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1 Introduction and overview

Rich classes of interacting superconformal field theories (SCFTs) may be engineered by
embedding them into string theory or M-theory. Many such constructions also have holo-
graphic duals in supergravity, describing a strong coupling limit of the SCFT. The resulting
interplay between field theory, string theory and holography has led to many interesting
developments, including the construction of new infinite classes of SCFTs, new exact methods
in supersymmetric field theories, and new constructions in supergravity and holography.

In this paper we continue this development, focusing on four-dimensional (4d) SCFTs
arising from M5-branes wrapped on a Riemann surface Σg of genus g. For a smooth Riemann
surface, general N = 1 holographic duals of this type were constructed in [1], generalizing
the seminal work of [2]. On the other hand, the particular N = 2 solution of [2] admits
a vast family of N = 2 generalizations for punctured Riemann surfaces [3, 4]. Here the
“puncture” is a set of N = 2 preserving boundary conditions (specified by a Young diagram
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of SU(N) [3]) around a given marked point on Σg. The enhanced superconformal symmetry
gives considerable control in this case, both in field theory and in the holographic duals. In
particular the explicit form of N = 2 AdS5 solutions in [4] allows one to construct essentially
the most general such supergravity solution in closed form.

One of the motivations of the present work was to develop a more systematic understanding
of punctures in holography, and in particular to extend the well-understood N = 2 punctures
to N = 1. The geometric structure of general N = 1 AdS5 ×M solutions of M-theory was
derived in [5], where M is the 6d internal space. For example, for the smooth Riemann surface
solutions in [1], M is the total space of an S4 bundle (the normal sphere to the M5-branes)
over Σg. Although many explicit solutions are known, the general N = 1 equations, and in
particular adding “puncture data” to [1], are far too difficult to hope to solve in closed form.

Equivariant localization in supergravity [6] is a newly discovered structure that leads to a
method for computing supergravity observables, crucially without solving the supergravity
equations explicitly. In particular, the central charge and scaling dimensions of certain BPS
operators for AdS5×M solutions have been computed this way in [7]. It has also been applied
to various other setups in [6–22]. Here recall that all 4d N = 1 SCFTs possess a conserved
U(1)R symmetry, and this is reflected in the dual supergravity solutions by the existence of a
canonically defined Killing vector ξ on M . The central charge and other observables may then
be computed using localization for the action of ξ on M , using the Berline-Vergne-Atiyah-Bott
fixed point formula [23, 24]. We will show how equivariant localization allows one to efficiently
recover results for N = 2 punctures, but in a way which does not depend on the enhanced
N = 2 supersymmetry or by solving any supergravity equations. This will allow us to easily
extend to N = 1 punctures.1 Furthermore, the general recipe that we explain in this paper
can be applied more widely. For example, one could consider punctures for different theories,
for example the recent work [28] studying punctures in Riemann surface compactifications of
the 6d N = (1, 0) SCFTs in massive type IIA. Similarly one can use our results to compute
defect Weyl anomalies, for example Gukov-Witten-like defects in [29–31].

Before turning to an outline of the main results, we note that a previous series of
works examined M5-brane punctures from the perspective of holographic anomaly inflow,
computing the M5-brane anomaly polynomial from the 11d Chern-Simons interactions in
M-theory [32, 33]. Although conceptually different, it is a general fact that anomalies in
SCFTs are related to central charges via the superconformal algebra [34], which should mean
there is a relationship between anomaly inflow and equivariant localization. We comment
briefly on this further in section 6.

The bulk geometry. Our starting point is N M5-branes wrapped over a smooth Riemann
surface Σg. To preserve supersymmetry, Σg is embedded as a complex curve inside a Calabi-
Yau manifold, implementing a partial topological twist of the M5-brane theory along the
Riemann surface. The Calabi-Yau geometry is

O(−pbulk
1 ) ⊕O(−pbulk

2 ) → Σg , pbulk
1 + pbulk

2 = χ(Σg) = 2 − 2g , (1.1)

1Studying the embedding of various probe branes within the geometry, in the spirit of [25–27], gives a
diagnostic for the types of punctures that can be considered.
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where the latter equation is the Calabi-Yau condition. The near-horizon limit of the M5-branes
is an S4 bundle over Σg, where S4 ⊂ ℂ1 ⊕ ℂ2 ⊕ℝ, with the complex planes ℂi fibred over
Σg with Chern numbers −pbulk

i , respectively. These are precisely the N = 1 AdS5 solutions
constructed in [1]. The latter reference matched the a central charge of the supergravity
solutions to a dual field theory computation by integrating the anomaly polynomial of the
M5-branes over Σg and using a-maximization [35]. The off-shell (trial) central charge function
for these solutions was computed using equivariant localization in [7], obtaining

abulk = −9
8b1b2(b1p

bulk
2 + b2p

bulk
1 )N3 . (1.2)

Here the R-symmetry Killing vector ξ has been written as ξ = b1∂φ1 + b2∂φ2 , with ∂φi

generating rotations of the complex planes ℂi, so that ξ rotates the S4 normal to the M5-
branes. The on-shell central charge is obtained from (1.2) by extremizing over b1, b2, subject
to the constraint b1 + b2 = 1 which correctly normalizes ξ so that the Killing spinor on
M has R-charge 1

2 .
Given such a smooth bulk geometry, we may choose a set of marked points xI ∈ Σg,

labelled by I = 1, . . . , n, and glue in local “puncture geometries”. Equivariant localization
will imply that the total (off-shell) central charge is

a = abulk −
n∑
I=1

δaI , (1.3)

where abulk is given by (1.2) and each δaI is a local contribution at each puncture point.2

In the remainder of this introduction we summarize how to compute δaI for N = 2 and
N = 1 punctures, henceforth dropping the superscript I and focusing on a single puncture
contribution.

N = 2 punctures. A regular N = 2 puncture is given by wrapping N M5-branes over the
local geometry ℂ/ℤK ⊂ ℂ2/ℤK .3 We will describe how to glue this into the bulk geometry
below, where there are inequivalent ways to do this, but for now we will just focus on the local
puncture geometry. Geometrically, the data for an N = 2 puncture is a partial resolution of
the ℂ2/ℤK singularity, together with a choice of M5-brane fluxes through the blown up cycles.
This data is specified by a partition of the positive integers K and N . That is, we write

K =
d∑
a=1

ka , N =
d∑
a=1

kana , (1.4)

with ka ∈ ℕ, na ∈ ℤ≥0, for some choice of d = 1, . . . ,K. This is the well-known statement
that an N = 2 puncture is specified by a Young diagram of SU(N) [3]: the ka are the widths
of the blocks whilst the na are the heights. It is convenient to also introduce the quantities

la =
d∑
b=a

kb , ŷa = lana +
a−1∑
b=1

kbnb , (1.5)

2The minus sign is due to an orientation reversal when we glue.
3Reducing the system of N M5-branes wrapped on the ℂ2/ℤK singularity to type IIA, along a circle

inside ℂ2/ℤK , leads to a type IIA configuration with K D6-branes and N D4-branes. The AdS5 solution is
interpreted as a backreaction of the N D4-branes, to which D6-branes are then added, which is expected to be
a consistent description only for K ≲ N .
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where note that la is a decreasing sequence with l1 = K, ld = kd, and ŷd = N is the
number of M5-branes.

Our main N = 2 result is that such a local puncture contributes to the (off-shell)
central charge as

δa = −9b1b
2
2

16

[(
2 − 3nd

N
+ 1
kd

)
N3 −

d−1∑
a=1

kaŷ
3
a

lala+1

]
. (1.6)

In particular, the sum over a = 1, . . . , d− 1 arises directly from fixed point contributions of
the R-symmetry Killing vector ξ in the puncture geometry, with the term ŷ3

a arising from
the zero-form part of the equivariantly closed form constructed in [7]. More precisely, the
result (1.6) is valid for a “(1, 0) puncture”. This means that the original ℂ2/ℤK singularity
is realized as the ℤK quotient ℂ2 ∋ (w, z1) 7→ (e2πi/Kw, e−2πi/Kz1). The N M5-branes are
wrapped on the locus z1 = 0, with z1 a coordinate on ℂ1 that is rotated by ∂φ1 , and with
w a local complex coordinate on the Riemann surface. Instead for a “(0, 1) puncture” we
swap the roles of z1 and z2 when we glue, which simply swaps b1 and b2 in (1.6).

Locally each puncture preserves N = 2, but unless pbulk
2 = 0 and all punctures are type

(1, 0) (or equivalently pbulk
1 = 0 and all punctures are type (0, 1)), globally these will be

N = 1 solutions. Using (1.3) we may in general write

a = −9
8b1b2(b1𝔭2 + b2𝔭1)N3 , (1.7)

where the 𝔭i are independent of the R-symmetry mixing parameters, bi, given by

𝔭1 = pbulk
1 − 1

2
∑

I∈(1,0) punct.

2 − 3nId
N

+ 1
kId

−
dI−1∑
a=1

kIa
lIal

I
a+1

ŷ3
a,I

N3

 , (1.8)

with a similar expression for 𝔭2, with (1, 0) → (0, 1) exchanged. In particular, the off-shell
central charge takes the same functional form as for the smooth Riemann surface case (1.2).
This is a feature of the set-up and is not a generic feature for N = 1 punctures. Maximizing
the central charge over the constrained bi one finds the on-shell central charge

aon−shell = −
3b1b2(𝔭1 + 𝔭2 −

√
𝔭2

1 − 𝔭1𝔭2 + 𝔭2
2)

8 N3 . (1.9)

We will also see that the scaling dimensions of operators dual to certain BPS wrapped
M2-branes may be computed via localization, leading to the simple results (4.27), (4.28).

N = 1 punctures. Our localization result (1.6) allows us to compute central charges (and
other observables) for globally N = 1 solutions that are locally N = 2. However, where
equivariant localization really comes into its own is in computing observables for local N = 1
punctures, assuming such solutions exist. N = 1 supersymmetry allows for considerably
more freedom, and we will not attempt to be exhaustive, instead describing general classes
and then illustrating with some explicit examples. We will find some interesting qualitative
and conceptual differences compared to the N = 2 case.
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The simplest way to introduce an “N = 1 puncture” is to wrap the N M5-branes
over the local N = 1 geometry ℂ/ℤK ⊂ ℂ3/ℤK . Concretely, we take the latter orbifold
action to act as ℂ3 ∋ (w, z1, z2) 7→ (e2πi/Kw, e2πiα1/Kz1, e2πiα2/Kz2) where αi ∈ ℤ satisfy
α1 + α2 + 1 = K.4 Recall that the smooth N = 1 solutions are near-horizon limits of
N M5-branes wrapped over a smooth Riemann surface Σg, with normal directions having
complex coordinates zi, i = 1, 2, and fibred as in (1.1). We may introduce this ℂ3/ℤK
orbifold at an arbitrary point x ∈ Σg (with local coordinate w ∈ ℂ), with the near-horizon
limit then being an S4 orbibundle over an orbifold Riemann surface. The S4 may be realized
as {|z1|2 + |z2|2 + t2 = 1} ⊂ ℂ1 ⊕ℂ2 ⊕ℝ = ℝ5, with the north and south poles of the sphere
at z1 = z2 = 0, t = ±1, respectively, and these are ℤK orbifold points. We show that the
local contribution of such an orbifold point to the central charge is

δaorb = −9
8b1b2

(
b2
α1
K

+ b1
α2
K

)
N3 . (1.10)

However, more generally we may consider partial resolutions of the orbifold, and we will
recover this result from the general formula we describe next.

The data of a local N = 1 puncture is by definition a choice of partial resolution of the
local ℂ3/ℤK singularity (in principle different choices of resolution at the north pole and
south pole of the four-sphere), together with a choice of M5-brane fluxes through the blown
up four-cycles. We may conveniently describe (partial) resolutions of ℂ3/ℤK using toric
geometry, where the latter is equipped with its obvious U(1)3 action. As we will see, for
a generic choice of R-symmetry vector ξ the fixed points are precisely the fixed points of
U(1)3 in the resolved geometry, and this allows us to compute the quantized M5-brane fluxes
using localization. Specifically, if DA denotes a torus-invariant four-cycle in the (partially)
resolved geometry, we have the localization formula

NA = 1
(2πℓp)3

∫
DA

G = 1
2b1b2

∑
a∈IA

1
ka

ŷa
ϵaiaϵ

a
ja

. (1.11)

Here G is the closed M-theory four-form, ℓp is the 11d Planck length, and NA is the quantized
flux, with the cycles labelled by an index A. On the right hand side of (1.11) the sum is over
the fixed points (vertices in toric geometry) of DA, labelled by a ∈ IA, with the weights of
ξ being ϵaia , and with the a’th point being an orbifold point of order ka ∈ ℕ (so for a fully
resolved geometry all ka = 1). All of this may be computed very explicitly, for any choice of
(partial) resolution, using toric geometry — it is data that depends only on the topology of
the space and the choice of vector field ξ (parametrized by b1, b2). Finally, the variables ŷa
will enter as zero-form components of equivariantly closed forms, evaluated at the fixed points.

There is similarly a localization formula for δa, generalizing the N = 2 result (1.6):

δa = − 9
16b1b2

[
3
(
b1𝔫1 + b2N

[1]
ϵ

)
N2 +

(
2b1p

orb
2 − b2p

orb
1

)
N3 + 1

2
∑
a

1
ka

b2
1b

2
2

ϵa1ϵ
a
2ϵ
a
3
ŷ3
a

]
. (1.12)

The final sum here is over all isolated fixed points, for both partial resolution geometries at
the north and south poles of S4, and generalizes the sum in (1.6). In particular the ϵai are

4As discussed later in the paper, the local geometry clearly depends only on αi mod K, but to specify how
this is glued in globally we fix integer lifts.

– 5 –



J
H
E
P
0
2
(
2
0
2
6
)
1
8
0

simply weights of ξ at the a’th fixed point. The remaining terms in (1.12) are associated to
fluxes that are present in the original orbifold geometry, after resolution. We shall define
these more carefully in section 5, but in brief: the term 𝔫1 is defined via a similar expression
to (1.11), and in particular is linear in ŷa, N [1]

ϵ is a flux associated to a bulk cycle, while
porb
i ∈ ℚ are certain fractional Chern numbers.5

The ŷa may be regarded as “unknown” variables which must be solved for, with (1.11) a
set of linear constraints. However, a key difference between local N = 2 and N = 1 punctures
is that in the former case (where the na are essentially the NA) the linear flux constraints
determine completely the ŷa, resulting in (1.5) that solves for ŷa in terms of the fluxes. Instead
for N = 1 punctures the flux constraints (1.11) leave some ŷa undetermined. The counting
here is topological. Let us focus on (say) the north pole of the sphere, and for simplicity
fix a choice of fully resolved geometry X (so X is a non-compact Calabi-Yau three-fold,
defining the N = 1 puncture at the north pole of S4). Then the number of fixed points is
d ≡ χ(X ) = 1 + b2(X ) + b4(X ), where bi(X ) denote Betti numbers. The equations (1.11)
give b4(X ) constraints on the d variables ŷa, with A running from 1 to b4(X ), and the flux
through the generic S4 fibre fixes (in our choice of labelling of fixed points) ŷd = N . This
generically still leaves b2(X ) degrees of freedom in the ŷa at a fixed choice of pole of the S4.

On the other hand, to obtain (1.11), (1.12) we have used only two equivariantly closed
forms, associated to G and the central charge, respectively. In particular, the former imposes
the Bianchi identity dG = 0. There is another equivariantly closed form that imposes the
equation of motion for G, which defines a closed two-form on M . We find that imposing
this equation of motion gives b2(X ) quadratic constraints on the ŷa, but more remarkably
we find that these quadratic constraints are precisely given by extremizing δa in (1.12),
subject to the linear constraints (1.11)! In other words, varying the off-shell central charge
effectively imposes the equation of motion for G, at the level of the parameters ŷa. This
is related to the following formula for a:

a = 1
48(2π)6ℓ9p

∫
M

ΦG ∧ Φ∗G . (1.13)

Here ΦG, Φ∗G are equivariantly closed forms, and crucially (1.13) is also a partially on-shell
action [7]. It thus makes sense that the equation of motion for G effectively arises by varying
δa. While we do not have a first principles proof of this precise variational principle, we
shall check explicitly that this holds in examples.

We conclude by giving closed formulas in a simple example of an N = 1 puncture, namely
the ℂ3/ℤ3 orbifold where the action of ℤ3 is diagonal. This is well-known to resolve to
X = O(−3) → ℂℙ2, the total space of the canonical line bundle over ℂℙ2. Using this
resolution and the same fluxes at both north and south poles, the contribution to the
central charge is:

δa = 3
16b2

[
b2

1

{
N3 − 3N2(3N [2]

ϵ + 2Nℂℙ2
)

+ 12NN2
ℂℙ2 − 8N3

ℂℙ2

}
+ b2

2
(
N − 2Nℂℙ2 − ŷ1

)3
−2b1b2

{
N3 − 6N2Nℂℙ2 − 8N3

ℂℙ2 − 6N2
ℂℙ2 ŷ1 + 6NNℂℙ2

(
2Nℂℙ2 + ŷ1

)}]
. (1.14)

5There is a similar expression instead involving 𝔫2 and N
[2]
ϵ , with a constraint holding between quantities

labelled by 1 and 2.

– 6 –



J
H
E
P
0
2
(
2
0
2
6
)
1
8
0

Here Nℂℙ2 is the flux through the single ℂℙ2 four-cycle in X (which has b4(X ) = 1). This
leaves one variable ŷ1 unconstrained, as expected since b2(X ) = 1 and X has one two-cycle.
Extremizing δa with respect to ŷ1 gives

ŷ∗1 = N − 2Nℂℙ2 ± 2
√
b1
b2
Nℂℙ2(Nℂℙ2 −N) , (1.15)

which one can check is implied by imposing the equation of motion for G through the two-cycle.
One should substitute (1.15) back into (1.14) and add to the bulk contribution to a, before
extremizing over b1, b2 subject to the constraint b1 + b2 = 1 to obtain the final on-shell central
charge. Notice that (1.14) is a cubic polynomial in bi and ŷ1, precisely as expected for a
trial central charge function in field theory [35]! This seems to be a non-trivial result of our
supergravity localization results, and is not immediate from (1.12) due to the last term.

The outline of the rest of the paper is as follows. In section 2 we review equivariant
forms for AdS5 solutions of M-theory, constructed in [7], and how these may be applied to
compute observables for solutions describing M5-branes wrapped over a smooth Riemann
surface. Section 3 introduces orbifold singularities. In section 4 we study N = 2 punctures,
carefully describing the local and global geometry before applying equivariant localization.
Section 5 performs a similar analysis for N = 1 punctures, where we describe how to compute
for a general such puncture, and then illustrate with some relatively simple examples. We
conclude in section 6. Some additional material is included in an appendix.

2 AdS5 solutions from M5-branes

We begin by summarizing some geometric properties of supersymmetric AdS5 solutions of
11d supergravity [5], including the set of equivariantly closed forms constructed in [7]. We
then review how this may be used to compute physical observables for solutions describing
the near-horizon limit of M5-branes wrapped over a smooth Riemann surface.

2.1 AdS5 solutions in M-theory and localization

The 11d metric is assumed to take the warped product form

ds2
11 = e2λ(ds2

AdS5 + ds2
M ) . (2.1)

Here the AdS5 metric is normalized to have unit radius, with the six-dimensional internal
space M assumed to be compact without boundary. In order to preserve the symmetries of
AdS5 the warp factor function λ and M-theory four-form G are taken to be pull-backs from M .

Supersymmetry requires the existence of a Dirac spinor, ϵ, on M , satisfying a certain
Killing spinor equation [5]. From ϵ, following the conventions of [7], one constructs the
following real bilinear differential forms:

y ≡ i
2e3λϵ̄γ7ϵ , ξ♭ ≡ 1

3 ϵ̄γ(1)γ7ϵ , Y ≡ −iϵ̄γ(2)ϵ , Y ′ ≡ ϵ̄γ(2)γ7ϵ . (2.2)

Here γ7 ≡ γ123456 and we have defined γ(r) ≡ 1
r!γµ1···µr dxµ1 ∧ · · · ∧ dxµr . The Killing spinor

equation implies that ϵ̄ϵ is a constant, which we normalize to 1, and the vector field ξ dual to
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the one-form bilinear ξ♭ is Killing. The Killing spinor is charged under ξ, satisfying Lξϵ = i
2ϵ.

The function y was used as a canonical coordinate in [5], but together with the two-forms Y ,
Y ′ also plays an important role in equivariant localization below.

We next introduce the equivariant exterior derivative

dξ ≡ d − ξ , (2.3)

where d is the usual exterior derivative acting on differential forms, and ξ denotes contraction
with the vector field ξ. Reference [7] showed that supersymmetry implies the following
polyforms are equivariantly closed under dξ:

Φa ≡ e9λvol + 1
12e9λ ∗ Y − 1

36y e6λY − 1
162y

3 ,

ΦG ≡ G− 1
3e3λY ′ + 1

9y ,

ΦY ≡ e6λY + 1
3y

2 . (2.4)

Here vol is the Riemannian volume form on M and ∗ is the Hodge dual operator. The
Cartan formula implies d2

ξ = −Lξ, and again supersymmetry implies that the polyforms (2.4),
together with λ and the four-form G, are invariant under Lξ. Integrals of these polyforms
give the a central charge, quantized four-form fluxes, and conformal dimensions of BPS
operators dual to wrapped M2-branes:

a = 1
2(2π)6ℓ9p

∫
M

Φa , ND = 1
(2πℓp)3

∫
D

ΦG ∈ ℤ , ∆[Σ] = − 3
(2π)2ℓ3p

∫
Σ

ΦG . (2.5)

Here D ⊂M is any four-cycle, while Σ ⊂M wrapped by M2-branes needs to be a calibrated
two-dimensional submanifold with volΣ = Y ′|Σ in order to preserve supersymmetry. The
integrals in (2.5) mean that one integrates the appropriate degree part of the polyform. ΦY

is related physically to an equivariantly closed polyform associated to ∗G, with

Φ∗G ≡ e3λ ∗G− 1
3e6λ = −4ΦY + 3dξ(e6λξ♭) , (2.6)

the latter following from supersymmetry.
Let F ≡ {ξ = 0} ⊂ M denote the fixed point set for ξ. One can show [7] that

e6λ|F = 4y2|F , together with

e6λY
∣∣∣
F

= ω , e3λY ′
∣∣∣
F

= − 1
2yω , e9λ ∗ Y

∣∣∣
F

= − 1
4yω ∧ ω . (2.7)

Here ω is a global two-form on M which is closed when pulled back to F , so dω|F = 0. A
global expression for ω may be found in [7], but this will not be needed in what follows. We
also note that ω restricted to F is proportional to the Kähler form introduced in [5], and
we hence refer to integrals

∫
ω as “Kähler classes”, but again we will not need any details of

the Kähler geometry of [5] in what follows. Similarly dy|F = 0 so that y is constant over a
connected component of F . We may then evaluate the quantities in (2.5) using equivariant
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localization. We refer to [7] for further details, here just recording the final formulae:

a = 1
2(2π)6ℓ9p

{∑
F (2)

∫
F (2)

[
− (2π)2

ϵ1ϵ2

y

36ω + (2π)3

ϵ1ϵ2

y3

162

(
c1(L1)
ϵ1

+ c1(L2)
ϵ2

)]

−
∑
F (0)

1
d0

(2π)3

ϵ1ϵ2ϵ3

y3

162

}
,

ND = 1
(2πℓp)3

{∑
D(2)

∫
D(2)

[2π
ϵ1

1
6yω −

(2π
ϵ1

)2 y

9c1(L)
]

+
∑
D(0)

1
d0

(2π)2

ϵ1ϵ2

y

9

}
,

∆[Σ] = 1
(2π)2ℓ3p

{
−
∫

Σ

1
2yω −

∑
Σ(0)

1
d0

2π
ϵ1

y

3

}
,

∫
Σ

ΦY =
∫

Σ
ω +

∑
Σ(0)

1
d0

2π
ϵ1

y2

3 . (2.8)

Since in this paper the fixed point set F will have connected components F (0) of dimension
zero (isolated fixed points, which we refer to as nuts) and F (2) of dimension two (fixed
Riemann surfaces, which we refer to as bolts), we have presented the above formulae only
for these cases. In particular:

• A connected component of F (2) (a Riemann surface) has normal bundle L1 ⊕ L2 a sum
of two complex line bundles, with c1 denoting first Chern class.

• D(0), D(2) ⊂ D are fixed submanifolds inside D, where note D(0) = D ∩ F (0), and
D(2) = D ∩ F (2). L is the normal bundle of D(2) inside D. Note that since G is closed
the integer ND depends only on the homology class [D] ∈ H4(M,ℤ).

• Σ(0) ⊂ Σ are the fixed points inside Σ, so Σ(0) = Σ ∩ F (0), where note the first term on
the right hand side is only present (and by itself) when the entire Σ is fixed, while the
second term is present (and by itself) when the fixed point set is Σ(0) ⊂ Σ.

The ϵi are the weights of the vector field ξ on the normal directions to the fixed point sets, while
d0 ∈ ℕ denote dimensions of orbifold groups (in the case where there are orbifold singularities
at nuts). Notice that the quantities in (2.8) depend on integrals of the two-form ω, together
with y which is locally constant on F .

In [7] these observables have been computed with M having various topologies. In the
next subsection we review the case in which M is an S4 bundle over a smooth Riemann
surface. The aim of this work is to extend these results to include punctures on the Riemann
surface, which modifies the S4 bundle locally over a neighbourhood of a puncture.

2.2 M5-branes on a smooth Riemann surface

We start with the set-up without punctures, where the general supergravity solutions were
originally constructed in [1], generalizing [2]. The localization is described in [7], which
we follow closely.
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Consider N M5-branes wrapped on a smooth Riemann surface Σg inside a local Calabi-
Yau three-fold X. The latter is the total space of the bundle O(−p1) ⊕ O(−p2) → Σg,
where this is Calabi-Yau provided

p1 + p2 = 2 − 2g = χ(Σg) . (2.9)

The latter is the Calabi-Yau condition c1(X) = 0. The near-horizon limit of the wrapped
M5-branes is an S4 bundle over Σg

S4 ↪→M → Σg . (2.10)

Here S4 ⊂ ℂ1⊕ℂ2⊕ℝ, where the two copies of ℂi are twisted using the complex line bundles
O(−pi), respectively. The unit sphere may be realized as S4 = {|z1|2 + |z2|2 + t2 = 1}, where
zi are complex fibre coordinates on O(−pi), and t ∈ ℝ is a coordinate on ℝ. The poles of
S4 are then N,S = {z1 = z2 = 0, t = ±1}. Let ∂φi rotate the ℂi above, so zi = |zi|eiφi , and
assume that these are Killing vectors in the full solution. We take the R-symmetry Killing
vector ξ to be a general element in the Cartan subalgebra of so(5)R associated to S4

ξ =
2∑
i=1

bi∂φi , (2.11)

where the coefficients bi ∈ ℝ are subject to the constraint b1 + b2 = 1. The latter follows
from regularity of the Killing spinor ϵ, which recall satisfies Lξϵ = i

2ϵ [7]. Then, for b1b2 ̸= 0
as we assume throughout, the fixed point set consists of two disjoint copies of the Riemann
surface Σg (which are “bolt” fixed point sets), namely F = F (2) = ΣN

g ∪ ΣS
g at the poles

N,S of the S4 fibre.
To compute the observables in (2.8) in this set-up, it is helpful to first note that there are

two linearly embedded S2’s inside the S4, given by S2
i ⊂ ℂi ⊕ℝ ⊂ ℝ5. These are invariant

under the action of ξ, with fixed points at the poles N,S above. Because H2(S4,ℤ) = 0 the
homology classes are trivial, and using localization for ΦY we deduce

0 =
∫
S2

i

ΦY = 2π
3bi

(y2
N − y2

S) . (2.12)

Here we have used the last equation in (2.8), with weights ϵN1 = bi = −ϵS1 . This implies that
|yN | = |yS |. We may then quantize the flux through the S4 at a point on the Riemann surface,

N ≡ 1
(2πℓp)3

∫
S4
G = yN − yS

18πℓ3pb1b2
= yN

9πℓ3pb1b2
. (2.13)

Here we have used the localization equation in (2.8) with ϵN1 ϵ
N
2 = b1b2 = −ϵS1 ϵS2 . For N ̸= 0

M5-brane flux through the S4, in the last equality in (2.13) we have deduced that necessarily
yS = −yN , and then solve this equation for yN = 9πℓ3pb1b2N , where we take yN > 0.

There are further four-cycles that are helpful to consider in order to continue the com-
putation. Here we proceed slightly differently to the discussion in [7], since what follows
will generalize more straightforwardly later. We may introduce the following round metric
on the S4 fibres

ds2
S4 = dψ2 + sin2 ψ

[
dθ2 + sin2 θ(dφ1 −A1)2 + cos2 θ(dφ2 −A2)2

]
. (2.14)
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Here ψ ∈ [0, π] is a polar coordinate with S3 slices for ψ ∈ (0, π) with poles N = {ψ = 0},
S = {ψ = π}, while θ ∈ [0, π/2]. The periodic angular coordinates φi are fibred over the
Riemann surface Σg with connection forms Ai on the line bundles Li ≡ O(pi), respectively,
where as in [7] we choose an orientation convention such that the normal bundle is given by
N (ΣN

g ↪→ M) = LN1 ⊕ LN2 = O(p1) ⊕ O(p2).6 By definition we then have∫
Σg

c1(O(pi)) =
∫

Σg

Fi
2π = pi , (2.15)

where Fi = dAi is the curvature. One then verifies that the following four-form is globally
well-defined on M , closed (dG = 0), and has flux N through the S4, as in (2.13):

G = 3πℓ3pN sin3 ψ dψ ∧
[

sin θ cos θdθ ∧ (dφ1 −A1) ∧ (dφ2 −A2)

+ 1
2 cos2 θF1 ∧ (dφ2 −A2) + 1

2 sin2 θF2 ∧ (dφ1 −A1)
]
. (2.16)

The four-cycles of interest are D[i], which are defined to be the submanifolds where ∂φi vanish,
for i = 1, 2, corresponding to the total spaces of the S2

j≠i bundles over Σg.7 These are located
at θ = 0, θ = π/2, respectively. By direct computation from (2.16):

N [i] ≡ 1
(2πℓp)3

∫
D[i]

G = N

∫
Σg

Fi
2π = piN . (2.17)

Here in the first equality we have integrated over ψ and φj≠i. On the other hand, the same
integral may be computed using the localization formula in (2.8):

p1N = 1
(2πℓp)3

∫
D[1]

G = 2
(2πℓp)3

2π
b2

[ ∫
ΣN

g

ω

6yN
− 2πp2

b2

yN
9

]
, (2.18)

and similarly for 1 ↔ 2. Notice that on the right hand side the fixed point set D(2)
[i] ⊂ D[i]

is D(2)
[i] = ΣN

g ∪ ΣS
g , with the normal bundles being N (ΣN

g ↪→ D[i]) = LN = O(pj ̸=i), and
N (ΣS

g ↪→ D[i]) = LS = O(−pj ̸=i), weights ϵNi = bj ̸=i = −ϵSi , and we have used
∫

ΣN
g
ω =

∫
ΣS

g
ω,

which follows since [ΣN
g ] = [ΣS

g ] ∈ H2(M,ℤ). The ΣN
g and ΣS

g contributions are hence equal,
giving an overall factor of 2 in (2.18). Combining the formulae derived so far implies that∫

ΣN
g

ω = 108π3ℓ6pb1b2(b1p2 + b2p1)N2 . (2.19)

We now have all the ingredients needed to compute the central charge a using the
localization formula (2.8). The fixed point set is F = F (2) = ΣN

g ∪ ΣS
g , and as above the

north and south poles give an equal contribution, so that with this factor of 2 we have

a = 2
2(2π)6ℓ9p

∫
ΣN

g

[
− (2π)2

b1b2

yN
36 ω + (2π)3

b1b2

y3
N

162

(
p1
b1

+ p2
b2

)]
= −9

8b1b2(b1p2 + b2p1)N3 . (2.20)

6Instead at the south pole we have normal bundle N (ΣS
g ↪→ M) = LS

1 ⊕ LS
2 = O(∓p1) ⊕O(±p2), where

the choice of upper/lower signs are a convention. Throughout the paper Li will have a fixed orientation, but
the orientations of the normal bundles Li = O(±pi) depend on the pole and choices of conventions.

7Note that we change convention compared to [7, 13]. There the cycle was labelled by the S2
i fibre, such

that Dhere
[1] ≡ C

(2)there
4 and similarly the labels on N [i] are exchanged.
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This is an off-shell result that requires extremization over the weights bi subject to the
constraint b1 + b2 = 1.

The special case where one of the pi vanishes, say p2 = 0, leads to a d = 4 SCFT with
N = 2 supersymmetry. In this case the Calabi-Yau geometry is X = T ∗Σg × ℂ2, where
the fibre of T ∗Σg = O(−2 + 2g) is rotated by SO(2)R ⊂ SO(2)R × SO(3)R ⊂ SO(5)R. The
total normal bundle of the M5-branes has an additional ℝ direction (with coordinate t ∈ ℝ),
so that the fibre is ℂ1 ⊕ℝ3 where the ℝ3 = ℂ2 ⊕ℝ factor is rotated by SO(3)R and this
symmetry is later left unbroken by the addition of N = 2 punctures. Note that the special
case p2 = 0 fixes b1 = 1/3, b2 = 2/3 and p1 = 2(1 − g), such that

a = 1
3(g − 1)N3 , (2.21)

the central charge of the d = 4, N = 2 SCFT obtained by compactifying the 6d N = (2, 0)
theory on a smooth Riemann surface.

3 Getting orbifoldy

A richer set of theories may be constructed by wrapping M5-branes on a punctured Riemann
surface. We may add punctures into the wrapped M5-brane configuration just described by
introducing conical defects on the Riemann surface, and then further (partially) resolving
these orbifold singularities. In this section we introduce a general class of orbifold singularities
preserving N = 1 supersymmetry, before then studying the associated puncture geometries in
the remainder of the paper. Some useful references for the material in this section are [36, 37].

3.1 Orbifold Riemann surfaces

We may replace the smooth Riemann surface Σg that the M5-branes wrap by a general
two-dimensional orbifold Σg,n. Topologically this is a closed genus g Riemann surface Σg

together with n marked points xI ∈ Σg, I = 1, . . . , n. A neighbourhood of xI is modelled on
the quotient space ℂ/ℤKI , with KI ∈ ℕ. Introducing a local complex coordinate wI ∈ ℂ in
a neighbourhood of xI , with the point xI = {wI = 0}, the quotient means that we identify
points under the map wI 7→ e2πi/KI

wI . Equivalently, wI = |wI |eiψI where after taking the
quotient the angular coordinate ψI is identified with period ∆ψI = 2π/KI . When KI = 1
the marked point xI is a smooth point.

The orbifold Euler characteristic of Σg,n is

χ(Σg,n) = χ(Σg) −
n∑
I=1

(
1 − 1

KI

)
, (3.1)

where χ(Σg) = 2 − 2g is the Euler characteristic of the underlying smooth Riemann surface.
Notice that since ∆ψI = 2π/KI , the conical deficit angle at xI is 2π(1 − 1/KI), and the
right hand side of (3.1) is what one obtains from the Gauss-Bonnet formula by integrating
R/4π over Σg,n, where R is the Ricci scalar of any orbifold metric on Σg,n.

Recall that the smooth Riemann surface Σg was embedded inside a local Calabi-Yau
three-fold geometry. When introducing the orbifold points xI as a quotient by ℤKI , we need
to specify how this group acts in the full geometry, preserving the Calabi-Yau condition and
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hence N = 1 supersymmetry for the wrapped M5-branes. Local complex coordinates for the
Calabi-Yau near to xI are (wI , z1, z2), where recall zi, i = 1, 2, are complex fibre coordinates.
We may then identify points under the ℤKI action

(wI , z1, z2) 7→ (e2πi/KI
wI , e2πiαI

1/K
I
z1, e2πiαI

2/K
I
z2) , (3.2)

where αIi ∈ ℤ, i = 1, 2. Notice here that αIi and αIi + mI
iK

I give the same action, for any
mI
i ∈ ℤ, so really αIi ∈ ℤKI ; but as explained below, globally we pick particular integer

lifts for each xI and regard αIi ∈ ℤ. The action (3.2) preserves the holomorphic volume
form Ω(3,0) = dwI ∧ dz1 ∧ dz2, so ℤKI ⊂ SU(3) with ℂ3/ℤKI then being Calabi-Yau, if
and only if 1 + αI1 + αI2 = 0 mod KI . In the special case that αI2 = 0 (or αI1 = 0) the
action (3.2) has ℤKI ⊂ SU(2) and (locally) preserves N = 2 supersymmetry. In this case
the geometry is locally T ∗Σg,n × ℂ2, and αI1 = −1 gives the natural lift of the ℤKI action
on the Riemann surface to its cotangent bundle.

Globally the Calabi-Yau O(−pbulk
1 ) ⊕O(−pbulk

2 ) → Σg is now replaced by a sum of two
orbifold complex line bundles L−1

1 ⊕ L−1
2 → Σg,n, where the curvature forms Fi = dAi for

Li introduced in section 2.2 may be written

Fi
2π = pbulk

i volΣg,n −
n∑
I=1

αIi
KI

δxI . (3.3)

Here volΣg,n is any two-form that integrates to 1 over Σg,n, while δxI is a two-form current
with a Dirac delta-function supported at the point xI . Similarly to (2.15), it follows that

ptot
i =

∫
Σg,n

c1(Li) =
∫

Σg,n

Fi
2π = pbulk

i −
n∑
I=1

αIi
KI

∈ ℚ , (3.4)

with pbulk
i ∈ ℤ being the “bulk” first Chern class (mathematically called the degree of Li).

We may correspondingly split the Riemann surface as

Σg,n = Σbulk

n⋃
I=1

(−ΣI
ϵ ) . (3.5)

Here Σbulk is the smooth Riemann surface with boundary obtained from Σg,n by removing
small neighbourhoods ΣI

ϵ around each orbifold point xI . The latter may be written locally
as ΣI

ϵ ≡ {|wI | ≤ ϵ}, for some small ϵ > 0. In (3.5) the ΣI
ϵ may be glued back on to the

bulk Σbulk along their common S1 boundaries, after reversing orientations which give rise
to the minus sign above so that the common orientations agree. We may then write (3.4)
as (assuming the support for volΣg,n lies inside Σbulk)

ptot
i =

∫
Σbulk

c1(Li) −
n∑
I=1

∫
ΣI

ϵ

c1(Li) = pbulk
i −

n∑
I=1

αIi
KI

, (3.6)

and in particular we have the discrete fluxes

αIi
KI

=
∫

ΣI
ϵ

c1(Li) =
∫
∂ΣI

ϵ

Ai
2π . (3.7)
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Here ∂ΣI
ϵ is a small circle in the Riemann surface around the point xI , and we have written

Fi = dAi locally near to xI and used Stokes’ theorem. Indeed, the Dirac delta-function
in (3.3) is obtained by simply writing Ai = αI

i

KI dψ̂I where ψ̂I is a 2π-periodic coordinate
on the angular direction in ΣI

ϵ (so ψI = ψ̂I/KI).
Notice that we may shift

αIi 7→ αIi +mI
iK

I , pbulk
i 7→ pbulk

i +
n∑
I=1

mI
i , (3.8)

for any choice of mI
i ∈ ℤ, leaving the total orbifold first Chern number ptot

i in (3.4) (and
hence isomorphism class of Li) invariant. As commented earlier, the shift (3.8) leaves the
local ℂ3/ℤKI spaces invariant, shifting integer parts of the “discrete fluxes” αIi /K

I into
the “bulk flux” pbulk

i ∈ ℤ. These are simply large gauge transformations of the Ai in each
neighbourhood ΣI

ϵ , or equivalently different choices of trivialization of the line bundle Li
over each ∂ΣI

ϵ . Note that intermediate steps for calculations can depend on this choice of
gauge, as we shall illustrate in the next subsection, but necessarily this is not the case for
final (global) formulae, which must be invariant under (3.8).

Finally, the Calabi-Yau condition (2.9) now reads

ptot
1 + ptot

2 = χ(Σg,n) = 2 − 2g −
n∑
I=1

(
1 − 1

KI

)
. (3.9)

A canonical way to impose this is to fix pbulk
1 + pbulk

2 = 2 − 2g, so that the bulk satisfies the
same condition as for the smooth Riemann surface (2.9), and then for each I also fix

αI1 + αI2 = KI − 1 . (3.10)

In particular for an N = 2 orbifold singularity αI2 = 0 (or αI1 = 0), which fixes αI1 = KI − 1
(or αI2 = KI − 1), such that∫

ΣI
ϵ

c1(L1) = 1 − 1
KI

,

∫
ΣI

ϵ

c1(L2) = 0 . (3.11)

3.2 M5-branes on an orbifold Riemann surface

It is straightforward to run through the analysis of section 2.2, where the M5-branes are now
assumed to wrap the orbifold Riemann surface zero-section of X = L−1

1 ⊕ L−1
2 → Σg,n, with

near-horizon limit being the corresponding S4 orbibundle over Σg,n.
Firstly, we note that the fibre over the orbifold point xI = {wI = 0} ∈ Σg,n is S4/ℤKI ,

with the ℤKI action on ℂ1 ⊕ℂ2 ⊂ ℝ5 ⊃ S4 given by (3.2). The flux through this S4/ℤKI is
correspondingly N/KI . Next, we note that the expression (2.16) still holds for a representative
of the cohomology class of the four-form G on M , with Fi = dAi now replaced by (3.3). We
may then define D[i] to be the total space of the S2

j ̸=i orbibundle over Σg,n, with D
[i]
ϵ, I being

the S2
j ̸=i bundle over the neighourhood ΣI

ϵ . Then

N [i] ≡ 1
(2πℓp)3

∫
D[i]

G = N

∫
Σg,n

Fi
2π = ptot

i N , (3.12)
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where ptot
i decomposes as in (3.6). In particular this means that the four-form G necessarily

has a Dirac delta-function contribution localized near each orbifold point, with flux

N
[i]
ϵ, I ≡

1
(2πℓp)3

∫
D

[i]
ϵ, I

G = αIi
KI

N . (3.13)

Note that the flux (3.13) is not invariant under the large gauge transformations (3.8), but
rather shifts by the integer mI

iN . On the other hand D[i]
ϵ, I is a four-cycle with boundary, and

physically this integral need not be gauge-invariant. Recall that specifying αIi ∈ ℤ (rather
than αIi ∈ ℤKI ) specifies not only the ℂ3/ℤKI local geometry, but also the large gauge
transformation that it is glued in with. Instead, fluxes on the total space such as (3.12)
are gauge-invariant, as expected.

Finally the upshot of the computation is that the central charge now reads

a = −9
8b1b2(b1p

tot
2 + b2p

tot
1 )N3 , (3.14)

as in (3.16) but with orbifold Chern numbers ptot
i given by (3.4), satisfying the constraint (3.9)

and N being the flux G/(2πℓp)3 through a copy of S4 over a generic smooth point in Σg,n.
Therefore it can be decomposed as

a = abulk −
n∑
I=1

δaI , (3.15)

with
abulk = −9

8b1b2(b1p
bulk
2 + b2p

bulk
1 )N3 , (3.16)

the central charge of a smooth Riemann surface computed in (2.20), and

δaI = −9
8b1b2

(
b1
αI2
KI

+ b2
αI1
KI

)
N3 . (3.17)

Notice here that as in (3.5) we have separated the contributions from the bulk and the
orbifold points, where the latter are subtracted due to the change in orientation. Notice also
that we do not consider any boundary contributions since they cancel when gluing.

As a quick application of (3.14), let us derive the central charge for N M5-branes wrapped
on a spindle [7, 38], with the equivariant parameter mixing the R-symmetry with the spindle
isometry set to vanish. This leaves a sphere with two punctures, one at each pole. At
the north and south pole punctures the orbifold acts with ℤn+ and ℤn− action as in (3.2)
respectively. Then from (3.14) we have

a = −9
8b1b2

[
b1
(
pbulk

2 − α+
2
n+

− α−
2
n−

)
+ b2

(
pbulk

1 − α+
1
n+

− α−
1
n−

)]
N3 , (3.18)

where pbulk
1 + pbulk

2 = 2 and α±
1 + α±

2 = n± − 1. To compare with [7] we identify8

pthere
i

n+n−
= pbulk

i − α+
i

n+
− α−

i

n−
, (3.19)

8Note that the quantization of the pthere
i was chosen such that they are integer which accounts for the

appearance of n+n−.
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which satisfies pthere
1 + pthere

2 = n+ + n− as required. We find exact agreement upon setting
the spindle equivariant parameter to vanish. The conical singularity of the spindle therefore
has an interpretation as an N = 1 puncture [39].

In this section we studied the full orbifold Riemann surface geometry and noticed that
the formulae, such as the central charge in (3.15), consist of a “bulk part”, which is the
result for a smooth Riemann surface with pbulk

1 + pbulk
2 = 2 − 2g, together with localized

contributions from a small neighbourhood of each orbifold singularity. Therefore these results
can equally be obtained by studying the local contributions around an orbifold point and
subtracting them from the smooth Riemann surface results. This local analysis can be
performed using equivariant localization and is more suited to obtain the contributions from
a puncture rather than a simple orbifold point. Since equivariant localization will be entirely
local at each such orbifold/puncture point, we henceforth drop the label I and focus on
the contribution of a single puncture.

4 N = 2 punctures

In this section we analyse N = 2 punctures. The local orbifold action (3.2) is taken to be

(w, z1, z2) 7→ (e2πi/Kw, e2πi(K−1)/Kz1, z2) . (4.1)

Note here we have chosen an embedding ℤK ⊂ SU(2) ⊂ SU(3) into a particular SU(2)
subgroup of SU(3), and that with this choice the SO(2)R ∼= U(1)R of the N = 2 R-symmetry
rotates ℂ1, with generator ∂φ1 , and the two-sphere S2

R rotated by SO(3)R is embedded as
S2
R = S2

2 ⊂ ℂ2 ⊕ ℝ. If there is a single orbifold point/puncture, we may always choose
conventions so that the N = 2 quotient takes the form (4.1), but we will later comment
on choosing different embeddings at different points (which locally preserve N = 2, but
globally only N = 1 supersymmetry).

The ℤK action on the coordinates (w, z1) ∈ ℂ2 in (4.1) by definition gives an AK−1
singularity ℂ2/ℤK on taking the quotient. This is naturally the cotangent space of ℂ/ℤK ,
where ℂ/ℤK (with coordinate w) is the space locally wrapped by the N M5-branes. We may
then consider (partially) resolving the AK−1 singularity inside the full geometry, which we
refer to as a local puncture geometry. Physically the presence of an AK−1 singularity leads
to an SU(K) flavour symmetry in the dual field theory, and we can understand a (partial)
resolution as a (partial) nilpotent Higgsing of this flavour symmetry.

In the remainder of this section we describe this local puncture geometry, and then
analyse flux quantization and compute the local contribution to the a central charge using
equivariant localization. A key point is that our analysis is purely topological, and does not
require any explicit form of (locally) N = 2 M5-brane solutions. It will therefore extend
to N = 1 punctures.

4.1 Geometry of AK−1 singularities

We begin by describing the toric geometry of ℂ2/ℤK . Recall that we write the covering
space coordinates (w, z1) ∈ ℂ2 as w = |w|eiψ, z1 = |z1|eiφ1 . The quotient space admits a
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Figure 1. Toric diagram for ℂ2/ℤK .

U(1)2 action with basis of generating vector fields

e1 ≡ ∂φ1 , e2 ≡ 1
K

(∂ψ − ∂φ1) . (4.2)

These are normalized so that exponentiating by 2π generates an effective torus action, and
the (2, 0)-form Ω(2,0) ≡ dw ∧ dz1 has charge 1 under e1, and is uncharged under e2 — this
is the canonical basis for toric Calabi-Yau geometries. Notice that the U(1)R generator
is precisely e1 = ∂φ1 .

The toric diagram for ℂ2/ℤK is shown in figure 1. The space fibres over this wedge region,
with generic fibre over an interior point being U(1)2. The subspaces {z1 = 0}, {w = 0}
are (non-compact) toric divisors ℂ/ℤK , fixed by the U(1) ⊂ U(1)2 subgroups generated by
∂φ1 = (1, 0) and ∂ψ = (1,K), respectively. These meet at the ℤK orbifold singularity at the
origin, shown as a blue dot, which is fixed under the entire U(1)2.

With this toric description of the AK−1 singularity, we may next consider its (partial)
resolutions by performing blow-ups. Observe that the vectors (1, 0) and (1,K) do not span
ℤ2 over ℤ, exemplifying the ℤK singularity at the origin. To resolve we introduce additional
vectors which subdivide the toric fan. For any choice of d ∈ ℕ with 1 ≤ d ≤ K, we choose
ka ∈ ℕ, a = 1, . . . , d, satisfying

∑d
a=1 ka = K, and further define

la ≡
d∑
b=a

kb , (4.3)

with ld+1 ≡ 0. Notice that the sequence la is strictly decreasing, with l1 = K and ld = kd.
We then consider the partial resolution with normal vectors

v1 ≡ (1, l1) , . . . , va ≡ (1, la) , . . . , vd ≡ (1, ld) , vd+1 ≡ (1, 0) . (4.4)

The toric diagram is shown in figure 2. Each of the d blue dots is a ℂ2/ℤka singularity, where
a full resolution then necessarily has d = K with ka = 1 for all a = 1, . . . ,K. Each of the
d− 1 finite blue line segments is the image of a compact toric divisor Da, fixed by the U(1)
subgroup generated by va = (1, la), a = 2, . . . , d, and is topologically a weighted projective
space (or spindle) Da

∼= 𝕎ℂℙ1
[ka,ka−1]. The non-compact toric divisors are now D1 ∼= ℂ/ℤk1

and Dd+1 ∼= ℂ/ℤkd
, which thus in general still have orbifold singularities. Note that the

original ℂ2/ℤK singularity has d = 1, k1 = K, with D1 = {w = 0}, Dd+1 = {z1 = 0}.
Finally, recall that the U(1)R generator is e1 = ∂φ1 . In the next subsection we will

want to analyse the fixed points of this action in the partially resolved puncture geometry.
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vd+1 =
(

1
0

)
vd =

(
1
ld

)

v2 =
(

1
l2

)

v1 =
(

1
l1 = K

)
k1

k2

kd−1

kd

Figure 2. Partial resolution of the ℂ2/ℤK singularity. To each compact face (blue line between two
fixed points) one can associate a compact divisor. The Poincaré dual to these divisors (discussed
further in appendix A) has support in a small neighbourhood of the blue line. For the divisor D2 we
have plotted the support in red for illustration.

The non-compact toric divisor Dd+1 (the horizontal blue line segment in figure 2) is a fixed
bolt for e1, while the remaining fixed points are the blue dots a = 1, . . . , d − 1, which are
nuts. The weights of U(1)R at the a’th nut, which recall is locally ℂ2/ℤka , are then given
by the toric geometry formulae

(ϵa1, ϵa2) =
(det(e1, va+1)

det(va, va+1) ,
det(va, e1)

det(va, va+1)

)
=
(
− la+1
ka

,
la
ka

)
, (4.5)

for a = 1, . . . , d − 1, where we have used det(va, va+1) = la+1 − la = −ka. Notice here that
ϵd1 = 0, signifying the fact that Dd+1 is a bolt with its tangent direction fixed by e1.

4.2 Local N = 2 punctures

We now want to glue in our puncture geometry. Recall that the N M5-branes wrap the
orbifold Riemann surface zero-section of L−1

1 ⊕ L−1
2 → Σg,n. Near to an orbifold point

x ∈ Σg,n, we have local coordinates (w, z1, z2, t) ∈ ℂ3 × ℝ, with w a coordinate on the
Riemann surface with x = {w = 0}, zi are coordinates on the fibres of L−1

i , and t ∈ ℝ.
In the near-horizon limit the normal directions to the Riemann surface/M5-branes satisfy
{|z1|2 + |z2|2 + t2 = 1}, which over a smooth point of Σg,n (w ̸= 0) is an S4 fibre.

The N = 2 quotient by ℤK acts on the coordinates (w, z1), fixing w = z1 = 0. The latter
is a copy of S2

R = S2
2 ⊂ ℂ2 ⊕ ℝ rotated by the SO(3)R symmetry of N = 2 solutions. A

neighbourhood of this AK−1 singularity in the full geometry is hence (for |w|, |z1| ≪ 1 both
small) ℂ2/ℤK × S2

R. On the other hand, if we fix a smooth point {w ≠ 0} ∈ Σg,n near to x,
this neighbourhood is simply ℂ1 × S2

R ⊂ S4. Here z1 is a coordinate on ℂ1, and increasing
|z1| to |z1| = 1 one then has z2 = t = 0. Thus at |z1| = 1 the S2

R collapses to a point, and
ℂ1 ×S2

R smoothly caps off to give the S4 fibre. This is shown in figure 3, which depicts the S4

orbibundle over the neighbourhood Σϵ = {|w| ≤ ϵ} of the point x ∈ Σg,n. This region is glued
into the bulk of M along the copy of ∂Σϵ × S4 ∼= S1 × S4 depicted by the dotted black line.

– 18 –



J
H
E
P
0
2
(
2
0
2
6
)
1
8
0

S2
R collapses

∂Σϵ × S4

S
4 /
ℤ
K

Σϵ

x

(
1
0

)
(

1
K

)

Figure 3. Embedding of the AK−1 singularity into M . Over each interior point of the shaded region
we have a copy of U(1) × U(1)R × S2

R. The first U(1) rotates the Riemann surface coordinate w, with
Σϵ = {|w| ≤ ϵ}, and is not an isometry of the full solution. Note: (i) the U(1)’s collapse along the
blue edges, as per the toric diagram, (ii) S2

R collapses along the red edge, which is |z1| = 1, (iii) the
dotted black line is the locus |w| = ϵ, which is a copy of ∂Σϵ × S4, with the first factor being a small
S1 around the orbifold point x ∈ Σg,n. The region shown is hence the S4 orbibundle over Σϵ, and this
geometry is glued into Σbulk along the dotted black line.

With this neighbourhood clearly described, we may now partially resolve the AK−1
singularity to obtain the local N = 2 puncture geometry. This is shown in figure 4. Our aim
in the remainder of this section is to apply equivariant localization to this neighbourhood
of a puncture, to compute its contribution to the a central charge. To begin, we recall that
the R-symmetry Killing vector is

ξ = b1∂φ1 + b2∂φ2 , (4.6)

where ∂φ1 = (1, 0) generates U(1)R and is one of the two toric U(1)’s, and ∂φ2 rotates
S2
R = S2

2 ⊂ ℂ2 × ℝ, fixing the poles N,S of this two-sphere. The fixed point set of ξ in
this region thus consists of the two bolts ΣN

ϵ ,ΣS
ϵ , as per the original M5-brane geometry

without any partial resolution, together with 2(d− 1) nuts: these are the blue dots labelled
by a = 1, . . . , d− 1, at either the north N or south S pole of the S2

R. The weights of e1 at
the fixed points of the 4d geometry were computed in (4.5), so from (4.6) we can write down
the weights at the 2(d − 1) nuts in the 6d geometry M :

(ϵa1, ϵa2, ϵa3) =
(
− la+1
ka

b1,
la
ka
b1,±b2

)
, (4.7)

a = 1, . . . , d − 1, with ±b2 being the weight of ξ on the tangent spaces to S2
R at its north

and south poles, respectively.
We may then proceed as in section 2.2. Consider first the copy of S2

R over the a’th blue
dot, which we denote by S2

R,a. This has trivial homology class: we may connect any point in
the partially resolved AK−1 space to a point on the red edge {|z1| = 1} where S2

R collapses
by a curve, where this curve together with S2

R is topologically a ball B3 with boundary
∂B3 = S2

R. Thus as in (2.12) we may write down

0 =
∫
S2

R,a

ΦY = 2π
3b2

[
(yNa )2 − (ySa )2

]
, (4.8)
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D2
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S2
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k1
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Figure 4. Local N = 2 puncture geometry. Again, over each interior point of the shaded region
is a copy of U(1) × U(1)R × S2

R, with the U(1)’s collapsing along the blue edges as per the toric
diagram. The finite blue line segments now represent four-cycles Da ≡ Da ×S2

R
∼= 𝕎ℂℙ1

[ka,ka−1] ×S2
R,

associated to new fluxes na ∈ ℤ for the M-theory four-form G as described in the main text. The
shaded red region is the support of the bulk part of the flux, as discussed in appendix A.

where yNa , ySa are the values of the function y at these nuts. In order to have non-zero fluxes
in what follows we again solve this by taking ya ≡ yNa = −ySa > 0, where the ya are shown in
figure 4, and described in more detail below.9 Notice that necessarily yd = yN = 9πℓ3pb1b2N ,
where yN was the value of y at the north pole of the S4 fibre over a smooth point of the
Riemann surface in section 2.2 (with this value of y independent of the point on the Riemann
surface, which we can then slide towards the blue dot at the left end of Σϵ in figure 4).
Indeed since we want to glue this local puncture geometry into the bulk considered earlier,
we need to identify yd = yN .

4.3 Flux quantization

We now turn to quantizing the four-form flux G. We begin with the four-cycle D1, which
is given by the blue line segment connecting the first blue dot to the red line where the S2

R

collapses. Topologically this space is S4/ℤk1 , in the 4d geometry recall this line segment
was the non-compact toric divisor D1 ∼= ℂ/ℤk1 , and D1 × S2

R then caps off to S4/ℤk1 .
Localization immediately gives the flux

n1 ≡ 1
(2πℓp)3

∫
D1=S4/ℤk1

G = 1
(2πℓp)3

1
k1

[
(2π)2

ϵ12ϵ
1
3

y

9

∣∣∣
yN

1
+ (2π)2

ϵ12ϵ
1
3

y

9

∣∣∣
yS

1

]
(4.9)

= 1
9πℓ3pb1b2

y1
l1

≡ ŷ1
l1
.

9One could in principle instead take yN
a = yS

a . However, this would require the fluxes we are about to
introduce to vanish. Moreover, the conformal dimension associated to an M2-brane wrapping the S2

R would
vanish despite the cycle having finite size, signifying a pathology in this choice.
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Here (4.9) defines the flux number n1, we have used that y1 ≡ yN1 = −yS1 , the weights
ϵa3 |yN

a
= b2 = −ϵa3 |yS

a
(in a slight abuse of notation using the value of y at a fixed point to

label also the fixed point), and we have introduced the convenient rescaled variable

ŷa ≡
ya

9πℓ3pb1b2
.. (4.10)

Next we have the four-cycles Da ≡ Da × S2
R described in figure 4. These consist of

the compact toric divisors Da
∼= 𝕎ℂℙ1

[ka,ka−1] in the 4d toric geometry, together with S2
R,

and are represented by the finite blue edges. Quantizing the flux over these four-cycles
for a = 2, . . . , d we have

na − na−1 ≡ 1
(2πℓp)3

∫
Da

G = 2
(2πℓp)3

[
1
ka

(2π)2

ϵa2ϵ
a
3

ya
9 + 1

ka−1

(2π)2

ϵa−1
1 ϵa−1

3

ya−1
9

]
(4.11)

= ŷa − ŷa−1
la

.

These equations then define na iteratively, starting with n1 defined in (4.9). Notice that
the weights tangent to Da = 𝕎ℂℙ1

[ka,ka−1] satisfy ka−1ϵ
a−1
1 = −lab1 = −kaϵa2. Finally

note that there are in fact four fixed points contributing to the flux integral (4.11), and
we have used ya ≡ yNa = −ySa . As in (4.9) these come in two equal pairs which we have
accounted for with the factor of 2 in front of the square bracket. This comment applies
also to other integrals below.

We may now solve (4.11) iteratively and obtain for a = 1, . . . , d

ŷa = lana +
a−1∑
b=1

kbnb . (4.12)

Notice that if the fluxes na > 0 are all positive integers, the ŷa are then a sequence of
increasing positive integers, and hence the ya are a sequence of increasing coordinate values.
This data was already shown in figure 4, where one can plot the sequence of na horizontally.
Recalling that above we also argued that yd = yN = 9πℓ3pb1b2N , we then have

N = ŷd =
d∑
a=1

kana , (4.13)

where the second equality is just (4.12) for a = d. It follows that the fluxes na and the
orbifold ranks ka define a partition of N . Observe that there is a simple dictionary between
the partition and a Young diagram which encodes the puncture data, see figure 6. This
is the well-known statement that an N = 2 puncture is specified by a Young diagram of
SU(N) [3]. The orbifold ranks ka are the widths of the blocks whilst the na are the heights
(and la are the lengths of the first a blocks).

There are two remaining four-cycles that we need to consider, which can be seen most
easily by including the S2

R in figure 4. The result is figure 5.10 These four-cycles are different to
10This is not a toric diagram in the usual sense, since S4 is not toric. Instead one builds the diagram by

noting that we may draw a “toric” diagram for S4 as an ellipse. This is nothing but two copies of ℂ2 glued
together at an equatorial S3. Our 3d “toric diagram” is then obtained by gluing two copies of the product of
ℂ with the partial resolution of the ℂ2/ℤK singularity.
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yS1
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ySd−1

ySd

yN1 yN2 yNd−1 yNd

∂Σϵ × S4
D

[1]
ϵ

D
[2]
ϵ

Figure 5. The 3d version of the toric diagram for the N = 2 puncture. The dark blue lines and the
red line are the same as in figure 4, with the former obtained by cutting the diagram vertically. The
red face denotes the locus where ∂φ2 → 0. The four-cycle D[1]

ϵ consists of the blue face between the
black dashed line and the first green line from the right. The four-cycle D[2]

ϵ consists of all of the
red face. We can also easily identify compact two-cycles in the diagram, they are simply lines in the
diagram between two nodes. The green lines are the S2

R,a used in equation (4.8) and (4.27).

those previously considered in that they are non-compact (hence not really “cycles”, although
we will use that terminology). The two four-cycles will fix the Kähler class ω through Σϵ

which will appear in the central charge. The first four-cycle is D[1]
ϵ ≡ Dd+1 ×S2

R, where recall
that Dd+1 ∼= ℂ/ℤkd

= Σϵ is the Riemann surface direction. This flux is the analogue of (3.13),
which recall is delicate since it is not invariant under large gauge transformations (3.8).
Applying localization we find

N [1]
ϵ ≡ 1

(2πℓp)3

∫
D

[1]
ϵ

G = 2
(2πℓp)3

2π
b2

∫
ΣN

ϵ

[
ω

6yd
− 2πc1(L2)

b2

yd
9

]
= 1

108π3ℓ6pb1b2
2N

∫
ΣN

ϵ

ω , (4.14)

where we have used the N = 2 condition for the discrete Chern number fluxes (3.11), so
that

∫
Σϵ
c1(L2) = 0. Further note there are two equal contributions from ΣN

ϵ and ΣS
ϵ , giving

the prefactor of 2 in the middle expression. From this we deduce∫
ΣN

ϵ

ω = 108π3ℓ6pb1b
2
2NN

[1]
ϵ , (4.15)

in terms of the currently undetermined flux N [1]
ϵ . This expression on its own is not particularly

useful as a priori we do not know how N
[1]
ϵ is related to the other fluxes. There are two

ways to proceed. On the one hand, the integral of G through D[1]
ϵ can be computed explicitly

by writing down an ansatz for G which fixes N [1]
ϵ in terms of the other fluxes. We perform

this analysis in appendix A. On the other hand, and somewhat unique to the N = 2 case,
we may fix this using the remaining non-compact four-cycle. Observe that we may define a
four-cycle by taking the union of the two copies of the 4d toric diagram at the two poles of
the S2

R. These are glued together along the collapsed two-sphere (red line) in figure 4 (which
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is a copy of S1
φ1 × Σϵ) leaving a compact cycle in the non-disc directions. This cycle is the

generalization of the four-cycle D[2] considered in section 2.2 to the resolved geometry and
we denote it by D

[2]
ϵ in the following, see figure 5. The integral of the flux over this cycle

receives contributions from the 2 bolts ΣN
ϵ , ΣS

ϵ and the 2(d − 1) nuts and we find

N [2]
ϵ ≡ 1

(2πℓp)3

∫
D

[2]
ϵ

G = 2
(2πℓp)3

{
2π
b1

∫
ΣN

ϵ

[
ω

6yd
− 2πc1(L1)

b1

yd
9

]
+
d−1∑
a=1

1
ka

(2π)2

ϵa1ϵ
a
2

ya
9

}

= 1
108π3ℓ6pb

2
1b2N

∫
ΣN

ϵ

ω − b2
b1

(N − nd) , (4.16)

where we used
∫

Σϵ
c1(L1) = 1 − 1/kd as per (3.11) after (partial) resolution. To obtain the

final expression one uses (4.11) to eliminate ya, and in particular one finds the identity

2
(2πℓp)3

d−1∑
a=1

1
ka

(2π)2

ϵa1ϵ
a
2

ya
9 = −b2

b1

(
N

kd
− nd

)
. (4.17)

In the N = 2 case this flux is necessarily trivial, N [2]
ϵ = 0. As explained in appendix A, see

equation (A.2), the flux G has no support on this cycle since this would break the N = 2
symmetry to N = 1. This further allows us to solve for the Kähler class ω over Σϵ giving∫

ΣN
ϵ

ω = 108π3ℓ6pb1b
2
2N(N − nd) . (4.18)

Comparing (4.15) and (4.18) we deduce N [1]
ϵ = N − nd, which is confirmed by the explicit

computation in appendix A, see (A.7). We now have all the necessary ingredients to compute
the central charge.

4.4 Observables

We may now finally turn to the computation of the central charge arising from the glued-in
puncture geometry. We have two bolt contributions along ΣN,S

ϵ (where y = ±yd), along with
2(d− 1) nut contributions to take into account. Putting all of these together we find that
the total contribution to the a-central charge from a puncture is11

δa = 2
2(2π)6ℓ9p

[
(2π)2

b1b2

∫
Σϵ

[
Φ2 − 2π

(c1(L1)
b1

+ c1(L2)
b2

)
Φ0

]
+
d−1∑
a=1

1
ka

(2π)3

ϵa1ϵ
a
2ϵ
a
3

Φ0
∣∣∣
ya

]

= −9b1b
2
2

16

[(
2 − 3nd

N
+ 1
kd

)
N3 −

d−1∑
a=1

kaŷ
3
a

lala+1

]
, (4.19)

where Φ2,Φ0 are written in (2.8), the weights ϵai are in (4.7), ŷa in (4.12), and we used (4.18)
and (3.11) to evaluate the integrals.

11In gravity, at two-derivative level, we are actually computing the quantity 4a − 3c = 1
12 (4nv − nh), which

in the large N limit is precisely a. When comparing with the field theory results one should take this into
account. This gives a more refined check of the duality than just taking a large N limit and studying the
O(N3) term.
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This is the local off-shell contribution to the central charge from the puncture. Since the
local analysis here has the opposite orientation to the bulk contribution12 the final result for
the central charge of the Riemann surface with n N = 2 punctures is

a = abulk −
n∑
I=1

δaI , (4.20)

where the bulk contribution abulk is given in (3.16).
In the case where the bulk solution preserves N = 2 supersymmetry one finds that this

exactly reproduces the field theory contribution in [40].13 In fact, our results are more general
and give the contributions for the N = 2 puncture independently of the supersymmetry
preserved in the bulk. Furthermore, recall that we have made a choice of the local orbifold
action in (4.1). Taking instead the quotient to act on ℂ2 rather than ℂ1 we obtain another
local N = 2 preserving puncture giving the same central charge contribution as in (4.19)
after interchanging b1 ↔ b2. In the literature these are sometimes referred to as (1, 0)
and (0, 1) punctures respectively [42]. Despite the individual punctures preserving N = 2
supersymmetry, two punctures of different type placed at different (arbitrary) points on
the Riemann surface imply that the global preserved supersymmetry is N = 1, irrespective
of the bulk supersymmetry.

It is important to emphasize that the result (4.20) is an off-shell result. To go on-shell one
needs to extremize over the R-symmetry parameters b1, b2 subject to the constraint b1 +b2 = 1.
Including only N = 2 punctures allows us to explicitly perform the extremization for an
arbitrary configuration of punctures. Observe that the off-shell central charge for a Riemann
surface with an arbitrary configuration of (partially-Higgsed) N = 2 punctures takes the form

a = −9
8b1b2(b1𝔭2 + b2𝔭1)N3 , (4.21)

where the 𝔭i are independent of the R-symmetry mixing parameters, bi. One finds14

𝔭1 = pbulk
1 − 1

2
∑

I∈(1,0) punct.

2 − 3nId
N

+ 1
kId

−
dI−1∑
a=1

kIa
lIal

I
a+1

ŷ3
a,I

N3

 . (4.22)

and similarly for 𝔭2 with (1, 0) → (0, 1). This is the extension of ptot, (cf. (3.6)) to the
Higgsed punctures. In particular, the off-shell central charge takes the same functional form
as the smooth Riemann surface case with the replacement pi → 𝔭i; as we will see shortly,
this is not a generic feature for N = 1 punctures. Maximizing the central charge one finds

b1 =
2𝔭1 − 𝔭2 +

√
𝔭2

1 − 𝔭1𝔭2 + 𝔭2
2

3(𝔭1 − 𝔭2) , b2 =
2𝔭2 − 𝔭1 +

√
𝔭2

1 − 𝔭1𝔭2 + 𝔭2
2

3(𝔭2 − 𝔭1) , (4.23)

12This is the same minus sign appearing in (3.5).
13To show this it is simplest to use the form given in [41], which can be written more simply in the form

above. Also note that the field theory result is the on-shell one, whereas we have presented the off-shell result.
For the N = 2 solution to go on-shell one sets b1 = 1

3 , b2 = 2
3 and pbulk

1 = 2 − 2g.
14One should eliminate ŷ in terms of the fluxes using (4.12) which makes the result manifestly independent

of the b’s; however, to keep the formulae more succinct we keep ŷ.
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and the on-shell central charge is

a = −
3b1b2(𝔭1 + 𝔭2 −

√
𝔭2

1 − 𝔭1𝔭2 + 𝔭2
2)

8 N3 . (4.24)

Note that in general this includes terms beyond O(N3), as one can see by performing a
series expansion for large N , and it would be interesting to match this to field theory results
in light of footnote 11.

As a final observable to consider in the N = 2 puncture case let us compute the conformal
dimensions of BPS operators in the CFT corresponding to M2-branes wrapping calibrated
two-cycles in the geometry [26, 43]. The M2-branes sit at the centre of AdS5 and wrap a
two-cycle in the internal space which is calibrated with respect to the two-form Y ′ defined in
equation (2.2). There are two classes of cycle depending on whether the M2-brane wraps the
R-symmetry direction or not. For the cycle which does not wrap the R-symmetry direction
the two-cycle is necessarily a fixed point set. Clearly, for the present set-up the only two-cycles
satisfying this condition are the two copies of the bolt which must include all the bulk and
puncture contributions. We therefore find that the conformal dimension for the BPS particle
obtained by wrapping an M2-brane on the bolt is

∆
[
Σg,n

]
= −3

2(b1𝔭bolt
2 + b2𝔭bolt

1 )N , (4.25)

where we have defined

𝔭bolt
1 ≡ pbulk

1 +
∑

I∈(1,0) punct.

(
1 − nId

N

)
, (4.26)

and similarly for 𝔭bolt
2 with (1, 0) → (0, 1).

Finally let us consider the two-cycles obtained by wrapping the R-symmetry direction.
These are given by the various compact lines, between two nuts in figure 5. There are two
classes of two-cycle, those drawn in green which are the S2

R for fixed ya (i.e. the green line
going between yNa and ySa ), and the black lines between fixed points which are spindles
𝕎ℂℙ1

[ka−1,ka] and are the resolution two-cycles from the blow-up. In each case the calibration
condition requires us to take the cycle which gives a positive result. In the following we
will focus on a (1, 0) puncture, with the (0, 1) puncture obtained by b1 ↔ b2. For the first
class of two-cycle we have

∆
[
S2
R,a

]
= 3b1ŷa , (4.27)

with ŷa in (4.12). The value of b1 is determined by the extremization of the central charge,
which depends on the particular punctures inserted (4.23). For the full N = 2 bulk solutions,
b1 = 1/3, such that ∆a = ŷa, and agrees with the explicit line-charge analysis in [4] once
one notices that the ŷa are precisely the values of the line charge at the kinks. For the
spindle cycles one finds

∆
[
𝕎ℂℙ1

[ka−1,ka]
]

= 3b2
2 (na − na−1) . (4.28)

Observe that for a pure N = 2 theory b2 = 2/3 and the result for the conformal dimension
is simply that it is the difference between the neighbouring fluxes.
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k3 k2 k1

n1

n2

n3

ka = (2, 3, 2)
na = (2, 3, 7)
la = (7, 5, 2)
ŷa = (14, 19, 27)

(a) A general puncture
with d = 3 and N = 27.

Trivial Minimal

Rectangular Maximal

(b) Some particular cases.

Figure 6. Young tableaux encoding puncture data. The orange blocks correspond to bolt contribu-
tions.

4.5 Full N = 2 solutions

To make the above formulae more explicit we will look at some particular choices of fluxes
and give the dictionary to the field theory. While the N = 2 puncture geometries we just
considered can in principle be inserted into both N = 1 and N = 2 bulk solutions, in the
following we want to focus on the latter. This allows us to give simple examples and also
recover results from the literature. Multiple such punctures, associated to possibly different
partitions of N , can be inserted15 and the central charge picks up the same contribution (4.19),
with their respective puncture data inserted, for each of them. For concreteness let us take
pbulk

1 = 2(1 − g), pbulk
2 = 0, then going on-shell fixes the R-symmetry parameters to be

b1 = 1/3, b2 = 2/3 and the central charge becomes

a = 1
3(g − 1)N3 −

n∑
I=1

δaI , δa = − 1
12

[(
2 − 3nd

N
+ 1
kd

)
N3 −

d−1∑
a=1

ka
lala+1

ŷ3
a

]
. (4.29)

As a first example consider the somewhat trivial case where the we take only unresolved
singularities ℂ2/ℤk. This of course is exactly what was discussed in section 3; however, as
a consistency check we must be able to recover those results from (4.29). These punctures
correspond to rectangular partitions of the Young tableau, i.e. a single block (d = 1) of length
k and height n = N/k, see figure 6(b). Such punctures lead to an SU(k) flavour symmetry
in the dual field theory. The rectangular punctures are particularly simple since they only
receive bolt contributions and the contribution from a rectangular puncture is

δarectangular = −1
6
(
1 − 1

k

)
N3 , (4.30)

which is precisely (3.17) once the N = 2 condition is imposed. As a further consistency check
a trivial puncture must return a trivial result. In this case we have k = 1, n = N and indeed
δa vanishes identically. Punctures were not all created equally and our final rectangular

15Note that no other type (like N = 2 preserving the other circle direction, or N = 1) is allowed if one
wants to preserve global N = 2.
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puncture, the maximal puncture, has a somewhat special standing. For the maximal puncture
we have k = N and n = 1 and the contribution to the anomaly polynomial is

δamax = −1
6
(
N3 −N2

)
. (4.31)

Taking the Riemann surface to be a two-sphere with three maximal punctures the dual field
theory is the TN theory, and it is simple to check that the large N central charge matches.

The final explicit puncture we consider is the minimal puncture which has

d = 2 , k = (1, 1) , n = (1, N − 1) , l = (2, 1) , ŷ = (2, N) =⇒ δamin = 1
4N

2 − 1
3 , (4.32)

and in particular the central charge receives nut contributions. Here again we match the
field theory results even at O(1). In particular, we reproduce the analysis of [32] for these
various cases.

As a final aside, note that the puncture contribution in (4.29) can be written in the form

δa = − 1
12

[(
2 − 3nd

N

)
N3 +

d∑
a=1

ŷ3
a − ŷ3

a−1
la

]
. (4.33)

Using that

ŷa = lana +Ma−1 , Ma ≡
a∑
b=1

kbnb , (4.34)

(note that Md = N), the sum in terms of flux numbers na reads

δa = −1
4

[(2
3−

nd
N

)
N3+

d∑
a=1

1
3 l

2
a(n3

a−n3
a−1)+laMa−1(n2

a−n2
a−1)+M2

a−1(na−na−1)
]
. (4.35)

This reproduces the results of [32, 44] which studied N = 2 punctures using anomaly inflow.16

This may also be obtained from a line charge description using the explicit supergravity
solutions in [4]. Our results present a clean derivation (and extension) of these results which
we will now further generalize to new punctures which only preserve N = 1 supersymmetry.

5 N = 1 punctures

We return to the study of ℂ3/ℤK singularities introduced in section 3, where the quotient
is a finite subgroup of SU(3) acting as

(w, z1, z2) 7→ (e2πi/Kw, e2πiα1/Kz1, e2πiα2/Kz2) , (5.1)

with
α1 + α2 + 1 = K . (5.2)

Note that if one of the αi is trivial then the quotient is a finite subgroup of SU(2) and there
is an enhancement of supersymmetry to N = 2. Given that this was considered previously
we will ignore this case here.

16We use the same variables but different notation. The dictionary between our results and those in [32, 44]
is ŷa → Na, na → ωa, Ma → ya.
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Σϵ

v1

v2v3

Σϵ

v1

v2v3

v4 Σϵ

v1

v2v3 v4

Figure 7. Toric diagram for ℂ3/ℤK (left) and two types of (partial) resolution (centre, right).

5.1 Geometry of ℂ3/ℤK singularities

Introducing coordinates (w, z1, z2) ∈ ℂ3 and writing w = |w|eiψ, zi = |zi|eiφi , we may take
the following generating vector fields for the T 3 =U(1)3 action:

e1 = ∂φ1 , e2 = ∂φ2 − ∂φ1 , e3 = 1
K

(∂ψ + (α1 −K)∂φ1 + α2∂φ2) . (5.3)

Note that this basis is normalized on ℂ3/ℤK so that exponentiating all three vectors by 2π
generates an effective torus action and the (3, 0)-form Ω = dw ∧ dz1 ∧ dz2 has charge 1 under
e1 and is uncharged under both e2 and e3. There are three toric divisors, the first and second
at {zi = 0} with normal vector vi = ∂φi respectively and the third at {w = 0} with normal
vector v3 = ∂ψ. Inverting the relations (5.3) for the basis vectors, one finds the toric vectors

v1 = ∂φ1 = (1, 0, 0) , v2 = ∂φ2 = (1, 1, 0) , v3 = ∂ψ = (1,−α2,K) . (5.4)

This is a convenient choice of basis which defines the ℂ3/ℤK singularity. The degree of the
orbifold singularity can be read off from the toric data by taking the determinant of the three
vectors, | det(v1, v2, v3)| = K. The associated toric diagram is the left diagram in figure 7.

We can now ask about resolutions of the above singularity. This is given by a fine
regular star triangulation of the 3d polytope, as described in [45] (see also [46] for a review).
Pictorially it amounts to adding planes in figure 7 (left). One choice is to “cut the corner”
of the singularity, as shown in figure 7 (centre), however planes could also be added which
cut off a line rather than the corner (figure 7 right) in the spirit of the N = 2 case. The
addition of planes introduces additional nuts, which we label by a = 1, . . . , d, which may
or may not be smooth points. Such points arise at the intersection of three planes, defined
by the normal vectors va{1,2,3}, with the triplet defining a maximal cone in the fan. Points
arising from the intersection of four or more planes are not smooth, even in the orbifold sense,
and thus we ignore this possibility. Between neighbouring points there exist compact edges,
defined by the intersection of two planes, and thus two vectors, which give rise to compact
two-cycles in the geometry. We restrict to crepant resolutions in the following which implies
that all vectors have first component 1, but are otherwise arbitrary. These then define an
orbifold singularity for each maximal cone of degree

da0 = | det(va1 , va2 , va3)| ≡ ka . (5.5)

By adding enough planes the singularity is resolved if all the points are smooth (ka = 1
∀a), but this need not be the case in the following.
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5.2 Local N = 1 punctures

The ℂ3/ℤK geometry is the local geometry at one of the poles of the S4 and an arbitrary
point on the Riemann surface Σg, where we can take the latter point to be at the centre
of a disc with local coordinate w ∈ ℂ. We first explain how the partially resolved ℂ3/ℤK
geometry is glued in at a pole (say, the north pole), and then how we glue north and south
poles together and into the bulk geometry.

We fix the north pole of S4, with local complex coordinates z1, z2 on the tangent directions
and coordinate w on the Riemann surface, and wish to glue in the partially resolved ℂ3/ℤK
geometry in figure 7. This requires identifying the “bolt” direction, namely the Σϵ direction.
This is an interval closed at one end and open at the other in the toric diagram, where it
glues onto the bulk Riemann surface and is shown in figure 7. With our labelling this edge is
specified by the vectors v1, v2. We furthermore label the vertices in the partially resolved
geometry so that the origin of Σϵ is the vertex d, which we take to be an orbifold singularity
of degree kd. Note that this will locally be described as ℂ3/ℤkd

, where the quotient in (5.1)
changes after resolution. We denote the new parameters by αdi , which obey the constraint

αd1 + αd2 + 1 = kd . (5.6)

In particular if the singularity is fully resolved, kd = 1 such that both αi = 0. Moreover, the
first Chern classes of the line bundles over the bolt after resolution are then∫

Σϵ

c1(Li) = αdi
kd

. (5.7)

The toric vectors at the d’th vertex are

vd1 = v1 = (1, 0, 0) , vd2 = v2 = (1, 1, 0) , vd3 = (1,−αd2, kd) . (5.8)

The value of y at this point will be denoted yd, and as for the N = 2 punctures will play
a distinguished role.

To construct the full puncture we need to glue together two copies of this geometry, one
at the north pole and one at the south pole of S4. In principle we may use different partial
resolutions at each pole, and thus all quantities in the above paragraphs will have north and
south labels, e.g. ΣN

ϵ , ΣS
ϵ , values of y at the vertices yNa , ySa , with the index a running from 1

to dN , dS , etc.17 The boundary around this geometry is S4 ×S1, where it glues into the bulk.
Describing this is quite subtle, since S4 is not toric, so we will carefully discuss this now.

We begin by describing an S4 in terms of a “toric diagram” before explaining how to
construct the puncture geometries. We think of an S4 topologically as two copies of ℂ2

glued together (non-holomorphically), which we denote by north and south. We take the
coordinates on ℂ2 to be zi = |zi|eiφi . The toric diagram of ℂ2 is simply a 2d “corner” (the
positive quadrant in ℝ2), see figure 8, with the faces being the loci zi = 0. To construct
the S4 we take a second, mirror copy of ℂ2, and identify the non-compact edges in the two
diagrams, see figure 8. This compactifies the geometry, and since we are identifying the

17For fully resolved geometries, with all ka = 1, the Calabi-Yau three-folds will necessarily have the same
Euler numbers, even if their topologies are different, and hence dN = dS .
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∂φ1 → 0 ∂φ2 → 0

∂φ1 → 0 ∂φ2 → 0

south

north

∂φ1 → 0 ∂φ2 → 0

∂φ1 → 0 ∂φ2 → 0

south

north

Figure 8. We show how we glue the two patches of ℂ2 together to form a “toric diagram” for S4.
Observe that we take a copy of ℂ2, truncated in extent for artistic reasons, and take a mirror image.
We then join the lines corresponding to the same degenerating vector field together. In this way no
new fixed points are generated. The result is an ellipse, where the red and green edges correspond to
copies of S2

i ⊂ ℂi ⊕ℝ, for i = 1, 2, respectively, thinking of S4 ⊂ ℂ1 ⊕ ℂ2 ⊕ℝ. These two-spheres
meet at the two poles of S4. When computing the weights we must take into account that when
gluing we need to reverse the orientation in the southern patch, giving a mirror image, in order to
obtain a consistent overall orientation.

edges does not introduce any additional fixed points.18 Note that it is important that we
identify the same faces, i.e. the normal vectors. However, we will see below that once we
partially resolve the copies of ℂ3/ℤK at the poles of S4 this does not require us to take
a mirror copy of the toric diagram.

Having explained how to construct an S4 we now proceed to construct the puncture
geometries. At each of the poles of the S4 and centre of the disc in the Riemann surface, we
have a copy of ℂ3/ℤK . We want to glue these together to obtain the puncture geometry. We
require that the boundary is S4×S1 which uniquely fixes how we glue the two pieces together.
Consider gluing two copies of ℂ3/ℤK or their resolutions. We take v1 and v2 to be the normals
to the faces where ∂φ1 and ∂φ2 shrink respectively — these are determined unambiguously since
we fix the R-symmetry using these vector fields. Following the prescription for constructing
an S4 we need to identify these faces. We must also identify any other non-compact faces
so that the only remaining non-compact faces are those normal to v1 and v2, which define
the S4 coordinates, see figure 9. Observe that the requirement for the gluing is that the
non-compact faces agree: this does not impose any constraints on the compact faces, and
these may differ between the north and south geometries, cf. figure 5.

The R-symmetry vector is given by

ξ = b1∂φ1 + b2∂φ2 = (b1 + b2, b2, 0) , (5.9)

where we used (5.4) in the second equality. The action of ξ generically has fixed points at
the intersection of three planes defined by a maximal cone. Computing the weights at the

18The more canonical way of gluing toric diagrams together introduces new fixed points because one does
not identify the same faces in the way we do here.
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Σϵ

v1

v2

ΣN
ϵ

ΣS
ϵ

Figure 9. We depict the gluing of two copies of toric diagrams. Observe that the red and green faces
are the loci where the two U(1)’s of the S4 shrink, and are determined by the choice of R-symmetry
vector. These are glued together as shown. The other non-compact cycles are required to match in
such a way that they glue together into compact four-cycles.

fixed points in the north patch is simple using the formula

(ϵa1, ϵa2, ϵa3) = ξ · (va1 , va2 , va3)−1 = 1
ka

(det(ξ, va2 , va3), det(va1 , ξ, va3), det(va1 , va2 , ξ)) . (5.10)

One needs to be careful when computing the weights in the south patch. Following the
bulk computation in section 2.2, the product of the weights at an isolated fixed point in the
south patch are taken to be the negative of the product of the weights given by the above
formula (5.10), i.e. minus the product of weights in the north patch, due to the orientation
reversal. This extends to fixed points of cycles too. For the southern bolt the weights are
slightly more subtle. The product of the two non-trivial weights picks up a sign as before,
and in addition one of the two first Chern classes of the normal bundles, which are used
in the BVAB theorem, also picks up an additional sign correlated with the weights (as in
section 2.2). The weights at the bolt fixed point sets ΣN

ϵ , ΣS
ϵ may hence be taken to be

(ϵd1, ϵd2, ϵd3) = ξ · (vd1 , vd2 , vd3)−1 = (b1,±b2, 0) , (5.11)

taking the + sign for the northern bolt and − for the southern bolt. In order to glue the
puncture geometry into the bulk we must align the bolts with the poles of the S4 fixing
ŷN
dN = ŷN = N and ŷS

dS = ŷS = −ŷN = −N , where we have again defined the rescaled variables

ŷa ≡
ya

9πℓ3pb1b2
. (5.12)

This follows since the flux of G through the S4 fibre over a point on the Riemann surface (2.13)
is independent of the latter choice of point. Therefore, in order to glue the S4 fibres over Σϵ

with the S4 fibres over the bulk Riemann surface we must impose this consistency condition
where they meet.

As a warm-up let us analyse the unresolved geometry. This will recover the N = 1 orbifold
analysis in section 3.2, but in doing so this sets up the analysis of the more general punctures.
First notice that since the boundary is S4×S1 there are two linearly embedded S2’s which are
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trivial in homology. Integrating the two-form Y over these two cycles implies that ŷ2
S = ŷ2

N ,
and further requiring that the conformal dimension of the operator dual to this two cycle is
non-zero, implies ŷN = −ŷS . This will be a generic feature of all the puncture geometries
that we will consider; that is, the “origin” of the bolt in the north and south patch satisfies
N = ŷN = −ŷS = ŷN1 = −yS1 ≡ y1, where note that with no partial resolution dN = dS = 1.

There are four U(1)2-invariant four-cycles in the puncture geometry (three of which are
immediately visible in figure 11 for K = 3). The first four-cycle is the smooth S4 on the
boundary through which the flux is ŷ1 = N as fixed by the bulk analysis. There is also a
quotiented copy of the S4 at the centre of the disc, the blue face of figure 11, with flux

1
(2πℓp)3

∫
S4/ℤK

G = N

K
. (5.13)

Finally, there are two non-compact four-cycles which are S2 orbibundles over the bolt Σϵ.
These non-compact four-cycles are the faces with normals v1 and v2 which we denote by
D

[1]
ϵ and D

[2]
ϵ respectively. From (3.13) we have

1
(2πℓp)3

∫
D

[1]
ϵ

G = α1
K
N , (5.14)

whilst localization gives the formula

1
(2πℓp)3

∫
D

[1]
ϵ

G = 2
(2πℓp)3

2π
b2

[ ∫
Σϵ

ω

6y1
− 2π
b2

α2
K

y1
9

]
, (5.15)

where we used (3.7) and the same identities hold for 1 ↔ 2. Combining these gives∫
Σϵ

ω = 108π3ℓ6pb1b2

(
b1
α2
K

+ b2
α1
K

)
N2 , (5.16)

and the central charge is

δaorb = 2
2(2π)6ℓ9p

(2π)2

b1b2

∫
Σϵ

[
− y1

36ω + 2π
(c1(L1)

b1
+ c1(L2)

b2

) y3
1

162

]

= −9
8b1b2

(
b1
α2
K

+ b2
α1
K

)
N3 , (5.17)

reproducing (3.17). We now turn to general N = 1 punctures.

5.3 Flux quantization

There are two types of compact cycles in the above puncture geometries: those contained
in a single copy of the toric geometry, and those extending between the north and south
geometries. The former include an arbitrary number of yNa (or ySa ), while the latter have
contributions from both north and south vertices. A generic cycle (of either type) DA with
normal vector vA is enclosed by a set of vertices ya, such that vai = vA for one of the three i,
i.e. vA is in the cone corresponding to the fixed point ya. We denote the set of such vertices
by a ∈ IA, where by an abuse of notation a also labels whether y is in the N or S copy.
The quantization of the flux through DA then reads

NA = 1
(2πℓp)3

∫
DA

G = 1
(2πℓp)3

∑
a∈IA

1
ka

(2π)2

ϵaiaϵ
a
ja

ya
9 . (5.18)
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Here the two weights ϵaia , ϵ
a
ja entering at each nut are those involving vA in their determinant

(see (5.10)). Unlike the N = 2 punctures, we cannot solve these linear constraints on the ya
iteratively and obtain a general expression for ŷa in terms of only NA — as we will see, there
are not enough equations. We will comment on this further in the next subsection.

Finally one can also quantize the flux through D
[i]
ϵ , the four-cycles normal to vi. These

pick up contributions from the bolts at ΣN
ϵ and ΣS

ϵ . Note that yN
dN = −yS

dS ≡ yd and
bN2 = −bS2 ≡ b2. On the other hand the line bundles may be different. There are also nut
contributions from the vertices surrounding the face D[i]

ϵ , i.e. the isolated fixed points ya
which have vi in their cone. We denote this set by Ii. Then localization gives

N [1]
ϵ ≡ 1

(2πℓp)3

∫
D

[1]
ϵ

G = 1
(2πℓp)3

4π
b2

[1
2

∫
ΣN

ϵ ∪ΣS
ϵ

ω

6yd
− 2π
b2

yd
9 p

orb
2

]
+
∑
a∈I1

1
ka

(2π)2

ϵa1ϵ
a
2

ya
9


= 1

108π3ℓ6pb1b2
2N

1
2

∫
ΣN

ϵ ∪ΣS
ϵ

ω − b1
b2

(
porb

2 N + 𝔫1
)
, (5.19)

where we define the quantities

porb
i ≡ 1

2

∫
ΣN

ϵ ∪ΣS
ϵ

c1(Li) = 1
2

(∫
ΣN

ϵ

c1(Li) +
∫

ΣS
ϵ

c1(Li)
)

= 1
2

(
αd

N

i

kdN

+ αd
S

i

kdS

)
, (5.20)

(the factor 1/2 is included in order to have porb
i = αdi /kd in case of identical copies), and also

𝔫1 ≡ −b2
b1

1
(2πℓp)3

∑
a∈I1

1
ka

(2π)2

ϵa1ϵ
a
2

ya
9 = −

∑
a∈I1

b2
2

2ϵa1ϵa2
ŷa
ka
. (5.21)

For D[2]
ϵ we again get the flux integral (5.19) with 1 ↔ 2. These relations for N [1]

ϵ and
N

[2]
ϵ then respectively give

1
2

∫
ΣN

ϵ ∪ΣS
ϵ

ω = 108π3ℓ6pb1b2
[
b1
(
porb

2 N + 𝔫1
)

+ b2N
[1]
ϵ

]
N , (5.22)

and
1
2

∫
ΣN

ϵ ∪ΣS
ϵ

ω = 108π3ℓ6pb1b2
[
b1N

[2]
ϵ + b2

(
porb

1 N + 𝔫2
)]
N . (5.23)

The two expressions for
∫
ω should be the same, such that the two non-compact fluxes

are not independent

b2N
[1]
ϵ + b1

(
porb

2 N + 𝔫1
)

= b1N
[2]
ϵ + b2

(
porb

1 N + 𝔫2
)
. (5.24)

Note that the N = 2 discussion perfectly fits in this picture. First the north and
south copies are identical such that porb

i = αdi /kd. Then recall that supersymmetry imposes
porb

1 = 1 − 1
kd

, porb
2 = 0, and N

[2]
ϵ = 0. Moreover the sums over nut contributions give

𝔫1 = 0 , 𝔫2 =
d−1∑
a=1

kaŷa
lala+1

= N

kd
− nd , (5.25)

such that,

N [1]
ϵ = porb

1 N + 𝔫2 = N − nd . (5.26)
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Here N = 2 supersymmetry implies (by the SO(3)R symmetry) that the north and south
copies have to be identical, and in the sum over nuts in 𝔫2 one obtains the same contribution
twice. The key element here is to be able to evaluate the sum in 𝔫2, which requires a
dictionary between ya and na which is not available (in general) for N = 1 punctures. Notice
in particular that the N = 1 result depends on one of the non-compact fluxes (say N

[1]
ϵ ).

5.4 Observables

Finally, we can compute the contribution of an N = 1 puncture to the central charge. The
same comments as for (5.19) about the bolt contributions apply here also, and we obtain

δa = 1
2(2π)6ℓ9p

[
2(2π)2

b1b2

[
−1

2

∫
ΣN

ϵ ∪ΣS
ϵ

yd
36ω + 2π

(porb
1
b1

+ porb
2
b2

) y3
d

162

]
−
∑
a

1
ka

(2π)3

ϵa1ϵ
a
2ϵ
a
3

y3
a

162

]

= − 9
16b1b2

[
3
(
b1𝔫1 + b2N

[1]
ϵ

)
N2 +

(
2b1p

orb
2 − b2p

orb
1

)
N3 + 1

2
∑
a

1
ka

b2
1b

2
2

ϵa1ϵ
a
2ϵ
a
3
ŷ3
a

]
. (5.27)

Here the sum runs over all isolated fixed points, the weights ϵai are given in (5.10), and
𝔫1 in (5.21). The integral of ω in (5.27) has been evaluated using (5.22). One could have
equivalently used (5.23). It is this choice that creates the asymmetry between b1 and b2 in the
result on the second line of (5.27). Recall from the discussion in section 3.2 that the fluxes
N

[i]
ϵ are not quantized or gauge-invariant, only becoming quantized and gauge-invariant when

added to the rest of the bulk flux along these cycles. They should be regarded as part of
the boundary data for a particular puncture, which we then glue to the bulk.

The ŷa are functions of the fluxes through (5.18). Focusing on the resolved geometry at
(say) the north pole, for a fully resolved geometry X we have dN = χ(X ) = 1 + b2(X ) + b4(X ),
where bi(X ) denote Betti numbers. There are b4(X ) compact four-cycles, and hence (5.18)
allows one to eliminate b4(X ) of the ŷa variables associated to that pole. Given that also
ŷN
dN = N , this generically leaves b2(X ) of the ŷa undetermined. As we will see in the examples,

and as summarized in the introduction, the remaining b2(X ) variables should be extremized
over, and this is equivalent to imposing that Φ∗G (or equivalently ΦY ) is equivariantly closed at
the level of the ŷa variables. More precisely, we find that the quadratic equations one obtains
by extremizing δa over the b2(X ) unconstrainted ŷa variables are equivalent to equations
obtained by integrating ΦY over all toric two-cycles using localization, and imposing that
the latter are related by their homology relations!

Finally the total central charge with n punctures is

a = abulk −
n∑
I=1

δaI , (5.28)

with abulk the central charge of a smooth Riemann surface given in (3.16), and δaI given
by (5.27). Only after adding all contributions should one then extremize the central charge
over the bi, subject to the constraint b1 + b2 = 1, to find the on-shell central charge.

From the general N = 1 puncture expression (5.27) it is straightforward to recover the
previous cases we have analysed, including the orbifold and N = 2 results as special cases.
Indeed, the unresolved orbifold case simply corresponds to turning off the nut contribu-
tions, consequently also setting 𝔫i = 0, and taking N

[i]
ϵ = porb

i N = αi
KN — then (5.27)
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immediately reduces to (5.17). Alternatively, for (1,0) N = 2 punctures we may substitute
using (5.25), (5.26), to reproduce (4.19).

The final observables we wish to compute are the conformal dimensions of BPS operators
dual to M2-branes wrapped on two-cycles. On every toric two-cycle Σ (i.e. every edge/line
of the doubled toric diagram) one can wrap an M2-brane. For calibrated submanifolds Σ
this corresponds to a BPS operator in the field theory, whose conformal dimension ∆Σ is
given in equation (2.8). One possibility is to wrap an M2-brane on a copy of the punctured
bolt, at the poles of the S4. Using equation (5.22) we may compute

1
2
(
∆
[
ΣN
g,punct

]
+ ∆

[
ΣS
g,punct

])
= −3

2(b1𝔭bolt
2 + b2𝔭bolt

1 )N , (5.29)

where we have defined

𝔭bolt
1 ≡ pbulk

1 +
n∑
I=1

N
[1],I
ϵ

N
, 𝔭bolt

2 ≡ pbulk
2 +

n∑
I=1

(
porb,I

2 + 𝔫I1
N

)
, (5.30)

which is a straightforward generalization of the N = 2 result.
There are also two-cycles which are acted on non-trivially by the R-symmetry, where

only the last term in the expression for ∆[Σ] in (2.8) enters. A compact cycle will necessarily
have the topology of a weighted projective space 𝕎ℂℙ1

[ka,kb], where the poles/fixed points
are associated to ŷa and ŷb, which are orbifold singularities of degrees ka, kb ∈ ℕ, respectively.
The R-symmetry rotates the weighted projective space, fixing its poles. Notice these latter
fixed points can either be both in the north or both in the south patches, or one in each.
We then have the general formula

∆[Σ] = −3
2b1b2

(
ŷa
kaϵa

+ ŷb
kbϵb

)
. (5.31)

Here ϵa, ϵb are the weights of the R-symmetry vector on the tangent space to this two-cycle,
where note that necessarily kaϵa = −kbϵb. More precisely, the weight ϵa that enters out of
ϵa1,2,3 defined in (5.10) is precisely that which does not involve the pair of normal vectors
that define the edge connecting ŷa to ŷb. The N = 2 results we presented are special cases
of the more general formula (5.31).

5.5 Examples

In this subsection we will apply the general procedure outlined in the previous subsections
to two examples.

5.5.1 ℤ3 quotient

Let us first consider the simplest N = 1 preserving quotient, namely the diagonal action
of ℤ3 on ℂ3. Before resolving the singularity, in the notation of section 3 we have d = 1,
k1 = K = 3. The weights of the action are uniquely fixed by (5.2) to be α1 = α2 = 1. Then
the contribution to the central charge from the puncture is

δa = −3
8b1b2(b1 + b2)N3 , (5.32)

where recall that b1 + b2 = 1.
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Σϵ

v1 = (1, 0, 0)

v2 = (1, 1, 0)push
v3 = (1,−1, 3) y3

y2

y1

Σϵ

v1 = (1, 0, 0)

v2 = (1, 1, 0)
v3 = (1,−1, 3)

v4 = (1, 0, 1)

Figure 10. Toric diagram for ℂ3/ℤ3 (left) and its O(−3) → ℂℙ2 resolution (right).

S4/ℤ3 Σϵ ⋉ S2
1

Σϵ ⋉ S2
2

Σϵ

∂Σϵ × S4 ℂℙ2

D0 D
[2]
ϵ

D
[1]
ϵ

Σϵ

∂Σϵ × S4

Figure 11. Puncture geometry: two copies of the (un)resolved geometries in figure 10 are smoothly
glued together on the (left) right. The orientation and tilts are modified for a better visualization,
such that the red face there is now hidden behind.

Consider now resolving the quotient. There is a unique crepant resolution of the singularity
by blowing up a ℂℙ2 at the singular point. The total space is then the non-compact Calabi-
Yau, X = O(−3) → ℂℙ2. The resolution is implemented by introducing a plane which
“cuts the corner” off the toric diagram of ℂ3/ℤ3, see figure 10. The resultant toric vectors
are taken to be

v1 = (1, 0, 0) , v2 = (1, 1, 0) , v3 = (1,−1, 3) , v4 = (1, 0, 1) , (5.33)

where v4 is the normal direction to the added plane, 3v4 = v1 + v2 + v3. There are now three
fixed points, arising from the intersection of the plane normal to v4 with the planes normal
to any two of v1, v2, v3. To each fixed point there is an associated maximal cone consisting of
the three vectors defining the normals to the intersecting planes, with each cone containing
v4. We take the maximal cones and the y coordinate at the fixed point to be

⟨v1, v2, v4⟩ ↔ y3 , ⟨v2, v3, v4⟩ ↔ y1 , ⟨v3, v1, v4⟩ ↔ y2 , (5.34)
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see figure 10. It is simple to see that each of the fixed points is smooth, ka = 1 and the
singularity has been fully resolved. The weights at each vertex are given by

(ϵ11, ϵ12, ϵ13) = ξ · (v4, v2, v3)−1 = (3b1, b2 − b1,−b1)
(ϵ21, ϵ22, ϵ23) = ξ · (v1, v4, v3)−1 = (b1 − b2, 3b2,−b2)
(ϵ31, ϵ32, ϵ33) = ξ · (v1, v2, v4)−1 = (b1, b2, 0) . (5.35)

Note also that the geometry in a neighbourhood of the bolt is simply the direct product
of the disc and ℝ4, and in particular the orbifold first Chern class of the normal bundle
is zero (α3

i = 0).
We now need to glue together two of these orbifolds or their resolutions to make the

puncture geometry. As we emphasized in section 5.2, in order to perform the gluing we require
that the non-compact faces are all identical, but in general compact faces may differ. This
means that there are two distinct options: either we glue two copies of the resolved orbifold,
or we glue together the orbifold and its resolution. In the following we will present the former
option, see figure 11, gluing together two of the resolved geometries, but we stress that this is
a choice here. We will carefully denote which fixed points correspond to the north and south
parts of the puncture geometry. The weights in the north copy are those in (5.35), while the
product of the south pole weights has the opposite sign. For each vector we also have an
associated four-cycle, see figure 11: D1 ≡ D

[1]
ϵ , D2 ≡ D

[2]
ϵ , D3 ≡ D0, DN

4 ≡ ℂℙ2
N , DS

4 ≡ ℂℙ2
S .

First let us quantize the fluxes. Recall that the matching condition for the S4 fibre fixes

ŷN3 = −ŷS3 = N , (5.36)

and we will use this consistently in the following. Note that there is no such condition for
y1 and y2, and they can in general differ between the north and south. Computing the flux
threading through the two resolution ℂℙ2’s we find

Nℂℙ2
N

= 1
(2πℓp)3

(
(2π)2

ϵ12ϵ
1
3

yN1
9 + (2π)2

ϵ21ϵ
2
3

yN2
9 + (2π)2

ϵ31ϵ
3
2

yN3
9

)
= N

2 + b2ŷ
N
1 − b1ŷ

N
2

2(b1 − b2) . (5.37)

Here the weights are given in (5.35), and the two weights that enter at a given fixed point
are those in (5.35) that do not include the normal vector v4 to ℂℙ2

N . There is a similar
expression for Nℂℙ2

S
with the exchange N → S, and the product of weights changing sign.

We use these fluxes to eliminate ŷN2 and ŷS2 giving

ŷN2 =
(

1 − b2
b1

)
(N − 2Nℂℙ2

N
) + b2

b1
ŷN1 , ŷS2 = −

(
1 − b2

b1

)
(N − 2Nℂℙ2

S
) + b2

b1
ŷS1 . (5.38)

Further, we can consider the flux threading through D0 which is the face normal to v3.
This is topologically an S2 bundle over S2 (in fact naturally the third Hirzebruch surface
𝔽3, which is diffeomorphic to the non-trivial S2 bundle over S2, and like ℂℙ2 is also not
a spin manifold). We find

ND0 = b1(ŷN2 − ŷS2 ) − b2(ŷN1 − ŷS1 )
6(b1 − b2) . (5.39)
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This is not an independent flux but rather satisfies

3ND0 +Nℂℙ2
N

+Nℂℙ2
S

= N . (5.40)

Finally, the fluxes threading through the two non-compact cycles are

N [1]
ϵ = 1

108π3ℓ6pb1b2
2N

1
2

∫
ΣN

ϵ ∪ΣS
ϵ

ω − b1
b2

ŷN2 − ŷS2
6 , (5.41)

N [2]
ϵ = 1

108π3ℓ6pb
2
1b2N

1
2

∫
ΣN

ϵ ∪ΣS
ϵ

ω − b2
b1

ŷN1 − ŷS1
6 , (5.42)

where we have used that
∫

Σϵ
c1(Li) = 0. Recall that these fluxes are not gauge-invariant

since the cycle has a boundary. Eliminating the integral of ω implies a consistency condition
between the two fluxes, in particular one has

b1N
[2]
ϵ + b2

ŷN1 − ŷS1
6 = b2N

[1]
ϵ + b1

ŷN2 − ŷS2
6 . (5.43)

We may pick one of the fluxes, say (5.42), and use this to give an expression for the integral
over the Kähler class in terms of N [2]

ϵ and the free parameters ŷN1 , ŷS1 .
The contribution of the puncture to the central charge, δa, though complicated looking,

is simply obtained giving

δa= 3
32b2

[
2b2

1

{
N3−3N2(3N [2]

ϵ +Nℂℙ2
N

+Nℂℙ2
S

)
+6N

(
N2

ℂℙ2
N

+N2
ℂℙ2

S

)
−4
(
N3

ℂℙ2
N

+N3
ℂℙ2

S

)}
+ b2

2
2
(
2N−2Nℂℙ2

N
−2Nℂℙ2

S
− ŷN1 + ŷS1

){
(2Nℂℙ2

N
+ ŷN1 −2Nℂℙ2

S
+ ŷS1 )2

+(N−2Nℂℙ2
N
− ŷN1 )2 +(N−2Nℂℙ2

S
+ ŷS1 )2

}
−4b1b2

{
N3−3N2

(
Nℂℙ2

N
+Nℂℙ2

S

)
−4N3

ℂℙ2
N
−4N3

ℂℙ2
S
−3N2

ℂℙ2
N
ŷN1 +3N2

ℂℙ2
S
ŷS1

+3N
(
Nℂℙ2

N

(
2Nℂℙ2

N
+ ŷN1

)
+Nℂℙ2

S

(
2Nℂℙ2

S
− ŷS1

))}]
. (5.44)

Notice that this is cubic in the bi’s, as one expects for the central charge and its dependence
on the R-symmetry. Moreover, note that there are now terms of the form b3

2 which were
absent in the N = 2 case. Further, observe that the central charge still depends on the
two parameters ŷN1 and ŷS1 . Note that one could have equally used N

[1]
ϵ rather than N

[2]
ϵ

to evaluate the integral of ω as these are related through (5.43). Similarly one could have
eliminated ŷ1 in (5.37) rather than ŷ2, such that the final result would be in terms of N [1]

ϵ ,
and the extremization over ŷN,S2 . In particular this would give terms in b3

1 instead.
An interesting observation is that extremizing (5.44) over the parameters ŷN,S1 effectively

imposes homology relations on the integrals of ΦY (or equivalently Φ∗G) in the puncture
geometry. Indeed since the second Betti number b2(ℂℙ2) = 1, the three toric two-cycles
in the blown-up ℂℙ2 are necessarily all homologous. As such, if we integrate the closed
two-form Y over these homologous cycles they must be equal; that is,∫

D1∩DN
4

ΦY =
∫
D2∩DN

4

ΦY =
∫
D3∩DN

4

ΦY , (5.45)
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and similarly for the southern cycle. Evaluating the integrals using localization gives quadratic
expressions in ya, and the two equalities give rise to a single independent constraint, which
reads

(b1 − b2)(yN3 )2 = b1(yN2 )2 − b2(yN1 )2 , (5.46)

and similarly for the southern cycle. Going to the hatted variables and further eliminating
ŷ2 using (5.38), these constraints are then exactly the conditions obtained by extremizing
the central charge over ŷN1 and ŷS1 ! Finally, one should still extremize the full central charge
over b1, b2 subject to b1 + b2 = 1.

The general expression (5.44) is a little unwiedly, and for illustration we consider a
straightforward simplification to spell out the extremization. We take the fluxes through
the north and south copies of ℂℙ2’s to be equal NN

ℂℙ2 = NS
ℂℙ2 ≡ Nℂℙ2 . This actually sets

yNi = −ySi ≡ yi. For readability we will also directly consider this symmetric case in the
example in the next subsection. The shift of the central charge then simplifies to

δa = 3
16b2

[
b2

1

{
N3 − 3N2(3N [2]

ϵ + 2Nℂℙ2
)

+ 12NN2
ℂℙ2 − 8N3

ℂℙ2

}
+ b2

2
(
N − 2Nℂℙ2 − ŷ1

)3
− 2b1b2

{
N3 − 6N2Nℂℙ2 − 8N3

ℂℙ2 − 6N2
ℂℙ2 ŷ1 + 6NNℂℙ2

(
2Nℂℙ2 + ŷ1

)}]
, (5.47)

where one should still extremize over ŷ1. The extremization gives

ŷ∗1 = N − 2Nℂℙ2 ± 2
√
b1
b2
Nℂℙ2(Nℂℙ2 −N) . (5.48)

Substituting this back into (5.38) gives19

ŷ∗2 = N − 2Nℂℙ2 ± 2
√
b2
b1
Nℂℙ2(Nℂℙ2 −N) , (5.49)

such that

b1y
∗2
2 − b2y

∗2
1 = (b1 − b2)N2 , (5.50)

which corresponds to the homology relation (5.46) as claimed. Finally, the extremized central
charge is given by inserting y∗1 in (5.47) giving

δa∗ = 3
16b1b2

[
b1
(
N3 − 3N2(3N [2]

ϵ + 2Nℂℙ2) + 12NN2
ℂℙ2 − 8N3

ℂℙ2
)

(5.51)

− 2b2
(
N3 − 6NN2

ℂℙ2 + 4N3
ℂℙ2

)
− 16Nℂℙ2(Nℂℙ2 −N)

√
b1b2Nℂℙ2(Nℂℙ2 −N)

]
Note that the on-shell result still requires an extremization over bi which should be conducted
for the total central charge a = abulk − δa∗. Note that the asymmetry between b1 and b2
comes from using N

[2]
ϵ .

19Recall that one needs to pick the solution which maximizes the central charge. Since we are looking only
at the puncture contribution, which we take away from the bulk central charge, maximizing the bulk central
charge is equivalent to minimizing the puncture contribution. We are therefore lead to pick the root with the
minus sign.
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y5
y4

y3y2

y1

Σϵ

v1

v2
v3

v4

v5

Figure 12. Toric diagram for the resolution of the ℂ3/ℤ5 singularity with α2 = 1. The orange cycle
has topology 𝔽3 and the lilac one ℂℙ2.

A final simplification is to turn off the fluxes through the ℂℙ2 cycles: NN
ℂℙ2 = NS

ℂℙ2 = 0.
This further sets ŷ1 = ŷ2 = ŷ3 = N (such that N [1]

ϵ = N
[2]
ϵ = N/3) and the contribution

to the central charge reduces to

δa = −3
8b1b2(b1 + b2)N3 , (5.52)

which is the result for the unresolved ℤ3 singularity. This is a non-trivial check: we recover
the orbifold result as a limit of the resolved result. In this orbifold case there is only the
extremization over bi left to perform.

5.5.2 ℤ5 quotient

As a second example, we consider the resolution of ℂ3/ℤ5. We take toric data

v1 = (1, 0, 0) , v2 = (1, 1, 0) , v3 = (1,−1, 5) , (5.53)

so that before resolution α2 = 1, K = 5 (implying α1 = 3) and the shift to the central
charge is given by the orbifold formula

δaorb = − 9
40b1b2(b1 + 3b2)N3 . (5.54)

We now resolve by adding to this the following vectors

v4 = (1, 0, 1) , v5 = (1, 0, 2) . (5.55)

See figure 12 for the polytope.20 This fully resolves the singularity. Indeed one can check
that the determinants of the vectors ka = 1 at each vertex. Consequently, αdi = 0 or

20In general there will be different polytopes for different ranges of Kähler parameters, corresponding to
different triangulations of the toric diagram. However, here there is only one triangulation.
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equivalently the local geometry in a neighbourhood of the bolt is a direct product. The
weights at the vertices are given by

(ϵ11, ϵ12, ϵ13) = ξ · (v5, v2, v3)−1 = (5b1, b2 − 2b1,−2b1)
(ϵ21, ϵ22, ϵ23) = ξ · (v3, v4, v5)−1 = (−b2, 2b1 − b2,−b1 + 3b2)
(ϵ31, ϵ32, ϵ33) = ξ · (v4, v2, v5)−1 = (2b1, b2,−b1)
(ϵ41, ϵ42, ϵ43) = ξ · (v1, v4, v3)−1 = (b1 − 3b2, 5b2,−b2)
(ϵ51, ϵ52, ϵ53) = ξ · (v1, v2, v4)−1 = (b1, b2, 0) . (5.56)

As a quick check of the Calabi-Yau property, note that the weights all sum to b1 + b2. The
fifth vertex is where the toric geometry meets the bolt Riemann surface, and has ŷ5 = N .

As explained earlier, we could consider gluing different geometries in the north and south.
Here we make the choice of gluing two copies of the fully resolved geometry we have just
described. The weights at the north copy are those in (5.56), while their product pick up
a minus sign in the south patch. To each toric vector is associated a four-cycle: D1 ≡ D

[1]
ϵ ,

D2 ≡ D
[2]
ϵ , D3 ≡ D0, DN

4 ≡ 𝔽3
N , DS

4 ≡ 𝔽3
S , DN

5 ≡ ℂℙ2
N , DS

5 ≡ ℂℙ2
S . Moreover, we take

the fluxes through the north and south compact cycles to be equal: NN
𝔽3 = NS

𝔽3 ≡ N𝔽3 ,
NN

ℂℙ2 = NS
ℂℙ2 ≡ Nℂℙ2 . Again this is not necessary but will simplify the expressions. Indeed

it sets yNa = −ySa ≡ ya.
First we quantize the flux through the compact cycles. Localization gives

Nℂℙ2 = ŷ3
4 − 2b1ŷ2 − b2ŷ1

4(2b1 − b2) , (5.57)

N𝔽3 = N − ŷ3
2 + b1(ŷ2 − ŷ4)

2(b1 − 3b2) . (5.58)

The final compact cycle D0 picks up six nut contributions, which combine to give

ND0 = 2b2
1ŷ4 + 3b2

2ŷ1 − b1b2(ŷ1 + 5ŷ2 + ŷ4)
5(b1 − 3b2)(2b1 − b2) . (5.59)

This does not provide an additional constraint as, similarly to the previous example, the
fluxes are related:

5ND0 + 4Nℂℙ2 + 2N𝔽3 = N . (5.60)

Next we compute the two non-compact fluxes (taking the integrals of ω over ΣN
ϵ and ΣS

ϵ

to be equal by symmetry)

N [1]
ϵ = 1

108π3ℓ6pb1b2
2N

∫
Σϵ

ω − b1
b2

ŷ4
5 , (5.61)

N [2]
ϵ = 1

108π3ℓ6pb
2
1b2N

∫
Σϵ

ω − b2
b1

( ŷ1
10 + ŷ3

2
)
, (5.62)

which satisfy

b2N
[1]
ϵ + b1

ŷ4
5 = b1N

[2]
ϵ + b2

( ŷ1
10 + ŷ3

2
)
. (5.63)

– 41 –



J
H
E
P
0
2
(
2
0
2
6
)
1
8
0

Having this relation between the two fluxes means that it does not matter which one of the
two we use to replace the integral of ω in the following computation of the central charge.

We now compute the central charge. This consists of the bolt contribution and five nut
contributions (doubled to account for the north and south copies). This gives

δa= 9
80b2

[
b2

1

{
N3−3N2(5N [2]

ϵ +4Nℂℙ2 +2N𝔽3)+12N(2Nℂℙ2 +N𝔽3)2−8(2Nℂℙ2 +N𝔽3)3
}

+ b2
2
4
{

(N−4Nℂℙ2 −2N𝔽3 − ŷ1)3−5(N−2N𝔽3 − ŷ3)2(7N−12Nℂℙ2 −14N𝔽3 −3ŷ1−4ŷ3)
}

−6b1b2
{
N3 +N(2Nℂℙ2 +N𝔽3)(4Nℂℙ2 +12N𝔽3 + ŷ1 +5ŷ3)

−N𝔽3

(
6N2 +16N2

ℂℙ2 +8N2
𝔽3 +(ŷ1 +5ŷ3)(4Nℂℙ2 +N𝔽3)

)
−Nℂℙ2(7N2 + 32

3 N
2
ℂℙ2 +28N2

𝔽3 +4ŷ1Nℂℙ2 +5ŷ2
3)
}]
. (5.64)

We have used (5.57) and (5.58) to replace ŷ2 and ŷ4 and (5.62) for the integral of ω over
the bolt. One could equivalently pick another set of variables, but we find that this choice
makes the expressions more easy on the eye. The free variables left are ŷ1 and ŷ3, and
they should be extremized over.

The extremization leads to a pair of quadratic constraints, which are not easily solved
in closed form. However, as already mentioned, these constraints actually correspond to
homology relations for ΦY integrals in the resolution. Let us see that explicitly. First, the
divisor D5 is a triangle, and so must be a copy ℂℙ2, with normal bundle O(−3) → ℂℙ2. The
edges of the triangle are all copies of ℂℙ1 whose homology classes are equal, so∫

D2∩D5
ΦY =

∫
D3∩D5

ΦY =
∫
D4∩D5

ΦY . (5.65)

Using localization to evaluate the integrals, this imposes a single independent constraint,
which reads

(2b1 − b2)y2
3 = 2b1y

2
2 − b2y

2
1 . (5.66)

Second the divisor D4 is a quadrilateral. We can determine its topology by writing the
projected vectors

u1 = v1 − v4 , u2 = v2 − v4 , u3 = v3 − v4 , u4 = v5 − v4 . (5.67)

The kernel of the linear map specified by the ua is generated by {(0, 1, 1,−3), (1, 0, 0, 1)},
which defines the third Hirzebruch surface 𝔽3: taking the Kähler quotient of ℂ4 by (0, 1, 1,−3)
gives ℂ × (O(−3) → ℂℙ1), and then quotienting by (1, 0, 0, 1) precisely projectivizes the
fibres ℂ2 to copies of ℂℙ1. Then the homology relations for the two two within D4 ∼= 𝔽3
follow from the kernel for the ua vectors. Namely we can label

F1 = D3 ∩D4 , F2 = D2 ∩D4 , S1 = D1 ∩D4 , S2 = D5 ∩D4 . (5.68)

Here F1, F2 are the fibres of the ℂℙ1 bundle over the two poles of the base ℂℙ1, respectively.
They have self-intersection number zero. Then S1, S2 are the two sections of this bundle at
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the poles of the fibre and have self-intersection number +3 and −3 respectively. It follows21

that the homology relations are [F1] = [F2] and [S1] − [S2] = 3[F1], which give

1
b1 − 3b2

(y2
4 − y2

2) = 1
b1

(y2
5 − y2

3) , (5.69)

1
b2

(y2
5 − y2

4) − 1
b2

(y2
3 − y2

2) = 3 · 1
b1 − 3b2

(y2
4 − y2

2) . (5.70)

Note that the last relation is redundant — it is already implied by (5.66) and (5.69). We
stress that these constraints do not need to be imposed by hand, but rather directly come
out of extremizing the central charge. Indeed, one can easily check that the extremization
with respect to ŷ1 imposes a linear combination of (5.66) and (5.69), while extremization
with respect to ŷ3 gives rise to (5.70).

6 Conclusion

In this paper we have shown how equivariant localization can be used to compute BPS
observables in gravity for M5-brane SCFTs associated to Riemann surfaces with punctures.
For N = 1 punctures this leads to entirely new results, and our work opens up a number
of interesting directions for future research.

Firstly, it would clearly be of great interest to reproduce our gravity results from a
dual field theory computation of the central charge. One prediction of our work is that
a-maximization in this set-up can be formulated to include b2(X ) variables ŷa, that are also
extremized over. Although notice that while our a is cubic in both the bi and ŷa variables, it
is not a cubic function of (bi, ŷa) as a single set of variables. As mentioned in the introduction,
relating the holographic anomaly inflow method [42] more directly to equivariant localization
would surely help understand better the anomaly polynomial calculation for the configuration
of M5-branes with punctures.

In addition to the ℂ3/ℤK quotients considered here, one can also consider quotients of
the form ℂ3/(ℤK1 × ℤK2). This naturally leads one to consider taking S4/ℤK bundles over
a possibly punctured Riemann surface and then resolving the singularities there too.22 It is
interesting to realize this using our equivariant localization technology, where we will be able
to generalize this picture, and this is a direction we hope to report on soon. In addition to
giving rise to new interesting classes to study this will also help explain classes of explicit
solutions constructed in [5], whose physical origin is not understood. Furthermore this will
shed light on the so-called (p, q) punctures considered in [42]. These can be understood as
a specific choice of action for the N = 1 quotients discussed here. Using our results we are
able to recover the central charge computed there using anomaly inflow.

We have focused on regular punctures, but gravity duals to M5-branes probing an N = 2
irregular puncture have been constructed in [44, 49–51].23 These solutions involve a fibration
over a disc with explicit M5-brane sources over the disc boundary and are the holographic

21A more complete discussion may be found in section 5.1.3 of [47].
22Some work using anomaly inflow along this direction for smooth Riemann surfaces has been conducted

in [48].
23See also [52] for an N = 1 prototype of an irregular type puncture. Equivariant localization can be used

to recover the central charge presented there.
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duals of Class S Argyres-Douglas theories. Equivariant localization also extends to this
setting [53], where it is shown how to recover the exact (to order 1) central charge for a subset
of these theories and other N = 2 preserving solutions. For the Argyres-Douglas theories
there are two classes of irregular puncture that can be considered, known as type I and type
III,24 see for example [55]. The type I puncture is well understood field theoretically, however
the type III puncture is far less well understood with general results for the central charge of
the theories within this class unknown. The explicit solutions [44, 49–51] and work in [53]
only realize the type I puncture and it would be interesting to use equivariant localization
to make predictions for the central charges for the type III class of theories.

More broadly, equivariant localization makes clear that certain BPS observables in su-
pergravity can be computed by cutting and gluing manifolds together, with fixed point
contributions in each piece. In simple settings the building blocks have been called “grav-
itational blocks” (as introduced in [56]). Ultimately we believe that everything should be
expressible in terms of equivariant cohomology, with the same then being true in field theory.
We leave these very interesting questions for future work.
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A Explicit flux quantization for N = 2 punctures

In this appendix we show how to introduce an explicit ansatz that represents the cohomology
class of G for N = 2 punctures. One can recover various formulae in the main text by
direct integration of this four-form.

Recall that the local N = 2 puncture geometry involves a partial resolution of the ℂ2/ℤK
singularity, shown in figure 2. We begin by introducing Poincaré duals Ψa for each of the
compact toric divisors Da, a = 2, . . . , d, in this 4d geometry. By definition the Ψa are closed
two-forms that are supported (non-zero) only in a neighbourhood of each toric divisor, and
integrate to 1 along the normal directions. For illustration, the support of the Poincaré dual
Ψ2 to D2 is shown as the shaded region in figure 2. These duals then satisfy25

∫
Db

Ψa =


1

ka−1
b = a− 1 ,

1
ka

b = a+ 1 ,
−( 1

ka−1
+ 1

ka
) b = a ,

(A.1)

24In the literature one also sees type II punctures; however, as explained in [54] these are a special class of
type I punctures.

25Notice that this intersection matrix appeared in equivariant localization in supergravity, but in a different
setting, in [17].
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for a = 2, . . . , d. The first two lines follow immediately from the definition, noting that the
normal directions to Da over its poles (blue dots in figure 2) are the same as the tangent
directions to Da−1, Da+1 at those same poles (which are orbifold singularities of order ka−1,
ka, respectively). For the last line of (A.1) we note χ(Da) = 1

ka−1
+ 1

ka
is the Euler number

of the weighted projective space Da = 𝕎ℂℙ1
[ka,ka−1], where recall that the normal bundle

of Da is (necessarily for a Calabi-Yau two-fold) its cotangent bundle.
We can then write the following ansatz for the cohomology class of G:

G = Gbulk + (2πℓp)3
[

d∑
a=2

(
a−1∑
b=1

kbnb

)
Ψa ∧ volS2

R

]
, (A.2)

where similarly to (2.16) we define

Gbulk ≡ (2πℓp)3

2π N [dρ ∧ (dφ1 −A1) − ρF1] ∧ volS2
R
. (A.3)

Here volS2
R

is any volume form on S2
R that integrates to 1, while we take ρ to be a function

defined in the 4d geometry that is −1 near to Dd+1 = Σϵ
∼= ℂ/ℤkd

, and rapidly decays to 0
as one moves away from it. The first term in (A.3) then integrates to N over the copy of
S4 on the dotted black line in figure 4. This expression for Gbulk is closed and well-defined
in the whole puncture geometry region; in particular, notice that although volS2

R
is only

well-defined where S2
R is not collapsed, both ρ and dρ are only supported near to Dd+1 = Σϵ

(corresponding to the shaded region in figure 4). Since Dd+1 ∼= ℂ/ℤkd
, as in (3.13) we have

1
(2πℓp)3

∫
D

[1]
ϵ

Gbulk = N

∫
Dd+1

F1
2π =

(
1 − 1

kd

)
N , (A.4)

where recall that D[1]
ϵ ≡ Dd+1 × S2

R, and where we have used (3.11) to evaluate the integral.
The second term in (A.2) precisely produces the fluxes in (4.9), (4.11). To see this, first

recall that the Poincaré duals Ψa are supported only in a neighbourhood of each compact
toric divisor, and satisfy (A.1). For example, the only form supported along D1 ∼= ℂ/ℤk1

is Ψ2, which integrates to 1/k1. Thus

1
(2πℓp)3

∫
D1
G =

∫
D1

(k1n1)Ψ2 = n1 , (A.5)

where recall D1 ∼= S4/ℤk1 . Then for Da = Da × S2
R, a = 2, . . . , d, we have

1
(2πℓp)3

∫
Da

G =
∫
Da

[(
a−2∑
b=1

kbnb

)
Ψa−1 +

(
a−1∑
b=1

kbnb

)
Ψa +

(
a∑
b=1

kbnb

)
Ψa+1

]

= 1
ka−1

(
a−2∑
b=1

kbnb

)
−
( 1
ka−1

+ 1
ka

)(a−1∑
b=1

kbnb

)
+ 1
ka

(
a∑
b=1

kbnb

)
= na − na−1 . (A.6)

Notice here that D2 and Dd are special: for D2 the first sum on the right hand side of (A.6)
is empty (and indeed we did not define Ψ1). Instead for Dd the last term Ψd+1 in (A.6) is
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identified with the first term in Gbulk in (A.3). Finally the full G-flux along Dd+1 = D
[1]
ϵ

is then, using (A.4) for the first bulk contribution,

N [1]
ϵ ≡ 1

(2πℓp)3

∫
Dd+1

G =
(

1 − 1
kd

)
N +

∫
Dd+1

(
d−1∑
b=1

kbnb

)
Ψd

=
(

1 − 1
kd

)
N + 1

kd

(
d−1∑
b=1

kbnb

)
= N − nd , (A.7)

where we used (4.13) in the last step.
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