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Abstract: The aim of this paper is to consider the asymptotic behavior of boundary value problems in n-
dimensional domains with periodically placed particles, with a general microscopic boundary condition on
the particles and a p-Laplace diffusion operator on the interior, in the case in which the particles are of critical
size. We consider the cases in which 1 < p < n, n > 3. In fact, in contrast to previous results in the literature,
we formulate the microscopic boundary condition in terms of a Robin type condition, involving a general
maximal monotone graph, which also includes the case of microscopic Dirichlet boundary conditions. In this
way we unify the treatment of apparently different formulations, which before were considered separately.
We characterize the so called “strange term” in the homogenized problem for the case in which the particles
are balls of critical size. Moreover, by studying an application in Chemical Engineering, we show that the
critically sized particles lead to a more effective homogeneous reaction than noncritically sized particles.

Keywords: Homogenization, p-Laplace diffusion, nonlinear boundary reaction, noncritical sizes,
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1 Introduction

A well-known effect in homogenization theory is the appearance of some changes in the structural modelling
of the homogenized problem for suitable critical size of the elements configuring the “micro-structured” mate-
rial. It seems that the first result in this direction was presented in the pioneering paper by Marchenko and
Hruslov [27]. A more popular presentation of the appearance of some “strange terms” was due to Cioranescu
and Murat [4]. Both articles dealt with linear equations with Neumann and Dirichlet boundary conditions,
respectively. Since then many papers were devoted to different formulations, e.g., more general elliptic partial
differential equations (possibly of quasilinear type), Robin type and other boundary conditions of different
nature, etc. It is impossible to mention all of them here (a few of them will be mentioned in the rest of the
introduction) but the reader may imagine that the nature of this “strange term” may be completely different
according to the peculiarities of the formulation in consideration (something that was already indicated at
the end of the introduction of the paper by Cioranescu and Murat [4]).

*Corresponding author: Jesus Ildefonso Diaz, Departamento de Matematica Aplicada e I.M.I., Universidad Complutense de
Madrid, Plaza de las Ciencias 3, 28040 Madrid, Spain, e-mail: jidiaz@ucm.es. https://orcid.org/0000-0003-1730-9509

David Gomez-Castro, Departamento de Matematica Aplicada e I.M.l., Universidad Complutense de Madrid, Plaza de las Ciencias
3, 28040 Madrid, Spain, e-mail: dgcastro@ucm.es

Alexander V. Podol’skii, Tatiana A. Shaposhnikova, Faculty of Mechanics and Mathematics, Moscow State University,

Moscow 199992, Russia, e-mail: originalea@ya.ru, shaposh.tan@mail.ru

@ Open Access. © 2019 Walter de Gruyter GmbH, Berlin/Boston.
() 2| This work is licensed under the Creative Commons Attribution 4.0 Public License.



680 —— ).1.Diazetal., Characterizing the strange term in critical size homogenization DE GRUYTER

The main goal of this paper is to characterize the change of structural behavior arising in the homogeniza-
tion process when applied to chemical reactions taking place on fixed-bed nanoreactors, at the microscopic
level, on the boundary of the particles

—Apue = f(x), X € Qg,
—0y,Us € € V0(Ue), X €S, (1.1)
u. =0, X €0Q

for a very general type of chemical kinetics (here given by the maximal monotone graph o of R?). Thanks
to this generality on the maximal monotone graph o, our treatment also includes the case of microscopic
Dirichlet boundary conditions. In this way we unify the treatment of apparently different formulations, which
before were considered separately.

The diffusion is modeled by the quasilinear operator Ayu, = div(|Vug|P~2Vu,), with p > 1. Notice that
p = 2 corresponds to the linear diffusion operator, and that p # 2 appears in turbulent regime flows or non-
Newtonian flows (see [8]). As it is well known, this operator appears in many other contexts and is one of the
best examples of quasilinear operators leading to a formulation in terms of nonlinear monotone operators
(see, e.g., [1, 7, 26]).

The “normal derivative” must be then understood as dv, u, = |Vu, [P~2Vu, - v, where v is the outward unit
normal vector on the boundary of the particles S; ¢ 9Q;. In fact, we will consider the structural assumption

l<p<n, n=3.

The cases p > n are completely different, see [31, 32] (see also, for instance, the study made for a general
monotone quasilinear equation with Dirichlet boundary conditions in [7]).
As mentioned before, the generality assumed on the maximal monotone graph o of R? allows to treat, in
a unified way, different cases as the case of Dirichlet boundary conditions, which corresponds to the choice
of o given by
D(o) ={0} and 0(0) = (-00, +00) (1.2)

(see, e.g. [1]), and the case of nonlinear Robin type boundary conditions, which corresponds (see, e.g. [24])
to the case in which D(0) = R and ¢ is a continuous nondecreasing function.

The domain Q, ¢ R" is assumed to have an e-periodical structure. Since our main goal is to get a very
precise description of the so-called “strange term” in the homogenized problem, we shall assume that the par-
ticles are balls of radius a. = Coe%, where a > 1. One of the interesting properties that arise from our precise
characterization is that there is uniqueness of solutions of the homogenized problem. This was not always
proved in previous results (cf. the general framework considered in [7], and how their characterization, given
in their Lemma 5.1, is not enough to get the uniqueness of solution of their homogenized problem). The con-
sideration of particles of a general shape is a difficult task, especially the exact identification of the “strange
terms”. A similar formulation to the one considered in this paper for that case can be obtained, at least for
continuous o, and has been the subject of a different paper (see [15]).

The problem has two different parameters: a, the size of the particles, and y, the normalization factor of
the boundary condition on S;. When they have critical values

n

= = -1)-n= -1
a n_p,ya(n )-n=a(p-1),

then our main result in this paper shows that the homogenized problem involves a different distributed
chemical kinetics nonlinearity:

~Apu+ AHWIPHu) = f(x) inQ, 03)
u=0 on o0Q, '
where n-pp
- - Tt enp
A= <p—1) P w, (1.4)
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and H: R — R is given by

Hr)=I+01e0,,) (1), (1.5)
with
Onp(s) = BolsP?s fors e R
and . <&)p71 (1.6)
T \Gp-1/ ‘

where w,, is the surface area of the unit sphere in R". We show that, for any maximal monotone graph o, H is
a nondecreasing contraction, and thus the existence, uniqueness and continuous dependence of solutions
of the homogenized problem is consequence of well-known results on monotone operator theory.

The change of behavior from the nonlinearity of type ¢ in the nonhomogeneous problem to the nonlin-
earity H in the homogeneous problem is one of the characteristics of the nanotechnological effects (see, e.g.,
[33]) and does not appearif 1 < a < % (see [5, 34]).

Before presenting the details of the notation used above, let us mention that our main aim is to provide a
common roof and extend (under different points of view) some previous results in the literature concerning
different structural assumptions (i.e., the functions o and H) after the homogenization process.

The case of Robin boundary conditions 0,u + (¢)o(u) = 0 on S, was first studied by Marchenko and
Hruslov in a series of papers dealing mainly with the linear case o(u) = Au, see [19-21, 27]. Some references
on different choices of smooth functions o can be found in [6, 18, 22, 24, 25, 29, 37] and the references
therein. For further references, see [13, 16, 17, 23]. Some previous results by the authors [11], formulated
there for some not necessarily Lipschitz functions o and p € [2, n), will be here extended to the case a general
maximal monotone graph ¢ (which includes the case of Dirichlet boundary conditions) and p € (1, n).

The special case of Dirichlet boundary condition u, = 0 on S¢, covered by (1.2), gives 6~1(s) = 0 for
any s € R, and so H(r) = r for any r € R. Therefore, the “strange term” arising in the homogenized equation
becomes A|u[P~2u. This was shown for p = 2 in the pioneering paper by Cioranescu and Murat [4]. However,
even in this simple case, the treatment in [7] for the case p # 2 is not as sharp as in our case. In [7], Dal Maso
and Skrypnik do not provide an explicit expression for this strange term. In fact, their characterization (see
[7, Lemma 5.1]) does not guaranty uniqueness of solutions of the homogenized problem.

The case of the boundary condition

Us >0, Onpue+&Y0o(ue) 20, uUg(Onuue +&Y0p(ug)) =0 onSe,

which was studied for smooth g in [22] by ad hoc techniques, is also covered by the common proof provided
in this paper, by taking
(-00,0] ifu=0,

oo(u) ifu>0.

D(0) = [0, +00), o(u)= <l

See also [12, 28].

The choice of the critical values of @ and y might appear arbitrary. Let us give some reasons why this
is a good choice. First, if N(¢) is the number of particles, then N(g) ~ €. It is easy to see that |S¢| =
N(&)|0(asGo)| ~ €D where G is the unit ball centered at 0. Let us analyze the choice of y. If we
consider the reaction term on the weak formulation, with o(u.) a bounded sequence in L* and v a bounded

test function, then
1
S J o(ug)v dS ~ g~@n=1-m J o(ug)vdS
&
Se Se

is a bounded sequence. Hence, if the sequence u; is bounded in L* and v is a bounded test function, then
e’ J o(ug)vdS
Se

can only be expect to tend to either O or +c0 if y # a(n — 1) — n, and hence we will lose the reaction term on
the equation on the homogenized equation or we lose the equation altogether. If the macroscopic behavior
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is given by a reaction diffusion equation (with nontrivial reaction), then the choice scaling y as € — 0 can be
no other.
The appearance of the critical value of a has to do with a property of traces. It is known (see [30]) that

j jup ds < K(az e J|u|p dx+al™ quw dx).

aESO Ye Y.

As it turns out, the critical scale is the one in which both terms in the right-hand side have the same order of
convergence. Notice that, in the critical case a = #, we havey = a(p - 1).

Notice that for a Newtonian fluid in R3 (n = 3, p = 2), the critical size corresponds to a = 3. Obviously the
critical value of a is an increasing function of p. Therefore, for non-Newtonian dilatant fluids or a Newtonian
flow in turbulent regime (p > 2), our assumption means a > 3, the particles are tiny with respect to their
repetition, whereas for pseudoplastic fluids (p < 2), the critical particles satisfy a < 3, and hence are not so
tiny with respect to their repetition.

A relevant application of our results is the following. Let us consider the usual formulation in Chemical
Engineering (see [9, 35]) with a constant external supply

—AWg =0, X € Qs’
oywe +€7g(we) =0, xe€S,
we =1, x € 0Q,
where g is a nondecreasing real function such that g(0) = 0. In order to adapt our results, we introduce the
change in variable u = 1 — w and o(u) = g(1) — g(1 — u), and the problem becomes
—Aug =0, X € QS’
Ovie + £ V0(ue) =€78(1), x €S,
u, =0, x € 0Q.

Notice that the presence of w, = 1 on 0Q is translated to a source in S for u.. We will see later (Theorem 6.2)
that the new equation for H, when a = %, is

n-2
Co

H(s) = o(s — H(s)) - g(1), (1.7)

that is,
(. /n-2 -1
H(u) = -(g (C—O )+ Id) 1-u),

so that an extension of w, converges weakly in H(Q) to wcit, the solution of

—AWeit + Ah(Werit) =0 in Q,

Werit = 1 on oQ,
and h is given by

(.n-2 -1
h(w) = <g (T )+ Id) w).
Notice that in the case of Neumann problems, o(s) = O for any s € R, and although ¢! is a well-known

maximal monotone graph, the more direct identification of the “strange term” H(u) is obtained trough the
implicit equation (1.7), since in this case we get that

C()L(zl) forany s € R.

H(s) = -
n
In the noncritical cases, 1 < a < -5, we will show that an extension of w, converges weakly in H*(Q) to
Whon-crit, the solution of
{ ~AWnon-crit + A&(Wnon-crit) =0 in Q,
Whnon-crit = 1 on 0Q,
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with A = Cg‘l |0Go|. Finally, we will show in Theorem 6.3 that

Werit 2 Wnon-crit»

so we have a pointwise “better” reaction in the critical case [10]. We point out that a different criterion to
establish the optimality of the reaction in terms of the so-called “chemical effectiveness” was considered by
the authors in [14].

The plan of the rest of the paper is the following: Section 2 will be devoted to the statement of the main
results, Section 3 contains the proof of the existence results for equation (1.1) and the characterization of H,
Section 4 is devoted to the proof of the main result, Theorem 2.4, and Section 5 contains the proof of the
auxiliary Theorem 2.9, which studies the limit of the diffusion. We conclude the paper with Section 6, where
we study the noncritical case and the pointwise comparison of its homogenized solution with the critical
case.

2 Statement of the main results

Let Q be a bounded domain in R", n > 3, with a smooth boundary 0Q, and let Y = (—%, %)". Denote by
Go = B1(0) the unit ball centered at the origin. This plays a crucial role in the proof. As far as we known, no
results are known in the critical cases if Go is not a ball. For § > Oand € > 0, we definesets 6B = {x : § 'x ¢ B}
and Q; = {x € Q: p(x, 0Q) > 2¢}. Let

ag = Coe®,

where @ > 1 and Cy is a given positive number. Define

Ge = | J(@:Go +j) = | G,

jeYe JEYe

where Y, = {j € Z" : (a:Go + €j) N 38 # 0}, N(e) = |Ye| =™, and Zf’ denotes the set of vectors z with integer
coordinates. Define Y} = €Y + &j, where j € Y, and note that G. ¢ Y. and center of the ball G} coincides with
the center of the cube Y. Our “microscopic domain” is defined as

Q: =0\ Gz, S;=09G,, 0Q,=0QUS;.

We define the space Wcl)’p (Q¢, 0Q) as the completion, with respect to the norm of WP (Q,), of the set of
infinitely differentiable functions in ﬁg equal to zero in a neighborhood of 0Q, that is,

Wy (Qe, 0Q) = {u € WHP(Q,) : u = 00n 00},

Concerning the solvability of problem (1.1), we start by introducing the notion of weak solution. Since
we assume that 0: R »P(R), where P(R) denotes the set of subsets of R, we recall, by well-known results
(see, e.g., [2]), that

o is a maximal monotone graph of R?, 0 € ¢(0), (2.1)

and that there exists a convex lower semicontinuous function ¥: R — (-0, +00], with ¥(0) = 0, such that
o = 0V is its subdifferential. We also know that if we define

D(0) = {r € R such that a(r) # 0},
where ¢ denotes the empty set, and
D(¥) = {r € Rsuch that ¥(r) < +co},

then D(0) c D(¥) ¢ D(¥) = D(0).

In the rest of the paper we will always assume that f € LP'(Q), where, as usual, p’ = p%l.
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Since u; is the minimizer of the following energy functional in WP (Q,, 0Q) (see [1, 26]):

E(u) = JIVqu dx + &7V J Y(u)dS - qu dx,
Q. Se Q.

we consider the following definition of weak solution.

Definition 2.1. We will say that u, € WHP(Q,, 0Q) is a weak solution of problem (1.1) if u(x) € D(¥) for a.e.
x € Sg,and forall v e WHP(Q,, 0Q), we have

I |Vug|P2Vug - V(v - ug) dx + €77 j(‘l’(v) - W¥(ug))dS = I flv—ug)dx. (2.2)
Qg Se QS

The existence and uniqueness of a weak solution to problem (2.2) is an easy consequence of well-known
results:

Proposition 2.2. There exists a unique u. € W“P(Q,, 0Q) weak solution of (2.2). Besides, there exists K > 0
independent of € such that
IVuellzr o) + €I (ue)lirics,) < K. (2.3)

The homogenized problem will involve the function H: R — R given by (1.5). Let us present some of the
properties satisfied by H.

Lemma 2.3. If o0 satisfies (2.1), then the function H defined by (1.5) is a nondecreasing nonexpansion on R
(i.e., a nondecreasing Lipschitz continuous function of Lipschitz constant L < 1). Moreover, this function H is
the unique function H: R — R satisfying the relation

BolH(r)[P2H(r) € o(r - H(r)) foranyr e R. (2.4)

Concerning the homogenized problem (1.3), we point out that since H is a nondecreasing nonexpansion on R,
for the parameters A and By given by (1.4) and (1.6), and for f € L?' (Q), there exists a unique weak solution
ue Wé’p(Q) of problem (1.3). Moreover, |H(u)|P~2H(u) € Lp'(Q). For the proofitis enoughtoset V = Wé’p(Q)
and define the operator A: V — V' by

(Av, w) = JIVVIP‘ZVV -Vwdx + JAIH(V)IP‘ZH(V)W dx foranywe V. (2.5)
Q Q

Notice that, since H is Lipschitz, H(v) € LP(Q) for any v € L?(Q). Then A is a hemicontinuous strictly mono-
tone coercive operator, and the existence and uniqueness of a weak solution u is standard (see, e.g., [26]).

We will make fundamental use of the following reformulation of a weak solution. Since the limit operator
A: V>V, with V= Wé’p (Q), given by (2.5), is hemicontinuous and monotone, we can use the Brezis—
Sibony characterization (see [3, Lemma 1.1] or [26, Chapter 2, Theorem 2.2]), that is, u € Wé’p (Q) is a weak
solution of (1.3) if and only if

JIVVI”‘2VV V(v -u)dx + J BolHW)PZHW) (v — u) dx = Jf(v —u)dx foranyve W, (Q). (2.6)
Q Q Q

The main result of this paper is the following convergence result.

Theorem 2.4, Letn>3,1<p<n, a= % and y = a(p - 1). Let ¢ be any maximal monotone graph of R?,
with 0 € 6(0), and let f € LP' (Q). Let u; € Wé’p(Qg, 0Q) be the (unique) weak solution of problem (1.1). Then
there exists an extension il of u. such that i, — u in Wé’p(Q) as € — 0, where u € Wé’p(Q) is the (unique)
weak solution of problem (1.3) associated to the function H, defined by (1.5).

Remark 2.5. The case n = 2 can be studied by similar techniques, although some of the computations vary.
In particular, the critical value of a does not verify the same formula.

The other key result we will prove in this paper is Theorem 2.9 below, the statement of which requires some
preliminary lemmas. The extension i, of solutions u, can be obtained by applying the methods of [30].
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Lemma 2.6. Let Q. be the domain defined above and let 1 < p < n, n > 3. Then there exists an extension oper-
ator P.: WHP(Q,) — WP (Q) such that
IPeullwirq) < Cillullwir,),
IV(Pew)lL, ) < C2lVullL,q,)-
Moreover, by applying this extension theorem and the methods introduced in [30], we can prove the following
useful estimates.
Lemma2.7. (i) Letu ¢ Wé’p (Qe, 0Q), p > 1 and n = 3. Then there exists positive constant C such that
lullzr o, < ClIVulLe,)-
(ii) Letu € WYP(Y,) be such that Iy u = 0. Then
lullzr(v,) < Ki€llVullrr(y,)s
where the constant K, is independent of €.

Thanks to the a priori estimate (2.3) and the properties of the extension operator P, : Wé’p (Qg, 0Q) - WHP(Q),
we know that and there exists u € Wé’p (Q) such that

Peue — u in WyP(Q).
The difficult task is to show that u € Wé’p (Q) is the weak solution of problem (1.3) such as it is ensured in
Theorem 2.4.

Motivated by this and (2.6), we will also use the fact that if u, € Wé’p (Q¢, 0Q) is the weak solution of
problem (1.1), then

J IVVIP=2Vv - V(v - ug) dx + €7 J(‘P(v) - W¥(ug))dS > J flv—ug)dx 2.7)
Q. Se Q¢
for any test function v e WHP(Q,, 0Q).
The problematic term, in order to pass to the limit, is the boundary integrals over S,. Here we will follow
a technique of proof introduced by the last author (Shaposhnikova) in collaboration with different co-authors
(see, e.g., [28, 34, 37]), which can be applied in different frameworks.

Lemma 2.8. Letz, € W(l,’p(Q)for some p > 1, and assume that z; — zg in Wé’p(Q) as € — 0. Then

221 Z J 2. dS - wy JZO dx
jeYe )
el4

—0 ase—0,

where wy, is the surface area of the unit sphere in R".

This lemma (which we remark is independent of & and y, see the proof in [37]) is the key point of the homog-
enization technique in the critical case. It is based in the general idea that if P] is the center of the ball
G. = {x e Y. : |[x- P.| < a.} and if T\ denotes the ball of radius £/4 centered at the point P., then we can get
several explicit estimates on the solution ng(x) forj=1,..., N(¢) of the auxiliary cellular boundary value
problem

AW =0, xeTi\Gl,
wh=1, xedG, (2.8)
wh=0, xeoT.

One of the many remarkable properties of this cellular problem is that its (unique) weak solution, W’g, is
radially symmetric (recall that G is a ball) and satisfies that Oy, W] is constant on aT] and on aG’ Due to the
divergence theorem,

[rvwl=2vwl -vzax = [ zo,wlds+ [ zo,whds foranyze w'r(rl\G).

G. oT. oGL
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Furthermore, we can make explicitly several computations. Hence, we have an explicit way to compare the
reaction term on S, with an auxiliary term on balls with radius Ce, and Lemma 2.8 becomes very useful.
Another key idea of our proof is to relate a general test function v € Wé’p (Q), used to check the limit
characterization (2.6), with some suitable correction v, which is a better fitted test function in the micro-
scopic weak formulation (2.7). In fact, by density, it will be enough to do that with a smooth test function
v € C(Q). We will construct such adaptation among test functions in the form v, = v - hW,, where, for the
moment, h € W5 (Q) without any other property, and, which is crucial, W, ¢ Wé’oo(Q) defined as

wh, xeTi\GLj=1,...,N() =Y,
We=131, xeG,, (2.9)

N(e) j
0, xe]R"\U].:f T,

with w{g the solution of the auxiliary cellular boundary value problem (2.8). The following technical result
will explain why the function H, arising in the limit problem (1.3), was taken in this concrete form (more
precisely, so that (2.4) holds), different from the boundary kinetics o.

Theorem 2.9. Letu, € Wé’p(Qg, 0Q),1 < p < n, be a sequence of uniformly bounded norm, and let v € C(Q),
he Wh(Q)and v, = v — hW,. Then

lin(l)( J IVVelP 29V, - V(ve - ug) dx) = lim(Ty e+ De + .0),
E— E—

o
where

Lie= JIVVI”‘ZVV V(v = ug) dx, (2.10)

0.
L = -7 Bo j IP-2h(v - h - u) dS,
5.
Le=-Ace Y j RIP2h(v - ) dS, 2.11)
JeYe

with A, being a bounded sequence, see (5.1). Besides, if i, is an extension of u. and i — u in Wé’p (Q), then,
foranyv e Wé’p(Q),

lin(l) JIVVIP‘ZVV V(v —hW, - ug) dx = JIVVIP‘ZVV V(v - u)dx.
E—
Qe Q
The aforementioned corrector term in the form hW,, where h € W-°(Q,, 0Q) will be taken to satisfy the

condition h(x) = H(v(x)) for a.e. x € Q, with H given by (2.4). These conditions rise naturally so that the term
I, ¢ above cancels out with the reaction term.

Remark 2.10. In general, it is expected that the convergence i1, — u can be improved to strong convergence
by adding a corrector term. In fact, if o is smooth, it is known that u. — H(u.) W, — u strongly in Wé’p Q)
(see, e.g., [37]). It is possible to adapt these arguments to the case of some maximal monotone graphs as, for
instance, the one given by the Signorini boundary condition (see [12]).

3 Existence of u; and characterization of the function H

Proof of Proposition 2.2. Consider the Banach space V = Wé’p (Qe, 0Q). Let Ag: V — V' be the operator
defined by

(Agv, w) = jwvv’*zw-vW dx forany w € WP (Qe, 00Q).
Qe
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Then A is a hemicontinuous strictly monotone coercive operator [26]. Define ¢ : Wé P(Qg, 0Q) - (—00, +00]
by
) ev Js W(trs, (u) dS if trs, (u(x)) € D(¥) fora.e. x € S,
¢-u) = ¢
+00 otherwise.

It is clear that ¢ is a convex lower semicontinuous function with ¢ # +oo. Since f € V', we have that u, is
a weak solution of problem (1.1) if and only if

(Ac(ue) - f,v—ue) + 5(v) — @(ue) >0 forallv e V.

Thus, the existence and uniqueness of a weak solution u, of problem (1.1) is consequence of [26, Chapter 2,
Theorem 8.5].
In order to prove the a priori bound (2.3), let v € Wé’p (Qg, 0Q). Then, we have

JIVuglp dx + &7 J Y(uy)dS < JIVu,Slp‘ZVlLg -Vvdx + &7 J Y(v)dS - Jf(v —ug) dx.
Qe Se Q. Se Qe

Given 6 € (0, 1), we apply Young’s inequality, ab < 8lalP’ + Cs|b|P, to get
JIVuglp*ZVug -Vvdx <6 IIVuglp dx + Cs JIVVIP dx.
Qg Qe QS
Therefore, since ¥ > 0, taking v = 0 and applying Holder’s and Poincaré’s inequalities, we have
(1= O)IVuel g, + €7 I¥WUelLis,) < Ifug dx < Clfl IVl oo,
Q¢
which leads to the result. O

Proof of Lemma 2.3. Let Oy p(s) = Bo|s|P~2s for s € R. Since 07! is also a maximal monotone graph of
R?, for any p > 1 and By > 0, the graph 07! - @, , is also a maximal monotone graph of R?. Indeed, let
D(o™1) = [a, b] for some —co < a < b < +00, and let (671)° be the principal section (i.e., the nondecreasing
function) of the graph o~!. This means that

(0 H)°(r) =info 1(r), rela,b).
Then, since 0y, is strictly increasing, o lo Oy,p is a monotone graph,

D(07" 0 On,p) = [0;,(a), 8,5, ()] and (07" ©Byp)° = (671 0 Oy p.

1

In particular, if 0=! is multivalued in some point ¢ € (a, b), then 671 - © n,p(C) is the full interval

07" 0 On,p(c) = [(671)°(On,p(c) "), (071 (On,p(0)")],

and this implies that 0= o 0y,p is a maximal monotone graph of R? (see [2, Example 2.8.1]).

Now, since 071 o Oy,p is also a maximal monotone graph of R2, we know that I+0 1o Oy,p) is an
injective application such that R(I + 07 0 ©,,5) = R (see [2]). Thus, if H is defined by (1.5), then H is a
nonexpansion on R (see [2, Proposition 2.2]). Hence,

(I+07 0 @np)(H(I) =71

for any r € R and, in consequence,
H(r)+ 071 o O p(H(r) = 1.

In other words,
07 o @pp(H() = r - H(r).
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This implies that r — H(r) € D(0) for any r € R and that 0, ,(H(r)) € o(r — H(r)) for any r € R, which proves
that H(r) satisfies relation (2.4). Moreover, from the definition of H, it is obvious that H is nondecreasing (in
fact if o is strictly increasing, then H is also a strictly increasing function).
On the other hand, such function H(r) is the unique function satisfying relation (2.4), since applying the
inverse graph
07 'e®ypoH>(I-H)

1 1

implies that (I + 07" < ©,, ) « H = I, and so, necessarily, H = (I + 07" o @n,p)‘l. Of course, from the implicit
formula, H is strictly increasing. O

4 Proof of Theorem 2.4

Since Gy is ball, it is easy to see that

oy X PLP - (g/4) 7 T
whoy = 2—el L 2BV P x e TL\GL, (4.1)

(Cog®) 71 — (g/4) 71

is the unique solution of (2.8).

Lemma 4.1. If W, is defined by (2.9), then the following estimate holds:

np-q)
JIVWEI‘J dx < Ke v forany1 < q <p. (4.2)
Qe
In particular,
We—0 inWiP(Q)ase — 0.

Proof. Estimate (4.2) is an explicit computation. For g = p, we obtain from it that, up to a subsequence, there
exists Wy € Wé’p(Q) such that W, — W, in Wcl,’p(Q). For g < p, we have that W, — 0 in Wcl,’q(Q), hence
Wy = 0. O

Proof of Theorem 2.4. Let v € C®(Q) and h = H(v), with H: R —R given by (1.5). Then h € W1*(Q). Let
Ve=v—-hW; ¢ Wé’p(Qg, 0Q), with W, € Wé"x’(Q) defined by (2.9). Due to (2.7), we know that u, satisfies
the inequality

J-Ivalp*Zva “V(ve —ug)dx + & J(W(vg) - W(u,))dS > J-f(v‘g —ug)dx.
Qe Se Q.
Since W, — 0in L?(Q) (due to the compact inclusion), by Theorem 2.9, we can deduce that
lim [11,8 i+l +e” J(\y(vg) _ W) dS] > lim j F(ve - ug) dx = J fv - u) dx.
E— E—
Se Q. Q
Since H: R — R satisfies (2.4), by applying that if & € 0W(so) = 0(so), then ¥(s) — ¥(sg) = &(s — So), we can
write
Le+e” I(W(Vs) - W(ue))dS =€ J[W(V — H(v)) - ¥(ue) - BolHW)P?H(v)(v - H(v) - u,)] dS < 0,
Se Se
since Bo|H(v(x))IP"2H(v(x)) € o(v(x) — H(v(x))) for any x € Q. We can pass also to the limit in (2.10) and
(2.11) to get that
IlVV|p_2VvV(V —u)dx + J BolHW)P2HV)(v — u) dx > J fv—u)dx,
Q Q Q

and since v € C(Q) is arbitrary, by density, this also holds for every v € Wé "P(Q). Hence, we get that u is the
unique weak solution of (1.3). O
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5 Proof of Theorem 2.9

The proof of Theorem 2.9 for p = 2 can be found in [36], and for 2 < p < n in [34]. Here we will complete the
proof for 1 < p < 2. We need some auxiliary results.

Lemma 5.1 ([12]). Let 1 < p < 2. Then there exists positive constant C = C(p) such that the inequality
|la-b["?(@-b) - (la’a - b]"*b)| < C(lallb) T

isvalid for alla, b € R".

By using this result, we prove the following lemma.

Lemma5.2. Letl<p<2,n>3,ve Wé’oo(Q) and ¢ € Wé’p(Q).Let Ne € WHP(Q) be such that |Vne|lLaq) — O
forsome q € [1, p) as € — 0. Then

1in‘(l)( J V(v - ne)P2V(v = 1e) - Vo dx) = ling)( JIVVIP‘ZVV Ve dx - JIVnEII"‘ZV)Lg ) dx).
E— E—

Q,; Qs QE
Proof. By Lemma 5.1, by applying Holder’s inequality, we have

| J V(v = )P 2V(v = ne) - Vep dx — (VVIP 2V = [VnelP~2Vn,) - Ve Xm

QS p-1 p-1
< € [ 19 190l 7 [Vepl dx
Q.
p1 p1
2 2
< K|Vvies ||V'le||LpT+1(QE)IIVQJHL%(QE),
since 1 < 241 < p. This proves the result. O

We have all the tools we need for the proof of Theorem 2.9.

Proof of Theorem 2.9. As said before, it is enough to consider the case p € (1, 2). Applying Lemma 5.2, we
obtain

tim([19veP v - (v, - ) dx) = Hm(.e + T,

£ £

Qe
where
Jie= jwwp—zw V(v — hW, - ug) dx,
Qe
Joe = |V(hW£)|p_2V(th) -V(v— hW¢ - ug) dx.
Qe
Moreover,
lim J1 = lim (11,5 + J-|Vv|p’2Vv V(AW dx) — lim I .
-0 =0 £—0
Qe
On the other hand,

lim J5,¢ = lir%( JIVWEIP‘ZVWE V(v - W, - ue) d)
E— E—

~lim( Y [ vwdrowlinghe - ds+ Y [ 9wlp 2ol 2 h - - ue) dS),

jEY, jEY,

oT. oG,

where 0, g is the usual normal derivative of g. Using (4.1), we get

w2 2h 1
(n-p)2rTCy erT

avWélaT’; = d_rwé

e (g 1)(1— (Coet) e FE 2 )
i d (n —p)sﬁ
an{?laG{; = _E € r=a = n-p _n-p 2n-2p °
e (p-1)Co(1 - (Coe®)rie »127p1 )
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Therefore,
_ -1 4
tim >.c = lim(4ce ¥ [ 1hP2hov - uoyds e [((S=2) ey e 2h ) - h-uoyds - Q. ),
-0 -0 . p-1
JeYe 7 S
oT. c
where
n-py\r-1 22n=2¢o7F
Ae = _J T (5.1)
p (1 - (Coe®)pre 1271
and -
1-(1—a’ " ert 258y pip1
Q. = ( gn; — zn_zp) ( _I;) e’ thlp‘zh(v —h-u.)dS.
cra-alter 2% P! P S
It is an easy (but tedious) task to check that
}:1_1;% QE = 0)
which concludes the proof. O

6 Noncritical case and pointwise comparison of
homogenized solutions with the critical case

For A ¢ R™, let C(A) denote the space of continuous functions on A.

Theorem 6.1. Letn>3,pe[2,n),1<a< #,f e L®(Q) and r € C(Q). Let also o € C(R) be nondecreasing

such that (0) = 0 and let u. be the solution of

~Apug =f, x € Qg,
Oy, Us +€V0(Ue) = €71, X €S, (6.1)
u:, =0, x € 0Q.

N ., . .
Then ity — Unon-crit it W»'F (Q), where unon-crit 1S the solution o
0

(6.2)

-Apu + Ao(u) :f+flr inQ,
u=0 on oQ,

with A = C710Go|.

Proof. Assume first that
0<ki <o’ <ks.

Then the result holds by [34, Theorem 3].

Applying the estimates in [29], we check that (P.u.) is bounded in Wé’p (Q), hence there exists a limit &
such that, up to a subsequence, P.u, — i strongly in L?(Q) and weakly in Wé’p Q).

Let M be such that |lugllr~(q,) < M (see [8]). Let 05 be a sequence such that 0 < k1,5 < 0’6 <k, and
05 — 0in C([-M, M]) as § — 0. Let u, s be the solution of (6.1) with o5. We can check, again from estimates
in [29], that

lue = ue,sllzr(,) < Cllo = oslleq-m,m-
Passing to the limit as € — 0, indicating that P.u, s — us in Wcl)’p (Q), where us is the solution of (6.2) with
05, we have that
It - usllizr ) < Cllo = oslleq—m,m-

It is easy to check that us — u in LP(Q), where u is the solution of the problem with o. Therefore, P.u. — u
inlP(Q)ase - O0and u = u. O
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Theorem 6.2. Letn>3,p € [2,n),a = #,f e L®(Q) andr € C(Q). Let also o € C(R) be nondecreasing such
that 0(0) = 0 and let u. be the solution of (6.1). Then ity — Uyt in Wé’p (Q), where ucyit is the solution of

~Apu + AHx, wWIP?H(x,u) = f inQ,
u=0 onoQ,

and H is the solution of
BolH(x, s)IP2H(x, s) = o(s — H(x, s)) - r(x) a.e.in Q.

Sketch of proof. We can apply the same reasoning as before and the fact that Hs — H, in the sense of maximal
monotone graphs, as 05 — o in C([-M, M]). O

Theorem 6.3. Assume the conditions of the two previous theorems, f = 0 and r(x) = g(1) = 1. Then, we have
that ucit < Unon-crit-

Proof. The condition on f and r guarantee that 0 < u < 1 in both cases. It is easy to check that H is increasing,
and H(s) < O for s € [0, 1]. It is easy to establish the following inequality on the zero order terms:

BolH(s)IP~2H(s) = A(a(s) - g(1)).

Therefore, applying the comparison principle (see, e.g., [8]), we have the result. O
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