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Abstract

We consider three ‘cases studies’ of the uses and mis-usesthiematics in economics and
econometrics. The first concerns economic forecastingrevéaenathematical analysis is essential,
and is independent of the specific forecasting model and hewptocess being forecast behaves.
The second concerns model selection with more candidatebles than the number of observa-
tions. Again, an understanding of the properties of extdryeral-to-specific procedures is impos-
sible without advanced mathematical analysis. The thimtems inter-temporal optimization and
the formation of ‘rational expectations’, where misleagiesults follow from present mathematical
approaches for realistic economies. The appropriate meties remains to be developed, and may
end ‘problem specific’ rather than generic.

JEL classificationsC02, C22.
KEYWORDS: Economic forecasting; Structural breaks; Maigéction; Expectations; Impulse-indicator
saturation; Mathematical analyses.

1 Introduction

Mathematics is ubiquitous in modern economics and espedmbconometrics. We draw on two ex-
amples from the latter where mathematics is essential iaracdunderstand the properties of economic
forecasts and the outcomes of empirical model selectiorceses respectively. We then use the findings
from the first of these to demonstrate important flaws in preapproaches to the mathematics of inter-
temporal optimization and the formation of expectationsparticular, so-called ‘rational expectations’
as applied to realistic economic time series. The three plesrare drawn from work by the author
jointly with a number of co-authors.

What prompts the need to discuss the obvious, namely thefusatbematics in economics, since
that discipline intrinsically includes econometrics? skEint is a long-standing debate, with historical
roots in the 19 century* A particularly amusing complaint about the ‘excessive uadvanced
mathematics’ is the discussant of the brilliant analysis@isense regressions when first read to the
Royal Statistical Socieffalthough most economics undergraduates today would finchtithematics
straightforward. Second, recent criticisms have elicitedrrent of supportive responseg-hird, many
non-professional economists seem to suspect that foratializin economics was a partial cause of not

*This research was supported in part by grants from the Opeietgdnstitute and the Oxford Martin School. | am grateful
to Jennifer L. Castle and Grayham E. Mizon for helpful comtee@ontact details: david.hendry@nuffield.ox.ac.uk. %él
1865 278587.



foreseeing the financial crisis of 2007-2011. For examphM,®leen Elizabeth Il questioned why UK
economists had not done so, and the ensuing debate reviealetetvpoint (more precisely, “a failure of
the collective imagination of many bright peoplé”Fourth, there are formal attacks on our “excessive
ambitions™® Finally, the ESF-PSE Workshop drhe Debate on Mathematical Modeling in the Social
Sciencegeflects a widespread desire to reconsider our tools. As thare is something to be said on
both sides of the debate.

First, my forecasting case study is adapted from researcbhvaeveloped a theory of economic
forecasting for settings where the model is mis-specifiaghknown ways for an economic process that
unexpectedly shifts at unknown times by unknown magnitd€ékat work shows that a general math-
ematical analysis is both feasible and insightful, radigcahanging the interpretation of the outcomes
of forecasting competitionsand what can be learned from forecast faildteduilding on such results,
later research led to explanations as to why some foregastathods are ‘robust’ to location shifts after
they have occurredias well as suggesting possible approaches to forecastaggband during breaks.

The second case study concerns model selettio8ince the forms, magnitudes and timings of
breaks are usually unknown, a ‘portmanteau’ approach io de¢ection is required that allows for po-
tential location shifts at every possible point in the seanpmpulse-indicator saturation (11S) includes
an impulse indicator for every observation in the set of ¢daié regressors, so addsvariables forT’
observations, then selects significant indicators fron shturating set? Its ability to detect multiple
breaks is establishéd,and IIS allows an automatic test for super exogeriitjhe properties of model
selection in general, especially when there are more catedichriables)V, for inclusion in the analy-
sis than the number of observatioffs;-as must occur with [IS—can only be resolved by mathematical
analysis and its numerical sister of Monte Carlo simulaioAgain, an understanding of the astonish-
ingly good properties of extended general-to-specific @daces would be impossible without advanced
mathematical analysis.

The third example concerns the mathematics of inter-teapaptimization and the formation of
expectations, in particular, so-called ‘rational exptots’ (RE), where misleading results follow from
present approaches applied to realistic economies. Whamtiaipated location shifts occur, estimated
econometric models experience forecast failure, as ndiedea However, that finding also entails that
conditional expectations formed today of a future periddrasuch a shift will be biased and potentially
far from the minimum mean square error predictor ‘provedhiost textbooks under the unstated assump-
tion that the distributions involved are unchanged. Unioately, in economics, location shifts and other
forms of structural break are all too commbnConclusions drawn on the ‘as if’ basis that breaks do not
occur are inapplicable when they do: on a much grander deatdidean geometry was long believed to
be ‘true’, and many theorems, such as “the sum of the angladr@ngle add to 180, were proved on
that basis—until Riemann established the existence ofthaiidean geometries in which the sum can
exceed or fall short of 180depending on the curvature of the space. Thus, the addi@ssamption
was needed for Euclidean geometry that space was flat—amjpssn that holds approximately locally,
but is violated on the surface of a globe. Similarly, theaseahout conditional expectations and the law
of iterated expectations require the additional assumpgtiat distributions do not shift, and are inap-
plicable otherwisé® The appropriate mathematics for settings where distobstishift remains to be
developed, and may end being ‘problem specific’ rather tteregc.

The structure of the paper is as follows. Section 2 explaiwg imathematics was crucial in develop-
ing a theory of economic forecasting relevant to the pratsetting where models are mis-specified and
the world experiences intermittent unanticipated locasibifts, and illustrates some surprising implica-
tions that could not have been deduced without a matherhatiedysis. Then section 3 considers the
formalization of model selection when there are more catdidegressorsy > T, than observations,
T, although fewer variables; < 7', actually matter. Section 4 returns to the implicationsaretast
failure for inter-temporal optimization theory. Sectiormd@ncludes.



2 Formalizing forecasting theory

There is a well-developed theory of economic forecastirgeian the assumption that the econometric
model coincides with a stationary economic data generatiocess (DGP3! Consider am x 1 vector of
variables to be forecast denoted~ D,, (x;|X;_1,80) for® ¢ ® CR*, whereX; | = (...x;...x;_1).
A statistical forecasky;,r = f; (X7) is made at tim&’ (the forecast origin) for a future dafe + h
(the forecast horizon). The key question in this settingois ko selecf,.

The answer was ‘well known'’: the conditional expectation, ,r = E[x7.+1|X7%] is unbiased, with
E[(xp4n — §T+h|T)|X1T] = 0. FurtherXr, 1 has the smallest mean-square forecast-error matrix:

M [Xpinr | Xy =E |:(XT+/’L — Xpanr) (Xrgn — §T+h\T)/ | XH .

However, that analysis finesses ten distinct problems. Tétesik concern problems learning about
Dx1, (-) and@ from the available sample information, and the last fouatesto the forecast peridd:
(1) specificatiorof the set of relevant variablds, };
(2) measuremernf thexs;
(3) formulationof Dx1 (-);
(4) modellingof the relationships;
(5) estimationof 8, and;
(6) propertiesof DX1T (), which determine the ‘intrinsic’ uncertainty.
All of these introduce in-sample uncertainties. Next, derforecast horizon:
(7) propertiesof DX?I}{ () determine forecast uncertainty;

(8) which growsas H increases;

(9) especially fointegrateddata;

(10) increased bghangesn Dxﬁ}{ (-) oré.

These ten issues structure the analysis of forecasting.oWellustrate with a simple example, although
its implications are generic, and hold for all forecastingd®ls and DGPs, irrespective of the correctness
(or otherwise) of specification of the model, and the praopeif the DGP (stationary or integrated, with
or without breaks of unknown timing, magnitude and formyJ #me data accuracy.

2.1 Stationary scalar example
Consider a simple first-order autoregressive DGP with a knexogenous variablgz, }:
Yyt = pYs—1 + vz + ¢ where e, ~ IN [0,03] with [p| < 1, 1)

andIN|[0, 0] denotes an independent normal distribution with m&n] = 0, and varianc&/[¢;] = o2.

Whenp and~ are known and constant, the optimal forecastffor 1 from y for known zp, 1 is:

Yr+1r = PYT + V2141 2)

In terms of the general analysis abomg(lT (-) impliesDyr+1 (-), producing an unbiased forecast:
T+1

E [(yT—i-l - §T+1|T) | yr, ZT-H} =(p—=p)yr+ (v —=7) zr+1 + Elery] =0,

with the smallest possible variance determinediy (-):
\% [(yT—H — §T+1\T)} = o¢.
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Thus, in this specific cas@xgﬁ (-) impliesyr1 ~ IN[pyr + vzr11,02]. There will indeed be no
forecasting problems, as issues (1)—(10) are ‘assumed.av@yever, the ten potential problems return
when omniscience is unavailable, evewf, ; is known:

(1) Specification is incompleié(e.g.) x; is a vector not a scalar.

(2) Measurement is incorredt (e.g.) observex; notx;.

(3) Formulation is inadequaté (e.g.) an intercept is needed.

(4) Modelling is wrongf (e.g.) the wrong variables or lags are selected.

(5) Estimatingp and~y may add biaseg f — E[p]), and(y — E[7])), and variance¥[p,7].

(6) Properties ofD(¢;) = IN [0, 02| determineV/[y].

(7) Assumedr 1 ~ IN [0, 02] butV([er1] could differ

(8) Multi-step forecast errors cumuIaEhH:1 " Yop,, with V =

(9) p = 1 induces arending forecast variancet o-2.
(10)If p changesforecast failure could occur.
A forecaster must be prepared for risks from all of (1)—(b0jt, some matter more.

To illustrate, we will first ‘undo’ problem (5), so the specition is correct, butp,~) have to be
estimated from sample data,= 1,...,7. Next, we will also violate (1) by omitting;, then (10)
by changingp. Figure 1 illustrates for Monte Carlo simulated data frojhenz; ~ IN[0, 1] with
p=0.8,v=1ands? = 1 whenT = 40 andH = 5. We consider the six panels in turn.
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Figure 1: Forecasts under different scenarios

Panel arecords forecasts from a single draw of the process in (i) taden (p,~) are known
(Yr4i|74i—1 from (2) with error bands of-2o) and when estimating theny£.,;,;—; with bars). The
forecasts are almost identical, and there is only a smaiéase in uncertainty from estimation relative
to knowing true parameter values. So not problem (5).

Panel breports forecasts when is omitted both in estimation and forecasting: the forexast poorer,
but remain well within theiex anteforecast intervals. So not problem (1).



Panel cadds a shift inp at T = 41 to 0.4, so all of (1), (5) and (10) are violated, yet there is little
noticeable impact frorhalving p: the forecasts are close to those in panel b, and well witterfdrecast
intervals. In fact, a parameter constancy test barely tejbe false null more often for a halvedhan
for a constant one. Such changes hardly seem disastrousoweoy similar results will be found if white
noise measurement errors are added; or model selectiornéstaken when the precise specification is
not known. Is forecasting really that resilient in the fadestimation, mis-specification, selection and
breaks?

Consider a slight change to the DGP in (1), namely introdueimon-zero intercept = 10:

Yt = f1+ pyi—1 + vz + ¢ Where v, ~ IN[0,07] and |p| < 1. (3)

when everything else remains the same, including the changeof the same magnitude, sign and
timing. Since economic data are often indices or have aritunits (millions versus billions)y is
relatively arbitrary.
As Panel dshows, the forecasts are now catastrophically bad, engathby the dreadful 5-step ahead
(dynamic) forecasts ifPanel e every forecast lies well outside the 95% forecast interdrameter
constancy tests now reject 100% of the time. Such an outcensalled forecast failure. The data
are identical to those iRanel atill observation40, but the sharp fall from observatiocfi onwards is
obviously different. The dashed lines Ranel dshow that the 1-step forecasts are systematically too
high: at every point, the data are falling yet the forecastsahove the previous outcome.
Finally, Panel f shows the forecasts for the same break when 0, the model is correctly specified by
including z, butE[z;] = x = 10: forecast failure is manifest and similarfRanel d

Without a mathematical analysis of the properties of foses;asuch a dramatic change for the same
magnitude, form and timing of a break between no failure ie-ggecified zero-intercept processes and
massive failure when there are non-zero intercepts, woniglg be an unexplained surprise. In fact, it
is due to the impact of the non-constanbn the pre-existing meat[y;| = 6. In (1) wheny = k = 0,
thenE[y;] = 0 before and after the shift in. But in the second case:

n+ YR
E[yt] =0= (l—p)

shifts markedly from® = 50 before the break ip to §* = 17 after. Writing the model in (1) as:

Ayr=(p—=1) (yt—1—0) +7 (2t — k) + & (4)

reveals it is an equilibrium-correction model (EQCM), widine equilibrium built-in to the model &

so the forecasts will converge back @drrespective of what the data doThus, if§ > 6%, the data
will fall, but the forecasts will continually return towasd. This location shift is clearly pernicious
for forecasting, and explair@anel f asé shifts whenx # 0. Perhaps more surprising, location shifts
are the main problem likely to induce forecast failure, aswwe describe, another result that cannot be
established without mathematical analysis.

2.2 Forecast-error taxonomy

We now change the DGP to involve lagged rather than cuerent
yt:9—|—,0(yt_1—9)+’y(zt_1—/£)+et fort:].,...,T (5)

wheree; ~ IN[0, 02], E[y;] = 0 andE[2;] = k with v # 0, butz,_; is omitted from the model:

Yt = U+ pYs—1 + vt
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The break occurs &, which leads to the post-break DGP:

Yy =04+ p* (g1 —0") + 7" (2e-1 — K" )+ for t =T +1,... (6)
The forecasting model:
Groar=0+7 (50 —0) (7)
is estimated overt = 1,...,T delivering parameter estimaté@,ﬁ). The omitted variable and the

A~

dynamics induce biases, &¥] = 6. andE[p] = p.. The forecast from an estimatgg at the forecast
origin yields a forecast error @17 = yr+1 — yr41|7- Ignoring interaction terms (corresponding to
estimation covariances 6f,(7')), the forecast error can be decomposed into the followirgrtamy.

epy|T Component Expectation Variance
(1—p%) (6" —0) (ia) equilibrium-mean change (1—p") (6" —0) 0

+(p* = p) (yr —0) (ib) slope change 0 (0" = p)* Vlyr]
+(1—=p)(@—06.) (iia) equilibrium-mean mis-specification (1 — p) (6 — 6.) 0
+(p—p.) (yr — 0) (iib) slope mis-specification 0 (p— p.)* Vyr]
—p(yr — yr) (iii ) forecast-origin uncertainty —p(E[yr] —yr)  p*VI[Ir — y7)
—(1—=p) (5 - 06) (iva) equilibrium-mean estimation 0 O,(T71)
—(p—p.) (yr —0) (ivb) slope estimation ~0 O,(T71)
+v* (21 — K¥) (v) omitted variable 0 (v*)*V [27]
+eryt (vi) innovation error. 0 o?

8

The third and fourth columns give the game away, but stagirthe foot of the table:
(vi): E[er+1] = 0 andV[er;1] = o2 so there is no bias, but ad,(1) variance component that is
irreducible when{¢;} is, and remains, an innovation error;
(v): again,E[y* (27 — x*)] = 0 andV[y*(zr — k*)] = o2, so there is also no bias despite the omission
and the change in parameters, butGy{1) variance component (reducible {i£,_ } is included as a
regressor with an offsetting estimation variance effe@®gpfl’"1));
(ivb): slope estimation has[(p — p.)(yr —0)] ~ 0 asE[p — p.] = 0 andE[yr — 0] = 0, with a variance
from estimation of0,(T1);
(iva): equilibrium-mean estimation h&(1 — p)(@ —6.)] = 0 with an estimation variance &,(7~!);
(ii): forecast-origin uncertainty only h&Sp(yr—yr)] = 0 if the forecast origin is unbiasedly estimated,
but that can be achieved using modern methods of model iselexgtplied to ‘nowcasting® and has a
variance component, probably ©f,(1);
(iib) slope mis-specification again h&$(p — p.)(yr — )] = 0 and anO,(1) variance component
unconditionally;
(iia) equilibrium-mean mis-specification is the first poteyialerious component as= 6. is possible
if there have been earlier in-sample location shifts thatewet modelled, but 1IS could resolve that
difficulty;
(ib) slope change surprisingly h&(p* — p) (yr — 0)] = 0 asE[yr — 0] = 0 irrespective ofp* # p, a
point illustrated above;
(ia) equilibrium-mean change is the fundamental probléin:4 6 induces forecast failure.

In summary, once in-sample breaks are removed, from goeddst origin estimates:

Eleriar] = (1 —p") (6" —0) 9)

and that bias persists @t 741 €tc., so long as (7) is used, even though no further breakeer®ep-
ing p constant while shifting to p* induces a shift i to 6*. The power of that insight is exemplified by
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(a) changingboth i» andp by large magnitudes, such that= 6*, then demonstrating that the outcome
is isomorphic tox = p* = 0 (and hence = 6*) as above, so no break is detectédind (b) when
u = p* = 0andz_; is correctly included, ther # «* induces forecast failure by shiftirgj??

The specificity of the example is irrelevant to the entaileduit, which applies to all models in
the equilibrium-correction class: they fail systematicalhen E[y] changes as the models’ forecasts
are forced to converge back toirrespective of the value of*. The class of EQCMs is huge and
comprises all regression models; autoregressions; dynaysitems; vector autoregressions (VARS);
dynamic-stochastic general equilibrium systems (DSGEs)pregressive conditional heteroscedastic
(ARCH) models; and generalized ARCH (GARCH) among othefsft$Sin means are a pervasive and
pernicious problem affecting forecasts from all such medel

2.3 Empirically-relevant theory

Such a theory needs to allow for the model being mis-spedifiethe DGP, with parameters estimated
from inaccurate observations, on an integrated-cointedrsystem, intermittently altering unexpectedly
from structural breaks. That theory has achieved some ssi@=it explains the prevalence of forecast
failure, accounts for the results of forecasting competgi and explains much of the good performance
of ‘consensus’ forecasts. Of equal importance, it corrsotse ‘folklore’ of forecasting, namely that
forecast failure isot due to ‘poor econometric methods’, ‘inaccurate data’, dimect estimation’, or
‘data-based model selectiof?.

Location shifts are the key to break detection: if there wavesuch shifts, forecast failure at 1%
would be a 1 in 100 event. A crucial feature of (8) is that fastcerrors persist unless the model is
revised or abandoned. The former is difficult, as the caugbeoforecast failure needs to be rapidly
diagnosed and treated, and unfortunately, previous fisdorgforecasting breaks and during breaks
show the large uncertainty attached to such atteRfpiEhe latter requires a new model, which is even
harder after a large unanticipated location shift. Fortelyathere is another approach—transform the
initial model to avoid systematic forecast failure aftegdtion shifts?®

To illustrate that result, reconsider the forecasting rhodér), but instead of using the level, which
depends on, difference the model, retaining the original estimatechpeeter values:

Ayrir = pA (@T - 9)
written as:
Yri1r = Ur + PAYr (10)

At the break point at tim&, (10) makes the same magnitude forecast error as (7) psebiseause the
break is unpredicted. But one period later:

Yrior+1 = Yr+1 + PAYr41 = yro1 + pAYr+1 + (Yre1 — yre1) (11)
where (11) distinguishes an incorrect estimate of the &seorigin from the consequences of a break.
When unbiased forecast origin estimates are available|$g;1] = yr+1 and the ‘noise ternpAyr4
is omitted to highlight the key point, then:

Yriorrr = yr+1 =0 +p" (yr — 07) + 9" (20 — £7) + €741
Consequently, the forecast error is:
yr+2 — Yrgor1 = 0"+ p" (yre1 — 0°) + 7 (20 — K) + e
— (0" + 9" (yr = 0) 47" (21 — K") + exs1)
= p"Ayri1 + v Azrin + Aergo (12)



which is noisy, but not systematic, and delivers near uelidsrecasts because:
yr+1 = 0"+ p" (yr — 0°) + 7" (21 — ") + ersa

despite the omission afr.

Whereas the estimated in-sample DGP suffers from all the s@urces of forecast error, namely
stochastic and deterministic breaks, omitted variablespnsistent parameters, estimation uncertainty
and innovation errors, the ‘differenced’ transform refieait the effects needed—parameter changes, dif-
ferences of omitted variables, with no estimation comptseihere are two drawbacks, namely the
unwanted presence ef; in (12), which doubles the innovation error variance; and/afiables are
lagged one extra period, which adds the ‘noisel(efl) effects. Nevertheless, there is a clear trade-off
between avoiding systematic forecast failure and addimgesdhat to the forecast-error variance when
no location shifts occur. After the unanticipated occuceeaf a location shift, as with the recent financial
crisis, forecast failure is ubiquitous in EQCMs, but not ifiedenced variants thereof, so there need be no
connection between the in-sample ‘quality’ (or verisitoitie) of a model and that of its later forecasts.

2.4 Designing Monte Carlo simulations

Simulation evidence is complementary to mathematicalyaigin that, while mathematics is funda-
mental to understanding the analytically-tractable casigsulation analysis helps examine empirically-
relevant cases that may be intractable analyticéllfthe insights from mathematical analysis remain
essential when designing Monte Carlo studies to focus arowwi@al’ cases, isolating aspects that are in-
variant across the simulations. For example, in a meanagaregressive process, the units of the error
standard deviation are irrelevant, but cease to be so #filsex non-zero intercept in the data generating
process. When all parameters shift but leave the equitibriean constant is isomorphic to a zero mean,
so allows a specific simulation to entail general results.

3 Sdecting econometric models from a mass of candidate variables

There are many critical analyses of model selection, almlbsf which assume ‘correct’ models with
constant parameters where simply fitting the given spetificalominates selection. This is not a real-
istic characterization of the situation confronting enwail investigators of economic time series. Data
processes are complicated and evolving, so models derigaddconomic theory provide only a guide
to some of the main variables, and rarely address breakstlersuvhich vitiate anyceteris paribus
assumptions. Thus, model selection is inevitable in practivhere only some substantively relevant
aspects are correctly included, some are omitted, and soebevant aspects are also included, usually
correlated with omitted variables.

Selection is essential when there are large numbers oftfmdterplanatory variables. But can model
selection work well in that setting? The canonical case ofem@riables than observationd, > T,
is including an impulse indicator for every observation hie tandidate regressor set. In the simplest
analysis (the ‘split-half’ case), one regression only udels the first’/2 of these indicators initially.
By dummying out that first subset of observations, estimatesdhased on the remaining data, and any
observations in the first half that are discrepant will resusignificant indicatorg’ The location of the
significant indicators is recorded, then the fif5t2 are replaced by the second half and the procedure
repeated. The two sets of significant indicators are themdda the general model for selection of
those that remain significant together with selecting dvemon-dummy variables. This is the approach
called impulse-indicator saturation (I1S) abd?lS is an efficient method: under the null of no breaks,
outliers or data contamination, the cost of applying IIS aigmificance levek is the loss oflxT' of the



sample, so atv = 0.01 andT = 100, IS is 99% efficient. This follows because under the nulll’
indicators will be retained by chance sampling, and eacleipé&lummies out’ an observation. Thus,
despite adding as many indicator variables as observatahg set of candidate variables to be selected
from, when IIS is not needed the costs are almost negligéid;if IIS is required, the most pernicious
effects of induced location shifts on non-constant intetgeslopes and equation standard errors can be
corrected.

The mathematical analyses supporting these claims areireferences, and are consistent with a
wide range of Monte Carlo simulations. No amount of non-raatétical thinking could have delivered
such an astonishing insight: indeed most reactions areattdihg N > T candidate variables to the
model search cannot be done, and if it could, it would prodyarbage. But in fact it is easy to do, and
almost costless.

3.1 Asmany candidate variables as observations

The analytic approach to understanding 1S can be appliezhwiere arév = 7' [ID mutually orthogo-
nal candidate regressars;, where none matters under the null. Formally, the DGP is:

Yt = € (13)

and the general, but inestimable, model can be expressed as:
N
ye=Y 0z + e (14)
7j=1

whered; = 0 Vj = 1,...,N. We consider the analogue of the ‘split-half’ analysis fri8. Thus,
add the firstV/2, and select those witfts,—o| > c, at significance levetv = 1/T" = 1/N. Record
which were significant, and drop them all. Now add the secdadkbof N/2, again select those with
|ts,=0| > ca at significance levekv = 1/N, and record which are significant. Finally, combine the
recorded variables from the two stages (if any), and sefginaat significance level = 1/N. At both
sub-steps, on averageV/2 = 1/2 of a variable will be retained by chance under the null, sovanage
aN = 1 will be retained from the combined stage. Again, despitaremimg the relevance oV = T
additional irrelevant variables, almost none is retained the statistical analysis is 99% efficient under
the null at eliminating irrelevant variables, merely cogtone degree of freedom on average.

3.2 Morecandidate variablesthan observations

These results can be extended to havg- T' general candidate variables in the search, where N
are relevant? The k theory-determined variables are not selected over, soazed to be retained by
the search. When the theory is correctly specified, the aissgarching over the remaininy — &
candidates is trivial for smatk, as nowa(N — k) irrelevant variables will be retained by chance and
each merely costs a ‘degree of freedom’. The real surprigetshe distribution of the estimates of the
coefficients of the relevant variables are exactly the sagrniér® search was undertaken at all. This is
because the relevant and irrelevant variables can be amiatiged without loss of generality, and as the
latter are irrelevant, orthogonalizing does not alter tammeters of the relevant variables—and it is well
known that estimator distributions are unaffected by théseion or inclusion of orthogonal variables.
Without an advanced mathematical analysis, such a reautinsaginable.

Most economists and econometricians believe model seferstia pernicious but necessary activity—
as shown above, it is in fact almost costless degpite 7', and invaluable when needed. Their beliefs
were not based on sound mathematics, and that signals tigerdaof not using powerful analytical



tools. The practical difficulty is to be sure the tool is cothg based, and relevant to the target situation,
a problem to which we now turn.

4 Models of expectations

The very notation used for the mathematics of expectatinreconomics is inadvertently designed to
mislead. Instead df[x7,|X%] as in§2, one must write conditional expectations as:

Ern[xrnXF]-

Thusthreetime subscripts are needed: that for the date of the condigioinformation (heréX1.); that
for the date of the variable being expected (hege ;,); and that for the distribution over which the
expectation is formed (herer, ;). If the distribution is stationary, theler.;, = Er, where the latter
is the only feasible distribution at the time the expectaimformed. Otherwise, we have a paradox if
Dy, () is not constant as one needs to know the whole future disisibto derive the forecast. Worse,
one cannot prove thaty i = Er[xr44|X7] is a useful forecast i, , (+) # Dy, (+).

Theories of expectations must face the realities of fotewasliscussed above. ‘Rational’ expecta-
tions (RE) correspond to the conditional expectation geeilable information (denoteg):

Yit1 = Elyer1 | T - (15)

RE assumes free information, unlimited computing powed, the discovery of the form df [y;.+1|Z;]
by economic agents. If (15) is to be useful, it should be emitas:

Vi1 = Ei1 [y | Te) = /yt+1ft+1 (ye+1 | Z¢) dypg1. (16)

Only then isy;, ; even unbiased foy; ;. But (16) requires a crystal ball féuture f; 1 (y:11|Z;). The
best an agent can do is to form a ‘sensible expectatigfi}, forecastingf; 1 (-) by ﬁ+1(-):

Yoy = / v Fi (vesr | Z0) dyi. (17)

If the moments off;,1 (y:11|Z;) alter, there are no good rules @, 1 (-), but frs1(yr41|Z;) = fi(-) is
not a good choice. Agents cannot know hdywill enter f,,;(-) if there is no time invariance.

When f.11(-) # fi(-), forecasting devices robust to location shifts avoid systéc mis-forecasting
after breaks, as illustrated above. But if agents use rgivadictors, and are not endowed with prescience
that sustains an unbiased RE, then one needs to re-spepdgtakons in economic-theory models. But
the problem is unfortunately even worse. Consider a verplgirexample—ifc; ~ IN[1,, 2], then:

Ei o | Xoa] = 1y
Brn [ | Xia] = py—y
when the mean changes, so letting= = — E;—1 [z X;—1]:
Eeled = py —pyy #0 (18)

shows that the conditional expectation is biased. But sudsalt also entails that the law of iterated
expectations does not hold inter-temporally without theigehal assumption that the distribution does
not shift, and is inapplicable otherwis®|f the distribution shifts, many of the ‘mathematical detions

of inter-temporal optimization’ are invalid in the same wagt Euclidean calculations are invalid on a
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sphere. And as with non-Euclidean geometry, a differenterattics is needed depending on the shape
of the relevant space, so here, different calculations véllrequired depending on the unanticipated
breaks experienced by economies, the abilities of econageats to learn what those breaks entail, and
the speeds with which they reform their plans and expectsitabout the future. Thus, more powerful
mathematical tools are urgently required to enable suclysem

5 Conclusion

The paper has considered three possible situations of ¢herumsis-use of mathematics in economics and
econometrics. The first concerned the properties of ecanforecasts and forecast failure in particular,
where a mathematical analysis was both essential and highdaling. While only a specific example
was given, the analysis holds independently of how well aityoapecified the forecasting model is, and
how the process being forecast actually behaves. Localidis svere isolated as the primary cause of
forecast failure, with the myriad of other possible moded+specifications and data mis-measurements
playing a secondary role, despite prior intuitions to thetary.

The second situation concerned model selection when thierenare candidate variable§ than
the number of observatioris. Again, an understanding of the astonishingly good progeedf extended
general-to-specific based procedures would be impossithewt advanced mathematical analysis. That
is particularly true of the finding that the distributionstog estimated coefficients of a correct theory
model’s forced variables are not affected by selecting emgrnumber of irrelevant candidate variables.
Yet there are innumerable assertions in the economettaratiire (and beyond) that selection is perni-
cious ‘data mining’, leads to ‘over-fitting’, etc., all withat substantive mathematical proofs.

The third concerned the mathematics of inter-temporalngpttion and the formation of expec-
tations, in particular, so-called ‘rational expectatipnmghere misleading results followed from present
approaches applied to realistic economies. Conventianation fails to address the three different times
relevant to expectations formation, namely that of thelalsde conditioning information, of the target
variable to be forecast and of the time the expectation iméok. Consequently, the effects of shifts in
distributions over which expectations are calculated ten hidden. Conditional expectations formed
today for an outcome tomorrow need not be unbiased nor mmiwvariance. The appropriate mathe-
matics remains to be developed, and may end being ‘problegifsp rather than generic. Nevertheless,
the conclusion is inexorable: the solution is more poweaifull more general mathematical techniques,
with assumptions that more closely match ‘economic reality
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