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Abstract

Representation learning aims to distill useful knowledge from raw data and
apply this knowledge to a wide range of applications. This ability to extract infor-
mation that is useful not only for selected tasks but also generalizes to new settings
is a key step towards artificial intelligence.

In this thesis, we focus on representations derived through a specific type of
generative model, i.e. variational autoencoders (VAEs). VAEs have several desirable
properties. Thanks to the use of variational inference and the convenient model
assumptions of Gaussian posteriors and a simple prior, VAEs are often easy to train
and exhibit fast convergence. The probabilistic modelling formulation allows VAEs
to derive a smooth latent representation of the raw data (i.e. semantically similar
data samples are likely to be projected to nearby regions in the latent space). VAEs
compress the raw data to a much lower dimension latent space. Working with the
low-dimensional representations rather than the raw data can significantly reduces
costs in memory and computation. With these advantages, VAEs have been widely
applied to many applications, including robotics [1], drug discovery [2] and digital
content creation [3].

Despite the widespread application of VAEs, improving the generative mod-
elling of VAEs further remains an active research topic. In this thesis, we focus on
two challenges in the VAE training: 1) over-regularized posterior distributions are
often encountered in VAEs with Gaussian decoders and simple prior models; 2) the
auto-encoding function may cause severe information drift and alter the information
in the raw data in successive encodings. We propose solutions to both phenomena.
Specifically, we optimize a variance parameter in the Gaussian decoder to balance
competing loss terms in the ELBO objective. We adopt a flexible prior model that
is implemented as a VAE in the latent space to mitigate the over-regularization
effects. To reduce the information drift, we propose to modify the ELBO objective
with a consistency loss that penalizes such drift. We show that these proposals can
effectively address the challenges identified previously and improve the likelihood
score of the VAEs.

In addition to the contributions related to improving VAEs, we also demon-
strate the power of VAES’ representation learning in two important machine learning
applications. Firstly, we show that a VAE’s ability to compress complicated, high-
dimensional data is key to achieving good performance in anomaly detection. We
design a VAE-LSTM anomaly detection system that can accurately identify anoma-
lous effects in a time serious. Secondly, we show that a classifier which incorporates
a VAE module can give better calibrated predictions. This is the result of a VAES’
capability of expressing the uncertainty between similar data samples in the spread
of the posterior distribution and of identifying out-of-distribution samples.

Keywords: Representation learning, unsupervised learning, variational autoen-
coders, anomaly detection, uncertainty estimation.
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Introduction

Over the last decade, great strides have been made in advancing the capabilities of
machine learning algorithms. In many specific tasks, such as image classification
and speech recognition, we are able to achieve (super) human performance with a
well designed and calibrated algorithm. Many of these algorithms are trained in
a supervised manner, i.e. the parameters of these algorithms are determined by
labelled pairs of input x; € R" and output y, € R™ data. However, the attention
of the machine learning community has turned to the possibility of learning directly
from unlabelled data, i.e. without supervision. This type of learning is often con-
sidered to be more challenging, as it is hard to define a universal learning objective

that suits all types of data and all kinds of tasks.

This type of learning is important, as most real-world data are collected in a
unsupervised fashion. Providing the supervision labels is usually a labour-intensive
and time-consuming activity. Hence, any progress toward reducing the amount of
labelled data needed is appealing. Furthermore, most biological intelligent systems
appear to be capable of learning from unsupervised or very sparsely supervised data.
This indicates that such a learning system exists. We just need to discover the right
design principles and implement it with the right hardware and software to make it
happen. This, of course, is not easy. There has been decades of research efforts in

this direction and we are likely still in the early part of the journey.

One of the most exciting advances in the direction of unsupervised learning is
the understanding that features, often derived as an intermediate by-product in a
learning task, are an important asset themselves. Multiple studies [4], [5] have shown
that features derived from a large-scale dataset can be useful for tasks different from
the original task that these features are derived from. For example, the features
derived from ImageNet [6] which contains 1.4 million natural images for an image
classification task are shown to be useful for other tasks, including object detection
[7], activity recognition [8], human pose estimation [9] and image captioning [10].

If finetuning is allowed, then these features can deliver an accuracy that surpasses
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the accuracy from models only trained for the target task alone. These results show
that the features derived from a dataset and a task can contain knowledge that is
able to transfer to other datasets or tasks [11]. Since this realisation, the task of
deriving more powerful and generalisable features has become an important research

topic in machine learning and we refer to it as "representation learning".

Formally speaking, the objective of representation learning is to derive a map-
ping function that converts data observations, which can come in various forms,
such as text (a sequence of discrete variables), speech signals (a sequence of contin-
uous variables), images (regular grid of discrete variables) and graphs (nodes and
edges), to a vector or a tensor in the Euclidean space. Representation learning is
an unsupervised learning task, as no observations of "correct" representations are
available. As a result, different approaches have been devised with different learn-
ing strategies to obtain the properties that a good representation is believed to
possess. For example, auto-encoder based approaches [12] aim to learn a represen-
tation of the input data that maximally preserves the information in the original
input. Thus, these approaches commonly minimize a reconstruction error, which is
computed as the difference between the original input and a reconstructed version
of it by decoding from the representation. The idea behind generative adversarial
network (GAN) [13] based approaches is that a good representation can be learned
by training two networks in tandem - one trying to generate realistic samples from
the learned representation and the other trying to distinguish between real and fake
samples. Likelihood based approaches [12] assume that the likelihood of a sam-
ple can be computed and by maximizing the likelihood over all training samples, a
good representation can be learned. Some examples of likelihood based approaches
include normalizing flows [14], auto-regressive models [15] and variational autoen-
coders (VAEs) [16], [17].

In this thesis, we focus primarily on one important class of representation learn-
ing approaches, that is variational autoencoders (VAEs) [16], [17]. VAEs are designed
to capture the underlying data distribution that is most likely to generate a given
set of data samples. To do so, VAEs introduce a low dimensional latent variable,
which serves as a representation of the observed data variable. Utilizing the statis-
tical technique of variational inference [18], [19], VAEs optimize an evidence lower
bound (ELBO) learning objective. With some simplifying assumptions, such as the
latent variable following a zero-mean unit-variance Gaussian distribution and the
posterior and the conditional distribution between the data and the latent variable
are both Gaussian distributions, the ELBO objective can be computed analytically.

Coupled with deep neural networks’ capability of approximating any complex func-
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tions [20], [21], VAEs are able to obtain a mapping that encode any data samples
to the corresponding latent representations and that decode any latent representa-
tions to the corresponding data samples by maximizing the ELBO objective using a
stochastic gradient ascent procedure [22], [23]. Once the optimization of ELBO con-
verges, these mapping functions can be used to convert any new data observations

into the representations for use in downstream tasks.

There are various desirable properties that make VAEs one of the widely used
representation learning approaches. Firstly, the vast majority of VAE models adopt
a latent variable that is of (significantly) lower dimensionality compared to the data
variable. This modelling choice ensures that the latent representation is a com-
pressed version of the original data samples. The compression is obtained primarily
via the following: 1) correlations across data dimensions are discovered and encoded
in the encoding and decoding functions that VAEs infer and 2) random disper-
sion, beyond the modelling capacity of the given neural networks, is suppressed
(and potentially removed). With this compressed representation, we can transmit
the majority of information from the original data with less bandwidth, power and
memory. Furthermore, with redundancy and noise decreased, we can make more

reliable decisions based on the encoded data.

Secondly, VAEs are designed to construct a disentangled representation of the
original data [24], [25]. Disentanglement leads to a representation such that each
latent variable encodes for a subset of the information in the data. The change in
one latent dimension therefore only affects that subset of information, leaving other
information in the data unchanged. Disentanglement is obtained via a modelling
requirement that the latent variables are as statistically independent as possible.
Correlated information in the data will hence tend to be organized into a single
latent dimension, allowing us to achieve a more compact version of the original
data, with information in the original data represented well using a smaller set of

independent latent basis variables.

Thirdly, VAEs are often used to make the decision produced by a black-box
system more interpretable [26], [27]. This interpretability comes from two sources:
1) the disentangled representation allows us to discover the underlying relations
between the original data variables and 2) the one-to-one mapping between the latent
representation and the data samples allows us to translate abstract representation
in the latent space to (interpretable) visualization in the data space. The latter
property allows to carry out counterfactual reasoning [28], i.e. if certain changes are
made in the latent representation, we can visualize the corresponding changes in the

data space which will also be related to the impact on the final decision. As more
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and more machine learning systems, which are hard to interpret and understand,
are applied to important tasks in the domains including healthcare, finance and
jurisdiction, any attempt to make these systems more interpretable is valuable, as
it helps to build trust in the machine learning systems and avoid bad decisions in

critical situations where loss of life, distress and injustice might be the consequences.

Finally, we can use the VAE’s ELBO objective, which is a lower bound to the
log likelihood of the data distribution, as a metric to approximate the likelihood of
a new data sample belonging to the data distribution. This property is valuable, as
it grants us the ability to indicate when we encounter situations that we have not
seen in the training data. Many deep learning based systems are often criticized
for making over-confident decisions [29], [30]. A large part of this behaviour is
because such systems cannot identify when they move into unfamiliar data regions.
In contrast, VAEs’ ability to identify such situations allow us to build machine
learning systems that can identify when they are faced with data that they have not
seen before. It is worth mentioning that the approximation to the likelihood of the
data distribution from the VAE’s ELBO objective is not perfect. In the cases where
the data samples are completely different from training samples, the gap between
ELBO and the true likelihood can be large. Therefore, it is still an active research
area to estimate the gap between the two quantities and hence reduce the gap so

we can have a better estimate of the likelihood.

1.1 Research questions

Despite the great promise of VAEs as discussed above, there are still major
challenges that need to be overcome to facilitate their wide spread adoption in
important domains such as healthcare, legislation, robotics and autonomous driving.
In this thesis, we focus on answering the following research questions related to

VAEs.

How do we improve the generative modelling performance of VAEs?
Many applications of VAEs rely on the assumption that the derived generative
model is faithful and representative of the true data distribution. However, we often
observe that the generated samples from VAEs are blurry and less diverse compared
to the real data samples [31]. This indicates that a gap exists between the generative
model inferred from VAEs and the true data distribution.

In this thesis, we are interested in improving the VAE models’ generative mod-

elling capability in terms of reaching a higher ELBO and reducing information loss

between the derived representation and the raw data. To do so, we focus on two
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aspects. Firstly, we notice that VAEs can produce uninformative posterior distri-
butions (i.e. the latent representations of the input data samples) and, hence, fail
to offer a useful low-dimensional representation of the raw data. Such effects are
primarily caused by an overly strong regularization being imposed from the prior
distribution in a VAE model to the posterior distributions. We notice such effects in
two scenarios: 1) VAEs with Gaussian decoders and 2) VAEs with overly simplistic
prior model. We are interested in mitigating such effects for each of the scenarios

and making sure meaningful posterior distributions can be derived from VAEs.

Secondly, we notice that the auto-encoding function inferred from a VAE model
can cause severe modification of the information in the raw data. We notice this
effect in a study where we repeatedly auto-encode (or reconstruct) an input sample.
The posterior distribution of the reconstructed sample has shift away from the pos-
terior distribution of the input sample. After several iterations of auto-encoding, the
data sample has been transformed to a shape that is completely different from the
original input. We refer to this behaviour of a VAE model as "information drift",
where the auto-encoding function inferred in a VAE model alters the information in
the input data and the latent representation of the input might not represent the
input data perfectly. In this thesis, we are interested in finding out how severe this

information drift is and find out ways to reduce such drift.

How can we apply VAEs to address the challenging task of anomaly
detection for a time series?” The ability to accurately detect anomalies in a
sequential data is core to many applications, such as predictive maintenance, cyber-
security and financial applications. However, designing an accurate anomaly detec-
tion algorithm is very challenging, because we often have limited data of anomalies
(as anomalies are rare events) and very likely the past instances of the anomalies do
not represent the anomalous behaviours in the future (as anomalies can appear in

a large number of forms).

We consider VAEs to be a good candidate for this challenging task, as we can use
VAESs to estimate the distribution of normal behaviours in the given dataset, which
we have plenty of observations of. With the ELBO objective - a lower bound to the
data likelihood, we can easily indicate anomalous events when the ELBO of a given
section of the time series drops to the low range. Due to these benefits, VAEs have
been applied to anomaly detection in the context of non-sequential data and shown
promising results [32]-[34]. However, there is another layer of complexity when the
data considered is a time series: the anomalies can span over multiple scales of time.
Directly applying VAEs on the sections of the time series with a fixed window length

is unlikely to handle the anomalies that span beyond the window length. We are
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interested in designing a novel anomaly detection algorithm that can address this

problem.

How can we utilize the probabilistic modelling from VAEs to design
a classifier that gives better calibrated uncertainty estimates? Uncertainty
estimation is an important topic in machine learning research, as many of the ma-
chine learning models and algorithms are applied to applications where the stakes
are high. These include autonomous driving, screening job applications and assisting
doctors to make diagnosis decisions to name a few. We are particularly interested
in uncertainty estimation for classification tasks. In regression tasks, the level of
uncertainty is often described by a single parameter of a parametric distribution,
such as the variance parameter in a Gaussian distribution, and can be be easily cal-
ibrated. However uncertainty for classification tasks cannot be specified by a single
parameter. Therefore, calibrating the uncertainty estimation of a classifier requires
a radical change of the entire classifier design [35]. We measure the quality of the
uncertainty estimation by a metric called calibration error. This metric measures
the difference between the predicted confidence from a classifier and the empirical
accuracy of these predictions. A perfectly calibrate classifier will have a calibration
error of zero, meaning a prediction with 80% confidence made by this classifier has
a chance of being correct 80% of the time. Most uncertainty estimation approaches
operate by extending a deterministic classifier to (an approximation of) its Bayesian
equivalent utilizing techniques such as Monte Carlo dropout or ensemble [30], [36].
We have seen promising results from these approaches on reducing the amount of
over-confident predictions made by the original deterministic classifier without a
Bayesian extension. However, these approaches still struggle with predicting sen-
sible uncertainties when faced with input samples which are greatly different from

the training examples, i.e. out of distribution (OOD) samples.

We believe that a classifier designed with a VAE module can be a good alterna-
tive to the MC dropout approach or the deep ensemble approach and can potentially
overcome the problem with OOD samples. Firstly, VAEs offer a great framework
for probabilistic modelling. With the VAE encoder, we can conveniently convert a
data sample to a probability distribution in the latent space, giving the same effect
as the MC dropout and ensemble. Secondly, VAEs are good at identifying OOD
samples. We can utilize this capability and find ways to convert such detection to
sensible distribution in the final class prediction. In this thesis, we are interested
in exploring the possibilities in this direction and investigate how we can devise a

classifier that gives more calibrated predictions.
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1.2 Research contributions

In this thesis, we seek to answer each of the above questions. Our contributions

are summarized as follows.

Firstly, we improve the generative modelling capacity of VAEs by tackling the
two problems identified in the previous section: 1) an over-regularization issue and

2) an information drift effect.

To mitigate the over-regularizing behaviours, we first focus on the VAE models
with a Gaussian decoder. We notice that the over-regularization is often caused by
the difficulty of finding a good variance parameter for the decoder. We propose to
infer the optimal value of this variance parameter by learning it directly from training
data. We achieve this by optimizing this parameter under the ELBO objective
together with the other model parameters. We show that VAEs trained with this
variance parameter being inferred can generate better quality data samples and reach
higher likelihood score. We also propose to extend the variance parameter from a
single value shared by all the data samples in the given dataset to be variable across
different input samples and data dimensions. The variance map inferred directly
correlate to the reconstruction error and, hence, can be used to indicate uncertain

regions in the data samples generated or reconstructed from a VAE.

In parallel to this line of research, we also address the over-regularization effect
caused by an inflexible prior model in a VAE. We propose latent data distribution
modelling with a generative prior (LaDDer). As the name suggests, we propose to
adopt a flexible prior model implemented as a VAE in the latent space. To prevent
the over-regularization to occur in the prior VAE, we adopt a Gaussian mixture
prior for the prior VAE. We show that all the model parameters can be optimized in
a unified variational inference framework under the ELBO objective. To efficiently
update the model parameters, we can iterate across different modules, e.g. the
outer data VAE, inner prior VAE and the hyper Gaussian mixture prior, and only
update the parameters of a module at a time while keeping the rest unchanged.
From extensive experiments, we show that our LaDDer model is able to accurately
estimate complex latent data distribution and lead to VAE models that can reach

higher likelihood score.
To mitigate the information drift phenomenon, we propose to modify the ELBO

objective by adding a consistency loss term. This consistency loss penalizes the
difference between the latent encoding of the original input data and the latent
encoding of the reconstructed data, hence reducing the drifts caused by the auto-

encoding function in the latent space. Taking advantage of the modelling assumption



1. Introduction

of the Gaussian posteriors in the VAE models, we can compute the consistency loss
term analytically. Hence, the gradients of all the model parameters are easy to be
computed and training of the VAE models with the modified loss remains stable
and efficient. Furthermore, the modified learning objective is a lower bound to the
ELBO objective. The gap between the two objectives will be closed to zero when the
two encodings of the original sample and the reconstructed sample are the same, i.e.
the encoding of the original sample and the reconstructed sample contain exactly
the same information. We show that with our consistency loss, the information loss
associated with the auto-encoding mapping can be reduced and in some cases, the
inferred VAE models reach a higher ELBO value, indicating a better fit to the given

dataset.

Secondly, we design a VAE-LSTM hybrid model to detect anomalies in a time
series. Our solution is crafted based on the assumption that normal behaviours in a
time series are predictable. Hence, we train a model to predict the future readings
of a time series based on the most recent readings. By comparing the difference
in the prediction and the actual readings coming in, we can decide whether the
current input has shown any sign of anomalies. To achieve this, we utilize the
VAE’s capability to distill the most important features from the original data and
use a VAE as a feature extractor for short-term windows of a given time series.
These compact representations of the original time series allow us to ignore the
noises commonly existing in the time series data. Coupling with a long short-term
memory (LSTM) unit [37], [38] that makes prediction on the VAE latent features, we
are able to capture the patterns that span over a much longer window than directly
applying the LSTM on the raw data. Our experiments show that this anomaly
detection scheme can effectively detect anomalies in the real world situations and

outperform other baseline approaches.

Finally, we present a method for obtaining calibrated uncertainties using a
hybrid classifier. This hybrid classifier combines a VAE module and a light-weight
deterministic classification head. Given an input sample, our hybrid classifier first
transforms the data sample to a posterior distribution in the latent space through
the VAE’s encoder. To make a class prediction, we draw multiple samples from the
posterior distribution and pass them through the deterministic classification head.
The final predicted class distribution is obtained by averaging the predictions from
all the samples. As the VAE’s encoder intrinsically captures the data noise and
groups similar data samples in nearby regions in the latent space, such sampling
will easily capture uncertainties that are caused by data samples residing close to

the classification boundaries.
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To capture the uncertainties associated with OOD samples, we need to extend
the VAE’s encoder by considering two scenarios. If a data sample scores high ELBO
(i.e. the data sample is likely generated from the data distribution), then the latent
distribution is computed using the VAE’s encoder. If a data sample gives a low
ELBO (i.e. this sample is likely to be out of data distribution), then we assign
the latent distribution to be a wide, uninformative Gaussian. With data samples
represented by such distributions, the prediction will be made by drawing multiple
samples from the representation distribution and the uncertainty is encoded in the
variance in the predictions coming from these samples. Our experiments show that
the uncertainty estimated in our algorithm is better calibrated than other baseline

approaches.

We list the peer-reviewed publications which are based on the work and analysis

from this thesis as below:

1. LaDDer: Latent Data Distribution Modelling with a Generative Prior. Shuyu
Lin, Ronald Clark. The British Machine Vision Conference (BMVC'). 2020.

Contributions: I proposed the main idea behind this publication, i.e. identi-
fying discrepancy between the unit Gaussian prior and the aggregate posterior
in a vanilla VAE model and proposing to replace the unit Gaussian prior with
a generative prior to mitigate such effects. I implemented the proposed system
and set up the experiments and evaluations. Ronald engaged in the discus-
sion to better formulate the idea and helped with proofreading. The content
related to this publication is included in Chapter 5.2 in this thesis and it has

not been included in any other report that constitutes any co-authors’ degree.

2. Towards Consistent Variational Auto-Encoding. Yijing Liu*, Shuyu Lin*,
Ronald Clark. Proceedings of the AAAI Conference on Artificial Intelligence
(Student Abstract). 2020. *Equal contribution.

Contributions: I proposed the main idea behind this publication, i.e. identi-
fying the drift between the posterior distributions if the auto-encoding function
is repeatedly applied to the input sample and its reconstruction and proposing
an additional consistency loss to mitigate such effects. Yijing and I set up the
experiments included in the paper together. Ronald engaged in the discussion
to better formulate the idea and helped with proofreading. The content re-
lated to the publication is included in Chapter 6 in this thesis and it has not

been included in any other report that constitutes any co-authors’ degree.

3. Anomaly Detection for Time Series Using VAE-LSTM Hybrid Model. Shuyu
Lin, Ronald Clark, Robert Birke, Sandro Schoonborn, Niki Trigoni, Stephen
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Roberts. IEEFE International Conference on Acoustics, Speech and Signal Pro-
cessing (ICASSP). 2020.

Contributions: I proposed the main idea behind this publication, i.e. design-
ing a VAE-LSTM hybrid system to detect anomalous events in a time series,
implemented the proposed system and set up the experiments and evaluations.
Robert and Sandro helped to identify anomaly detection as an important ap-
plication domain. Ronald engaged in the discussion to better formulate the
idea. All co-authors helped with proofreading. The content related to this
publication is included in Chapter 7 in this thesis and it has not been included

in any other report that constitutes any co-authors’ degree.

4. Uncertainty Estimation with a VAE-Classifier Hybrid Model. Shuyu Lin,
Ronald Clark, Niki Trigoni, Stephen Roberts. IEEE International Conference
on Acoustics, Speech and Signal Processing (ICASSP). 2022.

Contributions: I proposed the main idea behind this publication, i.e. de-
signing a hybrid system that contains a generative model to derive a proba-
bilistic encoding distribution and a discriminative classifier to obtain better
calibrated uncertainty estimation, implemented the proposed system and set
up the experiments and evaluations. Ronald engaged in the discussion to bet-
ter formulate the idea. All co-authors helped with proofreading. The content
related to this publication is included in Chapter 8 in this thesis and it has

not been included in any other report that constitutes any co-authors’ degree.

The code that is related to the projects in this thesis is available at the following

sites:
1. https://github.com/lin-shuyu/encoder-decoder-mismatch,
2. https://github.com/lin-shuyu/ladder-latent-data-distribution-modelling,
3. https://github.com/1lin-shuyu/VAE-LSTM-for-anomaly-detection.

1.3 Thesis structure

We organize the rest of the thesis as follows.

In Chapter 2, we describe the variational inference technique, which is central
to understanding the derivation of VAEs. As an illustrative example, we provide
a step-by-step solution to the probabilistic principal component analysis (pPCA)
problem using variational inference. In Chapter 3, we give a thorough introduction
to VAEs. We show how VAEs are derived and trained given a dataset. We compare

the difference between VAEs and other representation learning approaches, such as
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GANs and normalizing flows. In Chapter 4, we give illustrative examples of the
over-regularized posterior and the information drift effects. We explain what may
cause such effects and why it is important to mitigate these behaviours. We present
our solution to the over-regularization issue in Chapter 5. We present our solution
to the information drift behaviours in Chapter 6. In Chapter 7, we focus on an
important machine learning task - anomaly detection for a time series. We design
a novel solution utilizing VAEs’ capability to derive compact representations of the
original data. We show our solution gives good performance on this task and out-
performs baseline approaches. In Chapter 8, we address another important machine
learning task - uncertainty estimation. We propose a classification framework that
incorporates a VAE module to derive a probabilistic encoding function. Finally, we
summarize the main contributions of this thesis in Chapter 9 and point out future
research directions that can be extended from the work in thesis.

Prior works that introduce VAEs and relevant techniques to improve the gen-
erative modelling performance of VAEs are introduced and discussed in Chapter
2 and 3. These literatures form the reference foundation for the entire thesis. In
Chapter 7 and 8, we introduce additional related works which are specific to the
problem domains of anomaly detection and uncertainty estimation in Section 7.1
and Section 8.1.

1.4 Datasets

In this thesis, we carry out experiments on the following datasets:

o MNIST [39], a dataset that includes 70,000 handwritten digit images,

 Fashion MNIST [40], a dataset that includes 70,000 black-and-white clothes
images,

o CelebA [41], a dataset that includes 200,000 RGB images of celebrity faces.

o Numenta anomaly benchmark [42], a dataset that includes 5 real-world time
series which have the labels of anomaly events,

« HAMI10k [43], a medical dataset that includes 10,015 dermatoscopic images
and corresponding skin lesion labels.

In Chapter 4-6, we discuss challenges that are commonly encountered by VAE mod-
els regardless of downstream applications. Following the literatures in the related
works, we carry out experiments with MNIST, Fashion MNIST and CelebA datasets.
In Chapter 7, we design a system that detect anomalies in time series. Therefore, we

evaluate our method’s performance together with baseline approaches on Numenta

11



1. Introduction

anomaly benchmark dataset. In Chapter 8, we propose a classification system that
provides better calibrated uncertainty estimation. We carry out experiments on both
MNIST and HAM10k dataset. We decide to include HAM10k dataset as part of
the evaluation in this work, because to make a prediction with sensible uncertainty
estimation is important in medical applications and HAM10k helps to demonstrate

the message.
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Background

Given a set of observations of the data variable x, we are interested in discovering
the distribution p(x) from which the data samples are generated. This task is known
as density estimation. For simple distributions, such as Gaussian distributions for
continuous variables or multinomial distributions for discrete variables, we can ap-
proach this task by directly estimating the unknown parameters by maximizing the
data likelihood. For more complex distributions, we often need to introduce a set
of latent variables z, which are not directly observable, but will allow us to define
the joint distribution p(x,z). We can then obtain the data distribution p(x) by
integrating out z. We refer to this type of models as latent variable models (LVMs).
The learning task is to estimate the unknown parameters that define the joint dis-
tribution p(x,z). In addition, we are often interested in inferring the distribution
of z given a data sample x, i.e. p(z|x). This is referred to as the inference task in

statistics.

In this chapter, we will cover the essential concepts needed for solving a den-
sity estimation task. Specifically, we will introduce important distributions, such as
Gaussian and multinomial distributions, which will be used throughout this thesis.
We will show how to estimate parameters in these distributions under the maximum
likelihood objective. We will then show how to estimate parameters for latent vari-
able models using variational inference. We will go through an example and show
that variational inference can be used to solve a probabilistic principal component

analysis (PCA) problem.

2.1 Important distributions

To approach the probability density estimation task, we first need to identify
the random variable x - the probability distribution is estimated at different val-
ues of this variable. Depending on the nature of the random variable - discrete

or continuous, unimodal or multimodal, we then define a model of the probability
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distribution that we believe will give a good approximation of the target distribu-
tion. These models of the distributions are governed by a set of parameters, whose
values will uniquely determine the distribution. To estimate these unknown model
parameters, we will define an objective function that measures how well the current
model given a particular set of parameters fits a set of observations which are the
samples drawn from the underlying distribution. The set of model parameters that
maximizes the objective function is our best estimate and determines our estimate

of the target distribution.

In this section, we introduce two widely used probability distributions - the
Gaussian distribution and the multinomial distribution. We demonstrate how to

estimate the model parameters for these distributions.

2.1.1 Definition of a probability distribution

We first define the probability or probability distribution p(x) of a random
variable x. We refer to the set of numbers that the random variable x is allowed to
take as the input space or sample space €2 of the probability distribution. A subset
X of Q,ie. X C Q, is often referred to as an event or an element in the sample
space. The probability distribution p(x) is a function that maps any element of the
random variable x to a real number, i.e. p(x): X — R, and this function needs to

satisfy the following three axioms [44]:
1. p(X) > 0 for every X i.e. the probability is non-negative.
2. p(2) =1, i.e. the probabilities of all of the possible outcomes sum up to 1.
3. If two events X; and X, are mutually exclusive, i.e. X; N X, = (), then
p(X1 U Xp) = p(X1) + p(X2).
Any function that satisfies the above definition is a valid probability distribution.

2.1.2 Discrete distributions

Now we introduce a few important probability distributions that we will use
throughout this thesis. Firstly, we consider the case when the random variable x is
binary, i.e. x € {0,1}. There are plenty of occasions that we use such a random
variable to describe the outcomes of the real-world events. For example, clinicians
need to predict whether the diagnosis for a patient is positive or negative; juries
make a decision whether a suspect is guilty or not for the charges raised against
him/her; central banks decide whether they will raise the interest rate or not in

response to the high inflation. We define the probability distribution of this binary
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random variable as
Bern(x|p) = p*(1 —p)' ™, (2.1)

which is known as the Bernoulli distribution and the parameter p describes the

probability for the positive outcome, i.e.

plz = 1{p) = p, (2.2)

and 0 < p < 1.

Given the probability distribution of a random variable, we can evaluate some
basic statistics, such as the expectation and variance, of this random variable. Con-
cretely, the expectation of a random variable x is defined as the average value of
x under its probability distribution p(x) and it is denoted as E[x]|. For discrete

variables,

E[x] =) p(x)x. (2.3)

For continuous variables,
Ex] = / p(x)x dx. (2.4)

The variance of x gives a measure of variability in the random variable x and is
defined as
var[x] = E[(x — E[x])*| = E[x?] — E[x]". (2.5)

According to the definition in Equation (2.3) and (2.5), we can compute the
mean and variance of the binary variable that follows the Bernoulli distribution in

Equation (2.1) are

B = 4. (26)
var[x| = p(1 — p). (2.7)

We can extend the Bernoulli distribution to a discrete variable that has more
than two outcomes. We assume that there are K possible outcomes in total and
each outcome is mutually exclusive with the other outcomes. We can express such
variables using a K-dimensional vector & where only one of the elements x; = 1 while
the remaining elements are 0. Such representation is often referred to as one-hot
encoding or 1-of-K encoding. We denote the probability of x;, = 1 by the parameter
ti. Therefore, the overall distribution of the x with more than two outcomes is

defined as «
p(x|wm) = [T m*, (2.8)
k=1
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where g = [p1,- -+, x| contains K parameters that govern this distribution and
[ is required to satisfy pup > 0 and Y, pp = 1. Similar to the binary case, we can

compute the expectation according to Equation (2.3) that

Ex|p] =) pxlp)x = p. (2.9)

2.1.3 Gaussian distributions

We need to consider a different set of probability distributions, when estimat-
ing the probability distribution for a continuous random variable x. There are also
abundant examples of continuous random variables in our lives. To name a few
examples, we have the distribution of Apple’s share price, the distribution of to-
day’s temperature and the distribution of the number of Covid infections in London
tomorrow. A widely used distribution for modelling continuous random variables is

the Gaussian distribution, which is also known as the normal distribution.

We give the definition of the Gaussian distribution below. When the random

variable is a scalar, then Gaussian distribution is defined as

Nalp,o?) = ———exp (= 5w = p)?), (2.10)

(2mo2)?

where p is the mean of z and o2 is the variance of x. When the random variable is a
D-dimensional vector, i.e. x € RP, we have the multivariate Gaussian distribution

defined as below:

1 1 1 _

N(x|p, %) = DleXp<—2(X—N)T2 I(X—M)>, (2.11)
(2m)= X

where p is a D-dimensional mean vector for x, 3 is a D x D covariance matrix for

x and |X| indicates the determinant of 3.

From the above definitions, we can see that the Gaussian distribution is gov-
erned by the two parameters g and ¥. For a general D-dimensional Gaussian

w free parameters to be determined for the covariance

distribution, there are
matrix 3 and D free parameters for the mean vector . A common limitation of
the Gaussian distribution is its inability to provide a good fit to multimodal dis-
tributions, as the Gaussian distribution is intrinsically unimodal. However, this
limitation can be overcome by considering a (finite) mixture of Gaussians distribu-
tion instead. Furthermore, the Gaussian mixture model offers more flexibility in

modelling heavy- and light-tailed distributions, which can be particularly useful for

16



2. Background

real-world applications.

2.1.4 Maximum likelihood estimation

The majority of probability distributions we use in modelling are parametric,
and hence defined by unknown parameters - in the case of the Gaussian, the mean
and the (co)variance. Inference using these probability distributions, is therefore a
matter of estimating the values of the parameters that govern the distribution. To
do so, we need to define an objective function that can indicate how well a given

distribution with a specific set of parameters approximates the true distribution.

Assuming we have a data set D = {x, - ,xn} of N observed values of the
random variable x, we can compute the likelihood function under the assumption
that the observations are drawn independently from the target distribution p(x), as
follows:

p(D) = Hlp(x = ;). (2.12)

1=
The independent assumption is very important, as it allows us to break the joint
distribution of the entire dataset to a product of distributions of individual sam-
ples. We refer to the data points that are drawn independently from the same
distribution as independent and identically distribute (i.i.d.) [12]. This is a common
assumption we make in many machine learning tasks, as it significantly simplifies

the computation of many objective functions.

In the example of the Bernoulli distribution, we have p(x) defined in Equation

(2.1). Therefore, the likelihood is:

N
p(D) =[] w1 —p)", (2.13)
i=1
which is function of the unknown parameter p. Now we take the natural logarithm

of the above likelihood function, we derive the log likelihood function as below:

N
L(n) =logp(D) = > {ailog pu+ (1 — z:) log(1 — 1) }. (2.14)

=1
The (log) likelihood function can serve as a good objective function, as it indicates
how well the current choice of model parameters fits the given dataset D. The set
of model parameters that maximizes the (log) likelihood function is the maximum

likelihood estimator of the model parameters. We obtain this set of parameters by
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computing the derivative of log £(u) with respect to p:

OL(1)

1 — ), (2.15)
ol

HMZ

e

7;\’—‘

and set this derivative to zero. This gives us the maximum likelihood estimator of

L as:

1
= — i 2.16
J25Yi0 N;l’ ( )

In the example of estimating the model parameters in a multivariate Gaussian

distribution, we again consider the log likelihood function, which now becomes:

ND N 1Y Tl
L(p, %) =logp(P) = ———log2r — - log [B| = 5 > (z: — p) =7 (x; — p),

- (2.17)

after substituting the Gaussian distribution defined in Equation (2.11) in p(x).
To find the maximum likelihood estimator of the Gaussian parameters, we need
to compute the derivative of the log likelihood function with respect to each of the

model parameters g and ¥. Using Equation (A.1) from Appendix, we can compute

the derivative of the log likelihood function with respect to u as:

M = i\[: S — p). (2.18)

Setting this derivative to zero, we obtain the maximum likelihood estimate of the

mean vector as:

33
Nizl

To compute the derivative of the log likelihood function with respect to ¥, we use
the matrix derivative identity (A.3) and (A.4) and obtain:

oL(n,X) N

SR 22 + = ;2 —p)(x; — p) B (2.20)

Again, we set this derivative to zero and obtain the maximum likelihood estimate
of the covariance parameter as:
1 ¥ T
Shat = ¢ D — ) — )" (2.21)

=1

Note that 3y, is dependent on the mean parameter p. We will substitute gy, to
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compute ..

2.2 Graphical models

In the previous section, we have shown that parametric probability models can
be used to estimate the probability distribution of a random variable. When we
consider a scenario where multiple random variables co-exist and dependencies be-
tween these variables emerge, we might find it beneficial to have a diagrammatic
representation of the joint probability of all the random variables concerned. Such
a representation helps to visualize the dependencies between various variables and,
hence, simplifies the computation of the joint probability. The probabilistic graph-
ical models, derived from the well-known data structure - graphs, are invented for
this purpose.

In a probabilistic graphical model, nodes represent random variables and links
(or edges) represent probabilistic relationships between the connected variables [12].
In this thesis, we particularly focus on directed graphical models (also known as
Bayesian networks), where the links of the graphs have directionality and indicate
the particular dependencies of the conditional probabilities needed to define the
joint probability. For example, in the directed graphical model shown in Figure 2.1,
we see a link that goes from x; to x3. We call the node at the start of the link
the parent node of the node at the end of the link, i.e. x; is the parent node of
x3. Correspondingly, x3 is the child node of x;. The joint probability of all the
variables represented in a graph can be written as the product of the conditional
distribution for each node conditioned on all of its parent variables. This is known
as the factorization property of the joint probability for a directed graphical model

[12]. Therefore, in this example, we have:

p(x1, -+, X5) = p(X1)p(x2)p(x3]x1, X2)p(X4|x1)p(X5]%2). (2.22)

In general, for a graph with K nodes, the joint probability of all the K variables is
defined as:

K
p(xla'” aXK) = Hp(xk|pak)7 (223)
k=1
where pa,, represents all the parent variables of node xj.

2.2.1 Sampling in a directed graphical model

Very often we need to draw samples of the data according to the data distri-

bution. The sampling can be easily done if we obtain the graphical model of the
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corresponding data distribution p(x). Here x = {x1, - ,Xx} denotes a set of K
data variables. According to the factorization rule in Equation (2.23), p(x) can be
factorized into K conditional distributions p(xx|pas).

To draw a sample & = [&1, - , & K]T, we start with the lowest-indexed node x;
and draw a sample from its distribution p(x;). We denote this sample as &;. We
then go through each node in order and draw samples according to the conditional
distribution p(xx|pa,), where the parent nodes are taken the sampled value. For
example, when we draw a sample from the distribution represented in Figure 2.1,
we first draw samples of x; and X from their distributions, i.e. &; ~ p(x;) and
&y ~ p(x2), as they are root nodes (nodes without any parent nodes). Then we
move to x3, which has one parent node x;. We now draw sample of x3 according to
the conditional distribution p(x3|x; = &), giving the sampled value &3. The same
applies to x4 and x5, i.e. @4 ~ p(x4|X; = &1,Xe = &o) and &5 ~ p(X5|x2 = &o).
Now we collect all the sampled values of each node and we obtain the sampled data

point & = [&y,--- , &) .

2.2.2 Conditional independence

Conditional independence can provide great convenience when dealing with
probability distributions that involve multiple random variables. If two variables
are conditionally independent given some other variables, then we can factorize the
joint probability of these two variables into a product of the distributions of each
variable conditioned on the related other variables. This breaks a high-dimensional

distribution into two lower-dimensional distributions, making the modelling easier.

Conditional independence comes in two forms. Let’s consider three random
variables a, b and c. If we show that the conditional distribution of a given b and

c is equivalent to the conditional distribution of a given c, i.e.

plalb, c) = plalc). (2.24)

)
B & X

Figure 2.1: A directed graphical model representing the joint probability over
5 random variables x; - xs.
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then a is conditionally independent of b given c. The second form of conditional
independence is expressed by the factorization rule. If we can show the joint distri-
bution of a and b given c factorizes into the conditional distributions of a and b on
its own given c, i.e.

p(a, blc) = p(alc)p(blc), (2.25)

then a is conditionally independent of b given c¢. We use the symbol L to indicate
the conditional independence relationship between different random variables. For

example, we can express a and b’s conditional independence as a 1L blc.
ple, p b

Graphical models are a convenient tool to derive conditional independence be-
tween random variables. Figure 2.2(a) defines a graphical model over three random

variables a, b and c, where the joint distribution can be factorized as:

p(a,b,c) = p(alc)p(blc)p(c). (2.26)
We also know that
pla,b,c) = p(a, blc)p(c). (2.27)
Therefore,
p(a, blc) = p(alc)p(blc). (2.28)

So in this graphical model, a is conditionally independent of b given ¢, i.e. a L bc.

It is worth noting that a and b are not independent without the conditioning
on ¢, i.e. a¥b. We can see this by examining the joint probability p(a, b), which can
be obtained by integrating out ¢ in the joint probability p(a,b,c) from Equation
(2.26), i.e.

pla,b) = [ plale)p(blep(c)de, (2.29)
The above joint distribution p(a,b) does not factorize into the product p(a)p(b).
Hence, a and b are not independent in general. After conditioning on a common

factor ¢, a and b become independent and their joint probability given the common

factor now factorizes.

The conditional independence demonstrated in Figure 2.2(a) can be found in

many scenarios. We give a few examples in the list below [45]:
o Amount of speeding fine 1. Make of the car | Speed
o Lung cancer L Yellow teeth | Smoking (corresponding to Figure 2.2(b))

o Is the car’s motor working? 1 Is the car’s air conditioner working? | Is the

car’s battery flat?

In all of the above examples, the two variables without being conditioned on the
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common factor are not independent. For example, whether a person is likely to get
lung cancer may be highly correlated to whether the person has yellow teeth. This
is because people who smoke a lot often have yellow teeth. Given we know about
whether the person’s smoking preference, then the two variables - the chance of the
person getting lung cancer and the chance of the person has yellow teeth - are no
longer correlated. We will see in the next section that the conditional independence
derived between two variables which share a common factor can be very helpful
in a latent variable model and it can greatly simplify the probability model to be

estimated.

2.3 Latent variable models

An important type of graphical models is latent variable models (LVMs) [46].
We often build a graphical model over a set of random variables that we can take
observations of. Latent variables refer to the random variables that are not available
for observations. Hence, latent variables are also referred to as hidden variables. As
we do not have access to the actual values of the latent variables, there is often a
great level of flexibility on how to integrate the latent variables into the graphical
model, i.e. where we insert the latent variables in a graph of other variables and
what connections we link the latent variables to. All these decisions can be made by
the designer of the latent variable model and are often chosen so the corresponding

models can be easily estimated.

Adding additional random variables to the already challenging probability den-
sity estimation task might be counter-intuitive. There are some great benefits of

adopting the latent variable models. We will discuss two such benefits.

Firstly, introducing the latent variables into an existing graphical model might

simplify the estimation task. We show an example of this effect in Figure 2.3. In

G S - smoking
L - lung cancer

Y - yellow teeth
(a

(b)

Figure 2.2: Conditional independence over three random variables. (a) A
directed graphical model over three random variables a, b and c¢. (b) An example
of conditional independence in a real-world scenario.
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the subplot (a), we have a directed graphical model that contains 6 data variables

X1, ,Xg. In this graphical model, the overall joint probability is defined as:

p(X1, -+, Xe) = p(x1)p(x2)p(x3)p(xa]x1, X2, X5)p(X5 X1, X2, X3)P(X6[X1, X2, X3).
(2.30)
Assuming all the random variables are binary and we express all the conditional
probabilities in probability distribution tables, we have 24 unknown parameters to

solve to determining this probability distribution.

Now we introduce a latent variable h into the model. As we have the flexibility
to decide where and how to add the latent variable, we choose to have h being
a common descendent of the three parent nodes - x;,Xs and X3 - and a common
parent to the three leaf nodes - x4, x5 and xg, as shown in the subfigure (b). Such
a design is sensible, because the original graph indicates that x4,x5; and xg are
caused by x1,Xs and x3 and the new latent variable model respects this nature of
the original graph and allow the influence of x;,xs and x3 to pass onto x4, x5 and
Xg via an unobservable latent factor. In this new latent variable model, the overall

joint probability is defined as:

(X1, X, h) = p(x1)p(x2)p(x3)p(h|x1, X2, X3)p(x4|h)p(x5|h)p(x6|h).  (2.31)

With the additional h, we end up with a joint probability that decomposes into more
conditional probabilities compared to the original model. However, the total number
of the unknown parameters is reduced. This is because the conditional distributions
p(x;|h) for i = 4,5,6 are much simpler than the original conditional distributions
for these random variables. For example p(x4]/h) only needs 1 parameter, whereas
p(X4|X1, X2, x3) needs 7 parameters to specify. Therefore, the total number of model

parameters reduces to 14, which is almost halved from the original model.

DSOS
(h)

X &) &

(a) (b)

Figure 2.3: Converting a directed graphical model in (a) into a latent
variable model in (b). The random variable h denotes the latent variable.
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Secondly, if we choose to adopt a latent variable h that is of lower dimension
than the data variables x which h is dependent on, then we can see this latent
variable as an information bottleneck, which serves as a compressed representation
of x. Having such a bottleneck is favoured in many machine learning models and
algorithms, as it requires the models to focus on the important factors rather than
paying attention to nuances in the data, which are likely to correspond to noise.

Hence, the corresponding models are more likely to generalize to new observations.

2.4 Variational inference

Now let’s consider a general latent variable model with a D, dimensional latent
variable z and a D, dimensional data variable x. If we define the joint distribution

as below:
po(x,2) = pe(z)ps(x|2), (2.32)

where py(z) denotes the prior distribution for the latent variable z, py(x|z) denotes
the conditional distribution between the data and the latent variable and 6 denotes
the set of model parameters that define the two distributions - pg(z) and pe(x|2z),
the corresponding directed graphical model of this latent variable model is shown
in Figure 2.4(a). Our task here is to estimate the values of the model parameters
0 and to estimate the posterior distribution p(z|x) so we can infer the values of z

given an observation of the data.

Why is this task so difficult? We can see this by deriving an expression for the
posterior distribution as below:
_ po(z,X)  po(x|z)pe(z) Po(x|2)po(2z)

PER) =y =T 00 T pe(xlz)pela)dz

(2.33)

()
M
o2——(X)E+— W

(a) (b)

Figure 2.4: The graphical model for a probabilistic PCA model. (a) The
graphical model for the latent variable model expressed in Equation (2.32). (b) The
graphical model for a pPCA model where N data samples are i.i.d. and {W, u, o}
are the model parameters.
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To compute the posterior distribution, we need to first find out #. Even if we have
0 at hand, the computation of the posterior is not trivial. The difficulty lies in the
computation of the integration which appears in the denominator of the furthest
right term in Equation (2.33). Analytical solution for this integration is often not
available for most distributions py(x|z) and py(z) and the numerical approximation
for this integration can be expensive if the dimensions of x or z are large. Without
this integration, we cannot compute the posterior distribution directly. Not to

mention, estimating the values for # is not a straight-forward task either.

Variational inference [18], [19], [47] converts this task into an optimization prob-
lem. To do so, we first introduce an approximate distribution g4(z) which is param-
eterized by a set of parameters ¢. Rather than directly solving for p(z|x), we now

aim to find ¢*(z) that is closest to the true posterior p(z|x), i.e.
¢ (z) = argdfnin Dy (gs(2) || plzx)). (2.34)

where Dy, (q | p) is defined as:

q(u) q(u)
D p(u /q log J du =By [log } 2.35
KL( “ 11 q(u) p(u) ( )
which measures the distance between the two distributions ¢(u) and p(u). Then
q*(z) is the best approximation of the posterior p(z|x) within the distribution family

of our modelling choice for ¢,(z).

2.4.1 Evidence lower bound objective

In practice, it is difficult to directly optimize the Dy, <q¢(z) [ p(z|x)) in Equa-
tion (2.34), as we do not know the posterior distribution p(z|x). To go around this
problem, variational inference [18], [19], [47] resorts to an alternative objective that
can be computed given the current parameters 6 and ¢. To derive the alternative
objective, we re-arrange the Kullback-Leibler (KL) divergence in Equation (2.34)

into the current form:

Dict.(45(2) || p(21x) ) = Eq, ) | 108 45(2)| = Egy )| 10g pa(z, %) + log p(x).  (2.36)
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Re-arranging the last line in Equation (2.36), we obtain an expression which we refer

to as evidence lower bound (ELBO), as shown below:

ELBO(x: ¢, 0) = Eq, ()| 10g p(2.%)| — Eqy(a) [ l0g go(2) (2.37)
= logp(x) — D (40(2) || p(zlx)). (2.38)

It is clear that ELBO is a function of the model parameters of ¢ and . The name
of evidence lower bound comes from Equation (2.38). As Dy, (q¢(z) | p(z|x)) is
non-negative, ELBO is an effective lower bound to the log likelihood of the data

distribution log p(x) (and p(x) is often referred to as an evidence term), i.e.
log p(x) > ELBO(x; ¢, 0). (2.39)

The equality of the above equation only takes place when Dy, <q¢(z) I p(z]x)) =0,
i.e. ¢y(z) = p(z|x). This indicates that maximizing ELBO is equivalent to minimiz-
ing the Dgp, <q¢(z) I p(z|x)) term required by the variational inference objective. As
we can evaluate ELBO for any given values of # and ¢, we have converted the original
objective expressed in Equation (2.34) to finding the set of § and ¢ that maximizes
ELBO. The ELBO objective is widely used to solve a variational inference task.

2.4.2 Optimizing ELBO

To maximize the ELBO defined in Equation (2.37), we take the derivative of
ELBO with respect to every model parameters in § and ¢ while keeping the other

parameters at their current values and set the derivative to zero, i.e.

OELBO
WZO? for Zzl, (240)
OELBO
WZO? fOl"jZI,--- (241)

If we can obtain the analytical solutions for the above equations, then we can reach
the maximum of ELBO quite efficiently, as we approach to a local maximum of
ELBO at every update. When there are multiple solutions for the above equation,
care needs to be taken to choose the value that gives the greatest local maxima. This
update needs to be carried out at every parameter over multiple iterations until the

value of ELBO has converged.
If computing the analytical solution for Equation (2.40) and (2.41) turns out to

be too difficult, then we can take an iterative approach, such as gradient ascent [22],

[23], to maximize ELBO. To do so, we compute the gradient of ELBO with respect
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to all the parameters at the current parameter values, i.e.

. ELB
Apt = 9 (i)o for i =1,--- (2.42)
900 |,
+ OELBO
Apl) = : for j=1,-- (2.43)
a¢(3) 0.6

We then update the parameter in turn with a step change along the positive gradient

direction, i.e.

00, =6 £ A x AOD for i=1,--- (2.44)
D= oD £ A x AP, for j=1,-- (2.45)

Here X indicates the step size and is a hyperparameter that needs to be specified
and tuned. With this iterative optimization approach, every update only increases
ELBO. Compared to the update of the exact solution, this optimization will often

take more updates to converge.

2.4.3 The mean-field assumption

When the dimension of the latent variable z is high, the expectation with respect
to its distribution ¢(z) can be difficult to evaluate. As shown in Equation (2.37),
this expectation is needed to compute ELBO and we need to be able to compute
this expectation efficiently as the optimization of ELBO needs to compute this
expectation repeatedly. One way to achieve this goal is to introduce some additional
assumption to the variational distribution g4(z). A commonly used assumption is
that the latent variables are mutually independent. Hence, ¢,(z) can be factorized

into the product of distributions of individual latent variables, i.e.

Q¢(Z) - 1:[ dg; (Z(j))a (246)

where the superscript j indicates the j-th latent variable, which is stored at the
j-th dimension of the latent vector; M indicates that the number of latent variables
(i.e. M = D, the dimension of the latent variable) in our model. We refer to the

distribution defined in Equation (2.46) as a mean-field distribution.

The mean-field assumption allows us to simplify the ELBO computation signif-

27



2. Background

icantly. For example, the entropy term E, ) [log q¢(z)} can be simplified to:

M
Equ0)| 108 46(2)] = Y Eq, | log s, (29)]. (2.47)

J=1

The full derivation of the above equation is given in Appendix A.3.
The expectation of the joint distribution Ey, ) [log po(2, x)} can also be simpli-

fied using the mean-field assumption. However, the exact form of this term depends
on the specific model set up for the joint distribution, e.g. the choice of model for
the conditional distribution py(x|z). Hence, this term differs from one problem to
another. We will show an example of how to compute this term efficiently in the

case of a probabilistic PCA in the next section.

2.5 An example: probabilistic PCA

In this section, we show how variational inference is used to solve a well-known
probabilistic model - a probabilistic principal component analysis (pPCA) problem
[48]. In pPCA, the latent variable z follows a zero-mean unit-covariance Gaussian
distribution, i.e.

p(z) = N(z]0,1), (2.48)

and the data variable is obtained under a linear mapping from the latent variable

z, subject to perturbation from some white noise € ~ A(0, 0%I), i.e.
x=Wz+p+e, (2.49)

where W is a D, x D, matrix and p is a D, -dimensional column vector, which
together govern the linear mapping. € denotes the random noise that is injected
in the mapping. From Equation (2.49), we know that the conditional distribution

p(x|z) is also a Gaussian, i.e.
p(x|z) = N (x| Wz + p, 0°1). (2.50)

Given a dataset of N observations, i.e. D = {x1,--- ,xx}, we can use Equation
(2.48) and (2.49) to model the generative process of this dataset. To generate a
data sample x;, we will first sample a value of the latent variable z; and then obtain
the data observation by sampling from the conditional distribution defined by z;.
This generative process is shown in Figure 2.4(b). As the generation of the N

data samples can be assumed to be identically independently distributed (i.i.d.), we
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encapsulate the nodes for N different data-latent pairs with a plague which indicates
the repetition of the same process by N times. Now our learning task is to estimate
the model parameters W, i, and o that governs this generative process and to infer

the posterior distributions of the latent variable given each data sample, i.e. p(z;|x;).

2.5.1 Model definition

The first step in a variational inference framework is to clearly define the prob-
abilistic models that are required to compute the ELBO objective given in Equation
(2.37). Specifically, we need to define the parametric forms of the distributions,
including the prior distribution p(z), the conditional distribution p(x|z) and the
variational posterior distribution ¢(z;) (from here onward we use ¢(z;) to refer to
the posterior distribution p(z;|x;)).

Firstly, the prior distribution p(z) is fully specified in a pPCA model. According

to the definition of Gaussian distributions given in Equation (2.11), we have
_Dy 1 ¢
p(z) = N'(2]0.1) = (2m)" % exp ( — ;2"2). (2.51)

Secondly, the conditional distribution also follows a multivariate Gaussian distribu-

tion, which is governed by the model parameter W, p and o, i.e.

p(x|z) = N (x|Wz + p, 0°1) (2.52)

_ Do

= (2m)" 2 0 Prexp ( - %;(X — (Wz + u))T<x — (Wz + u))) (2.53)

Finally, we define the variational posterior distribution ¢(z) also as a multivariate
Gaussian distribution. With the mean-field assumption, the overall posterior ¢(z)

can be factorized over the posteriors for each data sample, as follows:

q(z) = 1:[161(%)7 (2.54)
where q(z;) = N (z;|m;, s71) (2.55)
— (@m) F s P exp (- 2;2 (2 — mi) (2 — m)). (2.56)

where m; and s;? are the mean and variance of the posterior distribution of the
i-th data sample x;. With the above probabilistic models, we have the following
parameters to estimate: the generative model parameters 6 = {W, u, o} and the

variational model parameters ¢; = {m,, s;°}, Vi=1,--- | N.
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2.5.2 Deriving ELBO objective

We now derive the expression for the ELBO objective in this pPCA model
specified in the previous section. Recall that ELBO is defined as:

ELBO(x; ¢,0) = Ey, () {lngg(Z, x)} — Egy2) [log q(z)(z)}. (2.57)

We can further decompose log py(z, x) under the assumption that the N data samples

are i.i.d. Then we have:

log pe(z, x) = Zlogp6’<xi|zi) + Z log p(z;) (2.58)

i=1 i=1
This allows us to simplify the joint log likelihood term in ELBO as:

N N
Eqg, () [1nge(Z, X)} => Euw [108;2?9(X¢|Zi)] +> Eg {IOgPG(Zi)] (2.59)

i=1 =1
We have brought the expectation inside the summation in the above equation, as
expectation is a linear operator. We can further decompose the expectation with
respect to ¢s(2z) to the expectation with respect to each latent sample distribution

4s(2), as shown below:

N N
ZE%(Z) {logpe(XAZi)} = Z]E%(zi) [logpg(xi|zi)} (2.60)
i=1 i=1

N N

> Eouo) [IOgPO(Zi)} = Eptz) [logpg(zi)}. (2.61)

i=1 i=1

More details of this derivation is given in Appendix A.3. We now substitute the
definition of p(x;|z) given in Equation (2.53) into Equation (2.60). This gives us the
full expression for the joint log likelihood term in ELBO as below:

> ND, N .
DBy e | log po(xili) | = — 5 log(2m) — ND;logo — > g2 (Xi — 1) (xi — )
=1 i=1
N
1
2 aButen (06— ) W] = 35 B [ W W

(2.62)

To evaluate the above equation, we need to compute the expectation with respect

to gs(z;) to a linear and a quadratic quantity of z;. According to Entity (A.5) and
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(A.6) from Appendix A.2, we have:

E%(Zi) [(Xl - “)Twzi} = (Xz’ - ,U,)TWmi (2.63)
By, (e | 2" W Wz, = Tr(ssW'W) + m," W Wm,. (2.64)

4¢

Similarly, we can derive the expression for the cross-entropy term defined in Equation
(2.61) as:

N ND, N1 -
Z E%(zi) {logpg (ZZ)} = — 10g(271’) — Z iE%(Zi) [Zi Z} s (265)
i=1 =1

where Eg, (2, {ziTz} = Tr(s?I) + m;"m; = D.s? + m; 'm,. (2.66)

To derive the above expression, we have used Entity (A.7) from Appendix A.2.
Finally, we turn our attention to the entropy term [y, [log q(z)] in the ELBO

and derive an expression for it. We first apply the mean-field assumption, which

allows us to simplify the entropy term as:
N

=1

We then substitute the definition of ¢(z;) given in Equation (2.55). We have:

N ND. N N oq .
Z ]E‘I(Zi) [log q(zi)} = = 9 10g(271’) - D, Z 108; S; — Z 27821111 m; (268)
i=1 i=1 i=1 “°i
— i\[: LIE {Z-TZ} + i\f: iIE [m-Tz-} (2.69)
. 282 q(z;) | 4i 4 82 q(z;) i 4| .

7 i=1 °1

Eq(z,) {ziTzl} has been derived in Equation (2.66). Applying the entity (A.5), we

T

know [y, {miTzZ} = m; m,;. Substituting these in the above equation, we have:

S ND, N ND,
> Eyan) [log q(zi)} = log(2m) — D, > logs; — 5 (2.70)
i=1 i=1

Putting together the expressions derived in Equations (2.62, 2.65 and 2.70),

we have obtained an expression for the ELBO given the current model parameters
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{W, u,0,my, s;}, as below:

ND, A T
ELBO = — 5 log(27) — ND, logo — Z ﬁ(xZ —u) (x;—p)
N 1 T N 1 N
+> (% —p) Wm; — ) ﬁTr (sWTW) — Z m;, "W Wm,; (2.71)
— O o —

i=1
N N N
— Z 75? — Z ;miTmi + ZDzlogs,- + NQDZ

i=1

2.5.3 Exact update equations for the model parameters

With the expression of ELBO derived in the previous section, we are ready
to derive the update rule for each parameter. To achieve this, we compute the
derivative of the ELBO given in Equation (2.71) with respect to each parameter

and set this derivative to zero, as the procedure specified in Section 2.4.2.

Firstly, we compute the derivative for the posterior mean m;, i.e.

OELBO 1 1
5 = —x—p)'W-—m"W'W-m" =0 (2.72)
m; o o

Re-arranging the above equation, we have:
m," = (x; — p) " W(WTW +¢°1) . (2.73)

Secondly, we compute the derivative for the posterior standard deviation s;, i.e.

ELB D, 1
OELBO ———Tr(WTW) —D.s; =0 (2.74)

0s; S;

Re-arranging the above equation, we have:

_ D (2.75)
ST\ ST (WTW) + D '

Thirdly, we compute the derivative for the mean vector p in the conditional distri-

bution p(x|z), i.e.

OELBO X /1 1 1
=3 (%" - mt - —(Wm,)") =0 (2.76)

32



2. Background

Re-arranging the above equation, we have:
1 N
= (x" —m;"Wh). (2.77)
N i=0

Fourthly, we compute the derivative for the mapping matrix W in the conditional

distribution p(x|z), i.e.

YA T 1 T 5?
=> (7(Xz —p)m; — ;animi - ;W) =0 (2.78)

Re-arranging the above equation, we have:

W = &(mm + 521 ) ( é@» - pm/T). (2.79)

Finally, we compute the derivative for noise standard deviation ¢ in the conditional

distribution p(x|z), i.e.

N
D,
=3 (T o= ) = ) = 200 — ) Wi (280)
+ o m; "W Wm, + 03Tr(WTW)sf) =0 (2.81)

Re-arranging the above equation, we have:

1 N
7= \l ND > (<XZ —p)' {Xi — K- 2Wmi] +m;TWTWm, + Tr(WTW)SZZ).
T =0

(2.82)

2.5.4 Update procedures

As we have derived the update equations for the model parameters in our
probabilistic PCA model, we can estimate the model parameters through an iterative

procedure, as detailed in Algorithm 1 in the next page.

Notice that we have separated the parameters into two groups: 1) local pa-
rameters refer to the posterior means and standard deviations that are associated
with individual data samples. The update of these parameters only require local
information of a single data sample. 2) global parameters refer to the parameters
that govern the linear mapping from the latent variable to the data variable. To

update these parameters, we need to iterate through the entire dataset to compute
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the corresponding summation operation in Line (11-13). Note that the information
about the dataset can be obtained from its sufficient statistics, such as the mean
and variance, which only need to be computed once. However, we still need to com-
pute quantities that require the posterior means and standard deviations of all data
samples. These quantities change at every iteration. Therefore, the computation
of these global parameters can be expensive. We can speed up the update of these
global parameters by using a random subset of the dataset at every iteration. This

leads to the stochastic variational inference algorithm as introduced in [49].

Algorithm 1: Iterative optimization for a probabilistic PCA

Data: A dataset of N observations D = {xy, - , &N}

Result: Optimized model parameters {W, u, 0, m;, s;}, where
i=1,--,N

Init

1
2 Global parameters: W =1, u ~ N(0,1I), o ~ Unit(0, 1);

3 Local parameters: m; ~ N(0,1I), s; ~ Unit(0,1) for all ¢ = 1,--- | N;
4 Count: t = 0;

5 ELBO: Compute ELBO, according to Equation (2.71), A ELBO = 1;
6 Termination condition: € = 0.01

7 while A ELBO > € do

/* Update local parameters */

8 fori=1,---,N do

9 m;” = (x; — p) " W(WTW + ¢2I) "
— D,

10 S; = \/012Tr(WTW)+Dz

/* Update global parameters */
u | opt =5 YT - mTWT);

-1

12 | W= { N o (mym; T + s?I)} ( No(xi — u)mf);
13 o =

¥ Lico <(Xz‘ — )" [xi — g — 2Wm;| + mTWT W, + Tr(WTW)Sg>;

/* Test whether ELBO has converged */

14 t=t+1;

15 Compute ELBO, according to Equation (2.71);
16 AELBO = ELBO; — ELBO;_;4

2.5.5 Estimating parameters in an example

We now show how well the derived iterative update procedure works in a simple
example. Here we generate a dataset of 200 samples from a zero-mean unit-variance

Gaussian distribution in a 1D latent space, shown as the black bars in the left plot
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in Figure 2.5. We then transform the latent samples into a 2D data space via the

following linear mapping:

X = Wyz + g + €, (2.83)

1.5

9 >Hgt:

1
where Wy = [ 2] , € ~N(0,021), where o = 0.2. (2.84)

The transformed data samples are shown as blue dots in Figure 2.5(b).

We apply Algorithm 1 to these data points and the goal is to obtain an estimate
of the mapping parameters { Wy, tat, 0gt }, as well as the local posterior parameters
{m,, s;} for each data sample. As we update the parameters according to Equation
(2.73-2.82), we monitor the change of ELBO in Figure 2.6 at every parameter update
(right plot) and at a full pass of all parameter updates as we go through the entire
dataset (left plot). We can see that the ELBO has converged by around 10 full
passes of the entire dataset. By the end of 30 epochs, we have obtained the estimated

mapping parameters as the following:

0.91

Rt ST

.|
W |13
1.80

] , 6 =0.21. (2.85)

To see how well the estimated parameters fit the observed dataset, we plot the

data points that are projected from the estimated latent samples z; ~ N (m;, s?T)

pdf for z ¢/ + datasamples b

b 0.35 h
@ z samples PRI
5 0.30 4 ";
pg e -
T o025 AL
> Xo 2 it
£ 020 2 ey Aw L]
= VR
—_ X oafar ot
o 015 0 dahin
(o] :'.“'
O 0.10 .
o 2
a 005
0.00"
-4 -2 0 2 4 -2 0 2 4
Z X1
(a) (b)

Figure 2.5: Data generated for the probabilistic PCA example. In this
example, we have 1D latent variable z and 2D data variable x. (a) We first generate
200 latent samples according to a zero-mean, unit-variance Gaussian distribution,
ie. z; N(0,1) for i = 1,---,200. (b) Data samples are generated through a linear
mapping and an additional white noise, according to Equation (2.83) and (2.84). The
blue dots are the data samples allowed to use to estimate the model parameters.
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under the estimated linear mapping with the random noise corruption from € from
above. The comparison of the estimated data samples and the actual observed data
samples are shown in the left plot in Figure (2.7). We can see that the blue and red
clusters exhibit very similar distributions. In addition, we also plot 1000 generated
data samples from the ground truth mapping parameters given in Equation (2.84)
and those from the estimated parameters given in Equation (2.85) in the right
plot in Figure (2.7). Again, we can see that the two clusters exhibit very similar

distributions.

Of course, the estimation of the parameters is not perfect, as we can see a
noticeable difference between the estimated parameters and the ground truth pa-

rameters. This is because the current update procedure can be stuck at a local

—600+ —-600
—-800+ —800
@) @)
o [an]
1 -10001 1 -1000
1N} L
—1200 —-1200
—1400 1 1 1 1 1 1 —1400 1 1 1 1 1 1
0 5 10 15 20 25 30 0 2000 4000 6000 8000 10000 12000
Epoch Parameter update
(a) (b)

Figure 2.6: The change of ELBO over a round of optimization. One epoch
is equivalent to 4000 updates over individual parameters.

gl =~ observed data gl * generated data (gt) “'
data fitted w/ estimated ,+- generated data w/ ,:‘
6l  parameters # 6/ * estimated parameters &

£ JF
X2 2 . ‘“* * X2 21
| o o )
L e W
2] b 2 »

Figure 2.7: Comparison of the estimated probabilistic PCA with the
ground truth model. (a) Comparison of the observed data samples (blue) with the
data samples transformed by the estimated linear mapping and the latent variable
values (red). (b) Comparison of 1000 generated samples from the ground truth PCA
model and the PCA model with estimated parameter values.
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maximum of the ELBO function. A solution to this is to run multiple rounds of the
optimization, each with a different initialization. The estimated parameters will be
chosen as the set that gives the highest ELBO value. Following this idea, we have
run the optimization 10 times with random initialization. The ELBO convergence
of these runs is shown in Figure 2.8. We can clearly see that some runs converge to
a higher ELBO value than others. Examining the corresponding estimated mapping

parameters, we notice the run with the highest ELBO has the following parameters:

. 1.47
Wiy =
hieh [1.94

. 1.00f
’ N/high — [198:| s Uhigh = 0.20. (286)
This set of estimated parameters is much closer to the ground truth parameters,

compared with the ones given in Equation (2.85).

2.5.6 Optimization by gradient descent

In this particular example, we have defined an extremely simple model - linear
transformation between the latent and data variable and both Gaussian distributions
are of isotropic diagonal form. In this case, we can derive the analytical solution of
the update equations for all the parameters as shown in Section (2.5.3). However,
there will be situations where deriving such update equations is too difficult or not
possible. If this is the case, we can estimate the unknown parameters by applying
the gradient ascent on the ELBO objective as discussed in Section 2.4.2. The benefit
of the gradient ascent approach is that we can utilize many existing libraries, such
as the autograd in Pytorch [50] and autodiff in Tensorflow [51], to compute the

gradient efficiently for any given objective function.
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Figure 2.8: Optimizing parameters with 10 random initializations. (a)
The ELBO convergence over 30 epochs. (b) The ELBO convergence plotted at
every parameter update. Each coloured line corresponds to a different optimization
run.
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Here we show the estimated parameters given by a gradient ascent algorithm,

as below:

1.95

. 1.47
W, =
ed { 2.11

1.10
 figa = [ ] , Gga = 0.20. (2.87)

We run the optimization 10 times with random initialization and the convergence of
ELBO is shown in Figure 2.9. Different from the exact update procedure, all 10 runs
of the gradient ascent seem to converge to the same optimum, despite the difference
in the rate of convergence. We show the comparison of the fitted and the generated
data points under these estimated parameters and the ground truth parameters in
Figure (2.10). From this example, we can see that the gradient ascent/descent gives

a sensible solution.
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lteration

Figure 2.9: ELBO updates with the gradient ascent optimization. Here
we optimize the model parameters using the gradient ascent algorithm discussed in
Section 2.4.2.
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Figure 2.10: Comparison of the estimated probabilistic PCA (best from
the 10 runs) with the ground truth model. The estimated model manages to
capture the data distribution fairly well.
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The biggest difference between the exact update procedure and the gradient
ascent procedure lies in the rate of convergence. In this example, the exact update
procedure reaches convergence within 30 iterations and on average this takes 0.82s
on a 8-core CPU computer. In contrast, the gradient ascent procedure takes 3000
iterations of parameter updates to reach convergence 9 out of 10 cases. On average,
it takes 3.49s to derive this estimation on the same computer. Therefore, we can
conclude that both procedures can give reasonable estimates of the model param-
eters. The exact update procedure is more efficient. Hence, if we can derive the
exact update solutions, we should do so. In the cases where such derivation is too
complicated or not possible, then we can resort to gradient ascent and still obtain a

good estimate, which will take a bit longer.

2.6 Summary

In this chapter, we have introduced the density estimation task. We show that
the model parameters can be directly estimated if the target distribution is mod-
elled by a simple distributions, such as a Gaussian distribution, under the maximum
likelthood objective. For a more complex probabilistic model, such as a latent vari-
able model, the model parameters need to be estimated through schemes, such as
variational inference (VI), as the direct computation of the data likelihood might
not be tractable. We derive the evidence lower bound objective that is key to a
VI framework. We also show how the VI framework works with a pPCA model

estimation example.

With a good understanding of the density estimation task and the VI frame-
work, we will introduce wvariational auto-encoder (VAE) in the next chapter and

show how the VI framework can be applied to estimate the model parameters in a
VAE.
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Variational Autoencoders

In this chapter, we will introduce variational autoencoders (VAEs) - a popular rep-
resentation learning approach that combines the conventional statistical modelling
- a latent variable model - with the flexible functional approximation capability of
deep neural networks. We set up VAEs as a non-linear extension of the probabilistic
PCA (pPCA) models. We show the variational inference (V1) technique introduced
in the previous chapter can be applied here to estimate the model parameters in
VAEs. We also introduce some common metrics that are often used to evaluate
the representation quality derived from VAEs. We will end the chapter with a dis-
cussion on how VAEs are connected to other representation learning approaches,
such as generative adversarial networks (GANs) and normalizing flows, as well as a

review on existing research efforts in improving the generative modelling of VAEs.

3.1 Derivation of VAEs

VAEs [16], [17] are proposed to solve the latent variable model governed by the
following joint probability:

Po(x,2) = po(2)pe(x|2), (3.1)

as introduced in Section 2.4. In Section 2.5, we show how probabilistic principal
component analysis (pPCA) models can offer a solution to the above latent variable
model when the conditional probability p(x|z) is modelled by a linear mapping
between the latent variable z and the data variable x. VAEs consider a more flexible
model, where the mapping between z and x can be non-linear. Specifically, the latent

variable z follows a zero-mean, unit-covariance Gaussian distribution, i.e.

p(z) =N(z|0,1), (3.2)
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3. Variational Autoencoders

and the data variable is obtained under a non-linear mapping from the latent variable

z, subject to perturbation from some white noise € ~ A (0, 0%I), i.e.
x = gy(z) + €, (3.3)

where gg(-) denotes the non-linear mapping which is parameterized by a set of pa-
rameters 6 and € denotes the random noise that is injected in the mapping. This

gives us the conditional distribution p(x|z) as below:
po(x|z) = N (x| go(2), 0°T). (3.4)

Similar to the pPCA example, we also consider a dataset of N observations, i.e.
D = {xy, - - ,xzny}. We represent the corresponding graphical model for the VAE
model defined in Equation (3.2) and (3.4) in Figure 3.1. Here we also include the
graphical model for a pPPCA model in the subfigure (b) as a comparison. Same as
the pPCA task, our task here is to estimate the values of the model parameters 6
and ¢ and to estimate the posterior distribution p(z|x) so we can infer the values of

z given the observations of the data x.

Recall that variational inference allows us to solve this task by approximat-
ing the posterior distribution with a probabilistic model of certain form, e.g. a
Gaussian distribution that factorizes into the product of the latent variables of each
individual sample, i.e. g4(z) = [Ii*, qy,(2;), for the pPCA example. For the VAE
models, we adopt the same assumption (i.e. the mean-field assumption introduced
in Section 2.4.3). In addition, we also assume that the posterior distribution for

each sample is conditioned on the corresponding data sample and all the sample

@ @ @,

(‘) !
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Figure 3.1: The graphical model for a VAE model. (a) The graphical model
for the latent variable model expressed in Equation (3.1). (b) The graphical model
for a pPCA model where N data samples are i.i.d. and {W, u,c} are the model
parameters. (c) The graphical model for a VAE model where N data samples are
ii.d. and {6, 0} are the model parameters for this generative model. (d) Implicitly,
a VAE model also includes an inference model that approximates the posterior
distribution g,(z|x;), which is governed by the model parameter ¢.
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posteriors are governed by a global function fs(-) with parameter ¢, i.e.

N

qs(2) = H1 G (2i];). (3.5)

i

This change of converting the estimation of individual local posterior distributions
to the estimation of a global function that governs all the posterior distributions is
a technique often referred to as amortization [52]-[54]. The biggest benefit of amor-
tization is that the inferred global function g,(z;|;) is supposed to generalize to
new data samples without the need of retraining the model parameters. In contrast,
the variational inference framework without amortization will need to estimate all
the model parameters all again, together with the parameters for the local posterior
distributions of the new data samples, when a new data sample arrives. There-
fore, the amortization introduced in the VAE models hugely simplifies the inference

procedure.

We further assume that the posterior distribution for each sample follows a

diagonal Gaussian distribution as below:
ao(zile) = Nz, 82, (36)

where the mean and the variance of the posterior distribution are the output from
the non-linear function fy(-), i.e. [p;, si] = fs(x;). We demonstrate this inference
process in the subfigure (d) with a dashed arrow going from a data sample x; to its

corresponding latent variable z;.

One of the key decisions that makes VAEs so powerful and versatile is the adop-
tion of deep neural networks [20], [21] to parameterize the two non-linear functions
- go(+) that govern the conditional distribution p(x|z) in Equation (3.4) and f,(-)
that governs the posterior distribution ¢(z;|x;) in Equation (3.6). Neural networks’
capability to approximate a wide range of complex functions allows VAEs to ob-
tain certain mappings that can fit well with the current dataset while maximally
satisfying the model assumptions, i.e. the latent variable z draws from zero-mean,
unit-variance Gaussian and the posteriors follow diagonal Gaussian distributions.
The neural network architecture of VAE models is often illustrated as in Figure 3.2.
The function f4(-) in the inference model is shown as an encoder that projects a
data sample x to a latent code z. The function gy(-) in the generative model is

shown as a decoder that reconstructs the latent code z back to the data space .
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3.1.1 Deriving ELBO objective

To estimate the model parameters ¢ and 6 we have introduced in the proba-
bilistic model in Equation (3.1-3.6), we resort to the variational inference framework
as introduced in Section 2.4. To start with, we first derive the ELBO objective for
the VAE models.

Recall that we have derived the ELBO objective as a function of the model
parameters ¢ and ¢ in Equation (2.37) and (2.38) and we re-state the results below:

ELBO(¢,0) = Eq, (2 [logpg(z, X)] — Egy0) [log qd,(z)] (3.7)
= log p(x) — D (24(2) || p(z]x)). (3.8)
Replacing the posterior ¢(z) with the amortized posterior defined in Equation (3.5),

together with the i.i.d. assumption for the dataset D, we have the ELBO for the
VAE models as:

ELBO(¢’ 0) = Z [E%(Zilxi) {10gp9(zi7 Xz)} - Eqd>(zz‘|xz‘) {log Q¢(Zi|X¢)H (3~9)

-
I
—

o

-
Il
A

[10gP(Xi) — Dk (Q¢(Zz’|xz‘) | p(Zz‘|Xz‘)>] : (3.10)

nference model

-

Generative model

Figure 3.2: Typical VAE neural network architecture. The decoder model
shown in the red dashed box represents the generative model defined in Equation
(3.4), where a latent code z is mapped through a nonlinear function gy(-) to a data
sample. VAEs also introduce an approximate inference model that encodes a data
sample & to a latent code z through an encoder network.
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Now we denote ELBO;(¢, 8) as the ELBO for the data sample x;, i.e.

ELBOZ’(¢? 9) = EQ¢(Zi|xi) [Inge(Zi, Xl)} - EQ¢(Z¢\Xi) [log qd’(Zi’Xi)] (3'11)
= log p(x;) — Dxv <Q¢(Z¢|Xi) | p(Zz‘|Xz‘))- (3.12)

Apparently, ELBO(¢,0) = >N | ELBO,(¢, 6).

In the previous chapter, we have derived an analytical form of the ELBO objec-
tive for the pPCA models using the expression in Equation (3.9). In the context of
VAEs, we often re-organize the terms and adopt a slightly different form, as shown

below:

ELBO;(,0) = By, zx,) | log po(xi|z:)| — Dicw.(q0(zi[x:) || p(2)). (3.13)

@ reconstruction likelihood @ prior constraint

The above ELBO;(¢,0) contains two terms: (D) a reconstruction likelihood term
that encourages good reconstruction through a VAE model’s encoding and decoding
process, i.e. an auto-encoding process; (2) a prior constraint term that regularizes the
posterior distribution g,(z;|x;) to remain as close as possible to the prior distribution
for the latent variable p(z), which is defined as a zero-mean, unit variance Gaussian
in Equation (3.2).

We can derive an analytical solution to evaluate both terms in ELBO;(¢, ) for
a given set of model parameters, i.e. § and ¢. To achieve this, we first approximate
the expectation in () with a sampling approach [12], [55]. To do this, we draw L

samples from the posterior distribution, i.e.

2 ~ go(zilx), 1=1,--- L. (3.14)
We then approximate the expectation as an average of the log likelihood (LL) eval-

uated at the sampled latent features, i.e.

1 L
Eqy (z:/x:) {1ng0(Xi|Zi)} ~ 7 Zlogpg(xﬂzi(l)). (3.15)
=1

The log likelihood log pg(xl-|zfl)) can be computed depending on the specific model
definition. For example, we define the conditional distribution py(x|z) as a Gaussian
distribution in Equation (3.4). This often works well when the data variable can be
modelled as a continuous variable. In some other scenarios where the data variable is

more discrete in nature. Then it is more suited to model the conditional distribution
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pe(x|z) with a Bernoulli or a multinoulli distribution (a generalization of a Bernoulli
distribution to a categorical variable over K classes) as introduced in Section 2.1.1.
Either way, the log likelihood can be evaluated exactly. Hence, the expectation term
can be approximately evaluated.

The 2) term has a closed-form solution as the benefit of having a simple Gaus-
sian prior p(z) and a Gaussian posterior g¢4(z;|x;). Using the result of the KL-

divergence between two multivariate Gaussians from Appendix A.4, we have the
KL term in the ELBO;(¢, ) as:

Dxy, (Q¢(Zi|Xi) HP(Z)) = ! dz [(Ngd)f + <S§d))2 — log (35‘”)2 — 1], (3.16)

DO |

where g and s? are the mean and variance of the posterior distribution g,(z;|x;)
(defined in Equation (3.6)) and the super-script (-) refers to the d-th dimension

of the latent variable.

With the results from Equation (3.15) and (3.16), we have obtained the full
analytical expression of the ELBO;(¢, 8). This analytical learning objective, together
with the fact that the solution for the 2) term is exact (i.e. not an approximation),
contributes to the behaviour of the VAE models that are often easy to train and

converge.

3.1.2 Learning model parameters

With the ELBO objective derived in the previous section, we are now ready to
estimate the set of model parameters 6 and ¢ that maximizes the ELBO objective.
As 6 and ¢ are parameters of two neural networks, deriving the exact solution for
these parameters in the same way as we did in Section 2.5 for a pPCA is not possible.
However, we can still resort to the iterative optimization approach introduced in
Section 2.4.2. Recall that to obtain an update on the current values of the model
parameters 6 and ¢, we need to compute the gradient of ELBO;(¢, §) with respect
to € and ¢, i.e.

ELBO;
AG® = a(s)o for s=1,--- (3.17)
20 |, ,
OELBO;
Apt) = —— = for t=1,--- 3.18
860 |, (3.18)

When dealing with a complex function, such as a neural network, we can resort to
a technique often referred to as back-propagation [56], [57], which uses the chain

rule to break down the gradient computation of a complex function to a chain of
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gradients of simple functions. However, there is a problem when applying the back-
propagation to the VAE models - the sampling operation needed to approximate

the reconstruction likelihood term in (D is not differentiable.

To resolve this issue, the authors of VAEs propose to adopt a reparameterization
trick [16], [17] to re-position the sampling from right in the middle of the auto-
encoder network to the input of the encoder. The trick works as follows: let’s
introduce a dummy random variable - € ~ N(0,I). When the encoder network
predicts the latent variable for a given data sample x; as z; ~ N (u;, s2), we can
obtain a sample of z; by first sampling € from the zero-mean, unit-variance Gaussian

and transforming the sampled ¢ through the following mapping:

The power of this trick is that it allows us to re-position the sampling of the latent
variable at the output from the encoder network to the input of the encoder. Hence,
the sampling does not block the gradient computation any more. Now, we can use

back-propagation to compute the gradient of ELBO;(¢, 0) with respect to 6 and ¢.

There is a second issue in the gradient computation. The ELBO objective that
we have focused on is the ELBO expression for a single data sample x; as defined
as ELBO;(¢, 0) in Equation (3.13). The true objective that we need to maximize in
the variational inference framework is the ELBO for the entire dataset; this means
that we need to sum ELBO;(¢, ) over all N data samples in D. This is indeed
what we have done when solving for the model parameters for the pPCA model in
Section 2.5.4. However, such computation at every iteration of the parameter update
would make the optimization a very slow process, as the dataset often consists of
millions of samples, the VAE model is often parameterized by neural networks that
contain millions of parameters, and a common gradient descent optimization often

takes more than 10k update steps. This would make the optimization not practical.

To handle this issue, VAEs adopt an estimator of the dataset ELBO objective
through stochastic sampling [58], [59]. As the data samples in D are i.i.d., if we
randomly draw a batch of M samples from the dataset denoted as D), with M < N,
then the expectation of any function computed with the subset D), will be an
unbiased estimator of the function evaluated with the entire dataset D. In our case,
we will have an unbiased estimator of the ELBO using small batches of the entire

dataset, i.e.

ELBO(, 6) ~ ]\]\; S~ ELBO,(6, 6). (3.20)

1€Dns
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Apparently, this will reduce the computation time for every update step and, hence,
speed up the optimization by an order of % compared to evaluating the exact ELBO

over the entire dataset.

With all the components (amortization, the reparameterization trick and the
stochastic sampling) introduced above, we have introduced the learning algorithm
of a VAE model. Fundamentally, it solves a latent variable model that contains a
non-linear mapping between the latent and the data variable. To solve the model
parameters, we resort to the variational inference framework. Because of some good
choice of probability models and some technique such as Monte Carlo sampling
approaches, we can compute the ELBO objective analytically. We then use an
iterative update algorithm to optimize the model parameters in the VAE model. To
make sure the update can be computed efficiently, we use a stochastic estimator of
the true ELBO for the entire dataset. In the following sections, we will discuss how

a trained VAE model is evaluated under different metrics.

3.2 Evaluation metrics for VAEs

In this section, we will introduce the common metrics that are used to evaluated
a VAE model’s performance. As the ground truth solution to a VAE model is not
available - the underlying latent variable model that has generated a given dataset
is often not known and the latent features for individual data samples are also not
observed, these evaluation metrics are all we have to decide whether a sensible model

has been inferred and to compare performance across different possible VAE models.

3.2.1 Likelihood metrics

As VAEs essentially solve a density estimation task for a latent variable model,
i.e. estimating the probabilistic model for the data distribution p(x), the most
natural metric for performance is to evaluate the log likelihood of the inferred model
on a held-out test set of data samples [16]. In the VAE setting, the inferred model
is:

Po.o(X,2) = po(x|z)p(2z) = g4(z|x)p(x). (3.21)

From the above equation, we can derive the log likelihood of the data distribution

for a test sample * as (the full derivation is given in Appendix A.5):

pe(m*|z)P(Z)]7 (32

p@(m*vz)
logp(x*) = logEy, gz | ————— | = 1ogE,, 2]z
e (z]T*) q¢(z|a:*) 90 (z]T*) q¢(z|w*)
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where the expectation with respect to the posterior distribution g4(z|*) can be
approximated through Monte Carlo sampling. To do so, we draw L samples from

the posterior distribution, i.e.
20~ gy(z|x), 1=1,--- L. (3.23)

We then approximate the expectation as an average of the log likelihood evaluated

at the sampled latent features, i.e.

1L & pola|z)p(z)
logp(x®) ~ — » log ————"——+. (3.24)
L z; qs(2|z*)
As a convention, we often report the negative of the above log likelihood, so the
higher the value the better the model performs. We refer this metric as the negative

log likelthood metric.

Another metric that is highly related to the negative log likelihood metric is a
lower bound of the log likelihood defined in Equation (3.22). The lower bound can
be obtained from applying Jensen’s Inequality [12] to Equation (3.22), giving:

] < log By, (z)e) {M] =logp(x*). (3.25)

* Po\ X ,Z
;C(CC ) = Etm(z\w*) llOg m

Closely inspecting the above lower bound L£(zx*), we notice that L(x*) is effectively
the same as the ELBO objective defined in Equation (3.11). Indeed, the average
ELBO on the test set is commonly used to evaluate the performance of the inferred
VAE model. Specifically, when a large number of samples are drawn from the
posterior distribution g, (z|x*), i.e. L islarge, such ELBO is referred to as importance
weighted ELBO [60]. It is believed that such ELBO gives a tighter bound to the log
likelihood log p(x*) than the ELBO evaluated with a few samples from the posterior,

i.e. L is small or even just 1.

3.2.2 Reconstruction error

Another commonly used metric is the reconstruction error of the inferred VAE
model on a held-out test set. The reconstruction error is a sensible choice, as the
VAE model effectively derives an auto-encoding scheme as shown in Figure 3.2. The
amount of the reconstruction error indicates the ability of the VAE model to preserve
the information in the input data samples through the VAE’s auto-encoding scheme.
In fact, the reconstruction error naturally appears in VAE’s ELBO objective in the

D of Equation (3.13). If x is continuous, then (I) becomes a weighted least square
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error between the input «; and its reconstruction &;. If x is discrete, then () becomes

a cross-entropy error between x; and &;.

3.2.3 Cross-entropy between aggregate posterior and prior

A metric that is often used in tandem with the reconstruction error is the cross-
entropy between the aggregate posterior and the prior distribution, i.e By, ) {log p(z)} .
We first define the aggregate posterior q,(z) as below [25], [61]:

1 N
06(2) = [ as(ax)po (0% = By [as(p0)] = 3 S aollx). (3:26)

As shown in the above equation, the aggregate posterior is the average of all the
sample posteriors. Therefore, the cross-entropy between ¢,(z) and the prior p(z)
measures the difference (or mismatch) between these two distributions. The reason
why we care about this difference is that a VAE model is supposed to recover the
generative model of the given dataset with the assumption that the generative model
contains a latent variable that follows the prior distribution p(z). The difference
between ¢,(z) and p(z) indicates how well the trained VAE model satisfies this

assumption.

3.2.4 Generation quality metrics

As VAEs are designed to infer the generative model of a given dataset, it is
important that we are able to evaluate a VAE model’s capability of generating
new samples. We have metrics, such as Inception score [62] and Frechet inception
distance (FID) [63], designed for this purpose.

Inception score relies on a pre-trained classifier F on the same dataset, where
the VAE model is trained. It then examines the network’s classification predictions
on a set of generated samples from the trained VAE model. If the generated samples
resemble the features of the real data samples, then the individual class prediction
p(y|x;) (x; is a data sample from a held-out test set Dy and y denotes the class label)
should have a low entropy. In addition, the generated samples should also render
a diverse set of classes. Therefore, the marginal probability p(y) = % > p(y|x;)
should have a high entropy. Indeed, the inception score is computed by considering

these two properties, i.e. sample quality and sample diversity, as summarized below:
IS = Ez,wp, {Ep(ylwi) [logp(y|wi)H —Ep {logp(y)] (3.27)

FID score evaluates the quality of a set of generated samples Dg by comparing

50



3. Variational Autoencoders

the statistics of these samples with the statistics of a set of real data samples Dg.
It also requires a pre-trained network F, but uses it as a feature extractor rather
than a classifier. Let’s take the output from F on an input sample as the feature
f, ie fi = F(x;). We compute all the features for the generated samples and
the real samples. We then assume these features follow a multivariate Gaussian
distribution and we can estimate the Gaussian distribution by computing the mean
and covariance for both datasets, i.e. pg, Kg for the generated samples and g,
Kpg for the real samples. Then FID score is obtained by computing the Frechet

distance (or Wasserstein-2 distance) as below:
FID = || — prl” + Tr (Ko + Kg — 2VKoKxg). (3.28)

Please note that the inception score and FID score are originally proposed to
evaluate the generation quality for natural images. In the original implementation,
they both adopt an inception v3 [64] as their pre-trained neural network F. In the
description above, we have generalized the definition for both scores so that they

can be applied to any data forms and with a different neural network model.

3.3 Connection to other representation learning

approaches

As we have seen at the start of this chapter, VAEs and probabilistic PCA
(pPCA) models are closely related. Both of the approaches solve a latent variable
model which is formulated by Equations (3.1) and (3.2). We can resort to the
variational inference framework as introduced in Section 2.4 to derive a solution
to both problems. The biggest difference between the two approaches lies in the
fact that pPCA models are constrained with the assumption that the conditional
distribution p(x|z) is governed by a linear mapping between the latent variable z
and the data variable x, whereas VAE models relax this assumption and allow the
conditional distribution p(x|z) to be governed by a non-linear mapping between the
latent variable z and the data variable x. This change in the model definition does
affect the way the latent variable model is being solved. Specifically, we can derive
an exact update rule for pPCA models, as shown in Section 2.5.3. However, the
complexity of the non-linear mapping considered in VAE models often means the
exact solution is not available and, hence, we have to go with an iterative update
approach, as detailed in Section 3.1.2. This, in general, means that it will take more

iterations for VAE models to converge than the corresponding pPCA models, but
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the benefit is that VAE models can derive a set of latent features that are based
on a more complex transformation on the raw input. Furthermore, the mappings
from the data to the latent variable and vice versa derived in VAE models often
obtain better reconstruction quality, indicating the latent representations derived

in VAE models preserve the information from the original input data better than
pPCA models.

Other than the connection to pPCA models, VAEs are often considered as an
alternative to representation learning approaches, such as GANs [13] and normaliz-
ing flows [65], [66]. We devote the rest of this section to discuss the connection and

differences between VAEs and these approaches.

3.3.1 Generative adversarial networks (GANs)

GANs [13] are a widely-known and widely-used representation learning ap-
proach. In essence, GANs solve the same latent variable model as VAEs do, as
formulated by Equations (3.1) and (3.2). Rather than formulating the problem in
the variational inference framework, GANs achieve the density estimation in an im-
plicit way by setting up a game between two players - a generator and a discriminator
[67]. The generator’s goal is to map a randomly sampled latent feature vector z; to
a realistic data sample. The discriminator’s goal is to identify the data samples that
are generated by the generator. We formulate the generator as a non-linear function

Gy, with parameters 0 that maps a latent feature vector to a data sample, i.e.
ji = GGG (Z,L'>, (329)

and the discriminator as a non-linear function Dy, with parameters 6p that esti-

mates the probability of a data sample is drawn from the given dataset, i.e.
0< Dy, (x) <1 (3.30)

Both functions are often implemented with neural networks. As the discriminator

is effectively a binary classifier, we can formulate a loss function for it as below:

1 1
£(66.9) = — 5B, | 108 Doy (@)] = 5B onon | log(1 = Doy (Gog (21))] -

@ real samples @ generated samples

(3.31)

Both terms in the above equation are cross-entropy loss as defined in Equation
(2.65). Clearly the loss function £(6¢,6p) depends on both the discriminator and

the generator function. For any given generator, there is a set of fp that minimizes
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L(0c,0p). As the goal of the generator is to fool the discriminator, we can neatly
re-use the same loss function £(0q,0p) to optimize the generator parameters, but

we need to maximize rather than minimize the objective, i.e.

0c" = argmaxmin L£(6¢, 0p). (3.32)
fc 9o

The above equation succinctly summarizes the training procedure for a GAN
model, which contains two steps. Firstly, given the current parameters of the gen-
erator O, we need to update the discriminator’s parameters fp in the direction
that minimizes L£(0,0p). Secondly, given the updated 6p, we now update the
generator’s parameters ¢ in the direction that maximizes L£(0g,0p). This update
procedure will continue until the loss function L£(6g,0p) converges. The optimized
set of 0, and 07, is often referred to as Nash equilibrium in the game theory con-
text [68]. Nash equilibria occur at locations of the parameter space where the loss
function is simultaneously a local minimum with respect to some parameters and a

local maximum with respect to the rest of parameters.

We have seen GANs being applied to some interesting applications, especially
when multiple outputs are all viable, i.e. the distribution of the model output is
multimodal. For example, SRGAN [69] provides an impressive solution to the task
of estimating the high-resolution image given a single low-resolution image as input.
The adversarial objective in GANs’ formulation prevents the method to penalize
the different high resolution images which are all validate predictions given the
same input image. iGAN [70] can generate an image based on some initial sketches
drawn by a user. This opens a door to human-robot collaborative arts. Pix2pix [71]
allows a feature phrased by the authors as "image-to-image translation", where an
image of a certain type is converted to another image of the same content but in a
different format, e.g. a sketch of a bag is translated to a real photo of the bag or a
semantic map of a street scene is translated to a real photo of the same scene. This
work offers a new direction to synthetically generate more data given the existing

data one has.

Although GANSs have resulted in some very innovative and impressive machine
learning applications, they often struggle with the following challenges [67], [72].
Firstly, the adversarial nature of GANs learning objective often causes unstable
training, i.e. the loss function fails to converge. Secondly, GANs often experience
a problem called mode collapse, where the generator fails to generate a diverse set
of data samples but only generates samples from a small region of the true data

distribution [67], [73]. Thirdly, there is no explicit mapping from the data space to
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the latent space in the original GAN’s formulation. If such a mapping is needed
for a particular application, then this requires an additional module to be added to
the GAN model. We have seen great progress from the machine learning research
in addressing the above challenges [74]-[77] and it is still an active research area to

further improve GANs performance.

Compared to GANs, VAEs often have a more stable training, thanks to the
exact learning objective - the ELBO loss - derived from the variational inference
framework. As VAEs are trained with an auto-encoding (or reconstruction) module,
the mode collapse behaviour is less severe in the VAE models, because the latent
distribution is optimized to contain a diverse set of data samples as presented in the
given dataset. Finally, VAEs offer the mapping from the data to the latent space

and vice versa.

3.3.2 Normalizing flows

Normalizing flows [65], [66] offer a different way to estimate the distribution of
a data variable x. Unlike VAEs and GANs where little constraints are made on the
transformation between the data variable x and the latent variable z, normalizing
flow approaches require the transformation between x and z to be bijective or in-
vertible, i.e. the mapping f : R" — R" satisfies x = f(z) and z = f~!(x), where
f7Y(+) indicates the inverse function of f(-). With such transformations, we can
apply the change of variables equation and establish the connection between p(x)

and p(z) as:

px(x) = p2(2)

det (gi) ’ . (3.33)

Applying the identity det(A™!) = det(A)~! where A is an invertible matrix, we can

obtain the following change:

aor(22) = (%) < (U2) 331

Therefore, the density p,(x) is equivalent to:

(3.35)

o)

pa(x) = pz(z)det<
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We can estimate the unknown parameters in the transformation f(-) by maximizing

the log likelihood of the above equation, i.e.

of (Z)>. (3.36)

log p, (x) = log p.(z) — log det
0g p(x) = log p.(2) oge<az

The above log likelihood can be evaluated exactly, if the density p.(z) is tractable
and the determinant of the Jacobian of f(-), i.e. det(%), is also tractable.

Indeed, these are the exact design features of normalizing flow methods. Nor-
malizing flow methods assume that the distribution for the latent variable p,(z) is
of simple, parametric forms - often a Gaussian distribution is used, and that the
transformation f(-) is carefully designed so that the computation of det(%(zz)) can
be done efficiently. For example, NICE [65] proposes additive coupling layers to
achieve this. To do so, the latent variable z is divided into two halves - z; and 2.

Then the forward transformation x = f(z) is defined as follows:
1. x1 = 21.
2. X9 = 79 + hy(z1), where hy(-) denotes a neural network with parameters 6.
Correspondingly, the inverse transformation z = f~!(x) can be computed as:
1. z1 = x;.
2. 79 = X9 — hy(xy).
A convenient feature of the above transformation f(-) is that the Jacobian of f(z),
ie. %(Zz) is a lower triangle matrix. This means the determinant of this Jacobian is
the product of all the elements along the diagonal of the Jacobian, which is 1 as:
(2’2 ~ 1 and g’z‘j 1 (3.37)
In general, normalizing flow methods offer a stable learning algorithm to esti-
mate the data distribution p(x). Such approaches are extremely suited for density
estimation at low dimensions, as they are capable of representing distributions of
very complex forms through transformations from some simple base distributions.
However, normalizing flows often struggle when dealing with high dimensional vari-
ables. This is perhaps because normalizing flows expect to obtain an one-to-one
mapping between every sample in the latent space and the sample in the data
space. When the space expands to the high-dimensional domain, the search space
for such setting is enormous and to obtain the right transformation f(-) we might
need to have a flexible parametric form of the transformation and need a sufficient

number of training examples to converge to the right optimum of the log likelihood
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objective.

3.4 Efforts to improve the VAE modelling

With an increasing demand to apply VAEs in different application scenarios,
there is a growing interest in improving the generative modelling capacity of VAEs
further. This is because any improvement in the derived generative model, such
as an encoding function that can better reserve information in the raw data and a
generative model that can sample more diverse and realistic data, will likely result
in better performance in the downstream tasks. In this section, we give a summary

of research efforts that have been dedicated to improving the VAE models.
Flexible modelling of the posterior distribution ¢,(z;|x;). The original

VAEs adopt a simple parametric model of the posterior distribution, i.e. a Gaussian
distribution with a diagonal covariance matrix. Such formulation makes the compu-
tation of the ELBO objective easy and stable. However, this modelling assumption
can limit the expressiveness of the inferred posterior and lead to approximation error
where the inferred posterior distribution fails to represent the true posterior distri-
bution for individual data samples [78]. To address this issue, proposals of more

flexible modelling of the posterior distribution have been put forward.

Normalizing flows, as we introduce in Section 3.3.2, are often used to in this
context to provide more flexible modelling of the posterior distributions. To do
this, we first let the encoder to predict a latent variable that follows a simple base
distribution, i.e. zy ~ q(zp). Then we can transform the base distribution under a
chain of K invertible mapping fi. Using the Equation (3.35), the new distribution

becomes:

ax(zx) = a(z0) T1 det( O ) (3.39)

k=1 0zy—y

from which we can compute the log density as:

log gk (zx) = log q(z0) Z < Ofi ) (3.39)

8zk 1

We can substitute the posterior distribution g4(z;|x;) in the ELBO with this new
distribution gk (zr). Aslong as det ( ) for k =1, -+, K can be easily computed

and is differentiable with respect to z;_1, we are able to update the model parameters
by optimizing the ELBO via stochastic gradient descent as before. So the key

challenge here is to define an invertible function fj that satisfies the above condition.
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To do so, [14] propose a simple flow with the following f transformation:
f(z) =z +uh(w'z +b), (3.40)

where u, w are vectors of the same dimension as z, b is a scalar and h(-) is a smooth,
differentiable non-linear function. [15] propose a flow that utilizes an auto-regressive

mapping, i.e.

f(za) = p(z1.0-1) + 0(21:0-1) - 24, (3.41)

where p(+), o(-) are complex mapping implemented by neural networks and z, de-
notes the d-th dimension of the latent variable. Both works show that with sufficient
depth of the flow transformation, the transformed distribution is able to model ar-
bitrary complex distribution and the VAEs trained with such posterior distributions

can reach higher likelihood score.

Adversarial Variational Bayes (AVB) [79] proposes to adopt an implicit dis-
tribution [80] parameterized by a neural network to model the posterior distribu-
tion. Such implicit distributions are very flexible and can approximate arbitrarily
complex posterior distributions. To learn the parameters in the implicit poste-
rior and the generative model, AVB introduces an additional discriminator network
Ty(xi,2;) = log p(z;) — log qs(z;|%;), allowing the estimation of the ELBO objective.
To infer the model parameters ¢, 6 and v, the authors also formulate the optimiza-
tion of the ELBO as a two-player game between the discriminator and the VAE
model in a similar way as how GAN models are trained. The authors show that
AVB generate better quality samples and reaches higher likelihood score, compared
to the original VAEs.

Flexible modelling of the prior distribution p(z). The choice of the prior
distribution has an important impact on the derived generative model. As we can see
from Equation 3.12, the prior distribution directly regularizes the posterior distribu-
tion in the ELBO. An inflexible prior may place posterior distributions in a region
of the latent space that should be left as low density area and penalize the posterior
distributions in the high density areas. Therefore, several works have explored the
idea of replacing the unit Gaussian prior with another more flexible distribution,
leading to variants including a stick-breaking prior [81], a Chinese Restaurant Pro-
cess prior [82], a Gaussian mixture (GM) prior [61], [83], [84] and an auto-regressive
prior [85], [86]. All of these works report that higher likelihood scores can be reached
with the adoption of more flexible prior models and many also show an improvement

of the generation quality.
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Addressing the dying units problem [54]. Sometimes we observe that
VAEs have the tendency to ignore certain dimensions of the latent variable, leav-
ing it the same as the prior distribution. This effect indicates that the derived
VAE model fails to utilize the full capacity of the encoder model and learn an
informative posterior distribution. [85] notices this problem in the context of an
auto-regressive decoder, i.e. p(x|z) = [I;p(X4|z,x<q). They address this prob-

lem by only limiting the input information that the decoder is conditioned on, i.e.

p(x|z) = [14p(x4|2, XWindowAround(d))-

3.5 Summary

In this chapter, we have introduced VAEs as a mon-linear extension of the
pPCA models. We show that the VI framework can be used to estimate the model
parameters in VAEs. To do so, we need to apply amortization to the posterior
distribution, i.e. gy,(z;) = ¢»(2i|x;). This removes the need to have a set of local
parameters for each data sample, which have to be (re-)optimized whenever a new
data sample arrives. We also introduce other techniques, including Monte Carlo
sampling, reparametrization trick and unbiased estimation via stochastic sampling,
which are needed to allow efficient updates of model parameters with the stochastic

gradient descent scheme.

To understand how well a VAE model estimate the target data distribution, we
introduce four types of evaluation metrics that are commonly used in the VAE litera-
tures. We have also discussed the differences between VAEs, GANs and normalizing
flows. Compared to GANs, VAEs often have a more stable training, less severe mode
collapse behaviours and a convenient inference model that allows efficient encoding
of any data samples. Compared to normalizing flows, VAEs benefit from being able
to derive a lower dimensional latent representation, whereas normalizing flows have

to keep the latent variable of the same dimension as the data variable.

Finally, we discuss existing works that have been carried out to improve the
generative modelling capacity of VAEs. We focus on three areas of improvement:
1) a more expressive posterior modelling, 2) a more informative prior modelling and

3) deriving a more powerful inference model.

With a good understanding of VAEs, we will introduce three challenges that
we observe during the training and applications of VAEs in the next chapter. We

will then present our solutions to these challenges in the subsequent chapters.
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Challenges in the VAE modelling

In this chapter, we introduce two challenges that we often observe as the bottle-
necks to deriving good VAE models. Firstly, we show that the constraint on the
posterior distribution (hence, on the inference model (or the encoding function) of
a VAE) from the prior distribution can be overly strict. This has a direct impact
on the reconstruction and generation quality and implicitly it may cause the de-
rived VAE model not being able to fit the given dataset well, hence leading to a
low likelihood score. We refer to this effect as the over-regularization problem in
VAE modelling. We show in this chapter that such over-regularization effects can
happen either because of a variance parameter in the Gaussian decoder being set at
a sub-optimal value, or because of an overly restrictive prior distribution. Secondly,
we demonstrate that the auto-encoding function inferred from a VAE model may
transform a data sample to something that is quite different. We refer to this effect
as the encoding drift problem. This effect can be detrimental, as it indicates that
crucial information in the raw data may be altered in the encoding processing and
the posterior distribution may not be a good representation of the input sample to

be used for downstream tasks.

4.1 Over-regularized encoding

A problem that often limits the quality of the derived representation from VAE
models is the over-reqularization issue. Recall the ELBO objective function intro-

duced in Section 3.1.1 and included again below:

ELBO;(,60) = Eg, (s x| log po(xi]2:)] — Dict.(gp(zilx) [ p(2)).  (4.1)

@ reconstruction likelihood @ prior constraint

The parameters in a VAE model are optimized by maximizing the above ELBO
objective, which contains two terms: (I) a reconstruction likelihood term that mo-

tivates the input information to be preserved through the auto-encoding process
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Figure 4.1: The effect of over-regularized ELBO on VAEs with a Gaussian
decoder. Here we train a VAE to infer a 2-dimensional latent variable for MNIST
dataset (left plot). The overly strict prior regularization leads to overly smooth
latent space, where the posterior distributions of different input samples become
indistinguishable. As a result, the reconstruction of different input samples end up
being very similar (see the example of a pair of twos in the right plot).

and (2) a prior constraint term that encourages individual sample encodings, i.e.
Gaussian distributions formulated by g4(z;|x;), to stay as close as possible to a prior
distribution p(z), which is often chosen to be a zero-mean unit-variance Gaussian
distribution. The ELBO objective is often described as a regularized objective for
learning an effective auto-encoding function, where the amount of regularization is
determined by the level of prior constraint enforced by the 2) in the ELBO.

As the posterior distribution ¢,(z;|x;) appears in both terms in the ELBO,
the level of the prior regularization on the posterior will also have an impact on
the reconstruction quality and subsequently on quality of the inferred generative
model. To see this, imagine we have an encoding function that maps all the input
samples perfectly to the prior distribution. In this case, the prior constraint term
of the ELBO objective is perfectly satisfied. However, there is no way that we can
distinguish different samples from each other in their latent encodings. Therefore,
the reconstruction likelihood term of the ELBO objective is severely compromised.
As a result, the reconstruction of different input samples will end up being the same
image [87], [88].

We have an example to illustrate such effects in Figure 4.1. Here we first
train a VAE model with a 2D latent space for the MNIST dataset [39]. After the
ELBO objective has converged, we encode 64 randomly drawn test samples and the

encoding distributions in the 2D latent space are shown as the blobs in the density
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plot on the right side of Figure 4.1. The over-regularization effect can be observed
in the reconstructions of the two digit 2 images. Before the reconstruction, we can
clearly distinguish the two images, as they bear clear visual differences - the two on
the left hand side has a thicker stroke and has a little circle connecting the vertical
line with the ending horizontal section, whereas the two on the right hand side has a
thinner stroke and has a sharp corner connecting the vertical and horizontal section.
After the auto-encoding process through the trained VAE (or reconstruction), these
differences that distinguish one image from another have diminished and we can

hardly tell the two images apart from their reconstructions.

Such effects occur, because the posterior distributions of the two samples g4(z;|x;)
are overly regularized so that the details that distinguish one sample from another
are no longer preserved. This is indeed the case, as we can see the posterior distri-
butions of different input samples have merged into each other (see the dashed red
circles where we highlight a few examples of such behaviours). As a result, crucial
details from the original samples will be lost and samples generated from the derived
latent variable model will show a limited diversity and lack important details that
make individual samples appear to be realistic. It is worth noting that the impact
of such effects depends on the downstream tasks. For example, if we would like to
design a classifier that recognises different handwritten digits, then the information
loss described above might not be a problem, as long as the details that distin-
guish different digits are preserved in the latent representations of the input images.
However, if the downstream task is a fraud detection task where we would like to
decide whether a piece of handwritten texts are from a specific individual, then the
missing details described above will limit how well we can achieve on this task. In
a ideal setting, we would like to reuse the derived representations of the raw data
for a range of downstream tasks, each of which might be sensitive to a different set
of features in the raw data. Therefore, it is a good principle to preserve as much
information as possible from the raw data in the derived representations, so we will
not limit the performance of downstream tasks at the stage of projecting the raw

data to the representations.

In this thesis, we focus on two possible factors that can contribute to the over-

regularization effects as described above.

4.1.1 Gaussian decoders with an arbitrary variance param-

eter

In the first case, we consider a VAE model with a Gaussian decoder, where the

reconstruction likelihood pp(x;|z;) in @ from Equation 4.1 is modelled as a Gaussian

61



4. Challenges in the VAE modelling

distribution, i.e.

po(x;|2:) = ! exp (— (QG(Zi) _ Xi) ), (4.2)

27?)%0

where gy(-) represents the decoding function that transforms a latent encoding z; to

2 is a variance parameter, which indicates the precision of the

a data sample x;; o
decoding function and usually accounts for the noise and the unmodelled effects in
the dataset; and k represents the k-th dimension of the data variable x;. Due to
the conditional independence, the prediction of the complete data sample x; given
z; is py(xi|z;) = T19_, po(xF|z;), where d is the data dimension. Gaussian decoders

are commonly used for modelling continuous, real-valued data variables x.

Taking log of pg(x;|z;) and substituting it into Equation (4.1), we obtain the
(negative) ELBO; objective for a VAE model with a Gaussian decoder as

d

1 2 d
53 Bt | 2 (9520 = x1)”| + Dt [as(fx0) ()] +dlog s + & log(2r).
k=1

I} % ®

(4.3)
In the above equation, () denotes the element-wise square reconstruction error be-
tween a data sample x; and the output from the decoder gy(z;); @ denotes the
prior constraint the same as the @) from Equation (4.1); and, interestingly, 3) - a

single parameter that depends on the variance parameter o

- appears as a natural
weight that balances between (D) and 2). o2 is commonly set as 1, which allows
the ELBO objective from the above equation to be simplified to the sum of a least
square reconstruction error and the prior regularization. However, setting 0% to an
arbitrary value, such as 1, is likely to cause the over-regularization effects as de-
scribed previously. In fact, some works [26], [27] argue that the over-regularization
is necessary to derive a disentangled representation. Hence, they propose to reduce

the influence of the reconstruction error term in the ELBO by adopting o2 > 1.

4.1.2 Overly restrictive prior

In the second case, we examine the choice of the prior distribution on the

regularization imposed on the posterior distribution. To see this, we re-arrange the
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ELBO objective as follows:
ELBO(6, 6, D) = Epp) [Eqyape) [log po(x12)] — Dicr(ao(z[x) || p(2))] (4.4)

= Epp) | Byt 108 16(x[2)] = Egyapx) [l0g g6 (2[%)] + Eq, @) [logp(2)] |,

@ reconstruction likelihood @ posterior entropy @ cross-entropy wrt prior

(4.5)

where we break down the KL divergence term in Equation (4.4) using the definition
of KL divergence (see Equation (A.35) in Appendix A.4). Here we can see that
ELBO consists of three terms: (D) a reconstruction likelihood that encourages good
reconstruction through the auto-encoding process, 2) a negative posterior entropy
that favours the posterior distribution g4(z|x) for a data sample to have a large
variance, and finally 3) a cross-entropy between the posterior ¢,(z|x) and the prior
p(z) that regularizes the posteriors to comply with the target prior distribution. We
can further re-arrange (@) into a cross-entropy term between the aggregate posterior

¢»(z) and the prior p(z), as shown below:

Eppe) [Egy o logp(2)]] = | [ 1ogp(z)as(zlx)po(x) dxdz (46)
— [10gp(a) ( [ aslexpolodx)da (4.7
= [ 108 p(2) Eypix as(2l)] dz (4.8)
= | logp(z) g4(2)dz (4.9)
=Ey, () [logp(z)], (4.10)

where the aggregate posterior g,(z) is defined in Equation 3.26 in Section 3.2.3. This
re-arrangement shows that the term @) in the ELBO objective encourages the prior

p(z) and the inferred latent data distribution g4(z) to match each other.

When an overly restrictive prior is used (such as a unit Gaussian distribution
in most of the VAE models), the learnt data distribution will fail to represent the
true data distribution. We demonstrate this effect in Figure 4.2, where we compare
the inferred data distribution represented by the aggregate posterior from a VAE
model with the unit Gaussian prior distribution. We can clearly see that the two
distributions are different. Such differences may have two impacts. Firstly, if we use
the prior distribution to generate data samples, we are likely to encounter unrealistic
samples as the prior distribution can draw latent samples in the low density region of

the true data distribution. Secondly, the auto-encoding might be overly regularized
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Figure 4.2: The zero-mean, unit-variance Gaussian can be overly restric-
tive for modelling the VAE’s prior distribution. Here we show the difference
between the unit Gaussian prior distribution and an approximation of the true data
distribution estimated by the aggregate posterior from a trained VAE model for
the MNIST dataset. We can see that the prior distribution fails to represent the
complex structures, such as multiple modes and low density areas, in the true data
distribution. This is known as the prior hole problem [89].

by the prior distribution and place a posterior distribution in the areas of the latent
space that should be kept as low density area. Therefore, we are likely to infer a

generative model that is sub-optimal to describe the true data distribution.

Clearly, the level of regularization imposed by the prior distribution on the
posterior distribution as defined in Dy (gs(z|x) || p(z)) from the ELBO objective
has a huge impact on the derived representation in a VAE model. We propose our

solution to this challenge in Section 5.1.

4.2 Encoding drift

A great advantage of VAE models over the other generative models, such as
GANS, is that we can derive both a generative function (modelled by the conditional
distribution pg(x;|z;)) and an inference function (modelled by the posterior distri-
bution ¢,(2z;|x;)) at the same time. With these two functions, we can easily map a
data sample to its latent representation in a lower dimensional space and effectively
use the latent representation of a data sample for any subsequent tasks, such as
making a decision based on the input observation. This underlying assumption for
this scheme to work is that the inference function (or the encoding function) can
preserve the salient information in the input sample that might be relevant for the
downstream tasks. As the downstream task might not be known at the time a VAE
model is being trained or even with the downstream task defined it might not be
clear what information in the input sample is crucial to the task, it is sensible to

favour an inference function that can preserve as much as possible information in
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Figure 4.3: Information shift caused by the inconsistency between the
inference (or encoding) and the generative (or decoding) model in a VAE.
Here we apply the inferred encoding and decoding function from a VAE 50 times on
a batch of 10 test samples. (a) The posterior distributions of these reconstructions
drift further and further away from the posterior distribution of the input sample.
(b) Such drifts cause the reconstruction to deviate away from the original input and
eventually become a shape that is completely different.

the raw data. In the ideal case, we would want to have a perfectly matched pair of
the inference and the generative function. Any data samples that are encoded to
their latent representations using the inference function can be decoded back to its

original form using the generative function.

However, it is very difficult to derive a VAE that contains a perfectly matching
inference (or encoding) and generative (or decoding) model [78]. We are interested

in finding out what the impacts of the imperfect match between the inference model
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and the generative model have on the latent representations. Specifically, what
information in an input sample would be altered by this imperfect auto-encoding
mapping and can the latent representations still serve as a truthful image of the raw
data?

To answer these questions, we carry out an experiment to investigate the
changes of the latent representations (the posterior distributions g,(z;|x;)) by ap-
plying the inferred auto-encoding (or reconstruction) repeatedly on the same input
sample. The design principle behind this investigation is to make the information
loss caused by the imperfect auto-encoding function visible by accumulating it over

multiple rounds of such mapping.

We demonstrate the results of this investigation in Figure 4.3. Here we first
train a VAE model for the MNIST digit dataset [39] under the ELBO objective
as introduced in Section 3. Then we apply the inferred encoding and decoding
function 50 times on a batch of test samples. In Figure 4.3(a), we show the posterior
distributions (i.e. the latent representations) of the input sample and its subsequent
49 reconstructed samples on 10 digits. Each posterior distribution is shown as an
ellipse, the centre of which corresponds to the mean of the Gaussian distribution and
the two axes correspond to the variance. We can see that the posterior distributions
are drifting further away as the auto-encoding function is repeatedly applied to
the input sample and its reconstructions. This drift results in the reconstructed
samples to diverge further from the input sample as the iterations of the auto-
encoding continues. For example, as shown in Figure 4.3(b), the digit 0, 5 and 6
all slowly transform into an image of a blurry 6. Similarly, the digit 2, 3 and 8
are transformed into a blurry 2, whereas 4, 7 and 9 share the sample end image -
a shape that lies in between 4 and 9. The transformation of the digit 1 behaves
slightly different. It undergoes a gradual rotation and ends up with a quite tilted

image of 1.

From this investigation, we demonstrate that the inconsistency between the
inference (or encoding) and the generative (or decoding) model causes a drifting
behaviour of the posterior distributions away from the posterior of the input sample.
Although the drifts caused by a single auto-encoding mapping may not appear
to be significant, we have shown that the auto-encoding mapping can be in the
direction of completely altering the information in an input sample, such as a digit
being modified in the direction of morphing into another digit. Furthermore, the
magnitude of such drifts can grow bigger as we increase the dimension of the latent
variable. Therefore, it is sensible to mitigate such drifts and reduce the inconsistency

between the inference (or encoding) and the generative (or decoding) model. We
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will introduce our solution to this problem in Chapter 6.

4.3 Summary

In this chapter, we have presented two challenges that may limit the generative
modelling capacity of VAEs. We first show that an over-regularized posterior can
result in damaging effects on the reconstruction quality. We show the two possible
causes of such over-regularization effects. We then look at a drifting behaviour of
the posterior distributions that are likely to be caused by the mis-match between
the inference (or the encoding) and the generative (or the decoding) model. Such
drifting indicates that the auto-encoding function inferred in a VAE model tends
to transform the input sample to some signal that can be completely different. We

denote this behaviour as a potential source of information loss.

In the next two chapters, we will introduce our solution to each of the above

challenges and evaluate how well they can address the challenges.
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Addressing the over-regularization

issue

As shown in Section 4.1, an over-regularized posterior can cause damaging effect on
the reconstruction quality and limit the ability of a VAE model to fit to the data
samples well. We have analyzed two possible causes that can contribute to such

effects.

In this chapter, we present a solution to each of the causes. Firstly, we show

2 in the Gaussian decoder can be inferred from the

that the variance parameter o
training data to optimally set the regularization. Secondly, we address the restric-
tion imposed by an inflexible prior, such as the zero-mean, unit Gaussian prior, by
adopting a generative prior modelled by a VAE in the latent space. We show that
both approaches can effectively reduce the over-regularization effects, improve the

reconstruction quality and derive VAE models that reach high ELBO scores.

The relevant content in Section 5.2 is published as a conference paper - LaDDer:
Latent Data Distribution Modelling with a Generative Prior at The British Machine
Vision Conference (BMVC) 2020.

5.1 Inferring o> from data

In Section 4.1.1, we show that the ELBO; objective for a VAE with a Gaussian

decoder can be expressed as Equation (4.3), which we present again as below:

1 d 2 d
53 Baatoer| 2 (9620) = x4)° | + Diw [ sl | p(2)] +dlog o + 5 log(2r),

k=1
K3 ®

&y
(5.1)

where o2 is the variance parameter for the conditional distribution py(x;|z;), which
is approximated by the Gaussian decoder. It is worth noting that other distribu-

tions can also be used to model the conditional distribution py(x;|z;). For example,
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5. Addressing the over-regularization issue

Table 5.1: Visualization of the data distribution inferred by a VAE. Here
we show the data distribution in the form of the aggregate posterior (as introduced
in Section 3.2.3). We evaluate the aggregate posterior for VAEs trained with four dif-
ferent o2 values (top row). o has a clear impact on how tightly individual posterior
distributions are placed next to each other and the difference between the aggregate
posterior and the prior distribution (bottom row, estimated by the Dky (§(z)||p(z))
using a Gaussian mixture approximation for the aggregate posterior).

0.035

P64 2 0 2 4 6

-14 -12-10 -8 -6 4 2 0
log p

2 .
o 1 0.5 (Optimal) 0.01 Prior
Aggregate : : ; 2
posterior ? : : :
D 0.094 + 0.132 =+ 0.422 + 1.552 +
x1(4(2)[|p(2) 0.003 0.003 0.011 0.034

truncated Gaussian distributions are better suited to model the image data, as the
intensity values are limited to a finite range as opposed to the infinite support in the
Gaussian distributions. Adopting truncated Gaussian distributions will effectively
introduce a normalisation factor in the above equation and the rest of our analysis
will still remain the same. If we consider the image data as a set of discrete variables
each corresponding to a pixel that can take a single integer value between 0 and 255,
then categorical distributions are a natural choice. The analysis we derive in this

section does not apply to such distributions.

From the above equation, we can see that o naturally adjusts the relative
weight between the reconstruction error in () and the prior regularization on the
posterior distribution in 2). Setting this o parameter to an arbitrary value can
cause the regularization being applied overly strong or not enough. We demonstrate
such effects in Table B.1. Here we train VAEs with o2 being set at 4 different values
ranging from 0.01 to 1 (adopted in the original VAEs [16]). The value of % has a
direct impact on how sharp the posterior distribution g,(z;|x;) is and subsequently
how similar the aggregate posterior g,(z) (defined in Equation (3.26)) is to the prior
distribution.

In this section, we show that we can infer the value of 02 from the training
data. This way, we will obtain the optimal balance between the conflicting learning
objectives in the ELBO loss.
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5. Addressing the over-regularization issue

5.1.1 Optimizing ¢> under ELBO

For fixed encoder and decoder parameters ¢ and €, we can derive a closed form
solution for the optimal variance o2, by taking derivative of the ELBO defined in

Equation (5.1) with respect to o and setting the derivative to zero, i.e.

d

02 = g B | 22 (s 1) 5.2)

k=1

We use the above equation to estimate the value of o2 alongside with 6 and ¢.

2 as 1 to start the training of the VAE parameters, i.e. 6

To do so, we first set o
and ¢. At every iteration, we update # and ¢ according to the stochastic gradient
descent scheme as introduced in Section 3.1.2. After we’ve updated 6 and ¢, then
we evaluate the optimal value of o2 given the current set of § and ¢ according to
the above equation. Note that we obtain an approximate of the true o2 by drawing
a stochastic batch of training samples rather than evaluating the equation with all
the training samples. After obtaining an updated o2, we then use this new o2 to

evaluate ELBO; and update 6 and ¢ accordingly.

5.1.2 Extending to sample-specific, pixel-wise variances

So far we have assumed that all the data samples share a single variance param-
eter o2 across all input dimensions. Now we would like to allow the o2 estimation to
be different for different data samples and for different input dimensions. To achieve

these goals, we need to replace the global variance parameter o2 in Equation (4.2)

k
y

work with parameter v and conditioned on a latent encoding z; (where k denotes

with a variance estimation function o%(z;) which is parameterized by a neural net-

the k-th data dimension). The corresponding log py(x;|z;) now becomes

d 1
— —log(2m) — >
2 k

(k) — xF) + log ot (z)|. (5.3)
-1 2(0’;(z,~)) (g ) °

Substituting the above reconstruction log likelihood in Equation (4.1), we obtain
the ELBO objective for a VAE model with sample-specific, pixel-wise variance pa-
rameters. Such variance parameters effectively highlight the regions where the VAE

model is uncertain when it performs a reconstruction or a generation task.

The parameters v which govern the prediction of these variance parameters can
be inferred by optimizing the ELBO with the above reconstruction likelihood with
respect to all the model parameters 6, ¢ and v. However, we notice that training

the VAE model with the additional pixel-wise variance estimator o.(-) turns out
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5. Addressing the over-regularization issue

Table 5.2: Evaluating the generation quality. We compare the FID scores
for VAEs trained by five different methods on MNIST, fashion MNIST and CelebA
datasets. For all datasets, optimizing o2 achieves the best visual quality (i.e. low
FID scores).

VAE | gVAE | Pl WaAE | Real
Ours VAE .
[16] 26] [90] images
[24]

MNIST 8.9 74.9 438.1 114.9 142.8 1.9
Fashion
MNIST 10.6 123.8 281.5 103.6 149.5 0.7
CelebA 74.7 78.4 106.4 87.5 85.4 2.9

to be quite challenging and the optimization often gets stuck at predicting very
small value variances. We reckon that this can be caused by the strong gradient
of the loga¥(z;) in Equation (5.3) dominating the gradient update for v and the
strong negative gradient of the log function causes the o,(-) to predict smaller and
smaller variance values. To prevent this and obtain stable learning, we propose a
staged learning process where we start training with first estimating a single global
variance as described in Section 5.1.1 until convergence. Then we switch to the pixel-
wise variance estimator with the autoencoder parameters (¢ and 6) being updated

from the values estimated from the previous stage. We also use the optimized global
2

*

variance o2 as an effective lower bound to prevent the predicted variance from getting

stuck with small values.

5.1.3 Performance gain resulted from optimizing o

2 can lead

In this section, we show that optimizing the variance parameter o
to a better latent variable model in terms of generation quality and reaching a
high likelihood score. We compare the performance of a VAE trained with an
optimized % with a range of VAE models, including the original VAE model [16],
[17], B-VAE [26], DIP-VAE [24] and WAE [90]. We compare the performance of
these VAE models under two commonly used metrics: 1) FID score [63] (introduced
in Section 3.2.4), which is designed to measure the visual quality of the generated
samples from a generative model (the lower, the better); and 2) importance weighted
autoencoder (IWAE) test log likelihood (LL) [60] (introduced in Section 3.2.1), which
is proposed as a tighter lower bound to the log likelihood log p(x) than ELBO and,
hence, gives a better evaluation on how well the inferred latent variable model

approaches the true data log likelihood objective (the higher, the better).

We evaluate different VAE models’ performance on three datasets, including
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5. Addressing the over-regularization issue

Table 5.3: Evaluating the IWAE test likelihood. We evaluate the IWAE test
log likelihood (LL, higher is better) for VAEs trained by four different methods on
MNIST and Fashion MNIST. For our method, we evaluate the LL for two different
variance estimation settings: 1) a global variance of the entire dataset and 2) input
dependent pixel level variances. Optimizing o2 results in a significant increase on
the IWAE test LL. Pixel-level o2 gives much higher test LL than a single o shared
by all images in a dataset.

Optimizing o (Ours) VAE - DIP-
dataset pixel VAE VAE
MNIST N PrlorA 1307 6037 -462 -730 -461
PPTOX. 86| 1393 6052  -461  -730  -460
Posterior
Fashion Prior 1145 5708 -463 -731 -463
MNIST | Approx. Age. |57 5724 462 -731  -462
Posterior

MNIST [39], Fashion MNIST [40] and CelebA [41]. For all datasets, images are
treated as real-valued data so that our Gaussian decoder formulation is appropriate.
We take the original VAE [16], [17] and -VAE [26] as baseline methods. We also
compare to WAE [90] and DIP-VAE [24]. More results are given in Appendix B.1.

Table 5.2 lists the result of the FID scores across 5 different methods, including
the original VAE ([16], [17]), 8-VAE (([26]), DIP-VAE ([24]), WAE [90] and our
method where we optimize the variance parameter o2 in the ELBO objective as
discussed in Section 5.1.1. For all three datasets, our method achieves the lowest

FID score, i.e. generating samples with the best visual quality.

In Table 5.3, we list the IWAE test log likelihood evaluated over 500 test data
samples with 20 importance points per test sample for the MNIST and the fashion
MNIST dataset. Our method significantly improves the test log likelihood in com-
parison to the other VAE models. More interestingly, there is a huge performance
boost when we extend the global o2 to pixel-wise o2 in our model. This indicates
that predicting the pixel-wise variance results in a model that can explain the given

dataset significantly better than just using a single-valued variance parameter.

5.1.4 Uncertainty indicated by the pixel-wise variances

As the estimated variances indicate where the reconstruction error tends to be
high, we can use the pixel-wise variance prediction as a tool to indicate where the
VAE model is uncertain in its reconstructed and generated samples. Figure 5.1
illustrates such uncertainty among the reconstructed samples for the MNIST and
the CelebA dataset. Note that high o2 values highlight the regions where the re-
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(b) CelebA.

Figure 5.1: Uncertainty estimation for the reconstructed data. (a) Input
images. (b) Reconstructed images. (c) Estimated pixel-wise ¢? indicating uncer-
tainty in the reconstruction.

construction appears to be different from the input data samples. During training,
o? prediction is trained to suppress such differences between the reconstructed and
the original data samples. Hence, a high o2 value tends to be predicted at such
regions. For example, we often observe relatively high reconstruction error for the
digit zero at the top of the digit where the stroke starts and ends. This is likely
because different people write zeros differently in this part and, hence, this is the
most unpredictable part of this digit. We observe our VAE model with pixel-wise
variances tend to predict high values of variances around this region to suppress the

high reconstruction error.

Figure 5.2 illustrates the variances predicted in generated samples for both the
MNIST and the CelebA datasets. Notice that in Figure 5.2b, the high uncertainty
regions often correspond to the facial regions of the eyes, mouths, edges of hair
and backgrounds, which again are highly variable across the dataset. We reckon
the high variances among these regions are sensible, as they indicate that the VAE
model is aware that there are many different ways to generate realistic samples in

these regions and the current sample only renders one of them.
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(b) CelebA.

Figure 5.2: Uncertainty estimation for the generated data. (a) Generated
samples. (b) Pixel-wise 0% predicted with the same latent embedding drawn from the
approximate aggregate posterior. We can interpret this as the estimated uncertainty
in the generation process of this sample.

5.2 Estimating the prior distribution

As discussed in 4.1.2, an overly simple prior, such as zero-mean, unit-variance
Gaussian prior, can also cause the over-regularizing effect on the posterior distri-
bution modelling and, hence, limit a VAE model’s ability to approximate the true

data distribution.

In this section, we propose LaDDer, a method that allows us to accurately
model the prior distribution in a VAE framework. The central idea of our method
is a meta-embedding concept which, in short, derives a latent embedding of a latent
embedding. Specifically as shown in Figure 5.3, our approach consists of multiple
VAE models each acting on its predecessor’s latent representation and forming a
ladder of encodings. We use a non-parametric mixture as the hyper prior for the
innermost VAE. The hyper prior together with the intermediate encoders forms a
generative prior for the outermost VAE. We learn the parameters of all the VAE
networks, along with the non-parametric mixture, in a unified variational inference
framework. From extensive experiments, we show that our LaDDer model is able
to accurately estimate complex latent data distribution and results in improvement
in the representation quality. We also propose a novel latent space interpolation

method and show how to best utilize the derived latent distribution in further tasks.
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Data x L 1

Learning latent data distribution from data
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Figure 5.3: LaDDer’s key concept. LaDDer adopts a generative prior, which
consists of a mixture hyper prior and a series of VAEs each acting on its predecessor’s
latent encodings.

5.2.1 Introducing a generative prior

As shown in Figure 5.3, we propose a generative prior, which includes an ad-
ditional VAE model to project the original data VAE’s encodings to an even lower
dimensional space and a hyper prior for this prior VAE. We parameterize the hyper
prior as a Gaussian mixture model (GMM). This design allows us to accurately
estimate the latent data distribution, as the generative prior is sufficiently flexible
to fit any arbitrarily complex distribution. At the same time, the optimization of
our LaDDer model can be easily integrated into the VAE ELBO objective, which
we will demonstrate in this section. In the end, we also demonstrate how to use
the latent data distribution derived from our LaDDer learning to facilitate a latent

space interpolation task.

We first introduce the VAE unit in our generative prior. Similar to the latent
variable formulation of the original VAE model, we also formulate the prior distribu-
tion p(z) in the VAE model by another latent variable model with a latent variable
t,ie.

Pa(2,t) = pa(z]t)p(t). (5.4)

We reckon this prior latent variable model governs the generation of latent encodings
z; through 1) a hyper prior p(t) that resides in an even lower dimensional space
and 2) an encoding decoder p,(z|t) which is parameterized by a neural network
with parameters «. To infer this prior latent variable model, we can introduce a
variational encoder gg(t|z) parameterized by a neural network with parameter J

and learn both a and by maximizing an ELBO objective ELBO(z; a, ) similar
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to Equation (4.5), i.e.

ELBO(z; v, 5) = Eg, (s1) [qu(tm [log pa(2[t)] — Eqyt12) [log 45(t]2)] + Eq, t12) [10gp(t)ﬂ :
(5.5)

Notice that ELBO(z; «, §) is a lower bound to the log likelihood of the prior
distribution E, (4/x)[log pa(z)], which is equivalent to the cross-entropy term (3 in
Equation (4.5). This connection allows us to integrate the learning objective of this
prior VAE, i.e. ELBO(z;a, ), into the ELBO for the original VAE for the data
variable x, i.e. ELBO(x;0,¢), and obtain a new lower bound ELBO'(x; 0, ¢, o, 3)
to the ELBO for the data variable ELBO(x; 6, ¢), i.e.

ELBO/(X7 97 ¢7 a, B) = ]E’pp(x) {qug(z\x) [IOgPG(X|Z>] - IEq¢,(Z|X) [lOg Q¢(Z|X>] + ELBO(Z7 a, 6)} :
(5.6)

5.2.2 A Gaussian mixture model hyper prior

The prior VAE unit introduced in Equation 5.4 introduces a hyper prior dis-
tribution p(t). Following a similar logic as the insight shown in Equation (4.6),
we know that the optimal hyper prior distribution should be matched to the ag-
gregate hyper posterior, i.e. p(t) = gg4(t). To facilitate the matching, we param-
eterize p(t) with a Gaussian mixture model (GMM) of M components (M < N):
p(t) = =M w, N (t; ttm, Xn), where w,, is the weight for each Gaussian mixture
(W > 0 and Y, w,, = 1) and u,, and 3, are the mean and covariance matrix for
the m-th Gaussian mixture. To fit p(t) to ¢z 4(t), we resort to variational inference
techniques introduced in [91]. Here we give a high-level sketch of the algorithm
and we refer interested readers to [91] for further mathematical details. Firstly,
we define the generative model of the GMM by introducing the following distribu-
tions to the GMM parameters (w, p, ) and all N prior encoding samples t; (the
encodings of z;): w,, ~ Beta(l,ap), pm ~ N(0,Z), X, ~ W(d,Z), ki ~
Cat(w), t; ~ N(ux,,Xx,), where k; indicates the choice of mixture components
for i-th sample £;. Secondly, we introduce the following variational distributions
under the mean-field assumption for all the model variables W = (w,u, %, k;):
W, ~ Beta(Yma, Ym2)s pm ~ N(vm,I), 3p ~ W(am,By), ki ~ Discrete(r;),
where & = (Vim.1, Ym,2: Ums @, B, i) for m =1,--- /M and ¢ = 1,--- | N denotes
variational variables and needs to be optimized. Thirdly, a variational bound on the

log likelihood of p(t) is introduced as the learning objective to optimize &, as shown
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below:
log p(t|a, M) > L(t;€) = Eqw)[log p(W, tlag, M)] — Eg wy[log ge(W)],  (5.7)

where p(W, t|ag, M) denotes the product of all the generative distributions intro-
duced in step 1 and g¢(W) denotes the product of all the variational distributions

introduced in step 2.

Now substituting £(t; £) in Equation (5.7) into Equation (5.5) to replace log p(t),
we obtain a lower bound ELBO'(z; , 3, ) to the prior ELBO ELBO(z; a, 8), i.e.

ELBO(z; @, 8,€) = Eq(apo) By t12) 108 P (2[t)] — By 112) l0g q(£12)] + By 1) [L (8 )]
(5.8)

Now substituting ELBO'(z; i, 3,€) into the lower bound ELBO'(x;6, ¢, a,3) in
Equation (5.6) to replace ELBO(z; o, 3), we obtain a final lower bound ELBO" (x; ©)
to the data likelihood E,, x)[log pe(x)], i.e. E,px[log pe(x)] > ELBO”(x; ©), where
© = [0,0,q,3,&] denotes all the parameters in our model, which includes a VAE
between the data variable x and the latent variable z, a prior VAE between the

latent variable z and the hyper latent variable t and a GMM hyper prior, and

ELBO"(x; ©) = By, () [Eogy (e [108 po (X[2)] — Eg (s [l0g g(2[%)] + ELBO'(z; v, 8,€)] .
(5.9)

5.2.3 Optimizing model parameters via block coordinate as-

cent algorithm

To optimize all the model parameters © = [0, ¢, «, 3,£] involved in the lower
bound defined in Equation (5.9), we resort to the block coordinate ascent algorithm
as introduced in [47]. Notice that the GMM hyper prior’s parameters £ are only
involved in the term ELBO(t;¢) from Equation (5.7), so we can update £ by maxi-
mizing ELBO(t; &) alone without worrying about other parameters. With the newly
updated &, we can then update the prior VAE’s parameter «, 3, which are only pre-
sented in the prior VAE’s ELBO ELBO'(z; o, 8|¢) from Equation (5.8). Finally,
with £, a, f updated, we can now update the parameters 6, ¢ of the VAE between x
and z by maximizing ELBO"(x; 0, ¢|a, 3, &) from Equation (5.9) with «, 3, being
fixed. An algorithmic illustration for this optimization procedure is given below.
Notice that we initialize the GMM hyper prior as an uninformative unit Gaussian

to begin the optimization.
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Algorithm 2: Block coordinate ascent to optimize the parameters in a
LaDDer model

Data: A dataset of N observations D = {xy, -+ , &N}
Result: Optimized model parameters © = [0, ¢, o, 3, ]
1 Init
2 Neural network parameters: ¢, 6 a 3 < Random initialization;
3 Hyper prior distribution: £ < Unit(0, 1);
4 Count: t = 0;
5 ELBO”: Compute ELBO" according to Equation (5.9), AELBO" = 1;
6 Termination condition: € = 0.01

while A ELBO" > ¢ do

7

8 0, ¢ < Update by optimizing ELBO"(x;0, ¢ | a, 3,¢) using
AdamOptimizer;

9 a, 3 < Update by optimizing ELBO'(z; a, 8| £, ¢) using
AdamOptimizer;

10 ¢ < At the end of an epoch, update by optimizing L£(t; ) using the
updates in coordinate ascent [91];

11 t=t+1;

12 | Compute ELBO;] according to Equation (5.9);

13 AELBO” = ELBO} — ELBO}

5.2.4 Experimental results

We carry out extensive experiments on MNIST [39], Fashion MNIST [40] and
CelebA [41] datasets to understand the performance of our LaDDer model. For all
datasets, images are treated as real-valued data and we use a Laplace distribution
to model the decoder py(x|z). The corresponding reconstruction likelihood (term
(D in Equation (4.5)) is stated below:

| |z — 15 (2)|
po(x|z) = }g%exp—T, (5.10)
where o is a the variance parameter that we also optimize under the ELBO objective
as introduced in Section 5.1. Compared to the commonly used Gaussian decoder,
using a Laplace distribution to model the reconstruction likelihood term often gives
sharper reconstruction, thanks to absolute difference in Equation (5.10) to model

the reconstruction error.

We compare our method to four other approaches, including the original VAE
with a normal prior [16], [17], VAE with a GMM prior [83], [84], [92], VAE with a
hierarchical prior [93] where a generative prior with a normal hyper prior is used,

and VampPrior [61] where the prior is modelled as an average encoding of a set
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Figure 5.4: Visualizing the data distribution for MNIST in a 2D latent
space. We first train a VAE model with the unit Gaussian prior. Then we fix the
autoencoder model and fit different prior models to the derived encodings. The true
data distribution (aggregate posterior ¢,(z)) is shown in (a), where we encode 10k
training images and visualize their posteriors. In (b)-(f), we visualize the pdfs of
the 5 different prior methods. Our generative prior produces the best fit to the true
data distribution.

of inferred pseudo-inputs. More results, details of data pre-processing and model

architectures are given in Appendix B.3.1.

Our method better estimates the latent data distribution. We first
show that our LaDDer model can achieve a better modelling of the latent data dis-
tribution, i.e. more accurate estimation of the aggregate posterior ¢,(z). Figure 5.4
visualizes the aggregate posterior g4(z) and the optimized priors from 5 different
approaches, where VAE models are trained for 2D latent space on MNIST dataset.
The true data distribution shown in Figure 5.4a contains complex low density re-
gions, which correspond to natural boundaries between different object classes. An
inflexible prior model, such as a unit Gaussian (Figure 5.4b), over-represents such
low density regions. The hierarchical prior (Figure 5.4c) also fails to model g,(z)
accurately, because the prior VAE is overly regularized by its inflexible hyper prior.
The other three methods (Figure 5.4d-f), where the prior p(z) is parameterized with
mixture models, obtain better fitting. The difference across these three methods lies
in the number of mixture components. Both the GMM prior and the VampPrior
have a finite number of mixture components, whereas our LaDDer prior contains an
infinite number of mixture components, as our prior is estimated by integrating over
all t-values: p,(z) = [ pa(z|t)p(t)dt. As a result, our method is able to smoothly
fit any arbitrarily complex ¢,(z) with no artificial boundaries as the ones introduced
in VampPrior.

Having a prior that can better fit ¢,(z) also leads to improved generation quality.
Figure 5.5 gives examples of both reconstructed and generated samples from the 5
VAE models trained under the CelebA dataset. All 5 methods can produce good
reconstruction, but the generation quality varies significantly. This indicates that

the bad generation quality commonly reported in VAE models does not merely
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Figure 5.5: Comparison of reconstruction and generation quality across
different VAE models. All five models trained with celebA dataset can produce
similar quality reconstruction, but the generation quality varies significantly sam-
ples. The difference between reconstruction and generation quality indicates the
importance of a prior model in modelling the data distribution and generating good
quality samples. Our generative prior can model the data distribution g,(z) well,
hence generating best quality samples with minimal gap to the quality of recon-
structed samples. More examples are in Appendix B.3.2.1.

Table 5.4: Evaluating the generation and the reconstruction quality. We
compute FID scores (lower is better) of generated and reconstructed samples. Our
LaDDer model achieves the best sample quality and the minimal gap between the
two.

Normal VampPrior GMM Hierarchical Ours
G G 250.3 = 182.9 + 1404 + 143.8 + 132.7 =
eneration 15 1.2 0.9 1.0 0.8
Reconstruction| 10([))'2 + 95.5 + 0.7 103'?; + 9.7+ 06 | 95.3 £ 0.5
Difference 152'? + 874 +19 | 381 +14 | 441+16 | 374+1.3

result from the autoencoder architecture, but is also a result of the prior p(z) failing
to represent the topology of the learned latent data distribution. Generating from
the prior that does not represent the true data distribution unsurprisingly produce
unrealistic samples. Our proposed generative prior addresses this issue and produces
generation quality that is almost as good as the model’s reconstruction quality.
The improved generation quality is supported by the FID score [63], which is a

quantitative measure to evaluate visual quality of image samples, shown in Table 5.4.

We also evaluate the cross-entropy F,,[logp(z)] (@ in Equation (4.5)) be-
tween the aggregate posterior ¢,4(z) and the prior p(z) to measure the level of match-
ing between the two distributions. Higher F, ) [logp(z)] indicates a better fit of
the prior p(z) to the learnt data distribution ¢,(z). As shown in Table 5.5, GMM
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Table 5.5: Comparing the similarity between the aggregate posterior and
the prior distribution. Here we evaluate the cross-entropy ) [log p(z)] (higher
is better) between the aggregate posterior and the prior, which indicates the level
of similarity between the two distributions. Our LaDDer model achieves the best
fit to ¢4(z) in more complex datasets.

Dataset Normal VampPrior GMM Hierarchical Ours

MNIST -190£0.1|-162+£01|-84+09 |-175£ 0.1 |-12.3 £0.1

fashion- -32.8 +

MNIST -52.5 £ 0.6 | -60.8 £ 1.0 | -45.2 £ 0.8 | -63.8 £ 0.9 0.7

CelebA -351.4 £ -380.7 = -290.6 £ -358.0 £ -71.9 +
4.3 3.4 54.8 7.3 2.1

Table 5.6: ELBO (higher is better) and per pixel reconstruction error (lower is
better). Our method achieves highest ELBO and lowest reconstruction error across

all datasets.

Metric Dataset Normal VampPrior GMM Hierarchical Ours
15286 = | 14763 = | 15582 = | 15349 + | 1562.5 +

ELBO SINIST 921.3 19.4 24 .4 19.8 925.1
o | 10784 % | 1069.6 £ | 11333+ | 11529+ | 1174.0 &

astio 93.4 922.1 923.9 924.9 29.7
ColebA | D0PGA8 £ | 56463.4 £ | 541625 = | 56176.2 = | 58596.1
1751.3 1683.9 1716.5 1763.9 + 1815.3
Per pixel | MNIST | 2.3 + 0.06 | 2.5 + 0.06 | 2.3 + 0.05 | 2.4 & 0.06 | 2.2 + 0.06
rZ‘;l?glrS fashion | 4.3+ 0.12 | 41+ 011 | 40+ 0.11 | 3.7+ 0.11 | 3.6 £ 0.11
(x0.01) | CelebA | 5.8 £ 0.21 | 5.9 £ 0.25 | 5.9 £ 0.20 | 5.7 £ 0.17 | 5.5 £ 0.18

priors can achieve very good fitting for relatively simple datasets, such as MNIST.
However, when the dataset becomes more complex and the required latent dimen-
sion increases, such as fashion-MNIST and CelebA datasets, our generative prior,
which is more flexible to fit complex distributions, obtains the highest cross-entropy
and achieve the best fit.

Overall generative modelling performance improves. A more flexible
prior p(z) also leads to better generative modelling performance, in terms of better
reconstruction quality and higher ELBO objective.
in Table 5.6, where our method produces the highest ELBO value and the lowest

reconstruction error across all datasets.

This effect is clearly shown

All models are trained under the same
conditions and the evaluation is repeated for 5 times to estimate the variance of the

results.

Furthermore, our LaDDer model produces an embedding scheme that better
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Figure 5.6: The mixtures in our hyper prior naturally aligns with MNIST
class labels. We visualize encodings coloured by the digit labels for (a) VampPrior,
(b) GMM prior and (c) our generative prior. Our method produces better clustering
and the mixture components inferred in our method are naturally aligned with
different classes.

preserves the semantics of the data. To see this, we visualize 30k latent encodings
of the MNIST dataset in Figure 5.6, where a VAE of 2D latent space is trained with
a GMM prior, VampPrior and our generative prior respectively. All encodings are
coloured by their class labels. Our method clearly gives better clustering results,
where encodings of different classes are better separated. Furthermore, the mixture
components estimated in our method are better aligned with class labels, whereas
the mixtures from VampPrior and GMM prior have significant overlaps and do not

have a consistent correspondence to specific class labels.

5.2.5 Better latent space interpolation

In the previous sections, we introduce a generative prior and an optimization
scheme to facilitate the accurate modelling of the latent data distribution for a
given dataset. Now we demonstrate how to use the derived latent distribution in
a latent space traversal task, where a path along the learnt data manifold needs
to be inferred to interpolate between two data samples. Such interpolation has
been used commonly in previous works [94]-[97] to illustrate the smoothness of the
learnt data manifold. Traditionally, the traversal is done by a linear interpolation
between the encodings of a pair of query images, which we refer as shortest path (SP)
interpolation. This method ignores the nonlinear topology of the data manifold in
the latent space and often results in poor interpolated images, which are generated

faraway from the data manifold.

To achieve better interpolation results, we propose to formulate the traversal
task as an optimization problem which aims to find an optimal path that is shortest

while remaining close to the data manifold. We refer to our interpolation scheme as

83



5. Addressing the over-regularization issue

shortest likelihood path (SLP) interpolation and design an optimization objective

as follows:
OSLP - Lpath(s) + Stdstep 1ength(8> - 1ng<t = 8)7 (511)
~—
path length equal step length path likelihood
where 8 = [s1,--+,s4]7 denotes a list of J steps along the traversal path and each

s; denotes a single encoding that can be projected back to the data space as an
interpolated image. As can be seen, our Ogpp objective contains three terms: 1)
Lpath(s) minimizes the current path length, 2) stdsep length(S) requires steps to be
evenly distributed along the path and 3) logp(t = s) ensures all the interpolated
encodings to be generated from the inferred data distribution p(t). To find an op-
timal path s, we minimize Ogp wrt s by a standard optimization scheme, such as
AdamOptimizer [98] that is used in our experiments. Notice that our SLP interpo-
lation can be generally applied to any representation learning algorithm, as long as

the likelihood of the latent data distribution p(z) can be easily evaluated.

In Section 5.2.5, we formulate the latent space interpolation between a pair of
images as a shortest likely path (SLP) optimization task, which favours the paths
that go through high density regions of the inferred latent data distribution p(z) or
p(t). Here we demonstrate our SLP method informed by the learnt latent distribu-

tion outperforms the conventional linear shortest path (SP) interpolation.

Figure 5.7 illustrates the interpolation between 3 pairs of MNIST images through
the data manifolds estimated by our method, a GMM prior and a normal prior. No-
tice that our LaDDer model can produce the same quality samples from a much
lower dimension latent space compared to the VAE models with the GMM and the
normal prior (2D vs 16D). The super low latent dimension allows us to visualize
the learnt data distribution p(t) and the traversed path in Figure 5.7b-c. Our SLP
interpolation results in paths that only step on regions with high likelihood of p(t),
whereas SP interpolation ignores the topology of p(t) and often lands on the low
density regions which do not correspond to realistic data samples, hence producing
unrealistic samples (bottom rows in Figure 5.7d-f). Notice that neither SLP nor SP
gives a good interpolation for the normal prior model. This is because the normal
prior poorly represents the latent data distribution and even if an encoding has
a high likelihood wrt the normal prior, it does not correspond to a realistic data
sample. This reinforces the importance of obtaining an accurate modelling of the

inferred data distribution in being able to utilize it for later tasks.

Figure 5.8 illustrates the interpolation between 2 pairs of CelebA images over
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Figure 5.7: Latent space interpolation for MNIST. (a) The 3 pairs of MNIST
images for the interpolation task. (b-c) The traversed paths produced by shortest
likely path (SLP) and shortest path (SP) are visualized in our very low-dimensional
t-space. (d-f) The interpolated images for both interpolation methods using the
data distribution estimated by our method, a GMM prior and a normal prior.

the data manifold produced by our method, where the SLP optimization takes place
in the 32D latent space of the prior VAE. Here, we plot the different objectives in
our SLP optimization (blue line) for each example in (c-f). The overall objective
(Ospp in Equation (5.11)) smoothly converges in all examples. It is clear that our
SLP solution trade-offs path length and allows different step lengths for obtaining
high likelihood over the traversed path. As a result, our SLP method only produces
realistic images which smoothly transform into the target face, whereas the SP

method produces unrealistic faces along the traversed path.

5.3 Summary

In this chapter, we have introduced two effective approaches to mitigating the
over-regularization issue in the VAE ELBO objective. Firstly, we show that the
variance parameter in the Gaussian decoder of a VAE model can be optimized under
the ELBO objective and can serve as an automatic weighting factor that controls the
level of regularization in the ELBO. We also extend this single variance parameter to
a set of variance parameters that can vary across different input samples and across
different data dimensions. We show that such modelling can lead to a significant
improvement in the likelihood score. The estimated variance map gives a good

indication of where the reconstruction error is high and, hence, can be used to
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Figure 5.8: Latent space interpolation for CelebA. (a) The pair of images to
be interpolated. (b) The sequence of interpolated images along the data manifold
estimated by our LaDDer model, using two different interpolation methods. (c-f)
optimization of different objectives in the our SLP objective. More examples are
given in Appendix B.3.2.4.

indicate the areas of uncertainty during reconstruction and generation.

Secondly, we adopt a flexible prior to facilitate the accurate modelling of the
inferred latent data distribution. To achieve this, we propose LaDDer, which con-
sists of multiple VAE models each acting on its predecessor’s latent representation
and a non-parametric mixture as the hyper prior for the innermost VAE. From ex-
tensive experiments, we show that LaDDer is able to accurately model latent data
distribution of complex data. We also demonstrate how to use the derived latent
distribution to facilitate further tasks, such as producing better interpolation along
the derived data manifold.

In the next chapter, we address a different challenge in the VAE training, where
the inferred auto-encoding function causes significant drifts between the posterior
distribution of the original sample and the posterior distribution of the reconstructed

sample. We believe such drifts indicate overly severe distortion of the information
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in the input sample under the auto-encoding mapping. We will present our solution

to this challenge.
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Mitigating the encoding drift in
VAEs

As introduced in Section 4.2, we show that an inconsistency exists in between the
inference (or encoding) and the generative (or decoding) model in a VAE. This in-
consistency results in an auto-encoding function that slightly alters the information
in the input sample. Although the change over a single auto-encoding transforma-
tion may be small, we see that a data sample can be converted to a shape that is

completely different over a few iterations of the auto-encoding mapping.

We aim to address this problem in this chapter. We propose to augment the
ELBO objective with an additional consistency loss. This consistency loss is designed
to mitigate any differences between the posterior distribution of the input sample and
the posterior distribution of the reconstructed sample. This new learning objective
can effectively reduce the level of information drift caused by the inferred auto-

encoding function.

The relevant content in this chapter is published as a student abstract paper
- Towards Consistent Variational Auto-Encoding at Proceedings of the AAAI Con-
ference on Artificial Intelligence (Student Abstract) 2020.

6.1 Introducing a consistency loss

Recall that the VAE’s ELBO objective is defined in Equation (4.1). We can
visualize different loss terms in the ELBO objective in a plot as shown in Figure 6.1.
Firstly, we have D Ey, (z,/x;) [log Do (x;|zl)] a reconstruction likelihood term that re-
quires the reconstructed data sample x; to preserve as much information as possible
from the original data sample x;. Secondly, we have @) Dxkp, (qd)(zi\x,-) I p(z)) a prior
constraint term that encourages the posterior distribution g,(z;|x;) to remain close
to a prior distribution p(z). Both these terms are indicated by the black dashed

lines in Figure 6.1.
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Figure 6.1: An illustration of our matching loss. We propose an additional
matching loss Dgi,(z}||z;) (highlighted in red) that encourages the posterior of a re-
constructed sample to remain the same as the posterior of the original input sample.

As we have discovered previously, inconsistency between the inference and the
generative model occurs when we encode the reconstructed data sample again with
the VAE encoder. To examine the level of such inconsistency, we add an additional
encoding step to the original VAE model as shown in the last encoding box on the
right in Figure 6.1. This gives us the second latent code variable z;, which follows
the posterior distribution g4(z}|x}) of the reconstructed sample x;. Now we are able
to measure the amount of the encoding drift by computing the distance between
the two posterior distributions, i.e. Dk, (z}||z;). If the inference model matches the
generative model perfectly, then the two posterior distributions would be the same
and Dxp,(z;||z;) = 0. On the other hand, if inconsistency exists (or the encoding
drift occurs), then Dy (z}||z;) would be positive. As g4(z}|x]) drifts further away
from q4(z;|x;), Dk1(2;||z;) would be larger.

In order to mitigate the encoding drift (or the inconsistency between the infer-
ence and the generative model), we propose to include this inconsistency term in
the ELBO objective, as follow:

L(x;;¢,0) = ELBO;(¢,0) — a - Dxy,(2'||2), (6.1)

where o > 0 is an adjustable weight that controls the strength of the consistency
constraint. As Dy (z'||z) is non-negative, our objective is effectively a lower bound
to the original ELBO objective and the bound is tight when Dy (z||z) = 0, i.e.
when the inference and the generative models perfectly match. This means that

even with this additional term, our consistency-aware objective L£(x;; ¢, ) can still
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approach to the data log likelihood if we can discover a pair of the inference and the

generative model that are effectively the inverse of each other.

There are several benefits of our proposal. Firstly, we can directly measure the
degree of inconsistency between the inference and the generative models through
this consistency term Dxp (z'||z). Secondly, our solution introduces no additional
parameters to the original VAE model. Thirdly, our proposed objective is in fact
a lower bound to the original ELBO loss. At the optimum of the original VAE’s
formulation, i.e. when Dy, <q¢(z) [ p(z]x)) = 0, we expect the consistency term
Dx1,(Z'||z) will also approach to zero. Therefore, we will approach the true data log
likelihood as the bound gets tighter.

6.2 Compute the consistency term Dy (7||z)

Dx1,(2'||z) is the Kullback-Leibler (KL) divergence between the posterior dis-
tribution of the reconstructed and the original data point respectively, i.e. g,(2'|x})
and ¢4(z|x;). Dxi(2'||z) can be used to quantitatively measure the amount of mis-
match between the current inference and the generative model, as this quantity is
proportional to the information drift when the same observation is passed through

the inference and the generative model consecutively.

Here, we show how to evaluate this consistency term. Firstly, as we show
in Appendix A.4, the KL divergence between two Gaussian distributions can be
analytically computed. Following the common assumption that the posterior distri-
bution in the VAE model is a diagonal Gaussian, i.e. g4(z;|x;) = N(u’f, (a’f)z) and
qe(z}|%}) = N (,u’g, (012“)2), where k denotes the k-th dimension of the latent variable
z; and the dimensionality of the latent space is d,, we can evaluate Dk (2z'||z) as

the following form:

R k2 k k)2

DKL Z ||Z

d }
+ Zlog o) — > logo] —d.. (6.2)
k=0

) k=0

w\
M
,9
l\D\»—t
||M:“

Secondly, if the posterior distribution takes more complex form other than a Gaus-
sian distribution, an analytic computation might not be available. In this case, we

can compute Dy, (z'||z) through Monte Carlo sampling, i.e.

Dy (2'[|2) = g, @1x)[l0g 4o (2'[x7) — log gs(2[x:)]. (6.3)

To do so, we draw L samples from the reconstructed posterior distribution z; ~
¢p(2'|x}) for { = 1,--- , L. We then evaluate the log likelihood of these L samples with

91



6. Mitigating the encoding drift in VAEs

= original code original original original
1 decoded code ‘ decoded
-3 encoding Edecoded .“
— decoding | 10:
.“' ° .
<

| *
/‘. p
decoded
decoded 0/ -
N 4 5 J

w
w

N
N

Latent dimension 2
Latent dimension 2

%

— > 3 1 original code
—d ded cod
decoded original original - eﬁﬁgd?ngco ©
-3 -3 — decoding
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3
Latent dimension 1 Latent dimension 1
(a) VAE. (b) Ours.

Figure 6.2: Our matching loss has effectively reduced the drift between
the posterior distribution of an input sample and the posterior distribution of the
reconstructed sample. Here we show the posterior distributions for three data sam-
ples. We denote the posterior distribution for the original sample as a blue circle
and the posterior distribution for the reconstructed sample as a red circle. (a) The
change of the posterior distributions for a VAE trained under ELBO loss. (B) The
change of the posterior distributions for a VAE under our modified ELBO loss. Our
method successfully reduces the drift in the posterior distribution.

respect to both posteriors log ¢, (z'|x}) and log ¢4(z|x;). Finally, we take the average
of these L values and that gives us an approximation of the Dk (z'||z). Based on
our experiment, L = 20 is a sensible value that gives fairly accurate approximation
which is very close to the value computed from the analytical solution in Equation
(6.2).

6.3 Reducing drift in the posterior distributions

We have observed that training a VAE model under our proposed learning
objective as introduced in Equation (6.1) can successfully reduced the inconsistency
between the inference and the generative models. To demonstrate this, we visualize
the posterior distribution of an input sample and the posterior distribution of the
reconstructed image of the same sample in Figure 6.2. We show the results for
a VAE trained under the ELBO objective in Figure 6.2(a) and for a VAE model
trained with our learning objective in Figure 6.2(b). We can clearly see that the
drifts that occur in sub-figure (a) have been significantly reduced in sub-figure (a),

thanks to the consistency loss term in our learning objective.
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Figure 6.3: Dk (Z'||z) during and after training on a held-out test set for
MNIST dataset (lower is better).

We also monitor the inconsistency loss Dki,(z'||z) between the two posteriors
4s(2]x;) and g4(2'|x}) during the training phase, as shown in Figure 6.3a, and after
training on a test set of 10k images, as shown in Figure 6.3b. We can clearly see
that the two posterior distributions start to drift apart during training without
the supervision of the consistency constraint Dxp,(z||z). In contrast, the difference
between the two posterior distributions for a VAE model under our learning objective
with the additional consistency constraint remains low. As a result, our method
manages to reduce the inconsistency between the inference and the generative models
measured by Dgr,(Z||z) to less than a third of the level of a VAE model trained under
ELBO objective.

6.4 Impact on other metrics

Other than reducing the inconsistency between the inference and the generative
model in a VAE, we are also interested in the impacts the additional consistency
constraint term Dgr,(z'||z) has on the other aspects of a VAE model. In this section,
we investigate the performance of our proposed consistency-aware learning objective
on a list of metrics, including the negative ELBO loss (lower is better), the recon-
struction loss (lower is better), the prior compliance loss Dkr,(gs(z|x;)||p(z)) (lower
is better), and our proposed consistency loss (lower is better) on a held-out test
set over training for both MNIST (Figure 6.4a) and Fashion MNIST (Figure 6.4b)
dataset. For both datasets, we can clearly see that our method reaches much lower
consistency loss compared to the original VAE algorithm. As for other metrics, our
method achieves a lower negative ELBO loss and a lower reconstruction loss but a
worse prior compliance loss in the Fashion MNIST dataset. In the MNIST dataset,
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Figure 6.4: Monitoring four metrics, including negative ELBO (lower is bet-
ter), reconstruction error (lower is better), Dkr,(qs(z|x;)|[p(z)) (lower is better) and
Dx1(Z'||z) (lower is better), over training on MNIST and fashion MNIST dataset.
Blue lines indicate a VAE trained under ELBO loss and red lines indicate a VAE
trained under our loss. Our method consistently gives a more consistent posterior
(i.e. low Dki,(Z'||z)). However, our method does not give a consistent improvement
on the other metrics.

Weight o | 0 (VAE) | 1073 1072 1071 1
Drr.(2[2) | 3.00 175 1.07 0.82 071

Table 6.1: The impact of the weight a on the consistency loss Dk (7'||z)
evaluated on a held-out test set of 10k samples for MNIST dataset. A larger a leads
to smaller consistency loss Dk, (z'||z), i.e. a smaller drift in between the encoding
of the reconstructed sample and the encoding of the original sample.

we see an opposite story that the original VAE ELBO objective gives a lower neg-
ative ELBO loss and a lower reconstruction loss but a worse prior compliance loss.
However, the amount of impacts on the three metrics - the negative ELBO loss, the
reconstruction loss and the prior compliance loss - are rather marginal in both cases.
Therefore, we reckon that optimizing our proposed consistency loss might have a
small impact on the reconstruction task and/or on the prior compliance task, but
the impact is limited, given that the consistency loss is properly applied (we will

discuss this point in the next section).
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6.5 The weight parameter «

As shown in Equation (6.1), the significance of the consistency constraint Dxy,(z'||z)
on the original ELBO loss is controlled by a weight o. When a = 0, the consistency
loss Dki1,(2'||z) effectively does not take any effect, the objective function simply
reduces to the original ELBO loss. As « increases, the effect of the consistency
constraint enhances, i.e. the model will be optimized to prioritize the consistency
constraint than the other two learning tasks - the auto-encoding (or reconstruction)
task and the prior compliance task. We can see this increasing level of impact as
the weight parameter increases on a held-out validation set for trained models under
different o values, as shown in Table 6.1. Clearly, the consistency loss is lowest when
we allow the consistency constraint to be on at full strength. However, this value of
« is not an ideal choice, as the VAE model is likely to fail on the other two tasks,

such as failing to generate reasonable quality reconstruction.

Therefore, to get the training started, we need to choose a sensible value of «
that does a good balance among different learning tasks in a VAE model. To do so,
we carry out a grid search on different values of @ and we choose the « that causes
the minimal compromise on the reconstruction error and the prior compliance loss

while keeping the consistency loss low.

6.6 An interesting observation

We notice in Figure 4.3 that the auto-encoding function tends to transform dif-
ferent input samples to the same pattern over sufficient iterations of auto-encoding.
We are interested in finding out whether this applies to all the data samples. If so,
how many of such patterns are there and what do these patterns look like? Further-

more, what impacts does the additional consistency loss have on these patterns?

To find out the answers to the above questions, we apply repeated reconstruc-
tion over 500 iterations to a set of 250 test samples and we visualize the changes in
the mean values of these samples’ posterior distributions as the blue trajectories in
Figure 6.5. The posterior distributions from a VAE trained with the ELBO objec-
tive is shown in sub-figure (a) and the posterior distributions from a VAE trained
with our objective that includes the consistency loss is shown in sub-figure (b). We
indicate the mean value at the last reconstruction for each trajectory with a red dot.
It is interesting to see that the posterior distributions of the 250 data samples con-
verge to only 5 distinctive locations for the VAE trained with the ELBO objective.

The data samples that correspond to these 5 convergence features are shown in the
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Figure 6.5: Different input samples converge to a fixed set of points over
iterations of auto-encoding mapping. Here we apply repeated reconstruction over
500 iterations to a set of 250 test samples. The blue trajectories denote the changes
of posterior distribution’s mean values and the red points denote the locations where
all posterior distributions from different samples converge to. We also visualise the
corresponding data images of these red points at the bottom.

images below the sub-figure. With the consistency loss, we see the data samples

converge to a larger set of features - 11 distinctive locations to be precise.

To interpret these distinctive locations, we describe the repeated auto-encoding
setting as a dynamical system that is governed by the following ordinary differential
equation:

x = f(x), (6.4)

where x denotes an input sample and f(x) denotes the derivative of the auto-
encoding function with respect to the data variable [99]. From our investigation,
VAESs tend to naturally behave as a stable dynamical system, as all data samples
converge to a finite set of values. These final set of values can be referred to as

the fixed points [100] of this auto-encoding dynamical system and they are reached
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when

% =0, (6.5)

i.e. an input sample at this location will remain unchanged under the auto-encoding
mapping. Exactly how to interpret these fixed points in the contexts of VAEs and
whether they have an impact on the reconstruction quality and on how well the
inferred VAE can fit the data remain unclear to us. We leave these questions as

potential future work.

6.7 Summary

In this chapter, we address the challenge of an information drift that occurs
when an input sample is encoded to its posterior distribution with an inaccurate in-
ference model (or encoding function) from a VAE. We visualize this drift behaviour
by auto-encoding a data sample multiple times and we notice that auto-encoding
function gradually transforms an input sample to a shape that can be quite differ-
ent. We propose to mitigate this effect by adding a consistency loss to the ELBO
objective. This consistency loss does not require any additional parameters and can
be conveniently added to any variants of the VAE models. The new objective is a
lower bound of the ELBO, hence remaining an effective lower bound to the data
log likelihood. We observe that the introduction of this consistency loss effectively
reduces the drifting effects without causing any damage to other metrics, such as

ELBO and reconstruction error.

In the next two chapters, we will explore the possibilities of applying VAEs to
challenging real world applications, such as anomaly detection for time series and

uncertainty estimation for classification tasks.
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Anomaly Detection for Time

Series

In this chapter, we propose a hybrid anomaly detection method that combines the
representation learning power of a variational autoencoder (VAE) with the temporal
modelling ability of a long short-term memory RNN (LSTM). Via the VAE module
our model aims to capture the structural regularities of the time series over local
windows, while the LSTM module attempts to model the longer term trend. Both
the VAE and LSTM units do not require labelled anomalies for training.

The relevant content in this chapter is published as a conference paper - Anomaly
Detection for Time Series Using VAE-LSTM Hybrid Model at IEEE International
Conference on Acoustics, Speech and Signal Processing (ICASSP) 2020.

7.1 Background and related work

Anomaly detection for time series is concerned with detecting unexpected sys-
tem behaviours across time to provide informative insights. In many industrial ap-
plications, anomaly detection is used for monitoring sensor failures, alerting users of
external attacks and detecting potential catastrophic events at an early stage [101].
Despite all the benefits, designing a good anomaly detection algorithm is extremely
challenging. This is because the training data are often unbalanced with very few
labelled anomalies. Furthermore, most anomalous behaviour types are not known a
priori and a good anomaly algorithm is expected to be able to detect even unseen
anomalies. Due to these constraints, anomaly detection algorithms often have to be
trained in an unsupervised fashion.

Broadly, we may characterize three types of anomalies that commonly occur in
time series: namely point, context and collective anomalies [102]. Of the three types,
point anomalies are the easiest to detect as data points can be treated independently

during detection and no temporal relationships need to be considered. For this
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reason, simple threshold approaches or multi-layer perceptron (MLP) based meth-
ods [103] work relatively well for point anomalies. Contezt and collective anomalies,
on the contrary, are more challenging. Context anomalies depend on the value of
surrounding data points and thus local information is required for their detection
and convolutional neural networks (CNNs) with larger receptive fields have been
shown to work well in this case [104]. Collective anomalies occur when a series of
data points together exhibits abnormal behaviours. As collective anomalies always
occur in sequence over a reasonably long period, recurrent neural networks (RNNs),

have been shown to be effective [105].

Due to the importance of the anomaly detection task, a number of approaches
have been proposed. VAEs are extremely suited for modelling the normal behaviours
in an anomaly detection task, as they can infer a generative model that fits with
the majority of the training data without any labels of the abnormal behaviours.
As a result, VAEs have been used for anomaly detection in various works with
promising results [32], [106]-[108]. However, anomaly detection algorithms based
only on VAEs often fail in detecting long-term anomalies, as VAE models cannot
analyse information beyond a short local window. Our approach overcomes this
limitation by using VAEs as local feature extractor and coupling it with a LSTM

module to take care of long-term trends.

Another line of research [105], [109] explores the idea of detecting anomalies
using recurrent neural networks (RNNs). RNNs [110] are a stateful variant of feed-
forward neural networks that propagate a hidden state from one time step to the
next. Because of their stateful nature, RNNs are particularly suited for processing
time series data. In this paper we use the LSTM [37], [38] variant of RNNs which
endow the network with an explicit memory "cell" in addition to the hidden state
found in a standard RNN. Our method differs from those approaches in the way that
our LSTM module is not applied to raw samples but to embeddings that represent
a local window. Such setup makes our algorithm capable of ignoring redundant raw

samples and tracking events over longer terms.

Hybrid models are a common approach for video analysis where a representa-
tion learning module is used to distil spatial information in a single image frame
and a sequential module is applied to model the temporal correlation across a series
of frames [111], [112]. [113] applies such a hybrid model to detect rare events in
a surveillance video clip. The major difference between our approach and the hy-
brid models in the video applications is that the representation learning module for
videos is applied to an image, i.e. a data point at a single time stamp, whereas our

representation learning module for time series processes a sequence of data points
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over a short period of time to form a local temporal basis for the latter sequential
module to build upon. This difference allows our method to create a hierarchical

structure for the given time series and analyse it over multiple time scales.

7.2 Our method

Given a time series X = {xy, @y, -+ , &y}, where ; € R™ is a m-dimensional
reading at the i-th time stamp that contains information about m different channels,
we formulate the anomaly detection task as follows. At time ¢t (L <t < N), we
are allowed to use a sequence of L past readings, i.e. S; = [@i_py1, -, @), tO
predict a binary output y, € {0,1} with 1 indicating an anomaly has occurred in
S;. Such formulation allows our algorithm for online detection. Figure 7.1 gives an
overview of our detection algorithm, which consists of a VAE module for extracting
local features of a short window and a LSTM module for estimating the long-term
trends. In this section, we will first introduce how these two modules are trained in
an unsupervised manner and then explain how our algorithm is used for anomaly

detection.

7.2.1 Training VAE-LSTM Models

To train our VAE-LSTM models in an unsupervised manner, we first need to
separate a training and a test set from the given time series. An example of training-
test set separation is given in Figure 7.2, where we take a continuous segment of the
given time series which contains no anomalies as the training data and the rest of

the time series with anomalies is kept as the test data for evaluation.

The VAE model consists of an encoder and a decoder. It takes a local window
of p consecutive readings as input, estimates a low-dimensional embedding of ¢
dimensions through the encoder and reconstructs the original window through the
decoder. To train the VAE model, we generate rolling windows from the training
data. For example, w; = [@t_p41,- -+ , x| denotes the window ending at time ¢. The
LSTM model operates on the VAE embeddings of a sequence of k£ non-overlapping
windows. We use Wy = [Wi_(k—1)xp; Wi—(k—2)xp, " "+ , W] to denote the sequence
of windows ending at time t and E; = [e},--- ,ef] to denote the corresponding
embeddings in W; with e! indicating the embedding of the i-th window in W;. For
a training data of Ni.., readings, we can generate N, — p rolling windows for
training the VAE model and Ny — pk rolling sequences for training the LSTM
model. We reserve a randomly drawn 10% of the generated sequences from the

training data as a validation set and all the windows and sequences in the validation
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Figure 7.1: System overview. Our VAE-LSTM model detects anomalies over
a sequence of k£ consecutive windows of a given time series. i-th window w; is
encoded into a low-dimensional embedding e;, which is fed into a LSTM model
to predict the next window’s embedding é;,;. The predicted embedding is then
decoded to reconstruct the original window w;,;. The reconstruction error serves
as our anomaly detection score.

set are excluded from training.

With the remaining windows in the training set, we optimize the VAE model
parameters to maximize the ELBO loss defined in Section 3. To ensure the derived
embeddings are informative to the raw data, we follow the procedure proposed in
Chapter 5.1 to avoid over-regularization on the auto-encoding function. After the
VAE model has been optimized, we use the encoder from the trained VAE model
to estimate all the embedding sequences E; in the training set. To train the LSTM
model, we have the LSTM model take the first £ — 1 embeddings in a sequence E;
and predict the next k — 1 embeddings, i.e.

€7, éf] =LSTM([e}, -~ ef ') (7.1)

We optimize the LSTM model parameters by minimizing the prediction error of the
final embedding, i.e. min ||éf — ef||. Notice that all the model parameters for both

VAE and LSTM units are optimized without anomaly labels.
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Figure 7.2: Training and test set separation. Here we give an example on how
to obtain the training and test set from a time series that contains an anomalous
events. The time series (blue line) records the volume of taxi requests in New York
City. The red dashed lines indicate the anomalous events. We take the section
that does not contain any anomalous events (left side of the solid blue line) as the
training set and reserve the sections that contain anomalous events as test set for
evaluation.

7.2.2 Anomaly Detection using the VAE-LSTM Model

After training, our VAE-LSTM model can be used for anomaly detection in real
time. At time ¢, the VAE-LSTM model analyses a test sequence W, that contains
k x p past readings tracing back from ¢. Our model first uses the encoder from the
VAE to estimate the sequence of embeddings E; in W;. Then it feeds the first k£ —1
embeddings to the LSTM model to predict the next k& — 1 embeddings [é7,- - , éF],
as given in Equation (7.1). Finally, our model reconstructs the last k — 1 windows

using the predicted embeddings and the VAE decoder, i.e.
Wi (h—i)xp = Decoder(é!), fori =2,--- k. (7.2)

With the reconstructed windows, we can define a score function d; to flag anomalous

behaviours by summing up the prediction errors for W, i.e.
k
dy = 11— (k—iyxp — We—(b—i)xpll2 - (7.3)
i=2

To detect an anomaly, we also need to define a threshold # on the score func-
tion d;, above which we will flag an anomaly alert y; = 1 at the current ¢t. The
corresponding sequence W; will mark a suspicious window where the anomaly event
might have occurred. When there is sufficient data, we should determine 6 using a
validation set that contains both normal and anomalous examples. The threshold
that gives the best performance, such as F1 score or other metrics, on this valida-

tion set is the detection threshold for the given time series. When there is limited
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Table 7.1: Evaluating our VAE-LSTM performance on five real-world
time series. Here we compare different anomaly detection methods’ performance
on precision, recall and F1 score. For all methods, we choose the threshold for
classifying a window of the time series as anomalous as the threshold that gives the
best F1 score (L: detection window length).

] Dataset \ Method \ L \ Prec \ Recall \ F1 ‘
Ours 168 0.806 1.0 | 0.892
Ambient VAE [32] 21 0.686 0.5 0.573
temperature | LSTM-AD [105] | 24 1.0 0.5 0.666
ARMA [114] 21 0.184 1.0 0.311
Ours 144 0.694 1.0 0.819
by VAE [32] 21 0.343 05 0.410
AWS LSTM-AD [105] | 24 0.274 1.0 0.430
ARMA [114] 21 0.234 1.0 0.380
Ours 192 0.993 1.0 | 0.996
T, VAE [32] 21 0.949 1.0 0.074
EC2 LSTM-AD [105] | 24 1.0 0.436 | 0.608
ARMA [114] 21 0.938 1.0 0.963
Ours 288 0.550 1.0 | 0.717
Machine VAE [32] 18 0.211 1.0 0.207
temperature [ LSTM-AD [105] | 48 1.0 0.5 0.667
ARMA [114] 18 0.142 1.0 0.248
Ours 168 0.961 1.0 0.980
. VAE [32] 21 0.662 0.8 0.725
NYCtaxi o AD [105] | 24 1.0 0.2 0.333
ARMA [114] 21 0.769 04 0.526

data, we can use a validation that only contains normal samples to evaluate the
distribution of the score function and define the threshold as a given percentile of

this distribution, for example.

7.3 Experiments and results

We evaluate our VAE-LSTM algorithm on five real world time series with actual
anomaly events: ambient temperature in an office, CPU usage from Amazon Web
Services (AWS) and from a server in Amazon’s East Coast data center, internal
temperature of an industrial machine and number of taxi passengers in New York
City [42]. We compare our algorithm with three other commonly used anomaly
detection algorithms for time series: VAE [32], LSTM-AD [105] and ARMA [114].
Table 7.1 lists the numerical results as well as the detection window length. We

evaluate three metrics - precision, recall and F1 score (all metrics are evaluated at
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the threshold that gives the best F1 score). The detection window length for each
dataset is chosen to be equal across all methods. Ours appears longer because of
the hierarchical structure of our model which allows us to detect events over longer
periods. Counting the true and false positives/negatives among the detection results
can be difficult, as anomalous events occur only at a single time stamp whereas all
detection algorithms reason over a window. We adopt a simple strategy proposed
by [108] to alleviate this issue. Specifically, if a ground truth anomaly is within a
detection window where a positive flag y; = 1 is predicted, then we consider the
anomaly is correctly detected and all windows that contain the anomaly will be
counted as true positives; on the other hand, if none of the windows that contain

the anomaly is flagged correctly, then all of them will be counted as false negatives.

A visualisation of the anomaly detection results given by all four methods on
the machine temperature series is shown in Figure 7.3 (see the plot at the end of
this chapter). LSTM-AD achieves a high precision in most datasets but suffers from
low recall, indicating accurate detected anomalies but high chance of missing out
true anomalies (Figure 7.3 (¢)). VAE has a good recall but low precision, indicating
a significant amount of false positive detections (Figure 7.3 (b)). ARMA does not
perform well in either precision and recall and its detection is clearly the worst as
(Figure 7.3 (d)).

In contrast, our VAE-LSTM algorithm achieves 100% recall for all datasets,
meaning no missed anomaly and the ability to detecting all types of anomalies. At
the same time, our method also achieves a decent precision, indicating that the
number of false positives is low. For example, a false positive is reported in the
ambient temperature series (Figure 7.4(a), see the plot at the end of this chapter)
around time ¢ = 2000. From visual inspection there exists an unusual spike in the
highlighted window and, hence, it might be sensible to raise up human supervisors’
attention. We would argue such precaution is indeed beneficial in failure critical
scenarios. Good performance in both precision and recall results in a high F1 score
achieved by our method, leading all other methods by a good margin. Examples of
our method’s detection result are given in Figures 7.3(a) and 7.4 (see the plot at the

end of this chapter).

A potential downside of our method is the delay in the anomaly detection for
some cases. For example, the first anomaly in the EC2 CPU utilization series is only
detected after about 150 time steps. This could be alleviated using multiple scale
windows and This is definitely not ideal, but we can mitigate the delay by utilizing
our method’s ability to form detection sequences over multi-scales. we leave this for

future research.
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7.4 Summary

In this chapter, we have proposed a VAE-LSTM hybrid model as an effective
approach for anomaly detection in time series. Our model utilizes both a VAE mod-
ule that forms robust local features over a short local window of an input sequence
and a LSTM module that estimates the long term correlations in the sequence. As
a result, our detection algorithm is capable of identifying different types of anoma-
lies that might span over multiple time scales. We demonstrate the effectiveness
of our detection algorithm on five real world sequences and show that our method

outperforms other commonly used detection methods.
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(a) Our VAE-LSTM algorithm.
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Figure 7.3: Visualizing the detected anomalies from different methods.
We show the detected anomalies (indicated by the short green line and the yellow
region) using our VAE-LSTM, VAE, LSTM-AD and ARMA methods on a time
series that records the temperature of an industrial machine. Our method manages
to detect both anomalies without generating many false positives.
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Figure 7.4: Visualizing the detected anomalies from our method on other
time series. Here we should the detected anomalies given by our VAE-LSTM
hybrid model on another four time series. In all cases, our method manages to
detect all anomalies, while occasionally generating some false positives.
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Uncertainty estimation for

classification

Following the success of applying variational autoencoders (VAEs) to anomaly de-
tection, we recognize that a VAE model’s capability to infer whether a data sample
has been seen frequently in the training data can be extremely useful for uncertainty
estimation. In fact, the ability to detect out-of-distribution data samples (the data
samples that are not from the training distribution) and domain shifts (where the
data distribution at test time is different from the data distribution in the training
time) is closely related to uncertainty estimation [35], [115]-[117]. Therefore, we pro-
pose a hybrid classifier that contains a generative unit in the form of a variational
autoencoder (VAE) which maps an input sample to a low-dimensional posterior
distribution and a discriminative unit that infers a distribution over different class

labels from the posterior distribution estimated from the VAE’s encoder.

In this chapter, we first introduce how our hybrid classifier is designed and can
be used to estimate class distributions that give sensible uncertainty estimation in
the challenging scenarios when the training labels are limited or when OOD data
are encountered. We also demonstrate the performance of our method on a public
medical dataset, HAM10k [43], for the task of pigmented skin lesion diagnosis. We
show that our method gives better calibrated confidence prediction compared to
the commonly used uncertainty estimation approaches, such as the MC dropout

approach [36] and the deep ensemble approach [30].

The relevant content in this chapter is published as a conference paper - Un-
certainty Estimation with a VAE-Classifier Hybrid Model at IEEE International
Conference on Acoustics, Speech and Signal Processing (ICASSP) 2022.
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8.1 Background and related work

Uncertainty estimation has been a key topic in machine learning research [118].
We have seen machine learning algorithms achieve state-of-the-art performance in a
wide range of tasks, such as image recognition [6] and natural language processing
[119]. However, to deploy these algorithms in real world applications, we need them
to be able to quantify the uncertainty associated with their prediction. This is crucial
for applications such as healthcare and autonomous driving, where an over-confident
wrong decision can be detrimental. Furthermore, in many situations, the machine
algorithms will need to work alongside humans. The ability of these algorithms to
sensibly predict uncertainty can help to indicate when human intervention might be
needed and also help to build trust between the human operators and the machine

algorithms.

Evaluating a method’s uncertainty performance is a challenging task. We focus
on two aspects that we consider are important for real world applications. Firstly,
we examine calibration, which measures uncertainty from a frequentist’s perspec-
tive and highlights the discrepancy between a method’s predictive confidence and
the empirical accuracy [30], [120], [121]. Intuitively, a well-calibrated method will
report a 80% confidence when the prediction is correct 80% of the time. Therefore,
calibration can give a clear indication whether a method is over- or under-confident
in its prediction. Secondly, we examine whether a method can report sensible uncer-
tainty when out-of-distribution (OOD) data are presented [115]. As domain shifts
are common in real world applications, being sure about what a method does not

know and reporting low confidence accordingly is an important property.

Uncertainty estimation is a fast growing field. Bayesian neural networks [122],
[123] introduce priors over the network parameters and then infer the posterior
distributions of the parameters given the training data. This can be done using
sampling-based approaches such as MCMC or HMC [124]-[127]. Alternatively, the
posterior distribution can be inferred using approximations, such as Laplace approx-
imation [128], [129], variational inference [130]-[132] and Monte-Carlo dropout [36].
Non-Bayesian approaches, such as training ensembles of deterministic NN classi-
fiers [30] or re-calibrating the predictive distribution with held-out validation data
[133], have also shown effective performance in terms of classification accuracy and

calibration quality.
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8.2 Our Method

In this section, we first describe how we introduce a generative module in the
classification task. We show how to make class prediction and uncertainty estimation
in our hybrid classifier setup. We then introduce how to train our model and the

statistical treatment needed to consider OOD data.

8.2.1 Classification with a hybrid model

For our learning task, we assume a training dataset Dy that consists of N
i.i.d. pairs of input-label samples, i.e. Dy = {x;,y;}Y,, where the input x € R«
represents a L, -dimensional sample and the label y denotes one of K classes, i.e.
y € {1,---,K}. During training, we aim to estimate the predictive distribution
po(y|x) over the class labels, where 6 denotes the model parameters to be determined.
To make a prediction for a new input observation x;, we compute the predictive
distribution and the predicted label is sampled from this distribution, i.e. 1 ~
po(ylx = ).

To estimate py(y|x), we introduce a latent variable z € RE=. With z, we can

rewrite py(y|x) as:

Po(yl) = [ polyl)po(zix)dz = By [palyl2). (8.1)

where py(z|x) denotes an encoder that maps an input sample to a distribution in
the latent space and py(y|z) denotes a classifier that is conditioned on the latent
variable. The significance of this formulation is that we have introduced a latent
representation symbolized by z in the class prediction task. This representation can
be very useful in practice. For example, we can utilize additional unlabelled data
(i.e. data that does not have labels for y) to learn a better encoder py(z|x) and/or

we can reuse the same encoder for multiple tasks.

According to Eq. 8.1, we need to obtain both the encoder py(z|x) and the
classification module py(y|z) to evaluate the predictive distribution pg(y|x). In this
paper, we derive the latent representation with a variational auto-encoder (VAE,
[16], [17]) and implement the classifier via a multi-layer perceptron (MLP [134]) with
a softmax activation at the last layer. Putting the two modules together, we compute
the overall predictive distribution py(y|x) via sampling, as an analytical form for the
integration in Eq. 8.1 is not available. Specifically, we draw M samples of the latent
features from the encoder, i.e. 2, ~ py(z|z;), and approximate the expectation

by taking the average of these samples, i.c. Ep) (2, [pg(y|z)} = L3 pe(y|zm).
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The class prediction g is made by selecting the most probable label according to
po(y|x) and the confidence 7 is reported by the corresponding probability, i.e. § =

arg maxy, pp(y|x), 7 = maxy p(y = kl|x;).

8.2.2 Optimizing model parameters

A VAE [16], [17] contains a probabilistic encoder gy(z|x;) that maps an input
sample x; to the latent space, and a decoder py(x|z;) that generates an input sam-
ple from a latent feature z;. We make the further assumption that the encoder
is parameterized by a diagonal Gaussian, i.e. qg(z|z;) = N(up(x;),03(x;)) and
that latent representations for the samples are confined to a prior distribution p(z),
which is chosen to be a unit Gaussian distribution. To estimate the parameters for
the encoder py(z|x), we maximize VAE’s evidence lower bound (ELBO) objective

Lyipo = % > L(x;), where L(x;) is defined as follows:

L(x:) = Byy(aja [l0g Py (®:]2)] — Dxrlgo(z|:)[|p(2)]. (8.2)

We train a VAE on the available training input samples, i.e. D, = {x;}*,. We then
take the optimized VAE encoder as the encoder in Eq. 8.1, i.e. py(z|x) = go(2z|x).

To optimize the parameters in the MLP, we maximize the log likelihood of the
class prediction with respect to Dy, i.e. L, = % Yivy ey, logpe(y|x;), where e;

denotes the standard base vector with 1 at i-index and 0 elsewhere.

The best classification performance would be achieved when both the VAE
module and the MLP module are trained together, as the encoder is also optimized
to give good class prediction. In practice, it is more useful to train the modules in
separate stages, as the input and the label might not be available at the same time
or the same input might be applied for a different classification task. To reflect the
performance in reality, we first optimize the encoder’s parameters by maximizing
the ELBO objective and then optimize the MLP’s parameters by maximizing the
log likelihood objective.

8.2.3 Considering out-of-distribution data

One issue with the standard VAE formulation described in the previous section
is that it does not handle out-of-distribution (OOD) data sensibly. Very often, the
encoder projects OOD samples to sharp Gaussians at locations that correspond to
specific in-distribution (ID) samples. This causes the latent classifier to make over-

confident prediction on these samples. We address this issue by incorporating a
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hypothesis parameter H in the encoder module, as follows:

plale) = [ plalw, H)p(H|z)dH (83)

Given a data sample x;, H has two possible outcomes { Hp, H-p}, where Hp denotes
x; is ID data, H_p denotes the opposite and p(Hp|x;) + p(H-pl|x;) = 1.

During training, we assume that all data samples are 1D, so p(Hp|x;) = 1 and
the encoder simplifies to the original VAE’s encoder, i.e. p(z|x;, Hp) = N (ug(x;), 03 (x;)).
During inference, the input sample x; can be either be OOD or ID. Therefore, we
have to evaluate the encoder by considering both scenarios, according to the follow-

ing equation:

p(z|z;) = p(z|x;, Hp)p(Hp|x;) + p(z|x;, H-p)p(H-p|x;), (8.4)

where p(z|x;, Hp) denotes the original VAE’s encoding distribution. We define the

other three probabilities as follows:

1
PHl2:) = T BLBO (@) £ 0) (8:5)
p(H-plx;) =1 — p(Hp|z;), (8.6)
plzlzi, H.p) = N(0, piay), (8.7)

where the hyperparameters a and b are chosen using the validation set so that
p(Hplx;) is 0.5 at -3 standard deviation away from the mean ELBO and 0.05 at the
minimum ELBO; . denotes the maximum absolute value of the encoding mean
across all latent dimensions in the validation set; ELBO(x;) evaluates the ELBO
objective for an input sample x; according to Eq. 8.2. The above equations ensure
that an input sample with a high ELBO value will be assigned a high probability
for p(Hp|x;) and its encoding will be primarily governed by the VAE’s encoder -
sharp and localized in the latent space. On the other hand, an input sample with
low ELBO value will be assigned a high probability for p(H-p|x;) and its encoding
will be dominated by an uninformative wide Gaussian. Such an encoder allows the
latent classifier to behave more sensibly, as the predictive distribution (averaged over

multiple samples from the latent distribution) will tend to spread out over different

class labels for the OOD data.
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Figure 8.1: Our method overview. To train our system, we first train a VAE
on the input data (no labels are needed at this stage). After the ELBO loss of the
VAE has converged, we freeze the parameters in the VAE encoder and and train a
light-weight classifier which predicts a class distribution for the latent code drawn
from the posterior distribution estimated by the encoder module. To deploy our
system for testing new samples, we need to consider the scenario where an input
sample might not be drawn from the same distribution of the training data. To do
so, we added an additional out-of-distribution detection mechanism as introduced
in Section 8.2.3.

8.2.4 System overview

Putting everything together, we demonstrate how our VAE-classifier hybrid
system is trained and is used with a skin lesion classification example in Figure 8.1.
We first train the parameters in our hybrid model in two stages: 1) we train a VAE
model on the entire dataset of different skin lesions and this allows our method to
represent an input sample with a low-dimensional feature vector; 2) with the trained
VAE’s encoder (we kept its weights frozen), we then train a light-weight classifier
(a 3-layer of fully connected neural network) under the cross-entropy classification

loss.

When the training is complete, we can deploy our model for new samples.
However, we need to consider the possibility that the new observations might be
an OOD sample, as discussed in Section 8.2.3. To address this issue, we infer the

probability of both situations when the test sample is in-distribution and OOD.
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Figure 8.2: Label efficiency study. Classifiers are trained with 55, 550, 5500 or
55K training labels available. (a) Test accuracy. (b) calibration plot for classifiers
trained at 55 labels. Our method outperforms other approaches in accuracy and
uncertainty calibration at limited label settings.

We then marginalize the different hypotheses and obtain an estimate of the latent
distribution p(z|x;). By drawing multiple samples from this posterior distribution,
our method gives as output both the predicted class label and the corresponding

confidence for this prediction.

8.3 Experiments and Results

We evaluate our method on two datasets: 1) MNIST [39], which contains
60k/10k train/test images and corresponding labels of handwritten digits; 2) HAM10k
[43], a medical dataset for pigmented skin lesion diagnosis, which contains 10015 der-
matoscopic images and corresponding lesion labels. We compare our method against
three baseline approaches: a standard neural network classifier (Vanilla [115]), a clas-
sifier trained with Monte-Carlo dropout at a rate 0.1 (Dropout [36]) and ensembles
of M = 3 vanilla classifiers (Ensemble [30]). We use the same model architecture for
all the approaches - i.e. LeNet [135] for MNIST and ResNet18 [136] with a 3-layer
MLP for HAM10k. We evaluate two metrics - classification accuracy and calibra-
tion. The calibration is evaluated via a calibration plot, where the test samples
are grouped into 10 buckets according to their confidence 7 (defined in Sect. 8.2.1).
The accuracy of each group is evaluated and plotted against the centre confidence

of each bucket. A well calibrated classifier will generate line along the diagonal.

We first show that our method works better than other approaches when train-

ing labels are limited. We train different approaches with different amount of
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Figure 8.3: Uncertainty estimation for out-of-distribution (OOD) data.
Our method keeps the predicted confidence on OOD data low, whereas other ap-
proaches tend to make high confidence prediction on OOD data.

Table 8.1: Classification accuracy on a skin lesion detection task (HAM10k
test set).

Ours Vanilla Dropout Ensemble
Accuracy 74.9 + 0.3 82.0 £ 1.1 82.3 £ 0.5 84.0 £ 0.3

training labels available on the MNIST dataset. As shown in Figure 8.2a, our
method gives the best accuracy among all approaches when extremely limited train-
ing labels are available (e.g. 55 or 550). This indicates that the generative unit
helps our method to derive better representation that compensates the limitation
in the amount of the training labels available. Furthermore, our method offers
well-calibrated uncertainty estimation that follows the diagonal almost perfectly in
Figure 8.2b, whereas the other approaches show various levels of over confidence as

they are likely over-fitted to the limited training examples.

We now investigate how different approaches react to OOD data. We train
all approaches on the MNIST training data and we plot the confidence and the
entropy distribution of all the classifiers on the test set of MNIST (in-distribution)
and the test set of three other datasets - random noise, CIFAR10 and OMNIGLOT
(OOD). The results are shown in Figure 8.3. All three baseline approaches make high
confident prediction (confidence > 0.5 or entropy < 1.0) on a significant distribution
of the OOD data. In contrast, our method keeps all the OOD data in the low
confidence and high entropy range. This indicates our method do not make over-
confident prediction on unfamiliar samples, which is a very desirable property with

high-stakes applications such as healthcare.
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Figure 8.4: Calibration plot for the skin lesion detection task (HAM10k
test set). Our method (red line) gives the best calibrated uncertainty prediction.

We now evaluate our method on a medical dataset HAM10k, where the goal
is to predict skin lesion type from a dermatoscopic image. We train all classifiers
until the validation loss has converged. Prior training our latent classifier, we first
train the VAE module for 200 epochs when the ELBO objective on the validation
set has converged. The test accuracy on all classifiers is reported in Table 8.1, where
our performance seems to lag behind other approaches with the ensemble classifier

giving the best accuracy.

However, we see a different picture, when we investigate the calibration plot in
Figure 8.4. Although reporting a lower accuracy, our method is the best calibrated
approach among all. This indicates that the majority of the wrong predictions made
by our approach occur at the low confidence regime. As the predicted confidence in-
creases, our method becomes more accurate. The other approaches render a varying
degree of over-confidence. Their mis-calibrated accuracy at high confidence pre-
diction is worrying. For example, the accuracy for the ensemble classifier at the
confidence bracket [0.8,0.9) is 65.5%. This indicates 34.5% of these high-confidence
predictions are wrong. In applications such as cancer diagnosis, such overly confident

wrong prediction can be detrimental.

We show the importance of having a more calibrated confidence prediction
in an example illustrated in Figure 8.5. Here we show 64 randomly sampled test
images from HAM10k dataset with their predicted lesion class and the prediction
confidence using our method in subfigure (a) and the ensemble method in subfigure
(b). We rank the samples in an ascending order of the predicted confidence and
we highlight the wrong predictions in red boxes. As can be seen, our method make

wrong predictions when it is uncertain about this prediction (i.e. at low confidence),
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Figure 8.5: Our method makes wrong prediction when the predicted
confidence is low, whereas the ensemble method gives over-confident predictions.
(a) Although making more incorrect predictions, our method contains all of the error
cases (highlighted in the red boxes) in the low confidence range. (b) In contrast,
the ensemble method predicts high confidence values for its error cases, e.g. three
of the four error cases have a confidence over 80%.

whereas the ensemble method gives overly confident wrong predictions - 3 out of
the 4 wrong predictions are made with a confidence over 80% and 2 are with a
confidence over 95%. In a safety-critical application, such as cancer prediction in
this case, high confidence mistakes such as the ones shown in Figure 8.5b can be
detrimental. Although the ensemble method has a higher accuracy, we believe the
prediction made by our method is safer and more trustworthy to be deployed in the

real world.
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8.4 Summary

In this chapter, we design a new classification system which gives a more cal-
ibrated uncertainty estimation. Our system consists of two units. We first map a
data sample to a posterior distribution in the low dimensional latent space with a
VAE’s probabilistic encoder. We then draw samples from the posterior distribution
and pass these samples through a deterministic neural network classifier. The final
class distribution is taken as an average of the predictions made by all samples. We
add a marginalization treatment on the posterior distributions from the VAE en-
coder at test time. This ensures the posterior distributions predicted are indicative
of the out-of-distribution samples that are likely to be presented during test time.
We show that our classifier gives a more calibrated confidence prediction compared
to other uncertainty estimation methods, such as MC dropout and deep ensemble
in both MNIST (digit and fashion) and a real world skin lesion classification task.
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Conclusion

In this thesis, we have focused our discussion on an important type of generative
models, namely variational auto-encoders (VAEs). In this chapter, we will summa-
rize our contributions and introduce thoughts for future work, following up from the

ideas discussed in the thesis.

9.1 Contributions

The thesis provides a self-contained tutorial on the topics of variational inference
(VI) and VAEs. The objective of this tutorial is to give sufficient details on how the
VI framework can be used to estimate a probabilistic model and how the traditional
VI framework is adapted to define a VAE model, important as existing literature
is often rather brief regarding these topics. In Chapter 2, we provide a thorough
introduction to the Variational Inference (VI) framework. Crucially, we show how
the evidence lower bound (ELBO) is derived. We demonstrate how VI can be
applied to estimate the parameters in a probabilistic Principal Component Analysis
(pPCA) model. In this example, we show that the model parameters can be inferred
by optimizing the ELBO objective via gradient descent in a similar way to the
method in which the model parameters of VAEs are inferred. We then introduce
VAEs as a non-linear extension of the pPCA model in Chapter 3. We introduce
key assumptions and techniques, including amortization, Monte Carlo sampling,
the reparametrization trick and unbiased estimation via stochastic sampling; all of
which are needed to successfully apply the VI framework to VAEs. We believe that
the introduction provided in this thesis can help to clarify the key concepts needed
to better understand VAEs, and is aimed at readers with limited knowledge of VI

or generative modelling.

Although improving the VAE models’ generative modelling performance is an
active research topic and many works have already been published in this domain,

most of the existing literatures are rather brief on explaining why particular issues,
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such as low quality data sample being generated from a derived VAE model, are
encountered, or the explanation is mathematically heavy and hard to make intuitive
sense. In this thesis, we focus on offering illustrative examples to explain a range
of challenges that VAE models often face. For example, we visualise the amount of
information loss in the derived posterior distribution caused by an over-regularised
ELBO in Figure 4.1. We also demonstrate the difference between the unit-Gaussian
prior and the derived aggregate posterior in Figure 4.2. These illustrative examples
are crucial to relate the abstract mathematical terms to the corresponding data
properties. For example, the posterior distribution is a distribution in the latent
space that represents the embedding of a single data sample and we illustrate this
clearly in the 2D plot of a batch of posteriors in Figure 4.1. We hope the illustration
in this thesis helps the readers to build a better understanding of VAE models and
their limitations. We also hope the approaches we adopt in this thesis to visualise the
representations derived in a VAE model can be helpful for the readers to demonstrate

their problems or proposals.

In Chapter 5 and 6, we propose solutions to the commonly encountered prob-
lems, including over-regularized posteriors, an inflexible prior model and the encod-
ing drift effect in the derived auto-encoding function. As there is not a universal
solution that can address all three problems at once, we propose a separate solution
to each of the above problems. All three solutions are general to any VAE based ap-
proaches, and respect the variational inference framework and derive a valid lower
bound to the data log likelihood as their learning objective. Therefore, the pro-
posed solutions can be applied in combination with any existing techniques that

also improve VAE’s performance.

Among the three approaches, the proposal to optimise the variance parameter
in the Gaussian decoder under the ELBO objective is the simplest and yet the
most effective. Optimising such a variance parameter can significantly increases the
test set ELBO value as shown in Chapter 5.1.3. We encourage readers to adopt
this technique in the training of their VAE models whenever a Gaussian decoder
is adopted. The generative prior proposed in LaDDer is not trivial to implement
and the training often requires an iterative procedure that switches between training
the outer VAE model and the inner prior VAE model. The benefit of adopting a
more flexible prior as such is to have better control in the derived data distribution.
With this prior, we will be able to identify the low density region where the data
samples are rarely projected and the high density region where the majority of
data samples reside. Therefore, we encourage the readers to adopt this technique if

their applications require generating data samples from the derived generative model
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and/or searching through the derived data distribution to find the embedding of a
target data sample. Our proposal that mitigates the encoding drift effect investigates
a behaviour that is rarely discussed in the VAE context. According to our evaluation,
the proposed approach barely improves the test ELBO metric, but it can effectively
mitigate the encoding drift effect. Therefore, we leave this to the readers to decide
whether they would like to adopt this technique depending on the problems they
have at hand.

In the later chapters of this thesis (Chapter 7 and 8), we demonstrate how
VAE models can be applied to solve important machine learning tasks, such as
anomaly detection and uncertainty estimation. It is worth noting that in both
cases VAEs alone are not enough to provide a full solution. Instead, we adopt
VAEs as an effective feature extraction unit that project the high-dimensional raw
data to a low-dimensional representation in terms of the posterior distribution. We
then apply further operations on the derived latent representations, such as the
LSTM unit in the anomaly detection system to allow the system to investigate the
signal over a longer span of the raw signal or the classifier unit in the uncertainty
estimation system to allow the system to make a more calibrated confidence estimate
by averaging the latent samples drawn from the posterior distribution. We encourage
the readers to also consider using VAEs as the feature extraction module if such a

module is needed in the problems at hand.

In the next section, we outline a few insights and possible future research di-

rections arising from the work done in this thesis.

9.2 Future work

In this thesis, we have proposed three methods that address different issues
in the VAE learning scheme. The proposal of inferring the variance parameter in
a Gaussian decoder has been applied in our works for anomaly detection and for
uncertainty estimation. The VAEs trained with the variance parameter obtains a
much higher ELBO and more importantly for these two tasks, the posterior dis-
tributions of different data samples become more distinctive and hence serve as a
better input for the subsequent modules, such as the LSTM module for anomaly de-
tection and the light-weight classifier for predicting a class distribution. Therefore,
the effectiveness of this proposal has been verified in real world applications. On
the other hand, the other two proposals, although having been thoroughly evaluated
and demonstrated to be effective using the standard datasets, such as MNIST and

CelebA, have not been applied to a real world application. Therefore, a direct ex-
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tension on these two works will be to demonstrate their effectiveness in a real world

application.

For the consistency loss, we can explore its potential in making VAEs more
robust to adversarial attacks. Adversarial attacks refer to the situations where a
small but intentional change has been applied to the input sample so that the output
of the targeted system will be changed [137]. VAEs have been applied to this task
but have shown vulnerabilities [138], [139]. An effective attack has been shown in
these papers as searching for perturbations of the input sample that will result in a
latent representation of the targeted sample. In this sense, a VAE with an encoding
function that encodes very different input samples close together in the latent space
will render this vulnerability. The consistency loss can potentially help to mitigate
such effects, as it encourages the encoding function to infer a posterior that does
not shift to the posterior distribution of another sample. It would be interesting
to see the impacts of the consistency loss play in this tasks and potentially some

modification might be needed to deliver the best improvement.

For LaDDer, there are two potential areas that we would be interested in seeing
how LaDDer performs. Firstly, we have seen some exciting progress in the genera-
tion quality of VAEs thanks to carefully designed model architectures that aim to
generate high-fidelity images [140]. It would be interesting to see if LaDDer coupled

with this new architecture can deliver even better generation quality.

Secondly, we have pointed out the inferred prior distribution can be see as a
proxy of the data. We can use this prior distribution to set up a constraint for a
downstream task that may require searches or optimization in the data distribu-
tion. We have given an example of this setup in a simple example of latent space
interpolation, where the interpolated samples should be chosen from the data dis-
tribution. We would be interested in demonstrating the power of this technique in
a more practical scenario. A good example is the camera pose estimation task, as
formulated in [1]. In this example, a 6 DoF camera pose and a depth image needs
to be estimated from an observation of a pair of input images. The authors propose
to train a VAE to represent the distribution of real depth images and they optimize
a re-projection error constraint with respect to the camera pose and the latent code
of the depth image. Using LaDDer prior, we can add an additional regularization
term to the optimization that penalizes the latent code with low likelihood in the
prior. This way we can effectively constrain the search of the depth latent code to

the ones that correspond to real depth images.

For the work on anomaly detection, we regard a natural extension as the ap-

plication of our VAE-LSTM detection system to a time series of high-dimensional
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input samples, such as video data. We have done some early work in this direc-
tion in collaboration with researchers from ABB, focusing on sensor data from their
power station. In this project, we simply treat a window of the sensor readings as an
input sample for the VAE module and estimate a latent encoding for this window.
However, this same technique may not be appropriate for the video data, as a win-
dow of images would result in a quite high-dimensional input for a VAE module to
process and there is a high-level of redundancy between neighbouring frames which
can be removed before passing to the VAE encoder. Therefore, a better strategy
can be deploying another VAE module that focuses on encoding the raw images.
After converting the video data to a sequence of latent embeddings, we can apply

our VAE-LSTM system to this time series of image embeddings.

For the work on uncertainty estimation, we think there are multiple potential
research directions that the work can be extended toward. For example, it would
be interesting to extend the current work to regression tasks. In addition, with
the ability to detect out-of-distribution (OOD) data, our method can draw special
attention to the situations where a persistent group of OOD samples are detected.
These behaviours can be resulted from adversarial attacks or a domain shift. For
both cases, it probably is better to introduce human intervention. Specifically for the
case of domain shift, it might be sensible to retrain the classifier model so that it can
work with this new domain of inputs. Furthermore, our treatment to the posterior
distributions makes it to be representative and indicative of its degree of confidence
that the input sample is drawn from the data distribution. This treatment is general
and can be applied to any VAE models. We are interested in testing out whether
a VAE module with the treatment can be better applied to tasks, such as active
learning [141] and reinforcement learning [142] where uncertainty estimation and

the ability to detect OOD samples play a key in the performance.

In conclusion, we have investigated multiple areas of research related to VAEs
and applications of VAEs. From our experience, VAEs are easy to train and present
several desirable properties that make them a perfect component for many chal-
lenging tasks. For example, the VAEs’ ability to model the normal behaviours in
a training data, without labels, and to compress the raw data in a more compact
form, plays a key role in our anomaly detection system. Although being widely
adopted, there are still open research questions related to VAEs. We have listed
a few possible directions as the potential extension for works carried out in this
thesis. We hope the thesis can be a useful resource to readers who are interested in
VAEs and their applications. We believe that VAEs and their variants will further

expand their impacts to a wider domain of applications and contribute to building
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Al systems that are robust and interpretable.
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Appendix A

A.1 Matrix derivatives

oxTa OaTx

ox oz (A1)
T
agiA::(A4—ATh: (A.2)
Odlog | X _ ~1 _
a)l'l =(x ) =(x")  =x" (A.3)
T —1
aa’a);;b — X TabTXT (A.4)

A.2 Expectation for vectors and matrices

Assuming u is a random variable with mean c¢ and covariance matrix >, we
have the following identities [143]:

Epw|Au| = Ac (A.5)
Ep(u) [uTAu] =Tr(AX) +c'Ac (A.6)
Epw) {uTu] =Tr(%) +c'e. (A7)
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A.3 Variational inference derivations

We show below how the evidence lower bound objective is derived from the

original objective of D, (q¢(z) I p(z|x)):

Dict,(45(2) || p(2]x)) = Eq, ) | log

= E%(Z) _10g Q¢
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(A.12)

q¢(z [logPG(

Here we show how the mean-field assumption simplifies the computation of the
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entropy term E_, ;) |logqs(z)| in ELBO.
a4(2) ¢

Eqy 0| 108 g0(2)] = / 40(2) log g4(2)dz (A.13)
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j=1

Equations (A.13) - (A.21) show how the expectation of the first latent variable z;
can be separated from the rest terms. Applying this same trick for all M latent

variables, we derive the final expression in Equation (A.22).

Here we show how the i.i.d assumption can be applied to simplify the log of the
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joint probability log ps(z, x).

log py(2, x) = 10gﬁpe(zi,xi) (A.23)
= logilj_v[1 (poocilz:)p(z:)) (A.24)

= 3o (o)) (A25)

= i (log po(xi|:) + log p(z;)) (A.26)

Mz I

log po(x;|z;) +Zlogp i) (A.27)

1 =1

.
I

Here we show the mean-field assumption can be used to simplify the expectation

computation in the following term:

N N
;E%(z) [logpe(xﬂzi)} = Z,:ZIEHL%(ZJ') [logpg(xﬂzi)} (A.28)
N
=2 B .¢.q¢(z,-)[10gp9(xi|zi)} (A.29)
i=1 j=1g7 101
N
=2 E s (o) By iz ){10gpe(xi|zi)} (A.30)
i=1 =1

By (i) {logpe(xi!zz')D (EH;V_I » %(zj)) (A.31)

Eq, ) | log po(xi]2:) . (A.32)

I
/N
1=

—

o

.
Il
—

A.4 KL divergence between two Gaussians

Here we derive the KL divergence Dy, (p(x) I q(x)) between two multivariate
Gaussian distributions p(x) and ¢(x). Recall that multivariate Gaussian distribu-

tions have a parametric form introduced in Equation (2.11). In our case, we have:

1 1 1 Tw —1

po0) = Ml By) = =g (= 30" = ), (A3
1 1 1 Tew —1

q(x) = N(x|pq, By) = (27T)% |Zq|é exp ( — §(X —py) X, (x— y,q)>. (A.34)
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Also recall that the KL divergence is defined in Equation (2.35). Therefore, we have:
p
Dy (p00) | a(0)) = B, Lo | = B logp] ~ Ejlogg.  (A.39)

In the above equation, we have omitted the variable x for brevity and we will do so

for the rest of derivation wherever appropriate.

Substituting the probability distributions for p and ¢ from Equation (A.33) and
(A.34) to (A.35), we have:

1 1 1 _
E,[logp] = E,|log ——FH — — §(X - #p)sz Hx - #p)} (A.36)
(27) % |35[?

D 1 1 _
— S log2r — Slog[B,] - B, [(x — )", Mk - )| (A37)
Similarly, for the second expectation in Equation (A.35), we have:
D 1 1 _
E,[logq] = 9 log 2m — 5 log [3,] — iEp {(X - “q)TEq Hx - U’q)} : (A.38)

Bringing the two expressions together, we have the expression for the overall KL

divergence as:

Dra (90 1a0)) = 10w 52 = 55, ox = )%, x = )] (A3
o= )8, 6 )| (A.40)

We can simplify the expectation terms using the Identity (A.6), giving:
pl(x— Np)TEp_l(X — )| = (pp — .up)TEp_l(“p — M) + Tr(zp_lzp) (A.41)
=D. (A.42)

E, (X - Nq>TEq_1<X - Nq): = (pp — Hq)TEq_l(Np — Hg) + Tr(zq—lzp)' (A.43)

Therefore, we have the final expression for the KL divergence as:

D (p(x) |l 4(x)) = ;[bg EZ: — D+ (= 11g) Bq (1 — 1) + Tr(2, ')
(A.44)

If g(x) is zero-mean, unit-variance Gaussian, i.e. N (0, I), then the KL divergence
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can be simplified to:

o'y +Tr(E,) — D —log |2, (A.45)

N | —

D, (p(x) [ 9(x)) =

A.5 Likelihood for a VAE model

Here we derive the log likelihood log p(x*) on a test data sample x* for a
VAE model, where the joint probability pse(x,2z) = pe(x|z)p(z) = ¢s(z|x)p(x) is

estimated through two parametric models py(x|z) and g4(z|x).

D) = m (A.46)
- fq¢<z|z§§z;§§§:2 dz o
S A

— [autab 2222 g (4.49)

= Eqg, (2x) [m] ' (4.50)
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Appendix B

B.1 Additional results for Section 5.1

B.1.1 More Visualisation of MNIST 2D Aggregate Posteri-

ors

Visualisation of the marginal latent distribution for MNIST dataset with a 2D
latent space is very helpful to understand the impact of different variance values on
the learnt marginal distributions. We showed plots for 4 different variance values
in the main texts. Here we list more variance values to illustrate more clearly the
transition of the learnt marginal posterior (or aggregate posterior - the data distri-
bution in the latent space) from close to prior distribution to quite different when o2
decreases from 1 to very small value. The optimal ¢ (0.035, found by maximising
ELBO) gives an auto-encoding procedure that maintains the best balance between

reconstruction error and prior regularisation.
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Table B.1: Comparison of the aggregate posterior (data distribution in the latent
space) and its Gaussian mixture approximation (32 mixtures) for models learnt un-
der different 0% values for MNIST dataset. Dkr.(G(z)||p(z)) denotes the gap between
the approximate aggregate posterior and the prior distribution and is evaluated by
Monte Carlo estimation of 10k samples (10 runs). The data distribution is clearly
different from the prior distribution: low density regions exist in areas near zero
code whereas prior does not contain such low density regions. Hence, naively using
the prior distribution to represent the data distribution is sub-optimal. Our GMM
approximation can capture data distribution for almost all 0% values except very
small 02. However, we don’t have to worry about it, as our a-VAE learning algo-
rithm can successfully avoid the small o2

o? 1 0.5 0.1 Prior
6 6 6
4 4 4
2 2 2
Aggregate . Q . : .
posterior 2 2 2 a
-4 -4 -4 2
f6 4 2 0 2 4 6 f6 4 2 0 2 4 6 f5 4 2 0 2 4 6 o
6 6 6 -2
A i X X ' 4
pproximate ; z z I
| —
aggregate 2 -2 2 14 -12 -10I 8 -6 Ft 2 0
posterior 4 4 y og pd
6 6 -6

6 4 2 0 2 4 6 6 4 2 0 2 4 6 6 4 -2 0 2 4 6

Dx1(q(z)||p(z)) 0.094 + 0.003  0.132 + 0.003  0.328 + 0.009

0.035
2
o 0.05 0.02 0.01 (Optimal)

Aggregate
posterior

S b N o N &~ oo
S A N o N s oo
S A N o N s oo
S AN o N s o

|
6 -4 2 0 2 4 6 6 -4 -2 0 2 4 6 6 -4 2 0 2 4 6

Approximate
aggregate
posterior

¥

6 4 2 0 2 4 6 P64 2 0 2 4 6

H A N o N s oo
H b N o N s oo
& b NV O N B o
H AN o N s oo

6 4 2 0 2 4 6 6 -4 2 0 2 4 6

Dxi(q(z)||p(z)) 0.812 + 0.013  2.143 + 0.030  1.552 + 0.034 | 0.422 + 0.011

B.2 Uncertainty Estimation

We can conveniently use the learnt variance prediction to estimate the uncer-
tainty in the generated or reconstructed samples. We showed some examples in the

main text and here we give more results for all datasets in Figure B.1-B.6.
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Figure B.1: Generated samples (1st row) for MNIST dataset given by our learning
method a-VAE and the corresponding pixel-wise variances (2nd row), which can
be used to indicate regions of high uncertainty in the generated samples. The
generated samples look realistic and the high variances correspond to areas where
other possibilities of generation can occur.

Figure B.2: Generated samples (1st row) for Fashion MNIST dataset given by
our learning method a-VAE and the corresponding pixel-wise variances (2nd row),
which can be used to indicate regions of high uncertainty in the generated samples.
The generated samples look realistic and the high variances correspond to areas
where other possibilities of generation can occur.
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Figure B.3: Generated samples (1st row) for CelebA dataset given by our learning
method a-VAE and the corresponding pixel-wise variances (2nd row), which can
be used to indicate regions of high uncertainty in the generated samples. Note
that the high variance regions often correspond to areas of eyes, mouth, hair and
background where high variation in the dataset exists. This indicates that the
model is aware that there are multiple valid options to generate those regions and
the current generation is only one of such options.
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Figure B.4: Original and reconstructed samples of MNIST dataset (top and mid-
dle row for each digit block) and the corresponding variance values (bottom row)
indicating regions of high uncertainty in the reconstruction. Note the high variance
regions correspond very well to the areas where the reconstruction is different from
the original image. This indicates that the model is aware the imperfection in its
reconstruction and the location of such imperfection.

B.3 Additional results for Section 5.2

B.3.1 Model Architectures and Training Parameters

B.3.1.1 MNIST and Fashion MNIST

We use CNN architectures for both MNIST and Fashion MNIST encoder and de-
coder network (with additional depth to space operations for the decoder), as de-

tailed below. We use the exactly same network for both datasets.
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Figure B.5: Original and reconstructed samples of Fashion MNIST dataset (top
and middle row for each digit block) and the corresponding variance values (bottom
row) indicating regions of high uncertainty in the reconstruction. Note the high vari-
ance regions correspond very well to the areas where the reconstruction is different
from the original image. This indicates that the model is aware the imperfection in
its reconstruction and the location of such imperfection.

Encoder network:

x € R¥®*®*! - Symmetric padding — R***32*! — Convi;® (stride =2) — ReLU
— Conviy® (stride=2) — ReLU
— Convizd (stride=2) — ReLU
— FC¢y — FCy, = peR*%

N
FCy — ReLU = 0 € R*%
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Figure B.6: Original and reconstructed samples of CelebA dataset (top and middle
row for each block) and the corresponding variance values (bottom row) indicating
regions of high uncertainty in the reconstruction. Note the high variance regions cor-
respond very well to the areas where the reconstruction is different from the original
image. This indicates that the model is aware the imperfection in its reconstruction
and the location of such imperfection.

Decoder network:

2=+ €e®0 — FCygs — ReLU — Reshape — R!*1*40%

— depth to space, — R¥**#¢ 5 ConviZ? (stride=1) — ReLU

— depth to space, — R¥®*4 5 Conviy? (stride=1) — ReLU

— depth to space, — R'16X16 _ Conv?® (stride=1) — ReLU
5x5

— depth to space, — R¥***** 5 Conv)*® (stride =1, padding:)x%{lld)

— Sigmoid — Reshape = & € R?8x%x1
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Prior VAE network:

— (FCs19 — Leaky ReLU) x 3 — FCy, — py € R™
N\
FC4 — ReLU = 0, € R™
t =+ e©® oy — (FCs2 — Leaky ReLU) x 3

— FCy, — 2 € R%

d, is the dimension of z-space, d; is the latent dimension of our prior VAE, y is code
mean and o is decoder variance parameter introduced in Section 7?7, € ~ N (0,7)
and unless otherwise specified the padding in the convolution operation is 'same’.

We use the following hyper-parameters to train the network:

Batch d, dy N epoch  Optimizer Learning Padding
size rate
256 16 2 50 Adam  5x107* SAME

B.3.1.2 CelebA

For CelebA dataset, we implement a CNN encoder and a Style-GAN generator, as

detailed below. Encoder network:

x € RIS 5 Conviy® (stride=2) — Leaky ReLU

( )
— Convgy” (stride =2) — Leaky ReLU
— Conviy? (stride=2) — Leaky ReLU
( )
( )

3%x3
3x3

— Convizd (stride=2) — Leaky ReLU
— Convi;3 (stride=2) — Leaky ReLU

— Convipy, (stride =2, padding=valid) — Leaky ReLU
— FC512 — FCdZ = ue Rdz

N\
chz = 0 € R

Decoder network which is inspired by the Style-GAN architecture is given below.
The Style Module refers to a fully connected a layer that first doubles the channel
dimensions and then merges the channel dimension back to the original dimension
by summing the first half channels with the original channel value weighted second

half channels. This operation is modified from the original Style-GAN generator to
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fit with a VAE model.

z=j+e®0— (FC59 — Leaky ReLU) x 8 — Reshape — R!*1*512
— Resizels? — CNN2} — Instance Norm — Style Module — R?**2*%12
— Resizelss — CNN2X} — Instance Norm — Style Module — R**4*%12
— Resizelse — CNNZ? — Instance Norm — Style Module — R¥*8%512
— Resizejog '® — CNN3X3 — Instance Norm — Style Module — R!6*16>2%6

— Resizej;*** — CNN3ZP? — Instance Norm — Style Module — R?2*32x256

— Resizel} % — CNN332 — Instance Norm — Style Module — R4*64x128

— Resizes3>'?® — CNN35S — Instance Norm — Style Module — R128x128x128

— CNNSP — Leaky ReLU — CNN3*? — R128x128x3
Prior VAE network:

z — (FCs15 — Leaky ReLU) x 5 — FCyq, — 1, € R%
¢
FC4 — ReLU = ¢, € R*
t = +e® o, — (FC519 — Leaky ReLU) x 5

— FCy, — 2 € R%

We use the following hyper-parameters to train the network:

Batch d, dy N epoch  Optimizer Learning Padding
size rate
256 256 32 75 Adam  5x107* SAME

B.3.2 More Experimental Results

Now we show more results that supplement the results from the main texts.
We give more generated samples from each VAE model, FID scores on the MNIST
and fashion-MNIST datasets, an ablation study on the impacts of the prior VAE’s
latent dimension on the overall modelling performance and finally more examples of

latent space interpolation using the derived latent distribution.

B.3.2.1 Generated Samples from Inferred Prior Distribution

Here we generate samples from the inferred prior distribution of each VAE model.
The sample quality indicates how well the prior distribution matches the learnt

latent data distribution. As can be seen, our method and GMM prior produce
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the best quality samples. However, in the higher dimensional latent space which is
often needed for more complex datasets such as CelebA, our method outperforms
the GMM prior. It is also very clear that the standard VAE with a normal prior fails
to represent the inferred data distribution at all. This calls for caution in using the
unit Gaussian prior if the inferred latent distribution is actually needed to represent

the realistic data samples in later tasks.
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(a) MNIST. (b) Fashion MNIST. (c) CelebA.

Figure B.7: 100 images generated from the inferred prior distribution in our LaD-
Der model for each of the 3 datasets.
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(a) MNIST. (b) Fashion MNIST. (c) CelebA.

Figure B.8: 100 images generated from the inferred prior distribution in a GMM-
VAE model for each of the 3 datasets.
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(a) MNIST. (b) Fashion MNIST. (c) CelebA.

Figure B.9: 100 images generated from the inferred prior distribution in VampPrior
model for each of the 3 datasets.
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(a) MNIST. (b) Fashion MNIST. (c) CelebA.

Figure B.10: 100 images generated from the inferred prior distribution in a VAE
with a hierarchical prior for each of the 3 datasets.
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(a) MNIST. (b) Fashion MNIST. (c) CelebA.

Figure B.11: 100 images generated from the inferred prior distribution in standard
VAE (normal prior) for each of the 3 datasets.
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B.3.2.2 FID Scores on MNIST and fashion-MNIST

In Section 4.1 from the main texts, we demonstrate that our generative prior can
accurately model the inferred latent data distribution by evaluating the FID scores of
both generated and reconstructed samples. We pay special attention to the difference
in the visual quality between the generation and reconstruction. This is because the
reconstruction samples quality of a VAE indicates the best sample quality the VAE
can generate (if the prior 100% matches the inferred data manifold point-by-point).
We give the FID score for CelebA dataset in the main texts. Here we also give
the FID scores for MNIST and fashion-MNIST datasets, which tell a very similar
story that our LaDDer model can generate very good quality samples and the gap

between generation and reconstruction is small.

An interesting effect shown here is that the VAE model with a GMM prior also
achieves very good performance. We reckon this is because the MNIST datasets are
relatively simple and hence a GMM fitting in a relatively low-dimensional z-space
can match the overall data distribution fairly well. However, when the dataset
becomes more complex, such as the CelebA dataset, our generative prior is more

flexible and outperforms the GMM prior, as shown in the main texts Section 4.1.
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Table B.2: FID scores (lower is better) of generated and reconstructed samples
from 5 VAE models with different priors. Our generative prior and GMM hyper
prior achieves best sample quality in both generation and reconstruction and the
minimal gap between the two.

Dataset Prior Normal VampPrioy GMM Hierarchicgl Ours .Real
model image
Generation 4021 * 47326:‘: 2.3+0.5 52447:t 6.4+ 1.3
MNIST digit— i1 £ 08 | 14 £ 04 | 25 £08 | 54 £14 [24£04] 23+04
. 399.3 + 45.8 + -0.2 £+ 47.0 £
Difference 52 4.0 13 33 4.0 £ 1.7
Generation 262'}1 + 231'62:t 6.0 + 1.0 24:;'2 + 5.2+ 0.9
MNIST fashipag o rction32 £0.4 [ 3.0 02 [ 2004 | 18 £02 [ Lofo4 | -4+ 01
. 262.9 + 20.6 + 242.0 £
Difference 2.8 14 3.1+ 14 3.1 42+ 1.3

B.3.2.3 Ablation Study: the Impact of Hyper Latent Dimension on Per-

formance

Here we carry out an ablation study on the impact of the latent dimension of our
prior VAE model on the overall modelling performance, specifically on the generation
quality. Over all three datasets, the generation quality improves as we allow the prior
VAE to adopt a higher latent dimension. However, the benefit of increasing the
latent dimension diminishes as the dimension reaches certain level. This indicates
that the dimension reduction achieved by the prior VAE module is still valid and
does not limit the model’s performance as long as its latent dimension is not set to

be overly small.

Table B.3: FID scores (lower is better) of generated samples from our generative
prior with different latent dimension d;. It is clear with higher latent dimension, the
generation improves. However, the benefits diminish as the dimension increases.

Dataset 5d Id 3d Oursl6d 39d Real image
MNIST digit 58.7 £ 1.8 35.1 £ 8.1 6.4+ 1.3 6.9 + 0.8 N/A 23+04
MNIST fashion | 25.3 + 1.6 9.9 + 1.2 5.5 4+ 0.7 524 0.9 N/A 0.4 £ 0.1
CelebA 175.7 £ 0.5 | 1484 +£ 0.6 | 1384 + 0.5 | 133.5 + 0.6 | 132.7 £ 0.5 | 5.9 £ 0.5

B.3.2.4 Latent Space Interpolation Through Our Shortest Likelihood
Path

In the main texts, we demonstrate how to use the estimated latent distribution
to facilitate further tasks through a latent space interpolation example. We show
that the derived latent distribution can inform the interpolation to only step on
high likelihood regions in the latent space. As a result, the inferred samples remain
realistic throughout the path and render smooth transitions into the target image.
Here, we show more examples on the interpolation task and we also show our shortest

likely path traversal on two other VAE models to indicate it can be generally applied
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to other methods. Across the interpolation results, the interpolation informed with
the learnt latent distribution generates better samples. The exception is the VAE
with a normal prior and this is because the normal prior poorly models the true

data distribution.

Start Stepl Step2 Step3 Step4 Step5 Step6 Step7 Step8 Target

SLP
b) LaDDer

32D SP

d) Normal
256D gp

Figure B.12: Latent space interpolation between a pair of CelebA images. We
show the interpolated images for 3 VAE models: (b) our proposed LaDDer, (c) a
GMM prior and (d) a normal prior. For each method, top row gives the interpolation
of our shortest likely path (SLP) method and bottom row gives the interpolation of
the shortest path (SP) method.
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SLP
b) LaDDer
32D Sp
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3) c) GMM
, 256D gsp
SLP
d) Normal
256D gp
SLP
b) LaDDer
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SLP
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SLP
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Figure B.13: Latent space interpolation between a pair of CelebA images. We
show the interpolated images for 3 VAE models: (b) our proposed LaDDer, (c) a
GMM prior and (d) a normal prior. For each method, top row gives the interpolation
of our shortest likely path (SLP) method and bottom row gives the interpolation of
the shortest path (SP) method.
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