ah

(u− (t− ah)) for u ∈ [t− ah, t]

where a ∈
(
0, 1

2

)
and b, c ∈ R. As before, certain integrals can be computed explicitly.

(The calculations required to derive these expressions are presented in Appendix A)∫ t

s

γa,b,cs,u du =
1

2
abh+

1

2
(1− 2a)(b+ c)h+

1

2
a
(
c+Ws,t

)
h, (5.0.5)∫ t

s

(
γa,b,cs,u

)2
du =

1

3
(1− 2a)

(
b2 + bc+ c2

)
h+

1

3
a
(
b2 + c2 + cWs,t +W 2

s,t

)
h, (5.0.6)∫ t

s

(u− s)γa,b,cs,u du =
1

3
a2bh2 +

1

6
(1− 2a)((1 + a)b+ (2− a)c)h2 (5.0.7)

+
1

6
a
(
(3− 2a)c+ (3− a)Ws,t

)
h2.

For simplicity, we will first consider the choice of γa,b,c when Ws,t = 0 and Hs,t = 0.

In this scenario, the parameters (a, b, c) are chosen so that the Taylor expansion (5.0.4)
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matches the log-ODE expansion up to O(h2) terms and hence satisfy the equations,

1

2
abh+

1

2
(1− 2a)(b+ c)h+

1

2
ach = 0,

1

3
ab2h+

1

3
(1− 2a)

(
b2 + bc+ c2

)
h+

1

3
ac2h =

1

15
h2.

For any fixed choice of a ∈
(
0, 1

2

)
, there are two distinct solutions to the above system:

(b, c) = ±
Å

1√
5

√
h ,− 1√

5

√
h

ã
.

Although our aim is to design the path γa,b,c solely for the purpose of SDE simulation,

we would ideally want this approximation to resemble the driving Brownian motion.

In the above case, both choices for γa,· are equally poor approximants (by symmetry).

 

, 

 

Figure 5.2: Possible piecewise linear paths that can approximate the Brownian arch.

This motivates one to generate addition information about the Brownian path.

A natural candidate for this could be the space-time-time Lévy area Ks,t as it is

independent of (Ws,t, Hs,t) and estimates the skewness of the associated arch process.

In this setting, we can choose the path γa,b,c that additionally minimizes the quantity∣∣∣∣ ∫ t

s

(u− s)γa,b,cs,u du−
∫ t

s

(u− s)Ws,u du

∣∣∣∣
The construction of piecewise linear approximations that are measurable with

respect to (Ws,t, Hs,t, Ks,t) shall be discussed in the first two sections of this chapter.

On the other hand, for SDEs where the two vector fields are cheap to evaluate,

generating an additional Gaussian random variable during each step may be excessive.

As a result, we will define the following quantities to be cheaper alternatives to Ks,t .

Definition 5.0.4. The space-time orientation ns,t of Brownian motion over an

interval [s, t] represents the relative size of two space-time subareas and is defined as

ns,t := sgn (Hs,u −Hu,t) ,

where u := 1
2
(s+ t).
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Figure 5.3: A sample path of Brownian motion with positive space-time orientation.

Definition 5.0.5. The sign of the skew of Brownian motion over [s, t] is given by

ks,t := sgn (Ks,t) .

It is clear that ns,t and ks,t have Rademacher distributions and therefore require

less computational effort to generate than Ks,t. Whilst it appears that these random

variables can be used interchangeably with one another, we shall see that it is more

straightforward to incorporate ns,t into variable step size and multilevel Monte Carlo

methodologies that use both increments and areas. That said, in order for ns,t or ks,t

to be used in a numerical scheme, they must be generatable along with Ws,t and Hs,t.

Theorem 5.0.6. The space-time orientation ns,t is independent of (Ws,u ,Wu,t , Hs,t).

Proof. It was established in the previous chapter that Hs,t is independent of Ws,t.

Since (s, u) and (u, t) are disjoint intervals and Brownian motion has independent

increments, it follows that (Ws,u ,Wu,t) and (Hs,u , Hu,t) are independent of each other.

As {Ws,r}r∈[s,t] and {Ws,t−Wr,t}r∈[s,t] have the same law, we have by symmetry that

Cov(Hs,u, Hs,t) = Cov(Hu,t, Hs,t). (5.0.8)

Note that Hs,u−Hu,t and Hs,t can be expressed as linear functionals on the same

Brownian motion and are therefore jointly normal random variables. By the above

covariance, we see that Hs,u−Hu,t and Hs,t are uncorrelated (and hence independent).

The result immediately follows since ns,t is a deterministic function of Hs,u−Hu,t .
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Theorem 5.0.7. The sign of the skew sgn(Ks,t) is independent of (Ws,u,Wu,t, Hs,t).

Proof. Without loss of generality, we can consider the Brownian motion over [0, 1].

It has already been established in Chapter 4 that Ks,t corresponds to the integral

I2, as defined in Theorem 4.1.3, and is therefore independent of both Ws,t and Hs,t.

Corollary 4.1.4 expresses W using the independent Gaussian random variables {Ik},

Wt = W1e0(t) +
∞∑
k=1

Ik ek(t).

We can see from the above that W 1
2

and I2 are independent as e2(t) = 0 when t = 1
2
.

The result now follows since ks,t := sgn(Ks,t) is a deterministic function of Ks,t.

In the first section of this chapter, we will construct piecewise linear paths for

discretizing the Stratonovich SDE (5.0.1). Our general methodology is outlined below:

1. Identify the expectation of Ls,t and Ks,t conditional on certain random variables.

In our case, we shall be generating one of the following triples over each interval.r (Ws,t, Hs,t, Ks,t) r (Ws,t, Hs,t, ns,t) r (Ws,t, Hs,t, ks,t)

2. Using (5.0.5) and (5.0.6), we can derive a system of equations for (a, b, c) from∫ t

s

γa,b,cs,u du =

∫ t

s

Ws,u du,∫ t

s

(
γa,b,cs,u

)2
du = E

[∫ t

s

W 2
s,u du

∣∣∣ (W,H, · )s,t

]
.

As already seen, for any fixed a, there may be two solutions to the above system.

3. So once a is fixed, the solution for (b, c) is then chosen to additionally minimize∣∣∣∣∣
∫ t

s

(u− s)γa,b,cs,u du− E

[∫ t

s

(u− s)Ws,u du
∣∣∣ (W,H, · )s,t

]∣∣∣∣∣ .
Currently the choice of a is somewhat arbitrary and may require further work.

4. Propagate a numerical solution to (5.0.1) over the time interval [s, t] using the

ODE that is governed by the vector fields f0, f1 but is driven by the path γa,b,c.

This method then converges strongly with order 1.5 and weakly with order 2.0.

The numerical examples that we will use to demonstrate this approach are the

Cox-Ingersoll-Ross and squared Bessel processes (which are presented in Chapter 6).
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• Cox-Ingersoll-Ross (CIR) process (see [23] for the original paper on this)

dyt = a(b− yt) dt+ σ
√
yt dWt .

• Squared δ-dimensional Bessel process ([47] gives a survey of both processes)

dzt = δ dt+ 2
√
zt ◦ dWt .

These SDEs are not further discussed in this chapter as they are discretized using a

piecewise linear approach in a variable step size framework (see section 6.3 for details).

The motivation for varying the step sizes used within the numerical approximations

of these processes is that one of the governing vector fields is not globally Lipschitz.

More specifically, the derivatives of
√
· “blow-up” whenever the process is near zero.

So we generally would like to take smaller step sizes if the process gets closer to zero.

In the second section of this chapter, we shall construct piecewise linear paths for

discretizing the SDE (5.0.1) when the vector fields satisfy the commutativity condition

[f1, [f1, f0]] = 0. (5.0.9)

The above condition implies that the O(h2) component of the SDE’s stochastic

Taylor expansion does not depend on the Brownian space-space-time Lévy area Ls,t.

As a result, we do not need to approximate this quantity when constructing γa,b,c.

Instead, we can generate the triple (Ws,t, Hs,t, Ks,t) and consider the three-parameter

piecewise linear path γa,b,c on [s, t] which is defined according to the following recipe:

• Once a is fixed, the pair (b, c) can be uniquely determined so that γa,b,c satisfies∫ t

s

γa,b,cs,u du =

∫ t

s

W a,b,c
s,u du,∫ t

s

(u− s)γa,b,cs,u du =

∫ t

s

(u− s)W a,b,c
s,u du.

• We will choose this constant to be a = 1
2
− 1

2
√

5
as it produces the equality below

∫ t

s

(u− s)2γa,b,cs,u du = E

[ ∫ t

s

(u− s)2Ws,u du
∣∣∣Ws,t , Hs,t , Ks,t

]
.

For Stratonovich SDEs that satisfy the condition (5.0.9), we expect the numerical

method associated with this path to converge strongly and weakly with order 2.0.

Whilst the above methodology is fairly general, we have a specific example in mind:
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The Langevin equation (Chapter 6 of [82] gives a detailed analysis of this SDE)

dQt = Pt dt,

dPt = −∇U(Qt) dt− νPt dt+

 
2ν

β
dWt ,

where Q,P ∈ Rd represent the position and momentum of a point particle that

moves in a scalar potential U according to Newton’s second law but is subject to

additional frictional and stochastic forces. In the above SDE, the linear dissipation

term −νP is governed by the friction coefficient ν and the noise term is determined

by a d-dimensional Brownian motion W and inverse temperature β =
(
kBT

)−1
where

kB is the Boltzmann constant and T denotes the absolute temperature of the system.

The Langevin equation appears in statistical mechanics as the fundamental model

of a Brownian particle that moves under the influence of an external force along with

frictional and stochastic forces ([22] is a comprehensive textbook on this equation).

In the third section of this chapter, we shall discretize the Langevin equation using

the above methodology and demonstrate that it achieves a convergence rate of O(h3).

5.1 Piecewise linear methods for SDEs with

non-commuting vector fields

In this section, we will define piecewise linear paths for numerically solving SDE

(5.0.1) where the vector fields f0, f1 are assumed to not satisfy the condition (5.0.9).

As stated previously, these paths shall be measurable with respect to (Ws,t, Hs,t) along

with an additional random variable that encodes the “skew” of the Brownian motion.

To follow the methodology outlined earlier in this chapter, we use the lemma below.

Lemma 5.1.1. Consider a piecewise linear path γa,b,c in the three-parameter family.

The rescaled Lévy areas of the space-time process {(u, γa,b,cu )}u∈[s,t ] can be defined as“Hs,t :=
1

h

∫ t

s

γa,b,cs,u −
u− s
h

γa,b,cs,t du, (5.1.1)“Ks,t :=
1

h2

∫ t

s

(
γa,b,cs,u −

u− s
h

γa,b,cs,t

)Å1

2
h− (u− s)

ã
du. (5.1.2)

Then for any choice of (a, b, c) ∈
(
0, 1

2

)
× R2 and any Brownian increment Ws,t ∈ R,“Hs,t =

1

2
(1− a)

(
b+ c−Ws,t

)
, (5.1.3)“Ks,t =

1

12
(1− a)

(
b− c+ (1− 2a)Ws,t

)
, (5.1.4)
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and the following triple iterated integral of γa,b,c and time can be computed explicitly:∫ t

s

(
γa,b,cs,u

)2
du =

1

3
hW 2

s,t + hWs,t
“Hs,t − 2hWs,t

“Ks,t (5.1.5)

+
3− 4a

3(1− a)2
h“H 2

s,t +
12

(1− a)2
h“K 2

s,t .

Proof. Expressing the integrals in (5.0.5) and (5.0.7) in terms of “Hs,t and “Ks,t yields

1

2
hWs,t + h“Hs,t =

1

2
abh+

1

2
(1− 2a)(b+ c)h+

1

2
a
(
c+Ws,t

)
h,

1

3
h2Ws,t +

1

2
h2“Hs,t − h2“Ks,t =

1

3
a2bh2 +

1

6
(1− 2a)((1 + a)b+ (2− a)c)h2

+
1

6
a
(
(3− 2a)c+ (3− a)Ws,t

)
h2.

Simplifying the LHS and RHS of these equations and dividing by h (and h2) produces

1

2
Ws,t + “Hs,t =

1

2
(1− a)(b+ c) +

1

2
aWs,t ,

1

12
Ws,t +

1

4
(1− a)(b+ c) +

1

4
aWs,t − “Ks,t =

1

6
(1− a)b+

1

3
(1− a)c+

1

6
a(3− a)Ws,t .

Solving this system for “Hs,t and “Ks,t is straightforward and gives (5.1.3) and (5.1.4).

Moreover, after further rearranging, we obtain explicit formulae for b+c and b−c.

b+ c = Ws,t +
2

1− a
“Hs,t ,

b− c =
12

1− a
“Ks,t − (1− 2a)Ws,t .

We can derive (5.1.5) by substituting the above expressions into the RHS of (5.0.6).∫ t

s

(
γa,b,cs,u

)2
du =

1

3
ab2h+

1

3
(1− 2a)

(
b2 + bc+ c2

)
h+

1

3
a
(
c2 + cWs,t +W 2

s,t

)
h

=
1

12
(3− 4a)(b+ c)2h+

1

12
(b− c)2h+

1

3
achWs,t +

1

3
ahW 2

s,t

=
1

12
(3− 4a)

(
Ws,t +

2

1− a
“Hs,t

)2

h+
1

12

( 12

1− a
“Ks,t − (1− 2a)Ws,t

)2

h

+
1

6
a
(
Ws,t +

2

1− a
“Hs,t −

12

1− a
“Ks,t + (1− 2a)Ws,t

)
hWs,t +

1

3
ahW 2

s,t .

The result now follows by simplifying the various terms in the above equation.

The second ingredient that we use for constructing the piecewise linear paths are

the conditional moments of Lévy area Ls,t. Recall that Theorem 4.2.8 established the
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mean and variance of Ls,t conditional on the tuples (Ws,t, Hs,t) and (Ws,t, Hs,t, Ks,t).

Since we intend on using the Rademacher random variables ns,t and ks,t as cheaper

alternatives to Ks,t, we will derive the corresponding moments of both Ls,t and Ks,t.

Theorem 5.1.2 (Additional conditional moments of space-space-time Lévy area).

Let W be a standard Brownian motion and Hs,t, Ls,t be the previously defined areas.

Let ns,t and ks,t be the discrete random variables given by definitions 5.0.4 and 5.0.5.

Then the conditional means and variances of Ls,t associated with this information are

E
[
Ls,t

∣∣Ws,t, Hs,t, ns,t
]

=
1

30
h2 +

3

5
hH2

s,t −
1

8
√

6π
ns,t h

3
2Ws,t , (5.1.6)

Var
(
Ls,t

∣∣Ws,t, Hs,t, ns,t
)

=
11

25200
h4 +

Å
1

720
− 1

384π

ã
h3W 2

s,t +
1

700
h3H2

s,t (5.1.7)

− 1

320
√

6π
ns,t h

7
2Ws,t ,

E
[
Ls,t

∣∣Ws,t, Hs,t, ks,t
]

=
1

30
h2 +

3

5
hH2

s,t −
1

6
√

10π
ks,t h

3
2Ws,t , (5.1.8)

Var
(
Ls,t

∣∣Ws,t, Hs,t, ks,t
)

=
11

25200
h4 +

Å
1

720
− 1

360π

ã
h3W 2

s,t +
1

700
h3H2

s,t (5.1.9)

− 1

252
√

10π
ks,t h

7
2Ws,t ,

where h = t− s.

Proof. In order to show (5.1.6) and (5.1.7), we shall use the following random variable,

Ns,t := Hs,u −Hu,t , (5.1.10)

where u := s+ 1
2
h is the midpoint of the interval.

Our strategy is to divide [s, t] in half and apply Theorem 4.2.8 on both subintervals.

The result then follows after a further conditional expectation is taken (by Tower law).

It is worth noting that Theorem 4.1.12 allows us to express the Brownian motion as

Ws,r =
r − s
h

Ws,t +
6(r − s)(t− r)

h2
Hs,t + Zs,r , ∀r ∈ [s, t], (5.1.11)

where Z denotes a Brownian arch process on [s, t] that is independent of (Ws,t, Hs,t).

Recall that in the proof of Theorem 5.0.6, it was shown that Ns,t is independent of

(Ws,u ,Wu,t , Hs,t). In particular, this implies that Ws,t , Hs,t , Ns,t , Zs,u are independent.

By considering the subregions which contribute to the space-time Lévy area, we have

hHs,t =
1

2
hHs,u +

1

2
hHu,t +

1

2
h
(
Ws,u −

1

2
Ws,t

)
. (5.1.12)
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Using equations (5.1.10), (5.1.11) and (5.1.12), it is straightforward to express the

Gaussian random variables {Ws,u ,Wu,t , Hs,u, Hu,t} in terms of {Ws,t , Hs,t , Ns,t , Zs,u}.

Ws,u =
1

2
Ws,t +

3

2
Hs,t + Zs,u , (5.1.13)

Wu,t =
1

2
Ws,t −

3

2
Hs,t − Zs,u , (5.1.14)

Hs,u =
1

4
Hs,t −

1

2
Zs,u +

1

2
Ns,t , (5.1.15)

Hu,t =
1

4
Hs,t −

1

2
Zs,u −

1

2
Ns,t . (5.1.16)

In a similar fashion to (5.1.12), the third order iterated integrals of Brownian motion

and time can be written as a linear combination of integrals over the two half intervals.∫ t

s

W 2
s,r dr =

∫ u

s

W 2
s,r dr +

∫ t

u

W 2
s,u dr + 2

∫ t

u

Ws,uWu,r dr +

∫ t

u

W 2
u,r dr. (5.1.17)

Since W has independent increments, applying Theorem 4.2.8 to the above will give

E

[∫ t

s

W 2
s,r dr

∣∣∣Ws,u,Wu,t, Hs,u, Hu,t

]
=

1

6
hW 2

s,u +
1

2
hWs,uHs,u +

1

60
h2 +

3

5
hH2

s,u

+
1

2
hW 2

s,u +
1

2
hWs,uWu,t + hWs,uHu,t

+
1

6
hW 2

u,t +
1

2
hWu,tHu,t +

1

60
h2 +

3

5
hH2

u,t .

Before taking the expectation of the above conditional on (Ws,t, Hs,t, ns,t), we shall

express the LHS in terms of {Ws,t, Hs,t, Ns,t, Zs,u} since only Ns,t is dependent on ns,t.

So after the four equations (5.1.13) – (5.1.16) are substituted into the above, we have

E

[∫ t

s

W 2
s,r dr

∣∣∣Ws,u,Wu,t, Hs,u, Hu,t

]
=

1

3
hW 2

s,t + hWs,tHs,t +
1

30
h2 (5.1.18)

+
6

5
hH2

s,t +
2

15
hZ2

s,u +
3

10
hN2

s,t

+
1

5
hHs,tZs,u −

1

4
hWs,tNs,t .

Since ns,t = sgn(Ns,t), we see that Ns,t |ns,t has a half-normal distribution (times ns,t).

Moreover, as Ns,t ∼ N (0, 1
12
h), the following moments can be computed analytically:

E
[
Ns,t

∣∣ns,t] =
1√
6π

ns,th
1
2 , (5.1.19)

E
[
N2
s,t

∣∣ns,t] =
1

12
h, (5.1.20)
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E
[
N3
s,t

∣∣ns,t] =
1

6
√

6π
ns,th

3
2 , (5.1.21)

E
[
N4
s,t

∣∣ns,t] =
3

144
h2 . (5.1.22)

(The raw moments of a half-normal distribution on [0,∞) are explicitly given in [95])

Since Zs,u is independent of (Ws,t, Hs,t, Ns,t) and Ns,t is independent of (Ws,t, Hs,t),

the expectation of (5.1.18) conditional on (Ws,t, Hs,t, ns,t) can simply be computed as

E

[∫ t

s

W 2
s,r dr

∣∣∣Ws,t, Hs,t, ns,t

]
=

1

3
hW 2

s,t + hWs,tHs,t +
1

30
h2 +

6

5
hH2

s,t

+
2

15
hE
[
Z2
s,u

]
+

3

10
hE
[
N2
s,t

∣∣ns,t]
+

1

5
hHs,tE

[
Zs,u

]
− 1

4
hWs,tE

[
Ns,t

∣∣ns,t]
=

1

3
hW 2

s,t + hWs,tHs,t +
1

15
h2 +

6

5
hH2

s,t −
1

4
√

6π
ns,t h

3
2Ws,t ,

where we use the moments E
[
Zs,u

]
= 0 and E

[
Z2
s,u

]
= 1

16
h (see definition 4.1.14).

The conditional expectation (5.1.6) now follows by applying lemma 4.2.5 to the above.

The conditional variance (5.1.7) can also be computed via the decomposition (5.1.17).

Var

(∫ t

s

W 2
s,r dr

∣∣∣Ws,u,Wu,t, Hs,u, Hu,t

)

= Var

(∫ u

s

W 2
s,r dr +

∫ t

u

(
W 2
s,u + 2Ws,uWu,r

)
dr +

∫ t

u

W 2
u,r dr

∣∣∣Ws,u,Wu,t, Hs,u, Hu,t

)

= Var

(∫ u

s

W 2
s,r dr

∣∣∣Ws,u,Wu,t, Hs,u, Hu,t

)
+ Var

(∫ t

u

W 2
u,r dr

∣∣∣Ws,u,Wu,t, Hs,u, Hu,t

)
.

As before, we will apply Theorem 4.2.8 and change variables using (5.1.13) - (5.1.16).

Var

(∫ t

s

W 2
s,r dr

∣∣Ws,u,Wu,t, Hs,u, Hu,t

)

=
11

50400
h4 + h3

Å
1

1440
W 2
s,u +

1

1400
H2
s,u +

1

1440
W 2
u,t +

1

1400
H2
u,t

ã
=

11

50400
h4 + h3

Å
1

2880
W 2
s,t +

9

2800
H2
s,t +

2

525
Hs,tZs,u +

11

6300
Z2
s,u +

1

2800
N2
s,t

ã
.
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So the second moment of the triple integral conditional on (Ws,u ,Wu,t , Hs,u, Hu,t) is

E

[Å∫ t

s

W 2
s,r dr

ã2 ∣∣∣Ws,u, Hs,u,Wu,t, Hu,t

]

=

(
E

[∫ t

s

W 2
s,r dr

∣∣∣Ws,u,Wu,t, Hs,u, Hu,t

])2

+ Var

(∫ t

s

W 2
s,r dr

∣∣∣Ws,u,Wu,t, Hs,u, Hu,t

)

=
11

50400
h4 + h3

Å
1

2880
W 2
s,t +

9

2800
H2
s,t +

2

525
Hs,tZs,u +

11

6300
Z2
s,u +

1

2800
N2
s,t

ã
+ h2

Å
1

3
W 2
s,t +Ws,tHs,t +

1

30
h+

6

5
H2
s,t

+
2

15
Z2
s,u +

3

10
N2
s,t +

1

5
Hs,tZs,u −

1

4
Ws,tNs,t

ã2

=
1

2800
h3N2

s,t −
1

2
h2Ws,tNs,t

Å
1

3
W 2
s,t +Ws,tHs,t +

1

30
h+

6

5
H2
s,t +

2

15
Z2
s,u +

1

5
Hs,tZs,u

ã
− 3

20
h2Ws,tN

3
s,t +

1

16
h2W 2

s,tN
2
s,t +

9

100
h2N4

s,t + additional terms.

Since the additional terms do not contain Ns,t or N3
s,t , they will be independent of ns,t.

Thus we can compute the expectation of these terms conditional on (Ws,t, Hs,t, ns,t).

E
[
additional terms

∣∣Ws,t, Hs,t, ns,t

]
= E

[Å∫ t

s

W 2
s,r dr

ã2

− 1

2800
h3N2

s,t −
1

16
h2W 2

s,tN
2
s,t −

9

100
h2N4

s,t

∣∣∣Ws,t, Hs,t

]
.

Applying Theorem 4.2.8 and noting that N2
s,t and N4

s,t are independent of ns,t gives

E

[Å∫ t

s

W 2
s,r dr

ã2 ∣∣∣Ws,t, Hs,t, ns,t

]

=

Å
1

3
hW 2

s,t + hWs,tHs,t +
6

5
hH2

s,t +
1

15
h2

ã2

+
11

6300
h4 + h3

Å
1

180
W 2
s,t +

1

175
H2
s,t

ã
− 1

2
h2Ws,tE

[
Ns,t

∣∣ns,t]Å1

3
W 2
s,t +Ws,tHs,t +

1

24
h+

6

5
H2
s,t

ã
− 3

20
h2Ws,tE

[
N3
s,t

∣∣ns,t].
Finally, we can derive an explicit formula for the conditional variance of this integral.

Var

(∫ t

s

W 2
s,r dr

∣∣∣Ws,t, Hs,t, ns,t

)

= E

[Å∫ t

s

W 2
s,r dr

ã2 ∣∣∣Ws,t, Hs,t, ns,t

]
−

(
E

[∫ t

s

W 2
s,r dr

∣∣∣Ws,t, Hs,t, ns,t

])2

.
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Substituting in the above formulae for the (conditional) moments of
∫ t
s
W 2
s,r dr gives

Var

(∫ t

s

W 2
s,r dr

∣∣∣Ws,t, Hs,t, ns,t

)

=

Å
1

3
hW 2

s,t + hWs,tHs,t +
1

15
h2 +

6

5
hH2

s,t

ã2

+
11

6300
h4 + h3

Å
1

180
W 2
s,t +

1

175
H2
s,t

ã
− 1

2
√

6π
ns,t h

5
2Ws,t

Å
1

3
W 2
s,t +Ws,tHs,t +

1

24
h+

6

5
H2
s,t

ã
− 1

40
√

6π
ns,t h

7
2Ws,t

−
Å

1

3
hW 2

s,t + hWs,tHs,t +
1

15
h2 +

6

5
hH2

s,t −
1

4
√

6π
ns,t h

3
2Ws,t

ã2

=
11

6300
h4 +

Å
1

180
− 1

96π

ã
h3W 2

s,t +
1

175
h3H2

s,t −
1

80
√

6π
ns,t h

7
2Ws,t .

The conditional variance (5.1.7) is now a consequence of the above with lemma 4.2.5.

To derive (5.1.8), we do not need subintervals and can directly apply Theorem 4.2.8.

E
[
Ls,t

∣∣Ws,t, Hs,t, ks,t ] = E
[
E
[
Ls,t

∣∣Ws,t, Hs,t, Ks,t

] ∣∣Ws,t, Hs,t, ks,t

]
= E

[
3

140
h2 +

3

5
hH2

s,t − hWs,tKs,t +
60

7
hK2

s,t

∣∣∣Ws,t, Hs,t, ks,t

]

=
1

30
h2 +

3

5
hH2

s,t −
1

6
√

10π
ks,t h

3
2Ws,t ,

where we use the half-normal moments E
[
Ks,t |ks,t

]
=
√
hks,t

6
√

10π
and E

[
K2
s,t |ks,t

]
= 1

720
h,

with the independence of (Ws,t, Hs,t) and ks,t (since the latter only depends on Ks,t).

All that remains is to compute the final conditional variance (5.1.9) using the above.

As before, we will begin by obtaining the second moment of Ls,t from Theorem 4.2.8.

E
[
L2
s,t

∣∣Ws,t, Hs,t, Ks,t

]
= Var

(
Ls,t

∣∣Ws,t, Hs,t, Ks,t

)
+
(
E
[
Ls,t

∣∣Ws,t, Hs,t, Ks,t

])2

=
11

88200
h4 + h3

Å
1

700
H2
s,t +

1

49
K2
s,t

ã
+

Å
3

140
h2 +

3

5
hH2

s,t − hWs,tKs,t +
60

7
hK2

s,t

ã2

=
103

176400
h4 + h3

Å
19

700
H2
s,t +

19

49
K2
s,t

ã
+

9

25
h2H4

s,t + h2W 2
s,tK

2
s,t +

72

7
h2H2

s,tK
2
s,t

+
3600

49
h2K4

s,t −
3

70
h3Ws,tKs,t −

6

5
h2Ws,tH

2
s,tKs,t −

120

7
h2Ws,tK

3
s,t .
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Substituting the moments E
[
K3
s,t |ks,t

]
= ks,t

2160
√

10π
h

3
2 and E

[
K4
s,t |ks,t

]
= 1

1728000
h2,

(which can be calculated using [95]) after a conditional expectation is taken produces

E
[
L2
s,t

∣∣Ws,t, Hs,t, ks,t

]
=

13

8400
h4 + h3

Å
1

720
W 2
s,t +

29

700
H2
s,t

ã
+

9

25
h2H4

s,t

− 19

1260
√

10π
ks,t h

7
2Ws,t −

1

5
√

10π
ks,t h

7
2Ws,tH

2
s,t .

To conclude the proof, we explicitly compute the conditional variance given by (5.1.9).

Var
(
Ls,t

∣∣Ws,t, Hs,t, ks,t

)
= E

[
L2
s,t

∣∣Ws,t, Hs,t, ks,t

]
−
(
E
[
Ls,t

∣∣Ws,t, Hs,t, ks,t ]
)2

=
13

8400
h4 + h3

Å
1

720
W 2
s,t +

29

700
H2
s,t

ã
+

9

25
h2H4

s,t

− 19

1260
√

10π
ks,t h

7
2Ws,t −

1

5
√

10π
ks,t h

7
2Ws,tH

2
s,t

−
Å

1

30
h2 +

3

5
hH2

s,t −
1

6
√

10π
ks,t h

3
2Ws,t

ã2

=
11

25200
h4 +

Å
1

720
− 1

360π

ã
h3W 2

s,t +
1

700
h3H2

s,t

− 1

252
√

10π
ks,t h

7
2Ws,t .

To derive formulae for the piecewise linear paths, we also use the moments of Ks,t.

Theorem 5.1.3 (Conditional moments of the rescaled space-time-time Lévy area).

Consider a standard Brownian motion W with space-time Lévy area Hs,t over [s, t].

Let ns,t and ks,t be the discrete random variables given by definitions 5.0.4 and 5.0.5.

Then the conditional means and variances of Ks,t associated with this information are

E
[
Ks,t

∣∣Ws,t, Hs,t, ns,t

]
=

1

8
√

6π
ns,t
√
h, (5.1.23)

Var
(
Ks,t

∣∣Ws,t, Hs,t, ns,t

)
=

1

720
h2 , (5.1.24)

E
[
Ks,t

∣∣Ws,t, Hs,t, ks,t

]
=

1

6
√

10π
ks,t
√
h, (5.1.25)

Var
(
Ks,t

∣∣Ws,t, Hs,t, ks,t

)
=

1

720
h2 , (5.1.26)

where h = t− s.
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Proof. As in the previous proof, we shall introduce the Gaussian random variable

Ns,t := Hs,u − Hu,t , where u := s + 1
2
h denotes the midpoint of the interval, so that

E

[ ∫ t

s

(r − s)2 dWr

∣∣∣Ws,u,Wu,t, Hs,u, Hu,t

]

= E

[ ∫ u

s

(r − s)2 dWr +

∫ t

u

(r − s)2 dWr

∣∣∣Ws,u,Wu,t, Hs,u, Hu,t

]

= E

[ ∫ u

s

(r − s)2 dWr

∣∣∣Ws,u, Hs,u

]
+ E

[ ∫ t

u

(r − s)2 dWr

∣∣∣Wu,t, Hu,t

]

=
1

12
h2Ws,u −

1

4
h2Hs,u +

7

12
h2Wu,t −

3

4
h2Hu,t

=
1

3
h2Ws,t − h2Hs,t +

1

4
h2Ns,t ,

where the above was computed by applying Theorem 4.1.12 on the two half intervals.

Taking the expectation conditional on (Ws,t, Hs,t, ns,t) and using lemma 4.2.6 yields

E
[
Ks,t

∣∣Ws,t, Hs,t, ns,t
]

= E
ï

1

8
Ns,t

∣∣∣Ws,t, Hs,t, ns,t

ò
=

1

8
√

6π
ns,t
√
h.

Clearly the value of K2
s,t does not change if the Brownian motion is multiplied by −1.

On the other hand, the value of ns,t would be flipped if W were replaced by −W .

Therefore, by this symmetry, K2
s,t and ns,t are independent random variables and so

E
[
K2
s,t

∣∣Ws,t, Hs,t, ns,t
]

= E
[
K2
s,t

∣∣ns,t] = E
[
K2
s,t

]
=

1

720
h.

The moments (5.1.25) and (5.1.26) are elementary to derive as ks,t = sgn(Ks,t).

Finally, we can now incorporate the previous two theorems (5.1.2 and 5.1.3) with

lemma 5.1.1 to define high order piecewise linear paths in the three-parameter family.

Theorem 5.1.4. Let [s, t] be a fixed interval and (W,H, · )s,t denote one of the triples:

r (Ws,t, Hs,t, Ks,t) r (Ws,t, Hs,t, ns,t) r (Ws,t, Hs,t, ks,t)

For a ∈ (0, 1
2
), suppose there exists a three-parameter piecewise linear path satisfying

b+ c = Ws,t +
2

1− a
Hs,t , (5.1.27)

b− c = aWs,t + ε
Ä
(1− a)2W 2

s,t − 24Ws,t E
[
Ks,t

∣∣ (W,H, · )s,t
]

(5.1.28)

+
72a2 − 64a+ 12

5(1− a)2
H2
s,t +

1440

7
E
[
K2
s,t

∣∣ (W,H, · )s,t

]
+

18

35
h

ã 1
2

,
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where

ε =

1 if E
[
Ks,t

∣∣ (W,H, · )s,t
]
≥ (1−a)2

12
Ws,t

−1 if E
[
Ks,t

∣∣ (W,H, · )s,t
]
< (1−a)2

12
Ws,t

.

Then

1.
∫ t
s
γa,b,cs,u du =

∫ t
s
Ws,u du.

2.
∫ t
s

(
γa,b,cs,u

)2
du = E

[ ∫ t
s
W 2
s,u du

∣∣ (W,H, · )s,t

]
.

3. For any three-parameter piecewise linear path γa,b
′,c′ on [s, t] with properties 1-2

and the same value of a as γa,b,c, we have the following inequality∣∣∣ ∫ ts (u− s)γa,b,cs,u du− E
[ ∫ t

s
(u− s)Ws,u du

∣∣ (W,H, · )s,t

]∣∣∣
≤
∣∣∣ ∫ ts (u− s)γa,b′,c′s,u du− E

[ ∫ t
s
(u− s)Ws,u du

∣∣ (W,H, · )s,t

]∣∣∣ .
Proof. Let γa,b,c have space-time Lévy area “Hs,t and space-time-time Lévy area “Ks,t.

Then by lemma 5.1.1, we can explicitly compute these areas from (5.1.27) and (5.1.28).“Hs,t =
1

2
(1− a)

(
b+ c−Ws,t

)
= Hs,t , (5.1.29)“Ks,t =

1

12
(1− a)

Ä
(1− a)Ws,t + ε ( · · · )

1
2

ä
. (5.1.30)

Therefore γa,b,c satisfies the first property and applying (5.1.5) in lemma 5.1.1 yields∫ t

s

(
γa,b,cs,u

)2
du =

1

3
hW 2

s,t + hWs,tHs,t − 2hWs,t
“Ks,t +

3− 4a

3(1− a)2
hH2

s,t +
12

(1− a)2
h“K2

s,t

=
1

3
hW 2

s,t + hWs,tHs,t −
1

12
(1− a)2hW 2

s,t +
3− 4a

3(1− a)2
hH2

s,t

+
1

12

Å
(1− a)2W 2

s,t − 24Ws,t E
[
Ks,t

∣∣ (W,H, · )s,t
]

+
18

35
h

+
72a2 − 64a+ 12

5(1− a)2
H2
s,t +

1440

7
E
[
K2
s,t

∣∣ (W,H, · )s,t

]ã
=

1

3
hW 2

s,t + hWs,tHs,t +
6

5
hH2

s,t +
3

70
h2 − 2Ws,tE

[
Ks,t

∣∣ (W,H, · )s,t
]

+
120

7
E
[
K2
s,t

∣∣ (W,H, · )s,t

]
.

By Theorems 4.2.8, 5.1.2 and 5.1.3, it follows that γa,b,c satisfies the second property.
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In order to show the third property, we should identify all the three-parameter

piecewise linear paths with the same value for a as γa,b,c and the first two properties.

Once a is fixed, it is clear from (5.1.29) that the first property will determine b + c.

The second property can then be rewritten as a quadratic equation in “Ks,t by (5.1.5).

Hence by (5.1.4), there are at most two three-parameter paths with properties 1 - 2.

Moreover, it follows by direct calculation that the roots of this quadratic equation

correspond to the formula (5.1.28) for b− c where ε ∈ {−1, 1} is determined by “Ks,t.

Since “Hs,t = Hs,t , it is evident that the third property is equivalent to minimizing∣∣“Ks,t−E[Ks,t

∣∣ (W,H, · )s,t ]
∣∣ and the required value of ε can be seen using (5.1.30).

The above theorem explicitly gives a method for constructing piecewise linear

paths that capture certain iterated integrals of the original Brownian path and time.

That said, there are still two important details that Theorem 5.1.4 does not address.

• What type of information (Ks,t, ns,t, ks,t) should be used in an SDE simulation?

• What value of a should be chosen for the three-parameter piecewise linear path?

Whilst these questions are not fully resolved, there is plenty that can be discussed.

If a vector field in the SDE is expensive to evaluate, then the choice of random

variables we generate per step makes little difference to the simulation’s complexity.

Therefore in this case, it makes sense to use Ks,t to construct the piecewise linear

path as it results in a superior estimator for Ls,t when compared to either ns,t or ks,t.

Ironically, the effectiveness of this estimator can cause additional challenges if one is

discretizing an SDE using the variable step size methodology proposed in Chapter 6.

This is because the main term in the local error expansion is independent of Ws,t as

Var
(
Ls,t

∣∣Ws,t, Hs,t, Ks,t

)
=

11

88200
h4 + h3

Å
1

700
H2
s,t +

1

49
K2
s,t

ã
.

So in this regime, it is unclear how one should control the size of the increment Ws,t.

Alternatively, if the vector fields governing the SDE are all cheap to compute,

then the sampling of random variables during each step may be become a bottleneck.

Hence in this setting, both ns,t and ks,t can be seen as cheaper alternatives than Ks,t.

Theorem 5.1.2 shows that ks,t gives a slightly better approximation of Ls,t than ns,t.

That said, we shall see in the next chapter that ns,t is much more straightforward to

incorporate into variable step size methods and can be used to control (Ws,t, Hs,t) as

Var
(
Ls,t

∣∣Ws,t, Hs,t, ns,t

)
=

11

25200
h4 +

Å
1

720
− 1

384π

ã
h3W 2

s,t +
1

700
h3H2

s,t −
1

320
√

6π
ns,t h

7
2Ws,t .
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A natural choice for a is 8−
√

10
18

since it ensures that b − c is independent of Hs,t.

This may be desirable since Brownian motion has this type of independence property:

Proposition 5.1.5. The process {Ws,r −Wr,t}r∈[s,t] is independent of the area Hs,t .

Proof. By Theorem 4.1.12, we have that Ws,r −Wr,t = Zs,r − Zr,t , where Z denotes

the Brownian arch process. The result now follows as Z and Hs,t are independent.

Using this choice of a, we can now define the paths corresponding to ns,t and ks,t.

Definition 5.1.6. Consider the unique three-parameter path γa,b,c on [s, t] satisfying

a =
8−
√

10

18
,

b+ c = Ws,t +
2

1− a
Hs,t ,

b− c = aWs,t + ε

…
(1− a)2W 2

s,t − Cs,tWs,t +
4

5
h,

where

ε :=

1 if Cs,t ≥ 2(1− a)2Ws,t

−1 if Cs,t < 2(1− a)2Ws,t

,

and

Cs,t :=


3√
6π
ns,t
√
h if ns,t is used

4√
10π

ks,t
√
h if ks,t is used

.

Then γa,b,c is a high order piecewise linear approximant of W given by Theorem 5.1.4.

Ideally, we would like to choose the above value for a when constructing piecewise

linear paths that are (Ws,t, Hs,t, Ks,t)-measurable due to this independence property.

However, it is now possible for the expression in the square root to become negative.

Theorem 5.1.7. When a = 8−
√

10
18

, there is a non-zero probability that a high order

piecewise linear path cannot be constructed from (Ws,t, Hs,t, Ks,t) as in Theorem 5.1.4.

Moreover, the probability of this event occurring is small and can be bounded above by

P

Ö
|X| >

3
√

60+28
√

5
430070−283500

√
2+331128

√
5−37525

√
10

Ä
3545
√

14 + 700
√

35 + 2268
√

70
ä

140
√

2 + 98
√

10

è
≈ 0.0022,

where X ∼ N (0, 1) is a standard normal random variable.
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Proof. It is clear that the construction of the piecewise linear path fails if and only if

55 + 10
√

10

162
W 2
s,t − 24Ws,tKs,t +

1440

7
K2
s,t +

18

35
h < 0.

Since this quadratic defines a hyperbola, the above event has a non-zero probability.

In order to estimate this probability, we aim to find the largest constant C such that

55 + 10
√

10

162
W 2

1 − 24W1K1 +
1440

7
K2

1 +
18

35
< 0 =⇒ |W1 +

√
720K1| > C.

The constant C can be obtained by solving the below non-linear optimization problem.

minimize |x+ y| subject to
55 + 10

√
10

162
x2 − 2

√
5

5
xy +

2

7
y2 +

18

35
= 0.

With assistance from Wolfram Mathematica, the constant is explicitly computable as

C =
3
√

60+28
√

5
430070−283500

√
2+331128

√
5−37525

√
10

Ä
3545
√

14 + 700
√

35 + 2268
√

70
ä

140 + 98
√

5

which is approximately 4.321.

Remark 5.1.8. Monte Carlo simulations indicate this probability is less than 0.0005.

The above theorem shows that there can be additional complications when one

considers piecewise linear paths that are measurable with respect to (Ws,t, Hs,t, Ks,t).

Since we cannot always construct the three-parameter path with a = 8−
√

10
18

, we use

a =
10−

√
70

10
,

as it is the largest constant in (0, 1
2
) that guarantees non-negativity for the following:

(1− a)2W 2
s,t − 24Ws,tKs,t +

1440

7
K2
s,t .

This then ensures the existence of the piecewise linear path given by Theorem 5.1.4.

A potential downside of this approach is that b − c is not independent of Hs,t.

Therefore, it may be worthwhile to consider constructing paths that have four pieces.

Definition 5.1.9. For a ∈ (0, 1
2
) and b, c, d ∈ R, we define the path γa,b,c,d on [s, t] as

γa,b,c,d := γa,b,c + d γ̂ a ,

where the path γa,b,c belongs to the three-parameter family and γ̂ a is the tent function

γ̂ a :=


0 for u ∈ [s, s+ ah] ∪ [t− ah, t]
2(u−(s+ah))

(1−2a)h
for u ∈ [s+ ah, s+ 1

2
h]

2((t−ah)−u)
(1−2a)h

for u ∈ [s+ 1
2
h, t− ah]

.
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By extending lemma 5.1.1, we can derive formulae for iterated integrals of γa,b,c,d.

Theorem 5.1.10. Let γa,b,c,d be a piecewise linear path in the four-parameter family.

The rescaled Lévy areas of the space-time process {(u, γa,b,c,du )}u∈[s,t ] can be defined as“Hs,t :=
1

h

∫ t

s

γa,b,c,ds,u − u− s
h

γa,b,c,ds,t du, (5.1.31)“Ks,t :=
1

h2

∫ t

s

(
γa,b,c,ds,u − u− s

h
γa,b,c,ds,t

)Å1

2
h− (u− s)

ã
du. (5.1.32)

Then for any choice of (a, b, c, d) ∈
(
0, 1

2

)
×R3 and any Brownian increment Ws,t ∈ R,“Hs,t :=

1

2
(1− a)

(
b+ c−Ws,t

)
+

1

2
(1− 2a)d, (5.1.33)“Ks,t =

1

12
(1− a)

(
b− c+ (1− 2a)Ws,t

)
, (5.1.34)

and the following triple iterated integral of γa,b,c,d and time can be computed explicitly:∫ t

s

(
γa,b,c,ds,u

)2
du =

1

3
hW 2

s,t + hWs,t
“Hs,t − 2hWs,t

“Ks,t +
3− 4a

3(1− a)2
h“H 2

s,t (5.1.35)

+
12

(1− a)2
h“K 2

s,t +
a(1− 2a)

3(1− a)2
hd“Hs,t +

1− 2a

12(1− a)2
hd2 .

Proof. It is straightforward to explicitly compute the following time integrals of γ̂ as,u .

1

h

∫ t

s

γ̂ as,u −
u− s
h

γ̂ as,t du =
1

2
(1− 2a),

1

h2

∫ t

s

(
γ̂ as,u −

u− s
h

γ̂ as,t

)Å1

2
h− (u− s)

ã
du = 0.

Hence, by lemma 5.1.1 and the linearity of integration, we have (5.1.33) and (5.1.34).

Similarly, we can compute the final integral using lemma 5.1.1 along with the above.∫ t

s

(
γa,b,c,ds,u

)2
du =

∫ t

s

(
γa,b,cs,u

)2
du+ 2d

∫ t

s

γa,b,cs,u · γ̂ as,u du+ d2

∫ t

s

(
γ̂ as,u
)2
du

=
1

3
hW 2

s,t + hWs,t

Å“Hs,t −
1

2
(1− 2a)d

ã
− 2hWs,t

“Ks,t

+
3− 4a

3(1− a)2
h

Å“Hs,t −
1

2
(1− 2a)d

ã2

+
12

(1− a)2
h“K 2

s,t

+
1

2
hd(1− 2a)

Å
Ws,t +

2

1− a
“Hs,t −

1− 2a

1− a
d

ã
+

1

3
(1− 2a)hd2 .

The result then follows by rearranging and simplifying the RHS of this equation.
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We can set a = 10−
√

70
10

for the above path and find b, c, d to match the integrals:∫ t

s

γa,b,c,ds,u du =

∫ t

s

Ws,u du,∫ t

s

(u− s)γa,b,c,ds,u du =

∫ t

s

(u− s)Ws,u du,∫ t

s

(
γa,b,c,ds,u

)2
du = E

[ ∫ t

s

W 2
s,u du

∣∣∣Ws,t, Hs,t, Ks,t

]
.

It is then clear from Theorem 5.1.10 that this yields a quadratic equation for d.

−10 + 4
√

70

21
hH2

s,t +
−8 +

√
70

7
hdHs,t +

−5 +
√

70

42
hd2 =

3

70
h2 +

6

5
hH2

s,t .

Solving this equation produces two distinct real solutions, which are given below.

d =
−10 +

√
70

5
Hs,t ±

 
490− 28

√
70

225
H2
s,t +

5 +
√

70

25
h.

Since the cubic polynomial approximation of the Brownian path is 1
2
Ws,t+

3
2
Hs,t at

its midpoint, we will choose the value of d to be a close as possible to
(

3
2
− 1

7

√
70
)
Hs,t .

Therefore, we can now define the (Ws,t, Hs,t, Ks,t)-measurable piecewise linear paths.

Definition 5.1.11. Using the triple (Ws,t, Hs,t, Ks,t), we have derived two piecewise

linear paths that can each be used to approximate the non-commutative SDE (5.0.1).

• Three pieces with guaranteed existence

a =
10−

√
70

10
,

b+ c = Ws,t +
2

1− a
Hs,t ,

b− c = aWs,t + ε

Ç
(1− a)2W 2

s,t − 24Ws,tKs,t +
2112− 240

√
70

105
H2
s,t

+
1440

7
K2
s,t +

18

35
h

ã 1
2

,

where in the above piecewise linear path, we define ε to minimize |Ks,t − “Ks,t|,

ε :=

1 if Ks,t ≥ 1
12

(1− a)2Ws,t

−1 if Ks,t <
1
12

(1− a)2Ws,t

.

Then the resulting path γa,b,c satisfies all the properties given by Theorem 5.1.4.
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• Four pieces with an independence property and guaranteed existence

a =
10−

√
70

10
,

b+ c = Ws,t +
2

1− a
Hs,t −

1− 2a

1− a
d,

b− c =
12

1− a
Ks,t − (1− 2a)Ws,t ,

d =
−10 +

√
70

5
Hs,t + sgn(Hs,t)

 
490− 28

√
70

225
H2
s,t +

5 +
√

70

25
h.

The piecewise linear path γa,b,c,d defined by these parameters has the integrals:

1.
∫ t
s
γa,b,c,ds,u du =

∫ t
s
Ws,u du.

2.
∫ t
s

(
γa,b,c,ds,u

)2
du = E

[ ∫ t
s
W 2
s,u du

∣∣Ws,t, Hs,t, Ks,t

]
.

3.
∫ t
s

(u− s)γa,b,c,ds,u du =
∫ t
s

(u− s)Ws,u du.

Remark 5.1.12. In addition, we have also derived a piecewise linear path with three

pieces and the same independence property as the paths given by definition 5.1.6.

a =
8−
√

10

18
,

b+ c = Ws,t +
2

1− a
Hs,t ,

b− c = aWs,t + ε

…
(1− a)2W 2

s,t − 24Ws,tKs,t +
1440

7
K2
s,t +

18

35
h ,

However, since there is a small probability (< 0.0022) that this path can not be

constructed, it will require further analysis to justify its use for approximating SDEs.

 

Figure 5.4: Brownian motion approximated with “high order” piecewise linear paths.

The above paths are generated using three independent Gaussian random variables.

Therefore in this section, we have developed four different piecewise linear paths

that can be used to discretize the non-commutative SDE (5.0.1) using ODE solvers.
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These piecewise linear paths are explicitly described in definitions 5.1.6 and 5.1.11.

We shall now conclude this section by giving the convergence rates of these methods.

Theorem 5.1.13. For a fixed number of steps N , we can construct a numerical

solution {Yk}0≤k≤N of (5.0.1) by setting Y0 := ξ and for each k ∈ [0 . . N − 1],

defining Yk+1 to be the true solution at time u = tk+1 of the following (random) ODE:

dzu = f0 (zu) du+ f1 (zu) dγu , (5.1.36)

ztk = Yk ,

where h := T
N

, tk = kh and γ is a piecewise linear path from definition 5.1.6 or 5.1.11.

Then Y converges in a strong sense with order 1.5 and a weak sense with order 2.0.

Proof. Just as in the analysis of parabola-ODE (see Theorem 4.3.11), we can derive a

(rough) Taylor expansion of (5.1.36) in terms of the iterated integrals of γ and time.

By the construction of γ, the lower order terms in the expansion are matched exactly,

the O(h2) terms have the correct mean and the expectation of the remainder is O(h3).

Therefore, the result follows using the standard convergence arguments in [62].

Remark 5.1.14. In order to approximate the ODE (5.1.36) over the interval [tk, tk+1],

we must discretize a sequence of several ODEs (equal to the number of pieces γ has).

Each intermediate ODE requires at least one step of a high order numerical method.

In general, one should use fourth order ODE solvers, however for an SDE without the

W 4
s,t term in its Taylor expansion, it is enough to use a third order numerical method.

In Chapter 6, we will apply the (Ws,t, Hs,t, ns,t)-measurable piecewise linear path

given by definition 5.1.6 to accurately discretize the CIR and squared Bessel processes.

There are two key features of this path that make it well suited for both of these SDEs:

• Since ns,t is a Rademacher random variable, it is faster to generate than Ks,t.

This is appealing as the vector fields governing these SDEs are cheap to evaluate.

• It is possible to generate (W,H, n)s,u and (W,H, n)u,t conditional on (W,H, n)s,t.

This property enables variable step size methods (and multilevel Monte Carlo),

which is important as the CIR and Bessel SDEs have non-Lipschitz vector fields.

Whilst the paths presented in this section are designed for SDEs driven by a single

Brownian motion, it is straightforward to extend them to the multidimensional case

since the width of each “linear piece” does not depend on the Brownian path itself.

That said, it seems unlikely that this captures the mean and variance of Lévy area.

Hence it is still ongoing research to construct piecewise linear paths for general SDEs.
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5.2 Piecewise linear methods for SDEs satisfying

a commutativity condition

In this section, we shall consider two piecewise linear paths for discretizing the SDE

(5.0.1) when the governing vector fields satisfy the following commutativity condition:

[f1, [f1, f0]] = 0. (5.2.1)

Due to the above condition, it is no longer necessary for the path to capture the

space-space-time Lévy area Ls,t as it does not appear in Taylor expansion of (5.0.1).

Therefore, we can now reconsider the paths that belong to the one-parameter family.

Theorem 5.2.1. The path γ
1
2 is the only path with two pieces and the below integrals.∫ t

s

γ
1
2
s,u du =

∫ t

s

Ws,u du,∫ t

s

(
γ

1
2
s,u

)2
du =

1

3
hW 2

s,t + hWs,tHs,t +
4

3
hH2

s,t ,∫ t

s

(u− s)γ
1
2
s,u du = E

[∫ t

s

(u− s)Ws,u du
∣∣∣Ws,t , Hs,t

]
.

Proof. The result follows directly from the calculations presented in Appendix A.

Recall that the disadvantage of using this path for discretizing non-commutative

SDEs is that it approximates the Lévy area Ls,t with 4
3
hH2

s,t (which is then unbiased).

If the SDE (5.0.1) also has additive noise, then it is worthwhile to generate Ks,t.

Hence, the piecewise linear path defined below will match the triple (Ws,t, Hs,t, Ks,t).

Definition 5.2.2. Consider the unique three-parameter path γa,b,c on [s, t] satisfying

a =
1

2
− 1

2
√

5
,

b+ c = Ws,t +
2

1− a
Hs,t ,

b− c =
12

1− a
Ks,t − (1− 2a)Ws,t .

Then, provided (5.2.1) holds, driving (5.0.1) by γa,b,c gives a high order approximation.

Remark 5.2.3. It is straightforward to extend the above paths to the multidimensional

setting by viewing Ws,t, Hs,t and Ks,t as vectors in Rd with independent coordinates.

Whilst it is still ongoing research to study piecewise linear methods for general SDEs,

we shall see that the multidimensional version of path given by definition 5.2.2 is

particularly well suited for numerically solving the (underdamped) Langevin equation.
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Theorem 5.2.4. The piecewise linear path γa,b,c given by definition 5.2.2 has integrals∫ t

s

γa,b,cs,u du =

∫ t

s

Ws,u du,∫ t

s

(
γa,b,cs,u

)2
du =

1

3
hW 2

s,t + hWs,tHs,t + L̂s,t ,∫ t

s

(u− s)γa,b,cs,u du =

∫ t

s

(u− s)Ws,u du,∫ t

s

(u− s)2γa,b,cs,u du = E

[∫ t

s

(u− s)2Ws,u du
∣∣∣Ws,t , Hs,t , Ks,t

]
,

where

L̂s,t :=
5 +
√

5

6
hH2

s,t − 2hWs,tKs,t +
(
90− 30

√
5
)
hK2

s,t .

Proof. The first two integrals can be shown using (5.1.3) and (5.1.4) in lemma 5.1.1.

In a similar manner, the formula for the third integral directly follows from (5.1.5).

In order to derive the last integral, we will first compute the conditional expectation:

E

[∫ t

s

(u− s)2Ws,u du
∣∣∣Ws,t , Hs,t , Ks,t

]

=

∫ t

s

(u− s)2E[Ws,u |Ws,t , Hs,t , Ks,t ]du

= h3

∫ 1

0

u2
(
uWs,t + 6u(1− u)Hs,t + 60u(1− u)(1− 2u)Ks,t

)
du

=
1

4
h3Ws,t +

3

10
h3Hs,t − h3Ks,t ,

where the penultimate line uses Theorem 4.1.6 as well as integration by substitution.

The corresponding time integral for γa,b,c can also be resolved by a direct calculation.∫ t

s

(u− s)2γa,b,cs,u du =
1

4
a3bh3 +

1

12
(1− 2a)

(
(2a2 + 1)b+ (2a2 − 4a+ 3)c

)
h3

+
1

12
a
(
(3a2 − 8a+ 6)c+ (a2 − 4a+ 6)Ws,t

)
h3

=
1

12
(1− a)(a2 − a+ 2)(b+ c)h3 − 1

12
(1− a)(b− c)h3

+
1

12
a(a2 − 4a+ 6)h3Ws,t

=
1

4
h3Ws,t +

1

6
(a2 − a+ 2)h3Hs,t − h3Ks,t .

Therefore, the integrals for γa,b,c and W will coincide if and only if a = 1
2
± 1

2
√

5
.
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Figure 5.5: Brownian motion approximated with the simpler piecewise linear paths.

The above paths were generated using two independent Gaussian random variables.

 

Figure 5.6: Brownian motion along with the associated linear three-parameter paths.

The above paths are generated using three independent Gaussian random variables.

To conclude the section, we shall present a convergence theorem for these paths.

Theorem 5.2.5. For a fixed number of steps N ≥ 1, we construct a numerical

solution {Yk}0≤k≤N of (5.0.1) by setting Y0 := ξ and for each k ∈ [0 . . N − 1],

defining Yk+1 to be the true solution at time u = tk+1 of the following (random) ODE:

dzu = f0 (zu) du+ f1 (zu) dγu , (5.2.2)

ztk = Yk ,

where h := T
N

, tk = kh and γ is a piecewise linear path considered in this section.

Then provided (5.2.1) holds, Y converges in a strong and weak sense with order 2.0.

Proof. The result follows using essentially the same analysis as for Theorem 5.1.13.

The key difference is that, due to the vectors fields commuting according to (5.2.1),

space-space-time Lévy area no longer appears in the expansions of (5.0.1) and (5.2.2).

This means that the Taylor expansions now coincide up to the terms of size O(h2).

Since the expectation of the O(h
5
2 ) remainder is still O(h3), we can use the standard

arguments presented in [62] to establish the strong and weak convergence rates.
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5.3 Third order numerical methods for the

underdamped Langevin equation

In this section, we shall apply the piecewise linear path given by definition 5.2.2 with

a Runge-Kutta-Nyström method to discretize the (underdamped) Langevin equation:

dQt = Pt dt, (5.3.1)

dPt = −∇U(Qt) dt− νPt dt+

 
2ν

β
dWt , (5.3.2)

where Q,P ∈ Rd will represent the position and momentum of a point particle,

U : Rd → R denotes a scalar potential, ν > 0 is a friction coefficient, β =
(
kBT

)−1

is the inverse temperature of the system (kB denotes Boltzmann’s constant, T is the

system’s absolute temperature) and W is a standard d-dimensional Brownian motion.

The underdamped Langevin equation can be viewed as an extension of Newton’s

second law which takes additional frictional and stochastic forces into consideration.

Since its conception, it has become well established within statistical mechanics as

the fundamental model of a Brownian particle that exhibits noise and moves under

the influence of an external force ([22] is a comprehensive textbook on this equation).

In the numerical analysis of the underdamped Langevin diffusion (ULD), one

typically assumes that the potential U : Rd → R is twice continuously differentiable,

m-strongly convex and has an M -Lipschitz gradient. That is, for x, y ∈ Rd, we have∥∥∇U(x)−∇U(y)
∥∥ ≤M‖x− y‖, (5.3.3)

and

U(y) ≥ U(x) +
〈
∇U(x), y − x

〉
+

1

2
m‖x− y‖2. (5.3.4)

We refer to the conditions (5.3.3) and (5.3.4) as the “standard assumptions” for ULD.

More recently, the underdamped Langevin equation has been applied to problems

in Bayesian statistics as it is intimately related to Hamiltonian Monte Carlo (HMC).

Whilst HMC was originally proposed in 1987 by Duane et al. [32], it was the 2011

papers of Neil [80] along with Girolami and Calderhead [46] that spurred the recent

developments of the approach. In addition, underdamped Langevin Monte Carlo has

also progressed due to a non-asymptotic convergence result by Dalalyan [25] in 2017.

In these statistical problems, U is obtained as the logarithm of the target density and

for many real-world applications, it will satisfy the standard assumptions for ULD.

For example, in Logistic regression, U is strongly convex and infinity differentiable

(with each derivative being Lipschitz continuous).
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To the best of the authors knowledge, the current state-of-the-art methods for

underdamped Langevin MCMC are the “Randomized Midpoint Method” [85] and

“OBABO Scheme” [14, 78, 86] (which is a stochastic version of the symplectic velocity

Verlet algorithm). The convergence rates for these methods are summarized below:

• The randomized midpoint method achieves an O
(√

dh1.5
)

2-Wasserstein error

under standard assumptions. This rate was later shown to be optimal in [16].

• The OBABO scheme achieves an O
(√

dh
)

Wasserstein error under standard

assumptions. In addition, if the Hessian ∇2U is Lipschitz continuous, then the

OBABO scheme achieves an O
(
dh2
)

Wasserstein error. It is also worth noting

that a Metropolis-adjusted version of the OBABO scheme is given in [78, 86].

In addition, Strang splittings are known to perform well on Hamiltonian SDEs.

In [12], the authors propose an ABC algorithm (Approximate Bayesian Computation)

for a stochastic neural mass model and show that splitting schemes will significantly

outperform the Euler-Maruyama method at capturing the SDE’s stationary measure.

The underdamped Langevin diffusion has also been studied when the gradient ∇U
is superlinear but satisfies certain growth conditions (such as Condition 3.1 in [75]).

For example, Theorem 3.2 in [75] guarantees the existence of the stationary measure

for ULD when U has polynomial growth. In this setting, ∇U is only locally Lipschitz

and the Euler-Maruyama method may not produce an ergodic numerical solution.

Hence to address this problem, researchers have proposed implicit numerical methods,

such as the split-step backward Euler method [75] or variable step size methods [64].

Since the discretizations of (5.3.1) presented in this section were discovered during

the writing of this thesis, it is still ongoing research to prove existence and then

establish convergence results for the stationary measure of the numerical solution

(which is needed to quantify the method’s effectiveness for statistical applications).

Therefore, the primary focus of this section will instead be to demonstrate the

high orders of convergence of the proposed numerical methods over a finite time

horizon. In particular, the piecewise linear approaches for (5.3.1) described in this

section can achieve convergence rates of O(h3) provided each step uses a suitable ODE

solver. That said, if ∇U is only locally Lipschitz and with polynomial growth, we

would not expect convergence for our methodology without the use of either variable

step sizes or implicit ODE solvers. This is likely to be a topic for future research.

Another advantage of using ODE methods is that they allow one to employ symplectic

integrators, which can achieve state-of-the-art performance on Hamiltonian systems.
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To simplify the notation, we shall rewrite the underdamped Langevin equation as

dQt = Pt dt, (5.3.5)

dPt = f(Qt) dt− νPt dt+ σ dWt , (5.3.6)

where f := −∇U is a smooth bounded vector field on Rd with bounded derivatives

and σ :=
»

2ν
β

. We can expand the above in terms of iterated time integrals of W .

Theorem 5.3.1 (Stochastic Taylor expansion for underdamped Langevin equation).

Let (Q,P ) denote the solution to (5.3.5) over [s, t]. Then (Q,P ) can be expanded as

Qt = Qs + Psh+
1

2

(
f(Qs)− νPs

)
h2 +

1

6

(
ν2Ps + f ′(Qs)Ps − νf(Qs)

)
h3 (5.3.7)

+ σ

∫ t

s

Ws,u du− σν
∫ t

s

∫ u

s

Ws,v dv du+ σν2

∫ t

s

∫ u

s

∫ v

s

Ws,r dr dv du

+ σf ′(Qs)

∫ t

s

∫ u

s

∫ v

s

Ws,r dr dv du+RQ(h, (Qs, Ps)),

Pt = Ps +
(
f(Qs)− νPs

)
h+ σWs,t (5.3.8)

− σν
∫ t

s

Ws,u du+
1

2

(
ν2Ps + f ′(Qs)Ps − νf(Qs)

)
h2

+
1

6

((
f ′(Qs) + ν2

)(
f(Qs)− νPs

)
− νf ′(Qs)Ps + f ′′(Qs)P

⊗2
s

)
h3

+
(
f ′(Qs) + ν2

)Å
σ

∫ t

s

∫ u

s

Ws,v dv du− σν
∫ t

s

∫ u

s

∫ v

s

Ws,r dr dv du

ã
− σνf ′(Qs)

∫ t

s

∫ u

s

∫ v

s

Ws,r dr dv du+ σf ′′(Qs)

Å
Ps ⊗

∫ t

s

∫ u

s

∫ v

s

Ws,r dr dv du

ã
+ σf ′′(Qs)

Å
Ps ⊗

∫ t

s

∫ u

s

∫ v

s

(r − s) dWr dv du

ã
+RP (h, (Qs, Ps)),

where h := t−s and the remainder terms have the below uniform estimates for h < 1,

sup
Qs,Ps∈Rd

∥∥RQ(h, (Qs, Ps))
∥∥
L2(P)

≤ C1 h
4, (5.3.9)

sup
Qs,Ps∈Rd

∥∥RP (h, (Qs, Ps))
∥∥
L2(P)

≤ C2 h
4, (5.3.10)

and the constants C1, C2 depend only on the vector fields of the differential equation.

Proof. The result follows by applying the standard Stratonovich-Taylor expansion

(see Proposition 1.1 in [6] or Theorem 5.6.1 in [62]) to the Langevin equation (5.3.5).

Although the various coefficients within the expansion can be computed individually,

it is possibly more straightforward to derive the entire Taylor expansion by hand.
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Perhaps the most significant feature of the Taylor expansions (5.3.7) and (5.3.8) is

that lower order terms only depend on “linear” iterated integrals of Brownian motion.

As a result, it is then clear from Theorem 5.2.4 that the piecewise linear path given

by definition 5.2.2 is particularly well suited to the underdamped Langevin equation.

Since the path γa,b,c will capture these time integrals, we have the following theorem:

Theorem 5.3.2. For a fixed number of steps N , we construct a numerical solution

{Yk}0≤k≤N of the SDE (5.3.1) by setting Y0 := (Q0, P0) and for each k ∈ [0 . . N − 1],

defining Yk+1 to be the true solution at time u = tk+1 of the following (random) ODE:

dxu = zu du, (5.3.11)

dzu = −∇U(xu) du− νzu du+

 
2ν

β
dγu, (5.3.12)

(xtk , ztk) = Yk ,

where h := T
N

, tk = kh and γ is the piecewise linear path given by definition 5.2.2.

Then YN converges to the solution (PT , QT ) in strong and weak senses with order 3.0.

Proof. As we have already noted, the path γ was constructed so that it matches the

iterated time integrals of Brownian motion that are Gaussian and larger than O(h3).

So the Taylor expansions of (5.3.11) and (5.3.12) will match those in Theorem 5.3.1

up to and including the O(h3) terms and therefore give local errors that are O(h
7
2 ).

By linearity of expectation, we see that the iterated integrals below have mean zero:∫ t

s

∫ u

s

∫ v

s

Ws,r dr dv du,

∫ t

s

∫ u

s

∫ v

s

(r − s) dWr dv du,∫ t

s

∫ u

s

∫ v

s

γs,r dr dv du,

∫ t

s

∫ u

s

∫ v

s

(r − s) dγr dv du.

Hence, the expectation of the local error between the two Taylor expansions is O(h4).

The result now follows using the standard argument (see Theorem 10.7.1 in [62]).

Remark 5.3.3. Since the odd moments of a standard multivariate Gaussian random

variable are all zero, the O(h
7
2 ) terms in Taylor expansions always have zero mean.

Therefore it is sufficient to discretize (5.3.11) and (5.3.12) using three steps of a third

order numerical method to achieve the strong and weak convergence rates of O(h3).

Remark 5.3.4. From the Taylor expansions (5.3.7) and (5.3.8) for ULD, we would

conjecture that the above theorem holds when U is three times differentiable with

each derivative being Lipschitz continuous. In particular, we do not expect that the

boundedness assumptions on U and∇U are needed to obtain the local error estimates.

That said, the analysis required is likely to be involved and is thus left as future work.
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Since the piecewise linear path γ given by definition 5.2.2 has three pieces, the

corresponding SDE numerical method requires one to discretize three ODEs per step.

It is therefore reasonable to question whether there exist cheaper ODE methods that

can achieve a third order convergence rate for the underdamped Langevin diffusion.

We conjecture that by setting a = 0 in definition 5.2.2, we can obtain such a method.

That is, we consider a piecewise linear path with discontinuities (or “vertical pieces”).

 

Figure 5.7: Brownian motion approximated using paths defined with vertical pieces.
The above paths are generated using three independent Gaussian random variables.

Since the Langevin equation has additive noise, each vertical pieces corresponds to

a trivial ODE (with a constant vector field). Hence, the resulting numerical method

only requires one ODE to be approximated per step. We define this method below:

Definition 5.3.5 (A shifted ODE method for the underdamped Langevin diffusion).

For a fixed number of steps N , we construct a numerical solution {Yk}0≤k≤N of the

SDE (5.3.1) by setting Y0 := (Q0, P0) and for each k ∈ [0 . . N − 1], defining Yk+1 as

Yk+1 :=

Ç
xtk+1

ztk+1

å
−
 

2ν

β

Ç
0

Htk,tk+1
− 6Ktk,tk+1

å
, (5.3.13)

where {(x, z)}u∈[tk,tk+1] is the solution to the following (random) ODE:

dx

du
= z, (5.3.14)

dz

du
= −∇U(x)− νz +

 
2ν

β

(
Wtk,tk+1

− 12Ktk,tk+1

h

)
, (5.3.15)

with initial conditionÇ
xtk
ztk

å
:= Yk +

 
2ν

β

Ç
0

Htk,tk+1
+ 6Ktk,tk+1

å
.
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Remark 5.3.6. By setting Ktk,tk+1
= 0 and applying a change of variable to the

velocity, we see that the above reduces to the log-ODE method (see definition 4.3.4).

For both the “piecewise linear” and “shifted” ODE methods, it is necessary to

discretize ODEs of the form (5.3.11), (5.3.12) using a high order numerical method.

However, before doing so, it is worth noting that each “linear” ODE is expressible as

d2x

du2
= −∇U(x)− ν dx

du
+

 
2ν

β

dγ

du
. (5.3.16)

As this ODE is second order, it is natural to consider Runge-Kutta-Nyström methods:

Definition 5.3.7 (Runge-Kutta-Nyström method). Consider the second order ODE

y′′ = F (t, y), (5.3.17)

y(0) = y0 , y′(0) = y′0 ,

where y0, y
′
0 ∈ Rd and the time-varying vector field F : R×Rd → Rd does not use y′.

An explicit m-stage Runge-Kutta-Nyström (RKN) method for (5.3.17) is defined as

Yk+1 := Yk + hY ′k + h2

m∑
i=1

biF (tk + cih, ỹk,i),

Y ′k+1 := Y ′k + h
m∑
i=1

diF (tk + cih, ỹk,i),

ỹk,i := Yk + cihY
′
k + h2

i−1∑
j=1

aijF (tk + cikh, ỹk,j),

where
(
Y0 , Y

′
0

)
:=
(
y0 , y

′
0

)
, tk := kh and the coefficients aij, bi, ci, di are real numbers.

It is usually more convenient to express the above method using the Butcher tableau:

c1

c2 a21

...
...

. . .

cm am1 · · · am(m−1)

b1 · · · bm−1 bm

d1 · · · dm−1 dm

Although the theory of Runge-Kutta-Nyström methods is separate from that of

standard Runge-Kutta methods, in both cases it is essential to derive order conditions.

In [91], order conditions were derived using the Mathematicia programming Language.

A detailed reference for these methods is also given by section 14 in Chapter 2 of [51].
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However in order to apply a Runge-Kutta-Nyström method, we require the ODE

to have the form (5.3.17). Therefore, we shall apply the following change of variable:

x̃u := e
1
2
ν(u−tk)xu, ∀u ∈ [tk, tk+1],

to remove the
dx

du
term in the RHS of (5.3.16). Thus, we rewrite the ODE (5.3.11) as

d2x̃

du2
=

1

4
ν2x̃u − e

1
2
ν(u−tk)∇U

(
e−

1
2
ν(u−tk)x̃u

)
+ e

1
2
ν(u−tk)

 
2ν

β

dγ

du
, (5.3.18)

x̃tk = xtk , x̃′tk =
1

2
νxtk + ztk .

Since the time-varying vector fields in (5.3.18) depend only on x̃ and not its derivative,

we can discretize the above ODE using any high order Runge-Kutta-Nyström method.

In the numerical example, we will use the three-stage RKN method described in

[28] as it is third order as well as symplectic (when applied to a Hamiltonian system).

Definition 5.3.8 (Third order three-stage symplectic Runge-Kutta-Nyström method).

This RKN method is presented in [28] and defined by the following Butcher tableau:

0

0.630847693 0.164217030

0.536704894 0.139710559 −0.103005664

0.260311692 0.4039053382 −0.164217030

0.260311692 1.094142798 −0.354454490

Of course, the analysis of numerical methods for ODEs is a well developed research

area and thus we expect that our approach to discretizing (5.3.11) can be improved

as we would ideally like the ODE solver to be specifically designed for this problem.

One possibility (that is left as future work) is to use a high order splitting method.

To apply a splitting method, we write the ODE’s vector field as a sum of operators:

d

Ç
xt

zt

å
=

Ç
zt

0

å
︸ ︷︷ ︸

=:A

+

(
0

−∇U(xt)− νzt +
»

2ν
β
dγ
du

)
︸ ︷︷ ︸

=:B

.

In this case, the ODEs governed by A and B have the following closed-form solutions:

ϕAt

Ç
x

z

å
:=

Ç
x+ zt

z

å
,

ϕBt

Ç
x

z

å
:=

Ñ
x

e−νtz +
(
−∇U(x) +

»
2ν
β
dγ
du

)(
1−e−νt

ν

)é .
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For example, the fourth order splitting detailed in [98] gives the approximationÇ
xtk+1

vtk+1

å
:= ϕB

( 1
2

+φ)h
◦ ϕA(1+2φ)h ◦ ϕB−φh ◦ ϕA(−1−4φ)h ◦ ϕB−φh ◦ ϕA(1+2φ)h ◦ ϕB( 1

2
+φ)h

Ç
xtk
vtk

å
,

where φ := −1+
3√

2

2(2− 3√
2 )

. Since ∇U(xtk) is computed in the first operation and ∇U(xtk+1
)

is computed in the last, we see that this method only requires 3 additional evaluations

of ∇U per step (with the only exception being the initial step – which requires four).

In addition, when ν = 0, this fourth order splitting method will become symplectic.

For the numerical experiment, we will consider a scalar double-well potential along

with the same friction and temperature parameters used in the first example of [93]:

U(q) = (q2 − 1)2 , ν = 1, β = 3,
(
Q0 , P0

)
= 0.

 

 

Figure 5.8: The scalar double-well potential given by the polynomial U(q) = (q2−1)2.

Although this is a simple example, the potential U does not satisfy the standard

assumptions for ULD. Moreover, U and its derivatives are not even globally Lipschitz.

Thus, it may be possible that the proposed ODE method does not converge to the

SDE solution. At the very least, further analysis would be required to show otherwise.

A double-well potential example is also included in [64], where the authors compared

adaptive Euler and sympelctic schemes (both of which appeared to converge weakly).

In addition, it is possible for implicit schemes, such as the split-step backward Euler

method in [75], to converge for this example as U satisfies a one-sided Lipschitz

condition. Hence we conjecture that the piecewise linear and shifted ODE methods

can converge provided they are either adaptive or use an implicit solver for each ODE.
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Figure 5.9: A sample path of a Brownian particle moving in a double-well potential.

The path was computed by applying the RKN method in definition 5.3.8 to (5.3.18).

Due to the symmetry of the double-well potential (and the initial conditions),

the particle is expected to spend the same amount of time above and below zero.

Furthermore, the sign of the Brownian particle will change less frequently when the

friction coefficient ν is decreased or the inverse temperature parameter β is increased.

In the numerical experiment, we will approximate (5.3.1) at a fixed time using

the piecewise linear and shifted ODE methods on a uniform partition with step size

h. We shall use similar error estimators as those presented in the previous chapter to

demonstrate the strong and weak convergence properties of the numerical method.

The functional chosen for testing weak convergence is q2 and estimates the variance.

Definition 5.3.9 (Strong and weak error estimators). For each N ≥ 1, let QN denote

a numerical solution of (5.3.1) computed at time T using the fixed step size h = T
N

.

We can define the following estimators for quantifying strong and weak convergence:

SN :=
√
E
î(
QN −Qfine

T

)2
ó
, (5.3.19)

EN :=
∣∣∣E[Q2

N

]
− E

[(
Qfine
T

)2 ]∣∣∣ , (5.3.20)

where the above expectations are approximated by Monte-Carlo simulation and Qfine
T

is the numerical solution of (5.3.1) obtained at time T using the piecewise linear ODE

method with a “fine” step size of min
(
h
25
, T

50000

)
. The fine step size is chosen so that

the L2(P) error between Qfine
T and the true solution is negligible compared to SN .

Note that QN and Qfine
T are both computed with respect to the same Brownian paths.
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Below are our results for this numerical experiment with the time horizon T = 10.

 

Figure 5.10: SN computed with 100,000 sample paths as a function of step size h = T
N

.

 

Figure 5.11: EN computed with 100,000 sample paths as a function of step size h = T
N

.

Although there is additional error due to the Monte Carlo estimation of SN and EN ,

these graphs support the hypothesis that the methods converge with a rate of O(h3).
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In conclusion, there are two results that have been discussed within this chapter.

• High order pathwise discretizations of space-time Brownian motion

One classical technique for approximating SDEs is to discretize the driving

Brownian motion as a piecewise linear path and then solve the resulting ODE.

This was introduced in [97] by Wong and Zakai, however their piecewise linear

paths were constructed to match only the increments of the Brownian motion.

By designing piecewise linear paths that match additional iterated integrals,

the subsequent ODE methods can achieve higher orders of strong convergence.

In this chapter, we developed several such paths that can be used to compute

accurate pathwise discretizations of SDEs driven by a single Brownian motion.

• Third order approximations of the underdamped Langevin equation

The underdamped Langevin equation appears in statistical mechanics as a

model of a particle moving in a potential under the effect of stochastic forces.

Recently this equation has been applied to computational statistics as, under

mild conditions (see [20]), the process admits a stationary measure with density

ϕ(q, p) ∝ exp

Å
−β
Å
U(q) +

1

2
‖p‖2

ãã
,

and thus gives a method for approximately sampling from a target distribution.

We have proposed piecewise linear methods for the underdamped Langevin

equation which can achieve both strong and weak convergence rates of O(h3).

These numerical methods also enable one to apply state-of-the-art ODE solvers.

Therefore we have the following open questions relating to this chapter’s research:

• What are the most effective piecewise linear discretizations of Brownian motion

that lead to high order numerical methods for general multidimensional SDEs?

• How might this approach be used to design effective cubature paths? (see [73])

• Under what conditions on the potential do the proposed ODE approximations

of the underdamped Langevin diffusion admit a unique stationary distribution?

• Would an ODE method for ULD exhibit exponential Wasserstein contractivity?

• Does the stationary measure of the ODE solution converge to that of the SDE?

If so, could one quantify the rate of this convergence in a 2-Wasserstein sense?

• Similarly, the overdamped Langevin equation has applications within statistics.

Would the Runge-Kutta method in section 4.4 be practical for this? (see [69])
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Chapter 6

Variable step size methods for
stochastic differential equations

It is well established within the ODE literature that for certain problems, there are

significant advantages to propagating numerical solutions using variable step sizes.

Concrete examples demonstrating this can be found in the textbooks [51] and [15].

On the other hand, we have only been discretizing SDEs using constant step sizes.

Whilst this approach seems to be effective for our current numerical examples, it is

possible that a fixed step size is inappropriate for some (non-homogeneous) systems.

In addition, since the increments of Brownian motion are all normally distributed,

there is always a non-zero probability that the path will experience large excursions.

These excursions could then result in further numerical errors in an SDE simulation.

In this chapter, we shall investigate variable step size approaches which aim to

control the (local) errors experienced by the high order methods studied previously.

For these methodologies to be developed, we require the following two key ingredients:

• A refinement procedure for increments and areas of a Brownian path

Reducing the step size is perhaps the most basic strategy for controlling errors.

However the decision to take “a smaller step size” often comes after information

about the Brownian path has been generated (with respect to a larger step size).

Fortunately, Lévy’s construction of Brownian motion enables us to generate

increments of the path in an interval conditional on the endpoint information.

It was shown in [13] that this construction can be extended to generate both

increments and space-time Lévy areas of the Brownian path in a similar manner.

In the first section of this chapter, we will further extend these constructions

to generate the triples (Ws,t, Hs,t, ns,t) and (Ws,t, Hs,t, Ks,t) on dyadic intervals.

This allows the piecewise linear methods from Chapter 5 to use variable steps.
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• Estimation of local L2(P) errors conditional on the path’s information

As the motivation for using variable step sizes is to reduce numerical errors, it is

necessary to determine when a one-step approximation is insufficiently accurate.

It can be seen from the Taylor expansions of our proposed numerical methods

that the leading term in the variance expansion of the local error has the form:(
[f1, [f1, f0 ]](ys)

)2
Var

(
Ls,t

∣∣Ws,t , Hs,t , ·
)
,

where the above variance would correspond to either (4.2.5), (4.2.7) or (5.1.7).

A potential disadvantage of using this quantity to estimate local L2(P) errors is

that it requires one to compute or approximate certain vector field derivatives.

Furthermore, there is an additional complication if the triple (Ws,t, Hs,t, Ks,t) is

used as the conditional variance would not depend on the path increment Ws,t.

That said, we will see that this approach is effective for our numerical example.

In this chapter, we shall only consider strategies defined over dyadic partitions.

The main reason for this is that the new “refinement procedures” established in the

first section are limited to generating information at the midpoint of a given interval.

 

Figure 6.1: The particle can always take a smaller step, but not always a larger one.

Once an initial step size has been fixed, we can propagate the numerical solution

over the whole interval or the two half intervals depending on our local error estimate.

It is then possible to recursively apply this process for both of the smaller intervals.

Proceeding in this way gives a variable step size methodology using dyadic partitions.

The above diagram illustrates a potential limitation of this approach since it only

allows step sizes to be “refined” (and therefore step sizes can not always be increased).

That said, it will be shown in section 6.2 that the requirement for methods to only

refine intervals is helpful and enables us to prove convergence using rough path theory.
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Definition 6.0.1. The proposed variable step size methodology for SDEs of the form:

dyt = f0 (yt) dt+ f1 (yt) ◦ dWt , (6.0.1)

y0 = ξ ,

is defined by the following steps:

Step 1. Fix an initial step size, h = t− s, for computing the numerical solution.

Step 2. Generate some information describing the Brownian path,
(
Ws,t , Hs,t , ·

)
.

Step 3. If h is below a prespecified constant hmin , approximate (6.0.1) over [s, t].

Step 4. Otherwise, check that the discretization error is small using the condition(
[f1, [f1, f0 ]](Ys)

)2
Var

(
Ls,t

∣∣Ws,t , Hs,t , ·
)
≤ Ch, (6.0.2)

where Ys denotes the approximation of ys and C > 0 is some prespecified constant.

Step 5. If (6.0.2) is satisfied, approximate (6.0.1) over the interval [s, t] using an

appropriate numerical method
(
i.e. one using the estimator E

[
Ls,t

∣∣Ws,t , Hs,t , ·
])

.

Step 6. If (6.0.2) is not satisfied, apply Steps 1-6 on the intervals [s, u] and [u, t],

where u = s+ 1
2
h is the midpoint and Step 2 is now done by refinement procedure.

Remark 6.0.2. In numerical simulations, we would ideally like to avoid using Step 3,

which was only included to ensure that the algorithm uses a finite number of steps.

Depending on the problem, it may also be better to modify the condition (6.0.2) as

an alternative way of controlling the (expected) computational cost of the algorithm.

Remark 6.0.3. The above variable step size methodology drew some inspiration from

the paper of Gaines and Lyons [39] where a step size control was proposed for SDEs

and aimed for steps to have uniform contribution to the variance of the global error.

Since variances can “add up”, the condition (6.0.2) was designed with this intention.

As discussed in [39], one of the challenges associated with variable step size

methodologies is establishing convergence of the approximation to the SDE solution.

The difficulty is due to the resulting partitions depending on the Brownian motion.

In addition, there may be complications if the SDE is driven by a multidimensional

Brownian path as local Taylor expansions can contain the following iterated integral:∫ t

s

∫ u

s

◦ dWv ⊗ ◦ dWu . (6.0.3)

Since there is currently no refinement procedure that exactly generates this quantity,

it must be approximated – which gives an O(h) error by the natural Brownian scaling.
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In the second section of this chapter, we shall establish pathwise convergence for a

large class of variable step size methods using key ideas from rough path theory. The

core of this argument is showing that the piecewise polynomial approximants given

in Chapter 4 can be “lifted” to an enhanced Brownian motion in a rough path sense

along certain sequences of partitions {Dn} with mesh(Dn)→ 0 almost surely. This

result (along with its proof) was inspired by the following theorem given in [37].

Theorem 6.0.4 (Rough path convergence of nested piecewise linear approximants).

Let {Dn} denote a fixed sequence of nested partitions of [0, T ], that is Dn ⊂ Dn+1

for all n, such that mesh(Dn)→ 0 as n → ∞. Let WDn be the (standard) piecewise

linear approximation that agrees with the Brownian motion W on the partition Dn.

Then WDn can be lifted to a geometric 2-rough path WDn := S
(2)
0,T

(
WDn

)
and we have

dα-Höl;[0,T ]

(
WDn ,W

)
→ 0,

almost surely where dα-Höl;[0,T ] is the α-Hölder metric given by definition 3.2.19 with

α ∈
(
0, 1

2

)
and W is the enhanced Brownian motion obtained via a Stratonovich lift.

Once this lift has been established, it then follows from the universal limit theorem

(see Theorem 3.3.3) that the solution of an ODE with sufficiently regular vector fields

and driven by a piecewise polynomial on Dn converges to the desired SDE solution.

Moreover, we can argue that variable step size methods only need to be “locally close”

to these polynomial driven ODE solutions to have guaranteed pathwise convergence.

The key condition is that each one-step approximation should utilize an estimator for

the iterated integral (6.0.3) that can be expressed as a conditional expectation since∫ t

s

∫ u

s

dW n
v ⊗ dW n

u = E

[ ∫ t

s

∫ u

s

◦ dWv ⊗ ◦ dWu

∣∣∣ { · · ·}], ∀n ≥ 1, (6.0.4)

where
{
· · ·
}

is the σ-algebra generated by Ws,t along with n−1 time integrals of W .

In the last section of this chapter, we shall incorporate the high order piecewise

linear paths developed in Chapter 5 into the above variable step size framework and

numerically demonstrate the resulting method for the following (non-Lipschitz) SDEs:

• Cox-Ingersoll-Ross (CIR) process (see [23] for the original paper on this)

dyt = a(b− yt) dt+ σ
√
yt dWt .

• Squared δ-dimensional Bessel process ([47] gives a survey of both processes)

dzt = δ dt+ 2
√
zt dWt .
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6.1 Extending Lévy’s construction of Brownian

motion via time integrals

As previously stated, the first ingredient that a variable step size method requires is a

“refinement procedure” that can generate a Brownian path over subintervals of [s, t].

If we wish to generate increments of the Brownian motion, this can be done using the

well-known Lévy’s construction (see, for example, the proof of Theorem 1.3 in [79]):

Theorem 6.1.1 (Paul Lévy’s construction of Brownian motion). For each n ≥ 0,

consider the random piecewise linear path Ŵn defined on [0, 1] inductively as follows:

Ŵ0(1) ∼ N (0, 1),

Ŵ0(t) := tŴ0(1),

and for each k ∈ [0 . . 2n − 1], we can generate Ŵn+1 at equidistant dyadic points by

Ŵn+1

ÅÅ
k +

1

2

ã
2−n
ã
∼ N

Å
1

2

Ä
Ŵn

(
k2−n

)
+ Ŵn

(
(k + 1)2−n

)ä
,

1

4
· 2−n

ã
,

where these normal random variables are independent (once their means are fixed),

and we can extend Ŵn+1 to the whole interval by linearly interpolating between points,

Ŵn+1

(
(k + t)2−n

)
:=

(1− 2 t)Ŵn

(
k2−n

)
+ 2tŴn+1

((
k + 1

2

)
2−n
)
, for t ∈

[
0, 1

2

]
(2− 2 t)Ŵn+1

((
k + 1

2
)2−n

)
+ (2 t− 1)Ŵn((k + 1)2−n

)
, for t ∈

[
1
2
, 1
] .

Then
{
Ŵn

}
converges uniformly as n → ∞ (almost surely) and the limiting process

is distributed by the Wiener measure (i.e. it has the same law as Brownian motion).

As well as giving the standard argument for the existence of Brownian motion,

the above theorem can be used to establish some basic continuity properties of W .

In particular, Brownian paths are locally Hölder continuous (Corollary 1.20 in [79]):

Theorem 6.1.2. Let α be a positive real number with α < 1
2
. Then, almost surely,

Brownian motion is everywhere locally α-Hölder continuous so that for all s ∈ [0,∞),

∃ε > 0, ∃c > 0, |Ws −Wt | ≤ c|s− t|α , ∀t ≥ 0 with |s− t| < ε.

The key idea behind Lévy’s construction is that one can always generate W at

the midpoint of a fixed interval using elementary properties of the Brownian bridge.

Since we defined “higher degree” bridge processes in Chapter 4 (see definition 4.1.16),

we should be able to extend this construction using integrals such as Hs,t and Ks,t .
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The diagram below illustrates how this process would refine a linear path on [s, t].

𝑢 𝑠 𝑡 

𝑊𝑠 

𝑊𝑢 

𝑊𝑡 

 

 

 

 

Figure 6.2: Brownian motion can be generated conditional on its values at endpoints.

Proposition 6.1.3. For any value of Ws,t , we have Ws,u ∼ N
Ä
u−s
h
Ws,t ,

(u−s)(t−u)
h

ä
.

Proof. The result follows using the covariance function of the Brownian bridge.

Since two of the central objects studied in this thesis are space-time Lévy area

and the Brownian arch, the above theorem naturally leads to the following question:

What is the joint distribution of
(
Ws,u , Wu,t , Hs,u , Hu,t

)
conditional on

(
Ws,t , Hs,t

)
?

 

 

𝑠 𝑢 𝑡 

𝑊𝑢 

𝑊𝑠 

𝑊𝑡 𝐻𝑠,𝑢 

 

 

𝐻𝑢,𝑡 

 

 

+ + = ℎ𝐻𝑠,𝑡 

Figure 6.3: Brownian motion and its space-time area can be generated in an interval.
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Recall that the distribution of Ws,u conditional on the pair
(
Ws,t , Hs,t

)
can be

deduced from the n = 2 case of Theorem 4.1.12 using the natural Brownian scaling.

Therefore all that remains is to establish the conditional distribution of
(
Hs,u , Hu,t

)
.

Fortunately, this distribution was determined (albeit with different notation) in [13].

As this result is crucial for high order variable step size methods, it is presented below:

Theorem 6.1.4. Let W denote a standard Brownian motion. Then for u ∈ (s, t),

Ws,u =
u− s
h

Ws,t +
6(u− s)(t− u)

h2
Hs,t +

2(a+ b)

h
X1 ,

Wu,t =
t− u
h

Ws,t −
6(u− s)(t− u)

h2
Hs,t −

2(a+ b)

h
X1 ,

Hs,u =
(u− s)2

h2
Hs,t −

a

u− s
X1 +

c

u− s
X2 ,

Hu,t =
(t− u)2

h2
Hs,t −

b

t− u
X1 −

c

t− u
X2 ,

where Ws,t , Hs,t , X1 , X2 are independent normally distributed random variables and

X1 , X2 ∼ N (0, 1) ,

a :=
(u− s)

7
2 (t− u)

1
2

2h
»

(u− s)3 + (t− u)3
,

b :=
(u− s)

1
2 (t− u)

7
2

2h
»

(u− s)3 + (t− u)3
,

c :=

√
3 (u− s)

3
2 (t− u)

3
2

6
»

(u− s)3 + (t− u)3
.

Proof. It follows by the independence of both Brownian increments and bridges that

Ws,t ∼ N
(
0, h
)
,

Ws,u −
u− s
h

Ws,t ∼ N
Å

0,
(u− s)(t− u)

h

ã
,

Hs,u ∼ N
Å

0,
1

12
(u− s)

ã
,

Hu,t ∼ N
Å

0,
1

12
(t− u)

ã
,

are independent random variables.

139



Consider the following 3× 3 matrix:

M :=

Ü
6(u−s)(t−u)

h2
2(a+b)
h

0
(u−s)2
h2

− a
u−s

c
u−s

(t−u)2

h2
− b
t−u − c

t−u

ê
, (6.1.1)

where the constants a, b, c > 0 were defined in the statement of this theorem and

detM =
6(u− s)(t− u)

h2

Å
a

u− s
· c

t− u
+

c

u− s
· b

t− u

ã
+

2 (a+ b)

h

Å
(u− s)2

h2
· c

t− u
+

c

u− s
· (t− u)2

h2

ã
> 0.

Therefore M is invertible, and we can define the random variables X0 , X1 , X2 by

X =

Ñ
X0

X1

X2

é
:= M−1

Ñ
Ws,u − u−s

h
Ws,t

Hs,u

Hu,t

é
. (6.1.2)

It is clear that X0 , X1 , X2 are jointly normal with zero mean as they can be

expressed as a linear combination of independent centered normal random variables.

This means that the random vector X has a centered trivariate normal distribution.

In addition, it is worthwhile noting that X is independent of the path increment Ws,t.

Using the linearity of expectations, the covariance matrix for X can be computed as

Σ := E
[
XXT

]
= M−1

Ö
(u−s)(t−u)

h
0 0

0 1
12

(u− s) 0

0 0 1
12

(t− u)

è(
M−1

)T
.

In order to explicitly compute these covariances, we shall define the following matrices:

C :=

Ñ 1
12
h 0 0

0 1 0

0 0 1

é
, D := MCMT . (6.1.3)

It can then be verified by a direct calculation that D is the following diagonal matrix:

D =

Ü
6(u−s)(t−u)

h2
2(a+b)
h

0
(u−s)2
h2

− a
u−s

c
u−s

(t−u)2

h2
− b
t−u − c

t−u

êÑ 1
12
h 0 0

0 1 0

0 0 1

éÖ6(u−s)(t−u)
h2

(u−s)2
h2

(t−u)2

h2

2(a+b)
h

− a
u−s − b

t−u
0 c

u−s − c
t−u

è
,

=

Ö
(u−s)(t−u)

h
0 0

0 1
12

(u− s) 0

0 0 1
12

(t− u)

è
.
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Therefore, the matrix D can be used to simplify the computation of Σ as follows,

Σ = M−1D
(
M−1

)T
= M−1

(
MCMT

) (
M−1

)T
= C

=

Ñ 1
12
h 0 0

0 1 0

0 0 1

é
.

This means that X0 , X1 , X2 are jointly normal and uncorrelated random variables.

In particular, the above covariance matrix implies that they must be independent.

By considering the different regions within the area hHs,t (see Figure 6.3), we have

hHs,t = (u− s)Hs,u + (t− u)Hu,t +
1

2
h
(
Ws,u −

u− s
h

Ws,t

)
(6.1.4)

=

Ç
(u− s)3

h2
X0 − aX1 + cX2

å
+

Ç
(t− u)3

h2
X0 − bX1 − cX2

å
+

Å
3(u− s)(t− u)

h
X0 + (a+ b)X1

ã
=

1

h2

(
(u− s)3 + 3(u− s)2(t− u) + 3(u− s)(t− u)2 + (t− u)3

)
X0

= hX0 .

Thus X0 = Hs,t and soÖ
Ws,u − u−s

h
Ws,t

Hs,u

Hu,t

è
=

Ü
6(u−s)(t−u)

h2
2(a+b)
h

0
(u−s)2
h2

− a
u−s

c
u−s

(t−u)2

h2
− b
t−u − c

t−u

êÖ
Hs,t

X1

X2

è
,

where Ws,t , Hs,t , X1, X2 are independent random variables withX1, X2 ∼ N (0, 1).

Remark 6.1.5. The above gives an alternative proof of Theorem 4.1.12 when n = 2.

Moreover, we can identify the Gaussian random variable X1 with a Brownian arch as

Zs,u ∼
2(a+ b)

h
X1 .

In this way, we can interpret X1 as a normalized version of the stochastic process Z,

X1(u) :=

( 
(u− s)(t− u)

h
− 3(u− s)2(t− u)2

h3

)−1

Zs,u .

When u is the midpoint u = s+ 1
2
h, X2 becomes proportional to Ns,t := Hs,u−Hu,t .
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Using the above result (and remark), we can extend Proposition 6.1.3 and derive

a dyadic refinement procedure for generating increments and space-time Lévy areas.

Theorem 6.1.6. Let u denote the midpoint u = s+ 1
2
h and Ns,t := Hs,u−Hu,t . Then

Ws,u =
1

2
Ws,t +

3

2
Hs,t + Zs,u ,

Wu,t =
1

2
Ws,t −

3

2
Hs,t − Zs,u ,

Hs,u =
1

4
Hs,t −

1

2
Zs,u +

1

2
Ns,t ,

Hu,t =
1

4
Hs,t −

1

2
Zs,u −

1

2
Ns,t ,

where Ws,t , Hs,t , Zs,u , Ns,t are independent normally distributed random variables with

Ws,t ∼ N
(
0, h
)
,

Hs,t ∼ N
Å

0,
1

12
h

ã
,

Zs,u ∼ N
Å

0,
1

16
h

ã
,

Ns,t ∼ N
Å

0,
1

12
h

ã
.

Proof. The result follows using the same strategy as in the proof of Theorem 6.1.4.
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Figure 6.4: Brownian motion and its space-time area can be generated at a midpoint.
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Recall that in the previous chapter, we studied numerical methods that require

an additional random variable (along with the increment and space-time Lévy area).

Therefore, we wish to extend Theorem 6.1.6 to refine triples of the form (Ws,t , Hs,t , · ).

It is clear that this is possible when the space-time orientation ns,t := sgn(Hs,u −Hu,t)

is used due to the independence of the normal random variables: Ws,t , Hs,t , Zs,u , Ns,t .

Corollary 6.1.7 (A dyadic refinement procedure for generating (Ws,t , Hs,t , ns,t)).

Let u be the midpoint u = s+ 1
2
h. Then, using the same notation as before, we have

Ws,u =
1

2
Ws,t +

3

2
Hs,t + Zs,u ,

Wu,t =
1

2
Ws,t −

3

2
Hs,t − Zs,u ,

Hs,u =
1

4
Hs,t −

1

2
Zs,u +

1

2
ns,t
∣∣Ns,t

∣∣,
Hu,t =

1

4
Hs,t −

1

2
Zs,u −

1

2
ns,t
∣∣Ns,t

∣∣,
where

∣∣Ns,t

∣∣ is a half-normal random variable independent of
(
Ws,t , Hs,t , Zs,u , ns,t

)
.

Furthermore, ns,u and nu,t can be independently generated as Rademacher variables.

Proof. Since ns,t = sgn(Ns,t), the result is a direct consequence of Theorem 6.1.6.

In section 6.3, this procedure will be used with a piecewise linear ODE method

(from Chapter 5) to discretize the Cox-Ingersoll-Ross model using a variable step size.

We shall now turn our attention to generating space-time-time Lévy area on dyadics.

Most notably, this refinement procedure could lead to high order variable step size

methods for the underdamped Langevin equation (see section 5.3 for further details).

Theorem 6.1.8 (A dyadic refinement procedure for generating (Ws,t , Hs,t , Ks,t)).

Let u denote the midpoint u = s+ 1
2
h. Then, the following system of equations hold:

Ws,u =
1

2
Ws,t +

3

2
Hs,t + Zs,u ,

Wu,t =
1

2
Ws,t −

3

2
Hs,t − Zs,u ,

Hs,u =
1

4
Hs,t +

15

4
Ks,t −

1

2
Zs,u +X1 ,

Hu,t =
1

4
Hs,t −

15

4
Ks,t −

1

2
Zs,u −X1 ,

Ks,u =
1

8
Ks,t −

1

2
X1 +X2 ,

Ku,t =
1

8
Ks,t −

1

2
X1 −X2 ,
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where Ws,t , Hs,t , Ks,t , Zs,u , X1, X2 are independent Gaussian random variables with

X1 ∼ N
Å

0,
1

768
h

ã
,

X2 ∼ N
Å

0,
1

2880
h

ã
.

Proof. The random variables X1 and X2 will be explicitly defined using the formulae:

X1 :=
15

16
Ks,u +

15

16
Ku,t −

1

32

(
Hs,u −Hu,t

)
,

X2 :=
1

2

(
Ks,u −Ku,t

)
.

AsHs,u , Ks,u , Hu,t , Ku,t are independent, we see (by symmetry) that Cov(X1, X2) = 0.

Thus, X1 and X2 are independent random variables with the required distributions.

Similarly, it is straightforward to argue that X2 is independent of
(
Ws,t , Hs,t , Ks,t

)
.

Furthermore, we can use a symmetry argument to compute the following covariance.

Cov
(
X2, Zs,u

)
= Cov

Å
1

2

(
Ks,u −Ku,t

)
,Ws,u −

1

2
Ws,t −

3

2
Hs,t

ã
= Cov

Å
1

2

(
Ku,t −Ks,u

)
,
1

2
Ws,t +

3

2
Hs,t

ã
= 0.

We have therefore established that X2 is independent of
(
Ws,t , Hs,t , Ks,t , Zs,u , X1

)
.

Showing the independence of X1 is more involved but will follow a similar argument.

Firstly, we shall express Ks,t using the random variables defined on the half intervals.

To simply the calculation, we introduce the following integral of the Brownian path:

Ms,t :=
1

h2

∫ t

s

(r − s)Ws,r dr. (6.1.5)

We can view (6.1.5) as a “shifted” version of the space-time-time Lévy area Ks,t since

Ms,t =
1

2h

∫ t

s

Ws,r dr −
1

h2

∫ t

s

Å
1

2
h− (r − s)

ã
Ws,r dr

=
1

2h

Å
1

2
hWs,t + hHs,t

ã
− 1

h2

∫ t

s

Å
1

2
h− (r − s)

ã(r − s
h

Ws,t

)
dr

− 1

h2

∫ t

s

Å
1

2
h− (r − s)

ã(
Ws,r −

r − s
h

Ws,t

)
dr

=
1

2

Å
1

2
Ws,t +Hs,t

ã
+

1

12
Ws,t −

1

h2

∫ t

s

Å
1

2
h− (r − s)

ã(
Ws,r −

r − s
h

Ws,t

)
dr

=
1

3
Ws,t +

1

2
Hs,t −Ks,t .
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So decomposing Ms,t over the intervals [s, u] and [u, t] will give an expression for Ks,t.

Ms,t =
1

h2

∫ u

s

(r − s)Ws,r dr +
1

h2

∫ t

u

(r − s)Ws,r dr

=
1

4
Ms,u +

1

h2

∫ t

u

(u− s)Ws,u dr +
1

h2

∫ t

u

(r − u)Ws,u dr

+
1

h2

∫ t

u

(u− s)Wu,r dr +
1

h2

∫ t

u

(r − u)Wu,r dr

=
1

4
Ms,u +

1

4
Ws,u +

1

8
Ws,u +

1

2h

Å
1

4
hWu,t +

1

2
hHu,t

ã
+

1

4
Mu,t

=
1

4
Ms,u +

1

4
Mu,t +

3

8
Ws,u +

1

8
Wu,t +

1

4
Hu,t .

By substituting the previous formulae
(
M = 1

3
W + 1

2
H−K

)
into the above, we have

1

3
Ws,t +

1

2
Hs,t −Ks,t =

1

12
Ws,u +

1

8
Hs,u −

1

4
Ks,u +

1

12
Wu,t +

1

8
Hu,t −

1

4
Ku,t

+
3

8
Ws,u +

1

8
Wu,t +

1

4
Hu,t

=
1

3
Ws,t +

1

2

Å
1

2
Hs,u +

1

2
Hu,t +

1

2

Å
Ws,u −

1

2
Ws,t

ãã
− 1

4
Ks,u −

1

4
Ku,t −

1

8
Hs,u +

1

8
Hu,t

=
1

3
Ws,t +

1

2
Hs,t −

1

4
Ks,u −

1

4
Ku,t −

1

8
Hs,u +

1

8
Hu,t ,

where the final line is a direct consequence of (6.1.4), or equivalently Theorem 6.1.6.

Therefore, we have derived the following decomposition of Ks,t over the half intervals.

Ks,t =
1

4
Ks,u +

1

4
Ku,t +

1

8

(
Hs,u −Hu,t

)
. (6.1.6)

Using this expression, it is possible to compute the covariance between X1 and Ks,t.

Cov
(
X1, Ks,t

)
= Cov

Å
15

16
Ks,u +

15

16
Ku,t −

1

32
Ns,t ,

1

4
Ks,u +

1

4
Ks,u +

1

8
Ns,t

ã
=

15

64
Var
(
Ks,u

)
+

15

64
Var
(
Ku,t

)
− 1

256
Var
(
Ns,t

)
=

15

64
· 1

1440
+

15

64
· 1

1440
− 1

256
· 1

12

= 0.

Hence, it is clear that the random variable X1 is independent of
(
Ws,t , Hs,t , Ks,t , X2

)
.
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Therefore, the final covariance that we need to calculate is between X1 and Zs,u.

Cov
(
X1, Zs,u

)
= Cov

Å
15

16
Ks,u +

15

16
Ku,t −

1

32
Ns,t ,Ws,u −

1

2
Ws,t −

3

2
Hs,t

ã
= −45

32
Cov

(
Ks,u +Ku,t , Hs,t

)
= −45

32
Cov

Å
Ks,u +Ku,t ,

1

2
Hs,u +

1

2
Hu,t +

1

2

(
Ws,u −

1

2
Ws,t

)ã
= 0.

Hence the random variables Ws,t , Hs,t , Ks,t , Zs,u , X1, X2 are all independent and

Ws,t = Ws,u +Wu,t ,

Hs,t =
1

2
Hs,u +

1

2
Hu,t +

1

4

(
Ws,u −Wu,t

)
,

Ks,t =
1

4
Ks,u +

1

4
Ks,u +

1

8

(
Hs,u −Hu,t

)
,

Zs,u =
1

8
Ws,u −

1

8
Wu,t −

3

4
Hs,u −

3

4
Hs,u ,

X1 =
15

16
Ks,u +

15

16
Ku,t −

1

32

(
Hs,u −Hu,t

)
,

X2 =
1

2

(
Ks,u −Ku,t

)
.

The result can now be obtained by solving this system of linear equations.

We now have dyadic refinement procedures (Corollary 6.1.7 and Theorem 6.1.8)

for the triples (Ws,t , Hs,t , ns,t) and (Ws,t , Hs,t , Ks,t) studied in the previous chapter.

Along with these random variables, we also considered generating ks,t := sgn
(
Ks,t

)
.

Although ks,t may give a more accurate approximation than ns,t, it has additional

limitations as we cannot always deduce ks,t from (Ws,u , Hs,u , ks,u), (Ws,u , Hu,t , ku,t).

This means that there is no “exact coupling” between the triple
(
W, H, k

)
over the

whole interval [s, t] and the same variables over the two half intervals [s, u], [u, t].

Thus, it is difficult to construct an efficient refinement procedure for (Ws,t , Hs,t , ks,t).

Since ns,t can be refined by Corollary 6.1.7, it is more straightforward to incorporate

into variable step size methods than ks,t and shall be used in the numerical example.

The coupling of random variables over the intervals [s, t], [s, u], [u, t] is also

essential for the multilevel Monte Carlo method introduced by Giles (see [42, 43, 45]).

Whilst it is ongoing research to incorporate the methods proposed in this thesis into a

multilevel framework, it should be easier to use ns,t or Ks,t instead of ks,t as they admit

exact couplings for
(
Ws,t , Hs,t , ·

)
. For this line of research, we would be interested

in studying the variance reduction exhibited by methods with a strong order of 1.5.
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6.2 Pathwise convergence of polynomial based

variable step size methods

In this section, we will present sufficient conditions for ensuring that a variable step

size method converges (in a pathwise sense) to the solution of the Stratonovich SDE:

dyt = f0(yt)dt+
d∑
i=1

fi(yt) ◦ dW (i)
t , (6.2.1)

y0 = ξ ,

where ξ ∈ Re, the vector fields fi : Re → Re are all assumed to be Lip(γ) with γ > 2

(as detailed in definition 3.0.3) and W is a standard d-dimensional Brownian motion.

The first step in our analysis will be to consider the following two approximations:

Definition 6.2.1 (Discretization of Brownian motion using a piecewise polynomial).

For each ω ∈ Ω, let D(ω) = {t0 < t1 < · · · < tN} denote a partition of [0, T ] and let

W̃ n,D(ω) : [0, T ]→ Rd be the continuous path constructed from W (ω) and D(ω) as

W̃ n,D
∣∣∣
[tk ,tk+1 ]

:= W n
[tk ,tk+1 ] ,

for each k ∈ [0 . . N − 1] where n ≥ 1 denotes a fixed integer and W n
[tk ,tk+1 ] is defined

as the unique n-th degree polynomial on [tk , tk+1 ] satisfying W n
[tk ,tk+1 ](tk) = Wtk and∫ tk+1

tk

(u− tk)m dW n
[tk ,tk+1 ](u) =

∫ tk+1

tk

(u− tk)m dWu , for m = 0, 1, · · · , n− 1.

Definition 6.2.2 (Polynomial driven ODE approximation for Stratonovich SDEs).

For n ≥ 1 and ω ∈ Ω, let ‹Y n,D
t (ω) be the unique solution of the below ODE on [0, T ],

d‹Y n,D
t = f0

(‹Y n,D
t

)
dt+

d∑
i=1

f1

(‹Y n,D
t

)
dW̃ n,D

t , (6.2.2)‹Y n,D
0 = ξ ,

where ξ, fi are from (6.2.1) and W̃ n,D is the piecewise polynomial in definition 6.2.1.

Given a discrete numerical solution of (6.2.1), there is a corresponding partition

of [0, T ] that is obtained from the discretization points used in the SDE simulation.

Therefore the action of “taking smaller step sizes” will add points to this partition.

On the other hand, any sequence of partitions naturally corresponds with a sequence

of piecewise polynomial approximations that are constructed using definition 6.2.2.
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Thus, we will study the convergence of (6.2.2) along certain sequences of partitions.

Since the decision to reduce a step can depend on the Brownian path itself, we shall

represent a given variable step size methodology using the (deterministic) map below.

Definition 6.2.3 (Decision function for variable step size methods). For N ≥ 1, let

DN denote the set of partitions of [0, T ] with N + 1 points (including 0 and T ) and

D :=
⋃
N≥1

DN ,‹Dn :=
⋃
N≥1

DN ×
((

Rd
)n)N

,

where n ≥ 1. A decision function for a method using n pieces of information is a map

∆n : ‹Dn → D.

We wish to find conditions so that ∆n gives partitions on which (6.2.2) converges.

In order to express these conditions, we shall require the two definitions given below.

Definition 6.2.4 (Partially enhanced Brownian motion). For n ≥ 1 and 0 ≤ s < t,

we say W
n

s,t :=
{∫ t

s
(u−s)k dWu

}
0≤k≤n−1

is a partially enhanced Brownian increment.

Definition 6.2.5 (Map induced sequence of partitions). For a partition D ∈ D, let

W
n

D :=
{
W

n

s,t : s and t are neighbouring points in D
}
.

Then, for an initial partition D0 ∈ D, we can define a sequence {Dm} inductively as

Dm+1 := ∆n
Ä
Dm ,W

n

Dm

ä
,

for m ≥ 0.

Using these definitions, we can consider an important class of decision functions.

Definition 6.2.6 (Refining decision function for variable step size methodologies).

We say that ∆n : ‹Dn → D is refining if for every D0 ∈ D we have D0 ⊂ ∆n
(
D0 , ·

)
and the induced sequence of partitions {Dm} satisfies mesh(Dm)→ 0 almost surely.

Throughout this section, we will assume that the decision function ∆n is refining as

it naturally induces a filtration (which allows us to use certain martingale arguments).
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Theorem 6.2.7. Let ∆n : ‹Dn → D be a refining decision function for some n ≥ 1.

So for any fixed partition D0 ∈ D, ∆n induces a sequence of nested partitions {Dm}.
Letting W

n

t := W
n

0,t denote the partially enhanced Brownian motion, we shall define

F n
m := σ

(
W

n

t : t ∈ Dm

)
. (6.2.3)

Then
{
F n
m

}
m≥0

is a family of σ-algebras that is increasing in m, i.e. Fn a filtration.

Proof. Since D0 is a fixed partition, it is clear that Fn0 is a well-defined σ-algebra.

Suppose that for some m ≥ 0,
{
Fnk
}

0≤k≤m is a family of σ-algebras increasing in k.

As Dm+1 = ∆n
Ä
Dm ,W

n

Dm

ä
, we see that Dm+1 is a F n

m-measurable random variable

and therefore does not encode any additional information about the Brownian path.

Since ∆n is assumed to be refining, it follows that Dm(ω) ⊂ Dm+1(ω) for all ω ∈ Ω.

Thus σ
(
W

n

t : t ∈ Dm

)
⊆ σ

(
W

n

t : t ∈ Dm+1

)
and the result follows by induction.

Remark 6.2.8. By viewing W
n

as part of the signature of space-time Brownian motion

XW := {( ·,W· )}, we can apply Chen’s relation (given by Theorem 3.1.20) to recover

the increment W
n

u,t from the pair
(
W

n

s,u,W
n

s,t

)
where u ∈ (s, t). On the other hand,

given the pair
(
W

n

s,u,W
n

u,t

)
, we can use Chen’s relation to obtain the increment W

n

s,t.

Hence, this correspondence gives an alternative characterization of the filtration Fn.

F n
m = σ

(
W

n

s,t : s and t are neighbouring points in Dm

)
. (6.2.4)

Having defined the filtration Fn, we shall highlight two of its key properties.

Theorem 6.2.9. Let Fn be the filtration given by (6.2.3) and consider the σ-algebra

Fn∞ := σ

(⋃
m≥0

F n
m

)
.

Then, up to null sets, we have Fn∞ = σ
(
W

n

t : t ∈ [0, T ]
)
.

Proof. Recall that the decision function ∆n was assumed to be refining, and thus

mesh(Dm)→ 0 almost surely. In addition, when the sample path W (ω) is continuous,

so are the integrals
Ä∫ t

0
ukWu du

ä
(ω) and we therefore have continuity of t 7→ W

n

t (ω).

The result immediately follows since Brownian motion is continuous almost surely.

Theorem 6.2.10. Let {Dm} be the sequence of (random) partitions associated with

the filtration Fn defined in Theorem 6.2.7. Then the conditional expectation of W is

E
[
Wt | F n

m

]
= W̃ n,Dm

t , (6.2.5)

for t ∈ [0, T ].
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Proof. Since D0 is fixed, the result when m = 0 is a consequence of Theorem 4.1.12

along with the scaling and independent increment properties of Brownian motion.

Recall that the partition Dm+1 is F n
m-measurable and thus only encodes information

obtained by evaluating the partially enhanced Brownian motion W
n
(ω) on Dm(ω).

Assume there existsm ≥ 0 so that whenever s and t are neighbouring points inDm(ω),

we have that
{
Wu−W̃ n,Dm

u | F n
m

}
u∈[s,t]

is an independent n-th degree Brownian bridge.

Then by the independent increments of Brownian motion and the F n
m-measurability

of Dn+1, it follows that when s and t are neighbouring points in Dm+1(ω), we still have

that
{
Wu − W̃ n,Dm+1

u | Fnm+1

}
u∈[s,t]

is an independent n-th degree Brownian bridge.

Hence by induction, we see that for each m ≥ 1, the Brownian motion W | F n
m has this

“independent Brownian bridge” property and the result follows as each n-th degree

Brownian bridge is an independent centered Gaussian process (with mean zero).

In order to incorporate ideas from rough path theory into our analysis, it will be

necessary to lift the piecewise polynomial W̃ n,D to a path in a certain tensor algebra.

Definition 6.2.11. Let W̃ n,D denote the piecewise polynomial approximation of

Brownian motion given by definition 6.2.1 and obtained using the partition D(ω) ∈ D.

As it has finite variation, we can enhance W̃ n,D(ω) to a path›W n,D
(ω) in T (2)(Rd) by›W n,D

:= S
(2)
0,T (W̃ n,D)

=

ßÅ
1, W̃ n,D

s,t ,

∫ t

s

∫ u

s

dW̃ n,D
v ⊗ dW̃ n,D

u

ã™
0≤s≤t≤T

,

where the above iterated integral of W̃ n,D is understood in a Riemann-Stieltjes sense.

We will now present our results concerning the pathwise convergence of
{›W n,Dm}

.

In the rest of this section, W shall denote the Stratonovich lift of Brownian motion.

Theorem 6.2.12. For any 0 ≤ s ≤ t ≤ T we have that ›W n,Dm

s,t →W s,t as m→∞
almost surely and in an L2(P) sense (where the convergence is viewed coordinatewise).

Proof. By Theorems 6.2.7 and 6.2.9, we see that
{
F n
m

}
m≥0

is a filtration and therefore{
W̃ n,Dm
s,t

}
m≥0

=
{
E
[
Ws,t | F n

m

]}
m≥0

,

is a martingale. We can now apply Doob’s martingale convergence theorem to give:

E
[
Ws,t | F n

m

]
→ E

[
Ws,t | Fn∞

]
,

almost surely and in L2(P). By Theorem 6.2.9, we have that Fn∞ = σ
(
W

n

t : t ∈ [0, T ]
)

up to null sets (recall that the proof of this required mesh(Dm)→ 0 almost surely).

Hence, it follows that W̃ n,Dm
s,t → Ws,t almost surely and in an L2(P) sense as m→∞.
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All that remains is to establish convergence for the iterated integrals of W̃ n,Dm .

Let i, j ∈ {1, · · · , d} with i 6= j so that W (i) and W (j) are independent of each other.

Recall from the proof of Theorem 6.2.10 that whenever s and t are neighbouring

points in Dm(ω), we have that
{
Wu−W̃ n,Dm

u | F n
m

}
u∈[s,t]

is an independent n-th degree

Brownian bridge. In particular, this means that
(
W −W̃ n,Dm

)(i)
and

(
W −W̃ n,Dm

)(j)

are independent when i 6= j. It is also worth noting that W̃ n,Dm is F n
m-measurable.

Therefore, we can simplify the conditional expectation of the following Riemann sum:

E

[ ∑
tl∈4k

W
(i)
s,tl
W

(j)
tl,tl+1

∣∣∣F n
m

]

=
∑
tl∈4k

E
[
W

(i)
s,tl
W

(j)
tl,tl+1

| F n
m

]
=
∑
tl∈4k

E
[(
Ws,tl − W̃

n,Dm
s,tl

)(i)(
Wtl,tl+1

− W̃ n,Dm
tl,tl+1

)(j) ∣∣F n
m

]
+
∑
tl∈4k

E
[
W

(i)
s,tl

(
W̃ n,Dm
tl,tl+1

)(j) ∣∣F n
m

]
+
∑
tl∈4k

E
[(
W̃ n,Dm
s,tl

)(i)
W

(j)
tl,tl+1

∣∣F n
m

]
−
∑
tl∈4k

E
[(
W̃ n,Dm
s,tl

)(i)(
W̃ n,Dm
tl,tl+1

)(j) ∣∣F n
m

]
=
∑
tl∈4k

E
[(
Ws,tl − W̃

n,Dm
s,tl

)(i) ∣∣F n
m

]
E
[(
Wtl,tl+1

− W̃ n,Dm
tl,tl+1

)(j) ∣∣F n
m

]
+
∑
tl∈4k

(
W̃ n,Dm
s,tl

)(i) E
[
W

(j)
tl,tl+1

∣∣F n
m

]
+
∑
tl∈4k

(
W̃ n,Dm
tl,tl+1

)(j) E
[
W

(i)
s,tl

∣∣F n
m

]
−
∑
tl∈4k

(
W̃ n,Dm
s,tl

)(i)(
W̃ n,Dm
tl,tl+1

)(j)

=
∑
tl∈4k

(
W̃ n,Dm
s,tl

)(i)(
W̃ n,Dm
tl,tl+1

)(j)
,

where {4k} denotes a sequence of partitions on [s, t] with mesh(4k)→ 0 as k →∞.

Note that Itô integrals of W can be defined as the limit of their Riemann sum

approximations where the convergence taking place is in the standard L2(P) sense.

As {4k} is a fixed sequence with mesh(4k)→ 0, we can apply (13.3) in [37] to give

E

( ∑
tl∈4k

W
(i)
s,tl
W

(j)
tl,tl+1

−
∫ t

s

W (i)
s,u dW

(j)
u

)2
→ 0,
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as k →∞. Using Jensen’s inequality and the Tower law for E[ · | F n
m ], it follows that

E

(E[ ∑
tl∈4k

W
(i)
s,tl
W

(j)
tl,tl+1

∣∣∣F n
m

]
− E

[ ∫ t

s

W (i)
s,u dW

(j)
u

∣∣∣F n
m

])2


≤ E

( ∑
tl∈4k

W
(i)
s,tl
W

(j)
tl,tl+1

−
∫ t

s

W (i)
s,u dW

(j)
u

)2
→ 0.

Since W (i) and W (j) are independent, there is no Itó-Stratonovich correction term for∫ t

s

W (i)
s,u dW

(j)
u =

∫ t

s

W (i)
s,u ◦ dW (j)

u .

Hence, taking the limit as k →∞ of the Riemann sum’s conditional expectation gives

E

[ ∫ t

s

W (i)
s,u ◦ dW (j)

u

∣∣∣F n
m

]
=

∫ t

s

(
W̃ n,Dm
s,u

)(i)
d
(
W̃ n,Dm
u

)(j)
. (6.2.6)

As before, since {F n
m}m≥0 is a filtration, it follows that the above gives a martingale.

So by applying Doob’s martingale convergence theorem to these integrals, we have∫ t

s

(
W̃ n,Dm
s,u

)(i)
d
(
W̃ n,Dm
u

)(j) → E

[ ∫ t

s

W (i)
s,u ◦ dW (j)

u

∣∣∣Fn∞
]

=

∫ t

s

W (i)
s,u ◦ dW (j)

u ,

almost surely and in an L2(P) sense. Finally, for each i ∈ {1, · · · , d}, we note that∫ t

s

(
W̃ n,Dm
s,u

)(i)
d
(
W̃ n,Dm
u

)(i)
=

1

2

((
W̃ n,Dm
s,t

)(i)
)2

, (6.2.7)

and ∫ t

s

W (i)
s,u ◦ dW (i)

u =
1

2

(
W

(i)
s,t

)2

.

The above is simply a consequence of the integration by parts formula. We can now

apply the same martingale convergence argument to these “diagonal” integrals.

In order to establish convergence of
{›W n,Dm}

m≥0
in a rough path sense, we will

first show the sequence is bounded using the α-Hölder norm given by definition 3.2.19.

Theorem 6.2.13. For every α ∈
(
0, 1

2

)
there exists a positive random variable C,

with C <∞ almost surely, which is an α-Hölder upper bound for W and
{›W n,Dm}

.

‖W ‖α-Höl;[0,T ] ≤ C, sup
m≥ 0

∥∥›W n,Dm∥∥
α-Höl;[0,T ]

≤ C. (6.2.8)
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Proof. By corollary 13.15 in [37], there exists c > 0 (depending on α and T ) such that

E
ï

exp
(
c ‖W ‖α-Höl;[0,T ]

)ò
< ∞.

In particular, this implies that there exists a non-negative random variable C1 with

‖C1‖L2(P) <∞ so that, for almost all ω ∈ Ω, the increments of the path W (ω) satisfy

‖Ws,t‖2 ≤ C1|t− s|2α,

for all 0 ≤ s < t ≤ T where ‖ · ‖ is a homogeneous norm with the form (3.2.17).

Hence, there exists a non-negative random variable C2 with ‖C2‖L2(P) <∞ such that

−C2|t− s|2α ≤
∫ t

s

W (i)
s,u ◦ dW (j)

u ≤ C2|t− s|2α.

Taking the expectation of the above inequality conditional on the σ-algebra F n
m gives

−C3 |t− s|2α ≤ E

[ ∫ t

s

W (i)
s,u ◦ dW (j)

u

∣∣∣F n
m

]
≤ C3 |t− s|2α,

where

C3 := sup
m≥0

E
[
C2 |F n

m

]
.

Since
{
E
[
C2|F n

m

]}
m≥0

is a martingale, we can apply Doob’s maximal inequality,∥∥∥∥ sup
0≤m≤k

E
[
C2 |F n

m

]∥∥∥∥
L2(P)

≤ 2
∥∥E[C2 |Fnk

]∥∥
L2(P)

≤ 2‖C2‖L2(P).

Therefore ‖C3‖L2(P) ≤ 2‖C2‖L2(P) ≤ ∞. In particular, C3 will be finite almost surely.

It then follows from (6.2.6) and (6.2.7) that each iterated integral of W̃ n,Dm satisfies

−C3 |t− s|2α ≤
∫ t

s

(
W̃ n,Dm
s,u

)(i)
d
(
W̃ n,Dm
u

)(j) ≤ C3 |t− s|2α,

where the constant C3 is independent of m. If necessary, replacing C3 by d2C3 gives

sup
m≥0

∥∥∥∥∫ t

s

∫ u

s

dW̃ n,Dm
v ⊗ dW̃ n,Dm

u

∥∥∥∥ ≤ C3 |t− s|2α.

Similarly, we can apply the same martingale argument to obtain the below estimate:

sup
m≥0

∥∥W̃ n,Dm
s,t

∥∥ ≤ C3 |t− s|α.
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Therefore, by the equivalence of homogeneous norms (3.2.18), it directly follows that

∥∥›W n,Dm

s,t

∥∥ . max

Ç∥∥W̃ n,Dm
s,t

∥∥ ,∥∥∥∥∫ t

s

∫ u

s

dW̃ n,Dm
v ⊗ dW̃ n,Dm

u

∥∥∥∥1/2å
≤ C3 |t− s|α,

(6.2.9)

whereC3 is a non-negative random variable, independent ofm and almost surely finite.

Note that (6.2.9) is precisely what is required to obtain an estimate for ‖ · ‖α-Höl;[0,T ].

The result now follows by setting the random variable C equal to C1 + C3 .

Using the above two theorems, we can establish pathwise convergence for
{›W n,Dm}

.

Theorem 6.2.14. Let {Dm} denote the sequence of partitions induced by a refining

decision function ∆n and let
{›W n,Dm}

be the associated piecewise polynomials. Then

dα-Höl;[0,T ]

(›W n,Dm
,W

)
→ 0,

almost surely where dα-Höl;[0,T ] denotes the α-Hölder metric given by definition 3.2.19

and W is the enhanced Brownian motion obtained from W using a Stratonovich lift.

Proof. By Theorem 6.2.12, the sequence
{›W n,Dm}

m≥0
will converge almost surely

(and in an L2(P) sense) to W when restricted to any uniform partition 4N of [0, T ].

Using the uniform α-Hölder bound (6.2.8), we can estimate the difference between

each›W n,Dm
and its piecewise linear discretization”W n,Dm

that agrees on the grid4N .∥∥∥πk(›W n,Dm

s,t −W s,t

)∥∥∥ ≤ ∥∥∥πk(›W n,Dm

s,t −”W n,Dm

s,t

)∥∥∥+
∥∥∥πk(”W n,Dm

s,t −W s,t

)∥∥∥ .
So for fixed N and sufficiently large m, the RHS terms can be estimated by

(
T
N

)kα
.

As this estimate is uniform, it follows that
{›W n,Dm}

converges uniformly to W a.s.

Note that for α-Hölder continuous rough paths X and Y
(
with 0 < α < β

)
, we have

‖πk
(
Xs,t − Y s,t

)
‖

|t− s|kα
≤
Ç
‖πk
(
Xs,t − Y s,t

)
‖

|t− s|kβ

åα
β
Ç

sup
0≤ s≤ t≤T

∥∥πk(Xs,t − Y s,t

)∥∥å1−α
β

.

The result follows as
{›W n,Dm}

and W can be bounded in the β-Hölder sense.

Corollary 6.2.15 (Convergence of piecewise polynomials in p-variation for p > 2).

dp-var;[0,T ]

(›W n,Dm
,W

)
→ 0,

almost surely where dp-var;[0,T ] denotes the p-variation metric given by definition 3.2.17.

Proof. The result immediately follows since ‖X‖ 1
α

-var;[s,t] ≤ ‖X‖α-Höl;[s,t](t− s)α.
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Now that we have established that the piecewise polynomials
{›W n,Dm}

converge

in a rough path sense to the enhanced Brownian motion W , we can apply Lyons’

universal limit theorem (Theorem 3.3.3) to show convergence for the associated ODEs.

Theorem 6.2.16 (Convergence of polynomial driven ODEs along variable step sizes).

Let y denote the true solution of the Stratonovich SDE (6.2.1) over the interval [0, T ],

where the vector fields fi : Re → Re are each assumed to be Lip(γ) for some γ > 2.

Suppose that {Dm} is a sequence of partitions induced by a refining decision function.

For each m ≥ 0, let ‹Y n,Dm denote the solution of the ODE driven by the piecewise

polynomial W̃ n,Dm and governed by the same vector fields (see definition 6.2.2). Then

dp-var;[0,T ]

Ä‹Y n,Dm , y
ä
→ 0,

almost surely where 2 < p < γ.

Proof. The result follows from the universal limit theorem and Corollary 6.2.15.

In practice, it is unlikely that we can solve each “polynomial driven” ODE exactly.

However some numerical methods can be viewed as being close to the ODE (6.2.2).

For example, the Heun and midpoint methods are close to “piecewise linear” ODEs.

In the rest of this section, we shall make these ideas precise and give our main result:

Theorem 6.2.17 (Pathwise convergence of variable step size numerical methods).

Let y denote the true solution of the Stratonovich SDE (6.2.1) over the interval [0, T ],

where the vector fields fi : Re → Re are each assumed to be Lip(γ) for some γ > 2.

Suppose that {Dm} is a sequence of partitions induced by a refining decision function.

For m ≥ 0, let Y n,Dm denote a numerical solution of (6.2.2) with Y n,Dm
0 = y0 and∥∥∥Y n,Dm

tk+1
− Φn

tk,tk+1

(
Y n,Dm
tk

)∥∥∥ ≤ w(tk+1 − tk), (6.2.10)

for each pair of consecutive points tk, tk+1 ∈ Dm where Φn
tk,tk+1

(
Y n,Dm
tk

)
denotes the

solution at time t = tk+1 of the below ODE driven by the Brownian polynomial W̃ n,Dm:

d‹Yt = f0

(‹Yt)dt+
d∑
i=1

f1

(‹Yt) dW̃ n,Dm
t ,‹Ytk = Y n,Dm

tk
,

and w(h) = o(h) as h→ 0 almost surely. Then
{
Y n,Dm

}
converges pathwise, that is

sup
tk∈Dm

‖Y n,Dm
tk

− ytk‖ → 0,

as m→∞ almost surely.
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Proof. Our argument is inspired by the proof of Theorem 4.3 in [39] and will require

a corollary of Davie’s lemma (which establishes a Lipschitz property for RDE flows):

Lemma 6.2.18 (ODEs driven by Brownian polynomials produce Lipschitz flows).

There exists a positive random variable K with K <∞ almost surely so that for each

piecewise polynomial approximation W̃ n,Dm of the path W and s, t ∈ [0, T ], we have∥∥‹Xn,Dm
t −‹Y n,Dm

t

∥∥ ≤ K
∥∥‹Xn,Dm

s −‹Y n,Dm
s

∥∥, (6.2.11)

almost surely, where ‹Xn,Dm and ‹Y n,Dm denote two solutions of the ODE (6.2.2) that

have different initial conditions. The constant K depends on the vector fields {fi},
the time horizon T > 0 and the positive random variable C given by Theorem 6.2.13.

Proof. The result immediately follows by applying Davie’s lemma (see Theorem 3.3.6)

to the family of ODEs corresponding to the piecewise polynomials
{
W̃ n,Dm

}
. This is

possible due to the uniform α-Hölder bound that was given by Theorem 6.2.13.

For each k ≥ 0, let
¶‹Y n,Dm

k,t

©
t≥tk

denote the solution the polynomial driven ODE:

d‹Y n,Dm
k,t = f0

(‹Y n,Dm
k,t

)
dt+

d∑
i=1

f1

(‹Y n,Dm
k,t

)
dW̃ n,Dm

t , (6.2.12)‹Y n,Dm
k,tk

= Y n,Dm
tk

,

where tk(ω) is the endpoint of the k-th interval in the partition Dm(ω), for ω ∈ Ω.

Then by the original assumption (6.2.10) on the approximation Y n,Dm , it follows that∥∥∥Y n,Dm
tk+1

−‹Y n,Dm
k,tk+1

∥∥∥ ≤ w(tk+1 − tk).

So by lemma 6.2.18, we obtain the following estimate for each t ∈ Dm with t ≥ tk+1 :∥∥∥‹Y n,Dm
k+1,t −‹Y n,Dm

k,t

∥∥∥ ≤ K
∥∥∥Y n,Dm

tk+1
−‹Y n,Dm

k,tk+1

∥∥∥ ≤ Kw(tk+1 − tk).

Expressing ‹Y n,Dm
k,tk

−‹Y n,Dm
0,tk

as a telescoping sum and using the triangle inequality gives∥∥∥‹Y n,Dm
k,tk

−‹Y n,Dm
0,tk

∥∥∥ ≤ K
∑
i<k

w(ti+1 − ti).

Since ‹Y n,Dm
k,tk

= Y n,Dm
tk

and
{‹Y n,Dm

0,t

}
t≥0

has initial condition ‹Y n,Dm
0,0 = y0, we have that

sup
tk∈Dm

∥∥Y n,Dm
tk

−‹Y n,Dm
tk

∥∥ ≤ K
∑
i

w(ti+1 − ti). (6.2.13)

It is now worth recalling that (for almost all ω ∈ Ω), mesh(Dm)→ 0 as m→∞ and

w(h) = o(h) as h → 0. Hence the RHS of (6.2.13) converges to zero as m → ∞ a.s.

The result now immediately follows from the above estimate and Theorem 6.2.16.
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Remark 6.2.19. This result already has an interesting application in the n = 1 case.

In this setting, W̃ 1,D is a standard piecewise linear approximation of W and therefore∫ tk+1

tk

∫ u

tk

dW̃ 1,D
v ⊗ dW̃ 1,D

u =
1

2
W⊗2
tk,tk+1

,

for each pair of consecutive discretization points tk, tk+1 ∈ D. So Theorem 6.2.17

would apply to numerical methods with each one-step approximation taking the form:

Yt = Ys + f0(ys)h+
d∑
i=1

fi(ys)W
(i)
s,t +

1

2

d∑
i,j=1

f ′i(ys)fj(ys)W
(i)
s,t W

(j)
s,t + o(h),

where h = t− s. In particular, this means that the Heun and midpoint methods will

converge when incorporated into a variable step size framework (provided that the

underling decision function is refining and the vector fields are sufficiently regular).

On the other hand, this result clearly does not apply to the Euler-Maruyama method.

Remark 6.2.20. In order to apply Davie’s lemma and the universal limit theorem, we

required the vector fields {fi} to all be Lip(γ) with γ > 2. It may be possible that the

conditions on the f0 vector field can be weakened due to time having finite variation.

Thus we conjecture that Theorem 6.2.17 would still hold if f0 were only Lip(1), and

the proof may require the theory of Π-rough paths (as introduced by Gyurkó in [49]).

Although Theorem 6.2.17 establishes pathwise convergence for a large class of

numerical methods, it is qualitative and does not give explicit rates of convergence.

That said, quantitative results are known for piecewise linear approximations of W :

Theorem 6.2.21 (Corollary 13.22 from [37]). Let D denote a fixed partition of [0, T ].

Then for α ∈ [0, 1
2
) and η ∈ (0, 1

2
− α), there exists a constant C depending only on

(α, η, T ) such that for k ∈ {1, 2} and q ≥ 1,∥∥∥∥∥ sup
s,t∈[0,T ]

∥∥πk(W s,t − S(2)
s,t

(
WD

))∥∥
|t− s|kα

∥∥∥∥∥
Lq(P)

≤ Cq
k
2

(
mesh(D)

)η
, (6.2.14)

where WD : [0, T ]→ Rd is the piecewise linear path that coincides with W on D and

S
(2)
s,t (WD) is the 2-step truncated signature of WD on [s, t] given by definition 3.1.16.

So when the step sizes do not depend on the Brownian motion, we can apply

the above theorem to obtain an α-Hölder convergence rate of O
(
h

1
2
−ε

max

)
from (6.2.14)

(where hmax denotes the largest step size used). By Davie’s lemma (Theorem 3.3.6),

we have the same α-Hölder convergence rate for the associated ODE approximations

provided the vector fields are Lip(γ). It is still an open problem to understand whether

these convergence rates extend to the setting when the variable step sizes used come

from a refining decision function and therefore may depend on the Brownian motion.
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6.3 Simulation of the Cox-Ingersoll-Ross (CIR)

model and Bessel process

In this section, we shall use the ideas discussed in previous chapters to present a new

(variable step size) numerical discretization of the Cox-Ingersoll-Ross (CIR) process:

dyt = a(b− yt) dt+ σ
√
yt dWt , (6.3.1)

where a, b > 0 are the mean reversion speed/level parameters and σ ≥ 0 is volatility.

The CIR process was first introduced in [23] and is now a well-established and popular

one-factor short rate model used within the mathematical finance literature (see [11]).

Since the solution of (6.3.1) is both mean-reverting and non-negative, the CIR process

is suitable for modelling interest rates, stochastic volatilities and default intensities.

As the vector fields are smooth on (0,∞), we can write (6.3.1) in Stratonovich form:

dyt = a(b̃− yt) dt+ σ
√
yt ◦ dWt , (6.3.2)

provided that the “adjusted” mean reversion level parameter b̃ := b− 1
4a
σ2 is positive.

Therefore, we impose the following constraints on the parameters of the CIR model:

θ :=
2ab

σ2
>

1

2
. (6.3.3)

The quantity θ is often referred to as the Feller ratio. In particular when θ ≥ 1, the

CIR process is almost surely positive whereas if θ < 1, the process touches zero with

a non-zero probability [58]. Therefore the condition (6.3.3) allows for this latter case.

If θ ≤ 1
2
, then it could be problematic to discretize the Stratonovich SDE (6.3.2) near

zero since the drift b̃ ≤ 0 would no longer ensure that the diffusion is non-negative.

Thus, for our proposed method to be non-negative, we require that (6.3.3) is satisfied.

In any case, increments of the CIR process follow a closed-form distribution given by

yt |ys =
1

c
X,

where c = 4a
1−e−a(t−s) and X is a random variable that follows a non-central chi-squared

distribution with 4ab
σ2 degrees of freedom and non-centrality parameter ce−a(t−s)ys .

Since it is possible to sample from this distribution, yt can be generated exactly.

However in practice, it can be computationally expensive to do so (see Table 1 in [2]).

This provides the motivation for developing numerical methods for the CIR diffusion.

That said, there are two significant challenges one faces when approximating (6.3.1):
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• The solution y is non-negative almost surely. Thus, we would like the proposed

method for the CIR model to always produce non-negative numerical solutions.

• The square root vector field is not globally Lipschitz as its derivatives “blow-up”

near the origin. For example, this makes it is difficult to successfully apply the

log-ODE method (see definition 4.3.4) to the CIR model for small values of y.

In [53], the authors establish an upper bound for the L1(P) error of approximations

that use just the increments of the driving Brownian path (with uniform time steps).

Theorem 6.3.1 (Theorem 1 in [53]). Let y denote the solution to the SDE (6.3.1)

on the interval [0, T ] with the mean reverse speed and volatility parameters satisfying

2a < σ2. Then there exists a positive constant c > 0 such that for all N ≥ 1, we have

inf
ϕ :RN→R

Borel measurable

E
[∣∣yT − ϕ(W T

N
,W 2T

N
, · · · ,WT )

∣∣] ≥ c
( 1

N

) 2a
σ2

.

For the CIR process, the majority of (strong) numerical methods proposed in the

literature are based on either an explicit or implicit Euler method and use a fixed step

size (we refer the reader to [2], [4], [7], [24] and [29] for examples of such methods).

However, it follows from Theorem 6.3.1 that these methods will exhibit arbitrary slow

convergence rates in the “higher volatility” settings. Thus, the authors of [53] argue

that there is a need to develop more sophisticated approximations of the CIR process.

This leads one to consider either high order weak approximations (such as in [3])

and/or variable step size methods (an adaptive scheme was recently proposed in [59]).

The below table summarizes convergence results for some recent Euler-type methods:

Numerical method Lp convergence rate and parameter assumptions

Truncated Euler [24] O
(√

h
)
, 2 ≤ p < 2ab

σ2 − 1.

Drift-implicit Euler [2, 4, 29]

O
(√

h log h
)
, 1 ≤ p < 2ab

σ2 .

O(h), 1 ≤ p < 4ab
3σ2 .

Symmetrized Euler method [7] O
(√

h
)
, 2ab

σ2 > 1 +
√

8
(√

a(16p−1)

σ
∨ (16p− 2)

)
.

Adaptive Euler method [59] O
(√

hmax

)
, ab ≥ 2σ2, p = 2.

Table 6.1: Convergence rates for Euler-based approximations of the CIR process.

We will simulate the CIR model using a high order piecewise linear discretization

of Brownian motion (given in Chapter 5) and variable step sizes (see definition 6.0.1).

Importantly, this is outside the scope of [53] and thus Theorem 6.3.1 does not apply.
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The proposed method can also be applied to the squared δ-dimensional Bessel process:

dzt = δ dt+ 2
√
zt ◦ dWt , (6.3.4)

provided that δ > 0. The Bessel process is an important one-dimensional diffusion

which arises when one studies {‖Wt‖2}t≥0 (for a d-dimensional Brownian motion W ).

That said, we will focus our attention on the CIR model as it has significant real-world

applications and presents a slightly greater challenge from a numerical perspective.

Moreover, since Bessel processes are more analytically tractable than the CIR model,

it may be the case that we should design a numerical method specifically for (6.3.4).

Throughout this section, we shall assume that σ2 < 4ab so that b̃ > 0 in (6.3.2).

Since our approach is based on driving the CIR model by a piecewise linear path Ŵ ,

we will require an appropriate numerical method for discretizing the following ODE:

dŷt = a
(
b̃− ŷt

)
dt+ σ

√
ŷt dŴt , (6.3.5)

which, along each linear piece of Ŵ , can then be expressed as the solution at t = 1 of

dŷ

dt
= a
Ä
b̃− ŷ

ä
∆t+ σ

√
ŷ∆Ŵ . (6.3.6)

The numerical method that we will apply to (6.3.6) belongs to the following family.

Definition 6.3.2 (Diagonally implicit Runge-Kutta methods). Consider the ODE:

y′ = F (t, y), (6.3.7)

y(0) = y0 ,

where y0 ∈ Rd and F : [0,∞)×Rd → Rd denotes a time-varying vector field on Rd.

A diagonally implicit m-stage Runge-Kutta method is defined using the recurrence:

Yk+1 := Yk + hk

m∑
i=1

biki , (6.3.8)

Y0 := y0 ,

where hk := tk+1 − tk , b1 , · · · , bm ∈ R and each stage ki ∈ Rd satisfies the equation

ki = F

(
tk + cihk , Yk + hk

i∑
j=1

aijkj

)
, (6.3.9)

with real coefficients {aij} and {ci}. Note that (6.3.9) may not have a unique solution.
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It is usually more convenient to express the above method using the Butcher tableau:

c1 a11

c2 a21 a22

...
...

...
. . .

cm am1 am2 · · · amm

b1 b2 · · · bm

Using (6.3.9), we can apply the standard Taylor theorem for F to expand (6.3.8).

This can then be directly compared with the Taylor expansion of the ODE (6.3.7).

The theory of rooted trees provide an effective tool called “B-series” (see [51] or [15])

for computing these expansions which enables one to derive order conditions on the

coefficients {aij}, {bi} and {ci}. The use of rooted trees in the theory of ODEs can

be viewed as a precursor to the algebraic theory of rough paths and SPDEs (see [36]).

Applying the change of variable ẑ :=
√
ŷ to (6.3.6) results in the below equation.

dẑ

dt
=
a

2

Ç
b̃

ẑ
− ẑ
å

∆t+
1

2
σ∆Ŵ . (6.3.10)

For discretizing the (square root) CIR process, we shall use the following method:

Definition 6.3.3 (Third order A-stable diagonally implicit Runge-Kutta method).

This three-stage method is presented in [60] and defined by the below Butcher tableau.

0 0

3+
√

3
3

3+
√

3
6

3+
√

3
6

1 3+
√

3
12

1−
√

3
4

3+
√

3
6

3+
√

3
12

1−
√

3
4

3+
√

3
6

(6.3.11)

Although the vector field of (6.3.10) is not globally Lipschitz (or even bounded),

we shall see that the numerical method given above is particularly well suited for it.

Theorem 6.3.4. When applied to the ODE (6.3.10), the Runge-Kutta method (6.3.11)

reduces to solving two quadratic equations which will always have positive solutions,

provided Ẑ0 > 0 and σ2 < 4ab. The corresponding method for the CIR model is then

Yt+∆t :=

Ñ
C1 +

»
C 2

1 +
(
1 + ca∆t

)(
cab̃∆t

)
1 + ca∆t

é2

, (6.3.12)

161



where Yt is the numerical solution of (6.3.2) computed at time t (with Y0 := y0) and

c :=
3 +
√

3

12
,

C1 :=
1

2

Ç√
Yt + cF

(√
Yt

)
+

1−
√

3

4
F
(
Z̃t

)
+ cσ∆W

å
,

Z̃t :=
C2 +

»
C 2

2 +
(
1 + ca∆t

)(
cab̃∆t

)
1 + ca∆t

,

C2 :=
1

2

(√
Yt + 2cF

(√
Yt

)
+ cσ∆W

)
,

with F : (0,∞)→ R denoting the vector field that governs the square root process Ẑ,

F (z) :=
a

2

Å
b̃

z
− z
ã

∆t+
1

2
σ∆Ŵ . (6.3.13)

Proof. Applying the Runge-Kutta method (6.3.11) to the ODE (6.3.10) on [0, 1] gives

Ẑ1 := Ẑ0 +
3 +
√

3

12
k1 +

1−
√

3

4
k2 +

3 +
√

3

6
k3 , (6.3.14)

where

k1 = F
(
Ẑ0

)
,

k2 = F

Ç
Ẑ0 +

3 +
√

3

6
k1 +

3 +
√

3

6
k2

å
,

k3 = F

Ç
Ẑ0 +

3 +
√

3

12
k1 +

1−
√

3

4
k2 +

3 +
√

3

6
k3

å
.

Let Z̃ := Ẑ0 + 3+
√

3
6
k1 + 3+

√
3

6
k2 so that k1 = F

(
Ẑ0

)
, k2 = F

(
Z̃
)

and k3 = F
(
Ẑ1

)
.

Substituting the values for {ki} into the definitions of Z̃ and Ẑ1 gives the equations:

Z̃ = Ẑ0 +
3 +
√

3

6
F
(
Ẑ0

)
+

3 +
√

3

6
F
(
Z̃
)
, (6.3.15)

Ẑ1 = Ẑ0 +
3 +
√

3

12
F
(
Ẑ0

)
+

1−
√

3

4
F
(
Z̃
)

+
3 +
√

3

6
F
(
Ẑ1

)
. (6.3.16)

As Yt is the numerical solution of (6.3.2) computed at time t, we will set Ẑ0 =
√
Yt .

Similarly, we shall define Yt+∆t to be Ẑ 2
1 . Since F (z) has the form Az + B + Cz−1,

both (6.3.15) and (6.3.16) can be expressed as quadratic equations. The result now

follows by using the quadratic formula to find the positive roots for Z̃ and Ẑ1.
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Remark 6.3.5. In general, each step of an implicit Runge-Kutta method requires a

root-finding algorithm (such as the Newton-Raphson method) to compute each stage.

Depending on the problem, this could be challenging or computationally expensive.

Fortunately, due to the analytic tractability of the vector fields that govern (6.3.10),

we have found a positive solution Yt+∆t that can be computed quickly and accurately.

Having chosen a method for discretizing the ODE (6.3.5) along each piece of Ŵ ,

the next step is to decide which “high order” piecewise linear path should be used.

However, before doing so, it worth noting the Taylor expansion for the CIR process.

Theorem 6.3.6 (Stochastic Taylor expansion for the Cox-Ingersoll-Ross process).

Let y be the solution of the SDE (6.3.2). Applying the Taylor expansion (4.3.2) gives

yt = ys + σ
√
ysWs,t + a

(
b̃− ys

)
h+

1

4
σ2W 2

s,t (6.3.17)

− aσ√ys
∫ t

s

∫ u

s

◦ dWv du+
aσ

2
√
ys

(
b̃− ys

) ∫ t

s

∫ u

s

dv ◦ dWu

− 1

2
a2
(
b̃− ys

)
h2 − 1

2
aσ2

∫ t

s

∫ u

s

∫ v

s

◦ dWr ◦ dWv du

−
Å

1

2
aσ2 +

aσ2

4ys

(
b̃− ys

)ã ∫ t

s

∫ u

s

∫ v

s

◦ dWr dv ◦ dWu

+ remainder terms,

where the remainder would be O
(
h

5
2

)
in the “Lipschitz setting” (as in Theorem 4.3.1).

Proof. The result follows by setting f0(y) = a
(
b̃−y

)
and f1(y) = σ

√
y in (4.3.2).

Remark 6.3.7. There is no W 4
s,t term appearing within the above Taylor expansion.

Therefore, a third order numerical method would be sufficient for discretizing (6.3.5).

Remark 6.3.8. The SDE (6.3.2) has non-commuting vector fields (see section 5.1) as

[f1, [f1, f0]](y) =
(
f ′0 f

′
1 f1 − 2f ′1 f

′
0 f1 + f ′1 f

′
1 f0

+ f ′′0 (f1, f1)− 2f ′′1 (f0, f1) + f ′′1 (f1, f0)
)
(y)

= −1

2
aσ2 + aσ2 +

σ2

4y
· a
(
b̃− y

)
+
σ2

2y
· a
(
b̃− y

)
− σ2

4y
· a
(
b̃− y

)
=
ab̃σ2

2y
.

Since the vector fields of the CIR model do not commute with each other and we

aim to have variable step sizes, we shall use the (Ws,t, Hs,t, ns,t)-measurable piecewise

linear path given by definition 5.1.6 (with Theorem 5.1.4 detailing its key properties).
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Since we are discretizing the CIR process using the (Ws,t, Hs,t, ns,t)-measurable

approximation of Brownian motion from Chapter 5 and the third order Runge-Kutta

method given by (6.3.11), the leading term in the (squared) L2(P) error expansion is(
ab̃σ2

2ys

)2

Var
(
Ls,t

∣∣Ws,t, Hs,t, ns,t
)
. (6.3.18)

So in order to control local errors, we shall use the strategy given by definition 6.0.1.

Definition 6.3.9. The proposed variable step size methodology for the CIR process

dyt = a
(
b̃− yt

)
dt+ σ

√
yt ◦ dWt ,

y0 > 0,

over [0, T ] is defined recursively (starting from Y0 := y0) by the following procedure:

Step 0. Assume the numerical solution Ys at time s has already been computed.

Step 1. Fix an initial step size, h = t− s, for computing the numerical solution.

After the first iteration of this procedure, h is obtained by halving a previous step.

Step 2. Generate the triple
(
Ws,t , Hs,t , ns,t

)
for describing the Brownian motion.

Recall that this information is straightforward to generate due to Theorem 5.0.6.

Step 3. If h is below a prespecified constant hmin , approximate (6.3.2) over [s, t].

The numerical method we shall use is obtained by approximating the ODE (6.3.5)

with Ŵ denoting the
(
Ws,t , Hs,t , ns,t

)
-measurable piecewise linear path given by

definition 5.1.6. Along each linear piece of Ŵ , we will discretize (6.3.5) using one

step of the third order implicit Runge-Kutta method (6.3.11). By Theorem 6.3.4,

this method is practical and guaranteed to give a positive numerical solution Yt.

Step 4. Otherwise, check that the discretization error is small using the condition(
ab̃σ2

2Ys

)2

Var
(
Ls,t

∣∣Ws,t, Hs,t, ns,t
)
≤ Ch, (6.3.19)

where C > 0 is a prespecified constant and the variance is given by Theorem 5.1.3.

Step 5. If (6.3.19) is satisfied, approximate the SDE (6.3.2) over the interval [s, t]

using the piecewise linear ODE method described above (with initial value Ys).

Step 6. If (6.3.19) is not satisfied, apply Steps 1-6 on the intervals [s, u] and [u, t]

where u = s+ 1
2
h is the midpoint and Step 2 is now done by using the refinement

procedure given by Corollary 6.1.7.
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Applying the above procedure to the CIR model on the whole interval [0, T ] gives

a discretization where each step satisfies the condition (6.3.19) or has size h ≤ hmin .

A worthwhile sanity check for the strategy is to estimate the step sizes for small y.

Since the derivatives of
√
· blow-up near zero, we would want to use smaller steps.

For any fixed Ys , the LHS of the condition (6.3.19) will scale with h as O(h4) and so

h ∝ Y
2
3 .

In particular, this means the step size h tends to zero as Y approaches zero if hmin = 0.

That said, the step sizes taken by the proposed strategy can also be viewed as being

asymptotically large when compared to the numerical solution (provided it is small).

 

Figure 6.5: CIR sample paths with a = 1, b = 1, σ2 = 3 and the same control C.

When close to zero, the sample paths exhibit smaller fluctuations and step sizes.

For the numerical experiment, we compare the proposed variable step size method

(definition 6.3.9) with the best-performing implicit scheme proposed by Alfonsi in [2].

Definition 6.3.10 (Drift-implicit Euler scheme [2, 4, 29]). We construct a numerical

solution of (6.3.2) by setting Y0 := y0 and for each k ∈ [0 . . N − 1], defining Yk+1 as

Yk+1 :=

Ü
1
2
σWtk,tk+1

+
√
Yk +

…(
1
2
σWtk,tk+1

+
√
Yk

)2

+ 2ab̃h
(
1 + 1

2
ah
)

2
(
1 + 1

2
ah
)

ê2

,

with tk := kh and h := T
N

. The solution can then be approximated at time tk by Yk .

This method can be derived by applying the implicit Euler method to (6.3.10),

but with Ŵ now denoting the standard piecewise discretization of Brownian motion.
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The drift-implicit Euler method has been well studied in the literature and has known

strong convergence rates. We refer the reader to Table 6.3 or [4, 29] for further details.

We shall now present the estimators used for quantifying strong and weak errors.

The functional chosen for testing weak convergence is p(y) = (y − b)+ which is the

payoff of a European call option with strike b and well approximated by polynomials.

Definition 6.3.11 (Strong and weak error estimators). Let YN be the numerical

solution of (6.3.2) computed at time T using the proposed variable step size method,

as described in definition 6.3.9, with N steps (where N is allowed to be random).

The first step size will be chosen to be equal to the time horizon T and hmin := 1
220

T .

We can define the following estimators for quantifying strong and weak convergence:

SN :=
√

E
î(
YN − Y fine

T

)2
ó
, (6.3.20)

EN :=
∣∣∣E[(YN − b)+]− E

[(
Y fine
T − b

)+]∣∣∣ , (6.3.21)

where the above expectations are approximated by standard Monte-Carlo simulation

and Y fine
T denotes the numerical solution of (6.3.2) obtained at time T using the

proposed piecewise linear approximation but with a “fine” step size of min
(
h
64
, T

4096

)
,

with h denoting the step size used by the variable step size method to produce YN .

Note that YN and Y fine
T are both computed with respect to the same Brownian paths.

With a slight abuse of notation, we also use YN to denote the numerical solution

of (6.3.2) obtained at time T using the drift-implicit Euler method (with N steps).

We shall emulate the numerical experiments done in [2], and use a constant step size

of h = T
N

to discretize (6.3.2) using the drift-implicit Euler method (definition 6.3.10).

In this case, we will also use SN and EN to denote strong and weak error estimators.

The only difference is that Y fine
T is computed with fixed step size h = min

(
h
10
, T

5000

)
.

For both numerical methods, the fine step size is chosen so that the L2(P) error

between the true solution yT and approximation Y fine
T is negligible compared to SN .

In this numerical example, we shall use the same parameter values as in [2], namely

Low volatility case: a = 1, b = 1, σ2 = 1, y0 = 1, T = 1.

High volatility case: a = 1, b = 1, σ2 = 3, y0 = 1, T = 1.

We will use 100,000 sample paths to compute the strong/weak error estimators.

In addition, we can average the number of steps that are taken in each simulation.

This “expected” number of steps can then be used to measure the computational cost

of the method. As step sizes are fixed for the Euler method, this simply becomes N .

We will now present our results for this numerical experiment using log-log plots.

Each data point for the proposed scheme is obtained with a fixed step size control C.
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Figure 6.6: Strong convergence rates for both methods in the low volatility setting.

 

Figure 6.7: Weak convergence rates for both methods in the low volatility setting.
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Figure 6.8: Strong convergence rates for both methods in the high volatility setting.

 

Figure 6.9: Weak convergence rates for both methods in the high volatility setting.
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In each of the above graphs, we see that the proposed variable step size method

achieves higher convergence rates than the (fixed step) drift-implicit Euler method.

In addition, increasing the volatility σ appears to reduce the orders of convergence.

This phenomenon is unsurprising as, when σ is large, the CIR process can have long

excursions near zero which give numerical errors due to the non-Lipschitz vector field.

In the high volatility setting, the proposed method exhibits a high convergence rate

whilst the drift-implicit Euler method appears to converge with a low order (< 1.0).

Nevertheless, in order to truly measure the performance of these numerical methods,

we should consider the computational costs required for achieving a specified accuracy.

Table 6.2: Estimated simulation times for computing 100,000 sample paths that
achieve a given accuracy using a single-threaded C++ program on a laptop computer.

Estimated time to achieve an accuracy of High/Low

SN = 10−3 (s) EN = 10−4 (s) volatility

High order method 1.0 0.5 Low

(variable step size) 7.4 7.2 High

Drift-implicit Euler 2.9 11.6 Low

(fixed step size) 47.0 38.8 High

The above times are estimated using figures 6.6 – 6.9 along with the following table:

Table 6.3: Simulation times for computing 100,000 sample paths with an average of

100 steps per path using a single-threaded C++ program on a laptop.

Computational time Average number High/Low

(s) of steps volatility

High order method 11.76 100.1 Low

(variable step size) 11.89 100.2 High

Drift-implicit Euler 1.02 100 Low

(fixed step size) 1.01 100 High

Table 6.3 shows that the proposed method is an entire order of magnitude slower

than the drift-implicit Euler method when the average number of steps used is 100.

Our numerical evidence suggests that this difference in simulation time does not

change significantly when the average number of steps used is less than 1000 (with

1000 steps, our method is about 12.5 times more expensive than the Euler method).

It should also be noted that with a constant step sizes, the ODE method is only four

times slower than the Euler method. Therefore, evaluating the condition (6.3.19) and

refining the triples (Ws,t , Hs,t , ns,t) has a noticeable impact on the simulation time.
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On the other hand, the proposed method appears to be an order of magnitude

more accurate than the Euler method (even with a small average number of steps).

This is demonstrated in Table 6.2, which shows that the variable step method can

obtain the same accuracy as the drift-implicit Euler method in a fraction of the time.

For example, our method is between five and six times more efficient in the high

volatility setting. For smaller error tolerances, we would expect the proposed method

to substantially outperform the Euler method (since it appears to be higher order).

At this point, it is natural to question which part of the proposed method has more

importance: the high order piecewise linear ODE method? or the variable step sizes?

If the volatility is sufficiently small, then the high order ODE method should have

the greater impact and we would conjecture that the resulting performance increase

would be comparable to that demonstrated in the IGBM example (see section 4.5).

On the other hand, when the volatility is high, the CIR process is more likely to have

excursions away from the mean reversion level b (and, in particular, close to zero).

Since the derivatives of
√
· blow-up near zero, the proposed high order ODE method

would only be accurate when the step size used is sufficiently small. Moreover, we

expect that Theorem 6.3.1 can be extended to methods which use integral information

in addition to Brownian increments (and thus quantify the limitations of fixed steps).

So when the volatility is sufficiently high, the variable step sizes should have the

greater impact. Of course, the use of a high order method is still likely to be beneficial.

In particular, for excursions away from zero, the derivatives of
√
· can be bounded and

thus we expect the proposed method to outperform the drift-implicit Euler method

just as the log-ODE method outperformed Milstein’s method for IGBM (section 4.5).

Another benefit of employing a high order ODE method is that it is possible to

estimate the local L2(P) error of each one-step approximation, which naturally leads

to the variable step size strategy given by definition 6.0.1. If a lower order method

were used, then it is possible that another criterion should be used instead of (6.3.19).

Whilst it would be interesting to see how the importance of the variable step sizes

depends on the Feller ratio 2ab
σ2 , a more pressing issue is simply proving convergence.

In addition, it is not known whether the high convergence rates observed in the

numerical experiments are sensible. Since each piecewise linear ODE produces a local

error that is O(h2) in L2(P) and the noise vector field is not globally Lipschitz, it is a

little surprising that the method could exhibit an O(N−1.5) strong convergence rate

(Recall that we would expect O(h1.5) convergence for SDEs with “nice” vector fields).

Thus, we wish to better understand how variable step sizes impact convergence rates.
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In conclusion, there are primarily three key results that are presented in this chapter:

• Generating Brownian increments and integrals on dyadic partitions

To develop variable step size methods for SDEs, it can be necessary to generate

the Brownian path within an interval conditional on its endpoint information.

Inspired by Lévy’s construction of Brownian motion and the paper [13], we give

algorithms that generate the triples (W,H, n)s,t and (W,H,K)s,t in this manner.

• Proving convergence of variable step size methods using rough paths

The standard error analysis of SDE numerical methods requires deterministic

step sizes and so variable step size methodologies can be challenging to study.

Using rough path theory, we have established sufficient conditions which ensure

a variable step size method converges to the SDE solution (in a pathwise sense).

In particular, this result can be applied to both the Heun and midpoint methods.

• Discretization of the Cox-Ingersoll-Ross model (and Bessel process)

It can be difficult to accurately simulate the CIR process as it is non-negative

and governed by a square root vector field with derivatives that blow-up at zero.

By incorporating a high order piecewise linear ODE method from Chapter 5

into a variable step size framework, we derive a new scheme for the CIR model.

Our numerical experiments suggest this scheme has high orders of convergence.

Furthermore, the research discussed in this chapter raises some interesting questions:

• Can we extend Lévy’s construction to generate increments and n time integrals?

• What improvements could be made to the step size control in definition 6.0.1?

• Given an explicit variable step size strategy (using a refining decision function),

is it possible to strengthen Theorem 6.2.17 and quantify the rate of convergence?

• How might the log-ODE discretization of IGBM be improved by variable steps?

• Can we incorporate the ideas within this chapter into Multilevel Monte Carlo?

• How should one design variable step size strategies that do not use derivatives?

For example, we could estimate local errors by comparing the “one-step” and

“two-step” approximations. This quantity would have the form Ys,t−Ys,u−Yu,t
and so may fit into the Stochastic Sewing Lemma framework developed in [65].

• Could we prove the ODE approximation (6.3.5) converges to the CIR process?
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Chapter 7

Approximation and conditional
moments of Brownian Lévy area

Up to this point, the majority of the thesis has focused on developing high order

numerical approximations for SDEs driven by a one-dimensional Brownian motion.

In this setting, most terms within the stochastic Taylor expansion (4.3.2) can be

generated exactly. However, in order to develop high order numerical methodologies,

it was necessary to first consider approximations of the “space-space-time” Lévy area:

Ls,t :=
1

6

( ∫ t

s

∫ u

s

∫ v

s

◦ dWr ◦ dWv du− 2

∫ t

s

∫ u

s

∫ v

s

◦ dWr dv ◦ dWu

+

∫ t

s

∫ u

s

∫ v

s

dr ◦ dWv ◦ dWu

)
.

In Chapters 4 and 5, we approximated Ls,t using its conditional expectation

E
[
Ls,t |Ws,t , Hs,t , ·

]
, where Hs,t is the space-time Lévy area of the path W over [s, t].

As one might expect, the numerical analysis of SDEs driven by multidimensional

Brownian motion is significantly more challenging than for the one-dimensional SDEs.

In particular, we have the following classic result due to Cameron and Clark in [21].

Theorem 7.0.1 (An example of a slow best rate). Consider the following Itô SDE:

dxt = yt dW
(1)
t , (7.0.1)

dyt = dW
(2)
t ,

where W (1) and W (2) are two independent Brownian motions and x0 = 0, y0 = 0.

For T > 0 and n ≥ 1, let Pn be the σ-algebra generated by
{
W

(1)
kT
n

,W
(2)
kT
n

}
0≤k≤n

. Then

∥∥xT − E
[
xT |Pn

]∥∥
L2(P)

=
T

2

Å
1

n

ã 1
2

.
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Remark 7.0.2. This result implies that any Pn-measurable approximation of (7.0.1)

cannot achieve a strong convergence rate better than O
(√
h
)
, where h is the step size.

Remark 7.0.3. It was shown by Dickinson in [30] that any approximation of xT that

is measurable which respect to n Gaussian random variables (which are expressible as

linear functionals on W ) cannot have a strong convergence rate better than O
(
n−

1
2

)
.

More generally, we would not expect better convergence rates when approximating

multidimensional SDEs that are governed by non-commutative vector fields. That is,

dyt = f0(yt)dt+
d∑
i=1

fi(yt) dW
(i)
t , (7.0.2)

y0 = ξ ,

where ξ ∈ Re, the vector fields {fi} do not satisfy the below commutativity condition:

[fi , fj ] = 0, ∀ i, j ∈ {1, · · · , d}. (7.0.3)

When the condition (7.0.3) is not satisfied, then certain iterated integrals of W

(Brownian Lévy area) in the Taylor expansion of (7.0.2) result in local errors of O(h).

If these errors propagate like a martingale, we obtain the O
(√
h
)

convergence rate.

Thus, we will consider the following “low order” stochastic Taylor expansion of (7.0.2).

(see chapter 5 of [62] for a comprehensive review that presents the below expansion)

Theorem 7.0.4 (Low order Itô-Taylor expansion). Let y denote the unique strong

solution to (7.0.2) where the vector fields {fi} are assumed to be smooth and bounded

with bounded derivatives. Then for 0 ≤ s ≤ t, yt can be Taylor expanded as follows:

yt = ys + f0(yt)h+
d∑
i=1

fi(yt)W
(i)
s,t +

d∑
i,j=1

f ′j(yt)fi(yt)

∫ t

s

∫ u

s

dW (i)
v dW (j)

u (7.0.4)

+R2(h, ys),

where h := t−s and the remainder term R2 has the below uniform estimate for h < 1,

sup
ys∈Re

‖R2(h, ys)‖L2(P) ≤ C1 h
3
2 , (7.0.5)

and the constants C1, C2 depend only on the vector fields of the differential equation.

Remark 7.0.5. Each iterated integral in (7.0.4) will satisfy an SDE of the form (7.0.1),

and may be hard to approximate by the results of Cameron & Clark and Dickinson.

Remark 7.0.6. Milstein’s method can be obtained precisely as the first line of (7.0.4).
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So when the commutativity condition (7.0.3) is not satisfied, in order to exactly

generate the first line of this Taylor expansion, we require the below stochastic area.

Definition 7.0.7. The Lévy area of a d-dimensional Brownian motion over [s, t] is

A
(i,j)
s,t :=

1

2

(∫ t

s

W (i)
s,u dW

(j)
u −

∫ t

s

W (j)
s,u dW

(i)
u

)
, (7.0.6)

for i, j ∈ {1, · · · , d}.

Remark 7.0.8. As,t can be viewed as an antisymmetric matrix since A
(i,j)
s,t = −A(j,i)

s,t .

Remark 7.0.9. By integration by parts, we have

∫ t

s

W (i)
s,u ◦ dW (j)

u =
1

2
W

(i)
s,tW

(j)
s,t +A

(i,j)
s,t .

Despite its non-trivial joint distribution, a method for generating
(
W

(1)
s,t ,W

(j)
s,t , A

(1,2)
s,t

)
was proposed in [38]. That said, this approach was not extended to higher dimensions.

Designing methods that exactly generate
(
Ws,t , As,t

)
is an open problem when d > 2.

 

 

𝑊ሺ2ሻ 

 

𝑊ሺ1ሻ 

Figure 7.1: Lévy area is the chordal area between independent Brownian motions.

In this chapter, we will study the Lévy area of multidimensional Brownian motion.

Just as for Ls,t , we shall compute moments of As,t conditional on the pair (Ws,t , Hs,t).

The motivation for investigating the relationship between Hs,t and As,t comes from the

research of Davie [27] and Flint & Lyons [34] who proposed the below approximation:

Â
(i,j)
s,t := H

(i)
s,t W

(j)
s,t −W

(i)
s,t H

(j)
s,t + b̂

(i,j)
s,t , (7.0.7)

where
{
b̂

(i,j)
s,t : 1 ≤ i < j ≤ d

}
is a collection of 1

2
d(d−1) independent and identically

distributed random variables with b̂
(i,j)
s,t ∼ N

(
0, 1

12
h2
)

and b̂
(j,i)
s,t = −b̂ (i,j)

s,t for all i, j.

In particular, it was shown that discretizing Brownian Lévy area using the random

variables
{
Âtk,tk+1

}
will converge (in the 2-Wasserstein sense) with an order of O(h).
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One advantage of using the 2-Wasserstein metric (definition 7.3.9) is that it is now

possible for methods without Lévy area to converge faster than O
(√

h
)

for general

SDEs. At the same time, the 2-Wasserstein error of an approximation can be viewed

as an L2(P) error (specifically between random variables that are optimally coupled).

The proof of this O(h) convergence requires Komlós-Major-Tusnády (or KMT) theory

but ultimately relies on the approximation Âs,t having the same covariance structure

as true Lévy area once the Brownian motion’s increment Ws,t has been generated.

More concretely, the following theorem is used in the proof of Proposition 6.2 in [34].

Theorem 7.0.10 (Matching conditional moments of multidimensional Lévy area).

E
î
Â

(i,j)
s,t

∣∣Ws,t

ó
= E
î
A

(i,j)
s,t

∣∣Ws,t

ó
, (7.0.8)

E
î
Â

(i,j)
s,t Â

(k,l)
s,t

∣∣Ws,t

ó
= E
î
A

(i,j)
s,t A

(k,l)
s,t

∣∣Ws,t

ó
, (7.0.9)

for i, j, k, l ∈ {1, · · · , d}.

Remark 7.0.11. The conditional moments (7.0.8) and (7.0.9) are all zero except for

E
[Ä
A

(i,j)
s,t

ä2 ∣∣Ws,t

]
=

1

12
h2 +

1

12
h
(Ä
W

(i)
s,t

ä2
+
Ä
W

(j)
s,t

ä2
)
. (7.0.10)

Since the space-time area Hs,t must be generated to compute Âs,t , it is natural to

consider approximations of Lévy area that match (Ws,t , Hs,t)-conditional moments:

Theorem 7.0.12 (Non-trivial conditional moments of two-dimensional Lévy area).

E
î
A

(i,j)
s,t

∣∣Ws,t , Hs,t

ó
= H

(i)
s,t W

(j)
s,t −W

(i)
s,t H

(j)
s,t , (7.0.11)

Var
Ä
A

(i,j)
s,t

∣∣Ws,t , Hs,t

ä
=

1

20
h2 +

1

5
h
(Ä
H

(i)
s,t

ä2
+
Ä
H

(j)
s,t

ä2
)
, (7.0.12)

for i, j ∈ {1, · · · , d}.

The above conditional moments will be derived in the first section of this chapter.

As one might expect, the proof of this result uses the decomposition W = ıW + Z

where ıW is a Brownian parabola and Z is a Brownian arch (see Theorem 4.1.12).

Although the expectation (7.0.11) is already matched by the random variable Âs,t , the

approximation does not capture the non-trivial conditional variance given by (7.0.12).

Hence a potential improvement could be made to Âs,t by rescaling each b̂
(i,j)
s,t so thatÄ

b̂
(i,j)
s,t

∣∣Ws,t , Hs,t

ä
∼ N

Å
0,

1

20
h2 +

1

5
h
(Ä
H

(i)
s,t

ä2
+
Ä
H

(j)
s,t

ä2
)ã

.

In the last section of this chapter, we will show that this “change of variance” does

not impact the O(h) 2-Wasserstein convergence rate of the Lévy area approximation.

It is still ongoing research to apply these weak approximations to real-world problems.
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This chapter is outlined as follows. In the first section, we shall compute the first

four conditional moments of two-dimensional Lévy area using the theorems below.

Theorem 7.0.13 (Decompositions of Lévy area using polynomial approximations).

Let Hs,t and Ks,t denote the Brownian space-time areas defined in Chapter 4. Then

As,t = Hs,t ⊗Ws,t −Ws,t ⊗Hs,t + bs,t , (7.0.13)

As,t = Hs,t ⊗Ws,t −Ws,t ⊗Hs,t + 12
(
Ks,t ⊗Hs,t −Hs,t ⊗Ks,t

)
+ as,t , (7.0.14)

where bs,t is the Lévy area of the Brownian bridge B on [s, t] that corresponds to W ,

b
(i,j)
s,t :=

∫ t

s

B(i)
s,u ◦ dB(j)

u , (7.0.15)

and as,t denotes the Lévy area of the Brownian arch Z on [s, t] corresponding to W ,

a
(i,j)
s,t :=

∫ t

s

Z(i)
s,u ◦ dZ(j)

u , (7.0.16)

for i, j ∈ {1, · · · , d}.

Proof. By the natural Brownian scaling, it is enough to prove the result on [0, 1].

Suppose that i, j ∈ {1, · · · , d}. Then by the decomposition Wt = tW1 +Bt , we have

A
(i,j)
0,1 =

∫ 1

0

W
(i)
t ◦ dW

(j)
t −

1

2
W

(i)
1 W

(j)
1

=

∫ 1

0

Ä
tW

(i)
1 +B

(i)
t

ä
◦ d
Ä
tW

(j)
1 +B

(j)
t

ä
− 1

2
W

(i)
1 W

(j)
1

=
1

2
W

(i)
1 W

(j)
1 +W

(j)
1

∫ 1

0

B
(i)
t dt+W

(i)
1

∫ 1

0

t dB
(j)
t +

∫ 1

0

B
(i)
t ◦ dB

(j)
t −

1

2
W

(i)
1 W

(j)
1

= W
(j)
1 H

(i)
1 −W

(i)
1 H

(j)
1 + b

(i,j)
0,1 .

Similarly, the decomposition Bt = 6t(1− t)H1 + Zt (Theorem 4.1.3) can be applied.

A
(i,j)
0,1 = W

(j)
1 H

(i)
1 −W

(i)
1 H

(j)
1 +

∫ 1

0

B
(i)
t ◦ dB

(j)
t

= W
(j)
1 H

(i)
1 −W

(i)
1 H

(j)
1 +

∫ 1

0

Ä
6t(1− t)H(i)

1 + Z
(i)
t

ä
◦ d
Ä
6t(1− t)H(j)

1 + Z
(j)
t

ä
= W

(j)
1 H

(i)
1 −W

(i)
1 H

(j)
1 + 36H

(i)
1 H

(j)
1

∫ 1

0

(
t− t2

)
d
(
t− t2

)
+ 6H

(j)
1

∫ 1

0

Z
(i)
t d
(
t− t2

)
+ 6H

(i)
1

∫ 1

0

(
t− t2

)
dZ

(j)
t +

∫ 1

0

Z
(i)
t ◦ dZ

(j)
t

= W
(j)
1 H

(i)
1 −W

(i)
1 H

(j)
1 − 12H

(j)
1

∫ 1

0

Z
(i)
t d

Å
1

2
t2
ã
− 12H

(i)
1

∫ 1

0

1

2
t2 dZ

(j)
t + a

(i,j)
0,1 .

The result now follows by applying integration by parts and then Theorem 4.2.6.
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Remark 7.0.14. The quantity λs,t in (7.0.7) approximates the “bridge Lévy area” bs,t .

Theorem 7.0.15. The two-dimensional Lévy area of the Brownian bridge process

has a logistic distribution with mean 0 and variance 1
12
h2. So for i, j ∈ {1, · · · , d}

with i 6= j,

b
(i,j)
s,t ∼ Logistic

Å
0,

1

π
h

ã
.

Proof. It is known that the joint density function for x = W
(i)
1 , y = W

(j)
1 , z = A

(i,j)
1 is

f(x, y, z) =
1

2π2

∫ ∞
0

u

sinh(u)
exp

Å
−(x2 + y2)u

2 tanh(u)

ã
cos(zu) du,

(see Lévy [68] and Lyons [38]). So when the increment W1 is zero, the density of z is

f(z) =
1

2π2

∫ ∞
0

u

sinh(u)
cos(zu) du. (7.0.17)

We shall now evaluate the above integral. It is first worth noting that for all u ≥ 0,

1

sinh(u)
=

2

eu − e−u
= 2e−u · 1

1− e−2u
= 2e−u

∞∑
k=0

e−2ku = 2
∞∑
k=0

e−(2k+1)u.

Since this decays exponentially fast, we can swap the sum and integral operations in∫ ∞
0

sin(zu)

sinh(u)
du = 2

∫ ∞
0

sin(zu)
∞∑
k=0

e−(2k+1)u du

= 2
∞∑
k=0

∫ ∞
0

sin(zu)e−(2k+1)u du

= 2
∞∑
k=0

Im

(∫ ∞
0

e(−(2k+1)+iz)u du

)

= 2
∞∑
k=0

−z
(2k + 1)2 + z2

. (7.0.18)

By the Weierstrass factorization theorem, there is a product representation of sinh(z):

sinh(z) = z
∞∏
k=1

Å
1 +

( z

kπ

)2
ã
.

Taking the logarithm of the above and differentiating gives a representation of coth:

coth(z) =
1

z
+
∞∑
k=1

2z

(kπ)2 + z2
.

This has the same structure to the infinite series (7.0.18). In addition, it implies that∫ ∞
0

sin(zu)

sinh(u)
du = π coth(πz)− 1

2
π coth

Å
1

2
πz

ã
.
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Using the double angle formulae for hyperbolic trigonometric functions, we have

tanh(z) + coth(z) =
sinh(z)

cosh(z)
+

cosh(z)

sinh(z)
=

sinh2(z) + cosh2(z)

cosh(z) sinh(z)
= 2 coth(2z),

and so ∫ ∞
0

sin(zu)

sinh(u)
du =

1

2
π tanh

Å
1

2
πz

ã
. (7.0.19)

Differentiating both sides of (7.0.19) and applying the Leibniz integral rule gives∫ ∞
0

u cos(zu)

sinh(u)
du =

1

4π2
sech2

Å
1

2
πz

ã
.

By substituting this into (7.0.17), we see that b
(i,j)
1 has the desired distribution.

The result now follows as b1 and hbs,t have the same law (by Brownian scaling).

In the second section of this chapter, we shall compute additional moments for

d-dimensional Brownian Lévy area when d > 2 (conditional on the increment Ws,t).

In this setting, we will identify all conditional moments with degree at most four.

Most notably, the following two moments demonstrate the intricate structure of As,t.

Theorem 7.0.16. Let bs,t denote the Lévy area of a Brownian bridge on [s, t]. Then

E
[Ä
b

(i,j)
s,t

ä2 Ä
b

(j,k)
s,t

ä2
]

=
7

720
h4 ,

E
î
H

(i)
s,t H

(k)
s,t b

(i,j)
s,t b

(j,k)
s,t

ó
= − 1

720
h3 ,

where i, j, k ∈ {1, · · · , d} are distinct.

In the third section, we will develop new approximations for Brownian Lévy area

in the low dimensional cases (d = 2, 3) by matching these new conditional moments.

In addition to matching the first four moments of Brownian Lévy area, the proposed

random variables are fast to generate and straightforward to implement in practice.

Furthermore, we shall demonstrate the accuracy of this approach in the d = 2 case

by numerically estimating the 2-Wasserstein distance between the proposed “weak”

approximation Ã and the true Brownian Lévy area. Numerical evidence suggests that

W2

(
µA , µ̃A

)
≤ 0.01h.

In the final section, we shall compare our approximation with that of Davie’s.

There may also be additional applications of the research discussed in this chapter.

For example, the conditional variances (7.0.10) or (7.0.12) could be used to quantify

local L2(P) errors and develop variable step size methods for multidimensional SDEs.
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7.1 Moments conditional on the path increment

and space-time Lévy area

In this section, we shall compute the first four moments of two-dimensional Brownian

Lévy area conditional on the increment Ws,t and space-time Lévy area Hs,t of the path.

Theorem 7.1.1. Let As,t denote the Lévy area of Brownian motion over [s, t]. Then

A
(i,j)
s,t = H

(i)
s,tW

(j)
s,t −W

(i)
s,tH

(j)
s,t + b

(i,j)
s,t , (7.1.1)

for i, j ∈ {1, · · · , d} where the Brownian bridge Lévy area bs,t is independent of Ws,t

and a symmetric random variable. Then if i 6= j, we have the conditional moments:

E
î
A

(i,j)
s,t

∣∣Ws,t , Hs,t

ó
= H

(i)
s,tW

(j)
s,t −W

(i)
s,tH

(j)
s,t , (7.1.2)

Var
Ä
A

(i,j)
s,t

∣∣Ws,t , Hs,t

ä
=

1

20
h2 +

1

5
h
(Ä
H

(i)
s,t

ä2
+
Ä
H

(j)
s,t

ä2
)
, (7.1.3)

Skew
Ä
A

(i,j)
s,t

∣∣Ws,t , Hs,t

ä
= 0, (7.1.4)
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Ä
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(i,j)
s,t

∣∣Ws,t , Hs,t

ä
= 3 +

3
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H

(i)
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ä2
+
Ä
H

(j)
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1
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H
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+
Ä
H

(j)
s,t

ä2
))2 . (7.1.5)

Proof. The area decomposition (7.1.1) was established as part of Theorem 7.0.13.

Since bs,t depends only on a Brownian bridge process, it must be independent of Ws,t.

Using Theorem 7.0.13, we have the following decomposition of the bridge Lévy area,

b
(i,j)
s,t = 12

Ä
K

(i)
s,t H

(j)
s,t −H

(i)
s,tK

(j)
s,t

ä
+ a

(i,j)
s,t , (7.1.6)

where Ks,t denotes the “space-time-time” Lévy area given by definition 4.2.4 and

as,t is the Lévy area of a Brownian arch process (and thus also independent of Hs,t).

Since the Gaussian weights in the polynomial representation of the Brownian bridge

(Theorem 4.1.3) are all independent with zero mean, bs,t and as,t must be symmetric.

It is enough for us to compute the moments of bs,t conditional on the pair (Ws,t , Hs,t).

Since (Ks,t , as,t) is independent of Ws,t and Hs,t , it follows directly from (7.1.6) that

E
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ó
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By reflecting the i-th coordinate of the Brownian arch, we see that E
î
K

(j)
s,t a

(i,j)
s,t

ó
= 0.

Since Ks,t ∼ N
(
0, 1

720
h
)
, the above expression can be simplified to give the variance:
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By taking the expectation of both sides in (7.1.7) and using the Tower law, we have
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by Theorem 7.0.15
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Hence the first two conditional moments, (7.1.2) and (7.1.3), have been established.

To compute the skewness, we will first show that the following moments are all zero.
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using (7.1.6) and taking a conditional expectation gives
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Recall that by Theorem 4.1.3, we can represent the Brownian arch Z on [0, 1] using a

family of orthogonal polynomials {ek}k≥2 and independent Gaussian weights {Ik}k≥2 .

Z =
∞∑
k=2

Ikek = I2e2 + Z̃ ,

where Z̃ denotes the “third degree” Brownian bridge (see definition 4.1.16) given by

Z̃ =
∞∑
k=3

Ikek .

Then the Lévy area a0,1 of the Brownain arch Z can be further decomposed as follows,
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Therefore, by the orthogonality of the Jacobi-like polynomials {ek}, this simplifies to
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0,1 , (7.1.11)

where cs,t is the Lévy area of a third degree Brownian bridge over the interval [s, t],

c
(i,j)
s,t :=

∫ t

s

Z̃(i)
s,u ◦ dZ̃(j)

u . (7.1.12)

Recall that the polynomials {ek} can be constructed using Theorems 4.1.9 and 4.1.10.

In particular, it is straightforward to explicitly compute the polynomials e2 and e3.
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Furthermore, it follows from definition 4.2.3 that K0,1 = 1
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I2 . So (7.1.11) becomes
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where I3 ∼ N
(
0, 1

12

)
and c

(i,j)
0,1 are both independent of the space-time-time area K0,1.

Taking the squared L2(P) norm of (7.1.13) and simplifying the terms as before gives
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The squared L2(P) norm of a
(i,j)
s,t is given by (7.1.8). So by Brownian scaling, we have
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Using (7.1.13) and (7.1.14), we shall calculate the following (fourth degree) moment:
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Expanding the RHS and evaluating the resulting moments (using independence) gives
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So by the natural scaling of Brownian motion, it follows that
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By reflecting the j -th coordinate of the Brownian arch process Z, we can deduce that
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Using the above moments and the bridge Lévy area decomposition (7.1.6), we have
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Therefore, all that remains is to compute the final term in the above calculation.

By Theorem 7.0.15, b
(i,j)
s,t has a logistic distribution with mean 0 and variance 1

12
h2.

As the kurtosis of the logistic distribution is known to be 21
5

, it directly follows that
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By taking expectations in the previous expression and using the Tower law, we have
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Substituting this into the expression for the fourth conditional moment of a
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s,t gives

E
[Ä
b

(i,j)
s,t

ä4 ∣∣Ws,t , Hs,t

]
(7.1.18)

=
27

2800
h4 +

27

350
h3
(Ä
H

(i)
s,t

ä2
+
Ä
H

(j)
s,t

ä2
)

+
3

25
h2
(Ä
H

(i)
s,t

ä2
+
Ä
H

(j)
s,t

ä2
)2

.

Dividing this by the squared conditional variance of b
(i,j)
s,t yields the required kurtosis:
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Remark 7.1.2.
(
As,t

∣∣Ws,t , Hs,t

)
always has more kurtosis than a normal distribution.

 

Figure 7.2: The kurtosis of Brownian Lévy area as a function of space-time area.
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7.2 Additional moments of Lévy area conditional

on the path’s increment

In this section, we will apply the previous theorem to identify further moments of

multidimensional Brownian Lévy area conditional on the increment of the path Ws,t .

Since our motivation is to develop numerical approximations of the form (7.0.7), it

suffices to consider moments of the multidimensional Brownian bridge Lévy area bs,t.

We shall begin by establishing a family of cross-moments of
(
Hs,t , bs,t

)
that are zero.

Theorem 7.2.1. Let Hs,t be the space-time Lévy area of a Brownian motion on [s, t].

Let bs,t denote the Lévy area of the associated Brownian bridge. Consider the moment
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, (7.2.1)

where I =
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)
and J =

(
j1 , · · · , jn

)
are multi-indices with ik , jk ∈ {1, · · · , d}.

For each index k ∈ {1, · · · , d}, we can count its number of appearances in I and J .
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∣∣p : ip = k, ip ∈ I

∣∣+
∣∣q : jq = k, jq ∈ J

∣∣. (7.2.2)

Suppose there exists an index k ∈ {1, · · · , d} such that Nk is odd. Then µI,J = 0.

Proof. We can construct a new process B on [s, t] from the Brownian bridge B as

B
(i)

:=

{
B(i) , if i 6= k,

−B(i) , if i = k.

Then B has the same law as a Brownian bridge and we can define the corresponding

Lévy areas Hs,t and bs,t . By the linearity of integration, it immediately follows that

H
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As B and B have the same law, counting the number of k’s appearing in (7.2.1) gives
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The result now follows as Nk is assumed to be odd for some index k ∈ {1, · · · , d}.
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In addition, there are certain cross-moments of
(
Hs,t , bs,t

)
that can be computed

using the conditional moments obtained in Theorem 7.1.1 along with the Tower law

(and possibly the fact that Brownian motion has independent coordinates processes).

For example, the moment below is zero but falls outside the scope of Theorem 7.2.1:
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by the Tower law and the conditional expectation (7.1.2) detailed in Theorem 7.1.1.

We will now present the main result of this section, which gives some non-trivial

cross-moments of
(
Hs,t , bs,t

)
with degrees at most four and even numbers of indices.

Theorem 7.2.2. Let bs,t denote the Lévy area of a Brownian bridge on [s, t]. Then
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where i, j, k, l ∈ {1, · · · , d} are distinct.

Proof. Since each coordinate of B is independent and identically distributed, we have

E
î
b

(i,j)
s,t b

(j,k)
s,t b

(k,i)
s,t

ó
= E
î
b

(k,j)
s,t b

(j,i)
s,t b

(i,k)
s,t

ó
. (7.2.7)

On the other hand, bs,t can be viewed as an antisymmetric matrix as b
(i,j)
s,t = −b(j,i)

s,t .

Therefore, switching the indices of all the Lévy area terms in the RHS of (7.2.7) gives
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It then follows that the moment (7.2.3) must be zero. To derive (7.2.4), we note that‹B(i,k) :=
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is a process with the same law as a one-dimensional Brownian bridge on [s, t]. Hence
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has the same law as b
(i,j)
s,t . In particular, we can apply (7.1.16) to compute the moment
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Expanding the LHS of the above and removing the terms with zero expectation gives
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So by applying (7.1.16) to the first and third terms, we obtain the required moment.
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To compute the cross-moment (7.2.5), we will use the decomposition (7.1.6) for bs,t.

E
î
H

(i)
s,t H

(k)
s,t b

(i,j)
s,t b

(j,k)
s,t

ó
= E
î
H

(i)
s,t H

(k)
s,t ×

Ä
12
Ä
K

(i)
s,t H

(j)
s,t −H

(i)
s,tK

(j)
s,t

ä
+ a

(i,j)
s,t

ä
×
Ä
12
Ä
K

(j)
s,t H

(k)
s,t −H

(j)
s,tK

(k)
s,t

ä
+ a

(j,k)
s,t

äó
.

When the RHS of the above is expanded, the majority of the resulting terms have

zero expectation since both Ks,t and as,t are independent of Hs,t. This leaves us with
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Therefore all that remains is to compute the final non-trivial cross-moment, (7.2.6).

By considering the process ‹B(i,k)
(
which has the same law as B(i)

)
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As before, we shall expand both sides and remove the moments that are equal to zero.
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.

Note that the cross-moments we removed can be seen to be zero by Theorem 7.2.1.

Since the variance and kurtosis of b
(i,j)
s,t are both known, the above can be simplified:

E
î
b

(i,j)
s,t b

(j,k)
s,t b

(k,l)
s,t b

(l,i)
s,t

ó
=

1

6

(
E
[Ä
b

(i,j)
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− 3E

[Ä
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s,t

ä2
]
E
[Ä
b

(k,l)
s,t

ä2
] )

=
1

720
h4 ,

by Theorem 7.0.15
(
where it was shown that b

(i,j)
s,t follows a logistic distribution

)
.

Remark 7.2.3. The results of this section allow us to compute any conditional moment

(with degree at most four) of Brownian Lévy area conditional on the increment Ws,t .
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7.3 Efficient weak approximation of Lévy area in

low-dimensional settings

In this section, we shall present approximations of Brownian Lévy area with the form

Ãs,t = Hs,t ⊗Ws,t −Ws,t ⊗Hs,t + b̃s,t , (7.3.1)

where b̃s,t approximates the Brownian bridge Lévy area bs,t in the “weak” sense.

More specifically, the random variable b̃s,t will be constructed to capture the various

moments of bs,t established in the previous sections (see Theorems 7.1.1 and 7.2.2).

We shall develop numerical approximations in the low-dimensional cases (d = 2, 3)

that are fast to generate and match the moments of As,t with degree at most four.

Due to the non-trivial moment (7.2.6), it is ongoing research to construct b̃s,t in the

general multidimensional setting (d > 3) that matches the cokurtosis structure of bs,t.

We shall conclude the section by numerically investigating the d = 2 approximation:

Definition 7.3.1 (Weak approximation of two-dimensional Brownian Lévy area).

Let Ãs,t denote the antisymmetric matrix with the following entries (for i, j ∈ {1, 2}),

Ã
(i,j)
s,t := H

(i)
s,t W

(j)
s,t −W

(i)
s,t H

(j)
s,t + b̃

(i,j)
s,t , (7.3.2)

where, conditional on the area Hs,t , the random variable b̃s,t will be defined as follows:

b̃
(i,j)
s,t :=


σs,t ξs,t , if (i, j ) = (1, 2),

−σs,t ξs,t , if (i, j ) = (2, 1),

0, if i = j ,

(7.3.3)

ξs,t ∼

{
Logistic

Ä
0,
√

3
π

ä
, with probability ps,t ,

Normal
(
0, 1
)
, with probability 1− ps,t ,

(7.3.4)

σs,t :=

…
1

20
h2 +

1

5
h
(Ä
H

(1)
s,t

ä2
+
Ä
H

(2)
s,t

ä2
)
, (7.3.5)

ps,t :=
1

σ4
s,t

Å
1

560
h4 +

1

70
h3
(Ä
H

(1)
s,t

ä2
+
Ä
H

(2)
s,t

ä2
)ã

, (7.3.6)

h := t− s.

As it may not be clear, the random variable ξs,t can be generated via the procedure:

Step 0. Generate the space-time Lévy areas H
(1)
s,t and H

(2)
s,t on the interval [s, t].

Using Hs,t , we can define the variables σs,t and ps,t according to (7.3.5) and (7.3.6).
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Step 1. As ps,t < 1, we can generate an independent variable X ∼ Bernoulli
(
ps,t
)
.

Step 2. If X = 1, define ξs,t to be an independent logistic random variable with

mean 0 and variance 1.

Step 3. If X = 0, define ξs,t to be an independent normal random variable with

mean 0 and variance 1.

Remark 7.3.2. We can see that 0 < ps,t < 1 (and therefore Ãs,t is well-defined) since

ps,t σ
4
s,t =

1

560
h4 +

1

70
h3
(Ä
H

(1)
s,t

ä2
+
Ä
H

(2)
s,t

ä2
)

<
1

400
h4 +
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(Ä
H
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H

(2)
s,t
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)

+
1

25
h2
(Ä
H

(1)
s,t
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Ä
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(2)
s,t

ä2
)2

= σ4
s,t .

Remark 7.3.3. It is clear that
(
ξs,t
∣∣Ws,t , Hs,t

)
always has zero mean and unit variance.

The above approximation is designed to match the following moments of Lévy area.

Theorem 7.3.4. Let Ãs,t denote the approximation given by definition 7.3.2. Then

E
îÄ
Ã

(i,j)
s,t

än ∣∣Ws,t , Hs,t

ó
= E
îÄ
A

(i,j)
s,t

än ∣∣Ws,t , Hs,t

ó
, (7.3.7)

for i, j ∈ {1, 2} and 1 ≤ n ≤ 4.

Proof. To begin, we shall compute the moments of ξs,t conditional on Ws,t and Hs,t.

E
[
(ξs,t)

n
∣∣Ws,t , Hs,t

]
= E

[
(ξs,t)

n
∣∣Ws,t , Hs,t , (X = 0)

]
P
(
X = 0

)
+ E

[
(ξs,t)

n
∣∣Ws,t , Hs,t , (X = 1)

]
P
(
X = 1

)
.

As the normal and logistic distributions have the same first three moments, we have

E
[
ξs,t
∣∣Ws,t , Hs,t

]
= 0,

E
î
(ξs,t)

2
∣∣Ws,t , Hs,t

ó
= 1,

E
î
(ξs,t)

3
∣∣Ws,t , Hs,t

ó
= 0.

We will also compute the fourth moment of ξs,t conditional on the pair (Ws,t , Hs,t).

E
î
(ξs,t)

4
∣∣Ws,t , Hs,t

ó
= 3

(
1− ps,t

)
+

21

5
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= 3 +
6

5
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= 3 +
1
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Ä
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)ã

.

So by Theorem 7.1.1, ξs,t has the same conditional skewness and kurtosis as A
(i,j)
s,t

when i 6= j. The result now follows since Ã
(i,j)
s,t = H

(i)
s,tW

(j)
s,t −W

(i)
s,t H

(j)
s,t ± σs,t ξs,t .
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Using the additional cross-moments established by Theorems (7.2.1) and (7.2.2),

we can also construct a high order weak approximation of As,t with dimension d = 3.

Definition 7.3.5 (Weak approximation of three-dimensional Brownian Lévy area).

Let Ãs,t denote the antisymmetric tensor with the following entries (for i, j ∈ {1, 2, 3}),

Ã
(i,j)
s,t := H

(i)
s,t W

(j)
s,t −W

(i)
s,t H

(j)
s,t + 12

Ä
K

(i)
s,t H

(j)
s,t −H

(i)
s,tK

(j)
s,t

ä
+ ã

(i,j)
s,t , (7.3.8)

where, conditional on the space-time-time Lévy area Ks,t , the random variable ãs,t is

ã
(i,j)
s,t :=


σ

(i,j)
s,t ξ

(i,j)
s,t , if i < j ,

−σ(i,j)
s,t ξ

(i,j)
s,t , if i > j ,

0, if i = j ,

(7.3.9)

with the independent random variables ξ
(i,j)
s,t and σ

(i,j)
s,t defined for i < j according to

ξ
(i,j)
s,t ∼

{
Uniform

î
−
√

3,
√

3
ó
, with probability p

Rademacher, with probability 1− p,
(7.3.10)

and

σ
(i,j)
s,t :=

…
3

28

(
C(i) + c

)(
C(j) + c

)
h2 +

1

28
h
(Ä

12K
(i)
s,t
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+
Ä
12K

(j)
s,t

ä2
)
, (7.3.11)

where each C(i) is an independent and identically distributed random variable with

C(i) ∼ Exponential

Å
15

8

ã
, (7.3.12)

and the constants c and p are defined as

c :=

√
3

3
− 8

15
,

p :=
21130

25621
.

The above approximation is designed to match the following moments of Lévy area.

Theorem 7.3.6. Let Ãs,t denote the approximation given by definition 7.3.8. Then
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and
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,

for distinct i, j , k ∈ {1, 2, 3}, n0 , n1 , n2 , n3 ≥ 0 with n0 ≤ 4 and n1 +n2 +n3 ≤ 4.
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Proof. To compute the conditional moments of ã
(i,j)
s,t , we note that by independence
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än ó
, (7.3.15)

for i < j . As ξs,t is a mixture of uniform and Rademacher random variables, we have
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)
=
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.

Here we used the fact that the kurtosis of the uniform distribution is known to be 9
5
.

Using the mean and variance of each C(i), we can compute the even moments of σ
(i,j)
s,t .
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h4 . (7.3.17)

Therefore by (7.3.16) and (7.3.17), along with the first four moments of ξ
(i,j)
s,t , we have
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We shall now define the “Brownian bridge” Lévy area b̃s,t corresponding to Ãs,t .

b̃s,t := Ãs,t −
(
Hs,t ⊗Ws,t −Ws,t ⊗Hs,t

)
. (7.3.18)

Hence, it is enough to compare the conditional moments of b̃s,t and bs,t . Recall that
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s,t , (7.3.19)

where ã
(i,j)
s,t and the space-time-time Lévy area Ks,t are independent of (Ws,t , Hs,t).

Using the above, the first three moments of b̃
(i,j)
s,t are then straightforward to compute
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Therefore Ã
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s,t and A

(i,j)
s,t have the same conditional moments up to degree three.

It is also worth noting the following non-zero cross-moment between ã
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s,t and K
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s,t .
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By the construction of ãs,t , it is also clear the below fourth degree moments are zero.
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Expanding the fourth power of b̃
(i,j)
s,t and substituting in the above moments produces
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This matches the kurtosis given by Theorem 7.1.1, and so we have verified (7.3.13).

We will now compute fourth degree moments of b̃s,t with the forms (7.2.4) and (7.2.5).

E
[Ä
b̃

(i,j)
s,t

ä2 Ä
b̃

(j,k)
s,t

ä2
]

(7.3.21)

= 124 E
[Ä
K

(i)
s,t H

(j)
s,t −H

(i)
s,tK

(j)
s,t

ä2Ä
K

(j)
s,t H

(k)
s,t −H

(j)
s,tK

(k)
s,t

ä2
]

+
(
2× 123

)
E
[Ä
K

(i)
s,t H

(j)
s,t −H

(i)
s,tK

(j)
s,t

äÄ
K

(j)
s,t H

(k)
s,t −H

(j)
s,tK

(k)
s,t

ä2
ã
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s,t are both independent and symmetric, the above expansion simplifies to
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The middle terms will be equal as each coordinate of W is identically distributed.

We shall now compute the first term by expanding the brackets inside the expectation.
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720

ã2

+ 3

Å
1

12

ã2Å 1

720

ã2
å
h4 =

1

450
h4 . (7.3.22)

For the middle terms, we use the cross-moment between ãs,t and Ks,t given by (7.3.20).

144E
[(Ä

K
(j)
s,t H

(k)
s,t

ä2
+
Ä
H

(j)
s,tK

(k)
s,t

ä2
)Ä

ã
(i,j)
s,t

ä2
]

= 144

Å
1

12
× 1

11200
+

1

12
× 1

720
× 1

20

ã
h4 =

1

525
h4 . (7.3.23)

The final term can be computed using the moments of the exponential distribution.

E
[Ä
ã
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ä2 Ä
ã

(j,k)
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]

= E
ïÅ

3

28

(
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)(
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)
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1

28
h
(Ä

12K
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+
Ä
12K
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ä2
)ã

×
Å

3

28

(
C(j) + c

)(
C(k) + c

)
h2 +

1

28
h
(Ä

12K
(j)
s,t

ä2
+
Ä
12K

(k)
s,t

ä2
)ãò

=

ÇÅ
3

28

ã2

× 1

3
× 139

225
+ 2× 3

28
× 1

28
× 1

3
× 2

5
+

Å
1

28

ã2

× 6×
Å

1

5

ã2
å
h4

=
31

8400
h4 . (7.3.24)

Putting all this all together produces the required fourth degree cross-moment of b̃s,t .

E
[Ä
b̃

(i,j)
s,t

ä2 Ä
b̃

(j,k)
s,t

ä2
]

=
1

450
h4 +

2

525
h4 +

31

8400
h4 =

7

720
h4 . (7.3.25)

Computing the moment of
(
Hs,t , b̃s,t

)
corresponding to (7.2.5) is straightforward as

E
î
H

(i)
s,t H

(k)
s,t b̃

(i,j)
s,t b̃

(j,k)
s,t

ó
= E
î
H

(i)
s,t H

(k)
s,t

Ä
12
Ä
K

(i)
s,t H

(j)
s,t −H

(i)
s,tK

(j)
s,t

ä
+ ã
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s,t

äÄ
12
Ä
K

(j)
s,t H

(k)
s,t −H

(j)
s,tK

(k)
s,t

ä
+ ã

(j,k)
s,t

äó
= −144E

[Ä
H

(i)
s,t

ä2Ä
H

(k)
s,t

ä2Ä
K

(j)
s,t

ä2
]

= − 1

720
h3 , (7.3.26)

where we have used the fact thatHs,t , Ks,t , ξ
(i,j)
s,t , ξ

(j,k)
s,t are independent and symmetric.
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By Theorem 7.2.1 and (7.2.3), we have that all the remaining cross-moments of(
Hs,t , bs,t

)
with degree at most four are zero. On the other hand, by the symmetry

and independence of Hs,t , Ks,t and ξs,t , these moments will also be zero for
(
Hs,t , b̃s,t

)
.

Thus, it follows that As,t
∣∣Ws,t and Ãs,t

∣∣Ws,t have the same cokurtosis structure.

Remark 7.3.7. We can interpret C(i) as being the “size” of the Brownian arch Z(i).

Remark 7.3.8. In practice, we can generate 12K
(i)
s,t ∼ N

(
0, 1

5
h
)

as its own variable.

To conclude this section, we shall numerically demonstrate that the proposed

two-dimensional Lévy area approximation is accurate in the 2-Wasserstein metric.

(See Chapter 6 of [94] for an account of the Wasserstein distance and its properties)

Definition 7.3.9 (Wasserstein metric). Let µ and ν be probability measures on Rd.

Then for any p ∈ [1,∞), the p-Wasserstein distance between µ and ν is defined as

Wp

(
µ, ν

)
:= inf

(X,Y )∼ (µ×ν)

(
E
[
d(X, Y )p

]) 1
p

, (7.3.27)

where d(·, ·) is a metric on Rd. The above infimum is taken over all couplings of

random variables X and Y with distributions X ∼ µ and Y ∼ ν. For our purposes,

we will consider the 2-Wasserstein metric associated with the standard L2(P) norm:

W2

(
µ, ν

)
:= inf

(X,Y )∼ (µ×ν)

Å
E
[
‖X − Y ‖2

2

]ã 1
2

. (7.3.28)

Recently, there has been significant progress in approximating the Wasserstein

distance between empirical measures due to its applications within image processing

and machine learning (well-documented open source software can be found at [33]).

In particular, if µ and ν are distributions on R and have cumulative distribution

functions F and G, we can consider the following empirical estimator studied in [61]:

Definition 7.3.10 (2-Wasserstein distance estimator for continuous distributions).

Let {Xi}1≤i≤N and {Yi}1≤i≤N be independent and identically distributed samples

from µ and ν respectively (with cdfs F and G). We define the following estimator for

W2

(
µ, ν
)
:

WN
2 :=

Ã
1

N

N∑
i=1

∥∥X(i) − Y(i)

∥∥2

2
, (7.3.29)

where X(i) and Y(i) denote the i-th order statistics from the samples {Xi} and {Yi}.

Remark 7.3.11. The estimator WN
2 is precisely the 2-Wasserstein distance between

the empirical distributions corresponding to the samples {Xi}1≤i≤N and {Yi}1≤i≤N .
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As one might expect, this estimator is consistent and will converge almost surely

to the true 2-Wasserstein distance W2

(
µ, ν

)
almost surely (see Theorem 2.1 in [61]).

Theorem 7.3.12 (Convergence of the empirical 2-Wasserstein estimator). Suppose

that µ and ν are square-integrable, i.e. EX∼µ
[
X2
]
<∞ and EY∼ν

[
Y 2
]
<∞. Then

WN
2 → W2

(
µ, ν

)
, (7.3.30)

almost surely as N →∞.

Moreover, with extra assumptions, one can establish an asymptotic convergence rate.

Theorem 7.3.13 (Central limit theorem for the empirical 2-Wasserstein estimator).

Under certain mild conditions on F and G, there exists a constant σ ≥ 0 such that

√
N
((
WN

2

)2 −W 2
2

(
µ, ν

))
→ N

(
0, σ2

)
, (7.3.31)

as N → ∞, where the above convergence is in distribution. In other words, the

estimator WN
2 converges to the true 2-Wasserstein distance weakly with rate O

(
N−

1
2

)
.

Remark 7.3.14. The above theorem is the main result of [61], where precise conditions

on F and G are given along with an explicit formula for the asymptotic variance σ2.

In practice, we would approximate Lévy area after the increment of the Brownian

path has been generated since both quantities appear in the Taylor expansion (7.0.4).

Hence in the numerical example, we will investigate the Lévy area approximation

(7.3.2) on the interval [0, 1] for a number of different path increments W
(1)
1 and W

(2)
1 .

As the standard deviation of each increment is 1, we shall use the range {−2, · · · , 2}.

Table 7.1: Table showing estimated 2-Wasserstein distances between finely discretized
Lévy area and the approximation (7.3.2) conditional on certain Brownian increments.
Each estimator WN

2 is obtained using N = 1, 000, 000 samples. The discretized Lévy
area is computed using the standard piecewise linear approximation with 256 points.

W
(2)
1

−2 −1 0 1 2

−2 0.0024 0.0019 0.0022 0.0019 0.0028

−1 0.0018 0.0021 0.0022 0.0018 0.0018

W
(1)
1 0 0.0020 0.0019 0.0030 0.0022 0.0020

1 0.0023 0.0022 0.0020 0.0024 0.0021

2 0.0026 0.0020 0.0019 0.0023 0.0029

The above results were obtained using a Python implementation (Jupyter Notebook).
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Whilst there is significant variation in the above estimated Wasserstein distances,

it is clear that they are all have similar orders of magnitude
(
between 10−3 and 10−2

)
.

To give some perspective on this, we recall that the L2(P) norm of two-dimensional

Lévy area A0,1 , conditional on W1 , is ‖A0,1‖L2(P) =
»

1
12

+ 1
12
‖W1‖2

2 (remark 7.0.11).

Therefore, the 2-Wasserstein distance between the distribution of Brownian Lévy area

and the distribution of its best W1 -measurable strong approximation is at least 0.28.

It should be noted that since estimators for Lévy area and 2-Wasserstein distances

have slow O
(
N−

1
2

)
convergence rates, it is possible that our results have inaccuracies.

That said, the numerical evidence is promising and indicates that the proposed weak

approximation produces samples that are statistically similar to Brownian Lévy area.

7.4 Comparison with Davie’s weak approximation

of Brownian Lévy area

In this section, we will show that our approximation of Lévy area is “close” to the

approach originally proposed by Davie [27] and later analysed using rough path theory

by Flint and Lyons [34]. We first recall Davie’s approximation of Brownian Lévy area.

Definition 7.4.1 (Davie’s approximation of multidimensional Brownian Lévy area).

Let [s, t] be an interval with size h = t− s. We define the random matrix Âs,t as

Âs,t = Hs,t ⊗Ws,t −Ws,t ⊗Hs,t + b̂s,t, (7.4.1)

where b̂s,t is an antisymmetric matrix with the following independent entries:

b̂
(i,j)
s,t ∼ N

Å
0,

1

12
h2

ã
,

for 1 ≤ i < j ≤ d.

Although Davie’s approximation of Lévy area matches the conditional mean (7.1.2)

exactly, it uses a constant variance as a proxy for the conditional variance (7.1.3).

Thus, we propose the following approximation for the Lévy area of Brownian motion:

Definition 7.4.2 (Weak approximation of multidimensional Brownian Lévy area).

Let [s, t] be an interval with size h = t− s. We define the random matrix Ãs,t as

Ãs,t = Hs,t ⊗Ws,t −Ws,t ⊗Hs,t + b̃s,t, (7.4.2)
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where b̃s,t is an antisymmetric matrix with the following independent entries:

b̃
(i,j)
s,t ∼ N

Å
0,

1

20
h2 +

1

5
h
(Ä
H

(i)
s,t

ä2
+
Ä
H

(j)
s,t

ä2
)ã
,

for 1 ≤ i < j ≤ d.

We will show that this choice of variance results in a small O(h) 2-Wasserstein

error when we discretize Lévy area on [0, 1] using a constant step size h. To this end,

we shall construct a probabilistic coupling between Davie’s approximation and our’s.

Definition 7.4.3 (Coupling sums of approximate Lévy areas over dyadic intervals).

For each N ≥ 0, let DN := {tk}0≤k≤2N denote the uniform partition of [0, 1] with

tk := kh and mesh size h := 2−N . We say that a subset E ⊂ DN is dyadic if

E = {tk}m2−n≤k<(m+1)2−n for some integers n ∈ {0, · · · , N} and m ∈ {0, · · · , 2n− 1}.
Given a dyadic subset E of DN , we can then define the following sums:

Ŝ
(i,j)
E :=

∑
k∈E

Â
(i,j)
tk,tk+1

∼ N
ÅÛS (i,j)

E ,
Ä
σ̂

(i,j)
E

ä2
ã
, (7.4.3)

S̃
(i,j)
E :=

∑
k∈E

Ã
(i,j)
tk,tk+1

∼ N
ÅÛS (i,j)

E ,
Ä
σ̃

(i,j)
E

ä2
ã
, (7.4.4)

where ÛS (i,j)
E :=

∑
k∈E

(
H

(i)
k W

(j)
k −W

(i)
k H

(j)
k

)
, (7.4.5)

σ̂
(i,j)
E :=

√
3

6
|E|

1
2h, (7.4.6)

σ̃
(i,j)
E :=

(
1

20
|E|h2 +

1

5
h
∑
k∈E

(Ä
H

(i)
s,t

ä2
+
Ä
H

(j)
s,t

ä2
)) 1

2

. (7.4.7)

for 1 ≤ i < j ≤ d where Wk and Hk will simply be notation for Wtk,tk+1
and Htk,tk+1

.

When |E| = 2N , we will couple the sums Ŝ
(i,j)
E and S̃

(i,j)
E via a standard normal random

variable X(i,j). That is, for 1 ≤ i < j ≤ d, we shall generate the pair
(
Ŝ

(i,j)
E , S̃

(i,j)
E

)
as

Ŝ
(i,j)
E = ÛS (i,j)

E + σ̂
(i,j)
E X(i,j), S̃

(i,j)
E = ÛS (i,j)

E + σ̃
(i,j)
E X(i,j), (7.4.8)

where each X(i,j) ∼ N (0, 1) is independent. We extend this coupling recursively as

Step 1. Suppose that we have generated the pair
(
ŜE, S̃E

)
for some dyadic subset

E of DN with |E| ≥ 2. Then E is the union of two disjoint dyadic subsets, which we

denote by E− and E+.
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Step 2. For all 1 ≤ i < j ≤ d, we sample an independent normal random variable

X
(i,j)
E ∼ N (0, 1).

Step 3. We generate the pairs
(
ŜE− , S̃E−

)
and

(
ŜE+ , S̃E+

)
as

Ŝ
(i,j)

E− = ÛS (i,j)

E− +

(
σ̂

(i,j)

E−

)2(
σ̂

(i,j)
E

)2

(
Ŝ

(i,j)
E − ÛS (i,j)

E

)
+

(
σ̂

(i,j)

E−

)(
σ̂

(i,j)

E+

)
σ̂

(i,j)
E

X
(i,j)
E , (7.4.9)

Ŝ
(i,j)

E+ = ÛS (i,j)

E+ +

(
σ̂

(i,j)

E+

)2(
σ̂

(i,j)
E

)2

(
Ŝ

(i,j)
E − ÛS (i,j)

E

)
−
(
σ̂

(i,j)

E−

)(
σ̂

(i,j)

E+

)
σ̂

(i,j)
E

X
(i,j)
E , (7.4.10)

S̃
(i,j)

E− = ÛS (i,j)

E− +

(
σ̃

(i,j)

E−

)2(
σ̃

(i,j)
E

)2

(
S̃

(i,j)
E − ÛS (i,j)

E

)
+

(
σ̃

(i,j)

E−

)(
σ̃

(i,j)

E+

)
σ̃

(i,j)
E

X
(i,j)
E , (7.4.11)

S̃
(i,j)

E+ = ÛS (i,j)

E+ +

(
σ̃

(i,j)

E+

)2(
σ̃

(i,j)
E

)2

(
S̃

(i,j)
E − ÛS (i,j)

E

)
−
(
σ̃

(i,j)

E−

)(
σ̃

(i,j)

E+

)
σ̃

(i,j)
E

X
(i,j)
E , (7.4.12)

for all 1 ≤ i < j ≤ d. We note that the above constructions of
(
ŜE− , ŜE+

)
and(

S̃E− , S̃E+

)
clearly have the desired covariance structure and thus follow the normal

distributions (7.4.3) and (7.4.4).

Step 4. If |E| > 2, we continue the coupling and apply Steps 1-3 to the dyadic

subsets E− and E+. (There is nothing left to generate if |E| = 2).

It is worth noting that the variances for Davie’s approximation are constant,

σ̂E− = σ̂E+ =
√

2
2
σ̂E.

Before quantifying the 2-Wasserstein error between our approximation and Davie’s,

we will estimate the difference between σ̃ and σ̂. Hence we first recall the following

result, which shows that x 7→
√
x is Lipschitz continuous on [a,∞) whenever a > 0.

Proposition 7.4.4. For a > 0 and x, y ≥ 0, we have∣∣√a+ x−
√
a+ y

∣∣2 ≤ 1

4a
|x− y|2.

Proof. Without loss of generality, we assume that x ≥ y. Then

√
a+ x−

√
a+ y =

x− y√
a+ x+

√
a+ y

≤ 1

2
√
a

(x− y),

and the result follows.

Theorem 7.4.5. Let E,E−, E+ be dyadic subsets of DN with E− and E+ disjoint

and of equal size. Then for all 1 ≤ i < j ≤ d, we have

E
[(
σ̃

(i,j)
E − σ̂ (i,j)

E

)2
]
≤ 1

180
h2, (7.4.13)

E
[(
σ̃

(i,j)

E− − σ̃
(i,j)

E+

)2
]
≤ 1

90
h2. (7.4.14)
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Proof. We shall establish the first inequality by direct calculation. More concretely,

we will express the LHS of (7.4.13) using the formulae for σ̃ and σ̂ in definition 7.4.3

and then apply Proposition 7.4.4.

E
[(
σ̃

(i,j)
E − σ̂ (i,j)

E

)2
]

= h2E

(( 1

20
|E|+ 1

5h

∑
k∈E

(Ä
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(i)
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ä2
+
Ä
H

(j)
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ä2
))1

2

−
Å
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12
|E|
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

≤ 5|E|−1h2 E
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(Ä
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ä2
+
Ä
H
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)
− 1

12
|E|

)2


= 5|E|−1Var

(
1

5

∑
k∈E

((
H

(i)
k

)2
+
(
H

(j)
k

)2
))

≤ 1

5|E|
∑
k∈E

Var
((
H

(i)
k

)2
)

+ Var
((
H

(j)
k

)2
)

=
1

180
h2.

Since σ̃E− and σ̃E+ are independent and identically distributed, the second inequality

follows as

E
[(
σ̃

(i,j)

E− − σ̂
(i,j)

E+

)2
]

= Var
(
σ̃

(i,j)

E− − σ̃
(i,j)

E+

)
= Var

(
σ̃

(i,j)

E−

)
+ Var

(
σ̃

(i,j)

E+

)
≤ E

[(
σ̃

(i,j)

E− − σ̂
(i,j)

E−

)2
]

+ E
[(
σ̃

(i,j)

E+ − σ̂ (i,j)

E+

)2
]

≤ 1

90
h2.

Alternatively, we could have show the second estimate (7.4.14) by slightly adapting

the argument used for (7.4.13).

We are now in a position to prove the main result of this section, which shows that

our method for generating Lévy area can be closely coupled to Davie’s approximation.

Theorem 7.4.6. Let N ≥ 0 and suppose that we have constructed the approximate

Lévy areas
{
Ãtk,tk+1

, Âtk,tk+1

}
0≤k<2N

using the coupling procedure in definition 7.4.3.

Then for any dyadic subset E of DN , we have∥∥∥∥∑
k∈E

Ã
(i,j)
tk,tk+1

−
∑
k∈E

Â
(i,j)
tk,tk+1

∥∥∥∥
L2(P)

≤

( 
3 + 2

√
15

270
+

√
5

30

)
h, (7.4.15)

for 1 ≤ i < j ≤ d, where ‖ · ‖L2(P) :=
(
E
[
| · |2

]) 1
2 denotes the standard L2(P) norm.
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Proof. Let FN denote the σ-algebra that is generated by
{
Wtk,tk+1

, Htk,tk+1

}
0≤k<2N

.

When |E| = 2N , we have∥∥S̃ (i,j)
E − Ŝ (i,j)

E

∥∥2

L2(P)
= E

[(
σ̃

(i,j)
E X(i,j) − σ̂ (i,j)

E X(i,j)
)2
]

= E
[(
σ̃

(i,j)
E − σ̂ (i,j)

E

)2 E
[(
X(i,j)

)2∣∣FN]]
= E

[(
σ̃

(i,j)
E − σ̂ (i,j)

E

)2
]

≤ 1

180
h2.

by the Tower law and Theorem 7.4.5. Now suppose that E is a dyadic subset of DN

with |E| ≥ 2. Therefore we have E = E− ∪E+ where E− and E+ are disjoint dyadic

subsets of equal size and just as in definition 7.4.3, we construct the random variables

S̃
(i,j)

E− , Ŝ
(i,j)

E− , S̃
(i,j)

E+ , Ŝ
(i,j)

E+ using a coupling. Before we derive estimates for the differences

S̃
(i,j)

E− − Ŝ
(i,j)

E− and S̃
(i,j)

E+ − Ŝ (i,j)

E+ , we shall first consider the following quantities:

E (i,j)

E− :=

((
σ̃

(i,j)

E−

)2(
σ̃

(i,j)
E

)2

(
S̃

(i,j)
E − ÛS (i,j)

E

)
+

(
σ̃

(i,j)

E−

)(
σ̃

(i,j)

E+

)
σ̃

(i,j)
E

X
(i,j)
E

)

−

( (
σ̂

(i,j)

E−

)2(
σ̂

(i,j)
E

)(
σ̃

(i,j)
E

)(S̃ (i,j)
E − ÛS (i,j)

E

)
+

(
σ̂

(i,j)

E−

)(
σ̂

(i,j)

E+

)
σ̂

(i,j)
E

X
(i,j)
E

)
,

E (i,j)

E+ :=

((
σ̃

(i,j)

E+

)2(
σ̃

(i,j)
E

)2

(
S̃

(i,j)
E − ÛS (i,j)

E

)
−
(
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(i,j)

E−

)(
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(i,j)

E+

)
σ̃

(i,j)
E

X
(i,j)
E

)

−

( (
σ̂

(i,j)

E+

)2(
σ̂

(i,j)
E

)(
σ̃

(i,j)
E

)(S̃ (i,j)
E − ÛS (i,j)

E

)
−
(
σ̂

(i,j)

E−

)(
σ̂

(i,j)

E+

)
σ̂

(i,j)
E

X
(i,j)
E

)
.

To estimate E (i,j)

E− and E (i,j)

E+ , we note that

Var
(
E (i,j)

E−

)
+ Var

(
E (i,j)

E+

)
= Var

(
E (i,j)

E− + E (i,j)

E+

)
− 2Cov

(
E (i,j)

E− , E
(i,j)

E+

)
. (7.4.16)

The first term is straightforward to estimate using the Tower law and Theorem 7.4.5.
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]
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and so by Theorem 7.4.5, we have
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h2.

We can simplify the covariance term in (7.4.16) since
(
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E , Ŝ
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It directly follows from definition 7.4.3 that σ̃
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√
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Thus, by Theorem 7.4.5, we have
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Plugging these estimates into (7.4.16) gives
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(
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)
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Since E (i,j)

E− and E (i,j)

E+ have the same symmetric distribution, we obtain the estimates:
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h. (7.4.17)

We can now estimate S̃
(i,j)

E− − Ŝ
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E− using the coupling in definition 7.4.3 followed by

Minkowski’s inequality.∥∥S̃ (i,j)
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The second term can be simplified as∥∥∥∥∥ σ̂ (i,j)
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Therefore by Theorem 7.4.5 along with the previous estimates (7.4.17), we have that
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E− − Ŝ
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∥∥
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≤ 1

2

∥∥S̃ (i,j)
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Similarly, the above estimate will also hold for
∥∥S̃ (i,j)

E+ − Ŝ (i,j)
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∥∥
L2(P)

.

Recall that when |E| = 2N , we have
∥∥S̃ (i,j)

E − Ŝ (i,j)
E

∥∥2

L2(P)
≤ 1

180
h2 and so
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E
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( 
3 + 2

√
15

1080
+

√
5
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)
h,

for all dyadic subsets E of DN .

Hence by combining the above result with Theorem 1 from [27], we can establish

an O(h) 2-Wasserstein convergence rate for our approximation of Brownian Lévy area.

Corollary 7.4.7. There exists a constant C > 0 such that for each N ≥ 0, we can

define the independent random variables {Ãtk,tk+1
}0≤k<2N given by definition 7.4.2

(with tk := kh and h := 2−N) on the same probability space as a d-dimensional

Brownian motion W so that∥∥∥∥ 2N−1∑
k=0

Å
1

2

Ä
W

(i)
tk

+W
(i)
tk+1

ä
W

(j)
tk,tk+1

+ Ã
(i,j)
tk,tk+1

ã
−
∫ 1

0

W
(i)
t dW

(j)
t

∥∥∥∥
L2(P)

≤ Ch, (7.4.18)

for 1 ≤ i < j ≤ d.

Proof. Recall that the yt =
∫ t

0
Ws ⊗ dWs is the solution to the following Itô SDE:

dxt = dWt,

dyt = xt ⊗ dWt,

with x0 = y0 = 0. By Theorem 1 in [27], there exists a constant Ĉ > 0 such that for

each N ≥ 0, we can define the independent random variables {Âtk,tk+1
}0≤k<2N given

by definition 7.4.1 (with tk := kh and h := 2−N) on the same probability space as a

d-dimensional Brownian motion W so that∥∥∥∥Y N
1 −

∫ 1

0

Wt ⊗ dWt

∥∥∥∥
L2(P)

≤ Ĉh, (7.4.19)

where
(
XN , Y N

)
is the following Milstein approximation,Ç

XN
tk+1

Y N
tk+1

å
=

Ç
XN
tk

Y N
tk

å
+

Ç
0 0

0 XN
tk

å
⊗Wtk,tk+1

+

Ç
0

1
2

(
Wtk,tk+1

⊗Wtk,tk+1
− hId

)
+ Âtk,tk+1

å
,
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for k ≥ 0 with XN
0 = Y N

0 = 0. It then follows that Y N
1 can be expressed as

(
Y N

1

)(i,j)
=

2N−1∑
k=0

Å
1

2

Ä
W

(i)
tk

+W
(i)
tk+1

ä
W

(j)
tk,tk+1

+ Â
(i,j)
tk,tk+1

ã
.

Let
{
Ãtk,tk+1

}
0≤k<2N

be coupled with
{
Âtk,tk+1

}
0≤k<2N

using the procedure given by

definition 7.4.3. The result follows by Theorem 7.4.6 and Minkowski’s inequality.

In conclusion, there are two key results that have been discussed in this chapter.

• Conditional moments of multidimensional Brownian Lévy area

The second iterated integral of Brownian motion is an important object in the

study of SDEs since it appears naturally within stochastic Taylor expansions.

We have a computed a number of moments for this iterated integral conditional

on certain path information (such as its increment and space-time Lévy area).

• Weak approximation of multidimensional Brownian Lévy area

By generating normal random variables that match such conditional moments,

we can approximate Lévy area with an O(h) rate (in the 2-Wasserstein metric).

In addition, we have developed approximations for low-dimensional Brownian

Lévy area (d = 2, 3) that also capture the conditional cokurtosis structure.

In the d = 2 setting, we have numerically demonstrated the accuracy of this

approach using the natural empirical estimator for the 2-Wasserstein distance.

Furthermore, this research leads to the following open questions related to Lévy area.

• Can we show similar numerical Wasserstein errors for the d = 3 approximation?

• Is it possible to establish high order 2-Wasserstein convergence for Ã directly?

(i.e. without having to compare with Davie’s weak approximation Â from [27])

• How might one construct a piecewise linear path γ : [s, t] → Rd that matches

an approximate Lévy area and gives a high order numerical method for SDEs?

• Which conditional expectations can be computed for triple iterated integrals?

• Since (Ws,t , Hs,t) and (Ws,t , Hs,t , Ks,t) can be refined, would it be reasonable

to use the proposed Lévy area approximations in a variable step size method?

Is this approach worthwhile and when would such an approximation converge?

• Could this research be used for PDE numerics? (see “Group Laplacian” in [40])

204



Appendix A

Computing iterated integrals of
piecewise linear paths

In this appendix, we will present some basic calculations that are used by Chapter 5.

Lemma A.0.1. Let X be an affine path that is defined on the interval [s, t]. Then,∫ t

s

Xu du =
1

2

(
Xs +Xt

)
(t− s),∫ t

s

X2
u du =

1

3

(
X2
s +XsXt +X2

t

)
(t− s),∫ t

s

(u− s)Xu du =
1

6

(
Xs + 2Xt

)
(t− s)2.

Proof. Since Xu = Xs + u−s
t−s (Xt −Xs), we can directly compute the above integrals.∫ t

s

X2
u du =

∫ t

s

Å
Xs +

u− s
t− s

(Xt −Xs)

ã2

du

=

Å
X2
s +Xs(Xt −Xs) +

1

3
(Xt −Xs)

2

ã
(t− s).

∫ t

s

(u− s)Xu du =

∫ t

s

(u− s)
Å
Xs +

u− s
t− s

(Xt −Xs)

ã
du

=

Å
1

2
Xs +

1

3
(Xt −Xs)

ã
(t− s)2.

Using the above lemma, we shall compute integrals of paths with two linear pieces.

Definition A.0.2. For a ∈ (0, 1) and b ∈ R, we will define the path γa,b on [s, t] by

γa,b :=

γs + b
ah

(u− s) for u ∈ [s, s+ ah]

γs + b+
γa,bs,t−b
(1−a)h

(u− (s+ ah)) for u ∈ [s+ ah, t]

where h = t− s.
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Theorem A.0.3. Let γa,b be a piecewise linear path given by definition A.0.2. Then∫ t

s

γa,bs,u du =
1

2
bh+

1

2
(1− a)γa,bs,t h, (A.0.1)∫ t

s

(
γa,bs,u
)2
du =

1

3
ab2h+

1

3
(1− a)

Ä
b2 + bγa,bs,t +

(
γa,bs,t
)2
ä
h, (A.0.2)∫ t

s

(u− s)γa,bs,u du =
1

3
a2bh2 +

1

6
(1− a)(b+ 2ab+ (2 + a)γs,t)h

2, (A.0.3)

where h = t− s.

Proof. Clearly, the first two integrals of γa,b follow immediately from lemma A.0.1.

Hence, all that remains is to compute the third integral. By lemma A.0.1, we have∫ t

s

(u− s)γa,bs,u du =

∫ s+ah

s

(u− s)
Å
b

ah
(u− s)

ã
du

+ ah

∫ t

s+ah

b+
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(1− a)h

(u− (s+ ah)) du

+

∫ t

s+ah

(u− (s+ ah))

Ç
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å
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=
1

3
a2bh2 +

1

2
(b+ γs,t)a(1− a)h2 +

1

6
(b+ 2γs,t)(1− a)2h2.

The result now follows by simplifying the above terms.

Corollary A.0.4. The “space-time” and “space-time-time” Lévy areas of γa,b are∫ t

s

γa,bs,u −
u− s
h

γa,bs,t du =
1

2

Ä
b− aγa,bs,t

ä
h,∫ t

s

Å
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ã(
γa,bs,u −
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h
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)
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1

12
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Ä
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ä
h2.

Proof. The first integral follows immediately from (A.0.1). The second integral is∫ t

s

Å
1

2
h− (u− s)

ã(
γa,bs,u −

u− s
h

γa,bs,t

)
du

=
1

4

Ä
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ä
h2 −

Å
1

3
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1

6
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2

ã
+

1

3
γa,bs,t h

2

=
1

12
bh2 − 1

12
aγa,bs,t h

2 − 1

6
abh2 +

1

6
a2γa,bs,t h

2.

The result now follows by factorizing the above terms.

In particular, the above calculation show that if γa,b has no space-time-time Lévy

area and is not a constant path, then a must equal 1
2

(which proves Theorem 5.2.1).
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We will now perform similar calculations for paths γ in the three-parameter family:

Definition A.0.5. For a ∈ (0, 1
2
) and b, c ∈ R, we define the path γa,b,c on [s, t] by

γa,b,c :=


γs + b

ah
(u− s) for u ∈ [s, s+ ah]

γs + b+ c−b
(1−2a)h

(u− (s+ ah)) for u ∈ [s+ ah, t− ah]

γs + c+ γs,t−c
ah

(u− (t− ah)) for u ∈ [t− ah, t]
where h = t− s.

Theorem A.0.6. Let γ be a piecewise linear path given by the above definition. Then∫ t

s

γs,u du =
1

2
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1

2
(1− 2a)(b+ c)h+

1

2
a
(
c+ γs,t
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h, (A.0.5)∫ t
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+
1

6
a
(
(3− 2a)c+ (3− a)γs,t

)
h2.

Proof. As before, the first two integrals of γ follow immediately from lemma A.0.1.

The third integral of γ can be directly computed using (A.0.1) and (A.0.3) as follows:∫ t

s
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+
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1

2
(b+ c)a(1− 2a)h2

+
1

6
(c+ 2γs,t)a

2h2 +
1

2
(c+ γs,t)a(1− a)h2

=
1

3
a2bh2 +

1

6
(1− 2a)

(
(b+ 2c)(1− 2a) + 3(b+ c)a

)
h2

+
1

6
a
(
(c+ 2γs,t)a+ 3(c+ γs,t)(1− a)

)
h2.

The result now follows by simplifying the above terms.
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for multi-dimensional SDEs without Lévy area simulation. Annals of Applied

Probability, 24(4):1585–1620, 2014.

[46] M. Girolami and B. Calderhead. Riemann manifold Langevin and Hamilto-

nian Monte Carlo methods. Journal of the Royal Statistical Society: Series B

(Statistical Methodology), 73(2):123–214, 2011.

211

https://arxiv.org/abs/1505.01298
https://arxiv.org/abs/1905.13174
https://arxiv.org/abs/1612.07017
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