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ABSTRACT

General symmetry arguments show that an elastic
constant should vanish“whén a érystal'undergoes a second
order.structural phase transition. A detéiled theory of
the elastic anomaly is developed for DyVO4, TbV0,, and

TmV0,, which have crystallographic phase changes caused by

47
the Jahn-Teller effect at 14, 34 and 2.1°K resyectively.
The theory predicts that‘the‘elastic»constant %(011—012)
should fall to zero at the transition tenperature TD for
DyV0, and that cgg should vanish for Tbvo4 and TmVO, .
These conclus}Ons have been verified experimentally. For
DyVO4 the electron lattice interacfion is predominantly of
short range and a cluéter theory has been used to interpret
the results. For the other crystals a molecular field theory
hzs beenvusedvto calculate the elastic constants under dif-:
ferent 'thermodynamic regimes and the random phase approx-—
imaﬁion hzs been used ir a treatment of the elementary ex-
citations. In TbVO, and TmVO, the theory predicts that the
elastic constant only falls to zero at TD when measured at
= sufficiently low fregquency. This frequency dependence
- has been cbserved in ’I‘bVO4 and 1s satisfactorily described
ty the theory. | |

At the first order 9.5°K phase change in DySb the
elastic constant %(c,,-¢,,) is observed to soften but not
to‘vanish,‘consistent with general symmetry arguments; - A
theory of this anomaly has been developed within the

molecular field approximation. Satisfactory agreement with

experiment is obtained for T>TD but there are large unresolved



discrepancies in the.low temperature phase.

A theory forlthe'elastic conétant and spontaneous
pOlariZation of the ferroélectric KH2P04'has been developed.
One of the lattice vibrational modes is written In a pseudd~
spin formalism and four spin interactidns have been in-
2luded in the model. Although the theory gives a reasonable
account of the data some discrepancies still remain.

Coupling between pairs of phonons and. the soft mode in
nydrogen bonded ferroelectrics has been investigated in the
pseudospin model. An anomalous dielectric respbnse is pre-
dicted similar to earlier work on the anharmonic phonon
theory [71]. A freqﬁency dependence of the elastic conutants
is expected but this has not yet been observed. An analysis
of Raman scattering data shbws that the low frequency
anomaly is a small effect in KDP, KDA and CsDA contrary o
an earlier analysis of the data [701].

When a magnetic field is applied in the hard direction
of an anisotronic ferromagnef qualitative arguments show
that an elastic constant should vanish when the moments
line up parallel to the hard axis. These conclusions have
beén verified fof a particular model of the ferromagnetic

phase of Dy and Tb metal.
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INTRODUCTION

A transition between different phases of a pure
substance is characterised by an 'order parameter' which is
zero in-one phase and non-zero in the other [1]. In part I
of thls thesis we shall be concerned with structural phase
transitions where the crystal dimensions change as the
temperature is reduced below the transition temperature Th.
Here the two phases are characterised by different crystal
structures and the order parameter is the distortion in the
lcw temperature phase. Transitions can conveniently be
classified into those of the first order and those of the
cecond order. In the former case the order parameter varies
ai scontlnuously at the transition temperature whlle for the
latter it increases smoothly from zero as the temperature 1is
reduced below TD. |

One can always express the order parameter in terms of
the normal cocrdinates of the system in its high temperature
?hase. For second order transitions, the system offers no
resistance to small changes.in the order parameter when thel
transition temperature‘is reaChed‘Otherwise the phase change
would not occur spontaneously. ‘It would be a coincidence
1f the restoring forces for several modes vanished at the
same temperature so the order parameter can be expressed
in.terms of the normal coordinate of just one mode, which’is
called fhe 'soft mode’'. | |

Coneequently at Ty there is no resistancelto small

oscillations of the soft mode so fluctuations in it become:
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very large and its frequency'ténds to zefo. If however
the mdde were already at zero frequency then it would r=-
main so as the transition were approached while the fluc-
tuations increased enormously. For T<Ty the crystal distorts
and,higher order effectS;ignbred in our treatment so far
stabilise the mode again. The soft mode concept was intro-
duced by Cochran [2] who showed that ferroelectric phase
transitions are associated with an optic vibrational mode
whose frequency tends to zero as the transitioﬁ is ap-
proached.

For crystalé whose dimensions change at a second
order phase change an elastic constant must Vanish,at TD
for the distortion to occur with no external. stress. The
elastic constant determineé the frequencies of long wave-
length acoustic vibrations so in thesé transitions we
expect the soft mode to bélong to the acoustic and not
the optic branch. In part T we shall in%éstigate in detail
2 theory for the structurél phése transifion in several
crystals and -shall show that the soft mode is indeed a
~ong wavelength acoustic vibration.

At 1st order transitiohs the resistance of the crystal
t¢ small changes in the order parameter does not vanish at
the transition temperature."We do not therefore expect a
mode to become soft although it is possible that the transi-
tion might De associated with amode whose frequency becomes
small, alihough not zero, as T approact.cs TD.
The second part of this thesis concerns the elastic

bekaviour of anisotropic ferromagnets when there is strong
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coupling between the magnetic moments and the lattice. In
the absence of an applied magnetic field the moments lie
along the easy direction, determined by anisotropy forces,
which is a symmetry direction of the crystal. Suppose a
magnetic field is applied in the hard direction, defined
to be the least favourable orientation for the moments.
Again this will be a symmetry axis of the crystal. As the
field is increased the moments turn and, for fields greater
then a critical value H,, they will align parallel to the
hard axis.

It is easy to see that the moments will point pre-
cicely along the hard axis fbr sufficiently large H, rather
than at a small angle to it, by the following simple argu-
ment; The change in free energy caused by rotating the
spins away from the hard direétion through a smalllangle ﬁ‘
zbout a crystal axis is .

AF = = <(HGoo ¥ — Abson &)
whare . is the magnetic moment, H is the applied field and
-2 1s a measure of the anisotropy energy whica s assumed
here to hnre m foid symmetry. Expanding AF to Z.owest order
i~ Z ons obtains ‘ |
AF = -4%?¢(f¥“11ﬂ4)
For sufficiently large H AF must be positive so the moments
vill 1ie,precisely'along the hard direction.

In other words for H>H, F=0 but for H<H, g0, | Since
the 1littice otrains are coupled to the uping the variation
of one of the str:in components is gqualitatively similar

to #. This situation corresponds precisely to a second
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the lattice coupling. In the present work we consider three
crystals Dyvo,, TbVO4 and TmVO4'which, we believe, illustrate
all the essential features of the elastic anomaly in this
class of materials. |

In Chapter 5 a theory is developed for the first order
9.5°K phase transition in DySb where specific heat, suscep-
tibility and neutron diffraction [42] measurements show that
both a structural change and antiferromagnetic ordering
appear. The elastic constants ehow a sizeables softening
SO eiectron—lattice as well as magnetic interactions are
involved. An alternative treatment has been given by Levy
et al. [43], [44]. 7This is considerably more compiicutnd
than our approaeh and, unlike our theory, has not been ex-
tended below the transition.

Chapters 6 and 7 are devoted to a rather lengthy study
of +he hydrogen bonded ferroelectric KDP and its isomorphs.
Despite a wealth of theoretical and'experimental investi-
gations there is still no completely,satisfactory description
of these materials. Special attention is given in our |
treatment to the elastic anomaly which occurs at the ferro-
electric transition but the same model_is also used to
discuss polarization and dielectric properties and Raman
scattering data.

'The second part of this thesis, concerned with elastic
anomalies in anisotropic ferromagnets, deVelops a model
for the_ferromegnetic phase of the rare earth metals Dy andj
To. These materials have been exﬁensively studied (see

reference [1] of part II). Anisotropy forces and magneto-
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elastic interactions are found to be large but nonetneless
magnetic fields are available which are big enough to
turn the moments from the easy to the hard direction.

Dy and Tﬁ are therefore'Suifablevmaterials in which to
investiéate a possible elastic anomaly when the moments are
turned‘into the hard direction by an applied field.

The first chapter of this thesis is concerned with the
development of a model Hamiltonian capable of describing
the acoustic properties of DyVO,, TbV0, and TmVO,. Above
Ty they have the tetragonal zircon structure Dlg:while below
the transition the symmetry is reduced to orthorhombic with
space groups Dgg, Dgﬁ and Dgﬁ respectively [10], [8]. For
Dy3* and To3* the crystal field of the vanadates favours
large moments in the basal plane as a result of which there
aré near degeneracies in the low lying electronic levels.
This dégeneracy is removed below TD. The moments for'Dy3+
lie at 45° to those for Tb>' and it is shown that this leads
to a strong coupling to B and B2g lattice modes respectively.

g
An instability in these modes reduces the symmetry to Dgg

gi for TbVO4 in agreement with experiment

for DyVO4 and D
and the ccrresponding elastic constants which we expect o
vanish at T are (c11 12)/2 and C66 respectlvely. The
gquadrupole moments lie out of the basal plane in Tm3+ the
lowest lying stateS'forming a degenerate doublet which is
split below Tp. This is different frém the situation in
Dy3+ and Tb3+ where the degeneracy is only approximate. We
predict that TmV0, should distort in a B,, mode, as observed,

a._..b

and the anomalous elastic constant is expected to Dbe Ceg e
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The coupling of the lattice displacements to the
electronic levels is -investigated in §1f2 for a single
complex around a raré earth-site, operators acting on the
electronié levels being written in terms of spin operators
as in [10]. This discussion is extended to treat coupling
t0 phonon modes and static strains in §1.3; Neglecting all
but the most important interactiohs we show in 91.4 that
the ion lattice coupling leads to an interaction between
eléctronicﬂlevels on different sites which is responsible
for thé cooPerative transition.

In Chapter 2 the static properties of our model are
investigated.using molecular field Theory and the elactic
corstants under various thermodyhamic regimes are calculated.
" For each crystal the isothérmal elastic constant Crp varishes
at the transition as expected from the general considera-
tions mentioned earlier. |

In Chapter 3 the frequencies of the.elementary excita-
tions are calculated in the random phase approximation,
with special emphasis on the acoustic phonon modes. The
,souﬁd velocity calculated in this way corresponds to the
eiastiC’COnstant for the thermodynamic regime where the
populations of the levels remain constant. We discuss this
by considering the difference between 'collision dominated?
or 'thermodynamic' modes and 'Qollision free' modes of the
crystal; The frequency w, at which a measurement would
determine a particular thermodynamic elastic constant depends
upon the relative magnitudes of w and the spin-spin and spin-

lattice relaxation rates, Tgé and Tgirespectively. We
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propose an expression relating the observed value of ¢ to
the measuring frequency which we expect to be a satisfacuory
interpolatiohbetween the different thermodynamic results.
At low frequencies'the elastic constants of all our systems
vanish as expected at T, but for TbVO, and TmV0, the high
frequency results do not fall to zero. This 1s interpreted
in terms of é zero frequency spin mode of the same symmeiry

as trhe distortion. Such a mode exists for TbVO4 and TmVO4

but not for DyVO4.
Chapter 4 compares the theory with the experimental
results on DyVO, and TbVO, (3], there being no data on
TmVO4 at the time of writing. TFor DyVO4 both the ultrasonic
and Brillouin scattering data fall to zero at TD, consistent
with the theory. However there are large deviations from
the molecular field results so a cluster theofy has been
developed to interpret the data. The details of the cal-
culztion are giVen in Appendix C. Modes in other symmetry
directions are nof expected to be strongly affected but in
§4.1(b) we suggest a possible mechanism for the observation
in (157 that‘c44#055 below TD. The elastic constant of
Tbv0,, unlike DyVO, is found to be strongly frequency
dependent and in particular does not vunish at the'transitioﬁ
in the Brillouin scattering experi ients although the ultra-
sonic data, measured akb a‘much lower freguency, does fall
to zero. Choosing a suitable value for Tgg we find that
the theory’agrees satisfactorily with the measurements.
Moleéular field theory works well, so we have not extended

:the cluster theory to the four level,Tb3+ system, and we
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discuss why this is so when molecular field theory gives
poor results for DyVO4. |

 The symmetfy of DySb is reduced from cubic to (almos3)
tetragonal below the transition. There are near degeneracies
in the low lying electroﬁic stafes similaf to DyVO, and it
is shown in §5.2 that this leads to strong coupling to
lattice modes of E symmetry and a softening of the elastic
constant %(011—012) in agreement with experiment. In §5.3
it is shown that the model predicts a first order transi-
tion as obgerved and expressions‘are calculated for the
elastic constants in both phases. The twd elastic constants
correspbnding to the cohpdnents'of the E symmetry strain are
‘equal above the transition but this‘degeneracy is removed
below TD as required on symmetry gréunds. Good égreement
with the experimenﬁal data above the transition is found
ih §5.4 but the crystal is expected to harden econsiderably
below the transition in contrast to the experiments‘which
srow an almost temperature independent behaviour in this
razion.

The treatment of KDP begins in 86.71 with a discussion
of the crystal structure. Lattice displacements are written
in terms of local hormal coordinates in 6.2 and attention
is focused on the four branches involving large proton dis-
placements. By comparing this approach with an earlier
theory of Slater [60] it appears plausible that one of
these modes is unstable and causes the transition whercas
+he others are stable. It is found necessary to introduce

four particle forces to represent the Slater theory exactly.



e Yo
In 36.3 the local normal coordinate for the unstable mode,
repreéenting acombination ofxdisplaqements of all the
.atoms in the cell, is>des¢ribed.by a pseudospin formalism.
Adding four particle interactions can lead to a first
order transition as shown in 36.4. ©Polarization experiments
show that the transition is indeed slightly first order SO
the four particle term is necessary to fit the polarization
and elastic coﬁstant data with the same set of parameters
as shown in $6.5. A fair description of the elastic constant
data, but not the polarization measurements, can however be
be obtained without this complication.

Chapter 7 investigates coupling of the soft mode in.
hydrogen bonded ferroelectrics to‘pairs of phonons in the
1light of Cowley's suggestion [701], [71], on the basis of
an anharmonic phonon-theory, that this leads to a large
10W frequency peak in the spectrum. After an introduction
to Green functions and correlation functions in §7.1, it is
shova in 97.2 that the same qualitative features are ex—
pected orn the pseudospin model as on the anharmonic phonon
theory. Tne necessary modifications to the theory for the
slastic constents are discussed in 7.3 and = marked
frequency dependence in Cs6 is expected. This effect has
not yetr been observed. The theory fof Raman scatteriﬁg
intensify is developed for the pseuddspin model and is found
to be very similar to the anharmonic phonon description.
Trom a careful analysis of the Raman‘data fhe'low frequency
peak in the spectrum of KDP, KDA and CsDA is found to be

a small effect in contradiction to eariier results of (701,

[341.
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Section 8.1 gives a very brief introduction to the
subject of rare earth metals. From qualitative argumerts
it is shown in $8.2 that an elastic anomaly should occur
in the ferromagnetic phase of Dy and Tb when a field is
applied in the hard direction. A particular model for
these materials is discussed in $8.3. The elementary
excitations are calculated in a spin wave theory leading
to coupled magnon-phonon modés. In §8.4 the elastic constant

is calculated and found to vanish at H=H_  in agreement

c
with the earlier qualitative arguments.



PART I
ELASTIC ANOMALIES IN CRYSTALS UNDERGOING STRUCTURAL
PHASE TRANSITIONS



CHAPTER 1

THE PSEUDO-SPIN HAMILTONIAI: FOR DyVOu, TbVOu AND TmVOu

In this chapter we follow closely the arguements
of [10] to obtain a model Hamiltonian capable of describing
the observed acoustic properties of DyVOu and TbVOu.
Applying similar arguements to TmVO, we obtain the same
Hamiltonian that is used in [8] and [11] to explain their

optical absorption and Raman spectra respectively,

1.1 Structure of the electrcnic states

At room temperature the rare earth compounds discussed
in this thesis have the tetragonal zircon structure with
the general formula RVOu, where R is the rare earth ion
Dy, Tb or Tm, and their crystallographic space group is
Dig (16]. The structure is illustrated in figure 1; there
are two formula units in the unit cell and they are related
by an -inversion operation so that all the rare earth sites
are equivalent. It will be convenient to define two sets
of axes (x,y,z) and (x',y',z ) which are shown in figure 1;
VA is’parallel to the fourfold rotation axis and (x,y) and
(x',y') lie in the basal plane at 45° to each other. BEach
rare earth ion is at a site of symmetry D2d and the twofold
rotation axes of D2d in the basal plane are parallel to the
x' and y' axes. The correspondence between the representations

of D

L and D

o4 is shown in tablel.l below,
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TABLE 1.1 CORRESPONDENCE BETWEEN REPRESENTATIONS

OF Duh and D2d
Symmet ry Repfissgfition
____—-—"_\
?:’r . B A B, A E B
Din 1g Pou “2gPlu By gtou 2g™1u g u
Dog Ay Ao By By =

In the undistorted phase of DyVO, (T » Tp) the low
3+

lying electronic levels of the Dy ion are two nearly

degenerate Kramers doublets with a separation ~ 9 cm—1 (147,
The next electronic levels appear to be more than 100 cm™t
higher in energy [10] so we need only consider these four
states in our discussion of the low temperature transition
(TD = luOPQ. In the distorted phase (T < TIQ the separation

Lat 7 = 14.5°k [10].

of the doublets increases reaching 27.5 cm
The temperature dependence of these lowest electronic levels
is shown in figure 2(a).

Below the transition temperature the ground electronic
doublet has the spectroscopic splitting factors
gy = 19, gy <1, g, = 0.5, [9]. The excited doublet has
g, = 19, and g, ~ g, ~ O. ihe maximum g-value allowed for
the J = 15/2 ground term of Dy3+ (6H15/2) is 20 and so we
" conclude that the two doublets correspond approximately to
‘the states [J_ = £J> and \Jy = + J> (which we shall write as
\iJX> and |1Jy>). By considering the operations of the
double group D,y we can show that in the undistorted phase

the four states belong to the representations Z' gnd B"

(P6 andI‘7) and written explicitly are:
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[Ew>= LTy =7 + Ty - cl-Ty7]

(B> = L[|T>+1-%7 + 1Ty + =Ty 7]

o)

|E'%> =L [Imy-1-Tr —lTy2 +c [-7,7]

EB"Y = L[ 1Ty-lm7+ Ty + 2]

These states are orthogonal but not quite :.ormalized because
the basis states are not orthogonal.

_ _ 5=J
CME: J > = <=J |£Ty> = 277).

In TbVObr for T » Tp the low lying electronic levels
of the Tb3+ ijon consist of a doutlet lying approximately
halfway between two singlets [10]. Just above the transition
the singlet-singlet separation is 22.9 em™! and the next

1 relative

electronic level is a doublet occuring at 91.5 cm
to the lower singlet. We shall include the effect of this
level in a crude way in chapter 4 but hers we consider only
the four lowest lying states in our discussion of the
transition (Tp = 3,°K). In the distorted phase the doublet
splits as required by symmetry and the temperature varization

of the energy levels is shown in figure 2(b). Below
Tp g = 16.3, g1 = g, =0, (for gbh > 1.2 em™t) [71.

y
The maximum g-value for a pair of levels in the 7F

6 ground
term of Tb3+ (ui8) is 18 so it appears that our model for
the states of maximum J is also applicable here. 1In the
high temperature phase the basis states belong to

rep resentations A,, By and E of D,y and written explicitly

are.



-l -
lA|>: -2-':[ lTx’> + l“"‘jx'> - 13-3'>" l"‘ Ty'?]

1By = L1377+ 327 +[Tg7+ I- Ty ] (2)
[2

]Ex:> '-‘—'j‘——i‘:“j-:c'? ""'—Sx'7l

|Ey:> =é [1Ty7 - |- Ty>]

In the undistorted phase of TmVOLL the lowest
electronic level is a doublet, belonging to the E
representation of D2d’ separated by an energy of 50 cm_1
from the first excited level 8] which is ignored in our
treatment of the transition (Tp = 2°K). Below Tp the
doublet splits, as it must in the reduced symmetry, and
the separation at T = O, determined by extrapolation of
the experimental data iSs~ 3 cm + [8]. The temperature
variation of the levels is shown in figure 2(0), Above

Tps &, = 10.2, g, ~ &, ~ o, [8], [11]. The maximum

y
g value in the 3H6 ground term of Tm3+(uf12) is 14 so our
model for the states of maximum J is not applicable here

and indeed the states can be written as:

|E*Y = & [My=5> + plM;=17 +X[My=-37 (1.3)
IE-> = &|My=-5D +n IMy==1D+Y[M;z=37

where a, B and Y are coefficients. From the measured value
of the g-factor it is evident that P and Y are relatively
small compared with a, although it is not possible to
determine the coefficients unambiguously without further
information,

As discussed in [10] the crystal field produced by
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the VOL1L complex is dominated by terms transforming like |
Y2o and Yuu. The sign of the quadrupole moment relative to
the J direction, given by the Zlliott & Stevens [17]

factor <J||a||J> determines whether the moments lie in or

out of the basal plane, Tb3+ and Dy3+ have the same sign

of <J||a||Jd> so the Y2o component of the crystal field

for the VOLL complex must favour alignment of the moments

in the basal plane,. Tm3+ has the opposite sign of

<J||a||d> so we expect, in agreement with experiment, that

the same crystal field should cause the moments to 1lie out of
the basal plane, TFor Dy3+ and Tb3+ the YLLLL term determines
the direction of the large moments in the basal plane,

Since the fourth order coupling factor <J||B|!J> has

opposite signs for Dy3+ and Tb3+ we expect, again in
agreement with observation, that the directions of the
moments should be at u50 to each other in these ions. If

the Yuu term acting on the Tm3+

ions in TmVO)_L were very
small the lowest lying states would be the singlets
consisting mainly of |J, = #J>. The Yuu term must therefore
be sufficiently large to raise the energy of these

singlets above that of the E level, which is observed to

be the ground level.
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1.2 Coupling to lattice distortions

The interaction between the lattice distortions
and the electronic states will be considered first for
a single ion, confining our attention to the low lying
states discussed in §1.1. 1If QTa represents a
symmetrical combination of displacements on the ions
surrounding the rare earth ion belonging to the a component
of the representation T of D2d’ then by expanding the
crystal field to first order in the displacements phe
interaction may be written

HS = 14‘2:7: BT QPaLOT,( (1.)_'-)

where OPa is an appropriate operator acting on the
electronic states and Br is a coupling coeffiéient.
Interaction terms quadratic in the lattice displacements
will be discussed briefly in §L.1b,

_ We consider firstly the form of (1.4) for Dyt
The lowest four levels have symmetries E' and =" (figure
2a) and E' X E" = B, + B, + E. Operators inviriant under
time reversal thathave matrix elements within a kKramers
doublet must transform according to a representation
contained in the anti-symmetric product of the representation
~of that doublet [18]. In this case {E' x E'} = {E" x 8"} = Ay

so (1l.4) can be written



I

|E'’ \E'BY |E<" ">
;
~A+ ZA,Q A, -— §B;QB,_+ Lga‘QB. - KE (QE:' ¢ QE’)
— ~-N+ IA‘QA, g £ (QE,‘— C QE ,) KB,.QB;- ¢ KB.Oﬂl (, 5_)
Ka?B: ¢ 359 5 ;E(ere%) A-T Qa, _
_ T Q
400 -10,) TR+ iLA, A58

where A is a static coupling of Al symmetry inserted to

represent the initial crystal field splitting, For all

o, .
Ay

Some idea of the relative sizes of the coupling

our systems we consider only the traceless part of

coefficients can be obtained by assuming that the operators

) are of second rank.

Ca

Oy = T2- $3(3+1) )

O, = To—Tg = TuTy + Tyl

be’_ = iy Tyt = Ty }(1-6)
Of, = Tz + Tz T

IDg; = 393}.*'33 Ty y

Using the states (1.1) and operating with (1.6)
it is found in [10] that coupling to the B2 mode is

strongest. If the soft mode is of this symmetry (corresponding

or A._  lattice modes) the resulting site symmetry

lg 2u
is C,, (figure 2a) in agreement with experiment and the

to B

two doublets both belong to the representation =',

It is convenient to transform (1.5) using approximate
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eigenstates of the distorted phase
A 18 - IED Ey7
0, @y, —~ ~5+3,8, ~i3, Q. §E(QE”+LQE})
~At3Q, +44 9, -IE(QEJCQE’] —l,,,_QB& -
LS;(QEJ ';Qs,) ~B+L,Q, 1,0 - 'IBIQB; ]

where the wavefunctions are

x> =L [lEX" +HERY] = & 137 = F37]

Ip>= L (187 + 1 872] = E [I =7+ %7 ()

%27 =L [[gw>—E %] = & [1T7- =T 7]

1By =L Lew>+es’?] =g 1T 17%7] )
For Tb3+, which is a non Kramers ion, operators having
matrix elements within a level must transform according
to a feprcscntatioﬁ contained within the symmetries product
of the representation of that level [18]. In this case
[Al X Al] = [Bl X Blj = A, and (B x E] = Ay + By + B,

while A. x B B, and A, X E

17717 "1 1
with (1.6) on the states (1.2) it is found that the B,

= Bl X E =&, Operating
coupling coefficient is largest [10] so we expect the

distortion to be of this symmetry, corresponding to B

2g
or Alu lattice modes. Hence below Tp the site symmetry is
D,, in agreement with observation,and the levels belong

2’
to the Ay, B3, B, and A, representations (figure 2b),
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The Hamiltonian may be written in terms of the approximate

eigenstates of the distorted phase as (see [10])

[a1> lEX,> \a > lEy,>
KB;QBa ;EQEx' ~at gAuQA\ - T .
;E Rew! ZB-QB' B se‘a» QBz (’ ?)
}(S = |-a+ IA,QA. — -;B, QB. 35 Qe’_ '
i - IB;QB; 3’E QE }‘ y QB« _J

We have assumed the doublet lies exactly between the two
singlets and denoted by the singlct;singlct energy

separation by 2A., The basis states are:

(a,> = =1L [[A,7 +[B.>] = 'Z[I:r,(? ~+ I—T.xf>] \
‘Ex'7: ""'ﬁTu'7 ""“-Sac'7]

1> = L[|ay-18.7] = & [1%:7 + -3 ]
1Ey>= [[Ty7 -7y % )

3% rn oo @
For Tm”", [E x E] = A; + By + B, and

(1. 10)

—"

\E+> |E™>
e 5@ -l Qg
W = BB R (1.1
5 - SB-GB: e SB;QB * © -

In this system, where the degeneracy is due to symmetry

we have an example of a true Jahn-Teller effect as originally
proposed [19] and an Al distortion cannot split the levels,
For a system mich as DyVOu, on the other hand, with

accidental degeneracy an Al mode, which does not lower the
symmetry, could cause a change in the separation of the E'

and B" levels without admixing them, Although this type
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of interaction does not cause a phase transition it can
produce physically observable effects and is, for example,
fcsponsiblc for the anamalous heat capacity of éerium
ethylsulphate [207].

Applying the operators (1.6) to the states (1.3)
and noting that B and ¥ are small compared with o we find
that the Bl and B2 coupling coefficients are roughly
equal, as pointed out in [11]. For reasons that will be
discussed in §4.2 the distortion below Tp is of By
symmetry so the resulting site symmetry is D2 and the
electronic levels transform like B, and B (figure 2c).

In a representation with the B1 terms along the diagonal

|2,> t 12,
H = IB.QBl ~ e ZB:.QB’-
S LEB.,QB; = $5, Qs (1.22)

where

JE> =L [IE*7+1£77]

lE,7 =i%‘. [_15*7+ lE‘?] (1.13)

It is convenient to write the matrices (1.7) and
(1.9) for Dy3+ and Tb3+ in terms of the following 4 x 4

matrices.

PR - . . =6 .7 -l . . -
. . [ . - A

S N L Sl P
L . ¢ . i -1 ]
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r=| . T Y IS P
|, Lo Y (1.14)

which obey the commutztion relations

CAT=2ig, YaY=22wT, Llg,7]=0

3+

The matrix. (1,7) for Dy~ can be written

HS = (—A T ;AcQA.) O-M T KB;QB&.O}.*. [ZBQBYEL(OE:(’:" QE;Y"/] o.y

(1.15)

while for Tb ' we can write (1.9) as

):(5 = (-A.(. KA‘QA.)'E(HTI)O’:( T gﬁ.QB‘G-z + §B,.QB,‘.!5'(’~’Y‘ o‘x
5 [@n, 41v0) + Q£ (-0 ] T (116}
We write (1.12) for Tm ' as

H, =3,Q0% +3,Q 7 (147)

X VA . : .
where here o7, o¥ and ¢? are the 2 x 2 Pauli spin matrices,

1.3 Coupling to Phonons and Static Strains

In the preceeding section of this chapter we
discussed the interaction between the electronic states
and lattice displacements of a single complex surrounding
a rare earth ion. Since the displacements of neighbouring
complexes are, of course, coupled together it is best to
describe these displacements in terms of normal modes of
the whole system i.,e., phonons, Denoting the branch index

by j and the wavevector by k the displacements of the ions
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in the crystal due to a single phornon may be writt«n ar
_Qj(_l_c_). 1f, for each site p in the 1lth unit cell centr:d
at R(4) we define the electronic operators of different
sympetries o by 0%(p, 4) then the full interaction

damiltonian can be written in the form

Her= S5 R 0(E) (.18)
«p jhn ¢ |

, w, oy —ih.RU
O%(p.k) = N zjo (e.4)e (119)

At X = 0 symmstry reguirsments restrict the form
c
J

ne comp=tible with the site symmetry of the electronic

of the g

L

(pyk) =nd in purticulzr the branch index j uust

. G, ' . :
op=rator O (py,4) as given in table 1.
T0 make a solucilcn: 0of the vrobles 10re troctable we
new apgoreximate (1.18) by neglecting all but the most

imsortant inteructions., 12 chapter 2 we shiiall calculate th-

47}

stutic 10 =rties of our gsystems in 2 moleculor field theory,
in wsich we need only include terms in the Hamiltonian

with non vanlcaing expsctation values, All these systens

az» observed to order in an even kK = O wode, BlCr for
. <&
ayvoq and BZg for TbVOq and TmVOu, consistent with our

cstiaate df the magnitude of tas coupling coefficients
(cee §§ 1.2 and Lo2)., «& thepe.ore approximate our nodel
Haaoiltonian by neglocoing ail cuaplings to clcctrohic
oseraters other than the one vwnhich orders at & = o

zZ . - C
(0 in =1 cases) and wne A,
e

[

ecoupiiisn coefficients for DyVO& and TbVOL\L arsear to npe

L3
<%
1

vperator. rurthernora the



-13-

K%

relatively small (see §1.2 and [10]) so we out c.

In chapter thr=2e we investigate the clencantary
citations for small k values in a simple tneory

‘cguifalcnt'tc moleculqr field theory. Of particular

ntersct are those excitaticns of the Spin‘S§Stem with the

sanes symmetry as the order u-ramster, 1n our taneory Lisy

are nct affected by couplings of diffzr=nt syvuncrries,

vnich we therefore agsin ignore., However a2 umciye sophisticats

thesory woulid show thit these otner coupiings fiset tae

vwidihs of the modes, as discussed qualitvatlveiy in chisnter -,

- Becauvse we are only concerned with the i = 0 ovexn

Q

[24) O
X8

I
~

)

for waich =1l the rare e.rth ions ore eculvalent we can
wOork with a simplified H= mlltozlan vihich gassumes

one site ser unit celiy, Ly dcfining opera.0rs such tnut

Zl(e, o* (0.k) zz( )o%( )

In wka+ follows N refers to the number of rare earth ioms.
with the z2pove approxiaaticons we can write the int eraction

Yogailtonian for all cur systeme in terms of shonon creation
. e + . . ,
~and annihilstion opesru.ors, ia’r) =nd aj(g) respactively, by

z )
W, = _z ¥, (k) o *(R) [ (h) + % (4] (120)
wuaere tis relationship between gj(g).and gj(g} is piven in
As zus/k approaches wavelengths comparable with the

crystal size ths n-lure of the boundarJ conditions becomes

imoortant. 7o aiim;uﬂtqsurface effects wczfollow Kanamori

{21]'and apaly veriovoic woundasy conditions with the »esult
th: t th~rc can we nt K = 0 acoustic mode and r.o ciange in

the crystal dimensions, A static struin is thner-Tore
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added separately in this description and the phonon
frequencies wj(g) and coordinates Qj(g) are those of
a lattice with the observed strain but in the absence
of any Jahn-T.ller coupling. iHowever, since the strain e
which develops below Tp is small [12], [13], we neglect
the result ing change in the phonon energies due to anharmonic
effects.

The interaction of the electronic states with the

static strain may be written as

W, = 72%_,' o=(4) | (1-21)

€ must have the correct symmetry, Blg in DyVObr and B2g in

TbVOu and TmVOu, where (in the notation of appendix A)

¢

eBlg = eXX - eyy and eB2g = exy + eyx = 2 exy‘ If the

crystal has volume V the corresponding elastic energy is
given by

)’(u::

Ve et ' (1.22)

Q

L
2

_ _ (e _
where for DyVO,, ¢, = (¢, ¢,,)/2 and for ToVO, and
TmVOu C, = S (see appendix A). The usual Hamiltonian
for harmonic vibrations can be written in terms of phonon

creation and annihilatioanoperators as
+
Hp = JZK kw,p(’.‘.‘.) [a‘j ('-‘-)aj(&)* "i] (1-2-3)

The last term in our Hamiltonian represents the

crystal field splitting and is

W,=-aF U (1.24)
z
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for DyVOu and 3
| W, = - A? L Lo+r¥)a] () (l.2.5)
for TbVOu. There is no crystal field splitting for TmVOu
but it is of interest to investigate the effect of a
magnetic field h parallel to the z direction which interacts

with the electronic states through a term
W, = - 3{3/»;6"‘(1] (126)

Collecting expressions (1.20) - (1.26) together we
may write the Hamiltonian in a form applicable to all our

systems, as

X=_ hwi(h)[)(a)qi (k) +4] + L Ve, e + 7422 c*lt)
iR
+ JZ’1 5 (1) o *(b)[afw) +ait-0)] + K, (1-27)

1.4 Transformation to new coordinates

Spin-phonon Hamiltonians similar to (1.27) have been
considered by many authors, [22] - [26]. As discussed by
BElliott [27] the coupling term linear in phonon operators
gives rise - to an effective interaction between electronic
states on different sites which causes the cooperstive
transition. Using second order perturbation theory and

taking rmatrix elements between phonon states we find

AES'= 5 { 1nital=1Dt @1 — [ngto ety >I™
i R wj(a) R (4]

ik [RUI-RLY]

ol Y5 2[5 a3{t)o4 L) o

=1 (1-29)
N A KWk
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Defining

. ch.[ar)-R(L)]
TUL) = N2 250 = For f#4'
LEYWATY) (129)

and
T(L,L)

(1.28) becomes
AES= -4 2 (et oxltlo™e) - S 151 Fhu )

L TYA
. (130
we put J(4,4) = O because terms in (1.28) w1th 4 = 4

correspond to the constant Jahn-Teller self energy of a
single complex, and are represented by the last term in
(1.30), but do not contribute to the ordering. The Fourier

transform of J(g,4') is

Where K;(h) = -2_[;7,(h|"/RW(h) (1-32)

the second term in (1.31) arising because J(4,4) = O.
J(k) vanishes foroptic modes with no dispersion and éj(g)
independent of k as it should because this situation
corresponds to isolated complexes, It also vanishes for a
model of the acoustic modes with z Debye frequency spectrum
and g 0-k%. |

This problem bears a certain resemblance to that of
the polaron (28] where a mobile electron interacts with the
lattice through a term linear in the distortion analagous to
KUT‘ It is well known that the distortion modifiies the
dielectric constant, (i.e. changes the interaction between
two electrons a given distance apart) through exchange of
virtual phollons in much the same way as K leads to an

interaction between electronic states on different sites.
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Sears [22], for the magnetic equivalent of this
problem, and Kobayashi [26] for the ferroelectric KDP used
a decoupling scheme which effectively ignores the last term
in (1.3}). By taking the equations of motion to second
order zlliott and Parkinson [23] were able to obtain J(k)
correctly when considering coupling to acoustic modes,
Generalizing their treatment to include optic mode coupling
we find certain inconsistencies. For example when
Ko = O %he phonon frequencies should remain unchanged, as
can read&ly be seen by taking the equations of motion of
the phonon operators, but in their treatmert one obtains
a solution with the optic mode frequencies altered. .

The problem is simplified if we use a transformation
to displaced phonon operators [29]. This eliminates the
term linear in the coupling coefficients and displays
explicitly the interaction between electronic states on
different sites so we need only take the equations of motion
to first order,

Defining _
Yi(k)= a5(0) + % (8) o*(h) (1.33)
k u; (4
then (1.27) becomes

= 5, Kwilh) LY () (] +4] + 4 Veae®- 7e o)
> .

~ 35 T(L,0) ) (L) + H, (1-34)
2L

with J(g,4') given by (1.29).

Since we apply periodic boundary conditions, as
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discussed in §1.3, the k = O acoustic mode does not exist
so we »nut Ka.(o) = 0 in the expression for J(0). Tor small
k, £,(k) is proportional to the strain and varies like
k% (see appendix B) so K,(k) tends to a constant which
depends upon the direction of the wavevector k. Therefore
there is a discontinuity in J(k) at k = O, the magnitude of
which depends upon the direction from which k approaches
Zero,

1f Ko = O the spins and displaced phonons are
decoupled, the phonon freguencies are unchanged as mentioned
earlier and there is an interaction between the electronic
states on different sites due to exchange of virtual phonons,
For i, A 0, there is, in addition, a residual interaction
between the displaced phonons and the spins due to the

non-commutivity of ¥

o With the 75(5) which mixes vibrational

and electronic modes, Ve shall investigate this in detail
in chapter 3 where the frequencies of the elementary
excitations are calculated,

The final result of this chapter is expression (1.34)

for the Hamiltonian with i, given by (1.24), (1.25) or

C
(1.26). In the next two chapters we investigate its static
and dynamic properties, with particular emphasis on the

elastic constants.



CHAPTER 2
STATIC PROPERTIES

In this chapter we investigate the static properties
of Hamiltonian (1.3L) using molecular field theory and in
particular calculate the elastic constants for various

thermodynamic regimes,’

2.1 EByuilibrium conditions

In the moleculor field approximation the Hamiltonian

(1.34) for TbvoLL can be written as

Hop= ~AZ [0l — B3 0xU) + LN 3014

m
+L Ve, e + X nj(k) Kuwj(h) (2.1
pa JK J
where the effective field acting on 0% is
H,= T(0)4a*y +7e (2.2)
and nj(g) is the phonon occupation number given by the

usual Bose-sinstein distribution function

n; (k)= {w[khﬁ(&)/h?‘]~ I}-' (2.3)

The térm in <o2>° in (2.1) represents the moleculor field

self energy of +J(0) <0%>° at each of the N unit cells,
The energy levels of a single 'spin' are tH, and W, where
W= (H + A‘)'IL (2.4)
We calculate the elastic constants from the
expressions for the free energy
F=E-TS (2.5)

where n is the expectation value of the Hamiltonian and S

the entropy. 1t is given in the molecular field approximation
by

= - NsznztenA( ) + Gook( ;'-.g)] + 4 NT(0) ¢o=*

+ évco e + F;: G. 6)
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where

= +KT Z 4n[I- exp (1 W T)]

is the Qhonon contrlbutlon to the free energy.

Because F is written in terms of A

— — w .
4kf*7'—-£7;%§.—— F)é% &bnl»(F;J CL?Q
where Pl’ the population of the singlet levels, is given by
4 | -1
P = Gooh (W5 )/ [60s4 (1) + Gos4(1g) ] (4

and P2 =1 - P1 1s the population of the levels which

comprise the degenerate E doublet above Tpe Since DyVOLL

is effectively a two level system, the éubsequent thermo-

dynamic expressions, waich will be derived for TbVOu,

can apply to DyVOu by putting P2 = 0., In a magnetic field

h the expressions for 'I'rnVOLL are identical to tnose for

DyVOL+ with A replaced by gBh so we shall not discuss this

case explicitly bﬁt only give the expressions for h = 0.
The equilibrium value of <9?> is given by the

condition 3F/3<0?%> = 0, i.e,

<7 = R(Ho/W) Grh(gT) + P, Gamk (He) (2.9)

which is applicable to all our systems, The stress 3

corresponding to the strain € is given by

:f—-:_'__(Ef) = C,& — NyLorr (2.10)
V\ide/y v

and from the condition for mechanical eguilibrium, 4 = 0
we find that the equilibrium value of the strain is
<ey= N 34o% (2.11)
V ¢,
Hence tne interaction of the electronic states with the

strain (1.21) may be written as
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W o= -p <a=7lZcr‘(1) (2.12)

where u = (K/V)(n°/Co), and the moleculor field H_ is given
by J'<g?> with
{
T = T(o)+M - (2.13)

It is shown in appendix B that u is equal to'iiﬂ,xa(g)
where the 1imit is taken in the direction with maximunm
coupling. Remembering that J(0) was defined with Ka(O) =0
(see §1,.3) we see that J' is just the maximum value of

J{g) for small k. The discontinuity ian(g) at k¥ = 0,

due to there being no k = O acoustic mode, is therefore
exactly made up by the strain contribution which acts

only at k = O,

The transition occurs at T = TD when there is

a solution <o?> A0 to (2.9), i.e.

=82 Gmh (&) + BT (2.14a)
A kTo kT,
For DyVOu this simplifies to
- D (2.144)
1= %&”"" (m;)
and for 'l‘mVOLL to
kT, = T’ (2-14<)

2.2 Y‘hermodynamic expressions for the elastic constants

The elastic constant relating the stress <f to the
strain © is defined by
= (o
c?i ( {Lﬁae)r
where Y specifies the thermodynamic conditions under which

the elastic constant is measured. ‘e shall discuss in
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chapter 3 how these conditions are related to the
frequency of measurement. Using (2.10) the elastic constants

can be expressed as

Cy = I= & (>_<_a-:>) ~ (2.15)
E; 7 2€ /Y

Defining s the susceptibility of the spin system with

respect to the effect field He, by the relation
9, = (340—"7
Y dH. Iy

we see that the elastic constants can be expressed as

Cy—= 1 —=7F'3 (2.16)
Co { — ’)'(0)33,

We may write this in two alternative forms
< = |— MG = { (2.17)
2 - J PN
Co "l‘/"ﬁ'y

where é‘; = g,/[1-3(0)g,] is the full susceptibility of
the spin system néglecting the strain coupling . u and
Gy = gY/[l-J'gY] is the susceptibility including all the
spin @nteractions. G, and 6' are respectively the

Y Y

susceptibilities at zero stress and zero strain. Expressions
similar to (2.17) were obtaired by Dvorak [30] for the
ferroelectric KDP, which we discuss in chapter b, It is
most convenient to give thethermodynamic results in teims
of 8y but in chapter 3 we shall discuss the frequency depend-
ence of the elastic counstants in terms of the full spin
susceptibility GY'

The first thermodynamic regime which we:consider,
the 'isothermal' regime Y = T, is defined by kee,ing the

temperature of the crystal constant. The other regimes of

interest are adiabatic, but for a crystal with many
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energy levels there are an infinite number of ways in which
an adiabatic susceptibility can be defined. For our spin-
phonon systems we find it convenient to consider three
cases. At one extreme we can keep the populations of the
levels constant, which is adizabatic the quantum mechanical
sense. This result holds for an 'isolated' system,
Y = I, At the other extreme, which is adiabatic in the
thermodynamic sense and is called 'isentropic', v = §',
thermal equilibrium is maintained while the entropy,
expressed as a function of temperature and the other
thermodynamic variables, remains constant., This distinction
is made, for example, by wilcox [31] and Yolman [32]. For
our systems it is useful to define in addition the
"essentially isolated" regime, ¥ = §, in which the spin
system stays in thermal equilibrium with constant entropy
while being unable to exchange energy with the phonons.

The expressions for the susceptibilities gy are as
follows:

(a) 1n the 'perfectly isolated' regime, Y = I,

bz = W%<°"‘7 (2.18a)
for both Dy and Tb while for Tm
$c=0 (2.18b)

(b) 1In the 'isothermal' regime, ¥ =T
9. =9, +RL-'r [_P,(l— (o - /W) + PL(1—4¢17‘)] (219a)

for Dy and Tb with P2 = O for Dy. For Tm

= | - Lot
9= L (=< 7*) (2.195)
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(¢) Results in the 'essentially isolated' regime,
Y = S,are obtained by neglecting the phonon contribution,
. Fy» to the free energy (2.6). TFor Dy
9= 9_ | (2.204)

and for Tb

g¢ = Ir - LLP, (HzWerlamh [R5 )+ (H-Hgow bnk(r)] z
PW‘ Al - [AWERA(K ) + £ H, Gank (H2) 1°

(2:200)
which is an example of the gencral thcrmodynamic relationship.
K1 HQ He .
where CHc denotes the S§ClelC heat of the spin system at
constant He‘ For Tm, 88 = &np above the transition while
. - C -
for T < TD’ gg = 0 so g = co,

(d) In the 'isentropic' regime, Y = S', the phonon
contribution to the free energy is included. If we assume
that the »dlionons are unaffected by the strain through
anharmonic effects and denote the specific heat of the
lattice by CL’ then gyt is obtained by replacing CHe

in (2.21) by CH‘+ C, giving

I = ['33 CH@ + 2,.C, ]/[-CH¢ + <] (2.22)

This leads to a relation between the susceptibilities

of the form

Gy = A, GTCL]/[ Cq+ C.] (223)

where C; 1is the specific heat of the spin system of

Gy

constant stress. The corresponding expression for Cy is
Co = [eC + thz.]/[ce + CL] (2.24)

where C, is the suvzcific heat at constant strain,
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If we neglect the phonons and confine our attention

for a moment to the spin system the 'isentropic'
susceptibility is 8ge As discussed in [31] 8s = 87 if
the populations of the spin levels, initially forming a
canonical distribution, remain canonical when the stress
is applied. This condition is satisfied, for example,
with a system of equally spaced energy levels if the spectrum
is uniformly expanded or contracted by the stress, For
a non-degenerate two levél system such as DyVOLL this must
always be the case SO 8 = 87 in agreement with our
calculations. In more eomplicated systems, however, such
as Tbvoq, g P’ g1+

Above the transition cS = Cqr = Cqp and at high
temperatures all the elastic constants approach <, whilst
at T = O they are again all equal.

For TmVO

L
Cr = T-To( |- <) (2.25)

S T ()

where kT = J' and kT; = Jg(o) = J' - u. Ty

'clamped' transition temperature, at which the transition

is the

would take place if strain were forbidden (in practice,
however, if the crystal were clamped, domains would form
below TD). Above Tp, ¢g = Ccp and for T < Tp, cg = C
while c¢; = ¢ at all temperatures, (2.25) also holds for
DyVOu if A « kTD. In the same limit the elastic constants

of TbV’O)_‘L above the transition are given by

€z =2T"T , &=¢r=Izh (2.2¢)
Co ]_T-—TI Co Co T _-Ti
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We see that

C
p S Cgr = Cg s Cp s €

for all our systems, consistent with the general results
of [31].

General symmetry arguements show that an elastic
constant should vanish at the transition andindeed we
find from (2.14), (2.16), (2.19) and (2.21) that ¢ and ¢,
fall to zero at TD‘ However in TbVOu and 'I‘mVOLL ’ CI remains
finite and in chapter 35 we shall show that this is related
to a zero frequency sp{g mode of these systems.

Equations (2.16) - (2.24) are the desired expressions
for the elastic constants. We defer until the rext chapter

a discussion of how the different thermodynamic regimes are

related to the time scale of measurement,



CHAPTER 3

DYNAMIC PROPERTIES

In 9'3.1 we calculate the freguencies of the
elementary excitations by decoupling the eguations of motion
in the random phase approximation.A connection is made
between the frequencies of acoustic modes, calculated by
this method, and the thermodynamic elastic constants of
chapter 2. §3.2 discusses the variation in elastic constant
with measuring freoguency.

A\

3.1 Elementary excitations

3.1la DyVO, and TmVO

4 4

For Hamiltonian (1.34) we obtain the following ecuations
of motion for the electronic operators GX, 0¥ and 0% and the

mixed operators yj(g):

Rd ™M) = N2 T(K)Lotme) o h] + ) Re)] 7

+ 21 o ) 2N T S ) )+ Yl o o]
i

Kd oHk)=- N-%'Z 3’(’1’)[0'"(&-»5'}0"{-&') + o (k') o (k-h N+20 (i)

A& b’

— 2070 R) + 2057 B )™k M 1)+ ¥ ik
kY

h O’z(b_)_—:- - 2LA 0‘7(’1)

d
dk ~
A Y (k)= ihuily) - 20% (k) ¥k
oL £ W (k) /
(31)
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These equations are valid for both DyVO4 and
TmV0, with A = O for TmVO, (in zero magnetic field).
We decouple in the random phase approximation by replacing
products of operators AB by <A>B + <B>A - <A><B>, which

can be written as

(A-<AY)(B-¢BY) = © (3.2)

showiqg that correlations between A and B are neglected.

This approximation, which is equivalent to the molecular

field approximation, is suitable for calculating the
dispersion relations of the elementary excitations but it

does not enable one to study their lifetimej,which is predicted
to be infinite. We assume that ordering takes place in

the k = 0 modes so that the only non vanishing averages are

' 1/ 12
LoX(0)7 = N Lo*> Lo = N <Ko
where <o*> and <0?> are given by the molecular field expressions
(2.7) and (2.9). The normal mode freauencies w are therefore

given in this approximation by

(hwlw>— wi(b)] = ake=> w? 3 K;(k) (3.3)
* =)
where
LR ) = [3%27] + DLo =T <] (3.4)

The solution w = O corresponds to oscillations of the spin

parallel to the total molecul%r field W where

Sé{:: 1T'2: 4—13§L | (3!;)
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For TmVO A = 0, the phonons have their unperturbed

4
frequency wj(g) and the electronic excitation has energy
2J'<0?> with no dispersion.

In the rest of this section we consider DyVO4
concentrating on solutions of (3.3) for small k and w.
Since the optic phonon freguencies are much greater
wE(g) or the acoustic phonon freguencies wa(g) we can neglect
the optic mode terms on the right hand side of (3.3).
Assuming further that only one acoustic branch couples
t0 the electronic states (g?ich is true in the symmetry
directions for which the coupling is greatest) (3.3)

-~

becomes

LE [ wr- w2 k)] = ALe>> w? Ha (k) (3-6)
¥ W~ wp (k)

Above TD this agrees with the result of Elliott and

Parkinson [23]. TFor small k (3.6) has the electron like

solution
i.k"wz(g)z [7'407] "+ Al A= {T(0)- K, (0)<>] (.7)
and the phonon like solution '
W) = wilh) wilk) (3.8)
(k)

At large k when w_(k) > wp(k) the coupled mode freguencies
tend to their unperturbed values wp(k) and w_(k). The
coupling is greatest for acoustic modes which have the
polarization gnd wavevector corresponding to the observed
distortion. In DyVO4 these'are modes propa%ating parallel
to the x' and y' axes transversly polarised in the basal

plane, for which Ka(g) = 4 (appendix.B),so that
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Lim wi(k) = [g-l+ala- T'20%>]
k7° Walk)  [3¢e] AL - T1o>]

—

and the elastic constant determining the freguency of
these modes is ¢y = cy given by (2.16) and (2.1Ra). We shall
discuss this point further in §3.1b.

The coupled mode fregpencies for T > Ty are Potted in
figure 3. As T approaches TD from above W decreases
because of the interaction between electronic states on
different sites due to both acoustic and optic phonon
coupling. In the region of the crossover of the dispersion
curves the electronic and acoustic phonon branches repel
s0 a decrease in Wg in turn flattens the acoustic branch.
When T = TD the acoustic phonon curve is horizontal and the

transiti%ﬂ takes place but the k = 0 electronic mode given
oy

_zl}__k"w:(o) = [T%z7]* + A[ - Tlo)co*)]

remains finite. The soft mode is therefore an acoustic
phonon as expected from general arguements discussed in
the introduction . Below TD the distortion stabilises the]

modes, W increases and the gradient of the acoustic phonon

branch becomes finite again.

(3.9)
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3.1b TbVO4

The frequencies of the elementary excitation§ of
TbVO4 are calculated in the same manner as those of DyVO4.
The decoupled equations of motion of the operators (1 T )o

/

are

ﬁ{uwz k) = 23%2[(127*)e* (k) \

Kd [a+r)o?]( .‘z) = =277 [(1+ 7)™ [(#)- 4 T(k) Lo*>0TH)
iy

+1LA[1+7)0 ](h)+4<cr=c72§ AT ALY

d[p-rz)o?](k) = ~2T'¢o2> [(-r=a™[(4)

M[ I (3.1
k é_[(H'YZJa (4] = —28[(+7?)o?] (k)

det

kRd [(-rYe2](k) = O

Lk T

KLY ()= -< Koyl - 250 [0+ 7 (k)

d/é ——

R W (k)

where <o*> and <o%> are given by their molecular field
values (2.7) and (2.9). The operators involving (1-T%)

give the dispersionless solution%

Kw,(k) = £27T'¢e>> (3.1
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which is the same as the moleculor field energy 2He for
the separation of the electronic levels forming the
degenerate E doublet above Tj. There is also a zero
frequency mode for all T due to the motion of (1-T%)c?.

The remaining equations of motion are satisfied when

1Fwlw*~wi(b)] = o<~ W33 H;(k) (3.12)
¥ w* - Wr(k)

where .
LR W) = [T¢e™>] 4 A [A - T(H)<a] (3.13)

As in DyVO4 there is a zero frequency mode corresponding

to oscillations along W, which we ignore for the moment.

Ag%in we neglect the optic mode contribution to the right
hand side of (3.12) and obtain for low w and k, the

solution

LR W)= [T%*]" + LA (T (4]~ K (k) &=)] (3.4
4

which is the electronic mode corresponding to the singletj

singlet excitation 2W in the molecular field theory (2.4)

and the ph%non like solution

wi(h)= walk)Welk) (3.1
Wi (&)

The acoustic modes corresponding to the observed
distortion prOpo§ate parallel to the x and y axes and are

transversly polarized in the basal plane (appendix B). Again
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K (k) = u for these modes so

Lim Wp(h) = [T+ ALD-TYo>] = < (3./6)
"0 Wi [T+ [ -TF0)<ed]  Ce

énd the elastic constant determining their frequency is
cy. For TbVO4 unlike DyVO4 ¢y does not equal Cqg and in
particular does not fall to zero at the transition temperature
so the acoustic phonon branch does not have zero gradient.
We shall see in §3.2 that Fhis important difference between
TbVO4 and DyVO4 is due t6 the zero freguency mode of ToVO,
corresponding to the operator (l—TZ)oZ which has no equivalent
in DyVO4.
We now discuss why the equations of motion techniqgue
give% results %orresponding to the 'isolated' thermodynamic
regime. Because of collision§ the single particle states
have a lifetime ri(g) say, where the suffix i refers to a
particular branch.If a disturpance of freguency w propogates
through the crystgl, local thefmal equiliprium is maintaingd

if even the longest lived states have amplg time to decay

during one cycle of the disturbgnce

i.e. if w < I‘i(_k_) - (3°‘7)
for all i and k. A mode of‘freguency w which satisfies this
condition is said to be a 'thermodynamic' or 'collision
dominated' mode. At the'opposife extreme

o> T () | (3.18)
for all i and k the frequency i? too high f%r collisiqns
to have an effect and the populations of the state§ remain
constant. If the frequency of a mode ﬁatiﬁfigs (3.12)
it is said to be a 'collisien free' mode.

For acoustic phonons the 'thermodynamic' regime

Corresponds to ordinary sound, sometimes called first sound,
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zero sound. This distinction is made, for example by
Kadanoff and Baym [33] for a wegkly interacting fermi system
and by Cowley [34] for an anharmonic crystal.

In our calculgtiqn of the elementary excitations we
use a simple decouplipg scheme which gives zero width to
the single particle states. Hence we have effectively

ignored cgl%isionﬁ and the r?sults will only be valid for

mode§ in the zero sound region where the populations of the
levels remain constant. The equatiqn of motiqn method,
thgrefore, giveﬁjresults which correspond tg the 'isolated'
theqquynamic regime.

For TbVO0, (3.15) does not prediﬁt the expected soft
acoustic phonqn br%Pch. Inste?d the theorxvindicates
that it is fluctuations in the zero frequency mode (1-72)0”
which diverge at TD and cause the transition by splitting
the degenerate E douplet. Welnowﬂ however, that these results
are only‘valid at frequencies large compared with the wi@th
of the ﬁodes. In the next section we shall show that for
frequencies small compared with the width of (1-7%)0? the
acoustic phonon branch does indeed flatten at TD and become
the soft mode.

The same considerati9n§ apply tg TmVO4 except
that it is fluctuations in the zero frequency mode corresponding

to 0% which apparently cause the transition in our

decoupling scheme.
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3.2 Variation of the elastic constant with freguency

We can cast the expr%ssions fqr the coupled mode
frequeqcieg for DyVO, and TbVO,, (3.6) and (3.12) into a
‘. . \ i ! '

forﬁ similar to (2.17) by rearranging them as

W = = <(bw) (3.19)
wil) 1+ AMe(w) Co

where

- Glw)= _gace> o (3-20)
Wi(h) - W

It is easy to show, using a Green function technique,
that G(k,w) is just the spin susceptibility for Hamiltonian
(1.34) neglqcti%g the term involving diﬁplaced phonon
coordinates yj(g)(see(7Je)L

The contributipn to the e}astic anamely from tbe
cqypling of the spin wave at wp(k) is seen to depend upon
the frequency of measurement w. If w > wE(g) one measures

Cy an? if q < wE(g) a measurement determines C - However

at low w thgre are furthe% contributions to G(k,w) because
! , ! i

th% equations of motiqn of the spin operators in the
decoupling scheme of §3.1 %ive extra solutions at w = O which
we now conside?.

In general we expect sorie of the%e modes to corqupond
o ! /o ‘

to energy fluctuations in the spip sy§tem. They will have

a width determined by the rate at which such energy i§

dissipated ipto the lattice, i.e. by the §pin—1§ttipe relaxation
. ( ' ! t

time T For example, in the analagous case of paramagnetic

|SL-
resonance such a mode arises from oscillations of the spin along
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the field direction and has width Tgr,* The resonant mode in this
case corresponds to oscillations of the spin component perpendiculaz
to the field. This has a width determined by the spin-spin
relaxation time Tsg In general for a 'spin'-phonon system
there can be several modes. The energy oscillation mode must
have the same symmetry as ?he hamiltonian, i.e. Alg’ but not
all modes of this type will have width TSL—l’ since 1t may be
possible to construct from operators of Alg symmetry a zero
frequency mode which does not cause fluctuations in the energy
of the spin system. These, and modes of other symmetries,
will have widths related to the time for the spins to come to
local thermal equilibrium Tgge

If w > 155 the populations of the spin levels must
remain constant so GI will be determined under these circumstances
provided the measuring frequency 1is much less than that of the
finite frequency modes.

If w > Té% there is no energy transfer between the
spins and the thermal phonons. Provided there is full response
from all the other modes, a measurement of the susceptibility
will be under conditions in which the entropy of the spin
system remains constant so Gg is determined. If w < TSL-l the
spin system and the phonons have the same local temperature,
the entropy of the total spin~phonon system remains constant
and a different adiabatic susceptibility GS’ will be measured.

It is straightforward to show from thermodynamics that

TN VA W TS 3,2
G - &= 335_)<ss> (3.21)
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where <6S2> is the thermal average of the entropy
fluctuations. Thus the difference between GT and Gg, 1s
due to fluctuations in 0% caused by fluctuations in
the entropy S, which is just a manifestation of the
fluctuation dissipation theorem. The width of the mode
involving these entropy fluctuations is determined from
the heat diffusion equation to be Akz/p03 where /A is the
thermal conductivity of the crystal and p is its density.
If the measuring frequency is much less than this width
a constant temperature is maintained over the whole crystal
and GT will be measured. Because of its k2 dependence, the
width for small k is always less than the measuring frequency
which 1s linear in k so Gp can only be measured in a static
compressibility experiment with the sample in thermal contact
with a heat bath.

The conclusions reached above are consistent with those
of Kwok & Schultz [35] who showed quite generally that the
difference between the 'isothermal' and 'isolated' susceptibilitie

is due to zero frequency modes. We now apply these general

i e -
onsiderations to DyVO,, TbVO4 and TmVO4.
Pyt Liee] Ao atre el UL Ghat Pl edaadliy | comatont) ars /@“”“7

okt TN 61/‘-/(' /V»‘) ‘M(’W ~3 M/A/QM L(’-.«'\,,;/&/@ %/M (2% % A/
(i) For T > Ty

The phonon branch under consideration (of Blg symmetry far L

and B2.g symmetry for Tb and Tm) does not couple to the A1g

zero frequency modes SO GT = GS' = GS and hence Cp = Cgi1 = Cg-

In Dy there is only one zero frequency spin mode, which

corresponds to the oscillations of the moment along the direction



~38-

of the total molecular field, and it is of Alg symmetry

so all the elastic constants for w < wp are equal. However
for Tb and Tm there is a B2g zero frequency spin mode
(corresponding to the motion of the operator (1-71%)c? for

Tb and o? for Tm), which gives a difference between Cr and
Cq-

(ii) For T < Tq

The phonon branches of interest become A in the

lg
reduced symmetry so there can be coupling to the spin-lattice
zero frequency modes. For Dy and Tm there is just one Alg
mode whose width correspond to a spin lattice relaxation time
50 ¢y = Cg #£ cgy+ The characterization of the various Alg
modes 1s not well defined below TD for Tb, but we suppose
it is still possible to define distinct spin-lattice and
spin-spin relaxation times. i.e. cy # cq # cgy. In all cases
there can be coupling to the heat diffusion mode so Crp has
a separate value.

The results for the Cy given in chapter 2 are consistent
with the above conclusions as of course they must be.

Assuming a Lorentzian form for the response of the

zero frequency modes we expect that,for small k,G(k,w) is

given by

Glh,w)= G, (k) ¢ GG +le-6)Fw) (323
Wz (h)— W* I~ LWy,

where

F(w)-_:(c,_ ).-—-' +_Cs s(w) (3.24,

Ce+Co W Cs+C
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The last term in (3.23) vanishes for T > Ty where
Gg = Gp. Below T, the first term in F(w) distinguishes
between GS and GS' and ¥he second term permits a measurement
of GT at w = 0. We speculate that the frequency dependence
of ¢(k,w) can be satisfactorily described by (3.19) with
G(k,w) given by (3.23).

For T > TD’ the expressiog)for the elastic constant
becomes

clhw)= ¢+ ¢-cx (325)
Sl A (2

Hence for sufficiently low frequencies the gradient of the
acoustic phonon branch becomes Zero at Ty and the soft mode
is a long wavelength acoustic phonon as expected. For Dy,
Ct = Cg SO we do not expect measurements above the transition
to be frequency dependent. Since Cqg tends to zero as T - Ty
it is clear that we must investigate the behaviour of Tgg in
the region just above Ty for TbVO4 and TmVO4.

The difference GS - GI and hence Cq = Cp arises from
fluctuations in an operator (1-T2)c? for Tb and o for Tm)
which is related to the order parameter. The lifetime of
these fluctuations is expected to show critical showing

down as T - TD. According to the theory of irreversible

thermodynamics [367, [1]

/T;'S Y (3 (3-2.6)

where ¢ is a kinetic coefficient and B is the second

derivative of the entropy with respect to (1-7%)c? for Tb
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or 02 for Tm. This is related to the mean square

fluctuations in this variable by

< [(l_,.rr.)a_z.]1> = k/P (3.2.7)

for Tb with a similar expression for Tm. In the classical
region where kT > #w, where Q gives a typical freguency
of the fluctuations (3.27) is e%pal to kTG where G is the
appropriate susceptibility. In this case it is (Gg _ GI)
which gives the strength of this mode's contribution to the
general susceptibility (3.23). ]

Accordingly we expect that Tqq has a behaviour which
may be described above TD by the expression

Tos = 20T (G - &)/ (3.28)
where a has the dimensions sec_l and should be independent
of T, so that Tgs approaches the constant value a—l at
high T. For the ferroelectric KDP Garland and Novotny
[37] and Litov and Garland [38] have measured the relaxation
time of the polarization fluctuations (which correspond to
Tgg in the spin model) and find that it varies like (T—TD)-l
near Ty, consistent with (3.28).

The main result of this chapter is expression (3.19) for

c(k,w) with G(k,w) given by (3.23). For T > Ty we can

simplify these equations to (3.25) and use (3.28 ) for Tgg-
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COMPARISON OF THEORY WITH EXPERIMENT

'Up to the time of writing there have been no measurements
on the elastic anomaly of{TmVO4*although such measurements
would undoubtedly be interesting, especially to envestigate
the effect of a magnetic field parallel to the z axis. We
expect. that in zero field‘there should be a strong frequency
dependence in the measurements but for a large field fhe
results_above TD_should be independent of frequency.
Jltrasonic and Brillouin data have been obtained for
DyVO4 and TbVO4 [3] Which we compare With the theory in_
§%.la and 4.2. In 4.1b we give a brief discussion of the

behaviour of elastic constants Cha and Coo for DyVO4, which

have also been measured [15].

4.1 DyvoO,

4.1la The anomaly in (cyq-cy,)/2. [3]

The Brillouin scatterihg results of J. R. Sanderceck
ere shown in figure 4. They have the same qﬁalitative
feafu?es as the ﬁitrasonic data of Melcher ahd Scott [39]
end ir. both cases the elastic constant (cll—clg)/é falls
to zero et the transition. This is expected from the
diseussion of §5.2 because’thevmeasuring frequencies for
the ultrasonic data (~10MHz) and for the Brillouin data

(~4OGHz) are both much less than that of the finite

frequency electronic mode Wpe There i1s some disagreement

*
But see additional note on page 50.
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in the measured values of the transition temperature;
Sandercock finds TD = 13°K while Melcher and Scott give
14.8°K and Cooke et al [5] give 14°K. These discrepancies
appear to be outside the experimental error and are
perhaps due to imperfections in the crystals which vary
from sample to sample.

Using the values J' = 13.Z? em™T obtained from Raman
scattering [10] and A = 4.5 em™ 1 from optical absorption
[14] the molecular field expression (2.14b) predicts a
transition temperature of 20°K SO evidently short range
correlations,which cause deviations from molecular field
theory, are important in DyVO4. Indeed Melcher and Scott
find it is not possible to fit their ultrasonic data with
molecular field theory over the whole temperature range
T > Tp. Gehring et al. [14] also found that their stress
measurements showed large deviations from molecular field
theory and estimated that only a small number of nearest
neighbours, z ~ 4, contributed to J'.

The interaction between electronic states on different
sites is made up of contributions from the optic modes
JO(L,L') and acoustic modes Ja(z,z'). One expects Jo(z,z')
to be of short range because J_(k), the Fourier transform
of Jo(z,z') varies smoothly over the whole Brillouin zone.
There is, however, an infinite range interaction arising
from the discontinuous behaviour of {1(5) at k = O,discussed in

§1.4. The strain contribution acting at k = 0 is v so the

size of this discontinuity is

M — Lureee Ko.(ll) (4--/)

h~»0
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which is zero for k in the direction of maximum coupling
(see appendix B). The infinite range coupling parameter
J_ is equal to the average of (4.1) over all directions

of k, i.e. J, =1 = Vv where

=]

= Liren h (4.2
Molecular field theory breaks qun when short range

interactions are important, which is presumably the case

for DyVO4.
To take account of short range interactions in DyVO4
a cluster theory has been aeveloped which extends the
constant coupling approximation of Kasteleip and Van
Kranendonk [40] the interaction being split into short and
long range components. The short range part is assumed
to be an interaction o2 4)c®(4') between a Dy ion. and
its four nearest neighbours while fhe long range part,
which is treated as a molecular field, is taken to be the

infinite range interaction J_ =® - v (4.2). We require

Tl= 4j+ M- (4.3)

so 4 and vV can be regarded as parameters to be varied to

get the best agreement with the data. Details of the

calculation are given in appendix C. Using J' = 13.75 em™t

and A = 4.50m"1 the solid curve in figure 4 is obtained

1 1

with o = 9.7em —, vV = 3.95cm — and Cy = 10.78 x 10" dyn cm_2

and agrees satisfactorily with the experimental data above

T.. Tt follows from (4.3) that 4j = ldem™* showing that

D
the interaction is dominated by the short range coupling

and the term in v roughly cancels the strain coupling 4.
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Small charges in the measured value of TD cause large
variations in the value taken for v but do not greatly
change the shape of the curve.

Gehring et al [14] obtain u ~ 10em™ ! from stress
measurements on the optical spectrum of DyVO4 which agrees
with our result within to the experimental errors. In
the temperature range 60 < T </}500K, where there is no
" significant difference between the molecular field theory
and the cluster theory, Melcher and Scott obtain
Moo= 12.97cm_:L (and J' = 12.850m-1) from molecular field
theory. However it is apparent from figure 1 of Melcher
and Scott's paper that Cq decreases with increasing temperature
due to lattice anharmonicity. It is better, therefore,
to estimate y from the data near TD using a cluster theory,
as is done here, because Cg changes much more rapidly in
this region than Coe

Below Ty the cluster theory is unsatisfactory (see
appendix C). However at T = O the deviations from the
fully ordered state should be small (appendix C) so the
simple molecular field result (2.16), (2.20) should be a

good approximation; it gives ¢ = 9.95 x 10" dyncm'_2 which

’

-—

is substantially less than the measured value of 11.4 x 10"dyn.cm
Melcher and Scott noted a similar discrepancy in their

ultrasonic data. Presumably there is an additional mechanism
which causes o to vary with temperature at low temperatures

but without a model of this effect we have not attempted

to fit the data below TD.
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4.1b Changes in other elastic constants

.

We do not expect the other elastic constants to vary
strongly with temperature because the coupling coefficients
to modes of other symmetries are considerably less (see
§1.2). However Goredetsky et al [15] have investigated,
by ultrasonic techniques, the frequencies of acoustic
modes propogating parallel to the z axis. Above TD they
find that the frequencies of vibrations polarized parallel
to the x axis and to the y axis are equal but that this
degeneracy is removed below the transition. The corresponding
elastic constants are a4 and o respectively so these
results are consistent with the general symmetry requirements
(A.12) and (A.13).

To explain this data it is necessary to go beyond
coupling terms linear in the strains (1.21). Among the
many possible quadratic terms it can be shown that symmetry
requirements allow

pa(¥)e (e ) Z o

where € is a dimensionless coupling coefficient. 1In

molecular field theory this leads to expressions for c

44
and 055 of the form
Chye = | + €407, Css=1— ELO D
Co Co
(]

where c_ is the value of Chy (= 055) above the transition.
Experimentally Cag ~ c55 varies like <o”> as expected but
the increase in elastic constant for one mode does not

equal the decrease for the other. This is interpreted in
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[15] as an effect of domain formation. Equating 44 = 55
to 2€ <0®> we find that € = 0.85.

An alternative explanation for this splitting lies
in the point mentioned in §1.3 that the phonon frequencies
wj(g) (and the unperturbed elastic constants c_ ) refer
to the distorted lattice and vary with the strain through
anharmonic phonon effects. Th%ﬁ mechanism would also
cause c,, - Cg5 tO Vary like <0c?>, D'Ambrogio et al.
[41] have proposed that the splitting of the optic E modes
below TD’ which they observe by Raman scattering, 1is

caused by this effect.

4.2 Tbvo4 [3]

The ultrasonic results of S. B. Palmer and the
Brillouin scattering data of J. R. Sandercock are plotted
in figure 5. As with DyVO4 there 1s disagreement over the
value of the transition temperature; the measurements are
34.7 £ 0.5°K (ultrasonics) and 33°K (Brillouin) compared
with previous values of 34°K (Raman scattering [10]) and
35°K (optical absorption [71).

Since TD is much closer to its molecular field value
in TbVO4 than in DyVO4 it does not seem necessary to
apply the cluster theory to the four level Tb3+ system.
However since the results are taken up to room temperature
we have modified the molecular field theory of chapter 2
to allow for population of the higher energy levels of
Al In -[10] a doublet was reported at 90cm—l and the
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presence of this level has been allowed for crudely by

multiplying the susceptibilities g1s 8g and & by a factor

2[2+ me(-ll?f/'f)]d'

The ultrasonic measurements, which were made at a
frequency of 14MHz, fall to zero at T = T So cg (=cT)
is presumably being measured above the transition temperature.
The solid curves of figure 5 show the values of C1s Cg and

obtained from (2.16), (2.18a), (2.19a) and (2.20b) using
1

Crp

J' = 25.0cm , 4 = 35.7cm_1, A = 9cm"l [>] and

c, = 1.49 x 10" dyn.cm_z. The agreement between cg and
the ultrasonic data 1s excellent between TD and room
temperature. M is seen to be large (of the same order of
magnitude as TD) so using (3.25) and (3.28) we find it
possible to distinguish three frequency regimes in our
measurements of the elastic anomaly of TbVO4 for T 2 TD:
(1) w > a, éI is measured at all temperatures.
(ii) w ~ a, The measured elastic constant is
intermediate between Cq and Cq and close
to Ty the imaginary part becomes comparable
with the real part.
(iii) w <€ a, cqg is measured until the temperature is
very close to TD where the damping
becomes large.
a is related to the spin-spin relaxation time by (3.28).
The measuring frequency in the Brillouln scattering

experiments is shown on the right hand side of figure 5.

We see that the data lies between c; and cq in the high
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temperature phase and does not fall to zero at TD. This
together with the observation that the linewidth increases
near Ty [3], suggests that the phonon frequencies are
comparable with a (i.e. regime (ii) ) so the elastic
constant is expected to be frequency dependent as described
by (3.25). The real part of c(k,w) is plotted as the
dashed curve in figure 5 using the value a/21 = 27.5 GHz

in (3.28) and shows satisfactory agreement with the
experimental data. The following expression for the
frequency dependence of Co6 at T = TD is obtained from

(2.17), (3.25) and (3.28):

R-”- C'(.le) = Cz = Cx ' (4-4)
|+ (Cz M/ kT w)™ | + (&-38/v)*

where v is the frequency in GHz. This gives a rough fit
to the experimental results as shown in figure 6.

Below TD there is little difference between Co and Cq
and, allowing for the discrepancies in the transition
temperature, the Brillouin data lies reasonably close to
these curves. As with DyVO4 the measurements at very low
temperatures are higher than the theory predicts but the
effect is smaller here. Because of the large damping
it was not possible to obtain ultrasonic measurements
betWeen 18°K énd TD but the values in the range from
10%K to 18°K lie between ¢y and cp indicating that cg, is
being measured (see (2.24) ). The electronic specific
heats are likely to be comparable in this temperature

range and the spin lattice relaxation rate Té% is probably

greater than the measuring frequency of 14MHz.
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Molecular field theory works well for TbVO4 (except
at very low temperatures) but it was found necessary to
use a cluster theory to explain satisfactorily the
measurements on DyVO4 so we wish to comment further on
the differences between these systems.

At least part of the difference stems from the very
large anisotropy in the elastic constants. For DyVO4,

c, = (eqq - 012)/2 = 10.78 x I&J'dyn cm™? whereas for

o

TbVO, ¢ = Coe= 1.49 x laj‘dyn cm—z. Hence we expect from

4 ~o
(2.12) that v should be larger for TbVO, than for DyVO

(assuming that the coupling coefficients are roughly egual)
in agreement wifh observation. Furthermore, in the region
of small k, Ka(g) is much more strongly peaked about the
direction of maximum coupling for TbVO4 than for DyVO4.
This is possibly the explanation of why, for DyVO4, the
term in v almost cancels the strain coupling u in
expression (4.2) for the infinite range coupling parameter
Jp,50 the system is dominated by the relatively strong
short range interaction. For TbVO4, on the other hand,

u is much bigger than v and J_ = (4 - v) is substantially
larger than the short range coupling. In particular if

the short range contribution is zero then n = 35.7 em™t

and v = u - J' = 10.7 cm T.

As pointed out in [11] the large aniskropy in the
elastic constants for rare earth vanadates with the
tetrogonal zircon structure is responsible for TmVO4

ordering 1in a B2g rather than a Blg mode even though the

coupling coefficients appear to be roughly equal (see $1.2).
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From the specific heat dafa»of [6]vit is evident that

the interaction is of long range so presumably acoustic
pﬁondn'coupling is dominant. TmVO4 will therefore distort
in the mode with smaller restoring forces, i.e. the B2g

g0 on fhe other hand, orders in a'Blg mode
because the anisotfopy in the elastic constants is more

mode. DyVO

than outweighed by the large Blg coupling coefficient (81.2).

Additional Note:

Melcher, Pytte and Scott [95] have recentlyfmeasured
the elastic constents of TmVO,. They find that c66vvanishes
at the transition as expected but there is, in addition, an
appreciable softening of %(011-012) showing thét coupling
of.B1g symmetry, while smaller than B2g coupling, is not.v
completely negligable. This fits in with the above discussion
where it was pointed out that Tm.VO4 orders in the Bég rather
thén the B1g mode because the restoring forces are lower,
the coupling coefficients being roughly equal.

As a further point Pytte and Feder [96] have recently

proved that the eguation

Sy = 1
25 I+ /Gy

(see (2.17)), shown in Chapter 2 to be valid in molecular

field theory, is in fact exact for TmVO, where A=0.



CHAPTER 5
' THE ELASTIC PROPERTIES OF DySb. [46]

5.1 Introduction.

Thefe has recently been a good deazl of interest in
the properties of DySb, [42], [43] and [44], which under-
coes a single first order phase change at 9.5OK where the
crystal symmetry is lowered from cubic to tetragonal and the
moments of the Dy3+ ions order antiferromagneticaliy; Bucher
et al. [42] have estimated the crystal field splittings of
the electronic levels of the Dy ions and find that the ground
level is an E'(P6) doublet with a U(F8) quadruplet only 14.5°K
above 1t, the remaihing levels being at a much higher energy.
This near degeneracy between the 1oweét levels suggésts that
the transition might be driven by Jahn-Teller coupling as in
DyVO4q(see Chapter 1).

The Shear elastic constant'%(ci1—c12) has been measured
by ultrasonics, [43] and B.Lithi (private communication).
It is found to soften considerably below 100°K and, at the
transition tempersture TD,has reduced to sbout 0.42 of its
high temperaturé'value. Despite fhe.transition being of
first order there is no marked discontinuity in %(011-012)
at TD and, 1n the orderéd phase, the elastic.coﬁstant is
slmost independent of temperature.‘ This'behaviour is in
contrast to that in Jahn-Teller driven transitions in the
rafe earth vanadates where thé.crystalsAharden considerably
bélow the transition (see Chapter 4).

Levy and coworkers, [43] and [44], have developed a
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theory which‘prOVides a good description of the ulirasonic
measurements above Ty. However their model is very com-
plicated, since_i% includes all 16 electronic levels of the
Dy ions in the lowest (J=15/2) multiplet, and has not been
extended to the low temperature phase. They conjecture that
the almost temperature independent behaviour of %(011~012)
below Ty is an effect of domain formation.

:v ghe theory for the rare earth vanadates discussed in
chapters 1-4 of this thesis is relatively simple because we
consider only the lowest electronic_energy levels, which are
well separated from the states of next highest4energy.

Since Bucher et al. [427] predict tﬁat i DySb there are
similarly a small number of low 1§ing states well apart from
the rest of the levels it seemed interesting to apply the

seme methods here and in particular’to calculate the elastic
constants below the transition. The theory which 1s developed
in this chapter yields a simple analytic expression for the
elestic constants above TD,which, like Levy's more complicated
model,'agrees satisfactorily with the experimental results.
However the calculations in the 1ow temperature phase 4o not
give a good description of the data even by teking a domain
average ef the results. We conclude that there must be an
additional mechanism, not considered in our treatment or that
of [43] and [447,which affects the elastic constants below

the,transition}

5.2 The model Hamiltonian.

,FeilOWing the approach of Chapter ° we use the known
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properties of the low lying states of the Dy-" ©

5/
multiplet to estimate the relative sizes of the coupling
between these states and lattice distortions of different
Symmetries. DySb crystallizes in the rocksalt structure

[tsdetheuDy jons lie aipoints with O% symmetry. The fourth

and sixth rank terms of the corresponding crystal field
Hemiltonian have been estimated in [42] by interpolation
between the spectroscopically measured values in PrSb and
TmSb. They find AO4(r4)=86i6OK and Ao6<&6)=4.2i1.20K for
‘which the ground state is an E{(F6)'doublet with a U(P8)
quadruplet at 14.5°K, the next highest level being an E"(F7)
doublet at 80°K. We shall consider onl& the E' and U 1evels
in artredmet of fe transition a 9.5°%K. The crystal field corresponds
closely to the Vélge x= —1, where x is defined by Lea Leask
and Wolf [45],-who have tabulated explicitly the states in
~this limit. From their data we estimate'that 99% of
IJZ= +J) and by symmetry equal amcunt of IJX=-}J> and

lJy= +J) are contzined in the E' and U levels. Hence it
seems fhat IJZ= 7Y, lJyzviJ>‘and lez +J) (which we shall
abbreviate 1o liJZ>, ]in) and IiJX) respectively) form a
good set of basis states, and this conjecture is strengthened
by the measurements of [42] who find that the Dy ions order
wifh.almost the maximum moment. |

By comnsidering the operations of the double group oft
we can show that in’the undistorted phase these sixestates
do belong to the representations E' and U as required and

written explicitly are
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[Erat) = '—[151 N7+ %71 &7“17,%,,! Ty 7]

E'g) =

-Zﬂ

[7_11 | Ty + 157 +H + 1747+ =T, 7]

Jurey = .ima-fl—m =147 1-347]

]U'?\) = _‘;E[&\"Tz.7""3;7—r‘l ) -¢ 1T 7-1-0/" }7]
lury) = _JJZ' [R]7%) - l‘fx7~{—3‘,7- 11,7"—— 7,7]
gy = =~ L LTy =Ty = Ty 7+ e -7y 7]

(5.1)

These states are'orthogonal but not quite normalised because

the basis states are not orthogonal. ‘ _ 7
KT |E£Ty>] = K2 T 2T =4t T2 T =2

' The interaction between the lattice distortions around
a single ion and the’eiectronic levels (5.1) can be written
in a form indentical to (1.4) i.e.
s = % br QT’*OT"‘ | (5.2)
where the symbols are defined in §1,2
’~'By replacing the OT by second fank tensors Elliott
et al. [3] were able to ghow for DyVO that coupling'to Bm

moces was dominant. This 1s ess entlally because J is large

so matrix elements of the forn1<JJ¢Or lJ Y, where i,] = X,
a

vy, Oor z, can only be large if i=] and Or'~Ji2. For example
G .
(JXEOP lJy) will be small for any OT which is a second rank

a o}
tansor because no second rank tensor will turn Jy into J*

for J= 15/2. However {J*|J 2IJX) (=J2) is large.
| Applying these results to DyS b it follows that the

largest coupling will be to operatofs which have only diagonal -
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matrix’elements'in the representation‘liJX>, |iJZ>, |iJZ).

Even if we represent the Op by fourth or sixth rank

tensors it still seems.prob

a

able that this result will holad

because of the large value of J. 1In addition operators

which cbuple‘to lattibe displacements must be even under

time reversal so it follows that there are only two independent

traceless operators with the desired properties, namely

O. =

El
and

k8
!
P é.?(ﬂ )

2
o, = (7= -7y
(5.3)
ance ve expect coupling to lattice distortions of E symmetry
- to be strongest, in agreement with the obsefvation that the
low temperature phase.is'tefragonal. From now on we put

equal to zero the coupling coefficients for all operators

except‘(5.3);

Acting on states (5.1) with operators (5.3), X, becomes

( [E=> 1EB7 (u'ky  juWAy WA w'vy_
~2A o o ﬁEEQe, o) 2%, Q&
W= © -26  -23Q  © "535 %, ©
o -% O, “5e @, +A O 5O, ©
R%0 o O 3 @ + O & -3 QE:.
O -JESEQ¥1‘-}EG%1 C> SEG%F?A <?
030 O o -3¢ G>f:“,_ O - }EOE."e (5.4)

S
where §p= %J(J—%)BE and a term of A, symmetry has been

added to represent the initial crystal field 5plitting 3A.
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Since the antiferromagnetic order occurs at the same
temperature as the structural phase transition we must take

3+

account of magnetic interactions between the Dy ions and
we assume that it is a simple Heisenberg exchange. A
crystalline diétortion will modify the value of the exchange
interaction and we believe that this type of coupling is
responsible for the distortion along a [111)] axis observed
by neutron diffraction in addition to the tetragonal strain.
r421.  The magnetic structure is such that all the moments
in a pléne pervendicular to this [111] axis are parallel to
each other but antiparallel to those on neighbouring planes.
Since'this distortion‘is small (0.1%) compared with the
tetragonal distortion (0.7%) we neglect the effects of the
modulation of the exchange interaction by lattice strains
in this treatment.

It is useful to define the féllowing operators acting
on the Dy3"” ion at the gth site:

m)= /s

7/,(1):-0,_: )/[(Hls)(‘f-';.)]= 307, - 476+ 127(7-1)]

95.(4)= OE,zJ/chv/a)cr—-i)] =3[ -75]/las-4)]

(5.5)
where Gz is equal to +1 or -1 depending upon which sublattice
the Dy ion on the gth site lies. These operators are
normalised so that

e miyL) and -1 LLHUIT L
An_electronic level scheme consisting of a doublet and

a quadruplet can be represented by two pseudospins 2Z=1 and
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s=%. If the separation between the levels is 3A then the

crystal field Hamiltonian ¥, can be written

= Az LW o
L | (5.6)

where 0=2s.

The new basis states Izzsz)-can be written in terms
of (5.1) as |
Ly =1Wh>= 5[ 1%y +1=T=7- 1747 -1-37]
l1-L7 = - lE< +J§ JWAY = ~L [1T )= 1" T+ e Ty 7 -2 =Ty V]
105> = Biewy +2 WAy = [=327
lo-LY = J-% |E’ﬁ'7 +J§'3— ](A'/(>= -1
HLy = B ey -5 Iwhy =415 1= 57 +13, 7+ 1-7, ]

-y =-lWyy = L0y - FRy-a15y) +¢ -7y 7] (5.7)

and the operators (5.5) become

g = -(12) [ L5~ §L(t+1)]

g

% = ~(43/2-)[.',C;—'417,J

arnd m, = ('C:c—[)a:( |
wharg & = X, 4 ot Z. ~ (5.8)

Since the lattice displacements around different ions
are of course coupled it isvuseful to relate the displace-
ments around a single site to the normal modes of the crystal
i.e. phonons. ‘Following the discussion in Chapter 1 we Caﬁ
write'%he electron_lattice_coupling as

AL AR R AT ICACRETLIR
TN 4 | o (5.9)

R.RIL)

(c.f. (1.20)) where a+j(5) and aj(g) are creation and
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ennihilation operators for a phonon of wavevector k and
branch index j, and 53(1)(5) and €j(2)(5) are coupling
coefficients. InCluding the usual phonadHamiltonian, the
elastic energy and coﬁpling to static strains (c.f. (1.23),
(1.22) and (1.21) respectively) we can write our model

Hamiltonian for DySb as
| | +
= 1V, (e 4 e2) + 5 huylk) [af 4)25(8)+4]
JR ,

-7 5 g+ e n00) -5 (3] 9]+ 579, (k)][al k) g (1)

J

2 L L) m(2). (L) ¥,
s |

—

(5.10)
where KC represents the crystal field splitting, n 1is the
ctoutic strain coupling parameter, V ic the volume of the
crystal and I(4,4') represents the magnetic interaction

between Dy ions on sites £ and £2'. Also

e = —{'-3(127_1 - Lo — 4.?7))

<, = ‘exx—“ﬁyy

1y}
1y

a C’o = ')i(cu - C‘L]

see Appendix A).

TN

As discussed in Chapter 1 it is useful to transform to
displaced phonon operators yj+(§). The transformation

appropriate to this problem 1is

yf(g) = (k)+ NOPAC IS S APA(Y
R W, (k) kW (k)

(5.11)
‘Since a4 and a5 commute the y's obey correct phonon commuta-
tion relations. Levy (%4] uses the same transformation but
has a very general Hamiltonian involving non-commuting

electronic operators. As he points out, this is unsatisfactory



unless only the coupling to a set of commuting operators is
large. By using the known properties of the low lying states
of the dysprosium ions we have been able to show that this

is indeed the case for DySb. In the treatment of [43] and

[44] the elastlc constants are calculated using molecular

)

ield theory and we believe that within thls approximation

-t

ne criticism made above does not affect the final results.

In terms of the new operators (5.11) our model Hamil—

tonian can be written

W= Ve (et ef) + 2 RAAATIIRTYR
‘7ZL€ Al -*e-,,a/z/] 4 5 L) [3Wg )+ g, kg0
+2Ll,l}$,/u?/,_/(}}- Lz TLImimic) + X

(5.12)

There are also terms in (5.12) involving q12(z)+q22(z?, which
just give a constaht, while the coefficient of qq(z)qz(z)‘

venishes by symmetry. K(4,2') are related to the ’(k) by

5, ()] k.(RU-RIC)
k(£ L')= 25 S S eap[ik.(R )J oy
=25 57 k))!"w[ k. (RU-RICY]
. 2wt '
(X,(} -0 (5.13)

L) = 22,15 [59%5" 8] eap [ b [R1-212))]
J = Rw; (k)

(5.14)

The Fourier transforms of K(4£,4') and L{4,4') are

) 2
(k)= 0 s, 13, (8] ~z-_zl§( ) |
() z?m VR Tw RO T (5.15)

o u¥ o
L(é)._._p_JZ I§J- (&) 5 ()] | B (5.16)
kw (&) |
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where the second term in (5.15) comes from putting K(1,1)=0.
Notice that L(k=0) vanishes by symmetry. Quadrupole-
quadrupole coupling by other mechanisms than coupling through
the phonons, such as direct electric forces or polarization
of the épnduction electrons, can be included in.(5.12) and

simply modifies the value of X(4,2').

———

5.3 Calculation of the elastic constants.

To investigate the types of ordering which can occur
with this Hamiltonian we firstly neglect the magrietic inter-
action and use Landau theory [1], expanding the free energy
as a gower'series in the a4 and Ao Writing q1=qcose and
¢o,=asinb then |

F=F + a(T) 9+ 57/360939 + CgHeo

(5.17)
The existence of a cubic term shows that the transition is
of first order as observed. Minimising F with respect to ©
it follows that 6=nIl/3 where n is an_integer so the quadru-—
poles order glong one of the crystalline axes. vThe magnetic
interaction czmnot affect this result since we have taken it
to be isosropic. ‘We choose the quadrupolar ordering direc-—
tion to be parallel to the z axis i.e. below Ty <q1>¥0,
(q2)=0 znd since this is the préferred direction in the
crystal tne magnetic ordering will also occur parallel %o
the z axis.

In the moleaular field approximation (5.12) becomes
W, =" H,% 9, L) - Ho2i 9, () — 12, %, m ({)

+LVe (etier) + 2 R wi(k) n; (k) (5.18a)
JR |
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where H = kld)<%7 t7€,,
'H.,_ = k (O) 49;7 +7€2~

(5.18D)
are the molecular fields acting oﬁ the quadrupoles a4 and

ds and the magnetic moment m respectively, |
clo) = S kitt) , T= 5 TUL)

and nj(g) is the phonon occupation number (2.3). We have

implicitly assumed‘that the ordering takes place in a k=0

mode as observed; The Hamiltbnian appropriate to alsingle

~electronic site can now be expressed in terms of the basis

states (5.7) as
TED N IE A (AN T YA ek VA i 2

e

| 3
A+”;:)-§—(H,‘—-£H7), o , o, {;Hz)-—'i(uﬁgug)

- : -L (H ~cHy) V3 H

)’((03 o )"EA) —H'+HL, o , o )v )
o , O , O ,-H-H, Jz8 , ©
\Y}Z_H, ;i(eihy, O 28 - s+t JL(H Hy)

1 fueity, B ", o , o sltecw), BT

(5.19) is complicated to diagonalise as it stands but if
‘we use the previous result thatl<q2>=<mx>=<my>=0 the energy

levels can easily be calculated. We find
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. : !
My = Ll-aa4H, - Hy o+ {en*+ (8+H, - 3%)3&}

i
Juz = “‘il"b +H;..“?-{@AI+(-A+H}~32‘)13QJ
'~ _ ‘ i
A.'3 _ %_[-AhH,_gé*{eAu(;A‘- Hy =31 )5 |
: . 0}
.)\.4 — 1'5_ [-—A_Hz_;._:i,_{5,Az+(a—)-{1-3_ii-/,]l} LJ
Ay = | %221 A+ H
pa

Since the elastic constants are second derivatives ol
the free energy with respect to the strains it follows that
to determine 0(2)(=;91F/3¢: ) we must calculate the change
in the energies of the levels due 1o an épplied stress
up to second order in,(Hé). Below the transition the point

4n

group symmetry is lowered from o" to ¢* for which m, and

a4 transform 1ike A, as indeed they muét since they have

non zero averages 1in this phase; The other quadrupolar
operator, g, transforms like B whereas m and my belong to
the E representation. Since (m%,my) have a different sym-—
metry from q, the averages (mX> aﬂd.<n%) are still zero even
in an applied st}ess which causes <q2) to be non zero.

Hence it follows from (5.19) that the energy levels

-

A:(i=1...6) may be written to order'<H2>2 as

A, = N o+ L (H,_?L
(5.21)
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. ]
= %()‘L+HJ-HZ)
(zx’1+A+fé.-_Hz)(>;—A—’;;)
= 3 [MNy + H + Hy)
(X5 +0+ Rt H(N -0 1)
[ {
1(1).44-& +".;..‘ '*Hz)()“-A“ ".;,_‘)

ag = 3 (D34 -Hy)
z 25(3,’.1‘."”:)
ag = _32_-!A+3H,[1+Hzl

20 (34 +Hz) (5.22)

Since P does not couple %o qq Or the magnetization
by symmetry(5.2)should be evaluated for T2l with <q1>=<mz>::o.
However (5.22) becomes indeterminate in this limit but by

going back to the original Hamiltonian (5.19) it is easy to

‘show that the energy levels to order <H2>2 are then given by

VTR A= He o4 BT
2+ ]
H l
)‘_,):}\4: —-M hand ’_}
H H, &
Ae=\,.= D+ =+
5 76 TN

(5.23)
The free energy F(z(Mﬁ £ )>-T3) is given in this approx-

imation by

FP= ~ Ng +1._;'Vc.a(e}.+ell) +‘li.N k(0) £<%?z+<¢;7z]

L LTdm> + R

where - 6 —M/RT
g = - hTL«,If» < J

o (5.24p)

(5.243a)
1

is the Gibbs freé energy per electronic site written in

terms of the molecular fields (5.18b), and Fp is the phonon‘
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contribution ($2.1). Equating (ag/8H1) and (Bg/aHZ) to
-{ay? and={ m ,) respectively we obtain the following self-
consistency conditions! |

{ay) =‘2';( P(+3R) +P (1-3F,) + P, (1+3F,) +P,_(1-36) - 28, - 25, ]

6 .
{ap? = ~2 R Hy (T<Ty).
_ _ H Hy L '
{ap) =2R (L £)+7_P,_§B + 2k (-4 - ) (T=15).
{m,) = %_[ R(+R)+R (<146 )+ P (116)+P, (1-£)]
| (5.25)
where /
: ~ A [RT
Pi = 2 /Z
& M frT
Z = Q.
Z’ | (5.26)
'f,! = A+ H;- SH:/Z
- L9A‘+(D+Hz-3H./z)‘]"1
f2 = - Hz 3H, /2. . : ‘
[6’A‘+(A Hy=3H/2)* ]/ (5.27)

The stresses j% and':s2 corresponding to the strains

€4 and e, are given by

S, = '\‘7( Y ) = Gl - %’(3—3’)(3%  (5.28a)
and similarly = Co2, — %"7<7/.>

I3
’gzz-\';(fz;)-r: Col,~ XV <h?
(5.28D)

Hence the equilibrium value of the strain e, 1s given by

(ev= N %9y
V

7 |
% (5.29)
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so that we can replace H, in (5.25) and (5.27) by K'<q1>,

where '
k :k(o}+/“
with ,
= [MN)7
ro=(¥)zZ (5.30)
when calculating the thermal averages (q1> and.(n%>. The

(1) (2)

elastic constants c and ¢ corresponding to the strains

e, and e, are given by (c.f. (2}16))

1 PRI () ;@
Cy=1"R3y &= - MGy
Co J — K(o)a,‘;' Co |- K(O)y;f' | (5.31)
wnere |
ar_ (}Um) CA 24%7)
7y H, Iy ?’? CNDH, y

(5.32)
The subscript 'y' specifies the thermodynamic constfaints
under which the elastic constants are to be calculated.
Abcve T we may evaluate (5.32) easily using (5.25) and

remembering that there is no coupling to the magnetization.

We find
) { —-3A/k7
< = }'u:: 2 ( | - £ } '
I r 3N
(2+ 4&3M)
| ~30/RT

Q) (ad 4] i
= = -{- — — ‘
91- ﬂr ?:: RT (1444 zamT/)

(5.34)

where y=I refers to the 'isolated' regime and y=T to the

'isothermal'regime discussed in Chapter 2. ’The 'essentially
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isolated' value, y=s, is obtained from the general thermo-

dynamic relationship (c.f. (2.21)).

IR <%<7) /
Ir = ¥ T Hd
5.35)
shere a=1 or 2 arnd Cu is the svecific heat of the electironic
. .Lla

systen at constant Ha' It follows that

C) ) @ _ _w
Fs = 3"T y Fs T Fr

| (5.36)
above Tp. Note that (5.33), (5.34) and (5.36) show that
/,,: ) '
cy\‘):cy(“> in the cubic phase, as expected in this symmetry.

Below the transition the results are much more complicated
cccause the degeneracy of the electronic levels 1s removed
and because the magnetization m, as well as the guadrupole
moment G4 couples to the strain €. The calculations are
given in Appendix D and vwe shall simply mention here thzat

we fird 07(1)# 07(2) as expected in the reduced symmetry and

! 2 > . .
c.' ) j(“’ but cs(1>¥ CT(T) as Tollows from (5.35).,
5.4 Comcorvison of Theorvy with evoeriment.
Tre uitr=asoric data of [43] is shown in figure 7; note that
the teuversiure scale has been expandzd below T, to show the
: D

dota more clearly. Since the results are taken up to 80°K
we have medified the theory of $5.3 in a crude way to allow

for trermzl pouvulation of the E'' doublet at 80°K, multiplying

{ -
gy\ﬁ) and o~ "ty o factor

3[ 3+ exp(-&0/7)] "
(5.37)
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The solid line in figure 7 for T>TD'is the theoretical
value for cp calculated from (5.31), (5.32), (5.33), (5.34)
and (5.37) using ,=16.0°K, k(0)= -6.4°K, c =1.05¢(325%K)=
7.2 x 1017 ayn em™° and with 34=14.5%K, the value siven by
[42]. The agreement is seen 10 be satisfactory. Ioran et =1.
[43] used the same value of A and ¢, to fit their data but
100k u=15.5°K and K= —-4.4°K.

ror crystals with the rocksalt structure the k=0 optic
vr.onons have odd symmetry under inversion whereas the eleciron-
ic operators we conslder must be even becausze they connect
uates belongsingg Lo the same multiplet. Hence there i oo
conrtrioution to K(E;O) from optic modes as polnted out it
(53] and [421. o

On the other hand the lattice structure does not put
ery restriction on the wavevector dependence of the acoustic
vhonon coupling. The electronic states can interact with
the strains set up by the long wavelength accustic modes,
since these are even under inversion. It follows that

N _

x}aéfi(Appendix B) so Ka(g) is independent of k for small

A
—

[WAY]

“. Hence there is, in our view, an important contribution

to X{k; from the acoustic modes in contradiction to the
azssertion of Levy, [43],[44]. K(0) neglects the contribution
fror the csatic strain (which just corcecponds to the k=0

zcoustic mode) and is therefore entirely due to he z=z21f

YY) TLwe e - - »”r 3 /
encrey tern 1n (O

*

15) »ian guadrupole—guadrupole couvling
viz other mechanisr:. We tind K(0)~ ~0.4, which we telieve
is a reasonabls vi_ve Oy the self energy and suggsests that

upling via ner mecnanions i rlativel 1.my tant.
coupling 2 ot e r is relatively unimportant
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The magnetic coupllng parameter I 1s determined from Trn
requirement tha the transition occurs at 9.5°K and we find
1=24.5°K. If there were no magnetic interactions the total
suadrupole coupling K'=K(0)+; would be insufficient to
overcome the crystal field splitting and nc wransition would
occur, although there would be a considerable softening of
“he elastic constaent. Hence it is the magnetic interaction
weich provides the driving force for the transition in Dy3b.

Tre full lines in figure 7 bhelow TD are the theoreticsl
va2lues for ch<1), CT( 1) and CT( )(:cs")) obtained with the
oame values of parameters that were used in the high teopor-—
are Tit. Sipce Lhe measuring trequencies in ultrosonic
sxperiments (~.OMH ) are likely to be less TSL (see §3.2)
~z exrxect the data to correspond to the 'isentropilc' regime,
=s', discussed in 82.2. cs’ is given by (2 24) and 11e9
cetwsen ¢ and Cr. e Ve have plotted the form of CS,(1>
schematically as the dasned curve in figure 7. The experi-
nzntzlly measured elastic constant, which represents a
(2)

- . . . 1
demair averszge, snculd lile between c (1) and ¢

S' ) "S' In

srviculsr 1t sroulid have = discontinuity at TD z=rd be al-
most egual YL Ch ul T=0.
Tre noitrgoonic dets of [43; wnich 1s shown in figure 7
for couparisoa i clearly very different from these pre-
hions.  re nsve tried without cuccess to remedy this
digcrepanc, by -nc_uding in our model the effects of modula-
tion of the quzariupole—-quudrapolie interaction K(2,2') vy

lattice strains. We do not believe that this discrepancy

e
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is dus to the simple model we have taken for the Dy3+

states since below the transition population of the ligher

levels, ignored in our treatment, is negligible. It would

appear that there is an additional mechanism acting in the

ordered prase whichk is not included in our
of Levy, [43] =zné [44]. 1In particuisr the
results in this region cannot be ezplain=zd

formation =2s was pestulated in [437.

treatment or thzt
experimental

inn terms of domain



CHAPTER 6

4

THE ELASTIC PROPERTIES OF
HYDROGEN BONDED FERROELECTRICS

In chapters 1-5 we showed that crystals whica have
2ffectively only a small number of electronic states per
unit cell can be described by a pseadospin Hamiltonian. This
technique 1s nowever more.general L27] and can be applied to
any system with a small number of low lying states well
separzted from those of higher energy. In this chapter we
show that, with certain assumptions, highly anharmonic
lattice vibrations can be described in terms of pseudospin
overators. A detailed model for hydrogen bonded ferroclectrics
will bé developed and compared with the experimental data

for KH2P04 (KDP for short), paying particular attentior <o

Qo

o

the znomaly in e elastic constant 066'

6.1 Crystal structure.

The structure of the hydrogen bonded ferroelectric KDP

w25 been determined by ¥ray [47] and neutron 427 diffrac—

~

ooth tne Terrocelectric and paraelcciric phases.

. , . . P2
soove the transition the space group 1s DQ'q 2rnd the structure

a4 o =
w0l L

igs body ceatred tet¥agonal with two formula units in the
rrivitive urit cell. We denote the direction containing the
Tour:iold improper rotation of ng as the z axis and the two
twofold axes at right angles to z as the x and y axes. The
basin vectors of the tetragonal unit cell (which is not the
prizitive unit céll) ar: parallel to the x, y and z axes

<

=né are of length a=7.47+4, b=a and c=6.964 respectively.
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Each phosphorous ion is surrounded'by four oxygens at the
corners of an almost regular tetrahedrén. Hydrogen bonds,
which lie almost in the x-y plane, link an oxygen on one

- w
phosphate group to an oxygen on a neighbouring group. The
K and P ions alternate each other at a distance c¢/2 in tke
direction of the z axis. A projecfioﬁ of the structure
verpendicular to the z axlis, showing.for cizrity only the
oxyger. ions and the protons, is given in figsure 8z,

It will be necessary to consider the form of the
primitive unit ceil when discussing the lattice aynamics of
KDP and this is shown schematically ir “igure Zt. Only the
prosphate groups and the hydrogen bonds are iandicated, again
ror reasons of clarity. The centres of the phosprate sroups
lie on two interpenetrating body centred tetrsgonal lattices,
indicated by the open circles (sublattice A) and tre filled
circles (sublastice B) .in the figure. We have crosen the
corers ¢ the cell to lie at the centre of prosphate sites
or suklszttice & and there 1is just‘one prhosphate group of
cublzrTtlize B cornveined within the cell. The nydrogen bonde
inazcated schematically by the dashed lines. All the
2tirg 4t & P94 group on sublattice B are entirely
containce ithin a single cell wherens ea%h of the bonds
avtached o a Poé grcup on sublattice A lie in a different
cell, Each bornd links a phospnate grap on sublattice A to

5 pnosphzte group on sublattice 3. These facts will be

uzeful when we core to discusc the lattice dynamics of KDP

v 50.2.
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At 122°K a transition, which is slightly first ordsr
[49], occurs from the piezoeelectric phase described above
to a ferroelectric phase. The low temperature structure is
orthorlombic with space group Cég so the orderir: takes plzce
in 2 k=0 B, mode. The basis vectors of the orthorhombic
unit cell in the x-y plane are rotated about the z axis oy

259

with respect to the axes of the tetraggonal unit cell of
D, and zre of wuecual length.

Above the transition the distribution of tre protons is
symmetrical about the centre of the honds but below TD all
the protons in a single domain are near the 'upper' or the
'lower' oxygens of the phosphate groups depending upon the
polarity. This ordering is accompanied by a smaller displace-
ment ¢ trhe K and P ions parallel to'the z axis, the positions
sf the owrzens being little affected. BSince the hydrogens
rove almest in the x-y plane the spontaneous polarization,

Jiicn 1s parllel to the z axis, is caused mainly by this

relztively small shift of the K and P ions.

.2 Locz=1 Normzal Coordinates.

Large isotope effects are observed in this class of
noterizisy for example the transition ftemperature of 12291
"267Y Ia VI is vaised to 223°K [50] on dsuteration. This
sacccots that the motion of the protons along the bonds
vlays zn Zmvortant role. A compliete grouo theorenical anal-
7sis ¢f all tne ncrmal modes at the symmetry points in the
Brillouin zone has been given by Shur [51]. He finds that

there are four modes which involve large motions of +the
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hydrogens olong their bonds. At k=0 these belong to suc
As, 35 and E representations of D,y and the corresponding
proton eigenvectors are shown in figure 9. Since tre
displacements in the B2 mode correspond to the static
ordering which appears in the ferroelectric phase it must
be an instability in this mode whlch cguses the transition.
The eigenvectors orf the soft mode in KDP have not been
directly mezsurel because of difficulties in dcing coherent
neusron scattering in a material ccatalving hydrogen, waich
~ce Incliachic cross section., However the eigern—
vectors of the sotf't mode 1n deuteratea XDP have been deo-
vermined 9507, [£40] and found to invoive lorre displuceoments
oI tre hydrogens along their bonds corresponding to tne B2
moie of figire I as expected. The mode is found to ke of
= relaxeticnal Type i.e. +he real part of %hejiequency is

zerc. From these resulic it appears that a description of

c
S
LY
L
@)
H
t
3
Q
Qu
M
S\

6]
{ -

phonon is not likely to be successful.

This i¢ because pronons are resonant modes (i.e. the rezl

part of the Ifrescuercy i1s finite and the imaginary part, caisc/’
¢y weak annarmonic forces, is relatively small) whereas, in

KDZPO; =t least, tixz so0ft mode is of the relaxational type.

4,
ct
"
-
Q)]
0]
O
H
«t

It 22 worth menticning nere that the spectrum of

rode in KDP hr: bteen measured by light scuttering [53)

21so found *c¢ be ¢ reriinmd. However 1ts width 1s an order
of magnitide corenter trhan in deuterated XDP, which is another

example of the lar ¢ isolope effect in thic class of muterials.
We shall over-ome the above mentioned difficulties in o

® - . - . - -
phonon description oi the soft mode by consldering a model
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similar to that proposed by Elliott [27]. This descripsicn,
which will be called the 'local mode tumnelling theory',
treats the unstable mode as a tunnelling motion of the ious.
It is rather like the proton tunnelling model proposed much
earlier by Blinc [55] but is based more on lattice dynamicnl
principles.
The normal coordinate of wavevector k belonging to thre

it~ branch can be written as (see B.4)

QJ'UE) = "L""‘z Zk et E‘&(Uéd:(lf) My L'an(’“

N (6.1)

where the suffix a is s.oummed over all three component
directions for each of the atoms in the unit cell and the
suffix £ refers 4o the unit cell centred at R(4). ‘As
digcussed by Thomas [56] it is useful to define local normal

ccordinztes v.(4). If we write

V)= L 2 my kg (4) €5;(0)

Mc

(6.2)

tien the normal coordinates for k~0 are given by

ik RHK)
Qj(é)c_+_ S Uill) 2 |
'I\!/L '( J

(6.3)

Moore srd Wiiliams [541 suggest that (6.3) will be valid up

t0 a wavewsoslor « o wnere

km ~ 1 /R

!
(6.4)
2:rd R is ~n 'effective roage' of theintercell forces.
It iz alco possicie o define local normal coordinates

‘in a different w.y, orich cun represent normsl modes of any
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by anzalogy, with the usual theory of Wan=mier
We wish to construcs
R{ %

wavevecto
“onctions for electronic states.
~omctions w.(2) localised around the cell centred at R( %)

such that
' /3'3{/1.',’
Q@ (h)= L S w;ll) @
! N2 (6.5)
Taverting (6.5) yields
_eé.ﬁ(l)
"(A{)([) '/’LZ Qj v .
(6.6)
sc Trom (6.6) and (6.1) it follows that
~ck [RIQ-RI)] |
wi 4] = 22 e é {R)m, w, (L)
: - (6.7)
2) iavolve displacements
as well as in cell 1

jote thai, unlike v (4)

in cells 4', where L' is close to 4

itself. Kohn [57] has dicscussed the nsture of the w.( %)

or the particularly =imple case of a rinear chain with two
However for three dimensional lattices

| J

hS

stoms per unit cell.
trere ar: prcblems connected with loczlisation of the w.(%£)
Wannier functions (53], [59]. Since we
region around k=0 we shall avoid

i../-._

28 tTnere are
are cnliy 1ndercstea in the
these difficuliies and go back to (6.2)
re Hamiltonian for lattice vibrations 1n the harmonic
zpproximaiion 1is
U= 5 PP ¢ LMD i) QWG LA
ba o 2M€ : (6.8)
(see nppc-d X B) waich can be expressed in terms of the
inctes vj(z) as

L SRR S

local coord
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X = L)+ 2‘_ZA G ()
J L S M
tl 5.7 U u}[vw G’
2T el

(6.9)
whare P (2) is the momentum conjugates to v, (z) and UJ/A L)
is the coupllng between local norrmzal coordlnates in cells
t eand &', wrich gives rise 1o dispersion Ln the jth branch.

The frequency of the mode at k=0 is given by

M“ (6.10)

e expect trat (€.9) gives a good description of the normal
rodes J.1x) for k<k_ {(nee (6.4)) but to represent modes of
large k accurately we should strictly include non-dizgonal
terms of the form v. (L)V ,(£') where j' and j refer to
lifferent branches. Slnce we are concerned nere specifically
witn the region around k=0 we chall ignore this complication’
and assume that (6.9) is a satisfactory harmonic Hamiltonian.

We consider the form of (6.9) for the four local normal
r2inztes mvolving a large motion of tae proitons zliong
<rzeir dvonds (figure 9). Neglecting for a moment the dis-

viaconments of the other ions we can write

-

G=1]9W) < 9,0) %)~ 3]
%L W =2 198 +3, 4 +3;4)+5 (]

Wz U= L[ ) g M) =25 () gt K]
Ve, W) [9.1) +nl) =g, (1) -3 U]

i

n

L
R

(6.11)
wilere a; (2) is the dis plicvubnt of the ith proton in the cell

relative 4o thc centre of the bond. (6.11) does not satisfy
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the normelization condition (B.3) but this is unimportans
in whatffollows. The relative signs of the qi(z) rave teen
crosen so they are all vositive for VBZ, the soft mode.
It is useful to write the »notential energy appropriate to a

single cerl in terms of the Q- Considzring only quadratic

Lerms we ortain

Al = a 3 4 + Wl(e00-4,0) + (gw-2.1) ]
X’

(
sV (90- %W + (g~ 220)

0= 700)" + (%-200) ]
(6.12)

By symmetry the interaction U between the two 'upp~or!'
hydrorens (1 and 3) is equal to the intcraction botween 'twoj
lower hydrogens (2 and 4) but does not equal the interaction
V between an upper and a lower.

Suppose the protons arse displaced by an amount +d from
the centre of the bonds. There are 24=16 possible combinations
showrn in the first column of table 6.1 below and the corres-
pcniins snergies are indicated in the second column.

Tre energies nave been written in terms of the proton

ccoaing.es g.(4) rather than the vj(ﬂ) so that a comparison

i_J

cen 02 meds batvween our model and an earlier theory of KDP
vricosed originally by Siater [60] and later modified by
Tyl (615 i Silsbee, Uehling and Schmidt [62]. This

are two stable positions for ezach

"

theor assumce tnat ther
proton symmetricaily situated z»nout the censre ¢f the bond.

Slater ascumaed thnaet tae configurations with lowest energy

vYere those with two ‘'upper' or two 'lower' hydrogens adjacent
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TABLE 6.1

Relative energies of the different proton configuratio=s

sccording to the local mode theory and the Slater-Takagi

moc.el,
Configuration Energy Energy
(Local Mode Theory)|(Slater-Takagi Threory)
&) Z ad2 O
g
2 ) z " "
3) 3 1 (a+2(U+V )a® ¢
4 :Z " "
5 | " "
N
6 Z 1" 1"
c) 7 tZﬂ (U+2V+a)d2 W
8‘ ‘Z " "
9 ] " "
10 Z " "
11 z " "
1" "
ERR v u
| 73 JZ " "
; 1!“ z 1A} "
D) 19 [Z: v )l ",
&
185 ‘Z "
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%0 a phosphate group, i.e. nos. 1 and 2 in table 6.7. Pr..-

figure 9 it is clear that these configurations corresconi
to the unstable B2 mode. Those configurations with «rn ‘voper!
and a 'lovwer' hydrogen (nos. 3 to 6 in table 6.1).haVe,
according to Slater, a somewhat higner energy € while
thcese witn one or three hydrogens adjacent to a given’
prosphate (nos. 7 to 14) heve = mucs higher energy w. The
states with no (15) or four (16) hyarogens should have a
€t1ll hicher energy w,. Usually in the Slater-Takagli model
ore lets e, Trese energies are indicnted in the thirc
column of table 6.1.
Althdugh there are three parameters ir the Slater-
Takagi theory, €, w and w, there arc effectively only Two
in the local mode theory, U and V. If we wish to represent

the Slater picture exactly, we must add to (6.72) an

adaitional Ternm involving displacements of all four hydrogen:z,

l.e.
{ { /
b 1) = W gl 3.4 2, 1) %, L)
(6.13)
rovz ozrticls rorces of this itype have been discussed by

e und Matouvosrs [€3] and more recentli by Bline [64].
Trhres purTtic 2 irtsraccions are forvidden vy symmetry since
it follows £ o Tre inverse trznsfornstion to (6 11) that
oo .0, caneos cotsoain the identity rerr:sentation.

Quariis~ Ternc can =130 arisc from the moction of a2 single
proton =lons it wocd =0 combining this contribution with

(6.13) the gu:zrtic serme involving displacements in cell £



can be written as

B = b 3 FU ~ Wl %) %) 2,00

(6.74)

It seamns reasonavle that the coefficient b.is positive

since for sufficiently largc displacements the protons nmust
be repelled 2y the oxygen ions. Comparing the szconi and
third colurms in table 6.1 we =z=xpect that V is large arnd

itive vwahereas U 1s large «nd nzgative., It 1s difficult

Ui

o
to estimet e the size of W' siice it depends upon the pre-
cis: values tcken Tor €, w and W .

Since each of the four protons iu (6.12) and (6.13)
are in the same unit cecll it follows from the discussion
in $6.71 that they all lie on bonds connected to the same
prosphate group on sublattice B. There must, in addition,
ne squivalent interactic::z between those protons whose vonds
jcin the came phceccphale on suplatiice A. Fach of these
protons ig labelled by = different unit cell indey. The

otential erergy ters in our Hamiltonian is therefore written

e}
o

0]

o

A= 5 (A +BM)
1 .

+ 5, LAUL L") + B L") ]
e’ 5.15)

where 4(4) and B(4) are given by (6.12) and (6.14) respective-—

-

<y X

AL = + ULl =g, () + (%l ~qu") ]
+ V| (74/0”%{(’)}:- (%/(”/-74, /1'"}/2
+ (9.10)-, [("’)/l t (74/1'/—7,3((”/){] (6.16)
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and

BUALATL") = -W'g 1t) 9,001 9, 14" ) 9,1(")

(6.17)

The summ=ation in the second term of (6.15) runs over each
distinct set of values 4, 2', 2'' and 4''' guch that each of
these cells contains a hydrogen bond which meet at the same
phosviate group. ~

Ecuation (6.15) has been expressed in terms of proton
displacements to make a connectior. witn the Slater-Takagi
model. However it is not in a form useful for discussing
lettice dynamics, wnich wre best Treated in terms of loca’

oo =

rral cocrdinaten (¢.2). Employin, the reverse trancicraa—

)
C

tion to (6.17) the potential caersr (6.15) becomes rather

complicated sO each term will be considered separatbely.
2( %) car be expressed in terms of the vj(z) as

_1 < 2 /2 2
A(d) —2[A3 /U,‘&L(U + AAL@;I((} + As (A W+ g (U)}

‘.

(6.12)

where

AE: a -+ 1((/(1'\/)
2 . (6.19)

g\)
Ul
[9F)

ficlents AB2’ AF and AA? are Jjust proporticnal

o
-4

+-3
s
O
(2
C
(]
H

to The encrgiec of configuration A,B ard D 2ive: irn The cecond
coluxm of table 6.1, In 56.3 we shzl’l male the crucial assump-—

tion that A, i& reg-...ve which means th: v tae B, mode is

M

wnsteble. It L2 coperent from tobls 6.1 that the coefficients
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A are larger than AB so -for simplicity we <nz_.Z
2 2
assume that they are positive. These modes are tacreiore

A~ and A
L

stzble, 1n agreement with the lattice dynamical calculz<ion
of Fujiwarz [65], and will rno+ play an imporsznt role in tiae
transitiomn.

The term B(4) in (6.15) c-n be written in terms of

local normal coordinates as

/ 4
- / t o 2 2
2 (b-w) ; Gl e w' g (] (4 W] 1 M)w;_l/l))
W{ 2 ( 2 2 ' 2
2 1;L\‘U; 7'0};) +'%{ (&?’OEL

= : 2 (5.20)
Tz coefficlient b-W' is expected to be positive since Tor
sufficiently large displacements tune poiential muct be

movas is n the
By

zhape of the double well drawn in figure “"0Oa(i). To =z “irst

repulsive. Hence the potential in which v

spproximstion tie non-diagonal terms in (€.20) can be de-—

v, Ul YU + Lv, DU,
~ FG K
- (6.21)
where Fa wna U refer to different symmetries. This simply

cives 3 rolztivelry snmall correction to the coefficients of

N\

s(4,8r, 2vr vy Gon pe written as
AL, L L) = u[{%w_ ,,)) § (o, 4 %/é”’))i]
+ V[ (v~ (4’)/ + (U3, () - 05 14")"
() -G e (Gl 1) ] (6.22)

» Vg and Ve

+ corresponding terms for v
Ayt By 2
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+ terms involVing v's of different symmetry.

(A

Trhe terms involving v's of different symmetry must vanish

wren we take space Fourier transforms and consider modes

near k=0,

The term B(4,4',2'',4*'') of (6.15) becomes

LW 1) 4 (1) 4, () Uy, (L")

(6.23)
plus meny other unimportant terms involving displacements
of the A, and E modes which do not play =zr importzrt role
in The trensition.

So far only short range forces have been considered

nut since there is a polarization associated with the soft
B2 mode dipolar interactions, whicnr are of lorng range, must
=150 be present. Adding these | terms to toe two particle
Toerces described by (6.22) and neglecting the E and A2 modes

the mcdel Hamilftonian may be written as

X= 50l - & 25 WA [ H0-910]

L('

—

LS WL u) 1) 0, 107 7 ()
b u',x:.(’" ' (6.24)

waere the soft mode has been labelled by the suffix 'f!

. h | 0 .
to distinguish it fromgtner stable B, modes. (1) is

Xl = 2+ sp U)o+ LBYH)
oM< | (6.25)

where A<O and B>0. J(4,4') inczludec dipolar and short

<

snge contributicrs to the twe particle interactions while

the short range rTour particle interactions are described
TR (O AIAKEDY The potinlial W&- Wo(L) w0 v Lhe
&vnw of a Aaw0Q uﬂll(f%ﬁmu:lo a (i)].
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In the paraelectric phase the system is as likely %o
ce in one well as in the other but intercell forces drive
the system cooperatively into one of the wells by raising
th2 energy of this well relative to the other (figure 10.=(ii)).
Such transitions are said tc be of the 'order disorder' =vpe.
i the other extreme, in so-called 'displacive' transitions
of which bariur titanate [66] is a typical example the
coefficient A is positive above the transition leading tc
a2 gingle well potential (figure 10.%{i)). However A is

ermperature depencent and varies lice
A= a(T—T,)
A instzbility occurs at T:TD whenr A vanishes (figure 10.0{(4ii))

and in thé low %emperaﬁure phase tle potential 1s in thc
form of a doutle well with the energy of one well raised
ralztive tO0 iz otaer by intercell forces (figure 10.b(iii))
as for orisr disorder transitions. It will be noted from
igzure 0 that the main difference between the potentials
Tor dispizclve ant order disoraer transitions occurs above
D irn the local mode theory displacive und order diccrder
srensiticns are treated on an equal footing, there is no
“.rnigmental difference between theu. Indeed the basic
Tormaiism introduced so far is applicable to elther type.

It is natural to ask of there is any direct evidence
Tor & double wcll zbove the trurnsition irn hydrogen bonded
Terrcelectrics, Ie answer appears 10 be 1n the affirmative,

L

certainly  fov the douterated compounde. Since the deuteron
-4

has a guelirupcle rorme.t 1t can be used to probe electric

field grauiernts ir n2 neigabourhood of dueteron bonds.
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Deuteron magnetic resonance on KD,PO, (677 and KD, A
=nd C_D,As0, [68] show that the largest component of the
electric field gradient tensor remains essentially unchanged
during the phase transition, which is to be expected 1f the
average distance from the oxygen ions remalns unchanged.
Tais is consistent with the potential being in the form of
2 double well avove and below the *rancsition. An anomalous
increase in tre spin-lattice relaxation rate as TD
approacnad from zbove has been explained by 3line et al.

03] as beins du. to some form of cclleciive deuteron mo*tion,
wnich is agair consistent with the picture nresented here.
1% was 00t however possible to deternire from the experiments
vhether tre deusercns move from one equilibrium position to
2n0Ther oy Jwmping GVer thé barrier c¢x by a true cuzntum
mechanica. LTuvnnelling process.

fy

-
Tl

ection the locoi mode picture s

C
)]

<

1]

t

r
o
eV

been comparec with the Slater mode. in come detail. ['rom
tnis compariscn it zppears plausible that the Ay and E

moces 1nvo_ving a motion of the protons slong the bonds

sre stable, wrerzziz the B2 mode 1s not. Furtaernmore it

123 been found nmecessary to introduce four particle inter-
scrions tTe represant the Slater model in detail; We are

r of obtaining a reslistic model for
e unstable mods 1ncorporating the large'anharmonicity

in 2 manageable way. Tris problem is worthy of a section

in its own right,so we cloge thio ratncr lengtuy discussion-

here and encourage the i~tecrcested realcer to press on to

~

-~

‘e e
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6.3 The Pseudospin Hamiltonian.

w———

In the previous section we subges+ed that the potertia
for the unstable mode is in the form of the double well
shown in figure.(TO.a(i). IT the barrier is sufficiently

. s
higrn the ground stzte is doubly degenerate corresponding
to the system being locslised in one or other of the wells.
There cz2 in pr=c¢iise be Tunnelling from one well to the

-

cther so tne ground state degeneracy 1s lifted. It will

pe assumed nere that the tuwielling frequency 1s smzll

compared with trne energies of the excited vibrational states

furthermore we assume that these excited states are not
vopulated to any significant extent at temperatures in the
rezion of the transition so we shall ignorec them.

The Hamiltonian.ﬂp(ﬁ), defined in (6.25) acts, therec-
fere, on the states |£L> ang lﬂR) corresponding to ithe
-

(o

tern bei

-

;‘D

pproximately localised in the left and right

<y
S ng-

-

nand wells o the 4th cell respectively. Neglezting the

B
U)

‘-A

possibility of intzrcell tunnelling trne eigensiates of the
full Hamiltcnian (6.24) are linear corbinations of product

» Ty ﬁXT ‘fun V ‘3 Of -t}Le fOI‘*’n

(6.26)
wnere « t.x2z the values L or R. Since any 2x2 Hermitian
wetrix con oo wrltten as a linear combination of the Pauli
spin matricze ard vhe unlt matrix we can write X in terms
of cpin coecraloson, Pdoany b rlix elements of X between

states (€.26) ~ae ionoring constant terms one obtains
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N = —AZG- (1) vLZf}(lC'/O'() o)

Lt

LS, T o o) o (1))
4.. (‘,< (w
(6.27)

WILETE

A= AR HAUILLY

Fulh= Wl ) LR A0 LRI R (AL )] AR >

T ) = WKL) ARG ) AR5 LR 1AL 1) 'R

% LR | L RYCL R (¢w1] (R

Trz matrliy 2lenents, written in the form <£'a1622'§) are

unierstocd To mean [54]

o o A
L]y = Ay ¢ (4] 8 40 ()
o2 (6.28)

It has been implicitly assumed in (6.27) that we take

as origin for # the midpoint of the double well. In this

£
6]
[¢h)

-~
-~

LRzl = LALLIUL (AR

i

LR A [0RY = =LA 4Ly

(6.25)

N

Carlwt|ley = AL wp ALY

ctly related to vﬁ\z) by

)= g (F) o=

(6.30)
w.o.ere
- . ! .
P (£) = TAR 4 LR >
(6.31)
‘ne eigenfunctiors of the operator o°(4) are |iL) and

)

iR). Below T, ore of these states is occupied in preference
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to the other leadlng to a non zero expectation value of c“.
Since the polarization from the unstable mode 1S pProporiiorna.
fx>(v$), which is in turn proportional to £o?) by (6.30},
~he preferential occupation of one of the wells leads <o
2 spontancsous polarization as expected.

Tre s0ft mode corresponds to tre motion of the operator
¢, wirich involves tunnelling of the system from one well
to another. It must be stressed that this tunnelling in—
volvez all the atoms in the cell as distinct from the
proton turnnelling mcdel of Bline [55] where only motion of
the protonz is considered. Recently Montgomefy and Paul
lov] huve determired the symmetries of the four modeo

rge protor. disnlacements (figure §) assuming

}_J
b~
i
O
”
.
4
+
3
=t
0

o omoedzs.  laey find that the symmetrieo

they are tunnelling

1 to those of ithe corresponding normzl co-
ordinates give by Shur (511, i.e., they belong to the A,,
32 azd E representation: of D2d’ so the symmetry arguments
that have ceen used so far remain unchanged.
Toteracticas betwesn 0~ and 02 of tas form

-1 5, THLL) U o)
7

40 1oL gve ; zontribution to the orlering in molecular

[a)

-

iiz2d theory veczuse symmetry argumsats show thszt

m

~XZ - \ - . . :
z;é (2,4')=0. The operator o/ is irzglnary whereas ¥
4 o” are real so oY changes sigr under time reversal

e Z . . :
and 67 remain unaltered. This behaviour, which

(o

o1t ‘-(JU,"_- o

ic different ifrom vhat of real opins, chows that there

. . v : : X
cznnot be terms involivin. the products © o or o%aY,



-39~
Syrmetry does, h@wever, allow coupling of the form
-1 5 T (O 1) |
waich represen%s the effect of the tuwmnelling in one cell
on the tunnelling in a neighbouring cell. Since this in-
volves the ocverlap df wavefunctions in different cells

_¥X : :
we expect that J77(4,4') is very small compared with the

tunnelling freguency 2A (6.27) and can be nsglected.

—
s
[Yog]

6.2 tne interactions between the soft mode anrnd

the other =moldes involving large proton displacements wers

-

found to re unimportant, essentialilly because these other
modes are of different symmetry (A anc F) to the soft mode
(59)- It 1i: important, howcver, to comsider the efiect ofF

wpling tne unstable mode to ovher modes of the same

@
O

)

symmetry. This can arise for instance from the interaction

ci t:

)
[¢¢!

polarization of one moae with the electric field of
-he otrner. Terms such as jf(ﬁ)véz') (where j(#f) refers

J
¢ =z branch which has B2 symmetry ai E:O) are forbidden

tezause the v's were chosen explicitly to eliminate these

srozs verms (sez (€.9)). However a term such as
R,= —L 5" L) AP U)K
N e

(€.32)
iz zllowed ty syumetry. On taking Fourier transforms

(€.32) can be expressed as

M, = > G (k) 2

)[1 h
J

S0 <10 Q, (4)

(6.33)
Jrare (V) is related to F(4£,4") by

(A’
()= 2 Fle) o wjrre 2

(6.34)



~90-

There are also terms involving GXQ which represent =
modulation of the tunnelling frequency by lattice vibrations.
Tt is difficult to estimate the size of this effect but
since 1t <oes not play an important role in the transition
we shall ignorc it for simplicity.

It nas been suggested by Cowley et al., [70] and [71],
+that couvnling of the soft mode to pairs of vionons is
large in hydrogen bonded ferroelectrics. In terms of local
ncrmzl coordinates these interactions can be represented by

—i 2 2 My (L) ) 5 1) )

N AR GO gt (6.3549)
“ich are written as

# )l R{/(l

— s S, /\/J.J.z (é,é') a“/(/(, (A/@ (-4-4")
N 5

(|

h &’ - (6.35D)

iz tre Tunnellirng theory. Terms involving three spin oper—

=tors such as
chk RU)
~L 5 50 wlka) ot T M) o (A4 )
N L h

(6.36)

cr2 2:70 21lowved as well as interactions involving two
phcnors wnld cne spin. Chapter 7 will be cevoved to a study

€.35) and (6.36) but for the time being we

- )
3(.::'741‘2‘57255/ _

L (6.37)
where e=e. =L. (Avpeniis A). As di-=cusscd eazrlier the

nolzrizatior is vrovoiticioal to 07 so (6.37) represents the
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piezoelectric coupling.

The branch j=f in the phonon Hamiltonisn (5.8) has
peen treated in terms of pseudospin operators (6.27) dbut
the other branches j#f will still be described as harmonic

phonons, 1i.e:

P CANTAOEER VIS |
1 (6.3%)
the

Adding elastic energy

- L R
Nu_‘lV%e

(.. (1.22)) where ¢,=Csq (Appendic &) and combining

(Lo27), (6.33), (€C.37), (6.38% znad (6.39) the xodel Hamil-
tonian is.oritten as

X = — AZ, o) - 2 Fe ) 2o - e /20—2/’)

s
ST '“’/{(/ () 52 ) 2 eT ) W) + LV, e
MR . _
_ + Q - (r)[a:(h)ra;(-4) o lh/
o 5 sfalWlas)e s Jh ) - B YR RITGE Jo
JEE Rk = LT
rere the relstionship between C1 k) and ’J(E) is river by
(=.712). cLtpplvins the trensformation (1.33) t isplaced

vhonon operators yj(g) (6.40) becomes *

S, TUL) U ) - e Zo—’/{/

{1’

NI~

X=—A4AZ ¥ -+
£

S TN ) S e (e w5V, et

-2
”1’»__ ("C"’{N‘,
LS S Tyt ! L w;
-z, = CYia)Y (h)e s Jhw(4) (6.47)
ST oo it is nard to determines from ficst principles
Erie veroters Lot owppeac in (6.41) it is nonetheless a

rclativety sivmpee dewcr. ptiorn of a complicated lattice

To (C.at)Y (s, k) is given by

T = 400 5 210G eapfin (ri0- R1
Tt r
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dynamical systasm. Indeed apart from the four spin tei.
(¢.41) is formally identical with the model Hamiltonizn
DyVO4.(1.34), whose properties have been fully dis-
cussed in chapters 2 and 3.
The vseudospin formalism for KDP was first suggested
r DeGennes [72] to describe Bline's proton tunnelling
ncdel [557, and later extended to include proton-phonon
couﬁling by Kobayashi (73]. It is important to stress thrat
in thelr treatmernt the pseudospins refer to thns tunnelling
0f a single proton only We believe it is more satisfactory
to focus attention on the displaceuents of all the atoms in
the unit ccll, oboerved below TD by neutron diffractic:n
[45], as is done in the local mode tacory. A particular
2dvartage of this approach is that only one pseudospin
ver unit cell 1s required instcad of four in the proton
tunnelling picture. It wiil be chown in $6.5 that this
lezds to substantially betzer agreement with nolarizaticn

znd dielectric measurenents.

lastic constants.

O
J
D

Calculation of the
The model Hammiltcanian (6.47) for KDP is slightly
3ifferert frow that Tor DyVO4 (1.34) because of the addi-
tion of 1z ter: involving four spin operators. In this
section 1t will e chown thot only small modifications are
necezsar: to tne theory of the elastic constants discussed
in Chapter 2 but tnat the temporature depcncence of the
order parameter ig creatly dtered by the extra term and

in fact a first oxdecr transitiorn is possible.

In the molecular field approximation the energy E,

- .
1o given wy

<
~
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E= ~NOloxy - LNTIo 7 ~yelo??
-1 7“0 ¢ 627 +>Vc et + 2 Nkl R (k/
JEf k (6.42)
Z j_(u)(L L L ‘(‘/II}

where T (O) ol T
amd, He = T(0)Lo37 +9e¢ + 3"*(0) <o~
(6.43)

is the z component of the molecular field V, given by

e FaN
Ho, 2+ A x

w

(l

and nj(g) is the phonon occupation number (2.3). In this
aoprovimetion the entropy S can be written as

5=~_1y (H-éo-))lm_ 13_4_@ + (1-207)w 1;507’}
7.{ (1 / ( < / (6.44)

';'v'h%l"%' ) .
a2 a] Kk3
Loy = [Comr?+ Cax7
is the excvectation value of the spin component garallel
0o the molscular field V.
Minirising the free energy F=E - TS with respect to

<rgc and {67) the following self consistency conditions

zre oobtuineds

s = A w
<&>“Ww(k7‘
=7 = He Gk (5]
Lo*7 = He Gk (k7 (6.45)
W
The stress 21 B, cymmetry is given by

<

S= L) = ey ulen
>e/ v (6.46)

and +re elastic coastant, evaluated under thermodynamic

Codat 4 LD

constraints specified by tne suffix y (tce Chapter 2 for a

~

iiscussion of the possible thermodynamic regimes) is given

w L
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=T

~

Cy = | — /.;. (Q_ffﬁv)y

Co 2L
(€.47)

or , ™) 4 l727

Cy = | - [fT + 37 (o]0 "?51

Ceo ET/OJ + 37 0)4o>7"] i}/
wnere ,

— /\/ 2 S }40'27
('\;/—Z 7 ( dHe 'Y

and

T = T/lo) +H
(c.f. (2.73)). Since The expression (6.45) for {o?%) is
identical with that for DyVO4 when written in terms of Ho
e gy are formally given by the same expressions as 10T

[
e

v0,, i.e., (2.18), (2.19), (2.20) and (2.22), with

s.., The specific heat of the spin system at constant H,

= () [1- Gk ()]

Towever the temperature variation of {c“) and hence the

é\
JI

cl=ctic constants can be very different in the two cases.

7vis can casily be seen by.putting £=0 Tor simplicity and
i T4t L . < | -

using Lenczuw'c L14 theory of second order phase transitions,

cxpanding thio free energy as o power series in_<0Z>. One

cetains
; \ 2
F = 1 (k-7 <027 4.L.LVW—,7(Q//0'7
e * *

#-éjf <]7z;>6 .
30 (6.48)

- , .. z\4 . L
If tl.e coefficient of {o®YT is positive at the transition,

i.e. if KT >3J( )u}lt is well known -that the transition is
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of second order and occurs when the coefficient of {oZ)?
vanishes, i.e. kTDzJ'. Just below Ty one can readily s~ cw
that
o2y A (75“‘7)’/2
‘ (€.49)
On. the other hand if kED§3J(4)(O) the transition is
of first order. Recent measuremerts of the specific heat
[81] and polarize+ion [49] indicate that tie phase change.in
KDP is, 1ndeed just first order, the airference between TD
snd the temperzture 6 st which the poluarizstion would
extrapolate to zero being only 0.026%. This implies that
( (O)-kTD is small buat positive for which the thecry
predicts
Loy X (0-T)%
(6.50)
W2 do not expect thuat making A non zero will qualitatively

¢ conciusions.

v
t+
b4
)
(@)
t
t
Y
D
n

he Tregueniles of the elementary excitations can easily
e calcouleateld usire the vechniques of Chapter 3. The
approximz=tion usad tliere was to ignore correlations between
palrs of oozrators AB by pultting
(A= <a¥){B-<5y) =0
(6.51)

Because 01 the extfé Term involving four spin operators

in {2.41) it is now necessary to decouple products of four

operators ABCD. The approximation corresponding to (6.51)

i
wn

(A-<a¥)(8=<s)(c-<er)(D~<b>)= O
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where products such as ABC are calculated by setting
(A—24%)(B~<p>) (¢c~<c>] = O

=nd so on. One finglly obtains the result that ABCD is

replaced in this approximation by

ALBILcoLDy + BLLY<n > LAY + CLDVLA>LB>

+ DLAYLEIL S — B3LADLBIC LD, (6.52)
o« )

The {ecouvled equations of motion corresponding to
s * |
:3.1) are

4 ot (k) = 1[7'40—27 + 7oy Lo27 1 o (4)

£ & oA = -2.\['J"Ao—"7 + T2 527 ] 0% (k) +280%(k)

“« —240x7 [ T(8) 1 3TUR) <07t ] T(A)
‘ +2 Loy §§J-(é)[y§ (4] + ¥ (-4)]
Rk o®(h) = -280%(4) |
& .
K2 X)) = -<hu(s) 2850) o(4]

AW;(4) | (6.53)

it is straighiforward to show that the frequency of the

Lthlal
=
Tt =

(o7

acoustic branch mp(g) is given by

> . (
e wital — 1 - (T'+ 370104 2.
1—70 < 7 — Ul) P L% 4
' (h) [~ (310) 437 (6) cox7*) Gz (6503
In otz wore

the equation of moticn technicue gives
resulis fur tne elestic constonts whica corresvond o the
"isolzted' fnermoayoamlc regime, s e<yected from the dis—

cussicn ¢f %3,7b,

X o (4), .
z.b. In (6.52) 7*7 (k) is defined by

“l Ap, ch Jrw-rie)] ok [rR0-RICY]
37 (k)= T(/((,(,(q,("‘}[ﬂ. + e

e ¢ b [R10- £ U] ]]
+ 2

~ >



~97-

Comparison of Theory with Experiment.

¢.5(a) Neglecting four particle interactions.

(@
()

If we neglect the term in (6.41) irvolving four spin
overators, which, it will be recalled, was introduced %o
sccourt of the Slater theory, the model for KDP is identical
to that for DyVO4 s0 the elastic constants sre given by
sxpressiens (2.76), (2.18), (2.19), (2.20) and (2.22) with
<re averages {o°) and <{0?) determined from (2.7) and (2.9).
1t waé shown in Crapter 3 that a measurement of “he sound
velocity above the transition should determirne CS(ch) and
should vanish at T:TD. .In the low femperature phase one
should measure cq 1f w>'rSL_1 and cq, if w<TSL_1, where Tap
is the spin-lattice relaxation time. The physiczl significance
of the different thermodynamic regimes is discussed in §2.2.

For ferroeclectric crystals it 1s necessary to specify
the“electric:l boundary conditions in which the theory is
velid., Since no account has been taker of a macroscopic
e~ectric field E, T4z theory will only hold if =Z=0 so the

crostel muit be short circulted during the mezsurement. The

slosTic corstent deterained under these conditions 12 denoted

tYe gtraineg and tae zyuin mode. In the opposite limit, where

sre porur_zztior P iz kept constant there is no response

- - : . | _ ; s : Z
Srom o tre opin omones pecause P is proportional to {c?) so
cizco. An expesimant on an isolated cri st2! keeps the

tlectric dicpl:cereas D constant and, providew the dielectric

comgtant is high, this is virtually equivalent to keeping P

. Do 2
corstant, 1.e. ¢ —C =C_.
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The Brillouin.scattering [747] and ultrasonic [37]
measurements of 062 for KDP are plotted in figure 11. Above

T. the results lie on the same curve and fall to zero at

D
the transition as expected, but no ultrasonic data could be
obtained below TD because of éxcessive damping. The solid
curve of figure 11 1s a plot of cg, calculated from (2.16)
snd (2.202), using values of J'=134°K, A=67°K, .=3.6°K and
c =7.0 x 1019 dyn.cm._z. An excellent fit to the data is

O .
obtained voth above and below the transition. It was not,

D

nowever, possible to obtain good agreement in the low
Temperature phase between the measurements and the theory
for cqy, (see 2.2?)) using reasonable values for the lattice
specific heat CL'

J' was chosen to give-the correct transition temperature
K), ¢y 1s the value given by [37] for ¢ near the
transition. Kaminov and Damen [75] give a value of 71°K
for A. The frequency of the spin like mode we(O) given by
(3.6) would vanish at a temperature T¢ called the 'clamped"
transitiorn tempezrature and from our data TD—TI=4OK. This
zgrees wit the value obtained fron measurements of the high
2w fregquency susceptibilities [76].
Trz mornitude of the spontaneous polarization per unit
volune, P, ic wiver Dby

p= 7 Lo*>
(6.55)

where PO i5 tane cipole moment when fully ordered. PO can

be estimaten from The Curie constant in the paraelectric
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phase, Neglecting A, which should be a good approxlmatlon

for deuterated KDP, it can easily be shown (see §7.2) thzt
the susceptibility above the transition is given in moleculur

thecry by

—
’J
o
-
L

' \/Po1 |
y Nn k(T=To) | (6.55)

where n is tThe number of 'spins' per unit cell. In fhe
_ocal mode theory n=1 whereas in the proton twuwu.elling model
n=4. Hence PO ie relatec to the Curie constan®t C by
iy
(RN RC)™?
v (6.57)
1111 and Ichiki [77] find C=322°K for deuterated KDP s
1s1ing (6.57) the local mode theory predicts P =5.O5uC/Om.3.
For small A the theory. of Chapter 2 shows that (c%)=1 as
T-0 so we cxpect i1he saturation polarization to be given by
0 This is in reasonable ggreement with the experimental
velue [767] of 6.1¢ uC/om.3. The discrepancy is perhaps due
, N
<0 27 expansion of the bond in the ferroelectric phase. It
iz wmorth p01‘t1ng out that the proton tunnelling model assumes
foor spins per urit cell so (6.57) is not well obeyed, as
pointed out by Cocrran [73..

Goyr KT, 0=056"% [761 so (6.57) predicts Py=4.54 Llc/cm.3
waich ccmpores satiszfactorily with the saturation polarization
(725 of 5.12 uC/bm;B. However one should probabiy incluée the
- tunneliling “recuency A in =z treztment of KDP in which case
the saturation value of P 1e less than PO and thoe agreement
is not so good. Iz addition (£.57) is slightly modified

(see €7.2) also in a3 way to make the agreement worse.
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Considering the crude nature of the approximations
that have been made and the possibility of an exparsion
of the tond length in the ferroelectric phase we feel thrat
the disagreement between (6.57) and the experimental results
is not large enough to discredit the local mode theory.

The temperéture dependence of polarization jﬁst below-
the transitionr 1is,. however, less well described. The most
recent measurements are those of Benepe and Reese [80] who
used =z polaroelectrocaloric technique based on measurement
of.the température changes préduced by adiabatic changes in
+he polarization. They find that the polarization jumps
discontinuocusly to P=1.87 uC/cm.? and trat near the tranci-

%

ticn P a (6~P) ™ where 6=T +O.026OK.

D
As mentioned in $6.4 the theory predicts a second order
1
piase change withPa(TD—-T)2 when the four spin interaction
4 . .
parameser J(‘)(O) 1s sef equal to zero which cannot possibly

explain the data of [49]. Cummins (preprint) has also pointed

o)

out That a Simple Landau type theory gives a very poor fit
to tne polarization data. It would appear, then, that the
z2-oreement between the theory for Cq and the Brillouin
scattering data in the Terroelectric phase is fortuitous.
Furtrhermor=: it is probanle in a highly anharmonic crystal
suckh zs KDP thsas ng is greater than the frequency of the
phonons generated in the Brillouin scattering experiment
(~1070H7) so one would expect from the discussioﬁ of §3.2
to roasare CS,(23.32) rather than CS(E.?OQJ; -

Ber.epe and Reese have proposed a pnenomenologigal form

for the free energy of KDP which fits their polarization data
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and the specific heat data of [81] very well. They tock

2 4 4
F= 1P+ LpP + L8P

(6.58)
o 47 - "'3 , . -12 4 2
with a=(41/¢)(T-6)=3.867 x 10 “(T-6), B==4.4 x 10 “cm!/esu
27 |

znd 8=2.96 x 10~ cm;12/esu, shere ¢ is the Curie constant
and ezTD-O.O120K. The coefficient of P4 is small but negative
so the transition is slightly first order. The expression
(6.58) neglects a possible sixth order term bui includes the
coefficient of Pa SO
1/4
Px(6-T)

(6.59)
ciose to the transition as observed. Cummins (preprint)
hzs shovn that the same free energy gives a satisfactory
dezcription of the elastic constant data. He calculates tre
'true' adiabatic modulus.assuming the crystal comes to local
therrzl equilibriuvm, whicl 1s equivalent to Cq in the spin
zodel. As discussed in the previous section adding a four
Spin term t0 the Hamiltonian, to represent the restrictions
cn the proton configurastions proposed by Slater, can lead to

-
Z2 10U

=

tr order term which is small but negative as required.
Trere does not, however, seem to bpe any justification for
reglecting the sixth order term in cur mcdel. Nonetheless
we mignt expect to obtain a better ZJescription of the data
¢y including four spin interactions, as discussed in the

next section.

6.5(b) Ircludins four particle intcraciions.

Tr.e pclariz:ztion data of Benepe snd Reese [49] is

shovn in fizure 12 :ogetner with the older data of Von Arx
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and Bantle [82]. We shall assume that the recermt measurs-
-ents of [49].are the more reliable. The full curve in
sigure 12 is calculated from the free energy (6.58) anda gives
an excellent fit to the data. The best fit 1n the pseudo—
spin model is obtained with J(4)(O)=49.80K and P,=7.86 uC/cm.3
zs shown by the dashed curve in figure 12. Ve took A=67°K
(2nd hence J'=134°K to give Ty correctly) as in the previous
section but a comparable fit was obtained for a range of
vzlvues of A, Tre agreement 1s not so good as for Benepe and
Reese's theory because the orserved temperaﬁure dependences of
P a (8—T§é is built into their theory whereas we predict
P o (e_T)%‘Well bclow Tp (oz)~05925 so the saturation
3

polarization 1s calculated to be 7.26 LC/em.” which is sig-
nificantly larger than the mesasured value of 5.12 ,C/cm. -
R

7e Tr.is discrepancy 1s agz2in due to the theory predicting

the wrong power law behaviour velow TD'
The treory for the elastic constants is unchanged
noove Tthe foansition by the inclusion of the four spin term

exczspt thot ig 1O longer tends to zero =2t TD but at a

cwsr toisperature 6. However taking the parameters

6
|
)
J
(Y
)
cl
e
'_J

from the 21 <0 the polarization dazta one Obtains TD—6=0.045OK,

wnzch is tco sma-l to be detected.

-
iy}

Figure 13 s.ows the experimental results of Brody ard

Cormins [74) cogesrer with the theory for Cqs Cgis snd C

3

& Ttrne varamciers taken from the fit to the polarization

1
u.;.:l

.

i2ts znd Jith u=3.6OK, which gives the best fit to the data
for ¢.. above TD. Good agreement between the theory for CS'
zni the aata is obtained with CL=4.2Nk. CL can be determined
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gol,

from the specific heat measurements of /l81] by subtraciing
off the anomolous part, which is the contribution from tre
pseudospins. The value given in [80] is 63.8 J/mol,
=2x¢3.3/8.32 Nk= 15.6 Nk, the factor of 2 arising because
there aré two formula units in the unit cell. This is con-
siderzbly larger than the value taken gbove to fit the dats.

It wppears that including a term in the Hamiltonian to
represent the Slater-Takagi model in detail can give a
tetter fit to the data than the simple theory of ¢6.5(i).

Trere zre, however, a number of unsatisfactory feztures,

ST
5 Y
aaillaad

)

1 the polarization does not extrapolate to the measured

vilue at low temperatures ind one must take too omidll o

~

value Ior the lattice specific heat in the theory for Cq-
It is worth mentioning that there are many hydrc.o=a

vonded ferroelectrics isomorphic to KDP [82] and 'in all cases

v

)

17

)
ot

%

r

@)
b

tion 1s observed to be slightly first order, z2ithoug:z

To
il

(]
ci
3
ED
=

nsition temperatures vary considerably. The fcur
spin intersction parameter J(4)(O) must be within a narrow

rense 01 vaL-.es e obtain this behaviour, in particular for

/
zere Ttareliing 5‘4)(0) must be slightly greater than.%J'.
Tt seems rer.=rizable that J', which determines the transition

temperzture, shcuid vary considerably from substance to
sibstance vet tne ratio of J(4)(O) to J' be almost identical
in each case.

Blinc and Svetina [83] have investigated the behaviour:
of a pseudospin Hamiltorian similar to (6.41) in o four
pzrticle cluster theory. In the limit of A=0 their results

rre identical with those of Silsnee, Ucrling ard Schmidt (6217,
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whose treatment is basically an;extension bf Slater's [607.
Por A#0 however the results of [83] are very complicated and
are not sacisfactéry at very low'temperatures since an anti-
Curie temperature, where the ordering disappears, is pre-
dicted. Nonetheless we feel it would be interesting to
extend the theory of [83] to caiculate the elastic constants
and to compare'the estimave for the spontar.ecus polarization
with the data of Benepe and Reese to see if the difficulties
i our molecular field itreatment can te overcome.

On tiie other hand the phenomenological fres energy

(6.58) proposed by Benepe and Reese does fit the data very
weil wnd differs from our model principally in neglccting
the coefficient P6. There 1s, unfortunately, no existing
nicroscopic model which leads to i free energy of this form.

I+ would zvpear then that = couwpletely catisfactory theory of
ke . . y

nydrozen bonded ferroelectrics has yet To appear.



CHAPTER 7

SFFECT OF TWO PHONON COUPLING ON THE LOW FREQUENCY
PROPERTIES OF HYDROGEN BONDED FERROELECTRICS

It has reccently been shows by Cowley and Coombs [77]
or. thhe basis of weakly anharmonic phonon theory that
coupling between the soft mode and pairs of phonons, in
ferroelectrics which are piezoelectric above the transition,
leads to an anomalous dielectric réSponse at cw freguency.
Trom an analysis of Raman scattering data [70], [64] they
suggest that this effect is large in the hyarogen bonded
ferroelectrics KDA and CsDA.

In 7.2 it will be shown that 2 similar anomaly in
te dielectric response is expected for the pseudospin

el discussed in Chapter 6. The effect of two phonon

(@

me
coupling on tne elastic constants will be considered in
¥7.3. The theory for the Raman scattering intensity in

the pseu pin model is LOWIN ve: simila rat
the p dosy odel sho to be lar to trat

'J

ir. The arnarmcnic phonon description. From a careful
anzlysis of the data [05] we: conclude that the size of this
sncmzlous low freguency behaviur is much smaller than was

first suzgested [70], [711, [841.

7.1 Green fTurctions ~nd correlation functions.

4 el

Mary properties of crystuls can be described in terms

. AB - . o
of ret.rucd Grees functions G (1) :nd tneir correcsponding
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Fourier transforms GAB(w) defined by

G 6= «Ale), Blo)y

= 2mmi 9(€) L LA, B(O)>
% ' (7.1)

ad
anc e

G P (w) = ;[w&“e(t}eéw s
Lop

(7.2)
where A(t) 2:ad B(t) are operators in the Heisenberg

representation, 8(t) is the unit unit step function de-

Tined 2y | tvo
(&) = {
6 ) o tLo
erd [A,B] indicates the commutavor of A with B. Apart

L]

from a numerical factor (7.1) is ust the definition
adopted by Zubarev (86] who shows that GAB(w) is a response
function of the system. The system is assumed to be in-
itially in thermal equilibrium so tie probability Pi of

tre systen being in the ith state 1is determined by a can-—-

v

is applied

o

] .. ; ) i
ricas distribution. An external force Fe
slowly while the system remains isolated, that is the

Trokbabiliitizss Pi remain unchanged. Toc account for this

L : | 1wt .
vertuarcaticn o term such as —-BFe must be added to the

demz itonian. Jr taking the limit F-0 Zubarev shows that

cwt
CAB)S = 6% (w) Fo

4

) (7.3)

AB(w—:O) iz trnerefore the static susceptibility evaluated

G
for the 'icolated' thermodynamic regime discussed in 42,2,

The Gree: functicns must have poles at frequence: of the
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elemertary excitations since fluctuations occur at ticon
fregquencies with no external force.
To investigate the dynamics of crystals it 1s in-
seresting to study certain correlation functions JAB(t)

gnd their Fourier transforms JAB(w) defined by

TB(E) = LB(O)AE)S

(7.42)
> A cwt
ol '_TAB(w) = J T B(é‘)e dE.
2T )_» _ .
(,/c/-?b/
Tr: Fourier transform of { A(t) B(O)) is related to JAB(
vy [E6]
o0 Curt KwlRT A
2| ¢ae)Blo)ye dAfF = 2 T (w)
> (7.5)

From the fluctuation dissipation theorem [87] which
relates tnermal fluctuaiions to the dissipative pzrrt of The

spproprizte complex susceptibility, it can be shown tha?t

(7.6)
“rere are Kromers-Kronig relations between the real and

lzzginary parts of G [86] so a knowledge of J is sufficient

ot

0 Getaermwine G completely. However the boundary conditionrs

are aifficult to define for the correlation functions so it

48]

is easier to determine the Green fuinctions first of all and
then use (7.6) to calculate the correlation functions.
\ AB e . L
To ovaluate G (w) onc starts Ly writing the equation
. AB
of motion of G (%)

LR i«;»ze, el =-2ms(6) LLA,BTD
4 & [Mle) /(O] , BlOYD (7.7)
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Teking the Fourier transform of (7.7) and assuming
3*B(1-=)=0 one obtains the equation of motion of
P (w)= <a,B>,

Rw&ABY =~ (LAB]IY + &[AR], B>
(7.8)

This equation involves Creen functicr.. of = nigher order

for which one can agzin write equations of taz form (7.8).

The resulting chair of equations must “e decoupried alt some

‘ . . AR o AB
stage. Assuming this can se done G (w) and nence J7(w)

sre determinecd.

7.2  An anoralens dielectric response st low freasuencieds.

Interacticns vetwee: the soft mode and pairs of

phonons are of the Zorm (6.35) which can be written as

W= i S V(k12) o%(k)A A,
B4 (7.9)

viere, Tor ezss 07 notation, the two suffices j and k have

ween ren_c2:zX DY oa single suffix 1,2 ete., and

! | (7.10)

o Wiep the wrestiirnt ac simple as possible the four spin

“ermz irn (6.47) will ve nerlecte?. This has nc effect in ¢

rolecoay fielc “razry acove the transition, which is the
wnin regsicn of interest Lere. In Tthils sect1c The difference
netwe s the displaced phonon sperators y, defived Wy (1.33)
oo wnperturved prnonon cperatcss 2 will ne neglectad,

L ooorrect sreatuent of tho pheroar, ncczssary 1o calculate

“v 2 elaz*tic constants, will be discusced in 87. 3.
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o X . . : . A
Since the polarization is proportional to {c?) *he

«©
O

rtribution of the soft mode to the dielectric respcase
is determined by the Green function <GZ(5),OZ(—E)>. Fror
(7.8) the equation of motion of <0®(k),0%(-k)> is

fw &or(k) o2 -4)D = - 2% A & o), o (-4)D

(7.11a)

1)
'S
(9]

gimilarly the ecuation of motion of <ay(g)cz(f§)> is
Fw L o?(h) o*-hlD = —1eALo™> + 200 LKoo (k] o4
2% 5. TW) &L (hak’) G A"] o2 (-4) P

Nuz. }L’
~x SV (b1 2)&o (kb ) ARy o> (4]
*Mwlin (7.11b)

“hie taree spin Green function in (7.11b) is decoupled in
e same approximation that was used in Chapter 3 for the
cavations of motien of the operators, i.e. we set
Ko¥ob o' P= (0L’ oD+ (orkaT o™
(7.12)
0 Cecouple the Green functions involving phonon operators

sztlelactorily it 1s necessary to consider products of tTwo

tn0non operators zs a single entity and write

Y4 G'*A,AI,O'(s) = {0“"7<<A,A“o-“>>+ <A:A-;7<<0'“,0"3>>.
| (7.13)
Considering only the high temperature phase, for which

(c?y= (A,A,)=0, ore obtains from (7.11), (7.12) and (7.13)
RHwib)-w) Lo (k) o™ (-£)P = 4ALox>

+ LoloxZ S (k1 2) LA, A, o (4)D

0/2_ " 2 )
“n (7.14)
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®

i_h‘w;(g) =Aale - ‘.r[é)«r"?]

(7.15)
zs in (3.4). We denote by GOZZ(E,w) the value of
<JZ(5),0Z(55)> when the coefficients V are set egual %o
zero, i.e.

G (hw = 4b8lo0%>
R (wi(a)—w?)

(7.1€)
The static electric susceptibility X (=zee ¢6.5(1i)) is

iven 2y
g / X

+ =R G (00

Nn
(7.17)

iT two phonmcoupling is unimportant. For A-0 (7.17) becomes

Y = %L |
Nn R(T-T,) (7.18)

the rzsult gquoted in (6.56).
Om=t+ing most of the symbols for clarity (7.14) can
ze writtern symbolically as
. Z2 2z PP,z
q—-u: G—o -+ CTO V(J"
(7.19)

vwherse
- PP 2
. . — Z
ur = & AA o j?

Fol_rowing 1ie samc arguments 1t 1s straightforward to
Sh O\V t h::.t

PP PP
2, PP [ 2% .
"= GV

(7.20)

Lhers (r = LAA, AAD
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is *rnes two phonon Green function. From time revorsal
Z Z .
symmotry one can prove that G 1 PP_gPPr 2 o0 combining

tnis result with (7.19) and (7.20) one finds

Tz

zZ z2 PP PP zZ
G =G +G V&V,
(7.21)
In the absence of coupling to the spine 1t 1s easy
to calculate the two vhonon Green function, which 1s de-
nozed by Gopp,pp in this limit. The puonons propagate
independently so decoupling czn be performed immediately

TO0 g1vVe
Nt

G (L2.6) = LA e) A6 A lo) A, (0)D

o

{f

LA AL o)) KA (6 AL (0)27

+{A,(0) AL (VLA (¢ A (o)

(7.22)

In the absence of interactions the single phonon Green

-

function <A,,A_,> 1s equal to

klw, - w? (W, +w] K (W —-w)

(7.23)

ard treemmiv.ient correlation function can be calculated

from {7.¢)., Performing a convolution integral on (7.22)
yields
PP, PP
% = n,+tNy+! + N+, +/ + n,-N,
K (w+wy +w) K(-wrtwirwi] Aw+w,-w)
-+ ,l'l——‘ n—,

£ (wrw —ws)
(7.24)

wnere v 1is tne usual phonon occupatbion number (2.3). The.
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equa=ion of motion of PP PP tne full 2 vhonon Grecn

f.nction, can be expressed in terms of Gopp,pp g

GFPP.PP _ G;Pp“’pll-e- \/ G—Z'PP],

!

N2
N
~—

(7.
Rzzrranging (7.19), (7.21) and (7.25) yields the desirei

[

Z7
expression for G

zZ zZ

= &

o

- V&P G (7.2€)

Compzring (7.26) with tae Dyson equation

CT = G’o/[l-ié’oj
one sees that the self enerpy 2 iz pgiven by

2 = V&"TV

(7.27)

In other words the prOpagation of a spin wave is altered
by tlie spin wave decaying into a pair of virtual phonons
wnich propagate independently (in this approximation) as
iescribed by Gopp’Pp before recombinirg to form the spin

wave z2gzin.  Including. the suffices eguaticn (7.26) becomes

Gl = GO do™y _
Lo Lo~ {T)+Vikw)S o] — RTw?

(7.25%)

'.v/(é}w)::_ i Z‘I\\ (/ 2.)/ h—l'f/l-‘-t‘(
f{{W-rw,-f-wz_)

+ M hatl 2 (h-ny) }

;:[’-"w’ i/, TW)) k ( W + w"wz)

' (7.29)



-113-
Cowley =nd Coombs [71] have derived a very similar result
for a weakly anharmonic phonon model by diagrammatic
techniques. It will be noticed that in the spin modcl,
two phonon coupling leads to an extra contribution to tae
spin-spin interaction J(k), which is both frequenéy and
temperature dependent.

As pointed out in [71], the first term in (7.29) is
rnot well behaved in the limit k~0, w»0 if modes 1 and 2
bzlong to the same dranch and so have the same energy.
This difficulty arises beczuse of tne ratrner unphysical
assumption that the two phenons propzgate freely so the
frequencices iw1 for c¢x.mple that appesr in (7.29) are the
poles of the single pnrticle Green function for a perfuc:

crystal (7.23). In

3
3

vrocuice dnteractions with other odeo
lead to damping and provided tiis small the Green functicn

-2y be written as

2w,
“ X .
wé=cwd —w?
R (w) - cwdi=-w?) (7.30)
which h=zs poles at
U+ ==-g? 2w
by
(7.37)

if y1<w1. Hence the first term inside the curly brackes

o

oF {7.29) bezores

2. ,;X(Bn,/}w) = 2n, Nt1) )
klw+cd,) kT (- ¢w, (7.32)

vnere

= /Y,
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The spin wave will glso have a width Vg which would
appear in a more sophisticated theory. Assuming all tle

phonons have the same lifetime, which we denote by 7;;,

then for small k and w
G (hw) = ADLa>D
RIIJ’EI(H-EW);-W"]— L DLoe*y L
I-ew T, (7.33)

where

re well benaved =zt

qw

and where the terms in V(k,w) that

=N

w=0 nhzve been incorporusted into Wi(k). At high temperuturcs

L is proportional to T so we can write

[ = o4& R T

(7.35)

U1

wnere a is z dinensionless parameter.

At nigrn freguencies,where wTLL>1,this 1s similar to
tre simple result (7.16) for GOZZ where the susceptibility
arises from a mode at finite frecuency. However at low
frequencies therc is an additional contribution to (7.33)
which increases the real part of the dielectric constant
and also increases the dampiha.

For ALKT

TPl o= ant[i- TTs:_]

(7.36)
WOLCY S TO 2o ocelated to the transition temperature TD’ at

whicy. (7.33) diverges, by

T = To (1<) (7.37)
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Consequently as T approaches TD from above EE decreases
but it is the response at low freguencies which diverges
and induces the transition before EE becomes zero.
These results can readily be extended to the ferro-
electric phase. The equation of motion of the one phonon

Green function <A1,A_1> is

Fa.[w:‘- wl] /4 A, 1 A~l7> = LK W,

+ LRy, 2, V(g L2 &) A, A
Nz ZA

(7.32)

The simplest approximation is to decouple at thils stage =0
REfwl-wd &a A= 2w [+ <oty ZVI(012) LA 40D

(7.39)
Calculating the equations of motibn for <A2,A_1>
ard daecoupling in tihie same way one obtalins a set of lineazr
ecuztions for 211 Green fﬁnctions of tne form <AaA_1> where
the modes a znd 1 are coupled because of the non zero
average of g%, These equations can in principle be solved
to obtain The new eigervalues wa' and elgenvectors Aa'.

As a partici_zrly simple example consider the symmetry
zllowed coupling 10 a doubly degenerate branch of E symmetry
at k=0. One firds |

v}i"[odl-—-wfjprl: Ytw, Loy VIioL2) A,

k[ owt A= 1Ew (ozy Vlol2] A

(7.40)

kw' a~ Rw, = |vioylLez>

(7.41)
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Hence the E modes are split below the transition as

cxpected in the reducel symmetry.

The decoupled equations of motion for the =pin Greezn
functions in the ordered phase are

hw Lo k) o 4)p= —2xA K o?lh)] o*(-4)Y

Fw & gt c?-4)Y = -8 + 20 «og?h] o) D

- WT (k)< "7((0*’“(# 24)) -2 T K b))
—% 2 VI(h 2] Lo LAA, gEnD

2N bl
~2¢ S VIOLLLA A Y& k] 72-5)D
zw”lﬁz
hw&o(e) g (-4)y =

207727 + 51 v(0,12) A A&k 4)
2 '

(7.42)
“hermal averages such as {A.A,) are determined from the
1

zguations of motion A1A2. For example

: + + .
‘R;‘TL& {a‘x az} = k [WL‘W,J A &y — "\%‘ % V(é‘)glz/anAso' (éj
_7/,_ Z V(k.1.3) A &, (8]

(7.43)
Taing the thermal average O0f both sides, noting thet the

zverzge o the left hand side must vanish,and decoupling

+ 1
[P ORe

> 1n the usual way onc obtains

N, —Nn, V(Oli,l) <U"z>
k (wi-u)

zrl one ¢ir snow that

(7.44)

1 -+ n,+ nl‘f/ YV(O,/:l)éa‘ly
Klhooa)  xlwreal (7.45)
Below 1, tho o

b chonon modeg are moxed togethoer because

42 . ,
of tne non sero cverage ol {0°) as shown for instance by
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(7.38). This means that the equation of motion of
<A1A2,OZ> in (7.42) involves products of different phonon
operators so the equations become difficult to handle.
However if the mixing is small, or more precisely if
I\/ﬂlhl)/tLva-ua] | <1 then this effect can be ignored
in 3 first approximation and everything goes through as
tefore. With trls assumption G%% vecomes
G (hw)= Lo loxy |
4[(3“+\/l0,o>) 40—17}7} LA [A- {7 (R) + V(A w)y 400_]- Rrwt
(7.46)

Dzmping can be included in a phenomenlogical way as in the

cerivaticn of (7.33).

It saould be pointed ocut that in addition to cubic
+.1ms of the form (7.9) interactions involving three spin
crerators of the form

S W (b, k) o )t () o AL)
P,k

: -
N'&
(7.47)

can also occur. CZonsidering (7.47) but neglecting “wo
(o (>

- y 22 ; . I
phonon couplinz (7.09) G can be cast in a form similar

22,227

to (7.26) vut wita Gopp,pp replaced by G the free

g 22,22

two spin Greer. function. Fer T>TD, o

is given by

a form sinmilar to (7.24) i.e.

i 2 |
G H o LA-A(G"‘?] { ’Z,h:r oy 1 + Mpy Nyry |

]
Lkross (W) Wels) L Rlwrwp il i (8') Rl-w + wy(h)+ wypta)

K (Wr u\JE{,':,’}-
witn wE(;) given oy (7. 55 and

n, = [ exp(bweltlfh]- /J"(

+ 2. ! Nk 4 "nvh')
= = 7.48
W.-/y/} ( | :
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Hence the effects of (7.47) are qualitatively the same
ze those of the two phonon coupling (7.9) and will be
regiected from now on. Interactions betweenltwo Spin
crerators and a phonon are also allowed but do not give

i , i : zZ
rise to an anomalous low frequency behaviour in G .

7.3 Calculation of elastic constants.

In this section the effects of non-commutivity of the
displaced phonon operators y with the spin operators will
pe discusced. Adding (7.09) to the model Hamiltonian
[6.41) Tut still neglecting the four spin term we can write
The resulting Haumiltonian in the molecular field approwx—
imation as . -

R, = Sohw(r!y«1] = 850"~ (3000 LsU

V(Oﬁy3)£LJ‘7ALA3 + <ALA37<047]-

2—-(\/ 2.3
NT0)corTr LV et + £ VI(0,23)La274A, 4,5
2 (7.49)

NI~

It will ce assumed for simplicity trat the phonons which
| ccuple dlrectly to the spins do not also couple througa
the twe phonon term (7.9). Diagonalizing the terms

S, asa, ke, — 2 VI023) Loty A, Ay

* =3 (7.50)
to obtain the new phonon frequencies W,' and using the

result

L S.vi023) LA A = Vio0) Lo
2N'2
(7.51)

obtained from (7.45) one may rewrite (7.49) as
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)z(m.ﬁz - A %o—"/() - L{‘.r/o) < V00,0)}4027 ¢+ e ] éO“.z/z(/

+ LN (TIO)+V(O,OI)40'Z7I+' 2 I‘w"n," t éNV/qo)4¢z7l
1

(7.52)
waerc a thermal average na' of pairs of phor.on operators

nas ovcen taken. The corresponding free energy 1s

F = ~NeT A [26oak () ] +L N [7l001vi00] Le*>™

— R,
-+J2-‘\/co 2® + L V(0,0)L0% + kT i [i-e /A?J
t
ALY
(7.23)
ners y
W = [H I+ ]
(7.54)
1Tf H4, = (T/O)-f V(O)O})<U‘z7+7,€_

This expression 1is ratier complicated because the
gnoncn fre cies w,' depend on {o?) However if V(0,1 2)
0LONCE quencies &,  depen ‘ . onever i , 1,

. .. . \j . .
is small compered with w.-w, then (w1 —wT)/w <1 so it is
a gocd aprroximation to consider only terms of order <CZ>2
N . ) ] " N -
in trhe expression for w, . After come algebragic manipula-—
tion the last three terms in (7.53) reduce to the unper-—
surced pnoncr centribution

o -kunMTJ

RTS, (. [1-

1

ir this limit. The free energy (7.53) is now identical with
The free cancryy of DyVO4,whose properties were fully in-
vertigated in Chapter 2, except that there 1s an extrsz
contribution V(0,0,) to the epin-spin interactlon J(0),

2rising from two plioron ccupling. Taking over the theory

of Chapter 2, tu: trensition temperature T is given by
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A = Lamh ()
T'+VI00) (7.55)

and {3_) and {o”) are calculated from (2.7) and (2.9)
respectively with He and W given by (7.54). fThe elastic
constants are dstermined by (2.16), (2.18a), (2.19a),
(2.20a) and (2.22) and vanish at the transition.

Whereas tnhe static properties of our model are

identical in form with those obtained for DyVO4 in Chapter

2 it will now be shown, from the aynamics, tast trhere is

W

marked frequency dependence in the elastic bhehaviour
wiich 1s in contrast to the earlier treatment of DyVOA.
Assuzing that phonons which couple directdy to whe

spins do not also constribuie t¢ the two phonon term (7.9)

it is straightforward to show from the equations of motion
thet
G2k, w) = 4OLa*p
4{[(7'+V(o,o))"¢o-27‘ﬂ + b [~ {7+ VW ]-Rat - S kw400 >
‘ (‘*}\L‘ W})
(7.92)

vere (&)= 2GR /Ray(i]

According tce the dynamic theory the transition occurs
G

42{3,0) diverges 1l.e.
A

== [j"'-l-- \/(0,0)] <0_x 7.
(7.57)

ot

The static treory solimatens ftre transition temparature
-l 2 . . - - . Al - Z 4
from the zppezrarce of a non zero value for {6®) and is
given by (7.55). =icse two resuits, (7.32) and (7.57),

. + S e h rror o R =-Ye 1 5 l-. X
are consistent with cach othier so nolecular values of o)

end {2%), calculated from (7.54), (2.7) and (2.9), may be
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/
inserted in expression (7.56) for GZ2Z.
Conéidering just one acoustic phonon branch in the
last term of (7.56), then for wTy ;€1 the coupled mode
freaquencies, determined from the polés of G, are given

by the solutions of

kS
R [wt- Wi llw o wi ] = 48 ey whrk,
(7.58a)
with
2 |
LR wi = [T74 Vio0)) 47+ &[a - vi0,01)<ox>]
(7.580)
on the other hand for wT,; >1 the coupled mode frequenciecw.
are given by °
Rlat-wil[ws-ar] = 4acemo wt A
(7.59a)
snere B2 is related to oo by
t1d o -— E e b E J
Lz @t = {(—KLW‘_:, + DLoxy L ,
“ “ {/.59Db)
The freguency of the acoustic like branch is given for
thece Two cases by
wilk) = wii w, (£) -
~= (7.60a)
wt‘
and
3 - 2 2
e (7.500)
wicre

(7.61a)
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and

K*wt = LAYGE = O M Loy

1 KT
N (7.570)
For wgy <1 where « is the acoustic phonon frequency, the
gradient of the acoustic branch vanishes at the transition.
However for wqy<lthe acoustic branch no longer flattens at
TD but exrtrapolates to zerc at a lower tenperature TO
relzted to Ty by (7.37) (for A<kT ). The variation bf tre
elastic constant with temperature in these two cases,
calculated from (7.60a) and (7.60b),is shown schematically
in figure 14.

It 15 interesting to discuss this frequency depenaer.ce
in terms of the different thermodynamic regimes invesTigated
in Chapters 2 and 3. Ac tne tunnelling mode propagates it
couples to pzirs of phonong through (7.9) and induces

fluctuzTtions in the phonon occupation numbers which decay

)

]

Sime Top (7.32). These fluctuations car. be regarded

'..J .
W

m
@}

z mode of the system of B2 symmetry centred at w=0 and
52 width 1/TLL. In the recime wTpr>1, where there is no
regponse from this mode, the populations of the phonon
stataes remalin constan: so this corresponds to the "isolated!
raoine, y=I, defined in Chapter 2. For wTLL<1 the popula-
tions of the phonoa stat2s change in a way to bring the
cronon systemn to local trhermal equilibrium. This is just
the 'essentially isolated' regime 7y=3.

The experimcental moecsurements of cgp on “DP by ul-
trasonic [37] ard Brillouin scattering [74] techniques fall

3 4 . -
t0 zero at TzTD. This leaves two possible conclusions:
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(i) The frequencies.in the Brillouin scattering
experiment (~'0 GHz) are much smaller than 1/TLL;

(ii) The measuring frequency is greater than 1/'rLL
but two pnonon coupling is weak.

Since KDP is highly anharmonic possibility (i) cannot
be ruled out. However the size of two phonon coupling

can be estimated more satisfactorily from Raman scattering

data, which is the subject of the next section.

.4 Estimate of size of two phonon coupling from Raman

Scatterins data.

o~

7.4(a) Crlealation of Ramnn scattering intensity.

The intensity of scattered light in a Raman experiment
iz relzted to fluctuations in the crystal, which are in turn
related to the susceptibility as will be shown below.

Herce Raman scattering is a suitable technique for in-
restigating the low frequency response of hydrogen bonded
ferroelectirics.

Denoting the polarization directions of the incident
=»d scatiered teams by suffices a and B respectively, the

robeoility of tne crystal undergoing a transition from

)

w3

W

at

Ul
t

|i: w0 ::ate |f) in which the light loses energy w
*s propor-ionzl tc [88]
: . '(Bl : ]1
w) = L 7
(7.62)
where xa; is the polarizibility and

£
(7.63)
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To calculate the total scattering intensity one must
surn (7.62) over all final statves |f) which sztisfy (7.63)
and sum over all initial states |i) multiplied by the
probability P; that the state |i) was initially populated.

Therefore i(w) becomes

)= Z P T 1Ll ey TS (B -amkw)

(7.64)
By using the integral representation of the 3 function
&+ R
slxl=L [ 27 4k
< (7.€5)
one c¢cmn express (7.64) in the form
o , ‘W
( (W) = .L.J LA E) " (0)Ye L
il (7.66)
where {,..) denotes a thermal average. Expanding xqb
35 2 power series in lattice displacements
A
8 = = Po + 2. PR,0.0., + -
p j., JJ J J Y _
’ J (7.67)

retzinins only linear terms, using (7.5) and the fluctuation
iissipatiun theorem (7.6) the scattering intensity is

proporticnal to

Cw) = __| I 2. PP G ()
Lﬂ-efkuth < J
| (7.68)
The soft mode in hydrcgen bonded ferroelectrics such
as KDP transforms according to the B2 representation of D2d
2nd is therefore observed by polarizing the incoming beam
parallel to x and the scattered beson parallel to y, or

viceversa [53]. Experiments [84] chow that in addition to
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the soft mode, which appears as a broad response centred
around =0, theré is another low frequency excitation

of B2 symmetry which rust be included in a full analysis
of the lineshape. The acoustic branch will be neglected
since it is of too low a frequency to be observed by Raman

scattering techniques.

The form of G; will be investigated for two models:

- J
(i) The anharmonic phonon model [84] where both modes
. of interest are described as phonons. Expressions for the
dreen functions are determined from the coupled mode eguatior
2
w}_(;w}’.—wz / i"f“-'w_rl.'z_ (1:‘ G\g rl ©

——
—

S
St cw T, | wimcwhswt || &G L (7.69)

There are an infinite number of ways to diagonalize (7.69);
one may 2lways diagonalize the real part (Z=0) or the
imaginary part (T12=O) corresponding to a different choice

of coordinates Q, and Q,. For F12:O (7.69) becomes

w}’dwwiz) 21 (Tu G‘nz l (@)
* G, G o l
. —ot a Uy
i ’ W,_—oWy:. - (7.70a)
ar3 for —=0 we can write
4 ]
r W:"/ -—{,wé{, -w’: ¢ NT.\,_ _ CT“.C_r,l ‘ @)
¢ y
‘L cw T‘.,_ ) Wf, —-(W }g_'-—wl (.. G‘u_ o |
| (7.70b)

The trancsition occurs when G diverges 1i.e.

w‘w: - 2 = O
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or eguivalently

<Uﬁ w;, = O
(7.710)
(ii) The pseudospin model in which the sof+ mode is
described by = spin coordirate but the other excitations
are represented by phonons. Neglecting two phonon coupling

G given by (7.56), is written as

77!

&zl(w) = YANLa>>
R wk-wh] = 48Le w5 A
(Wi-w? (7.72)

Considering frequencies much larger than w_ and including

a

just tne one optic B, mode of interest (7.72) becomes

G Hw) = enlo*r (Wi -w?)

Rt [wi-w][w] w.ﬂj 4D LT WH (7 7y

wiere x is given by (3.7). The Greern functions

L2 F s + +on 0 .
KC%, v +v> and <y +y,v +7> can be found from the equations:

of motion following the derivation of (7.73). Eowever 1o
rzze = ccavarison wita (7.70) it is more useful to work with
the origianel phonon operators a and a’ rather than the ¥'s.
Tre corresponding Green functions can easily be calculated

once the Green functions 1or the y's are known. One finds

i kl(w; _.wl) ) 4540“7 }J ‘ C‘[‘t GZP 45{_0«7 o
b = _
PR, PP o 2R W;
I 23 R wg ) kl(‘d;“wz) I(A‘ G i
) (7.74)

_ 3
Lot gyt = f\'y’<0~17] +A[o- (T(o/-HJ~/4¢"7:}
(7.75)
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Damping can be added in a phenomenological way by includirg
imaginary terms in the diagonal elements of the left hand
zatrix in (7.74), i.e.
[t}(w‘; —wY~wt), 4aLoevy; A #4Lonz O
L

Pl = :
2 v Ale & o Y,
z?sdeJ ) Xl(wj-"w)j-w)
(7.76)
A more satisfactory method of including damping in
the spin equations of motion as recently been given [64]

ous dces not differ substantially from (7.7¢) in the low

freguency region of interest.
»* *

Notice that (7.76) and (7.70a) have precisely the same

(O
D

zoendence upon W and therefore give indentical results

wiitn The correct choice of paramcters. However there are

tifferences in the expected temperature dspendence of osore

of the parameters. For example in the ovnonon model

w:"((—r"To) ’ yl ot T
(7.77a)
“nerzas in the spin model
ou§ A (T=-T) X >; = <oraf,
T (7.770)
Howevze trn relaxstion times T, and T7_ defined by
7= Y, [w? Nias =-—}3/w;-
(7.78)

do have the zame expected temperature dependence i.e.
-1
TN L T,
T% (7.79)

1

Ty 1s not the transition tonpsruture because the condition
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for G to diverge is w§:°4/w§ (or kl‘*’} = 4ALox? HJ' ) so
w1#0 at TD;’ This point will be important later in zn
analysis of the experimental results.
However if ¥ is set equal to zero the matrix on the
left hand side of (7.70b) is diagonal =t w=0 so the modes

zre effectively decoupled. Hence w!} corresponds to one of

—_—) -

the excitations present in the crystal gand it is for tnis

reason that the transition occurs when w%:O. By contrast

w, is not the frequency of any of the excitations in the

-

crystal so there is no reason it should equal zero at T:TD.
vefirning
T, = }’l' /w,z/
(7.20)
Then one éexpects
T(’Y.')%“ T— Ty
(7.8%)
*n tne spin model one also expects tae width of the coupled
~ode to vary like (7.81) and vanish at the transition.
Equation (7.81) neglects the anomalous low frequency
rzsponse due to two pronon coupling. Since Raman experi-
mints mausure at frecuencies greater than T££ the extra
resrorss =t 1ow freguency will not be detected and the
width of the couplea moie, oObserved in the experiment, will
no longer appear to vanich at TD. Rather the temperature
dependence will be like (7.79) with Ty<Ip. ¥rom the dif-
ference between TO and TD Oric ¢un determinc it slrengin

of the zromalous low frecuency response using (7.37) and
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(7.35).
To conclude this section we point out that in the
highly overdamped situation the spin and phonon models Zive
entical results even including the expected temperature

cpendences of The parameters. In this limit

6 ¢ = L[ Folwi- Wl WU kw4
[cr"‘ " > S atwy 9o 2R (1-cw)
(7.82)
Tners |
D:' (x-cw’r,)(w}—cw)j—w‘)tz- ﬂokjwfﬁz
(7.23)
ind
g, = 4 Lo>7
£ Wy
(7.84)
wnicn varies like T-TO er A<kTD. Fcr the phonon model
one obtains a result identical to (7.32) except taat
Jo =
Ve, (7.85)

wrhich also varies like T—TO.

7.4(b) Comp-ricor. o1 theory with experiment.

TsDA nave seer performed by Ryan [85). A typical spectrum,
sexar. for JZg 3% D “Y 15 shown in figure 15. The soft

z0de azpears oS 4 ifarre overdamped response centred at
w=_ .7 there -2 a second mode at about 170 cm_1 Which
must bHo included 1n oan analysic of the lineshape. In the
overdzmped casc the width of the soft mode is given by

2 /. < : , .
1/T1=w1 /71 and any set of parameters for w, and y, which
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leave the width unchanged fit the data almost egually wel..
Consequently the analysis will deal with 71 rather than
Sy Notice that Ty is expected to have the same temper-
ature ‘ependence in both the spin and phonon models.

Thne width of the soft mode in KDP is plotted in
figure 16 as a function of temperature and is found to
vary linearly as expected. The temperature TO at which
“he width extrapolates to zero is found to be

To= 5316 h gfor T =0
(7.26a)
T =zt S°h for 2 =0
(7.86D)
As 3iscussed in the previous szction the size of the
sromalous low frequency response is determined from the
iifference between the tfansition temperature (122°K)

and T evaluated with £=0. Part of the difference, how-

w

ver, is due to acoustic mode coupling the magnitude OF
whicn was found in $6.5(i) to be 4°K. Clearly then the
encmalous low frequency benaviour due to two phonon coup-
ling is a very small effect in KDP. The results of [85])
for KDA ~re very similazar to tirose for KDP so will not be
reprolfu sy Lers.

Ry-wn’ = znalysis of tae data for CsDA, plotted in
figure 17z, shows for T12:O, the expected linear dependence
of the width szainst temperature with TO=69i7OK, well
below the tronocition temperature of 1430K also us expected.
7or £=0 the width of the soft mode (mode 1) falls as T

i. r-2duced but does not tend to zero close to TD as expected.



- 31._
Howsver the width of mode 2 which is usually thought of
as belng underdamped and essentially temperature in-
dependent, does tend to zero close %0 Tp- This strange
result ic probably due to difficulties in decoupling the
modes satisfactorily in CsDA.

What is important here is that the width of the low
frequency peak in the Raman spectrum extrapclates to zero
=T 2 femperature just below the transition as will noy be
shown. Fcr =0, with both modes overdamped, the intensity

-

is proporticnzi 0
I

- cw T
(7.57)
at small w, with T given by
l / ‘
T=7 <+ T, = .)_/_‘..'. + V.
Wi W (7.88)

Trhe variation of T/T with temperature,determined from
Ryan's data, is shown in figure 17(b). Although there is
sore scatter in the experimental points T/T clearly

X"

Lf
D)

‘apolates‘to zero about 150K below the transition

shcning that two phonon coupling is of about the same

orier oI mzgritude az in KDP, i.e. is a smail effect.

In tre analysis o1 The data for KDA and CsDAlgiven in

(707 and [54] the wildth was plotted as a function of temper—
2ture with T!ZZD' Siace thie width extrapolates to zero
below the tronsition it -l concluaed that there is a large
nomaly at lowv rrequencl s . toece materials., This‘is

incorrect beczuse, 235 pointed out earlier, the matrix
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7.70a) for G is not diagonal at w=0 when T, 5=0 (but

£#£0). Hence w, is not the frequency of any excitation

1
of the crystal, but is merely a parameter used to fit

the data, so there is no reason why W, (or 1/T1) should
vanisn at the transition. A correct analysis shows that
the low frequency anomaly is a small effect in KDP, KDA

and CsDA.

Nonetaneless there is evidence from EPR [90], NQR
[91] and low frequency dielectric measurements [32] of a
zero frequency peak in the spectrum for T>TD in the
arsenates. Experiments on mixed KDP-KDA crystals indicave
that thic c¢ffeect is not present in the phoeuprhates (R. Bline,
private communication). These results have been inter-
preted by Blinc [64] as the effects of large spontaneous
fluctuations, represented in his model by a stochas?ic
internai field gcting on the pseudospins. There is no
obvious explanation why the zero freguency peak should
be present in The arsenates and rnot in the phosphates
eitner from the stochastic approach or the two-phonon
coupling mecharism.

To conclude this discussion it 1s pointed out that
Wilson and Cummins [93) and She et al. [94] claim to be
able to meﬁgfre the temperature variation of w, and 74

|

separately./ They find

2 0.726
A T- To
w, ( ) (7.89a)

W oot (T2 (7.898)

The latter »o2oe.t 1is consistent with the
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anharmonic phonon model, in contrast to the earlier

results of Kaminov and Damen [75 ] that

T (7.90)
wnich is expected on the spin model. If (7.59b) is
correct the validity of the spin model must seriously be
ouestioned. However the difference between the spectra
obtained from (7.89) and (7.90) is very small and we
believe this remains an open question. It would be in-
teresting to analyse the data using the overdamped e X~
pression (7.82), which can be derived either from the
zvin or the phonon models. If a satisfactory fit to the
measurements can be obtained this would show that Raman

izta above the transition is unable to distinguish the

ct
(@)

wo theories. However below TD Ramon experiments on KDP
show an underdamped mode, irterpreted as the soft mode
wrich hardens below the transition [64]. Similar experi-
ments on deuterated KDP [64] are unable to detect a
siriler mode. This is easily understandable on the spin

v

LA.&U

. ‘ . . . . X
el sirce tae intensity is preportional to A(o > (see

(o]

7.72)) ani A is much smaller in the deuterated compound.
Thers does not appear to be such a straightforward ex-

planation in the anharmonic phonon theory.
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CONCLUSIONS

For crystals which undergo a second order structural
phase transition general arguments show that an elastic
constant must vanish at the transition temperature TD and
that the 'soft' mode is a long wavelength acoustic phonon.
WWe have developéd a detailed thicory for several such crystal:s
and have shown that this is indeec the case. The temper-

ature dependence of the elastic constants has been well

(@]

onfirmed experimentally for tnz Jahn-Teller coupled
systemns DyVO4 and TbVO4. A similar theory has given a
gocd description of the data on TmVO4 [95]. The difference

Lotween LJVO4 on the one hand and TbVO4 and TmVO4 on the

O

ct

g
!

er _ics 1n the fact that there is a degeneracy in the

+ :
Tm3 levels. A zero freguency mode associated

(O

an

with this degeneracy produces a frequency dependence in the
zppropriate elastic constant and a satisfactory descrip-
tion of this freguency dependence has been obtained.

The observation that an elastic constant of DyVO4

and ’I‘mVO4 vanishes at TD'confirms that the transitions

are of second order, or at least very close 10 being second
order. Tx2 elac:tic constents which exhibit this behaviour

are %(011—049) in L‘yVO4 and ccc in TbVO4 and TmVO4. The

.

reductior in symnctry is trerefore caused by a k=0 B1g

mode in Zy7C, and =2 k=0 b, _ mode 1in TbVO4 and TmVO4.
I g :

24
2h

contradicts tr: rezults of Sayetat [13] wno concluded

Hence for Tc¢/0, the cpuce group below Ty is Dy which

from Xray measuremeants on powdered TbVO4 that the space
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group 1is Dg in the lcw temperature phase.

A theory for the first order structural phase
vtransition in DySb has been developed. General arguments
show that an elastic constant should fall near the transi-
tion but not vanish. The theory confirms this resylt and
accounts well for the data above TD' However below the

transition the crystal is predicted to harden considerably,

“n contracdiction to the measurements which show an almost

~
.

moerature indepencdent behaviour in tris regsion.Magnetic
nte

ractiors drive the transition, electron lattice coupling by
Hydrcgen bonded ferroelectrics, although physically its ﬂf

lS fo MJ.L‘A
very different, can be described by a pseudospin model to00 weax.
similar tc that for Jahn-Teller coupled sysiems such as

oyVG However, to account for the soealled Slater

e
corditions, four particle interactions must be included in
the model. Although a satisfachtory fit o the elastic
constant data can be obtained without this comyplication it
iz fcund necessary to include 1t when trying to account
for pclarization and elastic constant data with the same
set of parametérs. However some discrepancies between
trheory and experimént still remain.
The c¢ffect of coupliry between the soft mode and pairs

phornorns in nydrogen vornded ferroelectrics has been dis-
cussed in terms of the scudozpin model. An anomalous
low frequency dielectric response is predicted similar <o
earlier work on tre = hi:rmoric cnonon theory [71]. A
frequency dependcrice in tne elastic constants is expected
although this effect has not yet been observed. Finally,
2 careful analysis of the Raman scattering data shows that
the anomalous low frequency behaviour is a much smaller effect

b o

iz hydrogen bonded ferroelectrics than was previously claimed

[70°.
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PART IT

oLASTIC ANOMALInS IN ANISOTROPIC FERROMAGNETS



CHAPTER 8

A% ELASTIC ANOMALY IN THE FERROMAGNETIC PHASE OF
DYSPROSIUM AND TERBIUN METAL

5.7 Introduction.

Rare earth metals display}many interesting magnetic
properties because the 4f shell of electrons is unfilled.

70 a first zpproximation the f electrons behzve like those of
a free ion. The ground state 1s given by Hund's rules and
since spin oruit coupling is relatively strong only the
lowest J mulitipiet is normally populated at room Temperature.

Xare earih lons in a crystai interact with their ca-

. ceiectrostatic forces which teke the form
cf classic.il couscmo terms and exchange interactions. Tiese
2r2 boia snuiler tnat the spin-orbit spiitving sc J remains
a z2o0cd quantun aumber. Hence the crystal field potentizl
Vix,y,2) acting on the 4f electrons can be replaced by zan

- equilvalent operator expression aJV(Jx’Jsz) where ay is a
constant. I tihe heavy rare eartins, which we shall be
concerned wi*trn nere, the crystal field spiitting is rather

weaker thzn exchunc.e. A thorough description of the properties

i

of rarec esri sata .o 1o given in a-recent book [1].

A variowy, oI .....ctically ordered phasés are observed
at low tempcerai..es in these materials [1] but ferromagneti
ordering only occurs in Tb and Dy. These two rare eartn
melals erystallice tn the hexaroonl close packed wiructure
snown in figure 1% with a ¢/o rutis worew. v smaller than

7z

the perfect value of 2/2//3=7.2.3.
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Dysprosium is paramagnetic down to 176°K where it
forms a planar spiral phase, in which all the moments in =
Ziven plane perpendicular to the ¢ axis lie parallel to each
other in The plane but the direction of the moments varies
srmoothly Trom plane to plane. There 1s no net magnetic
mcment. On further cooling a first order transition occurs
=t zoout S0°K to a ferromagnétic phase where all the moments
lie paralliel to the a axis. Terbium exhibits similar be-
haviour but the spiral phase exists over oaly a small reng

0f temperasures from 23OOK to about 220°K and the spins

pcint along the © axis in the ferromagnetic phase.
Trne generally accepted view 1u thul the prromaneyLc-
oplral tr.nsition is driven by cxchangoe interaction which

nas a maxinum at o a non zero wavevector 50. An instability
in a spinwave of this wavevector can lead to the observed
plénar spiral structure although the details of the spin
ordering are aetermired by anisotropy. According to the
tneory of Ruderman, Xittel, Kasuya and Yosida [2] (RKKY for
shert) the exchang:z “nteraction ic transmitted via the con—
daction electrons cnd trc instability at k, reflects a large
response o0f the conduction electron system at this wavevector
due to the geometry of the Fermi surface [3].

If exchange favours fhe spiral structure one may ask
wny Dy and Tb become ferromagnetic at low tcmperatures.
Tae znewer lies in magnetostriction which is unusually
larce wecuwse the J values (J=6 for Tb and J=15/2 for Dy)
are c.z sc the 4f wavclunctions are very anisotropic.

(@]

Aczording o Coouzr Lo the transition to the ferromagnetic
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phase releases strains which feduce the combined elastic sna
megnetoelastic energy, The same magnetoelastic forces give
rise to interesting elastic properties in the ferromagnetic

prase, which is the subject of this chapter.

8.2 An elastic anomaly: qualitative discussion

From novon we shall confine our attention to the ferro-

determined by anisotropy forces. Suppose a magnetic field
i is applied parallel to the hard direction (b axis for Dy;

. wxiy for Th). Ao H increascs the moments turn and ol oo

(@]
[
b

‘itical tield, Hc’ they will lie parallel to the hard
Cirection. Increasing the field further leaves the direction
o viae spins unchanged. The varistion of the angle ¢ between

oo magnevization end the hard direction will be derived in
v2.3 ané is plotfed i figure 19. It will be noted that the
verigvion of ¢ with H 1s qualitatively-similar to the deperndencsa
¢ the craer parmceter with T at a second order phace transi-
sion.

One can pursue this analogy furvher. The apypearance

opi

[44)

non zero expcchation value for the order yarcrster in

todes kit

~

a second crier vhase cuunge lowers the symmetry [5]. TFor
tre situation liccussed aere the lattice and spin system

neve reflection symmetry .o a plane perpendicular to the

hard axic for all rie.dn grrotor then Hc' Howcver for

H<H, this symmetry L5 2roden LECadse vie 8pint no longer lie

at 900 t0o the reflectiun s-.anc.  Iin other words applying a
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field parallel tofthe hard axis leads to a type of second
crder phese transition but with H playing the role of
tempereture. Just as there is a 'soft mode' in the usual
type of second order phase change (see the introduction to

+this thesis) we expect the frequency of one of the normal
zcdes of Dy and Tb metal to vanish at H:Hc. If magneto—
striction is neglected the soft mode is 2 spin wave [4].
On the otner hand if magnetoelastic effects arc included
it seems likely that an acoustic branch will soften since
this always lies below the spin wave av iow K.

T0 obtain this last result the interaction cetween lat-
tice strzins and spins must be treated correctly, a point
zovout which a great deal of unnecessary confusion has arisen.
Two ¢ifferent models have becn proposed [4]:

(1) tne 'frozen latticce' approximation, in whica it is

5

assumed thie macroscopic strain cannot follow the spin pre—
cession, and
(ii) the 'free lattice’ npproximation whicr assumes the

strains follow tane spins exactly.

A
T
v

(1 e spin wave frceguency remains iiaite at H=HC
whereas nozcr.ing to model (ii) it vanishes at the critical
cield. N:u.iron diffraction [6] and high frequency (100 GHZ)
ferromzgnetic resonance [7] support the frozen lattice model
cwneress luw frequency (10 GHZ) ferromagnetic resonance ex—

-
1

nts [5] show an absorption at H=H

.)

perim consistent with the

(D

c

froc lattlee pleture.
‘To see which of these appror.ches is correct concider

an oscillzvor of natural froguency W It will responcd fully
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T0 an external disturbance of frequency w if w<wo sad
will not respond at' all if wdw, . Therefore the sirzins set
up by an acoustic phonon of wavevector k will follow ihe
spin precession only if the spin wave frequency ws(g) is
much less than the acoustic phonon Trequency wa(g). AS
k=0, w_(k)~0 whereas w_(k) tends to a finite value so this
condition can never be satisfied. However actually at k=0
we must apply this argument a little more carefully. The
ratural Irequency of oscillation of macroscopic strains in
an inTinite crystal is zero but in a crystal of finite size
the macroscopic strains can respond in a2 time i~%4/v where
£ is a typical dimension of the crystal and v is the sound
velocity. Normally wS(£=O)t>1 so we conclude that as far
as coupling to the strains is concerned the spin wave fre-
.quencies should be calculated on the frozen lattice model.
Trhese arguments only apply to bulk models of the crystal.
TPor surface waves the criterion for free lattice behaviour
is ws(gzo)t'<1 where t'~d/v and 4@ is a measure of the thick-
ness of ti.e surface layer. Since d<4 one is much more likely
to ovserre free lattice behaviour in a suriace than in 2 bulk
»ossible that the resonant obsorpiion measured
5. is due t¢ & surface wave. This point has been in-
vestigated oy Liu (9] who, nhowever, finds the absorption
intensit;, s nuach smaller than that observed. Further work
to clzrify this point would certainly be useful.

I additoon Lo interactions bebweernn the static k=0

strain and spin waves one should also include coupling to

dynamic strains set up by acoustic phonons. e shall show
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in 8.4 that this leads to coupled spin-phonon modes =zd in
gerieral neither the free nor the frozen lattice resulis give

N

the excitation energies correctly.

2.2 The model Hamiltonian

The qualitative arguments of $8.2 will now be
Justified for a particular model. Since first principl.es
calculations of tne interaction strengths are very difficult
one adopts a paenomenological approach, taking maximum ad-
vantage of symmetry, and adjusting the¢ parameters in the
theory to obtain agreement with experiment.

The following model Hamiltonian wiili be adopted

W= W T H gt Uy + 8, T R p + RHp+ W,

8.1)
and each term wiil be discussed separately.
Mo = -1 2. GUL) T T
* izl (£.2)

.

i5 the exchange interactian (assumed isotropic) between

[

moments on sites « and 4'. Although the rexagonal close
tacKked lattics nac two avoms per unit cell we shall neglect
tr.is aspect of tne problem and work with a simpler model
waicn has juct one avom per cell. This is equivalent to
igrnioring optic spin wave ana phonon branches. We have
verified direcily Lnat using the correct h.c.p. lattice one

obtairns results for the acoustic branches of interest which

are identical with thnose to be presentca nere. In what

1

follows N is the number of atomes 1 Ttz oo stal.

)

The crystal field term, writic. 1., ~erms of operator



~149~-

equivalents, is

Ve T - £V (T i W) % (- 7y 10)

Hc.p':‘ ; :.3—; 2. e L3 ? |3 « 7/
| (8.3)

where €& refers to the easy direction, 1 is the hard direc-
tion in the basal plane and ¢ is the direction of the rnex-
agonal axis. Figure 18 indicates these directions for To.
Coefficients VZ and Vg have been put equal to zero because
they are observed experimentally to ke much smaller than
a1
magnetization
r in the basal plane only the strains e ( 2eg ) andé

eﬁ(zeii_enn) are non zero so the elustic energy Kez 19

waere V is the volume of the crystal and c (c 72)
K=c66) (see Appendix A).
Kb is the usual harmonic Hamiltonian for acoustic

paonons

wi(k) [ B (s)+% ]

M
>t

(¢.5)
The forr of uvh: syvmmeury allowed magnetoelastic couplkn&

~r

o, LG8 Deon determined by Callen and Callen [%1].

Consideri i onsy troe strains =P and e, and including second and
fourth ranik copervors Jor the wrre carth ions Kh o, may be

written as

Mo = =J% @5 [0 205 1= 5 10)+ 2 (5500 %045 1), 1))
A el '(:r;/(/q“/(//z—(?3(4)77/()+77/()73/u)z]
N <

- a0 5 (B0 =T )T T 0T 0 RN B
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‘where
(7=L)(5-1) e (T-n12)
(2.7)
The coefficient A iIc necessary o obtain agreement aith
experiment [6].
Ks.p. is the coupling between rare earth ions -2nd

acoustic phonons which corresponds to the static strain

coupling (8.6) i.e.

R (L
sP j—— 2 Z C )f&j (A)+ a; (";‘;}J

x { (T,L_; =T Q] + btx [7 (077 (¢)+73 /udf{(/]
2173,
-V, L(T,(c -7, (c/)(*:,(c‘?'yfé)-*‘fy/c}‘f (U)H (8.2
'5'73

~

Couprling between phonons and angulzr momentum oporazitors 2F
other symmetriecs are unimportant for modes prorvagasting in tn¢

hasel plane. One could also include Swo ion magretoelashin

interactions and anisotropic exchange, whicnh ~iter the dio-
percicn in the modes,but this hns no significsrnt ~ffacl i
e cme! Lk regilon of interest.

Hi iz the Zeeman energy in the presence of a magnetic

1

vasz2l plane at an angle d tc the magnet . catior,

Hy
)
]
s
of
}.J
3
d-
D

¥p= —gpf 2 T

Tt w17 be assumed that anisotropy and magnetoelastzc
interact’ons are sufficiently small thas they can be con-
sidered =¢ first order perturbations To the isotrovic ex-

chang~ [I»mil%onian. This 1s not a very saiisi=cicr:
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approximation for the rare cortae and correctione involviry
Zero pqint effects and elliptical spin orececnicr nzve
recently been investigated [12].
The equilibrium strains <e1> anc <82> are c=lculated
at T=0 by minimicins X with renpoct to L nd Cn ‘n o She
ground state of the exchange l'amiltonien (5.2). I the

magnotization liec at an angle ¢ to the hnrd direciion then

{€.7 :-JWV_\; L—- C (oo 100 +LA Ges 4,@}

Le,7 =-_J% [CC«‘n.z;/ —JiA&,;‘,A«,@‘J

Expectation values of the electronic overators of inierest
have beer tabulated by Jencen .13]. The angular Cependont

terms in the expression for {(¥X) a5 T=0 are

G C
%NC,A'CGU’)G,Q/ + NJV gémép/—?fﬁf‘//\/ém?*
Of varticulsr interest is the case when H is along %‘he
hard ¢irection ro &=%, In this casec the muilibrium valun2
of ¢, obt~nincd by minimising (8.11).1is given by *he solutiox
of ‘

6 /-

where

g, = 36(v¢ s + L chc)

and C_:Co/T

For H>Hc’ ?=0 so the applied field has swung The momanis

round to the hard direction. For E<E_ *the ccluilon to
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(€.12) is plotted in figure 19.

The spin wave theory for such a system has hreon

-

discussed by several avthors (4], [13], [14] ard will

merely be “cceribod in outline here. One firs:t “ransforme

A

to the (x,y,7) cystem where X ig parallel to ( -nd 5 is
parallel to the magnetization {see figure 18). The new

electronic operators are expanded in spin wave crezation an?i

O

annihilation operators,b and b respectively, retainin~r orl:w

PR o a—

quadratic terms. Jensen [13] 2az t2bulated the results for

-

the operators of interest. Neglecling for a momont A

one finds that *the Hamiltonian “scomes

t+ \ +
W= L5 A LA (RbA) +5e)ET(4)]

Y
el 5 B(R)[bTR) SR (k16 (4))
R | (2,100

where

A [0 -9-)]T +Vo, T =21V, Tg foorbg’

+3pHGon§ + [ 3CE+ TAY, ~13PAC Gor 62 ]
8.

R
C .

e
~ -

B (k) = V";_T; + 15 v‘c Js (o 62

+ o [-ct= 3A2 ~ (7l Aclmbs]

In Coriving (8.75) it has been assurmed that e, and e,
are riven nv o their equilibvrium values (8.10). This assumvriion

i~ €-

is justifi~d by *he follow rn~ argument. Jince tisre i€ no

3

kinetic term corresponding to the strain e it folleows that
the equation of motion of e 1is

de — 0O

5

{2 18
\ e Y
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Hence e= {e) so the frozen Saivtice *theory iz srrronciste
in agreement with the discuncion in “o.i,

- . o - B} -
The equations of motion of “ (k) 2nd blk) are

[kw—+A(R)] AT(R) + B(r) 4(A) = ©

= B(&)b(&) + [xw- AkI[4(R)=0

12

(2.77)

/

(

from which it followe “that the spin wave energy is given U

R w,(h) = {LA(é;*B(é?][A(é)—B(él]} (o

where

A(R) +R(&] = T9(0) =9 (A)] T+2V T, - 6V Tc G 677
+C[2C*+AT — JACGor 68 J+9BH Gl (2. 70n)
AR)=B(k)= —36T; V4 forb6pr + g2HGos & + Ui =244 T

+c [ hciyp* - IOACGos 6P ] (B, on)
This is just the frozen lattice result [13] as evmnrcied.
So far attention has been focused on the spin wave
spretrum.  In - the next secection coupling between She spinw
and acouviic »ronons will be discussed fully and exvr sciorc

4. R . [ N N - O B o
obL i far Lhe olartic conclanto,

£ T P o, Tyt 2 P
E.0  Teealobion of the elnotic constanto

PR T

Tr o cinenzed crypl2d svin-vhoron modes we chall 201l
- LR - A ml e ke ) - J.;_u f e - = -~ - - A - A, — -’ ._‘-.
soa . 3 3+ - n o ol + 4.
cons_der mrovegotion in the basal plane., Furthermore e

larcest 2.irces in elastic constants are for 2acous.ic

- mtw

)

vibraticns Srznsversely po'arized in the basal »lare
coupling o oth~-r branchec will be neglected.

The coupling coefficients U,, U2, V1 and V., in (.o

are related to A »n7 C (defined in (8.6)) throusl ejiation
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(B.12). ™4ue terms in 3, . which cive tre large=*

L

frequency chift nre of the form bTa ete. Hence e¥pressing
the electronic oporotors in (2.8) in terms of spin wave

operators up to first order [13] X, . becomes

R p = Zlck ) [ BT (a1 b (-4 )][ hi+al-A)]

% [ Clomr2lor-s) + Aos(4o+24]]

—~
D

L2)
where a is the angle between k and the hard axis. The full
Hamiltonian (8.5)+(8.14)+(8.20) consists entirely of cu~iratic
terms so can be diagonalised exactly. Zrom the eguations

of motion of the spin wave and phoncon cvexato

*S

one realdily

obt2ins the following expression for +the coupled mode

frequencies

R Lo~ wh )W ol (8] - 4 KMl (e) e CAlk) 1 8(4)]

% [ Clos 2Uo~s) + A Gog (4074 20)] "

Figure 20 shows schematically the form of +* o “icperaion
curves. As x~0 the two solutionz of (8.21) are 2 anin Livo
mode with frequency

wE W <;h.)

end 2n ~couctic rheonon like mode wiith frecuency

| = 4c [CCar2 (=) +A Goo (4 +22) ]
wile) Alk) — B (k)

P
/
™J
J
- o’
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The largest chang~ in the phonon frequency occurs “or
modes propagating ~arllel to the easy or the hexrd directions
(a=11/2 or O re~veciively) with H along the hard axiz (3=%),

The effective =iasti~ consiant Cr for these modes is ¢iven

Cx= W k] = | — 4—cL£Go:l}7f+A’6°"’4P’JZ
<o Wilh) he[CHAM] + gpHOo T = (§hH - Eehrc)boss

(2 ey
\'.c_-;,

H

(

Above the critical H, (8.24) simplifies to

¢z = _gB(H-H.)
Co Lee (CH+A) +ap(H-He)

showing that the elastic constant vanishes 2% H=H in

(2]

agreement with the general arguments cof 5.2, As rpointed
out in 8.2 this problem can be considered as 2 sccond
order phase ‘transition with H playing the role of % :caversiurs.

Indeed (8.25) can be cast in a form similar to (7."¢) i.e.

€z = |— T ¢
C ’
) | =513 (5,000
THREE
2 (
M= Lec(C+A) T = 2R H
(2.272)
27l o  — {
Ve "
YA H
(2.27%0)
Notice that (5.27b) is similar to the corresrponding recult
(2.1%2) for JyV0, and TbVO, in the limit 2-C i.s.
T hT
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which confirms the rralogy mentiored earlier. Figure 21
shows the variaticrn ~f elastic constant with H calculated
from (8.24) using 1% varometers 36V66J5~O, Hc=3‘kG and
40(02+A2)=O.36m0V/10n ohinined for Tb at 4,2°K by neutron
diffraction [15]. "Itrasonic measurements to “eot the
validity of this theory are now in progress and preliminary
results seem encouraging (S.B. Palmer, private communication).

In the region of the dispersion courves (figure 20)
where w_(k)<w (k) the frequency of the spin like mode is
just ws(g) the frozen lattice result. On the otrer hend if
wa(£)>ws(g) the two solutions of (%.27) necome (for u=0,
H>H,) (22 figure 20)

W = Wy U}_)

P
[
[ ]
N
\O
3

and W = w, (&)

whot o, = { LML)+ R&I][98(HHYT

which is just the free laitice result [*3] as expectz2d from
the discussion in $2.2. Por H<H  the situation is = lit*le
more corvlicated because different magnetoelastic *aorrms
have different angular éependences. A% general wavevecior
the evcitations are coupled magnon phonon modes =2nd the
frequencics are not given by eilther the Ireec or frooen

latti

o

ults, except in the limits mentioned abov=.

e re.

wd

: : 0 ot
Tre txcory so far is valid only at T=0"K. A% Tinize

temperatures the theory goes *through essentially as 2elorsz
except for a scaling of the parameters. Coover [Z] hes

shown using the theory of Callen and Callen [*6] ihat

-
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parameters in (8.21) and (8.19) which arise from an itn
raik electronic operator vary with the reduced magnetization

] a[il( 41 - (J _
g lixke at low temperatures. Hence

TV~ TV ot and TV — T Vﬁ o (2.30)
for example. This result has been modified by Brdoks (173
by treating anisotropy in zeroth order rather than as a firsvy
order perturbation. At low temperatures the main contriou-

tion to ¢ comes from axial anisotropy rather than exchange

and Brooks finds

‘3“\/1——7TV: o and T:V(Z%TerO'w (&.o31)

After the theoretical work described in tnis chapter
had been performed preprints were received from Chow.anu
Zeffer [19] and Southern and Goodings [19] who derived an
expression for the coupled mode frequences consistent witu

(5.21). r.ow and Keffer also stressed that in general the

Y]

<citatiorns are coupled magnon-phonon modes whose freguenciles
are given neither by the free nor the frozen lattice result.
Jensen L13)] does not give an expression for the cbupled

mode frequencies but mentions as an additional note that the
elastic constant should vanish at H=HC. A similar treatment

of magnetoelastic effects and coupled magnon-phonon modes in

spiral magnetic arrangements has recently been given [20].

.5 Conclugions

Geric . cooowments show tinot o elastic constant vanishes
9 .

when a nognoti . field H=rng is ppiied waich turns the moments

of a ferro.nr 2y
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from the easy to the hard direction. This has teen verifio~?
for a particular model of the ferromormetic orase of Dy ~=nd
Tb. As k-0 the frequency of the spin wave branch is given

by the frozen lattice result and if there i

n

a region where
w (k)>w (k) the cpin wave frequency is given esuertinlly

by the free lattice formula. However in general the excitn-
tions are coupled sv»in~-vhonon modes whose freaquencieg are
given neither by the free nor the frozen lattice theory.

The cause of the microwave absorption observed at low fre-
guencies [8]'is still not completely clear bu® is possibly

due t0o a surface mode.



10,
11,
12.
13.
14,
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APPENDIX A

ELASTICITY THEORY

Elasticity theory is the study of the mechanics of
solid bodies regarded as a continuous medium. It describes
satisfactorily the properties of acoustic vibrations,
such as those generated in the ultrasonic and Brillouin
scativering experiments, discussed in this tresis, whose
wavelength is much greater than the interatomic spacing.
‘he treatment below is-+based on that given in [397].

A

A..  JeTinitions of the stress, strain and elastic constant tensors

Consider a particular point in the body specified by
the vector R, with components X - (Xa = x, y or z). Under the
action of gpplied forces the body deforms so that the point |
which was initially at R is, after the deformation, specified

by a different vector R', with components xa'. The

displacement R' - R is denoted by u, 1i.e.

/
u* — 0(.“-— x“

If the radiusvector between two points before the
deformation 1is dxa and the distance between them d4 then

after tzne deformation the distance becomes d4' where

dL’) / 2 =2 Jdoey o
) = () + . & X
d g
Here, and in what follows, woe wwiamez that u ic infinite-
simally small. Because the surmmarion v ¢ne scecond term on

&

the right is taken over both a wnd o we can put

(L)'= (U)'+ 2 e, dx, dxp (A.1)
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where
Cup = L (W +24p ) (A.2)
2\ d%p D ol -

is called the strain tensor. This definition differs from
that given, for instance, by [98] where the strain components
2o not form a 2nd rank tensor. Note that for e non-uniform
strain eaB is a function of R. From its definition we see

that eaﬁ is symmetrical, i.e.

e .= e | (A.3)

®8 " Boc

The component Saﬁ of the stress tensor is defined to
be the a component of the force per unit area perpendicular

to the XB axis. We are not concerned with the effects of

rguier

W

cceleration on the elastic properties of the body

O]

o we consider the static situation and require that the
totzl torgue vanishes. This 1s equivalent to making the

strzss tensor symmetric, 1.e.

5«3 = Yp« (A.4)

n what follows it will be assumed that the deformation
1S reversible. With this assumption the work done by the

interrnal stresses is [97]

-—jé ge 4V

4B op

If the strain is uniform, the charge in the free energy,

F =E~ TS, is then given by

AdE=—-S4dT + \/:im Jexﬁ (A.5)
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so the components of the stress tensor can be obtained by
differentiating the free energy with respect to the components
0 the strain tensor at constant T, i.e.

fa= () (4-6)

If the deformation is small the free energy can be

eXpressed as a power series in the ¢ The coefficient of

ap

the linear term is just the stress for zero strain, which
vanishes. Including terms up to second order we have

F=FEK +1c

«ays S € (A.7)

wrere Casvd is a component of the elastic constant tensor.
It follows from (A.6) and (A.7) that the stress tensor is

related to the strain tensor by

50(3: Cuars Crs (A.8)

A.2 Svmmetries of the elastic constant tensor

The elastic constant tensor Caﬁyé defined by (A.7) is
symmetric under interchange of suffix a with B and suffix
v with ® because the strain tensor is symmetric. ' It is
also symmetric under interchange of the pair of sufficies
a,23 with tne pair 7,d because this leaves the product

e . eyb unchanged. Hence

Cu(;xg: Cpays = Cysxp (A.9)

The number of different components  0f a fourth rank
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tensor with these properties is 21 but this may be reduced
further by the crystal symmetry. Since the elastic constzunt
is a property of the crystal it must be invariant under
those operations Which leave the crystal unchanged.
A1l the crystals discussed in this thesis rave reflec-
sion symmetry in planes perpencdicular to the x and y axes.

This leads to the transformations

xX=x , y—u-9, 272

et S A Z 7 Z
30 1. components of Caﬁyé with an odd number of like

~uwffices vanish. Hence the freec encrgy iy given by
z !

T

€ zzrz $ 12

F:_'-C. C

L
2

-
* Crzxx {zz € x

~+ CM‘;) €. C?j t Cyyzz e” €.z
T Cagg (€t €ha) Tk Cuaga (v ey )t L G (el v ) £.10)
Trnis result could also have been obtained by group theoretical
argumnents.
Trhe =lastic constants CaByb are often wirtten in the

matrix notation Cij’ even though ¢ 1is really a fourth rank

tensor, by making the substitutions:

1= for as = XX
1i=2 for ap = yy
VI for up = 2z
i=4 Tor af = Xz
i=5 for af = yz
i=6 for ab = xy.
Tn tnis notation the free encesy (4.10) can be written as

F = é:ji Ce; e ¢
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where the cij are given by the elements of the followingz
symmetric matrix:

_ 3

4y 1o 013 0 0 0
15 Coo 53 0 0 0
c = ‘ 013 023 033 o) 0 o)
O o 0 Cha O 9
0 0 0 0 Cs5 0.
\O 0 0 0 0 066)

(A.12)
Hence for orthorrzombic crystals where there are no further

simplifications the elastic constant tensor has nire in-

n

dependent components.

TmVO
47 4
znd KDP zbove TD, the X and y axes are eculvalent so

Yor tetragonal crystals, such as DyVO,, TbVO

c, = C'Z.L ) C‘S = C’-S , C‘“*::. CS'S

(A.13)
end the number of c¢lactvic constants is reduced to six.
In crystals with cubic symmetry, such as DySb above
Tae transition, the x, y and z directions are all equivalent
sc in addition to (A.13) one finds
CR: C33 ’ C'l3:(">- y C’CG':C-IM) (A.14)
and there zre Jjust three independent elastic constants.
Hexagonal crystals, such as vhe rarc earth metals Dy
wnd To, are invariant under 2 rotation ol ¢G° about the z
For (£.11) to satisfy tais condition it follows that

<. = 4+(c.-c,) (A.152)
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and
4o = Css ,
(A.157%)

C” = CZL ) C‘3

so there are five independent elastic constants.

For DyVO4 the strain which develops below TD is of
Therefors

symmetry (i.e. transforms like x'y').

B.
&
L = Q, , +L,,,0 = 'e'a( - £
B9 A A TR (4.16)
Rearranging (A.11) one finds that eg  occurs a5 2 term
i1c e 2 h e
zC,4 Bzg wnere
Co = li-(C“-—Cu_)
(A.17)
For TbVO, and TmVO4 the strain is of B2g symmetry
(i.e. transforms like xy). Therefore
’65 - 'a)(}—{- e?x:' 2—617
whickh occurs in (A.11) as a term %coeB where
28
c. = C
° 6 (A.18)
= Zexy and the corresponding elastic

For KDP, eB2

constant 1is 066'
In DySb, which has cubilc symmetry, €4 transforms like
3zz-r2 and e, like x2-y2 (see (5.10)). PFrom (A.11) one finds
that these strains occur in the form %co(e12+e22) where
<z = \I—%: (ezz— €xx ——-69})

e, =

2. -
AX 32
(A.']'T))

/
o = '7‘: L Cu “C«z_)
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For Dy and Tb metals, which have hexagonal symmetry,
e, Transforms like xy and s like x2-y2 in this notation

(see (3.6)). TFrom (A.11) one finds

(A.20)

A.3 Elastic waves.

m3

ne caunstions of motion for elastic waves in an anis-
otropic medium zre obtained from Newton's Sccond Law by
2quating the internal force due to the stress D—XQB/gyxﬂ ,

to tae product of the acceleration uu‘and the density p, i.e.

Q L, = D_ﬁ‘;‘? = “xgys 2%y
e Xy )X@
b .
= “«gys 2%
0%z Xy ' (A.21)
(A.27) is just the wave equation wnich nas sclutions

U= Uy exp [ (ko= wE]]

PWIUZ = Co(@}’é k/} /EY w

\ By
. (A.22)
- o)
+hicrh hzs non zero sorutions for the U, when
| C hoiy — Pt Susl= O
L~xpys& "Ry . x5l = |
(A.23)

For tetragorai crystals iu tollows from (AJ13) and

[4.23) tant ¢

-

-, i3 C(etormined from tlie frecucicy of the
cO

elustic wove propazating parallel to the .o ov 7 ocrxen trans

o -
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versely polarized in the xy plane. On the other haxnc

)ll 3

h

#{cy,=C,5) is the elastic constant appropriate to the wave
propagating at’45° to the x or y axes, also transversely
polarized in the xy plane.

Similarly for cubic crystals the elastic constant
%(011-c12) 1s measured by propagating a transverse wave
along one of the symmetry directionc x,y or z.

In hexagonal crystals one can determine %(017—012)
from the fregquency of a wave transversely ﬁolarized in the
basal plane propagating in any direction in the plane.
Eowever for the ferroﬁagnetic phase of Dy and Tb the hex-
0N yrmetry is broken by the magnetizulion and the clastic

. S
Te - . a Ul b ~ Y
L L4

C

cornstant does depend upon the propagation G¢ircction as

discussed in Chapter <.



APPENDIX B

LATTICE VIBRATIONS

in this section we study, in the harmonic approximztion

dA

L

vibrations of crystals viewed as a regular array of

-~

-

O

ns.

0

Let the suffix a denote one of the n atoms in the
unit cell 2n2 one of the three cartesian airecstions i.e.
taken 3n values. Then ua(ﬁ) is the displacement of one
of the atomsz ir the cell centred at Ri{4), varailel to a

L carTegsian axie

arcicul:

td
(\"

The harmonic Homilionian is

ax
o= 3 pll) +ZV (L,U)w (0w, o)
“l z'm‘ “01/
where pa(z) is trte momentum conjugate to u i 4). Becausc
%74, 27) is only a function of R(4) - R(£") it is well

wrown tr2t (3.1) can be diagonalised by a transformation of

R e
Le 10T

i

waere tne € (k) are chosen to disgonulise the potential

< .

ensrgy tern.

Because U .+, i3 razl

%,
elo=c,0 ,  Gl=gk

we zdopt tre following ortronormality :zrnu completeness

re.=tions ror the €°s

> m,€ (K Eqplie) = 118 Sy
X
m, Z éacj (k) étj(li‘) =M 'Sew.’ Si_u._('

J

vy

(8.3)
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] c . )
wrere M~ is the mass of a unit cell.
Tne inverse transformation to (B.2) is therefore

M Q) = 2 P €2 k) m, w (2) N (B.4)

Defining
_ck.R{!)
8(5) :2} 2 é«j(&) Pd(l) N

-2

iz 70ollows from (B.3) and (B.4) that

[ (), ()] = - < g

St Pj(g) is canonically conjugate to Q.ik). 1The

-~ (8.5)

(R T

“ariltonian (B.1) can be written in terms o the new variszdbles

<.k and P(k) as
X

=3 [awa-z-m LMW Qlk) )] (.6)

B 2M¢©
waere Ths Trequency w. (k) involves the V's and the masses m .

e pnoron creztion .and zmnihilation operators aj(g) and

uJ

) raspective.ry are defined in the usual way in terms of

F o (k) + ajCu] 2
‘ (8.7)
(1) - a5 (-] 5 |

Using (3.5) it is easily srown that the a's satisfy the

Tollowing commutatics, relations

[a'J(b.\) Ja‘-“;'(t“j] = SJJ" S_E:‘ , ";\’;.. "'\-"-'-‘l, - _:._.'11";;] -0

Laf(k), ¢ il =c
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s¢ trzt X may be written as

K= 2 Rujlh) [ (k) 0;(k) + 5] (8.9)
. J__ .

Pyor (B.7) the relationship between QJ(E) and gj(g) (see

§ 1.3) is

AK) = ‘ (B.
£(k) = Jmﬁ T g, (k) 1)

Confining our attention to acoustic modes of long
. , . ] " ()
weveiengtn we will now relate the phonon operators qﬂ
AT QJ(E) to the strains discussed in appendix A.

¥Yor the long wavelength modes all the atoms ln the
unit cell move approximately in phase and we can exXpress
tre displacement u as a function of the continuous variable

R. Hence (B.2) becomes

~cB.R
u(R)= N2, e € k) Q(k) (B.11)
ch,}'_('
nere €.(k) is a unit vector parullel to the direction of

ar-zzvion. The strain eaﬁ(g), defined by (A.2) is
ren oy |

(8] - £ 2, [ €/ (&) K+ ef(h)h"‘joj(;_,) S8

?
i < j<ak

{
'S
L

"
(L
-1
O
H
D

m
} ]
D

Tt follows trat the espression for the strain set up by
a particu-er mode at R = 0 is given in torms of the

creasicrn asl arrn.nilation operators ror tnat mode by

A AR KA +
e —-ili%e?+ R ] [Ru [a"+a] 1B.12)
*p 2 2Vco
{for clarit; we rave omitted some irdices) where c, = pw
A °
is Tne elast:c ka = ka/k'

cor.stant appropriate to the mode and
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The coupling of the 'spins' to long wavelength acoustic
L
phonons is proportional to the strain so §_ (k) ~ k* (see
§1.4). If the coupling is to a strain e = ey T Cyx = 2eXy
(as in ZuVO0,, TmVO4 and KDP) 1t folluws from (B:12) that the
5

nmaximan couvling is for modes trancsversly polarized in

the caszl planz, propogating parcller tO the x Oor y axes

b

{sse $3.1). TFor e = exx T Syy (as in Dyv0,) the corresponding
ms322 z2re also transversly polarized in tne basal plane,
ous propogate at 45° to the x or y axes (see %3.la).

In either case the strain coupling n is related to &_(x) y

N5 (6] = [Fal 7 - (B.13]
2Ve,

for modes with the maximum coupling. This can be expressed
as

M= :_7_(1.\1) = K, (k) (B.14]
CO

<

-
w
@

{
€y
RS
.
‘._J
S



APPENDIX C

CLUSTER THEORY

To impréve on the results of molecular field thneory
Tae Iree energy and hence the elestic constants 01" JyVo,
~zve peen calculzted using a cluster theory basea uuvcn
tne constant coupling approximation [40J].

The generzl thermodynamic relationships (2.21) and

constant 1s unafrecied by exchange of energy between the spin

(2.24) snow that © p for T = T, so the elastic

w2

SRt
L ;

vem anG the phonons.  Por this reason only the spin and

149]

ctraia terms in che flamilvonian (1.34) are considercd,
1.8,

W= a3 a0) £ TUL o) o*(t] |
i o (c1)

~7exex(l) Ve, e

As discussed in 4.1 we approximatz the interaction
S 4,4") oy splitting it into short and long range components.
In=2 short range part is assumed to equal to j for z nearest
isnbours and zero otherwise while the long range part

o
~d ‘--t"

iec I =u - Vv (4.2). u corresponds to the strain interaction,
+icn is coansiacred as & separate term in (C.1), while the
Tern in v 13 sreatved by molecu-ar field tihcory. The

resulting Torn for i 1is

.

W= - AS c¥l) — (72— vome) Zow)
L
| ([ l{‘w) VA VLot (C,z)
*iJZO-()G_ Vol ,,_Ji_
LL
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z>2

The term -+Nv <O at each of the N unit cells.

Defining the total interaction to be J' we require that

J_,:: [ +'ZJ .

In molecular field theory the ground. state 1s fully
"aligned €0 J' can be calculated from the zero temperature
splitting of the electronic levels but 1t 1is not.obvious

tnat tais is satisfactory when large deviatvions from molecular
Tiszld tieory occur. However for zero crystal field (& = O)
tne spin system is essentlally that of ar Ising model for
vilen gerneral arguements, not depending upon molecular field
tn2ory, ond i tnat the srovnd svase 1o fully ordered.  he
crystal Tield splitting, which aclts like a transverse

Y23 ‘30 ., causes fluctuations in tlhe moments even at T = 0O

. zerc point motion) which are large if A is large and

trne interactions are of short range. For DyVO4 ALKk TD

so at T = O the fluctuations will be small and the moments
zlmcst fully aligned even when there are strong short range
r-cotisrs wnlch cause deviations from molecular fidd theory.
z1cre a good approximation to determine J' from

“he mo_scuias Ziceld expression for the splitting of the

z.ectronic levels in the region T < TD. From Raman scattesring
- -~ l . . ~ - r- -l
jeta 2 it s found that J' = 13.75 cm .

ie now return to tne calculation of the free energy for
Hamiltonian (C.2). The last two terms of (C.2) can be added
separately zo the final expression for the free e.ergy because
trey do not contribute to the entropy, and the remaining

terrss can be writuel s 4 sum of pair Hamiltonians, 1i.e.
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| N\ ()
H o+ LNv<o 7~ LVe et = LS W (44 (c.3)

1
Z 1
where
.H(z)(x"(,)z —-é_ ('La_.“(!) + O_w{l'/] _ J O_.Z’-(,() Uz(l')
z

(c.4)
- L (96 -veo=)[o* k) +o=(L’)]

Tre tnermal average of a quantity A(4,4') involving p=zirs

0 cp.ns can therefore ve o

xpressced Lo terns of an effective
o (2)
dersity matrix for a pair p(4,4') , defined Ly

<AY = LNz T.,-(>“’(1,1')A(i,z-')

. (2) . , . . e ea .
Crne can write p! ) in Serms ol an effective Eamiltcrion
lz)
N s
te) @)
F Qngoir' /ﬂTi///zﬁr eayo[ Pl /UFTJ
So Ir tne Tormalism has been exact and the approximationcs

/
- e - 1
conszsy of Scking a simple rform for Kk ). In the constant
coupling zpproximation, the Ising interaction between the

rzir is considered explicitly while the effect of the other

(=
~

}J.

o A
up;“‘o

(l)
iy

feseqted oy an average field i.e.
H“"’( L) = -jo(f)a(l) - ALo™L) + o*(L)]
= B[ o) + o) (¢-5)
wrere A and B are parameters to be Jatermined. One recovers
the results of molecular fTield thncors by neglectiﬂg the
irteraction bétwcen cr.e pair.
As N - =, w2 izsurme that all the contribution to the
partition furcti.s 2 comes from states with the equilibrium

values of <C > =-. <o°>, The energy, for a particular
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temperature 7, <o%> and <0%> is determined from the partition
function by,
E(B,<o>7 ¢a) == [Un Z(<o™3, Lo¥7)]
where 5 = 1/kT. We write thiégin abbreviated notation gs
_E¢(ﬁ?=’§ﬁ[1mz¢] S |
where tne suffix 'c' refers to both <0™> and <c">. Integrating

. . X Z
at constant <07>, <0”> and e ¢rc obtains

. .
nZ, (B) =-J E(PI4B" + C

™ land

For ¢ - ¢, T = « and the partition function is just equal
to the numper, g(<o>), of states belonging to a given value

~

e A
of <c>, <0c"> 1i.e.

3((0'7) = Nl
[ LN (=<oN] ] [LN(1-297)] [

C = 167\3(407)2 ""N{H-(a?Ln{!-&Lo-?] + t@,&,‘ 1..._40.7]}
2 2 2 2

~ (.2 2215
whnere <o> =[<0¥>¢ 4+ <c®>°]%,

Hence the partition function may be written as

InZ (8)= = [TE(F)dB' + bn gleo (¢ 6)

T+ ig srown in [40) that for the form of K<e> taken in

the constant coupling approximation

3 [BE(B) + 4Nz TpUmp ] = £, (B) (c.7)
I3
srom (C.6) and (C.7)-1t follows that
| | (%) () )
,én_zo_ = ~@Ec_([3)—12_Nz;T.—i°‘ ,&V,‘D +,(,n.g((a'7) + C (cy)

(2) (2)

C' ig given by the value of -iNz Ir ¢

o
[«

In p
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evaluated at infinitely high temperature but with the given
values of <6X> and <o?>, This is just the molecular result,
i.e. | :
C ‘= - Nz L 9 (40'7) (C-c’)
*rom (C.6), (C.7) and (C.9) it follows that the free energy

F 18 given by

F= N(z2B-0)<a*y +N(zA-ye + vLowf2)Le™y

- %Nz kT e T ea.pt—}((e)/HT] —+ N(z-x)ersz ?(40-7)
-+ lz-\‘/coez.‘ (C-IO)

e e . X Zo o
Minimising F with respect to <o™> and <0“> we find

LKT (z-1) <o-=*71>q[ +4a7] +a-2B = 0 (c.1)
Lo 7 | =207

KT (z-1) <7 (m[H 407] + 9@ ~-VLar7-2A = O (c.i2)

2 o7 | — Lao7

- : s . X Z
There zre four unknown guantities, L, 3, <07> gnd <0">
so, in sdiition to (C.11) and (C.12) we need twe more equations

10 dezerrine them. These come from the conditiorn that <c¥>

N

o - " . o X Z
and <0“> are equal to the tunermal averages of ¢7 and o

respectively Jor each spin of the pair. For T 2 TD’ poth e
and A are zero when there 1s no applled stress so tne elastic

constants carn ve detcocrmined by considering only terms up to

first order in A. for T 2 T, the thermal averages. <0X>,

and <oZ> are, in this approximation, given by
oxr= 2B Somh (WIKT) (€13,

W 6ok I/KT] + 60k (W/KT)
o = e T W W T W) e

5 60k (ifHT) (omA(W/kT)

- W/T

(C.14)
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[y

W= [j2+48*] *

The stress in the Blg acoustic mode 1s still given

where

oy ©2.10) and the elastic constant by (2.15). For

o> Cmn = Ca = C+ Wher
D’ s = Cp where

=

Cr = l-pMfv+2zA — L(z-1)KT 1m 1+<o-=<)]} (c.is)
c, Loy 2 Lom> Li-low

. . - . . . o v, . -7
transition occurs when (C.12) is satisfied witi <0“> # O

+3
D
%

in Zer0 stress 1i.e.

LKTy z=L an[!+<cr=°7] + (H=V) = ZA
T ey Hiedews La*7

[l

o) C.1¢)

wnicrh is just the condition that cp, given by «C.15) vanisnes.
.C.15) is the desired expression for the elastic coxnstant,

with 4/<0”> given oy (C.i4) and <o™> devermired self

consissently from (C.11) and (C.13). In comparing this

expression with the experimental measurements in $4.1 we rnave

taken z = 4, assuming that number oI Iinteracting nelghbours

s ecucl To Tre actual numver of nearest rare cortn nelghoours.

Trne conetant coupling approxwimiatloll aces oo gZlve

“actory results below tne transiticn temperatur-s

waern applied o tane Helsenberg ferromagnet and antiferromagnet

"T207. Ir the present case we do not expect tne theory to

woerk well at Low vemperatures either especially for large A .

In particular it is unsatisfactory when A is sufficiently large

triit it destroys the ordering in c? even at T = O. From (C.11)

and (C.13) it follows trat <0®> = A/W in this limit, independent

of z, whereas we expect tnat fcr z - @ the molecular field
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result <0®> = 1 should be recovered. We do not therefore
st-empt to apply the theory T < TD. Tor T > TD’ we expect

the constant coupling approximation to be significantly ovetler
-2 the molecular field theory when & is small and there 1s

[orvg ) e L

a large short range interaction, such =8 Iu DyVO4.



APPENDIX D

CALCULATION OF THE ELASTIC CONSTANTS O™ DySb BELOW THT

TRANSITION

The equilibrium balue of <q2) is zero even in the
oriered phase, but if an external stresscﬁ_is applied
then.(q2>%0 and is given by (5.25) i.e.

6
9.7 = 2 X Pe H,
¢ (D.1)
with Hy, defined in (5.18b). PFrom (5.21), (5.22) and (D.1)
it follws immediately that
(€3] (2]

e 4P
?I = ?T = ‘,;2_’, Q\. <

(2.

which *ogether witn (5.31) yields ¢

(1) .

The calculation of c¢ is more involved since we

rust take account of the fact that (mZ> as well as (q1>

clters when a stress' is applied. We begin by revriting
(5.28) as

(9,7 = Q@ (M, Hz, T) = L[R0+36)+R(=34) xR (1e3 5] +f, (134

—2f; - 27
L,y = M.(H'l HZ_’T):J;:[“P, (Hf,)*—Px(-/'H,':)’-'P}, (R F,) Tpx,(l"(la.}]
(D.3)

Since = —(ag/aH1) and M= -(Bg/BHZ) we can readily obtain

the following useful results
(22 )= ()
JHy oH, (D.4)

e = (35). ()= (3.

and

1
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shich zre simnly the Maxwell equations for this procler.
S is cefined +o0 be the entropy per electronic site, 1.c.
= - {39/3T).
If the populations of the electronic levels are

«ept constant (this constraint is denoted by the suffiz v

3 ] (D.5)
dLm,y = (3@ VAH o+ | 2M ) A H,
Dl"f.'l: 9H7-1 (D.6a)
Since {m )= H,/I we can express (D.6a; as
o-—-(a_z« dH, + [ (W) —L]4H |
SH, | IHz/y (D.6b)
vrom (D.5) and (D.6b-) it follows that
(1)
- )4%7) - ( ( )1
3’:1: (H—DH; < u)z aH
| [(,BHZ)I ]
wrich can be rewritte., using (D.4) as
% = (38). - BRJL/LBR). £
I oH, 2H oH T
- : Ve I° (D.7)
The same arguments show that for the isothermal regime
9z - (3L /LG4
3“7 T \OJH I+ 2hz/+ oHzlr I (D.8)

(D.9a)
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O= (%’g‘)c(H, + [:(9_’_")-{—] dHy "'(D—-rj')dr

ML o, (2.95)
enéd at constant entropy
520 = (35 )dh +(2 ot +(25 | AT
i M= >
| (D.S¢)
Hence
’9@)@9)({9) ,
, RIGE | ] o)
() _ )49.7 T n Ur 7
Is TS = o) @w I 2) 0 [3M)-1 2]
>H. /¢ H s QHsz,en e T \5-
SMEMES o (& )
\Sﬂ.)T(JHz)T(aT aHz?" \“‘
(D."2)
- (g7 - B3 o [P 4 )]
' ) T \ 27 I—I(3M{gf—/1)7 \ t o
S (Q_M)l
‘ \- = (3M/>H,;) T
i (D.%1)
wrere we rave useé (D.4). Oy is the specilic ncat per
clectrcoic site evaluzted at constait 51 and hz. ,
Tne oiastic-constants 021) for y=I, & or T are given

oy {(£.2%) with I, 8y and gq given by (D.7), (D.11), and
{D.5) ressectively. It only remains, therefore, to give
tre explicit forms of the derivatives appearing in these

exprecsions. Wwe fina

g}~ 2[-*x LB - BX, + P, ]

SH /L.
W
whore 3 I ¥ (A*HL“;HJ }
oL, = = » 1 s
TN VI T R S R ‘b -er_—%H,)‘\«é’A‘]
3
IL":—- 3 [ [ - \C —‘H - = Hl) }
Z[P_Hz_gﬁ,]l_{@[}&j"-— L B Hz‘iH')‘*gA.L]
= .
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(?9\ =<33) + L [‘EL(|+3€‘)" +P (1=3F )t B (1436)% 4 B, (136)°
16 It m
L /6
tPe o+ A= 9,7}
A

L

(Do) =P R —px, ¥ %%1
I

(a,Q )T - (ao )I» 4+ {—g (1+£)(1+3F) = g’; (1-£)(1-36) + & (HF;}(HSFJ

&
+ f‘: (t-é,}[:— 3(,_] — <y, > Um.?}
8

M = 1 |=? x P X, Px, + P

(5’,;:1)1 3 [ X, + R 3R ¥ 3(2,]

M = (2—/:4 -l-—— Pa ¢ 2 P 2 7
(JHL}T .wz)I + ke | BRI ICLY +f_:_ (,+e/=+§2(,_e/z

- <mz7l}

(39) =4 20 038) 2 (36 g0 (148) + 220 58)

& &
— Phs — 5 )w‘[
2 = o

=1y, L RN, 8, 1R + 4, Mot Pedy t BN ]

RT*
?d_@‘:- \’_ ‘l’LP %x(l'te)" &' Al(l~€}+ P3 (l*‘e)‘/‘p‘, /l"ﬂc)j
Ti kT "2 * < I



FIGURE CAPTIONS

Fig. 1. Schématic representation of the tetragonal zircon
structure (Di?) for RVO4 (R = rare earth). Two
molecules in a unit cell aré indicated. Xote the

coordinate axes (see 8§1.1).

Fig. 2. The energy of the lowest electronic levels of
" (a) Dyvo,, (Db) TbVO4 and (c) TmVO4 both above

and below the transition temperature TD.

Fig. 3. Schematic diagram of the COupled electronic and
acoustic phonon modes of DyVO4. For a discussion

see 93.1.

Fig. 4. Brillouin scattering measurements of %(cli-clz) for
DyV0O,. The solid curve (see $§4.la) shows the value
of ¢y obtained from the cluster theory avove Typ;
below Ty, the dashed curve is drawn through the

experimental points.

Fig. 5. Brillouin scattering (open circles) and ultrasonic
(filled circles) measurements of cg ¢ for TbVO4. As
discussed in 84.2, the solid curves show the values
of cq, cS‘and Cp (for T 2 Tp, cg = CT). The dashed
curve shows the value of c(w) as given by (3.25) with
Tog glven by (3.28) with.a/ZH = 27.5 GHz. The scale
on the right shows the actual measured Brillouin

frequency-.
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Fig. 6. Variation of cgg With frequency at T=TD as
measured by Brillouin scattering. The solid curvse

is obtairzd from (4.4).

Fig. 7. A comparison between the theory (full lires) for
céi), c§1) and céZ) (=cé2)) and ultrasoni: meacure-—
ments (circles). The dashed line indicates schemati-

1)

cally the theoretical results for cé,

Note the enlarged scale below TD'

Fig.8(a) A (001) projection of the strucuture of Ki,FO,.

The heights of the PO4 tetrahedra are shown.

Fig.8(b) A diagram of the primitive wnit cell of Ki, PO,
indicating schematically the positions of the PO,
tetrahedra (the filled circles and the open circles
corresponding to the two sublattices A and B re-

spectively) and the hydrogen bonds.

Fig. 9. A sketch of the proton displacements in a single
cell of KDP which transform according to represent:-

tions of the crystal point group ng.

Fig.10(a)A schematic representation of the potential for the
soft mode in an order disorder transition (i)T>Ty,
(ii) T<Tp.

Fig.10(b)A schematic representation of the potential for

the soft mode in a displacive transition (i) T>T.,

(ii) T=Tp, (iii) T<Ty.

Fig.11 A comparison between the theory for c; (£211 curve)



-186-
and ‘he Brillouin scattering (circles) and ulira-
sonic (triangles) measurements of KDP. The dashel
curve chows the value of Crp below TD ob*tazined fron

the thoory.

Fig. 12. Spontrnrcous polarization measurecments of KDP tahen
by Benepe and Reese (circles) and Von Arx and Basntls

(crosses). The solid curve is calculated from Eenepe

(@

and Reese's phenomenological theory =and the dashe

0

curve is the best fit from the pseudospin model.

Fig. 13. A comparison between the Brillouin scattering
measurements (dots) on KDP below the transition and

the theory for cg, Cq., and cp (1lines).

Fig. '4. A schematic representation of the variaiion of the
elastic constant in KDP with temperature fcr

wr  »1 and wr <1 according to the theory.
LL |

~
-

Fig. 15. Low frequency Raman spectrum of KDP at Z-% Z { from L85)),

Fig. 16. Variation of T/7 for KDP (where T is the relaxatiox

e

1$Y]

O [ PR
[ ULI‘ o

U

time) obtained by Ryan from Raman scatterin
ments. Filled circles are for F12=O and oven circlec

for 2=0.

Fig.17(a)Variation of T/T for CsDA obtained by Ryan from
Raman scattering measurements. Filled circles:
F12=O; open circles: ferroelectric mcde with %=C;
triangles: 'underdamped' mode with 2=C.
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17(b) Variation of width of low freguency »e:zx in

18.

20.

27.

Raman spectrum(multinlied by 7) for CuoDi.

-

The hexagonal close pacred struciure =d *the

definition of the

coordinate zvstem (&,m, 7).

Variation of @, the angle between the magnetiza-

tion and the hard

axis, as a function of I avplie

along the hard direction.

A schematic drawing of the coupled magnon-rhonon

dispersion curves

in Dy and Tb metal.

Variation of the elastic constant witih mzsgnetic

field applied in the hard direction for mod=as

propagating along the easy direction 1n tne

basal plane and transversely polarized also 1in

the basal plane.

in the text.

The parameters are discussed






Cov  1-45K
E': r ﬂ\\\\\ D
S~ T>14K E?.d
= .
(a) DyVOA 27-5 .‘ gl .
E ="
D
2 _
A, T=16K .
Bz“ 3 \\\ \\\\ T=36K D2cl
\\ B
“ 279 ‘
1
:2 T=0K
\‘\ g
2 ~<__ T2k DZd
€)Tmvo, 3 E
B -



¢'bi




7 ‘Bl 4

"0NQ




00¢

00¢

(M) 1

001

mml-

-

(ZH9)

S-Cl—

—G-1
99




(242 Yep o)

99
Lo 2




cl/c,

Ffig.v 7/



>
~&

K

4

® OXYGEN
¢ HYDROGEN

0 Pkos‘phaJ‘e
(Sublebtice A)

(b) ® Phosphate
(Sublattice 8)

— o Hydragen




N\

A4

v

VY

W

Fig. 9







Ceg Fig. I}

T (X10“dyn em™)

L ] L
r 120 A 130 140
T

TEMPERATURE (K)



O

e

I-O






°2/>



2000
AT 295 °K
1500
€
.
|
[ 4
®
1000
[
’
.
’
[ 4
[ 4
[ ]
)
500~ .
[
€
1 J
(]
13
] 80 pc
® *
¢ ¢ &
® e ¢
¢ © ”v,
® ® '."
'509 'PGUQD‘.Q...‘..
a | 1 1 1 L. i 4 3
(0] So oo 1fo .00 280 3oc ;

RAMAN SPECTRUM OF KDP B;-S‘/MNE'TR)’

FREQUENCY  (CcM7l)

28



reer [%10%deg . sec']

600 |-

500

4L 00

300

200 -

00 -

Fignlé



600 ¥+

5060 [

300 |-




(Mo) L

o0%

ch,.m

09

oy 001

B, Bt o il

;

-~

=100

~ oSl

—oQT

—4037T

[725 mwmﬂ_o_x”_ AL



F’:j, g



H/H

Y-

-

Q

9/




i q. 20



OU\U




