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Abstract

Probabilistic programming is an innovative programming paradigm for posing and auto-
matically solving Bayesian inference problems. In this thesis, we study the foundations
of fast yet correct inference for probabilistic programming.

Many of the most successful inference techniques (e.g. Hamiltonian Monte Carlo
or Stochastic Variational Inference) harness gradients of the so-called density function,
which therefore needs to be differentiable at least almost everywhere. We resolve a
question posed by Hongseok Yang by demonstrating the following: densities of almost
surely terminating programs are differentiable almost everywhere.

Having established this property necessary for the correctness of gradient-based in-
ference algorithms, we investigate variational inference, which frames posterior inference
as an optimisation problem, in more detail. The dominant approach for stochastic op-
timisation in practice is stochastic gradient descent. In particular, a variant using the
so-called reparameterisation gradient estimator exhibits low variance, resulting in fast
convergence in a traditional statistics setting. Unfortunately, although having measure
0, discontinuities can compromise the correctness of this approach.

Therefore, we propose a smoothed interpretation parameterised by an accuracy coeffi-
cient and present type systems establishing technical pre-conditions. Thus, we can prove
stochastic gradient descent with the reparameterisation gradient estimator to be correct
when applied to the smoothed problem. Besides, via a uniform convergence result, we can
solve the original problem up to any error tolerance by choosing an accuracy coefficient
suitably.

Furthermore, rather than fixing an accuracy coefficient in advance (limiting the qual-
ity of the final solution), we propose a novel variant of stochastic gradient descent, Di-
agonalisation Stochastic Gradient Descent, which progressively enhances the accuracy of
the smoothed approximation during optimisation, and we prove convergence to station-
ary points of the unsmoothed (original) objective.

An empirical evaluation reveals benefits of our approaches over the state of the
art: our approaches are simple, fast and attain orders of magnitude reduction in work-
normalised variance. Besides, Diagonalisation Stochastic Gradient Descent is more stable
than standard stochastic gradient descent for a fixed-accuracy smoothing.

Finally, we show unbiasedness of the reparameterisation gradient estimator for con-
tinuous but non-differentiable models, and we propose a method based on higher-order
logic to establish continuity in the presence of conditionals. We provide a sound and
complete reduction for verifying continuity of models to a satisfiability problem, and we
propose novel efficient randomised decision procedures.
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Chapter 1

Introduction

1.1 Motivation and Overview

Probabilistic programming [van de Meent et al., 2018, Barthe et al., 2020b] is a program-
ming paradigm which has the vision to make statistical methods, in particular Bayesian
inference, accessible to a wide audience. This is achieved by a separation of concerns:
the domain experts wishing to gain statistical insights focus on modelling, whilst the
inference is performed automatically. Thus, users of probabilistic programming (i) en-
code their domain knowledge in program form; (ii) condition certain program variables
based on observed data; and (iii) make a query. The resulting code is then passed to an
inference engine which performs the necessary computation to answer the query, usually
following a generic approximate Bayesian inference algorithm. (In some recent systems
[Bingham et al.,; 2019, Cusumano-Towner et al., 2019] users can improve efficiency by
writing their own inference code.)

In essence, probabilistic programming languages extend more traditional program-
ming languages with constructs for (i) sampling to define the prior p(z), and (ii) condi-
tioning (score or observe) for the likelihood p(x | z). (The query (iii) can usually be
encoded as the return value of the program.)

Example 1.1. Suppose we live in a place with tropical climate, where the temperature
is always around 30 degrees centigrade. Today it is quite windy and we conjecture it may
be colder. Therefore, we consult our phone’s moderately reliable weather app and our
quite unreliable household thermometer, which display 30.3°C and 28.7°C, respectively.
How should we update our belief about the real temperature? We model the scenario as
follows:

— prior
let z = sample N (30,4)
— likelihood
observe 30.3 from N (z, 1)
observe 28.7 from N (z, 2)
— query
in z

This defines the prior density p(z) = N (z | 30,4) and likelihood

p(r1 = 303,20 =28.7| 2) = N(30.3 | 2,1) - N(28.7 | 2,2)
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The task of inference is to derive the posterior p(z | @), which is in principle governed
by Bayes’ law:

 ple =) plz)
P = T ) ) az

Unfortunately, this typically cannot be obtained in closed form because the denomin-
ator [p(xz | 2) - p(2’) dz’, which is referred to as marginal likelihood or model evidence,
is intractable in general. Therefore, approximation methods have been devised, which
broadly fall into two categories: Markov chain Monte Carlo (MCMC), which yields a
sequence of samples asymptotically approaching the true posterior, and variational in-
ference, which frames posterior inference as an optimisation problem.

It is crucial to have access to reasoning principles in this context. The combination
of the new primitives for sampling and observation with the traditional constructs of
programming languages leads to a variety of new computational phenomena, and a major
concern is the correctness of inference: given a query, will the algorithm converge, in some
appropriate sense, to a correct answer? Whilst the paradigm was originally conceived
in the context of statistics and Bayesian machine learning, probabilistic programming
has in recent years proven to be a very fruitful subject for the programming language
community. In a universal PPL (i.e. one whose underlying language is Turing-complete),
correctness can be very subtle, indeed: the inference engine must account for a wide class
of programs, going beyond the more well-behaved models found in many of the current
statistical applications. Researchers have made significant theoretical contributions such
as underpinning languages with rigorous (categorical) semantics [Staton et al., 2016,
Staton, 2017, Heunen et al., 2017b, Vakar et al., 2019, Ehrhard et al., 2014, Dahlqvist
and Kozen, 2020] and investigating the correctness of inference algorithms [Hur et al.,
2015, Borgstrom et al., 2016, Lee et al., 2020b]. The latter were mostly designed in the
context of “traditional” statistics and features such as conditionals, which are ubiquitous
in programming, pose a major challenge for correctness.

Thus, the design of inference algorithms, and the associated correctness proofs, are
quite delicate. It is well-known, for instance, that in its original version the popular light-
weight Metropolis-Hastings algorithm [Wingate et al., 2011] contained a bug affecting
the result of inference [Hur et al., 2015, Kiselyov, 2016].

Fortunately, research in this area benefits from decades of work on the semantics
of programs with random features, starting with pioneering work by [Kozen, 1979] and
[Saheb-Djahromi, 1978]. Both operational and denotational models have recently been
applied to the validation of inference algorithms: see e.g. [Hur et al., 2015, Borgstrom
et al., 2016] for the former and [Scibior et al., 2017, Castellan and Pacuet, 2019] for the
latter. There are other approaches, using type systems (e.g. [Lew et al., 2019, Gorinova
et al., 2022, Lew et al., 2023]) or abstract interpretation (e.g. [Lee et al., 2020b, Lee
et al., 2023]).

Probabilistic Programming: a (Running) Example

To get a better idea of the power of probabilistic programming to express complex models
succinctly, we consider a variant of a random walk in R>g (see [Mak et al., 2021]).

The story is as follows: a pedestrian has gone on a walk on a certain semi-infinite street
(i.e. extending infinitely on one side), where she may periodically change directions. Upon
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— returns total distance travelled
let rec walk start =
if start <= 0 then
0
else
— each leg < 1km
let step = sample uniform (0, 1) in
if (sample bernoulli(0.5)) then
— go towards +infty
step + walk (start+step)

else
— go towards 0
step + walk (start—step) 10
in
— prior I 61 )
let start = sample uniform (0, 3) in § 4 |
distance = walk start in g
— likelihood ~ 2 .
observe 1.1 from normal(distance, 0.1) 0
I T
— query 0 1 2 3
start Starting Location
(a) Running example in pseudocode. (b) Resulting histogram.

Figure 1.1: Inferring the starting point of a random walk on R>¢, in a PPL.

reaching the end of the street she has forgotten her starting point, only remembering that
she started no more than 3km away. Thanks to an odometer, she knows the total distance
she has walked is 1.1km, although there is a small margin of error. Her starting point
can be inferred using probabilistic programming, via the program in Fig. 1.1a.

The function walk in Fig. 1.1a is a recursive simulation of the random walk: note that
in this model a new direction is sampled after at most 1km. Once the pedestrian has
travelled past 0 the function returns the total distance travelled. The rest of the program
first specifies a prior distribution for the starting point, representing the pedestrian’s
belief — uniform distribution on [0, 3] — before observing the distance measured by the
odometer. After drawing a value for start the program simulates a random walk, and
the execution is weighted (via score) according to how close distance is to the observed
value of 1.1. The return value is our query: it indicates that we are interested in the
posterior distribution on the starting point.

The histogram in Fig. 1.1b is obtained by sampling repeatedly from the posterior of
a Python model of our running example. It shows the mode of the pedestrian’s starting
point to be around the 0.8km mark.

Program Traces

Inference algorithms in probabilistic programming are often based on the concept of
program trace, because the operational behaviour of a program is parameterised by the
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sequence of random numbers it draws along the way. Accordingly, a probabilistic pro-
gram has an associated wvalue function which maps traces to output values. But the
inference procedure relies on another function on traces, commonly called the density'
of the program, which records a cumulative likelihood for the samples in a given trace.
Approximating a normalised version of the density is the main challenge that inference
algorithms aim to tackle. We will formalise these notions and demonstrate how the value
function and density of a program are defined in terms of its operational semantics.

Gradient-Based Approximate Inference

Some of the most influential and practically important inference algorithms harness the
gradient of the density functions they operate on, when these are differentiable. Generally
the use of gradient-based techniques allows for much greater efficiency in inference.

A popular example is the Markov Chain Monte Carlo algorithm known as Hamilto-
nian Monte Carlo (HMC) [Duane et al., 1987, Neal, 2011|. Given a density function
g : X — R, HMC samples are obtained as the states of a Markov chain by (approximately)
simulating Hamilton’s equations via an integrator that uses the gradient V, g(z). An-
other important example is (stochastic) variational inference [Hoffman et al., 2013, Ran-
ganath et al., 2014, Blei et al., 2017, Kucukelbir et al., 2015], which transforms the
posterior inference problem into an optimisation problem.

In probabilistic programming, the above inference methods must be adapted to deal
with the fact that in a universal PPL, the set of random primitives encountered can vary
between executions, and traces can have arbitrary and unbounded dimension; moreover,
the density function of a probabilistic program is generally not (everywhere) differenti-
able. Crucially, these adapted algorithms can only be applied when the derivative exists
“often enough” since they at least have to evaluate the derivative. Thus, in the context of
probabilistic programming, almost everywhere differentiability is often cited as a require-
ment for correctness [Zhou et al., 2019, Lee et al., 2020a]. Therefore, Hongseok Yang
selected the following in his FSCD 2019 invited lecture [Yang, 2019] as one of three open
problems in the field of semantics for probabilistic programs:

What class of statistical probabilistic programs have densities that are
differentiable almost everywhere?

In this thesis, we give an answer to this question and discuss ramifications for inference
algorithms, in particular variational inference.

Variational Inference

In the variational inference approach to Bayesian statistics [Zhang et al., 2019, Murphy,
2012, Bishop, 2007, Blei et al., 2017], the problem of approximating difficult-to-compute
posterior probability distributions is transformed into an optimisation problem. The
idea is to approximate the posterior probability p(z | @) using a family Q of “simpler”
densities ¢(z) over the latent variables z. The optimisation problem is then to find the
member ¢ € Q, which is “closest” to the true posterior p(z | ). In practice, variational
inference has proven to yield good approximations much faster than MCMC.

'For some readers this terminology may be ambiguous; see Remark 2.4 for clarification.
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Formally, the idea is captured by minimising the KL-divergence [Murphy, 2012,
Bishop, 2007| between the variational approximation and the true posterior:

argmin KL(¢q(2) || p(z | z))
qeQ

Gradient-Based Optimisation

This task can be viewed as an instance of a more general class of optimisation problems,
where we seek to find parameters @ minimising (or maximising) an expectation:

argming E, . (s)[f(6,3)]

In practice, variants of stochastic gradient descent (SGD) are frequently employed to
solve such optimisation problems. In general, gradients of E..4(s)[f(6,8)] cannot be
computed exactly. Therefore, Monte Carlo estimates gg, are employed as a surrogate.

In its simplest version, stochastic gradient descent follows Monte Carlo estimates of
the gradient in each step:

0141 =0 — Vi - G, de, ~ Ge,

where 7, is the step size and Gg, is a distribution over the estimates.
For the correctness of SGD it is crucial that the estimation of the gradient is unbiased,
i.e. correct in expectation:

Edo~Go [96] = Vo Egy(z)[f(6, 2)]

One such estimator is the Score or REINFORCE estimator [Ranganath et al., 2014,
Wingate and Weber, 2013, Minh and Gregor, 2014, Mohamed et al., 2020].

Reparameterisation Gradient

Whilst the score estimator has the virtue of being very widely applicable, it unfortunately
suffers from high variance, which can cause SGD to yield very poor results due to slow
or unstable convergence.

The reparameterisation gradient estimator—the dominant approach in variational
inference—instead reparameterises the latent variable z in terms of a base random vari-
able s (viewed as the entropy source) via a diffeomorphic transformation. For example,
if the distribution of the latent variable z is a Gaussian N(z | p,0?) with parameters
0 = {1, 0} then the location-scale transformation using the standard normal as the base
distribution gives rise to the reparameterisation

2~ N(z | p,0%) = 2=pu(s), s~N(0,1).

where ¢, 5(s) = s-0 4+ p. The key advantage of this setup (often called “reparamet-
erisation trick” [Kingma and Welling, 2014, Titsias and Léazaro-Gredilla, 2014, Rezende
et al., 2014]) is that we have removed the dependency on 8 from the distribution w.r.t.
which the expectation is taken (resulting in the distribution ¢). Therefore, we can now
differentiate with respect to the parameters 8 of the variational distributions, succinctly

Ve EzNQG(z) [f(ea Z)} =V Es~q(s) [f(07 QDO(S))] = Es~q(s) [Vg f(ev ‘100(3)>]

and the expectation on the right can be estimated with the Monte Carlo method.
The main benefit of the reparameterisation gradient estimator is that it has a signific-
antly lower variance than the score estimator, resulting in faster convergence in practice.
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SCORE
0.35 —— REPARAM

0 2000 4000 6000 8000 10000
Iteration
Figure 1.2: ELBO trajectories (higher means better) for Example 2.16 obtained with our
implementation (cf. Chapter 7)

Bias of the Reparameterisation Gradient

Unfortunately, the reparameterisation gradient estimator is biased for non-differentiable
models |Lee et al., 2018|, which are readily expressible in programming languages with
conditionals. Indeed, a single one-dimensional conditional encoding the (discontinuous)
Heaviside” step function is sufficient to exhibit bias.

Crucially, this may compromise correctness of stochastic gradient descent and may
yield poor results for the optimisation problem (cf. Fig. 2.5b).

1.2 Outline and Main Contributions

The high-level contribution of this thesis is to strengthen the foundation for fast yet cor-
rect Bayesian inference for probabilistic programming. The main ideas from Chapters 3
to 5 have been published in [Mak et al., 2021, Khajwal et al., 2023].

We provide an overview of the individual chapters and their contributions:

Chapter 2: Background

As an idealised statistical probabilistic programming language, we present statistical
PCF (SPCF), an extension of call-by-value PCF with real numbers, primitive functions
and constructs for sampling and conditioning. Furthermore, we review a variety of back-
ground material. In particular, we provide a concise introduction to variational inference,
stochastic optimisation and gradient estimation.

Chapter 3: Densities of Almost Surely Terminating Programs are Differenti-
able Almost Everywhere

We provide an answer to Hongseok Yang’s aforementioned question [Yang, 2019]: we
demonstrate that both the density and value function are differentiable almost everywhere
(that is, everywhere but on a set of measure zero), provided the program is almost
surely terminating. Our result holds for statistical PCF provided the primitive functions
(e.g. the set of analytic functions) satisfy mild closure properties.

2i.e. the characteristic function of the non-negative reals
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We emphasise that it follows immediately that purely deterministic programs with
real parameters denote functions that are almost everywhere differentiable.

Points of non-differentiability exist largely because of branching, which typically arises
in a program when the control flow reaches a conditional statement. Hence, our work is
a study of the connections between the traces of a probabilistic program and its branch-
ing structure. To achieve this we introduce stochastic symbolic execution, a form of
operational semantics for probabilistic programs, designed to identify sets of traces cor-
responding to the same control-flow branch.

In the remaining chapters of this thesis we focus on variational inference and stochastic
optimisation: we discuss fast and correct gradient-based optimisation methods via the
reparameterisation estimator in the presence of conditionals, which compromise differen-
tiability.

Chapter 4: PL Framework for Stochastic Optimisation

As the basis for our discussion, we present a programming language framework to pose
stochastic optimisation problems generalising variational inference. We employ trace
types to capture precisely the samples drawn in a fully eager call-by-value evaluation
strategy and endow our language with a denotational semantics. To ensure that the
optimisation problem is well-defined we discuss assumptions on primitive operations and
present a type system Fjy¢ guaranteeing integrability.

Chapter 5: Correctness of Stochastic Gradient Descent with the Reparamet-
erisation Gradient Estimator via Smoothing

Motivated by the biasedness of the reparameterisation gradient estimator for non-differen-
tiable models, we propose a smoothed interpretation of our programming language, which
is parameterised by an accuracy coefficient.

For terms typable in the Fiy-type system, we formally show that not only is the
reparameterisation gradient estimator unbiased but also that stochastic gradient descent
is correct. We analyse the relation between the smoothed (approximate) and the original
objective function, and we propose another type system guaranteeing uniform conver-
gence as the accuracy is enhanced. Thus, our smoothing approach in principle yields
correct solutions up to arbitrary error tolerances by choosing a suitable accuracy coef-
ficient and running stochastic gradient descent (with the reparameterisation estimator)
on the smoothing.

Chapter 6: Diagonalisation Stochastic Gradient Descent

We propose a novel variant of SGD, Diagonalisation Stochastic Gradient Descent (DSGD),
which avoids the choice of a fixed accuracy coefficient before running SGD. Instead,
DSGD takes gradient steps of a smoothed model whilst simultaneously enhancing the
accuracy of the approximation in each iteration.

We prove that asymptotically the original, unsmoothed optimisation problem is
solved. In particular, we establish bounds on the variance of the estimator solely based
on the syntactic structure of terms, which is required for the choice of a provably suitable
step size scheme.
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In summary, in contrast to other works, we verify the entire optimisation pipeline
(incl. the well-definedness of the objective function and the correctness of SGD) and not
just the unbiasedness of gradient estimation.

Chapter 7: Empirical Evaluation

We conduct an empirical evaluation demonstrating that our approach exhibits a similar
convergence to an unbiased correction of the reparameterised gradient estimator by |Lee
et al., 2018]—our main baseline. However, our estimator is simpler and more efficient: it
is faster and attains orders of magnitude reduction in work-normalised variance. Besides,
Diagonalisation Stochastic Gradient Descent exhibits a more stable convergence than
using a standard stochastic gradient descent for fized-accuracy smoothing.

Chapter 8: Continuous but Non-Differentiable Models

We prove that the reparameterisation gradient estimator is unbiased for continuous but
non-differentiable models, and we investigate methods based on higher-order Horn logic
with a background theory to verify continuity of terms with conditionals. We present
a novel background theory for which the satisfiability problem is decidable by a new
randomised algorithm. Furthermore, we present a reduction of continuity to a (decidable)
satisfiability problem.

Finally, we conclude in Chapter 9 and propose future directions.



Chapter 2

Background

In this chapter we cover background material, starting with a brief review of measures
and densities. Then we present an idealised higher-order statistical probabilistic program-
ming language (Section 2.2). In Section 2.3, we provide an introduction to variational
inference, which is followed by an account of stochastic optimisation and gradient estim-
ation in Section 2.4. Thereafter, we review Schwartz densities and polynomially bounded
functions (Section 2.5), analytic functions (Section 2.6) and notions of convergence for
sequences of functions (Section 2.7).

Conventions. In the rest of the thesis we use bold font to represent sequences or
vectors. For instance, we abbreviate the sequence of variables x1,...,z, to . Further-
more, we use shading (e.g. x1 # x3 ) to highlight noteworthy items. Moreover, further
conventions are listed at the very end of this thesis, and an index is provided.

2.1 Measures and Densities

A measurable space is a pair (X, X x) consisting of a set together with a o-algebra of
subsets, i.e. ¥x C P(X) contains ) and is closed under complements and countable uni-
ons and intersections. Elements of ¥ x are called measurable sets. A measureon (X, Xx)
is a function p : ¥x — [0, oo] satisfying pu(0) = 0, and p(U;c; Us) = > ;e 1(Us) for every
countable family {U; };cr of pairwise disjoint measurable subsets. A measure pu is finite if
u(X) < oo. Finite measures are continuous from above: if (Uy)ken is a non-increasing
sequence of measurable sets (i.e. Uy 2 Uz D ---) then pu((pen Uk) = limg_oo p(Us).
A (possibly partial) function X — Y is measurable if for every U € ¥y we have
fﬁl(U) €Xx.

The space R of real numbers is an important example. The (Borel) o-algebra ¥ is
the smallest one containing all intervals [a,b), and the Lebesgue measure Leb is the
unique measure on (R, ¥r) satisfying Leb([a, b)) = b— a. For measurable spaces (X, ¥ x)
and (Y, Xy ), the product o-algebra X x «y is the smallest one containing all U x V', where
U € Xx and V € Yy. So in particular we get for each n € N a space (R",Xgrn), and
additionally there is a unique measure Leb,, on R" satisfying Leb, ([ [, U;) = [ [, Leb(U;).

When a function f : X — R is measurable and p is a measure on X, for each U € ¥ x
we can define the integral [ (du)f € [0,00]. If X C R"™ is measurable we will also use
the common notation [;; f(x)dx for [,;(dLeby)f.
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Table 2.1: Distributions and their pdfs

distribution pdf support parameters
uniform W (a,b) a<beR
normal = 127r exp (_(926;2”)2) R wER oeRy
half normal Uii exp (57‘22) R>0 o € Ry
exponential A - exp(—Ax) R>0 A e Ry
logistic s(li);iizj:”;)‘)f R uwER s €Rg
gamma Wl)gkmk_l exp (—%) R<o k,0 € Ryg
beta 2ol (1—2)P 7 S (0,1 a, 8 € Rsg
Cauchy (777 <1 + ($—’y33())2)>_1 R 290 €ER, v € Ry

Common families of probability distributions on the reals (Uniform, Normal, etc.,
see Table 2.1) are examples of measures on (R, XR). We use the notation N (u,c?) for
the normal distribution with parameters u, o2, A for the standard normal distribution
N(0,1) and U for the uniform distribution on (0,1). Most often these are defined in
terms of probability density functions with respect to the Lebesgue measure, meaning
that for each pp there is a measurable function pdfy : R — R>o which determines it:
pp(U) = [,;(dLeb) pdfp, and the (measurable) set on which the density is positive is
called its support (notation: supp). As we will see, density functions such as pdfy have
a central place in Bayesian inference. Slightly abusing notation, we will sometimes refer
to pdfp as D.

Formally, if p is a measure on a measurable space X, a density for p with respect
to another measure v on X (most often v is the Lebesgue measure) is a measurable
function f : X — R such that u(U) = [,;(dv)f for every U € ¥x. In the context of the
present work, an inference algorithm can be understood as a method for approximating
a distribution of which we only know the density up to a normalising constant. In other

words, if the algorithm is fed a (measurable) function g : X — R, it should produce

samples approximating the probability measure U — fU ((jz))‘g on X.
X

Furthermore, if U C R™ is measurable, D : U — R>¢ is a probability density function
and f : R" = R is measurable we will write Ezp[f(x)] for [, D(x)- f(x)dz.

We will make use of some basic notions from topology: given a topological space X
and a set A C X, the interior of A is the largest open set A contained in A. Dually
the closure of A is the smallest closed set A containing A, and the boundary of A is
defined as 04 = A\ A. Note that for all U C R™, all of U, U and 8U are measurable
(in Xgn).
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2.2 A Statistical Probabilistic Programming Language

In this section, we introduce the syntax and (operational) semantics of our idealised
statistical probabilistic programming language.

Statistical PCF (SPCF) is a higher-order probabilistic programming language with
recursion in purified form. It is a statistical probabilistic version of call-by-value PCF
[Scott, 1993, Sieber, 1990 with reals as the ground type and an (inconsequential) variant
of CBV SPCF [Vakar et al., 2019] and a (CBV) extension of PPCF |Ehrhard et al., 2018|
with scoring; it may be viewed as a simply-typed version of the untyped probabilistic
languages of [Borgstrom et al., 2016, Culpepper and Cobb, 2017, Wand et al., 2018].

The execution of a probabilistic program generates a trace: a sequence containing the
values sampled during a run. Our operational semantics captures this dynamic perspect-
ive. This is closely related to the treatment in [Borgstrom et al., 2016] which, following
[Kozen, 1979], views a probabilistic program as a deterministic program parameterised
by the sequence of random draws made during the evaluation.

2.2.1 Syntax

The raw terms of our programming language are defined by the grammar:

M:=zx| f(M,...,M)|if M < 0then M else M
| Ne. M | MM|YM

| sample p | score(M)

where x ranges over variables (taken from a denumerable collection), f € Op are prim-
itive operations, and D € Dist is a probability density function over R (potentially
with a support which is a strict subset of R, see Table 2.1). Recursion is provided by the
standard fixed point combinator Y. The probabilistic constructs of SPCF are relatively
standard (see for example [Staton, 2017]).

The sampling construct sample p draws a sample from D. For instance sample yr(q 1)
draws a sample from the standard normal distribution.

The score construct enables conditioning on observed data by multiplying the weight
of the current execution with the (non-negative) real number denoted by M.

We impose various constraints on the set of primitive operations Op and distributions
Dist throughout this thesis. Constants can be viewed as 0-ary functions and will be
abbreviated as r (for r € R). Besides, Op may include standard arithmetic operations
for which we use the customary infix, postfix and prefix notation: M + N (addition),
M : N (multiplication), M~! (inverse), —M (numeric negation), exp M (exponentiation),
and log M (natural logarithm). We frequently omit the underline to reduce clutter.

Example 2.1. (Az.score(if + — sample;; < OthenOelsez)) sample;, represents the
term (A\z.score(if —(z,sample,) < Othen(elsez))sample;,, where “—" is the (bin-
ary) subtraction function and U is the uniform distribution on (0, 1).

Simple Type System

(Simple) types are generated from a base type R representing real numbers

Tu=R|T—>T
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'-Mi:R --- THFMy:R
z:thkx:7T L't f(My,...,My): R

I'-L:R I'-M:7 T'EN:71
I'FifL <OthenMelseN : 7

Fe:mtEM:n '-M:m1—>m I'EN:n
'FXe. M :7 — 1 I'EMN :m

f:RE~ReOp

'EM: (1 — 1) = (11 — T)
I'EYM:m — 1

'-M:R
I' - samplep : R '+ score(M): R

Figure 2.1: Typing judgements of SPFC.

A context (typically denoted by T') is a finite list of typed variables x1 : 71, ..., Tm : Tin;
typing judgements are standard and presented in Fig. 2.1.

Finally, we write A for the set of (well-typed) SPCF terms, and A° for the set of
closed SPCF terms.

In the interest of readability, we sometimes use pseudocode (e.g. Fig. 1.1a) in the
style of Core ML to express SPCF terms.

Example 2.2 (Running Example Ped). We express in SPCF the example in Fig. 1.1a.

let x = sample;, - 3 in
Ped = | let d = walkz in where
let w = score(pdf \(1.1,0.1)(d)) in =

Afx. if x <0 then 0
walk =Y 1 let s = sample;, in
¢ \if sample,, < 0.5then (s+ f(z+s))else (s + f(z — s))

The let construct, let x = N in M, is syntactic sugar for the term (Ax.M) N; and
Pdfar(1.1,0.1), the density function of the normal distribution with mean 1.1 and variance
0.1, is a primitive function.

2.2.2 Operational Sampling Semantics

To approximate the posterior, inference engines for probabilistic programs often proceed
indirectly and operate on the space of program traces, rather than on the space of possible
return values. By trace, we mean the sequence of samples drawn in the course of a par-
ticular run, one for each random primitive encountered. Because each random primitive
(qua probability distribution) in the language comes with a density, given a particular
trace we can compute a coefficient as the appropriate product. We can then multiply this
coefficient by all scores encountered in the execution, and this yields a (weight) function,
mapping traces to the non-negative reals, over which the chosen inference algorithm may
operate. This indirect approach is more practical, and enough to answer the query, since
every trace unambiguously induces a return value.
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Traces

Recall that in our language, samplep produces a random value in R; accordingly a trace
is a finite sequence of reals. (In Chapter 3, we will restrict distributions to the uniform
distribution on (0,1) and traces are sequences of elements (0, 1) accordingly.) We define
a measure space S of traces to be the set |J,.n R", equipped with the standard disjoint
union c-algebra, and the sum of the respective (higher-dimensional) Lebesgue measures.
Formally, writing S,, := R™, we define:

S = (U Su, { U UnlUn € zsn} ,us> and s (U Un) = Leby(Un).

neN neN neN neN

Henceforth, we write traces as lists, such as [0.5,0.999,0.12]; the empty trace as [|; and
the concatenation of traces s,s’ € S as s # s'.
More generally, to account for open terms, we define, for each m € N, the measure

space
R™ x S = (U R™ % Sn, { U Vn | Vn S ER"LXSn} aMR’”XS)

neN neN
where prm«s ( Unen Vn) = > nen Lebmin(Vy). To avoid clutter, we will elide the sub-
script from prmys whenever it is clear from the context.

Small-Step Reduction

Next, we define the values (typically denoted V'), redexes (typically R) and evaluation
contexts (typically F):

values Vi=r|y.M

redexes R = f(ry,...,r) |ifr < Othen M else N
Y (. M) | (g M)V |
| samplep, | score(r)

evaluation contexts Ex=1|f(r1,...,ric1, B, Miyq, ..., My)

| if E < Othen M else N
|EM | (\y.M)E|YE

| score(E)

We write A, for the set of SPCF values, and AY for the set of closed SPCF values.

It is easy to see that every closed SPCF term M is either a value, or there exists a
unique pair of context E and redex R such that M = E[R)].

We now present the operational semantics of SPCF as a rewrite system of configura-
tions, which are triples of the form (M, w, s) where M is a closed SPCF term, w € R>¢ is
a weight, and s € S a trace. (We will sometimes refer to these as the concrete configura-
tions, in contrast with the abstract configurations of our symbolic operational semantics,
see Section 3.2.2.)

The small-step reduction relation — is defined in Fig. 2.2. In the rule for samplep, a
random value 7 € R is generated and recorded in the trace, while the weight is multiplied
with the probability density function of D evaluated at r. In the rule for score(r), the
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Redex Contractions:

(f(ry,....m¢ s>—><f r1,. ..,rg),w,s> (if (r1,...,7¢) € dom f)
<f(r1,.. > — fail (if (r1,...,7¢) & dom f)
<1fr<0thenMelser s) = (M, w, s) (if r <0)
(if r < Othen M else N,w, s) — (N, w, s) (if r >0)
(Ay. M)V, w, 5) = (M[V/y], w, s)
(Y(A\y.M),w,s) = (A\z.M[Y(A\y.M)/y] z,w,s) (for fresh variable z)
(samplep,w, s) — (r, w-D(r), s+ [r] > (for r € R)
(score(r),w,s) = (r, r-w,s) (if r > 0)
(score(r),w, s) — fail (if r <0)
Evaluation Contexts:
(R,w,s) — (R',w, s) (R,w,s) — fail
(E[R],w,s) = (E[R],w', s (E[R],w, s) — fail

Figure 2.2: Operational small-step semantics of SPCF

current weight is multiplied by non-negative r € R: typically this reflects the likelihood
of the current execution given some observed data. Similarly to [Borgstrom et al., 2016]
we reduce terms which cannot be reduced in a reasonable way (i.e. scoring with negative
constants or evaluating functions outside their domain) to fail.

Example 2.3. We present a possible reduction sequence for the program in Example 2.2:

let xt =0.2-3 in

(Ped, 1,[]) —* < let d = walkz in .1, [0.2]>
let w = score(pdf(1.1,0.1)(d)) in =

let d = walk 0.6 in
let w = Score(pdf/\/(l.l,().l)(d)) in 0.6 )~ 1,10.2]

¥ <let w = score(pdfr.1,01)(0.9)) in 0.6,1, (0.2, 0.9,().7]> (%)

%
—”* (let w = score(0.54) in 0.6, 1,[0.2,0.9,0.7])
% (0.6,0.54, 0.2, 0.9,0.7])

L

In this execution, the initial sample;, yields 0.2, which is appended to the trace. At step
(%), we assume given a reduction sequence (walk 0.6, 1,[0.2]) —

(0.9,1,[0.2,0.9,0.7]); this means that in the call to walk, 0.9 was sampled as the step size
and 0.7 as the direction factor; this makes the new location —0.3, which is negative, so
the return value is 0.9. In the final step, we perform conditioning using the likelihood of
observing 0.9 given the data 1.1: the score expression updates the current weight using
the density of 0.9 in the normal distribution with parameters (1.1,0.1).
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2.2.3 Value and Weight Functions

Using the relation —, we now aim to reason more globally about probabilistic programs
in terms of the traces they produce. Let M be an SPCF term with free variables amongst
T1,..., Ty of type R. Its value function valuey : R™ x S — AY U {1} returns, given
values for each free variable and a trace, the output value of the program, if the program
terminates in a value. The wetght function weight,; : R x S — R>( returns the final
weight of the corresponding execution. Formally:

V it (M[r/x],1,[]) =* (V,w, s)

1 otherwise

valueys (7, s) == {

w if (Mr/z],1,[]) =" (V,w, s)

weight ;(r, s) ==
ghta( ) {O otherwise

For closed SPCF terms M we just write weight,,(s) for weight,,([],s) (similarly for
valueys), and it follows already from [Borgstrom et al., 2016, Lemma 9| that the functions
valueps and weight,; are measurable if the primitive operations in Op are measurable
(see also Section 3.1.1).

Finally, every closed SPCF term M has an associated value measure

MM ZAQ — RZO

defined by up(U) = fvamEMA(U) dus weight,,. This corresponds to the denotational

semantics of SPCF in the w-quasi-Borel space model via computational adequacy [Vakar
et al., 2019].

Remark 2.4. In much of the probabilistic programming literature (e.g. [Lee et al., 2020a,
Zhou et al., 2019, Yang, 2019], including this thesis), the above-mentioned weight function
on traces is called the density of the probabilistic program. This may be confusing: as
we have seen, a probabilistic program induces a posterior probability distribution on
return values, and it is natural to ask whether this distribution admits a probability
density function (Radon-Nikodym derivative) w.r.t. some base measure. This problem
is of current interest [Bhat et al., 2012, Bhat et al., 2017, Ismail and Shan, 2016] but
unrelated to the present work.

To distinguish them, let’s refer to the weight function of the program, weight,,, as its
trace density, and the Radon-Nikodym derivative of the program’s value-measure, dfj—yM
where v is the reference measure of the measurable space Yo, as the oulput density.
Observe that, for any measurable function f : AY — [0, o],

/ duy f = dus weight,, -(f o valueys) = / dus weight,, -(f o valueyy)
A9 valuey; (AQ) S

(because if s ¢ valueﬁ(ZAg) then weight,,;(s) = 0). It follows that we can express

any expectation w.r.t. the output density dg—y as an expectation w.r.t. the trace density

weight,,. If our aim is, instead, to generate samples from % then we can simply
generate samples from weight,;, and deterministically convert each sample to the space
(A% Ag) via the value function valuey;. In other words, if our intended output is just a
sequence of samples, then our inference engine does not need to concern itself with the
consequences of change of variables.
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2.3 Variational Inference

Variational inference |Zhang ct al., 2019, Murphy, 2012, Bishop, 2007, Blei et al., 2017]
frames posterior inference as a (deterministic) optimisation problem and has proven in
practice to yield good approximations faster than MCMC. The idea is to approximate
the posterior probability p(z | ) using “simpler” densities gg(2z) over the latent variables
z, parameterised by @ € @ C R™, from which we can sample easily (in contrast to
the posterior). The gg(z) are often referred to as variational approximations and
Q = {qg | O € O} as the variational family. Then the aim is to find the member of
the variational family which is “closest” to the actual posterior.

Example 2.5. Consider the probabilistic program

let z = sample N (0,1)
mu = if z < 0 then 0 else 1
observe x from N (mu,1)

in mu

which defines the joint density

(x]0,1) ifz<0
(x]1,1) otherwise

p(z,2) =N(z]0,1) - {x

As the variational family we can choose the univariate normal distributions with mean
6 and variance 1: gg(z) := N (z | 0,1). We plot some members of the variational family
in Fig. 2.3b. For this simple joint distribution we can quite easily compute the posterior
density exactly, which is governed by Bayes’ theorem

Pz | z) = /p(z’x) -

normalising constant

by computing the normalising constant
Cp = /p(z,a;) dz

—N(w\O,l)-/_O N(zyo,l)dz+N(x|1,1)./0°°N(z\o,1)dz

C N(z|0,1)+N(z|1,1)
N 2

Thus, the posterior density is p(z | x) = @ and we plot p(z | = 0.7) in Fig. 2.3a.

x

The intuitive notion of “closeness” is usually formalised by the Kullback—Leibler
divergence (KL divergence):

KL(q(2) || p(2)) = Ezny(z) [log q(2) — log p(z)]

The KL divergence is only well-defined if q is absolutely continuous w.r.t. p: for almost
all z such that p(z) =0, ¢(z) = 0.
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0.5 % 0.5 5
0.4+
0.3+
It It z | P It It >
-1 —-0.5 0.5 1 -1 -0.5 0.5 1
(a) Posterior density (b) Variational approximations
p(z |z =0.7) (red, 6 € {0,0.2,0.4})
0.5 5
0.1
—0.1 0.1 0.2
—ox7 5
-1 -0.5 0.5 1
(¢c) Derivative of KL-divergence (d) Optimal variational approx-

imation (6 ~ 0.08)

Figure 2.3: Posterior density and (optimal) variational approximations for Example 2.5

Intuitively, E,.q(z) [~ logp(z)] rewards ¢ which place mass where p is high, whilst
E.~q(z) [log ¢(2)], which is also known as entropy, penalises ¢ which are not spread out.
The latter is crucial for otherwise all mass could be placed where the posterior has a
maximum, whilst ignoring the rest.

Example 2.6. An elementary calculation reveals that for the posterior density and

variational approximations of Example 2.5,

& KL(go(=) || p(2)) = 0 —02-N (0] 0,1)

Therefore, the KL-divergence is minimised for 6 =~ 0.08, where the derivative vanishes
(see Figs. 2.3c and 2.3d).

We recall some basic properties:

Lemma 2.7. The KL-divergence is non-negative and KL(q || p) = 0 iff ¢ = p almost
everywhere.

Proof. By Jensen’s inequality (applied to — log),

p(2) p(z)
KL(Q H p) = Ez~q(z) |:_ log C](Z):| > —log Ezwq(z) |:q(z) = —log Ez~p(z)[1] =0
Besides, if KL(q || p) = 0 then since — log is strictly convex, log % must be constant

(and equal to 0) a.e. and therefore ¢(z) = p(z) a.e. (The “if”-implication of the second
claim is trivial.) O
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Instantiating the posterior density p(z | @) for p, we can state the problem variational
inference addresses:

Problem 2.8. Variational Inference

Given: Posterior distribution p(z | x), parameter space ® C R™ and distributions
qo(z) with variational parameters 8 € ©
Find:  argmingcg KL(qo(2) || p(z | z))

A priori, it is not clear whether this problem is at all helpful because the whole
point of Bayesian inference is to obtain the posterior and hence the objective function
is generally intractable. However, we can note p(z | ) = p(z,x)/p(x) and massage the
KL divergence:

KL(q(2) || p(z | ®)) = E,q(2) [log q(z) — logp(z | x)]

= Earglx) [log a(z) ~ log <pz(vzv9)c))]

= E,q(») [log q(z) — log p(z, x)] + log p(x)

Whilst log p() is still generally intractable, it is independent from ¢. Thus, minimising
the KL divergence is equivalent to maximising the negation of the left summand, which
is referred to as evidence lower bound (ELBO):

ELBO(q) = E.q(») [log p(2, z) — log q(2)]

p(x) is also known as (model) evidence. Thus, the terminology can be explained by
noting

logp(x) = ELBO(q) + KL(q(2) || p(z | x)) > ELBO(q)

since the KL divergence is non-negative.
Consequently, we can re-phrase Problem 2.8 as follows:

Problem 2.9. Variational Inference (ELBO version)

Given: Joint distribution p(z, x), parameter space ® C R™ and distributions gg(2)
with variational parameters 8 € ©

Find: arg maXge Exgy(2) [logp(z,x) — log ge(2)]

Of course, the choice of the variational family is important in practice: it needs to be
sufficiently rich to offer good approximations to the posterior, but it also needs to satisfy
the absolute continuity constraint for the KL-divergence to be well-defined. A choice
popular in traditional statistics are independent univariate Gaussians, which is known
as the mean-field variational family |Blei et al., 2017, Zhang et al., 2019, Opper and
Saad, 2001]. Furthermore, special cases of both models and variational families (falling
in exponential families) have been identified which admit closed form solutions [Hoffman
et al., 2013, Blei et al., 2017].

In probabilistic programming systems the variational families can be either derived
automatically from models or users can supply custom approximations expressed within



2.4. STOCHASTIC OPTIMISATION AND GRADIENT ESTIMATION 19

the language, which are often referred to as guides. To ensure that, in contrast to the
posterior, we can sample efficiently from the guide, it cannot contain observations. One
of the benefits of probabilistic programming is that via automatic inference the paradigm
allows practitioners to explore variational families rapidly.

Finally, note that alternative objective functions quantifying the “difference” between
distributions are also conceivable; [Zhang et al., 2019] contains a survey of competing
approaches.

2.4 Stochastic Optimisation and Gradient Estimation

More generally, we wish to solve optimisation problems of the following form, which
not only covers variational inference but also has applications in fields ranging from
reinforcement learning and queuing theory to portfolio design [Mohamed et al., 2020,
Sutton and Barto, 2018]:

Problem 2.10. General Optimisation of Expectations

Given: Parameter space @ C R™, probability density function Dg : R" — R>q for
0 € © and measurable function f: ® x R" — R
Find: arg maXgee Exopy(2) [f(0,2)]

As in the rest of this thesis, we focus on continuous distributions.

Arguably the most popular optimisation method in practice are gradient methods,
which are iterative methods harnessing gradient information. Unfortunately, gradients
of the objective function of Problem 2.10, Vo E, p, () [f(0, 2)], cannot be computed
exactly in general due the presence of the expectation. As a surrogate, we estimate
gradients gg with Monte Carlo methods [Metropolis and Ulam, 1949], which entails
drawing samples from a distribution Gy, . In its simplest form, Stochastic Gradient
Descent (SGD) then iteratively follows the estimates:

011 =0k — Vi - Jo, Je, ~ G, (SGD)

where v;, is the step size.
When applying the gradient estimators (e.g. in SGD), it is usually crucial that they
are correct in expectation, a property which is known as unbiasedness:

EﬁeNge[:q\Q] = Vg EZN’Dg(z) (0, 2)] (2.1)

Intuitively, this ensures that in expectation SGD moves into the correct direction.

Furthermore, the estimator, which is a random variable, should be as “close” to the
actual gradient as possible. Intuitively, this ensures that it is not likely that we go into the
“wrong” direction too often. We can formalise this desideratum by aspiring the variance
to be as low as possible, which is

Ego~go [l196]I°]

plus a constant' for unbiased estimators.

'~ |[Ego~ge [G] ||* to be precise
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Instead of drawing a single sample gg, we can also draw N independent samples
~(1) ~(N) G d take thei .
9 »---299 ~ Ye and take their average:

1 g
N2
=1

N is sometimes known as the batch size.

This constitutes another estimator and an elementary calculation shows that the
variance is decreased by a factor of 1/N. However, this comes at the cost of more
computations. As a consequence, to judge the quality of estimators we also need to take
the computational efficiency into account.

Furthermore, rather than comparing the (raw) variances of estimators in experiments,
we will compare work-normalised variances [Glynn and Whitt, 1992], which are the
product of the variance and computational cost. In particular, increasing the batch size
by a factor of k does not change the work-normalised variance since also the computa-
tional cost increases by a factor of k.

In summary, there are three’ desiderata for gradient estimators: computational effi-
ciency, unbiasedness and low variance.

Correctness of Stochastic Gradient Descent

Having discussed desirable properties of gradient estimators, we may wonder whether
they are sufficient for the correctness of stochastic gradient descent and, in fact, what we
actually mean by “correctness”.

Since the objective function 8 — E...p,[f(0, z)] may not be a convex function in the
parameters 8, we cannot hope to always find global optima®. We seek stationary points
instead, where the gradient w.r.t. the parameters @ vanishes: Vg E..p,[f(6,2)] = 0. In
particular, this implicitly assumes that the objective function is differentiable.

Besides, recall that the iterants 8, are random variables dependent on gg,, - .., o, _,,
which means that correctness properties will be probabilistic. In the present thesis, we
focus on

liminf ||Vg F'(0)|| =0  almost surely
k—o0

i.e. almost surely gradients will become arbitrarily small®.

Next, we discuss further conditions beyond unbiasedness (Eq. (2.1)) to guarantee
correctness in this sense. Most of the attention seems to be focussed on the step size
sequence. The classical Robbins-Momnro criterion introduced in the original paper [Rob-
bins and Monro, 1951] states

> k=00 D i< oo (2.2)

keN keN

2Sometimes consistency is added to this list. This property ensures convergence of an estimator to
the true value as the batch size is increased. We will not discuss this notion in the remainder of the
thesis.

3Indeed, the problem is NP-complete in general [Mahajan et al., 2012].

1A slightly stronger guarantee would be P [limy o Vo F(8%) = 0] = 1, i.e. almost surely all gradients
will become arbitrarily small. This property is much harder to prove (especially for Diagonalisation
Gradient Descent, see Chapter 6) and therefore we do not pursue it in the remainder of this thesis.
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Intuitively, the first constraint ensures that we can make progress whilst the second
ensures that the noise due to the estimation is balanced. This is satisfied by e.g.
T € O(L/k).

The following result (the proof of which is standard) provides sufficient conditions for
the convergence of SGD to stationary points (see e.g. [Bertsekas and Tsitsiklis, 2000] or
[Bertsekas, 2015, Chapter 2|):

Proposition 2.11 (Correctness). Suppose @ C R™ is convex, (Vx)ken Satisfies Eq. (2.2),

9(0) = ESN’D[f(Ov 3)]
is well-defined and differentiable, and

(SGD1) Vg g(0) = Es[Vef(0,s)] for all 6 € ©
(SGD2) g is bounded, Lipschitz continuous and Lipschitz smooth on ©
(SGD3) supgee Es~o [||Vo (0. 5)[%] < o0

Then almost surely liminf; o ||Vg(0;)|| =0 or 8; & © for some i € N.

In Chapter 6 we prove a generalisation of this result (Proposition 6.1), the correctness
of our Diagonalisation Stochastic Gradient Descent method.
Recall that a function g : ® — R is

— L-Lipschitz continuous if for all 8,0 € ©,
9(6) —g(0)| < L-|6 -0
— L-Lipschitz smooth if it is differentiable and for all 8,0 € ©,
IVg(0) — V(8 < L-[|6—&|
Furthermore, due to unbiasedness (premise (SGD1)), (SGD3) requires that the estimator
Vo f(6,s) where s ~ D

has finite variance.

In practice, more complicated variants of the basic scheme of (SGD) are frequently
employed, which choose the step size adaptively or use momentum, i.e. not only an
estimate of the current gradient at 6, but also historic gradient information is used
[Duchi et al., 2011, Hinton, 2012, Kingma and Ba, 2015].

Adam |Kingma and Ba, 2015] is one of the most successful optimisers in practice but
is known to not always converge [Reddi et al., 2018]. Therefore, we will prove theoretical
results of variants of (SGD) using assumptions resembling the classical choice of Eq. (2.2)
but conduct experiments using Adam.

There are also ongoing efforts to relax some of the conditions in Proposition 2.11 in
specific situations (e.g. [Moreau and Aeyels, 2000, Benaim et al., 2005, Faw et al., 2022]),
sometimes by complicating the basic iteration (SGD).
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2.4.1 Score Estimator

When trying to derive an unbiased estimator of Vo E. py(z)[f(0,2)] we need to ex-
press this quantity as an expectation Eg,.g,[gs] (not headed by a gradient evaluation).
Exchanging differentiation and expectations/integrals, we can massage the gradient as
follows:

Vo Ezw’Dg(z)[f<97Z)] = VG/DO(Z) ’ f(07z) dz = /VQ(DO(Z) ’ f(97z))dz
— [ (VoDul2) - 1(6.2) + Do(z) - Va (8. 2) dz

We have made some progress since [ Dg(z) - Vo f(0,2)dz = E,..p,(»)[Ve f(0, 2)]
can be estimated by the Monte Carlo method. On the other hand, it is not clear how
to estimate [(VgDg(z)) - f(0, z) dz because Vg Dg(z) is not necessarily a probability
density (let alone one from which we can sample efficiently). Fortunately, we can employ
the so-called log-derivative trick, which is the elementary insight that

Vo Dy(z) = Do(z) - Vg log(De(2))

provided that Dg(z) # 0 and arrive at
Vo Esmy(n) (6, 2)] = / Do(2) - (Vg log(De(2))) - (6, ) dz + / Do(2) - Vo /(6. 2) dz

= E2py(2) (Vo 10g(Dg(2))) - £(0,2) + Ve f(0, 2)]

In summary, we can estimate Vg E,..p,»)[f(0, )] via

(Vo log(Dg(2))) - f(0,2)+ Ve f(O, 2) where z ~ Dg(z) (Score)

This estimator is usually referred to as Score or REINFORCE.
In particular, no (differentiability) assumption is necessary about f. However, despite
popular belief the estimator may be biased if the density Dy is not differentiable:

Example 2.12 ([Mohamed et al., 2020]). For Dy(z) = U 9)(z) = 7 and fp(z) = z,

E.npy | (Vo log(Dy(2))) - fo(2) + Va fo(2)| = —% a % = Vo E.vp,[fo(2)]
=—1/0 for 0<2<0 =0 )

2.4.2 Reparameterisation Estimator

Another approach—the reparameterisation gradient estimator—reparameterises the
latent variable z in terms of a base random variable s (viewed as the entropy source)
via a diffeomorphic transformation ¢g. For example, if the distribution of the latent
variable z is a Gaussian N (z | u,0?) with parameters @ = {u,o} then the location-
scale transformation using the standard normal as the base distribution gives rise to the
reparameterisation

2~ N(2 | py0?) = 2=9u0(s), s~N(0,1). (2.3)



2.4. STOCHASTIC OPTIMISATION AND GRADIENT ESTIMATION 23

where ¢, +(s) = s- 0+ p. Besides, for the exponential distribution with rate parameter
AL

2 E(Z| AT = zi=5-A, s~ &)

Moreover, in principle any distribution D on R can be reparameterised from the uniform
distribution over (0, 1) via the inverse of its cumulative density function f(z) = [*_ D(z') d=":

2D = z=f"1(s), s~U(0,1)

However, the (inverse of the) cumulative density function is usually not known in closed
form. In particular, the Gamma and Beta distributions cannot be reparameterised ef-
ficiently, although there have been efforts to obtain reparameterisation-like estimators
[Ruiz et al., 2016, Jankowiak and Obermeyer, 2018, Figurnov et al., 2018].

In general, we assume that

z~Dy(z) <= z=y(s), s~D
and therefore,

E=py[f (0, 2)] = Esop[f (0, 0p(s))] (2.4)

The key advantage of this setup (often called “reparameterisation trick” [Kingma and
Welling, 2014, Titsias and Lazaro-Gredilla, 2014, Rezende et al., 2014]) is that we have
removed the dependency on 6 from the distribution w.r.t. which the expectation is taken.
Therefore, we can now differentiate with respect to the parameters 8 of the variational
distributions using a Monte Carlo estimation with draws s from the base distribution D.
Thus, succinctly, we have

Vo E.py(2)[f(0,2)] = Vo Esup(s)[f(0,09(8))] = Esup(5)[Vo [(0,09(s))]  (2.5)

and we can estimate Vg E.. p,(»)[f(0, z)] via

Vo f(0,96(s)) where s ~ D (Reparam)

Variance

The reparameterisation gradient estimator is the dominant approach in practice for vari-
ational inference and other stochastic optimisation problems because it is folklore that
empirically, it typically exhibits significantly lower variance than the Score estimator (e.g.
[Mohamed et al., 2020, Rezende et al., 2014, Mohamed et al., 2020, Fu, 2006, Schulman
et al., 2015, Xu et al., 2019, Lee et al., 2018]).

Example 2.13. Consider the setting where f(z) =1, @y(s) =s+6, D(s) = N(s|0,1)
and Dy(z) = N(z | 6,1). Then

Esno,1) [|Vof(©o(8)°] = Esupno)[0] =0
On the other hand

E. N @©0.1) “f(z) -V IOg’De(z)!Q] =E.onvon [(z—0)°] =1
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However, the general reasons for this phenomenon are still poorly understood. One
intuition is that for certain objective functions (which are independent sums for each
dimension), the variance of Score grows linearly with the number of dimensions, whereas
the variance of the reparameterisation estimator is constant [Rezende et al., 2014, Mo-
hamed et al., 2020].

Example 2.14. Suppose f(z) =37, fj(z;) and ¢gy(s) = (goéi)(s), e ,goé:)(s)). Then

: 2
) 2 of;, o
Eep ”%f«oe(s)) ]=ESND Lo 0.

and the variance is independent from the dimension n, whereas

£,y U (TE220.2)) - flools) - sy Evnalitz)

|
B n 8log'D(_) i 9 |
= jz::l E:pp U (%(B,z)> - f9) (pg(s)) — %ESND[fJ(z)]

2]
[Xu et al., 2019] give a theoretical proof for the superior variance of the reparamet-
erisation gradient estimator in the special case of mean-field Gaussians and quadratic
functions.
Despite the overwhelming empirical success of the reparameterisation estimator over

the Score estimator, it is worth mentioning that examples do exist, where Score outper-
forms the reparameterisation estimator:

Example 2.15. Consider f(z) = exp(—2?), @g(s) := s + 6. Note that

N(s]0,1)-exp (=2 (s+6)?) :N(ﬂ—?&,é) '1-exp<—2-92)

Thus, we obtain for the Score estimator:

.o || (Vo log (= 16,1)) - exp (~22) 7]

—Eunion |(2 = 0) - oxp (=2 2%)]

= ESNN(O,l) [32 - exp (—2 (s + 9)2)]
1

e (2.2, 2
=7 exp( 5 ° ) Eon(-o) 1]

L () (e
() ()

A similar calculation for the reparameterisation estimator yields:

Eonon) || Vo exp (~(go(s))?) [’

= Esun(0,1) [4 (s + 9)2 - exp (—2 (s + 9)2)]

-5 o0 (50 4 Bt [0+
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let z = sample N (0,1)
in observe 0.7 from N (if z < 0 then —2 else 5, 1)

(a) Model
z = sample N (0, 1)

(b) Guide
Figure 2.4: Counter-example from [Lee et al., 2018, Proposition 2|.

2 1 1
-exp<—'92>-4-<2§'92+5—§-02+02>

1
5
1 2 4 4
= . Sy 2 R 4 .
7o (50) (o)
Consequently, the reparameterisation estimator has a strictly larger variance than Score
for 6 < 1.

Bias of the Reparameterisation Gradient Estimator

Unfortunately, it is well-known that the reparameterisation gradient estimator may be
biased for discontinuous f:

Example 2.16. The counterexample in [Lee et al., 2018, Proposition 2|, where the
objective function is the ELBO for a non-differentiable model (Fig. 2.4), can be simplified
to

0 ifs+6<0

1 otherwise

f(6,s)=—-05-6%+ {

Observe that (see Fig. 2.5a):

VoEsn01) [f(0,8)] = =0 +N(=01]0,1) # -0 = Egunr0,1) [Vof (0, 5)]

The essence of the problem is that in the derivation of the estimator (Eq. (2.5)) we
have blindly exchanged differentiation and expectations. However, this operation is only
valid under certain circumstances. The following well-known result is a consequence of
the dominated convergence theorem [Klenke, 2014, Theorem 6.28] and provides sufficient
conditions:

Lemma 2.17. Let © C R be open and U C R™ be measurable. If f : © x U — R satisfies

(i) for each 6 € ©, s — f(0,s) is integrable
(ii) (0,s) — f(0,s) is differentiable w.r.t. 0
(iii) there exists an integrable g : U — R satisfying ]%(9, s)| < g(s) forall (0,s) € OxU

then for all 6 € O, % y f0,s)ds = fU %(9, s)ds.
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5050
m
a
0.45
0.40
SCORE
0.35 —— REPARAM
0 2000 1000 6000 8000 10600
Iteration
(a) Dashed red:  biased estimator (b) ELBO trajectories (higher means better) ob-
Esono,1) [Vof(0,s)], solid green: true tained with our implementation (cf. Chapter 7)

gradient Vg E;nr0,1) [f(0, )]

Figure 2.5: Bias of the reparameterisation gradient estimator for Example 2.16.

Note that the second premise fails for the function f in Example 2.16: for all s € R,
%(—8, s) does not exist.

As a consequence of violating unbiasedness—one of the premises of Proposition 2.11—
even if stochastic gradient descent converges, the gradient of the expectation may not
vanish in the limit, potentially resulting in suboptimal solutions. (This phenomenon
can indeed be observed when running our prototypical implementation of Chapter 7 on
Example 2.16, see Fig. 2.5b.)

The objective of the Chapters 5 and 6 is to develop stochastic optimisation meth-
ods, which are computationally efficient, converge quickly and are provably correct. In
particular, we wish to use estimators similar to the reparameterisation estimator for
non-differentiable and discontinuous models.

2.5 Schwartz Densities and Polynomially-Bounded Functions

Before trying to solve the Optimisation Problem 2.10, we ought to take a step back and
acknowledge that it is not a priori clear that the problem is well-defined. For instance,
take f(2) = exp(22): we have E,n[f(z)] = oo, independently of parameters. Therefore,
we aim to guarantee:

E.wpy[lf(0,2)]] < o0 for all @ € ©

Issues may be caused not only by f but also by the distributions Dg. For example the
Cauchy distribution does not even have an expectation.

Therefore, we discuss abstract conditions on the integrant f and distribution Dy,
which guarantee a well-defined objective functions and which will guide the design of our
programming languange (in Section 4.5).

We slightly generalise the well-behaved class of Schwartz functions (see also for more
details e.g. [Hormander, 2015, Reed and Simon, 2003]) to accommodate probability dens-
ity functions the support of which is a subset of R™:
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Definition 2.18. A function f : U — R, where U C R" is measurable and Leb(0U) = 0,
is a (generalised) Schwartz function if f‘f] is smooth and for all @ and /3 (using standard
multi-index notation for higher-order partial derivatives),

sup ‘:1:6 : aaf(ac)‘ < 00
xzcU
Intuitively, a Schwartz function decreases rapidly.
In this work we are particularly interested in Schwartz functions which are also the
probability density function of a continuous probability distribution.

Example 2.19. Distributions with pdfs which are also Schwartz functions include (for a
fixed parameter) the (half) normal, exponential and logistic distributions (see Table 2.1).
For the standard normal distribution, which has the pdf

) = o vexp (—3”2)

it suffices to observe that derivatives of all orders have the form f(z) - p(z) for some
polynomial p: R — R.

Non-examples include the Cauchy distribution and the Gamma distributions. The
Cauchy distribution famously does not even have an expectation (which would otherwise
contradict Lemma 2.20 below). Even the pdf itself of the Gamma distribution for shape
parameter k£ < 1 is unbounded. However, it cannot be reparameterised [Ruiz et al., 2016]
and therefore it is only of marginal interest for our work regarding the reparameterisation
gradient.

The following pleasing properties of Schwartz functions [Hormander, 2015, Reed and
Simon, 2003| carry immediately over:

Lemma 2.20. Let f: U — R be a Schwartz function.
(i) All partial derivatives of f are also Schwartz functions.
(i) f e LP(U); in particular f is integrable: [, |f(z)|dz < co.
(iii) The product (f -p) : U — R is also a Schwartz function if p : R* — R is a
polynomial.
Next, we define the following straightforward notions:
Definition 2.21. (i) Let f: U — R, where U C R". f is bounded by a polynomial
if there exists a polynomial p : R™ — R satisfying |f(x)| < p(x) for all x € U.
(ii) Let f:©® x U — R, where ® C R™ and U C R™. f is uniformly bounded by a
polynomial if there exists a polynomial p : R — R satisfying | f(80, x)| < p(x) for
all (0,2) € ® xU.

Example 2.22. Let p € R and ¢ € Ryg. The log-normal pdf

f(z) =1logN(z | p,0?) = —log (0-\/%) _ L (x—u)z

2 o

is bounded by the polynomial p(z) = ¢1 + ¢ - (2% + 1 + ¢3)?, where

1
2.0
On the other hand, g(x,pu,0) == logN(x | p,0?) cannot be bounded by a polynomial
because lim,\ g g(x, 0, z) = oco.

c1 = |log(o - vV2m)| cg =

2 c3 = |p



28 CHAPTER 2. BACKGROUND

The following result is an immediate consequence of Lemma 2.20 and it is useful

for demonstrating that the objective functions of stochastic optimisation problems are
well-defined:

Corollary 2.23 (Integrability). Let D be a distribution with a Schwartz density function
and let f: © x R™ — R be bounded by a polynomial. Then for all 8 € O,

ESND[f(07 3)] < ESN'D“f(Ov S)H < o0

Besides, the following can be viewed as an extension of Lemma 2.20(ii) (and it will
be useful in Sections 5.3 and 6.2):

Lemma 2.24. If f : ® x U — R is continuous and satisfies

sup [|z[|"*7 - [ £(6, )| < o0
(0,z)e®xU

then [, supgee |f(0,2)|dz < co.

Proof. Let g(z) := supgeg | (0, 2)| and Uy := U N [k, k]". Then

/Ug(z) dz
= /U1 g(z)dz —|—/U\U1 g(z)dz
1

<2".  su 0,z)| + su z||" 3. (0, 2 / ————dz
p |f(6,2)] < p =" f( )) o TP

(0,2)e® XU, (0,2)e®@xU

All the terms are finite because for z € U \ Uy, k < ||z]|, and hence

[e.e]

1 1
——dz = / ——dz
/U\U1 |2 +3 ; Ui \U 12173

s 1
< / dz

k=1 Uk+1 et

©o (2k)n+1
= Z kn+3 dz

k=1

n - 1
< 4™. Z = dz < o0 ]

k=1

2.5.1 Polynomial Bounds

We list some useful technical properties of polynomials and functions bounded by poly-
nomials (cf. Definition 2.21):

Lemma 2.25. (i) If f : R® = R and fi,..., fo : R® = R are bounded by polynomials
then so is fo (fi,..., f).
(ii) If f : R® — R (not necessarily bounded by polynomials) and g,h : R® — R are
bounded by polynomials then so is [f(—) <0]- g+ [f(—=) > 0] - h.
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Here, [¢] is the Iverson bracket (which evaluates to 1 if the condition ¢ holds and 0
otherwise).
The proof exploits the (first part of the) following elementary property:

Lemma 2.26. (i) Ifp:R™ — R is a polynomial then there exists a polynomial q such
that for all [21] < |1, .., || < |,

|p($17"'7xn)| < Q(x,h . ’x/n)

(ii) If f: ® x R™ — R is bounded by a polynomial, where ® C R™ is bounded then it is
uniformly bounded by a polynomial p : R™ — R.

For example for p(z1,z2) = 22 - 19 — x5 the polynomial 2% - (23 + 1) + (23 + 1) satisfies
this property. (The following proof yields ((z3 +1)? +1) - (23 + 1) + (23 + 1).) Besides,
p(0,21,72) = 0 - 21 - T3 — T2 is uniformly bounded by 2 - (22 +1) - (23 + 1) + (2 + 1) on
0 = (-2,1).

Proof. (i) If p(z) = x; then we can choose g(z) = (2? + 1) because for |z;| < |z],
ol <[] < (e + 1.
If p(x) = ¢ for ¢ € R then we can choose ¢(x) == |c|.
Finally, suppose that p1,p2,q1 and g2 are polynomials such that for all |z1] < |2]],
el < 2], Ipr()] < g1(@) and |pa(z)] < ga(a). Then for all fz] < ],
2] < |27,

p1(x) + pa()] < [p1()] + [p2(2)] < q1(2') + ga2(a)
p1() - pa()| < |pr()] - Ip2()] < qu(@') - g2()

(i) If f : ® x R — R is bounded by a polynomial then by the first part there
exists ¢ : © x R" — R such that for all (0,z2),(0',2z) € ® x R" with |8] < |¢'|,
1£(0,2)] <q(0,2). Let 0 = supgce |0i| < oo (O is bounded) and p(z) := q(z, 0%).
Finally, it suffices to note that for every (8, z) € @ xR"™, |f(0, z)| < ¢(0*, z) = p(=).

O

Proof of Lemma 2.25. (i) By Lemma 2.26(i), there exists a polynomial p : R — R such
that for all |x| < ||, |f(x)| < p(2’). Furthermore, let py,...,ps be polynomial
bounds to the fi,..., f, i.e. |fi(x)| < pi(x). Consequently, p o (p1,...,ps) is a
polynomial bound for f o (fi,..., fr).

(i) It suffices to note that |[f(—) < 0]- g+ [f(=) > 0]-h| < |g| + |A|. O

In the same way as Lemma 2.25 we can prove:

Lemma 2.27. (i) If f : R* = R is bounded by a polynomial and f1, ..., fo: @xR™ — R
are uniformly bounded by polynomials then so is f o (fi,..., fe).
(ii) If f: ® x R™ = R (not necessarily bounded by polynomials) and g,h : ® x R™ — R
are uniformly bounded by polynomials then so is [f(—) < 0] - g+ [f(=) > 0] - h.
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2.5.2 Results for Unbiasedness and Correctness of SGD

We conclude the section by providing useful results for proving unbiasedness and the
correctness of SGD.

Proposition 2.28 (Unbiasedness). Suppose D : U — R>q is a Schwartz density func-
tion, @ C R™ s open, and f : ©® x R™ — R is smooth such that f and its partial
derivatives are uniformly bounded by a polynomial. Then for all 8 € ©,

Vo Esop[f(0,5)] = Es~D[Ve f(0,3)]
In particular, 8 — Esp[f(0,s)] is differentiable.

Proof. It suffices to consider the case f : ©® x R — R for open ©® C R. By assumption
there exist polynomials p1, p2 : R” — R such that for (0,s) € © x R",

£0,5)] < ) H09) <mlo (26)

We wish to apply Lemma 2.17 to D(s) - f(0, s) and hence verify the premises:

(i) First, we note that by Lemma 2.20, [;; |D(s)-f(#,s)|ds < [, |D(s)-pi(s)|ds < oo
for all 0 € ©.
(i) Besides, D(s) - f(0, s) is differentiable on © x U by assumption.
(iii) Finally, the third premise follows from Eq. (2.6) because by Lemma 2.20 D(s)-pa(s)
is integrable.

Consequently, Lemma 2.17 is applicable to D(s) - f(0, s), and the claim follows. O

Proposition 2.29 (Applicability of SGD). Let D be a Schwartz density function and
© C R™ be open and convex. If f: @ xR™ — R is smooth such that its partial derivatives
up to order 2 (incl. f itself) are uniformly bounded by polynomials then the function

® >R
0 — Es.p[f(0, )]

is well-defined, bounded, Lipschitz continuous and Lipschitz smooth. Furthermore, the
variance

Esep [ Vo £(6,5)]°]
1s bounded. In particular, Proposition 2.11 is applicable.

Proof. Corollary 2.23 provides well-definedness.
By assumption there exist polynomials pi,ps : R®™ — R satisfying

0% f
06,00

< pi(s)

(0. s>' < pas)

for all (6,s) € ® x R™. To show that the variance is bounded we observe that

of
sup Eg~ —(0,s
eeg P U 80i( )

2
] < sup Egup | (p1(8))° | < o0
0cO ——

polynomial
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For Lipschitz smoothness it is sufficient to bound partial derivatives of order 2. This
can be demonstrated by exchanging integration and differentiation as in the proof of
Proposition 2.28:

2 02
_ E ~ 9, = E ~ - < 0’ S E N
Boundedness and Lipschitz continuity can be verified similarly. 0

2.6 Analytic Functions

Definition 2.30. A function f : R™ — R™ is analytic if it is infinitely differentiable
and its multivariate Taylor expansion at every point &g € R™ converges pointwise to f
in a neighbourhood of x.

Recall the following dichotomy [Mityagin, 2015]:

Lemma 2.31. If f : R® — R is analytic then f = 0 (constantly) or f # 0 almost
everywhere.

Lemma 2.32. Suppose f : RE =~ R and g1 : R™ —R,...,g;: R — R are analytic such
that Vf # 0 a.e. and Vgq,...,Vgr # 0 a.e. Then’ V(fo (g1 x...xg)) #0 a.e.

The proof exploits the following auxiliary lemma:

Lemma 2.33. If f : R™ — R is analytic and Vf # 0 a.e. then for allx € R" and § > 0
there exists € > 0 satisfying [f(z), f(z) +€) C f(Bs(x)) or (f(x) —¢, f(x)] C f(Bs(x)).

(B, () is the ball of radius r > 0 centred at x.)

Proof. Suppose € R" and § > 0. Since Bs(x) is not negligible there exists ' € Bg(x)
such that V f(x) # 0. The result follows from continuous differentiability of f and the
mean value theorem by elementary reasoning. ]

Proof of Lemma 2.52. To simplify notation, we focus on the case £ = 2, and abbreviate
g=g1:R™" =R, h:=¢g9:R" >R,

By Lemma 2.33, ¢(B1(0)) and h(B1(0)) are not negligible. Therefore, there exist
' = g(x) and y' = h(y) such that Vf(z',y’) # 0. We assume %(ac’,y’) > 0 (otherwise
the reasoning is analogous). Since f is continuously differentiable, there exists € > 0 such
that gw, (”,y") > 0 for all 2”7 € B(2') and y” € Be(v/').

Therefore, by the chain rule and the assumption that Vg # 0 a.e. it follows 68—;71_ %0

a.e. for some i. Consequently, %ﬁ;h))(x, y) = %(g(m)) : %(m) is not constant 0 and
therefore (being analytic) different from 0 a.e. O

*(folgr x ... xgo))(@i,..., ) = flgr(xa),..., ge(w))
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2.7 Convergence of Sequences of Functions

Let f, (n € Rsp) be a sequence of functions U — R, where > 0 and U is a set, and

unif.

f:U —= R. f, converges uniformly to f as n \, 0 (notation: f, —— f) if for all
€ > 0 there exists ng > 0 satisfying

|fn(z) — f(@)] <€ YO<n<mny,xelU

If (U,Xy) is measurable with measure p : ¥y — [0,00] then f, converges to f pu-
almost everywhere if there exists V' € ¥y satisfying u(V) =0 and for all z € U\ V,
fo(x) = f(x). We will focus on U C R"™ together with the Lebesgue measure and use
the notation f, 2% f.

fn converges to f u-almost uniformly (notation f, 2% ) if for all € > 0 there
exists V' € Xy such that u(V') < e and f;, converges uniformly to f on U\ V.

The following is a well-known consequence of Egorov’s theorem [Wheeden et al.
1977]:

Lemma 2.34. Let f, be a sequence of functions U — R™, where n > 0 and U C R" s
measurable, and f : U — R. If u is a finite measure then f, == f iff f, = f.



Chapter 3

Almost Everywhere Differentiability

In this chapter we address the aforementioned research question selected by Hongseok
Yang in his FSCD 2019 invited lecture [Yang, 2019] as one of three open problems in the
field of semantics for probabilistic programs:

What class of statistical probabilistic programs have densities that are
differentiable almost everywhere?

This question is of practical interest, because many modern inference algorithms are
“gradient-based”: they exploit the derivative of the density function in order to optimise
the approximation process. This includes the well-known methods of Hamiltonian Monte-
Carlo [Duane et al., 1987, Neal, 2011] and stochastic variational inference [Hoffman et al.,
2013, Ranganath et al., 2014, Blei et al., 2017, Kucukelbir et al., 2015]. However, these
techniques can only be applied when the derivative exists “often enough”, and thus, in the
context of probabilistic programming, almost everywhere differentiability is often cited
as a requirement for correctness |[Zhou et al., 2019, Lee et al., 2020a].

The main result of this chapter (Theorem 3.18) states that the weight function and
value function are differentiable almost everywhere (that is, everywhere but on a set
of measure zero), provided the program is almost surely terminating in a suitable sense.
Our result holds for the universal language of Section 2.2 with recursion and higher-order
functions. This applies to our running example: the program in Fig. 1.1a (expressible in
SPCF using primitive functions that satisfy Assumption 3.1 — see Example 2.2) is almost
surely terminating. We emphasise that it follows immediately that purely deterministic
programs with real parameters denote functions that are almost everywhere differentiable.

Points of non-differentiability exist largely because of branching, which typically arises
in a program when the control flow reaches a conditional statement. Hence, our work is a
study of the connections between the traces of a probabilistic program and its branching
structure. To achieve this we introduce stochastic symbolic execution, a form of oper-
ational semantics for probabilistic programs, designed to identify sets of traces corres-
ponding to the same control-flow branch. Roughly, a reduction sequence in this semantics
corresponds to a control flow branch, and the rules additionally provide for every branch
a symbolic expression of the trace density, parameterised by the outcome of the random
draws that the branch contains. We obtain our main result in conjunction with a careful
analysis of the branching structure of almost surely terminating programs.

This chapter is based on a collaboration, which resulted in the publication [Mak et al.,
2021].
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Distributions. To simplify the presentation, we henceforth assume that terms only
sample from the uniform distribution on (0, 1), i.e. Dist = {¢/}. Thus, we abbreviate
sample;; to sample. Furthermore, we can restrict the space of traces accordingly to
S, = (0,1)" and S = |J,,cn Sn- Sampling from other real-valued distributions can be
obtained from U by applying the inverse of the distribution’s cumulative distribution
function. Alternatively, the proofs can be straightforwardly extended to admit more
distributions directly.

3.1 Differentiability of the Weight and Value Functions

To reason about the differential properties of these functions we place ourselves in a
setting in which differentiation makes sense. We start with some preliminaries.

3.1.1 Background on Differentiable Functions

Basic real analysis gives a standard notion of differentiability at a point 8 € R™ for
functions between Euclidean spaces R®™ — R™. In this context a function f : R™ — R™
is smooth on an open U C R" if it has derivatives of all orders at every point of U.
The theory of differential geometry (see e.g. the textbooks [Tu, 2011, Lee, 2013, Lee,
2009]) abstracts away from Euclidean spaces to smooth manifolds. We recall the formal
definitions.

A topological space M is locally Fuclidean at a point x € M if x has a neigh-
bourhood U such that there is a homeomorphism ¢ from U onto an open subset of R™,
for some n. The pair (U, : U — R™) is called a chart (of dimension n). We say
M is locally Euclidean if it is locally Euclidean at every point. A manifold M is a
Hausdorff, second countable, locally Euclidean space.

Two charts, (U, : U — R™) and (V,¢ : V. — R™), are compatible if the function
pop l:pUNV)—y(UNV)is smooth, with a smooth inverse. An atlas on M is a
family {(Uq, va)} of pairwise compatible charts that cover M. A smooth manifold is
a manifold equipped with an atlas.

It follows from the topological invariance of dimension that charts that cover a part
of the same connected component have the same dimension. We emphasise that, al-
though this might be considered slightly unusual, distinct connected components need
not have the same dimension. This is important for our purposes: S is easily seen to be
a smooth manifold since each connected component S; is diffeomorphic to R?. It is also
straightforward to endow the set A of SPCF terms with a (smooth) manifold structure.
Following [Borgstrom et al., 2016] we view A as [J,,en (SKm x R™), where SK,, is the
set of SPCF terms with no real constants and exactly m place-holders (a.k.a. skeleton
terms) for numerals. Thus identified, we give A the countable disjoint union topology of
the product topology of the discrete topology on SK,,, and the standard topology on R™.
Note that the connected components of A have the form {M} x R™, with M ranging
over SK,,, and m over N. So in particular, the subspace A, C A of values inherits the
manifold structure. We fix the Borel algebra of this topology to be the o-algebra on A.

Given manifolds (M, {Ua, ¢a}) and (M’ {Vs,93}), a function f : M — M’ is
differentiable at a point x € M if there are charts (Uy, po) about = and (V3,1) about
f(z) such that the composite 950 f o, ! restricted to the open subset @q(f~1(Vs)NU,)
is differentiable at @, (z).
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The definitions above are useful because they allow for a uniform presentation. But
it is helpful to unpack the definition of differentiability in a few instances, and we see
that they boil down to the standard sense in real analysis. Take an SPCF term M with
free variables amongst 61, ..., 0, (all of type R), and (7,s) € R™ x S,,.

— The function weight,; : R™ x S — Rx( is differentiable at (r,s) € R™ x S,, just if
its restriction weight,; [rmxs, : R™ x S,, = R>¢ is differentiable at (7, s).

— In case M is of type R, valueys : R™ xS — AYU{ 1} is in essence a partial function
R™ x S — R. Precisely valuey, is differentiable at (r,s) just if for some open
neighbourhood U C R™ x S,, of (r, s):

(i) valueps(r’,s") = L for all (r’,s") € U; or
(i) valueps(r’,s’) # L for all (v, s’) € U, and value), : U — R is differentiable
at (7, s), where we define value;(r’, s’) := r” whenever valuey/(r’, s’) = r”.

3.1.2 Why Almost Everywhere Differentiability Can Fail

Conditional statements break differentiability. This is easy to see with an example: the
weight function of the term

score(if (sample — sample) < Othen 1else0)

is exactly the characteristic function of {[s1, s2] € S| s1 — s2 < 0}, which is not differen-
tiable on the diagonal {[s,s] € Sa | s € (0,1)}.

This function is however differentiable almost everywhere: the diagonal is an un-
countable set but has Leby measure zero in the space S;. Unfortunately, this is not
true in general. Without sufficient restrictions, conditional statements also break almost
everywhere differentiability. This can happen for two reasons.

Problem 1: Pathological Primitive Functions.

Recall that our definition of SPCF is parameterised by a set Op of primitive functions.
It is tempting in this context to take Op to be the set of all differentiable functions, but
this is too general, as we show now. Consider that for every f : R — R the term

score(if f(sample) < Othen1else0)

has weight function the characteristic function of {[s1] € S| f(s1) < 0}. This function is
non-differentiable at every s; € S; N df 1 (—00,0): in every neighbourhood of s; there
are s) and s such that f(s}) < 0and f(s{) > 0. One can construct a differentiable f for
which this is not a measure zero set. (For example, there exists a non-negative function
f which is zero exactly on a fat Cantor set, i.e., a Cantor-like set with strictly positive
measure. See [Rudin, 1976, Ex. 5.21].)

Problem 2: Non-Terminating Runs.

Our language has recursion, so we can construct a term which samples a random number,
halts if this number is in Q N[0, 1], and diverges otherwise. In pseudocode:
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let rec enumQ p q r =
if (r = p/q) then (score 1) else
if (r < p/q) then
enum@ p (q+1) r
else
enumQ (p+1) q r
in enum@ 0 1 sample

The induced weight function is the characteristic function of {[s1] € S| s1 € Q}; the set
of points at which this function is non-differentiable is S;, which has measure 1.

We proceed to overcome Problem 1 by making appropriate assumptions on the set
of primitives. We will then address Problem 2 by focusing on almost surely terminating
programs.

3.1.3 Admissible Primitive Functions

One contribution of this work is to identify sufficient conditions for Op. We will show in
Section 3.3 that our main result holds provided:

Assumption 3.1 (Admissible Primitive Functions). Op is a set of partial, measurable
functions R — R including all constant and projection functions which satisfies

(i) if f : R® =~ Rand ¢g; : R™ — R are elements of Op for i = 1,...,¢, then
fol{g),:R™ =RisinOp
(ii) if (f : R®* = R) € Op, then f is differentiable in the interior of dom f
(iii) if (f : R = R) € Op, then Leby(9f~1[0,00)) = 0 and Leby(d dom f) = 0.

Example 3.2. The following sets of primitive operations satisfy the above sufficient
conditions. (See Appendix A.1 for a proof.)

(i) The set Op; of analytic functions with co-domain R (see Section 2.6).

(ii) The set Opy of (partial) functions f : R® — R such that dom f is open', and
f is differentiable everywhere in dom f, and f~!(I) is a finite union of (possibly
unbounded) rectangles” for (possibly unbounded) intervals I.

Note that all primitive functions mentioned in our examples (and in particular the
density of the normal distribution) are included in both Op; and Ops,.

It is worth noting that both Op; and Op, satisfy the following stronger (than As-
sumption 3.1(iii)) property: Leb,(0f 'I) = 0 for every interval I, for every primitive
function f.

3.1.4 Almost Sure Termination

To rule out the contrived counterexamples which diverge, we restrict attention to almost
surely terminating SPCF terms. Intuitively, a program M (closed term of ground type)
is almost surely terminating if the probability that a run of M terminates is 1.

Take an SPCF term M with variables amongst 61, ..., 60, (all of type R), and set

T term = {(r,s) ER™ xS |IV,w. (M[r/6],1,[]) =" (V,w,s) } (3.1)

!This requirement is crucial, and cannot be relaxed.
2i.e. a finite union of I; X --- x I, for (possibly unbounded) intervals I;
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Let us first consider the case of closed M € A i.e. m = 0 (notice that the measure prm s
is not finite, for m > 1). As Ty term NOW coincides with valueX/[l (AY), T term 1S & meas-
urable subset of S. Plainly if M is deterministic (i.e. sample-free), then ps(Tas term) = 1
if M converges to a value, and 0 otherwise. Generally for an arbitrary (stochastic) term
M we can regard p1s(Tarterm) @s the probability that a run of M converges to a value,
because of Lemma 3.3.

Lemma 3.3. If M € A° then us(Tasterm) < 1.

More generally, if M has free variables amongst 61, ...,6,, (all of type R), then we
say that M is almost surely terminating if for almost every (instantiation of the free
variables by) r € R™, M[r /0] terminates with probability 1.

We formalise the notion of almost sure termination as follows.

Definition 3.4. Let M be an SPCF term. M terminates almost surely if

(i) M is closed and (T pfgerm) = p(valuey (A9)) = 1; or

(ii) M has free variables amongst 61, ...,0,, (all of which are of type R), and there
exists T' € Ygm such that Leb,,(R™\T) = 0 and for each r € T', M [r /0] terminates
almost surely.

Suppose that M is a closed term and M? is obtained from M by recursively replacing
subterms score(L) with the term (Az.if z < O0then Ng,j elsex) L, where z is a fresh
variable and Ng,j is a term that reduces to fail such as 1/0. It is easy to see that for
all s € S, <Mb, 1,[]) =* (V,1,s) iff for some (unique) w € R>q, (M,1,[]) =* (V,w,s).
Therefore,

e (d) = | dpis weight
Value;jlb (Ay)

—us({ses|av. <Mb, 1, []> S (V,1,8)}) = ps(Tascerm)

Consequently, the closed term M terminates almost surely iff 11, is a probability meas-
ure.

Remark 3.5. — Like many treatments of semantics of probabilistic programs in the
literature, we make no distinction between non-terminating runs and aborted runs
of a (closed) term M: both could result in the value semantics p,,» being a sub-
probabilty measure (cf. [Bichsel et al., 2018]).

— Even so, current probabilistic programming systems do not place any restrictions
on the code that users can write: it is perfectly possible to construct invalid models
because catching programs that do not define valid probability distributions can be
hard, or even impossible. This is not surprising, because almost sure termination is
hard to decide: it is I[I3-complete in the arithmetic hierarchy [[Kaminski et al., 2019)].
Nevertheless, because almost sure termination is an important correctness property
of probabilistic programs (not least because of the main result of this chapter,
Theorem 3.18), the development of methods to prove almost sure termination is a
hot research topic.

Accordingly, the main theorem of this chapter is stated as follows:
Theorem 3.18. Let M be an SPCF term (possibly with free variables of type R) which

terminates almost surely. Then its weight function weight,, and value function valueps
are differentiable almost everywhere.
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3.2 Stochastic Symbolic Execution

We have seen that a source of discontinuity is the use of if-statements. This result
therefore relies on an in-depth understanding of the branching behaviour of programs.
The operational semantics given in Section 2.2.2 is unsatisfactory in this respect: any two
execution paths are treated independently, whether they go through different branches
of an if-statement or one is obtained from the other by using slightly perturbed random
samples not affecting the control flow.

More concretely, note that although we have derived weightp.4[0.2,0.9,0.7] = 0.54
and valuepeq[0.2,0.9,0.7] = 0.6 in Example 2.3, we cannot infer anything about the
slightly perturbed weightp.q[0.21,0.91,0.71] and valuepeq[0.21,0.91,0.71] unless we per-
form the corresponding reduction.

So we propose an alternative symbolic operational semantics (similar to the “compil-
ation scheme” in [Zhou et al.; 2019]), in which no sampling is performed: whenever a
sample command is encountered, we simply substitute a fresh variable «; for it, and
continue on with the execution. We can view this style of semantics as a stochastic form
of symbolic execution [Clarke, 1976, King, 1976], i.e., a means of analysing a program
so as to determine what inputs, and random draws (from sample) cause each part of a
program to execute.

Consider the term M = let x = sample - 3 in (walk x), defined using the function
walk of Example 2.2. We have a reduction path

M =let (x = o - 3) in (walkz) = walk (aq - 3)

but at this point we are stuck: the CBV strategy requires a value for a;. We will “delay”
the evaluation of the multiplication «; - 3; we signal this by drawing a box around the
delayed operation: «q[]3. We continue the execution, inspecting the definition of walk,
and get:

M =" walk (a1 [13) =" N =if o103 < 0then0else P

where

p= let s = sample in
— \if sample < 0.5 then (s + walk(a1 [13 + s)) else (s + walk(a1 @3 — s))

We are stuck again: the value of ay is needed in order to know which branch to follow.
Our approach consists in considering the space S; = (0, 1) of possible values for a1, and
splitting it into {s; € (0,1) | s1-3 < 0} = 0 and {s; € (0,1) | s1-3 > 0} = (0,1).
Each of the two branches will then yield a weight function restricted to the appropriate
subspace.

Formally, our symbolic operational semantics is a rewrite system of configurations
of the form (M, w,U)), where M is a term with delayed (boxed) operations, and free
“sampling” variables® ay, ..., ap; U C S, is the subspace of sampling values compatible
with the current branch; and w : U — R>¢ is a function assigning to each s € U a weight
w(s). In particular, for our running example®

(M, [-1,S0) =" (N, [s1]. 1,(0,1)).

3Note that # may be open and contain other free “non-sampling” variables, usually denoted
O1,...,0m.
4We use the meta-lambda-abstraction x. f(z) to denote the set-theoretic function z — f(z).
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As explained above, this leads to two branches:

* (0, [s1].1,0
<<N, [31]17(07 1)» i* <§<P’ le,(z’ 1)>>

The first branch has reached a value, and the reader can check that the second branch
continues as

(P, [s1].1,(0,1)) =7

(if az < 0.5 then a + walk(a [13 + ) else ap + walk(ag 13 — ), [s1, 52, 53].1,(0,1)%)
where as and ag stand for the two sample statements in P. From here we proceed by
splitting (0, 1) into (0,1) x (0,1) x (0,0.5] and (0,1) x (0,1) x (0.5,1) and after having
branched again (on whether we have passed 0) the evaluation of walk can terminate in
the configuration

(e2[F]0, [s1,s2,83].1,U)

where U = {[s1, $2,53] € S3 | s3 > 0.5A 513 — 59 <0}
Recall that M appears in the context of our running example Ped. Using our calcu-
lations above we derive one of its branches:

(Ped, [l.1,{[]}) =" (let w = score(pdf,r.1,01)(a2)) in a1[13, [s1,s2,s3].1,U)

= (let w = score(pdfpr(11,0.1)|(a2)) in @113, [s1,s2,83].1,U)

=" (let w = pdf/\/'(l.l,o.l) (a2) in a1 [13, [51732»53]-Pdf/\f(1.1,0.1)(52)7 U)

=" (113, [s1,52,53] pdf]\/(1‘1,0,1)(32)7 U)

In particular the trace [0.2,0.9,0.7] of Example 2.3 lies in the subspace U. We can
immediately read off the corresponding value and weight functions for all [s1, s2, s3] € U
simply by evaluating the computation «; - 3, which we have delayed until now:

valueped[s1, S2, 3] = s1 -3 weightpeq[s1, 52, 53] = pdfar(1.1,0.1)(s2)

3.2.1 Symbolic Terms and Values

We have just described informally our symbolic execution approach, which involves delay-
ing the evaluation of primitive operations. We make this formal by introducing an ex-
tended notion of terms, which we call symbolic terms and define in Fig. 3.1a along
with a notion of symbolic values. For this we assume fixed denumerable sequences of
distinguished variables: ap, a9, ..., used to represent sampling, and 61,6-,... used for
free variables of type R. Symbolic terms are typically denoted M, A, or L. They contain
terms of the form (Vl, ..., V) for primitive functions f : R = R € Op, representing
delayed evaluations, and they also contain the sampling variables «;. The type system
is adapted in a straightforward way, see Fig. 3.1b.

We use Ay to refer to the set of well-typed symbolic terms with free variables
amongst 01,...,0, and aq,...,a, (and all are of type R). Note that every term in the
sense of Section 2.2.1 is also a symbolic term.
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Vi=rl|6;| aj | [fIVi,...,Ve) | My o
M, N, L=V |y| f(M,..., M) |if L <O0then M else N[
| MAC| Y M

| sample | score(M)

(a) Symbolic values (typically V) and symbolic terms (typically M, A or L)

TFW:R --- TFV:R
TH[f0, ... V) : R TF6;:R Tra;:R
THa:R --- TF%:R
reR

Ty:7hy:7 'kr:R L'k f(a,..., M) R

Dy:thM:7 'FEM:7—=7 THAN:T rEM:(r—71)>17—>1
Xy M:7— 7 M T FrEYM:7— 7

'rc:R TTEFM:7 THEAN:T 'y :R
I'Fif £ <OthenMelse A : T I' - sample: R '+ score(M) : R

(b) Type system for symbolic terms

Ru= Ay M)V | f(Vi,...,V) |if V <O0then M else A | Y (\y. M)
| sample | score( V)

Ex=[]|EM|Ny.M)E| f(V1,...,Vic1 ,E, Mip1,..., M)
| if £ < 0then M else Al | YE | score(E)

(¢) Symbolic values (typically V), redexes (®) and reduction contexts (E).

Figure 3.1: Symbolic terms and values, type system, reduction contexts, and redexes.
Asusual f € Op and r € R.
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Each symbolic term M € A, ,,) has a corresponding set of regular terms, accounting
for all possible values for its sampling variables aq,...,a, and its (other) free variables
01,...,0,. For r € R™ and s € S,,, we call partially evaluated instantiation of M
the term || (7, s) obtained from M|[r/6, s/a] by recursively “evaluating” subterms of
the form (7;1, ...,7¢) to f(ry,...,re), provided (r1,...,7,) € dom f. In this operation,
subterms of the form f(r1,...,r,) are left unchanged, and so are any other redexes. | |
can be viewed as a partial function |#| : R™ x S, — A and a formal definition® is
presented in Fig. 3.2b. Observe that for M € A, ) and (r,s) € dom |M], [M] (r,s) is
a closed term.

Example 3.6. Consider M = (Az. a1 [3) (score(pdfy(110.1y(a2))). Then, for r = ]
and s = [0.2,0.9,0.7], we have |M] (r,s) = (Az.0.6) (score(pdf(1.1,0.1)(0.9)))-

More generally, observe that if I' = ¢ : 7 and (r, s) € dom | M | then T - M| (7, s) : 7.
In order to evaluate conditionals if £ < 0then M else Al we need to reduce L to a real
constant, i.e., we need to have | L] (r,s) = r for some r € R. This is the case whenever
L is a symbolic value of type R, since these are built only out of delayed operations, real
constants and distinguished variables 6; or a;. Indeed, we can show the following:

Lemma 3.7. Let (r,s) € dom | M|. Then M is a symbolic value iff [ M| (r,s) is a value.

Proof sketch. First, suppose M is a symbolic value V. It is easy to prove inductively that
for a symbolic value V of type R, |V|(r,s) is a real constant. Otherwise, both V and
V] (r, s) are abstractions.

Conversely, suppose |V| (r, s) is a value. If it is an abstraction then so is V. Other-
wise, it is a real constant. By the definition of |-] and a case inspection of M this is only
possible if 4 is a symbolic value. O

/

For symbolic values V : R and (r, s) € dom | V| we employ the notation ||V|| (r,s) :=r
provided that |V| (r,s) =r’.

A simple induction on symbolic terms and values (see Appendix A.2.1) yields the
following property, which is crucial for the proof of our main result (Theorem 3.18):

Lemma 3.8. Suppose the set Op of primitives satisfies Assumption 3.1(1).

(i) For each symbolic value V of type R, by identifying dom ||V|| with a subset of R™t™,
we have ||V]| € Op.
(i1) If Op also satisfies Assumption 3.1(ii) then for each symbolic term M,

|[M]:R™ xS, —~A
18 differentiable in the interior of its domain.

3.2.2 Symbolic Operational Semantics

We aim to develop a symbolic operational semantics that provides a sound and com-
plete abstraction of the (concrete) operational trace semantics. The symbolic semantics

5To be completely rigorous, we define for fized m and n, partial functions ], ., R xS, = A for
symbolic terms M whose distinguished variables are amongst 61,...,0,, and a1,...,a,. M may contain
other variables y, z,... of any type. Since m and n are usually clear from the context, we omit them.
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dom |[f]V1,..., V)| = {(r,s) € dom V1] N---Ndom [ V] |

(ri,...,r}) € dom f, where
ri=Dal(rs), =V (r,8)}
dom |sample] := dom |§;| := dom | ;|
= dom |y —domL | =R™xS,
domf (M, ..., My) := dom [M] N --- N dom | ]
dom [Ay. M| := dom | YM | := dom |score(M)| := dom | M|
dom | M A] == dom [ M | Ndom ||
dom |if L < Othen M else \(| := dom [ £] Ndom | M | N dom | (]

(a) Domain of |-]

J (r,8) = f(ry,...,ry) , where for 1 <i <2, |Vi](r,s) :7;;
[6:] (r,8) =i
laj) (r,8) = s
Lyl (r,8) =y
|| (r,8) =1'
SO0, 94)] (r,s) = f([24] (r,s),....[M](r,s))
| Ay. M| (r,8) = Ay. | M| (7, s)
(M A (7, 8) = ([M] (r,8)) ([A] (7, 8))
Y] (r,s) =Y (|M](r,s))
|if L < Othen M else | (r,s) =1if |L] (r,s) < Othen [M] (7, s)else [A] (r,s)
|sample| (r, s) .= sample
|score(M)] (r, s) = score(| M| (7, s))

(b) Definition of |-] on dom |- |

Figure 3.2: Formal definition of the instantiation and partial evaluation function ||
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is presented as a rewrite system of symbolic configurations, which are defined to
be triples of the form (M, w,U)), where for some m and n, M € A, ,), the set
U C dom [M] C R™ x S,, is measurable, and w : R™ x S — R>¢ with domw = U.
Thus, we aim to prove the following result (writing 1 for the constant function (7, s).1):

Theorem 3.9. Let M be a term with free variables amongst 01, ..., 0p,.
(i) (Soundness). If (M, 1,R™) =* (V,w,U)) then for all (r,s) € U,
weight (7, 8) = w(r, s) valuey (7, s) = | V| (v, s)

(ii) (Completeness). If r € R™ and (M[r/0],1,[]) —* (V,w,s) then there exists
(M, 1,R™) =* (V, w,U)) such that (r,s) € U.

As formalised by Theorem 3.9, the key intuition behind symbolic configurations
(V,w,U) (that are reachable from a given (M, 1,R™})) is that:

— V gives a correct local view of valuey, (restricted to U), and
— w gives a correct local view of weight,, (restricted to U);

moreover, the respective third components U (of the symbolic configurations (V, w, U}))
cover T/ term-

To establish Theorem 3.9, we introduce symbolic reduction contexts and symbolic
redexes. These are presented in Fig. 3.1c¢ and extend the usual notions (replacing real
constants with arbitrary symbolic values of type R).

Using Lemma 3.7 we obtain:

Lemma 3.10. If R is a symbolic redex and (r,s) € dom |R | then |R ] (r,s) is a redex.
The following can be proven by a straightforward induction (see Appendix A.2.2):
Lemma 3.11 (Subject Construction). Let M be a symbolic term.

(i) If M is a symbolic value then for all symbolic contexts E and symbolic redexes R,
M # E[R].
(i) If M = B[R] = Ea[Re] then E1 = Ey and Ry = Reo.
(i) If M is not a symbolic value and dom | M| # () then there exist E and R such that
M = E[R].

The partial instantiation function also extends to symbolic contexts £ in the evident
way — we give the full definition in Appendix A.2.2 (Definition A.3).
Now, we introduce the following rules for symbolic redex contractions:

(Ay. )V, w, U

(fOr, - V), w, U
YAy M), w, U

(M[V/y), w,U)

<((V1, .oy Vo), w, dom H(V1, L V)INU )
(N2 MY (Ny. M) [y] 2, w,U)
{
{

(if V < Othen M else A, w, U M, w, V| (=00,0)NT )

= s = = =

(if V < Othen M else N, w, U A, w, |[VITH0,00) N T Y

=
=
=
=
=
= (aps1,2,U") (UCR™xS,)

(sample, w, U

=
=
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(score(V), w,U) = (V. |VII-w, [IV|~" [0,00) N T )

In the rule for sample (recall that in this chapter we focus on the uniform distribution
n (0,1)), U ={(r,s4#[s]) | (r,s) e UAS €(0,1)} and o'(r,s 4 [¢']) == w(r, s); in
the rule for score(V), (|V| - w)(r,s) = ||V| (r,s) - w(r,s).

The rules are designed to closely mirror their concrete counterparts. Crucially, the
rule for sample introduces a “fresh” sampling variable, and the two rules for condi-
tionals split the last component U C R™ x S,, according to whether ||V|| (r,s) < 0 or
V|| (r,s) > 0. The “delay” contraction (second rule) is introduced for a technical reason:
ultimately, to enable Theorem 3.9(i) (Soundness). Otherwise, it is, for example, unclear
whether Ay. a; + 1 should correspond to Ay.0.5 4+ 1 or Ay. 1.5 for s; = 0.5.

Finally, we lift this to arbitrary symbolic terms using the obvious rule for symbolic
evaluation contexts:

(R, w,U) = (R, 2/, U")
(E[R], w,U) = (E[R], =/, U")
Note that we do not need rules corresponding to reductions to fail because the third

component of the symbolic configurations “filters out” the pairs (7, s) corresponding to
undefined behaviour. In particular, the following holds:

Lemma 3.12. Suppose (M, w,U) is a symbolic configuration and
(M, w,U) = (A, =", U")
Then (N, w',U") is a symbolic configuration.

Proof. Suppose that M = £[R] and Al = E[R/]. Because of Lemma 3.8 and the assump-
tion that the functions in Op are measurable, U’ is measurable again. Furthermore, the
rules ensure that U’ C dom |®']. (For the first rule this is because of the Substitution
Eq. (A.1).) By the Substitution Eq. (A.3),

U' C dom |Z£[R]] Ndom |®/| C dom |£] Ndom || = dom | Z[R]] O

A key advantage of the symbolic execution is that the induced computation tree is
finitely branching, since branching only arises from conditionals, splitting the trace space
into disjoint subsets. This contrasts with the concrete situation (from Section 2.2.2), in
which sampling creates uncountably many branches.

Lemma 3.13 (Basic Properties). Let (M, w,U)) be a symbolic configuration. Then

(i) There are at most countably distinct N, @' and U’ s.t. (M, w,U) =* (N, ', U").
(i) If (M, w,U) =* (Vi,w;, U;)) fori € {1,2} then Uy = Us or Uy NU; = 0.
(iii) If (M, w,U) =* (E[sample], w;, U;) fori € {1,2} then Uy = Uz or Uy NUy = 0.

Proof sketch. By subject construction (Lemma 3.11), there is at most one £ and R such
that M = Z£[R]. An inspection of the rules shows that U’ such that
(R, w,U) = (&', /. U")

is unique unless R is a conditional, in which case there are two distinct such U’. Hence,
there are at most two distinct U’ such that (E[R], w,U) = (A, «',U’)). The first part
follows by induction on the number of reduction steps.
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For the other two parts note that if (M, w,U) = (N, w',U’) either U" C U or
U ={(r,s#[]) ]| (r,s) e UAr" €(0,1)}. In particular, if (M, w,U) =* (N, «',U"),
U C{(r,s#s)]|(r,s)eUANs" €S,} for some n € N.

By the discussion for the first part of the lemma, if (M, w,U) =* (A;, w;,U;) for
i € {1,2}, then w.l.o.g., either

(i) (A6, w1, Ur) =" (Ao, wn, Uz)) or
(ii) (M, w,U) =* (E[if L < 0then 2 else M), »',U’) and

(), U 0 ) (~0,0)
. = = <<9\[1,W1,U1>>
(Z[if £ < 0then 21 else M), o', U")

S (E9e), o, U O |L] 7 [0, 00))
=% (Ae, an, Us))

for suitable A/, £, £, My, My, w' and U’.

In the latter case in particular Uy N Us = () holds.
This implies the second and third part of the lemma. ]

Crucially, there is a correspondence between the concrete and symbolic semantics in
that they can “simulate” each other:

Proposition 3.14 (Correspondence). Suppose (M, w,U) is a symbolic configuration,
and (r,s) € U. Let M = | M| (r,s) and w := w(r,s). Then

(1) If (M, w,U) = (N, ', U") and (r,s 4 s’) € U’ then
(M,w, sy — <L9\[J (r,s%s'),w(r,s’),s%s’>.

(i) If (M,w,s) — (N,w' s’} then there exists (M,w,U) = (N, w',U") such that
N (r,8') =N, @/(r,s') =w' and (r,s") € U’

Proof. Suppose that (M, w,U) is a symbolic configuration and (r,s) € U.

If 2 is a symbolic value then M| (7, s) is a value Lemma 3.7 and there is nothing
to prove.

Otherwise, by Lemma 3.11, there exists unique £ and ® such that M = £[R]. Thus,
we can define the context £ = |£] (r,s) and redex R = [R] (v, s) (see Lemma 3.10),
and it holds by Eq. (A.3), |M] (r,s) = E[R].

(i) If (R, w,U)) = (R',«',U") and (r,s + s’) € U’ then by case inspection (see
Lemma A.1),

(R, w(r,s),s) = (R &' (r,s4 '), s 4 s")
such that R' = |R’| (r,s # ). So,
(E[R],w(r,s),s) = (B[R], &/ (r,s # §),s 4 ")

and by the Substitution Eq. (A.3), E[R] = |E[R]] (r,s # §').
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(ii) Conversely, if
(R,w(r,s),s) = (R, w',s")
then a simple case analysis (see Lemma A.2) shows that for some &/, »' and U’,
(R, w,U) = (&', U")
such that |R| (r,s’) = R/, w(r,s’) =w' and (r,s’) € U'. Thus, also
(£[R], w, U) =" (Z[&], «/, U")
and by the Substitution Eq. (A.3), we have |E[R']] (r,s) = E[R). O

3.3 Densities of Almost Surely Terminating Programs are
Differentiable Almost Everywhere

So far we have seen that the symbolic execution semantics provides a sound and com-
plete way to reason about the weight and value functions. In this section we impose
further restrictions on the primitive operations and the terms to obtain results about the
differentiability of these functions.

Henceforth, we assume Assumption 3.1 and we fix a term M with free variables
amongst 601,...,0.,.

From Lemma 3.8 we immediately obtain the following®:

Lemma 3.15. Let (M, w,U) be a symbolic configuration such that w is differentiable
on U and p(0U) = 0. If (M, w,U)) = (M', &/, U") then o' is differentiable on U’ and
p(0U") = 0.

Proof. For the Score-rule this is due to Lemma 3.8 and the fact that differentiable
functions are closed under multiplication. For the other rules differentiability of «/ is
obvious.

Furthermore, note that p(0{(r,s 4 [s']) | (r,s) e UA s € (0,1)}) = u(0U) and for
symbolic values V,

(9 (VI (=00,0)) ) = (& (IVI 7" [0,00)) ) = 0

because of Lemma 3.8 and Assumption 3.1. Consequently, due to the general fact that
AU NV)CoUUIV, in any case, u(0U’) = 0. O

3.3.1 Differentiability on Terminating Traces

As an immediate consequence of the preceding, Lemma 3.8 and the Soundness The-
orem 3.9(i), whenever (M, 1, R™) =* (V, w,U)) then weight,, and valuey; are differen-
tiable everywhere in U.

Recall the set Tasterm of (7, 8) € R™ x S from Eq. (3.1) for which M terminates. We
abbreviate Tas term t0 Term and define

Teerm = Tasterm = {(r,8) € R™ x S| IV, w. (M[r/60],1,[]) =" (V,w,s)}

SHenceforth, we abbreviate prmxs from Section 2.2.2 to u to reduce clutter.
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Tint

term

= J{U 3V, w. (M, 1,R™) =" (V. w,U)}
By Completeness Theorem 3.9(ii),
Tierm = (U |3V, w. (M, 1,R™) =" (V, w,U)}

Therefore, being countable unions of measurable sets (Lemmas 3.12 and 3.13), Tierm and
Tint are measurable.
By what we have said above, weight;,; and valueys are differentiable everywhere on

Tint . Observe that in general, T  C Tioy,. However,

u(nerm\nzim)w( U (U\ff))g Y e =0  (32)
Us(M,1,R™)=* Us(M,1,R™)=*
(V,w,U) (V,w,U)

The first equation holds because the U-indexed union is of pairwise disjoint sets. The
inequality is due to (U\U) C AU. The last equation above holds because each p(U) = 0
(Assumption 3.1 and Lemma 3.15).

Thus, we conclude:

Theorem 3.16. Let M be an SPCF term. Then its weight function weight,, and value
function valueys are differentiable for almost all terminating traces.

3.3.2 Differentiability for Almost Surely Terminating Terms

Next, we would like to extend this insight for almost surely terminating terms to suitable
subsets of R™ x S, the union of which constitutes almost the entirety of R" x S. Therefore,
it is worth examining consequences of almost sure termination (see Definition 3.4).

We say that (7, s) € R™ x S is mazimal (for M) if (M[r/0],1,[]) —=* (N,w, s) and for
all s’ € S\ {[|} and N, (N,w,s) A* (N',w', s 4 s’). Intuitively, s contains a maximal
number of samples to reduce M|[r/0)]. Let Tyax be the set of maximal (7, s).

Note that Tierm € Tmax and there are terms for which the inclusion is strict (e.g. for

the diverging term M =Y (Af. f), [] € Tmax but [| & Tterm). Besides, Tpax is measurable
because, thanks to Proposition 3.14, for every n € N,

{(r,s) e R" xS, | (M[r/0],1,]]) =" (N,w,s)} = U UN(R™xS,)

U:(M,1,R™ )=>*
(Aw,U)

and the RHS is a countable union of measurable sets (Lemmas 3.12 and 3.13).
The following is a consequence of the definition of almost sure termination and a
corollary of Fubini’s theorem:

Lemma 3.17. If M terminates almost surely then p(Tmax \ Tterm) = 0.

Proof. Let T € B™ be such that u(R™\ T') = 0 and for every r € T, M[r/0] terminates
almost surely. For » € R™ we use the abbreviations

Tr,max = {S €S | ("“7 3) S Tmax} T'r,term = {3 S | (’I“,S) S Tterm}
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Toret —
pre :
Tmt ‘_Tstuck

Tmax

Figure 3.3: Ilustration of how R™ x S — visualised as the entire rectangle — is partitioned
to prove Theorem 3.18. The value function returns L in the red dotted area and a closed
value elsewhere (i.e. in the blue shaded area).

and we can argue analogously to Tax and Tiey that they are measurable. Similarly to
Lemma 3.3, for all » € R™, (T, max) < 1 because (s + ") € Ty max and s’ # [| implies
S ¢ T’r',max-

Therefore, for every » € T, (Ty max \ Trterm) = 0. Finally, due to a consequence of
Fubini’s theorem (Lemma A.4) and the fact that the Lebesgue measure is o-finite,

,U(Tmax \ Tterm) = M({(T‘, 5) S Rm X S | CES Tr,max \ Tr,term) =0 O

Now, observe that for all (7, s) € R™ x S, exactly one of the following holds:
(i) (r,s) is maximal
(ii) for a proper prefix s’ of s, (r,s’) is maximal
(iii) (r,s) is stuck, because s does not contain enough randomness.
Formally, we say (v, s) is stuck if (M[r/6],1,[]) —=* (E[sample], w, s), and we let Tgyck
be the set of all (7, s) which get stuck. Thus,

xS = Tmax U Tpref U Tstuck

where Tprer == {(7, 8 # s ) | (r,8) € Tmax A 8’ # [|}, and the union is disjoint.

Defining T | = U{U | (M, 1,R™) =* (Z[sample], w,U)} we can argue analog-
ously to Eq. (3.2) that pu(Tstuek \ THE ) = 0.

Moreover, for T”;ef ={(r,s4#s") | (r,s) € T and [] # s’ € S} it holds

term

pref\ I ref { r,s S ) Imax\ I}:eEmAS,ESn}
p
neN

and hence, :u( pref \ Tpref) < ZnEN 'u( max \ T%;Ielf"m) <0.
Finally, we define

T = Tint Tuief U Tint

term stuck

Clearly, this is an open set and the situation is illustrated in Fig. 3.3. By what we have
seen,

p((R™ x S)\T) = p1(Tterm \T%relgm) P pres \Tpref) + 11(Tstuck \ Tis{cltuck) =0

Moreover, to conclude the proof of our main result Theorem 3.18 it suffices to note:
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(i) weight,,; and valuey; are differentiable everywhere on Til' (as for Theorem 3.16),

term
and
(i) weight,;(r,s) = 0 and valuey(r,s) = L for (r,s) € Tipr;tof Tt .

Theorem 3.18. Let M be an SPCF term (possibly with free variables of type R) which
terminates almost surely. Then its weight function weight,, and value function valueps
are differentiable almost everywhere.

We remark that almost sure termination was not used in our development until the
proof of Lemma 3.17. For Theorem 3.18 we could have instead directly assumed the
conclusion of Lemma 3.17; that is, almost all maximal traces are terminating. This
is a strictly weaker condition than almost sure termination. The exposition we give is
more appropriate: almost sure termination is a standard notion, and the development of
methods to prove almost sure termination is a subject of active research.

We also note that the technique used in this chapter to establish almost everywhere
differentiability could be used to target another “almost everywhere” property instead:
one can simply remove the requirement that elements of Op are differentiable, and replace
it with the desired property. A basic example of this is smoothness.

3.4 Conclusion and Related Work

We have solved an open problem in the theory of probabilistic programming: under
mild assumptions densities of almost surely terminating programs are differentiable al-
most everywhere. This is mathematically interesting, and motivated the development
of stochastic symbolic execution, a more informative form of operational semantics in
this context. The result is also of major practical interest, since almost everywhere
differentiability is necessary for correct gradient-based inference.

Related Work

The problem was partially addressed in the work of [Zhou et al., 2019] who prove a
restricted form of our theorem for recursion-free first-order programs with analytic prim-
itives. Our stochastic symbolic execution is related to their compilation scheme, which
we extend to a more general language.

The idea of considering the possible control paths through a probabilistic program is
fairly natural and not new to this paper; it has been used towards the design of specialised
inference algorithms for probabilistic programming, see [Chaganty et al., 2013, Zhou
et al., 2020]. To our knowledge, this is the first semantic formalisation of the concept,
and the first time it is used to reason about whole-program density.

[Mazza and Pagani, 2021] study the correctness of automatic differentiation (AD) of
purely deterministic programs. This problem is orthogonal to the work reported here,
but it is interesting to combine their result with ours. Specifically, we show a.e. differenti-
ability whilst [Mazza and Pagani, 2021 proves a.s. correctness of AD on the differentiable
domain. Combining both results one concludes that for a deterministic program, AD re-
turns a correct gradient a.s. on the entire domain. Going deeper into the comparison,
Mazza and Pagani propose a notion of admissible primitive function strikingly similar to
ours: given continuity, their condition 2 and our condition 3.1(iii) are equivalent. On the
other hand we require admissible functions to be differentiable, when they are merely
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continuous in [Mazza and Pagani, 2021]|. Finally, we conjecture that “stable points”, a
central notion in [Mazza and Pagani, 2021|, have a clear counterpart within our frame-
work: for a symbolic evaluation path arriving at (V,w,U)), for V a symbolic value, the
points of U are precisely the stable points.

Our work is also connected to recent developments in differentiable programming. Lee
et al. [Lee et al., 2020a] study the family of piecewise functions under analytic partition,
or just “PAP” functions. PAP functions are a well-behaved family of almost everywhere
differentiable functions, which can be used to reason about automatic differentiation in
recursion-free first-order programs. Since publication of our paper [Mak et al., 2021],
[Huot et al., 2023] have extended the approach and given a denotational semantics based
on the new category of wPAP spaces. As an application, they recover Theorem 3.167.

Tt is not clear whether they can also prove the Main Theorem 3.18 of Chapter 3, which requires
reasoning about traces not resulting in values.



Chapter 4

A PL Framework for Stochastic
Optimisation

In this chapter we present a programming language framework for stochastic optimisa-
tion via the reparameterisation gradient estimator. We assume that distributions are
reparameterised (either by the user or automatically [Gorinova et al., 2020]). Thus, in
the light of Eq. (2.4), the Optimisation Problem 2.10 is

arg;nin Es~p|[f(0, pg(s))]

where each g : R* — R" is a diffeomorphism’.

We generalise the problem by allowing the user to specify both the probability dis-
tribution s ~ D and the function (0, s) — f(0,pg(s)) within a programming language.
For instance, for the program

(Az.if z < OthenOelse 2) (¢, - (sample y))
where ¢, +(s) == s- 0 + p, this amounts to optimising”

Esn(0,)[ReLU(¢p,0(5))] = E.opn(p,02) [ReLU(2)]

as a function of ;4 € R and o € Ryy.

As our basis we take a modified fragment of the language of Section 2.2 without
recursion and scoring which makes reparameterisations explicit.

To simplify the presentation and proofs, we will pose an optimisation problem using an
eager® semantics, which requires samples for all branches (no matter which branch ends
up being taken). This ensures that samples are drawn independently from simple base
distributions and transformed by a single diffeomorphism globally across all branches,
which will prove technically more convenient than optimising the expectation of the value
function w.r.t. the weight-density. Intuitively, eagerness does not affect the objective
function because the “unused randomness” can be simply marginalised out.

!This will prove technically convenient; see e.g. Eq. (4.1) below.

2ReLU is the rectified linear unit function, which is the identity for non-negative arguments and
constantly 0 otherwise.

30ur use of the term “eager” is unusual but taking samples for both branches is even more eager than
a typical call-by-value evaluation strategy, which just evaluates the relevant branch (and thus only needs
the corresponding samples).

o1
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Example 4.1. For the term

M = (Az.if z; < Othen (sample ¢ 4 sample ¢) else (¢, - (sample y)))
(#4,0 (sample )

where £ is the exponential distribution with parameter 1, the weight- and value-function
are complex:

N(s1)-E(s2)-E(s3) if s =[s1,s2,s3] and p,.(s1) <O
weight (1, 0), 8) = ¢ N(s1) - N(s2) if s = [s1,52] and ¢4(s1) =20
0 otherwise

sy +s3  if s =[s1,s2,s3] and ¢, (s1) <O
valuers ((p,0),8) = § @uo(s2) if s =[s1,59) and ¢, 4(s1) >0

1 otherwise
On the other hand, the eager interpretation uses the fized trace length® 4

[M]((w, o), [s1, 2, 83, 84]) = {82 +s3  if@ue(s1) <0

Yuo(ss) otherwise
and the “unnecessary randomness” can be integrated out:

Esi 5o san sam N [[M]([51, -, 54])]
= Esi N son syne san [0 (s1) < 0] - (52 + 53)]
+ E81~N782~5,83~5,84~NHQDM,U(SI) > 0] : 80%0(54)]
= Es; N 5o~ 538 [P (51) < 0]« (82 + 83)] + Esy i sum [[Pp,0 (81) 2> 0] - 0.0(84)]
— Euisantsrtl[Po(51) < 0] (s2 4 8] 4B, [6o(51) 2 0] 900 (52)

= /WeightM(s) -resulty/(s) ds

where result/(s) = r provided valueps(s) =r.

Eagerness will also be crucial in the next chapter for our smoothed semantics, which
is the basis of our approach for addressing the bias of the reparameterisation estimator
and effectively interprets conditionals by convex combinations of its branches.

Outline of the chapter. We proceed to introducing the syntax and a type system for
the modified language in Section 4.1. Based on a denotational semantics (presented in
Section 4.2), we formally state (in Section 4.3) the stochastic optimisation problem we are
solving in the remainder of this thesis, and Section 4.4 presents a simplified framework.
In Section 4.5, we guarantee that the optimisation problem is well-defined with suitable
assumptions and a type system. We present an abstraction of the latter in Section 4.6,
which we instantiate throughout the remainder of the thesis. Finally, we conclude and
present related work in Section 4.7.

455 and s3 are used in the evaluation of the if-branch, whereas s4 is used in the evaluation of the
else-branch.
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4.1 Syntax and Trace-Based Type System

To formalise the stochastic optimisation problem we propose a type system based on trace
types, which precisely characterises for a program its space of possible eager execution
traces [Lew et al., 2020]. The technical advantage is that for every (closed) term-in-
context, | [Di,...,Dy] e M 27, M reduces to a (unique) value using exactly the traces
of the length encoded in the typing, i.e., n. So in this sense, the semantics is “total”.
There is no recursion and the typing ensures that there is no partiality caused by partial
primitives such as 1/x.

Types

Types are generated from base types (R and Rsg, the reals and positive reals) and trace
types (typically ¥, which is a finite list of probability distributions) as well as by a trace-
based function space constructor of the form 7 e ¥ — 7/. Formally, types are defined by
the following grammar:

trace types Y u=1[Dy,...,Dy] n>0
base types t::=R| Rsg
types Tu=1|TeX > T

where D; are probability distributions. Intuitively, a trace type is a description of the
space of execution traces of a probabilistic program. The subtyping of types, as defined
in Fig. 4.1a, is essentially standard.

We use list concatenation notation H for trace types, and the shorthand 71 — 7 for
function types of the form 7, e [| — 72. Intuitively, a term has type 7 ¢ ¥ — 7 if, when
given a value of type 7, it reduces to a value of type 7/ using all the samples in X.

Raw Terms

Henceforth, we fix dedicated variables 61 : t1,...,0p @ tm, which we refer to as para-
meters, and a parameter space ® C [u1] X -+ X [t] € R™, where [R] = R and
[R>0] = Rxo.

To make reparameterisations more explicit, we use the transformed sample construct
sample p > @g, which can be thought of as syntactic sugar for ¢ e(sample D).

Definition 4.2. Let U C R" be open.

(i) A differentiable function ¢ : U — U is a diffeomorphism if it is bijective and has
a differentiable inverse. (In particular, |det Je(s)| > 0 for all s € U.)

(ii) A function p_y: ® x U — U is a strong diffeomorphism if o9 : U — U is a
diffeomorphism for all @ € © and inf g 4)c@ v | det Jpg(s)| > 0.

Example 4.3. Suppose ® C R is compact, f : @ — R~ is continuous and g : @ — R.
Then the location-scale transformation

va(s) = f(6)-s+g(0)

is a strong diffeomorphism because infgcg f(0) > 0 (© is compact and f is continuous).
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HCmn mC7
LT R 0C R (r1eX = 7)) C (1] X — 75)

(a) Subtyping

DYk M7
TC 7
Xk M7 — 1Ty @ T | [ e 2 0 73
F|21|—trM12L1 F|Eg|_tng
D35 H - H S b (M., M) 0
M'YFow L:R T|Y b, M: v T|YXFypN:o
MNY+HYHYFyif L<OthenMelseN : ¢
Dy:m | Sk M DS FeM:imeXs—m I'|Yoby N:imy
F|H|—tr)\y.MZT1.E—>T2 F|21—H-22—H—23|_trMNZ7'2

() € Diffg(supp(D))

Filul x - [u] =[] € Op

0,1 | [D] b, samplep > g : R v

(b) Typing judgments

Figure 4.1: A basic trace-based type system

Assumption 4.4. For open U C R, Diffg(U) is a set of polynomials ¢(_y: ® x R = R
which are strong diffeomorphisms.

The raw terms of the modified programming language are given by

M:=z| f(M,...,M)|if M < 0then M else M
| \e. M | M M

| samplep > pg

where f € Op, D € Dist and ¢_) € Diffg(supp(D)).
We can express affine transformations, in particular, the location-scale transforma-
tions as follows:

Example 4.5 (Location-Scale Transformation). As expressed in Eq. (2.3), we can obtain
samples from N (u, 0%) via sample y > ¢, -, Where ¢, »(s) == s-o+u, which is syntactic
sugar for the term sample yr - o + p.

In order to comply with Assumption 4.4, we require (u,0) & © because ¢, o is not
bijective.

Typing Judgements

Dual context typing judgements of the form, I' | ¥k, M : 7, are defined in Fig. 4.1b,
where I' =21 : 71, -+ , s : Ty 1S a finite map describing a set of variable-type bindings;
and the trace type X precisely captures the distributions from which samples are drawn
in a (fully eager) call-by-value evaluation of the term M.
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In particular the following rules are admissible (provided the corresponding primitives
are in Op):

M1key M:R T Xk, N:R
¥ HYbF, MoN:R
I‘|Zl}_tr]\4':]%>0 F|22|_trNZR>0

o€ {+,}

€ ,

'Y H Xk MoN: Ry et
Nk M:R 'YXk M: Reg
F|Z|—tr@(M): R~ F|Z}—tr107g(M):R

Example 4.6 (Encoding the ELBO for Variational Inference). We consider the example
used by [Lee et al., 2018] to prove the biasedness of the reparameterisation gradient
(Fig. 2.4). The density is

NO|-2,1) ifz<0

p(2) =N(21]0,1)- {/\/'(0 |5,1)  otherwise

and they use a variational family with density gg(z) == N (z | 6,1), which is reparamet-
erised using a standard normal noise distribution and transformation (6, s) = s + 6.

First, we define an auxiliary term for the pdf of normals with mean m and standard
derivation s:

N = Az, m,s. (\/ﬂ S)_l - exXp (—0‘5 : ((55 —m) - 571)2>

(We assume that Op contains the constants 27 as well as the standard arithmetic
functions.) Then, we can define

M = (Az.log (N z01) + (if z < Othen log (N 0 (—2) 1) else log (N 051)) —

logp
log (N z01) ) (sample/\/ > cpg)
—_———

log gp

Note that | [[Fiy N: R— R — Rsg — Rspand 0 : R| [N] Fi M : R.

Conditionals

We assume that the branches of conditionals have a base type. Otherwise it would not
be clear how to type terms such as’

M = if z < 0then (Az.sample y/) else (A\z. sample ¢ + sample ¢)
N = (\f. f (fsample ) M

because the branches draw a different number of samples from different distributions,
and have types Re [N] — R and R e [£,E] — R, respectively. However, for

M’ = if x < Othensample y else sample ¢ + sample ¢

5Since the transformation does not matter here, we omit it and simply write sample - instead of
sample » > id, etc.
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we can (safely) type
r:R|N,EE e M- R
|| Fee Moo M’ - Re [N,E,E] = R
| INNLEENLE E Fie (Mf. f (fsample nr)) (Az. M) : R

Example 4.7. Consider the following terms:

L = \z.sample s + sample »s
M = if < Othen (\y.y + y) sample y else (sample yr + sample xr)

We can derive the following typing judgements:

|[]|—trL:R>00[N,N]—>
z:Reo | N NNty MR
| [| Ftr Ax. M : Rsg o [N, N,N] = R
| W, N N, N] i (Ax. M) sample y : R
| [NV Foo (Af.f(f0)) (A\z.sample n/) : R

Note that if 2 < 0 then (Az.sample yr) else (A\x. ) is not typable.

]
]
]
N

Finally, trace types are unique:
Lemma 4.8. IfT | Xty M7 and T | X' by M 2 7' then ¥ =X,

Proof sketch. We define an equivalence relation ~ on types by

(i) e~

(ii) (11X — 7o) ~ (1] ¢X — 75) iff 7 = 7{ implies ¥ =3 and 7 ~ 7

Intuitively, two types are related by = if for (inductively) related arguments they draw the
same samples and again have related return types. We extend the relation to contexts:
I'~I"ifforallz:7inTandz:7 inIl’, 7~ 7.

Then we show by induction that if T' | X ¢ M : 7, TV | ¥ by, M : 7" and T ~ T” then
¥ = ¥ and 7 ~ 7/. Finally, this strengthened statement allows us to prove the tricky
case of the lemma: application. O

4.2 Denotational Value Semantics

In Section 2.2.2 we presented operational semantics for our language interpreting condi-
tionals lazily, which is especially important in the presence of recursion. In this subsec-
tion we present an eager and denotational version of this semantics, which will render
reasoning about (correctness) properties easier. Since we are ultimately interested in
expectations (see also Problem 4.12 below), we need to ensure measurability.

It is well-known that the category of measurable spaces and measurable functions is
not cartesian closed [Aumann, 1961], which means that there is no interpretation of the
lambda calculus as measurable functions. These difficulties led [Heunen et al., 2017a] to
develop the category QBS of quasi-Borel spaces (QBS).
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Like measurable space (X,Xx), a quasi-Borel space (QBS) is a pair (X, Mx)
where X is a set; but instead of axiomatising the measurable subsets X x, QBS axiomat-
ises the admissible random elements Mx. The set Mx, which is a collection of functions
R — X, must satisfy the following closure properties:

— if « € Mx and f: R — R is measurable, then ao f € Mx

— if «: R — X is constant then o € Mx

— given a countable partition of the reals R = LﬂieN S; where each S; is Borel, and
{a;}ien € Mx, the function r — «;(r) where r € S; is in Mx.

The QBS morphisms (X, Mx) — (Y, My) are functions f : X — Y such that foa € My
whenever o € Mx. Notably, morphisms can be combined piecewisely, which we need for
conditionals.

For 7 C 7/ there is an evident embedding morphism emb, ;s : [7] — [7] defined by

— emb, y(z) =z if t T and z € [] C [/]
- embr1~>7'2,7'{~>7'é (f) =T c [[7-{]] = embTQ,Té (f(emb‘r{,n (ZL’)))

We interpret our programming language in the category QBS of quasi-Borel spaces.
Types are interpreted as follows:

[R] = (R, MR)
[R~0] = (R>0, Mr.,)
[[D1,...,D,]] = (R, MR)"

[r1 0% — o] =[] x [2] = [m2]

where Mg is the set of measurable functions R — R; similarly for Mgr_,. (As for trace
types, we use list notation (and list concatenation) for traces.)

With the following assumption we can interpret terms-in-context I' | ¥ . M : 7 as
[T | Xk M:7]:[T] x [X] — [7]; see Fig. 4.2.

Assumption 4.9. Primitive operations f € Op are measurable.

It is not difficult to see that this interpretation of terms-in-context is well-defined and
total. For the conditional clause, we may assume that the trace type and the trace are
presented as partitions X1 H Yo H X3 and s; H so +H s3 respectively. This is justified
because it follows from the judgement I' | ¥1 + Yo + X3 b, if L < Othen M else N : 7
that T' | Xy b L: R, T | ¥ b M : v and I' | X3k N : ¢ are provable; and we know
that each of ¥1,3s and Y3 is unique, thanks to Lemma 4.8; their respective lengths
then determine the partition s; H s2 H s3. Similarly for the application clause, the
components 1 and Yo are determined by Lemma 4.8, and X3 by the type of M.

4.2.1 Transformed Semantics

We introduce a transformed version of this semantics, [(—)]?, such that the effect of the
transformations can be factored out globally:

Proposition 4.10. If0 | [Dy,...,D,] Fie M : R then there exists a polynomial function
Py 1 O X R" = R" which is a strong diffeomorphism and for all (0,s) € ® x R™,

[M](8,5) = [M]"(6. pq(s))
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[T Sty M:7](7,8) =emb, ([l | EtFy M :7](7, 8))
[x1 71, ooy @m T | [ P @i s 1] (3, []) =i
[T 31 H - H S e f(My, ..., M) o] (y, 81 H - H8¢) =
FT ) 21 Foe My ] (7, 81), -0 [T e Fee My : ee] (7, 8¢))

[T ] %]+ 3o+ X3 by MN :7](v,81 H 82 H 83) :=
[T %1 e M 2735 = 7] (v, 81) ([T | X2 b NV 2 71](7, 82), 83)

IT| [k Ay M 1 X = 1] (7, ]]) =
(v,8) €[] x[E] = [Tz : 71| Etu M:m]((y,v),s)
[T | 2] H 3o H X3 b if L < Othen M else N : (](y, 81 H s2 + 83)) =
{[[F | So b M 2 7](v,82) if [T | S1 b L2 R](y,81) <0
[T | X3k N:7](7y,83) otherwise

[0.T | [D] i samplep > g : R[((0,7), [s]) = po(s)

Figure 4.2: Interpretation of terms-in-context [I' | X ¢ M : 7] : [I] x [X] — [7]

This decomposition will prove technically convenient later when demonstrating cor-
rectness properties.

Intuitively, the transformed semantics [M] assumes that the transformations have
already been applied to the samples. Thus, the only rule which is modified is the one for
the transformed-sample construct:

[6,T | [D] -, samplep > g : R]'((0,7),[2]) = =z
Example 4.11. For the term

M = (Az.if z; < Othen (sample ¢ + sample¢) else (sample y > ¢, +))
(sample x> ©,.0)

in Example 4.1,

if 21 <0
IMT ((, @), [21, 22, 23, 24]) = {22+23 if 2

24 otherwise

Qop,a([slv 52, 83, 84]) = [90/1,0(31)7 2,53, SO,LL,G(84)]

The result is intuitively obvious and will be subsumed by Proposition 5.6. In partic-
ular, for conditionals the eager semantics is crucial (cf. Example 4.1).
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4.3 Problem Statement

We formally state our optimisation problem:

Problem 4.12. Optimisation

Given: term-in-context, 61 : ¢y, ,0m : tm | [D1,...,Dp] Fee M : R and parameter
space © C [e1] x -+ [[tm]
Find:  argmingecg Es;~p,,...s,~p, [[M](6, 5)]

We will often abbreviate the product of the densities Dy, ..., Dy as D(s) = [[;—; Di(si).
Besides, in the light of Proposition 4.10, there exists a diffeomorphism, P such that

Es~p[[M](s)] = Es~p[[M] (4(s))] = Eznp, [[M]'(2)] (4.1)

where Dg(2) = D(p, ' (2)) - | det Jp, ' ()| and J denotes the Jacobian matrix.

4.4 Simple Function Calculus

Many of our key challenges (such as unbiasedness) are primarily caused by conditionals.
To illustrate our approaches and to focus on the essentials first, we introduce a simple
(Ist-order) function calculus to represent discontinuous functions in a piecewise manner.

Let 21,...,2, be fixed variables (for a fixed arity n). We define a class ASFC of
(syntactic) representations of piecewisely defined functions R™ — R inductively:

NFC S F =2 | f(F,...,F) |if F < 0then Felse F

where f : R® = R € Op is a primitive operation. As before, F € ASFC denotes a function
[F] : R" = R.

Example 4.13. Example 2.16 can be expressed as Fi:

F{ =if 2 < Othen(elsel
Fi=-05-22+if 2 < OthenOelse 1
Fy=if(a-(ifb- 2 + ¢ < 0thenOelsel)
+d-(ife-z2+ f <OthenOelsel) +g) <0
thenOelsel

F, illustrates that nested (if-)branching can occur not only in branches but also in the
guard/condition. Such nesting arises in practice (see xornet in Section 7.1) and facilitates
writing concise models.
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In particular, F € ASFC cannot contain parameters 6;, to simplify issues further.

Instead, we assume that the parameter-dependent transformation is provided separately:

Problem 4.14. Simple Function Calculus Optimisation

Given: F ¢ ASYC, the parameter space ® C R™, Di,...,D, € Dist and
¢!, € Diffe (supp(D1)), ..., (") € Diffe (supp(D))
. . 1 n
Find:  argmingee Es~py....s0, [[F](25 (51); - 05" (50))]

As before, we can abbreviate the objective function as

Es~p[[F](po(s))]

where D(s) =[], Di(s;) and pgy(s) = (goél)(sl), e ,cpén)(sn)). Besides, since F' does
not sample, [F] = [F]* and

Bz [[F](2)] = Esnp[[F (4o (s))]

where Dg(2) = D(p, " (2)) - |det Jpy ' (2)].

Remark 4.15. We could have allowed D and g which are correlated. We chose the
present more restrictive setup to ensure that Problem 4.14 is a special case of Prob-
lem 4.12.

4.5 Integrability

As we have discussed in Section 2.5, the objective function in Problem 4.12 may be ill-
defined due to an unsuitable choice of primitive operations and base distributions. In
the light of Corollary 2.23 it appears to be sufficient to assume the following:

Assumption 4.16. The densities in Dist are (generalised) Schwartz functions (when
restricted to their support, cf. Definition 2.18).

Assumption 4.17. Op is a set of measurable functions bounded by polynomials.

We will keep assuming Assumption 4.16 for the remainder of this thesis, but we will
relax Assumption 4.17 in Section 4.5.1. As per Example 2.19, Dist may include e.g. (half)
normal, exponential and logistic distributions.

For the simple function calculus we can prove the following via a straightforward
structural induction, exploiting the closure properties of Lemma 2.25 and Corollary 2.23:

Proposition 4.18. If F € ASYC then [F] is bounded by a polynomial and for all @ € ©,

Es~p[[F[(xg(s))] < o0

Next, we would like to extend this result to terms 6 | ¥ k¢ M : ¢ of the full (higher-
order) language. Intuitively, it is still pretty obvious that [M] is piecewisely defined
and bounded by a polynomial on each piece (thus globally bounded by a polynomial).
Nonetheless, we wish to prove the property formally to illustrate our proof techniques
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(which extend open logical relations [Barthe et al., 2020a] to probabilistic terms) em-
ployed throughout the rest of this thesis. We will also relax Assumption 4.17 (whilst
maintaining integrability) in Section 4.5 to include primitive operations such as exp and
log required in Example 4.6 for expressing probability density functions directly.

We define a logical predicate PB™ on © x R™ — kB

(i) fe PB™ if f is bounded by a polynomial
(i) f e PB™) if for all ny € N and g € PBYT™) | f @ g € pBUFn2tEsl)

T10X3—T2
where for f:R"™ — [1; @ X3 — 1] and g : R "2 — [r1] we define
fog:RutmetEsl o

81+ 82+ s3> f(s1)(g9(s1 + 82), 83)

Intuitively, ¢ may depend on the samples in sy (in addition to s1) and the function
application may consume further samples s3 (as determined by the trace type 33).
A straightforward induction on the definition of subtyping reveals:

Lemma 4.19. If f € PBgn) and T € 7' then emb, . (f) € PB_(:,L).
Lemma 4.20 (Fundamental). If 01 : t1,...,60m @ @1 2 T1yeeoy@p : Tg | X by M 2T,
neNand & € PB(ﬁ ,o. &0 € PB%) then
[[M]]t * <‘517 s >§f> € PB’(FH-HED
where ([M]" % (€1,...,60))(0, s+ 8') = [M]"(0, (£1(8, 5), ..., &(0, 5)), 8).

It is worth noting that, in contrast to more standard fundamental lemmas, here we
need to capture the dependency of the free variables on some number n of further samples.
E.g. in the context of (Ax.z)sample s the subterm x depends on a sample although
this is not apparent if we consider x in isolation.

We conclude:

Proposition 4.21 (Integrability). Let 0 | Xt M : R. For all 0 € ©,
Es~p[[M](0, s)] < o0

Proof. By Lemma 4.20, [M]* is bounded by a polynomial. Hence, by Lemma 2.25(i)
and Proposition 4.10, [M] is bounded by a polynomial and the claim follows with
Lemma 2.20 (since all distributions in ¥ have Schwartz densities). O

Proof of Lemma 4.20. We prove the claim by induction on the type derivation of M.
— For subtyping we exploit Lemma 4.19.
— For variables (incl. ¢;) this is immediate.

— Suppose 8,21 : Ti,..., 3 0 T | B H o H B b f(My,..., M) : ¢ because
folu] x--x[u] =[] €Opand 0,21 :71,...,20: 70 | Xj bex M; ;. Let n €N
and & € 733(7?), L& E PBS?). By the inductive hypothesis,

[Mi]E (€1, .. &) € PBIFIED
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Let fi(0,z + 21 + -+ 2z¢) = ([M;]" % (&1,...,&))(0, z H 2;). Clearly,

fo P

By Assumption 4.17 and Lemma 2.25(i) (closure under composition),
folfr, ... fo) € PB{mTPlF-R)

and consequently,

[F(My, ... M)t % (€1, ... &) = folfi,...,fo) € PBIFEilt+=d)

The claim for conditionals follows from Lemma 2.25(ii).

For applications suppose 0,21 : 7,...,2¢ : 7¢ | X1 H Xo H X3 :mp by MN = 7
because

0,01 :71,...,00: 7 | X1 by M7 03— 7
0,01 :71,...,00: 7| Xoby MN = 7/

Let n € N and & € PB™, ... & € PBY™. Define & : ® x R™®1l - [r,] by
&0,z H 2') = ¢&;(0, z). By the inductive hypothesis,

[M]E s (&1, &) € PBUAED  INTE« (), &) e pBUHIEHIE:D

T'eX3—T

By definition of pRF1D

T/'eX3—T7)

([MT" % (1, &) © (INT' # (a, -, &) € PBUIHPHIF D

and by definition of ® and x,
(IM]* * (€, &) © (INT * (G, E0) = [MND % (6, &)

For abstractions suppose 0,1 : 71,...,x¢ : 77 | [| Ftr Ay. M : 7 @ ¥ — 7/ because
0,21 :71,...,x0: 70,y T | Xy M 75 let n € Nand & EPBS?,...,&GPBS—?.

To show the claim, suppose ng € N and g € PBQH”Q). By definition of the logical

predicate we need to verify ([[)\y Mt (&, ... ,fg>) OX/AS PB(TT,ZMQHED.

Call @ the extension of & to ©® x R"™2 — R. By the inductive hypothesis,
[M]* * (&, &, 9) € PBL T
Finally, it suffices to observe that

(g MI" s (&1, 60) © g = [M]' % (&, ..., &0, 9)

— Finally, [sample p > @g]’ * (£1,...,&)(0, z ++ [2]) = 2. O
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4.5.1 More Permissible Type System

Assumption 4.17 (in conjunction with Assumption 4.16) is simple yet guarantees integ-
rability. However, it is somewhat restrictive; in particular, it does not allow the expression
of many ELBOs arising in variational inference as they often have the form of logarithms
of exponential terms (cf. Example 4.6). For instance, ¢ — o1 is not bounded by a
polynomial and hence the normal log-pdf is also not bounded by a polynomial (unless
the standard deviation is fixed). Therefore, we would like to also support the primitive
operations log, exp and ~! (inverses). These primitives are indispensable for expressing
probability densities and the ELBO directly. For example Example 4.6 uses logarithms
and densities involving exponentials and inverses.

Assumption 4.22. Op = Op,;, U {exp,log, (=)'}, where Op,, is a set of smooth
functions bounded by polynomials.

To maintain integrability we need to ensure that subterms involving exp are “neut-
ralised” by a corresponding log. To achieve this we annotate base types with ¢, p or
I:

RO meHg AR

Intuitively, ¢ means “constant” (for fixed parameters), p means “integrable” and 1 means
“needs to be passed through log”. In particular there is no type RW. More precisely, we
constrain the typing rules, which are presented in Fig. 4.3c, such that

(1) if @ | 3 Fing M : (©) then [M](@,(—)) is constant for fixed @
(i) if @ | ¥ tine M : 1(P) then [M](@, (—-)) is bounded by a polynomial for fixed 6

(i) g 0| S Fine M : RY) then log([M](6, (=))) is bounded by a polynomial for fixed

The subtyping relation is defined in Fig. 4.3b.

Motivated by the closure under composition (Lemma 2.25(1)), polynomially bounded
primitives can be typed as :(P) provided the arguments are also annotated with p. Fur-
thermore, all primitives preserve constant terms (for fixed 6 € ©):

TSy b My 89 oo T S by My

)
T |14 H S bing f(My, ... M) = 1(©) folul x - x[e] =[] € Op

exp and log alter the annotation in the expected manner:

[ |3 b M : RP) | S b M : RY),
T[S b exp(M): RY T[S ki log(M) : R®)

The rules
D2 b My: RY TSy Fie My : RY L%k M: RY
| 1 Mint 14159 ‘ 2 Mint 2 - L1y | int - L1590
T | S + 5o Fine My - My : RY) T[Sk M2 : RY)

are motivated by the elementary property that logo(f - g) = (logof) + (logog) and
logo(f~1) = —logof for f,g: ® x R® = R.
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64
trace types Y = [Dy,...,D,] n>0
base types L= R| Rxg
types 7= RO | R® | R | RE®) | RY | res — 7
" >0 | >0 | i
(a) Types
t1 & 2 t1 E o T
0 Cing 1 P Cine P RY) i RY,
——— L —
1 Cing o5 RY) T RY,
T{ Cint 1 72 Lint 7_2
(103 = 72) iyt (11 X — 73)
(b) Subtyping
DYk M1 -
D'k M7 7 7 Cine 71 1Ty ee oy @t T | ] Fint @i 0 T
TS0 b My P e TS by My 0P
2 T M 20 M p ] x [l - 1 € Oy

T | S) 4o S g f(Mi,. .. M) 2 o P)

LIS b My I [ % i Myl
t 1 t ()Z f:[[bl]]x"'x[[bﬁ]]_)[[b]]e Op
P|Zl—H_”'—H_Eél_inti(Ml,...Mg):LC

T[S ki My RY) T 89 bing My : RY), T[S b M : RY),

>0
T | S + 5o Fine My - My : RY) T[S b M—1: RO,
T[S ki M : RP) | S b M : RY)

[ |S b exp(M) : RY) T | S ki log(M) : R(P)

ISk L: R®) T | % ke M: P T |57 N o P

DY H Y H Y by if L < Othen Melse N : 1(P)

Doy:m | X b M 7
F’[]l—intAy.M:Tlox—)Tg

F‘Ell—intM:Tlozg—)Tg P|22|—intN:T1
'Y HYH Xk MN:»
¢(—) € Diffg(supp(D))

0 | [D] Fint sample p > g : R®P)

(¢) Typing rules for Fipy¢

Figure 4.3: A more permissible type system
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T [ Fm V27 : RS T[] Fis: RS
T | [ Fim V27 s: RS)
T | [ Fine (vV27-5)"": RS

T ‘ H }_int (\/%-S)_l : R% I | [] |_1nt exp ( (.73 ) )2) : Rg%
1D (V27-9) e (05 ((r—m) o)) < S

z:R® m: RP) | [] Fint As. (\/ﬂ s)_l - exp (—0.5 . ((3“ —m) - 5_1) > : R(;()) — R%

z: R®) | [ bige Am, s, (V27 - 3)_1 - exp (—0.5 ((x—=m) - 571)2) : R®P) R(c) — R%

| [ Fint Az, m, s. (V2 - s)_l - exp (—0.5- (x—m)-s7) ) R®P) — RP) R( ) — Rg)o

(a) Derivation of the typing judgment of Example 4.23, where I’ := 2 : R®) m : R(P) s R(;g.
The derivation « is continued in Fig. 4.4b.

T | [ Fime s: RE)
T | [ Fine 7 : R® T | [] Fine m: R® T | e st R

T[] itz —m: R®) T[] Fine s7 e R®)
T[] Fint (x—m)-s~': R®)
T|[] Fine —0.5: R® T | [ Fine ((z—m)-s71)%: R®

L[] Fint =05 ((x—m)- 3—1)2 - R(P)
L[] Fint exp (—0.5- ((x—m)- 571)2> . RY)

(b) Continuation of the derivation (derivation of *).

Figure 4.4: Derivation of the typing judgment of Example 4.23.

Note that the branches of conditionals cannot have type R( ) This is motivated by the
smoothed interpretation, which we will develop in the next chapter. This uses addition
in the interpretation of conditionals which does not behave nicely when composed with
logarithms.

As the following example illustrates, the type system allows us to encode normal
probability density functions, which are required for applications to variational inference:

Example 4.23. For the Variational Inference Example 4.6,
| ] Fint Az, m, s. (V27 - 8)_1 - exp (—0.5 ((z—m) - 5_1)2> : R®P) —, R(P) R(C) R%
This typing judgement is derived in Fig. 4.4.

Type Soundness

To formally establish type soundness, we can use a logical predicate PB(Tn) on ®xR" — [7],
which is very similar to the one defined earlier in this section:
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Table 4.1: Overview of type systems in this thesis.

Property Section Judgement Annotation

- Section 2.2.1 F -
totality Section 4.1 Fer none/ x

. - Section 4.5 Foo (+ Ass. 4.17) none/*
integrability Section 4.5.1 Fint c/p/1
uniform convergence Section 5.3.2 Funif (f,dep)/(t, dep)
affine guards Section 8.4 Fag f/t

(i) fePBY iffor all @ € ©, f(6,(~)) is constant

P

(i) f € PBE?)) if for all @ € ©, f(0,(—)) is bounded by a polynomial

(iii) f e PBE:()I) if for all 8 € ©, log(f(@,(—))) is bounded by a polynomial

>0
(iv) fePBU,. | ifforallng € Nand g € PBUY™), foge pBly sl

where for f:R" — [1; @ X3 — 7] and g : R ™2 — [11] we define

fog: R tne (s T

81+ 82 + s3> f(s1)(9(s1 + 82), 83)
The following is immediate:
Lemma 4.24. If f € PB(Tn) and T Cipe 7' then emb, ./ (f) € PB(:).

The following Fundamental Lemma is proven by an induction on the typing derivation
as for Lemma 4.20. The rationales for the rules described above provide the justifications
for the additional rules for the primitives.

Lemma 4.25 (Fundamental). If 6 : Lgc), cey O Lﬁﬁ),xl STl X Ty | N Mo T,
neNand& € PBY, ... & € PBY then

[M] * (€1, ..., &) € PBIHED
where ([[M]] * <§17 s ,{K)(O, s+ 3/)) = [[M]](Hv (51(5)7 s 753(3))7 8/).
We conclude as for Proposition 4.21:

Proposition 4.26 (Integrability). Let 61 : Lgc), RPN . Lﬁ,‘;) | ¥ Fine M : R®). For all
0 € O, E;.p[[M](0,s)] < cc.

Consequently, the Optimisation Problem 4.12 is well-defined.

4.6 Generic Type System with Annotations

In the preceding section we have designed type systems to obtain stronger guarantees
for terms @ | ¥ -, M : R beyond measurability by annotating base types. We conclude

Swhere emb is defined as in Section 4.2 ignoring the annotation
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DISeM:iT
LYk M P T=T TL Tl e s @ 2T | [ P2 @i iy
F|21|—?M1:Lg‘l) F’Zgl_?Mglbé‘[)f:[[Ll]]X'--X[[Lg]]—)[[L]]EOp,

F‘El—H""-H-Ee}_? f(Ml,...Mg>:L(‘) fyM1, ..., 8, & satisfy ...

L[S L: R® T |2k M:/® T2k N:(®
T'|YH Y %k if L < 0then Melse N : ()
Dy:m | Xk M : 1
C|[JFo Ay M:1 0¥ — 7
F|21|—?M17'1023—>’7'2 F|22|—7N2T1
DY HYHXF MN:n

o and & satisfy ...

¢(—) € Diffg(supp(D)), w satisfies ...
6 | [D] > samplep > @ : R®

Figure 4.5: Generic type system with annotations.

the chapter by presenting a generic type system following this approach with judgements
of the foorm I' | ¥ o M : 7, where “?” indicates the property we aim to establish.
Throughout this thesis we give manifold instantiations of this scheme; see Table 4.1 for
an overview.

Types are generated from

trace types Y u=1[Dy,..., Dy
base types t:=R| Rso
types 7= R®) | R(;O/) |TeX =7

where annotations & and &’ are drawn from two sets (which do not need to be disjoint).

Thus, we can ensure that some annotation cannot be both used for R and R~q. (Recall

that in Section 4.5.1 we ruled out R(l).) Furthermore, we assume a partial order C- on

base types such that Lg‘) C. Lg‘/) only if 11 C t9, which is lifted to higher orders as before:
e mCrm

(10X = 1) Lo (11 @ X — 75) (4.2)

The typing rules have the same form but they are extended with the annotations
on base types and side conditions possibly constraining them. The rules for subtyping,
variables, abstractions and applications do not need to be changed at all, but they use
annotated types instead of the types of Section 4.1. The full type system is presented in
Fig. 4.5.

F« can be considered a special case of 7 whereby we use the singleton * as an-
notations and no (additional) side conditions; for ki, we use the annotations ¢/p/1 and
impose some additional restrictions e.g. that exp requires an argument of type R(P).
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Finally, - and its instantiations refine the basic type system F, of Section 4.1 in the
sense that if a term-in-context is provable in the annotated type system, then its erasure
(i.e. erasure of the annotations of base types and distributions) is provable in the basic
type system. This is straightforward to check.

4.7 Conclusion and Related Work

We have presented a (probabilistic) programming language framework to pose stochastic
optimisation problems arising e.g. in variational inference. We have employed trace
types to precisely capture samples and their distributions, and we have endowed our
language with a denotational (measurable) value semantics. Finally, we have discussed
assumptions and a type system to guarantee that the objective function is well-defined.

Related Work

Motivated by guaranteeing absolute continuity (which is a necessary but not sufficient
criterion for the correctness of e.g. variational inference), [Lew et al., 2020] use an ap-
proach similar to our trace types to track the samples which are drawn. Whilst we gather
the distributions of samples (since we are interested in expectations), they collect only
their support. Furthermore, they do not support standard conditionals but their “work-
around” is also eager in the sense of combining the traces of both branches. Moreover,
they do not support a full higher-order language in which higher-order terms can draw
samples. Thus, they do not need to consider function types tracking the samples drawn
during evaluation.

[Lee et al., 2020b] are one of the first to study the correctness of variational inference
for (imperative) probabilistic programming. Using abstract interpretation [Cousot and
Cousot, 1977] they verify some of the conditions required for the unbiasedness of the
Score estimator. (In particular, they state a variant of Lemma 2.17 but they are not
concerned with the overall correctness of the variational inference pipeline, which includes
convergence of stochastic gradient descent.) They do ensure integrability of the objective
function by focussing on normal distributions only and by making an assumption about
the shape of the integrant. However, they do not fully discuss how to verify this.

Logical relations are a classic proof technique, which have also been used recently
in probabilistic and differentiable programming (e.g. [Barthe et al., 2020a, Huot et al.,
2020, Brunel et al., 2020, Mazza and Pagani, 2021, Lew et al., 2023]).



Chapter 5

Smoothing and Stochastic Gradient
Descent

In the previous chapter we have posed an abstract optimisation problem generalising
variational inference. Unfortunately, the approach which is most effective in practice,
stochastic gradient descent with the reparameterisation gradient estimator, may be in-
correct in the presence of conditionals: we can easily express the counter-Example 2.16
as

0:R|[N]kFy —0.5- 6%+ if (sample > y) < OthenOelsel : R

where @y(s) == s+ 6.

In this chapter, we provide a method for obtaining unbiased reparameterisation es-
timators. Our approach is based on a denotational semantics [(—)], (for accuracy coef-
ficient n > 0) of programs in the cartesian closed category Fr of Frolicher spaces (see
e.g. [Frolicher and Kriegl, 1988, Stacey, 2011]), which generalises smooth manifolds.

Intuitively, we replace the Heaviside step-function usually arising in the interpreta-
tion of conditionals by smooth approximations. In particular, we interpret the above
conditional as

[if (sample »r > g) < OthenOelse 1], (0, s) := o, (¢o(s))

where 0, is a smooth function. Thus, the program M is interpreted by a smooth function
[M],,, for which the reparameterisation gradient may be estimated unbiasedly.

After having discussed the smoothed interpretation and having posed a smoothed
variant of Problem 4.12 in Section 5.1, we show correctness of stochastic gradient descent
with the reparameterisation gradient estimator for the smoothing in Section 5.2. Finally,
we investigate the relation between the original and the smoothed optimisation problem
(Section 5.3), and we propose a type system guaranteeing uniform convergence.

5.1 Smoothed Denotational Value Semantic
Now we turn to our smoothed denotational value semantics, which we use to circumvent

the bias in the reparameterisation gradient estimator. It is parameterised by a family of
smooth functions o, : R — [0, 1] for n > 0.

69
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1 T '"'
/ ; 3T
0.5.4" 2
.,"‘ ’1 ,]‘W‘;
} } 4 } I /I \\ el
-1 —0.5 0.5 1 -1 —-0.5 0.5 1
(a) o, (black, dashed/dotted) and the (b) Derivatives of o,

Heaviside step function (red, solid)

Figure 5.1: Sigmoid function o, and its derivative (dotted: n = 1/3, dashed: n = 1/15).

Assumption 5.1. For > 0, 0, : R — [0,1] is smooth.
Assumption 5.2. Primitive operations in Op are smooth.

Example 5.3. Our primary example is oy (z) = o(7), where o is the (logistic) sigmoid

function o(z) = , see Fig. 5.1a.

1
1+exp(—x)
Whilst at this stage no further properties other than smoothness are required, we
will later need to restrict o, to have good properties, in particular convergence to the
Heaviside step function to recover the standard semantics of Section 4.2.
As a categorical model we use Frélicher spaces, which generalise smooth spaces.

5.1.1 Frolicher Spaces
Let C*°(R,R) be the set of smooth functions R — R.

Definition 5.4. A Frolicher space is a triple (X,Cx, Fx), where X is a set,
Cx C Set(R, X) is a set of curves and Fx C Set(X,R) is a set of functionals satisfying

(i) if c € Cx and f € Fx then foce C®(R,R)
(ii) if ¢ : R — X such that for all f € Fx, foce C®(R,R) then c € Cx
(iii) if f: X — R such that for all ¢ € Cx, foce C®(R,R) then f € Fx.

A morphism between Frolicher spaces (X,Cx, Fx) and (Y,Cy,Fy)isamap ¢ : X - Y
satisfying fogpoce C®(R,R) for all f € Fy and ¢ € Cx.

Frolicher spaces and their morphisms constitute a category Fr, which is well-known
to be cartesian closed |Frolicher and Kriegl, 1988, Stacey, 2011].

The categorical product of two Frolicher spaces (X1,Cx,, Fx,) and (X2,Cx,, Fx,) is
(Xl X X27CX1><X27-FX1><X2)’ where

]:X1><X2 = {f : Xl X X2 —R | vCl € CX1762 € CXz'f © <Cl762> € Coo(Ra R)}
CX1><X2 = {C: R— X1 X X2 |Vf S ]:X1><X2.fOC S COO(R,R)}
In particular, to verify that m; : X; x Xo — X; is a morphism it suffices to verify that

for all f € Fx,, fom € Fx,xx,. To establish this, let ¢; € Cx, and c2 € Cx,. Then
fomio(ci,co) = foc; € C°(R,R).
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[T | S ke M:7]y(v,s) =emb, ([[' | ke M :7],(7,8))
[z1: 71, @m s T | [ e 2 1l (0, 1)) =
[T H - H Bk f(My, ..o, M) s i]y(y, 81 H - H8¢) =

FOIT | 21 b My a]pg(y,81), -, [T 2o Fee Moz we]y (7, se))
T3+ H X3 MN :7](7, 81 H 82 H 83) =

[T |31 Fee M 271 @33 = o], (7,81) ([T | B2 Fee N = 7]y (7, 82), 83)
[T e Ay M 7105 = 12]p(v, []) =

(v,8) € [m]ly x [X]y = [Tz 71 | Bk M 1]y ((v,v), s)
[T %)+ g H X3 b, if L < Othen M else N : (], (7, s1 H s2 H s3)) =

op(=[T | Z1 ke L R]p(v,81)) - [T | B2 b M2 7] (7, 52)
+on([U | Z1 ke L Rlp(v,81)) - [T | Z3 b N 2 7]y (7, 83)
(

[0.T | [D] i samplep > @g : R[,((6,7), [s]) == va(s)

Figure 5.2 n-Smoothed interpretation of terms-in-context
[T Yty M 7]y [T], x [£]; — [7]y, where n > 0.

R can be endowed with a Frolicher space structure by stipulating Cg := Fr := C*°(R,R).
Likewise, (R0, C*°(R,Rx0), C*°(R>0,R)) is a Frolicher space.

Remark 5.5. (1) If p: X1 x---xX,, = X is smooth, where X1,..., X,,, X € {R,R>0},
then ¢ is also a morphism. For this it suffices to establish that for all f € Fyx,
fop e Fx x..xx, . To verify this, consider, ¢; € Cx,,...,c, € Cx, and note that
fopolc,...,cn) € C®(R,R) as the composition of smooth functions.

(i) Conversely, if ¢ : (X1, Fx,,Cx,) X -+ x (Xn, Fx,,,Cx,) — (X,Fx,Cx), where
X1,...,Xn, X € {R,R>0}, is a morphism then ¢ : Xj x --- x X, — X is differen-
tiable. To see this, let 1 € X3,...,2, € X, and 1 < i < n. Define ¢;(r) == x; +r
and ¢j(r) == xj for j # i. Then ¢ o (c1,...,¢,) € Cx and the partial deriv-
ative w.r.t. the i-th argument at (z1,...,2,) is smooth. Since this holds for all
r1 € X1,..,zpne€Xpand 1 <i<n, p: X1 X+ x X, = X is differentiable.

5.1.2 Smoothed Interpretation

We interpret our language (smoothly') in the cartesian closed category Fr. Types are
interpreted as follows:

[R] = (R,C*(R,R),C*(R,R))
[R>0] = (Rs0, CF(R,R>0), C*(R>0,R))
[Dy,...,D,]] = (R,C*(R,R),C*(R,R))"
[r1 0% — ] = [n] x [X] = [m]

!This will ensure that gradients taken in SGD with this smoothed interpretation are well-defined.
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We call [M],, which is defined in Fig. 5.2, the n-smoothing of [M] (or of M, by
abuse of language). The interpretation is mostly standard and follows Section 4.2, except
for the case for conditionals in which we take a sigmoid-weighted convex combination
of the branches. For primitives and conditionals we exploit Assumptions 5.1 and 5.2
and Remark 5.5(1) and the embedding morphism emb, . : [7] — [7'] in Fr is defined by
(as in Section 4.2):

— emb, y(z) =z if t T and z € [¢] C [/]
- embﬁ—)m,’r{—ﬂ'é (f) =T € [[Tﬂ] = embTQﬂ'é (f(emb’r{,n (‘T)))
5.1.3 Transformed Smooth Semantics

As for the unsmoothed interpretation, we also use a transformed version of the smoothed
semantics, [(—) ;, where only the transformed sample rule needs to be changed:

[6.T | [D] Fuw samplep > o : RI;,((6,7), [2]) = 2
As in Proposition 4.10, the transformations can be factored out globally:

Proposition 5.6. If 0 | [D1,...,Dy] b M : R then there exists a polynomial func-
tion oy + ® x R" — R" which is a strong diffeomorphism and for all n > 0 and
(0,s) € ® xR,

[M](8,5) = [M]"(6, ¢g(s)) [M],(6, 5) = [M];,(8, 4(s))

In particular, the transformation (g is the same across all accuracy coeflicients.

The result is proven by positing a suitable (but routine) logical relation and proving
a Fundamental Lemma B.1 (see Appendix B). In particular, in the case for conditionals
the eager semantics is crucial (cf. Example 4.1).

5.1.4 Smoothed Optimisation Problem

Finally, we can phrase a smoothed version of our Optimisation Problem 4.12:

Problem 5.7. n-Smoothed Optimisation

Given: term-in-context, 1 : t1,--+ ,0m : ty | [D1,...,Dp] B M : R, parameter
space © C [u1] X -+ [tm], and accuracy coefficient n > 0
Find:  argmingcg Eg ~p,,. s,~p, [[M]5(6, 5)]

5.2 Correctness of SGD with Reparameterisation Gradient

In this section, we wish to apply stochastic gradient descent with the reparameterisation”
gradient estimator on the smoothing:

Okt1 =0 — i - Vo [M],(04, si) s~ D (SGD”)

2Recall that the setup of Section 4.3 assumes distributions have been reparameterised.
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where 01 : t1,...,0m : tm | [s ~ D] F M : R (slightly abusing notation in the trace
type). Recall that by Remark 5.5(ii), [M], is differentiable and hence the iteration is
well-defined.

We hope to invoke Proposition 2.11 to obtain a correctness guarantee. However, note
that the boundedness pre-conditions may fail for non-compact ®: e.g. the objective func-
tion 0+ Egpr0,1)[s + 0] is unbounded. Therefore, we assume the following henceforth:

Assumption 5.8. © C [i1] X - -+ X [ty] is compact and convex.

As per Proposition 2.29, it now suffices to establish: for each n > 0, all partial
derivatives of [M], up to order 2 are uniformly”® bounded by polynomials (incl. [M],
itself). For this to possibly hold, we henceforth strengthen Assumptions 5.1, 5.2 and 4.22:

Assumption 5.9. Op = Op,;, U {exp, log, (=)'}, where Op,y, is a set of smooth func-
tions bounded by polynomials, partial derivatives of which up to order 2 are bounded by
polynomials.

Assumption 5.10. 0, : R — [0, 1] is smooth and for every n > 0,

sup oy (z)] < oo sup oy, ()] < 00
z€R z€R

Note that we do not assume that there is an upper bound uniform in n > 0 for o, ().

Example 5.11. For the logistic sigmoid (Example 5.3),

op(@) =0t oy(@) - oy(=a)  oy(@) =02 oy(2) - oy(~2) - (1 = 20,(x))

Therefore, Assumption 5.10 is satisfied. However, lim,x o 047 (0) = lim, o ﬁ = 0.

Since our type systems intuitively ensure that the value function corresponding to
all possible execution branches is bounded by polynomials and the smoothed semantics
takes weighted averages of branches we obtain:

Lemma 5.12. If 6, : Lgc), RO Lﬁ,i) | ¥ Fing M : R®) then partial derivatives of [[M]]f]
up to order 2 (incl. [[M]]f7 itself) are uniformly bounded by polynomials.

Remark 5.13. Since by Assumption 5.10, |oy| < 1, Lemma 5.12 can be strengthened to
state that there exists a polynomial p : R® — R such that for all n > 0 and for all
(6,s) € ©® x R*, |[M]}(8,s)| < p(s). However, for partial derivatives the polynomial
bound (uniform in @) needs to depend on 7 > 0 since Assumption 5.10 only provides
bounds for the derivatives of o, for fixed n > 0.

With the chain rule, Proposition 5.6 and Lemma 2.26 we obtain:

Corollary 5.14. If 0, : Lgc), cey Oyt L,(;j) | ¥ Fing M : R®) then partial derivatives of
[M],, up to order 2 (incl. [M], itself) are uniformly bounded by polynomials.

Finally, using Propositions 2.11, 2.28 and 2.29 we conclude:

3Recall that f: ® x R™ — R is uniformly bounded by p if for all (8,s) € ® x R", |f(0,s)| < p(s).
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Theorem 5.15 (Unbiasedness). If 01 : ¢; ), e, 0 LS;') | ¥ bt M : R®) andn >0
then the reparameterisation gradient estimator for the n-smoothing is unbiased: for all

0cO
Es~p[Ve [M], (0, s)] = Vg Es.p[[M];(0, s)]

NB Unbiasedness even holds for non-compact @: for each 8 € ©®, we can simply
invoke Theorem 5.15 for some closed ball around 6.

Theorem 5.16 (Correctness of SGD for Fixed-Accuracy Smoothing).

If 01 : g ), cey Oy L,(ﬁ) | ¥ Fine M : R®) and i > 0 then SGD for the n-smoothing is
correct: for the iteration (SGD’), almost surely iminf; , ||V Es~p[[M],(6:,s)]|| = 0
or 8; € © for some i € N.

Lemma 5.12 can be established using a similar logical predicate as for [(—)] and prov-
ing a Fundamental Lemma analogous to Lemmas 4.20 and 4.25. Formally, we stipulate
the logical predicate UPB™ on © x R* — [7] in Fr:

(i) f € UPB(n)> if there exists smooth g : ® — R satisfying f(0,s) = g(0) for all
(0,s) € ® xR"
(i) f € Z/IPBEZ,)) if partial derivatives of f up to order 2 (incl. f itself) are uniformly
bounded by a polynomial
(iii) f € UPB ()1 if partial derivatives of logof up to order 2 (incl. logof itself) are

uniformly bounded by a polynomial
(iv) f e urB™ if for all ny € N and g € UPBY ) £ & g c yupplrmzti=sD

185357
where for f: ©® X R™ — [r; ¢ X3 — 1] and g : © x R™""2 — [11] we define
fOg: © x RtmetPsl o)
(0,81 H sa+Hs3)— f(0,51)(g9( 80,81 H s2),83)

In contrast to Section 4.5, where we were just concerned with integrability, we cannot fix
the parameters here, and we need to establish uniform bounds.

Lemma 5.17. If f € UPB(T") and T Cipt 7' then® emb, ./ (f) € Z/IPB(;,L).

Proof. If f € Z/IPB(ZZ then there exists smooth g : ® — R such that f(6,s) = g(0).

Hence, since © is Compact, [ is bounded by the constant supgeg |g(0)| (and similarly
for the partial derivatives). Consequently,

emb o) ) (f) € uprB)
) L2
provided ¢1 E t5. Analogously, if f € LIPB( © , and f(@,s) = g(@) for smooth g : ® — R,

¢ = inf g(0) > —oc0 d = sup ¢g(0) < oo
6coO 0coO

4where emb is defined as in Section 4.2 ignoring the annotation
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(by compactness of ®) and logof is bounded by max{|log¢|, |logd|} and
emb ) ) (f) € UPBE;L()D
L2 >0

The remaining cases are straightforward. O
We can then prove a fundamental lemma similar to Lemmas 4.20 and 4.25:

Lemma 5.18 (Fundamental). If 6 : Lgc), cos Oy Lg,‘:;),xl STl X T | N M T,
neNand & e UPBMY, ... & c UPBY then [M] = (61,...,&) € UPBI TP where

[M]5 * (&1, ..., &0)(0, 8 +H8') == [M](B, (£1(s), - . ., &(s)), )
Proof. We prove the claim by induction on the type derivation of M.

— For subtyping we exploit Lemma 5.17.

— For variables (incl. §;) this is immediate.

— For 0,2y : 7,...,2p = 1 | 81 H - H D b f(My,.. M) 2 P where
f € Opyp,, we exploit the chain rule, the inductive hypothesis, Assumption 5.9
and Lemma 2.27(i).

— For 0,z :7,...,xp: 7 | 21 H - H X o f(My,..., M) : (9, where f € Op,
we exploit Assumption 5.9 and the fact that smooth functions are closed under
composition.

— For the additional rules for multiplication, inverses, logarithms and exponential
functions we exploit the respective elementary logarithm rule and the inductive
hypothesis.

— For conditionals we exploit the chain rule, the inductive hypothesis, Assump-
tion 5.10 and Lemma 2.27(i).

— Abstractions and appplications are covered as in Lemma 4.20.

— Finally, [sample p > pg] * (&1,...,&)(0, 2z + [2/]) = 2. O

5.3 Uniform Convergence

In the preceding section we have shown that stochastic gradient descent with the repara-
meterisation gradient can be employed to correctly (in the sense of Proposition 2.11)
solve the Smoothed Optimisation Problem 5.7 for any fixed accuracy coefficient. How-
ever, a priori, it is not clear to what extent a solution of the Smoothed Problem 5.7 can
help to solve the original Problem 4.12.

Our prime example for o), the logistic sigmoid function, converges (pointwisely) to
the Heaviside function on R\ {0} (cf. Fig. 5.1a). However, the following illustrates the
potential for significant discrepancies:

Example 5.19. (i) E. 9, [[if 0 < OthenOelse1],(z)] = % converges nowhere to
E.-no,)[[if 0 < OthenOelse1](z)] = 1.
(ii) Consider

M =if0<0thenf -0+ lelse(d —1)- (0 —1)

Notice that the global minimum and the only stationary point of [M], is at = %
regardless of 7 > 0, where [M],(3) = 2. On the other hand [M](3) = 1 and the
global minimum of [M] is at § =1 (see Fig. 5.3).
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15 2

Figure 5.3: [M] (solid, green) and [M], (dashed, red) for Example 5.19(ii).

In this section we investigate under which conditions the smoothed objective function
converges to the original objective function uniformly in 6 € ©,

Esup [M],(8,5)] 55 Equp [[M](6, 5)] as 7\, 0 for § € ©
and we design a type system guaranteeing this.

The significance of uniform convergence is that before running SGD, for every error
tolerance € > 0 an accuracy coefficient n > 0 can be selected such that the difference
between the smoothed and original objective function does not exceed €. In particular
this holds for 8* delivered by the SGD run for the n-smoothed problem.

For this to hold we clearly need to require that o, has good (uniform) convergence
properties (as far as the unavoidable discontinuity at 0 allows for):

Assumption 5.20. o, : R — [0, 1] is smooth and for all § > 0, o, — [(—) > 0] uniformly
on (—oo,—d) U (4, 00).

This is for instance satisfied by the logistic sigmoid (Example 5.3).

5.3.1 Warm-Up: Simple Function Calculus

As a first step, we investigate the simple function calculus of Section 4.4. To rule out
the pathologies of Example 5.19 and show that [F], to [F] at least almost everywhere,
we require that guards of conditionals are almost everywhere not 0. We call such guards
safe. This is motivated by:

Lemma 5.21. (i) If f, == f and f # 0 almost everywhere then oo f, == [f(—) > 0].
(i) If fn == f, gn = g and hy == h and f # 0 almost everywhere then

(00 (=fa)) g+ (oq0 fo) - h == [f(=) <0]- g+ [f(=) 2 0] - h

Proof. The second part is an easy consequence of the first.

Hence, suppose there exists a negligible set U C R™ such that for all z € R™ \ U,
fol2) = f(2) £ 0.

Let z € R*\ U and € > 0. We assume f(z) < 0 (otherwise the reasoning is similar).
Due to f,(z) = f(z) and f(z) < O there exists 6,79 > 0 satisfying f,(2) < —0 for

unif.

all 0 < n < no. By uniform convergence of o,, —= [(—) > 0] on (—o0, —0) (Assump-
tion 5.20) there exists 0 < n; < ng satisfying o,(2) < e for all 0 < n < 7 and z < —4.
In particular
o (fn(2)) = [f(2) 2 0] | <€ O
\\,(.s./ T
<7 =
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We define terms A%C which are almost everywhere not 0 by only allowing primitives
which are almost everywhere not 0 and by ruling out applying primitives to complex
terms:

Gl S Ailgc G2 S Ailgc Gg S Ai%c
if G1 < 0then Gy elseG3 € A%C

f(zil,...,zik) cA

¢ J #0ae
£0

where the variables z;,, ..., z;, are pairwise distinct. This restriction is important because
for instance subtraction — : R?> — R is not 0 almost everywhere but z; — 2 — 2 is
constantly 0. By Lemma 2.31, the requirement f # 0 a.e. can be guaranteed if f is
analytic and not constantly 0.

Employing Lemma 5.21(ii), a simple induction shows that for G € AS}BC, [G] # 0

almost everywhere and [G], == [G].
Next, we can define guard safe simple function calculus expressions ASFC by restrict-
ing the guards:

S, € ASSFC o Spe ASSFC G e AiFOC S1 € ASSFC Sy € ASSFC

zj € ASFC f(S1,...,S) € ASFC if G < Othen S; else Sy € ASFC

A similar induction demonstrates [S], ~—» [S] for S € ASFC.

Uniform Convergence of Expectations

Next, we would like to not only show the almost everywhere convergence of [S], to [S],
but also to prove that their expectations converge uniformly (for all parameters). We
obtain this result (Corollary 5.23) as a consequence of the following (and Remark 5.13):

Lemma 5.22. Suppose f, is a sequence of functions R® — R (forn >0) and f : R* - R
satisfying

() fo == f

(ii) fy and f are bounded by a polynomial p : R™ — R, i.e. for all z € R™ and n > 0,
[n(2)] 1 f(2)] < p(2).

Then
Esu [f1(0, ()] 55 Equp [£(6, 0a(3))] as ™\, 0 for 6 € ©

Corollary 5.23. If S € ASFC then

Eannl[F](¢0(5)] > Eaun[[Fly(#0(9))] as 0 for 6 € ©

Proof of Lemma 5.22. Intuitively, if f, — f almost everywhere then the set where f,
and f differ by any amount can be made arbitrarily small.
Formally, to show uniform convergence, let € > 0. We define

U, = {z e supp(D) | |fy(z) — f(2)] > % for some 0 < n < ]1}



78 CHAPTER 5. SMOOTHING AND STOCHASTIC GRADIENT DESCENT

Note that (Ug)ken is a non-increasing sequence of sets (i.e. Uy 2 Uz D ...) and

MUk C (= R [ fy(2) A F(2)}

keN

which is (Lebesgue-)negligible by almost everywhere convergence. By Lemma 5.24 below,

w(U) = /Up(z) . Slelgl?g(z) dz

where Dy (z) = D(p, ' (2))-| det Jp,'(2)], is a finite measure and absolutely continuous
w.r.t. the Lebesgue measure. Thus, by continuity from above (of p) there exists k such
that p(Uy) < §. Finally, it suffices to observe that for 0 <7 < + and 6 € ©:

[Es~p[fy(#o(s))] — Es~p[f (o (s))]]
< Banppllz € Uil - |5(2) = f(2)]] + Eznpp [z € Ukl - | fn(2) — f(2)]]

< Eoopyllz € Uil -2+ p(2)] + Eom, [ ¢ Uil - ]

<2-p(U)+5 <e O

Lemma 5.24. If f : U — R, where U C R", is a Schwartz function, ¢y : © xR" — R"
1 a polynomial and a strong diffeomorphism, and p : R™ — R is a polynomial then

| sup |15 (2)) - det3gg ! (2) - plz) dx < o
U 6c®

Proof. Note that det Jpg(s) is a polynomial p; : ®@ x R™ — R. Since each ¢y is a
diffeomorphism and p is continuous, p is either positive or negative. W.l.o.g. we assume
the former. Thus,

1 1
~ ldetJpg(s)|  p1(6, s)

| det Jip ' (0a(s))]

Since ¢(_y is assumed to be a strong diffeomorphism (see Definition 4.2(ii)), there exists
¢ > 0 such that p;(0,s) > ¢ and by Lemma 2.26 there exists a polynomial ps : R” — R
satisfying

[llea(s)I"*2 +p(pg(s))| < pa(s)
for all (0,s) € ® x U. Hence,

sup [|2[|"*7 - | f(pg ' (2)) - det Tipp ' (2) - p(2)]

(0,2)e®xU
n 1
= sup [lpg(s)"T-|f(s)] - 9 Ip(pa(s))l
(0,5)€@xU m
<1/c
1
= —-suppa(s) - |f(s)| < o0
C secU

by definition of Schwartz functions and the claim follows with Lemma 2.24. O
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5.3.2 Extension to the Full Language

Next, we wish to design a type system k¢ for our full language of Chapter 4 and
generalise the uniform convergence result. In particular, we would like to support guards
with abstractions, higher-order features, nestings of primitive operations and parameters.
As in the previous subsection, we will need to ensure that guards are not 0 almost
everywhere.

As a consequence of the uniform limit theorem [Munkres, 1999|, uniform convergence
can only possibly hold if the ezpectation Esp [[M](O, s)] is continuous (as a function of
the parameters 0).

Example 5.25. (i) For a straightforward counterexample take
M =if 0 < OthenOelsel

We have Eg[[M](#)] = [# > 0] which is discontinuous at § = 0.
(ii) On the other hand M = if (sample > ¢y) < OthenOelsel is no problem
because

Esn[[M]y(s)] = Es~n[[if z < Othen0else 1], (vg(s))]

unif.

— Egn[[if z < OthenOelse 1](pq(s))] = Es~n[[M](s)]

€ ASFC

as we have seen above.

Consequently, we require that guards do not depend directly on parameters, but they
may do so, indirectly, via a diffeomorphic reparameterisation transform; see Example 4.5.

We extend our approach described in the previous subsection: intuitively, we ensure
that guards are the composition of a diffeomorphic transformation of the random samples
(potentially depending on parameters) and a function which does not vanish almost
everywhere. We call such guards safe. In particular, safe guards may only depend on
parameters indirectly via a diffeomorphic reparameterisation.

Motivated by the dichotomy property Lemma 2.31 of analytic functions we henceforth
assume:

Assumption 5.26. Primitive operations in Op are analytic.

(In this section we do not require Assumption 5.9, apart from in Theorem 5.36, where
it can be used to guarantee integrability.)
Type System for Uniform Convergence

Allowing more complex guards than simple function calculus terms in A can render

spotting safe guards tricky:

SFC
£0

Example 5.27. Consider the following terms (omitting irrelevant transformations):

M; = (Az.if x — z < OthenOelse 1) sample y

S
I

= if (sample »r — sample yr) < 0 then M else N
Ms = (\y, z.if y — z < O then 0 else 1) sample s sample y
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My = (M. (\y, z.if y — 2 < OthenOelse 1) z ) sample y
My = (\f.if (f sample y)? < OthenOelse 1) (\z. z — sample )

Uniform convergence and guard safety only fail for M; and My. Intuitively, when evalu-
ated, the terms x — z in the guard of M; and y — z in the guard of M4 have denotation
0. This is not the case for M3 because y and z are replaced with different samples.

In particular, the difference between M3 and M, suggests that we need to keep track
of dependencies on samples to detect unsafe guards.

Hence, we propose another instance of the generic type system of Section 4.6, Fynif,
where we annotate base types by (o,dep), where o € {f,t} denotes whether we seek to
establish guard safety and dep is a finite set of identifiers o; capturing possible depend-
encies on samples.

trace types Y = 1[Dy,...,Dy]
base types t::=R| Rsg
types 7 = R(odep) | R(;édep) |TeX =7

The subtyping relation is defined in Fig. 5.4a. Intuitively, we can always drop’ guard
safety and add more dependencies.
For conditionals we require that only safe guards are used:

T |3 bgnie L2 R®AP) TS by M2 (0d) T 87 b Nz (odep)
DY+ Y H Y b if L < 0then M else N : ((7:d¢P)

Perhaps surprisingly, we only include the dependencies of the branches and not the
guards. (This is sufficient to show that if o is true then on each piece, denotations are
almost everywhere not 0; see below.)

Samples receive an identifier and their transformation is safe to be used in guards:

¢(-) € Diffe (supp(D))
0,1 | [D] Funif Samplep > g : R(t,{a]-})

Remark 5.28. We do not strictly require that «; is a fresh identifier. In particular,
sample yr — sample yr (omitting irrelevant transformations) can be typed (cf. Fig. 5.4b)
as both | [N, N] Funit sample nr — sample 5 : R®1¢1:92)) and (using the same identifier
for both samples) | [N, N] Fuir sample »r — sample pr : REA“D  However, in the
second regime the guard safety flag is necessarily f (cf. the next rule). In general, to
recognise guard safe terms as such, a; should be chosen fresh.

For primitives either the guard safety flag needs to be f (false) or

T | 1 bunit M 5P TSy b My o)
I | X H o H X Funir i(Ml, e ME) ., (t,dep; U--Udep,)

Sas long as it is not used in guards
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t1 C 19,dep C dep’

(f,dep)

1 C 2, dep  depf (t,dep)
Ly L unif L9

(o,dep) (o,dep’)
b Cunif o

4 /

1 Cunit 1 72 Cynit Ty

(11 0% = 72) Cunir (1] X — 73)

(a) Suptyping

DY M7 - /
DS Fgme M7/ =T

xliTl,...,CUm:TmH] Funif i © Ti

X e M :L(ﬁdep) e ISk M :L(f,dep)
‘ 1 Munif M1 - 4 ’ £ Tunif M2 - Ly f:[[él]]x"'x[[bé]]%[[b]]EOp

r ‘ Yo+ H Xy Funifi(Ml,...,Mg); L(f,dep)

T | 31 bt My s 5P Dy b My 5P V£ 0 e,

F | Zl 'H_ s ‘H‘ Z[ '_unif f(M1) ey M[) : L(tadeplU”Udepz) \VI'L ?é ] depZ M depj = @

T'| S bynie L: R®AP) TS by M2 (04eR) D87 b Nz (o:dep)
L |Y+H Y +H Y Fuir if L < 0then M else N : ((@dep)

Loy :7 | X bynit M 2 7o Dbt M :meXs— 10 T Xk N7y

D[] Funie Ay. M 7 @5 — 7 [ | X1+ Yo+ X3 Funie M N @72
(- € Diffg(supp(D))

0,1 | [D] Funif sample p > g : R®{a5})

(b) Typing rules for Fypt.

Figure 5.4: Type system for uniform convergence.

where Vf # 0 a.e. and the arguments’ dependencies are pairwise disjoint. (This is
designed to admit Mj of Example 5.27 but reject My, cf. Example 5.29.) In particular,
Fumif T R(o.dep) only if o = f, and the following rules are admissible:

I ‘ 1 Funit My : y(fdep) | Yo Funif Mo : ,(:dep)

o€ {+,-
T | 21+ 5 Fumit M1 0 My : ((F0¢D) {+}

r ‘ 21 l_unif Ml : [’(t’depl) r | E2 l_unif M2 : L(t’dep2) _
T | S1 + Zo Funie My o My : (tdepitdeps) o € {+,-},dep; Ndepy =0

P |2 Funie M 2 RO L[5 byt M s RO
D[S bamr exp(M) : RG™™ TS b log(M) : Ro0oP)

The full type system is presented in Fig. 5.4b.

Example 5.29. We re-visit some of the terms of Example 5.27:
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(i) M3 = (\y,z.if y — z < OthenOelse 1) sample »r sample yr is typabable. In par-
ticular, we claim

| [V Fonie M 2 RED
By the rules for sampling, applications and abstractions it suffices to show
y: R o pde2d) | I eify — 2 < OthenOelsel : RED)

In particular, y : R®{e1}) o . R(t{e2}) | [] Funit ¥y — 2 : R(®:dep) ig necessary. This
can be derived using the second rule for primitives because the subtraction function
is only stationary at (0,0), {a1} N {az} =0 and

y: R&Aead) o gdazh) | ey RB{ad)
y: R®ead) o pedazh) | e o R {02D)
(ii) The term
My = (Azx. (\y,z.if y — 2 < OthenOelse 1) z x) sample y
is not typable.
I' | ¥ Fynit sample s : 7 implies that for some j, 7 is R(o:dep)
If M4 was typabable then

[,z : R@ndepy) | ¥ Funit (M\y, 2.ify — 2 < OthenOelse 1)z x : 7/

, where o € dep.

where «; € dep;. This in turn implies
D,z : ROvdery) oo Rloaders) oo plosdeps) | 5o oy o R(t.dep”)

where a; € dep,,deps. By the second rule for primitives this only holds provided
that dep), Ndeps = (), where

[,z : ROvAePy) oo Rloadeps) oo plosdepy) p oy ptdeps)

T,z: R(Ulvdepl)’ y: R(U%depg)’ » + R(93,dep3) Funif 2 R(t.deps)

but by the variable (and potentially subtyping rules) it necessarily holds dep, C depy,
and deps C dep4. This is a contradiction because a; € dep,, deps.

(iii) The term
My = ()\f if (f sample /)? < Othen 0 else 1) (Az.z — sample )

is typabable. Note that

| [] Funif Az. z — sample y : R®11}) o [N] — R(EA1.02))
because subtraction is only stationary at (0,0), {a1} N {a2} =0 and

z: RO | [k 20 RG]
z : ROAD | (V] ki sample p- : REL221)
Therefore, for typability of Mj5 it suffices to observe that
f i ROD o [N] — ROA®02D | [V N bt (f sample y)? : R {002)

because the square function is only stationary at 0 and

[ RWtad) o [NV] — RAeve2) | N N i f sample y : R(EA0102D)
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Type Soundness

Next, we would like to extend the uniform convergence result to the full language of
Chapter 4 for terms typable via Fyu. The full language includes the parameters not
only via diffeomorphic transformations of samples, but it may also contain them explicitly
in branches. We show type soundness in two steps: First, we formalise correctness of
the sample-dependency annotation and obtain guard safety whenever the o-flag is t
Afterwards, we prove convergence (in a suitable sense) and conclude uniform convergence
of the expectations.

Dependencies on Samples and Guard Safety

We wish to formalise the meaning of the dependency and guard safety annotation of

base types. We accomplish this by positing a logical predicate DQS nodict) on morphisms

® xR"™ — [7] in QBS, where n € N, dict : {1,...,n} — Dep and Dep = {a, a2,...} is
the set of identifiers. Intuitively, dict indicates what abstract identifiers are used for the
n samples.

(i) f € DGS (Z ifg is unrestricted

(ii) f € DGS (n.dep) 4¢ there exist a partition Uy, ...,U, of R" and analytic functions

,(t,dep)

Fiyeo fr: Rt (dep)] 5 R satisfying

(a) f(0,2) =3 L [z € U] filmgice-1 (aep) (%))
(b) Vfi #0 a.e.

(iii) f € DGS™IP) it for all ' € N, dict’ : {1,...,n + n’} — Dep extending

T8N —To

dict : {1,...,n} = Dep and g € Dgg(”+n dict! )’
f© g e DGSIH+El diet”)
for some dict” : {1,...,n +n + |Z[} — Dep extending dict’.

For I = {iy,... i} such that 1 <i; < --- < iy <n, 7 is the projection to the indices
inI,ie w(2) = [2,,...,%,]. Note that due to the dichotomy Lemma 2.31, Item (ii)b
implies f # 0 almost everywhere, which will be handy for guard safety.

Following our well-tested strategy, we then prove a fundamental lemma (resembling
Lemmas 5.18, 4.20 and 4.25), mutatis mutandis:

Lemma 5.30 (Fundamental). If6; : (f,@)’ vy O Lﬁﬁ’@),xl STy Xp i T | B it Mo T,
n €N, dict: {1,...,n} — Dep, €V € DGSHY . ¢ ¢ DQS(" At) then

[[M]]t % <§(1 . 75 ) > e DgS‘(rn+|E\,dict )
for some dict’ : R"*l 5 R extending dict, where
(IM] 5 (6D, €9)) (8,2 4 2) == [MT'(6, (€9(0, 2), .., €98, 2)), 2')

Intuitively, in the case for primitives we take the intersection of the subterms’ parti-
tions and apply Lemma 2.32 (after renaming variables). Besides, for transformed samples
0,1 | [D] Funir samplep > pg : R®{23}) | dep is extended as dep[n + 1 — «;]. Details
are provided in Appendix B.2.
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Uniform Convergence

We are almost ready to show uniform convergence of the expectations. However, a further
complication is the fact that branches may contain parameters. To account for them, we
introduce the following notion, formalising convergence uniformly in @ € ® and almost
uniformly in z € R™:

Definition 5.31. Let f, f, : ® x R® — R. We say that f, converges uniformly
almost uniformly to f (notation: f, 2%, f) if for all bounded U € R™ and € > 0

there exists U’ C U such that Leb(U’) < € and f, RLLN fasn ™\ 0on ® x (R*"\U').
Remark 5.32. Let f,, f: ® x R" = R and g,,9 : R” — R be such that f,(0,z) = g,(z)
and f(0,z) = g(z) for all (8,2z) € ® xR" (i.e. f, and f are independent of parameters).

u.a.u.

By Lemma 2.34, f, —— fiff g, 2509
Example 5.33. Suppose © C R is compact and
fo(8,2) = oq(2) -0 f(0,2) =1[=>0]-6

To demonstrate that f, —~% f, let € > 0. Let U’ := (—¢/2,¢/2) for which Leb(U’) < .

To show that f, mif., fasn N\, 0on R\U' wefix € > 0. Let ¢ := supycg |0]. By
Assumption 5.20, there exists 779 > 0 such that for all 0 < n < 79 and |y| > €/2,
loy(y) — [y > 0]] < €'/c. Consequently, for every 0 < n < 1y and (0, 2) € © x (R\ U’),

jon(2) -0 — [z > 0] 0] = |oy(2) — [ > 0]| - |0] < ¢
(Note that in this 1-dimensional example there is no need to fix a compact U.)
In general, we show:
Proposition 5.34. If 0, : L(lf’@), ey O Lﬁﬁ’@) | & Funit M : R@4eP) then
[M, =2 [
With this we can obtain the following:

Proposition 5.35. If 0, : Lgf’w), coiy O e L,(ﬁ’@) | ¥ Funit M : R(@deP) gnd there exists a
polynomial p : R™ — R satisfying

[M](8,2)] < p(2) [M];,(8,2)] < p(2)
for all (0,z) € ® x R™ and n > 0 then
Eanp [[M],(8, 5)] “* Eaup [[M](8, 5)] as 7\, 0 for 0 € ©

Proof. Let € > 0. By Lemma 5.24, there exists bounded U (e.g. Bs(0) N supp(D) for
suitably large § > 0) satisfying

E.vp, [[2 € U] - p(2)] <

[<rNIe
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for all @ € ©. Besides, since Dy(z) is continuous, we can define

d== sup |De(z)- p(z)]
(0,2)e®xU

By uniform almost uniform convergence there exists U’ C U and 7y > 0 satisfying
Leb(U’) < g7 and
[M15,(6,2) - [M1'(6,2)] < 5
for 0 <n < and (0,z) € ® x (U \ U’). Consequently,
Esnnl|[M]4(8, s) — [M](0, 5)]]
< Esup, [[2 ¢ U] [[M]}(0, 2) — [M]'(6, 2)|]
+Ezup, [[2 € UNU'-[[M]}(0, 2) — [M]'(6, 2)|]
+Eznp, [[2 € U [[M]5(0,2) — [M]'(6, 2)|]
< Bz, [[2 € Ul-2-p(2)]
+ Ez~’Dg [[z eU \ U/] ’ H[M]]%(G,Z) - [[M]]t(97z)|]
+E.wp, [[z el -2 (z)]
+Esop, [[ cU\U'- } +2d - Leb(U")

IN

€
3
€

IA

O]

Finally, by Remark 5.13, the polynomial bound in the premise can be established
with the Fiy type system of Section 4.5.1:

Theorem 5.36. If 91 : (f’m, Y. Lv(ﬁ’@) | 3 Funit M : R(@dep) gnd (also assuming

Assumption 5.9) 0y : Ll ,...,9m : Lg,(;) | ¥ Fint M : R®) then
Esop [[M]4(0, 5)] 5 Eoup [[M](6, 5) as 7\ 0 for § € ©

We demonstrate Proposition 5.34 by positing the following infinitary logical relation
Z/IAL{-,- , n € N, where n € N, between sequences (index by 1 > 0) of morphisms
© x R" — [7] in Fr (corresponding to the smoothings) and ® x R® — [7] in QBS
(corresponding to the measurable standard semantics).

Q) (fp, f) € UAUT ) if fy === f and for all bounded U C © x R", f(U) is

(o,dep
bounded. )
(il) (fr f) €UAUT), i for all 7/ € N and (g, 9) € UAUSTT™,

(fn © gns [ © g) € UAUTHHIED
We then prove a fundamental lemma:

Lemma 5.37 (Fundamental) If 0y : Lgf’m, e Oy Lg’w),m STl Xp i T | B it M i T,
neN, (V) euauly, . (€,e0) euaus) then

(02D 5 (661, &, [M] 5 (6, 69) ) € UAufr =D

where ([M]! (€D, ..., £0)) (0, s+s) = [M]*(0, (1B, s),...,£9(8,5)),s") and sim-
ilarly for [MT];,.
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The case for primitive operations exploits the following, which is proven in Ap-
pendix B.2:

Lemma 5.38. Let f : Uy x --- x Uy — R (for open and connected Uy, ..., Uy C R) and
g#),g(i) O XR" = U; for1 <i </ andn > 0. Suppose the following holds

(i) f is continuously differentiable

(i) g (U) is bounded for 1 <i < n and all bounded U C © x R"
(ii)) g{” 22 g0 for1<i<n
Then f o {gy, hy) —==5 fo(g,h) : ® x R* = R.

Proof of Lemma 5.57. The claim is proven by induction on the typing judgements. We
focus on the most interesting cases:

— By Lemma 5.30, the guard of conditionals cannot depend on the parameters and
is different from 0 a.e. Therefore, u.a.u. convergence for conditionals follows from
Lemmas 5.21(i) and 5.38 and Remark 5.32. The boundedness condition is obvious.

— For primitive operations uniform almost everywhere convergence follows from the
inductive hypothesis and Lemma 5.38. The boundedness condition follows from
the assumption that primitives are analytic (hence continuous). O

Discussion

The type system is incomplete, in the sense that there are terms-in-context that satisfy
the uniform convergence property of the objective function but which are not typable.

Example 5.39 (Incompleteness). (i) The following term-in-context is not typable be-
cause (2 being constant) s 2 : R&D).

| [N] Hunit if 2 - (sample s > id) < OthenOelse : R(o-dep)

However, the impact of this can be reduced by admitting more primitives: if
f(x):=2-xis in Op then

| IN] Punit if f(sample yr > id) < OthenOelsel : R(E:0)
(ii) The following term-in-context denotes the “identity”:
| [] l_unif (/\1‘(2 . Qj) — J;) . R(tv{al}) — R(fv{al})

but it does not have type R(t{e1}) —y RE{a1})  Then, using the same reasoning as
Example 5.29, the term

G = (A\z.(2-x) — z) (sample p > id)

has type REA1}) but not R&{41}) and so if G < 0thenOelse1 is not typable,
even though G can safely be used in guards.
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5.4 Conclusion and Related Work

We have endowed our language with a smoothed semantics approximating potentially
discontinuous programs, which is parameterised by an accuracy coefficient. We have
proposed type systems to guarantee pleasing properties in the context of stochastic op-
timisation: For a fixed accuracy coefficient, stochastic gradient descent converges to
stationary points even with the reparameterisation gradient (which is unbiased). Be-
sides, the smoothed objective function converges uniformly to the true objective as the
accuracy is improved.

Our type systems can be used to independently check these two properties (Fiy for
the correctness of SGD for each smoothing, i for the convergence of approximations)
to obtain partial theoretical guarantees even if one of the systems suffers from incom-
pleteness. We also stress that SGD and the smoothed unbiased gradient estimator can
even be applied to programs which are not typable (whilst sacrificing or manually proving
the guarantees).

Related Work

[Lee et al., 2018] is the starting point for our work. They correct the (biased) repara-
meterisation gradient estimator for non-differentiable models by additional non-trivial
boundary terms. They present an efficient method for affine guards only. Besides, they
are not concerned with the convergence of gradient-based optimisation procedures; nor do
they discuss how assumptions they make may be manifested in a programming language.

In practice, non-differentiable functions are often approximated smoothly without
placing emphasis on theoretical guarantees. In the context of the reparameterisation
gradient, [Maddison et al., 2017, Jang et al.; 2017| relax discrete random variables in a
continuous way, effectively dealing with a specific class of discontinuous models. [Tucker
et al., 2017| combine the score estimator with control variates (a common technique in
statistics to reduce variances) based on such continuous approximations in a clever way.
Some foundations of smoothing approaches are studied in [Bertsekas, 1975, Zang, 1981]
in a non-stochastic setting.

Motivated by parameter synthesis, [Chaudhuri and Solar-Lezama, 2010, Chaudhuri
and Solar-Lezama, 2011] seem to be the first to discuss systematic smoothing approaches
in the context of programming languages. They do not study stochastic optimisation
and thus consider a purely deterministic, imperative language. They use a very different
approach to smoothing, Gaussian smoothing, which for an input yields the expectation of
the (standard) denotation applied to that input perturbed by a Gaussian noise. As such,
it does not exploit the fact that the function is represented in a programming language.
Furthermore, they only present approximate methods to compute the smoothing.

In as yet unpublished work, [de Amorim and Lam, 2022| propose an alternative
approach to circumvent discontinuities drawing on ideas from distribution theory. Their
language does not allow nesting conditionals and is purely deterministic. They do include
non-standard constructs which amount to approzrimately defining integrals on compact
sets.

As an application to their work on semantics of functional programming languages
with conditionals, [Huot et al., 2023] study the correctness of gradient descent for de-
terministic programs and do not deal with stochastic optimisation.
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[Gorinova et al., 2022] investigate a variant of the imperative probabilistic program-
ming language Stan, and they present an information flow type system to detect con-
ditional independence relations. Their main application is the efficient elimination of
discrete parameters by explicitly marginalising them out. To capture conditional inde-
pendence relations, they annotate types with one of three levels and ensure that only
certain dependence relations hold between these levels. Our Fypie-type system in Sec-
tion 5.3.2 has a completely different objective (ensuring guards are almost everywhere
not 0). Besides, our annotations 1(7:4P) are in a sense more fine-grained because we need
to capture dependencies on specific samples rather than just their (one of three) levels.

Two closely related works have been developed concurrently to our approach: |Lee
et al., 2023, Lew et al., 2023]. Both study gradient estimators for probabilistic program-
ming. However, a key difference is that their aim is to identify (for each sample) which
of the estimators (reparameterisation or score) can be applied safely. Our work on the
other hand is complementary: it studies approaches to employ smoothing and the re-
parameterisation estimator when it would otherwise not be applicable (and hence their
systems refuse using the reparameterisation estimator at least for some of the variables).
Furthermore, they “only” study the bias of gradient estimators and not the correctness
of the overall (SGD) optimisation procedure.

[Lee et al., 2023] study an imperative language inspired by Pyro, and they use abstract
interpretation [Cousot and Cousot, 1977] to spot smoothness properties.

[Lew et al., 2023] present an intriguing program transformation, which translates
(higher-order) functional programs to new probabilistic programs, the expectation of
which is the derivative of the expectation of the original program. They use a lightweight
type system with annotations (resembling our approach in Section 4.6) to track values
which may be used non-smoothly to identify when the reparameterisation estimator may
be correctly employed. (Otherwise, in contrast to our work, they only permit the Score
estimator. Furthermore, they do not automatically check the domination premise of
Lemma 2.17 required to fully justify unbiasedness.)



Chapter 6

Diagonalisation Stochastic Gradient
Descent

A natural question to ask is: how can we choose an accuracy coefficient for a “decent”
approximation of the original objective function? For our running Example 2.16 we can
observe that this really matters: stationary points for low accuracy (i.e. high 7) may not
yield significantly better results than the biased (standard) reparameterisation gradient
estimator (see Fig. 6.1).

In the preceding chapter we have conducted a rudimentary analysis of the relationship
between the n-smoothed and the original problem (4.12): we have shown that under
mild syntactic restrictions Egp[[M],(0, s)] converges uniformly to Es.p[[M](6, s)] as
7 \¢ 0. As a consequence, for any given error tolerance € > 0, there exists an accuracy
coefficient 1 such that the n-smoothed and true objective functions only differ by at most
€.

However, the practical relevance of this result is limited: it is generally not clear how
to extract the accuracy coefficient from the convergence proof. Besides, we may wish to
improve the accuracy of the approximation, e.g. once we have found a stationary point to
an approximation that proves to be a relatively poor approximation to the true objective
function. Moreover, unfortunately, there is no bound (as 1 N\, 0) to the derivative of o,
at 0 (see Fig. 5.1b). Therefore, the variance of the smoothed estimator also increases as
the accuracy is enhanced, which may result in slow or unstable convergence of SGD.

We offer a solution with theoretical guarantees for these issues in the present chapter.
In particular, we extend our work in the following ways:

— We introduce the DSGD algorithm, and show that gradients for the original (un-
smoothed) problem vanish asymptotically. Crucially, the accuracy coefficient does
not need to be fixed in advance; rather it is progressively enhanced during the
optimisation (which has important advantages).

— We identify syntactic criteria to establish pre-conditions of the algorithm. In par-
ticular, we bound the variance in a purely syntactic manner based on the depth of
nesting of conditionals into guards.

89
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Figure 6.1: Solid red: biased estimator E.. aro,1) [Vaf(0, 2)], solid green: true gradient
Vo E.onr0,1) [f (0, 2)], black: gradient of smoothed objective (dotted: 7 = 1, dashed:
n = 1/3) for Example 2.16.

6.1 Diagonalisation SGD

We propose a novel variant of SGD in which we gradually enhance the accuracy coefficient
during optimisation (rather than fizing it in advance). To streamline the presentation
we focus on the Simple Function Calculus Optimisation Problem 4.14 in this chapter.
Thus, we fix a compact parameter space @ C R™, Dq,...,D, € Dist as well as
tpgi)) € Diffg (supp(D1)), .. . ,@ET)) € Diffg(supp(D,,)), and we recall the abbreviations

D(s) = [ Dilss) w(s) = (g (s1), 95" (50))
=1

For a term F € ASFC and a sequence of accuracy coefficients n;, \, 0, we modify the
standard stochastic gradient descent iteration (SGD’) to

Ori1=0r — - Vo [Fly,(wa, (sk)) s ~D (DSGD’)

Intuitively, this scheme facilitates getting close to the optimum whilst the variance is low
(but the approximation may be coarse) and make small adjustments once the accuracy
has been enhanced and approximation errors become visible.

To formalise a correctness result, we generalise the setting: suppose for each k € N,
fr : ©® X R™ — R is differentiable. We define a Diagonalisation Stochastic Gradient
Descent (DSGD ) sequence:

Os41 =0, — v - Vo fr(0k, sk) sp~D (DSGD)

where i is the step size. The qualifier “diagonal” highlights that, in contrast to (SGD’),
we are not using the gradient of the same function, but rather we are using the gradient
of fi in step k.

Due to the aforementioned fact that also the variance increases as the accuracy is
enhanced, the scheme of accuracy coefficients (7x)ren needs to be adjusted carefully to
tame the growth of the variances' Vj, of the gradient of fj,, as stipulated by the following
equation:

Z’yk:oo Z%%'Vk <00 (6.1)

keN keN

1Tt will not be necessary to compute variances exactly. Rather, it suffices to bound their growth up
to a constant (see Section 6.3).
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Note that in the regime fr, = f and Vi = V of standard SGD, this condition subsumes
the standard Robbins-Monro condition [Robbins and Monro, 1951] and 7% € ©(1/k) can
be chosen.

The following generalises the correctness result (Proposition 2.11) for standard stochastic
gradient descent:

Proposition 6.1 (Correctness). Suppose @ C R™ is convez, (Vk)ken and (Vi)ren satisfy
Eq. (6.1),

9x(0) = Esp[f1(0, 5)] 9(0) = Es.p[f(0, s)]
are well-defined and differentiable, and

(DSGD1) Vg gr(0) = Es.p[Ve fr(0,8)] for allk € N and 8 € ©
(DSGD2) g is bounded, Lipschitz continuous and Lipschitz smooth on ©
(DSGD3) Esp[||Ve f1(0,8)]]?] < Vi for allk €N and 6 € ©

(DSGD/) Vgi converges uniformly to Vg on ©

Then almost surely’ liminf; . |Vg(0;)|| =0 or 8; € © for some i € N.

Noteworthy differences to Proposition 2.11 include the additional premise (DSGD4)
and the fact that in (DSGD3) we do not assume a bound uniform in k € N.

Proof. Let L be the constant for Lipschitz smoothness in (DSGD2). By Taylor’s theorem
and the convexity of @, for any 8 € O,

Es~pl9(Ok11)]

< Eg~p |9(0k) — 7k - (Vo 9(0k), Vo fr(Ok, sk)) + é

2
Ve fr(Ok, si)|?

2
< 9(08) =k (Vo 9(0k), Vo gu(61)) + 2 - L - Vi
using (DSGD1) and (DSGD3) in the second step. Hence,
Vi Eso,..si_1~D [(Vo 9(0k), Vo gi(6k))]
2

ol
S ESO,...,Sk,lN‘D [g(ak)] - ESO,‘..,SkND[g(Ok—Fl)] + ?k -L- Vk

;

<g(

and thus,

[™] =

7i> 'Iini%lEso L8l 1~’D[<V09(0) Vegz(ez)ﬂ

Yi - Eso, 8i_ 1~’D[<V0 g(e ) Ve gz(e )>]

IN
M- L

[wa) [e=]
(=]

)

k
) - Eso,..,,skN’D[ 0k+1 Z % . i
1=0

2w.r.t. the random choices s, s2, ... of DSGD
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By boundedness (DSGD2), g(8¢) — E[g(0k+1)] < ¢ < oo (for all k& € N for some ¢ > 0)
and therefore due to Eq. (6.1) it follows:

inf E[(Vo 9(6:), Vo 9:(0:))] < (Z%) : <C+L'Z§'W> =0

€N €N

By the same reasoning for all iy € N, inf;>;, E[{(Vg ¢(0:), Vg ¢i(6;))] = 0 and therefore
also lim infieN E[<V9 g(Bi), VQ gz(OZ))] =0.
Next, observe that

IV g(0:)II” = (Vo 9(8:), Vo 9i(6:)) + (Vo 9(8:), Vo g(6:) — Vi gi(6:))
<(Veg(0:),Vegi(0:)) + Ve g(0:) - Ve g(8:) — Ve gi(0;)|

and the right summand uniformly converges to 0 because of Lipschitz continuity (DSGD2)
and the fact that |Vg g(8;) — Vg ¢i(0;)|| does so by premise (DSGD4). Consequently,

. 2] —
lim inf E [||V g(6:)[*] =0

Finally, this can only possibly hold if almost surely liminf;cy ||V g(8;)||> = 0. O

6.2 Establishing Pre-Conditions

Next, we wish to show that Proposition 6.1 is applicable to f = [F]y, o $(—) for a suit-
able scheme of accuracy coefficients (1 )ren. Having already demonstrated unbiasedness
(DSGD1) in Theorem 5.15, we proceed by addressing the remaining proof obligations.
We recall our assumption on the primitives for the simple function calculus:

Assumption 6.2. Op is a set of smooth functions bounded by polynomials, partial
derivatives of which up to order 2 are bounded by polynomials.

Similarly to Lemma 5.24 we can prove (see Appendix C.1 for details):

Lemma 6.3. If f : U — R is a Schwartz function, ¢ _y: © x R" = R" is a polynomial
and a strong diffeomorphism, and p : R™ — R is a polynomial then

0f-)
sup (0,2)-p(z)|dz <
voco| 00;

of_
/ sup‘ Ji )(O,z)-p(z) dz < o0
U 6O Zi

/ sup
U 6c®

where fo(2) = flpy"(2)) - | det Iy ()]

Thus, to show Lipschitz smoothness (DSGD2) of [F] (for F' € ASFC) we may exchange
differentiation and integration (justified by Lemmas 2.17 and 2.24 since [F] does not
depend on parameters):

82 32
WESND[[[F]](‘P@(S))]‘ = ’WEzwe[ﬂFﬂ(z)]

f)
96:00;

(0,2z) p(z)|dz < 00
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dz < >

82
<[ e \( Do(z)> 1FI(2)
supp(D) 0c® 80160]

for all @ € ® and we conclude:

Corollary 6.4 (Lipschitz Smoothness). If F' € ASYC then the function

6 — Es p[[F](po(s))]

is Lipschitz smooth.

In the same manner we can prove the other (simpler) obligations of (DSGD2). Fur-
thermore, exploiting Lemma 6.3, we can prove similarly to Corollary 5.23 that not only
the smoothed objective function but also the gradients converge uniformly (DSGD4); see
Appendix C.1 for details:

Proposition 6.5. If [' € ASYC then
Vo Esnnl[Fly(a(s))] = Vo Eonn[[F](¢e(s))] as 1\, 0 for 0 € ©

6.2.1 Bounding the Variance

Next, we analyse the variance for (DSGD3). Recall that nesting if-statements in guards
(e.g. F» in Example 4.13) results in nestings® of oy in the smoothed interpretation, which

in view of the chain rule’ may cause high variance as 0;] (0) = ﬁ for the logistic sigmoid.

Therefore, to give good bounds we consider subsets A?FC of ASFC in which ¢ is the
maximal nesting depth of the guards of if-statements.
Formally, we define AEFC inductively:

- FlEAﬁFC Fk€A§FC k

zj € ASFC f(FY, ... Fy) € ASFC frRe RO
F e ASFC FeNFC GeAfY He s

?f\ﬁ’f? (if F < OthenGelse H) € AJTY

Note that ASFC = Uren A%FC. For the expressions in Example 4.13, Fy, F| € A%FC
and Fy € ASFC.

Now, exploiting the chain rule, Assumption 6.2 and Lemma 2.25(i), it is straightfor-
ward to show inductively that for F' € A?FC,

Lemma 6.6. If F' ¢ A?FC there exists a polynomial p : R — R such that for alln > 0
and z € R,

‘ olFly

D) < loyl (o)

(By |oy| we mean sup,cg |0y, (y)].) In particular, the smaller the accuracy coefficient
n > 0 is, the higher the bound on the variance is. Consequently:

3as in o, (oy(---) )
“which yields products of o7,
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Proposition 6.7. If ' € A?Fcthen there exists ¢ > 0 such that for alln > 0 and 0 € O,
Esvp [[VolF1y(po(8)?] < ¢ [oy|*

We can give a sharper bound using slightly stronger assumptions on o, and the
support of the permissible distributions in Dist, which will allows us to enhance the
accuracy more rapidly (in view of Eq. (6.1)):

Assumption 6.8. (i) For all D € Dist, supp(D) = R or supp(D) = R>o.

(ii) op(z) = 0’(%), where o is the (logistic) sigmoid function o(x) := Trep (o)

Proposition 6.9. If F € A?FC then there exists ¢ > 0 such that for allm > 0 and 0 € O,

Es~plIVo[Fly(wo(s)I’] < c "

Note that for the logistic sigmoid, |0y (z)| < nt.
To get an intuitive idea of the proof we consider our running example

F| = (if z < OthenOelse1) € AYC

from Example 4.13 and pg(s) = s + 0.

P([{F{un °2) 4. sﬂ

Ese
SN 60

= Evor [ (o} 00(s))’]

Aoy 0 p_
S]aﬁ-//\/(s)-(na:%))(@,s)ds

= loy| - [N(S)'Un(SOG(S))]iOOO_/N/(S)'Un(‘PG(S))dS

=0

< ra;|-/r N'(s) |ds
——

Schwartz

where we used integration by parts in the penultimate step.

Proof of Proposition 6.9. Note that

O([F]yoep 2 n P (j_) 2
s~D ‘W(S) ]_ESND JZ::lagFZj]n(gog(s)).géi)(a’S)

Therefore, by the Cauchy-Schwarz inequality it suffices to bound

()
OLF1, Oe )
Es~p 0z, (po(2)) - a0, (0,s)
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for all 1 < j < n. By Lemma 2.26, for each 1 < i < m and 1 < j < n there exists a
(non-negative) polynomial bound p : R™ — R satisfying

o6 2
- <
20| <o

and for f(s) := D(s) - p(s), which is a Schwartz function by Lemma 2.20(iii),

() 2 2
o[F oo~ d[F
en || B lgo(a) 5209 | < [ 106 |2yt as
_ LTy [
= [ o) |0k s
where
fo = f(pg'(2)) - |det Iy (2)]
The claim follows with the following lemma proven in Appendix C.1.1. ]

Lemma 6.10. Let F € A?FC, f U — R be a non-negative Schwartz function, where
U=U; x---xU, and Uy,...,U, € {R,R>0}, and p be a non-negative polynomial. For
all 1 <1 < n there exists ¢ > 0 such that for all0 <n <1,

2
/ fo(z) - p(2) - 88[[12]]77@) dz <c-n7*
U i
2
[ o0t [N ax < e
U 7

where fo = f(pg'(2)) - |det Jpg ' (2)].

6.3 Concluding Correctness

Having bounded the variance, we present a scheme of accuracy coefficients compatible
with the scheme of step sizes v = 1/k, which is the classic choice for SGD. Note that
for any € > 0,

Z%:oo Z% (k%_e)£<oo (6.2)

keN keN

Therefore, with Propositions 6.1, 6.7 and 6.9 we conclude the correctness of DSGD for
smoothings:

Theorem 6.11 (Correctness of DSGD). Let F' € ASFC N AS¥C and € > 0.
(DSGD?) is correct for v, € ©(1/k) and ny, € @(kf%“):
almost surely liminf; , |V Es~D[[F](pg(s))]]| =0 or 8; € ® for some i € N.
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For instance for F' € A$FC we can choose n, € ©(1/vk). Crucially, for this choice
only the syntactic structure (i.e. nesting depth) of terms is essential. In particular, there
is no need to calculate bounds on the Hessian, the constant in Proposition 6.9, etc.

Remark 6.12 (Choice of €). Whilst asymptotically the selection of € > 0 does not matter
in theory, in practice the choice has an effect on performance in a (necessarily finite)
optimisation trajectory. Empirically, we found the values reported in Section 7.2 to work
well.

The choice of € needs to make a trade-off between two phenomena: smaller € means
faster convergence of approximation quality, whilst larger e causes the (finite) variance
term in Eq. (6.2) to be smaller, which in view of the proof of Proposition 6.1 is beneficial
for small norms of gradients.

Remark 6.13 (Theoretical Comparison of Variances). Proposition 6.9 provides an import-
ant insight for comparing the variances of SGD for a fixed accuracy coefficient (referred
to as FIXED henceforth) and DSGD: the variance is governed by the accuracy coefficient
(along with the structure of the expression).

Thus, the variance of FIXED stays the same throughout a run of SGD, whereas the
variance of DSGD increases over time (trading this carefully for the improvement in
approximation accuracy). In particular, Proposition 6.9 yields that for time steps k, for
which 1 < ng, the bound on DSGD’s variance is lower.

Rather than comparing the variance for a specific step, it is more interesting to
compare the average variances for a trajectory of length N. For an expression in A?FC,
Proposition 6.9 immediately yields an average variance of ¢ (times a constant). For
DSGD, we obtain an average variance of

LN
—¢
N2
k=1
If n, € @(kf%“) then (modulo constants), 77,;@ = k® for § < 1. Therefore, by Hélder’s

inequality,
N

1 N
N =y K
k=1 k=1
1 i Y
SN-<N1/_1-Zk)
k=1

_ 1. <N1/6—1 . N'(N+1)>5

2=

N 2

<N+1>5 »
= D) =Nyt
2

As a consequence, the average variance of DSGD with initial 79 is lower than for FIXED
with coeflicient 7 if n < ny+1, the coefficient of DSGD after half the iterations.
2

6.4 Conclusion and Related Work

We have proposed a variant of SGD, Diagonalisation Stochastic Gradient Descent, and
shown provable correctness. Our approach is based on our smoothed interpretation
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of (possibly) discontinuous programs yielding unbiased gradient estimators. Crucially,
asymptotically a stationary point of the original, unsmoothed problem is attained and
a hyperparameter (accuracy of approximations) is tuned automatically. The correct-
ness hinges on a careful analysis of the variance and a compatible scheme governing the
accuracies. Notably, this purely depends on the (syntactic) structure of the program.

Related Work

Abstractly, our diagonalisation approach resembles graduated optimisation [Blake and
Zisserman, 1987, Hazan et al., 2016]: a “hard” problem is solved by “simpler” approx-
imations in such a way that the quality of approximation improves over time. However,
the goals and merits of the approaches are incomparable: graduated optimisation is con-
cerned with overcoming non-convexity of the objective function to find global optima
rather than stationary points, whereas our approach is motivated by overcoming the bias
of the gradient estimator of the objective function.

[Zang, 1981, Thm. 3.1] presents a smoothing approach for non-stochastic optimisa-
tion, which also enhances the approximation over time. However, they assume an oracle
for global optimisers of each smoothed problem, which is an extremely strong assumption
and renders their method impractical.






Chapter 7

Empirical Evaluation

At the end of the preceding chapter we have briefly analysed the variances of the methods
proposed in this thesis—SGD with the reparameterisation gradient estimator for a fixed
smoothing (FIXED) and DSGD. In this chapter, we conduct an empirical evaluation
against our key competitors: standard SGD with the (SCORE) estimator [Ranganath
et al., 2014, Wingate and Weber, 2013, Minh and Gregor, 2014], the biased reparamet-
erisation estimator (REPARAM) and the unbiased correction of it (LYY18) due to [Lee
et al., 2018].

7.1 Models

We include the models from [Lee et al., 2018], an example from differential privacy
[Davidson-Pilon, 2015], a neural network for which our main competitor, the estimator
of [Lee et al., 2018], is not applicable, and a truncated random walk.

The models from [Lee et al., 2018] are as follows:

— temperature [Soudjani et al.; 2017] models a controller keeping the temperature of
a room within set bounds. The discontinuity arises from the discrete state of the
controller, being either on or off, which disrupts the continuous state representing
the temperature of the room. Given a set of noisy measurements of the room
temperature, the goal is to infer the controller state at each of 21 time steps. The
model has a 41-dimensional latent variable and 80 if-statements.

— textmsg |Davidson-Pilon, 2015] models daily text message rates, and the goal is
to discover a change in the rate over the 74-day period of data given. The non-
differentiability arises from the point at which the rate is modelled to change. The
model has a 3-dimensional latent variable (the two rates and the point at which
they change) and 37 if-statements.

— influenza [Shumway and Stoffer, 2005] models the US influenza mortality for
1969. In each month, the mortality rate depends on the dominant virus strain
being of type 1 or type 2, producing a non-differentiability for each month. Given
the mortality data, the goal is to infer the dominant virus strain in each month.
The model has a 37-dimensional latent variable and 24 if-statements.

Additionally, we introduce the following models:

99
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— random-walk models a random walk (similar to Fig. 1.1a) of bounded length. The
goal is to infer the starting position based on the distance walked. The walk stops
as soon as the destination is reached. This is checked using if-statements and
causes discontinuities. In each step a normal-distributed step is sampled and its
absolute value is added to the distance walked so far, which accounts for more
non-differentiabilities. Overall, the model has a 16-dimensional latent variable and
31 if-statements.

— cheating [Davidson-Pilon, 2015] simulates a differential privacy setting where stu-
dents taking an exam are surveyed to determine the prevalence of cheating without
exposing the details for any individual. Students are tasked to toss a coin, on heads
they tell the truth (cheating or not cheating) and on tails they toss a second coin to
determine their answer. The tossing of coins here is a source of discontinuity. The
goal, given the proportion of students who answered yes, is to predict a posterior on
the cheating rate. In this model there are 300 if-statements and a 301-dimensional
latent space, although we only optimise over a single dimension with the other 300
being sources of randomness.

— xornet is a simple multi-layer neural network trained to compute the exclusive-
or (XOR) function. It has a 2-4-2-1 network architecture with two inputs and
one output, and all activation functions being the Heaviside step function which is
traditionally infeasible for gradient-based optimisation because of the discontinuity
at 0 and a zero gradient everywhere else. The model has a 25-dimensional latent
space (for all the weights and biases) and 28 if-statements. Note that this model
is not applicable to the LYY18 estimator since the branch conditions are not all
affine in the latent space.

F, from Example 4.13 can be viewed as a (stark) simplification of xornet. It is
also the only model in which the guards of if-statements contain variables which in turn
depend on branching. As such, xornet corresponds to a term in AgF C whereas all other
models correspond to AFC.

7.2 Experimental Set-Up

The (Python) implementation is based on |[Lee et al., 2018] and the Part C Project
of Basim Khajwal at the University of Oxford [Khajwal, 2022|. We employ the jax
library to provide automatic differentiation which is used to implement each of the above
estimators for an arbitrary (probabilistic) program. The smoothed interpretation can be
obtained automatically by (recursively) replacing conditionals if F; < 0then Es else F3
with o, (—F1) - E2 4+ 0,(E1) - E3 in a preprocessing step. (We avoid a potential blow-up
by using an auxiliary variable for Ej.)

In view of Theorem 6.11, for DSGD we choose the accuracy coefficient schemes
nk = no/V'k for ng > 0; due to the nesting of guards we use 7, == 19 - k=2 for xornet.
We compare (using the same line style) DSGD for different choices of 7 to FIXED using
the fixed accuracy coefficient corresponding to 74900-
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To enable a fair comparison to [Lee et al., 2018|, we follow their set-up and use the
state-of-the-art stochastic optimiser Adam' with a step size of 0.001, except for xornet
for which we use 0.01, for 10,000 iterations. For each iteration, we use 16 Monte Carlo
samples from the chosen estimator to compute the gradient. As in [Lee et al., 2018], the
LYY 18 estimator does not compute the boundary surface term exactly, but estimates it
using a single subsample.

For every 100 iterations, we take 1000 samples of the estimator to estimate the current
ELBO value and the variance of the gradient. Since the gradient is a vector, the variance
is taken in two ways: averaging the component-wise variances and the variance of the L2
norm.

We separately benchmark each estimator by computing the number of iterations each
can complete in a fixed time budget; the computational cost of each estimator is then
estimated to be the reciprocal of this number. This then allows us to compute a set of
work-normalised variances |[Botev and Ridder, 2017] for each estimator, which are the

product of the computational cost and the variance”.

7.3 Analysis of Results

We plot the ELBO trajectories in Fig. 7.1 and include data on the computational cost
and work-normalised variance [Botev and Ridder, 2017] in Table 7.1.

Experimentally, the bias of REPARAM becomes evident in temperature, xornet,
random-walk and cheating, converging to suboptimal values. We can also see from
Table 7.1 that the SCORE estimator exhibits very high variance, especially for temperature
for which it not only converges slowly but even yields a very poor final ELBO (cf. Fig. 7.1a).

The trajectories for the DSGD and FIXED estimator perform comparably to the
LY Y18 estimator. However, they attain orders of magnitude reduction in work-normalised
variance (3 to 20,000 x). Besides, for xornet LYY18 is not applicable as there are non-
affine conditions in if-statements and for random-walk its variance is even higher than
SCORE.

Compared to FIXED, we observe that DSGD is more robust® to the choice of (ini-
tial) accuracy coefficients (especially for temperature and xornet). Besides, there is a
moderate improvement of variance (Table 7.1).

Summa summarum, the results confirm that the REPARAM estimator is biased and
that the SMOOTH and DSGD estimators do not have the same limitation. Where the
LYY 18 estimator is defined, they converge to roughly the same objective value. Our
smoothing approaches are applicable to more complex models, simpler and computa-
tionally more efficient (there is no need to compute a correction term). Besides, our
estimators have consistently significantly lower work-normalised variance.

'together with the respective gradient estimators, e.g. V[F]y, (¢g(8)) in step k for DSGD, resulting
in a hybrid of DSGD and Adam

2This is a more suitable measure than “raw” variances since the latter can be improved routinely at
the expense of computational efficiency by taking more samples (cf. discussion in Section 2.4).

30n a finite run our asymptotic convergence result Theorem 6.11 cannot completely eliminate the
dependence on this choice.
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Figure 7.1: ELBO trajectories for each model. A single colour is used for each estim-
ator and the choice of n = 400 = 0.06,0.1,0.14,0.18,0.22 (which determines 7g) is
represented by dashed, loosely dashed, solid, dash-dotted, dotted lines, respectively.
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Table 7.1: Computational cost and work-normalised variances, all given as ratios with
respect to the SCORE estimator (omitted since it would be all 1s). See Section 7.2 for
details on how these metrics are obtained.

(a) temperature

Estimator Cost Avg(V(.)) V(||.ll2)
DSGD 171 4.91e-11  2.54e-10
FIXED 1.71 2.84e-10  2.24e-09
REPARAM 1.26  1.47e-08  1.94e-08
LYY18 9.61 1.05e-06  4.04e-05
(b) xornet
Estimator Cost Avg(V(.)) V(||.ll2)
DSGD 1.74 6.21e-03  3.66e-02
FIXED 1.87 1.21e-02  5.43e-02
REPARAM 0.388  8.34e-09  2.62e-09
(¢) random-walk
Estimator Cost Avg(V(.))  V(|.ll2)
DSGD 4.70 1.71e-01 2.61e-01
FIXED 4.70  9.50e-01 1.49
REPARAM  2.17  8.63e-10  7.0le-10
LYY18 4.81 7.92 1.26e+01
(d) cheating
Estimator Cost  Avg(V(.)  V(-ll2)
DSGD 1.52 2.31e-03  3.51e-03
FIXED 1.52 2.84e-03  4.64e-03
REPARAM  9.36e-01  4.14e-19  1.16e-18
LYY18 2.59 4.27e-02  1.09e-01
(e) textmsg
Estimator Cost  Avg(V(.)) V(|-[|2)
DSGD 1.84  7.89e-03 1.53e-02
FIXED 1.79  1.08e-02  2.14e-02
REPARAM 1.25  7.99e-03  1.53e-02
LYY18 4.51  3.42e-02  6.00e-02
(f) influenza
Estimator Cost  Avg(V(.))  V(|.ll2)
DSGD 1.28  7.77e-03  3.94e-03
FIXED 1.28  7.92e-03  3.97e-03
REPARAM 1.21  7.60e-03  3.75e-03
LYY18 8.30  5.80e-02  2.88e-02







Chapter 8

Continuous but Non-Differentiable
Models

Motivated by the fact that the reparameterisation gradient estimator may be biased for
non-differentiable models, we have developed methods extending the approach to non-
differentiable models. However, it is worth noting that the examples exhibiting the bias of
the reparameterisation gradient estimator, Example 2.16 and Fig. 2.4, are discontinuous.
So a natural question to investigate is the following:

Is the reparameterisation gradient estimator unbiased for
non-differentiable but continuous models?

In this chapter we answer this question affirmatively: under mild conditions the repara-
meterisation gradient estimator is unbiased for non-differentiable but continuous models.
As a consequence, we can avoid taking smooth approximations and instead employ SGD
with the reparameterisation gradient estimator directly on the unsmoothed objective
function.

Furthermore, in Sections 8.2 to 8.5 we also present a method to verify continuity in
the presence of conditionals based on higher-order logic.

The following examples illustrate that non-differentiable but continuous models are
of practical interest:

Example 8.1. We model a temperature regulation system using a probabilistic program.
Without intervention, the temperature fluctuates randomly. If the temperature drops
below a threshold of 19 degrees centigrade the heating is engaged and the power is
proportional to the deviation from the threshold. Time is discretised and after one time
unit we measure a temperature of 21 degrees. We are interested in the distribution of
the original temperature.

let t0 = sample normal(20,1)
mu = t0 + if t0 < 19 then 2 % (19—t0)
else 0
observe 21 from normal (mu, 1)
in t0

The (unnormalised) density of ¢y is plotted in Fig. 8.1, and we see that it is not differen-
tiable (yet continuous) at tg = 19.

105
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Figure 8.1: (Unnormalised) density for Example 8.1

Example 8.2. We model a one-dimensional random walk. Starting at some position near
0, we take 100 standard normal distributed steps. We observe that the total distance
travelled, which is the absolute value of the sum of the steps, is 52, and we would like to
infer the final position.

let p0 = sample N (0,00) — initial position
sl = sample N (0,1) — sample steps

s100 = sample N (0,1)

d = |sl| + .-+ + |s100| — total distance travelled
pl00 = p0 + sl + --- + 8100 — final position
observe 52 from N (d,o)

in p100

where 09,0 € Rsq are constants. Clearly, the density is continuous but non-differentiable.

8.1 Unbiasedness

First, we would like to abstractly show unbiasedness. To address this, it is worth re-
visiting the proof of Lemma 2.17 (which establishes unbiasedness).
Suppose 6y € R and f : R x R® — R. Provided the integrals are finite,

0 e f(6o+h,s)— f(bo,s)

Now, we wish to exchange taking the limit with integration. This is valid by the Lebesgue
dominated convergence theorem [Klenke, 2014] if %(90,3) exists for almost all s and
there exists an integrable g : R — R and § > 0 satisfying

f(0o+h,s)— f(bo,s)
h

< g(s)

for all s € R™ and 0 < |h| < d. Then

, f(Oo+h,s)— f(bo,s) . [.. [flOo+h,s)—f(bo,s) — [Of
’111{‘]%/ o ds/}lL% Y ds/ae(ﬁo,s)ds

This proves:
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Lemma 8.3. Let ® C R™ be open and convex. Suppose f : @ x R™ — R satisfies for all
0cO,

(i) s — f(8,s) is integrable
(ii) for almost all s € R™, f(8,s) is differentiable
(iii) there exists an integrable g : R™ — R and § > 0 satisfying

f(0+ei,s)—f(0,8)
h

< g(s)

for all 0 < |h| < 0 and s € R™.
Then for all 0 € O, é%iff(e,s) ds = g—(fi(e,s) ds.

Note that the s where f is not differentiable may depend on the parameters 6.
Furthermore, in order to apply the dominated convergence theorem it is not necessary
to assume that

f(0o+h,s)— f(bo,s)

li
11m h

h—0

exists for all s € R™. If we do assume this and the existence of an integrable g : R® — R
satisfying

of

0.5) < ale)

for all @ € © and s € R (as in the third premise of Lemma 2.17) then by the mean value
theorem for all # € © and h such that 0 +h € ©
f<6+h78)_f(973) 8f

X :‘89(9+§,s)‘§g(8)

for some 0 < || < |Al.

8.1.1 Application to the Programming Language

Now, we wish to apply the insight to terms 0 | ¥ ki M : R®) in our programming
language. We modify Assumption 5.9 slightly':

Assumption 8.4. Op = Op,,;, U {exp, log, (=)'}, where Op,y, is a set of analytic func-
tions bounded by polynomials, partial derivatives of which are bounded by polynomials.

Clearly, the first premise of Lemma 8.3 is satisfied by Proposition 4.26. Besides,
analytic functions satisfy Assumption 3.1 (Example 3.2). Therefore, the second premise
follows with our almost everywhere differentiability result (Theorem 3.18).

For the third, we note that we can easily obtain a variant of Lemmas 5.18 and 4.25:
If 0| X iy M : R then

¢

[[M]](0>3) = Z[(G,S) € Uz] ’ fi(075)

=1

!This will be required in Section 8.3 for proving decidability results.
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where Uy, ..., U is a partition of ® x R™ and the partial derivatives of fi,..., f; are
uniformly bounded by polynomials.
If [M] is continuous then for any 8 € ®, 0 < |h| < 1 and s,

l
[[M]](a +h- €, S) - [[M]](aa S)
0 <Y pi(s)
j=1
where p1, ..., p are uniform polynomial bound on g—gi, ey g—gf, respectively (see Lemma D.1

in Appendix D for a proof). Furthermore, since s — D(s)-p;(s) is integrable, we conclude
with Lemma 8.3:

Theorem 8.5 (Unbiasedness). If 6 | ¥ i M : R and [M] is continuous then
Vo Es~p[[M](6,5)] = Es~D[Ve [M](6, 5)]

A simple way to guarantee continuity is to ban conditionals altogether. However, we

can also allow a stock set COp of terms | [] : M : Lgp) — e Lé,p) — 1(P) for which [M]
is continuous:

Cu=uz| f(C,...,C)| \y.C | CC | samplep > g | M

provided M € COp. Morally, this corresponds to allowing continuous but non-differentiable
primitives.

Lemma 8.6. Let 0 | ¥ by, C : v If [M] is continuous for all M € COp then [C] is
continuous.

For instance, we can admit the following continuous but non-differentiable terms to
COp:

ReLU = Az.if z < OthenOelsex
abs = Az.if x < Othen — zelsex

max = A\z,y.if z —y < Othenyelsex

Thus, we can re-write the conditional ty + iftg — 19 < Othen2 - (19 — ¢y)else0 in
Example 8.1 as to + 2 - ReLU (19 — ¢p).

8.1.2 Continuity in the Presence of Conditionals

Are there syntactic methods to establish continuity for terms with conditionals? In earlier
chapters we employed various type systems to verify properties, which are pre-conditions
of inference algorithms. One of the features of type systems is compositionality, which is
usually considered a strength because it enables efficient and simple verification. How-
ever, the type systems we have developed thus far are incomplete (cf. e.g. Example 5.39)
because the (arithmetic) properties we have investigated do not have a (fully) composi-
tional nature.

Example 8.7. Consider the following terms in the simple function calculus:

F =ifx—y < 0then F} else F>
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Fy =ifz < 0then0else2x
Fy,=ify <Othenzelsexr +y

Note that both F} and F, are continuous. However, F' is not continuous. (For zj = —1-1/k
and y = —1, im[F(zk, yx) = 0 but [F](limzg, limy) = [F](-1,—-1) = —1.)

A possible method to detect this would be to check that for the boundary x —y =0
of the outer conditional all branches (i.e. 0, 2z, z, = + y) agree.
However, this method unnecessarily rules out continuous terms:

Example 8.8. The term if z4+1 < 0 then —z else (if t—1 < O then 1 else x) implements
x +— max{|z|,1}. For 2 + 1 = 0 the branches —z and x do not agree.

These examples suggest that even for the case of the simple function calculus, purely
syntactic methods based on type systems are highly incomplete and not truly composi-
tional.

In the remainder of this chapter we hence pursue a different approach:

(i) We propose a higher-order logic with a non-standard background theory and prove
satisfiability to be decidable.
(ii) We then provide a sound but incomplete encoding of continuity.
(iii) Finally, we introduce a novel predicate with non-standard semantics for which an
encoding is not only sound but also complete, and we prove a decidability result.

8.2 Higher-Order Constrained Clauses

Constrained Horn clauses, a fragment of first-order logic with respect to background
theories, are a very successful approach for program safety verification [Bjorner et al.,
2015, Bjorner et al., 2012, Grebenshchikov et al., 2012|. They are conceptually appealing
because they help separate specifications from their verification [Aiken, 1999]. Current
state-of-the-art tools leverage the power of SAT and SMT-solvers (see e.g. [Barrett et al.,
2021]), which have seen enormous progress in the past three decades, and can be employed
to verify code arising in industry with several thousand lines of code.

More recently, [Cathcart Burn et al., 2018| proposed a higher-order extension—~higher-
order constrained Horn clauses (or HoCHC' for short)—which is suitable for the verific-
ation of functional programs. To demonstrate that a program is safe, it suffices to
find overapproximations of the input-output-graph (i.e. invariants) of the functions that
imply the required property. The idea then is to express the problem of finding such
an overapproximation logically as a satisfiability problem for a higher-order constrained
system.

The following example illustrates that higher-order logic is a useful framework to
capture higher-order, functional computation directly:

Example 8.9. Consider the term:

let branch x y = if x < 0 then y else x
twice f x = f (f x)
in twice (branch sample) sample
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for which we wish to axiomatise over-approximations of its input-output-graph. We
introduce relational® symbols Branch : t — ¢ — ¢ — o, Twice: (1t =1 —0) =1 —1— 0
and Term : ¢+ — ¢ — ¢+ — o for the graphs of branch, twice and the overall term,
respectively. We axiomatise their graphs as follows:

x <0 — Branchz yy
x>0 — Branchzyx
pryApyz — Twicepx z

Twice (Branch s1) so 2 — Term s s9 2

where x,y,2 : ¢, p: 1t — ¢ — 0. Besides, we could express the (incorrect) safety conjecture
that the term never returns 0 via

Terms; sgyAy=0— L

[Ong and Wagner, 2019] study the algorithmic, model-theoretic and semantical prop-
erties of higher-order Horn clauses with a 1st-order background theory. They show that
it is a refutationally complete and semantically invariant system of higher-order logic
modulo theories. As such, it occupies a “sweet spot” in higher-order logic.

[Ong and Wagner, 2019] propose a simple proof system, which combines 1st-order
reasoning in the background theory with purely logical reasoning agnostic of the back-
ground theory via a higher-order variant of resolution. The proof system assumes an
oracle for the satisfiability of conjunctions of constraints in the background theory. They
prove soundness and completeness: unsatisfiability can be proven syntactically. This res-
ult does not directly provide a method for showing satisfiability. Indeed, satisfiability of
HoCHC is undecidable in general [Ong and Wagner, 2019]. An intuitive reason for this is
that (unrestricted) HoOCHC can be used to encode recursion. Finally, [Ong and Wagner,
2019, Cathcart Burn et al., 2021, Jochems et al., 2023| study decidable fragments.

In the remainder of this section we give a more formal account of higher-order con-
strained Horn clauses tailored to our intended application: the verification of continuity.

8.2.1 Background Theory

In the light of the optimisation framework of Chapter 4, we may be tempted to choose the
theory of reals and smooth functions with equalities and inequalities as our background
theory. Whilst this would naturally accommodate our programming language, it would
however mean that for deciding satisfiability of higher-order constrained Horn clauses we
would need to decide satisfiability of conjunctions in the background theory such as

fi(@) > gi(e) A~ A fi(@) > gr ()

where f1,91,..., fk,gr are smooth functions and <y, ..., € {=,<,<,#}. On the
other hand, linear real arithmetic, where the functions are affine, is very well studied and
can be efficiently decided (both from a practical and (complexity) theoretic perspective).
However, this would mean that we could only allow addition and multiplication with con-
stants as our primitive operations Op, which would restrict the expressivity enormously.
In particular, we would not be able to express density functions.

20 is the sort of Booleans
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We choose a compromise: dis-equations (#) can use arbitrary analytic functions
whilst (in-)equalities (<, <,=) must be affine. Intuitively, this will force us to only use
affine terms in guards, which is a mild restriction (cf. Fig. 8.4).

8.2.2 Syntax

Formally, we modify our logic to have four base sorts .(%), where 1 is R or Rsq and
a € {t,f} denotes whether the expression is affine (t) or just analytic (f), and we use
the subsorting relation of Fig. 8.2a. This is motivated by the fact that every affine term
is also analytic. We intend to interpret [R(¥)] := R and [[R(;O)]] = Ro.

Besides, relational and argument sorts are generated from

base sorts vu= RO | R®) | R(>f()) | R(;())
relational sorts pri=olo—p
argument sorts ocu=1t|p

where o is the sort of truth values.

We assume a fixed supply Rel of (sorted) relational symbols P : p1,... and analytic
primitive operations Op (incl. constants). Contexts (typically denoted by A) are finite
lists of sorted variables x1 : 01,..., 2, : 0,. Sorting judgements for terms (typically de-
noted by ¢ and variants thereof) are standard (see Fig. 8.2b). Note that terms A F ¢ : 1(%)
cannot contain relational symbols and only variables of type x; : Ll(ai).

An atom is a term of sort 0. A background atom has the form t; < to, where
< € {=,<, <, #}, and is typically denoted by ¢ (and variants thereof). An atom which

is not a background atom is sometimes referred to as foreground atom.

Definition 8.10. A body has the form

LA N ANtryt A AN Ym
where for some context A,

(i) AF@1:0,...,AF pp: o are background atoms

(ii) AFtiyr:0,...,AF ty, ym : 0 are foreground atoms such that for each 1 < i < m,
(as)

y; i t; - € Ais a variable not occurring in t1, ...,
(iii) the variables yi, ..., ym are pairwise distinct.

We typically denote bodies by B or B’ and use T for the empty conjunction.
There are two kinds of higher-order Constrained Horn Clauses (HoCHCss):

Definition 8.11. A goal clause has the form B — 1, where B is a body in which all
variables have base sort.

Definition 8.12. A definite clause has the form
O1IA - ANpe ANtryr Ao At Ym — Py~ apt
where for some context A,

(1) @1 A ApeAtiyi A=+ At Ym is a body
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AFt:o ,
C
AFt:o 7=°
AFP P:p e Rel N Ux:UEA
Abt:oc—=p AFt:co
Akttt :p
(f) (£)
ty oy te: iy t1 1) gy
] x o x fleg] = [¢] € O €R
ftr, ... te) P filul lee] = 12] P coty +tog: 1) ¢

tl . R(t) t2 : R(t) tl . R(f) tg : R(f)
aei=s <) th#ts:o0

(b) Sorting rules for terms

Figure 8.2: Sorting for higher-order constrained Horn clauses

(i) AFPxy---xzpt:oand Abt: (@
(iii) the variables y1,...,Ym,T1,.. ., T, are pairwise distinct
(iv) all non-base sort variables are amongst the z;.

Example 8.13. (i) Example 8.9 presents higher-order definite clauses.
(ii) The following are 1st-order clauses (cf. Example 8.32):

2<0—=Pz(—22+2-1)
2>0—>Pz(z+1)
PzyAPzy ANy#y — L

Remark 8.14. This definition of clauses is superficially different from [Ong and Wagner,
2019], where definite clauses are presented in the following disjunctive form

—Ay V- VA,V Pxy- o xhg

where x1, ..., 2,41 are distinct variables and the atoms Ay, ..., A, are unrestricted (but
the final argument in the head is a variable). Note that we can frame a definite clause
B - Pxy---xy, M, where M : . easily in this form by using an auxiliary variable:
BANxzpi1 =M — Pz Ty Tyt
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[[R(“)]] =R [[R(;g]] =R>o [o] =={0,1}
[o — p] = [lo] — [rl]

(a) Interpretation of sorts

A[P}(a) = P
Afz](a) == a(x)
Altt'](@) = A[t)(a) (A[t']())
Alf(tr, - t)](a) = fF(A[t](a),. .., Altd(a))
Afe-t1 + tg]](a) = c- Aft1] () + Aft2] ()

1 if Aﬂtl]](a) > .A[[tg]] (a)

0 otherwise

Aty > ta](a) = {

(b) Interpretation of terms

Figure 8.3: Interpretation of sorts and terms

Our modified definition has an important technical advantage: our non-standard®
background theory does not need to include equality of analytic terms. (In fact the
decision procedure of Section 8.3.1 cannot easily be extended to include equations in
addition to inequations of analytic terms.) Besides, the encodings Fig. 8.5 and Eq. (8.6)
will be arguably more natural.

8.2.3 Semantics

For higher-order logics there are multiple variants of semantics, which differ in their
interpretation of higher sorts. In standard semantics they are interpreted as full (set-
theoretic) function spaces. Unfortunately, full higher-order logic in standard semantics
is wildly undecidable. E.g. the set*V2(=) of valid sentences of the 2nd-order language
of equality is not even analytical [Enderton, 2001].

For Henkin semantics [Henkin, 1950], which is, after all, “nothing but many-sorted
Ist-order logic with comprehension axioms” |[Enderton, 2001]| (see also [Benthem and
Doets, 1983, Leivant, 1994]), semi-decidability is recovered.

Remarkably, satisfiability of higher-order constrained Horn clauses does not depend
on the choice of semantics® [Ong and Wagner, 2019).

Therefore, we employ the standard semantics, which interprets higher sorts as (full)
function spaces (see Fig. 8.3a). A structure A assigns to each relational symbol P : p € Rel
an element of P4 € [p]. A waluation o for a context A assigns to each z : o € A,
a(zr) € Jo]. Given a structure A and a valuation «, a term A F ¢ : o is interpreted

3in the sense that dis-equations (#) can use arbitrary analytic functions whilst (in-)equalities (<, <, =)
must be affine

‘Define V™ (P) to be the set of valid sentences of nth-order logic with 2-place predicate P. Then
V'!(=) is recursively enumerable.

Swithin the reasonable bounds formalised by (complete) frames
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as A[t](a) € [o] (see Fig. 8.3b). For an atom A we write A,a = A iff A[A](«) = 1.
Since terms A F ¢ : ¢ and A F ¢’ : ¢+ do not contain relational symbols we abbreviate
[t](e) = At](r) and o Et <t iff A, =ttt

For a definite clause A = A; A--- AN A, — Pxy---x,t if for all valuations «,
Aa E Ay,..., A a E A, implies A,a = Pxy---x,t. Likewise, for a goal clause
AN ANAy — L we write A= Ay A+ A Ay, — L if for all valuations o, A, o = A;
for some 1 <7 < m.

A set @ of clauses is satisfiable if there exists a structure A such that for all C' € @,
AEC.

8.2.4 Proof System
We adapt the resolution proof system of [Ong and Wagner, 2019] to our setting®:
B— Pxy---azpt Pty---thy NB' — L
(BAB't/y)[t1/z1,. - tn/xn] — L

Resolution

PLA- A L

Constraint Refutation n

provided there exists a valuation « satisfying o |= o1 A -+ A pyp.

In the resolution rule we assume that the variables have been renamed so that the
clauses do not share variables. We write ® o GG if G can be derived by the rules of the
proof system from clauses in ®.

Example 8.15. The clauses ® in Example 8.13(ii) can be refuted as follows:

2<0—=Pz(—22+2-1) Pzy NPzy ANy#y — L

z2>0—Pz(z+1) 2<O0N Pzy AN(=22+2z-1#1Yy)
2<O0AN(z>0)A (=22 +2z—1#24+1)— L
1
In the last step the constraint refutation rule is applicable because for «a(z) := 0,

alFE2z<O0A(z>0)A(=22+2—-1#2+1).
Soundness and completeness carry over to the modified framework:

Theorem 8.16 (Soundness and Completeness [Ong and Wagner, 2019]). Let ® be a set
of higher-order constrained Horn clauses. Then ® is unsatisfiable iff ® Fres L.

For soundness in the modified setting it is important to note that
(Pay-apt)[t/x] = Pty tot”" = (Pty--toy)[t' /y])[t/] (8.1)

for " = t'[t/x] because y and x; do not occur in ty,...,t, (the former by definition, the
latter because variables have been renamed). Besides, the resolvent of a definite clause
and a goal clause is a goal clause (according to Definition 8.11, see Lemma D.2).

The following example illustrates difficulties which would arise if we allowed variables
to occur in multiple trailing positions:

SIn particular, there is no need for their S-reduction rule.
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Example 8.17. Consider the unsatisfiable set of clauses
T — P (2?) T — Q (exp(y)) PzANQz — L

However, applying the resolution rule once, we obtain

T—Q (exp(y) PzAQz— L
P (exp(y)) — L

and we cannot proceed further. Indeed, if we tried to “unify” exp(y) and 22 we would need
to include arithmetic reasoning. One of our key design principles is the strict separation
of purely logical reasoning and reasoning in the background theory.

8.3 Decidability of Recursion-Free HoCHCs

The objective of this section is to show that satisfiability of a fragment of higher-order
constrained Horn clauses with our background theory suitable for the verification of
continuity is decidable.

8.3.1 Decidability of the Background Theory

First, we need to provide a decision procedure for conjunctions of background atoms to
determine the applicability of the constraint refutation rule. Since affine and analytic
functions are closed under composition and subtraction, a conjunction of background
atoms can be written compactly as:

Az bA f(x) #0 — L

—_—
affine analytic
where = (21,...,2,)T, A€ R™" b c R™ f = (f1,...,fr) : R = RF are analytic,

and > includes =, < and < (in each row). Slightly unusually, by f(x) # 0 in Eq. (8.2)

we mean fi(x) ZO0A--- A fr(x) # 0.
Thus, in this subsection we wish to develop decision procedures for

FEAzx < bA f(x) #0— L (8.2)
—
affine analytic

Recall the dichotomy:

Lemma 2.31. If f : R® — R is analytic then f = 0 (constantly) or f # 0 almost
everywhere.

We harness this insight in the extremely simple randomised Algorithm 1 for checking
the special case

- fl@) 40— L (8.3)

by evaluating a single sample. If Eq. (8.3) holds, then clearly for every sample s, f;(s) =0
for some 1 < i < k. Conversely, if Eq. (8.3) fails then fi,..., fx are not constantly 0 and
therefore almost everywhere not 0 by Lemma 2.31. Thus, with probability 1, f;(s) # 0
for some 1 < ¢ < k, where s ~ D and D is a distribution on R", which is absolutely
continuous w.r.t. the Lebesgue measure (for instance the multivariate standard normal
distribution). Consequently:



116 CHAPTER 8. CONTINUOUS BUT NON-DIFFERENTIABLE MODELS

Data: f:R" — R* are analytic
Result: = f(x) #0 — L
sample s ~ D,
if fi(s) =0 for some i then

‘ return true;
else

‘ return false;
end

Algorithm 1: Randomised decision procedure for Eq. (8.3)

Lemma 8.18. With probability 1, = f(x) # 0 — L iff Algorithm 1 returns true.
Next, note that checking the satisfiability of
Ax < b

amounts to checking the non-emptiness of a polytope or equivalently the satisfiability
of a conjunction of constraints in the theory of linear real arithmetic (LRA) for which
very efficient off-the-shelf solvers exist (and there are polynomial time complexity results)
[Barrett et al., 2021, Kroening and Strichman, 2008].

If Az > b is unsatisfiable then Eq. (8.2) clearly holds.

Next, to approach mixing linear constraints and affine inequations as in Eq. (8.2)
when Ax > b is satisfiable, we start by considering the special case

FAz=bA f(x) #0 — L (8.4)

For U := {x € R" | Az = b} # 0, clearly Eq. (8.4) is valid iff fj;; = 0.
Let 7 < m,n be the rank of A. Note that U = {Cz +d | z € R"™"} for some
C € R"*(™=) and d € R, which can be obtained by Gaussian elimination.

Example 8.19. Suppose
201+ a0+ 23 =1
Tl — Ty = 0
3xo+x3=1
which has rank 2. Then
U=1{(1,1,-3)"2+(0,0,1)" | 2 €R}.
Consequently, Eq. (8.4) holds iff
f(h(z)) #0
analytic

for all z € R"™", where h(z) := Cz + d. Crucially, Algorithm 1 can be applied to f o h,
yielding a randomised check of Eq. (8.4).
Next, we wish to decide the general case:

E Azab A f(x) #0— L (8.5)

The following is a key insight for a reduction to the special case just including equal-
ities:
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Lemma 8.20. Suppose Az <1 b and a”x < V' are (jointly) satisfiable and the following
holds = Az <abAaTx <V A f(x) #0 — L. Then | Az ><ibA f(x) #0 — L.

Proof. By satisfiability there exists y € R” such that Ay b and a’y < b'.
Let & € R™ be arbitrary such that Az > b. We need to show f;(z) = 0 for some i.
For A € Rlet zy = A-x+ (1 — \)-y. Note that for all 0 < A\ < 1, Az) > b.
Furthermore, there exists § > 0 satisfying a’ z) < b for all 0 < XA < 6. Define

hi:R—R
A'—)fi(Z)\)

By assumption, for some 1 < ¢ < k, h; needs to have a non-negligible set of roots.
Therefore, by Lemma 2.31, h; = 0 for some 1 < ¢ < k and the claim follows since

fil@) = (D). .

Corollary 8.21. (i) If Ax 1 b and a’x < V' are satisfiable then the following are
equivalent:

(a) EAzxbAalz <b A f(x)#0— L
(b) =Ax>=<bA f(x)#0— L

(ii) If Az b and a”x < V' are satisfiable then the following are equivalent:

(a) = AxzbAa’x <V A f(x)#0— L
(b) =Ax><bA f(x)#0— L

(iii) If Az > b is satisfiable, and Az >1b and a®x < V' are unsatisfiable (together) then
the following are equivalent:

(a) EAzxbAalx <V A f(x)#0— L
(b) EAx><xbAhalz =V A f(x)#0— L

The significance of this is that we can successively remove inequalities or turn them
into equalities. Thus, we can reduce deciding = Az >x b A f(x) # 0 — L to deciding
E Az =b A f(x)# 0 — L, which we have already established.

The randomised decision procedure is summarised in Algorithm 2. Consequently,
with Corollary 8.21 and Lemma 8.18 we conclude:

Proposition 8.22. With probability 1, = Ax > b A f(x) # 0 — L iff Algorithm 2
returns true.

Example 8.23. Consider 2 < 0Az > 0Az < 1A —22+2—1# z+ 1, which adds
the constraint z < 1 to the background goal clause derived in Example 8.15. Executing
the algorithm, we first remove the redundant constraint z < 1. Then the non-strict
inequalities are turned into equalities because z < 0Az > 0 and z = 0A z > 0 are
unsatisfiable, resulting in

z2=0A-22+2z-1#2+1

Finally, {z € R| z = 0} = {0} and —0> +0— 1 # 0+ 1 and the algorithm correctly
rejects the clause.
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Data: = € R*, A € R™*" b e R™, f:R" — R* are analytic
Result: F Az <xb A f(x) #0 — L
if Ax < b is unsatisfiable then
‘ return true;
end
Remove rows a;fpac < b; from Ax < b;
for row a’x < b; in Az =< b do
/* Invariant: Axixib is satisfiable */
if Ax <’ b is satisfiable, where <; is modified to < then
‘ remove row;
else
‘ replace <1; with =;
end

end
/* all < and < are eliminated: Axxb is Az =b and it is
satisfiable */
Compute rank r € N, C € R?*("=7) and d € R™ (via e.g. Gaussian elimination)
such that {x e R" | Az = b} = {Cz+d |z R" "},
sample z ~ D;
if fi(Cz+d) =0 for some i then
‘ return true;
else
‘ return false;
end
Algorithm 2: Randomised decision procedure for Eq. (8.2)

8.3.2 Recursion-Free HoCHC

Having established the decidability of the background theory, we wish to additionally
prove the decidability of satisfiability of a suitable fragment of higher-order constrained
Horn clauses. Due to soundness and completeness result (Theorem 8.16) a sufficient
condition for decidability of a fragment is that there are only finitely many clauses which
can be derived by the proof system.

We consider such a fragment, which is suitable for languages without recursion (such
as the one in Chapter 4). For 1st-order Horn clauses a popular assumption is that there
are no cyclic dependencies between relational symbols [Riimmer et al., 2015, Unno and
Terauchi, 2015, Gupta et al., 2011]. Formally, we define a dependency relation @ <¢ P
between relational symbols ) and P if there exists B — P« t in the set of clauses ®
and @ occurs in B. Let <$ and <3 be its transitive and reflexive-transitive closure,
respectively. In our higher-order setting we require:

Definition 8.24. A finite set ® of HoOCHCs is recursion-free if there are finitely many
relational symbols P, ..., P, such that each P; —<j£ P; implies ¢ < j and for all terms
P;ty---t, occurring in @, if P; <3 FP; and Py, occurs in one of t1,...,t, then k < j.

Note that the second part vacuously holds for 1st-order clauses and hence recursion-
freeness amounts to acyclic dependencies.
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TS kg My 4P oo TSy bag M2 (D

felea] x - x e = [¢] € Op
DS+ S bag f(My,. .. M) o)

r | Y Fag My : R(t) r | Yo bag Mo : R(t)
T |5 H Sgbag c: My + My : R®

ceR

I'|SkuggL: R® T |YFgM:0 T|XFgN:o
Y H Y H Y Fugif L <0then MelseN : o

¢(—) € Diffg(supp(D))

0 | [D] Fag samplep > g : R®

Figure 8.4: Rules refining the generic type system Fig. 4.5 to guarantee (piecewise)
affine guards. (The rules for subtyping, variables, applications and abstractions are
unchanged.)

Example 8.25. (i) The set of clauses in Example 8.9 is recursion-free: it only holds
Twice, Branch < Term. Thus, we can arrange the symbols as Branch, Twice, Term.
(ii) P (2z)y — Pxy is not recursion-free (cf. Example 8.41).

To each goal clause G we can identify a vector c¢g = (c1,...,¢,) € N, where ¢;
is the number of occurrences of P; in G. If ® . G’, where G’ is the resolvent of a
goal clause G and definite clause in ®, then ® U {G'} is recursion-free, too, and ¢ is
lexicographically smaller than ¢ because. Consequently, only finitely many goal clauses
can be derived.

Finally, applicability of the constraint refutation rule can be decided by Algorithm 2.
Consequently:

Theorem 8.26. Let ® be a finite set of recursion-free HoCHCs. ® is unsatisfiable iff
P o5 L, and this is decidable.

8.4 Encoding

As a warm-up for continuity, we wish to verify that for two terms 6 | ¥ k¢ M : R and
0| Xty N: R, [M] =[N]. We achieve this by encoding the input-output-graph of
terms (generalising the approach of Example 8.9).

As discussed above, we need to ensure that conditionals only use (piecewise) affine
guards to fall into our background theory. We guarantee this by employing another
instance of the generic type system of Section 4.6 and by annotating base types R and
R(;g, where a € {t,f} denotes whether the term is (piecewise) affine. The subtyping
relation is (") C ,{*)
as in Eq. (4.2).

We refine the generic type system of Section 4.6 in Fig. 8.4.

To generalise the encoding in Example 8.9 we stipulate:

if t1 £ 19 and a1 = f implies as = f, and extended to higher order

P, =tL—0
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PreX—r =L — R(t) — s = R(t) — Pr

|2]| times
PrieX—ry = Prp —7 R® ... 5 R®) Pry (11 # 1)
|2] times
o, =1
o = pr (r#0)
For a term-in-context, x1 : 71,...,Zm : Tm | [D1,...,Dp] = M : 7 we introduce relational

symbols

. t t
Grmlle,...,zm:TmHDl,...,'Dn]FM:T 10 > = Og, 7 R( ) 7 R( ) — Pr

n t;;nes
For example for a term z : R®) | [N] Fag M : R®)
[M]:RxR—=R G o) WJagrer®) (R = RY — R — 0

To enhance readability we henceforth suppress the context and type information and just
write Gryy.

Then, we axiomatise the graph of [M] (cf. Section 4.2.1) by adding the corresponding
axiomatisations in Fig. 8.5 of all subterms of M to the set ®;; of definite clauses. In
particular for constants 7 € R, = Gr, r. In the rules marked by x we omit variables
needed on both sides to obtain a foreground atom, which has type o. For instance, if
T | Fag M:R® e[N] = R® and T' | [| Fag N : R®) then

Gryey ANGryxeyz = Gryyez
is an abbreviation for
GryeyANGryxzzy v - Gryvxz v
where v: R®) € A.

Example 8.27. We list the typing judgements, introduced relational symbols and axio-
matisations of all subterms of the following term in Table 8.1:

(Af.f(f0)) (Ax.x + sample yr > id)
=M =N

By inspecting the rules, we can easily see that ®j; is a set of recursion-free definite
clauses because relational symbols (corresponding to subterms of M) can be numbered
according to the reverse of the pre-order traversal of M’s syntax tree.

Now, in order to prove equivalence of I' | ¥ g M : Rand I' | ¥ F.g N : R we add
the goal clause

GryxzzyANGryzzy ANy#y — L

to @ U®Py, and call the resulting clause set @7, . We would like to show the following:
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Table 8.1: Typing judgements, introduced relational symbols and axiomatisations of all
subterms for Example 8.27. The variables have sorts u, u1, u2, us, 9,7, 2, 21, 2o : R®) and
p: R® — R® 5 R®) _ o For the sake of completeness we have added the variables,
which were omitted in Fig. 8.5 and wavy-underline them.

o V] = R® || o 0: R®
~s Gro: (R® — R® 5 R®) 5 0) 5 R 0
— Grgp0

f:R® e [N]— R® |[[Fug f: R® — R®
~ Gryp: (R® — R® — RO — 0) - R — R®) — R®) o
pusupug = Grypu us U

o [N = RO [ [N]kog £0: RE
~ Gryo: (R® — R® — R(t) —0) = R® 5 R® 0
Gropy/\Grfpyﬁyﬁfoole%

o [N] = RO [ [N, N kg f(f0): R
~ Gry(po) : (R — RY — R<t> S 0) = R® 5 R®) L RE)
Grf0p21y/\Grfpy22y—>Grf(fo)p21 Zou
| [ Fag A f(£0) : (R®) — RW) o [N, N] — R®)
~ GfAf.f(fO) :(R® — R® — R® — 0) » RY — RO — RO — o
Gry(ro)purua s — Grysp(so) Pus Uz Us

z: R® | [N] Fag sample yr > id : R®)
~ GrsampleNDid :R® — R® — R®) 0

— Grl“sample N>id LT 2 2

r: RO [[[Fap 2 : RO
~s Gry: R® — R® o
— Grpyrzx

z: R® | [N] Fag = + sample > id : R®)
~ er+samplej\/|>id :R® — R® - R — o
GI';,; Ty A GrsampleNDid Tz y/ — Grm+samp1e,vl>id Xz (y + y,)
| [] Fagt Az.x + sample nr > id : R®) o [N] - R®)
~ Gr}\x.x-i—sample/\/bid :R®  R®) 5 RO 0
Gra:+sampleN>id Uy ug Uz — Gry Ug U U3

| IN,N] Fag M N : R®)
~ Gryn : RY — R® — RO 0
Gry Gryzi zou — Gry N 21 22U
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T Tl ey @y To | [] Faf @i 0 T3
— Gry, T x; ifr, =1
* z; = Gry, @ otherwise
LY+ H S bag f(My,..., M) o0
Grapxziyt A NG @ Zeye — Grp, . M) T 210 20 (f(y1,.--,ye))

|3 H Y HY5kgif L<OthenMelseN : ¢
Grrxziy ANy <OAGry 22y — Grif L<othen Melse N T 21 22 23 Y
Grrxziy Ay > 0AGry @ 23y — Grif L<0then Melse N & 21 22 23 Y
ClFag Ay-M 1103 =1

* Gry — Gryy.m

DX HYHYkag MN T (and T |31 Fag M : 7' 083 — 7)

* Gryxzoy ANGryyxziyzs — Gryy 21 22 23 if 7' =4
* Gryx z1 (Gry ¢ z2) z3 — Gry Ny € 21 22 23 otherwise

0,T | [D] Fag samplep > g : RY

— Grsamplebbw rzz

Figure 8.5: Axiomatisation of the graph

Proposition 8.28. [M] = [N] iff ®; y is satisfiable.

As a consequence, [M] = [N] is decidable because ®3; v is recursion-free and hence
its satisfiability is decidable.

To demonstrate the if-direction, we prove that every model of ®;; and ®5 over-
approximates their graph:

Lemma 8.29. Suppose 0 | ¥ b M : 1\ and A = &y If [M](0,2) = r then
RAO)(z)(r) = 1.

To prove the claim, we posit a logical relation <; on [7] % [p-]:

(i) r =2, pifp(r)=1
(ii) f Zexrpifforallr € [i] and z1,..., 25 €R,

[z, 2m)]) 20 p(r)(21) -+ (23))
(iil) f Zrjex—sm p, where 71 # ¢, if for all g <7, g and z1,...,25 €R,
fg:[21,- 5 75)]) Zm p(@)(21) - (2)5))
Besides, we prove a fundamental lemma (see Appendix D.3 for a proof):

Lemma 8.30 (Fundamental). Suppose 1 : T1,...,Zm : Tm | [D1,...,Dp] Fag M : 7 and
A= @y Then for all fy 2 p1,..., fa 2L ppoand 21,..., 2, €R,

[[M]]t(fb” '7fm7217"‘7zn) j’r Rﬁ(pl) e (pm)(zl) T (Zn)
where r 2! ' iff r =1 and for T £, f XL piff f <;p.
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Conversely, to establish the only-if direction of Proposition 8.28, we provide a struc-
ture A = @)y, satisfying the following: Gryy(8)(2)(r) = 1 implies [M](8,2) = r.
Intuitively, this forces us to be conservative: heads Pz ---x, M of definite clauses are
satisfied precisely if they need to be true because all atoms in the body of a definite
clause are satisfied.

Formally, we iteratively define the canonical structure Ag (see |[Ong and Wagner,
2019]) associated to a recursion-free set ® of clauses (recall that Ay, ..., A,, in definite
clauses A1 A---ANAy, — Pz -+ -z, M only use relational symbols amongst Py, ..., P_1):

1 if for some Ay A---NA,, > Px1---x, M € ® and «,
As,a = Aq,..., Ap,a E Aj and

P'Aq) sy Pmy =
(o PmsT) a(r1) =pi1, ..., a(Ty) = pm and Ap[M](a) =7

0 otherwise

Note that by definition Ag satisfies all definite clauses D € ® [Ong and Wagner, 2019].
The canonical structure satisfies:

Lemma 8.31. Let 0 | X Foq M : /(9. If P]Gq)M (0)(2)(r) =1 then [M]* (0, z) = r.

This result can be shown analogously to Lemma 8.29 by positing a modified logical
relation >,, whereby r =, p iff p(r') = 1 implies ' = r and proving a fundamental
lemma, which is a minor and straightforward variation of Lemma 8.30.

8.4.1 Overapproximating Continuity

Suppose 0 | ¥ . M : R. Recall that by Theorem 8.5 the reparameterisation gradient
estimator is unbiased if [M] : ® x R" — R is continuous (and 0 | ¥ iy M : R).
Therefore, we now turn to encoding continuity in our logic.

Example 8.32. Consider the term:
M =ifz <0Othen — 2>+ 2z —lelsez + 1
[M] : R — R is discontinuous because

lim—224+2—1=-1#1=1limz+1
z,0 2\0

and the two branches do not agree on the boundary z = 0.
Instead of axiomatising the graph of M as in Fig. 8.5, we can axiomatise its closure
(in the relational symbol GC : R®) — R(®) — o).

2<0 - GCz(—224+2-1)
2>0—=GCz(z+1)

and require GCzy AGCzy Ay # v — L. (Recall that we have refuted these clauses in
Example 8.15.)

In general, let ®§, be the clause set similar to above where the axiomatisation of
conditionals is replaced with (and we use the symbols GC instead of Gr)

GCrxziy Ay <0 AGCry 22y — GCif L<0then Melse N L212223Y  (8.6)
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GCrzz1y' Ny > 0ANGCyx 23y — GCif L<0then Melse N T 21 22 23 Y
together with the goal clause
GCryOzynGCypOzy Ny#y — L
Proposition 8.33. If ®§, is satisfiable then [M] is continuous.

Crucially, as a consequence of Theorem 8.26, satisfiability of ®{, is decidable, and we
thus have developed a method for verifying continuity. (Proposition 8.33 will be corollary
of Theorem 8.40.)

8.5 Reasoning about Limits

Adding non-strict in-equalities for both branches in the encoding of conditionals
if L < (Othen M else N

is clearly an overapproximation. The following example illustrates that it may prevent
us from recognising continuous functions as such:

Example 8.34. Consider
M =if z < OthenOelse (if z < Othen — 1elsez2)

Observe, that the branch with —1 is actually not reachable and [M](z) = ReLU(z),
which is continuous. The closure of its graph and continuity can be axiomatised as in
Section 8.4.1 as follows:

z<0—=GCz0
x>0ANx<0—GCx(-1)
z>0ANx>0—>GCzxx
GCzyAGCzy Ay#y — L

Performing two resolution inferences of the goal clause with the first and second clause,
we can derive:

2<0ANz>20N2<O0AN0#-1— L
which is not valid (take the valuation z — 0), and hence can be refuted.
In contrast to Eq. (8.6), we can refrain from axiomatising the closure of the graph:

<0 — Grz0

r>0AN <0 — Grz(-1)
z>0AN2>0— Grax

Continuity then boils down to requiring that for all sequences (zx)ren and (Y )ken:
GrzyA lim zx =2 A (Vk € N.Grzpyi) — y = lim yg (8.7)
k—o00 k—o00

In the next subsection we propose a novel semantics based on sequences of valuations
and introduce new predicates || and f to reason about (common) limits. In particular,
we modify (8.7) to

GrzyAz |y Z AGr2y AylYfy — L (8.8)
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8.5.1 Background Theory and Semantics

In general, we introduce novel predicates |} and |/

. (t) ) (t) Al_tliR(f) Al_tQ:R(f)
Abzly:0ot 1Y 1 €A AFti Yts:o

along with

t1: R®  ¢y: R®
t1 <ty :0

e {=,<,<}

To simplify the presentation we henceforth disallow disequations of analytic, non-affine
terms. (This is not a significant restriction because our revised encoding uses Jf instead
of #; see Eq. (8.8).)

We slightly modify the definition of clauses’:

— A definite clause neither contains |} nor /.
— Inagoal clause x J ' A1 A+~ App Atyy1 A+« Aty ym — L, © and x’ are distinct
from y1,...,Ym.

Thus, we can leave the satisfaction relation =y, for definite clauses D unchanged:
A Eim D if A= D. For goal clauses =iy is based on convergent sequences (o;)ken of
valuations, i.e. for x : ¢, lim o (z) exists. (Recall that goal clauses only have variables of
base sort.) We stipulate:

— ()keN Fiim © § y i limys o0 o () = limys00 g (y)
— (ak)keN Erim t1 ¥ to i Imy oo [t1] (o) # limyp—yo0 [t2] (k)

NB Since all primitives are continuous, [t] is continuous for A F ¢ : 1(%).

Besides, for a foreground atom A, A, (ag)ken Fiim A iff for all £ € N, A, ag Fuim A.
Finally, for a goal clause A, (ag)ken Flim A1 A --- A Ap — L if for some 1 < i < £,
A, (ag)keN Frim Ai, and A iy G if for all convergent (ay)ken, A, (k)keN Fiim G- For
a set of clauses ®, A |y @ if for all G € &, A jy, G and for all D € &, A= D. In
this case we call ® lim-satisfiable.

Example 8.35. (i) Fimx <0AZ >0Az 2/ AOY1— L
(i) Fimx<O0AZ >0ANz {2/ N—z {2’ — L
(i) Flim2 <0Az>0AZ <0Az|2ZA0)-1— L
The last background clause is the only one we can derive in the modified encoding of
Example 8.34 exhibiting the potential for refutation due to the conjunct 0 Jf —1. Thus,
using the modified encoding, the continuous term of Example 8.34 is not unnecessarily
rejected.

"The additional restriction will prove important to obtain a decidable background theory. In partic-
ular the restriction on goal clauses rules out y || zA Py z — L, which together with — Pz (f(x)) might
resolve to y | f(y) — L. This is not covered by Proposition 8.38, which is the key to decidability.
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8.5.2 Encoding

To encode continuity of a term 6 | ¥ g M : R we add the goal clause®
Gryf@zyAGry 02y ANOLO ANz 2 AylYfy — L
to @7, and we call the resulting clause set CIDIJ{}“.

Example 8.36. Now consider, the (discontinuous)
ifz <0Othen — lelsez

This results in the following clause

z2<0—=Grz(-1)
z2>0—Grzz
GrzyAGrZy Az Ay Yy — L

Note that for any structure A satisfying the first two clauses, Gr(z)(y) = 1 if z < 0 and
y=—1,0r 2=y > 0. Then for (ay)ren defined by

(@)= -1k aly)=—-1 () =1k oxly) = 1/k
the goal clause is not satisfied because

A, (ag)ken Elim Grzy A, (@) kenN Frim Gr 2’y
A, (ag)keN Filim 2 | 2/ A, (ag)keN Frim vy ¥ Y/

Proposition 8.37 (Correctness of Encoding). [M] is continuous iff @M is lim-satisfiable.
Proof. By Proposition 5.6, it is sufficient to show the claim for [M]*: ® x R® — R.

Suppose @R}[H is lim-satisfiable. Then there exists A Fjim @%n. To show continuity
of [M]*, suppose 7, — 7 and s — s. By Lemma 8.29, Gr4} (1) (sp) ([M] (v, s1)) = 1
for all k£ € N and Gry;(7)(s)([M]*(r,s)) = 1. Let aj be defined (pointwise) by

ax(0) =7y ax(z) = si a(y) = [M]"(rk, s)

ap(@)=r ap(z') = s ar(y) = [M]'(r,s)
Clearly,

A, (k)ken Fiim 0 4 60’ A, (o) ken Fiim 2 4 2’

A, () keN FEiim Grar 0 zy A, (ag)ken Fiim Grar ' 2"y

Therefore, by assumption, A, (ag)ren Fum ¥ ¥ ¢/, i.e.
Lm[M]! (rg, s) = lim ag(y) = limag(y') = [M]'(r, s) = [M]"(lim 7y, lim s},)

and [M] is continuous.

8instead of GCp @ zy AGCrpOzy Ay#y — L
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Conversely, suppose [M]! is continuous. Recall that for the canonical structure
Apr = @ps. Therefore, it suffices to show,

Ayt Elim Gray0zy ANGry 02"y AL O Az 2 Ay Yy — L
Let (ag)ren be an arbitrary convergent sequence of valuations satisfying

A, (o) ken Fim Grar 0z y A, (ag)ken Frim Grar 02"y
A, () ke Fiim 0 4 6 A, () ke Fiim 2 4 2

By definition, limy g (0) = limy ag(6’) and limy ag(z) = limg ag(z’) (component-wise)
and by Lemma 8.31, for every k € N,

[M]"(ck(8), ax(2)) = ax(y) [M]* (cx(8"), i (2")) = ar(y)
Therefore, by continuity of [M]Y,
lim v (y) = lim [M]"(c(9), ar(2)) = [M]* (lim a,(8), lim g (2))
= [M]*(lim o (6"), lim o (2)) = lim [M]* (e (6"), ax(2")) = lim ()

which demonstrates Az, (ax)ren Fum ¥ ¥ ¥ and the goal clause is satisfied. O

8.5.3 Decidability

Finally, to prove decidability of continuity, we modify the resolution proof system by
adapting the constraint refutation rule. To determine applicability of the constraint
refutation rule we need to decide (the y;, y, may potentially be amongst the z;)

Fim Az b Ayt by A Ay by At G At it — L
which we abbreviate to
Eim Az abAy Jy At it — L (8.9)
The following insight is key:

Proposition 8.38. The following statements are equivalent:

() Fiim Aze<xbAy Yy Attt — L
(il) Ax b is unsatisfiable or = Ax <bANy=y' At#t — L

Consequently, (8.9) is decidable with the randomised decision procedure of Sec-
tion 8.3.1. (For this it is important that the arguments of |} are affine.)

Proof. For the if-direction suppose (ay)ken is a convergent sequence of valuations satisfy-
ing ay = Az > b for all k € N and lim ax(y1) = lim oy (y]), - . ., lim oy (yg) = lim oy (95,).
Let o := lim ;. Observe that o = Az < b and

a(y;) = lim oy (ys) = lim ag (y;) = a(y;)

Since Ax <1 b cannot be unsatisfiable, by assumption for some 1,

lim[t;](ax) = [t:](a) = [ti](e) = lim[£;] (c)
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and thus, (ag)keN Fiim ti ¥ t;. Therefore, (ag)ren Fim Az <xbAy Yy Attt — L.

Conversely, suppose Ax < b is satisfiable and « is a valuation satisfying a = Az < b
and a(y1) = a(y)),...,alyr) = a(y)). By satisfiability, there exists aq satisfying
ag = Az > b. Define a = §-ag+ (1 —3) - o (defined pointwise). Note that
ap = Ax > b for all k € N. Furthermore, by definition (o)gen Fiim ¥i 4 ;. Thus, by
assumption, (ag)keN FEiim ti ¥ t; for some 1 < i < ¢, which implies

[til(e) = lim[t;] (o) = Lim[t;] () = [ti] () =

Proof System
We modify the constraint refutation rule of our proof system accordingly:

B— Pz --xpt Pty---t,y N\B' — L
(BAB'[/yD[t/z] — L

Resolution

Az<xbAy Jy At t — L

Constraint Refutation T

provided there exist valuations o and o' satisfying

alEAzib o EAr<bry=y At#T

By the additional constraint on goal clauses in Section 8.5.1, y does not occur in a
lJ-atom (but it may occur in a f-atom) and the resolvent is a goal clause (in the modified
sense) again.

We write ® ki G if G can be derived by these proof rules.

Proposition 8.39 (Soundness). If ® by, G then for all A i, ®, A Eim G. In
particular, if ® Fium L then ® is lim-unsatisfiable.

Proof. The soundness of the constraint refutation rule is due to Proposition 8.38.
For the resolution rule suppose

AEB— Pxy--a,t AEpim Pty thay ANB — L

To show that also A jm (B A B[t/ /y])[t/x] — L let (ag)ken be a convergent sequence
of valuations satisfying A, (ax)ren Fum B[t/x]. Since bodies of definite clauses contain
neither |} nor f this means for every k € N, A, ay, = B[t/x]. Dueto A =B — Px; - -z, 1,
A, oy |E (Paxt')[t/x] must hold for every k € N. Consequently, by Eq. (8.1),

A, (ar)ken F (Pt tay) [t /y]) [t/ ]
and by
AbEiim Pty thyAB — L
A, (o) ken Etim (B'[t'/y])[t/@] — L must hold, completing the proof. O

Theorem 8.40. Let ® be a finite set of non-recursive HoCHCs.
D is lim-unsatisfiable iff ® Fym L, and this is decidable.
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We stress that as a consequence of Proposition 8.37, verifying continuity of terms
0| % Fag M : R is decidable.

Proof. Recall the vector c¢g = (c1,...,¢,) € N™ associated to goal clauses G from
Section 8.3.2, where ¢; is the number of occurrences of P; in G, and the canonical structure
Ag, which satisfies all definite clauses (cf. Section 8.4).

If ® is lim-unsatisfiable there exists a goal clause ® t;,, G such that Ag (um G and
¢ is minimal (w.r.t. the lexicographic order). This means that there exists a convergent
(o )ren satisfying A, (ar)ren # G.

If c¢ = (0,...,0) then G is a background goal clause and therefore the constraint
refutation rule is applicable by Proposition 8.38.

Otherwise, there exists a maximal P; occurring in G. By definition of non-recursive
clauses such a P; can only occur in an atom P;t;---t,y. Hence, G has the form

PN, NyyAB — L

and A, af = P;Ny--- N,y for all £ € N.

Intuitively, since the sequence (ay)ken is infinite and there are only finitely many
clauses, there must be a definite clause responsible for an (infinite) subsequence. Form-
ally, there exists an increasing sequence (ky)sen and

B - Paxi--x,t

oy satisfying A, = B’ and oj(z1) = As[ti](ow,), ..., ap(zn) = As[t,](ow,) and
As[t'](e)) = ag,(y). Consequently (assuming the variables have potentially been re-
named to ensure disjointness),

'A‘i’a (O‘/w & OZZ)ZEN ):lim B/[t/y]
A, (ar, W ap)een Fiim (Bt /y])[t/x]

(For the latter we note that (ag)ken Fiim s ¥ 8" iff (ag,)ken Fiim s ¥ & since [s], [¢]
are continuous and (ay)keN is convergent.)
Consequently, Ag also does not satisfy

B'lt/x] A (B[ /y])[t/=] — L

which is derivable in the proof system and has strictly reduced the number of occur-
rences of P; (and only introduced symbols amongst Py, ..., P;_1). This contradicts the
minimality assumption of ¢g. O

With this we can also easily prove Proposition 8.33:

Proof of Proposition 8.33. If [M] is not continuous then by Proposition 8.37, ®§* is
unsatisfiable. Hence, by completeness of the proof system (Theorem 8.40) there exists
Pim b, Az abAy |y At Yt — L such that ey, Az bAy Ly’ At Yt — L. By
Proposition 8.38, £ Ax <bAy=y' At #t — L.

Finally, the derivation of

I b AxsabAy ly At Yt — L
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can be modified to a derivation
DG Fres AL <bAy =9y ANt #t — L

which can be refuted. Unsatisfiability of ®$, immediately follows from soundness of the
original proof system (Theorem 8.16). O

The following example illustrates incompleteness for recursive clauses:

Example 8.41 (Incompleteness for Recursive Clauses). We can axiomatise the graph of
the Heaviside step function [(—) > 0] in a rather extravagant fashion as

r<—-1—=>Grz0
Gr(2z)y — Grzy
z>0— Grxl

Continuity can be expressed as Graxy A Gra’'y' Az | 2’ Ay ¥y — L. The clauses are
not lim-satisfiable because the goal clause fails for (ay)gen defined by

ag(z) = —— ap(y) =0 ap(z') = - ap(y') =1

However, it is easy to see that the only background goal clause we can derive via resolution
(exhibiting 0 Jf 1 needed for a potential refutation) is

2i-x<—1Ax’20A$ll:r’AOJX1—>J_

for every i € N. However, i, 2 2 < —1A2' >0Ax 2’ A0 Y1 — L and the clause
cannot be refuted because there is no (ag)ren satisfying ax(z) < —27% and ag(z') > 0
for all £ € N, yet limy_,o g (z) = limg_ o0 ag ().

8.6 Conclusion and Related Work

In this chapter, we have proven that (under mild conditions) the reparameterisation
gradient estimator is unbiased for continuous but non-differentiable models. Motivated
by this, we have studied methods based on higher-order logic with a background theory
to verify continuity. Our development has culminated in a sound and complete reduction
from the verification problem of continuity to a (non-standard) satisfiability problem.
Furthermore, we have devised novel randomised algorithms for deciding the latter.

Related Work

Similarly as Lemma 8.3, the concurrent development of [Lee et al., 2023, Theorem E.2]
also notes in the appendix that the differentiability requirement in Lemma 2.17 can be
relaxed to admit continuous but non-differentiable primitives. However, their program
analysis is conservative in that whenever a guard depends on a sample, that sample
cannot be reparameterised, and they do not try to establish continuity in the presence
of conditionals.

[Chaudhuri et al., 2010, Chaudhuri et al., 2012, Barthe et al., 2020a] study the veri-
fication of continuity in the context of programming languages (the former two papers
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for an imperative language, the latter paper for a higher-order functional language).
Despite basing their approach on type systems, their rule for conditionals has a com-
plex side condition to ensure equivalence of both branches on the boundary. [Chaudhuri
et al., 2010, Chaudhuri et al., 2012] claim that these side conditions can be discharged by
SMT solvers without elaborating on details. More generally, it is not clear under what
circumstances typability is (efficiently) decidable.

Furthermore, whilst these papers provide soundness results, they do not make any
statements about the completeness of their approaches.

Our approach to verifying continuity is more uniform and we fully benefit from a
separation of concerns: we encode continuity as a (single) satisfiability problem in higher-
order logic with a background theory, which we show to be decidable, and we prove the
(revised) encoding to be both sound and complete.






Chapter 9

Conclusion and Future Directions

In this thesis we have studied the foundations of fast yet correct variational inference for
probabilistic programming, an innovative programming paradigm to pose and automat-
ically solve Bayesian inference problems.

We have shown that almost surely terminating programs have densities which are
almost everywhere differentiable. This result is of significant practical interest because
many inference algorithms are gradient-based.

Unfortunately, almost everywhere differentiability is only necessary but not sufficient
for the correctness of one of the most successful inference algorithms: variational inference
with the reparameterisation gradient estimator. In particular, discontinuities may cause
this estimator, which is favourable in practice due to low variance, to be biased.

As a basis for our formal development, we have posed a general stochastic optimisation
problem generalising variational inference and guaranteed its well-definedness by suitable
assumptions and type systems.

To circumvent the bias caused by discontinuities, we have endowed our language
with a smoothed semantics parameterised by an accuracy coefficient. We have formally
shown that not only is the reparameterisation gradient estimator unbiased (for fixed
accuracy coefficient) but also that stochastic gradient descent is correct. Furthermore,
we have posed a type system guaranteeing that the smoothed objective function converges
uniformly to the original, unsmoothed objective function.

Applying stochastic gradient descent to a fixed smoothing requires the tuning of the
accuracy coefficient hyperparameter. As an alternative, we have proposed Diagonalisa-
tion Gradient Descent, which automatically enhances the quality of the approximation
during the optimisation trajectory. This method enjoys strong theoretical guarantees:
asymptotically a stationary point of the original, unsmoothed problem is attained.

Our experimental evaluation demonstrates important advantages over the state of the
art: significantly lower variance (score estimator), unbiasedness (reparameterisation es-
timator), simplicity, wider applicability and lower variance (unbiased correction thereof),
as well as stability over the choice of (initial) accuracy coefficients (fixed smoothing).

Finally, we have shown that the reparameterisation gradient estimator is unbiased
for continuous but non-differentiable models, and we have investigated techniques based
on higher-order logic to verify continuity. We have identified a suitable non-standard
background theory and proposed novel randomised decision procedures. Moreover, we
have presented a sound and complete encoding of continuity in the logic, and concluded
decidability of the verification of continuity for a large class of models.

133
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Future Directions

Our analyses of the optimisation algorithms are asymptotic and focus on stationary
points, which leaves room for future research strengthening the guarantees (convergence
rates, avoidance of saddle points, etc.).

Besides, we plan to explore methods adaptively tuning the accuracy coefficient rather
than a priori fixing a scheme (as for Diagonalisation SGD). Whilst the present work
was primarily concerned with theoretical guarantees, we anticipate adaptive methods
to outperform fixed schemes in practice at the cost of fewer theoretical guarantees or
significantly more complex correctness proofs.

A natural avenue for future research is to make the language and type systems more
complete, i.e. to support more well-behaved programs. For instance, we have a devised
an incomplete type system guaranteeing uniform convergence of the smoothed objective
function to the original unsmoothed objective function by ensuring guard safety, i.e.
that guards are almost everywhere not 0. Analogous to the verification of continuity,
we plan to investigate employing methods based on higher-order logic, which do not
suffer from incompleteness to the same extent, for verifying guard safety. A particularly
interesting aspect is that this requires proposing a semantics suitable for reasoning about
such almost-sure properties and designing decision procedures.

Furthermore, an interesting direction is to support recursion beyond Chapter 3. In
particular, it is not obvious how to extend the smoothing approach in a computationally
tractable way since a natural generalisation would result in possibly infinite terms. The
naive remedy, estimating the smoothed gradient in a Monte Carlo fashion, may result in
high variance.

Furthermore, the encoding for the verification of continuity in Chapter 8 can be
straightforwardly extended to accommodate recursion. However, as we have seen in Ex-
ample 8.41, the proof system is incomplete in general if recursion is permitted. Therefore,
it would be interesting to identify fragments for which resolution is complete, implying
that logic-based methods can be employed to verify continuity soundly even in the pres-
ence of recursion.

Finally, in a recent paper, [Arya et al., 2022] present a novel reparameterisation-like
estimator for discrete distributions using the new concept of stochastic derivatives. It
would be interesting to investigate whether their techniques can be extended to general
conditionals occurring in programming languages.
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Appendix A

Supplementary Materials for
Chapter 3

A.1 DMore Details on Example 3.2

We prove that Op; and Op, of Example 3.2 satisfy Assumption 3.1.

(i)

Clearly, all constant and projection functions are analytic. Since analytic func-
tions are total and differentiable (hence continuous) functions, they are Borel-
measurable. Therefore, due to the fact that analytic functions are closed under
pairs and composition |Conway, 1973, Prop. 2.4, it remains to check whether the
boundary of f~1([0, o)) has measure zero.

Since f~1(A) C f—f(A) and f~1(A) C f~Y(A) for any subset A C R, we have
Af HA) C fL A\ fL(A) = F1(DA). Letting A = [0, 00), we have

0f1([0,00)) € fH({0})

Applying the well-known result [Mityagin, 2015] that the zero set of all analytic
functions, except the zero function, has measure zero we conclude that 9f~1([0, c0))
has measure zero. It is easy to see that if f is the zero function,

2f1([0,00)) = OR" = &
has measure zero.

Clearly all constant functions and projections are in Op,.

Note that the set of finite unions of (possibly unbounded) rectangles forms an
algebra A (i.e. a collection of subsets of R™ closed under complements and finite
unions, hence finite intersections). Then dom f = f~!(—o00,0] U f~1(0,00) € A.
Besides, for every U € A, Leb(9U) = 0 (because Leb(0R) = 0 for every rectangle
R).

It remains to prove that Opy is closed under composition. For this, suppose that
f:RE~Re€Opyandgy,...,g: R™ = R € Op,. It is straightforward to see that
dom f o (g;)¢_, remains open (note that o is relational composition). Moreover, for
every z in dom f o (g;)%_, (g;)¢_,(z) is an interior point in dom f which is open.
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It follows that the (standard) chain rule is applicable, and we have f o <gi>f:1 is
differentiable at z. Besides, suppose I is a (possibly unbounded) interval. By
assumption there are m € N and (potentially unbounded) intervals I; j, where
1<i<mand1<j</{suchthat f~}(I) = Uity Lix X -+ x I 4. Observe that

(Fotoi)

= {r edomgin---Ndomg | (g1(r),...,ge(r)) € FH(I)}

m
J{redomgin---ndomg | gi(r) € s A=+ Agelr) € i}
i=1

m
=o' @m) - ng (T
=1

and this is in A because algebras are closed under finite unions and intersections.

A.2 Supplementary Materials for Section 3.2

A.2.1 Supplementary Materials for Section 3.2.1
The following substitution property holds for symbolic terms M and A’:
dom | M[A/y]] C dom |M | N dom [N (A.1)
(M| (v, $)[[N] (7, 8)/y] = [M[N/y]] (v, s) (A.2)
Lemma 3.8. Suppose the set Op of primitives satisfies Assumption 3.1(1).

(i) For each symbolic value V of type R, by identifying dom || V|| with a subset of R™",
we have ||V]| € Op.
(ii) If Op also satisfies Assumption 3.1(i1) then for each symbolic term M,

|M]:R™ xS, —~A
1s differentiable in the interior of its domain.
Proof. (i) We prove the first part by induction on symbolic values.

— For ' € R, ||r']|] is a constant function and ||z;| and ||a;| are projections,
which are in Op by assumption.

— Next, suppose V is a symbolic value (Vl, ..., V). By the inductive hypo-
thesis, each [|V;|| € Op. It suffices to note that

FIV - Vo[ (rys) = F(ID (ry8), - IVl (, 8)

for (r,s) € dom[f|(V1,..., V). Therefore, |[f|(V1,..., V)| because Op is
assumed to be closed under composition.

— Finally, note that we do not need to consider abstractions because they do
not have type R.

(i) — Note that |z;| and |« ] are projection functions and |r] are constant func-
tions, which are (everywhere) differentiable functions.
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— Besides, (Vl, ..., V) is a symbolic value and on its domain,
L(Vl, . ,VZ)J = (’I", S). H(Vl, e ’VZ)H (T, 8)

H(V1, . ,Vg)H is in Op by the first part and by assumption this implies
differentiability.

— The function |Ay.M | is obtained by composing | M | with the function A — A
mapping L +— Ay.L The latter is easily seen to be differentiable: recall that
A = U,enUpAM} x R™, where M ranges over skeleton terms with n place-
holders. On each component { M} xR™ the function acts as (M, ) — (\y.M, x);
it is simply one of the coproduct injections, hence differentiable.

— The cases of |[YM | and [score(M)] are analogous.

— The function | M N | is obtained by composing | M | x [N ] with the diagonal
map (r,s) — ((r,s), (r,s)); both are differentiable.

— The cases of M(Ml, ce M)J and [if £ < O0then M else A[| are similar, using
diagonal maps of different arities.

— The function |sample| is a constant function, so it is differentiable. This
covers all cases. O

A.2.2 Supplementary Materials for Section 3.2.2
Lemma 3.11 (Subject Construction). Let M be a symbolic term.

(i) If M is a symbolic value then for all symbolic contexts E and symbolic redexes R,
M # E[R].
(il) If M = B[R] = Ea[Re] then E1 = E and Ry = Re.
(i) If M is not a symbolic value and dom | M | # () then there exist E and R such that
M = E[R].

Proof. We prove all parts of the lemma simultaneously by structural induction on M.

— First, note that for every £ and ® all of the following holds

v, ZER] o ZER]  yZER] rZER] Ay M#ZE[R]

and the left hand sides are symbolic values.

— Note that dom |[f](#,...,M;)| = 0 unless it is a symbolic value. Besides, for
every £ and R, |f|(My,. .., M) # E[R].

— If M = A4 AL then M is not a symbolic value.
Suppose that Aj is an abstraction. If A& is a symbolic value then M is a symbolic
redex and by the first part of the inductive hypothesis, M = E[R] implies £ = |]
and R = M.
If M5 is not a symbolic value then M is not a symbolic redex. Note that M = E[R]
implies £ = A§ . By the second part of the inductive hypothesis £ and R are
unique if they exist. Besides, due to dom || C dom [A%2]| and the third part of
the inductive hypothesis, such " and R exist if dom M| # 0.
If AG is not an abstraction it cannot be a symbolic value and M = E[R] implies
£ = £' As. By the second part of the inductive hypothesis, £’ and ® are unique
if they exist. Besides, because of dom [M | C dom | | and the third part of the
inductive hypothesis, such £ and R exists if dom [M ] # 0.
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— Next, suppose M = f(A, ..., Ay), which is clearly not a symbolic value.
If all A; are symbolic values, M is a symbolic redex and by the first part of the
inductive hypothesis, £ = [| and ® = M are unique such that M = E[R].
Otherwise, suppose i is minimal such that 4 is not a symbolic value. Clearly,

M = E[R] implies £ = f(A4, ..., Ni—1, E', Nj+1,...,Nz) and A; = E'[R]. By the

second part of the inductive hypothesis £’ and K are unique if they exist. Besides
due to dom || C dom |A;| and the third part of the inductive hypothesis such
£ and R exist if dom | M| # 0.

— If M =Y, M =sample or M = score(N\), which are not symbolic values, then
this is obvious (using the inductive hypothesis).

— Finally, suppose M = (if L < OthenAjelse o) = E1[R] = B[R] If L is a
symbolic value then M is a symbolic redex and by the first part of the inductive
hypothesis, M = E[R] implies £ =[] and R = M.

If £ is not a symbolic value then M = Z[R] implies £ = if £’ < 0then A} else N\,
and £ = £'[R]. By the second part of the inductive £’ and ® are unique if they
exist. Due to dom || C dom [ £| and the third part of the inductive hypothesis
such £ and R exist provided that dom | M | # (. O

We obtain that for all £, M and (r,s) € dom | E[M]|:
L] (rys) [|M] (r,8)] = | E[M]] (v, 5) (A.3)

Lemma A.1. Suppose (R, w,U) = (R, 2/, U"), (r,s) € U and (r,s+#s’) € U'. Then
([&](r,8), w(r,s),s) = (|&] (r,s # &), w/(r,5 4 &), s 4 &).

Proof. We prove the lemma by case analysis on the symbolic redex contractions.

— First, suppose (sample, w,U) = (an+1,2',U’). Note that s’ = [r'] for some
0 <7’ < 1. Then

(sample, w(r,s), s) — <7;/, w(r,s),s 4 [7’/]>

— Suppose (score(V), w,UY) = (V,w-||V|,UN|V|][0,00)). Then
(r,8) = (r,s4s)eUN|V|]|0,00)
Hence, there must exist ' > 0 such that [V] (r,s) = |V] (r,s # s’) = r’. Besides,
(score(|V] (r,s)), w(r,s),8) = (1, w(r,s)-1',s)
and (w - |V|)(r,s 4 8') = w(r,s) - r'.

— Suppose (if V < 0then M else N, w, U) = (M, w,UN||V| " (—c0,0)). Note that
(r,s) = (r,s4s) e UN|V| " (—o0,0). Thus, ||V| (r,s) < 0. Therefore,

<if V|| (r,s) < Othen |M| (r,s)else || (r,s), w(r,s), s>
= (M| (r,s),w(r,s),s)

— Similar for the else-branch.
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— Suppose ((Ay. M)V, w, U) — (M[V/y], w,U). Then (r,s) = (r,s# s’) € U. By
Lemma 3.7, |V] (7, s) is a value. Hence,

(. [9] (r,8)) V] (r,8), w(r, 5),8) = ((|3] (r,))[[V] (r,5) /3], w(r,s),5)
Besides, by Eq. (A.1), (|8(] (r, s))[[V] (r,5)/y] = [M[V/y]] (r,s 4 ).

— Suppose (f(V1,..., Vo), w,U) = ([f|V1,.... Vo), w,Undom || f(V1,...,Ve)||)- Then
(r,s) = (r,s4 ') € Undom||f(V1,..., V)| In particular, (r,s) € dom ||V;]| for
each 1 <i < /?and (|WV1]| (7,8),...|| V] (r,8)) € dom f. Therefore,

(HUl(r,8), o Vel (7, 8), wir, 5), 5)
= (£UVill (r.9). .. Vel (r, 8)), wir.s). )

because f(|Vi]| (r,s),....|[Vell (v, 8) = [[f]V1, .-, V)| (r,s 4 &).

— Finally, suppose

(Yz. M), w,U) = (Ay. M [Y(A\z. M) /x] y, w,U)
Then (r,s) = (r,s # s’) € U. It holds

(YMx. | M| (r,s)),w(r,s),s)
— Ay [ (v, 8)[Y(Az. [M] (r,5)) /2]y, w(r, s), 5)

and by the Substitution Eq. (A.1),

Ny. | M| (r,8)[Y(M\x. [ M] (r,8))/z]y = | N\y. M[Y Az M) /x| y] (r,s +s") O

Lemma A.2. Suppose | M| (r,s) =R, (r,s) € U, w(r,s) = w and (R,w, s) — (R, v, s").
Then there exists (M, w,U) = (R, o', U")) such that |R'| (r,s") = R/, @/(r,s’) = '
and (r,s’) e U'.

Proof. We prove the lemma by a case distinction on the redex contractions.
— First, suppose
(sample, w, 8) — (r,w, s 4 [r])

where 0 < r < land (r,s8) € U C R™xS,,. Then (sample, w,U) = (ay4+1, 2, U’)),
where U' = {(r,s# [r]) | (r,s) € UANO < ' < 1} > (r,s 4 [r]) as well as
w'(r,s 4 [r]) = w(r,s) = w. By definition, |an+1] (7,8 4 [r]) = .

— Suppose (score(r’), w, s) — (r’,w’, s), wherer’ > 0, (r,s) € U. Then M = score(V)
for some V satistfying |V | (r,s) = r’. Hence, ||V (r,s) =7' > 0 and

<(sc0re(V), w, U>> = «V? w - ”VH ’ U/»

where U’ := U N ||[V|| 71 [0,00) 3 (r,s) and (w - ||V|))(r,s) = w x 7.
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— Suppose (if ' < 0then M else N, w, s) — (M, w, s) because v’ < 0 and (r,s) € U.
Suppose that V, M, A are such that V] (r,s) =1/, | M| (r,s) = M and |N| (r,s) = N.
Then [[V||(r,s) = " < 0 and (if YV < OthenMelse N, w,U)) = (M, w,U’),
where U’ := (U N |[V|| ™! (=00,0)) (7, s) by assumption.

— Similar for the else-branch.

— Suppose (f(rf,...,7}),w,8) — <f(r’1,...,r2),w,s>, where (r{,...,7;) € dom f.

Suppose further that Vi, ...,V are such that for each 1 < i < ¢, |V;] (r,s) = 7;;
Since dom Hi(Vl, cel Vg)H = dom Ii(Vl, . VZ)J, then we have
<<i(V1, “en ,Vz), w, U» = <<(V1, ‘e ,Vg), w, U/>>
where U’ := (U Ndom || f(V1,...,V)|)) 2 (r, s).
— Suppose ((A\y. M) V,w, s) — (M[V/y|,w,s) and (r,s) € U. Let M, A be such that
|M| (r,s) =M and |A] (r,s) = V. By the Substitution Eq. (A.1),
[ M[N/y]] (r,8) = M[N/y]
and by Lemma 3.7, Al must be a symbolic value. Thus,

(Ay. 2) N, w, U) = (M[N/yl, w, U)

— Suppose (Y (A\y.M),w, s) = (A\z2.M[Y(\y.M)/y]z,w, s) and (r,s) € U. Let M be
such that || (r,s) = M, then by Substitution Eq. (A.1), we have

[ Az M[Y (Ay.M)/ylz] (r,8) = Az M[Y (A\y.M)/yz
Thus we conclude that

(YOyM),w,U) = (Az.M[Y(N\y.M)/ylz, w,U) O

Definition A.3. We extend |-] to symbolic contexts with domains
dom |[]] =R™ x S,
dom [EM | :=dom | (A\y. M) E| = dom |£] Ndom | M |
dom | f(V1,..., Veo1, E, Mypa, ..., My) |
=dom [ V1| N---Ndom |V,_1] Ndom | E] Ndom | Mp1]| N --- N dom | M, |
dom |YZ| := dom |score(E)| := dom | E]
dom [if £ < Othen M else A(| := dom | £]| Ndom | M | N dom ||
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A.3 Supplementary Materials for Section Section 3.3

Lemma A.4. Let (X,Xx,n) and (Y,Xy,v) be o-finite measure spaces. Suppose that
U € ¥x and that for everyr € X, V, € Ey, and W = {(r,s) € X xY | s € V,.} is
measurable.

If W(X\U) =0 and for everyr € U, v(V;) =0 then (u x v)(W) = 0.

Proof. Let X, € ¥x and Y, € Xy (for n € N) be such that X = [J,.nXn = X,
Y = Upen Yo and p(X,) = v(Y5,) < oo for every n € N. Define W, :== W N (X, x Yy,).
Clearly (p x v)(W,,) is finite.

By assumption the characteristic function 1y : X x Y — R>( is measurable. By
Fubini’s theorem [Kallenberg, 2002, Thm. 1.27], for every n € N,

pW) = [ @ty = [ @) [ @t = [ @ rum)=o

Xn UnXny

The third equation is due to u(X, \ U) = 0. The claim is immediate by W = {J,,cy Wh.
O
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To demonstrate Proposition 5.6, we posit an (infinitary) logical relation (f, f', fy, f}) € RY
where

— UCR®
— () ©® xR" = R" is a polynomial and a strong diffeomorphism,
— f,f:© xR" = [r] (in QBS)
— o £y © xR = 7], (in Fr) for > 0

(fs f' fas ) € RY# is defined inductively by:

(1) (f? f/7f777f1/7) € RI{LLP if f(0,s) = f/(07‘100(8)) and fn(e,S) = f{y(ea@e(s)) for all
(0,s) € ® x R" and n > 0.

(i) (f, f's fo, 1) € RY% iff for all U® and ¢® and (99", 9> 9n) € RZXU(Q)@H"O@),

T1 023 —T2

there exists ¢®) such that
(f ® g, f/ @g/ f77 ®gn7f7,7 @9;7) c ,R7[_]><U(2)xsupp(23)7§0-§+<p(2)+i—<p<3)
) 2

where again for f: R™ — [r; @ X35 — 1] and g : R™*"2 — [r1] we define

f ®g: Rn1+ﬂ2+|23| — [[7.2]]
81+ 82 + s3> f(s1)(g9(s1 4 82), 83)

and use an overloaded notation in Fr. Furthermore for ¢_y : ® x R" — R™ and
<p/(7) :©® x R” — R" we use the notation

pH @ O x R Rt
(8,5 H ") = o(s) + va(s)

Proposition 5.6 follows immediately from the following:

155
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Lemma B.1 (Fundamental). If 61 : t1,...,0p : ty, @1 i 71,2 : o | S M 7 and
(5(1)75,(1)757(71)75,7(71)) eERE,..., (f(@,fl(@, ,(f),flff)) € RTUL,’LP then there exists @' satisfy-

mng
([M] % (€D, ... 0y, (] gV, ),

[0y 5 (€0, 600, [MT (€1 .€3))) € R (eive!

where ([M] * (€D, . .., £D))(0,s H s') = [M](0, (DB, s),...,£9(0,s)),s") and sim-
ilarly for [M]*, [M], and [M]},.

Proof. The claim is proven by a straightforward induction on the typing derivation. We
focus on the two interesting cases:

— For 01 :t1,...,0m t tym,x1 2 T1y ..., 202 Te | Xy sample p > g : R by definition
([samplep > ] * (€1, €9))(0, 5 + [5]) = vo(s)
([samplep & vl + (€'Y, .., &)(0, 2+ []) = ¢
([samplep > vl = (€1, ..., &0))(0, s + [5']) = va(s)
([sample > ]l, (€', .. €))(0, 2+ [¢]) =

Furthermore, necessarily, 1)_) € Diffg (supp(D)). Therefore,

([sample p > o] * (€V),...,€®), [sample p > vp]* (¢’ ... &'®)),
[sample 1 > vl * (€1, ... €1),
[samplep > Y]}, * (€1, ..., &) € RYsupp(D) e H{Y]

— Suppose
01: 01y o O ity 1 T, g Ty | 21 H Yo H X3 by if L < Othen Melse N @
because

01:01, O ity 1 T, x| 1 b L R
01: 01,0 O ity @1 i T1y e X Ty | Bo b Mot

01: 01, O ity @1 i Tay e X T | B b N it

By the inductive hypothesis, there exist polynomials ¢, ©®) ©3) which are
strong diffeomorphisms, as well as

([L] (€W, ..., 0))(0, s+ s1) = ([L] + (€', ..., €))(6, pq(s) H ¢y (51))
([L]y * (€9, ... €0))(8, 5 4 81) = (IL], + (€. €57))(8, pa(5) 0y (1))

and similarly for M and N. Consequently, if

([L] # (€W, ..., £9)) (0, s+ s1) <0 (B.1)
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then

([if L < 0then M else N (¢, ..., £©))(0, s + s1 + s H s3)
= ([M] = (€W, ....£9))(0, 5 + s2)
= ([M] + (€™, €9))(8, g(s) + 05 (52))
= ([if L < Othen M else N]' x (¢'(V, ... ¢“)y)
(0. pa(s) + 04 (s1) H 05 (s2) + 0§ (s3))
Similarly, we can argue for the case Eq. (B.1) does not hold as well as for the

requirement concerning [if L < 0then M else N],, and [if L < 0then M else N]}.
Consequently,

)€,
ZCRPON

([if L < 0then M else N « (¢!

[if L < 0then M else N|* x (¢’
[if L < Othen M else N, * <£ )>,
*

[if L < OthenMelseN]]t 51, e ,§£>)
€ RU *supp(S1)+supp(S2)Hsupp(Ss),e-HeM +e) o)
L

B.2 Supplementary Materials for Section 5.3.2

Lemma 5.30 (Fundamental). If 6 : Lgf’(b), ... ,Qm : L,(g’@),xl ETL g Ty | ¥ Funit M 7,
neN, dict: {1,...,n} — Dep, &€V € DGSIAY ¢ ¢ pgSTAt) yhen,

[M]t (D), @) € DGSr+=Idict)
for some dict’ : R"*l 5 R extending dict, where
(1M1 (€0),..€®)) (8,2 # ) = [MI'(6, (€6, 2), ....£0(6, 2)), 2)

Proof. The claim is proven by induction on the typing judgements. We focus on the
most interesting cases:

— Suppose 0,21 : 71,..., 20 : 7 | [D] Funir samplep > @y : RE&{a}) | Let n € N and
& € DGSTANY g, € PGS | Clearly,

([[samplep > @Gﬂt * <§11 s 7£é>)(0> [Zla cee Zn+1]) = Zn+1
Therefore,

(n+1, dict[n+1—a;] )
[samplep > pg]" * (&1,...,&) € DQSR<t {a;) ’
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— Suppose

O,x1:71,...,20: 7Ty | Y1 H o H X Funir i(Ml, ce Mk) : L(t’deplu'”Udepk)
because V f # 0 a.e., the dep; are disjoint and
t,dep,
9,1‘1 Ty Xp 1Ty ’ Ei l—unif Mi . Lg epi)

Let n € N and & € DQS(T?’diCt), L& E DQS%L’diCt). By the inductive hypothesis,
[MG] * (6, ..., &) € DGS(mHIZildicts)

for some dict; extending dict. As a consequence, for 1 1§ 1 < k there exist parti-
tions Uy 1,...,Uin of R* =il and fiq,..., fiy : R4t (dP)l 5 R such that for
zH z; € Ui7j7

([MG)" + (n, -, 60)) (8,2 + 2i) = fij (T g1 (gep (2 H+ 20)
and Vf; ; # 0 a.e. Now, we define

Ui ={zHz1iH - Hz|zH2z1€Uj,....2H 2z, €U}

diew () [ et ir1<i<n
1C =

L Rldict™" (depyU--Udepy)| _y R gatisfying

We can furthermore define f;, . ;

Fir i (Wdictfl(deplumudepg)(z oz zk) =

f(fjl (ﬂ-dict_l(depl)(z + Zl))’ c fjk: (ﬂ-dict_l(depk)(z + Zk:))) (B2)

for z H z1 H -z € Uj,,..j,- In particular,

-----

(Lf (M, ..o, M) * (Erve e &0)) (0,2 +H 21 +H -+ 25)

- fjl:-wjk (Wdict_l(deplu--udepz) (z + 21+ 2))

Note that by the assumption that dep; N dep; = () and dict; and dicty extend
dict : {1,...,n} — Dep,

dict; ! (dep;) Ndict;, ' (depy) N {1,..., |z| } =0
—~—
n
Consequently, crucially, Item (ii)b follows from Eq. (B.2) and Lemma 2.32 (after
renaming variables).

For conditionals the partitions for the branches can be refined with the guard in
the expected manner. O

Lemma 5.38. Let f : Uy x -+ x Uy — R (for open and connected Uy,...,U; C R) and
ggl),g(i) O XR* = U; for1 <i </l andn > 0. Suppose the following holds

(i) f is continuously differentiable
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(ii) ¢g@(U) is bounded for 1 < i < n and all bounded U C © x R"
(iii) g() L2L g0 for1<i<n
Then f o gy, hy) — fo{g,h): ©® x R® = R.
Proof. Suppose U C R" is bounded and € > 0.
By uniform almost uniform convergence there exist U(®) C U such that Leb(U®)
and g(l) it o g\ as 77 N\, 0on @ x (U\UY). Define U’ := Ule U®. Clearly, Leb(U")

and we claim fn—>fasn\00n®>< U\U).
To see this, let ¢ > 0. Since © is bounded (Assumption 5.8) and by the first two
premises,

€
<7
<e

di —sup{HVf )(6,8) +61,...,99(8, 8) + &) Hy (6,2) €@ x U, —1<d,....0 <1}

is well-defined. '
By uniform convergence of g,(;) mif., g™ on R® \ U’ there exists n® > 0 satisfying

‘97(;)(07 Z) - g(l)(ev Z)‘ <

Vi-d

for all 0 < 7 < n and (0, z) € ® x (U \ U’). Consequently, by the mean value theorem
and the Cauchy-Schwarz inequality, for all 0 < 1 < minf_; n® and (8, z) € @ x (U\U"),

£(50(0.5).....9(6,5)) = £(5V(8.5).....99(0.5))
<d-||(s(8,5) ~ 9V (0,5).....91)(6.5) — (6,9))|

/
<d-Vi-

<é O

<
ISH
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Lemma 6.3. If f : U — R is a Schwartz function, ¢_y: © x R" = R" is a polynomial
and a strong diffeomorphism, and p : R™ = R is a polynomial then

of_
/ Sup‘ Ji )(O,Z)-p(z) dz < o0
voco | 06

0f-)
sup (0,2) p(z)|dz < 0
U 6cO

/ sup
U 6O

where fo(z) = f(i23(2)) - | det I (2)].
Proof. As for Lemma 5.24, by Lemma 2.24 it suffices to prove

of
gf%) p(z)

f)
m(e,Z) p(Z) dz < 0

sup lz]"*2 -

(0,2)e®xU

for the first claim. Recall that
1 1

"~ [detIpg(wy ()| p1(0, 05 (2))

for a polynomial p; : @ x R™ — R, which we can assume by Definition 4.2(ii) w.l.o.g. to
be positive and greater than a positive constant c. Besides,

|det T (2)]

0=1Jg,(pgopy")(2) =To,00(05" (2)) + Tspg(py ' (2)) - Jo, 05" (2)

and hence,

30,05 (2) = — (Joo(95(2)) " - Jo,00(05 (2))
" Mz%l(z)) -adi(Jpg(py ' (2))) - Jo, 6 (5" (2)

161
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= —m : P2(97 <P51(z))

for a suitable! polynomial ps : ® x R™ — R™. Therefore,

fop )
A (2) = (V1)(" () Ty (2)
_ (V) (eg'(2) - p2(8, 95 (2))
P65 (2))
and consequently,
fopl)
sup " P ) - det gy () - pl2)
(0,2)e®xU i

<L s leale)l - (VH(s) - pal6.9) - ple(s)] < o
C" (8,5)€e®xU

because the polynomials are uniformly bounded by polynomials independent of 6 (by
Lemma 2.26) and derivatives of Schwartz functions are Schwartz functions, too.
Likewise, we can exploit

0 0 1
A det Jpgt(z) = 7 ————
90; o 00i p1(, 0 (2))
 FH0.95"(2) + Vs p1(0, 05" (2)) - Jo,05 ™ (2)
- _ 2
(11(6, 95" (2)))
0, — — _
70,05 (2)  Vapi(0,05'(2)) - p2(6, 05" (2))
- _ 2 _ 3
(p1(6, 95 (2))) (11(6, 95 (2)))
to show
n - 9 —
sup {12072 flpg(2) - o det T (2) - plz)| < o0
(0,z)6(9><U 7
The same insights can be used to show the second and third bounds. O

Proposition 6.5. If F € ASFC then

Vo Eonl[Fl(¢6(s))] = Vo Esun[[F](#g(s))] as 1 0 for 8 € ©

Proof. Let p: R™ — R be a polynomial bound to [F, and [F] (using Remark 5.13) and
let € > 0. We define

U = supp(D)
0D
c = su 0,z)dz
/Ueeg oo, \O%)

Vi { = € upp(D) | Ify(2) ~ F(2)] > 5. for some 0. << 1 }

tadj is the adjugate matrix
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ID(-)

26, dz

w(v) = /V p(2) - sup (6,2)

0c®

which is a finite measure by Lemma 6.3. Note that (Vj)ren IS a non-increasing sequence
of sets and (), cn Vi is negligible. Hence, by continuity from above (of p) there exists k
such that p(Vj) < £. Finally, it suffices to observe that for 0 <7 < + and 6 € ©:

o EenllFl(o(s))] -~ g EenllF o0l
| B lIFL 2] - g By 1712

9D
< [ 15520 [1F1(2) - [F)(=)] a2

0D
< 0,z
<[ |Tes

oD, _
[ 56| 1710 - Pl as
U\Vi

09;
<2 |
Vk U\Vk
0D

0D
€
§2-M(Vk)+‘/U 20,

00;
<e O

IFT(2) = [Fl(2)] d=

0D
06,

€
0 -—d
(0.2) -5 0z

(6,2)

-p(z)dz +/

dz

(0,2)

C.1.1 Supplementary Materials for Section 6.2.1

Lemma 6.10. Let F' € A%FC, f U — R be a non-negative Schwartz function, where
U=U x---xU, and Uy,..., U, € {R,R>0}, and p be a non-negative polynomial. For
all 1 <1 < n there exists ¢ > 0 such that for all0 <n <1,

o*[F1,

/ fo(z) - p(z) - 9.2 (z)|dz < c-nt
U 2
2
[ o)pte) |00z < e
U i

where fo = fg"(2)) - | det g (=)

Proof. Note that fg is differentiable and non-negative. To simplify notation, we assume
that U = R™. (Otherwise the proof is similar, exploiting Lemma 6.6.) Besides, it suffices
to establish the first bound. To see that the second is a consequence of the first, we use
integration by parts

[ 5215100 (e )
= [ [ (o100 ) ) - %00 05y

o

— / [fe(z) p(z) - a[(‘[aij]n(Z) . [[F]]ﬂ(z)] dz_

—00

=0
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- [ 52 (#2020 %020 ) - 1P (21 2

2 Zj—1,%j41,- - -, Jn, because by Lemma 5.24, for fixed n > 0 and z_;,

_im_fo(=)5(z) hz) - 17 (2)

where z_; is 21, ..

bounded by polynomial
We continue bounding:

- [ 5 (#2000 %020 ) - 17121 5

__ (%o olF],
o 0z; (6,2) p(2)- 92 (2) - [F]y(z)dz

—/fe<z>-8p< AG) 17120

- [ o) we)- hE ) g2 02
<ot /ggg ag(ij 2)m(2)
+ /ggg |fo(2) - p2(2)| d=
v [ sotz) i) |3k

for suitable polynomial bounds p1, p2, ps : R® — R (which exist due to the fact that
is a polynomial, Lemmas 2.26(i) and 6.6 and Remark 5.13) and the second 1nequahty
follows with Lemma 6.3.

dz

O’[Fl,

We prove the claim by induction on the definition of A%F C.

— For z; € ASFC and F € A?_E? due to F € AE’FC the claim is obvious.

— For g(Fy,..., Fy) € A?FC because F,...,F € A?FC,

82(9 ° <[[F1]]777 c [[Fk]]ﬂ>)
: 922 (z)' dz

< ¥ [0 00 |5 (L. [l ) - AT ) ax

21
[0 [EARD ) [ - ) as

By Assumption 6.2, ay L (g (1) (2),... ,97(76) (z)) is bounded by a polynomial. Therefore
the second summand can be bounded by the inductive hypothesis. For the first,
again by Assumption 6.2, we can bound

d%g

)| o e, ()

<pi(2)
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for a (non-negative) polynomial p;, apply the Cauchy-Schwarz inequality and apply
the inductive hypothesis to

[ oz itz |2

— Next, suppose if I} < Othen F; else F3 € A%f? because I € A?FC and F5, F3 € A?f?.
By linearity we bound (similarly for the other branch):

[9*((o o [F1]y) - [F3]0)
022

(3

i [ nin L) o,

dz

(2)

| b)) g 01 02

+2./f9(z ’8 O[[Fl]]”)( )- 8[[F3]]"(z)'dz

azi
Jouttriny e k)

dz

We abbreviate F' = Fy and bound p(2) - |[F3],(2)| by the non-negative polynomial
po (using Remark 5.13). Bounding the first summand is most interesting:
0?*(oy o [F
[ 10(2)-5()- \<8H)<> [Fsl(2)| a2
2
/fa ILELLIN
22
o[F 2
< [ oz maa) - |1rh ] (T ) as
Zq
OIF
/ fol2) - ma(2)- |PH(IFLa(2)- L 2 o) =
Sn* '

The second summand can be bounded with the inductive hypothesis. For the first
summand we exploit that

o ()] = 02 |oy(2) - (1 = oy(2)) - (1 = 20(2))|
<% oy(x) - (1= op(@))
-

-t o ()
and continue using integration by parts again in the second step
. Ty )
/ fole) () ([P - (20 )
0 [ oz i) B ) Ao ) ),

0z; 0z;
S E o CCRTCR 10 i RO

dz
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2(60.2) - 2(2) - 2 00(2) o ([ (2)) =

— 8172 8[[F]]77
1 / fol2)- G2(2) - S5 (=) - oy [Py (2) dz

9f -y
=y -1 (

2
- / folz ”F”"U oo([Flo(2)) dz
-1, — (O,z) -p2(z) 6[[61;]]"( ) dz
i ops, . OLF]
1 /f ‘aif ' azzn( )‘dz
2
+77_1./f9(z) aaﬂjﬂ”( )‘dz

and the claim follows with the inductive hypothesis (recall F = F} € A?FC), Lem-
mas 6.3 and 6.6. O
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Lemma D.1. Let D be a Schwartz distribution and
V4

f(07s) = Z[(av S) S UZ] : fl(aﬁ 8)

i=1

be continuous, where Uy, ..., Uy is a partition of @ x R™ and the partial derivatives of
fi,. -+, fe are bounded by polynomials. Then the third premise of Lemma 8.3 is satisfied:
for all 8 € O there exists an integrable g : R™ — R and § > 0 satisfying

‘f(@—l—h-ei,s) — f(8,s)
h

< g(s)

for all 0 < |h| < 0 and s € R™.

Proof. Again, it suffices to prove the one-dimensional case. Let 6y be arbitrary. Suppose
p; is a uniform polynomial bound on %J;i. (NB s — D(s) - pi(s) is integrable.) We claim
that

f(eas) B f(elvs)
0—0

1
< Zpi(s)
i=1
for all 6,0" € B1(6y) and s. (Thus, we can choose § = 1.)
Fix s and 0. Let i be such that (6, s) € U;. For § > 6 define
Jo={1<j</l]|j+#iand (0", s) € U, for some 0 < 6" < '}

We prove

f0,8) = f(0', )
0—0

¢
<pi(s)+ Y pj(s)

JE€J g

for all # < 6’ < 6+ 1 by induction on |Jy|.

167
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If |Jo/| = 0 then 0/ <sup{0” |0 < 0" < ¢ |(0”,s) € U;} and by continuity

f0,8) = f(0',s)| _ |fi(0,s) = fi(t, s
0—0 - 0—0

< pi(s)

Otherwise let j be such that (¢, s) € U;. Define §; := inf{0" | 6 < 0" < 0| (6", s) € U;}.
By continuity, f(0;,s) = f;(0;,s). Note that j & Jp.. Therefore, the inductive is applic-
able and yields:

)4
'f”“s)‘f(@ws <pils)+ 3 mls)
0 -9, ke,
Consequently,

'f 9]',8 ‘f@ S f(ejas ’fe,]?s f(elas)

0—0 -0 0—0
‘f 9 3 f(ejas) + f](ej,S) fj(elas)

—0; 0; — 0

<pi(s)+ > pi(s) +p;(s) O

kEJgj

D.2 Supplementary Materials for Section 8.2

Lemma D.2. The resolvent of a definite clause B — Pxy---x,t' and a goal clause
OCIA - ANPg ANSTZL N+ NS 2m — L

where s; z; = Pty -ty z; for 1 <i<m, is a goal clause.

Proof. All variables in the resolvent have base sort because by definition of goal clauses,
ti,...,t, only contain variables of base sort and the only non-base sort variables are
amongst x1,...,Zn.

For every foreground atom sz in B,

(sz)[t/x] = s[t/x] =

because x1,...,z, are different from z. Likewise, for every s; z; (j # i) in B,
(sj 2t /zil[t/®] = (s[t'/ ][t/ 2] 2
because z; must be different from z; and the z1,...,x, (the variables of the clauses are

assumed to be renamed). Therefore, the variables in trailing positions of the resolvent
are also distinct.

Finally, we argue that the second requirement of bodies is satisfied. For j' < j,
(sj[t'/zi])[t/x] zj» does not contain z; because neither ¢ does so (by the renaming as-

sumption) nor t1,...,t, by definition of goal clauses. Besides, for every foreground atom
sz in B, s[t/x] z does not contain z; if j > 4: neither sz contains z; (by the renaming
assumption) nor t1,...,t, (by definition of goal clauses).

Similarly, for every foreground atom sz in B, z cannot occur in (s;[t'/z])[t/x] z;
provided that j < i. ]
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D.3 Supplementary Materials for Section 8.4

Lemma 8.30 (Fundamental). Suppose 1 : T1,...,Zm : Tm | [D1,...,Dp] Fag M : 7 and
A= @y Then for all fy X p1,..., fa 2L ppoand 21,..., 2, €R,

[[M]]t(fL' . '7f7TL7217"' 7Zn) jT Rﬁ(pl) (pm)(zl) (Zn)
where r 2" iff r =1 and for T £, f XL piff [ =<;p.

Proof. We abbreviate I' = x1 : 7, ...,Zy : Ty and prove the claim by structural induc-
tion.

— If T | [] Fag 2 : ¢(9) then

~—~
[:]* (£,

immediately due to A |= @,,. OtherwiseI' | [| Fag 2 : 710381 — -+ — 705, — (@),
To show that

[l (£, 1)) DoY) ey —u(@) erAi (p)

let g1 =7 q1,...90 <, qrand 21 € R ... 2z, e RZ Due to f; =7 Dis

Te

pi(q1)(z1) -+~ (a0)(ze) (filgr, z1) -+ (90, 20)) = 1
and therefore, due to A = ®,,,

Grot (p)(a1)(21) -~ (@) (z)( fi (g1.21) (g6, 2¢)) = 1
~
[z:]t(£.1)

— For T' | [D] ko samplep > pg, due to A = @y,

A
Grsamplepbgog(p)(z)( KL ) =1
[sample p>pg]*(f,2)

— Suppose I' | 31 H -+ H Xy Fag f(M1,..., M) : (@) because I' | B; Fag M : Lgai),
and let f </ p and 21 € Rz, € R By the inductive hypothesis,
Griy, (p)(z:) ([M]'(f, 2i)) = 1. Due to A = @y 1y),

Grin,.y®P)(Z1) - () (I (F, 20), - I (f 20)) = 1
Hf(Mly---yMZﬁ?(f7z1‘H‘“‘zé)

— SupposeI' | B1HYoHY3 Fag if L < Othen M else N : 1(®) because I' | £y Foq L : R®),
LSy bag M: and T | B3 Fag N : 0 and f < p.

By the inductive hypothesis,

Gri (p) (z0) (L] (£, 1))
Griy (p) (z2) (IM]'(f, 22))

1
1
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Griv (p) (23) (IN]'(f, 23)) = 1
If [L]*(f,21) < 0 then by the assumption that A = ®if 1«0 then M else N

GréL<OthenMelseN(p)(zl)(zQ)(z3)( [[M]]t(faz2) ) =1
~——
[if L<Othen M else N|t(f,z1+2z2H23)
otherwise
GrﬁL<0thenMelseN(p)(zl)(z2)(z3)( [[N]]t(fa Zg) ) =1
~——

[if L<Othen M else N|(f,z1Hz2-+H23)

Suppose I' | [[ Fag Ay. M : 11 0% — - > 1p0%) — L(“), where £ > 1, and f </ p.
To show

Iy MTF(FS 1) = emy ooy su(@ Grfy.M(P)
let g1 =7, q1,.--,9¢ =7, qe and 21 € Rl .z, e R,
By the inductive hypothesis, [M]* < Gr4;, which implies
Griy () (q1)(21) - - (a0) (ze) (IMT'((£, 1), 21) (g2, 22) -+ (ge, 20)) = 1
Therefore, by assumption that A = @y, ar,

Griy v (P)(@1)(21) -+~ (a0)(ze) | [M]'(£.91,21) (g2, 22) -~ (9o, 20) | =1
—_—
[y-M]E(F,0)(91,21)

Suppose I' | ¥y H X H U3 bag M N : meX) — -+ — 1y 03, — () because
D |Sibag M:Ti0%3 > meXh — - =7/ e%, — 1D and T | 8y b N : 71, and
let f <’ p. To show

[M NT'(f, 21 H 22+ 23) = asyssrery i@ Grip v () (21)(22)(23)

let go j’Té q2,...Gs j’Té qr and 2z, € Rl 2 € RIZ Tf 7 = 1(9) then by the
inductive hypothesis,

Gryv(p)(22) ([N]'(f,22)) = 1
Grir(p) (z1) ([N]'(f, 22))(23)(a2)(25) - - - (40) (2})
(IMT'(f, 20) (INT' (£, 22), 23) (92, 25) -+~ (9¢, 27)) = 1
and due to A = @/ N,

Griy v () (21)(22)(23) (42)(25) - - (ar) (20)

[[M]]t(fv zl)([[Nﬂt(fv 22), z3)(927 z/2) T (gfa 22) =1
[M NJ*(f,z1+H22+23)

Otherwise, by the inductive hypothesis,

Gy (p)(22) =r, [N]'(f,22)
and the claim follows similarly by definition of <. O
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almost everywhere convergence, 32
almost sure termination, 37
almost uniform convergence, 32
analytic function, 31

argument sort, 111

atlas, 34

atom, 111

background atom, 111

base sort, 111

body, 111

boundary, 10

bounded by a polynomial, 27

canonical structure, 123
chart, 34

closure, 10

compatible, 34
configurations, 13
continuity from above, 9

definite clause, 111

density, 10

Diagonalisation Stochastic Gradient
Descent, 90

diffeomorphism, 53

strong diffeomorphism, 53

differentiable, 34

DSGD, see Diagonalisation Stochastic
Gradient Descent

ELBO, see evidence lower bound
evaluation context, 13
evidence lower bound, 18

foreground atom, 111
Frolicher space, 70

goal clause, 111
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guide, 19

higher-order Constrained Horn Clause,
111

HoCHC, see higher-order Constrained
Horn Clause

interior, 10

KL divergence, see Kullback—Leibler
divergence
Kullback—Leibler divergence, 16

Lebesgue measure, 9
lim-satisfiable, 125
Lipschitz continuous, 21
Lipschitz smooth, 21
locally Euclidean, 34

manifold, 34
measurable function, 9
measurable space, 9
measure, 9

parameter, 53

parameter space, 53

partially evaluated instantiation, 41
primitive operation, 11

probability density function, 10

QBS, see quasi-Borel space
quasi-Borel space, 57

raw term, 11

recursion-free HoCHCs, 118

redex, 13

REINFORCE estimator, see Score
estimator

relational sort, 111
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INDEX

Reparam, see reparameterisation
gradient estimator

reparameterisation gradient estimator,
22

Robbins-Monro criterion, 20

satisfiability, 114

Schwartz function, 27

Score estimator, 22

SGD, see Stochastic Gradient Descent
smooth, 34

smooth manifold, 34
smoothing, 72

SPCF, see Statistical PCF
stationary point, 20

Statistical PCF, 11

step size, 19

Stochastic Gradient Descent, 19
structure, 113

support, 10

symbolic configuration, 43
symbolic redex, 43

symbolic redex contraction, 43

symbolic reduction context, 43
symbolic term, 39
symbolic value, 39

term, see raw term
trace, 13

unbiasedness, 19

uniform almost uniform convergence, 84
uniform convergence, 32

uniformly bounded by a polynomial, 27

valuation, 113

value, 13

value function, 15

value measure, 15

variational approximation, 16
variational family, 16
variational inference, 16

VI, see variational inference

weight function, 15
work-normalised variance, 20
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€

det

of
ox

Vf

Leb
D, Dg

D, Dy

supp(D)
N(p,0?)

Ex~p|f(2)]

Iverson bracket
identity function
boundary of U
interior of U
closure of U

ball of radius r > 0
centred at x

i-th standard basis
unit vector

Jacobian matrix
determinant

partial derivative

of f

gradient of f
measures
Lebesgue measure
distributions

multivariate distri-
butions

support

normal  distribu-
tions

standard normal
distribution

expectations
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Dist

Diffe

L,M,N

& ™ < M

=

AO

parameters
parameter space
samples

transformed
samples

diffeomorphic
transformations

primitive  opera-
tions

primitive probabil-
ity distributions

diffeomorphic
transformations

terms

types

base types/sorts
contexts
type/sort of reals

type/sort of posit-
ive reals

trace types
values
redexes

evaluation con-
texts

set of terms

set of closed terms
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INDEX

AO

v

ASFC

(M, w, s)
(o, w,U)

L7M7N

set of values
set of closed values

set of simple func-
tion calculus terms

configurations

symbolic configur-
ations

symbolic terms
symbolic values
symbolic redexes
symbolic contexts

partially evaluated
instantiations

sorts

g Q 6 -+

g

sort, of truth values
relational sorts
relational symbols
HoCHC terms
background atoms
goal clauses
definite clauses

set of higher-order
constrained Horn
clauses

HoCHC contexts
structures

valuations
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