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Abstract

The current work uses a phase-field model to design nanoscale ferroelectric device
concepts and to explore nanoscale ferroelectric behaviour. The results are expected to serve
initial steps for nanoscale experimentation and to assist in the industrial application of
ferroelectrics.

The use of ferroelectrics in nanoscale devices such as sensors or energy harvesters
has increased in recent times. This has advanced research interests in nanoscale
ferroelectric properties. In the current study, a phase-field model is used as a research tool
to explore nanoscale behaviour of barium titanate. The model is first used to design and
optimize nano-actuator concepts that generate actuation strains ~0.45%. This strain is four
times as large as the strain offered by piezoceramic actuators in market. Next, the model is
used to describe how scaling and surface conditions affect the formation of nanoscale
polarization patterns, such as vortices. The results demonstrate the dominant effect of
surface conditions and explain experimental observations of phase, tetragonality and
polarization patterns in ferroelectric nanoparticles. The phase-field model is next extended
to three dimensions and is used to test the stability of nanoscale periodic polarization
patterns. The results describe the internal stress and electric fields developed in these
patterns, and illustrate a mechanism of how complex polarization patterns can be formed
under external strain or electric fields. Here, a conceptual design of an energy harvester is
also explored.

The current work explores the application of a phase-field model as a design tool to
develop nano-actuator and energy harvester concepts. The results on actuation/harvester
cycle and the design parameter optimization would assist in developing device prototypes
and eventually benefit in industrial fabrication. The phase-field model extended to three
dimensions contributes to the study of domain patterns with out-of-plane polarizations and
will assist in engineering a more realistic ferroelectric device. The results on the effects of
scaling, surface energy and external loads on nanoscale polarization patterns, explains prior
experimental observations of polarization patterns and provide useful insights on how to
engineer domain configurations for nanoscale applications. Finally, the results motivate
research towards developing prospective nanoscale applications from other smart materials,
such as relaxors and ferromagnets.



Acknowledgements

I am immensely grateful to my supervisor, Professor John Huber, for giving me the
best guidance, support and encouragement in every aspect of my life at Oxford. He is an
excellent researcher and a great teacher — an example | hope to emulate in my future career.
I would like to thank him for investing generous amounts of time and efforts in helping me
grow intellectually from a clueless undergrad, and teaching me the invaluable skills of hard
work and patience in pursuing research. | am deeply indebted to his supervision (and
reference letters) without which completing my thesis would not have been possible.

I am very thankful to many generous and inspiring people who have helped me
complete this work and grow as a researcher — to Professor Chad Landis and
Dr. Dorinamaria Carka in UT Austin, for their generosity in sharing finite element codes to
start my DPhil research; to Dr. Ingo Minch in Karlsruhe Institute of Technology, for
introducing me to ferroelectrics (cocktails and even songs) and helping me in finite element
coding which has been important to my DPhil; to the Felix Scholarship Trust, which made
it possible for me to study at Oxford and introduced me to new cultures and experiences; to
ARC Oxford, for letting me use the supercomputing facility; to Nils Reimer for reading my
applications. I am very thankful to have had all this support during my DPhil.

I thank all the members in the SMME Group for creating an excellent research
environment — to Professor Antoine Jérusalem and Professor Jin-Chong Tan for giving
constructive inputs on my research during the transfer viva; to Kurien and Kwanlae for the
lively (non-)academic everyday discussions; to Rob, Tuncay, Mehmet, Jianan, Prashant for
application advice; to Sukarni, Amanda, Jon, Hisham for the administrative and IT support.

I am very grateful to be a part of Brasenose College, which has supported me in a
myriad of activities that range from attending conferences to playing basketball
tournaments. | have enjoyed the lively social life at Brasenose and am pleased to have
made some great friends at Oxford — Sophie, Dhruti, Vikranth and Huma, who have
enriched my DPhil life with lots of movie nights, truck food, beer, desi-jokes and laughter.
I also very much appreciate the well wishes from Kalammaijji et al., Ashu maama et al. and
the care from my uncle and family in Liverpool — Madhu maama et al. have given me a
home away from home during my stay in the UK.

Finally, 1 would like to thank the people that I love most and who with one way or
another have taken this journey with me: to my parents Renu and Balu, who have always
given me their best support and unconditional love, which has kept me going all this time;
to my brother Shashank, who continues to motivate and inspire me endlessly to pursue a
career in research; to my boyfriend Nils, whose presence, love and support makes each day
a happy one; and to my most treasured friend Vasan, who has been a great strength of
support and a laughter drug during all the ups-downs of my life. I am very lucky to have
you all!



Contents

Abstract i
Acknowledgements I
Contents iii
1. Introduction and literature review 1
LLMOLIVALION . . . oo e 1
1 2 KBY CONCEPES . v vttt ettt e 6
1.3 Material models . . .. ... 14
LA Layout of thesis . . ... o 26
2. Phase-field models of ferroelectrics 30
2.1 The Ginzburg-Landau theory —a simpleexample .. ....................... 31
2.2 The Landis phase-field model . .. ......... ... ... ... ... .. ... .. ... 37
2.3 Normalization . . .. ... 45
2.4 Formation of dOmains . . . . ..o 47
2.5 Domain walls in the phase-field model . .. ............. ... .. ... ... ... ... 56
2.6 Polarization patterns . . . ... ..o 66
2.7 Three dimensional modelling . .. ........ ... i i 70
2.8 Computational POWEN . . .. ..ot e 77
2.9 CoNCIUSION . . . . e e e e e e e e 80



Contents v

3. Nano-actuator concepts based on ferroelectric switching 81
3.1 Mechanical biasconcept . . ... 82
3.2Clamped aCtuator . . . ... ..o 85
3.3 Embedded aCtuator . . ... ... 95
3.4 Bending actuator . .. ..... .ot 107
35 APPHCAtIONS . . .o e 118
BB CONCIUSION . . .o 123

4. Scaling and surface effects on polarization patterns 124
4.1 Vortex domain pattern . .. ... 125
A2 MethOds . . ..o 126
4.3 Scaling effects . . . ... 133
4.4 Surface energy effeCtS . . . ... o 139
4.5 Surface conductivity effects . . . ... . 145
4.6 Orientation of NANOWIre SECLiON . .. .. ... vt e 152
4.7 Discussion and comparison with experiments . . ............ ... oot 155
4.8 CONCIUSION . . .ot 161

5. Periodic domain patterns at nanoscale 162
5.1 What determines the pattern of domains? . ................ ... ... .. .... 163
5.2 Laminates and periodic boundary conditions . .. ............. ... .. ... ... 168
5.3Rank-ldomain patterns . .. ... 172
5.4 Energy harvester CONCept . . ... .ottt 179
55Rank-2domain patterns . .. ... 186
5.6 Stabilization by external loading . . .............. .. .. .. .. ... .. . ... 198
5.7 CoNCIUSION . . . .o 204

6. Conclusions and future work 205
6.1 Conclusions and diSCUSSION . . . ..ot v et 205
6.2 FUIUIE WOIK . . . oo e 208

A. Appendix 217
A.l Landis phase-field theory . ... ... .. 217
A.2 Material properties . ... ...t 219

References 221



Introduction and literature review

1.1 Motivation

Ferroelectrics are materials that possess spontaneous polarization which can be
reoriented by the application of an external electric field or through mechanical forces.
Such reorientation is typically accompanied by a change in crystal geometry and
surface charge distribution, which gives rise to a strong electro-mechanical coupling.
This coupling in ferroelectrics finds applications in many devices [1], such as
transducers [2], energy harvesters [3] and memory elements [4]. For example, a
commercially available ferroelectric product is the ferroelectric random access memory
(FeERAM), see Fig. 1.1(a-b) [5], [6]. FERAMSs store data in binary form on a
ferroelectric thin film, with ‘1’ and ‘0’ corresponding to ‘up’ and ‘down’ polarization
states respectively. Advantages of FeERAM over other conventional RAMs available in
market include low power usage and faster switching rates. The key working element is
a ferroelectric layer of thickness ~ 200nm, so for this device, the nanoscale material
behaviour is of great importance.

Another application of ferroelectrics today is in the many commercially
available transducers that employ the piezoelectric effect of the active material. For
example, the diesel injection valve developed by Siemens, Bosch and Toyota [7]

employs the piezoelectric effect of a multi-layered actuator made from lead zirconate



1.1 Motivation 2

(b)

b |
,,,,aas’
292952239

FMZ23MLD16 bbbt s
B-MegabitPara//elF-RAM 29995923

29595955595

Figure 1.1: Ferroelectric non-volatile RAM devices developed by (a) Switch
Science [5] (b) Ramtron International Corporation for commercial use [6]. Reprinted
with permission from Cypress and Digitimes, respectively.

titanate (PZT), see Fig. 1.2(a). These actuators offer high fuel pressure, quick injection
control and hence minimize the exhaust gases. While the actuators use bulk
ferroelectric elements, tens of mm in size, their design is reliant on an understanding of

material behaviour at the grain size (xm) and sub-grain scale (nm). Ferroelectrics have

also been used in combination with other active materials, for example in a magnetic
noise sensor, see Fig. 1.2(b). Here a layered composite of barium titanate (ferroelectric)
and cobalt ferrite (magnetostrictive) is used. On exposing the sensor to a magnetic field,
the cobalt ferrite generates magnetostriction, which is transferred to the barium titanate
layer as stress. This results in the generation of charge/voltage on the ferroelectric layer
from the piezoelectric effect. Piezoelectric materials have been widely applied in
devices since their discovery and the study of microscale or nanoscale material
behaviour is well established [8], [9]. However, the use of ferroelectrics in truly
nanoscale devices is a recent development [10].

Nanoscale ferroelectric devices for electro-mechanical applications in sensing
and energy harvesting have been developed in laboratory demonstrations [11], see
Fig. 1.3(a-c). In the study by Koka et al. [11], a voltage of 345mV was generated from

an array of barium titanate nanowires of diameter ~600nm, in response to a vibrating
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Figure 1.2: (a) Diesel injection valve with multi-layered piezoelectric actuator [7]
(b) Magnetic noise sensor with a ferroelectric-magnetostrictive composite [12].
Copyright 2019 The Japan Society of Applied Physics.

mass of 30g placed on the top surface, see Fig. 1.3(a-b). The effect of the nanowire
aspect ratio on the voltage generated was investigated in this study.

Fig. 1.3 illustrates an example of a traditional approach to the design of
ferroelectric devices — a laboratory based incremental approach where new inventions
are tested through experimental methods. In experiments, the device ideas are typically
based on qualitative assumptions and the investigations can be time consuming and
expensive. On the other hand, modelling methods are gaining recognition as a way to
predict realistic ferroelectric behaviour and therefore possess potential as a design tool
to assist the development of nanoscale device concepts. The aim of this thesis is to
apply modelling methods to develop nanoscale device concepts and to explore
ferroelectric properties at the nanoscale.

Advances in synthesis and fabrication of nanoscale structures [13] — [14], and

progress in modelling techniques has broadened the scope of ferroelectric
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Figure 1.3: Array of barium titanate nanowires employed in sensing and energy
harvesting applications [11]. (a) BaTiOs nanowire array (b) schematic of the energy
harvester design (c) fabricated energy harvester device. © IOP Publishing. Reproduced
with permission. All rights reserved.
applications [15]. The prospects of ferroelectrics in nanoscale industry can be explored
through modelling techniques in a time and money efficient approach. At the nanoscale,
it is important to note that the local inhomogeneous fields due to stress and electric field
become significant and could potentially affect the working of nanoscale devices [16],
[17]. For example, if designing a bulk scale piezoelectric actuator, although the stresses
in individual grains may matter to some degree, it is typically sufficient to assume a
bulk-scale piezoelectric response. But if designing a nanoscale ferroelectric actuator,
the stresses present can greatly affect the device operation. Therefore a modelling
method is required to account for local fields in order to accurately describe nanoscale
ferroelectric behaviour. Additionally, modelling methods can provide insight into
nanoscale ferroelectric properties [18], [19], which enable the engineering of nanoscale
devices such as actuators and memory elements [20].

The phase-field method is currently regarded as one of the more powerful tools
available to study nanoscale ferroelectric properties [21]-[23], in comparison to

modelling techniques based on the micromechanics approach [24], [25]. This is because
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the phase-field model does not make any a priori assumptions on the initial

microstructural or nanoscale arrangement of the material and the structural evolution is

a natural process arising from energy minimization in the material system. The phase

field models when used as a bottom-up approach to design devices, allow us to explore

the device performance before fabrication. For example, in the work by Muench et al.

[26], [27] a phase-field model was employed to explore the working concept of an

energy harvester [26], and subsequently the harvester performance on coupling with a

rectifier and a capacitor was studied [27]. The effect of boundary conditions, such as

substrate strain [22], [28], electric field [29] or surface energy [30], on nanoscale
ferroelectric properties can be explored using phase-field methods.

The use of a phase-field model in a bottom-up approach to develop nanoscale
ferroelectric devices is a relatively new concept. This provides an opportunity to
explore the use of a phase-field model as a design tool. The potential applications of
ferroelectrics coupled with the advancements in modelling methods serve as a
motivation for the current study. In the following chapters, | apply a phase-field model:
e to explore conceptual device designs in ferroelectrics, such as nano-actuator and

energy harvester concepts based on ferroelectric switching;

e to study the effects of scaling and surface energy on the formation of certain
polarization patterns, which possess a potential to enhance storage density in
memory devices;

o to explore the stability of periodic polarization patterns at the nanoscale that are
predicted to form in tetragonal ferroelectrics.

Overall, the thesis demonstrates a numerical approach to invent and explore
nanoscale ferroelectric devices, and contributes to the understanding of ferroelectric

behaviour observed in nanoscale experiments. It is hoped that the modelling approach
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could serve as an important initial step before nanoscale experimentation and be of

benefit to the industrial application of ferroelectrics.

1.2 Key concepts

A ferroelectric is characterised by the presence of non-zero -electrical
polarization in the absence of an external electric field. Specifically, a ferroelectric has
more than one stable state of polarization and can be switched by electric field.
Ferroelectricity is observed in certain hydrogen-bonded materials [31], in oxides with a
perovskite structure [32] and in structural families with intergrowth of perovskite layers
and other oxides [33]. Of the above structures, ferroelectrics of the perovskite oxide
family are most widely explored due to the strong electromechanical coupling, and
hence usefulness in practical applications.

Barium Titanate (BaTiOs) is a well-known example of a ferroelectric crystal
which possesses a simple perovskite structure [34], [35]. The properties of BaTiOs are
well established [36]-[40], leading to the development of reliable material models [29],
[41], [42]. These material models encourage device design of memory elements, energy
harvesters, and so forth with BaTiO3 as the working material [43], [44]. Further, the
semiconductor industry has initiated device exploration in BaTiOs and is motivated to
use environmentally friendly materials that are free of lead [1]. These features motivate
the choice of BaTiOs as the ferroelectric material to explore in the present work.
However, some of the design concepts explored could be relevant for other materials.
This section describes the key concepts in ferroelectrics and the associated definitions,
using BaTiOs as the reference material.

The barium titanate unit cell comprises of one barium ion, Ba* three oxygen
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Figure 1.4: Lattice structure of barium titanate, BaTiOs in (a) paraelectric phase
(b) ferroelectric phase. Note that the ion displacements are greatly exaggerated here,

(c—a,)/a, ~0.0082.

ions, O% and one titanium ion, Ti** arranged as shown in Fig. 1.4(a-b). At high
temperatures ( >120°C), BaTiOz exists in a paraelectric state with a centrosymmetric
cubic geometry and zero dipole moment in the unit cell, Fig. 1.4(a). On cooling barium
titanate below the Curie temperature, T, =120°C, the titanium ion, Ti** shifts from its
central position resulting in a net dipole moment in the unit cell, Fig. 1.4(b). This non-
centrosymmetric structure of BaTiOs gives rise to spontaneous polarization, P,
transforming the material from the paraelectric phase with cubic structure to a

ferroelectric phase with tetragonal structure. Further cooling of tetragonal BaTiOz to

0°C results in an orthorhombic structure, and cooling below —90°C transforms barium
titanate into a rhombohedral structure. During the phase transition at T_, the appearance

of spontaneous polarization in ferroelectrics is accompanied by spontaneous strain, as

the lattice parameter of the unit cells changes from a cubic geometry with side a, to a
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tetragonal structure with sides ¢ and a as shown in Fig. 1.4(a-b). In BaTiO3 the lattice

parameters are related as ¢ >a, and a < a,, giving rise to spontaneous strains of 0.0082

and -0.0027 respectively.

The ferroelectric behaviour arises because the off centre Ti** ion can be
switched into any of six symmetrical positions — in each case it is offset towards the
centre of one face of the unit cell, see Fig. 1.5(a). This Ti** can be moved from its offset
position by the application of an external electric field or stress as shown in Fig. 1.5(b).
The displacement of the Ti*" by electric field or stresses is known as ferroelectric or
ferroelastic switching respectively. Reorientation of the spontaneous polarization
through 90° or 180°, by the application of electric field or stress is referred to as 90°
switching or 180° switching respectively, see Fig.1.5(b). 90° switching is
accompanied by mechanical strains due to the change in crystal c-axis orientation, and

in BaTiOz these strains are of the order of ~1% [45].

T<T,
(@) | " appty  ® o
stress, o | [T [<€ =] L] ]<
» —e o B i
N 7
T>T, ] 90° switching
4 4
o | [ I I
180° switching 90° switching
v v
E,
apply electric
f i field, E f TE e

Figure 1.5: Schematic diagram indicating (a) orientation of spontaneous polarization in
BaTiOs unit cells along six crystallographic directions (b) ferroelectric switching under

the presence of electric fields and stresses.
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Up to now, ferroelectric properties were described with reference to a unit cell
of BaTiOs. However, in a typical ferroelectric, unit cells group together to form regions
with uniform polarization, referred to as domains, see Fig. 1.6(a). These domains are
separated from their neighbours through domain walls, which are thin regions that
collectively represent a polarization gradient between the neighbouring domains as
shown by the schematic in Fig. 1.6(b-c). In tetragonal ferroelectrics, the 180° and 90°
domain walls are commonly observed, see Fig. 1.6(b-c). At the 180° domain wall the
spontaneous polarization in unit cells approaches near zero values, changing the local
crystal structure of unit cells from tetragonal to cubic. The 90° wall bridges domains

with mismatched lattice parameters and rotates the neighbouring domains through an
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Figure 1.6: Schematic representation of (a) a uniformly polarized regions - domains
(b) 180° domain wall (c) 90° domain wall in a typical ferroelectric specimen. The red

line indicates lattice mismatch at the 90° domain wall.
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angle as indicated by the red-line in Fig. 1.6(c). The 180° and 90° domain walls
typically possess misfit stresses or/and local electric fields, and are discussed in detail in
chapter 2.

In a typical ferroelectric specimen polarized domains arrange themselves in
compatible format, such as head to tail or tail to head polarization vector arrangements,
to form a polarization pattern, see Fig. 1.7. Such an arrangement eliminates net charge
on the domain walls that would contribute to an increase in domain wall energy [46],
[47]. Polarization patterns are important to the working of nanoscale devices, where the
device size is comparable to the polarized domain size. In such cases, the type of
polarization patterns, and the position/movement of individual domain walls [48], [49]
affects the working of nanoscale ferroelectric devices, such as actuators [18]. The
evolution/rearrangement of the polarized domains under electric fields or stresses [50],
[51], is important to engineering nanoscale devices and can be predicted using
modelling methods. Some of the polarization patterns that are predicted to form in
tetragonal ferroelectrics are shown schematically in Fig. 1.7.

The band-like and stripe-like domain patterns, see Fig. 1.7(a-b) consist of
alternate bands of 180° and 90° domains respectively. These patterns are widely
observed in tetragonal ferroelectrics [46], [52], [53]. The stripe-like features in

Fig. 1.7(b) are known to relieve misfit stresses. However, the vortex-like patterns in

(@) — (b) [ (©) _
|
— — | f
— l — -

Figure 1.7: Schematic representation of domain arrangements in polarization patterns

with (a) band-like (b) stripe-like (c) vortex-like features.
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Fig. 1.7(c) where polarized domains fit together to form a flux-closure are rarely
observed in experiments. These vortex polarization patterns have the potential to
enhance storage density in memory devices [20], and their elusive nature in
ferroelectrics is studied in chapter 4 of this thesis.

A ferroelectric crystal with non-zero net (or average) polarization exhibits the
piezoelectric effect that is often employed for electro-mechanical energy conversion in
transducers and energy harvesters. The linear direct and converse piezoelectric effects

of a ferroelectric crystal can be described by [54]:
D, =dy 0 + i E (1.1)
& = SijEkIO-kI -I-dkij E,. (1.2)
In Eq. (1.1), the electric displacement D, piezoelectric coefficient tensor dikl and

stress 0, describe the direct piezoelectric effect. That is, application of stresses
generates electric displacement and is employed in devices such as sensors or energy
harvesters. The dielectric constant under constant stress, &, and electric field, E,

describe the dielectric effect, where application of electric field induces polarization in

a dielectric material. In Eq. (1.2) the converse piezoelectric effect is described by the
strain, &;, converse piezoelectric coefficient tensor dkij and electric field E, . Here, the
application of an electric field generates mechanical strain; this is commonly employed

. . . . E
in actuators or motors. The compliance under constant electric field S, and stress 0y

contributes to the elastic effect that induces strain in a material. The direct and converse
piezoelectric effects can also be derived from a free energy expression, with stress and
electric fields as derivatives of free energy — this is discussed in the context of material

models in section 1.3.
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At the macroscopic scale (typically a few micrometres in size upwards),
application of an electric field across a ferroelectric specimen with multiple domains,
can cause the polarization in each domain to align with the applied field. This process is
known as poling; the net polarization increases with the applied electric field, until
complete polarization reorientation is achieved, see Fig. 1.8(a). The net polarization

value reaches a maximum and is referred to as the saturation polarization, P, . On
removal of the electric field, the material retains a net polarization called the remnant
polarization, P, and the corresponding strain is the remnant strain, £, asshown
in Fig. 1.8(a-b).

On applying a reverse electric field, the net polarization in the ferroelectric
specimen decreases and at the coercive electric field, E, that is characteristic of the

ferroelectric, the polarization reduces to zero. Further decrease in the electric field

causes domains polarized along the reverse electric field to grow, switching the net

(@) (b)
0.4
Baﬁi\ 0.8
< /,“
&\E)/ 02 rem ? 06
5 <
=1 7 =
g E g 04
=~ (%]
S -0.2 Z 0.2 f
0.4 0 T
-10 -5 0 5 10 -10 -5 0 5 10
Electric field (kV/cm) Electric field (kV/cm)

Figure 1.8: (a) Polarization vs. electric field loop for single crystal barium titanate
showing hysteresis (b) The corresponding strain vs. electric field loop for BaTiO3 [45].

Reprinted from Ref. [45], with permission from Elsevier.
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polarization through 180° in-plane. Note that small values of strains, <0.1%, are
observed during 180° ferroelectric switching, see Fig. 1.8(b). Increase in magnitude of
the reverse electric field causes polarization to reach saturation. The electric field cycle
is repeated and the polarization versus electric field curve forms a closed loop referred
to as the hysteresis loop, Fig. 1.8(a). Hence, a ferroelectric can be polarized into at least
two distinct stable states, such as those observed at the tips of the hysteresis loops and
can retain the net polarization even after the removal of the electric field. This
ferroelectric property is employed by non-volatile memories, where the ferroelectric
polarization states represent binary numbers ‘0’ and ‘1’ [55].

An ideal hysteresis loop is symmetric while the shape of the loop, coercive field
and spontaneous polarization values can be affected by the presence of mechanical

stresses, as shown in Fig. 1.9 [45]. For example in Fig. 1.9, under compressive stresses,

0.4 o =-1.78MPa - o =-1.78MPa

. 0.8
£ 02
3} _.06
S S
= 0
g 5 04
s &
g 02 0.2

-04 0

-10 -5 0 5 10 -10 5 0 5 10
Electric field (kV/cm) Electric field (kV/cm)

Figure 1.9: Polarization vs. electric field and strain vs. electric field loops for single
crystal barium titanate showing deviation from Fig. 1.8(a-b) under compressive
mechanical stresses, o =-1.78MPa [45]. Reprinted from Ref. [45], with permission

from Elsevier.
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o=-1.78MPa, the applied electric field forced an out-of-plane polarization
switching, i.e., a 90°switching, which was accompanied by mechanical strains of
~0.8% in single crystal BaTiOs. These values are several times greater than the strains
attained through 180° switching, see Fig. 1.8(b), or through the piezoelectric effect
alone. The strains achieved on 90° switching are greater than the values typical
piezoceramics can offer, and thereby enable potential applications in actuators. This
concept of enhanced strain from ferroelectric switching is explored in chapter 3, to
design nanoscale actuator concepts.

The electrical and mechanical properties of ferroelectrics can also be described
using modelling methods which are based on phenomenological theories, for example
the phase-field method. These modelling methods commonly derive their input material
parameters from experiments and can predict the ferroelectric material response under a
variety of loading conditions. In the next section, material models are introduced and

the different types of theoretical models are discussed.

1.3 Material models

Macroscopic phenomenology

Phenomenological theories of ferroelectrics typically treat the material as a
continuum and postulate fields that describe the elastic, dielectric and thermal
properties of the ferroelectric system [54]. These material models can then describe
ferroelectric devices through simulations, and help to connect theoretical understanding
with experimental observations.

In general, the classical laws of mechanics and the laws of thermodynamics are

used to obtain relationships between the elastic, dielectric and thermal properties of the
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ferroelectric system. For example, the work done over volume V , when subjected to an

infinitesimal change in strain, deij and electric displacement, dD; in the presence of

constant stress, o; and electric field, E; is given by:

W= [ (oyde; +EdD,)dV . (1.3)
\

(Note: Indicial notation with summation over repeated indices will be used for
Cartesian coefficients throughout.) Now, having described an expression for the work
done, W, the internal energy per unit volume of the system is next considered. Here,

dQ s defined as an infinitesimal quantity of heat added to the system, and the change
in internal energy per unit volume, dU , is given by the first law of thermodynamics as:

dU = dQ +dw (1.4)
Assuming reversibility, from the second law of thermodynamics, the heat added to the
system, dQ , can be described as a product of the temperature, T , and the change in

entropy, dS. Next, on substituting Eq. (1.3) in Eq. (1.4), the increment of internal

energy of the system is given by,

dU =TdS +o;de; +E,dD, . (1.5a)
The stress, 0; and strain, &; tensors are symmetric, that is 0; =07;. The indicial
notation can be reduced using the Voigt notation, for 0 : 0} =0y, 0, =0y, 0;3=0y,
0,=0y3 =03, 05=0;3=0y, and Oy =03, =0,, and similarly for strain, but with
&y =Ept&y, & =631 &y, and & =&, T &,. Then Eq. (1.5a) becomes,

dU =TdS +o,de, +E,dD, i=1..6, k=1...3. (1.5b)
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Eq. (1.5b) describes the thermal, elastic and electric properties of a material with S,

& and D, as independent variables. However, in order to describe the ferroelectric
behaviour it is convenient to treat temperature T , strain &;, and electric displacement

D, , as independent variables. This is done by transforming Eq. (1.5b) to an appropriate
thermodynamic potential [54], such as the Helmholtz free energy, v,

w=U-TS. (1.6)
The differential form of the Helmholtz free energy, ¥, in Eq. (1.6), considering an
infinitesimal change in the independent variables is given by,

dy =-SdT +o.de, + EdD., , (1.7)

Eq. (1.7) demonstrates that the entropy S, the stress 0, and the electric field E;, are

related to the Helmholtz free energy as:

0 0
] 2] o)
T ) ¢ )i o ob, ).,

In Eq. (1.8), the entropy, S, is a partial derivative of the free energy, v , with respect
to temperature, T , at constant strain, €, and constant electric displacement, D.
Likewise, the stresses 0, and electric fields E;, are defined as partial derivatives of
free energy with respect to strain and electric displacement respectively. The
expressions for the stresses 0; and electric fields E;in Eq. (1.8), can be written in the

linear differential form,

dai:(%j ar+| 2% | de 4| 9% | ap, (1.9)
T o \0s) o )

]
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dEiz(%j dT + % de; + %, dD, (1.10)
T Jo, O¢; - oD, -

The coefficients in Eq. (1.9) and Eq. (1.10) are known as compliances and are functions
of the independent variables. These compliances provide a measure of the coupling
between electrical, thermal and mechanical fields, and can be experimentally measured.

For example, under isothermal conditions Eqg. (1.9) and Eq. (1.10) reduce to:
do, =c;""de; —h;dD; (1.12)
dE; =-hids; +«;"dD, (1.12)
where P :(agi /agj)DYT, is the isothermal elastic compliance at constant electric
displacement, h/ = _(5Ej/agi )D‘T , Is the isothermal linear piezoelectric compliance and

KT :(aEi /aDj) o is the inverse isothermal permittivity at constant strain. Similarly

the relations in section 1.2, Eq. (1.1) and Eq. (1.2) that describe the linear direct and
converse piezoelectric effect can be derived from the energy equation, Eqg. (1.5), when
transformed to a Gibbs thermodynamic potential [54].

Up to this point, only linear differential equations of state were considered, i.e.,
from Eq. (1.7) and Eq. (1.8) the free energy was expressed in terms of the first order

derivatives,

v =y, + (Z—Z/j &+ [Z—ij D, (1.13)

where V7 is a function of temperature alone. However in ferroelectrics, some of the

important characteristics, such as hysteresis, are non-linear. To describe the non-linear

ferroelectric characteristics, the free energy ¥ in Eq. (1.13) is expanded as a Taylor

series in electric displacement, D, , and strain, &; :
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2 2
+E oy DD, + oy gD, +...
2| db,dD; '\ 05,0D, !

The derivatives in Eq. (1.14) are taken at D; =0, &=0. This free energy expression

oy oy 1( oy
=y +|— |e+| — |D. += £
VeV (ag.jg' (aDJ | 2£agiagj “iE)

(1.14)

can describe both the polar (tetragonal) and non-polar (centrosymmetric) states of a
ferroelectric crystal, provided the odd-rank tensor coefficients in Eq. (1.14) are zero.

Assuming that the strains are small, that is involving the terms in Eq. (1.14) with

giH,- D; and &¢; only, and neglecting the other higher order strain terms, the free

energy expansion up to sixth order derivatives is [54]:

W=y, +%cijD'Tgigj +%K§’T D.D; +%qngingk

1.15
1 eT ( )

1.,
+Z ikl DiDjDkDI "’E?ﬁjlemnDiDjDleDmDn

where, G, &, Zium are the associated tensorial coefficients for the higher order
terms. The free energy of a ferroelectric system is conveniently described by expressing

Eq. (1.15) in terms of its order parameter, polarization. The polarization, P, in a

ferroelectric crystal is related to the electric displacement as D, =&E, +P . For easy

comprehension, Eq. (1.15) can be simplified by assuming isothermal conditions and
expressing it in a one-dimensional form, considering polarization variation along just
one crystallographic direction [56]:

1 , 1 , 1 > 1 _ . 1 ¢
=—ce?+=kP?+=qeP? + = EP* + = yPC... 1.16
74 > £ 21( qu 44." 67/ (1.16)

Eq. (1.16) was used to develop the classical Landau — Devonshire’s theory of barium

titanate [57], [34], [35], that describes the free energy of a bulk ferroelectric crystal by
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associating zero energy to the cubic non-polar state. The stresses and electric fields can

be derived from Eq. (1.16) as,

o= ey 9p2 (1.17)
de 2
E:i—‘/;:KP+qu+§P3+yP5. (1.18)

Eqg. (1.17)-(1.18), describe the relation between field quantities, such as strain and

polarization, which can be verified through experimental methods. For example, under

zero stress condition, Eq. (1.17) can be written as Cg—}—g P2 =0. This indicates that the

strain is proportional to polarization squared, ¢oc P?. Likewise under zero strain

condition, Eq. (1.18) reduces to E=xP+&P°+yP®, from which an expression for
spontaneous polarization can be derived. First note that - is the measurable dielectric

permittivity for small polarization values. Then, the free energy of the ferroelectric

system is minimum at the spontaneous polarization, and therefore solving, 3_‘/; —E=0,

two solutions for P are obtained, namely P =0 or x+&P*+yP*=0. Neglecting the
K
fourth order term which is often relatively small, we have P2~_E and this

spontaneous polarization value in BaTiOz can be measured through experimental
methods [58]. Hence « and ¢ are measurable. Another example of the use of
phenomenology to relate experimental measurements is the derivation of susceptibility
from Eq. (1.18). Susceptibility in ferroelectrics is defined as the rate of change of
polarization with respect to an electric field, and this physical quantity can be measured

experimentally. Differentiating Eq. (1.18) with respect to polarization under zero stress

condition, and setting P =0 an expression for susceptibility, 4 — 1 is derived. These
K
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examples illustrate an advantage of phenomenological modelling, which helps to relate
and understand experimental observations.

Next, strain-free isothermal conditions are assumed and the free energy
expression in Eq. (1.16), is written in simple polynomial form as,

1 ., 1., 1
=S KPi 2 EP Ty (1.19)

Allow, the coefficient, ~ to be temperature dependent around the Curie point
(T~T.), givenby K =k,(T =T.) [54]. The other coefficients in Eq. (1.19) are taken to
be independent of temperature. The free energy, ¥ in Eq. (1.19) can then be plotted as
a function of polarization, P at three temperatures: T >T,, T=T and T<T, [59] as
shown in Fig. 1.10.

Fig. 1.10 describes the energy well for BaTiOs in its cubic state (T >T.), at the
Curie temperature (T =T,) and in its tetragonal state (T <T.). For T >T., BaTiOs is in
the paraelectric state and possesses minimum energy at zero polarization. The energy

well has a single minimum at P=0. At temperatures equal to the Curie point, T =T,

the energy well is observed to widen. For temperatures below the Curie point T <T_,

Figure 1.10: Schematic representation of the free energy curve, ¥ as a function of

polarization, P at three temperatures: T >T., T=T. and T <T,, where T, is the Curie

temperature [56]. Reprinted from Ref. [56], with permission of Springer.
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the energy-polarization curve adopts a ‘double-well’ structure indicating two minimum
energy states in the ferroelectric phase. These minimum energy states correspond to the
spontaneous polarization states of the ferroelectric crystal. Further details of the free
energy equation are explained in the context of a phase-field model in chapter 2.

A variety of modelling approaches have been developed to predict ferroelectric
behaviour at different length scales. These can be broadly categorised as macroscopic
(few micrometres), microscopic (nanometres) and atomistic (Angstrom) models. Next,
a brief overview on these modelling approaches is described and the associated

challenges are discussed.

Macroscopic models

Models that predict bulk properties of ferroelectric crystals, for example strain
hysteresis loops [60], can be categorized under macroscopic models [24], [25], [61],
[62] These models are built on the data or material properties obtained at the
microscopic scale, and typically assume homogeneous properties and averaged
electromechanical fields to predict the net ferroelectric behaviour.

An example of a macroscopic model is the switching model of Hwang et al.
[60]. The key concept here is that ferroelectric switching occurs if the applied electric
field or stress exceeds a critical value, inducing a net change in remnant strain and
polarization [60], [61]. The micro-electromechanical switching models have been
employed to describe the electric response and strain hysteresis loops in ferroelectrics
under proportional stress and electric field loading [63], [67], [68], see Fig. 1.11(a-b).
An advantage of these models is that they provide insight into the source of observed
hysteresis, for example, Fig. 1.11 indicates that the polarization versus electric field

hysteresis arises from the combined effect of polarization switching and the linear
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Figure 1.11: A comparison of the simulations from a macroscopic polarization
switching model and the measured 8/65/35 PLZT values showing (a) polarization vs.
electric field hysteresis loop (b) longitudinal strain vs. electric field butterfly loop, with
no applied stress. The figures are modified from [63]. Reprinted from Ref. [63], with
permission from Elsevier.

dielectric effect. These models also offer computational simplicity and speed.

A challenge faced by the macroscopic models is their inability to capture the
effect of domain configurations in polarization patterns on macroscopic properties such
as ferroelectric switching [65]. The macroscopic models approximate internal stress,
electric fields to be homogenous at some scale, and specify averaged elastic, electric
and piezoelectric properties that are derived from those of a single crystal [60].
However, at the nanoscale, the size of an individual domain can be comparable to the
overall size of a ferroelectric device, and the averaged approximations would be invalid
[66], [67]. Macroscopic models also commonly neglect the domain wall energy

contribution while accounting for the overall energy of ferroelectric system, and so are
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unsuitable for exploring nanoscale ferroelectric properties or to be employed as a tool to

design conceptual devices at the nanoscale [68].

Microscopic models

With the current trend of miniaturization in electronics there has been a growing
interest in the study of nanoscale properties. This has led to advances in modelling
techniques at the nanoscale [21]-[23], [69]. At the nanoscale, features such as distortion
of electric fields near cracks, stresses developed in thin films due to lattice mismatch at
the substrate or misfit stresses at domain interfaces, can have significant or even
dominant effects on ferroelectric properties [48], [49], [70]. Modelling of these effects
is critical to the development of nanoscale devices such as actuators or energy
harvesters [1], [3].

Microscopic models commonly account for the presence of local effects such as
internal stresses and electric fields. For example, the phase-field models [29], [71],
account for energy contributions from domain walls, elastic and electric potentials, to
predict realistic material behaviour at equilibrium. These models have been employed
to study domain energetics [68], to map intergranular stresses in thin films [22] and to
explore domain wall movements under electro-mechanical fields [71], see Fig. 1.12.
These advantages of phase-field models indicate their potential to be used as a design
tool for nanoscale devices, and further details are described in section 2.2 of chapter 2.

The Monte Carlo simulation technique [72]-[74] is another numerical approach
used to solve a phenomenological model. In this technique, domain behaviour is
simulated by treating a ferroelectric as a group of electric dipoles. These simulations are
able to produce relative orientations of dipoles across domain boundaries, and predict

the collective behaviour of electric dipoles, simulating the overall domain behaviour at
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Figure 1.12: Phase-field simulations of a domain wall interacting with dislocations
under an external electric field, Ey [75]. Reprinted from Ref. [75], with permission from
Elsevier.

nanoscale [73]. These models have been employed to investigate the temporal evolution

of domain patterns at different temperatures [73] and sizes in BaTiOs [74], see

) (
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Fig. 1.13(a - c).
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A

Figure 1.13: Monte Carlo simulations of domain patterns formed in BaTiO3z of different
sizes L labelled numerically (a) L = 41 (b) L = 55 (¢) L = 126. The arrows show
polarization orientation in domains [74]. Reprinted from Ref. [74], with the permission

of AIP Publishing.
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Both the phase-field method and Monte Carlo simulation, approach an
equilibrium state through energy minimization. In the phase-field method, both the
mechanical and electrical equilibrium equations are solved at each iteration, while
Monte Carlo simulations often assume mechanical equilibrium to be attained much
faster than electric dipole relaxation [74]. Although such an assumption makes the
Monte Carlo simulations computationally less intensive in comparison to the phase-
field methods, these models do not accurately solve elastic strain interactions at the
nanoscale. These interactions can affect domain arrangements and evolution, and hence
an approach based on the phase-field method is more reliable to design nanoscale

devices.

Atomistic models

The advances in synthesis of ferroelectric crystals and ability to attain data at
atomic level, have led to the study of structural and chemical complexity [75]-[77].
Progress in atomistic scale modelling which predicts the lattice structure and atomic
interactions, has led to a growing interest in the origin of ferroelectricity. Examples of
this category of models include the first-principles method [76], and molecular
dynamics models [77]. These models assume a starting state at absolute zero
temperature with a defined lattice structure. In the first-principles method, the atomic
forces are modelled using quantum-mechanical methods and the atoms are allowed to
adjust position to approach a minimum energy state. Meanwhile, the molecular
dynamics model treats the atoms in a crystal structure to be connected as if through
nonlinear ‘springs’, and the arrangement of atoms is based on minimizing the energy

stored in these springs [78]. Both these methods have been applied to discover new
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materials, as they typically require little or no empirical input, and they can investigate
hypothetical crystal structures [79].

A shortcoming in the first principles approach is that the calculations are carried
out at absolute zero temperature, and extrapolation to other temperatures is not
completely reliable. Further, atomistic and molecular dynamics models can be
practically applied to study ferroelectric properties only at the scale of a few unit cells
up to a few thousand unit cells. Simulation of nanoscale domain patterns is
computationally expensive in comparison to continuum models.

Overall, the macroscopic models predict bulk ferroelectric behaviour assuming
averaged properties, while atomistic models predict ferroelectric crystal structure and
help investigate atomic or molecular properties of the material. However both these
methods are not ideal for the study of nanoscale ferroelectrics. Microscopic models
such as phase-field methods which account for nanoscale features such as domain
walls, and predict realistic material behaviour at equilibrium are currently powerful
modelling tools at this scale. In this thesis, the phase-field modelling approach is used
for its advantages in describing ferroelectric behaviour at the nanoscale. Further details
on a phase-field model developed by Landis and co-workers are discussed in section 2.2

of chapter 2.

1.4 Layout of thesis

My doctoral study aims to apply a phase-field model to the development of
nanoscale ferroelectric device concepts and to the exploration of ferroelectric properties

at the nanoscale. A phase-field model originally developed by Landis and co-workers



1.4 Layout of thesis 27

[29], [68] is used to explore BaTiOs properties at the nanoscale. In my research, | have
applied the phase-field model:

(1) to demonstrate nano-actuator concepts based on ferroelectric switching [80]-[82],
(2) to study the scaling and surface effects on nanoscale polarization patterns [83], and
(3) to study the stability of periodic polarization patterns in tetragonal ferroelectrics at
the nanoscale [84]-[86].

| have coded the phase-field model in Fortran, based on original code by the
Landis group, but extending it to solve for three dimensional topologies. The results
from my study provide insight into ferroelectric behaviour at the nanoscale and explore
the prospects of BaTiOz in nanoscale devices. Throughout, an attempt is made to relate
the simulations to experimental evidence.

Chapter 2 describes the theory of the Landis phase-field model and the finite
element framework used for computations. This chapter illustrates the simulation
techniques, such as the control of polarization viscosity in achieving equilibrium
domain patterns, and discusses the types of domain walls in tetragonal ferroelectrics.
Chapter 2 also describes the extension of the phase-field model to solve for three
dimensional structures and discusses the computational power requirements for these
simulations. This chapter illustrates simple simulations to validate the Landis phase-
field model and to provide confidence in its use for further study.

Chapter 3 demonstrates nano-actuator concepts based on ferroelectric switching
using the phase-field model as a design tool. An actuation cycle is demonstrated in
three designs of device namely a ‘clamped’, an ‘embedded’ and a ‘bending’ actuator.
The mechanical strains which accompany ferroelectric switching are several times
greater than the strains attained due to the piezoelectric effect alone. The domain

evolution during an actuation cycle is tracked and the actuation force is calculated using
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the phase-field model. The space of design parameters which can be controlled through
manufacturing processes, such as aspect ratio and electrode coverage, is explored to
increase the actuation strains produced by the actuators. The resulting device designs
are predicted to be about an order of magnitude more effective than simple piezoelectric
devices.

Chapter 4 explores several issues that arise in nanoscale devices: scaling effects,
the effect of surface conditions and the effect of crystallographic orientation. These
features affect the nature of polarization patterns, for example vortices, that form.
Generic configurations of nanodot/nanowire cross-sections that are expected to form
minimum energy flux closure states, monodomains, or non-ferroelectric states,
depending on size and surface conditions are explored. The free energy of several
commonly occurring polarization patterns is calculated and plotted as a function of
nano-wire width. Surface energy and surface conductivity are shown to have significant
effects on domain patterns at the nanoscale. A ‘phase-diagram’ is developed which
indicates the minimum energy domain patterns at various combinations of scale and
surface condition. The results from the study are discussed in the context of
experimental observations of ferroelectricity in nanoparticles, and provide new insight
into the experiments.

In chapter 5, the stability of nanoscale periodic polarization patterns in barium
titanate is explored. In a previous work [87], certain periodic polarization patterns were
identified to form as minimum energy states in tetragonal ferroelectrics. While some of
these polarization patterns with stripe-like features are commonly observed, other
patterns with vortex-like structures are rarely seen. In this chapter, the stability of eight
previously identified periodic polarization patterns is tested using the phase-field

model. A periodic structure of BaTiOz is modelled with zero average stress and electric
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field boundary conditions, which allows the domain pattern to adopt any periodic
values of strain and electric potential needed to stabilize at equilibrium. The response of
periodic domain patterns to electro-mechanical fields is explored and possible paths of
domain evolution which lead to the formation of complex domain patterns is indicated.
A concept design for a thin film energy harvester containing a stripe laminate pattern is
demonstrated.

Chapter 6 presents a discussion of the contents of the thesis and speculates on
the future outlook. The spirit of the current doctoral study is to provide insight on
nanoscale behaviour of ferroelectrics and to explore the prospects of using ferroelectrics
in nanoscale devices such as actuators and energy harvesters. The results on nano-
actuator device concepts and design parameter optimization might benefit the industrial
application of ferroelectrics. The study on scaling effects and surface conditions helps
explain recent experimental observations on nano-ferroelectricity and could serve as an
initial step for nanoscale experimentation in the future. The phase-field model extended
to solve for three dimensional topologies serves as a potential tool to further explore
evolution of ferroelectric domains in a 3D architecture and is ‘realistic’ enough to
engineer nanoscale devices. The research on periodic laminate patterns aims to provide
further insight on the stability of polarization patterns observed in nature and explores

the prospects of a new design of energy harvester.



Phase-tield model of ferroelectrics

The phase-field method models a diffuse interface between two ‘phases’ by a
continuous variation of an order parameter. This enables us to model the variation in
composition at the interface or to track interface movement. In ferroelectrics, the
‘phases’ are not phases in the ordinary sense, but instead represent domains and are
distinguished by their order parameter — polarization. The diffuse interfaces in
ferroelectrics are the domain walls that produce gradients of polarization, strain and
electric potential. In the current study, a Fortran code of the phase-field model in two
dimensions, developed by Landis and co-workers [29] is employed. This code is
extended to solve for three dimensional ferroelectric structures.

The aim of the present chapter is to describe the theory of the phase-field
method and the implementation of Landis phase-field model in a finite element
framework. In this chapter the time dependent Ginzburg-Landau equation is derived
and its working is demonstrated through a simple model. Next, the constitutive
relationship of the Helmholtz free energy used in the Landis model and the steps
involved in the Fortran code are described. Finite element simulation techniques, such
as the initialization of phase-field simulations and control of domain evolution, are
discussed. The model is tested in simple configurations to validate its solutions. Next,

the extension of the finite element code to solve for three dimensional ferroelectric
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structures is demonstrated, and finally, practical constraints arising due to the

computational power requirements of the phase-field simulations are discussed.

2.1 The Ginzburg-Landau theory — a simple example

The Landau-Devonshire theory described by Eq. (1.15) in section 1.3, models
the properties of a uniformly polarized bulk ferroelectric system at phase transition.
However, this theory ignores any spatial gradients in polarization. During the cubic-
tetragonal phase transition, multiple domains separated through domain walls typically
form in ferroelectrics. At the nanoscale, the energy contribution from these domain
walls becomes significant, and the net free energy of a ferroelectric system would need
to account for such contributions. By accounting for energy due to polarization
gradient, and then minimizing the total energy, phase-field methods can simulate
domain structure at the nanoscale.

The Landau-Ginzburg theory is a generalized theory of energy minimization,
originally developed in the context of superconductivity, but applicable to a variety of
physical phenomena. In the context of ferroelectrics, the theory describes the free
energy of a ferroelectric system by accounting for the change in polarization values at
the domain walls [56]. The phase-field model is based on this Landau-Ginzburg theory.
This theory tracks an order parameter — a physical quantity that identifies the local
domain state at each point in space, for example polarization in the case of
ferroelectrics. Note that strain is not a suitable order parameter in BaTiOs as it fails to
distinguish domains with opposite polarization oriented along the same crystallographic
axes. On the other hand, polarization takes unique values for each type of domain and

has a gradient across all domain walls. Adding an energy contribution due to
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polarization gradient in Eq. (1.15), the Landau-Ginzburg theory describes the

Helmholtz free energy density w as:
1 1 1 1 1
=a(VP?)+ZkP?+Z &P + ZyP® + Zce® + = qeP? 2.1
v =a(VP?)+2xP?+ 2P PR+ D + 0 (2.1)
The coefficient values in Eq. (2.1) can be derived from experimental data or first

principles calculations. Here, a(VP?) is the simplest possible term that can account for

the polarization gradient at domain walls or near surfaces and helps to describe a

realistic ferroelectric behaviour at the nanoscale. The energy must depend on VP and

the dependence must be of order at least (VP)* for symmetry. The series expansion of
N 1 1 ., 1 o .
polarization terms, (EK‘P +Z§P +€yP ) in Eq. (2.1) represents the bulk energy of

polarized domains in a ferroelectric specimen. These terms define the shape of the free-
energy well, where a spontaneously polarized domain is associated with minimum

energy. Internal stress fields due to lattice misfit and the piezoelectric coupling effects

are accounted by the elastic energy term, %052 and the piezoelectric term, %quz

respectively.

Phase-field models based on the Landau-Ginzburg theory can describe domain
evolution and domain arrangement in ferroelectrics. By including gradients of the order
parameter in the free energy, Ginzburg-Landau models provide a simulation method
based on energy minimization. The derivation of this simulation method or the time
dependent Ginzburg-Landau (TDGL) equation is next described. In order to simplify

the TDGL derivation, the free energy, v is expressed only in terms of polarization, P
as,iv =y (P,VP,VP®VP,...), and the dependence on VP can be expressed as a

Taylor series sum as,
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z//:f(P)+%|VP|+ VP +2 |vp|+ I|vp|“+... (2.2)

Here a, fori=1, 2, 3... are assumed constants. In Eq. (2.2) the VP dependence should
be even for symmetry, and it follows that, the free energy v is given by,
w=1(P)+ VP + 2 VP 4. (23)
The simplest case of the free energy expression, upon neglecting the contribution from
the higher order terms is,
= f(P)+—=2 |VP| (2.4)

In Eq. (2.4), it can be noted that the energy of the ferroelectric system (where the

domain patterns are typically associated with non-uniform polarization) is described as

a sum of the local polarization, f(P), and that of its immediate environment, %|VP|2.

For simplicity, consider a 1-dimensional region of infinite extent —co < X <+, with P
being a scalar order parameter. Let the region have cross-sectional area A. Then the net
energy, ¥ is obtained on integrating Eq. (2.4):
dP
Y= Aj wdx = A_[ f(P)+ dx. (2.5)
2 dx

Next, in order to minimize this net energy of the ferroelectric system, a variation of ¥

is considered,

2
SY=A j [d; :le jéde . (2.6)

The phase-field simulations achieve minimization of the free energy by a relaxation

process that allows the ferroelectric system to approach equilibrium. For a simple

example with linear kinetics, the rate of change of polarization, P, is given by:
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P =—%§—E. (2.7)

Here [ is often called a ‘polarization viscosity” constant. Making use of Eq. (2.6) gives
the classical time dependent Ginzburg-Landau (TDGL) equation:

d’P df

p_ndP df 2.8
PP=a e 4P (28)

Eq. (2.8) describes an energy minimization process with gradient terms, but does not

specify the constitutive behaviour of the material for which a specific f (P) is needed.
In order to demonstrate the working of the TDGL equation, a simple model of f(P)
that describes a multi-well potential is considered. That is, f(P) is a double quadratic
function which has minima at the spontaneous polarization values, for example,
f(P)=y(P+1)*(P-1)°. (2.9)
Eqg. (2.9) generates the multi-well potential as shown in Fig. 2.1, with minimum at

P=-1and P =1. To further simplify Eqg. (2.9), y =1 is chosen. Eq. (2.9) generates a

particular form of the time dependent Ginzburg-Landau equation, and can be used to
demonstrate certain solutions of interest, for example the formation of a domain wall at
equilibrium,

In order to demonstrate the working of the TDGL equation, a one dimensional
(1D) region of extent —3<x <3, is considered, see Fig. 2.2. An initial polarization state
for this 1D region is shown in Fig. 2.2 — two types of domains with P=-1and P =1
separated by a sharp interface is assumed in the initial state. The plot of polarization
variation as a function of position, x in this initial state is shown in Fig. 2.3(a). Here,
the aim is to employ the TDGL equation to simulate a continuous polarization variation

across the domain wall at equilibrium.
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Figure 2.1: Schematic illustration of f(P) describing a multi-well potential, with

minimaat P=-1and P =1.
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Figure 2.2: Schematic illustration of polarization variation across the region —-3<x<3,

with a sharp interface at x=0.

The TDGL equation to be solved is obtained as follows: at first, the derivative
of f(P) in Eq.(2.9) is substituted in Eq. (2.8), and a =1 is used for numerical
simplification. This results in a second order differential equationin P,

d’P dP
— _4P-P)=p—. 2.11
e AP P)= B (21)

Eqg. (2.11) is a form of the TDGL equation and is solved iteratively to
numerically simulate the polarization variation at equilibrium (£ =0). In the initial
state the polarization values corresponding to Fig. 2.2 are substituted in Eq. (2.11) and

the polarization viscosity is set at £ =100; the polarization increments, dP are
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Figure 2.3: Variation of polarization across region x, as the polarization viscosity £ is
decreased from 100 to O during the phase-field simulation. (a) The initial state, at
£ =100; and (b) at #=50 and (c) £ =1; and finally (d) at equilibrium, S =0. Note

that subfigures (b) and (c) do not show equilibrium states.

evaluated by linearly reducing the value of £ in steps of Af =1, while the time
increment is held constant at dt =1s; the evolution of polarization is then calculated by
incrementing the values of P as, P"® = P'+dP. For the system described in Fig. 2.2,
the evolution of polarization across region x is shown in Fig. 2.3(b-c). Here, the sharp
change in polarization at the domain wall begins to smooth/diffuse as the value of g is

reduced.

Finally, the polarization variation at equilibrium is solved by evaluating,

2 2
d—i)—ﬂzo or d—F:—4(P3—P)=O in the range —3<x<3. This equation can be
dx* dP dx

expressed in a linear differential equation form as,

apY P,
[&j —aZ Py (212

and solved with the boundary conditions Z—P—>O as P—+1, giving c=2. Setting
X

P=0atx=0, the polarization variation across region X at equilibrium, from

Eq. (2.12) is shown in Fig. 2.3(d). Here, a diffuse domain wall is formed. The evolution
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of the domain wall with a sharp polarization gradient, Fig. 2.3(a), to a diffuse form, see
Fig. 2.3(b-d), is the result of energy minimization using the TDGL equation. This
example demonstrates the behaviour of the TDGL equation using a simple model of
f(P).

The Landis phase-field model is based on the same concept of the time-
dependent Ginzburg-Landau equation [29] but is a more complicated application. This

results in a slightly different form of the governing equation,

: oy oy
ﬂPi=(—] —=Z, (2.13)
oR,) P

Here, P

), represents a gradient in polarization and y is the energy function.
Eq. (2.13) is the TDGL equation used in the present phase-field model and is derived

similarly to Eq. (2.8). However, the energy function, w used in Eq. (2.13) is a more

complicated energy potential accounting for the constitutive behaviour of the
ferroelectric, such as the electrical, mechanical and coupling properties. The
constitutive form of the energy function used in the Landis model is discussed in the

next section.

2.2 The Landis phase-field model

In ferroelectrics, phase-field models have been used for a variety of applications
[22], [66], [67], [89]: for example, Dayal and Bhattacharya [42] explored domain
patterns and domain evolution in complex geometries without any a priori assumptions
on electrode arrangement and dielectric properties. L. Q. Chen and co-workers [22]
applied phase-field modelling techniques to investigate thin film properties, such as the

effect of substrate strain on Curie temperature. Morozovska et al. [30] employed a
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phase-field approach to study size effects on polarization patterns, while Cao and Cross
[90] described fine scale tetragonal twin structures in perovskite ferroelectrics. The
phase-field model developed by Landis and co-workers [29], [68] was used to study
nanoscale ferroelectric behaviour such as domain energetics [68], domain wall
interactions with dislocations [29], and domains near crack tips in ferroelectric
materials [91]. Abdollahi and Arias [92] propose a phase-field model that couples the
microstructure evolution and propagation of cracks in ferroelectric materials. The
differences between these various phase-field models [22], [29], [42], [92] that have
been developed are subtle, and can be distinguished on the basis of the terms included
in the free energy expression. For example, Volker et al. [93] employ multiscale
modelling methods to derive Helmholtz free energy coefficients for the phase-field
model from atomistic simulations.

In the Landis phase-field model, the Helmholtz free energy, v of the system is

calculated as a function of strain, ¢, electric displacement, D,, polarization, P, and

ij?

polarization gradient, P, .. The free energy expression, w(¢;,D

ijr =i |’ i,j

P ) chosen by Su

and Landis [29] takes the form:

W:%a”klpi,jpl %a PP, + %EJ PP.RP
1= 1=
+— 6 aljklmnPP P PP P += 8 a|]k|mnrsp|:)j Pkplpml:)nPrPs

(2.14)
&:€4P,P,

ijklImn~ij

1 1
+b”k|5 PP + 2Cukl‘9 L& T > f

+%gijklmnguppp P +2 (D P)(D P)

Ky

Here, the coefficients a...a,b,c,fandg are derived to fit the material properties of a
monodomain single crystal barium titanate as measured by Li et al. [58] at room

temperature (~22°C) and are listed in the appendix of this thesis. x, is the permittivity
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Figure 2.4: Free energy curve from Eq. (2.14). w, represents the energy per unit

volume of a spontaneously polarized monodomain, and P, =0.26C/m* for barium

titanate.

of free space and is equal to 8.854 x 107 F/m. The free energy curve in Eq. (2.14) is
plotted as a function of polarization in Fig. 2.4, and possesses minimum energy at the
spontaneously polarized states, P==PF,. In Fig. 2.4, the free energy is normalized as

v =,-wv)lv,, where y, is the free energy per unit volume of a spontaneously

polarized monodomain. The normalization of other physical quantities used in the
present work are described in detail in section 2.3.

The energy contributions appearing in the free energy expression, Eq. (2.14) are,

(a) Gradient energy, Gaijk,Pi,ij,,): This energy contribution also referred to as the

exchange energy, accounts for variations in polarization at the domain walls or near
surfaces. The coefficient ay, is treated as a scale, a,[11x107°Vm’/C and is

important in determining the domain wall thickness and the domain wall surface

energy.
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(b) Bulk energy, (%aijPin+—aijk,PinPkP,+...+§a

(©)

ijkimnrs

n RPijRPmPnPrPS]: These
terms in Eq. (2.14) are used to describe the non-convex energy landscape of the
free energy curve, whose minima are located at the spontaneous polarization states,
see Fig. 2.4. Higher order terms in the bulk energy expression, such as the eighth
rank polarization term in the equation allow for adjustments of the energy barriers
in 90° switching [94], while the sixth rank polarization term introduced by Landis
and co-workers [29] fits the elastic, piezoelectric and dielectric properties of the
tetragonal phase in its spontaneous state. Prior to the introduction of the higher
order polarization terms, the elastic energy contribution primarily arose from the
elastic energy coefficient tensor c. This implied that the elastic properties at the
tetragonal phase were the same as at the cubic phase. However the highly
anisotropic nature of barium titanate in its tetragonal state causes variation in
elastic properties that are different from the cubic state [95]. Thus the bulk energy
contribution described in the Landis phase-field model is more accurate in fitting

the free energy curve.

Elastic-piezoelectric energy, (bijk,gij PR +%cijk,gijgk, +% fiiamn i€ Po P

1 , . . .
5 gijklmngiijP,PmPnj: These terms are used to fit the elastic and piezoelectric

properties of the material near its spontaneous state. Landis and co-workers [29]
have introduced the additional terms with tensors f and g in their model, in order
to allow for a more accurate characterization of the material properties. For

example, these tensors help to fit the piezoelectric coefficients near the spontaneous
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state, which was previously not possible in phase-field models that accounted for

energy contribution from the term with the b tensor alone.

(d) Free space energy, [Zi(Di -P)(D, - Pi)]: This accounts for the energy stored in
K

0
free space occupied by the material.
Further details and the values of the tensorial coefficients used in Eq. (2.14) are listed in
the appendix and given in detail in the work of Landis and co-workers [29], [68].
The phase-field model is solved in a finite element framework. Here, the nodal

degrees of freedom are given by mechanical displacement, u,, electric potential, ¢, and
polarization, P. An overview of the finite element formulation employed by Su and

Landis [29] for a two-dimensional (2D) system is illustrated in Fig. 2.5(a-e) as a
flowchart.

In Fig. 2.5(a), a mesh with 8-noded quadratic elements each with four Gauss
points or integration stations is generated. Subsequently, an array of the nodal degrees
of freedom d is defined. The displacement and force boundary conditions (as defined by
the problem to be solved) are next applied to the finite element mesh. The numerical
modelling of domain wall Kkinetics is controlled by gradually reducing polarization

viscosity, . It is worth noting that the kinetics of domain wall motion in BaTiOs are

not universally agreed upon [96], [97]. As a result, the phase-field model only reliably

solves for equilibrium states, in which g — 0. In order to approach equilibrium, the
model assumes linear kinetics but then reduces the g value incrementally. That is, the

simulation is typically started by assigning a large value to polarization viscosity, such

as F=1000 and its value is gradually reduced to zero. A detailed description of

controlling g values during a typical phase-field simulation is given in section 2.5.
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Figure 2.5: A flowchart of the finite element code for the Landis phase-field model.
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In Fig. 2.5(b), the field quantities, such as strain ¢, electric field E,, are

ij ?
interpolated from the nodal gquantities to the integration stations within each element,
using quadratic shape functions N. Next, the phase-field model predicts domain
evolution by integrating the governing equations in time. That is, the nodal quantities
(displacement, electric potential, polarization) and the polarization rates are stepped
forward in time, see Fig. 2.5(c). Further details on the integration scheme employed by
Su and Landis in the Fortran code are given in Ref. [29] and are listed in the appendix
of this thesis. The integrated values of nodal displacement at time t+ At and the nodal
force vector F can be related using a stiffness matrix B, see Fig. 2.5(d). The equation in
Fig. 2.5(d) is then solved using Newton-Raphson iteration, see Fig. 2.5(e). Each

iteration is carried out for up to 20 steps, with the increments in displacement values,

Ad calculated at each step. For example in Fig. 2.5(e), i is the current step counter in a

given Newton-Raphson iteration, and the increment Ad, is computed for di** as
di* =d*™ + Ad.. This computation is continued until the solution converges — i.e., the

calculated values of residual displacements are small (<107°). This way, the solution
for nodal degrees of freedom at time step t+At is obtained. The next iteration is
carried out by reducing the value of polarization viscosity, £, and the solution marches
forward through time. Equilibrium is reached when g=0 and the phase-field
simulation is complete. The nodal displacements are calculated at equilibrium and are
used to compute the field quantities, such as the strain, ¢;, electric field, E;, and

polarization gradient, P,

) j» at the integration points within each element. The gradients

are required to calculate the free energy y of the ferroelectric system. The values of
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stress, oy,

and electric displacement, D., are calculated as derivatives of the free
energy as discussed in section 1.3, of chapter 1.

In this thesis, the Landis phase-field model is used because of its several
advantages: first, this phase-field model solves for both mechanical and electrical
equilibrium equations in order to find the minimum energy domain configuration. By
solving both the equilibrium equations, the accuracy in finding a minimum energy state
is high in comparison to other models [74] where often electrical equilibrium equations
only are solved to identify minimum energy states. Second, it describes the energy
contribution from the higher order polarization terms that allows for adjustments in
elastic, piezoelectric and dielectric properties near the spontaneously polarized state and
correctly fitting the energy barriers for 90° switching. For example, previous works
commonly assumed coefficients for the elastic energy term in Eq. (2.1), based on the
cubic state of BaTiOs, and did not accurately describe the elastic properties at the
spontaneously polarized state [94], [96]. This is significant because of the highly
anisotropic nature of tetragonal BaTiOs, where the elastic and dielectric moduli vary by
a factor of 10 or more with direction. To counter this problem, Landis and co-workers
derived the free energy terms that model elastic properties with tetragonal crystal
symmetry. They introduced additional elastic and piezoelectric energy terms, which
allow the model to fit the low symmetry phase in the spontaneous ferroelectric state.
Finally, the Landis model accounts for the non-linear change in piezoelectric coefficient
that can be observed from the changing slope of the butterfly loop in the strain-electric
field curve shown in Fig. 1.5(b) and Fig. 1.6(b) at different positions on the curves.

The Landis phase-field model faces challenges with respect to the domain wall
dynamics. For example, there is a need for detailed thermodynamic and kinetic input,

with respect to domain wall movement and domain evolution, in the model. The lack of
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these kinetics input limits the model’s ability to simulate the dynamic dielectric
response of ferroelectrics [56] which otherwise would provide interesting insights on
nanoscale phenomena such as domain nucleation [97]. In the current study, this
drawback is overcome by considering only equilibrium domain patterns and exploring
their equilibrium response to electro-mechanical fields. It is also noted that the works of
Landis and co-workers solve for two-dimensional (2D) topologies only [56]. This
prevents the simulation from modelling out-of-plane polarized domains. In the current
doctoral research, the 2D phase-field model has been extended to solve for three
dimensional (3D) topologies and this has enabled the study of 3D periodic polarization
patterns in chapter 5. Although the Landis phase-field model has certain limitations, it
is currently one of the most powerful tools available to study nanoscale ferroelectric
behaviour and to develop conceptual device designs [66]. In sections 2.4-2.8 of this
chapter, the Landis phase-field model is employed to study certain simple examples
such as simulating a monodomain or domain pattern with a 180° wall. The physical
quantities such as stress, electric field or free energy that appear in these simulations are

normalized and the corresponding constants are described in the next section.

2.3 Normalization

Normalization can be described as representing physical quantities, such as
stress or electric field, in a dimensionless form. The physical quantities that are
computed during the phase-field simulations in the present work have been normalized,
and are listed in Table 2.1. Note the tensorial physical quantities in Table 2.1 are

represented along one-dimension.
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Table 2.1 represents the normalizations of commonly occurring physical
quantities in the present work. The polarization and strains are normalized by
P, =0.26C/m* and &, =0.0082 respectively, which arises from the spontaneous state
of barium titanate. Note that BaTiOsz has tetragonal symmetry, and possesses a
transverse spontaneous strain g =-0.0027. E,=21.82MV/m is the normalization
constant for electric field, and corresponds to the critical field required to cause

homogeneous 180° switching of a spontaneously polarized monodomain in barium
titanate. By equating mechanical and electrical energies, the normalization for stress is

derived as o, =E,P, /¢, =692MPa. The characteristic length scale in this model is

l, =+/a,R,/E, =1nm, where a, =1x10°Vm?/C is a coefficient used in specifying the

gradient energy term in Eq. (2.14) [29]. The electric potential normalization is derived

from the electric field and length scale normalizations as ¢, = Ejl, =0.022V . Finally,

Physical quantities ~ Normalizing constant Units Normalized quantity
Polarization, P P, =0.26C/m? C/m? P/P,

Strain, & &, =0.0082 - eleg,

Electric field, E E, =21.8247MV/m MV/m E/E,

Stress, o o, =E,R/5,=692MPa  MPa olo,

Electric potential, ¢ ¢, = Ejl, =0.022V V ¢! ¢,

Length, | l, =1nm nm 1/1,

Free energy, v w, =—3.03MJ/m’ MJ/m?3 (wo—w)lw,

Table 2.1: Normalization constants of physical quantities used in the present work.
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the Helmholtz free energy per unit volume is normalized as, v = (v, —w)/v,, where
w, =—3.03MJ/m* corresponds to the energy per unit volume of a spontaneously
polarized monodomain. Here y, <0, while y =0 corresponds to the cubic state with
P, =0 . Note that the quantities w,P,,R ; and P in the TDGL equation, Eq. (2.13) are

all normalized, and hence polarization viscosity, £ in the present work is represented

as a dimensionless number.

The phase-field model is next tested in simple configurations, such as modelling
a monodomain pattern in a 2-dimensional region of barium titanate. The properties of
the monodomain are explored at the spontaneous state, and the finite element

techniques, such as initialisation of phase-field simulations are discussed.

2.4 Formation of domains

In this section the Landis phase-field model is first employed to simulate a
monodomain in a 2-dimensional (2D) region of barium titanate. The properties of the
monodomain at its spontaneous state are explored using phase-field simulations.

At first, a two-dimensional (2D) square region of side, L = 20nm is modelled
with plane strain and plane electric field conditions. In Fig. 2.6 the corner node ‘A’ at

(X, %X,) =(0,0) is modelled with fixed supports, that is u, =u, =0; while node ‘B’ at
(x,,%,)=(L,0) is modelled with a roller support, u,=0. This boundary condition

prevents translation and rotation of the 2D region, and is referred to as “simple support”
boundary condition for future discussions. In Fig. 2.6, the electric potential of the nodes

along the boundaries of the 2D region, namely x, =0, x, =0, x, =L and x, =L are set

to zero, ¢ =0. This boundary condition allows for a non-zero net polarization in the
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Figure 2.6: Simple support boundary conditions on a square region of BaTiOs,

L = 20nm.

domain pattern, and can support a monodomain.

Next, a finite element mesh is generated for the 2D region. The mesh contains
400 square elements, each of size 1nm, see Fig. 2.7(a). Note that the element size is
comparable to the unit cell size of BaTiOs (~4A). It is reasonable to question the
validity of the continuum hypothesis. The purpose of assuming the material to be a
continuum in the current work is to meaningfully represent features such as domain
walls and polarization patterns. The phase-field simulation is initialized by assigning
random polarization values on each node of the finite element mesh. The polarization

on a node in 2D simulations given by P=PFx +P,X, is assigned as follows: the

magnitudes of the polarization components P, for i=1,2 are each assigned a random

value in the range ——2 <P <-% where P, =0.26C/m’ is the spontaneous polarization

N SO
N |20

of barium titanate. Then the maximum magnitude of net polarization, |P| on each node

is, |P|S\/(iF{)/2)2+(iPO/2)2zO.?lF{). For future reference in initialising 3D

simulations with random polarization values, the P, component of polarization is also
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taken into account. The direction of the polarization vector on each node is dependent

on the values of P that are randomly assigned. For example in a 2D simulation, the

angular direction of a polarization vector on any node measured from the x, —axis is
given by tan™(P,/P). The other nodal degrees of freedom, namely the displacements,
u;, and electric potential, ¢, are initialised at zero. For future reference, this initial state

is referred to as the “random polarization field” state. From this initial state, the phase-
field model solves for equilibrium domain patterns. A typical domain evolution process
is shown in Fig. 2.7(a-d).

A monodomain with net polarization, P, =—PF, is observed at equilibrium, see
Fig. 2.7(d). The monodomain pattern possesses net strains, &, =-0.0027 and
&,, =0.0082, that correspond to the spontaneous strains of barium titanate. The phase-

field model evaluates the free energy per unit volume of the monodomain to be equal to

w, =—3.03MJ/m* at equilibrium. This value corresponds to the minimum possible free

nip 7 =0.33
1 -0.6 0 06 1
| 5 L

Figure 2.7: Polarization patterns along x, —axis during the phase-field simulation. (a)

showing random polarization field and mesh in the initial state; (b)-(c) showing
intermediate states during the phase-field simulation; (d) polarization pattern at

equilibrium.  is normalized free energy of the domain pattern.
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energy and is used as a normalisation constant for free energy in the present work.

Yo~ ¥
Yo

Therefore, v = is zero for a monodomain in its spontaneous state, see

Fig. 2.7(d).

It is interesting to note, if the phase-field simulation was started with a different
initial state i.e., the initial polarization values on each node were assigned a random
number different from that in Fig. 2.7(a), a new domain pattern can be found at
equilibrium. For example in Fig. 2.8(a-d), the phase-field simulation was initialised
with a different set of random numbers, and resulted in the formation of a monodomain

polarised along the +x, axis. This example illustrates that the phase-field model can

find multiple equilibrium patterns, based on the initial state. However, note that a 180°
rotation of the monodomain in Fig. 2.8(d) results in the monodomain formed in

Fig. 2.7(d). w for both the monodomain patterns formed at equilibrium is zero. That is,

in both these cases, the phase-field model has solved for a global minimum energy

domain pattern.

Figure 2.8: Polarization patterns along X, —axis during the phase-field simulation

initialised with a random polarization field. (a) initial state; (b)-(c) showing
intermediate states during the phase-field simulation; (d) polarization pattern at

equilibrium.  is normalized free energy of the domain pattern.
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Next, a second method of initialization of the phase-field simulation is
discussed. Here, a 2D square region of side L =20nm, is modelled with the boundary
conditions described in Fig. 2.6. For initialization of the phase-field simulation, a
chosen polarization pattern is imposed on the 2D square region. That is, the nodes of
the finite element mesh are specified with spontaneous polarization values that
correspond to the domains in the chosen polarization pattern. The polarization variation
in the domain walls is neglected and thus the domain wall is a sharp interface in the
initial state. The nodal displacement and electric potential values are set to zero in the
starting state, see Fig. 2.9(a). This initial state is referred to as an “imposed polarization
pattern” state. It is expected that this method of initialization allows the phase-field
model to solve for an equilibrium state with a polarization pattern similar to the
imposed pattern. For example, in Fig. 2.9(a), a domain pattern with a 180° wall is
imposed in the initial state. This imposed domain pattern is relaxed to find an

equilibrium state, see Fig. 2.9(b-d).

=0.57 =0.24

x2 P/P

0

| 1 06 0 06 1
% | ' |

i
Figure 2.9: Polarization patterns along X, —axis during the phase-field simulation

initialised with an imposed pattern () initial state; (b)-(c) showing intermediate states

during the phase-field simulation; (d) polarization pattern at equilibrium.  is

normalized free energy of the domain pattern.
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At equilibrium, Fig. 2.9(d), the appearance of a broad 180° domain wall is
observed. Here, it is interesting to note that the boundary conditions on the 2D square
region in Fig. 2.7 and Fig. 2.9 are exactly the same. However, the phase-field model
finds different domain patterns at equilibrium based on the initial states of the
simulations. Note, the same equilibrium pattern was obtained when elements of 0.5nm
size are used indicating the phase-field simulations to be mesh independent. The
domain pattern formed at equilibrium, =0 in Fig. 2.9(d) is of a higher energy state
than a monodomain. That is, Fig. 2.9(d), contains a 180° domain wall that contributes
to additional gradient energy of the system.

The lack of uniqueness in the equilibrium domain patterns arises because the
phase-field model solves for a local equilibrium pattern that does not necessarily
correspond to a global energy minimum. For example, Fig. 2.9(d) is stable at
equilibrium with a local energy minimum at 7 =0.2, and does not correspond to the
global energy minimum achieved by a monodomain with  =0. In the present work,
this issue is explored, by testing the stability of the domain patterns formed at
equilibrium. That is, external electric fields or stresses are applied to disturb the domain
pattern from its equilibrium state, and the phase-field model is employed to minimize
the net energy of this domain pattern. For example, the equilibrium domain pattern
formed in Fig. 2.9(d) is disturbed by applying an external electric field. Here, electrodes

are modelled at x,=0 and x,=L on the equilibrium domain pattern formed in
Fig. 2.9(d). While the nodes along x, =0 are electrically grounded, a finite electric
potential ¢ =-0.92¢, is applied to the nodes along X, =L. This sets up an electric
field, E, =1IMV/m across the 2D square region. The presence of an external field

disturbs the equilibrium state, Fig. 2.10(a), and the applied field is switched off, i.e. ¢
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on the top electrode is reduced to zero. The electric potential ¢ on the nodes along
X,=0 and x, =L are also set to zero, thereby restoring the 2D square region in
Fig. 2.10 to the boundary conditions described by Fig. 2.6. The disturbed domain
pattern is allowed to relax towards equilibrium, see Fig. 2.10(b-d). For example, in
Fig. 2.10, the +P, domain grows in size, while the —P, domain reduces in size. The
domain pattern evolves towards a monodomain in the equilibrium state, with =0

corresponding to a global energy minimum. This is an example of a phase-field
simulation where a domain pattern in local equilibrium was disturbed to find a global
energy minimum solution.

Next, an electric field, E, is applied across a monodomain pattern taking it
around a hysteresis loop. Recall the typical hysteresis for ferroelectrics that was shown
in Fig. 1.8. Here, a 2D square region of barium titanate with side L =20nm is modelled

with simple supports. Electrodes are modelled on the upper (at x, = L) and lower (at

=0.14 =0.09

X, P/F,

L 4 06 0 06 1
% - W J—

Figure 2.10: Polarization patterns along X, —axis during the phase-field simulation, on
disturbing the initial state in equilibrium by applying an electric field impulse. (a) initial
state; (b)-(c) showing intermediate states during the phase-field simulation; (d)

polarization pattern at equilibrium. v is normalized free energy of the domain pattern.
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X, =0) surfaces, while the nodes along x, =0 and x, =L are insulated. The net

polarization along the x, — axis, P, of the domain pattern formed on the 2D square, is

calculated as an average of the P, values in the finite element mesh; that is

P, :IPZdV/V:ZP2|i n, where n is the total number of nodes in the finite element
i=1

mesh of the 2D square region.

In the initial state with E, =0, a random polarization field is applied and a
monodomain pattern with spontaneous polarization P,=-P, is stabilized at
equilibrium, indicated by ‘A’ in Fig. 2.11. Next, an electric field, E, is applied along
the +x, —axis, with its magnitude incremented in steps of IMV/m . The net polarization
of the monodomain changes, from P, =—P, to P, ~—0.80P,, along AB. At the coercive
electric field, E, =E, =26MV/m the net polarization in the monodomain reorients

with the applied electric field, see BC in Fig. 2.11. Next, on reducing

T B
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Figure 2.11: Hysteresis loop illustrating a plot of the net polarization along x, —axis

versus the applied electric field.
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E, from 26MV/m to O, the monodomain reaches a spontaneously polarized state
with, P,=P,, along CD. Similarly, on cycling the electric field along the —x, —axis,

indicated by D-E-F-A, the net polarization in the monodomain switches with the
applied electric field and finally returns to the initial state at ‘A’.
In Fig. 2.11, it is interesting to note that the value of the coercive electric field,

E. =26MV/m is many times greater than the coercive fields experimentally observed
in bulk barium titanate [58], [98]. The large value of E, can be attributed to several

reasons, however, the dominant effects are because the current phase-field simulations
in Fig. 2.11 are carried out on a 2D square region and with insulated sides

(x,=0and x, =L). The current simulation models a nanoscale 2D model with plane

strain and plane electric field conditions. This boundary condition does not allow the
polarization to switch out-of-plane, and thereby contributes to an increase in coercive
electric field of barium titanate. This is similar to the increase in coercive electric field
values observed for a thin film in comparison to a free standing bulk ferroelectric
crystal — because polarization switching in thin films is restricted by substrate strain
[99], [100]. The insulated sides restrict the formation of a 90° domain wall and only
allow for uniform 180° switching of the domain pattern, and thereby also increase the
coercive field value. Other reasons such as a uniformly polarised monodomain or the
absence of domain walls in the initial state contribute to large electric fields for
polarization switching. This is generally not experienced in experiments at the bulk
scale, because there are multiple domains and domain walls. Upon applying an electric
field across the bulk samples, the domain walls move resulting in polarization switching

at much lower electric field values.
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In the next section domain walls in tetragonal ferroelectrics are simulated using
the phase-field model. In barium titanate, two types of domain walls are commonly
observed, namely the 180° and 90° walls; these are explored using the Landis phase-

field model.

2.5 Domain walls in the phase-field model

Here, the 180° and 90° domain walls in barium titanate are simulated on a 2D
square region using phase-field methods. A 2D square region of side L = 20nm is
modelled with simple support boundary conditions, as described in Fig. 2.6. In the
initial state, domain patterns containing sharp 180° and 90° domain interfaces are
imposed on the square region, see Fig. 2.12(a-b). These initial states are relaxed
towards equilibrium using the phase-field model.

In Fig. 2.12(a-b), the sharp interfaces of the 180° and 90° domain walls
become smooth and appear broader at equilibrium. These domain walls are typically 2-
3nm wide and therefore possess a steep polarization gradient. In the 180° domain wall

where P,/ PR, — 0, see Fig. 2.12(a), the barium titanate crystal possesses a near cubic

structure and produces misfit with the neighbouring tetragonal lattice. This misfit can
be observed in the equilibrium state of the domain pattern in Fig. 2.12(a): the region
at/around the 180° domain wall is under tension due to the cubic structure of crystal
lattice, while the region far away from the 180° wall is relaxed and in the tetragonal
state. Similarly, in the 90° domain walls the tetragonal shape of barium titanate crystal
lattice, with sides ¢ > a causes misfit in the lattice structure. This lattice misfit causes
adjacent domains across the 90° domain wall to rotate through an angle ~0.63° in

barium titanate as shown in Fig. 2.12(b). The displacements on the equilibrium states of
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Figure 2.12: Phase-field simulations of (a) 180° (b) 90° domain walls. Subfigures
illustrate the initial and equilibrium states of the domain patterns. Note that in the

equilibrium states, the displacements are exaggerated to illustrate deformation.

the domain patterns in Fig. 2.12(a-b) are exaggerated to show deformation.
The variation in polarization across the two types of domain walls along the line

AA’ =4nm is shown in Fig. 2.13. Here, P, is defined as the net polarization value that
is parallel to the domain wall. That is, for a 180° domain wall P, is equal to the P,
value and varies between a minimum of —P, to a maximum of +P,. While, for a 90°
domain wall, R, is calculated as (P, - PZ)/«/E. The value of R, fora 90° domain wall is

in the range —P,/\/2 to +P,/\/2.. For both the 180° and 90° domain wall case, the
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polarization B, reaches its spontaneous value away from the domain walls. This can be

observed by the flat lines in the polarization curves of Fig. 2.13. At the domain walls,
the polarization value changes as indicated by the gradient.

The widths of the 180° and 90° domain walls can be calculated from Fig. 2.13
using a tangent method. This method is illustrated using the polarization variation
across the 180° domain wall as an example, see Fig. 2.14. Here, a best fit straight line
is first drawn tangential to the polarization curve at its point of peak gradient, for
example line BB in Fig. 2.14. The flat lines corresponding to the spontaneous
polarization values in domains are next extended to meet BB at points ‘R’ and ‘S’. The
domain wall width is then given by the perpendicular distance between R and S. For
example, the width of a 180° domain wall in Fig. 2.14 is measured to be w ~ 1.6nm. A
drawback of this tangent method in measuring the domain wall width is that the

perpendicular distance RS, neglects the polarization variation observed to the left of

1.5

——180°

Polarization P|| /P 0

-1.5 : - :

-2 -1 0 1 2
Nodal position along AA' (nm)

Figure 2.13: Polarization variation along AA’ across the 180°and 90° domain walls, as

illustrated in Fig. 2.12(a-b). AA” =4nm and R, is the polarization parallel to the domain

walls.
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point R and to the right of point S in Fig. 2.14. Hence, in the tangent method, the entire
polarization variation across the domain wall is not captured, and the values of domain
wall width are generally smaller than expected from the graph. Alternatively, the
domain wall widths can be measured as a perpendicular separation between points on

the polarization curve at P =+0.9F,. That is points indicated by red markers in
Fig. 2.14 correspond to R =+0.9R,, and the perpendicular distance between these

markers, w’ is measured as the domain wall width. Using this +0.9P, method, the

width of a 180° domain wall is measured to be 1.95nm and the width of the 90°
domain wall is 2.93nm. These values of the domain wall width are in agreement to
within +2.3—2.5% with the results from Su and Landis [29], and the atomistic

simulations by Padilla et al. [101].

1.5

Polarization P|| /P 0

2 -1 0 1 2
Nodal position along AA' (nm)

Figure 2.14: Schematic illustration of measuring a 180° domain wall width using the

tangent method and the +0.9F, method.
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Next, the variation in stresses and electric fields across the 180° and 90° domain walls
along AA’ in Fig. 2.12(a-b) are explored. In Fig. 2.15 the stresses that are parallel and
perpendicular to the 180° domain wall are plotted along AA’. Note, o, =692MPa is
the normalization constant for stress, as discussed in section 2.3. In Fig. 2.15, in the
direction parallel to the 180° domain wall, tensile stresses with a peak magnitude of

~0.80, are present in the walls. This can be explained by the presence of near cubic
crystal lattice at the 180° domain wall where P,/PB, — 0. The cubic crystal lattice

experiences tensile stresses caused by the neighbouring tetragonal lattice in the
polarized domains. On the other hand, the polarized domains neighbouring the 180°
domain wall, experience a compression of ~—0.1g, in the direction parallel to the wall.
The stresses perpendicular to the 180° domain wall are nearly zero.

Next, the stresses parallel and perpendicular to the 90° domain wall are plotted

in Fig. 2.16(a). The net stresses parallel and perpendicular to the 90° domain wall are

calculated as (o, +0,,)/ 2 in the transformed co-ordinate axes. In Fig. 2.16(a), it can

1
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Figure 2.15: Variation in stress along AA’ in Fig. 2.12(a) across the 180° domain wall.
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be noted that the 90° domain wall experiences tensile stresses in the direction parallel

and perpendicular to the wall, with a peak magnitude of ~0.11c,. It is interesting to

note that the tensile stresses in the 180° domain wall are greater in magnitude
compared to the stresses in the 90° domain wall. A possible reason for the relatively
small stresses in the 90° domain wall is attributed to the rotation of domains adjacent to
the 90° domain wall as shown in Fig. 2.12(b). These rotations relieve the lattice misfit

stresses at the 90° walls, and such rotations are not observed at the 180° domain wall

junction.

The electric field is everywhere zero in the square region in Fig. 2.12(a)
containing the 180° domain wall. However, in Fig. 2.12(b) non-zero values of electric
potential are present in the square region containing the 90° domain wall. The variation
of electric potential along AA” across a 90° domain wall is plotted in Fig. 2.16(b). A

sharp electric potential gradient is observed at the 90° domain wall resulting in a net
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Figure 2.16: Variation in (a) stress and (b) electric potential values along AA’ in

Fig. 2.9(b) across the 90° domain wall.
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electric field. Note that the domain pattern in Fig. 2.12(b) has a non-zero average
polarization. The electric field produced in the 90° domain wall opposes this non-zero
average polarization. It is also interesting to note that the electric potential in the
polarized domains is not a constant and produces a weak electric field that opposes the
electric field produced at the 90° domain walls. Further details on the 180° and 90°
domain walls, such as minimum separation between two domain walls at equilibrium,

are explored in the context of periodic polarization patterns in chapter 5.

The presence of external loads such as stresses or electric fields can cause
domain wall movement. The domain wall kinetics in barium titanate is not universally
agreed upon [96], [97], and hence the phase-field model is here used only to solve for
equilibrium states. However, in order to reach the equilibrium state the phase-field
model used in the present work assumes linear kinetics. This numerical modelling of
domain wall kinetics is next discussed.

The Landis phase-field model uses polarization viscosity, S (a parameter that is

inversely related to domain wall speed) to control domain wall movement. That is, in a
typical phase-field simulation, the equilibrium state is reached by gradually reducing
the g value from a large positive number to zero. The £ value is reduced to zero over
800 Newton-Raphson iterations. This allows for a smooth domain evolution process by

controlling fg. An example of a £ value control pattern during a typical phase-field

simulation is shown in Table 2.2.

In Table 2.2, the first 50 iterations are carried out at large values of polarization
viscosity, £ =1000. This is because the starting states of phase-field simulations are
initialised with either a random polarization field or by imposing a chosen polarization

pattern with sharp interfaces; the nodal displacements and electric potential values are
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No. of Newton-

Raphson iterations

Polarization

viscosity g

50

100

100

100

150

200

80

10

10

\ 4

1000  —— Jnitial state
100

50
10
5
1
0.5
0.05
0.005

0 —> Equilibrium reached

Table 2.2: Control of the polarization viscosity, # in a typical phase-field simulation.

set to zero in these initial states. These starting states are typically far from equilibrium,

and require high polarization viscosity, # to converge. Once the initial iterations have

converged, that is the residual forces and residual displacements calculated at the end of

an iteration are small <107, the S value is reduced and the process is repeated. This

method can be considered as identical to stepping the phase-field simulation forward in

time, with time increments inversely proportional to £ . Equilibrium is reached when

the Newton-Raphson iteration converges for S =0.

When the residual forces and displacements assume large values (>10°), the

Newton-Raphson iterations do not converge and the phase-field simulation is divergent.

In these cases there is no equilibrium state whose nodal values of the degrees of
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freedom are sufficiently close to the current state to be found by the Newton-Raphson
scheme. Then the phase-field model has encountered a state too far from equilibrium.
Instabilities can be observed when two domain walls approach each other to form
needle-like domains or a small domain area is enclosed near to a boundary. The
numerical methods involved in resolving such domain pattern instabilities are next
explored.

Consider the phase-field simulation shown in Fig. 2.10. Here an external electric
field was applied to disturb a domain pattern containing a 180° wall. This phase-field
simulation encountered instability when the 180° domain wall approached the
boundary of the 2D square. This instability is illustrated in Fig. 2.17(a-d). Here, as the
domain wall approached the boundary of the 2D square, the Newton-Raphson iteration

with g =1 diverges, see Fig. 2.17(d). The nodal values u.,P and ¢ calculated in the

separate file.

Newton-Raphson iteration just before the divergent step in Fig. 2.17(d) are stored in a
(a) (b) (c) (d)
£=10 B=5 p=1 p=1

X, P /P

0

L 1 0.6 0 06 1
& R 5 |

Figure 2.17: Subfigures (a-d) illustrate phase-field simulations with an instability during
domain evolution process. The polarization viscosity /£ is decreased from 100 to O
during the phase-field simulation, and the subfigure (d) indicates the polarization

pattern at which the Newton-Raphson iteration did not converge.
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(a)

S =100

(b) (c) (d)
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Figure 2.18(a-d): Phase-field simulations resolving the instability in Fig. 2.17 by

increasing the S values leading to the formation of a monodomain at equilibrium.

The numerical methods employed to resolve this instability in the subsequent
phase-field simulation are as follows: at first, the 2D square region in Fig. 2.18(a) is
modelled with identical boundary conditions imposed on Fig. 2.17(d). The phase-field

simulation is then initialised by imposing the nodal values of u,, P and ¢ obtained from
the stored files before the simulation diverged. Next, the value of polarization viscosity,
[ is assigned a high value, e.g., 5 =100 — to enforce slow domain wall movement and
to solve for increments of u,, P, and ¢ over small time steps. Once the initial iterations
converge, the polarization viscosity is lowered to S =10, and the process continues

until the system transits through the instabilities and approaches a stable domain
pattern, see Fig.2.18(b-c). The S values are further reduced until at =0, the
iterations converge and a monodomain pattern at equilibrium is formed, see
Fig. 2.18(d). Using this technique several instabilities encountered in the present work

are passed through.
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So far, single domain walls in tetragonal barium titanate have been explored
through phase-field simulations. A typical ferroelectric specimen contains multiple
domains and domain walls that are arranged to form a compatible pattern at
equilibrium. These polarization patterns can range from a few nanometres in size up to
several micrometres, and are important to the design and working of nanoscale
ferroelectric devices such as memory elements. In the next section, the phase-field
simulations are employed to explore a compatible polarization pattern in BaTiOs. The
internal fields, for example local stresses and electric fields, developed in the

polarization patterns are also explored.

2.6 Polarization patterns

As discussed in chapter 1, the domains in a ferroelectric are commonly arranged
in a compatible fashion, e.g., the head-to-tail polarization arrangement, to form a
polarization pattern. These polarization patterns can cause internal stresses, which are
dependent on domain configuration. In this section, a vortex polarization pattern is
studied and its associated internal stress fields are explored. The vortex polarization
pattern could be used to enhance memory storage density, however it is intriguing to
note that these polarization patterns are elusive in experiments, even when the
experimenters set out to make a vortex structure [102]. This contrasts strongly with
magnetic materials, where vortex arrangements of magnetization are well known [103],
[104].

A vortex polarization pattern is simulated using phase-field methods, see
Fig. 2.19(a). A square region of barium titanate of side L =20nm is modelled with

simple supports and traction free surfaces. The boundaries of the square region are
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electrically insulated, i.e., the surfaces are free of electric charges. On initializing the
phase-field simulation with a random polarization field, the model solves for a vortex
domain pattern at equilibrium, see Fig. 2.19(a). This vortex pattern contains quadrant
domains arranged to form a polarization flux closure, and is referred to as the ‘classic
polarization vortex’. Now, in order to understand the internal stress fields developed in
the vortex polarization pattern, let us first consider a simple case of a 90° domain wall

in barium titanate. A 90° domain wall is associated with misfit strains due to difference

(b)
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Figure 2.19: Phase-field simulations of (a) a vortex polarization pattern and (b) a

periodic polarization pattern with stripe-like features.
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arising from the tetragonal c: a ratio. These strains can be relieved by allowing the
crystal lattice to rotate through an angle of ~0.63° in barium titanate. Hence, if these
90° domains are arranged to form a stripe-like pattern, see Fig. 2.19(b) where the
domains are allowed to rotate, the polarization pattern is stress-free except at the
domain walls. However, if these 90° domains are arranged to form a polarization flux
closure or a vortex pattern as shown in Fig. 2.19(a), the domains are internally stressed.
Subfigures in Fig. 2.19(a-b) illustrate the stress fields developed in the vortex and the
stripe-like polarization pattern.

From Fig. 2.19(a) it can be noted that upon circulating a junction of domains no
net rotation of the crystal lattice is permissible. By circulating the vortex polarization
pattern, four consecutive lattice rotations of 0.63° are encountered. As a consequence
the domains in Fig. 2.19(a) are stressed, since the set of domain walls at the junction
would have otherwise produced a net rotation. The pattern of internal stresses
developed is similar to that of a disclination resulting in stress fields that decay with
distance from the vortex core.

The axial stresses, oy, and o,, in the vortex pattern are plotted along AA’ with
increasing distance from the vortex core, see Fig. 2.20(a). The shear stress on AA’ is
nearly zero. In Fig. 2.20(a), the dependence of axial stress, o, on the radial distance
from the vortex core, x is shown. Fig. 2.20(b) suggests that these stresses do not follow
a simple power law dependence on X . The stresses in the vortex domain pattern can be
approximately described by the stresses due to a disclination. In an elastic (non-
ferroelectric) solid, the disclination fields are given by an Airy’s stress function of the
form ¢=r’Inr in polar (r,0) coordinates. However, in this case the material is

assumed isotropic and non-polar. This gives rise to a logarithmic variation in stress with
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radial position. The best fit stress curves based on the Airy’s stress potential are shown

in Fig. 2.21.
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Figure 2.20: (a) Variation in axial stresses in the vortex polarization pattern with

increasing distance from the core. (b) A log-log plot of the stress curves from

Fig. 2.20(a)
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Figure 2.21: Stress fields of a disclination in an isotropic sheet o;; and o3, , and the

stress variation, oy, and o,, in the vortex polarization pattern.
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The key point from Fig. 2.20(a-b) and Fig. 2.21, is that the stress fields in a
vortex domain pattern decrease with increasing distance from the core; these fields can
be approximately explained by the presence of a disclination. The vortex pattern
possesses a highly stressed core that significantly contributes towards the net energy of
the domain pattern. This increases the energy per unit volume of the vortex domain
pattern and may explain why it is elusive in nature. However, the stresses in the vortex
pattern decay with increasing distance from the core, indicating a potential of stabilising
these patterns at greater length scales, such as of the order of a few micrometres.
Further details on the effect of scale and surface conditions on the formation of vortex

polarization patterns are studied in chapter 4.

2.7 Three dimensional modelling

Until now only two-dimensional (2D) phase-field simulations were considered.
These 2D phase-field simulations help to visualise the polarization pattern evolution
with in-plane domains and provide insights on domain arrangements. However, the 2D
phase-field model poses certain limitations: first, the predicted polarization pattern
contains domain arrangements within a single plane, and domains with out-of-plane
polarization are not allowed. This limits the study of three dimensional (3D)
arrangements of domains. Second, the 2D phase-field simulations for example in the

X, — X, plane, model domain walls to extend indefinitely in the x, —direction. In these
simulations, the polarization in the domain walls can curve in the x, —X, plane, but are
not allowed to curve in the X —X, or X, —X, planes. Experimental observations in

ferroelectrics indicate the formation of curved domain walls in some polarization

patterns [53], [105]. Also, note that engineered devices are always 3D, so the 2D
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models may predict incorrect domain patterns. In certain cases — specifically plane
strain, plane electric field conditions, the 2D model should be realistic. These
limitations serve as a motivation to extend the existing finite element code of the 2D
phase-field model to solve for three dimensional topologies.

Extending the phase-field model to solve for three dimensional topologies
involves the following tasks:
(@) updating the finite element solver to generate a 3D mesh with brick elements;
(b) identifying new gauss points or integration stations for the brick elements and

modelling the associated shape functions;

(c) computing the gradients, e.g., strain, electric field, by including the nodal

displacements along the x, — axis;
(d) extending the stiffness matrix to solve for additional degrees of freedom, e.g.,
Uy, B;.
The finite element solver employs three dimensional brick elements for 3D

phase-field simulation, see Fig. 2.22(a). These are typically modelled as cubes of side
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.6: 5 :LQ--TT--',| I/
| FTTTTTT L | o volume node
! 1 _:____'4. :
: o3 Tyl - : /{’
’o --------- T /r :
,/ ] 2 .1 X} :
& ¢ S

Figure 2.22: Schematic illustration of (a) 8 node brick element with 1, 2...8 indicating
the position of Gauss points and (b) finite element mesh generated for a 3D phase-field

simulation indicating the types of nodes based on their position.
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1nm. Each node of the brick element possesses seven degrees of freedom, namely

displacement u,, u,, u,, electric potential ¢, and polarization P, P,, P,. The element

illustrated in Fig. 2.22(a) possesses 8 integration stations or Gauss points. The field
values are interpolated to the Gauss points using the shape function of a 8-noded brick
element [106], as discussed in section 2.2.
In a 3D mesh, different types of nodes are identified based on their positions,
see Fig. 2.22(b):
(@) Corner nodes: The nodes present at the corners of the 3D structure, for example
cuboidal structures possess 8 corner nodes.
(b) Edge nodes: Nodes present along edges of the 3D structure, for example along
the lines x, =0,x,=0,%,=0...
(c) Surface nodes: Nodes that are present on the surfaces of the 3D structure, for

example on planes (x;,x,) =0, (x;,%;) =0...

(d) Volume nodes: Nodes present in the volume of the 3D structure.
Next, the computation of gradients in each element, for example the strain,
electric field and polarization gradients are updated/extended to accommodate the

additional degrees of freedom along the x, —axis. That is, in 3D phase-field simulations
the nodal degrees of freedom such as u, and P, are evaluated, and the computation of
gradients such as the strains, ¢;, or electric fields, E;, are updated to include these

values. Likewise, the calculation of stresses, internal forces and the free energy of the
system are updated to include the additional contributions from the three dimensional
system. Finally, the stiffness matrix is extended to allow for the computation of

additional nodal degrees of freedom.
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Upon extending the phase-field model to solve for 3D topologies, it was first
tested by simulating a monodomain pattern, and comparing its properties at the
spontaneous state with the 2D simulation results. A 3D structure 10nmx10nmx3nm, is
modelled with simple supports as shown in Fig. 2.23. Here, a single corner node is
clamped, while three other corners have roller supports. These boundary conditions
prevent translation or rotation of the 3D structure. A finite element mesh with brick

elements of side 1nm is generated. The electric potential, ¢ of the surface nodes on the

3D structure is set to zero, allowing the model to attract non-zero surface charges. A
random polarization field is set up in the initial state and the finite element solver is
allowed to approach equilibrium, see Fig. 2.24(a-d).

In Fig. 2.24(a-d), the phase-field model solved for a monodomain pattern at

equilibrium, g =0. Here, the monodomain pattern has a spontaneous polarization value
of P, =0.26C/m?, spontaneous strains ¢,, =—0.0027, &,, =0.0082, and &,, = -0.0027 .

The free energy per unit volume of the 3D monodomain at equilibriumis 7 =0, and
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Figure 2.23: Boundary conditions on a 3D structure with simple supports.
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Figure 2.24: 3D phase-field simulation leading to the formation of a monodomain with

P, = F,. Subfigures (a-d) illustrate the polarization pattern along x, —axis during the

phase-field simulation. (a) initial state with random polarization field; (b)-(c) showing
intermediate states during the phase-field simulation; (d) polarization pattern at

equilibrium.  is normalized free energy of the domain pattern

matches the spontaneous state of barium titanate. These results agree with the 2D
phase-field simulations, and help to validate the 3D simulation.
Note that Fig. 2.24 illustrated the formation of a monodomain polarized along

+X, — axis when initialised with a random polarization field. Monodomains polarized

along each of the other five crystallographic axes were attained when the simulations
were started with different sets of random polarization values, see Fig. 2.25.

Next, the 3D phase-field model is tested to simulate domain walls. To test the
formation of 180° walls a 3D structure of size 16nmx3nmx2nm is modelled with
simple supports with traction free surfaces as shown in Fig. 2.23. The electric potential

on the surface nodes is set to zero, allowing the 3D structure to attract surface charges.
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Figure 2.25 (a-e): Phase-field simulations illustrating the formation of a monodomain

polarized along the five different crystallographic axes.

In the initial state, a band domain pattern containing two 180° domain walls is
imposed and this is then relaxed towards equilibrium, see Fig. 2.26. The 180° domain

walls broaden at equilibrium, and the out-of-plane polarized domains are stabilised

? y (y y
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Figure 2.26: Phase-field simulations leading to the formation of a band domain pattern.

(@) initial state (b)-(c) showing intermediate states during the phase-field simulation; (d)

polarization pattern at equilibrium.
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illustrating an advantage of the 3D phase-field model. The width of the 180° domain
wall is calculated to be 2nm and agrees with the solutions from the 2D phase-field
model. These band patterns are also found as equilibrium solutions along both the out-
of-plane crystallographic directions, i.e., along X, and x, axis in Fig. 2.27(a-b).

Finally, to check for formation of 90° domain walls, a finite element mesh of a
plate-like 3D structure of size 12nmx12nmx5nm is generated with brick elements of
side 1nm, see Fig. 2.28. The 3D structure is modelled with simple supports and traction
free surfaces as described by Fig. 2.23, while the surface nodes are insulated. In the
initial state, a random polarization field is generated, see Fig. 2.28(a), and the system is
allowed to approach equilibrium, see Fig. 2.28(b-d). A vortex polarization pattern with
in-plane domains is an expected solution, and was found at equilibrium. These
elementary tests help to validate the 3D phase-field model, and provide confidence to
use this model in chapter 5 for studying the stability of more complex periodic
polarization patterns. Next, the computational power required by phase-field

simulations is discussed.

(a) P/P (b) P/P

0

Figure 2.27: Phase-field simulations illustrating the formation of band patterns along

two crystallographic axes.
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Figure 2.28: A vortex polarization pattern simulated using the 3D phase-field model.

2.8 Computational power

The phase-field model is one of the most powerful tools currently available to
develop nanoscale ferroelectric devices. However, this model demands large
computational power in terms of random access memory (RAM) requirements and
simulation time. The computational power required is mainly determined by the size of
the stiffness matrix that is to be solved by the finite element code. That is, in the finite
element code, a master stiffness equation of the form Bd =F is solved. Here B is the
master stiffness matrix, d is the nodal degrees of freedom vector, and F is the nodal
force vector. Each element of the stiffness matrix is assigned a double precision type
integer that is associated with 8 bytes of memory space. This character type ensures
accuracy of the finite element simulations and minimizes the truncation errors that
could potentially affect the simulations during instabilities. The RAM required is
typically determined by the total number of degrees of freedom, N and the memory
space allocated to each variable in the stiffness matrix. Note that the 3D phase-field

simulations require relatively greater memory space, due to the increase in degrees of
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freedom per node and decrease in the factorization capabilities of the stiffness matrix.
The presence of multipoint constraints, for example in periodic boundary conditions,
further contributes to increasing the memory and computational time required by the
finite element solver.

The computational memory, M required for simulating a square region of side, L
Is measured by executing the Fortran code. This code optimizes the stiffness matrix and
estimates the RAM required for simulation. For 2D phase-field simulations (assuming
no multipoint constraints) the computational memory, M scales with increasing size of
the square simulation region, L as shown in Fig. 2.29. From Fig. 2.29, the approximate
power law relationship between the computational memory, M and the square size, L is
M =KkL® where k is a constant. This indicates that the computational memory required
for 2D simulations scales almost cubically with increasing size of the square. Similarly,
the computational time required per Newton-Raphson iteration increases with increase
in size of the finite element mesh. The phase-field model used in the current work is a
serial code, i.e., each part of the code is solved sequentially and the computational time
scales with increasing memory size. For example, using a desktop computer (Intel®
Core™ 15-3570 CPU @3.40GHz processor) the total simulation time for a 60nm 2D
square is of order of a few days. Parallelization of the finite element code could
minimize the computational time and is beyond the scope of the current work. Based on
the computational power practical constraints, the 2D phase-field simulations in the
current work are confined to a maximum size equivalent to a square of side 60nm.

A similar increase in computational memory required to solve a 3D finite
element problem is observed. Additionally, modelling of multi-point constraints (for
periodic boundary conditions in chapter 5) leads to increased computational power

requirements for the simulations. The limited RAM availability and increasing
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Figure 2.29: The computational memory for a 2D phase-field simulation with finite
boundary conditions, such as those illustrated in section 2.3. The data represented here
is for an Intel® Core™ i5-3570 CPU @3.40 GHz processor; 3.40GHz is the clock

speed of the CPU core.

computational power, places a practical constraint on the maximum size ( L ~25nm)
of the cube that can be simulated. At L ~25nm the polarization patterns that can form
are limited, given the minimum number of domains and domain walls that can be
accommodated in the cube. For example, in a single plane in a cube of side L =25nm a
maximum of 2-3 domain walls can be fitted. This limits the formation of complex
polarization patterns with multiple domain walls that can be predicted from the 3D
phase-field simulation.

The limited RAM availability issue can be solved by using many processing
units of a supercomputer [107] for greater computational power, but this would
generally require parallelization of the code and is proposed for future work.
Alternatively, a smaller plate-like structure of sides LxLxs, where L >> s can be

employed for 3D simulations. The larger surface area provided by the plate-like 3D
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structure encourages the formation of polarization patterns with multiple domain walls
and this geometry is used in chapter 5.

Overall, the phase-field simulations are computationally intensive, with 3D
simulations requiring additional memory space and solution time. The maximum size of
the finite element model that can be generated is limited by the computer RAM size and
computational time. These requirements have encouraged the current study to focus
primarily on 2D phase-field simulations, with 3D simulations carried out only where

necessary in order to understand domain pattern stability, such as in chapter 5.

2.9 Conclusion

The Landis phase-field model employed in this thesis is a powerful tool
currently available to simulate nanoscale ferroelectric devices. First, this model
describes the Helmholtz free energy of barium titanate near its spontaneous state more
accurately than several prior methods. It does this by accounting for additional terms
that describe the elastic, piezoelectric and dielectric properties of the material. Second,
the model ensures to attain both mechanical and electrical equilibrium in the system
prior to marching forward in time. Some previous models did not explicitly solve for
equilibrium. Third, unlike macroscopic models, the phase-field model can illustrate the
domain evolution path and track domain wall movements. These features make the
Landis phase-field model suitable for development of nanoscale devices and to study
the effect of electro-mechanical boundary conditions on their working. In the current
work, the Landis phase-field model has been extended to solve for three dimensional
topologies. However, due to the practical constraints on computational memory and
time, most of the work in this thesis has been limited to two dimensional simulations

with plane strain and electric field conditions.



Nano-actuator concepts based on
ferroelectric switching

Piezoelectric actuators are known to achieve high power density and positioning
accuracy, however their widespread application is limited because of low values of
piezoelectric coefficient [108]. In a typical piezoelectric, where the hysteresis effect is
ignored, a linear relation exists between the strain and applied electric field.
Piezoelectric strain constant, d is typically of the order of 10°m/V resulting in a
practical limit of around 0.1% for actuation strain. The achievable displacements in
these devices can be amplified through designs that use the piezoelectric strain to cause
curvature of a beam, for example bimorphs [109].

Consequently it is an attractive idea to exploit the much greater mechanical
strains that accompany ferroelectric switching for actuation. The aim of this chapter is
to employ the phase-field model as a design tool to demonstrate nano-actuator concepts
based on ferroelectric switching. In this chapter, the actuation cycle is demonstrated in
three designs, namely the ‘clamped’, the ‘embedded’ and the ‘bending’ actuators. The
space of design parameters, such as aspect ratio, electrode coverage and substrate strain,
is explored for the embedded and the bending actuators to enhance the achievable
displacements. Finally, the potential applications of ferroelectric nano-actuators based

on design and performance are discussed. The actuation strains achieved through
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ferroelectric switching are several times greater than the strains produced by typical

piezoelectric actuators in market.

3.1 Mechanical bias concept

A problem which prevents the ferroelectric switching approach from widespread
use is that, applying a cyclic electric field across a ferroelectric specimen produces
180° switching as shown in Fig. 3.1(a). In this type of switching minimal actuation
strains are produced due to no strain change in the crystal lattice structure. However,
enhanced strains arise from 90° ferroelectric switching. The 90° switching is not
achieved by using just cyclic electric fields, because there is no external bias to orient
the polarization at 90° to the applied electric field. This problem is resolved in the
present work using a mechanical bias concept, see Fig. 3.1(b), where the ferroelectric
material mechanically interacts with an underlying substrate. Here, a pre-stressed
substrate produces in-plane domains that then switch out of plane only in the presence
of an external electric field, Fig. 3.1(b). This 90° polarization switching is accompanied
by a change in the crystal lattice structure resulting in actuation strains of ~(c—a)/a.
On removal of the electric field, in-plane domains are again formed due to the presence

of substrate strain, ., . This mechanical bias concept forms the basis of the nano-

actuator designs developed in this chapter.

The conceptual actuator designs proposed are dependent on thin film
technologies capable of fabricating films of the order of 10nm thickness with
comparable feature sizes [110]. At this scale, the ferroelectric element may contain a
few domains, which under charge-free conditions are predicted to form closed

polarization loops or flux closures. Investigation on these nanoscale domain patterns
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Figure 3.1: Schematic representation of mechanical bias concept demonstrating
polarization switching by application of electric field, E (a) in the absence of substrate

strain (b) in the presence of substrate strain, ¢, .

has intensified in recent times to explore their prospects in nanoscale applications such
as memory elements, sensors or energy harvesters. The role of factors such as strain and
electric field on domain evolution has been studied [111], [112], indicating that in
principle the nanoscale domains could be controlled in ferroelectric devices.

In this work, the working principle of ferroelectric nano-actuators is
demonstrated using a phase-field model. The general concept of nano-actuators
presented here consists of a nano-scale region of barium titanate, which forms a flux
closure or vortex domain pattern in the initial state. These domain patterns contain
polarizations in only one plane with domain walls perpendicular to this plane, allowing
the actuators to be modelled in two dimensions with plane strain and electric field

conditions. The actuation cycle is demonstrated in three designs of nano-actuators, and
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their design parameters are further explored to enhance achievable actuation strains. In
the first design named as the ‘clamped’ actuator, the region of ferroelectric material is
envisaged to be clamped into a pre-strained state by mechanical boundary conditions
that simulate the device substrate, see Fig. 3.2(a). The actuator is covered on two
surfaces by continuous electrodes that are assumed to be sufficiently thin and compliant
that they do not mechanically constrain the device. In the second design, named the
‘embedded’ actuator, a monocrystalline BaTiOs3 thin film is envisaged, which has been
deposited within a channel in a pre-stressed substrate, see Fig. 3.2(b). Upon relaxing the
substrate a known in-plane strain is imposed upon the ferroelectric film. In both the
clamped and embedded actuators, the pre-strain selected is such that the ground state of
the ferroelectric forms a polarization flux closure with mainly in-plane domains. This is

defined to be the initial state of the actuation cycle. Actuation is then driven by applying

a b ) _ c
( ) 8 ") ( ) Ferroelectric material ( )
f i N
i| Ferroelectric i ‘ ]
fl  material i & ] Enet=0
E=00 i E=0 ‘-,.\vx“z.\"wm&.\'u&% | i I§

l‘ TSubsﬁate l T Substrate l T

Figure 3.2: Schematic illustration of the structural design of (a) clamped (b) embedded
and (c) bending actuators. Each subfigure illustrates the initial and actuated states of the
nano-actuators, with E representing the external electric field (Enet is the net electric
field in the bending actuator). Note that the polarization patterns formed in the actuators

have complex arrangements and are discussed in section 3.2-3.5.
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an electric field using surface electrodes. The ground state is recovered when electric
field is removed. A third design, named the ‘bending’ actuator, uses a slender beam-like
element of monocrystalline BaTiOs with multiple electrodes to produce a domain
pattern that deforms the actuator into an arched shape, see Fig. 3.2(c). A detailed
description of the bending actuator design is given in section 3.4. This achieves greater
displacements than both the clamped and embedded actuators, at the cost of reduced
actuation force. The design parameters, such as the aspect ratio of the embedded
actuator or the electrode coverage in the bending actuator, are explored to enhance the
achievable actuation strains.

In the next section, the design of the clamped nano-actuator is described and the
working principle is demonstrated using phase-field simulations. The polarization
pattern evolution under an external electric field is mapped for this nano-actuator. The
strains achieved at the end of the actuation cycle are measured and the actuator response

to external pressure is explored.

3.2 Clamped actuator

The clamped actuator comprises a patch of barium titanate of length L and
height H, and is modelled in two dimensions — see Fig. 3.3. Here, nominal dimensions

L =H =20nm are used. The device is modelled in a state of generalized plane strain in
the x, —X, plane such that the strain in the X, — direction is equal to the lattice a — strain
for barium titanate. This corresponds to assuming a depth in the X, —direction much

greater than the cross-sectional dimensions, and is consistent with mechanical clamping
of the ferroelectric element by the substrate. Note that this condition makes polarization

in the X, —direction unfavourable and so enforces polarization in the X, — X, plane. The
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Figure 3.3: Schematic representation of boundary conditions on the clamped actuator in

its initial and actuated states.

clamped actuator is sandwiched between upper and lower electrodes and is rigidly

bound to the substrate at X, =0 and X, =L, as shown in Fig. 3.3. The substrate imposes
a pre-strain with respect to the cubic state of BaTiOs by &, =0.82%. Surface electrodes
at X, =0 and X, =H are used to apply electric field parallel to the x, —axis, with the
lower electrode held at zero voltage and voltage ¢ applied at the upper electrode. The
cycle proceeds by increasing voltage ¢ on the upper electrode until actuation is
achieved and then reducing ¢ to zero. The actuation strain ¢, in the clamped actuator

during the cycle is defined by an average displacement of the upper surface of the
device with respect to the reference axis at x, = H /2, as shown in Fig. 3.3.
The initial polarization state in the nano-actuator is simulated by allowing the

clamped actuator to find an equilibrium polarization pattern by forming a flux-closure

with ¢ =0. This is attained by setting up a ‘randomized’ polarization field in the initial

state, where nodal polarization values, P is randomly chosen from the range

—P,/2<P <P, /2, with P,=0.26C/m’. The nodal values of displacement and electric

potential in the initial state are set to zero, and the system is solved for equilibrium.
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Figure 3.4: Initial polarization pattern adopted by the clamped actuator at E, =0 with
(@ P,/P, values (b) P /P, values. The deformed configuration is shown with

displacements exaggerated.

Fig. 3.4(a-b) shows the initial flux-closure polarization pattern formed in the clamped

actuator with ¢ = 0. Note that the upper and lower surfaces of the actuator have adopted

a curved shape with displacements exaggerated. This curvature at the actuator surfaces

is due to the imposed initial boundary conditions: the in-plane tensile strain ¢, has
induced polarisation in £x, —direction throughout most of the device. Since the stress-
free states with polarization in the =X, — direction have negative ¢,, , the region close to
the centre of actuator has contracted in the X, —direction. This explains the concavity

on the upper and lower surfaces.

Equilibrium states in the actuator are solved using the Ginzburg-Landau

equation:

oy | _oy _ 4p
H R o

The evolution of the domain pattern is tracked through equilibrium configurations with

polarization viscosity g =0. These equilibrium domain configurations are attained by



3.2 Clamped actuator 88

allowing the model to step through a range of g values varied in decreasing order,
S =5000to 0. Non-zero g values are used only in intermediate steps towards
equilibrium, or where an equilibrium configuration cannot be found due to instability.
The governing differential equations are solved using finite element methods with 8-
noded quadratic elements of 1nm size. The details of controlling the phase field
simulations are discussed in section 2.2 of chapter 2.

To actuate the device, the electric potential ¢ on the upper electrode is
increased in steps of 0.1V up to a maximum voltage of 2.2V . At each voltage step, an
equilibrium state is found. Fig. 3.5 shows the evolution of the polarization pattern along

the X, —direction in the clamped actuator during the actuation cycle. As the strength of
electric field is increased, domains with polarization P, ~—P,, aligned in the direction
of applied field, increase their size at the expense of domains with polarization
P, = +P,, oriented opposite to the field, see Fig. 3.5(a-b). The latter domains shrink in
size but do not disappear at this stage. Meanwhile, the shape and size of the central
domains with net polarization along the +x, —direction changes and deformation of the
upper and lower surfaces is observed. Note the decrease in concavity of these surfaces
as domains with non-zero P, spread to the centre, Fig. 3.5(c-d). The formation of
needle-like domains can be observed in Fig. 3.5(e); at this stage, the finite element
solution did not converge on an equilibrium state, and so the polarization viscosity g is
controlled to allow the solution to evolve towards equilibrium. At E, =55MV/m,
complete reorientation in polarization to align with the applied field can be observed.

Thereafter no further change in the polarization pattern occurs up to the peak applied

field of E, =110MV/m, though non-linear piezoelectric straining continues to occur.
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Figure 3.5: Actuation cycle in the clamped actuator, with the subfigures (a-j)
demonstrating polarization evolution from the initial state ‘a’ to the final state ‘j°. The

deformed configuration is shown with exaggerated displacements.

The fully actuated state is shown in Fig. 3.5(f). The actuation strain &, , which is

defined as the ratio of the mean displacement of the upper surface in the X, —direction
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to the device height, H is calculated to be =~ 0.35% for the clamped actuator. This
compares favourably with the 0.1% that can typically be achieved by piezoelectrics.

Upon decreasing ¢ on the upper electrode, the clamped actuator retains a net
polarization in the —X, —direction, though its magnitude decreases slightly. This is

accompanied by a change in shape of the actuator, Fig. 3.5(f — g) through the non-linear

piezoelectric effect. When E, =3MV/m the mechanical constraints start to force the
actuator back towards the initial state. Domains with non-zero P, evolve in the central
region of the actuator, while the domains with net —P, recede, Fig. 3.5(h — i). On

reducing the electric potential, ¢, to zero, the actuator settles back into a state

equivalent to the initial state in terms of the actuated displacement. However, it is
interesting to note that the sense of the polarization vortices has reversed relative to the
initial state shown in Fig. 3.5(a).

The Fig. 3.5 depicts the evolution of polarization patterns in the clamped
actuator under a cycle of positive-going electric field. As observed, the domain
evolution affects the shape of the device due to the strains that accompany ferroelectric

switching through the cycle. The actuation strain &, of the clamped actuator is related

to the applied voltage as shown in Fig. 3.6, where labels a-j indicate the points on the
voltage-strain curve corresponding to the polarization patterns shown in Fig. 3.5. It can
be observed in Fig. 3.6 that the actuation cycle for the clamped actuator starts with a
non- linear displacement of the upper surface through stage a — c. This corresponds to
initial growth of domains aligned in the direction of applied electric field. On increasing
the electric potential further, there is a steep rise in the actuation strain during stage c-d,;
the majority of polarization switching occurs in this stage. On attempting to solve the

system of governing equations at point ‘d’, instability is encountered and the evolution



3.2 Clamped actuator 91

0.6 L L

©
~

0.2

Actuation strain, Ep (%)

b L r
08 a 1 2 3
Voltage, ¢ (V)

Figure 3.6: Voltage-strain curve for the clamped actuator. The labels on the graph

correspond to the polarization patterns shown in Fig. 3.5.

of domains during stage d-e is computed out of equilibrium, using a finite value of
polarization viscosity. During stage d-e, shown by a dashed line in Fig. 3.6, the
herringbone-like pattern evolves into a needle-like domain pattern, which eventually
recedes leaving a single domain with polarization aligned to the electric field.
Thereafter the changes in displacement of the top electrode are due to non-linear
piezoelectric behaviour as indicated by labels e-f in Fig. 3.6. On unloading the applied
electric field by decreasing the electric potential on the upper electrode, the deformation

of the clamped actuator follows a non-linear path f-h; during this stage the actuator

supports a non-zero net polarization in the negative X, —direction though its magnitude

decreases with the decreasing electric field. This decrease in polarization is

accompanied with mechanical deformation of the upper surface of the device, gradually
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decreasing the actuation strain as shown in Fig. 3.6. At point ‘h’, the mechanical bias

due to imposed in-plane stress in the material along X, — axis takes over forcing the

actuator to return towards its initial ground state. This transition is again out of

equilibrium (stage h-j) and the polarization viscosity s was controlled to allow the

solution to evolve towards equilibrium. Stepping down the electric potential to zero
results in the clamped actuator returning to its ground state. In Fig. 3.6 the actuation
strains produced by the clamped actuator on settling into the final equilibrium state, is
nearly zero indicating the negligible effects caused due to the formation of an
equivalent domain pattern (flux-closure with opposite sense) in the final state.

The behaviour of the clamped actuator when resisted by a constant blocking
force is next considered. The force is applied in the form of pressure uniformly
distributed over the nodes on the upper surface of the device. The evolution of domains

in the clamped actuator working against pressure, p=500MPa and the corresponding

voltage-strain curve of the actuator are shown in Fig. 3.7 and Fig. 3.8 respectively. As
may be expected, when working against an external pressure, the clamped actuator
requires greater electric field strength to become fully actuated, see Fig. 3.8. Similarly,
the application of pressure reduces the maximum strain achieved by the actuator.

At a uniform pressure, p=500MPa on the upper surface of the clamped

actuator, the domain patterns during the actuation cycle change, resulting in small kinks
in the voltage-strain curve at this pressure (Fig. 3.8). These kinks correspond to
instabilities associated with the appearance or disappearance of certain features in the

domain pattern. For example, the first such kink occurs at ¢ ~ 0.78V, corresponding to
E, ~39MV/m. At this point, a domain polarized in the —x, —direction at the top left

corner of the actuator shrinks in size and disappears — see Fig. 3.7(c - d). A similar
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transition occurs at ¢ ~1.14V or E, ~57MV/m ; in this case a domain polarized in the
+X, —direction disappears from the top surface of the device, see Fig. 3.7(d-e). Finally,

at ¢ ~1.32V, E, ~66MV/m an asymmetric herringbone domain pattern is observed to

form - see Fig. 3.7(e). Further increase in electric field leads to an intermediate state —
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Figure 3.7: Actuation cycle in clamped actuator under a load of uniform pressure,

p =500MPa .
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Figure 3.8: Voltage-strain curves for clamped actuator under uniform pressure, p .

Fig. 3.7(f). Needle-like domain formation is observed on increasing the voltage until the
complete reorientation of polarization to the applied electric field is attained. The
polarization patterns which evolve in the clamped actuator under load differ from those
observed in Fig. 3.5, where no external loads were applied. These differences account
for the change in shape of the voltage-strain curve as seen in Fig. 3.8. This figure also
indicates that the clamped actuator returns to its ground state at greater values of

applied electric potential when under an external load.

The clamped actuator can produce actuation strains of about ¢, =0.35% and
can work effectively against external pressures of p=500MPa, without significant

reduction in actuation displacements. However, the design of the clamped actuator can

be improved to reduce the difficulties encountered in manufacturing the device. For
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example, the lower surface of the clamped actuator is not mechanically bound and is
free to deform. This ‘free’ lower surface of the clamped actuator is likely to present
manufacturing difficulties, while the fabrication technology is fairly advanced in
deposition of thin films at the nanoscale [113]. This design can thus be improved by
binding the lower surface to a substrate, similar to a thin film configuration. Another
issue that arises in the clamped actuator is the small separation between the binding side
constraints provided by the substrate, which result in a strong mechanical constraint

against displacement in the X, —direction, so limiting the maximum actuation strains

achieved. This effect can be minimised by increasing the separation between the
mechanically ‘clamped’ boundaries, while also ensuring the repeatability of the
actuation cycle through ferroelectric switching. This serves as a motivation to next
explore an improvised design called the “embedded” actuator, which is envisaged to be
a region of thin film embedded on three sides by a constraining substrate. The actuation

cycle in the embedded actuator is next demonstrated using the phase-field model.

3.3 Embedded actuator

The embedded actuator concept is shown in cross-section in Fig. 3.9. The
device consists of a layer of barium titanate of length L and height H, sandwiched
between upper and lower electrodes and rigidly constrained by surrounding material on
three sides. The electrodes are modelled as thin compliant conductors that do not
constrain the actuator. The embedded actuator is representative of BaTiOz deposited on
a lower electrode in a channel etched into the substrate, and capped with an upper
electrode. The pre-strain could then be achieved by compressive pre-stress in the

substrate during the deposition stage, and subsequent relaxation of the substrate to
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Figure 3.9: Schematic representation of the boundary conditions on the embedded

actuator.

stretch the device. The resulting in-plane pre-strain &, is used to bias the device in

favour of in-plane domains when no electric field is applied. A similar device could be
produced from a continuous thin film on a conductive substrate, with an upper electrode
covering a portion of length L. In this case, there would be some fringing of electric
field at the device edges and compliance of the surrounding material, which are
neglected in the current model. The device is modelled with plane strain and electric
field conditions. An actuation cycle starts from an equilibrium ground state with zero
voltage on the upper and lower electrodes. The lower electrode is maintained at zero

volts throughout the cycle, while the voltage, ¢ on the upper electrode is increased
until actuation is achieved. Subsequently the voltage, ¢ is reduced to zero during

unloading. The actuation strain in the embedded actuator during the cycle is defined by
the average displacement of the upper surface of the device. The typical element size
used for modelling the embedded actuator is 0.5nm.

To demonstrate the actuation cycle, an embedded actuator of size L =45nm and

H =15nm, with in-plane pre-strain &, =0.82% relative to the initial cubic state of the

BaTiOs crystal is modelled. Note that the 180° domain wall thickness that arises from

the model is approximately 2nm. A length about three times the device thickness is
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chosen to reduce the end effects of the surrounding substrate on the device

performance. Electric field E, =¢/H is applied along the negative X, — axis. When
E, =0, an equilibrium configuration is found with domains oriented to form a flux

closure polarization pattern, see Fig. 3.10. This is taken to be the ground state of the

actuation cycle. It can be observed that the upper surface has adopted a curved shape.

This is attributed to the domains with polarization parallel to the x, — axis, which form
because of the locked-in tensile strain &,. Under stress-free conditions, polarization
along the x, —axis is accompanied by negative or compressive strain along the X, —

axis. Mechanical clamping on the edges of the embedded actuator prevent contraction

of the edges at x, =0 and x, =L, resulting in a concave upper surface as observed in

Fig. 3.10.

As the magnitude of E, is increased, the polarization begins to reorient so as to

align with the applied field. This switching process is accompanied by ferroelectric

Figure 3.10: Initial polarization pattern adopted by the embedded actuator at E, =0
with (a) P, /PR, values (b) P,/P, values. The deformed configuration is shown with

displacements exaggerated.
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strains which displace the top electrode of the embedded actuator. Fig. 3.11 shows the
domain evolution in the embedded actuator and the actuation cycle starts with a vortex-
like structure, Fig.3.11(a). Increasing the strength of applied field E, across the
actuator, domains with polarization aligned with the field grow at the expense of
oppositely polarized domains which eventually disappear, see Fig. 3.11(a-c). The
domain evolution is coupled with mechanical deformation of the upper surface. At

E, =50MV/m a herringbone-like domain pattern is formed, Fig.3.11(d), and on
increasing the electric field to E, =55MV/m a banded domain evolves, Fig. 3.11(e-f).
The transition from the herringbone-like domain pattern to a banded domain pattern
passes through an unstable transition as shown in Fig. 3.11(e-f) at E, =55MV/m. At a
critical value of electric field, E, =85MV/m, the actuator makes a transition through an

unstable needle-like pattern of domains, Fig. 3.11(g-h), and settles to a uniformly
polarized single domain, Fig. 3.11(i) — the actuated state of the device. Note that the
field strength required for full switching is much less than the breakdown strength of
thin-film barium titanate [114]. During the stages shown in Fig. 3.11(g-i), the finite
element solver did not find an equilibrium solution and the domain evolution is
simulated by controlling the polarization viscosity g to allow the solver to approach
equilibrium,

An actuation strain &, can be defined, relative to the ground state, as the ratio
of average displacement of the top electrode to the device height. Equivalently, the

actuation strain ¢, is the volume average of the strain change Ag,, from the ground

state. In the actuated state of the embedded actuator, a strain of £, ~ 0.45% is attained.

Further strengthening of the electric field causes a rise in actuation strain through the
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Fig. 3.11: Actuation cycle in the embedded actuator, showing P,/P, values of

polarization. The deformed configuration is shown with displacements exaggerated.

piezoelectric effect. It is of interest to note the stress levels in the actuator. In the fully

actuated state a tensile stress of about 2GPa develops in the X, — direction, comparable

to the stresses observed in a BaTiOz nanogenerator [115]. These stresses are also
comparable to residual stresses in ferroelectric films that are typically of order a few
hundreds of MPa. In nanoscale BaTiOs films, defects like cracks are constrained only to

be a few nanometers in size, and hence the fracture stresses can be expected to be over
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2GPa. The tensile stresses in embedded actuator are due to the substrate constraining

the device and preventing contraction in the X, —X, or the out-of-plane direction. The

tensile stresses will act to return the device to the ground state after unloading.
On unloading the electric field from its peak value, the embedded actuator

retains the single domain state until E, =5MV/m. The actuation strain and polarization
along the X, — axis gradually decrease, see Fig. 3.11(i-J). At E, =5MV/m, the system

goes out of equilibrium and needle-like domains with in-plane polarization nucleate,
Fig. 3.11(k). This evolves into a herringbone-like domain pattern and finally returns the
actuator to its initial vortex-like flux closure state, completing the actuation cycle,
Fig. 3.11(k-I). Note that the transitions through unstable states during the actuation

cycle occur at E, =55MV/m, E, =85MV/m during loading and at E, =5MV/m during

unloading. In each case the finite element solver did not find equilibrium solutions and

the transition is modelled by using non-zero g values to relax the system towards

equilibrium. However, it was observed the exact route taken during such unstable

transitions is highly sensitive to the choice of g values, and this could affect the overall
pattern of domains. Effectively the g values used control the rate at which the system

passes through an instability. Furthermore the system could also settle into an
anticlockwise vortex state symmetrically opposite to the clockwise vortex of
Fig. 3.11(a). This sensitivity in the exact route followed by the pattern of domains did
not significantly affect the actuation strain or the ability of the device to operate
cyclically.

The voltage-strain curve for the embedded actuator is shown in Fig. 3.12(a),

where the unstable transitions are indicated by dashed lines. The labels a-1 in
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Figure 3.12: Embedded actuator (a) Voltage-strain curve with complete domain
switching (b) Corresponding voltage-charge curve (c) Voltage-strain curve with partial

switching. Labels correspond to the states shown in Fig. 3.10 (a-I).

Fig. 3.12(a) indicate the corresponding polarization patterns in Fig. 3.11(a-1). The
gradual increase in actuation strain during stage a-c corresponds to the initial growth of
domains with polarization aligned along the applied electric field. The following rapid
strain increase (c-h) occurs as these domains spread towards the device center. The
simulation between e-f and h-i, is out of equilibrium and small time steps with a finite
polarization viscosity are used to allow the simulation to reach a single domain state.
During the unloading cycle, the actuation strain of the embedded actuator
decreases as indicated by labels i-j. Finally from j-I the domain pattern reverts towards
its initial state, once again out of equilibrium. The total charge collected on the upper
electrode during the actuation cycle is shown in Fig. 3.12(b). It should be noted that the
hysteresis in the voltage-strain and voltage-charge curves arises entirely from the
unstable transitions: at all other points, the model is incrementally moving between
equilibrium states that are “nearby” in the sense that the changes in domain pattern are
also incremental. Consequently, by choosing a peak value of applied electric field less

than 55MV/m, that is ¢ <0.82V, the device can be operated without hysteresis. This is

illustrated in Fig. 3.12(c), where the applied electric field is limited to E, =50MV/m
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(¢ <0.75V) thereby avoiding unstable transitions. The loading curve in Fig. 3.12(c) is

identical to the corresponding part of Fig. 3.12(a), while the unloading curve follows
the loading curve. The voltage-strain curve then shows no hysteresis to within the
model precision, and results in a peak actuation strain of 0.28%.

The embedded actuator can be improved by exploring the space of design

parameters to enhance its achievable actuation strains. In this regard, variation of the

aspect ratio A, =L/H and the imposed in-plane strain ¢, are considered. Both these
parameters could be controlled through the manufacturing processes. Other parameters,
for example the size or scale of the devices should be considered for a full optimization
and is intended as future work. However, it is found that increasing the device size by a
factor of 3 or more typically resulted in the formation of complex domain patterns that
are not necessarily repeatable upon cycling: The device is truly a nano-actuator in that it
relies upon its small scale to work.

First, the variation of the aspect ratio A of the embedded actuator is considered,
with height held constant at H =15nm. Fig. 3.13(a) indicates the variation in actuation
strains ¢, , attained on ferroelectric switching as a function of the device aspect ratio.
Aspect ratios in the range 0.4 to 1 result in low values of actuation strain, typically
ex < 0.1%. These device designs are effectively clamped against actuation by the
surrounding substrate material. On increasing the aspect ratio to A =3, a steep rise in
actuation strain to &, =0.45% is observed: in this regime the device functions as
illustrated in Fig. 3.11, and increasing A steadily reduces the influence of end

constraint. Beyond A ~ 3.5, further increase in A does not contribute a significant

increase of actuation strain, which saturates at about &, =0.5%. In this regime, the
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actuator did not reliably return to the ground state upon unloading. The small step

increase in actuation strain when A = 3.5, results from an increase in the applied
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Figure 3.13: (a) Parametric study for the embedded actuator (height, H = 15nm)

showing the effect of varying the aspect ratio, A (b) Hysteresis loop at aspect ratio
A = 0.4, indicating a potential application as a memory element. Inset schematics

illustrate P,/ P, in the domain patterns.
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electric field required to reach the fully actuated state. This was caused by a change in
the domain patterns that form during the transition to the single domain state. To

summarise, it is found that A ~ 3 provides a satisfactory compromise, giving a high

value of actuation strain, while maintaining a stable actuation cycle.

It is interesting to note that at aspect ratio A ~ 0.4 (L=6nm, H =15nm) the
simulated device did not return to the ground state when the upper electrode voltage ¢
Is reduced to zero. Instead, a single domain state polarized in the —X, —direction, is

found to be retained after unloading, see the hysteresis loop in Fig. 3.13(b). A negative

voltage pulse or a positive electric field, E, =7MV/m is required to initiate the

formation of a flux-closure pattern. Consequently the voltage applied on the upper

electrode is reduced to below zero, to allow the device to return to its initial state.

However a stronger electric field, E, >7MV/m could flip the polarization into a stable
single domain state with +P, polarization. Here again, the initial flux-closure state is
not attained on reducing the applied electric field, E, to zero. A negative electric field
E, =—7MV/m, is then required to return the device to the flux-closure domain pattern.
Therefore this device can possess three stable states of polarization pattern at E, =0, as

shown in Fig. 3.13(b). This indicates a potential of the device with A ~ 0.4 to be used

as a tri-state memory element, though it should be noted that the device length here is
only a few domain wall widths, which could present practical difficulty for
manufacture. On the other hand, its small size, and simplicity of operation, could be
advantageous for a high density non-volatile memory.

Next the effect of in-plane residual strain &, on the achievable actuation strain

is studied. Here, ¢, is varied, while the aspect ratio is kept constant at A =3. The
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strain &, = 0.0082 corresponding to the spontaneous strain of BaTiOz in the tetragonal
phase is set as a maximum residual in-plane strain value and &,/ ¢, is varied in the

range zero to unity. When 0.84<¢g, /g, <1, the embedded actuator behaves as

indicated in Fig. 3.11. There is a maximum actuation strain of 0.46% occurring when
&, 1 &, =0.84, however there is relatively little gain from varying &, within this range,
see Fig. 3.14(a). On reducing the in-plane residual strain below 0.84 ¢,, the actuator
remains in a uniformly polarized single domain state during cycling and so the strain
enhancement due to 90° ferroelectric switching is lost. This indicates the importance of
the mechanical biasing by substrate strain in stabilising in-plane domains in the ground

state.

Finally, the response of the embedded actuator to a uniform distribution of pressure, p

on its upper surface is studied. An aspect ratio A =3 and in-plane substrate strain

&,/ &, =1 is chosen for this study. Fig. 3.14(b) shows the actuation strains achieved
for a range of pressure p=0-4000MPa. In the phase-field simulations of the

embedded actuator under external pressure, a greater voltage is required to actuate the
device under an external load and in practice applied pressures greater than 500MPa

may be difficult to achieve. However, the simulations allow us to find a theoretical

blocking pressure, p ~1500MPa, at which the actuation strain &, drops to a small
value =~ 0.3%.. For pressures p >2000MPa, the actuation strain either drops to values

close to zero or to negative values, see dashed line in Fig. 3.14(b). This indicates
that the embedded actuator fails to work against loads greater than 1500MPa. Since the
actuation strain is not greatly affected by applied pressure in the range 0 - 500MPa, the

embedded actuator can be effective in areas where the target is to achieve a maximum
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Figure 3.14: The actuation strains achieved by the embedded actuator on varying the

(a) substrate strain, &, and under the effect of (b) uniform pressure loading, p.

force, with displacement and efficiency as secondary criteria. Potential applications for
embedded actuators can be envisaged in actuation of a nanoscale gripper or tweezers
which require a specified force, and minimal displacement [116].

The actuation strains produced by the embedded actuator are relatively large in
comparison to those of the clamped actuator. However, the work done per unit depth
by the embedded actuator against p = 500MPa is estimated to be ~ 1.4nJ/m, while the
electrical energy dissipated is approximately ~ 11nJ/m. These values indicate low
efficiency of this device, at about 13%: further improvement would be desirable for
cyclic applications such as pumps or oscillators. Next an actuator design that generates
greater displacements, using a mechanism in the form of bending a slender beam is
explored. Here, the idea is to design an actuator that can translate small displacements

along the x, —axis into amplified lateral or sideways displacements, using the concept

of bending a slender beam.
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3.4 Bending actuator

The concept of the bending actuator is to enhance displacements by exploiting
the large sideways displacement attained on bending a slender beam fixed at its ends.
This sideways displacement can be achieved by inducing a longitudinal strain along the
beam length. Based on this concept, a design for a bending actuator of nominal
dimensions 365nm length x 15nm height is shown in Fig. 3.15(a). The ends of the
actuator are rotated by an angle & =3° and clamped in this state, inducing an initial

curvature that stabilises bending towards the +X, —direction. These mechanically

clamped edges are maintained at 5V throughout the actuation cycle. Electrodes of
width, e = 17nm are modelled in pairs along the top and bottom surfaces of the actuator
with a nominal spacing of s = 35nm measured between the centres of adjacent

electrodes. The electrode pairs are numbered, k =0...5 as shown in Fig. 3.15(a). Note
that a reference line is defined at X, = 15nm, and that the position of the k = 0 electrode

in the initial state is below this reference line, indicated by marker ‘A’ in Fig. 3.15(b).

The actuation strain, ¢, for the bending actuator is then defined as ratio of the average

displacement of the k = 0 electrode to the device height of 15nm, see Fig. 3.15(b). That

ea = Actuation strain
eret = Reference actuation strain

Figure 3.15: (a) Schematic diagram of bending actuator. The dashed boundary indicates
electrode pairs which are numbered k =0...5. (b) Representation of strains defined for

the bending actuator.
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is, the average displacement is measured as the total separation between the initial
position of k = 0 electrode at ‘A’ and the actuated position of k = 0 electrode at ‘B’, see

Fig. 3.15(b). For future discussion a reference actuation strain ¢ . is introduced, which

ref
is defined as the ratio of net displacement of the k = 0 electrode from the reference line
located at y = 15nm (i.e., distance between markers ‘R’ and ‘B’ in Fig. 3.15(b)) to the
device height.

The operating principle of the bending actuator is to cycle the slender
ferroelectric beam between a curved “on” state and a flat “off” state. In order to achieve
this operation a pattern of electrodes shown in Fig. 3.15(a) is chosen. The electrodes on

the top (y =15nm) and bottom (y =0) surface of the bending actuator are referred to

as the upper and lower electrodes respectively. The key idea of using this pattern of
electrodes is to produce an average electric field that is along the beam length in the
“on” state (bending the device); and perpendicular to the beam length in the “off” state
(flattening the device). This average electric field is achieved by distributing the voltage
on the electrodes as follows,

(a) the electric potential applied to the upper electrodes, ¢, is of the form,
&, =@, +Kg,. Here ¢, and ¢ are constants with values of 2.5V and 0.5V

respectively, and k is the electrode pair number shown in Fig. 3.15(a). For

example, the electric potential on a k = 0 electrode is ¢, =¢, =2.5V . An example

of the voltage distribution on the upper surface of the bending actuator is illustrated
schematically in Fig. 3.16(a);

(b) the electric potential applied to the lower electrodes, ¢ is of the form,
¢ =a(d,)=al(g, +ke¢), see Fig. 3.16(a). Here, « is the loading parameter that is

varied from 0 to 1, taking the actuator between the “off” and “on” states
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respectively. By controlling «, a nominal electric field E , =ad /s is set up
along the length of the actuator. For example, when « =0, the lower electrodes are
at zero voltage and E =0, see Fig. 3.16(b). Note, non-zero electric field

perpendicular to the beam length is present in each electrode pair (e.g., between the
upper and lower electrodes in electrode pair k=0). This results in an average
electric field along the —x, — axis that flattens the beam in the initial state of the
device. On increasing the value of « in steps of 0.1, the average electric field

along the —x, —axis decreases, and the value of E,, along the beam length

a
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Figure 3.16: Schematic illustration of the operating principle of bending actuator.
(a) Generic pattern of voltage distribution across the representative k = 0,1,2 electrodes;

(b) initial state of the actuator with « =0 (c) actuated state of the actuator with o =1.
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increases. At « =1 the voltage distribution on the lower electrodes is shown in

Fig. 3.16(c). Here E, , is maximum and along the length of the beam and corresponds

to the actuated state of the device.

For later use, the voltage ¢

nom

=adg, is introduced, representing the net potential

difference between adjacent electrodes on the lower surface. The effect of this

distribution of electrode voltages is to produce an average electric field in the X, —
direction in the “off” state, and an electric field in the +X — direction in the “on” state;

this activates 90° ferroelectric switching in the bending actuator.

Fig. 3.17(a-j) depicts domain evolution in the actuation cycle of the bending
actuator. An enlarged view of the polarization patterns in Fig. 3.17(a-j) over a section of
the bending actuator is shown in Fig. 3.18(a-j), wherein the polarization directions
along both axes are indicated using arrows.

When E,_,, =0, the bending actuator settles into a ground state with polarization
pattern as shown in Fig. 3.17(a). On increasing E,,, domains aligned with the
+X, — direction nucleate and grow, see Fig. 3.17(b-d). Ferroelectric switching extends
the actuator along its length, but the presence of end constraints force this extension to
be accommodated by bending. At a critical value of electric field E , = 14.3MV/m the
simulation makes an unstable transition to the fully actuated state, Fig. 3.17(e-f),
resulting in actuation strain &, ~15%. On reducing the value of applied electric field
to E,,, = 11MV/m there is a rapid decrease in the actuation strain, Fig. 3.17(g-h). New

domains nucleate from the clamped edges and spread towards the device centre,
Fig. 3.17(g-i). The appearance of 90° domains at the ends of the beam in Fig. 3.17(g)

begins to flatten the device returning it to its ground state, completing the actuation
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cycle. Note that the domain pattern in the bending actuator can settle into a ground state
with opposite polarization orientation, Fig. 3.17(j), in comparison to the initial state of
the actuator, Fig. 3.17(a). Thus the actuation cycle need not be repeatable in terms of
the domain pattern formed, however this does not significantly affect the actuation

strain. A closer observation of domain evolution during the actuation cycle can be made

from Fig. 3.18.
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Figure 3.17: Actuation cycle in the bending actuator, showing polarization in the

X, — direction. Note: displacements on the deformed mesh are exaggerated to help

visualisation of the actuation process.
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Figure 3.18(a-j): Enlarged view of the polarization patterns in a section of bending
actuator during the actuation cycle. (a-f) illustrate the disappearance of domains
polarized opposite to Enom and depict the nucleation of domains aligned in the direction
of the applied electric field. Subfigures (g-j) illustrate the domain evolution during the

unloading cycle. The inset arrows indicate polarization directions in the domain pattern.
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A voltage-strain curve for the bending actuator is shown in Fig. 3.19(a). The
actuation occurs during stages a-f, with a-e representing a gradual actuation as domains
grow in equilibrium, and e-f representing an out-of-equilibrium stage. The unloading
stages f-i follow a series of transitions corresponding to the nucleation and growth of
domains that restore the original state of the actuator. The peak actuation strain of 15%
is attained in the bending actuator. This actuation strain represents a displacement about
10 times greater than that of the embedded actuator and many times greater than the
strains in a conventional piezoelectric device. Note that the local strain at any material
element does not exceed 0.8%. The voltage-strain curve for the bending actuator shows
hysteresis due to the transition of domain patterns through non-equilibrium states. In

order to show the voltage-charge behaviour of this actuator, a work-equivalent charge

Qnom is defined such that ¢

nom

000m =j¢5qu. Here ¢ is the surface voltage, and oq is

an increment of surface charge density, with the integral conducted over the area of the
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Figure 3.19: Bending actuator (a) Voltage-strain curve (b) Voltage-charge curve. Labels

correspond to the states shown in Fig. 3.17.
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surface electrodes. Fig. 3.19(b) shows the work-equivalent charge during the actuation
cycle. This shows a steep increase in charge early in the loading cycle (4,,, < 0.1V),
indicating that the initial polarization state is highly mobile. This is consistent with the
presence of non-zero electrode voltages and hence the presence of electric fields even in
the “off” state. Small changes in voltage result in domain wall movement. Fig. 3.19(b)
also shows hysteresis in the voltage-charge cycle indicating energy dissipation during
the unstable transitions.

Next, a parametric study of the bending actuator is carried out, by exploring

design parameters such as the electrode coverage, €, =e/s, and angle of end rotation,

0, at the beam ends, see Fig. 3.20(a-b). The schematic diagram in Fig. 3.20(a)
illustrates the variation of the electrode coverage on a representative unit cell of the

bending actuator. The subfigures illustrate the variation of electrode width, e and the
spacing size, s for e <<l e,=05ande, ~1. In the present work, the effect of
electrode coverage, e, is varied in the range 0.2 - 0.8. Values beyond this range would
require features, such as electrodes or gaps between adjacent electrodes to be smaller
than 5nm, which is taken as a practical limit for manufacture. The effect of varying
0.2<e, <0.8 on the actuation strain is next explored. Here, the “on” and “off” states of
the bending actuator are separately modelled for different values of e, through a virtual
process of slow electrode growth on the actuator surface. For example, the “on” state of
the bending actuator with e, =0.2 is first simulated. Starting from this state and
maintaining the pattern of voltages ¢, and ¢,_ on electrodes constant (that is at & =1),
the electrode coverage is incremented in steps of 0.1 upto e, =0.8. This is done by

increasing the electrode width e, while the spacing s is held constant. The vertical
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Figure 3.20: Schematic illustration of varying (a) electrode coverage, €, over a unit cell

of the bending actuator and (b) angle of rotation, & of the device.

displacement of the bending actuator in the “on” state is measured at each value of €, .
Likewise, the “off” states of the bending actuator at different values of €, are simulated,

starting from e, =0.2. The position of the k=0 electrode for each value of e, is

measured in the off state. Based on these measurements of the k = 0 electrode in the on
and off states, the actuation strain of the device is calculated and plotted as a function of
electrode coverage, see Fig. 3.21(a).

This method of virtual electrode growth allows the actuation strain for each
design to be estimated without simulating the entire actuation cycle. These estimates are
open to significant error because the complex domain patterns present in the actuated
state are not necessarily reproduced if actuation is achieved by a different route. For a

check on the reliability of the estimates, the full actuation cycle from ground state to

actuated state is simulated at selected e, values. While small differences in domain

pattern of the actuated state are observed, the estimated actuation strains are generally

within + 3% of the full-cycle value.
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Figure 3.21: Selection of design parameters for the bending actuator: (a) variation of
electrode coverage, ¢, ; (b) variation of angle of end rotation, & (that is, nodal positions
at the ends of the bending actuator are incrementally changed, see Fig, 3.20(b), to

simulate rotation of the end supports); (c) actuation strain when working against

pressure p. Inset schematics show the ground state of the bending actuator.

To understand the variation in behaviour, note that in the “off” state, domains

polarized parallel to the X, —axis form between the upper and lower electrode of each
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electrode pair. These domains tend to shorten the beam length giving a flat initial state.
But when the electrode coverage is low (e, = 0.2 to 0.35), a combination of triangular
and banded domains appear in the ground state. This domain pattern provides an initial
upward curvature to the “off” state of the device and the actuation strain, which
measures the change between “off” and “on” is small. Increasing the electrode coverage

increases the actuation strain, up to about e, = 0.5, at which point the actuator cycles

between a nearly flat “off” state and a curved “on” state. Further increase in €, does not

significantly affect the actuation strain.

Next, the variation of the angle of end rotation & is explored, holding e,

constant at 0.45. A schematic illustration of varying the angle of end rotation is shown

in Fig. 3.20(b). Once again, the “on” and “off” states are traced by holding ¢, and ¢,

constant, this time making incremental changes to the positions of nodes at the beam
ends to simulate rotation of the end supports. This is done by changing & in the range
0°—-6°, see Fig. 3.21(b). Here the upper limit corresponds to the beam adopting an arc

shape, with the upper surface strained by ¢, relative to the lower surface. Varying 6

did not have a significant effect on the actuation strain of the device. However, the

reference actuation strain, ¢ which accounts for net displacement of the bending

ref
actuator from a reference line at y = 15nm linearly increases with 6. For 8<3° the
actuator adopts a downward curvature in the ground state, while at & =3° the beam is
nearly flat; it is curved upward for 8 >3°, see inset schematics in Fig. 3.21(b). Hence

the values of ¢, and ¢, are approximately the same when & = 3° and this

ef

configuration is chosen for further study.
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Finally, the response of the actuator working against a uniform pressure p,
applied over the upper surface, is tested. The slender design of the bending actuator
limits its capability to work against loads: at p = 1MPa, the achievable actuation strain

Is reduced to &, ~1% and further increase in the load blocks the actuator, see

Fig. 3.21(c). This indicates that the potential applications of an actuator are closely
linked to its design. The potential applications for the nano-actuators explored in this

work are discussed in the next section.

3.5 Applications

The design and efficient performance of the nano-actuators discussed in this
chapter are largely determined by the nature of application. That is, an actuator is
commonly selected for a task, if the forces and displacements produced by the actuator
are in agreement with the requirements of the task. Following Huber et al. [117], a
‘performance chart’ mapping potential actuator applications based on the magnitude of
blocking pressure and actuation strain is shown in Fig. 3.22.

In Fig. 3.22, the actuators can be broadly categorized into force-type,
displacement-type and work-type actuators. In the force-type actuator, the primary aim
is to generate larger forces or work against large blocking pressures, while the
achievable displacements are treated to be secondary. For example, Fig. 3.22 shows that
the bulk piezoelectrics and bulk magnetostrictors produce significant blocking pressures
in the range 10-1000MPa, but offer small actuation strains ~0.1%. The clamped and
embedded actuators explored in this chapter work effectively against loads of up to
500MPa and can be classified as force-type actuators. The force-type actuators find

applications in automobile fuel injectors [118], where the pressurised fuel is to be
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injected at precise time intervals for efficient combustion. Force-type actuators are also

used in nano-tweezers or grippers [119], where the actuators are required to generate

large forces to ‘grasp’ an object, while producing small displacements. Table 3.1,

illustrates some examples of actuator applications, such as in the fields of automotive

industry [118], [120], biomedical applications [119], [121] and instrumentation [122],

[123].
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Figure 3.22: Performance chart for different actuator applications, modified from Huber

et al. [117]. The markers in black indicate the approximate high end performance of

various actuators/materials. The red markers indicate the performance of the nano-

actuator concepts explored in this work.
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By contrast, the displacement-type actuators can be defined to generate
enhanced displacements with their ability to work against forces being a secondary
objective, see Fig. 3.22. Pneumatic actuators [124] and solenoids typically offer large
strains 10—100%, however work against small loads of magnitude <1MPa. For
example, the chevron-beam actuators which are used to position micro-reflectors [125]
are not subjected to work against heavy loads, but are required to generate large
actuation displacements. A piezoelectric actuator with a five-bar mechanism [122]
generates large displacements that enhance positioning control and manipulation of
objects at the nanoscale. These actuators find applications as scanning probes in
microscopes that offer precise positioning and control. Mosadegh et al. [124]
demonstrate an application of the displacement-type pneumatic actuator in a ‘braille’
display. Here the actuators work against small loads arising from tactual reading but

generate large displacements ~700.m, see Table 3.1. Displacement-type actuators also

find applications in ‘haptic’ pressure devices [126]. These examples suggest that the
bending actuator developed in this study is best suited for applications that require

enhanced displacement at negligible loads, see Fig. 3.22. The bending actuator which

generates actuation strain &, = 15% and has a blocking force of about 1MPa is thus

classified as a displacement-type actuator.

Next, some applications are more readily specified by the work achieved in the
actuator stroke and the efficiency of energy conversion. These types of actuators are
classified as work-type actuators, see Fig. 3.22. The actuation of the braking system in
automobiles [123] and the micro-pump device in drug delivery system [121] are

classified under this category, see Table 3.1.
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Work-type
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Piezoelectric stack actuators in fuel injectors
[118]. Reprinted from Ref. [118], with
permission from Elsevier.

A shape memory alloy nano-tweezer selecting
a fiber on a body of Culex pipiens [119].

Five-bar mechanism for enhanced control of

nano-positioning and manipulation [122].
Reprinted with permission from Elsevier.

On

Haptic application of pneumatic actuators
for an electronic braille display [124].
Reproduced with permission of the Royal
Society of Chemistry.

out

{ Buckling actuator

n

Piezoelectric buckling actuators for the
efficient braking system in automobiles [123]

tube plate
valve

chamber plate
actuator_steel
actuator_PZT
cover plate
driver board
housing

Micropump application in precision delivery
of drugs or other fluids [121]

Table 3.1: Example applications of force-type, displacement-type and work-type actuator
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Finally, some potential applications of the embedded and bending actuators,
based on design, blocking pressure and actuation strains are considered. For example,
the force-type embedded actuator, can be designed as a nano-tweezer or a nano-gripper
as illustrated schematically in Fig. 3.23(a). This actuator can work against pressures of
up to 500MPa and can be effectively used to grip nanoparticles. The displacement-type
bending actuator, can be used in optical control, see Fig. 3.23(b). For example, the

bending actuator can control the position of a small micro reflector, in an optics device.

(@) (b) Optics

0 R s control
S 0 Microreflector
Gripping

Lg}t

Obj‘s%%t? : 'J(!:‘_Zg} 7 A
3 e

Figure 3.23: Schematic illustration of the a potential application of (a) embedded

actuator in a nano-tweezer, and (b) the bending actuator in a optics control system.
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3.6 Conclusion

Overall, the actuation strains produced by ferroelectric switching are several
times greater in comparison to the piezoelectric actuators in market, and this could be
exploited in nanoscale devices. The clamped and embedded actuators are bound by a
substrate and driven by an electric field. These actuators produce strains of the order of
0.4%, while the bending actuator, controlled by a set of electrodes distributed along the

beam length, exploits its slender nature to produce enhanced strains. The design

parameters such as aspect ratio A and in-plane strain &, have been explored to
enhance the achievable displacements for the embedded actuator. Aspect ratio A ~3
and substrate strain ¢, =&, was found to be a good compromise, because of reduced
end effects from mechanical clamping and reliability of a repeatable actuation cycle.
The effect of electrode coverage e., and angle of end rotation &, were explored for the
bending actuator. An electrode coverage e, =0.5 and angle of end rotation 8 =3° was

found satisfactory for the bending actuator. At these design parameter values, the
bending actuator cycled between a flat ground state and a curved actuated state. This
study of exploring the design parameter space for the actuators, also illustrated a

potential application for the embedded actuator (at A ~0.4) as a tri-state memory

element.



Scaling and surface effects on
polarization patterns

Kittel’s theory [127] predicts the formation of a closed loop structure of
magnetic domains in ferromagnetic nanoparticles. These structures are commonly
referred to as flux-closures or vortices, and have been widely observed in ferromagnets.
It is intriguing to note that although ferroelectrics are analogous to ferromagnets in that
they form domains, vortices formed from ferroelectric domains are rarely seen. Several
theories of ferroelectrics also predict the formation of vortex domain patterns. For
example, in chapter 3 the phase-field simulations of the embedded nano-actuator
illustrated the formation of a closed loop structure of polarized domains in the initial
state. These polarization vortices are important to the design of nanoscale actuators, and
possess tremendous potential in increasing the storage density of memory devices [20].

In this chapter, the elusive nature of the vortex polarization pattern is explored
using phase-field methods. Generic configurations of barium titanate nanowire cross-
sections are modelled and the energies of the vortex polarization patterns are calculated.
The effects of scaling, surface energy, surface conductivity and orientation of the

nanowire cross-section on the formation of vortex polarization patterns are explored.
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4.1 Vortex domain pattern

Recently, a significant amount of research has been directed towards finding
polarization vortices and studying their nanoscale properties in detail [19], [71], [102],
[128]-[135]. Polarization flux closures in the form of bundles of 90° stripe domains
oriented to form a vortex have been imaged by McGilly and Gregg in PbZr.42)Ti(5803
nanodots [136]. Similar stable flux closures have been observed by McQuaid et al.
[135] in BaTiOs. However, these flux-closures consist of 90° stripe domains and so
differ from the classic polarization vortex illustrated in Fig. 4.1(a), which is a well-
known structure in ferromagnetic materials [103], [104]. Polarization patterns
consisting of dipole flux closures or quadrupole chains, see Fig. 4.1(b), have been
observed [130], but these have 180° domain walls at their core and so they too differ
from the classic polarization vortex. Although, the direct observation of polarization

rotation Fig. 4.1(c) which facilitates the formation of a vortex has been established

TAAAA ARV ¥
Y YXVer SRARY

Figure 4.1: Schematic representation of polarization patterns (a) Classic polarization
vortex as predicted by Kittel [127] (b) Needle domains showing dipole flux closure “D”
after McGilly et al. [130] (c) Flux-closure along 180° domain wall, after Jia et al.

[138].
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[138], the classic vortex polarization pattern continues to be elusive. This leads to the
question — Why are polarization vortices not seen in experiments?

In the present work, commonly occurring polarization patterns consisting of
vortex and stripe domains formed on the cross-section of a barium titanate nanowire are
modelled using phase-field methods. The effect of scaling these domain patterns on
their free energy is explored, and the internal stress, strain and electric field developed
at equilibrium are discussed. Next the effects of surface energy and conductive
boundaries on the formation of polarization patterns in nanowire section are studied. A
‘phase diagram’ which identifies the minimum energy equilibrium domain pattern for
each combination of surface energy and nanowire width is mapped for both insulating
and conductive boundary conditions. Finally, the effect of orientation of the nanowire
section at an angle to the crystallographic axis of barium titanate is explored. The
results indicate that a classic polarization vortex in BaTiOs is favorable only in a narrow
range of conditions. Furthermore, surface energy, conductive boundary conditions and
orientation of the cross-section can significantly affect the formation of polarization
vortices — leading to complex domain patterns or loss of ferroelectricity. The length
scale at which a polarization vortex is energetically favorable is found to be smaller
than the typical size of nanoparticles in recent experimental studies in tetragonal

ferroelectrics.

4.2 Methods

A BaTiO3 nanowire in the tetragonal phase, with square cross-section is
modelled in isothermal conditions. The wire is assumed to extend indefinitely out of

the model plane, such that plane strain and electric field conditions apply. Minimum
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cross-sectional widths of the nanowire, L = 20nmare considered, noting that
ferroelectricity has been observed in BaTiOz structures from a few nanometers in size
upwards [139], [140]. The wire is assumed to be simply supported, with traction free
and charge free surfaces as shown in Fig. 4.2.

The Helmholtz free energy ¥, of the domain pattern formed on the nanowire

section is described by the phase-field model as a sum of the gradient energy v, and

the domain energy v, :
W=y, +yy (4.1)

The gradient energy w, includes energy due to polarization variation at domain walls

or near surfaces and is given by:
1
¥y :Eaijklpi,jpk,l (4.2)

The domain energy ,, accounts for the contributions from bulk, elastic, piezoelectric

and dielectric energy, due to distortion away from the spontaneously polarized state and

is described by:
—%EP. %g‘uklpppp
1= 1=
+ga'ijklmnPP P PP P +8auklmnrsPPj I:)kl:)ll::’ml:)nprl:)s
1 1
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The nodal values of displacement u, and polarization P, are computed using the phase-

field model, and enable the computation of strain ¢; and polarization gradient B
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Figure 4.2: Schematic representation of boundary conditions on the nanowire cross-

section.

respectively. These values are then employed to calculate the energy density of the
domain patterns, as discussed in section 2.2 of chapter 2. The element size chosen for
these simulations is such that a 180° domain wall spans four elements, i.e., the typical
element size is 0.5nm.

The simulations are initialised with a randomized polarization field, where the

magnitude of polarization component on each node (P fori =1,2) is assigned a value

in the range, _—;0$|Pi| s%. Here, P, =0.26C/m’ and the domain patterns are relaxed

to approach equilibrium. A detailed description of initialising the phase-field simulation
with a randomised polarization field is discussed in section 2.4 of chapter 2. Different
sets of randomized polarization fields are generated in the initial state at a given
nanowire size, to identify the commonly occurring domain arrangements at equilibrium.
Next, the domain patterns formed on nanowire sections of increasing width
20nm < L <45nm are explored.

The equilibrium domain patterns formed at the nanowire width L = 20nm are
shown in Fig. 4.3. Here, the phase-field model finds multiple domain configurations at

equilibrium, when initialised with different polarization states. The presence of the
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insulated boundary condition enforces the formation of flux closures; however these
patterns differ based on the number and type of domains contained in them. This

difference accounts for the range of normalized free energy values 7 =0.53—0.61 for
the domain patterns in Fig. 4.3. v = (v, —w)/w,, where y, is the free energy per unit

volume of a spontaneously polarized monodomain and further details of the
normalization constants are given in section 2.3 of chapter 2. Note that the equilibrium
domain patterns are not necessarily global minimum energy states for the given set of
boundary conditions. Several local energy minima can be found by varying the order
parameter (polarization field). However, the formation of the classic polarization

vortex is seen here, at the 20nm length scale. Similar simulations are next carried out at
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Figure 4.3: Equilibrium domain patterns in nanowire cross-section at L = 20nm. The
subfigures (a-j) illustrate polarization patterns formed at equilibrium, when the phase-
field simulations were initialized with different sets of randomized polarization fields.

w is the normalized free energy for each domain pattern at equilibrium.
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Figure 4.4: The subfigures (a-j) illustrate equilibrium domain patterns in nanowire

section at L = 30nm, when phase-field simulations were initialized with different sets of

randomized polarization fields. 7 is the normalized free energy of the domain pattern.
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Figure 4.5. The subfigures (a-j) illustrate equilibrium domain patterns in nanowire

section at L = 45nm, when phase-field simulations were initialized with different sets of

randomized polarization fields. 7 is the normalized free energy of the domain pattern.
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increased nanowire widths, L =30nm and L =45nm as shown in Fig. 4.4(a-j) and
Fig. 4.5(a-j) respectively.

At L = 30nm, a domain pattern with double flux closures each containing a 180°
domain wall is common, for example see Fig. 4.4(a), with normalized free energy for

the domain patterns varying in the range  =0.433 — 0.481. The classic vortex is

occasionally seen (Fig. 4.4(h)). At L = 45nm flux-closures with multiple stripe-like

features are typical, see Fig. 4.5(f), and possess 7 in the range 0.345 — 0.427. On

increasing the nanowire width size, the probability of the formation of a classic 90°
vortex domain pattern (Fig. 4.1(a)) reduces and the normalized free energy range
decreases.

Next, domain patterns formed on nanowire sections with varying length scale
are explored. Here, the nanowire sections with width 20nm < L <45nm are simulated
with elements of size 0.5nm, starting with a randomized polarization field in the initial
state. Note that the simulations illustrated in Fig. 4.6 were carried out with element size
of 0.25nm, and similar results were obtained. As such there is not very significant mesh
dependency. The free energy of the domain patterns formed at each value of L is
computed and shown in Fig. 4.6.

A gradual decrease in the normalized free energy of the domain patterns with
increasing nanowire width is observed; the normalized free energy curve approximately
follows 1 = KL™®* where K is a constant. From randomized starting initial state and
for the range of cross-sectional widths explored, the simulation converged on
equilibrium states which frequently resulted in one of the three types of domain
arrangement shown in Fig. 4.7(a—c); Similar domain patterns were also seen by

Xue et al. [74] where these structures were found using Monte Carlo methods.
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Figure 4.6: Free energy curve for domain patterns formed on nanowire sections of

width, L. Inset diagrams indicate the polarization P, for the domain patterns at

equilibrium.

The first polarization pattern seen in Fig. 4.7(a) consists of four quadrant
domains fitting together to form a classic vortex and is referred to as a type | domain
pattern. The type Il domain pattern is identified with two vortices and stripe domains as
shown in Fig. 4.7(b). In the type Il domain pattern the 90° vortex core is separated into
domain junctions by the introduction of a 180° domain wall. This structure is closely
related to the double-closure pattern with domain wall vertices as observed by McQuaid
et al. [131] and has been discussed by Srolovitz and Scott [141] as an energetically
favoured pattern in comparison to type I. The type Ill domain pattern shown in
Fig. 4.7(c) is a more complicated domain pattern containing a combination of flux

closures and stripe-like domain patterns. Having established three types of polarization
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Figure 4.7: Polarization, P,, of the three commonly occurring polarization patterns in

nanowire sections, L =40nm, (a) type | (b) type Il (c) type III.

patterns with vortex and stripe domains that can typically form on the nanowire section,

the effect of scaling on these domain patterns is next studied.

4.3 Scaling effects

Nanowire cross-sections of size 20-80nm are simulated with initial conditions
that forced each of the three patterns of Fig. 4.7 to form. This is achieved by initializing
the simulation with the polarization at each node set to match one of the domain
patterns in Fig. 4.7, while the nodal displacements and electric potential are initialized
at zero. If the simulations reached equilibrium without pattern change, this indicated the
stability of the pattern and the associated energy is thus found as a function of size. The
internal stresses and electric fields developed in each of the domain patterns are also
studied. As the size is increased, the type | pattern remained stable, but other patterns
became energetically favorable.

The resulting free energy for each of the three types of polarization patterns
obtained from the phase-field simulations is shown in Fig. 4.8(a) as a function of
nanowire width, L. The energy curves in Fig. 4.8(a) for the three types of polarization

patterns decrease with increasing size of the cross-sectional widths. This is explained by
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the reduction in percentage of the domain wall volume fraction with increasing size,
which reduces the gradient energy contribution per unit volume of the domain pattern.
At smaller nanowire widths, L < 30nm, the type | domain pattern is of lower energy in
comparison to types Il and Ill, due to lower volume fraction of domain walls. The
energy curves of type | and type Il cross at L ~34nm indicating a dependence of
minimum energy state upon nanowire width. The type Il pattern is not stable for
L <35nm: even if the simulation is started with polarization matching the type IlI
pattern, other flux closures with lower energy form. The lower size limit for stability of
the type Il pattern is indicated by “A” in Fig. 4.8(a). Also shown in Fig. 4.8(a) are the

results obtained from starting the simulations with randomly polarized states, taken
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Figure 4.8: (a) Normalized free energy values as a function of nanowire width for three
types of polarization patterns obtained from phase-field simulations. (b) Total free

energy per unit width, ., / L versus L, showing best fit straight lines.
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from Fig. 4.6. These data jump back and forth between the main three types of
polarization pattern indicating that the stable state found is highly dependent on the
initial conditions.

Since the model size is much larger than the intrinsic length scale due to domain
wall width, the total energy in volume V due to polarization gradient, _[y/gdv , scales
approximately with domain wall area. Defining the volume to have an out-of-plane
depth D, the gradient energy of a given domain pattern is proportional to the area LD .

The domain energy in volume V is jt//ddV , and it scales with the volume of polarized
domains as a function of L’D. The total free energy w,, for a domain pattern is then

defined as dev . From Eq. (4.1) the total free energy in volume V is then given

approximately by:

v, =aLD+bL?D (4.4)
where the coefficients a and b for each type of polarization pattern can be estimated
using linear regression of the data in Fig. 4.8(b), see results in Table 4.1.

For a given nanowire width, L, the gradient energy, y, of the three types of

polarization patterns is related by type Il > type Il > type |, as the domain patterns
represented by type Il and 111 possess more domain wall per unit volume in comparison

to type I. However, the domain energy y, for these domain patterns follows the reverse

order type | > type Il > type Il (Table 4.1). This is due to the relatively large elastic
energy arising from disclinations at the 90° vortex core in type | domain pattern, which
is reduced by the introduction of 180° domain walls in the other patterns. Thus the

multidomain patterns, such as type Il and 11, reduce their domain energy at the cost of
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Pattern a(x10°J/m?) b (x 10%*J/md)
Type | 1.57 -2.23
Typell  2.80 -2.59
Type Il 3.59 -2.60

Table 4.1. Coefficients a and b governing energy contributions to the total energy for

the three types of polarization pattern.

increased domain wall energy. This can also be seen qualitatively from the mechanical

and electrical fields present in the various patterns at equilibrium. The in-plane

components of stress oy and strain &; for the three types of polarization patterns at
L =40nm are shown in Fig. 4.9(a—c), while the electric fields E, developed are shown
in Fig. 4.10(a-c). Tensile stresses of the order of o, are observed at the domain

junctions which arise from misfit stresses, while compressive stresses are observed in

the uniformly polarized domains. The key observation from Fig. 4.9 is that the type I
pattern contains a highly stressed central region (see 0y;, O,, plots in Fig. 4.9(a)),

while the type Il and type Il patterns as shown in Fig. 4.9(b, c), have reduced average
stress magnitude because of the formation of bands of 180° domains. Thus the elastic
energy contribution arising from these stress fields is smaller in the type Il and IlI
domain patterns. This is consistent with the appearance in the type 1l and I1I patterns of
regions whose strain values are close to those of the monodomain in a spontaneously
polarized state. As expected, these spontaneously polarized domains possess near zero

stresses, while similar spontaneously polarized domains are not found in the type |
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Figure 4.9: Normalized stress o;; and strain ¢; fields in the three types of polarization

pattern (a) type I (b) type Il (c) type Ill, where o, =692MPa, &, =0.0082.

pattern. This indicates a significant contribution from elastic energy to the net energy of
the type | pattern.

Local electric fields develop at 90° domain walls in the three types of polarization
patterns, while near zero or negligible electric fields are observed at the 180° domain
walls and in the rest of the domain pattern, see Fig. 4.10(a-c). The direction of electric
fields developed at the 90° domain walls produces a depolarizing effect on the
neighboring domains. At these domain walls, the ferroelectric crystals are not in their
spontaneous states due to misfit stresses. In type Il and type Il domain patterns, the
depolarization field also exists at the domain junctions as seen in Fig. 4.10(b, c).

When L <34nm, the percentage contribution of the gradient energy v, to v is

significant at about 30%, thereby causing polarization patterns with greater domain wall

area to possess greater energy, Fig. 4.8(a). This makes the classic polarization vortex

0.5

-0.5
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Figure 4.10: Electric fields E; developed in the equilibrium domain patterns (a) type |

(b) type 11 (c) type Ill. E, =21.82MV/m.

(type 1) energetically favorable when L <34nm. However, for L >50nm the domain

energy w, is a primary contributor to the net energy of the polarization pattern. Thus
for L >50nm, polarization patterns with stripe domains become favorable. The balance
of the energy contributions: y, v, and nanowire width, L determines the minimum
energy polarization pattern, Fig. 4.8(a, b). From Eq. (4.4) the energy is well fitted by

Viot

a . . .
L2D:E+b’ and in the limit as L becomes large, total energy per unit volume,

W‘g —b. Hence the curves in Fig. 4.8(a) asymptotically approach a constant energy

per unit volume. This suggests that the type 111 domain pattern will become favorable
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at larger scales. However in the present study calculations did not go beyond L =80nm
due to computational power requirements discussed in section 2.8 of chapter 2; it is
likely that other low energy patterns will become favorable before the cross-over from

type 11 to type 11 is reached.

4.4 Surface energy effects

Up to this point, the effects of surface energy on polarization patterns were

neglected. However, at the nanoscale, surface energy y is known to affect the

formation of ferroelectric domains [142]-[144]. For BaTiOs nanowires, experiments

and theoretical considerations suggest y values of about 0.68N/m [140], [145],

however the presence of depolarization field and surface layer effects have led to much

greater estimates of y, around 10N/m [145]. Other authors found values within this

range depending on shape and surface conditions including chemical environment
[143], [144]. Hence, in the following phase-field simulations, surface energy values in

the range ON/m <y <10N/m are considered.

Morozovska et al. [30] model the effect of a surface tension proportional to local
curvature of cylindrical nanoparticles and nano-rods, via the free energy function. In the
present work involving a square cross-section nanowire, a surface tension proportional

to local curvature results from non-zero y. That is, in the nanowire section containing

flux-closure patterns, the polarization is parallel to the nanowire section boundaries. In
these cases, the surface tension can be approximated as a force parallel to the nanowire
boundaries [146], except at the corners where the forces add up resulting in a non-zero
value. This effect of surface tension can be approximated by applying surface force

boundary conditions at corners only, neglecting second order effects on surface
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Figure 4.11: Schematic representation of modelling surface energy y on a square

nanowire cross-section with insulated surfaces.

curvature due to deformation, as shown in Fig. 4.11. Note that nanowire cross-sectional
corners with constrained displacements are not subjected to these surface forces in the

simulation. The surface effect on the Helmholtz free energy w in a narrow region near

the nanowire surface is also neglected. Local polarization orientation relative to the

surface could also affect the value of y, resulting in an anisotropic, or orientation

dependant surface tension. However, since this study focuses on flux closures, it is
expected for the polarization to be parallel to the surface and so this effect can be
neglected. A charge free or an insulated surface is considered by applying the zero

normal component of electric displacement D.n. =0 along the surface nodes of the

nanowire.

Here, a nanowire section is initialized with a domain pattern identified to
possess minimum energy at a given size (see Fig. 4.8(a)). For example, at a cross-
section size, L =20nm the type | domain pattern is calculated to possess lowest energy.
The simulation is therefore initialised with the nodal values of displacement, electric

potential and polarization of the type | domain pattern. Surface energy vy is
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subsequently modelled by applying corner forces on this domain pattern and
incremented in steps of 1N/m. Equilibrium domain patterns are found at the end of each
step. The effect of surface energy on nanowire sections with varying width is thus
explored. To vary the width L, the simulation is started with a new size and the

corresponding minimum energy pattern, with y=0.

A “phase-diagram” mapping the minimum energy equilibrium state for each

combination of y and L, with the insulating boundary conditions, is shown in

Fig. 4.12. Boundaries on the diagram indicate approximately the location of points
where the polarization patterns associated with the adjacent regions have equal energy;
markers show specific points calculated on each boundary.

In an insulated nanowire section, Fig. 4.12, type | polarization pattern is the
minimum energy arrangement in a region with 10nm < L <30nm approximately, and

surface energy, vy <4N/m. At larger nanowire widths a similar range of surface energy

favors the type Il domain pattern as the lowest energy state. Insulated BaTiO3
nanowires are non-ferroelectric for combinations of high values of surface energy,

v >4N/m and low values of width, L <10nm. This is manifested in the model by the
disappearance of tetragonality &, =¢,, =0and polarization P, =P, =0. However, at

greater values of nanowire widths (L > 40nm) ferroelectric properties are retained; the
domain patterns formed are significantly affected by surface energy. Here, complex
patterns with multiple domains are favored. Note that the markers which divide type |
and type Il domain patterns in Fig. 4.12, change towards smaller values of L with
increasing surface energy. This indicates that the length scale at which the vortex
domain pattern can be a low energy solution decreases with increasing values of surface

energy.
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The equilibrium domain patterns formed at L = 20nm along section AA’ in
Fig. 4.12 are shown in Fig. 4.13(a-d). The type | domain pattern is retained with
negligible changes up to surface energy of y~3N/m, see Fig. 4.13(a). At y=4N/m,
the type | or the vortex domain pattern is no longer found at equilibrium and a domain
pattern with a 180° wall at its centre appears, see Fig. 4.13(b). Meanwhile, unit cells at

the corners of nanowire section approach the cubic state, as these regions are in
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Figure 4.12: Phase diagram showing minimum energy domain patterns with insulating

boundary conditions. Inset diagrams show typical patterns of polarization P, /P, .
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proximity to the applied surface forces. On increasing the surface energy to y=5N/m,

stripe-like domains appear leading to the formation of complex domain patterns, see
Fig. 4.13(c). At y=6N/m, the nanowire section loses ferroelectricity as shown in
Fig. 4.13(d).

The average c/a ratio or tetragonality for BaTiOs in the nanowire section

L = 20nm varies with surface energy, and is calculated as

g

where &; is the strain evaluated at the Gauss points or integration points in each element and V

1+¢,, _1‘d_V

1+, \%

is the volume of the domain pattern assuming unit depth. Fig. 4.14 shows the variation of the
c/a ratio with increasing surface energy y. At y=0, the tetragonality is estimated to be

~1.004, which is less than the 1.01 value that corresponds to the spontaneous strain state of
BaTiO;. This deviation in the tetragonality is attributed to the presence of non-spontaneously

polarized unit cells at the domain walls and near the nanowire surfaces. The average c/a ratio
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Figure 4.13: Equilibrium domain patterns formed along AA’ in nanowire section of

L = 20nm for surface energy (a) y=3N/m (b) y=4N/m (c) y=5N/m (d) y=6N/m.
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Figure 4.14: The c/a ratio for a vortex (type 1) domain pattern of size L =20nm with

increasing surface energy.

with increase in surface energy, except at y = 4N/m where the average tetragonality of

the domain pattern increases. This increase is due to the appearance of polarized
domains at the edges of the nanowire section which was previously non-ferroelectric.
A complex polarization pattern with stripe-like domains is commonly found in this

range of surface energy value. On increasing the surface energy to y = 6N/m, c/a—1

as the nanowire section becomes non-ferroelectric and attains a cubic state.
The equilibrium domain patterns formed along BB’ in the phase-diagram, with

surface energy y = 2N/m are shown in Fig. 4.15. For L < 10nm, the nanowire section is

non-ferroelectric. A type | domain pattern is found to be stable and is a minimum

energy state for nanowire widths in the range 10nm <L < 33nm. At L = 34nm, both
type | domain pattern and type 1l domain patterns can form in equilibrium, however a
type Il domain pattern is of lower energy as indicated on the phase-diagram. Similar

simulations are carried out at different y values to identify the minimum energy domain

patterns on the phase-diagram.
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Figure 4.15: Equilibrium domain patterns formed along BB’ at surface energy

v = 2N/m for nanowire widths, (a) L = 9nm (b) L = 10nm (c) L = 32nm (d) L = 34nm.

4.5 Surface conductivity effects

The effects of scaling and surface energy on the domain pattern formation are
significant and have been demonstrated using phase-field simulations. However, these
effects were studied on a section with insulated surfaces, and the effect of surface
conductivity has not yet been explored. The presence of conductive surfaces can be
expected to assist in the development of surface charges, which might affect the
formation of vortex domain patterns. These surfaces can be envisaged to arise in
conductive environments with charged particles, such as hydrogen H* and hydroxyl
OH-" ions that accumulate on a ferroelectric surface, and support a non-zero average
polarization. For example, nano-particles in humid air commonly attract a layer of
water molecules that can dissociate into ions to enable a redistribution of charge.

In this section the conductive surfaces are modelled by applying zero voltage,

¢ =0 on the boundary nodes as shown in Fig. 4.16. The surface forces and simple

supports are modelled as before. A monodomain pattern is then found to be stable with
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Figure 4.16: Schematic representation of surface energy 7y, modelled using surface
forces and surface conductivity ¢ boundary condition on a square nanowire Cross-

section.

conductive surfaces and zero surface energy across a very wide range of widths L. This
is consistent with the fact that the nanowire section is free to attract charges to stabilize
a net polarization in the spontaneous state. Starting from this initial state, surface
energy v is incremented in steps of 1N/m, and the equilibrium domain configurations
are found.

A phase-diagram corresponding to each combination of y and L of a nanowire
with conductive surfaces is shown in Fig. 4.17. Scaling of the nanowire width with
surface energy up to 2N/m has negligible effect on the monodomain pattern found to be
stable throughout this range. However, with the surface energy y >4N/m and nanowire
widths 10nm < L <20nm, complex domain patterns with multiple band-like domains
are observed. In these domain patterns, the unit cells close to the edges of the nanowire

section are in the cubic state. For surface energy y>4N/m and nanowire widths

L <10nm, a non-ferroelectric region is observed where all unit cells in the nanowire

section are in the cubic state.
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Next, it is interesting to compare the phase-diagrams of nanowire sections
modelled with insulated, see Fig. 4.12, and conductive boundary conditions, see
Fig. 4.17. The non-ferroelectric region in the phase-diagram with conductive surfaces is
narrower than the corresponding region for a nanowire with insulated surfaces. This is

because the conductive boundaries attract surface charges that support a net polarization
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Figure 4.17: Phase diagram showing minimum energy domain patterns formed on

nanowire sections with conductive surfaces. Inset diagrams show typical patterns of

polarization P, / B, .
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in the nanowire section for sizes 10nm < L <20nm, despite large values of surface

energy, y>4N/m. By contrast, the nanowire with insulated boundaries does not allow

for the formation of surface charges, and is non-ferroelectric for L <20nm and

v >4N/m. For nanowire sizes, L>20nm and surface energy, y <10N/m a simple

monodomain pattern is a low energy solution with conductive boundaries. However in

this range of L and y, nanowires with insulated boundaries tend to form complex

domain patterns with multiple domains and domain walls as a low energy pattern.
Complex domain patterns are also found in nanowires with conductive boundaries,

however these patterns only occupy a small region 10nm <L <20nm and y>4N/m.

Finally, Fig. 4.17 indicates that the vortex domain pattern does not occur as a low
energy solution in a nanowire with conductive surfaces.

A closer look at the equilibrium domain patterns formed at L =10nm in
Fig. 4.17 with increasing surface energy along the section AA’ is given in Fig. 4.18.
Here, the increase in surface energy narrows the polarized region in the nanowire

section forming a band-like pattern, that finally collapses to a cubic state at y ~ 8N/m.

(a) (b) (¢) )] (e)

0 0.5 1

Figure 4.18: Equilibrium domain patterns formed along AA’ at surface energy values

(@) 3N/m (b) 5N/m (c) 6N/m (d) 7N/m (e) 8N/m.
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Figure 4.19: Equilibrium domain patterns formed along BB’ at surface energy

¥ = 9N/m at nanowire width, L (a) 12nm (b) 13nm (c) 16nm (d) 17nm (e) 30nm.

The domain pattern transition from the non-ferroelectric through to the
monodomain state at y = 9N/m, along the line BB’, is shown in Fig. 4.19. At this
surface energy, nanowire widths L < 12nm are non-ferroelectric, while band-like
domain patterns sandwiched in a non-ferroelectric region appear at L =13nm.

Increasing L to ~16nm P, domains appear, resulting in the formation of 90° domain

walls. As the width increases, the effect of surface energy on the domain patterns
decreases, and a uniformly polarized monodomain is supported for L > 30nm.

The average c/a ratio or tetragonality of barium titanate with conductive
surfaces is plotted as a function of surface energy as shown Fig. 4.20(a). At L =20nm

and y =0, the ratio is about 1.01 and is consistent with the value predicted for BaTiO3

by Hoshina et al. [139]. The tetragonality reduces with increasing surface energy,
however this decrease is more gradual than that of Fig. 4.14 (with insulated surfaces)
and higher values of surface energy are required to force the BaTiO3z nanowire into the

cubic state with conductive surfaces. At y = 12N/m, the c/a ratio rises as a complex

domain pattern is formed and this differs from the monodomain formed at lower values

of surface energy. At y~21N/m the c/a ratio is ~1 indicating the cubic structure of
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BaTiOs in its non-ferroelectric state. Next, the variation of the c/a ratio at surface

energy y=5N/m is explored across a range of nanowire width, see Fig. 4.20(b). The

nanowire section is non-ferroelectric up to L~7nm, beyond which the effect of surface
energy is minimal and a monodomain is found at equilibrium at increasing widths of the
nanowire section. This drop in tetragonality with decreasing size of the nanowire
section is similar to the experimental observations made on BaTiO3z nanoparticles by
Hoshina et al. [139], see Fig. 4.21. In this study, the size dependence of tetragonality is
reported and a gradual increase in the c/a ratio is noted, with increasing size of the
sample. Tetragonality is lost, that is c/a—1 for a nanoparticle of size ~30nm,
indicating phase transformation from the tetragonal state to a cubic state at this size, see
Fig. 4.21. On the other hand, the phase-field simulations indicate such a transformation
to occur at L ~ 7nm. This difference in sizes between the experimental observation and
the present phase-field study can be attributed to the following reasons: at first, the
BaTiO3s nanoparticle is three dimensional, where the polarization is allowed to switch

out of plane. By contrast, the phase-field simulations are two-dimensional (2D) with
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Figure 4.20: The c/a ratio for domain patterns formed with conductive surfaces as a

function of (a) surface energy at L = 20nm (b) nanowire size with y =5N/m .
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Figure 4.21: Experimental observation of particle size dependence of tetragonality

(c/a) for BaTiOs fine particles with sizes 20nm to 1000nm, obtained from Hoshina et

al. [139].

in-plane strain and electric field conditions. This prevents out-of-plane polarization
switching and could possibly assist in retaining the in plane tetragonal state at smaller
sizes of the nanowire section. Secondly, the BaTiOs nanoparticles in Hoshina et al.
[139] are prepared from a thermal decomposition process. This differs from the phase-
field simulations, where a monodomain in various nanowire sizes is modelled and
subjected to surface forces. The presence of a uniformly polarized monodomain in the
initial state (i.e., absence of domain walls) of the nanowire section, can be expected to
require large surface forces or small nanowire sizes to undergo uniform phase
transformation. Further, the presence of defects in BaTiOs nanoparticles, the
temperature at which the experiment was conducted ( ~24°C ) could also affect the

nanoparticle size at which the tetragonality approaches 1.
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4.6 Orientation of nanowire section

So far, nanowire sections with boundaries parallel to the BaTiO;
crystallographic axes were considered. In these cases polarized domains formed parallel
to the boundaries and under insulating conditions a classic vortex domain pattern
containing 90° quadrant domains was found. However, this may not happen in
nanowire sections whose boundaries are at an angle to the crystallographic axes. This is
because insulating conditions place an energy penalty on any polarization component
normal to a surface, while the multi well free energy function favours polarization along
the crystallographic axes. To explore this orientation effect on the formation of domain
patterns, an ‘angled’ nanowire section modelled with simple supports, traction-free and

charge-free boundary conditions as shown in Fig. 4.22 is employed. Note that these

Figure 4.22: Schematic representation of the boundary conditions on the angled

nanowire section.
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boundaries possess step-like features of ~Inm in size, comparable to atomic steps in the
BaTiO; surface. The lattice parameter is ~4A.

The simulations are initialized with a randomized polarization field, and the
domain patterns formed in nanowire sections of size in the range 22nm to 53nm are
explored. Examples of typical domain patterns formed on these sections are shown in
Fig. 4.23.

The presence of charge-free or insulated boundary conditions leads to the
formation of flux closures in Fig. 4.23. These domain patterns contain numerous small
stripe-like domains, which possess pointed or sharp corners at the boundaries of the
nanowire cross-section. Since the nanowire section is modelled at an angle to the
crystallographic axis, the polarized domains do not form parallel to the boundaries of
the nanowire section. These boundaries frustrate the flux-closure domain arrangement,

leading to the formation of multiple stripe-like domains. The nanowire region close to
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Figure 4.23: Typical domain patterns formed on the angled nanowire section of BaTiOs

with insulated boundary conditions.
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. . C .. . .
the boundary is non-ferroelectric (—zlj. Similar vortex-like domain patterns have
a

been observed in larger BaTiO3 nanodots by Schilling et al. [147], see Fig. 4.24. These
domain patterns were found to contain several bundles of stripe-like domains, when the

nanodots were cut out at an angle to the crystallographic axis. Unfortunately, as the

Figure 4.24: Scanning transmission electron microscopy images showing packets of
90° stripe domains formed in BaTiO3 dots [147]. Reprinted with permission from Ref.

[147]. Copyright 2009 American Chemical Society.
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Figure 4.25: Free energy curve for the angled nanowire cross-section.
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computational costs scale steeply with nanowire width as discussed in section 2.8 of
Chapter 2, the current simulations are limited to about 53nm size nanowire sections.

The normalized free energy, v =(y,—y)/y,, of the various domain patterns
formed in the angled nanowire cross-section as a function of its width is shown in
Fig. 4.25. This again follows the relation 7 = KL with K constant, as found in the
square nanowire section aligned to the crystallographic axes, see Fig. 4.6. From Fig. 4.6
and Fig. 4.25, it is interesting to note that although 17 = KL™®* is valid for both the
nanowire sections, the value of 7 is larger for an angled section in comparison to a

square section for a given size L. This is because the domain patterns formed on the
angled sections typically contain several domain walls which contribute to the increased
energy of the domain patterns. Further, the unit cells along the edges of the angled
section are non-ferroelectric and are in the cubic state. This is because the insulated
boundaries do not allow polarization normal to the surface, and the crystallographic
direction of polarization in the unit cells is not favoured. This non-ferroelectric state

contributes to increased energy of domain patterns formed in the angled section.

4.7 Discussion and comparison with experiments

The phase-field study on the effects of scaling, surface energy, surface
conductivity and orientation of the nanowire section are consistent with several aspects
of experimental observations. In this section, the available literature on polarization
patterns observed in experiments are discussed and compared with the results from the
phase-field simulations.

The classic (type 1) polarization vortex with 90° quadrant domains has not yet

been clearly observed in ferroelectrics, even when the experimenters are setting out to
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make these vortex patterns [102], [129], [130], [133]-[136], [148]. For example,
McQuaid et al. [135] pole a single crystal BaTiO3z and subsequently remove the electric
field to relax the domains towards a flux-closure domain pattern. In this experiment,
platinum electrodes are used due to its low conductivity which could facilitate the
formation of a vortex pattern. However, the results indicate the formation of a
mesoscale flux-closure polarization pattern in BaTiOs that contains several stripe
domains, see Fig. 4.26(a). This pattern differs from the classic (type 1) polarization
vortex that contains uniformly polarized quadrant domains. In another experiment by
L. -W. Chang et al. [132] a thin lamellae of lead ziroconate niobate — lead titanate is
cooled through its Curie temperature to facilitate the formation of a vortex polarization
pattern. The thin lamella is expected to favour in-plane polarized domains and cooling
the material allows for the domain states to evolve under natural conditions. Once
again, flux closures with multiple 90° stripe patterns are observed to form at
equilibrium, see Fig. 4.26(b). Although the work identifies the presence of a flux-
closure pattern with uniformly polarized domains at the junction of the stripes, these
patterns do not contain the 90° vortex core as expected for a classic polarization vortex.
Other experiments [131], [133], [136] identify the formation of vortex-like or flux-
closure domain patterns, however the observations differ from that of a classic
polarization vortex, see Fig. 4.26(c-e).

This lack of experimental observations of the classic (type I) polarization vortex,
despite the favourable experimental conditions, such as low conductivity electrodes, can
be explained by two factors. First, the scale and surface energy effects discussed in
section 4.3 and 4.4 respectively are important. Typical experiments [102], [129], [130],
[133]-[136], [148] which map in-plane polarization patterns use sample sizes of order

100nm upwards see Fig. 4.26. The phase-field simulations conducted in the present
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(b)

Figure 4.26: Polarization flux closures with Siripe-like features observed in
(@) mesoscale single crystal BaTiOz [135] (b) single crystal PZNPT lamella [132]
(c) polycrystalline PZT [133] (Copyright 2010 by the American Physical Society) (d)
lead zirconate titanate nanodots [136] (e) BaTiOs platelets [131]. Copyright

2011/2013/2014 American Chemical Society.

work suggest that the type | vortex is a high energy state at this length. The classic
vortex domain pattern is identified to possess low energy for length scales up to ~35nm.
At large length scales, >35nm, polarization patterns with 180° domain walls at the
vortex core (type Il) are predicted to form. Domain patterns similar to the type II
polarization pattern have been observed in experiments that identify flux closure
domain patterns at the junction of domain bundles [130], [148], see Fig. 4.27(a-b). At

length scales 80nm upwards, complex domain patterns with several stripe-like features
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Figure 4.27: Band-like domains with 180° domain wall at the vortex core observed
in BaTiOz lamella. Images modified from (a) McGilly and Gregg [148] (b) McGilly et
al. [130]. Reprinted from Ref. [148] and [130], with permission of AIP Publishing and

American Chemical Society, respectively.

are calculated to be of lower energy. This is consistent with the experimental
observations, where complex domain patterns including several or many domains are
typical [102], [130], [136].

A second reason for the possible lack of vortex polarization patterns can be
attributed to the surface conditions discussed in section 4.5. Surface environments in
experiments often include polar or ionic species that may act as charge carriers,
providing some conductivity [140], [147], [149], [150]. In these conductive conditions
the phase-field simulations suggest that the type | vortex is unlikely to form. This can
be observed in experiments where complex domain patterns with polarization normal to
the surfaces form as a result of surface charges. For example, in the work by Schilling
et al. [147], the 90° domains form and arrange into quadrant packets with outward
polarization, to minimize the energy due to uncompensated surface charges, see
Fig. 4.28(a). In another work by the same research group, [150] a quadrupole domain

configuration, see Fig. 4.28(b) was formed in response to the electrostatic boundary
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conditions. These features indicate that the presence of surface charges do not favour
the formation of a vortex pattern, and are consistent with the phase-field simulations in
section 4.5.

In Fig. 4.28(b), the shape of the nanodot, i.e., the crystallographic orientation of
the ferroelectric specimen, also affected the polarization pattern formed at equilibrium.
That is, the boundaries of the nanodot were oriented at an angle to the crystallographic
axis. This angled orientation caused increased frustration in the polarization patterns,
encouraging the formation of multiple stripe-like domains [147]. This effect was also

seen in the phase-field simulations (section 4.6) that explore the effect of orientation of

the nanowire section on the formation of polarization patterns.

(b)

Figure 4.28: Complex domain patterns formed with charge compensated boundary
conditions in (a) BaTiOsz nanodots [147] (b) BaTiOs platelets [150]. Subfigures
illustrate the stripe domain pattern with a schematic illustration of the polarization
orientation in these patterns. Reprinted with permission from American Chemical

Society and American Physical Society, respectively.
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Other features of the phase-field simulation results that agree with experimental
observations include the loss of tetragonality at small scales; this has been observed in
barium titanate nanowires at scales of 10nm or less [151]-[153]. In the work by Spanier
et al. [140], ferroelectric phase transition (from tetragonal to cubic phase) in BaTiO3

nanowires placed in an environment of hydroxyl (OH) and carboxylate (R-COQ)

adsorbates is depressed at smaller length scales. That is, for large surface energy and
temperatures below Curie point, nanowires are typically expected to be non-
ferroelectric. However, when the nanowires are placed in a conductive environment,
ferroelectricity is supported. This is because the polarization in the nanowires is
stabilized by surface charges. This observation of ferroelectricity at smaller nanowire
sizes is consistent with the phase-diagram for nanowires with conductive boundaries in
Fig. 4.17.

So far, the experimental observations in ferroelectrics indicate that a classic
polarization vortex (type 1) is elusive in nature. Finally, it is of interest to consider why
vortices do form in magnetic materials. Although ferromagnets possess analogous
properties to ferroelectrics, it is important to note a key difference in properties between
the two materials. That is, it is impossible to separate magnetic south and north poles
(that is, they always exist in pairs), while uniformly polarized monodomains are
observed in ferroelectrics [154]. Spontaneously polarized monodomains (electric
monopoles) exist in ferroelectrics even in the absence of an external electric field and
represent the low energy state of these materials. By contrast, magnetic monopoles are a
high energy state in the absence of a magnetizing field. Thereby under natural
conditions (free of external magnetic field) magnetic domains arrange to a pattern that
minimizes the total energy — an important part of which is the magnetic stray field

energy [155]. A common example of a magnetic domain pattern that reduces the stray
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Figure 4.29: Modified images of classic vortex patterns formed with magnetic domains
in (a) Fe island [156]. (b) Permalloy [158]. Reprinted with the permission of AIP

Publishing. (c) Permalloy nanodisks [103]. Reprinted with permission from AAAS.

field energy is a vortex pattern, and was predicted by Kittel [127] to form in
ferromagnetic nanoparticles. These classic vortex patterns with magnetic domains are
experimentally verified [103], [104], [156]-[158] and are found in Fe islands [156] and
permalloys [103], [158], see Fig. 4.29(a-c). While similar patterns are high energy

states in the case of a ferroelectric material, making their formation less favourable.

4.8 Conclusion

A phase-field simulation was employed to study the effects of scale and surface
conditions on the polarization patterns that can form in BaTiOs nanowires. There exists
a narrow range of scale and surface conditions for which the classic single polarization
vortex is likely to form. The study thus provides an insight into the absence of
experimental observation of polarization vortices: typical experiments do not operate in
the regime where such vortices are energetically favorable. At scales on the order of a
hundred nanometers, the classic single vortex is unlikely to appear because stress relief
favours patterns of multiple domains. At smaller scales, ferroelectricity is plagued by

surface effects that affect the formation of a single vortex, making it elusive.



Periodic domain patterns at the
nanoscale

So far, domain patterns formed on a two-dimensional plane of finite size were
considered. A typical ferroelectric specimen of few micrometers in size contains many
polarized domains that could be arranged to form a periodic pattern. For example in
Fig. 5.1, 90° domains are arranged to form a periodic lamellar pattern with stripe-like
features [47].

Ferroelectrics form domain patterns that minimize their energy subject to
imposed boundary conditions. The arrangement or pattern of these domains is of great
importance in determining the properties of a ferroelectric at the nanoscale [159], [160].
For example, the effective piezoelectric coefficients depend upon the fractions of
different domain types present [161], and enhanced actuation can be achieved by using

specific domain patterns [18]. Engineered configurations of domains have been used to

Figure 5.1: Representative microstructures of a periodic domain pattern in BaTiOz [47].
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make improved actuators, sensors and energy harvesting devices [65]. Periodic domain
patterns are significant to the working of devices that employ ferroelectrics as thin films
or beams [3], [4], [162].

In a linear, constrained theory, that neglects domain wall energy, certain
periodic domain patterns have been identified as minimum energy states. However, at
the nanoscale, domain wall energy becomes significant, and the stability of these
domain patterns at this scale is not known. In this chapter, the phase-field model, which
accounts for gradient energy and strain energy contributions, is employed to explore the
stability of periodic domain patterns at the nanoscale. The stress, electric field, and
domain wall energies are computed, and the effect of scaling is discussed. An
application of a periodic domain pattern in a conceptual design of an energy harvester is

demonstrated.

5.1 What determines the pattern of domains?

Where any two domains meet, a domain wall forms, as discussed in section 2.5
of chapter 2. The domain walls are associated with surface energy that is proportional to
the wall area. But there is also potential energy, proportional to domain volume,
associated with externally applied stresses and electric fields. Minimization of energy
then produces a competition between the individual energy contributions, leading to the
formation of specific patterns. In the absence of external loads, a single domain state
minimizes energy; likewise, for boundary conditions consistent with a uniform stress or
electric field, the single domain state is an energy minimizer. However, boundary
conditions that impose an average strain or electric displacement can lead to a mixture

of domains. Once a mixture of domains becomes favourable, energy minimization



5.1 What determines the pattern of domains? 164

produces arrangements of domains that relieve internal stresses and electric fields.
Thus “head-to-tail” polarization arrangements [47], [52], [130] form across domain
walls and the spontaneous strains in adjacent domains commonly satisfy compatibility
conditions. The compatibility conditions in terms of strain are well known from the
crystallographic theory of martensite [163], [164], where certain domain arrangements,
for example Fig. 5.2(a) are identified as energy minimizers. Where these conditions
cannot be met, the resulting misfit strains cause internal stresses, see Fig. 5.2(b) and
incompatible polarization causes electric fields; both produce a contribution to the net
energy. The compatibility rules give a “constrained theory” that has been widely used
to study pattern formation in ferroelectrics and other materials [88],[166]. Here, this
approach is used to provide a starting point for the simulations.

The fact that the domain wall energy scales with area, while the potential energy
scales with volume, introduces an intrinsic, material specific length scale. Thus energy
minimization can determine both the pattern of domains, and the scale at which this
pattern forms. At a sufficiently coarse scale, the domain wall energy becomes

negligible, and a constrained theory, based on compatibility alone, is sufficient.
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Figure 5.2: Schematic illustration of (a) a stress-free domain pattern, (b) a domain

pattern with misfit. Images modified from the thesis of Tsou [165].
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However, for the prediction of fine domain patterns, the contribution of domain wall
energy becomes significant. The key length scale for typical ferroelectrics is of order
nanometers, comparable with the finest spacing of observed domains [167]-[169].

Of course, the materials may not behave as perfect minimizers of energy.
Kinetics has a central role in determining the ways that domains can evolve. However,
at present the knowledge of kinetic laws for the evolution of ferroelectric domains is
limited. Furthermore, the multi-well nature of the energy dictates that even if the
system is driven towards minimum energy, it may only reach a local energy minimum.
Defects, such as trapped charge [170], dislocations [171], dopant atoms [46] and so
forth, also play a role, affecting both the energetics and kinetics. Nevertheless,
substantial progress in understanding domain patterns has been made by considering
energy minimization in perfect crystals.

Domain patterns in ferroelectrics commonly take the form of nearly periodic
laminations [52], [150], [172]. A rank-1 laminate can be defined, as a pattern
comprising alternating layers of two domain types, each of which is a single crystal
variant. Examples include alternating bands of 180° or 90° domains. Similarly, simple
laminations can themselves be layered together to produce a higher rank laminate.
Further details on labelling the laminates are discussed in section 5.2. Based on the
linear constrained theory of laminates, Tsou et al. [88] identified several rank-2 periodic
domain patterns in tetragonal ferroelectrics, see Fig. 5.3(a-h). Of the domain patterns in
Fig. 5.3, a layered stripe domain pattern, see Fig. 5.3(a) and the herringbone domain
pattern, see Fig. 5.3(b), are both well-known and commonly observed [47], [52], [53],
see Fig. 5.4. Meanwhile, certain other patterns are rarely seen in experiments [84],

[102], though elements of these patterns sometimes appear [130].
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Figure 5.3: Periodic cells of the eight compatible rank-2 domain patterns identified by
Tsou et al. [88] using a linear constrained theory of laminates. Images are modified

from Tsou et al. [88]. Copyright 2011 by the American Physical Society.

The theory employed by Tsou et al. [88] neglected gradient energy due to
domain walls and the elastic/dielectric energy due to misfit strains at the junctions of
domains. However, these factors could be expected to be of importance, especially at
the nanoscale. This opens up the following questions: Among the periodic laminates
identified by the constrained theory, which are stable when gradient and elastic energy
are considered? Which patterns constitute global energy minima, and does this depend
on scale? How do imposed states of average strain or polarization affect the stability

and behavior of these domain patterns?

In the present work the Landis phase-field model [29] is used to study rank-1
and rank-2 periodic domain patterns in tetragonal ferroelectrics, at the nanoscale. The

stability of these domain patterns in the absence of external loading is first tested. The
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(b)

Figure 5.4: Experimental observation of domain patterns in barium titanate illustrating
(a) the intersection of straight 90° domain walls in the layered stripe pattern [88], and

(b) a herringbone pattern [53]. Copyright 1955 by the American Physical Society.

internal fields in the domain patterns are then examined, and the effect of scaling on
internal energy is considered. The simple rank-1 laminates (stripe domain patterns) are
found to be lower energy states than the more complex, rank-2 laminates. Several of the
rank-2 patterns, when modelled at the nanoscale, collapse into simpler states. However,
they can be stabilized by external loads such as electric field, average strain and
polarization, and examples of this are given. Further, it is also shown that, with suitable
loading, simple rank-1 domain patterns can be made to evolve into more complex, rank-
2 patterns, suggesting a mechanism for the formation of complex domain patterns. The
study provides insight into the domain patterns that may form in nanoscale tetragonal
ferroelectrics, and on the effect of external loads on these patterns. The study also
explores the potential application of a rank-1 stripe domain pattern in a conceptual

design of energy harvester.
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5.2 Laminates and periodic boundary conditions

The objective of the current study is to test the stability of periodic laminate
patterns formed in tetragonal ferroelectrics at the nanoscale. To do this, a set of rank-1
and rank-2 periodic laminates identified by Tsou et al. [88] are modelled using phase-
field methods. Following Tsou [88], [173] the multi-rank laminates are labelled on the
basis of the crystal variants present in the domain pattern. There are six crystal variants
in the polar tetragonal system, with distinct spontaneous polarization states as shown in
Fig. 5.5(a). The structure of a multi-rank laminate consists of layers which are
themselves subdivided into finer layers, the finest laminations comprising material of a
single crystal variant. The arrangement of layers is readily described using a
hierarchical tree structure [174], see Fig. 5.5(b). At the lowest level are single crystal
variants, numbered according to their polarization orientation. Ascending the tree
diagram, higher rank laminates are labelled so as to show the crystal variants present,

reading from left to right across the lowest level of the tree. Thus, in Fig. 5.5(b), the
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Figure 5.5: (a) Coordinate axes and polarization directions of the six crystal variants in

the tetragonal system. (b) A rank-2 tree diagram illustrating the domain pattern “1234”.
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rank-1 domain patterns are labelled as “12” and “34”. These rank-1 domain patterns can
be laminated together to form a rank-2 herringbone domain pattern, labelled “1234”.

There are many laminate patterns that can be formed in this way. However,
most are reflections, rotations or inversions of other patterns. Taking out these
symmetrical copies, Tsou et al. [88] found just two distinct laminates of rank-1 and
eight of rank-2. Here, nanoscale periodic cells of these periodic patterns are modelled
and their equilibrium states are simulated using the Landis phase-field model.

The phase-field model is extended to solve three dimensional (3D)
configurations, but several of the domain patterns considered have polarization in a
single plane with all domain walls perpendicular to that plane, see Fig. 5.3(b-€). In these
cases the prismatic nature of the patterns is exploited allowing them to be modelled in
two dimensions (2D), with plane strain and plane electric field conditions. This is
practically expedient because the simulations are computationally intensive as
discussed in section 2.8 of chapter 2. However, modelling in 2D does limit the
simulation by preventing out-of-plane polarization. Based on previous experience with
a wider range of simulations, this restriction does not greatly affect the model
outcomes. Domain patterns with out-of-plane polarizations are modelled in 3D.

To model a regular repeating laminate structure, periodic boundary conditions
are imposed, see Fig. 5.6. A periodic square of side L = 40nm, Fig. 5.6(a), and a
periodic cuboid with depth D <L, Fig.5.6(b), are modelled in the 2D and 3D
simulations respectively. A finite element mesh with square elements of size 1nm is
generated for the 2D simulation, while 3D simulations involve brick elements of size
1nm. The chosen size of the elements, allows the domain walls to typically span over

about three elements. A mid-element of the 2D/3D finite element model shown in
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(b)
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Figure 5.6: Schematic representation of the periodic cell and boundary conditions on
(@) a square of side L (b) a cuboid of depth D. Arrows indicate the nodal relations in

periodic boundary conditions.

Fig. 5.6(a-b) is identified and simple support boundary conditions are applied to it.
These boundary conditions impose traction free surfaces, and prevent the translation or
rotation of the periodic cell. In order to ensure periodicity, periodic boundary conditions
are enforced on the boundary nodes. Here, the boundary nodes on the opposite edges of
the periodic cell are identified in pairs, for example R-Rm, S-Sm in Fig. 5.6(a). These

nodes control the displacement u,, electric potential ¢, and polarization P, nodal

degrees of freedom. For a typical node R along x, = L, these conditions are:
Ui (L, g, %) = Ui (L, 0,0)[; =;(0,%,,%,)], ~1;(0,0,0)],
#(L, Xy, %)|, = 40, %,, x3)|Rm
R (L. X, %)|, = RO, xz,x:,,)|Rm i=1n. (5.1a)

b

Here n is the number of dimensions, and for 2D simulations x, =0. The notation © |,

IS used to indicate a value at a node “ X ’ as labelled in Fig. 5.6. Similar conditions
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apply to a typical node S along x, =L,

U; (Xl’ L, X3)|s -4 (0, L,0)|C = ui(Xl70’ X3)|sm _ui(0!010)|A

¢(X11 L1 X3)|S = ¢(X1! Oa X3)|Sm
P.(%,, L, %)|s = R(x,,0, x3)|sm i=1n (5.1b)
and in the 3D case to nodes represented by T on plane x, =D,

ui(xlv X2 D)|T _ui(oaov D)|D = ui(Xl7 X210)|Tm _ui(0!010)|A

#(%, %, D)|; = (%, %, 0)|,
P (%%, D), =R (%, %,0)| i=1n. (5.1c)

At corners in 2D and at edges in 3D models, care is needed to avoid duplication of
boundary conditions. In these cases, the corner/edge nodes are grouped together with
one set of neighbouring nodes and are modelled with only one set of periodic boundary
conditions given by Eq. (5.1). For example in Fig. 5.6(a), the corner node Z*, is
grouped together with the neighbouring nodes represented by R and is modelled with
the periodic boundary conditions given by Eq. (5.1a) only. The periodic boundary

conditions allow the domain pattern to adopt periodic strain fields &;(x,,x,,x;) with
zero average stress. That is, the strain fields &; are dependent on the relative

displacement between the corner nodes, for example node ‘A’ and node ‘B’, which are

not bound. These corner nodes are free to adopt any displacement values u, such that

the periodic cell possesses zero average stress. Meanwhile, periodic values of electric

potential ¢ with zero average electric field, and polarization P, are imposed on the

boundary nodes. The boundary conditions represented by Eq. (5.1) are later referred to

as the “zero external load” conditions.
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The phase-field simulation is initialized by imposing a polarization field
consistent with the repeating unit of a laminate pattern on the periodic cell. The nodal
polarization values are set equal to the spontaneous polarization of the domain,
producing sharp discontinuities at domain walls in the initial state. The displacement
and electric potential values are initialized at zero. Note that this initial state may not
satisfy electro-mechanical compatibility conditions, however it provides a state of the

order parameter P, that approximates an equilibrium pattern.

During the early stages of each simulation, high values of polarization viscosity,

[, are used to facilitate the resolution of domain walls into a continuous polarization

field and displacement field. The sharp discontinuity at the domain walls rapidly
relaxes, but the overall pattern of polarization is otherwise almost unchanged at this
stage. Once this initial settling has occurred — a condition that will be referred to as the
‘settled state” — the free energy of the pattern, though not necessarily yet in equilibrium,
is calculated. Subsequently, larger relaxation steps are used, allowing the simulation to
evolve towards equilibrium, with the possibility of changing the polarization pattern in
the process.

Now, having described the boundary conditions on the periodic cell and the
initialization of phase-field simulations, the model is next employed to simulate the

simplest laminate patterns — rank-1 domain patterns.

5.3 Rank-1 domain patterns

At first, the stability of the rank-1 domain patterns under zero external load
conditions as represented by Eq. (5.1) is tested. The two rank-1 domain patterns

identified in tetragonal ferroelectrics are the “12” laminate pattern with alternating 180°
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domain bands and the “14” laminate pattern with alternating 90° domain stripes, see
Fig. 5.7. The bands/stripes in these periodic domain patterns can be modelled with
different domain spacings, s. That is, the amount of perpendicular spacing, s between
domains of a single crystal variant can be changed. Here, the “12” domain pattern is
modelled with two different domain spacings s =20nm and 10nm defined along cross-
section AA, see Fig. 5.7(a-b). Similarly the “14” domain pattern is modelled at two

spacings, with s=14.Inm and 7.1nm defined along cross-section BB, as shown in

Fig. 5.7(c-d).
Initial Equilibrium Initial Equilibrium
() “12” (b) “12”

<=

=5

<=
(C) “14”

Figure 5.7: Testing the stability of rank-1 domain patterns under zero external load

conditions. P, /P, values in (a) laminate “12” with s=20nm, and (b) laminate “12”
with s=10nm. P,/P, values in (c) laminate “14” with s=14.Inm, and (d) laminate

“14” with s=7.1nm. AA and BB indicate cross-sections perpendicular to the domain

walls.
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Figure 5.8: Nodal values of (a) polarization B, parallel to the domain wall and

(b) stress component o, , parallel to the domain wall on cross-section AA in 180° band

domain pattern.

At equilibrium, the sharp domain walls in the initial states become smooth, but
the patterns are otherwise unchanged, see Fig. 5.7(a-d). In section 2.5 of chapter 2, the
variation of polarization and stress across a single 180° and 90° domain walls
modelled on a 2D plane with finite size were explored. Now, it is of interest to study the
variation of polarization and stress across domain walls, when modelled with periodic
boundary conditions. At first the variations across section AA in the 180° domain
pattern “12” are shown in Fig. 5.8(a-b).

From Fig. 5.8(a), the domain wall width is close to 2nm and is consistent with
the measurements of a 180° domain wall width in section 2.5 of chapter 2. It is
interesting to note that the domain wall width is unaffected by changing the domain
spacing from 10nm to 20nm in Fig. 5.7(a-b). These values are also consistent with the
results from the quasi-one-dimensional analysis of tetragonal twins by Cao and Cross
[91] and match separate calculations on domain wall width by Hlinka and Marton [41].

On moving away from the domain walls, the polarization magnitude is close to the
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spontaneous value (within 1%) and there is no polarization perpendicular to the walls.
The electric field is everywhere negligible.

At equilibrium, stresses develop parallel to the 180° walls as shown in
Fig. 5.8(b), while stresses perpendicular to the walls are zero. Here, these stresses

correspond to the values of o, and o,, respectively. With spacing s=20nm the
tensile stress peaks at about 0.85c, in the domain walls, balanced by compressive
stresses of about —0.1o, in the domains. On decreasing the spacing to s=10nm, the
peak stress reduces to about 0.65c,, while the compressive stresses in the domains
double in magnitude, becoming —0.20,. The energy per unit area associated with the

presence of domain walls was calculated using

[,(w=w,)av

5.2
A (5.2)

Yw =

where A, is the wall area within the periodic cell of volume V. It was found
7, ~13.1mJ/m? when s=20nm and y,, ~12.6mJ/m® for s=10nm. This compares

with the value of 14.8mJ/m? for the case S —> oo [29]. It is interesting to note that the
domain wall energy in the periodic laminate is less than the energy of an isolated
domain wall, and dependent upon the domain spacing. The decrease in stresses at the
domain walls accounts for the difference. Similar magnitudes of domain wall energy
have been found in previous investigations [101].

Next, the polarization variation on section BB in the 90° stripe domain pattern
“14”, with spacing of 14.Inm and 7.1nm, is shown in Fig. 5.9(a). Away from the

domain walls, the polarization magnitude approaches P, with components of magnitude

POI\/§ parallel and perpendicular to the domain walls. From Fig. 5.9(a) the 90°
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domain wall width is ~3nm, in agreement with ref. [29] and calculations in section 2.5

of chapter 2.

At equilibrium, tensile stresses parallel and perpendicular to the 90° domain
walls develop, balanced by compressive stresses in the domains, see Fig. 5.9(b). The
stresses at the domain walls peak at about 0.14o0, for s=14.1nm and reduce to

0.130, when s=7.1nm. This differs from the value of ~0.33c, calculated for the

case S— oo [29]; the difference can be attributed to the fine spacing of the domains,
which places the domains into significant compression and hence affects the stress
distribution in the domain walls. The domain wall energies are calculated to be

~6.0mJ/m? for s =14.1Inm and ~5.8mJ/m? for s=7.1nm. These values are consistent
with the energy calculations in [29]. The stresses developed in the 90° stripe domain
pattern are rather low in comparison to the 180° band domain pattern, and this accounts
for the difference in the 90° and 180° domain wall energies.

Non-zero local electric fields are developed at the 90° domain walls, as shown

by the change in electric potential values in Fig. 5.9(c). Note that the “14” pattern has a

(a) (b) ()
Z71 0.15 0.5
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Figure 5.9: Nodal values of (a) polarization R, parallel to the domain wall and (b)

stress component o, and (c) electric potential ¢ on cross-section BB in the 90° stripe

domain pattern.
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non-zero average polarization. The electric fields are in the direction opposite to this net
polarization, and cause deviation from the spontaneously polarized state at the walls. A
consequence is that there are electric fields in the domains that are aligned with the

average polarization. With s =14.1Inm the change in electric potential across a domain

wall is about A¢ ~ 0.64,, corresponding to an electric field of magnitude ~0.2E;. On

decreasing the spacing to s=7.Inm, A¢ drops to ~0.5¢, with the corresponding
electric field magnitude reduced to ~0.17E,. However, the electric field in the

polarized domains increases with decrease in spacing.
Domain spacing in the rank-1 laminates affects both the wall energy and the

distribution of internal stresses or electric fields. Next the effect of domain wall position
within a given rank-1 laminate is explored by changing the separation distance |, of
adjacent domain walls, while keeping the size of the periodic cell constant. Does
varying the separation distance |, affect the energy of the laminate?

Here, the 180° band domain pattern “12” with s=20nm and the 90° stripe
domain pattern “14” with s=14.1nm is modelled and initialized with varying
separation distance l,,. The patterns are tested under zero external load conditions,

Eq. (5.1), and relaxed towards equilibrium. The volume average free energy is plotted

as a function of separation distance in Fig. 5.10(a-b). For 1Inm<Il, <39nm in
Fig. 5.10(a) and 4nm <, <25nm in Fig. 5.10(b), the relaxation process produces no

change in the domain pattern, apart from smoothing the domain walls. The free energy
is almost independent of the domain wall separation for both laminates, indicating that

the patterns are in neutral equilibrium. For I, ~1nm in the 180° band domain pattern

and |, ~4nm in the 90° stripe domain pattern, the laminates are unstable: the pattern
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Figure 5.10: The volume average free energy of rank-1 domain patterns as a function of
domain wall separation, |, in (a) the laminate “12” (b) the laminate “14”. Inset

schematics denote polarization patterns. The solid line connects the free energy of
domain patterns at equilibrium, while the markers ‘A’ at the far end of the plots indicate

the free energy of unstable domain patterns in their settled states.

collapses to a monodomain. In these cases, the energy was calculated at the settled
state, see markers ‘A’ at far ends in Fig. 5.10. Note that the domain patterns indicated
by markers ‘A’ are not stable; however their free energy has been calculated upon the

initial settling where the domain walls are resolved at large values of g steps. On
allowing these patterns to approach equilibrium, by lowering g values, the pattern

energy remains nearly constant before the pattern collapses into a monodomain.

The rank-1 polarization patterns with stripe-like features, such as the “14”
laminate, see Fig. 5.7(c), have been ubiquitously observed in ferroelectric thin films or
lamellae [47], [130], [175]. Thin film processing technology has advanced in recent

times, enabling its fabrication at the industrial level [176]. This motivates to explore a
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potential application of ferroelectric thin films containing the widely observed “14”

laminate patterns. Next, a conceptual design of an energy harvester is demonstrated.

5.4 Energy harvester concept

An energy harvester is a device that converts the input mechanical energy, in the
form of stresses/substrates strains, into electrical energy. Here, the energy harvester
concept comprises a barium titanate thin film on a conductive substrate with a top
electrode, see Fig. 5.11(a). The top electrode is maintained at a voltage ¢, while the
substrate is electrically grounded. In the initial state, the commonly observed periodic
“14” laminate is modelled with zero net charge on the top electrode. On bending the
substrate, a mechanical strain is induced in the ferroelectric film, causing the polarized
domains to switch with the applied strain. For example in Fig. 5.11(b-c) — tensile strain
along the length of the ferroelectric film causes the polarized domains aligned along

X, —axis to grow in size, see Fig. 5.11(b); likewise, compressing the substrate, i.e.,

bending in the reverse direction, see Fig. 5.11(c), causes the domains polarized along

the x, —axis to grow in size. This change in domain sizes generates a net electric charge

@
top electrode ~ : ¢ 0-0
ferroelectric film => = = =

substrate

Figure 5.11(a-c): Schematic illustration of the working concept of the energy harvester.
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on the top electrode that can be harvested. For example, with voltage ~0.1V on the top
electrode, the energy harvester produces a charge of up to ~ 0.1C/m?. On operating the
harvester cycle at high frequencies (10Hz — 1kHz) such as from vibrations in the
environment, an area power density of about 0.1 to 10W/m* can be produced. This
power density is comparable to the power density of photovoltaic cells (30-50W/m?)
used in solar panels.

To explore this idea of a conceptual energy harvester, a square periodic cell of
BaTiOs is modelled with plane strain and electric field conditions, see Fig. 5.12. A cell
with side L = 40nm is chosen, because at this size the domain spacing in the “14”
laminate is about 14.1nm and the pattern does not collapse to form a monodomain. An

axial in-plane strain, ¢, is induced by the conductive substrate modelled at x, =0. At
the top surface, x, =L an electrode of area A, with voltage ¢ is modelled. Nodes along
X, =0 and x, =L are modelled with periodic boundary conditions given by Eq. (5.1).

The simulation is initialized by imposing a “14” laminate on the periodic cell with sharp

interfaces. The voltage on the top electrode is zero, ¢=0 and the substrate strain

&, =0.3g, isapplied at x, =0. &, =0.3¢, is chosen because the “14” laminate under
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////////////////////d/
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Figure 5.12: Schematic illustration of the boundary conditions on a periodic cell of the

energy harvester.
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zero external conditions adopts an average strain ¢,~0.3¢,, see Fig. 5.7(c). The

periodic cell of the energy harvester is solved using the phase-field model and at

equilibrium a stripe-like pattern is formed, see Fig. 5.13(a). At ¢, =0.3g, the domains
in the periodic cell, that are polarized along the x, —axis (P, domains) and the X, —axis
(P, domains) are of equal sizes and a net charge of ~0.13C/m? is generated on the top

electrode. Starting from this state, the mechanical loading is applied to the energy

harvester by incrementing substrate strain in steps of 0.05¢,. That is, the equilibrium
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Figure 5.13: (a) Polarization pattern in the initial state of the energy harvester at
&, =0.3g, (b) Charge per unit area collected on the top electrode as a function of the

substrate strain in the energy harvester. A is the area of the top electrode and

P, =0.26C/m?*. The cycle is performed at ¢ =0 and inset figures illustrate the domain

patterns polarized along the X, — axis.
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domain pattern formed at &, =0.3¢, is taken as the initial state and the substrate strain
is increased to 0.35¢,. The net charge per unit area collected on the top electrode is
measured at each value of &, (with ¢ =0) and is shown in Fig. 5.13(b).

In Fig. 5.13(b), it can be noted that increasing the strain, reduces the net charge

on the top electrode. This is because the sizes of P, domains decrease with increasing
&, see inset figures in Fig. 5.13(b). On compressing the substrate, the net charge on

the top electrode increases. The key information in Fig. 5.13(b), is that for axial strains,

&, > 0.65¢,, or compressive strains &, <-0.1g,, the stripe-like features in the periodic

cell disappear leading to the formation of uniformly polarized monodomain. Upon
stretching/compressing the monodomain, the stripe-like features are not recovered, and
the energy harvester cycle is not repeatable. As a result, the energy harvester is limited

to operate within the range of substrate strain 0< g, <0.4sg,.

Next, the challenge is to extract electrical energy from a cycle of mechanical
straining of the energy harvester. In order to achieve this, the voltage on the top
electrode is varied during the energy harvester cycle. This allows electrical work to be
extracted from the charge flow in/out of the top electrode. An example of this energy
harvester cycle is illustrated through steps A-B-C-D using phase-field simulations in
Fig. 5.14(a-j). The net charge per unit area collected on the top electrode of the energy
harvester is shown in Fig. 5.15(a).

The domain evolution through step AB, is illustrated by Fig. 5.14(a-d). Here, the

voltage on the top electrode is held constant at ¢ =0, while the substrate strain is
decreased from ¢, =0.4g, in steps of 0.05¢,. This causes the P, domains to grow in

size. At point B, where ¢=0 and &, =0, the net charge per unit area on the top
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electrode is ~—0.8P,. Here, the substrate strain is held constant at zero strain and the

voltage on the top electrode is lowered to —0.25V in step BC. During this step, a net
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Figure 5.14: Domain patterns illustrating the working cycle of a conceptual energy

harvester.
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charge per unit area ~—0.1P, flows on to the top electrode, and the domains polarized
along x, — axis further increase in size, see Fig. 5.14(d-e). In the subsequent step CD,

the voltage on the top electrode is held constant at —0.25V and the substrate is
stretched. Here the domains polarized along the direction of applied axial strain
increase in size, see Fig. 5.14(f-i) reducing the net charge per unit area on the top
electrode to ~-0.35F,. At point D where &, =0.4¢,, the substrate strain is held
constant and the voltage on the upper electrode is increased to OV. This causes the net

charge per unit area to return to its initial state ~—0.2P,and the corresponding change

in the domain pattern is shown in Fig. 5.14(i-]). At ¢=0;¢,=0.4¢, the energy

harvester has returned to its initial state, and the cycle can be repeated. The electrical
work done per unit area in this energy harvester cycle is ~0.04)/m?. Table 5.1

describes the sequential steps A-B-C-D in this energy harvester cycle.
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Figure 5.15: Plot of (a) voltage-charge (b) effective force-displacement in the energy

harvester cycle shown in Fig. 5.14.
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Step Voltage Substrate strain Charge per unit area
AB Constantat ¢=0 Decreased ¢, =0.4¢, >0 Q/A=-0.2F — -0.8R,
BC Decreasedto ¢=-0.25V  Constantat &, =0 Q/A=-0.8R, »>—-0.9F,

CD Constantat ¢=-0.25V  Increased ¢, =0—>0.4s, Q/A=-0.9F, —»—-0.35F,

DA Increasedto ¢ =0 Constant at &, = 0.4¢, Q/A=-0.35R, —» -0.2PR,

Table 5.1: Sequential steps in the energy harvester cycle. The steps A-B-C-D

correspond to the plots in Fig. 5.15(a-b). Q/ A is the net charge per unit area on the top

electrode.

An effective force-displacement curve for the energy harvester is plotted in
Fig. 5.15(b). Here the effective displacement increment of the substrate nodes, & is

calculated as 5=Zé‘i I (ng,L), where ¢, is the displacement of the ith node and n is

the total number of nodes on the substrate. The effective force at the end of each step in

the phase-field simulation is calculated as F :ZFidi /S5, where F is the nodal force

value. Hence the mechanical work done in each step is FAS ; equally, the mechanical
work input to the system is the area under the F,5 curve. The total mechanical work

calculated from the effective force-displacement plot is equal to the electrical work in
the voltage-charge curve, and this value is ~0.04J/m?. On operating the harvester at
frequency 1kHz, a power density of ~40W/m? could be potentially generated, assuming
ideal conditions. Note that the external harvesting circuit in this design is required to
carry out voltage switching at a frequency matching the driving oscillations. It is

anticipated that the device would be designed with a macroscopic resonance frequency
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matching the available mechanical energy source. Such harvesting circuits have been
designed for similar applications [177], [178].

A conceptual design of an energy harvester based on a rank-1 domain pattern
was demonstrated using phase-field methods. Next the stability of higher rank

laminates, namely the rank-2 domain patterns is explored.

5.5 Rank-2 domain patterns

Here, the stability of rank-2 periodic domain patterns is tested under the zero
external load conditions. Among the rank-2 laminates identified by Tsou et al. [88],
four domain patterns which contain polarization only in a single plane with domain
walls perpendicular to that plane are first tested, see Fig. 5.16(a-d). All of the rank-2
domain patterns shown in Fig. 5.16(a-d) are modelled with zero average stress and

electric field conditions, described by Eq. (5.1). Here, note that the strain fields &,

ij
adopted by the periodic cell can vary based on the type of domain pattern imposed in

the initial state. The volume average free energy v , average axial components of strain,
&;, and polarization, P, adopted by these domain patterns in their settled states are

given in Table 5.2. Each pattern was simulated in a square region of side L =40nm
using plane strain and electric field conditions.

The herringbone domain pattern “1234” shown in Fig. 5.16(a), is found to be
stable at this scale. This domain pattern contains several domain walls in the periodic
cell, which accounts for its relatively high free energy in comparison to the rank-1
domain patterns. Stresses in the herringbone domain pattern are developed at the 180°

domain walls, while non-zero local electric fields are observed at the 90° domain walls.
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During relaxation the domain walls drifted slightly, resulting in a small magnitude of

net polarization (~0.05F,) due to the slightly unequal sizes of the +P, domains at

equilibrium.The periodic domain pattern in Fig. 5.16(b) shows laminate “1323” which

Initial <+—— During relaxation — » Equilibrium
(a) “1234”

1 06 0
00 b |

Figure 5.16: Testing the stability of rank-2 domain patterns with in-plane polarizations

under zero external load conditions. Laminates: (a) “1234” (b) “1323” (¢) “1434” and
(d) “1324”. Sub-figures map domain rearrangements during relaxation from the initial

state (far left) to the final equilibrium state (far right).
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contains alternating bands of +P, 180° domains interspersed with a zig-zag stripe which
is a single +P, domain. This domain pattern was identified as a minimum energy state
in the linear constrained theory [88] — that is, all domain walls satisfy compatibility

conditions. However, at the nanoscale, the pattern is found to be unstable: during
relaxation it dissolves to form a uniformly polarized + P, domain. At the settled state
I.e., where domain walls are resolved but the polarization pattern is unchanged, the £P,
domains experience a tensile stress o,,, while the P, domains experience compressive
stress o,,. This is to be expected because the spontaneous strains component &,, differs
between the =P, domains (where it is ¢ ) and the P, domains (where it is ¢;). Since
these vertical zig-zag stripes are assumed to be perfectly adhered to each other, misfit
stress arises from the difference in spontaneous strain. Fig. 5.17 shows the direct
stresses o,,, 0,, evaluated at a cross-section of the model where x, =L/2. It is clear
that the herringbone pattern (label ‘a”’) has relatively low values of stress throughout,
while the tensile and compressive stresses in the alternating bands of the “1323”
domain pattern (label ‘b’) are of order o,. This contribution of elastic energy due to
misfit stress explains the lack of stability and accounts for the net energy of the domain
pattern, see Table 5.2.

An additional factor contributing to the high energy of the “1323” domain
pattern is the presence of disclinations at the junctions of domains. These arise because
the unstressed condition of a 90° domain wall produces a slight rotation of about 0.63°
in the barium titanate crystal lattice. Upon circulating a continuous junction of domains,

no net rotation of the crystal lattice is permissible. Consequently the domains are

stressed if the set of domain walls at a junction would otherwise produce a net rotation.
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Rank — 2 periodic Average Average strain Average polarization
domain pattern free energy components components
-l R=(R)R
V; 511 522 |51 ﬁ2
(a) Laminate “1234” 0.49 0.29 0.29 -0.05 0.05
(b) Laminate “1323” 0.48 0.32 0.29 0.47 0.00
(c) Laminate “1434” 0.77 0.06 0.54 0.24 -0.24
(d) Laminate “1324” 0.75 0.28 0.28 0.00 0.00

Table 5.2: The normalized volume average free energy ¥/, average axial strains s

and polarization P adopted by rank-2 periodic domain patterns with in-plane

polarization in their settled state.

For example, the domains in the “1234” herringbone pattern are so arranged that there
is no net lattice rotation upon circulating any junction: opposite rotations on passing
90° domain walls cancel. However, in the “1323” pattern, circulation of a domain
junction implies two consecutive lattice rotations of 0.63°, resulting in a disclination.
The domain rearrangement process during relaxation in Fig. 5.16(b), indicates the

growth of domains with a larger initial volume fraction, i.e., P, domains, in comparison
to the +P, domains which reduce in size. The relaxation process eventually eliminates

the misfit stresses of the “1323” domain pattern, resulting in a uniformly polarized,

stress-free domain at equilibrium.
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Figure 5.17: Stress distributions in the rank-2 periodic domain patterns with in-plane

polarizations: (a) oy, (b) o,, at a cross-section X, =L /2, at varying x, positions.

The domain pattern “1434” shown in Fig. 5.16(c) contains stripe-like and
herringbone-like domains. This domain pattern is unstable at the scale simulated

(L=40nm), dissolving into a monodomain. During relaxation, the —P, domains,

which have the largest volume fraction, grow relative to neighbouring domains.
Referring to Fig. 5.17, the “1434” pattern has stressed domains which contribute to an
increased free energy.

The checkerboard domain pattern “1324” contains repeating groups of 90°
domains forming closed polarization loops, or vortices, see Fig. 5.16(d). This pattern
too is unstable: it dissolves into a rank-1 stripe domain pattern at equilibrium. As noted
by Tsou et al. [88], the checkerboard pattern contains the strongest disclinations among
the four in-plane rank-2 domain patterns of Fig. 5.16(a-d), leading to stresses of order

20,, and hence high energy. This can clearly be observed in the stress distributions of

Fig. 5.17. During relaxation, the domain junctions dissolve by formation of 180°
domain walls. Symmetry breaking occurs and the final state is a rank-1 domain pattern

with non-zero average polarization at equilibrium.



5.5 Rank-2 domain patterns 191

Although the herringbone pattern “1234” is well known both at the nano- and
micro-scales, the other patterns shown in Fig. 5.16(b-d) have relatively rarely been
observed and reported [88], [179]. This is consistent with the phase-field simulations at
the nanoscale that indicate instability of these patterns. However, it is of interest to

consider how scaling affects the energy density of these patterns. Crudely estimating,

the free energy J'de can be thought to include a contribution due to gradient energy

jwwdv and an elastic/dielectric energy part jwedv . The gradient energy is mainly

due to domain walls and scales with domain wall area. Meanwhile the contributions to
the elastic/dielectric energy arise from misfit stress and disclinations, with disclinations

being the main factor. For the ith disclination in a given pattern, the energy
contribution scales with the square of its disclination angle, 6., the elastic modulus,
c ~67GPa [180], and the volume V, of material in proximity to the disclination (taken

here to be the set of material points closest to the ith disclination). A rough estimate of

the free energy can then be calculated using

J.‘//(X)dv ~ jA% YosdAgg +J-A180 Ya08Argp +ZC‘9|2V| : (5.3)

Here 74 ~6MJ/M* and 4, ~13mJ/M* are the 90° and 180° domain wall

energies respectively. Ay, and Ay, are the corresponding domain wall areas within the
periodic cell. Dividing through by the periodic cell volume and using the normalization
v =(y,—w)lw,, the variation of the normalized free energy with scale can be
compared for the different patterns, see Fig. 5.18.

At the nanoscale, with L <100nm, the contributions from gradient energy

become significant, increasing the energy of each of the rank-1 and rank-2 domain
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Figure 5.18: Estimates of the variation of free energy for rank-1 and rank-2 domain
patterns as a function of periodic cell size, L. Markers indicate the energy calculated for

domain patterns in Fig. 5.7(a-d) and Fig. 5.16(a-d) using phase-field simulations.

patterns. Conversely, at the micrometre scale the elastic energy contribution is
dominant, and the energy density approaches a constant for the rank-2 domain patterns
with non-zero elastic energy. For the herringbone pattern, “1234” and the rank-1
laminates, the domains are almost stress-free and so the gradient energy is the dominant

contribution over a wide range of scale: then 7 oc L.

The phase field calculations of free energy, carried out at L =40nm and 20nm
for various laminates are marked in Fig. 5.18. It was not practically feasible to carry out

phase field simulations over a wide range of scales because of the computational cost,

which increases approximately as L*. Reducing the scale much below L =20nm is
also problematic because the spacing between domain walls becomes comparable to the
domain wall width — then the domains become unstable as was shown in Fig 5.9. This

lower limit of stability is indicated by a transition to dashed lines in Fig. 5.18.
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Since the area and volume contributions differ from pattern to pattern, some
scale dependent cross-over in energies is expected, as seen in Fig 5.18. However, the
energy estimates are not sufficiently precise to quantify the length scales at which
cross-over occurs. In any case, it can be seen that the simpler, stress-free rank-1
laminates have lower energy than the rank-2 patterns at all scales. Stability of the
laminates under zero external load conditions does not correspond to a global energy
minimum, but rather a local minimum or neutral equilibrium state.

Fig. 5.18 provides a qualitative insight into the domain pattern energies. Rank-2
domain patterns which were unstable at the 40nm scale under zero external load
conditions reduced their gradient energy and elastic energy contributions by evolving
into simpler patterns such as rank-1 stripes, or forming a monodomain. By contrast, the
herringbone domain pattern “1234” reached equilibrium although having substantial
domain wall energy. Closer examination reveals that this domain pattern is easily

dissolved: for example, application of external electric field E, =-0.05E, ~1MV/m

dissolves this domain pattern into a monodomain, see Fig. 5.19.

Next, the stability of three rank-2 domain patterns with out-of-plane
polarizations is tested under zero external load conditions as described for a 3D model
by Eq. (5.1). In each case the minimum periodic cell size that allows the pattern to be
represented with sufficient elements to resolve the domain walls is used. Two of these
domain patterns, namely “5556” and “5656”, see Fig.5.20(a, b), have a 2D

arrangement of domain walls, but out-of-plane polarizations, parallel to x,. For these

patterns a prismatic plate- like periodic cell is used. The third pattern “1423”, see

Fig. 5.20(c), has a fully 3D domain wall arrangement, requiring a thicker periodic cell.
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Figure 5.19: Effect of electric field, E, =-1MV/m on the herringbone domain pattern

“1234”.

The laminate “5556” is initialized with its polarization values on a periodic cell
of dimension 16nmx16nmx2nm, see Fig. 5.20(a). During relaxation, the 180°

domain walls curve to enclose a cylindrical P, domain. The radius of this cylindrical

domain reduces to zero, leaving a monodomain at equilibrium. The volume average free
energy and average axial components of strain and polarization adopted by this domain
pattern in the settled state are given in Table 5.3. It is interesting to note that domain
patterns similar to the “5556” laminate, though less regular, are observed
experimentally [53], [105]. The current phase-field model lacks lattice friction, which is
likely to be a factor in stabilising this domain pattern.

For interest, the ability of an external electric field E; to hold a cylindrical
domain at the nanoscale is tested, such as that formed during the relaxation of pattern

“5556”, in equilibrium. The simulation is initialized with the “5556 pattern but subject

to the boundary condition

$(%,,%,, D) = (%, %,0)~E,D. (5.4)
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Other boundary conditions are as in Eq. (5.1), giving zero average stress. Eq. (5.4)

applies an electric field, E, across the thickness D of the 3D model. A cylindrical
domain then reaches equilibrium with E,=4.3MV/m and a radius r~6nm, see
Fig. 5.21. The average axial strains in this case are &, =0.66 and &, =¢&,, =—0.19,

which are of lesser magnitude than the field-free values of Table 5.3, reflecting the
depolarizing effect of the electric field. On varying the applied electric field by

AE, =+0.20MV/m, the pattern dissolves to a monodomain by unstable growth or

shrinkage of the cylindrical domain.

Initial <+— During relaxation —— Equilibrium
(a) “5556”

Figure 5.20: Testing the stability of rank-2 domain patterns with out-of-plane

polarizations under zero external load conditions. P,/ P, values in (a) laminate “5556”

and (b) laminate “5656”. P,/ P, values in (c) laminate “1423”.
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Rank-2 periodic Average Average strain Average

domain pattern free energy components polarization

& = < & > / Py c~omponents

-(R)/n

y &y = &y £ R="F |53
(a) Laminate “5556” 0.39 -0.26 0.82 0.00 -0.50
(b) Laminate “5656” 0.70 -0.27 0.86 0.00 0.00
(c) Laminate “1423” 0.74 0.24 -0.19 0.00 0.00

Table 5.3: The normalized volume average free energy v, average axial strains &;,

and polarization P adopted by rank-2 periodic domain patterns with out-of-plane

polarization in their settled states.

Attempts were made to find equilibrium states of this pattern at other electric
field strengths. In most cases equilibrium could not be found, as expected given the
instability of the pattern.

The periodic domain pattern “5656” shown in Fig. 5.20(b) is imposed on a
periodic cell of size 24nmx24nm x 2nm, with corresponding polarization values in the
initial state. This domain pattern also dissolves into a monodomain under zero external
load conditions. During relaxation, symmetry is broken and the 180° domain walls
curve to form loops, each enclosing a P, domain. This reduces the domain wall area as
discussed by Tagantsev et al. [179]. The eventual collapse to a monodomain is similar

to that of the “5556” pattern. Patterns with intersecting 180° domain walls, like “5656”

are rarely observed [179].
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Figure 5.21: Evolution of laminate “5556” under an electric field, E, =4.3MV/m.

The “1423” domain pattern comprises layers of rank-1 stripe domain pattern
arranged in a three dimensional configuration as shown in Fig. 5.20(c). This domain
pattern is initialized on a periodic cell of size 20nmx20nmx13nm. At this scale, the
gradient energy contribution is substantial, see Table 5.3; this destabilizes the domain
pattern. However, the layered stripe domain pattern is disclination free. It has been
observed in experiments [88], [179], and one can expect that this domain pattern could
reach equilibrium at a larger length scale. In other work, the pattern was found stable
with a 33nm cell size, whose boundaries were constrained to match a fixed strain field
[181].

A fourth rank-2 laminate with out-of-plane polarization, “1325” [88] contains
domains polarized along all three coordinate axes, and requires a minimum periodic cell
size of about 60nm. This pattern is not tested here, due to greater computational power

requirements as discussed in section 2.8 of chapter 2, and is the subject of future work.
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5.6 Stabilization by external loading

The results in sections 5.3 and 5.5 suggest that, while simple rank-1 laminates
are stable at the nanoscale, rank-2 laminates are typically unstable. The exception is the
well-known herringbone domain pattern. Are there loading conditions that can stabilize
the other patterns? To explore this question, the average of the spontaneous strain in
each of the three laminates “1323”, “1434” and “1324”, found unstable under zero

external load conditions is considered at first. Suppose a given pattern contains n

domains, numbered k=1...n, each having a volume fraction f, and normalized
spontaneous strain tensor gi‘j‘. Neglecting domain wall volume, the volume average of

spontaneous strain in the periodic cell is
g =2 fel (0<f <1 > fi=1) (5.5)
k=1

In the simulations of section 5.3, the periodic cell under zero load conditions
represented by Eq. (5.1), was allowed to adopt any value of average strain in order to
minimize energy. The resulting equilibrium states have different domain volume
fractions from the initial states and hence the average spontaneous strain changes during

relaxation. Next, simulations in which the average strain is fixed at the &, value of the
initial state are conducted, using the boundary conditions
u (L, X2)|R =u,(0, X2)|Rm +éeyl, U, (X, L)|S =U, (X1’O)|Sm +&p,l (5.6)

in place of the corresponding displacement boundary conditions in Eq. (5.1). All other
boundary conditions remain unchanged. Eq. (5.6) can be considered as a representation
of residual stresses in the material. As before, plane simulations were conducted,

enforcing P,=0 and fixing ¢, =¢). The resulting pattern evolution is shown in

Fig. 5.22: fixing the average strain stabilizes the “1323” laminate, while “1434” and
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Figure 5.22: Evolution of rank-2 laminates (a) “1323” (b) “1434” (c) “1324”, under

fixed average strain boundary conditions.

“1324” still collapse into lower energy patterns. In the case of the “1324” pattern, the

90° stripe pattern that forms matches the imposed ; without stress, while the “1434”

collapses to a stressed monodomain.

A further attempt to stabilize the “1434” and “1324” patterns can be made by
imposing a fixed average polarization state to match the average spontaneous
polarization of the initial state. This discourages the formation of monodomain or

simple stripe patterns because they do not match the initial average polarization.
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Defining P* as the normalized spontaneous polarization of the kth domain and

neglecting domain wall volume, the volume average polarization in the periodic cell is
P=> fP* (0<f <1 D f =1). (5.7)
k=1

This is applied to the periodic cell by replacing the zero average electric field condition

in Eq. (5.1) with

#(L. %), —#(L,0)|, = (0, %,)|, —¢(0,0)],

#(x, L) —¢(0,L)|. = ¢(x,0)[ —¢(0,0)],. (5.8)

These boundary conditions allow an arbitrary, but periodic, electric field to be set up in
the periodic cell. The magnitude of the net electric field set up, is dependent on the

uniform charge density gq=-Pn, (where n; is the outward surface normal) that is

added on all boundary nodes of the periodic cell to enforce the average polarization.
The other boundary conditions are as represented by Eq. (5.1). Note that Eqg. (5.8)
enforces average polarization only on the periodic cell, and does not bind the
polarization values on individual boundary nodes. This allows for the evolution of a
new domain pattern in the periodic cell, given its average polarization corresponds to
the imposed boundary condition. For example, in the checkerboard pattern “1324”,

P =0, and the domain pattern undergoes some pattern change before stabilizing, see

Fig. 5.23(a). During relaxation, 180° domain walls appear at the 90° domain
junctions, forming a ‘displaced’ checkerboard pattern. Similar features at domain
junctions have been imaged in BaTiO3z lamellae by McGilly et al. [130]. The simulation
in Fig. 5.23(b) indicates that the imposition of an average polarization does stabilize
pattern “1434”. The simulations with imposed average strain or polarization

demonstrate that periodic laminations of domains can be stabilized by external loading:
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Figure 5.23: Evolution of the rank-2 domain patterns (a) “1324” (b) “1434”, under fixed

average polarization condition.

if domains form in a region of crystal that is mechanically constrained, or has charged
surfaces, nanoscale patterns such as these could form.

It is also of interest to consider whether complicated patterns, such as the rank-2
laminates, could develop under some conditions, from simpler patterns, such as the
rank-1 stripes. To explore this, the effect of imposing zero average polarization on rank-

1 laminates “14” with s=14.Inm and s=7.1nm is studied, as shown in Fig. 5.24. The

simulations are initialised with the 90° stripe domain patterns at equilibrium from

Fig. 5.7(c-d). Note that these stripe patterns possess a net polarization field and only

90° domain walls. Next, if P =0 is imposed, some 180° domains are expected to

form to accommodate the average polarization. In the simulations, during relaxation,

the polarization in the domains reduces to near zero and rank-2 laminate patterns begin
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Initial <+—— During relaxation —» Equilibrium

Figure 5.24: Evolution of the rank-1 90° stripe domain pattern under zero average

polarization (a) s=14.1Inm (b) s=7.1nm.

to evolve. For s=14.1nm, see Fig. 5.24(a) a ‘displaced’ checkerboard pattern as seen
in Fig. 5.23(a) is found at equilibrium, while with s=7.1nm, see Fig.5.24(b) a
herringbone domain pattern is stabilised. These simulations indicate potential
mechanisms for the formation of rank-2 laminates from rank-1 laminates.

Finally, one example of the effect of electric field on a strain stabilized laminate
is illustrated. Taking as initial state the stabilized “1323” laminate from Fig. 5.22(a),

additional loading in the form of an electric field of magnitude 0.9E, =20MV/m is
applied, and the pattern is relaxed towards a new equilibrium state. Fig. 5.25(a-d)
shows the resulting pattern evolution for electric field applied along the +x,, =X, +X,,
and —x, axes respectively. In Fig. 5.25(a) and (b) the pattern collapses into 90° stripe

domains by growing the domain aligned to the applied electric field. In Fig. 5.25(c) the
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applied field in the +x, direction expands the domain polarized in this direction, but the

pattern is otherwise unchanged. Fig. 5.25(d) is perhaps the most interesting case in that

there is no domain in the initial state that is aligned with the applied electric field. The

@ Initial <«—— During relaxation ——» Equilibrium

Figure 5.25: Evolution of rank-2 domain pattern “1323” stabilized by average strain and

under electric fields (a) E, =20MV/m (b) E, =-20MV/m (c) E,=20MV/m

(d) E, =—20MV/m.
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pattern undergoes a transition which produces laminate “1424”, a symmetry related
pattern in the same family. From symmetry, the process can be reversed by subsequent

application of electric field in the +x, direction, suggesting a mechanism for cyclic

polarization switching at the nanoscale.

5.7 Conclusion

The stability of rank-1 and rank-2 laminates formed in tetragonal ferroelectrics
was explored using a phase-field model, taking account of energy contributions from
gradient energy and elastic strain energy due to misfit stresses. At the nanoscale and
with zero external load conditions, the rank-1 laminates were found to be in neutral
equilibrium and their application in a conceptual design of an energy harvester was
explored. The more complex rank-2 laminates were on the whole unstable, with the
exception of the herringbone domain pattern. Rank-2 domain patterns with multiple
domain walls and disclinations were found to possess high energy density at the
nanoscale, which destabilized them. The stability of rank-2 domain patterns with out-
of-plane polarization was tested using the 3D phase-field model. The effect of scaling
the rank-1 and rank-2 laminates was qualitatively discussed. It was found that the
unstable rank-2 domain patterns could be equilibrated under external loads such as
electric field, average strain or polarization, representative residual states of stresses and
electric fields that are commonly present in ferroelectric crystals. Finally, the
simulations indicated possible domain evolution paths, showing how rank-2 laminated
domain patterns could form from simpler rank-1 domain patterns, and how polarization

reversal could occur in nanoscale domain patterns.



Conclusions and future work

In this thesis, the Landis phase-field model was used to gain deeper
understanding about the polarization patterns formed in nanoscale barium titanate and
their behaviour under external loads. The model was also used as a design tool to
develop nanoscale ferroelectric device concepts such as actuators and energy
harvesters. The finite element code of the Landis phase-field model was extended to
solve for three dimensional topologies, and the results provide insights on the formation
of domain patterns with out-of-plane polarization. In this chapter, the key results from

the current work are discussed and potential further work is explored.

6.1 Conclusions and discussion

The Landis phase-field model was used in chapter 3 as a design tool to develop
nano-actuator concepts based on ferroelectric switching. The actuation cycle was
demonstrated to be repeatable in three designs of nano-actuators namely the ‘clamped’,
the ‘embedded’ and the ‘bending’. The design parameter space of the embedded and
bending actuators that can be controlled through manufacturing processes, such as
electrode coverage, aspect ratio and substrate strain, were explored to increase
achievable displacements. A key result from this work is that actuation strains attained

from ferroelectric switching (~0.4%) were several times greater than the actuation
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strains offered by piezoceramics (~0.1%) in current market. Greater actuation strains of
~10% were attained in the bending actuator. This work is significant because the use of
Landis phase-field model as a ‘bottom-up’ approach design tool was explored. That is,
the model was employed to develop and optimize nano-actuator designs that could
serve as an important initial step towards the development of a nano-actuator prototype.
The results from this work might be of benefit for the industrial fabrication of nanoscale
actuators.

Next, in chapter 4 the phase-field model was employed to explore the elusive
nature of vortex polarization patterns in ferroelectrics. Generic configurations of
nanowire sections were modelled with flux-closure polarization patterns. The effects of
scaling, surface energy, surface conductivity and orientation of the nanowire section on
the formation of a vortex polarization pattern were explored. A key result here is that
the conditions under which the classic vortex polarization pattern is found to be
favourable in barium titanate were identified: size < 35nm, surface energy < 4N/m,
insulated boundaries and orientation of the nanowire section along a crystallographic
axis. This explains the elusive nature of vortex patterns. The study provides insights on
certain aspects of experimental observations in the literature, such as measured
tetragonality in nano-particles and the appearance of stripe-like domain patterns. This
work is important as the model demonstrates the effect of boundary conditions on the
formation of polarization patterns, which could help to engineer domain configurations
for device applications. The results serve as an initial step for nanoscale experiments
which are driven to find classic vortex patterns in ferroelectrics.

In chapter 5, the Landis phase-field model was used to explore the stability of
multi-rank laminates that are predicted to form in tetragonal ferroelectrics by the linear

constrained theory. The stability of the rank-1 and rank-2 laminates formed in a
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macroscopic crystal and comprising of nanoscale domains was tested by accounting for
the energy contributions from polarization gradient and misfit strains. A unit cell of
each multi-rank laminate was modelled with periodic boundary conditions and its
stability was tested under zero external load conditions. The effects of external strain
and electric fields on the behaviour of multi-rank laminates were explored. The study
indicates that the simple rank-1 laminates with stripe-like features are stable; they have
been widely observed in experiments. The less observed rank-2 laminates, for example
patterns with checkerboard-like features, are typically unstable and dissolve into
simpler patterns at the nanoscale. The study is significant because it provides useful
insights on stabilizing the rank-2 periodic patterns with external loads; demonstrates the
effects of scaling; and illustrates a mechanism to convert a simple rank-1 periodic
pattern to a complex rank-2 pattern. The results are important to the design of
ferroelectric thin films that are applied as energy harvesters.

In this work, the finite element code of the Landis phase-field model was
extended to solve for three dimensional (3D) structures. This allowed for exploring the
behaviour of domain patterns with out-of-plane polarizations. However, the 3D phase-
field simulations were limited due to computational power requirements, as was
discussed in section 2.8 of chapter 2. This limits a fair comparison between the phase-
field simulations (<60nm) and experimental observations which are typically carried
out at length scales of a few hundred nanometers in size. There is a need to adopt a
faster approach, which could be based on mesh refining techniques, to reduce the
computational time. This is discussed as a potential future work along with the
possibility of improving the Landis phase-field model to account for temperature

coefficients and surface energy in the next section.
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6.2 Future work

The focus of the present work was to employ the Landis phase-field model to
gain deeper understanding of nanoscale polarization patterns in barium titanate and
their behaviour under external loads. While the model is well-established to describe
the constitutive properties of barium titanate (symmetry, non-linear properties and
domain wall energetics) at the nanoscale; it could be extended to account for the effects
of temperature and surface energy to develop into a powerful and versatile design tool.
In this work, the Landis phase-field model was solved using conventional finite element
methods which could perhaps be improved using dynamic meshing techniques to
reduce the overall computational power requirement. The well-established framework
of the Landis phase-field model that solves for the interaction between the coupled
fields could also be applied to explore the properties of other materials with similar
behaviour (shape memory alloys, relaxors); and to study the phenomena of coupled
fields, for example the electrochemical and mechanical properties in lithium ion
batteries. This section explores some prospects of further work in developing the Landis
phase-field model and considers how to apply these methods to solve critical problems

in other materials with similar behaviour.

Design tool

In chapters 2-5, the Landis phase-field model was calibrated for BaTiO3z at room
temperature and predicted nanoscale ferroelectric behaviour under isothermal
conditions. However, the model could not capture the effect of temperature changes on
ferroelectric properties. In chapter 4, the surface energy was demonstrated to have

dominant effects on nanoscale ferroelectric properties; but this effect was only crudely
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approximated by modelling surface forces on the nanoscale region. Today, many phase-
field models have been independently developed to describe the effects of temperature
[22], [182], [183], surface energy [30], [143], [184], [185] and flexoelectricity [186]-
[188] on polarization patterns in ferroelectrics. However, these models do not capture
the anisotropic effects of barium titanate as accurately as the Landis phase-field model.
Thus, there is no single phase-field model that is versatile in capturing a range of these
effects on nanoscale ferroelectric properties. This is particularly beneficial if the phase-
field model is used as a tool to develop ‘realistic’ nanoscale ferroelectric devices. For
example, Whyte and Gregg [189] have developed a ferroelectric diode with saw tooth
morphology that allows domain wall movement in only one direction, see Fig. 6.1(a).
This device is an example of the recent advancement in ‘domain wall electronics’ [190],
where a phase-field model can be employed as a tool to invent innovative ferroelectric
device designs.

Temperature changes can induce partial/complete phase transformation and are
typically associated with changes in ferroelectric properties. For example, L.Q. Chen
and co-workers [22], [182] demonstrate enhancement in BaTiOs piezoelectric
properties due to stabilization of the monoclinic phase at higher temperatures using
phase-field methods [182], see Fig. 6.1(b). However, this phase-field model [182] does
not accurately fit the polarization and strain values near the spontaneous states, that are

accounted by the f and g tensors in Eg. (2.14) in the Landis phase-field model. Thus it

is of interest to extend the Landis phase-field model to account for thermal effects. This

can be done by the classical approximation [34], [191] of modelling the second order

coefficient, &; in Eq. (2.14) as a linear function of temperature, &; = aif(T -T,). The

linear variation with temperature is assumed because a;

; 1s dependent on the
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Figure 6.1: (a) The ferroelectric domain-wall diode, image modified from Whyte and
Gregg [189] (b) Domain structure evolution between tetragonal to orthorhombic phase
in BaTiOs during temperature cycling. Reprinted from Gu et al. [182]. Copyright 2014
by the American Physical Society. (c) Domain structures in PbTiOs nanoparticles with
different shapes indicating the effects due to surface energy, images reprinted from
Wang et al. [144], with permission from Elsevier. (d) Flexoelectric induced electric

field in BaTiOs thin film, image modified from Chen et al. [186]. With permission of

Springer.
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susceptibility of the material, x which is experimentally observed to vary linearly with

temperature [34]. Alternatively, & can also be modelled as a hyperbolic cotangent function of

temperature [192] to include certain quantum mechanical effects that arise at low temperature
ranges [193]. Overall, this task would extend our understanding of the domain
structures as a function of temperature, and assist in designing devices such as
ultrasound transducers that operate under a wide range of temperatures [194].

Surface energy is known to affect the phase transition temperatures [30], [185],
the formation of polarization patterns [143], [144] (see Fig. 6.1(c)), and the
tetragonality of ferroelectric crystals at the nanoscale [184], [195]. In the phase-field
simulations by Glinchuk et al. [185], surface energy is shown to cause a shift in
transition temperature of ferroelectric and ferromagnetic nanoparticles. Likewise, Wang
et al. [144] employ a phase-field model to provide useful insights on the effect of
surface energy on a temperature-shape phase diagram and domain switching in PbTiO3
nanoparticles. However, these phase-field models [185], [144] are not well calibrated to
capture the anisotropic effects in a ferroelectric region, for example the energy
contribution from eighth order polarization terms has not been included. Thus, it would
be an interesting challenge to extend the Landis phase-field model to account for
surface energy effects. Following Wang et al. [144] a compressive stress proportional to

the curvature of the nanoparticle surface, (o o«—u/R, p=surface tension,
R = nanoparticle radius) can be introduced in Eq. (2.14). This is similar to modelling

the effect of hydrostatic pressure on a sphere. This task could enable the phase-field
model to provide useful insights on domain evolution in ferroelectric particles at the
nanoscale.

Next, the flexoelectric effect on nanoscale domain patterns in ferroelectrics is

discussed. Flexoelectricity is the effect of strain gradients on spontaneous polarization
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in a ferroelectric crystal and becomes dominant at the nanoscale (~10°m™) [187], see
Fig. 6.1(d). Gu et al. [187] introduce the contribution from the flexoelectric field [186]
in the phase-field model and demonstrate its effects on domain wall behaviour, such as
polarization rotation at the wall. Introducing this term in the Landis phase-field model
could help to engineer domain walls and manipulate their density to tune piezoelectric
properties [188].

These tasks of introducing thermal effects, surface energy effects and
flexoelectricity in the Landis phase-field model, would enrich the model to develop
towards a more powerful and versatile design tool. The model could then be used to

explore a wide range of effects on nanoscale ferroelectric behaviour.

Reducing computational time

In the current work, the Landis phase-field model was solved using conventional
methods based on finite element simulations. This approach was computationally
intensive and simulations of ferroelectric regions with large length scales (>100nm)
were limited. Thus, the theoretical simulations and experimental observations (which
are typically carried out at large length scales) could not be directly compared. Thus, it
Is important to reduce the computational time for simulating large ferroelectric regions
by phase-field methods. Here, the ideas of adopting dynamic meshing and meshless
techniques are discussed; an ‘integrated approach’ where a phase-field model and a
micromechanics based model can be used together to describe macroscopic ferroelectric
behaviour is explored.

Conventional computational methods based on finite elements are inefficient to
deal with large mesh sizes or complex geometries. Alternative methodologies of

computing based on meshless techniques have been developed [196], [197] where the
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nodes are scattered in the model and are free to move. Here, the nodes typically track
the focus of the problem for example in Fig. 6.2(a), the nodes are shown to track the
crack growth. Mesh refinement technique is another method where the solver traverses
through the grid and estimates the errors due to adding or deleting elements [198],
[199]. This technique results in a fine mesh near material inhomogeneities (e.g., in
Fig. 6.2(b) mesh with small element sizes is observed closer to the dendrite surface) and
in a relatively coarse mesh where the material properties are homogeneous. The use of
the meshless or mesh refinement techniques is typically assessed based on the model
length scale and has been employed in phase-field modeling of thin shells [197], [198].
Solving the Landis phase-field model using the meshless or mesh refinement techniques
could potentially expedite the computations and enable to simulate large length scales
of a ferroelectric region. However, care is to be taken in choosing the element size so as
to capture the fine domain walls (~2nm) in ferroelectric materials.

The configuration of domains at the microscopic scale is important to the
macroscopic behaviour (such as domain switching, hysteresis) in ferroelectrics [159],
[160], [200]. However, modelling the effects of domain arrangement on macroscopic
ferroelectric behaviour (length scales >100nm) using a phase-field model is a

cumbersome process. Here, an idea is to develop an ‘integrated’ approach, which uses a
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Figure 6.2: (a) Progression of fatigue crack growth modelled using meshless methods,
reprinted from Belytschko et al. [196], with permission from Elsevier (b) Dynamic

mesh refinement technique around the surface of a dendrite, image from [198].
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combination of both the Landis phase-field model and a micromechanics based model (e.g.,
switching model [66]). That is, the Landis phase-field model could be ‘switched on’
near material inhomogeneities such as defects/surfaces to accurately solve for
stress/electric fields; while ferroelectric regions with homogeneous properties are
solved using the micromechanics approach. A challenge here is to model the
ferroelectric region where the two theoretical approaches meet. This can be resolved by
adopting methods similar to the scale bridging techniques used in the multi-scale
modelling approach (a method which predicts material behaviour at different length
scales by combining two or more theoretical models). For example, Uetsuji et al. [201]
use homogenization theory to describe macroscopic properties such as domain
switching in ferroelectrics based on the polarization orientation at the microscopic level.
Here, a periodic cell is modelled using phase-field methods to capture the polarization
orientation at the microscale. The resulting elastic, electric and electromechanical
behaviour is transformed (using an asymptotic homogenization theory) to serve as input
parameters for the macroscopic model. This multi-scale modelling method is well
established for ferroelectrics [201], [202], and can be used to develop the integrated
approach proposed for ferroelectrics. The integrated approach could potentially reduce
the computational time required to simulate large ferroelectric regions as the phase-field
simulations are carried out only at selected regions in the material and enable a

pragmatic material design approach to develop devices at the microscale.

Phase-field model for relaxors and other related applications

The Landis phase-field model serves as a well-established framework that
describes the interaction between the electro-mechanical fields in a ferroelectric

material. For example, the model relates higher order strain and polarization terms and
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accounts for energy contributions from these coupled fields, see Eq. (2.14). This
encourages the application of the phase-field method, to explore other materials with
similar behaviour such as the relaxors. The method could also be employed to study
phenomena such as the coupling between electrochemical and mechanical stress
generation in Lithium ion batteries. These potential future works are next discussed.

Relaxors are known to exhibit electromechanical properties that are superior to a
ferroelectric crystal [203] resulting in applications in medical ultrasonic transducers
[204], [205] and energy harvesters [206], [207]. These materials are similar to
ferroelectrics but are characterised by a complex ‘glassy behaviour’ that is known to
enhance its dielectric and piezoelectric properties [208]. The glassy behaviour is not
completely understood and is associated with the appearance of polar nanoregions in
the relaxors. Several atomistic models are developed to study the interaction between
individual atoms in a relaxor ferroelectric [209], [210]; however, at present there are
very few continuum models [72], [211] that describe the elementary relaxor behaviour.
This presents an opportunity to apply the Landis phase-field methods to describe
relaxor behaviour. The challenge here is to model the evolution of polar nanoregions as
a function of temperature using phase-field methods. The appearance of polar
nanoregions could then contribute to understanding the interaction between polarized
domains and phase boundary motion in relaxors. The phase-field model could also be
used as a design tool to engineer relaxor-ferroelectric composites.

Next, the use of phase-field methods to describe the coupling between
electrochemical processes and mechanical properties of electrodes in Lithium ion
batteries are discussed. That is, insertion of Lithium into the electrode material induces
stresses, which leads to crack growth and an eventual breakdown of the battery [212],

[213]. These batteries are important for portable energy storage due to compact design
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and light-weight. Thus it is important to study the interaction between the lithium
diffusion process and the stress generation in electrodes to design long-life batteries.
Phase-field methods have been applied to describe the interaction between the
electrochemical processes and the mechanical properties [214], [215], however the
models do not capture the coupling fields effectively. For example, Huttin and Kamlah
[214] describe the effect of interface energy and elastic energy on the stress generation
in electrodes, but the effect of stressed electrodes on lithium diffusion is not captured by
the model. Di Leo et al. [215] apply a Cahn-Hilliard-type phase-field theory to phase-
separating Li-ion electrode materials, however the coefficients are derived for an
isotropic system while several electrode materials used in the current market are highly
anisotropic. Developing a phase-field model based on the Landis methods could
possibly address the anisotropic issues.

The present work applies the Landis phase-field model to gain deeper
understanding on nanoscale ferroelectric properties. The work explores the relatively
new concept of designing ferroelectric devices (nano-actuators) based on a ‘bottom-up’
modelling approach. The results from the current work provide interesting insights on
the formation of nanoscale polarization patterns such as vortices that helps in
developing nanoscale ferroelectric memory devices. The study on periodic polarization
patterns explains certain experimental observations of stripe-like patterns in nanoscale
ferroelectrics that could be potentially used to develop energy harvester devices. These
results could serve as an important initial step for nanoscale experimentation or in the
development of a prototype for the proposed device concepts. The present work might
benefit the industrial application of ferroelectrics and could encourage research on other
active materials. The potential directions of further work are discussed and indicate

prospective applications of the Landis phase-field model.
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Appendix

The phase-field model employed in this thesis has been developed by Landis
and co-workers and the details of the model and material properties are found in
Refs. [29] and [68] respectively. For the benefit of the readers, a brief description on the
Landis phase-field theory and the barium titanate material properties employed in the

model are reproduced in the appendix.

A.1 Landis phase-field theory

In this section, the governing equations solved in the Landis phase-field model
are listed from Ref. [29]. The mechanical equilibrium equations used are the balances
of linear and angular momentum in an arbitrary volume V and the bounding surface S :
o th=pl  in Vv,
0y =0 in Vv, (A1.1)
oh; =t on S,

where the indicial notations with summation over repeated indices are used to represent

the Cartesian components of Cauchy stress o, body force per unit volume b,

ji !

mechanical displacements u, (note: the double overdot represents a second derivative

with respect to time), unit vector normal to a surface element n;, tractions applied to the
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surface t.. p is the mass density and assuming linear kinematics in the model, the

strain components &; are described in terms of the displacements as:
_1 [ \Y Al2
gij_E(ui1j+ujyi) in : (A.1.2)

Electrical equilibrium in the model is governed by the quasi-static forms of Maxwell’s
equations:

D,;—-q=0 in Vv,
Dn =-w on S, (A.1.3)
E =-9¢ in Vv,

where V is any arbitrary volume and S the bounding surface. D, is the electric
displacement; q and « are the volume and surface charge densities; E; is the electric
field; and ¢ is the electric potential.

In addition to the electro-mechanical equilibrium equations, Su and Landis [29]

introduce a new system of micro-force tensors (<., 7, 7; ), which are work conjugates of

ji?
polarization P. For example éjinjlﬁi represents the power density spent across surfaces

by neighboring polarization configurations. While z,P and y,P are the power densities

spent internally by the material (e.g., arrangement of atoms in unit cells) and by
external sources respectively. Further details on the micro-forces and the derivation of
the balance law can be found in Ref. [29]. For equilibrium of the ferroelectric system,
the micro-forces lead to a balance law:

Eit+m+y, =0 in V. (A.1.4)

The above equilibrium equations along with the time-dependent Ginzburg Landau

equation described in chapter 2, Eq. (2.13) are the governing equations that are solved
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in the Landis phase-field model. In the Landis phase-field model the variational
statement or the principle of virtual work is given by:

Jitij

[ 8PP dV+jpu5u dV+ja Sg; —D,OE, +1,0R + &P,
Y (A.L5)

Jit'j

= [b,6u, —adg+ 5P, dv +jti5ui — WS¢+ E.N 5P dS.
\Y S

Eq. (A.1.5) serves as a base from which the finite element equations for the model are

derived. Further details on the derivation of Eq. (A.1.5) can be found in Ref. [29].

A.2 Material properties

In this section, the co-efficient values of the Helmholtz free energy function, see
Eq. (2.14), used in the Landis phase-field model are listed here. The Cartesian form of

the Helmholtz free energy expression in Eq. (2.14), is given by Eq. (A.2.1):
_% (P2 P2 4 P2 4 P2 +PL + P+ P2+ P2+ P2 )+ (P24 P2+ P?

V/—?( wthyth+h,th, +h s+, +H;+ 3,2)+E( R +R)
+a742(P14+P4+P )+—(P P? +P’P} + P?P; )+—4(P5+P6+P )+a, (PP’ +P})
Y (RE + P2) 4 PA(RE +P2)) + S5 (RO 4 PR+ RERY) = (6P 46, + 6 P)

b
_?2((522 + 533)P12 + (& + 533)P22 + (& + 522)P32) —by (&1, +£4)RP, + (815 + &5)RPs

C.
+ (&3 +83,) PR + %(5121 + ‘9222 + ‘93?3) +Cy(E16g + E11Ea3 + E5pE55) + ?3(5122 + 5221 + 8123
f, f
+ ‘9321 +5223 +‘9322) +( 511 +_(‘922 +‘933) + fo(en 60 + 8365) + T,6085 + ?5(‘9122 +5221
f f

+ 5123 + 5321) ""?6(5223 + ‘9322 ))Plz + (?15222 + ?2(‘9121 + 3323) + fi(eney +6p85) + fi6065

f f f f
+ ?5(5122 + ‘9221 + 52?3 + 53%2) +_6(5123 + 53%1)) Pzz + (_1‘9;3 + _2(5121 + ‘9222) + fy(ep65

fs fo 2 g,
+Ep&y) + Tie 80 + (‘913 + 531 + 523 + ‘932) +— (‘912 + 521))P + (_ &yt 7(522
+ ‘933))P4 + (_822 92 (‘911 +&53)) P4 + (_‘933 %(‘911 + 522))P34 + 73(‘912 + 821)(P1P23
g 1
+RR’) +73(513 +&,) (PP +PPR’) +73(523 +&,)(PP + RP)) +§((D1 -R)’
0

+(D,-PR,)*+(D,-PR,)?) (A.2.1)
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The co-efficients in Eq. (A.2.1) are chosen to fit the properties of a mono-domain single

crystal BaTiOs, measured by Li et al. [58] at room temperature (~22°C). Further
details on the experiments conducted by Li et al. can be found in Ref. [58]. In brief, the

spontaneous polarization and strains of BaTiOs polarized along the X, —axis measured
by Li et al. [58] is:

Ps =0.26 C/m?, P =P =0, &, =0.0082,

=0 =0 (A2.2)
&, =5, =-00027, &, =5, =¢5,=0,

and the elastic, piezoelectric and dielectric properties measured in the same coordinate
system are:

s, =8.01x10"m?*/ N, s =-157x10""m?/N, s} =-4.6x10"m?/N,

st =12.8x10™m?/ N, s, =17.8x10”m?/N, s =7.91x10"m?/ N,

d,, =106x10°C/N, d, =-50x10"*C/N, d, =580x10"*C/ N, (A.2.3)
k7 =4100x, =36.3x10°F/m, g =160k, =1.42x10°F/m,

Kk, =8.854x10*F/m, (dielectric permittivity of free space).

In order to fit the measured properties of BaTiOs in Eg. (A.2.2) and Eq. (A.2.3), the co-

efficients in Eq. (A.2.1) are chosen as follows:

a, =—0.668325E,/P,, a,=-3.80653E,/P?, a,=0.78922E,/P?,

a, =12.4421E,/P’,  a, =0.134226E,/P’,

b, =2.54138E,/£,P, b, =174267E,/&,P, b, =0.399353E,/z,P,,

¢, =204999, /0,  c,=0971673¢,/0,,  C,=1.27976¢,/0,, (A2.4)
f, =0.663581E, / £2P,, f,=0.841326E, /2P, f,=-0.170635E,/£2P,,

f, =0.687281E, / £2P,, f, =0.106647E,/&2P,, f, =0.213294E,/ &P,

0, = —3.66149E, / £2P?, g, = 6.27423E, | £2P?, g, = —1.21644E, | £2P?,

Where, P, =0.26C/m’, &, =0.0082, E, =2.18247x10"V/m and o, =692x10° N/m’.

Additional details on the co-efficients can be found in Ref. [29] and [68].
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