
BARYCENTRIC LAGRANGE INTERPOLATIONJEAN{PAUL BERRUT� AND LLOYD N. TREFETHENyDedi
ated to the memory of Peter Henri
i (1923{1987)Abstra
t. Bary
entri
 interpolation is a variant of Lagrange polynomial interpolation that isfast and stable. It deserves to be known as the standard method of polynomial interpolation.Key words. bary
entri
 formula, interpolationAMS subje
t 
lassi�
ations. 65D05, 65D251. Introdu
tion. \Lagrangian interpolation is praised for analyti
 utility andbeauty but deplored for numeri
al pra
ti
e." This statement, from the extended tableof 
ontents of one of the most enjoyable textbooks of numeri
al analysis [1℄, expressesa widespread view.In the present work we shall show that, on the 
ontrary, the Lagrange approa
his in many 
ases the method of 
hoi
e for dealing with polynomial interpolants. Thekey is that the Lagrange polynomial must be manipulated through the formulas ofbary
entri
 interpolation. Bary
entri
 interpolation is not new, but most students,most mathemati
al s
ientists, and even many numeri
al analysts do not know aboutit. This simple and powerful idea deserves a pla
e at the heart of introdu
tory 
oursesand textbooks in numeri
al analysis.1As always with polynomial interpolation, unless the degree of the polynomial isvery low, it will not do to use uniformly spa
ed interpolation points. Instead onemust use Chebyshev points or other systems of points 
lustered at the boundary ofthe interval of approximation.2. Lagrange and Newton interpolation. Let n + 1 distin
t interpolationpoints (nodes) xj , j = 0; : : : ; n, be given, together with 
orresponding numbers fj ,whi
h may or may not be samples of a fun
tion f . Unless stated otherwise, we assumethat the nodes are real, although most of the results and 
omments generalize to the
omplex plane. Let �n denote the ve
tor spa
e of all polynomials of degree at mostn. The 
lassi
al problem addressed here is that of �nding the polynomial p 2 �n thatinterpolates f at the points xj , i.e.,p(xj) = fj ; j = 0; : : : ; n:The problem is well-posed, i.e., it has a unique solution that depends 
ontinuously onthe data. Moreover, as explained in virtually every introdu
tory numeri
al analysis�D�epartement de Math�ematiques, Universit�e de Fribourg, 1700 Fribourg/P�erolles, Switzerland,Jean-Paul.Berrut�unifr.
h. The work of this author has been supported by the Swiss NationalS
ien
e Foundation, grant No. 21{59272.99.yComputing Laboratory, Oxford University, LNT�
omlab.ox.a
.uk.1We are speaking here of a method of interpolating data in one spa
e dimension by a polynomial.A distin
t use of the term bary
entri
 for representation of multidimensional data, e.g. on trianglesand tetrahedra, is somewhat better known. 1



2 J.-P. BERRUT AND L. N. TREFETHENtext, the solution 
an be written in Lagrange form,2p(x) = nXj=0 fj`j(x); `j(x) = nYk=0; k 6=j(x� xk)nYk=0; k 6=j(xj � xk) :(2.1)The Lagrange polynomial `j 
orresponding to the node xj has the property`j(xk) = � 1; j = k,0; otherwise, j; k = 0; : : : ; n:(2.2)At this point, many authors spe
ialize Lagrange's formula (2.1) for small num-bers n of nodes, before asserting that 
ertain short
omings make it a bad 
hoi
e forpra
ti
al 
omputations:1. Ea
h evaluation of p(x) requires O(n2) additions and multipli
ations.2. Adding a new data pair xn+1; fn+1 requires a new 
omputation from s
rat
h.3. The 
omputation is numeri
ally unstable.From here it is 
ommonly 
on
luded that the Lagrange form of p is mainly a theoret-i
al tool for proving theorems. For 
omputations, it is generally re
ommended thatone should instead use Newton's formulas, whi
h require only O(n) 
ops for ea
hevaluation of p on
e some numbers, whi
h are independent of the evaluation point x,have been 
omputed.3Newton's approa
h 
onsists of two steps. First, 
ompute the Newton tableau ofdivided di�eren
esf [x0℄ f [x0; x1℄f [x1℄ f [x0; x1; x2℄f [x1; x2℄ f [x0; x1; x2; x3℄f [x2℄ f [x1; x2; x3℄ . . .f [x2; x3℄ ... f [x0; x1; x2; : : :; xn℄f [x3℄ ... f [xn�3; : : : ; xn℄ : : :... f [xn�2; xn�1; xn℄... f [xn�1; xn℄f [xn℄by the re
ursive formulaf [xj ; xj+1; : : : ; xk�1; xk℄ = f [xj+1; : : : ; xk℄� f [xj ; : : : ; xk�1℄xk � xj(2.3)2Lagrange's original treatment 
an be found in [42℄. On p. 171 of [27℄ it is stated that Lagrangeattributes the formula to Newton, but this is not the way we read Lagrange's text. Lagrange re
allsa formula of Newton with the words \Newton est le premier qui se soit propos�e 
e Probl�eme; voi
ila solution qu'il en donne;" but then he introdu
es the derivation of his own formula with \Mais onpeut r�eduire 
ette solution �a une plus grande simpli
it�e par la 
onsid�eration suivante."3We de�ne a 
op|
oating point operation|as a multipli
ation or division plus an addition orsubtra
tion. (In pra
ti
e, divisions are slower than multipli
ations on many 
omputers.) As usual,O(np) means � 
np for some 
onstant 
.



BARYCENTRIC LAGRANGE INTERPOLATION 3with initial 
ondition f [xj ℄ = fj . This requires about n2 subtra
tions and n2=2divisions. Se
ond, for ea
h x, evaluate p(x) by the Newton interpolation formulap(x) = f [x0℄ + f [x0; x1℄(x� x0) + f [x0; x1; x2℄(x� x0)(x� x1) + � � �+f [x0; x1; � � � ; xn℄(x� x0)(x� x1) : : : (x� xn�1):(2.4)This requires a mere n 
ops, mu
h less than the O(n2) required for dire
t appli
ationof (2.1).3. An improved Lagrange formula. The �rst purpose of the present workis to emphasize that the Lagrange formula (2.1) 
an be rewritten in su
h a waythat it too 
an be evaluated and updated in O(n) operations, just like its Newton
ounterpart (2.4). To this end, it suÆ
es to noti
e that the numerator of `j in (2.1)
an be written as the quantity`(x) = (x� x0)(x� x1) � � � (x� xn)(3.1)divided by x� xj . If we de�ne the bary
entri
 weights bywj = 1Yk 6=j(xj � xk) ; j = 0; : : : ; n;(3.2)we 
an thus write `j as `j(x) = `(x) wjx� xj :Now we note that all the terms of the sum in (2.1) 
ontain the fa
tor `(x), whi
h doesnot depend on j. This fa
tor may therefore be brought in front of the sum to yieldp(x) = `(x) nXj=0 wjx� xj fj :(3.3)That's it! Now Lagrange interpolation too is a formula requiring O(n2) 
ops for
al
ulating some quantities independent of x, the numbers wj , followed by O(n) 
opsfor evaluating p on
e these numbers are known. Rutishauser [49℄ 
alls (3.3) the \�rstform of the bary
entri
 interpolation formula".What about updating? A look at (3.2) shows that in
orporating a new node xn+1entails two 
al
ulations:� Divide ea
h wj , j = 0; : : : ; n, by xj � xn+1 (one 
op for ea
h point), for a
ost of n+ 1 
ops;� Compute wn+1 with formula (3.2), another n+ 1 
ops.The Lagrange interpolant 
an thus also be updated with O(n) 
ops! By applying thisupdate re
ursively, we get the following algorithm for 
omputing wj = w(j)j :w(0)0 = 1;for j = 1 to n dofor k = 1 to j � 1 dow(k)j = w(k�1)j Æ(xk � xj);



4 J.-P. BERRUT AND L. N. TREFETHENendw(j)j = 1.Qj�1k=0(xj � xk)endThis algorithm performs pre
isely the same operations as (3.2), only in a di�erentorder. It therefore yields the same numeri
al values, apart from any di�eren
es inrounding errors on a 
omputer.A remarkable advantage of Lagrange over Newton interpolation, rarely mentionedin the literature, is that the quantities that have to be 
omputed in O(n2) operationsdo not depend on the data fj . This feature permits the interpolation of as manyfun
tions as desired in O(n) operations ea
h on
e the weights wj are known, whereasNewton interpolation requires the re-
omputation of the divided di�eren
e tableaufor ea
h new fun
tion.Another advantage of the Lagrange formula is that it does not depend on the orderin whi
h the nodes are arranged. In the Newton formula, the divided di�eren
es dohave su
h a dependen
e. This seems odd aestheti
ally, and it has a 
omputational
onsequen
e: for larger values of n, most orderings lead to numeri
al instability. Forstability, it is ne
essary to sele
t the points in a van der Corput or Leja sequen
e orin another related sequen
e based on a 
ertain equidistribution property [20, 59, 65℄.This is not to say that Newton interpolation has no advantages. One is the elegantway in whi
h it 
an in
orporate derivative data in the 
ase of 
on
uent interpolationpoints (e.g., xk = xk+1). Another may be its ability to a

ommodate ve
tor ormatrix interpolation from s
alar data [58℄; using a representation like (3.3) wouldrequire 
ostly matrix inversion. There are also some theoreti
al instan
es in whi
hNewton interpolation is preferable, e.g., the 
onstru
tion of multistep formulas for thesolution of ordinary di�erential equations [32, 43℄.4. The bary
entri
 formula. Eq. (3.3) is not the end of the story: it 
an bemodi�ed to a even better formula, the one that should be used in pra
ti
e, for reasonsof numeri
al stability.Suppose we interpolate, besides the data fj , the 
onstant fun
tion 1, whose in-terpolant is of 
ourse itself. Inserted into (3.3), we get1 = nXj=0 `j(x) = `(x) nXj=0 wjx� xj :(4.1)Dividing (3.3) by this expression and 
an
elling the 
ommon fa
tor `(x), we obtainthe bary
entri
 formula for p: p(x) = nXj=0 wjx� xj fjnXj=0 wjx� xj BARYCENTRICFORMULA(4.2)where wj is still de�ned by (3.2). Rutishauser [49℄ 
alls (4.2) the \se
ond (true) formof the bary
entri
 formula". See p. 229 of [38℄ for 
omments on this terminology.We see that the bary
entri
 formula is a Lagrange formula, but one with a spe
ialand beautiful symmetry. The weights wj appear in the denominator exa
tly as in thenumerator, ex
ept without the data fa
tors fj . This means that any 
ommon fa
tor



BARYCENTRIC LAGRANGE INTERPOLATION 5in all the weights wj may be 
an
elled without a�e
ting the value of pn, and in thedis
ussion to follow we will make use of this freedom.Like (3.3), (4.2) 
an also take advantage of the updating of the weights wj inO(n) 
ops to in
orporate a new data pair xn+1; fn+1.5. Chebyshev and other point distributions. For 
ertain spe
ial sets ofnodes xj , one 
an give expli
it formulas for the bary
entri
 weights wj . The obviouspla
e to start is equidistant nodes with spa
ing h = 2=n on the interval [�1; 1℄. Herethe weights 
an be dire
tly 
al
ulated to be wj = (�1)n�j�nj�Æ(hnn!) [53℄, whi
h after
an
elling the fa
tors independent of j yieldswj = (�1)j�nj�:(5.1)For the interval [a; b℄ we would multiply the original formula for wj by 2n(b � a)�n,but this 
onstant fa
tor too 
an be dropped, so we end up with (5.1) again, regardlessof a and b.A glan
e at (5.1) reveals that if n is large, the weights wj for equispa
ed bary
en-tri
 interpolation vary by exponentially large fa
tors, of order approximately 2n. Thissounds dangerous, and it is. The e�e
t will be that even small data near the 
enter ofthe interval are asso
iated with wild os
illations in the interpolant, on the order of 2ntimes bigger, near the edge of the interval [39, 63℄. This so-
alled Runge phenomenonis not a problem with the bary
entri
 formula, but is intrinsi
 in the underlying in-terpolation problem. Among other things it implies that polynomial interpolation inequally spa
ed points is highly ill-
onditioned: small 
hanges in the data may 
ausehuge 
hanges in the interpolant.For polynomial interpolation to be a well-
onditioned pro
ess, unless n is verysmall, one must dispense with equally spa
ed points [57, Thm. 6.21.3℄. As is wellknown in approximation theory, the right approa
h is to use point sets that are 
lus-tered at the endpoints of the interval with an asymptoti
 density proportional to(1� x2)�1=2 as n!1. Remarkably, this is the same asymptoti
 density one gets if[�1; 1℄ is interpreted as a 
ondu
ting wire and the points xj are interpreted as point
harges repelling one another with an inverse-linear for
e, whi
h are allowed to movealong the wire to �nd their equilibrium 
on�guration [62, 
hap. 5℄. And it is pre
iselythe same asymptoti
 density that is required to make the weights wj of 
omparables
ale in the sense that although they may not all be exa
tly equal, they do not varyby fa
tors exponentially large in n.The simplest examples of 
lustered point sets are the families of Chebyshev points,obtained by proje
ting equally spa
ed points on the unit 
ir
le down to the unitinterval [�1; 1℄. Four standard varieties of su
h points have been de�ned, and for ea
h,there is an expli
it formula for ` in (3.1) whi
h may be easily di�erentiated [8, 34, 45℄.From the identity wj = 1`0(xj)(5.2)[39, p. 243℄ we a

ordingly obtain expli
it formulas for the weights wj .The Chebyshev points of the �rst kind are de�ned byxj = 
os (2j + 1)�2n+ 2 ; j = 0; : : : ; n:



6 J.-P. BERRUT AND L. N. TREFETHENIn this 
ase we �nd [39, p. 249℄wj = (�1)j sin (2j + 1)�2n+ 2 :(5.3)Note that these numbers vary algebrai
ally, not exponentially, re
e
ting the gooddistribution of the points. The Chebyshev points of the se
ond kind are de�ned byxj = 
os j�n ; j = 0; : : : ; n:Here we �nd [50℄ wj = (�1)j Æj ; Æj = � 1=2; j = 0 or j = n,1; otherwise;(5.4)all but two of the weights are exa
tly equal. Formulas for the less important Cheby-shev points of the third and fourth kinds 
an be found in [8℄.For all of these sets of Chebyshev points, if the interval [�1; 1℄ is linearly trans-formed to [a; b℄, the weights as de�ned by (3.2) all get multiplied by 2n(b � a)�n.However, as this fa
tor 
an
els out in the bary
entri
 formula, there is as usual noneed to in
lude it (and it is safer not to|see x7).One sees that, with equidistant or Chebyshev points, no expensive 
omputationsare needed to get the weights wj , and thus only O(n) operations are required for eval-uating pn. No other interpolation method seems to a
hieve this, for as mentioned inx3, Newton interpolation always requires O(n2) operations for the divided di�eren
es.Here is aMatlab 
ode segment whi
h samples the fun
tion f(x) = jxj+x=2�x2in 1001 Chebyshev points of the se
ond kind and evaluates the bary
entri
 interpolantin 5000 points. One would rarely use so many points in pra
ti
e; we pi
k su
h largevalues just to illustrate the e�e
tiveness of the formula. (At the end of x7 we shallmodify this program for numeri
al stability.)n = 1000;fun = inline('abs(x)+.5*x-x.^2');x = 
os(pi*(0:n)'/n);f = fun(x);
 = [1/2; ones(n-1,1); 1/2℄.*(-1).^((0:n)');xx = linspa
e(-1,1,5000)';numer = zeros(size(xx));denom = zeros(size(xx));for j = 1:n+1xdiff = xx-x(j);numer = numer + 
(j)*f(j)./xdiff;denom = denom + 
(j)./xdiff;endff = numer./denom;plot(x,f,'.',xx,ff,'-')On one of our workstations this 
ode runs in about 1 se
ond, produ
ing a plot likethose shown in Figure 5.1 but for the 
ase n = 1000. For further numeri
al examplesof bary
entri
 interpolation, see [39℄.Other point sets with the asymptoti
 distribution (1� x2)�1=2 also lead to well-
onditioned polynomial approximation, notably the Legendre points|zeros or extremaof the Legendre polynomials. However, expli
it formulas for the weights wj are notknown for Legendre points.
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Fig. 5.1. Bary
entri
 interpolation of the fun
tion f(x) = jxj+x=2�x2 in 21 and 101 Chebyshevpoints of the se
ond kind on [�1; 1℄. The dots mark the interpolated values fj .6. Convergen
e rates for smooth fun
tions. If a smooth fun
tion f is in-terpolated by polynomials in Chebyshev points or in any other system of points withthe asymptoti
 density (1 � x2)�1=2, the rate of 
onvergen
e of the interpolants tof as n ! 1 is remarkably fast. In parti
ular, suppose that f is a fun
tion that
an be analyti
ally 
ontinued to a fun
tion f(z) that is analyti
 (holomorphi
) in aneighborhood of [�1; 1℄ in the 
omplex plane. Then the interpolants pn satisfy anerror estimate maxx2[�1;1℄ jf(x) � pn(x)j � CK�n(6.1)for some 
onstants C and K > 1 [21, p. 173℄. The bigger the region of analyti
ity,the bigger we may take K. To be pre
ise, if f is analyti
 on and inside an ellipsein the 
omplex plane with fo
i �1 and axis lengths 2L and 2`, then we may takeK = L+ ` [62, 
hap. 5℄.Figure 6.1 illustrates this fast 
onvergen
e for two smooth fun
tions. The 
onver-gen
e rate for f(x) = exp(x)= 
os(x) is determined by the poles of f(z) at z = ��=2;we have K = �2 +p�2 � 1 � 2:7822:The 
onvergen
e rate for f(x) = (1 + 16x2)�1 is determined by the poles of thisfun
tion at z = �i=4; we haveK = 14 +r1716 � 1:2808:These fa
ts about 
onvergen
e pertain to polynomial interpolation in general,not bary
entri
 interpolation per se, but the latter has a spe
ial feature well suited to
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Fig. 6.1. Convergen
e of the error (6.1) in polynomial interpolation of two smooth fun
-tions f in Chebyshev points of the se
ond kind in [�1; 1℄. The lower 
urve 
orresponds tof(x) = exp(x)= 
os(x), and the upper 
urve to f(x) = (1 + 16x2)�1. In both 
ases we observesteady 
onvergen
e down to the level of rounding errors. The wiggles in the se
ond fun
tion arisefrom the missing 
entral node for odd n.taking advantage of su
h 
onvergen
e rates. Suppose we apply the bary
entri
 formulato Chebyshev points asso
iated with values n = 2; 4; 8; 16; : : : : Then it is possible to
ompute the interpolants re
ursively, reusing the previous fun
tion values fj ea
htime n is doubled [38℄. If f is analyti
 in a neighborhood of [�1; 1℄, ea
h doubling ofn results approximately in a squaring of the error; one has quadrati
 
onvergen
e ofthe overall pro
ess.A fun
tion f may be less smooth than the 
lass we have 
onsidered (e.g., twi
e
ontinuously di�erentiable, or in�nitely di�erentiable); or it may be smoother (e.g.,analyti
 in the entire 
omplex plane). A great deal is known about exa
tly howthe 
onvergen
e rates of polynomial interpolants depend on the pre
ise degree ofsmoothness of f . See 
hap. 5 of [62℄ for an introdu
tion and [56℄ for a more advan
edtreatment.7. Numeri
al stability. Polynomial interpolation is a subje
t in whi
h insta-bility is often a problem. One of the major advantages of the bary
entri
 formula is itsstability when properly applied. But this is a subje
t where 
onfusion is widespread,and one must be sure to distinguish several phenomena that are distin
t.One phenomenon to be 
lear about is that for improperly distributed sets ofnodes, as dis
ussed in x5, the underlying interpolation problem is ill-
onditioned:small 
hanges in the data may 
ause large 
hanges in the interpolant, typi
ally man-ifested as wild os
illations near the endpoints. Unless the nodes 
onverge to the(1 � x2)�1=2 distribution, the 
ondition numbers grow exponentially as n ! 1. Insu
h 
ir
umstan
es polynomial interpolation is simply not a useful method for appli-
ations, regardless of of whether one uses a Lagrange, Newton, or any other formula-tion. Even though the interpolants may 
onverge to f in theory as n!1 when f issuÆ
iently smooth, rounding errors will destroy the 
onvergen
e in pra
ti
e.Let us suppose then that we are working with a properly distributed set of points,su
h as Chebyshev points. The bary
entri
 formula is now stable provided that twomatters are attended to.The �rst is the question of under
ow and over
ow in the 
omputation of the



BARYCENTRIC LAGRANGE INTERPOLATION 9weights in 
ases where we are working from the general formula (3.2) rather thanfrom well-behaved expli
it expressions like (5.3) and (5.4). Suppose we are workingon an interval [a; b℄ of length 2C. (In the �eld of 
omplex analysis, C is 
alled the
apa
ity of the interval. The following remarks generalize to approximation on more
ompli
ated sets in the 
omplex plane besides intervals.) Then as n ! 1, the s
aleof the weights wj as de�ned by (3.2) will grow or de
ay exponentially at the rateC�n. If n is large or C is far from 1, the result may be weights that under
owor over
ow on a 
omputer|in IEEE double pre
ision arithmeti
, the thresholds areabout 10�308 and 10308. This problem 
an be solved easily: one need only res
ale theweights uniformly by a fa
tor roughly of the order Cn. There is no need to determinethis fa
tor exa
tly|if you get it right to within a fa
tor of, say, 10290, no digits ofa

ura
y will be lost!The other matter of stability is less trivial but also easily 
oped with: what ifthe value of x in (4.2) is very 
lose to one of the interpolation points xk, or in anextreme 
ase, exa
tly equal? Consider �rst the 
ase in whi
h x � xk but x 6= xk.The quotient wk=(x � xk) will be very large, and it would seem that there might arisk of ina

ura
y in this number 
aused by 
an
ellation error in the denominator.However, as pointed out by Henri
i [39℄, this is not in fa
t a problem. There isindeed 
an
ellation and ina

ura
y, but the same ina

urate number appears in bothnumerator and denominator of (4.2), and these ina

ura
ies 
an
el out; the formularemains stable overall.If x = xk exa
tly, on the other hand, something must 
ertainly be done: thebary
entri
 formula requires a division by zero, and if the Matlab 
ode segmentgiven earlier is run in standard IEEE arithmeti
, the 
orresponding values of theinterpolant ff will 
ome out as NaN, i.e., not-a-number. A somewhat old-fashionedsolution to this problem is to perturb x by a number on the order of ma
hine pre
ision.In the Matlab 
ode, this 
an be a
hieved by 
hanging the de�nition of xdiff toxdiff = xx-x(i); xdiff(xdiff==0) = eps;A better solution, however, is simply to repla
e the a�e
ted values of ff by their
orre
t exa
t values. One way to do this is to add three lines 
ontaining a newvariable exa
t to the kernel of the Matlab 
ode, as follows:numer = zeros(size(xx));denom = zeros(size(xx));exa
t = zeros(size(xx));for j = 1:n+1xdiff = xx-x(j);numer = numer + 
(j)*f(j)./xdiff;denom = denom + 
(j)./xdiff;exa
t(xdiff==0) = i;endff = numer./denom;jj = find(exa
t); ff(jj) = f(exa
t(jj));The above observations seem to make bary
entri
 interpolation entirely stable inpra
ti
e, but it would appear that, despite 
onvin
ing explanations and experimentsby several authors, a rigorous analysis of the stability of these formulas has not beenpublished.The bary
entri
 interpolation formula has a further kind of stability or robustnessproperty that proves advantageous in some appli
ations. Suppose (4.2) is applied



10 J.-P. BERRUT AND L. N. TREFETHENwith an arbitrary set of positive weights wj , not ne
essarily those given by (3.2). Forexample, the weights might have been 
omputed somehow with large errors. It iseasily seen that the resulting fun
tion p(x) still interpolates the data f , even thoughit is no longer in general a polynomial (see x9.2).8. Trigonometri
, sin
, and Laurent interpolation. Polynomial interpo-lation in Chebyshev points on [�1; 1℄ is equivalent to other familiar interpolationproblems, and a

ordingly, these too have bary
entri
 formulas. For example, one
an transplant any fun
tion f de�ned on [�1; 1℄ to a 2�-periodi
, even fun
tion Fde�ned on [��; �℄ by 
hanging variables to � = 
os�1 x and de�ning F (�) = f(x) =f(
os �) [56℄. The bary
entri
 formula be
omes [8℄tn(�) = nXj=0 wj
os � � 
os �j FjnXj=0 wj
os � � 
os �j ; wj = 1Yk 6=j(
os �j � 
os �k) ;(8.1)with �j = 
os�1 xj and Fj = F (�j). Sin
e tn(�) = pn(x) is a polynomial of degree� n in 
os �, it is a trigonometri
 polynomial of degree � n in � [47, p. 3℄, and (8.1)is the trigonometri
 interpolant of F . For Chebyshev points of the se
ond kind fxjg,the transplanted nodes f�jg are equally spa
ed, and by (5.4), (8.1) be
omestn(�) = nXj=0 (�1)jÆj
os � � 
os �j Fj, nXj=0 (�1)jÆj
os � � 
os �j :This formula is a spe
ial 
ase of the trigonometri
 interpolant of degree � n of anarbitrary fun
tion F in an even number 2n of equidistant nodes �j = j�=n, j =0; : : : ; 2n� 1, on the interval [0; 2�℄ [38℄:t(�) = 2n�1Xj=0 (�1)j 
ot � � �j2 F (�j),2n�1Xj=0 (�1)j 
ot � � �j2 :(8.2)These formulas are essentially equivalent to those that arise in the Dis
rete FourierTransform.The last expression 
an be further generalized. The fun
tion t is nothing but theso-
alled 
ardinal or sin
 interpolant Sh of the 2�-periodi
ally extended fun
tion Fbetween the equidistant points �j = jh, h = �=n, j = �1; : : : ;1 on the whole realline R [54℄. After repla
ement of the 
otangent with its Mittag-Le�er series, (8.2)be
omes the bary
entri
 formula for Sh [9℄,Sh(�) = 1Xj=�1 (�1)j� � �j F (�j), 1Xj=�1 (�1)j� � �j :In this way we re
over the sin
 interpolant for more general fun
tions on R (i.e.,non-periodi
). Gauts
hi has re
ently found another way of evaluating Sh that is moreeÆ
ient in many 
ases [26℄.Another 
losely related problem is that of polynomial interpolation in equallyspa
ed points on the unit 
ir
le in the 
omplex plane. For the n roots of unityzj = exp(2�ij=n), j = 0; : : : ; n � 1, one has `(z) = Qj(z � zj) = zn � 1, and the
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omputed from (5.2) as wj = zj , yielding the bary
entri
formula [31, 39℄ pn(z) = n�1Xj=0 zjz � zj f(zj),n�1Xj=0 zjz � zj :This is a starting point for all kinds of 
omputations related to Cau
hy integrals andTaylor and Laurent series in 
omplex analysis [37℄.9. Further uses of the Lagrange representation. Lagrange and bary
entri
formulas for polynomial interpolation have many other uses. Here are a few.9.1. Estimation of the Lebesgue 
onstant. We mentioned in x5 that somesets of interpolation points are better than others. Famous mathemati
ians, amongthem P. Erd}os, have given mu
h e�ort to studies of whi
h point sets are good or best,and how su
h matters 
an be quanti�ed. A 
ru
ial observation is that, for a �xed set ofn+1 nodes xj , the operator Pn that maps a fun
tion f to its interpolating polynomialpn is a linear proje
tion, with Pnpn = pn. A good measure of the 
onditioning of theinterpolation problem is the norm of Pn, known as the Lebesgue 
onstant,�n = kPnk = supf2C([�1;1℄) kPnfkkfk ;(9.1)where kfk = maxx2[�1;1℄ jf(x)j and C([�1; 1℄) denotes the spa
e of all 
ontinuousfun
tions on [�1; 1℄. This number 
an be shown to be a fun
tion of the Lagrangepolynomials `j of (2.1) [46, 56℄:�n = maxx2[�1;1℄ nXj=0 j`j(x)j :For some sets of interpolation points, the values of �n have been determined or es-timated theoreti
ally; see [15℄, [25, p. 121℄, and [35℄. For any nodes, we 
an use the
omputed weights (3.2) to yield a lower bound:�n � 12n2 max0�j�n jwj jmin0�j�n jwj j :(9.2)This inequality 
an be derived by applying Markov's inequality on the size of deriva-tives of polynomials [11℄. Noti
e that it quanti�es the observation of x5 that if thebary
entri
 weights vary widely, the interplation problem must be ill-
onditioned.Other illustrations of the relevan
e of the quotient of the bary
entri
 weights 
an befound in [24℄ and [65℄.9.2. Rational interpolation. It was mentioned in x7 that if the bary
entri
formula (4.2) is applied with an arbitrary set of weights wj , not ne
essarily thosegiven by (3.2), then the resulting fun
tion p(x) still interpolates the data f eventhough it is no longer in general a polynomial. Ba
k-multipli
ation of the numeratorand denominator by `(x) shows that p(x) is in fa
t the quotient of two polynomialsof degree at most n, i.e., a rational interpolant of f . It is easy to see that, 
onversely,every rational fun
tion r that interpolates the data fj in the points xj 
an be writtenin the form (4.2) for some weights wj [11, p. 79℄. These observations lead to aneÆ
ient method for 
omputing rational interpolants based on 
omputing the kernel



12 J.-P. BERRUT AND L. N. TREFETHENof a variant type of Vandermonde matrix [12℄. The bary
entri
 representation ofrational interpolants has several advantages over other representations, besides thoseit shares with polynomial interpolation. In parti
ular, it allows for an easier dete
tionof so-
alled unattainable points and of poles in the interval of interpolation [10, 52℄.9.3. Di�erentiation of polynomial interpolants. Suppose we have a fun
-tion u represented by a polynomial interpolant in Lagrange form, u(x) =Pnj=0 uj`j(x).Then the �rst and se
ond derivatives of u areu0(x) = nXj=0 uj`0j(x); u00(x) = nXj=0 uj`00j (x):(9.3)Now by (4.2), the bary
entri
 representation of `j is`j(x) = wjx� xj , nXk=0 wkx� xk :Multiplying through, and then multiplying both sides by x � xi to render them dif-ferentiable at x = xi, we have`j(x) nXk=0wk x� xix� xk = wj x� xix� xj ;from whi
h it follows with s(x) =Pnk=0 wk(x� xi)=(x� xk) that`0j(x)s(x) + `j(x)s0(x) = wj �x� xix� xj �0and `00j (x)s(x) + 2`0j(x)s0(x) + `j(x)s00(x) = wj �x� xix� xj �00 :General formulas for `0j(x) and `00j (x) 
an be derived from these expressions. Atx = xi, straightforward 
omputations yield s(xi) = wi, s0(xi) = Pk 6=i wk=(xi � xk)and s00(xi) = �2Pk 6=i wk=(xi � xk)2, from whi
h, together with `j(xi) = 0, we getfor i 6= j `0j(xi) = wj=wixi � xj ; `00j (xi) = �2 wj=wixi � xj �Xk 6=i wk=wixi � xk � 1xi � xj �:(9.4)As for the 
ase i = j, (4.1) implies Pnj=0 `(m)(x) = 0 for ea
h di�erentiation order mand thus `0j(xj) = �Xi6=j `0j(xi); `00j (xj) = �Xi6=j `00j (xi):(9.5)The advantages of (9.5) from the point of view of numeri
al stability are dis
ussedin [2, 3, 5, 6℄.What we have just a
hieved with the aid of Lagrange interpolation formulas is the
omputation of the entries of what are 
ommonly known as �rst- and se
ond-orderdi�erentiation matri
es D(1) and D(2):D(1)ij = `0j(xi); D(2)ij = `00j (xi):(9.6)
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es have a simple interpretation. If f is a ve
tor of fun
tion values asso-
iated with the grid fxjg, then D(1)f is the ve
tor obtained by interpolating thesedata, then di�erentiating the interpolant at the grid points; and similarly for D(2).These formulas hold virtually un
hanged for rational interpolation [4℄.9.4. Spe
tral methods for di�erential equations. Di�erentiation of inter-polants is the basis of one of the most important appli
ations of polynomial interpo-lation: spe
tral 
ollo
ation methods for the numeri
al solution of ordinary and partialdi�erential equations. Suppose f is a fun
tion on [�1; 1℄, for example, and we wantto solve numeri
ally the boundary value problemd2udx2 = f; �1 < x < 1(9.7)together with boundary 
onditions u(�1) = u(1) = 0. One way to do this is to setup a Chebyshev grid and 
onsider the (n� 1)� (n� 1) matrix problemDv = f;where D is the matrix 
onsisting of the interior rows and 
olumns of the matrix D(2)of (9.6), v is an (n � 1)-ve
tor of unknown approximations to u at the grid points,and f is now the (n� 1)-ve
tor of values of f(x) sampled at these same grid points.If a 
ontinuous fun
tion v(x) is 
onstru
ted by bary
entri
 interpolation from thesolution ve
tor v together with boundary values zero, then v may be an extremelygood approximation to the exa
t solution u. If f is analyti
 in a neighborhood of[�1; 1℄, for example, the a

ura
y will improve geometri
ally at the rate dis
ussedin x6 as n!1.Spe
tral 
ollo
ation methods have aroused great interest in re
ent de
ades andhave given rise to a large body of literature, of whi
h we mention here just thebooks [14, 16, 21, 22, 29, 62, 64℄. These are the high-a

ura
y, \p versions" of themore general 
lass of �nite element (and spe
tral element) methods for the numeri
alsolution of di�erential equations, an even larger subje
t in whi
h polynomials writtenin Lagrange form also play an important role [19℄.9.5. Fast multipole methods. Finally, the bary
entri
 formula has natural ad-vantages for appli
ations to fast multipole methods, whi
h are fast algorithms inventedby Rokhlin [48℄ and Greengard [30℄ for evaluating 
ertain sums. In [18℄, multipolemethods are applied to the evaluation of interpolating polynomials of large degrees bymeans of the �rst form of the bary
entri
 formula (3.3). The true bary
entri
 formula(4.2) should lead to even better stability, and �rst tests in this dire
tion are des
ribedin [13℄.10. Histori
al notes. Why is bary
entri
 interpolation not better known?The �rst appearan
e of the bary
entri
 representation is in the arti
le [60℄, inwhi
h W. Taylor restri
ted himself to equidistant points. The term \bary
entri
"seems to appear for the �rst time in [17℄ (although Hamming impli
itly attributes itto Taylor in [33℄). Did Dupuy know of Taylor's work? He does not 
ite it. Kuntzmannwrote the �rst book with extensive dis
ussion of bary
entri
 formulas [41℄, but his workdid not have mu
h impa
t in the USA.In the �rst edition of his very in
uential text [33℄, Hamming presents the bary
en-tri
 formula very ni
ely just after introdu
ing \the Lagrange method of interpolation"and 
omments that the formula is \easier to use than the Lagrange formula". Why
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ard this paragraph in the se
ond edition? His 
omment may show that hemainly had hand 
al
ulations in mind and believed the advent of the 
omputer wouldrender obsolete any better way of evaluating the formula. This very unfortunateomission would probably have been avoided had Winri
h's 1969 paper [66℄ appeareda little earlier, whi
h 
learly do
umented the superiority of the bary
entri
 formulafor every n > 3. In [36℄, another in
uential book of the 1960s and 1970s, Henri
i didnot mention bary
entri
 formulas either.Bary
entri
 formulas were 
ertainly noti
ed by Rutishauser and Stiefel at theETH in Zuri
h. Rutishauser 
oauthored the 
hapter on interpolation in [51℄ withBulirs
h, and he presented bary
entri
 formulas in his 
lasses at the ETH in the 1960s.However, his le
ture notes were only published mu
h later by M. Gutkne
ht [49℄.Stiefel emphasized the bary
entri
 formula in [55℄, as did Henri
i in his later text [39℄.However, the former is in German, and the se
ond did not have the impa
t of [36℄in the USA. S
hwarz's book, �rst in German and then in an English translation,has followed Stiefel's work and retained the bary
entri
 formula [53℄. Some Fren
hand German authors des
ribe the bary
entri
 representation [44, 61℄, and in the USAit at least sometimes appears as an exer
ise [40, 62℄. A re
ent (transatlanti
) textthat treats bary
entri
 formulas ni
ely is the textbook by Gauts
hi [25℄, who, as ithappens, was the translator of Rutishauser's le
ture notes into English [49℄.The �rst publi
ation mentioning that the Lagrange representation 
an be updatedseems to be the important paper by Werner [65℄. (If Werner's paper had attra
tedmore attention, there would have been less need for this one!) Werner's algorithm isin fa
t twi
e as fast as the one we give in x3, but repla
es the quotient de�ning w(j)jwith a long, unstable sum, a drawba
k also experien
ed by Gauts
hi in the relatedappli
ation of the 
onstru
tion of quadrature rules [24℄. It should be noted that in1973 Gander had already updated Lagrange and bary
entri
 formulas for the spe
ial
ase of the extrapolation to the limit [23℄.S
hneider and Werner were the �rst to noti
e that the advantages of the bary
en-tri
 representation 
arry over from polynomial to rational interpolation, as mentionedin x9.2. The �rst publi
ation of a di�erentiation matrix as in x9.3 seems to have beenby Bellman et al. [7℄ as a spe
ial 
ase of the general method of di�erential quadratureintrodu
ed by these authors. In the 
ontext of spe
tral methods, the �rst appearan
emay have been in [28℄. In general, however, the literature on spe
tral methods makesalmost no mention of bary
entri
 formulas.If you look in the index of a book of numeri
al analysis, you probably won't �nd\bary
entri
". Let us hope it will be di�erent a generation from now.A
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