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Voxel-Based Full-Field Eigenstrain Reconstruction of

Residual Stresses

Fatih Uzun* and Alexander M. Korsunsky*

Inverse eigenstrain (inherent strain) analysis methods are shown to be effective for
the reconstruction of residual stresses in plane eigenstrain problems (continuously
processed bodies) while conversely residual stress reconstruction in discontinu-
ously processed bodies is extremely challenging and necessitates the use of
complex regularizing assumptions. Herein, a new generic inverse eigenstrain
method suitable for the reconstruction of residual stresses along with residual
elastic strains and displacements in discontinuously processed bodies is intro-
duced. The proposed method uses the superposition of eigenstrain radial basis
functions together with a set of limited experimental data for model-free
(unconstrained) determination of unknown eigenstrain fields. This approach
eliminates the limitations introduced by global basis functions such as polyno-
mials. The novel point of this method is the ability to account for all six components
of strain in an isotropic body without using regularizing assumptions. By lifting
complex guiding formulation, the fidelity of full-field eigenstrain reconstruction
becomes directly related to the quality of experimental data and proper discreti-
sation of the model domain. The FEniCS implementation has been validated using
the experimental data of pointwise high-energy synchrotron X-ray diffraction
measurements from a bent titanium alloy bar. A hybrid high throughput computing

tion sources. The clarification of the con-
nection between plastic strains and stresses
gives rise to the method of stress state
quantification and control by means of
eigenstrain fields. Experimental realization
of this approach can be achieved by intro-
ducing permanent inelastic strains by sam-
ple plastic deformation. In the simulation
context, eigenstrains can be introduced into
numerical models to give rise to residual
stresses. This kind of modeling approach
represents a major shortcut compared to
full process modeling because the so-called
direct problem of eigenstrain is linearly
elastic and allows a fast iteration-free solu-
tion. The determination of eigenstrain
fields from experimentally determined
residual stresses is a more challenging
task known as the inverse problem of
eigenstrain.!"!

Solving the inverse problem has been
achieved by mapping inherent strains®>~!

approach is also introduced for effective parallel computing.

1. Introduction

Deformation processing of solid bodies generates recoverable
elastic and nonrecoverable inelastic deformations as permanent
inelastic strains.!" Eigenstrains are irregularly distributed perma-
nent plastic strains that cause the formation of residual stresses.
The term eigenstrain introduced by Mural” in 1987 established
the relation between eigenstresses, i.e., residual self-equilibrated
stresses, and eigenstrains, i.e., their underlying deforma-
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or eigenstrains.”! Both terms are used to

define the strains that are responsible for

deformations in the case of lack of any

external load. The common property of
these methods is the ability to reconstruct residual stresses.
The distribution of inherent strains is reconstructed correspond-
ing to the distortions of welded®® and additively manufactured
parts’®*? while the quantified elastic response of strain
relaxation!*™"*! is used to reconstruct the distribution of eigen-
strains. Advances in computation power"® let the development
of the continuum mechanics-based finite element method in the
1950s. The ease of access to high-performance workstations after
the 2000s allowed the application of the inverse problem of
eigenstrain to the solution of complex solid mechanics problems
such as continuously processed bodies,* welds,"**"~'% and
shot peened materials.**** Full-field distribution of residual
stresses was predicted by solving the inverse problem of
eigenstrain'®~”) and hybrid reconstruction methods were also
developed®®7% for this purpose. Although these studies provide
a very good match of linear elastic numerical model calculations
with experimental data, which can be in the form of displace-
ments or residual stresses, the reliability of eigenstrain
evaluation is not clear. These models create an eigenstrain field
around the experimental measurement zonel®'~*? that provides a
match of calculated residual stress with experimental measure-
ments. However, eigenstrain fields determined for continuously
processed welded thick material’”! show that eigenstrains are
distributed in the whole body while permanent plastic strains

© 2023 The Authors. Advanced Engineering Materials published by Wiley-VCH GmbH
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are expected to be formed around the source of deformations,
e.g., the weld zone and the heat-affected zone (HAZ). The first
attempt to identify the principal source of welding residual stress
via the determination of full-field distribution of eigenstrains was
the development of an iterative solution process.**** This
modeling approach is based on regularization functions and basis
functions together to determine the eigenstrain fields that cause
the formation of partially known residual stresses. The choice on
regularization functions depends on the prediction of the stress
fields based on the assumption that eigenstrains are formed in
and around the fields where inelastic deformation occurred.
Ensuring that this estimation is correct increases the risk of errors
introduced by the model designer during the selection of param-
eters of these functions. The probability of increasing the error
related to regularization functions is minimized in the cases
where type I (macroscopic) stresses are characterized and intra-
granular or atomistic details of residual stresses are not concerned
(type II and III microscopic stresses) by the implementation of
principles of artificial intelligence that determines optimum
parameters of regularization functions.?¢*!

The advances in the full-field eigenstrain reconstruction
let further actions to be taken for the reconstruction of full-field
distribution of residual stresses in surface-treated arbitrary
geometries.’” Another iterative approach was presented to
reconstruct full-field residual stresses formed due to the shot
peening process using numerical experiments.*” The idea of
combining evolutionary algorithms with eigenstrain theory in
a fuzzy finite element model®® was also applied to a more
complex weld form for full-field reconstruction of residual
stresses.*!) However, all these attempts and previously developed
full-field eigenstrain reconstruction methods are based on
guiding information about the distribution of eigenstrains that
aims to find a match between resulting and experimentally deter-
mined deformations or residual stresses.

The direct problem of eigenstrain involves formulating distri-
bution of eigenstrains within a domain and calculating residual
stresses using numerical methods. Different approaches have
been developed to deal with complex nature of the inverse
problem of eigenstrain.®*>*>** These approaches rely on poly-
nomial basis functions for determining the distribution of eigen-
strains in a domain based on the principle of superposition.
Although Stone-Weierstrass theorem!*”! states that the uniform
approximation of reel valued functions could be achieved using
polynomials in compact intervals, Runge’s phenomenon*’!
shows that high-order polynomial interpolations have noncon-
vergence problem. This phenomenon could be coped using vari-
ous strategies summarized by Boyd.*®! However, these strategies
provide an additional computational burden on the approxima-
tion calculations and are not preferred in the formulation of the
inverse problem of eigenstrain which is already a computation-
ally intensive process. Accordingly, approximation techniques
used for solving the inverse problem of eigenstrain are limited
to low-order polynomial basis functions*” combined with
regularization functions that provides a rough estimation of the
distribution of eigenstrains and corresponding residual stresses.

The eigenstrain reconstruction process enhances solutions of
the contour method, using the data obtained by optical or contact
profilometry techniques, into 3D domain."® However, this
approach depends on out-of-plane displacements corresponding

(34,35]
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to elastic strain relief before noncontact cutting, which is
performed using the electric discharge machining (EDM) tech-
nique, from various diagonal, horizontal, and vertical planes. To
overcome this limitation and minimize the number of cuts to a
single horizontal or vertical cut, iterative methods** and artificial
intelligence based methods?**>% were developed by defining a
locked ratio between long-transversal and longitudinal compo-
nents of eigenstrain formed in a welded plate. This approach
allowed accurate determination of weld distortions as well as
welding residual stresses using a single component of experimen-
tal data in terms of the out-of-plane displacements. Although for-
mulation of eigenstrain reconstruction process allows the
determination of all components of eigenstrains and residual
stresses, difficulties on the collection of experimental data for
all components of deformation limit the reliability of eigenstrain
reconstruction. Previous attempts at solving the inverse problem
of eigenstrain other than the study Uzun et al.** do not present
any example of the application of more than one component of
experimental data. Even though authors® only included the
short-transverse component of displacements, which is formed
as a result of weld distortion, in addition to EDM cut surface pro-
filometry data, that approach allowed the reliable determination of
the long-transverse component of residual stresses. Accordingly,
it can be stated that improvements can be achieved in the calcu-
lations of eigenstrain reconstruction process by the inclusion of
additional components of deformations.

A reliable simulation of discontinuous mechanical processes
such as additive manufacturing and welding needs to model
thermal effects on elastic—plastic deformation using anisotropic
temperature-dependent material properties determined for
each specimen accurately. However, defining a material with
its microproperties for understanding macroscale behaviors is
an impossible challenge, and elastoplastic continuum models
based on the assumption of isotropy provide only a rough esti-
mation of deformations. Eigenstrain theory provides a shortcut
that eliminates the need for elastoplastic material model
formulations®®" and anisotropic temperature-dependent material
properties to determine deformations specific to any material by
calculating only the elastic response that is needed to create
deformations experimentally measured by diffraction or profil-
ometry techniques. However, current examples of eigenstrain
reconstruction are based on assumptions about the distribution
of eigenstrain fields that are defined by regularization functions.
Jun et al.?**? and Song et al.’*! previously presented formula-
tions for solving the inverse problem of eigenstrain using “pulse”
and “tent” functions as local basis functions but these solutions
are based on the assumption that eigenstrain distributions are
identical or continuously reflecting the processing conditions
of samples and necessitate the use of regularization functions.

In this study, a new formulation of the inverse problem of
eigenstrain, which uses radial basis functions as local basis func-
tions for the reconstruction of residual stresses, eliminates the
need for regularization functions, and is independent of simpli-
fying assumptions about processing conditions, is introduced.
This voxel-based eigenstrain reconstruction method simplifies
the formulation, does not depend on the shape of elements used
for the discretization of the domain, and can be applied to 0D,
2D, and 3D cases. The proposed method eliminated the need for
regularization functions and made it possible to predict the
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distribution of eigenstrain fields accurately using radial basis
functions that are positioned corresponding to voxels of a grid.
This novel approach made the solution of the inverse problem of
eigenstrain directly related to the density of the voxel grid and the
quality of experimental data. The reliability of the proposed
model was validated and analyzed using numerical experiments
by solving the inverse problem of eigenstrain in continuously
and discontinuously processed domains. Numerical experiments
provided information about the model accuracy in terms of the
determination of full-field 3D distribution of residual stresses
using experimental data from a limited section of the domain.

2. Methodology

Permanent plastic strains are formed in bodies as a result of var-
ious loading conditions. These strains do not cause formation of
residual stresses in the material after the removal of external
effects if their distribution is uniform. On the other hand, in
the case of nonuniform distribution of permanent plastic strains,
a balanced state of internal forces is formed. The term
eigenstrain is used to define these nonuniformly distributed
permanent strains that create residual stress fields.

The relation between residual stress and eigenstrain creates a
link between theoretical and numerical modeling frameworks and
experimental data. This link provides new insights into the field of
residual stress evaluation.”! The formulation of this linear elastic
relation for isotropic materials includes six components of stress,
strain, and eigenstrains. The calculation of eigenstrain fields from
experimental data necessitates determining eigenstrains up to six
components. The proposed voxel-based eigenstrain reconstruction
method is designed in a way to satisfy this requirement. This
method uses radial basis functions that are centered to voxel points
in the mesh grid and distributed in the whole domain.

The determination of eigenstrains up to six components neces-
sitates the solution of a high number of radial basis functions for
each component independently. To deal with this computation-
ally challenging task, a hybrid high throughput computing
(HTC) approach for the voxel-based eigenstrain reconstruction
method is presented to allocate the computational burden of inde-
pendent solutions of radial basis functions among shared mem-
ory processor (SMP) nodes parallelly without scaling limits.

2.1. Voxel-Based Eigenstrain Reconstruction

The direct problem of eigenstrain allows the calculation of resid-
ual stresses from nonuniformly distributed inelastic strains in a
solid body. This problem can be formulated as a linear elastic
problem and solved using any partial differential equation
(PDE) solver. The direct problem of eigenstrain has been formu-
lated for isotropic bodies!* using components of eigenstrain
tensor given in Equation (1). This formulation has been based
on the principle of superposition and can be solved as inverse
problem of eigenstrain,”! but this solution requires regulariza-
tion functions for the selected components of eigenstrain using
presumptions about eigenstrain field®®! or simplifying assump-
tions.!"®! The proposed novel formulation based on radial basis
functions is eliminating the need for regularization functions
and further simplifications.
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Anisotropic behavior of metallic materials arises at nanoscale
due to their crystal structure, but nonequiaxed morphology and
preferred orientation of groups of crystals lead to anisotropic
mechanical and thermal properties manifested at the macro-
and mesoscale. On the other hand, the symmetry condition of
isotropic materials reduces the number of independent compo-
nents of the elastic tensor to Young’s modulus, E, and Poisson’s
ratio, v. The number of components of stress, o, total strain, ¢,
and eigenstrain, £}, is also reduced to six from nine due to sym-
metry. Eventually, Hooke’s law defines the consecutive relation
between six components of stress and elastic strain, which is
defined in terms of total strain and eigenstrain, for isotropic
materials in Equation (2).
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The principle of superposition allows the determination of the
distribution of separate components of eigenstrain as a sum of
the linear combination of radial basis functions in a 3D domain
using Equation (3) — (8).

n

e (%,y,2) =Y AlF(x,y,2) (3)
=1

&5 (x.y.2) = Y APF|(x,y.2) (4)
=1

e53(%,,2) = Y APF(x,y.2) (5)
=1
n

g(x..2) = Y APF(x,y.2) (6)
=1

ei3(%,,2) = Y APF(x,y,2) (7)
=1

(% y.2) = Y AFi(x,y.2) (8)

=1

where n is the total number of voxel points, where the center of
radial basis functions is located; Al!, A?, A}, A?®, AP, and A]?
are the unknown coefficients of radial basis function, which are
defined for normal and shear components of eigenstrain, respec-
tively, corresponding to I voxel point. The radial basis function
given in Equation (9) defines the distribution of independent
eigenstrain components around x;, y;, and z; coordinates depend-
ing on the radial distance variable, r, that specifies the localization
range of the eigenstrain field. This is a modified radial basis
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function based on the Euclidian distance between the field point
(%, y, 2) and the voxel point, the center of radial basis function, in
3D space

1 T
T+ (x—x)?+—n)?+ (Z—Zz)2>

©)

Fx,y.2) = (

Experimental data used for solving the inverse problem of
eigenstrain may be any deformation corresponding to the elastic
response of the material. Based on the linear relation between the
independent solutions of radial basis functions and experimental
data, the inverse problem of eigenstrain can be solved using
Equation (10) where {u} denotes the vector of experimental data,
[C] denotes the model-derived matrix of output data, and {A}
denotes the unknown coefficients of radial basis functions.

[ch . AL 0 .0 0 ... 0
oo, 0 L0 0
0 .. 0 cz ..o
0 2 ..oc2 0 .0
0 ... 0 G ... G
0 33 . 33
q = B, B,
0 0 0
0
0 0 0
0 0 0
0
0 0 0 0 0 0

The vector of unknown coefficients corresponding to the sep-
arate solutions of radial basis functions is given in Equation (13).

(A} = [An, .
AB, L ABAB, A AR ...,AE]T

11 22 22 33 33
LAN AR A2 AB A3

(13)

The coefficients in the vector {A} are calculated using the
least squares fitting method formulated in Equation (14) which
minimizes the error between model-derived and experimental
datssets.

{A} = ([CIF[C)H[CT{u} (14)

The formulation of the inverse problem of eigenstrain
allows calculations of six components of residual stress from
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{u} = [C{A} (10)

The vector {u}, given in Equation (11), is composed of infor-
mation about all components of experimental data collected from
m number of measurement points.

{u} = [u%l, cooulhbu, o u2 e, L ud )
T
23 23 13 13 12 12
uB, o ud b L uld ul?, um]

Equation (12) defines the model-derived matrix of output data
which is composed of 6m number of rows and 6n number of
columns. Each row represents the output data from separate
solutions of the radial basis functions that defines distribution
of a single normal component of eigenstrain centered to the
corresponding voxel point.

0 0 0 0 0 0
0
0 0
B B
B, ..ocB 0 .0
0 0 C%Z’l CPn
0 B, ..ocB, 0 .0
0 0 ... 0 i ..
0 ... 0 0 .. 0 c2 .. cp

(12)

six components of experimental data. However, the experimental
data may include a limited number of components of displace-
ment. In such cases, components of missing experimental data
and corresponding outputs of solutions of radial basis functions
should be ignored. This formulation allows the reconstruction of
all components of residual stress using limited number of com-
ponents of experimental data, but the reliability of calculations
depends on the availability and quality of all components of
experimental data.

2.2. Scalability

The inverse problem of eigenstrain creates a shortcut to
process modeling by solving linear elastic numerical models
with small forces to reconstruct residual stresses based on
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the principle of superposition. The PDEs obtained by applying
Newton’s laws to calculate deformations formed in a fixed
domain as a result of small forces are solved using numerical
methods. Finite element is the preferred method for solving
PDEs of linear elasticity models because of its ability to approx-
imate complex shaped domains accurately by high-order
polynomial functions or fine mesh distributions. Commercial
finite element packages provide graphical user interfaces,
computer-aided design (CAD) environments, and meshing
tools that allow performing simulations for product design
smoothly. However, their license costs and proprietary software
structure create limitations on research purposes. In the case of
solving solid mechanics problems using the eigenstrain
theory, eigenstrains can be imported into finite element model
as pseudothermal strains in such packages, but that creates an
additional computational burden of thermal elasticity, necessi-
tates the formulation of additional coefficients, and prevents
obtaining necessary outputs like distribution of separate
components of eigenstrain natively. Another limitation of
commercial finite element packages is their limited options
for parallelization. They provide effective solutions in their
optimized form, but users are not allowed to change the struc-
ture of the parallel computation. On the other hand, FEniCS
computing platform provides a collection of free and open-
source software components that allow the automated solution
of PDEs using C++ and Python interfaces. This flexible inter-
face also allows the implementation of eigenstrain components
natively as it is formulated in Equation (2) and the use of alter-
native parallelization options like HTC to perform the indepen-
dent linear elastic calculations of basis functions in parallel for
solving the inverse problem of eigenstrain.

High-performance computing (HPC) allows parallelization of
solutions at large-scale domains across a high number of nodes
but the scalability of HPC is a challenge for most problems. As
Amdahl® stated that scale of problems is limited by the fraction
of nonparallelizable computational load and Gustafson’s numer-
ical experiments?®> showed that unless the scale of a problem is
increased with the increasing number of resources, HPC has a
bottleneck of reaching a steady state of performance improve-
ment related to increasing number of computational units.
On the other hand, HTC is used to perform independent one-
way solutions whose outputs are not returned to the calculations.
This characteristic of HTC makes it a remarkable alternative to
HPC for solving the independent and lightweight linear elastic
finite element models of radial basis functions of the inverse
problem of eigenstrain in parallel despite running them sequen-
tially as illustrated in Figure 1.

3. Experimental Validation of the FEniCS
Eigenstrain Model

This study presents the first attempt to solve the direct and
inverse problems of eigenstrain using the FEniCS computing
platform. The model scripts written for converting the formula-
tion of the eigenstrain model into a finite element code are
sole and they need to be validated using experimental data whose
reliability in the quantification of residual elastic strains was
accepted to be reliable by scientists. Accordingly, the inverse
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problem of eigenstrain was solved for the reconstruction of
residual elastic strains in a titanium bent bar using residual
elastic strains quantified experimentally employing pointwise
high-energy synchrotron X-ray diffraction measurements.

Ti64 specimen with dimensions of 50.0 x 8.5 x 4.0 mm was
bent using 100kN load by setting 4 pins as illustrated in
Figure 2. The distance between the outer pins is set to be
20 mm while the inner pins are located 10 mm apart from each
other. The applied bending moment caused plastic deformations
at the outer edges of the specimen along the y-axis. In this study,
the section between the bottom pins, which covers 20 mm in
length, is assumed to have a bent form similar to the bending
over a cylinder, and accordingly, the distribution of plastic strains
along the longitudinal x-axis of the specimen is assumed to be
continuous within this bound.

Residual elastic strains formed after removing the loads were
quantified along the vertical line that is parallel to the y-axis and
passes from the origin, as illustrated in Figure 2b, between the
top and bottom edges of the specimen with a step size of
0.25 mm. The voxel-based eigenstrain reconstruction of residual
elastic strains was accomplished in the section between the bottom
pins that is assumed to accommodate continuously distributed
plastic deformations. Accordingly, residual elastic strains
within this section are assumed to distribute continuously along
the longitudinal x-axis and the short-transverse z-axis. The finite
element mesh composed of tetrahedral elements was created
using a single layer of cells with dimensions of 0.5 x 0.5 x 0.5 mm
to form a rectangular domain with dimensions of
20.0 x 8.5 x 0.5 mm.

Line distribution of reconstructed residual elastic strains has
an excellent agreement with the residual elastic strains quantified
using the high-energy synchrotron X-ray diffraction measure-
ments as illustrated in Figure 2a. The formation of residual elas-
tic strains depends on the availability of the irregular distribution
of permanent plastic strains. In the case of bending problem, the
irregularity is expected to be formed due to availability of three
different regions of permanent plastic strains that are tensile,
compressive, and null. Results of distribution of eigenstrains
clearly present these three regions and consistent with the
boundaries of expected irregularities. Accordingly, the line dis-
tribution of residual elastic strains and eigenstrains has good
agreement with the expected distributions formed in bars!"*! that
are bent into a developable surface®® and it can be concluded
that the voxel-based FEniCS eigenstrain model for solving the
inverse problem of eigenstrain has been formulated and coded
correctly.

4. Numerical Experiments

The voxel-based eigenstrain reconstruction method was ana-
lyzed using numerical experiments. Solutions to all numerical
experiments were performed using FEniCS eigenstrain model
in a rectangular domain that was meshed using second-order
Lagrange family Continuous Galerkin element by dividing the
domain into 2304 rectangular cells that accommodate 13 824 tet-
rahedral elements and 21 609° of freedom points. The center of
the base of the domain is located at the origin that covers a
plane that extends from —9.6 to 9.6 mm in x-dimension and
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Figure 1. Flowcharts of hybrid HTC parallel and sequential solutions of the inverse problem of eigenstrain.

from —10.0 to 10.0 mm in y-dimension while its height extends
from 0.0 to 3.2 mm in z-dimension as illustrated in Figure 3.
The moduli of elasticity and Poisson’s ratio for this body are
set as 200GPa and 0.3, respectively, in all numerical
experiments.

Numerical experiments start by solving the direct problem of
eigenstrain using a predetermined eigenstrain field imported to
the model domain. Dirichlet boundary conditions that prevent
movement of the z-plane were applied as the z-component of
the degree of freedom to the point at node (0.0, 0.0, 0.0) in all
stages of numerical experiments. This allows the deformation
of the body freely as a result of relaxation of planar residual
stresses, which were accommodated while the body is fixed to
the substrate, to simulate the state of the body after being
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removed from the substrate. Three components of displacement
from the top surface of the domain, where the z-coordinate is
3.2 mm, were recorded after solving the direct problem of eigen-
strain for being used as an input for solving the inverse problem
of eigenstrain.

The voxel-based eigenstrain reconstruction process in the pre-
sented numerical experiments accomplishes the determination
of eigenstrain state that causes already recorded three compo-
nents of displacements. Then it becomes possible to calculate
deformations and residual stresses within the 3D domain.
Two different numerical experiments that mimic the conditions
of continuously and discontinuously processed bodies were
designed to investigate accuracy in solving the inverse problem
of eigenstrain. The quality of reconstructions of residual stresses
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Figure 2. a) The illustration of four-point bending of the Ti64 specimen
and b) the distribution of experimentally determined and reconstructed
residual elastic strains along with eigenstrains through the long-transverse
y-axis.

corresponding to two conditions was analyzed for presenting as
3D surface and transparent in-volume illustration and line plots
along the red diagonal paths given in Figure 3. Line plots present
a comparison of all components of eigenstrain, residual stress,
and displacement that belong to the solutions of direct and
inverse problems of eigenstrain and error analysis w.r.t. the
domain height that varies along the z-dimension. Finally, the
hybrid HTC parallelization performance of the FEniCS
eigenstrain model was analyzed.

www.aem-]ou rnal.com

4.1. Continuously Processed Body

The analysis of voxel-based full-field eigenstrain reconstruction
in continuously processed bodies is composed of two stages.
The first stage is solving the direct problem of eigenstrain prob-
lem using normal components of eigenstrain defined by
Equation (15), where d, and d, are the size of the domain in
x- and y-axes, respectively, and k;; is a constant which was set
for 11, 22, and 33 components of eigenstrain as 0.96 x 1073,
1.0 x 1073, and 0.32 x 107, respectively. The second stage is
solving the inverse problem of eigenstrain using the outputs
of direct problem of eigenstrain.

Equation (15) defines the distribution of eigenstrain in
xy-plane without variation in z-dimension that satisfies the con-
tinuous processing condition. The output of the direct problem
of eigenstrain, which is used for solving the inverse problem of
eigenstrain, is the displacement data with its triaxial x-, y-, and
z-components from the top surface of the domain where
z-coordinate is 3.2 mm.

2
£ ( y) = kyexp< 4:;) exp(—%) (15)
x Y

The top surface distribution of magnitude of eigenstrain,
residual stress, and displacement in continuously processed
body after solving the direct problem of eigenstrain is given
in Figure 4. Magnitudes are determined as the sum of absolute
values of all components of eigenstrain, residual stress, and
displacement. These illustrations show an excellent match of
the 3D distribution of reconstructed values with the results of
direct solution. Given magnitudes include the sum of shear
components as well as normal ones while the input data,
displacement, from the calculations of the direct problem corre-
spond only to the normal components. Accordingly, the results
present reliability of the model in the case of calculation of six
components of deformations and residual stress using only three
components of experimental data.

Variations of separate components of eigenstrain, residual
stress, and displacement between the results of direct and
inverse solutions were analyzed using line plots along the red
diagonal path that covers whole thickness. Results given in

Figure 3. The illustration of the domain with dimensions of 19.2 x 20.0 x 3.2 mm. Red diagonal line represents the path used for line plots.

Adv. Eng. Mater. 2023, 25, 2201502 2201502 (7 of 15)
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Figure 4. Distribution of eigenstrain, residual stress (MPa), and displacement (mm) after solving the inverse problem of eigenstrain in continuously

processed body.

Figure 5 show an excellent agreement between direct solution
and reconstruction calculations. The root mean squared error
(RMSE) between direct solution and reconstruction calculations
up to the corresponding depth was also calculated using
magnitudes of eigenstrain, residual stress, and displacement
separately. Results show that magnitudes after eigenstrain recon-
struction have an excellent agreement with magnitudes of direct
solution and RMSE does not have a significant change with
increasing depth and remains close to zero at all levels of domain
depth starting from the top surface.

It should be mentioned that this model uses radial basis
functions that are distributed in the whole domain and the result
of the solution of the inverse problem of eigenstrain is based on
the weighted sum of the solution of independent radial basis
functions without using any guiding information about the
distribution of eigenstrains in a continuously processed body.
Accordingly, it can be stated that the proposed voxel-based

Adv. Eng. Mater. 2023, 25, 2201502 2201502 (8 of 15)

eigenstrain reconstruction is highly successful in the determina-
tion of the exact distribution eigenstrains without regularization
functions. This is the most important achievement of the
voxel-based eigenstrain reconstruction method when compared
to previous attempts on full-field eigenstrain reconstruction
mentioned in the introduction section.

4.2. Discontinuously Processed Body

The analysis of voxel-based eigenstrain reconstruction was
repeated in a discontinuously processed body by solving the
inverse problem of eigenstrain using the outputs of the direct
problem of eigenstrain corresponding to the eigenstrain field
defined by Equation (16). In this equation, d, is the size of
the domain in z-dimension and k; was set for 11, 22, and 33
components of eigenstrain as 0.96 x 107>, 1.0 x 1072, and
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Figure 5. Line plots of separate components of eigenstrain, residual stress, and displacement along the diagonal red path, given in Figure 3, and error
analysis after solving the inverse problem of eigenstrain in continuously processed body using the magnitudes of sum of all components.

0.32 x 1073, respectively. Equation (16) defines an eigenstrain
field that varies in all three coordinate axes and provides an exam-
ple of a discontinuously processed body. Similar to the first
numerical experiment, triaxial displacement data from the top
surface of the domain were collected as an output to be used
for solving the inverse problem of eigenstrain.

2
ei(x,y,2z) = ke A _dy /4 16
ij Y ij Xp d €xp d Z/ 0, ( )

x Y

Representations of surface and volume distributions of the
magnitude of eigenstrain, residual stress, and displacement in
the discontinuously processed body after solving the direct

Adv. Eng. Mater. 2023, 25, 2201502 2201502 (9 of 15)

problem of eigenstrain and eigenstrain reconstruction are given
in Figure 6 and 7. Both surface and transparent in-volume illus-
trations show a highly accurate match of the 3D distribution of
reconstruction calculations with the results of the direct solution.
The slight deviation of reconstructed residual stresses from the
results of the solution of the direct problem of eigenstrain is
hardly visible but the magnitude of reconstructed eigenstrain
and displacement has an excellent match with their direct solu-
tion counterparts. Residual stresses calculated after eigenstrain
reconstruction process and direct solution have highly reliable
match in the whole volume as illustrated in Figure 7.
Variation of separate components of eigenstrain, residual
stress, and displacement between the results of direct and
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Figure 6. The distribution of eigenstrain, residual stress (MPa), and displacement (mm) after solving the inverse problem of eigenstrain in discontinu-

ously processed body.

inverse solutions was analyzed using line plots along the diago-
nal red path. Results given in Figure 8 show an excellent agree-
ment of reconstructed displacements with direct solution
calculations while eigenstrain and residual stress distributions
have slight deviations. Deviation of z-component of eigenstrain
occurs independent of the depth which is an important parame-
ter because experimental data are imported to the top surface of
the domain, where the z-coordinate is 3.2 mm, only and calcu-
lations get distant from the experimental data with increasing
depth. Logical expectation for that is getting a higher error with
increasing distance from the surface of experimental data but the
result shows that the influence of distance from experimental
data is negligible because magnitudes of reconstructed residual
stress show that deviations are high at spots where magnitudes
are relatively higher. Even though the z-component of eigen-
strain has the lowest magnitude, it has a higher deviation when
compared to the other components of eigenstrain. The reason for
this is expected to be the relatively low number of layer of cells

Adv. Eng. Mater. 2023, 25, 2201502 2201502 (10 of 15)

and elements distributing along the z-dimension that prevents
capturing details about the variation of eigenstrains through
the thickness. Other components of eigenstrain presumably have
the same problem but their high magnitude suppresses devia-
tions related to the cell density through the thickness. In addi-
tion, shear components of reconstructed residual stress have
an excellent match with direct solution calculations. This is an
unexpected result because the inverse problem of eigenstrain
is solved using radial basis functions that are defined for normal
components of eigenstrains. The expectation in this condition is
having a higher error of shear components while having a better
match of normal components residual stress, but the result is
opposite. This shows the capability of the proposed method
on the determination of all components of residual stresses
using a limited number of components of experimental data
corresponding to measured deformations from a limited region.

The RMSE between direct solution and reconstruction calcu-
lations shows that the magnitude of reconstruction displacement
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Figure 7. The illustration of 3D distribution of eigenstrain, residual stress (MPa), and displacement (mm) after solving the inverse problem of eigenstrain

in discontinuously processed body.

has an excellent agreement with the direct solution in the full-
field while eigenstrain and residual stress magnitudes have a
slightly increasing trend of RMSE with increasing distance from
the source of experimental data. Because errors of eigenstrain
reconstruction in discontinuously processed bodies have a com-
plex nature. The PDE solver has a high influence on the accuracy
of residual stress calculations and the combined influence of
parameters of finite element solver, such as cell density or ele-
ment properties, and formulation of basis functions should be
analyzed carefully for each problem. In this numerical experi-
ment, the source of deviation of residual stresses is predicted
to be the high deviation of the z-component of eigenstrain
and its relationship with the cell and element density through
the thickness and parameters of the finite element solution.
Consequently, it can be stated that the voxel-based full-field
eigenstrain reconstruction method is highly reliable on solving
the inverse problem of eigenstrain in discontinuously processed
bodies, but it necessitates the use of higher cell density and
denser distribution of radial basis functions that will increase
the computation cost and solution time. This study also aims

Adv. Eng. Mater. 2023, 25, 2201502 2201502 (11 of 15)

to show the limits that can be achieved by a single-node SMP
unit using a reasonable number of radial basis functions.
Numerical experiments on the analysis of the voxel-based
eigenstrain reconstruction method provided an ideal environ-
ment free from characteristic errors and uncertainties that
eliminated the need to show agreement with residual stress
measurements of independent techniques for the validation of
the proposed method.””*®) The excellent agreement of the
results of the continuously processed case shows that the model
formulation is valid. On the other hand, errors appear in the
discontinuous processed case are related to the complexity of
eigenstrain distribution. Improvement in the discontinuously
processed case is expected to be achieved by using higher density
radial basis functions and corresponding higher mesh density.
However, current solutions reached the limits of single node
SMP workstation. Accordingly, in order to show that this claim
is valid, the solution of the discontinuous case was repeated
using a lower radial basis function density and less number
of cells. In these solutions, all steps of the voxel-based eigenstrain
reconstruction method were repeated using second-order
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Figure 8. Line plots of separate components of eigenstrain, residual stress, and displacement along the diagonal red path, given in Figure 3, and error
analysis after solving the inverse problem of eigenstrain in discontinuously processed body using the magnitudes of sum of all components.

Lagrange elements distributed in 12 x 12 x 2, 18 x 18 x 3, and
24 x 24 x 4 number cells. Line plots given in Figure 9a show the
increase of RMSE with increasing depth starting from the top
surface where the z-dimension is 3.2 mm. Increasing the num-
ber of cells increases the number of tetrahedral elements and
provides denser distribution of voxel points that are used for
locating voxel points. The results of this test prove the statement
on the inverse relationship between the number of basis func-
tions and RMSE. Increasing the number of basis functions
reduces the RMSE and increases the quality of the results of
the solution of the inverse problem of eigenstrain. In addition,
the lack of cell symmetry in the z-direction, when 18 x 18 x 3
number of cells is used, causes an irregular variation of

Adv. Eng. Mater. 2023, 25, 2201502 2201502 (12 of 15)

RMSE with increasing depth, but this result is specific to this
problem. Other problems can have different behaviors depend-
ing on their domain, eigenstrain distribution, and boundary
conditions.

4.3. Hybrid HTC Parallelization

Hybrid HTC parallelization for solving the inverse problem of
eigenstrain distributes the shared memory parallelization of
independent solutions of radial basis functions across the
nodes. The only input needed for independent solutions is the
coordinate of voxel points where radial basis functions are cen-
tered. The outputs of these solutions are saved in the storage
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Figure 9. a) Relation between the density of radial basis functions and the variation of RMSE of magnitude of residual stress with increasing depth along
the diagonal red path, given in Figure 3 and b) normalized total solution time w.r.t. the number of processes per thread.

system for the reconstruction process without transferring back
to the memory. Consequently, the independent solutions of
radial basis functions can be effectively parallelized across an
unlimited number of nodes without scaling limits using this
approach, but it is necessary to determine the optimum
number of solutions per node due to the bottlenecks
of SMPs.

In order to achieve effective hybrid HTC parallelization at any
single SMP, a two-step analysis scheme is demonstrated by a
numerical experiment using the FEniCS finite element model
parameters. Tests were performed using a workstation with
Intel Core i7-8700 CPU 3.2 GHz processor that has 6 physical
and 12 logical cores. Prebuilt FEniCS Docker image, which was
last modified on January 14, 2020, was used to run FEniCS on the
Windows 10 platform for solving linear elastic finite element
model of radial basis functions. In order to create a safe environ-
ment of calculations that dedicates the use of CPU threads for
FEniCS eigenstrain model calculations only, the maximum num-
ber of active threads is limited to 5. Tests were repeated 5 times and
benchmark results were averaged. The standard error of bench-
marks is less than 0.1% of the average in all cases and accordingly,
error related to the sampling distribution was ignored.

The main bottleneck of parallelization at an SMP is start-up
overhead that causes the initial process to have a higher solution
time when compared to subsequent solutions. Different number

Solution Time per Process (sec)

0 2 4 6 8 10 12 14 16 18 20 22
Number of Processes per Thread

of processes were sent to a single threat for observing the relation
between bottleneck and the number of sequential processes.
Solution times normalized to the solution time of a single pro-
cess given in Figure 9b show a linear variation between solution
time and the number of processes per threat where normalized
solution time of a single process is 1. This linear relation shows
that subsequent processes have a very similar solution time that
is 30.6% faster than the first process. It can be concluded that the
solution of the first basis function at a single threat is much
slower than the subsequent solutions and accordingly the deter-
mination of the optimum number of processes per threat is
crucial.

The solution time per process is investigated w.r.t. the number
of sequential processes sent to a single threat to determine the
optimum number of processes per threat. The plots given in
Figure 10a show that solution time reaches a steady state after
a certain number of processes. Accordingly, the optimum num-
ber of processes for the independent solution of basis functions
is determined to be 10 for analyzing the efficiency of shared
memory parallelization but it should be noted that the number
of independent solutions can be much higher in a real case prob-
lem depending on the number of central processing unit (CPU)
cores. Results in Figure 10b show that the efficiency of a single-
node parallel process is higher than 80% when the number of
active threats is 2 and decreases with each additional thread

1.00

0.83
0.67 0.57 040

1 2 3 4 5
Number of Active Threads

Figure 10. a) The solution time per process w.r.t. the number of processes per thread and b) the number of active threads in the SMP with efficiencies
given per process on bars when the number of processes per thread is set to 10.

Adv. Eng. Mater. 2023, 25, 2201502 2201502 (13 of 15)

© 2023 The Authors. Advanced Engineering Materials published by Wiley-VCH GmbH

95U9017 SUOWILIOD A1) 9|cedl|dde au) A peulenof ae sopoie YO ‘SN JO Sa|nu oy Areiq1T 8UIIUQ AS|IA UO (SUOTIPUOD-pUe-SLLIB)ALI0Y A3 | AReq1[ou1|UO//:SANY) SUONIPUOD pue SWie | aU) 89S *[7202/90/50] Uo Aeid1auliuo AB|IM ‘A1sieAlun pIosxo Ad Z0ST0ZZ0Z Wepe/Z00T OT/I0p/wod Ao imAelqpul|uo//sdny wolj pepeojumod ‘v ‘€202 ‘8v92.25T


http://www.advancedsciencenews.com
http://www.aem-journal.com

ADVANCED
SCIENCE NEWS

ENGINEERING

www.advancedsciencenews.com

while solution time per process decreases continuously with a
diminishing rate. As solution times are presented in terms of
a single process while each threat deals with 10 sequential
processes, the solution time per process is less than 5s when
50 basis functions are solved in parallel using five active threads.

This demonstration does not provide any advice on the opti-
mum number of processes to be sent to a single thread of an
SMP for dealing with start-up overhead. Different problems with
the different number of cells and elements can necessitate using
different number of processes per thread in alternative SMPs.
Accordingly, any SMP architecture needs to be tested indepen-
dently for each problem in order to achieve optimum hybrid
HTC parallelization performance.

5. Conclusions

The use of radial basis functions in the voxel grid for the full-field
eigenstrain reconstruction of residual stresses eliminated the
need for regularization functions, which depend on assumptions
about the nonregular distribution of permanent plastic strains,
reduced the complexity of the formulation of basis functions
and created a new parameter, the resolution of the voxel-based
domain, for solving the inverse eigenstrain problem. This new
parameter has direct influence on the reliability of calculations
of the proposed method. The resolution of the domain can be
increased subjected to available computational power in order
to reduce the error of reconstruction. In the case of availability
of computation power for high-resolution domain, the reliability
of reconstruction depends only on the quality of experimental
data. This property of the proposed novel approach has tightened
the link between modeling and experimentation in a practical
way without dealing with computationally heavy formulations.
Results of numerical experiments in continuously and
discontinuously processed bodies show that the combination
of experimental data with linear elastic finite element models
in a remarkable algorithm provides a great achievement in the
prediction of the 3D distribution of residual stresses and their
permanent plastic strain sources. Excellent reconstruction was
achieved in the case of a continuously processed body and highly
reliable results were obtained from the reconstruction in the case
of a discontinuously processed body. As expected, the error in the
case of a discontinuously processed body increases with the
increasing distance from the top surface of the domain which
is the source of experimental data used for the reconstruction.
Although the appearance of a slight increase in error with
increasing depth, transparent maps show that it is difficult to
distinguish direct and reconstructed solutions while the recon-
struction on the surface of experimental data are excellent.
The proposed full-field eigenstrain reconstruction method
depends on the density of basis functions located at each voxel
in the domain. This nature of the proposed reconstruction
method allows for defining the density of basis functions as
model resolution. The error analysis on the influence of model
resolution showed that the error of reconstruction appearing
in discontinuously processed bodies can be minimized by
increasing the density of radial basis functions in return for
higher computation cost. When sufficient model resolution is
achieved, the model is expected to provide highly reliable results
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in the case of the availability of error-free experimental data
collected from the whole top plane of a rectangular body.

Residual elastic strains measured by nondestructive diffrac-
tion techniques or elastic responses corresponding to destructive
processes determined by profilometry or microscopy techniques
can also be used for full-field eigenstrain reconstruction of resid-
ual stresses but this time experimental errors will take place.
Accordingly, it can be stated that as the excellence of this recon-
struction method has been proven by the numerical experiments,
the reliability of reconstruction based on the experimentally mea-
sured data will solely depend on the quality of measurements.

The results of numerical experiments show that the error of
reconstruction increases with depth because the experimental
data are located on the top surface and this influence can be min-
imized by increasing the model resolution. However, increasing
the density of basis functions increases the computational cost.
The volumetric distribution of error of reconstruction given in
this study applies to problems with the same domain in the case
of the availability of impeccable experimental data. As this study
is not able to cover all other domains with different geometries
and experimental measurement techniques, volumetric error
estimation is advised to be done by numerical experiments in
the domain geometry of the problem using the maximum achiev-
able model resolution and revised according to the experimental
method used for the collection of experimental data.
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