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Abstract

Composing classical and quantum relaxations of CSP and structure
isomorphism

Amin Karamlou

This thesis investigates relaxations of two key decision problems in computer science: the

constraint satisfaction problem (CSP) and the structure isomorphism problem. CSP askswhether

a homomorphism exists between two relational structures, while structure isomorphism seeks

an isomorphism between them. By adopting a categorical approach, we add to a growing

list of results showing that relaxations of these problems, studied in universal algebra, finite

model theory, and quantum information can all be captured abstractly using (co)monads. In

particular, we will show that distribution minion monads capture many important minion

tests from universal algebra, and that the quantum monad can be used to capture quantum

homomorphisms and isomorphisms from quantum information. These results add to the

already well-established connection between game comonads and Spoiler-Duplicator games

from finite model theory.

A key focus is the exploration of distributive laws, the existence of which enables the combina-

tion of comonads and monads, potentially leading to novel relaxations of CSP and structure

isomorphism that integrate ideas from different domains. We establish a no-go theorem, show-

ing that game comonads like the Ehrenfeucht-Fraïssé and pebbling comonads do not distribute

over many important distribution minion monads, such as the basic linear programming and

arc-consistency monads. On the positive side, we identify sufficient conditions under which

a distributive law between game comonads and distribution minion monads exists. Neither

our no-go theorems nor our positive results apply to the quantum monad. Thus, it remains an

open question whether any game comonads distribute over the quantum monad.

In addition, we prove several novel results related to quantum advantage. Firstly, we compare

two existing definitions of quantum graph homomorphisms, and show that there are graphs

where quantum advantagemanifests under one definition but not the other. Secondly, we extend



existing characterisations of tensor product strategies for the non-local CSP and structure

isomorphism games to the more general class of commuting operator strategies. Finally, we

introduce quantum versions of one-sided Spoiler-Duplicator games and show that quantum

advantage is possible in such games. This result suggests that there is scope for adapting further

tools from finite model theory to improve our understanding of quantum homomorphisms and

quantum isomorphisms.
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List of mathematical symbols

Set Category of sets and functions.

E⊙
k Ehrenfeucht-Fraïssé functor inR⊙(σ).

P⊙
k Pebbling functor inR⊙(σ).

Q⊙
HHH Quantum functor inR(σ).

R⊙(σ) Category of commeasurable structures.

DS Distribution functor over a semiring SSS in Set.

DS Distribution minion functor over a semiring SSS inR(σ).

Ek Ehrenfeucht-Fraïssé functor inR(σ).

⊙ Commeasurability or joint measurability relation.

Pk Pebbling functor inR(σ).

Proj(HHH) Set of projectors on a Hilbert space HHH.

QHHH Quantum functor in Set.

QHHH Quantum functor inR(σ).

RGraph Category of reflexive graphs.

R(σ) Category of relational structures.

∼ Adjacency relation for graphs.

⊑ prefix relation for sequences.
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supp(φ) Support of a multiset or distribution φ.

↑ Comparability relation for sequences.
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1
Introduction

1.1 CSP and structure isomorphism

The fundamental structures of computation – graphs, strings, databases, programs, etc. – all

find a convenient mathematical representation in terms of (finite) logical structures, known

as relational structures. It is not surprising then that many of the most important challenges

and achievements of theoretical computer science can be phrased in terms of the properties

of these structures, and how they interact with one another. In this thesis, we will focus on

two decision problems about relational structures that are of central importance in theoretical

computer science. The first is known as the constraint satisfaction problem
1
(CSP). In modern

terms, it can be phrased as follows.

Constraint Satisfaction Problem: Given as input a pair of relational structures X ,Y over the

same signature, decide if there exists a homomorphism X → Y .

The importance of CSP is underscored by the fact that instances of it arise naturally in practically

every area of modern science. In database theory for example, CSPs capture the problem of

query evaluation, where determining whether a query can be satisfied involves finding a

homomorphism between the query structure and a database. In bioinformatics, CSPs arise in

1
This is also known as the structure homomorphism problem. We shall use the two terms interchangeably

throughout the thesis.
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protein folding, where the challenge is to determine a protein’s 3D structure while satisfying

constraints related to chemical bonds and angles. In robotics, the path planning problem, in

which a robot aims to navigate from some starting position to a target position while avoiding

obstacles can be formulated as a CSP. Thus, it is clear that designing efficient algorithms for

solving CSPs will be important in all of these fields. Unfortunately, in the most general case, CSP

is known to be NP-complete. For this reason, the design of efficient approximation algorithms,

and the identification of tractable subclasses of CSP are important research areas.

The second problem is known as structure isomorphism.

Structure Isomorphism: Given as input a pair of relational structures X ,Y over the same

signature, decide if there exists an isomorphism X ∼= Y .

The study of structure isomorphism is of central importance in computational complexity

theory. It is clear that this problem is in NP, however, structure isomorphism is neither

known to be solvable in polynomial time nor to be NP-complete. Babai’s recent breakthrough

[Bab16] places the problem in quasi-polynomial time which lends some support to the idea

that structure isomorphism might be an NP-intermediate problem. Much like CSPs the study

of approximation algorithms and tractable subclasses of structure isomorphism is an active

area of research.

We intend to study these approximations or relaxations of CSP and structure isomorphism.

The perspective we adopt is categorical, and places issues of compositionality at the forefront.

From this point of view, it is readily apparent that the two problems are about identifying the

existence of morphisms and isomorphisms in the category of relational structures over a fixed

signature σ. We denote this category as R(σ). Moreover, as we will discuss further shortly,

any monad or comonad over R(σ) can be seen as providing a categorical abstraction for some

relaxation of CSP and structure isomorphism through its Kleisli category. In recent years a

growing body of work has identified connections between these (co)monadic relaxations and

well-known relaxations of CSP and structure isomorphism that are studied in diverse areas

of computer science. We will explore and expand upon three of these connections in this

thesis.

1. The game comonads program started in [ADW17; AS21] has revealed a link between

comonads onR(σ) and Spoiler-Duplicator games in finite model theory.

2. The (graded) quantum monad in [ABdSZ17] provides a categorical abstraction for a

non-local CSP game studied in quantum information.

3. Distribution minion monads introduced in [Con22][Chapter 7] are related to the algebraic

approach for studying CSPs
2
.

2
We shall see in chapter 5 that the graded quantum monad can also be viewed as a distribution minion monad.
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The identification of such connections opens up the possibility of using the powerful mathe-

matical arsenal of category theory to gain further insights into each of these relaxations. This

approach has already proved useful, leading for example to novel results in the study of homo-

morphism preservation theorems [AR24b], and homomorphism indistinguishability [DJR21].

One of the major questions that we will tackle can be stated informally as follows:

Question 1.1. (Informal) Is it possible to combine different monads and comonads which
represent relaxations of CSP and structure isomorphism? Moreover, would such a combination
lead to novel relaxations which are simultaneously monadic and comonadic in nature?

This question was originally asked for the specific case of the quantum monad and game

comonads in [ABdSZ17]. There the authors point out that combining these constructions

would allow us to bring together ideas from quantum information and finite model theory, and

that this could be the starting point of an interesting form of “quantum finite model theory”.

As we shall see in the course of this thesis answering question 1.1 turns out to be remarkably

subtle. Mathematically, we know from the work of Beck [Bec69] that the existence of a special

kind of natural transformation known as a distributive law between the (co)monads involved

provides a sufficient condition under which a combination exists. The caveat is that such

distributive laws are not always guaranteed to exist, and even when they do exist they can be

quite difficult to construct. In fact, one of our main results in chapter 3 will be to show that for

many (co)monads of interest, no distributive law can exist. Interestingly, this “no-go result”

does not rule out the possibility of combining game comonads with the quantum monad.

Before diving into the mathematical particulars let us spend the remainder of this introduction

looking at two relaxations of CSP in more detail, one which arises in quantum information,

and another which arises in (finite) model theory. We can then state question 1.1 more formally

for these particular relaxations. The hope is that these examples will provide the reader with

some early intuition for the themes we explore in future chapters.

1.2 An example from quantum information

Ever since the pioneering works of Bell [Bel64] and Kochen-Specker [KS67] in the 1960s

physicists have known that a system which operates according to the laws of quantum physics

is capable of producing correlations that no system operating according to classical physics

can. Today, this phenomenon is referred to as quantum advantage and is being extensively

studied with the hope that it will allow us to build devices such as quantum computers that can

perform information processing tasks which are out of reach for classical computers.

An important theoretical tool for understanding quantum advantage is the framework of

non-local games. In these games, two collaborating players (usually called Alice and Bob) are

15



placed in separate rooms so that they are unable to communicate with each other. A referee

then asks each of them some questions and compares their answers. The two players win

the game if the referee is satisfied that their answers agree with some pre-defined winning

conditions. The remarkable feature of these games is that if the players are allowed to share an

entangled quantum state between them, they can sometimes win games that they would have

otherwise lost. In these cases we say that the players have a quantum winning strategy but

no classical winning strategy. The study of non-local games has led to tremendous advances

in our understanding of quantum theory, and has even helped solve a major open problem in

mathematics, known as the Connes embedding question [JNV+21].

Over the past few decades, it has become clear that many standard decision problems studied

in theoretical computer science, which are special instances of CSP, can be rephrased in the

language of non-local games. This prompted the authors of [ABdSZ17] to recast CSP as a

non-local game. We will look at this game in much more detail in chapter 5. For the purposes

of this introduction, we aim to convey some intuition for the game by describing its operation

in the special case where the relational structures in question are graphs.

Example 1.2. Consider graphs X ,Y . The (X ,Y)-CSP game is played as follows:

1. Verifier sends Alice an edge (x1, x2) of X , and Bob a vertex x ∈ X .

2. Alice returns a pair (y1, y2) of vertices from Y and Bob returns a vertex y of Y .

3. Alice and Bob win the game if:

(a) (y1, y2) is an edge of Y .

(b) x = x1 ⇒ y = y1 and x = x2 ⇒ y = y2.

We say that Alice and Bob have a perfect strategy in the above game if they can always

win the game regardless of what questions the verifier decides to ask them. If only classical

strategies are allowed then Alice and Bob have a perfect strategy precisely when CSP(X ,Y)
is solvable. In other words, they win the game perfectly if and only if there exists a graph

homomorphism X → Y . However, when the players are allowed to use quantum resources,

they can sometimes win this game perfectly even if X ̸→ Y . Based on these facts, we can say

that there exists a quantum homomorphism3
from X to Y and write X q→ Y whenever Alice

and Bob have a perfect quantum strategy in the (X ,Y)-CSP game. Clearly, every classical

homomorphism is also a quantum homomorphism. This is why we are justified to say that

quantum homomorphisms are a relaxation of classical homomorphisms.

A further important step taken in [ABdSZ17] was the introduction of a graded monad onR(σ),

3
We note that this definition of quantum homomorphism of graphs is subtly different than the earlier one

introduced in [MR16b]. One of our results in chapter 5 will be to show that while both definitions are sensible,

they do give rise to provably different classes of graphs which admit quantum advantage.
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which they refer to as the quantum monad. We denote the functor component of this monad by

QHHH . As with any monad QHHH has a Kleisli category associated to it. The objects of this category

are the objects ofR(σ) while morphisms between objects X and Y are maps inR(σ) of the

form X → QHHHY . The authors of [ABdSZ17] prove the following theorem which shows that

such Kleisli morphisms are precisely quantum homomorphisms.

Theorem 1.3. ([ABdSZ17]) For graphs X and Y there is a one-to-one correspondence between:

1. X q→ Y .

2. X → QHHHY .

In this sense, QHHH provides a categorical abstraction which perfectly captures the notion of

quantum homomorphism. One of our main contributions in chapter 5 will be to show how

the related notion of quantum structure isomorphism can also be captured using the quantum

monad.

1.3 An example from finite model theory

(Finite) model theory is the field of study which studies the expressive power of logics over

(finite) models. Ideas from this field have contributed to many areas of computer science, such

as the study of databases, automata, and computational complexity [HHI+01; Lib04]. Spoiler-

Duplicator games are one of the central tools of model theory. Intuitively, these are two-player

games where one of the players (Spoiler) is trying to show that there is no homomorphism

between two structures, while the other (Duplicator) tries to show that a homomorphism

does exist. The importance of these games in finite model theory is that they are intimately

connected with certain fragments of first-order logic. An example of a Spoiler-Duplicator game

is the k-round one-sided Ehrenfeucht-Fraïssé (EF) game. Again, let us describe how this game

works on graphs X and Y .

Example 1.4. The k-round one-sided EF game from X to Y is played as follows:

The game proceeds in a series of rounds. At the start of each round, Spoiler chooses a node of X .
Duplicator then chooses a node in the other graph. After i rounds their choices create sequences
[x1, . . . , xi] and [y1, . . . , yi]. Duplicator wins a play of length i if {(xj, yj)|1 ≤ j ≤ i} is a
partial homomorphism. We say that Duplicator wins the k-round game iff they have a strategy
to win all plays of up to length k, regardless of how Spoiler plays.

Whenever a graph homomorphism X → Y exists, Duplicator has a winning strategy in

this game where they simply play according to that graph homomorphism. However, even

when X ̸→ Y it may still be possible for Duplicator to win the above game. Thus, we are
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justified to refer to perfect Duplicator strategies as a relaxation of the classical notion of graph

homomorphism.

The following theorem shows that Duplicator’s strategies in this game are connected to the

existential positive fragment of first-order logic (i.e. the fragment of first-order logic where

negation and universal quantification are not allowed) with quantifier rank ≤ k. We denote

this fragment by ∃Lk.

Theorem 1.5. For graphs X ,Y the following are equivalent:

• For every sentence ρ of ∃Lk: X|=ρ⇒ Y |= ρ.

• Duplicator has a winning strategy in the one-way EF game from X to Y .

In [AS21] Abramsky and Shah introduce a comonad Ek on R(σ) which they refer to as the

EF comonad. Just as every monad has its associated Kleisli category, Ek is associated with a

coKleisli category where morphisms are maps of the form EkX → Y in the base categoryR(σ).

Abramsky and Shah were able to show that coKleisli maps of this form are precisely Duplicator

winning strategies for the one-sided EF game. Using this result the previous theorem can now

be extended to a triangle of equivalences between logic, games, and categorical semantics.

Theorem 1.6. For graphs X ,Y the following are equivalent:

• For every sentence ρ of ∃Lk: X|=ρ⇒ Y |= ρ.

• Duplicator has a winning strategy in the one-way EF game from X to Y .

• EkX → Y .

In this sense, Ek provides a categorical abstraction which perfectly captures the one-sided EF

game and its corresponding logic fragment. As with the case of the quantum monad, there are

also relaxations of structure isomorphism that can be captured by Ek.

1.4 BiKleisli categories

We have now seen how a certain relaxation of CSP, known as a quantum homomorphism is

captured via Kleisli morphisms of the form X → QHHHY . Dually, we have seen that another

relaxation, arising from Duplicator strategies in the one-sided EF game is captured via coKleisli

morphisms of the form EkX → Y . Consider now what it would mean to have a morphism

EkX → QHHHY . There are two natural ways of interpreting such a map. One way is to think of

it as a quantum homomorphism from the structure EkX to the structure Y . The second is to

think of it as a perfect Duplicator strategy in the one-sided EF game between the structures

X and QHHHY . These maps thus have the flavour of both a Kleilsi morphism and a coKleilsi

18



morphism. For this reason, we refer to them as biKleisli morphisms. There are many interesting

questions we would like to ask about such maps. For instance, does the existence of a morphism

EkX → QHHHY correspond to perfect Duplicator strategies in a quantum version of the one-sided

EF game? Moreover, is there a quantum version of the logic ∃Lk which is related to such

strategies? Could these games aid in the design of approximation algorithms for detecting

quantum homomorphisms, in the same way that classical EF games are related to approximation

algorithms for classical homomorphisms?

Categorical tools may help us to answer such questions, however, there is an important

technicality that needs to be overcome. As we shall see in the next chapter the axioms that

monads and comonads satisfy guarantee that Kleisli and coKleisli morphisms always form

a category. BiKleisli morphisms om the other hand do not necessarily compose with one

another. Creating a biKleisli category is thus a non-trivial task, and one which is not always

possible. The existence of a special kind of natural transformation λ : EkQHHH → QHHHEk
known as a distributive law provides a sufficient (but not necessary) condition under which a

biKleisli category exists. Hence, we can finally state a more formal version of question 1.1 as

follows:

Question 1.7. Does there exist a distributive law λ : EkQHHH → QHHHEk of the comonad Ek over
the (graded) monad QHHH?

Answering this question and its variations for other (co)monads has been one of the main

driving forces behind this thesis. While we do not yet have a complete picture our attempts

at finding a solution have led to several novel insights into quantum advantage, as well as

an improved understanding of the categorical landscape for relaxations of CSP and structure

isomorphism. These new results will be explained in detail in the remaining chapters.

1.5 Structure, contributions, and collaborations

The remainder of this thesis is organised as follows:

• Chapter 2 provides background material and introduces monads, comonads, and dis-

tributive laws in detail. There are a few original results which are my own work. I have

attempted to present the material in a manner that highlights tacit connections between

different areas. The concept of a distribution minion monad in particular may be of

interest to researchers in CSP and category theory. I also believe that this chapter may

have some pedagogical value, as an accessible introduction to mixed distributive laws is

not, to the best of my knowledge, available in any published work.

• Chapter 3 explores the question of when distributive laws of comonads over monads

exist. In this chapter, we restrict our attention purely to “classical” monads. Questions
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involving the quantum monad will be explored in the second half of the thesis. The

no-go results mentioned in the chapter are based on joint work with Nihil Shah which

has appeared in [KS24]. Some of these results have also appeared in Nihil Shah’s DPhil

thesis [Sha24]. To avoid duplication between the two documents I have omitted proofs

of these results. The last section of this chapter extends a positive result from [Sha24]

from the category of sets, to the category of relational structures. This result is my own

work, although it has benefited from numerous discussion with Nihil Shah.

• Chapter 4 provides background on quantum information and non-local games. There are

no novel contributions.

• Chapter 5 expands the results of [ABdSZ17] in several directions. We begin by comparing

the two notions of quantum homomorphism introduced in [MR16b] and [ABdSZ17]. An-

swering an open question of [ABdSZ17] we show that there exists a pair of graphs where

a quantum homomorphism exists under the definition given in [MR16b] but not under

the definition in [ABdSZ17]. Our second contribution is to extend the characterisation

of quantum homomorphisms in [ABdSZ17] to the commuting operator framework of

quantum mechanics. Finally, we explore how the related notion of quantum isomor-

phism of relational structures fits into the quantum monad framework. This will involve

refining the quantum monad and introducing a “monad” with a partial multiplication op-

eration. This construction is motivated by the importance of partial algebraic structures

in quantum information, which was first noticed in the seminal work of Kochen and

Specker [KS67]. We also point out how the quantum monad can be viewed as a (partial)

distribution minion monad. The material of this chapter is almost entirely my own work.

The main exception to this is the usage of specification structures in the final section of

the chapter as a means of extracting a total category from partial categories which was

an idea suggested by and worked out with Samson Abrasmky.

• In chapter 6 we define and begin to explore quantum Spoiler-Duplicator games. We

analyse quantum versions of the one-sided EF and pebble games. Through an argument

involving the Mermin-Peres magic square, we show that Duplicator can have a quantum

winning strategy in such games even when no classical winning strategy exists. Our

result shows that one can treat quantum versions of Spoiler-Duplicator games as “tests”

for quantum CSPs, in a manner analogous to how the classical games are linked to

well-known algorithmic tests for CSPs (e.g. strong k-consistency). As we have briefly

mentioned already, Duplicator’s winning strategies in these quantum games coincide

with the existence of biKleilsi maps EkX → QHHHY . Thus, in the final part of the chapter,

we ask if such games can be composed by attempting to answer question 1.7. Interestingly,

our no-go theorems from chapter 3 do not apply to this case and we shall prove several

results that come close to providing a positive answer. Unfortunately, we shall argue that
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each of these results has some major limitation. Thus, providing an answer to question

1.7 remains open (and seemingly quite challenging!). The material on distributive laws

in this chapter is based on joint work with Nihil Shah. The remainder of the results are

my own work.
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2
(Co)monads and distributive laws

2.1 Mathematical preliminaries

2.1.1 Abstract algebra

An algebraic structure is a set (known as a carrier set) equipped with one or more operations

that satisfy a list of axioms. These structures are used to generalize and study algebraic

concepts systematically. Below we describe some algebraic structures that are relevant to our

discussion.

A monoidMMM = (M, ·, e) is a setM equipped with a binary operation · :M ×M →M and an

identity element e ∈M satisfying:

• Associativity: ∀a, b, c ∈M, (a · b) · c = a · (b · c).

• Identity: ∀a ∈M, e · a = a · e = a.

Note that we use boldface letters to distinguish an algebraic structure from its carrier set. A

commutative or abelian monoid must additionally satisfy:

• Commutativity: ∀a, b ∈M, a · b = b.a.

A group GGG = (G, ·, e) is a monoid where every element a ∈ G has an inverse a−1 ∈ G such

that:
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• Inverses: ∀a ∈ G, a · a−1 = a−1 · a = e.

A semiring SSS = (S,+, ·, 0, 1) is a set S equipped with two binary operations + and · and
two distinguished elements 0, 1 such that (S,+, 0) is a commutative monoid and (S, ·, 1) is a
monoid. This data must satisfy:

• Distributivity: ∀a, b, c ∈ S, a · (b+ c) = (a · b)+ (a · c) and (a+ b) · c = (a · c)+ (b · c).

• Absorbing Element: ∀a ∈ S, 0 · a = a · 0 = 0.

A ring RRR is a semiring such that (S,+, 0) is an abelian group. A ring is commutative if · is
commutative. A field FFF is a commutative ring where 0 ̸= 1 and all non-zero elements are

invertible.

2.1.2 Category theory

A (locally small) category C consists of:

• A collection of objects, denoted Ob(C).

• For each pair of objects X, Y ∈ Ob(C), a set of morphisms (or arrows) HomC(X, Y ).

• For each object X ∈ Ob(C), an identity morphism idX ∈ HomC(X,X).

• For each triple of objects X, Y, Z ∈ Ob(C), a composition law:

◦ : HomC(Y, Z)× HomC(X, Y )→ HomC(X,Z)

such that for all f ∈ HomC(X, Y ), g ∈ HomC(Y, Z), and h ∈ HomC(Z,W ), the

following axioms hold:

– Associativity: (h ◦ g) ◦ f = h ◦ (g ◦ f)

– Identity: idY ◦ f = f and f ◦ idX = f

Example 2.1. The category Set has sets as objects and functions between two sets as morphisms.

A morphism f from X to Y will be denoted by f : X → Y . Such a morphism is said to

be:

• An isomorphism if there exists an inverse morphism f−1 : Y → X such that:

f ◦ f−1 = idY and f−1 ◦ f = idX
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• Monic or a monomorphism if for any two morphisms g, h : Z → X , we have:

f ◦ g = f ◦ h⇒ g = h

• Epic or an epimorphism if for any two morphisms g, h : Y → Z , we have:

g ◦ f = h ◦ f ⇒ g = h

• A split monomorphism if there exists a morphism r : Y → X such that r ◦ f = idX .

• A split epimorphism if there exists a morphism s : Y → X such that f ◦ s = idY .

• An endomorphism if the domain X and codomain Y are the same object A.

• An automorphism if it is an endomorphism f : A→ A that is also an isomorphism.

Let C and D be categories. A functor F : C→ D consists of:

• An assignment of an object F (X) ∈ Ob(D) to each object X ∈ Ob(C).

• An assignment of a morphism F (f) ∈ HomD(F (X), F (Y )) to each morphism f ∈
HomC(X, Y ),

such that the following properties hold:

• Preservation of identities: For every object X ∈ Ob(C), F (idX) = idF (X).

• Preservation of composition: For all morphisms f ∈ HomC(X, Y ) and g ∈ HomC(Y, Z),

F (g ◦ f) = F (g) ◦ F (f).

Functors can be composed. Given functors F : C → D and G : C → D their composition

written as G ◦ F is defined on objects as G ◦ F (X) = G(F (X)) and on morphisms as

G ◦ F (f) = G(F (f)). In this way, we obtain a category Cat where objects are categories and

morphisms are functors.

Diagrammatic reasoning plays an important role in category theory. A diagram in a category

C is a directed acyclic multigraph whose nodes are labelled by elements of Ob(C) and where

an edge between X and Y is labelled by an element of HomC(X, Y ) such that:

1. For each object X in the diagram, idX is in the diagram (although generally not drawn).

2. For each pair of composable morphisms f : X → Y and g : Y → Z in the diagram, the

composite g ◦ f is in the diagram (although generally not drawn).

A diagram is commutative if any two paths with common source and target, at least one of

which has length greater than one, are equal.
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Example 2.2. The following diagram commutes iff g ◦ f = h.

X Y

Z

f

h
g

Let C and D be categories, and let F,G : C → D be functors. A natural transformation
α : F → G consists of a family of morphisms {αX : F (X)→ G(X)}X∈Ob(C) inD such that

for every morphism f : X → Y in C, the following diagram commutes:

F (X) G(X)

F (Y ) G(Y )

αX

F (f) G(f)

αY

The morphism αX is known as the component of the natural transformation α at the object X .

If every component of α is an isomorphism then α is said to be a natural isomorphism.

Functors and natural transformations can be combined using an operation known as whiskering.
If α : F → G is a natural transformation between functors F,G : C→ D, and H : D→ E is

another functor, thenwe obtain a natural transformationHα : H◦F → H◦G by defining

(Hα)X = H(αX).

Moreover, ifK : B→ C is another functor we obtain a natural transformation αK : F ◦K →
G ◦K by setting

(αK)X = αKX .

Natural transformations can be composed in two different ways. If α : F → G and β : G→ H

are natural transformations between functorsF,G,H : C→ D, then their vertical composition

β ◦ α : F → H is given by

(β ◦ α)X = βX ◦ αX .

Given F,G : C→ D, H, J : D→ E, α : F → G, and γ : H → J the horizontal composition

γ ⋆ α : HF → JG is given by
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γ ⋆ α = γG ◦Hα = Jα ◦ γF.

2.1.2.1 Monoidal categories

Monoidal categories will be mentioned briefly in chapter 5. Even though most of the thesis can

be understood without knowledge of this topic we include some background for the sake of

completeness.

A monoidal category (C,⊗, I) is a category C equipped with a bifunctor ⊗ : C×C→ C, an

object I (called the unit object), and natural isomorphisms:

(associator) αX,Y,Z : (X ⊗ Y )⊗ Z ∼= X ⊗ (Y ⊗ Z),

(left and right unitors) λX : I ⊗X ∼= X, ρX : X ⊗ I ∼= X,

for all objects X, Y, Z ∈ C, satisfying the following coherence conditions:

• Pentagon Identity: The associator must satisfy:

αW,X,Y⊗Z ◦ αW⊗X,Y,Z = (idW ⊗ αX,Y,Z) ◦ αW,X⊗Y,Z ◦ (αW,X,Y ⊗ idZ).

• Triangle Identity: The left and right unitors must satisfy:

(ρX ⊗ idY ) = (idX ⊗ λY ) ◦ αX,I,Y .

A monoidal category C is said to be braided if there is a natural isomorphism (called the

braiding)
βX,Y : X ⊗ Y ∼= Y ⊗X,

for all objects X, Y ∈ C, satisfying the following hexagon identities:

• Hexagon Identity 1:

αY,Z,X ◦ βX,Y⊗Z ◦ αX,Y,Z = (idY ⊗ βX,Z) ◦ αY,X,Z ◦ (βX,Y ⊗ idZ).

• Hexagon Identity 2:

α−1
Z,X,Y ◦ βX⊗Y,Z ◦ α−1

X,Y,Z = (βX,Z ⊗ idY ) ◦ α−1
X,Z,Y ◦ (idX ⊗ βY,Z).

A braided monoidal category is symmetric if the braiding satisfies βY,X ◦ βX,Y = idX⊗Y for all

objects X, Y ∈ C.

27



A (lax) monoidal functor between twomonoidal categories (C,⊗, IC) and (D, •, ID) is a functor
F : C→ D together with a natural isomorphism

ϕX,Y : F (X) • F (Y ) ∼= F (X ⊗ Y ),

and a morphism ϕ0 : I → F (I), such that the following conditions hold:

• Associativity:

ϕX,Y⊗Z ◦ (idX • ϕY,Z) ◦ αF (X),F (Y ),F (Z) = F (αX,Y,Z) ◦ ϕX⊗Y,Z ◦ (ϕX,Y • idZ).

• Unit:

ρF (X) = F (ρX) ◦ ϕX,IC ◦ (idF (X) • ϕ0),

λF (Y ) = F (λY ) ◦ ϕIC,Y ◦ (ϕ0 • idF (Y )),

A monoidal functor is said to be:

• Strong if the maps ϕX,Y are invertible.

• Strict if the maps ϕX,Y are identities.

• Braided ifC andD are braidedmonoidal categories and the following additional condition

is satisfied:

ϕY,X ◦ βFX,FY = F (βX,Y ) ◦ ϕX,Y

• Symmetric if it is braided and C,D are symmetric monoidal categories.

Given two monoidal functors (F, ϕF , ϕF0 ) and (G, ϕG, ϕG0 ) from (C,⊗, IC) to (D, •, ID) a
monoidal natural transformation ζ : F → G is a natural transformation such that for all objects

X, Y ∈ C, the following conditions hold:

• ϕGX,Y ◦ (ζX • ζY ) = ζX⊗Y ◦ ϕFX,Y .

• ϕG0 = ζIC ◦ ϕF0 .

2.1.2.2 Adjunctions

Adjunctions describe a weak form of equivalence between two categories. They can be defined

in many different ways. Here we recall their definition in terms of unit and counit natural

transformations.
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Let C andD be categories. An adjunction between C and D consists of:

• A functor F : D→ C.

• A functor G : C→ D.

• A natural transformation ε : idD → G ◦ F called the unit.

• A natural transformation η : F ◦G→ idC called the counit.

These must satisfy the following:

εF ◦ Fη = IdF ,

Gε ◦ ηG = IdG.

We write (F,G, η, ε), or more simpyly F ⊣ G to denote this adjunction. F is said to be left-
adjoint to G, and G is said to be right-adjoint to F . An adjunction is said to be reflective if the

counit ε is a natural isomorphism. Dually, it is said to be coreflective if the unit η is a natural

isomorphism.

2.1.2.3 Monads and comonads

A monad (M, η, µ) in a category C consists of:

• A functorM : C→ C.

• A natural transformation (unit) η : idC →M.

• A natural transformation (multiplication) µ :M2 →M,

such that the following axioms hold:

• Associativity:

M3 M2

M2 M

Mµ

µM µ

µ

• Unit laws:

M M2

M

Mη

idM
µ

M M2

M

ηM

idM
µ
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Example 2.3. The powerset monad (P , η, µ) is defined by the following components:

• P : Set→ Set is the powerset functor defined by

– P(X) is the set of all subsets of X .

– P(f)(S) = {f(x) | x ∈ S}, for all S ∈ P(X).

• ηX(x) = {x}.

• µX takes a union of sets.

An alternative but equivalent definition of a monad is given by its Kleisli form. This consists

of:

• An object mapM : Ob(C)→ Ob(C).

• Arrows ηX : X →MX for every X ∈ Ob(C).

• An extension operation (_)∗ which takes any arrow f : X → MY to an arrow f ∗ :

MX →MY .

These must satisfy the following equations:

η∗X = idMX ; f ∗ ◦ ηX = f ; (g∗ ◦ f)∗ = g∗ ◦ f ∗.

Given a monad in Kleisli form we can extendM to a functor by settingMf = (ηX ◦ f)∗. We

can also define a multiplication operation µ by setting µX = id∗
MX . (M, η, µ) is then a monad

under our original definition. Conversely, given a monad (M, η, µ) we can define the extension

operation by

Comonads are the dual construction to monads. A comonad (W, ε, δ) in a category C consists

of:

• A functorW : C→ C,

• A natural transformation (counit) ε : W → idC,

• A natural transformation (comultiplication) δ : W → W 2
,

such that the following diagrams commute:

• Coassociativity:
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W W 2

W 2 W 3

δ

δ Wδ

δW

• Counit laws:

W W 2

W

δ

idW
Wε

W W 2

W

δ

idW
εW

Example 2.4. The prefix list comonad (L+, ε, δ) is defined by the following components:

• L+ : Set→ Set is the prefix list functor defined by

– L+(X) is the set of all non-empty lists containing elements of X .

– L+(f)([x1, . . . , xn]) = [f(x1), . . . , f(xn)]

• εX([x1, . . . , xn]) = xn.

• δX([x1, . . . , xn]) = [[x1], [x1, x2], . . . , [x1, . . . , xn]].

As exemplified by the definitions above we will make use of colours throughout this thesis to

aid readability. Informally, notions related to monads will be written with a teal colour while

notions related to comonads will be written with a purple colour.

A monad morphism from (M, ηM , µM) to (M ′, ηM
′
, µM

′
) is a natural transformation ρ : M →

M′
such that

• ρ ◦ µM = µM
′ ◦ (ρ ⋆ ρ).

• ρ ◦ ηM = ηM
′
.

There is a category Mon(C) of monads and monads maps on C. The categoryMon(C) has

a notion of subobject. A monadM is a submonad ofM′
if there exists a monic monad map

ι : M →M′
. In many cases, we will not need to consider the multiplication µM of a monad, and

instead consider pointed endofunctors (M, η) whereM is an endofunctor and η : idC → M

is a unit natural transformation. A map between two pointed endofunctors ρ : M →M′
is a

natural transformation satisfying ρ ◦ ηM = ηM
′
.

There are two important categories related to any monad. The first of these is called the Kleisli

category Kl(M). It is defined as follows:

• Objects: Same as C.
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• Morphisms: For X, Y ∈ C, a morphism inKl(M) is a morphism f : X →MY in C.

• Composition: For morphisms f : X → MY and g : Y → MZ in Kl(M), their

composition is given by

g ◦ f : X
f→MY

Mg→ MMZ
µZ→MZ.

• Identity: The identity morphism on an object X is given by ηX : X →MX .

The second category is the Eilenberg-Moore category EM(M), also known as the category

of algebras for M. It is a standard fact that Kl(M) is equivalent to the subcategory of free

algebras of EM(M). Eilenberg-Moore categories do not play a major role in this thesis so we

omit a definition.

Unsurprisingly we have the dual concept of a coKleisli category coKl(W ) for a comonad. This

is defined as follows:

• Objects: Same as C.

• Morphisms: For X, Y ∈ C, a morphism in coKl(W ) is a morphism f : WX → Y in

C.

• Composition: For morphisms f : WX → Y and g : WY → Z in coKl(W ), their

composition is given by

g ◦ f : WX
δX→ WWX

Wf→ WY
g→ Z

• Identity: The identity morphism on an object X is given by εX : WX → X .

2.1.2.4 String diagrams

We shall make use of string diagrams to reason about categories, functors, natural transforma-

tions, monads, and adjunctions in some of our proofs. As such we include a brief primer on

this topic. For more details the reader is referred to [HM23; HM16; Mar14].

In the string diagram formalism, categories are represented by continuous regions of space. We

can colour such regions for extra intuition. For example a category C is represented as:

C

We will usually not explicitly write down what category a colour corresponds to.

A functor F : C→ D is represented as an edge or wire which separates two regions:
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F

F

Moving forward we will also omit colours from our diagrams. It will always be clear what

categories we are working with from the type information involved. The composition G ◦ F of

F with a second functor G : D→ E is represented as:

G F

G F

Given F,G : C→ D, a natural transformations α : F → G is given by a node:

F

G

α

Given H : C→ D and β : G→ H , α and β can be composed vertically:

F

H

α
β

Given F,G : C→ D, H, J : D→ E, α : F → G, and γ : H → J , we can compose α and γ

horizontally:

F

G

α

H

J

γ

Perhaps the most useful property of string diagrams is the fact that the following sliding

equations hold:

F

G

α

H

J

γ =

F

G

α

H

J

γ
=

F

G

α

H

J

γ
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These equations allow us to move natural transformations up and down like beads on a

wire, allowing us to eliminate unnecessary bookkeeping details involved with many algebraic

proofs:

The associativity and unit laws for a monad (M, η, µ) state the following:

M

M

µ

M M
µ M

M

µ

MM
µ

= ;

η

M

µ
=

M

M

M
η

M

µ

M

=

Dualities are particularly pleasing in string diagrams. To obtain the counit and coassociativity

axiom for a comonad we simply flip the diagrams upside down:

ε

W

ε
=

W

W

W
δ

W

δ

W

=

W

W

δ

W W

δ W

W

δ

WW

δ

= ;

Finally, an adjunction (F,G, η, ε) must satisfy the following “yanking” equations:

ϵ

G

η

G

=

G

G

ϵ

F

η

F

=

F

F

;

2.2 Multiset and distribution monads

We now introduce some monads on the category Set. Following the influential work of Moggi

[Mog91] we view such monads as providing semantics for effectful computation. We shall be

particularly concerned with monads which model various forms of nondeterministic effects,

e.g. possibilistic, probabilistic, or quantum. Such nondeterministic computations are modelled

abstractly as Kleisli morphisms X → MY for a suitable monadM. For instance, the Kleisli

morphisms of the powerset monad ℘ from example 2.3 model possibilistic nondeterminism. A

second example is provided by the probability distribution monad. As its name suggests Kleisli

morphisms of this monad model probabilistic computations.

Example 2.5. The probability distribution monad (D, η, µ) is defined by the following compo-
nents:

• D : Set→ Set is the distribution functor defined by:
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– D(X) is the set of all functions of type φ : X → R where for all but finitely many
x ∈ X , φ(x) = 0. These must satisfy the normalisation condition

∑
x∈X φ(x) = 1.

– D(f) maps φ to λy.Σx∈f−1(y)φ(x).

• ηX(x) = ∆x where ∆x(x) = 1 and ∆x(y) = 0 for y ̸= x.

• µX(φ) = λx.Σψ∈D(X)φ(ψ) · ψ(x).

Given any semiring, one can construct a variant of the distributionmonad described above
1
.

Example 2.6. The distribution monad (DS, η
D, µD) over a semiring S = (S,+S, ·S, 0S, 1S) is

defined exactly as (D, η, µ) but with (+, ·, 0, 1) replaced with (+S, ·S, 0S, 1S).

DS is a submonad of another monad known as the multiset monad.

Example 2.7. The multiset monad (MS, η, µ) over a semiring S = (S,+S, ·S, 0S, 1S) is
defined exactly as (DS, η

D, µD) but with the normalisation condition removed.

We define the support of a function φ ∈MS(X) as the set supp(φ) = {x ∈ X | φ(x) ̸= 0S}.
Elements φ ∈MS(X) can be written as finite formal sums φ = Σsi.xi with xi ∈ supp(φ) and

φ(xi) = si.

The constructionsDS andMS cover a remarkably broad range of well-studied monads. Almost

every Set monad we consider in this thesis arises as an instance of this construction. Let us

list some examples.

Example 2.8. The ordinary probability distribution monad of example 2.5 is recovered as
DS = DR≥0

for the semiring of non-negative real numbers (R≥0, 0, 1,+, ∗).

Example 2.9. The ordinary multiset or ‘bag’ monadM is recovered asMS =MN for the
semiring of natural numbers (N+, 0, 1,+, ∗).

Example 2.10. Given a ring R, the free R-module and R-convex space monad are recovered
asMS and DS for ring S = R considered as a semiring.

Example 2.11. The multisetMS and distribution DS monads for the min-plus semiring
(R ∪ {∞},∞, 0,min,+) are useful for modelling spaces in tropical geometry and logical
queries with confidence scores [GHNW22].

1
In the literature it is often additionally required that the semiring in question is commutative. However, this

requirement is not necessary to obtain a monad. If a non-commutative semiring is used the outcome is simply

that the resulting monad will also be non-commutative.
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Example 2.12. WhenS = (B,⊥,⊤,∨,∧) is the Boolean semiring,MS andDS are isomorphic
to the finite powerset monad Pf and finite non-empty powerset monad P+

f .

In the case where the addition operation of S can be extended to an arbitrary sum operation

which also distributes over multiplication, S is a complete semiring. As this sum operation is

well-defined for infinite subsets, we can remove the finite support restriction on the functions

inMS(X) and DS(X) to obtain analogous monadsM∞
S and D∞

S .

Example 2.13. When S is the Boolean semiring B,M∞
S and D∞

S are isomorphic to the full
powerset monad P and the full non-empty powerset monad P+.

2.3 Directed container comonads

We now turn our attention to comonads over Set. Just as monads model effectful computation,

comonads give semantics for contextual computation where inputs are paired with a context

in a larger data structure [Orc14; UV08]. Contextual computations from inputs of type A to

outputs of type B are modelled as morphisms of typeWA→ B in the coKleisli category of a

comonadW . Typically this comonad models contexts in a data structure, e.g. prefixes of a list,

indices of a list, nodes in a tree.

All of the Set comonads we consider in this work have the property that their underlying

functor is a container [AAG03]. Intuitively, a container captures data structures which have a

set of shapes and addressed positions for the data stored within those shapes.

Definition 2.14. A container S ◁ P is a set S and a functor P : S → Set where we consider

S as a discrete category, i.e. P defines an S-indexed family of sets. We consider S to be a set

of shapes, and for each s ∈ S, P (s) is the set of positions associated with the shape s. The

induced endofunctor on S ◁ P is [S ◁ P ] : Set→ Set where

• for a set X , [S ◁ P ]X = {(s, l) | s ∈ S, l : P (s)→ X}; and

• for a function g : X → Y , [S◁P ]g : [S◁P ]X → [S◁P ]Y is defined as (s, l) 7→ (s, g◦l).

We abuse terminology and say an endofunctor F : Set→ Set is a container if F ∼= [S ◁ P ]

for some set S and functor P : S → Set. Note that containers are equivalent to polynomial

functors [Koc09], i.e. [S ◁ P ] =
∑

s∈S(·)P (s)
.

Example 2.15. For a fixed set S, the product by S endofunctor S × (·) : Set → Set is a
container such that for all s ∈ S, P (s) is a singleton {⊤}. Dually, for a set T , the exponentiation
by T endofunctor (·)T is a container such that S = {⊥} is a singleton and P (⊥) = T .
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Example 2.16. The list endofunctor L is a container where S = N, P (n) = [n]. The non-
empty list endofunctor L+ is defined similarly where S = N+ is the set of positive integers.
Additionally, we can define for every k > 0, the non-empty lists of length ≤ k endofunctor L+

k

as the container with S = {1, . . . , k} and for every i ∈ S, P (i) = {1, . . . , i}.

Example 2.17. The rooted binary tree endofunctor B : Set→ Set is a container where S is
the set of full unlabelled binary trees and P (s) is the set of internal nodes in tree s ∈ S. The
rooted non-empty binary tree endofunctor B+ : Set→ Set is obtained by removing the empty
tree from S.

Ahman, Chapman, and Uustalu showed that comonads whose underlying endofunctor is a

container are equivalent to containers which are equipped with additional ‘directed’ structure

[ACU14]. Intuitively, directed containers are containers where each position has an associated

‘sub container’ and every such ‘sub container’ has a root.

Definition 2.18. A directed container consists of

• a container F = [S ◁ P ];

• for each shape s ∈ S, a root position os ∈ P (s);

• for each position p ∈ P (s), a subshape s ↓ p ∈ S;

• for each position p′ ∈ P (s ↓ p) in the subshape s ↓ p, a translation into a position

p⊕s p′ ∈ P (s) in the global shape s ∈ S;

satisfying the equations

s ↓ os = s s ↓ (p⊕s p′) = (s ↓ p) ↓ p′ (2.19)

p⊕s os↓p = p = os ⊕s p (2.20)

(p⊕s p′)⊕s p′′ = p⊕s (p′ ⊕s↓p p′′). (2.21)

A directed container D = ([S ◁ P ], o, ↓,⊕), has an induced comonad ([S ◁ P ], ε, δ) where:

• The counit has components defined as

εX(s, l : P (s)→ X) = l(os)

• The comultiplication has components defined as

δX(s, l : P (s)→ X) = (s, λp.(s ↓ p, λq.l(p⊕s q)))
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Wewill abuse terminology and say a comonad (W, ε, δ) is a directed container if it is isomorphic

to the induced comonad of a directed container.

Example 2.22. Extending example 2.15, the coreader comonad (S × (·), ε, δ) on a fixed set
S has counit with components defined as ε(s, x) = x and comultiplication with components
defined as δ(s, x) = (s, (s, x)). The identity comonad is recovered as the case where S is a
singleton. The coreader comonad on set S is isomorphic to the induced comonad of a directed
container on [S ◁ P ] where for every s ∈ S, P (s) is the singleton set {⊤}. As P (s) is trivial for
every s ∈ S, the directed container structure is such that os = ⊤, s ↓ ⊤ = s, and ⊤⊕s ⊤ = ⊤.

Example 2.23. The cowriter comonad ((·)T , ε, δ) on a fixed monoid (T, e, ∗) has counit defined
as ε(f) = f(e) and comultiplication defined as δ(f) = λmλn.f(m ∗ n). For a monoid
(T, e, ∗), the cowriter comonad is isomorphic to the induced comonad on the directed container
([{⊥} ◁ P ], o, ↓,⊕) where P (⊥) = T , o⊥ = e, for everym ∈M , ⊥ ↓ m = ⊥, and ⊕⊥ = ∗.

Example 2.24. The list container L from Example 2.16 cannot be extended to a directed
container as P (0) = ∅ and so there is no possible root o0 ∈ P (0). However, the non-empty
list container L+ is commonly extended to a directed container in two non-isomorphic ways.
The first way induces the prefix list comonad with counit defined as ε([x1, . . . , xn]) = xn

and comultiplication defined as δ([x1, . . . , xn]) = [[x1], [x1, x2], . . . , [x1, . . . , xn]]. Note these
definitions restrict to non-empty lists of length ≤ k yielding a comonad (L+

k , ε, δ).

In this case, for every shape n ∈ N+, on = n, for every position i ∈ P (n) = {1, . . . , n},
n ↓ i = i, and for every i ∈ P (n), j ∈ P (n ↓ i), i⊕n j = j ∈ P (n). The suffix list comonad
is isomorphic to the prefix list comonad via the ‘reverse’ natural transformation. The second
non-isomorphic way induces the cyclic list comonad, see e.g. [Orc14, Example E.24] for details.

Example 2.25. The non-empty binary tree container B+ can be extended to a directed con-
tainer [AU19]. This induces the comonad where the counit sends an X-labelled tree t to the
label at t’s root. The comultiplication sends an X-labelled tree t to the B+(X)-labelled tree t′

where node v of t′ is replaced with the X-labelled subtree tv of t rooted at node v.

Example 2.26. For every comonad (W, ε, δ), the composed functorW ◦(S × (·)) has a comonad
structure. In the case of a set S = [k] for some k ∈ N andW = L+ is the prefix list comonad,
we obtain a pebble list comonad (L+[k], ε, δ). This comonad has counit with components
defined as ε([(p1, a1), . . . , (pn, an)]) = an and comultiplication δ([(p1, a1), . . . , (pn, an)] =
[(p1, s1), . . . , (pn, sn)] where for all i ∈ [n], si = [(p1, a1), . . . , (pi, ai)]. This comonad is the
pebbling comonad of [ADW17] over Set.
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2.4 The category of relational structures

We now wish to introduce (co)monads that are defined on the category of relational structures

over a fixed signature σ, which we denote by R(σ). Before doing so let us recall some facts

about this category and fix our notation.

A finite relational signature σ is a set of relation symbols σ = {R1, . . . , Rn}where each symbol

R ∈ σ has an associated non-negative integer ar(R) called its arity. A relational structure X
with signature σ (also known as a σ-structure) is then a tuple

(X,RX
1 , . . . , R

X
n )

where X is the underlying set of X known as its universe and for each R ∈ σ,RX ⊆ Xar(R)
is

a relation of arity ar(R). We shall use the calligraphic font to distinguish a relational structure

X from its universe X . A relational structure is said to be finite if its universe is finite. (Finite)

relational structures are a useful abstraction which model many important data structures

in computer science. For instance, if σ consists of a single relational symbol of arity 2 then

σ-structures are precisely directed graphs. By varying the symbols in our signature
2
we can

capture other data structures such as multi-graphs, coloured graphs, strings, finite transition

systems, and much more. Relational structures thus provide us with a uniform language to

simultaneously prove results about all these data structures.

Let X and Y be two relational structures over the same signature σ. A function f : X → Y is

said to preserve a relation R ∈ σ with arity k if

∀xxx = (x1, . . . , xk) ∈ Xk : xxx ∈ RX ⇒ f(x)f(x)f(x) = (f(x1), . . . , f(xk)) ∈ RY

Where we have adopted the convention that boldface lowercase letters denote tuples xxx =

(x1, . . . , xk) ∈ Xk
. Moreover, whenever we use the notation xi we are implicitly implying

that xi is the element at position i of a tuple xxx. We say that f reflects a relation if the above

holds with the implication reversed. f is said to be a homomorphism if it preserves every

R ∈ σ. If the homomorphism f is moreover bijective and reflects every relation it is called

an isomorphism. A partial homomorphism is a partial function g ⊆ X × Y which preserves

all relations. A partial homomorphism that is injective and reflects all relations is a partial

isomorphism. The category R(σ) has σ-structures as objects and σ-structure homomorphisms

as morphisms. Note that Set is isomorphic to R(σ) whenever σ is the empty signature.

2
We may also occasionally have to impose additional properties such as symmetry or irreflexivity on our

relations to capture data structures such as undirected graphs and acyclic graphs.
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2.5 Distribution minion monads

We now describe a class of monads over R(σ) introduced in [Con22] which are related to

the algebraic approach for studying CSPs. Functorial constructions have appeared in the CSP

literature for many years (e.g. in [CDG13; BBKO21; BGWZ20]). Although they are usually

not presented in a categorical manner [Con22] showed that some of these constructions are

isomorphic to a variant of the functor DS defined on R(σ). Our aim here is to state this

correspondence more generally, by appealing to an algebraic construction known as a minion.
This construction has proved to be an invaluable tool in modern CSP research since it provides

an elegant abstraction that uniformly captures some of the main results of the field. From our

perspective, we are most interested in the concept of a minion test, which provides a method

for studying relaxations of CSPs. Let us make these ideas more precise.

Definition 2.27. A minion M is a family of non-empty sets M(l)
for l ∈ N+

, equipped

with operations (.)π : M(l) →M(l′)
(known as minor operations) for each pair of numbers

l, l′ ∈ N+
and each map π : [l]→ [l′]. These must satisfy:

• m/id = m for each l ∈ N+
,m ∈M(l)

where id is the identity map on [l].

• (m/π)/π′ = m/π′◦π for each l, l
′, l′′ ∈ N,m ∈M(l), π : [l]→ [l′], π′ : [l′]→ [l′′].

More simply, a minion can be seen as a functor from the skeleton category of non-empty finite

sets to the category of non-empty sets. These form a category and a minion homomorphism
is then a natural transformation between such functors.

Example 2.28. A polymorphism of a relational structure X ∈ R(σ) is a morphism X l → X .
We denote the set of all polymorphisms with domain X l as Pol(X )(l). The disjoint union of
these sets forms the polymorphism minion Pol(X ).

Associated to any minion is a free structure construction.

Definition 2.29. Let M be a minion and take X ∈ R(σ). The free structure FM(X ) is a
relational structure defined as:

• The universe of FM(X ) is the setM(n)
where n = |X|.

• For each symbol R ∈ σ, let c be the cardinality of RX
. A tuplemmm = (m1, . . . ,mar(R))

of elements ofM(n)
belongs to RFM(X )

if and only if there exists somem′ ∈M(k)
such

that mi = m′
/πi

for each i ∈ [ar(R)], where πi : [c] → [n] is the function mapping

each tuple xxx ∈ RX
to its i-th entry.

Minion tests are then formulated as follows.
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Definition 2.30. Let M be a minion, a minion test is the function TestM : Ob(R(σ))2 →
{Y es,No} defined by:

(X ,Y) 7→

Y es if X → FM(Y)

No otherwise.

It is always the case that X → Y implies TestM(X ,Y) = Y es. We say that TestM solves an

instance of CSP if the opposite also holds i.e. whenever TestM(X ,Y) = Y es it holds that

X → Y .

From the above definition, it is clear that every minion gives rise via its test to an approxi-

mation for CSP. These tests can themselves be viewed as decision problems. In many cases,

efficient polynomial time algorithms for solving minion tests are known, and coincide with

tractable approximation algorithms for CSP. We now introduce the important class of linear

minions.

Example 2.31. AminionMS is linear if there exists a semiring S and a number d ∈ N+∪{ℵ0}
(known as the depth of the minion) such that:

• The elementsM(l)
S are l × d matrices whose entries belong to S, for all l ∈ N+.

• given l, l′ ∈ N+, π : [l]→ [l′] andm ∈M(l),m/π = PM , where P is the l × l′ matrix
such that for all i ∈ [l′] and j ∈ [l], the (i, j)-th entry of P is 1S if π(j) = i and 0S

otherwise.

In this thesis, we shall further restrict attention to a subclass of linear minions, which we call

distribution minions.

Example 2.32. A distribution minion DS over a semiring S is a linear minion of depth 1

satisfying for all l ∈ N+ and for all vvv ∈ D(L) :
∑

v∈vvv v = 1S.

It turns out that many well-known approximations algorithms for CSPs arise as distribution

minion tests. By this we mean that these algorithms say that the CSP problem is solvable on

inputs X ,Y precisely when TestM(X ,Y) = Y es. Let us list some examples.

Example 2.33. The basic linear programming (BLP) relaxation arises from DR≥0
for the

semiring of non-negative real numbers [BGWZ20].

Example 2.34. The affine integer programming relaxation arises from DZ for the (semi)ring
of integers [BGWZ20].

Example 2.35. The arc consistency algorithm arises fromDB for the boolean semiring [CDG13].
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Next, we explain the extension of distribution monads toR(σ) that was introduced in [Con22].

We refer to these as distribution minion monads.

Example 2.36. The distribution minion monad (DS, η, µ) over a semiring S =

(S,+S, ·S, 0S, 1S) is a monad defined by the following components:

• DS : R(σ)→ R(σ) is the distribution minion functor defined by:

– DS(X ) has universe DS(X) = DS(X).

– DS(f) = DS(f)

– RDSX = {( Σ
xxx∈RX

γ(xxx).x1, . . . , Σ
xxx∈RX

γ(xxx).xm) | γ : RX → S, Σ
xxx∈RX

γ(xxx) = 1}a.

• ηDS
X (x) = ηDS

X (x).

• µDS
X (x) = µDS

X (x).

a
Note that any distribution γ : RX → S witnessing (φ1, . . . , φm) ∈ RDSX

can be extended to a distribution

γ∗
on the setXm

by setting γ(xxx) = 0 whenever xxx ̸∈ RX
. It is useful to observe that each φi is the marginal of

the distribution γ∗
at position i.

Note that “at the level of the underlying sets” (DS, η, µ) acts exactly the sameway as (DS, η
D, µD).

This will be a common pattern for all the (co)monads onR(σ) that we study.

Our terminology is justified by the following result.

Theorem 2.37. FDS
(X ) ∼= DS(X ).

Proof. As per remark 3.1 in [CŽ23] FDS
(X ) has the following description:

• The elements of its domain are vectors of length |X| with entries in S summing to 1S.

• For R ∈ σ of arity r, the elements of RFDS
(X )

are tuples (P1Q, . . . , PrQ), where

Q ∈ D
(|RX |)
S is a vector of length |RX | having entries in S and, for i ∈ [r], Pi is the

|X| × |RX | matrix whose (x,xxx)-th entry is 1S if xxxi = x, and 0S otherwise.

From this description, it is clear that each element of the universe is a vector vvv which can

be written as a formal sum satisfying

∑
v∈vvv v = 1. This is in bijective correspondence with

DS(X). Moreover, the relations are readily seen to be in bijective correspondence as well.

For this, note that functions γ : RX → S satisfying

∑
xxx∈RX γ(xxx) = 1S are in bijective

correspondence with the vectors Q defined above. From there we can see that the vector

PiQ corresponds to the formal sum

∑
xxx∈RX γ(xxx).xxxi.

This theorem unifies and generalises propositions 7.11 and 7.14 in [Con22]. It also simplifies
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the proof of theorem 7.16 in the same document. As an immediate corollary, we obtain a

connection between minion tests and Kleisli morphisms.

Corollary 2.38. Test(X ,Y)DS
= Y es iff X → DSY .

This result shows that distribution minion monads provide a categorical abstraction for the

corresponding distribution minions, which in turn opens up the possibility of using categorical

tools to gain further insights into the properties of such minions.

Remark 2.39. There are several examples of interesting linear minions which are not distribu-
tion minions. These include the minion for the combined BLP and AIP algorithm of [BGWZ20],
as well as the hierarchies of minions introduced in [CŽ23] which correspond to the Sherali-Adams
relaxations hierarchy of relaxations for CSP. We leave it as future work to see if the free structures
of these minions admit characterisations similar to the one we have provided for distribution
minions.

2.6 Game comonads

We now introduce the class of game comonads first defined in [ADW17; AS21] and describe

their connection to finite model theory, the field which studies the behaviour of logics on finite

models. Unlike classical model theory which finds its origins in mathematics and the study

of infinite objects, finite model theory grew out of computer science. Because objects held or

manipulated by a computer, such as graphs, strings, or programs are always finite, one must

study finite structures to understand computation.

Game comonads provide a categorical abstraction for Spoiler-Duplicator games, one of the

central tools of finite model theory. Intuitively, these are two-player games where one of the

players (Spoiler) is trying to show that two structures are different, while the other (Duplicator)

tries to show that they are the same. In each game, Duplicator has a winning strategy whenever

the two structures are equivalent with respect to a certain logic fragment associated with the

game. Duplicator’s winning strategies in each of these games can be captured abstractly in the

Kleisli category of a comonad Gk associated with the game. The index k can be viewed as a

resource parameter bounding the amount of access the players have to the underlying structures.

coKleisli morphisms GkX → Y are in correspondence with Duplicator’s winning strategies

for a one-sided variant of the games, while coKleisli isomorphisms A ∼=Gk
B correspond to

a bijective variant of the game. For the sake of brevity, we will focus throughout this thesis

on only two game comonads. The first is known as the Ehrenfeucht-Fraisse comonad Ek, and
the second is the pebbling comonad Pk. Let us now give a more formal description of these

constructions. We assume some basic understanding of first-order logic in what follows.
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Remark 2.40. We stress that the game comonads program goes well beyond the two classes of
games we consider here. For example, there are comonads for modal logic [AS21], hybrid logic
[AM22], guarded logic [AM21], and monadic second-order logic [JMS24]. I believe that most
of the results of this thesis should apply to these other game comonads as well. An axiomatic
account of game comonads is also available in[AR23]. Moreover, interesting connections have
been made with the theory of homomorphism indistinguishability [DJR21; Reg22] and with the
study of homomorphism preservation theorems [AR24b]. We refer to [AR24a] for a survey of
game comonads.

2.6.1 Ehrenfeucht-Fraïssé comonad

We describe the original Spoiler-Duplicator game introduced by Ehrenfeucht [Ehr61] and

inspired by earlier work published in Fraïssé’s thesis.

Definition 2.41. The back-and-forth Ehrenfeucht-Fraïssé (EF) game between X ,Y ∈ R(σ)

is played as follows:

At the start of each round, Spoiler chooses an element of either X or Y . Duplicator then
chooses an element in the other structure. After k rounds their choices create sequences

[x1, . . . , xk] and [y1, . . . , yk]. Duplicator wins a play of the game if {(xi, yi)|1 ≤ i ≤ k} is a
partial isomorphism. We say that Duplicator wins the k-round game if they have a strategy

for winning plays up to length k, regardless of how Spoiler plays.

The Ehrenfeucht-Fraïssé theorem links the k-round version of this game to the expressive

power of Lk, the fragment of first-order logic where sentences have quantifier rank at most k

i.e. where the depth of nesting of the quantifiers ∃ and ∀ is at most k.

Theorem 2.42. For relational structures X ,Y ∈ R(σ) the following are equivalent:

• X ∼=Lk Y .

• Duplicator has a winning strategy in the back-and-forth EF game between X and Y .

Theorems of this kind linking Spoiler-Duplicator games to logic are found throughout finite

model theory. In our work, we will be more concerned with the one-sided and bijective variants
of the EF game. These are defined as follows.

Example 2.43. The one-sided Ehrenfeucht-Fraïssé (EF) game from X ∈ R(σ) to Y ∈ R(σ) is
played as follows:

At the start of each round, Spoiler chooses an element of X . Duplicator then chooses an element
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in Y . After k rounds their choices create sequences [x1, . . . , xk] and [y1, . . . , yk]. Duplicator
wins a play of length k if {(xi, yi)|1 ≤ i ≤ k} is a partial homomorphism.

Example 2.44. The bijective Ehrenfeucht-Fraïssé (EF) game from X ∈ R(σ) to Y ∈ R(σ) is
played as follows:

If |X | ≠ |Y| then Spoiler wins. Otherwise, at each round i Duplicator chooses a bijection
f : X → Y , and Spoiler chooses an element xi ∈ X . This determines the choice yi = f(xi) for
Duplicator. Duplicator wins a play of length k if {(xi, yi)|1 ≤ i ≤ k} is a partial isomorphism.

These games are related to the existential-positive fragment and counting quantifier extension

of Lk respectively. We denote these fragments by ∃Lk and (#)Lk. In the existential positive

fragment, sentences cannot make use of the ∀ quantifier or the ¬ operation. The counting

quantifier extension of Lk is obtained by adding additional quantifiers ∃≥m and ∀≤m to Lk.
These are to be read as “there exists at least m” and “for all but m”.

Theorem 2.45. For relational structures X ,Y ∈ R(σ) the following are equivalent:

• X ∼=∃Lk Y .

• Duplicator has a winning strategy in the one-way EF game from X to Y and the one-sided
EF game from Y to X .

Theorem 2.46. For relational structures X ,Y ∈ R(σ) the following are equivalent:

• X ∼=(#)Lk Y .

• Duplicator has a winning strategy in the bijective EF game between X and Y .

Before describing the comonad which captures EF games we need one final piece of notation.

Let s and s′ be two lists of elements with entries from the same set. We shall write s ⊑ s′ to

mean that s is a prefix of s′. Moreover, we say that s and s′ are prefix comparable, written

s ↑ s′ whenever s ⊑ s′ or s′ ⊑ s. The EF comonad is then defined as follows:

Example 2.47. The EF comonad (Ek, ε, δ) is a comonad defined by the following components:

• Ek : R(σ)→ R(σ) is the EF functor defined by:

– Ek(X ) has universe Ek(X) = L+
k (X).

– Ek(f) = L+
k (f).

– REkX consists of tuples (s1, . . . sn) satisfying:

∗ si ↑ sj for all i, j ∈ [n].
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∗ (ε(s1), . . . ε(sn)) ∈ RX .

• εX = ε
L+
k

X .

• δX = δ
L+
k

X .

It turns out that coKleisli maps for the EF comonad correspond to perfect Duplicator strategies

in the one-way EF game. We thus extend our previous correspondence to the following theorem

which shows a triangle of equivalences between logic, games, and categorical semantics.

Theorem 2.48. For relational structures X ,Y ∈ R(σ) the following are equivalent:

• X ∼=∃Lk Y .

• Duplicator has a winning strategy in the one-way EF game from X to Y and the one-sided
EF game from Y to X .

• EkX → Y and EkY → X .

Similarly, for coKleisli isomorphisms we have the following result.

Theorem 2.49. For relational structures X ,Y ∈ R(σ) the following are equivalent:

• X ∼=(#)Lk Y .

• Duplicator has a winning strategy in the bijective EF game between X and Y .

• X ∼=Ek
Y .

Remark 2.50. [AS21] also introduces an intermediate back-and-forth form of Kleisli equivalence
which characterises the back-and-forth EF game. We omit a description of this as it does not
play a major role in the thesis.

Finally, we note that there is a surprising and beautiful connection between the coalgebras of

Ek and tree-depth, a combinatorial invariant of finite structures which is used extensively in

parameterised algorithms and complexity theory [FG06; CFK+15].

Definition 2.51. A forest cover for a graph G = (V,∼) is a forest (F,≤) such that V ⊆ F

and if v ∼ v′ then v ≤ v′ or v′ ≤ v. The tree-depth td(G) is defined to be minFht(F) where

F ranges over forest covers of G.

It turns out that Ek-coalgebras are precisely forest covers. We recall that the Gaifman graph

of a relational structure X is the graph whose vertices are given by the universe X of X and

where x ∼ x′ whenever x and x′ appear together in some tuple of some relation in X .
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Theorem 2.52. There is a bijective correspondence between:

• Ek-coalgebras α : X → EkX .

• Forest covers of the Gaifman graph of X of height ≤ k.

Moreover, we can characterise tree-depth through the concept of a coalgebra number.

Definition 2.53. The Ek-coalgebra number of a structure X ∈ R(σ), written as ζEk(X ) is
the least k such that there exists a Ek-coalgebra on X .

Theorem 2.54. ζEk(X ) is equal to the tree-depth of X .

It is worth mentioning that a tacit awareness of connections between tree-depth, Lk, and EF

games seems to be common knowledge among finite model theorists. Part of the appeal of

game comonads is that they provide a rigorous mathematical framework which formalises this

tacit knowledge.

2.6.2 Pebbling comonad

We describe pebble games, a class of Spoiler-Duplicator games that play a prominent role in

computer science.

Example 2.55. The back-and-forth k-pebble game between X ,Y ∈ R(σ) is played as follows:

Each player has access to k pebbles. At the start of each round, Spoiler picks one of their pebbles
p ∈ [k] and places it on an element of either X or Y . Duplicator then picks their corresponding
pebble and places it on an element of the other structure. Note that Spoiler can choose to remove
a previously placed pebble and move it to a new element. In this way, at the end of each round,
the placement of pebbles determines a window of size ≤ k onto the structures. We say that
Duplicator wins the game if they have a strategy which allows them to play indefinitely while
ensuring that the two windows always represent a partial isomorphism between the structures.

The one-way and bijective variants of the k-pebble game are defined in a manner similar to the

EF game. Next, we describe the pebbling comonad Pk.

Example 2.56. The pebbling comonad (Pk, ε, δ) is a comonad defined by the following compo-
nents:

• Pk : R(σ)→ R(σ) is the pebbling functor defined by:

– Pk(X ) has universe Pk(X) = L+[k](X).
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– Pk(f) = L+[k](f).

– RPkX consists of tuples (s1, . . . sn) satisfying:

∗ si ↑ sj for all i, j ∈ [n].

∗ (ε(s1), . . . ε(sn)) ∈ RX .

∗ The pebble index of the last move in each si does not appear in the suffix of si
in sj for any sj . We refer to this as the active pebble condition.

• εX = ε
L+[k]
X .

• δX = δ
L+[k]
X .

Just as in the case of Ek, we have theorems linking logic, games, and categorical semantics for

Pk3. Writing Lk for the k-variable fragment of first-order logic we have:

Theorem 2.57. For relational structures X ,Y ∈ R(σ) the following are equivalent:

• X ∼=∃Lk Y .

• Duplicator has a winning strategy in the one-way k-pebble game from X to Y and
one-way k-pebble game from Y to X .

• PkX → Y and PkY → X .

Theorem 2.58. For relational structures X ,Y ∈ R(σ) the following are equivalent:

• X ∼=(#)Lk Y .

• Duplicator has a winning strategy in the bijective k-pebble game between X and Y .

• X ∼=Pk
Y .

The coalgebra number of Pk coincides with tree-width which is perhaps the most well-studied

and important combinatorial invariant used in parameterised complexity theory.

Definition 2.59. A k-pebble forest cover for a graph G = (V,∼) is a forest cover (V,≤)
together with a pebbling function p : V → [k] such that if v ∼ v′ with v ≤ v′, then for all

w ∈ (v, v′], p(v) ̸= p(w). Let n be the minimum number such that G has a k-pebble forest

cover. The tree-width tw of G is equal to n− 1a.

a
The −1 is to ensure that trees have treewidth equal to 1.

3
In fact in this case the correspondence extends even further, and reveals a connection with two extremely

well-studied approximation algorithms for CSP and structure isomorphism. These are the k-consistency [ABD07]

and k-Weisfeiler-Leman[Kie20] algorithms respectively.
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By analogy to the case of Ek, we have:

Theorem 2.60. There is a bijective correspondence between:

• Pk-coalgebras α : X → PkX .

• k-pebble forest covers of the Gaifman graph of X .

Theorem 2.61. ζPk(X ) = 1 + tw(X ).

2.7 Distributive laws

So far we have argued that monads model effectful computation through Kleisli maps of the

form X →MY . Dually, we have seen that comonads model contextual computations through

their coKleilsi categories.

A natural question now arises. Given a monadM and a comonadW can we compose computa-

tions which have both a contextual and a nondeterministic flavour to them? In [PW02] Power

and Watanabe demonstrated that the existence of a distributive law gives a sufficient (but not

necessary) condition for obtaining a biKleisli category where morphisms of typeWA→MB

are composed. Such a law consists of a natural transformation κ : WM →MW satisfying the

four axioms in the definition below.

Definition 2.62. A mixed distributive law of a comonad (W, ε, δ) over a monad (M, η, µ) is a

natural transformation κ : WM →MW satisfying the following diagrams:

W

WM MW

Wη ηW

κ

(2.63)

WM MW

M

κ

εM Mε
(2.64)

WMM MWM MMW

WM MWκ

Wµ

κM Mκ

µW (2.65)
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WM MW

WWM WMW MWW

κ

Mδ

κWWκ

δM (2.66)

Or in terms of string diagrams:

κ

η

M W

W

=

M W

W

η (2.63)

κ

ε

W M

M

=

W M

M

ε
(2.64)

M M

κ

µ

M W

W

=

M W

W M

µ κ

κ

µ

M

(2.65)

W W

κ

δ

W M

M

=

W M

M W

κ

κ

δ

M

(2.66)

Remark 2.67. This definition should not be confused with that of a monad over comonad
distributive law which is given by a natural transformation MW → WM satisfying four
conditions that are dual to the ones described above. The latter has been useful in structural
operational semantics [TP97]. Both of these concepts are sometimes referred to as mixed dis-
tributive laws to differentiate them from the related notions of monad over monad and comonad
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over comonad distributive laws.

An example of a distributive law is to takeW to be the prefix list comonad L+
andM to be

the partiality monad, i.e. the Haskell ‘Maybe’ monad [Orc14]. Intuitively, this law takes a

non-empty list of potentially undefined values and returns either (1) undefined if the last value

of the list is undefined, or (2) the list of those values that are defined. In a sense, the partiality

monad is a rudimentary form of nondeterminism–either a value is determined or undetermined.

As we will show in the next chapter, for certain other nondeterministic monadsM no such

distributive law can exist.

We call (2.63), (2.64), (2.65), (2.66) the unit, counit, multiplication, and comultiplication axioms

respectively. Note that a given natural transformation can satisfy each axiom independently

of the others. Thus, one can consider relaxations of the above definition where some of the

diagrams are excluded. Many of these relaxations have been studied in existing literature, e.g.

see [Jac17]. One relaxation that will be important in our work is the case where κ is only

required to satisfy the unit axiom. We refer to this case as a pointed law.

Definition 2.68. A pointed law of a functorW over the pointed endofunctor (M, η) is a natural

transformation κ : WM →MW satisfying (2.63).

Note that there is no requirement in this definition forW to have a comonad structure, we

only require that it is an endofunctor andM does not need to have an associated multiplication

operation. If we do require compatibility with the multiplication in (M, η, µ), we obtain the

definition for a Kleisli law [Jac17]. A Kleisli law of an endofunctorW over the monad (M, η, µ)

is a natural transformation κ : WM →MW satisfying (2.63) and (2.65).

In fact, Kleisli laws can be defined more generally when one has two monads defined on

different base categories together with a functor between these categories. We can think of

such laws as a generalised notion of morphism between monads on different categories.

Definition 2.69. Let (M, ηM , µM), (M, ηM, µM) be monads defined on categoriesC,D, and

let U : D → C be a functor. A Kleisli law is a natural transformation λ : UM → MU

satisfying the following axioms:

λ ◦ UηM = ηMU

λ ◦ UµM = µMU ◦Mλ ◦ λM

We also require the dual concept of a coKleisli law.
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Definition 2.70. Let (W, εW , δW ), (W, εW, δW) be comonads defined on categories C,D,

and let U : D→ C be a functor. A coKleisli law is a natural transformation λ : WU → UW
satisfying the following axioms:

UεW ◦ λ = εWU

UδW ◦ λ = λW ◦Wλ ◦ δWU

2.7.1 BiKleisli categories

We now describe biKleisli categories in more detail.

Definition 2.71. Let κ : WM →MW be a mixed distributive law of (W, ε, δ) over (M, η, µ).

Then:

• There is a comonad (W̄ , εW̄ , δW̄ ) on Kl(M) where:

– W̄X = WX ,

– given f : X →MY , W̄f = κY ◦Wf ,

– εW̄X = ηX ◦ εX ,

– δW̄X = ηW 2X ◦ δX .

• There is a monad (M̄, ηM̄ , µM̄) on coKl(W ) where:

– M̄X =MX

– given f : WX → Y , M̄f =Mf ◦ κX .

– ηM̄X = ηX ◦ εX ,

– µM̄X = µX ◦ εM2X .

Moreover, the (co)Kleisli categories of these constructions coincide, resulting in a so-called

biKleisli category biKl(W,M) where:

• biKl(W,M)0 = C0

• A morphism X → Y is a morphism of typeWA→MB in C.

• The identity morphism on X is given by ηX ◦ εX .

• The composition of f : WX →MY with g : WY →MZ is given by µZ ◦Mg ◦ κY ◦
Wf ◦ δX .

Thus we have coKl(W̄ ) ∼= Kl(M̄) ∼= biKl(W,M).
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To conclude this chapter let us discuss why having a biKleisli category would be desirable

with a concrete example. Take the comonad Ek and the monad DS over the semiring of real

numbers. We know that coKleisli maps EkX → Y correspond to perfect Duplicator strategies

in the one-way EF game. Dually, we know that Kleisli maps X → DSY correspond to the

BLP approximation algorithm for CSP. There are thus two ways of interpreting a morphism

EkX → DSY . We can either view this as a Duplicator strategy in a one-way Spoiler-Duplicator

game where the structure Y is replaced with DSY or as the BLP approximation where the

structure X is replaced with EkX . The existence of a biKleisli category would imply that there

is non-trivial compositional structure between such maps, which respects the structures of both

Ek and DS. This leads to a host of interesting questions worth exploring. For example:

• A Spoiler-Duplicator game with target structure DSY can be viewed as a game where

Duplicator responds to each choice that Spoiler makes in a probabilistic manner. Is it

possible to identify a suitable probabilistic variant of the logic Lk which corresponds to

this game?

• Consider the lifted comonad Ēk which can be defined over Kl(DS). What do its coalge-

bras correspond to? Given the probabilistic nature of DS, a reasonable guess would be

that these coalgebras are a probabilistic variant of forest covers, and that the coalgebra

number of Ēk gives rise to a probabilistic notion of tree-depth. Would these notions be

of interest in parameterised complexity?

• Any Kleisli morphism gives rise to a biKleisli morphism via the sequence of maps

EkX
ε→ X → DSY . A similar fact holds for coKleisli morphisms via the sequence

EkX → Y η→ DSY . By analogy with the concept of minion testing, we can ask,

when does the converse of each of these statements hold? Moreover, are there efficient

algorithms for detecting the existence of biKleisli morphisms? This question is perhaps

less interesting in the case where S is the semiring of real numbers since the BLP

algorithm is already tractable. However, there are other semirings for which determining

the existence of a Kleisli map X → DSY is not efficient
4
. In these cases, it would be

interesting to obtain tractable approximation algorithms for detecting Kleisli maps.

If categorical tools are to help answer such questions we must first ask if there exists a distribu-

tive law of Ek over DS. We look at this topic in the next chapter.

4
We shall see in chapter 5 that the partial semiring of projectors on a Hilbert spaceHHH has this property.
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3
When do distributive laws exist?

We concluded the last chapter by highlighting the desirable properties of a distributive law

between game comonads and distribution minion monads. The natural question to ask next

is:

Question 3.1. For which game comonads Gk and which distribution minion monads DS does
there exist a comonad over monad distributive law κ : GkDS → DSGk?

Answering this question and some of its variants is the goal of this chapter. We begin by

explaining the no-go theorems from [KS24] which rule out the existence of a distributive law

between many of the (co)monads we have introduced thus far. Even though we are mainly

interested in (co)monads overR(σ) these no-go results are more general, and apply to suitable

(co)monads in any category which admits Set as a reflective or coreflective subcategory. In the

final part of the chapter we prove a positive result involving a restricted family of semirings

which we call single measurement semirings.

We note that the study of comonad over monad distributive laws has received little attention in

the literature so far. However, there is a very well-studied and related concept known as amonad

over monad distributive law. In this case the existence of a suitable natural transformation

TS → ST provides a sufficient condition for when two monads on functors S and T determine

a monad structure on the composed functor S ◦ T . Many general-purpose techniques were
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developed to come up with such laws (e.g. [BHKR15; MM07; MM08; Par20; DPS18]). Recent

research has also revealed conditions under which no laws can exist. In particular, a result

in [VW06] attributed to Plotkin showed that the powerset monad does not distribute over

the distribution monad. Zwart and Marsden [ZM22] vastly generalise this result to obtain

sufficient conditions for the non-existence of a distributive law between pairs of monads. Our

no-go result is partly inspired by their work. However, our techniques are quite different from

theirs. This is because their results rely heavily on well-established algebraic presentations of

monads. Since the analogous notion of coalgebraic presentations of comonads is an active area

of research [DS21] we cannot readily adapt their tools to our setting.

3.1 No-go theorems in Set

3.1.1 Containers over powerset

The first result of [KS24] was to show that if a container F : Set→ Set has a pointed law κ

over (P , η), then κ sends elements in a container with non-empty sets at every position to the

set of all possible ways to sample at each position. As a corollary, we showed that there exists a

unique pointed law of a container F over (P+, η+). As every distributive law is also a pointed

law, this theorem prunes the space of possible distributive laws, and is, therefore, an important

building block for our no-go theorems.

Theorem 3.2 ([KS24]). If F = [S ◁ P ] is a container and there exists a pointed law κ : FP →
PF , then for all sets X and elements (s, l : P (s)→ P+(X)) ∈ F (P+(X)) ⊆ F (P(X)),

κX(s, l) = {(s, j : P (s)→ X) | ∀p ∈ P (s), j(p) ∈ l(p)}. (3.3)

The uniqueness theorem is proved in three stages using a ‘Plotkin-style’ argument. This style of

argument involves, at each stage, chasing specific elements along naturality squares for cleverly

chosen functions. We then draw conclusions either from the direct image or pre-image of the

element under a component of the pointed law. The first two stages involve demonstrating

that equation (3.3) holds for all elements (s, l) which satisfy the following pairwise disjoint

condition:

(PD) For all p, q ∈ P (s), if p ̸= q, then l(p) ∩ l(q) = ∅.

The first stage uses the unit axiom and involves chasing the κ-naturality square for a ‘collapse’

function c. To convey some intuition we sketch the proof for the case where F = L+
. For

full details the reader is referred to [KS24] or Nihil Shah’s DPhil thesis [Sha24]. Consider L =

[X1, . . . , Xn] in L
+P+(X). For Xi = {xi} singletons, κX([{x1}, . . . , {xn}) = {[x1, . . . , xn]}

follows directly from the unit axiom. More generally, as each Xi is in P+X , we can choose
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some yi ∈ Xi. We consider a “collapse the Xi” function c : X → X which maps every xi ∈ X
to yi and is the identity otherwise. By the (PD) condition, c is indeed a total function, i.e.

single-valued. Chasing the κ-naturality square of c and utilizing the unit axiom allows us to

conclude that κX(L) ⊆ {[x1, . . . , xn] | ∀i ∈ [n], xi ∈ c−1(yi) = Xi}. Intuitively, this argument

generalises to containers as the way we defined the collapse function c only depended on the

set at each position.

Lemma 3.4 (Collapse, [KS24]). Suppose F and κ satisfy the hypotheses of
Theorem 3.2, then for all sets X and (s, l) ∈ F (P+(X)) satisfying (PD),
∅ ̸= κX(s, l) ⊆ {(s, j) | ∀p ∈ P (s), j(p) ∈ l(p)}.

The second stage involves chasing the κ-naturality square of a ‘swap’ bijection b to obtain

the opposite inclusion. In the case where F = L+
and L = [X1, . . . , Xn] ∈ F (P+(X))

satisfying (PD), by Lemma 3.4, there must exist [z1, . . . , zn] ∈ κX(L) with zi ∈ Xi. For every

[x1, . . . , xn] with xi ∈ Xi, consider the bijection b : X → X which for each i ∈ [n] swaps

zi and xi. Chasing the κ-naturality square of b and utilizing (PD) allows us to conclude that

κX(L) ⊇ {[x1, . . . , xn] | ∀i ∈ [n], xi ∈ Xi}.

Lemma 3.5 (Swap, [KS24]). Suppose F and κ satisfy the hypotheses of Theorem 3.2, then for all
sets X and (s, l) ∈ F (P+(X)) satisfying (PD), κX(s, l) ⊇ {(s, j) | ∀p ∈ P (s), j(p) ∈ l(p)}.

The final stage of the proof of Theorem 3.2 is a ‘relabel’ argument which demonstrates that

the condition (PD) does not constitute a loss of generality. In the case where F = L+
and

L = [X1, . . . , Xn] ∈ F (P+(X)) (theXi are not necessarily pairwise-disjoint), we first consider

the set Y = [n]×X . There is a list L′ = [X ′
1, . . . , X

′
n] ∈ F (P(Y )) where X ′

i = {(i, xi) | xi ∈
Xi} ∈ P(Y ) satisfying (PD). By construction, F (P(π2))(L′) = L where π2 : Y → X is the

projection onto the second component. Since L′
satisfies (PD), we can use Lemma 3.4, Lemma

3.5 and the naturality square of π2 to compute that

κX(L) = κX(FPπ2(L′))

= PFπ2(κY (L′))

= PFπ2({[(1, x1), . . . , (n, xn)] | ∀i ∈ [n], xi ∈ Xi})

= {[x1, . . . , xn] | ∀i ∈ [n], xi ∈ Xi}.

Generalising this argument to an arbitrary container completes the proof of Theorem 3.2.

It is easy to check that κ+ : FP+ → P+F with components having the same elementwise

definition as κ in Equation (3.3) satisfies diagram (2.63) and is natural yielding the following

consequence from the proof of Theorem 3.2.
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Corollary 3.6. For every container F = [S◁P ], there exists a unique pointed law κ+ : FP+ →
P+F of F over (P+, η+), where κ+(s, l) = κ(s, l) defined in (3.3).

Remark 3.7. Equation (3.3) is sometimes referred to as the Jacobs law [BKS23], though its
definition appears in Barr [Bar70]. For every weak-pullback preserving functor T : Set →
Set, the Jacobs law determines the unique ‘monotone’ Kleisli law κ : TP+ → P+T [Jac04;
Rut98; CKVW98]. As containers are weak-pullback preserving, it might ostensibly appear that
Corollary 3.6 is a consequence of this fact. However by restricting to containers, Corollary 3.6
strengthens this consequence by showing that κ+ is the unique law of F over (P+, η+, µ+) sine

conditione rather than merely the unique monotone law. There are weak-pullback preserving
functors T which are not containers, such as the powerset endofunctor, for which the Jacobs law
is not the only Kleisli law of T over monad (P+, η+, µ+), e.g. see [Goy21, Example 2.14].

Since it may be difficult to parse the equation (3.3) for an arbitrary container, the following

examples provide additional intuition for how this transformation works.

Example 3.8. Given a set S, for the product endofunctor F = S × (·) of example 2.15, the
pointed laws κ : FP → PF and κ+ : FP+ → P+F have components satisfying κX(s, Y ) =

κ+X(s, Y ) = {(s, y) | y ∈ Y ⊆ X} for all Y ̸= ∅.

Example 3.9. For the infinite streams endofunctor L∞ = (−)N, a special case of example
2.15, the pointed law κ : L∞P → PL∞ has components satisfying κX((X1, X2, . . . )) =

{(x1, x2, . . . ) | xi ∈ Xi} for all streams (X1, X2, . . . ) such that every Xi ̸= ∅.

Example 3.10. For the non-empty list container of example 2.16, the pointed law κ : L+P →
PL+ has components satisfying κX([X1, . . . , Xn]) = {[x1, . . . , xn] | xi ∈ Xi} for all lists
[X1, . . . , Xn] such that every Xi ̸= ∅.

As each of these examples illustrates, the action of κ on a container with non-empty sets is to

output the set of all containers which sample an element from each position. This allows us to

easily compute the (possibly infinite) cardinality of the subset κ(s, l) ∈ P(F (X)).

Lemma 3.11 ([KS24]). If F = [S ◁ P ] is a container and κ : FP → PF satisfies equation
(3.3) for (s, l) ∈ FP+(X) ⊆ FP(X), then |κX(s, l)| =

∏
p∈P (s) |l(p)|.

Remark 3.12. The proof of Theorem 3.2 also applies to pointed laws κ : FPf → PfF and
κ : FP+

f → P
+
f F of containers F over finite powerset (Pf , η) and finite non-empty powerset

(P+
f , η), respectively. However, unlike with the full non-empty powerset, the analogue of
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Corollary 3.6 for (P+
f , η) does not always hold. For containers [S ◁ P ] where there exists an

s ∈ S such that P (s) is infinite, a pointed law κ : FP+
f → P

+
f F satisfying equation (3.3) does

not exist as the set κX(s, l) would be necessarily infinite.

3.1.2 Directed containers over powerset

In this section, we investigate, given a directed container (W, ε, δ), when does the pointed law

κ : WP → PW ofW over (P , η) extend to a distributive law of (W, ε, δ) over (P , η, µ).

For instance, the pointed law κ+ : S×P+(·) → P+(S × (·)) described in example 3.8 does

extend to a comonad-monad distributive law of the coreader comonad of example 2.22 over the

non-empty powerset monad. Moreover, it follows from the counit axiom (2.64) of Definition

2.62 that any element (s,∅) ∈ S×P(X) must be mapped by a distributive law κ : S×P(·)→
P(S × (·)) to ∅ ∈ P(S×X). By Theorem 3.2, it must be the case that κ is equal to κ+ for

elements (s, Y ) with Y ̸= ∅, obtaining a t result.

Proposition 3.13 ([KS24]). For a fixed set S, the coreader comonadW = (S × (·), ε, δ) has
a unique distributive law κ : WP → PW over the powerset monad (P , η, µ) and a unique
distributive law κ+ : WP+ → P+W over the non-empty powerset monad (P+, η+, µ+).

This distributive law appears as [PW02, Example 7.6]. However, as we will see at the end of

this section, the coreader comonad is the only directed container where a distributive law

over the powerset monad exists. To illustrate the issue, we first show that the pointed law

κ : L+P → PL+
in Theorem 3.2 does not extend to a comonad-monad distributive law of the

the prefix list comonad (L+, ε, δ) over the powerset monad (P , η, µ).

Theorem 3.14. There is no distributive law κ : L+P → PL+ of (L+, ε, δ) over (P , η, µ).

Proof. Suppose for contradiction there exists a distributive law κ : L+P → PL+
. As κ must

satisfy the unit axiom (2.63), κ is a pointed law of L+
over (P , η). Theorem 3.2 implies that

for lists which contain only non-empty sets, the components of κ satisfy equation (3.3).

Considering the list L = [{a, b}, {b}] ∈ L+(P(X)) for X = {a, b}, we obtain the following

inequality contradicting the comultiplication axiom:

PδX ◦ κX(L) = {[[a], [a, b]], [[b], [b, b]]}

̸= {[[a], [a, b]], [[b], [a, b]], [[a], [b, b]], [[b], [b, b]]}

= κL+X ◦ L+κX ◦ δPX(L)
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Interestingly, chasing the list L′ = [{b}, {a, b}] rather than L would have shown that PδX ◦
κX(L

′) = κL+X ◦ L+κX ◦ δPX(L′). The difference between these two cases is that the set

{a, b} is placed in a root position in L′
whereas {a, b} is in a non-root position in L. This is

the key reason why chasing L′
seemingly verifies the comultiplication axiom, but chasing L

falsifies the comultiplication axiom. Indeed, the existence of a non-root position in a shape

s ∈ S of a directed container is the key property that forbids the pointed law κ : WP → PW
satisfying equation (3.3) from extending to a distributive law of (W, ε, δ) over (P , η, µ).

We use CW to denote the class of directed containers (W, ε, δ) withW = [S ◁ P ] such that

there exists an s ∈ S with |P (s)| ≥ 2.

Since every distributive law κ : WP → PW must satisfy the unit axiom, then by Theorem

3.2, for elements (s, l) ∈ WP+(X) ⊆ WP(X), κ satisfies equation (3.3). However, a simple

diagram chase of κ applied to a specific (s, l) ∈ WP+(X) forW ∈ CW demonstrates that κ

cannot satisfy diagram (2.66). Let (℘, η, µ) be either either the powerset monad (P , η, µ), non-
empty powerset monad (P+, η+, µ+), finite powerset monad (Pf , η, µ), or finite non-empty

powerset monad (P+
f , η

+, µ+).

Theorem 3.15 ([KS24]). If (W, ε, δ) ∈ CW , then there is no distributive law κ : W℘→ ℘W

of (W, ε, δ) over (℘, η, µ).

It is worth noting that the above proof only involves the unit and comultiplication axioms of a

distributive law. Thus, we have proven a stronger statement.

Theorem 3.16 ([KS24]). If (W, ε, δ) ∈ CW , then there is no natural transformation κ : W℘→
℘W which simultaneously satisfies the unit and comultiplication axioms.

If a directed container W is not in CW , then by the existence of a root os ∈ P (s) for every
s ∈ S, we have that |P (s)| is non-empty and |P (s)| = 1. However, directed containers which

satisfy this condition are isomorphic to the coreader comonads described in Example 2.22. This

allows us to phrase Theorem 3.15 positively and characterise coreader comonads in terms of

distributive laws.

Theorem 3.17 ([KS24]). Let (W, ε, δ) be a directed container withW = [S ◁ P ].

W = S × (·) is the coreader comonad on S if and only if there exists a distributive law
κ : WP+ → P+W .
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3.1.3 Directed containers over uniform choice monads

In this section, we widen the scope of Theorem 3.15 by showing no distributive law of the form

ρ : WM →MW exists for any comonadW ∈ CW and any monad, in fact pointed endofunctor,

M : Set→ Set which has meaningful notion of ‘uniform distribution of size≥ 2’. To formally

define this class of monadsM, we take inspiration from the equational presentations of monads

which arise from universal algebra. From this perspective, we define, given an endofunctor

M : Set → Set, a n-ary term for M as a natural transformation β : IdSet × · · · × IdSet →
M where the domain of β is the endofunctor on Set mapping a set X to its n-th power

Xn = X × · · · ×X . Beyond this algebraic portion of the definition, we also need to restrict to

monadsM which have a meaningful notion of support, i.e. there exists a natural transformation

supp : M → P . With these notions in place, we can now define what it means for any pointed

endofunctor (M, η) to have a ‘uniform distribution’.

Definition 3.18. Given a pointed endofunctor (M, η) with a natural transformation

supp : M → P , a n-ary term β : IdSet × · · · × IdSet → M for M is a n-uniform choice
term if

1. β is idempotent: For all X ∈ Set and x ∈ X ,

β(x, . . . , x) = η(x);

2. β is commutative: For all X ∈ Set, x1, . . . , xn ∈ X , and permutations π : [n]→ [n],

β(x1, . . . , xn) = β(xπ(1), . . . , xπ(n));

3. supp preserves β: For all X ∈ Set and x1, . . . , xn ∈ X ,

supp(β(x1, . . . , xn)) = {x1, . . . , xn}.

We will say (M, η) is a n-uniform choice pointed endofunctor if there exists a natural trans-
formation supp : M → P and a n-uniform choice term β for (M, η). We will say a monad

(M, η, µ) is a n-uniform choice monad if (M, η) is a n-uniform choice pointed endofunctor.

Since the the powerset monad (P , η, µ) has support idP : P → P and a n-uniform choice term

βP(x1, . . . , xn) = {x1, . . . , xn} for every n > 0, the terminology for condition 3 in Defini-

tion 3.18 is justified. In fact, for every n-uniform choice monadM, it follows that supp : M → P
is a pointed endofunctor morphism:

supp(η(x)) = supp(β(x, . . . , x)) = {x} = ηP(x). (3.19)
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Moreover, every pointed endofunctor (M, η) such that the natural transformation supp : M →
P is a pointed endofunctor morphism is a 1-uniform choice endofunctor where β = η.

For a n-uniform choice monad (M, η, µ) with n-uniform choice term β and X ∈ Set0, we

define the set of uniform terms as

Uβ(X) := {β(x1, . . . , xn) | x1, . . . , xn ∈ X} ⊆M(X).

The set Uβ(X) generalises the set of uniform samplings of multisets with n elements. To

illustrate, takeM to be the discrete probability distribution monad and define β as

β(x1, . . . , xn) =
∑
i∈[n]

1

n
xi.

In this case, the set Uβ(X) is precisely the uniform samplings on multisets of X of cardinality

n. In particular, if the x1, . . . , xn are distinct, then β(x1, . . . , xn) is the uniform distribution on

{x1, . . . , xn}.

We proceed by first proving a generalisation of Theorem 3.2, demonstrating that every pointed

law ρ : FM → MF satisfies an analogue of equation (3.3) on supports when restricted to

uniform distributions.

Theorem 3.20 ([KS24]). If F = [S ◁ P ] is a container, (M, η, µ) is a n-uniform choice monad,
and there exists a pointed law ρ : FM →MF , then for all sets X and elements (s, l : P (s)→
Uβ(X)) ∈ F (Uβ(X)) ⊆ F (M(X)),

supp(ρX(s, l))

= {(s, j : P (s)→ X) | ∀p ∈ P (s), j(p) ∈ supp(l(p))}.
(3.21)

The definition of a choice monad has been carefully chosen to allow us to prove this theorem via

an argument that mirrors the collapse-swap-relabel argument. Condition 1 that β is idempotent

is key to demonstrating the ‘collapse’ argument. Condition 2 that β is commutative is key

to demonstrating that the ‘swap’ argument. Again, we refer to [KS24] for full details. Using

this result we can further generalise theorem 3.15 to cover the larger class of choice monads.

Inspired by this argument, we chase an element (s, l) ∈ W (Uβ(X)) ⊆ W (M(X)) where l(v)

is a uniform distribution for a v ̸= os ∈ P (s) such that | supp(l(v))| ≥ 2. We define our class

CM to be those uniform choice monads that allow us to build this counterexample.

We use CM to denote the class of n-uniform choice monads (M, ηM , µM) where n ≥ 2.
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Theorem 3.22. If (W, ε, δ) ∈ CW and (M, η, µ) ∈ CM , then there is no distributive law
ρ : WM →MW of (W, ε, δ) over (M, η, µ).

Once again, we have proven a stronger result.

Theorem 3.23. If (W, ε, δ) ∈ CW and (M, η, µ) ∈ CM , then there is no natural transformation
ρ : WM →MW which simultaneously satisfies the unit and comultiplication axioms.

To illustrate the generality and limitations of Theorem 3.22, we recall the following examples

from the discussion after Definition 3.18.

Example 3.24. The ordinary discrete probability distribution monad D of Example 2.5 is
in CM . This monad has a natural transformation supp : D → P which maps a probability
distribution to its underlying support, i.e. supp(φ) = {x | φ(x) ̸= 0}, and a 2-uniform choice
term β : IdSet × IdSet → D defined as

β(x1, x2) =
1

2
x1 +

1

2
x2.

Example 3.25. Every variation of the powerset ℘ monad, e.g. full, finite, non-empty, has a
transformation supp : ℘→ P given by the inclusion into the full powerset functor. Moreover,
for every n > 0, ℘ has a n-uniform choice term β : IdSet × · · · × IdSet → ℘ defined as

β(x1, . . . , xn) = {x1, . . . , xn}.

Thus, we recover Theorem 3.15 as an application of Theorem 3.22.

Both these examples are part of a wider class of distribution and multiset monads over semirings

S which fall under the scope of Theorem 3.22. In particular, Example 3.24 is the case where S

is the semiring of non-negative reals (R≥0, 0, 1,+, ∗) and Example 3.25 is the case where S is

the Boolean semining ({0, 1}, 0, 1,∨,∧).

We enumerate necessary and sufficient conditions for when a distribution DS or multiset

monadMS over a semiring S is in the class of monads CM . To state these conditions, recall that

the initial object in the category of semirings is the semiring of natural numbers. Therefore, for

every semiring S, there is a unique semiring morphism ⊤S : N→ S where ⊤S(n) is mapped

to the n-fold sum of 1S.

(S1) S is zero-sumfree: If a+ b = 0S, then a = 0S and b = 0S.

(S2) S has a natural non-trivial unit nS: There exists some n ≥ 2 such that nS = ⊤S(n) is

a unit. i.e. there exists t ∈ S such that nSt = tnS = 1S. If such a t ∈ S exists, then t is
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unique and so we can denote t as 1
nS
.

We prove the following lemmas which connect these conditions on S to the Definition 3.18 of

n-uniform choice monad.

Lemma 3.26. LetM = DS orM =MS for some semiring S. S is zero-sumfree, i.e. satisfies
Condition (S1) if and only if suppM is a natural transformation.

Lemma 3.27. LetM = DS orM =MS. S has a natural non-trivial unit nS, i.e. satisfies
Condition (S2) if and only if there exists an n-ary idempotent and commutative open term
β : IdSet × · · · × IdSet →M which is uniquely defined as

β(x1, . . . , xn) =
∑
i∈[n]

1

nS

xi.

In particular, if S is zero-sumfree, then β is a n-uniform choice term.

Theorem 3.28. S satisfies conditions (S1)- (S2) if and only if DS ∈ CM andMS ∈ CM . If S is
also complete, then D∞

S ∈ CM andM∞
S ∈ CM .

As a corollary, we obtain an instance of Theorem 3.22 for multiset and distribution mon-

ads.

Corollary 3.29. If (W, ε, δ) ∈ CW and S satisfies conditions (S1)- (S2), then there is no
distributive law ρ : WM →MW whereM = DS orM =MS.

Example 3.30. The multisetMS and distribution DS monads over the (sub)-semiring of
non-negative rationals of the form n

3k
for n, k ∈ N are in CM . In this case, since 2 is not a unit,

there are no uniform distributions φ ∈ DS(X) such that | supp(φ)| = 2 However, for every
k ∈ N, 3k is a unit and so DS(X) has uniform distributions φ such that | supp(φ)| = 3k.

Example 3.31 (Non-Example). For every ring R, the free R-module monadMR and distribu-
tion monad DR of Example 2.10 are not zero-sum-free and therefore not in CM .

Example 3.32 (Non-Example). There are semirings which are zero-sum-free, but fail to
satisfy the condition (S2). For instance, the semiring of naturals (N, 0, 1,+, ∗) does not satisfy
condition (S2). Therefore, although CM has many multiset monads over other semirings S, CM
does not contain the ordinary multiset/bag monadM =MN. Moreover, DN over the semiring
(N, 0, 1,+, ∗) of natural numbers only has distributions which are singletons and is, in fact,
isomorphic to the identity monad.

64



Example 3.33 (Non-Example). For a example of a zero-sum-free semiring S which does not
satisfy condition (S2), but whereDS is not the identity monad, consider S = N[x, y]/(x+y = 1).
This semiring is the quotient of the free commutative semiring on the set {x, y} by the equation
x + y = 1S. The additional equation x + y = 1S ensures that DS is not the identity monad
by allowing for non-singleton distributions, i.e. x.a + y.b ∈ DS({a, b}). Neither x nor y are
inverses to ⊤S(n) for some n ≥ 2. Thus, S does not satisfy condition (S2) and DS ̸∈ CM .

3.2 No-go theorems inR(σ)

In this section, we extend our results to the category of relational structures, R(σ). To achieve

this, we prove a two-part transfer theoremwhich dictates conditions underwhich the existence of

a mixed distributive law inR(σ) implies the existence of a mixed distributive law in Set.

For the remainder of this section let us assume we are working in the following setup:

1. There exists categories C,D with a coreflective adjunction L : C→ D ⊣ U : D→ C

between them. We write α, β for the unit and counit of this adjunction.

2. (W, εW, δW), (W, εW , δW ) are comonads overD,C respectively.

3. (M, ηM, µM), (M, ηM , µM) are monads overD,C respectively.

We are now ready to prove our transfer theorems.

Theorem 3.34. Assume the following:

1. There exists a coKleisli law w : WU → UW.

2. There exists a Kleisli lawm : UM→MU .

3. ρ : WM → MW and ρ′ : WM → MW are natural transformations satisfying the
following “Yang-Baxter” condition:

Mw ◦ ρ′U ◦Wm = mW ◦ Uρ ◦ wM

Then we have:

1. If ρ is a distributive law,m is epic, and w is monic, then ρ′ is a distributive law.

2. If ρ′ is a distributive law,m is monic, and w is epic, then ρ is a distributive law.

Proof. We prove the (co)multiplication, and (co)unit axioms for the first part of the theorem.

The proof for the second part of the theorem is analogous.
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• Multiplication:

W U M

WUM

M

µM

m

m

ρ′

w

=

W U M

WUM

M

µM

m

ρ′

w

=

W U M

WUM

M

µM

w

ρ

m

=

U M

WUM

M

µM

w

ρ

m

ρ

W

=

U M

WUM

M

µM

w

ρ

m ρ

W

m

=

U M

WUM

M

µM

m

ρ′

w

ρ

W

m

=

U M

WUM

M

µM

m

ρ′

W

ρ′

m

w

The result follows fromm being epic and w being monic.

• Comultiplication:
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M U W

MUW

W

δW

w

w

ρ′
m

=

δW

w

ρ′
m

=

δW

m

ρ

w

=

δW

m

ρ

w

ρ =

δW

m

ρ

w ρ

w

=

δW

w

ρ′

m

ρ

w

=

δW

w

ρ′

ρ′

w

m

M U W W M U W W

MUW MUW

MUWMUW

M U W W M U W W

M U W W M U W W

MUW MUW

The result follows fromm being epic and w being monic.

• Unit:

UW ηM

m

w
ρ′

U WM

=

UW ηM

w
ρ′

U WM

=

UW

w

m

ρ

U WM

ηM

=

UW

w

m

U WM

ηM
=

UW

w

U WM

ηM
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The result follows from w being monic.

• Counit:

UM εW

w

m

ρ′

U MW

=

UM εW

m
ρ′

U MW

=

UM

m

w

ρ

U MW

εW

=

UM

m

w

U MW

εW
=

UM

m

U MW

εW

The result follows fromm being epic.

Remark 3.35. This theorem can be seen as a generalised comonad-monad variant of [MM07,
Theorem 3.1.3], which considers transfer theorems for monad-monad distributive laws defined
on the same category. We can recover the theorem of [MM07] by simply considering the case
where the functor U above is the identity.

Theorem 3.36. Assume the following:

1. There exists a split epic natural transformation w : WU → UW. We write w− for the
section of w.

2. There exists a split monic natural transformationm : UM→MU . We writem− for the
retraction ofm.

3. ρ : WM→MW is a natural transformation.

Then, ρ together with the natural transformation ρ′ : WM →MW defined as ρ′ =MWα−1 ◦
Mw−L◦mWL◦UρL◦wML◦Wm−L◦WMα, satisfy the following “Yang-Baxter” equation:

Mw ◦ ρ′U ◦Wm = mW ◦ Uρ ◦ wM
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Proof.

UW M
m

w

ρ′

U WM

=

α

m−

w
ρ

w−

α−

m

UW M

m

w

U WM

=

β

α

m−

w
ρ

w−

α−

m

UW M
m

w

U WM

=

α

βm−

w
ρ

w−
m

UW M
m

w

U WM

α

=
m−

w
ρ

m

UW M
m

UWM

=

UW M
w

m

ρ

U WM

Let us now consider what happens when we enforce the condition C = Set. We show that we

can combine the two theorems above with our earlier results to obtain sufficient conditions

under which no distributive law exists between a class of comonads CW(D) and a class of

monads CM(D) defined onD.

CW(D) denotes the class of comonads (W, εW, δW) on D with an isomorphic coKleisli law

w : WU → UW for someW ∈ CW .

CM(D) denotes the class of monads (M, ηM, µM) on D with an isomorphic Kleisli law m :

UM→MU for someM ∈ CM .
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Theorem 3.37. If (W, εW, δW) ∈ CW(D) and (M, ηM, µM) ∈ CM(D), then there is no dis-
tributive law ρ : WM→MW of (W, ε, δ) over (M, η, µ).

Proof. Assume for the sake of contradiction that a distributive law ρ does exist. We can use

Theorem 3.36 to construct a natural transformation ρ′ : WM → MW which satisfies the

Yang-Baxter condition. It follows from Theorem 3.34 that ρ is a distributive law of (W, ε, δ)

over (M, η, µ). However, we know by Theorem 3.22 that no such law exists.

Note that it is necessary for w andm to be isomorphisms for the above argument to work. This

is because any monic and split epic morphism must be an isomorphism (similarly for any epic

and split monic morphism).

As before, our techniques have proven a stronger statement.

Theorem 3.38. If (W, εW, δW) ∈ CW(D) and (M, ηM, µM) ∈ CM(D), then there is no natural
transformation ρ : WM→MW which simultaneously satisfies the unit and comultiplication
axioms.

The above result is our most general no-go theorem. All earlier results are covered by the

special case whereD = Set. By varyingD we can observe the non-existence of distributive

laws between further comonads, as exemplified below.

Corollary 3.39. There is no distributive law of (Pk, ε, δ) over (DR+ , η, µ).

Proof. There exists a forgetful functor U : R(σ)→ Set which sends a relational structure

to its underlying universe. This functor has a left adjoint L : Set→ R(σ) which sends a set

to a relational structure with empty relations. The adjunction L ⊣ U is coreflective. Now

consider the natural transformations w : UPk → L+[k]U and m : UD → L+[k]U whose

components, as set functions, are the identity. It is easy to verify that w is an isomorphic

coKleisli law and thatm is an isomorphic kleisli law. The claim then follows from theorem

3.37.

3.3 Single measurement semiring

The no-go theorems we have proven thus far in this chapter show that for a broad range of

game comonads Gk and distribution minion monads DS there is no distributive law of the

form κ : GkDS → DSGk. In fact the only example we have encountered where a distributive

law does exist is when S = N is the semiring of natural numbers. This example is not very

interesting since DS in this case is isomorphic to the identity monad. One thus wonders: Are

there any semirings S for which a distributive law exists and where DS is not isomorphic to
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the identity? The goal of this section is to answer this question affirmatively. For this purpose

we introduce the following family of semirings which have appeared in [Sha24].

Example 3.40. The single measurement semiring a over the set {x1, . . . , xn} is given by
S = N[x1, . . . , xn]/(x1 + . . .+ xn = 1, x2i = xi,∀i ̸= j : xixj = 0).We refer to the condition
xixj = 0 as orthogonality, and the condition x2i = 0 as idempotenceb.

a
The naming is due to the similarity with the definition of projection valued measurements (PVMs) in

quantum information (See chapter 4.).

b
In fact the orthogonality condition implies the idempotence condition since xi = xi(1) = xi(x1 + · · ·+

xn) = xix1 + · · ·+ xixn = xixi. However, since this condition appears explicitly in the definition given in

[Sha24] we have restated it here.

For the remainder of this section we restrict to semirings which are instances of the above

construction. [Sha24] shows the following:

Theorem 3.41. There exists a comonad over monad distributive law κ : L+
kDS → DSL

+
k .

The transformation κ used to prove the above result is given by

κX [φ1, . . . , φn] =
∑

[x1,...,xn]∈Ek(X)

φφφ(xxx).[x1, . . . , xn],

where employing the notation inherited from [ABdSZ17], φφφ(xxx) = (
∏

i∈[n] φi(xi)). Thus, φφφ

represents the joint distribution of the distributions {φ1, . . . , φn}.

Our aim here is to extend theorem 3.41 in two directions. Firstly, we generalise from the

category Set to the categoryR(σ):

Theorem 3.42. . There exists a comonad over monad distributive law κ : EkDS → DSEk.

Proof. Since the action of Ek and DS on the underlying universe of relational structures is

precisely the same as L+
k and DS, the fact that the components of κ, viewed as functions,

satisfy the naturality, (co)unit, and comultiplication diagrams follows immediately from

theorem 3.41. Therefore, the only additional point to check is that each component of κ

is a valid morphism in R(σ) (i.e. preserves relations). This will be shown in lemma 3.45

below.

Secondly, we shall prove an analogue of this result for the pebbling comonad Pk.

Theorem 3.43. . There exists a comonad over monad distributive law κ : PkDS → DSPk.
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Proof. The action of Pk on the underlying universe of relational structures is precisely the

same as L+[k]. Therefore, proving that there exists some κ which is a distributive law of

the form L+[k]DS → DSL
+[k] is enough to show that the (co)unit, (co)multiplication, and

naturality axioms are satisfied. This will be done in theorem 3.47. The components of the

transformation κ are then shown to preserve relations in lemma 3.48. This makes them valid

morphisms inR(σ) completing the proof.

To complete the proof of theorem 3.42 we make use of the following property of relations in

DS.

Lemma 3.44. (φ1, . . . φn) ∈ RDSX iff ∀xxx ∈ Xn : xxx ̸∈ RX ⇒ φ(x)φ(x)φ(x) = 0.

Proof. (⇒) : Assume we have (φ1, . . . φn) ∈ RDSX
. Then from the definition of DS, there

must exist a distribution γ : RX → Swhich witnesses this fact. Recall that γ can be extended

to a distribution γ∗ : Xn → S by setting γ∗(xxx) = 0 whenever xxx ̸∈ RX
. Moreover, each φi

must be the marginal of γ∗ at position i. Hence γ∗ is the joint distribution of all the φi. So

we obtain for xxx ̸∈ RX

φ(x)φ(x)φ(x) = γ∗(xxx) = 0.

(⇐): Assume we have φ1, . . . , φn each belonging to the set DSX satisfying xxx ̸∈ RX ⇒
φ(x)φ(x)φ(x) = 0. This condition implies that the restriction of φφφ to the domain RX

is still a valid

distribution. Let γ : RX → S be this distribution. As each φi is the marginal of extending γ

to the domain Xn
, γ is a witness for the fact that (φ1, . . . φn) belongs to R

DSX
.

Next, we verify that each component of κ is a valid morphism.

Lemma 3.45. For every X ∈ R(σ), κX : EkDSX → DSEkX is anR(σ)-morphism.

Proof. Suppose R ∈ σ is a relation symbol of arity n. Take (l1 = [φ1
1, . . . , φ

1
m1

], . . . , ln =

[φn1 , . . . , φ
n
mn

]) ∈ REkDSX
.

We must show that (κX l1 = φ1φ1φ1, . . . , κX ln = φnφnφn) ∈ RDSEkX
. Via lemma 3.44 it suffices to

show that φ1(s1)φ1(s1)φ1(s1).φ
2(s2)φ2(s2)φ2(s2)., . . . , .φ

n(sn)φn(sn)φn(sn) = 0 whenever (s1, . . . , sn) ̸∈ REkX
. There are two

cases to consider:

• si ̸↑ sj for some i, j: Assume without loss of generality that |si| >= |sj| = k. From

the definition of relations for Ek, we must have for any r ≤ k φir = φjr. Take an

index o ≤ k such that si[o] ̸= sj[o]. It follows that one of the terms in the product
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φi(si)φi(si)φi(si) is φ
i
o(si[o]) and that one of the terms in φj(sj)φj(sj)φj(sj) is φ

j
o(sj[o]) = φio(sj[o]). From

orthogonality of distributions it follows that φio(si[o]).φ
i
o(sj[o]) = 0. Both of these

terms appear in the product φ1(s1)φ1(s1)φ1(s1)., . . . , .φ
n(sn)φn(sn)φn(sn). We can use commutativity to place

the two terms next to each other. This makes the entire expression equal to 0.

• (εs1, . . . , εsn) ̸∈ RX : From the definition of relations inEk we have (φ1
m1
, . . . , φnmn

) ∈
RDSX

. Via lemma 3.44 we can deduce that φ1
m1

(εs1)., . . . , .φ
n
mn

(εsn) = 0. All of these

terms exist in the product γ(s1, . . . , sn) = φ1(s1)φ1(s1)φ1(s1).φ
2(s2)φ2(s2)φ2(s2)., . . . , .φ

n(sn)φn(sn)φn(sn), therefore using

commutativity we can place them all next to each other, which shows that the entire

expression equals 0.

Now we turn our attention to the pebbling comonad. We could prove theorem 3.43 via similar

arguments to theorem 3.42. Instead of doing so, however, we shall opt for a simpler proof

which makes use of the idea of an iterated distributive law introduced in [Che11]. The original

theorem of [Che11] defines iterated distributive laws between three monads. We require a

variant of this result involving two comonads and a monad.

Theorem 3.46. Assume the following:

• W,W ′ are comonads on a category C, andM is a graded monad on C.

• There exists comonad-gradedmonad distributive lawsα : WM →MW and β : W ′M →
MW ′, as well as a comonad-comonad distributive law γ : W ′W → WW ′.

• The following “Yang-Baxter” equation is satisfied: αW ′ ◦Wβ ◦ γM =Mγ ◦ βW ◦W ′α.

Then, the family of natural transformation κ = βW ◦ W ′α : W ′WM → MW ′W is a
distributive law of the composite comonadW ′W over the graded monadM.

Proof. We prove the unit, counit, multiplication, and comultiplication axioms.

• Unit:

=

η

α
β

WW ′

M W ′ W

η

β

WW ′

M W ′ W

= η

WW ′

M W ′ W

• Counit:
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=

M

α
β

WW ′

M ε′ ε

M

α

WW ′

M

ε′

ε

=

MWW ′

M

ε′
ε

• Multiplication:

Md

α
β

WW ′

M W ′ W

=

M

µ

Md

α
β

WW ′

M W ′ W

M

µ

α

=

Md

α
β

WW ′

M W ′ W

M

µ

α
β

• Comultiplication: Note that the comultiplication of the composite comonadW ′W is

given by the natural transformationW ′γW ◦ δ ′δ .

M

α
β

WW ′

M W ′ W WW ′

δδ ′

γ

=

M

β

WW ′

M W ′ W WW ′

δ ′

γ

β

α
α

δ

=

M

β

WW ′

M W ′ W WW ′

δ ′
γ

α

α
β

δ

Using iterated distributive laws we shall first prove the existence of a distributive law “at the

level of sets” between the comonad L+[k] and the monad DS. For this consider the natural

transformation κ : L+[k]DS → DSL
+[k] given by

κX [(p1, φ1), . . . , (pn, φn)] =
∑

[(p1,x1),...,(pn,xn)]∈L+[k](X)

φφφ(xxx).[(p1, x1), . . . , (pn, xn)]

.

Theorem 3.47. κ is a distributive law of the comonad L+[k] over the monad DS.

Proof. Recall that L+[k] is a composite of two comonads:

L+[k] = L+
k ◦ [k]× (.)

Where [k]× (.) is the coreader comonad for [k]. We wish to apply theorem 3.46 in the case

where:
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• W = [k]× (.).

• W ′ = L+
k .

• M = DS.

This will show the existence of a distributive law between the composite comonad L+[k] =

L+
k ◦ [k]× (.) and DS.

Thus, to complete the proof we must define appropriate transformations

• α : [k]× (.)DS → DS[k]× (.);

• β : L+
kDS → DSL

+
k ,

• γ : L+
k [k]× (.)→ [k]× (.)L+

k

which satisfy the conditions of theorem 3.46. For β we consider the natural transformation

used in the proof of 3.42. This is a distributive law because L+
k = Ek on Set. We must

also construct α and γ which are valid distributive laws. For the case of α we consider the

transformation

αX(i, φ) =
∑
x∈X

φ(x).(i, x).

We verify naturality and the distributive law axioms for α:

• Naturality: For a function f : X → Y we have

αY ◦ [k]× (.)DS(f)(i, φ) =

αY (i,
∑
x∈X

φ(x).f(x)) =∑
x∈X

φ(x).(i, f(x))

and

DS[k]× (.)(f) ◦ αX(i, φ) =

DS[k]× (.)(f)
∑
x∈X

φ(x).(i, x) =
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∑
x∈X

φ(x).(i, f(x))

• Unit:

α ◦ [k]× (.)η(i, x) = α(i, 1.x) = 1.(i, x) = η[k]× (.)(i, x)

• Counit:

DSε ◦ α(i, φ) = DSε
∑
x∈X

φ(x).(i, x) = φ = εDS(i, φ)

• Multiplication:

α ◦ [k]× (.)µ(i,Ψ) =

α(i,
∑
x∈X

∑
φ∈DS(X)

Ψ(φ).φ(x).x) =

∑
x∈X

∑
φ∈DS(X)

Ψ(φ).φ(x).(i, x)

µ[k]× (.) ◦ DSα ◦ αDS(i,Ψ) =

µ[k]× (.) ◦ DSα
∑

φ∈DS(X)

Ψ(φ).(i, φ) =

µ[k]× (.)
∑

φ∈DS(X)

Ψ(φ).
∑
x∈X

φ(x).(i, x) =

∑
x∈X

∑
φ∈DS(X)

Ψ(φ).φ(x).(i, x)

• Comultiplication:

DSδ ◦ α(i, φ) = DSδ
∑
x∈X

φ(x).(i, x) =
∑
x∈X

φ(x).(i, (i, x))
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α[k]× (.) ◦ [k]× (.)α ◦ δDS(i, φ) =

α[k]× (.) ◦ [k]× (.)α(i, (i, φ)) =

α[k]× (.)(i,
∑
x∈X

φ(x).(i, x)) =∑
x∈X

φ(x).(i, (i, x))

Note that we can show κ = β([k]× (.)) ◦ L+
k α as follows:

βX([k]× (.)) ◦ L+
k αX [(p1, φ1), . . . , (pn, φn)] =

βX([k]× (.))[
∑
x∈X

φ1(x).(p1, x), . . . ,
∑
x∈X

φn(x).(pn, x)] =∑
[(p1,x1),...,(pn,xn)]∈L+

k ◦[k]×(.)(X)

φφφ(xxx).[(p1, x1), . . . , (pn, xn)] =

κX [(p1, x1), . . . , (pn, xn)]

For γ we consider the transformation

γX [(p1, x1), . . . , (pn, xn)] = (pn, [x1, . . . , xn]).

Again we verify naturality and the distributive law axioms:

• Naturality: For a function f : X → Y we have:

γY ◦ L+
k [k]× (.)(f)[(p1, x1), . . . , (pn, xn)] =

γY [(p1, f(x1)), . . . , (pn, f(xn))] =

(pn, [f(x1), . . . , f(xn)])

And

[k]× (.)L+
k (f) ◦ γX [(p1, x1), . . . , (pn, xn)] =

[k]× (.)L+
k (f)(pn, [x1, . . . , xn]) =
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(pn, [f(x1), . . . , f(xn)])

• Counit for [k]× (.): We have

εL+
k ◦ γ[(p1, x1), . . . , (pn, xn)] =

εL+
k (pn, [x1, . . . , xn]) = [x1, . . . , xn] = L+

k ε[(p1, x1), . . . , (pn, xn)]

• Counit for L+
k (f):

[k]× (.)ε ◦ γ[(p1, x1), . . . , (pn, xn)] =

[k]× (.)ε(pn, [x1, . . . , xn]) = (pn, xn) = ε[k]× (.)[(p1, x1), . . . , (pn, xn)]

• Comultiplication for [k]× (.):

δL+
k ◦ γ[(p1, x1), . . . , (pn, xn)] =

δL+
k (pn, [x1, . . . , xn]) =

(pn, (pn, [x1, . . . , xn]))

[k]× (.)γ ◦ γ[k]× (.) ◦ L+
k δ[(p1, x1), . . . , (pn, xn)] =

[k]× (.)γ ◦ γ[k]× (.)[(p1, (p1, x1)), . . . , (pn, (pn, xn))] =

[k]× (.)γ(pn, [(p1, x1), . . . , (pn, xn)]) =

= (pn, (pn, [x1, . . . , xn]))

• Comultiplication for L+
k (f):

[k]× (.)δ ◦ γ[(p1, x1), . . . , (pn, xn)] =

[k]× (.)δ(pn, [x1, . . . , xn]) =

(pn, [[x1], . . . , [x1, . . . xn]])
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γL+
k ◦ L

+
k γ ◦ δ[k]× (.)[(p1, x1), . . . , (pn, xn)] =

γL+
k ◦ L

+
k γ[[(p1, x1)], . . . , [(p1, x1), . . . , (pn, xn)]] =

γL+
k [(p1, [x1]), . . . , (pn, [x1, . . . , xn])] =

(pn, [[x1], . . . , [x1, . . . xn]])

Finally, to apply theorem 3.46 it remains to verify the Yang-Baxter equation. We have

αXL
+
k ◦ ([k]× (.))βX ◦ γXDS[(p1, φ1), . . . , (pn, φn)] =

αXL
+
k ◦ ([k]× (.))βX(pn, [φ1, . . . , φn]) =

αXL
+
k (pn,

∑
[x1,...,xn]∈L+

k (X)

φ(x)φ(x)φ(x).[x1, . . . , xn]) =

∑
[x1,...,xn]∈L+

k (X)

φ(x)φ(x)φ(x)(pn, [x1, . . . , xn])

and

DSγX ◦ βX([k]× (.)) ◦ L+
k αX [(p1, φ1), . . . , (pn, φn)] =

DSγX
∑

[(p1,x1),...,(pn,xn)]∈L+
k ◦[k]×(.)(X)

φφφ(xxx).[(p1, x1), . . . , (pn, xn)] =

∑
[(p1,x1),...,(pn,xn)]∈L+

k ◦[k]×(.)(X)

φφφ(xxx).(pn, [x1, . . . , xn]) =

∑
[x1,...,xn]∈L+

k (X)

φ(x)φ(x)φ(x)(pn, [x1, . . . , xn])

As required.

Now note that the same transformation κ can be viewed as a map of the form PkDS →
DSPk:

κX [(p1, φ1), . . . , (pn, φn)] =
∑

[(p1,x1),...,(pn,xn)]∈Pk(X)

φφφ(xxx).[(p1, x1), . . . , (pn, xn)]

.

To extend the previous theorem to a distributive law in R(σ) all that is left is to show that the

components of κ are valid homomorphisms.
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Lemma 3.48. κX : PkDSX → DSPkX is a homomorphism in R(σ).

Proof. We proceed similarly to lemma 3.45. Suppose R ∈ σ is a relation symbol of arity n.

Take (l1 = [(p11, φ
1
1), . . . , (p

1
m1
, φ1

m1
]), . . . , (ln = [(pn1 , φ

n
1 ), . . . , p

n
mn
, φnmn

)]) ∈ RPkDSX
. We

must show that (κX l1 = φ1φ1φ1, . . . , κX ln = φnφnφn) ∈ RDSEkX
. Via lemma 3.44 it suffices to show

that φ1(s1)φ1(s1)φ1(s1).φ
2(s2)φ2(s2)φ2(s2)., . . . , .φ

n(sn)φn(sn)φn(sn) = 0 whenever (s1, . . . , sn) ̸∈ RPkX
. This time there are

three cases to consider:

• si ̸↑ sj for some i, j: The proof is verbatim the same as lemma 3.45 (replacing Ek with
Pk everywhere).

• (εs1, . . . , εsn) ̸∈ RX
: The proof is again the same as lemma 3.45.

• There exists si and sj such that the pebble index of the lastmove of si appears in its suffix

in sj : Let us make use of some additional notation. For s = [(ps1, x1), . . . , (p
s
a, xa)] ∈

PkX and t = [(pt1, y1), . . . , (p
t
b, yb)] ∈ PkY wewrite s ⊜ twhenever a = b and psk = ptk

for all k. Now, if we have both si ⊜ li and sj ⊜ lj it must be the case that the pebble

index of the last move in li appears in its suffix in lj . This contradicts the fact that li

and lj appear in the same tuple of RPkDSX
. Therefore, we have either si ̸⊜ li or sj ̸⊜ lj .

From the way κ is defined this implies that either φi(si)φi(si)φi(si) = 0 or φj(sj)φj(sj)φj(sj) = 0. In either

case we obtain φ1(s1)φ1(s1)φ1(s1).φ
2(s2)φ2(s2)φ2(s2)., . . . , .φ

n(sn)φn(sn)φn(sn) = 0 as required.

Remark 3.49. It is worth noting that we can define a variant of the coreader comonad [k]× (.)

onR(σ) whereby ((i1, x1), . . . (in, xn)) ∈ R[k]×(.)X iff (x1, . . . , xn) ∈ RX . For this variant, it
is almost the case that Pk = Ek ◦ [k]× (.). The only reason this equality does not hold is the
active pebble condition in the definition of Pk. If we consider an alternative comonad P∗

k which
is defined as in Pk but with the active pebble condition removed we could prove directly using
iterated distributive laws that a distributive law of P∗

k over DS exists. Thus, the active condition
is the only reason lemma 3.48 requires a more direct proof.

3.4 Discussion

In this chapter, we derived both negative and positive results for when it is possible to construct

a mixed distributive law of a comonad over a monad.

For our negative results, we first considered the class of comonads CW ⊆ Com(Set) and

the class of monads CM ⊆ Mon(Set). The class of comonads CW is all directed containers

except the coreader comonad. The class of monads CM is any monad which admits a sensible

notion of “uniform distribution”. We then proved a transfer theorem which allowed us to
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extend our results to classes of (co)monads defined over any categoryD which admits Set as a

(co)reflective subcategory. This transfer theorem may be of independent interest to researchers

working on (co)monad theory. Overall, our negative results show the non-existence of mixed

distributive laws between a large number of (co)monads used in areas such as probability

theory, programming languages, finite model theory, and universal algebra. As such, we hope

that they will be of relevance to researchers working in these areas. For our positive result, we

showed that the game comonads Ek and Pk distribute over any distribution minion monad DS

over a commutative semiring satisfying orthogonality and idempotence of distributions. There

are many avenues for future work. We list some of them below:

• Necessary and sufficient conditions on DS: We have shown that for some semirings

S it is impossible to construct a distributive law EkDS → DSEk while for other semirings

such a law does exist. A natural follow-up question is to identify the necessary and

sufficient conditions on S under which such laws exist.

• Axiomatic account: [ZM22] determined axioms for when two algebraic theories do not

yield a composite algebraic theory. Since algebraic theories correspond to finitary monads

over Set, the axioms provide a framework for determining the non-existence of monad-

monad distributive laws. Do similar (co)alegebraic axioms exist for determining the

non-existence of comonad-monad distributive laws? This would involve formulating and

working with coalgebraic presentations of directed containers and algebraic presentations

of monads.

• Extension to other categories: We believe that the transfer theorems derived in section

3.2 have applications beyond what we have considered here. Take for instance the Vietoris

monad V , and Radon monadR [Goy21] defined on the category of compact Hausdorff

spaces. These can be seen as topological analogues of P , and DR≥0
respectively. Can we

use a monad-monad variant of our transfer theorem to prove a no-go theorem between

these monads? Such a result would make use of the well-known fact that there is no

distributive law λ : PDR≥0
→ DR≥0

P [ZM22].

Another interesting direction to pursue is the extension of our comonad-monad no-go

results to other categories. For instance, quasi-Borel spacesQBS introduced in [HKSY17]

have recently gained much attention in the context of probabilistic programming. The

monad of probability measures onQBS generalises the well-known Giry monad [Gir82],

and acts as an analogue ofDS over this category. Comonads inQBS are not well-studied,

thus it would be interesting to see if any of the directed containers we have considered

admit analogues in QBS and whether our no-go theorems extend to this category.

• Weak distributive laws: There is substantive literature [Gar19; GP20; GPA21; Goy22;
Goy21] showing that one can recover many of the desirable properties of a composite
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monad by constructing a natural transformation which only satisfies a subset of the

monad-monad distributive law axioms. In the case of comonad-monad laws, we ask if

similar relaxations can be used to recover features of a biKleisli category.

It is worth remarking however that for overcoming the particular no-go results discussed

in this chapter this line of inquiry may be less practically useful than in the monad-monad

case. This is because the natural analogue of the definition of a weak distributive law in

our setting would be to drop the requirement that the counit axiom is satisfied. However,

as we have discussed our no-go theorems show that it is impossible to simultaneously

satisfy the unit and comultiplication axioms.

• Monad over comonad distributive laws: For some of the (co)monads covered by our

no-go theorems it is possible to construct valid monad over comonad distributive laws.

For instance, even though there is no distributive law of the form κ : L∞P+ → P+L∞
,

it is easy to check that γ : P+L∞ → L∞P+
as defined below is a distributive law.

γX{(a1, a2, . . .), (b1, b2, . . .), . . . , (z1, z2, . . .)}

= ({a1, b1, . . . , z1}, {a2, b2, . . . , z2}, . . .)

Such laws give rise to categories of bialgebras, a construction which has applications in

mathematics and computer science (see e.g. [TP97; LMW15; Kli11]). The following is an

open question:

Question 3.50. For whichM ∈ CM and W ∈ CW does there exist a distributive law
γ : MW → WM?
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4
Background on quantum information

So far in this thesis, we have focused on relaxations of CSP and structure isomorphism that

arise in classical computer science. As we discussed in the introduction, however, we are

also interested in studying relaxations that arise in the study of quantum information. Before

introducing these in more detail we shall spend this short chapter describing the necessary

background material from quantum information. We begin with a brief review of the basics

of quantum theory. After this, we describe the abstract framework of non-local games which

plays a major role in the next chapter.

4.1 Linear algebra

Linear algebra studies vector spaces and mappings between them. We shall require some basic

definitions from this field.

Given a semiring SSS, a left SSS-semimodule is an abelian monoid (M,+M , 0M) equipped with a

scalar multiplication ·S,M : S ×M →M such that:

• ∀r, s ∈ S, ∀m ∈M, (r + s) ·m = (r ·m) + (s ·m).

• ∀r ∈ S, ∀m1,m2 ∈M, r · (m1 +m2) = (r ·m1) + (r ·m2).

• ∀r, s ∈ S, ∀m ∈M, (r · s) ·m = r · (s ·m).
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• ∀m ∈M, 1 ·m = m

• ∀r ∈ S,∀m ∈M, 0 ·m = 0 = r.0

A right SSS-semimodule is defined similarly. If S is commutative the two concepts coincide and

are called an SSS-semimodule.

A left RRR-module over a ring RRR is a left RRR-semimodule (M,+, ·) where RRR is a ring. A vector
space over a field FFF is an FFF -module (V,+, ·). Unless otherwise specified all vector spaces we

consider will be over the field of complex numbers C.

A normed vector space is a vector space VVV equipped with a norm ∥ · ∥, which is a function

∥ · ∥ : V → [0,∞) satisfying:

• Positive Definiteness: ∥v∥ ≥ 0 for all v ∈ V , and ∥v∥ = 0 if and only if v = 0.

• Homogeneity (or Scalability): ∥αv∥ = |α|∥v∥ for all α ∈ F and v ∈ V .

• Triangle Inequality: ∥v + w∥ ≤ ∥v∥+ ∥w∥ for all v, w ∈ V .

A sequence (vn)n∈N in a normed vector space V is called a Cauchy sequence if for every ϵ > 0,

there exists an N ∈ N such that ∥vn − vm∥ < ϵ for all n,m ≥ N . In other words, the elements

of the sequence get arbitrarily close to each other as the sequence progresses. A space is

complete if every Cauchy sequence converges to a limit within the space. A Banach space is a
normed vector space that is complete. A Hilbert space is a Banach space that is also equipped

with an inner product ⟨·, ·⟩ :HHH ×HHH → FFF (FFF is R or C) that satisfies:

• Conjugate Symmetry: ⟨v, w⟩ = ⟨w, v⟩ for all v, w ∈ H .

• Linearity in the First Argument: ⟨αv+βw, u⟩ = α⟨v, u⟩+β⟨w, u⟩ for all u, v, w ∈ H
and α, β ∈ F .

• Positive Definiteness: ⟨v, v⟩ ≥ 0 for all v ∈ H , and ⟨v, v⟩ = 0 if and only if v = 0.

The norm induced by the inner product is given by ∥v∥ =
√
⟨v, v⟩.

An (associative) FFF -algebraAAA over a field FFF is a vector space over F equipped with a bilinear

multiplication operation · : AAA×AAA→ AAA that satisfies:

• Associativity: a · (b · c) = (a · b) · c for all a, b, c ∈ A.

• Distributivity: a · (b+ c) = a · b+ a · c and (a+ b) · c = a · c+ b · c for all a, b, c ∈ A.

• Compatibility with Scalars: (αa) · b = α(a · b) and a · (αb) = α(a · b) for all α ∈ F
and a, b ∈ A.

A normed FFF -algebra is an FFF -algebra AAA that is also a normed vector space, with the norm

satisfying

84



• Submultiplicativity: ∀a, b ∈ A, ∥a · b∥ ≤ ∥a∥∥b∥.

A Banach algebra is a normed FFF -algebra that is also a Banach space. An involution on an

FFF -algebraAAA is a map ∗ : AAA→ AAA such that for all a, b ∈ A and α ∈ F :

• (a∗)∗ = a,

• (a+ b)∗ = a∗ + b∗,

• (αa)∗ = αa∗, where α is the complex conjugate of α,

• (a · b)∗ = b∗ · a∗.

A C∗-algebra is a Banach algebraAAA equipped with an involution ∗ such that for all a ∈ A:

∥a∗a∥ = ∥a∥2.

AC∗
-algebra is unital if it has a multiplicative identity i. A tracial state on a unitalC∗

-algebraA

is a linear functional s : A→ C such that s(i) = 1, s(a∗a) ≥ 0 for all a ∈ a, and s(ab) = s(ba)

for all a, b ∈ A. The tracial state s is faithful whenever we have s(a∗a) = 0 ⇐⇒ a = 0. An

element a ∈ A is a projection if a = a∗ = aa. If a and b are projections then s(ab) = 0 ⇐⇒
ab = 0.

LetUUU andVVV be vector spaces over the same fieldFFF . A linear map or vector space homomorphism
is given by a mappingM : U → V satisfying:

• Additive preservation: ∀u, v ∈ U,M(u+ v) = α(u) +M(v)

• Multiplicative preservation:∀s ∈ FFF , u ∈ U :M(su) = sM(u).

When working in finite dimensions all our vector spaces are of the form VVV = Cd
for some

positive integer d. In this case linear maps F : Cd → Ce
can be identified with d× e matrices

with complex entries.

For vector spaces UUU , VVV , andWWW we say that a map h : U × V → W is bilinear if:

• For all u ∈ U : h(u, _) is a linear map VVV →WWW .

• For all v ∈ V : h(_, v) is a linear map UUU →WWW .

The tensor product of UUU and VVV , denoted by UUU ⊗ VVV is the unique (up to isomorphism) vector

space for which there exists a bijective correspondence between:

• Linear maps UUU ⊗ VVV →WWW ;

• Bilinear maps UUU × VVV →WWW .
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If UUU and VVV are are normed we say that a linear map is bounded if there exists a real number

m > 0 such that:

∀u ∈ U, ∥M(u)∥V ≤ m∥u∥U

The smallestm satisfying this condition is called the operator norm ofM and is denoted by

∥M∥. If UUU,VVV are Hilbert spaces every linear map has a (hermitian) adjoint M † : VVV → UUU

defined as the unique linear map satisfying:

∀u ∈ U, v ∈ V, ⟨Mu, v⟩V = ⟨u,M †v⟩U

.

A linear map is unitary ifMM † =M †M = I .

The term linear operator is sometimes used as a synonym for linear map. In this thesis however,

a linear operator always refers to an endomorphism of vector spaces i.e. a linear map of type

VVV → VVV . Now fix a Hilbert spaceHHH . We write IHHH for the unique identity operator. We may

drop the subscriptHHH when the Hilbert space in question is clear. A bounded linear operator N

onHHH is said to be:

• Positive semi-definite if ∀u ∈ H, ⟨Nu, u⟩ ≥ 000. In this case, we writeN ≥ 000. Likewise, the

term positive definite is used if we replace the ≥ condition with >.

• Hermitian if N = N †
.

• An (orthogonal) projector if N = N2 = N †
.

We write B(H) for the C∗
-algebra of all bounded linear operators inH. Moreover, we write

B+(H) for the set of positive bounded operators onH and Proj(H) for the set of projectors on

H. The closed subpsace onto which any P ∈ Proj(H) maps the entire space H is known as

the range of P . We refer to two projectorsM,N as being orthogonal to each other ifMN = 000.

We writeM ≤ N iff N −M is positive semi-definite. M and N commute iffMN −NM = 000.

The product of two projectors is a projector iff they commute. For any family of projectors

{Pi}i it holds that
∑

i Pi ≤ IHHH iff PiPj = 000 whenever i ̸= j.

4.2 Quantum theory basics

We associate to any isolated physical system a Hilbert spaceH known as its state space. A pure
quantum state is a vector of unit norm inH. The intuition is that each such vector represents a

possible state of the physical system. More generally, quantum theory allows for the state of a

system to be described by so-called mixed quantum states which, informally, correspond to
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probabilistic mixtures of pure quantum states
1
. Mixed states do not play a major role in this

thesis so we omit a detailed description of their behaviour.

To observe a physical property of a system we must perform a measurement. We shall be

concerned with two mathematical formalisms for describing measurements for describing

different types of measurements. The first is known as a projection valued measurement (PVM).

A PVM is a function P : O → Proj(H) which satisfies

∑
o∈O p(o) = IH. Here, the elements of

O represent the possible outcomes of a measurement. We shall also consider positive operator-
valued measurements (POVMs). A POVM is a function P : O → B+(H) which satisfies∑

o∈O p(o) = IH. Note that Proj(H) is contained within B+(HHH). Therefore, it is clear that

every PVM is a POVM. We can physically interpret a PVM as representing an ideal quantum

measurement. POVMs instead represent measurements which may be disturbed by factors

such as noise and uncertainty in our measurement apparatus. PVMs and POVMs are sometimes

referred to as sharp and unsharp observables respectively.

The outcome of a measurement in quantum theory, even on pure states, is probabilistic. If a

POVM P : O → B+(H) is performed on a pure state ψ ∈ H outcome o ∈ O will be observed

with probability ψ†p(o)ψ. A set of POVMs {Pi : Oi → B+(H)}i ∈ [n] is commeasurable2 iff
there exists a POVM P :

∏
i∈[n]Oi → B+(H) which marginalises to each of the Pi i.e. satisfies

the following equation:

Pi(oi) =
∑

o1∈O1,...oi−1∈Oi−1,oi+1∈Oi+1,...on∈On

P(o1, . . . , on)

.

Informally, commeasurable POVMs are those measurements which can be performed together

as part of the same experimental setup without affecting each other’s outcomes. A remarkable

feature of quantum theory (one which is in fact necessary for quantum advantage [UMG14])

is that not all observations are commeasurable. We will write P1 ⊙ P2 whenever P1 and

P2 are commeasurable. We remark that it is possible to have POVMs P1, P2, P3 which are

pairwise commeasurable but not triplewise commeasurable [HFR14]. Two POVMs are said to

commute iff every element of their image commutes. If we restrict our attention to PVMs then

commeasurability has particularly nice characteristics summarised by the following lemma

(see e.g. [HRS08]).

Lemma 4.1. For a set of PVMs {Pi}i the following are equivalent:

1. The Pi are pairwise commuting.

1
Note that different distributions over pure states can give rise to the same mixed state.

2
Also known as compatible or jointly measurable.
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2. There exists a unique joint measurement PPP which is projective and defined as
PPP (o1, . . . , on) =

∏
i∈[n] Pi(oi).

4.2.1 The algebra of projectors

A single projector P can be used to describe a PVMM : 222→ Proj(H) with only two measure-

ment outcomes. This is achieved by settingM(1) = P andM(0) = I − P . For this reason,
Von Neumann [Von32] noted that a projector can be thought of as the quantum analogue of

the classical notion of proposition i.e. a question that has a yes (true) or no (false) answer.

This observation was the starting point for the study of quantum logic. As part of this study,

considerable attention has been devoted to understanding the various algebraic structures

that can be placed on the set of projectors over a Hilbert space. While quantum logic itself

is not a major focus of ours having an understanding of some of these algebraic properties

will be beneficial for us. One structure that can be placed on projectors is that of a complete

orthomodular lattice (Proj(HHH),∨,∧,⊥) where the operations are defined as:

• P1 ∨ P2 is given by the projector onto the closure of the direct sum of their ranges.

• P1 ∧ P2 is given by the projector onto the intersection of their ranges.

• P⊥ = I − P .

Following Birkhoff and Neumann [BN36] this is the traditional algebraic structure used to

study quantum logic. However, for our purposes, it is more interesting to view projectors as

being equipped with the structure of a partial boolean algebra. We recall that a partial boolean

algebra is given by a set A together with a reflexive, symmetric, binary relation ⊙ on A which

we refer to as “commeasurability”, constants 0, and 1, a total unary operation ¬, and partial

binary operations ∧ and ∨ with domain ⊙. Moreover, the following “extensionality” property

must be satisfied: Every set of pairwise commeasurable elements must be contained in a set of

pairwise commeasurable elements which form a total boolean algebra. Under this definition we

have the partial boolean algebra (Proj(HHH),⊙,∨,∧,¬) whose operations are given by:

• P1 ⊙ P2 iff P1 and P2 commute.

• P1 ∨ P2 = P1 + P2 − P1P2.

• P1 ∧ P2 = P1P2.

• ¬P = I − P .

This leads to an alternative flavour of quantum logic, advocated for by Kochen and Specker

[KS67] (see also [AB21]) whereby logical operations are only defined on the domain where

they are physically meaningful. As we shall see this partiality plays a crucial role in our
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characterisation of quantum isomorphisms in the next chapter. In the same way that every

boolean algebra forms a semiring the structure (Proj(H),∨,∧,⊙) forms a partial commutative

semiring. For our purposes it will be helpful to restrict the domain of the addition operation

even further. If P1 and P2 are not only commuting but also orthogonal (i.e. P1P2 = 0) then

it is the case that P1 ∨ P2 = P1 + P2. Thus we can consider a partial semiring structure

(Proj(H),+, ·,⊙+,⊙·)where multiplication and addition still coincide with ∧ and ∨ as defined

above, but where they are no longer defined on precisely the same domain. In particular,

the domain of addition, represented by the binary relation ⊙+
is restricted to orthogonal

projectors. The domain of multiplication, represented by ⊙. is still given by all commuting

projectors.

4.3 Non-local games

Non-locality and its generalisation in the form of contextuality are important non-classical

features of quantum mechanics. These phenomena have been extensively studied as a source

of quantum advantage beginning with the pioneering works of Bell [Bel64; Bel66] and Kochen

and Specker [KS67]. By now several elegant mathematical frameworks exist which allow us to

abstractly study contextuality [AB11; CSW14; AFLS15; Spe05]. For our purposes here we will

not need to use any of these frameworks in detail. It will instead suffice to define the concept

of a non-local game directly.

A (bipartite) non-local game is a cooperative game played between a verifier and two players,

usually referred to as Alice and Bob. These games provide a very useful abstract framework

through which non-locality can be studied. Formally, following [CHTW04] a non-local game is

defined asG = (Xa, Xb, Ya, Yb, π, V )whereXa, Xb are finite input sets, Ya, Yb are finite output

sets, π is a probability distribution on Xa ×Xb, and V : Xa ×Xb × Ya × Yb → R is called the

payoff function. For our purposes, it suffices to think of V as a {0, 1} valued boolean predicate.

We will also assume that π has full support. The game proceeds according to the following

protocol:

1. The verifier samples a pair (xa, xb) ∈ Xa ×Xb using π and sends xa to Alice and xb to

Bob.

2. Without communicating, Alice and Bob respond with ya ∈ Ya and yb ∈ Yb respectively.

3. The players win the game if V (xa, xb, ya, yb) = 1.

We focus exclusively on cases where the game consists of only one round of the above proto-

col.
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4.3.1 Strategies

The goal of Alice and Bob is to maximise their winning probability. To achieve this goal they are

allowed to agree on a fixed strategy S for the game beforehand. A correlation3 p(ya, yb|xa, xb)
represents the joint conditional probability of Alice and Bob responding with ya and yb on

inputs xa and xb respectively.

There are several classes of strategies that Alice and Bob can employ in a non-local game. We

recount some important ones below.

1. A deterministic classical strategy Sc = (fa, fb) is defined by two functions fa : Xa → Ya

and fb : Xb → Yb which map inputs to outputs for each of Alice and Bob respectively.

Hence we have:

p(fa(xa), fb(xb)|xa, xb) = 1

2. A quantum tensor strategy S∗ = (ψ,E, F ) consists of a shared state ψ ∈ HAHAHA ⊗HBHBHB

for finite dimensional complex Hilbert spaces HAHAHA,HBHBHB , and two sets, E = {Ex} and
F = {Fx} where Ex = {Exy : y ∈ Ya} for each x ∈ Xa and Fx = {Fxy : y ∈ Yb} for
each x ∈ Xb are POVMs overHAHAHA andHBHBHB respectively. Upon receiving xa ∈ Xa and

xb ∈ Xb Alice and Bob perform the measurements Exa and Fxb respectively and return

the results. Hence we have:

p(ya, yb|xa, xb) = ψ†(Exaya ⊗ Fxbyb)ψ

3. A quantum commuting strategy Sco = (ψ,E, F ) consists of a shared state ψ ∈ X for

some potentially infinite dimensional Hilbert space X , and two sets of POVMs E and F ,

representing Alice and Bobs measurements as above. Note that in these strategies all of

Alice’s measurement operators must commute with all of Bob’s measurement operators.

Then we have:

p(ya, yb|xa, xb) = ψ†ExayaFxbybψ

4. A Non-signalling strategy Sns is any strategy in which Alice’s output is independent of

Bob’s input and vice-versa. This requirement is the well-known no-signalling principle.
Formally, the following two families of equations hold:∑

yb

p(ya, yb|xa, xb) =
∑
yb

pSns(ya, yb|xa, x′b)∀xa, ya, xb, x′b

3
Also known as a behaviour or empirical model.
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∑
ya

p(ya, yb|xa, xb) =
∑
ya

pSns(ya, yb|x′a, xb)∀xa, x′a, xb, yb

For t ∈ {c, ∗, co, ns} we will often refer to a t-strategy for a non-local game. Here t describes

the type of strategy being used, c for classical, ∗ for tensor, co for commuting, and ns for

non-signalling. We denote the probability of winning a non-local game with a t-strategy S as

ωt(G,S). The maximum probability of winning a game using each type of strategy is known

as its value. This is defined as ωt(G) := supωt(G,S). We focus almost exclusively on perfect

strategies, where the game is won with probability 1. In this case, the following equation must

hold:

p(ya, yb|xa, xb) = 0 when V (xa, xb, ya, yb) = 0. (4.2)

Remark 4.3. Notice that in general one should also consider probabilistic classical strategies
for non-local games where players are allowed to use shared randomness. However, since we are
only focusing on perfect strategies we can use a standard argument to show that whenever a
probabilistic perfect strategy exists a deterministic perfect strategymust also exist. This is because
correlations belonging to any probabilistic strategy can be written as a convex combination
p =

∑
i λipi, where λi’s encode shared randomness and pi are correlations arising from a

deterministic strategy. Since the correlation p belongs to a perfect strategy it must satisfy
equation 4.2. But this is only possible if every individual pi satisfies this condition.

Any c-strategy is a ∗-strategy since we can simply ignore entanglement in the latter case.

Remarkably, it can be shown that in some cases a perfect ∗-strategy for a non-local game

exists even when a perfect c-strategy cannot exist. In such cases, we say that a non-local game

exhibits pseudotelepathy. Some prominent examples of this phenomenon are the Mermin-Peres

magic square [Mer90; Per90] and Mermin’s magic pentagram games [Mer93]. Moreover, it

can be straightforwardly shown that any ∗-strategy is a co-strategy. A non-trivial result of

Tsirelson shows that if we restrict to finite-dimensional Hilbert spaces these two classes of

strategies coincide [Tsi06; SW08]. A recent breakthrough result [JNV+21] shows that (allowing

for infinite-dimensional Hilbert spaces) co-strategies form a strictly larger set than ∗-strategies.
ns strategies are the most general class of strategies that we can consider without breaking the

no-signalling principle, and therefore the most general class of strategies allowed in non-local

games. We shall not discuss no-signalling strategies any further in this thesis.
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4.3.2 Synchronous games

A non-local game is said to be synchronous if Alice and Bob have the same question set X , the

same answer set Y , and the following equation is satisfied:

V (y, y′, x, x) = 0 ∀x ∈ X, y ̸= y′ ∈ Y

This means that given the same inputs Alice and Bob must always respond with the same

outputs to win the game. To aid readability we write Gs = (X, Y, V ) to denote synchronous

games. Perfect strategies for these games have nice properties which make them easier to

analyse. We shall make use of some of these properties in the next chapter. In particular

variations of the following lemmas have appeared throughout the literature (see e.g. [AMR+19;

OP16]).

Lemma 4.4. Let Gs = (X, Y, V ) be a synchronous game. If there exists a perfect ∗-strategy
for this game then there exists a perfect ∗-strategy (ψ, {Ex}x ∈ X, {Fy}y ∈ Y ) where:

• The state ψ is a maximally entangled state ψ = 1√
d

∑d
i=1 ei ⊗ ei;

• The POVMs Ex and Fy are projective;

• Ex,y = F T
y,x for all x ∈ X, y ∈ Y ;

• p(y, y′|x, x′) = 0 iff Ex,yEx′,y′ = 0.

Lemma 4.5. Let Gs = (X, Y, V ) be a synchronous game. There exists perfect co-strategy for
this game iff there exists a unital C∗-algebraA which admits a faithful tracial state s : A→ C,
and projections Exy ∈ A for x ∈ X and y ∈ Y satisfying:

•

∑
y∈Y Exy = I ;

• ExyEx′y′ = 0 if V (x, x′, y, y′) = 0.

4.3.3 Interactive proof systems

Although it is not a central focus of this thesis we briefly mention the connections between

non-local games and interactive proof systems. This will allow us to highlight some complexity

theoretic considerations in the ensuing chapters. An interactive proof system is an abstract

model in which a trusted but computationally limited verifier exchanges messages with a

potentially non-trusted, all-powerful prover. The verifier’s goal is to determine if a given input

string (representing an instance of a computational problem) belongs to a language. Any

interactive proof system must satisfy the following soundness and completeness criteria:
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• Soundness: No prover should be able to convince the verifier of a false statement, except

with some small probability.

• Completeness: The prover can convince the verifier of a true statement with high

probability.

Depending on the exact setup, one can define several complexity classes using interactive

proof systems. For instance, if we allow for only a single message to be exchanged between

the prover and the verifier, and we require that the verifier runs in deterministic polynomial

time, then the set of languages recognisable by our proof system is precisely the complexity

class NP. If we allow for polynomially many rounds of messages, and require that the verifier

behaves like a BPP machine we call the corresponding complexity class IP. If we additionally

allow for the messages to contain quantum states, and for the verifier to behave like a BQP

machine, we call the corresponding complexity class QIP. A series of famous results show that

QIP = IP = PSPACE [LFKN92; Sha92; JJUW10]. Interactive proof systems can be generalised

to a multi-prover setting. In this case, we have at least two independent, non-communicating

provers and a single verifier. The generalisations of IP and QIP to multiple proves are called

MIP and QMIP respectively. It is known thatMIP = NEXP [BFL91] . We writeMIP[k, n] for

the class of problems solvable in the multi-prover interactive proof model with k provers and

n rounds of communication. One can show that MIP[2, 1] = MIP [FL92], so we already get

the full power ofMIP with just two provers and a single round of communication. Thus, we

always restrict our analysis to this case.

There is a connection between non-local games and interactive proofs when one thinks of Alice

and Bob playing the role of the provers, and the referee acting as the verifier. More precisely

MIP can be reformulated as the following class of problems:

Definition 4.6. MIP is the class of languages L ∈ {0, 1}∗ for which there exists a uniform

family of non-local games {Gx} such that:

x ∈ L⇒ ωc(Gx) = 1

x ∈ L⇒ ωc(Gx) <
1

2

This reformulation allows us to define quantum and non-signalling variants of MIP:

Definition 4.7. For t ∈ {c, ∗, co, ns}MIPt is the class of languages L ∈ {0, 1}∗ for which
there exists a uniform family of non-local games {Gx} such that:

x ∈ L⇒ ωt(Gx) = 1
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x ∈ L⇒ ωt(Gx) <
1

2

We can also consider the so-called zero-gap versions of these classes which are more closely

related to perfect strategies for non-local games:

Definition 4.8. For t ∈ {c, ∗, co, ns} the MIPt0 consists of languages L ∈ {0, 1}∗ for which
there exists a uniform family of non-local games {Gx} such that:

x ∈ L⇒ ωt(Gx) = 1

x ∈ L⇒ ωt(Gx) < 1

Studying the different variants ofMIPt has been one of the most fruitful research programs

in theoretical computer science. In the classical setting, this work led to the famous PCP

theorem [ALM+98]. In the quantum setting, MIP∗
was gradually shown to contain larger

and larger complexity classes [IV12; NW19], culminating in the breakthrough proof that

MIP∗ = RE [JNV+21], the class of recursively enumerable problems
4
. Figure 4.1 summarises

known relationships between the complexity classes we have discussed (The results we have

not explicitly stated come from [Slo19b; Slo19a; KRR14; CS19; MNY20; RUV13].

A more detailed explanation of non-local games is available in recent lecture notes by Vern

Paulsen [Pau22]. Those interested in learning more about the connections with interactive

proof systems should find the recent course by Thomas Vidick interesting [Vid19].

4
This result is not only significant in computer science. It also solves Tsirelson’s problem [SW08; Tsi06] and

provides a negative answer to Conne’s Embedding Conjecture, which was an important open question in the

study of operator algebras.
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Figure 4.1: Interactive proof complexity classes
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5
Quantum CSP and quantum isomorphism

Over the past several decades it has become apparent that many well-known CSPs can be

reformulated in terms of the existence of perfect classical strategies for suitable non-local

games. As a motivating example let us consider the k-colouring problem.

k-colouring: Given an input graph G decide if there is an assignment of k colours to the

vertices of G in such a way that adjacent vertices are assigned different colours.

This problem is equivalent to asking if there exists a graph homomorphism G→ Kk where

Kk is the complete graph on k vertices. Thus, the k-colouring problem is a CSP. Now consider

the following non-local game:

Example 5.1. Given a graph G = (V,E), the k-colouring game for G is played as follows:

• Verifier sends a vertex xa ∈ V to Alice and a vertex xb ∈ V to Bob.

• Alice responds with a colour ya ∈ [k] and Bob responds with a colour yb ∈ [k].

• Alice and Bob win the game if:

1. xa = xb ⇒ ya = yb.

2. xa ∼ xb ⇒ ya ̸= yb.

It is known that classical perfect strategies in this game correspond to k-colourings. The

97



k-colouring problem can thus be rephrased as follows.

k-colouring: Given an input graph G decide if there exist a perfect classical strategy in the

k-colouring game for G.

A natural question now arises. Are there situations where the k-colouring game can be won

with a perfect ∗-strategy even though there exists no perfect c-strategy? This leads us to

formulate the following relaxation of k-colouring.

tensor k-colouring: Given an input graph G decide if there exist a perfect ∗-strategy in the

k-colouring game for G.

Similar relaxations can also be defined in terms of commuting and non-signalling strategies.

These have been studied fairly extensively in the literature on non-local games (see e.g. [GW02;

CHTW04; AHKS06; CMN+07; MSS13; PSS+16]). By now it is well-established that suitable

instances of the k-colouring game exhibit pseudo-telepathy.

In [MR16b] Mančinska and Roberson took the important step of generalising the k-colouring

game to the following graph homomorphism game.

Example 5.2. Given graphs G = (Vg, Eg) and H = (Vh, Eh), the (G,H)-homomorphism
game is played as follows:

• Verifier sends a vertex xa ∈ Vg to Alice and a vertex xb ∈ Vg to Bob.

• Alice responds with a vertex ya ∈ Vh and Bob responds with a vertex yb ∈ Vh.

• Alice and Bob win the game if:

1. xa = xb ⇒ ya = yb.

2. xa ∼ xb ⇒ ya ∼ yb.

Mančinska and Roberson used the above game to systematically study quantum variants of

standard graph parameters such as the clique number, independence number, and odd girth of

a graph. While their analysis focused on the tensor product framework, these results were later

extended to the commuting operator framework in [OP16]. Many papers have since expanded

upon these results, leading to the emergence of a burgeoning interdisciplinary area of research

known as quantum graph theory.

As graphs are just a particular instance of a relational structure, the graph homomorphism

game can be generalised even further to a CSP game. Such a game was introduced by Abramsky

et al. in [ABdSZ17]. A remarkable result of this paper characterises perfect tensor strategies

for the CSP game in terms of Kleisli maps for a graded monad on the category of relational

structures, which they refer to as the quantum monad.
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In this chapter, we solidify and extend the results of [ABdSZ17] by answering several open

questions mentioned in their work. Our first contribution is a comparison of two definitions of

quantum graph homomorphisms provided in [MR16b] and [ABdSZ17]. We identify a pair of

graphs for which there exists a quantum homomorphism in the sense of [MR16b] but not in the

sense of [ABdSZ17]. This shows that the two definitions are different. Our second contribution

is to extend the results [ABdSZ17] which only holds in the tensor product framework to

the commuting operator framework. Finally, we study a non-local structure isomorphism

game which generalises the well-studied graph isomorphism game introduced in [AMR+19].

In this direction, we show how the construction of the quantum monad can be refined to

provide categorical semantics for tensor and commuting strategies in this game. This results

in a category where morphisms coincide with quantum homomorphisms and isomorphisms

coincide with quantum isomorphisms. Along the way, we shall also highlight a connection

between the quantum monad and distribution minion monads.

5.1 CSP game

Let us begin by describing the CSP game
1
introduced in [ABdSZ17]. For simplicity, we focus

throughout this chapter on the case where our signature σ consists of a single relation R of

arity k.

Example 5.3. Consider relational structuresX ,Y . The (X ,Y)-homomorphism game is played
as follows:

1. Verifier sends Alice a tuple xxx ∈ Xk, and Bob an element x ∈ X .

2. Alice returns a tuple yyy ∈ Y k, and Bob returns an element y ∈ Y .

3. Alice and Bob win the game if:

(a) xxx ∈ RX ⇒ yyy ∈ RY .

(b) ∀i ∈ [k] : x = xxxi ⇒ y = yyyi.

For t ∈ {c, ∗, co, ns} we write X t→ Y and say that there exists a t-homomorphism between X
and Y whenever Alice and Bob have a perfect t-strategy in the (X ,Y)-homomorphism game.

A simple observation is that perfect classical strategies correspond to homomorphisms.

Proposition 5.4 ([ABdSZ17]). X c→ Y ⇐⇒ X → Y .

1
Referred to as the relational structure homomorphism game in [ABdSZ17]
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5.1.1 Tensor strategies

We now recall the characterisation of ∗-strategies for the CSP game that was derived in

[ABdSZ17]. Our first observation is that if a perfect ∗-strategy for the CSP game exists, then

there must exist a (possibly different) perfect ∗-strategy which exhibits some very strong

properties.

Theorem 5.5. ([ABdSZ17][Theorem 5]) The existence of a perfect ∗-strategy in the (X ,Y)-CSP
game implies the existence of a perfect ∗-strategy (ψ′, {Exxx}xxx∈RX , {Fx}x∈X ) which satisfies:

• The POVMs Ei
xxx and Fx are projective where we define E

i
xxx,y :=

∑
yyyi=y

Ex,yx,yx,y.

• The state ψ is a maximally entangled state ψ = 1√
d

∑d
i=1 ei ⊗ ei.

• x = xixixi ⇒ Ei
xxx,y = F T

x,y.

• If xxx ∈ RX and yyy ̸∈ RY then Ex,yx,yx,y=0.

The authors then note that this theorem shows that all the information determining the

strategies is contained in Alice’s operators E. Hence, they define projectors Px,y := Ei
xxx,y

whenever x = xxxi. These projectors are well-defined since we have Ei
xxx,y = Px,y = Ej

x′x′x′,y

whenever x = xxxi = xxx
′′′
j . Moreover, for each xxx ∈ RX

we have PVMs {Pxxxi} which are jointly

measurable by the PVM Exxx. Thus, Exxx is equal to the PVM Pxxx given by:

Px,yx,yx,y = Pxxx1,yyy1 , . . . , Pxxxk,yyyk .

Based on the above observations the authors define the notion of a ∗-homomorphism
2
as

follows:

Definition 5.6. Let HHHd be a finite-dimensional Hilbert space of dimension d. A ∗-
homomorphism from X ∈ R(σ) to Y ∈ R(σ) in HHHd is given by a family of projectors

{Px,y}x∈X,y∈Y in Proj(HHHd) satisfying:

1. For all x ∈ X :
∑

y∈Y Px,y = I .

2. For all x, x′ adjacent in the Gaifman graph of X and all y, y′ ∈ Y we have Px,y ⊙ Px′y′ .

3. If xxx ∈ RX
and yyy ̸∈ RY Px,yx,yx,y = 0.

This definition is justified by the following theorem:

2
This should not be confused with the well-established notion of ∗-homomorphism between two C∗

-algebras.
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Theorem 5.7 ([ABdSZ17], Theorem 7). The following are equivalent:

1. X ∗→ Y

2. There exists a ∗-homomorphisms from X to Y .

5.1.2 Comparing twodefinitions of tensor homomorphism for graphs

In this section, we restrict our attention to the homomorphism game on graphs. As we have

seen already there are two alternative ways of defining the game. The first was described

in example 5.2. We refer to this as the MR graph homomorphism game. The second is the

restriction of the CSP game from example 5.3 to graphs. This will simply be referred to as the

graph homomorphisms game. Each of these games gives rise to a notion of quantum graph

homomorphism which we now define.

Definition 5.8. An MR quantum graph homomorphism over a finite-dimensional Hilbert

spaceHHH from a graph G to a graph H is given by a family of projectors {Pg,h}g∈V (g),h∈V (h)

satisfying:

1. For all g ∈ V (g) :
∑

h∈V (h) Pg,h = I .

2. For all g, g′ ∈ V (g) and h, h′ ∈ V (h) satisfying g ∼ g′ and h ̸∼ h′: Pg,h.Pg′,h′ = 0.

Definition 5.9. A quantum graph homomorphism is given by a family of projectors P

satisfying conditions (1) and (2) above, as well as the following additional condition:

3. For all g, g′ ∈ V (g) and h, h′ ∈ V (h) satisfying g ∼ g′: Pg,h ⊙ Pg′,h′ .

Every quantum homomorphism is an MR quantum homomorphism. We now set out to answer

the following question from [ABdSZ17].

Question 5.10. Does the existence of an MR quantum homomorphism from G to H imply the
existence of a quantum homomorphism from G to H?

We answer this question in the negative by explicitly constructing graphs G and H such that

an MR quantum homomorphism from G to H exists but where a quantum homomorphism

does not exist. Our separation will be achieved by studying the k-colouring game which is

a special case of the graph homomorphism game. Restricting the above definitions to this

specific case we have:

Definition 5.11. AnMR quantum k-colouring of a graphG is given by a family of projectors

{vi}v∈V (G),i∈[k] satisfying:
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1. ∀v ∈ V (G),
∑

i∈[k] vi = I .

2. viwi = 0 for all v ∼ w and all i ∈ [k].

Definition 5.12. A quantum k-colouring of a graph G is given by a family of projectors

{vi}v∈V (G),i∈[k] satisfying conditions 1 and 2 from the previous definition and the additional

condition

3. vi ⊙ wj for all v ∼ w and all i, j ∈ [k].

We now consider the case where G = G14 is the 14 vertex graph from [MR16a]. We shall

describe the construction of G14 in more detail shortly. Let us first note however that the

following results were already shown in [MR16a].

Proposition 5.13. ([MR16a]) There exists no classical 4-colouring of G14.

Theorem 5.14. ([MR16a]) There exists an MR quantum 4-colouring of G14.

Thus, this graph provides an example of quantum advantage in the MR graph colouring game.

In fact, in [MR16a] they conjecture that G14 is the smallest graph with this property. A recent

preprint claims a computational proof of this conjecture [Lal23]. Our goal in this section is to

prove the following theorem, which separates MR quantum homomorphisms from quantum

homomorphisms.

Theorem 5.15. There exists no quantum 4-colouring of G14.

Let us now describe the construction of G14 given in [MR16a]. Consider the following family

of vectors in 3 dimensions:

V :=

{
A =

(
1
0
0

)
, B =

(
0
1
0

)
, C =

(
0
0
1

)}
∪
{
Q =

(
1
1
0

)
, R =

(
1
−1
0

)
, N =

(
1
0
1

)
, P =

(
1
0
−1

)
, L =

(
0
1
1

)
,M =

(
0
1
−1

)}
∪
{
W =

(
1
1
1

)
, Y =

(
1
1
−1

)
, X =

(
1
−1
1

)
, Z =

(
−1
1
1

)}
.

We define a graph G13 from this set by assigning a node to every vertex and an edge between

any two nodes which represent orthogonal vectors. This graph is drawn in figure 5.1.

The graphG14 is obtained by adding an apex node toG13 which we denote by Ω. The following

fact about the symmetries of G13 was noted in [MR16a].
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Figure 5.1: The graph G13 (Taken from [MR16a].).

Fact 5.16. Any ordered pair of distinct vertices of {W,X, Y, Z} can be mapped to any other
such pair by an automorphism of G13.

We note that the same fact holds for G14 since is obtained by simply adding an apex vector to

G13.

Fact 5.17. Any ordered pair of distinct vertices of {W,X, Y, Z} can be mapped to any other
such pair by an automorphism of G14.

We now proceed to prove our main theorem. While the proof may appear somewhat involved

it is worth noting that it follows a very similar structure to the argument used in [MR16a] to

show that the graph G13 is not MR quantum 3-colourable. We also adopt a useful notation

from this paper to aid the readability of our proofs. Namely, throughout the proofs we may

write [P1P2 . . . Pn] whenever the product of several projectors is guaranteed to equal zero. We

now state several lemmas.

Lemma 5.18. Let G be a graph and suppose S is a clique of size c in G. Then in any quantum
c-colouring of G
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∀i ∈ [c] :
∑
v∈S

vi = I.

Proof. This was shown for the case of MR quantum c-colourings in [MR16a]. As every

quantum c-colouring is an MR quantum c-colouring their proof can be reused.

The remainder of our lemmas are specific to G14.

Lemma 5.19. Let u and v be vertices of G14 other than Ω. Take i, j, k ∈ [4] with i ̸= j ̸= k.
In any quantum 4-colouring of G14 we have

uivjuk = 0

Proof. First note that any choice of u, v will share some common neighbour which is not Ω.

Let w be this common neighbour. Take l ∈ [4] which is not equal to i, j, k. Using this and

the fact that Ω is adjacent to every other node of G14 we obtain

uivjuk = uivjuk(Ωi + Ωj + Ωk + Ωl)

= [uiΩi]vjuk + ui[vjΩj]uk + uivj[ukΩk] + uivjukΩl

= uivjukΩl = uivjukΩl(wi + wj + wk + wl)

= [uiwi]vjukΩl + ui[vjwj]ukΩl + uivj[ukwk]Ωl + uivjuk[Ωlwl] = 0

Lemma 5.20. In any quantum 4-colouring of G14 we have

XiAjWi = XiCjWi = 0 for i ̸= j and

∀i ∈ [4] : XiWi = XiAiWi = XiCiWi.

Proof. A,L,M,Ω form a clique of size 4. By lemma 5.18 we have (Ai + Li +Mi +Ωi) = I .

Since X ∼ L andM ∼ W we have

XiAjWi = XiAj(Ai + Li +Mi + Ωi)Wi

= Xi[AjAi]Wi + [XiLi]AjWi +XiAj[MiWi] +XiAj[ΩiWi] = 0
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Note that we have liberally made use of condition 3 in the definition of quantum k-colourings.

The same argument using the clique C,Q,R,Ω shows that XiCjWi = 0. Now making use

of these facts we have

XiWi = Xi(A1 + A2 + A3 + A4)Wi = XiAiWi

The proof of XiWi = XiCiWi is similar.

Lemma 5.21. Take any pair of vertices u, v of G14 belonging to the subset {W,X, Y, Z}. For
any i ∈ [4] we have

uivi = 0.

Proof. We prove that X1W1 = 0. By symmetry of the colours and the symmetries of the

graph (as described in fact 5.17) this suffices to prove the entire statement.

By using B1 +B2 +B3 +B4 = I we have

X1W1 = B1X1W1 +B2X1W1 +B3X1W1 +B4X1W1

We proceed to show that each summand is equal to zero. Let us start by consideringB2X1W1.

Since A,B,C,Ω form a clique we have A3 +B3 +C3 +Ω3 = I from lemma 5.18. Using this

we obtain

B2X1W1 = B2X1(A3 +B3 + C3 + Ω3)W1

= B2[X1A3W1] + [B2X1B3]W1 +B2[X1C3W1] +B2X1Ω3W1

By lemmas 5.19 and 5.20 the first three summands above are zero. Hence we have

B2X1W1 = B2X1Ω3W1

Now we use lemma 5.18 again and obtain A4 +B4 + C4 + Ω4 = I . Then we get

B2X1W1 = B2X1(A4 +B4 + C4 + Ω4)Ω3W1
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= B2Ω3[X1A4W1] + [B2X1B4]Ω3W1 +B2Ω3[X1C4W1] +B2X1[Ω4Ω3]W1 = 0.

Note that we have used condition 3 in the definition of quantum k-colourings to rearrange

commuting terms in the summands. Again by lemmas 5.19 and 5.20 all summands are 0. Thus

we have shown that B2X1W1 = 0. Via very similar arguments we can show the following:

B2X1W1 = B3X1W1 = B4X1W1 = X1W1B2 = X1W1B3 = X1W1B4 = 0.

Thus it remains to show that the first term of the sum is also zero. We have

B1X1W1 = B1X1W1(B1 +B2 +B3 +B4)

= B1X1W1B1 +B1[X1W1B2] +B1[X1W1B3] +B1[X1W1B4] = B1X1W1B1.

Hence it suffices to show that B1X1W1B1 = 0. Next we use lemma 5.20 to show

B1X1W1B1 = B1X1C1W1B1 = B1(I −X2 −X3 −X4)C1(I −W2 −W3 −W4)B1

= [B1C1]B1 −B1X2[C1B1]−B1X3[C1B1]−B1X4[C1B1]

− [B1C1]W2B1 − [B1C1]W3B1 − [B1C1]W4B1

+B1[X2C1W2]B1 +B1X2C1W3B1 +B1X2C1W4B1

+B1X3C1W2B1 +B1[X3C1W3]B1 +B1X3C1W4B1

+B1X4C1W2B1 +B1X4C1W3B1 +B1[X4C1W4]B1

= B1X2C1W3B1 +B1X2C1W4B1 +B1X3C1W2B1

+B1X3C1W4 +B1X4C1W2B1 +B1X4C1W3B1

It remains to show that these six summands are all zero. We prove this for the first term, the

other five proofs are similar. Using lemma 5.18 and condition 2 in the definition of quantum

k-colourings we have

C1 = I − A1 −B1 − Ω1 = (I − A1)(I −B1)(I − C1)

= (A2 + A3 + A4)(B2 +B3 +B4)(Ω2 + Ω3 + Ω4)
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= A2B3Ω4 + A2B4Ω3 + A3B2Ω4 + A3B4Ω2 + A4B2Ω3 + A4B3Ω2

Next, we use condition 3 in the definition of quantum k-colourings to obtain

B1X2C1W3B1

= B1X2(A2B3Ω4 + A2B4Ω3 + A3B2Ω4 + A3B4Ω2 + A4B2Ω3 + A4B3Ω2)W3B1

= [B1X2B3]A2Ω4W3B1 + [B1X2B4]A2Ω3W3B1

+B1X2A3Ω4[B2W3B1] + [B1X2B4]A3Ω2W3B1

+B1X2A4Ω3[B2W3B1] + [B1X2B3]A4Ω2W3B1 = 0

This shows that X1W1 = 0 and concludes the proof.

We are now finally ready to prove our main theorem.

Proof of theorem 5.15. Assume a 4 colouring exists. By lemma 5.21 and the fact that Ω

is adjacent to every vertex of the graph we have that for all i ∈ [4] the operators

Wi, Xi, Yi, Zi,Ωi are all mutually orthogonal. From the properties of projectors, this implies

Wi +Xi + Yi + Zi + Ωi ≤ I . Using this we derive the contradiction

5I =
∑

v∈{W,X,Y,Z,Ω}

∑
i∈[4]

vi =
∑
i∈[4]

∑
v∈{W,X,Y,Z,Ω}

vi ≤ 4I.

Remark 5.22. In light of this result, one may ask if there exists an alternative definition of
∗-homomorphisms between relational structures which, when restricted to graphs coincides
exactly with the definition of [MR16b]. Indeed, we have already observed that if we simply drop
the additional third condition in the definition of ∗-homomorphisms then the two notions do
coincide. The trouble with doing so however is that such ∗-homomorphisms would no longer
correspond to perfect quantum strategies in the CSP game.

We conjecture that it is possible to define an alternative k-player version of the non-local
CSP game whose perfect quantum strategies do coincide with this alternative definition of
∗-homomorphism. Let us briefly mention how this game would work.
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Example 5.23. Let σ be a relational signature where the maximum arity of any relation is
k. Consider relational structures X ,Y . The k-player (X ,Y)-CSP game is played as follows:

1. Verifier sends each player an element xi ∈ X .

2. Each player responds with yi ∈ Y .

3. The players win if:

(a) xxx ∈ RX ⇒ yyy ∈ RY .

(b) ∀i, j ∈ [k]: xi = xj ⇒ yi = yj .

Note that it is crucial to have at least k players in this game for classical strategies to coincide
with classical structure homomorphisms. We leave it as future work to prove this conjecture.
It is worth mentioning that such a proof may be quite difficult since most of the sophisticated
machinery developed for analysing non-local games only applies in the two-player case.

5.1.3 Commuting operator strategies

We now aim to analyse commuting operator strategies in the CSP game. For the case of the

MR graph homomorphism game, such strategies have been explored in [PT15; PSS+16; OP16].

The following result is known:

Theorem 5.24. Let G and H be graphs. Then G co→ H iff there exists a unital C∗-algebraA
which admits a faithful tracial state, and projections Pg,h ∈ A for g ∈ V (g) and h ∈ V (h)

such that:

1.
∑

h∈V (h) Pg,h = I .

2. Pg,hPg′,h′ = 0 if g ∼ g′, h ̸∼ h′.

To derive these results the authors rely heavily on the fact that the MR graph homomorphism

game is synchronous. We wish to derive an analogue of the above result for the CSP game.

Unfortunately, this game is not synchronous so we cannot immediately make use of lemma

4.5. Our first step is thus to define a synchronous version of the CSP game and show that its

perfect strategies coincide with the original game of [ABdSZ17].

Example 5.25. Consider relational structuresX ,Y . The synchronous (X ,Y)-homomorphism

game is played as follows:

1. Verifier sends Alice and bob tuples xaxaxa,xbxbxb ∈ Xk respectively.

2. Alice and Bob return tuples yayaya, ybybyb ∈ Y k respectively.
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3. Alice and Bob win the game if:

• xxxaaai = xxxbbbj ⇒ yyyaaai = yyybbbj .

• xaxaxa ∈ RX ⇒ yayaya ∈ RY and xbxbxb ∈ RX ⇒ ybybyb ∈ RY .

Theorem 5.26. For t ∈ {c, ∗, co} there exists a perfect t-strategy in the (X ,Y)-CSP game iff
there exists a perfect t-strategy in the synchronous (X ,Y)-CSP game.

Proof. • Classical case: (→) We know via proposition 5.4 that there must be a classical

homomorphism f : X → Y . Define Alice and Bob’s deterministic functions as

fa(xxx) = f b(xxx) = (f(x1), . . . , f(xk)). This satisfies the winning conditions because f

is a function and because it preserves relations.

(←): We first construct a function f : X → Y . Recall that a deterministic classical

strategy is given by a pair of functions fa, f b : Xk → Y k
. Because of the synchronous

nature of the game, we must have fa = f b. Now consider the case where Alice and

Bob both receive the same input xaxaxa = xbxbxb = (x, . . . , x) ∈ Xk
. To satisfy the winning

condition xai = xbj ⇒ yai = ybj they must respond with tuples fa(xaxaxa) = f b(xbxbxb) =

(y, . . . , y) ∈ Y k
. Therefore we define our function by setting f(x) = y.

It remains to verify that this function preserves relations. We first show that for

xxx = (x1, . . . , xk) ∈ Xk
we have fa(xxx) = (f(x1), . . . , f(xk)). To see this consider

the case where we give xaxaxa = (x1, . . . , xk) and x
bxbxb = (xi, . . . , xi) ∈ Xk

as input to

Alice and Bob respectively. Since we have xai = xbi = xi we must have yi = yai =

ybi = f(xi). Now take xxx ∈ RX
. The winning condition of the game implies that

fa(xxx) = (f(x1), . . . , f(xk)) ∈ RY
as required.

• Tensor case: (→) Assume we have a ∗-homomorphism. We define a strategy

(ψ, {Exxx}xxx∈RX , {Fxxx}xxx∈RX ) in the synchronous game by taking ψ to be the maximally

entangled state and setting Ex,yx,yx,y = F T
x,yx,yx,y = Px1,y1 · · ·Pxk,yk . Then lemma 4.4 shows

that p(yayaya, ybybyb|xaxaxa,xbxbxb) = 0 ⇐⇒ Exa,yaxa,yaxa,yaExb,ybxb,ybxb,yb = 0. Now assume that the first winning

condition fails meaning we have i, j ∈ [k] such that xai = xbj and y
a
i ̸= ybj . We have

Exa,yaxa,yaxa,yaExb,ybxb,ybxb,yb = Pxa1 ,ya1 , . . . Pxak,yak .Pxb1,yb1 , . . . Pxbk,ybk .

Using commutativity we can place the projectors Pxai ,yai and Pxbj ,ybj next to each other

in the above product. As xai = xbj these are different projectors belonging to the same

PVM so Pxai ,yai Pxbj ,ybj = 0. Hence Exa,yaxa,yaxa,yaExb,ybxb,ybxb,yb = 0.

Finally, assume the second winning condition fails, then from condition 3 in the
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definition of ∗-homomorphisms we have either:

– xaxaxa ∈ RX
and yayaya ̸∈ RY

. In this case Exa,yaxa,yaxa,yaExb,ybxb,ybxb,yb = 0.Exb,ybxb,ybxb,yb = 0.

– xbxbxb ∈ RX
and ybybyb ̸∈ RY

. In this case Exa,yaxa,yaxa,yaExb,ybxb,ybxb,yb = Exa,yaxa,yaxa,ya .0 = 0.

(←): Assume a perfect strategy (ψ, {Exxx}xxx∈RX , {Fxxx}xxx∈RX ) in the form of lemma 4.4 exists

in the synchronous game. As before we have a family of projectors {Px,y}x∈X,y∈Y where

Px,y = Ei
xxx,y whenever x = xxxi. We claim that this is a ∗-homomorphism. To begin with, we

must show that these projectors are well-defined by proving that Ei
xxx,y = Ej

x′x′x′,y
whenever

xi = x′j . For this we note that when xi = x′j and y ̸= y′ we have Ei
xxx,yE

j
x′x′x′,y′

= 0:

Ei
xxx,yE

j
x′x′x′,y′

= (
∑
yi=y

Ex,yx,yx,y)(
∑
y′j=y

′

Ex′,y′x′,y′x′,y′) =
∑
yi=y

∑
y′j=y

′

Ex,yx,yx,yEx′,y′x′,y′x′,y′ = 0,

where the last equality follows from the failure of the winning condition xi = x′j ⇒ yi = y′j .

Now assume we have xxx,x′x′x′ such that xi = x′j , we get:

Ei
xxx,y = Ei

xxx,y.(
∑
y′

Ej
x′x′x′,y′

) =
∑
y′

Ei
xxx,y.E

j
x′x′x′,y′

= Ei
xxx,y.E

j
x′x′x′,y

=
∑
y′

Ei
xxx,y′ .E

j
x′x′x′,y

= Ej
x′x′x′,y
.

Thus, we again have for xxx ∈ RX
jointly measurable PVMs {Pxi}. This means that the first

two conditions in the definition of ∗-homomorphisms are satisfied. For the final condition

assume xxx ∈ RX
and yyy ̸∈ RY

. Then we have

Px,yx,yx,y = Ex,yx,yx,y = Ex,yx,yx,yEx,yx,yx,y = 0,

where the last equality follows via the failure of the winning condition xaxaxa ∈ RX ⇒ yayaya ∈ RY

and lemma 4.4.

Thus, any result that applies to perfect strategies in the synchronous CSP game also applies to

the original game.

Remark 5.27. An import of this result is that the sophisticated machinery that has been devel-
oped for dealing with synchronous non-local correlations can also be used to study correlations
which have suitable “reductions” to synchronous correlations. It may be possible to formalise
this idea more precisely in the language of simulations and resource theories as studied for
example in [ABM17; ABKM19; BKM23]. It is also worth noting that our CSP game generalises
the well-studied class of binary constraint system (BCS) games. These games were also originally
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stated in a non-synchronous formulation [CM14] but were later shown to have an equivalent
synchronous characterisation [KPS18]. Our synchronous game coincides with the synchronous
BCS game of [KPS18] when the CSP in question is a BCS.

We can now prove a commuting operator framework analogue of theorem 5.7.

Definition 5.28. LetA be a unitalC∗
-algebra which admits a faithful tracial state s : A→ C.

A co-homomorphism from X ∈ R(σ) to Y ∈ R(σ) is given by a family of projectors

{Px,y}x∈X,y∈Y inA satisfying:

1. For all x ∈ X :
∑

y∈Y Px,y = I .

2. For all x, x′ adjacent in the Gaifman graph of X and all y, y′ ∈ Y we have Px,y ⊙ Px′y′ .

3. If xxx ∈ RX
and yyy ̸∈ RY Px,yx,yx,y = 0.

Theorem 5.29. The following are equivalent:

• X co→ Y .

• There exists a co-homomorphism from X to Y .

Proof. (→) : We know via lemma 4.4 that there exists a family of projectors Ex,yx,yx,y ∈ A such

that Ex,yx,yx,yEx′,y′x′,y′x′,y′ = 0. Define Px,y = Ei
xxx,y =

∑
yyyi=y

Exxx,y . These are well-defined projectors and

satisfy conditions (1)-(3) via exactly the same argument used in the proof of theorem 5.26.

(←): Define Ex,yx,yx,y = Px1,y1 . . . Pxk,yk . Then for each x ∈ X {Exxx} is a well-defined PVM

thanks to the joint measurability condition (2) and the normalisation condition (1). Based

on lemma 4.5 it suffices to show that Ex,yx,yx,yEx′,y′x′,y′x′,y′ = 0 whenever the winning conditions of

the game are not satisfied. Again this follows via exactly the same argument as in theorem

5.26.

5.1.4 Representations of the CSP game

We now mention a theorem of [OP16] which consolidates various results for perfect strategies

in the MR graph homomorphism game in the language of C∗
-algebras. We first require the

definition of a representation for the graph homomorphism game.

Definition 5.30. Let G andH be graphs. A representation of the MR quantum graph homo-

morphism game over a Hilbert spaceHHH is given by a family of projectors {Pg,h}g∈V (g),h∈V (h)

satisfying:

1. For all g ∈ V (g) :
∑

h∈V (h) Pg,h = I .
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2. For all g, g′ ∈ V (g) and h, h′ ∈ V (h) satisfying g ∼ g′ and h ̸∼ h′: Pg,hPg′,h′ = 0.

In the remainder of this document we refer to such a representation simply as anMR quantum
graph homomorphism inHHH .

We write A(G,H) for the universal C∗
-algebra generated by such sets of projections. Note

that a A(G,H) may fail to exist if there is no MR quantum homomorphism between G and H

in any Hilbert space. The following was shown in [OP16].

Theorem 5.31 ([OP16]). The following facts are true:

• G
co→ H iff there exists a tracial state onA(G,H).

• G
∗→ H iffA(G,H) has a finite-dimensional representation.

• G
c→ H iffA(G,H) has a one-dimensional representation.

Based on our discussion thus far in this chapter, we have shown a variant of this theorem for

the CSP game.

Definition 5.32. A quantum homomorphism from X ∈ R(σ) to Y ∈ R(σ) inHHH is given

by a family of projectors {Px,y}x∈X,y∈Y in Proj(HHH) satisfying:

1. For all x ∈ X :
∑

y∈Y Px,y = Id

2. For all x, x′ adjacent in the Gaifman graph of X and all y, y′ ∈ Y we have Px,y ⊙ Px′y′ .

3. If xxx ∈ RX
and yyy ̸∈ RY Px,yx,yx,y = 0.

Again we writeA(X ,Y) for the universal C∗
-algebra generated by such sets of projections.

Note that A(X ,Y) may fail to exist if there is no quantum homomorphism between X and Y
in any Hilbert space.

Theorem 5.33. The following facts are true:

• G
co→ H iff there exists a tracial state onA(X ,Y).

• G
∗→ H iffA(X ,Y) has a finite-dimensional representation.

• G
c→ H iffA(X ,Y) has a one-dimensional representation.

5.2 Structure isomorphism game

A non-local graph isomorphism game has been introduced in [AMR+19] and studied extensively

since (see e.g. [MR20; LMR20; MRV18; MRV19; NRSZ24]). This game can be generalised to
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arbitrary relational structures. An open question mentioned in [ABdSZ17] is to figure out how

this game fits into the quantum monad framework. This is the question which we address in

this section. Let us begin by explaining the structure isomorphism game. As with the CSP

game, this game can be formulated in both a synchronous and non-synchronous fashion. To

simplify some proofs we focus on the synchronous formulation.

Example 5.34. Consider relational structures X ,Y . The (X ,Y)-isomorphism game is played
as follows:

1. Verifier sends Alice and bob tuples cacaca, cbcbcb ∈ Xk ∪ Y k respectively.

2. Alice and Bob return tuples dadada, dbdbdb ∈ Xk ∪ Y k respectively.

3. Alice and Bob win the game if:

• cacaca ∈ RX ⇐⇒ dadada ∈ RY and cbcbcb ∈ RX ⇐⇒ dbdbdb ∈ RY .

Assuming this condition is met we definexaxaxa to be the unique tuple inRX among cacaca and dadada,
and we define yayaya,xbxbxb, ybybyb similarly. To win, the following condition must also be satisfied:

• ∀i, j ∈ [k] : xai = xbj ⇐⇒ yai = ybj .

We write X
t∼= Y whenever a perfect t-strategy exists in this game for t ∈ {c, ∗, co, ns}.

Notice that unlike in the case of the homomorphism game Alice and Bob do not necessarily

receive inputs from the same structure. Moreover, the winning conditions of the game dictate

that to win Alice and Bob’s responses must be from whichever structure their input was not

from.

5.2.1 Classical strategies

As before we can verify that perfect classical strategies are isomorphisms.

Proposition 5.35. X
c∼= Y ⇐⇒ X ∼= Y .

Proof. (⇒): We first construct a function f : X → Y . Recall that a deterministic classical

strategy is given by a pair of functions fa, f b : Ak ∪ Bk → Ak ∪ Bk
. Because of the

synchronous nature of the game, we must have fa = f b. Now consider the case where

Alice and Bob both receive the same input xaxaxa = xbxbxb = (x, . . . , x) ∈ Xk
. To satisfy the

winning condition xai = xbj ⇐⇒ yai = ybj they must respond with tuples fa(xaxaxa) = f b(xbxbxb) =

(y, . . . , y) ∈ Y k
. Therefore we define our function by setting f(x) = y. We now claim that

this is an isomorphism. To verify this we must show that f is bijective, preserves relations,

and reflects relations.
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• bijectivity: Consider the function f−1 : Y → X defined in the same way as f

where we provide yayaya = ybybyb = (y, . . . , y) ∈ Y k
as inputs to Alice and Bob. We claim

that f−1 ◦ f(x) = x. To see this consider what would happen if we gave as input

xaxaxa = (x, . . . , x) to Alice and fa(xaxaxa) = (y, . . . , y) as input to Bob. In this case we have

f(x) = y and in order to satisfy xai = xbj ⇐⇒ yai = ybj we must have that f−1(y) = x.

Similar reasoning shows that f ◦ f−1(y) = y.

• preservation and reflection: We first show that for xxx = (x1, . . . , xk) ∈ Xk
we

have fa(xxx) = (f(x1), . . . , f(xk)). To see this consider the case where we give xaxaxa =

(x1, . . . , xk) and x
bxbxb = (xi, . . . , xi) ∈ Xk

as input to Alice and Bob respectively. Since

we have xai = xbi = xi we must have yi = yai = ybi = f(xi).

Now take xxx ∈ RX
. The winning condition of the game implies that fa(xxx) =

(f(x1), . . . , f(xk)) ∈ RY
as required. To prove that relations are reflected we sim-

ply repeat the same argument noting that for yyy = (y1, . . . , yk) ∈ Y k
we have

fa(xxx) = (f−1(y1), . . . , f
−1(xk)).

(⇐): Let f : X → Y be an isomorphism. Consider the strategy given by fa(c1, . . . , ck) =

f b(c1, . . . , ck) =

(f(c1), . . . , f(ck)) if (c1, . . . , ck) ∈ Xk

(f−1(c1), . . . , f
−1(ck)) if (c1, . . . , ck) ∈ Y k.

. The first winning condi-

tion is satisfied via the preservation and reflection of relations. The second winning condition

is satisfied because f is a bijection.

5.2.2 Tensor strategies

We now turn our attention to ∗-strategies in the isomorphism game. Our goal is to characterise

such strategies in a manner analogous to what was done for the homomorphism game in

[ABdSZ17]. We begin by showing that strategies can be assumed to have a special form.

Theorem 5.36. The existence of a perfect ∗-strategy in the (X ,Y)-isomorphism game implies
the existence of a perfect ∗-strategy (ψ′, {Exxx}xxx∈Xk∪Y k , {Fxxx}xxx∈Xk∪Y k) which satisfies:

1. Ei
xxx and F

i
xxx are PVMs where we define Ei

xxx,y :=
∑

yyyi=y
Exxx,y, and similarly for F i

xxx;

2. The state ψ is a maximally entangled state ψ = 1√
d

∑d
i=1 ei ⊗ ei;

3. Ei
xxx,y = F iT

xxx,y;

4. Ex,yx,yx,y = Ey,xy,xy,x for all xxx,yyy ∈ Xk ∪ Y k;

5. If (xxx ∈ RX ⇐⇒ yyy ∈ RY) does not hold then Ex,yx,yx,y = 0;
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6. if xi = x′j then E
i
xxx,y = Ej

x′x′x′,y
.

Proof. We use lemma 4.4 to prove these claims.

1. From lemma 4.4 we know that each of the Ex,yx,yx,y are projectors that sum to I . Therefore

they are orthogonal. As Ei
xxx is a sum of orthogonal projectors it is a projector. We also

have

∑
y∈Y Exy =

∑
y∈Y Exy

∑
yyyi=y

Exxx,y =
∑

yyy∈Y k Ex,yx,yx,y = I .

2. This follows immediately from lemma 4.4.

3. From lemma 4.4 we have Ex,yx,yx,y = F T
x,yx,yx,y. So we get

Ei
xxx,y =

∑
yyyi=y

Ex,yx,yx,y =
∑
yyyi=y

F T
x,yx,yx,y = (

∑
yyyi=y

Fx,yx,yx,y)
T = F iT

xxx,y

.

4. We first note that p(yyy,x′x′x′|xxx,yyy) = 0 whenever xxx ̸= x′x′x′. This is because we must have

some i ∈ [k] for which xi ̸= x′i. However, as we clearly have yi = yi the winning

condition xi = x
′
i ⇐⇒ yi = yi is not satisfied. From lemma 4.4 we can deduce that

Ex,yx,yx,yEy,x′y,x′y,x′ = 0 whenever xxx ̸= x′x′x′. We then get

Ex,yx,yx,y = Ex,yx,yx,y
∑
x′x′x′∈Xk

Ey,xy,xy,x = Ex,yx,yx,yEy,xy,xy,x.

Similarly, whenever yyy ̸= y′y′y′ we have

Ey,xy,xy,x =
∑
y′y′y′∈Y k

Ex,y′x,y′x,y′Ey,xy,xy,x = Ex,yx,yx,yEy,xy,xy,x.

5. Take xxx ∈ Xk
and yyy ∈ Y k

such that xxx ∈ RX ⇐⇒ yyy ∈ RY
does not hold. Because of

the winning conditions, if either of these tuples is given as input to Alice and Alice

responds with the other tuple, then regardless of what input we give to Bob and what

output Bob produces we end up with 4 tuples such that V (xxx,yyy,x′x′x′, y′y′y′) = 0. Therefore

from lemma 4.4 we can conclude that for any x′ ∈ Xk
and y′ ∈ Y k Ex,yx,yx,yEx′,y′x′,y′x′,y′ = 0.

Making use of the argument used in proving item (4) above we get:

Ex,yx,yx,y = Ex,yx,yx,yEy,xy,xy,x = 0.

6. This follows via exactly the same argument used in theorem 5.26.
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Notice that by using lemma 4.4 as a black-box we have avoided the need to reprove some of the

intermediate lemmas in the corresponding proof of theorem 5.5 in [ABdSZ17]. Now let us once

again define projectors Px,y = Ei
xxx,y whenever x = xi for some i ∈ [k]. Item (6) in theorem 5.36

shows that these are well-defined projectors. As in the homomorphism case we then have for

each xxx ∈ RX
PVMs {Pxi} which are jointly measurable. Hence Exxx is equivalent to the PVM

Pxxx given by

Px,yx,yx,y = Px1,y1 ., . . . , .Pxk,yk .

We can now define a ∗-isomorphism as follows.

Definition 5.37. Let HHHd be a finite-dimensional Hilbert space of dimension d. A ∗-
isomorphismm inHHHd between X ∈ R(σ) and Y ∈ R(σ) is given by a family of projectors

{Px,y}x∈X,y∈Y in Proj(HHHd) satisfying:

1. For all x ∈ X :
∑

y∈Y Px,y = I ;

2. For all y ∈ Y :
∑

x∈X Px,y = I ;

3. For all x, x′ adjacent in the Gaifman graph of X and all y, y′ ∈ Y we have Px,y ⊙ Px′y′ .

4. For all y, y′ adjacent in the Gaifman graph of Y and all x, x′ ∈ X we have Px,y ⊙ Px′y′ .

5. If xxx ∈ RX ⇐⇒ yyy ∈ RY
does not hold Px,yx,yx,y = 0.

A helpful alternative definition is to note that a ∗-isomorphism is given by a family of

projectors {Px,y}x∈X,y∈Y such that {Px,y} is a ∗-homomorphism from X to Y and {Py,x} is
a ∗-homomorphism from Y to X .

To justify this definition we prove the following:

Theorem 5.38. The following are equivalent:

1. X
∗∼= Y

2. There exists a ∗-isomorphism between X and Y .

Proof. (1) ⇒ (2): This follows from theorem 5.36 and the ensuing discussion on joint

measurability of PVMs. (2) ⇒ (1): Consider the strategy (ψ, {Px,yx,yx,y}, {P T
x,yx,yx,y}) where ψ is

the maximally entangled state. This is a valid strategy because of conditions (1)-(4) in the

definition of ∗-isomorphisms. Via the last item of lemma 4.4 we see that item (5) implies that

p(yyy,y′y′y′|xxx,x′x′x′) = 0 whenever the winning conditions of the game are not satisfied.
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5.2.3 Commuting operator strategies

As in the case of the homomorphism game, we can provide a characterisation of perfect co-

strategies as follows. We omit a detailed proof as this again makes use of lemma 4.5 and then

follows exactly the same style of argument as theorems 5.38.

Definition 5.39. LetA be a unitalC∗
-algebra which admits a faithful tracial state s : A→ C.

A co-isomorphism between X ∈ R(σ) to Y ∈ R(σ) is given by a family of projectors

{Px,y}x∈X,y∈Y inA satisfying:

1. For all x ∈ X :
∑

y∈Y Px,y = I ;

2. For all y ∈ Y :
∑

x∈X Px,y = I ;

3. For all x, x′ adjacent in the Gaifman graph of X and all y, y′ ∈ Y we have Px,y ⊙ Px′y′ .

4. For all y, y′ adjacent in the Gaifman graph of Y and all x, x′ ∈ X we have Px,y ⊙ Px′y′ .

5. If xxx ∈ RX ⇐⇒ yyy ∈ RY
does not hold Px,yx,yx,y = 0.

Theorem 5.40. The following are equivalent:

• X
co∼= Y .

• There exists a co-isomorphism between X and Y .

5.2.4 Representations of the isomorphism game

Finally, to end this section we characterise perfect strategies in the isomorphism game using

C∗
-algebras, just as we did for the CSP game.

Definition 5.41. A quantum isomorphism from X ∈ R(σ) to Y ∈ R(σ) inHHH is given by a

family of projectors {Px,y}x∈X,y∈Y in Proj(HHH) satisfying:

1. For all x ∈ X :
∑

y∈Y Px,y = I ;

2. For all y ∈ Y :
∑

x∈X Px,y = I ;

3. For all x, x′ adjacent in the Gaifman graph of X and all y, y′ ∈ Y we have Px,y ⊙ Px′y′ .

4. For all y, y′ adjacent in the Gaifman graph of Y and all x, x′ ∈ X we have Px,y ⊙ Px′y′ .

5. If xxx ∈ RX ⇐⇒ yyy ∈ RY
does not hold Px,yx,yx,y = 0.

Again we writeA(X ,Y) for the universal C∗
-algebra generated by such sets of projections.

Note that A(X ,Y) may fail to exist if there is no quantum isomorphism between X and Y in

any Hilbert space.
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Theorem 5.42. The following facts hold:

• G
co∼= H iff there exists a tracial state onA(X ,Y).

• G
∗∼= H iffA(X ,Y) has a finite-dimensional representation.

• G
c∼= H iffA(X ,Y) has a one-dimensional representation.

5.3 Categorical characterisations

In this section, we explain how quantum homomorphisms and isomorphisms can be captured

categorically in the Kleisli category of a suitable generalisation of the concept of a monad.

5.3.1 The graded quantum monad

We start by describing the graded quantum monad introduced in [ABdSZ17]. Let us define

graded monads.

Definition 5.43. Given a monoid (N, ·, 1) an N -graded monad ({Mn}n∈N , {µn,n
′}n,n′∈N , η)

over a categoryC is a family of endofunctorsMn : C→ C, n ∈ N , a natural transformation

η : idC → M1 (the unit), and a family of natural transformations µn,k : MnMk → Mn.k,

where n, k ∈ N (the graded multiplication). These must satisfy the following commutativity

conditions:

MnMkMm MnMk.m Mn M1Mn

Mn.kMm Mn.k.m MnM1 Mn

Mnµk,m

µn,k
Mm

µn.k,m

ηMn

µ1.n

µn.1

Mnη idMnµn,k.m

More generally, a graded monad is a (lax) monoidal functor (M,⊗, I) → ([C,C], ◦, idC)

from a monoidal category to the category of endofunctors over C [FKM16].

Now let N+
denote the monoid of natural numbers under the usual multiplication operation.

The graded quantum monad of [ABdSZ17] is defined as follows.

Example 5.44. The (finite-dimensional) graded quantum ({Qd}d∈N+ , {µd,d′}d,d′∈N+ , η) is an
N+ graded monad defined by the following components:

• Qd : Set→ Set is the functor defined by:
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– Qd(X) is the set of all functions of the form φ : X → Proj(Cd) where for all but
finitely many x ∈ X , φ(x) = 0. These must satisfy the normalisation condition∑

x∈X φ(x) = Id.

– Qd(f) maps φ to λy.Σx∈f−1(y)φ(x).

– (φ1, . . . , φn) ∈ RQdX iff the following conditions are satisfied:

∗ ∀i, j ∈ [k], x, x′ ∈ X : φi(x)⊙ φj(x′).

∗ ∀xxx ∈ Xk,xxx ̸∈ RX : φ(xxx)φ(xxx)φ(xxx) = 0 where φ(xxx)φ(xxx)φ(xxx) = φ1(x1), . . . φk(xk).

• ηX(x) = ∆x where ∆x(x) = I1 and ∆x(y) = 0 for y ̸= x.

• µX(φ) = λx.Σψ∈Qd(X)φ(ψ)⊗ ψ(x).

As with the case of distribution minion monads, we can also define a Set version of the graded

quantum monad which we denote by Qd. This construction can be seen as an analogue of the

distribution monadDS which is not strictly speaking defined over a semiring but rather a family

of graded, semiring-like structures given by the data (
⊔
d∈N+ Proj(CCCd), {0d}, {Id},+,⊗).

The following result links the graded quantum monad to quantum homomorphisms.

Theorem 5.45. ([ABdSZ17]) The following are equivalent for X ,Y ∈ R(σ):

1. X ∗→ Y .

2. X → QdY .

We now point out that one can define an alternative version of the quantum monad which

can be used to study representations of graph homomorphisms over any Hilbert space, not

just those which are finite-dimensional. For this purpose, consider the monoidal category

(Hilbiso,⊗,C), which has Hilbert spaces as objects, unitary maps (which are isomorphisms

inHilb) as morphisms, the tensor product of Hilbert spaces as its monoidal product, and the

Hilbert space C as its unit object.

Example 5.46. There exists a (Hilbiso,⊗,C)-graded quantum monad
({QHHH}HHH∈H, {µHHH,H

′H′H′}HHH,H′H′H′∈H, η) which is defined in the same way as Qd, where we re-
place the unit 1 with the Hilbert space C and the multiplication operation . with the tensor
product ⊗. Moreover, since a graded monad is a lax monoidal functor we must also construct a
natural transformation αU : QHHH → QH′ whenever there exists a unitary map U : H → H′.
This is defined as αUXφ = Σx∈XUφ(x)U

†.

Proposition 5.47. ({QHHH}HHH∈H, {µHHH,H
′H′H′}HHH,H′H′H′∈H, η) is a graded monad.
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Proof. Checking the associativity and identity axioms is almost equivalent to the proof of

the finite-dimensional case given in [ABdSZ17], we simply replace the data from the monoid

N+
with the data from the monoidal category Hilbiso

. The additional point to check is that

the αU are valid natural transformations. For this there are two things to check:

• For any unitary U : H → H′
, whenever we have φ ∈ QHHHX we must have αUXφ ∈

QH′X . To verify this note that ∀x ∈ X we have

Uφ(x)U †Uφ(x)U † = Uφ(x)Iφ(x)U † = Uφ(x)φ(x)U † = Uφ(x)U †

and

(Uφ(x)U †)† = (U †)†(Uφ(x))† = Uρ(x)†U † = Uφ(x)U †.

In other words αUXφ(x) is a projector for all x ∈ X . We also have

∑
x∈X

Uρ(x)U † = U
∑
x∈X

ρ(x)U † = UIU † = UU † = I.

Which means that the projectors {Uρ(X)U †} form a PVM as required. Finally, given

(φ1, . . . , φn) ∈ RQHHHX
, we must have (αUXφ1, . . . , α

U
Xφn) ∈ RQH′X

. This holds as a

consequence of the following two facts:

φi(x)⊙ φj(x′)⇒ (αUXφi)(x)(α
U
X(φj)(x

′) = Uφi(x)U
†Uφj(x

′)U †

= Uφi(x)φj(x
′)U †

= Uφj(x
′)φi(x)U

†

= Uφj(x
′)U †Uφi(x)U

†

= (αUX(φj)(x
′)(αUXφi)(x).

and

φ1(x1) · · ·φ(xn) = 0

⇒ (αUXφ1)(x1) · · · (αUXφn)(xn) = Uφ1(x1)U
†Uφ2(x2)U

† · · ·Uφn(xn)U †

= Uφ1(x1)φ2(x2) · · ·φn(xn)U † = U0U † = 0.

• We must also check naturality. This condition is satisfied since for any f : X → Y we

have

120



(QH′f ◦ αUX(φ))(y) =
∑

x∈f−1(y)

(αUXφ)(x)

=
∑

x∈f−1(y)

Uφ(x)U † = (U
∑

x∈f−1(y)

φ(x)U †)

= U(QHHHf(φ))(y)U
†) = (αUY ◦QHHHf(φ))(y)

We then have the following analogue of our previous theorem:

Theorem 5.48. The following are equivalent for X ,Y ∈ R(σ):

• There exists a quantum homomorphism from X to Y in the Hilbert spaceHHH .

• X → QHHHY .

It follows from this discussion that any result involving the quantum monad we derive in

the remainder of the thesis applies to arbitrary Hilbert spacesHHH not just finite-dimensional

ones.

5.3.2 The quantum minion

Very recently a linear minion referred to as the quantum minion was introduced in [Cia24]

and used to prove several results about quantum advantage in the CSP game. In this section,

we explore connections between this minion and the quantum monad. Our starting point is to

note that distribution minions of example 2.32 can be defined over partial semirings.

Example 5.49. A partial distribution minion DS over a partial semiring S is a linear minion
of depth 1 satisfying for all l ∈ N and for all vvv ∈ D(l) :

∑
v∈vvv v = 1S.

The quantum minion of [Cia24] is then the partial distribution minion over the partial semiring

Proj(HHH) which was described in the previous chapter. We write QHHH for this minion and FQHHH

for its free structure. The following was shown in [Cia24].

Proposition 5.50. ([Cia24][Proposition 7]) The following are equivalent for σ-structures X ,Y :

• There exists a quantum homomorphism from X to Y .

• X → FQHHH
Y .

Our next result is implicit in the proof of the above proposition, although it is not explicitly

stated in [Cia24].
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Proposition 5.51. FQHHH
X ∼= QHHHX .

Proof. The universes of the two structures are readily seen to be the same via the same

argument as in theorem 2.37. Proving that the relations also coincide is more involved.

However, this is essentially the main content of the proof of proposition 5.50 in [Cia24]. We

also note that the proof strategy used in that paper is very similar to our lemma 3.44.

This result shows that the quantum monad fits into the framework of distribution minion

monads described in chapter 2. Note however that we have had to relax our assumptions so

that S is a partial rather than a total semiring.

5.3.3 The partial quantum monad

So far in this chapter, we have introduced suitable definitions for quantum homomorphisms

and quantum isomorphisms of relational structures. Moreover, we have described a graded

quantum monad QHHH whose Kleisli morphisms correspond precisely to quantum homomor-

phisms. Given these results, one might expect that Kleisli isomorphisms of QHHH coincide with

quantum isomorphisms. Our next result shows that this is not the case.

Proposition 5.52. The following are equivalent:

1. X ∼= Y

2. X
Kl(QHHH)∼= Y

Proof. (1) ⇒ (2) is straightforward and holds for any monad: Let f : X → Y be an

isomorphism in R(σ). Then we have morphisms g : X f→ Y η→ QCY and g−1 : Y f−1

→ X η→
QCX . We have

g−1 ◦ g = µC,C
X ◦QCηX ◦QCf

−1 ◦ ηY ◦ f

= idQCX ◦QCf
−1 ◦ ηY ◦ f (Unit axiom)

= QCf
−1 ◦QCf ◦ ηX (Naturality of η)

= ηX

A dual argument shows that g−1 ◦ g = ηY as required.

(2)⇒ (1): Note that the only projectors in C are 1 and 0. Therefore we can easily observe

that the functorQC is isomorphic to the identity functor and that η is a natural isomorphism.

Let f : X → QHHHY be a Kleisli isomorphism. We must have f−1 : Y → QH′H′H′X such that

f ◦ f−1 = ηX . We know that f−1 ◦ f : X → QHHH⊗H′H′H′ and that ηX : X → QC. From this, we
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can conclude that H = H ′ = C since this is the only way H ⊗H ′ = C. Therefore we can

construct the isomorphism X f→ QCY
η−1
Y→ Y inR(σ).

Therefore, even though Kleisli morphisms of QHHH correspond to quantum homomorphisms we

see that Kleisli isomorphisms coincide with classical isomorphisms. The following theorem

from [Con22] shows that a similar result holds more generally for any distribution minion

monad DS which satisfies certain properties.

Theorem 5.53. For any semiring S whose non-zero elements are closed under both addition
and multiplication, the following are equivalent:

• X ∼= Y

• X
Kl(DS)∼= Y

We now describe a method for overcoming this limiting result in the case of the functor QHHH .

Recall that the set Proj(HHH) admits the structure of a partial semiring whereby the operation

+ is only defined when two projectors are orthogonal and .. Crucially, in this structure, two

non-zero projectors P1 and P2 can multiply to zero. Thus, the non-zero elements of Proj(HHH) are

not closed under matrix multiplication and the assumptions of theorem 5.53 are not satisfied

by this partial semiring. Based on this observation we now define an alternative partial notion

of Kleisli composition for the functor QHHH where we use the matrix product instead of the

Kronecker product. To explain this in more detail recall from [ABdSZ17] that given two Kleisli

morphisms f : X → QHHHY and g : Y → QH′H′H′Z their composition g ◦ f : X → QHHH⊗H′H′H′Z can

be explicitly described by the formula

(g ◦ f)(x)(c) =
∑
y∈Y

f(x)(y)⊗ g(y)(c).

Now consider instead two morphisms X → QHHHY and Y → QHHHZ . If these morphisms satisfy

the condition that for all x ∈ X , y ∈ Y , z ∈ Z : f(x)(y)⊙ g(y)(z) we can define a composite

morphism g • f : X → QHHHZ given by

(g • f)(x)(z) =
∑
y∈Y

f(x)(y).g(y)(z).3

Moreover, for any Hilbert spaceHHH there is a natural notion of Kleisli identity map given by

3
Note that the requirement f(x)(y) ⊙ g(y)(z) is more strict than asking for

∑
y∈Y f(x)(y) · g(y)(z) to be

a well-defined projector. This is because the sum of several matrices can be a projector even if the individual

matrices themselves are not.
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ηHHHX : X → QHHHX which sends x ∈ X to δx ∈ QHHHX where for x ̸= x′ :

δx(x) = Id

δx(x
′) = 000d

. It is

straightforward to verify that whenever the composition of morphisms under • is well-defined
the associativity and unitality axioms of a category are satisfied. Thus we almost have a

category, except that composition operation • is a partial rather than total operation. These

observations prompt us to define the concept of a partial category.

Definition 5.54. A partial category C consists of:

• A collection of objects, denoted Ob(C).

• For each pair of objects X, Y ∈ Ob(C), a set of morphisms (or arrows) HomC(X, Y ).

• For each object X ∈ Ob(C), an identity morphism idX ∈ HomC(X,X).

• For each triple of objects X, Y, Z ∈ Ob(C), a composition law:

• : HomC(Y, Z)× HomC(X, Y )→ HomC(X,Z)

Given by a partial operation • where for all f ∈ HomC(X, Y ), g ∈ HomC(Y, Z), and

h ∈ HomC(Z,W ), the following axioms hold :

– Associativity: (h • g) • f is well-defined iff h • (g • f) is well-defined. Moreover,

when this is the case (h • g) • f = h • (g • f)

– Identity: idY • f and g • idY are always well-defined. Moreover, idY • f = f

and g • idY = g.

This can equivalently be seen as a category enriched in the category of sets and partial

functions.

The partial category we have described above then arises as the Kleisli category of a partial

version of the quantum monad which we now describe.

Example 5.55. The partial quantum monad (QHHH , η, µ) is a partial monad :

• QHHH is defined as previously.

• ηX(x) = ∆x where ∆x(x) = IHHH and ∆x(y) = 0HHH for y ̸= x.

• µX(φ) is defined whenever ∀ψ ∈ QHHH(X),∀x ∈ X : φ(ψ)⊙ ψ(x). In this case we have
µX(φ) = λx.Σψ∈QHHH(X)φ(ψ).ψ(x).

Note that µ here fails to be a natural transformation since the morphism µX assigned to each

object is a partial rather than a total homomorphism. Nevertheless, whenever compositions
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are well-defined this operation does satisfy the naturality axiom. From this point onwards we

shall writeKl(
•
QHHH) andKl(

⊗
QHHH) to distinguish the (partial) kleilsi categories of the partial and

graded version of the quantum monad respectively.

We can now explore what a suitable notion of isomorphism inKl(
•
QHHH) would look like. In a

Kleisli category, the identity map is given by the monad unit. Thus, let us write X
Kl(QHHH)•∼= Y

whenever there exists a pair of Kleisli morphisms f : X → QHHHY and g : Y → QHHHX
satisfying:

• ∀x ∈ X , y ∈ Yf(x)(y)⊙ g(y)(x),

• g • f = ηX ,

• f • g = ηY .

Our next theorem shows that such isomorphisms are precisely quantum isomorphisms.

Theorem 5.56. The following are equivalent:

1. There exists a quantum isomorphism X
q∼= Y inHHH .

2. X
Kl(

•
QHHH)∼= Y .

Proof. We recall that one way of characterising a quantum isomorphism is as the existence

of a pair of quantum homomorphisms f : X → QHHHY and g : Y → QHHHY such that

f(x)(y) = g(y)(x).

(1)⇒ (2): Take f and g to be quantum homomorphisms which witness a quantum isomor-

phism in the sense described above. We have

(g • f)(x)(x) =
∑
y∈Y

f(x)(y).g(y)(x) =
∑
y∈Y

f(x)(y).f(x)(y) =
∑
y∈Y

f(x)(y) = Id.

Therefore (g • f)(x) = δx and g • f = ηX as required. A symmetric argument shows that

(f • g) = ηY .

(1) ⇐ (2): Let f and g be Kleisli morphisms witnessing X
Kl(

•
QHHH)∼= Y . We show that

∀x, y : f(x)(y) = g(y)(x). We begin by observing that

(g • f)(x)(x) =
∑
y′∈Y

f(x)(y′).g(y′)(x) = Id.

125



Because f(x) is a PVM we have f(x)(y).f(x)(y′) = 0 whenever y ̸= y′. Thus, if we multiply

both sides of the above equation by f(x)(y) on the left we obtain the equality

f(x)(y) = f(x)(y).f(x)(y).g(y)(x) = f(x)(y).g(y)(x).

A symmetric argument involving (f • g) results in the equality g(y)(x) = g(y)(x).f(x)(y).

Since f(x)(y) and g(y)(x) commute we conclude with

f(x)(y) = f(x)(y).g(y)(x) = g(y)(x).f(x)(y) = g(y)(x).

This theorem shows that by replacing the Kronecker product with matrix multiplication we

can overcome the collapse of Kleisli isomorphisms for QHHH to classical isomorphism.

5.3.3.1 Overcoming partiality

Our final result in this chapter is a method for overcoming the partiality inherent in Kl(
•
QHHH)

to derive a (total) category where morphisms are quantum homomorphisms and isomorphisms

are quantum isomorphisms. The idea is to change the objects ofKl(
•
QHHH) so that they contain

more fine-grained type information. In this way, we will be able to limit the morphisms in and

out of each object to precisely those morphisms which are composable via •. Our approach to

formalising this idea is based on a refinement of the notion of specification structures introduced

in [AGN96].

Definition 5.57. Let C be a partial category. A specification structure S over C is defined

by the following data:

• A set PA of properties over A for each object A in Ob(C).

• A relation RA,B ⊆ PA× homC(A,B)× PB for each pair of objects A,B in Ob(C).

Given f : A → B, g : B → C, pA ∈ PA, pB ∈ PB, pC ∈ PC , this relation is required to

satisfy the following conditions:

• Skip: (pA, idA, pA) ∈ RA,A.

• Sequential Composition: (pA, f, pB) ∈ RA,B and (pB, g, pC) ∈ RBC ⇒ (pA, g •
f, pC) ∈ RA,C .

• Totality: (pA, f, pB) ∈ RA,B and (pB, g, pC) ∈ RBC ⇒ (g, f) ∈ •C.

Note that our definition of a specification structure is not the same as in [AGN96]. In particular,
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since they assume that C is a category they do not need to enforce a totality condition.

Given C and S as above one can define a (total) category CS . The objects are pairs (A, pA)

with A ∈ Ob(C) and pA ∈ PA. A morphism f : (A, pA)→ (B, pB) is a morphism f : A→ B

such that (pA, f, pB) ∈ RA,B . The composition of f and g is simply g •C f . Our next result
verifies that this construction indeed yields a valid category.

Proposition 5.58. Let S be a specification structure on a partial category C. CS is a category.

Proof. The identity morphisms for an object (A, pA) is simply given by idA. From the

skip condition, it is clear that this is a valid morphism in CS . Since all morphisms in

CS arise from morphisms in C it is clear that the identity and associativity conditions

are satisfied. The last thing to check is that the composition of morphisms is a total

binary operation. This follows from the totality and sequential composition conditions.

We now describe the specification structure that shall be placed on Kl(
•
QHHH). For this purpose,

it will be helpful to think of a morphism X → Y for finite structures X ,Y ∈ R(σ) as |Y |× |X|
column stochastic matrices with entries in Proj(HHH). Column stochastic means that each column

of the corresponding matrix must sum to I (and hence represents a PVM). In this case, the

composition operation • is simply the usual notion of matrix multiplication with addition and

multiplication given by the corresponding operations in the partial semiring Proj(HHH). This

is by analogy to how morphisms in Kl(D) can be thought of as column stochastic matrices

over the real numbers. Moreover, a PVM with outcomes in X can be thought of as a vector

indexed by elements of X whose entries are projectors summing to I . Given a morphism

f : X → QHHHY let us use capital letters F to clarify that we are thinking of it as a matrix in this

form. Likewise, given a PVMm : X → Proj(HHH) we write m⃗ to clarify that we are thinking of

it as a vector.

Theorem 5.59. The following data describes a specification structure S on Kl(
•
QHHH).

• An element pX of PX consists of a set of PVMs with outcomes in X . Moreover, pX must
include all delta distributions (i.e. ∀x ∈ X : η(x) ∈ pX ).

• Given pX ∈ PX , pY ∈ PY , and amorphism f : X → QHHHY we have (pX , f, pY) ∈ RX ,Y

iff ∀m ∈ pX : Fm⃗ ∈ pY .

Proof. We verify the conditions one at a time.

• Skip: The matrix corresponding to idA is a diagonal matrix IA where every entry
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equals I . Thus, for allm ∈ pX we have Iam⃗ = m⃗ ∈ pX as required.

• Sequential composition: Our assumptions are:

1. ∀m ∈ pX : Fm⃗ ∈ pY

2. ∀n ∈ pY : Gn⃗ ∈ pZ

From (1) we have (Fm⃗) ∈ pY . Hence by (2) we must have (G • F )m⃗ = GFm⃗ ∈ pZ as

required.

• Totality: Our assumptions are the same as in the sequential composition case. To

verify totality we must show that every column of G • F = GF is a valid PVM. Recall

that ∀x ∈ X : η(x) ∈ pX . By (1) this means that ∀a ∈ X : Fη(x) = f⃗(x) ∈ pY .

Hence, every column of F must be in pY . By (2) we must have ∀x ∈ X : Gf⃗(x) =∈ pZ .
Since every element of pZ is a PVM we have the desired result.

Thus, we now have a category Kl(
•
QHHH)S whose morphisms correspond to quantum homomor-

phisms and whose isomorphisms correspond to quantum isomorphisms.

As a final point, it is important to make sure that in passing from Kl(
•
QHHH) to Kl(

•
QHHH)S we do

not lose any quantum homomorphisms. This means we need to make sure that whenever a

quantum homomorphism exists between X and Y there exist properties pX and pY such that

there is a morphism (X , pX )→ (Y , pY).

Proposition 5.60. For relational structures X and Y the following are equivalent:

1. There exists a morphism f : X → QHHHY .

2. There exists properties pX ∈ PX and pY ∈ PY such that (pX , f, pY) ∈ RX ,Y

Proof. (2) ⇒ (1) is trivial. To see why (1) ⇒ (2) take pX = {η(x)|x ∈ X} and pY =

{η(y)|y ∈ Y } ∪ {f(x)|x ∈ X}. Now for arbitrary η(x) ∈ pX we have Fη(x) = f⃗(x) ∈ pY
as required.

5.4 Discussion

In this chapter we explored the framework of quantum CSPs that was first studied in [ABdSZ17].

We answered several open questions about quantum homomorphisms mentioned in this paper

and showed how the notion of quantum isomorphism of relational structures can fit into the

categorical framework of the quantum monad QHHH . To achieve this we considered QHHH not as

a graded monad but as a monad with a partial multiplication operation which is intimately
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connected with the partial semiring structure of the set Proj(HHH). We then showed that this

monad gives rise to a partial Kleisli category where morphisms are quantum homomorphisms

and isomorphisms are quantum isomorphisms. Finally, we used the idea of a specification

structure, which is inspired by Hoare logic [Hoa69] to turn this partial Kleisli category into a

total category. We outline some directions for future work:

• Partial semiring semantics: Perhaps the most interesting aspect of our results is the

usage of the partial semiring structure of Proj(HHH) in our characterisation of quantum

isomorphisms. Semirings play a prominent role inmany areas of logic in computer science.

In automata theory for example it has long been recognised that semirings provide

semantics for weighted automata [KS85; Moh09; DKV09]. In database theory, they can be

used to define concepts such as probabilistic or incomplete databases [GKT07]. Semiring

valued CSPs have also been studied in [BMR+99]. Motivated by these applications there

has recently been much attention devoted to studying semiring valued semantics for

first-order logic where logical statements can take values in a commutative semiring

rather than just being treated as true or false [GHNW22; Mrk20]. An interesting question

is to ask what would happen if we extend this idea to define partial semiring valued

semantics for first-order logic. We could then explore the semantics given by the partial

semiring Proj(HHH). This would result in a natural first-order variant of the propositional

version of quantum logic introduced by Kochen and Specker [KS67]. Would such a logic

be helpful for “quantising” standard concepts from automata theory, databases, or CSPs?

Moreover, can our partial quantum monad provide a unified categorical abstraction for

such results in the same way that the monads DS do for total semirings [Jac17]?

• Complexity at bounded dimensions: Recall from our discussion about interactive

proof systems that due to the seminal work of Slofstra [Slo19a; Slo19b] we know that

identifying the existence of a quantum homomorphism X → QHHHY or a quantum iso-

morphism X
Kl(

•
QHHH)∼= Y is an undecidable problem if there is no bound placed on the

dimension of the Hilbert spaceHHH . However, if we fix a finite-dimensional Hilbert space

Cd
both of these problems can be phrased in terms of solving a system of linear equations

over the elements of Proj(Cd). Solving such a system of equations is a decision problem

that belongs to the complexity class ∃R, which stands for the existential theory of reals

[SCM24]. This complexity class can be seen as a real-valued analogue of NP which has

recently received much attention in fields such as computational geometry and game

theory. There is also an interesting connection between this class and quantum logic.

Namely, it was shown in [HZ16] that for fixed dimension ≥ 3 the problems of weak

and strong
4
satisfiability for Birkhoff and Neumann quantum logic is complete for ∃R.

Once again, this is a problem that is known to be undecidable in the unbounded case as

4
We refer to [HZ16] for a description of what “weak” and “strong” means in this context.
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a corollary of Slofstra’s results [Fri20b]. The result of [HZ16] can arguably be treated as

a quantum version of the seminal Cook-Levin theorem [Coo71; Lev73] which shows that

boolean satisfiability is NP-complete. These results hint at a potential deep connection

between quantum information and ∃R. In light of this, we ask the following questions:

Question 5.61. Are the weak and strong satisfiability problems for Kochen and Specker
quantum logic (at fixed dimension ≥ 3) ∃R-complete?

Question 5.62. Is determining the existence of a quantum homomorphism (at fixed
dimension ≥ 3) ∃R-complete?

Moreover, when it comes to quantum isomorphism it would be interesting to explore if

the potential NP-intermediate status of classical structure isomorphism carries over to

the quantum setting.

Question 5.63. Is determining the existence of a quantum isomorphism (at fixed dimen-
sion ≥ 3) ∃R-intermediate?

• Parameterised monads: We would like to explore connections between our partial

quantum monad QHHH and the notion of parameterised monad introduced by Atkey in

[Atk09]. Much like specification structures parameterised monads are inspired by the

idea of Hoare logic. The Kleisli category of a parameterised monad over R(σ) has

objects which are pairs (X , c) where X ∈ R(σ) and c is an object from a parameterising

category C. The composition of morphisms is then “guarded” by suitable pre and post-

conditions related to this parameterising category. There is some similarity between

this construction and our category Kl(
•
QHHH)S. The main difference appears to be that

in our case the parameterising category C depends on the object X . Thus it would be

interesting to see if one can refine the definition of parameterised monads to define a

parameterised quantum monad whose Kleisli category is equivalent toKl(
•
QHHH)S.

• Markov categories: Markov categories have recently gained attention as a categorical

abstraction for probability theory [Fri20a]. A well-known fact is that the Kleisli category

of any monadM defined on a category with finite products is a Markov category if:

1. The monad is commutative.

2. M(1) ∼= 1 where 1 is the terminal object.

The functor QHHH satisfies condition (2). Moreover, we have shown that commutativity is

satisfied whenever the necessary morphisms can be composed. Thus we ask if there is a

way of viewing Kl(
•
QHHH) as a form of “partial” Markov category

5

5
It is worth noting that the term partial markov category has been used in [LR23]. However, their usage of the
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term appears quite different to ours, given that the categories they consider are in fact total categories.
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6
Quantum Spoiler-Duplicator games

In this chapter, we use our characterisation of quantum homomorphism to define and begin

to explore quantum versions of Spoiler-Duplicator games. Let us begin by defining partial

quantum homomorphisms.

Definition 6.1. LetHHH be a Hilbert space. A partial quantum homomorphism inHHH from

X ∈ R(σ) to Y ∈ R(σ) is given by a set S ⊆ X and a family of projectors {Ps,y}s∈S,y∈Y in

Proj(HHH) satisfying:

1. For all x ∈ S :
∑

y∈Y Px,y = I

2. For all x, x′ ∈ S adjacent in the Gaifman graph of the substructure given by S and all

y, y′ ∈ Y we have Px,y ⊙ Px′y′ .

3. If xxx ∈ RX
and yyy ̸∈ RY Px,yx,yx,y = 0.

Equivalently, a partial quantum homomorphism is a partial homomorphism X → QHHHY .

Based on this definition we can describe “quantum” versions of the one-sided EF and pebbling

games as follows:

Example 6.2. LetHHH be a Hilbert space. The one-sided quantum Ehrenfeucht-Fraïssé (EF) game
inHHH from X ∈ R(σ) to Y ∈ R(σ) is played as follows:
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At the start of round i, Spoiler chooses an element of xi ∈ X . Duplicator responds with a PVM
{Pxi,y}y∈Y . After k rounds their choices create sequences [x1, . . . , xk] and [{Px1}, . . . , {Pxk}].
Duplicator wins a play of length k if this is a partial quantum homomorphism.

Example 6.3. Let HHH be a Hilbert space. The one-side k-pebble game from X ∈ R(σ) to
Y ∈ R(σ) is played as follows:

Each player has access to k pebbles. At the start of round i, Spoiler picks one of their pebbles
pi ∈ [k] and places it on an element xi ∈ X . Duplicator then picks their corresponding
pebble pi and associates it to a PVM {Pxi,y}y∈Y . After k rounds their choices create sequences
[(p1, x1), . . . , (pk, xk)] and [(p1, {Px1}), . . . , (pk, {Pxk})]. The current placing of a pebble p ∈
[k] in each sequence is the last element with first component p. Duplicator wins a play of length
k if this is a partial quantum homomorphism. We say that Duplicator wins the game if they
have a strategy which allows them to play indefinitely while ensuring that they always win.

We say that Duplicator has a quantum winning strategy in a Spoiler-Duplicator game if they

can win the quantum version of the game.

The goal of this chapter is to explore such games and their compositional properties. As a start-

ing point, we have the following results which are almost immediate from the corresponding

definitions and theorems 2.48, 2.57.

Proposition 6.4. For finite relational structures X ,Y ∈ R(σ) the following are equivalent:

• Duplicator has a perfect quantum strategy in the one-sided k-round quantum EF game
from X to Y in a Hilbert spaceHHH .

• Duplicator has a perfect strategy in the one-sided k-round EF game from X to QHHHY .

• There exists a biKleisli morphism EkX → QHHHY .

Proposition 6.5. For finite relational structures X ,Y ∈ R(σ) the following are equivalent:

• Duplicator has a perfect quantum strategy in the one-sided k-pebble game from X to Y
in a Hilbert spaceHHH .

• Duplicator has a perfect strategy in the one-sided k-pebble game from X to QHHHY .

• There exists a biKleisli morphism PkX → QHHHY .

Based on these results we can argue that biKleisli morphisms GkX → QHHHY provide us with

a categorical abstraction for one-sided Quantum Spoiler-Duplicator games, just as coKleilsi

morphisms GkX → Y provided us with a categorical abstraction for the classical games. As

with the other (co)monads we have explored in previous chapters we will ask whether these
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biKleisli morphisms form a category in the second half of this chapter. In the case of the

quantum monad QHHH this question turns out to be even more nuanced than other distribution

minion monads. We shall explore several ideas that come close to providing a positive answer

to this question. Unfortunately, we shall argue that each of these approaches falls short of

providing a satisfactory answer to the question. Before looking at these categorical questions

we spend the first part of this chapter justifying the study of quantum Spoiler-Duplicator games

by showing that quantum advantage is possible in such games.

6.1 Quantum advantage

We say that quantum advantage exists in a Spoiler-Duplicator game if Duplicator can win

the quantum game when they cannot win the classical game. Let us begin this section with a

simple argument showing that such games exist.

Theorem 6.6. There exists finite relational structures X ,Y ∈ R(σ) and a k ∈ N+ satisfying:

• Duplicator has a perfect quantum strategy in the one-sided EF game from X to Y in
some Hilbert spaceHHH .

• Duplicator has no perfect strategy in the one-sided EF game from X to Y .

Theorem 6.7. There exists finite relational structures X ,Y ∈ R(σ) and a k ∈ N+ satisfying:

• Duplicator has a perfect quantum strategy in the one-sided k-pebble game from X to Y
in some Hilbert spaceHHH .

• Duplicator has no perfect strategy in the one-sided k-pebble game from X to Y .

Proof. Take any structures X and Y which admit a quantum homomorphism in some Hilbert

spaceHHH but no classical homomorphism i.e. where there exists a morphism f : X → QHHHY
but no morphism X → Y . For any k ≥ |X| there is no morphism EkX → Y and no

morphism PkX → Y since Spoiler can cover the entirety of structure X in k-rounds.

Therefore, by theorems 2.48 and 2.57 there is no classical strategy for Duplicator in the k-

round EF game or the k-pebble game. However, there are biKleisli morphism EkX
ε→ X →

QHHHY and PkX
ε→ X → QHHHY where Duplicator simply plays according to the quantum

homomorphism f .

This result while interesting, is not surprising becauseDuplicator is using the already-established

fact that quantum homomorphisms may exist even when classical homomorphisms do not. A

much more important question is whether quantum advantage can exist even if there is no

quantum homomorphism between X and Y . Answering this question is the main goal of this
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section. Formally we ask:

Question 6.8. Are there structures X ,Y ,∈ R(σ), k ∈ N+, and a Hilbert spaceHHH such that:

• Duplicator has a perfect quantum strategy in the one-sided k-round EF (k-pebble) game
from X to Y inHHH .

• Duplicator has no perfect strategy in the one-sided k-round EF (k-pebble) game from X
to Y .

• There is no quantum homomorphism from X to Y .

We shall provide a positive answer to this question in theorems 6.14 and 6.7 below. In our proof

we will make use of the Mermin-Peres magic square game [Mer90; Per90]. Let us recall the

details of this game in the language of CSPs. Consider a signature σ with two ternary symbols

R0,3 and R1,3. There exists a structure Z2 ∈ R(σ) with universe {0, 1} and where:

RZ2
0,3 = {(i, j, k)|i⊕ j ⊕ k = 0}

RZ2
1,3 = {(i, j, k)|i⊕ j ⊕ k = 1}

.

Now consider a second structure X ∈ R(σ) with universe {x1, x2, x3, x4, x5, x6, x7, x8, x9}
and where:

RX
0,3 = {(x1, x2, x3), (x4, x5, x6), (x7, x8, x9), (x1, x4, x7), (x2, x5, x8)},

RX
1,3 = {(x3, x6, x9)}.

For any Y ∈ R(σ) determining the existence of a homomorphism Y → Z2 corresponds to the

solvability of a binary constraint system.

Definition 6.9. A BCS consists of n binary variables x1, x2, ..., xn, and m constraints,

c1, c2, ..., cm, where each cj is a binary-valued function of a subset of the variables.

It is often helpful to write these constraints as equations. For example, the BCS corresponding

to X has the following six equations.

x1 ⊕ x2 ⊕ x3 = 0 x4 ⊕ x5 ⊕ x6 = 0 x7 ⊕ x8 ⊕ x9 = 0

x1 ⊕ x4 ⊕ x7 = 0 x2 ⊕ x5 ⊕ x8 = 0 x3 ⊕ x6 ⊕ x9 = 1
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We can also represent a BCS by a graph where nodes are labelled by variables, and where

variables appearing along the same straight line are part of the same constraint. A solid line

means that a constraint must sum up to 0, while a dotted line means that it must sum up to 1.

The BCS corresponding to X has the following graph.

x1 x2 x3

x4 x5 x6

x7 x8 x9

This is why we refer to this BCS as the magic square. We now introduce the notion of quantum

satisfiability for a BCS.

Definition 6.10. A quantum satisfying assignment to a BCS in a Hilbert space HHH is an

assignment of sharp observables (i.e. self-adjoint operators) X1, . . . Xn to x1, . . . xn which

satisfy the following properties:

• Each Xi is a binary observable with eigenvalues in {+1,−1} (i.e. X2
i = I).

• Xi commutes with Xj whenever xi and xj appear in the same constraint.

• For b ∈ {0, 1} whenever there exists a constraint xc1 ⊕ xc2 . . . ⊕ xcm = −1b we have
Xc

1.X
c
2 . . . X

c
m = −1bI .

The following are simple observations that were pointed out in [ABdSZ17].

Fact 6.11. The following are equivalent:

• There exists a morphisma

• There exists a classical satisfying assignment to the BCS represented by Y Y → Z2.

a
Note that strictly speaking if we wish to add constraints with more or less than three variables to our

BCS we must add further relation symbols to our signature. For instance, to capture constraints involving two

variables we would add relations R0,2 and R1,2 to the signature.

Fact 6.12. The following are equivalent:

• There exists a morphism Y → QHHHZ2.

• There exists a quantum satisfying assignment to the BCS corresponding to Y inHHH .

Turning our attention back to the magic square BCS, we can see that it is not classically

satisfiable by summing over the left and right-hand sides of all the equations. A seminal result
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of Mermin and Peres [Mer90; Per90] shows that a quantum satisfying assignment does exist

for the magic square game in the Hilbert space C4
. It is given by the following assignment of

operators to the variables of X :

σZ ⊗ σI σI ⊗ σZ σZ ⊗ σZ

σI ⊗ σX σX ⊗ σI σX ⊗ σX

σZ ⊗ σX σX ⊗ σZ σY ⊗ σY

Where σX , σY , σZ , σI are the well-known Pauli matrices given by

σX =

(
0 1

1 0

)
, σY =

(
0 −i
i 0

)
, σZ =

(
1 0

0 −1

)
, σI =

(
1 0

0 1

)
.

Our discussion so far shows the following:

Theorem 6.13. for Gk ∈ {Ek,Pk} we have the following

• X ̸→ Z2.

• X → QHHHZ2.

• G9X ̸→ Z2

• G9X → QC4Z2.

Proof. The first two items have already been shown in our discussion above. The second

two items follow via the same proof as in theorems 6.6 and 6.7.

Now, let us consider an alternative structure X+
where X+ = X ∪ {y1, . . . , y16} and the

following constraints are added those in X :

x1 ⊕ y1 = 0

y1 ⊕ y2 = 0

y2 ⊕ y3 = 0

. . .

y15 ⊕ y16 = 0

y16 ⊕ x9 = 0
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The BCS for X+
is graphically given by:

y2 y1

y3 y5 y6 x1 x2 x3

y4 y7 y8 x4 x5 x6

y9 y10 x7 x8 x9

y11 y12 y15 y16

y13 y14

We now prove the following theorem which provides a positive answer to question 6.8 for the

EF game.

Theorem 6.14. The following claims are true:

1. X+ ̸→ Z2.

2. X+ ̸→ QHHHZ2.

3. E9X+ ̸→ Z2

4. E9X+ → QC4Z2.

Proof of theorem 6.14. 1. This simply follows from the fact that the subset of constraints

corresponding to those of X are not classically satisfiable.

2. Consider any constraint of the form a⊕ b = 0. In a quantum satisfying assignment, we

must assign operators A and B to the variables a and b respectively such that AB = I .

Using the fact that B2 = I we have

AB = I ⇒ ABB = B ⇒ A = B.

Using the above in any quantum satisfying assignment we must have

X1 = Y1 = Y2 = . . . = Y16 = X9

.
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We now wish to derive a contradiction by showing X1 ̸= X9. We propose two

alternative proofs. The first is to note that the perfect quantum strategy for the magic

square game is a self-test [ŠB20; WBMS16]. This means that the perfect quantum

strategy for the game is unique up to local isometry. Thus, in any such strategy, we

must have X1 ̸= X9. Since X+
contains the magic square game as a substructure the

same fact is true here. Therefore we have a contradiction.

Since we have not introduced self-testing in detail in this thesis let us also provide a

more direct proof via the substitution method attributed to Speelman [CM14]. The

idea here is to derive a contradiction I = −I . We first show that X2 = −X6.

X1X2X3 = I

X2X1X3 = I (commutativity from x1 ⊕ x2 ⊕ x3 = 0)

X2X1X9X6 = −I (X3 = −X6X9 from x3 ⊕ x6 ⊕ x9 = 1)

X2X1X1X6 = −I (X1 = X9)

X2X6 = −I (X2
1 = I)

X2X6X6 = −X6

X2 = −X6 (X2
6 = I)

A very similar argument shows X4 = X8. Next we show X3X5X7 = −I .

X3X5X7 = X3X4X6X7 (X5 = X4X6 from x4 ⊕ x5 ⊕ x6 = 0)

X3X5X7 = −X3X8X2X7 (X2 = −X6 and X4 = X8)

X3X5X7 = −X3X2X8X7 (commutativity from x2 ⊕ x5 ⊕ x8 = 0)

X3X5X7 = −X3X2X8X8X9 (X7 = X8X9 from x7 ⊕ x8 ⊕ x9 = 0)

X3X5X7 = −X3X2X9 (X2
8 = I)

X3X5X7 = −X3X2X1 (X1 = X9)

X3X5X7 = −I (from x1 ⊕ x2 ⊕ x3 = 0)

Next, we obtain a contradiction.
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X1X3X2 = I (from x1 ⊕ x2 ⊕ x3 = 0)

X1X3X5X8 = I (X2 = X5X8 from x2 ⊕ x5 ⊕ x8 = 0)

X1X3X5X7X9 = I (X8 = X7X9 from x7 ⊕ x8 ⊕ x9 = 0)

X1(−I)X9 = I (X3X5X7 = −I)

−X1X1 = I (X1 = X9)

− I = I (X2
1 = I)

3. We describe a winning strategy for Spoiler. Consider the play of the game where

Spoiler picks the elements [x1, . . . , x9]. The substructure determined by this play is X .
As there is no homomorphism from X → Z2 Duplicator cannot respond with a partial

homomorphism for this substructure.

4. We describe a winning strategy for Duplicator. In this strategy whenever Spoiler picks

an element xi ∈ X+
for i ∈ [9]Duplicator simply replies with the operatorXi from the

winning strategy for the magic square game. When Spoiler picks an element yj ∈ X+

for j ∈ [8] Duplicator responds according to the following case analysis:

• If no element that is adjacent to yj in the graphical representation of the BCS has

previously been picked by Spoiler, the response is X1.

• Otherwise Duplicator responds with the same operator that they responded with

when the adjacent element was picked.

Similarly if Spoiler picks an element yj ∈ X+
for j ∈ [9, 16] Duplicator performs the

following case analysis:

• If no element that is adjacent to yj in the graphical representation of the BCS has

previously been picked by Spoiler, the response is X9.

• Otherwise Duplicator responds with the same operator that they responded with

when the adjacent element was picked.

This strategy ensures that when Spoiler plays are contained within the set {x1, . . . , x9}
Duplicator responds according to the winning quantum satisfying assignment from

the magic square and thus satisfies all constraints involving the picked variables.

Moreover, if Spoiler activates any of the additional constraints of the form a ⊕ b

Duplicator’s strategy guarantees that for the operators assigned to a and b, we have

A = B.
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The final point to note is that there is no contradiction in the strategy be-

cause in 9 rounds Spoiler never has enough time to force the equality X1 =

Y1 . . . Y16 = X9. The closest they can get to achieving this goal is with a play

similar to [y9, y8, y7, y6, y5, y4, y3, y2, y1] to which Duplicator would respond with

[X9, X9, X9, X9, X9, X9, X9, X9, X9]. If Spoiler had one more move they could then

play x1 and Duplicator’s response of X1 would lead to failure of the constraint

x1 ⊕ y1 = 0. Thus, Spoiler requires 10 rounds to beat the strategy we have described

for Duplicator.

Observe that this theorem actually proves a stronger statement than what was asked in question

6.8. We have identified a game where a quantum homomorphism does not exist in any Hilbert

space, but where Duplicator can nevertheless exhibit quantum advantage in the one-sided

9-round EF game. We note that it is likely possible to show a similar result with a substructure

of X+
, however, this would result in a more complicated proof. It would be an interesting

direction for future work to identify the smallest structure which exhibits this form of quantum

advantage.

Now we turn our attention to the k-pebble game. Our first observation is that the analogue of

the above theorem does not hold for 9 pebbles.

Proposition 6.15. The followinga facts are true:

1. X+ ̸→ Z2.

2. X+ ̸→ QHHHZ2.

3. P9M ̸→ Z2

4. P9M ̸→ QC4Z2.

Proof. The first two items are the same as in theorem 6.6.

3. We describe a winning strategy for Spoiler. They place their 9 pebbles on elements

{x1, . . . , x9}. Then all the constraints from the magic square game are activated and

there is no classical response Duplicator can give.

4. We describe a winning strategy for Spoiler. Spoiler first uses three of their pebbles to

force the equality X1 = X9. This is achieved by placing their first pebble on x1. Then

a second pebble is placed on y1. This forces X1 = Y1 in Duplicator’s responses. Then

a third pebble is placed on y2 which forces X1 = Y1 = Y2. Now the pebble placed on

y1 is removed and placed on y3 which forces X1 = Y2 = Y3. Then the pebble on y2
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is removed and placed on y4 and this process is continued until the three pebbles are

placed on x1, y16, x9. This forces the equalityX1 = Y16 = X9. From this point, Spoiler

keeps the two pebbles on x1 and x9 and uses the remaining 7 pebbles on the elements

x2, . . . , x8 in any order. Since no strategy wins the magic square game with X1 = X9

Duplicator cannot satisfy all the constraints.

Thus to solve of question 6.8 for the pebble game we consider yet another structure X ∗
with

universeX∗ = X ∪ {y1, . . . , y8} where the following contraints are added to those in X :

x1 ⊕ y1 + . . .⊕ y9 = 0

x9 ⊕ y1 + . . .⊕ y9 = 0

Graphically, the BCS for X ∗
is as follows

1
:

x1 x2 x3

y1 x4 x5 x6

y2 x7 x8 x9

y3 y1

y4 y2

y5 y3

y6 y4

y7 y5

y8 y6

y9 y7

y8

y9

Now with regards to X ∗
we can prove the following theorem, which provides a positive answer

to question 6.8 in the case of Pk.
1
Note that with some abuse of notation we are drawing multiple nodes for some of the variables in X∗

.
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Theorem 6.16. The following claims are true:

1. X ∗ ̸→ Z2.

2. X ∗ ̸→ QHHHZ2.

3. P9X ∗ ̸→ Z2

4. P9X ∗ → QC4Z2.

Proof. 1. This is the same statement as in theorem 6.14.

2. We show that in any quantum satisfying assignment, we haveX1 = X9. The remainder

of the proof is then as in theorem 6.6. Note that y1, . . . y9 appear in the same constraint

therefore the operators assigned to them in a quantum satisfying assignment must be

jointly measurable. Therefore Y1 . . . Y9 is itself a binary observable with eigenvalues

{+1,−1}. Hence we have (Y1 . . . Y9)2 = I . Using this fact we obtain:

X1.Y1 . . . Y9 = I

X1.(Y1 . . . Y9).(Y1 . . . Y9) = Y1 . . . Y9

X1 = (Y1 . . . Y9)

And similarly:

X9.Y1 . . . Y9 = I

X9.(Y1 . . . Y9).(Y1 . . . Y9) = Y1 . . . Y9

X9 = (Y1 . . . Y9)

3. Consider a strategy where Spoiler places 9 pebbles on {x1, . . . , x9} in any order. The

substructure determined by this is X . As there is no morphism X → QHHHZ2 Duplicator

cannot form a partial quantum homomorphism.

4. We describe a perfect quantum strategy for Duplicator. Whenever Spoiler places a

pebble on an element in {x1, . . . , x9} Duplicator responds with the operator Xi from

the winning strategy for the magic square game.

If Spoiler places a pebble on {y1, . . . , y8, y9} Duplicator simply responds with the

identity operator. This is a valid strategy since with only 9 pebbles Spoiler’s window

can never cover enough of the structure X ∗
to activate either of the two constraints

involving the yi. Thus there is no way Spoiler can enforce the equality X1 = X9.
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6.2 Attempts at a biKleisli category

We now ask if there is a distributive law of the formGkQHHH → QHHHGk which results in a biKleisli

category where Duplicator’s winning strategies in quantum games can be composed. To save

some space we restrict our attention in this section to Ek and the graded monad viewpoint on

the functor QHHH . These capture the essence of all our arguments and can straightforwardly be

adapted to Pk and the partial monad viewpoint on QHHH .

6.2.1 Graded distributive laws

Since QHHH is a graded monad we must first clarify what it means for a comonad to distribute

over a graded monad.

Definition 6.17. Given a monoid N = (N, ., 1). A mixed graded distributive law of a

comonad (W, ε, δ) over aN-graded monad ({Mn}n∈N , {µn,n
′}n,n′∈N , η) is a family of natural

transformations κn : W ◦Mn →Mn ◦W , satisfying the following equations:

κ1 ◦Wη = ηW (unit)

Mnϵ ◦ κn = ϵMn (counit)

κn.n
′ ◦Wµn,n

′
= µn,n

′
W ◦Mnκ

n ◦ κn′
Mn′ (multiplication)

Mnδ ◦ κn = κnW ◦Wκn ◦ δMn (comultiplication)

Remark 6.18. Distributive laws of graded comonads over graded monads are defined in
[GKO+16]. Our definition coincides with theirs in the case where the grading placed on the
comonad is trivial, and the grading on the monad is N (considered with the equality preorder).

Given a graded distributive law we can define a graded biKleisli category.

Definition 6.19. Let κ : WMd → MdW be a graded mixed distributive law of (W, ε, δ)

over ({Md}d, η, {µd,d
′}d,d′). Then:

• There is a comonad (W̄ , εW̄ , δW̄ ) on Kl(Md) where:

– W̄X = WX

– given f : X →MdY , W̄f = κY ◦Wf

– εW̄X = ηX ◦ εX

– δW̄X = ηW 2X ◦ δX
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• There is a graded monad ({M̄d}d, ηM̄ , {µM̄
d,d′}d,d′) on coKl(W ) where:

– M̄dX =MdX

– given f : WX → Y , M̄df =Mdf ◦ κX

– ηM̄X = ηX ◦ εX

– µM̄X
d,d′

= µd,d
′

X ◦ εMdMd′X
.

Moreover, the (co)Kleisli categories of these constructions coincide, resulting in a so-called

biKleisli category biKl(W,Md) where:

• biKl(W,Md)0 = C0

• A morphism X → Y is a morphism of typeWA→MdB in C.

• The identity morphism on X is given by ηX ◦ εX .

• The composition of f : WX →MdY with g : WY →Md′Z is given by µd,d
′

Z ◦Mdg ◦
κY ◦Wf ◦ δX .

Thus we have coKl(W̄ ) ∼= Kl(M̄d) ∼= biKl(W,Md).

6.2.2 A distributive law at the level of sets

Let us point out the first peculiar feature of the graded quantum monad. In contrast to the

no-go results mentioned in chapter 3 we shall show that at the level of sets, there does exist a

valid graded distributive law of the non-empty list comonad L+
k over the graded version of the

quantum monad QHHH .

Theorem 6.20. There exists a graded distributive law of the comonad (L+
k , ε, δ) over the graded

quantum monad (QHHH , η, µ).

At first glance, it appears that we should be able to prove that no such law exists by adapting

our no-go result from chapter 3. However, the fact that we are now dealing with a family of

natural transformations rather than a single transformation turns out to be significant. As long

as no coherence axioms are broken we have the flexibility of defining κn to behave in drastically

different ways depending on the value of n. This extra flexibility allows us to construct a valid

distributive law. In particular, consider the following family of natural transformations:

κC[(ICx1), . . . , (ICxn)] = IC[x1, . . . , xn]
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κHHH [φ1, . . . , φn] =
∑

x∈supp(φn)

φn(x).[x].

We shall prove that this forms a valid distributive law.

Proof of theorem 6.20. We check the four mixed graded distributive law axioms.

• Unit:

κC ◦ L+
k η[x1, . . . , xn]

= κC[ICx1, . . . , ICxn]

= IC[x1, . . . , xn]

= ηL+
k [x1, . . . , xn]

• Counit (H = C case):

QCε ◦ κC[ICx1, . . . , ICxn]

= QCεIC[x1, . . . , xn]

= ICxn

= εQC[ICx1, . . . , ICxn]

• Counit (remaining cases):

QHHHε ◦ κHHH [φ1, . . . , φn]

= QHHHε
∑

x∈supp(φn)

φn(x).[x]

= φn

= εQHHH [φ1, . . . , φn]

• Comultiplication (H = C case):

QCδ ◦ κC[ICx1, . . . , ICxn]

= QCδIC[x1, . . . , xn]

= IC[[x1], . . . , [x1, . . . , xn]]

κCL+
k ◦ L

+
k κ

C ◦ δQC[ICx1, . . . , ICxn]
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= κCL+
k ◦ L

+
k κ

C[[ICx1], . . . , [ICx1, . . . , ICxn]]

= κCL+
k [IC[x1], . . . , IC[x1, . . . , xn]]

= IC[[x1], . . . , [x1, . . . , xn]]

• Comultiplication (remaining cases):

QHHHδ ◦ κHHH [φ1, . . . , φn]

= QHHHδ
∑

x∈supp(φn)

φn(x).[x]

=
∑

x∈supp(φn)

φn(x).[[x]]

κHHHL+
k ◦ L

+
k κ

HHH ◦ δQHHH [φ1, . . . , φn]

= κHHHL+
k ◦ L

+
k κ

HHH [[φ1], . . . , [φ1, . . . , φn]]

= κHHHL+
k [

∑
x∈supp(φ1)

φ1(x).[x], . . . ,
∑

x∈supp(φn)

φn(x).[x]]

=
∑

x∈supp(φn)

φn(x).[[x]]

• Multiplication (H,H ′ = C case):

κC ◦ L+
k µ

C,C[IC(ICx1), . . . IC(ICxn)]

= κC[ICx1, . . . , ICxn]

= IC[x1, . . . , xn]

µC,CL+
k ◦QCκ

C ◦ κCQC[IC(ICx1), . . . IC(ICxn)]

= µC,CL+
k ◦QCκ

CIC[ICx1, . . . ICxn]

= µC,CL+
k IC(IC[x1, . . . xn])

= IC[x1, . . . xn]

• Multiplication (H = C case):

κH
′H′H′ ◦ L+

k µ
C,H′H′H′

[IC(φ1), . . . , IC(φn)]

= κH
′H′H′
[φ1, . . . , φn]
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=
∑

x∈supp(φn)

φn(x).[x]

µC,H′H′H′
L+
k ◦QCκ

H′H′H′ ◦ κCQH′H′H′ [IC(φ1), . . . , IC(φn)]

= µC,H′H′H′
L+
k ◦QCκ

H′H′H′
IC[φ1, . . . , φn]

= µC,H′H′H′
L+
k IC[

∑
x∈supp(φn)

φn(x).[x]]

=
∑

x∈supp(φn)

φn(x).[x]

• Multiplication (H ′ = C case):

κHHH ◦ L+
k µ

HHH,C[

m1∑
i=1

P 1
i (ICx

1
i ), . . .

mn∑
i=1

P n
i (ICx

n
i )]

= κHHH ◦ [
m1∑
i=1

(P 1
i ⊗ IC)x1i , . . .

mn∑
i=1

(P n
i ⊗ IC)xni ]

=
mn∑
i=1

(P n
i ⊗ IC)[xni ]

µHHH,CL+
k ◦QHHHκ

C ◦ κHHHQC[

m1∑
i=1

P 1
i (ICx

1
i ), . . .

mn∑
i=1

P n
i (IC, x

n
i )]

= µHHH,CL+
k ◦QHHHκ

C
mn∑
i=1

P n
i [(IC, x

n
i )]

= µHHH,CL+
k

mn∑
i=1

P n
i (IC[x

n
i ])

=
mn∑
i=1

P n
i [x

n
i ]

• Multiplication (remaining cases):

κHHH⊗H′H′H′ ◦ L+
k µ

HHH,H′H′H′
[

m1∑
i=1

P 1
i (

l1,i∑
j=1

R1,i
j x

1,i
j ), . . . ,

mn∑
i=1

P n
i (

ln,i∑
j=1

Rn,i
j xn,ij )]

= κHHH⊗H′H′H′
[

m1∑
i=1

l1,i∑
j=1

(P 1
i ⊗R

1,i
j )x1,ij , . . . ,

mn∑
i=1

ln,i∑
j=1

(P n
i ⊗R

n,i
j )xn,ij ]
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=
mn∑
i=1

ln,i∑
j=1

(P n
i ⊗R

n,i
j )[xn,ij ]

µHHH,H
′H′H′
L+
k ◦QHHHκ

H′H′H′ ◦ κHHHQH′H′H′ [

m1∑
i=1

P 1
i (

l1,i∑
j=1

R1,i
j x

1,i
j ), . . . ,

mn∑
i=1

P n
i (

ln,i∑
j=1

Rn,i
j xn,ij )]

= µHHH,H
′H′H′
L+
k ◦QHHHκ

H′H′H′
mn∑
i=1

P n
i [

ln,i∑
j=1

Rn,i
j xn,ij ]

= µHHH,H
′H′H′
mn∑
i=1

P n
i (

ln,i∑
j=1

Rn,i
j [xn,ij ])

= (
mn∑
i=1

P n
i ⊗

ln,i∑
j=1

Rn,i
j )[xn,ij ]

Based on this result we can form biKleisli categories with morphisms of the formL+
kX → QHHHY .

However, the shortcoming of this approach is highlighted by our next result, which shows

that the components of the transformations we have considered are not valid morphisms in

R(σ).

Theorem 6.21. The family of transformations κHHH : EkQHHH → QHHHEk defined componentwise
as in the previous theorem is not a graded distributive law of Ek over QHHH as long as σ contains
a relation of arity ≥ 2.

Proof. We show that for anyH ̸= C, κHHHX fails to be a morphism inR(σ). We prove this for

the case where σ consists of a single binary relation. A similar proof works for any σ which

has a relation R of arity ≥ 2.

Take ([Ia, Ib], [Ia]) ∈ REkQHHHX
. We show that (I[b], I[a]) ̸∈ RQHHHEkX

. To see this, first note

that due to condition (1) in the definition of REkX (as described in example 2.47) we have

([b], [a]) ̸∈ REkX
. It then follows from Condition (2) of the definition of RQdX

(as described

in example 5.44) that for a tuple (φ1, φ2) ∈ RQdEkX
we must have φ1([b]).φ2([a]) = 0. This

is clearly not the case for (I[b], I[a]).

Thus, if we are to find a distributive law inR(σ) more sophisticated transformations must be

considered.
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6.2.3 An almost correct distributive law inR(σ)

Let us now recall the positive result derived in theorem 3.42. This shows the existence of a

distributive law κ : EkDS → DSEk for any distribution minion monad DS whose underlying

semiring is commutative and satisfies the conditions of idempotence and orthogonality of

distributions. As we have pointed out in chapter 5 the quantum monad QHHH can be viewed as

a distribution minion monad over the partial commutative semiring Proj(HHH). Moreover, as

distributions in this case coincide with PVMs the conditions of orthogonality and idempotence

are also satisfied by Proj(HHH). Thus, one might expect that transformations similar to the ones

we used to prove theorems 3.42 can also be used to prove the existence of a distributive law

κHHH : EkQHHH → QHHHEk. There is but one problem with this idea, which arises from the partiality

of Proj(HHH). To explain this in more detail let us consider the transformation κHHH given by

κHHHX [φ1, . . . , φn] =
∑

[x1,...,xn]∈Ek(X)

φφφ(xxx).[x1, . . . , xn].

While it is true that this function, whenever well-defined, satisfies the axioms of a distributive

law, the problem is that in the case of QHHH partiality means that this transformation is only a

valid function whenever the additional condition φi ⊙ φj is satisfied for all i, j ∈ [n]. These

considerations led us to introduce the concept of commeasurable structures in joint work with

Nihil Shah.

6.2.4 Commeasurable structures

We now describe commeasurable structures, and show that such structures form a category

R⊙(σ) which admits R(σ) as a coreflective subcategory. We then define variants of Ek and
QHHH on this category which we denote by E⊙

k and Q⊙
HHH and discuss how their (co)Kleisli maps

correspond to perfect Duplicator strategies in commeasurable variants of Spoiler-Duplicator

games and non-local CSP games respectively. We shall show that valid distributive laws exist

between E⊙
k and Q⊙

HHH and analyse the biKleisli categories that these laws give rise to.

A reflexive graph is a graph where each vertex v has a distinguished self-loop e : v → v. In

the spirit of [KS67] we will refer to the edge relation of reflexive graphs as commeasurabil-

ity. We write ⊙ for this commeasurability relation. Reflexive graphs together with graph

homomorphisms form a category RGraph.

Commeasurable structures are generalisations of relational structures where the underlying

universe can be thought of as a reflexive graph rather than a set. Two elements x1 ∈ X⊙
and

x2 ∈ X⊙
can only appear in the same relation if x1 ⊙ x2. Commeasurable structures form a

categoryR⊙(σ), whose morphisms must preserve⊙ in addition to R. Importantly, there exists

a forgetful functor U : R⊙(σ)→ R(σ)which simply forgets the commeasurability relationship.
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This functor has a right adjoint R : R(σ) → R⊙(σ) which sends a relational structure X to

the commeasurable structure which has the same relations as X , and whose universe is the

full reflexive graph over the elements of X . We can verify that UR = IdR(σ). Thus, R(σ) is

a reflective subcategory of R⊙(σ). Moreover, there is another functor G : R(σ) → R⊙(σ)

which sends a relational structure X to the commeasurable structure which has the same

relations as X and where the universe of (GX ) is given by the Gaifman graph of X . This
functor is the left adjoint of U and we again have that UG = IdR(σ). This makes R(σ) a

coreflective subcategory ofR⊙(σ). SinceR(σ) is both reflective and coreflective it is known

as a bireflective subcategory ofR⊙(σ).

We note that the commeasurable structure homomorphism problem remains NP-complete.

Theorem 6.22. For X ,Y ∈ R⊙(σ) determining the existence of a homomorphism X → Y is
NP-complete.

Proof. • Hardness: Since UR = Id the mapping is given by the functor R : R(σ) →
R⊙(σ) acts as a polynomial time reduction from the relational structure homomor-

phism problem to the commeasurable structure homomorphism problem.

• Membership: We can simply treat the relation ⊙ as an additional relation that needs

to be preserved by the underlying function of a homomorphism. From this one can

adapt the standard proof showing that relational structure homomorphism is in NP to

show that commeasurable structure homomorphism is in NP.

6.2.4.1 Commeasurable EF comonad

We can define a commeasurable variant of Ek as follows:

Example 6.23. The commeasurable EF functor Ek : R⊙(σ)→ R⊙(σ) is given by:

• The universe E⊙
k (X

⊙) is the set of all sequences [x̄1, . . . , xn] of length ≤ k where xi⊙ xj
holds for all i, j ∈ [n].

• E⊙
k (f)([x1, . . . , xn]) = [f(x1), . . . , f(xn)].

• for s1, s2 ∈ E⊙
k X⊙ we have s1 ⊙ s2 iff s1 ↑ s2.

• REkX⊙ consists of tuples (s1, . . . sn) satisfying (ε(s1), . . . ε(sn)) ∈ RX⊙ .

This functor together with the counit and comultiplication maps we have previously considered

for Ek forms a comonad. We also describe a commeasurable version of the EF game.
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Example 6.24. The one-sided commeasurable (EF) game in fromX⊙ ∈ R⊙(σ) toY⊙ ∈ R⊙(σ)

is played in exactly the same way as the one-sided EF game for relational structures with one
difference: The elements that Spoiler and Duplicator choose at each roundmust be commeasurable
with all their previous choices.

It is straightforward to see that as in the case of Ek, there is a correspondence between E⊙
k and

commeasurable games.

Theorem 6.25. For X⊙,Y⊙ ∈ R⊙(σ) the following are equivalent:

• Duplicator has a winning strategy in the commeasurable one-sided EF game from X⊙ to
Y⊙.

• E⊙
k X⊙ → Y⊙.

6.2.4.2 Commeasurable quantum monad

We can also define a commeasurable variant of QHHH .

Example 6.26. The commesurable quantum functor Q⊙
HHH : R⊙(σ)→ R⊙(σ) is given by:

• Q⊙
HHHX is the set of all PVMs inHHH with outcomes inX.

• Q⊙
HHHf is defined as for QHHH .

• for ψ1, ψ2 ∈ Q⊙
HHHX we have ψ1 ⊙ ψ2 iff:

– ψ1 and ψ2 are jointly measurable PVMs.

– Whenever a1 ⊙ a2 does not hold we have ψ1(a1)ψ2(a2) = 0.

• RQ⊙
HHHX is the set of all tuples (p1, . . . , pn) such that for all xxx ∈ Ak, if x /∈ RA, then

ppp(xxx) = 000.

Again, together with the unit and multiplication maps we considered for QHHH in the previous

chapter, Q⊙
HHH can be given the structure of a graded monad. Moreover, we can also describe a

version of the non-local CSP game for commeasurable structures.

Example 6.27. The (synchrounous) commeasurable (X ,Y)-CSP game is played as follows:

1. Verifier sends Alice and bob tuples xaxaxa,xbxbxb ∈ Xk respectively.

2. Alice and Bob return tuples yayaya, ybybyb ∈ Y k respectively.

3. Alice and Bob win the game if:
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• xai = xbj ⇒ yai = ybj .

• xai ⊙ xbj ⇒ yai ⊙ ybj .

• xaxaxa ∈ RX ⇒ yayaya ∈ RY and xbxbxb ∈ RX ⇒ ybybyb ∈ RY .

And we can also define quantum homomorphisms for commeasurable structures.

Definition 6.28. A commeasurable quantum homomorphism from X⊙ ∈ R⊙(σ) to Y⊙ ∈
R⊙(σ) inHHH is given by a family of projectors {Px,y}x∈X,y∈Y in Proj(HHH) satisfying:

1. For all x ∈ X :
∑

y∈Y Px,y = I

2. For all x⊙ x′ in X⊙
and all y, y′ ∈ Y we have Px,y ⊙ Px′y′ .

3. If x ∈ ‘RX
and y ̸∈ RY Px,yx,yx,y = 0.

A simple adaptation of our results from chapter 5 shows that different classes of commeasurable

quantum homomorphisms correspond to perfect strategies in the commeasurable CSP game in

exactly the same way that quantum homomorphisms correspond to perfect strategies in the

CSP game. Finally, we have:

Theorem 6.29. The following are equivalent:

• There exists a commeasurable quantum homomorphism from X⊙ to Y⊙ inHHH .

• X⊙ → Q⊙
HHHY⊙.

6.2.4.3 Distributive law

We now show that the family of natural transformations κHHH : E⊙
kQ

⊙
HHH → Q⊙

HHHE
⊙
k given below is

a valid distributive law.

κHHHX⊙ [φ1, . . . , φn] =
∑

[x1,...,xn]∈E⊙
k (X)

φ(x)φ(x)φ(x).[x1, . . . , xn].

Theorem 6.30. κHHH is a distributive law of the comonad E⊙
k over the graded monad Q⊙

HHH

To prove this theorem we shall make use of the following theorem that has been proved in

Nihil Shah’s DPhil Thesis. Noting that Rgraph ∼= R⊙(σ) when σ is the empty signature, we

write E⊙
k and Q⊙

HHH for the version of E⊙
k and Q⊙

HHH defined onRgraph. Then we have:

Theorem 6.31. κHHH is a distributive law of the comonad E⊙
k over the graded monad Q⊙

HHH
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Proof of theorem 6.30. The fact that κHHHX (as a function) satisfies naturality and the distributive

law axioms follows immediately from theorem 6.31. The fact that⊙ is preserved also follows

from this.

Thus it only remains to verify that relations are preserved. This is true via exactly the same

argument used in theorem 3.42. The only point to be careful about is that the partiality of

the semiring Proj(HHH) does not cause any issues with the proof. This is indeed not an issue

as E⊙
k enforces that all PVMs appearing in the same sequence [φ1, . . . , φn] ∈ E⊙

kQ
⊙
HHHX are

jointly measurable. This guarantees that all the projectors whose commutativity is taken for

granted in proving theorem 3.42 do commute.

Thus we obtain a biKleisli category with morphisms E⊙
k X → Q⊙

HHHY .

6.2.4.4 Commeasurable strategies inR(σ)

Let us now return to our original motivating setting of R(σ). As we have mentioned this

category is a reflexive subcategory ofR⊙(σ). We can now ask if the fact that we have a way of

composing morphisms E⊙
k X → Q⊙

HHHY in this larger category allows us to compose morphisms

of the form EkX → QHHHY ∈ R(σ).

Let us first observe that we have a way of capturing coKleisli morphisms of Ek in the larger

category R⊙(σ).

Proposition 6.32. The following are equivalent:

• EkX → Y .

• E⊙
k RX → RY .

Proof. RX and RY have the same relations as X and Y respectively and from the definition

of R we know that they both have complete commeasurability graphs. Thus in this case the

commeasurable EF game and the regular EF game coincide.

We also have a way of capturing Kleisli morphisms of QHHH .

Proposition 6.33. The following are equivalent:

• X → QHHHY .

• GX → Q⊙
HHHRY .

Proof. Looking at the definitions of a quantum homomorphism and a commeasurable quan-

tum homomorphism we observe that the difference between the two definitions is that in the
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first definition, two elements x1 and x2 are assigned to jointly measurable PVMs when they

are adjacent in the Gaifman graph of X while in the second definition x1 and x2 are assigned

to jointly measurable PVMs whenever x1 ⊙ x2. Because the commeasurability graph of GX
is defined to be the Gaifman graph of X these two relations are precisely the same.

At this point, we run into a problem. Observe that when viewed in R⊙(σ) there is a mismatch

between the codomain of coKleisli maps forEk where we are applying the functorR to elements

Y ∈ R(σ) and the domain of Kleisli maps for QHHH where we are applying the functor G to

elements X ∈ R(σ). This makes it impossible to use biKleisli composition for E⊙
k and Q⊙

HHH to

compose the original morphisms inR(σ). Nevertheless, we can identify a subclass of strategies

for Duplicator which are composable.

Definition 6.34. A Duplicator strategy in the quantum one-sided EF game is called com-
measurable if, within a single play of the game, all of their choices of PVMs are jointly

measurable.

If we restrict biKleisli morphisms EkX → QHHHY to only those morphisms which are com-

measurable, then the natural transformation κHHH : EkQHHH → QHHHEk becomes well-defined.

Moreover, via the same argument used in theorem 6.30 all of the distributive law axioms will be

satisfied. Thus we obtain a biKleisli category whose objects are the objects of R(σ) and where

morphisms are maps of the form EkX → QHHHY which satisfy the commeasurability condition

in the definition above.

6.2.4.5 Lack of quantum advantage

We have now shown that commeasurable versions of one-sided quantum EF games can be

composed together in a biKleisli category with morphisms of the form E⊙
k X → Q⊙

HHHY . We

have also seen that inR(σ), biKleisli composition is possible as long as Duplicator is restricted

to using commeasurable strategies. Could this biKleisli category then provide a setting in

which one can study quantum advantage? In this section, we prove that this is not the case

through an application of Vorob’ev’s theorem [Vor62]. Let us begin by stating this theorem in

our language. Recall that an induced cycle in a graph is a cycle where no two-non adjacent

vertices have an edge between them.

Theorem 6.35 ([Vor62; XC19]). Assume we have a morphism f : X⊙ → Q⊙
HHHY⊙ but no

morphism g : X⊙ → Y⊙. Then the underlying reflexive graph of X⊙ contains an induced cycle
of size 4 or more.

It turns out that structures of the form E⊙
k X⊙

do not satisfy this requirement.
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Proposition 6.36. The underlying reflexive graph of E⊙
k X⊙ never contains an induced cycle

of size 4 or more.

Proof. We proceed by contradiction. Assume an induced cycle of length n exists and is given

by the unique sequences s1, . . . , sn. Then it must be the case that s1 ↑ s2 and s1 ↑ sn but we
cannot have sn ↑ s2. This is only possible if we have both s1 ≤ sn and s1 ≤ s2. A similar

argument involving s1, s2, s3 shows that s2 ≤ s1 and s2 ≤ s3. Thus, we have both s1 ≤ s2

and s2 ≤ s1. Hence, s1 = s2 which contradicts their uniqueness.

The main theorem of this section is the following.

Theorem 6.37. The following are equivalent:

1. There exists a biKleisli morphism E⊙
k X⊙ → Q⊙

HHHY⊙.

2. There exists a coKleisli morphism E⊙
k X⊙ → Y⊙.

Proof. (2) ⇒ (1) is true since any classical strategy is a quantum strategy. (1) ⇒ (2) is a

corollary of theorem 6.35 and propsition 6.36.

It is worth mentioning that the existence of an induced cycle is not just a necessarry condition

for contextuality but also a sufficient one [XC19]. Thus, an informally stated corollary of our

result is that the only truly non-classical strategies that Duplicator can employ are precisely

the non-commeasurable ones. Because of this one could argue that failure of composition (at

least in the sense explored in this section) is precisely what allows for quantum advantage

in Spoiler-Duplicator games. It remains to be seen if this barrier to compositionality can

be overcome, perhaps through enforcing clever compatibility constraints on the strategies

involved, in a similar manner to the techniques employed in chapter 5 in order to capture

quantum isomorphism categorically.

6.3 Discussion

In this chapter, we introduced and studied quantum versions of one-sided Spoiler-Duplicator

games. Our main contribution was to show that quantum advantage is possible in these games.

This means that Duplicator can sometimes win the quantum version of the games even when

they have no classical winning strategy. We then strengthened this result further and showed

that quantum advantage is still possible even if there is no quantum homomorphism between

the structures involved. As we discussed in chapter 2 classical Spoiler-Duplicator games

are connected to many central logical, algorithmic, and combinatorial results in computer

science. The natural direction for future work then is to see which of these connections can be
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“quantised” via our quantum games. Let us list some open questions in more detail:

• Quantum advantage in other Spoiler-Duplicator games: Throughout this chapter,
we focused only on one-sided EF and pebble games. We can of course consider quantum

versions of other Spoiler-Duplicator games, such as the back-and-forth or bijective

variants of each game. In the case of EF, for instance, the back-and-forth quantum game

is played as follows:

Example 6.38. LetHHH be a Hilbert space. The back-and-forth quantum Ehrenfeucht-
Fraïssé (EF) game inHHH from X ∈ R(σ) to Y ∈ R(σ) is played as follows:

At the start of round i, Spoiler chooses an element of xi ∈ X or ȳi ∈ Y. Duplica-
tor responds with a PVM {Pxi,y}y∈Y or {Pyi,x}x∈X from the other structure. After k
rounds their choices create a sequence of pvms [{Pc1}, . . . , {Pck}] with each ci ∈ X ∪ Y .
Duplicator wins a play of length k if this sequence is a partial quantum isomorphism.

Moreover, Ek and Pk are just two instances of the large class of game comonads which

have been introduced in [AM22; AM21; CD24; MS22]. Each of these comonads provides

categorical semantics for some class of Spoiler-Duplicator games from finite model theory.

The natural question is the following:

Question 6.39. For which Spoiler-Duplicator games is it possible to exhibit “non-trivial”
(In the sense of question 6.8) quantum advantage?

• Algorithmic and complexity-theoretic questions: Despite the fact that classical

CSP is an NP-complete problem, identifying the existence of coKleisli maps EkX → Y
and PkX → Y is known to be solvable in polynomial time. In fact, in the case of Pk,
this problem is solvable via an extremely well-studied algorithm known as strong k-

consistency. Likewise, detecting coKleisli isomorphisms for Pk is solvable via another
important algorithm known as k-Weisfeiler-Leman [Kie20]. In light of these connections,

we ask the following questions:

Question 6.40. What is the complexity of determining the existence of perfect quantum
strategies for Duplicator in different Spoiler-Duplicator games?

This question can be asked in both cases where the dimension of the Hilbert spaceHHH is

bounded and where no such bound is enforced. Both versions of the question would be

interesting to tackle.

A related question is to identify the classes of structures for which quantum Spoiler-

Duplicator games provide an exact account of quantum homomorphisms.
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Question 6.41. For what class of structures does PkA → QHHHB ⇐⇒ A→ QHHH hold?

• Connections with logic: One of the main appeals of Spoiler-Duplicator games is the

fact that they can be used to study the expressive power of fragments of first-order logic.

Recall that writing Lk for the fragment of first-order logic with quantifier rank at most k

we have the following triangle of equivalences from [AS21].

Theorem 6.42. The following are equivalent:

– Duplicator has a winning strategy in the one-sided k-round EF game from X to Y .

– There exists a Kleisli morphisms EkX → Y .

– X |=Lk ρ⇒ Y |=Lk ρ.

Thus, we ask the following:

Question 6.43. Does there exist a quantised version of the logic Lk, which we denote by
QHHHk such that the following are equivalent?

– Duplicator has a perfect winning strategy in the quantum one-sided k-round EF
game from X to Y .

– There exists a biKleisli morphism EkX → QHHHY .

– X |=QHHH
k ρ⇒ Y |=QHHH

k ρ.

Moreover, is there a connection between such a logic and the Kochen-Specker style approach
to quantum logic?

A similar question applies to other game comonads.

• Homomorphism indistinguishability: In [Lov67], Lovász showed that two finite

structures are isomorphic if and only if they have the same number of homomorphisms

from every other finite structure. Recently there has been much interest in characterising

relaxations of structure isomorphism via similar “Lovász type theorems” [DJR21; Gro20;

GRS22; AKW21]. For instance, the bijective k-pebble game and quantum (commuting)

isomorphism both admit such characterisations:

Theorem 6.44 ([Dvo10; Gro20; DJR21]). The following are equivalent.

– Duplicator wins the bijective k-pebble game between X and Y .

– X and Y admit the same number of homomorphisms from all structures with
treewidth ≤ k.
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Theorem 6.45 ([MR20; NRSZ24]). The following are equivalent.

– There exists a quantum (commuting) isomorphism between X and Y .

– X and Y admit the same number of homomorphisms from all planar structures.

We ask if these two theorems can be combined to characterise a quantum version of the

bijective k-pebble game.

Question 6.46. Are the following equivalent?

– Duplicator wins a quantum variant of the bijective k-pebble game between X and
Y .

– X and Y admit the same number of homomorphisms from all planar structures
with treewidth ≤ k.

Again, a similar question applies to other game comonads.

• An operational account of quantum Spoiler-Duplicator games: In physics, an op-

erational theory is a framework that describes a physical system based on the operations

that one can perform on it, e.g. in a laboratory. In the context of quantum information,

an operational protocol often describes a series of steps in which parties may prepare

certain quantum states and perform operations such as measurements on them. For

instance, the non-local games we studied in the previous chapter can be viewed as such a

protocol. We ask if there is a similar way of viewing quantum Spoiler-Duplicator games

through such protocols.

In the second part of this chapter we discussed how Duplicator’s strategies in quantum games

can be expressed in terms of the existence of biKleisli maps GkX → QHHHY . We then asked if

there exists a distributive law between Gk and QHHH which would result in a biKleisli category

which allows for the composition of such strategies. We saw that the no-go theorems of

chapter 3 do not apply in this case and explored several ideas for proving a positive answer

to this question. Unfortunately, all of these approaches fell short of providing a satisfactory

answer. Solving this question remains a very important direction for future work not least

because a positive answer could be very helpful in tackling the other open questions mentioned

above.
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7
Conclusions

We have studied relaxations of two decision problems which are of central practical and theoret-

ical importance in computer science. The first, known as CSP or structure homomorphism asks

if there exists a homomorphism between relational structures X and Y over the same signature

σ. The second known as structure isomorphism asks if an isomorphism exists between such

structures. By adopting a compositional viewpoint, we have expanded existing results to show

that three well-known classes of relaxations for these problems, which have so far been studied

by disjoint communities of researchers using techniques from universal algebra, (finite) model

theory, and quantum information, can all be captured through the categorical abstraction of

(co)monads. More specifically we have seen that distribution minion monads DS provide an

abstraction for certain minion tests from the universal algebraic approach, game comonads Gk

provide an abstraction for Spoiler-Duplicator games from finite model theory, and that (partial)

quantum monadsQHHH provide an abstraction for quantum homomorphisms/isomorphisms from

quantum information. In fact, by pointing out a simple corollary of the results in [Cia24] we

have also argued that quantum monads can be seen as a special case of distribution minion

monads.

Given a comonad W and a monad M the existence of a special natural transformation λ :

WM → MW known as a distributive law allows us to combine W and M. For a natural

transformation to be a distributive law it must satisfy four coherence conditions related to

the (co)unit and (co)multiplication operations ofW andM. A question that we explored in
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detail was to identify pairs of game comonads Gk and distribution minion monads DS for

which a distributive law exists. Such a combination could lead to novel relaxations for CSP and

structure isomorphism which combine ideas from universal algebra and finite model theory.

This question turned out to be remarkably subtle. We have proved a no-go theorem which

shows that the Ehrenfeucht-Fraisse comonad Ek and the pebbling comonad Pk fail to distribute
over many interesting distribution minion monads, such as those corresponding to the BLP

and arc-consistency minion tests. Interestingly, our no-go theorem does not apply to quantum

monads QHHH . In this case, it remains an open question whether a distributive law exists.

Finally, we have introduced quantum versions of Spoiler-Duplicator games and showed that

quantum advantage is possible in these games. These early results suggest that it may be

possible to quantise ideas from finite model theory to improve our understanding of quantum

advantage. There are many other directions for future work which we have mentioned in

discussion sections throughout the thesis.
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