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ABSTRACT

John Milnor has given a construction [15'] which
assoclates with each topological group G a sequence of
spaces GP(i) [our notation] which can be regarded as
generalizations of the classical projective spaces
RP(1i) = s5°P(i), CP(i) = S*P(i) and QP(i) = 8°P(i).
If one considers H-spaces instead of topological groups,
one finds that additional homotopy structure 1is necessary to
imitate this construction. Intuitively, an A _-space X 1is
an H-space with sufficient additional structure to permit
the construction for ien of spaces XP(i) with proverties
similar to those of the spaces GP(i). An A_-map can be
thought of as a map from one A -space to another which up
to homotopy respects the A _-structure.

The principal goals of this study are 1) to investigate
the multiplication on an A_-svace in terms of the geometry
of the projective svaces and 2) to analyse the algebra of
the homology of an A _-space. In the first direction we
observe that in the classical case there exist maps
RP(r) x RP(s) — RP(r+s) and CP(r) x CP(s)—s °"P(r+s)
which restricteil to either factor are the usual imbeddines
RP(r) = RP(r+s) and CP(r) & CP(r+s). Workinc with

A-svaces we find that the existence of such maps is implied



by the multiplication's deing itself an A, g-map.

In particular, an H-space (X,m) 4is homotopy abelian if
and only if there is a map of SX x 8X — XP(2) which 1is
the inclusion on either factor.

The second direction is guided by Williem Iliassey's
definition of cohomology products. The essential properties
of the singular chain complex on an A _-space are embodied
in the concept of an A(n)-algebra. Other alzebraic objects
called gggggg are defined which give rise to gspectral
sequendes of topological significance. Avoplied to A_-spaces,
these spectral sequences yleld homology operations which
serve as criteria for A_-maps, and are related to the
homology of the projective spaces.

The two paths of study are re-united in apnlication to
a2P(3), the loop space on comolex projective 3-gpace. We
find that QCP(3) is homotopy abelian and that there exists
a homotopy equivalence f :‘Slxllsq-———ﬁ JUCP(3) which

is an H-mav but not an A+—map.
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INTRODUCTION

The present work involves a further study of objects
introduced in [ 21 :], but except for results expliecitly
quoted can be read independently.

Familiarity with certain concepts is assumed in this
introduction, but forml definitions of all but the most
elementary are given in later sections.

John Milnor has given a construction [ IS"] which
associates with each topological group G & sequence of spaces
GP(1) [ our notation:] which can be regarded as generaliza-
tions of the classical projective spaces:

Re(1) = s°p(i), CP(i) = S'P(i) and QP(i) = S°P(i). If
one considers H-spaces instead of topological groups, one
findis that additional homotopy structure is necessary to

imi tate this construction. Intuitively, an Ah-space X s
an H-space with sufficient additional structure to permit

the construction for i1 < n of spaces XP(i) with properties
similar to those of the spaces GP(i). An A -map can be
thought of as a map from one A,-space to another which up to
homotopy respects the An-structure.

The principal goals of this study are 1) to investigate
the multiplication on an A -space in tems of the geometry of

the projective spaces and 2) to analyze the algebra of the



homology of an A -space. In the first direction we observe
that in the classical case there exist maps RP(r) x RP(s) —>
RP(r+ s) and CP(r) x CP(s) —= CP(r+s) which restricted to
either factor are the usual imbeddings: RP(r) € RP(r+ s) and
CP(r) < CP(r+s). Working with A -spaces we find that the
existence of such maps is implied by the multiplication bheing
itself an Ar+_s-map. In particular, an H-space (X,m) is
homotopy abelian if and only if there is a map of
SX x SX —> XP(2) which is the inclusion on either factor.

The second direction is gmided by William Massey's defi-
nition of cohomology products. Algebraic objects called
stacks are defined which give rise to spectral sequences of
topological significance. Applied to A, -spaces, these spectral
sequences yield homology operations which serve as criteria
for An-maps.

The two paths of study are reunited in application to
LU CP(3), the loop space on complex projective 3-space. We
find that {2 CP(3) is homotopy abelian and that there exists
8 homotopy equivalence £ : Sl x ) s7 — {2 cP(3) which is
an H-map but not an A4 -map.

The work is divided into Chapters as follows:

Chapter I contains basic definitions and notation, includ-
ing some remarks on H-spaces and on singular homology.

Chapter II contains the definition of A -spaces, an

explicit construction of projective spaces, the definition of



An-maps and proofs of certain fundamental properties. The
initial sections are intended primarily for reference.

Chapter III studies the existence of axial maps. Parti-
cular attention is given to axial maps of SX x SX into XP(2)
and of SX x XP(2) into XP(3).

Chapter IXZ is algebraic in nature except for the appli-
cations. A brief discussion shows the relation of the work
to that of Massey. The concept of an A(n)-algebra is intro-
duced; it embodies the essential properties of the singular
chain complex on an A -space. A detailed investigation is
made of the homology stack and bar operations and of their
relation to A -maps as well as to the homology of projective
spaces.

Throughout the work numbers in square brackets refer to
the bibliography. References to results within the same
chapter are indicated by arsbic numerals; references to

results in other chapters are preceded by a roman numeral.

I am extremely grateful to Dr. Ioan James for his
advice and criticism during the preparation of this
thesis and to Dr. Michael Barratt for his supervision
during ny first year at Oxford. I am particularly
sndebted to Dr. James for calling to my attention
the problems relating to axial maps, for suggesting
Proposition III.1.11 and Lemma I171.1.14, and for commun-

icating his joint work with Emery Tho:ias concerning

Lie groups.
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1. Basic spaces and maps

All spaces will be assumed to have base points
and 211 maps and homotopies will respect base points.
The base point of a CW-complex will be assumed to he a
O-cell. All spaces will further be assumed to have the
homotopy type of a countable CW-complex.
Let X,Y and Z e spaces with base points eX,eY and
ez, Let £f: Z—X, g:2 —Y, and j: ¥ —> X be maps.
The following spaces and maps will be of particular interest,
Sl, the topological group of complex numbers of unit
norm, has vase voint 1.
{2 X, the space of loops on X, is the function space

(with the compact-cpen topology) of 211 mans (resvecting

Sl~—-> X. The base point of 2 X is Ae
1)

base points) X\

defined by A, (S7) = ey. We define loop addition in 2X

by (A= e« ) ()= X(2s8) for O £ 25 <1
:/(/((23-1) for 0 &« 28 -1 <€ 1,
For any map f ' X —>Y, we denote by N4£: QO x—L1Y the
map defined by [JL £(A) ] (s) = £{ X (s)) for ne(lX,
sE:):O,l].

Note that ] f i1s 2 homomorphism with resvect to +:
: [(ﬂ‘()(h”'/‘i)jfs): —F((R-/‘/ut)(.?)): -,[(,\(25))
{ (e (25-1))

S [ﬂ-ﬁ(.ﬂ +Q7C}M)J (),
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We will use _()_Mx to denote the space of loops as defined
by John C. Moore [18, p.30 {. Each point of _QMX
consists of a pair [} ,r} where 2\ : [ 0,r]— X is a
map sueh that A (0) = A(r) = ey. An assoc iative
addition 3 on _(ZMX is defined by

[).,rﬁs + f/u, s} = {A"}“’ T+ s}
where ( A * el J(t) = A(t) for 0 <t <r

AA(t-r) for P2 t £r + 8.

X x Y, the Cartesian product of X and Y, has base point
ley,ey). The map (£ x g) : 2 —> X =Y is defined by
(£ x g)(z) = (£(2),glz)).

X! is an abbreviation for X x X x «+» x X, the Cartesian
precduct of i factors. The map 1 ;. xt — 7z genotes
(f x££ x *«° x £},

X v Y, the wedge of X and Y, is the union of X and Y
with common base point, ey being identified with Cye The map
fvy:2Z2ZvY—>Xis defined by (£vj)(z) = £(z),

(£vi)ly) = ily).

x0T {5 the subset of X' consisting of points with at
least one coordinate being ex.

X % Y, the "smash" produc;c of X and Y, is the space

obtained from X » ¥ by identifying X x ey and ex *x Y with
(ex,ey) which represents thebase point of X 2 Y.

x(1)  the i-fold "smash" product of X, is X ¥ ... # X.
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X 2 Y, the (reduced) join of X with Y, is the space
obtained from X x I x Y by identifying a) (x,0,y) with
x € X, b) (x,1,y) with y € Y, and c) (ex,t,eY) with
ey and ey to form the base point of X * Y.

CX, the {(reduced) cone on X, is the (reduced) join of
a point with X.

CX v Y, where £ : X —> Y, is the mapping cone of £,
the space gbtained from CX and Y by identifying (1,x) with
f(x). The base point is (l,ex) = (ey).

SX, the {reduced) suspension of X, is CX —@ ey Where

& : X —> ey. The map Sf : SZ —> SX is defined by
(s£)(t,2) = (t,f£(2)).

Remark. If we restrict ourselves to the category of
spaces having the homotopy type of countable CW-complexes, the
above constructions stay within the category. This follows
for all but L)L X from the usual theorems on productsof
Cii-eomplexes and on spaces formed from CW-complexes by
identifications. Milnor has shown that £ xﬁhe homotopy
type of a countable CW-complex whenever X does [ 17 J.

An is the standard n-simplex, represented as the set

of (n+1)-tuples (%,,... ,tn) of non-negative real numbers

n
such that Z t. = 1.
i=o !

77 (X,Y) denotes the set of homotopy classes of maps
of X into Y.



2., H-spaces

Definition 2.1. An H-space (X,m) cansists of a space X

witn base point ey and ammpm: Xx X —>X such that

m(x,e ) = X = m(ex,x). We refer tom as a multiplication
x .
on X.

Definition 2.&. Amap £ : X — Y is an H-map of an

H-space (X,m) into an H-space (Y,n) if the map fom is
homotopic to the map m o (f x f).

We note that any map homotopic to an H-map is itself
an H-map and that the composition of two H-maps is an H-map.

Definition 2.3. An H-space (X,m) is homotopy associative

if the maps m(l x m) and m{(m x 1) taking X = X x X into X
are homotopiec.

Definition 2.4. An H-space (X,m) is a monoid ifm is

associative, i.e. m(m(x,y),2z) = m(x,m(y,z)).

Let (X,m) be an H-space.
The induced map m, : H (X x X) —> H_(X) can be applied
to H, (X) & H, (X) as imbedded in H*(X x X). The resultant
ring structure on H 4, (X) is called the Pontrjagin prodmet. It
is natural with respect to H-maps. It is associative if (X,m)

is homotopy associative.
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3. Singular homology

Singular homology is usually based on simplices or
cubes. We refer to these spaces as the models for the
singnlar theory. It is possible, however, to use other
spaces as models, such as collections of acyclic regular
cell complexes for which the appropriate notions of singalar
boundary and degeneracy can be defined. That such theories
will produce the standard results follows from the theory of
acyclic models [ 5 j For example, the collection of
models could be arbitrary finite products of simplices.

If a space X is arcwise connected, we can generate the
singular theory using only mappings of the models wﬁich carry
the O-skeleton to the base point (ef. [ 79, p.444 ] ).

Now let the collection of models { Lp;} be closed under
products, e.g. cubes. Given two singnlar models u : Lo( —> X
and v : 1}3 -> X we define a new singmlar model
uxv:L, x Lp —> X xX by (ux v)(s,t) = (ul(s),v(t))
for s & La( , bt € L/g . This can be extended to define a
map C(X)® C(X) — C(X x X) which, as in the elassical case,

will be a chain equivalence.
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1, Definition of An-spaces

In order to define A,-spaces we use special complexes
K;, which will satisfy conditions 1.1.1 - 1.1.5 below. The
last of these is relatively unimportant for the present
study, as is condition 1l.2.c¢ in the definition of an
A -space. In [ 21 j, an explicit construction is given
of the special complexes K; (i=2, 3,...); they have the

following properties:
1.1.1. K; is homeomorphic to the (i=-2)-dimensional cube.

1.1.2. PFor 2< r <i and 1 £k <r, there are imbeddingsaaces)
WK : K x Kg—> K (s=i=-r+l) such that
a) @ K&, x Kg) C OK;
b) @K@, « Ky) x Kg) =

@ I@ UK, x Ky) X Ky) for jea-1 < k
' K-j+1 : :
(p J(Kp X Cp d+ (Kq x KS)) for j € k € j+q-1

@ 3N P MK x Kg) x Kg) for k< 3.

1.1.35. There are maps ::'_j t: Ky — Kig (a(ecsqgeyac,ﬁes)

for 1 £ j €1i such that

a) the following maps are homeomorphisms:

e 2(K2 x Ky_q)

1
i (P (Ky X Ky _q)

Il

I.

1



pu— k _ ;
II. —k¢(Ki—1xK2) lé kil

P Ko
—k @ l(Ki_l x Kz) l< k €1

b) the following relations hold:

r— k k =
k<jek+s-1

={ﬂk(g—:j(1g,)x K) for j<k

k, —
=@ (:j-3+1(Kr))< KS) for k4 s-~1<j

a——

\|
1]

for j > k.

Definition 1.2. An A,-space (X3{hi} ) consists of a space

X with base point e and maps hy : K4 X Xl——a X for 2¢isn

such that

a. ho(x,e) = ho(eyx) = x for x € X
k
b. hi(CF (f y G )y X]_7“'9Xj_) =

hr( f ,x1, LI o,Xk_l,hs(G: XK’ (3 Q,Xk_'_s_l) 9 XK_'_s, .0 Q,Xi)

Co. hi( f,Xj.,ooo,Xj_l, e, Xj+1,ooo,xi) -
hi‘ E j( f),Xl’...’xj-l,xj-"l,.",Xi) fOl‘ fé Ki.

For example, an Aﬁ-space is just an H-space with
multiplication hz,while an A3—space is a homotopy associative

H-space since o K3 consists of two points and the corresponding

maps are ho(hp X 1) and hp(l x hp).
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Now consider the five ways of associating four points.
In an As-space each of these ways can be connected to two
others by a single application of homotopy associativity,

thus we have the following map of st x x4 into X:

h Pl 4
(wae—Z LD
”3%"’1":3) 2 wh (2. % 4,2)
((UX)'J)'Z w(x (.3.2))
L_?(ﬂ X, '3,-?) h_s (ﬁ w, X, ._S-z)
(wx) (4&)

If we can extend to the (2-cell) x X4, we have an A,-space.
Definition 1.3. An Aoo -space (X; {hi} ) consists of a

space X with base point e ami maps h; : Ki X Xi —>» X for
i=&,... such that (X; {hi, 2 cice n} ) is an A, -space
for n = &,....

A space of loops is an Abo -space.

Since we will often have occasion to use formulas like
that of 1.2.b, we will abbreviate the right hand side as
hr(/ 1Xq 5o e ,hs( 6 ,Xpyeee s Xy, 5_1)s cees x.l) , it bveing
understood that hg is preceded by xy_q and followed by > SH



&, X-projective n-spaces

A major result of [ 21 ] is
Theorem &.1. If (X)‘{hi} ) is an An+ 1-space, there exist
spaces XE(n) and XP(n) and maps f : X —>XE(n) and p:XE(n)—>

XP(n) such that
1) XE(n) has the homotopy type of the (n+1)-fold join

X.x LI TS L
8 f is an imbedding and is contractible

3) pf is the constant map
: W, (XE(n),X) —> T, (XP(n) ,p(X)) is an

4) D,

isomorphism for all i.

The X-projective n-space XP(n) is defined if (X; {hi} )
is only an A -space; it can be described as follows:

Case 1. (X;ha) is a monoid (ha is assoc iative). We
write ha(x,y) = xy. |

XP(1) = SX, the base point is denoted by .

xP(n) = A2 x xB — Ly XBln-1)
where Y(a) : N2 x @ L A% x an]
Sectrion L.1 for the definition of ch_])is an

—s XP(n-1) (see

attaching map defined as follows:



L5

(4
Ile’h‘ T= ('t'Q""’tn)eAn and. x= (x}.’...’x.n)é x.
Let 7T i denote any " with %; = O.

Tet 2 5 = (bopeeesby1obiy1seeerty).

petine Y (n) (T o L) = ( 60, XpyeeosXy)
(T3 L) =(
(T nr ) = (CpaXgsensxy )

> ™D

19%qr e 9 XXy gy .,xn) le i< n
Further define

¥ (n) ( T 9X]seeesXi 1€ Xi ]ree1%g) =

(t»o, o0 o,ti-l + ti, ooo,tn,Xl, ooo,Xi_l,Xi+l, o..,Xn)‘

Since e is anexact unit and multiplication is associative,

Y (n) is well-defined,

Case 2. For an Ap-space, the construction of XP(i) for
i< n will be similar to that in the associative case. We
D .

Definition 2.2. An n-string is a subsequence (ig,...,1

replace An by a suitable homeomorph =

q)

of (0y...,n). The length of the n-string is q.
The gtandard simplex An can be regarded as the cone on

its boundary D AT which is obtained by identification from

—-q
”>L(’1l. ADL where o runs over all n-strings of length q.
The homeomorph "\ will have a boundary I A which
can be regarded as obtained by identification from a union

of cells which are indexed in part by n-strings.
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Definition 2.3. An n-string is fraternal if 1}-” = ij +1
for 1% §J< q or if g

I

1.

It is sufficient, by inunction, to desoribe the
(n-1)-faces of A and how they fit together. The (n-l)-
faces of "A are indexed by fraternal strings
022(1,, L'fiﬁs'i)-‘ The face Lndexed by ¥ has the form
N-q A x K?r” and is regarded as a face of "4 by means
of a map (9" : NTTA x KZ“ — DA, For
0 <1< n-q+1l, Q(x is a homeomorphism on the interlior of
i x KZ'” o FOor & :={(0,see,q=1) Oor (D~g+1l,se.,n),

Qo( can be factored through projection on to the first
factor, the interior of which is mapped homeomorphiccily. The
faces -ﬁit together as follows:

L.4., Let o = (L1,ess,i+q-1), ﬂ = (J,00e,§+0u-1), and
> = (f-u,ee.,0+q-u-l) j<i We identify

9,(( ‘9/)( (727 A x K yps 1 % Kgez ) with
(9/ ( 67&, ( "’2'HA x KZ” ) x K, ., ) in the
obvious way.

2.5, e aleo laenttty @ (T 2A x g Klr, xK,))

o<

mth 0,0 B, A"TA x K) xK,) vhere

o ' - (1,-.0 ,1-"‘ t"z)) b<" :(l. f—...k*fl) ."Sﬂ.; l.f'k"‘S'.‘i).wx‘». yo o 3
N 2 | 3
For example, A = A’ As for ~/ observe that K; = I
and that 3A has ¢ «~-cimplices as frcoes and one ! -face

which looks 1ike 'A x K., f.e, l1ike I, Thus A looke some-
o

e O

K 4
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We now define XP(n) by induction.
XP{1) = SX
XP(n) = 2A x XB
¥ (n)
¥ (n): d Paxxt <A x X[n-]

XP(n-1) where

—> XP(n-1) is the attach-
ing map defined as follows:

Define @ (n){( Qk ( = / ),){) to be the point of XP(n-gq)
represented by

(2.6) (’t',xl,...,hq*_l(/p',xi,...,xi*_q),...,xn)

with the convention that the undefined expressions

hq_"'l(/ ,Xo,...,xq) &nd hq+1(/0 ,Xn_q+l,-oo,Xn+l) are

to be omitted, e.g. for < = (0,...,q-1), then

F (B (.2 ) X)) = (2% 0eeeimy).

In order to define P (n) in the associative case we

used implicitly maps gq; : zs“.—;> an-l defined by

Qi(to,ooo,tn) punt (to,ooo,ti_l""ti,ooo,tn), l < i f n.

We wish to define corresponding maps yj : 24 —» B-1ip

satisfying the following relations in terms of the maps

&, and = j (of. 1.1.8):



1’ 7a
‘pOV X = (k, ST, k"'i'I),

a. rirj — rj-lri for i<
(2.7)

b. r; g - 90('(1'1"‘ 1), o<l= (k-1,...,k4+qg-2) for i<k

(> 3

gp—

C. riex = gd'(l x — i_k_'_l),“' _“‘_(k,ooo,k"’Q"Z)
for k¥ =i < k+ ¢

d. r; Qo(—‘-go,(ri_qx 1) for i >k + q.

We note that equations (2.7) b-d are cirilfatible with the

Ly r +r'an
identifications in © A and hence/give a well-defined
map of O nA into 21 A, We extend to B A by "taking

the cone", i.e. regard J A as the cone on D YA :

If xe 2@ 2A and r.l(x) = (s8,y) for y € Zn“la) se[O,l'],
then define

(2.7)e. ri(t,x) = {ts,y).

By induction, one can verify (2,7)a on 22 A . From (2.7)e
it follows that (2.7)a holds on all of 2 A .
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Let (Zvé n D . Define F(n)(T,Xl, oo-,Xi_l,e,Xi_'_l, ...,Xn)
t0 be the point of XP(n-1l) represented by
(ri(T ),x1, ...,Xi-l,xi-l'l’...’}%).

Lemma 2.8. K (n) is well-defined.

Proof. We must verify that if Q0< ( T, f ) belongs
to two distinet (n-1)-faces of nA , then using both defi-
nitions of Y (n) we obtain the same point of XP(n-1).

case 1. Let d,ﬂ » X Dbe as in 2.4.

Let e YA eand P € Ky £ E Kq+1ui+lq)(exn_
By (2.6), we see that

X(n) ( 904 ( Qﬁ ( 7, (0 )52 ")y X ) is represented by
(2.9) ( Q/S ( ?,[o ')’Xi"'*’hq-a-l(}a "yXiseeesXi q)reeesFy)
wile §'(n) ( Og (G (Tuop ")sp ') [) is
represented by

(2.10) ( go‘z ( Taf ")’X1’°-°7hu+]_( F "Xj"‘°’xj+u)"“’xn)'

Applying (2.6) once again, we see that both (2.9) and (2.10)

are identified with the point of XP(n-g-u) represented by

(2.11) (zv,xl,...,hu_l_l(f "xj""’xj-;-u)"“
...,hq_l_l(f ",xi’...’xi-}-q)’."’xn).

case 2. Let X, X'y, X" beas in (2.5).

wt o= @R php . Wile ¥ @) G (T, XD

is represented by (2.6), we see that
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Y (n) ( Gd"( ch'( T‘,f '),f "), X') is represented by
(2.12) ( Qo('( T,]p'),xl,...,hs(}p "’Xj_ui'-f"’xitxﬁ—l)’""xn)‘

Using (2.6) again and condition 1.2.b we see that both points
under consideration are identified with the point of XP(n-q)

represented by

(2.13) (7 s%q, ""hr( ’o',xi, ...,hs(,o ",xi+k_’1,
°'°’Xi+k+s.-2)’“‘"?Xi.,.q)""’xn)'

We must also verify that x (n) is uniquely defined on
1 N X X[n'] s, 1.6. on points of the form
(T 9X1rees2€300ey€yeeeyX,) with e in the i-th and j-th
places; this follows from the first equation of (2.7). Prom
the other equations and candition 1l.2.¢c of the definition
of an A,-space, we see that b’ (n) is uniquely defined on
2%aAax © N "Ax G

This completes the proof of Lemma 2.8 and the con-
struction of the spaces XP(n). Note that if Y is a

sub-An—space of X, YP(n) is imbedded in XP(n).
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3. A -maps

In the familiar case of topological grouvs, homomorphisms
induce maps of classifying spaces, and in fact maps of
(Milnor) projective n-spaces. Similarly if we make the
following

Definition 3,1, A map f* Y —X is a homomorphism of

an Aj-space (Y; ! hi} ) into an A, -spvace (X; {g1) ) if
fo hy=gyo (1L xf x-ee x71) (wheretl(i")Ki is the

identity) for 2 € i <n,

we see that an An-homomorphism induces maps
fP(1) : YP(i) —> XP(i) for 1 <=n. (Any map f : Y =X
induces 1 = ft : iz& x Yi —q>i'£3.x X;, The homomorphic
property is used to show
fP(1-1)- 3 (1) = i x| I tax ¥t o TAx ]
Homomorphy is not properly a concept of honotopy theory.
It may be weakened to the concept of an An—map, which is a
generalization of the concent of an H-map.

We recall from [ 21 ] the definition of an A_-map
in terms of certain maps defined exvplicitly there.. By an

ordered partition A of an integer 1 we mean a sequence of

integers FJ = (pl, ceos Dr) such that 2§; pj = i. Let

, = [1, 1] .
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For each »Hartition F = (p

Dys --es Pp) of 1 -, let

F . I xoooXI R K KK X o XK —91 XK
P1 pr r pl pr 1 i

denote the homeomorphism constructed in [21] .

Definition 3.2, A map £ : Y —»X 1s an A -map of an

a_-space (Y¥; { b3 ) into an A -apace (X; {g,)) if there

1

exist homotopies Gi ’ Ii x K. x Y X forl<sics n

i
such that
a) G, =1,
B) G | (W) x K x Yl =feny
Gy l (1) x Ky x Yi = gio(l x f xR xf)
where 1 : K:.L——aKi is the identity,

¢c) Let peK, o<k ey withr +8 =1 + 1,
k
then G, (t,@ (/,6—),7( ) =
(3-3) Gr(t’/,yl, e s e 9 hs(a_, yk’ eo e 9 yk+s_l), ¢ o0 ’ yi)
for te I.,,
d) Letp= (pl, cees pr) be a vartition of i.. ..
Let /e KV’*’ ’cj € Ip ’ 6_j e Kp for j=1,...,0,
i
Let t —_ (tl’°"’t1”) and 0/= (6-1,000’ o_r), XéY [y

then Gy (Y7 (1, 0,9 ),X) =

(xoq) g’r(/’ Gpl(tl,d—]-, Xl,ooo,xpi,o--
...’GD (tr,d—— ,X

a.r r i-pr+1,.‘.’xi)).

Remark J.5. The maps %F were constructed so that

conditions a) - d) determine a well-defined nap of

) (1, K, ) x vl into X.
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Examnle 3.6. ‘We can indicate the values of

GJ(st gix(x,y,z;) as follows

f(x(yz)) T((xy)z)
f(x)f(yz) 4 }fixy)f(z)
£(x)(£(y)f(z)) | ((£(x)f(y))f(z)

The sides of the square are defined by fehg, Gz(t,xy,z),
Gg(t‘lsXsY)f(Z), %‘3(le* = f), f(X)Gg(t-l,YZ), and

Go(t,x,yz) in their resvective positions.

Example ¥.7. The following figure shows the decomposition

of IyxiKy,;the heavily scored face is the one on which

~

T, is defined in terms of Gg(t,w,x)Gz(s,y,z).

The relation between An-maps and orojective svaces 1is

established in [ 21 ]. We have

i e ———

Provosition 3.8, If £: (¥;{n,] )—%(X}*fgi}) is ar

A -:ap, there are induced maps fP(i) : YP(1)—YP(i) for

i€n such that fP(1) = fP(j)) YP(i) for 1 =) and

£P(1) = Sf: SY = 8X.
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Je can regard the construction of the spaces XP(n)
and the mavs fP(n) as a functor from the category of
A, -spaces and An-maps to the catezory of svaces and mawvs,

In the converse direction, we establish

B F R

Theorem 3.7. If (Y; {hi} ) is an A, -svace and EZ,7,)

is a monoid, then f Y —X 1is an An—map if

Sf : 3V — 35X extends to fP(n) : YP(n)— XP(n).

Proof. Suppose that Sf : 3¥Y—> SX does extend to
some map fP(n) : YP(n) —» XP(n). “onsider the loo»
spaces (2YP(n) and L2 XP(n) and the induced v
(UfP(n) © S2YP(n) —>£2 XP(n). Let w, : Y—={2YP(n)

be given by w (y)(t) = (t,y) € SY < YP(n). Consider

the following diagram.

Y 5 YP(n)
f )2 (n)
' 4 Wp \b
bl ‘ — XP(n) 5> {P(e9).
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The map () fP(n) is a homomorphism of the loop structure

and hence an A -map for all n. Note that wy(Y) lies in

() sY. Since f£fP(n) is an extension of Sf, we have

) fP(n) w, = wyf; the diagram is commutative.

Theorem 2.1 enables one to show that the imbedding

X —>()xP(0c0 ) is a homotopy equivalence and A_, -map,

[ 2 1 ,cf.zz,f.,zﬂ_ Hence there is an A__ -map S1XP(eoo ) =X

such that the composition

Y —> ) YP(n) —> () x2(n) —> () X(oo ) —> X

is homotopic to f. That £ is an A, —map follows from +he elenem'

Proposition 3.10. The map w, : X——%_()_XP(n) is an A -map.
Proof. We consider first ﬁhe cage n = 2 to illustrate

the technique. The inclusion w, is an H-map if

}7 (2) :9I x x° —= () XP(2) can be extended to I = X2,

17 (2) being given by

7(2) (0,x,y)(u) = (2u,x) for 0 £€u £3%
= (2u=l,y) for § 2u <1
7(2) (L, x,5)(u) = (u,xy) for 0 £u 21,

Equivalently we can consider the adjoint map sx2 —>» Xxp(2),

represented by 5(2) : (I x I) x X2 —> XP(2) given by
5@ (usex3) = 7 (2)CE,55)(w) for € =0 or1
;(2) (€, ¢ ,x,9) = * for £ = 0 or 1.
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Since 5(2) is constant for U= 0 or 1, we can define a
map 7}(2) t I XI —> A so that

¥2) = B z9<z>'1 x1x1)| dax B2
Since ¥ (2) extends to A x X ’ 5(2) extends to
I° x X° and hence f(Z) extends to I x X° as desired.

The case n > 2, hz, associative. In this case we are

looking for maps
G ¢ Ijx Ky x Xi——,?—QXP(n) for 2 €i £€£n such that

1) 6 (1,/) y X) = wp(xgeeex;)

6y (1, 23 X)) = my(xg) - owy(x3)

2) & (4, PP L0, X)) =
= Gr(t,/o ) ,xl,...,xko..xk+s_1,...,x.) for t €1,

3) G, Y (20,00 )()»-»»
= & (2365, K050 Xy ) 0 G (€507 %0 4y, x0)
fLoo /”161/) 7(4:,"3.24

We regard points of I x I{ xK; as given by coordinates
(u,t,f )y, uwuel, te I, /Je K;. The adjoint maps to the
maps G4 will be represented by maps
5(1) t: I x Ijx Ky x X —> XP(n) such that
3.11. 1)5(1)(5 6y 25 X) = £ =0o0r1
2)? (i)(u,1, /) ) X ) = (u,xl...x_l)
f (i)(u,i,/o ,/'() = (du-j,x, ) oziuzjza
0

“ji<i.
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3) For PGKr’ 0 & Kg we have
é(l) (u’t’ qk(/7a-)’ X) =

é (r) (uyta/ 9X)secesXppe oo Xy 5.7 "09an)
£for " 4) Foe =t P 0 cend A as rn ‘3-,2.01, we have

?(i) ( M, ¢p(t,/,0'"),%) =

IR ,

L e ST ~ 4 \
bl'cye *!(—ZM:ILPM f)’(EJ i, P. o e

3

. L
J ‘

~

et X (i) denote the inclusion of Ai X Xi into

XP(i). We wish to define a sequence of maps

Z,C(i) : I x I3 xK; —> Al for i - 2y e..yn such that
if we set 5(1) = ¥(1) (<Z(1) x 1) (vhere 1 : ¥ —> x&
is the identity) then f (i) will satisfy conditions(3.11.1<3)

We specify ’;(i) by giving for each point y = (u,t,,a )
of the boundary functions 1, (¥)s+.-5%5(y) such that th(y) = 1.
Instead of using the notation t,(y) = ye-0st3(y) = )
we find it more economical to use the notation
Yy — tg=  ,ee09t; = .+ Thus #(i) is given by
(O,t,//‘ ) = t,=1, tp =0 form >0

(1;t,f' ) —> b5
(uylaf)*—> 't0=1-U., ti'-:L’.,'t =0 for 0O<mce i

1, t, =0 for m < i

m
for 0 €iu- j< 1-

(u’i’f )__91;3 = 1-iu+j, t5,7 = iu-j, t, = 0 for m}t‘j,jq.l.
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for te€ I

_
(uat,¢k(/ ,G)) —th

tm(u,t,/ ) € 1<k

_ct
!

=t u,t T+s-14m €1l
m m—s+1( yba)

t. =0 €md&lz+s-1

for f!,t, , 0 as in ¥.11.%°

"—'
letkzgzo Pu- Oor O<iu-K=<=p;

, PP, pio Doty

1] =11 1» 1r
ty e (u A-,tj,o"j) L < m& 4D,

n
lis

t, =0 O#£n<% or bﬁﬁfmfi.

It is comewhat tedious vut straizhtforward to verify
that the formulas above yleld a well-defined mapn of
D (I in x Ki) into A i. ‘e obtain po(i) by extending

radially to the interior,

Lemma 3.12. The map 5(1) defined Doy
S0l = @) (HL)x1)

satisfies conditions 3.11.1) - .3 ).

Proof. 1) If :tu =C or 1, then to= 1 end

(1) (1,0;...,0,7( ) = %,
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2) t = 1: ¥() (i-u,o,...,o,u,}/) is
identified with (u,xq---x4)€ S1L.
t =1r For O <:iu-j< 1,
o (L) (C',...,1-—iu+j,iu-j,€‘,...,O,X) ie identifie?

with (iu-j,xj+l) e SX.

3) tel,: Since ty =C for & cn<lz+s-1,
¥ (1) (to""’t""?() is identified with
(s e et g obigg oen e s BroRpsenes®y " "My qoee ;)

which for the s»ecified values of t, 1s in fact
6 (I‘) (U.,'t,f ’:Cl, s o 0 ,:’:'].{. ¢ .X.‘-_:"'S"l,. . .,:{i).

b
¥) g by 2,078 in £.11.4° Let = =£_, p..
For © fiu-k < Dy we have tm =0 for C€m<k or

e

J

4D, £ 2 €1, nence () ('t,)() is idertified with
(tk""’tk+o.’xk P o ). Tor thre specified values

in ‘_j
of tm t1ls is t~e same as

f;(pj) (iu-k’tj"Th’xk+l""’xk+pj)'

This completes the oroof of Lemma J.12, Since we
have been avle to define mnaos 'j§(1> satisfyias F.11.1) =3)
for 2 €1<n, wve cavéefine the adjoint maps G, a2nd hence

1

w_ 1s an A -man.
n n

“age 2. lNon-ascoclative An-spaces. The corresoondinec

s i L1 1 .
an (1) I« I,k — A ianvolves sonewrat less collapsinc,
) * ¢
For examole when telI , (u,t, (p,07)) is masde’ to
. : " 1-s+1 :
the aoorovpriate point ol ﬂk A x Kﬁ)) X= (z,...,7+4s-2).
]

Otherwise the same vrocedure can be anolied as in the
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acsoclative case.
This connletes the vroof of Lerma 3.1C. Theorem 3.9

nov follws since the coanosition of An-meps is an An-mao

[ 21 1.



CHAPTER III AXTAL MAPS OF PROJECTIVE SPACES



y// Y

1 Statement of the problem and main results

Let X,Y and Z be spaces with base points ex, ey and ey.
Definition 1.1. The axes of a map £: X x Y —>Z are the

maps g : X—> 2 and h : Y —> Z defined by g(x) = f(x,e,)
and hiy) = f£(eg,y).

Definition 1.2. A map £ : X x Y—> Z 1is axial with respect

to maps g : X—> 2 and h : Y — 2 if the axes of £ are
g and h.

Convention 1.3. Let X and Y be subspaces of Z. A map

£f : X x Y—> Z is an axial map if the axes are the inclusions

Xc Z and Y — Z.
For example, the multiplication m of an H-space (X,m) is
an axial map.

Definition 1.4. An H-space (X,m) is homotopy abelian if m is

homotopic to mT where T : X x X — X x X is given by
Mx,y) = (y,x).

In connection with their work on homotopy abelian Lie
groups [ )] ], Ioan James and Emery Thomas have proved the
following theorem (unpublished):

1

Theorem 1.5 Let G be a topological group.” By means of the

Milnor construction [ /4§ ], identify SG with a subspace of

Bz, Ihe classifying space for G. The group G is homotopy

1. As usual, we restrict ourselves to topological groups which
have the homotopy type of countable CW-complexes.



abelian if and only if there exists an axial map

f:SGKSG~—>BG.

We will present the following generaliZation:
Theorem 1.6. Let (X,m) be an H-space. If (X,m) is homotopy

abelian, there exists an axial map f : SX « 3SX —> XP(<3).

The converse holds provided(x,nﬂ.s homotopy associative.

Define p: SLX— X by p(t, ™) = > (%) for
A € S X, i.e. A:; [01])] — X, andat e [0,1].
The method of proof of Theorem 1.6 will yield

Theorem 1.7. If there exists amap f : SNQX xS (LX—X

which is axial with respect to p, then (2 X (with loop

addit ion) is homotopy abelian.

Section & is devoted to proving Theorems 1.6 and 1.7,
but first the remainder of this section will illustrate the
usefulness of these results. In order to apply Theorem 1.7,
we give

Definition 1.8. A bunch of spheres is a space which is

homeomorphic to a union of spheres with a single point in

common.

Theorem 1.9. If X has trivial Whitehead products and S () X

has the homotopy type of a bunch of spheres, then ()X is

homotopy abel ian.

Proof. Let Y denote the appropriate union of spheres

and g : Y — S{1X the homotopy equivalence. The map
p: S{LX — X combines with g to yield amap h : YvY —

2

X.
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Since all Whitehead products vanish in X, we can extend

h [ SP v 5% 4o SP x S for each pair of spheres SP,s
contained in Y. Hence we can extend h to ¥ x Y. Using a
homotopy inverse to g, we obtain the desired map S0X xSAX—-X.

Definition 1.10. Let (Z,n) be an H-space. For any two maps

f: X—> Z andg : Y— Z the sum (f+ g) : X x ¥ — Z is
defined by (f+¢g)(x,y) = f(x)gly).
In order to apply Theorem 1.9, we establish

Proposition 1.11. If 7 : E— B 1is a weak fibring (i.e.

7, 77 4(\E,F) —= 7/’.1(3) is an isomorphism for all i) with

F contractible in E, then there exists q : F —» (2 B such

that (¢ + 7% ) : F xf{E —>n B is a homotopy equivalence.

Proof. Since F is contractible in E, we can define a map
q : F—5( B so as to obtain the following non-commutative

diagram with 9wt J ~lq =1

7, l l o,
7 (B _ % 7,100 B)

the horizontal arrows O Dbeing the usual boundary operators

[23, Prop.l, p.5Y. Thus we can write

71_1(_(2 B) - 72_1—1(:&1) 4+ 7 l—l(‘(l E).
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The inclusion 7, (LE) € 7, (1B) ts just ( {17) .
Since the usual addition in 1 l(_(7_B) coincides with
that induced by the multiplication on (B [6’, ,7-370 , we see
that (9 +Qm), + 7, ,(F x {L B) —> 71__1({23) is an
isomorphism. In the category we are considering, we can con-
clude that (g + () 7 ) is a homotopy equivalence.

Note that F admits an H-structure m : F x F — F by
Theorem 1 of [ 22 , p.109] or because it is dominated
by the H-space (2B [12,60]. In general the injection
q ¢ F —> () B need not be an H-map; €. 8 q : Sl—-"v Q 52,

corresponding to the Hopf fibring of 83 onto S2

, L8 not an
H-map since, up %o homotopy, Sl admits only one H-structure,
which is abelian, yet the Samel son product <{g,q > in
10] Sz is non-trivial since it corresponds to the Whitehead
product [ l_z, l ] in s%.

Again even if q: F — (0B is an H-map, the homotopy
equivalence between (1B and F x (L E need not be an
H-map. We, in fact, establish

Theorem 1.18. Let (X,m) amd (Y,m’) be H-spaces. Let (Z,n)

be a homotopy associative H-space. If f : X -— Z and
are H-rmep?s,

g:Y——»Z/then (f+rg) : X xY — 4 is an H-map if and only

if it is homotopic to (g+£)T : X x ¥ — Z.

Proof. Let Fg : I + X xX — Z and Gp : I xY Y — Z

be homotopies such that
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Fz(O,x,x") = f(xx') Gz(o,y,y') - g (yy")
Fo(1,x,x") = £(x)f(x') ¢,(1,7,5") = elz)ely).

Suppose there is a homotopy H : I x X x ¥ —> Z such that
H(0,x,y) = f(x)gly) and H(1,x,y) = gly)£(x). Then (f+g)
can be shown to be an H-map by the following string of homotopies
(£+ g)(x,7) +(x',y")) = (£+g)(xx',yy")

F_.°G
= flxxglyy) A $@x)ely)ely')
H
~ £(x)gly)£(x)agly') = (£+&)(x,y)-(£+8){x',5').
We have omitted the parentheses for associating; strictly
speaking we must use an assocliating homotopy several times
to pass from (£(x)£(x'"))(g(ely')) to £(x)((£(x')g(y))ely’)),
etc.

Conversely, if (£f+g) is an H-map, the map
(£(x)£(x") ) (g(y)sl(y')) is homotopic to (£(x)gly)) (Flx')gly')).
By taking x = ex, y' = ex, we see that (f+g) is homotopic to
(g +£)T.

We are now ready to apply Theorem 1l.9.

Let CP(3) denote complex projective 3-space. By Proposition 1.1l
there is a homotopy equivalence

(@ + O7) st x 28" —> (cp(3).

Lemma 1.13. The map q : Sl —s () CP(3) is an H-map.

Proof. The obstructions to q being an H-map are classes in

Hi(sl K sl; 77‘1(_(2.CP(:3))). However Hi(S]-)}x st) = o0 for any
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coefficlent group unless i = 2, while 7 p( L2CP(3)) =
TS(CP(L’))) 2 77’3(87) ~ 0 =0 that all the obstructions
vanish.

Lemma 1.14. All Whitehead products vaenish in CP(3).

Proof. We can write ﬁi(ﬂCP(B)) as
T (S) + 71'1(-(2 87). The injections of 77’i(Sl) and
v/ (.Q S ) are induced by H-maps, hence Samelson products
are natural with respect to the injections. Since Samelson
products vanish in S:L and L) S7, the only possible non-
trivial Whitehead products are of the form [ &, 3] or
[F, o(] wi th X € 77’1(81), /J’ € 77’1(87), a generator

of 771(81) being identified with a generator &, € 7,

4
Now consider the fibring P: CP(3) — S~ induced by
regarding the complex plane as a quaternionic line[' 9 ]
Bhe fibre is Sz. From the exact sequence

P P

cee —> I'i(sz) ie Ii(CP(E)) v/ (S ) —-—-—"7 1(38)

and the naturality of the Whitehead product, we see that
F [lg»p:}: O hence [lz,ﬂ]= i, ¥ for some
class Yy € ﬂ‘i_'_l(Sz). However, i, ( 77'i+1(sg)) = 0
for 1> 1 since the 4-cell of CP(s) is attached to S° by a
generator of (S ). Hence all Whitehead products are
zero in C2(3). (.n.ll mnitehead proéucts of the form ELZ ﬂ]
/5 = 7"1(S4r 3) vanish in CP(2r+ 1) by the above

argument with CP(2r+1) replacing cP(s), QP(r) replacing s%)

CP(3)).

*
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Applying Lemma 1.13 and Theorem 1.9 we obtain
Theorem 1.15. () CP(3) is homotopy abelian.

Proof. We need only observe that 3{( {1CP(3)) has the
homotopy type of a bunch of spheres since

1) S(Sl x L) 82r+ l) has the homotopy type of
s vy s QsT*rl y g8 _Qs.?,m-l’ and

) s L s+ 1 pas the homotopy type of a bunch of
spheres.

Statement 1) is a consequence of the general result that
S{(X x Y) has the homotopy type of SXv SY v S(X ¥ Y)
[7)'9_”;] and the identification of St ¥ Y with SY,
Statement 8) follows from the results of James on reduced
products | 10 , (6 1 .

Finally we obtain
Corollary 1.16. The homotopy equivalence (q + _Q 7 )
st x ) s’ —s (2CP(3) is an H-map.

Proof. Since _() CP(3) is homotopy abelian, (f+g) is
homotopic to (g+£)T for any two maps f : X —> L2 CP(3),
g : Y — QC2(3). Hence (q@ + ({7 ) is an H-map by
Theorem 1.12. In IZ..8 we will show that g is not an A,-map
and hence (g + {L 7 ) is not an A,-map.

Next we turn our attention to axial maps of the form
XP(r) x XP(s) —» XP(r+s). (Theorem 1.6 concerns the case

I‘:S:l.)
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In the classical case we have maps RP(r) x RP(s) — RP(r + s)
and CP(r) x CP(s) — CP(r+s) for all r,s. More generally
we will establish

Theorem 1.17. Let (X,n) be a monoid with a multiplication m

such that

(1.18) m(n(w,x), n(y,z)) = n(n{w,y), n(x,2)). Let XP(r) for

r=4, ... denote the X-projective spaces constructed with

respect to n. Then there exist axial maps

XP(r) x XP(s) — XP(r+s) for all r,s.

It is possible to consider A __ -spaces instead of monoids
and to replace condition (1.18) by a homotopy condition, but
the present formulation (suggested by J. C. Moore) is con-
siderably neater and sufficiently general to indicate the
phenomena of importance. An approximate converse to Theorem 1.7
is familiar. If XP{(eo ) admits a multiplication, then
{) xP{oo ) admits two multiplications, loop addition denoted
by n and the induced multiplication m, 1i.e.
m{ A ) M Y (s) = X (s)/bt (s) for 7\,/1/( el xp(eo<),sel0,1],
satisfying (1.18). Alternatively we could use the Moore loop
space, in which case n would be associative but condi tion (1.18)
would be replaced by a homotopy condition.

By taking m = n, Theorem 1.17 implies
Corollary 1.19. If X admits the structure of an abelian monoid,

there exist axial maps XP(r) x XP(s) — XP(r+s) for all r,s.
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It is possible to obtain the classical case from Corollary 1.19
by identifying RP(r) with S°P(r) amd CP(r) with slp(r) as is
done in L 2/ 1.

Still more generally, using the concept of .an An-mp, we
£ind it possible to give fairly general conditions which imply
the existence of axial maps XP(r) x XP(s) — XP(r+s) for a
limited range of r+s. In particular, let (X,m) be a monoid.
Denote multiplication by juxtaposition, m{x,y) = xy. Suppose
that m is homotopy abelian; i.e. there exists e X x X —X
such that co(x,y) = Xy and cl(x,y) = yX. We call o  a
commuting homotopy for (X,m).

Define & : St —> XX vy

3(s)(x,y,2) = xog(y,2) for 0 <s <1
= cs_l(x,z)y for 1< s <2
= es_s(xy,z) for 2< 8 <3

whe re Sl is parameterized from ¢ to J.

Theorem 1.20. If for some commuting homotpy c for X, the

map ¢ defined as above is null-homotopic, then there exists

an axial map XP(1) » XP(&) —> XP(3).
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2. Proof of Theorem 1.6

Elsewhere [ ZO] we have given a proof of Theorem 1.6
based on the methods used by James and Thomas to prove
Theorem 1.5. For the purposes of generalization we present
an al ternative proof.

Let (X,m) be an H-space. We can give X x X the structure
of an H-space by multiplying coordinatewise, i.e.

(w,x)*(y,2) = (wy,xz). Hence it is meamingful to ask:
Is m: X x X—> X an H-map? We observe

Theorem 2.1. The multiplicationm : X x X —> X is an H-map

if and only if m is homotopy commutative and homotopy

associative.

Proof. If m is an H-map, the maps gy * ¥ — x and
g ¥ —> X defined by go(w,x,y,z) = (wx)(yz) and
gl(w,x,y,z) = {wy)(xz) must be homotopic. Setting w = 2= e,
we see that m is homotopy commutative. With xor y = e, we
see that m is homotopy associative. Conversely, both homotopy
properties can be used to give:
(2.2) (wx) (yz) ~ w(x(yz)) =~ wl(xy)z) = wl((yx)z)

=~ wiy(xz)) = (wy)(xz).

Now if m is an H-magp there is an induced map
mP(2) : (X x X)P(2) —> XP(2). The inclusions i;, ip: X—>XxX
imbedding X as either factor are homomorphisms andi hence indmce

maps jp,dp : XP(1) —> (X x X)P(1) for 1 =1, 2.
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By an abuse of language we also denote by J;,Jdo the corres-
ponding inclusions XP(1) << (X x X)P(8). Since m itself

is axial, the composition mP(E)ji for i = 1,2 is the inclusion
8X = Xp(1) < XP(2). Hence if j; v J, extends to

g : SX x SX —> (X x X)P(2) then mP(&)g is an axial map.

Lemme 2.3. The map jy Vv Jg ¢ SX v SX —> (X x X)P(8) extends
to g : SX x SX —> (X x X)P(8).
Proof. We represent points of SX as pairs (t,x) and
points of (X x X)P(8) - S(X x X) as 7-tuples.
(u,,u3,ug,(w,x); (y,2)) with uj+ vy + ug= 1.
Define g by
gl(t,x),(s,y)) = (s,s-%,%,(e,y),(x,e)) for t <s
= (t,t-s,s8,{x,e),(e,y)) for s < +%.
Notice that g is well defined; i.e. respects identification
and when s — t is uniquely determined as (t,(x,y)) € S(X x X);
and that g extends jj; v jg2.
Notice further that to obtain the desired axial map we
need only mP(2) | g(SX x SX). This image involves points in X%
of the form (x,e,e,y) or (e,y,x,e). We need the homotopy
between go and gi only on the sunbset of X4 consisting of points
of the above forms. Now g (x,e,e,y) = xy = gl(x,e,e,y), but
gole,x,y,e) = xy while gl(e,x,y,e) — yx. Thus
mP(2) | g(SX x SX) is defined if m is homotopy abelian.
As for the converse, let £ : SX x SX —> XP(2) be an

axial map. In general we regard SX x SY as
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I2 x X x Y —, SLVSY where f7: J (I3« X« YL I® x (X v Y)
is defined by
ﬁ(t,{,x,y) = (t,x) € 8X far = Oorl
(,8,x,5) = (s,y) € SY for &= 0orl
Alt, s, x,e)=te,x), B(¢s5,e4)= (5 “4)-
Let X = Y anmd f' = f/v’ , S0 that
£'(t, & ,x,y) = (t,x) ¢ SX for &£=0o0rl
(2.4)3?'(6 ,S,X,y) = (s8,y) € X for &£= 0 or 1l
By identifying o (IZ) with Sl, we can regard f' as a map
of S(Xz) into XP(2). The adjoint will be a map of X% into
(2 xp(2) which from (2.4) we see can be written as
(2.5) (wa(x) + w,(y)) + (-wa(x) - wyly))
where wy : X — ) xp(2) is the usual imbedding. Since W,
is an Hemap (M.3.10), the map described by (2.5) is homotopie
to wz(xy)-wz(yx). Since f' extends to IZ x X%, the adjoint is
null-homotopic, hence LA is homotopic to womT. If m is
homotopy associative, there is a weak fibring
p : XE(2) —> XP(2) with the fibre X contractible in XE(2)
by Theorem TI.2.1. Hence by Proposition 1.1l there is a re-
traction r : (1 XP(2) — X, i.e. rw, & 1. Applylng r to w.nm
and wzmT, we see that m is homotopy commutative.
As for Theorem 1.7, the latter discussion would apply,
substituting X for (<2 X)P(2) throughout. The adjoint to f£*

is a map of (0L X x {2 X into <2 x. 1n this case for
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N € () X we have
f! (t,C,%,/M) = X (t) *for = 0orl
f'(E,s,,l,/‘,():/(s) for = 0 or 1;
hence the adjoint can be wri tten as m-mT. Since f' extends
to I° x (L X x (2 X, we see that m-mT is null-homotopic; that

is, m is homotopy abelian.
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3. Thée general. case for a monoid.

Theorem 1.17 will follow from a study of axial maps
XP(r) x XP(s)—> XP(r+s) for general r,s. A partial result
is the following:

Theorem 3.1. Let (X; m) Be a monoid and Xp(i) for i = 1,2,...

the corresponding X-projective i-spaces. There exists an

axial map XP(r) x XP(s) —» XP(r+s) if mis an A, _-map

(with respect to coordinatewise multiplication on X x X).

Proof. If m is an A -map we have the map

T+ S
mP(r+s) : (X x X)P(r+ 8) —> XP(r+s). As suggested by the
proof of Theorem 1.6, we now obtain Theorem 3.1 from

Proposition 3.8. There exists

g.s ¢ XB(r) x XP(s) — (X x X)P(r+ s) which is axial with

respect to J : XP(r) — (X x X)P(r+ s) and 3o XP(s) —

(X x X)P(r+ s).

Proof. We have obviously extended our use of the symbols
jl and ja. We construct gﬂexplicitly. We wish to map
AT X 2 A xX5into A2« X*P forr+ s=n so as to
respect the ident ifications imposed by 7y (r) , ¥ (s)
and ¥ (r+s).

For any two ordered simplicial complexes K and L, the

product K x L can be subdivided so as to form a simplicial

complex K x L Eé,f-‘ﬂ' This subdivision is functorial, hence
for any subcomplex K' < K, the product K'x L is subdivided

as it would be as a subset of K x L., For the particular case
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r s
A =K, A — L, the subdivision can be described as

r s
follows: Let A be the ordered simplex (0,...,r) and A

the ordered simplex (0,...,s). The vertices of A¥ x A S
are all pairs (i,j) with 0 « i < »r, 0 < J = 8; partially
order ¢ them as products, i.e. (i,j) =< (i',J') if i = i

and j £ j'. The ordered n-simplices of A~ x A S are all

simply ordered sequences of length n + 1 of the vertices of

r S
A x A . We map A r X AS duto An by an order pre-

serving map of the vertices of each n-simplex of the decompo-
sition.

Now we wish to deseribe the related map of X¥ x X® into X8R

Definition 3.3. A shuffle of the symbols XyseeesXpy Fprees¥g

is a permutation which is order preserving on XyreeesX, and

on yl’.‘.’yS'
With each n-simplex 6 of Ar X A S we assoc iate g

shuffle « (o~ ) as follows: If o = (vo,...,vn), each
vertex v, must be a pair (i,)) with i + j = k. The vertex

V.. must be either (i-1,3) or (i,j-1).

Write (9] (o—- )(Xl,ooo,xr,yl,ooo,ys) = (Zl,...,Zr+S) wi th
(5. 2) 2y = x, 12 v, = (1,3), v ;3 = (i-1,3)
Zk = yj if vk = (1’3): vk—l = (j-,j""l)'

We can extend our definition of associated shuffles to the

subdivision X x L of any product of ordered simplicial
complexes. If A Tis replaced by an r-simplex (po,. .o ,pr)
and AS by (qo,---,qs), then Ve = (1,J) is replaced by
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r s
A simplex ¢ = (vo,. .o ,vn) of 4 x A intersects

(0,000,i=1, £+1,e..,7r) x (O0,...,s) in an (n-1)-simplex o'
if and onmly if precisely one vertex vy has the form {(i,j) for
some j. The face o' is (vo,...,vk_l,vk+1,--.,Vn)o
From fomulas (3.4) it follows that if ¢ = (Vg,eee,V )
and o~ ' is obtained by omitting vy, the only vertex with
f£i rst coordinate Dy then for
@ (6 )(xl,...,xr,yl,...,ys) — (zl,...,zn)
we have

(23] (O' ')(xl’...’xi—l’xi-}- 1"“’Xr’yl""’ys)

(5.5) = ‘Zl,ooo,zk_l,zk_'_l,ooo,Zn) for 0 < k i n
w (6 ')(xa,...,xr,yl,...,ys)
Z(ZZ’QOO,Zn) for k = 0.
Now let Wy,...,W,. o be points of X and let x, = (wi,e)
for 1 £i=< r, yj = (e,wj+r) for 1« j = s.
- r S
Define g : A x T x A% x x° —s al « Xan as follows:

fort e AY, u e AS ana (t,bu) e o= A T x AS,
(3.6) 'é(t,wl,...,wr; W, Wy, 1seeesWp, g) =

({(t,0), wlo JE 5o e 3%y Ty seees¥g))
where (t,u) 1is the coordinate of (%,u) in o .
Lemna 3.7. The function g induces a well defined map
xp(r) x XP(s)—=(XxZp(r+s).

Proof. We assume the lemma proved for r+s - 1. Two

grs *

, r s
n-simplices of A~ x A" have an (n-1)-face in common if

and only if they have the fomm
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2

6_ = (vo,ooo,vn) &nd 6‘ ' jpuay (Vo,...,vi_'_’j,...,vn) Where
Vieg = (1,3) and v} g = (Li+1,) - 1) (or vice versa).
Let Wl = (wl,.oo ’Wr) Y Wz = (wr+l,ooo ,Wr+ s)o

In this case g(t,W;; u,W;) is defined as (3.6) and as

——

(3.8) ((t,u), w (o ") (xl,...,xr,yl,...,ys)), where (t,u)

is the coordinate of (t,u) in o—'. Sinece (t,s) belongs to

———

both ¢ and o', the coordinates (—1:;1) and (t,u) describe

the same point of the face ti+j = 0 of A n. Applying

¥ (n) to (3.6) and (3.8) we obtain two points of (X x X)P(n-1)

which have the same coordinate in An-l. As for the

coordinate in in-z, we note that @ (o) and w ( 5 ')

have the same effect except in the (i+ j)-th amd (i+ j+ 1)-st

Z = X while
i+j+1 i+

' ! = i . , =
2}, 3 Xj 10 2 L jel yj. Since tl..-,] 0, V¥ (n)

multiplies the entries in the (i+ j)-th and (i + j+1)-st

position, 1i.e. Zi+j = T3

—

positions. We have

-—

= ! 1 |
23+ 5 %214 541 W o1 e T %y %iagen
Similarly one verifies that 8rs is well defined on

v s r s
3 (A~ x A& ). Suppose (t,u) ¢ A x A° lies in a

common {(n-l1)-simplex of (0,¢..,i-1,i+1,...,r) x (0,...,8)

and an n-simplex G = (vo,...,vn) of Ar X As.
Applying ¥ (n) to (3.6) we obtain a point of XP(n-1) re-
presen ted by

(3.9) (?’zl’.."zk zk-}l’.”’zn) I'ﬁ0<k<n ) Vk:(",.)) .
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where < is the coordinate of (?,TJ.) in An and ZyseeesZy
denotes the effect of the shuffle. Applying ¥ (r) first
and then (3.6) we have for 0 < k< n
(3.20) (7, wlo "M=y,yeee,xy_1,X%%, 1reee1XpaTyaeeesTg))
where ¢ ' is obtained from O Dby omitting vk, the only
vertex of the form (i,j) for some j. Applying (3,5) we see
that (3.9) and (3.10) represent the same point.
If k= 0 or n, we must change (3.9) to

(3.9') ( ’22""’211) or { < ,zl,...,zn_l)
and (3.10) to
(3.10") (T, wl(ao ) (xz,...,xr,yl,...,ys) or

(&, (o) (ﬁ,...,xr_l,yl,...,ys).
Again applying (3.5) we see that the two points are the same.
Using the symmetry of (3.6), the proof of Lemma 3.7 is complete.

Lemma 3.11. The induced map

g., ¢ XP(r) x XP(s) — (X x X)P(r+s) extends j, v J,.

Ts
r
Proof: Let t = (0,...,1,...,0) € A . Under 7 (r), the
point (t,Wl) is ident ified with the base point % of XP(r).
Hence, to check that f extends jz’ we may look at

g(t,Wl;

position, (t,u) belongs to the simplex

u, WZ) for t of the above form. If 1 is in the i-th

6 = ((0’0)9"'9(1,0)9°°°,(i’s),0--,(r,S)).
The corresponding shuffle is

xl,o-o,xi,y1s°"sys’xii—li"'ﬁxr' The POint (t,u) lies on the
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face of o obtained by omitting Vg,eeesVi-loVis s+1lsc*sVp
hence the point of (X x X)P(n) defined by (3.6) is identified
with the point of (X x X)P(s) represented by (u,yi,...,ys),
i.e. by jz(u,WZ). Using the symmetry, £ also extends J;.

This completes the proof of Theorem.d.l. In order to
obtain Theorem 1.17, we observe that we have used only the
fact that m is an Ar+_s-map with respect to whatever monoid
structure n : X x X — X 1is used to construct xP(i). Thus
Theorem 1.17 follows from

Lemma 3.12. If (X,n) is a monoid and m : X x X — X

satisfies (1.18) then m is an A _ -map (with respect to the
associative structure).

Proof: The required homotopies Gi : Ii x K, x (Xz)i — X
can be defined as

Gi(%, 2 X sTpseeer®ppTy) = XY XETp o0t XY
where juxtaposition denotes maltiplication by m and - demotes
multiplication by n.
Theorem 3.1 can be strengthened. Suppose that m is an
Ap, g-1-map so that we have
£ . XP(r) x» XP(s-1) o XP(r-1) x XP(s) — XP(r+s-1).
Can f be extended to XP(r) x XP(s)?
Since m is an A, o _,-@0&p, W€ have homotopies

G I; x Ky » x8L > X for i< r + s satisfying the usual

i .
conditions. We assume that f is obtained by composing the map

mP(r+ s-1) which corresponds to the Homotopies Gj with the
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appropriate maps
gij ¢ XP(1) x XP(j) — (X x X)P(i+J). Continue to let
n—r+ s. Using conditions I.Z.z.b,c,J it is possible to
define 6; : 9 (I, x K) x x~0 5 X.

In general, if (X,m) is an H-space and £ : Y x Z — X
is a map, then there exists a corresponding map
2 .Y %2 —>X defined as follows:
Let o : X —> X denote an inverse for m; i.e. m(l x 6 )
is null-homotopic [22 §¥]. Define f' : Y x 2 — X by
f'{y,z) = [f(y,z) d“f(yv,e)__' o f(e,z). Clearly
f'{ Y v Z 4is null-homotopic. Let % be any map obtained by
shr inking f'/ Yv Z to0a point and apolying the homotopy
extension theorem.

Let X c 77 (Sn"g(}izn) ,X) denote the class of

n

0
5 . an
G, : 0 (Iﬂ X Kn) w X% — X,

Since 5nl o (I x K)xex ** xe = e, the map
o) h a

G, is null-homotopic if and only if & extends to I x K x X°M,

The elass X n = O if amd only ifm is an Ar+ -map .

S

To obtain the axial map we seek, it is sufficient to

(XP(r) x XP(s)). Let ¢« be a subset of
an

have mP(r + s)/ Eps
(1,...,8n). The notation X | will mean the subset of X
consisting of points whose i-th coordinate is e unless i
belongs to @ . From the definition of g (3.6) we see that

we will have a suitable map of
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.

g (XP(r) x XP(s)) into XP(r+s) if we can extend G; %o

I, x K, x (UX“J ) where <« runs over all subsets of
(L,...,2n) consisting of r odd numbers aml s even numbers.

Thus we have

Theorem 3.13. Let ( : wa —_> in denote the inclusion

of , X, (defined as above). There exists an axial map
XP(r) x XP(s) —> XP(res) if 17 (X ) = 0 in
7 (sR8( U x, ),X.
We give substance to Theorem 3.13 by working out its

implications in the case r + s = 3.
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4, The case r + s= 3

By the general theory of the preceding section, we know

that axial maps £, : SX «x XP(2) —> XP(3) and

1

£, : XP(2) x SX — XP(3) exist if (X,m) is a monoid and m

cl
is an A _-map. We first extend this result to Az-spaces

)
(X; {hi} ).

Next we turn to the map ¢ defined in section 1. We define
a corresponding map, also called ¢, for an A5-space and show
1’12 exists if ¢ is null-homotopie. We investigate the corres-
ponding obstruction ¢ for £, and its relation to e.

Finally we show that if for some commuting homotopy g
both ¢ and ¢ are null-homotopie, then there exist f,5 and fo
which agree on SX x SX. If further (X; {hi] ) is an A,-space,
we show that h2 is an As-map.

We begin with
Lemma 4.1. Let (X; {hi} ) be an AS-space. Then the map
g : SX x SX — (X x X)P(2) defined in Lemma 2.3 extends to
an axial map
g' : SX x XP(2) ¢ XP(:) x SX — (X x X)P(3).

Proof. By the symmetry of the definition of g we need
define only g', SX » xXp(g). If (X,ha) is a monoid, we have
already defined g' by fommula (o.6). e wish to make g

gimilar construetion for an Az-Space; we must define
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la x 24— SA with appropriate properties. Since

lA = A1 gpg © A= A 2, we already have a subdivision

of 1A x 2A into copies of A 3. Our construction of g'

will rest upon a relative homeomorphism

a: 3A, J A — A3, D A% whichis specified on
2 3A by the relations

(4.2) a Qi - on *A = A%

(4.3) d 912 = By, 1 on LA « Ky, = Alx K,

where ¢, is the imbedding of the face t: = 0 in AS, ‘9-12

is the imbedding of the edge tl-l- t2 = 0, amd

pl : 431 x KB — 4&1 is the projection onto the first

factor. The inverse 4™+ can be regarded as a multivalued

function but  7(3)(a™* x 1)z 1is unigquely defined. This ig

obvious on all but the edge tl + t2 = 0 of some 3-simplex
G ot Al x A%

Let zl,zz,z5 be the corresponding shuffle of
(wi,e),(e,wz),(e,ws). Let h; denote the usual structure on
X x X, e.g. Ez (f’xl”"’xe) =
(hs(ﬁ »X) +X3,%5), hz( 2 »Xg,X,,Xg) ). If r denotesthe
coordinate on the edge in question, the set  (3)(a-1 « l)é
is the set of points {(r,Es( p,zl,zz,zz)) //«' € Kg}-
This reduces to the single point (r,(wl,w2w3)) since
hs (/4>,z1,zz,25) = (hgl 2 ,wy,e,e), ha( 2 e, wz,w,))

— (Wl’wzws)' The arguments of Lemma 3.7 ang 3. 1l can now
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be applied to show that we have a well-defipned extension of g
to SX x XP(2). This completes the proof of Lemma 4.1.

Using Lemma 4.1, we can prove

Theorem 4.4. Let (X; {hi] ) be an A -space. If hy is an
A,-mep, there exist axial maps fyg : SX « xp(2) — Xxp(3)

and fp, : XP(2) x SX —> XP(3) such that flz\ SX x SX =

fal SX x SX.

Proof. If hg is an AS

gives the axial maps.

-map, the composition h.P(3)g’

Again using the approach of Theorem 3.13, we can obtain

an axial map under somewhat weaker hypotheses. Let ij : X — X6

denote the imbedding of X as the j-th factor, j=1,...,6.
Lemma 4.5. Let (X; {hi} ) be an Az—space. Suppose

G2 ¢ I, x X4 —> X 1is a homotopy showing that h3 is an H-map.

e
Let £ : SX x SX —> XP(2) be the corresponding axial map.
Let o< 3 & 7 (s(xﬁ) ,X) be the class defined as in section 3.
Then £ extends to an axial map

xi)*o( = 0

T : SX x Xp(2) —> XP(3) if (12 X 14 5 3

12

in 7 (S(X245) , X) .
Proof. To obtain an axial map we need only extend haP(Z)

properly to g'(SX x XP(28)) <« (X x X)P(3). This we can do if

we can extend Gz : o (I;x Kz) x X® — X to

I; »~ Kz x U Xc._) whe re U X@ consists of points of X6

of one of the following three forms:
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%46 : X,e,e,y,e,2

X236 e,X,y,e,e,2

X245 : e,x,e,y,z,e.

It is easy to define G:3 ] 13 X K:3 x X, for @« = 146 or 236,

€. g. Gs(t,/o ,x,e,e,y,8,2) = x(yz) assuming (without loss of
generality) that Gz(t,e,y,e,z) = yz, etc. It is only the

subset Xz which presents problems; hence Lemma 4.5.

45
If ha is an H-map, then hz is homotopy abelian. Let

e  : Xx X—> X be a commuting homotopy for (X,h ); i.e.

co(x,y) = xy and cl(x,y) = yx for x,y € X. Suppose that

G8 : I2 x X4 — X is given by the string of homotopies (2.2).

- 6
The map G3 : (sz KS) x X~ —» X corresponds to a map
of (I:3 X K3) fmto Xxs. At a particular point e,x,e,y,2z,e,

we csn portray this map by the following diagram:

ha(f,e,e,z)'ho,(/' , 3, V,e) = z(xy)

h(/,2,%,7)
3
CS(XY,Z) Fov
for CS(X,Z)Y Gz(t—le’x)z)x)
G, (tc1y2d 1
hz(/,x,z,:f)
(Xy)z - X Cs(y,z)
For

G, (texeyz hg(fsx,y,Z) for x, (4,€,4,%,@)
2 )y
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By identifying o (I3 X KS) wi th st parameterized from

O to 6 in a suitable manner, we can write this map more

- o)
neatly as ¢ : Sl — x% defined by

c(s)(x,y,2) = xcs(y,z) for 0 €8s <1
= hs(s-l,x,z,y) l1<s< 8
= ¢ (x,2)y g 5 <3
(4.6) s-2
— h3(4-s,z,x,y) 3 £s<= 4
= R 4 «8 <5
cs_s(xy z)
= 9 €8 £ 6,

hz(e's:x,y'9 Z)

Thus Lemma 4.5 can be reworded as

Theorem 1.20'. Let (X; {h;} ) be an A,-space. If there exists
a commuting homotopy Oy such that the map ¢ defined by (4.6)

is null homot c an axial map

£, : SX x XpP(2) — XP(3).

12
Theorem 1.80' reduces to Theorem 1.20 in the associative case.

The transpose. By symmetry we can deduce that the cor-

responding map ¢ which represents the obstruction to

constructing £__ : XP(2) x SX—>XP(3) can be written

21
e(s)(x,y,2) = cs(x,y)z for 0 < sc<1
= h3(2-s,y,x,z) 1l £s< 8
= ycs_z(x,z) & £ g8<3
= hs(s-s,y,z,x) S s =24
= c5_glx,yz) 4 8¢5
= h3(8-5,x,y,z) S £s<= 6
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Now from cs there can be obtained another commuting homotopy

c ' given by clx,y) = e J¥.x). We call c! the transpose

2’

of o Replacing ¢ by cs' in G_, we would obtain a new
x X4 —> X and consequently a new

homotopy Gé': Iz

- 6
| . : ] 3
G:3 s D (I5 X KS) x X — X, Substituting Cg for cs in

the definition of ¢ we have the changes

els)(x,y,2) = o _ (y.x)z for 0 <8 =1
= ¥ ¢, (z,x) 2 <g<3
— 08_4(yz,x) 4 <5 <5,

Thus ¢(s)(x,yz) is the same as c¢(3-s)(y,z,x). Hence if ¢ or o

is null-homotopie, we will have axial meaps

£ SX » XP(2) —> XP(3) and fp : XP(2) x SX — XP(3),

12 *

though the restrictions of fla ard le to SX x SX need not

agree. (They will be homotopic if ¢ is homotopic, rel 0 amd 1,

to cs', i.e., if (X,ha) sati sfies the H_-condit ion of Kudo and

2
and Araki E 13 j .) However, if both ¢ and ¢ are null-

homotopic then GS can be extended to

I x XK x (X v X hence

3% Ky * Xy 5 Taps)s
Theorem 1.20". Let (X; {hi} ) be an As-space. If there exists

a commuting homotopy Cgq such that ¢ and ¢ are null-homotopic,

then there exist axial maps £ o : SX x XP(2) — XP(3) and

£, : XP(2) x SX —> XP(3) such that 35| SX x SX = £5|SX « sx.

Recall Theorem 4.4. Notice that if ha is an AS-map, both

¢ and ¢ are null-homotopic. Moreover,
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Lemma 4.7. If h‘2 is an As-map, there exists h4 : K4 x X* > 1

so as to make (X; {ni,z €1ic 4} ) an A4-space.
Proof: Let G, : I5 < K, x x® — X be the homotopy

2 is an Az-map. Consider Gg) I5 x KS x Xq256° With

Xy = xé: e and G2 as given by (2.2), with a slight change in

showing h

parameters we have
Gs(l, /3’ 1y X]seee,Xg) = h3( /) ,xl,xz,xs)xs
Gs(zap ’xl"."x6) = hg( /’xl’XS9X5X6)

G3(t,0,xl,...,x6) = hs(a—t,xl,xsxyxe) 1 =t< 2
— xth(Z-t,xa,xf),xe) 2 £t £3
Gs(t,l,xl,...,xﬁ) = hz(g-t,xlx3,x5,x6) 1 ¢t <2
= (x x3) (25%g) 2 £t =3,
Hence for a suitable map W: I, x K, — X, we can define
h4 by
h4( (/ (t,2 ),w,x,5,2) = G3(%, ,W,e,X,e,5,2).

Conversely we show

Theorem 4.8. Let (X; {hi} ) be an A -space. The multiplication

hz is an As-map if there exists a commuting homofcogx Cy such

that ¢ and ¢ are null-homotopic.

Proof. Case l. (X,h,) is a monoid. We can write
Ga(t,w,x,y,z) — W ct_l(y,;c)z. Corresponding to
_ 6 we have a map 6
G, : P (13" K;) x X' — X/Of I Iz x Kz) in+o x*° which

at a point e,w,x,y,z,€¢ ocan be depicted as



hs(/ ,e,X,Z)hs(ﬂ ,W,y,e) = XZwy

X ct-l(z,wy) c, . (xz,w)y

Ct_z(X,W)YZ WX ct-Z(Z’y)

hs(/o,w,xy,Z) = WXyZ
The next diagram shows how null-homotpies for ¢ and ¢ fit

together with ct(x,w)'cs(z,y) to give an extension to I; x K5

and hence an extens ion 'a : I3 x K

XZWY

xct_l(z,wy) ct_l(xz,W)y
e ct_a(z,y) cy_olx,w)zy
S, 2 wx ¢ o(2z,y)

WXy 2

The triangles are filled in by using the null-homotopies for

¢ and ¢. We obtain G; by setting

Gz‘t,ﬁ ,xl,...,x6) = chs\t,ﬁ ,X2,--0,X5)XG.



7T 30

Case 2. (X,hy) is not a monoid but (X; {hy} ) 1is an
A - .
4 ~Space
The following more complicated diagram shows in a similar

way how to obtain E .

3
(x2) (wy)
x(z(wy)) ((xz)w)y
J x((zw)y) (x(zw) )y !
Y b 4
A wy)z) N x((wz)y) (x(wz))y (w(xz) )y
x(w(zy))((xw)z)y
(x(wy)) (w(yz)) ( (wx) z) t w((xz)y)
xw) (zy)
((zw)y) 2z —Ixw) (y2) (wx) (zy w(x(zy))
Y
((wx)y)z~.__ = B | Fw(x(yz))

(wx) (yz)
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We have labeled only the vertices but this is sufficient to
determine the edges, since for those involving cg we have
indicated the direction of increasing s. The two hexagons
are filled in using null-homotopies for ¢ and &, the pentagons
by using the map h , and the quadilaterals by suitable com-
binations cs°ct or hz°cg or cs'hs. Thus we obtain

ta 4

GS : 13 x KS x X2‘345 —> X. To obtain GE’

on left and right by x.l and x6 respectively, using the maps

we again mult iply

h:5 and h4 to obtain the necessary association of factors.



CHAPTER IV HOMOLOGY OPERATIONS FOR A, -SPACES



1. Massey operations in homology

In [ /9 ], Massey defines higher order cohomology
products in terms of differentials in certain spectral
sequences. We will construct corresponding invariants called

stack operations in the homology of A -spaces.. In particular

these invariants will be defined in the space of loops {2 X
on a space X, In this special case, it is possible to mimic
Massey's procedure [ ‘9 , p.150—151_] simply by changing a
few words. Before giving the full details of the more
general definition, we sketch these changes for the space of
loops. Where Massey uses [ * "a suitable associative
graded ring of cochains for X with coefficients in A ," we
substitute F* "a sultable associative ring of chains for
() X with coefficients in A ." Por example, we can take
_QHX as defined by Moore [ /8 ] so that loop addition will
be strictly associative and take f__'* to be the ring of
cubical singular chains on X (cubical since the product of
cubes is a cube). Following Massey faithfully, we would
obtain invariants (differentials in the spectral sequences
constructed) which would be natural with respect to homomor-

phisms of the chain rings. Thus these invariants would be
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natural with respect to maps £ l}mx-—evllHY' which are
homomorphisms of loop addition; e.g. maps of the form
Qlg: -Q,.,,X --’f..Q,.,,Y for maps g: X —> Y. However, one of
these invariants can be identified with the Pontrjagin
product, which is natural with respect to H-maps. Is it
possible that the higher order invarients are natural with
respect to sane subclass of H-maps, more general than
homomorphisns?

To answer this question, we adapt Massey's procedure
so as to define invariants in a more general situation.
First we wish to depart from strict associativity,

e iIntroduce non-associative chain algebras with
additional structure, correspvonding to the structure maps
on A, -spaces. Next we define algebraic objects called
stacks which provide a suitable generallization of lasgsey's
abstract sheaves. Standard technlgues of homological algebra
are used to obtain specbral sequences and to identify the
term EiL Aoplied to the chailn algebra on an A, -space, these
spectral sequences yleld the stack and bar operations. Again
by translating homotopy conditions into algebraic conditions,
we see that these overations are natural with resvect to
A"-maps. Ry means of an explicit mapping, the E “term of
certain of the spectral sequences can be identified in terms
of the homology of projective spacesl This enables us to

give non-trivial examples of the onerations.



2. Aln)-algedbras

In the theory of H-spaces, it has proved useful %o con-
sider homotopy associative H-spaces and then homotopy asso-
ciative H-spaces with further structure, the An—spaces of
Part I. In the limit A _-spaces are equivalent to associa-
tive H-spaces. It seems worth while to provide a similar
weakening of associativity in an algebraic setting.

Let /\ be a commutative ring. We assume familiarity
with the concept of a differential graded amgmented
/\ -module {abbreviated: DGA A -module), [ 3 , p.2os5].
If (R,d) is a DGA  /\ -module with A < R, as a sub DGA

/\ -module, we will denote by R the DGA /\ -module R/N -
Definition 2.1. An A(n)-algebra (R,d, fhi} ) over a ring /A

is a DGA A-module (R = X Rq,d) with functions

h :(®1R)q—-*’ R for 2<41i<n

i q+ i-8
such that for a = u,® *** ®u; ¢ ® 1 we have

(2.2) any(a)= (-P'h, (= jsena v ® ' @& ® """ @uy) +

k
—>—: sgn a(s,l‘:,a)hr(ul ® ‘" ® hglu @ ®U. )@
’ , oo 0 ® .

r+s=1i+1 ul’)
l=%k ¢« r

2 r<i 1 )

where @&, =— Z _ dim u and sehn X =) and

K =1 3 2

E(s,k,8) = k(s-1) + sli+a).



Remark. If we adopt the convention hj=d, then

equation (2.2) can be written

(2.3) 2 sen = (s,k,8) hy(1@ @ 1@ - @1)(a) = O,
r+s=i+1
l€«k<r
hy being in the k-+h position in the general term.
Remark 2.4. If (R,d, {h;, 2¢i<¢n}) is en A(n)-algebra,
then (R,d, {hy, 2¢i<nf ) is an A(n-1)-algebra.

Definition 2.5. (R,4d, {hi, 2 <i <oo} ) is an

A( oo )-algebra if for each n (R,d, {hj, 2£i<n} ) is an
A(n)-algebra.

Example 2.6. Any associative algebra R is an
A( oo )-algebra (hy = 0 for i>2).

Example 2.7. Any non-associative algebra R is an
A(2) —algg;b ra.

Example 2.8. We can describe an A(3)-algebra as a

chain-homotopy-~associative algebra. TFor example, the
cubical singular chains on a homotopy associative H-space
form an A(3)-algebra. More generally we have

Theorem 2.9. Let (X; {hi] ) be an Aj-space with structure

« Xt —» X for 2<i<n. Let (C(X),d) denote the

maps hi ¢ Kj

singular chain canplex on X with coefficients in A _for

which the acyclic models are arbitrary finite products of

the complexes Kj. Then the maps h; induce functions

hy : ® 10(x) — C(X) such that (c(X),d, {hi]) is en A(n)-algebrsg
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(There should be no confusion between the /\ -module maps hy
and the maps h; : Ky x y X since the former will always
appear with chains as arguments, the latter with points.)
Proof. Let Xe C(Kj) denote the singular (i-2)-chain
corresponding to the identity map 1 K;i — K;. We refer to
this chain as the stendard chain on Kj. TFor uje¢ C(X), j=1 «-.,i,

define

(2.10) hi(ul®"'®ui) =h;u (X x u, x ere x uj) .
i
If Z j=1 dim uj = q, then hi(ul@ e+s ®uy) is in

Cqsi-o(X) @as desired. We verify further

Temma 2.11. Condition 2.2. is satisfied.

Proof. Recall that the boundary of K; is decomposed
k
into cells gﬂ (Kp x Kg) where r+s=i+l, 1£k<r and
k
¢ : Ky x Kg —'0 K; 1s an imbedding. We have

(2.12) ahj(u, @ -~ @uj) = dogp (K x up x ooc xuy)
= hyj (dhxulx°°°’<uj_)+(-1)i By o (kxd(ugx voe vuy))
. &
= (-1)lhi(§(-l) k B\ @ @Ay ® - ©uy)
. K
+§ Q)(k,r)hi#(w#(/‘ix—y))‘u-lx"'xui)

where & and </ are the standard chains on Ky and Kq

respectively and & (k,r) is a sign determined as follows:
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In [ 21 |, the complex Kj is given explicitly as a subset
of Ii-z. The sign « (k,r) is the sign associated with the
corresponding face of the cube in the cubical singular

theory [ 9 , p.440]. fl(Kr x Kg) corresponds %o

the face t., .,=0, hence»(1l,r) = s+1l. For k > 1,

S+1

k
¢ (K, x K. ) lies on the face t,_,=1, hence w(k,r)=k for

k-1
k> 1.

By applying condition X, 1.2.b, we see that all the
terms of (2.2) do, in faect, appear in dh;. As for the signs,
a few remarks about ori€ntations are essential. We have
already assumed with Serre that the cube is oriented by the
ordering (ty,...,%5) of coordinates.

Let £:X xY —Z and g: Y x X — Z be maps such
that £=gT where T: X xY — Y ~ X. is given by T(x,y) = (y,x).
et uc¢ cp(X),' v e Cy(Y), then £, (u xv) = g, Ty (uxv)=
(-1)Pq&,,, (v ~ u).

In particular, hil P) K x f is expressed in terms of
a map of K, x ]Ck'-lx Kg x Xj'-k+1. We must now make use of
¢ K a5 explicitly given in [ 21 ]
case 1. k=1. %k(/,o’) =(€,/ﬂ) and hence
hi( o ,/A s X]peeesXi) =
Hr(/ﬁ , hg( 0™y X1yeeeyXg)y Xg75..49%5) We obtain
hy (W;’.(/o(xy ) x up x eee xuy) =
(-1)5T hy . (/¢ x hg_, ( 2/x uy x-e. xu) KUg g %o X Uy),



.7

As desired, £ (s,1,8) = s-1+si is congruent mod 2 to
e (k,r) + sr = s-1l+sr since s(s+l) is always even and
r+s = i+l.

case 2. k > 1. Let G = (tk,...,tk+s_3) e Kg
and rPo= (s eeesbpos
then Wk( 056 ) = (tppeenrty po Lot e abi o)
and hy (¢ (/o y O )y Xyse-e ,x)-

j-r
2‘ tkoootk+s_2’tk+s_l,ooo,ti_Z) 6 Kr

r(/O Xl,ooo,Xk l, S(O——’Xk,.o ,Xk+s 1) XK+S’ooo,xl)
since O nust be moved past Xj,...,Xk_7 and W interchanges

o~ and tk+s-13 eeesty_o, we have

k
hy # (W#(/%x'ﬂ )xuix...xui)=
Sgﬂ S(i-k-s+1+ak) hr#(/x ul XK o oe ){.uk-l xhs#( VX ukl’ v

00 Kuk-'-s—l) Kuk-[-s X eoese X ]J_j_),,
As desired, & (s,k,a) = k(s-1) + s(i+ay) is congruent mod 2
to k + s(i-k-s+l+ay).
This completes the proof of Lemma 2.11 and hence the

proof of Theorem 2.9.
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3. Stacks

Recall that Messey defines his spectral segquences in
terms of an abstract sheaf '(;) on an sbstract cell complex K.
In order to carry out a similar definition for A(n)-algebras,
we find we can dispense with much of the structure of an
abstract cell complex.

Definition 3.1. A graded set L is an abstract set together

with a decomposition L = U I.p
p
If xe€ Lp, we say deg X = p. The dimension of L, dim L, is

mx {pl1 # o}

Definition 3.2. A /] -stack -57 on a graded set L = U Lp
F

where p runs over the integers.

consists of a triple function (G,D,I) such that
1) for gc L, (G{ o ),D( o)) is a DGA A -module
2) for each pair ¢,0 ¢ L such that deg -Z £ dego—,
I({ z,0) : 6lcc)—= G( 7)) is a map of /\ -modules.
3) If deg -& = deg 6 , then
a) I({6 ,6°) = D(o~ )
b) I{ ©+,0 ) = O otherwise.
Define the r-dimensional chain group
59 = Z G(o ). Define
P4+ Q=T
e Ip

J oy r(L;‘j ) ——7251._1@;'7) by

(3.3) O (a) = = I(€,c )(a) for any a e G(o)
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the summation being over all ¢ e I such that deg ¢ <= dego

) dd = o.

Next we present certain important examples of /\ -stacks.

Definition 3.4. The /\ -stack ¥ (L,R) on an ordered

simplicial complex L canonically associated with an

A(n)-glgebra (R,d, {n;} ), "n = din I+2.
We can regard I as a graded set by taking Lp to be the set
of p-simplices of L. Define 4 (L,R) as follows:
1) For any p-simplex o of I,
(6(0=), (o)) = (@ P*R,(-1)Pa_ )

where d® is the tensor product differential, i.e.

Z b
(3-5) D( o )(uO (LY “‘®up+1) = (_1)P+ kuo@ o -
0 < k < p+!

...@duk®...®up+l
k-1
where by = 2 j=0 dim us, u; € R.
2) For any ordered p-simplex g~ =(vo,...)vp) and

(p—q+1)—SimpleX 2’ = (vo’.oo,VK_lgv:k-'-q_l, oo .).vp), 'the
function I( & ,0 ) : (0 ) — G( -2 ) is given by

I( ’t’r)(uo®'” ®u'p+l) =

(5.6) sen & (%,k,8) u°®'--®hq(uk@-..@‘uk+q-1)®-..®up+1-

where & (a,k,2) = k(q-1) + q(p+by). This formula is



oz, 10

extended to all of @ P+ep by linearity. For any other
(p-q+1)-simplex &, I(&,0 ) = 0.

Theorem 3.7. &_) (L,R) is a A -stack on L.

Proof. We must verify that 99 = 0. Let o be a
p-simplex of I and let I( & ,0 ) be non-trivial, i.e.
6 = (Vgye..vp) and & =(‘63:-7¥<—1’Vk+q-1:'“’Vp)' If
c~# = them 9 (a)|6(2 ) is given by (2.6).
If o = & , we have
P (a)[ (o) =Z (_1)P+bk Up® - ® hyug @ - @ Uy,
with the convention hj= d. (We omit limits of summation
where they are fairly obvious.) Applying 3 again we will
be concerned with all simplices /o € I such that there
exists a simplex #e I with I( / , T ) and I( &€, 6 )
non-trivial. These are of two types. In each case /—‘ is
obtained from 2 by omitting m-1 consequtive vertices.
Type 1) / can be obtained from ¢~ by omitting
with i # k+q-1, k # isn-1l.

Vi,ooo,Vi+m_2,vk,ooo,vk+q-2
Thus Jd (a)l G¢( - ) has terms from B(a)l G( %) and

L :(VO, VK,,’VK,,,Z_.') -2 P) GHJ
D (a) { G'(e' ) Whel‘ex = VO, ...,'V' _1,'V'l+m l, ooo’vp)
without loss of generality, we assume i < k. From Q(a)IG(t)
we obtain

(3.8) u_o @ o s e @hm(u.,i @--.@ui+m_1)g Y. hq(u‘(@;..
'O'ﬁuk_._q_l)@ o oo @up-'.l
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with coefficient sgm € (m,i,b) san & (g,k,2)
where b = ug® -+ ® by (Wex =+ @uk.,.q_l) ® - ®Up,]
while fram O (a) [ & &) we obtain (3.8) with coefficient

sgn € (9,k-m+l,c) sgn € (m,i,a) where

c

]

u.o® seo e @hm (ui@ e e @ui-l-m-l) 0O oo ®u_p+1.
We have & (m,i,b) = i(m-1)+m(p—q+1+bi),

€ (q,k,a) = k(g-1)+a(p+by),

éj(q+l,k—m,c) = (k-n+1)(q-1)+q(p-m+1+by+m-2)

i4+m=-1
since dim hy (W& --- ®“i+m—l) = > dim uj+m-2_, and

=1
s (m,i,a) = i(m-1)+mn(p+by) -
The total coefficients differ by 1l; the two occurrences of

(3.8) cancel.

Type 2) /P ean be obtained from o by omitting
VisVi410 0 V4 pq+m-3°
Now oJd(a) , G(/)) has many terms, one from each of the
terms D(a)l G( 4) where -¢ is any simplex obtained from
0o~ by omitting Vis eeesWgig-2 with 1 £k<i+m. We can write
29 (a)' G(/a) as a sum of terms
(3.9) 1e® - @hy(YE - Phg(y® - OUr, q1)O -+~

vor ®WUi 4 qum-2) @ cc @ Uy 4



each with coefficient sgn & (m,i,b) sgn & (q,%,a)
where b is as above.
We observe
(3.10) £ (m,i,b) + £ (q,k,a)
= 1(m-1) + m(p-q+l+by) + k(g=1) + q(p+by)
(3.11) = i(m+q) + (m+q-1)(p+by) + p+bs + (k-1)(g-1)
+ a(by=b;) - m(q-1)
which mod 2 is congruent to
(3.12) i(m+g-2) + (m+q-1)(p+b;) + p-g-m+by
+ (k=-i+1)(q-1) + q(m+q-1+bk-bi) + 1
= £(ma-1,1,2) + €(1L,1,00® - @by, o (@ -
cee ® ui+m+q-2) ® *® up+l)

& (Qk-i41,05 @+~ @uy .0 o) + 1.

Hence if we sum all the terms of the form (3.9), we will

obtain
Applying (2.5) we see that this is zero. Thus Db = 0.

Definition %.1%3. The n-plex Vn is the sequence of integers

(-1,0,1,...4n) regarded as a graded set, i.e. deg p = p.

Definition 3.14. The A -stack "’J(vn,R) canonically

associated with an A(n+2)-algebra (R,d,{h;} ) is defined by:
1) (6(p),D(p)) = ( @ P*? R,(-1)%a )
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2) I(p-a+1,p)(Q) =

(3.15) Z sen € (5,k,8)up® + ®hg (W® *** ®Uiyq-1) ®° "
1< k< p-q+2

[ 2 2 4 ®u

p+1°

for &= uo®”'®u"7+l € G(P)

Theorem 3.16. 4 (Vn,R) is & /\ -stack on Vn.

Proof. Let An denote the standard simplicial complex
of the n-simplex. Consider j: A o vn defined by
jlo) = dim 6~ for o0 € An. The function j induces a map
i=3(9) + 9 (A%R) — & ( v,R) e, 3(9) | 65 P) is
the :identity 1: (o f) —> ¢(p). We see that

D(o-)j = (o ) and I(p+a-1,p)i =

= z jI(rgP+q_l, 0_p)’ hence bj = j'D .

p +a-1 n
T e A

Since j is onto and Q’Qj = D jD = J rc)D = 0, we conclude

that D9 =0in 8 (v 5,R).



4 Definition of the spectral sequences

Wwe will henceforth use C to denote a functor from the
category of spaces and map$ to the category of DGA /\ -modules

and maps having the following properties:
Arvcwiye cCconnlcte

A, If (X; {h_J ) is an,A,-space, the maps
hy : Ky = X —> X induce functions hi : @ i@'(X) —> C(X) so
as to form an A(n)-algebra (C(X),d, {hi} ) .

B. H(C(X)) = He(X) [ A being specified, we will
use Hy(X) to denote singular homology with coefficients in A:]
Example 4.1. By Theorem 2.9, an example of such a functor
is the singular canplex based on acyclic models which are
arbitrary finite products of the complexes Kj. (71'»6 ﬁunc{—l'onr
. pass +o C becavse of condition TL.2.2.c.)
Example 4.2. H,(X) with trivial differential and the usual
augmentation is a DGA N\ -module satisfying B. If (X% {hi.} )
is an A -space, H,(X) with the induced Pontrjagin multipli-
cation is an A(n)-algebra (in fact, H,(X) is associative for
n>2).

The chain groups Z‘: »(L; & ) defined in (3.2.3) can be
given a bigrading when ‘QJ = ‘f) (z,c(x)), i.e.

C ALY ) = pa pp,Q(L;QJ ) where
P+Q=T
G (1) = 2 elo)g
(2} e I,
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We refer to q as the internal, p as the simplicial degree.

Let Oy =0 -D(o ). The DGA /l-module (8 (1,8(X)))

= 2 Q\Zr(L; < (1,C(X)))is not a double camplex in the usual
T

sense for although e 1 and D(o— ) lower the total degree

by 1 and D( O ) lowers the internal degree by 1, DZL does not
lower the simplicial degree by a fixed amount. It is
possible however to obtain one of the standard spectral
sequences as followsg:

Filter E( %) (1,C(X))) by the simplicial degree;

S (@A) = 2 Sy (1 9).
i<

p

Thisg filtration is compatible with the total differential P ’
hence by [ ,c!;.XV] there results a spectral sequence
ft (1N ), ), 1 21,
The successive differentials d; will yield the homology
invariants promised.
Remark. If X is an associative H-space, the above dig-
cussion reduces to one which parallels that given by Massey,

as we have sketched in section 1.
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5 Identification of the first term and

definition of the invariants

We identify ENX,L, A ) in terms of H,(X) and the
differential d1 in terms of the Pontrjagin product.

Definition. 5.1. Let L be V2 or an ordered gsimplicial

complex. Let (X;{hy] ) be an A -space withn > dim L + 2.

The A -stack 4 "(C(X),L) on L specially associated with

C(X) is defined by

1) For 67€ Ip, (6"(a),D"(a")) = (G(x(P+2)),( 2)Pa)
where d is the differential om G(x(P+2)y,

2) consider J (L,C(X)) with I(-,6") as given by
(3.18 [respectively (3.6)] . I ( 2,67 ) (a) for any
a e E(X(p+2)) is obtained by replacing
(5.2) sen £ (q,k,a) uy® .- th(uk® "‘®uk+q_1)®"°® Upil

by
k
(5.3) sen (kes(p+k)) £ ., (K x &) where k is the standard
k

chain”of Ky ana £, P2 > gP*3-0 35 gefined by

k
fq (ﬁ ,Xo,...,XP+1) =

(X0 ». 9 X1 hq(f » Xjcy o "’xk-n-q—l)’ xk+q’ o "xp+1)
for o € Kq. Otherwise define I( T,6°) to be the zero

homomorphism.

1. Ie. Qa c&enewa—'l'ov 071‘ C-—z(kt) wldl‘CLt unal‘ey -l—lae 1'Jomg—-ﬂlu‘;m
He (COK.3K)) 2 He(Ky 0K, comves pondr rovhe class of 1:6,7K,
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Theorem 5.4. ¢ "(C(X),L) isa A ~-stack.

Proof. To verify that g = O one need only fepea'b
the proof of Theorem 3.7 substituting throughout (5.3) for
(5.2), being careful to keep track of the changes in signs
indicated in sSectio, Z.

Theorem 5.5. Let L be vn or an ordered simplicial complex.
avcwise cennected.

Tet (X; {hi} ) be an A -space. Let EN(X,L, A ) be the first

term of the spectral sequence derived fram £ (9 (L,0(X)))

Then

EN (LI, A) = 2 (g"(Es(X),1)).
[1£ A is a field, this is isomorphic with () (L,H.(X))) ]

Proof. Theorem 5.5 follows by using the chain

P+2 ¢(X) and applying

equivalence between 5(x(P*2)y ma @
certain faets about the spectral sequence of a double complex.
of course & (Y (L,0(X)))is not a double complex, but the
relevant remarks still apply | 4 ,p.331, 7 2-3 1.

R /F,_, mey be identified with P ® P*2 G(X) and the
cPe 1

homology with respect to the product differential is the
product homology ﬁ*(X(p+2)) . The differential dj may be
identified with the boundary operator

D: Br(Lig)=Lrg (Iig").

pefinition 5.6. Let a € EX(X,I,A ). By induction, we

suppose defined "b € Er(X,L, /A ) is represented by a.M
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Suppose d,(b) = O then the class of b in Er+l( XL, A) is

represented by a. We say that a persists to ET if there

exist b € EX such that b is represented by a. If b is
represented by a we write b = fa} . We say that a persists
non-trivially if b is non-zero.

A better idea of the condent of Theorem 5.5 can perhaps
be obtained by rephrasing it at greater length. Let
- - A h thet B ist
Ep,q = Bp,q (X,L, ). Theorem 5.5 says that E, , consists
of several copies of Hq(X(p+2)), indexed by the elements of
Example 5.7. Let I be an ordered simplicial complex. As
usual we can regard @ p+2 Hy(X) as a subgroup of ﬁ*(x(p"'z)).
Suppose that a is a class of the form uyg @ -+«. ® Up 41
belonging to a copy of ﬁq(X(P‘!'Z),) corresponding to some
p-simplex O . The class dl( a) is a set of classes b;

J

(p+1)). The classes

belonging to the various copies of ﬁq(x
b; are zero except for those which belong to copies of
ﬁq(x(p"'l)) indexed by faces of © .

Special Exemple 5.9. Iet L= A", the standard simplicial

complex of the standard simplex. The number of p-simplices

of A D is the binomial coefficient (p+l, n-p). Hence

Bl consists of (p+l, n-p) copies of ﬁq(x(p"'z)) and,

D,
ordering these in some way, we can write an element of
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E;' q 28 @ (p+1l, n-p)=-tuple (vl,...,vj) (j=(p+lyn=-p)) of
?

H 1 -~ _(n+2
classes ¥ € Hq(X(P+2)). In particular, En g " Hq(X( + ))
’
and Ell . FIq(X). Suppose that the class a & ﬁq(x(n+2))
=

is of the form ug® ++- @ u, 7, then dl(a) can be written as
the set (vgyy...,vy) where v = (-1)kuO@ e @ Wl 1@ @ U],
the Pontrjagin product being denoted by juxtaposition.

Suppose further d;(a) is defined and vanishes for i £ n.

The gtack operation <ug,...u,7/ is defined as the set

{2 e Hgn® | {2} = tnya {20 ® - @u)}

The notation < g ooy > reflects the analogy with the

Massey cohomology operations.

Special example 5.9. ILet L be Vn, then E;' q = ﬁl(X(P+2)).
’

For a of the form u  ® --- ® Uy,1 Wwe have d;(a) =

= 2 (—1)k Up @ voe ®uyr w1 ® **- ®uy, 7. If a persists
to En"'l, the bar operation ] Upsesssly, 7 [ is defined as
the set {z € Hgn (D | {2} = tnyy (0@ - @mal} -

The adjective "bar" reflects the fact that in the associative

case this spectral sequence coincides with part of one which
is associated with the bar construction [ 51 ] .

comparison of the bar and stack operations. In general,

the invariants derived from A ™ and < P are not the same,

although they are related by means of the map j described in

Theorem 3.16.
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Exemple 5./0. Let n=1, A = 23, X = K(2,2). From Lz 1,
we conclude that Hyx(Z,2; Z3) can be written as a tensor
product ®iT3 (ug, 2-31) where each factor T3(ui, 2.31) is
a truncated polynomial algebra over 2z of height 2 on a
gingle generator u; in dimension 2~31.

Let u = ug € ﬁz(x). Let a € I--Ig(X(s)) be the class
ud u@ u.2 + u2® u ® u considered as a class in El(X,Al,Z3).
Tet b denote the same class considered as belonging to
El(X, Vl,ZB), j.e. b = je(a8). Then dy(a) 4 0 while d,(Db) = 0.
As described in the examples, we can write

3 3 2

d4(a) = (uzd u’ s @®@u 1@ -u® u2)

which is non-zero since u® ® u? is non-zero in EB(X X X).
However
a10) = (P @v’ + WO u-uew - v @u’) =0

3

gince u’= 0.
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6. laturality of the invariants

“onslder the concevt of an A -7a0 as ziven 1in Part II.

It is is relevant to the precent study since

Theoren £.1. Let L be Vn-2 or an ordered simplicilal

conolex of dimeasion n-2, Let f : (Y fhﬂ ) — (X, f{‘.‘

be an An-*nap. Then f induces a ~avp of svectral seguences
{fi} {zt(r,1,1),a, K—a{El(x L,A)J,d4, }
Proof. The singular theory C beinz fixed, let L(L; X)
denote 2(GfL,2(X))). 3y [ Y, p. 3211 it is sufficient
to show that an A_-map f induces f:}:(L') Y) = & (L; X)

which is a map of filtered D A -sodules. Denote the
A(n)-structures on Z(X) by g, and those on T(Y) ny hy.

: a -[®¢ ¢ 3
We define mans of A --odules 5 -[® C(Y)] q-——> (X)q+i—l

such that
(6.2) &, = Ly
(6.3) 2 sen E(s,%,8) ¢ (1@ - @h @ - @®1) (=)

+ Z sen E‘(F ,a) SP(G ®"‘@G ) () =0
where t .e second summation extends over all partitions +Z(',~ +,3
= (0y,...,0p) of 1 and €(p,a) Z(/’H)(ik"lfzf“l H)
with the conventions 2z; = dy, h dyed a= & é ‘@ u,
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Theoremé, 4. Let &, : I, xK, » ¥I—>X, 1= 1,...,n be

1

as in the definition of An—map, then A -homomorphisms Gi

satisfyine (6.2,6.3) are ~iven by

(6.2) Gi(u]_@"'@ui) = Gi#(cx/(yulx--'xui)
(where ¢ is the standard chain on I; and K the standard

chain on Ai).

Proof. The method of analysis used in Theorem 2.9
applies equally well here to show that (£.5) ylelds the
signs of (€.3).

“Te now construct the map» f. Let L be an oréered simnli-

cial comolex and 0 = (vo,...,vb) a p-simplex. Let

i -1
H = (po,...,pm) be a partition of p+2. Let qj =;Ejk=0 Dy
for j = 1,...,m. Let 65 denote the (m-1)-face of

with vertices +»Vy_ ._1). This establishes
‘n-1

;:(ti—l"'

a one-to-one correspondence between the vartitions of
»+2 and faces of o,
Tor a = u ® - Ouy,, € Gy(o), define
(6.6) Tla)|ox(0a ) =
s £(f1,8) (G, @+ 85, ) (a)

m

where €(p,2) = ;(Pk“)(f""Zi‘((a(c'-““'l-l)i-d*7(’«*')(’?\”)*!
. d ) k{‘\

with

Ia oarticular, note that

(6.7) Tla)[ G () = £u)@ - @I (u ).
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Zlearly f resvects the filtration.
Lemua 6.8. If L is an ordered simnlicial complex, taen
Jt = T9.

Proof. Let A= (p,,-. .,p,n) be an arbitrary partition

of D+2 and.ﬁathe corresvonding face of o e wish to
compare JI(a)|Gy(0a) with T (a)|cy(Gm). How
£ (a) l Gg(6a ) can be written as a sun of terms

6.9) (¢, ®---® G, &% O,

& .- -8G D
" Pm) (b)
where b = u ® "'@hq(uk@'“@ uk+q-l)@.”@up+l
with qj<‘.c€ qj+1 and o+t = pj+1, each term having
coefficient
(6.10) sen (€(p,b) + &(q,k,2))

4
where Pl= (Dgs..+sD5_1,55D5p950-50y).
For fixed j, we comvare the summand of terms (&£.7)
with the corresponding terms of JT(a) | %.(6z). Trese

can be written

(6.. ll) (Jpo@ ...®G)j_l@gS®Gpj+l® "'®G-pm) (C)

where ¢ = uo@"‘@[(’l‘ ® .'°®Grs)<qu+l@.".® - --

u
1 93+1
@up+l
and (r'l,...,rs) is anv vartition of Dy
each term of the sunmmand having coefficient

(6,12) sgn (E(s,J,c') +&(@a))

I — 3 o 00 1 * s 0 3 L .
where c!' = (upo® -ij -l® ~-~rl® ® Jl,,s@ 4, o
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and ﬁ': (Do,.-.,Dj_l,rl,...,rs,pj+1,...,'Om).

How (6./0) is congruent mod 2 (cf. 3.10 - .12) to
(§.03) E(g lk-4.
ZI z'( )

u ®---oud owver ot SFonrt X
zj’_' ZJ_",,)-’-S &

while (6.12) is conrruent wod 2 to .
6.79) & ((V”- ,_);?)J Ay (B ---@“2143*' +tlhe saee ¥ 1.
“ince the termns (€.7) are summed over =11 t,c sucn that
t+q = pj+1 and qj<l{€Cﬁ+l and the terams '(6.11) are
summed over all vartitions of pj, for ar»itrary j we can
aonly (€.3) to obtaincgf(a) - fJd(a)) ,Gv(q;) = 0, Eence

oL -

Of = T9d and the oroof of Lemma 6.8 is complete.

To prove Theorem .1 when L = pi~<

sy We use the map
it (4 n-? )-aﬁ(vn"g. ). With T as defined by (£,6)
V4
-2
we see tiat if j(a) = j(b) for zny a,b €E(A"?,- )}-l-l«.en
2

JX)

by the relation ?j = jf. Since ‘Dj = j;) , We have
9§j = Djf = jaf’ = jfa = ?JD = faj. Since J is onto,
we conclude that ?;9 =9 ?. This com»nletes the proof of
Theoren €.1.
The sirnificance of Theorem 6.1 is that the invariants
we have been dlscuscsingz, tie bar owersotions a~d stack
operations in particular, are natural with respect to

A, -maps. That 1is



sorollaryé.1¢. Let f:Y->X be an A,-map of (Y;{hi})into
(:2; {gi} ). Let uj€HyX) for § = 1,...,1<n, then
If Jugs...ouyl 1s defined so is Jf(uy),... e (u, )l
and the latter contains ﬂ*]uo,...,ui[.

This 1is merely an interpretation of Theorem 6.1 in
terms of thKe onerations, usinz the fact that
1 . . . X
fx(u @ ®u;) = £,(u)0 - -®F (uy )} which is imolied by
(6.7).

.25
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7 Identification of the term E”

In computing with spectral sequences it is helpful to
have information about the term E.©° . TPor certain
/A -stacks we are able to identify this term.

arc wise Connec-l'e:!
Theorem 7.1. ILet (X;{hi\ ) be anAAn-_s_,_gace and XP(n) the

corresponding X-projective n-space (constructed in Part Ir),

_'!’:_h_:e_]_:l_ N=2 -
H (2 (v % 1)z B(@m).

Proof. It is sufficient to define a chain equivalence
£ C r (V7 n-Z;X) —> 5r+2(XP(n)). We are free to choose
a suitable singular theory C. For our purposes, the
appropriate choice is the singular theory based on acyclic
models which are arbitrary finite products of the complexes
Ki and the complexes jA . [We must specify the boundary
of a singular chain u : pA —> X. We have already specified

the faces of pA by“imbeddings" 90(: p'q"lA x K, — pA .

Q
We define

(7.2) du=2 @(x) ueby
>4

(o< ) = sgn k(g=-1) + gp. The necessary relation dd = 0
follows from the identifications I.2.4 andJ.2.5, utilizing

the usual change of sign in passing from Ky x Kg %0 Kg x Kp.]
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Let uj; € C(X) for i = 0,...,p-1.
Define
(7.3) £2(u, ® ... ®u,_;) = o P® Upg® *** @ Up_]
where o P denotes the standard chain on Pa y 1.e. the
identitymap o P : Py 5 P, . The right hand side of
(7.3) is regarded as & chain on XP(n) by including
A x P in XP(p) —_ XP(n) as attached by ¥ (p).
Lemma 7.4. The function £ is a chain map.

Proof. We denote the boundary in (v n-z;x) by J ’
that in C(XP(n)) by d. We must show df = £ .

Since XP(p) is represented as pA x XP VT( )x:p(p..l), for
p

any chain of C(XP(n)) of the form o P x Up X *** X Up_7,
uj € c(X), we can write |

p

i( o~ xuox“'xup_.l) = 'D’(P)#(da‘pxuok'“xup_l)

+ (ﬁl)prp x d(uox see x u‘p-l)
where f(p)# (Ao P xuy x «-- xu,_q) =

(7.5) 2 @ (<) T(p), ( € (P xkg)xuyx+emxupy)

by ~q-1
= Z@(D()('?l)q o_pq quX"'xhq#(qu 'u,ky ® o
M#[{‘),(P)
o e xuk+q-1) X ® e Y ]Jp-l
where X = (k#l,...,kég-1) and by = 3 571 qin uy-

oclkecp-2 )70



with K, the standard chain on Kq.
Notice that when o = (0) or (p),
D/(P)# ( 60(# (0=P-1) x ugx +++ =xu, 1) =0
since in this case the map D’(P)' (Boe x 1)(P-1a x xP)
is projection onto P-lA ® xP"l, omitting the first or last
factor of XP and we are factoring out
C,(X), i.e. using €(X) = ¢(x),/cy(X).
If we adopt the convention Kj = a point, h] 2~ = 4, we can write

(7.6) Ao P xW, x +++ xup_g) =

Z sgn C(Q.sk’a) Jp-q-l X ’llo X ssoe

We are now ready to compare af and £ @ . We have
aflu, @ - @ up 1) =
(7.7) 2 sgn <&lg,k,a) O-P-Q.-l x Wg x *°°
e e th#(quukx s xuk*q—l)x.'.xu
while £3 (4, ®---® U )=
(7.8) Z sgn &£(q,k,a) a’p-q-l x Ug % **° x hq(uk® ¢ o

o0 o @uk+q—l) x e o 0 bV 4 up—'-

By the definition of hg in (I.2.10), we see that af = £ .

We now prove Theorem 7.1 by induction on n. Since f is

a chain map we have a map of exact sequences



c > Hg( =) —> Ho( g ) —> HlF,EH — o
! ! |

trt—> Hq‘s_%@(n‘l))% quSZXP(n))ﬁ Hqs_?(n) 3m(n“'l)) —>

where F = (v -3, 8= (v,
Now E’Z is a direct summand of,C’ , i.e. Z:‘z_- pan E

i< n- 2

7 . . . .
hence (f, ;S-~) is chain isomorphic to Z,j En-z,j’ which is

just @n Cc{X). On the other hand, by excision
H, (XP{n), XP(n-1)) & (KP(n)/ (n-1)) and
H, (xP(n)) ~ H (XP( )) in positive dimensions.
Lemma 7.9. XP(n) /XP(n-l) has the homotopy type of Sn(X(n))
Proof. Since the attachment
5(n) : BA x I8, R4 x X" LPA X 6] _5 xp(n),xP(n-1)
is a relative homeomoxphism and since we can construct a
relative homeomorphism W A 9 nA —> Sn »x, it follows
that ¥ (0) (@~ Ltierines a map of SR(X(M)) suso XP(n) /XP(n-1)
which is a homotopy equivalence.
Theorem 7.1 now follows by using the chain equivalence of
® 2 5(x) with G(xln)).
The map f induces

o n = n -
Hotpn-2(&,8") = Hq(x‘ My —> B, (S (x{2)yy o qu(xp(n) JXP(n-1))
which is just the suspension isomorphism. Hence by induction
. : Hyl £)—> Hp+2(XP(n)) 35 an isomorphism for all r.

(To start the inducetion, we note that
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BEAE (v ) = B (B(X)) = H_, ,(5X) is induced by
T, )

As usual, E” can be interpreted as the graded group
associated with Hy & ) with the induced filtration. We
can filter G(XP(n)) by the subcomplexes G(XP(p)); the map f
is then filtration preserving. Thus we obtain

o e° n-2 .
Theorem 7.10. B (X, v , /A ) is the graded group

associated with H,  (XP(n)) as filtered by the imbeddings

Remark 7.11. In the particular case L = V7 =
(-1,0,1,...), it should be possible to prove Theorem 7.1 by
reworking Cartan's theory of constructions so as to apply to

A( 6o }-algebras instead of strictly associative algebras[3n%l.
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8. Non-triviality and applications

We use Theorem 7.10 to exhibit spaces Xr such that the
spectral sequence {Ei(xr, ve LA ),di} has non-trivial
differential d.; in fact there exists uc¢ H*(Xr) such that
4 u,...,ul , the bar operation of (r+1)-factors, is non-
trivial.

As in the last section, we can identify £ .( v n-1.g)
with a submodule of Cr( v n;R). In particular Er( \v n"l.,fi)
is isomorphic with & r( v n;ﬁ) for
r+2 < (n+3)(2+ max {ql ﬁqz O'} ).

Let X, = €) ¢cP(r). By Proposition I.1.11, (2 ¢P(r)
has the homotopy type of st x Q s**+1 14 dimensions less
than 8r+1, Hi(.()_CP(r)) is non-trivial only for i= 0, 1 and
2r. Let A = Z and u be a generator of Hl( 2 CP(r)) ~ =

and y & generator of H_.)r(_(l CP(r)) =~ 2Z.

Theorem 8.1. Let Xr be given the Am -s8tructure correspogdinﬁ

to loop addition. Then the (r+1)-fold bar operation Ju,...,ul

ig defined and y = Ju,...,ul.

Proof: The (r+ l)-fold bar operation is defined as a

differential in the spectral sequence {Ei(xr, 7 r'l,Z),di’} .

1
ul® " ®u € Er-1,r+1’ the evaluation of the

il

Since z
bar operation involves only = (v r-l: ﬁ* (Xr)) for s<zar+ 1
which can be identified with £ ( v ; & _(X,)) since

2r+ 3 < (r+2)2a.
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In order to compute E e , we must identify X P(oo ). A
relevant result oz [ 21 11is
Theorem 8.2. If X =() Y then Y has the homotopy type of

XP( oo ) (Con .r-}ruc-l-eal wf-PLI VeJ”?Er.-I- fo +14e /oo,a J‘-I'Vuc-f-ure).

' . N - L]
I S A T P Pk e T e wd o mdeiinaps
[ o : . s Wi e i g e

It follows that CP(r) has the homotopy type of XrP( < ). Since

Hi(CP(r)) — 0 for i » 2r, it follows that Ei°° — 0 for

. L _ - o
i+ 2 > &r; in particular Bpol,p41 = O and Ei,er= 0.

1

The class z belongs to Er-l,r+l'

Thus &, {2z if defined is

represented by a class in Ei'-i-l rri= ﬁr+ i(x(l‘-i"l))
’

’

which is zero unless 1 = r. Hence cli {z'i = 0 for i< r.
o
Since Epxy ps1 =0, if 4, f2§ = 0 then dg fwj = {2z} for

1 -7 (r+s+1) .
some class W€ Ep o 1 n g4 H,_ g4 2(X ). Since

= LT+ s+1)
Hj(x ’ ) — 0 for j<r+ s+ 1, we must have dr{z]#o.

1 .
E-l,Zr is generated by y, hence dr fz} = m fy]l for some
non-zero integer m. Now 4, fy{= 0 for all i since E ; = 0
Co ’
for 1 < -1. Because B_; 5, = 0, there must exist an i and a
?

1
class w € Ei—l,2r-i+l such that di fw} = {y] . However, the

only value of i for which E]j:-l,Zr-i+1 is non-trivial is

i
r-l1,r+1

z, we conclude dp {z} = {y} That is, Ju,ec.,uf = .

{+1=28r-i+1l, i.e. i =1r. Since R is generated bﬁ

Remark 8.3. William Browder has mentioned to the anthor

that the stack operations can be computed in 1CP(r) by means
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of the Adams-Hilton cheain al gebra methods [ 1 1. The
corresponding result is obtaired: < u,...,u > = y. The same
approach can be used to compute the bar operations; the compu-
tations/coincide since in the latter case no use is made of
summing chains which remain separate in the former.

1

Application 8.4. The ineclusion w : S~ —> () CP(r) definea

by wis)(t) = (t,8) e S(Sl) = 82C CP(r) is an A,-mop but
not an A, , ,-map.

Proof. It is possible to identify CP(r) with SlP(r) and
thus see that w is an Ar-map by applying Proposition I.3.10.
However, there is a more direct method available. By induction,
suppose w is an A, ,-map and that Gj : IJ. x k9 x (Sl)j—>QCP(r)
are corresponding homotopies, 2 £ j € i. This permits us to
define ai = Gi’ P (Ii X Ki) x (sl)i by formulas (]I.S.Z.b,c,l).
The map Gri can be extended as the constant map on I » K xex---

i i
x e, The maps Gj for J< i enable us to extend to

Iix Ki x (Sl)[ﬂ by using the unitary condition on An-sPaces
(T.1.2.c¢). Hence the obstrunctions to extending to all of

Ii x Ki x (Sl)i can be regarded as classes in the groups

(8.5) EX(D (1)« &) 3 (s Y5 7 (2 crim)).

Since Iix Ki is homeomorphic %o ri-1 and (Sl)(i) to Si, the
group (8.5) is isomorphic to HY(s%1-%; 77 ((Lcp(r))). This
group is trivial unless 7721_2(_(1013(1-))(113 non-trivial which

happens only for 2i-2 2 2r; hence w is an Ap,-map.
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To prove that w is not an Ar -map, let a denote a

+1
generator of Hl(sl). The map w is adjoint to the imbedding
2 2

S  — CP(r) and S carries the generating class of H (CP(r)),

so that w_ (a) = u. Since H (S ) = O :for j>1, we have
0= ja aE _ﬁov any nvw-'beraﬁjfac_-fovs >, wh e -Fo., (v-+1) -ﬁacf-ovs )
] u,... ,u[ = ¥y. If w were an Ar+1-—map, Wwe would have the

contradiction y = w,( 1 &,...,a[ ) = O.

By a precisely similar argument we can show

lx_O_Zr-l-l

Application 8.6. Let g : {2 CP(r) — S be a

homotopy equivalence and p : Sl x () 82r+ 1 s Q2 32r+ 1
the projection onto the second factor, then

g 0 CP(r) — () Serrl is not an A;‘r+1-map.

Combining Application &% with Corollary III.1.16,
we see that the homotopy equivalence ( g +.fz77): Slx1287—4>
—> ) CP(3) is an A, -map but not an A, -map. e are
unable to determine if (q # Q7 ) is an A3-map, although
both _Q?r and q are, the latter because all the obstructlons
lie in trivial groups.

Now it is possible to show that (q + (2 7 ) is an
Azfmap if and only if loop addition on {2CP(3) is an A3-map.
Hence we could look at possible axial maps SX x XP(2) —»
XP_(3) < CP(3) for X = L CP(3). In varticular we know
g QQCP(3) has the homotopy type of a bunch of spheres.

Thus we return to a geometric problem : does there exist
o decomposition of (AL CP(3))P(2) into faikly elementary

subspaces?



The combination of geometric and algebraic techniques
of this thesis increase our knowledge of the multiplicative
structure of ﬂCP(S)} they also suggest at least one

direction for further research.
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