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Abstract

This thesis provides a novel dynamical evidence for dark matter by measuring for the
first time the deceleration of the Galactic bar. This spin-down of the bar requires the
transfer of energy and angular momentum to dark matter by dynamical friction, which
not only is in conflict with modified gravity theories, but also imposes constraints on the
kinematics and nature of dark matter.

The deceleration of the Galactic bar is quantified using the astrometric and photometric
data of the Solar neighbourhood stars recently obtained by the Gaia space telescope. When
the bar spins down, the resonant phase-space drifts radially outward through the stellar
disk while growing in volume, thereby capturing new stars along its path. Since these
trapped stars conserve the action of libration, which quantifies the amplitude of motion
around the resonance, the resonant phase-space grows just like tree-rings, adding new layers
of trapped stars at its surface. Together with the negative metallicity gradient in the disk,
this implies a prominent increase in stellar metallicity towards the resonance centre. We
detected this tell-tale signal in the bar’s corotation resonance, thus quantitatively proving
the bar’s slowdown. During the course of this research, we also resolved the long-standing
issue on the origin of the Hercules stellar stream and provided a precise estimate on the
bar’s current pattern speed.

Furthermore, in order to constrain the phase-space distribution of dark matter from
the measured slowing rate of the bar, we developed a theory of dynamical friction in
the non-linear regime in the slow limit of bar evolution. Using the resonant angle-action
coordinates, we successfully modelled the long-term oscillation and saturation of dynamical

friction as a result of the non-linear phase mixing in the trapped phase-space.
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CHAPTER 1

Introduction

Numerous astronomical observations point towards the existence of a substantial amount
of dark matter in the universe. Dark matter is required to gravitationally hold galaxies and
galaxy clusters together but has so far eluded direct detection via electromagnetic, strong,
or weak interaction. Despite decades of intensive research, the nature of dark matter and
even its fundamental kinematic properties remain unknown.

The aim of this thesis is to open a new way to constrain the kinematics and nature of
dark matter using the galactic bar as a dynamic probe. By breaking axisymmetry and time
symmetry, a rotating galactic bar gravitationally perturbs the surrounding dark matter.
This results in a counteraction on the bar known as dynamical friction, which makes the
bar slow and grow. The spin-down of the bar thus informs us about the existence of
dark matter as well as its dynamical nature. We propose a novel method to for the first
time quantify the deceleration of the Galactic bar from the fossil records imprinted on
the resonant phase space of the outer stellar disk. We apply our method to the latest
Gaia data and demonstrate that the Galactic bar has indeed been slowing down. This
new dynamical evidence for dark matter differs fundamentally from previous evidences in
that it measures the inertial mass of dark matter rather than its gravitational mass, thus
precluding the possibility to be accounted for by modifying the laws of gravity.

In this introduction, we first briefly summarize the existing evidence for dark matter.
We then describe the general strategy of our new approach. In section 1.3, we introduce
galactic bars, featuring their dynamical structure, their formation mechanism, and most

importantly, their different evolutionary path in dark matter models and in modified gravity
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models. In section 1.4, we discuss how the bar’s slowing history can be deciphered from
local stellar kinematics. We describe the key points and summarize our main findings. We

end this chapter with an overview of the thesis (section 1.5).

1.1 Current evidence for dark matter

One of the first implications for the existence of dark matter was provided by Zwicky
(1937). Zwicky argued that determining the mass of galaxy clusters from their luminosity
is unreliable and proposed three alternative methods, based respectively on the virial
theorem, gravitational lensing, and statistical mechanics. While the latter two did not
allow him to get actual numbers, the first was successfully applied to the Coma cluster of
galaxies, yielding a mass much larger than that expected from its luminosity. From this
result, he concluded that the majority of matter in the Coma cluster is dark (although by
‘dark’ he only meant cold stars and gases, and not an unknown matter).

Later, dark matter was also found in individual galaxies when astronomers were
measuring the galaxies’ rotation curve. A rotation curve describes the speed of a circular
orbit at the galactic equator as a function of radius. It represents the axisymmetric
component of the gravitational potential at the galactic plane and hence provides constraints
on the galaxy’s mass distribution. The first sign of anomalies in galactic rotation was
reported by Babcock (1939) who used a spectrograph to measure the rotation curve of the
Andromeda Galaxy and discovered that it tends to become flat at large radii, as opposed
to a declining profile expected from the distribution of the luminous matter. Thereafter,
rotation curves were measured extensively by several groups, including Rubin & Ford
(1970), although most measurements were restricted to the optical region, making the
large uncertainty in the mass-to-light ratio difficult to conclude whether dark matter really
exists or not. Using the 21 cm line, Roberts & Whitehurst (1975) showed that the flat
rotation curve of the M31 extends up to 30 kpc, almost twice the extent of the optical
curve. The presence of dark matter became conclusive by the PhD thesis of Bosma (1978)

who observed and compiled 21 c¢m rotation curves for 25 galaxies, all but a few showing
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surprisingly flat curves at the outer disk. His results made clear that a substantial mass is
present even beyond the optical galaxy.

A similar dynamical evidence has been provided by the X-ray observations of the
intracluster medium (ICM), a hot plasma pervading galaxy clusters. If the ICM is in
hydrostatic equilibrium, its thermal pressure should balance with gravity. The X-ray
measurement of galaxy clusters suggests that the ICM is too hot such that its mass alone,
which well surpasses that of the stars, is far less than the mass required to gravitationally
hold itself together (e.g. Vikhlinin et al., 2006).

Dark matter has also been mapped directly by gravitational lensing, an idea already
considered by Zwicky back in the 1930s. Light emitted from a distant source bends as it
passes near a massive dark halo, so the distorted image of a background object informs us
about the distribution of the dark matter. This method has the benefit that it does not
require dynamical assumptions about the system and can probe the gravitational potential
beyond the radius of the visible matter. dell’Antonio & Tyson (1996) analysed the weak
lensing effect on a large number of background galaxies and found that the foreground
galaxies have on average a mass-to-light ratio of roughly 10, again implying the presence
of dark matter.

With the advent of large surveys (e.g. 2-degree Field Galaxy Redshift Survey, Sloan
Digital Sky Survey) and large cosmological simulations (e.g. Springel et al., 2005), it became
evident that dark matter plays an indispensable role in the formation of the large-scale
structure of the universe. Without the gravity of dark matter, ordinary matter would not
have coalesced to form galaxies early enough to explain the current distribution of the
galaxies. The Lambda cold dark matter (ACDM) model, that postulates a cosmological
constant A and a cold dark matter, successfully describes the observed large-scale structure
and has now become the standard model of cosmology.

Last but not least, the anisotropies in the cosmic microwave background (CMB)
radiation provide another powerful evidence of dark matter. The angular power spectrum
of the CMB shows a series of acoustic peaks that can be precisely fitted by the ACDM
model. The result predicts that approximately 84% of the total amount of matter in the

universe is in the form of dark matter (Planck Collaboration et al., 2020).



4 Introduction

1.2 New strategy to probe dark matter

Despite the several implications, dark matter has not yet been detected by any means
other than their gravitational effect. For this reason, there have been persistent attempts
to account for the observed gravitational anomaly instead by modifying the laws of gravity,
thereby removing the need for any additional mass. One of the first and most successful
theories is the Milgrom’s modified Newtonian dynamics (MOND, Milgrom, 1983), which
postulates that the Newton’s law of gravity breaks down in the regime of small acceleration.
MOND and its relativistic generalization (Bekenstein, 2004) have made partial success in
explaining some of the observations, although none has so far explained all observations
consistently (Famaey & McGaugh, 2013). Nevertheless, so long as the evidence for dark
matter comes only from their gravitational mass, modified gravity will remain a viable
alternative.

Therefore, a key step towards identifying dark matter is to find a new type of evidence
that (i) cannot be accounted for by modified gravity models and (ii) depends on the nature
and kinematic state of dark matter rather than only on their spatial distribution.

The sole such evidence to date is the observation of the Bullet Cluster, a collision
between two clusters of galaxies. While the collisional ICM would be slowed by ram
pressure, the collisionless stars and dark matter would be less affected and would therefore
be spatially separated from the ICM. Clowe et al. (2006) mapped the mass distribution
of the two merging clusters using weak gravitational lensing and found concentrations of
dark matter that were evidently offset from the ICM. However, this has been opposed
by Brownstein & Moffat (2007) who claimed instead that modified gravity is required to
explain the observations. The discussion is thus yet inconclusive.

In this thesis, we provide a novel dynamical evidence of dark matter that is in strict
tension with alternative gravity theories. The principal idea is to detect a transfer of energy
and momentum from ordinary matter to dark matter via their gravitational interaction. In
particular, any massive stellar object moving or rotating in the dark halo will deposit net
energy and momentum to the surrounding dark matter and hence experience a retarding

force, a phenomenon generally referred to as dynamical friction (Chandrasekhar, 1943).
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Dynamical friction by the dark halo cannot be explained by modified gravity theories,
unless they violate conservation of energy and momentum in a peculiar manner.

It is important to note that dynamical friction per mass is in fact stronger in MOND
since the gravitational interaction is enhanced in the low acceleration regime (Ciotti &
Binney, 2004; Nipoti et al., 2008). However, this difference is in most cases overwhelmed by
the difference in the total amount of mass required in MOND and in Newtonian systems.
Hence, MOND without dark matter generally predicts a significantly reduced dynamical
friction (Tiret & Combes, 2007; Combes, 2014).

There are two substructures in galaxies that evolve under the strong influence of
dynamical friction: (i) satellite galaxies orbiting around the host galaxy (e.g. Tremaine
et al., 1975; White, 1983; Bontekoe & van Albada, 1987) and (ii) galactic bars rotating
at the galactic centre (e.g. Weinberg, 1985; Athanassoula, 1996; Debattista & Sellwood,
2000).

In the former case, dynamical friction causes satellite galaxies to spiral in to the centre
of the halo, while being tidally stripped of their mass. While many satellite galaxies have
been observed and extensively modelled, it has proven difficult to constrain their orbital
histories, since they could have followed a wide range of trajectories depending on their
initial mass as well as their initial orbital parameters (e.g. Jiang & Binney, 2000; Dierickx &
Loeb, 2017). For example, the orbit of the Sagittarius dwarf galaxy, the most well-studied
satellite in the Milky Way, can be explained equally well in MOND and in dark matter
models (Read & Moore, 2005). Therefore, at the current stage, modelling of satellite
galaxies cannot eliminate the possibility of MOND let alone constrain the nature of dark
matter.

Galactic bars, on the other hand, directly leave traces of their evolutionary histories in
the kinematics and chemistry of the outer stellar disk. Specifically, this thesis will show
that the spin-down history of the bar is imprinted inside the phase space of stars resonantly
trapped by the bar. Thanks to the recent Gaia survey (Gaia Collaboration et al., 2018),
which has for the first time measured the phase-space coordinates of a billion stars in our

Galaxy, the bar’s evolutionary history can now be uncovered.
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Outer ring

Inner-ring

Corotation radius

-

Fig. 1.1 Left panel: Barred spiral galaxy NGC 1398 (Credit: Mount Lemmon Observatory).
Right panel: Same image rotated and rescaled to deproject the galaxy. The central bar is
surrounded by an inner ring and an outer ring. Between the two rings lies the corotation
radius.

1.3 Galactic bars

Galactic bars are linear stellar structures frequently observed at the centres of spiral
galaxies. About 40-50% of nearby disk galaxies are barred in the optical (e.g. Sellwood &
Wilkinson, 1993; Barazza et al., 2008; Aguerri et al., 2009) and another 10-20% are barred
when observed in near-infrared (Eskridge et al., 2000; Marinova & Jogee, 2007; Buta et al.,
2015).

We know beyond reasonable doubt that our Milky Way Galaxy is also barred. Evidence
comes from (i) the gas kinematics in the inner Galaxy (e.g. de Vaucouleurs, 1964; Binney
et al., 1991; Sormani et al., 2015b), (ii) the infrared surface brightness of the bulge region
(e.g. Blitz & Spergel, 1991; Weiland et al., 1994; Wegg et al., 2015), and (iii) the longitudinal
asymmetries in the distribution of red giants (e.g. Nakada et al., 1991; Weinberg, 1992;
Stanek et al., 1994).

Figure 1.1 shows an image of a typical barred spiral galaxy, NGC1398. The bar is the
linear structure extending across the centre of the disk. The bar is surrounded by an inner
ring elongated parallel to the bar and an outer ring stretched perpendicular to the bar

(Buta & Combes, 1996). The two rings are separated by the crescent-shaped regions at the
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bar’s corotation radius. These rings form naturally in response to the bar’s perturbation,
although their appearance differs among galaxies: some barred galaxies have a prominent
double-ring structure, while in others, rings can be misaligned, broken (pseudo-rings), or

indistinguishable from spiral patterns.

1.3.1 Dynamical structure of barred galaxy

Before describing the evolution of bars in different dark matter models and modified gravity
theories, we will dip briefly into the basic dynamical structure of a barred galaxy which is
best understood in terms of the closed orbits (Contopoulos & Grosbol, 1989). These orbits
close in the frame rotating with the bar and, if stable, represent families of non-closed orbits
that librate around them®. Thus, they are often described as the backbone of the dynamical
structure of galaxies. In a realistic axisymmetric potential, the only stable closed orbits are
the circular orbits. In a barred potential, these circular orbits are deformed into slightly
elongated closed orbits. In addition to these main closed orbits, the broken axial symmetry
gives rise to a new family of stable closed orbits that are exactly in resonance with the bar.
For orbits confined to the galactic mid-plane (i.e. 2D in-plane orbits), resonances occur

when
NRQR + Ny(Q, — Q) =0, (Ng,N,) € 72, (1.1)

where Qg and Q, are the radial and azimuthal frequencies, while €, is the bar’s rotation
frequency referred to as the pattern speed. These resonant orbits complete N, radial
oscillations while orbiting around the bar Nr times. Since the potential of the bar is
dominated by a quadrupole, resonances with N, = 2 are especially important in barred
dynamics. Namely, they are the inner Lindblad resonance (ILR, Ng = —1), the corotation
resonance (CR, Ng = 0), and the outer Lindblad resonance (OLR, Ng = 1).

Figure 1.2 shows closed orbits that are stable, prograde, and do not belong to the
sequence of high-order resonances (N, > 2). Here, the bar is placed along the x-axis and

the radii of the three main resonances are marked with blue circles. Also plotted are

n some literature (e.g. Contopoulos & Grosbol, 1989), the non-closed orbits surrounding the closed
orbits are described as ‘trapped’. This is not to be confused with the resonantly trapped orbits. In this
thesis, ‘trapped orbits’ always refers to the latter, following the nomenclature of Binney & Tremaine (2008).
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y/rer

x/rcr

Fig. 1.2 Stable closed orbits in a barred potential where the bar lies along the x-axis. Left
panel shows orbits within the OLR (dot-dashed), while right panel shows those beyond it.
Sequences of retrograde orbits and high-order resonant orbits (N, > 2) are omitted. The
three blue circles show the radius of the ILR (dashed), CR (solid) and OLR (dot-dashed),

respectively.

the Lagrange points, which are the stationary points of the galaxy’s effective potential
Deg(x) = O(x) - %Q%RQ: Ly are the saddle points, L3 is the central minimum, and L4 5
are the maxima. The Lagrange points L; 245 all exist close to (but not exactly at) the
corotation radius.

The main family of orbits building the bar is the so-called x; sequence, elongated
parallel to the bar within the corotation radius (Contopoulos, 1979). Because orbits spend
more time near apocentre than pericentre, these x; orbits all contribute to the concentration
of mass along the bar’s major axis (x-axis). Inside the ILR, there exists the xo sequence,
which is anti-aligned with the bar and therefore works against the bar’s potential. Similarly,
beyond the CR, the stable closed orbits become perpendicular to the bar. This implies
that self-consistent bars can exist only inside the corotation radius (Contopoulos, 1980).

The shapes of the inner and outer rings naturally follow these stable closed orbits
(e.g. Schwarz, 1984): the near circular orbits below the CR trace the inner rings, while
orbits outside the CR form the outer rings. There are, however, a series of higher-order
resonances piling up towards the CR which may also contribute in shaping the rings (Patsis

et al., 2003).
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Fig. 1.3 N-body+SPH simulation of a barred galaxy evolving inside a live dark matter halo
(from Aumer & Schonrich, 2015). Left panel shows the stellar surface density after 7.3 Gyr,
while middle and right panels show the bar’s pattern speed and length as a function of time.
The bar slows down by transferring angular momentum to the dark halo while growing in
length by incorporating surrounding stars into the bar region.

The stable closed orbits are also important in gas dynamics since these are the orbits
which gas is supposed to follow. Particularly important are the x; orbits at the ILR
that self-intersect. Since gas flow cannot intersect, gas flowing along these orbits forms
dissipative shocks which allow them to sink towards the galactic centre (Athanassoula,
1992; Sormani et al., 2015a). The gas is driven down to the nuclear region, where it moves
on the xp orbits and forms nuclear rings/disks (Regan & Teuben, 2004a).

The most important structure relevant to this thesis is the two large crescent areas near
the corotation radius, which are filled with closed orbits resonantly trapped by the bar.
These structures are also clearly visible in the image of NGC 1398 (Figure 1.1). Orbits
trapped in the CR do not circulate around the bar, but instead slowly librate about the
stable Lagrange points L4 5, similarly to the trojan asteroids corotating with Jupiter. The
CR is the strongest resonance among all and, as we will see, plays a major role in (i)
shaping the kinematics and chemistry of the Solar neighbourhood stars (chapter 2,3) and

(ii) exerting dynamical friction on the bar (chapter 4).

1.3.2 Formation of barred galaxy

How do bars form in the first place? From N-body simulations, bar formation has been

known to be an almost inevitable consequence of disk instability (e.g. Hohl, 1971), but its
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theoretical explanation has been rather phenomenological, as it proceeds through several
stages which range from linear to highly non-linear regimes. The basic mechanism is
understood as follows (Binney & Tremaine, 2008; Sellwood, 2014): In the linear regime,
self-gravitating cold disks are globally unstable against non-axisymmetric modes (Kalnajs,
1972), which results in the formation of weak spiral patterns. These spiral waves then grow
by successive amplifications at corotation and reflections at the galactic centre (Toomre,
1981). The feedback loop continues until non-linearity kicks in: as the perturbation
strengthens, more orbits get trapped into the ILR, where they gain eccentricity and are
forced to precess coherently by self-gravity, thereby forming a self-consistent bar (Lynden-
Bell, 1979; Earn & Lynden-Bell, 1996). This bar-formation instability sets off spontaneously,
although it can also be triggered by tidal perturbation from merging or passing satellites

(e.g. Noguchi, 1987).

1.3.3 Evolution of barred galaxy — dark matter vs. modified gravity

The evolution of bars after formation depends critically on the existence and nature of dark
matter. If galaxies are embedded in live (responsive) dark matter halos, bars inevitably slow
down due to dynamical friction. Figure 1.3 shows an example of the bar’s evolution in a
self-consistent N-body+hydrodynamic simulation with a live dark halo (Aumer & Schonrich,
2015). Apart from small jitters, the bar spins down steadily (middle panel) while growing
in length (right panel). This behaviour is predicted theoretically (e.g. Weinberg, 1985;
Little & Carlberg, 1991) and has been confirmed widely in various numerical simulations
(e.g. Athanassoula, 1996; Debattista & Sellwood, 2000).

This long-term deceleration of the bar is a characteristic behaviour which we expect
only if dark matter exist. This is clarified in the left panel of Figure 1.4 from Tiret &
Combes (2007) who compared the evolution of bars in a live dark halo with that in MOND
and in an analytical (non-responsive) dark halo: if dark matter does not exist (red) or if
they are non-responsive (blue), the bar will not spin down, simply because there is not

enough matter to deprive angular momentum from the bar?. This conclusion holds also

2We note that dynamical friction on bars in MOND can be stronger than that in Newtonian equivalent
systems if bars have unrealistically small mass (less than 5% of the total baryonic mass, Ciotti & Binney,
2004; Nipoti et al., 2008).
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Fig. 1.4 Left panel: Comparison of the evolution of the bar’s pattern speed in live or
analytic dark halo and in classical MOND (from Tiret & Combes, 2007). Right panel:
Comparison of bar evolution in live dark halos with various density profile (LIH, LPH,
LHH) and in two modified gravity theories (NLG, MOG) (from Ghafourian et al., 2020).
In their model, a unit time amounts to 10 Myr when scaled to the Milky Way. Both studies
show that bars only spin down in the presence of a live/responsive dark matter.

for different theories of modified gravity: the right panel of Figure 1.4 from Ghafourian
et al. (2020) shows that bars evolving in non-local gravity (blue, NLG, Hehl & Mashhoon,
2009) and scalar-tensor-vector gravity (green, MOG, Moffat, 2006) keep their pattern
speed almost constant, while the same bar rotating in a live isothermal (orange, LIH),
Plummer (black, LPH) or Hernquist (pink, LHH) halo show considerable deceleration.
Bars in modified gravity can still transfer angular momentum to the outer stellar disk
and to the stellar halo, but because the mass there is limited, they only slow down by
at most 10% within their lifetime. Bars can similarly exchange angular momentum with
the gas, although they will more likely to gain net angular momentum by driving the
gas towards the galactic nuclei (Berentzen et al., 2007; Athanassoula et al., 2013). These
studies therefore imply that detecting a substantial drop in the bar’s pattern speed will
provide strong evidence for the existence of dark matter.

More importantly, measuring the bar’s slowing rate will enable us to constrain the
large-scale quantum properties of dark matter. For instance, if dark matter forms a
Bose-Einstein condensate on a galactic length scale (e.g. repulsive or fuzzy/ultralight
dark matter models, Goodman, 2000; Hu et al., 2000), dynamical friction on bars will

be significantly reduced because the quantum fluctuation will smooth the density wake
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lagging behind the bar (Hui et al., 2017; Lancaster et al., 2020). Similarly, halos made
of degenerate fermionic dark matter, which form degenerate cores in the inner galaxy by
the Pauli exclusion principle (e.g. Destri et al., 2013), are expected to be less responsive
against the bar’s perturbation and hence exert weak friction on the bar. Therefore, these
dark matter models with different dynamical properties can be tested by computing the
bar’s slowing rate and challenging it with the observed value.

In the classical CDM paradigm, the bar’s slowing rate will place constraints on the
kinematics of the dark halo. In particular, the halo’s net rotation (angular momentum
vector) and velocity anisotropy are important parameters that crucially affect the strength
of dynamical friction on the bar (e.g. Saha & Naab, 2013; Long et al., 2014; Sellwood, 2016).
The dark halo’s kinematics is significant not only to understand its formation history, but
also to predict the velocity distribution of dark matter passing through the Earth. The
latter is essential to determine the properties of the candidate particles (e.g. mass) from

direct-detection experiments (e.g. Marroddn Undagoitia & Rauch, 2016).

1.4 Deciphering bar evolution from local stellar data

In spite of its importance, the deceleration of galactic bars has remained a pure theoretical
prediction, lacking any observational proof.

There have been some claims that bars in external disk galaxies have not slowed down
because the majority are observed to be fast, in the sense that their corotation radius
lies not far from the end of the bar (e.g. Aguerri et al., 2003; Cuomo et al., 2020). This
argument postulates that the ratio between the corotation radius and the bar length
(R = Rcr/Ryp) increases as bars slow down. However, in simulations of a single barred
galaxy, bars typically grow while slowing down and hence the ratio R is kept roughly
constant (e.g. Debattista & Sellwood, 2000; O’Neill & Dubinski, 2003; Martinez-Valpuesta
et al., 2006; Aumer & Schonrich, 2015; Collier et al., 2018). In these simulations, R increases
significantly only after bars reach the outskirts of the disk and cease growing (Villa-Vargas
et al., 2009; Athanassoula, 2014a). Therefore, the observational fact that most bars are

fast (R < 1.4), and that R has no statistical correlation with the galaxy’s redshift (Pérez
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et al., 2012) or Hubble type (Aguerri et al., 2015), can only set upper limits on the slowing
rate of the bar (or alternatively on the age of the bar). Debattista & Sellwood (1998, 2000)
used this argument to conclude that, for bars to remain in the fast regime, the mass of the
inner galaxy must be dominated by the disk (the mazimum disk model). In cosmological
simulations (e.g. HlustrisTNG, EAGLE), however, bars are predicted to have large R
despite them not exceeding the size of the disk (e.g. Roshan et al., 2021). Frankel et al.
(2022) showed that the distribution of the bar’s pattern speed in IllustrisTNG is consistent
with observation while the predicted bar length is systematically shorter than that in real
galaxies. Why bars in cosmological simulations fail to grow is still unclear. It may be
due to the limited mass resolution, the too-large softening length, or the perturbations by
subhalos, which are typically not considered in isolated barred galaxy simulations. In any
case, the R parameter alone cannot provide evidence for the bar’s deceleration.

To decipher the bar’s evolutionary history from its present state, one needs to know
more than just its shape and pattern speed. Fortunately, the bar’s spin-down is not
traceless: as bars slow, the location of their resonances sweeps outwards through the disk,
making irreversible changes to the distribution of stars in phase space. Hence, the current
phase-space distribution of the galaxy contains a wealth of information on the bar’s past
evolutionary history.

The only galaxy for which we can obtain the detailed stellar phase-space distribution is
our own. The downside of observing our Galaxy is that its global distribution is difficult
to map due to dust extinction. However, because the bar’s main resonances (i.e. CR
and OLR) lie close to the position of the Sun, the local phase-space distribution provides
enough information to diagnose the bar’s slowing process.

Measuring the precise positions and velocities of nearby stars is an age-old practice,
dating back to Hipparchus (190-120 BC), who compiled one of the first comprehensive
stellar catalogues. Recently, this field has been revolutionized by the Gaia satellite (Gaia
Collaboration et al., 2018), which, in its second data release, provided high-precision
positions, parallaxes, and proper motions for 1.3 billion stars and line-of-sight velocities

for 7.2 million stars, enabling us to analyse the six dimensional phase-space distribution



14 Introduction

over an extended spatial coverage. This measurement is already unprecedented both in
quantity and quality, but the forthcoming third data release will soon expand this further.

What kinematic signatures would we expect in the local stellar data if the Galactic
bar has been slowing down? This is the question we addressed in Chiba et al. (2021).
As mentioned earlier, the decline in bar’s pattern speed results in a movement of the
resonances towards larger radii, where the stellar orbital frequencies are lower. For the
untrapped orbits far from resonances, this merely results in a change in the amplitude of
the perturbation: the perturbation grows as the resonance approaches and decays as the
resonance moves away. However, when the untrapped orbits are swept by the resonance,
they have a chance to become trapped. For these resonantly trapped orbits, the impact of
the bar’s slowdown is drastic — the moving resonances drag the trapped orbits towards the
outer disk, while some resonances also enhance their eccentricity. A theoretical account for
this resonant dragging effect will be given in Chapter 2.

When these resonantly trapped orbits are dragged to the Solar neighbourhood, they are
observed as prominent stellar streams: Liouville’s theorem ensures that the phase-space
density along these dragged orbits is conserved, so the trapped phase-space must have a
higher density than its surrounding if they have originated from the dense inner galaxy.
As will be shown, this enables the bar’s corotation resonance (CR) to produce a prominent
peak in the local velocity space, which naturally explains the so-called Hercules stellar
stream, a group of nearby stars with low angular momentum, heading radially outwards.

The origin of the Hercules stream has been a puzzle for decades where the discussion
has centered mainly on the current pattern speed of the bar, which determines the
positions of the resonances. Since the seminal work by Dehnen (1999b, 2000), the Hercules
stream has been thought to be caused by the OLR of the bar with high pattern speeds
Q, ~ 50 — 60 km s kpc™'. This fast bar model®, however, came into tension with the
inner gas kinematics (e.g. Rodriguez-Fernandez & Combes, 2008; Sormani et al., 2015b)

and modelling of the bar-bulge region (e.g. Long et al., 2013; Portail et al., 2017), which

3Confusingly, ‘fast’ bar in this context refers to a Galactic bar with high pattern speed Qp >
50kms~ kpc™! (an absolute measure), and is unrelated to the aforementioned ‘fast’ bar with small
ratio between the corotation radius and bar length R = Ror/Rp < 1.4 (a relative measure). Discussions of
fast/slow bar in this thesis will mostly concern the former, while we discuss the latter specifically in section
3.5.4.
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preferred a much lower pattern speed Q;, =~ 30—-40km s~ kpc™!. Pérez-Villegas et al. (2017)
partially resolved the tension by explaining the Hercules stream instead with the CR of a
slow bar model. However, a slow bar with constant pattern speed had an issue that the
phase-space density of the CR has too small contrast with that outside the resonance (e.g.
Monari et al., 2017a; Fragkoudi et al., 2019). We show that resonant dragging by a slowing
bar naturally solves this problem: if the bar has been slowing, the phase-space density of
the CR will be significantly enhanced since the resonance captures stars at the inner disk
with high phase-space density and then drags them outwards to the Solar neighbourhood.
Combining our result with recent studies of the inner Galaxy, we then arrive at a consistent
picture in which the Galactic bar is slow, long, and has been slowing down under the effect
of dynamical friction by a typical dark halo.

We note, however, that several authors have proposed alternative models linking the
Hercules stream with the high-order resonances of the bar (e.g. Hunt & Bovy, 2018; Asano
et al., 2020), the perturbation by spiral arms (e.g. Hunt et al., 2019; Barros et al., 2020), or
the impact of merging satellites (e.g. Khanna et al., 2019; Hunt et al., 2021). While these
effects are no doubt important in shaping local kinematics, there are several reasons to
believe that the Hercules stream is dominantly shaped by the CR of a slowing bar. These
are the (i) spatial variation of Hercules, (ii) its chemical composition, and (iii) its internal
resonant structure.

The spatial variation of the local stellar streams is one of the most significant structures
that Gaia has for the first time measured (e.g. Antoja et al., 2018; Kawata et al., 2018).
Friske & Schonrich (2019) showed that the angular momentum of each local stellar streams
varies uniquely with Galactic azimuth. The Hercules stream shows a narrowing trend in
the direction of rotation, i.e. towards the bar’s major axis. This trend is consistent only
with the CR, where the volume of trapping diminishes towards the unstable Lagrange
points L; o (Fig. 1.2). As we will show, the shape of the Hercules stream in the L;-¢ plane
is in quantitative agreement with the CR of a slowing slow bar model.

The chemical composition of Hercules provides us with further evidence for its associa-
tion with the bar’s CR. Stars are not indistinguishable particles, but contain in their spectra

rich information regarding their age and origin. In particular, the stellar metallicity implies
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their birth place, as our Galaxy has a negative metallicity gradient in radius (Luck, 2018).
It has long been known that the Hercules stream is significantly metal rich (Grenon, 1999),
while its population is widely spread in age and elemental abundance ratios, suggesting
that Hercules is not a dissolving open cluster (Kushniruk et al., 2020). This metal-rich
non-coeval feature of Hercules is naturally explained with the slowing slow bar model where
the CR has been capturing and dragging stars from the inner disk. In Chiba & Schénrich
(2021), we have derived the metallicity of local stars using stellar isochrone models, and
shown that the high-metallicity of Hercules can only be achieved by making the bar slow
down.

We have further identified a more decisive and quantifiable evidence for a slowing bar in
the internal structure of the resonance: when the bar slows down, the resonant phase-space
migrates towards the outer galactic disk while simultaneously growing in volume. Liouville’s
theorem requires that this new volume is occupied by new stars captured along its path.
Since these trapped stars adiabatically conserve a dynamical quantity called libration action
Je, which characterizes the relative distance to the resonance center, the bar’s resonance
grows just like tree-rings, adding new layers of trapped stars at its surface. The order of
capture is thus preserved inside the resonance: stars captured earlier at the inner disk
are confined to the core of the resonance, while stars captured later at the outer disk are
nearer to the surface of the resonance. By combining this growth mechanism with the
Galactic metallicity gradient, where stars in the inner disk are more metal rich, we expect
the bar’s resonance to show a prominent metallicity increase towards the resonant center
(i.e. small Jz). In Chiba & Schénrich (2021), we have detected this tree-ring structure in
the bar’s corotation resonance (Hercules stream), thus proving the bar’s slowdown.

The metallicity gradient inside the resonance further allows us to quantify the extent
of bar slowdown. Since trapped stars must have been diffused by perturbation from giant
molecular clouds and transient spiral arms, the current ordering inside the resonance only
yields a lower limit on the distance the CR has travelled. With this in mind, we deduced
from the observed metallicity gradient in J, that the bar’s pattern speed has dropped at
least 24 + 6% since its formation. This is already in 20 tension with modified gravity

models, which predict only < 10% changes in bar pattern speed (Fig. 1.4). An even more
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stringent constraint can be made by properly integrating the effects of stellar diffusion,
although this is beyond the scope of the thesis.

As a by-product of the tree-ring analysis, we also obtained a precise measurement on
the bar’s current pattern speed Q, = 35.5 £ 0.8 km s~ kpc™t. This is made possible by the
uniqueness of the metallicity ordering in Jp to the Hercules stream: the ordering will get lost
even by a slight shift of the corotation resonance away from the Hercules. Our estimate is
in excellent agreement with local kinematic models, which prefer Q, = 35.2+1km s kpe™!
(Binney, 2020b), and with the latest made-to-measure models of the bar-bulge region,
which predict Q, = 33.29 + 1.81kms™' kpc™* (Clarke & Gerhard, 2021).

A further investigation into the evolution of the trapped phase-space reveals that the
tree-rings are in fact phase spirals that turn into rings when averaged over the libration
angle (Chiba & Schoénrich, 2022). This raises the possibility of directly inferring the age of
the bar from the number of windings in the phase-spiral. These structures may be observed

once we have enough data covering a large part of the bar’s corotation resonance.

1.5 Thesis outline

The main part of this thesis is composed of three chapters 2-4, each corresponding to
the following peer-reviewed papers: Chiba et al. (2021); Chiba & Schénrich (2021, 2022).
Apart from minor corrections in texts, figures and equations, the content and conclusion
are unchanged.

In Chapter 2, we start by introducing the Gaia’s observations, together with a short
summary on the problem of modelling the data with a constantly rotating bar and how it
can be resolved using a slowing bar. We then specify our model of the Galactic disk and
bar, which we employ both to formulate the orbital response using classical Hamiltonian
perturbation theory and to perform test-particle simulations. After reviewing the disk
response against a constantly rotating bar, we demonstrate that a slowing bar resonantly
drags the trapped orbits both in angular momentum and radial action as predicted
analytically. We show that this results in a drastic change in the stellar kinematics

throughout the disk. We also show that the degree of impact depends in large measure on
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the slowing rate of the bar. Finally, by fitting our models to the Gaia data, we provide
the first measurement of the bar’s slowing rate. In the future, this measurement must be
reassessed using an improved model, taking into account the 3D structure of the disk as
well as the perturbations by spiral arms and merging satellites.

Chapter 3 studies the mechanism by which the trapped phase-space gets populated. We
first show that, unless the bar weakens rapidly, the trapped phase-space always grows in
volume as it migrates towards large angular momentum. This ensures that more orbits are
captured than damped. We then demonstrate that, due to the conservation of the libration
action, the trapped phase-space forms a layered structure, where metal-rich stars trapped
earlier at the inner region of the galaxy are confined to the core of the resonance. To test our
theory, we first derive the metallicity of local stars by fitting their colours and magnitudes
with stellar isochrones. We calibrate our scheme with spectroscopic measurements of
open clusters and find good qualitative agreement. By subtracting the age-dispersion and
age-metallicity relations, which is reflected in the dependence of metallicity on radial action,
we find that the bar’s corotation resonance shows a prominent metallicity increase towards
small libration action. We explore an extended range of bar parameters and show that
this trend is unique to the Hercules stream, thus corroborating the slowing slow-bar model.
We end by providing estimates on the bar’s slowdown extent as well as its current pattern
speed.

Having quantified the bar’s slowdown in the previous chapters, Chapter 4 looks towards
using the measurement to constrain the phase-space distribution of the dark matter halo.
To this end, we have developed a theory of dynamical friction in the slow limit of bar
evolution. Conventional theories of dynamical friction are formulated based on the linear
approximation, which are only valid for a few dynamical periods or in the so-called fast
limit (i.e. for rapidly slowing bars) where nonlinear effects are evaded by limiting the time
for resonant interaction. Given the observational implication for resonant trapping by the
Galactic bar, this theory needs to be extended to the slow/nonlinear regime in order to
be applicable for realistic barred galaxy evolution. Chapter 4 begins with specifying the
issue of conventional linear theories, and then formulates the torque in the slow limit (i.e.

constant bar pattern speed) using the resonant angle-action coordinates. We calculate
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the nonlinear response of the halo’s distribution function near resonances and find theory
and simulation in good agreement. The resulting dynamical friction is also well modelled.
We also discuss the accuracy of our formalism when resonances overlap, resulting in the
onset of chaos. Finally, we numerically study the phase-space response in the general slow
regime.

In Chapter 5, we give our concluding remarks and summarize the area for improvement.

We discuss our findings in a broader context and indicate future directions.






CHAPTER 2

Resonance sweeping by a
decelerating (Galactic bar

2.1 Abstract

In this chapter, we provide the first quantitative evidence for the deceleration of the
Galactic bar from local stellar kinematics in agreement with dynamical friction by a typical
dark matter halo. The kinematic response of the stellar disk to a decelerating bar is studied
using secular perturbation theory and test-particle simulations. We show that the velocity
distribution at any point in the disk affected by a naturally slowing bar is qualitatively
different from that perturbed by a steadily rotating bar with the same current pattern
speed Q,, and amplitude. When the bar slows down, its resonances sweep through phase
space, trapping and dragging along a portion of previously free orbits. This enhances
occupation on resonances, but also changes the distribution of stars within the resonance.
The decelerating bar model reproduces with its corotation resonance the offset and strength
of the Hercules stream in the local velocity space (radial vg vs. azimuthal v,) and the
double-peaked structure of mean radial velocity vg plotted over the angular momentum L,
and Galactic azimuth ¢. At resonances other than the corotation, resonant dragging in
angular momentum is accompanied with an increase in radial action, leading to multiple
resonance ridges in the action plane as identified in the Gaia data. This work shows
models using a constant bar pattern speed likely lead to qualitatively wrong conclusions.

Most importantly we provide a quantitative estimate of the current slowing rate of the bar
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Qp = (4.5 + 1.4)km s~ kpc™! Gyr ! with additional systematic uncertainty arising from

unmodelled impacts of e.g. spiral arms.

2.2 Introduction

2.2.1 Slowing bar as probe for dark halo kinematics

As discussed in Chapter 1, galactic bars spinning inside dark matter halos experience
angular momentum loss due to dynamical friction and hence slow down. This implies that
any observational evidence for the slowdown of the bar will serve as an evidence for the
existence of a live (responsive) dark matter. Furthermore, while the density distribution of
the dark halo can be mapped from its gravitational potential (e.g. Iocco et al., 2011; Cole
& Binney, 2017), its kinematic state is only accessible by dynamical modelling, making (if
measured) the slowing rate of the bar Q, an important constraint for the nature of dark
matter.

Our best bet to trace the bar’s slowdown is the stellar kinematics in the Solar neighbour-
hood with full 6D phase space information. Motions of local stars are known to be strongly
affected by the bar’s gravitational perturbation, especially near resonances, i.e. when
stellar orbital frequencies are in commensurable relation with the bar’s pattern speed. As
the bar decelerates, the resonance regions sweep through the stellar phase-space, trapping
and dragging a number of orbits, leaving noticeable changes in the stellar distribution.
Therefore the current local kinematics can be used as archaeological evidence to probe the
evolutionary history of the bar (Weinberg, 1994). However, most past studies attempting
to fit the stellar streams in the Solar neighbourhood use a static bar with constant Qj (e.g.
Dehnen, 2000). One exception is a notion of a suddenly formed, very young bar (albeit still
with a constant ), which would leave some transient effects lingering in stellar kinematics
(Minchev et al., 2010). However, such a young age appears not fully in line with the low
relative star-formation rates in the Milky Way’s nuclear disk. Fux (2001) attributed little
importance to the effects of a slowing bar, claiming that it mainly introduces a delayed

response.
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In contrast, we will show that the bar’s slowdown has a profound impact on the
kinematics of the Solar neighbourhood stars. In the next subsection, we summarize the
local kinematic substructures observed by Gaia, which has been used in the past to judge
the pattern speed and strength of the Galactic bar. We will also provide a first glimpse of
how much a slowing bar model differs from the predictions of a constant €, model with
otherwise identical parameters. We will list the main observable features explained by the
slowing bar model, which in turn provide us with the leverage to estimate the current Qp.

At the end of Section 2.2.2, we give an outline of this chapter.

2.2.2 Kinematic structure of the Solar neighbourhood

The top row of Fig. 2.1 shows the kinematic substructure revealed by Gaia DR2 (Gaia
Collaboration et al., 2018) with parallax offset and distance derivation from Schonrich

et al. (2019). We identify the 2D in-plane structure in three different statistics:

1. Left-hand panel: Velocity distribution f(vg,v,) of local stars showing substructures
which have long been suspected to be caused by resonances with non-axisymmetric
components of the Galaxy (e.g. Kalnajs, 1991). In particular, the large sub-population
seen at low v, and positive vg, known as the Hercules stream, has been extensively

modelled with bar resonances (e.g. Dehnen, 2000).

2. Middle panel: Distribution in the action plane f(J,, Jr) estimated in an axisymmetric
logarithmic potential, which was first identified by Sellwood (2010) (using data from
the Geneva Copenhagen survey) to show structures along the resonant lines and

more recently been used by works on Gaia DR2 (e.g. Trick et al., 2021).

3. Right-hand panel: Mean radial velocity Vg plotted over the angular momentum L,
and Galactic azimuth ¢. Gaia’s large-scale coverage permitted the first probe into
the spatial dependence of the kinematic structure. Each stripe shows a different

azimuthal dependence, indicating a distinct origin (Friske & Schonrich, 2019).

With this phase space information, one should in principle be able to identify the

positions of resonances with the bar and thus predict the bar’s pattern speed. Yet this
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(c) Test-particle simulation with a slowing bar.

Fig. 2.1 Top panel: Kinematic data from Gaia DR2 with quality cut on parallax of
p/op > 5. For the distribution in velocity space (left) and action space (middle), we
restrict the samples to heliocentric distance s < 0.3 kpc. The small white square indicates
the coordinate of the Sun (Section 2.3.1). Middle row: Test particle simulation of a
constantly rotating quadrupole bar with pattern speed Q, = 35km s kpe™l. Solid lines
mark the corotation resonance, dashed lines the outer Lindblad resonance. Bottom row:
Test particle simulation of a rapidly slowing bar presented in 2.5.2. Snapshot taken at
Q, = 35km s~ kpc™t. Apart from the deceleration, the bar parameters are identical to the
constant pattern speed model.

task is plagued by degeneracies. There are currently many possible models which can
reproduce the observed features with different resonances. This has led to a major debate
between proponents of a fast/short bar (€, 2 50kms 'kpc™') and a slow/long bar
(Qp < 40kms ' kpc™'), where the debate has mainly concentrated on the cause of the
Hercules stream: Fast bar proponents (e.g. Dehnen, 2000; Antoja et al., 2014; Fragkoudi
et al., 2019) interpreted the Hercules stream as stars near the outer Lindblad resonance
(OLR), which well matches the strength of the feature and the offset in vg, though the
required high pattern speed contradicts with the modelling of the bar/bulge using red

clump stars (Portail et al., 2017) and studies on the inner gas dynamics (Sormani et al.,
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2015b). Slow bar proponents (Pérez-Villegas et al., 2017; Binney, 2018; Monari et al.,
2019a; D’Onghia & L. Aguerri, 2020) interpreted the Hercules stream as due to orbits
trapped in the corotation resonance (CR). However, models with constant slow pattern
speeds tend to underpredict the strength of the observed feature (or vice versa require a
too strong bar).

In the middle row of Fig. 2.1, we present a test particle simulation for such a slow bar
rotating with a constant Q,, = 35kms™! kpc™! and reasonable strength fitted to the model
of Sormani et al. (2015b) (see 2.3.2 for details). We mark the CR and the OLR in solid and
dot-dashed lines. As mentioned above, the Hercules stream is underpredicted. The bottom
row displays our slowing/elongating bar model with otherwise identical parameters. The
deceleration of the bar increases the strength of the Hercules stream, as well as offsetting
it towards larger vg, in better agreement with the data. This difference is also indicated in
N-body studies: With a steadily rotating bar, Fragkoudi et al. (2019) reported that the CR
do not create a prominent feature in the Solar neighbourhood, while with a self-consistently
slowing bar, D’Onghia & L. Aguerri (2020) confirmed a clear asymmetry in vg at the
CR akin to the Hercules stream. Our slowing bar model also produces strong resonance
features of high order resonances in between the CR and the OLR as confirmed in the
action plane (middle). We can also see in the Vg(L, ¢) plane (right) that the CR appear
as a spear-head structure which is identifiable in the Gaia data near L, ~ 1500 kpc km s~

We note, however, that perturbation by yet unconstrained spiral arms offers additional
freedom in reproducing the data. Hunt et al. (2018) showed that repeated perturbation by
transient spiral arms can reproduce the Hercules stream either with or without the presence
of a bar, and Sellwood et al. (2019) showed how some of the structures in action-angle
space can be linked with spiral arms. We also note that our work employs the simplest
possible model for a slowing bar; we did not include higher-order modes of the bar which
will enhance the signature of minor resonances (Monari et al., 2019a). Therefore, we do not
aim at a model that accounts for all observed features, but rather to show the significant
impact of the bar’s deceleration.

The chapter is organized as follows. In Section 2.3, we introduce our slowing bar

model and discuss resonant dragging effects using secular perturbation theory. Section 2.4
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describes the method of our test-particle simulation. In Section 2.5, we start our discussion
with a constantly rotating bar and subsequently explore the kinematic consequence of a

slowing bar. Section 2.6 concludes.

2.3 Theory

2.3.1 Coordinate frame

Throughout the thesis, we take the position of an observer at the Galactic South Pole,
thus using positive pattern speed. In our frame the radial velocity vg points outwards, in
contrast to the heliocentric radial velocity U. We use Galactic circular speed ve = 235km s
(Reid et al., 2019), Solar Galactocentric radius Ry = 8.2kpc (Gravity Collaboration et al.,
2019), ¢n — po = 30° for the Sun’s azimuthal angle with respect to the bar major axis ¢y
(Wegg et al., 2015), and Solar velocity (VRe, Voo — Vo) = (—11.1,12.24) km s7! in concordance
with previous findings (Joshi, 2007; Schonrich et al., 2010; Schonrich, 2012; McMillan,

2017a). To make explicit the time dependence of Q(t), we work in an inertial frame.

2.3.2 Model

We study orbits perturbed purely by a slowing bar. We thus neglect self-gravitational
effects in our model and assume a logarithmic background potential corresponding to a
constant circular speed v.. We further simplify the discussion by restricting the model to
2D in-plane motion, and by modelling the bar as a m = 2 quadrupole, rotating like a rigid

body (i.e. no flexing or winding up):
t
D(R, ¢, 1) = Do(R) + Op(R, ¢, 1) = v2In (R) + D, (R, 1) cosm [go - / dr’ Qp(t')} , (2.1)
0

where Q(¢) denotes the time-dependent pattern speed and ¢y, = fot dt’Qp(t") expresses
the current azimuth of the bar major axis (we choose ®,, < 0). In this thesis, m always
refers to 2, although we retain the expression m to keep our discussion general and to
avoid confusion with other factors of 2. Studies from N-body simulations (e.g. Aumer &
Schoénrich, 2015) imply that the bar’s slowing rate —Qp decreases with time, i.e. Qp >0. A

reasonable model for the pattern speed is thus Q,(¢) oc t"*, where n < 0. In approximation
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to Aumer & Schonrich (2015), we choose n = —1, which corresponds to a linear increase in

corotation radius Rcgr. Therefore
Ve Ve (2.2)

plt) = Ror(t)  Ror(0) + vort’

where vcor is the velocity of the corotation radius. The bar’s slowing rate is best described

with the following dimensionless parameter:

Q
—g = const.
Qp

(2.3)

Since we only consider the case where the bar is slowing down (Q, < 0), n is defined
to be positive. In our model with a flat rotation curve, n is vcr/ve, the dimensionless
representation of vcg.

A finite size of the bar implies that the amplitude of the quadrupole bar ®,,(R, t) decays

at large radii as R™3. At small radii the bar’s quadrupole must vanish as fast as R? to

ensure the perturbed surface density to be azimuthally smooth at the origin. Thus we

model the radial dependence of the bar as
2
(2.4)

O(R 1) ¢ ———,
0 R+ T
where Ry(?) is a scale length of the bar modelled to increase as the bar slows down. In

concordance with Athanassoula (1992), we model Ry,(f) such as to keep the ratio against

the corotation radius constant:
(2.5)

The strength of the perturbation is parametrized by the ratio of the maximum azimuthal

force due to the bar and the radial force due to the unperturbed potential at the corotation

radius Rcr:
ll ddy,
R d
A= ? IRcn (2.6)
)
dR [gen

The amplitude of the bar potential then takes the following form

A2l R )P b+1 ]’

Op(R 1) = — e * . (2.7)
m | Rcr(t)| | b+ R/Rcr(r)
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Fig. 2.2 Left panel: Amplitude of the quadrupole bar as a function of the Galactocentric
radius R. Blue dashed curve is the most successful model reported in SBM15 and the black
curve is our fitted model. Right panel zooms into the region near the CR and the OLR.

The choice of negative sign ensures alignment of ¢ = ¢, with the bar’s major axis (the
potential minimum). Fig. 2.2 shows ®,, where we fit our model to that of Sormani et al.
(2015b, hereafter SBM15), which was constrained to reproduce the central Milky Way’s
gas flow pattern. In accordance with SBM15, we set Q, = 40km s~ kpc™t corresponding
to Rcr = 5.875kpc and fit the model via b and A. We note that our bar potential is
significantly stronger near the OLR, and needs to be adapted when a quantitative fit of
the resonance is required. The fitted value b = 0.28' is used for all simulations presented
in this thesis. For the strength of the bar, we run simulations with a variety of values in
the range A € [0.01,0.03]. In our slowing bar model, both b and A are kept constant while

the bar slows down.

2.3.3 Review of linear perturbation theory

Orbits free of resonant trapping are well described by linear perturbation theory where
any deviation from circular orbit is assumed to be small at the order of € ~ @, /®( (see
Binney & Tremaine 2008, pp.189-191 where the equation below is derived). Clearly, this
assumption breaks down near resonances. Specifically, when the change in Q, per bar

rotation period is sufficiently small, we obtain the following solution for the radius of an

IThis value should not be identified with R (section 1.4), the ratio between Rcg and the length of the
bar semimajor axis as reported in Athanassoula (1992).
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orbit perturbed by the bar:

2Q0,, 00,, cosm (Q—Qp) ¢

R(t) = Ry + R, cos (kt + Ogp) — + ,
g R(Q-9Q,) OR Ry K2 = m? Q-9,)°

(2.8)

where R is the guiding radius and Q is the rotation frequency of a circular orbit at R,.
The second term describes the epicycle motion with amplitude R,, frequency « and initial
phase fgo. The third term oscillates with a beat frequency m(Q — Q) between the orbit
and the perturbation implying that in the absence of epicycle motion, the orbit closes in
the corotating frame of the bar after a beat period. These orbits with R, = 0 are termed
the parent orbit of a class of orbits with identical parameters but R, > 0. Akin to a driven
harmonic oscillator, the assumption of small excursion breaks down near resonances: the
third term in equation (2.8) indicates a divergence of radius at the corotation resonance
(CR, Q = Qy), the outer Lindblad resonance (OLR, Q-Q,, = —«/m), and the inner Lindblad
resonance (ILR, Q- Q, = x/m). Each divergence is accompanied by a sign change in the
third term: typically the first term in the square bracket dominates, so that at each major
resonance, the orientation of the parent orbits switch between alignment (x; orbits) and
anti-alignment (x2) with the bar major axis. Thus when the pattern speed changes, orbits
passed by the major resonances switch their alignment (if not caught).

Linearizing the equation of motion has swept away the possibility of finding excitations
of other high-order resonances with the bar. In principle, an unlimited number of resonances
occur, when commensurability is satisfied between the radial frequency Qg (k in the limit
of epicycle approximation) and the azimuthal frequency Q, (Q for circular orbits) with

respect to the bar pattern speed:
NRQR + Np(Qy — Q) =0, N = (Ng,N,) € Z°. (2.9)

With no loss of generality, we define N, > 1 since resonance at (Ng, —N,,) is a repetition of
(=NRr, Ny). This resonance condition depends on the bar pattern speed but not on the wave
number m of the bar: even with a quadrupole bar (m = 2), resonances with N, # m occur,
but adding e.g. an octopole (m = 4) affects their relative strength (Monari et al., 2019a).

Orbits that exactly satisfy the resonant condition are closed in the co-rotating frame of
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the bar. Their stability — the capability of becoming a parent orbit — was analysed in

detail, e.g. by Contopoulos & Grosbol (1989).

2.3.4 Angle-action variables

The dynamics near resonances is best described by secular perturbation theory using
angle-action variables (Lichtenberg & Lieberman, 1992). Actions J are integrals of motions,
fulfilling the role of generalized momenta, and the conjugate angles 6 evolve linearly
in time with orbital frequencies 2. Geometrically, actions define a torus, while angles
parametrize the position on the surface of the torus. The important property of actions is
their invariance under adiabatic changes: if the galaxy slowly gains mass, or the bar slowly
decelerates, actions of most orbits will be conserved, with the exception of orbits with a
resonant condition, or a too long orbital period.

For orbits in a two-dimensional axisymmetric potential, the two actions commonly
used are the angular momentum J, and the radial action Jg, which quantifies the radial
oscillations around the guiding orbit. One can canonically map from (q, p) to (6,J) by

solving the following equations (e.g. Lynden-Bell & Kalnajs, 1972):

1 1 1 [’
J,=— & d = Do Jo=— ¢ dR pr = = dR pr, 2.10
o 2ﬂj§ © Py =Dy R 27751{ PR H/R_ PR (2.10)
A 2.] Ry 1 2 R, dR
Q,=22= —¢’/ dR —,  Qg=—, Tg = 2] = (2.11)
Tr Tr JR DRR Tr R. PR
dR J, dR
Oy =s0+/ —(Qw——‘;), Or=Qr [ —, (2.12)
c PR R c PR
where
Pr(R) = \2[E — ®o(R)] - J2/ R, (2.13)

Tg is the period of radial motion, and Ay is the change of azimuthal angle after one radial
oscillation. The integrals in equations (2.10) and (2.11) run from pericentre R_ to apocentre

R, which are the roots of

2
E = ®y(R,) + ﬁ. (2.14)

+

The integration curves C in equations (2.12) run from the pericentre R_ to the current

radius R. Since the integrals in equations (2.10-2.12) include poles at the bounds, we employ
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the Tanh-Sinh quadrature scheme to obtain accurate results. The following calculations
also require the inverse map from (6, J) to (g, p). This is not straightforward since we must
first find the energy given the actions. To achieve this, we precalculate the energy on a

fine grid in action space and interpolate linearly.

2.3.5 Resonant dragging

We here set out to study orbits trapped and dragged by a slowing bar. Some of the results
presented in this section are found in Tremaine & Weinberg (1984) who quantified the
dynamical friction exerted on the bar by a spherical halo. Here, we focus on the behaviour
of the perturbed orbits rather than their feedback on the bar.

We consider a Hamiltonian of the form
H(0,J.t) = Hy(J) + H:(0, ], 1) (2.15)

where Hj is the Hamiltonian of the unperturbed axisymmetric system, for which we have
angle-action coordinates, and H; describes the bar’s perturbation. Near a resonance, the
standard linear perturbation theory yields a solution that features a small denominator
(section 2.3.3). This divergence at resonance can be removed by performing a canonical
transformation to a frame of reference that rotates with the resonant frequency (Lichtenberg

& Lieberman, 1992, pp.109-117). Near but slightly off the resonance, the resonant frequency
Qg = NRQRr + Ny(Qy, — Qp) (2.16)
becomes very small and thus its time integral, the so called slow angle variable,
t
0s = Nrbr + N, [&p —/ dr’ Qp(t')] (2.17)
0

evolves slowly around the resonance compared to, for example, §g. The time-scale disparity
between 65 and 6r enables us to separate the dynamics into slow and fast components.
Thus we make a canonical transformation to a new set of angle-action variable (8, J’) by

choosing g to be the other new angle which we rename as the fast angle variable:

0r = Or. 2.18
f
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To obtain the new actions J’ = (J;, Js), we perform a canonical transformation via a
generating function of form W(#@, J’,t). Recall from classical mechanics that

ow ow

’ ren’ 1’ _ ow
0 =— J—%, and H(O,J,[)—H(H,J,l)+ o1 (219)

where H'(6’,J’,t) is the new Hamiltonian. The first equality instructs us how to construct

the simplest W:

t
W, J',t) = {NRHR +N, [% - / dr’ Qp(t')” Js + OrJs. (2.20)
0

The second equation gives

Jéﬂ :N(p‘lsa JR :NRJS+Jf, (221)
and thus
J, N
Jo=2 J=Jg- =" (2.22)
Ny Ny

The last of the three equations in (2.19) provides
H' 0, 1,1) = Hy(J') + Z (' 1) €O — N,Qu (1)), (2.23)
k

where the perturbing potential is developed into a Fourier series on the set of indices

k = (kt, ks). The Fourier coefficients W (J’,t) are

2n 127 2n 127
d=e _ik-0 / d=e’ . i) ik -0’
Y. (J', 1) = ——D(R, p, 1)e™ = ——— D, (R, 1)e™$$0) o7k 2.24
k(J',1) /0 on)? b(R, ¢, )e §m . @ (R, 1)e e (2.24)

where we have also expanded the bar potential in ¢. For our quadrupole bar, only terms
with m = +2 are non-zero and their coefficients are ®.o(R, 1) = ®(R, 1)/2, where @, (R, 1) is
given in equation (2.7). We split ¢ — ¢, into 6, — ¢p, (the azimuthal angle of the guiding
centre with respect to the bar) and ¢ — 6, (the deviation from the guiding centre which is

only a function of 6g), and use equation (3.1)-(2.18) to convert between 6 and 6

2n 12p/

d 0 N im _rtay — . ’

Yr(J', 1) = E 5 Om(R, t)e (9“’ Jo dr'@pte 9“’)e“k“9
— Jo (2m)?

=2, /2” % it ks o /2” % (R, 1)c [0 m W)

T dég » N,
= Z O, Nyks / R(I)m(R, t) cos [m(go —0,) — (mN—R + kf) 6r
— 0

T @

>

where the last line is valid only for N, < m. ¢ is the Kronecker delta.
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During the rapid cycles in 6, 65 can be assumed constant. Hence, one can extract the

slow dynamics of 85 by averaging the Hamiltonian (2.23) over 6y:

H'(05,J',1) = Ho(J') + Z P (J', 1) e — N O, (1), (2.25)
ks#0

where Wi, = ¥ ,). For the major resonances with N, = m, ¥ is non-zero only at ks = +1.

Since the Hamiltonian must be real (¥_x, = ¥} ), we have
H' (65, J',1) = Hy(J') + 2|¥1(J ", 1)| cos (05 + Y1) — NpQp(t)Js, (2.26)

where ¥ is the phase of the complex Fourier coefficients ¥, and

6mN¢

|lP1(J/’ t)| =

/7r dOrD,(R, 1) cos [m(tp —0,) — NRHR] . (2.27)
0

The sum over m is now removed since d,,n,, only allows positive m (we have defined N, > 0
without loss of generality, section 2.3.3). In the limit Jg — 0 at the CR (Ng = 0), ¥; = |D,,,].

For the purpose of brevity, we henceforth use the following auxiliary variables:
Y=2MUJ"\ 0l 0=0s+y. (2.28)

The equations of motion are then

. OH
Js = - = ¥sind, (2.29)
g OH _0Hy 0¥

0, 0Js * dJ,

cos 6§ — NpQp(1). (2.30)

By differentiating equation (2.30) with respect to time, ignoring terms small to second order

in ¥ and also f5(= Q) as it vanishes at the resonance, and substituting equation (2.29),

we obtain
\ _ oY )
6 —G¥sind — 37 cos 6 + NpQ(1) =0 (2.31)
where
0%H, 0 0 0Q;
G= = N-Q)=N-—(N-Q) = N;N;—. 2.32
aJ? o N ag N ZJ 7, (232)

is the nonlinearity parameter (Lichtenberg & Lieberman, 1992). The indices i, j are summed
over {R,¢}. In practice, we compute the partial derivatives of @ by finite differences

with AJ = 1kpckms™!. For near circular orbits (Jg < AJ), we estimate G by epicycle
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Fig. 2.3 Understanding the motion near resonance in terms of pendulum dynamics. The
plots are drawn by numerically integrating equation (2.37). (a) In a constantly rotating
bar (n/A = 0), 6 of trapped orbits librates around the resonance while that of non-trapped
orbits circulates above or below the separatrix (Lichtenberg & Lieberman, 1992). (b) When
the bar slows down slowly such that 0 < /A < 1, trapped orbits can be resonantly dragged
towards higher Js. (c¢) Orbits cannot stay in resonance when the resonance sweeps too fast

(n/A>1).

approximation. In a logarithmic background potential, the orbital frequencies are

Q= (Qr, Q) = Q3 = (\/5,1—«/§J—R Q (2.33)
7, Jg

and therefore G is
(1 + 23Ng/N, - 2\/§JR/J¢,) N2
G=- R (2.34)
(1+ VENR/N, = V2IR 11,

CR

At the OLR and the CR, Jg is typically an order smaller than J, so G is almost always
negative. At the ILR, however, G is positive.

We recognize equation (2.31) as a classical pendulum equation (Chirikov, 1979) with
additional terms incorporating the growth of the bar (third term) and the change in pattern
speed (fourth term). In our model, the order of the third term compared to the fourth
term is as small as

v 1 - —AvZyer 1
0Js N,Q,  J,Q,  m R RvQ,

3

, (2.35)

so as first order approximation we will neglect the third term. The third term will become
non-negligible when the strength of the bar is modelled to grow rapidly (in our current
model we assumed A = const, so ¥ is due only to the stretching of the bar). We leave

exploration of a slowing + strengthening bar to a later study.
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We now look at the impact of the dragging/slowing term on the modified pendulum

equation (2.31). The order of the slowing term NyQ(t) is

N,Q N,Q
$==p - : $==p — E (236)
GY ( N2 ) ( AVCQ) A
~72 mN,
RCR !

where we assumed G < 0 and invoked the parameter n = —Q,,/ 9123 defined in equation (2.3).
In the limit Jg — 0, the approximation made above is exact at the CR but underestimates

by a factor of ~ 0.83 at the OLR. Using equation (2.36), we may rewrite equation (2.31) as
.. . ny _
- GY (sme A) = 0. (2.37)

Note that the sign of the slowing term n/A reverses at the ILR where G becomes positive.
In the following, we approximate G and ¥ with their values at the resonance Js = Jgres at
the time of capture ¢ = f..s on the assumption that their time evolution is slow compared to
that of 6. The corresponding J; is determined by the resonance condition Qg(Jsyes, Jr) = 0.
We numerically integrate equation (2.37) together with (2.29) and follow the motion of
orbit in the (6, J;) plane. Fig. 2.3 (a) shows the phase plane of a pendulum with /A = 0.
As described in the figure, trapped orbits librate around the resonance at (6, Js) = (0, Js res)-
This region is bounded by the separatrix, which has maximal/infinite libration period.
Outside the separatrix, non-trapped orbits freely circulate, with less amplitude in J; the
further they are from the resonance. Figures 2.3 (b) and (c) show the same plot when the
bar slows down moderately (0 < n/A < 1) and extremely rapidly (/A = 1). As in Fig. 2.3
(a) the amplitude of oscillations in non-trapped orbits depends on the proximity to the
resonant region, so fluctuations of orbits circulating above the separatrix amplifies as the
resonance approach while that below the separatrix attenuates as the resonance pass away.
On the other hand, in the librating regime, the additional term n/A causes a drift in J;. To

see how this works, let us employ the small-angle approximation 8 < 1. We then obtain
0 = 0 cos (wt + ¢) + sgn(—G)%, where w = |G|¥Y. (2.38)

6 and ¢ are the amplitude and initial phase of the oscillation. To justify the small-angle

approximation, we require n7/A to be small which is satisfied when the bar is either strong
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Table 2.1 Summary of the direction of resonant dragging due to decrease in bar pattern
speed. The sign of J'()‘7 is determined by the sign of the non-linearity parameter G, and Jg
is related to J, by equation (2.40).

ILR CR OLR

or slowing down slowly. We insert this solution into equation (2.29) and integrate:

Js = ‘P{cos [sgn(—G)%] /dt sin [é cos (wt + ¢)]

+ sin [sgn(—G)%] /dt coS [é cos (wt + ¢)] } (2.39)

Clearly, this describes an oscillation (first term) plus a small drift (second term) of the
orbit in Js along with the resonance. When 5 = 0 (€, = 0), the drift term vanishes. When
n>0 (Qp < 0) we find that, at the OLR and the CR (G < 0), it leads to a positive drift in
Js and thus in J,; trapped orbits at the OLR and the CR are dragged radially outwards by
the slowing bar. In contrast, at the ILR (G > 0), resonant orbits are dragged towards lower
Jo. Fig. 2.3 (c) shows that if the bar is too weak and/or the resonant sweeping is too fast,
the third term of equation (2.37) dominates the dynamics and will force 6 to circulate. In
such case, orbits cannot stay trapped at resonance and thus dragging will not occur.

On averaging the Hamiltonian over the fast angle, we have implicitly concluded that the
fast action is effectively conserved (J; = 0). Therefore any change in angular momentum
will be accompanied by a change in the radial action:

. Ng.
Jr=—Jy. 2.40
R N(p 4 ( )

This is still the well-known result known to most readers in the context of radial migration
(Sellwood & Binney, 2002): as a response to the positive dragging in J,, the radial action of
trapped orbits is conserved at CR (Ng/N, = 0) whereas it increases at OLR (Ng/N, > 0).
On the other hand, a negative dragging in J, at ILR (Ng/N, < 0) will be compensated by

an increase in radial action. This explains why Weinberg (1994) observed a large increase
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in velocity dispersion near the OLR. We summarize the direction of resonant dragging in
table 2.1. These behaviours are confirmed numerically in Fig. 2.15.

We can also understand the effect of the slowing term from the viewpoint of an effective
potential. Multiplying the modified pendulum equation (2.37) by 6 and integrating over

time, we obtain the following energy integral:

E, = 62 + V(0), where V() = w? (— cos @ — %9) . (2.41)

N | =

As in the analogous case of a harmonic oscillator, E;, is not conserved under adiabatic/slow
changes in w. The associated adiabatic invariant is the action of libration which quantifies

the amplitude of motion in the slow angle-action plane:

J; = % j'f deJ,(0) = % /C do\/ % [E, = V(9)], (2.42)

where the integral C runs from —n to 7 wherever the integrand is real. J; is approximately

conserved if the libration period Ty is sufficiently shorter than the migration time-scale of

the resonance Tyes. Apart from the vicinity of the separatrix, Ty is of order

2n 1
Tp ~— ~ , 2.43
ey (2.43)
while the time for a resonance to move by its width (eq. 2.49) is
AJS max VZ
Tres = ~— (2.44)
Js UQP

Thus J; is conserved for most orbits when Ty /Tyes ~ /A is small.
Figure 2.4 shows the configuration of the effective potential V(8) which is inclined due
to the /A term in equation (2.41). The resonance centre 6,5 and the angle of the local

maximum 6., reached by stars orbiting along the separatrix are

HI‘BS = Sin_l (%) ) 0 S gres S g’ (245)
Bgep = sin~! (%) g < Ogep < 7. (2.46)

This positive shift of 6, is barely noticeable in Fig. 2.3 (b), but prominently tilts the

equilibrium angle in Fig. 2.15. Further, the maximum E, and J; at the separatrix are
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Fig. 2.4 Potential of the modified pendulum. Orbits trapped by the resonance are confined
within the potential well. A decreasing pattern speed results in a tilt in the potential and
thus the minimum E, necessary to escape the resonance becomes smaller than that with
constant €.

reduced by the /A term:

Epsep = w 2( €08 Ggep — Zesep) (2.47)

2w
= /dg\/ €08 6 = 05 fcp + 1 (0 - Ouep) |- (2.48)

If E, < E,sep orbits are trapped and dragged, otherwise they will escape the resonance

Jt’,sep

from 6sep and enter the lower circulating regime. The potential barrier of trapped orbits
decreases as the bar slows down more rapidly. Beyond the critical value n/A = 1 where
Ores = Osep = /2, the potential does not form a local extremum and thus orbits can no
longer stay trapped in resonance.

A decrease in Ej, s, implies that the phase space volume of the resonance shrinks
when the bar slows down. Fig. 2.5 shows this in action space. The thick white lines are
the resonance lines, and the solid green lines mark the maximum excursion of trapped
orbits from the exact resonance AJgmax = (Js = Jg res)max, Which happens at E, = Ej, s, and

0 = Ores:

2¥
AJsmax = \/|G| [COS Ores — COS Ogep + % (6res — Qsep)]. (2.49)
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Fig. 2.5 Thick white lines mark the location where the resonance condition is exactly
satisfied and green lines indicate the maximum excursion of trapped orbits for different
n/A. The color map shows the Jacobi integral Ej. At the resonances, the lines of constant
Jr (thin white lines) are tangent to the contours of Ej. The parameters used are A = 0.02
and Q, = 40km s~  kpc™'.

The resonant volumes shrink with increasing n/A, and vanish when 1/A reaches unity. Note
that not all orbits within the green boundary are trapped, as the trapping also depends on
the angles 6.

The white thin lines crossing the resonance represent the line of constant Jf which the
librating orbits are assumed to follow in our resonance theory. In fact, conservation of J;
is truly satisfied only at the resonance line (J = Jyes) and is otherwise an approximation
to the precise conservation of the Jacobi integral E; which is mapped by the colour scale
in Fig. 2.5 as in Binney (2018), where he computed the actions in a 3D axisymmetric
potential using torus mapping. The lines of constant J; and E; match precisely at the
resonance line but deviate for large libration amplitude which is most notable at the CR.
Mathematically, conservation of Ej = E — Q,J, requires

OE OE
AEy = —AJg + —AJy = QuAJ, = QrAJg + (Qp — Qp)AJ, = 0 (2.50)
0Jr aJ,

which becomes equivalent to AJy = AJg — Nr/N,AJ, = 0 only when the frequencies 2(J)

are approximated by their values at Jyes.
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2.4 Test-particle simulation

To ensure full control over the model parameters, we use a test-particle simulation in the
analytical potential presented in Section 2.3.2. Our simulation technique is similar to
Miihlbauer & Dehnen (2003), who examined the kinematics around a steadily rotating bar.
We integrate in each simulation 10® particles forward in time using a 4th order symplectic
integrator (Yoshida, 1993), with a time step of 0.1 Myr. Parameters of our model are

summarized in Table 2.2.

2.4.1 Initial distribution function

The initial distribution function is given by (Dehnen, 1999a):

| Q(Rg) [Le(E) - L.]

o2(RE)

2(RE) ox

: (2.51)

where Rg, Q(Rg), L.(E) is the radius, circular frequency, and angular momentum of a
circular orbit with energy E. We assume an exponential profile with scale lengths Ry and

R for both the surface density X(R) and the radial velocity dispersion ogr(R) of the disk:
Z(R) =Zoexp[—(R— Ro)/Rs], oRr(R) = 0pexp[-(R - Ro)/Rs], (2.52)

where Ry is the Galactocentric distance of the Sun and o is the local stellar velocity
dispersion. Throughout our work, we adopt Ry = 2.5 kpc, R = Ry = 8.2 kpc, and
0o = 0g(Ry) = 40kms™t.

Once E and L; are determined from equation (2.51), we compute the initial radius R
by integrating equation (2.12) up to a random value of 6 € [0,2r). The corresponding
initial velocities are then determined v, = L;/R ,vi = 2[E - ®(R)] - Lz? /R%. The initial

azimuthal angle is sampled randomly from ¢ € [0, 27).

2.4.2 Adiabatic growth of the bar

A sudden onset of the bar will permanently change the actions. As in the past literature,
we avoid such an unnecessary distortion from a more realistic case by growing the bar

slowly, i.e. we ramp up its strength A from 0 to its final value A during the time interval
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0 <t < t; using the polynomial law from (Dehnen, 2000):

B by 22y (2.53)

3 5
A(r) = Ap | —=&° - &3 + ,
O =468 ~38 T 15¢ 3 n

Choosing 1 = 2 Gyr, this ramp is adiabatic for most orbits, apart from those near the

surface/separatrix of the resonance where the libration period diverges.

2.4.3 Pattern speed

As described in section 2.3.2; we model the pattern speed to decrease inversely proportional
to time which amounts to a linear increase in corotation radius Rcr. To separate effects,
we keep Rcr constant during the ramp-up of the bar amplitude (0 < ¢ < 1), and then

smoothly start the slowing within (4 <t < t2):

Rcro (0 <tr< tl)

RCR(I) = Rcro + %VCR% (t1 <t< tg) (2‘54)

Rero + sver(to —t) +ver(t —12) (2 <1)

where Rcgy is the initial corotation radius and vcg is the velocity of the corotation radius
(here typically of the order of 0.1 — 1kms™'). We remind the reader that, in line with the
decrease in the pattern speed, the bar grows such that Ry, = bRor. The time variation of

the bar’s properties are drawn in Fig. 2.6.

2.4.4 Selection function

When we compare our model with observational data, we apply to our simulation the
distance-dependent selection function of the Gaia data with quality cut in parallax of
p/op > 5 (Schonrich et al., 2019). The adopted selection function is shown in Fig. 2.7. Two

things are to be noted here:

1. As a somewhat trivial point, the function here is similar but not identical to the
function provided in equation (6) of Schonrich et al. (2019), as we have to figure in
the additional effect of the parallax cut, which must not be applied to the distance

estimation.
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Fig. 2.6 Schematic diagram of the strength of the bar A(¢), the corotation radius Rcr(?),
the bar length Ry,(t), and the pattern speed €, = v./Rcr(#). The bar is adiabatically grown
while keeping the pattern speed constant, and subsequently slowed down with its strength
unchanged. The length of the bar is elongated proportional to the corotation radius as
Ru(t) = bRcr(f) where b = 0.28 is determined by fitting our model to SBM15.

2. More importantly, this is only an indicative bias. In truth, the sample selection is
based on a photometric selection, which will result in strong biases along age and
metallicity, which are much too complex for coverage in this exploratory study. These
effects will also be distance dependent, as the near field (s < 1kpc) is dominated by
dwarf/subgiant stars, which have a very different age-metallicity selection function

from the giant branches dominating the far field.

2.5 Results and Discussions

2.5.1 Constantly rotating bar

Before we turn to the main topic of this chapter, i.e. the effects of bar deceleration, we
discuss the simpler case of a constantly rotating bar. Here we choose amplitude A = 0.02
and pattern speed Qp, = 40km s 1 kpe™! according to SBM15.

Fig. 2.8 shows examples of different classes of orbits seen in the frame corotating with
the bar, where the bar’s major axis is represented by a thick black line along the x axis.
Note the different scale of each panel. The black circles mark the radii of ILR (dotted),

CR (solid) and OLR (dot-dashed). We show non-resonant orbits in the left panel. The
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Fig. 2.7 Distance selection function of Gaia DR2. We apply this to our simulation to assess
the impact of the selection effects.

Table 2.2 Summary of parameters used in our slowing bar model. Parameters to be varied
are A, n, and Qpg.

Parameter Symbol Value
Parameters for the slowing bar

Bar wave number m 2

Bar angle w.r.t. the Sun ©b — Yo 30°

Bar strength A 0.01 - 0.03

Bar scale length ratio b= Ry/Rcr 0.28

Bar slowing rate n=-Q,/Q2 0.001 - 0.0055

Bar initial pattern speed Qpo 60 - 100 kms™ ' kpct

Bar growth time H 2 Gyr

Transition time from constant th— N 1 Gyr

to linear increase in Rcg

Parameters for the Galactic disk

Circular velocity Ve 235kms~!
Disc scale length Ry 2.5kpc
Local velocity dispersion or(Rp) 40kms™!

oR scale length R, Ry
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Fig. 2.8 Typical orbits in a co-moving frame of a m = 2 bar rotating anti-clockwise with a
steady pattern speed Q, = 40 km s~ kpct. The left figures show orbits free from resonance
while the right figures show orbits trapped at some of the major resonances. Non-closed
orbits (light blue) are parented by stable closed orbits (dark blue). The black dotted,
solid, and dot-dashed circles are the ILR, CR, and OLR radii respectively. The black
horizontal line is the bar’s long axis and the black dotted line indicates the Solar azimuth
at op — e = 30°.

non-closed orbits (light blue) with non-zero Jg surround their parent/closed orbits with
the same L, (dark blue). As discussed in Section 2.3.3, the orbit orientation changes at
each major resonance: orbits are elongated parallel to the bar (A) outside OLR, and (C)
between CR and ILR, while they are elongated perpendicular to the bar (B) between
CR and OLR, and (D) inside ILR. The right panel of Fig. 2.8 shows examples of orbits
trapped at the main resonances: (E) the outer 1:1 resonance, (F) the outer Lindblad
resonance, (G) the outer ultra-harmonic resonance, (H) the corotation resonance, (I) the
inner ultra-harmonic resonance, (J) and the inner Lindblad resonance. The corresponding
resonant closed parent orbits, again depicted in dark blue, are far from circular and are

beyond the description of equation (2.8).
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Fig. 2.9 Figures of section near OLR for E; = -6.3, -5.9, and -5.5 km?s~2 respectively.
The coloured invariant curves correspond to orbits presented in Fig. 2.8 (A), (F), and
(B). Non-closed orbits (light blue) encircle their corresponding closed parent orbits (dark
blue). The phase space is restricted to the right of the thick limiting curve defined by the
equation (vy — pr)2 =—v2+ Q?)x2 +2[E; — ®(x)] = 0.

The orbits’ family relations at resonance are better understood using surfaces of section.
In Fig. 2.9, we show surfaces of section in the reduced phase-space (x,vy) at y = 0 and
vy < 0 near the OLR. Each panel shows a set of orbits with the same Jacobi integral,
Ej = E - Q,L;, indicated in the top left corner. Each non-closed orbit forms consequents,
which appear as ring-like features in these plots (though subsequent passages are not
adjacent to each other). Each colored invariant corresponds to an orbit shown in Fig. 2.8
(A), (B), and (F). Near the OLR, increasing Ej from top to bottom generally moves the
mapped phase space towards lower L, and higher Jg as can be recognized in Fig. 2.5.
The orbits in the top plot have too small Ej to reach the OLR, so they all belong to the
same x; non-resonant parent orbit. The larger Ej in the middle panel allows the contour

of Ej in action space (Fig. 2.5) to cross the OLR line. Consequently, we now see three
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Fig. 2.10 Mean radial velocity vg vs. L, at Solar azimuth. Linear perturbation theory
(solid black curve, eq.2.55) is compared to test particle simulations without (solid blue) and
with (dashed blue) the Gaia selection function applied. Black vertical lines represent, from
left to right, ILR, CR, OLR, and O11R respectively. Black square marks the coordinates
of the Sun. Since the majority of orbits are non-resonant and near circular, linear theory
qualitatively captures the main features of the simulations.

different types of orbits: non-resonant xs orbits below the lower separatrix with small Jg
circulating near x ~ 9.2kpc, resonant orbits inside the separatrix around x ~ 11.2kpc, and
non-resonant x; orbits above the upper separatrix with large Jg surrounding the other two
groups. In the bottom panel the region of xs orbits around x ~ 8.3 kpc has expanded, and
the resonant domain at x ~ 12.5kpc starts shrinking. Also, there are minor resonances
occupying much smaller regions of phase space, e.g. the small crescent shape belonging to
the 2:3 resonance.

Now we look into the velocity distribution of an ensemble of these test particles. Fig. 2.10
shows the mean radial velocity vg as a function of L, at the Solar azimuth (¢}, — o = 30°).
The velocity is sampled from particles within a narrow slice (JAg| < 0.5°) centred on the
Sun. The general relationship between vg and L, can be understood from the orientation
(aligned or anti-aligned with the bar) and the rotating direction (prograde or retrograde
with respect to the bar) of the closed parent orbits: e.g. orbits outside the OLR are aligned
with the bar and are retrograde so at the Solar azimuth the closed orbit points inwards (i.e.

vr < 0). Within the epicycle approximation, the mean radial velocity at Solar azimuth is
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obtained by differentiating and averaging equation (2.8) with respect to time:

2Q0,,
R

0Py | msinm(eo — ¢b)
2’
IR |, k2 —m2(Q-Qp)

VR =

+(Q-9Qp)

(2.55)

where Ry = L;/ve, Q = v¢/Rg, and « = V2Q. The above equation delivers the black line
in Fig. 2.10, which qualitatively explains the numerical results. The positive peak just
behind the OLR line was the original interpretation for the Hyades stream by Kalnajs
(1991) and the Hercules stream by Dehnen (2000). The small positive peak at CR is due
to the resonantly trapped orbits reaching the Solar azimuth as they rotate around the
Lagrange point Ly 5. Pérez-Villegas et al. (2017) attributed the Hercules stream to this
peak, and supported the idea of a slow/long bar. The dotted blue curve in Fig. 2.10 shows
the result after imposing the Gaia selection function, which deviates from the non-biased
result mostly at small L,.

One of the central benefits from Gaia is that we can now observe stars over a wide range
in Galactic azimuth, and this dependence was quantified by Friske & Schonrich (2019) and
is also shown in Fig. 2.1 (b). Analogously, we show in Fig. 2.11 the ¢-L, dependence of the
mean radial velocity vg. The vertical black lines show, from left to right, the ILR (dotted),
CR (solid), OLR (dot-dashed) and 1:1 resonance (dashed) at Jg = 0. The findings agree
with previous studies: the sign of vg flips when we pass through the bar’s major/minor
axes (vertically), and through ILR/OLR (horizontally). We also see a weak eye-like shape
of orbits trapped in the CR rotating around the Lagrange points at ¢ — ¢y, = +7/2. The
bottom panel zooms into the Gaia DR2 area (marked by a black box) and applies the
spatial selection to compare with Fig. 2.1 (b). We see a pair of positive and negative stripes
at the OLR and a broad stripe at the CR that narrows towards the bar major axis. This
somewhat resembles the Gaia data but is far from qualitatively matching the full pattern.

Fig. 2.12 shows the changes in the density distribution in action space after the bar
has fully developed. Orbits near the resonances become trapped and librate back and
forth across the resonance along constant J; (thin black rungs), but not further than the
purple boundary (eq. 2.49). At the CR, Jg is conserved, so the exponential disk profile in

J, implies a mild redistribution from small to large J,. The other resonances redistribute
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Fig. 2.11 Azimuthal dependance of vg vs. L. Black lines show the L, of ILR (dotted),
CR (solid), OLR (dot-dashed), and O11R (dashed) at Jg = 0, respectively. Green line
indicates the azimuth of the Sun and the rectangle window indicates the range of Gaia
DR2. Bottom panel magnifies the Gaia region and applies the spatial selection bias.

towards larger Jg, with extreme effect at the ILR, where the resonance line almost coincides
with constant J;.

Finally, Fig. 2.13 shows the velocity distribution f(vg,v,) in the Solar neighbourhood
(s < 0.3kpc) drawn from test particle simulations with three different bar strength (row)
and two different pattern speeds (columns) both identified as a slow bar. A wider range of
pattern speeds, including the traditional fast bar, will be shown with their corresponding
slowing bar models in the next section. The black solid and dot-dashed curves mark the
separatrices enclosing the resonant regions of the CR and the OLR as done in Monari et al.
(2017b). At Q, =40km s~ kpc™!, orbits trapped by the OLR appear distinctively as an
arch at v, ~ 280 km s7!, whereas the velocity distribution of orbits trapped by the CR

shows little contrast to the surrounding non-resonant region. For this reason, past studies
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Fig. 2.12 Changes in the density distribution in action space 6 f(J,, Jr) from the initial
unperturbed state. Densities change when trapped orbits librate between regions of different
initial phase-space density around the resonance lines (thick black lines) along contours of
constant J; (thin black lines). Purple curves mark the maximum libration range.
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Fig. 2.13 Velocity distribution f(vg,v,) in the Solar neighbourhood (distance from Sun
s < 0.3kpc) perturbed by a steadily rotating bar. The solid and dashed curves mark the
separatrices (Ep, = Epgep) of the CR and the OLR. The contours are logarithmic with a
0.44 dex spacing.
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disfavoured linking the Hercules stream with the CR (Dehnen, 2000; Monari et al., 2017a;
Fragkoudi et al., 2019). In the next section, we will show that this problem is naturally
resolved by a decelerating bar where the CR captures more stars and on a different action
distribution as it forms further inside and then sweeps outwards.

However we mention here again that studies by Pérez-Villegas et al. (2017); Monari
et al. (2019a) report better success in reproducing the Hercules stream with a constantly
rotating bar which suggests that higher-order modes of the bar can be important for
shaping the distinct outline of the Hercules stream. We further note that the Hercules
stream can also be reproduced by transient spirals alone or in combination with the bar
(Hunt et al., 2018). Since none of these effects are ignorable, it will be important in the
future to combine these models and distinguish their role, once the kinematic consequence

of individual perturbations are well understood.

2.5.2 Slowing bar

We now consider the effect of a slowing bar. Two new processes arise from resonance
sweeping: dragging of resonantly trapped orbits along with the moving resonance and
trapping of non-resonant orbits when the resonance crosses over their domain. At the
current stage, capture and loss from resonances require numerical treatment. Nevertheless
the analytic approach predicts that the resonance volume shrinks with decreasing amplitude
A and increasing slow-down rate n of the bar, so we have a naive, but firm expectation
that the capture and retention rates will also decrease with increasing n/A.

In Fig. 2.14 (a) we show the probability of being successfully dragged by the moving
OLR as a function of bar strength A and slowing rate . The orbits are initially trapped
in the OLR at Q, = 60km s~ 'kpc™! and the bar is subsequently slowed down to Q, =
30km s~ kpc™t. The plot shows the fraction of successfully dragged stars defined as those
originally in the OLR, that then experience a relative increase 6L, /L, > 0.2. The threshold
is chosen to safely exceed the maximum libration amplitude in L,. For each parameter set
(A, ), we use 100 particles with the same initial actions (Jg, J,) = (19.4,1524.5) kpc km s7!
but with random angular phase. The initial actions are placed exactly on the resonance

line to ensure trapping independent of angular phase. The result confirms the analytical
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Fig. 2.14 Left (a): Fraction of orbits initially trapped at OLR being dragged by the slowing
bar as a function of bar strength A and slowing rate . The orange circle and triangle mark
the parameters of our standard slowly and rapidly decelerating bar. Results using the full
grid are shown in Fig. 2.20. Right (b): Fraction of orbits becoming trapped by the OLR.
The blue transition zone is broad since resonant capturing depends on the initial angles.

expectation that the retention probability increases with A and decreases with n. The
critical boundary is fairly linear which backs our idea that n/A satisfactorily describes
the dragging efficiency. Similarly, Fig. 2.14 (b) shows the capturing rate by the moving
OLR. Here we set the initial actions (Jg, J,) = (19.4,1921.1) kpckm s~! which is outside
the resonance. The blue transition region roughly matches that of Fig. 2.14 (a), but is
wider, indicating a strong dependence of resonant capturing on angular phase.

Figure 2.14 implies three parameter regimes in which the dynamical consequence of a
slowing bar differs qualitatively. In the white regime, the resonance sweeping is too fast
or the bar is too weak for resonant trapping to occur. The extreme opposite is the black
regime where most orbits are captured and dragged by the resonance resulting in a great
migration of orbits. In the blue intermediate regime, most resonant orbits are dragged but
not all non-resonant orbits are captured. This discussion neglects that orbits can also be
kicked out of and into resonances by gravitational fluctuations due to satellite galaxies,
transient spiral arms, and giant molecular clouds, a discussion which we defer to a later
study. The CR shows similar behaviour to the OLR, but the situation is more complicated
due to the series of small higher-order resonances piling up towards the CR, leading to

chaotic behaviour. We therefore prefer the parameter map at OLR to qualify the slowing
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regime, while using the CR as a corroborating source of evidence. In the following, we
discuss results from the full orange parameter grid, which covers all three regimes, first
starting with an in-depth analysis of the slowly (orange circle) and the rapidly (triangle)

decelerating bar.

Slowly decelerating bar

Fig. 2.15 analyses typical orbits in a slowly decelerating bar (n = 0.001, A = 0.02, and thus
n/A = 0.05), where Q, decreases from 80 to 45 kms'kpc™ in 9 Gyr (with a transition
period of f5 —#; = 1 Gyr). As in Fig. 2.8, we show more eccentric orbits (light blue, second
column) and their closed parents (dark blue, first column). Grey and black circles indicate
the initial and final resonance radii for ILR (dotted), CR (solid), and OLR (dot-dashed).
The orbits have initial guiding radii of (a) 7.1, (b) 5.2, (c) 4.0, (d) 3.0, (e) 1.7, and (f) 1.0
kpc. The other columns provide the evolution of the actions.

The rows (a)-(d) show orbits trapped and dragged outwards by O11R, OLR, OUHR,
and CR. In the rotating frame of the bar, frame deceleration causes an Euler force Qp X R
responsible for the slight anti-clockwise turn of the orbits’ configuration. The orbit in row
(e) remains non-resonant and thus roughly maintains its orbital configuration. The orbit
(f) is dragged by the ILR until it turns chaotic. The qualitative behaviour of the actions
agrees with the secular perturbation theory (Section 2.3.5): at the outer resonances (a)-(c),
both L, and Jg continuously increase, whereas at the CR (d), only L, enhances while Jg is
kept fixed; actions of non-resonant orbits (e) are unchanged; at the ILR (f), L, declines
while Jg rises.

Fig. 2.16 follows the evolution of the phase-space distribution perturbed by a slowly
decelerating bar. The rows from top to bottom show the distribution every 2 Gyr, denoting
the pattern speed Q, on the right in km s kpc!. We provide the velocity distribution
and action distribution near the Sun (s < 0.3kpc), as well as the mean radial velocity vg
in the L;-¢ plane in a narrow slice around the Solar azimuth applying our approximated
Gaia selection function. For each panel we provide to its right the comparison case of a

constantly rotating bar with identical amplitude and current €.
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Fig. 2.15 Orbits swept by the resonance of a slowing bar decreasing its pattern speed from
Q, = 80 to 45 kms™! kpe™ in 9 Gyr (7 = 0.001). Each row displays the trajectory of a
single star gradually changing its orbit. Dark blue orbits (left column) are initially closed
while light blue orbits (2nd column) are initially non-closed. The grey and black circles are
the initial and final radii of ILR (dashed), CR (solid), and OLR (dot-dashed). Drift in
angular momentum (3rd column) is only seen for resonantly trapped orbits. The radial
action (right column) increases when dragged at all resonances except at the CR.
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Fig. 2.16 Simulated phase space when the bar decelerates slowly from Q, = 80 to 45
kms'kpc™! in 9 Gyr. Time-interval between the rows is 2 Gyr (last three snapshots
extends beyond the age of the Galaxy). Each pair of columns compare the decelerating
bar vs. a constantly rotating bar at the same €, indicated by white panels in the right-
hand column. Black solid, dot-dashed, and dashed lines represent CR, OLR, and O11R
respectively. In the velocity plane we mark the separatrix of the resonances, while in the
action plane we draw the exact resonance line, and in the (L, ¢) plane we indicate the loci
of resonances at Jg = 0. The OLR and CR capture and retain the majority of orbits along
their way resulting in an unrealistically intense stellar stream.
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The local velocity plane (left-hand columns) is dominated by the main resonances. First,
the OLR captures and carries away the majority of non-resonant orbits leaving behind a
significantly depleted phase space, until the CR brings along the next swath of stars. At
around Q,, = 43.3km s kpe™! (before the CR arrives), an arc-shaped distribution develops
at v, ~ 160kms™. Orbits below this arc have sufficient kinetic energy to cross over the
crest of the effective potential ® — %Q%R2 in the rotating frame and can wander in and out
of the bar regime. Fux (2001) proposed that the Hercules stream may be associated with
these orbits. However, this slowly decelerating bar will always have a radically too strong
resonance occupation to match the Gaia data.

The action plane (middle columns) shows similarly the capture and drag by the main
resonances. In between the OLR and the O11R, we see multiple narrow lines. We confirm
that they are due to orbits trapped and dragged by minor resonances (e.g. 2:3 resonance).
The occupation on minor resonances depends on their stability under the deceleration but
also on depletion by anteceding resonances — minor resonances behind the OLR are less
prominent since the OLR sweeps away most of the non-resonant orbits in advance.

In the right columns of Fig. 2.16, the amplitude of vg(L;, ¢) near resonances continues
to increase as they keep collecting stars. The red spear-like stripe at the CR increases in
strength at the edge indicating accumulation of orbits near the separatrix. The blue stripe
associated with the OLR widens to the left over time since trapped orbits increase Jg
while dragged and thus satisfy the resonance condition at a relatively lower L, compared

to those with small Jg.

Rapidly decelerating bar

N-body studies indicate that bars slow down more rapidly than we have assumed in Section
2.5.2. In accordance with Aumer & Schonrich (2015) we choose the slowing rate n = 0.004
as indicated by the orange triangle in Fig.2.14. The pattern speed decreases from Q, = 80
to 30km s~ kpc™! in 5.6 Gyr. The strength of the bar is unchanged (A=0.02),s0n/A=0.2.
Fig. 2.17 shows from left to right the velocity distribution, the action distribution, and the
mean vg in the L,-¢ plane, along with the results of a constantly rotating bar on the right

of each column.
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Fig. 2.17 Simulated phase space as in Fig. 2.16 plotted every 0.56 Gyr when the bar
decelerates rapidly from Q, = 80 to 30 kms™* kpc™! in 5.6 Gyr. Unlike the case of a slowly
slowing bar, the effect of resonance sweeping is moderate, yet enhances the resonance
features compared to a constantly rotating bar (right of each column). The CR reproduces
well the Hercules stream in the velocity plane and the spear-like double peak in vg(L,, )

seen in the Gaia data (Fig. 2.1).
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In the velocity plane, the resonances are much smaller in volume than those of the
constantly rotating bar, but appear more distinctively. At around Q, = 36.1km s~ kpct,
the orbits trapped at the CR form a peak that resembles the observed Hercules stream
much better both in strength (by sweeping up more stars) and in location (due to the
shrinkage of the resonance region towards high vg). The Hercules stream modelled by a
constantly rotating bar (see also Pérez-Villegas et al., 2017) is far too symmetric in vg,
while the decelerating bar provides the strong asymmetry which previously could only be
achieved by the OLR (e.g. Dehnen, 2000).

In the action plane, multiple inclined ridges appear between the CR and the OLR — a
smaller capture rate at the OLR leaves opportunity for orbits to be captured into the minor
resonances passing later. Obviously the signatures of minor resonances will be enhanced if
we add higher order modes of the bar. These inclined ridges are also seen in the Gaia data
(Fig. 2.1 (a)). However, the ILR of spiral arms also lies in the vicinity (Sellwood et al.,
2019) making the exact identification of individual ridges difficult.

The right columns in Fig. 2.17 show that the amplitude in the vg increases much less
than for the slowly decelerating bar due to the smaller capturing rates (note the different
colour scales). Again at the CR, the newly captured orbits accumulate near the resonance
boundary and form a spear-like (an eye-like, if we saw the full ¢ range; Fig. 2.18) structure
which closely resembles the double positive peak in the Gaia data. In between the CR and
the OLR line, we observe roughly two pairs of positive and negative stripes.

To better understand the origin of the multiple stripes in vg(L;, ), we show in Fig. 2.18
the relative change of number density with respect to the initial distribution (6 f/fy =
f/fo—1), and the vg over the full ¢ range without imposing the selection bias (indicating
the Solar azimuth ¢ — ¢o = 30° with a green line). The left panel shows that, at the CR,
trapped stars follow the resonance line plotted for Jg = 0, whereas at the OLR, orbits
lag increasingly behind the Jg = 0 resonant line since their Jg increases (resonance line is
negatively inclined in Jg vs. L, as in Fig. 2.5). Blue/Underpopulated areas are left behind
the travelling OLR and CR, as these resonances sweep part of stars along their path. An
even more intense depopulation is caused by the ILR where trapped stars drift towards

lower L, and larger Jg. Note that the initial distribution in L, declines exponentially so
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Fig. 2.18 Left panel: Evolution of the distribution 6 f(L;, ¢) from the unperturbed state
fo when the bar slows rapidly from Q, = 80 to 30 km s kpc~! in 5.6 Gyr. By definition,
6f/fo > —1. The black lines represent, from left to right, ILR, CR, OLR, and O11R at
Jr = 0. Stars captured at the CR comove with the resonant line, while stars resonating at
the OLR fall behind in L, due to their increase in Jg. Right panel: The corresponding
mean radial velocity distribution vg(L;, ¢). The black narrow rectangles represent the
range of Gaia data. Behind the OLR line (dot-dashed), two negative (blue) peaks are
formed near Solar azimuth indicated by the green horizontal line. Comparison with the left

panel implies that the inner peaks are formed by the resonant orbits dragged and heated
by the OLR.
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a group of orbits moving toward high L, with constant number density show apparent
enhancement in § f. The mean radial velocity is strongly distorted and much more complex
than the constantly rotating bar case shown in Fig. 2.11, particularly between CR and
OLR. Nevertheless we can identify two pairs of blue and red peaks behind the OLR near
the Solar azimuth (L, ~ 2400 and 2800 kpckms™! in the last frame). These structures
appear as multiple stripes when seen in the Gaia range indicated by the narrow rectangle.
By comparing the left panel (the location of the orbits dragged by the OLR) and the right
panel (the location of the stripes) we conclude that the pair of Vg stripes just inside the
OLR are due to the orbits freshly trapped by the OLR while the stripes that appear further
inside the OLR line are due to the superposition of orbits dragged and heated by the OLR
and orbits trapped in the minor resonances. The weakly negative vg outside the OLR are
associated with non-resonant x; orbits swept but not captured by the O11R.

The location and inclination of these multiple stripes at large L, do not match perfectly
with the Gaia data (Fig. 2.1 (a)). The neglected transient spiral arms can play at least two
important roles here: i) Spiral patterns can independently form these stripes by leaving scars
in the action distribution near resonances and also by perturbing the angular distribution,
which develops multiple fine stripes in vg as they phase mix over time (Hunt et al., 2019).
ii) Scattering by transient spiral arms would reduce the resonant occupation, particularly of
the OLR, since it trades stars with the much less densely occupied surrounding phase space
at high Jgr. This would significantly weaken the contribution of the OLR to structures at
large L,. The relative position of the resonances will also vary with the inclination of the
circular speed curve: negative/positive inclination leads to smaller/larger separation of the

resonances.

Dependence on initial pattern speed

We have so far discussed the impact of the slowing rate while keeping the initial pattern
speed fixed at Qpo = 80 km s~ kpc™t. We now take a look at the impact of Qpo. Fig. 2.19
plots Vr(L;, ¢) and f(vg,v,) for three different choices of Qp increasing from top to bottom.
The faster the bar is originally, the further inside the disk the original locations of the

resonances will be, and thus the larger the volume of phase space swept by the resonance.
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Fig. 2.19 Dependence on initial pattern speed: from top row, Q,9 = 60, 80, and 100
kms~'kpc™!. The bar is rapidly decelerating (A = 0.02,57 = 0.004) and the pattern speed
now is Q, = 36 km s kpe ™t

However, the variation of the initial pattern speed do not result in a big difference here

because the capturing rate is relatively low for a rapidly decelerating bar.

Determining the slowing rate of the bar

Beyond constraining the current pattern speed, modelling local kinematics perturbed by
a decelerating bar yields measurement of the bar’s slowing rate Qp. Fig. 2.20 shows the
local velocity distribution of stars f(v) for various values of bar amplitude A (columns)
and slowing parameter n (rows) corresponding to the orange grid nodes in Fig. 2.14. The
present pattern speed Q, = 35km s~ kpc! is determined by matching the location of the
CR with the Hercules stream. The fraction of orbits trapped in the CR increases with
increasing A and decreasing 7 in concordance with changes in retention/capture rates (see
Fig. 2.14). We now need quantifiable statistics linked to this resonance occupation. A
reasonable quantity is the asymmetricity of Hercules in the radial velocity vg defined as

the difference of fraction of stars with positive vs. negative vg:

B= (2.56)
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Fig. 2.20 Simulated distributions in local velocity space for the grid of bar strength A and
slowing rate  shown in Fig. 2.14.

We choose vy min = 100 km s™t and Vomax = 210km s to approximately cover the CR.
Fig. 2.21 shows the asymmetricity B evaluated on the parameter space (A,n). The white
contours of B are gained from spline interpolation and the black contour marks the observed
value (B = 0.225) from Gaia DR2 (Fig. 2.1 (a)). B increases towards large A and small 7,
and closely follows /A marked by the green lines.

To estimate the posterior distribution of n and /A by comparing B between simulations
and observations, we need an appropriate prior on A. SBM15 compared their gas dynamic
models to the inner Milky Way photometry and constrained the possible range of their
bar amplitude parameter Ag € [0.4,0.8]. To translate their Ag to our A, we must correct
for the disparity between the models at large radius evident in Fig. 2.2. Since we need
consistent perturbation strength near the CR, and not in the the inner bar region, we
fit our model at radii beyond half of Rcg which yields A € [0.013,0.026]. To ensure a
smooth prior obeying Cromwell’s rule, we prescribe a normal distribution P(A) with mean

ua = 0.0195 and standard deviation o4 = 0.0065 within the allowed region, and a smooth
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Fig. 2.21 Asymmetricity B in vg in the Hercules region (see equation 2.56), plotted over
bar strength A and slowing rate . The colours map the simulated values, with the white
contours gained from spline interpolation. The black contour marks the value obtained
from Gaia DR2. We show the resulting posterior probability distributions for n on the left
panel when using a prior distribution on A (bottom panel) inferred from SBM15.

cutoff at A = uy + oa:

2
—x2/9 _
pa)yoc S22/ A (2.57)
3 (exp |xk| + 1) oA

where k controls the steepness of the cutoff. We choose k = 4. The prior P(A) is shown at
the bottom panel of Fig. 2.21. The posterior P(n) is the product of the prior P(A) and the

slope of the observational curve A(n) (the black curve in Fig. 2.21):

P() = P(AG) 3—;‘ (2.58)

The posterior P(n), shown in the left panel of Fig. 2.21, has expectation value (i) = 0.0036,
median 77 = 0.0039, and standard deviation o3, = 0.0011. The estimators are robust, i.e.
they vary by less than 10% when extending the upper limits of the v, sampling range from
Vo,max = 170 km s to 220kms™!. Decrease in the steepness of the prior from k = 4 to
k = 2 increases the standard deviation by 2.3% although merely changes the mean value
of n (variation less than 0.2%). The estimated bar slowing rate n roughly agrees with
values encountered in N-body simulations (horizontal white lines in Fig. 2.21): n = 0.0029
from Fig. 2 of Aumer & Schonrich (2015), and n = 0.0044 from Fig. 7 of Sanders et al.

(2019). Using a current pattern speed Q, = 35km s~ kpc™t, our 7 estimate translates to:
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Qp = —an) = (-4.5+1.4)kms ' kpc™! Gyr~!. The posterior expectation value for the ratio
n/A =0.18 £ 0.03 is more tightly constrained as expected. These estimates agree with the
visual inspection/comparison of the velocity plane.

We caution however that this analysis is based on a pure m = 2 slowing bar model.
There will be modifications due to e.g. the spiral arms which impact local kinematics on
top of the bar (e.g. Sellwood et al., 2019). The successive emergence of transient spiral
arms may change the resonant orbit population, and some models consider it shaping the
Hercules stream (Hunt et al., 2018). This analysis is hence only a first step towards a more
comprehensive model. Allowing for the additional impacts will greatly increase the number
of free parameters, and estimating the bar slowing rate will necessitate making use of all
available statistics, e.g. the spatial variation of the kinematic structures. Other missing
factors that may affect the estimation of the bar slowing rate are (i) the neglected bar modes
with m > 2, which will strengthen the minor resonances that sweeps the Solar neighbourhood
before the CR, (ii) changes in bar amplitude, affecting the time dependence of the resonant
capturing rate, and (ii) the choice of current bar pattern speed Q, = 35km s kpe™t. We
note that some studies advocate a somewhat higher Q,: Sanders et al. (2019) and Bovy
et al. (2019) both derived Q, = 41 + 3km s~ kpc™! by applying the continuity equation to
stars in the bulge, while Portail et al. (2017) deduced Q, = 39 + 3.5km s~ kpc™" with the
made-to-measure models in the bar region, and Clarke et al. (2019) further fit that model
to the proper motion data and derived Q, = 37.5km s~ kpc™! in closer agreement with
our assumed pattern speed. A higher pattern speed Qp, = 38km s kpc™! would lower our
slowing rate estimate to = 0.0031 + 0.0008 (using vy max = 190 km s~ to account for the
shift of the CR). We note that several factors disfavour models with a higher Q,. Above
Qp, ~ 37, the upper separatrix of the CR would cut right through the Hercules stream. The
alternative argument would be that the separatrix of the bar’s CR corresponds to one of the
interior structures of Hercules, e.g. separating the weak peak at v, ~ 180 km s71 below the
main clump at v, ~ 200 km s~'. However such models are inconsistent with the larger-scale
structure observed, in particular with the azimuthal variation of stellar kinematics (Monari
et al., 2019b) and with the arrow-shaped structure in the L,-¢ plane, which currently has

no other explanation than the CR. Moreover, Binney (2020b) applied the Jeans’ theorem
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to trapped orbits in local velocity space and showed that the violation of Jean’s theorem is

minimized at a bar pattern speed Q, =36 £ 1 Gyr ! =352+1kms 'kpct.

2.6 Conclusions

While there have been extensive discussions in the literature interpreting the local velocity
plane in Hipparcos and Gaia datasets with different values of the current pattern speed
Q,, of the bar, we find that the slowing rate Qp of the bar profoundly affects the observed
substructure. Due to the highly significant and drastic impact of resonant sweeping found
in this thesis, we argue that any results based on a constantly rotating bar pattern speed
ought to be re-examined for their robustness against this process and how their parameters
have been biased by the neglect of the deceleration.

The deceleration Qp of a Galactic bar is a theoretical requirement resulting from the
angular momentum balance of the bar: the angular momentum gain from forcing gas onto
the Galactic nuclear disk is (in a standard dark matter simulation) more than offset by the
dynamical friction with the dark halo (and to a minor part the surrounding disk), which
implies Qp < 0 and thus the long-term deceleration/growth of the Galactic bar. While this
has been theoretically known, we are not aware of any study that would have provided a
pathway to observationally estimate the long term evolution of Q,. However, by neglecting
perturbations other than the bar and by investigating the effect on resonance occupation
using a simple slowing bar model where the pattern speed is modelled to decline inversely
proportional to time, we now provide an estimate of the current slowing rate of the bar to
be Qp = (-4.5+ 1.4)kms ' kpc™! Gyr™! at current pattern speed Q, =35km s kpe L.

The deceleration of the bar also resolves three major issues with the appearance of
the Hercules stream/corotation resonance: i) The observed Hercules stream is highly
asymmetric in radial velocity vg, featuring a strong outward motion. This asymmetry
is underpredicted by models with a constantly rotating bar. ii) Resonant capturing by
the sweeping resonance allows for larger occupation numbers than in a steadily rotating
bar model, thus fitting the observed density with a reasonable bar strength. iii) The

stars captured near the surface of the resonance allow for a much stronger eye-shaped (or
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spear-shaped for the observable Solar neighbourhood) feature in the mean radial velocity vg
of the L;-¢ plane, which in the observed Solar neighbourhood data explains the two strong
positive vg features near L, ~ 1400 and ~ 1600 kpckm s together with their inclination
against azimuth. To facilitate point (ii), we have examined how resonant capturing and
retention/dragging vary with the deceleration parameter n = —Qp /Qf) and the amplitude A
of the bar. We find that /A can be used as a good indicator for retention and capture and
that expectations for this parameter from the observationally estimated strength A and
the expected slowing rate n from N-body simulations in a typical dark matter halo place
the parameter in the region, where the vg asymmetricity of the simulated local velocity
plane matches that of the Gaia data.

We stress that this work is largely of an exploratory and qualitative nature. We have not
attempted to go beyond the simplest possible m = 2 model and we have restricted ourselves
to a 2D in-plane analysis. High order modes and vertical motions would bring additional
resonances and more complications, which we found would have reduced the clarity of this
work. We remark though that our first exploratory simulations were performed in full
3D and confirmed the same qualitative answers as presented here in 2D. Further, for the
sake of simplicity, we omitted several processes that we consider to be important: spiral
structure will overlay the suggested pattern, and by its transience should knock stars in
and out of resonances, changing the occupation of resonant orbits. A similar role is taken
by giant molecular clouds, galaxy mergers, subhalo passages, and not least, the possible
jitter of the bar pattern speed itself.

In the next chapter, we will dig into the detailed phase-space structure of resonances

and explore its relation with stellar properties.






CHAPTER 3

Tree-ring structure of (Galactic bar

resonance

3.1 Abstract

In this chapter, we present an evidence for the bar’s slowdown from the chemical distribution
of stars within the trapped phase-space. When the bar slows down, its resonance sweeps
radially outwards through the galactic disk while growing in volume, thereby sequentially
capturing new stars at its surface (separatrix). Since trapped stars conserve their action
of libration, which measures the relative distance to the resonance centre, the order
of capturing is preserved: the surface of the resonance is dominated by stars captured
recently at large Galactocentric radius, while the core of the resonance is occupied by stars
trapped early at small radius. The slow-down of the bar thus results in a rising mean
metallicity of trapped stars from the surface towards the centre of the resonance as the
Galaxy’s metallicity declines towards large radii. This argument, when applied to Solar
neighbourhood stars, allows a novel precision measurement of the bar’s current pattern
speed Q, = 35.5 £ 0.8km s kpc!, placing the corotation radius at Ror = 6.6 + 0.2 kpe.
With this pattern speed, the corotation resonance precisely fits the Hercules stream in
agreement with kinematics. Beyond corroborating the slow bar theory, this measurement
implies a deceleration of the bar of more than 24% since its formation and thus the angular

momentum transfer to the dark halo by dynamical friction. The measurement therefore
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supports the existence of a standard dark-matter halo rather than alternative models of

gravity.

3.2 Introduction

In the previous chapter, we have shown that local stellar kinematics favors a slowing bar,
which naturally explains the strength, asymmetry, and azimuthal variation of the Hercules
stream with its corotation resonance that has been migrating from further inside the Galaxy.
However, kinematics only does not make the slowdown of the bar an absolutely necessary
(even though a sufficient) condition to reproduce the Hercules stream, as one may achieve a
similar phase space configuration from perturbation by spiral arms (e.g. Hunt et al., 2018)
and merging satellites (e.g. Minchev et al., 2009). In this chapter, we therefore investigate
the metallicity distribution in local phase-space to find a chemo-dynamical structure that is
unique to the bar’s slowdown. For this, we must first understand how stars get populated
into the bar’s resonances.

Orbits resonantly trapped by the bar occupy a distinct volume of phase space bounded
by the separatrix. When the bar decelerates, these resonant islands sweep radially outwards
through the stellar phase-space. As resonances migrate outwards, their phase-space volume
generally grows, so surrounding stars are sequentially captured into the resonance from the
separatrix. Once in resonance, these trapped stars are dragged along with the resonance
while approximately conserving their action of libration, which quantifies the amplitude
of motion around the resonance. As a result, stars trapped at the early epoch of bar
formation remain confined to the core of the trapped phase-space, while newly trapped
stars fill in the phase space opened up by the expanding separatrix — the bar’s resonance
evolves analogously to the rings of a growing tree where new layers of cells form at the
bark and continuously record the climate condition of that time. Since stars trapped later
originate from larger radii with typically lower metallicity, the deceleration history of the
bar will be imprinted on the metallicity distribution inside the resonance.

The tree-ring structure of the bar resonance has a bi-directional application: Once the

current pattern speed of the bar and thus the location of the resonance is known, we can
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read out the history of bar evolution by looking at the variation of stellar metallicity with
distance to the resonance centre. Conversely, we can pin down the current bar pattern
speed by demanding the metallicity inside the resonance to rise from the surface towards
the core as expected from the deceleration of the bar.

In this thesis, we take both approaches. We first posit the recently favored slow bar
model ! and analyse the tree-ring structure inside the corotation resonance (Hercules
stream). Using stellar metallicity derived from the colors and magnitudes of the Gaia
sample, we show that the Hercules stream exhibits a monotonic increase in metallicity
towards the resonance centre as predicted by our slowing bar model. We then constrain
the current bar pattern speed from the metallicity ordering inside the resonance. We show
that demanding a monotonic trend in metallicity inside the corotation resonance of the
bar narrowly constrains the current pattern speed to Q, = 35.5 £ 0.8 km s~ kpc™t where
the corotation resonance perfectly fits the Hercules stream in excellent agreement with
kinematic models (e.g. Pérez-Villegas et al., 2017; Monari et al., 2019a; D’Onghia & L.
Aguerri, 2020; Binney, 2020b; Chiba et al., 2021) as well as the the latest bar/bulge model
(Clarke et al., 2019; Clarke & Gerhard, 2021).

In the following section, we provide a brief description on resonant dynamics which
underlies our analysis. In section 3.4, the method of estimating metallicity from Gaia
photometry is described and tested with open clusters for which the metallicity is measured
independently from spectroscopy. In section 3.5, we present the mean metallicity map in
the local velocity and action plane, and subsequently constrain the bar pattern speed by
evaluating the likelihood of monotonic increase towards the resonance centre. Systematic
errors due to sample selection and uncertainties in model parameters are reported. Section

3.6 sums up.

1Here ‘slow’ vs. ‘fast’ does not refer to the ratio between corotation radius and bar length as in studies of
external galaxies, but exclusively describes slow pattern speed €}, < 40km s 1 kpc! instead of the formerly
favoured fast models with Qp 2 50 km g1 kpc_l. See section 3.5.4 for a discussion.
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3.3 Theoretical background

3.3.1 Adiabatic invariants of resonantly trapped orbits

As explained in section 2.3, orbits near resonance exhibit slow motion around the resonance
which can be modelled by averaging the Hamiltonian over the fast motions. The averaged
Hamiltonian takes a form similar to that of a pendulum and the slow dynamics of trapped
orbits is described in the slow angle-action plane (6, Js) with one degree of freedom, where

J
0s = Ngbr + N, (9¢ - /dt Qp) and Js = N—“’ (3.1)
(3

The phase-space in (6, Js) is split by the separatrix into regimes of libration (trapped orbits),
and circulation (non-trapped orbits). Trapped orbits have two approximate constants of
motions: the fast action Jf = Jg — (Nr/Ny)J, (Jr in the case of corotation resonance), and

the action of libration

1
Je= 5o y{ ds Js(65), (3.2)

which characterizes the amplitude of motion around the resonance and takes maximal
value at the separatrix. The conservation of J, is subject to the adiabaticity condition that
the libration period, which diverges to infinity at the separatrix, is significantly smaller
than the migration timescale of the resonance. Jp is thus not conserved near the separatrix,

which allows orbits to enter or leave the resonance there.

3.3.2 Increase in phase-space volume of resonance

The phase-space volume occupied by each resonance is represented by the libration action
evaluated at the separatrix Jpsep (equation 2.48). Figure 3.1 shows Jesep of the CR at
J; = 50kpckms™! as a function of the decreasing pattern speed. We present various bar

models (section 2.3.2) with their strength varying according to

A = Ay [?;(”]_y,

(3.3)
pl

such that it takes the current amplitude A; = 0.02 at the current pattern speed Q1 =
35kms~' kpc™!. The functional form of Q,(t) is irrelevant here but, for instance, with

Qp(t) o< t~! as assumed in our simulations, the bar strength scales as A(f) « 7. We show
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Fig. 3.1 Phase-space volume of the bar’s corotation resonance characterized by the libration
action at the separatrix as a function of the decreasing pattern speed. The fast action
is fixed to J; = 50 kpckms™!. Models with different bar growth/decay rate y are plotted.
All models take the same current bar amplitude A = 0.02 at the current pattern speed
Q, = 35kms™! kpc™. The resonance volume generally grows unless the bar amplitude
decay rapidly (y < -2).

all cases where A is constant (y = 0, black), decreases (y < 0, blue), or increases (y > 0,
red). The phase-space volume of the resonance Jy s, increases monotonically unless the
bar weakens significantly (y < —2) while slowing down. N-body simulations show that
deceleration of the bar is typically accompanied by an increase in bar amplitude (e.g
Debattista & Sellwood, 2000; Martinez-Valpuesta et al., 2006; Ghafourian et al., 2020)
except at the early buckling phase, so we expect the resonance to grow and thus continuously
sweep up stars as it moves outwards.

The reason behind the increase in trapped volume, despite the constant or even
decreasing bar amplitude, is the drop in the quantity G = 9Q/dJs (equation 4.22) towards
the outer galaxy. This is evident in equation (2.48) which reads Jg sep ~ |G|7Y/2. G quantifies
the gradient of orbital frequencies with respect to actions. In the inner galaxy, |G| is large,
i.e. a small change in actions results in a large change in orbital frequencies, which means
that trapped orbits with frequencies close to the resonance condition are confined to a
narrow region of action space. In contrast, in the outer galaxy, the orbital frequencies are

less sensitive to changes in actions (small |G|), which allows a larger region of action space
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Fig. 3.2 Trajectory of a test particle trapped and dragged by the corotation resonance
of a decelerating bar where the colour indicates time. The black curves represents the
separatrix at the time of capture (dashed) and at the end of the simulation (solid). The
star streams along the separatrix at the moment of capture but is then detached from the
separatrix as the volume of resonance grows.

to be trapped in resonance. It can be trivially shown that Jg s scales as \/Zv? /€y in the

epicycle limit which explains why J¢sep, is approximately constant when y = -2.

3.3.3 Tree-ring structure of resonance

When a resonance grows in volume, a fraction of stars outside the resonance that are passed
by the separatrix may be captured into the resonance depending on their angular phase
(see Appendix 3.A for the angle-averaged capture probability). Figure 3.2 shows a typical
stellar trajectory captured into the sweeping resonance. The star initially circulates at
Js ~400kpckm s~ above the resonance, while the separatrix approaches from below. The
star then passes the separatrix, becomes trapped in the resonant region and gets dragged
towards larger Js (and thus towards larger angular momentum J,) while keeping its J; and
Jr approximately constant. The black curves depict the separatrix (equation 2.48) at the
time of trapping (dashed) and at the final time (solid).

The conservation of the libration action Jp has an interesting consequence. Since the
phase space volume of the resonance grows as the bar slows down, which is directly visible
in Fig. 3.2 as the increase in volume occupied by the separatrix, the gap between the

separatrix and the trapped orbits grows. Due to Liouville’s theorem, this interspace must
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Fig. 3.3 Test-particle simulation of the Galactic disk perturbed by a decelerating bar. Left
panel: Mean birth guiding radius in the slow angle-action plane at Jg = 10kpckms~!. The
white line marks the contour of constant libration action with a value equivalent to that
at the separatrix of the initial bar, while the black solid and dot-dashed curves mark the
current separatrix of the moving and resting resonance, respectively. Right panel: Mean
birth guiding radius in local velocity space. The blue and black curves are contours of
constant Jg and Jp.

be filled with newly trapped stars. Hence the resonance builds up layers of trapped stars
like a tree grows rings at its bark.

As demonstrated with our test particle simulation in the left panel of Fig. 3.3, this
separates the final resonance into two regimes: the core and the growth region. The initial
core, marked by the white curve mapping the original separatrix onto the current volume,
contains a relatively homogeneous population trapped initially from further inside the disk
at the formation of the bar. Measuring the core can inform us about the initial size and
location of the resonance. Between the core and the current separatrix (solid black) lies
the growth region where the birth radius monotonically increases towards the separatrix as
the fresh layers accreted at later times and thus at larger angular momentum.

Note that the initial formation of the bar introduce a slight phase-space spiral inside
the resonance. Since the period at the separatrix is infinite, the number of wrappings
reflects the number of libration periods at the core of the resonance since bar formation.
The shape of the phase-space spiral could be used to constrain the change in libration
period, which is determined by the shape of the effective potential of the resonance, and
ultimately give an estimate on the age of the bar. However, at the current level of Gaia

data this pattern is not yet detectable.
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The black dot-dashed curve shows the separatrix calculated at fixed pattern speed,
while the black solid curve takes into account the contraction of the separatrix due to the
deceleration (section 2.3.5). Only stars within the latter are bound to the resonance, while
stars in between are either in transit between the circulating zones or are becoming caught
by the resonance.

To test this on observational data, we need to overcome two observational challenges:
(i) the Sun is far from the Lagrange points and the available sample from Gaia only touches
the outskirts of the corotation resonance so currently we can only see stars of relatively large
Je or Jgr that travel far enough from the Lagrange point to reach the Solar neighbourhood.
The right panel of Fig. 3.3 shows how resonances can be identified in the velocity plane of
radial vs. azimuthal velocity at the Solar neighbourhood, again coloured by the original
guiding centre radii of stars. To guide the eye, we superposed contours of constant Jr in
blue equally spaced by 30kpckms™!, and J, normalized by the value at the separatrix
(Je = Jo/ Jesep) in black with 0.1 spacing. The outermost black curve corresponds to the
separatrix (as in the upper panel, dot-dashed for a resting resonance and solid for a moving
resonance). The dotted black arch represents the location where the resonance condition is
exactly satisfied. Although the centre of the resonance cannot be observed, we can see the
mean birth radius decreasing towards the initial core of the resonance marked by the white
curve. (ii) In practice, we cannot measure the stellar position at trapping, so we employ
the metallicity gradient of the Galactic disk. The metallicity of stars increases towards the
Galactic centre, so metallicity is a proxy for radius at trapping with one caveat: older stars
tend to be more metal poor and have larger radial action (more eccentric), so we need to

filter this out when investigating the metallicity trends in J,.

3.4 Method of metallicity estimation

The metallicity of main sequence stars can be inferred from the position across the main
sequence in the colour-magnitude diagram. In general, stars in the main sequence with
higher metallicity appear redder. The reason of reddening is two-fold: (i) Metals enhance

the internal opacity of the star which impedes radiative transport and hence forces the star
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to swell up with a lower surface temperature. (ii) Metals have most of their absorption
lines in the UV-blue region. We restrict our analysis to stars sufficiently low on the main
sequence (i.e. large absolute magnitude) so that their colours and magnitudes do not
vary significantly with stellar age. In this region, the colour-magnitude position directly
encodes the metallicity of a star, with some contamination from binaries and extinction
(the extinction vector runs almost parallel to the main sequence, limiting the impact of

reddening uncertainties on metallicity estimates).

3.4.1 Sample selection

We use stellar samples in the Solar neighbourhood (distance from Sun s < 0.3kpc) taken
from the Gaia DR2 RV catalogue (Gaia Collaboration et al., 2018; Cropper et al., 2018;
Sartoretti et al., 2018; Katz et al., 2019) with parallax offset and distance estimation from
Schonrich et al. (2019). We adopt the Solar Galactocentric radius Ry = 8.2kpc (Gravity
Collaboration et al., 2019), Solar Galactocentric azimuth with respect to the bar major
axis 30° (Wegg et al., 2015), Solar distance from the disk plane zg = 0.02kpc (Joshi,
2007), and Solar velocity (VrRe, Voo = Ve, Vao) = (=11.1,12.24,7.25) km s~ (Schonrich et al.,
2010). We apply quality cuts on parallax p/o}, > 10 and restrict samples to those with
Galactic latitude b > 10° to minimize the reddening effect by interstellar extinction. As
the resonance lines are expected (and measured, see Friske & Schonrich 2019) to exert a

~2 corresponding

mild drift with vertical energy, we exclude stars having E, > 200 km?s
to a maximum vertical velocity of v, = 20km s and a maximum vertical excursion from

the Galactic plane of z ~ 0.3 kpc. The vertical potential is evaluated using the Milky Way

model of McMillan (2017b).

3.4.2 Colour-magnitude diagram

Figure 3.4 shows the colour-magnitude diagram of the selected samples with stellar
isochrones at (a) fixed age (4 Gyr, blue) and (b) fixed metallicity ([M/H] = 0, red)
superimposed. The isochrones are constructed using PARSEC version 1.2S (Bressan et al.,
2012). The Gaia passbands are taken from Weiler (2018). As discussed at the beginning of

this section, an increase in metallicity shifts the isochrones redwards, while age dependence
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(b) Isochrones with [M/H] = 0
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Fig. 3.4 Colour-magnitude diagram of the selected stellar samples in the Solar Neighbour-
hood. The upper panel overlays isochrones with different metallicities at fixed age 4 Gyr,
while the lower panel plots isochrones with different age at fixed metallicity [M/H] = 0.
The binary sequence is visibly detached above the [M/H] = 0.5 isochrone, where we apply
the upper metallicity cut. The two black horizontal lines show our upper/lower limit in
magnitude G.

only has an effect near the turn-off region, i.e. at the blue-bright end. To estimate the
metallicity of individual stars, we generate isochrones with fixed age (4 Gyr by default) for
metallicities [M/H] between —1.0 and 0.5 dex in 0.05 dex increments, and linearly interpo-
late them in magnitude G. When evaluating the mean metallicity, we cut samples near the
main-sequence turnoff point (G > 5). We also apply an upper limit in magnitude (G < 7)
since the selection function in distance becomes more skewed with increasing magnitude.
Finally, we discard samples with metallicity beyond [M/H] = 0.5 since they are most likely

to be binary or double stars mistaken for a bright single star.
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Fig. 3.5 Metallicity of open clusters measured by our method compared with literature
values (Netopil et al., 2016). Data points without vertical error bars are those lacking
uncertainty reports in the reference. Open clusters with more than 100 stellar samples are
shown in black while those with less than 100 but more than 10 sample stars are shown in
blue. The green line, linearly fitted to the data, quantifies the offset 0.091 + 0.017 dex of
our metallicity estimation due to contamination from binary/double stars.

3.4.3 Calibration of photometric metallicity

Due to the contamination by binary/double stars, the metallicity estimated from photom-
etry is generally biased towards high metallicity. To quantify this bias, and to validate
our method, we applied our technique to open clusters with metallicities known from
spectroscopic measurement. Fig. 3.5 compares our estimated metallicity [M/H] with the
literature values of [Fe/H] taken from Netopil et al. (2016). We select Gaia samples within
20mas from the cluster core and apply narrow cuts in proper motions around the peak
(Au ~ 1Tmasyr~!) to extract members of the clusters. The black data show metallicity
inferred from stellar cluster with more than 100 sample stars, while the blue data show
those with less than 100 but more than 10 samples. The metallicity estimated from
Gaia photometry agrees well with that from spectroscopic surveys over a wide range of
metallicity up to a constant offset? (0.091 + 0.017 dex) shown in green line (linear fit).
The result validates our method and demonstrates that we could compare our results
quantitatively with spectroscopic metallicity [Fe/H] by subtracting the constant offset.

We caution however that the literature values contain uncertainties beyond the shown

2Some of the bias may originate from variations in @ enhancement (Casagrande et al., 2011).
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Fig. 3.6 Density (left panel) and mean metallicity (right panel) of Solar neighbourhood
stars in local velocity plane. Superposed are the uniformly spaced contours of constant
Jr in blue and jg = Je/Jesep in black. The dotted black curve marks the location where
the resonance condition is exactly satisfied. The mean metallicity is calculated by fitting
stellar isochrones to samples in each velocity cell of width 4kms™'. The Hercules moving
group is relatively metal rich indicating an origin at small radii. As we go around the
blue contours of constant Jg (in particular the three innermost ellipses), the metallicity
rises as we cross the black curves towards small J, in agreement with expectation from
a decelerating bar model. Note that the colour palette is chosen so that metal-rich/poor
stars appear with similar colour as small/large birth R, in Fig. 3.3.

error bars as evidenced by the scatter between different catalogues: e.g. Messier 67 has a
metallicity of 0.03 + 0.05 dex according to Netopil et al. (2016) but Carrera et al. (2019)

reports 0.07 + 0.03 dex while Leaman (2012) reports —0.19 + 0.042 dex.

3.5 Results

3.5.1 Mean metallicity map in local velocity/action space

The left-hand panel of Fig. 3.6 shows the density of stars in the local velocity plane. As in
Fig. 3.3, we overlay contours of constant Jg (blue) and J; (black) at Q, = 35kms~" kpc™".
The stellar group concentrated around (vg, v,) ~ (30,190) kms™ is the ‘Hercules stream’.
Since the studies by Dehnen (1999b, 2000), the origin of the Hercules stream was suspected
to be the non-resonant x orbits circulating below the outer Lindblad resonance (OLR) of a
fast bar (€, 2 50km s kpc!) (e.g. Antoja et al., 2014; Fragkoudi et al., 2019). However
studies in the past few years have increasingly favoured a slow bar (Q, < 40km s7! kpc_l)
in agreement with dynamical models fitted to the kinematics of inner gas (Sormani et al.,

2015b) and red clump stars in the bar/bulge region (e.g. Portail et al., 2017; Clarke et al.,
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2019). In a slow bar model, the Hercules stream consists of orbits trapped in the corotation
resonance (CR) of the bar (e.g. Pérez-Villegas et al., 2017; Monari et al., 2019a; D’Onghia
& L. Aguerri, 2020; Binney, 2020b). This model has the problems that the deformation
in the velocity distribution predicted by a constantly rotating bar is not strong enough
and less asymmetric in vg compared to observations. However these problems are resolved
by a slowing bar where the CR contracts towards positive vg and brings stars at high
phase-space density from the inner disk (Chiba et al., 2021). There are also models linking
the Hercules with the 1:4 resonance of the bar (e.g. Hunt & Bovy, 2018; Asano et al., 2020)
or with transient spiral arms (e.g. Hunt et al., 2018), making the debate indecisive with
kinematics only. We will show however that the decelerating slow bar model is singled out
by the metallicity trend of Hercules stars. For an extensive kinematics comparison between
different bar models, see Trick et al. (2021).

Figure 3.6 right-hand panel colours the local velocity plane in mean metallicity. A
similar plot is given by Antoja et al. (2017) based on spectroscopic metallicity obtained
from the RAVE survey and the Geneva-Copenhagen survey. The overall distribution
displays the anticipated trends: the decline of metallicity towards larger v, (or respectively
Jo = voRo, where Ry is the Solar Galactocentric radius), reflecting the negative metallicity
gradient in Galactocentric radius, and the lower metallicities at larger Jg, resulting from
the age-metallicity and age-dispersion relationships. However, the most conspicuous feature
is the high metallicity clump directly at the position of the Hercules stream. This has
already been reported as early as Grenon (1972) from the Geneva photometry and Grenon
(1999) using the Hipparcos catalogues. Since Hercules is an in-plane stellar stream and
is not a dissolved cluster (Bovy & Hogg, 2010) nor an accreted population (Kushniruk
et al., 2020), the only natural explanation for its high metallicity is that it originates from
the inner Galaxy. This is expected in a decelerating slow bar model since stars trapped
in the CR have been dragged from small radii as the bar decelerates (Halle et al., 2018;
Chiba et al., 2021). In contrast, this observation is unexplainable with a fast bar model
where Hercules stars are identified as non-resonant orbits that cannot have been dragged
while the resonance swept. The metal-rich nature of Hercules is thus a strong indication

that it is composed of resonantly trapped orbits rather than non-trapped orbits. Antoja
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Fig. 3.7 Density (left panel) and mean metallicity (right panel) of local stars in action
space. The metal poor population appears at high J, (stars visiting the sun from the outer
disk) and at high Jg (old stars). The dotted black lines are the CR (left) and the OLR
(right) and the solid black lines mark the maximum excursion achieved by trapped orbits
librating along contours of constant J; (blue lines).

et al. (2017) proposed that, in the context of a non-decelerating fast bar model, the high
metallicity of Hercules may be explained by the non-resonant xs orbits which have a slightly
smaller mean radius than orbits trapped in the OLR. However, as we show in Appendix
3.C using a simple age-metallicity-dispersion relation, a fast bar model is incapable of
reproducing the observed high metallicity at the position of the Hercules as the difference
in birth radii between trapped and non-trapped orbits is too small (see Fig. 3.15). An
analogous argument applies to a non-decelerating slow bar model. Only the decelerating
slow bar model can bring the metal rich stars from far inside the disk sufficiently to achieve
a metallicity above 0.2dex as in the data.

Figure 3.7 shows the density and mean metallicity in local action space where the
general trend is best observed: the metallicity decreases towards large angular momentum
due to the increase in birth radius but also towards large radial action due to the increase
in age. There is clearly additional substructure, which can, however, be explained by
resonances. Particularly, the metal-rich Hercules stream on the left side of the plot is fitted
well with the corotation resonance where the black boundaries mark the the maximum
excursion of trapped orbits librating along constant J; = Jg (blue lines). At the predicted
location of OLR, there is a clear over density (left panel) comprised of metal poor stars
(right panel). The distance by which the stars at the OLR can be dragged is limited by

the observed radial action; conservation of Jr = Jg — J,/2 implies that the stars acquire a
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Fig. 3.8 Mean metallicity of local stars trapped at the bar’s corotation resonance as
a function of the resonant actions. Bar pattern speed set to Qp, = 35km s~ kpct.
Left panel: Metallicity map on resonant actions J; and Jg. The rectilinear grid cor-
responds to the contours of constant J; and Jg drawn in the local velocity plane
(Fig. 3.6). Metallicity is predicted to increase in the directions indicated by the multi-
coloured arrows. Right panel: Same plot after removing the metallicity trend in Jg
(d[M/H]/dJg = —0.00078 dex kpc™' km™' s) to highlight the metallicity trend in J.

fixed amount of radial action per angular momentum gained, and so the stars observed at
e.g. Jr = 100kpckms™! have been dragged in Jo by no more than AJ, = 200 kpc km s7!
and thus we do not expect high metallicity. In fact, the orientation of resonant dragging in
(Jr, Jy) space, which is determined by the resonant vector (Ng, N¢)3, casts strong limitation
on the origin of the Hercules: since any outer resonances with Ng > 0 will inevitably pump
stars up towards larger Jg while dragging them towards the outer disk, they cannot explain
the metal-rich Hercules stars which we observe even at low Jg. The only resonance that can
carry stars with high metallicity from the inner disk without increasing their eccentricity
is the corotation resonance (Ng = 0). Therefore the slow bar is the only model that can
explain the metal-rich nature of Hercules using resonantly trapped orbits.

We now map the metallicity onto the resonant actions of the CR to conduct the tree-ring
analysis. For this, we have to set parameters for the bar which determine the mapping
from (x,v) to (Jp, Jg) for each star within the region of the corotation resonance. The
resulting mean metallicity in the (Jz, Jg) plane is shown in Fig. 3.8. The uncertainty of J;
propagated from the uncertainties in the Gaia data is at the percentage level (Appendix

3.B), so it would not qualitatively affect the signal. The contours of constant Jr and Jg

3The direction of resonant dragging also depends on the sign of G = 32H0/8152 which is identical for
resonances at Ng > 0 (Chiba et al., 2021).



82 Tree-ring structure of Galactic bar resonance

now form a rectilinear grid. The x-axis ranges between 0 (the resonance centre) and 1
(the separatrix), meaning that only stars considered to be inside the resonance enter this
plot. The parabola-like boundary on the left represents the minimum Jg required for
trapped orbits to reach the Solar neighbourhood; since orbits with smaller J; are confined
closer to the Lagrange point, a larger minimum Jg is required to visit us. In the velocity
plane, this boundary corresponds to points where the contours of J; and Jg are tangential
to each other. The mean metallicity increases towards small J; (stars captured early at
the inner disk) and small Jg (young stars), as indicated by the multi-coloured arrows.
To further clarify the metallicity trend in J;, we show in the right panel the metallicity
after subtracting the gradient in Jg obtained by fitting Fig. 3.7 right panel with a plane
which yields d[M/H]/dJg = —0.00078 dex kpc™' km™s. We clearly see a monotonic increase
towards the resonance centre as predicted for a growing/sweeping resonance, thus implying
the slow-down of the bar.

To get a quantitative grip on the observed [M/H] feature, we project the 2D distribution
onto 1D statistics in Jy. Since the sample distribution over (Jy, Jgr) is non-uniform and
the [M/H] depends on Jg, a naive averaging over Jg would cause a fatal bias. Therefore,
we instead calculate the gradient of [M/H] with respect to Jy at each fixed Jg and then

average the gradient over Jg

AM/HD I, wi ((IM/HD; = (IM/H]);) nins
7 = A N 9 Wi = + ) (34)
dJe A3, R w np

where the superscript (+) denotes quantities associated with stars in the bins Jo € [Jp, Jr +
AJg) and Jp € [Jp — A, Jg). n: and ((M/H])* are the number of stars and the mean
metallicity in the ith Jg bin, respectively. The weights w; are necessary since each Jg
bin contains a different number of stars. Once the metallicity gradient with respect to
J; is obtained, we reconstruct the metallicity as a function solely of J; by integrating the
gradient starting from the separatrix. We accumulate the uncertainty of the reconstructed
metallicity while taking into account the correlated errors between the metallicity gradients
evaluated at adjacent points where they use the same J; bin in between. Here we set the
bin widths to AJ; = 0.05 and AJg = 10kpckms™! below which the results do not change

significantly.
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The result for this is shown in Fig. 3.9. The left panel shows the change of mean metal-
licity with J; for a range of bar amplitudes A at fixed pattern speed Qp, = 35km s~ kpet.
The signal only weakly depends on the bar strength, i.e. over the whole range of reasonable
bar amplitude, we see the same monotonic increase of metallicity towards the resonance
centre. As explicitly demonstrated in Appendix 3.C using pseudo-data generated from
test-particle simulations, this uptrend in metallicity is only expected when the bar is
slowing down (Fig. 3.16). From the total increase in metallicity inside the resonance, we
can quantify a lower limit for how much the bar has decelerated (this should turn into a full
estimate once Gaia can penetrate the core of the resonance). In doing so, we must bear in
mind that stars in the disk can be randomly scattered by fluctuations in the gravitational
field due to external perturbations (e.g. mergers or satellite interactions) and intrinsic
noises (e.g. transient spiral arms or giant molecular clouds), which will tend to weaken the
observed metallicity gradient. With this caveat, and given the metallicity gradient of the
Galactic disk —0.05 dex/kpc (Luck, 2018), the maximum increase in the mean metallicity
(~ 0.08 dex) implies that the corotation radius has moved at least ~ 1.6 kpc outward and
thus the pattern speed has declined in excess of ~ 24% since the formation of the bar.

The right-hand panel of Fig. 3.9 shows the metallicity trend inside the resonance for
various bar pattern speeds at fixed bar strength A = 0.02. In contrast to the variation
in bar amplitude, the pattern speed sensitively affects the metallicity structure. As we
decrease the pattern speed, the resonance in the velocity plane shifts towards large v, so
the metal rich Hercules stars are placed nearer to the lower separatrix of the resonance.
Consequently, the metal rich stars become more concentrated at large Jp and the metallicity
wrongly drops towards the inner region of the mis-placed resonance. Similarly, for larger
pattern speeds, the upper separatrix of the resonance approaches the metal rich zone and
hence the relative increase of metallicity from the separatrix becomes small. A monotonic
rise in metallicity towards the core of the resonance is only observed with pattern speed
Q, = 35kms™! kpc™! where the CR fits the Hercules stream. This result demonstrates
that the slow bar theory is consistent with and strongly favoured by predictions from a

decelerating bar.
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Fig. 3.9 Variation of mean metallicity with J, derived by integrating the metallicity
gradient in J,. Left panel: Dependence on bar amplitude A at fixed pattern speed
Q, = 35km s~ kpct. At all bar strength, the metallicity decreases monotonically from the
centre of the resonance, indicating sequential occupation of the resonance from the core by
stars from ever larger radii and thus at lower metallicities. This is the signature of outward
migration of the resonance and thus the slow-down of the bar. The coloured bands represent
the uncertainties propagated from the 1o~ uncertainties of the mean metallicity gradient
in Jy. Right panel: Dependence on bar pattern speed Q, (units given in kms™* kpe™!) at
fixed bar strength A = 0.02. A monotonic trend is only seen with Q, = 35kms™* kpc™!
where the location of bar corotation resonance matches the Hercules stream.

3.5.2 Estimation of bar pattern speed

In the last section we have established the detailed metallicity pattern. We now use its
strong Q,, dependence to measure the bar pattern speed at high precision: The positioning of
the resonant actions is only correct with the true pattern speed, and thus the reconstructed
metallicity profile will come out of order if we get Q, wrong. Since we do not expect the
metallicity to undulate against libration action, here we demand a monotonic increase
of metallicity towards lower libration action which we quantify by the likelihood of the
metallicity to increase at each point in j[ starting from the separatrix down to fg,min. We

consider the metallicity change at each point from the previous value
zi = ((M/H]); = (IM/H])i—1 (3.5)

as a random variable distributed normally with its mean p,, and uncertainty o, measured.

The cumulative distribution function

Filx) = (3.6)

N | =

1 +erf (ﬁ)

207,
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Fig. 3.10 Likelihood (equation 3.8) of increase in mean metallicity towards the centre of the
bar’s corotation resonance plotted over bar pattern speed Q, and bar strength A. From
the prior distribution in A (left panel) inferred from SBM15, we calculate the posterior
distribution in Q, (bottom panel) which shows a peak at around Q, = 35—36kms™! kpcL.

describes the probability of z; being smaller than x, so the likelihood of z; being larger

than zero is

Li(A Qppz;, 07,) =1 - F(0) = % [1 - erf( “Hzi ) . (3.7)

\/Eo-zl'

The total likelihood of the metallicity to increase towards the resonance centre is then

N
L(A’ Qplﬂz’ O-Z) = l_[ -Ei(A’ Qp|ﬂzi’ Oz, )’ (38)

where N = (1 - jg,min)/ AJp is the number of evaluation points in Jy. Since the number of
samples drops towards small libration action, the lower limit fg,min is fixed to 0.4 such that,
for all bar parameters, each bin in J; has more than 30 samples. We have confirmed that
the likelihood estimation of equation (3.8) is robust against the choice of AJ, smaller than
0.1.

Figure 3.10 shows the log-likelihood function of the monotonic increase. We observe an
inclined peak which means that the faster the rotation of the bar (and thus the lower the
location of the resonance in the velocity plane), the more strength (larger resonance size)

is required for the metallicity to increase towards the core of the resonance. To have an
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Fig. 3.11 Mean metallicity in local velocity space superposed by contours of constant Jg
(blue) and Jp = J¢/Jr.sep (black) for orbits trapped in the corotation resonance of the bar.
All three figures (a)-(c) assume bar parameters (marked on Fig. 3.10 in white) which yield

monotonic increase of metallicity towards small J; demanded from the slow-down of the
bar.
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intuitive understanding of why bar parameters along this inclination are favored in our
analysis, we show in Fig. 3.11 the configuration of the resonance in local velocity space for
three bar parameters along the peak shown as white circles (a)-(c) in Fig. 3.10. From top
to bottom, both €, and A increase, i.e. the resonance shifts down but also inflates. Under
such a change, the position of the upper separatrix of the CR is kept fixed just above the
metal rich zone. As a consequence, for all three figures, the metallicity along constant
Jr approximately peaks at points where J¢ is the smallest, i.e. points where contours of
Jr and J; are tangent to one another, hence resulting in an overall monotonic increase of
metallicity towards small J,. The results simply suggest that bar models with the upper
boundary of the CR placed just above the Hercules stream is favoured, in agreement with
prediction from kinematics.

From Fig. 3.10, we may constrain the bar pattern speed given the priors for the bar
amplitude. As in Chiba et al. (2021), we infer the priors from the study of SBM15. The
hydrodynamic simulation by SBM15 suggests that the observed longitude-velocity diagrams
of CO and Hj are well reproduced with bar strengths in the range Ag € [0.4,0.8] in their
notation which translates to A € [0.013,0.026] in our model if we fit our analytical bar
model to their bar potential beyond half of the corotation radius where the local kinematics
are affected by the bar. We assume a normal prior distribution in A with mean p4 = 0.0195,

standard deviation o4 = 0.0065, and a smooth cutoff given at ua + oa;

exp (—x2/2) _A-ua

P(A) < , =
) 1 (exp |xk| + 1) oA

(3.9)

where k is the cutoff rate set to k = 4 as default. P(A) is shown in the left panel of Fig. 3.10.
The posterior distribution in Q, is calculated by integrating P(A) and L(A, Q) over A;
Amax
P(Qp) = / dA P(A)L(A Qp). (3.10)
Figure 3.10 bottom panel shows P(€,) which takes mean (Q,) = 35.5km s kpc™!, median

Qp = 35.0kms ' kpc™!, and standard deviation oq, = 0.8km s kpe ™t

This is in good
agreement with Binney (2020b) who derived Q, =36 + 1 Gyr !t =35.2+1.0kms " kpc™?
by applying Jean’s theorem to trapped orbits visiting the Sun. Since both studies reached

the same conclusion using independent statistics, Qp, = 35 — 36 km s~ kpe! is reliably the
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optimal pattern speed for the Hercules stream to be composed of orbits trapped in the
bar’s corotation resonance.

The pattern speed estimated in this work is slightly lower than recent estimations from
stellar kinematics in the bar: both Sanders et al. (2019) and Bovy et al. (2019) estimated
Q, =41+ 3km s~ kpc™! using the continuity equation. With these intermediate pattern
speeds, the upper separatrix of the CR cuts or passes under the metal rich population
in the local velocity plane and thus an alternative explanation must be given to the
metal rich population outside the bar’s corotation resonance. Portail et al. (2017) derived
Q, =39+3.5km s~ kpc™! by fitting their dynamical models of the bar region to the density
and kinematics of red clump giants using the made-to-measure method, and their models
were further used by Clarke et al. (2019) to reproduce the integrated on-sky maps of the
longitudinal proper motion which was best achieved at Q, = 37.5km s~ kpct in close
agreement with our estimation. We conjecture that the small discrepancy is partly due to
the uncertainty in the bar strength but more dominantly caused by the difference in the

underlying axisymmetric potential.

3.5.3 Quantifying systematic uncertainties

In the following, we discuss the systematic errors of our estimation. Including faint stars
by extending the upper limit in Gaia magnitude from G = 7 to G = 8 has a negligible
effect, not changing the optimal bar pattern speed within the reported precision. Changing
the age of the isochrone (default 4 Gyr) has a marginal impact: with age 6 Gyr we obtain
Qp, =355+ 0.9km s~ kpc™t, while with age 2 Gyr we have Qp, =354 +0.7km s~ kpet.
Throughout our analysis, we have assumed the angle of bar major axis ¢}, to be 30° ahead
from the sun (Wegg et al., 2015). By varying the bar angle ¢}, we vary the distance
from the sun to the centre of the bar’s corotation resonance, i.e. the stable Lagrange
point. Therefore, varying the bar angle has an effect on local kinematics similar to varying
the bar amplitude. With bar angle of ¢, = 35°, the optimal pattern speeds rises to
Qp, = 358+ 0.9km s~ kpc™t. Conversely, decreasing the bar angle to ¢ = 25° lowers
the best pattern speed down to Q, = 35.2 + 0.9km s kpc™t. We have also analysed

the data using resonant actions evaluated in a slowing bar with slowing rate n = 0.0036
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as constrained by Chiba et al. (2021). This yields Q, = 35.5 + 1.1kms™ kpc'. The
mean is unaffected since the deceleration does not change the location of the resonance,
but the uncertainty increases since the resonance contracts reducing the effective sample
size. Variation in the axisymmetric potential from a flat circular speed to a slightly
inclined one v.(R) = (R/Ry) #ve(Ry) has the largest impact changing the pattern speed to
Q, =345+ 1.1kms kpc™ with #=0.1 and Q, = 36.8 + 0.8 kms™ kpc™" with g = —0.1.

Finally, uncertainties in Ry and v. cannot be treated separately as our measurement
to first order depends on the local angular frequency Qy = v./Ry which is constrained
by the proper motion of Sagittarius A*, psa+ = (=6.411 + 0.008) masyr~! = (30.391 +
0.038) kms~' kpc™! (Reid & Brunthaler, 2020) through the relation Vo0 = He,A*Ro = ve + Vo

and thus
Qo = pear — Vo/Ro = 28.90 £ 0.10 km s kpc™?, (3.11)

where we take Ry = 8.18 + 0.02kpc (Gravity Collaboration et al., 2019) and V, = 12.24 +
0.47kms™! (Schonrich et al., 2010). There is a systematic uncertainty from wobbles of
the black hole against the Galactic centre (Batcheldor et al., 2010) and wobbles of the
nuclear region against the large scale disk. These uncertainties amount to a few kms™!
peculiar motion of Sagittarius A* or vice versa a couple per cent in ug a+. In this thesis,
we have assumed Qg = ve/Ry = 235kms™1/8.2kpc = 28.66 kms ' kpc™!, so we may be
underestimating the pattern speed by a factor of 0.992 which shifts our fiducial estimation

up to Q, = 35.8 + 0.8 kms™ kpc'.

3.5.4 The relative pattern speed

Throughout the chapter we have referred to the Galactic bar as ‘slow’ in the sense that its
pattern speed is Q; < 40km s kpc™! as opposed to a ‘fast’ bar with Qp, 2 50 km s kpe L.
This slow/fast dichotomy based on the absolute pattern speed is not to be confused with
the slow/fast classification based on the dimensionless ratio R = Rcr/ap, where Rcg is
the corotation radius and ap is the apparent length of a bar in stellar density. When
1 < R < 1.4, the bar is classified as ‘fast’ (Athanassoula, 1992; Debattista & Sellwood,

2000; Athanassoula, 2014b). Most barred galaxies are found to possess a fast bar (Aguerri
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et al., 2015). Whether our Galactic bar is fast or slow in the latter sense depends on the
measurement of the bar length. Wegg et al. (2015) fitted the observed red clump stars in
the bar region with a parametrized density model and derived ay, = 5.0 £ 0.2kpc. Adopting
their upward revision of the bar length together with our estimation Rcr = 6.2 + 0.2 yields
R =1.3+0.1 and thus makes our ‘slow’ pattern speed bar model a typical ‘fast bar’ in this

classification.

3.6 Conclusions

We have shown that the resonances of a slowing bar develop like the rings on a growing
tree: the distance of trapped orbits to the core of the resonance is adiabatically invariant
(i.e. the libration action J;) and indicates the order of trapping. Since the volume of bar
resonance is shown to grow while it sweeps outwards through the disk, newly trapped stars
sequentially occupy the phase space near the expanding separatrix. Due to the Galaxy’s
negative radial metallicity gradient, this pattern is directly observable as a monotonic
increase of mean stellar metallicity from the surface towards the core of the resonance.
Using photometric metallicities and stellar kinematics from Gaia data, we have shown
that the Hercules stream in the Solar Neighbourhood carries this signature. The data
displays a highly significant and clean metallicity ordering within the Hercules stream,
which we can only explain by identifying Hercules with the bar’s corotation resonance.
The metallicity ordering is only preserved with the correct current bar pattern speed
Qp,. The mapping from phase space to the libration action depends critically on Q,, and
so the metallicity ordering in J, gets lost at even small changes of Q,. We showed that
this tightly constrains the current pattern speed to Q, = 35.5 + 0.8 km s~ kpc™t and thus
Rcr = 6.6 £ 0.2 kpc, providing another key evidence for the slow bar theory. We stress that
a fast bar which associates Hercules with the non-resonant orbits below the outer Lindblad
resonance is incompatible with the data since there are no viable mechanism that makes
non-trapped orbits significantly metal rich. We further stress that any outer resonances
with Ng > 0 cannot explain the metal-rich nature of Hercules since resonant dragging in

angular momentum will be accompanied by an increase in radial action while the high
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metallicity stars of Hercules is observed even at low Jg. The significant metallicity rise also
demands a long sweep in radius, which seems not feasible with a short-lived spiral pattern.

The overall increase in metallicity inside the resonance implies that the corotation
radius of the bar must have moved more than 1.6 kpc outwards which corresponds to
a decrease of pattern speed by at least 24% since its formation. A more quantitative
understanding on the evolutionary history of the Galactic bar can be gained in the future
by fitting the full resonance structure with detailed chemo-dynamical models. Owing to
the Sun’s position far from the stable Lagrange points, we currently see only the outer
region of the resonance. By performing the analysis at a spatial coordinate closer to the
Lagrange points, we could probe deeper into the inner region of the resonance, where we
may find traces of events that happened in the early epoch of bar formation (e.g. vertical
buckling), and also determine the size of the initial core of the resonance which stems
from the formation of the bar. This will be possible in the future with extended data
covering the full range of resonance and a proper chemo-dynamical model predicting the
age-dependent effects, e.g. the flattening of the radial metallicity gradient towards higher
ages by inside-out formation (e.g. Spagna et al., 2010; Schonrich & McMillan, 2017). We
identify further caveats pertaining to diffusion processes. We have not yet evaluated how
precisely the structure of a bar-driven resonance will be modified by diffusion processes in
phase space due to a variety of perturbations: spiral arms, giant molecular clouds, dwarf
galaxy impacts, etc. A naive expectation is that this weakens the metallicity gradient along
Je.

Adding to our previous arguments for a slowing Galactic bar purely based on kinematics,
this work provides further evidence using photometry. Hence, our works support the
existence of a standard dark-matter halo that has taken up angular momentum from the
slowing bar. Alternative theories of gravity are disfavored since they cannot explain the
missing angular momentum (Tiret & Combes, 2007; Ghafourian et al., 2020). Exotic
dark matter in the form of degenerate quantum condensates (e.g. Goodman, 2000; Hu
et al., 2000), recently favored by virtue of preventing the formation of density cusps, must
be tested for their degree of angular momentum exchange with the baryonic bar. Thus,

the discovery of the deceleration of the bar provides a new testbed through which any
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successful dark matter model must pass. The bar slow-down also paves the path to a new
class of constraints on the dark halo: The dynamical friction on the bar depends on both
the dark halo’s density and kinematics, and thus in combination with standard maps of
the gravitational potential, gives us access to measuring the dynamical properties of the

dark halo (e.g. net rotation, velocity anisotropy).



Appendix

3.A Capture probability

Here we report on the capture rate of our slowing bar. Figure 3.12 depicts the evolution
of the contracted resonance with time (from left to right). As the resonance advances in
Js, the area of resonance grows (section 3.3.2), so a fraction of stars above the resonance
(region I) that encounter the separatrix may either be captured into the resonance (region
IT) or transfer to the lower side (region III) depending on their incident phase. If we assume
that trapped orbits always remain trapped as the resonance moves and grows (i.e. if the
area enclosed by the dotted curve in Fig. 3.12 (b) is comprised of stars that occupied region
IT in Fig. 3.12 (a)), the capture probability Pr_1 averaged over the phase can be calculated
from the rate of change in the phase-space area of each region (Henrard, 1982; Collett

et al., 1997; Binney & Tremaine, 2008, problem 3.43):

dSm dStn
P = LSI P = %SI P+ P =1, (3.12)
Cdr Cdr

where Sy are the phase-space area of region I, II and III respectively which change

according to

dSI 1 dSII dJs res dSII dJ[ sep dSIII 1 dSII dJS res
- = —— -2 2 =2 . = —= 2 . 1
dr 2 dr A dr —a ds 2 dr en dr ’ (3.13)
and are conserved in total
dSt  dSu  dSm
Rt T ) .14
dr - dr - dr 0 (3.14)

The capture probability is determined by two factors: how fast the resonance sweeps

dJs res/dt and how fast it grows in volume dJgsp/dt. Figure 3.13 top panel shows the
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Fig. 3.12 Schematic drawing of the evolution of a resonance. The phase space is split into
three regime: the upper circulation regime (I), the libration regime (II), and the lower
circulation regime (IIT). As time Ar passes (from left panel to right panel), the resonance
moves up by AJsres and grows by ASir = 27AJz sep. The time variation of the phase-space
area of the respective regions determines the capture rate (equation 3.12).
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Fig. 3.13 Upper panel: The time evolution of the CR’s location Jg es and its volume Jp sep.
Lower panel: The angle-averaged capture probability calculated analytically (black) and
numerically (blue).
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time evolution of Jyyes and Jgsep at the CR of our slowing/elongating bar model. As
in the simulation shown in Fig. 3.3, the bar amplitude A is kept constant and the fast

action is J; = 10kpckms™.

Since the corotation radius Rcgr of our bar is modeled to
expand linearly with time, both Js,es and Jegep are linear as they scale according to
Jsres ~ VeRCR, Je,sep ~ \/W ~ VAV.RCR. Consequently, the capture probability, shown
in the bottom panel of Fig. 3.13 (black curve), is roughly constant around 0.2. We also
calculated the capture rate using test-particle simulation where we place 10* stars with
identical initial actions just above the resonance (Jy9 = {Jsress ¢ > 1) but with random
angles, and judge capture if Jg increase by a factor of more than 1.2 from the initial value
(see section 2.5.2 for detail). It is self-evident that our measurement is affected by the
higher-order resonances which pass the stars before the CR. These resonances have a small
phase-space volume, yet are still able to temporarily capture and sweep some stars, and also
alter the angle distribution of the stars interacting with the CR. We ascertained that the
capture probability to the CR indeed depends at the 20% level on the chosen initial position
parametrized by . Thus, we conduct the measurement with £ = 1.15,1.20,1.25,1.30 and
take the mean value. The numerical result (blue), which is plotted at the time when the
resonance passes Jy, is slightly lower than the analytical estimation (black) but confirms
the qualitative behaviour. The overestimation of our analytical approach is most likely due
to the assumption that all trapped stars remain trapped as the resonance moves/grows
which is invalid at the separatrix where the libration period diverges and thus allows orbits

to escape from the moving resonance despite the growth in volume.

3.B Uncertainty in libration action.

It is important to check that the uncertainty of the libration action Je=J; /Je,sep arising
from the uncertainties in the Gaia data is sufficiently smaller than the scale of J, at which
we are looking. To quantify the uncertainty in J;, we prescribe a Gaussian distribution for
Gaia parallax p, proper motions yy, up, and line-of-sight velocity vjos using the reported
errors, and estimate the uncertainty by Monte Carlo method with 1000 realization for each

star. Figure 3.14 upper panel plots the mean uncertainty of J; over the velocity space.
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Fig. 3.14 Upper panel: Mean uncertainty of J; measurement due to Gaia errors. The
uncertainty follows the gradient of J;. Lower panel: The distribution of uncertainty in J.
For the majority of stars, the uncertainty is of order 0.01 which is sufficiently smaller than
the range of J; over which we measure the metallicity trend.

Gaia’s observational errors enter velocity space almost linearly, so the uncertainty in J; is
largest where the gradient of J; in velocity space is steepest. Since the contours of J; are
calculated using the position of the Sun, some local stars relatively far from the Sun (at
most 0.3kpc) appear beyond the separatrix. Figure 3.14 lower panel shows the distribution
of the uncertainty for three regions of the resonance: the inner region (0 < Jr < 0.6, light
blue), the intermediate region (0.6 < J; < 0.8, blue), and near the separatrix (0.8 < J, < 1,
black). The uncertainty becomes larger towards the separatrix, although for the vast
majority of stars it is only a few per cent, so more than an order of magnitude smaller

than the range in J, across which we have shown the monotonic increase in metallicity.
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(c¢) Decelerating slow bar (7 = 0.004, Q, = 35kms™* kpe! = 1.22Q).

Fig. 3.15 The birth guiding radius (left column) and the estimated local metallicity (right
column) for three bar models. Top panels: a constant fast bar (Q, = 53km sTkpe™t =
1.85Q). Middle panels: a constant slow bar (Q, = 35km s kpe™! = 1.22Q)). Bottom
panels: a decelerating slow bar.
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3.C Model of local metallicity.

Modelling the local metallicity distribution is an involved task requiring a chemo-dynamical
model that deals with the age-dispersion relation, the variation of the radial metallicity
gradient with age, and radial mixing of stars, all of which are non-trivial and is thus beyond
the scope of this thesis. Here we just provide a rough guidance on how the different bar
models would translate into an observable metallicity distribution.

As evident from the data, both the age-metallicity and the age-velocity dispersion
relationships combine into a negative metallicity gradient towards larger radial action which
is superimposed onto the J, dependence resulting from the radial metallicity gradient.
We fit this metallicity-Jg relationship linearly to roughly cover this effect: d[M/H]/dJgr =
-0.00078 dexkpc ' km™'s. This relation is then applied to the original Jg of the test
particles together with the radial metallicity gradient —0.05 dex/kpc (Luck, 2018) applied
to the birth R, (i.e. original L;).

Fig. 3.15 displays the birth guiding radius (left column) and the corresponding metallicity
(right column) of three different bar models. The top panels show the previously favored
fast bar model with pattern speed Q, = 53kms™! kpc™' (Dehnen, 1999b). The OLR
is located above the Hercules stream and the non-resonant xs orbits below the OLR
constitute the Hercules. The contours of fg are broken at small Jg due to the failure of the
pendulum formalism at the Lindblad resonances where trapped stars are modeled to librate
down to negative Jgr, although this problem could be resolved by appropriate coordinate
transformation (Binney, 2020a). As demonstrated by Antoja et al. (2017), the left panel
shows that the non-trapped stars at the position of Hercules originate from smaller radii
than the OLR stars with similar v,. Note that Antoja et al. (2017) plotted the current mean
radius of the stars whereas our plot depicts the original guiding radius which is the relevant
quantity for assessing the metallicity gradient. As can be seen from our plots, the difference
in the original R, is too small such that, when the simple metallicity-age-dispersion relation
is applied, the metallicity at Hercules is only 0.05 dex larger than that at the LSR while

the data shows a difference of more than A[M/H] > 0.2dex (Fig. 3.6).
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Fig. 3.16 Prediction of mean metallicity [M/H] inside the resonance using mock data
generated from test-particle simulation. Increase in [M/H] towards small J; exclusively
happens in the slowing bar model, while there is no appreciable rise in the corresponding
model with a constant bar pattern speed.

The middle panels show the slow bar model with constant pattern speed. The Hercules
is now associated with orbits trapped in the CR which have a larger range of radial
oscillation compared to non-trapped orbits, resulting in a slightly higher metallicity than
the fast bar model. However, the predicted metallicity remains below the level of the data.
Note the stripes along the contours of libration action arising from the incomplete phase
mixing inside the resonance (even though we have run the simulation for 12 Gyr).

The bottom panels show the decelerating slow bar model which we have elaborated
on in the main text (section 3.3.3). The slow down of the bar brings trapped stars from
far inside the disk (~ 3kpc) that could potentially have metallicity as high as 0.2 dex in
agreement with data. The metallicity-J, relation of our models is shown in Fig. 3.16. The
slowing bar (black) exhibits a profound linear increase in metallicity towards the resonance
center up to the initial core (J; < 0.3) within which the metallicity is flat as expected. The
steady bar (blue) shows no significant rise in metallicity. The result thus corroborates
our argument that the observed uptrend in metallicity manifests the deceleration of the

bar. We stress though that this is a mere order of magnitude estimation and that many
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important galactic evolution processes have been ignored, in particular the change in the
radial metallicity gradient with time and position as a result of inside-out formation (e.g.
Spagna et al., 2010; Schonrich & McMillan, 2017). Naively, this inside-out signature should
flatten or even invert the J,-metallicity relationship for old stars (large Jg) and thus reduce
the metallicity contrast between the CR and the surrounding non-resonant stars at very
large Jg. A quantitative prediction must await a proper chemo-dynamical model that fully

considers these effects.



CHAPTER 4

Oscillating dynamical friction on
galactic bars by trapped dark
matter

4.1 Abstract

In this chapter, we develop a method to predict dynamical friction on galactic bars by
resonantly trapped dark matter. Traditional approximations to dynamical friction are
formulated using the linearized collisionless Boltzmann equation and have been shown to
be valid in the fast limit, i.e. for rapidly slowing bars. However, the linear assumption
breaks down within a few dynamical periods for typical slowly evolving bars, which trap a
significant amount of disk stars and dark matter in resonances. Recent observations of
the Galactic bar imply this slow regime at the main bar resonances. We formulate the
time-dependent dynamical friction in the slow limit and explore its mechanism in the
general slow regime with test-particle simulations. Here, angular momentum exchange is
dominated by resonantly trapped orbits which slowly librate around the resonances. In
typical equilibrium haloes, the initial phase-space density within the trapped zone is higher
at lower angular momentum. Since the libration frequency falls towards the separatrix, this
density contrast winds up into a phase-space spiral, resulting in a dynamical friction that
oscillates with ~Gyr periods and damps over secular timescales. We quantify the long-term
behaviour of this torque with secular perturbation theory, and predict two observable

consequences: i) The phase-space spirals may be detectable in the stellar disk where the
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number of windings encodes the age of the bar. ii) The torque causes weak oscillations
in the bar’s pattern speed, overlaid on the overall slowdown — while not discussed, this

feature is visible in previous simulations.

4.2 Introduction

In the previous two Chapters, we have provided quantitative evidence for the bar’s slowdown
consistent with the standard ACDM model. We now set out to constrain the phase space
distribution of the dark matter from the measured slowing rate of the bar. This, however,
requires quantitative understanding of the angular momentum exchange between the bar
and all the other mass components (i.e. dark matter, stars, gas) which is beyond the reach
of this thesis. Here, we only study the dynamical friction by the dark matter halo, which
is the dominant driver for the bar’s deceleration.

While a wide range of numerical simulations have addressed the angular momentum
transfer from bars to haloes (e.g. Hernquist & Weinberg, 1992; Debattista & Sellwood, 2000;
Athanassoula, 2003), the theoretical understanding is still incomplete. Tremaine & Weinberg
(1984, hereafter TW84) derived a formula of dynamical friction in an inhomogeneous
spherical system using linear perturbation theory. Their formula generalises the earlier
torque formula by Lynden-Bell & Kalnajs (1972, hereafter LBK72), which describes the
angular momentum transport in two-dimensional disk galaxies. Unlike the dynamical
friction in a homogeneous system (Chandrasekhar, 1943), the LBK formula shows that in an
inhomogeneous system, where orbits are quasi-periodic, the dominant angular momentum
transfer arises from discrete resonances. TW84 also investigated the non-linear motion of
orbits near resonances and showed that the LBK formula is only valid in what they call
the fast limit. Here, ‘fast’ means that the resonances sweep across the phase space of the
halo rapidly enough to preclude the growth of non-linear responses, in particular resonant
trapping. This allows the system to remain in the linear regime. Weinberg (1985) showed
that the LBK torque formula predicts a strong friction on the bar, extracting most of its
angular momentum in a few rotation periods. This problem was revisited by Weinberg

(2004, hereafter W04), where he pointed out that the assumption of the perturbation being
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turned on adiabatically in the distant past (the time-asymptotic limit) is problematic since
the evolution timescale of the bar is only several times the characteristic dynamical period.
Relaxing this assumption enabled W04 to model the transient effect and reduce the overall
torque. Yet, the linear treatment by W04 remains restricted to the fast regime and cannot
be applied to the slow regime where resonant trapping comes into play.

This slow regime (resonant trapping by the Galactic bar) is, however, implied by the
stellar kinematics of the Solar neighbourhood observed by the Gaia satellite (e.g. Katz
et al., 2019; Hunt et al., 2019; Monari et al., 2019a; Binney, 2020b; Trick et al., 2021).
The resonantly trapped stars manifest as stellar streams which occupy a sizeable fraction
of the local phase-space volume. Modelling particularly the Hercules stream, we inferred
that the bar is decelerating at a moderate rate, keeping a good portion of local stars
trapped (Chapter 2, Chiba et al., 2021). Furthermore, signatures of trapping is found in
the metallicity distribution of local stars: the corotation resonance of the slow/long bar
exhibits a monotonic increase in metallicity towards the core of the resonance, indicating a
tree-ring like growth as predicted by a naturally slowing bar that sequentially captured
stars from small Galactocentric radii (Chapter 3, Chiba & Schénrich, 2021).

Resonant trapping by the bar are also commonly seen in self-consistent N-body sim-
ulations: spectral analysis of orbits in barred galaxies shows significant clustering near
resonances (e.g. Ceverino & Klypin, 2007). Simulations by Halle et al. (2018) show that
these trapped stars adhere to the resonance as the bar slows down. Some works have also
discussed direct trapping of dark matter into a ‘shadow bar’ (Athanassoula, 2007; Petersen
et al., 2016; Collier & Madigan, 2021).

Thus, both observations and simulations indicate that the main resonances of typical
bars evolve in the slow regime. Generally, bar evolution involves both fast and slow regimes
depending on the evolutionary phase, the type of resonance, and the position along each
resonance, since fast or slow is decided by the measure of the bar’s slowing rate against the
local libration frequency. While the dynamical friction in the fast limit has been modelled
successfully by linear theory (W04), the slow regime has been little explored. The sole
exception is TW84 who formulated the net change in angular momentum of orbits swept

past by a resonance by analytically integrating the torque from ¢t = —oo to co. Their formula,
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however, does not describe the dynamical friction due to the transient response against
the passage of the resonance (e.g. phase mixing). Similarly to the point raised by W04 in
the fast limit, we show that the transient effects are significant and even more so in the
slow regime due to the long mixing time of trapped orbits. Therefore, beyond the work of
TW84, modelling bar evolution requires a time-dependent theory of dynamical friction in
the slow regime. This thesis takes the first step towards this problem by working in the slow
limit of bar evolution (i.e. no slowdown). Taking the slow limit enables us to analytically
model dynamical friction by both trapped and untrapped orbits in a fully time-dependent
manner while setting aside the more complicated process of resonant capture and escape
(e.g. Henrard, 1982; Sridhar & Touma, 1996). We will, however, show numerically that the
qualitative mechanism of dynamical friction identified in the slow limit applies generally to
the slow regime.

The dynamics of resonant trapping is best viewed in the slow angle-action plane which
exhibits a phase flow akin to that of a simple pendulum: trapped orbits librate around
the resonance centre (and their slow angle oscillates around the resonance midpoint),
while untrapped orbits circulate above and below the separatrix (i.e. their slow angle
moves freely across the whole 27 range). Before bar formation, the phase-space density
typically declines towards large slow action (i.e. the z-angular momentum). When the
bar forms, the trapped region grows and captures orbits from both above and below the
resonance, reconnecting phase space across regions of different densities. The newly trapped
orbits are thus inevitably non-uniform in the libration angle. As these trapped orbits
librate around the resonance along contours of constant libration actions, their innate
angle imbalance results in a periodic dynamical friction on the bar. However, due to
the monotonic decrease of libration frequency towards the separatrix, the density inside
the trapped zone gradually winds up into a phase-space spiral, and the net torque from
trapped orbits slowly attenuates. The phase mixing timescale is set by the libration period
(typically > 1 Gyr), which prevents complete mixing in a Hubble time. This leads us to
predict that bars are subject to pattern speed oscillations on the timescale of the libration,
which is an order of magnitude longer than the short-period fluctuations due to bar-spiral

interactions (Wu et al., 2016; Hilmi et al., 2020).
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In this thesis, we study this behaviour both analytically and in test particle simulations.
The analytical approach uses the resonant angle-action coordinates for each resonance
obtained by the method of averaging (e.g. Lichtenberg & Lieberman, 1992). These local
coordinates allow us to model the resonant dynamics trivially. We also discuss the accuracy
of the averaging method when chaos emerges due to the overlap of multiple resonances.

This chapter is organized as follows. In section 4.3, we specify our model of the halo and
the bar. Section 4.4 reviews the torque formula in the fast limit and discusses its problems
when applied to systems in the slow regime. In section 4.5, we lay out the standard method
to treat the non-linear dynamics near resonance and formulate the dynamical friction
in the slow limit which we verify against test-particle simulations. We will discuss the

consequences of an evolving bar in section 4.6 and sum up in section 4.7.

4.3 Model

4.3.1 Model of dark halo

We model the dark halo with an isotropic Hernquist (1990) model:

M Is GM
=5 Dy(r) = -
po(r) = o ot ) o(r)

(4.1)

rs+r’
where G is the gravitational constant, M is the total halo mass, and rg the halo scale radius.
By default, we set M = 1.5 x 1012 Mg and ry = 20kpc. The corresponding distribution

function and setup of the test-particle simulations are described in Appendix 4.A.

4.3.2 Model of Galactic bar

We use the same quadrupole bar model as in Chapters 2 and 3, but extend it to three

dimension. As a reasonable model, we adopt the real part of the spherical harmonics Yoo
(1, 9, ¢, 1) = Op(r) sin? 9 cos 2 (¢ — Qpt), (4.2)

where (r,, ¢) are the usual spherical coordinates. The radial dependence of the bar
potential is given by equation (2.7). By default, we set Q, = 35km skpe! ~35.8Gyr!

(Binney, 2020b; Chiba & Schonrich, 2021; Clarke & Gerhard, 2021).
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4.3.3 Angle-action variables in spherical potential

The description of orbits in an integrable system is greatly simplified with the use of angle-
action variables (6, J) (e.g. Binney & Tremaine, 2008). By construction, the Hamiltonian
Hy(J) does not depend on the angles, so the equations of motion are trivial in these
coordinates:

i _OHo _ y - 9Ho _
J=-Zg=0 b="7=00) (4.3)

i.e., the actions are conserved and the conjugate angles increase linearly with time at
constant rate Q(J).

In a spherically symmetric potential, a convenient set of actions are J = (J,, L, L;)
where J, is the radial action, L is the magnitude of the angular momentum vector L, and
L, is the z-component of L. The ratio between L and L, defines the orbital inclination
B =cos™t(L;/L). The conjugate angle variables 8 = (6,, 6y, 6,) describe, respectively, the
radial phase, the azimuthal phase in the orbital plane, and the (fixed) longitude of the

ascending node, i.e. the intersection of the orbital plane and the galactic equatorial plane.

4.4 Torque in the fast limit

To compare our approach (section 4.5) with the conventional approximations, we here
briefly review the torque formula in the fast limit developed by TW84 and W04. Following
W04, we solve for the second-order torque using the linear solution to the collisionless
Boltzmann equation. We will demonstrate the breakdown of the formula in the slow
regime and discuss the cause of the problem. Throughout the thesis, we ignore the halo’s
self-gravitational perturbation.

We assume that the halo is in a steady state prior to bar formation. The unperturbed
distribution is then a function of the actions alone fy(J) (Jeans’ theorem). When the bar
forms, the perturbing potential changes the halo’s distribution by f1(6, J,t). We can then

write the Hamiltonian A and the distribution function f as

H(0,J,1) = Hy(J) + ©1(6,J.1),  f(6,J.1) = fo(J) + f1(6, ], 1), (4.4)
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where ®; consists of the bar potential (4.2) and the self-gravitational perturbation induced
by the response of the halo fi, although here we ignore the latter. The angle variables are,

by construction, 2z periodic, so one can expand the perturbations into a Fourier series:
®1(6.0.1)= Y Bul]. 0™, [i(6.T.0)= Y fuld.0)e™?, (4.5)
n n

where n = (n,,ny,n,) is a vector of integers. ®,(J, 1) is given in Appendix 4.B. The torque
exerted on a single orbit is then

AL, __oH _
46,

—i Y ny®a(J, 1)e™?, (4.6)
n
and the total torque integrated over the full distribution is

<%> = / d3Ja%e 1, J, z)%

dr
= / AJa%e | /) + D AU, t)e"n'ﬁ" [—i D el 0™ (4T
The first term vanishes upon integration over 6 and the second term is non-zero only when
n’ = —-n, so
<sz> =i(2n0)° ) ny / d*J fald, DT, 1), (4.8)
dr —

where we used ®_, = Cf)fl as required by Im[®;] = 0. We see from the above equation
that the torque is second order in the perturbation. To proceed, we need to develop the
response f;(J ,1) as a function of the potential perturbation ®,(J, 7). This is described by
the collisionless Boltzmann equation (CBE):

df _of  of 0H _of OH _
ar ~ar T96 a7 g o8 Y (4.9)

Using the Fourier decomposition (4.5), we have, for each n,

Ofa . o0 .. Ofis . , .
W+ln Qf, —in ﬁ®n+;z(n n’) 57 Jo—w —in

Ad,y - ;O faw =
Oy | =0. 4.1
o7 0 (4.10)

The standard prescription to solve this for f; is to ignore the non-linear terms inside the
square bracket assuming that both |fi/fo| and |®1/Hy| are sufficiently small. This yields

the linearized CBE, which has the following solution for an external perturbation imposed
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after t = 0:

t
A =in- 20 [ qpemae-ng (g ) (4.11)
aJ Jo

Substituting equation (4.11) to (4.8) yields the general torque formula

dL;\ o.0)3 FE a fo td/—in-ﬂ(t—t/)(i) | ¢ 419
o)== 2ne [ Ean- G e WL )| DpD. (412)

For a perturbation with constant amplitude and pattern speed Q,, the time dependence

separates as ®y(J, 1) = Op(J)e 2! and we have (W04)

dL;\ _ 3 370 0004 psin [(n- 2 -n, Q)]
<dl >—_(27T) anntp/d Jnﬁm)n(-])l n-Q-n,Q, ) (4.13)

which, in the time-asymptotic limit + — oo, reduces to the LBK formula (TW84; LBK72)

dL, Afy «
<§> =—(27)3 ; n, / d3Jn - a—?@nu)ﬁna (n-Q-n,Qp). (4.14)

W04 (and more recently Banik & van den Bosch, 2021) emphasized the problem of taking
the time-asymptotic limit as the evolution time for galaxies is not well separated from the
relevant dynamical time.

It is obvious from equations (4.13) and (4.14) that the torque is dominated by contri-
butions from phase space near resonances, i.e. n - —n,Q, ~ 0. However, the vicinity of
resonances is precisely where the linearized CBE becomes invalid: if resonances do not
move, the linear response (4.11) grows indefinitely at resonances (Appendix 4.C), and this
will soon violate the assumption that the non-linear terms of the CBE (4.10) are negligible,
which is the basis of this formalism. A correct physical description must respect that the
orbits near resonances become trapped, a non-linear secular behaviour that cannot be
described by linear theory.

To illustrate the problem, we show in Fig. 4.1 the torque exerted on the halo by a
constantly rotating bar. We compare the torque measured from a test particle simulation
(black) with linear theory (equation 4.13, blue) and the LBK formula (equation 4.14,
dashed green). For the two approximations, we restrict the summation to indices with
n, € [-10,10], n, € =2,0,2, and n, = 2. Since both the halo density and the perturbing
potential decrease towards large radii, the contributions are largely limited to the main

resonances with small r, the strongest being the corotation resonance n = (0, 2,2). The top
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Fig. 4.1 Total torque on the halo (divided by the total halo mass) perturbed by a bar with
constant pattern speed and amplitude switched on at 7 = 0. Linear theory (blue, equation
4.13) agrees with the torque of the test-particle simulation (black) for a few dynamical
period (top panel) but fails to predict the long-term evolution (bottom panel). The LBK
formula (green, equation 4.14) gives the time-asymptotic value of linear theory.

panel shows the evolution for the first 1 Gyr which we see a fair agreement between the
simulation (black) and the time-dependent linear theory (blue) up to ~ 500 Myr. However,
the linear theory qualitatively fails to predict the subsequent long-term evolution shown
in the bottom panel: while the torque of linear theory rapidly converges to a non-zero
constant value predicted by the LBK formula, the numerical torque fluctuates over a much

longer timescale, gradually settling down to zero!

. This relaxation is driven by phase
mixing (a collisionless relaxation), as we describe in the next section.
In this experiment, we have kept the bar’s pattern speed constant. If the bar decelerates

sufficiently fast that the resonances pass over the orbits before they can respond non-linearly,

resonant trapping will not occur and linear theory will properly predict the torque for an

LWe note that this limit depends on the time-dependence of the perturbation. Here the approach to a
steady state (zero torque) is the result of the assumed constant bar pattern speed and amplitude.
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Slow limit s — 0 Arbitrary s Fast limit s > 1
Time dependent This work (4.39) ~<—— General —— W04 (4.12)
Time-asymptotic (%) -0 ~—— TW84 — LBKT72 (4.14)
limit

Fig. 4.2 Domain of applicability. The numbers in brackets numerate the equations within
our thesis. TW84 formulated the torque for arbitrary s in the time-asymptotic limit, and
demonstrated the recovery of the LBK72 formula (4.14) in the fast limit (s > 1). The
time-dependent formula (4.12) derived by W04 is valid in the fast limit and reduces to
LBK in the time-asymptotic limit. We formulate the time-dependent torque in the slow
limit (s — 0) which, in the time-asymptotic limit, predicts zero torque in agreement with
TWg4.

extended period of time as demonstrated in W04. For this reason, the linear formalism
is said to be valid in the fast limit (TW84). The validity is characterized by the speed

parameter?(TW84):

, (4.15)

where Qp measures the long-term evolution of the pattern speed (i.e. not the short-term
fluctuations as discussed in Wu et al., 2016) and wy is the libration frequency of trapped
orbits at the core of the resonance (equation 4.23). In the fast limit s > 1, orbits cannot
stay trapped in resonance because the resonant potential no longer features a local minimum
(TW84, Chiba et al., 2021, see also Appendix 4.E).

If the perturbation vanishes before any non-linear effect develops, the formulae will
be valid regardless of s. This could be the case for e.g. transient spiral arms. Hence,
the traditional torque formulas (4.12)-(4.14) are appropriate to study the evolution of
perturbations that either decelerate rapidly or decay rapidly. Since neither applies to
long-lived galactic bars, we must fully model the non-linear response of the halo, i.e.

trapping at resonances.

2In the limit of epicycle approximation, the speed parameter reduces to s ~ n/A where n = —Qp /Qf, is
the bar’s dimensionless slowing rate and A the dimensionless bar strength (Chiba et al., 2021, equation 27).
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4.5 Torque in the slow limit

4.5.1 Approach by Tremaine & Weinberg (1984)

The torque in the slow regime has been discussed in TW84, who derived a general formula
of dynamical friction valid for arbitrary speed parameter s by Taylor expansion around
each sweeping resonance (equation 86 in TW84). By retaining the first two terms of the
Taylor series, they demonstrate that the LBK72 formula (4.14) is recovered in the fast limit
(s > 1). In the slow non-linear regime (s < 1), by retaining the leading order term, TW84
approximates the total dynamical friction by the torque on resonant orbits averaged over
their initial phase and integrated from t = —co to t = co. The resulting equation® describes
the net change in angular momentum of orbits that have jumped over a moving resonance.
This slow formula, however, does not describe the temporal fluctuations in the torque
caused by the transient responses to the passage of a resonance. As we show in section 4.6,
the sweeping resonance leaves behind a striated perturbation in phase space that requires
several orbital periods to phase mix and reach a steady state. The slow formula of TW84
is thus equivalent in essence to the prediction in the time-asymptotic limit, i.e. the net
torque after any phase imbalance is smoothed away by phase mixing. In the slow limit
(s = 0 and thus Q, — 0), the TW84 formula predicts zero torque (since their torque
depends linearly on Qp) which is consistent with the limiting behaviour of the damped
oscillation shown in Fig. 4.1. We summarize the relations among the existing theories in
Fig. 4.2. The formulae are classified based on slow vs. fast limit and time-dependent vs.
time-asymptotic limit. In this map, our equation (4.39) derived in the following fills the
top-left corner: a time-dependent formula valid in the slow limit (s — 0). By our notation
s — 0, we imply the strict limit, where the bar rotates constantly, and not a bar slowing in
the limit of small s. The time-dependent dynamical friction in the general slow regime

(0 < s < 1) will be discussed numerically in section 4.6.

3A summarized formula is given in equation (39) of Weinberg (1985).
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4.5.2 Angle-action variables near resonances

The alternative to Taylor expansion or to solving the non-linear terms in the CBE (4.10)
is simply to change the coordinates. The majority of orbits near each resonance N =
(Ny, Ny, N,) behave quasi-periodically regardless of trapping and thus there exists a new set
of angle-action coordinates for them (e.g. TW84; Kaasalainen, 1994; Sridhar & Touma, 1996;
Binney, 2016, 2018; Monari et al., 2017b). In these resonant angle-action coordinates, the
time evolution of the distribution function can be solved trivially using the non-linearized
CBE (section 4.5.3). In this section, we first lay out the known coordinate transformations,
and from there develop our equations for the torque on both trapped and untrapped orbits.

We start with a canonical transformation to the so-called slow-fast angle-action variables
(0',J) = (61, 01y, 0s, J1y, Iy, Js) (e.g. TW84):

0s, = 6, Os, = Oy 0= N -0 — NyQyt, (4.16)

N, N, L
Jo = dy =5 Le Jy =L N—‘”LZ, =5 (4.17)
® ® ®

using the generating function
W(O,J',1) = 0,Jr, + 0y Js, + (N - 0 = NyQpt) Js. (4.18)
The Hamiltonian (4.4) transforms to
H(8',J') = Ho(J') = NoQpJs + ) Bi(J) €7, (4.19)
k

where we have expanded the perturbation H; into a Fourier series (Appendix 4.B) with
indices k = (kg,, kf,, ks). The purpose of transforming to the slow-fast variables is to
separate the motion into slow and fast components: near the resonance, the slow angle
s evolves much slower than the fast angles 6¢ = (6f,, 6¢,). This allows one to average the
Hamiltonian over @ while holding 65 fixed which removes all perturbation terms in (4.19)
with k¢ = (kg,, kg,) # 0. Since only terms with ks = +1 are non-zero for resonances with

N, =2 (Appendix 4.B), we may write

H(0s,J') = Ho(J') = NpQpJs + ¥(J') cos (65 — O res) » (4.20)
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where ¥ = 2|‘f’(0’0,1)|. In this averaged system, the two fast actions Jr = (Jg, Ji,) are
conserved, i.e. Jy = —g—g‘: = 0. Thus this Hamiltonian is integrable: it has three isolating
integrals, the two fast actions and the Hamiltonian itself, meaning that angle-action
coordinates for H exist.

A convenient analytical transformation to the angle-action coordinates of H is available

if we Taylor expand H around the resonance J; e up to second order and ignore terms

smaller than |¥/Hp|:

H(HSa J/) = %G (Jf’ ]s,res) (Js - Js,res)2 +¥ (Jf’ Js,res) COos (Gs - es,res) P (421)
where
9*Hy 09
N — = —. 4.22
G aJ2 0 (4.22)

The first order derivative of Hy(J')— N, Js vanishes at the resonance and we have dropped
the constant terms. The approximated Hamiltonian takes the form of a classical pendulum
Hamiltonian apart from a different sign. In galactic dynamics, G (equation 4.22) is in
many cases negative (TW84, Figure 5), so in what follows we will assume G < 0 although
cases with G > 0 can be treated similarly by adjusting 6 res as appropriate. For subsequent

use, we define

¥ 1 H
wi=-GY¥Y, Ji= -5 =43 (1 - —). (4.23)

Depending on the value of H, parametrized by the dimensionless energy of the pendulum
g, there are two types of qualitatively different motions as depicted in Fig. 4.3: orbits
librate when 0 < & < 1 (trapped) and circulate above or below the resonance when ¢ > 1
(untrapped). & = 1 defines the separatrix.

In the following, we summarize the canonical transformation from the slow angle-action
variables (65, Js) to the angle-action coordinates of libration/circulation (Brizard, 2013),

and formulate the secular torque on trapped/untrapped orbits.
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Fig. 4.3 Phase flow for the approximate H (4.21). Level curves of H parametrized by & are
plotted. For 0 < & < 1, the motion of orbits in 65 is bounded (libration) whereas for & > 1,
0s is unbounded (circulation).

Trapped orbits (0 < e < 1)

The angle-action coordinates of libration are

T
= = 4.24
O = 00 + Qet, Qp 5K(e) wo, (4.24)
Je= 5 }{ do.J, = = [E(s) (1 e )K(.s)], (4.25)

where K(g) and E(g) are the complete elliptic integral of the first and second kinds

(Appendix 4.D). wp and Jy are defined in equation (4.23). The inverse transformation is

esn ( 2K(e) O

T
K(e)
n

8)] , (4.26)
s), (4.27)

Os — O res = 2arcsin

2
Js = Jsres = 2Jpecn ( Oy

where sn, cn and dn are the Jacobi elliptic functions (Appendix 4.D). The torque exerted
on trapped orbits is then

dL dJ,
5= N¢Qfd—9z = 2N¢8‘I’sn(

2K (e)

O¢

8) dn ( 2K(#) 0,
by

which becomes harmonic near the centre of the resonance:

s) , (4.28)

dL,
dr

~ 2Ny e¥sinf, for e<1. (4.29)
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Non-trapped orbits (¢ > 1)

The angle-action coordinates of circulation are

e

6. =0 + ch, QC = mwo, (430)
1 4J,

Jo= = b dbds = Jores + L2 E(e™D), (4.31)
2 b4

where the + signs correspond to the upper and lower circulating regimes, respectively. Note
that the subscript ‘¢’ denotes ‘circulating’ (untrapped) orbits and not ‘circular’ orbits. The
inverse transformation is

K(s™)

Os — O res = £2 arcsin [sn ( 0.

s‘l)] : (4.32)

K(s™)

Js — Jsres = £2Jpedn ( 0.

e—l) . (4.33)

In the limit € — oo, the slow action is conserved and the slow angle 6; asymptotically

approaches the angle of circulation .. The torque exerted on untrapped orbits is

3_1) cn (—K(S_l)ec

T

dL, K(s™)

= £2N,¥sn ( 0.

g—l) : (4.34)

Far from the resonance, the torque again becomes harmonic:

dL,
dr

~ +N,¥sinf, for &> 1. (4.35)

The behaviour of the torque is plotted in Fig. 4.4. As seen in (4.29) and (4.35), the
torque fluctuates sinusoidally near the core (¢ < 1) of the resonance, as well as far from
it (¢ > 1). The torque on trapped orbits diminishes towards & = 0 where it vanishes.
Near the separatrix (e ~ 1), the torque forms a dip at 8, = n/2, 37 /2 since orbits stagnate
near the unstable singular points (65 — s res, Js — Jsres) = (271, 0), which, for the corotation
resonance, correspond to the unstable Lagrange points Lj 2 on the bar’s major axis. As
the orbit approaches the separatrix, the dip deepens and eventually the torque becomes
zero over the entire phase except at 6, = 0 and n. This situation is analogous to a real
pendulum in transition from oscillation to circulation that spends most of its time/phase

stagnating at the top of the pivot with hardly any change in momentum.
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Fig. 4.4 Torque applied to trapped (¢ < 1) and untrapped (¢ > 1) orbits as a function of
the libration/circulation angle 6;,.. The behaviour deviates from a sinusoidal wave near
the separatrix € = 1.

4.5.3 Evolution of the distribution function

The averaged Hamiltonian H (4.21) now only depends on the new actions J” = (Jg,, Jt,, J¢/c)
that are conjugate to the new angles 8" = (6y,, ,, 07/c) where the subscript ‘¢/c’ indicates
libration or circulation depending on &. The collisionless Boltzmann equation (4.9) for the

averaged system is then

of of 0H
— 4+ — = h Q7' J") = . 4.36
o0 T ggs =0 where Q7(J7)= o (4.36)
This equation has the trivial solution
f(ol/’ J//’ t) — f(o// _ ﬂl!t’ J", O). (4‘37)

One can thus readily obtain the phase space density at any time ¢t = 7 from the original
distribution at + = 0 by simply winding the angles backward by Q7. Since the initial
unperturbed distribution of the halo (4.41) is uniform in the fast angle (6f,, 6t,) but not in
the libration/circulation angle 6., the system is out of equilibrium after the emergence of
the bar and starts phase mixing in 6.

Figure 4.5 shows the evolution of the phase-space density near the corotation resonance
(CR) at (Jt,, Js,) = (10,0) kpc? Gyr~! plotted every 1 Gyr from top to bottom. The bar is

instantaneously switched on at r = 0. The left-hand column shows the distribution of the



4.5 Torque in the slow limit 117

300 300 ‘
t =0 Gyr
200 200
100 100
0 0
-100 -100
-200 -200
300 300
200 200
100 100
0 0
-100 -100
-200 -200
300 300
200 200
100 ¢ 100
— 0 — 0
i i
I!— Il—
> -100 >, -100
O] C)
N, -200 > Sy -200 -
o - o -
X - X -
[— wn et )
w300 <) w300 @
o = o =
=" 200 =" 200
1 1
— 100 — 100
0 0
-100 -100
-200 -200
300 300
200 200
100 F 100
0 0
-100 -100
-200 -200
300 300
200 200
100 100
0 0
-100 -100
-200 -200
-300 -300
-1 05 0 05 1 -1 05 0 05 1
(es - es,res) / T (es - es,res) / T

Fig. 4.5 Time evolution of the phase-space density f(6s, Js) near the corotation resonance
N =(0,2,2) at (Jg,, Jz,) = (10,0) kpc? Gyr~! plotted every 1 Gyr. Left column: test particle
simulation. Right column: analytical (equation 4.37). Black curves mark the separatrix.
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test-particle simulation which is well reproduced by the analytical distribution shown on
the right. Inside the separatrix (black curves), the density, initially uniform in the slow
angle, phase mixes in the libration angle. Since the libration period increases towards the
separatrix, the phase space differentially rotates, resulting in a phase-space spiral. Similarly,
the phase space outside the separatrix winds into stripes since the circulation period is
also maximal (infinite) at the separatrix and drops away from there.

The general mechanics of this phase spiral is rather similar to the vertical phase spiral
found in Gaia (Antoja et al., 2018). In the case of the Gaia phase-spiral, a non-uniform
distribution in the vertical angle is created, e.g., by the impact of a dwarf galaxy (Binney &
Schonrich, 2018; Bland-Hawthorn & Tepper-Garcia, 2021). In our case, the non-uniformity
in the libration/circulation angles is inherited from the phase-space configuration prior to
bar formation. We also remark that the phase mixing of trapped orbits and its resulting
decay in dynamical friction is equivalent in mechanism to the non-linear Landau damping
observed in plasma systems (O’Neil, 1965; Malmberg & Wharton, 1967).

The development of a phase-space spiral inside the resonance does not hinge on the
instantaneous emergence of the bar. It also happens in a slowly growing bar, as shown
in Fig. 4.6, which displays the same phenomenon for a bar that slowly grows over 4 Gyr
following a polynomial prescription (Dehnen, 2000, equation 4). Here, we resort to
test-particle simulations only because our current analytical treatment (4.37) assumes
conservation of Jz/., which is violated at the separatrix when the bar grows, leading to
resonant capture. Far outside the separatrix, the change is generally adiabatic since the
circulation periods are small compared to the timescale on which the potential changes.
There, the circulation action J. is conserved and so the distribution in the circulation
angle is kept uniform as it was at ¢ = 0, thus showing no stripes. The evolution in the
trapped region is, however, qualitatively different. The separatrix simultaneously engulfs
the high-density region from below and the low-density region from above, thus rendering
the distribution in the libration angle inevitably nonuniform (almost like a rectangular
wave distribution). Due to this abrupt transition between maximum and minimum density,
the phase-space spiral in a growing bar has a hard boundary compared to the non-growing

case (Fig. 4.5) which shows a smoother transition between peaks and troughs.
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Fig. 4.6 Phase-space density of the halo perturbed by a bar growing slowly in 4 Gyr. The
distribution outside the resonance is smooth due to the adiabatic emergence of the bar,
while that inside the resonance displays a winding spiral since the expanding separatrix

simultaneously captures orbits from above (low density) and below (high density).
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Fig. 4.7 Guiding orbits of particles in the galactic plane (8 = 0) trapped in the CR of the
bar (gray ellipse). Resonantly trapped orbits at 85 — 05 yes > 0 (x < 0) are pulled forward by
the bar (gain angular momentum), while those at 05 — 65,65 < 0 (x > 0) are pulled back
by the bar (lose angular momentum). The net torque on the bar is determined by the
phase distribution of these trapped dark matter. As they slowly phase mix, the net torque
attenuates.

It is instructive to relate the behaviour in the slow angle-action plane to the Chan-
drasekhar’s classical picture of dynamical friction, i.e. as an over-density lagging behind
the moving object (bar). At the CR, the slow angle (4.16) is 65 = 2[0y — (¢, — 0,)] where 6,
is the azimuthal angle of the guiding orbit in its orbital plane, and ¢y, — 6, is the azimuthal
angle of the bar in the galactic plane measured from the ascending node. The centre of
oscillation of the CR is at the bar’s minor axis 6y — (¢, — 0,) = 7/2, 50 Osres = 7, and
thus the range 65 — 05 res € [—7, ] corresponds to 6y — (¢, — 6,) € [0, 7]. Figure 4.7 shows
typical in-plane (8 = 0) orbits in the bar’s corotating frame. For 65 — 5 ,es > 0, the trapped
orbits are lagging behind the bar, so they exert a negative torque on the bar, while for
Os — Bsres < 0, they are ahead of the bar, exerting a positive torque on the bar. The net
torque is then determined by the distribution in 65: In the beginning, the overdensity
at small z-angular momentum (or Js) librates towards 6 — 0515 > 0 thus giving rise to
a net negative torque on the bar. Subsequently, this overdensity librates back and forth
between s — O res > 0 and 65 — 05 1es < 0, providing a systematic oscillation of dynamical

friction, which will fade with phase mixing. Eventually, the distribution in 65 approaches
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equilibrium and the net torque on a constantly rotating bar converges to zero as we saw in
Fig. 4.1.

If the perturbation is transient (e.g. short-lived spiral arms), once it fades away, the
halo will resume phase mixing in the slow angle 65, which recovered its role as an angle
variable. However, since the libration angle 6, at which the orbits were captured and
released are generally different, the final DF near resonances will be flatter than the original
distribution. This ‘scar’ in the DF will affect the evolution of the renewed spiral arms
(Sellwood & Carlberg, 2014; Sridhar, 2019), and can cause self-gravitational instabilities,

exciting further spiral modes (Sellwood & Carlberg, 2019).

4.5.4 Onset of chaos by overlap of resonances

By averaging over the fast motions, we have approximated the Hamiltonian near a resonance
with an integrable Hamiltonian H (4.21). We now ask whether the system remains integrable
when the neglected terms of the full Hamiltonian 6H = H — H are added back in. To

consider the effect of §H, we Fourier expand it in the new angles
SH(O",J") = Z Yo ()™, (4.38)
m

The Kolmogorov-Arnold-Moser (KAM) theorem (Arnol’d, 1963) implies that these terms
will only slightly perturb the motion and the system will stay integrable so long as they
are small and sufficiently far from satisfying a resonance condition m - 2" = 0 where
0 = (Qf,, Qf,, Q¢/c). However, if 6H contains a resonant term, it may render the system
non-integrable. These secondary resonances form new resonant islands (either inside
or outside the original separatrix) and can in principle be modelled in much the same
way as we have dealt with the original resonance of the unperturbed system Hy (e.g.
Lichtenberg & Lieberman, 1992; Malhotra, 1998; Wisdom, 2004). However, when the
separatrices of the secondary resonances come sufficiently close to the separatrix of the
original resonances, orbits may behave stochastically, moving from one domain of resonance
to another (Chirikov, 1979). A significant secondary resonance is expected when two
resonances of the unperturbed Hamiltonian Hy reside close to each other. The resonances

in a bar-halo system indeed partially overlap, and some orbits there turn chaotic.
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(c) Resonances with Ny = =2, N, = 2. N, spans from 2 (left bottom) to 11 (top right).

Fig. 4.8 Bar-halo resonances N = (N,, Ny, N,) at three different orbital planes g =
cosT'(L,/L) = 0,7/2,n from left to right. The thick black curves mark the location
of resonances, the dotted curves mark the maximum extent of the separatrix, and the thin
black lines mark the direction of libration. The colours show the phase-space density in
log scale. Top panel: Resonances with N, = 2. Resonantly trapped volume is largest at
B =0 and vanishes at 8 = 7. The black symbols, placed on the outer Lindblad resonance
N = (1,2,2), mark the initial actions of orbits shown in Fig. 4.9. Middle panel: Resonances
with Ny = 0. Trapped volume is largest at 8 = 7/2 and decays towards 8 = 0, 7. Bottom
panel: Resonances with N, = —2. Trapped volume increases towards g = x.

To illustrate the overlapping of resonances, we show in Fig. 4.8 the configuration of bar
resonances with N, = 2 and Ny = 2,0, -2 from top to bottom. In a spherical system, the
resonant condition only depends on L and J,.. However, the volume of the trapped zone
depends in addition on the orbital inclination 8 = cos™'(L,/L). We thus show three plots
from left to right with 8 =0 (prograde), B = n/2 (perpendicular), and B = n (retrograde).

Following Binney (2018), we draw the furthest excursions of trapped orbits with dotted
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Fig. 4.9 Motion of orbits trapped at the OLR. The symbols on the left top corner represent
the position of the initial actions marked in Fig. 4.8. The black orbits are integrated
numerically using the full Hamiltonian and the blue orbits are obtained analytically from
the averaged Hamiltonian. The orbit in the top-right panel exhibits chaotic oscillations as
it is overlapped by the N = (2,0, 2) resonance. All orbits have similar values of € ~ 0.9.
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Fig. 4.10 Both panels show the same orbit in the angle-action plane of the N = (1,2, 2)
(OLR, left-hand) and the N = (2,0,2) resonance (right-hand). Colours encode the time.
The orbit is initially on the OLR and then passes to the N = (2,0, 2) resonance.
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curves and mark the direction of libration with thin black lines. The colours show the
phase-space density of the unperturbed distribution function (4.41).

The top panels of Fig. 4.8 show resonances with Ny, = 2 which are familiar in disk
dynamics: the resonance at the bottom-left corner is the corotation resonance (CR, N, = 0)
and the neighbouring one is the outer Lindblad resonance (OLR, N, = 1). The trapped
volume is largest at B = 0 (left, in-plane prograde), and decreases towards g = « (right,
in-plane retrograde) where it vanishes. The panels in the middle row present resonances
with Ny = 0. Orbits trapped in these resonances complete N, radial oscillations in N, bar
periods regardless of their azimuthal phase with respect to the bar. Weinberg & Katz
(2007) called these resonances the ‘direct radial resonances’ (DRRs). The strength/size
of DRRs peaks at = m/2. The lowest panels show resonances with Ny, = —2 which are
strongest at § = 7.

Comparing the different sets of resonances, we can see from Fig. 4.8 that the resonances
partly overlap, especially near 8 ~ n/2, where all resonances occupy a finite phase-space
volume. To see the impact of resonance overlap, we plot in Fig. 4.9 four orbits trapped in
the OLR N = (1, 2,2) with different initial actions marked by black points in Fig. 4.8. As
expected, the two orbits at B = 0 (circle and rhombus, left column in Fig. 4.9) are well
modelled by the averaged Hamiltonian (blue), since only resonances with Ny = 2 have
a non-zero volume. The right-hand column of Fig. 4.9 (triangle and square) shows two
contrasting examples for 8 = 7/2: the bottom right orbit (square) is mildly distorted as it
is near, but still outside the second resonance, while the top right orbit (triangle) shows
marked excursions as it is within the region of the N = (2,0, 2) resonance. We note that
we ascribe only the large-scale distortions to the presence of the second resonance, e.g.
the irregular dip near 05 — 0yes ® 0. The step-like behaviour comes instead from the high
eccentricity of the orbit, i.e. its Js changes abruptly whenever the orbit rapidly passes near
the bar at its pericentre.

When the domains of two resonances overlap, orbits may also pass from one resonance
to another. Figure 4.10 shows an example of such an orbit moving between the OLR and
the (2,0, 2) resonance. When viewed in the slow plane of the OLR (left panel), the orbit is

initially trapped and then escapes the resonance after roughly one cycle of libration. In
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contrast, from the viewpoint of the (2,0,2) resonance (right panel), the orbit is at first
outside the resonance but then becomes trapped soon after it leaves the OLR at around
9 Gyr.

The question here is how much does the overlap of resonances affect the calculation of
the net torque based on the averaged Hamiltonian? The first thing to note is that the three
sets of resonances with Ny € 2,0, -2 have their main territories at g = 0, 7/2, & respectively,
so the majority of resonant phase-space is well isolated. Secondly, the chaotic orbits found
at the overlapped regions still librate quasi-periodically around one of the two resonances
over a finite time interval. Thirdly, these oscillations on top of the libration behave mostly
stochastically without any apparent law, so they should not leave a systematic bias when
averaged over the whole set of orbits. Hence, we do not expect a significant loss of accuracy

in estimating the torque using the averaged Hamiltonian. We will demonstrate this below.

4.5.5 Total torque on the halo

After these preliminary considerations, we can now achieve our goal to estimate the torque
between the bar and the dark halo. Using equation (4.28), (4.34), and (4.37), we obtain

the total torque by summation over all resonances N:

dLZ _ 3y 1377 7oy dLZ
<dt>_;/dJ a’e” f0".J",0—
=8(27)* )" N, / I Jo

N

1 R 2 R R
/ d882K/ dO, f(0y — Qet, J”,0) sn (KHA 8) dn (K9[| s)
0 0

X

Ecu 2n
i/ tds[?/ A6 f (6. — Qut, I, 0) sn(léac|g—1)cn(1€96|g—1)}, (4.39)
1 0

where f is the distribution function (4.37) dependent on the libration/circulation angle 6¢/c
and the resonant actions J” = (Jg,, J,, Je/c), ¥ is the bar perturbation (4.53), Jo measures
the width of the resonance (4.23), and & parametrizes the value of the Hamiltonian H (4.23).
sn, cn and dn are the Jacobi’s elliptic functions (4.61) and we have defined K = 2K(e)/n
and K = K(s7)/n where K is the complete elliptic integral of the first kind (4.59). The
first term in the square bracket describes the torque applied on the trapped phase-space,

while the second term describes the torque on the untrapped phase-space which we cut at
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Fig. 4.11 Total torque on orbits trapped in each resonance divided by the total halo mass.
From top to bottom, the three strongest resonances are shown (note the different y-axis

scale in each figure). The analytical curves (blue) agree well with that of the simulation
(black).

egeut(> 1) to avoid duplicately integrating the phase space between neighbouring resonances.
However duplication cannot be fully avoided where resonances overlap. As described above
and demonstrated below, we expect the effects of overlap to be minor and defer detailed
modelling for the overlap regions to future study. Here, we cut the integration universally
at eyt = 2—3 which is roughly the ratio of the width and interval between the neighbouring
resonances (Fig. 4.8). The + sign in (4.39) denotes integration over the upper and the
lower circulating regions for which the mapping from (6., J”’) to J = (J;, L, L;) is different.

Figure 4.11 compares the total torque on trapped orbits calculated with the analytical
approach to a test-particle simulation. From top to bottom, we show the torques on

the three strongest resonances: (N, Ny, N,) = (0,2,2), (1,0,2), and (1,2,2). We select the
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F(Ty)
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Fig. 4.12 Top panel: Distribution of trapped orbits in libration period. Bottom panel:
Distribution weighted by the amplitude of the torque which provides the actual spectrum
of the total torques shown in Fig. 4.11.

trapped orbits in the simulation by demanding that they never pass 05 — 0 res = 1. We
then place the particles back to their initial coordinates, re-run the simulation exclusively
for these particles, and sum up their torque. For all three resonances, the analytical torque
(blue) captures the principal features of the simulation (black), i.e. the torque fluctuates
and damps as phase mixing progresses inside each resonance.

To better quantify the time dependence of the torque, we plot the spectra of libration
periods calculated analytically in the top panel of Fig. 4.12. The distribution of each
resonance peaks at a period which matches the main oscillating period of the total torque
shown in Fig. 4.11. Since the majority of orbits with long libration periods are those
trapped at small ¥ (rather than those near the separatrix) and thus have little impact on
the total torque, we plot on the lower panel of Fig. 4.12 the distribution when weighted by
the amplitude of the torque on each orbit. Note though that this is not a Fourier analysis
of Fig. 4.11 since the torque on individual orbits becomes increasingly non-sinusoidal when
approaching the separatrix (Fig. 4.4). The weighted distribution clarifies that the dominant
contribution to the torque comes from the corotation resonance and in particular from

those with libration periods ~ 2 Gyr.
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Fig. 4.13 The libration period of the CR at the peak of its distribution F(T;) vs. bar
pattern speed Q, and bar strength A.
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Fig. 4.14 Comparison between the total torque exerted on resonantly trapped (black) and
untrapped (blue) orbits in the dark halo calculated analytically using equation (4.39).
We cut the integration over the untrapped phase space at &qyt to avoid duplication by
neighbouring resonances. Dynamical friction by trapped and untrapped orbits rises and
decays over different timescales.

The libration period depends on both the bar pattern speed and the bar strength which
vary over time. A simple scaling suggests Ty ~ w61 = |G¥|"Y/? ~ QBIA‘I/Q. Figure 4.13
shows the mode of the distribution of libration period for a given pattern speed Q, and
bar strength A. As expected, the libration period is shorter for higher pattern speeds and
for stronger bars. Since the bar directly after formation is expected to be faster but weaker
than at present, the initial torque in an expected parameter range typical for the Milky
Way should have fluctuated with roughly a Gyr period.

Figure 4.14 compares the contribution to the total torque from trapped and untrapped
phase space with three cutoff g.ut = {2,2.5,3}. As before, we summed over the resonances

with N, € [-10,10], Ny € =2,0,2, and N, = 2. The torques on trapped and untrapped
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Fig. 4.15 Total torque on the dark halo. The analytical curves (blue, equation 4.39)
quantitatively explain the behaviour of the simulation (black).

orbits rise and decay on different timescales which simply reflects the difference in their
orbital periods, i.e. the period of circulation is generally shorter than that of libration. As
we increase the upper limit of integration &.y, the total torque on untrapped orbits gets
larger and slightly shifts towards early time because contributions from orbits with short
circulation periods far away from the resonances are added into the calculation.

Figure 4.15 shows the sum of trapped and untrapped components (blue) which quanti-
tatively reproduces the total torque of the simulation (black). The result assures us that
the trapped orbits comprise the majority of the torque at late times. In the very early times
< 0.1 Gyr, the torque of the simulation rises sharply as high as 1.6 kpc? Gyr—2 (see Fig. 4.1
for the full range) but our model fails to predict this rapid response for several reasons: (i)
we have neglected the fast non-resonant terms of the perturbation by averaging over the
fast angles, (ii) the second order Taylor approximation makes our model inaccurate in the
region of rapid circulation far from the resonances, (iii) there is a substantial volume of

untrapped phase-space that were not integrated due to the cutoff at ecyt.

4.5.6 Density wake in the halo

Figure 4.16 shows the spatial density response of the dark halo at the galactic mid-plane.
The bar lies along the x-axis and rotates anticlockwise. The solid and dot-dashed circles
represent the radii of CR and OLR respectively. The top row of Fig. 4.16 restricts orbits

to those that are confined to the galactic mid-plane (L = L;) and initially circular (J, = 0).
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Their behaviour in the x-y plane can be directly compared with the slow angle-action
plane (Fig. 4.5) since, for near circular orbits at the CR, the slow angle-actions are simply
(0, Js) ~ (2¢, Rv./2), i.e. a representation of the polar coordinates. Just after bar formation,
a two-arm spiral rapidly emerges and winds up which, in Fig. 4.5, corresponds to the
phase-space stripes outside the separatrix. Later, a crescent-shape region becomes apparent
at the CR, which corresponds to the leaf-like resonant structure in the slow angle-action
plane. Vaguely, we can see an overdensity librating and phase mixing inside the resonance.
The bottom row of Fig. 4.16 shows the density of all orbits with L = L,. By removing the
restriction on J,, a variety of eccentric orbits associated with different resonances (and
having different libration/circulation periods) now visit the bar region, so we no longer see
a sharp signal. However, by suppressing the particle noise by representing the density with
basis functions (Hernquist & Ostriker, 1992) restricted to finite azimuthal degree (I < 8)
and radial order (n < 10), we can clearly identify density wakes surrounding the bar. The
behaviour of the wake is consistent with the total torque on the halo (Fig. 4.15): In the first
few 100 Myrs (first three panels), a prominent density wake lags behind the bar, resulting
in a large positive torque on the halo (negative torque on the bar). At around 1.5 Gyr, the
wake moves to the bar front, hence receiving a net negative torque. Subsequently, the wake

converges to a symmetric configuration around the bar, and the net torque diminishes.

4.6 Slowdown of the bar

The natural progression of this work will be a self-consistent slowdown model of the bar.
However, the bar’s moment of inertia is not a constant, the halo’s self-gravity will amplify
the torque, and the inflow of gas towards the nuclear disk provides an additional angular
momentum term. Resolving these issues is beyond the scope of this thesis, and so must be
deferred to future analysis. Instead, here we will discuss the effects of bar slowdown on
the angular momentum balance using the bar’s slowing rate directly measured from local
stellar kinematics (Chiba et al., 2021) which agrees with N-body+SPH simulation of the

bar in a live dark halo (Aumer & Schoénrich, 2015).
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Fig. 4.16 Density wake in the dark matter halo at the galactic mid-plane (L = L) induced
by a constantly rotating galactic bar (rotating anticlockwise). The bar lies horizontally
along the x-axis, and we mark the radius of CR and OLR with solid and dot-dashed
circles. Top row shows the density of initially circular orbits only (J, = 0) and can thus
be directly compared with the slow angle-action plane shown in Fig. 4.5. The bottom
row shows the density of all orbits at the galactic mid-plane where we have extracted the
dominant pattern by representing the density with basis functions (Hernquist & Ostriker,
1992) restricted to azimuthal degree / < 8 and radial order n < 10. A density wake lagging
behind the bar is visible in the first few hundred Myrs in line with the large positive torque
on the halo during that period (Fig. 4.15).

Figure 4.17 shows the phase space perturbed by a bar that slows with €, o 1/¢ from an
initial value Q9 = 81.8 Gyr~! with rate 5 = -Q,/ QI% =0.004*. The bar strength is fixed to
A =0.02. As the bar slows, the resonantly trapped orbits get dragged with the resonance
towards larger Js; while they keep phase mixing internally. The dot-dashed curves show
the separatrix evaluated in a ‘time-frozen’” Hamiltonian (when fixing the pattern speed)
while the solid curves mark the approximate boundary of orbits that remain trapped in the
moving resonance (Appendix 4.E). As described in Chiba et al. (2021), the deceleration
tilts the potential of the resonance (4.68), making the effective trapped region shrink and
shift towards positive 5. The latter effect could also be explained by the Euler force arising

from the deceleration of the rotating frame of reference.

4A note on wording: This slowing rate implies s ~ /A = 0.2 which is in the ‘slow’ regime (s < 1).
However, Chiba et al. (2021) classified this model as a ‘rapidly’ decelerating bar in contrast to a yet slower
model that evolves almost adiabatically.
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Fig. 4.17 Time evolution of the phase-space near the CR when the bar is slowing down. The
left column shows the phase-space density in log scale, while the right column shows the
initial J5. The phase-space spiral continues to wind up as the resonance migrates upwards
(note the increasing y axis from the top panel to the bottom). The bar slows down at rate
n = —Qp/Qg = 0.004 starting from Q, = 81.8 Gyr ! and ends up being Q, =31.0 Gyr™*
after 5 Gyr.
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4.6.1 Capture and escape from resonance

Resonance sweeping leaves a significant change in the distribution through capture and
loss. When the resonance sweeps outwards, the untrapped orbits swept over by the upper
separatrix (dot-dashed curves in Fig. 4.17) will temporarily get trapped, as adiabaticity
is broken near the separatrix. Orbits that crossed the upper separatrix near 05 — Oyes = 7
may reach the adiabatic region (solid curves), where the libration action is conserved,
and thus remain trapped and get dragged by the resonance. Other orbits will escape the
resonance before completing one cycle of libration, proceeding to the lower circulating zone.
Depending on the angle 65 at which these uncaptured orbits enter the resonance, they will
travel a different amount of distance in Jys: orbits crossing the separatrix near 65 — 0yes = -7
will immediately escape the resonance, ending up at a relatively low Jg, while those that
could almost but not quite reach the adiabatic region will be dragged a large distance in Jg
before they get damped out of the resonance. Thus, after the passage of the resonance,
orbits originally at the same action Jyy will spread over a wide range of J;. These orbits
then phase mix and form phase-space stripes in the lower circulating region.

As discussed in Chapter 3, the entire trapped volume (and the adiabatic region within)
generally grows as the bar slows. Inside the adiabatic region, trapped orbits conserve their
Je, so the newly captured orbits accrete on the surface of the adiabatic region. As a result,
the resonance grows like a tree ring, where the Js of origin increases from the core towards
the surface.

Previous studies formalized the capturing and escaping processes in the adiabatic limit
(s < 1) by the transition probability averaged over the libration/circulation angles (e.g.
Henrard, 1982; Sridhar & Touma, 1996; Collett et al., 1997). However, to model the
transient behaviour of dynamical friction, a phase dependent prescription for capture and
loss is required. A straightforward way would be to numerically integrate the equations
of motion for the averaged system with time-dependent parameters (Weinberg & Katz,
2007). Alternatively, one could return to the Eulerian approach (section 4.4) and fully
address the non-linear terms of the CBE. This approach can in principle model the resonant

structure with arbitrary time-dependence (e.g. bar growth), although it has the difficulty
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that increasing numbers of higher-order modes will be required to model the fine structures

developed by phase mixing.

4.6.2 Transfer of angular momentum by resonant dragging

In addition to the torque caused by phase mixing, the moving resonances give rise to
another type of angular momentum transfer. The conservation of libration action ensures
that the adiabatic region preserves the phase-space density at the time of capture. Since
the resonances move towards higher angular momentum, this implies that the population
on resonances is much denser than the surrounding phase space. When resonances move
outward, the freed phase space below them will be filled with orbits jumping across
the resonances, and just like lifting a heavy body in water, the halo gains net angular
momentum which further slows the bar (i.e. positive feedback).

If we accelerate the bar instead, the resonances sweep inwards. As long as they are still
denser than the surrounding phase space, the resonance frees angular momentum, further
accelerating the bar (i.e. again, positive feedback). However, as the resonances proceed
deep into the inner halo, the surrounding density rises and so the amount of freed angular
momentum decreases up to even becoming negative when the resonances are underdense
(i.e. negative feedback).

TW84 and Weinberg (1985) called these types of angular momentum exchange the
‘dynamical feedback’ and presented a formula to predict its amount, although they only
figured in the torque due to orbits that jump across the resonance and separately discussed
the effect of resonant dragging. They gave an insightful interpretation of dynamical feedback
as a change in the moment of inertia of the bar: since dynamical feedback is to first order
proportional to the change in pattern speed, (Tfeedback = CQp, where C > 0), the equation

of motion for the bar becomes (Weinberg, 1985)

Triction + Tfeedback _ Tfriction
Iy IL,-C

Q, = (4.40)

where the term Tiction represents dynamical friction and I, is the bar’s moment of inertia.
This equation implies that dynamical feedback translates as a reduction in the moment of

inertia. However we caution that (i) dynamical feedback is always delayed by an order
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of the libration period, meaning that for a rapidly fluctuating torque caused by e.g. the
bar-spiral interactions, the bar will react with its bared moment of inertia. (ii) C is not
a constant and depends both on the pattern speed Q, as well as its derivative Qp. In
particular, C is a decreasing function of Qp (i.e. the faster the bar slows, the smaller
the adiabatic/dragged region) which implies that dynamical feedback stabilizes the bar’s

slowing rate.

4.7 Summary

This work is a first attempt to push beyond the standard theory of dynamical friction
between galactic bars (or in fact any galactic substructures) and dark matter haloes in the
slow regime, i.e. for bars decelerating slowly enough to allow resonant trapping as observed

in the Milky Way. In particular, we have:

e shown how the standard linear perturbation theory of dynamical friction breaks down

in the slow regime due to the growth of non-linear responses near resonances,

e developed an improved analytical description for angular momentum transfer in the
slow limit using the resonant angle-action coordinates and demonstrated numerically

that the same mechanism applies generally to a growing or slowing bar,

e shown that dynamical friction oscillates with the libration period of the main res-
onances, which may drive a significant fluctuation in bar pattern speed at early

times.

As first discussed in the seminal paper by TW84, the dynamic response to a perturbation
qualitatively changes depending on the speed of resonance that sweeps the phase space.
This is characterized by the parameter s = |n¢Qp / wg| that measures the rate of change
in pattern speed Qp with respect to the libration frequency wg; the regime is called fast
when s > 1 and slow otherwise. While earlier simulations have reported bar evolution in
the fast regime (e.g. Weinberg, 1985; Hernquist & Weinberg, 1992; Sellwood, 2006), recent
observation of the Milky Way disk (Chiba et al., 2021) as well as N-body+hydrodynamic

simulations of a realistically growing disk (Aumer & Schoénrich, 2015) indicate that the
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main bar resonances evolve in the slow regime, trapping a host of dark matter and disk
stars in resonance. We note however that fast and slow regimes can coexist in different
regions of phase space since wg varies from resonance to resonance, and also within a single
resonance (e.g. depending on the orbital inclination). Therefore, fast and slow regimes
are both relevant in bar evolution and must be modelled accordingly to follow the secular
evolution of the bar.

TW84 and W04 have shown that the bar evolutions in the fast limit (s > 1) can be
well modelled by linear perturbation theory because the resonances will sweep past the
orbits before any non-linearity can grow. In the slow limit (s — 0), however, the linear
assumption only holds for a fraction of the libration period (Fig. 4.1, Appendix 4.C). TW84
has provided a prescription for arbitrary s by Taylor approximation about the resonance
although this approach cannot model the transient responses (phase mixing), which may
last for several Gyrs.

We have developed a fully time-dependent theory of dynamical friction in the slow limit
by modelling orbits near resonances with the resonant angle-action coordinates. In these
new coordinates, the resonant motions become perfectly linear: trapped/untrapped orbits
evolve linearly in their libration/circulation angles at constant rates.

The resonantly trapped orbits periodically exchange z-angular momentum with the bar
as they slowly librate around the resonance. For instance, orbits trapped at the corotation
resonance around the stable Lagrange points have increasing angular momentum while
on the trailing side of the bar and are losing angular momentum while on the leading
side. The net transfer of angular momentum to these trapped orbits is determined by
their libration angle distribution: for a typical halo in equilibrium, the freshly trapped
orbits are predominantly at lower angular momentum (libration angle near 6, ~ 7). This
phase imbalance initially leads to a net negative torque on the bar as this overdensity
collectively librates up to higher angular momentum. However, after half a libration period,
the overdensity starts librating back to lower angular momentum and can transfer angular
momentum back to the galactic bar. Since libration periods increase towards the separatrix,
this overdensity gradually winds up into a phase-space spiral inside the resonance and the

net torque follows secular damped oscillations. The untrapped orbits circulating outside
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the separatrix similarly exchange angular momentum with the bar as they phase mix,
although they have a much shorter mixing time.

We have shown that due to the near-harmonic effective potential around the resonance
centre, libration periods are quite similar across the trapped volume. This provides enough
coherence to cause several oscillations in the torque. A straightforward prediction from this
is that after bar formation, the pattern speed of the bar fluctuates with the typical libration
frequencies of the main resonances. And indeed, while we are not aware of this having
been noticed in previous literature, a closer inspection of previous N-body simulations
shows these predicted bar pattern speed oscillations (e.g. Aumer & Schonrich, 2015, Fig.2).
We note that these oscillations in bar pattern speed take place on an order of magnitude
longer timescale (> 1 Gyr) than the short-term oscillations caused by alignments between
bar and spiral patterns (Wu et al., 2016; Hilmi et al., 2020).

The resonant angle-action coordinates for each resonance are constructed by averaging
the Hamiltonian over the fast angles. The averaged Hamiltonian is, however, not accurate
when neighbouring resonances lie too close: overlap of resonances leads to the onset of
chaos where orbits move from one resonance to another in a stochastic manner. In our
current bar model, the limited regions of chaotic phase-space did not significantly affect
the estimation of the total torque, although this may not be the case with a more realistic
bar with additional higher order modes (e.g. octopole).

This thesis has shown qualitatively how dynamical friction may work in the slow regime.
To obtain quantitative predictions, a self-consistent model is required. In particular, we
must model (i) the growth of the bar, which changes its effective moment of inertia, (ii)
the self-gravitational perturbation of the halo, which can amplify the torque on the bar by
several factors (e.g. Weinberg, 1989; Chavanis, 2012; Dootson & Magorrian, 2022), and
(iii) the angular momentum supply from the gas, which sheds angular momentum to the
bar as it sinks into the inner bar-region (e.g. Regan & Teuben, 2004b; Berentzen et al.,
2007; Athanassoula et al., 2013).

Finally, the phase-space spiral is also expected to form inside the resonances of the
stellar disk. If we can identify this spiral pattern in the observational data, it will allow us

to directly constrain the age of the Galactic bar.



Appendix

4.A Distribution function of Hernquist halo

The distribution function of an isotropic Hernquist halo normalized to 1 is (Hernquist,

1990)

3sin ! VE + E(1 — E)(1 - 28)(8E2 — 8E - 3)

E) =
/) 8V2r3rdvi(1 —S)g

(4.41)

where vg = \/GM /rs, and & = —-E/ vg is the dimensionless binding energy. We draw initial
condition for the test particles by first sampling the energy from the differential energy

distribution (Binney & Tremaine, 2008)
N(E) = f(E)S(E) (4.42)

where g(E) is the density of states (i.e. phase-space volume per unit energy)

2.3
ﬂE):gjééglgp@Sz—48+1ﬁm§1%§—daﬂ—%ﬂ@8—1X%3+$} (4.43)
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We then choose the initial radius r at fixed E from the distribution

PUﬁﬁ/&&&Wﬂ%ﬂ+®@ﬂ—E}ﬂhkﬂ]:MmYJﬂE—®UH (4.44)

With E and r, the initial speed v = y\/2[E — ®(r)] is determined. Finally, we pick angles
randomly over a sphere in position space (i.e. spherical) and in velocity space (i.e. isotropic).
We confirmed that the density and anisotropy distribution of test particles constructed in

this manner are unaltered after 10 Gyr of iteration without the bar.
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4.B Fourier coefficients of bar potential

We follow the standard method of TW84, first expanding the bar’s potential in spherical

harmonics

(9]

1
Oy (r, 00, 1) = Y Y D)o (8, = Qpt) . (4.45)
[=0 m=-1

For our bar model (4.2), only terms with / = 2 and m = £2 are non-zero and their coefficients

are

Dy,(r)

Do o(r) = Do _(r) = Woa (/2,00

(4.46)

where @y, (r) is the radial profile of the bar potential (2.7). The Fourier coefficients ®,(J, 1)

of the bar potential expanded in the angles 6 = (6., 8y, 6,) can then be expressed as (TW84)
. d3e —in6
(I)n(J, l) = / W(Db(r, 9, @, t)e m
00 1
= > D et (2.0)dbBW e, aan
1
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where drllwm(ﬁ) is the Wigner’s small d-matrix (e.g. Wigner, 1959)

o P T T ) )
(4.48)

and
Wy () = }r /07r A6, @ (r) cos [0, + ny 8y — v)] . (4.49)

Note that 6, — ¢ (the azimuthal deviation from the guiding centre) only depends on 6, for
a given J, so the integral leaves no dependence on the angles. We may exert the 6,¢ in

(4.47) and express the coefficients in the form of ®y(J, 1) = Oy (J)e ! where

[e0)

T

bu(f) = ) ey (5, o) dh o, BV (D). (4.50)

Ny Ny
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The Fourier coefficients of the bar potential expanded in the slow-fast angles 8’ =

(6f,, 6, 65) at resonance N are
5 d3e’
e Y

(27)?
3’
d’e Z (i)n(J)ei(n-G—mept)} ok

(2m)3
Ty E e L RIS

where the last line follows from the relation (6,, 6y, 0,) = (6f,, Or,, (0s—N, 05, =Ny 01,) [ Np+Qp1).

Since ny, is restricted to m = £2, we have for resonances with N, = 2

3
‘Pk(.] ) — Z ch(J)/ (d2 0)3 (nr+Nr kfl)gfl +(nd,+N¢ kf2)9f2+(+]. ks)g ]

= Z O (J)0n, ke, N, Onyy ki Ny Ok, 21
n

= d)(kfl iN,,kaiNd,,in)(J)éks,il- (4-52)

Therefore, the resonant term ¥P(J’) = 2 ’@’(0,0’1)0 ')| in the averaged Hamiltonian (4.20) is

Y(J) =2

Z No=N yNo (2 )d}v N (B)W;V]\;¢N‘”(J)|. (4.53)

=0
4.C Linear response

As discussed in TW84, the linear response remains valid so long as the bar’s pattern speed
changes sufficiently rapidly (the fast limit, s > 1). In the slow regime (s < 1), however, the
error of linear approximation increases due to the growth of non-linearity near resonances.
In section 4.4, we have demonstrated this in the slow limit (s — 0), showing that linear
theory fails to predict the torque beyond few hundred Myrs. Here we take a closer look at
this issue by directly observing the distribution function in the slow angle-action plane.

The Fourier coefficients of the linear response (4.11) to a constantly rotating perturbation
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is

. _ . 0fo , —in-Q(i—t") Ny Qpt
fo(J, 1) = in 3 dt [CD (J)e” ]
o afO —in-Qt / ’ i(n-ﬂ—n‘pr)t’
=in Y D, (J)e [ ; dt’e
~ 8]‘0 ln¢th _ e—in~ﬂt
=n- ﬁfbn(J) 0-1,0 . (4.54)

The total linear response is then

afO 1(n~0—n¢th) _ ei(n~0—n~ﬂz)

Du(J)° n -0, : (4.55)

£1(8,J,1) = an(J, e = Z

Note that this equation contains the resonant frequency at the denominator but it does not
diverge at the resonance because the numerator also vanishes there. From the condition
that the perturbed potential is real ®_y(J, 1) = @;‘l(] ,1), one can express f as

6]‘0 COS Hs,res) — cos (98 — O ves — Qst)

Qs

fi0.J.0=) n-

sin (Qy/2)
Q,/2 ’

where s = n-60 —n,Q,t and Qg = n-Q-n,Q,. A similar equation is presented in

= Yn 6fo |ch(J)| Sin (6 — B res — Qs1/2) (4.56)

Weinberg & Katz (2007). At the resonance Qg — 0, the term sin (Qg7/2) /(Q4/2) becomes
t, implying linear growth of perturbation f; in time. For linear theory to hold, fi must

remain sufficiently smaller than the variation of the background distribution Afy across

the resonance AJs ~ Jo = /—-¥/G (4.23). This requires

1> Af}o AJ ~ V=-¥Gt = wot. (4.57)

Hence the timescale at which linear theory is valid in the slow limit is set by the libration
period wal > 1.

Figure 4.18 compares the simulated phase flow near the corotation resonance (left) with
linear theory (middle) and the resonant angle-action theory (right) described in section
4.5. Here, the libration period at the core of the resonance is Ty = 27 /wg ~ 1.2 Gyr. For
the top five plots, the time since bar formation increases in steps of 0.25 Gyr, while the
bottom plot shows the result after 10 Gyr. The linear response oscillates sinusoidally
in 65 with phase velocities that vanish towards the resonance, as described by the term

sin (0s — s res — Qst/2) in (4.56). For the first few hundred Myrs (top two rows), this
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Fig. 4.18 Time evolution of the phase space density near the corotation resonance at
(J,» Ji,) = (10,0) kpc? Gyr™. Comparison between simulation (left), linear perturbation
theory (middle) and resonant angle-action theory (right). Linear theory properly predicts
the phase flow for the first few hundred Myrs but fails to predict the subsequent behaviour.
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shearing motion results in a change in distribution similar to that caused by the motion
of libration and circulation. However, errors in linear theory become prominent beyond
t 2 0.2T;.

Despite the growing error in linear theory, past works (e.g. TW84; LBK72) have
commonly assumed that the perturbation was switched on in the distant past which is
equivalent to taking t — co. As noted in Weinberg & Katz (2007), in this time-asymptotic
limit, the function sin (Qt/2) /(Qs/2) in (4.56) approaches a delta function 78(Q;/2)°,
i.e. the wavelength of the linear response in frequency (or action) space gets narrower
and narrower with time, and eventually an integration over phase space will only leave
contribution from the perfectly resonant orbits. This is the prediction of the LBK formula
(4.14). This time-asymptotic limit not only ignores transient phenomena relevant in real
galaxies, but also leads to qualitatively wrong conclusions: in the limit t — oo, LBK
predicts that contribution from non-resonant orbits vanish by phase mixing and only the
perfectly resonant orbits give rise to a non-zero torque, whereas in truth, the resonant
orbits would also phase mix within the trapped zone resulting in a zero torque as shown in

Fig. 4.1.

4.D Elliptic integrals

The complete elliptic integral of the first K and second E kinds are

] de 3
K(k) = / —— E(k)= / doV1 — k2sin? 6. (4.59)
0 V1-k2sin26 0

The incomplete elliptic integral of the first kind F(¢|k) is
¢ de
u=F(glk) = / _. (4.60)
0 V1-k2sin?6
and the Jacobi elliptic functions are defined via the inverse of F(¢|k):

¢ = F Y (ulk), sn(u|k)=sing, cnu|k)=cos¢, dn(ulk)=+/1—k2sin?¢. (4.61)

5 In the sense that,

sin (Qg2/2)

tim [ @tren = e < o (4.58)
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The derivatives of the Jacobi elliptic functions are

iSn(l,t|k) = cn(u|k)dn(ulk), icn(u|k) = —sn(u|k)dn(u|k),
du du

%dn(mk) = —k2sn(u|k)en(ulk). (4.62)

4.E  Orbit subject to a slowing bar

We model an orbit trapped and dragged by a slowing bar using the Hamiltonian (4.20)

with a time-dependent pattern speed (1),
H(0s,J',1) = Hy(J') — NyQp(t)Js + P(J') cos (6s — O res) - (4.63)

As before, we Taylor expand around Jg = J5 s Which satisfies the resonance condition at

I = lfres:

- , , 0H,

H(0s,J',1) = [Ho(J") = NpQp(1)Js],  + 7.~ Ne(0) A

’ s Js,res
1
+ EG(er Js,res)A2 + \P(Jf, Js,res) cos 6, (464)

where we wrote A = Js — Jsres; 0 = 05 — Osres and G = a; go for convenience. Removing the
first bracket term, which does not affect the slow dynamics, and substituting %—Ijso J

N - QJ¢, Js res) = NpQp(tres) in the second bracket term yields (Weinberg, 1994)
_ 1
H(0s, Js, 1) = =Ny [Qp(1) — Qp(tres)| A + §GA2 + ¥ cos 6. (4.65)

From the Hamilton’s equations of motion:

0 = =N, [Qp(1) = Qp(tres)] + GA and A = ¥sin, (4.66)

we obtain
b+ wi (sinf - s5) = 0, (4.67)
where a)g =-GY, and s = —Npr / a)g is the speed parameter. If we assume that Qp vary

little during the typical libration period 27 /wq, s can be assumed constant and we obtain

the following energy integral:

1.
Ep — 592 + V(Q) where V(Q) = wg (— cos 6 — s0). (4-68)
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Trapped orbits are confined in the potential well of V(6) which is linearly tilted due
to the second term (see Fig.4 of Chiba et al., 2021). The crest of the potential is at

Osep = sin"(s) (/2 < Ogep < 7) and the minimum energy E, required to reach the crest is
Ep,sep = wg (_ COos esep - Sasep) . (469)

Orbit with E, = E}, sp approximately marks the boundary of phase space that remains
trapped in resonance. Hence, by a slight abuse of language, we will refer to the orbit
E, = Ep sep as the ‘separatrix’. Inserting (4.69) and (4.66) to (4.68) yields an equation for

the separatrix:

th [Qp(t) - Qp(trcs)]
G

wo
A, = + E\/2 [cos 0 — cos Osep + 5 (6 — esep)]' (4.70)

The first term describes the drift of the resonance and the second term describes the shape
of the separatrix. Since the first term is time dependent, the separatrix is not closed in
phase space. However, in the slow limit s <« 1 the distance the resonance travels in a
typical libration period is smaller than the size of the resonance, so we may mark the
approximate area of trapped phase space by neglecting the first term. This is drawn in
Fig. 4.17. In comparison to the separatrix of the time-frozen Hamiltonian (dot-dashed
black), the separatrix of the time-dependent Hamiltonian (solid black) is contracted and
shifted towards 6, describing the trapped boundary of the simulation remarkably well. The
first term in fact breaks/opens the separatrix and thus allows orbits to enter or escape the
trapped region.

Setting s = 0 in equation (4.70), we recover the equation for the separatrix of a standard
pendulum Hamiltonian (e.g. Lichtenberg & Lieberman, 1992):

260()

0
Ay = i? COs 5 (471)



CHAPTER 5

Conclusions

5.1 Overview

In this thesis, we have provided the first evidence for the deceleration of the Galactic bar
from both the kinematics and chemistry of Solar neighbourhood stars. The discovery of
the bar’s slowdown offers a novel dynamical evidence for the existence of dark matter that
must have taken up the energy and angular momentum from the bar by dynamical friction.
This has far-reaching consequences: (i) The deceleration of the bar requires the inertial
mass of dark matter, and is thus in strong tension with alternative theories of gravity. (ii)
More importantly, the measured bar’s slowing rate encodes the kinematic state of dark
matter as well as its nature, hence paving a new path to probe the fundamental properties
of dark matter beyond just mapping its spatial distribution.

In Chapter 2, we modelled the local stellar kinematics under the impact of a decelerating
Galactic bar. We first explained the theory of resonant dragging using secular perturbation
theory and showed that the direction of dragging in action space is determined by the
resonant vector N as well as the sign of the parameter G = 8>Hy/ 8]52. We further showed
that the resonantly dragged phase-space shrinks as the bar slows down more rapidly,
implying that the bar’s slowing rate is an important parameter in shaping the kinematics
of the stellar disk. These theoretical predictions are subsequently corroborated using
test-particle simulations. We showed that the sweeping resonances capture and drag orbits
from the inner disk, which naturally resolves the issue of reproducing the Hercules stream

with the bar’s corotation resonance. The Hercules stream’s asymmetricity in radial velocity
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and its variation in azimuth are both in favour of a slowing slow bar model. Finally, we
fit our model to the Gaia data and provided the first estimate on the bar’s slowing rate
Qp =-4.5+1.4kms  kpc! Gyr™L.

In Chapter 3, we devised a new method to decode the evolutionary history of the
bar. From the analysis on the adiabatic invariants of the trapped orbits, we realized
that the resonant phase-space evolves analogously to a tree: just as a tree grows from
its surface, keeping its internal ring pattern intact, so the resonance captures new stars
by expanding its surface (separatrix) while conserving the internal phase-space density.
The bar’s evolutionary history is thus recorded due to the non-adiabatic evolution of
stars (resonant capture) and subsequently preserved by their adiabatic evolution (resonant
drag). If the bar has been slowing down, this tree-ring structure yields a straightforward
prediction: the sweeping resonances will capture stars sequentially from the inner disk and
should thus exhibit an increase in metallicity towards the resonant centre. We showed
that the bar’s corotation resonance bears this exact trend. The data shows that the bar
has slowed down at least 24% since its formation, which is already in 20" tension with
modified gravity theories. We further used the metallicity ordering to measure the current
bar pattern speed Q, = 35.5 £ 0.8 km s~ kpc™! which is in excellent agreement with the
latest made-to-measure models of the bar/bulge region (Clarke & Gerhard, 2021).

In Chapter 4, we turned to developing a theory of dynamical friction on the bar in
the realistic nonlinear regime where resonant trapping dominates the bar-halo interaction.
Conventionally, dynamical friction was described using linear theory, which is only valid
in the fast limit (i.e. rapidly slowing bars). In the slow/nonlinear regime, dark matter
become trapped in resonances and exchange angular momentum with the bar while they
librate around the resonance. We showed that the net dynamical friction results from the
imbalance in the halo’s libration angle: just after bar formation, there are initially more
orbits trapped on the lower angular momentum side. As these orbits phase mix inside
the resonance, they give rise to an oscillating friction that damps over secular timescales,
similarly to the non-linear Landau damping in plasma systems. We conjectured that
this mechanism could be responsible for the long-term fluctuation of bar pattern speeds

observed in N-body simulations. We showed that, in the slow limit (i.e. no bar slowdown),
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dynamical friction is well modelled using the resonant angle-action coordinates. In the
future, it will be our task to extend the theory to the general slow regime as well as to

quantify the self-gravitational amplification by collective effects.

5.2 Outlook

The barred Galaxy model employed in this thesis was designed to be as simple as possible
to gain a clear understanding on the underlying dynamics. There are thus many aspects of
the Galaxy that we have not addressed in this thesis. We will mention a few of these here
that we have already noted in the main text.

The most important process ignored in our model is the scattering of stars by transient
spiral arms and giant molecular clouds (Sellwood & Binney, 2002). Scattering diffuses
stars in action space and thus weakens the resonant structures of the galactic bar. This
implies that our measurement on the bar’s slowing rate, which is determined by the size
and density of the bar’s corotation resonance, has generally been overestimated: the loss of
trapped orbits by diffusion must be offset by making the bar slowdown slower. Similarly,
due to stellar diffusion, the current metallicity ordering in Jp inside the corotation can only
set a lower limit on the distance travelled by the resonance. Quantifying secular diffusion is
thus an inevitable step towards improving our estimates on the bar’s evolution parameters.

The interpretation of the metallicity dependence on J, also requires a more subtle
treatment as the radial metallicity profile of the stellar disk is not strictly linear and, more
importantly, flattens with stellar age! (e.g. Schénrich & McMillan, 2017; Vickers et al.,
2021). This implies that the metallicity gradient in J, may correspondingly flatten towards
the centre of the resonance, where we might even observe an inverse metallicity gradient
depending on the age of the bar.

In our current work, we have restricted the stellar samples to those with small vertical
energies and analysed them with a two dimensional disk model. This enabled us to map

the actions of the in-plane motions straightforwardly but also eased the interpretation of

INote that the age dependence on metallicity is different from the age dependence on the radial metallicity
gradient. The former is observed as the [M/H] — Jg correlation which we have removed in our analysis,
while the latter, required to interpret the [M/H] — Jy correlation, is not addressed in this thesis.
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the result. To apply our tree-ring analysis to stars out of the plane, we need to additionally
model their vertical motion and its correlation with age and metallicity (e.g. Beane et al.,
2018). These correlations are heavily impacted by stellar migration (Schonrich & Binney,
2009) and are also coupled with the radial motion near the vertical Lindblad resonances
(Debattista et al., 2017). These three dimensional resonant structures are best modelled
using the torus machinery and its perturbative extension developed by Binney (2016, 2018).

Finally, the Galactic disk is by no means an isolated system: it can exchange energy
with its environment (e.g. satellite galaxies), and gain mass by accretion or mergers. Fossil
relic of past satellite interactions are found in the Galaxy as remnant stellar streams (e.g.
Laporte et al., 2020) or as incomplete phase mixing in the vertical motion of the stellar disk
(Antoja et al., 2018). It is unclear how and to what extent these satellite interactions impact
the tree-ring structure of the bar’s resonance. While satellite interactions cannot have
entirely destroyed the tree-ring structure (as the data manifests a monotonic metallicity
variation in Jy), they have likely distorted or left measurable scars on the rings. This
implies that detecting an imperfect tree-ring pattern in the future may vice versa provide
information about the past merging history.

These future studies will be facilitated by the upcoming Gaia Data Release 3, which
will extend the stellar samples with 6D phase-space measurements by roughly a factor of 5,
and will also provide the first stellar parameters, including age and metallicity. These data
will allow us to cut deeper into the core of the bar’s corotation resonance as well as to
investigate the age/metallicity dependence on the libration angle, thus identifying, if any,
the predicted phase-spiral inside the resonance. Efforts are underway to model this rich
kinematic and chemical data, combining all pieces of galaxy evolution mentioned above.

We hope that this thesis has opened up a new avenue to probe the nature of dark
matter. Particularly exciting is the prospect of using the measured bar’s slowdown rate
to test models of dark matter beyond the standard CDM. For example, fuzzy /ultralight
dark matter, which has recently become popular for its potential to resolve the small-scale
crisis of CDM, is expected to cause weaker dynamical friction because small density wakes
cannot form due to the Heisenberg’s uncertainty principle. It will be our major task in the

future to explore how rapidly bars decelerate in these alternative dark matter models.
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