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We develop a formalism for computing the non-linear response of
interacting integrable systems. Our results are asymptotically exact
in the hydrodynamic limit where perturbing fields vary sufficiently
slowly in space and time. We show that spatially resolved nonlinear
response distinguishes interacting integrable systems from nonin-
teracting ones, exemplifying this for the Lieb-Liniger gas. We give
a prescription for computing finite-temperature Drude weights of ar-
bitrary order, which is in excellent agreement with numerical evalu-
ation of the third-order response of the XXZ spin chain. We identify
intrinsically nonperturbative regimes of the nonlinear response of in-
tegrable systems.

Non-linear response | Integrable systems | Generalized Hydrodynamics

M ost conventional experimental probes of many-body sys-
tems, from spectroscopy to transport, operate in the
linear-response regime. Linear-response coefficients such as
the a.c. conductivity and dynamical susceptibility have a
natural theoretical interpretation in terms of the fluctuation-
dissipation theorem (1): the response to an external probe
captures the intrinsic fluctuations of the system’s degrees of
freedom. Despite its many successes, linear response has its
limitations as a probe of correlated quantum matter. For
example, many different mechanisms — of varying levels of in-
terest — give rise to incoherent spectral continua, and cannot
be differentiated on the basis of linear-response data. Likewise,
quantities like the conductivity probe some specific combi-
nation of the density and lifetimes of excitations; thus, e.g.,
the finite-frequency conductivity is qualitatively the same for
a metal and an insulator. Recently, various experimental
probes of nonlinear response have been developed to circum-
vent these difficulties, ranging from quench experiments in
ultracold atomic gases (2) to pump-probe spectroscopy (3) and
multidimensional coherent spectroscopy (4-22) in condensed-
matter settings. While the first of these methods is apt for
probing far-from-equilibrium dynamics and the second radi-
cally reconstructs the state of the system, the third is milder,
and probes higher-order and multiple-time correlations of the
equilibrium system. Such nonlinear probes are able to distin-
guish phases that have similar linear-response signatures: e.g.,
they can distinguish between excitation broadening due to
disorder and that from decay (12). Despite a flurry of recent
work (13-25), the theoretical toolbox for addressing nonlinear
response in generic interacting quantum many-body systems is
primitive, with few exact results beyond free theories and those
that reduce to ensembles of two-level systems. (Notable excep-
tions are Refs. (26-28) which compute specific time-ordered
n-point correlation functions in integrable systems with the
goal of characterizing ballistic transport.)

Here, we develop and apply an asymptotically exact frame-
work for computing the nonlinear response of interacting in-
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Fig. 1. Third-order spin Drude weight DG in the easy-axis regime of the XXZ spin
chain with Bh = 1. Main figure: Comparison between GHD and ED results for fixed
A. The lower (upper) boundaries of the shaded region correspond to extrapolations
of finite-size ED results with a degree 1 (degree 2) polynomial in 1/ L. Inset: DG
as a function of n = cosh™! A.

tegrable systems, i.e. those solvable by the thermodynamic
Bethe ansatz (TBA) (29). This framework is based on viewing
integrability through the lens of generalized hydrodynamics
(GHD) (30-32) (see also (33, 34) for a precursor of this ap-
proach, and e.g. (35-57) for recent developments); our results
are exact at the hydrodynamic Euler scale, i.e. for perturba-
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tions that vary slowly in space and time. [The response to
sharply localized potentials could contain oscillations in space
and time that the GHD approach automatically averages out
and hence cannot properly capture.] We remark that with
these caveats GHD, and thus our method, is believed to be
exact at any finite temperature and it can be applied to the
computation of correlation functions of the density of any
conserved charge in any integrable system.

In the present work, we show that the nonlinear response
of integrable systems contains information that is absent from
(or subleading in) linear response: while the spectral functions
of free and interacting integrable systems are qualitatively
similar (with only subtle differences in the broadening around
their ballistic light-cones (45, 46)), we find that spatially re-
solved nonlinear response reveals clear, qualitative distinctions
between interacting and noninteracting integrable systems (as
well as between chaotic and integrable systems). We discuss
the prospects for measuring these features in experiments on in-
teracting many-particle systems using nonlinear spectroscopic
probes.

We also consider the generation of persistent currents af-
ter the application of an electric field, which is one of the
hallmarks of integrability. At linear order in the field, the
current is encoded in the linear Drude weight (36, 58). This
can be readily generalized beyond the linear order, by defining
higher-order Drude weights D™ (59, 60). We show that our
formalism yields a compact recursive formula for D™ at finite
temperatures. We demonstrate the validity of our hydrody-
namic approach by comparing its results with those of exact
diagonalization studies of integrable spin chains; we find excel-
lent agreement (Fig. 1). We conclude by discussing the special
case of the isotropic Heisenberg chain, which is known to host
anomalous superdiffusive transport (61-67) characterized by
propagation that is slower than ballistic motion but faster
than diffusion. We show that the emergence of supediffusion
is accompanied by a breakdown of perturbation theory in
the external field and hence an inherently non-perturbative
nonlinear response.

Setup

We consider general one-dimensional systems whose dynamics
are governed by some integrable Hamiltonian Hy. The dy-
namics under Ho are treated within Euler-scale GHD (32):
we partition the system into hydrodynamic cells each of meso-
scopic size and linked to some spacetime point (z,t), and
assume that each cell is always instantaneously in some local
generalized Gibbs ensemble (GGE) (68, 69), characterized
by the vector of occupation factors of available quasiparticle
states, n(z,t) = {ng(z,t)}; the “rapidity” 6 is a convenient
way of parameterizing the momentum. (We present results
for systems with a single quasiparticle species but the gen-
eralization to multiple species is immediate.) The density
of quasiparticles of species # can be expressed in terms of n
as po = pyne, where pf is the available density of states for
quasiparticles with those quantum numbers. (Note that, in an
interacting system, p}, is itself a nontrivial function of the local
GGE.) Because of integrability, py is separately conserved for
each 0; moreover, ng obeys a quasilinear advection equation,

Oing + vgﬂ[n]azng =0, [1]

2 | www.pnas.org/cgi/doi/10.1073/pnas. XXXXXXXXXX

where v§" is an effective group velocity. In non-interacting
systems, the effective velocity v*% of a quasiparticle is just its
group velocity. In an interacting integrable system, however,
collisions are associated with a time delay in the quasiparticle
trajectory, and thus renormalize the effective quasiparticle
velocity. v° is therefore a nonlinear functional of n.

Hy has an infinite set of conserved charges, [Ho, Q]] =0,
whose expectation values in a GGE state are given by (Q7) =
fdx((b) = f dxdf qug, where qg is the contribution to the
4" charge density from quasiparticle 8. The corresponding
current density is j; = f dﬁpgqgvgﬂ. GHD is highly nonlinear,
even at the Euler scale, since the properties of each quasipar-
ticle are strongly renormalized by its interactions with all the
others; however, this nonlinearity can be addressed using TBA
techniques.

We now discuss how external forces can be incorporated into
GHD (35, 44). For concreteness we specialize to the case where
the coupling is to a global U(1) charge ¢ = o, which remains
conserved even in the presence of inhomogeneous fields. Thus,
the perturbed Hamiltonian is H(t) = Ho + [ dzV(z,t)Go(x).
Assuming V varies slowly in space and time, the Euler-scale
time evolution of the system is described by (35, 43, 44, 47-50)

Oeno + v 0o + Fastgng = 0, [2]

where a‘gﬁ[n] is the effective acceleration of the quasiparticles,
and the sole dependence on the potential is via the electric
field E(x,t) = —0,V (x,t). As is the case for v°7, a° is also
renormalized by scattering processes and is hence a nonlinear
functional of n.

Finally, we note that Eq. (2) is strictly valid only at the
Euler scale, i.e., for response at asymptotically large x and ¢,
but with a fixed ratio z/t. Euler-scale response is a hallmark
of integrable dynamics: chaotic systems without Galilean
invariance have exponentially suppressed response at the Euler
scale, since densities spread diffusively rather than ballistically.
Interacting integrable systems also have diffusive corrections
to ballistic quasiparticle spreading (45, 46, 70), but these
corrections are also suppressed at the Euler scale.

Nonlinear-response

Response is concerned with computing the value of some local
observable O—taken here to be a charge density G; or current
density J;—following the application of electric fields F(z, t).
Since Eq. (2) is asymptotically exact at the Euler scale to
all orders in Vj, it is sufficient to work perturbatively in Vj
to compute the response (we comment on exceptions below).
Formally, the connected order-N response is

N-1
K o tuh) = [ 550 O ta) 3]
n=0 E—0
with t9 < t1 < -+ < tn. The expectation value is taken
with respect to the nonuniform state at time ¢ty generated by
perturbing the initial uniform GGE state with external fields
at times t1,...tn—_1. Our strategy is to express the expectation
value in Eq. (3) in terms of quasiparticle occupations, perform
all the functional derivatives, and then set £ = 0, yielding an
expression that we evaluate in the uniform GGE.
An expectation value (O(z,t)) is a nonlinear functional of
the local state n(z,t). It can be affected by perturbations at
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Fig. 2. Four distinct physical processes contributing to the second-order response X(Q)- (a) A thermal quasiparticle (QP; black line) is accelerated twice by the electric field (red
wavy line), and modifies the expectation value (O) in the final space-time cell. (b) First a thermal QP is accelerated; a second thermal QP (blue line) is later accelerated when

the first is in its space-time cell, thus modifying the effective acceleration perceived by the second; both QPs proceed ballistically and the second modifies (O). (c) Two thermal

QPs are independently accelerated by two pulses of the electric field; after travelling to the same space-time cell, and together they modify (O). (d) As in (c), two thermal QPs
are independently accelerated but one scatters off the other before influencing (O). Only (a) is relevant to free systems but all four processes contribute in interacting integrable

systems.

other spacetime points only through the advection of those
perturbations to (z,t), which is captured by the propagator
Dyor (2,2) = 5(1:;?82)’
can express this dependence in the following compact form,
suggestive of a chain rule (71):

5(0(=)) _ 5(0(21)) na(21) 6m(z0)
- / dOdas = 0) nolz0) 9E(z0) [4

where we have defined z = (z,t). One

Eq. (4) simply says that expectation values at spacetime point
zo depend on fields at z1 # 2o purely via the process by which
the fields perturb the quasiparticle distribution at z¢ and this
perturbation is advected over to z;.

We are interested in generalizing Eq. (4) to the case of
higher-order functional derivatives. To organize these more
complicated expressions we have developed a diagrammatic
framework (72), which relies on the observation that any
functional derivative can be composed of the following types
of elementary object. First, there are propagators, defined
above, connecting perturbations at different spacetime points;
in a uniform GGE, the propagators take the simple form
Dggl (:L‘o, to; 1, tl) = 599/5 [(Io & (El) e Uzﬂ(to - tl)] (73)
Second, there are functional derivatives of observables at a
point with respect to the quasiparticle distribution at the same
point, which can be evaluated using TBA techniques (32). We
call these “measurement vertices.” Third, there are derivatives
of the quasiparticle distribution at a spacetime point with
respect to fields at the same point. To find these we invert
Eq. (2) using Green’s function techniques, and thereby find
%7;5((;)) = —a§[n]Oene (72). We term these objects “field ver-
tices.” These three types of objects appear in Eq. (4). Finally,
response functions at order N > 1 will also involve expressions

(») — 3P ng(z0) ;-
of the form I'?’ = Friay (s1)--omay (o) These capture the modi

fication of the spacetime propagator by scattering events, and
can be computed by repeatedly differentiating Eq. (1) with
respect to n, which yields a recursive formula, that allows us
to express I'® in terms of (9zl"<1) and functional derivatives of
the v°f[n] with respect to quasiparticle occupations (72). We
refer to these objects as “scattering vertices.” All other types
of object can be expressed in tkerms of these: e.g., functional
sk

1)~<<5Zlak (21)?
terms of measurement or scattering vertices and propagators,
which advect all occupation factors to the point where the
functional derivative is taken. We may verify that for N =1
this procedure yields the standard expressions for linear re-

derivatives of the form PR can be rewritten in
1
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sponse. Higher-order response functions can then be computed
recursively from Eq. (3).

Although the formal expressions rapidly become unwieldy
with increasing N, they have a transparent physical interpre-
tation, as we now exemplify for N = 2. The external field
can affect the system via two distinct physical processes, each
corresponding to a distinct field vertex (represented by a box
with a wavy line in Fig. 2): it can accelerate a thermal quasi-
particle from rest within a spacetime cell (the first field vertex
in Fig. 2a), or else accelerate a quasiparticle previously acted
upon by the field at an earlier time (the second field vertex
in Fig. 2a). In a non-interacting integrable system different
quasiparticles are independent of each other, thus all con-
nected nonlinear response functions result solely when a single
quasiparticle is repeatedly accelerated by the field, and then
measured, as in Fig. 2a. However, in interacting integrable
systems, quasiparticles influence each other via scattering
processes. Consequently, the ability of the field to excite a
quasiparticle in a given spacetime cell z is also sensitive to the
presence of quasiparticles excited by the field in all spacetime
cells in the past light-cone of z under the advective dynamics
of GHD, leading to additional connected contributions (as in
Fig. 2b). Quasiparticles excited by the field acting at distinct
spacetime cells can also propagate to a single cell where they
jointly modify the measured observable (Fig. 2c). Interactions
thus lead to an infinite hierarchy of field and measurement
vertices, that are sensitive to the presence of an increasing
number of previously-excited quasiparticles in the spacetime
cells where quasiparticles are accelerated or measured. Finally,
the nonlinear response also receives contributions from scat-
tering vertices, again of arbitrary order, due to the phase shift
experienced by the measured quasiparticle as it propagates be-
tween the acceleration and measurement cells in the presence
of other excited quasiparticles in the system (Fig. 2d). The
N* order response in an interacting integrable system involves
N field vertices and a single measurement vertex, linked by
advection propagators Dggr (2, 2') and scattering vertices, and
can be organized using spacetime diagrams (72). Crucially, at
fixed N, only vertices below some finite order can contribute:
for instance Fig. 2 contains all processes contributing to x@.

We caution the reader that in Fig. 2 the effects of fields and
collisions are exaggerated for clarity. In fact, the trajectory
shift due to scattering processes as in Fig. 2d is infinitesimal,
and similarly a perturbing external field only imparts an in-
finitesimal acceleration to each quasiparticle. Thus there are
kinematic restrictions on allowed processes that the figure does
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not capture. For instance, the process in Fig. 2a is possible
only if the three points — the two where the field act and the
one at which the measurement occurs — lie on the same ray
x = xo + vat for some initial position zo and some rapidity
A. This aspect will be crucial to our discussion in the next
section.

Measuring Interactions in the Lieb-Liniger Gas

As an example of this approach, we apply it to the Lieb-Liniger
model of 1D bosons with contact interactions,

EIO: pj—|—cZ(5
J i#j

i — &), (5]

where Z; and p; are the position and momentum of particle
j. The bare group velocity v of a particle is equal to its mo-
mentum p. The effective velocity v can be obtained from v
as the solution to an integral equation, whose explicit form is
provided in the Methods section. An additional fact, peculiar
to the Lieb-Liniger gas, is that the effective acceleration a®®
is not renormalized by interactions; with our choice of con-
ventions, a¢*f = 1. For ¢ — 0, Hy is a free Bose gas, while
for ¢ — oo it can be described as a theory of free fermions.
This can be recognized, for example, by studying v*%, which in
both limits tends to the bare group velocity v. Consequently
linear response in these two limits approximates that of free
bosons or fermions respectively, with only quantitative correc-
tions from interactions. This hinders a precise measurement
of ¢ based only on linear response. We now demonstrate that
a spatially-resolved measurement of x> —or higher-order
responses— carries direct information about the interactions.
For concreteness, we consider a specific charge response of
the form Y? (z,t,7) = (2)(0 0;x,7;0,7 4+ t) where the first
perturbation and the measurement coincide spatially, and
the system is perturbed at an intermediate time at position
x. In the free boson or free fermion limits, we know from
the discussion in the previous section that the only process
contributing to X(2) is one where a single quasiparticle is
repeatedly accelerated by the subsequent field applications
(Fig. 2a). Furthermore, as previously noted, this process can
take place only if all the points in which the perturbation is
applied and the measurement point lie on the same ray. Thus,
in the two non-interacting limits ¥ (x, ¢, 7) will vanish every-
where except at £ = 0. Conversely, if ¢ = O(1), quasiparticles
are strongly interacting, and each influences the dynamics of
the others. For example, processes such as those in Fig. 2d
will be non-zero since v°% of a quasiparticle with momentum
p will depend on all the quasiparticles in the same region. (72)
We thus expect that X<2) is generically finite and non-zero for
arbitrary perturbation and measurement points.

To summarize: if we focus on the region away from x = 0,
i.e. chosen to exclude the case where all points lie along the
same ray, we expect )2(2)(23,15,7') to be directly sensitive to
the interactions, and hence generically will have a nonzero
value away from the free limits ¢ — 0 or ¢ — co. An imme-
diate corollary is that in these limits, ¥®)(z # 0,¢,7) should
respectively vanish as O(c¢) or O(1/c). This should be con-
trasted with linear response measurements where x(? = o(1)
in all these cases and the effect of interactions is to determine
sub-leading corrections.

Indeed, this response is readily computed using the above
formalism (as detailed in the Methods section and (72)); Fig. 3

4 | www.pnas.org/cgi/doi/10.1073/pnas. XXXXXXXXXX

shows the results for various interaction strengths, at fixed
temperature T" and boson density n. As ¢ decreases we see that
the signal moves closer to x = 0. This is because for ¢ — 0 the
system is proximate to a Bose-Einstein condensate at ¢ =0
and T = 0 (see e.g. Refs. (74, 75)), and hence only slow,
low momentum quasiparticle states are occupied. [See the
Methods for another effect contributing to the signal moving
near x = 0.] Furthermore, note that the signal starts to
decrease either for ¢ < 1072 or ¢ > 1, as expected. [Recovering
free boson response as ¢ — 0 requires studying very low c;
as ¢ decreases, the density of states initially increases due
to the incipient Bose condensation, enhancing interaction
effects.] These observations are not restricted to the protocol
analyzed above: any protocol which separates the same-ray
‘free’ contribution from the regular part of the response would
yield similar results. Thus, nonlinear correlators provide a
more direct window into the interacting Lieb-Liniger gas than
linear response.

x 102

1
—31 — ¢=0.64 |
— ¢=2.56 ‘
—4 : :
—4 -2 0 2 4

Fig. 3. x*(0,0;x,7;0, 7 + t) in the Lieb-Liniger model for various interaction
strengths c. Wetake ' = 2, n = 1, 7 = t = 1 and regularize the §-function GHD
propagator as a Gaussian of width n = 0.1. In a noninteracting system, the only
response would come from the resolution-limited spike at x1 = 0; everything else is
a signature of interactions.

In passing, note that spatially-resolved measurements of
multi-point nonlinear response would also give a powerful di-
agnostic for ballistic transport, and hence integrability. As
we remarked above, the existence of nontrivial Euler-scale
response—absent strict Galilean invariance—is a hallmark
of integrable dynamics, and suffices to diagnose integrability.
Even in Galilean-invariant chaotic fluids with a few conserved
currents, quasiparticles propagate sub-ballistically, so one ex-
pects an Euler-scale multi-point correlator like that shown in
Fig. 3 to be strongly suppressed relative to the integrable case.

Higher-order Drude weights

So far, we have focused on spatially-resolved response. While
this can be measured in cold-atom experiments, most solid-
state spectroscopic techniques only access spatially integrated
quantities. At the Euler scale, the most natural integrated
quantity is the generation of a persistent current in response
to a uniform electric field. This follows from the fact that
the current operator in an integrable system generically has
some part that is strictly conserved under time evolution,
so the current generated in response to an electric field will
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not decay over time. For example, specializing to first-order
response, fdw X;Z)(an}%t) will tend to a constant as t —
oo; this limiting value is called the Drude weight (76, 77).
Alternatively, in frequency space, the conductivity goes as
o(w) = 7Dé(w) + Drude weights extend to nonlinear
response: a field E applied to the system for a finite time At
drives a persistent current jo(p), where ¢ = EAt is the vector
potential variation due to the field. By expanding jo(¢) as a
series in its argument and taking derivatives, we may define a
sequence of nonlinear Drude weights (59, 60) (which can be
defined similarly for any other operator).

Our diagrammatic approach can straightforwardly be used
to compute N*" order Drude weights DN, by integrating the
N'" order response over the positions of the field insertions.
As shown in the SM (72), this yields the recursive formula

N 4 N-1
DI = —/dHNa Doy g 93< ), [6]
with D(® = (O). This recursive formula allows to obtain a

closed-form expression for non-linear Drude weight of arbitrary
order only using TBA technology, with explicit expressions up
to third order given in the SM (72).

While Eq. (6) rapidly becomes complex with increasing N,
a simple limit emerges for the first term of a high-temperature
expansion: since each factor of dyn is proportional to T !,
the leading contribution to ng) is always obtained by acting

with 5 —on the factor Joy_,noy_, in @gN—l). Integrating
by parts, we find that as T — oo,
CARERY1(0)}
D(}V) — _ |: eff ] eff
o dfden 50 a (0) +0(T7%). [7]

We benchmark this GHD result against numerical simulations
of a paradigmatic integrable model, the XXZ spin chain, and
focus on spin current response. Since spatial inversion sym-
metry forces spatially-averaged current response functions to
vanish for any even N, we focus on D@ . We work in the easy-
axis limit, and exploit the generalized Kohn formula (59, 60)
combined with exact diagonalization (ED) on small systems.
(Unfortunately, state-of-the-art matrix product operator tech-
niques for linear Drude weights (78) do not give comparably
good results for higher-order Drude weights (72).) Our results
are presented in Fig. 1; despite the difficulty of extrapolating
reliably to the thermodynamic limit from the small system
sizes accessible to ED, we see that the GHD results are within
the range of our extrapolations at high temperature, and agree
extremely well at lower temperatures. We also see good agree-
ment as we vary the easy-axis anisotropy at fixed temperature.

Discussion

In this work we have presented a general framework for com-
puting nonlinear response within GHD, demonstrated that it
is in excellent agreement with exact numerics, and illustrated
how it can directly distinguish between free and interacting
integrable systems. Our results suggest a natural experimental
protocol for directly measuring quasiparticle interaction effects
in the Lieb-Liniger model using ultracold atomic gases. (Im-
portantly, this approach does not require single-site imaging
resolution.) Since our proposal involves finite-time behavior, it
can be applied to realistic experimental settings where integra-
bility is only approximate. We have focused on regimes where

Fava etal.

the nonlinear response is perturbative, and can be expanded
in powers of the field strength. In such regimes, our results
for nonlinear response bear some resemblance to those for full
counting statistics (26-28). The multipoint correlators that
appear in that theory (with all operators evaluated at the
same point in space) are a special case of those computed
here.

We need not look far for integrable systems in which re-
sponse is inherently nonperturbative. The most transparent
example is the isotropic Heisenberg model, at h = 0. In
linear response, this model exhibits anomalous transport in
the Kardar-Parisi-Zhang universality class (61-67). We may
approach this regime from nonzero Sh by taking appropri-
ate limits. Explicitly computing the spin current due to an
impulse ¢ = EAt, we find that

1/h

J(h, @) th

for some scaling function f that is approximately sinusoidal
in its argument (72). The sum is over quasiparticle “strings”,
which are bound states of s elementary magnons. If we now
take ¢ — 0 at fixed h # 0, we obtain a series in powers of
@, where the first term is the linear Drude weight (goD(l) ~
©h?|log h|), the next nonvanishing term is @*D® ~ 3 /A2,
and higher-order terms are even more singular in the half-
filling limit. The ¢ — 0 and h — 0 limits strikingly fail to
commute: if we instead take h — 0 at fixed ¢, we find that
J(h, ) ~ h*p|loghy|. In effect, ¢ can act as a cutoff on
response: for any fixed field, sufficiently large bound states
respond nonperturbatively and undergo Bloch oscillations. A
proper description of such nonperturbative phenomena requires
extending the present framework beyond Euler scale, e.g., by
including diffusive corrections (45, 46, 70) and other sources
of irreversibility (79). We leave this as an important direction
for future work.

Note added.— As this paper was being completed we be-
came aware of recent work (80) that computes exact non-linear
Drude weights for the XXZ chain. Ref. (80) considers only
T = 0 and |A| < 1, and hence has limited overlap with the
results presented here. We have checked that our results for
T — 0 agree in the relevant regime of A. Since the issue
of irreversibility for finite-T" GHD calculations is particularly
challenging to address in the easy-plane regime for reasons
noted in Ref. (79), we defer detailed study of this regime to
future work.

fheps®), 8]

Materials and Methods

Computation of I'®), In this subsection, we describe how I'?) =
62ng(2)

ong, (21)dng, (22)
and a scattering vertex. For the most general case of I'(P) | we refer
the reader to the SM (72).

To compute I'(?) we take the functional derivative of Eq. (1) w.r.t.
n(zo,to) and n(x1,t1), and evaluate it on top of a homogeneous
background, obtaining

can be expressed in terms of linear propagators D

(01 +vg0,) 1) =

5,Ueff
= — (/ do’ 5n9 DO’ 01 (Zl,z)ang 0o (Z(), )+ (0 d 1)) . [9]
6’

PNAS | August8,2021 | vol. XXX | no.XX | 5

396
397
398
399
400
401
402
403
404
405
406
407
408
409

410

41

412
413
414
415
416
417
418
419
420
421
422
423
424
425
426
427
428
429
430
431
432
433
434
435
436
437

438

439

440

441

442

443
444



445
446
447
448

449

450
451

452
453
454

455

456
457
458
459
460

461

462

463

464
465
466
467
468

469

470
471
472

473

474
475
476

477

478
479
480
481
482

483

484
485
486
487

488

489
490

Note that, since we have now fixed n to be the uniforrm thermal
background, we have dropped terms proportional to d;n. The LHS
of this equation consists of I'®) acted upon by a linear partial
differential operator (PDO) [since n is now fixed to be the thermal
background] whose Green’s function is given by the propagator D.
Inverting the PDO using its Green’s function, we have

eff

v
r® — —36,6, /dQZS Dy (zs, z) 677,9
01

Dy, (z1,2)02Dg(z0,2)+

+ (0 1) [10]

where we introduced Dg(z0,21) = 6(z1 — zo — vgﬁ(tl —t0)), zs =

(xs,ts) labelling the position of the scattering process, and d?zs =
dxs dts.
In this expression we can recognize the structure of a process

eff
like that depicted in Fig. 2d. Note that and hence I'?) will

(5119
577.91

be non-zero only if the model is interacting; in a free theory veft
reduces to the group velocity and will hence be independent of ng, .

X(2) in the Lieb-Liniger model. In this section we focus on the
protocol described in the Section “Measuring interactions in
the Lieb-Liniger gas” and the corresponding computation of

xf;)(o, 0;z,7;0,7 +t). In particular, for x # 0, x(? is given by the
sum of two contributions, represented in Fig. 2(c-d). In fact, (a)
is zero whenever z # 0, and (b) is zero in the Lieb-Liniger model
since a°ff = 1 and does not carry any dependence on the state n.

For continuity with the previous section, we focus on contribution
(d), which is given by

5(0)

n(6)’ (1

X = / do by dfa agf*dgn, agh dyne, T

_ ong(0,t+71)

" 0ng, (0,0)dmng, (z,7)
EvSH
dngy
sponds to the rapidity k = 6 and the energy is given by e = k2 /2 [as
customary, we are choosing units in which the mass of the particles
is 1]. The bare group velocity is then given by vg = k = 6. The
effective group velocity, which is renormalized by the interactions is
then given by the solution of the integral equation (32)

where I'(2) is given in the previous section in

terms of In the Lieb-Liniger model the momentum corre-

pg’vgﬂ = pg’ug + / do’ Kg,g/ng/pgﬂ)zi/cf. [12]
Kg_g/ is the so-called scattering kernel, which encodes the phase
shifts (or equivalently time delays) of quasiparticles upon scattering.
In the Lieb-Liniger model it takes the form
1 c

T (0—0)2 42
Before separately analysing the two limits ¢ — 0 and ¢ — oo,

we report the free particle result, which holds both for free fermions
or bosons, and is entirely due to diagram (a):

Ko_g [13]

dp §(O
W = / 92O by (22, 21 )apy (D1, 20)apBymy) . 14

2m dnp

As previously noted, the products Dp(z2,21)Dp(21,20) and
Dy (22, 21)0pDp(21, 20) vanishes whenever all the points {20, 21, 22}
do not lie on the same ray. Finally, we can see that the only dif-
ference between fermions and bosons is in the dependence of ny,
ie.

1

Tl fBlepm)’ [15]

p
in the two cases.

For the Lieb-Liniger has, it is easiest to recover this form in the
free-fermion limit ¢ — oo, in which Ky_g — 0. In this case, it is
then clear that v;ﬁ — vp = p independently of the state ng. As a
eff
0

5 . .
consequence 6:19 — 0 and I'®) will vanish.

The free-boson limit ¢ — 0 of the Lieb-Liniger gas is more subtle.
The key observation is that the width of the function Ky_g/ is

6 | www.pnas.org/cgi/doi/10.1073/pnas. XXXXXXXXXX

proportional to ¢. Combining this observation with Eq. Eq. (12) we
5ng
dng,
at Fig. 2(d), note that the slope of the black trajectory is given by
v°f(61), while the slope of the blue one is v*(9). Thus, as ¢ — 0, for
an effective scattering process to take place v (8) —v* (1) = O(c),
requiring that the three points lie approximately on the same ray,
i.e. £ = O(c). We can then see that ultimately this contribution
will be peaked in the same region where diagram (a) is non-zero
and it will be impossible to separate them. Similar considerations
would also hold for diagram (c).

While the above discussion implies that %(2)(x # 0,t,7) tends
to zero in the ¢ — 0 limit, as it should for a free-particle system, it
is not immediately clear analytically that the signal at = 0 tends
to its free boson value. This can, however, be verified numerically,
by showing that the sum of diagrams (c), and (d) in Fig. 2 tends to
zero as ¢ — 0.

expect that will be non-negligible only if § — 01 < c¢. Looking

Numerical computation of the non-linear Drude weights. In our nu-
merical calculations we used the generalized Kohn formula (59, 60)
combined with exact diagonalization. The generalized Kohn for-
mula relates the current Drude weights to the derivatives of the
energy levels when a gauge flux ¢ is threaded through a system

with periodic boundary conditions. E.g. for @ES) it gives
Jo

1 dte 1 d3(Jo)
DB = _ S o)
o sz d? sz dgd
n

n
where L denotes the length of the system, n runs over the eigen-

[16]

states of ﬁm each of whom has energy €, and is occupied with
probability p,. In the second part Jo is the total charge current
Zj Jo(3) and (-)n denotes the average over the n-th eigenstate.

The figures reported in the main text are obtained by summing over
all symmetry sectors (momentum and magnetization).

Note that a naive implementation of this formula based on finite
differences would be problematic. For small enough ¢ the numerical
precision on the finite difference (which must the be divided by ¢?)
would limit the accuracy of the results. On the other hand, at large
enough ¢, level crossings start to occur, thus compromising the
results. Empirically, it seems that these two problems significantly
compromise the results for all values of ¢ starting at L 2 15. There
are two possible solutions to this problem. One is to use perturbation

4 A X
theory to express ‘fT;E based on matrix elements of Hp and Jy (see

Eq. (31) of Ref. (60)). Another alternative exploits the integrability
of the model in question. In fact, we could choose a large ¢ ~ 1072,
and track levels through the various crossings based on their fidelity
(n(vo0)|n(p1)). Both approaches give consistent results for the cases
we considered.

Finally, we point out that this approach is heavily limited by
finite-size effects, specifically at small |A| — 1 or medium-high tem-
peratures, where a reliable extrapolation to the thermodynamic
limit is not possible (72).
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