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ABSTRACT

John Milnor has given a construction [ IS~] which 

associates with each topological group G- a sequence of 

spaces G-P(i) [our notation] which can be regarded as 

generalizations of the classical projective spaces 

RP(i) =.S°P(i), GP(i) = S 1 ?^) and QP(i) = S 3 ?( 

If one considers H-spaces instead of topological groups, 

one finds that additional homotopy structure is necessary to 

imitate this construction. Intuitively, an A^-space X is 

an H-space with sufficient additional structure to permit 

the construction for i*n of spaces XPfi) with properties 

similar to those of the spaces G-P(i). An An-map can be 

thought of as a map from one A^-space to another which up 

to homotopy respects the A^-structure.

The principal goals of this study are 1) to investigate 

the multiplication on an A^-space in terms of the geometry 

of the projective spaces and 2) to analyse the algebra of 

the homology of an A^-space. In the first direction we 

observe that in the classical case there exist maps 

RP(r) x RP(s)  * RP(r+s) and CP(r) * CP(s) *> ?P(r+s) 

which restricted to either factor are the usual inbeddin^s 

RP(r) C=L RP(r+s) and GP(r) ^CP(r+s). Working with 

A-st>aces we find that the existence of such maps is implied



by the multiplication's being itself an A^s -map. 

In particular, an H-space (X,ra) is homotopy abelian if 

and only if there is a map of SX * SX -*  XP(2) which is 

the inclusion on either factor.

The second direction is guided by William Massey's 

definition of cohomology products. The essential properties 

of the singular chain complex on an A^-space are embodied 

in the concept of an A(n)-algebra. Otiher algebraic objects 

called stacks are defined which give rise to spectral 

sequences of topological significance. Applied to A^-spaces, 

these spectral sequences yield homology operations which 

serve as criteria for A^-maps, and are related to the 

homology of the protective spaces.

The two paths of study are re-united in application to 

•&• tt(3)> the loop space on complex projective 3-space. T.fe

find that £ICP(3) is homotopy abelian and that there exists
i fj

a homotopy equivalence f : S * /IS ——* /ICP(3) which

is an H-map but not an A -map.
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INTRODUCTION

The present work involves a further study of objects 

introduced in C 2.j£ ] , but except for results explicitly 

quoted can be read independently.

Familiarity with certain concepts is assumed in this 

introduction, but formal definitions of all but the most 

elementary are given in later sections.

John Milnor has given a construction £ I <T "^ which 

associates with each topological group G- a sequence of spaces 

GP(i) L Olir flotation] which can be regarded as generaliia- 

tions of the classical protective spaces: 

RP(i) - S°P(i), CP(i) = S-hpU) and Q?(i) =. S3P(i). If

one considers H-spaces instead of topological groups, one 

finds that additional homotopy structure is necessary to

imitate this construction. Intuitively, an A -space X is
n

an H-space with sufficient additional structure to permit 

the construction for i ^ n of spaces XP(i) with properties 

similar to those of the spaces GrP(i). An A -map can be 

thou^it of as a map from one An-space to another which up to 

homotopy respects the An-structure.

The principal goals of this study are 1) to investigate 

the multiplication on an A -space in terms of the geometry of 

the protective spaces and 2) to analyze the algebra of the



homology of an An~space. In the first direction we observe 

that in the classical case there exist maps EP(r) x RP(s) —> 

RP(r-i-s) and CP(r) * CP(s) —^CP(r-*-s) which restricted to 

either factor are the usual imbeddings: RP(r) £TRP(r-i-s) and 

CP(r) cr CP(r+s). Working with An-spaces we find that the 

existence of such maps is implied by the multiplication being 

itself an A -map. In particular, an H-space (X,m) is 

homotopy abelian if and only if there is a map of 

SX x SX —^ XP(2) which is the inclusion on either factor.

The second direction is guided by William Massey 1 s defi­ 

nition of cohomology products. Algebraic objects called 

stacks are defined which give rise to spectral sequences of 

topological significance. Applied to An-spaces, these spectral 

sequences yield homology operations which serve as criteria 

for A -maps.

The two paths of study are reunited in application to 

-ft_CP(3), the loop space on complex protective 3-space. We 

find that -HL CP(3) is homotopy abelian and that there exists 

a homotopy equivalence f : S * _/2. S 7 —=2* _T2.CP(,3) which is 

an H-map but not an A^-map.

The work is divided into Chapters as follows:

Chapter I contains basic definitions and notation, includ­ 

ing some remarks on H-spaces and on singular homology.

Chapter II contains the definition of An-spaces, an 

explicit construction of protective spaces, the definition of



An-maps and proofs of certain fundamental properties. The 

initial sections are intended primarily for reference.

Chapter III studies the existence of axial maps. Parti 

cular attention is given to axial maps of SX x SX into XP(2) 

and of SX x xp(2) into XP(3).

Chapter XEE is algebraic in nature except for the appli 

cations. A brief discussion shows the relation of the work 

to that of Massey. The concept of an A(n)-algebra is intro­ 

duced; it embodies the essential properties of the singular 

chain complex on an An-space. A detailed investigation is 

made of the homology stack and bar operations and of their 

relation to An-maps as well as to the homology of protective 

spaces.

Throughout the work numbers in square brackets refer to 

the bibliography. References to results within the same 

chapter are indicated by arabic numerals; references to 

results in other chapters are preceded by a roman numeral.
I am extremely grateful to Dr. loan James for his 

advice and criticism during the preparation of this 

thesis and to Dr. Michael Barratt for his supervision 

during rny first year at Oxford. I am particularly 

indebted to Dr. James for calling to my attention 

the problems relating to axial maps, for suggesting 

Proposition III.1.11 and Lemma III.1.If, and for commun­ 

icating his joint work with Emery Thomas concerning 

Lie groups.



CHAPTER I BASIC CONCEPTS AND NOTATION



1. Basic spaces and maps

All spaces will be assumed to have base points 

and all maps and homotopies will respect base points. 

The base point of a CW-complex will be assumed to be a 

0-cell. All spaces will further be assumed to have the 

homotopy type of a countable CT.f-complex.

Let X,Y and Z be spaces with base points @x ,ev and 

ez . Let f : Z  > X, g : Z  »Y, and j -. Y —*? X be maps. 

The following spaces and maps will be of particular interest,

S , the topological group of complex numbers of unit 

norm, has base point 1.

.T2.X, the space of loops on X, is the function space 

(with the compact-open topology) of all maps (respecting 

base points) ^ : S 1  > X. The base point of _T"L X is ^e 

defined by 7^ e (S1 ) ~ ex . We define loop addition infix 

by ( ^ +^L ) (s) = >(2s) for 0 ^ 2s £ 1

s- x^(2s-l) for 0 ^ 2s - 1 £ 1.

For any map f '. X —5>Y» we denote by _Tl-£ : I~l X —-?-QY the 

map defined by [-TLffAj^] .(s) = f( X (s)) for

s 

Note that XZ.f is a homomorphism with respect to -f



1.2

We will use -Q. J£ to denote the spaoe of loops as defined 

by John C. Moore jTl8, p.30~J. Each point of -&-]£ 

consists of a pair fa ,r7 vsiiere ^ : C 0,r7\—^ X is a 

map such that TL (0) = X(r) — e,,. An associative 

addition -/- on -f^-^ is defined by

where ( >- +^u. )(t) - %(t) f or 0 £ t 5- r

>^ (t-r) for r £ t £ r -i- s.

X x Y, the Cartesian product of I and Y, has base point 

(ex ,6Y). The map (f x g) : Z — =» X « Y is defined by 

(f x g)(z) - (f(z),g{z)).

X^ is an abbreviation for X x X x ... * x, the Cartesian 

product of i factors. The map f1 : X^ — ̂  Z denotes 

(f x f x • • • x f ) .

X v Y, the wedge of X and Y, is the union of X and Y 

with common base point, e^ being identified with eY. The map 

f v j : Z v Y — 5> X is defined by (fvj) (z) - f(z) , 

(fvj)(y) = J(y).

X*- -* is the subset of X consisting of points with at

least one coordinate being

X ^ Y, the "smash" product of X and Y, is the space

obtained from X * Y by identifying X * e Y and ex x Y with 
(ex ,e y) which represents the base point of J. 2̂̂  Y.

, the i-fold "smash" product of X, is X •# • • • ^ X.
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X •#- Y, the (reduced) join of X with Y, i s the space 

obtained from Xx I x Y by identifying a) (x,0,y) with 

x £ X, b) (x,l,y) with y £ Y, and c) (ex ,t,eY) with 

&j> and eY to form the base point of X ** Y.

GX, the (reduced) cone on X, is the (reduced) join of 

a point with X.

CX w Y, where f : X — => Y, is the mapping cone of f,
f 

the space obtained from CX and Y by identifying (l,x) with

f(x). The base point is

SX, the (reduced) suspension of X, is GX «^f&, e Y where\f JL

&- : X — ̂  e^r. The map Sf : SZ — ̂  SX is defined by 

(Sf)(t,z) ^ (t,f(z)).

Remark . If we restrict ourselves to the category of 

spaces having the homotopy type of countable CW-complexes, the 

above constructions stay within the category. This follows 

for all but -fiL X from the usual theorems on pro ducts of 

CW-eomplexes and on spaces forms d from CW-complexes by
Kos

identifications. Milnor has shown that _fl X/the homotopy 

type of a countable CW-complex whenever X does [ / 7 ~] •

/\ is the standard n- simplex, represented as the set

of (n+ l)-tuples (t0 ,...,t ) of non-negative real numbers
^ n 

such that ^ t. = 1.
1=0 x

TT (X,Y) denotes the set of homotopy classes of maps 

of X into Y.
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2. H-spaces

Definition 2.1. An H-space (X,m) consists of a space X 
wit a base point e~ and a map m : X x X —=?X such that

m(x,e ) - X = m(ev ,X). We refer to m as a multiplication 
X * • ——— —————— 

on X.

Definition 2.2. A map f : X —^ Y is an H-map of an 
H-space (X,m) into an H-space (Y,n) if the map fe>m is 
homotopic to the map ir o (f x f).

We note that any map homotopic to an H-map is itself 
an H-map and that the composition of two H-maps is an H-map. 
Definition 2.3. An H-space (X,m) is homotopy associative 
if the maps m(l x m) and m(m x l) taking X * X x x into X 

are homotopic.

Definition 2.4. An H-space (X,m) is a monoid if m is 
associative, i.e. m(m(x,y),z) = m(x,m(y,z)).

Let (X,m) be an H-space.

The induced map m^ : H ^ (X x X) —> H^(X) can be applied 
to H^.(X) <g» H. (X) as imbedded in H^(X * X). The resultant

"**" 7C Tfc"

ring structure on H * (X) is called the Pontrgagin product. It 
is natural with respect to H-maps. It is associative if (X,m) 

is homotopy associative.



3. Singular homology

Singular homology is usually based on simplices or 

cubes. We refer to these spaces as the models for the 

singular theory. It is possible, however, to use other 

spaces as models, such as collections of acyclic regular 

cell complexes for which the appropriate notions of singilar 

boundary and degeneracy can be defined. That such theories 

will produce the standard results follows from the theory of 

acyclic models L 5" ~] • For example, the collection of 

models could be arbitrary finite products of simpliees.

If a space X is arcwise connected, we can generate the 

singular theory using only mappings of the models ?tfiich carry 

the 0-skeleton to the base point (cf. C If , p. 444 71 )•

How let the collection of models *[ L^ J be closed under 

products, e.g. cubes. Given two singular models u : L — > X

and v : L-, -^ X we define a new singilar model

u X v : L^ x L —— * X x X by (u x v)(s,t) = (u(s),v(t))
P

for s £• L, , t e I* A . This can be extended to define a <* P
map C(X) $ C(X) — => C(X x X) which, as in the classical case, 

will be a chain equivalence.



CHAPTER II FUNDAMENTAL PROPERTIES OF A^-SPACES
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1, Definition of ^-spaces

In order to define ^-spaces we use special complexes 

%, which will satisfy conditions 1.1.1 - 1.1.3 below. The 

last of these is relatively unimportant for the present 

study, as is condition 1.2. c in the definition of an 

A -space. in L 2 ' J> Q:n explicit construction is given 

of the special complexes Kj_ (i=2, 3»»«0» they have the 

following properties:

1.1.1. K^ is homeomorphic to the (i-2)- dimensional cube.

1.1.2. For 2 ^i r < i and 1 ££ k ^. r, there are imbeddings (/ 

: Kr x Ks — > K± (s= i-r+1) such that

a)

b)

x K B )) for ) ± k * J+q-l 

x K s ) X K) for k < J.

1.1.3. There are maps n. : K^ — > K^^i
^

for 1 £ 3 £ i such that

a) the following maps are homeomorphisms:



II. ="k (plL±^_ x K 2 ) 1 c k < i

="k ^"-(Ki-l X K 2 ) 1< k £ i 

b) the following relations hold:

for

k£j£k+ s-1 

f or 3 < k

Ks ) for k+s-Kj

II. j k = =kj+l for 3 » k - 

Def init ion 1.2. An Ap- space (X^{hjL| ) consists of a space
•

X with base point e and maps h^ : K^ x X"^ —— > X for 2 £is. n 

such that

a. ii2(x,e) = h2 (e:,x) = x for x £ X

b. h

xk» • • • 9 xk+s-l) » xk+s> • 

/7^ Kr , <5~e Ks , r-*-s = «>l. 

c • hjL ( ^ , x-^ , . . . , Xj __-^ , e , Xj + -^ 9 • . . , x.^ ) =

for e

For example, an Ag-space is just an H-space with 

multiplication h ,while an A^-space is a homotopy associative 

H-space since 9 K^ consists of two points and the corresponding 

maps are h2 (h2 x 1) and h2(l x h2) .
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How consider the five ways of associating four points.

In an A~-space each of these ways can be connected to two o
others by a single application of homotopy associativity, 

thus we have the following map of S1 x X4 into 1:

If we can extend to the (B-cell) x X4 , we have an A4-space. 

Def init ion 1.3. An A -space (X; fh.l ) consists of a

space X with base point e and maps h^ : Ki x X for

i- 2,. . . such that (X; {*&-,» 2 5 i £ n| ) is an An-space 

for n - 2,. ...

A space of loops is an A -space.

Since we will often have occasion to use formulas like 

that of l.S.b, we will abbreviate the right hand side as

(X? ,... ,h(s _1 ) , ..., xj , it being

understood that h g is preceded by x^^ and followed by
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2, X-projective n- spaces

A ma^or result of |_ 2. / J is

Theorem 2.1. If (X«fh/l ) is an A .. - space, there exist-— * *• ij -" n + i — — " — ——————
spaces XE(n) and XP(n) and maps f : X — > JE(n) and p;XE(n)- 

XP(n) such that

1) XE(n) has the homotopy type of the (n4- l)-fold join

2) f is an imbedding and is oontraotible

3) pf is the constant map

4) p^ : TT i (XE(n),X) -^ TT ̂  (XP(n),p(X)) is an 

isomorphism for all i.

The X-projective n-space XP(n) is defined if (X; fh 

is only an An-space; it can be described as follows:

Case 1. (X;hJ is a monoid (h^ is associative). We 

write hg(x,y) =r xy.

XP(1) — SX, the base point is denoted by •* .

XP(n)=^A n x Xn ^/ 7f(n ) XP(n-l)

where Y(n) :^^n x X* ^ A* x X M _^> XP(n-l) (see 

Sec-t/o^7 2-. ^~ for the definition of X^yis an 

attaching map defined as follows:



Let

Let 7^ i denote any f* with ti = 0

/^v
Define "Jf (n) (T o ,yC ) = ( tT 0 ,

/\

T

further define 

o (n)

Since e is an lexact unit and multiplication is associative, 

(n) is well-defined,

Case 2. For an Ajj-space, the construction of XP(i) for 

i£ n will be similar to that in the associative case. We 

replace ^n by a suitable homeomorph n A . 

Definition 2.2. An n- string is a subsequence (i-|_, . . ., 1 Q ) 

of (0, ...,n). The length of the n-string is q.

The standard simplex ^n can be regarded as the cone on 

its boundary 3 A n which is obtained by identification from

U yv n-4/i>q/ Q>L where 01 runs over all n-strings of length q.

The homeomorph P/\ will have a boundary n^A which 

can be regarded as obtained by identification from a union 

of cells which are indexed in part by n-strings.



Definition 2.3, An n-string is fraternal if i- - i: 
for 1 £ ) < q or if 4 = 1.

It is sufficient* by induction, to describe the 
(n-1) -faces of **A and how they fit together. The (n-1)-

«_ 
faces of ^ ar@ indexed by fraternal strings

The face indexed by i* has the form
* K^-^j and is regarded as a face of "A by means 

>
of a map ^ : *'*4 x K^, —— ̂> 9*4- For
0 < i < n-q-f 1, ^? is a homeomorphism on the interior ofax
**t-A x K ?+/ * For ^" lOf*.,q-D or (n-q-KL t ... t n) 
fi can be factored through projection on to the first

5t

factor, the interior of i&ioh is mapped homeomor phi colly. The 
faces /it together as followo:

*v.4* Let />< - tl»... ,i ̂ - q-1) , /J ^ (J»*«* »j + u-l) » and
^ ^ U-u».«. >l*-q~ u»l) j^/. We identify

) x K^ ) in the 

obvious Kfay.
a.5. we also identify Q ( "~^ A * (f> k (^r x Kg ) ) 

with 01 f t ""^ A K Kr ) x Kfi ) where

*Z TL ^For example, A ~ A. As for ^ observe that K,
•>

and that /^ has 4 ^-simplices as facoe and one .-••-face

which loote lifee *A * K? , i»©» !**• I2 » Thus ?A looks some
o

thing lito 
I



II. 7.

We now define XP(n) by induction.

- SX 

30?(n) — n A x Xn ^ XP(n-l) where

(n) : 9 n ^x Xn ^ n ^x X n — > SP(n-l) is the attach­ 

ing map defined as follows:

Let -te*7*/l '^ E* and) Te I11 with K= (i,. . . ,i-hq

Define flT (n) ( 0 (t t/s ),Y) to be the point of XP(n-q) 

represented by

(2.6)

with the convention that the undefined expressions

and h^^^^t^? ,xn-g+ lf . . . ,xn ^_ i) are 

to be omitted, e.g. for 0c - (0, . . . ,q.-l) , then

In order to define 2T(n) in the associative case we 

used implicitly maps q : & n — => A 11"" 1 defined by

,...,tn) - (t0 ,... ,ti_ 1 -f-t i ,... ,tn) , 1 £ i £ n.

We wish to define corresponding maps r^ : n ^ -^ ^ /\ 

satisfying the following relations in terms of the maps

and "EE . (cf. 1.1.3):
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a - ri rj = rj-iri for l < i
(2.7)

!,. . . ,k + q-2) for
(X

c. r. . _ ^ . , ** — .

for k £r i £ k + q

d - ri tXoc ~ &cx ( ri-a x 1) for i > k y- q.

We note that equations (2.7) b-d are compatible with the
iy /*iaLuc--f-f*o+t

identifications in n £± and hence^give a well-defined

map of 3 nA into n'*1 A . We extend to n A *>r "taking

the cone", i.e. regard ^ ^L as the cone on

If x £• 3 nA and r^x) = (s,y) for y e 

then define

(2.7)e. PjLtt.x) - (ts,y).

By induction, one can verify (2,7)a on 9 n ^ . From (2.7)e 

it follows that (2.7) a holds on all of n
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Let <£•£ n &. Define lf(n)( T,XI, • • • »*£_!» e >xi+i> • • • 9*0) 

to be the point of XP(n-l) represented by

Lemma 2.8. V (n) is well-defined

Proof. We must verify that if ( f , P ) belongs 

to two distinct (n-l)-faces of n £± , then using both defi­ 

nitions of K (n) we obtain the same point of XP(n-l).

Case 1. let o< , fi , ^x be as in 2.4. 

Let ^ e n"" q"U A and ^» ^ Ku+1 , 

By (2.6), we see that

n) ( Q^ ( Q~ ( T, f f ), f tt ), X ) is represented by

(2-9) o , ^ ^^,...^ ,, , i ,..., i+g ,...,

while ^(n) ( O ( ( T, »), f ), ) is

represented by 

(2.10) ( 0 „

Applying (2.6) once again, we see that both (2.9) and (2.10) 

are identified with the point of XP(n-q-u) represented by 

(2.11)
'

Case 2. Let <X. , ^>C ' , (X ff be as in (2.5) . 

Let ^ = ^p k(/? S/' ")• While 3T 

is represented by (2.6), we see that
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n) ( Q- „( Q ,( T>f ')'/' ")» yO is represented by 
(X- &• ' *

(2.12) ( £ ,( r ,^'),x1,...,lis( >? ".X
^v /

Using (2.6) again and condition 1.2.b we see that both points 

under consideration are identified with the point of XP(n-q) 

represented by

(2.13) ( f ,x± , ...,h

We must also verify that Y (n) is uniquely defined on

n A x x > i - e - on p°ints of
with e in the i-£ and j-th 

places; this follows from the first equation of (2.7). From 

the other equations and condition 1.2.c of the definition 

of an J^-space, we see that ^ (n) is uniquely defined on
" AX

This completes the proof of Lemma 2.8 and the con­ 

struction of the spaces ZP(n). ITote that if Y is a 

sub- A -space of X, YP(n) is imbedded in XP(n).



3. A -maps

In the familiar case of topological groups, hornomorphisms 

induce maps of classifying spaces, and in fact maps of 

(Milnor) projective n-spaces. Similarly if we make the 

following

Definition 5.1. A map f - Y — ̂»X is a homomorphism of 

an An-space (Yj { h^\ ) into an An-apace (X; jg^J ) if 

fohi = gi o ( 1 x f K ... x f ) foherettt^K^ is the 

identity) for 2 * i * n,

we see that an A -homomorphism induces maps 

fP(i) : YP(i) — ->XP(i) for i e n. (Any map f : Y -^ X 

induces 1 K f1 : **-£>. * Y ~^> A x X . The homomorphic 

property is used to show

Homomorphy is not properly a concept of homotopy theory. 

It may be weakened to the concept of an A^map, which is a 

generalization of the concept of an H-map.

We recall from £ 21~] the definition of an A -map 

in terms of certain maps defined explicitly there. By an 

ordered partition p of an integer i we mean a sequence of 

integers p - (PI » ..., Pp ) such that -Z_ p = I. Let 

I 1 = fl,



For each partition p - (pQ , ..., pm ) of i • ., let

I x • • • x I * K * K x • • • x K ——? I. x K,
pl Pr r PI Pr i :

denote the homeomorphism constructed in £21J . 

Definition J.2. A map f : Y -* X is an A -map of an

A -space (Y ; ( h.\ ) into an A -apace (X ; JgAA if there 
n '•ij n ) v _L / y

exist homotopies G- • I. x K. x Y —»X for 1 •£ i^ n 

such that

a) <J1 = f,

b) G, | (1) * ^ * Y1 = f - ^
f je \ „ rr „ v _ 11 ; XJij. XX =

where 1 : K. — ̂ K. is the identity,

c) Let /^^Kr , <r<z Kg , TCeY with r + s = i + 1,

then G

d

9 , ... 9 B , yk , ... ,

for te Ir>

) Let (3 = (p, , ..., p ) be a partition of i. ••: .. 
/i r

Let ^^ K .. , t, ^ I , <T~ ^ K for J = l,...,r.
' ^ ~ j j i

Let t = f^,...,^) and (T '= C^,..., (Tr ), Y ,

then G( ** (*,,> ,<r

. , • .Gr (t , (5 ,Xpr r r
Remark J.5T. The maps were constructed so that 

conditions a) - d) determine a well-defined map of 

(I * Ki ) x Y1 into X.
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Example J .£ . 'Ye can indicate the values of 

Gr (I x KjX(x,y,z}) as follows

f(x(yz))

f(x)f(yz) .-

f(x)(f(y)f(z))

f((xy)z)

f(xy)f (z)

((f(x)f(y))f(z)

The sides of the square are defined by i>h-, G-2 (t,xy,z), 

G2 (t-l,x,y)f(z), gyi xf * f * f), f(x )G2 (t-l,yz), and 

G-2 (t,x,yz) in their respective positions.

Example J.7. The following figure shows the decomposition 

of I x K y • the heavily scored face is the one on which 

G- is defined in terms of G-2 (t,w,x)G-2 (s,y,z ).

The relation between An -maps and protective spaces is 

established in [ 21 ]. We have 

Proposition ?.^. If f: (Y; {h^ )—^(X/fgJ) is ar

A -rriap, there are induced maps fP(i) : YP (i )—?» XP(i ) for 

i£n such that fP(i) = fP(j ) 1 YP(i) for 1 - J an_d 

f?(l) = Sf : SY -»SX.
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Tfe can regard the construction of the spaces X?(n) 

and the maps fP(n) as a functor from the category of 

An-spaces and A -maps to the category of spaces and maps 

In the converse direction, we establish 

Theorem 3.7. If (Y; [hJ( \ ) is an A^-space and 

is a monoid, then f : Y 

Sf : SY —^

X is an A -map if

extends to fP(n) '- YP(n)-? X?(n).

Proof. Suppose that Sf : 3Y-^> SX does extend to 

some map fP(n) : YP(n) — ̂XP(n). Consider the loop 

spaces ^iYP(n) and Jfl. XP (n ) and the induced ••••ap 

fP(n) :• J7YP(n) — -*SL X?(n). Let w : Y-

be given by wn (y)(t) = (t,y)^ SY <^i YP(n). Consider 

the following diagram.

w.n

w.n

^ Y? (n)

-^XP(n) ^> XP(co)



The map JCL fP(n) is a homomorphism of the loop structure 

and hence an J^-map for all n. Note that wn(Y) lies in 

_Q SY. Since £P(n) is an extension of Sf, we have 

_O.fP(n) wn = wnf; the diagram is commutative. 

Theorem 2.1 enables one to show that the imbedding 

X — =>.OLXP(oo ) is a homotopy equivalence and A a<3 -map,

F 2.1 > cf »22, P./ziJ. Hence there is an A -map _flXP(ex>) 

such that the composition 

Y —*n. YP(n) — »jfl XP(n) — *>/! 2P( oo ) — =» X

is homotopie to f. That f is an A^-map follows from +*e a 

Proposition 3-10. The map wn : X-— ̂ ^J_JfP(n) is an A^-map . 

proof. We consider first the case n = 2 to illustrate 

the technique. The inclusion Wp is an H-map if

(2) :2)l x X2 — ̂ ^2.XP(2) can be extended to I x X2 , 

r? (2) being given by

(0,x,y)(u) = (2u,x) for 0 £ u *% 

= (2u-l,y) for % ^ u ^ 1 

(l,x,y)(u) = (u,xy) for 0 f u £.1.
p Equivalently we can consider the adjoint map SX — ?> XP(2),

represented by ^(2) : 3 (I x I) x x — > XP(2) given by

(2) ( ic ,r,x,y) = (2)( £ ,x,y)(u) for 6 = 0 or

= * for = 0 or
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Since ^(2) is constant for U = 0 or 1, we can define a 

map ^(2} s I * I — ̂  /± 2 so that

2) = (2)( U)-1 x 1 x 1) 9 A 2 x X2 .

Since 3T(2) extends to ^ 2 x X2 , ^(2) extends to
pp. ' p 

I x X and hence ^(2) extends to I x X as desired.

The case n > 2, h associative. In this case we are 

looking for maps 

&i : Ii x K± x X1 — ̂ -Q-XP(n) for 2 £i ^n such that

1) G± (1, /? ,

G± (±, f<* , ^ ) = wn(x1 )--.wn(xi )

2) G± (t, ^(^ ,<T ),^C) =

for t zp

We regard points of I x 1^ x K^ as given by coordinates 

(u,t, /p ), u el, t<£- I± , f> e K± . The adjoint maps to the 

maps Gj_ will be represented by maps

i) : I x I± x K± * X1 — >XP(n) such that 

3.11. 1) ^(i)( <E ,t, x? ,^)=* £ = 0 or 1

(i)(u,l, , ) = (u^...

i)(u,i, /> f/ ) = (iu-;j,xi+i ) 0 ±iu i j ±

0 ^ ^ i.



3) For />£Kr , <5~<^ Ks we have

(u,t, q\ # , 

(u,t, /?

f vrt - : i 
~.' , 1.

7 / " " /
v ~ .. • . _

-> J

p- *i r» » • s.J -1-

^^)'fj>fiJjA K<,/-V 

k_2T J ' Cp^ ry-ii i'
•^* "" i ^J

1Let ry (i) denote the inclusion of x X into 
XP(i). We wish to define a sequence of maps

i: I * i * B — > A for i = 2,...,n such that

if we set >(i) = 2T(i) (-z(i) x 1) (where 1 : X — > X 
is the identity) then ^(i) will satisfy conditionsC3.11.1T3).

We specify -^X(i) by giving } for each point y = (u,t, p ) 

of the boundary } functions t^ (y) , . . . ,tj_( y) such that ^t^(y) = 1.
qjInstead of using the notation to(y) = > • - •>"tj> (y) = ,

we find it more economical to use the notation

y _^. t 0 = f ...,t£ = . Thus ^(i) is given by

(0,t, /? ) -^> t 0 = 1, t^ = 0 for m > 0

(l,t, f> ) — > t± = 1, ^ = 0 for m < i

(u,l, p ) — > t 0 = 1- u, t± = u, tm = 0 for 0 < m < i 
for 0 £iu - 3 £. 1:

= iu-j, t = o for



2T./7

for t c I 
r

Of r

t-, = 0 k £ m < k+s -1

for £j,t,/,0~ as in
5TJ" 

Let k = 7or

(u,

t ,n = 0 0 £ m •<" k or k+p . 5 m ^ iui J

It is somewhat tedious but straightforward to verify 

that the formulas above yield a well-defined map of

C!A! * K^) into ^ . Ve obtain (i) by extending 

radially to the Interior.

Lemma 3.12. The map (i) defined by

satisfies conditions J.ll.l) - .3).

Proof. 1} If £U = C or 1, then t Q= 1 and

(1,0;...^,/•"
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2) t = l: 2T(:,) (i-u,0,...,0,u,yjf ) is

identified with (u,x1 «^-xi )^ S::.

t = 1: For 0 f iu-J ^ 1, 

(C,...,l-iLH-j,iu-j,0,...,0,^f ) is identifie

with ( iu-J»X) £ SX.

5) t^Ir-: Since tm = C for li rm< li+s-1, 

7T(1) (t 0 ,...,t i , V" ) is identified with

' t0 > . . • ? "ky_T_ » ":+s -l» • • • » t ̂ , 2C]t_» • • • >^v * * "^i-t-s-l ' * " * '^i 

which for the specified values of t-a is in fact

i~j (T ) (u , t. , /y t x^ , . . . ) x^ • x-| r , _ __!»•••> ̂-A ) •
^j-'

V] p ,t,/?,<ras in r.ll.?' Let k = ̂ =0 P ,.

For C f iu-li 5 p., we have t = C for 0 £ m < k or

(t ,j[ )hence (i (t , ) is identified with

(tk , . . . , tk<f .Q ^ >-/:v +i> • • • » xi-+ r> . ' • For V--e sDecif iecl values
. ^ ^ _

of t this is the same as m

" j J ' j I**1 - 4T J

This completes the proof of Lemma 3.12. Since we 

have been able to define maps ~^(i) satisfying J.11.1) -• 

for 2 - i-n, we carpefine the adjoint maps G-. and hence
/

w is an A -mao. n n
Case 2. Non-associative A -spaces. The corresoondinc-"n ~

i 
: I * I,, * K p —? A involves somewhat less collapsing.

For example when t^I , (u, t, (f "" ( /? , (r-)) i s -nappe 1 to

the appropriate point of ^ ( ~ 4^ Kg )^y= (>,... ,^+s-Z).

Otherwise the same procedure can be aoplied as in the



associative case.

This completes the proof of Le.::ma 5.10. Theorem 7. 

nov follws since the composition of A -.naps is an A 

[ 21 ].
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1. Statement of the problem and main results

Let X,Y and Z be spaces with base points e^, e Y and e z . 

Definition 1.1. The axes of a map f : X * Y — > Z are the

maps K i X — > Z and h : Y — > Z defined by g(x) = f (x,eY) 
and h(y) - f(ex ,y).

Definition 1.2. A map f : X x Y — > Z is axial with respect

to maps g : X — > Z and h : Y — * Z if the axes of f are

g and h.

Conventi on 1.3. Let X and Y be subspaces of Z. A map

f : X * Y — > Z is an axial map if the axes are the inclusions

X c: Z and Y en Z.

For example, the multiplication m of an H-space (X,m) is 

an axial map.

Definition 1.4. An H-space (X,m) is homotopy abelian if m is 

homotopic to mT where T : X * X — => X * X is given by 

T(x,y) = (y,x).

In connection with their work on homotopy abelian Lie 

groups f // J , loan James and Emery Thomas have proved the 

following theorem (unpublished):

Theorem 1.5 Let G be a topological group. By means of the 

Milnor construction [" J 5~ ] , identify SG with a subspace of 

B, the classifying space for G. The group G is homotopy

1. As usual, we restrict ourselves to topological groups which 
have the homotopy type of countable CW-complexes.
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abelian if and only if there exists an axial map 

f : SO * SG —» B .

We will present the following generalization: 

Theorem 1.6. Let (X,m) be an H-spaoe. If (X,m) is homotopy 

abelian, there exists an axial map f : SZ * SX —> XP(2). 

The oonverse holds provided(x*fr.s homotopy assooiative.

Define p : SflX —> X by p(t, ?O = X It) *°r 

^ ^ Jf2 X, i.e. ^; [O,l] —> X, and t e [ 0,l] . 

The method of proof of Theorem 1.6 will yield 

Theorem 1.7. If there exists a map f:S-QX*S.Qx —* X 

which is axial with respect to p, then _f2. X (with loop 

addition) is homotopy abelian.

Section 2 is devoted to proving Theorems 1.6 and 1.7, 

but first the remainder of this section will illustrate the 

usefulness of these results. In order to apply Theorem 1.7, 

we give

Definition 1.8. A bunch of spheres is a space which is 

homeomorphic to a union of spheres with a single point in 

common.

Theorem 1.9. If X has trivial V/hitehead products and S fl X 

has the homotopy type of a bunoh of spheres, then _C1 X is 

homotopy abelian.

Proof. Let Y denote the appropriate union of spheres 

and g : Y —* S -H X the homotopy equivalence. The map 
p : S.Q. X —* X combines with g to yield a map h : Yv Y —>• X.
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Since all Whitehead products vanish in X, we can extend 

h I SP v S^ to S5 x S^ for each pair of spheres SP,S^ 

contained in Y. Hence we can extend h to Y * Y. Using a 

homotopy inverse to g, we obtain the desired map S_ftX * S&X —-^X 

Definition 1.10. Let (Z,n) be an H-space. For any two maps 

f : X —* Z and g : Y —=s> Z the sum (f -i- g) : X x Y -^ Z is 

defined by (f + g)(x,y) ^ f(x)g(y).

In order to apply Theorem 1.9, we establish 

Proposition 1.11. If ?r: E —^ B is a weak fibring (i.e.

rr : "TT.iEjF)-^? 77". (B) is an isomorphism for all i) with "* i i ———
F oontractible in E, then the re exis ts q. : F —^ iZ B such 

that (q. +- JZzr ) : F x^Z E —=?SL B is a homotopy equivalence. 

Proof. Since F is contractible in E, we can define a map 

g : F —?J7 B so as to obtain the following non-commutative 

diagram with 0 TT^"1 9 ~~ 1(1* ^ ^ :

0 —> 7T i (E) ——=? Tr

I
the horizontal arrov/s 3 being the usual boundary operators 

, Prop.l, p.5^f. Thus we can write

B)



The inclusion Tr-ILE) d -(JlB) is just ( -Q

Since the usual addition in 77". ( _Q B) coincides with

that induced by the multiplication on /IB ^p-wt we see

that (o +-Jft7r)^ : ;r (F *H E) — ? ^. (/IB) is an
*- *• i-1 i-l

isomorphism. In the category we are considering, we can con­ 

clude that (q. +- fl TT ) is a homotopy equivalence.

Note that F admits an H-structure m : F * F — * F by 

Theorem 1 of £ 22 , p. 109 J or because it is dominated 

by the H-space _TZ B Lit- ,&.!%. In general the injection

q. : F • — * _Q B need not be an H-map ; e.g. q. : S — * -Q. S ,
3 2 

corresponding to the Hopf fibring of S onto S , is not an

H-map since, up to homotopy, S admits only one H-structurej

which is abelian, yet the Samel son product <g,q. > in 

-Q. S is non-trivial since it corresponds to the Y/hitehead

product f £«, / 1 in S.
** 2

Again even if q. : F — > -fi B is an H-map, the homotopy 

equivalence between .11 B and F * JfX E need not be an 

H-map. We, in fact, establish

Theorem 1.12. Let (X,m) and (Y,m') be H-spaces. Let (Z,n) 

be a homotopy associative H-space. If f : X — > Z and

g : Y —» Z/then (f *• g) : X * Y —•* Z is an H-map if aM only 

if it is homotopic to (g + f)T : X * Y —» Z.

Proof. Let Fg: I*XxX-^ZandG2 : I xY^Y —»Z 

be homotopies such that



Fg (o,x,x') •= f(xx') G2 (o,y,y') - g (yy f )
F fi.x.x1-) - f(x)f(xM G (i,y,y')- g(y)g(y').

<- 2

Suppose there is a homotopy H : I * X * Y — > Z such that 

H(0,x,y) =: f(x)g(y) and H(l,x,y) - g(y)f(x). Then (f-»-g) 

can be shown to be an H-map by the following string of homotopies

= (f +g)(xx',yy')

= f(xx«)g(yyM |^ 4(x)f(xMg(y)g(yM
H
~ f(x)g(y)f(x')g(yf ) = (f > g)(x,y)-(f

We have omitted the parentheses for associating; strictly

speaking we must use an associating homotopy several times

to pass from (f (x) f (x» ) ) (g(y)g(y 1 ) ) to f (x) ( (f (x')g(y) )g(y r ) ) ,

etc.

Conversely, if (f + g) is an H-map, the map

(f(x)f(xM)(g(y)g(yM) is homotopic to (f(x)g(y))(£(x')g(y ! )). 

By taking x = e , y f •= e , we see that (ft g) is homotopic to
A

We are now ready to apply Theorem 1.9.

Let CP(3) denote complex protective 3-space. By Proposition 1.11 

there is a homotopy equivalence 

U + n.r) : S1 x Jls7 —— >J7.CP(3).

Lemma 1.13. The map q. : S — 9-Q-CP(3) is an H-map.

Proof. The obstructions to q. being an H-map are classes in

S1 ; TT (_QCP(3))). However H^S1 ^ S1 ) - 0 for any



coefficient group unless i r 2, while 7T 2 ( -flCP(3)) ~

7" (CP(3)) * 7T (S7 ) ~ 0 so that all the obstriastions 
3 3 xv-"'

vanish.

Lemma 1.14. All Whitehead products vanish in CP(3). 

Proof. We can write w (-T2.CP(3)) as
1 7 T

T (S1 ) + TT (fl s ). The injections of 77^ S1 ) and
777~.(-C2. S ) are induced by H-maps, hence Samelson products

are natural with respect to the injections. Since Samelson
-. 17

products vanish in S and -T2. s , the only possible non- 

trivial Whitehead products are of the form £0(» fl] or

with « £ TT.j^ts1), ^5 € TT-^lS 7 ), a generator 

of T (S1 ) being identified with a generator i g ^ 7- 2 (CP(3)).

4 
Now consider the f ibring p : CP(5) — » S induced by-

regarding the complex plane as a quaternion! c line£"
2 She fibre is S . From the exact sequence

... —— > ^(S2 ) i*-^ ^(02(3)) ~^-> Xj^lS4 ) -2-^^ 

and the natural ity of the \Vhitehead product, we see that

P* L i z> /3j - ° hence f ^ 2' ^1 = i * ^ for some 

class ye ^-^'- However, i # ( ^i^lS2 )) = 0

for i > 1 since the 4-cell of GP(3) is attached to S2 by a
y

generator of ^ (S ). Hence all Whitehead products are
3

zero in C?(3). (All Whitehead products of the form 

for /3 6 ^"i(S r> ) vanish in CP(2r>l) by the above 

argument with CP(2r*l) replacing CP(o) , Qp(r) replacing S .)



Applying Lemma 1.13 and Theorem 1.9 we obtain 

Theorem 1.15. -Q CP(3) is homotopy abelian.

Proof. We need only observe that 3{/2.CP(3)) has the 

homotopy type of a bunch of spheres since

1) SIS1 x -II S2r+1 ) has the homotopy type of

v SS 1 v S2 HS, and

2) S -fl S^ r "f" has the homotopy type of a bunch of 

spiie re s .

Statement 1) is a consequence of the general result that 

S(X x Y) has the homotopy type of SXv SY v S(X S& Y) 

[T p. in ^ and the identification of S1 ^ Y with SY. 

Statement 2) follows from the results of James on reduced 

products d 10 , ((, ~]

Finally we obtain

Corollary 1.16. The homotopy e quivalenee (q, + Q 77- ) : 

S1 x /I S 7 — * jf2.CP(3) is an H-map.

Proof. Since jQ.CP(3) i s homotopy abelian, (t + g] is 

homotopic to (gff)T for any tvro mps f : X — => -£Z CP(3) , 

g : Y — * JlCj?(3) . Hence (q + XZ TT ) is an H-map by 

Theorem 1.12. In E£1.8 we will show that q. is not an A^-map 

and hence (q + JT2. T ) i s not an A, -map.

Next we turn our attention to axial maps of the form 

XP(r) x XP(s) — * XP(r+-s). (Theorem 1.6 concerns the case 

p - s =r 1.)
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In the classical case we have maps RP(r) x RP(s) —> RP(r+s)

and CP(r) x GP(s) —* CP(r+- s) for all r, s. More generally

we will establish

Theorem 1.17. Let (X,n) be a monoid with a multiplication m

such that

(1.18) m(n(w,x), n(y,z)) = n(m(w,y) , m(x,z)). Let XP(r) for

r = 4. , ... denote the Z-projective spaces constructed with

respect to n. Then there exist axial maps

XP(r) x IP(s) —> XP(r + s) for all r,s.

It is possible to consider A ^ -spaces instead of monoids 

and to replace condition (1.18) by a homotopy condition, but 

the present formulation (suggested by J. C. Moore) is con­ 

siderably neater and sufficiently general to indicate the 

phenomena of importance. An approximate converse to Theorem 1J.7 

is familiar. If XP( ^» ) admits a multiplication, then 

-fl XP( <XD ) admits two multiplications, loop addition denoted 

by n and the induced multiplication m, i.e.

m( -x y* )(s) = ^ (s)^ (s) for ~\ ,^t e£l XP( c~ ) ,se £o,l], 

satisfying (1.18). Alternatively we could use the Moore loop 

space, in which case n would be associative but condition (1.18) 

would be replaced by a homotopy condition.

By taking m = n, Theorem 1.17 implies

Corollary 1.19. If X admits the structure of an abelian monoid, 

there exist axial maps X?(r) x XP(s) —* XP(r+ s) for all r,s.



It is possible to obtain the classical case from Corollary 1.19 

by identifying RP(r) with S°P(r) and CP(r) with S^Tlr) as is 

done in L ^' J.

Still more generally, rising the concept of an An-map, we 

find it possible to give fairly general conditions which imply 

the existence of axial maps XP{r) * XP(s) —=?• 2P(r+-s) for a 

limited range of r-f s. In particular, let (X,m) be a monoid. 

Denote multiplication by juxtaposition, m(x,y) = xy. Suppose

that m is homotopy abelian; i.e. there exists c o : X * X —* Xs

such that c (x,y) = xy and c (x,y) = yx. We call c^ a 
o 1 s

commuting homotopy for (X,m). 

Define c : S1 -> X*3 by

S(s)(x,y,z) - xcs (y,z) for 0 ^ s 5 1

- c (x,z)y for 1 ± s ^ 2
S~-L

=• c^ (xy,z) for 2 ?r s ± 3 o-s
where S1 is parameterized from 0 to 3.

Theorem 1.20. If for some commuting homotopy c g for X, the 

map c defined as above is null-homo topic, then there exists 

an axial map XP(1) » XP(2) -^ XP(3).
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2. Proof of Theorem 1.6

Elsewhere \i Z0~~\ we have given a proof of Theorem 1.6 

based on the methods used by James and Thomas to prove 

Theorem 1.5. For the purposes of generalization we present 

an alternative proof.

Let (X,m) be an H-space. We can give X x X the structure 

of an H-space by multiplying coordinatewise, i.e. 

(w,x)»(y,z) = (wy,xz). Hence it is meajsingfu.1 to ask: 

Is m : X x X — > X an fl-map? We observe

Theorem 2.1. The multiplication m : X * X — » X is an H-map 

if and only if m is homotopy commutative and homotopy 

associative.

Proof. If m is an H-map, the maps g : X4 — * X and 

g-L : X4 — »X defined by g0 (w,x,y,z) - (wx)(yz) and 

g.(w,x,y,z) = (wy) (xz) must be homotopic. Setting w = z— e, 

we see that m is homotopy commutative. With x or y — e, we 

see that m is homotopy associative. Conversely, both homotopy 

properties can be used to give:

(2.2) (wx)(yz) -^ w(x(yz)) ^ w((xy)z) ^ w((yx)z)

^ w(y(xz)) ^r (wy)(xz).

How if m is an H-map there is an induced map

mP(2) : (X x X)P(2) — > XP(2). The inclusions i^ iE : X-*XxX 

imbedding X as either factor are homo morph isms and hence induce 

maps J lt jg : XP(i) —— » (X ^ x)P(i) for 1=1, 2.
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By an abuse of language we also denote by 3i»3g "fcQe corres­

ponding inclusions XP(1) d (X * X)P{2). Since m itself

is axial, the composition mP(2) ^ for i - 1,2 is the inclusion

SX - XP(1) d XP(2). Hence if ^ v j £ extends to

g : SX * SX — » {X x x)P(2) . then mP(2)g is an axial map.

Lemma 2.3. The map j± v 3 2 : SX v SX — » (X x X)P(2) extends

to g : SX x SX — 5> (X x X)P(a).

Proof. We represent points of SX as pairs (t,x) and 

points of (X x X)P(2) - S(X x X) as 7-tuples. 

(Uo.u^ugilwjx), (y,z)) with u0 4 u± + ug =• 1. 

Define g by

g((t,x) ,(s,y)) - (s,s-t,t,(e,y) ,(x,e)) for t<s

- (t,t-s,s,{x,e) ,(e,y) ) for s £ t.

Notice that g is well defined; i.e. respects identification 

and when s =• t is uniquely determined as (t,(x,y)) e. S(X x x) ; 

and that g extends ^ v jg.

Notice farther that to obtain the desired axial map we 

need only mP(2) g(SX x SX) . This image involves points in X4

of the form (x,e,e,y) or (e,y,x,e). We need the homotopy
4between g and g only on the subset of X consisting of points 

o 1
of the above forms. How gQ (x,e ,e,y) =• xy - g1 (x,e,e,y), but 

g0 (e,x,y,e) - xy while g-^e^^e) — yx. Thus 

mP(2) ) g(SX x SX) is defined if m is homotopy abelian.

As for the converse, let f : SX x SX — > XP(2) be an 

axial map. In general we regard SX x SY as
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I2 x X * Y ^, SX v SY where /? : 3 (I2 ) * X* Y^I2 x (X v Y) 

is defined by

X? (t,<£ ,x,y) = (t,x) £ SX for «£ = 0 or 1 

(cf, s ,x,y) = (s,y) £ SY for £ = 0 or 1

Let X =. Y aM f 1 - f Z? , so that

f'(t,£,x,y) = (t,x) e SX for <f = 0 or 1 
(2.4)

f'(<£ ,s,x,y) ^ (s,y) ^ SX for £- = 0 or 1

By identifying ^ (I ) with S , we can regard f 1 as a map
2 P

of S(X ) into XP(2). The adjoint will be a map of X* into

XP(2) which from (2.4) we see can be written as 

(2.5) (wg (x) + W,(y)) + (-wg (x) -w2 (y)) 

where w« : X — * -Q.2P(2) is the usual imbedding. Since w3 2 
is an H-map (1.3.10), the map described by (2.5) is homotopic

2 p to Wg(xy)-Wg(yx) . Since f 1 extends to I * X6 , the adjoint is

null-homo topic, hence w2m is homotopic to WginT. If m is 

homotopy associative, there is a weak fibring

p : 303(2) — > XP(2) with the fibre X oontractible in XE(2) 

by TheoremH.2.1. Hence by Proposition 1.11 there is a re­

traction r : /. XP(2) — > X, i.e. rw ^ 1. Applying r to w m** &
and w2mT, we see that m is homotopy commutative.

As for Theorem 1.7, the latter discussion would apply, 

substituting X for (-£2X)P{2) throughout. The adjoint to f f 

is a map of jfL X x jQ. x into -£2- x. In this case for



"X , A* 6 _Q_ X we have

f (t, £ , ^ ,^u ) = 7^ (t) for C = 0 or 1

f f ( ^ , s , ^ yu ) ^^ (s) for c - ° or i;
henoe the adjoint can be written as m-mT. Since f f extends

P to I x 12. X x J7 X, we see that m-mT is null-homo to pic; that

is, m is homotopy abelian.
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3. .The general- oase for' a monoid.

Theorem 1.17 will follow from a study of axial maps 

XP(r) x XP(s) —— *> XP(r-i-s) for general r,s. A partial result 

is the following:

Theorem 3.1. Let (X; m) Be a monoid and XP(i) for i - 1,2,. .. 

the corresponding X-projective i-spaces. There exists an 

axial map XP(r) x XP(s) — * XP(r -f- s) if m is an A_ -map
•™ -^ " — •— - - A jr S 

\
(with respect to coordinatewise multiplication on X x X) .

Proof. If m is an Ar _^ s-map we have the map 

mP(r-hs) : (X x x)P(r + s) — *XP(r*s). As suggested by the 

proof of Theorem 1.6, we now obtain Theorem 3.1 from 

Proposition 3.2. There exists 

€v, e : XP(r) x XP(s) — =» (X x X)P(r+ s) which is axial withJ.S •" ~~ ""• ~~~ ~~" ™~~~i™ •"" ~~" ~ ~~ "• ~ — ~—

respect to j : XP(r) — ̂ (X x X)P(r+ s) and ^ : XP(s) — »>

(X v x)P(r-»- s).

Proof. We have obviously extended our use of the symbols 

3-, and 3 0 . We construct g explicitly. We wish to map
•L ft r$

A r > Xr x A x xS into /^ n x X n for r + s - n so as to

respect the identifications imposed by T(r) Y (s) 

and 2T (r -f s) .

For any two ordered simplicial complexes K and L, the 

product K x L can be subdivided so as to form a simplicial

complex K x L *£ 7 . This subdivision is functorial , hence 

for any subcomplex K f o K, the product K f K L is subdivided 

as it would be as a subset of K x L. For the particular case
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r s 
A - K, ^ — L, the subdivision can be described as

r /\ s follows: Let ^ be tte ordered simplex (0,...,r) and

the ordered simplex (0,...,s). The vertices of ^ r x ^ s

are all pairs (i,J) with 05i£r,0£j^s; partially

order d them as products, i.e. (i,j) ± (i 1 ,^ 1 ) if i ^ i f

and j £. j 1 . The ordered n-simplices of /\ r * A S are all

simply ordered sequences of length n + 1 of the vertices of 

A x A . We map r * s fa+0 An ^7 ^ order pre­

serving map of the vertices of each n-simplex of the decompo­ 

sition.

How we wish to describe the related map of Zr x Xs into 

Definition 3.5. A shuffle of the symbols x.. ,... ,x, y-,,..«,y 

is a permutation which is order preserving on x^ ,...,x and 

onylf ...,ys * ______
r s With each n-simplex <r~ of A x A we associate a

shuffle cj (<r } as follows: If e~~- (VQ ,...,V ), each 

vertex vv must be a pair (i,j) with i + $ - k. The vertex

or 

Write o; (cr- ) (x1 ,...,xr ,y1 ,... ,yg ) - t^,... ,zr+g) with

zk = x. if v =- (ij), vk ., = (i-lj)
(3.4) X ,

if vv = (i,j), v, .. ^ (i,j-l).

We can extend our definition of associated shuffles to the

subdivision K x L of any product of ordered simplicial 

complexes. If ^ r is replaced by an r-simplex (p Q ,...,p ) 

and A S by (CLO >« • • >Q.s'> then v, - (i,j) is replaced by



A simplex cT = (v ,...,vn) of d* * /4 S intersects

(0,...,i-l, i-fl,...,r) x (O,...,s) in an (n-1)- simplex 

if and only if precisely one vertex v, has the form (i ,j) for 

some j. The face cj~ f is (v , . . . »vk-1 ,vk+ 1 ,. . • ,vn) . 

From formulas (3.4) it follows that if <T - ( V 0 »***' vn' 

and 0- ' is obtained by omitting vk , the only vertex with 

first coordinate p^, then for

cO (<r KX-J^,... ,xr ,y1 ,...,yg ) — 

we have

(3.5) - (z1 ,... t zk_lt ak ^ ;L ,... l zn) for 0 < k ± n 

^ ( ^~ f )(3Cg t ... t x .y-j^,... ,yg )

— (z2 ,...,zn) for k = 0.

How let WT,...^^ be points of X and let xs — (w. ,e) •*• r -f" s j. i
f or 1 £ i ^ r, y 4 = (e,w. ) for 1 fc 3 ± s.

j
Define g : ^ r x Xr x ^ s x Xs — > ^\ n x X n as follows: 

for t ^ A r , u ^ ^ s and

(3.6) g(t,w1 ,...,wr ; u,wrH_ 1 ,... ,wr ^. s ) -

where ( t ,u) is the coordinate of (t,u) in

Lemma 3.7. The function g induces a well defined map

: XP(r) x
Proof. We assume the lemma proved for r+ s - 1. Two

r s 
n-simplices of A * A nave an (n-l)-face in common if

and only if they have the form
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(T = (v 0 ,...,vn) and or ' - (VQ ,. . . ,v[ ^ ^ ,. . . ,v ) where

vice 

Let W =r (w ,...,w), W = (w ,,..., w ).
1 •»• r £ i -r- a. -p^_ g

In this case gtt^; ttjW^) is defined as (3.6) and as 

(3.8) ((t,u) , a) ( or ') (x1 ,...,xr ,yi> ...,ys )) 5 where (t,u) 

is the coordinate of (t,u) in a~*. Since (t,s) belongs to 

both cr~ and cr~ f , the coordinates (t,u) and (t,u) describe

the same point of the face t . — 0 of A . Applying
i + j

If (n) to (3,6) and (3.8) we obtain two points of (2>X)P(n-l)
v\ T

which have the same coordinate in /\ " . As for the
Sn 2 coordinate in X , we note that 60 ( <s~ ) and co ( G~ f )

have the same effect except in the (i* j)-th and (i -»- j + l)-st 

position, i.e. » 1+J ^ yr B]_ + ^ i = x^ 1 while 

ZL j = xi-H' Z[^ + 1 = y Since t^^ 0, y(n)

multiplies the entries in the (i-f ^)-th and (i + j-i-l)-st 

positions. We have

Similarly one verifies that g^ is well defined on
A S

( A r x ^ S ). Suppose (t,u) c A x Z\ s lies in a

common (n-1) -simplex of (0,, . . ,i-l,i+ 1,. . . ,r) x (0,...,s)
„ 

and an n-simplex cT~ ~ (vQ ,...,vn) of £? x A .

Applying 7T(n) to (3.6) we obtain a point of XP(n-l) re­

presented by

(3.9) ( 7- ,zlf ... f z z ,...,zji ) ;J 0 < k < n v
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—— n-1 
where ^ is the coordinate of (t,u) in A andz ,...,z

denotes the effeot of the shnffle. Applying ^ (**) first

and then (3.6) we have for 0 < k < n

(3.10) ( t , o ( <5~ ! ) (x^. • • ,xi-1 ,xiz^ -]_,.•• jXp.y-j^,... ,yg )

where 0- f is obtained from <5~ by omitting v , the only
K

vertex of the form (i,j) for some 3. Applying (3,5) we see 

that (3.9) and (3.10) represent the same point.

If k - 0 or n, we must change (3.9) to 

(3.9 f ) ( r ,z£ ,...,zn ) or 

and (3.10) to

M (Xg,... t x ,yi,... ,y ) or

M (x1 ,...,xr-1 ,y1 ,... ,yg).
Again applying (3.5) we see that the two points are the same. 

Using the symmetry of (3.6) , the proof of Lemma 3.7 is complete 

Lemma 3.11. The induced map

gwo : XP(r) * XP(s) — * (X * X)P(r+s) extends 3_ v J 0 .
rs JL &

VI

Proof: Let t = (0,. . . ,1,. . . ,0) e A . Under 7T(r), the

point (t,W ) is identified with the base point * of XP(r).

Hence, to check that f extends j , we may look at&
g(t,W.,; u, W2 ) for t of the above form. If 1 is in the i-th 

position, (t,u) belongs to the simplex

<T - ((0,0) ,... ,(i,0),...,(i,s) ,...,( r, s)). 

The corresponding shuffle is

,. . . ,ys ,xi+. lf .. .,xr. The point (t,u) lies on the



face of <r~ obtained by omitting v0 ,. .. .Vi.ijVi^. s +1, ... ,vn, 

hence the point of (X x X)P(n) defined by (3.6) is identified 

with the point of (X x X)P{s) represented by ("o^y^,. • • »yg ) »

i-e. by j (u,W ). Using the symmetry, f also extends j-,. 
& &

This completes the proof of Theorem. 3.1. In order to 

obtain Theorem 1.17, we observe that we have used only the

fact that m is an A -map with respect to whatever monoid
r-f- s ^

structure n : X x X — > X is used to construct XP(i). Thus 

Theorem 1.17 follows from

Lemma 3.12. If (X,n) is a monoid and m : X * X — > X 

satisfies (1.18) then m is an A -map (with respect to the
*^^

associative structure) .

Proof: The required homotopies G, : I x K. x. (X ) *• — ̂  X 

can be defined as

where juxtaposition denotes multiplication by m and • denotes 

multiplication by n.

Theorem 3.1 can be strengthened. Suppose that m is an 

Ar + s_i-map so that we have

f : XP(r) x XP(s-l) ^ XP(r-l) x XP(s) — > XP(r+s-l). 

Can f be extended to XP(r) x XP(s)? 

Since m is an A^ 0 n -map , we have homotopies
J. •+- S — -L

G jL : I L x K^ x X2i — -> X for i < r + s satisfying the usual 

conditions. We assume that f is obtained by composing the map 

mP(r+ s-1) which corresponds to the Komotopies Q with the
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appropriate maps

g. . : XP(i) x XP(j) —*> (X * X)P(i+-3). Continue to let 
^-«

n— r -t- s. Using condit ions H.3. 2.b,c,J it is possible to

define <T : ^ (I n x K ) * X2n —> X. n n n '
In general, if (X,m) i s an H-space and f : Y x Z —-* X 

is a map, then there exists a corresponding map 

f : Y ^ Z —> X defined as follows:

Let o~ : X —=> X denote an inverse for m; i.e. m(l * cr~ 

is null-homotopic E^ZjyJ. Define f 1 : Y * Z —* X by 

f r (y,z) = T f (y» z ) cr-f(y } e)^| o-f(e,z). Clearly 

f r I Y v Z is null-homotopic. Let f be any map obtained by 

shrinking f f / Y v Z to a point and applying the homotopy 

extension theorem.

Let CK e 7T (Sn~ 2 (XEn) ,X) denote the class of

—* X.

Since (L / 3 (I x K ) x e x ••• x e - e, the map 
o n n
5M is null-homotopic if and only if Sn extends to I x K x X ,•ft n n n
The class (X — 0 if and only if m is an A -map.n r -t- s

To obtain the axial map we seek, it is sufficient to
jhave mP(r+s)/ g^fXPlr) A XP(s)). Let cj be a subset ofI rs

(l,...,2n). The notation X^ will mean the subset of XSn 

consisting of points whose i-th coordinate iws e unless i 

belongs to ^ . From the definition of g (3.6) we see that 

we will have a suitable map of



g (XP(r) * 2P(s)) into XP(r+s) if we can extend &. to rs x

In x Kn x ( X^ ) where cj runs over all subsets of 

(l,...,2n) consisting of r odd numbers and s even numbers. 

Thus we have

Theorem 3.13. Let I : (J X^ —— * X2n denote the inclusion 

of (J X (defined as above). There exists an axial map 

XP(p) x XP(s) — * XP(r+ s) if i 1* ( ex n ) = 0 in

We give substance to Theorem 3.13 by working out its 

implications in the case r + s = 3.
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4. The case r + s - 3

By the general theory of the preceding section, we know 

that axial maps fl£ : SX x XP(2) — * XP{3) and 

f,,, : XP(2) x SX — - * XP(3) exist if (X,m) is a monoid and m
£JL

is an A -map. We first extend this result to A^-spaces 

(X; f hj ) .

Next we turn to the map e defined in section 1. We define 

a corresponding map, also called c, for an A^-space and show 

f-js exists if c is null-homo topic. We investigate the corres­ 

ponding obstruction £ for f^^ and its relation to c.

Finally we show that if for some commuting homotopy e_s
both c and £ are null -homo topic, then there exist f12 and f21 

which agree on SX x SX. If further (X; j^h.l ) is an AA- space,

we show that hp is an A^-map.<c o

We begin with

Lemma 4.1. Let (X; h^ ) be an A -space. Then the map 

g : SX x SX — * (X x X)P(2) defined in Lemma 2.3 extends to 

an axial map 

g' : SX x zp(2) ^ XPU) x SX — -* (X x X)P(3).

Proof. By the symmetry of the definition of g we need 

define only g 1 I SX * XP(£). If (X,h2 ) is a monoid, we have
I "^

already defined g f by formula (^.6). We wish to make a 

similar construction for an A^- space; we must define



with appropriate properties. Since 
A - A and A = ^ , we already have a subdivisionl 2 3 of x /^ * Z\ into copies of Z\ . Our construction of g 1

will rest upon a relative homeomorphism
d : 3 A , 3 3A — > A 3 , 3 ^ 3 which is specified on

tne relations 
(4.2) d 9 ~ on

_ Tr\ -*-• 
«• t/ T r, =; §T O PT °n A * K-7: ^ ^ X K,-.j. & j.& JL «-) »p- 3 -where o, is the imbedding of the face t, = 0 in A , 6?n 0^i " i » ^12is the imbedding of the edge t, ^ t = 0, and

P-, s A x K —* ^i is the projection onto the first13
factor. The inverse d" can be regarded as a multivalued 
function but 2T(3)(d""1 x l)g is uniquely defined. This is 
obvious on all but the edge tn + to — 0 of some 3-simplex 

of A *
Let z ,2o,z be the corresponding shuffle of 1 ~ o

(w. ,e) ,(e,w«) f (e,w-) . Let h, denote the usual structure onJL & O J-
X x X, e.g. E3 ( xO ,xx , . . . ,x6 ) -

h3 ( ^ ,xa ,x4 ,x6 ) ). If r denotejthe
coordinate on the edge in question, the set zTtsHd"1 A l)g 
is the set of points { (r,h"3 ( ^ ,z1 ,z2> z3 ) ) \ f> €. K 
This reduces to the single point (r, (vr^ ,wgw3 ) ) since

Tne ar&imen"fcs of Lemma 3.7 and 3.11 can now
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be applied to show that we have a well- defined extension of g 

to SX x XP(2). This completes the proof of Lemma 4.1.

Using Lemma 4.1, we can prove

Theorem 4.4. Let (X; {h ~] ) be an A -space. If hg is an 

A3 ~map , there exist axial maps f : SX * XP(2) — > XP(3)

and f21 : XP(2) x SX —> XP(3) such that f g \ SX * SX - 

f21 I SX x SX.

Proof. If h is an A~-map , the composition h P(3)g Tgo <c
gives the axial maps.

Again using the approach of Theorem 3.13, we can obtain 

an axial map under somewhat weaker hypotheses. Let i^ :X—*X 

denote the imbedding of X as the j-th factor, j~ 1,...,6.

Lemma 4.5. Let (X; fh.l ) be an A -space. Suppose
4GO : I Q x X —> X is a homotopy showing that h0 is an E-map. <5 g £

Let f : SX * SX —* XP(£) be the corresponding axial map.

Let CK 3 £= -TT (s(X6 ),X) be the class defined as in section 3.

Then f extends to an axial map

f : SX x XP(2) — > XP(3) if (ig * i4 x ig ) ^< 3 = 0 

in -TT (S(I J,X).
245

Proof. To obtain an axial map we need only extend h0 p(2)<s
properly to g f (SX x XP(2)) d (X x X)P(3). This we can do if 

we can extend G^ : 3 ( I3 X Kg) x ^6 — > x to 

I3 x K3 x C/ X^ where (J X o consists of points of X6 

of one of tbs following three forms:



-OL.Z5

Z146 

X236 
X245

x,e,e,y,e,z 

e,x,y,e,e,z 

e,x,e,y,z,e.

It is easy to define ft I I, x K» x x for *} - 146 or 236,3 ' O o <*>
e.g. G (t,/> ,x,e,e,y,e,z) - x(yz) assuming (without loss of

•^ /

generality) that a (t,e,y,e,z) = yz, etc. It is only the 

subset XOA* which presents problems; hence Lemma 4.5.
£j4cD

If ho is an H-map, then h is homotopy abelian. Let

c : X * X —> X be a commuting homotopy for (X,h 9 ); i.e. s &
o (x,y) - xy and cn (x, y) ~ yx for x,y e X. Suppose that

0 4 
G0 : I 0 * X —*> X is given by the string of homotopies (2.2),

4r+ f*

6 < K ) * X —> X corresponds to a map^
_

The map 5

of (!„ * K,,) i«+o X . At a particular point e,x,e,y,z,e, 3 «^
we can portray this map by the following diagram:

, e, e, ,::,y,e) =•

c (xy,z)s

(xy)z x C(y,z)

^f



By identifying 9 (I x Kj with S1 parameterized from3 «5
0 to 6 in a suitable manner, we can write this map more 
neatly as c : S1 — > Xx defined by

c(s)(x,y,z) — xc (y,z) for 0 £ s £ 1s
- h3 (s-l,x,z,y) 1 £ s^ 8

(4.6)
— h3 (4-s,z,x,y) 3 ^ s ± 4
=r c c (xy,z) 4 £r s ^ 5 o-s
=• h3 (6-s,x,y,z) 5 £ s £• 6

Thus Lemna 4.5 can be reworded as

Theorem 1.20 1 . Let (X; h } be an A^-space. If there exists
a commuting homotopy c g such that the map c defined by (4.6)
is null homotopic. then there exists an axial map
f12 : Si * 2P(2) — > XP(3).

Theorem 1.20 1 reduces to Theorem 1.20 in the associative case.
The transp ose . By symmetry we can deduce that the cor­ 

responding map £ which represents the obstruction to 
constructing f : XP{2) * SX-->XP(3) can be written

c(s)(x,y,z) - o (x,y)z for 0^ s^ 1 ~~ s
- h3 (2-s,y,x,z) 1 ± s ^ 2

2 ^ s £ 3
^ h3 (s-3,y,z,x) 3 ^ s * 4

^ c5-. s (x,yz) 4^s£5
- h3 (s-5,x,y,z) 5 t s ^ 6
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Now from c there can be obtained another commuting homotopy s
c- f given by c;f(x,y) - c_ (y,x). We call c jf the transpose

s s 1—s s
of o . Replacing c by c ' in G 0 , we would obtain a new s ^ s s 24 homotopy Gg 1 : I p x x —=> X and consequently a new

6 G3 ? : ^ (I x K ) x X —» X. Substituting c g » for c g in

the definition of £ we have the changes

£(s)(x,y,z) - c1-s (y,x)z for 0 ^ s ^ 1

= y c (z,x) 2 - s ^ 3
3-S

4 - s - 5 - 

Thus £(s)(x,y^) is the same as c(3-s) (y,z,x). Hence if c or £

is null-homo to pic, we will have axial maps

f12 : SX * XP(2) —* XP(3) and f21 : XP(2) x SX —> XPl

though the restrictions of f 9 and f to SX x. SX need not
21

agree. (They will be homotopic if c is homotopic, rel 0 and 1,s
to c ', i.e. if (X,h p ) satisfies the H p -condition of Kudo and s ** &
and Araki £" /3 I] .) However, if both c and £ are null- 

homotopic then 5^ can be extended to 

I x K x
^^ \J w d> -w

Theorem 1.20". Let (X; fhj ) be an A3 -space. If there exists 

a commuting homotopy c g such that o and £ are null-homo top j:c, 

then there exist axial maps f1& : SX \ XP(2) —* XP(3) and 

f21 : XP(2) x SX —-» XP(3) such that f12 | SX x SX = f21 | SX < SZ,

Recall Theorem 4.4. Notice that if h^ is an Ag-map, both 

c and c are null-homo topic. Moreover,
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Lemma 4.7. If h^ is an A -map , there exists h^ : K^ * Jr -*• X

so as to make (X; [ h,,a 6- i ^ 4^ ) an A4-space.

Proof: Let G : I * K * X6 -^> X be the homotopy
333

showing h is an A -map. Consider GL | !„ x K x X135 £. With

x0 - x - e and G as given by (2. a) , with a sli^it change in ^4 2
parameters we have

= h3 (

G3 (t,0,X1 ,...,X6) rr hjjta-t.X-j^jX^.Xg) l^t^ 2

- X1h3 (3-t,x3 ,x5 ,x6 ) 2 £ t ^ 3

- h3 (a-t,x1x3 ,x5 ,x6) 1 f t f E

- (x1x3 )(x5x6 ) 2. ^ ^ -3

Hence for a suitable map ^ : !„ x K — > K , we can define

,w,x,y,z) - G3 (t,/s ,w,e,x,e,y,z). 

Conversely we show

Theorem 4.8. Let (X; { h.] ) be an A^-space. The multiplication 

no is an A -map if there exists a commuting homotopy c s such 

that c and c are null-homotopic.

Proof. Case 1. (X,hg) is a monoid. We can write 

Gg(t,w,x,y,z) =r w c t-1 (y,x) z. Corresponding to

5, : D (I * KJ x X6 -^ X,/of -3 (I x K») i^+o Xx6 which 6 o ** f o o
at a point e,w,x,y,z,e can be depicted as
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,w,y,e) = xzwy

e (z,wy)
M— 1.

o (xz,w)y

wx

h (^>,w,xy,z) - wxyz

The next diagram shows how null-homotpies for c and c fit 

together with c (x,w)-o (z,y) to give an extension to 1^ 

and hence an extension G : I* x K x ^3345 —> X °^ §3*

xw

xzwy

xc

t-2 (x

wxyz

The triangles are filled in by using the null-homotopies for 

c and c_. We obtain Gs by setting

/?
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Case 2. (X,hg ) is not a monoid but (X-, h ) is an

A -space.

The following more complicated diagram shows in a similar

way how to obtain G .
(xz) (wy)

x((wy)z)

U(wy))z

l(xw)y)z

((wx)y)z

x( (wz)y)

x((zw)y)(x(zw) )y

(x(wz) )y

\'

((xz)w)y

(w(xz) )y

w( (xz)y)

w(x(zy))

w(x(yz))

(wx) (yz)
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We have labeled only the vertices but this is sufficient to 

determine the edges, since for those involving c g we have 

indicated the direction of increasing s. The two hexagons 

are filled in using null-homotopies for c and c, the pentagons 

by using the map h,, and the quadilaterals by suitable com­ 

binations c -GJ. or tu*c e or c *h~. Thus we obtain s «* os s 0
Gg : I3 x K * X2345 ~~^ X * To olD "tain &rr> ^^ again multiply

on left and right by x^ and x respectively, using the maps1 6
h and h to obtain the necessary association of factors.

0 4



CHAPTER IV HOMOLOGY OPERATIONS FOR A^-SPACES
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1. Massey operations in homology

In T >"/ ] , Massey defines higher order cohomology 

products in terms of differentials in certain spectral 

sequences. We will construct corresponding invariants called 

stack operations in the homology of A -spaces.-- In particular 

these invariants will "be defined in the space of loops -Q. X 

on a space X. In this special case, it is possible to mimic 

Massey f s procedure £ /Y , p.l50-151J simply by changing a 

few words. Before giving the full details of the more 

general definition, we sketch these changes for the space of
4tloops. Where Massey uses P* "a suitable associative. 

graded ring of cochains for X with coefficients in A > rt we 

substitute ' "a suitable associative ring of chains for«*

X with coefficients in A ." For example, we can take 

X as defined by Moore £ 18 ] so that loop addition willn̂

be strictly associative and take / # to be the ring of 

cubical singular chains on X (cubical since the product of 

cubes is a cube). Following Mass ey faithfully, we would 

obtain invariants (differentials in the spectral sequences 

constructed) which would be natural with respect to homomor- 

phisms of the chain rings. Thus these invariants would be
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natural with respect to maps f : -Q,,X — » -Q^Y which are 

homomorphisms of loop addition; e.g. maps of the form 

jflg : -ft^X — ̂ I2M Y for maps g: X ~^> Y. However, one of 

these invariants can be identified with the pontrjagin 

product, which is natural with respect to H-maps. Is it 

possible that the higher order invariants are natural with 

respect to some subclass of H-maps, more general than 

h om om o r phi sm s?

To answer this question, we adapt Massey's procedure 

so as to define invariants in a more general situation. 

First we wish to depart from strict associativity.

T"7e introduce non-associative chain algebras with 

additional structure, corresponding to the structure maps

on A w -spaces. Next we define algebraic objects called 

stacks which provide a suitable generalization of Massey's 

abstract sheaves. Standard techniques of homological algebra 

are used to obtain spectral sequences and to identify the 

term E . Applied to the chain algebra on an A^-space, these 

spectral sequences yield the stack and bar operations. Again 

by translating homotopy conditions into algebraic conditions, 

we see that these operations are natural with respect to

A -maps. 3y means of an explicit mapping, the E term of *•?
certain of the spectral sequences can be identified in terms 

of the homology of projective spaces. This enables us to 

give non-trivial examples of the operations.
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2. Atn) -algebras

In the theory of H-spaces, it has proved useful to con­ 

sider homotopy associative H-spaces and then homotopy asso­ 

ciative H-spaces with further structure, the A -spaces of 

Part X. In the limit A ^-spaces are equivalent to associa­ 

tive H-spaces. It seems worth while to provide a similar 

weakening of associativity in an algebraic setting.

Let A lie a commutative ring. We assume familiarity 

with the concept of a differential graded augmented 

A -module (abbreviated: DGA A -module), C 3 

If (R,d) is a DGA /\ -module with A

A -module, we will denote by R the DGA /\ -module 

Definition 2.1. An A(n) -algebra (R,d, £j?. ] ) over a ring A 

is a DGM A -module (R - Z R ,d) with functions

--^ for S^ 1 ^*

RQ as a sub DGA

such that for a - uf * ' *

(2.2) dh.(a)= (-
— •

a u
K. j.

R we have

du
K

sgn £(s,k,a}hp (u

1 i. k ^ r
2 £ r < i
where i = 

- k(s-l)

dim u



Remark. If we adopt the convention tii=d, then 

equation (2.2) can be written

(2.3) sgn e (s,k,a) 
r+s=i+l 
1* k<r

he being in the k— th position in the general term. s
Remark 2.4. If (R,d f f^, 2£i£n) ) is an A(n) -algebra, 

then (R,d, (hi, 2 * i £ n-^ ) is an A(n-l) -algebra.

Definition 2.5. (R,d, f^, 2 £ i < 00} ) is an 

A( cx> ) -algebra if for each n (R, d, {hj_, 2 £ i * n) ) is an 

A(n) -algebra.

Example 2.6. Any associative algebra R is an 

A( oo )-algebra (hj_ = 0 for i> 2).

Example 2.7. Any non-associative algebra R is an

Example 2.8. We can describe an A( 3) -algebra as a 

chain-homotopy-associative algebra. For example, the 

cubical singular chains on a homotopy associative H-space 

form an A( 3) -algebra. More generally we have 

Theorem 2.9. Let (X; {h^l ) be an A^- space with structure 

maps h± : K^v X1 -^ x for 2 5i£ n. Let (C(X),d) denote the 

singular chain complex on X with coefficients in /\ for 

which the acyclic models are arbitrary finite products of 

the complexes Kj_. Then the maps h^ induce functions

: <g> i C(X) -* C(X) such that (C(X),d, (h^ ) is an A(n) -algebra.
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(There should be no confusion between the A -module maps h.._ 

and the maps h± : K± x X1 -*> X since the former will always 

appear with chains as arguments, the latter with points.) 

Proof. Let He C(K±) denote the singular (i-2)-chain
*

corresponding to the identity map 1: % —* %• We refer to 

this chain as the standard chain on %. For u-j £ C(X), 3=1,...,i, 

define 

(2.10) h
•

If 2 . =1 dim u-j = q, then h-j^u^^ ••• ® u^) is in

as desire(i « ^e verify further 

a 2.11. Condition 2.2. is satisfied.

Proof. Recall that the boundary of Kj_ is decomposed
k 

into cells (D (Kr x Ks ) where r+s=i+l, 1 ~ k f: r and

: Kr x Ks — ̂Q KJ_ is an imbedding. We have

(2.12) dhi (u1^ • ••& Ui) = dhj^ ( A x- ^ x • •• x u± )

= (-1) ^(.... (-1)

where ><^ and -zS are the standard chains on K^ and K-^ •*- s

respectively and ^J (k,r) is a sign determined as follows:
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In £21 "] > "the complex KI is given explicitly as a subset 

of I1"2 . The sign a) (k,r) is the sign associated with the 

corresponding face of the cube in the cubical singular 

theory £" /? , p. 440]]. (^ ^K x ZB ) corresponds to

the face "fcg+i^0 * hence *)(l,r) = s+1. For k > 1, 
-

x Kg ) lies on the face t^^l* hence o;(k,r)=k for

k > 1.

By applying condition I, 1.2.b, we see that all the 

terms of (2.2) do, in fact, appear in dh^. As for the signs, 

a few remarks about orientations are essential. We have 

already assumed with Serre that the cube is oriented by the 

ordering (t^,...,t^) of coordinates.

Let f : X * Y — => Z andg:Y*x— ̂ Z be maps such 

that f = gT where T:X*Y —^Y^x. is given by £( x, y) = (y,x) . 

Let u € Cp(X),' v e Cq(Y), then f^ (u x v) = g^ T^ (u*v) = 

(v x u).

in particular, h^ | 2) % K X1 is expressed in terms of
Jc-1 i— k-i-1 

a map of Kr x x^ x Ks x x . We must now make use of

(D k as explicitly given in H 1 \ ]J.

Case 1. k=l. k(^,O-)=(<5',) and hence

h± (

, hs ( cr~ , XI,...,XQ ), xs+1 , . . .,x-j_) . We obtain 
k
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As desired, £ (s,l,a) = s-l+si is congruent mod 2 to 

£<J(k,r) + sr = s-l+sr since s(s+l) is alwa;ys even and 

r+s = i+1.

Case 2. k > 1. Let cr= (tk , . . . ,

a
• ^^

and > - (t, .. ,,t_» 2 ""

then (/ ( , cr ) = (t, . . ., t - > 1 >"tk» • •

and h± ((p a , cr

hr( x? ,x^, . . . ,xk-ii-^,hs C cr~

Since 0~ must be moved past x^, . . ,,xk-- an(^ interchanges 

and . . . , ^ we

sgo s( i-k-s+lH-ak ) hr ̂  (/^ x

'•' xuk+s-l)

As desired, ^(Sjkja) = k(s-l) + s(i+ak ) is congruent mod 2 

to k + s(i-k-s+l+ak) .

This completes the proof of Lemma 2.11 and hence the 

proof of Theorem 2.9.



IV. 8

3. Stacks

Recall that Massey defines his spectral sequences in 

terms of an abstract sheaf "^j on an abstract cell complex K. 

In order to carry out a similar definition for A(n) -algebras, 

we find we can dispense with much of the structure of an 

abstract cell complex. 

Definition 3.1. A graded set L is an abstract set together

with a decomposition L = U L where p runs over the integers
P p

If x£ Lp, we say deg x = p. The dimension of L, dim L, is

max (p |lp -f 0T\.

Definition 3.2. A /\ -stack -^ on a graded set L — U 1~r P
consists of a triple function (G,D,I) such that

1) for cr^r L > (G{ <r ) »D( <r- ) ) is a DGA /\ -module

2) for each pair -£, cr £ I* suck that deg -£• *• deg ^ , 

I( <£ , <j- ) : &l 0~ ) — =? <H T- ) is a map of A -modules.

3) If deg -T - deg <r~, then

a) I( <T ,<r-) -= D(^ )

b) I( t><f ) = 0 otherwise. 

Define the r- dimensional chain group

P-4- q^ r 
L

3 : ^ rtl ) -^r-i(L;l7) by 

(3.3) c> (a) ~ ^> I( -T-, (5~ ) (a) for any a
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the summation being over all t & L such that deg -£• - degc 

4) 23 = 0.

Fext we present certain important examples of /\ -stacks, 

Definition 5.4. The A -stack ^] (L,R) on an ordered 

simplicial complex L canonically associated with an 

A(n) -algebra (R,d, fhjl ), .n > dim L+2. 

We can regard L as a graded set by taking Lp to be the set 

of p-simpliees of L. Define "f; (L,R) as follows:

1) For any p-simplex cr~ of L,

(G(o-),D(cr-)) = «g> P+2R,(-l) P d<
where d^ is the tensor product differential, i.e.

(3.5) D(cr )(u0 0? •••<g?up+1 ) =
0 £ k ^ p-f /

wh ere bjj. = ^/ . =Q dim u-j , u-: <e R . 

2) For any ordered p-simplex cr~ =(vo , . . ,pv) and

(p-q+1) -simplex -g- = (vo , . . . ,vk-1 ,vk+q<-i;L , . . .^vp ) , the 

function l( -f , O" ) : G( tT ) — ̂  G( -^ ) is given by

K T , G- ) (UQ ® . . . 

(3.6) sgn £(g,k,a) u00 .

where <f (q,k,a) = k(q-l) + q(p+bk). This formula is
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extended to all of # P+ R by linearity. For any other

(p-q+1) -simplex T , l( ^T , C5~ ) = 0.

Theorem 3.7. fj (L,R) is a A -stack on L.

Proof. We must verify that c)3 = 0. Let cr be a

p-simplex of L and let l( -£- , <r~ ) be non-trivial, i.e. 

<T = (v0 ,...vp ) and f -(^rvHc-i'^q-l* . . . ,vp ) . If 

C5~7^ ^ then 7) (a) | &( ^ ) is given by (2.6).

If 0~ = -2T > we have
P+bv 

(a) G(cr-) = / (-1) ^

with the convention h^= d. (We omit limits of summation 

where they are fairly obvious.) Applying d again we will 

be concerned with all simplices /o e. L such that there 

exists a simplex -^e L with l( /> , t ) and l( t , G~ ) 

non-trivial. These are of two types. In each case /° is 

obtained from f by omitting m-1 conseotutive vertices. 

Type 1) /^ can be obtained from 0~ by omitting 

v± , ...,vi4_m-2 ,vk , ,..,vkH_^2 with i / k+q-1, ky-i+m-l. 

Thus 9c? (a) j G( -> ) has terms from 5(a) | G(-t) and
1 rT c ^V0 *'"> ^K- 1 > V*<-*-7-» ' * "/ *p1 tt«J

7) (a) { G(t') where),^ = (v0 , . . ^Vi.-pv^^, . . . ,vp ) 

Without loss of generality, we assume i < k. Prom 

we obtain 

(3.8) u0



with coefficient sgn £ (m,i,b) sqn £ (q,k,a)

where b = uo # • • • ® hq (%-# ••• <£> uk+q-l) ® •••

while from 3 (a) | G( -f') we obtain (5.8) with c-oefficient

sgn <^ (q,k-m+l,c) sgn e (m,i,a) where

c = u0 0 . . . ® hm (u±

We have £:(m,i,b) = iCm-

£-(q,k,a) = k(q.-l)+q.(p+bk), 

(q+l,k-m,c) =

i+ia-1 
since dim 1 (u ••• &u-) = dim u+m~2 » and

,i,a) = i(m-l)H-m(p-fbi ) . 

The total coefficients differ by 1; the two occurrences of 

(3.8) cancel.

Type 2) /z> can be obtained from &~ by omitting

Now 5c?(a) I G( /> ) has many terms, one from each of the 

terms c^ (a) I G( -f-) where ^ is any simplex obtained from

by omitting vk , . ••>tfk+q.-2 wi "tl1 i-^<i+m. We can write

(a) | G(/9 ) as a sum of terms 

(3-9) u0
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each with coefficient sgn £(m,i,b) sgn £(q,k,a) 

where b is as above. 

We observe

(3.10) £ (m,i,b) + £- (q,k,a)

= i(m-l) + m(p-q+l+b1 ) + k(q-l) + q(p+bfc )

(3.11) = i(m+q) + (m+q-lXp+b^ + p + b± + (k-i)( q-1)

+ q(bk-b± ) - m(q-l) 
which mod 2 is congruent to

(3.12) i

Hence if we sum all the terms of the form (3.9), we will 

obtain

(3.9).

.Applying (2.5) we see that this is zero. Thus D^> = Q. 
Definition 3-13. The n-£lex v n is the sequence of integers 

(-1,0,1, ...,n) regarded as a graded, set, i.e. deg p = p. 
Definition 3.H. The /| -stack ^ ( v n ,R) canonical^ 

associated with an A(n+2)-algebra (H,d,{hi"} ) is defined by:
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2)

± p-q+2
U -, ,

P+1

far <L-*o® ®
VI ^l

Theorem 3.16. "*b ( \7 ,R) is a /\ -stack on \/ .

Proof. Let n denote the standard simplioial complex

of the n-simplex. Consider j : A n — > V n defined by 

j(<r) = dim <5~ for ere ZX n . The function j induces a map

.e. 

the i/dentity 1: G(cr P ) — > G(p). We see that

, hence 
n

c- -J- — ..e A

Since j is onto and 0<? j = o j 3 = 3 3c? = o, we conclude 

that ^ = 0 in ^3 ( V n ,R).
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4, Definition of the spectral sequences

We will henceforth use C to denote a functor from the 

category of spaces and map $ to the category of DGA /\ -mo chiles 

and maps having the following properties:
. ^ tfUrCloi'JC COVU*C.C,+eJ.

A. If (X; | hjj ) is anA An-space, the maps
• *

k-i l Ki * ^ ~^ x induce functions h^ : # 5(X) — =» C(X) so 

as to form an A(n) -algebra (c(X),d, fh^J )•

B. H*(C(X)) ~ H*(X). (7 A being specified, we will 

use H*(X) to denote singular homology with coefficients in/l.J 

Example 4.1. By Theorem 2.9, an example of such a functor 

is the singular complex based on acyclic models which are

arbitrary finite products of the complexes K±» (The /^J^C/-/OHX 
\t- p<*.ss +<> C- l>e.c^o*e- &f <^>v*JL,*+it>t« ^Zt-^.Z.c.)
Example 4.2. H*(X) with trivial differential and the usual

augmentation is a DG-A A -module satisfying B. If (X; { h^ 

is an An-space, H# (X) with the induced Pontrjagin multipli­ 

cation is an A(n)-algebra (in fact, H# (X) is associative for

) defined in (3.2.3) can be 

(L,C(X)), i.e. 

) where

The chain groups 

given a bi grading when

r (L; t; ) =
p+q=r
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We refer to q as the internal, p as the simplicial degree. 

Let c) -L = ^) -D( er- ) . The DGA /I -module ^ ( ^ (1» C(l) ) )

= 27 £^ (L; t? (L,t3(X)))is not a double complex in the usual 
r

sense for although a -^ and D(CJ— ) lower the total degree

by 1 and D( Cf~ ) lowers the internal degree by 1, &^ does not

lower the simplicial degree by a fixed amount. It is

possible however to obtain one of the standard spectral

sequences as follows:

Filter £T ( *3 (L,C(X)))by the simplicial degree;

i ^ P

This filtration is compatible with the total differential c) , 

hence by L ^ ,cii.XVJ there results a spectral sequence

{E± (X,L, A ), a/} , i £i.
The successive differentials d^ will yield the homology 

invariants promised.

Remark. If X is an associative H-space, the above dis­ 

cussion reduces to one which parallels that given by Massey, 

as we have sketched in section 1.
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5. Identification of the first term and 

definition- of the invariants

We identify E'XjL, /I ) in terms of H*(X) and the 

differential d] in terms of the Pontrjagin product.

Definition. 5.1. Let I be V n or an ordered simplicial 
complex. Let (X;fh^] ) be an J^-space with n >dim L * 2. 
The yy -stack "^j W (C(X),L) on L specially associated with 
S(X) is defined by

1) For <T-£Lp, (G"(<r),D"(o-)) = (C(X(p+2) 
where d is the differential on

2) Consider *) (L^C(X)) with I(^cr) as given by

respectively (3.6)3 . I 11 ( ^J ^~) (a) for any 
a d C(X + ') is obtained by replacing

(5.2) sgn c (a,^,a) uo <9 • • • «hq(^<g? • • •<8uk^q_1 ) ® • • •<» Up+1
by

jj-
(5.3) sgn (k+s(p+k)) f ^ ( K * a) where K is the 
chain^of Kq and f : Xp "1" 2 -^ Xp+5"q is defined by

V, /3

for ^ € Kq. Otherwise define I( ^<r) to be the zero 
h om om o rphi sm.
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Theorem 5.4. ^J "(C(X),L) is a /( -stack.

Proof. To verify that i?£) = 0 one need only repeat 

the proof of Theorem 3 .7 substituting throughout (5.3) £«c 

(5.2), being careful to keep track of the changes in signs 

indicated in sec/yWy *Z. 

Theorem 5.5. Let L be n or an ordered simplicial complex.
_ -^ w. j. -,

Let (Xj -J hjf ) be an A^-spaoe. Let E (X,L, A ) be the first 

term of the spectral sequence derived from ^S ( -^j (L,C(X))) 

Then

E^L, A ) <- 

£lt A is a field, this is isomorphic with £( ^J (L,H#(X)))3

Proof. Theorem 5-5 follows by using the chain 

equivalence between C(X^ P+ ') and <g>^ C(X) and applying 

certain facts about the spectral sequence of a double complex. 

Of course £ ( ^ (L,C(X)))is not a double complex, but the 

relevant remarks still apply £ // >P»331, /^ 2-3 TJ.

_ mav be identified with ^1 ^ P+2 c(X) and the

homology with respect to the product differential is the 

product homology H^X^"1" ^). The differential d.-^ may be 

identified with the boundary operator

Definition 5.6. Let a£ E (X,L,A ). By induction, we 

suppose defined tt b e? E (X,L, A ) is represented by au."
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Suppose dr(b) = 0 then the class of b in E * (X,L, A ) i§

represented bg a. We say that a persists to Er if there 

exist b c Er such that b is represented by a. If b is 

represented by a we write b = f a] . We say that a persists 

non -trivially if b is non-zero.

A better idea of the consent of Theorem 5.5 can perhaps

be obtained by rephrasing it at greater length. Let
r r 1

g (X,L, A ). Theorem 5-5 says that Ep >(1 consists

of several copies of Hq(X^ p+ '), indexed by the elements of

Lp.

Example 5.7- I»e"t I» ^ e an ordered simplicial complex. As

usual we can regard ® p+ H*(X) as a subgroup of 

Suppose that a is a class of the form uo 0 . .. ® 

belonging to a copy of HgCX^"1" '<) corresponding to some

p-simplex (T. The class d-, ( a) is a set of classes b.
J

belonging to the various copies of H (X^ p+ '). The classes
y.

b^ are zero except for those which belong to copies of

indexed by faces of &~ . 

Special Example 5»8» Let I« = A , the standard simplicial 

complex of the standard simplex. The number of p-simplices 

of £ n is the binomial coefficient (p+1, n-p). Hence

E1 consists of (p+1, n-p) copies of H (X^ p+ ') and, 
p,q. <1

ordering these in sane way, we can write an element of
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E* as a (p+1, n-p) -tuple (v-,,...,^) (j = (p+l,n-p) ) of
f ^

classes V* * I (X(p+2) ). In particular, B1 = Hn(X ) 
*• q n, q q

and E1-, = H (X). Suppose that the class a ^ 3

is of the form uo $ ••• ® %+!» "then dj^(a) can be written as-

the set (v0 ,...,vn ) where vk = (-l) kuo # • • •^ 

the Pontrjagin product being denoted by juxtaposition. 

Suppose further dj_(a) is defined and vanishes for i ± n. 

The stack operation. <^tio , . . •jUjj+i^ is defined as the set 

f z €, Hq+n (X) j fzr] = d^x {u0 ® .-.® Un^}

The notation <T , ..., x reflects the analogy with the

Massey cohomology operations.

Special example 5.9. Let L be v n , then E]~ „ = H—————— — p> q
por a of the form UQ ® ••• <5p u^.^ we ^ave d-^(a) =

^. j^ 
= S (-1) uo ® •" ® uk uk+l ® •*' ® "n+1' If a persists

to S11 "*" , the bar operation J uo , ...,un+1 E is defined as 

the set { z e H^n (X) 

The adjective -"-bar" reflects the fact that in the associative 

case this spectral sequence coincides with part of one which 

is associated with the bar construction £ 3

Comparison of the bar and stack operations. In general, 

the invariants derived from A n and \7 n are not the same, 

although they are related by means of the map j described in

Theorem J .16 .
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Example 5. JO. Let n=l, A = Z5 , X = K(Z,2). from Q 2 1, 

we conclude that H*(Z,2; Z^) can be written as a tensor
•

product ® i T3 (ui, 2-3 1 ) where each factor T^(n^ 9 2-31) is 

a truncated polynomial algebra over Z^ of height 2 on a
*

single generator u^ in dimension 2-3 1 .
- - / -z\ 

Let u = u0 e H2 (X). Let a e. H8 (Xw; ) be the class

22 11 
u0u<g)u + u «> u ® u considered as a class in B (X,A j

Let b denote the same class considered as belonging to

EX (X, V^tZj), i.e. b = 3*( a)« Then d^a) ^ 0 while d^b) = 0.

As described in the examples, we can write

d-^a) = (u ® u + u ® u, -u ® ur - u2 ® u2 )
22 — 

which is non-zero since u <g) u is non-zero in HQ (X 9^ X).

However

d]_(b) = (u ®u +u5 ®u-u^u^-u © u2 ) = 0
x 

since u^= 0.



Naturality of the invariants

Consider the concept of an A -ma o as s^iven in Part II.n
It is is relevant to the present study si^ce

n— 2 Theorem £ .1. Let L be V or an ordered almplicial

c.p:nolex of dimension n-2. Let f : (Yj ( h/l ) — ̂> (X -9

be an A -map. Then f induces a ::.ap of spectral sequences

r [EI (Y,L,/| ),d.^ -^{E^L, A ),d^.
Proof. The singular theory C be ins fixed, let j£ (L; X) 

denote jg ( "5 (L, C (X) ) ). By [ 7, p. 32/] it is sufficient 

to show that an A -map f induces F:)^(L^ Y) — -> ^ (Lj X)

which is a map of filtered Dl- A -modules. Denote the 

A (n) -structures on G(X) by g. and those on 0(Y) by h*. 

We define ^?ps of A -nodules C^ : T® ' C(Y)"7 -^ 

such that 

(£.2) ^ = ^

" (a)

a ) g^ (G (g) • • • # C- ) (a . ) = 0i p-± pr
where the second summation extends over all partitions

of i and

with the conventions g-j_ = dx , h^ = dy<J, _ o(
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Theorem 6.9. Let G^ : !._ * K._ x Yi ^B>X, i= 1, . . . ,n be

as in the definition of A -map, then A -hornomorphisms '

satisfying (6. 2, £.3") are n-Iven by

. -j_ i - i

(where I is the standard chain on 1^ and ft the standard 

chain on X. ).

Proof. The method of analysis used in Theorem 2.? 

applies equally well here to show that (^.5) yields the 

signs of (t.3).

TTe now construct the map f. Let L be an ordered aim oil 

cial complex and <r" = (vo ,...,v ) a p-s implex. Let 

P - (P^»-"»?TI) be a partition of p-f2. Let q, =5", t Pv
O - -u -J ^_ i£=Q K

for j = 1, . . . ,m. Let 6~~p denote the (m-l)-face of

with vertices • \(v^ n , . . . ,v_ n ). This establishes({^'J- ^ii-l"-1-

a one-to-one correspondence between the partitions of 

P+2 and faces of o~ .

For a = u ® • • • ^u e G-(cr, define

f(a)

(a)_pm

where r(/i,a) = Z

with

In particular, note that



Clearly f respects the filtration.

Lemma 6.8 . if L is an ordered simplicial complex, then 

o f = f c) •

Proof. Let ft = (p-,...,?^) be an arbitrary partition
* vJ j.jj.

of p+2 and <£jthe corresponding face of 0~~. T;/e wish to 

compare 2f(a) | % (<3~a ) with f 3(a) | C-v (^j ). Now 

f c) (a) / G-vC^ ) can be written as a sum of terms

where b = UQ& •

with q.<k€q. -, and o+t = p<+l, each tem having 

coefficient 

(£.10) sgn (

where p'= (p0 , . . . ,PJ _x , t,p^ +1 , . . . ,pm ) . 

For fixed j, we compare the summand of terms (£ . 

with the corresponding terms of c?f(a) J -3 v ( (J^ ) . These 

can be written

. ID (C-®
where o = uo <9 • • • ® C (Sr ® • • • ® Grs ) (u,. , +1® V ' ®UQ

•^ ^ J "*" J i J-

and (r!,...^) is any partition of 

each term of the summand having coefficient 

sgn (£(s,j,c

where c' = (G to—Or ® G ® • • -® a ®3 ^ • - • ® -T. ) ( a )
P- r r P Pm0



and a = (ru,... t o ,rn ,.. . ,r rt ,TD . „,..., / v ~o»- '-j-i* 1' ' s'-j +i»""

Now (£Jo] is congruent mod 2 (cf. 3.10 - .12) to
(/.«) £ <r/7 A - ̂ ., ^ ff e>---®*z ) * Iw,^
while (£.12) is congruent mod 2 to

_
Since the terms (t.i) are summed over all t,c such that

t+q = p,+l and q,<k£ Q, and the terms '(^.11) are

summed over all partitions of p., for arbitrary j we can 

apply (£.3) to obtalnpf(a) - f 3 (a ) ) | Cv (<T, ) = 0. 

df = f9 and the proof of Lemma £.8 is complete.

Hence

To prove Theorem ^.1 when L = pn~ , we use the nap

v n ~" 2. )• T̂ ith fas defined by (£ 9 

we see t : :at if j (a ) = j (b) for any a,b 6 JS ( A ^ 

Jf(a) = jf(b); hence we can define /:)£( vn ~- Y! ̂ =

by the relation fj = jf. Since 3j = j'c) , we have

3 f J =2>jf=j3f = j:f3 = fj3 = f9j. Since j is onto, 

we conclude that f3 ="3 f. This completes the proof of

Theorem

The significance of Theorem £.1 is that the invariants 

we have been discussing, the bar operations ar_d stack 

operations in particular, are natural with respect to 

mas. That is



Let f : Y->X be an An-map of

(X; { g^J ). Let u.eH^(X) for j = !,...,! £n, then 

if ]u0 ,...,u i [ is defined so is ] f^.(uo ) , . . . ,fx.(u JL ) [ 

and the latter contains f., ]u_ , . . . ,u, [ .
^ " w -L

This is merely an interpretation of Theorem £.1 in 

terms of the operations, using- the fact that 

ffc.(u 0#— <&Uj_) = f^(u0 )^ • • «®f (uj_) which is implied by 

(6.7}.
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1, Identification of the term E

In computing with spectral sequences it is helpful to 

have information about the term E. . For certain 

/\ -stacks we are able to identify this term. 

Theorem 7.1. Let (Xj{hj/\ ) be an Ap-space and XP(n) the 

c or r esp on di n g X-proj ective n-space (constructed in Part J 

then
~; X)) X

Proof. It is sufficient to define a chain equivalence 

f : ^ r ( V n~ ,'X) —> C r+2(^P( n )) • We are free to choose 

a suitable singular theory C. For our purposes, the 

appropriate choice is the singular theory based on acyclic 

models which are arbitrary finite products of the complexes
•

Kj_ and the complexes 3j\ . fwe must specify the boundary

of a singular chain u : p^\ —> X. We have already specified

the faces of p /^ by"imbeddings* Q : P"^1 * x jr —* P
PC 4.

We defin e 

(7-2)
oc

where, for c< = (k+1,... ,k+q-l), we have

CO( <x ) = sgn k(q.—1) + qp. The necessary relation dd = 0 

follows from the identifications Jt .2.4 and J.2.5, utilizing 

the usual change of sign in passing from Kr x K S to Ks x Kr .J
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Let Uj, e C(X) for i = 0, ...,p-l. 
Define

f (U €>...® U) = 0~ P ® uQ . p^ 0

where o~ denotes the standard chain on ^/± , i.e. the 
identity map cr P : P ^ —-9. p ^\ . The right hand side of 
(7-3) is regarded as a chain on XP(n) by including

^A * XP in XP(p) d. XP(n) as attached by V(p)«
Lemma 7-4. The function f is a chain map.

Proof, we denote the boundary in ^ ( \7 n~ *,X) by

that in C(XP(n)) by d. We must show df = f

Since XP(p) is represented as p ^ x Jp ^^ XP(p-l), for

any chain of C(XP(n)) of the form <$- p x uo x ••• * 

U e C(X), we can write

d( cr xu0 x • • • xu - ) = TT(p). (d^r P x u
d(u 

where p d<^ x u

0 
p

0
5"'1"1(7.5) « ( " ) ^Pt ( cr"" *X)xu

^ )(^l) q o- 5"4" x u0 x ••• x

where Ct. — (k-i-1,... ,k-fq-l) and b^ - _
i-o

'•• xuk+q-l)
"
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with A*g the standard chain on K«. 
Notice that when JX — (0) or (p) ,

rtpl# ( 0<X# t^ 5'1 ' * uo* 
since in this case the map 7T(p) I ( $* x IMP""1 A
is projection onto P^A ® XP"1 , omitting the first or last
factor of xP and we are factoring out
C Q (X), i.e. using C(X) = C(X)/C0 (X).

If we adopt the convention KI — a point, h^ 5^- = d, we can write
(7.6) d( <r P x U0 x ••• xup-

sgn

x
We are now ready to compare df and f We have

(7.7) sgn <r(q,k,a) crP"^" x u0 x •••
•" Khg^-( X x 

while f 3 ^0

(7.8) ^ sgn

By fihe definition of h q in (DT.S.IO), we see that df =.
v/e now prove Theorem 7.1 by indiiction on n. Since f is 

a chain map we have a map of exact sequences



I i

where £* = £ ( v n-3, x) , £ ̂ ̂  ( v n-2 ;I) .

How ^ is a direct summand of ^ , i.e. jg* 2 - ^S — £=> . .

hence ( , S") is chain isomorphic to P ., which is
' \ n~^»J

just ® n 5{X) . On the other hand, by excision

and

^ H^(ZP(n)) in positive dimensions. 

Lemma 7.9. XP(n)/XP(n-l) has the homotopy type of Sn

Proof. Since the attachment

2^ (n) : n A x In , 3 n A x Xn <> n A x X-^ XP(n) ,XP(n-l) 

is a relative homeomorphism and since we can construct a 

relative homeomorphism (p : A , 3 A — 3> Sn , ^(-, it follows 

that if (n)f^~V^efi^e s a map of Sn (X^ n ' ) *.,+«> XP(n)/XP(n-l) 

which is a homotopy equivalence.

Theorem 7.1 now follows "by using the chain equivalence of 

<g> n C(X) with 

The map f induces

which is just the suspension isomorphism. Hence by induction 

*^ i Hr' ^^ — > flr^S^^ 11)) is an isomorphism for all r. 

(To start the induction, we note that
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H r( £* ( v "! ;X)) = H ,(C(X)) -: § 9 (SX) is induced by*
f, .)

As usual, E can be interpreted as the graded group 

associated with H^ ( j£ ) with the induced filtration. We 

can filter C(XP(n)) by the subcomplexes "C(XP(p)); the map f 

is then filtration preserving. Thus we obtain 

Theorem 7.10. E (X, V n , /\ ) is the graded group 

associated with H „ (XP(n) ) as filtered by the imbeddings
^Mi^H^0MMM^HM^^HMB^^MHMM^MHWH^^^BMM^^H«««» ^% ^••^"•^•.•""•••"^"•^^••^•^^^•••^••^•^^^•^•^^^^•^•^•^••^^••^^^••^•^^^•••^^^^^•^•••^•^•W

XP(p) cz XP(n) , p * n.

Remark 7.11. In the particular case L - V 0<a — 

(-1,0,1,...), it should be possible to prove Theorem 7.1 by 

reworking Gartan ! s theory of constructions so as to apply to 

A( ^o )-algebras instead of strictly associative algebrasD^AriG



JE.

8. Non-triviality and applications

We use Theorem 7.10 to exhibit spaces X such that ther
spectral sequence ^E*(X , V *° , A ) ,d 1 has non-trivial
differential d • in fact there exists u £ K. (X ) such thatr r
17 u,...,u/T , the bar operation of (r + 1) -factors, is non- 
trivial.

As in the last section, we can identify £*( v n"1r
with a submodule of £ ( V n ;R). In particular £T ( V " -,I)r r
is isomorphio with £ ( v ;R) forr
r-i-2 < (n+ 2) (2+ max f<il 5g = O]).

Let Xr -.GLCP(r). By Proposition JIT. 1.11, H GP(r) 
has the homotopy type of S * IT. S r . In dimensions less 
than 2r+l, (/lOPtr)) is non- trivial only for i- 0, 1 and
2r. Let A = Z and u be a generator of H ( JlGP(r)) ^ Z
and y a generator of H pr (JTL CSP(r) ) ^ Z.

Theorem 8.1. Let X be given the A -structure corresponding
to loop addition. Then the (r-i-l)-fold bar operation Tu,...,uL 
is defined and y = "]u,...,uC.

Proof; The (r-*-l)--fold bar operation is defined as a
differential in the spectral sequence |E i (X , v r"1 ,Z) ,d.^ .1 x 
Since z = u 0 ••• ® u €. Ep r +±* tne evaluation of the
bar operation involves only £2 s ( v r"; H^. (Xr)) for s^ 
which can be identified with £f 8 ( V ^ ; H^ (Xr ) ) since 

3 <
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In order to compute E , we must identify ^.(eo ). A

relevant result of L 2- \ "1 is

Theorem 8.2. If X = I2_ Y then Y has the homotopy type of

XP( oo ) (

It follows that CP(r) has the homotopy type of X P( <x> ) . Since 

H.,(CP(r)) = 0 for i > 2r, it follows that E *** — 0 for

i + Z > 2r; in particular Ep-1 P+ 1 = 0 and E^ — 0.

The class z belongs to E1 . _. Thus d. \z\ if defined isr-l , r -f- 1 i * j
represented by a class in E^^ r ^_i - §r ^ i (x( r~ i "*~ 1 ^ ) ,

which is zero unless i - r. Hence dj_ z — 0 for i < r. 

Since S r̂ 1>r+. 1 =. 0, if dp fz] = 0 then d g Jw] — { z] for 

some class we S^ s_1>r_ s + 2 - Hp_ s ^ a (X(r + s + 5). Since

— 0 for ^ < p^- B *• 1, we must have dp ^ z~] ^ 0.

E~l 2r is S61163^*6^ ^ y y» kenoe 4 f z] = m f yj for some 

non-zero integer m. How d, f y^ = 0 for all i since E ~ 0
Co ^> J

for 1 < -1. Because E_^ 2p = o, there must exist an i and a 

class w € E^ g^i^! sueh that di f w] = f y] • However, the

only value of i for which EI _I gr-i-f-l is non-*^ ivial is

i -h 1 — 2r-i-*-l, i.e. i - r. Since jr n , is generated fcq* ~JL , r "f~ .L j

z, we conclude dr fz] — f y]. That is, "]u,...,u£ = y.

Remark 8.3. William Browder has mentioned to the author 

that the stack operations can be computed in _n.CP(r) by means
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of the Adams-Hilton chain algebra methods C J_ T . The 
corresponding result is obtained: <u,...,u> - y. The same 
approach can be used to pompute the bar operations; the compu­ 
tations/coincide since in the latter case no use is made of 
summing chains which remain separate in the former. 
Application 8.4. The inclusion w : S1 —^ ~CL CP(r) defined 
by w(s)(t) = (t,s)e SlS1 ) — S cm CP(r) is an Ar-map but 
not an Ap^-j^-map.

Proof. It is possible to identify CP(r) with S1?^) and 
thus see that w is an A -map by applying Proposition JT. 3.10. 
However, there is a more direct method available. By induction,
suppose w is an A^-map and that a. : I. x KJ x (s H—^.Q.

J j
are corresponding homotopies, 2 ^ j £ i. This permits us to
define G = G / 3 (I x K ) x (S ) L by formulas (H.3.2.b,cy «O.
The map G, can be extended as the constant map on I x K x e *••• i i i
"" x e. The maps G. for j < i enable us to extend to

V

I x K. x (S1 )*- •* by using the unitary condition on A -spaces
JU ^^ 

A*

ClE.l.S.c). Hence the obstructions to extending to all of 
I, x K. x (s ) can be regarded as classes in the groups
(8.5) H*(2 (I. - K.) STlS1 )' 1 '; 7T (/2cP(r))).

1 • ^ i Since I. * K is homeomorphic to I 1 "1 and (S )^' to S 1 , the
group (8.5) is isomorphic to Hq (S2i " 2 ; ^- (.TlcP(r))). Thisa
group is trivial unless TTg^^^^t .Q. CP(r) ) is non-trivial which 
happens only for 2i-2 >/- 2r; hence w is an Ap-map.
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To prove that w is not an A -map, let a denote a

generator of H (S ). The map w is adjoint to the imbedding
2 2 

S cn CP(r) and S carries the generating class of E (CP(r)),1 *
so that w (a) = u. Since H (S ) — 0 for j > 1, we have 
O a, ..., a. r -£<>* <*~^ w'ber^-F'z-t.+o*'* > I, «cA. /e ^>- (^*0 + 

1 u,. . . ,ur' - y. If w were an A .-map, we would have the
T+ 1

contradiction y = w^{3a f ...,aC)=- 0.

By a precisely similar argument we can show 

Application 8.6. Let g : -Q. CP(r) — ̂  S1 x H 2r4" 1 be a
1 £v -t- ~L

homotopy equivalence and p : S x Jfl S — ̂  IT. S 

the projection onto the second factor, then 

pg : Jl CP(r) — *.C1 s21" 4" 1 is not an A

Combining Application ft V with Corollary 

we see that the homotopy equivalence ( q + fl_7T ) : 

— ̂ _O_ C P(3") is an Ag -map but not an A.-map. 'fe are 

unable to determine if (q + 12 TT ) is an A -map, although

both ft and q are, the latter because all the obstructions 

lie in trivial groups.

Now it is possible to show that (q + _/Z TT ) is an 

A -map if and only if loop addition on IZCP(3) is an A -map. 

Hence we could look at possible axial maps SX "xXP(2) — > 

XP_(j) cr CP(j) for X = -&CP(?). In particular we know 

S-QCP(j) has the homotopy type of a bunch of spheres. 

Thus we return to a geometric problem ; does there exist 

a decomposition of (JL CP(3) )P(2) into fa lily elementary 

subspaces?



The combination of geometric and algebraic techniques 

of this thesis increase our knowledge of the multiplicative 

structure of HGP(3); they also suggest at least one 

direction for further research.
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