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a b s t r a c t

A novel spatial multiscale model of a colonic crypt is described, which couples the cell cycle (including

cell division) with the mechanics of cell movement. The model is used to investigate the process of

monoclonal conversion under two hypotheses concerning stem cell behavior. Under the first hypoth-

esis, ‘stem-ness’ is an intrinsic cell property, and the stem cell population is maintained through

asymmetric division. Under the second hypothesis, the proliferative behavior of each cell is governed by

its microenvironment through a biochemical signalling cue, and all cell division is symmetric. Under

each hypothesis, the model is used to run virtual experiments, in which a harmless labeling mutation is

bestowed upon a single cell in the crypt and the mutant clonal population is tracked over time to check

if and when the crypt becomes monoclonal. It is shown that under the first hypothesis, a stable

structured cell population is not possible without some form of population-dependent feedback; in

contrast, under the second hypothesis, a stable crypt architecture arises naturally. Through comparison

with an existing spatial crypt model and a non-spatial stochastic population model, it is shown that the

spatial structure of the crypt has a significant effect on the time scale over which a crypt becomes

monoclonal.

& 2012 Elsevier Ltd. All rights reserved.
1. Introduction

Large-bowel or colorectal cancer accounts for 13% of all
cancers in the United Kingdom, with around 35,300 new
diagnoses and 16,000 deaths occurring each year (Cancer
Research UK, 2010). Colorectal cancer is predominantly a disease
associated with old age, with 80% of diagnoses being made in
patients over the age of 60. As a result of both longer life
expectancy and declining fertility rates, the proportion of people
in this age group is growing faster than any other. Colorectal
cancer is therefore likely to rise in prevalence (World Health
Organization, 2008).

Colorectal cancers originate from the epithelium that covers
the luminal surface of the intestinal tract. This epithelium renews
itself more rapidly than any other tissue (Ross et al., 2003). This
process of renewal requires a coordinated programme of cell
proliferation, migration and differentiation, which begins in the
tiny crypts of Lieberkühn that descend from the epithelium into
the underlying connective tissue. It is generally believed that
tumourigenesis occurs as a consequence of changes that disrupt
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normal crypt dynamics. Identifying the mechanisms that govern
crypt dynamics is therefore essential to understanding the origins
of colorectal cancer.

In this paper we describe a novel spatial multiscale model of a
colonic crypt, which couples the cell cycle (including cell division)
with the mechanics of cell movement. We will use our model to
evaluate the immortal stem cell hypothesis and the stem cell
niche hypothesis by studying the process of monoclonal conver-
sion under each hypothesis. The modular nature of this model
allows us to easily investigate different assumptions concerning
stem cell behavior. In each case, we use the model to run virtual
experiments in which a harmless labeling mutation is bestowed
upon a single stem cell in the crypt, and the mutant clonal
population is tracked over time to check if and when the crypt
becomes monoclonal. This is impossible to perform in vivo with
current experimental techniques.

1.1. Crypt architecture

A schematic diagram of a normal healthy colonic crypt is shown
in Fig. 1. Stem cells, located at the bottom of the colorectal crypt,
divide to produce transit-amplifying cells that migrate up the crypt
wall (Barker et al., 2007). As the cells migrate up the crypt they
undergo four to six rapid divisions (Potten et al., 2003) before
they stop dividing and differentiate terminally into colonocytes,
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Fig. 1. Diagram indicating the spatial location of the stem, transit amplifying and

differentiated cell compartments within the crypt.
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enteroendocrine cells or Goblet cells (Brittan and Wright, 2004).
Once at the top of the crypt, cells either undergo apoptosis or are
shed into the lumen and transported away (Giles et al., 2003;
Nowak et al., 2002).

Crypts are generated in adult mice by longitudinal crypt
fission, which is likely to start at the bottom of the crypt, where
the stem cells reside. This spatial coincidence has led to the
proposal that crypt generation is linked to stem cell behavior.
Crypt extinction is also possible and occurs if all actual and
potential stem cells are eliminated, for example after exposure
to radiation or cytotoxic drugs (Loeffler et al., 1997).

Since most data on the tissue renewal cycle come from
experimental studies of the murine small intestine, we will
concentrate on this type of crypt. Adult murine crypts contain
about 250 cells, of which 150 are proliferating, producing about
200–300 cells every day (Potten and Loeffler, 1990). Epithelial cell
turnover is rapid and essentially all cells except stem cells are
replaced within a week. In the murine small intestine, it takes 2–3
days for a cell to migrate up from the base of the crypt to its apex
(Okamoto and Watanabe, 2004). All crypt cells, excluding stem
cells, will be renewed over this period. The stem cells divide every
12–32 h with a mean 24 h (Potten et al., 2003; Li et al., 1994). The
transit cell population has an estimated cell-cycle time of 11–12 h
(Giles et al., 2003; Loeffler et al., 1986; Meineke et al., 2001).

Based on indirect evidence, there have been various estimates
for the number of stem cells in a murine small intestinal crypt,
ranging from 1 to about 16 (Boman et al., 2001; Marshman et al.,
2002; Potten and Loeffler, 1990), with a mean of around 6–8. It
has been proposed that this number varies slowly with time
(Loeffler and Grossmann, 1991) and that observed crypt size
distributions are proportional to the distribution of stem cells
per crypt (Loeffler et al., 1997). Despite the central role of the
stem cells in maintaining the integrity of the intestinal epithe-
lium, for many years their precise number and location within the
crypt remained unclear, mainly due to a lack of unique marker
genes and the absence of stem-cell assays. Recently, however,
Barker et al. (2007) were able to show that the Wnt target gene
Lgr5 is a marker for stem cells in the small intestine and colon.

1.2. Monoclonal conversion

It has been shown experimentally that, over time, the progeny
of a single stem cell within a crypt can take over the entire crypt.
This process has been termed monoclonal conversion (McDonald
et al., 2006), since the resulting crypt consists of a single clonal
population. Monoclonal conversion is important in the context of
colorectal carcinogenesis as clonal crypts seem able to expand
into patches through a process called crypt fission. The time scale
over which a crypt becomes dysplastic is related to the time scale
over which monoclonal conversion occurs and the rate at which
somatic mutations occur within the crypt. It has been proposed
that monoclonal, mutant crypts constitute the earliest stage of
colorectal adenomas (Preston et al., 2003). These monocryptal
lesions can expand further by crypt fission (Greaves et al., 2006).

The spread of cellular clones induced by somatic mutation has
been studied in murine intestinal crypts using the effect of
mutation of the D1b–1b locus in stem cells induced by the
mutagen ethylnitrosurea (ENU), which can cause mutations to
occur in the glucose-6-phosphate dehydrogenase (G6PD) gene
(Winton et al., 1988; Winton and Ponder, 1990; Loeffler et al.,
1993). Studies in mice that have received an injection of ENU
initially show a G6PD deficiency in only some crypt cells, but over
time the entire crypt can convert to being wholly deficient (Park
et al., 1995). More recent studies have shown similar results with
the induction of crypt-restricted metallothionein by ENU (Cook
et al., 2000), and with the induction of mitochondrial DNA
(mtDNA) mutations resulting in a cytochrome c oxidase defi-
ciency (McDonald et al., 2006).

Monoclonal conversion was demonstrated recently by Barker
et al. (2007) as part of their paper in which the Wnt target gene
Lgr5 was found to be a marker for stem cells in the small intestine
and colon. Using an activated reporter (LacZ) as a genetic marker
for Lgr5þ cells and their progeny, which enabled lineage tracing,
the authors found that Lgr5 is expressed only in a few cells
located at the base of each crypt. Five days after induction of LacZ
activity, the authors observed that Lgr5þ cells were still restricted
to the bottom of most crypts, with only a few entirely stained
crypts. Thereafter, the relative number of entirely stained crypts
increased. From these observations we may infer that the progeny
of a small number of stem cells (in some observations by Barker
et al., 2007, a single cell), located at the base of the crypt,
eventually populate the entire crypt.

1.3. The stem cell niche hypothesis

Stem cells are characterized by their ability to generate on
average one replacement stem cell and one differentiated cell at
each division with no apparent limit, thus simultaneously pro-
duce a continuous output of differentiated cells while maintain-
ing their own population. Two complementary hypotheses have
been proposed to account for this ability: the ‘immortal stem cell’
hypothesis and the ‘stem cell niche’ hypothesis.

Under the ‘immortal’ stem cell hypothesis, the property of
being a stem cell is intrinsic to the cell. Stem cells divide
asymmetrically to produce one stem cell and one non-stem cell
on each division. Asymmetric cell division has been demonstrated
for a number of specific cell types, for example, epidermal stem
cells (Lechler and Fuchs, 2005). It has also been suggested that the
immortal stem cell hypothesis could be realised by stem cells
dividing symmetrically, either to produce two identical stem cells
or two identical differentiated daughter cells, with equal prob-
abilities of each situation occurring to ensure the correct average
behavior. This generalization overcomes the inflexibility of con-
stant self-renewing and differentiation rates and allows for true
self-renewal of the stem cell pool with respect to cell numbers.
A problem with this first hypothesis is that it completely
discounts a cell’s microenvironment, which is known to play an
important role in the determination of cellular fate.

The second proposed hypothesis is that of a ‘stem cell niche’.
Here, a particular localized region or microenvironment instructs
cells to function as stem cells in vivo through mechanical and
biochemical signalling cues. The concept of a stem cell niche was
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Fig. 2. Diagram illustrating the multiscale nature of the spatial crypt model. At
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first proposed in the context of haematopoietic stem cells in bone
marrow (Schofield, 1978). The evidence for stem cell niches in
various tissues has been reviewed by Spradling et al. (2001). In
the case of the colon, we use the term microenvironment to
denote a single crypt.

Two distinct mechanisms have been suggested for niche opera-
tion: the ‘lineage’ mechanism and the ‘population’ mechanism
(Roeder and Lorenz, 2006). In a lineage mechanism, the division of
individual stem cells and the fate of individual daughter cells
are controlled by their microenvironment. For example, a stem cell
in such a niche might contact the stroma or underlying tissue
asymmetrically and orientate its division plane to ensure that only
one daughter inherits adhesive contacts with the basement mem-
brane. The daughter inheriting these contacts is held in the niche,
where it will continue to be maintained as a stem cell, whereas
the other daughter becomes untethered and relocates away from
the stromal cells and their signals. Thus, a normal lineage niche
operates in accordance with the ‘immortal’ stem cell hypothesis.

In a population mechanism, both daughter cells may remain as
stem cells or both may differentiate. A stem cell does not have to
‘know’ its developmental direction: it acts as a stem cell, taking
one of the two alternative developmental fates as dictated by its
microenvironment. These two mechanisms can be distinguished
by lineage studies in which single labeled stem cells and their
progeny are followed: the number of labeled stem cells will
remain unchanged by a lineage mechanism, but a population
mechanism will eventually homogenize the labeling of all the
niche’s stem cells. It has also been proposed that in addition to
‘actual’ stem cells, differentiated cells may be ‘potential’ stem
cells in the sense that, under appropriate local chemical cues, they
may de-differentiate. This concept, explicitly assuming a potential
reversibility of stem cell development, was originally proposed
for the intestinal crypt by Potten and Loeffler (1990).

If a stem cell niche does indeed exist in the colonic crypt, then
the Wnt signalling pathway is a prime candidate for being the
niche ‘controller’. Wnt signalling has been shown to play an
important role in regulating normal crypt dynamics (Sansom
et al., 2004; Korinek et al., 1998). This pathway is initiated when
extracellular Wnt factors bind to specific receptors on the cell
surface. This triggers a cascade of intracellular reactions, leading
eventually to the transcription of Wnt target genes coding for
proteins involved in cell-cycle control, migration and apoptosis.
Mutations in key components of the Wnt pathway, such as APC
and b-catenin, have been shown to be the first step in colorectal
carcinogenesis in the majority of colorectal cancers, including
most hereditary cases (Ilyas, 2005). It has been proposed that the
stem cell niche in the colonic crypt is regulated by a spatial
gradient of source of extracellular Wnt factors along the crypt axis
(van de Wetering et al., 2002).

In order to detect a stem cell niche, we must be able to
distinguish between cells. Until recently, the lack of a colonic stem
cell marker meant that mutagenesis studies were required to detect
stem cell expansion or extinction. Williams et al. (1992) follow the
time course of mutation-induced phenotypic changes after a single
dose of mutagen, and finds an increase in frequency of completely
mutated crypts. This result was used as evidence for the existence
of a stem cell niche in the crypt, with random cell loss after stem
cell division. A small difference in the number of crypt stem cells
that occupy the niche explained the large difference in the time
taken for phenotypic changes in the murine large and small
intestines after administration of a single dose of mutagen.

Stem cells can also be distinguished from each other by
looking at methylation patterns. Under the immortal stem cell
hypothesis, we would expect to see a wide variety of methylation
patterns persisting with time. In contrast, under the stem cell
niche hypothesis, crypts should eventually become homogeneous
(for one or other marker state), because of random stem cell
extinction and expansion. Shibata and co-workers have used non-
spatial stochastic modeling (Kim and Shibata, 2002; Ro and
Rannala, 2001; Yatabe et al., 2001) to demonstrate that the latter
hypothesis is consistent with experimental data from stochastic
methylation studies, in which the progeny from a single stem cell
periodically takes over the whole crypt. This phenomenon is
possible if there is more than one stem cell per crypt and stem
cells can divide symmetrically. Mosaic crypts generated in such
experiments, or by somatic mutation in vivo, progress with time
to become either all labeled or all unlabeled. Such rapid equili-
bration is the expected result when a niche is maintained by
a population mechanism rather than by asymmetric stem cell
divisions (Spradling et al., 2001). The recent identification of the
colonic stem cell marker Lgr5, and experimental findings on the
timecourse of Lgr5þ cell populations in crypts, by Barker et al.
(2007) have confirmed these observations. In conclusion, the
available evidence is compatible with the assumption of a stem
cell niche employing some form of population mechanism,
although the precise nature of how this niche operates remain
to be elucidated.

A problem with the studies described above is that the
mutagenic manipulations required to observe crypt heterogeneity
may alter the normal behavior of stem cells. For example, stem
cells that are normally immortal may alter their behavior to
repair the damage induced by mutagenesis. In this case, the
observed niche behavior reflects abnormal tissue damage rather
than normal crypt maintenance. Moreover, the experimental
manipulations used in murine stem cell studies are impractical
for human studies. Mathematical and computational modeling
provides a tool for testing various hypotheses about stem cell
behavior in the crypt while avoiding these types of problems.
2. Model development

In this section we describe a spatial model of a colonic crypt
which couples the cell cycle and cell division with the mechanics
of cell movement. A diagram illustrating the coupling is presented
in Fig. 2.

2.1. Mechanical model

We follow broadly the mechanical model of Paulus et al.
(1992), Meineke et al. (2001) and van Leeuwen et al. (2009),
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suitably modified for a non-flat geometry. There are two basic
components to the model: the first step is to decide which cells
are neighbors of each other, and the second is to determine the
forces transmitted by these neighbors. Each cell i is represented
by a point riAR3, which may be interpreted as the center of the
nucleus. Cells are constrained to lie on the crypt surface. In
Meineke et al. (2001) and van Leeuwen et al. (2009) this is taken
to be a circular cylinder. While this assumption is fine for most of
the crypt, it is a poor approximation of the base of the crypt
where the stem cells reside. Since accurately modeling the stem
cells is crucial to our study of monoclonal conversion, here we
take better account of the geometry by modeling the surface of
the crypt by the surface of revolution

S¼ fðr,y,zÞAR3 : z¼ f ðrÞg:

We take f ð0Þ ¼ 0 so that the bottom of the crypt is located at the
origin.

The area on this surface occupied by each cell is determined by
a Voronoi tessellation centered on the points ri, that is, the area
occupied by the cell associated with ri is the set of points which
are closer to ri than to any other rj, ja i. Strictly speaking we
should determine these distances using a non-Euclidean norm to
account for the curvature of the surface. However, this is overly
complicated given the simple nature of the mechanical model
itself, and we determine the cells simply by tessellating the
projection in the plane z¼0. This tessellation tells us which cells
are neighbors, and thus which cells can transmit force to a given
cell. If we join the centers of neighboring cells then this generates
a triangulation of the ri known as a Delaunay triangulation.

2.1.1. Cell dynamics

We assume that cell movement within the crypt is driven by
mitotic activity. New-born cells force nearby cells to move away,
causing a pressure-driven passive movement primarily up the
crypt axis. Following Meineke et al. (2001), we model the local
repelling and attracting intercellular forces by a network of
springs connecting neighboring cells. The total force FiðtÞ acting
on a cell i at time t is equal to the sum of all forces coming from
the springs of all neighboring cells jAN iðtÞ adjacent to i at that
time

FiðtÞ ¼ m
X

jAN iðtÞ

r̂ ijðtÞðJrijðtÞJ�sijðtÞÞ, ð1Þ

where m is the spring constant, rijðtÞ ¼ riðtÞ�rjðtÞ is the vector from
i to j at time t, r̂ ijðtÞ is the corresponding unit vector and sij is the
natural separation (spring length) between cells i and j. Here
we are making a local tangent plane approximation in using
the distance between two cells in three dimensions rather than in
the crypt surface to calculate the force. Again, this is valid so long
as the cell diameter is small compared to the radius of curvature
of the crypt surface.1

Since we are constraining all cells to lie on the crypt surface,
we can determine the position of each cell by its projection in the
plane z¼0. The constraint that rj must lie on S manifests itself as
a reaction force Rj acting normal to the surface whose magnitude
balances exactly the normal component of Fi. Thus to update the
positions of the cells we need the x- and y-components of the
tangential component of Fi. These are given by

Fn

i ¼ Fi�ðFi � niÞni�ðFi � ezÞezþðFi � niÞðni � ezÞez, ð2Þ

where ni is the unit outward normal to the crypt surface at the
point ri, and ez is the unit vector in the z-direction.
1 If this is not the case then treating the cells as two dimensional is itself

questionable.
We make the standard off-lattice model assumption that the
motion of cells is damped (Meineke et al., 2001). This simplifying
assumption that inertial terms are small compared to dissipative
terms, leads to first-order dynamics with the evolution of the
projection xi for each cell determined by

dxi

dt
¼

1

Z Fn

i ðtÞ, ð3Þ

where Z is the damping constant, which we assume to take the
same value for each cell. We solve this equation numerically by
using a simple forward Euler discretization, so that the effective
displacement within a small time interval Dt is given by

xiðtþDtÞ ¼ xiðtÞþ
1

Z
Fn

i ðtÞDt: ð4Þ

As this numerical method is explicit, we must choose a suffi-
ciently small time step. If Dt is too large, then the numerical
solution may exhibit spurious oscillations.

After any cell movement the Delaunay neighborhoods may
have changed, so the set of points corresponding to cell centers
must be remeshed by a Delaunay triangulation at every time step.
The Delaunay triangulation is implemented using a highly opti-
mized, freely available meshing program,2 which requires a
convex hull. To accommodate this requirement, we extend the
crypt projection mesh by adding a surrounding layer of ‘ghost’
nodes, as shown in Fig. 3; for further details, see van Leeuwen
et al. (2009). These nodes do not correspond to real cells and do
not exert any forces on those that do. Their purpose is simply to
facilitate remeshing and to provide extra boundary points so that
the Voronoi tessellation does not result in extremely large cells at
the boundary of the mesh (corresponding to the top of the crypt).

2.1.2. Cell birth

Cell division is implemented in the model as follows. When the
cell cycle model (to be discussed shortly) signals that the asso-
ciated cell is ready to divide, a new node is added to the mesh a
short distance e away from the node in the mesh corresponding to
the cell, at a random angle. A new cell cycle model and associated
cell are created to correspond to this new node. To account for cell
growth, and to avoid an unrealistically large force between these
two neighboring nodes, we let the rest length of the spring
between them increase linearly from e to its normal value ‘ over
the first hour after division

sijðtÞ ¼
eþð‘�eÞðt�tdÞ, trtdþ1,

‘, t4tdþ1,

(
ð5Þ

where td is the time at which the parent cell divides.

2.1.3. Cell sloughing

It is known that cells that have migrated to the top of the crypt
are sloughed off into the lumen. This is implemented in the model
as follows. When a node moves beyond a critical radius R from the
center of the projected mesh, it is removed from the mesh and the
cell corresponding to it is deleted.

2.2. Cell cycle models

The cell cycle is the orderly sequence of events by which a
eukaryotic cell grows, duplicates its contents and divides into two
(Alberts et al., 2002). The cell cycle may be divided into four
distinct phases: gap 1 (G1), synthesis (S), gap 2 (G2) and mitosis
(M). During G1 phase, the cell grows in volume and monitors its
environment. When the external conditions and the size of the
2 Triangle (www.cs.cmu.edu/~quake/triangle.html).

www.cs.cmu.edu/~quake/triangle.html
www.cs.cmu.edu/~quake/triangle.html
www.cs.cmu.edu/~quake/triangle.html
www.cs.cmu.edu/~quake/triangle.html


Fig. 3. Snapshot of a typical simulation showing the extra layer of ghost nodes. (a) The Voronoi tessellation of the mesh, with cells colored according to their type: stem

cells are represented in green, transit cells in yellow and differentiated cells in red. (b) The associated Delaunay triangulation, with nodes colored according to cell type and

ghost nodes colored grey. (c) A reconstructed three-dimensional representation of the projection simulation. (For interpretation of the references to color in this figure

legend, the reader is referred to the web version of this article.)
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cell are suitable, the cell passes through a checkpoint called the
G1/S restriction point and enters S phase, committing itself to
DNA replication and division. This transition is irreversible: once
the cell enters the S phase and DNA replication commences,
division has to be completed. After replicating its DNA, the cell
then progresses through G2 phase, which allows additional time
for growth. The cell then reaches the G2 checkpoint, and checks
that DNA and chromatide alignment have occurred. The cell then
enters M phase, during which chromosome segregation and cell
division occur.

A number of mathematical models of the cell cycle have been
developed, which are usually formulated as systems of coupled
nonlinear ordinary differential equations that describe the change
in the levels of key cell cycle control proteins (Tyson et al., 2001,
2002). In these models, the passage through cell cycle checkpoints
occurs when the levels of specific proteins satisfy threshold
conditions. Since these models contain a large amount of biolo-
gical detail that is not necessary for our purposes, we instead use
a much simplified model, in which the durations tS, tG2, tM of S
phase, G2 phase and M phase, respectively, are fixed, and all
stochastic variation (required to break cell division synchrony) is
incorporated into the duration of the G1 phase tG1. The precise
nature of this random variable is informed by which stem cell
hypothesis we choose.
2.2.1. Immortal stem cell hypothesis

To investigate the immortal stem cell hypothesis, the duration
of a proliferating cell’s G1 phase, tG1, is taken to be a normal
random variable with constant variance s2 and constant mean
mstem or mtransit depending on the cell type.

We assume that each stem cell divides asymmetrically to one
stem cell and one transit cell with probability 1�a, and divides
symmetrically to either two stem cells or two transit cells, each
with probability a=2. It is known that the total number of stem
cells in a crypt remains constant on average (Kim and Shibata,
2002; Brittan and Wright, 2002). A necessary condition for this
model of stem cell division to exhibit such behavior is that the
two symmetric division probabilities must be equal, since other-
wise the average number of stem cells would either increase
without bound or decrease to zero over time. We therefore
consider only this special case of matched symmetric division
probabilities. Following Meineke et al. (2001) and Loeffler et al.
(1986), we assume that each cell has a pedigree, or generation.
Each stem cell is fixed to be of generation zero at division, while
the generation of a transit cell is incremented by one at each
division. We assume that each transit cell may undergo a certain
number of divisions, reaching a maximum generation gmax at
which it becomes a differentiated cell that does not proliferate.
In their cylindrical crypt model, Meineke et al. (2001) show that



A.G. Fletcher et al. / Journal of Theoretical Biology 300 (2012) 118–133 123
this mechanism can account for the correct numbers of stem,
transit and differentiated cells in a murine intestinal crypt when
gmax ¼ 3.

In contrast to Meineke et al. (2001), we do not fix the positions
of stem cells at the bottom of the crypt: this would result in cell
crowding, as daughter cells that are placed randomly nearby stem
cells may become trapped. Instead it makes sense to assume that
stem cells respond to an external chemical cue (in our case, Wnt)
by active migration. This chemotactic behavior ensures that,
although motile, stem cells tend to move down towards the
bottom of the crypt if displaced as a result of mitosis. This is
implemented as an additional force in the equation of motion (1)
for each stem cell

FiðtÞ ¼ m
X

jAN iðtÞ

r̂ ijðtÞðJrijðtÞJ�sijðtÞÞþw=WðriðtÞÞ, ð6Þ

where the Wnt concentration WðrÞ is prescribed to be linear and
constant in time, and the strength of the chemotactic force w is
chosen to ensure that the equilibrium configuration of stem cells is
not too closely packed. We emphasize here that although we have
assumed that Wnt plays the role of a chemical cue, the precise
nature or mechanism of this cue is not critical to the model: some
form of graded signal is all that is assumed.

An alternative modeling assumption would be that stem cells
are pulled back down the crypt as a result of substrate forces.
However, this raises the question of how cells in the basal lamina
communicate with the stem cells and pull them in the right
direction. The simplest explanation for this is the presence of
an external chemical cue, which brings us back to our original
assumption.

2.2.2. Stem cell niche hypothesis

Under the stem cell niche hypothesis, we assume that a cell has
no intrinsic ‘stemness’ but performs the role of a stem cell if it is
born in the presence of a relatively high Wnt concentration. In line
with recent experimental evidence (Gaspar and Fodde, 2004; van de
Wetering et al., 2002), we superimpose a spatial gradient of Wnt
along the vertical crypt axis, with high levels of Wnt at the crypt
base and low levels at the lumen. We incorporate into each cell a
0 2 4 6 8 10
0

50

100

150

200

250

Number of transit generations

N
um

be
r o

f c
el

ls

Stem
Transit
Differentiated
Total

Fig. 4. Variation in average numbers of stem, transit and differentiated cells in a typica

gmax and w. Parameter values used in this simulation, with the exception of the parame

average is taken over 500 h of a simulation, following an initial period of 500 h. As disc

serves only as a general illustration of the dependence of the average on these paramet

referred to the web version of this article.)
Wnt-dependent cell-cycle model which leads to position-dependent
cell-cycle times. All division is assumed to be symmetric. A cell
divides symmetrically into two stem cells at high Wnt levels and
two transit cells at lower Wnt levels. If the Wnt level is lower still,
then the cell does not divide. Hence cell type is a result of the
current local Wnt level. As in the immortal stem cell hypothesis, the
duration of a proliferating cell’s G1 phase, tG1, is given by a normal
random variable with cell-type dependent means mstem, mtransit and
constant variance s2. Differentiated cells are assumed to have
tG1 ¼1. We shall usually take mtransit ¼ mstem under this hypothesis,
in accordance with the notion that stem cells differ from transit cells
purely in their location in the crypt; although we will also consider
the case where mtransitamstem for comparison.

The Wnt gradient is imposed to replicate the expected posi-
tions of stem, transit and differentiated cells in the crypt. We
superimpose a linear Wnt gradient of the form

WðrÞ ¼W0ðR�rÞ, ð7Þ

where W0 denotes the Wnt concentration at the base of the crypt
and R denotes the radius of the crypt at its apex. We then define
two critical Wnt concentrations: Wstem, the concentration above
which new cells may be considered to be stem cells, and W transit,
the concentration below which cells may be considering to be
terminally differentiated.

2.3. Parameter values

In this section we list the parameter values used in the crypt
model. In all simulations we have set Dt¼ 30 s, and have estab-
lished through numerical experiments that this value is small
enough to confer stability on the numerical method. All lengths
are scaled with the spring rest length ‘ between neighboring cells,
which is approximately 10 mm (Drasdo and Loeffler, 2001). We
approximate the surface of the crypt by the paraboloid z¼ ar2.
The value of a is guided by Halm and Halm (2000), who obtain the
average height of a human colonic crypt as 433 mm and its the
width at the top of the crypt as 74 mm. Here we assume that murine
and human crypts are similar (in the geometrical sense). The value
of the sloughing radius R is chosen to ensure that the average
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Table 1
Parameter values for the crypt model. Estimation of parameter values for which no reference is given is discussed in the main text.

Parameter Description Estimate Reference

a Shape parameter 3 Halm and Halm (2000)

R Crypt height 5 –

Z Damping constant 1 Meineke et al. (2001)

m Spring constant 15 Meineke et al. (2001)

e Mitotic spring length 0.5 Meineke et al. (2001)

‘ Natural spring length 1 –

Dt Time step 0.0083 h –

mstem Mean stem cell G1 duration 14 h Meineke et al. (2001)

mtransit Mean transit cell G1 duration 2 h Meineke et al. (2001)

s2 G1 duration variance 1 h Meineke et al. (2001)

tS S phase duration 5 h Meineke et al. (2001)

tG2 G2 phase duration 4 h Meineke et al. (2001)

tM M phase duration 1 h Meineke et al. (2001)

a Probability of symmetric division 0.1 –

w Stem cell chemotactic strength 1 –

gmax Number of transit generations 6 –

W0 Basal Wnt concentration 1 –

Wstem Stem cell Wnt concentration 0.8 –

W transit Transit cell Wnt concentration 0.65 –
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number of cells in the crypt is approximately 250, as observed
experimentally (Potten and Loeffler, 1990).

Under the immortal stem cell hypothesis, a larger number of
transit generations than that are given by Meineke et al. (2001) are
required to give approximately the correct proportions of transit and
differentiated cells in the crypt. This is because the crypt projection
geometry allows for cells to move tangentially to the crypt axis
more easily than in the cylindrical geometry. Based upon numerical
investigations, we choose gmax ¼ 6. Similarly, we choose a value of
the chemotactic strength w that results in realistic packing of stem
cells at the base of the crypt. Fig. 4 shows how the number of stem,
transit and differentiated cells, averaged over 500 h of a simulation
under the immortal stem cell hypothesis, varies with each of these
parameters. The probability of symmetric division a must not be too
large, or else the number of stem cells in the crypt will rapidly
decrease to zero (see Results section). Under the stem cell niche
hypothesis, the Wnt concentration is scaled with its value W0 at the
base of the crypt. The critical Wnt concentrations Wstem and W transit

are chosen to ensure that the average number of ‘stem’ cells in the
crypt is approximately 8 (Boman et al., 2001; Marshman et al., 2002;
Potten and Loeffler, 1990) and the average number of proliferating
cells in the crypt is approximately 150 (Potten and Loeffler, 1990).
All other parameter values are listed with references in Table 1.

2.4. Model implementation

Model simulations were implemented within the computa-
tional framework of the Chaste project (Pitt-Francis et al., 2009).
3. Results

3.1. Immortal stem cell hypothesis

Simulations of the crypt model under the immortal stem
cell hypothesis showed that even with a small probability of
symmetric division, the crypt eventually loses all its stem cells, an
event that is not biologically realistic (a typical model simulation
under the immortal stem cell hypothesis is shown in Fig. 5).
Furthermore, even while the number of stem cells varied slowly,
the numbers of transit cells and differentiated cells oscillated
wildly, as shown in Fig. 6. We therefore conclude the immortal
stem cell hypothesis alone cannot explain the observed crypt
structure. Indeed, under this hypothesis, each clonal population
will (given sufficient time) become extinct. Thus every crypt will,
eventually, lose all its stem cells. This process is referred to as
crypt extinction.

Although such crypt extinction events have been observed
experimentally, they are extremely rare, and usually the total
number of stem cells in a crypt remains constant on average (Kim
and Shibata, 2002; Brittan and Wright, 2002). This is an inherent
weakness of the immortal stem cell hypothesis as formulated in
our model. It means that some type of population-dependent
feedback is required to allow for the replenishment of stem cells.
This issue has been addressed to some extent using non-spatial
modeling, with several forms of feedback considered, most
notably de-differentiation of transit cells (Johnston et al., 2007),
which may give realistic behavior at the cell population level.
However, when one considers spatial effects, a problem is
encountered. De-differentiation must either be a random process,
or a result of spatially varying cues. Under the former hypothesis,
one would expect to observe transit cells de-differentiating at
random locations up the crypt, but this is not observed experi-
mentally. Under the latter hypothesis, we may recover the typical
spatial crypt structure, but this is in effect a form of the stem cell
niche hypothesis. We therefore proceed to study the model
behavior under this hypothesis.

3.2. Niche hypothesis

In our model, the stem cell niche hypothesis naturally leads
to a stable crypt structure with the requisite numbers of stem,
transit and differentiated cells. Figs. 7–9 show the results of a
typical crypt simulation, in which each cell in the crypt is initially
labeled with a different clonal index, and their progeny tracked
over time until the crypt becomes monoclonal. As Fig. 7 demon-
strates, the numbers of stem cells, transit cells and differentiated
cells remain constant on average, and are much more stable than
under the immortal stem cell hypothesis.

Under the niche hypothesis, monoclonal conversion is inevitable
as, over time, the progeny of one clonal population take over the
entire stem cell niche, and then soon after the entire crypt. As
Figs. 8 and 9 demonstrate, there is a fast initial drop in the number
of different clonal populations in the first few days, as non-proliferat-
ing cells are swept out of the crypt. This is typically followed by a
longer period during which two or more clonal populations compete
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t = 120 h t = 150 h t = 180 h t = 210 h

t = 240 h t = 270 h t = 300 h t = 330 h

t = 360 h t = 390 h t = 420 h t = 440 h

Fig. 5. Time course showing stem cell extinction in the colonic crypt under the immortal stem cell hypothesis. Stem cells are represented in green, transit cells in yellow

and differentiated cells in red. Parameter values used in this simulation are those given in Table 1 with mstem ¼ mtransit ¼ 2 h. Initially a single cell in the stem cell niche is

given a harmless mutation (blue) which is transmitted to the cell’s progeny. After 180 h this clonal population has been swept out off the crypt (g). There is significant

variation in the numbers of spatial distribution of different cell types, and after 440 h the number of stem cells present has dropped to zero (p). (For interpretation of the

references to color in this figure legend, the reader is referred to the web version of this article.)
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to take over the niche. This competition is also illustrated by Fig. 10,
which shows the results of another simulation in which two clonal
populations persist for several weeks, exhibiting oscillations in cell
numbers, until one clonal population is eventually finally swept out
of the niche and the crypt becomes monoclonal.

Fig. 11 shows snapshots of a simulation in which a single cell is
labeled with a harmless mutation and its progeny tracked, until
the crypt has become monoclonal. Of course, to produce these
results, we tracked the progeny of all initial cells, as each stem cell
in the niche has probability 1=n of becoming the dominant one,
where n is the number of cells in the niche.
3.2.1. Distribution of monoclonal conversion times under niche

hypothesis

We ran 500 simulations of the crypt model under the stem cell
niche hypothesis, with equal mean cell cycle times for all proliferating
cells (mstem ¼ mtransit ¼ 2 h), and for each simulation recorded the time
taken to achieve monoclonality. The results are shown in red in
Figs. 12 and 13. The monoclonal conversion times have a G-like
distribution, with mean 18.6 days and variance 82.9 days.

We also performed simulations in which stem cells had different
mean cell cycle times (mstemamtransit, with values given in Table 1),
as has been suggested (Reya et al., 2001). The results are shown in
blue in Figs. 12 and 13, allowing a comparison to be made with the
case of equal mean cell cycle times. In the case of different mean
cell cycle times, the mean monoclonal conversion times was
approximately doubled to 36.6 days, with variance 489.7 days. This
doubling reflects that of the mean stem cell cycle time.
3.2.2. Comparison of results with cylindrical geometry

We also performed simulations using the cylindrical geometry
employed by Meineke et al. (2001), in which the crypt surface is
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Fig. 6. Numbers of each cell type in a typical simulation under the immortal stem

cell hypothesis. Parameter values used in this simulation are those given in Table 1

with mstem ¼ mtransit ¼ 2 h. (For interpretation of the references to color in this

figure legend, the reader is referred to the web version of this article.)
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Fig. 7. Numbers of each cell type in a typical crypt simulation under the stem cell

niche hypothesis. Parameter values used in this simulation are those given in

Table 1 with mstem ¼ mtransit ¼ 2 h. (For interpretation of the references to color in

this figure legend, the reader is referred to the web version of this article.)
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Fig. 8. Number of clonal populations in a typical crypt simulation under the stem

cell niche hypothesis. Parameter values used in this simulation are those given in

Table 1 with mstem ¼ mtransit ¼ 2 h.
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Fig. 9. Number of cells in each clonal population in a typical crypt simulation

under the stem cell niche hypothesis. Parameter values used in this simulation are

those given in Table 1 with mstem ¼ mtransit ¼ 2 h. In this case monoclonal conver-

sion occurs quite quickly.
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Fig. 10. Number of cells in each clonal population in another crypt simulation

under the stem cell niche hypothesis. Parameter values used in this simulation are

those given in Table 1 with mstem ¼ mtransit ¼ 2 h. In this case monoclonal conver-

sion occurs more slowly, as two clonal populations compete to take over the crypt.

A.G. Fletcher et al. / Journal of Theoretical Biology 300 (2012) 118–133126
modeled as a cylinder, with the same Wnt-dependent cell cycle
model described earlier. Results for the case where the mean cell
cycle duration is the same for all proliferating cells (mstem ¼ mtransit ¼
2 h) are shown in Figs. 14 and 15. In this case the mean monoclonal
conversion time in this cylindrical model was 42.0 days, significantly
higher than when employing the crypt projection geometry, with
variance 538.1 days. We also compared the case where cells in the
niche have a longer mean G1 duration (mstem ¼ 14 h, mtransit ¼ 2 h),
results of which are shown in Figs. 16 and 17. In this case the mean
monoclonal conversion time using a cylindrical geometry was
58.0 days, with variance 919.1 days. In both cases, the assumption
of a simplified cylindrical geometry results in estimated monoclonal
conversion times that are significantly higher than those predicted
using the crypt projection geometry.
4. Discussion

In this section we will seek to understand the results of our
multiscale model through simple non-spatial models. We begin in
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t = 100 h t = 125 h t = 150 h t = 175 h

t = 200 h t = 225 h t = 250 h t = 275 h

t = 300 h t = 325 h t = 350 h t = 375 h

Fig. 11. Time course showing monoclonal conversion in the colonic crypt under the stem cell niche hypothesis. Parameter values used in this simulation are those given in

Table 1 with mstem ¼ mtransit ¼ 2 h. Stem cells are represented in green, transit cells in yellow and differentiated cells in red. Initially a single cell in the stem cell niche is

given a harmless mutation (blue) which is transmitted to the cell’s progeny. After 350 h this clonal population has taken over the entire niche (o) and soon after the crypt is

almost monoclonal (p). In this simulation monoclonality occurred at 425 h. (a) t¼0 h. (b) t¼25 h. (c) t¼50 h. (d) t¼75 h. (e) t¼100 h. (f) t¼125 h. (g) t¼150 h. (h)

t¼175 h. (i) t¼200 h. (j) t¼225 h. (k) t¼250 h. (l) t¼275 h. (m) t¼300 h. (n) t¼325 h. (o) t¼350 h. (p) t¼375 h. (For interpretation of the references to color in this figure

legend, the reader is referred to the web version of this article.)
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Sections 4.1 and 4.2 by analyzing two simplified models of stem
cell dynamics under the immortal stem cell hypothesis, in which
we model stem cell division as a branching process. Then, in
Section 4.3, we look at a simplified model of the crypt under the
stem cell niche hypothesis, in which the crypt dynamics are
modeled as a Moran process.

4.1. Stochastic model of immortal stem cell hypothesis

We assume no spatial effects or feedback and consider the
population dynamics of a crypt initially containing n0 stem cells.
Each stem cell may undergo symmetric division to two stem cells
(with probability a=2), symmetric division to two transit cells (with
probability a=2) or asymmetric division to one stem cell and one
transit cell (with probability 1�a). To incorporate the limited size of
the crypt, we place an upper bound N on the size of any given stem
cell clone. If this maximum is reached for a given stem cell clone,
then at the next division one daughter cell is removed from the
crypt; if the division is asymmetric, then the daughter stem cell is
removed with probability g.

The crypt is considered to be monoclonal when n0�1 of the
stem cell clones have become extinct (this will actually be a slight
underestimate, since it neglects the time taken for the rest of
the crypt to be taken over). We begin by studying the dynamics
of a single clone, starting with a single stem cell, and compute
how many divisions on average are required before extinction
occurs.

Let XkAf0, . . . ,Ng denote the number of stem cells of a given
clone remaining in the crypt after there have been k divisions of
this clone. Since the number of stem cells after kþ1 divisions
depends just on the number of stem cells after k divisions, the
sequence ðXkÞkZ0 forms a Markov chain, with one-step transition
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Fig. 13. Comparison of the cumulative distribution of monoclonal conversion

times for the case where the mean cell cycle duration is the same for all

proliferating cells (mstem ¼ mtransit ¼ 2 h) with the case where cells in the niche

have a longer mean G1 duration (mstem ¼ 14 h, mtransit ¼ 2 h). The distributions

were obtained by running 500 simulations in each case.
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times for the cylindrical and projection geometries. The distributions were

obtained by running 500 simulations for each geometry. Parameter values used

in simulations are those given in Table 1 with mstem ¼mtransit ¼ 2 h.

A.G. Fletcher et al. / Journal of Theoretical Biology 300 (2012) 118–133128
probabilities pij ¼PðXk ¼ j9Xk�1 ¼ iÞ given by

p00 ¼ 1,

pij ¼ ð1�aÞdi,jþ
a
2
di,j71, 0o i, joN,

pNj ¼
a
2
þgð1�aÞ

� �
dN�1,jþ

a
2
þð1�gÞð1�aÞ

� �
dN,j, ð8Þ

where di,j denotes the Kronecker delta function

di,j ¼
1 if i¼ j,

0 if ia j:

(
ð9Þ

This Markov chain is stationary, irreducible and has a single
absorbing state Xk¼0, from which it cannot escape. Thus,
regardless of the initial number of stem cells, the crypt is doomed
to lose all its stem cells in this model. This is analogous to a
gambler’s ruin problem (Norris, 1997).

The Markov chain ðXkÞkZ0 may behave in one of various qualita-
tively different ways depending, for instance, on whether or not it
ultimately becomes extinct. One way of gaining more insight is to
study the behavior of Xk conditional upon the occurrence of some
event (such as extinction) (Grimmett and Stirzaker, 1992). A natural
next step is to ask how long, on average, it takes for extinction to
occur. Let ti denote the mean number of divisions before first
reaching the absorbing state 0, starting with X0 ¼ i. It can be shown
by conditioning on the first division (Norris, 1997) that ðt0,t1, . . . ,tNÞ

are given by the minimal non-negative solution to the system of
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linear equations

t0 ¼ 0,

ti ¼ 1þ
X1
j ¼ 1

pijtj, 1r irN: ð10Þ

Solving the above equations, we find that

ti ¼
i

a
a

aþgð1�aÞ
þ2N�1�i

� �
: ð11Þ
2

In particular, the mean number of divisions before extinction occurs,
starting with a single stem cell, is given by

t1 ¼
1

a
2þgð1�aÞ

þ
2

a
ðN�1Þ: ð12Þ

Note that, as expected, t1-1 as N-1, and that for fixed N, t1 is a
monotonic decreasing function of a in the interval 0oao1.

4.2. Alternative stochastic model of immortal stem cell hypothesis

In the previous section we defined a time step to be the length
of time between successive stem cell divisions. Although this
makes it straightforward to compute properties such as the mean
number of steps until extinction, mapping such a result back to
actual units of time is problematic, since the average time
between divisions is itself a function of the number of stem cells
present. We therefore turn our attention to an alternative model,
in which we consider ‘generations’ of stem cells, and initially
make the simplifying assumption that these are contempora-
neous. As before, our aim is to investigate the behavior of this
process.

Let Zn denote the number of stem cells of a given clone in the
nth generation, then

Zn ¼ Y ðnÞ1 þ � � � þY ðnÞZn�1
, ð13Þ

where Y ðnÞ1 , . . . ,Y ðnÞZn�1
are independent identically distributed ran-

dom variables with common probability generating function

GðsÞ ¼
a
2
þð1�aÞsþ a

2
s2: ð14Þ

We use the initial condition Z0 ¼ 1. We have for now neglected
any upper bound on Zn to allow some progress with analysis of
this process.

Let GnðsÞ ¼ EðsZn Þ denote the generating function of Zn. We
can find a recurrence relation for the extinction probability
rn ¼PðZn ¼ 0Þ using the fact that rn ¼ Gnð0Þ and the recurrence
relation GnðsÞ ¼ GðGn�1ðsÞÞ. Thus

rnþ1 ¼
a
2
þð1�aÞrnþ

a
2
r2

n, ð15Þ

for n40, with r0 ¼ 0 and r1 ¼ a=2. By employing the transforma-
tion rn ¼ 1�ð2=aÞnn, we find that this recurrence relation for rn is
conjugate to the logistic map

nnþ1 ¼ nnð1�nnÞ, ð16Þ

for n40, with n1 ¼ ða=2Þð1�ða=2ÞÞAð0;1Þ. It is known that the
behavior of this map for a starting point in ð0;1Þ is monotonic
convergence to zero as n-1 (Drazin, 1992), and hence rns1 as
n-1. No closed-form solution for rn exists, however.

Now suppose that we start with K clones, with populations

Zð1Þn

� �
nZ0

, . . . , ZðKÞn

� �
nZ0

, with each clone behaving as before. We

wish to compute the expected time it takes for K�1 of these
clones to become extinct.

The probability that by the nth generation we are left with k

clones is equal to the probability that the time to extinction is
at most n for K�k of the clones, and is greater than n for the
remaining k clones

Pðk clones by nth generationÞ ¼
K

k

� �
PðTrnÞK�k

ð1�PðTrnÞÞk

¼
K

k

� �
rK�k

n ð1�rnÞ
k: ð17Þ

In particular, the probability of monoclonality by the nth genera-
tion is given by

KrK�1
n ð1�rnÞ: ð18Þ
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While this result is valid for a population with contempora-
neous generations, in most populations individuals in the same
generation give birth to families at different times. This is
certainly true in our stem cell example. To model this more
complex behavior, we may attach another random variable to
each individual, denoting their lifetime. Suppose that the collec-
tion of all stem cell lifetimes is a set of variables that are
independent of each other and all family sizes, and are continuous
and positive with common probability density function fT. Each
individual lives for a period of time equal to its lifetime before
giving birth to its family of next-generation descendants.

Let Z(t) denote the size of the population at time t. The
generating function for the population size is GtðsÞ ¼ EðsZðtÞÞ. We
assume that Zð0Þ ¼ 1 and let T be the lifetime of this initial
individual. Using conditional expectation, we have

GtðsÞ ¼ EðsZðtÞÞ ¼

Z 1
0

EðsZðtÞ9T ¼ uÞf T ðuÞ du:

If u¼T, then at time u the initial individual dies and is replaced by
a random number N of offspring, where N has generating function
G. Each of these offspring behaves in the future as their ancestor
did in the past, and the effect of their ancestor’s death is to replace
the process by the sum of N independent copies of the process
displaced in time by an amount u.

If u4t, then ZðtÞ ¼ 1 and EðsZðtÞ9T ¼ uÞ ¼ s. If uot, then Z(t) is
the sum of N independent copies of Zðt�uÞ, and so EðsZðtÞ9T ¼ uÞ ¼

GðGt�uðsÞÞ. We therefore have

GtðsÞ ¼

Z t

0
GðGt�uðsÞÞf T ðuÞ duþ

Z 1
t

sf T ðuÞ du: ð19Þ

Unfortunately, this equation cannot be solved explicitly except in
special cases. One such case is when Z(t) is a Markov process, for
example, when stem cell life times are exponentially distributed.
In this case, if T � expðlÞ, then it can be shown (Grimmett and
Stirzaker, 1992) that Eq. (19) reduces to the partial differential
equation

@

@t
GtðsÞ ¼ l½GðGtðsÞÞ�GtðsÞ�:

However, this simplification may not be made for more realistic
life-time distributions, such as those of stem cell populations in
the crypt. In such cases Eq. (19) must be solved numerically.

As the above stochastic models demonstrate, a natural con-
sequence of the immortal stem cell hypothesis is that each clonal
population eventually hits zero with probability one. Thus every
crypt will, eventually, lose all its stem cells. Using a simple
stochastic model, we derived the estimate (12) for how the time
scale over which this extinction occur depends on the size of the
stem cell niche and the probability of symmetric division.

4.3. Comparison of niche hypothesis results with stochastic model

We now compare the results of our multiscale model to those
of a much simpler non-spatial model, in which cell mechanics are
neglected. Following Dingli et al. (2007), we make the simplifying
assumption that the number of proliferating cells in the crypt, as
well as the total number of cells in the crypt, do not change over
time. This is true on average in the multiscale model, as demon-
strated in Fig. 7. Under this assumption, we model the crypt
dynamics by a Moran process. We separate the crypt into two
compartments of constant size: a proliferative compartment of
size Np, consisting of all cells that are progressing through the cell
cycle; and a non-proliferative compartment of size Nd, consisting
of all cells that are differentiated. This simplified model assumes
that all cells in each compartment are in equivalent positions, i.e.
the compartment is well-mixed, and so allows us to study how
important spatial effects are in determining the distribution of
monoclonal conversion times.

Let ðXnÞnZ0Af0, . . . ,Npg denote the number of labeled cells in
the proliferative compartment of the crypt after n divisions, and
let ðYnÞnZ0Af0, . . . ,Ndg denote the number of labeled cells in the
non-proliferative compartment of the crypt after n divisions. We
initially label a single proliferating cell with a harmless mutation,
so that X0 ¼ 1 and Y0 ¼ 0, and track the progress of its progeny. At
each time step, a cell is chosen at random from the proliferative
compartment and divides, thus adding a new cell of the same
type to the compartment. A cell is then chosen at random and
moved from the proliferative compartment to the non-prolifera-
tive compartment. Lastly, a cell is chosen at random from the
non-proliferative compartment and removed to simulate slough-
ing off the top of the crypt. This process ensures that both Np

and Nd remain constant over time. We assume that each time step
is equal to t=Np, where t is the average cell cycle time for
proliferating cells.

The transition probabilities pi,j ¼PðXnþ1 ¼ j9Xn ¼ iÞ are given by

pi,iþ1 ¼
iðNp�iÞ

NpðNpþ1Þ
,

pi,i�1 ¼
iðNp�iÞ

NpðNpþ1Þ
,

pi,i ¼
iðiþ1ÞþðNp�iÞðNpþ1�iÞ

NpðNpþ1Þ
,

for 1r irNp�1, with p0;0 ¼ 1 and pN,N ¼ 1. The transition prob-
abilities qi,j ¼PðYnþ1 ¼ j9Yn ¼ iÞ are dependent on the current value
of Xn, and are given by

qi,iþ1 ¼
XnðNd�iÞ

NpðNdþ1Þ
,

qi,i�1 ¼
ðNp�XnÞi

NpðNdþ1Þ
,

qi,i ¼
Xnðiþ1ÞþðNp�XnÞðNd�iÞ

NpðNdþ1Þ
,

for 0r irNd.
Since all cells in the proliferative compartment are in equiva-

lent positions, it is clear that the probability that the progeny of i

initial labeled cells ultimately take over the proliferative com-
partment, Fi, is given by i=Np. In particular, F1 ¼ 1=Np, so we
expect our single labeled cell to take over the proliferative
compartment on average once every Np simulations. To verify
this numerically, 106 simulations of the model were performed
with compartment sizes Np¼150 and Nd¼100. The initial labeled
cell was found to take over the proliferative compartment in 6672
simulations, compared with the theoretical value of 6666.

The average time Ti taken for the progeny of i initial labeled
cells to take over the proliferative compartment, conditional on
this event occurring, satisfies the recurrence relation

Ti ¼ 1þpi,iþ1Tiþ1þpi,iTiþpi,i�1Ti�1,

for 1r irNp�1, with boundary conditions T0 ¼ 0 and TNp
¼ 0.

Iterating, we find that

T1 ¼
ð1�F1ÞR0�R1

F1
, ð20Þ

where

Rj ¼ ðNpþ1Þ
XNp�1

i ¼ jþ1

XNp�i

m ¼ 1

1

m
:



0 5 10 15 20 25
0

20

40

60

80

100

Time at which crypt is monoclonal (weeks)

C
um

ul
at

iv
e 

%
 o

f s
im

ul
at

io
ns

Moran

Projection

Fig. 18. Comparison of the cumulative distribution of monoclonal conversion

times for the stochastic model and spatial model. The distributions were obtained

by running 500 simulations for the spatial model and 104 simulations for the

stochastic model. Parameter values used in spatial simulations are those given in

Table 1 with mstem ¼ mtransit ¼ 2 h.

0 2 4 6 8
0

20

40

60

80

100

Time (weeks)

C
um

ul
at

iv
e 

pe
rc

en
ta

ge
 o

f d
is

co
rd

an
t c

ry
pt

s

Cook et al (2000)

Projection

Cylindrical

Fig. 19. Comparison of the results obtained by Cook et al. (2000) on the

cumulative distribution of mutated crypts following adminstration of a mutagen

with the theoretical distributions as predicted by the crypt projection model and

the cylindrical crypt model. Error bars denote standard errors. Parameter values

used in simulations are those given in Table 1 with mstem ¼ mtransit ¼ 2 h.

A.G. Fletcher et al. / Journal of Theoretical Biology 300 (2012) 118–133 131
We simulate the stochastic model, running 104 simulations,
and obtain a distribution of monoclonal conversion times that
has mean 76.4 days and variance 1724.2 days. The theoretical
expression for the mean time for a clonal population to take
over the niche given by (20) gives T1 ¼ 75 days, which is extre-
mely close to the distribution mean. Since T1 does not include the
time taken for a clonal population, once fixed in the niche, to take
over the crypt, this suggests that this delay is not significant.
Indeed, a rough estimate of the time taken for this to occur,
assuming that the clonal population must take over the entire
non-proliferative compartment, is given by Ndt=Np � 8 h, i.e. less
than a day.

The results of this stochastic model are compared to our
spatial model in Fig. 18. To be able to compare like for like, we
take Np¼150 and t¼ 12 h as in the spatial model. It is clear from
Fig. 18 that the stochastic model leads to a gross overestimate of
the time taken for a crypt to become monoclonal. This indicates
that the key simplifying assumption made in the stochastic
model, that each compartment is well-mixed, is not valid and
that the spatial structure of the crypt is important. In particular,
the fact that labeled cells are only lost from the edge of the
proliferative compartment is neglected in the stochastic model,
which results in an overestimate of the rate of loss of labeled cells
and hence an underestimate in the net rate of growth of the
labeled population.

4.4. Comparison of results with experimental data

We conclude with a comparison of our results to experimental
data. As mentioned previously, Cook et al. (2000) used metallothio-
nein immunopositivity following administration of the mutagen
ENU to detect the frequency of murine colonic crypts wholly
composed of mutated cells. This frequency can be increased in a
dose-dependent manner after mutagen exposure. To a first approx-
imation, we assume that the probability of accumulating a muta-
tion is constant across crypts, and thus convert the frequency data
obtained by Cook et al. (2000) to a cumulative distribution of the
times taken for crypts to become monoclonal (consisting entirely
of mutated cells) by dividing each data point by the maximum
observed.
We compare these results to the cumulative distribution of
monoclonal conversion times obtained using our crypt projection
model under the stem cell niche hypothesis, and to those
obtained using the cylindrical geometry employed by Meineke
et al. (2001), in Fig. 19. We observe that the crypt projection
model gives a much better fit to the data.
5. Conclusions

In this paper we have presented a novel spatial multiscale
model of the colonic crypt. We have used our model to evaluate
two different hypotheses concerning the behavior of crypt stem
cells by studying the process of monoclonal conversion under
each hypothesis. We found that the stem cell niche hypothesis,
in which the proliferative capacity of each cell in the crypt is
dictated by the local concentration of the Wnt growth factor,
leads to more realistic results than the immortal stem cell
hypothesis, in which certain cells at the base of the crypt are
inherently stem cells, and each cell may divide a certain number
of times before becoming terminally differentiated. In particular,
we showed that the immortal stem cell hypothesis cannot lead to
stable numbers of stem and transit cells without some form of
population-dependent feedback. In contrast, under the stem cell
niche hypothesis, a stable crypt architecture arises naturally. We
also used our model to demonstrate that the spatial structure of
the crypt has a large effect on the time scale over which a crypt
becomes monoclonal, by comparing the model to a non-spatial
stochastic model. The crypt geometry used in our model was also
shown to be important, as our projection geometry gave much
closer agreement to experimental data on monoclonal conversion
times than the cylindrical geometry employed by Meineke et al.
(2001).

When assuming the immortal stem cell hypothesis, we have
not included any form of feedback which may stabilize the stem
cell population in the crypt. It has been suggested that some form
of contact inhibition operates, in which cells at the base of the
crypt do not proliferate at their maximal rate due to overcrowd-
ing (van Leeuwen et al., 2009), giving rise to a complex pattern of
cell proliferation up the crypt. This may be an avenue for future
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modeling. When assuming the stem cell niche hypothesis, we
have superimposed a Wnt gradient. It is not clear precisely what
form of gradient is needed to give rise to realistic crypt dynamics;
Wnt may be secreted by cells residing at the base of the crypt, and
diffuse up the crypt, or some other mechanism may operate. It
would be interesting to study what effect different hypothetical
mechanisms have on the model, in order to develop an integrative
model that incorporates both asymmetric division and feedback
mechanisms.

There are a number of avenues for future work. Several out-
standing questions remain concerning the population dynamics
of crypts that have accumulated cancerous mutations. It is
known, for example, that mutations in key components of the
Wnt pathway, such as APC and b-catenin, are the first step in
colorectal carcinogenesis in the majority of colorectal cancers,
including most hereditary cases (Ilyas, 2005). These mutations
may affect the cell cycle, the distribution of growth factors, and
cell–cell adhesion, all of which disrupt the otherwise tightly
regulated crypt structure. Dingli et al. (2007) model the effect of
APC mutations in a stochastic crypt model by introducing a
relative reproductive fitness r of mutant cells. Cells with a higher
fitness either replicate faster, or generate more progeny in the
same interval compared with other cells. At each time step cells
are chosen randomly for division or removal, proportional to their
fitness. In this model, APC mutations increase a cell’s fitness, and
also increase the probability that it undergoes self-renewal. A
natural extension to our work is to investigate the effect of this
type of mutation at various locations in the crypt. Another next
step would be to remove the constraint on the geometry of
the crypt. A model that incorporates a fully three-dimensional,
deformable crypt geometry would allow us to investigate events
that occur later in the colorectal carcinogenesis sequence, such
as crypt buckling and crypt fission. This remains an avenue for
future research.
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