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ASYMPTOTIC ANALYSIS OF A MULTIPHASE DRYING MODEL MOTIVATED BY
COFFEE BEAN ROASTING *

NABIL T. FADAI', COLIN P. PLEASET, AND ROBERT A. VAN GORDER'

Abstract. Recent modelling of coffee bean roasting suggests that in the early stages of roasting, within each coffee bean,
there are two emergent regions: a dried outer region and a saturated interior region. The two regions are separated by a
transition layer (or, drying front). In this paper, we consider the asymptotic analysis of a recent multiphase model in order to
gain a better understanding of its salient features. The model consists of a PDE system governing the thermal, moisture, and
gas pressure profiles throughout the interior of the bean. By obtaining asymptotic expansions for these quantities in relevant
limits of the physical parameters, we are able to determine the qualitative behaviour of the outer and interior regions, as well
as the dynamics of the drying front. Although a number of simplifications and scalings are used, we take care not to discard
aspects of the model which are fundamental to the roasting process. Indeed, we find that for all of the asymptotic limits
considered, our approximate solutions faithfully reproduce the qualitative features evident from numerical simulations of the
full model. From these asymptotic results, we have a better qualitative understanding of the drying front (which is hard to
resolve precisely in numerical simulations), and hence, of the various mechanisms at play including heating, evaporation, and
pressure changes. This qualitative understanding of solutions to the multiphase model is essential when creating more involved
models that incorporate chemical reactions and solid mechanics effects.
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1. Introduction. As one of the most valuable commodities in the world [1], the coffee industry relies
on fundamental research to improve the techniques and processes relating to its products, especially with
the roasting process of coffee beans. Most of the literature concerning the roasting of coffee beans present
experimental data (see e.g. [2, 3, 4]) and use regression analysis and simple empirical models to interpret
the results. Recently, the literature has included a more in-depth discussion concerning the mathematical
modelling of the roasting of coffee beans (see e.g. [5, 6]). While other aspects of coffee processing have been
examined from a mathematical perspective (e.g. [7]), mathematical models describing the roasting of coffee
beans have, with the exception of a few studies, been largely unexplored.

In [5], a system of partial differential equations (PDEs) that model the transport of moisture and heat
throughout a coffee bean were derived and studied. This model uses the concept of “mass diffusivity” to
describe the transport of moisture in the coffee bean that was originally derived in [8], which applies to
lower-temperature evaporation. The ideas in [5] served as excellent motivation for the authors in [6] to
derive a mathematical model from first principles using conservation equations. Multiphase modelling has
been previously been applied in a variety of food heating problems [9, 10, 11, 12, 13, 14] (of particular
relevance was the bread baking model of Zhang et al. [15]) and is a natural framework to model the coffee
bean roasting process. In [6], the concepts of multiphase flow and water evaporation were included, and the
resulting model (referred to as Model 2 in [6]) also incorporated the production of carbon dioxide gas, latent
heat due to evaporation, and changes in porosity. Some simplifications were made to this full model (in
particular, neglecting carbon dioxide production) in order to allow some preliminary understanding of the
model behaviour. By examining numerical solutions of this model, a “drying front” that propagates through
to the center of the bean was identified.

Moisture transport in roasting coffee beans is a crucial aspect of the industrial process. Many chemical
reactions that occur produce aromas and flavour compounds that determine the quality of the final product.
Some of these chemical reactions are believed to be affected by the presence (or lack) of water [3]. Therefore,
the spatial and temporal distribution of the moisture content is strongly linked to the quality of the final
product.

Mathematical models describing drying have been explored previously (see e.g. [16, 17, 18]), which relate
the drying of wood, bricks, and other materials. However, due to the impermeable cellulose structure within
a coffee bean, the water vapour created in the biological cells cannot be easily released into the roasting
environment. In consequence, the ratio in timescales between evaporation dynamics and vapour transport is
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very large, which motivates us to explore the leading-order dynamics of coffee bean roasting using asymptotic
analysis. Hence, the model presented here should be appropriate to any drying problem where these physical
phenomena are relevant.

In [6], numerical results suggest that there are three main regions within a coffee bean as it is roasted.
The first main region (which we refer to as Region i) is where the vapour pressure of water aligns with the
steam table pressure. The second main region (which we refer to as Region ii) is when the moisture content
of the bean is negligible. Between these two regions, we expect a thin transition layer, or “drying front”,
in which moisture is rapidly evaporated. Issues surrounding numerical resolution make it computationally
expensive to resolve the dynamics near the drying front. In light of these observations, we are motivated to
extend the numerical results shown in [6] via asymptotic methods, in order to understand the qualitative
features of the multiphase model: in particular, the interplay between the narrow transition layer and the
two larger regions.

In this paper, we begin our discussion of the asymptotics of the full multiphase model in Section 2.
Motivated by the numerical results in [6], we determine an approximate form of the drying front. We then
obtain the leading-order asymptotics in Regions i and ii, as well as within the drying front. Despite several
simplifications, we are able to obtain reasonable agreement between the asymptotic approximations and the
numerical solutions in [6], and are confident that the asymptotics capture the qualitative dynamics of the
problem. In order to obtain additional explicit results, and motivated by the observation that the entire coffee
bean is almost always very close to the externally imposed roasting temperature, we fix the temperature at
this roasting temperature in Section 3. Under this assumption, the vapour pressure and moisture content are
also constant in Region i, while the leading order dynamics within Region ii reduce to a Stefan problem [19].
By considering the large Stefan number limit, we determine a leading-order expression for the drying front
for various geometries. As we will only focus on symmetric geometries with one spatial variable (e.g. planar
and spherical geometries), we can obtain explicit expressions for the drying front. We focus on the planar
and spherical geometries, as it is reasonable to represent a coffee bean either as a slab of porous material
“curled up” into the shape of a bean or as a sphere. Finally, in Sec. 4, we provide a summary and discussion
of the results.

2. Asymptotics of the Multiphase Model with Variable Temperature. The full multiphase
model that we will analyse consists of three PDEs that describe conservation of mass in water and vapour,
as well as conservation of energy. These equations describe the behaviour of three variables: the water
saturation S (i.e. the volume fraction of water divided by the total volume of water and gas), the partial
pressure of water vapour P, and the temperature 7. The only transport mechanism considered for water is
via evaporation, whereas in the gas phase, water vapour is transported either via evaporation or via Darcy
flow. Finally, we assume that heat is transported via conduction in all three phases within the bean, but
via convection at the surface of the bean. Mathematically speaking, this multiphase model can be stated for
nondimensional variables in symmetric geometries (i.e. using a single spatial variable r) as

a8 1

(1) o~ alv

o 9 [+ 7)PA—0S)] _ 105  _ [(L+T)PVP
ot 1+ 9T 5ot 1+ 9T ’
or B) a8

(3) ot S+ TD)) = As + AV - [(1 4+ AS) VT,

where the V operator should be interpreted appropriately for the different geometries as derivatives of r.
Additionally, there are symmetry conditions at the centre of the bean

(4) VT -n|._,=0, VP-n|_,=0,
the boundary conditions at the surface of the bean
1-08 1+ Ay
T. = 1-T

6 v = (0 (Fs) 0D,

Psr(T), T <T,,
(6) Pl =

Pa) T Z Ta7
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and the initial conditions
(7) S(r,0)=1, T(r,0)=0, P(r,0) = Psr(0).

Here, the evaporation rate I, and steam table pressure Psr(T') are given by

(8) I, =501 —-0S)(Pst — P)\/L:FZ and Pgr(T) = exp (M) :

A complete derivation of this model from the “simplified” multiphase model presented in [6] can be found
in Appendix A. A key feature of this model is €, which can be interpreted as a ratio in timescales between
Darcy-driven vapour transport and evaporation. One can interpret § as a density ratio of water vapour
to water, and o represents the initial water-to-void volume ratio. The boundary condition (6) is slightly
modified from that in [6] and is described in Appendix A. Here, P, is the ambient vapour pressure in the
roasting chamber.

We will also make the assumption that the step in the boundary condition (6) for P only occurs at one
critical time, namely, t*. We define t* as the first time when the evaporation temperature 7T, is achieved at
the surface of the bean, i.e. as the solution to the equation

(9) T(1,t*) =T, = Py} (P.).

This critical time will be used not only to signal which part of the step in (6) is relevant, but also to signal
where the asymptotic behaviour changes.

We can divide the solution to the model into three regions in order to understand the approximate
dynamics that occur in the coffee bean. Using parameter values shown in [6], a typical value of € ~ 1.54 x 10~4
suggests that we should consider the limit of ¢ — 0. We note that § = O(1) is the distinguished limit of this
system and concentrate on considering this case, despite the analysis being also valid for small §. We will
consider ¢ being small when the equations in Regions i and ii require further simplifications to extract closed
form solutions. In Section 2.2, we will determine how small ¢ is allowed to be before a different analysis is
required. In the e — 0% limit, we can see from (1) that if time and space remain unscaled, I, = 0 will be
the leading-order equation, and from (8), this can occur in one of three ways. Firstly, I, = 0 if the vapour
pressure is in equilibrium with its steam table pressure, i.e. P = Pgp. As the initial data is consistent with
this equilibrium, we will observe this first (which will be referred to as Region i). Secondly, I, = 0 can
be achieved by setting S = 0. This corresponds to where there is no more water to evaporate and will be
denoted as Region ii. A final case where I, = 0 is when S = o~ !; however, this corresponds to when the
coffee bean is completely saturated with water, which we will discard as an extraneous case.

We will also consider a narrow “drying front” that connects Regions i and ii. This drying front, which
is centred about r = R(t), propagates from the surface of the bean towards the center of the bean and is
where the moisture content S quickly goes from 1 to 0. In this drying front around R(t), we find that the
temperature is spatially uniform, but will vary as time progresses. The temperature profile within the drying
front is denoted as T*(t). A schematic diagram of these three regions is shown in Figure 1, including the
time t* at which evaporation first occurs at the surface of the bean.

2.1. Asymptotics of Region i. In Region i, we have, from (1), I, = 0 to leading order in the limit of
e — 0%, implying that that P = Psr(T). Consider the asymptotic series valid as € — 0%,

(10) S = So(r,t) +€S1(r,t) + O(*), T =To(r,t) +€Ti(r,t) + O(e?), P = Psr(r,t)+ ePi(r,t) + O(€%).
Substituting (10) into (2) and (3) gives, to lowest order,

(11) %?<§—URWGMAHM>+ﬂ—n&ﬁiﬂ%ﬂﬂmwﬂﬂ:V-WWGMAUMVRWHML
(12) fgﬁmﬂ+9%%wm+%§u+Aﬂﬂ$a@v¢a+@%wnL

where A(Tp) = ﬁ As we cannot solve this system analytically, we now suppose that § < 1 and write
an asymptotic series in powers of § for Sy and T} valid in the limit § — 0T as

(13) So = So(r,t) +8S1(r,t) + O(6?), To = To(r,t) + 0Ty (r,t) + O(6?).
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Fic. 1. A summary of where the different regions are as the bean dries. Region i is when the vapour pressure is in

equilibrium, Region ii is the dry region, and the dashed lines indicate the narrow transition layer between the regions, which
begins at time t*, defined in (9).

Substituting (13) into (11) gives us, to leading order, that % = 0. Therefore, the moisture content of the
bean stays at its initial value, i.e. Sy = 1. To lowest order, (12) then gives us

~ As(1+ Ay)
720 _ kv W S A A
(14) 5 KV*Ty, where K 7 A

Equation (14) must be solves subject to the boundary condition (6), which can be stated as

Ty

(15) V- Tp Tzlzy(l—To|T=1>, t<t,
(16) T0|T:R(t) =T*(t), t>t*
Additionally, we will impose the symmetry condition VI, -n = 0 at r = 0, as well as the initial data

Ty (r, 0) = 0. We are able to solve the PDE for ¢t < t*; in particular, we can determine a leading-order
approximation for ¢*. By solving (14) in spherical co-ordinates, we obtain that

(17) To(r,t) =1— Z CTn sin(ju, ) exp(—p2 Kt).
n=1

where the eigenvalues p,, satisfy the transcendental equation g, cot(u,) = 1 — v and the constants ¢, have
the form

(21/cos Hon v 7& 1’

(18) Cn = M;(Sir;)fn_y),
e V=L
While the case v = 1 is reasonably pathological, it is included in this analysis for completeness. Typical

parameter values seen in [6] give v = 0.585, so we will only consider the case where v # 1 from here on.
To determine ¢* in spherical co-ordinates, denoted as t§;,, we impose, from (9), that To(1,t5,,,) = To.
When v # 1, this is equivalent to writing

(19) Z (M) exp(—p2Kts,,) = W

2
= \sin” py, — v 2v

Using the parameter values in [6] (K ~ 2.25,v ~ 0.585, T, ~ 0.519), (19) has the solution t, ~ 0.173, or
about 45.9 seconds in dimensional units.

Similarly, we can determine ¢* in Cartesian co-ordinates, denoted as t¢,,., by noting that the solution
of (14) in Cartesian co-ordinates, with a Neumann boundary condition at r = 0, is

(20) To(r,t) =1— i dy, cos( A\, 1) exp(—=A2Kt),

n=1
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where

2usin A,

21 Aptan A, = d d,= """
1) o v A (v 4 sin? )

This allows us to determine t¢,,, via the transcendental equation

1-T,

= sin? )\,
22 > A2 KtEt) = ——
( ) = exp( /\n’CtCart) 2 ’

1/—|—Sm An

which, using parameter values stated above, gives £, , ~ 0.494, or about 131 seconds in dimensional units.
Hence, we have determined when the step occurs in the boundary condition (6). When the boundary
condition changes, we find that the transition layer forms at the surface. We shall not consider the very
small time while the transition layer is close to the surface, as it does not give any useful insight, but proceed
to when it is in the interior of the bean.

2.2. Asymptotics of the Transition Layer. In order to understand how S varies from 1 to 0, we
must examine the transition layer in the limit € — 0%. We first discuss the distinguished limit § = O(1).
We will find that both P and T are spatially uniform at lowest order with small variations of equal size (say
O(e”), a > 0) and hence variations of the evaporation rate are also O(e®). The transition layer is narrow (say
O(e®), b > 0) around a moving front at » = R(t) and we find, noting that S = O(1), that a balance between
the resulting advective term in (1) and the evaporation rate requires —b = —24a. Similarly, having a balance
of vapour production due to evaporation with transport by Darcy flow in (2) requires that —b = —2b + a.
Hence, in the distinguished limit 6 = O(1), we take a = b = 1. We can also consider small §; when § = O(e®)
and « > 0, a dominant balance requires that —b = a — 2 and —a — b = —2b + a. Therefore, the transition
layer has width O(e!T®/2) and the variations in P and T are O(¢'~%/2). Since we require these variations
to be small, we must have oo < 2. We conclude that the analysis in the distinguished limit § = O(1) is valid
until § = O(e?).

For the case § = O(1), the transition layer is around “drying front” R(t) and we introduce the scaling
r = R(t) + e#. We also take P, T, and S as asymptotic series as e — 0%, with

(23) S = So(#,t) + €S1(7,t) + O(e?), P = Py(#,t) 4+ ePi(7,t) + O(?), T = To(#,t) + Ty (7,t) + O(e?).

We will first show that Ty (7,t) = T*(t) and Py(7,t) = P*(t) := Psp(T*(t)). To do this, we note that, in
order to match our transition layer into Region i, we must have that

(24) Py — P*(t) and Tp|, , _ —T*(b).

F——00
By substituting (23) into (2) and (3), we obtain, at O (e?),

8Pg

1+9%

9
oF

(25) =0,

or | or

0 {aTO(l +A4SO)} ~0.

We note that these equations hold in any geometry at leading order, provided that we are sufficiently far
away from any geometry-induced singularities that could produce additional derivative terms at O (6*2),
e.g. if R(t) = O(e) in spherical co-ordinates. Integrating (25) and imposing (24) implies that

(26) To(7,t) =T*(t) and Py(f,t) = P*(t).

To determine the leading-order behaviour for S, we note that using (23) in (8) and expanding yields

Psp = P* (1 + e(fgrl ;i;ﬂﬁ) +0 (),

— o(p - POt T) 4 — oS 2 Lo (e
Iv = —€ (Pl (1 n <?T*)2T1f) So(l USO) 1+ TT* +O (6 )

5
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200 Using these along with (24), we obtain, at O(e~!), that (1)-(3) give

201 (28) —R/(t) 88i0 :\I/(Pl,Tl)So(l — O'S())7
0So 1 1+ 9T 0?P
A * 1/ — _ *
202 (29) oP*R'(t) 5 — 6\11(P1,T1)SO(1 So) (1+9 ) P R
0S 0 oT;
203 (30) — A (14 TTHR ()22 =AU (P, T1)So(1 — 080) + Az — [(1 + ,4450)}} ,
204 or or or

205 where

o 1+ 7 LB+ T)
206 (31) \I/(Pl,Tl) = 1177 (Pl (1+§T*)2T1P .

207 Finally, the matching conditions with Regions i and ii are

208 (32) So—1, P—0, and T} —- 0 as 7 — —o0,
209 (33) So— 0 as 7 — +o0,
oP, oP
210 (34 —_— = ,
( ) OF listoo or r—R(t)
0Ty orT
211 (35 —_— = .
212 (35) OF listoo  OT lr—R@®)

213 In interpreting (32)-(35), we note that the limits where r — R(¢) are matching conditions for Regions i and
214 i, whereas the limits where 7 — 00 refer to matching conditions for the transition layer.

215 By eliminating the terms with (P, T}) in (28) and (29), we obtain
0?p, 1 (1+7T* 0S5

‘ 3 _P>!< = P* —_ = _— / t .

216 (36) o2 [" 5 ( 1+7 )} B0z

217 Integrating this and imposing the matching conditions (32) yields

218 (37) oh _ B <(1+9T*

or 1+y)p*> - ‘7} R'(t)(1 - So).

219 Similarly, eliminating terms with ¥(P;,T}) in (28) and (30) gives us

asy 0
o~ o

220 (38) R(t) [A2 — A(1+ TT7)]

{(1 +A450)3T1} .

or

221 Integrating and imposing the matching conditions (32) yields, after some rearranging,

222 (39) o _ —LR/(t) [As — A (1 4+ TT)] ( T ) :

or As 14+ AySo
223 Finally, by rearranging (28) to isolate Sy, we obtain

0.5,

95g (P, T))
504 4 or _ _ ’
24 (10) So(l—050) R

225 In order to write a single differential equation for Sy, we differentiate (40) with respect to 7, as well as
226 substitute in (37) and (39), to give us

227 (41)

028 9So\> 1-205
0_( 0) T20 4 So(1 — 0So)(1 — So)Y(So) = 0,

8?2 3f So(]. 7(750)
6
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where we define

(42) T(So) = 1+7 [1/1+7T" e B(l1+ 7)pP* Ay — A1 (1+ TT%)
V= NViv g s\ + 7P As(1 4+ TT%)? 1+ AuS, '
We note that, aside from the denominator 1+ .445, the components of the function Y(Sy) are independent

of #. By identifying equation (41) as a Bernoulli-like ODE, we can use integrating factors and the matching
conditions (33) to obtain the first-order non-linear autonomous differential equation for So(7):

1 J—
(43) %io =—50(1— JSO)\/Q/S mdx

It immediately follows that Sy is monotone decreasing when Sy lies between 0 and 1. Hence, we conclude
that P and T do not drastically change within the transition layer and the O(e) perturbations P; and T
can be related to Sy, which is the solution of a first-order differential equation in 7.

2.3. Asymptotics of Region ii. While the leading-order dynamics of S,7, and P have been deter-
mined in the transition layer, we still do not have an explicit form for R(t) and T*(¢). To find these, we now
examine Region ii, where negligible water is present. From (1), we have that S = 0 at O(e~2). However,
this in turn causes a cascading effect in the asymptotic expansion of (1), and we conclude that S = o(e™) for
all natural numbers n. Motivated by this fact, we anticipate that S will be exponentially small in Region ii.
Therefore, we can solve (1) explicitly, coupled with the condition that S =1 at ¢ = t*:

+J}

-1

(44) S = {(1 — o) exp |le /t (Pst(T'(r,s)) — P(r,s)) %ds

If we then neglect exponentially small terms, (2) and (3) become

o[ P PVP
(45) 8t{1+ﬂT]v'[1+9T]’
o .,
(46) 5 = AV°T.

For our boundary conditions in Region ii, we have the matching conditions (33)-(35), implying

(47) T|7~—>R(t) = T7(1), P|r—>R(t) — P(1),
opP P, 1 ([ 14T ,
4 R = — — B ——— —
(48) O by~ O liosgoo [5 ((1+ y)p*)) "] R (),
or _on ER o
(49) o b = Bl =~ M2 = AL+ T RO,

We must also give an initial condition for R(t) and T%(¢). As the drying front starts from the surface
of the bean and the temperature is at the switching point of (6), the initial conditions are R(t*) = 1,
T*(t*) = T,. Finally, our solutions must also continue to agree with the external boundary conditions of the
system, namely,

aTr
or

(50)

r=1 1—0

—u<1+A4)[1—T|T_1] and P|_, =P,

Therefore, our leading-order problem is a coupled system of two Stefan-like problems in a mass transfer
setting, rather than the classical heat transfer setting [19]. As this coupled system of PDEs (45)-(50) is
not explicitly solvable, we are motivated to use the large Stefan number approximation by considering the
limiting case when § < 1. The large Stefan number approximation has been studied previously in the context
of heat transfer on spheres (see e.g. [21]). For Region ii, the large Stefan limit 6 < 1 corresponds to the
drying front moving very slowly relative to the speed of vapour diffusion.
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By rescaling time with 7 = §(¢ — t*), we can examine the asymptotic series
(51) T =To(r,7) +6Ta(r,7) + O(6%), P = Po(r,7) +dPi(r,7) + O(6?)

as 6 — 07. In consequence, our leading-order Region ii problem (45)-(50) becomes

0Ty
52 *To =0 T, T* — 0
(52) V'To ’ OL%R(T) = (), or lr—R(r) o
PyVF 0P 1+9T* ,
53 Vil———— ) =0, P — P*(1), — = —— ,
(53) (1 T yn) blesnn 2 PO Ho| e, T ) B0
3T0 1+ A4
(54) W r=1 v ( l1—0 ) [1 - T0|r=1] ’ P0|r=1 = Pa’
(55) R(0) =1, T7*(0) = Ty.
Solving (52) implies that Tp = T*(7) and applying (54) forces T*(7) = 1. In consequence, this reduces our
coupled Stefan problem to a Stefan problem for pressure alone, i.e.

(56) V- (Py\VFR) =0, PoyHR(T) -1, Po|,_, = P,
dP, ,

(57) W r—R(T) - R (T),

(58) R(0) =1.

We note that this solution cannot satisfy the initial condition (55) for T*(¢). For this to be resolved, we
would have to consider the full problem in ¢, (45)-(50), which is not readily solvable.

2.3.1. Determining R(t) in Cartesian Co-ordinates with 7* = 1. In the limiting case where
d < 1,ie. T* =1, we can solve (56), provided that we neglect any short-time discrepancies between the
initial condition 7*(0) = T, and T™* = 1. Solving this PDE system (56) gives us

and our Stefan condition (57) gives us the ODE

dR 1— P2
(60) dr ~ 2(1-R)’

Based on the initial condition from (58), our drying front in Cartesian co-ordinates based on leading-order
asymptotics, Roart(7), is

(61) Rcar(7) =1 — /(1 — P2)T.

By returning to the original timescale of Region ii, we determine that Py can be fully expressed in Cartesian
co-ordinates as

1 P2

62 P (rt) = \| P2+ (1 — 1)y | =——2—.
(02 ey S P Tr

Finally, we determine from (61) that the time to completely dry a bean based on leading-order asymptotics
is
1

dr *
(63) tCart = tCart + S P2)

Using parameter values shown in [6], as well as typical values P, = 0.0879, § = 0.1011, ¢ = 0.0842, and

téart ~ 0.494, we compute that t(érayrt ~ 10.46, or about 2768 seconds in dimensional units.
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2.3.2. Determining R(t) in Spherical Co-ordinates with 7" = 1. In the limiting case where
d < 1, i.e. T* =1, we have that in spherical co-ordinates, by solving (56),

= (52) (2.

and our Stefan condition (57) gives us the ODE

dR 1— P2
(65) dr ~ 2R(1-R)

We use our initial condition (58) to give us, in implicit form, that the inverse function of the drying front in
spherical co-ordinates, Tgpn(R), satisfies the equation

(66) roon(R) =

We can invert (66) and solve Rgpn(7) in the correct domain and range:

(67) Rspn (1) = % (1 - E(i;}a)(;Q))T) — exp <_§m> E(3(1- Pg)T)) ’
where

(68) =00 = Y2v/Al— D) -2 + 1

and ZE(x) uses the principal branch of the cube root. Now that we have determined R(7) in spherical co-
ordinates, we can return to our original timescale of the problem and obtain that our leading-order asymptotic
approximation for P is

2(1—r)
27i

exp —ori\ — N
E(Bé(lfpé)?tzt;pw) +oxp (<5) 2 (3801 = P2t~ 5,0)

r

~ _ P2
(69) ByP"(rt) = |1-— (1 L > 1-
1+

To determine the time where the bean becomes fully dry, we substitute R = 0 into (66) to obtain, in our
original timescale, that

1

dr *
(70) tSp};l = tSph + 35(17—%.

Therefore, to leading order, the time for a spherical coffee bean to dry out completely is tgl?;l ~ 3.495, or
about 925 seconds in dimensional units. Figure 2(a) shows a comparison between the Cartesian and spherical
asymptotic approximations of R(t).

2.4. Comparison of Asymptotic Approximations with Numerical Results. We now compare
these asymptotic approximations with the numerical solution of the PDE system (1)-(3), considering the
drying front R(t) in particular. We solve the the PDE system (1)-(3) in MATLAB using the method of lines
and a second-order central finite difference scheme in space. We use a stiff adaptive ODE solver in time,
namely the MATLAB function ode15s, to achieve convergence. As we can see in Figure 2(b), the general
shape of the dimensional drying front R(t) agrees reasonably well with the dimensional drying front seen in
the numerical solution, especially as R(t) — 0. However, we also see that the drying time in the numerical

solution is larger than the predicted 4 from asymptotic results. This is to be expected, as the asymptotic
Sph

results used were for when the Stefan number + — +oc. Therefore, for a smaller (but still large) Stefan

number, we expect the drying time to be longer. Additionally, these approximations for the drying front
R(t) assume T™* = 1. Because T*(t) is less than unity in the numerical simulations, this will cause the drying
front to be slower than the asymptotic approximation, which can explain why the numerical solution takes
longer to dry out the entire bean.
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Fia. 2. Comparison of predictions of the drying front position R(t) for the variable temperature regime. (a) Predictions
Rcari(t) from (61) and Rgpp(t) from (67). (b) Spherical predictions Rspp(t) from (67), shown in dash-dot red, and numerical
solutions of (1)-(8), shown in black. All predictions in (b) are shown in dimensional units.

3. Asymptotics of the Multiphase Model with Constant Temperature. In Section 2, we have
given an analysis of the leading-order equations governing Region i, Region ii, and the transition layer.
However, the numerical solutions indicate the thermal timescale of the multiphase model is much smaller
than the vapour diffusive timescale. In consequence, it seems reasonable to examine a reduced model where
the coffee bean is at the externally imposed roasting temperature throughout. Additionally, many of the
leading-order equations can be solved explicitly if the temperature is spatially uniform and this helps in
interpreting the behaviour of the moisture content and vapour pressure. Therefore, we are motivated from
a physical and an asymptotics point of view to consider a reduced model with T' = 1.

In this section, we assume that 7' = 1 throughout the bean, which this means that the transition region
is created immediately (i.e. t* = 0) and the system of PDEs (1)-(2) become

(71) %f = 7612(1 — P)S(1 - 08),

(72) % (1 0S)P| = %(1 _P)S(1—0S)+V - (PVP),
with boundary conditions

(73) P| _, =P, %—f T 0,

and initial conditions

(74) S(r,0)=1, P(r,0)=1.

Formally, we will consider the asymptotics of this system in the limit as ¢ — 07. We will take § = O(1)
except where significant simplification is found by taking 6 < 1, and all other parameters are assumed to be

o(1).

3.1. Asymptotics in Region i. In Region i, we have that P = 1 to leading order. In fact, we note
that P,.S = 1 is the exact solution in Region i, as these constant solutions satisfy both PDEs, the initial
conditions, and the symmetry condition in P at » = 0. It is important to note that, since we assume that
Region i is never in contact with the surface of the bean, the boundary condition at » = 1 does not apply.

3.2. Asymptotics of the Transition Layer. As in Section 2, we introduce the scaling r = R(t) + €7
to examine the behaviour as S transitions from 1 to 0. Again, we can expand P and S as asymptotic series
as e — O

(75) S = So(F,t) + €Sy (F, 1) + O(e?), P =1+ €ePi(7,t)+ O(e?).

10
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Noting that temperature is constant (implying that 73 = 0 and T* = 1), the equation (42) for YT (Sp) reduces
to T(So) = 5 — 0. From (37), this gives us

oP (1

(76) 5= (5-0) o - s

and from (43), gives us the first-order non-linear autonomous ODE:

(77) aaio — Sp(1— 050)\/2 ((15 - a> {1 - 7 log (11__0‘;0> +log (510)]

with matching conditions Sy — 0 as # — 400 and Sy — 1 as # — —oco. It is important to note a few key
points about equation (77). Firstly, it is not explicitly solvable. Secondly, due to translational invariance, we
require an additional constraint for uniqueness. This can be achieved, for example, by assuming the unique
inflection point of Sy occurs at » = 0. With this additional constraint, we numerically solve (77) and plot
the results in Figure 3.

3.3. Asymptotics in Region ii. In Region ii, we have, from (71), that S = 0 at O(e~?), which again
causes a cascading effect in the asymptotic expansion of (71). Similar to what was done in Section 2, we
find that S is exponentially small in Region ii and is given by

(78) S— {(1 o) exp le (t _ /OtP(r,s)ds>] +a}

Additionally, by neglecting exponentially small S, (72) becomes

-1

oP
79 — =V - (PVP).
(79) =V (PVP)
From (76), our boundary and initial conditions become
oP 1
P =P, P 1, — - = (1), =1
(80) r=1 r—R(t) - or r—R(t) - <(5 0) R ( ) R(O)

This problem has a similarity solution in Cartesian co-ordinates, as will be shown in Section 3.3.1, although
it cannot be explicitly solved. However, we can also examine the physically relevant large Stefan-number
limit by letting § — 07, as was done in Section 2.3. By rescaling time with 7 = ¢ and considering the
asymptotic series P ~ Py(r,7) + dPyi(r,7) + O(6?), (79)-(80) become

OP,
(81) V.- (PRVP) =0, P)| =P, P —1, 220

—— R'(t), R(0)=1.
=1 r—R(T) or r—R(T) - ( )’ ( )

11
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Solving (81) like in Section 2, we determine that in Cartesian co-ordinates,

1— P2
(82) Py(r,t) = \/Pg +(1-7) 5 < R(t)=1-+/(1— P2)dt,
and in spherical co-ordinates,
~ 1— P2 2(1 —
PO(rat) = 1- < a> 1- 27ri( T)
r 14 exp(25) E(3(1—P2)5t)

(83) EB0-PD T ew(Z)

R(t) = 1 (1 - (eXp (%) =E(3(1— Pj)ét)) |

2 3(1—P2)5t)  exp (220)

where E(y) = </2\/X<X —1)—2x+1.

3.3.1. Determining R(t) in Cartesian Co-ordinates using Similarity Solutions. One might
consider using a similarity solution to solve the system (79)-(80) in Cartesian coordinates without the as-
sumption that § < 1. To do this, we let P = h(n), where n = 1\;{. Substituting this transformation into

(79) gives
(84) (W) (m))' -+ S0 () = 0.

and (80) becomes

A(1—d0)

(85) MO =Py BN =1, W)=

Here, n = A corresponds to the moving boundary R(¢). Thus, our drying front based on the Cartesian
similarity solution, is given by

(86) Rss(t) =1 — AVt

We note that our choice of 7 allows us to automatically satisfy the initial condition R(0) = 1 and we can
determine from this equation when the bean will be completely dry, i.e. when Rgg(t) = 0. This gives us
t‘;{g’ = /\1—2 As (84) is not explicitly solvable, it is necessary to numerically solve this boundary value problem
in order to determine A. Using the shooting method, with the typical values P, = 0.0879, § = 0.1011, and
o = 0.0842, we find that A =~ 0.3152, implying that t‘é‘g ~ 10.06, or about 2664 seconds in dimensional units.
With less than a 1% relative error to tflgrsy, we conclude that t‘é;yrt ~ 9.964, as described in (63), is a very good
approximation to the drying time computed from the similarity solution. Figure 4(a) shows a comparison
of the drying front Rgg(t) with the Cartesian drying front determined previously via asymptotic methods,

namely, Rcart(t) given in (61).

3.4. Comparison of Asymptotic Approximations with Numerical Results. Comparing the
various asymptotic approximations with the numerical solutions of (71)-(74), we can see in Figure 4(b) that
the general shape of the dimensional drying front R(t) agrees well with the dimensional drying front seen
in the numerical solution. Because we have assumed that 7" = 1, we no longer have differences induced
by varying the temperature that were seen Section 2. Therefore, it is expected that the drying front R(t)
determined via asymptotics fits closer to the numerics. We see, like in Section 2, that the drying time
predicted by the numerical solution is larger than tg;yh determined from asymptotic results in (70). However,
this is to be expected; a large (but finite) Stefan number would cause the drying time to be longer than the
time produced by the limit 6 — 0*. This is confirmed by comparing the drying front in the full numerical
solution with the drying front obtained by solving (79)-(80) numerically. Indeed, by allowing ¢ — 07, we
only observe significant discrepancies between these two drying fronts near the surface and the centre of the
bean. This is to be expected, as the transition layer will be on a semi-infinite region in both of these cases
and will have different behaviour due to the boundary conditions.

12
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4. Discussion. In this paper, we have extended results of the “simplified” form of the multiphase model
presented in [6] via asymptotic methods, in order to better understand the qualitative features of the coffee
bean roasting process. Motivated by previous numerical results, we considered the limit € — 0T, representing
the situation where the rate of vapour transport by Darcy flow is much smaller than the evaporation rate.
The asymptotic analysis showed that the solution could be divided into two main regions and a transition
layer. The entire bean was in the first region until a time t*, when a thin transition layer appears at the
surface of the bean. This transition layer then propagated into the bean creating a second main region
between it and the surface of the bean. This asymptotic limit is different from what has been studied
previous in drying models, since the rigid cellulose structure of the solid coffee bean creates a large build-up
of vapour pressure that drives the vapour to the external environment. The analysis shows that a narrow
drying front, represented by the transition layer, is crucial to the drying process in this limit.

In the first region, the vapour pressure is in equilibrium with the steam table pressure and the moisture
content of the bean remains at its initial value, with heat flow governed by the heat equation. In the
thin transition region, the moisture content changes rapidly from its initial value to a small value. Here,
evaporation dominates and the temperature and vapour pressure remain spatially uniform. Finally, in the
second main region, there is almost no water and therefore no evaporation. The problem in this second region
consists of diffusion equations for the heat and vapour flow with coupling through the matching conditions,
similar to a Stefan problem, at the transition layer.

Numerical simulations suggest that the externally applied roasting temperature is attained globally fairly
quickly; hence, the case where temperature is fixed at the roasting temperature was considered. This also
allowed the coupled Stefan problem to be reduced to a single Stefan problem, which could then be solved
via similarity solutions or large Stefan number asymptotics. The leading order expressions are shown to
agree well with the dynamics of the drying front found from numerical simulations, under both spherical
and planar geometries.

Despite several simplifications made in obtaining asymptotic solutions in each of the regions of the coffee
bean, a reasonable agreement between the asymptotic approximations and the numerical solution of the
multiphase model as described in [6] has been obtained. This suggests that the asymptotics found here
accurately capture the qualitative behaviour of the coffee bean roasting process, and provide an acceptable
compromise between a simpler heat transfer model (such as those presented in [5]) and more complicated
multiphase models. The asymptotic results presented in this paper can be extended in order to determine the
asymptotic dynamics of related heat and mass transfer models. The complete multiphase model described
in [6] incorporates variable porosity, and by using similar methods to those shown here, one might determine
the leading-order behaviour of the multiphase model with variable porosity. Additionally, the analysis on
more complicated geometries, such as non-radially symmetric perturbations of a slab or sphere, may lead to
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destabilising the “drying front” observed in simpler geometries. Similarly, one might use the general asymp-
totic results for the multiphase model discussed here to guide the development of relevant solid mechanics
models, which take into account the structural properties of the coffee bean and allow for variations in coffee
quality due to structural deformations which may occur during heating and roasting. Asymptotic results
may also guide in the development of more complicated models involving many more chemical reactions, as
well as in understanding taste and aromatic properties of the final product.

Appendix A. Derivation of the Multiphase Model. Here, we will derive the multiphase model
(71)-(8) discussed in this paper, starting with equations (42)-(49) in [6]. Using the rescalings

) ) , b .
87 S—08 T=T, p,=psr()P, t=— i
( ) o p pST( ) QSPST(I)
and defining the parameters
 NVBVI+ T o pst(as BT
=T ey T
oo (G (1 —9) +(9) P (G2 — (3)
89 Al = ————— Ay =~A;, As= y Ag= —————7—,
) A=Tma-a7 TN AT GpaDaai-0 M T Gl-0+ G
the model of [6] becomes (dropping hats)
i8] 1

(90) 08 11,
(91) 9 11+7)P1-0S)] _ 108 <. (1+ 7)PVP

ot 1+ 9T ot 1+7T |’

or 0 a8
(92) §+A1&[5(1+7T)] :AQE‘FA:}V' (14 ALS)VT].

Here, the rescaled evaporation rate I, and the rescaled steam table pressure Psr(T) are given by
1+7 MT—U>

(93) I, =5(1=0S)(Psr — P) 15 7T

and PST(T) = exp (1—'—%1

We note that in [6], the initial saturation value was defined as Sy. This notation means something different
in the analysis of this paper, so we have therefore changed the notation of the initial saturation to be denoted
as 0. The boundary conditions we impose on the PDE system (1)-(3) are the symmetry conditions at the
centre of the bean

(94) VI n=0, VP-n=0 at r=0,

as well as the heat transfer condition

_ 1—-0S 1+ Ay _
(95) VT-n—u<1J>(1+A4S>(1—T) at r=1,

Nu’u<3¢(1 - 0)
(CL(1 =)+ Cp) (1 + Ag)

Previously, the model introduced in [6] imposes a Dirichlet condition in P at the surface of the bean.
We will instead impose a different boundary condition for P in order to prevent condensation from occurring
at the surface of the bean. This can be achieved by imposing that P equals the steam table pressure for
temperatures below the evaporating temperature, i.e.

(96) v=

(97) }r:1 _ {PST(T), T<T,,

P, T>T,.
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Here, P, := 17 and T, := PST% (P,). We will also make the assumption that the switching between the

psT(1)

boundary condition for P only occurs at one critical time, namely, t*. We define t* as the time when the
surface temperature equals the evaporation temperature Ty, i.e. as the solution to the equation T'(1,t*) = Tj,.
Finally, we impose the initial conditions corresponding to uniform initial moisture content, room temperature,
and equilibrium steam table pressure, i.e.

(98)

(1]
2l
3l
(4]
(5]
(6]
(7]
(8]

(9]

[10]
[11]

[12]

[13]

[14]

[15]
[16]
[17]
18]
[19]

[20]
[21]

S(r,0)=1, T(r,0)=0, P(r,0)= Psr(0).
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