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Abstract

This thesis focuses on several examples of strongly correlated electronic quan-

tum fluids.

In chapter 2 we use a kinetic theory approach to describe the transport proper-

ties of bilayer graphene near charge neutrality. After solving the semiclassical

Boltzmann equation, we find that the results are well approximated by a hy-

drodynamic two-fluid model. A fluid of electrons and a fluid of holes interact

with each other via Coulomb drag.

Chapter 3 looks at quantum Hall edges. We consider a quantum Hall edge

coupled to a driven quantum dot and compute the current on the edge down-

stream from the contact. We show that Coulomb interactions between the

dot and the edge renormalize the charge in the current pulses.

Chapter 4 focuses on the bilayer quantum Hall system. Two layers of quan-

tum Hall fluid are separated by a variable distance. At large interlayer sepa-

ration, we have two well-separated composite Fermi liquids and we consider

the pairing between the two layers as the interlayer separation is decreased.

We propose a new trial state for this paired phase of matter and use exact

diagonalization numerics to investigate this proposal.
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Chapter 1

Introduction

1.1 Prelude: Popular introduction

The electron is one of the fundamental particles of the Standard Model. In fact, it is safe

to say that it is the most well-studied particle in the Standard Model. Quarks are always

confined within composite particles like protons. Neutrinos are elusive because they only

interact via the weak force. But electrons—are simple. They can be studied in isolation

to a great precision. The mass of the electron is known to one part in a billion[1]. Its

magnetic moment is known to a precision of twelve decimal places[1]. So does that mean

we know everything there is to know about electrons?

To make an analogy, let us imagine a future where self-driving cars are a reality and

car manufacturing has been taken over by a single company. Every car it produces is

exactly the same. We take one of these cars and we study all of its properties. We know

how much it weighs, how fast it accelerates, how much gas it uses and how much CO2 it

emits. Does this mean we know all there is to know about cars? Take a bunch of these

cars and put them on a road together. Now the cars need to watch out that they don’t

crash into each other. If traffic is too dense, they will form traffic jams. Suddenly we have

a number of cars interacting with each other and interesting things happen. We have

emergent phenomena. There are many examples of emergent phenomena in the world:

Flocks of birds, ant-hills, stock market crashes. What they all have in common is that

to understand them it’s not enough to study the individual building blocks. We need to

study the system as a whole and study the interactions of the many building blocks with
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each other.

In much the same way, when we put a bunch of electrons together, interesting things

can happen. Much like cars, electrons don’t like to crash into each other—they repel

one another (This repulsion is known as the Coulomb interaction.). Electrons can get

stuck in traffic jams (This is known as a Mott insulator.). Electrons go on coordinated

dances with each other (We call the description of this dance the wavefunction of the

electrons.). So even though we understand individual electrons very well, understanding

what happens in many-electron systems is still a very active area of research. In this

thesis we explore electronic quantum fluids—in other words: fluids made up of electrons.

1.2 Motivations

1.2.1 Condensed matter theory

Condensed matter is the study of emergent phenomena in many-body (quantum) systems.

Below, we list a number of motivations for studying this field, illustrating each point with

some work that was conducted during this DPhil.

• Because physics is universal: The same equations may be used to describe

many different systems across different areas of physics. The renormalization group

tells us that after coarse-graining, many systems look alike.

Example: The hydrodynamic description of graphene (Chapter 2) is a beautiful

example of universality in physics—the same fluid equations that have been known

to govern classical fluids since the 19th century turn out to govern the flow of

electrons in clean samples of graphene. Hydrodynamics is an effective field theory

which only cares about the coarse-grained physics and is also used in plasma physics

and high-energy physics.

• Because condensed matter has useful applications: Semiconductors revo-

lutionized the world by allowing computers to thrive. Superconductors are used for

medical imaging and to levitate trains. Materials that may show promise in the

future include graphene and high temperature superconductors.
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Example: Quantum Hall edges are a promising approach to constructing single-

electron sources which may be useful for transmitting qubits across a device (Chap-

ter 3).

• Because nature is emergent: Everything that surrounds us consists of many

interacting parts. The essence of condensed matter physics is the realization that

interacting quantum many-body problems become computationally intractable very

quickly as the number of particles in the system increases. Although we understand

very well the fundamental equations of motion governing a collection of electrons,

for a generic system it is impossible to solve the equations exactly for more than

a few dozen electrons. Strongly correlated phases of matter cannot be understood

as a simple perturbation away from a non-interacting phase either. Instead they

require entirely new concepts in order to be understood.

Example: Take the bilayer quantum Hall problem (Chapter 4), where we have two

layers of quantum Hall fluid separated by some distance d. At large d, although the

system is built up out of electrons, the most convenient description of this system

is in terms of emergent quasiparticles called composite fermions. At small d, this

system is best described in terms of electrons. We will discuss a proposal to relate

these two emergent descriptions.

• Because solid state experiments are a playground for fundamental physics

in the lab: Before a fully-fledged quantum computer becomes available, we may

need to rely on quantum simulators to probe difficult quantum problems. To do

that, one builds an experiment that accurately reproduces a model one would like to

study. Performing a measurement on that experiment is then equivalent to solving

the model. Ultra-cold atom gases can be used to study the Hubbard model.

Example: The electrons in strained graphene behave analogously to electrons mov-

ing in curved space. Thus strained graphene allows us to simulate quantum field

theory in curved space in the lab [2].

• Because condensed matter connects to interesting and deep areas of

mathematics: Since the 1980s, it has become clear that some phases of matter fall
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beyond the classical Landau-Ginzburg paradigm and are classified using topology.

The mathematics of K-theory and category theory then allows us to come up with

a complete classification of such phases.

Example: In twisted bilayer graphene we have an interesting interplay of strong

correlations and topology which affects the energetics of domain walls in that system

[3].

• Because we can study these materials in the lab: In condensed matter there

is a rich interplay between cutting-edge theory and state-of-the art experiments.

Example: Strontium Ruthenate is an unconventional superconductor. The elec-

trons in a superconductor pair up to form Cooper pairs and these Cooper pairs

flow without dissipation. The way that the electrons pair up in Strontium Ruthen-

ate is enigmatic however and hence we call it an unconventional superconductor.

Strontium Ruthenate is one of the most widely studied unconventional supercon-

ductors and due to the wide range of experimental probes that are available we

can make progress on this problem. For example we can write down a Ginzburg-

Landau theory guided by experimental constraints to help identify candidates for

the superconducting order parameter[4].

Electronic quantum fluids are useful platforms for studying many-body physics. In

this thesis we will study electronic quantum fluids in low-dimensional systems.

1.2.2 Low-dimensional physics

Although the world that surrounds us has three spatial dimensions, there are a number

of reasons why studying lower-dimensional problems (in one or two spatial dimensions)

is interesting.

On the one hand, lower-dimensional problems are often simpler to solve and hence

we can understand them better than higher-dimensional problems1. Famously, the Ising

model can be solved exactly in one[5] and two[6] dimensions, but not in higher dimensions.

1This is not always true of course, notably mean-field theory is typically a better approximation in
higher dimensions and becomes exact in the limit of infinite dimensions.
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In one dimension, there are many examples of Hamiltonians that can be solved ex-

actly, which has spawned the vast field of integrability. There are other powerful ana-

lytical techniques applicable in one spatial dimension, such as bosonization[7], which we

will use to study quantum Hall edges in chapter 3. One-dimensional systems are also

amenable to powerful numerical techniques such as the density matrix renormalization

group (DMRG)[8].

Two dimensional problems are also interesting in their own right. For one, there

is a wealth of experiments performed in two dimensional systems. One advantage is

that the carrier concentration in two-dimensional materials can be easily tuned using

gating, therefore allowing a high level of control. Furthermore, materials like graphene

are extremely clean, allowing for astonishing transport regimes to be accessed, as we

discuss in chapter 2.

On the theoretical side, there are interesting topological effects in two dimensions

such as the Kosterlitz–Thouless transition[9] and the quantum Hall effect[10]. In three

dimensions, particles are classified as either bosons or fermions, depending on how their

wavefunctions changes under the exchange of two identical particles. On the other hand,

in two dimensions we can have particles that are neither bosons or fermions, these are

the so-called anyons. In chapter 3 we consider how to excite anyons on the edge of a

quantum Hall fluid. Another type of particle special to two dimension is the so-called

composite fermion and this will be the protagonist of chapter 4.

1.3 Outline

This thesis is divided into two parts. In part I (containing chapter 2) we study graphene.

Chapter 2 shows how the electrons flowing in bilayer graphene behave like a fluid. In

part II (containing chapters 3 and 4) we look at the quantum Hall effect. Chapter 3 looks

at the ripples on the edge of a quantum Hall fluid and chapter 4 studies the analog of

a superconducting fluid in quantum Hall bilayers. We conclude this thesis in chapter 5

and offer a perspective for the future.
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1.4 Graphene

Graphene is a material which is beautiful in its simplicity. It consists of a single sheet of

carbon atoms arranged on a honeycomb lattice. In a sense it is the most two-dimensional

any material could be: It is only one atomic layer thick! It is also surprisingly easy to

produce a sheet of graphene, all one needs is a piece of readily available graphite such as

is found in pencils and a piece of scotch tape. By sticking the scotch tape on the graphite

and pulling it off, one can exfoliate a sheet of graphene. Despite this seeming simplicity,

graphene was only isolated in 2004[11].

In the same way that single monolayers of graphene are exfoliated from graphite[12],

one can also exfoliate bilayers of graphene[13] and this is going to be the material we

focus on in part I of this thesis. Bilayer graphene has a number of wonderful properties,

for the following the most important property will be that it is extremely clean and this

will lead to an extremely unusual transport regime.

1.4.1 Hydrodynamics

Hydrodynamics is an area of physics with a long history. It started with the study of

classical fluids such as water or oil. The main idea is that the macroscopic dynamics of

these fluids can be described in terms of the evolution of a small number of conserved

quantities, such as particle number, momentum and energy. Even though collisions hap-

pen on a fast timescale τcoll, since these collisions conserve particle number, momentum

and energy, the conserved quantities evolve on a much longer time scale t � τcoll. The

evolution of these quantities is described by the Navier–Stokes equations. Essentially,

hydrodynamics relies on a separation of scales. One the one hand we have the macro-

scopic length scale L, which might be the size of our fluid channel. One the other hand

we have a microscopic length scale λmfp, which is the mean free path (the typical distance

an atom or molecule travels between collisions). We coarse-grain such that we consider

the evolution of fluid parcels which have a mesoscopic size ` such that L� `� λmfp.

Hydrodynamics is more generally applicable than just to classical fluids however.

The hydrodynamic formalism can be extended to quantum fluids such as superfluids.

We may then ask what other types of condensed matter systems are well-described by
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hydrodynamics. Some of the most studied condensed matter systems consist of electrons

in metals. Can these behave hydrodynamically as well?

In ordinary metals, phonons and impurities cause dissipation of the momentum of the

electrons. Since momentum is not conserved, hydrodynamics is not a good description

of the system. However, in some ultra-clean materials one can enter a new regime, the

so-called hydrodynamic regime, where the momentum of the electrons is approximately

conserved. Typically at low temperatures, collisions of electrons with impurities domi-

nate. At high temperatures, collisions of electrons with phonons dominate. If a material

is sufficiently clean, there exists an intermediate temperature range dubbed the hydro-

dynamic window, where momentum is approximately conserved and hydrodynamics is is

a good description.

We will apply the hydrodynamic formalism to the electronic fluid in bilayer graphene.

Suspended bilayer graphene samples that have been investigated in recent experiments are

extremely clean and as such are good candidates for hydrodynamic transport. To confirm

that these experiments are indeed seeing hydrodynamic transport, we will model this

system theoretically. We find that the hydrodynamic transport regime leads to distinct

transport signatures. Ordinary metals satisfy what is known as the Wiedemann–Franz

law: The electrical and thermal conductivity are proportional to each other since (at a

fixed temperature), the charge and heat carried by an electron are proprtional to each

other. However, we show that a signature of hydrodynamic transport in bilayer graphene

is the violation of the Wiedemann–Franz law at charge neutrality. Another signature

of hydrodynamic transport in bilayer graphene that we distill is the fast increase of the

electrical conductivity away from charge neutrality.

1.4.2 Two-fluid models

What happens when you mix two types of fluid? Some fluids like oil and water are immis-

cible, they will not mix with each other and instead will phase separate. Other fluids like

alcohol and water will mix readily. What happens when you mix two fluids will depend

on the interactions between the fluid components. This leads us to the concept of a two-

fluid model : This will consist of fluid equations for two different types of fluids which may
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interact with one another. Two-fluid models have appeared in different contexts in the

literature, for example a two-fluid model has been used to model traffic jams. In Ref. [14]

a two-fluid model was developed where there is a fluid of moving cars and a fluid of

stationary cars. One rather famous example from the realm of condensed matter physics

is the two-fluid model of superfluid Helium introduced in 1938 by Tisza[15] and later

refined by Landau[16]. Below the critical temperature, there is a finite density of both a

normal and a superfluid component. The normal component of the fluid is responsible

for its viscosity and carries the heat, whereas the superfluid component is dissipationless.

This two-fluid model of Helium provided the explanation why some experiments seemed

to show superfluid Helium had a nonzero viscosity whereas others seemed to support the

opposite conclusion. We will find that a two-fluid model is the most appropriate descrip-

tion in bilayer graphene as well. In our case the two fluids in question are the electron

and the hole fluids. At a special point called charge neutrality there is an equal number

density of electrons and holes and hence we have particle-hole symmetry at this point. It

is this regime close to charge neutrality that we explore.

1.4.3 Kinetic theory

Complementary to hydrodynamics, there is another approach to describing gases and

fluids: Kinetic theory. Kinetic theory takes a more microscopic approach and the funda-

mental quantity one works with is the distribution function f(p,x, t), which is defined

such that f(p,x, t) dDp dDx is the number of particles with positions in region dDx

around x with momenta in region dDp around p at time t. D is the dimensionality of

space. The evolution of the distribution function is described by the Boltzmann equation.

If there are conserved quantities, one can derive hydrodynamic equations from the

kinetic theory by taking moments of the Boltzmann equation. Going from kinetic the-

ory to hydrodynamics one is of course throwing away a lot of microscopic information.

However, kinetic theory may be valid when hydrodynamics is not and vice versa.

Kinetic theory and hydrodynamics are two complementary approaches in the sense

that they have distinct but overlapping regimes of validity. Kinetic theory describes two-

body collisions of particles and hence relies of having a valid quasiparticle description.
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This is not necessarily a given in a quantum system. In particular, in a strongly correlated

system, we may not have long-lived quasiparticles. The requirement for the validity of

kinetic theory is therefore that interactions are weak enough, such that the quasiparticle

lifetime τqp � ~/(kBT ), where T is the temperature. On the other hand, hydrodynamics

does not rely on quasiparticles, since it describes only the evolution of coarse-grained

quantities. Hydrodynamics has indeed successfully been applied to a variety of strongly-

correlated systems [17, 18]. Hydrodynamics only requires conservation laws to be obeyed,

i.e. the timescale on which conservation laws are violated needs to be t� τcoll.

1.4.4 Hydrodynamic transport in bilayer graphene

Bilayer graphene turns out to be in a regime where both kinetic theory and hydrodynamics

are applicable. In Chapter 2, we apply kinetic theory to bilayer graphene. We use

the semiclassical Boltzmann formalism to compute the transport properties of bilayer

graphene and by comparing to experimental data, we are able to deduce that phonons

play a crucial role for the residual momentum relaxation in the hydrodynamic regime

[19, 20]. We write down a hydrodynamic two-fluid model that accurately agrees with the

kinetic theory calculations. This work is then extended to multilayer graphene, where we

find that the hydrodynamic window is relatively unchanged as a function of the number

of layers [21].

1.5 Interlude: The quantum Hall effect and graphene

Despite their simplicity, monolayer and bilayer graphene display many interesting be-

haviours. In the previous section, we outlined the hydrodynamic regime of graphene,

where the electrons behave like particles in a fluid. The hydrodynamic regime of mono-

layer and bilayer graphene occurs at temperatures between tens and a few hundred Kelvin.

When graphene is cooled to much lower temperatures (tens of milli-Kelvin) and subjected

to a strong magnetic field, it enters a new regime where the so-called quantum Hall effect

(QHE) is observed[22]. The electrons form strongly correlated states that have topological

properties.

Historically, graphene is not the place that the QHE was observed for the first time,
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however, in recent years graphene has emerged as very convenient platform for study-

ing the QHE. The QHE was first observed in two-dimensional electron gases in GaAs

heterostructures in the 1980s. In fact, GaAs was also the first material in which hydro-

dynamic transport was observed. The common denominator of hydrodynamic transport

and the QHE is that they both require extremely clean materials in order to be observed.

1.6 The Quantum Hall effect

The quantum Hall effect is certainly one of the most interesting and surprising emergent

phenomena. When electrons in a two-dimensional metal such a graphene are subjected to

a large magnetic field B at very low temperatures they can form exotic states of matter.

In high school, we were all taught about the three phases of matter: Solid, liquids and

gases. But it turns out that nature is much richer. The quantum Hall fluid, which consists

of electrons performing a coordinated dance, is a completely new phase of matter, and

an interesting one at that: it is a topological phase of matter. A Hamiltonian describes

a topological phase of matter if it is gapped and it cannot be continuously deformed to

the atomic insulator limit without closing the gap.

To understand the quantum Hall effect, it first makes sense to understand the non-

interacting problem of electrons in a magnetic field in two dimensions. It turns out that

the electrons live in flat bands, the so-called Landau levels (LL), each of which is highly

degenerate. The number of filled LLs is known as the filling factor ν. If we completely

fill an integer number of LLs (ν ∈ Z), we have the integer quantum Hall effect. However,

more interesting things happen, when LLs are only partially filled (ν ∈ Q), this is known

as the fractional quantum Hall effect. In many problems, and certainly in this thesis,

it will be enough to consider the electrons moving in the lowest Landau level (LLL),

i.e. ν ≤ 1. So the kinetic energy is completely quenched and the Hamiltonian will

be given by the Coulomb interaction projected onto the LLL. Since there is no kinetic

energy, this is by definition a strongly interacting problem, the interaction cannot be

treated perturbatively.

The fractional quantum Hall effect hosts some very exotic particles called anyons,

which have a fractional charge. This is an example of an emergent quasiparticle. Although
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our system consists entirely of electrons with one unit of charge, when we look at the

fractional quantum Hall system at ν = 1/3 we appear to see particles with one third of

the charge of the electron. The electron has effectively split in three! Certain types of

anyon called non-abelian anyons may one day be used to build a topological quantum

computer[23]. Non-abelian anyons arise in non-abelian quantum Hall states such as the

proposed Moore–Read (also called Pfaffian) state at ν = 5/2.

Over the years, different approaches have been developed to understand the quantum

Hall effect. An early approach that was successful was to use trial wavefunctions. Laugh-

lin had the insight to write down wavefunctions, now named after him, that turn out to

be very good approximations to the true ground state[24]. Another useful viewpoint is

that of composite fermions: Composite objects consisting of 2p vortices of the wavefunc-

tion bound to an electron, where p ∈ Z. The fractional quantum Hall effect of electrons

at filling factor ν = n
2pn±1

can be mapped to an integer quantum Hall effect of composite

fermions at filling factor νCF = n.

1.6.1 Quantum Hall edges

By definition the gap must close at the boundary between a topological phase of matter

and a trivial phase of matter. This implies that at the edge of a quantum Hall fluid, there

are gapless excitations. These are known as quantum Hall edge modes. In Chapter 3 we

consider a mechanism to drive currents on these quantum Hall edges using a quantum

dot. A quantum dot can be thought of as an artificial atom. It is an energy level that

can either be empty, or occupied with an electron or anyon. When a quantum Hall edge

is coupled to a quantum dot via a quantum point contact, driving the quantum dot can

excite a current along the edge. If the charge on the dot is quantized, then one expects a

current pulse along the edge that carries a quantized charge, when the charge hops from

the dot onto the edge. This set-up is therefore promising as a single-particle source for

quantum information applications.

In Chapter 3 we study the effect of interactions on this set-up. Using bosonization and

a mapping to the well-known spin-boson model, we were able to show that the Coulomb

interaction between the dot and the edge destroys the precise charge quantization of the
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pulses [25, 26].

1.6.2 Bilayer quantum Hall

We consider two layers of quantum Hall fluid separated by distance d and coupled via

the Coulomb interaction. If both individual layers have filling factor ν = 1/2, both

the small and large d limits are very well understood. At large interlayer distances,

the two layers are decoupled and can each be thought of as a Fermi sea of composite

fermions. At small interlayer distances, the state is an exciton condensate—an electron

in one layer pairs up with a hole in another layer. This is the famous 111 state[27].

However, at intermediate distances, where the interlayer distance is on the order of the

magnetic length, the situation is far less clear. The ground state phase diagram as a

function of d is not known. Many proposals for this intermediate state have been put

forward[28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39].

In Chapter 4 we study an alternative proposal: the s-wave pairing of a composite

fermion in one layer with a composite hole in the other layer. Using Monte-Carlo studies

and exact diagonalization, we will show that this new trial state captures the relevant

physics down to the smallest interlayer distances.
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Part I

Graphene
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Chapter 2

Hydrodynamic electron flow in

bilayer graphene

2.1 Introduction

Ordinary metals are dirty. The electrons are constantly scattering off impurities, the

boundary of the sample or the atomic lattice (which we can view as collisions of electrons

with phonons). These collisions relax the momentum of the electrons. The scattering

rate for momentum-relaxing (mr) collisions is obtained by summing up the various con-

tributions according to Matthiesen’s rule

τ−1
mr = τ−1

e-phonon + τ−1
e-impurity + τ−1

e-boundary + ... (2.1)

When we apply a voltage to a metal, the electric field is constantly accelerating the

electrons and imparting momentum onto them. However, the momentum of the electrons

will be dissipated by the collisions of the electrons with impurities, the boundary or

phonons. The system reaches a steady state, where the momentum imparted to the

electrons by the electric field is balanced by the momentum dissipated due to collisions.

This is the essence of the theory of transport in metals that Drude proposed in 1900[40].

The Drude equation is

dp

dt
= −eE− p

τmr

, (2.2)
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where p is the momentum of the electrons, −e is the electron charge and E is the applied

electric field. This leads to the famous Drude result for the electrical conductivity

σ =
e2nτmr

m
, (2.3)

where n is the number density of electrons and m is their mass. A kinetic calculation for

the thermal conductivity of a Fermi gas yields[41]

κ =
π2

3

k2
BnTτmr

m
(2.4)

and so taking the ratio to compute the Lorenz number L, one obtains the Wiedemann–

Franz law

L ≡ κ

σT
=
π2

3

(
kB
e

)2

, (2.5)

which is satisfied for many metals.

Essentially Drude theory is a kinetic theory for electrons in metals. However, there

is one important distinction between the kinetic theory as applied to classical fluids and

as applied to metals. In a classical fluid such as water, the dominant type of scattering

is between the water molecules themselves. There are very few impurities in water and

there is no atomic lattice for the water molecules to collide with. This begs the question,

is it possible to enter an electronic transport regime which is more similar to this clas-

sical hydrodynamic regime? In other words, is it possible to find a material, where the

dominant type of scattering is between the electrons themselves? Clearly this needs to

be a very clean material.

This transport regime is nowadays known as electron hydrodynamics. In this regime,

the electron-electron collisions, which are momentum-conserving1, are the dominant source

of scattering. The momentum of the electrons is therefore almost conserved. We denote

the scattering rate of the momentum-conserving (mc) collisions as

τ−1
mc = τ−1

e-e . (2.6)

1Umklapp scattering can relax momentum, however we will argue in Sec. 2.4.5 that at least for
graphene near charge neutrality Umklapp scattering is not important.
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(a) ordinary metal (b) electron hydrodynamics

Figure 2.1: We distinguish momentum-relaxing collisions occuring on a timescale τmr( )
and momentum-conserving collisions occuring on a timescale τmc( ). Left: In the con-
ventional diffusive transport regime of metals, the electrons predominantly collide with
phonons and impurities, in momentum-relaxing collisions. Right: In the hydrodynamic
regime, the electron-electron collisions are the dominant source of scattering. In these
collisions, the momentum of the electrons is conserved.

Definition 1: The hydrodynamic regime

In the hydrodynamic regime of an electronic system, the scattering times satisfy

τ−1
mc � τ−1

mr . (2.7)

where τmc is the timescale for momentum-conserving collisions and τmr is the

timescale for momentum-relaxing collisions. This is illustrated in Fig. 2.1.

The hydrodynamic regime for electrons was first envisaged in 1962 by Gurzhi[42],

who made the prediction of what is now known as the Gurzhi effect. Gurzhi’s predic-

tion was that as one enters the hydrodynamic regime, the resistivity decreases as the

temperature increases. This is clearly a counter-intuitive result, for ordinary metals the

resistivity increases as a function of temperature: As we increase the temperature, the

momentum-relaxing collisions become more frequent, and hence via Eq. (2.3), the elec-

trical conductivity decreases. To explain the Gurzhi effect, we should think about what

limits the conductivity at different temperatures. We assume that there are no impuri-

ties. According to the Drude formula, the momentum-relaxing collisions are responsible
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(a) ballistic (Knudsen) regime (b) hydrodynamic (Poiseuille) regime (c) diffusive (Drude) regime

Figure 2.2: We distinguish momentum-relaxing collisions occuring on a timescale τmr( )
and momentum-conserving collisions occuring on a timescale τmc( ). As temperature is
increased, the system moves from the Knudsen regime to the Drude regime. In certain
materials one encounters the Poiseuille regime in between these two limits, where the
Gurzhi effect is observed.

for limiting the electrical conductivity2. So we need to think about what mechanism sets

the momentum-relaxing mean-free path λmr ∼ 〈v〉τmr and then according to the Drude

formula σ ∝ λmr. At the lowest temperatures, the momentum will be dissipated by elec-

trons colliding with the boundary of the sample (panel (a) of Fig. 2.2). This leads to

λmr ∼ W , where W is the width of the channel through which the electrons are flowing.

With increasing temperature, electron-electron collisions become more frequent, until

λmc = λe-e < W (panel (b) of Fig. 2.2). At this point, electrons undergo a random walk

between collisions with the boundary and hence the distance travelled by the electrons

between momentum-relaxing collisions increases to λmr ∼ W 2/λe-e. As we increase the

temperature, electron-electron collisions become more frequent, λe-e decreases, hence λmr

increases and the conductivity increases as a function of increasing temperature: This is

the Gurzhi effect. Finally, as we increase the temperature even further, electron-phonon

collisions start becoming important and λmr = λe-phonon (panel (c) of Fig. 2.2). As the

temperature increases, electron-phonon collisions become more frequent and the conduc-

tivity decreases as a function of temperature, taking us back to a more familiar regime.

Fluid dynamicists love dimensionless numbers and in that spirit it is useful to define the

Knudsen number Kn = λe-e
W

. The Gurzhi effect occurs when we have the crossover from

the (ballistic) Knudsen regime Kn� 1 to the (hydrodynamic) Poiseuille regime Kn� 1.

The Gurzhi effect has a classical counterpart. In 1909 Knudsen observed that for gas

flowing through a capillary, the pressure drop first increases and then decreases as the

density of a gas is increased[43].

2Although we will see in Sec. 2.4.1 that in bilayer graphene at charge neutrality, momentum-conserving
electron-electron collisions alone can limit the conductivity.
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For many years, the electron hydrodynamic regime remained a theorist’s fantasy. No

materials were known that were clean enough. This changed in the 1980s, when ultra-

high mobility two-dimensional electron gases (2DEGs) such as GaAs heterostructures

were developed. This is the same advance that lead to the discovery of the quantum Hall

effect, which will be the subject of part II of this thesis. It was in these ultra high mobilility

2DEGs that the electron hydrodynamic regime was first accessed experimentally [44, 45,

46] and this lead to a revival in theoretical interest in the problem [47, 48].

Since then, a new material has come on the market: Graphene. Graphene is clean.

Very clean. Electrons in copper have a typical mean free path of around 40nm at room

temperature[49], whereas in graphene, the mean free path for electron-impurity collisions

can reach over 1µm at 200K[50]. Graphene has attracted an enormous amount of at-

tention in the last decade[51]. There are several properties of graphene that explain the

interest in this material: (i) It is the most two-dimensional any material can be, being

only one atomic layer thick. (ii) It is simple to describe theoretically, consisting only of

carbon atoms on a honeycomb lattice. (iii) The low-energy excitations offer a condensed

matter realization of massless Dirac fermions. (iv) Graphene is extremely clean and the

electrons have very high mobility. (v) Due to its two-dimensional nature, the carrier

concentration in graphene can very easily be tuned via gating, offering a high level of

control.

One of the first signatures of electron hydrodynamics in graphene was the observation

of the negative non-local resistance [52, 53]. When current is injected into a graphene

channel from a source, the flow profiles are drastically different in the Ohmic as opposed

to the hydrodynamic regime. In the Ohmic regime, the electrons always flow outward

from the current source (panel (a) of Fig. 2.3). On the other hand, if we treat the electrons

as a viscous fluid, then electron whirlpools can form (panel (b) of Fig. 2.3). Due to the

presence of these vortices, the electron flow profile is modified and in particular, electrons

may flow towards the source as opposed to away from it. The experimental signature in

which this will show up is that the voltage measured along the boundary has the “wrong”

sign in the hydrodynamics regime and this has been dubbed negative non-local resistance.

Since then, further evidence that supports this picture of hydrodynamic electron trans-
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(a) ordinary metal (b) electron hydrodynamics

V V

Figure 2.3: We consider a geometry with a current source and current drain on opposite
sides of a finite-width channel. Due to the formation of electron whirlpools, the voltage
V measured along the boundary of the sample will have the opposite sign in the hydro-
dynamic regime, compared to the conventional electronic transport regime. This effect
is dubbed the negative nonlocal resistance.

port in monolayer graphene has come to light. The Wiedemann–Franz law violation [54],

where the thermal conductivity is either enhanced or suppressed relative to the prediction

of the Wiedemann–Franz law can have a hydrodynamic origin3.

Experiments have observed superballistic flow through constrictions [56]. The measure-

ment of the conductivity through narrow constrictions reveals that the flow is enhanced

with respect to the case of ballistic transport. Due to viscous effects, the electrons can

“slipstream” through the constriction[57]. In this geometry as in the Gurzhi effect, the

rate of momentum relaxation decreases in the hydrodynamic regime.

An even more striking observation came in 2019, when two groups were able to image

the Poiseuille flow in graphene. Poiseuille flow is a classical effect from undergraduate

fluid dynamics. If one solves the Navier-Stokes equations for a viscous fluid flowing in

a channel with a finite width, one finds a parabolic velocity profile. The first group

measured the Hall voltage across a channel, using that to deduce the current profile [58].

The second group used a magnometry measurement to measure the spatially-dependent

magnetic field, which allows one to deduce the spatial distribution of current by inverting

the Biot-Savart law [59]. The current profile of the electron flow through the channel

measured by both groups agrees with the prediction for a viscous fluid and thus lends

3The Wiedemann–Franz law violation is not a unique signature of hydrodynamic transport however,
since other possible mechanisms such as bipolar diffusion [55] or phonon cooling [54] may be involved.
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further evidence to the idea that electrons in monolayer graphene can be hydrodynamic.

Key Concept 1: Experimental evidence of hydrodynamic transport in

monolayer graphene

To summarize, we have presented five transport signatures of the hydrodynamic

regime that have been observed in monolayer graphene

1. Gurzhi effect [53]a

2. Negative non local resistance[52, 53]

3. Wiedemann–Franz law violation[54]

4. Superballistic flow through constrictions [56]

5. Poiseuille flow [58, 59]

aDue to the details of the scattering off the boundary, in particular the large slipping length,
the Gurzhi effect in monolayer graphene is weak. The resistivity is monotonic as a function of
temperature (no Gurzhi effect), however the Gurzhi effect has been observed in the differential
conductance.

While the transport properties of monolayer graphene have been extensively studied[60],

other related materials are only beginning to be examined. We are interested in the ques-

tion of whether bilayer graphene can exhibit hydrodynamic transport in the same way

that monolayer graphene does. As in the case of monolayer graphene[61, 62], we ex-

pect that electrons in bilayer graphene (BLG) will have high mobility and scattering

of electrons among themselves will be the dominant scattering mechanism. Advances

in nanotechnology have recently allowed electrical measurements on suspended BLG

samples[13, 63, 64, 65, 66, 67, 68, 69, 70]. A measurement of the electrical conduc-

tivity in BLG has been reported in Ref. [13] and we aim to understand these results

using a theoretical framework. We focus our calculation on the regime explored in the

experiment. This means we consider the chemical potential tuned to be close to the

charge neutrality (CN) point, where the number density of electrons in the conduction

band and holes in the valence band is equal. We also consider temperatures T ∼ 10K –

40K.

Our approach is similar to previous work on the conductivity of monolayer graphene
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[71, 72], two coupled monolayers [73] and BLG[74, 75]. Compared to [74], which studies

the case of clean BLG, we calculate the conductivity away from CN, which requires

including additional scattering mechanisms. The paper [75] does study the conductivity

of BLG away from CN by including the effect of disorder, however we aim to provide a

more quantitative analysis allowing for comparison with experimental data.

2.2 Outline

In this chapter, we theoretically examine the zero frequency transport properties of BLG

using a quantum Boltzmann equation (QBE) approach. To start off, in Sec. 2.3 we briefly

review the derivation of the band structure and the explicit expressions for the single-

particle wave functions in BLG. We also introduce the screened Coulomb interaction

relevant for BLG near CN. We then discuss our QBE method in Sec. 2.4, with further

details in App. A and in the paper[76]. The QBE method is a semiclassical approach and

we discuss its validity in Sec. 2.5. Before solving the QBE, we develop some intuition

for the problem by introducing our hydrodynamic two-fluid model in Sec. 2.6, provid-

ing further details in App. B. Solving the QBE is a numerically daunting task and the

far simpler two-fluid model accurately describes the QBE results. The two-fluid model

also provides us with explanations for two signatures of the hydrodynamic regime: The

Wiedemann–Franz law violation and the fast increase of the electrical conductivity away

from charge neutrality. We then explain how to solve the QBE in Sec. 2.7. We present

numerical results obtained by solving the QBE for both electrical (Sec. 2.7.1) and ther-

mal (Sec. 2.7.2) transport. We compare our results for the electrical conductivity to the

experimental results from Ref. [13] in order to extract the value of the only free parameter

of the theory: The phonon scattering rate. The value we determine for the phonon defor-

mation potential lies within the range reported by previous authors. We show that our

QBE results agree with the experimental data over a wide range of parameters. Finally

we discuss the extension of our work to multilayer graphene in Sec. 2.8.
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Figure 2.4: Sketch of the AB stacked bilayer graphene lattice used for the tight-binding
Hamiltonian. There are two layers 1 and 2 and in each layer there are two inequivalent
sites per unit cell labelled A and B. The hopping strengths γ0 and γ1 are the nearest-
neighbour intralayer and interlayer hoppings respectively. The next-nearest neighbour
interlayer hopping γ3 leads to trigonal warping and is neglected in the following analysis.

2.3 The bilayer graphene Hamiltonian

We begin by discussing the microscopic model of bilayer graphene. Bilayer graphene

consists of two stacked layers of graphene. Graphene itself consists of carbon atoms

arranged on a honeycomb lattice. Since the honeycomb lattice is bipartite, the carbon

atoms in a sheet of graphene can be classed as belonging to either the A or the B

sublattice. In bilayer graphene, an atom in the top layer in the A sublattice can either

sit on top of an atom in the bottom layer in the A sublattice (AA stacking) or the

B sublattice (AB stacking, also known as Bernal stacking). We focus on AB stacked

bilayer graphene, since this is the form that is most commonly found in experiments[13].

Quantum Monte Carlo[77] and density functional theory[78] calculations confirm that

this is the more stable configuration.

2.3.1 Tight-binding Hamiltonian

The tight-binding Hamiltonian of AB stacked bilayer graphene with the couplings defined

in Fig. 2.4 has the form
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Figure 2.5: The low-energy bandstructure of bilayer graphene consists of two parabolic
bands. We consider the transport regime near charge neutrality, i.e. βµ . 1.

Hkin =γ0

∑
R

∑
i

c†A1
(R)cB1(R + li) + h.c. (2.8)

+ γ0

∑
R

∑
i

c†A2
(R)cB2(R + li) + h.c. (2.9)

+ γ1

∑
R

c†A2
(R)cB1(R) + h.c. (2.10)

+ γ3

∑
R

∑
i

c†B2
(R)cA1(R + li) + h.c., (2.11)

where l1 = a(
√

3
2
, 1

2
), l2 = a(−

√
3

2
, 1

2
) and l3 = a(0,−1) are the three nearest neighbour

displacements on the honeycomb lattice4 (a is the lattice constant of graphene) and R is

the position of a lattice site. c†sl(R) creates an electron on sublattice s ∈ {A,B} in layer

l ∈ {1, 2}. Hkin is diagonal in spin so we are omitting the spin index for conciseness. We go

to momentum space and introduce the operator ca(p) = (cA1(p), cB2(p), cA2(p), cB1(p)),

such that the Hamiltonian becomes

Hkin =

∫
d2p

(2π)2
c†a(p)Hab(p)cb(p), (2.12)

4Strictly speaking the term honeycomb lattice is a misnomer, what is meant by honeycomb lattice is
a really a hexagonal lattice with a two-atom basis.
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where the Bloch Hamiltonian is

Hab(p) =


0 γ3

∑
i e
−ip·li 0 γ0

∑
i e
ip·li

γ3

∑
i e
ip·li 0 γ0

∑
i e
−ip·li 0

0 γ0

∑
i e
ip·li 0 γ1

γ0

∑
i e
−ip·li 0 γ1 0

 . (2.13)

We now expand the Bloch Hamiltonian for momenta p = Kξ + k close to the K-points

Kξ = (ξ 4π
3
√

3a
, 0). ξ = +1 (−1) corresponds to the K (K ′) valley. The Hamiltonian

becomes

Hkin =
∑
ξ

∫
d2k

(2π)2
c†ξa(k)Hξab(k)cξb(k). (2.14)

Here the integral over k runs over momenta near the K or K ′ valley with a cut-off

Λ ∼ 2π/a. We have moved from the UV-complete theory to a low-energy theory. The

physical results will not depend on the cut-off since we consider the physics in the long

wavelength limit where k � Λ. The explicit form of the Hamiltonian matrix is[79, 80, 81]

Hξab(k) =


0 v3(ξkx + iky) 0 vF (ξkx − iky)

v3(ξkx − iky) 0 vF (ξkx + iky) 0

0 vF (ξkx − iky) 0 γ1

vF (ξkx + iky) 0 γ1 0

 , (2.15)

where the velocity v3 is given by v3 =
√

3
2
aγ3/~ and the Fermi-velocity is given by vF =

√
3

2
aγ0/~. In the following, we will set v3 = 0, since we are only interested in the quadratic

bands. We are thus neglecting the trigonal warping, which is justified as long as the

temperature is not too low (see Refs. [81, 79] for details). We also neglect additional

effects such as the opening of an interaction induced gap [82], restricting the applicability

of our approach to T & 10K [13].

2.3.2 Low energy effective Hamiltonian

Since the Hamiltonian (2.14) provides information about both high energy and low energy

states, it will be useful to create a low-energy effective Hamiltonian. As shown in Fig. 2.5,
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the bandstructure close to the K points consists of four parabolic bands, two of which

are gapless. The gap to the higher energy bands is 0.4eV ∼ 4600K. In the temperature

and density range relevant for the experiment[13] only the two low-energy bands that are

gapless are relevant. To simplify our model, we consider only the low-energy bands near

the two valleys. In the long wavelength limit vFk � γ1, one can derive

Hξαβ(p) = − p2

2m

 0 e−2iξθp

e2iξθp 0

 , Hkin =
∑
ξ

∫
d2k

(2π)2
c†ξα(k)Hξαβ(k)cξβ(k),

(2.16)

where the effective mass is m = γ1
2v2F

= 0.033me[83] and θp is the angle between the vector

p and the x-axis. We also have cα(p) = (cA1(p), cB2(p)), which means that in the low

energy limit, we only consider the electrons appearing at sites A1 and B2. Diagonalizing

the Hamiltonian, we find

Hkin =
∑
ξλ

∫
d2k

(2π)2
ελ(k)c†λξ(k)cλξ(k), (2.17)

where the band energies are

ελ(k) =
λk2

2m
(2.18)

and

cλK(k) =
1√
2

(
−λe−2iθkcK;A1(k) + cK;B2(k)

)
, (2.19)

cλK′(k) =
1√
2

(
−λe−2iθkcK;B2(k) + cK;A1(k)

)
. (2.20)

λ = +1(−1) denotes electrons in the conduction (valence) band. We will often find it

useful to think about electrons in the conduction band and holes in the valence band.

2.3.3 Interaction Hamiltonian

The interaction Hamiltonian will be

Hint =
1

2

∫
d2q

(2π)2
V (q) : ρeff(−q)ρeff(q) :, (2.21)
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Figure 2.6: The BLG vertex coupling an electron to a photon. The initial (final) state of
the electron is labelled by a band label λ′ (λ) and has momentum k′ (k). The electron also
has a flavour label specifying the spin and valley degrees of freedom which is suppressed
in the diagram above. The vertex conserves the electron flavour.

Figure 2.7: The BLG matrix element for two electrons interacting via the Coulomb
interaction V . The state of the incoming and outgoing electrons has band and momentum
labels (λ,k) and the flavour label is suppressed. Both legs can have distinct fermion
flavours.

where V (q) is the screened Coulomb interaction and the two-dimensional electron density

is given by

ρeff(q) =
∑
ξ

∫
d2k

(2π)2
c†ξα(k− q)cξα(k) (2.22)

=
∑
f

∫
1

2

d2k

(2π)2

∑
λ,λ′

c†λf (k− q)cλ′f (k)
(

1 + λλ′e−2i(θk−q−θk)
)
, (2.23)

where in the last line we have made spin index explicit via the flavour index f which

takes into account the spin and valley degrees of freedom. In the following sections, we

will omit the spin and valley indices for simplicity and include them back in the counting

factors. There are two valleys (K and K ′) and two spin states in each valley, thus giving

Nf = 4 flavors. From (2.22) we can read off the matrix element

Mλλ′(k,k
′) =

1

2

(
1 + λλ′ei(2θk′−2θk)

)
. (2.24)

This corresponds to the vertex shown in Fig. 2.6. The matrix elements given by the
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diagram (2.7) are

Tλ1λ2λ3λ4(k,k
′,q) = V (−q)Mλ1λ4(k + q,k)Mλ2λ3(k

′ − q,k′) (2.25)

and hence the interaction Hamiltonian is

Hint =
∑
f,f ′

∑
λi

∫
d2k

(2π)2

d2k′

(2π)2

d2q

(2π)2
Tλ1λ2λ3λ4 (k,k′,q) c†λ1f ′ (k + q) c†λ2f (k′ − q) cλ3f (k′) cλ4f ′ (k) .

(2.26)

Let us now consider the form of the interaction V (q). Parabolic bands in two dimensions

have a constant density of states, in particular there will be a finite density of states at

CN, which will result in the Coulomb interaction being screened. This is in contrast to

monolayer graphene, where the linear dispersion leads to a vanishing density of states at

the Dirac point in which case the Coulomb interaction is unscreened. We use the form of

the screened Coulomb potential valid in the experimentally-relevant regime βµ . 1. The

screened Coulomb potential is obtained via the random phase approximation (RPA)[76]

as

V (q) =
2πα

q + qTF (q)
, (2.27)

where q = |q|. The Thomas–Fermi screening momentum is calculated according to the

Lindhard formula which yields[84]

qTF (q) ≈ αmNf

(
1 +

βq2

12m

)
, (2.28)

where α = e2/(4πε) is the electromagnetic fine structure constant multiplied by the

speed of light and ε = ε0εr is the permittivity. The typical momentum of an electron at

temperature T is the thermal momentum qth =
√

2mkBT and so

qth

qTF (q = 0)
∼ 0.02εr

√
T [K]/40. (2.29)

So for the temperature range T . 40K and εr ∼ 1 for suspended samples, we have

qth � qTF and we can make the approximation V (q) = 2π
Nfm

(1 + βq2

12m
)−1. Note that the

electromagnetic fine structure constant has dropped out when calculating the screened
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potential.

2.4 The quantum Boltzmann equation

In equilibrium the occupancy of a state (λ,p) is given by the usual Fermi factor

f 0
λ(p) =

1

1 + eβ(ελ(p)−µ)
, (2.30)

where β = 1/kBT is the inverse temperature and µ is the chemical potential. We can

distinguish two regimes

• |βµ| � 1: This is the Fermi liquid regime where there is a well-defined Fermi surface

and one type of charge carrier dominates.

• |βµ| � 1: This is the regime near charge neutrality where both electrons and holes

are thermally excited. This will be the regime of interest in this chapter.

The Boltzmann equation determines the change in occupancy of the k states due to small

perturbations such as an external electric field E or temperature gradient ∇T .

Key Concept 2: The Boltzmann equation

The Boltzmann equation for the distribution function fλ(k,x, t) of electrons in

band λ with charge −e and dispersion ελ(k) is

(
∂

∂t
+ vλ(k) · ∂

∂x
− eE · ∂

∂k

)
fλ(k,x, t) = −Iλ(k,x, t), (2.31)

where the group velocity is defined as vλ(k) = ∂kελ(k) and Iλ(k,x, t) is the collision

integral.

The Boltzmann equation as written above can be applied to a variety of systems

including classical gases (in which case the band label λ is replaced by a species label).

The term quantum Boltzmann equation refers to applying the Boltzmann equation to a

system of electrons or other quasiparticles arising in solid state systems. In that case, the

distribution function is given by fλ(p) = 〈c†λ(p)cλ(p)〉. For BLG, the collision integral
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consists of a sum of terms

Iλ(p) = Iλ,e-e(p) + Iλ,e-phonon(p) + Iλ,e-impurity(p) + Iλ,e-boundary(p). (2.32)

The first term in (2.32) accounts for the Coulomb scattering of electrons off each other.

The second term describes the scattering of electrons off acoustic phonons. The third

term describes scattering of electrons off impurities. The last term accounts for scattering

of the electrons off the boundary of the necessarily finite-size sample. We will now discuss

the form of the collision integral for each of these scattering mechanisms.

2.4.1 Coulomb scattering

We first consider Coulomb (electron-electron, electron-hole) scattering, which we expect

to be dominant. There are two ways to derive the Coulomb scattering collision integral.

The first, more rigorous method uses the non-equilibrium Keldysh formalism. The self-

consistent Dyson equation is written down in the Keldysh basis and this leads to the

so-called Kadanoff-Baym equations for the Green’s function[85]. The second order Born

approximation is used to evaluate the self-energy. The equation can then we re-written

in the form of a QBE with the relevant collision integral. The details of this derivation

for BLG are found in [20].

In this thesis we show how to motivate the form of the collision integral based on a

more simple Fermi’s Golden Rule calculation. The collision integral for scattering between

electrons is

Iλ,e-e(p) = −(2π)
∑
λ1λ2λ3

∫
d2k

(2π)2

d2q

(2π)2
δ(ελ(p) + ελ1(k)− ελ2(p + q)− ελ3(k− q))

×
[
Nf |Tλλ1λ3λ2(p,k,q)|2 − Tλλ1λ3λ2(p,k,q)T ∗λλ1λ2λ3(p,k,k− p− q)

]
×
[
[1− fλ(p)][1− fλ1(k)]fλ2(p + q)fλ3(k− q) (2.33)

− fλ(p)fλ1(k)[1− fλ2(p + q)][1− fλ3(k− q)]
]
.

The collision integral Iλ,e-e(p) describes the net rate at which electrons scatter into the

state (λ,p). The collision integral is a product of three pieces. The first term is a delta
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2

2

Figure 2.8: The diagrams entering the calculation of the collision integral. The top two
diagrams have the same electron flavour on the two legs. The exchange diagram comes
with a minus sign due to the fermion exchange. The bottom two diagrams have different
electron flavours on the two legs and hence come with a factor of (Nf − 1). Nf = 4 is the
number of fermion species. We add the squares of the diagrams in the bottom line since
the final states are distinguishable due to the different fermion flavours.

function that enforces energy conservation (momentum conservation is automatically

satisfied via the definition of the momenta). The second term contains the matrix element

for the scattering rate. The diagrams that enter the Golden Rule calculation are given

by Fig. 2.8. Finally the last term contains the Fermi factors. For a scattering process to

be possible, we require the two initial states to be occupied and the two final states to be

unoccupied. The first product is for the case where an electron scatters into state (λ,p)

we subtract off the second product which is for the case where an electron scatters out

of state (λ,p).

As noted above, the electromagnetic fine-structure constant drops out when one uses

the fully screened Coulomb potential. From a simple exercise in dimensional analysis, it

is clear that at charge neutrality, the only scale in the problem that can set the electron-

electron scattering rate is the temperature. Therefore, we find

τ−1
e-e = C

kBT

~
, (2.34)

where C is a dimensionless constant. This type of scattering rate which only depends on
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temperature is also known as Planckian dissipation. In fact

C ∼ 1

Nf

, (2.35)

where Nf = 4 is the number of fermion flavours. This can be easily seen by studying the

collision integral (2.33), due to screening, the Coulomb interaction is ∝ 1/Nf , in addition

some of the diagrams come with a pre-factor Nf , giving us that the collision integral and

hence the scattering rate for electron-electron interactions is ∝ 1/Nf .

An important physical feature of this Coulomb collision integral is that it has a zero

mode corresponding to momentum conservation. The collision integral vanishes for the

case where we apply a Galilean boost to the Fermi distribution. In particular, the collision

integral (2.33) vanishes for the Fermi distribution f 0
λ(p) as well as for f 0

λ(p−λmu), which

corresponds to a Galilean boost by u. This zero mode has electrons and holes moving

in the same direction, and therefore always carries heat, and also carries charge as long

as |µ| > 0. This means that for the transport properties to be well defined, we need

an additional mechanism to relax the heat and charge currents and this will be one of

the momentum-relaxing mechanisms that we describe below. The only exception is the

electrical conductivity at CN, which is well-defined even in the absence of momentum-

relaxation since the zero mode does not carry charge at CN.

2.4.2 Impurity scattering

We consider Coulomb impurities, i.e. short-range point scatterers. Long-range charge

disorder such as charge puddles are expected to be less important for suspended BLG.

For this calculation, we put our system in a box of side length L with periodic boundary

conditions. We consider a disorder Hamiltonian

Hdis =

∫
d2x Vdis(x)ρeff(x), (2.36)

where Vdis is the interaction potential between an electron and the impurities, which

we take to be charges Ze located at random positions xi and having number density
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nimp = Nimp/L
2. We use the screened Coulomb interactions to obtain

Vdis(x) =

Nimp∑
i=1

Ze2

4πε|x− xi|
e−qTF |x−xi|. (2.37)

From the interaction (2.36), we can calculate the scattering rate of quasi-particles off the

disorder via a Golden Rule calculation [20]. We then obtain the impurity scattering rate

τ−1
e-impurities =

1

2
mnimp

(
2πZe2

εqTF

)2

. (2.38)

The contribution to the collision integral due to scattering off impurities is

Iλ,e-impurities(p) =
fλ(p)− f 0

λ(p)

τe-impurities

, (2.39)

where the scattering rate has the temperature dependence

τ−1
e-impurities ∝ T 0. (2.40)

The form (2.39) of the collision integral is known as the relaxation-time approximation.

As the name suggests, it will relax the distribution function to the equilibrium (Fermi)

distribution function over a timescale τe-impurities. In plasma physics, this is also known

as the BGK (Bhatnagar-Gross-Krook) collision integral. Since we are working in the

hydrodynamic regime, where the electron-electron scattering is the dominant scattering

mechanism, we expect the relaxation time approximation to be valid for the subdominant

scattering mechanism.

2.4.3 Phonon scattering

First of all, we are at low enough temperatures such that we only need to consider the

acoustic phonons. We are left with three types of acoustic phonons: longitudinal acoustic

(LA), transverse acoustic (TA) and out-of-plane (flexural) acoustic (FA). Now the the FA

phonons only couple to the electrons at second order in the displacement, so we ignore

them here[86]. The deformation potential of the TA phonons vanishes[87, 88]. Hence we
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only need to consider the LA phonons.

The scaling of the phonon scattering rate will depend on which temperature regime

we are in. In ordinary metals, the temperature scale that separates the high and low-

temperature regime is the Debye temperature TD. The Debye frequency is the maximum

frequency of phonons. At temperatures above the Debye temperature, we have excited

phonons of all possible frequencies and as we increase the temperature further, we simply

increase the occupation of the phonon modes below the Debye frequency. This leads to

a scattering rate ∝ T . However, below the Debye temperature, two things happen as

we increase the temperature. On the one hand we start exciting phonons with higher

energies. On the other hand we increase the occupation number of the phonon modes

that were already excited. These two effects lead to a higher power-law dependence of

the scattering rate ∝ T 4 (∝ T 5) for a two(three)-dimensional metal. For graphene, the

Debye temperature is TD ∼ 1800K[89] and so the experimentally relevant regime is well

below TD, so naively one might expect a T 4 power law dependence.

However for materials with low electron densities such as bilayer graphene near charge

neutrality the situation is slightly different. There is still a crossover between a high and

low temperature scaling of the electron-phonon scattering rate, but it is set by the so-

called Bloch–Grüneisen temperature TBG instead of the Debye temperature. Due to the

low electron density, the electrons have small momenta. So as we increase the tempera-

ture above the Bloch–Grüneisen temperature, the highest energy phonons have momenta

kmax ∼ kBTBG/cs (cs is the speed of sound in graphene) which is too large to scatter elec-

trons. The maximum momentum of the electron is set either by the Fermi momentum

kF (if βµ > 1) or the thermal momentum qth (if βµ < 1). Since we are interested in the

latter regime in our work, the Bloch–Grüneisen temperature will be set by the condition5

kBTBG

cs
= qth =

√
2mkBTBG. (2.41)

With cs = 2× 104m/s[90], we find TBG = 3.4K. The experiment is at temperatures above

the Bloch–Grüneisen temperature and hence the longitudinal acoustic phonons have a

5We note that the Bloch–Grüneisen temperature is usually defined in the Fermi liquid regime, in
which case kBTBG

cs
= kF . In our analysis we have modified this expression such that it is appropriate to

the regime near CN.
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scattering time [90, 88]

τ−1
e-phonon =

D2mkBT

2ρc2
s

, (2.42)

where D is the deformation potential and ρ is the mass density of BLG. D is not known

with a high accuracy a priori since it varies from experiment to experiment, it is expected

to be in the range 10− 30eV[91, 92, 93, 94, 95]. The contribution to the collision integral

due to scattering off phonons is

Iλ,e-phonon(p) =
fλ(p)− f 0

λ(p)

τe-phonon

, (2.43)

where the scattering rate has the temperature dependence

τ−1
e-phonon ∝ T 1. (2.44)

2.4.4 Scattering off the boundary

In very clean samples of bilayer graphene, it is expected that the scattering length due

to impurity scattering is longer than the system size L, which is currently limited in

suspended graphene samples to be L . 1µm[96]. There will be scattering of the electrons

off the boundary, which effectively acts as an additional momentum-relaxing scattering

time. Assume the typical scattering time due to collisions with the boundary is

τe-boundary =
L

vth

, (2.45)

where L is the size of the sample and

vth ∼
√
kBT

m
(2.46)

is the thermal velocity, i.e. the typical velocity of an electron at temperature T . Here,

we are making the simplifying assumption that the boundary scattering time does not

depend on the momentum of the electrons. The contribution to the collision integral due
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to scattering off the boundary is

Iλ,e-boundary(p) =
fλ(p)− f 0

λ(p)

τe-boundary

, (2.47)

where the scattering rate has the temperature dependence

τ−1
e-boundary ∝ T 1/2. (2.48)

2.4.5 Umklapp scattering

It is in fact possible to get a finite conductivity purely from electron-electron collisions.

In two-body electron-electron collisions, crystal momentum is conserved, however this

does not necessarily mean the momentum is conserved. The momentum of the electrons

can change by a reciprocal lattice vector. For a Fermi liquid, if Umklapp scattering is

present, it has a scattering rate τ−1
Umklapp ∝ T 2 (intuitively this scaling comes from the

fact that we need the electrons to be within a shell kBT of the Fermi surface and we have

two electrons in a collision). This leads to a resistivity ρ ∝ T 2, which has indeed been

observed experimentally for very clean Fermi liquids [97].

In the present case however, we are interested in graphene near charge neutrality

i.e. far from the Fermi liquid regime and therefore Umklapp scattering is very weak.

Electrons have typical momenta which satisfy ka � 1, where a is the lattice constant

and therefore Umklapp scattering processes with q ∼ 1/a will be highly suppressed due

to the 1/q scaling of the Coulomb interaction.

2.5 Validity of the semiclassical approach

The Boltzmann equation as formulated in the section above is a fundamentally semiclas-

sical approach. It relies on a valid quasiparticle description of the system, which will

clearly break down in the case of strong enough interactions. So the question is, what

small paramater in this problem justifies the semiclassical approach?

For a valid quasiparticle description to hold, we want the mean free path of the

electrons to be large compared to the de Broglie wavelength of the electrons. In the
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hydrodynamic regime, the mean free path of the electrons will be set by the electron-

electron scattering rate τ−1
mc .

Remember that

τ−1
mc = C

kBT

~
∼ 1

Nf

kBT

~
. (2.49)

Close to charge neutrality, the temperature will set the typical velocity of an electron and

hence the mean free path of electrons is

λmfp ∼ vthτmc. (2.50)

On the other hand the typical size of the de Broglie wavelength is set by the thermal

wavelength

λth ∼
~

mvth

. (2.51)

The ratio of these two length scales is therefore

λth

λmfp

∼ C ∼ 1

Nf

� 1 (2.52)

and so as desired, the mean free path is long compared to the wavelength of the electrons.

The small parameter that justifies our semiclassical analysis is 1
Nf

where the number of

fermion flavours is Nf = 4 for BLG.

2.6 Two-fluid model

Before we solve the QBE, let us develop some further intuition for this problem. If

Coulomb scattering is dominant we expect a hydrodynamic description will be appropriate[98,

99, 100, 101, 102, 103, 104]. Further, since the scattering between electrons and holes

is suppressed due to both matrix element effects and energy-momentum conservation

constraints[76], we believe treating the electron fluid and the hole fluids as weakly inter-

acting with each other will be accurate. In this limit, due to the strong scattering within

each species, each of the two fluids should have a well defined temperature, chemical

potential, and velocity. We thus introduce a two-fluid model [105, 106, 107, 108], which

36



shows excellent agreement with our detailed numerical calculation6. This simplification

allows intuitive understanding of the physics that is not otherwise possible.

We start with the Boltzmann equation (2.31) with collision integral (2.32). We then

multiply the Boltzmann equation by λp/m and integrate over momentum space in order

to derive the fluid equations.

Key Concept 3: The two-fluid model

The two-fluid model consists of two coupled equations for the evolution of the mean

fluid velocities ue and uh of the electron and hole fluids respectively:

m∂tu
e = − m

τe-h

(ue − uh)− mue

τmr

− eE− ΛekB∇T (2.53)

m∂tu
h =

m

τh-e

(ue − uh)− muh

τmr

+ eE− ΛhkB∇T, (2.54)

where τmr is the scattering time for momentum-relaxing collisions. τe-h is the scat-

tering time of electrons by holes and τh-e is the scattering time of holes by electrons.

Λe(Λh) is the heat capacity per particle for an electron (hole), for which we provide

detailed expressions in App. B.

The first term on the right-hand side (RHS) of (2.53) and (2.54) is the Coulomb drag

term. This is a viscous term7 via which the electron and the hole fluid can exchange

momentum, while the total momentum of electrons plus holes is conserved. The second

term on the RHS is a Drude-like term that allows for momentum-relaxation. The last

two terms on the RHS are the driving terms due to the applied electric field and thermal

gradients respectively.

We consider the steady state ∂tu
e = ∂tu

h = 0 and solve the fluid equations (2.53) and

(2.54) for ue and uh. Using these solutions, we calculate the electric current

J = −e(neue − nhuh). (2.55)

6We note that the two-fluid model is equivalent to performing the Spitzer-Härm calculation of Sec. 2.7
with two basis functions.

7We can also imagine adding viscous terms for the individual fluid components, viz. ηe∇2ue and
ηh∇2uh. Since we compute the transport properties for a spatially invariant system, these terms will
not be relevant.
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The number densities calculated from the Fermi distribution are

ne =
Nfm

2πβ
ln
(
1 + eβµ

)
, nh =

Nfm

2πβ
ln
(
1 + e−βµ

)
. (2.56)

The heat current is given by

Q = kBT (Λeneue + Λhnhuh). (2.57)

We define the electrical conductivity σ, the thermal conductivity K and the thermo-

electric coefficient Θ via J

Q

 =

 σ Θ

TΘ K

 E

−∇T


.

(2.58)

The open circuit thermal conductivity 8 which is usually measured in experiments is given

by κ = K − TΘσ−1Θ. We find the expressions

σ =
e2

m(τ−1
mr + τ−1

e-h + τ−1
h-e)

(
ne + nh + τmr(τ

−1
h-e − τ−1

e-h)(ne − nh)
)
, (2.59)

Θ =
−ekB

m(τ−1
mr + τ−1

e-h + τ−1
h-e)

(
neΛ̃e − nhΛ̃h

)
, (2.60)

K =
k2
BT

m(τ−1
mr + τ−1

e-h + τ−1
h-e)

(
ΛeneΛ̃e + ΛhnhΛ̃h

)
, (2.61)

where

Λ̃e = Λe(1 + τmrτ
−1
h-e) + Λhτmrτ

−1
e-h , (2.62)

Λ̃h = Λh(1 + τmrτ
−1
e-h) + Λeτmrτ

−1
h-e . (2.63)

For momentum conservation we require

neτe-h = nhτh-e. (2.64)

8κ measures the heat current in the absence of electrical current.
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We verify explicitly that the Onsager relations for the thermoelectric coefficients are

satisfied if equation (2.64) is satisfied. Thus we can choose

τe-h = τmc
ne + nh

nh
, τh-e = τmc

ne + nh

ne
, (2.65)

where τmc is a function that only weakly depends on βµ. In the limit τmr � τmc we find

the simpler expressions

σ =
e2

m

(
τmc(n

e + nh) + τmr
(ne − nh)2

ne + nh

)
, (2.66)

Θ = −2πek2
BT

3
τmr

ne − nh
ne + nh

, (2.67)

K =
4π2

9

mk2
BT

β2(ne + nh)
τmr. (2.68)

In deriving the above equation we have made use of the identity

neΛe + nhΛh =
2π

3

m

β
, (2.69)

which can be proven from the explicit integral expressions for Λe,h.

2.6.1 Transport at charge neutrality

At charge neutrality we have an equal number density of electrons and holes. If we apply

a thermal gradient, we will have electrons and holes travelling in the same direction at

the same speed. We call this the finite momentum mode. In the language of the two-

fluid model ue = uh. The Coulomb drag between electrons and holes will vanish in this

mode and the thermal conductivity will be limited by the momentum relaxing scattering.

Another way to say this is that momentum is conserved by the electron-electron scattering

and hence the finite momentum-mode is long lived and is only relaxed on the slow time

scale τmr.

On the other hand, when we apply an electric field we have electrons and holes moving

in opposite directions at the same speed. We call this the zero momentum mode. In the
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Figure 2.9: At CN the charge density of electrons and holes is equal. Therefore, the finite
momentum mode with electrons and holes moving in the same direction carries heat, but
no charge. This mode is relaxed on the slow timescale τmr. The zero-momentum mode
with electrons and holes moving in opposite directions carries charge but no heat. This
mode is relaxed on the fast timescale τmc.

language of the two-fluid model ue = −uh. Since this mode has no momentum associated

with it, it can be relaxed on the fast timescale τmc. The electrical conductivity will hence

be limited by the Coulomb drag between electrons and holes.

This is summarized in Fig. 2.9. Therefore, the electrical conductivity is suppressed

compared to the thermal conductivity in the hydrodynamic regime where electron-electron

scattering dominates, leading to a large Lorenz number L ≡ κ/(σT ). From the two-fluid

model we can show that
L(βµ = 0)

LWF

∼ τ−1
mc

τ−1
mr

� 1. (2.70)

The violation of the Wiedemann–Franz law for BLG has been previously pointed out by

[75] and has been experimentally observed for monolayer graphene in [54].

2.6.2 Transport away from charge neutrality

Away from charge neutrality both the zero-momentum and the finite momentum mode

carry both heat and charge. Since the finite-momentum mode carries charge now and is

relaxed on the slow time scale τmr, the electrical conductivity will increase sharply away

from charge neutrality. We can show from the two fluid model that

σ(βµ = 1)

σ(βµ = 0)
∼ τ−1

mc

τ−1
mr

� 1. (2.71)
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Figure 2.10: For µ > 0 there is a larger density of electrons than holes. Therefore, both
the finite momentum mode and the zero momentum mode carry both charge and heat.

2.7 Solving the quantum Boltzmann equation

Now that we have the intuition from the two-fluid model for the transport properties in

BLG, we solve the QBE to confirm our expectations and to make a quantitative com-

parison with experiment. To calculate the quantum transport coefficients, we solve the

QBE equation in the perturbed background to obtain the perturbation of the distribution

function fλ(k) and then use the result to derive the linear response. The distribution

function is expanded as

fλ(p) = f 0
λ(p) + f 0

λ(p)[1− f 0
λ(p))]hλ(p) (2.72)

about the equilibrium Fermi distribution. Assuming a steady state and a spatially uni-

form distribution function, the linearized quantum Boltzmann equation can then be de-

rived to be

− I(1)
λ (p) = −λβ

m
f 0
λ(p)[1− f 0

λ(p)]

(
− eE · p− 1

T
∇T · p(ελ(p)− µ)

)
hλ(p), (2.73)

where E is the electric field and ∇T is the thermal gradient. The collision integral will be

a sum of terms I
(1)
λ (p) = I

(1)
λ,e-e(p) + I

(1)
λ,mr(p). Linearizing the Coulomb collision integral
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(2.33) using (2.72) we find

I
(1)
λ,e-e(p) = −(2π)

∑
λ1λ2λ3

∫
d2k

(2π)2

d2q

(2π)2
δ(ελ(p) + ελ1(k)− ελ2(p + q)− ελ3(k− q))

×
[
Nf |Tλλ1λ3λ2(p,k,q)|2 − Tλλ1λ3λ2(p,k,q)T ∗λλ1λ2λ3(p,k,k− p− q)

]
×
[
[1− f 0

λ(p)][1− f 0
λ1

(k)]f 0
λ2

(p + q)f 0
λ3

(k− q)

]
×
[
− hλ(p)− hλ1(k) + hλ2(p + q) + hλ3(k− q)

]
. (2.74)

We can easily read off the zero mode hλ(p) = βp · u. We also have

I
(1)
λ,mr(p) =

f 0
λ(p)[1− f 0

λ(p))]hλ(p)

τmr

. (2.75)

We obtain the solution to the QBE by expanding hλ(p) in a set of basis functions, which

then reduces the QBE to a set of linear equations which can be numerically solved. The

size of the basis set is then expanded to convergence[109, 74, 73, 72]. This method of

solution for the Boltzmann equation is well-known in the plasma physics community and

goes by the name Spitzer-Härm method [110]. Details of the method of solution are

presented in detail in Appendix A and Ref. [76]. Once we have solved the QBE, we

calculate the electrical current

J = − e

m
Nf

∑
λ

∫
d2p

(2π)2
λpfλ(p) (2.76)

and the heat current9

Q = Nf

∑
λ

∫
d2k

(2π)2

λk

m
(ελ(k)− µ) fλ(k). (2.77)

From this we can determine the electrical conductivity σ, the thermal conductivity K

and the thermo-electric coefficient Θ from (2.58).

9We note that the interactions may also contribute the energy current. However, we show that at
least at mean-field level this can be absorbed into a shift of the chemical potential[20]. In a more careful
analysis one can view this contribution as the heat carried by plasmons[111].
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2.7.1 Electrical transport

In the experimental data[13], the electrical conductivity is measured as a function of

number density for different temperatures. It is found that to a good approximation the

conductivity only depends on the dimensionless combination βµ (see Fig. 2.11) and not

separately on temperature. A priori it is not obvious why this should be the case. If

only Coulomb interactions are included then βµ is the only dimensionless parameter of

the problem (the electromagnetic fine-structure constant cancels out when the screened

potential is used). However, away from charge neutrality (CN), the finite momentum

mode carries electrical current and is not relaxed by Coulomb scattering since it con-

serves momentum. Thus, to obtain a finite conductivity, another scattering mechanism

that relaxes momentum must be considered. We identified three possible such mech-

anisms: Impurity scattering, scattering off the boundary of the finite-size sample, and

phonons. This additional scattering mechanism can introduce an additional temperature

dependence.

From (2.71), if we want σ(βµ = 1)/σ(βµ = 0) to only depend on βµ and not on

temperature separately, we need τ−1
mc /τ

−1
mr to not depend on temperature.

Key Concept 4: Temperature scaling of scattering mechanisms

Recall the scaling with temperature of the different scattering mechanisms we dis-

cussed in Sec. 2.4:

1. electron-electron: τ−1
e-e ∝ T

2. electron-impurity: τ−1
e-impurity ∝ T 0

3. electron-phonon: τ−1
e-phonon ∝ T

4. electron-boundary: τ−1
e-boundary ∝ T 1/2

We have

τ−1
mc = τ−1

e-e . (2.78)

By evaluating the collision integral in (2.33) at CN numerically (see App. A for details),
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we find that the timescale τmc for electron-electron scattering defined in (2.65) is

βτ−1
mc = 0.15. (2.79)

Recall from Sec. 2.5 that we expected this quantity to be ∼ 1/Nf . The momentum-

relaxing timescale is

τ−1
mr = τ−1

e-phonon + τ−1
e-impurity + τ−1

e-boundary. (2.80)

From the scaling of the scattering rates with temperature, it is clear that for τ−1
mc /τ

−1
mr to

be independent of temperature, electron-phonon scattering must be the dominant source

of scattering. We emphasize the surprising result that even at these comparatively low

temperatures of 12−40K, phonons provide the primary momentum relaxation mechanism.

We are explaining the scaling collapse of the electrical conductivity when plotted as

a function of βµ as a consequence of the electron-phonon scattering being the dominant

source of momentum-relaxation for the electrons. However, an alternative explanation

has been suggested by Ref. [112]. In that work, the authors argue that the ground

state of suspended bilayer graphene has an interaction-induced gap. It is argued that

the presence of this gap modifies the transport properties in a way that one still ob-

tains a scaling collapse of the electrical conductivity even when the dominant source of

momentum-relaxation is provided by electron-impurity collisions. This explanation re-

lies on having charge-puddle disorder, which can be thought of as a position-dependent

chemical potential.

The electrical conductivity σ depends on the dimensionless number βµ and on τmr.

A non-zero τmr = τe-phonon makes the conductivity finite and, as mentioned above, the

curves for different temperatures approximately collapse when plotted as a function of

βµ. We treat the deformation potential D as a fit parameter being that various different

approaches have given different estimates of this quantity[91, 92, 93, 94, 95]. By fitting

our QBE results to the experimental data we extracted βτ−1
e-phonon = 0.03.Comparing to

(2.79) we find that τ−1
e-phonon � τ−1

mc which means that the scattering rate due to electron-

electron collisions dominates over the electron-phonon scattering. This justifies the use

of the hydrodynamic theory. Our best fit value for τ−1
e-phonon corresponds to D ≈ 27eV,

which is consistent with prior expectation that it lies in the range 10 − 30eV. Including
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Figure 2.11: Electrical conductivity σ(βµ) for different values of the temperature. From
the experimental data, we fit the value τ−1

e-phonon. The experimental data is from [13]. The
black solid curve is the result of the QBE calculation. The black dashed curve shows the
result from the two-fluid model and shows good agreement with the full QBE calculation
(the two lines are almost indistinguishable).

the effect of finite size (boundary scattering) reduces the phonon scattering required to

match the experiment. Taking account of the fact that the typical size of the system is

around 3µm, and there will be additional momentum-relaxing scattering off the boundary

of the sample, the best fit D may be reduced by around 30%. In Fig. 2.11 we show σ as

a function of βµ. We show both the result of QBE calculation using the above discussed

fit value of D as well as the experimental data from Ref. [13]. The thermal density of

electrons (holes) for the free Fermi gas is given by (2.56) and as we increase |βµ| there

are more charge carriers. However the total number density of electrons plus holes only

increases by 17% between |βµ| = 0 and 1 (at fixed T ). Instead, the main contribution for

the increase of the electrical conductivity away from CN comes from the finite momentum

mode kicking in. We also note the good agreement of the QBE calculation and the two-

fluid model.

At CN we get a finite electrical conductivity even in the absence of momentum-

relaxation. Exactly at CN, we can compare our prediction for the magnitude of σ to

prior calculations by Ref. [74]. Our work differs in three respects from Ref. [74]. Firstly,

they take the screening wavevector qTF to be constant, secondly they do not make the ap-

proximation qTF � q in the screened potential and thirdly they have not included all the

second order diagrams for BLG. In order to compare our work, we ignore the momentum-
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relaxing scattering mechanisms since Ref. [74] does not include those and the conductivity

is well-defined without them at CN. Ref. [74] finds σ(µ = 0) = e2

h
(27.4 + 0.353

√
T [K]),

which has a large constant piece and a smaller piece that depends on temperature. On

the other hand, from dimensional analysis, in a clean system our result at CN does not de-

pend on temperature. This discrepancy arises from making the approximation qTF � q.

However, in an experimental setting, the contributions arising from momentum-relaxing

scattering will be the most significant for the temperature dependence, justifying our

approximation.

The electron and hole densities at CN are

ne = nh =
Nfm

2πβ
ln(2). (2.81)

The expression for the conductivity (2.66) becomes

σ(µ = 0) =
e2τmc

m
(ne + nh) ≈ 36.9

e2

h
(2.82)

using result (2.79) and we have exceptionally restored Planck’s constant h. In partic-

ular, we note that σ(µ = 0) is independent of temperature, which is consistent with

experiments[13, 113]. In [13], in three of four samples, σ(µ = 0) does not vary more than

about 10% over the full range of measured temperatures 10− 100K.

We can also compare our results to those in Ref. [75], which analyses the QBE for

BLG. We note that Ref. [75] includes only the direct terms in the collision integral,

however the effect of the exchange terms is small, justifying their approach. A further

difference between our work and Ref. [75] is that we use the full momentum-dependent

screening wavevector. Overall, we find qualitative agreement with that work.

2.7.2 Thermal transport

Including only Coulomb scattering, the thermal conductivity K diverges since the finite

momentum mode carries thermal current and cannot be relaxed by Coulomb interac-

tions. Phonons again regulate this divergence. One might expect that the thermal

conductivity increases with increasing |βµ| since the total heat transport carrier den-
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sity ne + nh increases. However, we note that K actually decreases with increasing |βµ|
which is counter-intuitive. In the limit of weak phonon scattering we will see below that

K ∼ 1/(ne + nh). The open circuit thermal conductivity κ, plotted in Fig. 2.12 (top),

decreases faster than K away from CN since the momentum mode carries electric cur-

rent and hence does not contribute to κ. The thermoelectric coefficient Θ plotted in

Fig. 2.12 (bottom) vanishes at CN and increases as we increase βµ, as the momentum

mode now carries both heat and charge. Using the value of τ−1
mr = τ−1

e-phonon extracted from

the experiment, we find L(βµ = 0) ≈ 25(kB/e)
2 which is much larger than the value of

π2/3(kB/e)
2 predicted by the Wiedemann–Franz law.

We note that we only consider the electronic contribution to the thermal transport.

Phonons also carry heat. In order to detect hydrodynamic signatures, one therefore has to

separate out the phonon contribution from the electronic contribution. In an experimental

tour-de-force, this was achieved by heating only the electronic fluid of monolayer graphene

while keeping the temperature of the lattice fixed and indeed a Wiedemann–Franz law

violation was observed[54].

2.7.3 Comparison to two-fluid model

In Figs. 2.11 and 2.12 we also compare the results from the QBE and the two-fluid model.

For the electrical conductivity and the thermopower the agreement is extremely good,

whereas for the thermal conductivity we note a slight quantitative disagreement. This

can be traced back to the fact that the two-fluid model only includes the first momentum

moment of the QBE. In order to account for the thermal current more accurately, the

second momentum moment would have to be included as well. Although we only compare

the two-fluid model and the QBE results for the experimentally relevant value of τe-phonon,

we show in Ref. [76] that the agreement continues to hold well for a range of τe-phonon.

2.8 Multilayer Graphene

The formalism we developed for BLG can also be applied to multilayer graphene (MLG),

in particular, we focus on Bernal (AB) stacked multilayers. The electrical conductivity

of multilayer graphene has been measured experimentally for a range of temperatures

47



(a) (b)

Figure 2.12: (a) The dimensionless thermoelectric coefficient is defined as Θ̃ =
(NfekBT/2~)−1Θ calculated using QBE (solid) and two-fluid approximation (dashed).
The two curves show near perfect overlap. (b) The dimensionless open-circuit thermal
conductivity κ̃ = (Nfk

2
BT/2~)−1κ calculated using QBE (solid) and two-fluid approxi-

mation (dashed). Both figures use βτ−1
e-phonon = 0.03.

and densities [114, 115]. In Ref. [116], measurements on the minimum of the electrical

conductivity for different numbers of layers are reported. Further experiments by a

different experimental group have been reported [117], however, they consider the high-

density regime which is the opposite limit to the one we will consider in this work.

For even10 N , we have N quadratic bands, which we label with r = (R, σ) where

R = 1, . . . , N/2 and σ = ±1. The energies are

εRσ(p) = σ
p2

2mR

, (2.83)

where the mass is

mR = 2m cos

(
Rπ

N + 1

)
, (2.84)

with m = γ1/2v
2
F . Therefore the bands appear in pairs labelled by the same R which

have the same mass. For a fixed R, we have the same bandstructure as in BLG.

For BLG we had τ−1
e-e ∝ 1/Nf . However, since each electron can now scatter off N×Nf

species of electrons, the electron-electron scattering rate will be τ−1
e-e ∝ 1/(N × Nf ) for

MLG. Recall the formula for the electron-phonon scattering rate (2.42). We note that

ρ ∝ N and c = const. as a function of N , so assuming that D only depends weakly on N ,

we have τ−1
e-phonon ∝ 1/N . We now see that both the electron-electron and the electron-

10We only study even N in this section. For odd N , the low energy theory consists of N − 1 parabolic
bands and one Dirac cone. However, in the regime βµ . 1 the density of states will be dominated by
the quadratic bands. Therefore the results for odd N are expected to be similar to the results for even
N , as long as one accounts for the different values of the band masses.
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phonon scattering rates behave like 1/N , although the reasons behind this scaling are

very different for the two scattering mechanisms. Based on this simple scaling, it stands

to reason that the hydrodynamic window in multilayer graphene is similar to that of BLG:

τ−1
e-e /τ

−1
e-phonon is only weakly N -dependent. Since we successfully applied a hydrodynamic

model to BLG, we expect this to work for MLG as well and this is confirmed in Ref.[21].

2.9 Conclusion

Hydrodynamic electron transport is a highly unusual transport regime that only occurs in

extremely clean materials. Only a few materials are known that exhibit these transport

properties, it is well-established that monolayer graphene is one of these materials and in

this chapter we argued that bilayer graphene is another example.

In this chapter we calculated the transport properties of bilayer graphene. Our re-

sults for the electrical conductivity match the experimental results in [13]. From the

experimental data we deduce that even at low temperatures, the scattering off phonons

is crucial. Nonetheless, the dominant scattering mechanism is between charge carriers of

the same species, which justifies a two fluid approach which shows excellent agreement

with the detailed numerical results of the QBE and provides a simple way of calculating

the transport properties analytically. One can adapt our two fluid model to different

experimental setups with slight modifications [76].

From the two-fluid model, we immediately see two signatures of the hydrodynamic

regime: (i) The violation of the Wiedemann–Franz law close to charge neutrality. (ii)

The sharp increase in the electrical conductivity as the chemical potential is tuned away

from charge neutrality.

We considered thermal transport as well and it would be interesting to test our pre-

dictions for the thermopower and thermal conductivity in upcoming experiments. We

also extended our analysis to graphene multilayers.

The success of the two-fluid model in BLG as well as the multi-fluid model in mul-

tilayer graphene suggests that the hydrodynamic description of electrons in bilayer and

multilayer graphene is accurate. This once again confirms the idea that electrons in

strongly interacting systems can be considered as (multi-component) fluids [118]. The
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search is ongoing for other materials that exhibit hydrodynamic electron transport. Re-

cent candidates include WTe2[119] and PtSn4[120]. WP2 is another candidate material,

in which a violation of the Wiedemann–Franz law has been observed [121, 122]. Other

candidates include the delafossites such as PdCoO2 [123]. PdCoO2 is notable for being

three-dimensional in contrast to the other candidate materials. Transport through finite-

width channels shows signatures of hydrodynamic behaviour[124]. There also attempts to

detect hydrodynamic behaviour of other (quasi-)particles besides electrons in condensed

matter systems, for example magnons in spintronic systems [125].

Another frontier in electron hydrodynamics is taking into account plasmons. In our

work we have used the static screened Coulomb interaction. In other words, we have

neglected the scattering of electrons off plasmons. In addition, the plasmons may also

carry heat. In order to take into account plasmons, one must now consider a coupled

set of Boltzmann equations, one for the electrons and one for the plasmons. There is

evidence the plasmon contribution to heat transport is significant in monolayer graphene

[111].

In future work, we plan to compute the viscosity for BLG. Adding the viscosity to

the two-fluid model will give us the Navier-Stokes equations, which can then be used to

simulate the electron fluid in BLG for realistic geometries. We expect those simulations

to yield interesting results such as vortices in the electron flow and the corresponding

negative nonlocal resistance, as for single-layer graphene. One can go even further and

consider spin-transport by applying a weak magnetic field. We then have a very interest-

ing multi-component fluid which carries charge, heat and spin.

50



Part II

Quantum Hall
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Chapter 3

Single-particle emitters using

quantum dots

3.1 Introduction

The quantum Hall effect arises when a two-dimensional electron gas (2DEG) is subjected

to a strong perpendicular magnetic field. The single particle physics consists of discrete

Landau levels which are highly degenerate. Once the effect of Coulomb interactions are

taken into account, the electrons are known to form highly correlated states, the most

simple and famous of which are the Laughlin states. In this chapter we will be interested

in the ripples at the surface of this quantum Hall fluid. We will describe a method to

excite these so-called edge modes to create a single-particle emitter.

Single-particle sources have many applications in physics and with the advent of quan-

tum information and nanodevices, they are to poised to gain an even more prominent

role in the future. Single-photon sources are already routinely used in quantum infor-

mation processing. Knill, Laflamme and Milburn showed that linear optical quantum

computing can provide a universal quantum computer [126] and single photon sources

are crucial for these devices. Recently, there has been both experimental and theoretical

interest in developing the analogous device for electrons, a single-electron source (SES)

[127, 128, 129, 130, 131, 132, 133, 134]. This is essential for the growing field of nano-

electronics where one wants to control a single electron on nanodevices. As in the case of
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single photons, single-electron sources are of interest to quantum computation [135, 136].

In addition, they could be useful as a current standard in metrology [137]. In this work,

we also consider a source of fractional quantum Hall quasiparticles. These quasiparticles

are anyons with fractional charge and statistics. Having an on-demand source of quasi-

particles would be very exciting for fundamental physics research, since it would allow

their properties to be better studied. In fact, recent experiments on quantum Hall edges

have probed the fractional statistics of these quasiparticles [138, 139].

There are two main proposals for constructing such a source of single particles on a

1d conducting channel. The first proposal consists of applying a voltage pulse directly to

the channel. The second proposal uses a driven quantum dot coupled to the conductor.

We now discuss both methods in turn.

Refs. [140] and [141] suggested that by applying a quantized Lorentzian voltage pulse

to a single channel conductor, one can generate a pure quantum excitation which includes

only a single electron– a leviton. One place where a 1d conducting channel arises naturally

is at the edge of a 2d quantum Hall droplet. In Ref. [142], Levitov et al. showed that by

applying a Lorentzian voltage pulse to a quantum Hall edge (FQH and IQH), one could

also achieve a pulse which includes a single quantized excitation. The scattering of these

pulses and associated shot noise has been studied [143, 144, 145, 146].

An alternative proposal for the SES is to use a quantum dot—a variable energy level

that can either be empty or filled—coupled to the conductor at a single quantum point

contact [147, 148, 149]. Varying the energy of the dot can lead single particles to be

emitted. FIG. 3.1 shows the experimental set-up where the conductor is a quantum Hall

edge. By applying a time-dependent voltage, the energy of the quantum dot can be

varied. We start with a dot having an energy below the chemical potential of the edge

so that it is filled. Then the bias is gradually increased. We expect that as the bias

crosses the chemical potential, the charge will jump off the dot onto the edge. This will

result in a current pulse on the edge that can be measured downstream from the quantum

point contact (QPC). It was expected that this would be a method for generating exactly

quantized charge pulses, since the quantized charge on the dot will jump onto the edge

and lead to a precisely quantized current pulse downstream from the QPC [149].

However, we show that for the second proposal, interactions renormalize the charge
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of the pulses. Thus, we show that it is not possible to obtain precisely quantized charge

pulses in this proposal. Coulomb interactions are ubiquitous in these systems, they cannot

be fully screened and even if the interaction is screened with a gate, a dipole interaction

will remain. Thus, the breaking of charge quantization will affect all experimental set-

ups, underlining the importance of this work. If one wants to obtain a single quantized

charge pulse, then our work suggests that one should use the first proposal, where the

voltage pulse is applied directly to the edge.

Furthermore, we investigate more closely the mapping between our model of a single-

particle source and the spin-boson model, originally suggested by [150]. This mapping is

extremely useful, since the spin-boson model is very well-studied [151] and many powerful

numerical techniques have been developed to solve it. We show how the results from the

spin-boson model can be adapted to describe the current profile of a single-particle pulse.

3.2 Outline

The outline of this chapter is as follows. In section 3.3, we introduce quantum Hall edges.

Then, section 3.4 presents our main results. We discuss in detail the model of the single-

particle source that we consider and discuss how we use the mapping to the spin-boson

model to obtain the current on the edge. In section 3.5 we present numerical results for

the time-dependence of the current on the edge when we drive the dot. This section uses

some numerical techniques developed for solving the spin-boson model. We conclude in

section 3.6. Appendix C contains technical details of the calculations described in section

3.4.

3.3 Quantum Hall edges

3-dimensional metals are very successfully described by Fermi liquid theory[152]. The

physics of interacting electrons in 1 + 1d is radically different to the situation in higher

dimensions [153], they are described as Luttinger liquids. In this chapter, we study the

chiral edge of a 2d fractional quantum Hall state. This 1-dimensional edge is a chiral

Luttinger liquid.
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Key Concept 5: The quantum Hall effect

The quantum Hall effect arises when a 2d electron gas is cooled to low tempera-

tures and placed in a magnetic field B [154]. This results in a perfectly quantized

electrical Hall conductance σxy = ν e
2

~ , where the filling fraction ν = Ne/Nφ is the

number of electrons Ne divided by the number of electrons in a filled Landau level

Nφ. For the integer quantum Hall (IQH) effect, ν is an integer. Including the

Coulomb interactions between the electrons leads to new quantum Hall states at

fractional values of ν, this is the fractional quantum Hall (FQH) effect. In our

work below, we focus on the case where the physics is described by the Laughlin

wavefunctiona, i.e. when 1/ν is an odd integer [156].

There are two distinct types of charged excitations in FQH systems. On the one

hand we have electrons of charge −e. We also have quasiparticles of charge −νe.
The quasiparticles are anyons satisfying fractional statistics. When we exchange

two quasiparticles, we pick up a statistical phase +πν (−πν) for a clockwise (coun-

terclockwise) rotation.

aThe Laughlin wavefunction is a proposed many-body wavefunction for fractional quantum
Hall states that is the exact ground state for very short-range interactions. For Coulomb inter-
actions this wavefunction shows a very good overlap with numerical results for small numbers of
electrons[155].

3.3.1 Hydrodynamic theory of quantum Hall edges

There is a nice intuitive derivation of the Luttinger liquid Hamiltonian for the case of a

quantum Hall edge. We follow the hydrodynamic approach laid out by Wen [157].

We measure the distance x along the edge. Consider a segment of length dx. The

maximum distance of the displaced fluid from the equilibrium is h(x, t). Due to the

confining electric field E, this displacement will be associated with an energy cost

U = −Ene
∫

dx

∫ h(x,t)

0

dy y = Ene

∫
dx
h(x, t)2

2
, (3.1)

where n is the electron density, assumed uniform. The electric charge per unit length on
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the edge is related via

ρ(x, t) = −enh(x, t) (3.2)

and by the definition of the filling fraction ν we have

n =
νeB

2π~
, (3.3)

where B is the magnetic field applied perpendicularly to the disc (and we have excep-

tionally restored ~). Substituting (3.2) and (3.3) into (3.1) we find

U =
πE

νe2B

∫
dxρ(x, t)2 =

πv

νe2

∫
dxρ(x, t)2, (3.4)

where the edge velocity is v = E/B. This motivates the Hamiltonian

ĤLL =
πv

νe2

∫
dxρ̂(x, t)2. (3.5)

The electron operator on the edge can be written in terms of bosonic field ϕ̂(x) (see

below). From this so-called bosonization procedure it follows that the charge density

ρ̂(x, t) = +e
√
ν∂xϕ̂/2π, (3.6)

where ϕ̂(x) is a bosonic field satisfying bosonic commutation relations:

[ϕ̂(x), ϕ̂(x′)] = iπsgn(x− x′), (3.7)

where sgn(x) is the sign function.1 This yields

ĤLL =
v

2

∫
dx

2π
(∂xϕ̂)2 (3.8)

when substituted into (3.5).

1Technically, we should introduce a short distance cut-off a and spread the sign function continuously
over a.
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3.4 Quantum dot emitter

3.4.1 Quantum dots

Quantum dots are nanoscale artificial atoms [158, 159]. Like real atoms, they have discrete

energy levels, however their properties are experimentally modifiable, making them very

interesting for applications ranging from solar cells [160] to quantum computation [135].

In our case, we are considering a quantum dot consisting of a quantum well created

using an applied voltage. By varying the applied voltage, it is possible to vary the energy

of the energy levels. The quantum dot will consist of a set of approximately equidistant

single electron energy levels. However, assuming the difference in energy between the

levels is large enough, we can focus only on that level which is closest to the chemical

potential of the edge. We denote the energy difference between this level and the chemical

potential of the edge as the bias ε(t). This level can be either empty or occupied, therefore

we can describe the quantum dot as an effective two-state system in our model. If we

create a potential well outside the quantum Hall fluid, then we can use this to store an

electron. On the other hand, if we create the potential well inside the quantum Hall fluid,

then this so-called anti-dot can store an FQH quasihole with fractional charge.

There is a long history of study of quantum dots coupled to Luttinger liquids [161,

162, 163, 164, 165, 166, 167, 168, 169, 170, 171, 150]. This is the set-up that we consider,

however most previous work focussed on the case of a constant bias ε(t) = ε0. However,

in this work we are interested in the non-equilibrium driving of the quantum dot, such

that we obtain a time-dependent current on the edge.

3.4.2 Model

We model the experimental set-up presented in Fig. 3.1: A quantum dot coupled to a

chiral edge channel at a quantum point contact at x = 0. We describe this system with

the time-dependent Hamiltonian

Ĥ(t) = ĤQD(t) + ĤLL + Ĥtun(t) + Ĥint. (3.9)
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"(t)

QHE edge state

�(t)QPC

QD

Figure 3.1: Set-up of the model. The quantum dot (QD) is connected to a quantum Hall
edge (QHE) state at a quantum point contact (QPC). The QD is modelled as a single
energy level which can be occupied with an electron or quasiparticle. The energy of the
dot ε(t), can be varied via an applied gate voltage. There is tunnelling amplitude λ(t)
between the QD and the edge, which can be controlled by the voltage applied to the
QPC. Figure reproduced from [172].

The first term

ĤQD(t) = ε(t)Ŝz (3.10)

describes the quantum dot with a single energy level ε(t) which is controlled by a time-

dependent gate voltage. The dot is a two-state system: It can be either empty or filled.

Hence, it can be described by spin-1/2 operators, which have the same Hilbert space2.

The presence or absence of a particle on the dot is measured by the operator N̂ = Ŝz+1/2.

As required, N̂ has eigenvalues 0 and 1 if Ŝz has eigenvalues ±1/23. The operators Ŝ+

and Ŝ− act as creation and annihilation operators respectively for the particle on the

QD. When we have electrons tunnelling, Ŝ+ creates an electron with charge −e on the

dot with e > 0. When we have quasiparticles tunnelling, it creates a quasiparticle with

charge −νe4.

2This is not to be confused with the spin of the electrons on the edge, which we neglect due to the
large Zeeman splitting in the presence of a magnetic field required to enter the quantum Hall regime.

3It is perhaps more intuitive to describe the quantum dot by a creation and annihilation operator
â†/â, such that the occupation number of the dot is given by N̂ = â†â. In this case we can switch to the
spin-representation via the transformation: Sz = â†â− 1

2 , S+ = â†, S− = â.
4The spin-operators commute with ψ̂(x) instead of satisfying fermionic or anyonic statistics, as the

electron or quasiparticle operators should. As long as we are interested in the current, this will not affect
the calculations. This can be seen explicitly in the perturbation theory calculation as we discuss in more
detail in [173].
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The second term in Eq. (3.9) is the Luttinger liquid Hamiltonian

ĤLL =
v

2

∫
dx

2π
(∂xϕ̂)2 (3.11)

which describes a chiral quantum Hall edge of length L and with edge velocity v. The

edge is a Laughlin state at filling fraction ν = 1/M , where M is an odd integer [157].

Assuming periodic boundary conditions, the bosonic field ϕ̂ has an eigenmode expansion

with momenta k = 2πm/L where m ∈ Z[7],

ϕ̂(x) = −
∑
k>0

√
2π

kL
(b̂ke

ikx + b̂†ke
−ikx)e−ka/2, (3.12)

where a is the short-distance cutoff, and bosonic operators b̂k obey commutation relations

[b̂k, b̂
†
k′ ] = δkk′ .

The third term in the Hamiltonian (3.9) incorporates the tunnelling from the dot to

the edge with tunnelling amplitude λ(t):

Ĥtun(t) = λ(t)

(
ψ̂†(0)Ŝ− + ψ̂(0)Ŝ+

)
. (3.13)

The first term creates a particle (electron or quasiparticle, depending on γ) on the edge

and annihilates the particle on the dot. The second term creates a particle on the dot

and annihilates a particle on the edge. For an FQH edge with filling fraction ν, the

electron and quasiparticle operators in the bosonized form [157, 7, 174] are described by

the vertex operators5

ψ̂(x) =
1√

2πaγ
e−iγϕ̂(x), (3.14)

where γ = 1/
√
ν for electrons, and γ =

√
ν for quasiparticles. When ψ̂(x) is the electron

annihilation operator, it satisfies the fermion anticommutation relations

{ψ̂(x), ψ̂(x′)} = 0 (3.15)

5Technically, we should include Klein factors in the bosonization identity. However, since in our model
below we only have one species of chiral fermion and are interested in calculating the current, the Klein
factors will drop out of the calculation and hence for simplicity, we do not introduce them in the first
place.
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whereas when ψ̂(x) is the quasiparticle annihilation operator, it satisfies the anyon com-

mutation relations

ψ̂(x)ψ̂(x′) = eiπνsgn(x−x′)ψ̂(x′)ψ̂(x). (3.16)

The last term in Eq. (3.9) incorporates the Coulomb interactions between the dot and

the edge,

Ĥint = −γ g
2π
∂xϕ̂(0)Ŝz, (3.17)

where g > 0 is the interaction strength. To justify this expression, recall that from the

bosonization scheme, we can show that the charge density operator on the edge is 6

ρ̂(x) = +e
√
ν∂xϕ̂/2π. (3.18)

If we have a quasiparticle, then γ =
√
ν and the charge of the particle is −νe. If we have

an electron, then γ = 1/
√
ν and the charge of the electron is −e. We can summarize

this by saying that the charge of the particle on the dot is q = −γ√νe. Since the

number operator on the dot is N̂ = Ŝz + 1/2, the operator giving the charge on the dot

is Q̂ = −γ√νeN̂ . The Hamiltonian will hence be

Ĥint ∝ ρ̂(0)Q̂ = −γνe2 1

2π
∂xϕ̂(0)N̂ (3.19)

where the proportionality constant will depend on the geometry (distance of dot from

edge) and the dielectric constant of the material. We assumed that the Coulomb inter-

actions only affect one point x = 0 on the edge.

3.4.3 Mapping to the spin-boson problem

The Hamiltonian of our model Eq. (3.9) can be mapped to the spin-boson model using

the unitary transformation suggested by Furusaki and Matveev [150]. Following these

authors we define an operator Û1 = exp
[
−iγϕ̂(0)Ŝz

]
. Under a unitary transformation

6This can be shown by using the expression (3.14) in ρ̂(x) = −e : ψ̂†(x)ψ̂(x) : and using point-splitting.

Here, : · · · : stands for normal ordering and ψ̂†(x) is the electron operator.
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Ĥ1 = Û1

†
ĤÛ1 the Hamiltonian becomes

Ĥ1 = ε(t)Ŝz +
v

2

∫
dx

2π
(∂xϕ̂)2 + λ(t)

√
2

πaγ2
Ŝx + vγ̃Ŝz∂xϕ̂(0). (3.20)

In this representation the effect of the Coulomb interactions amounts to a rescaling of γ

such that

γ̃ = γ
(

1− g

2πv

)
. (3.21)

To bring it into the more familiar spin-boson form, we introduce

∆(t) = λ(t)

√
2

πaγ2
, ηk = vγ̃

√
2πk

L
e−ka/2 (3.22)

to obtain

Ĥ1 = ε(t)Ŝz + ∆(t)Ŝx +
∑
k>0

ωkb̂
†
kb̂k − iŜz

∑
k>0

ηk(b̂k − b̂†k), (3.23)

where ωk = vk. This is the spin-boson Hamiltonian [151]. We emphasize that the

transformation between Hamiltonians of Eq. (3.9) and Eq. (3.23) is exact. We present a

detailed version of this calculation in Appendix C.

3.4.4 The spin-boson model

The spin-boson model derived in the previous section consists of a spin in a magnetic field

coupled to a bosonic heat bath. Since a spin-1/2 is a two-level system, we can also view

the spin-boson model as describing a two-level system, where ε(t) is the energy difference

between the levels and ∆(t) quantifies the tunnelling amplitude between them. The spin-

boson model is the archetype of a quantum dissipative system. It is useful as a model

for what happens when we couple a quantum system to an environment—a so-called

open quantum system. For example, it can be used as a model for the decoherence of

qubits in quantum information[175, 176]. The first two terms in the Hamiltonian (3.23)

describe the Zeeman coupling of the spin Ŝ = (Ŝx, Ŝy, Ŝz) to the time-dependent magnetic

field B(t) = ε(t)ẑ + ∆(t)x̂ . The second term describes the bosonic heat bath as a set

of harmonic oscillators with frequency ωk = vk. The bosonic ladder operators b̂k obey

commutation relations [b̂k, b̂
†
k′ ] = δkk′ . The last term couples the heat bath to the spin
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with coupling constants ηk. By creating or annihilating a boson in the heat bath, it is

possible to flip the spin (in the x basis). The spectral function of the spin-boson model

is defined as

J(ω) = π
∑
k>0

η2
kδ(ω − ωk) = 2παωΘ(ω)e−ωa/v, (3.24)

using the form of ηk from eq. (3.22) (the so-called Ohmic heat bath). Here Θ(ω) is the

Heaviside theta-function and a is again a UV-cutoff. We have defined the dimensionless

coupling α = γ̃2/2.

The mapping to the spin-boson model is useful, due to the wealth of numerical tech-

niques developed to study it. We discuss these in Section 3.5.

3.4.5 Current

We now discuss the main topic of this chapter—the current on the edge when the QD is

driven. As we increase the bias of the QD ε(t) from far below to far above the chemical

potential of the edge, the dot will go from initially being fully occupied, 〈N̂〉 = 1, to being

empty, 〈N̂〉 = 0. Thus, the particle will jump off the dot onto the edge. This will lead to

a current pulse on the edge, which can be measured using a detector downstream from

the QPC. We are interested in the relation between the rate of change of the occupation

number on the dot, dN̂/dt and the current on the edge Î. For the chiral FQH edge, the

current operator is given by

Î(x, t) = vρ̂(x, t) (3.25)

in terms of the charge density operator ρ̂, since all excitations move at speed v.

In this section, we will present an exact relation between the current on the edge and

the rate of change of the QD occupation number. In order to calculate the current, we

work in the Heisenberg picture, where the operators are time-dependent and calculate

the equations of motion for the operators N̂(t) and ϕ̂(x, t). In Appendix C, we show that

we can use the equations of motion generated from Ĥ to derive the relation between ∂xϕ̂
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just left and just right of the QPC

v

2π
(∂xϕ̂(+0, t)− ∂xϕ̂(−0, t)) = γ̃

dN̂(t)

dt
. (3.26)

Equations (3.18) and (3.25) allow us to relate the left-hand side of (3.26) to the current

on the edge. We now assume the boundary condition that there is no incoming current

left of the QPC, hence ∂xϕ̂(−0, t) = 0. The equations of motion for ϕ̂(x, t) away from

x = 0 are just those of a free chiral wave propagating to the right at speed v. Therefore,

we can relate the current measured by the detector at a point x > 0 further downstream

from the QPC to the current just right of the QPC. This introduces the argument t−x/v:

Î(x, t) = −q̃ dN̂(t− x/v)

dt
, (3.27)

where

q̃ = q
(

1− g

2πv

)
. (3.28)

The details of this calculation are found in Appendix C.

If we integrate both sides of (3.27) over time, then the LHS gives us the total charge

in the pulse measured by a detector downstream. The RHS gives us the change in N̂ .

Naively, one would therefore expect from charge conservation that the proportionality

constant between Î and dN̂/dt should be equal to the charge of the particle on N̂ , i.e. q.

Indeed this is case in the absence of Coulomb interactions between the dot and the edge.

In the interacting case the charge of the pulse gets renormalized by a factor γ̃/γ < 1

i.e. the charge in the pulse is not the same as the charge on the dot.

We present the following physical explanation of this surprising result. The repulsive

Coulomb interactions due to the charge on the dot depletes the charge on the edge close

to the QPC. If we charge the dot with a particle of charge q from the edge, then the charge

on the edge at the QPC is depleted by q − q̃ due to the repulsive Coulomb interactions.

This will lead to a net charge pulse −q̃ travelling down the edge. Following emission of

the particle of charge q by the dot, charge q − q̃ fills up the depleted area on the edge,

which reduces the net charge flowing downstream from the dot to q̃. Therefore, when a

particle tunnels from the dot into the edge, the charge leaving the dot is quantized, but
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Figure 3.2: Sketch of one cycle of a drive of the single-particle emitter. (1) The bias ε(t)
of the quantum dot is far above the chemical potential of the edge and hence the dot is
empty. (2) As the bias crosses the chemical potential, the dot fills up with charge q from
the edge. By charge conservation the edge must be depleted by charge q. (3) There will
be a pulse of charge −q̃ downstream travelling at speed v. (4) A depletion of amount
q − q̃ will stay at the QPC, this is the depletion due to Coulomb repulsion. (5) As the
dot crosses above the chemical potential again, charge q will jump off the dot. (6) The
energy of the dot is high above the chemical potential so the dot is empty and there is
not charge depletion at the QPC any more. Charge q from the dot and the depletion
q − q̃ have cancelled to give a pulse of charge q̃ downstream.

the net charge in the resulting current pulse downstream is always less than the particle

charge. As shown in Fig. 3.2 during a whole cycle of the bias e.g. ε(t) = ε0 sin Ωt—as

long as the amplitude of oscillation ε0 is large enough and the frequency Ω of oscillations

is small— there will be two well-separated charge pulses, one with charge −q̃ and one

with charge q̃.

Another intuitive way to understand this result is in terms of capacitance. The in-

teractions effectively add a capacitance to the system, and the charge stored on this

capacitor is released in addition to the charge on the dot in the emission process. Since

the current from the capacitor is exactly out of phase with the current from the dot, this

reduces the charge in the outgoing pulse on the edge.

3.5 Numerics

The spin-boson model can be solved exactly at the Toulouse point α = 1/2. In the

quantum dot model, this corresponds to ν = 1 i.e. the IQH case. Indeed, in the IQH

case we can directly solve the quantum dot model for arbitrary bias [173]. Away from

this solvable point, numerical techniques must be used. The mapping to the spin-boson
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Hamiltonian is particularly useful, since it enables one to use powerful numerical tech-

niques developed for this well-studied problem. These include the non-interacting blip

approximation (NIBA) [151], the generalized master equation (GME) approach [177],

the stochastic Schrödinger equation (SSE) approach [178], the Bethe-Ansatz [179], the

numerical renormalization group approach [180, 181] and, most recently, tensor network

methods [182, 183]. Most approaches have limitations in that they require either small

coupling λ or small spin-bath coupling α and the computation time scales poorly with

the total time scale. We will adopt the generalized master equation approach, which is

both simple in its implementation and which makes possible calculations for arbitrary

times provided α is small. This allows the calculation of the current resulting from

non-equilibrium driving of the quantum dot.

The master equation is an integro-differential equation for the time-evolution of the

expectation value of the spin 〈Ŝz〉. It is derived from the path-integral solution for the

time-evolution of the reduced density matrix in terms of the Feynman-Vernon influence

functional, see [184]. The heat-bath degrees of freedom are traced out exactly, leaving

the evolution of the spin. The GME is [184, 177]

d

dt
〈Ŝz(t)〉 =

∫ t

0

dτ [
1

2
Ka(t, τ)−Ks(t, τ)〈Ŝz(τ)〉]. (3.29)

Here the integral kernels K(a,s)(t, τ) can be obtained in terms of a series expansion in ∆(t)

for arbitrary α. However, each factor of ∆(t) in this expansion comes with an integration

over time, hence we have to truncate the series in our numerical calculations in the case

when α is not small. Remarkably, to linear order in α it is possible to sum up the entire

series expansion in ∆(t) analytically [177] and obtain expressions for Ka,s(t, τ) which

are exact in ∆(t). This formulation of the master equation is useful for α = γ̃2/2 � 1.

Experiments have already been performed for a driven quantum dot single particle source

in the IQH case [148]. The results agree with the exact results that can be obtained in

the IQH case [149]. Future experiments may be able to access the FQH regime, in order

to obtain a single quasiparticle source. We are particularly interested in the fractional

case with filling fraction ν = 1/3 since it is the most robust FQHE state. We will focus

on the case where quasiparticles are tunnelling, since this gives a smaller value of α. For
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Figure 3.3: Numerical results for the current on the edge I(t, x = +0) ∝ −dN/d(t∆)
(main figures) and the time-evolution of the occupation of the QD N(t) (insets). We
present two different sweep protocols. In both cases, the coupling is switched on suddenly
at t = 0 so λ(t) = λΘ(t). The initial condition on the dot occupation is N(0) = 1 which
corresponds to a large negative bias at t < 0. (Top) At t = 0 the bias undergoes a step
to ε(t) = ε0 at t > 0. The parameters are a = 0.005v∆−1, α = 0.05, ε0 = 2∆. We
use an analytical expression valid in this situation. (Bottom) Starting at t = 0 the bias
increases linearly as ε(t) = ξ(t − t0). The bias passes through ε = 0 at t0 = 5∆−1. The
other parameters are a = 0.005v∆−1, α = 0.05, ξ = 2∆2. We numerically solve the GME
for this plot. Figure reproduced from [172].

the case without Coulomb interactions, α = 1/6 when ν = 1/3. This is not small enough

to justify the use of the GME, which typically requires α < 0.05. However, the reduced

value of effective interaction strength γ̃ compared to γ (see eq. (3.21)) suggests that it

may be possible to have small values α� 1 even for the ν = 1/3 state.

We consider two different experimentally relevant sweep protocols of the bias ε(t) in

this section. In both cases, the initial condition has the dot occupied N(0) = 1 and the

edge in equilibrium. This means the the bias ε(t < 0) is large and negative. We suddenly

switch on the coupling λ(t) between the dot and the edge at t = 0 i.e. λ(t) = λΘ(t). We

plot the rate of change of the occupation of the dot, − dN/ d(t∆), which is proportional

to the current I(t, x = +0) just downstream from the QPC according to (3.27).
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In the top panel of Fig. 3.3 we present the results when a constant bias is applied to

the dot, ε(t) = ε0 > 0 for t > 0. Since the bias is negative for t < 0, this models the step

in the first half-period of a square-wave bias. This case with a constant bias does not

require the full GME, in fact there is an analytical expression obtained in [178, 185] for the

time-evolution of the spin. This approximation is valid at α� 1.This approach allows us

to study much later times t∆� 1 than with the GME. The inset shows the occupation

of the QD N(t). At late times, N tends to zero, which corresponds to a downstream

current pulse of charge q̃ according (3.27). We find that the current oscillates function

of time after the voltage step. These coherent oscillations are typical of the small α

regime. There is a change in behaviour in the spin-boson model as α passes through

1/2. For α < 1/2 we get coherent oscillations as above. When α > 1/2, the dynamics

become incoherent, i.e. N(t) will decay monotonically [151]. α = 1/2 corresponds to the

IQH case, however the effect of the Coulomb interactions is to decrease α. Therefore,

the Coulomb interactions in the IQH case could push the system from the incoherent

dynamics to the coherent dynamics regime.

The bottom panel of Fig. 3.3 shows our numerical results obtained from the GME for

the current on the edge when the energy of the QD increases linearly with rate ξ. so that

ε(t) = ξ(t − t0). This is the so-called Landau-Zener sweep. It can model the situation

where the bias ε(t) passes through the chemical potential during a sine-wave drive. In

this case, in contrast to a step-pulse, not all the charge leaves the quantum dot during the

ramp, instead the occupation number of the QD at late times tends to exp(−π∆2/2ξ).

This is the Landau-Zener result [178, 186, 187]. It is surprising since ε(t) becomes very

large at late times, so we would expect the occupation to drop to zero. This behaviour

is distinctly non-adiabatic since the equilibrium occupation of the QD at large bias must

vanish. The current produced by the linear ramp oscillates as a function of time with an

instantaneous frequency set by ε(t) 7.

In our idealized model, the charge on the dot tends to a nonzero constant at late times,

however in realistic settings, there will be additional effects such as phonons. These will

cause the charge to leak off the dot eventually. As long as these timescales are long

7Oscillations in the current, when the energy of the dot is well below the chemical potential of the
edge (i.e. before the onset of the voltage ramp), is an artefact of an abrupt switching-on of the tunnelling
λ(t) at t = 0.
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enough, the Landau-Zener result is another impediment to precisely quantized pulses.

3.6 Conclusion

We studied a model of a single-particle emitter consisting of a driven quantum dot cou-

pled to a quantum Hall edge. When the energy of the dot passes through the chemical

potential, charge jumps off the dot onto the edge, producing a charge pulse. We showed

that there are two effects that destroy the precise quantization of these pulses: (1) The

Coulomb interactions between the dot and the edge. (2) Landau-Zener physics. Coulomb

interactions are unavoidable in the QD set-up, and hence we argue that this set-up is not

the most promising route for creating precisely quantized charge pulses.

In the alternative proposal for a single-particle emitter, where a voltage pulse is applied

directly to the edge at the QPC, there are no Coulomb interactions and therefore the

quantization of the charge pulses is robust. This approach is therefore more promising

for creating a single-particle source. The drawback in this proposal is that the applied

voltage pulses must be fine tuned Lorentzians. Another alternative is the pump geometry

proposed by [188]. In this case, there are two QH channels connected via a quantum dot.

We can tunnel one particle from the first channel onto the dot and then on from the dot

onto the second channel. It is clear, that in this case a full charge must be transferred

from one edge onto the other. However, even in this case the Coulomb interactions have

an effect. Instead of one pulse on the edge when the charge is transferred, there will be

two pulses. When we fill the dot from the first edge, the Coulomb repulsion between the

dot and the second edge means there will be a pulse on the second edge and the charge

on the second edge will be depleted. When the charge from the dot is released onto the

second edge, there will be a second pulse, however its charge will be reduced due to the

charge depletion.

An experiment in the IQH case approximated by the model we described was per-

formed in [148]. However, a more accurate experiment would be required in order to de-

termine whether the charge quantization of the pulses is indeed modified by the Coulomb

interactions as we have discussed. It would be very interesting to perform this experiment

to higher accuracy or modify it to include a FQH edge.
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We showed how the mapping to the spin-boson problem and the generalised mas-

ter equation solution can be used to efficiently simulate this system. For the future,

the approach to solving the spin-boson problem using tensor network techniques is very

promising. The work [183] which focussed on the zero bias case ε(t) = 0 can be extended

to arbitrary time-dependent bias ε(t) [189]. It is valid for arbitrary α and arbitrary λ.

Therefore, using the mapping of the single-particle source to the spin-boson model, this

approach will enable the calculation of any current pulse in any regime. This will enable

a clear comparison between experiments and the theory.
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Chapter 4

Trial wavefunctions for quantum

Hall bilayers

4.1 Introduction

In this chapter we study the longstanding problem of a bilayer quantum Hall (BQH)

system at total filling fraction ν = 1[190]. The ν = 1 BQH system consists of two

two-dimensional electron gases in a magnetic field B applied perpendicular to the layers

(Fig. 4.1). The two layers are separated by a distance d. The typical separation between

electrons within a layer is given by the magnetic length `B =
√

~/eB. The system is thus

governed by a single dimensionless parameter: d/`B. The typical scale of the Coulomb

interaction within a layer will be e2/(ε`B), whereas the maximum interaction between

the layers will be e2/(εd). Therefore, d/`B can be thought of as tuning the ratio of

intralayer (V↑↑) to interlayer (V↑↓) Coulomb interactions. For large d/`B, this ratio will

be V↑↑/V↑↓ ∼ d/`B, whereas for small d/`B, this ratio will be V↑↑/V↑↓ ∼ 1.

If the distance d between the two layers is large compared to the magnetic length `B,

the two layers behave essentially as independent quantum Hall systems with intralayer

interactions only. As d/`B is decreased, interlayer correlations develop. The BQH set-up

thus offers a platform to study systems of strongly-interacting electrons with competing

interactions. The nature of the transition between the small and large d states and the

state around d/`B ∼ 1 are poorly understood.
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Figure 4.1: The BQH system consists of two layers of quantum Hall fluid separated by
distance d. We label the layers by a pseudospin index (↑, ↓). The typical distance between
electrons within a layer is `B. Thus the typical scale of the Coulomb interaction within
a layer will be e2/(ε`B), whereas the maximum interaction between the layers will be
e2/(εd).

The behaviour at small interlayer separations is well understood. At d/`B = 0

Halperin’s 111 state [27] is the exact ground state. The 111 state can be viewed as

a condensate of interlayer excitons, i.e. s-wave pairing of electrons in one layer with holes

in the other layer. Since electrons repel each other, at small d it makes sense for an

electron in one layer to pair with a hole in the opposite layer in order to minimize the

energy. Alternatively, the 111 state can be viewed as a pseudospin ferromagnet where the

pseudospin index is the layer index [191, 192]. Numerous experiments on quantum Hall

bilayers [193, 194, 195, 196, 197, 198, 199, 200, 201, 202, 203, 204, 205, 206, 207] support

the exciton picture, see also review [190] and references therein. As d/`B is decreased,

a zero-bias peak in the tunnelling conductance is seen starting around d/`B ∼ 1.6 [197]

and this is taken to be the signature of a phase transition to an interlayer coherent phase:

If an electron in the top layer is bound to a correlation hole in the bottom layer, it is

easy for the electron to tunnel from the top layer to the bottom layer, since the charge

distribution in the bottom layer is favourable for such a tunnelling process to occur. A

further signature of the exciton condensate is seen in the counterflow geometry, where

two opposite currents flow in opposite layers without resistance, which can be interpreted

as the superflow of excitons [199, 201, 207].

In the case where the two layers are balanced, i.e. ν↑ = ν↓ = 1/2, the large d/`B

behaviour is also well known. The two layers behave essentially as independent ν = 1/2

quantum Hall systems. For a single independent ν = 1/2 layer, we can perform the

flux attachment procedure [208, 209, 210, 211, 212, 213] to attach two flux quanta to

each electron, forming composite fermions. These composite fermions (CFs) now feel no
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average magnetic field and can therefore form a composite Fermi liquid (CFL), which

has been seen in experiments[214, 215]. This has also been termed a hidden Fermi liquid

[216], since it is only after the flux attachment procedure, that the Fermi liquid nature of

the state becomes apparent. The CFL is described by the Halperin-Lee-Read (HLR) [217]

theory, however Son recently put forward an alternative proposal, where the composite

fermions are Dirac fermions [218, 219].

The challenge is then to find a unified description for both the small and large d/`B

behaviour, since the description in the two regimes is in terms of different quasiparticles:

electron-hole excitons at small distances and composite fermions at large distances. In

this chapter we propose a unified description that works well for any interlayer separation.

Early theoretical work based mainly on Hartree-Fock (HF) calculations [192, 220,

221, 222, 223, 224, 225] suggested that at small d/`B the BQH system behaves like an

easy-plane ferromagnet. At small d/`B there is a Goldstone mode, which can be viewed

as pseudospin waves. The HF calculations see a roton-like minimum in this dispersion

develop and go gapless at a finite momentum at some critical interlayer separation[220,

221, 222, 223, 224]. This is viewed as a signal of an instability towards a state with

pseudospin density waves, however this is a spurious result of the HF treatment. No

evidence of translational symmetry breaking has been seen in experiments, where we

would expect to see an anisotropy in the transport properties if there is a modulation

at a single wavevector. Furthermore, in exact diagonalization the ground state is always

a translationally invariant state (on the sphere we always have a rotationally invariant

ground state).

Key Concept 6: Exact diagonalization (ED)

For a finite system, we can always write down the exact Hamiltonian matrix for

the system and diagonalize it. This method is known as exact diagonalization.

For large matrices, this diagonalization is best done using the iterative Lanczos

algorithm. The Hilbert space dimension will be exponential in the number N of

electrons and therefore this approach will be limited to small system sizes. For

quantum Hall systems one typically looks at electrons on a sphere or on a torus.

State-of-the-art numerics are limited to around N . 20 electrons.
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Since then, there have been many numerical approaches to investigate the transition

between the small and large distance physics in the BQH system including detailed ED

up to 20 electrons [226, 35, 227, 38, 39, 31, 228, 229, 230, 231, 34] and a DMRG study on

24 electrons[232]. Despite all these years of work, the nature of the transition between

the state at small d and large d has remained elusive. Many physical proposals have been

put forward: A picture entirely in terms of composite bosons (CBs) [28, 29, 30], mixed

CB-CF wavefunctions [31], a finite momentum BEC of excitons [32], a paired exciton

condensate [33], a BEC of CB excitons [34] and deconfined merons [35].

Two proposals for the intermediate phase are particularly relevant for the present

work. Firstly, in the interlayer coherent composite Fermi liquid (ICCFL) [36, 37] picture,

the composite fermions form bonding and anti-bonding orbitals. A mean field theory cal-

culation [36] including the short-range interlayer interactions shows a first order transition

from a state of decoupled CFLs to a state where all the CFs are in the bonding orbitals.

However, the ICCFL is not thought to be relevant in the description of double quantum

wells since the ICCFL would have a large longitudinal drag resistance which is not seen

experimentally. Secondly, one may view the intermediate state as a BCS pairing instabil-

ity of the composite Fermi seas in the two layers. In work based on HLR theory[233, 234]

the instability is proposed to be p-wave pairing of the composite fermions and indeed in

an ED study [39] the p-wave channel was found to be the symmetry channel with the

largest gap. In ED studies[38, 39] the p-wave paired state has very high overlaps with

the exact ground states down to distances d ∼ `B, however these previous studies found

that the overlap decreases at d . `B which would seem to indicate that this trial state

does not capture the 111 phase. However Ref. [235] argues that the p-wave paired state

and the 111 state can in fact be continuously connected. Therefore the BQH system is

in the same phase of matter in both the d→ 0 and d→∞ limit, i.e. there need not be a

phase transition as a function of interlayer distance. In this chapter we re-examine this

p-wave trial state by including more variational parameters and by using an optimization

algorithm designed to converge to global and not only local minima. We find that this

p-wave trial state in fact does have high overlaps with the 111 state, consistent with

Ref. [235].
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Key Concept 7: Trial wavefunctions

A complementary approach to ED is that of trial wavefunctions. Motivated by ED

or perhaps field theory, one can write down a wavefunction for the system which

one hopes is in the same universality class as the true ground state. The trial

wavefunction may be a single wavefunction or a class of variational wavefunctions.

One way to verify that the trial state is close to the ground state is by computing

the overlap with the true ground state found in ED. The ED ground state will only

be known for small system sizes and then we can extrapolate the trial wavefunction

thus found to larger system sizes. The advantage of these trial states is that they

can be used for larger system sizes where ED is no longer feasible. In addition, a

trial wavefunction can yield better physical understanding of the problem at hand.

We suggest a new description of the physical system, namely s-wave pairing of the

composite fermions in one layer with composite holes (anti-CFs, or: ACFs) in the other

layer. This proposal is appealing, because it describes the correct types of quasiparticles

in both the small d/`B limit (excitons) and large d/`B limit (CFs). The evolution of the

system as a function of d/`B is analogous to the BEC-BCS crossover familiar from cold

atom gases[236] as shown in Fig. 4.2. At large d, we have weakly bound CF/ACF pairs

(BCS limit), whereas at small d, we have tightly bound CF/ACF pairs (BEC-like limit1).

We show that the trial wavefunction we propose has high overlaps with the ED ground

state. A further advantage of this trial state is that it very naturally deals with charge

imbalance of the layers.

4.2 Outline

In Sec. 4.3 we discuss the bilayer quantum Hall set-up. We then introduce the problem

in the spherical geometry in Sec. 4.4: We present the single-particle wavefunctions and

write down the states relevant in the small d (111 state) and large d (CFL) limits. We

also write down the Hamiltonian. In Sec. 4.5 we introduce two different trial states. We

1We refer to this as a BEC-like limit instead of a true BEC limit, since the BEC limit is strictly
speaking the limit ∆ � EF , where ∆ is the superconducting order parameter and EF is the Fermi
energy. In Sec. 4.7 however, we show that ∆ ∼ EF at d = 0. One way to reach the true BEC limit may
be to highly imbalance the layers[237].
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BCSBEC

Figure 4.2: The bilayer quantum Hall system in the BEC-BCS crossover framework: At

large d/`B, we have weakly bound CF( )/ACF( ) pairs. The size of the Cooper pairs, ξ
is much larger than the typical interparticle spacing `B. This is the BCS limit. At small
d/`B, we have tightly bound CF/ACF pairs (BEC-like limit).

first recap the p-wave paired BCS state from Refs. [238, 239]. We then introduce the new

s-wave paired state which we investigate in this chapter. We then present our numerical

results. First we describe the case of the balanced bilayers (Sec. 4.6) and we compute

the BCS parameters from the trial wavefunction to substantiate the BEC-BCS crossover

picture (Sec. 4.7). Next we discuss the imbalanced case (Sec. 4.8). We close with a

discussion of the relevance to experiments in Sec. 4.9. In App. D we provide details on

the Monte-Carlo procedure and the ground state Hilbert space dimension.

4.3 Problem set-up

We consider two semiconductor layers parallel to the xy-plane with electron densities n↑

and n↓ separated by distance d with an insulating material with dielectric constant ε,

such that there is negligible tunnelling between the layers (Fig. 4.1). We apply a field

B = Bẑ perpendicular to the layers. The magnetic length is `B = 1/
√
eB. The filling

fractions in the layers are ν↑,↓ = 2πn↑,↓`
2
B and we set the field such that the total filling

factor νT = ν↑ + ν↓ = 1 is fixed. We are interested in changes in the system as d/`B

varies. In experiments, d is fixed for a given sample. Therefore changing d/`B is achieved

by changing `B rather than changing d. This can be done by varying B and nT = n↑+n↓

such that νT stays fixed.

If the distance between two electrons projected onto the xy-plane is r, then the
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Coulomb interaction potential is V↑↑(r) = V↓↓(r) = e2/(4πεr) for electrons in the same

layer (intralayer interaction) and V↑↓(r) = e2/(4πε
√
r2 + d2) for electrons in different

layers (interlayer interaction).

To simplify the problem, we assume that the physical spin of the electrons is com-

pletely polarized due to the Zeeman splitting and exchange interaction, although we note

that recent work [193] suggests that incomplete spin polarization may be important for

this problem, when tunnelling into a layer is considered. Furthermore, we work in the

lowest Landau level (LLL) limit.

4.4 Quantum Hall on the sphere

4.4.1 Single-particle states

The single particle eigenstates on the sphere are the monopole harmonics Yq,n,m(Ω), where

the total flux through the sphere is Nφ = 2q (q can be integer or half-integer), n =

0, 1, 2, . . . is the LL index (n = 0 for the LLL). m = −q − n,−q − n+ 1, . . . , q + n labels

the dn = 2(q + n) + 1 degenerate states within a LL. From [240]

Yq,n,m (Ω) =Nqnm(−1)q+n−meiqϕuq+mvq−m

×
n∑
s=0

(−1)s
(
n

s

)(
2q + n

q + n−m− s

)
(v∗v)n−s (u∗u)s ,

(4.1)

where the spinor coordinates are

u = cos(θ/2)e−iϕ/2 and v = sin(θ/2)eiϕ/2 (4.2)

in terms of the usual polar coordinates Ω = (θ, ϕ) on the sphere.
(
n
k

)
is the binomial

coefficient. The normalization constant Nqnm is

Nqnm =

√
2q + 2n+ 1

4π

(q + n−m)!(q + n+m)!

n!(2q + n)!
. (4.3)

l = q + n is the angular momentum quantum number associated with L2 and m is the

angular momentum quantum number associated with Lz.
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4.4.2 Warm-up: Filled LLL

Let us start by considering a single layer of quantum Hall fluid. In second quantized

notation, the filled LLL, i.e. the ν = 1 state, is written as

|Ψν=1〉 =
∏
m

c†m|0〉, (4.4)

where c†m creates an electron in orbital m and |0〉 is the vacuum with no electrons. To

write down the corresponding wavefunction in real space, we consider N electrons on the

sphere, with coordinates Ωi = (θi, ϕi), where i = 1, . . . , N . The LLL eigenstates on the

sphere in the presence of Nφ = 2q flux quanta are the monopole harmonics Yq,0,m (Ω),

where m = −q, . . . , q. Note that in the LLL, the single-particle wavefunction will depend

only on u and v and not on u∗ and v∗. For a single layer, the ν = 1 Laughlin state is

then given by filling all N = 2q + 1 orbitals, i.e.

Ψν=1({Ω}) = det


Y−q(Ω1) . . . Y−q(ΩN)

...
...

Yq(Ω1) . . . Yq(ΩN)

 , (4.5)

where we have introduced the shorthand Ym(Ω) ≡ Yq,0,m (Ω). Now from the definition of

the monopole harmonics (4.1)

Yq,0,m (Ω) ∼ uq+mvq−m, (4.6)

where we have omitted phase factors and normalization constants and u and v are the

usual spinor coordinates. Using this, we obtain the form

Ψν=1({Ω}) =
∏
i<j

(uivj − viuj) ≡
∏
i<j

(Ωi − Ωj), (4.7)

where the last equality introduces a shorthand notation that we will find convenient in the

following. This form can be related to the standard form in complex planar coordinates

zi = xi + iyi, viz. Ψν=1({z}) =
∏

i<j(zi − zj) by using the stereographic projection
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zi = 2Rvi/ui. Recall the definition of the shift S

Nφ =
N

ν
− S = N − S (4.8)

for ν = 1. So the filled LLL has shift S = 1.

4.4.3 Composite Fermi liquid (CFL)

Let us consider an isolated layer with N↑ electrons and Nφ flux quanta. The CFL for a

single isolated layer occurs for Nφ = 2q = 2 (N↑ − 1) and hence S = +2. It is clear from

this, that for a single layer CFL, we need q to be integer. The CFL has N↑ =
Nφ
2

+ 1

electrons. We attach two flux quanta to each electron to obtain a composite fermion as

shown in Fig. 4.3a. An electron does not experience flux attached to itself i.e. the flux

attachment procedure leads to a change in flux of Nflux attached = 2(N↑ − 1) = Nφ. Thus

the CFs experience a net flux of N eff
φ = 2Q = Nφ − Nflux attached = 0. Since the CFs

experience no net flux, they are described by the ordinary spherical hamonics instead of

the monopole harmonics and so the nth CF shell contains 2n + 1 states. For example,

for N↑ = 4 we have two filled CF shells (n = 0 and n = 1). The CFL will just be a

Slater determinant of the CF orbitals for the filled shells. For other N↑ we have one

partially filled shell, which we fill according to Hund’s rule [241] (maximize total angular

momentum).

We can write down related CFL states even when the CFs experience a net effective

flux 2Q by simply filling CF orbitals. Once we have decided which states to fill, we can

write down a single Slater determinant and attach the flux quanta via the usual Jastrow

factor

ΨCFL({Ω}) = PLLL

[
J ({Ω}) Det [Yi (Ωj)]

]
, (4.9)

where i is a shorthand for the indices (Q, n,m) of the filled states, bearing in mind that

the flux Q will be the same for all states we decide to fill. The Jastrow factor is

J ({Ω}) =
∏
j<k

(ujvk − vjuk)2 ei(ϕj+ϕk) =
∏
j

Jj({Ω}), (4.10)
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where

Jj({Ω}) =
∏
k 6=j

(ujvk − vjuk) ei(ϕj+ϕk)/2. (4.11)

The LLL projection PLLL is necessary because the CFs feel a reduced flux and hence fill

higher LL states. From the paper by Jain and Kamilla [240] we use the trick to project

the single particle states (together with the Jastrow factor Jj) to the LLL. The single

Slater determinant of states that are all in the LLL will obviously be in the LLL as well.

Computationally this is a necessary simplification and the resulting states have a high

overlap with the states obtained when the LLL projection is done properly. The projected

single particle states ỸQ,n,m (Ωj) are defined via

PLLL

[
Det [Jj({Ω})Yi (Ωj)]

]
≈ Det [PLLLJj({Ω})Yi (Ωj)] ≡ Det

[
Jj({Ω})Ỹi (Ωj)

]
(4.12)

and the explicit expression is

ỸQ,n,m (Ωj) =NQnm(−1)Q+n−m (2q + 1)!

(2q + n+ 1)!
uQ+m
j vQ−mj eiqϕj

×
n∑
s=0

(−1)s
(
n

s

)(
2Q+ n

Q+ n−m− s

)
vn−sj usjR

s,n−s
j ,

(4.13)

where q = Q+ (N↑ − 1). The definition of Rs,n−s
j is [240]

Rs,n−s
j = Us

jV
n−s
j 1 (4.14)

with

Uj = 2
∑
k 6=j

vk
ujvk − vjuk

+
∂

∂uj

Vj = 2
∑
k 6=j

−uk
ujvk − vjuk

+
∂

∂vj

(4.15)

and the normalization constant Nqnm is given by (4.3). Note that the LLL projected

single-particle orbitals in general depend on all electron coordinates. A good approxima-

tion for the CFL is then

Ψ̃CFL({Ω}) =
∏
i<j

(Ωi − Ωj)
2 det

[
Ỹi (Ωj)

]
. (4.16)
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(a) (b)

Figure 4.3: Two alternative descriptions of the half-filled LLL. (a) We can attach two
flux quanta to each electron, in order to form CFs. The CFs experience no net magnetic
field and hence form a Fermi liquid state. This is the CFL. (b) We can attach two flux
quanta to each hole, in order to form ACFs. Since the holes have opposite charge to the
electrons, we must attach the statistical flux in the opposite direction in order for the
ACFs to not experience any net magnetic field. We obtain the ACFL when the ACFs
form a Fermi liquid state. The CFL and ACFL are particle-hole conjugates of each other
and are not identical.

In the bilayer case, we will always work in the flux sector of the 111 state, i.e. Nφ = 2N1−1

in the balanced case and hence after attaching two flux quanta to each electron we have

one leftover flux quantum and hence Q = 1
2

for the CFs. For filled shell configurations

(e.g. N1 = 6), the CFL for two layers is just obtained by the tensor product of the

individual layers. For cases with unfilled shells, the total state for the two layers is

obtained by first maximizing the orbital angular momentum of each layer according to

Hund’s rule and then pairing the two layers up to obtain an L2 = 0 state using the

appropriate Clebsch-Gordan coefficients.

4.4.4 Anti-composite Fermi liquid (ACFL)

Now we consider the particle-hole conjugate of the CFL, which we dub anti-CFL (ACFL),

pictured in Fig. 4.3b. Let us particle-hole conjugate the bottom layer. Ω↓1, · · · ,Ω↓N↓ are

the coordinates of electrons in the bottom layer and $↓1, · · · , $↓M↓ are coordinates of holes

in the bottom layer. We have N↓ +M↓ = Nφ + 1.

In terms of the hole coordinates, the ACFL wavefunction is just given by a complex

conjugation Ψ∗CFL({$}). If we want to write this wavefunction in terms of electron

coordinates, we perform the particle-hole transformation [242]

ΨACFL({Ω}) =

√
(N↓ +M↓)!

N↓!M↓!

∫
[d$]Ψν=1({Ω}, {$})Ψ∗CFL({$}). (4.17)

[243] shows that the CFL and its PH conjugate have very high overlap for all system sizes
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Figure 4.4: The 111 state describes an exciton condensate of electrons and holes.

considered.

The CFL has N↑ =
Nφ
2

+ 1 electrons (and hence the same number of composite

fermions). The filled LLL has Ne = Nφ + 1 electrons. Therefore, the ACFL has N↓ =

Nφ
2

electrons and consequently N↓,holes =
Nφ
2

+ 1, which of course is the same as the

number of electrons in CFL. The state is given by the Slater determinant of single-particle

wavefunctions of the holes

Ψ∗CFL({$}) = PLLL

[
J ∗({$}) Det [Y ∗i ($j)]

]
, (4.18)

where $j is the coordinate of a hole. Beware that since $j are hole coordinates, PLLL

yields a wavefunction that depends only on $∗j . In analogy with the the Jain and Kamilla

procedure, we want to project the single-particle states.

Ψ̃∗CFL({$}) =
∏
i<j

($∗i −$∗j )2 Det
[
Ỹ ∗i ($j)

]
. (4.19)

4.4.5 111 state

We now consider two layers of quantum Hall fluid with zero interlayer separation and at

total filling factor ν = 1. In this limit the problem has an enhanced SU(2) pseudospin

symmetry. The exact ground state in that case is the 111 state: Each orbital m is

occupied either with an electron in the top layer or the bottom layer (Fig. 4.4). In second
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quantized notation, the 111 state is written as

|Ψ111〉 =
∏
m

(c†m↑ + eiθc†m↓)|0〉, (4.20)

where |0〉 is the vacuum where both layers are unoccupied and c†mσ creates an electron

in orbital m and layer σ. The relative phase difference θ corresponds to the orientation

of the pseudospin in the xy plane and results in a Goldstone mode. Let N↑ and N↓ be

the number of electrons in the top and bottom layer respectively. The number of flux

quanta is Nφ = 2q. Then the wavefunction as written has definite total particle number

N = N↑ +N↓ = Nφ + 1 = 2q + 1 but indefinite pseudospin Sz =
N↑−N↓

2
. So to consider a

fixed particle number in each layer, we need to project this wavefunction down to a sector

with fixed pseudospin. We can consider the 111 state for both the cases of a balanced

(N↑ = N↓ = N1) and an imbalanced (N↑ 6= N↓) bilayer. Since N = Nφ + 1 the 111 state

has shift S = 1.

Let us now consider this wavefunction in the position representation. In particular,

electron coordinates in the top layer will be Ω↑i = (u↑i , v
↑
i ) with i = 1, . . . , N↑. The electron

coordinates in the bottom layer will be Ω↓i = (u↓i , v
↓
i ) with i = 1, . . . , N↓. The 111 state

is obtained as

Ψ111({Ω↑}, {Ω↓}) = det


Y−q(Ω

↑
1) . . . Y−q(Ω

↑
N↑

) Y−q(Ω
↓
1) . . . Y−q(Ω

↓
N↓

)
...

...
...

...

Yq(Ω
↑
1) . . . Yq(Ω

↑
N↑

) Yq(Ω
↓
1) . . . Yq(Ω

↓
N↓

)

 . (4.21)

We are using the shorthand Ym(Ω) ≡ Yq,0,m (Ω). Using (4.6) this results in

Ψ111({Ω↑}, {Ω↓}) =
∏
i<j

(
u↑i v

↑
j − u↑jv↑i

)∏
i<j

(
u↓i v

↓
j − u↓jv↓i

)∏
i,j

(
u↑i v

↓
j − u↓jv↑i

)
(4.22)

=
∏
i<j

(Ω↑i − Ω↑j)
∏
i<j

(Ω↓i − Ω↓j)
∏
i,j

(Ω↑i − Ω↓j), (4.23)

where in the last line we introduced the shorthand notation again. The 111 wavefunction

is an L2 = 0 state on the sphere and hence |Ψ111(RΩ↑,RΩ↓)| = |Ψ111(Ω↑,Ω↓)|, where

R is a rotation. To see that note that we have filled all the angular momentum states
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(the fact that we have two layers is irrelevant for this argument). The parity under layer

exchange for the balanced case is (−1)N1 . To see that note that last term in (4.22) is a

product of N2
1 terms and will hence be even or odd under layer exchange, depending on

whether N2
1 (and hence N1) is even or odd.

The 111 state can also be re-written as

|Ψ111〉 =
∏
m

(1 + e−iθc†m↑cm↓)|0′〉, (4.24)

where |0′〉 is the vacuum where the top layer is empty and the bottom layer is a filled

LLL. In terms of electron coordinates in the top layer and hole operators in the bottom

layer, we find

Ψ111({Ω↑}, {$↓}) = det

[ q∑
m=−q

Yq,0,m(Ω↑i )Y
∗
q,0,m($↓j )

]
. (4.25)

4.4.6 Hamiltonian

We will now derive the Hamiltonian, which we will then diagonalize using ED. Two

useful references are [227, 244]. The kinetic energy is quenched in the LLL and therefore

the Hamiltonian contains only the Coulomb interaction term. The Coulomb interaction

between an electron in layer σ with position r and an electron in layer σ′ with position

r′ is

Vσσ′(r, r
′) =

e2

4πε
√
|r− r′|2 + (1− δσσ′)d2

, (4.26)

where |r−r′| is the arc distance on the sphere. This expression covers both the intralayer

(σ = σ′) and the interlayer interaction (σ 6= σ′). The Hamiltonian is then

H =: PLLL
1

2

∑
σ,σ′

∫
d2r

∫
d2r′ρσ(r)Vσσ′(r, r

′)ρσ′(r
′)PLLL :, (4.27)

where ρσ(r) = ψ†σ(r)ψσ(r) is the electron number density in layer r and

ψ†σ(r) =
∑
nm

Yqnm(Ω)c†nmσ, (4.28)
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where c†nmσ creates an electron in the orbital labelled by (n,m) in layer σ. After projecting

to the LLL

H =
1

2

∑
σ,σ′

∑
m1,m2,m3,m4

c†m1σ
c†m2σ′

cm4σ′cm3σ 〈m1,m2|Vσσ′|m3,m4〉 , (4.29)

where c†mσ ≡ c†0mσ are the LLL electron operators. Since the Coulomb interaction only

depends on the relative coordinates and is rotationally invariant, we can fully specify the

interaction in terms of the Haldane pseudopotentials VL, where L = 0, . . . , 2q. Using

〈L′M ′|Vσσ′|LM〉 = δMM ′δLL′V
L
σσ′ (4.30)

the interaction matrix element is then

〈m′1,m′2|Vσσ′ |m1,m2〉 =

2q∑
L=0

L∑
M=−L

〈qm′1, qm′2|LM〉V L
σσ′ 〈LM |qm1, qm2〉 , (4.31)

where 〈LM |qm1, qm2〉 are the Clebsch-Gordan coefficients and the Haldane pseudopo-

tentials are[245]

V L
σσ′ =

∫
dΩ1

∫
dΩ2 |u1|2L |u2|2L |u1v2 − u2v1|4q−2L Vσσ′(u1, v1, u2, v2)∫
dΩ1

∫
dΩ2 |u1|2L |u2|2L |u1v2 − u2v1|4q−2L

(4.32)

where

Vσσ′(u1, v1, u2, v2) =
1√

(2R |u1v2 − u2v1|)2 + (1− δσσ′)d2
(4.33)

and R =
√
q`B. We need to evaluate this interaction Hamiltonian (4.29) in the basis of

many-body states

|m1σ1,m2σ2, . . . ,mNσN〉 = c†m1σ1
. . . c†mNσN |0〉. (4.34)

We work in a sector with fixed pseudospin Sz = 1
2

∑
i σi. For the ground state, we can

focus on the Lz =
∑

imi = 0 sector of the many-body basis. So we write down the
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matrix elements

〈m̃1σ1, m̃2σ2, . . . , m̃NσN |H |m1σ1,m2σ2, . . . ,mNσN〉 (4.35)

and diagonalize the corresponding matrix either exactly or using the Lanczos algorithm.

This is done using the package DiagHam.

4.5 Paired states

4.5.1 p-wave BCS state

Let us first recap the p-wave paired BCS state from Refs. [238, 239], pictured in Fig. 4.5(a).

We work in the sector N = 2q + 1, where q is a half-integer, such that N is even and we

can have N↑ = N↓ = N
2

= q + 1
2
. Now we attach flux to the electrons, and an electron

does not feel flux attached to itself, thus the additional flux an electron feels due to flux

attachment is 2(N↑,↓− 1) = 2q− 1. This partially cancels the flux 2q due to the external

magnetic field. Therefore, the CFs still feel one unit of flux i.e. their single-particle states

will be the monopole harmonics with Q = 1
2
. For the p-wave pairing of CFs as in[38, 39]

the pairing wavefunction is

G(Ω↑i ,Ω
↓
j) =

NLL−1∑
n=0

gn

n+1/2∑
m=−(n+1/2)

(−1)
1
2

+mY 1
2
,n,m

(
Ω↑i

)
Y 1

2
,n,−m

(
Ω↓j

)
, (4.36)

where gn are variational parameters describing the BCS paired wavefunction and NLL is

the number of CF LLs that we choose to fill. The LLL wavefunction is then

ΨBCS,p({Ω↑}, {Ω↓}) = PLLL

∏
i<j

[(Ω↑i − Ω↑j)
2(Ω↓i − Ω↓j)

2]det[G(Ω↑i ,Ω
↓
j)]. (4.37)

However, performing the LLL projection when computing this wavefunction will be too

expensive numerically and hence we resort to the procedure described in[240]. The wave-
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function is then

Ψ̃BCS,p({Ω↑}, {Ω↓}) =
∏
i<j

[(Ω↑i − Ω↑j)
2(Ω↓i − Ω↓j)

2]det[G̃(Ω↑i ,Ω
↓
j)] (4.38)

with

G̃(Ω↑i ,Ω
↓
j) =

[NLL−1∑
n=0

n+1/2∑
m=−(n+1/2)

(−1)
1
2

+mgnỸ 1
2
,n,m

(
Ω↑i

)
Ỹ 1

2
,n,−m

(
Ω↓j

)]
. (4.39)

Note that the p-wave wavefunctions described here are putatively the same as those

Ref. [39]. However, detailed comparison will show that the overlaps with exact diago-

nalization we obtain here are somewhat better, particularly at small d, given the same

number (or even fewer) variational parameters. In the present work we use a global

optimization algorithm (dual annealing[246]) to optimize the overlaps. Ref. [39] used a

gradient descent algorithm, which may only find a local optimum of the overlap.

When we have a filled shell configuration, the p-wave state reproduces the large d

CFL, if we set gn 6= 0 for occupied shells and gn = 0 for empty shells. If we are one CF

away from a filled shell configuration, we also reproduce the Hund’s rule state by picking

gn 6= 0 for filled shells, gr � g0, . . . , gr−1 for the rth shell which is partially filled and

gn = 0 for n > r. If we are more than one CF away from a filled shell configuration

however, the trial state does not capture the large d limit. The number of CFs in the

valence shell is sub-extensive and hence this effect will become less important for larger

system sizes.

4.5.2 New s-wave paired BCS state

Recently, there has been renewed attention on the problem of particle-hole symmetry

in the half-filled LLL[247]. The HLR theory of composite fermions manifestly breaks

particle-hole symmetry, since we attach flux to the electrons but not to the holes. We

can create a different composite particle, the anti-composite fermion, by attaching flux

to the holes instead. The question then arises, should we view the half-filled LLL as a

CFL or an ACFL? In light of this question, we consider particle-hole transforming one of

the two layers of the bilayer system. We think of a CFL in the top layer and an ACFL
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(a) (b)

Figure 4.5: BCS trial wavefunctions for the bilayer quantum Hall system. (a) p-wave
pairing of CFs in one layer with CFs in the opposite layer. (b) s-wave pairing of CFs in
one layer with ACFs in the opposite layer.

in the bottom layer, and again we can consider a BCS-type pairing instability.

We consider the new state shown in Fig. 4.5(b). The pairing function for pairing the

CFs in the top layer with the ACFs in the bottom layer in the s-wave channel is

G(Ω↑i , $
↓
j ) =

NLL−1∑
n=0

gn

n+1/2∑
m=−(n+1/2)

Y 1
2
,n,m

(
Ω↑i

)
Y ∗1

2
,n,m

(
$↓j

)
. (4.40)

and the trial wavefunction is obtained by adding the Jastrow factors and performing the

LLL projection

ΨBCS,s({Ω↑}, {$↓}) = PLLL

∏
i<j

[(Ω↑i − Ω↑j)
2($↓i −$↓j )∗2]det[G(Ω↑i , $

↓
j )]. (4.41)

This wavefunction describes pairing of CFs and ACFs. This time after the Jain and

Kamilla procedure

Ψ̃BCS,s({Ω↑}, {$↓}) =
∏
i<j

[(Ω↑i − Ω↑j)
2($↓i −$↓j )∗2]det[G̃(Ω↑i , $

↓
j )] (4.42)

with

G̃(Ω↑i , $
↓
j ) =

[NLL−1∑
n=0

n+1/2∑
m=−(n+1/2)

gnỸ 1
2
,n,m

(
Ω↑i

)
Ỹ ∗1

2
,n,m

(
$↓j

)]
. (4.43)

In practice we will have to truncate the number of variational parameters. Note that the

variational parameters {gn} can always be chosen real.
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We can also consider the imbalanced case, where we have N1 = N↑ electrons in the top

layer and N↓ electrons in the bottom layer. The total number of electrons still satisfies

N = N↑+N↓ = Nφ+1. We define the pseudospin as 2Sz = N↑−N↓. Again we perform a

particle-hole transformation on the bottom layer, such that Ω↑1, · · · ,Ω↑N1
are coordinates

of electrons in the top layer and $↓1, · · · , $↓N1
are coordinates of holes in the bottom layer.

After the flux attachment procedure, the CFs in the top layer and the anti-CFs in the

bottom layer feel an effective flux Q = 1
2
− Sz. The trial state is then

Ψ̃BCS,s({Ω↑}, {$↓}) =
∏
i<j

[(Ω↑i − Ω↑j)
2($↓i −$↓j )∗2]det[G̃(Ω↑i , $

↓
j )] (4.44)

with

G̃(Ω↑i ,Ω
↓
j) =

[NLL−1∑
n=0

n+Q∑
m=−(n+Q)

gnỸQ,n,m

(
Ω↑i

)
Ỹ ∗Q,n,m

(
$↓j

)]
. (4.45)

We note that depending on whether we particle-hole conjugate the majority or minority

layer, we may have Q < 0 in which case we need to use the expression for Ỹ from

Ref. [248]. In this approach, we composite-fermionize the minority carriers in each layer,

consistent with the experimental observation that the density of the minority carriers set

the Fermi wavevector away from half-filling[249].

One reason to introduce the s-wave paired state is that it makes the connection to the

exciton condensate at small d/`B more clear. At d/`B = 0 we know that the Halperin 111

state is the exact ground state. It is an exciton condensate of excitons formed of electrons

and holes. The s-wave paired state is an excitonic superconductor formed by pairing CFs

and ACFs and it can be modified to reproduce the 111 state. First we imagine that

instead of multiplying the wavefunction by the Jastrow factors, we just multiply by the

phase of the Jastrow factors. If we consider short-range pairing (in momentum-space this

will consist of pairing up to high momenta), then a CF in one layer will sit exactly on top

of an ACF in the opposite layer and the phase factors will cancel[250]. The bosons formed

by the CFs and ACFs will be uncorrelated excitons as appropriate for the 111 state. This

connection to the 111 state is not all all clear for the p-wave trial state, although in [235]

it is argued that the p-wave trial state is in fact smoothly connected to the 111 state.

The CFs and ACFs are neutral particles with non-zero dipole moment. Due to the flux
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attachment procedure, CFs and ACFs feel an attractive interaction and hence it makes

sense to pair them up in the s-wave channel.

4.5.3 Symmetry considerations

We use the identities for the monopole harmonics from[251]. In particular

Y ∗q,n,m = (−1)q+mY−q,n,−m (4.46)

and

∑
m

Yq,n,m (θ′, ϕ′)Y ∗q′,n,m(θ, ϕ) =

√
2(q + n) + 1

4π
Yq,n,−q′(θ12, 0)ei(qϕ

′−q′ϕ)e−i(qγ
′+q′γ−q′π),

(4.47)

where θ12 is the chord distance between the two particles and the angle γ is as defined

in[38]. First let us consider the symmetry properties of the p-wave paired state. Using

these two identities, one can show (after setting q = −q′ = Q and doing some relabelling)

that

∑
m

(−1)Q+mYQ,n,m (θ′, ϕ′)YQ,n,−m(θ, ϕ) =

√
2(Q+ n) + 1

4π
YQ,n,−Q (θ12, 0) eiQ(ϕ+ϕ′)e−iQ(γ−γ′+π).

(4.48)

Now exchange the two particles. Under the exchange (equivalently a half-rotation)

γ → γ − π and γ′ → γ′ + π (4.49)

such that the pairing wavefunction picks up a phase of e2πiQ = (−1)2Q under the exchange.

For the balanced bilayer, we have Q = 1
2

and so the sign is consistent with what one would

require for a pairing wavefunction with odd `. YQ,n,−Q (θ12, 0) ∼ θ2Q
12 when θ12 → 0 and

so when the pair comes together, the wavefunction indeed vanishes in the correct way for

` = 2Q = 1.

Now let us consider the proposed s-wave paired state. To do that set q′ = q = Q in
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(4.47) such that

∑
m

YQ,n,m (θ′, ϕ′)Y ∗Q,n,m(θ, ϕ) =

√
2(Q+ n) + 1

4π
YQ,n,Q(θ12, 0)eiQ(ϕ′−ϕ)e−iQ(γ′+γ−π).

(4.50)

Under the exchange (4.49), there is no additional phase picked up. In addition YQ,n,Q (θ12, 0)→
const. as θ12 → 0. So indeed this is consistent with s-wave pairing.

4.5.4 Paired CB state

In this section we consider a further trial state. We attach one flux quantum to electrons

in the top layer to form composite bosons (CBs) and attach one flux quantum to holes in

the bottom layer to form anti-CBs and then we pair the CBs and anti-CBs in the s-wave

channel. This is similar to the construction proposed in [34], except that we write the

state on the sphere and introduce a larger number of variational parameters. As before,

we perform a particle-hole transformation on the bottom layer, such that Ω↑1, · · · ,Ω↑N1

are coordinates of electrons in the top layer and $↓1, · · · , $↓N1
are coordinates of holes in

the bottom layer. After flux attachment, the CBs will experience flux Q = N1 in the

balanced case. The pairing function for pairing CBs in the top layer and anti-CBs in the

bottom layer in the s-wave channel is

G(Ω↑i , $
↓
j ) =

NLL−1∑
n=0

gn

n+Q∑
m=−(n+Q)

YQ,n,m

(
Ω↑i

)
Y ∗Q,n,m

(
$↓j

)
. (4.51)

and including the Jastrow factors and performing the LLL projection we find the trial

wavefunction

ΨCB({Ω↑}, {$↓}) = PLLL

∏
i<j

[(Ω↑i − Ω↑j)($
↓
i −$↓j )∗]perm[G(Ω↑i , $

↓
j )]. (4.52)

This wavefunction describes pairing of CBs and anti-CBs. This time after the Jain and

Kamilla procedure

Ψ̃CB({Ω↑}, {$↓}) =
∏
i<j

[(Ω↑i − Ω↑j)($
↓
i −$↓j )∗]perm[G̃(Ω↑i , $

↓
j )] (4.53)

90



with

G̃(Ω↑i , $
↓
j ) =

[NLL−1∑
n=0

n+Q∑
m=−(n+Q)

gnỸQ,n,m

(
Ω↑i

)
Ỹ ∗Q,n,m

(
$↓j

)]
. (4.54)

Strictly speaking the Jain-Kamilla procedure is not valid for the LLL projection of CB

orbitals, however it has been suggested [252] that this remains a good approximation to

the correct LLL projection procedure even in this case.

4.5.5 ICCFL

We can write down the ICCFL state of Ref. [36] for a particle number consistent with a

filled shell configuration of CF bonding orbitals. For example, for N↑ = N↓ = 6, we have

a total of N = 12 CFs and hence enough to fill the first three CF shells with n = 0, 1, 2.

The CFs experience flux Q = 1
2
. The Jain-Kamilla LLL projected wavefunction is then

Ψ̃ICCFL({Ω↑}, {Ω↓}) =
∏
i<j

[(Ω↑i − Ω↑j)
2(Ω↓i − Ω↓j)

2]det[Ỹi(Ω
↑
1) . . . Ỹi(Ω

↓
N↓

)], (4.55)

where i = (Q, n,m) runs over the N indices of filled CF orbitals and we take the deter-

minant of an N ×N matrix corresponding to filling the N orbitals with CFs from either

layer. This wavefunction has no free variational parameters since we have assumed all

CFs are in the bonding orbitals in this state, as predicted by mean-field theory[36]. We

also considered the ICCFL wavefunction for the case where we have both bonding and

anti-bonding orbitals, however this does not yield significantly improved overlaps.

4.6 Balanced case

We now present the numerical results for the paired states discussed in the previous

section. Let us focus on the case where the two layers are balanced, i.e. ν↑ = ν↓ = 1/2 and

on the sphere the number of electrons per layer is N↑. We show the overlaps (Fig. 4.6) and

energies (Fig. 4.7) of the two variational BCS states with the ED ground state in for N↑ =

8, 10, 12, 14 and different numbers of variational parameters. The optimal variational

parameters that maximize the overlap are found using a dual annealing algorithm[246].
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Given that the Hilbert space dimension of the L2 = 0 subspace in which the ground

state and the trial wavefunctions lie is D(L2 = 0) = 12, 38, 252, 1599 respectively, the

high overlaps obtained are significant (see App. D for the calculation of D(L2 = 0)).

In order to compute the overlaps, we use the position space representation of the exact

diagonalization ground state and evaluate the overlap integrals using Monte Carlo, the

corresponding Monte Carlo errors are shown as errorbars. For the overlaps, we perform

importance sampling using the probability distribution of the 111 state as a sampling

function (see App. D for details of the Monte-Carlo procedure). In the figure we also

examine the 111 state, as well as the CF Fermi liquid state (two uncoupled CF liquids).

In Figs. 4.6 and 4.7 we show results for different system sizes and different numbers of

variational parameters. At small interlayer distances, the 111 state is the exact ground

state as expected. At very large distances the CF Fermi liquid (Hund’s rule) state is

essentially exact. Both the p-wave and the s-wave variational wavefunctions recover the

CF Fermi liquid or Hund’s rule state for a suitable choice of variational parameters at

least when N is such that there are a filled number of shells of CFs, or there is only a single

CF in the valence shell or single missing CF in the valence shell. For N↑ = 4, 8, 9, 10...

where we have more than one electron in an unfilled shell our trial states do not recover

the Hund’s rule state.
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Figure 4.6: Exact diagonalization results for the overlap of the trial wavefunctions with
the true ground state for different system sizes and different numbers of variational pa-
rameters. We include variational parameters gn for n = 0, . . . , NLL − 1, such that the
number of variational parameters is NLL− 1 (since an overall rescaling of all gn results in
the same trial wavefunction after normalization). We compare the overlap of our s-wave
BCS state with the previously proposed p-wave BCS state of Refs. [38, 39]. The s-wave
and p-wave states are taken to have the same number of variational parameters. We also
show the overlaps with the CFL state and the 111 state. By CFL we denote either a
CF Fermi sea (for N = 12) or a Hund’s rule state (for other N). Both BCS states can
reproduce the CFL at large d, except when there is more than one CF in a partially filled
shell (this happens for the 4 + 4 system size for example).
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Figure 4.7: Exact diagonalization results for the energy of the trial wavefunctions com-
pared with the true ground state energy for different system sizes and different numbers
of variational parameters. We compute the energy of the trial state which has the best
overlap with the ED ground state. We also compute the energy of the 111 and the CFL
states.

At small interlayer distances, the (111)-state is the exact ground state as expected.

Both the p-wave and the s-wave capture this limit as well. As the number of variational

parameters is increased, both the s-wave and p-wave overlaps rapidly improve at small

d. (In the s-wave picture including more variational parameters allows us to form more

tightly bound excitons, hence recovering the (111)-state.) Our s-wave trial wavefunctions
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outperform the previous p-wave trial state for an equal number of variational parameters.

In Figs. 4.8 and 4.9 we show the same overlaps and energies for the maximum number

of variational parameters employed to show that both trial states capture the 111 state

accurately when sufficiently many variational parameters are included.
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Figure 4.8: Same data as Fig. 4.6, but only for the largest number of variational param-
eters employed for a given N .
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Figure 4.9: Same data as Fig. 4.7, but only for the largest number of variational param-
eters employed for a given N .

We note that although the s-wave CF/ACF paired state and the p-wave CF/CF paired

state have very similar overlaps, they are quite distinct wavefunctions. In the absence of

tunnelling, both the total number of electrons and the electron imbalance are conserved

separately, giving us a U+(1)×U−(1) symmetry. Let f †kσ create a CF of momentum k in

layer σ and let akσ create an anti-CF of momentum k in layer σ. The p-wave state has

an order parameter 〈f †k↑f †−k↓〉 which breaks U+(1), whereas the s-wave state has an order
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parameter 〈f †k↑ak↓〉 which breaks U−(1). The order parameter for the Halperin 111 state

is 〈ψ†↑(r)ψ↓(r)〉 where ψ† is the electron creation operator. This also breaks U−(1) but

differs from the s-wave order parameter in not having the same Jastrow factors attached.

We note that the proposed order parameter from Ref. [36] is 〈f †k↑fk↓〉 which also breaks

U−(1) but attaches Jastrow factors differently from our s-wave wavefunction and has

poor overlap with exact diagonalization for all values of d. In Fig. 4.10a we show the

overlap with the ICCFL state of Ref. [36]. The ICCFL states appears to capture some of

the relevant correlations around d ∼ `B, however the overlap does not reach order unity

anywhere (this wavefunction has no free variational parameters). In Fig. 4.10b we show

the overlap with a paired state of composite bosons described in the section above. This

trial state of paired CBs performs well at intermediate distances d ∼ `B, but does not

have high overlaps with the 111 state (consistent with the findings of [34]) and does not

capture the CFL at large distances.
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Figure 4.10: Exact diagonalization results for the overlap of the trial wavefunctions with
the true ground state for 6 + 6 electrons. We compare the overlap of our s-wave BCS
state with the previously proposed p-wave BCS state of Refs. [38, 39], the ICCFL state[36]
and a paired state of composite bosons/anti-composite bosons similar to the trial state
proposed in Ref. [34]. We consider the ICCFL where all CFs are in the bonding orbitals
and therefore this wavefunction has no variational parameters. The BCS and CB trial
states both have five variational parameters. We also show the overlaps with the CFL
state and the 111 state.
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4.7 BCS parameters

If we define the CF orbitals including the Jastrow factors as

YQ,n,m(Ωi) = Ji({Ω})ỸQ,n,m (Ωi) (4.56)

then we can write the trial wavefunction

Ψ̃BCS,s({Ω↑}, {$↓}) = det

[NLL−1∑
n=0

n+Q∑
m=−(n+Q)

gnYQ,n,m(Ω↑i )Y∗Q,n,m($↓j )

]
(4.57)

One subtlety arises regarding the normalization of the CF orbitals YQ,n,m(Ωi), since these

are no longer single-particle wavefunctions. We need to extract the relative normalization

of the orbitals with different n. To do so, for example for N↑ = N↓ = 4 we write down

the CFL wavefunctions filling the four orbitals in each layer with n given by (0, 0, 1, 1),

(0, 0, 2, 2) and (1, 1, 2, 2). We compute the normalization of the CF orbitals YQ,n,m(Ωi)

by computing the ratio of the norm of these many-body CFL wavefunction.

We can translate from angular momentum l = Q + n to linear momentum k =

l/R, where R =
√
q`B is the radius of the sphere. Recall the second quantized BCS

wavefunction

|ΨBCS〉 =
∏
k

(
1 + gkc

†
k,↑d

†
k,↓

)
|0〉 (4.58)

where |0〉 is the state with the upper layer empty and the LLL of the lower layer filled.

Note that we need to project this wavefunction to a definite Sz sector in order to be able

to write down the real-space representation. Let us focus on the balanced case, i.e. we

choose a set {gk} of orbitals to fill:

|ΨBCS〉 =
∑
{gk}

∏
k

(
gkc
†
k,↑d

†
k,↓

)
|0〉 (4.59)

where |{gk}| = N↑. And now we can calculate the occupation of each orbital according

to

nk = 〈c†k,↑ck,↑〉 = 〈d†k,↓dk,↓〉 =

∑
{gq}3gk

∏
q(gq)2∑

{gq}
∏

q(gq)2
(4.60)
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For an s-wave superconductor, BCS theory predicts

nk =
1

2

(
1− εk√

ε2
k + ∆2

)
=

1

2

(
1− (k`B)2 − 1√

((k`B)2 − 1)2 + (∆/EF )2

)
(4.61)

where εk = k2

2m
−EF = (k2−kF )2

2m
, kF = `−1

B and ∆ is the superconducting order parameter.

The typical size of a Cooper pair is set by the coherence length

ξ =
vF
∆

=
kF/m

∆
=

2EF
∆

`B. (4.62)

We note that the formulae for nk and ξ depend only on the ratio ∆/EF and do not

require any assumption about the value of the CF effective mass. We show results for nk

in Fig. 4.11 and extract the BCS parameters as a function of distance in Fig. 4.12. We

can interpret these figures as evidence of a BEC-BCS crossover (illustrated in Fig. 4.2).

Eq. (4.58) can equally be interpreted as a BEC wavefunction, by re-writing it as

|ΨBEC〉 = e
∑

k gkc
†
k,↑d

†
k,↓|0〉. (4.63)

This motivates us to consider a smooth crossover between a BCS-like regime at large inter-

layer separation and a BEC-like regime at small interlayer separation[250]. At d/`B � 1,

nk is a sharp step function and the order parameter satisfies ∆ � EF . This is the BCS

limit. One the other hand, at d/`B � 1, nk is a smeared out step function and the order

parameter satisfies ∆� EF , which is the BEC limit.
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Figure 4.11: Values of the BCS parameters nk for the best s-wave trial state at four
selected interlayer separations d. At large d we have a sharp Fermi surface, whereas
at small d we have significant pairing in a large momentum range, which corresponds
to tightly bound CF/anti-CF pairs. The dashed line shows the best fit of the BCS
form Eq. (4.61). For the fit we only use the N = 12 data, since this is a closed shell
configuration at large d/`B. For all N we use 3 variational parameters (i.e. NLL = 4).

4.8 Charge imbalance

We now add a charge imbalance to the two layers, while keeping the total filling fraction

constant. The filling fractions of the individual layers are now ν↑ = 1+∆ν
2

and ν↓ = 1−∆ν
2

.

After a particle-hole transformation of the bottom layer, we have N↑ CFs in the top layer

and N↑ anti-CFs in the bottom layer. We can then pair them up in the s-wave channel.

On the other hand, in the imbalanced case the p-wave CF/CF paired state will have a

different number of composite fermions in both layers and a pairing wavefunction based

on this approach is less natural.

We show the overlaps of our trial state with the ED ground state in Fig. 4.14. For small

layer imbalances, our trial wavefunction performs less well at small distances than in the

balanced case, however considering the dimension of the Hilbert space, the high overlaps

obtained even in the imbalanced case are significant. At large d/`B, we expect the layers
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Figure 4.12: Exact diagonalization results for a balanced system with 6 + 6 electrons
on the sphere. (a) We plot the overlap of the trial wavefunctions with the true ground
state |ΨGS〉 as a function of the interlayer distance d. We compare the overlap of our
s-wave BCS state with the previously proposed p-wave BCS state of [38, 39]. We also
show the overlaps with the composite Fermi liquid (CFL) state and the 111 state, which
are accurate descriptions of the state in the large and small d limits respectively. The
errorbars denote the errors of the Monte-Carlo integration. (b) BCS parameters ∆/EF
and ξ/`B extracted from the s-wave variational wavefunction from (a). ∆ is the s-wave
superconducting order parameter, EF is the Fermi energy and ξ is the coherence length.
The evolution of the BCS parameters as a function of the interlayer separation d is
consistent with a BEC-BCS crossover.
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(a) (b)

Figure 4.13: Trial wavefunctions in the imbalanced case. (a) The p-wave pairing of CFs
in one layer with CFs in the opposite layer. In the imbalanced case we cannot pair up
all CFs in Cooper pairs. (b) The s-wave pairing of CFs in one layer with ACFs in the
opposite layer. We have an equal density of CFs in the top layer and ACFs in the bottom
layer and hence can pair all them up.

to form independent layers of CFs, which will successively fill angular-momentum shells.

As mentioned above, our trial wavefunction can describe this accurately as long as the

shells are either filled, or have a single CF in them, or are one CF short of being filled.

This largely explains why some of the values of (N↑, N↓) in Fig. 4.14 are very accurate at

large d/`B and some are inaccurate in this limit.

One can also consider the extension of the p-wave paired state to the imbalanced layer

case for certain fillings. In particular, if the states fall on the Jain sequence, viz. ν↑ = p
2p+1

and ν↓ = p+1
2p+1

, then we can view the top layer as CFs filling the first p LLs and the bottom

layer as CFs filling the first p+1 LLs in an opposite effective magnetic field. We can now

pair up CFs in the nth CF LL of the bottom layer with CFs in the (n + 1)th LL of the

top layer. In this way, we pair up all the CFs in the bottom layer with CFs in the top

layer, for n = 0 up to n = p, leaving unpaired CFs in the n = 0 CF LL of the top layer.

This absence of pairing should have little effect on the total energy, (for large p) since

these electrons are far from the Fermi energy. We have not investigated this proposal

numerically so far and we leave this to future work.
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Figure 4.14: Exact diagonalization results for the overlap of the s-wave BCS trial wave-
functions with the true ground state for imbalanced layers. The L2 = 0 Hilbert space
dimensions are 1599, 1319, 614, 205 for 7 + 7, 6 + 8, 5 + 9, and 4 + 10 respectively and
we use six variational parameters in all cases.

4.9 Relation to experiment

The experimental results on double layer graphene reported in Ref. [250] support the

BEC-BCS crossover picture for the bilayer quantum Hall system that we presented in

this chapter. In particular, they explore the finite-temperature physics and see signatures

of two distinct temperature scales. The first temperature scale Tpair is the temperature

below which the Hall drag is quantized. This is the temperature at which the CFs start

to pair up into excitons. There is a second temperature Tc which is the temperature

below which the counterflow resistance vanishes. This is the temperature below which

the excitons condense. At small d/`B, the experiments observe Tpair � Tc, this is the

BEC limit. At large d/`B, the experiments observe Tpair ∼ Tc, this is the BCS limit.

Experiments have been performed on imbalanced layers in GaAs heterostructures

and they observe enhanced superfluid behavior with layer imbalance[196, 195, 194]. We

can conjecture the following natural explanation for this. At half-filling the CFs (or

anti-CFs) are neutral quasiparticles. Away from half-filling the CFs in the top layer

develop charge e(1− 2ν↑) = e∆ν, while the anti-CFs in the bottom layer develop charge

e(1 − 2ν↓) = −e∆ν. In the imbalanced case, these two charges can attract to improve
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the BCS pairing.

4.10 Conclusion

We proposed a new trial wavefunction for the bilayer quantum Hall system, where CFs

and anti-CFs pair up in the s-wave channel. This trial state has high overlaps with the

exact ground state for any interlayer separation. In this language, the bilayer system

undergoes a BEC-BCS crossover as the interlayer separation is varied. At large d the

system is in the BCS limit, with weakly bound CF/anti-CF Cooper pairs, whereas at

small d, the system enters the BEC regime with tightly bound CF/anti-CF excitons

(which are equivalent to electron/hole excitons in the tightly bound limit, since the phases

of the Jastrow factors cancel in the tightly bound limit where the CFs and anti-CFs are

at the same position). Our trial state also performs well for imbalanced layers.

It would interesting to extend the numerical study of this problem to larger numbers

of electrons. With our system sizes we are reaching the limits of ED and hitting the

exponential wall. To go beyond 20 electrons, ED is no longer sufficient and one needs to

turn to alternative methods. For example, one could consider using DMRG on a cylinder

geometry. In the Landau gauge, we are left with an effectively 1d problem in the orbital

basis albeit with long-range interactions. The Coulomb interaction can be approximated

as a sum of short-range terms to circumvent this problem. One could consider using

the scaling of the entanglement entropy to determine the central charge of the different

phases as in [253].

It would be interesting to compute the BCS order parameter for the paired composite

fermions directly from the ED (second-quantized) wavefunction. This is a difficult prob-

lem due to the fact that the order parameter is written in terms of composite fermions

and thus not readily available from the ED results. However, this question should be

amenable to the technique used in [254] for the ν = 5/2 state.

The p-wave pairing of HLR CFs corresponds to s-wave pairing of Dirac CFs, due to

the Berry phase of the Dirac CFs. In Ref. [235], the authors investigate this picture of

s-wave pairing of Dirac CFs to study the problem of BQH. From our work’s success, we

suggest one can think of a new mechanism of pairing the Dirac composite electrons and
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Dirac composite holes. This Dirac composite fermion-Dirac composite hole pairing may

provide a new approach to understanding BQH in GaAs and the quantum Hall states of

double-layer graphene [255, 256].

In this chapter we considered composite fermions formed by attaching two flux quanta

to an electron. These CFs feel no magnetic field when ν = 1/2. However, we could also

consider forming an CF by attaching four flux quanta to an electron, these CFs will feel

no field when ν = 1/4 and therefore when describing the 3/4 + 1/4 bilayer QH system

these may be the natural degrees of freedom. Similarly we can consider 7/8 + 1/8 and so

on.
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Chapter 5

Conclusions

In this thesis we have investigated different types of strongly correlated electronic quan-

tum fluids in two spatial dimensions. We started off by studying graphene. In particular,

we were interested in computing the transport properties such as the electrical con-

ductivity and thermal conductivity in bilayer graphene. We used two complementary

approaches to describe the transport in bilayer graphene: Kinetic theory and hydrody-

namics. In the kinetic theory formalism, we consider the collisions of electrons with each

other and with impurities and phonons and hence compute the response of the electrons

to an applied electric field or thermal gradient. In the hydrodynamic formalism, we take

a more coarse-grained approach and consider a two-fluid model where we have a fluid of

electrons and a fluid of holes and they interact with each other via the Coulomb drag.

We find that both the kinetic theory and hydrodynamic formalism are good descriptions

of bilayer graphene near charge neutrality.

In the second part of the thesis, we considered a different type of quantum fluid.

We still consider a two-dimensional electron gas, but this time we switch on a large

magnetic field, bringing us into the regime of the quantum Hall effect. This is a different

type of quantum fluid, where interaction effects are important. We studied ripples on

the edge of this quantum Hall fluid and saw that one can use a quantum dot to excite

these modes. However, interaction effects destroyed the precise charge quantization of

the current pulses, casting doubt on their use as single-particle sources.

Finally, we turned to the bilayer quantum Hall system, where we couple two quantum

Hall fluids and observe the change in the correlations between the layers as the interlayer
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separation is tuned. We understand the transition in this system in terms of the BEC-

BCS crossover. At larger interlayer separation, we have weakly coupled composite fermion

Cooper pairs, as the interlayer separation decreases, the correlations between the layers

increase and we reach the BEC limit, where we have tightly bound composite fermion-anti

composite fermion excitons.

In the grand scheme of things, we are still in the midst of the challenge of under-

standing strongly correlated systems. Strongly correlated systems cannot be simply un-

derstood from the non-interacting limit and traditional methods such a mean-field theory

fail. Many familiar notions such as the presence of long-lived quasiparticles simply do

not hold in these systems and therefore they require a paradigm shift in order to be

understood.

One starting point to understanding such systems is reduced dimensionality, for ex-

ample in 1d there are techniques such as integrability or bosonization that are at our

disposition. Powerful entanglement-based methods such as DMRG, which exploit the

fact that ground states are often weakly entangled have proved enormously useful as

well[257].

Another powerful tool is dualities. Certain strongly coupled phases can be mapped

to weakly coupled phases that we can understand more easily. A famous example of

a duality is the AdS/CFT duality, which relates a quantum CFT on the boundary to

a classical string theory in the bulk. AdS/CFT can be used to derived hydrodynamic

equations and as we have seen, hydrodynamics is a useful tool to understand strongly

correlated phases[258].

At the end of the day, it is likely that to gain a deeper understanding, it will not be

sufficient to have a single method. Instead, we will have to use a cornucopia of different

approaches—both theoretical methods and experimental probes—, each of them shedding

light on a different part of the problem. It is like exploring a dark room at night, we can

only illuminate small parts of the room at the same time with our torch and we have

piece this information together like a puzzle in order to build a consistent picture of what

the room looks like during the day in bright sunlight.

Many challenges still lie ahead and many strongly correlated phases still lie shrouded

in mystery. After decades of work, high temperature superconductors like the cuprates
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are still poorly understood, they are believed to be described by the Hubbard model, but

solving the Hubbard model in 2d is a stupendous problem in itself.
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Appendix A

Solving the Boltzmann equation

In this section, we explain how to turn the QBE into a matrix equation. We follow [72].

The linearized Boltzmann equation is

− λβ eE · p
m

f 0
λ(p)[1− f 0

λ(p)] = −Iλ(p). (A.1)

The suggested ansatz in this calculation is

hλ(p) = β
eE

m
· pχλ(p). (A.2)

We expand in terms of basis functions

χλ(k) = β
∑
n

angn(λ, k) (A.3)

such that a is dimensionless. Here the basis functions are taken to be

gn(λ, k) = 1, λ,K, λK,K2, λK2, K3e−K/2, λK3e−K/2...KNe−K/2, λKNe−K/2 (A.4)

where K =
√
β/mk is the dimensionless momentum. For all powers n > 2 we multiply

by an exponential factor so the basis function is Kne−K/2. We expand in up to 16 basis

functions. Increasing the number of basis function changes the results only marginally.

Use the fact that this must be valid for all E, sum over λ, multiply by p̂gm(λ, p) and
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integrate over p. This yields an equation that can be summarized in matrix form as

Ma = F, (A.5)

where we defined the dimensionless matrices

Mmn = β

(
β

m

)3/2∑
λ

∫
d2p

(2π)2
gm(λ, p)Iλ

[
hλ(k) = p̂ · kgn(λ, k)

]
(p) (A.6)

and the dimensionless vector

Fm =

(
β

m

)3/2∑
λ

∫
d2p

(2π)2
λpf 0

λ(p)[1− f 0
λ(p)]gm(λ, p). (A.7)

(A.5) can be inverted to yield

a = M−1F. (A.8)

The charge current is

J =
e

m
Nf

∑
λ

∫
d2p

(2π)2
λpfλ(p) (A.9)

= βNf

∑
λ

∫
d2p

(2π)2
λpf 0

λ(p)[1− f 0
λ(p)]

e2E

m2
· pχλ(p).

The DC conductivity is read off as

σxx = βNf

∑
λ

∫
d2p

(2π)2
λf 0

λ(p)[1− f 0
λ(p)]

e2p2
x

m2
χλ(p) =

Nfe
2

2~
G ·M−1F, (A.10)

where we have exceptionally restored ~ and where the dimensionless vector

Gm =

(
β

m

)2∑
λ

∫
d2p

(2π)2
λp2f 0

λ(p)[1− f 0
λ(p)]gm(λ, p) (A.11)
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Appendix B

Two-fluid model details

We defined the electron and hole velocities as

ue =

∫
d2p

(2π)2
p
m
f+(p)∫

d2p
(2π)2

f 0
+(p)

, uh = −
∫

d2p
(2π)2

p
m

(1− f−(p))∫
d2p

(2π)2
(1− f 0

−(p))
. (B.1)

The coefficients Λe,h account for the fact that the average entropy per particle is ΛkB

kBTΛe =

∫
d2p

(2π)2
p2(ε+(p)− µ)f 0

+(p)[1− f 0
+(p)]∫

d2p
(2π)2

f 0
+(p)

(B.2)

kBTΛh =

∫
d2p

(2π)2
p2(−ε−(p) + µ)f 0

−(p)[1− f 0
−(p)]∫

d2p
(2π)2

(1− f 0
−(p))

. (B.3)

One can derive explicitly equations (B.2) and (B.3) from the ∇T term in Boltzmann’s

equation (2.73). It is easy to show that these integrals are in fact the entropy per particle

Λe = −
∫

d2p
(2π)2

[(
1− f 0

+(p)
)

ln
(
1− f 0

+(p)
)

+ f 0
+(p) ln f 0

+(p)
]∫

d2p
(2π)2

f 0
+(p)

, (B.4)

Λh = −
∫

d2p
(2π)2

[(
1− f 0

−(p)
)

ln
(
1− f 0

−(p)
)

+ f 0
−(p) ln f 0

−(p)
]∫

d2p
(2π)2

[1− f 0
−(p)]

, (B.5)
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which were used previously in [105]. The Coulomb drag term can be derived explicitly

from the collision integral

∫
d2p

(2π)2

λp

m
I

(1)
λ,e-e

[
hλi(ki) = λiβki ·

(
ue − uh

2

)]
(p) =

 −mne

τe-h
(ue − uh) λ = +

mnh

τh-e
(ue − uh) λ = −.

(B.6)

This allows us to calculate τe-h and τh-e. We perform the calculation at charge neutrality

and then use (2.65) to extrapolate.
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Appendix C

Mapping to the spin-boson model

C.1 Mapping to the spin-boson model

We start with the full Hamiltonian (3.9)

Ĥ(t) = Ĥ0(t) + Ĥtun(t) + Ĥint. (C.1)

Writing out all terms from the main text in full,

Ĥ(t) = ε(t)Ŝz +
v

2

∫
dx

2π
(∂xϕ̂)2 + λ(t)

(
ψ̂†(0)Ŝ− + h.c.

)
− γ g

2π
∂xϕ̂(0)Ŝz. (C.2)

The bosonic field is given in the eigenmode expansion with momenta k = 2πm/L, m ∈ Z

as

ϕ̂(x) = −
∑
k>0

√
2π

kL
(b̂ke

ikx + b̂†ke
−ikx)e−ka/2. (C.3)

In the bosonization formalism, the fermion operator is a vertex operator of the form

ψ̂(x) =
1√

2πaγ
e−iγϕ̂(x). (C.4)

We apply the unitary transformation

Û1 = exp
[
−iγϕ̂(0)Ŝz

]
(C.5)
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to obtain the transformed Hamiltonian

Ĥ1 = Û1
†
ĤÛ1. (C.6)

We use the identity from [7] for operators A, B valid if [A,C] = [B,C] = 0 where

C = [A,B]

e−BAeB = A+ C. (C.7)

Since [Ŝz, Û1] = 0, the first term in (C.2) is clearly unchanged by the unitary transfor-

mation:

Û1

†
ε(t)ŜzÛ1 = ε(t)Ŝz. (C.8)

Now using (C.7)

Û1
†
(∂xϕ̂(x))2Û1 = eiγϕ̂(0)Ŝz(∂xϕ̂(x))2e−iγϕ̂(0)Ŝz

= (∂xϕ̂(x))2 + [(∂xϕ̂(x))2,−iγϕ̂(0)Ŝz]

= (∂xϕ̂(x))2 − 2iγŜz∂xϕ̂(x)[∂xϕ̂(x), ϕ̂(0)]

= (∂xϕ̂(x))2 − 4πγŜz∂xϕ̂(0)δ(x)

(C.9)

using [∂xϕ̂(x), ϕ̂(0)] = −2πiδ(x). So

Û1
†
(
v

2

∫
dx

2π
(∂xϕ̂)2

)
Û1 =

v

2

∫
dx

2π
(∂xϕ̂)2 − 4πγvŜz∂xϕ̂(0). (C.10)

Next, consider the first part of the tunnelling term

Û1

†
ψ̂†(0)Ŝ−Û1 = eiγϕ̂(0)Ŝz

1√
2πaγ

eiγϕ̂(0)Ŝ−e−iγϕ̂(0)Ŝz . (C.11)

Since the states |↑〉 and |↓〉 where Ŝz |↑, ↓〉 = ±1
2
|↑, ↓〉 form a basis, it is sufficient to

evaluate the equation when acting on the eigenstates of Ŝz. Since Ŝ− annihilates |↓〉, we

only need to consider the effect on |↑〉.

eiγϕ̂(0)Ŝzeiγϕ̂(0)Ŝ−e−iγϕ̂(0)Ŝz |↑〉 = e−iγϕ̂(0)/2eiγϕ̂(0)e−iγϕ̂(0)/2Ŝ− |↑〉 = Ŝ− |↑〉 (C.12)
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Therefore

Û1

†
ψ̂†(0)Ŝ−Û1 =

1√
2πaγ2

Ŝ− (C.13)

and similarly

Û1
†
ψ̂†(0)Ŝ+Û1 =

1√
2πaγ2

Ŝ+. (C.14)

so the full tunnelling term transforms as

Û1
†
λ(t)

(
ψ̂†(0)Ŝ+ + h.c.

)
Û1 = 2λ(t)

1√
2πaγ2

Ŝx. (C.15)

The last term in (C.2) commutes with Û1 and is hence unchanged by the transformation

Û1
†
γ
g

2π
∂xϕ̂(0)ŜzÛ1 = γ

g

2π
∂xϕ̂(0)Ŝz. (C.16)

Putting all the pieces (C.8),(C.10),(C.15) and (C.16) together, the transformed Hamilto-

nian is

Ĥ1 = ε(t)Ŝz +
v

2

∫
dx

2π
(∂xϕ̂)2 + λ(t)

√
2

πaγ2
Ŝx + vγ̃Ŝz∂xϕ̂(0), (C.17)

where

γ̃ = γ
(

1− g

2πv

)
. (C.18)

To make the connection with the spin-boson model, define

∆(t) = λ(t)

√
2

πaγ2
, ηk = vγ̃

√
2πk

L
e−ka/2 (C.19)

and use the expansion of the bosonic field in terms of ladder operators (C.3) to obtain

Ĥ1 = ε(t)Ŝz + ∆(t)Ŝx +
∑
k>0

ωkb̂
†
kb̂k − iŜz

∑
k>0

ηk(b̂k − b̂†k), (C.20)

this is precisely the spin-boson model.
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C.2 Current calculation

C.2.1 Derivation from transformed Hamiltonian

We can now refermionize (C.17). To this end we introduce the new vertex operator with

renormalized exponent γ̃

ˆ̃ψ(x) =
1√

2πaγ̃2
e−iγ̃ϕ̂(x). (C.21)

and the unitary transformation

Û2 = exp
[
iγ̃ϕ̂(0)Ŝz

]
(C.22)

We perform another unitary transformation

Ĥ2 = Û2

†
Ĥ1Û2. (C.23)

Just as Û1 created an additional term that renormalized the Coulomb interactions, Û2

will absorb the entire last term and yield

Ĥ2 = ε(t)Ŝz +
v

2

∫
dx

2π
(∂xϕ̂)2 + λ̃(t)

(
ˆ̃ψ†(0)Ŝ− + h.c.

)
(C.24)

where

λ̃(t) =
γ̃

γ
λ(t). (C.25)

Thus we have entirely eliminated the Coulomb interaction term, by renormalizing the

charge of the tunnelling particle from q to q̃ and renormalizing the tunnelling amplitude.

In order to calculate the current, we need to calculate the equations of motion of the

Hamiltonian. The operator N̂ transforms trivially

N̂2 = Û †2 Û
†
1N̂Û1Û2 = N̂ . (C.26)

Therefore, the Heisenberg equation of motion for N̂ is

dN̂

dt
=
dN̂2

dt
= i[Ĥ2, N̂2] = i[Ĥ2, Ŝz] = iλ̃(t)

(
ˆ̃ψ†(0)Ŝ− − h.c.

)
. (C.27)
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The operator ϕ̂(x) transforms as

ϕ̂2(x) = Û †2 Û
†
1 ϕ̂(x)Û1Û2 = ϕ̂(x) + π(γ − γ̃)sgn(x)Ŝz. (C.28)

The Heisenberg equation of motion for ϕ̂2(x) is

∂tϕ̂2(x) = i[Ĥ2, ϕ̂2(x)] = i[Ĥ2, ϕ̂(x)+π(γ− γ̃)sgn(x)Ŝz] = i[Ĥ2, ϕ̂(x)]+π(γ− γ̃)sgn(x)
dN̂

dt
(C.29)

∂t(ϕ̂(x) + π(γ − γ̃)sgn(x)Ŝz) = i[Ĥ2, ϕ̂(x)] + π(γ − γ̃)sgn(x)
dN̂

dt
. (C.30)

Cancelling terms on both sides

∂tϕ̂(x) = i[Ĥ2, ϕ̂(x)] = −v∂xϕ̂(x)+iπγ̃sgn(x)λ̃(t)

(
ˆ̃ψ†(0)Ŝ−−h.c.

)
= −v∂xϕ̂(x)+πγ̃sgn(x)

dN̂

dt
(C.31)

(∂t + v∂x)ϕ̂(x) = +πγ̃sgn(x)
dN̂

dt
. (C.32)

The solution to the differential equation (C.32) imposing that ϕ̂(x) is continuous at x = 01

is

ϕ̂(x, t) =

 πγ̃(N̂(t)− 2N̂(t− x/v)) + f̂(t− x/v) x > 0

−πγ̃N̂(t− x/v) + f̂(t− x/v) x < 0
(C.33)

where f̂(t− x/v) is an arbitrary function. This yields

v

2π
(∂xϕ̂(+0)− ∂xϕ̂(−0)) = γ̃

dN̂

dt
. (C.34)

Now the charge density is ρ̂(x) = +e
√
ν∂xϕ̂/2π and since the excitations move with

velocity v, the current is Î = vρ̂. Thus (C.34) becomes

Î(+0)− Î(−0) = −q̃ dN̂
dt
, (C.35)

so there is a jump in the current at x = 0 due to the charge leaking off the dot, however

note the prefactor is q̃ not q. We now set the boundary condition that there is no incoming

1The continuity on ϕ̂(x) comes from its derivatives being finite in (C.32).
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current on the left of the QPC, then ∂xϕ̂(x < 0) = 0. This requires

f̂(t− x/v) = πγ̃N̂(t− x/v) (C.36)

and hence

ϕ̂(x, t) =

 πγ̃(N̂(t)− N̂(t− x/v)) x > 0

0 x < 0
(C.37)

This yields the result quoted in the main text

Î(x, t) = −q̃ dN̂(t− x/v)

dt
. (C.38)

where q̃ = −γ̃√νe.
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Appendix D

Bilayer quantum Hall details

D.1 Monte-Carlo procedure

We follow the approach outlined in Ref. [259]. For the calculation of the overlaps we use

the probability distribution of the 111 state as a sampling distribution for the Monte-

Carlo (MC) algorithm. This choice guarantees that we are sampling from the part of the

Hilbert space in which the ground state lies for small d/`B. For large d/`B, we find that

the MC errors lie within an acceptable range, even for this choice of sampling.

For the overlaps of the ED ground state with the 111 state, the CFL and the p-wave

BCS state, we work in terms of electron coordinates in both layers. We start with a

random distribution of the electron coordinates ({Ω↑}, {Ω↓}) and perform a random walk

on the sphere according to [259]. At each MC step, we propose a move of one particle to

a new position and accept or reject the move based on the Metropolis algorithm for the

probability distribution

ρ({Ω↑}, {Ω↓}) = |Ψ111({Ω↑}, {Ω↓})|2. (D.1)

After a suitable equilibration period, the electron coordinates will be distributed ac-

cording to the probability distribution ρ({Ω↑}, {Ω↓}) and we can generate MC samples

({Ω↑}I , {Ω↓}I) where I = 0, . . . , NMC − 1. The number of MC samples NMC was chosen

up to 108 depending on system size. Then, for example, the overlap of the ED ground
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state with the CFL will be

〈ΨGS|ΨCFL〉 =

∫
dΩ↑1 . . . dΩ↑N↑ dΩ↓1 . . . dΩ↓N↓Ψ

∗
GS({Ω↑}, {Ω↓})ΨCFL({Ω↑}, {Ω↓}) (D.2)

=
1

NMC

NMC−1∑
I=0

Ψ∗GS({Ω↑}I , {Ω↓}I)ΨCFL({Ω↑}I , {Ω↓}I)
ρ({Ω↑}I , {Ω↓}I)

j({Ω↑}I , {Ω↓}I)

(D.3)

where

j({Ω↑}, {Ω↓}) =

N↑∏
n=1

sin θ↑n

N↓∏
n=1

sin θ↓n (D.4)

is the Jacobian for the area element on the sphere. We proceed similarly for the overlap

with the s-wave trial state, except that we work in terms of electron coordinates in the top

layer and hole coordinates in the bottom layer, i.e. ({Ω↑}, {$↓}) and use the probability

distribution

ρ({Ω↑}, {$↓}) = |Ψ111({Ω↑}, {$↓})|2. (D.5)

D.2 Finding D(L = 0)

First consider one individual layer, such that the single particle states have m = −q, . . . , q.
Now work out the

(
2q+1

(2q+1)/2

)
many-body states (m1, . . . ,mN). For each of these states,

compute M =
∑

imi. By looking at the highest M state, we deduce there must be

a multiplet with J = M . We then take away the 2J + 1 states in that multiplet and

iterate. Once we know all the possible values of J for an individual layer, we can add the

momenta in the two layers. We know that J↑ and J↓ must be the same. Then

D(L = 0) =
∑
J↑

N2
J↑

(D.6)

where NJ↑ is the number of times that the J↑ multiplet appears in the single-layer many-

body states. Using the Clebsch-Gordan coefficient

〈j1m1; j2m2|00〉 = δj1,j2δm1,−m2

(−1)j1−m1

√
2j1 + 1

(D.7)
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we deduce that

〈J↑M↑; J↑ −M↑|00〉 = (−1)2M↑ 〈J↑ −M↑; J↑M↑|00〉 (D.8)

and since (−1)2M↑ = (−1)2J↑ , the states have even parity under layer exchange if J↑ is

an integer (and hence when there are an even number of particles per layer) and odd

parity if J↑ is a half-integer (and hence there are an odd number of particles per layer).

However, we need to remember that if NJ↑ > 1, then we can form both symmetric and

antisymmetric combinations. In particular if we have states {|J↑〉1 , . . . , |J↑〉NJ↑}, then

there will be NJ↑ diagonal pairings which have symmetry (−1)N1 and NJ↑(NJ↑ − 1)/2

off-diagonal pairings that have symmetry (−1)N1 as well as NJ↑(NJ↑ − 1)/2 off-diagonal

pairings that have symmetry −(−1)N1 .
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[238] Gunnar Möller, Steven H. Simon, and Edward H. Rezayi. Paired composite fermion phase of
quantum hall bilayers at ν = 1

2 + 1
2 . Phys. Rev. Lett., 101:176803, Oct 2008. URL: https://link.

aps.org/doi/10.1103/PhysRevLett.101.176803, doi:10.1103/PhysRevLett.101.176803.
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