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Abstract

We propose an experimental setup for manipulating the spontaneous emission (SE) of quantum
scatterers, based on a spatial light modulator. We discuss this idea in the case of trapped barium ions
as quantum emitters. A first novelty is the potential to entangle more than two ions through a single
photon detection event with programmable adaptive optics. Additionally, this setup can be used to
control the SE of single-photons emitted collectively by spatially distinguished quantum emitters.

1. Introduction

The process of spontaneous emission (SE) of radiation is a phenomenon in which excited states in matter
release energy into the environment as electromagnetic radiation [1]. In trapped atoms, this process is
crucial for the realization of Doppler cooling and quantum-state detection [2]. In addition, the exchange of
spontaneously emitted photons is an alternative for entanglement generation to standard methods based on
motional coupling of ions that interact at close proximity within the same trapping volume [3]. For example,
SE gives experimenters the possibility to distribute quantum resources beyond the trapping device in
quantum networks [4, 5] for remote sensing, and precision geodesy [6]. Photon-mediated entanglement is
appealing for quantum computing also within the same quantum processing unit because photon transfer
might prove faster than transporting the ion with the associated information (shuttling). Ion shuttling is one
of the most time-costly overheads of modern quantum computing chip architectures [7, 8] and the
advancing of a new general operational framework utilizing the ‘photon bus’ as opposed to the conventional
‘motion bus), holds significant potential to expedite computations reliant on entanglement distribution [9,
10]. Furthermore, high-fidelity entanglement generation is of paramount importance in modular quantum
computing architectures, because it allows quantum teleportation of states or gates between the different
parts. For local photon-mediated entanglement, primarily two methods have been considered. One approach
consists of arranging ions into suitable geometrical configurations with respect to a detector [11, 12], which
requires the physical movement of the ions or the detector to control the interaction. In the second approach,
a mirror can be utilized to reflect the light emitted by one ion onto another one [13], which eliminates the
need to physically rearrange the ions in the trap to entangle them. The presence of a single mirror in the
latter approach, limits the entangling protocol to a single pair of ions at a time. In this article, we propose to
overcome this limitation by using a phase spatial light modulator (SLM).

The setup can also be used to control the phase front of light emitted by multiple ions. When a single
photon is emitted, this control allows for adjustment of the ions’ collective emission in the imaging plane,

© 2025 The Author(s). Published by IOP Publishing Ltd on behalf of the Institute of Physics and Deutsche Physikalische Gesellschaft


https://doi.org/10.1088/1367-2630/add8b2
https://crossmark.crossref.org/dialog/?doi=10.1088/1367-2630/add8b2&domain=pdf&date_stamp=2025-6-19
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://orcid.org/0009-0005-1575-3296
https://orcid.org/0000-0002-6468-1437
https://orcid.org/0000-0002-1128-2571
https://orcid.org/0000-0001-9566-3824
https://orcid.org/0009-0000-7189-8784
https://orcid.org/0000-0002-4065-6587
https://orcid.org/0009-0009-9511-605X
https://orcid.org/0000-0002-3122-2461
https://orcid.org/0000-0001-7410-4804
https://orcid.org/0000-0003-3068-0425
mailto:tommaso.faorlin@uibk.ac.at
mailto:Giovanni.Cerchiari@uni-siegen.de

10P Publishing

New J. Phys. 27 (2025) 064107 T Faorlin et al

where they are spatially distinguishable. Such an interfering effect is similar to what has been observed along
the ion chain in [11], and offers the possibility to engineer the interference on the transverse plane. Our
method combines the studies on light scattering of single ions in half-cavities [14] with explorations in
multi-ion light interference [12, 15, 16].

The paper is organized as follows: In section 2 a model describing how the emission of the ions can be
influenced by the SLM is presented. Then, in section 3.1, we present how the SLM can be used to program
complex and flexible entanglement operations involving more than two ions. Finally, in section 3.2 we
describe how the SLM can regulate the SE of multiple ions.

2. Model

A scheme depicting the optical setup is presented in figure 1. The classical model introduced in this section,
aims at explaining how ions are coupled to a boundary condition, and how by programming the latter some
applications can be realized. We consider as dipolar emitters N ions located in the focal plane of a confocal
pair of lenses. The electric field of the emitted photons of such an arrangement can be modeled by a function
f(r), where r € (x,y,z = z;) and z; marks the plane where the ions are. We assume the lenses to be located in
the far-field of the ions and simplify the description of the system by applying the paraxial approximation.
Under these conditions, the lenses (L; and L,) map a field distribution f{(r) [17] located in their focal plane

into its spatial Fourier transform (FT) f(k) via

fo o [ #r0ukansn 0
R2
where we called d’r = dxdy and where the Green’s function G is

G (k,r) = ek, (2)

In the last equation, the wave vector k parameterizes the (x, y) plane in the far-field [17].

On one side of the confocal setup, a reflective phase SLM is used to send the radiation back to the
emitters. This device consists of a matrix of pixels, where each pixel can change the local phase of the
impinging wavefront upon back-reflection. This arrangement can be modeled by introducing the Green’s
function G,, for the returning field right after reflection. The expression of G, is

G (k,1) = prm (k) Gy (k,r) (3)

where p = €€, accounts for the non-unitary reflection coefficient €; of the SLM and the optical losses ¢,
through the imaging system. (k) is the phase function programmed on the SLM’s pixels. The refocusing of
the returning light field by the lens L, performs an additional FT, resulting in the field

fn (r) = pe® (fxm) (1), (4)

where x is the convolution of the original function f with m(r) being the FT of 7i1(k). The constant phase
term e'¥ accounts for the optical path of the light traveling to and from the modulating device. In a real
setup, this phase term can be adjusted by controlling the distance of the SLM to the lens with a
piezomechanical actuator, or by adding a global bias phase to the programmed phase function. In

equation (4), the minus sign on the variable r indicates that the retro-reflected light forms an image at the
opposite side with respect to the focal point of L;. The combined system composed by ions and mirror can
be considered as a half-cavity [14]. When the ions are positioned close to the waist of the half-cavity, the
emitted light is redirected onto the ions themselves and their SE is affected [18, 19]. Due to field interference,
the total field emerging from the ion plane propagating towards the lens L, is given as [20]

u(r) = f(r) + fu (r) . (5)

This formula is consistent with the case of a flat mirror (#1(k) = 1), which forms a reflected image of the
emitters dephased according to the round-trip optical path of the reflected light. Any subsequent collimation
or refocusing by a lens adds additional FTs. For example, if the second lens L, is used to collimate the
spherical waves emitted from the ions’ plane into plane waves the light field after the lens can be written as

i (k') =f(k") + peiin (k') f(—K'). (6)
Instead, if the lens is used to image the ion plane onto a detector (equivalent to considering Ls in the
complete setup), such as an EMCCD camera, the final field on the detector is d(r’) = u(—r'). We report a

more detailed derivation of the formulas presented in this section in appendix A, and proceed to illustrate
possible applications of this model in the next paragraphs.
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Figure 1. Schematic optical setup. Ions are trapped in the focal plane (x,y,z = z;) of a confocal lens setup. On the left side in the
figure, a SLM modifies the wavefront of the light field emitted by the ions upon back reflection. The reflected field returns towards
the ions and interferes with the primary field emitted by the ions in the direction of detection. The SLM can be programmed to
obtain a different phase delay of the reflected field at different wave vectors k. The distance of the lens L, can be adjusted to
collimate a spherical wavefront into plane waves and, with Ls, to image the ions onto a detector plane (x’,y’,z = z;). Collimation
into plane waves forms the Fourier transform of the field.

3. Applications

We present two applications for the introduced setup, simulating real experimental conditions and a
commercially available SLM (Hamamatsu X15213-16). The code is available online [21] in the form of
Jupyter notebooks and Python scripts. The first application is about the programmable creation of
photon-mediated entanglement, using the Cabrillo scheme [22]. Here, the SLM acts as a flexible mirror that
creates multiple images of the ion chain on the detector plane. In this way, it is possible to superimpose the
images of several ions at the plane of detection and generate entangled states by photon detection. The second
application is the controlling of the SE of a chain of ions. Up to now, control was only demonstrated for
single ions [14] and in multiple ion systems restricted to configurations that made ions indistinguishable [11,
13, 23]. Unlike a mirror, the fact that the SLM is programmable enables experimenters to control
non-uniform wave fronts emitted by multiple ions permitting SE control also for ions that remain spatially
distinguishable in the imaging plane. We simulate the fields described in equations (4)—(6) and show which
phase masks need to be programmed on the SLM to achieve programmable entanglement and modulated SE.

3.1. Remote entanglement

Entanglement of two ions by measurement of a single photon can be achieved by implementing the Cabrillo
scheme [22] with a distant mirror [13, 23]. The protocol for two ions relies on the mirror for superimposing
the spatial modes of the ions onto a single photon detector [13]: the source of an eventual detection of a
single photon is therefore indistinguishable. We show how this protocol can be extended to several ions by
using the SLM instead of a mirror. We then motivate the phase function to be programmed first and present
the details of the generated ions’ quantum state.

A reflective SLM can be employed to adjust the direction of a reflected light beam by programming a
blazed grating function. This function is implemented as a linear increase of the phase across the SLM, which
is equivalent to a tilt of an ordinary mirror, with periodical phase wrapping to keep the phase values within
the allowed programmable range. Following this idea, we can divide the SLM sensor into as many sectors as
there are ions to be entangled, in order to create several images of the ion chain and simultaneously
superimpose them. For example, with three ions, the three sectors can be recognized in figure 2(a)) by the
different pitches and inclinations of the blazed gratings. The sectors should preferably have equal area and
divide the SLM symmetrically around the optical axis (as a pie) to balance the reflected power, considering
the transfer function of the optical apparatus. In a generic sector we encode a shift operator 1 that is
programmed to displace the image of an ion labeled j onto the detector located at r,;. The function to be
programmed on the sector is

m(k) =exp{i(¢p+k-(rj—ra))}, (7)

where ¢ is a constant phase shift that can be programmed on the entire sector and r; is the location of the ion
on the plane. Figure 2 depicts one of such configurations to generate three superimposed images of three
ions. In some areas of the image plane (brightest point in figure 2(b)), the photons emitted by the three ions
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Figure 2. If three ions are entangled, the phase mask programmed on the modulator’s pixels resembles the one shown on the left.
Each angular sector of the mask creates an image of the entire ion chain on the detector plane, as illustrated on the right. These
images are shifted relative to the original chain by an amount proportional to the frequency and orientation of the pattern (a
blazed grating) encoded in the pixels of each sector. The shifts are programmed to ensure that the images of all three distinct ions
precisely overlap at the same point on the detector. The single photon that signals entanglement is detected at the brightest spot in
(b), where all the ions’ images overlap via the SLM.

are indistinguishable, which hence can be used to generate entanglement via the Cabrillo scheme. The sectors
are re-programmable and re-configurable allowing for a variety of flexible operations.

The entangling protocol can be implemented via detection of spontaneously emitted photons from a
cyclic transition. In a generic scenario, we consider N ions, each of them initialized in an unbalanced
superposition of two ground states |g+ ), i.e. /T — p|g_) + 1/P|g+). A global w-pulse transfers the population
of |g4) to a fast-decaying excited state |e). After SE, the state |e) decays back to |gy ), emitting a single photon.
In the example of '**Ba™, |g1.) = |65; /,,m; = £1/2) and the 7 pulse can be driven with a 455 nm laser to
le) = |6P3,,m; = +3/2) so that the decay back to |[g_) is dipole forbidden and logical errors are thus
nonexistent. If p is small, the probability of multiple photon events is negligible. If the light emission modes
of the different ions are superimposed on a detector, the detection of a single photon event does not provide
information about which particular ion emitted the photon, projecting the ions into an entangled state. In
case the state |e) has other decay channels, the produced photons can be filtered out using polarization- and
wavelength-sensitive photon detectors.

Using the SLM arrangement and the phase mask shown in figure 2, the collective emission of a single
photon can be detected in the image plane, at the brightest spot in figure 2, which provides
indistinguishability of the possible emitters. The quantum state after emission, including electronic levels in
tensor product with number states |n) of radiation quanta, is as follows

N

) =3 "2 (1= p) N W n i) n), (8)

n=0

where |W,, n_,,) are the generalized W or Dicke states [24]. The latter are defined as

N\ 12
|Wn,N7n> = <”> Z'Pk|Sn,N7n> 3 (9)
k

where Py is the operator that produces all the possible different permutations with equal number # of
particles being in the |g ) state, and with |S, y_,) defined as

n N
|SnN—n) = H g1 )a H l8-)s - (10)
a=1 B=n+1

Heralded photon entanglement obtained via single photon detection represents the case with n= 1. For
example, the formula can be reduced to the two-ion case reported in reference [23] by setting the condition
N =2 to obtain [¢)) = (|g_g+) + €[g+g_)) /v/2, where the phase ¢ is determined by the difference in laser
excitation phase and path lengths of the photons to the detection point, from different ions. The process is
reliable in the limit of weak excitation probability (p < 1) because the infidelity is bounded by the events in
which the detector clicks as a consequence of multi-photon emission if they cannot be experimentally
separated from the single-photon events. Such separation might be possible by considering the spatial
distribution of single and multiple photon events in Fourier space to further shape the sectors of the SLM to
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Figure 3. The maximum fidelity F from equation (11) (solid line) and the probability for single-photon events Py defined in
equation (12) (dotted line) of the Cabrillo protocol versus the state preparation probability p, for different numbers of ions (solid
line). We hereby assumed, that multiple and single photon events cannot be distinguished.

predominantly deflect the single photon contribution [12]. However, it is beyond the scope of this article to
quantify the extent of such an advantage. In the scenario in which multiple and single photon events cannot
be distinguished nor separated, a click in the detector heralds the creation of the N-particle entangled state
|W1 n—1), with a fidelity that depends on the probability of single photon emission p via the function

1

Np(1-p)"~

F=-
S (-

, (11)

which is a monotonically decreasing function of p. For computing purposes, when encoding a logical qubit
on a 2D surface code, the fault-tolerance threshold for the fidelity is 99% [25]. This limit can be achieved
with p < 0.01 for N =2, and similar values for p have already been achieved experimentally [13].

The probability of emitting and detecting only one photon Py, is the pre-factor of |[W; y—_1), given by
the expression

N—1 (12)

Psucc = pr(l —P)
Equation (11) and the success probability Py, versus p for different numbers of ions are shown in figure 3.
The losses for a detection apparatus featuring a 0.6 numerical aperture objective lens (10% of light collection
efficiency, 91.5% optical transmission at 493 nm) and an EMCCD detector (around 90% of quantum
efficiency at 493 nm) amounts to €, = 0.08. The SLM we have considered in this article has a reflection
coefficient of 0.98 and its diffraction efficiency can be modeled as cross-talk between neighboring pixels,
resulting in an overall loss of €; = 0.83, i.e. p ~ 0.07. Considering an experimental duty cycle of 3 kHz and
p = 0.05 we expect an entanglement generation rate of ~ 20s~ 1.

3.2. Collective SE

The configuration depicted in figure 1 with a flat mirror in place of the SLM is known as half-cavity [18, 26,
27] and can be used to control the SE of a single ion. With the SLM, the control can be extended to multiple
ions located in the focal plane of the half-cavity. The SLM enables the control of the scattering rate of all ions
simultaneously, so that their collective emission can be enhanced or suppressed. For instance, we can solve
equation (6) imposing a suppression condition, i.e. the condition of destructive interference #(k) = 0. The
function f(k) can be separated into amplitude A(k) and phase ¢(k) according to the formula:

flk) = A(k)e*® | If in the proposed setup, the function f(r) is real, the following relation holds

f(—k) = A (k) e~*®_ This condition is equivalent to stating that all emitters are in phase, which can be
achieved experimentally by driving the ions with a laser beam orthogonal to the chain. In a few steps we
arrive to the following condition for the SLM’s phase mask

m (k) = exp (—12¢ (k)) . (13)
By inserting this expression into equation (5), we obtain the field in the imaging plane
u(r) =£(r) (1—pe) . (14)

The field f(r) is unaltered in shape, but is modulated by the term (1 — pe'¥). This implies that, even if the
emitters remain distinguishable in space in the imaging plane, the phase mask influences the total field at the
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detector. Enhancement and suppression of the amplitude can be obtained by changing the distance between
the SLM and L; to control the global phase .

The result derived in equation (14) considers only the interference of the fields, assuming that the ions
scatter phase-coherent monochromatic radiation. To assess the validity of this approximation, we have
refined our model by incorporating the main factors that limit the light coherence of such quantum
scatterers, and thus the contrast of interference. The first effect is that ions can become saturated under a
strong driving field, causing them to scatter light without spatial coherence [12]. The second effect to
consider is that each ion acts as a photon source, and its temporal coherence is limited by the lifetime of the
electronic state. The third source of decoherence arises from the harmonic motion of the ions within the
trapping potential. To compare the three contributions to the residual light intensity we calculate the
dimensionless quantities C, C,, and Cs. The coefficients are the intensity of each ion’s residual image
normalized by the individual ion free-space image as if the SLM was not present. The expression of each C
coefficient can be understood as if only one of the three effects is active at a time. The three contributions can
be then additively combined as presented in the Appendices.

We simulate these effects with a numerical model that aims at evaluating the minimum attainable
visibility, i.e. under the assumptions p = 1 and 1) = 0, where the wavefront gets reflected back with opposite
phase and destructive interference with the original field happens. We assume the system to be composed of
N ions localized at locations r,. For simplicity, we follow the approximation already applied in the literature
that assumes the ions to be two-level systems with an excited state decay rate v [16]. The ions are driven with
uniform Rabi frequency €2 and a detuning A and we explain the model in its entirety in appendix B.

In our model, the first contribution stemming from saturation can be identified in the free space far-field
intensity distribution I(k) measurable by a detector, that can be written as the sum of a ‘coherent’ and an
‘incoherent’ intensity: I(k) = I.(k) + I;(k). The two intensities have the expressions

2 2
I. (k) — (Q VAZW) ‘Zeik-m (15)
2

2 4+2A2+272

N 0?
69=3 (ariaarras) (16

and they are derived in detail in equation (B11). This result is compatible with what was found in former
literature for the emission of light from two ions (N = 2) [16]. We note that this formula relates to the field
function f previously introduced via the relation I, (k) o |f(k)|?, which shows that the mask reported in
equation (13) is calculated considering only the coherent part of the emitted field and it will not be able to
cancel the incoherent contribution. The ions remain distinguishable in the imaging plane and their light
intensity is homogeneously modulated by changing the phase v. However, the minimum attainable light
intensity, even with unit reflectivity, is not zero. The remaining images of the ions are stemming from the
incoherent term I (k). This implies that such images, being fully incoherent, can no longer interfere with
each other. We define the first coefficient C; that captures the contribution of saturation to the residual
image as follows

_ Li(k) Qf
Cl (77QaA) T N - Z(QZ—FZAZ-I-Z’)/Z)Z :

(17)

This coefficient determines the residual intensity as a function of the model parameters and it is not
dependent on the number of ions. We note that in the case of weak driving it is suppressed to fourth order in
Q. In practical experiments that observe light scattering of trapped ions, the driving laser has a detuning A of
maximum a few times +y and a driving strength {2/~ around one [28]. From the plot, we evince that only
small residual intensity (C; < 0.1) are present. Furthermore, existing experiments that would implement the
SLM setup could already achieve a measurement of the variation of C; while transitioning between the
unsaturated and the saturated regime.

Secondly, the contribution C;, due to temporal incoherence stemming from the lifetime is connected to
the time 7 spent by the light to go and return from the SLM. The interference contrast reduces if 7 is
comparable to or longer than the excited state lifetime [18]. The proportionality coefficient C, for the
residual intensity at the detector is given by the expression

C (1,7, ,A) = {0y g(T)o_) —(or0o_). (18)

In this expression, o are level raising and lowering operators for a single ion and the 7-dependent correlator
is evaluated in equation (C10). The quantity C, is given in units of the free-space intensity of a single ion
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Figure 4. Percentage factor Cs, representing the remnant intensity due to the motion of the ion vs the ion temperature T. In this
plot, T =0K correspond to 7 = 0 and 7= 0.6 mK to 72 & 12 (Doppler limit). Compared to the other two contributions, this
represents the largest one to decoherence and loss of contrast in the interference.

arriving at the detector. In realistic experimental conditions [28] and by placing the SLM at 0.1 m from the
ions, one has C, ~ 2.5 x 107 (7y = 0.027). This contribution to decoherence is therefore negligible in
most practical applications. An extended description of coefficient C,, with an alternative derivation of C;,
are reported in appendix C.

We consider now the third and largest contribution to decoherence, which results from the ion motion.
Modern SLMs permit to refresh the phase function in the millisecond timescale. This update speed is much
slower than the ion oscillation frequency inside the trap which is typically about w = 27 x 1 MHz. Therefore,
the phase mask must be selected based on the average position of the ions. Consequently, fluctuations of the
ions’ position results in improper match between the direct and reflected fields that are interfering at the
detector. To assess how the mismatch affects the final contrast, we consider that the positions of the ions are
randomly distributed according to a Gaussian thermal oscillator state, expressing the field as
f(rn) = fo(r,) + 0f(r,). In the limit of small motional amplitudes (compared to the wavelength), the random
fluctuations have zero mean, (0f(r,)) = 0, and can be assumed uncorrelated between different ions
(0f(rn)0f(r)) = 0 for all m # n; see derivation in appendix D.

In an isotropic ion trap potential of frequency w, the thermal standard deviation of each ion’s position is
o = /(27 + 1)li/2mw, where m is the ion mass, and 77 = (e"“/*T — 1)~ is the mean phonon number.
Assuming a Gaussian-shaped single-ion image with a diffraction-limited spot size s, we can expand Cs to
lowest order in o as

= (3) sty

where k = 27/ \. Here, we take a Gaussian single-ion image of characteristic width s and isotropic position
fluctuations with scale 0. The dependence of C; as a function of temperature is presented in figure 4 for the
mass value of barium: m = 138 amu. We see that at the Doppler limit 7 == 8 — 10 the contrast is reduced in a
similar way as observed experimentally in experiments with a single ion and a mirror [29]. To obtain the
maximum contrast, further cooling techniques are required.

4, Conclusions

In this article, we describe how to control the SE of single and multiple light scatterers such as trapped ions
with a phase-programmable mirror as boundary condition. We presented two applications: how this setup
can be used for programmable photon-mediated entanglement and for controlling the SE of distinguishable
ions. By choosing trapped ions, we imposed stringent constrains such as for example the limited NA given by
the lenses collecting the spontaneously emitted light, which allowed the SLM to be far away from the
emitters. This has practical implications, because SLMs cannot be placed in the near vicinity of the atoms
being them not vacuum compatible. This makes our finding generically applicable, because the only
requirement is to collimate the light emitted by the quantum scatterers.

Programmable entanglement operations mediated by light can be adopted for on-chip preparation of the
entangled state of trapped ions in near-future quantum processors. Light-based operations have the potential
to reduce the shuttling budget on chip for the preparation of the initial entangled state of trapped ions
which are located at any trapping site. The proposed setup can be built without moving parts and is
complementary to other approaches based on integrated photonics [30, 31]. Compared to waveguide-based

7



10P Publishing

New J. Phys. 27 (2025) 064107 T Faorlin et al

interconnections, however, our design adapts to a large variety of trap designs and imposes no constraints on
the location of the ions on the trap structure.

The SLM enables modulation of the ions” SE while maintaining the spatial identity of each individual ion.
This is a step forward towards understanding how to control the scattering of complex objects because the
condition of destructive interference can be programmed depending on the spatial distribution of the
emitters. The proposed method modifies the emission at a distance, leaving room for the experimenter to
manipulate the sample on the opposite side of the SLM and, thus, operates without imposing stringent
conditions on the sample under investigation [32]. The suppression of SE for multiple ions can also find
applications in reducing the off-resonant scattering error of certain quantum gates, such as Light Shift
gates [33], that rely on the weak excitation of a dipole allowed transition. Furthermore, the technique does
not strictly require the sample to be made of trapped ions, but only that the sample can scatter light. For this
reason, we believe that it can find application in the field of microscopy for affecting the visibility of nearby
scatterers globally or differentially.
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Appendix A. Model description

We report in this section a more detailed derivation of the formulas presented in section 2. Considering the
arrangement depicted in figure 1, the ions are located in a single plane (x,y,z = 0) corresponding to the focal
plane of the lenses L; and L,. The function f{r), where r = (x,y,z), describes the electric field of the emitters.
The electric field at another point r in space will be given by convolution of f with the far-field Green’s
function of the Huygens—Fresnel integral [34]

, 1 2 eiklr—r']| A
= - 1
)= 55 [ € 7 (A1)
In far-field approximation |r’| > |r], the electric field takes the form
1 elk‘ iklrl 77
el |r|F-F A2
)= 5 | @A , (a2)

in which we simplified |r — #’| & |r/| in the denominator. In the pre-factor, we can neglect the imaginary
terms corresponding to a shift in the phase and the constants factors including |r’|. It is also convenient to
rewrite the exponent as k|r|7- 7' = k- r and note that the resulting integral is the FT of f{(r)

flk) = / d2rf(r)e T, (A3)

Via a flat mirror and a lens, we reflect the field back into the (xy) plane. This corresponds to performing an
additional FT

f(-r) = / PRk e kT (A4)

We now consider the radiation to be reflected with a SLM instead of a mirror. The Green’s function is
modified by the multiplicative phase function #i(k) generated on the SLM’s pixels. By virtue of the
convolution theorem for FTs, the reflected field amplitude becomes

“n)= [ @)= (Frm) ().
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Consistently, the result reduces to equation (A4) if we assume reflection at a perfect mirror by setting i = 1.
This means that if the emitter is displaced by r from the optical axis, its image will be formed in its same
plane but at position —r. The actual field on the emitters’ plane is found by summing the one emitted
directly and the one reflected by the SLM and has expression

u(r) = f(r) + fon (r) = f(r) + pe™ (fr m) (=1). (A5)

In the last equation, the non-ideal reflectivity €; of the device and the optical losses €, through the
imaging system are incorporated in the p = €€, coefficient. Also considered, is an additional constant phase
term emerging from the optical path of the light traveling to and from the light modulator ¢y = wAt, where
w is the frequency of the scattered light and At the round-trip time. The field u(r) is propagated in free space
and under paraxial approximation takes the form

i(k') = / Pru(r)e ™= / &r [f(r) + pe'
[ @y (r =) ) e
= (K) + e (-K') [ donyflay) €
= J(K) + pein (~K)T(—K') (46)

Finally, the impinging field on the detector d(r’) is found by inverting the argument of equation (A5) and
performing a change of variable r — ¢’ for the sake of clarity.

Appendix B. Coherently driven two-level ions

Here, we consider a model of N coherently driven two-level ions in order to calculate the far-field emitted
intensity and to show that the method for suppressing SE can equally well be used for stimulated emission.
This can be considered a generalization of the two-ion model in reference [16].

The ions are driven by a classical field of frequency w; and polarization e;. They are assumed to be widely
spaced with respect to the wavelength Ay = 27 ¢/wj of their transition, such that they are non-interacting
and their SE is independent. Following a textbook approach [35], the dynamics of a set of driven two-level
ions in free space coupled to the electromagnetic field are governed by the Markovian master equation

N

dp i (n)

& NIH, 4 Hy (), ZD[_}, B1

3 = 7 [Het d()pH;v o\ p (B1)
where p(1) is the quantum state of the N atoms at time ¢ in the Schrédinger picture, H, = — 1 hw, 25:1 o

is the free Hamiltonian of the ions, Hy(f) = 52 S [e_iw”ain) + ei“”o(:')] is the driving Hamiltonian with

2
(m) _(m) 1 (n) (m)

Rabi frequency €2, and D[U@] p=0"po} 5(0_(:')0_ p+poy J@) is the dissipator describing SE of
ion n with rate coefficient ~.

We start by finding the steady state of the ions, reached in the long-time limit. Note that the master
equation is separable, so each ion’s state p(") obeys the same independent dynamics. In the interaction

()

picture rotating at frequency wy, p; ' := e~ iwitoz/2 p(n) giwrto=/2 eyolves as

= et

i n n
- [%05 )} +29D[0]p}", (B2)
where A = w; — wy is the detuning. The time-independent steady state in this frame can be written as

p(()g) = %(I—F rpoy+r_o_+ rzaz)’ with

. 20(A—-iy)
S A 2y (B3)
2 AZ 2
po 247 (B4)
D2 4+2A2 4272

The full steady state of all ions in the interaction picture is then pos = @), pgg).

9



10P Publishing

New J. Phys. 27 (2025) 064107 T Faorlin et al

[(L] poo [1) |

0.3
g 0.2
QL
S
= —A=0

0.1

0 | |

0 2 4 6 8 10

Q/~y

Figure 5. Properties of the single-atom steady state poo in the continuously driven model as a function of driving strength €2 for
different detunings A: (a) excited state population (top) and coherence (bottom).

The emitted component of the field E°*!(r, ) in the Heisenberg picture can be found from the
input-output formalism to have positive-frequency component

EX (r,t) = /@Z %G@H (tf an) , (B5)

c

where s, = r — r,, is the vector of propagation from the position of the nth ion to r, and e, , is the component
of er perpendicular to s,. Here, x is a constant related to v whose value we will not need. Note that the
symbol s, indicates

s0= VIR + 2 =2 |r = 7, (B6)

where the last step is valid in far field approximation. The steady-state intensity (E° - E"") at position r can
be found by noting that <a<+”j£1(t)aﬁ?H(0)> = (afﬁ,(t)} <cr(_")H(0)> for m = n due to the lack of correlations
in the steady state. Then, using the interaction picture,

(0" (1)) =tr {e*i‘”“’z/ 26" gieto:/ ngé)}

= e ity [U@pgg]

—iwrt

(S T
=—, (B7)
so we have
792 m-=n
n 2(Q24+2A24242) —
(04 (1= s /€) oy (1= su/c)) = QZ(AZMZY icor (sa—sm) /¢ (B8)
@y e T m#

The excited state population and coherence of the steady state are plotted in figure 5.

We now assume a paraxial approximation and a small total spatial extent of the set of ions, which allows
us to simplify e, , =~ e, independently of the ion, and similarly the factor of s, in the denominator of
equation (B5) is replaced by a constant distance R from the ions to the detector. Then equation (B5) reduces
to

E & gelga(_",)h, (tfs—"), (B9)

c
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and from equation (B8), the mean intensity is

<Eout Eout>Niz| |2 %
- R/ E Rl 2(QZ+2A2+272)
02 (A2
N+ (&% +7) ZZCOS wr [y —sm] /€)| - (B10)
(02 42A2 4 272) o

We can separate this into coherent and incoherent parts by writing

Q\/ A2+ry Z wJLs,,/c
2

ut  pout A
(B E0>N |L| 02+ 2A7 1 24

0 ?
(Q+2A+27> - B

We therefore see that the coherent interference pattern dominates at weak driving, when 0?2 < A? 4 ~2. The
equations (15) and (16) of the main text are obtained combining equations (B11) and (B6).

Appendix C. Saturation and temporal coherence

We now show that suppression of emission in the driven model is achievable using the SLM, with some
residual field of two different origins: one is an incoherent term due to saturation at strong driving, and the
other is due to finite coherence over the time delay 7 in propagation from the ions to the detector via the
SLM versus directly to the detector.

We denote the field components from emission in these two opposite directions along the z-axis by E>*M
and E%, respectively. Due to the placement of the ions in the x—y plane, we can assume by symmetry that
these take the same form, determined by equation (B9). The total field in the detector plane is then a sum of
the direct and SLM reflected components

E* (r,6) = B (r,0) + ™ (£, — 1), (C1)
with

)= 2 (oLt 50/

E™M (r,t pe”"Zg y(t—s,/c—T), (C2)
where s,, is the total optical path length from ion # to the detector, and f, (r) encodes the spatial field
variation in the image plane from the nth ion. Here, g, (r) = (m* f,)(—r) is the reflected image of a single
ion. The SLM phase is chosen such that the total reflected field matches the direct field, i.e. such that

G:= Zn gnei‘*”«s"/ ‘= Zn fnei“’"s"/ ¢ =: F. The mean detected intensity is then
et = <E‘jft : Eclet> = [4ir - SIM 1 2 Re [ (dropping the explicit dependence on r and t), where

Zﬁmf< (= 50/0) 0"y (= 5./0))
—Z|f| oo )+ Y ffe e ),

m;én

1wL5,,/c

+Z|f\ (010-) = (74) o))
e \+Z|f|(o+o |<U,>|)7

I = 6o} e (toro-) = lo)), (C3)
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102 10
™y
Figure 6. The function C; as defined in equation (18) modulating the mean intensity I remaining on the detector, for different

driving strengths €2 and with vanishing detuning. Realistic experimental conditions are 7y = 0.027, at which the value of C,(7)
is small enough that any leftover field is negligible, independently on the drive.

and the interference term is
I‘m—pewZﬁgn< o (1= 5/ (1= 50 /c = 7))
S (1)) e S g e D
n

m#n
— pe () FL Gl (g )[? 4 pell¥ +err) Zﬂgn (<0+7H (F)o_) —| <0_>|2)' (Ca)

For these expressions, we used the lack of correlations in the steady state and equation (B8). Grouping these
parts together, we have

. 2 . 2
= [P Gl (o) 4 Y If, + pe g [ ((40) ~ (00
n

+2pRe Y flg, V) (o (1) o) — (040-)). (cs)

We set el(¥ +@im) — _1 for destructive interference and use F = G, so the above reduces to

1t = (1= p)? |FP| (o) + ({or0-) = )Df p8.

+2p(((r)o-) = (or0-DRe D Alg, (C6)

C.1. Saturation
In the case of perfect reflectivity p = 1, the first term vanishes and we are left with two remainder terms,

Rl :Cl (’YaQ?A)ZIfn_gn‘z

R, =2GC, (1,7,Q,A) ReZﬂgn. (C7)

The overall function modulating R; is found in the driven model to be

Q4
CL N A8) = {10} ~Ho-)P = oo (C8)

For weak driving, C; &~ Q*/8(A? + +?)>—i.e. this is suppressed to fourth order. Note that this term is
analogous to the incoherent far-field intensity found in equation (B11).

12



10P Publishing

New J. Phys. 27 (2025) 064107 T Faorlin et al

C.2. Temporal coherence
The second function, which also depends on the time delay, is

C (1,7, U A)= (o4 y(T)o_) —{040_) . (C9)

The 7-dependent correlator can be evaluated using the quantum regression theorem as

(oru(m)o-) =tr[ose™ (0-poo)]

—tr |:0_+eiw1_7'oz/2€‘r£1 (O'_ ,Ooo) efiUJLTO'Z/21|

=T qr [U+€T£I (J,poo)] , (C10)

where £ and L; are the lab-frame and interaction-picture Lindblad generators, according to equations (B1)
and (B2) respectively.

Now suppose that all ions have the same image translated by different amounts—i.e. f, (r) = f(r — a,,).
Then the FT is F(k) = f(k)h(k), with h(k) = >, e 4k If we further assume the points a, are symmetrically
distributed around the origin, then  is real. It follows that the SLM phase that works for a single image f also
works for the whole image F. However, each position a, gets inverted, so g, (r) = f(r + a,). In this case, R,
still does not vanish. Given that the images are spatially non-overlapping, the only term remaining in the
sum in R, is an ion at the origin.

Appendix D. Contribution of the ion motion

In this section, we take into account the motion of the ions, including its dependence on temperature. We
assume that the ions’ positions fluctuate in time, writing f, = f9 + df,, where the mean value of the
fluctuating part vanishes, (0f,) = 0, and we assume that they are uncorrelated, so (df,,0f,) = 0. The possible
effects of this motion are:

o Difference in f, and g, due to the ion having moved during the round-trip time 7. The oscillation timescale
is Tosc ~ 107%s, whereas 7 ~ 0.1mc ™! ~ 3 x 1071%s < 7. Therefore we can ignore this.

o Degraded fidelity of the SLM image compared with the direct image, since the function m is chosen accord-
ing with the equilibrium-position field F’, i.e. such that G° = F°.

We focus on the lowest-order contribution of the second effect, which alters the first term in equation (C5).
Disregarding the final two remainder terms, we have the average intensity
2
(') ~ (o) < > (Fo+of, — g — dg,) e/ >
' 2
= [{o-)I’ < >

> (0, o, ) e
=) >(1of, o, (1)

n
n

having used the assumption that the ions are uncorrelated in their motion. Since the fluctuations in the
images derive from position fluctuations, we have

£,(r) =f5 (r+ 01, €%
R fu 1)+ (0r, - V) £ (r) +ikoz,f ) (r) (D2)

where we assume the in-plane fluctuations dr, are small compared with the image scale and the z-axis
fluctuations 0z, are small compared with the wavelength. Note that, since g, is shifted in the opposite
direction and the relevant path length is changed by —dz,, we have dg, ~ —(dr,, - Vg’ — ikdz,g°. We take
the fluctuations to satisfy (dr,, ;) = 0 and a coordinate system such that {07, ;6r, ;) = 607 (also assuming the
z-axis motion is uncorrelated with the in-plane motion), so

13
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<‘6fn - 6gn|2> = <‘(6rﬂ Y +ik62ﬂ) (fg +g?1) ’2>
= 3 (Oraidng) (0 [+ 2))T ([0 +0]) + K (02) o+ 5

i’j:x7y
= Zoﬂ& [fﬂ+g2}|2+kza§\f2+gﬂ|z. (D3)
i=x,y

We now take the images as f°(r) = f(r — a,), £ (r) = f(r + a,), so

(16f, = 0, ) = D= o?10rlf(r — an) + £l + )]

Simey 402|011 ()] + 4R2IFO a, =0
~ Y, 0 |0 (r—a)f +[0f(r+ )] (D4)
+i0? |[fir—a)l +Ifr+a)f] a0,

where we assume that the displaced images are non-overlapping.

As a simple model, we take a scalar image with an isotropic Gaussian profile f(r) = ke~ I""/4 This
represents the amplitude arriving at the detector directly from the ion, taking into account a point spread
function from the imaging optics. (We neglect any additional aperture for the round-trip amplitude via the
SLM.) Then

2 2 2
(- ) = | [, (25522) ] e ©9
2 aitita)\* | 22| o-lrtal/2s
+K Zi 75 +k CTZ € 3 an?éo'

We now assume an isotropic potential of uniform scale . Compared with the intensity of the bare image, the
above correction is approximately suppressed by a factor

Cy = (3)2 + (ko). (D6)
2s
For the width s, we take the Abbe diffraction limit, which for wavelength A = 493 nm and numerical aperture
NA = 0.6 evaluates to s = A\/2NA ~ 411 nm. Note that 2sk = 27 /NA = 10.5, so the second term in
equation (D6) (arising from motion along the optical axis) is dominant.
The standard deviation in position of a quantum oscillator of mass m in a harmonic trap of frequency w
at temperature T is

2n+1)h
o= FEDE (D7)
2wm
which depends on the mean phonon number
1
n= kT 1 (D8)

For a barium ion and w = 27 x 1 MHz, for the ground state we have 0 &~ 6.1 nm and so (0 /s)* ~ 2 x 10~*.
At thermal occupations of 7# = 10 (the Doppler cooling limit) and 200, this factor evaluates to
(0/s)?> a5 x 107 and 9 x 102 respectively.
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