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Abstract

Hilbert space fragmentation has provided fruitful grounds for the study of ergodicity
violations and unusual symmetry structures in a variety of quantum systems. In
this thesis, I use analytic and numerical approaches to examine these features in two
contrasting Hilbert-space-fragmented models. One of these models exhibits “quan-
tum fragmentation” (where the fragmentation can only be described in an entangled
basis), the other displays “classical fragmentation” (where the fragmentation can
be described in a product-state basis).

The quantum-fragmented system is an SU(M )-symmetric disordered bipartite
spin model which, for M > 3, has a large non-trivial nullspace whose dimension grows
exponentially with system size. This exponential growth leads to a rare example of
Hilbert space fragmentation in a system with long-range interactions. I characterise
the nullspace and the resulting fragmentation in detail, and show that the symmetry
algebra responsible for the large degeneracy is a non-trivial subalgebra of the Read-
Saleur commutant algebra. I also discuss perturbations of the model, including one
that transforms certain states in the nullspace into quantum many-body scars.

The classically fragmented system is a family of quantum chains with local
range-k interactions subject to the conservation of a total charge and its dipole
moment. Such models exhibit a continuous “freezing” phase transition between
weakly fragmented (ergodic) and strongly fragmented (non-ergodic) phases as the
charge density v is varied. I use a variety of innovative approaches to analyse
these models, and show that the transition occurs at a critical charge density of
v, = (k —2)7! independently of the onsite Hilbert space dimension. I also obtain
numerous results characterising the properties of the different phases and their
impact on the models’ dynamical evolution. Together, the work in this thesis
presents new insights into areas of fundamental importance to the exploration of
Hilbert space fragmentation and ergodicity breaking.
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Introduction

Isolated quantum systems evolving with time are generally expected to “ther-
malise” [3H6]. This means that such systems are predicted to eventually reach
a highly entangled state in which any sufficiently small subsystem is in thermal
equilibrium with the system as a whole. Hence, thermalising systems act as a
heat bath for their subsystems. Such systems are often referred to as ergodic.
Implications of this behaviour are formalised in the eigenstate thermalisation
hypothesis (ETH), which states that thermalisation should also occur at the level of
individual eigenstates. Consequently, in the thermodynamic limit, the expectation
value of a local observable in an eigenstate of an ETH-obeying system should equal
that observable’s thermal expectation value in the appropriate thermal ensemble.

Although ETH is widely applicable in isolated quantum many-body systems, it
is not universal, and the search for generic settings in which ETH fails has been
a long-standing quest. It is known that ETH can be violated in the presence of
strong quenched disorder, such as happens in Anderson-localised models |7, [8] and
is conjectured to happen in many-body localised systems [5, |9} [10]. ETH can also
be violated by the presence of an extensive set of conservation laws, as occurs in
integrable models [3, [11]. Such settings often present strong violations of ETH:
almost all eigenstates of a quantum model featuring one of these phenomena are
expected to disobey ETH. There are also systems in which ETH is only weakly

violated due to the presence of a measure-0 set of ETH-violating eigenstates in
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an otherwise thermal spectrum. Such rare non-thermal eigenstates are referred to
as quantum many-body scars (QMBS), and their study has led to a remarkable
array of theoretical and experimental results [6, [12-30].

A newly discovered mechanism for breaking ETH which has been the subject
of much recent research is Hilbert space fragmentation (HSF) [6], 15, 31-34].
Broadly speaking, HSF occurs in a quantum system when there exists a non-trivial
decomposition of the system’s Hilbert space into several dynamically disconnected
“Krylov” subspaces whose number grows exponentially in system size. More
specifically, the Hilbert space of a closed quantum system can generically be

decomposed into some number K of Krylov subspaces {K;}£, as

H = G_BICZ-, IC; :=span, {U(t) [1:)}, (1.1)

where U(t) is the unitary operator that governs the time evolution of the system
(e.g. U(t) = e *Ht for a system with Hamiltonian H) and span, {U(t) |1;)} denotes
the subspace spanned by time-evolution of the state |¢;). A trivial decomposition
would be if the states {|¢;)} in Eq. were chosen to be eigenstates of U(t).
Richer decompositions can be obtained if the model in question possesses a global
symmetry, such that the {|i;)} can be chosen to belong to different symmetry
quantum number sectors. For example, in a system where particle number is
conserved, one |1);) could be chosen for each total particle number.

Hilbert space fragmentation occurs when there is a non-trivial choice of states
{|¥;)} such that K ~ e*F where L is the total system size. This is a greater scaling
than can be explained via more conventional symmetries, such as particle-number
conservation or SU(M). In fact, the different Krylov subspaces in fragmented
models generally cannot be labeled by quantum numbers of any local symmetry
of the model in question. Hilbert space fragmentation can lead to unconventional
thermalisation dynamics from simple initial states and to violations of ETH.

Hilbert space fragmentation was first discovered in the context of quantum

chains with strictly local interactions that conserve a global charge and its dipole
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Figure 1.1: A simple example of a fractonic model: two hopping particles on a 1D
lattice subject to particle-number and centre-of-mass conservation and to strictly local
interactions of range k = 4. The two upper particle configurations can be connected by
dynamical evolution via range-k inward and outward hops, represented by the operator
U#*. However, they cannot be connected to the lower configuration despite sharing a same
centre of mass and particle number.

moment [31H33]. Such models are examples of fractonic systems as elemen-
tary excitations within them have restricted mobility when acted upon by local
operators. An example of such a fragmented dipole-conserving chain is a system of
identical particles on a 1D lattice, subject to random strictly local hopping motions
which conserve particle number and centre of mass [41], 42]. In this system, the
combined impact of the conservation laws and the locality of interactions ensures
that particles cannot move independently of each other. Indeed, for a particle
to hop in one direction, a hop in the opposite direction must be performed by
another nearby particle to conserve centre of mass while respecting locality. Hence,
certain particle configurations which share a same particle number and centre of
mass cannot be linked under dynamical evolution. A simple example of this is
presented in Fig. The Hilbert space of such a model can then be decomposed
into Krylov subspaces, where each subspace is composed of states that can be
connected under the restricted dynamical evolution. The states {|¢;)} in Eq.
can then be chosen to be product states, corresponding to one configuration of
particles from each Krylov subspace. As shown in , (and as we discuss in
Section , there are an exponentially growing number of Krylov subspaces in
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the model described, and hence the model is fragmented. Furthermore, many of
the eigenstates of this system have area-law entanglement entropy, in stark contrast
with the volume-law entanglement entropy predicted by ETH [5, 6].

Numerous other systems have also been found to exhibit Hilbert space fragmen-
tation [1, (15} |34, |44H77]. In many of these models, including the locally interacting
dipole-conserving models described above, the fragmentation is “classical” in nature,
in that the Krylov subspaces making up the decomposition in Eq. can be
spanned using a basis of product states. Other examples of classically fragmented
models include the ¢ — J, model [34} |44] (which arises as a limiting form of the
Hubbard model), certain domain-wall conserving models [45], the disordered ¢t — V'
model in the small ¢/V limit [46], a correlated hopping model of spinless fermions [47],
the pair-flip model [48], and the transverse-field 2D quantum Ising model |49} |50].

In [34], a symmetry-based approach to describing fragmentation in terms of
commutant algebras was proposed. This approach removed the ambiguities involved
in the choice of basis states {|i;)} in the decomposition in Eq. (L.1). It also
generalised previous symmetry-based approaches to describing fragmentation in
locally interacting dipole-conserving models and the ¢ — J, model [44]. A commutant
algebra C is defined for a family of Hamiltonians of the form H = 37, J;h; as the
algebra of all operators that commute with each of the few-body operators h;

individually, and hence with H for any choice of the coefficients .J;. Thus,
c— {o EL(?—[)‘[hj,O] —OVj}, (1.2)

where L£(H) is the algebra of all linear operators on the Hilbert space. For
example, for a Hamiltonian which conserves total particle number N, the commutant
algebra would include N as well as higher powers of this operator (N?, N3 ...)
and their linear combinations. As we discuss in more detail in Section [2.2]
commutant algebras provide a way to “block-diagonalise” the Hilbert space into
Krylov subspaces. The number of Krylov subspaces obtained by this block-

diagonalisation is related to the dimension of the commutant algebra, such that
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log(dim(C)) ~ L <= log(K) ~ L. Hence, an exponentially growing commutant
algebra implies Hilbert space fragmentation.

Using the commutant algebra formalism, the authors of [34] were able to identify
the first example of a “quantum” fragmented system where the Krylov subspaces can
only be spanned by an entangled basis. In particular, they highlighted that certain
Temperley-Lieb spin chains have an exponentially growing commutant algebra.
This algebra was first analysed in detail by Read and Saleur [78]. The Read-
Saleur (RS) algebra is non-abelian and highly non-local and leads to exponentially
growing degeneracies throughout the spectrum of these Temperley-Lieb chains.
Subsequently, quantum Hilbert space fragmentation has also been found to arise
in long-range generalisations of Temperley-Lieb chains [1], quantum East models
[52], hard-rod deformations of certain spin-1/2 chains [53], flat-band lattices |54,
and Bose-Hubbard diamond necklaces [55].

In addition to being categorised as classical or quantum, Hilbert space frag-
mentation can also be classified as strong or weak depending on how greatly it
violates ETH [32, 33]. In the absence of conventional global symmetries, a model is
considered to be weakly fragmented if there is a large dominant Krylov subspace
to which almost all of the model’s eigenstates belong in the thermodynamic limit.
Hence, ETH is only weakly violated in the model, with the violation stemming from
the presence of the rare eigenstates that are not in the dominant Krylov subspace. In
a strongly fragmented model, all Krylov subspaces form a vanishingly small fraction
of the total Hilbert space in the thermodynamic limit, and so ETH is strongly
violated. In models with conventional global symmetries, such as the particle-
hopping model discussed above, the degree of fragmentation must be assessed in
each symmetry sector of the global symmetries individually. Hence, strong and
weak fragmentation can coexist in a same spectrum.

In this thesis, we study two contrasting examples of quantum many-body
systems which undergo Hilbert space fragmentation. The first is a quantum-
fragmented model with long-range interactions which is a variation on nearest-

neighbour Temperley-Lieb spin chains [78-80]. Although examples of fragmented
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long-range models exist in the literature [54, 76, [77], they are generally rare, and our
model’s rich and unusual symmetry structure makes it of particular interest. We
derive numerous analytic results for this system, characterising its fragmentation
structure in detail and highlighting its associations with other well-known condensed
matter models such as Temperley-Lieb spin chains and Sachdev-Ye models. We
also discuss perturbations of the model, including one which endows it with a
large number of quantum many-body scars.

The second example is a general class of quantum chains with strictly local
interactions that conserve a global charge and its dipole moment. As discussed,
these models, which are classically fragmented, were the first known examples
of fragmented systems [31-33]. Furthermore, they undergo a continuous phase
transition between non-thermalising (strongly fragmented) and thermalising (weakly
fragmented) phases as the charge density is varied [41, |42]. We show via analytic
and numerical results that these models have a “universal” critical charge density
that only depends on the local range k of interactions, and not on the details of the
dynamics or on the onsite Hilbert space dimension. To this end, we develop several
innovative approaches for analysing the models’ strongly and weakly fragmented
phases, giving us a high level of analytic understanding of the ergodicity-restoring
phase transition. We also consider special-case “frozen” models, which are strongly
fragmented at all charge densities and do not have a phase transition.

The main body of the thesis is organised as follows. In Chapter [2| we provide
a general introduction to Hilbert space fragmentation, thermalisation in quantum
systems, and other related topics. In Chapter 3| we study the Hilbert space fragmen-
tation present in the quantum-fragmented long-range variation on Temperley-Lieb
chains discussed above. This chapter is based on [1]. In Chapter , we present
our analysis of the non-thermalising and thermalising phases that occur in locally
interacting dipole-conserving chains and also examine the transition between them.
This chapter is based on [2]. In Chapter [5 we analyse frozen dipole-conserving
models where no phase transition occurs. This chapter is based in part on [2].

We provide concluding remarks in Chapter [6]



Hilbert Space Fragmentation

In this chapter, we provide an introduction to Hilbert space fragmentation with
examples. We begin with a short review of thermalisation and the eigenstate ther-
malisation hypothesis (ETH) in Section 2.1 We define Hilbert space fragmentation
(HSF) in Section [2.2| using the bond and commutant algebra formalism of |34]. We
provide two basic examples of fragmented models in Section [2.3] both of which are
related to models we study in more detail later in this thesis. We conclude with

a short review of quantum many-body scars in Section [2.4]

2.1 Thermalisation and ETH in Quantum Sys-
tems

Here we present a very brief review of thermalisation and the eigenstate ther-
malisation hypothesis in quantum systems. For a more in-depth review, the
reader is directed to [3H6].

An interacting isolated quantum many-body system is said to be “thermal” if
the long-time expectation values of local observables in the model are found to
coincide with the predictions of standard thermodynamic ensembles. More precisely,
say we start with some “simple” initial state |¢)g) of a thermal system, where by
simple we mean a low-entanglement or product state. We time-evolve the system
according to the system’s Hamiltonian H to a state [1(¢)) = e ! [¢)g) at some late

time t. Consider then an arbitrary local subsystem S, such that Vs < V' (where

7
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Vs and V are the volumes of the subsystem and overall system respectively), and

let O be some few-body observable acting within §. We then have that

(WO [p(t)) = Tr(ps(t)O), (2.1)

where ps = Trse(|1)(t) X1 (t)]) is the reduced density matrix obtained by tracing out
S¢, the orthogonal complement of §. In a (sufficiently large) thermal system,

we expect that

Jim Tr(ps(t)O) = Tr(peq(5)0), (2.2)

1, —BH

where peq(3) = e is a Gibbs density matrix (with H as above being the

system’s Hamiltonian) and hence Tr(peq(5)O) = (O)mc is the thermal expectation
value of O in the microcanonical ensemble. The inverse temperature 5 can be

determined by computing

(o] H |tho) = Tr(peq(5)H). (2.3)

A thermal system therefore acts as a “heat bath” for its subsystems, bringing them
to a thermal state that is in equilibrium with the rest of the system. For models
with additional conserved quantities, the equilibrium density matrix is modified to
include a grand canonical ensemble taking the conservation laws into account.
The above properties further imply that in thermal systems, subsystems try
to maximise their entanglement with the bulk of the system. The entanglement
between the subsystem & and its complement S¢ can be measured by the von
Neumann entanglement entropy, given by S(ps) = — Tr(pslog ps). In thermal
systems, we expect that lim; ,., S(ps(t)) o Vs, meaning that the entanglement
entropy grows extensively as a volume law with subsystem size. A hallmark of non-
thermal behaviour is when area-law entanglement entropy scaling is found for states
with energies in the bulk of the spectrum, showing thermalisation is not occurring.
The eigenstate thermalisation hypothesis (ETH) takes the above conjectures
further, and supposes that in thermal systems, thermalisation must also occur

at the level of individual eigenstates. Hence, for |E) an eigenstate of H, we
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would also expect that Tr(|E)E|O) = Tr(peq(Br)O), with g determined using
Eq. as before. This furthermore implies that we should expect volume-law
entanglement growth in subsystems of individual eigenstates of ETH-satisfying
systems, particularly for eigenstates with energies in the bulk of the spectrum. This
will prove a key diagnostic tool for violations of ETH in the upcoming chapters.

ETH also makes predictions for the content of “off-diagonal” elements of few-
body observables O. Let {|E,)} be an eigenbasis for our system. The on-diagonal

and off-diagonal predictions of ETH can then be summarised in the equation
(En) O |E,) = (O)meOmm + Rmne S E2 fo (B, w), (2.4)

where the eigenstates |F,) and (E,,| have the same symmetry quantum numbers,
E=(E,+E,)/2, w=E,—E,, (O)mec = Tr(peq(Br)O) is the thermal expectation
value at inverse temperature S determined via Eq. , S(F) is the thermody-
namic entropy at energy F, fo(FE,w) is a smooth function of its arguments that
doesn’t scale with system size, and R,,,, is a random variable with zero mean and
unit variance. Hence, ETH predicts that off-diagonal values of few-body observables
will be exponentially suppressed in the thermodynamic entropy.

Violations of ETH can be divided into strong and weak violations. ETH is
weakly violated if there exists a measure-0 set of eigenstates that do not respect
it. This can happen, for example, due to the presence of non-thermal quantum
many-body scar states, which we discuss in more detail in Section [2.4, ETH is
strongly violated if almost all eigenstates violate ETH. This can arise due to Hilbert
space fragmentation, as we will discuss in Section [2.2] or due to other phenomena
such as Anderson localisation [5, |7, 8]. For models that possess one or more global
symmetries, the extent to which ETH is violated must be assessed individually
in the different quantum number sectors of those symmetries. As we will see in
the models examined in Chapters 3] [, and [5, symmetry sectors where ETH is
satisfied, weakly violated, and strongly violated can all be present within a same

Hilbert space of a given Hamiltonian.
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2.2 Defining Hilbert Space Fragmentation

In this thesis, we adopt the definition of Hilbert space fragmentation in terms
of bond and commutant algebras originally proposed in [34]. We summarise
this formalism here.

Say we are considering a family of Hamiltonians of the general form H =
>-; Jihj, where the h; are few-body (not necessarily local) operators and the J; are
arbitrary coefficients. We define the bond algebra A to be the algebra generated

by these few-body operators:

A= ({h;}), (2.5)

where (...) denotes the associative algebra generated by linear combinations
with complex coefficients of arbitrary products of the enclosed elements and the
identity operator. Alternatively, if instead of a family of Hamiltonians H we
were considering unitary circuits of the form U = [];exp (—iJjh;), the above
definition of A would still hold.

Let L(H) denote the set of all linear operators on the Hilbert space H. Clearly
A is a subalgebra of £(#). We then define the corresponding commutant algebra
C to be the centraliser of A in L£(#), i.e. the algebra C is defined as being
constituted of all operators which commute with each of the generators of the

bond algebra individually:
- {o EE(H)‘[hj,O] :ow}. (2.6)

It is clear that C is also an associative algebra, i.e. products and sums of operators
in C are themselves in C. It is also plain that A and C are both closed under
Hermitian conjugation of operators, and both contain the identity 1. This makes
them both examples of von Neumann algebras [81, 82]. As a result, we may
apply the bicommutant theorem to them, which states that if C centralises A in

L(H), then A must also centralise C. Since A and C centralise each other, we may
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construct a virtual bipartition of H in which we decompose it into representations

of A and C [83, |84]:

H=P H on), (2.7)
A

where ’HE\A) and ’HE\C) are irreps (irreducible representations) of A and C respectively,
with dimensions Dy and dy. In this decomposition, operators in A will only act
non-trivially on the degrees of freedom in the H&A), i.e. any operator O4 € A will
have a matrix representation O4 = ®,(M*(0,4) ® 1) where the M*(04) are Dy-
dimensional matrices. Likewise, operators O¢ € C will have a matrix representation
Oc = ®A\(1®N*(O¢)), where the N*(O¢) are dy-dimensional matrices. Furthermore,
A and C respectively act in each ”Hg\A) and ’H(f) as the full matrix algebras of Dy x D)
and d, x d, matrices. Hence, for each )\, it is possible to construct a tensored
basis {|uyq) ® |v>\75)}377£§’5:d* such that the O 4 act as the matrix algebra on the
|ura) and the O¢ act as the matrix algebra on the |vy ).

The bipartite decomposition in Eq. can be used to characterise the different
Krylov subspaces of the model in question. Since the Hamiltonian is an element of
the bond algebra, it only acts on the |u, o) in the ’H&A). Thus each state |v) g) in the
’HE\C) corresponds to a different Krylov subspace, as the Hamiltonian cannot map

from one state |vy 3) to another. The total number K of Krylov subspaces is therefore

K=Y d. (2.8)

We note that a given decomposition into Krylov subspaces performed according
to this method will not necessarily be unique, as there will be more than one
choice of basis |vy ) for degenerate Krylov subspaces with dy > 1. However, the
total number K is independent of this choice.

For a simple example of a commutant algebra taken from [34], we may consider
the spin-1/2 XXZ chain with a random onsite magnetic field:

L L

H =) [Ji(ofof, +ojol )+ Jiojoi, |+ j;cjaj, (2.9)

Jj=1
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where the J7, J7, and ¢; are arbitrary coefficients. It’s clear that each few-body
term 0§07, +ofo?,,, 0507, ,, and 07 in the above Hamiltonian will commute with

the total spin operator of, = 3°; 0%, endowing the model with a U(1) symmetry.

J

Hence, the model’s commutant algebra is given by

C = span{l, o, (0-‘501;)27 St (Utzot)L}' (2.10)

We note that any higher powers of o7, than (o7,,)*

would be linearly dependent on
the terms in Eq. . The Krylov subspaces arising from the irrep decomposition
in Eq. thus correspond to different values of the total spin. Since this
commutant algebra is abelian, its irreps will be one-dimensional, and hence d) = 1
for all A in Eq. .

We define Hilbert space fragmentation as occurring when the number of Krylov
subspaces K grows exponentially with system size, i.e. when log(K) ~ L, where
L is the system size. This is equivalent to saying fragmentation occurs when
log(dim(C)) ~ L, since dim(C) = 3,d3, and therefore K < dim(C) < K2
Furthermore, we can classify fragmented models as featuring either “classical”
or “quantum” fragmentation, depending respectively on whether there exists a
product-state basis spanning all of the Krylov subspaces in the decomposition or
the Krylov subspaces can only all be spanned by an entangled basis.

The degree of fragmentation present in a model can be either weak or strong
depending on the sizes of the Krylov subspaces. Assume first that the model

possesses no conventional global symmetries, and let Iy, denote the largest Krylov

subspace. A fragmented model is said to be weakly fragmented if
Aim (Kopax)/ dim(H) 2225 1. (2.11)

In this case, almost all eigenstates belong to the dominant Krylov subspace and
presumably satisfy ETH. However, those states which are part of the other non-
dominant Krylov subspaces violate ETH. This is because their Krylov subspaces

are dynamically disconnected from the bulk of the spectrum, and so expectation
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values in those states will not match the predictions of thermal ensembles. Hence
ETH is weakly violated in this scenario.

On the other hand, strong fragmentation is defined to occur when
Aim (Kona)/ dim(H) 2222 0. (2.12)

This leads to a strong violation of ETH in the spectrum as a whole. However, it
is still possible for “Krylov-restricted ETH” to be respected within some of the
Krylov subspaces themselves [43]. Krylov subspaces can also exhibit integrability
and many-body localisation, and thermal and non-thermal Krylov subspaces can
coexist within a same Hilbert space [1, 43} 60, 85].

It should be noted that in models with conventional global symmetries, such
as particle-number conservation or SU(M ), the degree of fragmentation must be
assessed within each quantum number sector of the global symmetries individually,

and different quantum number sectors can host different degrees of fragmentation.

2.3 Two Simple Fragmented Models

We now present two examples of Hilbert space fragmentation. The first, in
Section m is a simple example arising from embedding a spin-1/2 system
into a spin-1 system. This is an example of what we call a “deeply frozen” model,
and we will study these in more detail in Chapter [5] The second, in Section [2.3.2]
is the paradigmatic example of a dipole-conserving chain with local interactions.

These are discussed in depth in Chapter [4]

2.3.1 Example 1: An Embedded XYZ Chain

In this example, we shall see a simple case where fragmentation comes from defining
a spin-chain Hamiltonian that only acts on a subspace of the local Hilbert space
on each site. We consider a spin-1 chain, with spin levels {—,0,+} and L sites.
We define the usual onsite raising, lowering, and z-spin operators as

SF = 140051 + 10,0 =51+ S5 = [=X05| + [0;)X+51 . S = [+:0+5] = |=5X=41

foryj=1,...,L.
(2.13)
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We may then construct “embedded” spin-1/2 operators as

— (SF)2+(S; )%, 6¥ = —i(S})? +i(S;)%, 67 = 57 (2.14)

J J

from which we build an embedded spin-1/2 XYZ chain with a random onsite
magnetic field:

L

L
H =Y (Jf6565, + J)66Y, 4+ Ji6765,) + Y ¢;67, (2.15)
j=1 j=1

where the J7, Jj‘y , Ji, and ¢; are distinct arbitrary coefficients. It is immediately
apparent that [H, (57)*] = 0V j, with (S7)* acting as a projector onto the onsite
spin-1/2 subspace made of the states |+;) and |—;). Hence, the commutant algebra

in this case is generated by the (S7):

C = ({(S)" =) (2.16)

It is clear that dim(C) = 2%, and hence that the model is fragmented. Furthermore,
since C is abelian, all of its irreps have dimension dy = 1, and so K = 2% as well. In
this case, each Krylov subspace corresponds to a different choice of which sites are
in the spin-1/2 subspace with spins 4+ and —, and which sites have onsite spin 0 and
are hence inactive. As the largest Krylov subspace has dimension 2L (consisting of
the subspace where all sites are in their local spin-1/2 subspace), whereas the total
Hilbert space grows as 3%, the model is strongly fragmented, and is also an example
of classical fragmentation. We furthermore note that entanglement entropy growth
in these systems for a given initial state is typically limited, as each site with onsite
spin 0 dynamically disconnects the regions to its right and left. In Chapter o we
will see how the study of similar models can lead to a greater understanding of

the properties of certain approximately fragmented systems.

2.3.2 Example 2: Dipole-Conserving Chains

We next move on to the richer example of fragmentation in quantum chains with
strictly local interactions that conserve a global charge and its dipole moment. These

were the first examples of Hilbert-space-fragmented models discovered [31-33]. The
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fragmentation in this case is due to kinetic constraints that arise from the interplay
of the locality of interactions and the conserved charges. For example, consider a
model of hopping hardcore bosons, with an interaction range of k = 4:

L3

H =Y Jihj, hj=0bibl 3bj1abj1 +hec, (2.17)

=1

where the J; are arbitrary coefficients and the b}, b; are onsite hardcore-bosonic
creation and annihilation operators satisfying the usual commutation relations.
Each h; conserves particle number N = 37;n; and dipole moment X = 7, jn;,
where n; = b}bj and X/N is the centre of mass. Thus for a particle to move in
this system there must be another particle within k£ = 4 sites for it to interact
with. Hence, particles cannot propagate independently of each other, leading to
fractonic dynamics. If we work in a product-state basis, where each state has definite
values for the occupation numbers n;, then we may decompose the various (N, X)
symmetry sectors into Krylov subspaces which cannot be dynamically connected by
the hopping terms h;. An example of this decomposition, for a system with L = 6
and in the sector (N = 2, X = 5), is shown in Fig. in Chapter [I] Since these
Krylov subspaces are closed under each h; in the Hamiltonian, projectors onto the
Krylov subspaces are elements of the commutant algebra, and hence this construction
of the Krylov subspaces is consistent with our definitions in Section [2.2] To show
Hilbert space fragmentation, we therefore need to show that the number of Krylov
subspaces obtained via this decomposition grows exponentially with system size.

Following an approach similar to the ones in |33, 43|, the simplest way to do this
is to enumerate a subset of the “frozen” states in the spectrum. These are product
states which are annihilated by each term in the Hamiltonian individually, and hence
cannot dynamically evolve (a particularly simple example would be an empty state
with N = 0). Given a frozen state [¢F), we therefore have that [|[Yp)¢F|, h;] =
0V j, and so [¢p)¢rp| € C. Hence frozen states form one-dimensional Krylov
subspaces and are dynamically disconnected from the rest of the spectrum. To
prove fragmentation, it is then sufficient to prove that the number of such frozen

states grows exponentially with L.
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To this end, let |¢g) denote the state composed solely of holes, and con-

sider the states

|L/4] '
walag...aLL/4J> = H (b4j)aj Wo) )

j=1
where the indices a; take values in 0,1. There are 2LL/4) different possible choices
for these indices, and each choice yields a different frozen state, since the particles

in each

wammau /4J> are too far apart to interact with each other in a system
with range k = 4 interactions. Thus dim(C) > 2l/4) indicating Hilbert space
fragmentation. We note that the above derivation can also be used if the range
k of interactions or the onsite Hilbert space dimension d are increased, with the
general result dim(C) > 2LF/k,

Of course, Krylov subspaces of dimension greater than 1 also exist in these
models. The degree of fragmentation (strong vs weak) present in the various (IV, X)
symmetry sectors is closely linked to the charge density v = N/L. At very low (or
very high) densities v, particle mobility is highly restricted as particles (or holes) will
be very isolated from each other. The individual Krylov subspaces will then tend to
be quite small, and most states will be in strongly fragmented (N, X) sectors. On
the other hand, for values of the filling v close to half-filling, particles have much
more freedom of movement as each particle will usually have several nearby particles
with which to interact. States at these fillings will therefore typically be in weakly
fragmented (IV, X) sectors. We analyse these properties in detail in Chapter , where
we study the phase transition such models undergo from a strongly fragmented

non-thermalising phase to a weakly fragmented thermalising phase as v is varied.

2.4 Quantum Many-Body Scars

We now review an alternate scenario in which weak violations of ETH can arise.
Quantum many-body scars (QMBS) are, broadly speaking, rare ETH-violating
eigenstates in an otherwise ETH-respecting spectrum [6, |12-15]. By 'rare', we
mean that for an ETH-violating state to be considered a quantum many-body

scar, the total set of ETH-violating eigenstates in the Hilbert space must form
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a measure-0 subset of the Hilbert space as a whole (when global symmetries are
present, the rarity of ETH-violating states must instead be assessed separately
in each of the individual symmetry sectors). Quantum many-body scars were
experimentally discovered via the observation of anomalously long-lived revivals
in a Rydberg-atom quantum simulator [12]. These revivals were attributed to
the presence of a small set of nonthermal eigenstates in the spectrum of the PXP
model describing the physics of the experiment 13, |16]. Quantum many-body
scars were independently discovered analytically in the spin-1 AKLT model [17,
18], which was shown to possess a “tower” of exact ETH-violating eigenstates with
equally spaced eigenvalues. QMBSs have been found since then in a range of other
models as well, such as domain-wall-conserving models [20], an extended Hubbard
model [21], models with “rainbow states” |22], and transverse-field Ising models
[23]. Furthermore, several unifying formalisms have been proposed which identify
common structures between QMBSs arising in different models [24-30]. Further
details can be found in the review articles |6} |14} |15].

In [30], it was noted that many examples of quantum many-body scars in local
Hamiltonians can also be characterised using the commutant algebra formalism.
Assuming that global symmetries have been resolved, let H,, denote the resolved
Hilbert spaces of the various symmetry sectors, and for each of these let K, max
denote the largest Krylov subspace. Two conditions are together sufficient for an

eigenstate [1sear) to be a quantum many-body scar, namely

dim(lcn,max) Lﬁoo\

dim(H,,)

’wscarxl/}scar' € C ) 17 (218)

where C is a non-trivial commutant algebra. The first condition ensures that the
scar state violates ETH, since it implies that the scar state is an eigenstate of a
family of Hamiltonians, whereas ETH-obeying eigenstates generically have a unique
parent Hamiltonian 30} |86, |87]. The second condition ensures that the scar state is
a rare exception in a symmetry sector dominated by thermal eigenstates. We note
that |tscar) need not have area-law entanglement entropy [22, 30]. Additionally,

if the number of scars in a model grows exponentially with system size L, then
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by Eq. the dimension of the commutant algebra grows exponentially as
well, leading to Hilbert space fragmentation. The fragmentation in this case is
weak, because the second condition of Eq. says that the symmetry sectors
containing scars are dominated by individual large Krylov subspaces. We note
that the frozen states of the dipole-conserving models introduced in Section [2.3.2
are good candidates for quantum many-body scar states, as they satisfy the first
condition of Eq. . Whether or not they are scars then depends on if they are
situated in strongly fragmented symmetry sectors (in which case they violate the
second condition of Eq. and are not scars) or weakly fragmented symmetry
sectors (in which case they satisfy Eq. and are scars).

In the following chapter, we study a quantum system where the fragmentation
is entirely due to the presence of an exponentially growing number of states that
satisfy the first condition in Eq. . However, none of the states constitute
QMBSs as they are all situated in symmetry sectors that do not have a large thermal
subspace. We will show that by perturbing the model in question and destroying
its global symmetries, we can endow it with a large thermal subspace. Hence the

states in question become QMBSs of the perturbed model.



Bipartite Sachdev-Ye Models with
Read-Saleur Symmetries

In this chapter, we introduce an SU(M )-symmetric bipartite spin model which
exhibits Hilbert space fragmentation even in the presence of random and long-
range couplings. As such, it offers a rare example of a fragmented system that is
intrinsically “zero-dimensional”; i.e. without a notion of spatial distance. This is
in stark contrast with, for example, the dipole-conserving spin chains discussed
in Section [2.3.2] where the strict locality of interactions is a crucial ingredient for
fragmentation. Although some examples of non-local fragmented models exist in
the literature [54} 76, 77|, they are scarce. Indeed, it is in general more “challenging”
for a model with non-local interactions to be fragmented than a 1D local model
because non-local models possess a higher number of terms in their Hamiltonian.
As such, they have significantly more generators for their bond algebra . This
places strong constraints on the dimension of the commutant algebra of long-
range models. Nonetheless, the non-local model we present here has a non-trivial
commutant algebra with a rich underlying structure, leading to fragmentation. This
chapter is based on the work published in [1].

The model we study is composed of 2N spins, half of which are in the fundamental
M representation of SU(M), and half of which are in its conjugate M. The

Hamiltonian consists of a sum over projectors onto the spin-singlet state for each

19



3. Bipartite Sachdev-Ye Models with Read-Saleur Symmetries 20

M, M pair. This Hamiltonian constitutes a long-range generalisation of the nearest-
neighbour Temperley-Lieb spin chains, such as the “biquadratic” spin-1 chain [80), |88].
Temperley-Lieb chains are notable for being the first known examples of “quantum”
Hilbert-space-fragmented models, where the Krylov subspace decomposition can
only be performed in an entangled basis [34]. The fragmentation stems from the
chains’ large commutant algebra, which was first derived by Read and Saleur and
which leads to large degeneracies throughout the models’ spectra for M > 3 [78]. As
we shall see, some of the Read-Saleur commutant algebra survives the generalisation
to long-range interactions, leading to HSF in the model we introduce in this chapter.

This chapter is organised as follows. In Sec. we define our Hamiltonian in
more detail and demonstrate its key properties. We provide a simple proof that the
Hamiltonian has a nullspace whose dimension grows exponentially with increasing
system size for M > 3 in SU(M). As we shall discuss, states in this nullspace are
frustration-free, i.e. are annihilated by each of the projectors in the Hamiltonian.
Hence, projectors onto these nullstates are part of the commutant algebra, implying
the model is fragmented. We also compare our model to the Sachdev-Ye model |89,
90], an SU(M)-symmetric all-to-all model with several similarities to our system
but which is not Hilbert-space-fragmented.

In Sec. [3.2], we solve the uniform-coupling version of our model, and use this
solution to derive an exact formula for the dimension of the nullspace of the
full model. We show that the fragmented sectors can be identified solely by the
SU(M) symmetry: states in certain SU(M) representations are always part of the
nullspace, whereas those in other representations never belong to the nullspace. As
a result, some of the SU(M) quantum number sectors are entirely composed of
nullstates and hence exhibit strong HSF. We also explore the impact of SU(M)-
symmetric perturbations on the fragmentation structure of the model, as well as
generalisations of the model in which spins in antisymmetric representations of
SU(M) on each site are considered.

The large nullspace our model possesses arises as a consequence of a non-trivial

commutant algebra, which we discuss in Sec. [3.3] This algebra is a subalgebra of
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the Read-Saleur (RS) algebra [78], whose elements commute with all the generators
of certain representations of the Temperley-Lieb algebra, including those used
to build the nearest-neighbour analogs of our model [34]. Remarkably, here we
find that some of the HSF and the commutant algebra present in the nearest-
neighbour chains survive their generalisation to our model. This is in spite of
the fact that much of the structure of the Temperley-Lieb algebra is destroyed
by the generalisation to long-range interactions.

In Sec. [3.4] we show how to modify our Hamiltonian using a long-range variant
of Shiraishi-Mori spectral embedding [24]. The product states in the nullspace are
then spread throughout the spectrum and constitute quantum many-body scars.
The existence of these states results in weak fragmentation and a weak violation
of ETH in the modified model, and the scars can be arranged so as to lead to
periodic revivals, a hallmark of scars in experimental setups.

We provide concluding remarks in Sec.

3.1 Basic Properties

In this section, we introduce our Hamiltonian H,; and derive some of its key
properties. We explain how it can be thought of as a bipartite version of the
well-known Sachdev-Ye model, an all-to-all SU(M )-symmetric model. Despite the
resemblance, we show that it has certain significantly different properties. Namely,
we demonstrate that the dimension of the nullspace of H)y; grows exponentially
with increasing system size. The states in this nullspace are frustration-free and
correspond to ground states for ferromagnetic couplings. A consequence is that
our model is Hilbert-space-fragmented, with each map between two nullspace

eigenstates constituting an element of the commutant algebra.

3.1.1 Defining The Hamiltonian

We study a spin-S SU(M)-symmetric bipartite system, with M = 25 + 1. The
system is composed of 2N spins, with NV spins transforming in the fundamental

representation M of SU(M) and N transforming in the conjugate representation
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M. We will usually label the spins of the former by upper indices ¢ and of the latter
by lower indices j with 1 < ,5 < N. The corresponding states for each spin are
labeled respectively as |a’) and |a;) with 1 < a <M. We work in a basis where the

symmetry generators are built from operators acting on a given spin as

a' ><b’

while acting trivially on the others. The operators

N , N
Jp=> T, +> 55, (3.2)
i=1 j=1

G/,i p—
Tb —

, Sy = —bjXa; (3.1)

generate a U(M) algebra, but the U(1) generator Y, J¢ vanishes on any state in
our Hilbert space. Thus effectively the symmetry is SU(M).

We study a bipartite model with two-spin interactions between each pair (7,7)
with ¢ in the M half and j in the M half. The spins in each half do not interact
amongst themselves. The SU(M )-invariant two-spin interaction can be written in

terms of the (unnormalised) projector onto a singlet, which is given in this basis by

Pi=— ; TSt = 3 |ata; Xbib,| - (3.3)
a,b=1 a,b=

The eigenstate of P; with non-vanishing eigenvalue M is

] M
DY

aiaj> . (34>

The most general such Hermitian Hamiltonian is comprised of a sum over singlet

projectors for each pair with arbitrary real coefficients 7“;:
N . .
ij=1
For M =2, the projector is the usual spin—% Heisenberg interaction. When
M =3, the Hamiltonian can be rewritten in terms of the “biquadratic” spin-1
interaction. Namely, we let S* = ((S%)7, (S¥)?, (S*)') denote the usual spin-1 SU(2)

generators acting on spin ¢, and likewise for §; acting on spin j. The projector

then can be unitarily transformed into

UsP/US = (S 8;)* — 1,

where Us = ﬁ exp (inj) exp(zﬁrSf) :

J=1
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The nearest-neighbour uniform chain analog of Hy; is found by setting r;- =0

unless 7 = 4,7+ 1, yielding a chain with 2N sites and nearest-neighbour interactions:

Huy = Z; (Tipf + TEHP;H) : (3.7)

This Hamiltonian has elicited significant academic interest because its generators

obey the Temperley-Lieb algebra [80, |88]. With uniform couplings, the model is

integrable, and many properties can be computed utilising the XXZ chain whose
generators satisfy the same algebra.

Remarkably, H,, has a large commutant algebra whose generators were derived
by Read and Saleur (RS) [78]. Each element of this algebra commutes with each
projector in Eq. individually, and so commutes with H,, for any couplings.
For M =2, where H,, is the Heisenberg chain, the commutant algebra is simply
SU(2). However, for M > 3, the dimension of the RS algebra grows exponentially
with system size, leading to exponentially large degeneracies in the spectrum. We

discuss the RS algebra in more detail in Sec. [3.3]

3.1.2 Hilbert Space Fragmentation

The Hamiltonian H,; with completely arbitrary couplings r;'- has for M > 3 a
nullspace whose dimension grows exponentially with N. As a consequence, the
model exhibits Hilbert space fragmentation. We provide a basic derivation of these
facts here. We later derive an exact formula for the dimension of this nullspace in
Sec. , and show how the SU(M) symmetry allows us to precisely characterise
the corresponding states. In Sec. [3.3] we furthermore connect this result to the
survival of a non-trivial subalgebra of the RS algebra.

Since H); from Eq. is a sum of projectors, its nullspace N for arbitrary
couplings consists of those states annihilated by each projector Pj’ individually. Such
states are said to be frustration-free. An exponentially large number of states in N

are product states, and so can be found easily. We write a product state |¢y) as

[Un) = ® ’tth otV 818y 3N> , (3.8)
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where each t',s; € {1,..., M} denotes the state of the spin ¢, in the M and M

irreps respectively. As apparent from (3.3)), if we choose ¢* and s; such that
t'<z<sj, foranyze {l,...,M —1} (3.9)

then [¢y) will be annihilated by each projector in Eq. (3.5). The total number
of possible values for all the levels ¢* and s; such that the above constraint is
satisfied is (2(M — 2))V for each value of z.

It is clear that, for M > 3, the number of product states in the nullspace
obeying grows exponentially with N. Since all these product states belong
to non-trivial SU(M) multiplets, their number provides a lower bound to the

dimension Dy of the nullspace:
M-1
Dy > > 2N(M = 2)N (3.10)
z=1

For N large, this bound is sharply peaked around z =~ M/2, so we expect the
exponential growth to be

2N
(%) M even,
Dy x e

(221", M odd (3.1)

For ferromagnetic couplings (7’; > 0 for all 7 and j), each state in the nullspace is a
ground state, yielding an exponentially growing ground-state degeneracy.

For M = 3, it is also possible to simply derive the polynomial growth order
of Dy, demonstrating that Dy oc 2V N2, This is done by directly constructing a
basis spanning a significant fraction of the total nullspace for M = 3. We perform
this calculation explicitly in Appendix

For any couplings, the large nullspace results in Hilbert space fragmentation.
In its analysis we use the approach of bond and commutant algebras developed
in [34] and reviewed in Section [2.2 The bond algebra A of H), is generated by
the projectors P]’ and the identity operator, with the elements of A being given by
linear combinations of arbitrary products of the generators. The commutant algebra
C is the algebra of operators O that commute with each generator of A individually.

Since the states in the nullspace N are annihilated by each PjZ individually, maps
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between them that leave all other states invariant are elements of C. Indeed, for

any two nullstates [14), [¥5) € N, we have that

P;, ‘wawB’ = 07 for1 S Z?] S N7 (312>

and hence [¢4) 5| € C. Therefore dim(C) > (dim(N))?, and so the size of the
commutant algebra grows exponentially with N. This leads to Hilbert space

fragmentation, with each state in A constituting its own one-dimensional Krylov

subspace. In Sections [3.2.2] and [3.2.3], we derive an exact formula for the dimension

of the nullspace and find precisely which SU(M) representations are present in it.

3.1.3 Comparing H,; to the Sachdev-Ye Model

As an SU(M )-symmetric spin model with disordered long-range interactions, Hy; is
reminiscent of the well-known Sachdev-Ye (SY) model [89, |90]. The SY model is
a disordered all-to-all variation on the SU(M)-symmetric Heisenberg model [89],

and its Hamiltonian is given by

1 N M .
\/WZ Z giij,isz),jv (3.13)

1<j a,b=1

Hgy =

where Sp; are generators of SU(M) acting non-trivially at site 4, and the g;; are
independent and identically distributed Gaussian random variables with vanishing
means and variances that do not scale with N or M.

The crucial distinction between the SY model and ours is that all sites in
the former transform in the same SU(M) irreducible representation. When that
representation is the fundamental M, each operator S{,’:ng ; 1s equal (up to a constant
shift) to the permutation operator IP;; swapping the spins on sites ¢ and j. As a
consequence, Hsy and Hj; have different physical properties. The permutation
operators PY in Hgy with sites in M split the M? states into M (M +1)/2 (symmetric)
and M (M — 1)/2 (antisymmetric) dimensional subspaces. The singlet-projector
operators P;’ comprising Hj; have rank 1, annihilating all but one of the basis
states in the M?-dimensional Hilbert space formed by two spins. It is therefore

not surprising that the Hj; has a non-trivial nullspace, unlike SY. We would also



3. Bipartite Sachdev-Ye Models with Read-Saleur Symmetries 26

expect the ranks of the projectors P; to influence the rest of the spectrum, with
H); having a higher density of states close to energy zero than this SY model. We
have checked this behaviour numerically and indeed confirmed it at small N. Some
of the numerical results can be found in Appendix [A.2]

The SY model is expected to obey ETH, as tested in its fermionic analog, the
Sachdev-Ye-Kitaev (SYK) model [91) 92]. A reason is that when all sites are in
the fundamental representation, the SY model has the same bond algebra as the
SU(M) Heisenberg model. Indeed any IP;; is the product of nearest-neighbour
permutation operators, e.g. for j >4, P;; = P; i 1Pigq 42+ - - Pj_1; [93]. The same
bond algebra implies the same commutant algebra as well, and including random
all-to-all couplings will not increase the symmetry. The SU(M) Heisenberg model
for M >2 is not integrable and has no known symmetry algebra beyond SU(M).

It therefore obeys ETH, and so the SY model should as well.

3.2 Exact Results

We here obtain the nullspace N of Hy;. As N is defined as the set of states
annihilated by all the projectors, it is independent of the couplings. We thus can
find it by solving the “clean” case, where all couplings are the same. In Section [3.2.1]
we define the clean model and solve it. In Section we identify the SU(M)
irreps that are in the clean model’s nullspace, and hence also in the nullspace of
Hy;. In Section [3.2.3] we derive an exact formula for the nullspace’s exponentially
large dimension. In Section [3.2.4] we show that the SU(M) symmetry sectors
which contain nullstates are entirely composed of nullstates, and so are strongly
fragmented. In Section , we discuss certain SU(M )-symmetric perturbations
to the model which preserve its Hilbert space fragmentation. In Section [3.2.6] we
discuss a generalisation of H),; where its spins are in antisymmetric representations

of SU(M), and show that it is also fragmented.
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3.2.1 The Energies of the Clean Model

The clean version of H,, is given by setting all couplings 7";'- in Eq. (3.5)) to one:

N N M .
Hean = Z -P; = - Z Tba,zS(l;’j . (314)
i—1 ij=1ab—1

This Hamiltonian is invariant under permutations of the N spins in the M repre-
sentation amongst themselves, and likewise for those in the M. This symmetry
enhancement allows the spectrum of H ., to be computed from a purely group-
theoretical analysis.

The method for solving Hean is to write it as a sum of Casimir invariants.
Any representation of a Lie algebra possesses a quadratic Casimir operator that
commutes with all the generators of the algebra in that representation. The full
system we are studying is comprised of N spins in the M representation of SU(M)

and NV in the M, i.e. the representation is M®¥ @ M>" with generators given in

((3.1)§3.2). The corresponding Casimir operator is
M
Crpones®™ = O Jida- (3.15)
a,b=1
We also need the SU(M) Casimir operators for just the M spins and for just
the M spins, which are

N2 N M

M . .
Onon = 30 Ty = =35+ 20 > T,

a,b=1 i,j=1a,b=1

- . (3.16)
Crpen = >SS =—=—+ 3 > 55,50,

a,b=1 M i,j=1a,b=1

where the SU(M) generators acting on the M®Y and Y subspaces are respectively

N ‘ N
=X (- ). s =3 (s 40t),
i=1 j=1

giving traceless operators as needed.
The clean Hamiltonian therefore can be written in terms of these three Casimir op-

erators as

X+ 1(Crrow + Cgon — C

Hclean = M®N®M®N)'

(3.17)
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Other models consisting of a sum of SU(M) Casimirs have been analyzed [94-97],
but all spins in these models are in the M representation.

The key property of the quadratic Casimir operator is that for an irreducible
representation it is proportional to the identity. Irreducible representations of
SU(M) are characterised by an M-dimensional vector p = [p1, pa, . . ., pp| comprised

of integers satisfying
p1=p2> ... 2 py >0, (3.18)

Each such vector can be written as a partition Psy of S =}, p, into k positive
integers, where k < M. For any partition with & < M, we set p, =0 for b > k. The
vector corresponding to the fundamental M representation is [1,0,0,. .. 0], while for
the conjugate M it is [1,1,...,1,0]. SU(M) representations related by shifting all
Pa = pa+ 1 or p, = po — 1 (until py; = 0) are equivalent.

The quadratic Casimir operator obeys
C, =c,1 for pirreducible. (3.19)

For any representation of a semisimple Lie algebra, the number ¢, can be determined
by standard techniques. For SU(M), it is [98§]
1 2
cp = za: (pz + M+1- Qa)pa> - M(%:pa) . (3.20)
where here and everywhere unlabeled sums over a run from 1 to M. The Casimir
¢, is indeed invariant under the shift p, — p, £ 1.

Group theory alone yields all the eigenvalues of Hgean. Finding them requires
decomposing the Hilbert space M®V ® MY into irreducible representations of
SU(M). Since involves also the Casimir operators for the two types of
spins alone, we must also keep track of the representations of SU(M) in the
corresponding subspaces. The simplest way to understand tensor products of
SU(M) representations is via Young diagrams. The Young diagram for an irreducible
representation p is a collection of boxes glued together such that the ath row has

p. boxes in it. To take the tensor product of two representations, one glues the
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boxes from the corresponding Young diagrams together subject to certain rules
(see e.g. [99] or any text on Lie algebras).

We first need to decompose the tensor products M®" and MY into a direct
sum over irreducible representations A and 7 respectively, and then decompose
the tensor product of each A\ and % pair. The irreducible representations A\ in
the decomposition of M®" obey 3>, A\, = N. They can therefore be written as

integer partitions of N into at most M parts:
M®Y = @om(\) X, A€ Pyy for k < M. (3.21)

where m(\) is the “multiplicity”, the number of times A appears in this direct
sum. We give its value below. The decomposition of M"Y can be characterised
similarly by taking advantage of conjugate representations. The conjugate 7 is
defined via ¥, = v1 — Ym+1-a- The conjugate of a tensor product is the tensor

product of the conjugates. We then utilise (3.21) to get
Y - @em(y)y, v €& Py,forl <M. (3.22)

Here > ,7%v, = M~y — N.

To decompose the full Hilbert space into irreducible representations, we then
take the tensor product of each pair to give A ®7% = @p. The Hilbert space thus can
be decomposed into sectors labeled by (A,7, p). The clean Hamiltonian is diagonal

in such a basis, with any state |4 5,) in a given sector obeying

2
Hclean ‘w/\ﬁ,p> - (?\74 + %(C)\ + Cy — Cp)) ’wkﬁ,ﬁ» . (323>

This spectrum of the clean model is highly degenerate, and below we compute

its ground-state degeneracy.

3.2.2 The Ground States of the Clean Model

To find the dimension of the nullspace of H);, we first construct the states annihilated
by Heean- Since eigenvalues of He,, and Casimirs of SU(M) are always non-

negative, from (3.23) we have

¢, <22 4y e, (3.24)
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with ground states given by those representations p € A ® 7 satisfying the equality.
Thus for a given pair A,7, candidates for ground states must maximise c,.
To find this maximum, we exploit a useful inequality for SU(M) representations:
for any p € A ® 7, then [100]
b b
Zl (e +7a) = Zl Pa (3.25)
for any b. It follows from the explicit expression that this ¢, is maximised
when p obeys the equality in , i.e. p = A+ 7. Here the Young diagram for
p is given by gluing those for A and % together horizontally.

The zero-energy ground states of H ., are therefore those A and # for which
cary = 220 4 ox + e (3.26)

By construction Y, A, =N and },7%,= M=, — N, so that (3.20) yields
Capy — O — 5 =2 A, — 2N~ + 2%2

, (3.27)
=23 AVarpaa + 257 -

The condition (3.26)) then reduces to

Z)‘a'YM+1fa =0. (3.28)

In we defined A and « as partitions of N. Since both A, and v,,,,_,
are non-negative, one of these two must vanish for all a for to be satisfied.

The condition therefore is equivalent to the remarkably simple constraint
k41 < M. We thus find that the ground states of H.e., and the nullspace of

H); are all those |¢a5x415) with

AGPNJ@, ’)’EPNJ, k+1 <M. (329)

This constraint is both necessary and sufficient for obtaining a zero-energy ground
state of Hjean-

We thus have proved that the Hilbert space of Hj; is fragmented: all states
satisfying are part of the nullspace. Since there are many such SU(M)
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representations, this degeneracy goes well beyond the consequences of this global
symmetry. In section [3.2.4] we prove an even stronger statement: any state in
a representation p that obeys p = A + 7% is in the nullspace, as long as A and ~
satisfy the conditions of . Hence, those SU(M) quantum number sectors
which contain nullstates are strongly fragmented as they are entirely composed

of 1D Krylov subspaces.

3.2.3 Exact Dimension of the Nullspace

We present here an exact formula for the dimension of the nullspace N of H),
as a function of M and N. As discussed in section [3.1.2] all states in the
nullspace are annihilated by each projector P]’ Because H.ean 1S & sum over
these projection operators with positive coefficients, its eigenvalues are non-negative,
and all eigenstates with zero eigenvalue are annihilated by all P; Hence the
nullstates for any 7“} are given by the zero-energy ground states of the clean model.
We therefore may make use of the solution of the latter to derive the nullspace
dimension D,r, which follows from purely group-theoretical calculations.

The nullspace is spanned by all the states in . The multiplicities m(X) and
m(7y) in give rise to one kind of degeneracy: any of the copies of A and
~ can be used to make p = XA + 7. The second kind of degeneracy comes from the
fact that any of the states in the p representation give rise to a ground state. The
number of these is d(X 4+ 7), the dimension of this representation. The resulting
number of ground states, and hence the dimension of the nullspace N, is then

Dv=Y ¥ Y mNmr)dn+). (3.30)

k=1 )\EP]\/JC "/EPN’[
k+e<M

which indicates that this degeneracy is significantly greater than can be explained
via any obvious symmetry of the model.

The multiplicities and dimensions of these representations follow from standard
group-theory methods. The NN spins in the M representation are exchanged amongst
each other by elements of the permutation group Sy, which in the clean model is

a symmetry. The multiplicities m(A) in (3.21]) are given by the dimension of the
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corresponding irreducible representation of Sy. Both this representation and the
SU(M) representation A are labeled by the same Young diagram, a fact known as

Schur-Weyl duality. The dimension of an Sy representation is given by

N
m(A) = Wa

where h,; denotes the “hook length” of the box at row a, column b of the Young

h(A) = [ has (3.31)

diagram for A, and the product in h(\) is over all boxes. A hook comprises the box
(a,b), all the boxes to the right of it in the same row a, and all the boxes below it in
the same column b. The hook length A, is the number of such boxes. The dimension
d(p) of a SU(M) representation also involves the product of hook lengths. It is

1 M (po+M—a)
10 =7 L ar—a

a=1

(3.32)

For M =2, the formula exhibits no great surprises. Here both k and
[ must be 1, and the only partition Py is [V, 0], which has m([N,0])=1. The
corresponding SU(2) representation has dimension d([2N,0]) = 2N + 1, so we find
Dy = 2N + 1, the dimension of the usual ferromagnetic multiplet.

As we noted in , for M > 3 the nullspace dimension grows exponentially

with N. For M =3 the precise asymptotic is

9
DN‘ ~ 2V N? for large N. (3.33)
M=3

The derivation of (3.33)) was done in collaboration with Paul Fendley [1], and is
as follows. We first note that using the explicit expressions (3.31}3.32)) for the
multiplicities and the dimension in the exact formula (3.30]) for M =3 yields

LN/2] N
Dy :(N+1)3+Z7?n( )
M=3 n=1 " (3.34)
1+N+n

=(1+N—-2n)2%2+2N —n)—— |
Po=(1+N =202+ 2N —n) o

We define o via n = N/2 — aN, so that the binomial is sharply peaked at o small.
We take N large and a small, and use Stirling’s formula to approximate it as

N 2 2
_ 9N, | 2 % N(l O(a? AN N >
<g—04N> Nr© * (a @ )
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This expression is exponentially small unless « is order 1/4/N or smaller, justifying

neglecting the other terms. We then can approximate
P = 180°N* + O(aN?, o’ N?) (3.35)

and replace the sum over n in (3.34) with an integral over Nda, giving

IN i
Dy| . ~2Y 18N% |2 / ? daa? e 2N
M=3 T Jo

Since the integrand is sharply peaked around a = 0, we can extend the upper
limit of integration to oo and then do the Gaussian integral, yielding . The
corrections are suppressed by 1/N: the terms in suppressed by only 1/ VN
cancel after doing the integral.

Another limit of Eq. worth considering is the large M limit for fixed
N. Since the rank of each projector P]? remains fixed at 1, and the total number
of projectors is fixed at N2, we expect the nullspace to dominate in the large M
limit. This is indeed the case: we show in App. that the limiting form is

the dimension of the total Hilbert space:

. Dy
A}linoo AN = 1. (3.36)
We note that this effect does not happen in the SY model with spins in the
fundamental representation: the permutation operators P¥ split the Hilbert space

of two spins into symmetric and antisymmetric subspaces, which have comparable

dimensions in the large M limit.

3.2.4 Strong Fragmentation in Certain SU()M) Symmetry
Sectors

We have demonstrated degeneracies in the spectrum of H),; going well beyond
SU(M), as for M > 2 many different representations obey the nullspace condition
(3.29). The number of each such representation is the product of multiplicities
m(A)m(y), and it grows exponentially with N. For example, the binomial in the
SU(3) formula arises from the multiplicities, not the degeneracies coming

from a particular SU(3) representation.
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However, we see no evidence for degeneracies and fragmentation outside the
nullspace. Thus despite its being exponentially large, the nullspace for H)j,
still comprises a vanishing fraction of the full Hilbert space for M finite. Thus
fragmentation occurs only in a set of measure zero of the full Hilbert space, and
almost all states presumably obey ETH.

The SU(M) representations appearing in the nullspace defined by are
rather special. The reason is that all the projectors P]’ must annihilate states in
the nullspace, and when forming p € A ® 7, no singlets can appear.

This property leads to an interesting feature of Hj;. We show here that
determining whether a given eigenstate is in the nullspace requires only knowing
how it transforms under SU(M). Namely, any eigenstate of Hy, in the SU(M)
representation p = A+ satisfying the conditions of must be in the nullspace.
Any eigenstates of Hj; in any other representations are not in the nullspace. This
furthermore implies that those SU(M) symmetry sectors which contain nullstates are
entirely composed of nullstates, since states in a same symmetry sector must be in the
same type of SU(M) irrep. Thus, though the impact of the exponentially degenerate
nullspace is weak in the spectrum as a whole, it leads to strong Hilbert space
fragmentation in certain symmetry sectors where it entirely freezes the dynamics.

To derive this result, we begin by noting that any eigenstate of Hy; can be
labeled non-uniquely by the triple A, ~y, p where A,y € Py and p € A® 7, just as
shown in for Heean- In general the eigenvalues depend on more data than
just these representations, but eigenstates in the nullspace of H); satisfy the more
restrictive properties given in . We prove that the only way to have p = p
for any such p is if the corresponding A = A and v = ~ as well.

Assume A and ~ satisfy Eq. , with p = A+ 7. Say p also occurs in
the decomposition of some other A ® 7. In the decomposition, the boxes in the
Young diagram for A will be rearranged according to the tensor product rules
into rows of length ny,...,ny, with M, n, = N, as they are attached to the

rows in the diagram of 7 to construct p. Row by row in the diagram of p,
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this yields the set of equations

Y1~ YM—ar1 T Aa T M =71 — Yr—a41 + Na, (3.37)

where the integer m accounts for the fact SU(M) irreps are equivalent up to a

constant shift in the lengths of all rows. Summing the left- and right-hand sides
of Eq. (3.37) yields v, + m = 7, giving

~YM-at1 T Ao = —YM-at1 + Mg (3.38)

for each a = 1... M. Let k be the number of nonzero elements in A, and ¢ the
number of nonzero elements in v, with k£ 4+ ¢ < M by Eq. (3.29). Summing the
first k equations in Eq. (3.38]) then yields

k k
N = Z Ng — Z VM —atl- (3.39)
a=1 a=1

Because the first sum here is at largest N and the second non-negative, we must
have Y%_, n, = N and so n, = 0 for a > k + 1. Using this result in Eq.
yields m = 0, v = ~, and n, = A, for all values of a.

The final step comes from noting that the tensor product rules do not allow
boxes in a Young diagram to move upward from their original row. Hence the
Young diagram of A\ must have k& rows or fewer, and the boxes in these rows
can only be moved downward in the construction of the Young diagram of p to
obtain n, = A, for a < k. However, since 7, = 7, = 7, for a < k, any such
downward movement would not be consistent with the tensor product rules: boxes
originally in the same row cannot end up in the same column after taking the tensor
product. (The reason is that tensor indices are symmetrised in the rows of Young
diagram, antisymmetrised in the columns.) Thus the only consistent possibility for

p=A+7 € XAR®7 satisfying (3.29) is to have both y=+ and A=A, as claimed.

3.2.5 SU(M)-Symmetric Perturbations

It is possible to add certain SU(M )-symmetric perturbations to Hj; while main-

taining Hilbert space fragmentation. The simplest such perturbation is the addition
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of permutation operators IP;; linking some spins which share a same sublattice. For

example, setting N to be even, we consider the perturbed Hamiltonian

N/2 N/2

Hy = Hy+ Y PP 4 diPyj1 a5, (3.40)

i=1 i=j
where the ¢ and d; are arbitrary distinct real coefficients, and upper and lower
indices denote different spin sublattices as before. The permutation operators
introduced in H}, split the original nullspace of H); into degenerate subspaces, the
eigenvalues of which depend on how the interacting spins on each sublattice are
divided into symmetrised and antisymmetrised pairs. It is apparent that projectors
onto the resulting eigenstates form part of the commutant algebra. It is also simple
to show that many of these subspaces grow exponentially in dimension with N.
For example, the dimension of the subspace where each interacting pair of spins
on a same sublattice is symmetrised can be lower bounded by

YO Y mAmdeA+29),

k=1 )\GP'N/QJC 7€PN/2,Z
k+L<M

where 2 refers to the irrep obtained by gluing two copies of A together horizontally.
Hence the perturbed model Hj, is also Hilbert-space-fragmented.

It is also possible to maintain fragmentation while adding in SU(M )-symmetric
interactions involving multiple spins on a same sublattice. In this scenario, a
sufficient condition for fragmentation is that it must be possible to divide at least
one of the two sublattices of the perturbed Hamiltonian into a linear-in-N number
of further sublattices, such that none of the newly-formed sublattices are directly
linked by a term in the Hamiltonian. In this case, one can again show the presence
of fragmentation by considering the subspace in which all spins in each of the
newly-formed sublattices are symmetrised amongst themselves. One can then
demonstrate that the number of ways of constructing suitable irreps satisfying these
symmetrisation constraints and with the same eigenvalue still grows exponentially.
On the other hand, we have numerically verified at small N that adding all-to-all
permutation interactions on both of the sublattices removes any exponentially

growing degeneracies, and hence also removes Hilbert space fragmentation.
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3.2.6 Spins in Antisymmetric Representations

A natural generalisation of H); is to take spins in representations other than the
fundamental ones. We utilise the antisymmetric representation A, of SU(M),
which has a Young diagram with one column and m rows. We consider N spins in
the A,, representation and N in the A, =A,_,, representation. The Hamiltonian

we obtain is the obvious generalisation of (3.5)), namely
1 N N o
Hyrm = VMN Z Z 9;

i=1j=1

(3.41)

where the projectors are as in (3.3) with the sum running instead to d,, = (%),

the number of states per site. We have included random couplings g} and al-
low for N # N.

The generalised Hamiltonian Hj;,, remains a sum of positive semidefinite
operators, so the nullspace still consists of those states annihilated by each two-site
term individually. The calculation of the nullspace dimension thus proceeds similarly
to Sec. 3.2l The clean model Hamiltonian is written in terms of Casimirs as

M = 2<OA?%N e CA;%%A;?;N)
just like . The tensor products can be decomposed into irreducible repre-
sentations A € A®N WGK;?ZN and p € v ® A. One then finds as in that the
ground states are states where p = A+ 7% and k£ + [ < M, with Young diagrams
for A and v having k£ and [ rows respectively.

For m # M /2, similar arguments to those for m =1 show that the dimension of
the nullspace grows exponentially with /N, and hence that H;,, is Hilbert-space-
fragmented. We prove this result explicitly in Appendix . For m = M/2, the
model is equivalent to the SY model with spins in the representation Ay,. We
thus expect no Hilbert space fragmentation. Indeed, all but one of the possible
A have more than M/2 rows, and likewise for 7. Hence there is only one SU(M)
representation in the nullspace, the one with a rectangular Young diagram with
m = M/2 rows and N + N columns. It has multiplicity one in the tensor products,

so fragmentation does not occur.
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3.3 The Read-Saleur Symmetry Algebra and its
Remnant

A remarkable feature of the nearest-neighbour chain H,, is the presence of
a large commutant algebra discovered by Read and Saleur [78]. The resulting
degeneracies occur throughout almost all the spectrum. Their number grows
exponentially with system size, resulting in Hilbert space fragmentation [34]. We
have shown that the exponentially large dimension of the nullspace and the ensuing
fragmentation survive the introduction of the many additional couplings in H),.
As described in section this behaviour automatically results in a commutant
algebra acting within this nullspace. In this section we demonstrate that this

algebra is a subalgebra of the RS algebra.

3.3.1 The Read-Saleur Algebra

Here we describe the Read-Saleur (RS) commutant algebra of the nearest-neighbour
chain (3.7). To make the structure more apparent, we renumber the sites as
p=1,...,2N, with odd p labeling spins in the M representation and even p labeling

those in the M. We also relabel the generators of Hy, as ey;—1 = P/ and ey; = P}, | so

2N-1 M
Huy= Y mpep, €= D |apapiiXbpbpia] - (3.42)
p=1 a,b=1

with 7, the non-vanishing random couplings. Each projector e, onto a nearest-
neighbour SU(M) singlet has only one non-vanishing eigenvalue out of the M?
possibilities. Since the nearest-neighbour chain has only 2N such projectors, one
expects large degeneracies for large enough M.

The generators e, satisfy the Temperley-Lieb algebra [80]:
2
(ep) = Me, , Cpep1€p = €p (3.43)

and eye,y = eye, with [p — p’| > 1. Many interesting lattice Hamiltonians are
written in terms of the e,, such as the spin-1 biquadratic chain [80]. Read and
Saleur [78] showed how the degeneracies in H,,, are independent of the couplings .

They did so by constructing the irreducible representations of the Temperley-Lieb
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algebra in this chain. The resulting degeneracies are completely independent of
the couplings, following solely from understanding how the Temperley-Lieb algebra
works here. Not surprisingly, the nullspace has the largest degeneracy, but large
degeneracies are found for all but a small set of states.

A key tool of Read and Saleur’s results is the construction of the commutant

algebra C®S of the e,. It is generated by J) that satisfy
e, J® =Je, =0 (3.44)

for all p. Read and Saleur find a linear basis set for the generators in terms of the

same building blocks (3.1)) used to construct the SU(M) generators, namely

Generators of C®S are of the form

(s) _ ~b1ba...bs Faiaz...as
J = Z Yaras...asVb1bs...bs >
ai,by,...

a1az...0s — .
Jb1 ba..bs — Z Jb1 ,P1 Jb2 ,D2 Jbs \Ds

1<p1<p2<...<ps<2N

for 0 < s < 2N. Setting s=1 yields the SU(M) generators. For (3.44) to be

(3.46)

satisfied, the necessary and sufficient conditions on the coefficients are
M
STt Z g =0 (3.47)
a=1
for all p. More explicit expressions for the J® can be found in Ref. [78].
As apparent from , the RS algebra includes the universal enveloping
algebra LU(SU(M)) (i.e. products of the SU(M) generators in this representation).

It is straightforward to check that the J®) map between different representations

of SU(M), and so go beyond U(SU(M)).

3.3.2 The Commutant Algebra of Hj,

We have shown explicitly in Sec. [3.2.3] that degeneracies in the nullspace survive
the inclusion of all N? couplings in H),, and that one can define elements of the
commutant algebra mapping between them. We show here that these elements form

a subalgebra of the RS algebra, in particular of the algebra generated by the JV),
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In the nearest-neighbour case, the J@V) act non-trivially on the nullspace of
H,, and annihilate all other states. The reason is that the J® annihilate any
state with at least one nearest-neighbour SU(M) singlet, and the eigenstates of
H,, with non-zero eigenvalues are solely composed of such states [78]. Furthermore,
for any two states in the nullspace of H,,, there is an operator amongst the
J@N) that maps between them.

We generalise this result here. Since all nullstates of Hj; are also nullstates of
H,,, maps between the former are given by operators JZN) that satisfy certain

additional constraints. For notational ease, we relabel the indices as

(2N) _ btebNdydy a1l ra,N ger | gen
J - Zgal--~aNcl~~-cN Tb1 TbN di,1 dn,N* (348)

where this sum and all those in this section are over the appropriate a’, V", ¢;, d;

from 1 to M. To be in the commutant algebra of Hj;, these operators obey
JENPpE=pPrJeN) =0, for 1 <i,j<N. (3.49)
These constraints require that the coefficients satisfy
S gt = Y gl =0 (3.50)
for all 1 < 4,5 < N.

A general nullstate of H,, is given by

W)= > v at-aNdy - dy), (3.51)
{a}.{d}
where the a' and d; transform in the M and M representations respectively, and
the coefficients satisfy
S gyl =0, for 1<i,j <N (3.52)
{a}.{d}
The resemblance to the constraints on J is not coincidental. We can find a solution

to (3.50) by taking any two solutions v,y of (3.52) and defining

gttty =ty () (3.53)

al--alNep-en alta?.--aN
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We thus have proved that |1)(x| can be written as an operator JV) from Eq.(3.46).

Regarding the other energy levels of Hj;, our numerics found no sign of
degeneracies other than those arising from the global SU(M) symmetry. This
suggests that the only operators J® which act nontrivially on eigenstates outside
the nullspace are elements of L(SU(M)). This suggestion is consistent with Read
and Saleur’s derivation of the symmetry generators for the nearest-neighbour chain
[78]. Their construction utilises a “dimer” basis for the Hilbert space, where each
state is written as a product of spin-singlet (dimer) states. Operators in the
Temperley-Lieb algebra act non-trivially on the dimers, whereas those in the RS
algebra leave the dimers untouched. The non-local projectors P]Z in Hys, however,
mix the dimer states in a much more complicated way, and so there is no reason
to expect degeneracies beyond SU(M). Indeed, from this point of view it is rather

surprising that even a non-trivial nullspace survives.

3.4 Scars from the Shiraishi-Mori Construction

We have established that each eigenstate in the nullspace of H,; does not mix with
the others under time evolution. As such, it is tempting to label these eigenstates as
quantum many-body scars 6}, 12-15]. The numerous product eigenstates identified
in Sec. have area-law entanglement entropy scaling, a signal of a scar. However,
as we discussed in Section typically a scar is a rare ETH-violating exception in
an otherwise thermal spectrum. Here the situation is rather different, as states in
certain SU(M ) representations are in the nullspace, while all others are not.

We show in this section how to perturb H,; to yield more conventional scars.
We utilise the Shiraishi-Mori (SM) embedding formalism [24] to break the SU(M)
symmetry, converting some of the original nullspace eigenstates into quantum
many-body scars. To do so, we must address subtleties involved in applying this
formalism to non-local models.

Assume we have split our Hilbert space into SU(M )-quantum-number sectors
‘H,,, where n is an index labeling the different sectors. Defining X, max to be

the largest Krylov subspace of H,, it was argued in [30] that two conditions
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are sufficient for an eigenstate |tgar) of a local Hamiltonian to be a quantum

many-body scar. These conditions are

dim(lcn,max) N—o0

|¢scar><¢scaf| €C, dim(Hn)

1, (3.54)

where C is a non-trivial commutant algebra. As we discussed in Section [2.4] the
first condition ensures that the scar state violates ETH by implying that the scar
state is an eigenstate of a family of Hamiltonians. Indeed, ETH-obeying eigenstates
of local models generically have a unique parent Hamiltonian [30, 86| [87]. The
second condition ensures that most eigenstates in the SU(M) quantum number
sector in question are part of a dominant subspace and hence thermal, with the
scar state constituting a rare exception. We therefore see that the nullstates of
H,; are not scars as they violate the second condition of Eq. . Indeed, as
we showed in Section [3.2.4] the quantum number sectors containing nullstates are
entirely composed of 1D Krylov subspaces, so the ratio in Eq. must vanish.

To make the nullstates of Hy; scars, following Refs. |24} 30, we perturb H), as

N
Hgy = ‘Zl PR P+ Hyen, (3.55)

ij=
where the hB]] are finite-support operators that are sufficiently general to break
the SU(M) symmetry, and Hpey is chosen to split the degeneracies between the
nullspace eigenstates. Each operator hg.]] need not have support on the spins ¢
and 7, so these indices merely serve as labels. The original Hamiltonian H,; from

Eq. corresponds to setting hg.]] = rj-]l and Hper = 0.

Because the SU(M) symmetry of Hy; is broken, the perturbed Hamiltonian Hgy
acquires a dominant thermal subspace, and hence satisfies the second condition
of Eq. . Furthermore, when He =0, the nullspaces of Hgy and Hj; are
the same, and so states in the nullspace satisfy the first condition of Eq.
as well. However, satisfying these conditions does not automatically guarantee
that states in the nullspace of a non-local model are quantum many-body scars.
This is because a thermal eigenstate is generally understood to uniquely specify

a parent Hamiltonian only for spatially local systems [86|, [87]. In the absence of
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locality, we thus cannot conclude that the first condition is sufficient to imply
that an eigenstate violates ETH.

However, the product eigenstates in the nullspace identified in Sec. have
area-law scaling and so violate ETH. Moreover, we can choose Hpe¢ such that the
product eigenstates of Hy; are split from the remainder of the nullspace. Namely,

we perturb by the diagonal on-site U(M) generators defined in Eq. (3.1) via

Hporp = f: (ivj T+ i dgsg,j) : (3.56)
a=1 \i=1 j=1

where the ¢ and dj are arbitrary distinct real coefficients. The product states from
N remain eigenstates of Hgyr, and now are situated in quantum-number sectors of
Hg) that have a dominant thermal Krylov subspace. They thus satisfy the conditions
in Eq. , and furthermore violate ETH due to their area-law entanglement
entropy scaling. The product states hence constitute quantum many-body scars of
Hgy. In particular, when the coefficients ¢ and dj are rational, any initial state
composed of a sum of these product states would exhibit revivals when time-evolved
with Hgy, a hallmark of scars |14]. Additionally, since the number of such product

states grows exponentially with N, the perturbed model Hgy; has an exponentially

growing number of quantum many-body scars and is Hilbert-space-fragmented.

3.5 Concluding Remarks

The non-local model introduced in this chapter possesses a number of remarkable
properties. In spite of its long-range interactions, the dimension of its nullspace grows
exponentially with increasing system size. Furthermore, maps between eigenstates
in the nullspace are elements of the commutant algebra. The exponentially
growing degeneracy thus leads to strong Hilbert space fragmentation in some
of the SU(M) quantum number sectors of the spectrum. The commutant algebra
itself is a non-trivial subalgebra of the Read-Saleur algebra of Temperley-Lieb chains.
The Shiraishi-Mori embedding formalism can be utilised to perturb many of the

eigenstates in the nullspace into quantum many-body scars.
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Non-local models with Hilbert space fragmentation are rarer in the literature
than those with quantum many-body scars. Non-local models have a large bond
algebra: for example, the number of generators of the bond algebra of H,; grows
quadratically with N, as opposed to the linear growth associated with a 1D spin
chain. This strongly constrains the dimension of the commutant algebra, making
fragmentation less likely.

Previous works have considered how scars and fragmentation can be stable
against the addition of longer-range interactions to local Hamiltonians 28| 54, |76,
77,101-104]. However, the model studied here is apparently an unusual example
of one where the non-local terms are the leading contribution to the problem, and
cannot be ascribed a notion of spatial distance: it is intrinsically “zero dimensional”.
It would be interesting to explore at a future point other problems of this nature
which share some features of our model, for instance the model of Ref. [105] which

is also SYK-like and has extensive degeneracies in its eigenspectrum.



Universal Freezing Transitions of
Dipole-Conserving Chains

In the study of ergodicity in quantum systems, a particular point of interest is how
systems can undergo phase transitions between ergodicity-breaking and ergodicity-
restoring phases. One class of models in which this has been studied is many-body
localised models [5], 9, [10], where an ergodicity-breaking phase is conjectured to
emerge as the result of quenched disorder. However, such models have proven to be
challenging to study analytically. Following the recent discovery of fractons [36-40],
a promising alternative route to studying such transitions is to look at systems with
local range-k interactions that exhibit Hilbert space fragmentation in the presence
of dipole conservation [31H33]. Such systems can arise in the quantum Hall effect
[43, 1106, [107] and in systems of charged particles exposed to a strong electric field
[75, |108-111]. In these systems, the conservation of a charge N and its dipole
moment X combined with strict locality of interactions greatly inhibit dynamical
evolution. Isolated charges in these models cannot propagate on their own, as they
require other nearby charges to interact with so as to ensure the conservation laws
are respected. Hence, states in the same (N, X)) quantum number sector can be
dynamically disconnected, leading to Hilbert space fragmentation.
Dipole-conserving chains with local range-k interactions can undergo a continuous
transition from a strongly Hilbert-space-fragmented phase (where ergodicity is

broken) to a weakly Hilbert-space-fragmented phase (where ergodicity is mostly

45
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restored) when the charge density v = N/L (where L is the chain length) is increased
past a critical density v, [2, 41, 42, [112]. In the strongly fragmented phase, almost
all states belong to strongly fragmented (N, X)) symmetry sectors, whereas in the
weakly fragmented phase, almost all states belong to weakly fragmented (N, X)
sectors. In [41], where this phase transition was first discussed, it was proposed that
the strongly fragmented phase could be characterised by the presence of a finite
density of “frozen sites” in a typical state, where a frozen site is a site whose onsite
value of the global conserved charge remains the same under dynamical evolution
up to infinitely late times. The mean density of frozen sites thus serves as an order
parameter for the strongly fragmented phase. These frozen sites have the effect of
spatially dividing typical states into finite-sized dynamically disconnected “active
bubbles” in the strongly fragmented phase. In the weakly fragmented phase, the
density of frozen sites vanishes and transport can occur. The study of this phase
transition opens up new possibilities for a rigorous characterisation of ergodicity-
breaking transitions in quantum many-body systems, as the underlying mechanisms
of the transition rely only on symmetries and locality, which are easier to work
with compared to the quenched disorder in the MBL case.

In this chapter, which is based on [2], we present a number of analytic and
numerical results that significantly advance our understanding of this phase tran-
sition in locally interacting dipole-conserving chains. We argue that these chains
transition from a strongly fragmented phase to a weakly fragmented phase at a
critical charge density of v. = (k — 2)~!, where k is the range of interactions.
The density v, is thus universal in that it is independent of the details of the
dynamics as well as of the onsite Hilbert space dimension d. This leads to the d-
independent phase diagram of Fig. .1} In arguing for this result, we develop several
new concepts and approaches for characterising strongly and weakly fragmented
phases and the transition between them.

Quantum chains with charge-dipole symmetry, onsite Hilbert space dimension
d, and range-k interactions can be analysed by reformulating them as problems

of hopping particles on a 1D lattice with maximal onsite occupation d — 1 and
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Figure 4.1: The conjectured universal phase diagram of charge- and dipole-conserving
quantum chains with local range-k interactions. The relevant variables are the continuous
particle filling ¥ > 0 and the local range of interactions k, and the diagram is “discrete”
in the sense that only integer values of k can be considered. A first phase transition from
strong to weak fragmentation occurs at v. = 1/(k — 2), a value independent of the onsite
Hilbert space dimension d. We note that for each value of d, the above figure only depicts
the phase diagram for v < (d — 1)/2, i.e. half-filling (depicted by the dashed vertical
lines). Beyond half-filling, the phase diagram is mirrored by particle-hole symmetry, with
a second (not-depicted) weak-to-strong transition at d — 1 — v.. For k = 2 and any d (as
well as k = 3 and d = 2), no hopping moves which respect the global conservation laws
are possible, leading to trivial strong fragmentation for all v. We refer to such models as
deeply frozen and discuss them further in Chapter

with range-k hopping moves that conserve both total particle number N and centre
of mass X/N [41], |42]. For example, a spin-S chain can be reformulated as a
hopping-particle model with d = 2S5 + 1. Such hopping models will therefore be
the focus of our analysis. We introduce the concept of “blockages” to characterise
the strongly fragmented phase at v < v.. For a given Krylov subspace, we define
blockages as regions of the system across which transport of particle number and
dipole moment (i.e. center of mass) quanta cannot occur within the subspace.
Blockages constitute a generalisation of the “bottlenecks” introduced in Ref. [33].
The simplest example of a blockage is a contiguous sequence of k£ — 1 or more frozen
sites. Indeed, such a sequence necessarily dynamically disconnects the regions to

its left and right from each other. On the other hand, there are also blockages
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that do not involve any frozen sites at all.

Another crucial ingredient in our study of the strongly fragmented phase is
that of a “fully extended state” (FES), introduced in Ref. [42] and whose scope we
expand substantially. An FES consists of a configuration of particles in a d = oo
system in which the particles are as spread out as the local range of interactions k
will allow. We prove, for general interaction ranges k, that there exists a unique FES
within each Krylov subspace of a d = oo system, and furthermore that the structure
of a given FES can be used to determine the spatial locations of blockages within
states in that Krylov subspace. Importantly, we shall show that blockages can be
located using FESs for states in finite-d systems as well. This is done by embedding
states in finite-d chains into “auxiliary” d = oo chains and mapping them to their
corresponding FES, from which the location of some blockages in the finite-d system
can be determined. We shall refer to this approach as the “FES picture”.

Using the FES picture, we analytically demonstrate that, for particle fillings
v < v, and for d = 2 and d = 00, a given random configuration of particles will
almost always feature a finite density of frozen sites forming blockages, and that
this implies that almost all states at each such filling v belong to symmetry sectors
that are strongly fragmented. We also use the FES picture to obtain numerical
evidence at large system sizes that this is the case for v < v, for other (less
analytically tractable) values of d as well. We furthermore use the FES picture to
analytically lower bound the average densities of different kinds of “active bubbles”,
which are local groups of interacting particles shielded from their surroundings
by blockages made of frozen sites.

To identify the weakly fragmented phase, we numerically show that for v > v,
and arbitrary d, almost all configurations of particles at a given v belong to weakly
fragmented (N, X) sectors. The dominant Krylov subspaces of these sectors do
not have blockages, and can be characterised by the fact that they contain a
particular state which we call a “blockage-free extended state” (BES). We show
that there is a unique BES in each (N, X) sector, and numerically demonstrate

that for v > v,, random particle configurations almost always belong to the Krylov
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subspaces which contain BESs, indicating that these subspaces are dominant in
their (N, X) sectors. We will also see that for any value of d, the filling v, is the
smallest filling at which it is possible to construct blockage-free Krylov subspaces.
This is why the critical filling is d-independent.

Our FES picture can be used to analytically characterise the degree of frag-
mentation not just of individual (N, X) symmetry sectors, but of whole families
of symmetry sectors at arbitrary onsite dimensions d, while also providing several
insights concerning the dynamical impacts of strong fragmentation on the model.
Furthermore, the numerical algorithms we develop are not only efficient at large
system sizes but also exactly simulate the dynamics of the systems, in contrast
to the approximate numerical methods developed in [41].

The remainder of the chapter is organised as follows. In Section [4.1] we begin
by introducing our family of models and reviewing various probes that can be used
to distinguish between the strongly and weakly fragmented phases. In Section
m, we introduce the concepts of fully extended states (FESs) and blockages, and
derive several results concerning these concepts. In Section [4.3] we employ these
concepts to develop the FES picture, which we use to derive several analytic and
numerical results concerning the strongly fragmented phase. In Section [4.4] we
present numerical evidence that, for v > v, and arbitrary d, the dominant symmetry
sectors to which most states belong possess a dominant Krylov subspace and hence

are weakly fragmented. We provide concluding remarks in Section [4.5

4.1 Fragmentation in Dipole-Conserving Chains

In Section [2.3.2] we gave a preliminary introduction to fragmentation in locally
interacting dipole-conserving systems as a basic example of Hilbert space fragmen-
tation. We also refer the reader to the seminal papers [31-33] on the matter. We
now introduce the range-k dipole-conserving hopping-particle model which is the
focus of this chapter. It is important to note, however, that the Krylov subspace
decompositions we compute for this model are also generally applicable to any 1D

lattice system with local range-k interactions conserving a global charge and its
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dipole moment. Hence, almost all of the results we derive in this chapter (and
in particular the universal nature of the critical density) also hold in general for

1D range-k dipole-conserving quantum chains.
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Figure 4.2: An example with &k = 4 and d = 4 of the classical Markovian circuit dynamics
considered in this chapter. The particles in a state are acted on by a series of hopping
gates randomly chosen from the set {Ufj}, where operators U}’ + denote an outward hop
(where particles on sites i + 1 and j — 1 both hop one site away from each other) and
operators U, ; denote an opposite inward hop. Hence, the site index i ranges from 0 to
L —3 and the site index j ranges from ¢+ 2 to i + k — 1. A hopping gate is only applied if
the final state to which it leads is consistent with the onsite dimension d and chain length
L.

Here we study a system of N indistinguishable “bosonic” particles on a 1D
lattice composed of L sites with open boundaries. Each site on the lattice can hold
at most d — 1 particles, where d € {2,3,...,00} denotes the onsite Hilbert space
dimension. The particles are acted on by a random sequence of range-k (with &
finite) hopping gates which conserve total particle number N = 3", n; and dipole
moment X = ), in;, where n; counts the number of particles on each site. We
define the corresponding intensive quantities to be the particle filling v = N/L
and the intensive centre of mass vy = X/NL.

Since the Hilbert space fragmentation in this model is classical, we may restrict
ourselves when determining its Krylov subspace decomposition to considering how
the model acts on product states, where each n; has a definite value, and we may
set our hopping gates to be “classical” in that they map one such product state

to another. In fact, it is sufficient to consider a classical Markov circuit with local
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range-k gates that act on pairs of particles, making them both hop one site towards
or away from each other. We refer to these as inward and outward hops respectively.
We depict these dynamics explicitly in Fig. [4.2]

Due to the classical nature of our analysis, we will generally refer to product
states corresponding to specific configurations of particles simply as “states”, and
use the terms “quantum state” and “eigenstate” when we are referring to more
general vectors on the Hilbert space. We also restrict our attention to fillings
0 <wv < (d-1)/2. This is because by particle-hole symmetry, we obtain identical
physics under the transformation v — d—1—v (including a weak-to-strong transition

at v =d —1—1,), and so all of our conclusions apply equally well there.

4.1.1 Characterising the Strongly and Weakly Fragmented
Phases

For a given symmetry sector with quantum numbers (N, X) of a system with size
L and onsite Hilbert space dimension d, let D (N, X, L) denote the dimension of
the symmetry sector, and let D{%* (N, X, L) denote the size of the largest Krylov
subspace within it for a model with local range-k interactions. We fix N = vL
and X = vvxL? such that they scale with L (this also defines vy, the intensive

dipole moment). The distinction between strong and weak fragmentation in the

(N, X)) sector can then be defined using the ratio

D@R(N X L)
N, X,L)= 22" 4.1
Td,k( ) ‘dy ) D(d)(N, )(7 L) ) ( )
0 t f tati
lim (N, X, L) = strong fragmen a. ion (4.2)
L—oo 1 weak fragmentation

For a fixed value of v, we define the model to be in its strongly fragmented phase if
in the thermodynamic limit a randomly drawn configuration of N = v L particles
almost always belongs to a strongly fragmented (N, X) sector. Likewise, we define
the model to be in its weakly fragmented phase if a randomly drawn state of N = v L

particles almost always belongs to a weakly fragmented (N, X) sector. We can
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diagnose if the model is in its weakly or strongly fragmented phase using the function

EX D(d’k)(Na X7 L)

N L —_ max 4
Rd,k’( ) ) D(d)<N, L) ) ( 3)
0 st ly f ted ph
lim Rax(N, L) = strongly fragmented phase (4.4)
L—00 1 weakly fragmented phase

where the sum in the numerator is over all centres of mass X compatible with N
and L, and D (N, L) = ¥y D (N, X, L) is the dimension of the N sector, i.e.
the subspace spanned by all possible states with N particles. Note that Eqgs.
and thus differ by the sum over all possible dipole moments X in Eq. ,
as opposed to (4.1)) which considers only a particular value of X.

An alternate approach to characterising the two phases was proposed in [41],
where it was suggested that the mean density of “frozen sites” in states at a given
v could be used as an order parameter. A frozen site in a given state is a site
whose particle occupation number cannot change under dynamical evolution. In
other words, for all states in the Krylov subspace to which the state belongs, the
frozen site has the same particle occupation number. We note that this implies
that all states in a given Krylov subspace have the same density of frozen sites.
Thus, let pr(i) denote the density of frozen sites in the i-th Krylov sector ICZ(d’k)
of a given N sector for some indexing ¢ = 1,..., K44(N). We may then define
the mean density of frozen sites to be given by

Kak(N)

S pe(i) dim ()
D@(N, L)

P (k, N, L) = (4.5)

The authors of [41] argued based on numerical results that the strongly fragmented
phase could be characterised by the presence of a finite mean density of frozen sites
in states with v < v, which would prevent ergodicity. In Section [£.3.3] we add
analytic credence to these claims by proving for d = 2 and d = oo that ﬁgj)(k;, N, L)
has a finite value in the thermodynamic limit for v < v,, and that this implies the
model is in its strongly fragmented phase. We also provide numerical evidence
that this is the case for other values of d as well. In Section [4.4] we numerically

show that the density of frozen sites vanishes in the weakly fragmented phase, and
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hence that this is a valid order parameter. These results are significant because,
as we discuss in Section [4.3.1] a finite density of frozen sites is not a necessary
condition for strong fragmentation: there exist Krylov subspaces which contain
no frozen sites and yet still form a vanishing part of their symmetry sectors. Our
results show that such Krylov subspaces constitute a measure-0 fraction of the
spectrum, and hence that typical randomly drawn states feature a finite density

of frozen sites in the strongly fragmented phase.

4.2 Characterising Krylov Subspaces via Fully
Extended States

We turn our attention to systems with d = oo, which do not have an upper bound
on the number of particles that can be stacked on a given site. For a d = oo system,
we define a “fully extended state” (FES) (as introduced in [42]) to be a configuration
of particles in which no pair of particles can perform an outward hop with each
other. It is clear that this implies that all particles in the bulk of the system must
be separated by at least k — 3 holes from their neighbours (where k is, as before,
the finite range of interactions) and cannot be stacked. If this was not the case, it
would still be possible for some pairs of particles to perform outward hops. For
systems with open boundary conditions, the only exceptions to these rules are at
the boundaries: an indefinite number of particles can be stacked on the leftmost and
rightmost sites of the system, and there is no lower bound on the number of holes
separating each of these boundary stacks from the next closest particle. An example

of an FES with k = 6, N = 10, X = 130 (with the leftmost site being site 0) is

In this section, we show how FESs can be used to characterise the different Krylov
subspaces of a d = oco system. In Section 4.2.1] we show that each Krylov subspace
contains exactly one FES, which is unique to that subspace. In Section [4.2.2 we

then show that the structure of the FES determines whether a Krylov subspace
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contains any blockages, and where those blockages are spatially located within the
states in the subspace. In Section [£.2.3] we discuss the structure of blockage-free
FESs (BFESs), which can be used to identify Krylov subspaces without blockages
and are important to our discussion of the weakly fragmented phase in Section [4.4]
The results in this section also have implications for finite-d systems, which we

discuss in greater detail in Section [4.3]

4.2.1 Uniqueness of Fully Extended States

In this subsection, we derive a number of key results concerning fully-extended
states (FESs) for d = oo systems with open boundaries (we leave the analysis
of FESs in systems with closed boundaries for future work). The main result is
uniqueness: each Krylov subspace contains exactly one FES, and therefore FESs
can be used to label different Krylov subspaces. Our result holds for any local
interaction range k, and hence generalises the results of Ref. [42], where this
property was proven in the case of k = 3.

We begin by providing a few intermediate results. We first note the following

theorem, originally derived in Ref. [42]:

Starting from any initial state in a d = oo system with open boundaries, a
sequence of outward hops must necessarily eventually terminate after a finite number

of moves, with the resulting state corresponding to an FES.

The proof of this, which we paraphrase, is quite simple and makes use of

the quadrupole moment:
L1
Q=> in;, (4.6)
i=0

where n; counts the number of particles on each site. It is simple to check that
any outward hop performed by two particles necessarily increases the value of ()
by at least 2. However, for finite N and L, there is a clear upper bound on @),
given by the quadrupole moment of the particle configuration in which all particles

are stacked on the right boundary site. This proves that, starting from any initial
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configuration of particles, an FES must be reached after a finite number of outward
hops. It also implies that all Krylov subspaces must have at least one FES.
Turning to our results, we now make use of this property to prove an important

lemma that is useful for proving each Krylov subspace has a unique FES:

Assume that a Krylov sector contains more than one FES. Then it must be
possible to map each FES in that sector to at least one other FES in the same sector

by a sequence of only inward hops followed by a sequence of only outward hops.

In the following derivation, we will for simplicity generically denote outward hop
gates involving two particles both hopping one site away from each other with the
letter O, and inward hop gates involving a pair of particles hopping one site towards
each other with the letter /. We use subscripts to indicate the order in which we
apply the gates. For example, a sequence involving a single inward hop followed by

two outward hops and then two further inward hops would be designated by
I5 .[4 03 02 Il . (47)

In the reasoning that will follow, the exact nature of each of these hops (i.e. where
the hop is performed, and the number of sites separating the hopping particles)
is not important, hence permitting the above simplified notation.

Consider a given initial FES and assume that it is not the unique FES within
its Krylov sector. There must therefore exist a sequence of hops that will map it to
a different FES. This sequence of moves necessarily starts with some number n > 0
of consecutive inward hops I;, with ¢ = 1,...,n. Let O, ; denote the first outward

hop performed. The sequence of hops up to this point is hence given by
i Opa 0y 1. (4.8)

Before acting with the next hop in the sequence, we consider “inserting the identity”:

oIy . 1) Oy .. .01) Opgr L .. 1y (4.9)

for some set {O;}, of outward hops with I,,_;;; = O;' ¥V i. As we established,

it is always possible to reach an FES from a given configuration of particles by
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applying a finite number of consecutive outward hops, and so we may choose the
operators {(51}:’;1 such that the state after the last outward hop O,, in the sequence
is applied is an FES. Now, if the FES obtained after the application of O,, is
different from the initial one, we have achieved the desired result, since the sequence
(O ...01)Ops11, ... I} maps from our initial FES to a different FES by using a
sequence of purely inward then purely outward hops. If on the other hand, the
resulting FES is identical to the starting one, we have learnt that the subsequence
Oni11, ... I; of inward and outward hops can be replaced by the sequence of only
inward hops I, ...I;. Iterating this reasoning for every further outward hop O;
appearing in the overall hopping sequence, we see that at some point we will arrive
at a sequence of purely inward and purely outward hops connecting our initial
FES to a different FES, either by virtue of finding such a sequence of inward and
outward hops at some intermediate step, or by virtue of successfully changing the
original sequence of mixed inward and outward hops into an equivalent sequence
of purely inward hops followed by purely outward hops.

We now prove our main result:

FEach Krylov sector of a d = oo system with local range-k interactions and

open boundaries contains a unique FES.

We proceed inductively. The cases of 1 and 2 particles are easy to verify. Assume
that uniqueness holds up to FESs containing N — 1 particles and consider an FES
composed of N particles. We shall prove that there is no sequence of purely inward
hops followed by purely outward hops that maps this FES to a different FES. Thus,
uniqueness will follow as a direct consequence of our previous lemma. In what
follows, we refer to a sequence of purely inward then purely outward hops as an

O/I sequence. We now explore different structures of FESs on a case-by-case basis.

Case 1. Assume that in the FES there is at least one pair of particles separated

by a sequence of £ — 1 or more empty sites:

>k-1 (4.10)
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We apply an O/I sequence with the aim of obtaining a different FES. During the
application of the inward hops, the particles to the right and left of the separation
of kK — 1 holes cannot interact with each other since the range-k gates can only
act on particles separated by k — 2 sites or fewer. Hence, the particles on each
side of the k — 1 empty sites form in their own right independent FESs, and so
by our inductive hypothesis, the subsequent sequence of outward hops can only
map the particles to the left and right of the £ — 1 holes back to their initial

positions. Hence, the original FES is re-obtained.

Case 2. Assume that in the FES there is no pair of particles separated by
k — 1 or more holes, but there are two pairs or more separated by k — 2 holes.

Assume first that two of these pairs overlap.

e . °. ..

S ke2 k-2 (4.11)
If the particle in the middle does not move during the inward hops of the O/
sequence, then the particles to its left cannot interact with the particles to its right,
and by induction the only FES that can be reached is the original one via the
same logic as in case 1. If the particle in the middle moves as part of the inward
hops, then in performing an inward hop with one of its neighbouring particles, it
will necessarily create a spacing of at least £ — 1 holes between itself and its other
neighbouring particle. For example, if the middle particle performed an inward hop

with the particle to its left, we would then have the configuration

k-1 (4.12)

?r.‘.
I
Hk‘.

This has placed the middle particle out of range of the particle to its right, and so
the two sides cannot interact during the inward hop sequence. If on the other hand

the middle particle had originally hopped to the right, we would have

e _ 0o :
k—1 k—4 ’ (4‘13)

once again disconnecting the two regions. This again splits the state into dis-

connected left and right regions during the O/I sequence, and we may use our
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inductive hypothesis to see that the same FES will be retrieved after the outward
hops have been applied.

We next assume that there are no two sequences of k — 2 holes next to each
other in the FES, i.e. there is at least one sequence of k — 3 holes separating
each pair of sequences of k — 2 holes. Consider then the two sequences of k — 2

holes that are closest to each other:

e _ e _ s

k—2 k-3 k—3 k—2 (4_14)
If, during the inward hops of the O/I sequence, any of the particles between the two
sets of k —2 holes remains immobile, then we again have by our induction hypothesis
that the original FES is retrieved after the outward hops. Assume that this is not
the case, i.e. all particles between the two sets of k — 2 holes perform an inward
hop at some point. Consider the second particle from the left in Eq. . If this
particle performs an inward hop with the particle to its right, this will necessarily

separate it by at least kK — 1 holes from the particle on its left:

k-1 k-5 k-3 k-2 (4.15)

Hence the inductive hypothesis can be applied again to show the O/ sequence must
yield the same FES. If this particle performs a hop instead with the particle to its left,

this will create a spacing of at least k —2 holes between it and the particle to its right:

N N k=3 k-2 (4.16)

k-2

%‘.

...
k—

If the new spacing equals & — 2 holes, then once more, unless the two particles on
either side of this new sequence of k£ — 2 holes perform an inward hop, the regions on
either side of them will be dynamically disconnected and the inductive hypothesis
can be applied. A hop between the two particles, however, will again necessarily
create a new spacing of at least k — 2 holes to its right.

By iterating the above analysis, we see that at each step we reduce the distance
between the sequence of k — 2 holes on the right of the configuration in Eq.

and the next-nearest sequence of k — 2 holes on its left. Eventually, we must again
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arrive at a scenario with two neighbouring sequences of £ — 2 holes separated by a

single particle, and we may use the same reasoning as in the scenario in Eq. (4.11)).
gle p ) Yy g q

Case 3. Assume that in the FES there is at most one pair of particles separated
by k — 2 holes, with all the other pairs being separated by k — 3 holes (or less when
there is overlap with the boundary). For reasons that will later be apparent, we
refer to these as “blockage-free” FESs (BFESs). We now prove that two different
BFESs must have different dipole moments X. Given that the dynamics considered
in this work conserve X and that the FESs from cases 1 and 2 have already been
shown to be unique, this proves uniqueness of the BFESs as well.

We first consider the case of BFESs that do not overlap with the boundary
sites. We denote by iy the site of the leftmost particle and assume that the m-th
particle from the left is separated from the previous one by k — 2 holes, with all

other pairs of particles being separated by k& — 3 holes.

If there is no pair of particles separated by k — 2 holes, we choose by convention to

set m = N + 1, hence 2 < m < N + 1. The dipole moment of the configuration

in Eq. (4.17) is then
X=Ni—m+h(k,N), (4.18)

where h(k,N) = (k—2)N(N —1)/2+ N + 1 does not depend on m or iy. We now
imagine a different BFES that does not overlap with the boundary, which must

possess different values of 75, m or both. Its dipole moment would thus read
X' =Nig—m'+h(k,N) . (4.19)

It is elementary to see that the equation X = X’ has no solution because |ig — ip] is

an integer and 2 < m’ < N + 1. Hence when there is no overlap with the boundary,

we have shown that BFESs of the type of Eq. are uniquely determined.
We next allow for the possibility of overlap with the boundary. Hence we are

considering BFESs in which at most one pair of particles is separated by k — 2 sites,
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and all other pairs are separated by k& — 3 sites, up to the possible exception of
particles stacking on the boundary and a separation of fewer than k — 3 sites between
particles on the boundary and the next-nearest particles. An example of such a BFES

for k=6, L =21, N =12, X = 133 (with the leftmost site being site 0) is given by

k—3 k—2 k—3 k—3 (420)
We shall show that the dipole moment X of a BFES uniquely determines the
number of particles stacked on the right and left boundary sites. To begin with,
we consider the case of the left boundary site. Say there are Ny > 0 particles
stacked on top of it. The highest dipole moment X,,.« achievable in this case is

attained when we place the remaining particles in the system as far to the right

as possible, leading to the configuration

Syt (21)

In the above configuration, after the sequence of k—2 holes, we repeat only sequences
of k£ — 3 holes until either all N particles are positioned or, if the right boundary
is reached first, all remaining particles are stacked on the right boundary. Next,
consider an integer a < Ny and say we construct our BFES with N, —a > 0
particles on the left boundary. In this case the lowest dipole moment X, is

achieved with the configuration

R Tt (422

Here again, we only repeat sequences of k — 3 holes between particles until all N
particles are placed or we reach the right boundary and the remaining particles
are stacked. By comparing Eq. and Eq. ([£.22)), it is clear that X > Xinax.
Thus a BFES with Ny > 0 particles on the left boundary cannot be dynamically

connected to a BFES with Ny, — a > 0 particles on it and vice versa.
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We have thus shown that, for a BFES, the dipole moment X uniquely determines
the number of particles Ny on the left boundary. Likewise, an identical demon-
stration shows that X also determines the number Ny of particles on the right
boundary site. What remains to be determined are the positions of the particles
in the bulk of the system; but with N, and Ng already known. However, the
positions of the remaining particles are also uniquely determined by the dipole

moment using the same logic as for the BFES configuration with no boundary

stacking in Eq. (4.17). This completes the proof.

A notable property of the BFESs discussed above is that, unlike the FESs
discussed in cases 1 and 2, they do not have any regions that are necessarily
disconnected during a sequence of inward hops. Their particular structure is of
import to our discussion of the weakly Hilbert-space-fragmented phase in Section
4.4 where we identify dominant Krylov sectors in typical symmetry sectors of
d = oo systems as those sectors that contain BFESs. We also discuss some of their

properties further (in particular their “blockage-free” nature) in Section [1.2.3]

4.2.2 Blockages

In this subsection, we discuss how the FES associated with a Krylov sector in a
d = oo chain can be used to analyse the dynamical structure of the states that
sector contains. In particular, the FES can be used to search for the presence of
“blockages”: regions of the chain across which transport of particle number and
dipole moment cannot occur within the Krylov subspace. When blockages are
present in a Krylov subspace, then for all states in that subspace, no particles or
dipole quanta are exchanged between the regions to the right and left of the blockage.

In the upcoming discussion, we will make use of the following result, which

is an immediate corollary of the uniqueness of FESs:

Any state in a Krylov subspace of a d = oo system can be reached by applying

a sequence of purely inward hops to that subspace’s FES.
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This result will be useful for identifying blockages. There are two general classes
of blockages in locally interacting dipole-conserving systems, which we label as

“frozen” and “active” blockages. They are defined as follows.

Frozen blockage: A frozen blockage is a sequence of at least & — 1 frozen
sites. As such, a frozen blockage prevents any kind of interaction between the
regions to its left and right. Hence, particle number N and dipole moment X are
independently conserved on either side of a frozen blockage. In a d = oo system,
frozen blockages can be identified using FESs. Say in an FES there are two particles

separated by a sequence of at least £ — 1 holes.

2 k-1 (4.23)
Since it is not possible for two particles separated by k — 1 or more sites to interact,
and since every state in the Krylov subspace can be reached by starting from
the FES and applying inward hops, these k — 1 sites remain empty throughout
the subspace. Hence they form a frozen blockage, and the regions to their right

and left are dynamically disconnected.

Active blockage: These kinds of blockages, discovered by Riccardo Senese [2],
prevent the regions to their right and left from exchanging particles and dipole
quanta. As such, they are similar to frozen blockages. However, active blockages
do not contain sequences of k — 1 or more frozen sites. The prohibition of transport
of particles and dipole quanta arises rather from the particular configurations of
particles that occur within the blockage. In d = oo systems, active blockages can
also be identified using FESs. To see how, we first define an active “edge” to be

a pair of particles separated by & — 2 holes in the FES:
k-2 (4.24)

Consider the case of a local region of an FES in which either two active edges overlap
(as in Eq. (4.11])) or two active edges are separated by a sequence of pairs of particles
themselves separated by k — 3 holes (as in Eq. (4.14))). Then the region enclosed by
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the two active edges constitutes an active blockage. The derivation follows identical
logic to that used in Case 2 of the uniqueness proof of Section [£.2.1] where it is shown
that there is no sequence of inward hops in which the regions to the right and to the
left of two active edges interact. Hence, although the regions to the right and the
left of an active blockage can exchange particles and dipole quanta with the region

between the two active edges, they cannot make any such exchange with each other.

In this chapter, we mainly focus on the impact of frozen blockages, though we
discuss some results concerning active blockages as well. A more in-depth discussion

of the impact of active blockages can be found in [2].

4.2.3 Blockage-Free FESs

A particularly interesting class of FESs is those devoid of any blockage. We refer to
such an FES as a “blockage-free fully extended state” (BFES). As first discussed in
Section the general structure of a BFES is that of an FES where only one pair
of occupied sites is separated by k —2 holes and all other pairs are separated by k& — 3
holes, up to the possible exception of fewer than k — 3 holes separating particles
on the boundaries from those in the bulk. An example of a BFES was provided in
Eq. . For v < v,, it is impossible to construct a BFES in which the particles
span the whole of the system: there will necessarily be a finite density of frozen
sites separating either the rightmost particle of the state from the right boundary or
the leftmost particle from the left boundary. Hence, although BFESs with v < v,
are “blockage-free” in the sense that there is nothing preventing particles in one
region of the BFES from interacting with particles in another region, nonetheless
the dimension of their Krylov subspace is heavily restricted by the finite density
of frozen sites, often leading to strong fragmentation. The critical density v, is
the smallest density at which it is possible to construct a BFES in which the
particles span the whole system. BFESs are important in our analysis of the weakly
fragmented phase in Section [4.4], where we show that the Krylov subspaces which
contain BFESs (or their finite-d equivalent) are dominant in their (N, X) sectors at

densities v > v.. To this end, we note the following important property:
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There is ezactly one BFES in each (N, X) symmetry sector.

Indeed, we have already shown in Section that the structure of a BFES
is uniquely determined by the (N, X)) symmetry sector in which it is found. We
furthermore show in Appendix that for each (IV, X) sector, we can construct
a BFES compatible with the values of N and X, completing the proof of the
above statement.

Another important result which will be useful in our analysis of the strongly
fragmented phase is as follows. We define a “sub-BFES” to be a subregion of
contiguous sites in an FES which, if it were to be embedded in an otherwise
empty chain, would have the structure of a BFES. We derive the following result
concerning sub-BFESs in Appendix [B.I1.2}

Say an initial state is expanded via a series of outward hops to an FES. The
resulting FES can then be divided into sub-BFESs such that no particles in different

sub-BFESSs interacted during the outward expansion.

We make use of this result in Section to place bounds on the propagation

of particles in the strongly fragmented phase.

4.3 Exact and Numerical Results for the Strongly
Fragmented Phase

We now make use of the properties of FESs and blockages discussed in the previous
section to derive numerous analytic and numerical results characterising the strongly
fragmented phase of the model for general d, with a particular focus on d = 2
and d = co. We begin in Section by developing “the FES picture”: a useful
approach for analysing the strongly fragmented phase in systems with finite d by
using the results derived for d = co. We then use the FES picture in Section to
derive a constraint on how far particles can propagate from their point of origin in
systems with general d. Restricted particle mobility is a key feature of the strongly

fragmented phase, and indeed this sufficient constraint only generally occurs for
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v < V.. We use this constrained mobility to derive a sufficient condition for a given
set of k—1 sites to constitute a frozen blockage. We then use this sufficient condition
in Section to prove that for states with v < v, in systems with d = 2 and
d = oo, the mean density of frozen sites ﬁgﬁl) is non-vanishing and the model is in its
strongly fragmented phase. We make further use of the FES picture in Section [4.3.4]
to analytically study how for d = 2 and d = oo, the frozen blockages subdivide
typical random states into finite-sized dynamically disconnected “active bubbles” in
the strongly fragmented phase. We conclude by providing numerical evidence in
Section supporting the analytic results derived, as well as showing the presence

of a finite mean density of frozen sites at v < v, for other values of d, illustrating

that the model is strongly fragmented for v < v, for other values of d as well.

4.3.1 The FES Picture

In Section 4.2.2] we saw how certain types of local configurations of particles and
holes in the FES of a d = oo system allow us to identify blockages and frozen
sites that characterise states in the entire Krylov sector. In fact, we can also
use FESs to derive important results concerning systems at finite d as well. The
concept of the “FES picture” presented here was developed in collaboration with
Riccardo Senese and Abhishodh Prakash [2].

Given a state in a system S with d finite, we consider the same state in the
context of an auxiliary system S with d = oo, and map the state to its FES in S.
We may then use the resulting FES to search for the presence of blockages, noting
that blockages identified in the auxiliary system S are also blockages in the context
of the original system S. Indeed, the Krylov sector I to which the state belongs
in system S is a subsector of the Krylov sector K to which it belongs in S. Hence,
if a series of k — 1 holes are frozen for all states in K, they are also frozen for all
states in K, forming a frozen blockage. Likewise, if two regions are separated by
an active blockage for all states in K, they must at least be separated by an active
blockage in K as well (though the separation may also be a frozen blockage for

finite d, since sites that are active at d = oo may be frozen at finite d).
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In the following, we will refer to the approach outlined above, in which the
presence of certain blockages in a state in a system S is determined by studying its
corresponding FES in an auxiliary d = co system, as the “FES picture”. One notable
consequence of the FES picture is that it implies that any state of a finite-d system
with v < v, has a finite density of sites in blockages. This is because it is impossible
to construct an FES at a density v < v. that does not have either a finite density of
frozen sites in frozen blockages or a finite density of active edges (leading to active
blockages). In [2], this is used to demonstrate that our model is in its strongly
fragmented phase for v < v, for any value of d, and that even Krylov subspaces
with only type-2 blockages (and hence no frozen sites) can form an exponentially
vanishing fraction of their symmetry sectors. Here, we focus on proving that the
model is strongly fragmented for d = 2 and d = oo, where the strongest analytic
results can be obtained, though we also present some analytic results and numerical
studies indicative of the presence of strong fragmentation at higher values of d.

We also note that the FES picture will not necessarily capture all blockages
present in a state at finite d, as the state may contain frozen sites and blockages
that are invisible to the d = co dynamics. For example, at finite d, a sequence of
k — 1 sites each containing the maximal number d — 1 of particles may constitute a
frozen blockage, but such a blockage would be invisible to the FES picture. We
account for the possible presence of finite-d blockages in Section [4.4] where we

numerically show the presence of the weakly fragmented phase for v > v..

4.3.2 A Sufficient Condition for Frozen Blockages

We here make use of the FES picture to establish a sufficient condition which,
when satisfied by a group of particles, places strong bounds on how far they can
propagate from their point of origin. This in turn leads to a sufficient condition
for a set of £ — 1 contiguous sites to form a frozen blockage. The frozen blockage
condition we derive can only generally be satisfied in the strongly fragmented phase,
where fractonic restrictions on particle mobility give rise to the presence of a finite

density of frozen sites, leading to blockages and local active bubbles. As such, the
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condition we shall establish can be used to efficiently identify many (though not
all) of the frozen blockages in a system. We use it in the following subsections to
analytically lower bound the average density of frozen sites for d = 2 and d = oo,
as well as the average density of active blockages in these systems.

We consider a system S with onsite dimension d and size L. Pick a site of the
chain as the origin, that is, call it site 0. Assume that there are Ny particles in
the region R of the chain that goes from site 0 to the right boundary of the chain,
and let Lr < L denote the total number of sites in R. Assume furthermore for
simplicity that the rest of the system is empty, though it will be clear that the
results we derive also hold in the presence of other particles provided the particles
to the left of site 0 are sufficiently far away that they never interact with the
particles in R. Label the initial positions of the particles in R, from leftmost to

rightmost, as {1} and say those positions satisfy
i > (n—1)(k—2). (4.25)

We note that this constraint requires Lr > (Ng — 1)(k — 2) + 1, which implies that
in the thermodynamic limit lim;_,., Ng/Lr < v.. We now show that condition
Eq. ensures that, under dynamical evolution of the system .S, none of those
Npg particles ever leaves the region R.

Assume, for the sake of contradiction, that it is possible to start from an initial
state with particles in R satisfying Eq. and to move at least one of those
particles to the left of site 0. This implies that in the FES picture, if the state
were to be mapped to its corresponding FES in an auxiliary d = system, the
position of the leftmost particle initially in R would be mapped to a position ¢; in
the FES that satisfies ¢; < 0. From the results on BFESs of Appendix [B.1], we know
that it will be possible to divide this resulting FES into sub-BFESs such that the
particles in each sub-BFES had no interaction with particles in other sub-BFESs
during the outward expansion. Consider the leftmost of these sub-BFESs, and say

that it is constituted of m particles in total. Since these particles only interacted



4. Universal Freezing Transitions of Dipole-Conserving Chains 68

amongst themselves during the expansion in S, by Eq. (4.25) the local dipole
moment X, of this leftmost BFES must satisfy

Xo= 3002 0~ k-2 = 2D g (4.26)
j=1 j=1
We next consider what sub-BFES made of m particles would have the highest
possible dipole moment while satisfying ¢; < 0. Clearly, this is given by i; = —1
and i; = (j — 1)(k — 2) for j = 2,...,m. Hence, the leftmost sub-BFES must
have a local dipole moment of at most

m(m — 1)

—(k—2) < Xo. (4.27)

—1+fj(j—1)(k—2):—1+

As this is less than the lower bound in Eq. , the leftmost particle cannot
propagate past site 0 in the auxiliary system with d = 0o, and also consequently
cannot propagate past site 0 in the system with finite d. Hence, regardless of
the value of d, particles that have initial positions satisfying Eq. cannot
propagate left of site 0 by interacting solely among themselves.

An immediate corollary of this is as follows:

Say a given state has a sequence of k—1 holes, and the particles to the right and
left of these holes satisfy mirrored versions of the condition in Eq. (4.25)). Those

holes are then frozen sites, and constitute a frozen blockage.

By “mirrored versions” of Eq. (4.25), we mean the following. Consider a
sequence of £ — 1 holes:

k-1

(4.28)
We then impose that the particles to the right of the right vertical dashed line
satisfy the no-propagation constraints in Eq. (4.25) (with site 0 corresponding to
the first site after the vertical line), and the particles to the left of the left line
satisfy a mirrored version of the constraints, i0 < —k — (n — 1)(k — 2) (labeling

particles from rightmost to leftmost). It is then clear from the derived result that



4. Universal Freezing Transitions of Dipole-Conserving Chains 69

the particles on either side of the k£ — 1 holes are unable to cross the vertical dashed
lines, and the k£ — 1 holes form a frozen blockage. We note that these conditions

can only be generally satisfied for v < 1, i.e. in the strongly fragmented phase.

4.3.3 Average Density of Frozen Sites and Active Blockages

We shall now make use of the sufficient condition in Eq. to derive an expression
for a lower bound on the mean density of frozen sites p\) (k,vL, L) (as defined
in Eq. ([4.5)) for v < v.. For d = 2 and d = oo, we can furthermore take the
thermodynamic limit of this expression, showing that the mean density of frozen
sites is non-vanishing for v < v.. We argue that this implies the model is in its
strongly fragmented phase. We shall also derive a lower bound on the mean density
of active blockages, showing it to be non-vanishing for v < v, and d = 2, 0o as well.

Rephrasing the formula in Eq. , we may compute the mean density of frozen
sites in a state with IV particles, L sites, and local range-k interactions by calculating

~189(k,N,L)

p(k,N, L) = 2D D)
Pr (k7 ) ) 1’ D(d)(N,L) 3

(4.29)

where B}d)(k, N, L) is a sum counting the number of frozen sites in each of the
DW(N, L) possible states with N particles. We proceed to put a lower bound
on 51@(7@‘, N, L) using the results of Section We again consider the case
of £k — 1 holes:

T (4.30)
with the particles on either side satisfying mirrored versions of the constraint in
Eq. . As stated before, this implies the k — 1 holes in the configuration are
frozen and constitute a frozen blockage. Hence, by counting the number of times the
configuration in Eq. occurs in a given state with these constraints satisfied,
we can lower bound B}d)(k;, N, L). In particular, we lower bound it by summing first
over all O(L) possible positions in the chain at which the sequence of k£ — 1 holes in
Eq. can be situated, and then for each such position counting the number

of states for which the particles on either side of the k — 1 holes satisfy mirrored
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versions of the no-propagation constraints in Eq. . Each such occurrence of
k — 1 holes contributes at least one new frozen site to the total; we cannot count
more than a single frozen site per occurrence, as then there would be a risk of
double-counting from when two sequences of k£ — 1 holes overlap. This yields
B (k, N, L) >
L—k+1  Npax

DY b (k, Np, L)bP(k,N — Ng, L — L — k + 1) (4.31)

LR:0 NR:Nmin

=394k N, L) .

In the expression above, the summation variable Li denotes the number of sites to
the right of the £ — 1 holes in Eq. , and Ng denotes the number of particles
to the right of the holes. The function b‘¥ (k, Nk, Lr) denotes the total number
of ways to arrange Ny particles over Lp sites with onsite dimension d such that
the particles obey the constraint in Eq. . Hence b@(k, N, L) gives the
number of possible particle arrangements to the right of the £ — 1 holes, and
b (k,N — Np, L — L — k + 1) gives the analogous quantity for the region to their

left. The upper and lower bounds on the summation over Ny in Eq. (4.31)) are

N = max(0, N — [(L — L — 2)/(k — 2)]) (4.32)

Nux = min(N, [(Lg + k — 3)/(k — 2)]) | (4.33)

where the brackets |[... | denote the floor function. These bounds ensure that the
number of particles to the right and left of the £k — 1 holes is small enough that
the conditions of Eq. can be satisfied.

For most values of d, the summations above have to be performed numerically.
However, for d = 2 and d = oo, there are simple closed-form expressions for
the function b9 (k, Ng, Lg). This makes it possible to analytically take the
thermodynamic limit of Eq. , resulting in a simple lower bound on the

density of frozen sites. We perform these calculations next.



4. Universal Freezing Transitions of Dipole-Conserving Chains 71

Case 1: d = 2

In this case, the total dimension of an NN sector is simply given by D®) (N, L) = (]{‘[),
the number of ways of arranging N particles amongst L sites. The function
b® (k, Ng, Lg) can be written out as the explicit summation

Lp—1 ig—1  ia—1

Pk Ne L) = S e Y 3L (4.3)

iNg=(Nr—1)(k=2)  io=(k—2) i1=0

where we are counting all possible positions ¢; for the first particle, 75 for the second
particle, and so on, consistent with the constraints in Eq. (4.25). We perform this

summation explicitly in Appendix [B.2.1] arriving at the closed-form expression

(4.35)

b (s, Ny, L) = (LR + (k- 2)) Lrp— (Ng—1)(k—2)

Ng Lr+(k—2)
In the thermodynamic limit, the sums in Eq. (4.31)) become integrals, and the sum
over Ng can be approximated using Laplace’s method. Referring to the general

thermodynamic-limit equation (B.19)) derived in Appendix the final result is
lim 22(k,vL, L) > (1—v) * 31 = v/p,)?, (4.36)
—00

where v, = (k—2)~! as before. We note this is non-vanishing up to v = v,, following

which some of the assumptions made in writing the sum Eq. (4.31) are no longer valid.

Case 2: d = o©

Here, the dimension of the N sector is given by D(®)(N, L) = (LJFx*l), since due

to the unlimited stacking, the top of every particle counts as its own independent

site. We also have that
Lr—-1 i3 72

PO N L) = Y Y YL 4.37)

iNg=(Nr=1)(k=2)  di2=(k—2) i1=0

where the adjusted upper summation bounds reflect that particles can now be stacked.

This summation can also be performed explicitly (see Appendix [B.2.1]), yielding

b (k, Ng, L) =

Lp—(Ng—1)(k—2) (LR+NR+’f—3>. (4.38)

Lr+k—2 Ng
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Referring to the general expression (B.21]) derived in Appendix B.2.2| the thermo-
dynamic limit of Eq. (4.31) can then be taken, resulting in

lim 2k, wL, L) > (14 0)"3(1 — v/u,)?, (4.39)
— 00
which is again non-vanishing for v < v..

We now explain why a non-zero mean density of frozen sites, and in particular of
frozen holes, implies the model is in its strongly fragmented phase. In Appendix[B.3]
we argue by self-averaging that the derived lower bounds on the mean density
ﬁgﬁl)(k, vL,L) for d =2 and d = oo should also individually apply to almost all
states in the thermodynamic limit, i.e. almost all states with filling v should have a
density of frozen sites greater than that in Eq. . This in turn implies that almost
all states belong to Krylov subspaces K whose dimensions form an exponentially
vanishing fraction of their respective (N, X) sector as L is increased. Indeed, for
the case of d = 2, we recall that D?) (N, L) = (JLV> The dimension of a Krylov
subspace with a density p% of frozen holes is on the other hand upper bounded by

dim(K) < (“ _A’;%)L>. (4.40)
Hence, dim(K) grows at an exponentially slower rate with L than D® (N, L). On
the other hand, since there are only polynomially many values of X compatible
with a given N, the dominant (/V, X)) symmetry sectors must have a dimension
D@)(N, X, L) that grows at the same exponential rate as D®(N, L), and is at

most polynomially suppressed in L:

D®(N,X,L) ~ L=*D®(N, L) for dominant (N, X) sectors
for some power a depending on X. Hence,

dim(K)/D® (N, X, L) 222 0 for dominant (N, X) sectors.

We thus see that almost all states at v < v, for d = 2 are part of Krylov subspaces
that form a vanishingly small part of their (N, X) symmetry sectors. This implies

that the dominant (N, X) sectors to which these states belong do not have a
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dominant Krylov subspace and are strongly fragmented. Thus the model is in
its strongly fragmented phase by the test of Eq. . The same reasoning can
also be applied to our results for a finite density of frozen sites for d = oco. In [2],
it is analytically shown that a finite mean density of frozen holes implies strong

fragmentation for other values of d as well.

As an aside, similarly to the case of frozen blockages, one can also use the
no-propagation constraints of Section to put a loose lower bound on the mean
density of active blockages in states at a given v, showing that active blockages
are present in typical states at all fillings v < v, for d = 2 and d = oo as well. To

this end, we consider the following particle configuration:

| , (4.41)

where again the particles on either sides of the vertical dashed lines satisfy the no
propagation constraints of Eq. . Let ﬁf&%(k, N, L) denote the mean number of
occurrences of this configuration in a random state with N particles and L sites,
with the no-propagation constraints satisfied on both sides. In the thermodynamic
limit, this value can be computed following an identical procedure to that used

to lower bound the mean density of frozen sites. Referring to Eqgs. (B.19) and
(B.21)) in Appendix the final result is

lim 22 (k,vL, L) = *(1 — 1)*3(1 — v/v,)? (4.42)
—00
and
lim 25 (k,vL, L) = v*(1 + v)*(1 — v/1,)2. (4.43)
— 00

By self-averaging, we also expect this to lower bound the density of active blockages

of the type in Eq. (4.41)) in a typical thermodynamically large state.
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4.3.4 Active Bubble Density Function

As we have shown, models with v < v. at d = 2 or d = oo feature a finite density of
frozen blockages in typical states. Hence, dynamical evolution for almost all initial
states is confined to local regions that are dynamically disconnected from each
other. Following the terminology of Ref. [41], we refer to these regions as “active
bubbles”. More specifically, we define an active bubble to be a set of contiguous

sites containing at least 2 particles such that:

o Nowhere in the active bubble is there a frozen blockage, i.e. a sequence of

k — 1 or more frozen sites.
o The leftmost and rightmost sites of the active bubble are not frozen sites.

o The first £ — 1 sites to the left and right of the active bubble each constitute

a frozen blockage.

Hence no regions within an active bubble are dynamically disconnected. We note
that active bubbles by this definition can contain active blockages: this is because
active blockages do not prevent the regions to their right and left from interacting,
but rather simply prevent the transport of particles and dipole quanta. Since
neighbouring active bubbles are completely dynamically disconnected from each
other, we may independently map out the local Krylov sectors associated with each
active bubble, where a local Krylov sector consists of all particle configurations
available to an active bubble under dynamical evolution. A simple example in a
d = 2, k = 5 system is an active bubble consisting of x = 2 particles spread out

over ¢ = 4 sites, which would have two states in its local Krylov sector:
{_ee o o} (4.44)
An active bubble with z = 2,/ = 5 would also have two states:
{_e o o e} (4.45)

We shall refer to the different particle configurations within local Krylov sectors

as “active bubble configurations”.
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Similarly to how we studied the mean density of frozen sites in Section [4.3.3]
we now study the average densities of different types of active bubbles for d = 2
and d = co. We again take the average over the entire N sector for each value
of v, and we expect self-averaging to occur in thermodynamically large states as
argued in Appendix [B.3] We begin by considering the case of d = 2. We define
the active bubble density function, As(x,k, N, L), to give the average density of
occurrences of active bubbles that contain exactly x particles in states of size L
with N particles. We may expand As(z, k, N, L) as a sum over ¢, where ¢ is the
total number of sites a given active bubble occupies:

e2,max($7k)
As(z, k,N,L)y= > mo(z,l, k)as(x,{,k,N,L). (4.46)
=03 min(z,k)

In the above expression, o min(z, k) and lo max(x, k) are respectively the smallest
and largest number of sites compatible with an active bubble with x particles at
interaction range k; the multiplicity function my(z, ¢, k) gives the total number
of active bubble configurations compatible with a particular x, ¢, and k; and the
function aq(z, ¢, k, N, L) gives the average density of occurrences of any particular
active bubble configuration compatible with z, ¢, and £ in states with N particles
and L holes (we note that this density is independent of how the x particles are
actually arranged amid the ¢ sites). The value of the function ls (2, k) has to be
determined on a case-by-case basis; ¢ max(, k), on the other hand, has an exact
expression. Since an active bubble cannot have any sequences of k — 1 frozen sites,
the most dilute active bubble configuration possible is constituted of a series of

particles each separated by k£ — 2 holes. Hence, we have that
lomax (7, k) =1+ (k= 1)(x — 1). (4.47)

As a simple example, returning to the case of k =5 and x = 2 mentioned above,

we see from Eqs. (4.44) and (4.45)), that
EZ,min(2a 5) = 4)
0o max(2,5) = 5, (4.48)

me(2,4,5) = my(2,5,5) = 2.
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To lower bound the function as(x,?, k, N, L), we restrict our attention to active
bubbles for which the k — 1 frozen sites to the right and left of the active bubble
are holes, and for which the remaining particles beyond those frozen sites obey
mirrored versions of the no-propagation condition in Eq. . This allows us to
lower bound ay(z, ¢, k, N, L) using an identical approach to the one used for the
average density of frozen blockages in Section m Referring to Eq. in
Appendix we find that in the thermodynamic limit

Llim as(z, 0, k,vL, L) > v*(1 — )2 (1 — v /v,)2 (4.49)
— 00

Applying this to the x = 2, k = 5 example, we may lower bound the average density

of active bubbles containing 2 particles, and we find that in the thermodynamic limit

lim As(x =2,k =5,vL, L)
Leo (4.50)
> 2w((1—v)*+ (1 —v)°)(1 - 3v)%

In Appendix [B.4] we also work out lim;_, As(z, k =5,vL, L) fort =3 to z =5
by computing the necessary values of the multiplicity function ms(x, ¢, k). We plot
the derived lower bounds explicitly in Fig. 4.3, where we compare them to the
results of exact numerical simulations at large L.

The active bubble density function A (z,k, N, L) for d = oo can be lower
bounded following almost identical steps. We again decompose in terms of the

different active bubble configuration densities:

Lo, max (T,k)
Ao(x,k,N, L) = > Meoo(, 4, k)aoo(x, €, k, N, L). (4.51)
=Loo min (z,k)

The above functions have the same definitions as their d = 2 counterparts, with the
only difference being they take into account d = oo dynamics. It’s apparent that
loomax(T, k) =1+ (z — 1)(k — 1); furthermore, since an active bubble in a d = oo

system can always be expanded out to its local sub-FES, we also have that

corresponding to an FES where all pairs of particles are separated by k£ — 3 holes.
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In the thermodynamic limit, we have from the general expressions (B.21]) derived
in Appendix that

lim ay(z,,k,vL, L)
L—oo

(4.53)
Z l/x(l + V)—(ac+€+2)(1 . V/VC)2
Returning to our = 2,k = 5 example, we note that
goo,min(27 5) - 47
goo max(27 5) = 57
(4.54)
moo(2747 5) = 27
Meo(2,5,5) =3

The difference in value between my(2,5,5) and ms(2,5,5) arises due to the

possibility for particles to be stacked when d = co. Hence we find that

lim A%(x =2,k =5,vL, L)
L5500 (4.55)
>v22(1+v) P +3(1+v) )1 - 3v)%

We work out the lower bounds for x = 3 to x = 6 for this function in Appendix
by computing the necessary values of the multiplicity function my(z, ¢, k), and
plot these in Fig. [1.3] In the following subsection, we numerically confirm that the
derived lower bounds are valid at all v and tight for v < v.. Hence, the constraints
in Eq. (4.25) lead to an accurate analytic understanding of how typical states in

the v < v, regime subdivide into active bubbles of different sizes, while also giving

some understanding concerning the distribution of bubbles at higher v.

4.3.5 Numerical Results

We now proceed to numerically confirm the results of the previous subsections,
as well as to provide evidence that models with d = 3 and d = 4 are strongly
fragmented for v < v, as well. We begin by numerically computing the mean
densities of frozen sites and of different sizes of active bubbles for d = 2 and d = oo,
and comparing these to the analytic lower bounds derived in Section and
Section [4.3.4f We then make use of the FES picture to numerically show for various

values of k that models with d = 3 and d = 4 have a finite density of frozen sites for
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v < 1., indicating them to be in the strongly fragmented phase at these densities
as well. We also show that the standard deviation of the density of frozen sites
decreases with increasing system size, indicating the presence of self-averaging.
On several occasions in this section, we map various initial states to their
corresponding FES to make use of the FES picture. We have developed an
efficient algorithm to perform this procedure taking advantage of some of the
special properties of sub-BFESs derived in Appendix We do not describe
the algorithm here for lack of space; however, the interested reader is directed

to the appendices of [2] for the details.

Comparison with analytic bounds:

We assess here the validity of the analytic lower bounds computed in Section
and Section by comparing them to the results of numerical computations
at large system sizes.

In Fig. [4.3|(a), we compare analytic and numerical results for the mean active
bubble densities of a d = oo system with £ = 7. The analytic lower bounds are
given by the formulas in Eq. and Eq. , with the multiplicity function
Moo (x, £, k) being calculated in Appendix . As concerns the numerical trends,
for each density v, 100 random states with L = 10° were generated and mapped
to their corresponding FESs. Frozen blockages could then be directly identified
from the FES as sequences of k — 1 or more holes, from which the FES was divided
into active bubbles. The densities of active bubbles with different particle numbers
were then computed and averaged over to yield the numerical data.

We note that for small fillings v, the analytic lower bounds are very close to the
numerical densities in this figure, whereas the two start to diverge for intermediate
values of v. The close match for small v indicates that for most active bubbles in
the system at low particle densities, the no-propagation conditions in Eq. are
satisfied by the particles outside the active bubble. This is to be expected: for the
condition to be violated, there would have to be a dense group of particles close to the

active bubble with a local density greater than v., which is highly unlikely for v < v..
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Figure 4.3: Comparisons between numerical densities and analytic lower bounds for
systems of size L = 10%. The functions used for the lower bounds are presented in
Appendix [B.4 for (a) and (b) and Egs. (4.36) and (£.39) for (c). In (a), the active bubble
densities of 100 random states were averaged over for each value of v at k =7 and d = cc.
In (b) 10 random states were sampled per value of v at k = 5. We note the tightness of
the bound for ¥ < v, in both cases. In (c), the density of frozen sites was determined
by averaging over the densities of 100 random states per value of v for a system with
k=7 and L = 105. The frozen sites were identified using the FES picture, and hence the
numerical density is exact for d = co and a lower bound for d = 2. The standard error on
the data, given by the standard deviation divided by the square root of the number of
samples, is too small to see on the plots.
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In Fig. 4.3|(b), we perform the same comparison for a d = 2 system with k = 5.
The analytic lower bounds are given by Eq. and Eq. , with my(z, ¢, k)
being calculated in Appendix [B.4 For the numerical calculations in this model,
the FES picture could not be used, as some of the frozen blockages in a d = 2
system would be invisible to it. Instead, the numerical active bubble densities were
determined by dividing randomly drawn states with filling v into “initial” active
bubbles of unfrozen sites, mapping out the local Krylov sectors of these active
bubbles while unfreezing neighbouring sites as necessary, merging active bubbles
which then overlapped, and then continuing to map out local Krylov sectors of
the newly merged active bubbles and merging the results until no further merging
occurred. As this was a numerically intensive procedure, only small values of v
could be studied, with 10 samples per data point. The invisible standard error in
the resulting data, however, indicates that self-averaging was ensuring the accuracy
of the data collected. We note again that there is close agreement between the
exact numerical data and the analytic lower bound at small v.

In Fig. [4.3|(c), we compare analytical and numerical results for the density of
frozen sites for systems with d = 2 and d = oo, and with k = 7 and L = 10°. The
analytic lower bounds are given by Eq. and Eq. . The numerical values
were averaged from 100 random initial states for each value of v. For both d = 2
and d = oo, the number of frozen sites was computed by mapping the states to
their corresponding FESs, and counting the number of sites that were part of frozen
blockages. For d = oo, this yields the exact number of frozen sites in a given state;
for d = 2, this yields a lower bound, as the FES picture can miss the presence of
some frozen sites. Nonetheless, we expect it to be a tight lower bound, as most
frozen blockages should be constituted of holes for v < v,. The numerical results
also confirm the validity of the analytic d = 2 lower bound.

For both values of d, we again note a closer match for v < v.. We also note that
for v close to v,, the numerical results show the same critical scaling pp ~ (v, — )
of the frozen sites as that observed in [41]; the analytic lower bound, on the other

hand, shows a weaker pr ~ (v, — v)? scaling.
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Figure 4.4: In (a) and (b), a numerical lower bound on the mean density of frozen sites
is presented for systems with d =3, L = 2% 10° and d = 4, L = 5 % 10* respectively. The
lower bounds were computed using the FES picture. 200 random states were sampled per
data point in (a) and 1000 per data point in (b). In both plots the standard error is too
small to see. In (c), the variance in the numerically determined lower bound of frozen
sites is plotted as a function of 1/L for various systems. The linear trend is indicative of

strong self-averaging [113].

Strong fragmentation for d = 3 and d = 4:

We here present numerical evidence that typical states at fillings v < v, in systems
with d = 3 and d = 4 also have a finite density of frozen sites, and hence that these

models are in the strongly fragmented phase at these fillings as well. Fig. [4.4{(a)
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presents a lower bound for d = 3 and k = 6,7, and Fig. [£.4[b) does the same for
d = 4. The numerical lower bounds were obtained using the FES picture as was done
in the d = 2 case. The d = 3 and d = 4 data sets are very similar. However, the true
densities of frozen sites in both systems may be more distinct due to the possible
presence of frozen blockages not detected by the FES picture. It is worth noting
that in all cases a critical scaling of pg ~ (V. — 1) is observed near the critical point.

Fig. (c) presents some self-averaging tests done at various values of d, v, and
k. Similar tests were also done for the mean active bubble densities. These tests
show strong self-averaging occurring, with the variance vanishing as ~ 1/L as L is
increased. This ensures that the analytic and numerical lower bounds determined
for the average densities of frozen sites in these models also apply to individual
states in the thermodynamic limit. The observed self-averaging is also useful as
it indicates that even with our relatively small number of samples, we should still

be getting precise results due to the large system sizes considered.

4.4 Numerical results for the Weakly Fragmented
Phase

In this section, we provide numerical evidence that, for v > v, and general d, the
model is in its weakly fragmented phase. This means that in the thermodynamic
limit almost all states at these fillings belong to the dominant Krylov subspace
of a weakly fragmented (V, X) sector. Indeed, we show numerically that states
with v > v, are almost always in the same Krylov sector as a special kind of
state we name a “blockage-free extended state” (BES). These BESs constitute a
generalisation to finite d of the structure of d = oo “blockage-free fully extended
states” defined in Section [4.2.3] There is a unique BES in each (NN, X) sector; hence,
if random initial states are almost always in the same Krylov sector as a BES; it
means that the Krylov sectors containing BESs dominate in their respective (N, X)
sectors, and that these (IV, X) sectors are weakly fragmented.

Our results in this section are also of interest as they provide an explanation

as to why the critical density v. is independent of d. For any value of d, v, is the
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smallest density at which it is possible to construct a BES in which the particles
span the entire system. Hence, v, is the smallest density for any d at which one
obtains “blockage-free” Krylov subspaces that do not contain any frozen sites nor
any active blockages. Furthermore, since there is a unique BES per (N, X) sector,
there is also a unique blockage-free Krylov subspace per (NN, X) sector for v > v.. It
is natural to expect these particular Krylov subspaces to dominate their symmetry

sectors, and thus the model is weakly fragmented for v > v..

4.4.1 Blockage-Free Extended States and Contracted States

Blockage-free extended states (BESs) are a finite-d generalisation of the blockage-
free fully extended states (BFESs) defined in Section [£.2.3] BESs are states to
which no outward hop can be applied, and where there are no blockages between the
sites occupied by the leftmost and rightmost particles in the state: particles in any
region of a BES can interact with particles in any other region. For the case of BESs
with no particles on the leftmost and rightmost boundary sites, we define them
to be identical in structure to d = oo BFESs: they consist of a series of particles
separated by holes, with at most one pair of particles being separated by k — 2 holes
and all other pairs being separated by k — 3 holes. For example, a BES with d = 4,
k=5, L=16, N =5, X =43 (with site 0 being the leftmost site) would be:

The particular value of d comes into play when the particles in the BES overlap
with the boundaries, leading to a “pile-up”. In a d = oo BFES, this pile-up is
entirely confined to the boundary sites. The bounded maximal onsite occupancy of
finite-d systems, however, implies that the pile-up must be spread out over several
sites. The general form of this pile-up is as follows. Say there is a pile-up of m
particles on the left boundary of the system: we then have that in a BES, the
particles in the left-boundary pile-up will occupy the [m/(d — 1)] leftmost sites of
the system, with the first |m/(d — 1)| of these sites having the maximal number

d — 1 of particles, and the last site of the pile-up containing the remaining particles
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(if there are any). The next occupied site to the right of the left-boundary pile-up
can be separated by k£ — 2 holes or fewer from the rightmost occupied site in the
pile-up; though we note that if the separation is of kK — 2 holes, then no other
separations of k — 2 holes can be present in the BES, otherwise there would be an
active blockage. An identical structure characterises the right-boundary pile-up,
if there is one. We note that setting d = oo in the above description, we recover
the structure of a BFES from Section £.2.3] An example of a BES with d = 4,
k=5 L =16, N = 15, X = 67 would be:

The proof that a unique BES corresponds to each (N, X) sector for finite d follows
identical logic to the proof for d = oo presented in Appendix [B.I} in which it is
shown that a unique BFES corresponds to each (N, X) sector in a d = oo system.

We define a contracted state (CS), on the other hand, to be the particle-
hole conjugate of a BES. An example of a CS with d = 4,k = 5,L = 16, N =
29, and X = 258 is given by

Its particle-hole conjugate can readily be shown to satisfy the definition of a

BES presented above.

4.4.2 Mapping a CS to a BES

Next, we present an algorithm for mapping from a CS to a BES via a series of
hopping moves for general finite d. The corresponding derivation is presented in
Appendix [B.5 This algorithm is central to our main algorithm for demonstrating
weak fragmentation.

In what follows, we denote an outward hop gate, which sends a particle on
site ¢ + 1 and a particle on site 7 — 1 to sites ¢ and j respectively, by U;j, and we

denote an inward hop gate sending a pair of particles from sites ¢ and j to sites
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i+1and j—1 by U;; (with i < j — 2 for both kinds of gates). A gate is only
applied in the following algorithm if it is compatible with the constraints of onsite

dimension d and system length L. The algorithm is given by:

o Forsitei € {0,...,L — 3} in increasing order, if the sites ¢ and i + k — 1 are
within the system (i.e. are within {0,..., L — 1}) and both have occupancy
at most d — 2 and all sites in-between them each have occupancy d — 1, then
apply the gate U;;» +x—1- Repeat the loop over sites until it is no longer possible

to apply this gate.

e For ¢/ € {k—4,...,0} in decreasing order, for site i € {0,...,L — 3} in
increasing order, if the sites ¢ and i 4+ ¢ + 2 are within the system and both
have occupancy at most d — 2 and all sites in-between each have occupancy
d — 1, apply the gate U}, ,,, (where U, for £ =0 is an outward hop of two
particles on a same site); and if the gate cannot be applied, then if the sites 4
and ¢ 4+ ¢ 4+ 3 are within the system and both have occupancy at most d — 2

and all sites in-between each have occupancy d — 1, apply :; 443 instead.

o For ¢ € {0,...,k — 4} in increasing order, for site i € {0,...,L — 3} in
increasing order, apply the gate Zt Lo4o if possible, and if not, apply the gate

Uyliieys if possible.

7

For the case of d = 2, since no stacking can occur, ¢ ranges from k — 4 to 1
in the second step and from 1 to £ — 4 in the third.

When the steps above are applied to a CS, the different steps have the following
effects. If the CS contains a sequence of k — 2 sites each with occupancy d — 1,
the first step of the algorithm shifts the position of that sequence towards the
boundaries of the system until either that sequence is no longer present (which
happens if some of the particles involved hop onto sites containing fewer than d — 2
particles), or otherwise a boundary pile-up is obtained. Likewise, the second step
of the algorithm also “unstacks” particles by shifting them toward the boundaries

until no sites apart from the boundary pile-ups have occupancy greater than 1.
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The third step then expands the spacings between the remaining particles not
in the pile-ups until a BES is obtained.

An algorithm for mapping from the BES to the CS is obtained by replacing
outward hops U;“J in the above algorithm with inward hops U ;.

It is apparent that a BES in one of the dominant symmetry sectors (which have an
intensive centre of mass vy ~ 1/2, i.e. in the middle of the system) will not have any
frozen particles: all of its particles will be contained within one large active bubble
devoid of frozen blockages. It is also apparent that such a BES will not contain any
active blockages, as the BES-to-CS contraction algorithm involves the exchange of
dipole quanta between distant regions of the chain, and such an exchange would not
be possible if active blockages were present. However, for v < v, the particles in a
BES cannot span the whole system, and so a BES will necessarily contain a finite
density of frozen sites. For any value of d, it is only for densities v > v, that it is
possible to construct BESs where the particles span the whole system, and hence
to obtain a Krylov subspace without any blockages. In the next subsection, we use
the above algorithm to show that these blockage-free Krylov subspaces dominate

their symmetry sectors and the model is in its weakly fragmented phase.

4.4.3 Numerical Evidence of Weak Fragmentation

In seeking to numerically demonstrate weak fragmentation, we cannot make use of
the FES picture to establish the absence of blockages, as blockages that prevent
ergodicity could exist at finite d and yet not be captured by the FES picture.
For example, dense groups of particles, such as a sequence of £ — 1 or more sites
all containing d — 1 particles, can potentially constitute a frozen blockage for
finite-d systems, but this blockage would not be detected by the FES picture. To
overcome these limitations, we develop an algorithm that, using only hopping moves
compatible with finite values of d, tests for the presence of weak Hilbert space
fragmentation in typical symmetry sectors for v > v..

In particular, the algorithm attempts to map from a random initial state at a

given v and L to either the corresponding BES or CS of its (/V, X') symmetry sector.
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Figure 4.5: The algorithm for testing if a state shares a Krylov subspace with a BES, as
applied to an arbitrary state of a d = 3 system with k = 4 range interactions. In the first
step, the CS-to-BES algorithm is applied; however, as part of the expansion, a set of 4
contiguous sites on the left becomes fully occupied. This prevents further expansion. This
dense region is melted in the subsequent step, where the BES-to-CS algorithm is applied.
If we were to again apply the CS-to-BES algorithm (as depicted above), we would obtain
a BES. In fact, the algorithm does not perform this last step: it recognises the before-last
state as a CS and registers a success at that point.

The success rate of the algorithm hence lower bounds the probability that a typical
initial state will be in a Krylov sector with a BES. Since there is a unique BES for
each (N, X) sector, if this success rate goes to 1 (as we shall see it does for v > v.),
that indicates that the dominant symmetry sectors to which almost all states belong
are themselves dominated by the Krylov sectors which contain a BES, and therefore
that the model is in its weakly fragmented phase. For v < v, however, we expect
the success rate of the algorithm to drop to 0 due to strong fragmentation.

We apply the following algorithm to an arbitrary state at a particular value of v

and L:

o Apply the CS-to-BES expansion algorithm. If a BES is obtained, terminate

the algorithm and register a success; if not, proceed to the next step.

o Apply the BES-to-CS contraction algorithm. Again, register a success if a CS

is obtained, and proceed to the next step if not.

o Apply the previous two steps in sequence an arbitrary number () times in
total. If the algorithm still has not terminated, then register an ambiguous

result.
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Figure 4.6: Success rate Pggs(v) of reaching the BES as a function of the filling v for
various choices of d and k. For plots, (a)-(e), the algorithm of Section was used.
Sample sizes for (a) and (b), from lowest L to highest, were 15000, 6000, 3000, 1500,
1000, and 1000. Those for (c), (d), and (e) were twice as much. For plot (f), states were
mapped to their corresponding FESs, from which it was directly determined if the BFES
had been reached. Sample sizes were, from lowest L to highest, 9000, 3000, 2700, and
400. The standard error, obtained by dividing the standard deviation associated with
each data point by the square root of the sample size, is mostly too small to see.

In what follows, we set () = 4. The rationale behind the above algorithm is as
follows. After the first application of the CS-to-BES algorithm, if the state does
not reach a BES, often the resulting state is found to be composed of individual

sub-BESs. These will often be separated from each other by either sequences of

k — 1 or more sites containing d — 1 particles or sequences of k — 1 or more holes.

During the subsequent BES-to-CS contraction, the sequences of k£ — 1 or more sites
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with d — 1 particles are “melted” by the contraction process as their edges are peeled
off, but the sequences of £ — 1 or more holes remain. These hole sequences are
then potentially bridged during the following CS-to-BES expansion step, though
this may introduce the presence of new dense regions of £ — 1 or more maximally
occupied sites. In this alternating fashion, the aim of the algorithm is to “melt”
the dense regions and “bridge” the holes separating one active region from another.
We present an example of the algorithm in action in Fig. [4.5

In Fig. [£.6(a)-(e), we present the results of applying this algorithm to randomly
drawn states with various onsite dimensions d and localities k. We note that in each
case studied, the success rate of the algorithm tends to 1 with increasing L for v > v,
indicating the presence of weak fragmentation; whereas it progressively vanishes for
v < V., which is consistent with the presence of the strongly fragmented phase.

For comparison, we also present numerical results for d = oo in Fig. [4.6]f). In
this case, we map arbitrary initial states directly to their corresponding FES, as
we did in Section [4.3.5} if the FES is blockage-free then we register a success, and
if not then we register a failure. As such, these numerics approximate the exact
probability that a state is in the same Krylov subspace as a BFES, and not just
a lower bound (as is the case for finite d). As expected, we see the same overall
trend of an increasing success rate for v > v, and a decreasing one for v < v,, again

highlighting the shared critical density for arbitrary d.

4.5 Concluding Remarks

In this chapter, we introduced a number of new approaches for characterising
and studying the strongly and weakly fragmented phases of dipole-conserving
1D quantum chains with local range-k interactions. This allowed us to derive
numerous new results concerning these phases and the transition between them and
to develop efficient algorithms for numerically studying such models at large system
sizes without relying on approximations. By mapping states in finite-d systems
to their corresponding fully extended states, we demonstrated the persistence of

blockages (and in particular of a finite density of frozen sites) for particle fillings
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v < v, = (k—2)""! for several values of d. This implied that almost all states belong
to strongly fragmented symmetry sectors at these fillings. We also analytically
characterised the distribution of blockages and active bubbles in this phase for
d = 2 and d = oo. For the weakly fragmented phase, we developed an efficient
algorithm for general d for mapping arbitrary initial states to their corresponding
blockage-free extended states at v > v.. The results of our numerics indicated that
almost all states belong to weakly fragmented symmetry sectors at these fillings,
showing that v, is a universal critical filling.

Many of the topics explored in this chapter warrant further analysis. It would
be useful to know more about the nature and distribution of finite-d blockages
that are invisible to the FES picture in typical states, as well as to find analytic
expressions for the dimensions of the various Krylov sectors at finite d. This
could lead to an analytic proof that the critical density equals v, = (k — 2)~! at
all d, as well as to exact results concerning the mean densities of various types
of blockages and active bubbles.

Several possible generalisations of our work also present themselves. One would
be investigating whether the methods introduced in this work could be applied to
the case of local dipole-conserving systems in higher spatial dimensions [33, |114]
as well as to fragmented systems with more complex symmetries 34, [115| |116].
Another interesting direction is to consider the inclusion of ordinary onsite and
lattice symmetries, and to study their possible interplay with fragmentation. Finally,
it would be useful to understand how our results on the lattice are applicable to

ergodicity breaking in continuum local dipole-conserving systems [117] [118].



Frozen Dipole-Conserving Models

In the previous chapter, we studied a family of 1D lattice models of particles acted
on by random range-k hopping gates which conserved particle number N and dipole
moment X. We showed that such models undergo a phase transition between a
strongly fragmented non-thermalising phase and a weakly fragmented thermalising
phase as the particle density v = N/L is tuned, where L is the system size. In
particular, we showed that the critical density v. = (k — 2)~! only depends on the
local range of interactions k of the model, not on the onsite Hilbert space dimension
d nor on the details of the dynamics. A second weak-to-strong fragmentation
transition occurs at v = d — 1 — v, by particle-hole symmetry.

We next turn our attention to special-case “frozen” models which are strongly
fragmented for all values of the filling v, and hence do not undergo a phase
transition. As we shall see, the more restrictive dynamics of these models lead to
greater analytic tractability, making it possible to derive a number of exact results.
The work presented in this chapter is based in part on [2].

We begin in Section by considering models with “absolute blockages”, which
are particular local configurations of particles or holes that, whenever they occur
in a state, necessarily dynamically disconnect the regions to their right and left.
Absolute blockages were introduced under the name of “bottlenecks” in [33], and
were also studied under the name of “blockades” in [43]. We proceed to identify

which values of d and k lead to models with absolute blockages, and show that

91
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it is possible to exactly compute the active bubble density function for some of
these models. In Section 5.2, we turn our attention to “deeply frozen” models,
which we define to be models in which no hopping moves are possible and hence
in which all particles are immobile. We show that by endowing the particles of
these models with internal spin-1/2 degrees of freedom, we can make the models
dynamically interesting as immobile particles can now interact with their neighbours.
We compute how typical configurations of particles at a given filling v are divided
into dynamically disconnected “interacting islands” in deeply frozen models. We
furthermore demonstrate that we can ensure a model with any finite interaction
range k is deeply frozen by imposing that the model conserves certain higher-order
multipole moments. We also discuss how the computed distribution of interacting
islands can potentially be used to analyse related approximately fragmented models,

such as a spin-1 chain with unusual entanglement signatures studied in [119].

5.1 Models With Absolute Blockages

In searching for locally interacting dipole-conserving models which are always in
the strongly fragmented phase, the first step is to determine the values of the
onsite Hilbert space dimension d and the range of interactions k£ for which the
lower critical density v, = 1/(k — 2) and the upper critical density d — 1 — v,

overlap. This implies the relation
—_ = (5.1)

This is satisfied for the values d = 2, k = 4 and d = 3, k = 3. The models with these
parameters are particularly remarkable in that they possess “absolute blockages”,
which are particular local configurations of particles or holes that, whenever they
occur in a state, necessarily contain a frozen blockage regardless of how the other
particles in the state are arranged. Absolute blockages were first studied under
the name of “bottlenecks” in Ref. [33], where it was shown that their presence

necessarily dynamically disconnects the regions to their right and their left in the
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chain. We discuss these absolute blockages further here, and use them to compute

the exact active bubble density function for d = 2, £k = 4.

5.1.1 Absolute Blockages

We begin by demonstrating with arguments similar to those in Refs. [15, |33, 43|
that for d = 2 and k = 4, any sequence of 5 holes (or 5 particles by particle-hole
symmetry) necessarily contains at least k — 1 = 3 frozen sites, making this an
absolute blockage. The demonstration presented here was arrived at in collaboration
with Riccardo Senese [2]. For these values of d and k, only one pair of hopping

moves is consistent with particle-number and dipole-moment conservation:
_se 5 e e (5.2)

This restricted moveset has important implications for the mobility of particles.
Indeed, say we had a particle we wished to move two sites to the right via outward
hops. For it to perform its first hop, it would need a particle to its left as in
the LHS of Eq. . Colouring the right particle in red and the left one in
blue, the first hop would look like

_%e 5 & _ . (5.3)

Hence, for the red particle to perform a second hop right, the blue particle would
have to travel two sites right via outward hops first. For it to perform a first hop,

there must be a particle to its left. Colouring it orange, we have

B (5.4)

Thus we see for the blue particle to make a second outward hop, the orange particle
would also have to do two outward hops, etc. Since this sequence never terminates,
no particle can travel more than one site in a given direction via outward hops
alone. Hence, whenever a sequence of 5 holes occurs in a state, the middle 3

holes must necessarily be frozen as it is impossible for a particle to hop onto them.
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Thus a sequence of 5 holes (or 5 particles) constitutes an absolute blockage, as
its middle 3 sites will always be a frozen blockage.
For the case of d = 3, k = 3, there is again only one pair of hopping moves

available, this time given by
[ J
_ i e (5.5)

In this case, any sequence of 4 holes (or 4 sites with 2 particles each) will constitute
an absolute blockage, with k — 1 = 2 frozen sites in the middle. The derivation
can be found in Ref. [33], and follows very similar logic to that of the d = 2,

k = 4 model presented above.

5.1.2 Exact Active Bubble Density for d =2, k =4

For the special case of d = 2 and k = 4, the restricted particle mobility discussed
in the previous subsection makes it possible to exactly compute limy, ., As(x, k =
4,vL, L), which (as defined in Section gives the mean density of active bubbles
with x particles averaged over all possible states (i.e. particle configurations) with
filling v, interaction range k& = 4 and dimension d = 2. As such, computing it
exactly allows us to determine how a typical state in a thermodynamically large

system with d = 2 and k£ = 4 is divided into active bubbles. We recall that

g?,max(xyk)
As(z, k, N, L)y = > mo(z,l,k)as(z, 0, k,N, L), (5.6)
£:£2ymin(1‘7k)

where my(z, ¢, k) gives the total number of possible active bubble configurations
compatible with z particles spread over ¢ sites and as(x, ¢, k, N, L) gives the mean
density of occurrences of any active bubble configuration compatible with z, ¢,
and k averaged over all states with N particles and L holes. We shall derive
an exact analytic expression for the active bubble configuration density function
limy o as(z, ¢,k =4,vL, L). We begin by noting a few simple combinatorial results.

Given ¢ contiguous sites in a randomly chosen state of a d = 2 system with

size L and N particles, the probability that those ¢ sites contain any particular
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configuration of x particles is given by

=)/ () 6

where the numerator gives the number of ways of constructing a state where those
¢ sites contain that configuration of x particles, and the denominator gives the total
number of possible states in the N sector. We note this result is independent of
the exact arrangement of the = particles in the configuration. Thus, for example,
both particle configurations presented in Eq. could occur on a given set of
4 contiguous sites in a random state with equal probability.

Setting N = vL and taking the thermodynamic limit, Eq. (5.7)) simplifies to
(1 — ), (5.8)

up to O(1/L) corrections. Thus a given configuration of x particles over ¢ sites occurs
on average Lv*(1 — v)*~® times in a random state. Hence, by self-averaging [113],
Eq. also equals the exact density of occurrences of the particle configuration
in question in a typical thermodynamically large state. This has important
consequences for the dynamics of the system: in particular, it implies the presence of
a finite density of absolute blockages in any typical state, guaranteeing the presence
of a finite density of frozen sites, and hence of strong fragmentation at any filling v.

We shall now use the result in Eq. to compute the active bubble configura-
tion density function ay(z, ¢,k = 4,vL, L) in the thermodynamic limit. It is clear

from the above discussion that this function must be of the general form
Llim ay(x, 0,k = 4,vL, L) = v"(1 —v)" (P (v))?,
—00

where the function P,(v) is the probability that the particles on a given side of
the active bubble configuration, either to its right or to its left, are arranged
so as to form a frozen blockage consisting of 3 or more frozen sites. By the
restricted mobility derived in Section [5.1.1] the simplest way for this to happen
would be if there was a sequence of 4 holes or 4 particles next to the active bubble,

resulting in the lower bound

Py(v) > v+ (1 —v)t
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In Appendix[B.6] we make use of the restricted particle mobility to exactly enumerate
all possible patterns of particles and holes which result in a frozen blockage of 3

frozen sites next to an active bubble, giving the final result

By(v) =
1_2 22_ 3 4
(1—v)? il (5.9)
1—2v+3v2 —3u3 +4v4 — 305 + 16
+ v 1—v)

Using this result, we may exactly calculate limy_,., As(x, k = 4,vL, L) by determin-
ing the multiplicity function msy(z, ¢, k) on a case-by-case basis. For example, for

x = 2, only two active bubble configurations are possible in k& = 4, both of which

occupy 4 sites by Eq. (5.2)). Referring to Eq. (5.6)), this immediately gives
Yy Yy g y g
lim Ay(x =2,k =4,vL, L)
Lo (5.10)
=20°(1 — v)*(P,(v))2

The densities of active bubbles with higher values of x can be computed similarly.

5.2 Deeply Frozen Models

k=3
o mmm T T T T — el - =T TTTTTI =S -
!’ \I ( \
\\ - ~ //

Figure 5.1: A deeply frozen model with d = 2, k = 3. We endow each particle with
a spin-1/2 internal degree of freedom, such that if two particles are next to each other
or separated by at most k — 2 = 1 site, then they can interact. The particles in a given
particle configuration can then be divided into “interacting islands”, made up of groups
of particles separated by k — 2 sites or fewer from each other. This is depicted in the
above image. Each interacting island thus forms its own independent closed 1D system.

We showed in Chapter [4 how the strongly fragmented phase of locally interacting
dipole-conserving chains can be characterised by the presence of a finite density of
blockages (and in particular of frozen blockages) in typical states at v < v,, and
how the weakly fragmented phase can be characterised by the absence of blockages
in typical states. We also showed in Section that for certain values of k£ and

d, the model is strongly fragmented at all fillings v, with a finite density of frozen
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blockages present throughout. There is a third region of the phase diagram in
Fig. we have not yet discussed, which we shall refer to as the “deeply frozen”
region. This region consists of k = 2 for any d and k£ = 3 for d = 2. In the deeply
frozen region, there are no hopping moves compatible with range-k interactions
and particle-number and dipole-moment conservation, and hence the particles are
immobile. Although it may seem that the dynamics of the deeply frozen region
are trivial, we can make deeply frozen models dynamically interesting by endowing
the particles with spin-1/2 internal degrees of freedom, such that they can still
interact with each other. The particles within a state of a deeply frozen model can
then be divided into “interacting islands” depending on which other particles they
interact with. We depict an example of interacting islands in Fig. [5.1] Interacting
islands are conceptually very similar to the active bubbles discussed in Section [4.3.4]
with the former being composed of particles interacting via their internal spin and
the latter of particles interacting via hopping moves.

In Section [5.2.1] we introduce deeply frozen models in more detail, and derive
several exact results concerning the interacting-island distribution. In Section [5.2.2]
we discuss how imposing the conservation of higher-order multipole laws can impact
deeply frozen models, and make the deeply frozen region persist to higher values

of k. In Section [5.2.3] we discuss perturbations of deeply frozen models.

5.2.1 Deeply Frozen Models and Interacting Islands

We shall be focusing on deeply frozen models with at most one particle per site
(d = 2) and periodic boundary conditions, which simplifies many of the calculations.
Each of the immobile particles in the system will have an internal spin-1/2 degree
of freedom, through which they can interact with other particles separated from
them by k — 2 sites or fewer. We also no longer focus on random circuit models,
but rather “static” deeply frozen range-k Hamiltonians of the general form

L
H = Z Jiliivk—1, (5.11)

=1
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where the J; are arbitrary coefficients, and each h; ;4,1 acts purely on the internal
degrees of freedom of particles situated on the sites i to ¢ + k& — 1 inclusively. The
hi ;41— for different values of ¢ need not have the same form. Many of our results,
however, also directly hold for random circuits as well.

An example of a deeply frozen model with £ = 2 can be found in Section [2.3.1
In this case, H is a spin-1 model, with possible spin values {+,0, —} on each site.
The interaction terms h; ;11 consist of XYZ-chain interactions acting on the spin-1,/2
subspaces {4, —} of each site; hence, sites with onsite spin 0 are like “empty” sites.
Describing our deeply frozen models in terms on spin-1 Hamiltonians will come in
handy in Section [5.2.3] where we consider perturbations to these models.

Returning to the more general case of a range-k deeply frozen model, we now
seek to analytically determine how on average a given random configuration of
particles in such a model at a filling v will be divided into interacting islands of
different sizes. We define an interacting island to be made up of a group of particles
such that each particle is separated by at most & — 2 holes from its neighbours
in the island, and such that there are at least £k — 1 holes both on the right and
left sides of the island. Hence, each interacting island forms its own closed system
under the model’s range-k dynamics. We recall that an example of interacting
islands for £ = 3 was provided in Fig. 5.1}

We shall next exactly compute the particle distribution function P;(x, N, k, L),
which gives the average percentage of particles in a random state at filling v = N/L
that are situated in interacting islands containing x particles in total. Hence,
Pr(1,N,k, L) gives the average percentage of particles that are on their own and
hence not interacting, P;(2, N, k, L) gives the percentage of particles that are paired

up in islands with 2 particles total, and so on. It is clear that
> Pr(z,N,k, L) =1, (5.12)
z=1

since all particles must belong to an interacting island of some size and we do not

expect any extensively large islands in a typical state. The particle distribution



5. Frozen Dipole-Conserving Models 99

function can be computed explicitly as

S (x,N,k,L)
L )
(v)

where the function .# (z, N, k, L) gives the total number of occurrences of islands with

Py(z, N, k, L) = (5.13)

x
N

x particles across all possible particle arrangements for a given N, L, and k. Same as
in previous scenarios, we expect Pr(x, N, k, L) to also give the exact density of islands
with z particles in typical states in the thermodynamic limit by self-averaging [113].

For finite L, the function .#(z, N, k, L) sometimes contains summations that
cannot be performed exactly. We provide expressions for .#(z, N, k, L) at finite L
in Appendix [B.7 Setting N = vL and taking the thermodynamic limit, however,
makes it possible to compute Pr(z, N, k, L) exactly. We begin by noting that, for

x < N and periodic boundaries, we have that

S(x,N,k,L)

=L Az, Nk, L), (5.14)

where % (z, N, k, L) is the total number of states with N particles and L sites for
which there is an island containing x particles with the leftmost particle of the
island being situated on site 1. # (z, N, k, L) is simply computed by summing
all possible ways to construct an island with x particles starting on site 1 times
all possible ways to arrange the remaining N — z particles in the state. For very

large L, we then have that

k—3
z—1 z—1—nq mlz g

SNk _ =LY ¥ .

n1=0 no=0 Ng_ 2:0
r—1\[{z—-1-m x—l—z 3, L—x—2Fk—1)—Ylin,
ny N B N —zx
(5.15)
The variables nq,...,n,_o summed over in the above expression constitute the

number of pairs of particles in the island that are respectively separated by 1 hole,
2 holes, and so forth up to k — 2 holes. The rightmost binomial computes all
possible ways to arrange the particles outside the island such that there are at

least k& — 1 holes on either side of the island, and the other binomials count the
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number of ways to arrange the sequences of n, individual holes, no pairs of holes,
and so on between the particles in the island.

Setting N = vL and taking the thermodynamic limit, we find that

k=2
I L—ZU—Q(k_l)_Z¢:1 g -
( S ) L—o0 Vq;—l(l _ V)z(k—1)+Zf:f i (5.16)

vL (VLL) '

And so, defining P;(z,v, k) = limy_,o P;(z,vL, k, L), we have that

k—3
z—1 z—1-n1 171721‘:1 i

Pz, v, k) =zv" (1 —v)? D N S >

n1=0 no=0 ng_o=0

<<an—1 1) <:r _ 7112_ nl) o (m : 17;_2;?_13 n)) (1) Zeim (5.17)

Our next task consists of performing the summation above. We make use of the
following identity stemming from the binomial theorem:

nﬁ% (f) 2= (14 2)N (5.18)
The inductive step is then as follows, with j starting at £ — 2 and decreasing
by 1 at each step until it reaches 1:

a-1-Y1" e o k=2 “ngte=1-3 T
> (x 1-T5 m)(l — )i (1 + > (1- y)£>

Uz

n;=0 l=j+1
z—1-) I, z—1-Y :J'*ln. . .
k—2 i=1 i=1 'Y .] nj
r—1-— nz 1 —v)!

k—2 96—1—25;11 i 17172.: n;
]_ — V)] =1
=1+ 1—-v)t (1 ( )
( 421( V) ) 1+ Ze—g+1< —v)t

k—2 1*1*23;11 i
— (1 +> (1- y)‘) (5.19)
=j

After the final step at j = 1, we obtain:

(1 + ];Z_j(l — y)f> vt _ (1 + (1—v) —V(l - 1/)’“1>9«"1 D (1))
(5.20)

And so:

1

Py(z,v,k) = x(1 —v)2* D (1— (1 =) (5.21)
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It is simple to check this distribution function sums to 1, indicating that in a
typical state almost all particles belong to finite-sized interacting islands, and that

its mean and variance are given by

[e.9]

p(v, k) =" aP(z,v,k) = —1+2(1 —v)~*)] (5.22)
o*(v, k) = i(w —up)? Pz, v k) =2(1 —v) 2601 — (1 —w)F Y. (5.23)

By self-averaging, the island distribution function Eq. also applies to
individual states in the thermodynamic limit: the density of interacting islands of
different sizes x is exactly given in almost all states by the distribution in Eq. .
Thus, given a random state at a filling v, we already know with a high level of
certainty how many particles are isolated in x = 1 islands, how many are paired off
in x = 2 islands, and so on. Hence, a high level of analytic control can be acquired

in deeply frozen models concerning the interacting structure of typical states.

5.2.2 Multipole Conservation

As previously established, for onsite Hilbert space dimension d = 2, if the interaction
range satisfies £ < 3, then there are no hopping moves that are compatible with
dipole-moment conservation and the model is deeply frozen. In this subsection, we
establish that conserving higher-order multipole moments can ensure that models
with higher values of k are deeply frozen too.

The general multipole moments Q, are given by
L
Q= i'n,, (5.24)
i=1

with ¢ > 0 and n; giving the number of particles on site i. We see that Qy = N
and Q; = X. Let us define a function k. (¢) which, for £ € N° indicates what the
highest value of the interaction range k is such that a range-k Hamiltonian with all
multipole moments from Qg to Q, conserved is necessarily deeply frozen. We next
derive a lower bound on k., (¢). Consider a quantum state [¢)) within a quantum

number sector of the ¢ + 1 multipole charges. Since the multipole charges commute

with each range-k term h; ;41 in the Hamiltonian Eq. (5.11]) individually, then
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the N ;111 locally conserve each multipole moment as well. Let X7, ; denote
the local multipole moment associated with the multipole operator Q,, acting on

sites {4, +1,...,i+ k — 1} of the state |¢)). We obtain the series of equations:

i+k—1 ¢
{ Z 3"y ) = Xk W’)} (5.25)
J= m=0

This provides us with ¢ + 1 linearly independent equations. Hence, if &k < ¢+ 1,
then the eigenvalue of each onsite particle number operator n; acting on [¢) is
uniquely determined by the quantum numbers Q7" ,;_; of the multipole symmetries.

Thus each n; is individually conserved, and we have established that
Femax(£) > €+ 1. (5.26)

We have thus guaranteed that by imposing conservation of sufficiently high
multipole moments, we can obtain a deeply frozen model for any value of k. In
fact, the true value of kyay(¢) for a given ¢ is typically much higher than the lower
bound provided above. This is because the n; have discrete eigenvalues of 0 and 1.
Therefore even if k > £+ 1, this additional discreteness constraint can still be enough
to determine each n; from a set of local moments X[, ;. One can numerically
find the first few values of k.. (¢) by searching for the lowest value of k at which a

hopping move compatible with the conservation laws is found. One obtains:
Fmax(0) = 1, knax(1) = 3, knax(2) = 6, knax(3) = 11, kpnax(4) = 15, knax(5) = 22.

Hence, a small number of conservation laws can greatly impede mobility for a

significant range of interaction localities.

5.2.3 Perturbing Deeply Frozen Models

A topic of interest concerning Hilbert space fragmentation has been the study of
Hamiltonians which are closely related to fragmented models, e.g. via perturbation
theory or a Schrieffer—Wolff transformation [120-124]. Such Hamiltonians can still
exhibit signatures of fragmentation, such as low entanglement entropy and signs

of localisation. In our case, the study of perturbations of deeply frozen models
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could be relevant to understanding the unusual entanglement-entropy spreading
observed in a disordered spin chain studied in [119]. The model in question is a
spin-1 Hamiltonian whose general structure is given by
L
H=\ (Z Ji(Sf)2> +aH{y + b Hy, (5.27)
i=1
where A, a, and b are parameters that can be tuned, the J; are random coefficients
drawn from a normal distribution with mean 0 and standard deviation 1, Hy, is a
thermalising term, and H 1)%( is a spin-1/2 XX chain Hamiltonian which only acts
on sites with onsite spin + or — (and not spin 0). In particular, in terms of the

spin-1 raising and lowering operators S;* and S;, we have that

1

L

Hy)y = ;(STV(SM)Z +(87)%(S)" (5.28)
One of the questions the authors of |119] studied was how the cut-averaged
entanglement entropy (CAEE) evolved as the disorder strength A\ was varied for
fixed values of a and b with a ~ 2b. The CAEE associated with a given subsystem
size is obtained by computing the von Neumann entanglement entropy for every
possible location of a subsystem of that size within the spin chain, then averaging
over the results. For the disorder-free case of A = 0, the CAEE was found in [119)
to scale as a volume law with increasing subsystem size. For large A ~ 80b, on the
other hand, a spread of many different of CAEE scalings was observed, which is
reminiscent of the scalings observed in fragmented models [32].

Using the results derived in Section [5.2.1, we can provide an explanation for
the unusual entanglement signatures observed in [119]. In particular, we note that
if we set the coefficient b = 0, the Hamiltonian

L
H| =) <Zl Ji(Sf)2> +aHYY (5.29)
is a deeply frozen model with interaction range k = 2. Hence, the eigenstates
of H b A€ composed of several “interacting islands”, each of which forms its
own separate spin-1/2 system acted on by Hf%( . The disordered % | J;(57)?
term then has the effect of splitting the degeneracies between eigenstates with

similar island configurations.
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Thus, we can make use of the island distribution function P;(z,v, k) presented
in Eq. (5.21)) to determine how typical eigenstates are divided into interacting

islands. In particular, setting

1

UV =

;(55)2, (5.30)

ol

then for a typical eigenstate in a thermodynamically large system at a given v, we
can determine from Pj(z,v, k) exactly what percentage of sites with onsite spins
in {+, —} are in islands of different sizes. Those sites in islands of size z = 1 will
not contribute to the dynamics; those in islands of size x = 2 or greater will. The
eigenvalue associated with a given eigenstate is the sum of the eigenvalues each
interacting island in the eigenstate takes on under H - Hence, the distribution
Pr(z,v, k) can lead to predictions concerning the eigenvalues of typical eigenstates,
as well as concerning their CAEE (which can be determined by averaging over

the CAEE of the finite-sized interacting islands).

Returning to the case of nonzero b, we now see that the full Hamiltonian

in Eq. (5.27) is a perturbation of the deeply frozen Hamiltonian H| . The

spread of CAEE scalings shown in Eq. therefore suggests that, for b < A,
some of the interacting island structure of the deeply frozen model survives the
perturbation. The different CAEE scalings might therefore arise due to the presence
of “approximate” interacting islands of different sizes. It would be good to determine
more precisely the nature of this approximate island structure and if it continues
to be present when larger values of L are considered. If so, one could use the
interacting island distribution P;(x, v, k) to make predictions about the spectrum
and dynamical evolution of the perturbed model. This could prove beneficial for
the study of thermodynamically large states, as they could be divided into finite-
sized “approximate islands”, making them more tractable for analysis. Future

research will hopefully clarify this.
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5.3 Concluding Remarks

In this chapter, we studied a variety of “frozen” locally interacting dipole-conserving
models which are strongly fragmented at all particle fillings v. We showed how
dipole-conserving models with onsite Hilbert space dimension d and interaction
range k satisfying d =2, k =4 or d = 3, k = 3 have absolute restrictions on how
far particles can travel from their point of origin, leading to the presence of local
absolute blockages which dynamically disconnect the regions to their left and right.
We then made further use of this restricted mobility to exactly compute the active
bubble distribution function for d = 2, k = 4. The dipole-conserving model with
d = 2, k = 4 has previously been studied in depth in [43} |109], where the authors
thoroughly analysed the properties of several of its Krylov subspaces. It would be
interesting to see if our results can shed further light on their results. It would also
be interesting to determine if analytic results could be derived for d = 3, k = 3, and
if so, what their implications would be for the spin-1 chains studied in [32} 33].
We furthermore explored the properties of deeply frozen models, where the
particles are immobile but can interact via spin-1/2 internal degrees of freedom.
We exactly computed the interacting island distribution function associated with
these models, and showed how imposing the conservation of higher-order multipole
moments makes it possible to obtain deeply frozen models with any finite interaction
range k. We also discussed how the analysis of deeply frozen models may prove useful
to the study of related approximately fragmented models, such as the one studied
in [119]. This opens up an interesting area for further exploration. In particular,
if there is a significant prethermal timescale during which the approximately
fragmented models can be considered to be made of interacting islands, then
the interacting island distribution could be used to predict the dynamical evolution
of thermodynamically large states by splitting them into numerically tractable
finite-sized islands. The next steps in exploring these models would therefore be
testing the extent to which the analytic results derived match up with the results

of numerical simulations of related approximately fragmented models.



Summary and Outlook

In this thesis, we studied two examples of Hilbert-space-fragmented models, one
exhibiting quantum fragmentation and the other classical fragmentation.

The quantum-fragmented system is a disordered SU(M )-symmetric spin model
constituting a long-range generalisation of Temperley-Lieb spin chains. Its frag-
mentation stems from its exponentially growing nullspace, and its commutant
algebra is a subalgebra of the Read-Saleur algebra [78]. We derived many of this
model’s properties exactly, providing a complete characterisation of its nullspace
and showing that some of its SU(M) symmetry sectors are strongly fragmented. We
also discussed various perturbations to the model, including ones which transformed
some of its nullstates into quantum many-body scars. The rarity of fragmented
non-local models in the literature make this model of particular interest.

The classically fragmented system is a well-known 1D lattice model of hopping
particles with local range-k interactions which conserve particle number and dipole
moment. We developed a powerful approach to analysing this model in terms of
“fully extended states” and “blockages”. This allowed us to derive several new results
for the model’s strongly fragmented phase. These included restrictions on particle
mobility as well as lower bounds on the mean densities of frozen sites and on those of
differently sized active bubbles. It also led to an efficient algorithm for identifying the
onset of the weakly fragmented phase by modeling the system’s hopping dynamics.

These results led us to conclude that the model possesses a universal critical particle
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density of v. = (k —2)~! which is independent of the onsite Hilbert space dimension
as well as of the details of the dynamics. We furthermore investigated special-case
“frozen” models which are strongly fragmented for all particle fillings.

Throughout this thesis, we have highlighted several open questions and possible
future research directions. One notable direction is the continued search for non-
local models that are Hilbert-space-fragmented. As previously noted, examples
of such models are scarce, as the commutant algebras of non-local models are
heavily restricted by their large bond algebras. For the non-local model studied
in this thesis, it is particularly surprising that a non-trivial commutant survives
the generalisation to long-range interactions because this generalisation destroys
much of the algebraic structure of the model’s nearest-neighbour counterpart. A
broader understanding of which local models remain fragmented after the inclusion
of all-to-all interactions and which ones do not could provide valuable insights
concerning the general algebraic structures of fragmentation in non-local systems.

Another fruitful direction would be to investigate what further results can be
derived using fully extended states in locally interacting dipole-conserving chains.
In this thesis, the employment of fully extended states has led to a high degree
of analytical control over the ergodicity-restoring phase transition such models
undergo, a control which is lacking in ergodicity transitions in other settings such as
many-body localised models. The fully extended state picture we developed could
yield insights concerning critical exponents, and might lead to a rigorous proof for
the value of v.. It would also be interesting to see if the approaches developed here
can be applied to locally interacting dipole-conserving systems with higher spatial
dimensions or to models with related fragmentation structures.

Through the results derived in this thesis, we have not only broken ground
concerning the study of fragmentation in non-local models, but also revealed
surprising new results concerning fragmentation in the paradigmatic example of
locally interacting dipole-conserving chains. We hope these will serve as productive
starting points for further investigations into these rich topics, leading to a fuller

understanding of Hilbert space fragmentation and its role in violations of ergodicity.



Appendices for Chapter
A.1 Constructing the Nullspace for M = 3

In this appendix, we show how to construct a basis which spans a significant fraction
of the nullspace of Hy; for M = 3. The number of linearly independent states
provided by this construction grows as 2V N2, accounting for approximately half
of the total nullspace dimension of 22Y¥N? from Eq. .

Our basis states are constructed by applying SU(3) ladder operators to the prod-
uct states |1y) described in Eq. (3.8). We use the following two ladder operators:

N N
It =% (13X2l) 2\2 (30);,

=1 j=1

N N
VE=>(I3)1]) Z|1 3);

=1 7=1

The operators with raised 7 indices act on the 3 irrep spins, and those with lowered
j indices act on the 3 irrep spins.
We write our starting product state explicitly as factored into its components

on the 3 irrep and 3 irrep spins:
r) = [vd) @ [vk) -

Say we choose n of the spins ¢ in [¢)3;) to be at level 2 and set the remaining
N —n spins to be at level 1, and set all spins s; in ’¢§/> to be at level 3. There are

(]X ) ways to arrange the spins at level 2 in [1)3;). For each of these, the operator
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Figure A.1: Densities of states for Hyy for M = 3, with coefficients r§ drawn from
the uniform distribution [0,10] for subfigure (a) and the uniform distribution [10,20] for
subfigure (b). 10000 disorder samples were averaged over for system size 2N = 10 and
1000 samples for system size 2N = 12. The results have been binned with bin width 1.
For 2N = 10, the density of states at £ = 0 is outside of the vertical range of both plots:
it is p(0) = 0.042 £ 0.003 for 2N = 10 in (a) and p(0) = 0.03807... (exact value) for
2N =12 in (b). Error bars represent the standard deviation; the standard error, obtained
by dividing by the square root of sample size, would be too small to see.

I can be applied at least N times before it annihilates the overall state. Say it
is applied p times, with 0 < p < N: then V* can be applied up to 2N —n —p
times before it annihilates the state. This yields in total ZZZ)V:O(ZN —n—p+1)
nullspace states for each initial configuration of the n spins at level 2 in [¢)%/). Tt is
straightforward to check that all of the obtained states are linearly independent.
The total number of nullspace states obtained this way is

n,p=0 n
~ 2V N?
from which we find that our constructed nullspace states form a basis spanning

approximately half of the nullspace.

A.2 Numerical Density of States for M = 3

We present some plots of the binned density of states (DOS) of Hy, (3.5)) for M =3

with various probability distributions for the random coefficients r;
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Figure A.2: Density of states for Hys and for the SY model for 2N = 10, M = 3, and
with all sites in the SY model transforming in the M irrep. The coefficients were drawn
from a Gaussian distribution with mean 0 and standard deviation 10, and a normalisation
factor of 1/v/3 5 was applied to both Hamiltonians (as in Egs. (3.13))). 10000 disorder
samples were averaged over for both curves and the results were binned with bin width
5. The Gaussian fit for the SY model follows p(E) = aexp{—(E — Ey)?/20?} with
parameters a = 0.00602 4+ 0.00001, Fy = 0.00 £ 0.04, and ¢ = 17.55 + 0.04. The Gaussian
fit for Hys was applied to energies |E| > 13, and has parameters a = 0.00649 + 0.00003,
Ey =0.03+0.02, and 0 = 13.59 £ 0.04. The Lorentzian fit of Hj; was applied to energies
|E| <20 (excluding E = 0) and follows p(E) = al'?/(I'? + (E — Ey)?) with parameters
a = 0.00710 4+ 0.00005, Eg = 0.01 £0.06, and I' = 12.98 + 0.08. Error bars again represent
the standard deviation, with the standard error being too small to see.

In Fig. we give the averaged density of states of Hj; for system sizes
2N = 10 and 2N = 12, with the random coefficients 7°§ drawn from the uniform
distribution [0,10]. We note the singularity at £ = 0 due to the large ground
state degeneracy, and the smoothing out of the profile of the DOS function with
increasing N. In Fig. the coefficients fr;- are instead drawn from the uniform
distribution [10,20]. The density of states now features several sharp oscillations.
Based on similar oscillations observed in the SYK model [125], these oscillations
may be due to level repulsion originating from the disordered nature of the system,
and may then smooth out for large N. We also note the appearance of a gap

between 0 and 10, as opposed to Fig. where no gap is visible.
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In Fig. , we consider a Gaussian distribution for the coefficients 7";'-, with
mean 0, standard deviation 10, and a normalisation factor of 1/4/3 * 5 in front of
the Hamiltonian (as is done with the SY model in Eq. (3.13)). We set the system
size to 2N = 10. With this choice of distribution for the Tj», the highly degenerate
nullspace is situated in the middle of the spectrum, and the resulting singularity
is visible at energy 0. For comparison, the DOS of the SY model with all sites in
the fundamental M irrep is also presented in the same plot, with coefficients ¢/
drawn from the same Gaussian distribution as the coefficients 7"§ in Hy;. The DOS
of the SY model follows a Gaussian distribution as expected [125]. The tails of
the DOS of H), also follow a Gaussian distribution; however, the peak is better
described by a Lorentzian fit, and is much sharper than that of the SY model.
Hence, significantly more states in the spectrum of H); have energies close to 0.
This is likely due to the fact that each projection operator P]Q’i in Hy; in Eq.
annihilates 8 out of the 9 states composing the Hilbert space of two spin-1 sites. The
permutation operators P¥ in the SY model, on the other hand, do not annihilate
states, and split the space of two spin-1 sites into SU(3) irreps of dimensions 6
and 3, with respective eigenvalues 1 and —1. We would hence expect a greater

density of states near 0 energy for the Hj; model.

A.3 Limiting Form for M Large, N Fixed

In this appendix, we show that for M > 2N, the Hilbert space is dominated by
the nullspace, as displayed in ([3.36)):

. Dy
lim

M—o0 M2N =1

The proof follows from two facts: 1) for all states in the nullspace as given in (3.29)),
the dimension of the corresponding SU(M ) multiplet grows as M2 for fixed N, while
2) all other irreducible representations have dimension growing as a lower power of M.

We first note that k +¢ < 2N < M when M > 2N. Since the restriction in the
sum in (3.30)) is always satisfied, the nullspace dimension simplifies to

Dy = Z Z Z m(A)m(y)d(X + 7). (A.1)

k,£:1 )\EPN’]C ")/EPN,@
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The only dependence on M here is through the SU(M) dimension d(p). The formula
for this dimension can then be factored into two pieces by splitting this product
into one piece involving the first k& rows of the Young diagram for p, and another in-
volving the other rows. The latter part of this diagram can be thought of as a separate
Young diagram with entries p™ =% = [p, .1, prios s Pl = Tt Tiewzr -+ Yt
The corresponding contributions of this piece to d(p) then amount to the dimension

dM=F) of the representation p™ =% in the group SU(M — k), yielding

k
d(p) = d(M,k) (p(Mfk)) Ha:l (pa -+ M — (l)'

: A2
Ty (M = o) T2, (4.2)

The resulting large-M behavior is straightforward to determine. We have

ﬁ (py+ M — a)! _ﬁ Ao+ + M —a)!
(M — a)! ai (M —a)! (A.3)
M large MN‘HC’Yl ’

where we exploit the facts that YF_ A\, = N and 7, = v, for a < M — . Due to
the latter fact along with v € Py, the first v; columns in the Young diagram of %
and hence p must be at least of length M — [. The remaining columns arise only

from A, and so the corresponding hook lengths are independent of M, yielding
k Pa M
I I1 frap ——= M*1h(X) (A.4)
a=1b=1

Finally, we use the fact the dimensions of an SU(M — k) representation and its

conjugate are the same to derive
JM—=Fk) (p(M—k)> — JM=Fk) (p(M—k:)) = dMR) () .

Here the hook lengths are independent of M, yielding

M- M- 1L L (v + (M —k)—a)
) i L

. (A.5)
M large N
M :
h()
Putting the above results together, we see that
arge 1
A +7) Ll M2 (A.6)
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We proved that states in any SU(M ) representation other than p=X+% are not
in the nullspace. For M > 2N, these states must be in representations p € A ® %
in the tensor product, as there are no restrictions on A € Py and v € Py;. Since
Y, =7 fora < M —1[and kK < M — [, the inequality means that at least
one box in A must move downward when forming p. Moreover, it must move to a
row a with a > M — ¢+ 1, as boxes originally in the same row cannot end up in the
same column after taking the tensor product. We thus have % | p, < N + k4,
as opposed to the equality used in the proof of . The number of boxes in

M=Fk) must therefore increase, so that d™ =% (p(-k)) must decrease relative to

ol
(A.5). Meanwhile, M in (A.4) is unchanged. Thus d(p) for p # p increases at
large M at most with a power M2V—2.

We have shown that the only SU(M) representations with dimension growing

as M?V that appear are those in the nullspace. Since the total dimension of the

Hilbert space is M2, the relation (3.36) must therefore hold.

A.4 Demonstrating Fragmentation for m > 1

Since, following the generalisation to general m performed in Section [3.2.6] the model
remains a sum of positive semidefinite operators, the nullspace eigenstates for general
m still consist of those states annihilated by each two-site term individually, and we
may again obtain the nullspace dimension of the disordered model by computing
that of the clean model. For general m, we recall that the clean model is given by

mA(N? + N?)

i : (A.7)

1
Hclean = 2(CA%N + CKaN - C %N®A§N> +

where €' o, CX®N’ and C’A® NG Z®N 1OW refer to the Casimirs respectively acting
m m m m

on the first set of N spins transforming in the irrep with one column and m rows in

its Young diagram, the second set of N spins transforming in the irrep with one

column and (M —m) rows, and all spins combined. We proceed to consider how the

. . Hﬁ . .
tensor product of N copies of the irrep (1,...,1,0,...,0) decomposes into irreps A,
M—m

~ —_—
and how the tensor product of N copies of the irrep (1,...,1,0,...,0) decomposes



A. Appendices for Chapte'r@ 114

into conjugate irreps 7. We may directly apply the results from Section
to conclude that those SU(M) irreps which are part of the nullspace are those
obtained by adding the elements of the partitions A and 7 together term by term,
with k£, the number of rows in A, and ¢, the number of rows in ~, satisfying

k+ ¢ < M. We immediately note that for the case m = M/2, all but one of the

M
G
irreps arising from (1,...,1,0,...,0)®" have more than M /2 rows, likewise for
M/2
M2 i
(1,...,1,0,...,0)®N. Hence there is only one SU(M) irrep in the nullspace, and

Hilbert space fragmentation does not occur. This is expected, since for m = M /2,

the model is equivalent to the SY model with m = M/2.

We next consider m < M /2. We will not aim to derive a general formula for the
dimension of the nullspace for this case, but rather simply to show that the dimension

of the nullspace grows exponentially with N. Let us consider the cases where the
_ —

irrep on the spins individually transforming in A,, is 5 = (N,..., N,0,...,0), such

that [ = m. For the irrep A on the spins individually transforming in A,,, if we

choose A to have k rows such that £k < m + 1 < M — [, then the irrep obtained by

gluing the diagram for A row-by-row to the diagram for 7 is part of the nullspace.

We may obtain an irrep A satisfying this condition from the decomposition of
/—’YL

(1,...,1,0,...,0)®*" by moving n blocks, with n < N/2, from the mth row of their
original irrep to row m + 1 in constructing A. There are (ZZ ) ways to choose which
blocks to shift one row down, and the number of nullspace SU(M) irreps thus
obtained is ZHNQ) (]X ) > 2V=1 Thus the number of irreps A which yield a nullspace

irrep grows exponentially, and Hilbert space fragmentation occurs.
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B.1 Additional Derivations for BFESs

Here we present proofs for some of the results discussed in Section [4.2.3]

B.1.1 One BFES per Symmetry Sector

The first result is a proof for the statement:
There is exactly one BFES in each (N, X) symmetry sector.

As we have shown in Case 3 of the uniqueness proof in Section [£.2.1] there is at
most one BFES in each (IV, X) sector, and so it suffices for us now to show that
there is also at least one BFES in each (N, X) sector. The fact that there is at least
one such BFES was derived in collaboration with Riccardo Senese [2]. We recall
that, as also shown in Case 3 of the uniqueness proof in Section [.2.1] there is a
unique number Ny, of particles on the left boundary site which is compatible with a
BFES in a given (N, X) sector. Assuming (for now) that N, > 0, the BFES made
of N particles with the highest dipole moment, X ., is given by

[ )
Np:

k-2 k-3 k-3 (B.1)

where the leftmost sequence of k — 2 holes is followed by a series of sequences of

k — 3 holes until either all particles are positioned or the right boundary is reached,
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in which case the remaining particles are stacked on the right boundary. Likewise,

the BFES with the lowest dipole moment X, ;, is given by

R e A e B2)

where again sequences of only k — 3 particles are repeated until all particles are
placed or the right boundary is encountered.

We assume X, < X < Xax. We now demonstrate an iterative procedure
which, starting from the BFES with dipole moment X .., in Eq. , constructs a
BFES for each intermediate value of X between X, and X,,;,. We begin by moving

the leftmost particle not on a boundary site one site to the left, yielding the state

[ ]
Np:

k-3 k-2 k-3 (B.3)

We then move the next particle over one site left, yielding

L]
Np:

e e e e

k—3 k—3 k—2 (B. 4)
We see that at each step, we obtain a new BFES (since there is still only one pair
of particles separated by k — 2 holes) and that we lower the dipole moment X by 1.
We continue this process of shifting the next particle over by 1 site to the left until
we reach the rightmost particle not on a boundary site. If this particle, after having
been shifted left, is separated by k& — 2 holes from the right boundary site (and
Ng #0), then for the next move we shift one particle from the right boundary stack

one site to the left. In terms of diagrams, if we find ourselves with the situation

k-3 k-3 k-2 (B.5)

[ ]
k-3 k-3 k-3 (B.6)
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We then loop back to the leftmost particle not on the left boundary, and move

it one site left again, yielding

A s S B7)

[terating this procedure, it is clear we will eventually arrive at the BFES with
dipole moment X, in Eq. , and furthermore that along the way, we will
have constructed a BFES with each intermediate value of X. This concludes the
proof for Ny > 0; the proof for Ny, = 0 follows very similar lines, where one instead
starts with the state with the maximal dipole moment for Nz = NN, then shifts one
particle from the boundary one site to the left. One then follows identical steps
to those described above, constructing a BFES with every possible intermediate

value of X until one arrives at the state in Eq. (B.2) with N, = 0.

B.1.2 Dividing an FES into Sub-BFESs

Here we prove that:

Say an initial state is expanded via a series of outward hops to an FES. The
resulting FES can then be divided into sub-BFESs such that no particles in different

sub-BFESSs interacted during the outward expansion.

To prove this, we consider dividing the FES in question into several sub-

FESs such that:

1. Each particle in each sub-FES was, at some point during the expansion,
separated by k — 4 sites or fewer from the next particle over to its right and

to its left in the sub-FES (or was stacked on them, in the case of k = 3).

2. The leftmost and rightmost particles in each sub-FES were, at all points
during the expansion, separated by at least k — 3 sites from all of the particles

outside the sub-FES (or were never stacked on them for k = 3).
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It is clear that particles within different sub-FESs in this construction will not
have interacted during the outward expansion, since for two particles to interact
via an outward hop, at some point during the expansion they would need to be
separated by k — 4 sites or fewer. We now prove that all the sub-FESs constructed
in this way are sub-BFESs, from which the main result immediately follows as a

corollary. In other words, we prove the theorem:

Say an initial state is expanded via a series of outward hops to an FES. Assume
furthermore that for a particular sub-FES within the FES, each pair of particles
separated only by holes within the sub-FES was, at some point during the expansion,
separated by k — 4 holes or fewer (or stacked, in the case of k = 3). Then that
sub-FES is a sub-BFES.

The proof is as follows. Say the sub-FES in question was not a sub-BFES.
Then there must either be at least one pair of particles in the sub-FES separated
by > k — 1 holes, or else at least two pairs of particles separated by k — 2 holes.
Furthermore, there must exist a sequence of inward hops such that when these
hops are applied to the FES, each pair of particles separated only by holes in the
concerned sub-FES will at some point during the sequence be separated by k — 4
holes or fewer. This sequence of inward hops is simply the inverse of the sequence
of outward hops used to map to the FES in the first place. It is then apparent,
following identical logic to that employed in the uniqueness proof in Section [4.2.1]
that such a sequence of inward hops cannot exist: there must be at least one pair
of particles which, throughout the application of the sequence of inward hops, are
separated by at least k—3 holes. Indeed, if there is a pair of particles in the sub-FES
separated by > k — 1 holes, then clearly those particles will remain separated during
the inward hops. Likewise, if there are at least two pairs of particles separated
by k — 2 holes, then we can follow identical logic to that used in case 2 of the
uniqueness proof of Section to show that this will result in one pair of particles
in the sub-FES always being separated by at least k — 3 holes during the inward

hops. Thus the result is proven by contradiction.
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B.2 Calculation of Densities of Various Particle
Configurations

In this appendix, we compute several functions of use for Section

B.2.1 Calculation of v (k, N, L) and b (k, N, L)

Here we compute exact expressions for the functions b (k, N, L) and b (k, N, L),
which for d = 2 and d = oo respectively give the total number of ways to arrange

N particles over L sites such that they satisfy the no-propagation constraints
i0 > (n—1)(k—2) (B.8)

form =1,...,N. For d = 2, we have

L-1 i3—1  ig—1

b (k,N, L) = 3 SEED DD P (B.9)

iN=(N—1)(k=2)  io=(k—2) i1=0

We shall prove that this sum equals

(B.10)

b (N, L) = <L+(k—2)>L—(N—1)(k;—2)

N L+ (k—2)
We proceed by induction. The case N = 1 is trivial. Assume the result holds up
to N — 1, and consider the case of N. We have that

b (k,N,L) = fj b(2)(k,N—NM,(N—l)(k—Q))(L_ (N]_Vl)<k_2)>. (B.11)

The summation variable Ny, gives the number of particles situated on sites (N —

1)(k—2) to L — 1. Since there is no constraint on the positions of particles on those

sites, the number of possible arrangements is given by the simple binomial in the

above expression. The remaining N — N, particles, which are situated on sites 0 to

(N —1)(k—2)—1, must obey the position constraints i; > 0, iy > (k—2), etc. Hence

the sum over all of their possible positions is given by b (k, N — Ny, (N —1)(k—2)).
With some work, the summation in Eq. can be rewritten as

L—(N-1)(k—2) (N(k—2)
e

JF(~L—(k—3)+N(k—2),-N+1,N(k—3)+2,1),

b (k,N,L) =

(B.12)
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where the hypergeometric function is given by

oFi(—L—(k—3)+ N(k—2),—N+1,N(k—3)+2,1) =
P NG=2) (L4 (k—3) = N(k—2)) (-N+1), (B.13)
x o b )t

p=0

in which the subscript p corresponds to the Pochhammer symbol notation. Applying
Gauss’ hypergeometric theorem and simplifying the result completes the proof.
As concerns the d = oo case, due to stacking, we have
L-1 i3 2
PORNO= Y Y Y (B.14)
iN=(N—1)(k—2)  iz=(k—2) i1=0
since each particle can also be positioned on top of the next particle over. Following

identical logic to the previous derivation, one can then show

b (k,N,L) = (B.15)

L—(N=1)(k—-2)(L+k+N-3
L+k—2 ( N )

B.2.2 Lower Bounds on Various Densities

We next compute a function which has several applications in the main text. In

particular, we consider the function

P3(z,m,k,N,L) =
SNy b (k, Ng, Lp)b® (k,N — Np —x,L — L —m)  (B.16)

L(v)

For a particular local configuration of x particles over m sites in a d = 2 system,

this sum equals the average density of occurrences of that configuration amongst all
states with NV particles and L sites such that the particles to the right and left of
the configuration satisfy the no-propagation condition of Eq. The average is

carried out over an entire NV sector. The bounds on the sum over Ng are given by

Npin = max (O, N — {

A (N, {W’D , (B.18)

L—LR—m—FkJ—SJ)

— (B.17)

k—2
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The sum on the right-hand side of Eq. involves polynomially many in L terms.
A subset of the summands exponentially dominates in L over the others, and thus the
leading order of the total sum coincides with the sum of this subset. Hence, the above
sums can be approximated in the thermodynamic limit using Laplace’s method. For
lack of space we do not include the details here, but we refer the interested reader

to the appendices of [2] where the full calculation can be found. The final result is

lim P®(z,m, k,vL, L) = v*(1 — v)"27 2601 —p/p,)? (B.19)

L—o0

This leads to the formulas for the density of frozen sites in Eq. , the
density of active blockages in Eq. , and the active bubble configuration
density of Eq. .
The corresponding function for d = oo is given by
P (zm, kN, L) =
YNy b (k, Ng, Lp)b® (k, N — Np — 2, L — Lp —m)

I (L+x—1>

(B.20)
The thermodynamic limit expression is derived using an identical approach to

the d = 2 case, and is found to be

lim P (x,m, k,vL, L) = v"(1 + v)~@tmT2=2=0) ) _ /)2, (B.21)

L—oo

From this we obtain the density of frozen sites in Eq. (4.39)),the density of active
blockages in Eq. (4.43]), and the active bubble configuration density of Eq. (4.53)).

B.3 Self-Averaging

In this appendix, we argue that by self-averaging in the thermodynamic limit [113],
the exact density of frozen sites in a typical randomly chosen state equals ﬁg), the
mean density of frozen sites averaged over all states. Hence, the lower bounds
on ﬁ%d) derived in Section also apply individually to almost all states at a
given filling v < 1, in the thermodynamic limit.

In the thermodynamic limit, we do not expect typical random states to have

extensively large subregions that deviate significantly from the global density v.
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Indeed, for general d, let p!® () denote the probability that a given site is occupied
by n particles in a random state with filling ». For d = 2 and d = oo, this

function can be computed exactly, yielding

9 L L—1 L o ien
=g (v 1) /() =ra-v (B.22)

N=vL
L+N-n-1 L+N-1
() (1)) = T —n —(n+1)
P (v) Lll—r>lc;lo < Non ) /( N ) v"(1+v) (B.23)
N=vL
For other values of d, p!¥ can be estimated numerically, and should have a mean
value of p¥ = ¢ npld = v

In the thermodynamic limit, we can treat the number of particles on each site
as i.i.d. random variables, with a probability distribution given by p?). Since
this probability distribution clearly has a finite variance, a simple application of
the central limit theorem [113] implies that suitably large subregions should have
density v up to vanishingly small deviations.

Since v < v,, this result means that in a typical randomly drawn state with
filling v there must be a finite density of blockages. Indeed, consider expanding
the state in question to its corresponding FES in the FES picture. For v < v,
we do not expect particles to travel very far from their point of origin during this
expansion, as a group of particles needs to have a local density greater than v, to
expand. This implies that any sufficiently large subregion of the FES should have a
density close to v, and so a finite fraction of the FES’ particles must be separated
from each other by k — 2 or more holes to comply with v < .. This leads to a
finite density of blockages (active, frozen, or both). The blockages should also be
evenly distributed, so as not to create large regions deviating from v.

We then make use of this finite density of blockages to divide the state into
an extensive number of large, but finite, regions of roughly equal size, separated
by blockages. We choose the size ¢ of these regions to be much bigger than the
typical distance between blockages. The mean density of frozen sites within these
finite regions is then described by pp(k,v(, (), and treating the densities in such

finite regions as i.i.d.s, the density of frozen sites in the whole of the randomly
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drawn state should tend towards this mean value by the central limit theorem. This
means thermodynamically large typical states should have a density of frozen sites
that equals the mean density. Hence, lower bounds derived for the mean density of
frozen sites should also apply to typical states in the thermodynamic limit.

To support these claims, in Section [£.3.5] we present numerical evidence that
self-averaging is indeed occurring by showing that the variance on numerically
computed lower bounds of pp(k, N, L) vanishes as L. — oo. We note that the
above arguments can also be applied to other intensive quantities, such as the
mean density of active blockages computed in Eq. and Eq. , or of
active bubbles computed in Eq. and Eq. . We also have evidence of
self-averaging in these cases, such as very small standard deviations for the data

points taken for several L = 10° systems in Fig. 4.3

B.4 Lower Bounds on Ay(x,k, N, L) and Ay (z,k, N, L)

In this section, we proceed to explicitly compute some lower bounds on the d = 2
and d = oo active bubble density functions, As(z,k,vL, L) and A (z,k,vL, L)
(as defined in Section [£.3.4)), for various values of k and z. We begin with the
simpler case of Ay (x,k,vL, L), which we lower-bound for £ = 7 and from =z =
2 to x = 6. We have that
As(xk =T,vL, L) =
HE§:1) Meo(T, 0k = Tas(z, 0,k =T,N, L), (B-24)

¢=1+5(z—1)
The summation bounds are derived from Eqs. (4.48]) (which also holds for d = c0)
and in the main text, where a lower bound on as(x,¢,k = 7, N, L) in the
thermodynamic limit is also provided in Eq. . Hence all that remains to be
calculated are the multiplicities mq.(x, ¢,k = 7). This can be done methodically
with the aid of a computer as follows. For each value of ¢ in the summation,
Meo(2, €, k = T) equals the sum of the dimensions of all local Krylov sectors with a
corresponding local FES consisting of ¢ — (1 4 5(x — 1)) pairs of particles separated
by k — 2 holes and 1 + 6(z — 1) — ¢ pairs of particles separated by k — 3 holes. For
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example, Mmoo (z,{ =1+ 5(x — 1),k = 7) equals the dimension of the local Krylov
sector that contains the local FES in which all pairs of particles are separated by
k — 3 holes. On the other hand, mq(z,¢ =2+ 5(x — 1),k = 7) equals the sum of
the dimensions of the z — 1 local Krylov sectors defined by the local FESs with
exactly one pair of particles separated by k — 2 holes; and so on. The dimension
of the local Krylov sector associated with a given local FES can be determined by
starting from that FES, then computing all possible states that can be reached
from the FES via a series of inward hop operators. This necessarily maps out the
whole of the FES, as by the results in Section [4.2.1], any state in a Krylov sector
of a d = oo system can be reached by starting from the FES and applying inward
hops. We present all the multiplicity values derived in this fashion in the table

below, where the boxes filled are those between the bounds of £, and £ay:

Moo, b,k =T)
¢ = 1 +|0 = 240 = 3+l = 4+|0 = 5+ = 6+
5(z —1) 5(z —1) 5(z —1) 5(z —1) 5(z —1) 5(z —1)
x=2 || 3 4
x=3 || 18 42 7
x=4 || 131 462 108 19
x=5 || 1111 5268 1446 408 40
x=6 || 10462 62185 18688 6723 1077 97

We next consider, for k = 5,

5).

the d = 2 multiplicity function ma(z, ¢,k =

Although a given active bubble configuration cannot necessarily attain its

corresponding local FES for d finite, one can show via brute force enumeration that
for the values x = 2 to x = 5 that we consider, this will always be the case. Hence
the local Krylov sectors for these values of x can be determined by starting from the
corresponding local FES and mapping out all states attainable via a combination

of inward and outward hops. This can be done numerically, yielding the results

meo(z, 0,k = 5)
¢ = 14|14 = 2+|0 = 34+|4 = 4+|0 = 5+
5(z —1) 5(z —1) 5(z —1) 5(z —1) 5(z —1)
x=2 || 2 2
x=3 || 5 12 3
x=4 || 15 62 27 )
x=5 || 56 318 180 62 8
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B.5 Proof of the CS-to-BES Algorithm

In this appendix, we prove the algorithm described in Section for mapping a
contracted state to a blockage-free extended state. We focus on the case of d = 2
for simplicity, from which it is clear how to generalise to higher d. We recall that

the algorithm in question is given for d = 2 by

« Forsite i € {0,..., L — 3} in increasing order, if the sites i and i + k — 1 are
within the bounds of the system and are empty and all sites in-between them
are occupied, apply the gate fl +r—1- Repeat the loop over sites until it is no

longer possible to apply this gate.

o For ¢ € {k—4,...,1} in decreasing order, for site ¢ € {0,...,L — 3} in
increasing order, if the sites ¢ and ¢ 4+ ¢ + 2 are within the system and empty
and all sites in-between are occupied, apply the gate j’l +¢4o; otherwise, if the
sites ¢ and 7 + ¢ 4 3 are within the system and empty and all sites in-between

are occupied, apply Uz§+e+3‘

o For ¢ € {1,...,k — 4} in increasing order, for site i € {0,...,L — 3} in

increasing order, apply the gate fl 4e42 if possible, and if not then apply the

gate U}, . 5 if possible.

To prove that this algorithm works, we note that a CS for d = 2 consists of
a series of clusters of particles, each separated by one hole from its neighbouring
clusters. By a cluster, we mean a group of occupied contiguous sites. We also
recall that at most one of these clusters contains k£ — 2 particles; the rest all contain
k — 3 particles, up to the possible exception of the leftmost and rightmost clusters,
which may contain fewer particles.

Let us label the clusters in a given CS by an index j = 1,..., Ng, where Ng is
the initial total number of particle clusters. As the algorithm is carried out, new
clusters may form to the left and right of the existing ones. When a new cluster is
formed to the left, we take the range of j to extend downward, so a first new leftward

cluster will have 7 = 0, a second new one will have j = —1, and so on. Likewise,
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when new clusters are formed to the right, the upper range of the index j extends
beyond N¢. We denote the number of particles in each cluster by ¢;. When, after a
series of hops, ¢; = 0 this indicates there are no particles left in that cluster (hence
the holes that were originally on either side of the cluster become adjacent); we will
continue to label the “empty cluster”, however, to preserve notational consistency.

Let us consider the first step in the algorithm. If there is no cluster of size
k — 2, this step does not have an impact. If there is such a cluster, then say it is
at index j, such that ¢; = k — 2, and that the leftmost particle in the cluster is
at site ¢ + 1. After the outward hop gate Ulfi +x_1 is applied to it, the following

changes in cluster size occur:

Cj = k— 4,
Cjy1 = Cjy1 T 1,

Cj—1 = Cj—1 + 1.

Indeed, the jth cluster loses two particles, and the clusters to its left and right
both gain one (or new clusters are started if they are not there already). If the
new value of c;;; satisfies ¢j;1 < k — 2, then no further hops are applied until the
algorithm loops back round to the first site. If ¢;4; = k — 2, on the other hand,

then the outward hop operator is applied again, resulting in

Cji1 =k —4,
Cj:k—?),

Cit2 = Cjr2 + 1.

Again, a further hop operator is only applied if ¢j;2 = k — 2; these outward hops
continue until an outward hop occurs in which no cluster of size k — 2 is formed,
or else a cluster of size k — 2 is formed which overlaps with the boundary (in
which case the particles just contribute to the pile-up at the boundary). At this
point, the algorithm loops back to the first site.

When the algorithm loops back to the first site and runs through again, then

cj—1 < k — 2, and all other clusters (up to the possible exception of those on the
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boundary) have size less than k — 2. If ¢;_; < k — 2, then the first step of the
algorithm terminates. If ¢;_; = k — 2, then the same series of hops is performed
again, with the end result that either ¢;_o = &k — 2 or else no cluster away from the
boundaries has size k& — 2. This continues until no clusters of size k — 2 not on the
boundary are left, which must eventually occur due to the finite size of the system.

We then consider the second step of the algorithm. For each value of ¢, at the
beginning of the loop, £+ 1 is the size of the largest clusters present, and at the end
of the loop, ¢ is the size of the largest clusters present (disregarding boundaries). To
demonstrate this, we note that it is straightforward to show following identical logic
to the last step that by the end of each loop over all sites, the number of clusters
of size ¢ + 1 is lesser or equal to what it was before the loop over all sites; and
furthermore that if it is equal, then the index of the leftmost cluster of size £ + 1
has decreased by 1. Hence, repeated application of the loop over all sites eventually
results in the absence of any clusters of size ¢ + 1 away from the boundaries. The
loop over the values of ¢ itself eventually results in all clusters away from the
boundaries having a size of at most 1, and hence in all particles not in boundary
pile-ups being separated by at least one (and at most 2) holes from their neighbours.

The third step of the algorithm follows identical logic in reverse. For each value
of £, at the start all particles are separated by at least ¢ and at most £+ 1 holes from
their neighbours, and by the end they are all separated by at least £+ 1 and at most
¢+ 2 holes. By the end of the algorithm, all particles are separated by at least k — 3
and at most k—2 holes. However, it can readily be shown that there can only be one
instance of k — 2 holes, since if there were two or more, then following logic identical
to that in step 2 of the uniqueness proof in Section [£.2.1] it would be impossible
via a series of solely inward hops to arrive at a CS; but it must be possible since
the sequence of outward hops we applied in our algorithm can be reversed.

In the case of general finite d, the “clusters” become groups of neighbouring
sites each containing d — 1 particles. The first step of the algorithm removes any
cluster of k — 2 sites, and the second step removes any clusters of even one site, as

it results in a state where no sites aside from boundary pile-ups have occupancy
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d — 1. The third step then completes the expansion to the BES. The proof of the

general d algorithm is almost identical to that presented above for d = 2.

B.6 Deriving P,(v) for d =2, k =4

We aim to derive an exact expression for the function P,(v), which for £ = 4 and
d = 2 gives the probability that, starting from a given site (and assuming the
preceding 2 sites are part of an active bubble), a pattern of particles and holes
arises such that the first three sites in the pattern are frozen sites.

We begin by noting that the first three sites in the pattern must either all be
holes or particles. This is because the preceding 2 sites are part of an active bubble,
and so they must consist of one particle and one hole, with the respective positions
of the particle and hole swapping as the system evolves with time. Hence, if the
first three sites of the pattern contained both particles and holes, it is easy to see
this would allow a hopping move to occur via interaction with a particle in the
active bubble, and so the 3 sites would not all be frozen.

In view of this result, we proceed to decompose our function as
B(v) = (1 —v)*pp(v) + Ppp(1 — 1),

where py(v) is the probability that starting from a given site, a pattern arises such
that the first site in the pattern is either empty or, if it contains a particle, the
particle is unable to perform an outward hop. Hence, if the three sites next to
the active bubble are holes, p,(v) is the probability that the following sites are
configured such that those 3 holes are frozen; and likewise, if the three sites are
particles, then p,(1 — v) gives the probability that those three particles are frozen.

To make the computation of py, () more intuitive to follow, instead of expressing
it as a sum over powers of v and (1 — v), we express it as a sum over sequences of
“0” (indicating a hole) and “1” (indicating a particle), with the rule 0 — (1 — v)

and 1 — v. By the above definition of py,(v), we immediately have that

p(v)=0+1..., (B.25)
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where by the “...” in the above, we mean that further terms need to be specified
in the sequence to ensure that its starting particle (represented by “1”) cannot hop
outward. If this first 1 is followed by a 0 then another 1, we find ourselves in the
same situation: the first particle in the sequence cannot hop outward only if the
newly added particle cannot hop outward. This pattern repeats itself if we add
on indefinitely many further terms of the form 01, and so

po(v)=0+1 (i(m)i) e (B.26)

=0

The next term we could add to the sequence is either a 00 or a 11 (since a 10
would allow the first particle in the sequence to perform an outward hop). A
00 already achieves the goal of preventing an outward hop. A 11 on the other
hand requires that more of the sequence be specified to ensure an outward hop

cannot happen. Hence we have

o

p(v) =0+1 (Z(m)i) (00 +11...] (B.27)

i=0
If we have a 11 term, we must ensure that the second of these two particles cannot
perform an inward hop with the remaining particles in the sequence. If we add a 01
to the sequence, then we have the same situation: we must ensure that the latest
particle added to the sequence cannot perform an inward hop. Thus we have
p(v) =0+1 <Z(o1)i> [00 +11 (Z(Ol)Z) . ] (B.28)
=0 i=0

If we add on a further 1 after this, then the inward hop cannot occur and we are
done. If we add on a 00, then we must add on a third 0, as a 001 would allow
an inward hop with the before-last particle. Thus

) =0+1 (Z(m)") [oo + 11 (Z(Ol)’) (1+4000... )1 (B.29)

i=0 i=0

For the final term, we note that our aim is achieved only if the last sequence
000 is followed by a fourth hole 0, or else by a particle 1 that cannot perform
an outward hop. We therefore have

() =0+1 (i(m)i) loo +11 <i(01)i> (1+ OOOpb(V))l (B.30)

i=0 1=0
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Substituting (1 — v) for “0” and v for “1” in the above equation and solving it,
we obtain our desired result:

1—2v+ 22— 1344

— B.31
1—2v+ 302 —3v3 +4v* — 305 + 16 ( )

pu(v)

B.7 Island Counting Function for Finite L

We here derive a general expression for the island counting function & (x, N, k, L)
defined in Section which counts the total number of interacting islands with x
particles over all states in a given N sector. As shown in Eq. , it is sufficient
for + < N and periodic boundaries to compute % (z, N, k, L), which is the total
number of states in an NV sector that have an interacting island with x particles
starting on site 1, and then multiply this result by L. For x = N however, the
situation becomes more complicated. We begin with the simpler cases of k = 2 and
k = 3 as illustrative examples before moving on to the case of general k.

In the case of k = 2, an interacting island with x particles simply consists of
a sequence of x particles with a hole on either side. Hence, we have that

ﬂ(x<N,N,k:2,L):L@(L—Q—N)<L];f;2>, (B.32)

where the binomial counts all possible ways to arrange the particles outside the
island while leaving a hole on either side, and the Heaviside theta ensures L > N +2
and hence that such a construction is possible. For the case x = N, the setting

is even simpler, and it is apparent that
I(x=N,Nk=2L)= L7~ (B.33)

For the situation k£ > 3, there can be holes within the interacting islands provided
that no particle in the island is separated by more than k£ — 2 holes from the next
particle over in the island. Let us refer to the regions between particles in a given
island as gaps. For k = 3, each gap can contain either one hole or no holes. Assuming

x < N to start, let n; denote the number of gaps in an island that contain a hole.
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We note that n; < min(z—1, L— N —4), since we need at least 2 holes on either side
to distinguish the island in question from the next islands over. Hence, we have that

min(z—1,L—N—4) I — _ 4 ]
J@<NNk=3L=L Y ( rom )(x ) (B.34)

=0 N —z ny

where the first binomial computes the number of ways to arrange the n; holes
among the z — 1 gaps and the second binomial counts the number of ways to arrange
the remaining particles in the system. For x = N, we obtain .#(x = N, N,k = 3, L)
by counting the number of states containing a single island. We distinguish between
two types of states: those that contain a sequence of 2 or more holes, and those
that don’t. For those that do, one can naturally define a start and an end to the
island contained in the state, the start being the particle immediately following the
sequence of holes, and the end being the particle immediately preceding them. As
previously, we may count these types of states by counting the number of states
with a single island starting at position 1, and multiplying the result by L. The
total number of such states is given by:

L

n1=0

min(N—-1,L—N-2) (N B 1)
(B.35)

U3
Note that the upper bound on the summation now requires that at least two holes
be left outside the island, instead of 4.

For those states that do not contain a sequence of two or more holes, there is
no longer a natural starting point to the island. One instead computes all possible
arrangements of the N particles such that no two particles are separated by more

than one hole. The total number of such states is

N +1 N -1
— ) B.
(L—N) (L—N—2> (B.36)
The binomial on the left counts all possible ways to construct a state with L —

N holes arranged individually around n particles. The binomial on the right

subtracts off those states in which there is a hole both on sites 1 and L in the
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state, since those states in fact contain a sequence of 2 adjacent holes via the
periodic boundary. Thus we have

N 1 N —1 min(N—1,L—N-2) N —1
J(:v:N,N,k:?),L):(L_JFN>—<L_N_2>+L 3 ( )

n1=0 i

(B.37)

The expressions for k = 3 can be straightforwardly generalised for the case of
general k. We begin with x < N. Each gap in an island can contain between 0
and k — 2 holes, and there must be at least (k — 1) holes on each side of the island.
Let n; indicate the number of gaps containing one hole, ny indicate the number

of gaps containing two holes, and so on up to n;_s. We then have that:

. £—1 £—1 .
k—2 mm(:pflfzizl m,(LfoQ(kfl)fzizl in;) /L)

Sz < N,N,k.L)=L ] 3
(=1 np=0
L—z—-2k—-1)=SF2in\ "2 (e 1= n;
( N-z >I;I< n; )

(B.38)

Once more, the first binomial computes the number of ways to arrange the N — x

particles outside the island on the remaining sites, and the other binomials compute

the number of ways to arrange the various sequences of holes in the gaps of the island.
For x = N, we get:

p_g min(z—1-3 " ng,(L-N—(k=1)=> i_] in;)/0)

I(x=N,NkL=|]] )

/=1 ne=0
_ k—2
(L—(©(L—=N=Y"in;—(k—1))—O(L—N— Z in;—(2k—3)))(2k—3—L+N+) _in;))
— i=1
. —1- Zz 1 Ny
1;[ ( U )
N klif (L_N_%lew a:—i—l—Zme 1:[ v+ 11—, n;
(=2 ng=0 L—N =Y in, j=2 1
(B.39)

The first term, covering the first three lines, counts the number of ways to construct
a state with a single island and a sequence of at least k — 1 holes outside the island.

The product of binomials on the third line counts the number of ways to arrange the
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sequences of holes in the gaps of the island. The term in the fourth line counts the
number of ways to construct one big state without any sequences of k — 1 holes. The
various binomials in the fourth line count the number of ways to arrange sequences
of between 1 and k — 2 holes in the spaces around the particles. The first binomial
counts the number of arrangements of gaps with one hole, while also enforcing that
ny =L — N — Y% 2n,. The contributions of spurious states, in which the number
of holes on the left of the leftmost particle and on the right of the rightmost particle
sum to £ — 1 or greater, are removed via the subtracted Heaviside step functions
in line 2. Hence, the expression in Eq. counts all possible ways to obtain

a state where all particles are part of the same interacting island.
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