
Aerodynamic Effects and Heat Flux Augmentation of a
Transpiration Cooled Hypersonic Sharp Leading Edge

Raghul Ravichandran∗ , Luke Doherty †, and Matthew McGilvray ‡

Oxford Thermofluids Institute, University of Oxford, Oxford, United Kingdom, OX2 0ES

Kyle Damm§ and Rowan Gollan¶

The University of Queensland, Queensland 4072, Australia

This paper presents numerical results investigating the aerodynamic and aerothermal
effects of mass injection applied to hypersonic sharp leading edges, in the context of active
thermal protection systems. A numerical study was carried out using Eilmer to investigate
the coupling of leading edge radius and mass injection on heat flux and drag augmentations.
Radii from 1 mm to 25 mm were considered at blowing parameters from 0.0 to 1.5 on 2D planar
leading edge at a fixed trajectory point. Drag was found to barely change with mass injection,
whereas heat flux was found to significantly reduce at the leading edge. The leading edge heat
flux distribution could be collapsed, and therefore predicted, straightforwardly. Film cooling
predictive methods in literature for other mass injection scenarios were found to collapse the
heat flux and concentration comfortably with empirical modifications.

Nomenclature

𝐵ℎ = Blowing parameter
𝐶 = Coolant concentration parameter
𝐻 = Specific enthalpy [J/kg]
ℎ𝑐 = Slug height [m]
𝑀 = Mach number
𝑃 = Pressure[Pa]
¤𝑞 = Heat flux [W/m2]
𝑅 = Radius [m]
𝑅𝑒𝑢 = Boundary layer edge unit Reynolds number
𝑠 = Surface coordinate [m]
𝑆𝑡 = Stanton number
𝑇 = Temperature [K]
𝑢 = Velocity [m/s]
𝑤 = Injector length [m]
𝛾 = Specific heat ratio
𝛿 = Boundary layer height [m]
𝜂 = Surface normal axis
𝜇 = Dynamic viscosity [kg/ms]
𝜌 = Density[kg/m3]
𝜏𝑤 = Skin friction [Pa]
𝜉 = Surface tangential axis

Subscripts

𝑐 = Coolant
𝑒 = Boundary layer edge
𝐹𝑃 = Flat plate
𝐿𝐸 = Leading edge
𝑇 = Stagnation value
𝑤 = Wall
0 = Stagnation point
∞ = Freestream

∗D.Phil. Candidate, Department of Engineering Science
†Departmental Lecturer, Department of Engineering Science
‡Associate Professor, Department of Engineering Science
§Postdoctoral Research Fellow, Centre for Hypersonics, School of Mechanical and Mining Engineering
¶Senior Lecturer, Centre for Hypersonics, School of Mechanical and Mining Engineering

1



I. Introduction
Sharp leading edges are becoming an increasingly desirable feature on hypersonic vehicles to improve their

aerodynamic characteristics for both re-entry [1] and sustained hypersonic flight [2, 3]. The improvements in lift-to-drag
ratio of vehicles with sharp leading edges have been explored for hypersonic vehicles [4–6], where appreciable
aerodynamic benefits are found for sharper cases. In these studies, cylindrically blunted leading edges with 𝑅𝐿𝐸 ranging
from 0.1 mm to 30 mm were explored. The reduction in leading edge radius is associated with an increase in heat flux
[7], the mitigation of which is a topic of active research [8–10].

For missions and geometries where passive systems provide insufficient protection, and where aerodynamic shape
stability requirements rule out ablative systems, active cooling systems are an effective means to mitigate high heat
fluxes. While active cooling systems carry mass and complexity penalties, they may be employed in a targeted manner,
such as, at a vehicle leading edge. Transpiration cooling is a promising active thermal protection system (TPS) candidate
whereby coolant gas is injected into the hypersonic boundary layer via a porous injector on the vehicle surface. Two
transpiration-cooled geometries are sketched in Figure 1. Transpiration cooling actively reduces the temperature of the
local structure by means of three mechanisms:

1) Solid to coolant gas convective heat transfer as the gas passes through the porous material [11].
2) Film cooling, where the relatively cold gas reduces incoming heat flux by reducing thermal gradients at the wall.

Boundary layer thickening due to injection has a similar effect [12].
3) Reduction of catalytic wall heating and oxidation protection, the latter of which may allow materials to operate at

higher temperatures [13].

(a) Flat plate (b) Leading edge

Figure 1: Sketches of transpiration cooling applications for hypersonic vehicles.

Transpiration cooling has been identified as a candidate active TPS as early as the 1950s [14–17]. In the 1960s
and 70s, considerable progress was made in understanding the heat flux and pressure augmentations on a variety of
geometries, conditions and coolants. Such geometries include blunt body axisymmetric stagnation point injection
[18–21], distributed injection around blunt bodies [22–25], and sharp cones with downstream frustum injection [26, 27].
In these studies, cases with injection at and near the stagnation point experienced significant heat flux reduction at the
injector, which continued far downstream along the models. For these cases, pressure profiles remained largely the same
with and without injection. On the other hand, studies where injection continued around a blunt body, or on the frustum
downstream of a sharp nosetip, saw considerable downstream pressure increases. This suggests that drag penalties due
to transpiration cooling may be minimised if injection is applied to the leading edge only, as shown in Figure 1b. When
employing transpiration cooled sharp leading edges, there must be a compromise between the heat flux reduction, and
the possible pressure drag increase due to thickening of the shock layer. It has not yet been explored whether or not
these drag penalties reduce aerodynamic efficiency to that of a blunt leading edge.

More recent experimental work has focused on transpiration cooling of flat plate geometries [8, 9, 12, 13, 28–31],
such as that shown in Figure 1a, with constant mass injection profiles along the injector. These studies have characterised
the heat flux reduction on the porous material, film cooling effectiveness, boundary layer thickening, and coolant
concentration profiles downstream of injectors.

The only recent work on leading edges with distributed outflow have used slots [32], variable permeability [33], or
multiple plenums and injectors [34, 35]. These studies did not consider leading edge-only injection, and only [34] was
carried out in a hypersonic facility, and took heat flux augmentation measurements. The rest were carried out in heated
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subsonic facilities, or in plasma facilities [36], taking temperature measurements only.
Numerical studies have considered distributed mass fluxes on leading edges, either using a flow solver to calculate

outflow distributions [32, 33, 36–38], or using a prescribed outflow [39, 40]. These numerical studies used leading
edges on the order of 2-10 mm. In [41], leading edge-only mass injection was employed for small radii (0.1-3 mm) with
constant mass flux. It is qualitatively shown that mass flux slightly increases the effective radius of the leading edge,
and that wedge angle has no effect on leading edge or downstream cooling when transpiration cooling is limited to the
leading edge only. This study did not consider drag implications or the means to correlate the heat flux distributions.

Correlations developed for axisymmetric stagnation point heat flux reduction [18, 42, 43] are useful for system
studies. Similarly, correlations have been developed for film cooling of flat plate geometries [12, 31, 44]. However,
there has been no further work modelling the heat flux augmentation around a sharp leading edge, including off the
stagnation line.

This paper presents numerical experiments examining the interaction between the effects of mass injection and
leading edge radius on cylindrically blunted leading edges, employing transpiration cooling on a leading edge injector.
The integrated surface pressure and skin friction, the leading edge heat flux augmentation, and the heat flux and
concentration changes downstream of the injector are all examined to understand the fundamental viability of a
transpiration-cooled leading edge.

Existing Correlations
The blowing parameter has previously been used in heat flux reduction studies with mass injection on stagnation

points [18, 42, 43]. Shown in Equation 1, 𝐵ℎ is defined by the uncooled local Stanton number, which is proportional to
¤𝑞. Here, 𝐻𝑎𝑤 is the adiabatic wall enthalpy.

𝐵ℎ =
𝐹

𝑆𝑡0 (𝑠)
(1)

𝐹 (𝑠) = ¤𝑚(𝑠)
𝜌∞𝑢∞

=
𝜌𝑐𝑢𝑐

𝜌∞𝑢∞
(2)

𝑆𝑡0 (𝑠) =
¤𝑞0 (𝑠)

𝜌∞𝑢∞ (𝐻𝑎𝑤 − 𝐻𝑤)
(3)

Heat flux reduction on a stagnation point injector, has been correlated using 𝐵ℎ in [18], and experimentally verified
in [43]. This correlation is shown in Equation 4. Here, 𝑁 𝑓 = 1 or 5/9 for diatomic or monatomic coolant gases
respectively; 𝑘𝑏 is a shape factor equal to unity for axisymmetric stagnation points;𝑊 is molecular weight; and erf is
the error function.

Ψ =
¤𝑞(0)
¤𝑞0 (0)

=
√
𝜋Λ

exp{−Λ𝐵2
ℎ
}

1 + erf{Λ}0.5𝐵ℎ

(4a)

Λ =
1
𝜋

Δ

Δ𝑢𝑐
𝜆𝐵ℎ/𝐵∗

(4b)

𝐵∗ = 1.82
√︁
𝜋𝜖 (𝑊 𝑓 /𝑊∞

𝑘𝑏 (𝜒′𝑤)∗
(4c)

(𝜒′𝑤)∗ =
1.187

√︁
(8𝜖 (1 − 𝜖)

(1 +
√︁

8/3𝜖) − 𝜖) (1 + 0.225
√
𝜖)

(4d)

𝜆 =

√︄
𝑊∞
𝑊 𝑓

𝑁 𝑓 (4e)

Δ

Δ0
= 1 + 𝑘𝑏

√︄
1
𝜖

𝑊∞
𝑊 𝑓

𝐹 (4f)

𝜖 =
𝜌∞
𝜌1

(4g)

(4h)
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Film cooling correlations for flat plate geometries for thermal effectiveness and coolant concentration effectiveness
have also been explored, and are presented below. The thermal effectiveness, 𝜂𝑡ℎ, is defined below in Equation 5.

𝜂𝑡ℎ = 1 − ¤𝑞
¤𝑞0

(5)

To model the downstream thermal effectiveness, a film cooling correlation parameter is constructed in [45], used
in [44, 46, 47], and is presented in Equation 6. Here, 𝜁𝑡ℎ,𝐹𝑃 is the flat plate correlation parameter; and 𝐶∗ is the
Chapman-Rubesin factor, where 𝐶∗ = (𝜌∗𝜇∗/𝜌𝑒𝜇𝑒)0.5, evaluated at the Eckert reference conditions [48]. In the case of
slot injection in [45], 𝑥0 is the distance from the leading edge to the slot, and 𝑥ref is a reference length to account for
an incoming boundary layer thickness. In [45], 𝑥ref is empirically deduced to be 𝑥ref = 𝑥

1.16
0 for that geometry. This

geometery is shown in Figure 2.

𝜁𝑡ℎ,𝐹𝑃 =
1
𝐹𝑤

√︂
𝑥 − 𝑥0
𝑥ref

𝐶∗𝑥

𝑅𝑒𝑢
(6)

Figure 2: Film cooling correlation reference coordinates and dimensions.

Correlations in [44, 46, 47] have used the correlation parameter to express thermal effectiveness for these flat plate
geometries, a general form of which is given in Equation 7. The coefficients 𝛼, 𝛽 and 𝛾 are empirically found using
numerical or experimental data. For the flat plate data in [44], the coefficients 𝛼 = 0.4, 𝛽 = 0.96, and 𝛾 = −1.

𝜂𝑡ℎ,𝐹𝑃 =

{
1 for 𝜉 ≤ 𝛽

[1 + 𝛼(𝜁𝑐,𝐹𝑃 − 𝛽)]𝛾 for 𝜉 > 𝛽
(7)

Similar to the thermal efficiency, a concentration efficiency, 𝜂𝑐 can be used as a measure of the coolant concentration
distribution at the wall. This is defined below in Equation 8, where 𝐶 is a concentration parameter, defined below using
mole fraction, 𝑋 .

𝜂𝑐 = 𝐶 (𝑠, 𝑦 = 0) (8)

𝐶 (𝑠, 𝑦) =
𝑋𝑐 − 𝑋𝑐,∞
1 − 𝑋𝑐,∞

(9)

A correlation parameter, 𝜁𝑐,𝐹𝑃 , is defined in [49] for the coolant concentration downstream of a flat plate injector, and is
shown in Equation 10.

𝜁𝑐,𝐹𝑃 =

√︄
𝑢𝑒ℎ

2

4𝐷 (𝑥 − 𝑥0)
(10)

This was developed by considering the diffusion-advection problem of a coolant gas slug injected into the boundary
layer. The solution of this problem is shown in Equation 11.

𝜂𝑐,𝐹𝑃 = 𝜂𝑐,𝐹𝑃 (𝑥0) (erf{𝜁 }) (11)

Here, 𝐷12 is the binary diffusion coefficient, estimated using the Lennard-Jones diffusion parameters which may be
found in [50]; and 𝑢𝑒 is the boundary layer edge velocity. The coordinates are consistent with Figure 2. ℎ is the coolant
gas slug height at the end of the injector, approximated in [49] using a control volume around the injector. An empirical
definition was also derived, shown in Equation 12, where 𝐶0 = 𝐶 (𝑥0, 0).

ℎ =

{
𝑦(𝐶 = 0.99𝐶0) for 𝐶0 = 1
𝑦(𝐶 = 0.95𝐶0) for 𝐶0 < 1

(12)

4



II. Simluation Setup
The solver used in this study is the open-source multi-physics flow solver, Eilmer [51], part of the GDTk [52]

gas dynamics toolkit developed at the University of Queensland. Eilmer is a general-purpose hypersonic simulation
program that can solve the Euler, Navier-Stokes or Reynolds-Averaged Navier-Stokes equations on either structured or
unstructured, two- or three-dimensional body-fitted grids using explicit time integration or Newton-Krylov acceleration
for steady-state problems. For this work, Eilmer is used to solve the Navier-Stokes flow equations for a multi-species
reacting gas in thermodynamic equilibrium on a two-dimensional grid of structured quadrilateral elements. This section
will briefly outline the boundary conditions, simulation settings and the numerical methods employed in this study. A
more complete description of the Eilmer solver may be found in [51, 53–55].

A. Test Conditions and Geometry
The freestream conditions were kept fixed, and the leading edge geometry was defined to generate comparable

cases for integrated aerodynamic properties. The trajectory point of 𝑀∞ = 7 and altitude = 35 km was chosen, as these
conditions are relevant for both the ascent and descent of a spaceplane. Freestream conditions are listed in Table 1.
Nitrogen coolant was used for mass injection along the leading edge only. Defined in [18], the boundary layer blowoff
parameter was used to limit mass injection to ensure that the boundary layer remained laminar and attached. The blowoff
parameter, 𝐵∗ in Equation 4, is dependent on freestream conditions only, and was calculated to be 𝐵∗ = 1.67 for the
trajectory point.

The test matrix was devised by considering the blowing parameter limit and the range of leading edge radii considered
in Section I. As such, radii of 𝑅𝐿𝐸 = 1, 5, 10, 25 mm were tested against blowing parameters of 𝐵ℎ = 0.0, 0.5, 1.0, 1.5.
The leading edge geometry parameters are included in Table 1, and sketched in Figure 3.

Table 1 List of conditions and geometric parameters

𝑀∞ Alt. 𝑢∞ 𝑃∞ 𝑇∞ 𝑇𝑤 𝐵ℎ,𝑚𝑎𝑥 Coolant 𝜃𝑤 𝐿𝐵𝐴𝑆𝐸 Geometry type
(km) (m/s) (Pa) (K) (K) (𝑜) (mm)

7 35 2163 567.2 236.8 300 1.67 N2 5 400 Planar 2D

RLE1 = 1 mm
θw

LBASE

RBASE
RLE2 = 5 mm

RLE3 = 10 mm RLE4 = 25 mm

Figure 3: Definition of leading edge geometry with variable bluntness.

B. Solver Settings
The key settings of the simulation are listed in 2, and discussed further below.

Table 2 Solver settings used in numerical work

Flow characteristic Assumption

Mass injection distribution Constant blowing parameter
Timestepping Steady state
Turbulence model Laminar
Wall temperature Cold wall, 300K
Chemical reactions Chemically reacting, 1 temperature (5 species, air)
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Mass injection distribution
It is more meaningful to apply high rates of transpiration cooling to regions of high heat flux. In the case of a

leading edge, a higher mass flux is required around a smaller 𝑅𝐿𝐸 than a larger one. Additionally, heat flux tapers off
quickly around the curvature of the leading edge [56], and so coolant mass flux should taper around the surface.It is
therefore of interest to try to find a meaningful parameter to adequately adjust the local mass flux in such a way to
provide reproducible local heat flux reduction.

To help understand heat flux augmentation over the mass injector, a mass injection distribution following a constant
blowing parameter was used. Using the uncooled simulation results and Equation 1, the required mass flux distributions,
¤𝑚(𝑠) are calculated for each 𝑅𝐿𝐸 and 𝐵ℎ and select cases are shown in Figure 4. It can be seen that the result of of
using a constant 𝐵ℎ is a mass flux that is scaled down with increasing 𝑅𝐿𝐸 , and is tapered around the surface. The mass
flux distributions are proportional to ¤𝑞 and are therefore the same shape.

0 0.5 1 1.5
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

Figure 4: Implemented mass flux along the leading edge.

Laminar solver
The promotion of turbulence due to mass injection has been studied for flat plates geometries [57], where transition

may be promoted if 𝐹 > 0.04. Turbulence in the boundary layer encourages mixing of the hot post-shock gas with the
coolant, nullifying and possibly increasing heat flux downstream of the injector. Transition onset for the transpiration
cooling of cylindrically or spherically blunted bodies is an area of active research. Recent preliminary studies have
showed that that mass injection on an axisymmetric nosetip may delay transition with moderate mass fluxes and light
gases [34].

For the purposes of this study, the promotion of turbulence is considered to be delineated by a maximum blowing
parameter 𝐵∗, considered above, and discussed in [18]. By ensuring 𝐵ℎ < 𝐵

∗, the flow solver was set to solve laminar
flows.

C. Boundary Conditions
A list of boundary conditions and a corresponding sketch are shown in Table 3 and Figure 5 respectively. The

profile of the inflow boundary, BC1, is obtained through an initial inviscid shock-fitting phase, to ensure appropriate
grid alignment for the steady-state accelerator. Implementation of the mass flux boundary condition, BC3, is detailed in
[58], where coolant velocity and concentration at the wall are calculated for each cell during each solver step using the
mass and species continuity equations, respectively.
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BC1

BC2

BC3

BC4

BC5

η

ξ

Figure 5: Sketch of the domain shape and boundary conditions
used with the steady state solver.

Table 3 List of boundary conditions corre-
sponding to Figure 5

BC1 Supersonic inflow; shock-fitted
BC2 Symmetry
BC3 Mass injection, no-slip wall
BC4 Constant temperature, no-slip wall
BC5 Supersonic outflow

D. Governing Equations
The flow in this study is modelled using the compressible Navier-Stokes equations, which assume continuum flow

and Newtonian behaviour of the fluid. The Navier-Stokes equations in their integral form are written as follows,

𝜕

𝜕𝑡

∫
𝑉

𝑼𝑑𝑉 = −
∮
𝑆

(𝑭𝒄 − 𝑭𝒗) · 𝒏̂𝑑𝐴 +
∫
𝑉

𝑸𝑑𝑉, (13)

where 𝑼 is the vector of conserved variables (mass, momentum, energy), 𝑡 is time, 𝑉 is volume, 𝑑𝐴 is area, 𝑭𝒄 is the
convective flux vector, 𝑭𝒗 is the viscous flux vector, and 𝑸 is the source term vector. For the calculations presented in
this work, a thermally perfect 5-species air model (𝑁2, 𝑂2, 𝑁𝑂, 𝑁 , 𝑂) is used. The reaction scheme of Gutpa et al. [59]
is employed to compute the rate coefficients, and the chemical source term arising in equation 13 is computed using a
finite-rate chemistry model. In Eilmer, each species has a curve-fit for its thermodynamic and transport properties taken
from the NASA Glenn thermodynamic database [60]. The mixture thermodynamic state variables are evaluated as a
simple mass fraction weighted sum of the corresponding individual species values. The calculation of mixture transport
properties (e.g. such as viscosity 𝜇, thermal conductivity 𝜅, and species diffusion 𝐷𝑠) requires a mixing rule. A variant
of Wilke’s mixing rule [61] is employed, specifically the mixing rules used by Gordon and McBride [62] are used to
evaluate the mixture transport properties in Eilmer.

E. Spatial Discretisation
Eilmer employs a cell-centered finite volume method to discretise Equation 13. This gives the semi-discrete form of

the governing equations,
𝜕𝑼

𝜕𝑡
= − 1

𝑉

∑︁
𝑓 𝑎𝑐𝑒𝑠

(F𝑐 − F𝑣) · n̂ 𝑑𝐴 + Q, (14)

where 𝑼 and 𝑸 now represent cell-average values, 𝑑𝐴 is a face area, and
∑

𝑓 𝑎𝑐𝑒𝑠 denotes summation over the cell
faces. In this work, the convective fluxes (𝑭𝑐) are computed using an adaptive calculator that selects the AUSMDV
scheme by Wada and Liou [63] away from shocks and Hänel’s method [64] near shocks. The switching between the two
flux calculators is governed by a shock detector that is a simple measure of the relative change in normal velocity at
interfaces. Second-order spatial accuracy for the convective fluxes is achieved by reconstructing the primitive flow state
variables within the finite-volumes using a piecewise-parabolic scheme. To ensure stability when reconstructing the
flow state in finite-volumes near shocks, the limiter by van Albada et al. [65] is employed. In regions with very strong
gradients, further dissipation is added by multiplying the standard limiter value by the heuristic pressure-based limiter
value outlined in the work by Drayna [66]. The spatial gradients for computing the viscous fluxes (F𝑣) are computed
using a cell-centered weighted least-squares method and the face-tangent augmented face-gradient method [67].

F. Steady-State Accelerator
This work is interested in the steady-state solutions to the governing equations. A fully-implicit scheme is favourable

for solving such problems. To derive the update scheme, the right-hand side terms in equation 14 are collected in into a
vector a residual:

𝜕U
𝜕𝑡

= R(U). (15)
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Using a backward difference to discretise the time derivative, recovers the fully discrete form of the governing equations
as follows,

ΔU𝑘

Δ𝑡
= R(U𝑘+1).

This is implicit since 𝑼𝑘+1 are unknowns, and is approximated using the known state 𝑼𝑘 and a first order linearisation
of the residual vector,

ΔU𝑘

Δ𝑡
= R(U𝑘) + 𝜕R(U𝑘)

𝜕U𝑘
ΔU𝑘 . (16)

This can then be rearranged to recover the implicit-Euler time marching iterate,[
1
Δ𝑡

I − 𝜕R(U𝑘)
𝜕U𝑘

]
ΔU𝑘 = R(U𝑘), U𝑘+1 = U𝑘 + ΔU𝑘 . (17)

A globalised Newton-Krylov method is used to accelerate convergence to the steady-state solution [68]. Specifically,
Newton’s method is used to solve for 𝑹(𝑼) = 0, where the linear system of equations arising at each nonlinear step
(i.e. equation 17) is solved iteratively via a preconditioned GMRES method [69]. Noting that as the pseudo-transient
term 1/Δ𝑡 approaches 0 in equation 17 (i.e. for very large Δ𝑡), Newton’s method is recovered. Robust preconditioning
is achieved by an incomplete LU factorization of an approximate flow Jacobian constructed by only considering a
nearest-face-neighbour stencil. To reduce the computational cost of constructing the preconditioner matrix, the Jacobian
is frozen for a user-selectable number of iterations.

G. Grid Convergence
To nullify the effects of mesh-dependency on the results, a grid convergence study was carried out for each domain

size. The grid convergence study was carried out using the boundary conditions above, using the steady-state accelerator
described above. Each grid was created using Eilmer’s in-built grid generation, where cell numbers and growth rates for
both the radial and tangential directions were variables to be considered. Since heat flux modelling is of particular
importance in this study, heat flux was used as the main variable for assessing the level of convergence.

Radial (𝜂) and tangential (𝜉) directions with respect to the grid are shown in Figure 6. The mesh parameters for the
study are the cell numbers (𝑛𝜂 and 𝑛𝜉 ), and the cell growth rates (𝛽𝜉 and 𝛽𝜂). For the grid convergence study, these
grid parameters were systematically varied. Initial grid sizing was found by considering the following initial constraints:

• The target wall cell thickness was kept at 1 𝜇m
• The wall Reynolds number was kept below 1
• The 𝑦+ value at the wall was kept below 1
• Cell clustering in the 𝜂 direction was symmetrically applied toward the body surface and the shock boundary

(BCs 1,3,4),
• Mild cell clustering was applied in the 𝜉 direction toward the stagnation point, such that The cell growth rate from

the stagnation point was 1.3.

Each grid was run to either achieve a global residual 𝑹(𝑼) = 0 < 1𝑒 − 13, or a maximum of 300k steps. Since mass
injection barely changes the domain shape (see Section III), the domain size is chiefly characterised by 𝑅𝐿𝐸 . Therefore,
each radius-based domain was tested at 𝐵ℎ = 1.5, and the same grid parameters were applied to all 𝐵ℎ values.
The grid convergence parameters for 𝑅𝐿𝐸 = 1 mm are shown in Table 4, and the heat flux distribution results are shown
in Figure 7. The same procedures were carried out for the other geometries, and are not shown here for brevity. The
final grid parameters for all geometries are shown in Table 5.
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Table 4 Grid parameters used in the grid conver-
gence study for 𝑅𝐿𝐸 = 1 mm.

Grid Number 𝑛𝜂 𝑛𝜉 𝛽𝜂

1 100 200 1.005
2 200 300 1.01
3 400 450 1.05
4 800 675 1.01

nξ

nη

βη

βξ

βη
Figure 6: Cell clustering and directions for grid parameters
considered in the grid convergence study. Grid zoomed into
stagnation point.

Using the results of absolute heat flux for the four grids in Figure 7, it is clear that mesh dependency is highest at regions
with the highest gradients, near the stagnation point. For this reason, it is useful to zoom into the leading edge region.
Here it can be seen that while Grid 2 fails to accurately resolve the stagnation point heat flux, the difference between
Grids 3 and 4 are very small (< 0.1%) along the leading edge and the rest of the domain. As such, Grid 3 was selected
for the 1 mm cases. Following a similar process for the other domain sizes, the grid parameters shown in Table 4 were
used to conduct the simulations for this study.

0 50 100 150 200 250 300 350 400
0

0.5

1

1.5

2

2.5

3

3.5

0 0.2 0.4 0.6 0.8 1 1.2 1.4
0

0.5

1

1.5

2

2.5

3

3.5
Leading edge

Figure 7: Heat flux convergence for 𝑅𝐿𝐸 = 1 mm, 𝐵ℎ = 1.5.
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Table 5 Finalised grid parameters used in the remainder of this study, following grid convergence.

Grid 𝑛𝜂 𝑛𝜉 𝛽𝜂

1 400 450 1.01
2 450 450 1.01
3 550 350 1.05
4 600 300 1.05

III. Results
The purpose of the current study is to understand how leading edge mass injection affects the flowfield, and how

these effects are influenced by the change in mass flux and radius. Plots of flowfield contours and surface pressures and
heat fluxes for 𝑅𝐿𝐸 = 5 mm, 𝐵ℎ = 1 are first explored for overall context and are representative of the entire dataset.
Figure 8 shows the contour plot of temperature and pressure for the whole domain of this specific case. Figure 9 plots
the static and total enthalpy when zoomed in on the leading edge, showing the high gradients at the leading edge which
quickly fall off downstream. Figure 10 plots the temperature and nitrogen coolant concentration zoomed in at the
stagnation region. Here, the approximate location of the dividing streamline can be shown to add a small artificial
thickness to the leading edge.
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Figure 8: Contour plot of the temperature and pressure fields throughout the domain for 𝑅𝐿𝐸 = 5 mm, 𝐵ℎ = 1.
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Figure 9: Contour plot of the total and static enthalpy fields zoomed in toward the leading edge for 𝑅𝐿𝐸 = 5 mm,
𝐵ℎ = 1.
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Figure 10: Contour plot of the flowfield, zoomed in to the stagnation region. N2 concentration (top) and
temperature (bottom) fields with streamlines for 𝑅𝐿𝐸 = 5mm, 𝐵ℎ = 1 case.

11



Particular focuses of this paper include the drag and heat flux augmentations; the change in shock structure due
to mass injection; and the coolant dissipation downstream of the injector alongside the heat flux reduction. Absolute
surface heat flux and pressure for the 𝑅𝐿𝐸 = 5mm case with 𝐵ℎ = 0 & 1 are shown below in Figure 11.

In the results section of the paper, drag results are presented along the leading edge injector and then integrated over
the body as a whole. Heat flux results are presented according to three separate regions of interest: the stagnation point,
the leading edge injector, and the wedge downstream of the injector. Due to the truncation of the downstream domain
for the larger 𝑅𝐿𝐸 cases (see Figure 3), the downstream heat flux and concentration analysis is carried out for the 𝑅𝐿𝐸 =
1,5 mm cases.
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(a) Absolute heat flux.
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Figure 11: Plots of surface quantities for 𝑅𝐿𝐸 = 5mm case with 𝐵ℎ = 0 & 1.

A. Shock layer and boundary layer thickness
Understanding how the shock and boundary layers thicken due to coolant injection are a first step in understanding

the drag and heat flux augmentations. Using the detection methods described further below, the shock and boundary
layer shapes over the body are shown for the 𝑅𝐿𝐸 = 5 mm case in Figure 12.
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Figure 12: Shock and boundary layer shape over the body for 𝑅𝐿𝐸 = 5 mm.

From this, the change in the shock standoff distance, shock angle and boundary layer thickness are of interest. These
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are shown in Figures 13, 14, and 15 for the 𝑅𝐿𝐸 = 5 mm case.
The location of the shock was determined using Eilmer’s in-built shock detector, described in Section II. Figure 13

plots the relative shock layer thickening due to mass injection, Δ𝑠ℎ/Δ𝑠ℎ,0, along with the absolute shock layer thickness.
The shock layer thickening persists far downstream, and is quite small, settling below a 5% difference to the uncooled
case. The shock angle was measured relative to the freestream, shown in Figure 14. The change in shock angle barely
exceeds 3%, and in the downstream regions, 𝐵ℎ does not seem make much difference to shock angle. These results
suggest, that mass injection seems to slightly increase the effective bluntness of the leading edge, but barely affects the
dowsntream wedge angle seen by the inviscid flow.

The enthalpy-based boundary layer location is described by Equation 18. A plot of the absolute and relative boundary
layer thickness is shown in Figure 15. The figure suggests a similar to that of the shock: the amount of boundary layer
thickening is dependent on 𝐵ℎ and the effect persists far downstream of the injector. Boundary layer thickening leads
to reduced velocity and temperature gradients at the wall, which in turn leads to sustained skin friction and heat flux
reduction, as discussed in [45].

𝐻 (𝛿) = 0.99(𝐻𝑇,∞ − 𝐻𝑤) (18)
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Figure 13: Shock layer thickness distributions for 𝑅𝐿𝐸 = 5 mm.
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Figure 14: Shock angle distributions for 𝑅𝐿𝐸 = 5 mm.
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Figure 15: Boundary layer thickness distributions for 𝑅𝐿𝐸 = 5 mm.

B. Drag
Plots of pressure and skin friction for all cases are presented in Figure 29 in the Appendix, with the specific case of

𝑅𝐿𝐸 = 5 mm shown below in Figure 16. Distributions along the whole body are in the main axes, and are zoomed in
on the leading edge injector in the inset plots. These force distributions are then resolved in the axial direction and
integrated over the surface to obtain the body drag, and are shown in Figure 17.
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Figure 16: Force distributions acting on the 𝑅𝐿𝐸 = 5 mm body, with inset plots showing leading edge distributions.
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Figure 17: Integrated drag of each mass injection and radius.

Overall, changes in drag are dominated by the change in radius, increasing by 2.2 times for the change in 𝑅𝐿𝐸 from 1
mm to 5 mm, and by 7.7 times for the change up to 𝑅𝐿𝐸 = 25 mm. While these results are specific to the geometries and
conditions selected, the trends provide useful information in understanding the relative magnitude changes in the drag.

These results show that pressure drag dominates for these geometries, accounting for around 83.4% of total drag for
𝑅𝐿𝐸 = 1 mm, and 98.5% for 𝑅𝐿𝐸 = 25 mm. Both distributed and integrated plots show that pressure augmentation
due to mass injection is very small, which follows on from small changes in shock layer properties noted above. The
pressure drag increase between the maximum and no injection cases is 1.5% for 𝑅𝐿𝐸 = 1 mm, and 0.6% for 𝑅𝐿𝐸 = 25
mm. Peak skin friction and integrated skin friction drag are higher for sharper leading edges, however mass injection
actually reduces the skin friction over the leading edge.

C. Leading edge heat flux

Uncooled Leading Edge
The Fay-Riddell correlation, shown in Equation 19 can be used to calculate the uncooled convective stagnation point

heat flux. A
√

3 factor is included to account for the change in heat flux associated with a change in geometry from
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axisymmetric to planar [70].
The uncooled convective heat flux distribution around the leading edge may be calculated using Lees’ heat flux

distribution [56], shown in Equation 20, where along the leading edge 𝜃 ≤ 𝜋
2 − 𝛼wedge. Here, 𝛼wedge is the wedge angle

and 𝜃 is the surface subtended angle from the stagnation point. The distribution is limited such that ¤𝑞(𝜃 = 0) = ¤𝑞0.

¤𝑞0 (0) =
0.763
𝑃𝑟0.6

𝑤

(𝜌𝑒𝜇𝑒)0.4 (𝜌𝑤𝜇𝑤)0.1 (𝐻0𝑒 − 𝐻𝑤)
[
1 +

(
𝐿𝑒0.52 − 1

) 𝐻𝑑

𝐻0𝑒

] (
𝑑𝑢𝑒

𝑑𝑥

)0.5 1
√

3
(19)

¤𝑞0 (𝑠) = ¤𝑞0 (0) · 𝐷−0.5 [
2𝜃 sin(𝜃) [(1 − 𝐾∞) cos2 (𝜃) + 𝐾∞

]
(20a)

𝐷 = (1 − 𝐾∞)
(
𝜃2 − 𝜃 sin(4𝜃)

2
+ 1 − cos(4𝜃)

8

)
+ 4𝐾∞

(
𝜃2 − 𝜃 sin(2𝜃) + 1 − cos(2𝜃)

2

)
(20b)

𝐾∞ =
1

𝛾∞𝑀2
∞

(20c)

(20d)

Equations 19 and 20 can be used to obtain the uncooled heat flux distribution along the leading edge. This is plotted
in Figure 18, along with the uncooled numerical results for the different radii. There is reasonable agreement at the
stagnation point, and a slight deviation in heat flux profile over the curved surface.
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Figure 18: Comparison of theoretical and numerical uncooled heat flux distribution along the leading edge.

Cooled Leading Edge
The numerical results for the stagnation point heat flux reduction is compared against the semi-analytic heat flux

reduction in Equation 4. These results are plotted in Figure 19, and show reasonable agreement. Previously mentioned,
in Equation 4, 𝑘𝑏 = 1 for an axisymmetric stagnation point [18]. Although the results in the figure show reasonable
agreement, further work may be needed to derive 𝑘𝐵 for a planar stagnation point across a wide range of conditions.

It is worth noting that in plotting Equation 4, a fixed 𝐵ℎ does not entirely collapse Ψ for different 𝑅𝐿𝐸 . While most
components of Equation 4 are 𝐵ℎ dependent, the shock standoff augmentation, Δ

Δ0
is a mass flux balance dependent on

𝐹 (which itself is dependent on 𝑆𝑡0 and therefore 𝑅𝐿𝐸).
Since the flow over the leading edge is still directly over a porous injector, the cooled stagnation point heat flux,

¤𝑞(0), is used as a parameter to collapse the rest of the cooled heat flux distribution, ¤𝑞(𝑠). Shown in Figure 20, the
distributions collapse quite well.
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It is thought that the minor variations in the normalised heat flux distributions are due to non-linear secondary
effects, caused by changing 𝑅𝐿𝐸 and 𝐵ℎ. A constant 𝐵ℎ for different 𝑅𝐿𝐸 changes the mass flux, leading to a non-linear
scaling of Δ𝑠ℎ/Δ𝑠ℎ,0 with 𝐵ℎ. This change in the shock layer may affect the the heat flux, especially since temperature
gradients are sensitive to the very thin shock layer in this region. It is also considered that the physical size of the
different geometries are not accounted for in the normalisation. Considering that the length-based Reynolds number,
𝑅𝑒𝑠 , changes between radii, and that for flat plate boundary layer theory [48], ¤𝑞0 ∝

√
𝑅𝑒𝑠 , the difference in 𝑅𝑒𝑠 along

the surface may contribute toward the variations in heat flux.
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Figure 19: Stagnation point heat flux numerical results compared to Equation 4.
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Figure 20: Normalised heat flux reduction over the porous injector for all radii, and minimum and maximum
injection cases.
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D. Downstream Heat Flux Reduction
The downstream heat flux reduction for both cases are shown in Figure 21. Immediately downstream of the injector,

there is an expected decay in heat flux reduction. Far downstream, the heat flux does not return to the nominal uncooled
state, but persists at a consistent lower value, the magnitude follows with 𝐵ℎ.
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Figure 21: Downstream heat flux reduction, including a zoomed in regions for the far downstream behaviour.

Considering the downstream geometry as an inclined flat plate immediately downstream of an injector, the following
results will consider the application of the flat plate film cooling correlations described in Section I.

These correlations are adapted and applied to the downstream region to better understand the heat flux reduction
both near and far downstream of the porous injection. The flat plate reference coordinates from Figure 2 are adapted for
the blunted leading edge injection case, shown in Figure 22.

Figure 22: Blunted leading edge

The variables in the correlation parameter in Equation 6 were therefore adapted as follows:
• In the case of flat injectors, injected mass flux and therefore 𝐹 are constant across the injector. For the leading

case, an averaged 𝐹̄ is calculated from local blowing ratio, shown in Equation 21.

𝐹̄ =

𝑠0∫
0
𝜌𝑐𝑢𝑐d𝑠

𝜌∞𝑢∞
(21)

• In [45], 𝑥ref is used to account for the boundary layer state formed along the lead-in length to the slot injector. In
this study, 𝑠ref must be adapted to account for the difference in boundary layer state between a blunted leading
edge injector, and a downstream injector on a flat plate. An equivalent lead-in length, 𝑠ref, is described by the
location along a flat plate where the boundary layer edge Reynolds number matches that at the end of the injector,
shown in Equation 22. The equivalent flat plate boundary layer was calculated for the same freestream conditions
as the leading edge, and the reference length is set using the same power law as in [45]. With these changes, the
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correlation parameter is redefined in Equation 23.

𝑠ref =
𝑅𝑒inj,end𝜇𝑒,𝐹𝑃

𝜌𝑒,𝐹𝑃 , 𝑢𝑒,𝐹𝑃

(22)

𝜁𝑡ℎ =
1
𝐹̄𝑤

√︂
𝑠 − 𝑠0
𝑠ref

𝐶∗𝑠

𝑅𝑒𝑢
(23)

This correlation parameter is calculated for the numerical data, and compared to the flat plate correlation in Equation
7, shown in Figure 23. Here, it can be seen that that flat plate correlation predicts a region of overcooling over a short
distance immediately downstream of the flat injectors, resulting in 𝜂𝑡ℎ = 1. The numerical data in both Figures 21 and
23, shows that this overcooling does not occur anywhere over the injector or downstream of it.
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Figure 23: Film cooling correlation parameter for numerical data for 𝑅𝐿𝐸 = 5,10 mm; the present work using
Equation 24 and a previous flat plate correlation using Equation 7 [44].

A more meaningful comparison to the flat plate correlation is to compare the thermal efficiency decay rates. Two
changes were made to the form of the correlation of 𝜂𝑡ℎ in Equation 7 for application to the leading edge injector
simulations:

• To capture the film cooling decay rate, 𝜂𝑡ℎ downstream of the leading edge was normalised by the heat flux
reduction at the end of the injector, 𝜂𝑡ℎ (𝑠0).

• Since the region of overcooling does not occur in these leading edge results, the parameter 𝛽 is removed when
adapting Equation 7. However, empirical fitting showed that downstream heat flux (large 𝜁𝑡ℎ) was best captured
by adding a constant at the end, 𝑏.

The reformulated thermal effectiveness correlation applied to the leading edge is shown in Equation 24. The constants
were fit against, the 𝑅𝐿𝐸 = 1 mm case, where constants 𝑎 = 5.34, 𝑏 = 0.029, 𝑐 = 0.69 were found. The updated
correlation is shown in Figure 23, and compared against other test cases of 𝑅𝐿𝐸 = 5, 10 mm. The thermal effectiveness
correlation can then be converted back into 𝑠/𝑅 coordinates to show the downstream cooling distribution in Figure 25.

𝜂𝑡ℎ = 𝜂𝑡ℎ (𝑠0) [1 + 𝑎𝜁𝑡ℎ]𝑐 + 𝑏 (24)
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Figure 24: Normalised film cooling correlation parameter for numerical data for 𝑅𝐿𝐸 = 5, 10 mm; the present
work using Equation 24; and a previous flat plate correlation using Equation 7 [44].
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Figure 25: Normalised film cooling thermal efficiency parameter versus surface coordinate for 𝑅𝐿𝐸 = 5, 10 mm.

From Figure 23, the collapsing of the numerical data shows that the modifications made to 𝜁𝑡ℎ work well for the
geometry. However, the correlation parameter does not entirely collapse the thermal effectiveness cases for different 𝐵ℎ

values. In Figure 25, the agreement of the new correlation with the data for different 𝑅𝐿𝐸 cases is good for lower 𝐵ℎ

values, but struggles to capture the decay rate of the film cooling for larger 𝐵ℎ. The correlation seems to converge back
to the numerical data in the far downstream regions.

Further work may seek to improve the empirical correlation coefficients of 𝜂𝑡ℎ using physics-based parameters,
especially to capture the thermal effectiveness decay rate. In addition, far downstream behaviour may be more easily
compared if the domain is extended for blunter leading edge cases, where the film cooling decay has not yet settled.
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E. Downstream Coolant Concentration
To understand the context of the heat flux reduction shown above, the coolant concentration behaviour was also

investigated. Continuing the inclined flat plate analogy, concentration models developed for flat plates may be applied to
the downstream region of the body.

In this work, Equation 12 was used to detect the coolant gas slug height distribution along the surface. The flat plate
correlation presented in Equation 11, assumes coolant slug convected downstream with velocity 𝑢𝑒. For the case of the
leading edge, it was found that the boundary layer velocity at the corresponding slug height led to a better correlation fit.
Profiles of the concentration and velocity within the boundary layer at streamwise locations are shown in Figure 26.
Detected slug height is also shown, and it can be seen that estimated slug velocity increases as a fraction of 𝑢𝑒 as the
slug is convected downstream. The modified correlation parameter is shown in Equation 25.

𝜁𝑐 =

√︄
𝑢ℎℎ

2

4𝐷12 (𝑥 − 𝑥0)
(25)

Using this modified parameter, it was found that the correlation of Equation 11 did not fully capture the concentration
decay after the downstream injector. The correlation parameter was fit against 𝜂𝑐 for the 𝑅𝐿𝐸 = 1 mm case. An updated
correlation is provided below in Equation 26, where 𝑎 = 1.69, 𝑏 = 0.206, and 𝑐 = 5.07. The updated correlation is
shown in Figure 27, and is once more compared against the 𝑅𝐿𝐸 = 5, 10 mm cases. The comparison is then converted
back into the original surface coordinates, and shown in Figure 28.

𝜂𝑐 = 𝜂𝑐 (𝑠0)
(
erf(𝑎𝜁𝑏𝑐 )

)𝑐
(26)
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Figure 26: Concentration and velocity profiles within the boundary layer, showing the concentration-based
coolant slug height, and the corresponding slug velocity.
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Figure 27: Concentration parameter versus film concentration efficiency for cases 𝑅𝐿𝐸 = 1,5 mm, including the
original model [49], and the model used in the current work.
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Figure 28: Film cooling concentration efficiency parameter versus surface coordinate for 𝑅𝐿𝐸 = 1,5 mm.

Similar to the thermal effectiveness, the concentration effectiveness correlation parameter works well, but does
not perfectly collapse all the 𝐵ℎ cases together, but does do so for the different 𝑅𝐿𝐸 , as shown in Figure 27. Further
work is required to find a correlation parameter that would collapse these curves onto a single line. The decay rate
of the concentration is reasonably matched close to the injector. Further modelling work is required to adapt the 𝜂𝑐
correlation coefficients to incorporate a physical grounding for the far downstream concentrations, as seen in Figure 28.
The overall correlation, when compared to the original flat plate correlation function, matches the numerical data much
better, possibly due to the assumption of the velocity of the coolant slab.
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IV. Conclusion
Numerical simulations were carried out on a hypersonic sharp leading edge with distributed leading edge transpiration

cooling at a flight condition, to understand the trade-off between drag and heat flux due to moderate blowing parameters
and varying radii. The results showed that mass injection had very little affect on the body drag, but significantly
reduced heat flux at the stagnation point and over the leading edge, indicating that transpiration cooling enables the
survivability of sharper leading edges for sustained hypersonic flight.

The leading edge heat flux could be collapsed across radii and blowing parameters. The effects of mass injection were
shown to persist far downstream in the form of heat flux reduction, boundary layer thickness and shock layer thickness.
Empirical modifications to existing film cooling correlations to predict thermal and concentration effectiveness were
made, and shown to reasonably predict the downstream cooling behaviour. Further work may explore grounding these
modifications in the flow physics to produce an overall model for such transpiration-cooled geometries. Other additional
work could examine the effect of large blowing parameters on the drag, or the effect of different freestream conditions
and coolants on the coolant correlations.
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Appendix

A. Pressure and Skin Friction Distributions
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