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ABSTRACT

General symmet'ry arguments show that an elastic 

constant should vanish "when a crystal undergoes a second 

order structural phase transition. A detailed theory of 

the elastic anomaly is developed for'DyVO^, TbVO^, and 

TmVO,, which have cry st allograph! c phase changes caused by 

the Jahn-Teller effect at 14, 34 and 2.1°K respectively.

The theory predicts that the elastic constant

should fall to zero at the transition t e. riper at ure T^ for

DyVO, and that c^ should vanish for TbVO, and TmVO^.

These conclusions have been verified experimentally. For
 

DyVO. the electron lattice interaction is predominantly of 

short range and a cluster theory has been used to interpret 

the results. For the other crystals a molecular fi.eld theory 

has been used to calculate the elastic constants under dif­ 

ferent 'the rmodynamic regimes and the random phase approx­ 

imation has been used in a treatment of the elementary ex­ 

citations. In TbVCL and TmVO, the theory predicts that the 

elastic constant only falls to zero at T^ when measured at 

a sufficiently low frequency. This frequency dependence 

has been observed in TbVO, and is satisfactorily described 

cy the theory.

At the first order 9-5°K phase change in DySb the 

elastic constant -|( c. ̂ -c, 2 ) is observed to soften but not 

to vanish, consistent with general symmetry arguments. A 

theory of this anomaly has been developed within the 

molecular field approximation. Satisfactory agreement with 

experiment is obtained for T>TD but there are large unresolved



discrepancies in the low temperature phase.

A theory for the elastic constant and spontaneous 

polarization of the ferroelectric KE^PO, has "been developed. 

One of the lattice vibrational modes is written in a pseudc- 

spin formalism and four spin interactions have been in­ 

cluded in the model. Although the theory gives a reasonable 

account of the data some discrepancies still remain.

Coupling between pairs of phonons and. the, soft mode in 

hydrogen bonded ferroelectrics has been investigated in the 

pseudospin model. An anomalous dielectric response is pre­ 

dicted similar to earlier work on the anharmonic phonon 

theory [?1]. A frequency dependence of the elastic constants 

is expected but this has not yet been observed. An analysis 

of Raman scattering data shows that the low frequency 

anomaly is a small effect in KDP, KDA and CsDA contrary to 

an earlier analysis of the data [70'].

When a magnetic field is applied in the hard direction 

of an anisotropic ferromagnet qualitative arguments show 

that an elastic constant should vanish when the moments 

line up parallel to the hard axis. These conclusions have 

been verified for a particular model of the ferromagnetic 

phase of Dy and Tb metal.
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INTRODUCTION

A transition between different phases of a pure 

substance is characterised by an 'order parameter 1 which is 

zero in one phase and non-zero in the other [1]. In part I 

of this thesis we shall be concerned with structural phase 

transitions where the crystal dimensions change as the 

temperature is reduced below the transition temperature T-ry 

Here the two phases are characterised by different crystal 

structures and the order parameter.is the distortion in the 

Icvv7 temperature phase. Transitions can conveniently be 

classified into those of the first order and those of the 

second order. In the former case the order parameter varies 

discontinuously at the transition temperature while for the 

latter it increases smoothly from zero as the temperature is 

reduced below T-^.

One can always express the order parameter in terms of 

the normal coordinates of the system in its high temperature 

phase. For second order transitions, the system offers no 

resistance to small changes in the order parameter when the. 

transition temperature is reached otherwise the phase change 

.vould not occur spontaneously. It would be a coincidence 

If the restoring forces for several modes vanished at the 

same temperature so the order parameter can be expressed 

in terms of the normal coordinate of just one mode, which is 

called the 'soft mode'.

Consequently at T-^ there is no resistance to small 

oscillations of i:he soft mode so fluctuations in it become
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very large and its frequency tends to zero. If however 

the mode were already at zero frequency then it would re­ 

main so as the transition were approached while the fluc­ 

tuations increased enormously. For T<TD the crystal distort 

and higher order effects-ignored in our treatment so far 

stabilise the mode again. The soft mode concept was intro­ 

duced "by Cochran [2] who showed that -ferroelectric phase 

transitions are associated with an optic vibrational mode 

whose frequency tends to zero as the transition is ap­ 

proached.

For crystals whose dimensions change at a second 

order phase change an elastic constant must vanish .at T,, 

for the distortion to occur with no external.stress. The 

elastic constant determines the frequencies of long wave­ 

length acoustic vibrations so in these transitions we 

expect the soft mode to belong to the acoustic and not 

the optic branch. In part I we shall investigate in detail 

a theory for the structural phase transition in several 

crystals and-shall show that the soft mode is indeed a 

long wavelength acoustic vibration.

At 1st order transitions the resistance of the crystal 

to small changes in the order parameter does not vanish at 

the transition temperature. We do not therefore expect a 

mode to become soft although it is possible that the transi­ 

tion might be associated with a mode whose frequency becomes 

small, although not zero, as T approaches T-p.

The second part of this thesis concerns the elastic 

behaviour of anisotropic ferromagnets when there is strong



     -ill-

coupling "between the magnetic moments and the lattice. In 

the absence of an applied magnetic field the moments lie 

along the easy direction, determined by anisotropy forces, 

which is a symmetry direction of the crystal. Suppose a 

magnetic field is applied in the hard direction, defined 

to be the least favourable orientation for the moments. 

Again this will be a symmetry axis of the crystal. As the 

field is increased the moments turn and, for fields greater 

than a critical value H , they will align parallel to the
(-/

hurd axis.

It is easy to see that the moments will point pre­ 

cisely along the hard axis for sufficiently large H, rather 

than at a small angle to it, by the following simple argu­ 

ment. The change in free energy caused by. rotating the 

spins away from the hard direction through a small angle 

about a crystal axis is

where u is the magnetic moment, H is the applied field and 

A is a measure of the anisotropy energy which is assumed 

here' tc have n fold symmetry. Expanding AF to lowest order 

I:. $ one obtains

?or sufficiently large H AF must be positive so the moments 

vill lie precisely along the hard direction.

In other words for H>H 0=0 but for H<H $/0. SinceCx c

tho lattice Lvtraim; are coupled to the upins the variation 

of one of the str-iin components is qualitatively similar 

to j#. This situation corresponds precisely to a second
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the lattice coupling. In the present work we consider three 

crystals DyVO,, TbVO, and TmVO, which, we believe, illustrate 

all the essential features of the elastic anomaly in this 

class of materials.

In Chapter 5 a theory is developed for the first order 

9.5°K phase transition in DySb.where specific heat, suscep­ 

tibility and neutron diffraction [42] measurements show that 

both a structural change and antiferromagnetic ordering 

appear. The elastic constants show a sizeable softening 

so electron-lattice as well as magnetic interactions are 

involved. An alternative treatment has been given by Levy 

et al. [43]> [44]. This is considerably more complicated 

than our approach and, unlike our theory, has not been ex­ 

tended below the transition.

Chapters 6 and 7 are devoted to a rather lengthy stiidy 

of the hydrogen bonded ferroelectric KDP and its isomorphs. 

Despite a wealth of theoretical and experimental investi­ 

gations there is still no completely satisfactory description 

of these materials. Special attention is given in our 

treatment to the elastic anomaly which occurs at the ferro­ 

electric transition but the same model is also used to 

discuss polarization and dielectric properties and Raman 

scattering data,

"The second part of this thesis, concerned with elastic 

anomali.es in anisotropic f erromagnets, develops a model 

for the ferromagnetic phase, of the rare earth metals Dy and 

Tb. These materials have been extensively studied (see 

reference [1] of part II). Anisotropy forces and magneto-
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elastic interactions are found to be large but nonetheless 

magnetic fields are available which are big enough to 

turn the moments from the easy to the hard direction. 

Dy and Tb are therefore suitable materials in which to 

investigate a possible elastic anomaly when the moments are 

turned into the hard direction by an applied field.

The first chapter of this thesis is concerned with the 

development of a model Hamiltonian capable of describing

the acoustic properties of DyVO,, TbVO, and TmVO,. Above
19 T-n they have the tetragonal zircon structure D,/ while below

the transition the symmetry is reduced to orthorhombic with
pO p^l f~) A

^pacc groups Dp, , D~? and DAY respectively [10], [6]. .For
£-• JL A C,. A. A. £— -!• J-

Dy and Tb^+ the crystal field of the vanadates favours 

large moments in the basal plane as a result of which there 

are near degeneracies in the low lying electronic levels. 

This degeneracy is removed below T-^. The moments for Dy 

lie at 45° to those for Tb and it is shown that this leads 

to a strong coupling to B.. and Bp lattice modes respectively,
pn

An instability in these modes reduces the symmetry to Dp,
24 for DyVO, and Dp-, for TbVO, in agreement with experiment

and the corresponding elastic constants which we expect to 

vanish at IV are (c^-c.p)/2 and c^c respectively. The 

quadrupole moments lie out of the basal plane in Tm the 

lowest lying states forming a degenerate doublet which is

split below T-pj. This is different from the situation in

^+ "W Dy J and Tb where the degeneracy is only approximate. We

predict that TmVO^ should distort in a Bp^ mode, as observed,
i «.  v->

and We anomalous elastic constant is expected to be c,-^.* 66
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The coupling of the lattice displacements to the

electronic levels is investigated in §1.2 for a single 

complex around a rare earth site, operators acting on the 

electronic levels "being written in terms of spin operators 

as in [10]. This discussion is extended to treat coupling 

to phonon modes and static strains in §1.3- Neglecting all 

but the most important interactions we show in M.4 that 

the ion lattice coupling leads to an interaction between 

electronic levels on different sites which is responsible 

for the cooperative transition*

In Chapter 2 the static properties of our model are 

investigated using molecular field, theory and the elastic 

constants under various thermodynamic regimes are calculated. 

For each crystal the isothermal elastic constant c^ vanishes 

at the transition as expected from the general considera­ 

tions mentioned earlier.

In Chapter 3 the frequencies of the elementary excita­ 

tions are calculated in the random phase approximation, 

with special emphasis on the acoustic phonon modes. The 

sound velocity calculated in this way corresponds to the 

elastic constant for the thermodynamic regime where the 

populations of the levels remain constant. We discuss this 

by considering the difference between 'collision dominated* 

or 'thermodynamic' modes and 'collision free' modes of the 

crystal. The frequency w, at which a measurement would 

determine a particular thermodynamic elastic constant depends

upon the relative magnitudes of ID and the spin-spin and spin-
  1  1 lattice relaxation rates, TSS and T ' respectively. We
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propose an expression relating the observed value of c to 

the measuring frequency which we expect to be a satisfactory 

interpolation between the different thermodynamic results. 

At low frequencies the elastic constants of all our systems 

vanish as expected at TD but for TbVO, and TmVO, the high 

frequency results do not fall to zero. This is interpreted 

in terjns of a zero frequency spin mode of the same symmetry 

as the distortion. Such a mode exists for TbVCK and TmVO, . 

but not for DyVO,.

Chapter 4 compares the theory with the experimental 

results on DyVO. and TbVO, [3], there being no data on
T" T" t»

TmVO, at the time of writing. For DyVO, both the ultrasonic 

and Brillouin scattering data fall to zero at T^, consistent 

with the theory. However there are large deviations from 

the molecular field results so a cluster theory has been 

developed to interpret the data. The details of the cal­ 

culation are given in Appendix C. Modes in other symmetry 

directions are not expected to be strongly affected but in 

§4.l(b) we suggest a possible mechanism for the observation 

in [15] that C///CCK below T-,,. The elastic constant of 

TbVCK, unlike DyVO, is found to be strongly frequency 

dependent and in particular does not vanish at the transition 

in the Brillouin scattering experi lents although the ultra­ 

sonic data, measured at a much lower frequency, does fall 

to zero. Choosing a suitable value for TSS we find that 

the theory agrees satisfactorily with the measurements. 

Molecular field theory works well, so we have not extended 

the cluster theory to the four level Tb^+ system, and we



discuss why this is so when molecular field theory gives 

poor results for DyVO,.

The symmetry of DySb is reduced from cubic to (almost) 

tetragonal below the transition. There are near degeneracies 

in the low lying electronic states similar to DyVCh and it 

is shown in §5.2 that this leads to strong coupling to 

lattice modes of E symmetry and a softening of the elastic 

constant -Kc^-c^) in- agreement with experiment. In §5.3 

it is shown that the model predicts a first order transi­ 

tion as observed and expressions are calculated for the
A

elastic constants in both phases. The two elastic constants 

corresponding to the components of the E symmetry strain are 

equal above the transition but this degeneracy is removed 

below T-p. as required on symmetry grounds. Good agreement 

with the experimental data above the transition is found 

in *5-4 but the crystal is expected to harden considerably 

below the transition in contrast to the experiments which 

show an almost temperature independent behaviour in this

ragion.

The treatment of KDP begins in §6.1 with a discussion 

of the crystal structure. Lattice displacements are written 

in terms of local normal coordinates in §6.2 and attention 

is focused on the four branches involving large -proton dis­ 

placements. By comparing this approach with an earlier 

theory of Slater [60] it appears plausible that one of 

these modes is unstable and causes the transition whereas 

The others are stable. It is found necessary to introduce - 

four particle forces to represent the Slater theory exactly.
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In ^6.3 the local normal coordinate for the unstable mode, 

representing a combination of displacements of all the 

.atoms in the cell, is described by a pseudospin formalism. 

Adding four particle interactions can lead to a first 

order transition as shown in §6.4. Polarization experiments 

show that the transition is indeed slightly first order so 

the four particle term is necessary to fit the polarization 

and elastic constant data with the same set of parameters 

as shown in §6.5. A fair description of the elastic constant 

data, but not Ihe polarization measurements, can however be 

be obtained without this complication*

Chapter 7 investigates coupling of the soft mode in 

hydrogen bonded ferroelectrics to pairs of phonons in the 

light of Cowley's suggestion [70], [71], on the basis of 

an anharmonic phonon-theory, that this leads to a large 

low frequency peak in the spectrum. After an introduction 

to Green functions and correlation functions in §7-1, it is 

shov.Ti in -7.2 that the same qualitative features are ex­ 

pected on the pseudospin model as on the anharmonic phonon 

theory. The necessary modifications to the theory for the 

elastic constants are discussed in §7-3 and a marked 

frequency dependence in Cgg is expected. This effect has 

not yet been observed. The theory for Raman scattering 

intensity is developed for the pseudospin model and is found 

to be very similar to the anharmonic phonon description. 

From a careful analysis of the Raman data the low frequency 

peak in the spectrum of KDP, KDA and CsBA is found to be 

a small effect in contradiction to earlier results of [70], 

[34].
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Section 8.1 gives a very brief introduction to the 

subject of rare earth metals. Prom qualitative arguments 

it is shown in §8.2 that an elastic anomaly should occur 

in the ferromagnetic phase of Ly and Tb when a field is 

applied in the hard direction. A particular model for 

these materials is discussed in §8.3. The elementary 

excitations are calculated in a spin wave theory leading 

to coupled magnon-phonon modes. In ^8.4 the elastic constant

is calculated and found to vanish at H=H in agreementc

with the earlier qualitative arguments.



PART I

ELASTIC ANOMALIES IN CRYSTALS UNDERGOING STRUCTURAL

PHASE TRANSITIONS



CHAPTER I

THE PSEUDO-SPIN HAMILTONlAi; FOR DyVO, , TWO, AKD TmVO,

In this chapter we follow closely the arguements 

of [10] to obtain a model Hamiltonian capable of describing 

the observed acoustic properties of DyVO, and TbVO, . 

Applying similar arguements to TmVO, we obtain the same 

Hamiltonian that is used in [8] and [11] to explain their 

optical absorption and Raman spectra respectively.

1.1 Structure of the electronic states

At room temperature the rare earth compounds discussed 

in this thesis have the tetragonal zircon structure with 

the general formula RVO, , where R is the rare earth ion

Dy, Tb or Tm, and their crystallographic space group is

19 D, ? [16]. The structure is illustrated in figure 1; there

are two formula units in the unit cell and they are related 

by an inversion operation so that all the rare earth sites 

are equivalent . It will be convenient to define two sets 

of axes (x,y,z) and (x^y^z ) which are shown in figure 1; 

z is parallel to the fourfold rotation axis and (x,y) and 

'jy 1 ) lie in the basal plane at 14-5 to each other. Each

rare earth ion is at a site of symmetry Dp, and the twofold 

rotation axes of Dp, in the basal plane are parallel to the 

x ! and y f axes. The correspondence between the representations 

of D,, and Dp, is shown in tablell below.
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TABLE 1.1 CORRESPONDENCE BETWEEN REPRESENTATIONS 

OF D, ,_ and :

Symmetry Representation

Alg B2u A2gBlu BlgA2u B2gAlu E g3u

E

In the undistorted phase of DyVO, (T ^ TD) the low

lying electronic levels of the Dy- ion are two nearly 

degenerate Kramers doublets with a separation « 9 cm [llj. ]. 

The next electronic levels appear to be more than 100 cm" 

higher in energy [10] so we need only consider these four 

states in our discussion of the low temperature transition 

(T D = 11+ K)   In the distorted phase (T < TQ) the separation 

of the doublets increases reaching 27.5 cm" at T = lj.,5 K [10]- 

The temperature dependence of these lowest electronic levels 

is shown in figure 2(a).

Below the transition temperature the ground electronic 

doublet has the spectroscopic splitting factors

gv = 19, g r < 1, g^ = 0.5, [91. The excited doublet has x y z

g r = 19, and gv « g_ » 0. -L'he maximum g-value allowed for y x z
the J = 15/2 ground term of Dy^+ ( H I{- /2 ) is 20 and so we 

conclude that the two doublets correspond approximately to

the states |J = ±J> and |J = ± J> (v;hich we shall write as
x y

|±J > and |±J >) . By considering the operations of the
•A. jr

double group Dp d we can show that in the undistorted phase 

the four states belong to the representations 3 1 and E" 

(F and F ' ) and written explicitly are:
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(I.I)

These states are orthogonal but not quite normalized "because 

the basis states are not orthogonal.

(<JX | ± Jy> = <-J

In TbVO, for T s>

of the

^ the low lying electronic levels 

ion consist of a doublet lying approximately

halfway between two singlets [10], Just above the transition 

the singlet-singlet separation is 22.9 cm" and the next 

electronic level is a doublet occuring at 91.5 cm" relative 

to the lower singlet. We shall include the effect of this 

level in a crude way in chapter U but hers we consider only 

the four lowest lying states in our discussion of the 

transition (T D = 3U°K) . In the distorted phase the doublet 

splits as required by symmetry and the temperature variation 

of the energy levels is shown in figure 2(b). Below 

T B, gx t = 16.3, gy i = gz =0, (for g[Sh > 1.2 cm"" 1 ) [?]. 

The maximum g-value for a pair of levels in the 'F/- ground 

term of Tb^4" (U> ) is 18 so it appears that our model for 

the states of maximum J is also applicable here. In the 

high temperature phase the basis states belong to 

rep resentations A, , B-, and E of Dp, and written explicitly 

are:
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(1.2)

In the undistorted phase of TmVO, the lowest 

electronic level is a doublet, belonging to the E 

representation of B?d , separated by an energy of 50 cm 

from the first excited level [8] which is ignored in our 

treatment of the transition (T-p = 2°K). Below TD the 

doublet splits, as it must in the reduced symmetry, and 

the separation at T = 0, determined by extrapolation of 

the experimental data is,» 3 cm" [8]. The temperature 

variation of the levels is shown in figure 2(c). Above 

TD , gz = 10.2, gx « g » 0, [8], [11]. The maximum 

g value in the H/- ground term of Tm (1+f ) is 11+ so our 

model "for the states of maximum J is not applicable here 

and indeed the states can be written as:

where a, p and Y are coefficients. From the measured value 

of the g-factor it is evident that (3 and Y are relatively 

small compared with a, although it is not possible to 

determine the coefficients unambiguously without further 

information.

As discussed in [lO] the crystal field produced by

N
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the VO, complex is dominated by terms transforming like 

Yp and Y.. The sign of the quadrupole moment relative to 

the J direction, given by the tilliott & Stevens [17] 

factor <J||a||j> determines whether the moments lie in or 

out of the basal plane. Tb and Dy have the same sign 

of <j||a||J> so the Yp° component of the crystal field 

for the VO. complex must favour alignment of the moments
T. .

in the basal plane. Tnr has the opposite sign of 

<j||a||j> so we expect, in agreement with experiment, that

the same crystal field should cause the moments to lie out of
x+ •*+ h

the basal plane. For Dy-^ and Tb^ the Y, term determines

the direction of the large moments in the basal plane. 

Since the fourth order coupling factor <J||plJJ> has 

opposite signs for Dy and Tb we expect, again in 

agreement with observation, that the directions of the 

moments should be at l±5 to each other in these ions. If 

the Y, term acting on the Tm ions in TmVO, were very

small the lowest lying states would be the singlets
. U consisting mainly of |J = ±J>. The Y, term must therefore

be sufficiently large to raise the energy of these 

singlets above that of the E level, which is observed to 

be the ground level.
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1.2 Coupling to lattice distortions

The interaction "between the lattice distortions 

and the electronic states will be considered first for 

a single ion, confining our attention to the low lying 

states discussed in §1,1. If QT represents a 

symmetrical combination of displacements on the ions 

surrounding the rare earth ion belonging to the a component 

of the representation r of -^pd* then by expanding the 

crystal field to first order in the displacements the 

interaction may be written

where Op is an appropriate operator acting on the 

electronic states and B- is a coupling coefficient. 

Interaction terms quadratic in the lattice displacements 

will be discussed briefly in §i|.lb.

We consider firstly the form of (l.U) for Dy*+ . 

The lowest four levels have symmetries E 1 and 3" (figure 

2a) and E f x a" = B, + Bp + B. Operators invariant under 

time reversal that have matrix elements within a Kramers 

doublet must transform according to a representation 

contained in the anti-symmetric product of the representation 

of that doublet [18]. In this case [E ! x E f } = [E" x E") = A 

so 1.4 can be written
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1 E'/J?

*.=
6,

(is)

where A is a static coupling of A-, symmetry inserted to 

represent the initial crystal field splitting. For all

our systems we consider only the traceless part of 0 A .Al 

Some idea of the relative sizes of the coupling

coefficients can be obtained by assuming that the operators

~ Fa are of second rank.

,

Using the states (l.l) and operating with (1.6) 

it is found in [10] that coupling to the Bp mode is 

strongest. If the soft mode is of this symmetry (corresponding 

to B-, or Ap lattice modes) the resulting site symmetry 

is Cp (figure 2a) in agreement with experiment and the 

two doublets both belong to the representation 3 T .

It is convenient to transform (1.5) using approximate
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eigenstates of the distorted phase

(1.7)

where the wavefunctions are

while A., x 3, = BI and

For Tb , which is a non Kramers ion, operators having 

matrix elements within a level must transform according 

to a representation contained v/ithin the symmetries product 

of 'the representation of that level [18], In this case 

x A 1 ] = [B-L x B-j^] = Ax and [E x E] = AX + B ]_ + B2

^ x E = B^ x E = 3. Operating 

with (1.6) on the states (1.2) it is found that the B-j^ 

coupling coefficient is largest [10] so we expect the 

distortion to be of this symmetry, corresponding to Bp 

or An lattice modes. Hence below TD the site symmetry is 

D0 , in agreement with observation > and the levels belong 

to the A-,, B^, B2 and A-j^ representations (figure 2b).
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The Hamiltonian may "be written in terms of the approximate 

eigenstates of the distorted phase as (see [10])

a2> IE ,>
I \T '

Q.
A, A

•V,, 0-1J

We have assumed the doublet lies exactly between the two 

singlets and denoted by the singlet-singlet energy 

separation by 2A. The basis states are:

a

For m-, [S x E] = A-j^ + E I + B2 and

E >

o (Ml)

In this system, where the degeneracy is due to symmetry 

we have an example of a true Jahn-Teller effect as originally 

proposed [19] and an A., distortion cannot split the levels. 

For a system aich as DyVO, , on the other hand, with 

accidental degeneracy an A-, mode, which does not lower the 

symmetry, could cause a change in the separation of the E 1 

and E" levels without admixing them. Although this type
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of interaction does not cause a phase transition it can 

produce physically observable effects and is, for example,
  t

responsible for the anamalous heat capacity of cerium 

ethylsulphate [20].

Applying the operators (1.6) to the states (1.3) 

and noting that (3 and Y are small compared with a we find 

that the B, and B? coupling coefficients are roughly 

equal, as pointed out in [11]. For reasons that will be 

discussed in §4.2 the distortion below T^ is of B-, 

symmetry so the resulting site symmetry is D? and the 

electronic levels transform like Bp and B^ (figure 2c). 

In a representation with the B, terms along the diagonal

lE2>

*! B,
(1.12)

where

JE,>-

(1.13)

It is convenient to write the matrices (1.7) and 

(1.9) for Dy and Tb^+ in terms of the following 4 x k 

matrices.

r. . /  

... I . -c 
l ... 
. I . .    
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• '•» "" , "" 0 . •

I ...
. . . I '"- - • • -«
. . I .

which obey the commutation relations

I . . .
. -I . .
. . I .
. * . -I

The matrix (1.7) for Dy can be written

while for Tb^* we can write (1.9) as

0 •

"4 1 v {(/-K
We- write (1.12) for Tm3+ as

XV Zwhere here a , a 1' and a are the 2x2 Pauli spin matrices.

1.3 Coupling to Phonons and Static Strains

In the preceeding section of this chapter v/e 

discussed the interaction between the electronic states 

and lattice displacements of a single complex surrounding 

a rare earth ion. Since the displacements of neighbouring 

complexes are, of course, coupled together it is best to 

describe these displacements in terms of normal modes of 

the whole system i.e. phonons. Denoting the branch index 

by j and the wavevector by k the displacements of the ions
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in the crystal due to a single phonon may be written ar 

If, for each site p in the 1th unit cell centred
j 

at R( j&) we define the electronic operators of different

symmetries a by Oa( p, j&) then the full interaction 

Hamiltonian can be written in the form

\vhe re
' h R-—

At £ = 0 symmetry requirements restrict the form 

of the C-i'(p»£) an<3 ln particular the branch index J must 

be compatible with the dite symmetry of the electronic
/"»

operator 0 (p,j&) as given in table 1.

To make a solucioa of the problem :iore tractable we 

new approximate (1.16) by neglecting all but the most 

important interactions. la chapter 2 we shall calculate th-~ 

static .p i-o a;,r-t i«s of our systems in a pnoleculor field theory, 

•in v.rjicr, v,e need only include terms in the Karniltonian 

with non van!sluing expectation values. All these systems 

ar-e observed to order in an even k = 0 mode, 3-, for 

DyVQ, and B^..r for TbVO, and TmVO, , consistent with our
*~T" " O ^i *"

estimate of the magnitude of taa coupling coefficients 

(see §§ 1.2 and U.2). .,e t^'r^^ore approximate our i^odel 

H.^miltonian by negljcGir^g 311 c'japlings to electronic 

operators other than the one v.hich orders at k = 0
n

(o in all cases) and one A., operator, furthermore the
•*• o • .

.riiii;.v coefficients for DyVO,; and TbVO, ar^onr- to be4 14
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_ /-\ 
relatively small (see §1.2 and [101) so we ^ut C *•'-lg 

In chapter three we investigate the elementary

excitations for small k values in a simple tneory 

equivalent to nioleculqr field theory. Of particular 

*nteret.t are those excitations- of the spin system with the 

sans symmetry as the order parameter. In our theory thsy 

are not affected by couplings of different symmetries, 

v:hich ve therefore again ignore. However a more sophisticatad 

theory would show that these other couplings uff-sct the 

widths of the modes, as discussed qualitatively in chapter 3.

Because, we arc only concerned, with the k - 0 c«ven 

diodes for wnich all the rare e>,rth ions r.re equivalent we can 

work with a simplified Harailtonian,which assumes 

one site per. unit cell, by defining operators such cnat

In what follows N refers to the number of rare earth ions.
Viith the above approximations we . can write the interaction

Ha:iiiitonian for all cur 1 systems in terms of phonon creation 

and annihilation operators, u..(k)'and a^(k) respectively, I

^ Zj •» j *•-
jh

Relationship between g; .(^) and C-?(Ji) ^ 3 given in
J . • J

e *"./~. ~5 v ^X ^ ^ v.^ I- ^ - >-^ •

As 2/r/k approaches wavelengths comparable with the 

crystal size the n..ture of the boundary conditions becomes 

important. To 'ili^i.n...te surf ace effects we v. follow Kanamori 

[21]'and apply periodic- boundai'y conditions with the result
••»' •

that there can be nc k = 0 ncouiv-tic mode and no change in 

the crystal dimensions. A static strain is therefore



added separately in this description and the phonon

frequencies uu .(k) and coordinates Q .(k) are those of
j J

a lattice with the observed strain but in the absence

of any Jahn-T eller coupling. However, since the strain e

which develops below T^ is small [12], [13], we neglect

the result ing change in the phonon energies due to anharmonic

effects.

The interaction of the electronic states with the 

static strain may be written as

e must have the correct symmetry, B-, in DyVO, and B in

TbVO, and TmVO, , where (in the notation of appendix A)
?

SBlg = e xx - ? yy and e B2g = e xy + e yx = 2 exy' If the

crystal has volume V the corresponding elastic energy is 

given by

where for DyVO, , C Q = (c^ - G 12 )/2 and for TbVO, and 

TmVO, C = G/-£ (see appendix A). The usual Hamiltonian 

for harmonic vibrations can be written in terms of phonon 

creation and annihilationoperators as

iJ
The last term in our Hamiltonian represents the 

crystal field splitting and is

X == -



-15-

for DyVO, and

xt = - A 2
for TbVO, . There is no crystal field splitting for TraVO. 

"but it is of interest to investigate the effect of a 

magnetic field h parallel to the z direction which interacts 

with the electronic states through a term

A-

Collecting expressions (1.20) - (1.26) together we 

may write the Hamiltonian in a form applicable to all our 

systems, as

ife

l.U Transformation to new coordinates

Spin-phonon Hamiltonians similar to (1.27) have been 

considered by many authors, [22] - [26]. As discussed by 

Slliott [27] the coupling term linear in phonon operators 

gives rise to an effective interaction between electronic 

states on different sites which causes the cooperative 

transition. Using second order perturbation theory and 

taking matrix elements between phonon states we find
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«. O 

(1.28) becomes

We put J(jt, A) = 0 because terms in (1.28) with & = j& ! 

correspond to the constant Jahn-Teller self energy of a 

single complex, and are represented by the last term in 

(1.30), but do not contribute to the ordering. The Fourier 

transform of JA,A' is

i J

the second term in (1.31) arising because J( j&, j&) = 0.

j(k) vanishes foroptic modes with no dispersion and 5 .(k) — j ~~

independent of k as it should because this situation 

corresponds to isolated complexes. It also vanishes for a 

model of the acoustic modes with a Debye frequency spectrum
JL

and ^ CL k-2 .

This problem bears a certain resemblance to that of 

the polaron [28] where a mobile electron interacts v/ith the 

lattice through a term linear in the distortion analagous to

KTTTT It is well known that the distortion modifies the j i
dielectric constant, (i.e. 'changes the interaction between 

two electrons a given distance apart) through exchange of 

virtual phonons in much the same way as K-rm leads to an 

interaction between electronic states on different sites.
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Sears [22], for the magnetic equivalent of this 

problem, and Kobayashi [26] for the ferroelectric KDP used 

a decoupling scheme which effectively ignores the last term 

in (1.3^). By taking the equations of motion to second 

order Elliot t and Parkinson [23] were able to obtain J(k) 

correctly when considering coupling to acoustic modes. 

Generalizing their treatment to include optic mode coupling 

we find certain inconsistencies. For example when 

3C = 0 the phonon frequencies should remain unchanged, as
Vx

V

can readily be seen by taking the equations of motion of 

the phonon operators, but in their treatment one obtains 

a solution with the optic mode frequencies altered. -

The problem is simplified if we use a transformation 

to displaced phonon operators [29], This eliminates the 

term linear in the coupling coefficients and displays 

explicitly the interaction between electronic states on 

different sites so we need only take the equations of motion 

to first order. 

Defining

then (1.2?) becomes

X = * - ft) IftJ JftMJ •* i
TUlt')<r*M<r*W 4 Xc4 c (,.34]

with J(jt, A 1 ) given by (1.29).

Since we apply periodic boundary conditions, as
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discussed in §1.3, the k = 0 acoustic node does not exist 

so we put K a (0) = 0 in the expression for J(0). For small

k, 5 a(^.) is proportional to the strain and varies like
j_ 
k2 (see appendix B) so Ka(k) tends to a constant which

depends upon the direction of the wavevector k. Therefore 

there is a discontinuity in J(k) at k = 0, the magnitude of 

which depends upon the direction from which k approaches 

zero.

If 3C = 0 the spins and displaced phonons are
\*

decoupled, the phonon frequencies are unchanged as mentioned 

earlier and there is an interaction between the electronic 

states on different sites due to exchange of virtual phonons. 

For K 4 0, there is, in addition, a residual interaction
Qx

between the displaced phonons and the spins due to the

non-comrnutivity of x with the Y.(k) which mixes vib rationalc J
and electronic modes. \Ve shall investigate this in detail 

in chapter 3 where the frequencies of the elementary 

excitations are calculated.

The final result of this chapter is expression

for the Hamiltonian with K given by (1.24), (1.25) or
\*

(1.26). In the next two chapters we investigate its static 

and dynamic properties, with particular emphasis on the 

elastic constants.



CHAPTER 2 

STATIC PROPERTIES

In this chapter we investigate the static properties 

of Hamiltonian (1.3^) using molecular field theory and in 

particular calculate the elastic constants for various 

thermodynamic regimes.'

2.1 Equilibrium conditions

In the moleculor field approximation the Hamiltonian 

(1.314-) for TbVO, can be written as

2where the effective field acting on o is

and n .(k) is the phonon occupation number given by the J
usual Bose-Einstein distribution function

r\

The term in <o > in (2.1) represents the moleculor field
_ Q

self energy of ^J(O) <a >^ at each of the N unit cells. 

The energy levels of a single f spin f are ±H_ and ±W, where
C

Vv'e calculate the elastic constants from the 

expressions for the free energy

where E is the expectation value of the Hamiltonian and S

the entropy. It is given in the molecular field approximation

by
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where

ob
is the phonon contribution to the free energy. 

Because F is written in terms of A

where P, , the population of the singlet levels, is given by

R = 6WtG£
and Pp = 1 - P-, is the population of the levels which 

comprise the degenerate E doublet above T^. Since DyVO,
c

is effectively a two level system, the subsequent thermo- 

dynamic expressions, which will be derived for TbVO. , 

can apply to DyVO, by putting Pp = 0. In a magnetic field 

h the expressions for TmVO, are identical to tnose for 

DyVO, with /\ replaced by gph so we shall not discuss this 

case explicitly but only give the expressions for h = 0.
n

The equilibrium value of <a > is given by the 

condiion 3?/d<o z> = 0, i.e.

which is applicable to all our systems. The stress 

corresponding to the strain e is given by

(2.10)

and from the condition for mechanical equilibrium,0=0 

we find that the equilibrium value of the strain is

<<>>= y.

Hence tne interaction of the electronic states v;ith the 

strain (l.2l) may be written as
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X »-/*<«• «7Z<r*W (1J2)

o
where u- = (ft/V) (TI /Co), and the moleculor field H is givene

by J*<a > with

It is shown in apuendix B that u. is equal to lim K_(k)
K-*o a

where the limit is taken in the direction with maximum 

coupling. Remembering that J(0) was defined with K (0) = 0 

(see §1.3) we see that J f is just the maximum value of
/••"

J(k) for small k. The discontinuity in J(k) at k = 0, 

due to there being no k = 0 acoustic mode, is therefore 

exactly made up by the strain contribution which acts 

only at k = 0.

The transition occurs at T = TD when there is 

a solution <o z> j£ 0 to (2.9), i.e. 7
P,. 2

For DyVO, this simplifies to

and for TmVO, to

hT = ?'

2.2 •'•'he rmo dynamic expressions for the elastic constants

The elastic constant relating the stress -O to the 

strain e is defined by

where Y specifies the thermodynamic conditions under which 

the elastic constant is measured. We shall discuss in
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chapter 3 how these conditions are related to the

frequency of measurement. Using (2.10) the elastic constants

can be expressed as

v >«. y
Defining g- , the susceptibility of the spin system with 

respect to the effect field He , by the relation

o. = ( 
'X I

we see that the elastic constants can be expressed as 

Cj- I - J'
<-o I -

We may write this in two alternative forms

where Gy = gY/[l~J(°)gY^ is tne ful1 susceptibility of 

the spin system neglecting the strain coupling . jj, and

GY = gY/[l-J ! gY ] is the susceptibility including all the
/^ 

spin interactions. G and G are respectively the

susceptibilities at zero stress and zero strain. Expressions 

similar to (2.1?) were obtained by Dvorak [30] for the 

ferroelectric KDP, which v/e discuss in chapter 6. It is 

most convenient to give thethermodynamic results in terms 

of gy but in chapter 3 we shall discuss the frequency depend­ 

ence of the elastic constants in terms of the full spin 

susceptibility G .

The first thermodynamic regime which we:;consider, 

the f isothermal 1 regime Y = T, is defined by keeping the 

temperature of the crystal constant. The other regimes of 

interest are adiabatic, but for a crystal with many
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energy levels there are an infinite number of ways in which 

an adiabatic susceptibility can be defined. For our spin- 

phonon systems we find it convenient to consider three 

cases. At one extreme we can keep the populations of "the 

levels constant, which is adiabatic the quantum mechanical 

sense. This result holds for an 'isolated 1 system, 

Y = I. At the other extreme, which is adiabatic in the 

thermodynamic sense and is called ' isentropic ' , Y = S1 , 

thermal equilibrium is maintained while the entropy, 

expressed as a function of temperature and the other 

thermodynamic variables, remains constant. This distinction 

is made, for example, by V^iicox [31] and ^olman [32 J. For 

our systems it is useful to define in addition the 

"essentially isolated" regime, Y = S, in which the spin 

system stays in thermal equilibrium with constant entropy 

while being unable to exchange energy with the phonons. 

The expressions for the susceptibilities gY are as 

follows:

(a) In the 'perfectly isolated' regime, Y = I,

Wr

for both Dy and Tb while for Tm

(b) In the 'isothermal' regime, Y = T

for Dy and Tb with P2 = 0 for Dy. For Tm
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(c) Results in the 'essentially isolated* regime> 

Y = Sjare obtained by neglecting the phonon contribution,

F , to the free energy (2.6). For Dy

and for Tb

, = 3r - jjlfi (K-W4rV<WfgJ) f PZ (H-
PW PH- P M + PH

which is an example of the general thermodynamic relationship.

where CH denotes the specific heat of the spin system at

constant H . For Tm, S = gm above the transition while e s x
for T < TD> g s = 0 so c g = cQ .

(d) In the 'isentropic' regime, Y = S f , the phonon 

contribution to the free energy is included. If we assume 

that the plionons are unaffected by the strain through 

anharmonic effects and denote the specific heat of the 

lattice by C T , then g f is obtained by replacing CU
Ll S Il£

in (2.21) by Cj, + CL giving

This leads to a relation between the susceptibilities

GY .of the form

= Cfr, C,
where C,f is the specific heat of the spin system of

constant stress. The corresponding expression for c t iss

where C~ is the specific heat at constant strain.e
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If we neglect the phonons and confine our attention 

for a moment to the spin system the 'isentropic* 

susceptibility is g . As discussed in f31] g a = gT if
S 5 J.

the populations of the spin levels, initially forming a 

canonical distribution, remain canonical when the stress 

is applied. This condition is satisfied, for example, 

with a system of equally spaced energy levels if the spectrum 

is uniformly expanded or contracted by the stress. For 

a non-degenerate two level system such as DyVO, this must 

always be the case so g = g,. in agreement with our 

calculations. In more complicated systems, however, such 

as TbVO^, g g 4 gj.

Above the transition c^ = C Q! = C™ and at high
vD O J.

temperatures all the elastic constants approach c whilst 

at T = 0 they are again all equal. 

For TmVO,

where kTD = J 1 and kT-j- = j(0) = J T - jj.. Tj is the 

'clamped 1 transition temperature, at which the transition 

would take place if strain were forbidden (in practice, 

however, if the crystal were clamped, domains would form 

below T ). Above T^, C Q = c™ and for T < T^, C Q = c
•p. JJ Q 1 D O O

while CT = c_ at all temperatures. (2.25) also holds for x o •
DyVO, if A < kTT)* -tn- the same limit "the elastic constants 

of TbVO, above the transition are given by

rr-T£ T -
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We see that

T

for all our systems, consistent with the general results

of [31].

General symmetry arguements show that an elastic 

constant should vanish at the transition andindeed we 

find from (2.11+), (2.16), (2.19) and (2.21) that C Q and c r
o

fall to zero at T~. However in TbVO, and TmVO, , c remains 

finite and in chapter 3 we shall show that this is related 

to a zero frequency spin mode of these systems.

Equations (2.16) - (2.24) are the desired expressions 

for the elastic constants. \Ve defer until the re xt chapter 

a discussion of how the different thermodynamic regimes are 

related to the time scale of measurement.



CHAPTER 3 

DYNAMIC PROPERTIES

In 3«1 we calculate the -frequencies o^ the

elementary excitations by decoupling the equations O-F motion 

in the random phase approximation. A connection is made 

between the frequencies of acoustic modes, calculated by 

this method, and the thermodynamic elastic constants of 

chapter 2. §3-2 discusses the variation in elastic constant 

with measuring frequency.

3.1 Elementary excitations

3. la DyV04 and

For Hamiltonian (1.34) we obtain the -following eauations
•V TT- TV

of motion for the electronic operators a , a^ and a and the 

mixed operators y.(k):

JJt (J-

ft'j
- +

(3-1)
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These equations are valid for both DyVO, and 

TmVO, with A = 0 for TmVO, (in zero magnetic field). 

We decouple in the random phase approximation "by replacing 

products of operators AB by <A>B + <B>A - <A><B>7 which 

can be written as

showing that correlations between A and B are neglected. 

This approximation, which is equivalent to the molecular 

field approximation, is suitable for calculating the 

dispersion relations of the elementary excitations but it 

does not enable one to study their lifetime^ which is predicted 

to be infinite. We assume that ordering takes place in 

the k = 0 modes so that the only non vanishing averages are

•y- r7

where <a > and <a > are given by the molecular field expressions 

(2.7) and (2.9). The normal mode freauencies uu are therefore 

given in this approximation by

(3.3;

where

The solution uu = 0 corresponds to oscillations of the spin 

parallel to the total molecular field W where
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For TmVO . , A = 0, the phonons have their unperturbed 

frequency ou,(k) and the electronic excitation has energy 

2J'<a z> with no dispersion.

In the rest of this section we consider DyVO, 

concentrating on solutions of (3-3) for small k and uu. 

Since the optic phonon frequencies are much greater 

u>p(k) or the acoustic phonon frequencies uu (k) we can neglect 

the optic mode terms on the right hand side o? (3.3). 

Assuming further that only one acoustic branch couples

to the electronic states (which is true in the symmetry^ l

directions for which the coupling is greatest) (3.3) 

becomes

Above T-p this agrees with the result of Elliott and 

Parkinson T23]. "^or small k (3-6) has the electron like 

solution

and the phonon like solution

At large k when u)_(k) ^ uj-p(k) the coupled mode -frequencies • — a j-i ~~
tend to their unperturbed values ^(k) and uu (k). Theij — a • —

coupling is greatest for acoustic modes which have the 

polarization ^nd wavevector corresponding to the observed 

distortion. In DyVO, these are modes propagating parallel 

to the x f and y 1 axes transversly polarised in the basal

plane, for which K (k) = u (appendix.- B) ,so thata ~~
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(3.?)

- C,

and the elastic constant determining the frequency

these modes is c-r- = c^ given "by (2.16) and (2.l8a). We shall

discuss this point further in §3»lb.

The coupled mode frequencies for T > T-Q are icJotted in 

figure 3- As T approaches T-p from above au-g decreases 

because of the interaction between electronic states on 

different sites due to both acoustic and optic phonon 

coupling. In the region of the crossover of the dispersion 

curves the electronic and acoustic phonon branches repel 

so a decrease in uu^ in turn flattens the acoustic branch. 

When T = T-rv the acoustic phonon curve is horizontal and the 

transition takes place but the k = 0 electronic mode given

by

* -f A[ A-

remains finite. The soft mode is therefore an acoustic 

phonon as expected from general arguements discussed in

the introduction . Below T-n the distortion stabilises theu i
modes, cu increases and the gradient o^ the acoustic phonon

C

branch becomes finite a^rain.
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3.1b

The frequencies of the elementary excitations 

TbVCL are calculated in the same manner as those of DyVO,. 

The decoupled equations of motion of the operators (l± T )a

are

J

fc d f ( /+r»J<r-J (k) = - ZA t (

* o

where <ax> and <a z> are given by their molecular ^ield 

values (2.7) and (2.9). The operators involving (l-r z ) 

give the dispersionless solutions
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which is the same as the moleculor field energy 2E Q for 

the separation of the electronic levels forming the 

degenerate E doublet above T^. There is also a zero
Z \ 7frequency mode for all T due to the motion of (1-T )a .

The remaining equations of motion are satisfied when

* J u*--UJw j *-
where

As in DyVCK there is a zero frequency mode corresponding 

to oscillations along W, which we ignore for the moment. 

Again we neglect the optic mode contribution to the right
I !

hand side of (3.12) and obtain for low iw and k, the 

solution

which is the electronic mode corresponding to the singlet- 

sj^nglet excitation 2W in the molecular field theory (2.4) 

and the phonon like solution

(t)

The acoustic modes corresponding to the observed

distortion propogate parallel to the x and y axes and are/ '
transversly polarized in the basal plane (appendix B). Again
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K (k) = u for these modes soa "™~

(3-76;

and the elastic constant determining their frequency is 

c-j-. For TbVO^ unlike DyVO, GJ does not equal cg and in 

particular does not fall to zero at the transition temperature 

so the acoustic phonon branch does not have zero gradient. 

We shall see in ^3*2 that this important difference 'between 

TbVO, and DyVO, is due to the zero frequency mode of TbVO^ 

corresponding to the operator (1-T )a z which has no equivalent 

in DyV04 -

We now discuss why the equations of motion technique

gives results corresponding to the 'isolated' thermodynamic> '
regime. Because of collisions the single particle states 

have a lifetime r • (k) say, where the suffix i refers to a1 ~~ ;

particular branch. If a disturbance of frequency uu propogates

through the crystal, local thermal equilibrium is maintainedi i
if even the longest lived states have ample time to decay

! ' \

during one cycle of the disturbance 

i.e. if uu 4 T

for all i and k. A mode of 'frequency uu which satisfies this~" /
condition is said to be a 'thermodynamic' or 'collision
dominated' mode. At the opposite extreme i i

ou > r± (k)

for all i and k the frequency is too high for collisions 

to have an effect and the populations of the states remain 

constant. If the frequency of a mode satisfies (3-l p )
' ' i

it is said to be a 'collision free' mode.
/

For acoustic phonons the 'thermodynamic' regime 

corresponds to ordinary sound, sometimes called first sound,
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zero sound. This distinction is made, for example by 

Kadanoff and Baym [33] for a weakly interacting fermi system 

and "by Cowley F34] for an anharmonic crystal.

In our calculation of the elementary excitations we 

use a simple decoupling scheme which gives zero width to 

the single particle states. Hence we have effectively

ignored collisions and the results will only be valid for/ / \ i
modes in the zero sound region where the populations of the 

levels remain constant. The equation of motion method,
^ I I !

therefore, gives results which correspond to the 'isolated 1 

thermodynamic regime.

For TbVO, (3.15) does not predict the expected soft"f \ >
acoustic phonon branch. Instead the theory indicates

' i\ i i.
that it is fluctuations in the zero frequency mode (l-T )a 

which diverge at T-p. and cause the transition by splitting 

the degenerate E doublet. We kiow. however, that these results 

are only valid at frequencies large compared with the width 

of the modes. In the next section we shall show that for 

frequencies small compared with the width of (l-T )a the 

acoustic phonon branch does indeed flatten at T-^ and become 

the soft mode.

The same considerations apply to TmVO, except

that it is fluctuations in the zero frequency mode corresponding 

to a z which apparently cause the transition in our 

decoupling scheme.
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3.2 Variation of the elastic constant with frequency

We can cast the expressions for the coupled mode
i i

frequencies for DyVOA and TbVOA , (3.6) and (3-12) into a 
i. I, • ^ ! '

form similar to (2.17) "by rearranging thepi as

where

It is easy to show, using a Green function technique,

that G(k,uu) is just the spin susceptibility for Hamiltonian

(1.34) neglecting the term involving displaced phonon

coordinates y .(k) (5ee (7. /&)).
J

The contribution to the elastic anamaly from the
' \ :

coupling of tha spin wave at w-gk is seen to depend upon

the frequency of measurement cu. If cu > ^k one measures 

c^ and if uu <^ uu-c,(k) a measurement determines CT . However
O i I Ji — 1

at low uu there are further contributions to G(k,ou) because 

the equations of motion of the spin operators in the 

decoupling scheme of §3-1 give extra solutions at uo = 0 which

we now consider.)
In general we expect sorae of these modes to correspond& >, \ i / n '

to energy fluctuations in the spin svstem. They will have 

a width determined by the rate at which such energy is

dissipated into the lattice, i.e. by the spin-lattice relaxation•^ i (- > • * i \
time T OT For example, in the analagous case of paramagnetic

I OJJ .

resonance such a mode arises from oscillations of the spin along
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the field direction and has width Tg,» The resonant mode in this 

case corresponds to oscillations of the spin component perpendiculai 

to the field. This has a width determined by the spin-spin 

relaxation time T QQ. In general for a ' spin'-phonon system 

there can be several modes. The energy oscillation mode must

have the same symmetry as the hamiltonian, i.e. A-, , but notr o
all modes of this type will have width T~ " , since it may be 

possible to construct from operators of A-, symmetry a zero 

frequency mode which does not cause fluctuations in the energy 

of the spin system. These, and modes of other symmetries, 

will have widths related to the time for the spins to come to 

local thermal equilibrium T~S .

If u) > T the populations of the spin levels must

remain constant so GT will be determined under these circumstances 

provided the measuring frequency is much less than that of the 

finite frequency modes.

If uu > T~-r there is no energy transfer between the 

spins and the thermal phonons. Provided there is full response 

from all the other modes, a measurement of the susceptibility 

will be under conditions in which the entropy of the spin 

system remains constant so GS is determined. If uu < T ^T~ the

spin system and the phonons have the same local temperature, 

the entropy of the total spin-phonon system remains constant 

and a different adiabatic susceptibility G~, will be measured 

It is straightforward to show from thermodynamics that
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2where <6S > is the thermal average of the entropy

fluctuations. Thus the difference between Gm and GQ , is
.L O

due to fluctuations in a z caused by "fluctuations in 

the entropy S, which is just a manifestation of the 

fluctuation dissipation theorem. The width of the mode

involving these entropy fluctuations is determined from

A p 
k /pC^ where .A. is the

thermal conductivity of the crystal and p is its density. 

If the measuring frequency is much less than this width

a constant temperature is maintained over the whole crystal
2 and Gm will be measured. Because of its k dependence, the

width for small k is always less than the measuring frequency 

which is linear in k so Gm can only be measured in a static 

compressibility experiment with the sample in thermal contact 

with a heat bath.

The conclusions reached above are consistent with those 

of Kwok & Schultz [35] who showed quite generally that the 

difference between the 'isothermal' and 'isolated' susceptibilitie 

is due to zero frequency modes. We now apply these general 

considerations to DyVO TbVO, and TmVO,.

(i) For T > TD

The phonon branch under consideration (of B-, symmetry for I 

and B 2 symmetry for Tb and Tm) does not couple to the A-, 

zero frequency modes so Gm = Gg, = Gg and hence C T = c~ f = Co. 

In Dy there is only one zero frequency spin mode, which 

corresponds to the oscillations of the moment along the direction
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of the total molecular field, and it is of A-, symmetry 

so all the elastic constants for iw 4 cu-g are equal. However 

for Tb and Tm there is a Bpg. zero frequency spin mode 

(corresponding to the motion of the operator (l-T z )az for 

Tb and az for Tm), which gives a difference between c-j- and 

cs .

(ii) For T < TD

The phonon branches of interest become A-, in the 

reduced symmetry so there can be coupling to the spin-lattice 

zero frequency modes. For Dy and Tm there is just one A-, 

mode whose width correspond to a spin lattice relaxation time

so Cj = 'GO CQ, . The characterization of the various A-, 

modes is not well defined below TD for Tb, but we suppose 

it is still possible to define distinct spin-lattice and 

spin-spin relaxation times, i.e. c-r- / c^ ^ GS , . In all cases 

there can be coupling to the heat diffusion mode so C™ has 

a separate value.

The results for the c given in chapter 2 are consistent 

with the above conclusions as of course they must be.

Assuming a Lorentzian form for the response of the 

zero frequency modes we expect that, for small k,G(k,uu) is 

given by

where

FM =
'it. Cj+Ct
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The last term in (3.23) vanishes for T > Tp where 

G~ = Gm. Below T-p. the first term in F(UJ) distinguishes 

between GQ and GQI and the second term permits a measurement
O D

of G^ at u) = 0. We speculate that the frequency dependence 

of c(k,ou) can be satisfactorily described by (3.19) with 

G(k,ou) given by (3.23).

For T > T-p., the expression for the elastic constant

becomes

Hence for sufficiently low frequencies the gradient of the 

acoustic phonon branch becomes zero at T-p, and the soft mode 

is a long wavelength acoustic phonon as expected. For Dy, 

CI = °S so we ^° n0^ exPec"t measurements above the transition 

to be frequency dependent. Since Cg tends to zero as T -» T-p 

it is clear that we must investigate the behaviour of TOO in 

the region just above T-p, for TbVCK and TmVO, .

The difference GS - Gj and hence c^ - c-p arises from 

fluctuations in an operator (l-T z )a z for Tb and a z for Tm) 

which is related to the order parameter. The lifetime of 

these fluctuations is expected to show critical showing 

down as T -» T-p.. According to the theory of irreversible 

thermodynamics [36], [1]

T;; = y /3

where y is a kinetic coefficient and (3 is the second 

derivative of the entropy with respect to (l-T Z )a z for Tb
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or a fe for Tm. This is related to the mean square 

fluctuations in this variable by

for Tb with a similar expression for Tm. In the classical 

region where kT > fiuu, where cu gives a typical frequency

of the fluctuations (3.27) is equal to kTG where G is the
\ 

appropriate susceptibility. In this case it is (GQ - G-r)

which gives the strength of this mode's contribution to the 

general susceptibility (3.23).

Accordingly we expect that TOO has a behaviour which 

may be described above T-Q by the expression

where a has the dimensions sec" and should be independent

of T, so that TOO approaches the constant value a~ at

high T. For the ferroelectric KDP Garland and Novotny

[37] and Litov and Garland [38] have measured the relaxation

time of the polarization fluctuations (which correspond to

Tgo in the spin model) and find that it varies like (T-TT>)~

near T^, consistent with (3.28).

The main result of this chapter is expression (3-19) for 

c(k,u>) with G(k,u)) given by (3-23). For T > TD we can 

simplify these equations to (3.25) and use (3.28 ) for TQQ.



CHAPTER 4

COMPARISON OF THEORY WITH EXPERIMENT

Up to the time of writing there have been no measurements
3£

on the elastic anomaly of TmVO, although such measurements

would undoubtedly be interesting, especially to envestigate 

the effect of a magnetic field parallel to the z axis. We 

expect. that in zero field there should be a strong frequency 

dependence in the measurements but for a large field the 

results above T-r, should be independent of frequency. 

Ultrasonic and Brillouin data have been obtained for 

DyVO. and TbVO, [3] which we compare with the theory in 

§ §4. la- and 4.2. In 4.It), we give a brief discussion of the 

behaviour of elastic constants c,, and c,-,- for DyVO., which 

have also been measured [15].

4.1 DyV04

4.la The anomaly in ( c-, -, -c-, p)/2. [3]

The Brillouin scattering results of J. R. Sandercock 

are shown in figure 4. They have the same qualitative 

feature:-: as the ultrasonic data of Melcher and Scott [39] 

and in both cases the elastic constant (c-, -, -c-, p)/2 falls 

to zero at the transition. This is expected from the 

discussion of §3.2 because the measuring frequencies for 

the ultrasonic data (~10MHz) and for the Brillouin data 

(~10GHz) are both much less than that of the finite 

frequency electronic mode uu-g. There is some disagreement

*
But see additional note on page 50.
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in the measured values of the transition temperature; 

Sandercock finds T^ = 13°K while Melcher and Scott give 

14.8°K and Cooke et al [5] give 14°K. These discrepancies 

appear to "be outside the experimental error and are 

perhaps due to imperfections in the crystals which vary 

from sample to sample.

Using the values J 1 =13.75 cm" obtained from Raman 

scattering [10] and A = 4.5 cm" from optical absorption 

[14] the molecu^qr field expression (2.14b) predicts a 

transition temperature of 20°K so evidently short range 

correlations, which cause deviations from molecular field 

theory, are important in DyVO, . Indeed Melcher and Scott 

find it is not possible to fit their ultrasonic data with 

molecular field theory over the whole temperature range 

T > T-pj. Gehring et al. [14] also found that their stress 

measurements showed large deviations from molecular field 

theory and estimated that only a small number of nearest 

neighbours, z ~ 4, contributed to J f .

The interaction between electronic states on different 

sites is made up of contributions from the optic modes

J ( I, V ) and acoustic modes J (/,£')• One expects J ( A, I 

to be of short range because JQ (k), the Fourier transform 

of J ( I, jfc 1 ) varies smoothly over the whole Brillouin zone. 

There is, however, an infinite range interaction arising

from the discontinuous behaviour of J (k) at k = 0, discussed ina
§1.4. The strain contribution acting at k = 0 is u so the 

size of this discontinuity is
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which is zero for k in the direction of maximum coupling 

(see appendix B ). The infinite range coupling parameter 

J^ is equal to the average of (4.1) over all directions 

of k, i.e. J^ = u - v where

V =

Molecular field theory breaks down when short range 

interactions are important, which is presumably the case 

for DyV04 .

To take account of short range interactions in DyVO, 

a cluster theory has been developed which extends the 

constant coupling approximation of Kasteleiji and Van 

Kranendonk [40] the interaction being split into short and 

long range components. The short range part is assumed 

to be an interaction j a z( t)<P ( j&* ) between a Dy ion. and 

its four nearest neighbours while the long range part, 

which is treated as a molecular field, is taken to be the 

infinite range interaction J co = u - v (4.2). We require

so u and v can be regarded as parameters to be varied to 

get the best agreement with the data. Details of the 

calculation are given in appendix C. Using J T =13-75 cm" 

and A = 4.5cm" the solid curve in figure 4 is obtained 

with u = 9.7cm"1 , v = 9.95cm"1 and C Q = 10.78 x 10" dyn cm" 2 

and agrees satisfactorily with the experimental data above 

TD . It follows from (4.3) that 4j = 14cm" showing that 

the interaction is dominated by the short range coupling 

and the term in v roughly cancels the strain coupling u.
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Small charges in the measured value of TD cause large 

variations in the value taken for v but do not greatly 

change the shape of the curve.

Gehring et al [14] obtain u ~ lOcm" from stress 

measurements on the optical spectrum of DyVO. which agrees 

with our result within to the experimental errors. In 

the temperature range 60 < T < 150 K, where there is no 

significant difference between the molecular field theory 

and the cluster theory, Melcher and Scott obtain 

u = 12.97cm (and J 1 = 12.85cm"1 ) from molecular field 

theory. However it is apparent from figure 1 of Melcher 

and Scott's paper that c decreases with increasing temperature 

due to lattice anharmonicity. It is better, therefore, 

to estimate u from the data near T-r, using a cluster theory, 

as is done here, because c^ changes much more rapidly in 

this region than c .

Below T-pj the cluster theory is unsatisfactory (see 

appendix C). However at T = 0 the deviations from the 

fully ordered state should be small (appendix C) so the

simple molecular field result (2.16), (2.20) should be a
_2 

good approximation; it gives c = 9.95 x 10" dyncm which
/™" t

is substantially less than the measured value of 11.4 x 10"dyn.cm 

Melcher and Scott noted a similar discrepancy in their 

ultrasonic data. Presumably there is an additional mechanism 

which causes c to vary with temperature at low temperatures 

but without a model of this effect we have not attempted 

to fit the data below T-.
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4.1b Changes in other elastic constants
•*

We do not expect the other elastic constants to vary 

strongly with temperature because the coupling coefficients 

to modes of other symmetries are considerably less (see 

§1.2). However G-oredetsky et al [15] have investigated, 

by ultrasonic techniques, the frequencies of acoustic 

modes propogating parallel to 1rhe z axis. Above T-,-. they 

find that the frequencies of vibrations polarized parallel 

to the x axis and to the y axis are equal but that this 

degeneracy is removed below the transition. The corresponding 

elastic constants are c,, and 0,-^- respectively so these 

results are consistent with the general symmetry requirements 

(A.12) and (A.13).

To explain this data it is necessary to go beyond 

coupling terms linear in the strains (1.21). Among the 

many possible quadratic terms it can be shown that symmetry 

requirements allow

where € is a dimensionless coupling coefficient. In 

molecular field theory this leads to expressions for c,. 

and c,-,- of the form

Co C

where c is the value of c.. (= c c r-) above the transition, o 44
Experimentally c.. - cVc varies like <az > as expected but 

the increase in elastic constant for one mode does not 

equal the decrease for the other. This is interpreted in
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[15] as an effect of domain formation. Equating c,, - 

to 2€ <a z> we find that € = 0.85.

An alternative explanation for this splitting lies 

in the point mentioned in ^1.3 that the phonon frequencies 

uu.(k) (and the unperturbed elastic constants c ) refer 

to the distorted lattice and vary with the strain through 

anharmonic phonon effects. This mechanism would also 

cause C AA - C(- R to vary like <az >. D'Ambrogio et al.,,

[41] have proposed that the splitting of the optic E modes 

below T-p., which they observe by Raman scattering, is 

caused by this effect.

4.2 TbV04 [3]

The ultrasonic results of S. B. Palmer and the 

Brillouin scattering data of J. R. Sandercock are plotted 

in figure 5. As with DyVO, there is disagreement over the 

value of the transition temperature; the measurements are 

34.7 ± 0-5°K (ultrasonics) and 33°K (Brillouin) compared 

with previous values of 34 K (Raman scattering [10]) and 

35°K (optical absorption [7]).

Since T-p. is much closer to its molecular field value 

in TbVO, than in DyVO, it does not seem necessary to 

apply the cluster theory to the four level Tb system. 

However since the results are taken up to room temperature 

we have modified the molecular field theory of chapter 2 

to allow for population of the higher energy levels of 

Tb . In -[10] a doublet was reported at 90cm" and the
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presence of this level has been allowed for crudely by

multiplying the susceptibilities g-,-, g« and g^ by a factor
-I

The ultrasonic measurements, which were made at a 

frequency of 14MHz, fall to zero at T = T-p so GS (=CT ) 

is presumably being measured above the transition temperature 

The solid curves of figure 5 show the values of c-,-, G S and 

CT obtained from (2.16), (2.l8a), (2.19a) and (2.20b) using

J' = 25.0cm""1 , u = 35.7cm"1 , A = 9cm""1 [>] and
_2 

c = 1.49 x 10" dyn.cm . The agreement between c^ and

the ultrasonic data is excellent between T-Q and room 

temperature, u is seen to be large (of the same order of 

magnitude as T^.) so using (3.25) and (3.28) we find it 

possible to distinguish three frequency regimes in our 

measurements of the elastic anomaly of TbVO, for T ^ T-pt

(i) u) > a, cT is measured at all temperatures. 

(ii) uu ~ a, The measured elastic constant is

intermediate between CT and c& and close

to T-p. the imaginary part becomes comparable

with the real part. 

(iii) uu < a, GO is measured until the temperature is

very close to T-p where the damping

becomes large.

a is related to the spin-spin relaxation time by (3.28). 

The measuring frequency in the Brillouin scattering 

experiments is shown on the right hand side of figure 5. 

We see that the data lies between c... and GS in the high
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temperature phase and does not fall to zero at T~. This 

together with the observation that the linewidth increases 

near T-r. [3], suggests that the phonon frequencies are 

comparable with a (i.e. regime (ii) ) so the elastic 

constant is expected to be frequency dependent as described 

by (3.25). The real part of c(k,u>) is plotted as the 

dashed curve in figure 5 using the value a/2n = 27-5 GHz 

in (3.28) and shows satisfactory agreement with the 

experimental data. The following expression for the 

frequency dependence of Cg,- at T = T^ is obtained from 

(2.17), (3.25) and (3.28):

where v is the frequency in GHz. This gives a rough fit 

to the experimental results as shown in figure 6.

Below T-p. there is little difference between CT and c^ 

and, allowing for the discrepancies in the transition 

temperature, the Brillouin data lies reasonably close to 

these curves. As with DyVO, the measurements at very low 

temperatures are higher than the theory predicts but the 

effect is smaller here. Because of the large damping 

it was not possible to obtain ultrasonic measurements 

between 18 K and T,. but the values in the range from 

10 K to 18 K lie between CQ and cm indicating that c«. is
Q -L D

being measured (see (2.24) )• The electronic specific 

heats are likely to be comparable in this temperature 

range and the spin lattice relaxation rate T" is probably 

greater than the measuring frequency of 14MHz.
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Molecular field theory works well for TbVCL (except 

at very low temperatures) but it was found necessary to 

use a cluster theory to explain satisfactorily the 

measurements on DyVO. so we wish to comment further on 

the differences between these systems.

At least part of the difference stems from the very

large anisotropy in the elastic; constants. For DyVO. ,
l "I _-p 

c = (c-- - c)/2 = 10.78 x lu~ dyn cm whereas for-j-, 12
IT _2 

TbVO. c = C= 1.49 x lu dyn cm . Hence we expect from.

(2.12) that u should be larger for TbVCL than for DyVO4 4 
(assuming that the coupling coefficients are roughly equal)

in agreement with observation. Furthermore, in the region

of small k, K (k) is much more strongly peaked about the • — a • — •

direction of maximum coupling for TbVO, than for DyVCK . 

This is possibly the explanation of why, for DyVO,, the 

term in v almost cancels the strain coupling u in 

expression (4.2) for the infinite range coupling parameter 

^oo »so ~kne system is dominated by the relatively strong 

short range interaction. For TbVO, , on the other hand, 

u is much bigger than v and J^ = (u - v) is substantially 

larger than the short range coupling. In particular if 

the short range contribution is zero then u = 35.7 cm"" 

and v = u - J f = 10.7 cm"1 .

As pointed out in [11] the large anisitropy in the 

elastic constants for rare earth vanadates with the 

tetrogonal zircon structure is responsible for TmVO. 

ordering in a Bp, rather than a B-^ mode even though the 

coupling coefficients appear to be roughly equal (see §1.2).
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From the specific heat data of [6.3 it is evident that

the interaction is of long range so presumably acoustic
* 

phonon coupling is dominant. TmVO, will therefore distort

in the mode with smaller restoring forces, i.e. the B p<-&
mode. .DyVOy,, on the other hand, orders in a B mode

T- -!-£>

because the anisotropy in the elastic constants is more 

than outweighed by the large B-, coupling coefficient (§1.2)
• ' •**~F^

Additional Note:

Melcher, Pytte and Scott [95 ] have recently measured 

the elastic constants of TmVO,. They find that c^g vanishes 

at the transition as expected but there is, in addition, an 

appreciable softening of •§•( c- -i-c^ p) showing that coupling 

of .B- symmetry, while smaller than Bp coupling, is not 

completely negligable. This fits in with the above discussion

wliere it was pointed out that TmVO, orders in the B 0 rather4 2g
than the B. mode because the restoring forces are lower, 

the coupling coefficients being roughly equal.

As a further point Pytte and Feder [-963 have recently 

proved that the equation

14-

(see (2.17)), shown in Chapter 2 to be valid in molecular

field theory, is in fact exact for TmVOA where A=0.



CHAPTER 5 

THE ELASTIC PROPERTIES OF DySb. [46]

5.1 Introduction*

There has recently been a good deal of interest in 

the properties of DySb, [42], [43] and [44], which under­ 

goes a single first order phase change at 9.5 K where the 

crystal symmetry is lowered from cubic to tetragonal and the 

moments of the Dy ions order ant if erromagnetically. Bucher 

et al. [42] have estimated the crystal field splittings of 

the electronic levels of the Dy ions and find that the ground 

level is an E'(IV) doublet with a U(rg) quadruplet only 14.5° 

above it, the remaining levels being at a much higher energy. 

This near degeneracy between the lowest levels suggests that 

the transition might be driven by Jahn-Teller coupling as in

DyVO, (see Chapter 1). M- <>
The shear elastic constant •§-( c^ .-c. 2 ) has been measured 

by ultrasonics, [43] and B.Luthi (private communication). 

It is found to soften considerably below 100 K and, at the 

transition temperature T-^, has reduced to about 0.42 of its 

high temperature value. Despite the transition being of 

first order there is no marked discontinuity in "§"•( c- -,-c-p) 

at T-p. and, in the ordered phase, the elastic constant is 

almost independent of temperature. This behaviour is in 

contrast to that in Jahn-Teller driven transitions in the 

rare earth vanadates where the crystals harden considerably 

below the transition (see Chapter 4).

Levy and coworkers, [43] and [44], have developed a
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theory which provides a good description of the ultrasonic 

measurements above T-,,. However their model is very com-
»

plicated, since it includes all 16 electronic levels of the 

Dy ions in the lowest (J=15/2) multiplet, and has not been 

extended to the low temperature phase. They conjecture that 

the almost temperature independent behaviour of -^(c^-c.p) 

below T-p, is an effect of domain formation.

The theory for the rare earth vanadates discussed in *
chapters 1-4 of this thesis is relatively simple because we 

consider only the lowest electronic energy levels, which are 

well separated from the states of next highest energy. 

Since Bucher et al. [42] predict that in DySb there are
\t

similarly a small number of low lying states well apart from 

the rest of the levels it seemed interesting to apply the 

same methods here and in particular to calculate the elastic 

constants below the transition. The theory which is developed 

in this chapter yields a simple analytic expression for the 

elastic constants above T-r, which, like Levy 1 s more complicated 

model, agrees satisfactorily with the experimental results. 

However the calculations in the low temperature phase do not 

give a good description of the data even by taking a domain 

average of the results. We conclude that there must be an 

additional mechanism, not considered in our treatment or that 

of [43] and [44], which affects the elastic constants below 

the transition,

3.2 The model Harniltonian.

Following the approach of Chapter ' we use the known
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•v, r

properties of the low lying states of the Ly ^ 

multiplet to estimate the relative sizes of the coupling
*

between these states and lattice distortions of different

symmetries. DyS"b crystallizes in the rocksalt structure
t f- h /so the Dy ions lie a.points with 0 symmetry. The fourth

and sixth rank terms of the corresponding crystal field
•»

Hamiltonian have been estimated in [42] by interpolation 

between the spectroscopically measured values in PrSb and 

TmSb. They find A°4 <r4 >=86±6°K and A° 6 <r6 >=4.2±1.2°K for 

•which the ground state is an E f (IV) doublet with a U(Fo) 

quadruplet at 14.5°K, the next highest level being an E !l (r7 ) 

doublet at 80°K. We shall consider only the E f and U levels 

in curtreetat of the transition at 9-5°K. TSne crystal field corresponds 

closely to the value x= -1, where x is defined by Lea Leask 

and Wolf [45], who have tabulated explicitly the states in 

this limit. From their data we estimate that 99$ of

|j = ±J) and by symmetry equal amount of |j = "±J) and z x
|j = ±J) are contained in the E 1 and U levels. Hence it *j
seems that |j = ±J>, |j = ±J) and |j = ±J) (which we shallz y . x
abbreviate to |±J ), |±J.r > and |±J__) respectively) form az y x

good set of basis states, and this conjecture is strengthened 

by the measurements of [42] who .find that the Dy ions order 

with almost the maximum moment.

By considering the operations of the double group 0 

we can show that in the undistorted phase these six states 

do belong to the representations E f and U as required and 

written explicitly are
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E'a'> = J^

. 

I

|U'u> = -J,

(5.1)

These states are orthogonal but not quite normalised because 

the basis states are not orthogonal. _

The interaction between the lattice distortions around 

a single ion and the electronic levels (5.1) can be written 

in a form indent ical to (1.4) i.e.

(5 . 2)
where the symbols are defined in $1.2.

*- By replacing the Op by second rank tensors Elliott
a 

et al. [3] were able to show for DyVO, that coupling to B,^

modes was dominant. This is essentially because J is large

so matrix elements of the form\J1 |Op |j^}, where i,j - x,
a 2 

y, or z, can only be large if i=j and Op ~J^ . For example
d

<CjX ;0-p |j^> will be small for any Op which is a second rank
" a a 

tensor because no second rank tensor will turn J^ into Jx

for J= 15/2. However<J x |j 2 | J x > (=J 2 ) is large.
A

Applying these results to DySb it follows that the 

largest coupling will be to operators which have only diagonal
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matrix elements in the representation I±JY >, \±3 }, |±J_).x

Even if we represent the 0- by fourth or sixth rank
a 

tensors it still seems probable that this result will hold

because of the large value of J. In addition operators 

which couple to lattice displacements must be even under 

.time reversal so it follows that there are only two independent 

traceless operators with the desired properties, namely

and

(5.3)

Hence we expect coupling to lattice distortions of E symmetry 

to be strongest, in agreement with the observation that the 

low temperature phase. is tetragonal. Prom now on we put 

equal to zero the coupling coefficients for all operators 

except (5«3).

Acting on states (5-1) with operators (5-3), K becomess

| U'H> |U'V>

-ZA

O

O

O O

O

O

O O

0 O O (5.4)

where 4j(J-i)BE and a term of symmetry has been

added to represent the initial crystal field splitting 3 A.
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Since the ant i ferromagnetic order occurs at the same 

temperature as the structural phase transition we must take 

account of magnetic interactions "between the Dy ions and. 

we assume that it is a simple Heisenberg exchange. A 

crystalline distortion will modify the value of the exchange 

interaction and we believe that this type of coupling is 

responsible for the distortion along a [111] axis observed 

by neutron diffraction in addition to the tetragonal strain. 

[42], The magnetic structure is such that all the moments 

in a plane perpendicular to this [111] axis are parallel .to 

each other but antiparallel to those on neighbouring planes. 

Since this distortion is small (0.1$) compared with the 

tetragonal distortion (0.7$) we neglect the effects of the 

modulation of the exchange interaction by lattice strains 

in this treatment.

It is useful to define the following operators acting 

on the Dy ion at the £th site:

(5.5) 

where € is equal to +1 or -1 depending upon which sublattice
Xj

the Dy ion on the /th site lies. These operators are 

normalised so that

An electronic level scheme consisting of a doublet and 

a quadruplet can be represented by two pseudospins _&=1 and
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s=^. If the separation "between the levels is 3A then the

crystal field Hamiltonian 3C can be writtenc

1 (5.6)

where 0=23.

The new basis states s > can be written in termsz z

of (5.1) as

i [l x̂> -f |-T

.and the operators (5-5) become

2.. (5.8)

Since the lattice displacements around different ions 

are of course coupled it is useful to relate the displace­ 

ments around a single site to the normal modes of the crystal 

i.e. phonons. Following the discussion in Chapter 1 we can 

write the electron .lattice coupling as

X =-'
*T ^T 1"-' . ' - ' ' • (5.9) 

(e.f. (1.20)) where a -(k) and a.(k) are creation and
3 N- 3
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annihilation operators for a phonon of wavevector k and
( 1 ) ( 2 )branch index 3, and §- (k) and §. '(k) are coupling

J ~" d — .
coefficients. Including the usual phoncnHamiltonian, the 

elastic energy and coupling to static strains (c.f. (1.23), 

(1.22) and (1.21) respectively) we can write our model 

Hamiltonian for DyS"b as

X « i Vc.

m
(5.10)

where 3v represents the crystal field splitting, r\ is the c
static strain coupling parameter, V iu the volumo of the 

crystal and l(X.,j6 f ) represents the magnetic interaction 

between Dy ions on sites I and I* . Also

^•^_ •=; "^-xj< —

and c - L(c -^o — x I "

(see Appendix A).

As discussed in Chapter 1 it is useful to transform to

displaced phonon operators v. (k). The transformationJ "~"

appropriate to this problem is

(5.11)

Since q 1 and q« commute the y f s obey correct phonon -commuta­ 

tion relations. Levy [44] uses the same transformation but 

has a very general Hamiltonian involving non-commuting 

electronic operators. As he points out, this is unsatisfactory



-59- 
unless only the coupling to a set of commuting operators is

large. By using the known properties of the low lying state 

of the dysprosium ions we have been able to show that this 

is indeed the case for DySb. In the treatment of [43] and 

[44] the elastic constants are calculated using molecular 

field theory and we believe that within this approximation 

the criticism made above does not affect the final results. 

In terms of the new operators (5.1 1) our model Hamil- 

tonian can be written

4
(5.12)

2 2There are also terms in (5.12) involving q- (jfc)+qp (^)> which

just give a constant, while the coefficient of q

vanishes by symmetry. K(j^,j?. t ) are related to the §(k) by
3

I V 4- 1 / /L 1 / *• I* . ^

.' = 2

iIT

L

The Fourier transforms of K( I, i' ) and L( X, i 1 ) are

^
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where the second term in fc.15 ) comes from putting K(l,l)=0. 

ITotice that L(k=0) vanishes by symmetry. Quadrupole- 

quadrupole coupling by other mechanisms than coupling through 

the phonons, such as direct electric forces or polarization 

of the conduction electrons, can be included in (5.12) and 

simply modifies the value of K( Z, tf ) ,

5.3 Calculation of the -elastic constants.

To investigate the types of ordering which can occur 

with this Hamiltonian we firstly neglect the magnetic inter­ 

action and use Landau theory [1], expanding the free energy
f.

as a power series in the q.. and q^. Writing q,.=qeos0 and 

qp=qsin9 then

F =. F -f «.(Tj^x -f b^&x>3# H- c ^> ——

(5.17)

The existence of a cubic term shows that the transition is 

of first order as observed. Minimising F with respect, to 6 

it follows that 9=nII/3 where n is an integer so the quadru— 

poles order along one of the crystalline axes. The magnetic 

interaction cannot affect this result since we have taken it 

to be isotropic. We choose the quadrupolar ordering direc­ 

tion to be parallel to the z axis i.e. below T-r, ^q-,)^0, 

^q >=0 and since this is the preferred direction in the 

crystal the magnetic ordering will also occur parallel to 

the z axis.

In the molecular field approximation (5.12) becomes

* " H« f

(5-l8a)
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where

are the molecular fields acting on the quadrupoles q. and 

Op and the magnetic moment m respectively,

and n.(k) is the phonon occupation number (2.3). We have «j ~~

implicitly assumed that the ordering takes place in a k=0 

mode as observed. The Hamiltonian appropriate to a single 

electronic site can now be expressed in terms of the basis 

states (5.7) as

A-*-"- 0 O

,

O

o , . o , O ,-H,-

\ (5.19)

(5.19) is complicated to diagonalise as it stands but if 

we use the previous result that ^qr>)=(—_..
£, .X.

levels can easily be calculated. We find

.)=<V>=0 the energy
«y
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X'., =• l-A-f H-H,Z

3

-f y,
X (5. 20)

Since the elastic constants are second derivatives of 

the free energy with respect to the strains it follows that 

to determine c ( ~ ̂  ^/^^i ) we must calculate the change 

in the energies of the levels due to an applied stress 

up to second order in-(Hp). Below the transition the point

group symmetry is lowered from 0 i to C for which m_ andz

q« transform like A, as indeed they must since they have 

non zero averages in this phase. The other quadrupolar

operator, q0 , transforms like B whereas m and m belong to ^ x y

the E representation. -Since (m ,m r ) have a different sym­

metry from q 0 the averages ^m ) and <(m ) are still zero evend. x y
«*

in an applied stress which causes <(qp) "to be non zero. 

Hence it follows from (5-19) that the energy levels 

X..(i=1...6) may be written to order ̂ E^) as

4 a
(5.21)

w?iere

n ™: 3 I \ .4- n —.
_ _ _ I • I I
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L 2 = *

a-. = 3 /A, + H. •» Hx)

a^ = ilxV_±«i_
"' + Hz)(X;-A- H,)

a-C = 55 -5

iA(3M, + tfJ ^^

Since q^ does not couple to cu or the magnetization 

by symmetry( 5 22.) should be evaluated for T^Ty, v/ith /q 1 )=^m >=0.
I V J /i

However (5.22) becomes indeterminate in this limit but by 

going back to the original Hamilton!an (5.19) it is easy to 

•show that the energy levels to order (Hp) are then given by

A« — A-j — A if . I i 3.i 3 A — li. + Hi

X =X.= ^ -*- ^ -f Hj.

(5.23)

The free energy F (=<3<:m>f ̂ >~TS) is given in this approx­ 

imation by 

p= -

where ^r j
J

is the Gibbs free energy par electronic site written in 

terms of the molecular fields (5.l8b), and P is the phonon
Jr
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contribution (§2.1). Equating (dg/SH, ) and (Bg/SH ) toi z
Yq,> and-^m > respectively we obtain the following self > i z
consistency conditions.'

<q 2 > = - P^iH

<mz > = i^

(5.25)

v/here>± - ^'Vz
. (5.26) 

f. = A+ H z ^

= A- HZ.- 3H»/i_________ .
« * T "7 I /—

(5.27)

The stresses ;£. and jp corresponding to the strains 

and e are given by

(5.28a) 

and similarly ~ <^o^- 4 - 6£

Hence the equilibrium value of the strain e. is given by

(5.29)



-65-

so that we can replace H, in .(5-25) and (5.27) by

where

v/ith

when calculating the thermal averages {q-) and ̂ m ). The
( 1 ) (2) elastic constants c x and c v J corresponding to the strains

e- and e^ are given by (c.f. (2.16))

(5.31)
f « ' f

where

(5-32)

The subscript T y f specifies the ther-modynamic constraints 

under which the elastic constants are to be calculated. 

Above T-p. we may evaluate (5.32) easily using (5-25) and 

remembering that there is no coupling to the magnetization. 

We find

OJ I -T)
= i f i -4. J •

\ ———————— >

(5.33)

a ~ ^- 
7r 7r "•

(5.34)
where y=I refers to the 'isolated! regime and y=T to the 

1 isothermal 1 regime discussed in Chapter 2. The 'essentially
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isolated' value, y=s, is obtained from the general therrno- 

dynamic relationship (c.f. (2.21)).

(5.35)

where a=1 or 2 and C p is the specific heat of the electronic±xa 
system at constant E . It follows that

above iV. Note that (5.33), (5-34) and (5.36) show that
( -! ) ( p )

c ^ ' 7 = c v in the cubic phase, as. expected in this symmetry.

Below the transition the results are much more complicated

because the degeneracy of the electronic levels is removed
* 

.and because the magnetization m as well as the quadrupole

moment q.. couples to the strain e.. The calculations are 

given in Appendix D and we shall simply mention here that

find c ^ c as expected in the reduced symmetry and

but c 0 Cn- as follows from (5-35).
»-"- -J- O J.

>. 4 Come:. I'd son of The or?/ with experiment.

The ultrasonic data of [43] is shown in figure 7; note that 

the temperature scale has been expanded below TJ-, to show the 

data more clearly. Since the results are taken up to 80°K 

v/e have modified the theory of §5-3 in a crude way to allow 

for thermal population of the E T * doublet at 80°K, multiplying
r i ) c ~ '. 

g " ! and 7,.^ ' ty - factor

3 L 3 -f
(5.37)
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The solid line in figure 7 for TXD-Q is the theoretical 

value for CT calculated from (5-31), (5-32), (5-33), (5-34)

and (5.37) using U =16.0°K, k(0)= -6.4°K, c0=1.05c(325°K)=
1 1 —2 o7.0 x 10 dyn cm and with 3A=14.5 K, the value given by

[42], The agreement is seen to be satisfactory v Moran et al. 

[43] used The same value of A and c to fit their data but 

xook U =15.5°K and K= -4.4°K.

or crystals with the rocksalt structure the k=0 optic 

phonons have odd symmetry under inversion whereas the electron­ 

ic operators we consider must be even because they connect 

I'-wrtcs belonging to the Game multiplet. Hence there i;' .no 

contribution to K(k=0) from optic modes as pointed out in 

[43] -and [44 J. - N

On the other hand the lattice structure does not put 

any restriction on the wavevector dependence of the acoustic 

phonozi coupling. The electronic states can interact with 

The strains set up by the long wavelength acoustic modes, 

since these are even under inversion. It follows that

f (k)o. k2 (Appendix B) so K (k) is independent of k for small a "~~ a ~"*

k. Hence there is, in dur view, an important contribution 

to K(k.} from the acoustic modes in contradiction to the 

assertion of Levy, [43], [44]. K(0) neglects the contribution 

from the static strain (which just corresponds to the k=0 

acoustic mode) and is therefore entirely due to the 3alf 

e:ic-rgy ter:;i in (5.15) pl^f- quadrapolc-quadr'ii.polu coupling 

via other mechanism.'". vVe find K(0)~ -0.4u which we believe 

is a reasonable valiv^ "or the self energy and suggests that 

coupling via other ^echanicrio is relatively unimportant.
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The magnetic coupling parameter I is determined from the 

requirement that the transition occurs at 9«5 K and we find 

1=24.5 K. If there were no magnetic interactions the total 

quadrupole coupling K T =K(0)+U would "be insufficient to 

overcome the crystal field splitting and no transition would 

occur, although there would be a considerable softening of 

the elastic constant. Hence it is the magnetic interaction 

•,vnich provides the driving force for the transition in DySb.

The full lines in figure 7 below T-p, are the theoretical
' 1 ) ( 1 ) ( 2 ) l ? values for c^ , c^ ' and Cm V y (-.c v ~') obtained with the

*3 -L -L S

G-unc value- of parameters that were used in the hi{rh to;;<pr ; T—

at ...ire fit. Siiicc the measuring frequencies in ultrasonic

experiments (~10MHr ) are likely to be less T~ (see §3-2)
Z

we e::rect the data to correspond to the 'isentropic' regime, 

y=s f , discussed in §2.2. c^ f is given by (2.24) and lies
fc>

( 1 )cetween c and cr , . \Ve have plotted the form of c ,s
schematically as the dashed curve in figure 7. The experi- 

::: ant ally measured elastic constant, v/hich represents a
1 ) (2)c-riair. average •, should lie between c , , and c , . Ins s

particular it should have a discontinuity at T-n and be al­ 

most equal tc c 0 at T=0.

The ultrasonic data of [43] which is shcv/n in figure 7 

for comparison i:: clearly very different from these pre- 

"iictions. '•", e have tried without success to remedy this 

discrepancy by including in our model the effects of modula­ 

tion of the quaar^])ole-quadrupole interaction K(4,£ T ) by 

lattice strains. We do not believe that this discrepancy
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is due to the simple model we have taken for the Dy 

staxes since below the transition population of the higher 

levels, ignored in our treatment, is negligible. It would 

appear that there is an additional mechanism acting in the 

ordered phase which is not included in our treatment or that 

of Levy, [43] and [44]. In particular the experimental 

results in this region cannot be explained in terms of domain 

formation as was postulated in [432-



, CHAPTER 6

THE' ELASTIC PROPERTIES OP 
HYDROGEN BONDED FERROELECTRICS

In chapters 1-5 we showed that crystals which have 

affectively only a small number of electronic states per 

unit cell can be described by a pseudospin Hamilton!an* This 

technique is however more general 127] and carL ^ e applied to 

any system with a small number of low lying states well 

separated from those of higher energy. In this chapter we 

show that, with certain assumptions, highly anharmonic 

lattice vibrations can be described in terms of pseudospin 

operators. A detailed model for hydrogen bonded ferroelectrics 

will be developed and compared with the experimental data 

for KH^PO, (KDP for short), paying particular attention to^ 

the anomaly in the elastic constant

6.1 G ryst al stru ctur e.

The structure of the hydrogen bonded ferroelectric KDP 

has been determined by X-ray [47] and neutron [43] diffrac­ 

tion in both trie ferroelectric and paraelec^ric phases.
•i 2 

Above the transition the space group is Dp^ ar_d the structure

is body centred tetragonal with two formula units in the 

primitive ur.it cell. We denote the direction containing the 

fourfold improper rotation of Dp^ as the z axis and the two 

twofold axes at right angles to z as the x and y axes. The 

basii? vectors of the tetragonal unit cell (which is not the 

primitive unit cell) ar^ parallel to the x, y and z axes 

and are of length a=7-4T"'-, b=a and c=6.96^ respectively.
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Each phosphorous ion is surrounded by four oxygens at the 

corners of an almost regular tetrahedron- Hydrogen bonds,

which lie almost in the x-y plane, link an oxygen on one
«.

phosphate group to an oxygen on a neighbouring group. The 

K and P ions alternate each .other at a distance c/2 in the 

direction of the z axis. A projection of the structure 

perpendicular to the z axis, showing-for clarity only the 

oxygen ions and the protons, is given in figure 8a.

It will be necessary to consider the form of the 

primitive unit cell when discussing the lattice dynamics of 

KIP ana this is shown schematically in figure 8b. Only the 

phosphate groups -and the hydrogen bonds are indicated, again 

for reasons of clarity. The .centres of the phosphate groups 

lie on two interpenetrating body centred tetragonal lattices, 

indicated by the open circles (sublattice A) and the filled 

circles (sublattice B) .in the figure. We have chosen the 

.joniers ci the cell to lie at the centre of phosphate sites 

or sub lattice A and there is just one phosphate group of 

sublattice B contained within the cell. The hydrogen bonds 

are indicated schematically by the dashed lines. All the 

bonds meeting at a PO, group on sublattice B are entirely

contained .«ithin a single cell whereas each of the bondsj
attached to a PCX group on sublattice A lie in a different 

cell. Each, bond linka a phosphate ^roup on sublattice A to 

a phosphate group on sublattice 3. These facts will be 

useful when we come to discuuc che lattice dynamics of KDP

- - •* r 9 _,..: 3 O . C. .
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At 122°K a transition, which is slightly first order

[49], occurs from the. piezoeelectric phase described above 

to a ferroelectric phase. The low temperature structure is
10

orthorlDinbic vvith space group C«y. so the ordering takes place

y

in a k=0 Bp mode. The basis vectors of the orthorhombic 

unit cell in the x-y plane are rotated about the z axis 

-5° with respect to the axes of the tetragonal unit cell of 

Doq and are of unequal length.
i_L<. •

Above 'the transition the distribution of the protons is 

symmetrical about the centre of the bonds but below T-^ all 

the protons in a single domain are near the 'upper 1 or the 

'lower 1 oxygens of the phosphate groups depending upon the 

polarity. This ordering is accompanied by a smaller displace­ 

ment cf the K and ? ions parallel to 'the. z axis, the positions 

of the oxygens being little affected. Since the hydrogens 

r..;;ve almost in the x-y plane the spontaneous polarization, 

.Vi.ich is parllel to the z axis, is caused mainly by this 

relatively small shift of the K and P ions.

6.2 Local Normal Coordinates.

Large isotope effects are observed in this class of 

:;v:. 4:er-ial;j; for example the transition temperature of 122°K 

[-'91 -n Zi:? i- raised to 223°K [50] on deliberation. This 

3arrest2 that the motion of the protons along the bonds 

plays an important role. A complete group theoretical anal 

ysis of all tJie normal modes at the aymrnctry points in the 

Brillouin zone has been given by Shur [51]. He finds that 

there are four modes which involve largti motions of the
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hydrogens along their bonds. At k=0 these belong to the

Ap, Bp and E representations of ^^ and the corresponding 

proton eigenvectors are shown in figure 9. Since the 

displacements in the Bp mode correspond to the static 

ordering which appears in the ferroelectric phase it must 

be an instability in this mode which causes the transition.

The eigenvectors of the soft mode in KDP have not been 

directly measured because of difficulties in doing coherent 

neutron scattering in a material centaiding hydrogen, which 

has a large inelastic cross section. However the eigen­ 

vectors of The soft mode in de-ate rated XDP have been de- 

lermiried [50], [[.';!'] and found to involve large displacements 

of the hydrogens along their bonds corresponding to the Bp 

mode of figure 9 as expected. The mode is found to be of 

a relaxaticnal type i.e. the real part of the frequency is 

zero. From these result::: it appears that a description of 

the soft mode as a phonon is not likely to be successful. 

This i'j because phonons are resonant modes (i.e. the real 

part of the frequency is finite and the imaginary part, causer: 

cy weak anharmonic forces, is relatively small) whereas, in 

KI^PO^ at least, the soft mode is of the relaxational type. 

It is worth mentioning here that the spectrum of the soft 

mode in KDP has been measured by light scattering [53] and 

also found to be c -ordampGd. However its width is an order 

of magnitude greater than in deuterated KDP, which is another 

example of the large isotope effect in this class of materials

We shall overcome the above mentioned difficulties in a
9

phonon description of the soft mode by considering a model
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similar to that proposed by Elliott L273- This description, 

which will be called the 'local mode tunnelling theory', 

treats the unstable mode as a tunnelling motion of the ions. 

It is rather like the proton tunnelling model proposed much 

earlier by Blinc [55] but is based more on lattice dynamical 

principles.

The normal coordinate of wavevector k belonging to the 

itr. branch can be written as (see B-4)

(6.1)

\vhere the suffix a is summed over all three component 

directions for each of the atoms in the unit cell a.nd the 

suffix I refers to the unit cell centred -at R(J&). "'As 

discussed by Thomas [56] it is useful to define local normal 

coo r dinat e s v . ( I ) . If we writ e

M *
(6.2)

then the normal coordinates for k~0 are given by

(6.3)

Moore and V/illiams [54] suggest that (6.3) "will be valid up

to a wave'v ect or K v/here— m

(6.4)

R is an 'effective iMiige' of theintercell forces.

It is also possible to define local normal coordinates 

a different, v/ay, ,vhich c--j.n represent normal modes of any
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\vavevector, by analogy, with the usual theory of Wannier 

functions for electronic states. We wish to construct

functions w.( 4) localised around the cell centred at R( z) 
J

such that

nverting (6.5) yields

(6.0.)

sc from (6.6) and (6.1) it follows that

. (g-7)

Note that, unlike v_.(£), the w.(j£) i_ivolve displacements.
-> J

in cells £' , where £' is close to I, as well as in cell &

itself. Kohn [57] has discussed the nature of the w.(jfc)
j

for the particularly simple case of a linear chain with two 

atoms per unit cell. However for three dimensional lattices

there ar-i problems connected with localisation of the w_j(-0o
as there are v:ith Wannier functions C?3], [59]. Since we 

are only interested in the region around k=0 we shall avoid 

These difficulties and go back to (6.2).

The Kamiltoni an for lattice vibrations in the harmonic 

approximation is

(6.8) 

(see Appendix B) wriich can be expressed in terms of the

local coordinates v.(jfc) as
j
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= £ ?}

(6.9)

where p-.(jfc) is the momentum conjugate to v.(jfc) and U.(4,jfc' 
J J J

is the coupling between local normal coordinates in cells 

I and Jt f , which gives rise to dispersion in the jth branch, 

The frequency of the mode at k=0 is given by

'»= A,
N^ (6.10)

V/e expect that (6.9) gives a good description of the normal 

modes Q n-(k) for k<k (iiee (6.4)) but to represent modes of 

large k accurately we should strictly include non-diagonal

terms of the form v .( Jfc)v . , ( jfc f ) where • j ' and J refer to
J J

different branches. Since we are concerned here specifically 

with the region around k=0 we shall ignore this complication 

and. assume that (6.9) is a satisfactory harmonic Hamiltonian. 

V/e consider the form of (6.9) for the four local normal 

coordinates involving a large motion of tne protons along 

Their bonds (figure 9). Neglecting for a moment the dis­ 

lacements of the other ions we can write

H) - ̂  U) + 
M -

(6.11)

where q-(^) is the displaoonsnt of the itli proton in the cell 

relative to the centre of the bond. (6.11) does not satisfy
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the normalization condition (B.3) "but this is unimportant: 

in ".vhat/ follows. The relative signs of the q.(jfc) have been

chosen so they are all positive for v-p , the soft mode.tf 2
It is useful to write the potential energy appropriate to a 

single cell in terms of the q. . Considering only quadratic 

t e r rn s w e o c t a i n

—l

. w - *i

(6.12}

By symmetry the interaction U between the two 'upp?r'

gGrm (1 and 3) is equal to the interaction between two 

lower hydrogens (2 and 4) but does not equal the interaction 

V between an upper and a lower.

Suppose the protons are displaced by an amount ±d from 

the centre of the bonds. There are 2 =16 possible combinations 

shC'.vn in the first column of table 6.1 below and the corres- 

pcr.iir:;:: energies are indicated in the second column.

T/ie energies have been written in terms of the proton

cccr-J.ina.es q_j ( £) rather than the v_. (4) so that a comparison— j
can be made between our model and an earlier theory of KDP 

pr:p^ed originally by Slater [60 j and later modified by 

Tok£.,Ti [61] a;ii Silsbee, Uehling and Schmidt [62]. This 

theory assumes that there are two stable positions for each 

proton symmetrically situated e.bout the centre of the bond. 

Slater assumed t'uat t.ie configurations with lowest energy 

vhere those v/ith t ,vo T upper f or two T lo\ver' hydrogens adjacent
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TABLE 6.1

Relative energies of the different proton configurations 

according to the local mode theory and the Slater-Takagi 

model.

C onf igur at i on

A) 1 1ZI
2 0

3) 3 'Z

4 ]Zf 

5 0

C) 7 Z

8 JZ

10 izr

Energy 
(Local Mode Theory)

ad2

ft

(a+2(U+v)d 2

(U+2V+a)d 2

-

Energy 
(Slat er-Takagi Theory)

0

€ 

n

ti

n

w 

ti

12

H

JZT
JZC

tt

it

If

tl

II

If

D)

H
W

fl
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to a phosphate group, i.e. nos. 1 and 2 in table 6.1,. I? r 

figure 9 it is clear that these configurations correspond 

to the .unstable B~ mode. Those configurations with 

and a 'lo'.ver 1 hydrogen (nos. 3 to 6 in table 6.1) have, 

according to Slater, a somewhat higher energy € while
/

those with one or three hydrogens adjacent to a given 

phosphate (nos. 7 to 14) have a much higher energy w. The 

states with no (15) or four (16) hydrogens should have a 

still higher energy w,. Usually in the Slater-Takagi model 

one lets w.,-*». These energies are indicated in the third
i

column of table 6.1.

Although there are three parameters in the Slater- 

Takagi theory, £, w and w. there are effectively only two 

in the local mode theory, U and V. If we wish to represent 

The Slater picture exactly, we must add to (6.12) an 

additional term involving displacements of all four hydrogens, 

i.e.

-, U) %

r cv,i' particle forces of this type have been discussed by 

Tokunaija and a^o sueara [63] and more reeen:;ly by Blinc [64]. 

Three parai'de inter--] onions are forbidden cy symmetry since 

it follows f?'or.i the inverse transformation to (6 11) that 

:' ; ^c,.. canrjO": ^ca^ain uhe identity representation.

Quartio Terns can ?;'i30 arise from the motion of a single 

proton alonr it-; ooud so combining this contribution with 

(6.13) the quartic terms involving displacements in cell I
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can be written as

C — '

It seems reasonable that the coefficient b is positive 

since for sufficiently large displacements the protons must 

be repelled by the oxygen ions. Comparing the second, and 

third columns in. table 6.1 we expect that V is large and. 

positive whereas U is large and negative. It is difficult 

to estimate the size of Vv * since it depends upon the pre­ 

cise values taken for €, w and w, .

Since each of the four protons in (6.12) and (6.13) 

are in the same unit cell it follows from the discussion 

in §6.1 that they all lie on bonds connected to the same 

phosphate group on sublattice B. There must, in addition, 

be equivalent interactions between those protons whose bonds 

join the same phosphate on sublattice A. Each of thesa 

protons is labelled by a different unit cell index. The 

potential energy term in our Hamiltonian is therefore written

(6.15) 

//here A( 1} and B( 4) are given by (6.12) and (6.14) respective-

m
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and

(6.17)

The summation in the second term of (6.15) runs over each 

distinct set of values I, 4 T , V ' and 4 T T ' such that each of 

these cells contains a hydrogen bond which meet at the same 

phosphate group.

Equation (6.15) has been expressed in terms of proton 

displacements to make a connection with the Slater-Takagi 

model. However it is not in a form, useful for discussing 

lattice dynamics, v/iiich aro best treated in terms of local 

normal coordinates (6.2). Employing; the reverse t ran •;::{•' orrr.a- 

tion to (6.11) the potential energy (6.15) becomes rather 

complicated so each term will be considered separately.

A( £) can be expressed in terms of the v . ( 4) as
d

( 6 . 1 d

here

A B = a
1 (6.19)

The coefficients A.R , A^ and A. are just proportional
-D rj III A/-)

to -:he energies of configuration A,B and D :-riveii in the second 

colurr-n of table 6,1. In $6.3 we shall make the crucial assump­

tion that AT~ is iie^^ulve which means thr. t the B 0 mode isis .- <-
c.

•JLnstable. It ^s ^o-ocrent from table 6,1 that the coefficients
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AT-* and A. are larger than A^ so for simplicity ,ve co.g^l
r. A2 Ug

assume that they are positive. These modes are therefore 

stable, in agreement with the lattice dynamical calculation 

of Fujiwara [65], and will not play an important rol< 

transition.

The term B(J&) in (6.15) can be written in terms of 

local normal coordinates as

•*• iY ;
2.

2, X ̂ ' *' 1 ' «-

•+ VV/'^OT -cr: </:
^ l ' (6.20) 

T.'io coefficient b~W T is expected to be positive since for 

sufficiently large displacements tne potential muct bo

repulsive. Hence the potential in which v-p moves is in the^2 
shape of the double well drawn in figure "Oa(i). To a "r'irst

approximation the non-diagonal terms in (6.20) can be de­ 

coupled by writing

(6.21)

where P. -ji.i r :^ refer to different symmetries. This simply

l^ small correction to the coefficients of

the quadrati c t eiMis (6.19).

A( J2, A' , i f T , .l f ' ' ) o,^ be written as

A it, i', i", L '•') =, a
+ v [

i (6.22)

^ /r;/J

-f corresponding terms for v. , VE and VE
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+ terms involving v f s of different symmetry. 

The terms involving v f s of different symmetry must vanish 

when we take space Fourier transforms and consider modes 

near k=0.

The term B( I, V , V » , jfc» " ) of (6.15) becomes

-L W<T9Ji) 4T,jL'i <\ f/V

(6.23)

plus many other unimportant terms involving displacements 

of the Ap and E modes which do not play an important role 

in the transition.

So far only short range forces have been considered 

but since there is a polarization associated with the soft 

B 9 mode dipolar interactions, which are of long range, must
( —

also be present. Adding these terms to tne two particle 

forces described by (6.22) and neglecting the E and A9 modes 

the model Hainiltonian may be written as

(6.24)

where the soft mode has been labelled by the suffix ' f ' 

to distinguish it from other stable Bp modes. 3C ( j&) is 

given by

L A
^ (6.25)

where A<0 and B>0. j'( 1, £ f ) includes dipolar and short 

range contributions to the two particle interactions while 

the short range four particle interactions are described 

cy W( 4, X« , !• ' , jf • « ) • TV ?*&»&«* <<nrr«^Km^^ & X
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In the paraelectrlc phase the system is as likely to 

be in one well as in the other but intercell forces drive 

the system cooperatively into one of the wells by raising 

the energy of this well relative to the other (figure 10.a(ii)) 

Such transitions are said tc be of the 'order disorder' type. 

Asthe other extreme, in so-called 'displacive' transitions 

of which bariurn titanate [66] is a typical example the 

coefficient A is positive above the transition leading tc 

a single \vell potential (figure 10,b(i)), However A is

temperature dependent and varies like
A= afr-T0 )

An instability oceur'j at T=Tp when A vanishes (figure 'iO.b(ii);

and in the low temperature phase the potential is in the 

form of a double well with the energy of one well raised 

relative to the other by intercell forces (figure 10.b(iii)) 

as for order disorder transitions. It will be noted from 

figure 10 that the main difference between the potentials 

for disp-Lacive and order disorder transitions occurs above 

T-p. In the local mode theory displacive and order disorder 

transitions are treated on an equal footing, there is no 

fundamental difference between the:a. Indeed the basic 

formalism introduced so far is applicable to either type. 

It is natural to ask of there is any direct evidence 

for a double well above the transition in hydrogen bonded 

ferroelectric.-.;. The answer appears to be in the affirmative, 

certainly f'ov the -:? cut crated compounds. Since the deuteron 

has a quadrupole Tc.n.c.n: it can be used to probe electric 

field gradients ir .;no neighbourhood of dueteron bonds.
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Deuteron magnetic resonance on KIUPO, [67] and 

and G D9AsO, [68] show that the largest component of the
•D C- *~r

electric field gradient tensor remains essentially unchanged 

during the phase transition, which is to be expected if the 

average distance from the oxygen ions remains unchanged. 

This is consistent with the potential "being in the form of 

a double well above and below the transition. An anomalous 

increase in "she spin-lattice relaxation rate as T-p, is 

approached, from above has been explained by 31ine et al. 

163] as being du- to some form of collective deuteron motion, 

v/riic:: is 'again consistent with the picture presented here. 

It was not however possible to determine from the experiments 

v.hether the deuterons move from one equilibrium position to 

another by ^'nnping over the barrier or by a true quantum 

me chard, c al t unn e 1 ling process.

Tc su.Tjriari/,e this section the loco.! ;node picture hao 

been compared v/Itn the Slater modo^ in come detail. I-'^orri 

•this comparison it appears plausible that the Ap and E 

modes involving a motion of the protons along the bonds 

are stable, whereas the Bp mode is riot. Furthermore it 

I. a 3 been found necessary to introduce four particle inter­ 

actions tc represent the Slater model in detail. 'We are 

left with the difficulty of obtaining a realistic model for 

the unstable mode incorporating the large enharmonic it y 

in a manageable way. This problem is worthy of a section 

in its own right , so wo close thiu raii.oer lengthy discussion - 

here and encourage the interest &c! reaiur to press on to

•
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6.3 The Pseudospin Hamiltonian.

In the previous section we suggested that the potential 

for the unstable mode is in the form of the double well 

shown in figure (I0.a(i). If the barrier is sufficiently
s~

high the ground state is doubly degenerate corresponding 

to the system being localised in one or other of the wells. 

There can in practise be tunnelling from one well to the 

other so the ground state degeneracy is lifted. It will. 

be assumed here that the tunnelling frequency is small 

compared with the energies of the excited vibrational states, 

Furthermore we assume that these excited states are not 

populated to any .significant extent at temperatures in the 

region of the transition so we shall ignore them.

The Hamiltonian X (j&), defined iri (6.25) acts, there-­ 

fore , on the states | j£L) "and. |^R) corresponding to the 

oy stern being* approximately localised in the left and right 

hand wells of the 4th cell respectively. Neglecting the 

possibility of inter cell tunnelling tne eigenstates of the 

full KaniitOJiian (6.24) are linear combinations of product 

?/ave function 3 of the form

(6.26)

where a t^xee the values L or R. Since any 2x2 Hermitian 

matrix can bo written as a linear combination of the Pauli 

spin matrices and the unit matrix we can write X in terms 

oi' spin oper-ylo.v.. '!'.i.k_Lng i.rttrix elements .of 3C botwcen 

states (6.26) a:ics ignoring constant terms one obtains
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= -Ai,
t

<r*(l'lirtU"')
4- // '/"/'" '0/X (6.27)

nere

and

f
Tr.e matrix elements, v^ritten in the form ^Jfc T a |S j A* p) are 

•^nderstccd TO ;;:ean [54]

-^ (6. 28

It has "been implicitly assumed in (6.2?) that we take

as origin for xr the midpoint of the double well. In this

££* l^ A J

The ' zoperator G"1 ^ i) is directly related to v f ( J&) by

(6.30)

(6.31)

he eigenf unctions of the operator a ( X) are j^L) and 

R). Below Tp one of these states is occupied in preference
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to The other leading to a non zero expectation value of cr^. 

Since the polarization from the unstable mode is proportions" 

to^Vo), which is in turn proportional to<a ) by (6.30), 

the preferential occupation of 'one of the wells leads to 

a spontaneous polarization as expected*

The soft mode corresponds to the motion of the operator
T7

c~, which involves tunnelling of the system from one well 

to another. It must be stressed that this Tunnelling in­ 

volves all the atoms in the cell as distinct from the 

proton tunnelling model of Blinc [55] where only motion of 

The protons is considered. Recently Montgomery and Paul 

[6^'j have determined the symmetries of the four mode:: 

involving large proton displacements (figure 9) assuming 

they are tunnelling modes. Tney find that the symmetries; 

are identical to those of the corresponding normal co­ 

ordinates give by Shur L51]> i.e., they belong to the Ap, 

B 9 arid E representations of D^d' so the symmetry arguments

that have been used so far remain unchanged.
x zInteractions between cj and a of the form

cio not gij-ve :.-. contribution to the ordering in molecular 

field theory because symmetry arguments show tnat

T ~z/ £,£')=0. The operator o^ is imaginary whereas ax 

ani C*"1 are real so a^ changes sign under time reversal 

although c A and o z remain unaltered. This behaviour, which

ic different iron* ihat of real ;3pin^, L'liowu that there
XV Z Vcannot be terms involving the products a " a j or c a0^.
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Syninetry does, however, allow coupling of the form

•.v:.ich represents the effect of the tunnelling in one cell 

on the tunnelling in a neighbouring cell. Since this in­ 

volves the overlap of wavefunctions in different cells 

\ve expect that J"^ ( 4, $>' ) is very small compared with the 

tunnelling frequency 2 A (6.27) and can be neglected.

In §6.2 the interactions between i;he soft mode and 

the other modes involving large proton displacements were 

found to-be unimportant, essentially because these other 

modes are of different symmetry (Ap and E) to the soft mode 

(B 9 ). It io import ant, however, to consider the effect of
L,

coupling the unstable mode to other modes of the same
*»

symmetry. This can arise for instance from the interaction 

cf the polarization of one mode with the electric field of

~lie other. Terms such as v ( 4)v (A 1 ) (where o(/f) refers
j- '-i

tc a branch which has .Bp symmetry at k=0) are forbidden 

because the v f i3 were chosen explicit!;/ to eliminate these 

oross terms (see (6.9)). However a term such as

<.<-'*, (6.32)

is allowed by syirjLetry. On taking 'Fourier transforms

(6.32) can be expressed as

= -JL £ lsMS-'* U)<r*U)Qjtt) 
w"1 h. ,-' J (6.33)

C ,-(]£) is related to F( *, t' ) "by

^' (6.34)
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There are also' terms involving a Q which represent a 

modulation of the tunnelling frequency by lattice vibrations 

It is difficult to estimate the size of this effect but 

since it does not play an important role in the transition 

we shall ignore it for simplicity.

It has been suggested by Cowley et al. , [70] and [71], 

that coupling of the soft mode to pairs of plionons is 

large in hydrogen bonded f erroelectrics. In terms of local 

^ normal coordinates' these interactions can be represented by

(6. 35 a)J.J

which are written a

in the tunnelling theory. Terms involving three spin oper­

ators such as
t. A M~ <r*(±'/0*(-*'A'}

* ^4' (6.36)

are al^o allo-.ved as well as interactions involving two

phono us a:na one spin. Chapter 7 will be devoued to a study
of 

Df the eff ects/(6 . 35 ) and (6.36) but for the time being we

eLall riG.^ioCt therr:.

Static t rain coupling (c.f. (1.21)) is of the form

2.'

where e=e- -2^ ( A^o

polarization is

(6.37)

A). As discussed earlier the 

to a so (6.37) represents the
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piezoelectric coupling.

The branch j=f in the phonon Hamiltonian (6.8) has 

been treated in terms of pseudospin operators (6.27) but 

the other branches j/f will still be described as harmonic 

ph.on.ons, i.e*.

*,* = 5* (X- ̂
(6.33)

Adding the elastic energy

. .
( c, . j •) )

(c.f. (1.22)) vvhere c =Cg - (Appendix A) and combining 

(C-.2'/), -(6.33)y (^-37), (6.38) and (6.39) the :r;odul Harnil- 

tcnian is . -;;riTten as 

X = -

k

vvhere the relationship betv/een C^(k) and §.(k) is given by
'J J

(H'.lO). Applying the transformation (1.33) to displaced

phonon operators y >(k) (6.40) becomes~~

X - - A
*.

It, ('<"
*

,
"T •

(5 . 41
Alt :.c. \;.g:x it is hard to determine- from fir-st principles 

the p-ii- .r.cLorj-: !,..^t apoua ' : ;-n (6. 41)- it i-j nonetheless a 

rclavive'.'.y sir..p^e deucr. r,t;ior. of a complicated lattice

Ir: i. L . - 1 ) J( >., ^^ ) is given by
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dynarnical system. Indeed apart from the four spin ter- 

(6.41) is formally identical with the model Hamilton! an 

for DyVO. (1.34), whose properties have been fully dis­ 

cussed in chapters 2 and 3-

The pseudo-spin formalism for KDP was first suggested 

toy DeGennes [?2] to describe Blinc's proton tunnelling 

model [55], and- later extended to include prot on-phonon 

coupling by Kobayashi [73]- It is important to stress that 

in. their treatment the pseudospins refer -to the tunnelling 

of -a single proton only We believe it is more satisfactory 

to focus attention on the displacements of all the atoms in 

the unit cell, observed below -I' by neutron diffraction 

[48], as is done in the local mode tneory. A particular 

advantage of this approach is tha;, only one pseudo-spin. 

per unit cell is required instead of four in the proton 

Tunnelling picture. It will be shown in §6.5 that this 

leads to substantially beVcer agreement vd/ch polarization 

•and dielectric measurements.

. Calculation of the elastic constants.

The r::0del Haniltcnian (6.41 ) for KDP is slightly 

•iifferert fro:.; that for DyVO, (1.34) because of the addi­ 

tion of ti_e t er.:: involving four spin operators. In this 

section it will "be nhowri that only small modifications are 

necessary to the 'theory of the elastic constants discussed 

in Chapter ? but that the temperature dependence of the 

order parameter is greatly alt ered by the extra term and 

in fact a first order transition is possible.
N

In the molecular field approximation the energy E,

i^ given u,y
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2, V±
* (6.42)

v;here

He <=

(6.43)

is the z component of the molecular field W, given by 

W ~ H^ S. -}- /^ i.

and n-(k) is the phonon occupation number (2.3). In this
d

approximation the entropy S can be written as

* ' Z ^ (6.44)

v^

is the expectation value of the spin component parallel 

to the molecular field W.

Minimising the free energy P=E - TS with respect to 

^ cx ) ancL^a^) the following self consistency conditions

Eire obtained:

(6.45)

The stress of B^ symmetry is given by

V \)*Jr V (6.46)

and the elastic constant, evaluated under thermodynamic 

constraints specified by tne suffix y (c&e Chapter 2 for a 

discussion of the possible thermodynamic regimes).is given
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^ I

vmere

\V/ ct
and

7' - T/£>J

(c.f. (2.13)). Since the expression (6.45) for<(a z > is 

identical with that for DyVO, when written in terms of I! 

~:he g are formally given by the same expressions as for 

LyVO^, i.e., (2.1&), (2.19), (2.20) and (2.22), with 

C-- , "uhe specific heat of the spin system at constant Hp 

given by

o

ry

:io\;ever the temperature variation of <a > and hence the 

elastic constants can be very different in the two cases. 

This can easily be seen by. putting £=0 for simplicity and 

using Landau' r [l] theory 'of second order phase transitions, 

expanding tbr- free energy as a power series in<^a z >. One 

•c/ct ains

F - 1 (k'r-T'Jtcr*?*-* J-* '

(6.48) 

If tho coefficient of <^a ) is positive at the transition,
( " V ) 

i.e. if kT >3J r JO/ it is well known :hat the transition is
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w

of second order and occurs when the coefficient of 

vanishes, i.e. kT-K=J f . Just below T~> one can readily s/:cw 

that

(6.49)

On the other hand if k^D<3J (0) the transition is 

of first order. Recent measurements of the specific heat 

[81] and polarization [49] indicate that the phase change . in 

KDP is, indeed just first order, the difference between T^ 

,irid the temperature Q at which the polarization would 

extrapolate to zero being only 0.026 K. This implies that 

3J V (O)-kT, is small but positive for which the theory

predicts

(6.50)

,VE- do not expect that making A non zero will qualitatively 

affect these conclusions.

The frequencies of the elementary excitations can easily 

be calculated usir.^ the techniques of Chapter 3. The 

approximation used there was to ignore correlations between 

pairs of op era tors AB by putting

A- o*>;(0 -<:$>; ~ £>
(6.51)

Because of the extra term involving four spin operators 

in (£.41) it is now necessary to decouple products of four 

operators ABCD. The approximation corresponding to (6.51)

is
/ \ / . \ / .., \ =• O



-96-

where products such as ABC are calculated by setting

and so on. One finally obtains the result that ABCD is 

replaced in this approximation by 

A <8>^^D? -+ 5

<:<:> - 3

The decoupled equations of motion corresponding to
\ *v 3- 1 ) are

3

a* 

K 4.
(6.53)

and it is straightforward to show that the frequency of the

acoustic branch (k) is given by

In O'tha:: wor-d: the equation of motion technique gives 

results for the elastic qonstants \«/hich correspond to the 

'isolated 1 thern'ioay^amio regime, as expect od from the dis­ 

cussion of ^3. 1b .

n,b. In (6.53) J'" f '(k) is defined by
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6.3 Comparison of Theory with Experiment.
i

6.3(9-) Neglecting four particle interactions.

If we neglect the term in (6.41) involving four spin 

operators, which, it will be recalled, was introduced to 

liccbunt of the Slater theory, the model for KDP is identical 

-co that foT DyVO^ so the elastic constants are given by 

expressions (2. 1 6), (2.18)", (2.19), (2.20) and (2.22) with

<
"" *" / *7 

o^> and \a ) determined 'from (2,7) and (2.9)..

It was shown in Chapter 3 that a measurement of the sound 

velocity above the transition should determine cc,(=crn) and

should vanish at T=T-rj. .In the low temperature phase one
— 1 —1

should measure c^ if UU^T QT and C Q , if &<T C,^. , where Tr, T
o oli b ' bjj ' SL

is the spin-lattice relaxation time,. The physical significance 

of The different thermodynamic regimes is discussed in §2.2.

For ferroelectric crystals it is necessary to specify 

the '"electric^ 1 boundary conditions in which the theory is 

valid. Si:i j 5 no account has been taken of a macroscopic 

electric field E, trie theory will only hold if E-0 so the 

crystal rnu.^t be short; circuited during the measurement. The 

elastic constant determined under these conditions is denoted 

cy c" :;.rr.i is clearly strongly affected by coupling between 

the strains one the spin mode. In the opposite limit, where 

t;-.e poiuri-z^tio^ P is kept constant there is no response

from the ^pin ::.c:>?'.3 because P is proportional to (c) so 

cx =c . An expt:ini'?rt on an isolated crystal keeps the 

'.. iectrio di'jpl .-.v-cir.r.ML J3 constant ar.d, proviaeu -the dielectric 

constant is high, this is virtually equivalent to keeping P 

constant, i.e. c -c^c
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The Brillouin scattering [74] and ultrasonic [37]«•-•p 
measurements of Crr for KDP are plotted in figure 11. Above

T^ the results lie on the sarne curve and fall to zero at 

the transition as expected, but no ultrasonic data could be 

obtained below T-p. because of excessive damping. The solid 

curve of figure 11 is a plot of GS , calculated from (2.16)

and (2.20a), using values of J'=134°K, A=67°K, U =3.6°K and
10 —2 c =7.0 x 10 dyn.cm. . An excellent fit to the data is

o
obtained both above and below the transition. It was not,

however, possible to obtain good agreement in the low 

Temperature phase between the measurements and the theory 

for Co, , (L:ee 2.22)) using reasonable values for the lattice

specific heat CT .jj
J f was chosen to give the correct transition temperature

V

(T-p=122 K), cQ is the value given by [37] for c near the 

transition. Kaminov and Lamen [75] give a value of 71°K 

for A. The frequency of the spin like mode WQ (0) given by
^

(3-6) would vanish at a temperature T T called the 'clamped* 

transition temperature and from our data T-D~T T=4 K. This 

agrees with the value obtained from measurements of the high 

and lo-.v frequency susceptibilities [76].

Trie rr.-.rnitude of the spontaneous polarization per unit 

volume, P, is r;iver by

P - ?. «r*>

(6.55)

where PO Ls the dipole moment when fully ordered. PO can 

be estimates from the Curie constant in the paraelectric
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phase, Neglecting A, which should be a good approximation

for deuterated KDP, it can easily be shown (see §7.2) That 

the susceptibility above the transition is given in molecula 

field theory by

Nfl- fe(T-70 ) (6.56) 

where n is the number of 'spins 1 per unit cell. In the 

local mode theory n-1 whereas in the proton tunnelling model 

n-4 . Hence Pn it: relate'.': to the Curie constant C by

:!ill and Ichiki [77] find C=322°K for deuterated KDP so 

as ing (6.57) the local mode theory predicts P,y=5.05uC/cm. . 

For small A the theory, of Chapter 2 shows that (c )-»1 as 

T-0 so we expect the saturation polarization to be given by 

PQ. This is in reasonable agreement with the experimental

value [76] of 6.15 uC/cm. . The discrepancy is perhaps due*»
to an expansion of the bond in the ferroelectric phase. It 

is worth pointing out that the proton tunnelling model assumes 

ic:,r spins per unit cell so (6.57) is not well obeyed, as 

pointed out by Cochran [73].

For KDP, 0=256°K [76] so (6.57) predicts PQ=4.54 u C/cm. 3 

which ccrnpe-.re^ satisfactorily with the saturation polarization 

["£] of 5. 1 2 u C/cr.. . However one should probably include the 

tunnelling frequency A in a treatment of KDP in which case 

the saturation val je of P is le:is than PQ and the agreement 

is not so good. In addition (6.57) is slightly modified 

(see §7.2) also in -i way to make the agreement worse.
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Considering the crude nature of the approximations 

that have been made and the possibility of an expansion 

of the bond length in the ferroelectric phase we feel that 

the disagreement between (6.57) and the experimental results 

is not large enough to discredit the local mode theory.

The temperature dependence of polarization just below 

the transition is,, however, less well described. The most 

recent measurements are those of Benepe and Reese [80]"who 

used a polaroelectrocaloric technique based on measurement 

of the temperature changes produced by adiabatic changes in 

the polarization. They find that the polarization jumps
9

discontinuously to P=1.8? u C/cm. " aria that near the transi-
V 

ticn P a(6-T) • where e=T D+0.026°K.

As mentioned in §6.4 the theory predicts a second order
i 

pliase change withPa (T-^-T) 2 when the four spin interaction

parameter J (0) is set, equal to zero which cannot possibly 

explain the data of [49]. Cummins (preprint) has also pointed 

out that a simple Landau' type theory gives a very poor fit 

to the polarization data. It would appear, then, that the 

agreement between the theory for c^ and the Brillouin 

scattering data in the ferroelectric phase is fortuitous.

Furthermore it is probable in a highly anharmonic crystal
_i 

such as KD? that Tg, is greater than the frequency of the

phonons generated in the Brillouin. scattering experiment
.«.~. * 

(~1C ! ^H rJ so one would expect from the discussion of §3.2

to ::;oa:.i.Lrc ^,(2. ''12) ruthur than c c,(2.?0^)J
D 1^1

Benepe and Reese have proposed a pr.enomenological form 

for the free energy of KDP which fits their polarization data
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and the specific heat data of [81 ] very well. They took

(6.56) 

with a=(4n/c)(T-e) = 3.867 x 10~ 3(T-e), -p=-4.4 x 10~ 12cmVesu2
__/• ry .. p

and 6=2.96 x 10 ^ cm. /esu, where C is the Curie constant

and 6=T D-0.012°K* The coefficient of P4 is small but negative

so the transition is slightly first order. The expression

(6.58) neglects a possible sixth order term but includes the
Qcoefficient of P so

(6.59)

close to the transition as observed. Cummins (preprint) 

has shown that the same free energy gives a satisfactory 

description of the elastic constant data. He calculates the 

'true 1 adiabatic modulus- assuming the crystal comes to local 

thermal equilibrium, which is equivalent to G S , in the spin 

..iOdel. As discussed in the previous section adding a four 

spin term to the Hamiltonian, to represent the restrictions 

en the proton configurations proposed by Slater, can lead to 

a fourth, order term which is small but negative as required. 

There does not, however, seem to be any justification for 

neglecting the sixth order term in our model. Nonetheless 

we might expect to obtain a better description of the data 

by including four spin interactions, as discussed in the 

next section.

Iricluciiivr four particle interactions.

The polarization data of Benepe and Reese [49] is 

shown in figure *2 together with the older data of Yon Arx
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anci. Bantle [82]. We shall assume that the recent measure­ 

ments of [49] are the more reliable. The full curve in 

fig-are 12 is calculated from the free energy (6.58) and gives 

an excellent fit to the data. The best fit in the pseudo- 

spin model is obtained with <T 4 ̂ (0)=49.8°K and PQ=7.86 u C/cm. 3 , 

as shown by the dashed curve in figure 12. We took A=67 K 

(and hence J f -134 K to give T^ correctly) as in the previous 

section but a comparable fit was obtained for a range of 

values of A. The agreement is not so good as for Benepe and

Reese's theory because the observed temperature dependence of
1 

P a (9-Tjj^ is built into their theory whereas we predict
i 7

P u (9-T)4. Well below TD <o >-*0.925 so the saturation 

polarization is calculated to be 7-26 u C/cm. which is sig­ 

nificantly larger than the measured value of 5.12 u G/cm.^ 

[7c: ]. This discrepancy is again due to the theory predicting 

the wrong power law behaviour below T-p..

The theory for the elastic constants is unchanged 

a cove the transition by the inclusion of the four spin term 

except that Oo no longer tends to zero at T-p. but at a
O .L/

s 1 i zriz ly 1 o v/ e r t einp e rat ur e 6 . Ho w e v e r t aking the parameters 

from the f:_t ™o the polarization dai'a one obtains T-Q-9=0.045°K, 

which is too small to be detected.

Figure 13 shews the experimental results of Brody and 

Cummins [74] :oge*:her .vith the theory for c«^, c^ t , and c™ 

using The parameters taken from the fit to the polarization 

'iata and .vith U = 3.6°K, which gives the best fit to the data 

for e-; above T^. Good agreement between the theory for c Qf
CI o ^-/ ij

ar.d -che data is obtained with CL=4.2Nk. CT can be determined
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J80], 

from the specific heat measurements of /[81 ] by subtracting

off the anomolous part, which is the contribution from the 

pseudospins. The value given in [80] is 63.8 J/mol, 

=2xc3-3/8.32 Nk= 15.6 ITk, the factor of 2 arising because 

there are two formula units in the unit cell. This is con­ 

siderably larger than the value taken above to fit the data.

It appears that including a term in the Hamiltonian to 

represent the Slater-Takagi model in detail can give a 

better fit to the data than the simple theory of S6.5(i)« 

There are, however, a number of unsatisfactory features, 

namely the polarization does not extrapolate to the measured 

value at low temperatures and one must take too urn-ill ;i 

value for the lattice specific heat in the theory for Cq. 

It is worth mentioning that there are many hydrogen 

bonded f erroelectrics isomorphic to KDP [82] and 'in all cases 

the transition is observed to be slightly first order, although 

the transition temperatures vary considerably. The four- 

spin interaction parameter J (0) must be within a narrow 

ranaje 01 values LC obtain this behaviour, in particular for
-' 4 zero tunnelling- i, (0) must be slightly greater than-lj'.

^s

It seens remarkable That J', which determines the transition 

temperature, should vary considerably from substance to 

substance yet the ratio of J^ (0) to J T be almost identical 

in each case.

Blinc and Svetina [83] have investigated the behaviour- 

of a pseudospin Hamiltonian similar to (6.41) in a four 

particle cluster theory. In the limit of A=0 their results 

are identical with those of Silsbee, Utr ling and Schmidt [62],
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whose treatment is basically an .extension of Slater's [60]. 

For A/0 however the results of [83] are very complicated and 

are not satisfactory at very low temperatures since an anti- 

Curie temperature, where the ordering disappears, is pre­ 

dicted. Nonetheless we feel it would be interesting to 

extend the theory of [83] to calculate the elastic constants 

and to compare the estimate for the spontaneous polarization 

with the data of Benepe and Reese to see if the difficulties 

in our molecular field treatment can be overcome.

On the other hand the phenomenological free energy 

(6.5S) proposed by Benepe and Reese.does fit the data very 

'.veil :oiid differs from our model principally in neglecting 

the coefficient of P . There is, unfortunately, no existing 

microscopic model which leadj to a free energy of this form. 

It would appear then that a completely satisfactory theory of 

hydrogen bonded ferroelectrics has yet to appear.



CHAPTER 7

EFFECT OP TWO PHONON COUPLING ON THE LOW FREQUENCY 

PROPERTIES OF HYDROGEN BONDED FERROELECTRICS

It has recently been shows by Cowley and Coombs [7"1 ] 

on the basis of weakly anharmonic phonon theory that 

coupling between the soft mode and pairs of phonons, in 

ferroelectrics which are piezoelectric above the transition, 

leads to an anomalous dielectric response at lew frequency. 

From an analysis of Raman scattering data [70], [64] they 

suggest that this effect is large in' the hydrogen bonded. 

ferroelectrics KDA and CsDA.

In "7.2 it will be shown that a similar anomaly in 

the dielectric response is expected for the pseudospin
•

model discussed in Chapter 6. The effect of two phonon 

coupling on the elastic constants will be considered in 

^7-3. The theory for the Raman scattering intensity in 

the pseudospin model is shown to be very similar to that 

in the anharmcnic phonon description. From a careful 

analysis of the data [65] we'conclude that the size of this 

anomalous lev-/ frequency behaviur is much smaller than was 

first suggested [70], [71], [84].

7.1 Green functions and correlation functions.

Many properties of crystal:, can be described in terms 

of retaraod Green functions G (t) and tneir corresponding
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AT)

Fourier transforms G (uj) defined by

A8G-

(7.1)

and

(7.2)

where A(t) and B(t) are operators in the Heisenberg- 

representation, 9(t) is the -unit unit step function de-

"y I • t > o

and [A,B] indicates the commutator of A with B. Apart 

from a numerical factor (7.1) is just the definition
AT}

adopted by Zubarev [86] who shows that G ( uu) is a response

function of the system. The system is assumed to be in­ 

itially in thermal equilibrium so the probability P. of 

the system being in the ith state is determined by a can- 

riica^. .distribution. An external force Fe1 ° is applied

slowly while the system remains isolated, that is ,the 

probabilities P- remain unchanged. To account for this 

perturbation a term such as -BFe iaJl must be added to the 

Hamiltonian. On taking the limit F-»0 Zubarev shows that

G

(7.3)
VA"R

(iu=0) is tr.orefore the static susceptildlity evaluated

i'or the 'isolated' t he rmo dynamic regime discussed in §2.2. 

The Green functions mast; have poles at frequence'.: of the
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montiiry excitations since fluctuations occur at thcLi 

frequencies with no external force.

To investigate the dynamics of crystals it is in-
/\T3

teresting to study certain correlation functions J (t)
A~R

and their Fourier transforms J (uu) defined by

(7.4a)

(7.4b;
AT)

The Fourier transform of^A(t) B(0)> is related to

by [86]
/ _

A3

From the fluctuation dissipation theorem [87] which 

relates thermal fluctuations to the dissipative part of the 

appropriate complex susceptibility, it can be shown that

A3 /

(7.6)

There are Kramers-Kronig relations "between the real and 

imaginary parts of G [36] so a knowledge of J is sufficient 

to determine G completely. However the boundary conditions 

are difficult to define for the correlation functions so it 

is easier to determine the Green finctions first of all and 

then use (7.6) to calculate the correlation functions.

To evaluate G (u>) one start:.-, by writing the equation 

of motion of i

(7-7)
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Taking the Fourier transform of (7.7) and assuming
A~R 

G (t-*»)=0 one obtains the equation of motion of

(7.3)

This equation involves Green function^ of a higher order 

for which one can again write equations of the form (7.8).

The resulting chain of equations must be decoupled at some
AP A~R stage. Assuming this can be done G (&) ana hence J

are determined.

7.2 An anorralo^.3 Dielectric response at low frequencies

Interactions between the soft mode and pairs of 

phonons are of the form (6.35) which can "be written as

(7.9)
where, for ease of notation, the two suffices j and k have

by a single suffix 1,2 etc., and

molec

M : ' - 1 (7.10) 

ep trie treatL-nt as simple as possible the four spin

in (6.41) v/ill be neglected. This has no effect in * 

^lar field t}"e:ry above the transition, "hich is the 

r.:ain region of interest ..^ere. In this section the difference 

betv/e/n the displaced phonon operators y, defined by (1.33) 

•:;;'i t'ic •u.npert^xrl'cd phcnori cpc-i"atG/.-s r v/ill ne nc^loct-"^d. 

A ^or-recl jreatiiionb of the phci .,n,r:, ncc^s^ary to calculate 

tV.3 elastic constants, will be discussed in §7-3.
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Since the polarization is proportional to^az ) the 

contribution of the soft mode to the dielectric response 

is determined by the Green function 4a z (k) , a z (-k)>. Fro 

(7.6) the equation of motion of <a z (k) , a z (-k)> is

and similarly the equation of motion of <a^(k)a z (-k)> is

: - :U A

:I'h3 three spin Green function in (7«11b) is decoupled in 

T;;e same approximation that v/as used in Chapter 3 for the 

equations of motion of the operators, i.e. we set

(7.12)

To decouple the Green functions involving phonon operators 

satisfactorily it is necessary to consider products of TWO 

phonon operators as a single entity and write

(7.13)
Considering only "the high temperature phase, for which 

<c z >= <A 1 A2 >=0, one obtains from (7.11), (7.12) and (7.13)

(7.14)
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L ^uvte) = A O -

C rM5)
zzas in (3-4). We denote by G_(k,u)) +ha value ofo ™"

<o z (k) , a z (-k)l> when the coefficients V are set equal to 

zero, i.e.

The static electric susceptibility x (see §6.5(i)) is
«

given by

A/n.
(7.17)

»

if tv/o phonon coupling is unimportant. For A-^o (7.17) become

AM. ^(T-T0 (7.18) 

the result quoted in (6.56).

Omitting most of the symbols for clarity (7.14) can 

be '.vritten symbolically as

sTX* , i2 f ^ \/ f PP, 21CT =. (ro -t &0 V (r
(7.19)

where

Poll owing- L-ie same arguments it is straightforward to 

how that

(7.20) 

Gr P'°°
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is the tv;o phonon Green function. From time r

syr.rnct.ry one can prove that G.'=G' so combinin 

this result v/ith (7.19) and (7.20) one finds

6- " + C1 V Cr"' fp V
o

(7.21)

In the absence of coupling to the spins it is easy 

to calculate the two phonon Green function, which is de­

noted by G w*1* in this limit. The phonons propagate 

independently so decoupling can be performed immediately

to give
pf.fp

(7.22)
w

In the absence of interactions the single phonon Green 

function «A..,A , ^ is equal to

u/ (7.23)
X

arid the ecuivj lent correlation function can be calculated 

from ('7 . !r ;. Performing a convolution integral on (7.22)

yields
- pp.

(-

(7.24)

/here n is the usual phonon occupation number (2.3). The.
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equa-ion of motion of GPP ' PP the full 2 phonon Greon 

function, can be expressed in terms of G PP;PP as

. \/ /•+ V Or J

3 2 arranging (7.19), (7.21) and (7.25) yields the desired 

expression for G i

6-o
6- zz> (7.26)

O o

Comparing (7.26) ,vith the Lyson equation

ne sees that the self energy ^ is given by

(7.27)

In other words the propagation of a spin wave is altered 

by the spin wave decaying into a pair of virtual phonons 

v/hich propagate independently (in this approximation) as

described by G ' before recombinir.g to form the spino
v,ave again. Inc-luding- the suffices equation (7.26) becomes

(7.28)

2// 1,1

(7.29)
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Cowiey and Coombs [71] have derived a very similar result 

for a weakly anharmonic phonon model by diagrammatic 

techniques. It will be noticed that in the spin model, 

two phonon coupling leads to an extra contribution to the 

spin-spin interaction J(k), which is both frequency and 

temperature dependent.

As pointed out in [71], the first term in (7.29) is 

not well behaved in the limit k-»0, uu-*0 if nodes 1 and 2 

"belong to the same branch and so have the same energy. 

This difficulty arises because of the rather unphysical 

assumption that the tv/o phonons propagate freely so the 

frequencies ±uu for ex ; rn plu that appear in (7.29) are the 

poles of the single particle Green function for a pnrfwcr. 

crystal (7.23). In practica interactions with other mode:.: 

lead to damping and provided this small the Green funcrcien 

ma be written as

which has poles at

(7.31)
'*

if 7,4^,. He::ce the first term inside the curly brackets 

of (7.29) becomes

kT f-o'cA/fj (7.32) 

where
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Th, e spin wave will also have a width y_ which woulds

appear in a more sophisticated theory. Assuming all the 

phonons have the same lifetime, which we denote by 

then for small k and uo

(7.33)

where

»,i

(7.34)

and where the terms in V(k,cu) that are well behaved at
-2/ 

i«=0 have been incorporated into i«p(k). At high

L is proportional to T so we can write 

L- '
(7.35) 

where a is a dlr.iensionless parameter.

At high frequencies, where UUT,.,. >1 ,this is similar to 

the simple result (7.16) for G zz where the susceptibility 

arises from a mode at finite frequency. However at low 

frequencies there is an additional contribution to (7.33) 

which increases the real part of the dielectric constant 

and also increases the damping.

For

{<~ TsJ
(7.36)

where T^ ii:. ,-el.itad to the transition temperature T-n , at 

which ( r? .33) diverges, by

(7.37)
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Consequently as T approaches TD from above uL decreases 

but it is the response at low frequencies which diverges 

and induces the transition before uL becomes zero.
Ji

These results can readily be extended to the ferro­ 

electric phase. The equation of motion of the one phonon 

Green function <A.,A . > is

V(L t lt 2.)4i<r*(k) A*,/
N 1 '* z-^

(7.38)

The simplest approximation is to decouple at this stage so

(7.39)

Calculating the equations of motion for <Ap,A ^ 

and decoupling in the same way one obtains a set of linear- 

equations for all Green functions of the form <A. A . > where 

the modes a .arid 1 are coupled because of the non zero

average of cr z . These equations can in principle be solved
t ?

to obtain ~he new eigenvalues w and eigenvectors A .
vJL vx

As a part ic ji~arly simple example consider the symmetry 

allowed coupling 1,0 a doubly degenerate branch of E symmetry 

at k=0. One finds

(7.40)
w

30

(7.41)
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Hence the E modes are split below the transition as 

expected in the reduce! symmetry.

The decoupled equations of motion for the spin Green 

functions in the ordered phase are

(7.42)

Thermal averages such as <[A,Ap) are determined from the 

equations of motion A-,Ap. For example

^ ft
^r

N * ~' 3 (7.43)

Taking the thermal average of both sides, noting that the 

average of the left hand side must vanish, and decoupling 

the right hand side in the usual way one obtains

(7.44)

Sir;.il'irl one c'?.r. show ~chat

*) J (7.45)

Bolo/v T. the- ohonon modes are raided togothcr
. nf

of the non zero average of \o } as shown for instance by
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(7-38). This means that the equation of motion of 

'(A-ApfCr 2'^ in (7.42) involves products of different phonon 

operators so the equations "become difficult to handle. 

However if the mixing is small, or more precisely if 

| V(0.\Ci)/^ l^ - 014] |<^| then this effect can be ignored

in a first approximation and everything goes through as 

before. With this assumption Gzz "becomes

(7.46)

Damping can be included in a phenomenlogical way as in the 

derivation of (7.33).

It should be pointed out that in addition to cubic 

t'-.rms of the form (7.9) interactions involving three spin 

oerators of the form

-•*> (7.47) 

can also occur. Considering (7-47) but neglecting two
1 Z Zphonon coupling (7.09) G- can be cast in a form similar

to (7.26) but with GQPP ' PP replaced by GQ ZZ » ZZ the free
z z z z two spin Green function. For T>T-Q, G ' is given by

ct form similar to (7.24) i.e.

41.,.^,.-*, , (? _ 48)

with uu(l<) given oy (7.15) anE

\ =
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Hence the effects of (7.47) are qualitatively the same 

as those of the two phonon coupling (7.9) and will be 

neglected from now on* Interactions between two spin

cperators and a phonon are also allowed but do not give
zzrise to an anomalous low frequency behaviour in G

7.3 Calculation of elastic constants.

In this section the effects of non-commutivity of the 

displaced phonon operators y with the spin operators will 

be discussed. Adding (7.09) to the model Hamiltonian 

(6.41) cut still neglecting the four spin term we can write 

the resulting Hamiltonian in the molecular field approx­

imation as

X . * 2, * w, C» t x, * i 1m . {-. -^j-1 • •*. -»

Vfo,i ( 3j

(7.49)

It will be assumed for simplicity that the phonons which 

ccuple directly to the spins do not also couple through. 

the t'.vc phonon term (7.9). Diagonalizing the terms

\/ 0,2,
(7.50)

to obtain the new phonon frequencies uu 1 and using the

result

-L 
l/V 1 /!

(7.51) 

obtained from (7.45) one may rewrite (7.49) as
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V

(7.52)

•.vrierc a thermal average n ' of pairs of phonon operators 

has been taken. The corresponding free energy is 

F - -

he.T'i
w ̂  r

(7.54)

This expression is rather complicated because the 

p.'ioncn frequencies JU ' depend on<(a z ). However if V(0,1,2)

is smalJ- compared with ^^-^o then (w *-uo )/uu <1 so it is
o

a good approximation to consider only terms of order

in the expression for ^ ' . After some algebraic manipula­

tion -;he lasL three terms in (7-53) reduce to the unper­

turbed phonor. contribution
-fru/./jTi

r^T^ ^ fi- -e J 
i

ir This limit. The free energy (7.53) is now identical with 

the free energy of DyVO,, whose properties were fully in­ 

vestigated in Chapter 2, except that there is an extra 

contribution V(O r O) to the spin- spin interaction J(0), 

arising from two photon coupling. Taking over the theory 

of Chapter 2, T>L= trr.'.n^it i on temperature T is given by
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T'-f-Vlao)

and (a > and •(a 2 ) are calculated from (2.7) and (2.9)
.A.

respectively with H and W given by (7.54). The elastic
t/

constants are determined "by (2.16), (2.l8a), (2.19a), 

(2.20a) and (2.22) and vanish at the transition.

Whereas the static properties of our model are 

identical in form with those obtained for DyVO, in Chapter 

2 it will no\v be shown, from the dynamics, that there is 

a marked frequency dependence in the elastic behavior; r 

which is in contrast to the earlier treatment of DyVO*.

Assuming that phonons which couple directly to the 

spins do not also contribute to the two phonon term (7.9) 

it is straightforward to show from the equations of motion

(7

According to the dynamic theory the transition occurs 

•.'/her G-" z ( 0, 0) div erg as i.e.

A- IT'T \//^o)] to? ?.
(7.57)

The static ti.eovy estimate;-; tr:e transition temperature 

fro:;; the appear^r:jo of a non zero value for ^,a z > and is 

given by (7-55)- i'iiose two results, (7.55) ?md (7.57),
/ -TjT

are consistent with each other so molecular values of <a ') 

2 ), calculated from (7.54), (2.7) and (2.9), may be
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t

inserted in expression (7.56) for G

Considering just one acoustic phonon "branch in the 

last term of (7.56), then for CJUT TT <I the coupled mode

frequencies, determined from the poles of Cr__ are givenz z>
b the solutions of

(7.58a)

with

(7.58b)

On -jhe other hand for uuT-r-,.^1 the coupled mode frequencitiL, 

are given by *

(7.59a)
-2 2' 

where ^ is related to oj- by

~*<=<* (V.59b)

The frequency of the acoustic like branch is given for 

these TWO cases by

>'
(7.60a)

/ i *• i Ov *

and

[5T (7.60b)<.
where

(7.6la)
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and

I K lu£ - I **•£* •* A_ A ^ ^
(7.5Tb)

For UJ^L^ where it is the acoustic phonon frequency, the 

gradient of the acoustic branch vanishes at the transition. 

However for u/Fy^^1 the acoustic branch no longer flattens at 

T.,, but extrapolates to zero at a lower temperature T Q 

related to TD by (7-37) (for A<kT-D ). The variation bf the 

elastic constant with temperature in these two cases, 

calculated from (7-60a) and (7.60b),is shown schematically 

in figure 14.

It 13 interesting to discuss this frequency dependence 

in terms of the different thermodynamic regimes investigated 

in Chapters 2 and 3« Ar, trie tunnelling mode propagates it 

couples to pairs of phonons through (7.9) and induces 

fluctuations in the phonon occupation numbers which decay 

in a time TV, (7.32). These fluctuations can be regarded 

as a mode of the system of Bp symmetry centred at w=0 and 

of width 1/TTT» In the regime ^TTT^1 i where there is no 

response from this mode, the populations of the phonon 

states remain constant so this corresponds to the T isolated 1 

regime, y-I, defined in Chapter 2. For CUT ...<1 the popula­ 

tions of the phonoxi staJ;.:?L> change in a way to bring the 

phonon system to local thermal equilibrium. This is just 

the 'essentially isolated' regime y=S.

The exper.LrriOu.tal moasuremorrt,^ of c^ on "K"OP by'ul­ 

trasonic [37] and Brillouin scattering [74] techniques fall 

to zero at T=T,>. This leaves two possible conclusions:
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(i) The frequencies in the Brillouin scattering
-*

experiment (^0 GHz) are much smaller than ATT>
* 

(ii) The measuring frequency is greater than ATT

but two phonon coupling is weak.

Since KDP is highly anharmonic possibility (i) cannot

be ruled out. However the size of two phonon coupling
<

can be estimated more satisfactorily from Raman scattering 

data, which is the subject of the next section.

7.4 Estimate of size of two phonon coupling from Raman 

Scattering data.

7.4 '(a) Calculation of R.-iman scattering intensity.

The intensity of scattered light in a Raman experiment 

is related to fluctuations in the crystal, which are in turn 

related to the susceptibility as will be shown below. 

Hence Raman scattering is a suitable technique for in­ 

vestigating the low frequency response of hydrogen bonded 

f,erroelectrics.

Denoting the polarization directions of the incident 

arid scattered teams by suffices a and (3 respectively, the 

probability of the crystal undergoing a transition from 

state ii) to state If) in which the light loses energy uo 

is proportional tc [88]

> r
(7.62)

where \a! is the polarizibility and

«• rf - ^
(7.63)



t
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To calculate the total scattering intensity one mus 

sum (7.62) over all final states |f> which satisfy (7.63) 

and sum over all initial states |i) multiplied by the 

probability f>L that the state |i> was initially populated 

Therefore i(uj) becomes

h (7.64) 

By using the integral representation of the o function

«M=_L
(7.65)

one c?ji express (7.64) in the form

(7.66)

where ,..) denotes a thermal average. Expanding x

a power series in lattice displacements

(7.67)

retaining- only linear terms, using (7.5) and the fluctuation 

iissipatijii Theorem (7.6) the scattering intensity is 

proportional TO

(7.68)

The soft mode in hydrogen bonded f erroelectrics such 

as KDP transforms according to the Bp representation of 

and is therefore observed by polarizing the incoming beam 

parallel to x and the scattered beam parallel to y, or 

viceversa [89]. Experiments [84] 'jhow that in addition to
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the soft mode, which appears as a broad response centred 

around ^=0, there is another low frequency excitation 

of Bp symmetry which must be included in a full analysis 

of the lineshape. The acoustic branch will be neglected 

since it is of too low a frequency to be observed by Raman
* hi

scattering techniques.

The form of G- • will be investigated for two models:
0

(i) The anharmonic phonon model [84] where both modes 

of interest are described as phonons. Expressions for the 

5re en functions are determined from the coupled mode equation

^ fr,; 
&•„ ^ —

M 0^ 

0 /
/•/ x (7.69)

There are an infinite number of ways to diagonalize (7.69); 

one may always diagonalize the real part (2=0) or the 

imaginary part (T ^=0) corresponding to a different choice

of coordinates Q, and For ^ p=0 (7.69) becomes

\
< ̂
Zj Ul x -c

V ' "" <>«,
(7.70a)

.rid for 2=0 we can write
/ /

I 0 

0 \
w S

(7.70b)

The transition occurs when G diverges i.e.

(7.71a)
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or equivalent ly

(7.71b)

(ii) The pseudospin model in which the soft mode is 

described by a spin coordinate but the other excitations 

are represented by phonons. Neglecting two phonon coupling 

y given by (7.56), is written as

(7.72)

Considering frequencies much larger than u> and including 

just the one optic B 0 mode of interest (7.72) becomes

j (. i • / j) 

where & is given by (3-7). The Green functionsd^

<cr z ,7+ -r-y^ and <7++7, 7++7> can be found from the equations 

of motion following the derivation of (7.73). However to 

make a comparison v/ith (7.70) it is more useful to work with 

the original phonon operators a and a rather than the 7* s. 

The corresponding Green functions can easily be calculated 

once the Green functions for the 7 f s are known. One finds

2.5

O

o

(7.74)
i *' ^ '.".. y* c±

(7.75)
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Damping can be added in a phenomenological way by including 

imaginary terms in the diagonal elements of the left hand 

matrix in (7.74), i.e.

I O

(7.76)

A 'more satisfactory method of including damping in

the spin equations of motion has recently been given [64]

OUT dees not differ substantially from (7.76) in the low

frequency region of interest. 
* *
Notice that (7.76) and (7.70a) have precisely the same 

dependence upon uu and therefore give indent ical results 

y/ith the correct choice of parameters. However there are 

differences in the expected temperature dependence of LVJI; t 

of the parameters. For example in the- phonon model

, X, r
(1.11 a.)

hereas in the spin model

T

/ =

(7.77b)

Hc-.vevbr th~ relaxation times T and T defined by

(7.78) 

do have the same expected temperature dependence i.e.

TV' I ^ -r-T0 

TT;"1 J (7.79)

T n is not the transition t. ori^fji--.iture because the condition



-128- 

for G to diverge is i»?=E4/u| ( or k^j ̂  4^°"x> *V ) so

oj^O at Tp. This point will be important later in an 

analysis of the experimental results.

However if E is set equal to zero the matrix on the 

left hand side of (7-70b) is diagonal at uu=0 so the modes 

are effectively decoupled. Hence iwj. corresponds to one of 

the excitations present in the crystal and it is for this 

reason that the transition occurs when cu'=0. By contrast 

iu^ is not the frequency of any of the excitations in the

crystal so there is no reason it should equal zero at T-T^.j~/
Defining

(7.30) 

then one expects

-r('rl ')~l « T-TD

(7.81)

In the spin model one also expects the width of the coupled 

node to vary like (7.81) and vanish at the transition.

Equation (7.81) neglects the anomalous low frequency 

response due to two pnonon coupling. Since Raman experi­

ments r.s-isure at frequencies greater than T,., the extra 

response at low frequency v-/ill not be detected and the 

width of the coupled mode, observed in the experiment, will 

no longer appear to vanish at T^. Rather the temperature 

dependence will be like (7.79) with TQ^T^. From the dif­ 

fer-once between TQ and T-^ or,c e-.m determine- tl-o •jLrongth 

of the anomalous low frequency response using (7.37) and
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(7.35).

To conclude this section we point out that in the 

highly overdamped situation the spin and phonon models give 

identical results even including the expected temperature 

dependences of The parameters. In this limit

__ i 

D

.32)

(7.83)
'.U'ld

(7-84)

which varies like T-T Q for A«kT-p. For the phonon model 

one obtains a result identical to (7.32) except that

* (7.85)

\vhich also varies like T-TQ.

7,4(b) Co^npv.risQii of theory with experiment.

A detailed series of Raman experiments on KDP, KDA, and 

CsDA .nave oeer. parforrned by Ryan [85]. A typical spectrum, 

taker- for XLf at 2}5°K is shown in figure 15. The soft 

r^oie a'cpearr- :-,s a large- overdamped response centred at 

it=0 out there _3 a second mode at about 170 cm~ which 

must be- i:ic.luJ*-••."< in an analysis of the lincshapc. In tho

overdamped case the width of the soft mode is given by
p • 

1/T 1 =ou 1 /? 1 and any set of parameters for u^ and y. which
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leave the width unchanged fit the data almost equally well. 

Consequently the analysis will deal with T. rather than 

&.,. Notice that T, is expected to have the same temper­ 

ature dependence in both the spin and phonon models. 

The width of the soft mode in KDP is plotted in 

figure 16 as a function of temperature and is found to 

vary linearly as expected. The temperature TQ at which 

the width extrapolates to zero is found to be

T0 =- 5-3 ±£r j*r Tx = O
(7.o6a)

T0 = 112. ± S-*Af fvnr ^ =-0

(7.86b)

As discussed in the previous section the size of the 

anomalous low frequency response is determined from the 

difference between the transition temperature (122 K) 

and TQ evaluated with S=0. Part of the difference, how­ 

ever, is due to acoustic mode coupling the magnitude of 

which was found in §6.5(i) to be 4°K. Clearly then the 

anomalous low frequency behaviour due to two phonon coup­ 

ling is a very small effect in KDP. The results of [85] 

for KDA are very similar to those for KDP so will not be 

reproduce hero.

Ryc-in' i analysis of tne data for CsDA, plotted in 

figure 17a, shows for T p-Oj the expected linear dependence 

of the width against temperature with TQ=69±7 K, well 

below the transit ior. temperature of 143 K also as expected. 

?or £=0 the width of the soft mode (mode 1) falls as T 

i~ reduced but does not tend to zero close to T as expected
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Kowever the width of mode 2 which, is usually thought of 

as being underdamped and essentially temperature in­ 

dependent, does tend to zero close to T-p,. This strange 

result is probably due to difficulties in decoupling the 

modes satisfactorily in CsDA.

What is important here is that the width of the low 

frequency peak in the Raman spectrum extrapolates to zero 

ai a temperature just below the transition as will now be 

shown. Per £=0, with both modes overdamped, the intensity

is proportional to

I 

I- w <AV T
(7.S7) 

at small iu, with T given by

< K< (7.68)

The variation of T/T with temperature, determined from 

Ryan f s data, is shown in figure 17(b). Although there is 

some scatter in the experimental points T/T clearly 

extrapolates to zero about 15 K below the transition

shCA'ing that two phonon coupling is of about the same 

orier of magnitude a~ in KDP, i.e. is a small effect.

In the analysis 01' -:he data for KDA and CsDA given in 

[?0] and [&4] the width was plotted as a function of temper­ 

ature with P 10=0. Si.ace thit width extrapolates to zero
; (-.

below the transit i-.>i'i it 'a;:', concluded that there is a large 

:jiomaly at lo.v i'reeL ;.ieuci -z _r ; tneae materials. This ic 

incorrect because. ?.s pointed out earlier, the matrix
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(7.70a) for G is not diagonal at ou=0 when T 12=0 (Taut 

2/0). Hence w1 is not the frequency of any excitation 

of the crystal, but is merely a parameter used to fit 

the data, so there is no reason why w. (or 1/t,) should 

vanish at the transition. A correct analysis shows that 

the low frequency anomaly is a small effect in KDP, KDA 

and CsDA,

Nonetheless there is evidence from EPR [90], NQR 

[91] and low frequency dielectric measurements [92] of a 

zero frequency peak in the spectrum for T>T^ in the 

arsenates. Experiments on mixed KDP-KDA crystals indicate 

that thiu effect is not present iri the phosphates (R. Blinc, 

private communication). These results have been inter­ 

preted by Blinc [64] as the effects of large spontaneous 

fluctuations, represented in his model by a stochastic 

internal field acting on the pseudospins. There is no 

obvious explanation why the zero frequency peak should 

be present in the arsenates and not in the phosphates 

either from the stochastic approach or the two-phonon 

coupling mechanism.

To conclude this discussion it is pointed out that 

'.Vilson and Cummins [93] and She et al. [94] claim to be 

able to measure the temperature variation of oj and y..
For «/, 11

separately.^ they find

w>* ^-^°' 7t (7 . 89a)

^ , CT-T*;

respectivslv. The latter i-o^alt is consistent with the
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anharmonic phonon model, in contrast to the earlier 

results of Kaminov and Damen [75 ] that

U>^ oc T - T0

T (7.90) 

which, is expected on the spin model. If (7.39b) is 

correct the validity of the spin model must seriously be 

questioned. However the difference between the spectra 

obtained from (7-89) and (7.90) is very small and we 

believe this remains an open question. It would be in­ 

teresting to analyse the data using the overdamped ex­ 

pression (7.82), which can be derived either from the 

spin or the phonon models. If a satisfactory fit to the 

measurements can be obtained this would show that Raman 

data above the transition is unable to distinguish the 

two theories. However belov T-~ Raman experiments on KDP 

show an underdamped mode, interpreted as the soft mode 

•vhich hardens "below the transition [64]. Similar experi­ 

ments on deuterated KDP [64] are -unable to detect a 

similar mode. This is easily understandable on the spin
. -^r

model since the intensity is proportional to A\a > (see 

7.72)) and A is much smaller in the deuterated compound. 

There does not appear to be such a straightforward ex­ 

planation in the anharmonic phonon theory.
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CONCLUSIONS

For crystals which undergo a second order structural 

phase transition general arguments show that an elastic 

constant must vanish at the transition temperature T-^, and 

that the 'soft* mode is a long wavelength acoustic phonon, 

We have developed a detailed theory for several such crystal:; 

and have shown that this is indeed the case. The temper­ 

ature dependence of the elastic constants has been well 

confirmed experimentally for the Jahn-Teller coupled 

systems DyVO, and TbVO.. A similar theory has given a 

good description of the data on TmVO, [95]- The difference 

between LvVO, on the one hand and TbVO, and TmVO, on the 

other lies in the fact that there is a degeneracy in. the 

To and Tm levels. A zero frequency mode associated 

with .this degeneracy produces a frequency dependence in the 

appropriate elastic constant and a satisfactory descrip­ 

tion of this frequency dependence has been obtained.

_he observation that an elastic constant of DyVO. 

and TmVO. vanishee at TD confirms that the transitions 

are of second order, or at least very close to being second 

order. The elastic constants which exhibit this behaviour 

are HC^-C^) in LyV04 and c66 in TbVO. and TmVO^. The 

reduction in oyrirnesry ia therefore caused by a k=0 B 

mode in Dy70, and a k=0 B« mode in TbVO. and TmVO..A 2cr . .

Hence for "Ic/G,, the space group below T-p. is D^ which 

contradicts th-3 results of Sayetat [13] who concluded
»

from Xray measurements on powdered TbVO, that the space
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7 group is Dp in the lew temperature phase.

A theory for the first order structural phase 

transition in DySb has been developed. General arguments 

show that an elastic constant should fall near the transi­ 

tion "but not vanish. The theory confirms this result and 

accounts well for the data above T-r,. However below the 

transition the crystal is predicted to harden considerably, 

in contradiction to the measurements which show an almost

temperature independent behaviour in this region.Magnetic 
interactions drive the transition, electron lattice coupling by

Hydrogen bonded ferroelectrics, although physically itself
is found

very different, can be described by a pseudospin model too-weak,

similar tc that for Jahn-Teller coupled systems such as

DyYO^. However, to account for the so-called Slater

conditions, four particle interactions must be included in

the model. Although a satisfactory fit to the elastic

constant data can be obtained without this complication it

is found necessary to include it when trying to account

for polarization and elastic constant data with the same

set of parameters. However some discrepancies between

theory and experiment still remain.

The effect of coupling between the soft mode and pairs 

of phonons in hydrogen bonded ferroelectrics has been dis­ 

cussed in terms of the ^-studospin model. An anomalous 

low frequency dielectric response is predicted similar to 

earlier work on the a<-.h:~r;nGnic pnonon theory [71 ]. A 

frequency dependence in the elastic constants is expected 

although this effect has not yet been observed. Finally, 

a careful analysis of the Raman scattering data shows that 

the anomalous low frequency behaviour is a much smaller effect 

in hydrogen bonded, f erroelectrics than was previously claimed 

[70].
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PART II

ELASTIC ANOMALIES IN ANISOTROPIC PERROMAGNEPS



CHAPTER 8

AS ELASTIC ANOMALY IN THE FERROMAGNETIC PHASE OF 

DYSPROSIUM AND TERBIUM METAL

3.1 Introduction,

Rare earth metals display many interesting magnetic 

properties because the 4f shell of electrons is unfilled. 

To a first approximation the f electrons behave like those of 

a free ion. The ground state is given by Hurid's rules and 

.since spin orbit coupling is relatively strong only the- 

lowest J multiple! is normally populated at room temperature.

;(are eanh ions in a crystal interact with their en­ 

vironment through electrostatic forces which take -che form 

cf classical -joulcmb terms and exchange interactions. These 

are "both smaller trial; the spin-orbit splitting so J remains 

a good quantum, number. Hence the crystal field potential 

V(x,y,z) acting on the 4f electrons can be replaced by ari 

equivalent operator expression ajV( J,., J^ #T ) where Q.J is a 

constant. In the heavy rare earths, which we shall be 

concerned with, here, the crystal field splitting is rather 

weaker than exo.iar^e. A thorough description of the properties 

of rare ea:n:: .ra^a'..^ i::? given in a-recent book [1].

A varie^ ^ i' ... ...jaetically ordered phases are observed

at low tempera/:.^'6 •; in these materials [1] but ferromagnetic 

ordering only occurs in Tb and Dy. These two rare earth 

ifi'Halr, crynt-illi•/.(.. in the hrx.'W'. .'il clone packed ;.;. iruclur." 

shown in figure 13 with a c/a r.:,tio L;or.ow,.-vo smaller than 

ohe perfect value of 2/2//3- 1 . - ':•> 3.
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Dysprosium is paramagnetic down to 176 K where it 

forms a planar spiral phase, in which all the moments in a 

given plane perpendicular to the c axis lie parallel to each 

other in the plane but the direction of the moments varies 

srr.oothly from plane to plane. There is no net magnetic 

moment. On further cooling a first order transition occurs 

at about 30 K to a ferromagnetic phase where all the moments 

lie parallel to the a axis. Terbium exhibits similar be­ 

haviour but the spiral phase exists over only a small range 

of temperatures from 230°K to about 220°K and the spins 

point along the b axis in the ferromagnetic phase.

Tuc generally accepted view ii; that the.1 p^rarn.-igncaic-- 

ypiral transition is driven by exchange interaction which 

has a maximum at a non zero wavevector k . An instability 

in a spinwave of this wavevector can lead to the observed 

planar spiral structure although the details of the spin 

ordering are determined by anisotropy. According to the 

theory of Ruderman, Kittel, Kasuya and Yosida [2] (RKKY for 

jhcrt) the exchange interaction is transmitted via the con­ 

duction electrons and tho instability at k reflects a large••••*\_^

response of the conduction electron system at this wavevector 

due to the geometry of the Fermi surface [3].

If exchange favours the spiral structure one may ask 

why Dy and Tb become ferromagnetic at low temperatures. 

The answer lies in magnetostriction which is unusually 

large oeca^e the J values (J=6 for Tb and J=15/2 for Dy) 

are big sc the 4f wavefunctions are very anisotropic. 

According to Coopar C-; ] the transition to the ferromagnetic
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phase releases strains which reduce the combined elastic and 

magnet oelastic energy-. The same magneto elastic forces give 

rise to interesting elastic properties in the ferromagnetic 

phase, which is the subject of this chapter.

8.2 An elastic anomaly: qualitative discussion

Prom now on we shall confine our attention to'the ferro­ 

magnetic phase of Dy and Tb. The moments lie parallel to 

the easy direction (a axis for Dy; b axis for Tb) which is 

determined by anisotropy forces. Suppose a magnetic field 

ii is applied parallel to the hard direction (b axis for Dy; 

a 'ixu'. for Tb). Ao II increase;: the: moments turn and al a 

critical field, H_,, they will lie parallel to the hard
\-*

direction. Increasing the field further leaves the direction 

of the spins unchanged. The variation of the angle $ between 

me magnetization and the hard direction will be derived in 

i'3.3 and is plotted in figure 19. It will be noted that the 

variation of § with H is qualitatively similar to the dependence 

ci the.order parameter with T at a second order phase transi­ 

tion.

One can pursue this analogy further. The appearance 

of a non zero expectation value for the order parameter in 

a second order phase change lowers the symmetry [$]. For 

the situation discussed, here the lattice and spin system 

have reflection symmetry ^.n a plane perpendicular to the 

hard, axis for all fiold:". ^r •.'•tit or than H,,. However for 

H<H this symmetry is or\)kcn uecaase tne spins no longer lie
w

at 90° to the reflection olar.e. in other words applying a
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•

field parallel to. the hard axis leads to a type of second 

order phase transition but with H playing the role of 

temperature. Just as there is a 'soft mode 1 in the usual

type of second order phase change (see the introduction to
/ 

this thesis) we expect the frequency of one of the normal

modes of Dy and Tb metal to vanish at H=H . If magneto- * c

striction is neglected the soft mode is a spin wave [4]. 

On the otner hand if magnetoelastic effects are included 

it seems likely that an acoustic branch will soften since
«

this always lies below the spin wave at low k*

To obtain this last result the interaction between lat­ 

tice strains and spins must be treated correctly, a point 

about which a great deal of unnecessary confusion has arisen. 

Two different models have been proposed [4]:

(i) the 'frozen lattice 1 approximation, in which it is 

assumed the macroscopic strain cannot follow the spin pre­ 

cession, and

(ii) the 'free lattice.' approximation which assumes the 

strains follow trie spins exactly.

In (i) w.ie spin wave frequency remains finite at H=H
\s

whereas a;-jcr.iliig to model (ii) it vanishes at the critical 

field. Neutron diffraction [6] and high frequency (100 GH )
i Z

ferromagnetic resonance [7] support the frozen lattice model

whereas lev; frequency (10 GH ) ferromagnetic resonance ex-LJ

•oeriments [3] show an absorption at H=H consistent with the "*" t*

\. i •. ; ,; : 1; it i I o e p L ct u r o.

•To see which of these approaohes is correct consider 

an. oscillator of natural frequency u;Q . It will respond fully
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TO an external disturbance of frequency u) if uu^u^ ana 

will not respond at' all if cu>u) . Therefore the strains set 

up by an acoustic phonon of wavevector k will follow the 

spin precession only if the spin wave frequency & (k) is

much less than the acoustic phonon frequency ID (k). Asa —•

k-*0, uu^(k)-*0 whereas u> (k) tends to a finite value so this —• a ~*~ s ~~

condition can never be satisfied. However actually at k=0 

we must apply this argument a little more carefully. The 

naxural frequency of oscillation of macroscopic strains in 

an infinite crystal is zero but in a crystal of finite size 

the macroscopic strains can respond in a time t~4/v where 

JL is a typical dimension of the crystal and v is the sound 

velocity. Normally ou (k=0)t>1 so we conclude that as far 

as coupling to the strains is concerned the spin wave fre­ 

quencies should be calculated on the frozen lattice model. 

These arguments only apply to bulk models of the crystal. 

For surface waves the criterion for free lattice behaviour 

is aj^(k=0)t f <1 where t f ~d/v and d is a measure of the thick­ 

ness of the surface layer. Since d<4 one is much more likely 

to oco£r" r e free lattice behaviour in a surface than in a bulk 

r,c..o and i^ is possible that the resonant obsorpiion measured 

in [Sj is due to a surface wave. This point has been in­ 

vestigated by Liu L9J who, however, finds the absorption 

intensity is r;;ach smaller than that observed. Further work 

to clarify this poin~c would certainly be useful.

In ai'lclit .i.0;;, to interactionc beLwoori the ntatic _k~0 

strain and spin waves one should also include coupling to 

dynamic strains set up by acoustic phonons. We shall show
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in §6.4 that this leads to coupled spin-phonon modes ana in

general neither the free nor the frozen lattice results give 

The excitation energies correctly.

S.3 The model Hamiltonian

The qualitative arguments of §8.2 will now be 

justified for a particular model. Since first principles 

calculations of the. interaction strengths are very difficult 

one adopts a phenomenological approach, taking maximum ad­ 

vantage of symmetry, and adjusting the parameters in the 

theory to obtain agreement with experiment.

The following model Hamiltonian will be adopted

X -
\ o • I ) 

and each term will be discussed separately.

(6.2)

is The exchange interaction (assumed isotropic) between 

mordents on sices * and V . Although the hexagonal close 

packed lattice has two atoms per unit cell we shall neglect 

xhis aspect of tAC- problem and work with a simpler model 

v/hich has JUG:,, one atom per cell. This is equivalent to 

ignoring optic spin wave and phonon branches. We have 

verified direcily that using the correct h.c.p. lattice one 

obtains results for the acoustic branches of interest v/hich 

are identical wiTh those to be presented hero. In what 

follows N is the number of atoms in th;- costal.

The crystal field term, written. i. k serins of operator
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equivalerrts, is

(8.3) 

where § refers to the easy direction, r\ is the hard direc­

tion in the basal plane and C is the direction of the hex­ 

agonal axis. Figure 18 indicates these directions for To.

Coefficients V, and V/- have been put equal to zero because 

they are observed experimentally to "be much smaller than

'< 9 j •

""magnetization 
?or in the basal plane only the strains e*(=2e* ) and

e,,(=e FF-e ) are non zero so the elastic energy 3C is• e a,

:b.4)

where V is the volume of the crystal and c =-g-(c.. .-c,, 

(see Appendix A).oo
is the usual harmonic Hamiltonian for acousticP 

•phonons
« 5,

j4
(5.5)

•

The form of ',ha /.y^meory allowed magneto elastic coupling

by Callen and Callen L'1],m. e. 
Consider! ̂ . only tho strains e^ and e^ and including second and

fourth rank opo:°-aorj ;"or the rare earth ions 3v may bem . e .

written as

'

- (8. 6)
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where

(£.7)

The coefficient A. is necessary to obtain agreement ,vith 

experiment [6],

K is the coupling between rare earth ions and
B . p •

acoustic phonons which corresponds to the static strain 

coupling (8.6) i.e.

fej

X ^ "TJ; TT,
•*• VL UT^O-T:^)'- CV/J V^ V^^.

Coupling between phonons and angular momentum operators or 

other symmetries are unimportant for modes propagating in the 

basal plane. One could also include two ion magnet oelai'ti? 

interactions and anisotropic exchange, which alter the dis- 

per; 1. Lcn i:n the modes, but this has no significant offset :'; ^ 

th'! L'.ra.'ju 1 _k region of interest.

3(7 i'j the Zeeman energy in the presence of a magnetic 

field in the basal plane at an angle 6 to the magnet lz at ion.

' O Qv. -^ • .

It v::ir. be assumed that ani sot ropy and magneto elasti 

interactions are sufficiently small that they can be con­ 

sidered as first order perturbations to the isotropic ex­ 

change H'l^iltonian. This is not a very satisf --.c-cry
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approximation for the rare earthy and correction 0 in'-r olvir:r 

zero point effects and elliptical spin pr^ce^r-.ior. h?ve 

recently been investigated [12].

The equilibrium strains ^e^) and. <^ep) are calculated 

at T-0 by mini mining K with ror'.p ri ct to o.. and e 0 in *;h.'> 

ground state of the exchange Ilamiltonian (8.2). If the 

magnetization lies at an angle $ to the hard direction then

<c ^7 ~ ["5 r c $^u 2.^ - 4 A 5^, v^ T
N \y L J~ J ' ° 10v ^ . i J

Expectation values of the electronic operators of interest 

have beer tabulated by Jensen '"'3]. ^he angular c? eperiden.t 

terms in the expression for {JO at T=0 are

±Nc.kCfaGj/ -t N 7 V \ fo 6/ - ^/3 ^ V £» x
( O . 'i ' .•

Of particular interest is the case when K is along the 

hard direction ro 6=$. In this case the ̂ /uilibriurn valu? 

of $, obtained by minimising (8. 11). is given by the solution 

of «

H &r<^pf — H

where

and c — Co

For H>H , $=0 so the applied field has swung the rro'r.ents 

round to the hard direction. For H<H_ the critic- to
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(8.12) is plotted in figure 19.

The spin wave theory for such a system ha? been 

discussed by several authors [4], [13]» [14] and \vill 

merely be ^encribed i'n outline here. One first transforms 

to the (x,y,7, ) nystem where x is parallel to C °.nc Z in 

parallel to the magnetization (see figure 18). The new 

electronic operators are expanded in spin wave creation ancl 

annihilation operators, b and b respectively, retaining cr.l 

quadratic terms. Jensen [13] has tabulated the result? for 

the operators of interest. Neglecting for a moment X, ^
• < *

one finds that the Hamiltonian becomes

where

Aft) L >f °) - 1 ̂^ T

'8
4- - •

In deriving (8. "5) it has been assumed that e-, and e 0 

are rive-?, by their equilibrium values (8.10). This assumption 

is justified by the follow:.n.~ argument. Since there is no 

kinetic term corresponding to the strain e it follows that 

the equation of motion of e is

<^_e — O
At ,„ ..;
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Hence e= <e) so the frozen lattice theory is ,?. 

in agreement with the discusion in ^C. ?.

The equations of motion of b~(jO '.-.no b(k) are

-t- B(M AfA.) - o

-t-

from which it follow? that the spin wave energy is given b

where

} i r

This is just the frozen lattice result [13] a? expected. 

So far attention has been focused on the spin wave 

spectrum. In the next section coupling between the opin:- 

and acou-j^ic phonons will be discussed fully rLviu expr- 3c:i 

obt-?.i.'M-;f! f/or l l -c el-'i^Me constant i:.

8.^ C-^'iC'Al: . !>ion o r the e3.r^:.tic constants

In '.li'., cussing coL/oled spin-photon nodes we shall o^.l 

consider propagation in th? basal plane. "Purthernore t?4 e 

largest 2.->'...r/:es in elastic constants are for acoustic 

vibrationi", transversely polarized in the basal plane -;o 

coupling to other branches will be neglected.

The coupling coefficients U 1? IJp^ V^ and V 9 i- '[S.o) 

are related to A p.n rl G (defined in (8.6)} throug' e;; i^ic
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(B.12). The terms in 3C which give the largerr.s » p • ~"

frequency Phi ft are of the form b'a etc. Hence expressing 

the electronic operators in (8.8) in terms of spin v.-ave

operators up to first order [13] 3C "becomess • p .

( e . 2-.) )
where a is the angle between k and the hard axis. The full 

Hamiltonian ( 8. 5 )+( 8. 14)+( 8. 20) consists entirely of quadratic 

terms so can be diagonalised exactly. ?rom the equations 

of motion of the spin wave and phonon operators one readily 

obtains the following expression for the coupled mode 

freuencies

Figure 20 shows schematically the form of 4V.o ^.i-spev^i 

curves. As k-0 the two solutions of (8.21) are a r-plri li/.o 

mode with froqu.ency

and .an acoustic phonon like mode with frequency

u; •=• 

where

- e iy
(:- 9?>
\ ^-" • *-- ' I
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The largest chang^ in the phonon frequency occurs f'or

modes propagating aarllel to the easy or the hard direct ionr. 

(o=n/2 or 0 respectively) with H along the hard axis (6=?). 

The effective elasti 0 constant CT for these modes is riven

Above the critical H (8.24) simplifies to

showing that the elastic constant vanishes at H=H,
n

agreement with the general arguments of ^8.2. As pointed 

out in §8.2 this problem can be considered as a second 

order phase transition with H playing the role of tamperature. 

Indeed (8.25) can be cast in a form similar to (?.*6) i.e.

(3.27?.)

Notice that (o.2?b) is similar to the corresponding result 

(2.*8a) for T)yV04 and TbV04 in the limit A-C i.e.

- J- (S.
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which confirms the r--.ralogy mentioned earlier. Figure 21 

shows the variation °»f elastic constant with H calculated

•from (8.24) using the r-^rriraeters 36V 6J I-~0, H = 3*kG and 

4c(C2+A2 )=0. 36rn.<}V/ion obtained for Tb at /! . 2°K by neutron 

diffraction [15]* TT ltvasonic measurement c to tort '.he 

validity of this theory are now in progress and preliminary 

results seem encouraging (S.B. Palmer, private communication). 

In the region of the dispersion courves (figure 20)

where w (k)<u?a (k) the frequency of the spin like mode is a **" s ~~ "^

just w _(k) the frozen lattice result. On the other h°na ifS ™~"

ou (k)>u> (k) the two solutions of (G.2"») become (for- a^0 t a —~ s • —
H>H ) C ***-

which is just the free lattice result 1/3] as expected from 

the discussion in §8.2. For H<H the situation is ?. little
O

more complicated because different magneto-elastic tsm-j 

have different angular despondences. At general wavevector 

the excitations are coupled mn^non phonon rr.odes and tho 

frequencies are not given by either the free or frozen 

lattice results, except in the limits mentioned above.

The theory so far is valid only at T=0 K. At finite 

temperatures the theory goes through essentially 9.3 before 

except for a scaling of the parameters. Cooper [- ] h&s 

shown using the theory of Callen and Callen ["6] that
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parameters in (8.21) and (8.19) which arise from an j&th

rank electronic operator vary with the reduced magnetization
h/M-lJ 

o like a at low temperatures. Hence

(8. 30)

for example. This result has been modified by Brooks [17] 

by treating anisotropy in zeroth order rather than as a first 

order perturbation. At low temperatures the main contribu­ 

tion to a comes from axial anisotropy rather than exchange 

and Brooks finds

VI o- arid Tr-* r cr** (8. 3D

After the theoretical work described in this chapter 

had been performed preprints were received from Chow ana 

Keffer [16] and Southern and Goodings [19] who derived an 

expression for the coupled mode frequences consistent with 

(S.21). Chow and Keffer also stressed that in general the 

excitations are coupled magnon-phonon modes whose frequencies 

are given neither by the free nor the frozen lattice result. 

Jenseri [13] does not give an expression for the coupled 

mode frequencies but mentions as an additional note that the 

elastic constant should vanish at H=H . A similar treatment
O

of magnet oelastic effects and coupled magnon-phonon modes in 

spiral magnetic arrangements has recently been given [20],

S.5 Con 21-1 si en 3

General £^gur:*ents show tr^.t ,,n elastic constant vanishes 

when a ^a^no-ci - fislc, H=HC io applied which turns the moments

of a ferrc.;i.vr..e'u
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from the easy to the hard direction. This has been verifi^l 

for a particular model of the ferromagnetic phase of Dy .'?.nd 

Tb. As k-*0 the frequency of the spin wave branch is given 

by the frozen lattice result and if there is a region where 

^(ll^^g^k) "k*10 -pin wave frequency is given essentially 

by the free lattice formula. However in general the excita­ 

tions are coupled spin-'uhonon- modes whose frequencies arc 

given neither by the free nor the frozen lattice theory. 

The cause of the microwave absorption observed at low fre­ 

quencies [8]'is still not completely clear but is possibly 

due to a surface mode.
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APPENDIX A 

ELASTICITY THEORY

Elasticity theory is the study of the mechanics of 

solid "bodies regarded as a continuous medium. It describes 

satisfactorily the properties of acoustic vibrations, 

such as those generated in the ultrasonic and Brillouin 

scattering experiments, discussed in this thesis, whose 

wavelength is much greater than the interatomic spacing. 

The treatment below is'based on that given in [97].

A.I Definitions of the stress, strain and elastic constant tensors

Consider a particular point in the body specified by 

the vector R, with compon-ents x . (x = x, y or z). Under the 

action of applied forces the body deforms so that the point 

which was initially at R is, after the deformation, specified 

by a different vector R', with components x '. The"-"" CL

displacement R' - R is denoted by u, i.e.

If the radiusvector between two points before the

deformation is dx and the distance between them dA' then 

after the deformation the distance becomes cU f where

Here, .and in what follows, wu ,u<:: u:,e that u ii: infinite;- 

simally small. Because the summation in c.he socond term on 

the right is taken over both a and ;j wa can put

2. e te CA. 1)
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where

is called the strain tensor. This definition differs from 

that given, for instance, by [98] where the strain components 

do not 1 form a 2nd rank tensor. Note that for- a non-uniform 

strain e 0 is a function of R. From its definition we see

that e p is symmetrical, i.e.

The component R of the stress tensor is defined to 

be the a component of the force per unit area perpendicular 

to the Xo axis. We are not concerned with the effects of 

angular acceleration on the elastic properties of the body 

so vie consider the static situation and require that the 

Total torque vanishes. This is equivalent to making the 

stress censor symmetric, i.e.

In what follows it will be assumed that the deformation

is reversible. With this assumption the work done by the

internal stresses is [97]

JV

If the strain is uniform, the charge in the free energy, 

F = E - TS, is then given by
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so the components of the stress tensor can be obtained by 

differentiating the free energy with respect to the components 

of the strain tensor at constant T, i.e.

If the deformation is small the free energy can be

expressed as a power series in the e p . The coefficient ofdp
the linear term is just the stress for zero strain, which 

vanishes. Including terms up to second order we have

where c r . is a component of the elastic constant tensor. 
• * »

IT follows from (A. 6) and (A.?) that the stress tensor is 

related to the strain tensor by

A.2 Syrrjnetries of the "elastic constant tensor

The elastic constant tensor c „ . defined by (A. 7) is 

symmetric under interchange of suffix a with (3 and suffix 

y with 5 because the strain tensor is symmetric. •' It is 

also symmetric under interchange of the pair of sufficies 

a,;3 wiTh the pair y,6 because this leaves the product

e, _ e . unchanged. Hence
Ci ̂  / O

.7)

The number of different components- of a fourth rank
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tensor with these properties is 21 but this may be reduced 

further by the crystal symmetry. Since the elastic constan 

is a property of the crystal it must be invariant under 

those operations which leave the crystal unchanged,

All the crystals discussed in this thesis have reflec­ 

tion symmetry in planes perpendicular to the x and y axes. 

This leads to the transformations

Z— 7Z,

—7

O .-ill components of c B * with an odd number of like 

offices vanish. Hence the free energy iu given by

F ~ 1

- * ̂  J
This result could also have been obtained by group theoretica 

argument s .

The elastic constants c o . are often wirtten in the

matrix notation c. ., even though c is really a fourth rank-*• J
tensor, by making the substitutions:

i=?1 for ap = xx
i=2 for ap = yy
i~5 for a[: = zz
i=4 for ap = xz
i=5 . for ap = yz
i=6 for ab = xy.

In this notation the free enor^y (A. 10) can be written as

<«J
(A.11)
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where the c. • are given by the elements of the follov/ir •*• J
symmetric matrix:

c =

'°11
C 12

C 13

0

0

0
<

C 12

C 22

°23

0

0

0

C 13

C 23

C 33

0

0

0

0

0

0

C44

0

0

0

0

0

0

Cf- r-

55
0

0

0

0

0

0.

°66

(A,12)

Hence for ortho-rhombic crystals where there are no further 

simplifications the elastic constant tensor has nine in-
*

depondent component s.

For tetragonal crystals, such as DyVO,, TbVO,, TmVO, 

and. KI3P above T-p., the x and y axes are equivalent so

(A.13)

Lnd the number of constants is reduced to six.

In crystals with cubic symmetry, suck as DySb above 

trie transition, the x, y and z directions are all equivalent 

sc in addition to (A.13) one finds

c^ ~ c c, 2 •=• c (i £-„ = c
35 ' ' ** . (A.14)

and there are just three independent elastic constants.

Hexagonal crystals, such as the rare earth metals Dy 

and To, are invariant under -i rotation or 60° about the z 

axis. For (A. 11) to 'satisfy tnis condition it follows that

cf . ~
(A.15a)
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and

so there are five independent elastic constants.

For DyVO. the strain which develops below TD is of 

B.. symmetry (i.e. transforms like x'y'). Therefore
1 o

Rearranging (A.11) one finds that eD occurs as a term 
22-c where

c0 = i.
(A. 17)

For T"bVO^, and TmVO, the strain is of 

(i.e. transforms like xy). Therefore

symmetry

which occurs in (A.11) as a term ic where
2g

For KDP, Gp = 2e and the corresponding elastic 

cons-cant is C

In DyS"b, which has cubic symmetry, e. transforms like
<-j Q ry ry

3z -r and e^ like x -y (see (5-10)). From (A.11) one finds
p Pthat these strains occur in the form 4c (e- +e 2 ) where

(A. 10)
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For Dy and Tb metals, which have hexagonal symmetry,
2 2e^ transforms like xy and e^ like x -y in this notation

(see (3.6)). From (A,11) one finds

(A.20) 

and

A.3 Elastic waves.

The cour.otions of motion for elastic waves in an anis- 

otropio medium are obtained from Newton's Second Law by 

equating the internal force due to the stress "^ -o*/3 / ̂  "^ft , 

to uiie product of the acceleration CC and the density p, i.e

(A.21) 

is just" the wave equation which has solutions
, , i _ / / ° f ( L it

•-.;>, oyp ' * -j* ^ -*. o

(A.22)

v/hich has non zero solutions for the ua when

! t C \

" (A.23)
For tetragor-il cry LI tali: io follows fro;-: (A.1j) and

(A. 23) that c r /- 1^3 cetcrrniJiod from the :f'rerucnc;y of theo o
e'la^tic W;..VG propagating parallel to the .-. or y ^XC-LJ. trans-
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versely polarized in the xy plane. On the other hand

g is the elastic constant appropriate to the wave 

propagating at 45 to the x or y axes, also transversely 

polarized in the xy plane.

Similarly for cubic crystals the elastic constant 

tKc-.j-c-p) ^ s measured by propagating a transverse wave 

along one of the symmetry directions x,y or z.

In hexagonal crystals one can determine i( c-j ^-c^) 

from the frequency of a wave transversely polarized in the 

basal plane propagating in any direction in the plane. 

However for the ferromagnetic phase of Dy and Tb the hex- 

'^c-nal symmetry IE broken by the magnetization and the clastic 

constant does depend upon the propagation direction as 

discussed in Chapter 8.



APPENDIX B 

LATTICE VIBRATIONS

In this section we study, in the harmonic approximation 

the vibrations of crystals viewed as a regular array of 

atoms.

Let the -suffix a denote one of the n atoms in the 

unit cell and. one of tne three cartesian directions i.e. 

a, taken 3n values. Then u ( jfc) is the displacement of one 

of the atoms in the cell centred at R( A) , parallel to a 

particular cartesian axis.

The harmonic H-i.mil "oonian is

where c.(ji) is the momentum conjugate to u. (A). Because
IJ. VxL

Vda 'U,r ) is only a function of R( j&) - R( I 1 ) it is well 

known that (3.1) can be diagonalised by a transformation of

JK
\t

vv;iere the € . (k) are chos&r: to dia^onalise the potentiala J ~"

energy terz,.

Because u -. -0 is real

V/e adopt the following orthonorm.'ili by =na completeness 

r-.-.- l:it ions for the ^ : s.
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Qwhere M is the mass of a unit cell.

The inverse transformation to (B.2) is therefore

* £

ening

it follows from (B.3) and (B.4) that

L:O ;:h it P^(k) is canonic ally conjugate to Q.(k). Trie J J ~~

Ha:r:iltonian (B.l) can be written in terms of The new variable 

Q,(k) and P',(k) as

vvhere ~he frequency u^Ck) involves the V s and the masses m, .
'_*

I'he phonon creation .and .annihilation operators a.(k) and

respectively are defined .in the usual way in terms of
f i \ -rs ' - '. 'v k; ana P . v & ), 

j - ' J ~

Using (Bo) it is easily shown that the a' s satisfy the
•»

followin comrriutatio/. relations

---'-
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so that 3C may be written as

Fro;:. (B.7) the relationship between C-(k) and £.(k) (see
J J

§ 1.3) is

Confining our attention to acoustic modes of long 

wave-length we will now relate the phonon operators Ojfe)

aria Q-(k) to the strains discussed in appendix A. j
For the long wavelength modes all the atoms in the 

unit cell move approximately in phase and we can express 

the displacement u as a function of the continuous variable 

R. Hence (B.2) becomes

v/nere €.(k) is a unit vector parallel to the direction of <j ~~

olarization. The strain e^ tt (R), defined by (A. 2) isap —-oo

t n e r e i o r e e i v e n o y

. (a) = -A T, [ <(a) Kfl H- fffoih"J, ,,„
i.,5 2. ?" J J

«

It follows tr:<iT, the expression for the strain set up by 

a particular mode at R = 0 is given in terms of the 

creation ar.,l ar-n^V.ilation operators for that mode by

e =-ill*t*+€'* L<f-K*] (8.11)
^ T

Q

(for clarity v,e nave omitted some indices) where c = puu
A

is the elastic constant appropriate to the mode and ka = k /k.
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The coupling of the 'spins' to long wavelength acoustic
i 

phonons is proportional to the strain so ?n (k) ~ k2 (see

§1.4). If the coupling is to a strain e = e + e = 2e
• * 6 xy yx xy

(as in -bVG,, TmVO. and K'DP) it follows from (B-.12) that the 
•4- 4

maximum coupling is for modes transversly polarized in 

the oasal plane, propogating parallel to the x or y axes

vsee ^3-1). For e = e - e (as in DyVO,.. ) the correspondingxx yy <->•

modes are also transversly polarized in the basal plane,
,,_ O , , / Q -. -,out propogate at 4b to the x or y axes (see 3.la 

In either case the strain coupling r\ is related to

for modes with the maximum coupling. This can be expressed

as



APPENDIX C 

CLUSTER THEORY

To improve on the results of molecular field theory 

the free energy and hence the elastic constants or DyVO, 

r.ave been calculated using a cluster theory based upon 

the const an t coupling approximation [40].

The general thermodynamic relationships (2. -21) and 

(2.24) show -chat G S = G S , = CT for T ^ T^ so the elastic 

const am: is unaffected by exchange of energy between the spin 

.system and the phonons. For this reason only the spin 

strain terms in ijhe iiamiltonian (1.34) are considered,

(C.I)

As discussed in *4-l we approximate the interaction 

A 1 ) oy splitting it into short and long range components. 

The short range part is assumed to equal to j for z nearest 

neighbours and zero otherwise while the long range part 

is J^=u-v(4-2). u corresponds to the strain interaction,
^

v/hich is considered as a separate term in (C . 1 ) , while the 

term in v is treated by molecular field theory. The 

resulting form for 3C is

X -
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The term --|Nv <a z>2 at each of the N unit cells. 

efining the total interaction to be J f we require thai;

rx *--v -r z-j .

In molecular field theory the ground, state is fully 

aligned so J' can be calculated from the zero temperature 

splitting of the electronic levels but it is not obvious 

that tnis is satisfactory when large deviations from molecular 

field tiieory occur. However for zero crystal field (A = 0) 

trie spin system is essentially that of an Ising model for 

//hich general arguements, not depending upon molecular field

•theory, .;nc / tnat the ground L-;tate is fully ordered. The 

crystal field splitting, which acts like a transverse 

f^Ld : 99 „, causes fluctuations in the moments even at T = 0 

(i.e. zero point motion) which are large if A is large and 

The interactions are of short range. For DyVO. A < k T-, 

so at T = 0 the fluctuations will be small and the moments 

almost; fully aligned even when there are strong short range

-..Lcerc.ctior. s which cause deviations from molecular field theory. 

1:. is uh^rei'orc a good approximation to determine J f from 

the rriO_~o\;lai'- field expression for the splitting of the 

electronic levels in the region T < T^. From Raman scattering 

data rlC] it is found that J' = 13-75 cm" .

V/e now return to the calculation of the free energy for 

Hamiltonian (C.2). The last two terms of (C.2) can be added 

separately to the final expression for the free energy because 

they do not contribute to the entropy, and the remaining 

terms can b^ written as a 'Jam of pair Hamiltonians, i.e.
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X

where
W ' - \

- JL

The thermal average of a quantity A( i, I' ) involving pairs

of sp-r.s can therefore be expressed i.o ttr-ris of an effective
(2)

aer.sity matrix for a pair p( 4, 4' ) , defined by

' 2}
One can write p v ' in terms of an effective Kamiltcr,!,.

So f.-.; : r ';he formalism has been exact and the approximations

( e)consiST, of taking a simple form for K . In the constant

coupling approximation, the Ising interaction between the 

pair is considered explicitly while the effect of the other 

spins is represented by an average field i.e.

here A and B are parameters to be determined. One recovers
V

the results of molecular field thc-or;- by neglecting the 

interaction between che pair.

As N -» °°, Vv'c a:3Sur:e that all the contribution to the 

partition function Z comes from states with the equilibrium 

values of <c ::> &,•„: <a z >. The energy, for a particular •
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temperature 'I', <a x> and <a z> is determined from the partition 

function by.

= -1.
*/j

where 3 = 1/kT . We write this in abbreviated notation as

where the suffix 'a' refers to both <a"> and <cr >. Integrating 

at constant <a >, <a > and e one obtains

For p -» 0, I -» » and the partition function is just equal 

to the number, g(<a>), of states belonging to a given value 

of <ax>, <o z > i.e.

so
c _

here <a> =[<a x>2

2.

Kence the partition function may be written as

((3) = - T £, (P? rf/5' ^ ̂  5 ̂->) (C . 6)
*

It is shown in [40] that for the form of X taken in
*

the constant coupling approximation

r'rom (C.6) and (C.7)-it follows that

(2) ( 2n by the value of --l-ftz Tr p^ In p^
*»
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evaluated at infinitely high temperature but with the given
"5T !7values of <a > and <a >. This is just the molecular result, 

i.e.
£' _ _

From (C.6), (0.7) and (C.9) it follows that the free energy 

F is given by

F=

Z^Minimising F with respect to <a > and ^a > we find

- O

« O

There are four unknown quantities, A, B, <ax> and <a z> 

so, in addition to (C.ll) and (C.12) we need two more equations 

T;O determine Them. These come from the condition that <ax>
*

and <a z> are equal to the thermal averages of a x and a z 

respectively for each spin of the pair. For T ^ Tj,, both e 

and A are zero when there is no applied stress so the elastic 

constants can be determined by considering only terms up to 

first order in A. ?or T ^ T r the thermal averages. <ax>,
jU1

and <a z> are, in this approximation, given by

6<rtA(iAT) -t-

^"A"
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vvhere ,,

The stress in the B-, acoustic mode is still given 

by (2.10) and the elastic constant by (2.15). "

T > T-n, cn = Co = C T where
U 1 b 1

The transition occurs when (C.12) is satisfied with <a> ̂  0 

in zero stress i.e.

whicr. is just the condition that c^, given by (C.15) vanishes.

(C.15) is the desired expression for the elastic const an T., 

with A/<a > given by (C.14) and <a > determined self 

consistently from (C.ll) and (C.13). In comparing this 

expression \vith the experimental measurements in §4.1 we have 

taken z = 4, assuming that number of interacting neighbours 

is equal to the actual number of nearest rare earth neighbours.

Trie constant coupling approximation does no b give 

completely satisfactory results below the trarisitj.cn temperatur^ 

wher. applied to tne Heisenberg ferromagnet and antif erromagnet 

[40]. IT, the present case we do not expect the theory to 

\vcrk well at low temperatures either especially for large A . 

In particular it is unsatisfactory when A is sufficiently large
17

that it destroys the ordering in o even at T = 0. From (C.ll) 

and (C.13) it follows that <o"> = A/W in this limit, independent 

of z, whereas we expect tnat for z -» » the molecular field
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result <ax> = 1 should be recovered. We do not therefore 

attempt to apply the theory T < TD - For T > TD , we expect 

the constant coupling approximation to be significantly better 

than the molecular field theory when A is small and there is 

a large short range interaction, such as in DyVO..



APPENDIX D

CALCULATION OF THE ELASTIC CONSTANTS O7? DySb BELOW TH2

TRANSITION

The equilibrium "balue of c~> is zero even in the 

ordered phase, but if an external stress^ is applied 

then (qVO and is given by (5.25) i.e.

(D.1)

vvith H2 defined in (5-l8b). From (5-21), (5-22) and (D.1) 

it follws immediately that

a)

which together with (5. 31) yield

'

CD.2)

The calculation of c ' is more involved since we

must take account of the fact that <m) as well as £c }z i

alters when a stress 1 is applied. We begin by rewriting 

(5.25) as

Since Q= -(og/5K^) and M= -i
the following useful results

(D.3) 

) we can readily obtain

(D.4)

and
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\vhich are singly the Maxwell equations for this problem. 

S is defined to be the entropy per electronic site, i.e.

S=

If the populations of the electronic levels are 

kept constant (this constraint is denoted by the suffix 'I') 

then

(L.6a)

Since {m>= HZ /I we can express (i).6a; as

=M \JLH, t
(D . 6b)

?rom (D.5) and (D.6b-) it follows that

hich can be rewritten, using (D.4) as

(D.7)

The same arguments show that for the isothermal regime

•*• .-ij
(D.3) 

calculate g: ' we write

(B.9a)
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and at constant entropy

(D.9c)

Hence
>I

0 fcL^I-1
,, £

o

(D.

l-Z
(D.11)

v/here we have used (D.4). C rT is the specific he-at per
ri

electronic site evaluated at constant rL and K . »

The clastic'constants <y ' for y-I, S or T are given 

oy (5.3O with -.v, gs and gT given by (D.7), (D.11), and 

(D.5) respectively. It only remains, therefore, to give 

the explicit forms of the derivatives appearing in these 

expr e s s i on s. ',.' e f ino.

-/• D y _i~ P "v-*-. ~~ r,"^-. T «. -v ->

f
! I
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T

*+ *t

30 = ip. x. _ PX ^ -

s

2. i.

L f.\ A, + ^

^ f-fj
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FIGURE CAPTIONS 

Fig. 1. Schematic representation of the tetragonal zircon
-) q

structure (D/^) for RVO, (R .= rare earth). Two 

molecules in a unit cell are indicated. Note the 

coordinate axes (see §1.1).

Fig. 2. The energy of the lowest electronic levels of

(a) DyV04 , (b) TbVO, and (c) TmVO^ both above 

and below the transition temperature T^.

Fig. 3. Schematic diagram of the coupled electronic and

acoustic phonon modes of DyVO, . For a discussion 

see §3-1.

Fig. 4. Brillouin scattering measurements of -|( c-,-,-0-, 2)

DyVO,. The solid curve (see §4. la) shows the value 

of c-,- obtained from the cluster theory above T^; 

below T-nj, the dashed curve is drawn through the 

experimental points.

Fig. 5. Brillouin scattering (open circles) and ultrasonic 

(filled circles) measurements of C/- for TbVO, . As

discussed in §4.2, the solid curves show the values 

of c-r, cs and CT (for T £ TD , c^ '= CT ). The dashed 

curve shows the value of c(cu) as given by (3-25) with 

T QC! given by (3-28) with a/2H =27-5 GHz. The scale
DO

on the right shows the actual measured Brillouin 

frequency.
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Fig. 6. Variation of c^g with frequency at T=Tj, as

measured "by Brillouin scattering. The solid curve 

is obtained, from (4.4).

Fig. 7. A comparison between the theory (full lir^es) for
( 1 ) ( 1 ) (2) ( 2 ) C S ' CT an(* °S ( =cm / and ultrasonic rneauuro-

ments (circles). The dashed line indicates schemat:
( 1 )cally the theoretical results for cX t .Q

Note the enlarged scale below T^.

Fig.8(a) A (001) projection of the strucuture of KH 0PO,, . 

The heights of the PO. tetrahedra are shown.

Fig.8(b) A diagram of the primitive unit cell of Kt^PO^

indicating schematically the positions of the P0^_ 

tetrahedra (the filled circles and the open circles 

corresponding to the two sublattices A and B re­ 

spectively) and the hydrogen bonds.

Fig. 9. A sketch of the proton displacements in a single

cell of KDP which transform according to representa­ 

tions of the crystal point group -

Fig.10(a)A schematic representation of the potential for the 

soft mode in an order disorder transition (i)T>T«,
-*-<

(ii) T<TD .

Fig.10(b)A schematic representation of the potential for 

the soft mode in a displacive transition (i) T>T^,
j_y

(ii) T=TD , (iii) T<TD . 

Fig.11» A comparison between the theory for c,. (full curve)
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and the Brillouin scattering (circles) and ultra­ 

sonic (triangles) measurements of KDP. The dashed 

curve shov/s the value of Cm below T-^ obtained from 

the theory.

Fig. 12. Spontaneous polarization measurements of KDP token

by Benepe and Reese (circles) and Von Arx and Bantle 

(crosses). The solid curve is calculated from Benepe 

and Reese's phenomenological theory and the dashed 

curve is the best fit from the pseudospin model.

Fig. 13. A comparison between the Brillouin scattering

measurements (dots) on KDP below the transition and 

the theory for Co, c« f , and CT (lines).

Fig. -4. A schematic representation of the variation of the 

elastic constant in KDP with temperature for

WT >1 and OUT <1 according to the theory. 
LL LL

r^\ •

Fig. 15. Low frequency Raman spectrum of KDP at 2 ": ̂ X/-tfro-vy, L*rJ).

Fig. 16. Variation of T/T for KDP (where T is the relaxation

time) obtained by Ryan from Raman scattering measure­ 

ments. Filled circles are for i% p~0 and o^en circle? 

for Z=0.

Fig.17(a)Variation of T/T for CsDA obtained by Ryan from 

Raman scattering measurements. Filled circles: 

F.p^O; open circles: ferroelectric mode with £=C; 

;riangles: 'underdamped' mode with £=0.t
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Fig. 17(b) Variation of width of low frequency

Hainan spectrum (multiplied by T) for CsLA*

Fig. 18. The hexagonal close packed structure .?.:-ic. the 

definition of the coordinate .system (§,?!,(").

Fig. '3. Variation of jZf, the angle between the magnetiza­ 

tion and the hard axis, as a function of H applied 

along the hard direction.

Fig. 20. A schematic drawing of the coupled magnon-phonon 

dispersion curves in Dy and Tb metal.

Fig. 21. Variation of the elastic constant with magnetic 

field applied in the hard direction for modes 

propagating along the easy direction in the 

basal plane and transversely polarized also in 

the basal plane. The parameters are discussed 

in the text.
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