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A B S T R A C T 

The Sun is located close to the Galactic mid-plane, meaning that we observe the Galaxy through significant quantities of dust. 
Moreo v er, the vast majority of the Galaxy’s stars also lie in the disc, meaning that dust has an enormous impact on the massive 
astrometric, photometric and spectroscopic surv e ys of the Galaxy that are currently underway. To exploit the data from these 
surv e ys we require good three-dimensional maps of the Galaxy’s dust. We present a new method for making such maps in which 

we form the best linear unbiased predictor of the extinction at an arbitrary point based on the extinctions for a set of observed 

stars. This method allows us to a v oid the artificial inhomogeneities (so-called ‘fingers of God’) and resolution limits that are 
characteristic of many published dust maps. Moreover, it requires minimal assumptions about the statistical properties of the 
interstellar medium. In fact, we require only a model of the first and second moments of the dust density field. The method is 
suitable for use with directly measured extinctions, such as those provided by the Rayleigh–Jeans colour excess method, and 

inferred extinctions, such as those provided by hierarchical Bayesian models like StarHorse. We test our method by mapping 

dust in the region of the giant molecular cloud Orion A. Our results indicate a foreground dust cloud at a distance of 350 pc, 
which has been identified in work by another author. 

Key words: ISM: clouds – dust, extinction – ISM: structure – local interstellar matter – solar neighbourhood. 
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 I N T RO D U C T I O N  

he giant molecular clouds Orion A and B are sites of continuing
tar formation. Indeed, they are the regions closest to Earth in which
igh-mass ( M > 8 M �) star formation is occurring. Both Orion A and
 are filamentary structures. Orion A, which is comet-like, consists 
f a dense head (containing the Orion Nebula, at galactic coordinates 
 = 206 deg, b = −16.4 deg, and its largest cluster of young stars,
he Orion Nebula Cluster) and a diffuse tail extending south-west on 
he sky for several degrees. Orion B is more uniform. It contains the
lame Nebula at its eastern extremity (at galactic coordinates l = 

09 deg, b = −19.4 deg) and extends north-west on the sky, again
or several degrees. 

Photometric surv e ys of young stars and young stellar objects, 
hich trace the gas of the molecular cloud in which the y hav e been

oncieved and born, have charted the gross on-sky distribution of 
rion A. These surv e ys include those by: Meingast et al. ( 2016 ),
eingast, Alves & Lombardi ( 2018 ), and Großschedl et al. ( 2019 ),

s part of the VISION surv e ys, which used near-infrared observations
ade by the VISTA telescope augmented by visible and near-infrared 

bservations by Pan-STARRS and mid-infrared observations by 
pitzer; Megeath et al. ( 2012 , 2015 ), which used mid-infrared
bservations made by Spitzer and near-infrared observations made 
y 2MASS; Carpenter ( 2000 ), which used near-infrared observations 
ade by 2MASS; and Wright et al. ( 2010 ), which used mid-infrared

bservations by WISE. Astrometric surv e ys of the same young stars
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nd young stellar objects have allowed us to chart the gross three-
imensional distribution of Orion A. These surv e ys include those by
ounkel et al. ( 2018 ) and Großschedl et al. ( 2018 ), using Gaia Data
elease 2 (DR2). They have established that the head of Orion A is
 roughly spherical object, with a diameter of 15–20 pc, lying at a
istance of s = 400 pc at l = 209 deg, b = −19.5 deg, and that its
ail e xtends a way from the Sun for a distance of 75 pc at an angle of
0 deg to the plane of the sky. 
To chart the fine three-dimensional distribution of Orion A we can

se dust, which is coupled to the gas component of the interstellar
edium (ISM) and hence traces the densest gas of the molecular

loud in which it sits. The dust is accessible to us by its extincting
ffect on light passing through it. But the task of charting the dust
f Orion A is very different from the task of charting its stellar
opulation. It is a matter of inference rather than direct observation.
iv en e xtinctions for stars in the re gion of Orion A we can infer the
ust density at an arbitrary point in the cloud, a process known as
three-dimensional dust mapping’. A number of teams have already 
ade three-dimensional dust maps of Orion A. These include: 
chlafly et al. ( 2015 ), using only photometry from Pan-STARRS1;
ezaei Kh et al. ( 2018 ), using astrometry from Gaia Data Release 1

ogether with photometry from 2MASS and WISE, Rezaei Kh et al.
 2020 ), using astrometry from Gaia DR2 together with photometry
rom 2MASS and WISE; and Dharmawardena et al. ( 2022 ), using
strometry from Gaia DR2 together with photometry from 2MASS, 

ISE, and Gaia DR2. All three identify a filament of gas consistent
ith the tail of young stellar objects and young stars. Rezaei Kh

t al. ( 2020 ) report a cloud lying in the foreground of Orion A, at a
istance of s = 350 pc, which the y tentativ ely associate with a stellar
is is an Open Access article distributed under the terms of the Creative 
h permits unrestricted reuse, distribution, and reproduction in any medium, 
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1 What Sale & Magorrian ( 2014 , equation A2) call the correlation, 
〈 A ( s 1 ) A ( s 2 ) 〉 , should be the covariance, cov ( A ( s 1 ) , A ( s 2 )). 
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luster identified by Bouy et al. ( 2014 ). Ho we ver, this cloud is not
eported by either of the other two groups. 

Although the distributions of the gas and dust are of interest in
heir own right, the dust is also something of a nuisance since
t obscures and reddens observations of stars within and beyond
t. Because the Sun is located close to the Galactic mid-plane we
bserve our Galaxy through significant quantities of dust. Moreover,
he vast majority of the Galaxy’s stars also lie in the disc, so
xtinction has an enormous impact on stellar surv e ys and, in turn,
n attempts to fit chemical and dynamical models of the Galaxy to
tellar observations. To fully exploit the data from stellar surveys
e require good three-dimensional dust maps of the whole Galaxy.
 number of teams have made such three-dimensional dust maps.
hese include: Arenou, Grenon & Gomez ( 1992 ); Drimmel, Cabrera-
avers & L ́opez-Corredoira ( 2003 ); Marshall et al. ( 2006 ); Sale et al.
 2014 ; based on the method of Sale 2012 ); Chen et al. ( 2014 ; based on
he method of Berry et al. 2012 ); Lallement ( 2015 ), Lallement et al.
 2014 , 2018 , 2019 ), and Vergely et al. ( 2010 ; based on the method
f Vergely et al. 2001 ); Green et al. ( 2015 , 2018 , 2019 ; based on
he method of Green et al. 2014 ); and Leike & Enßlin ( 2019 ), and
eike, Glatzle & Enßlin ( 2020 ; based on the method of Enßlin &
eig 2010 ) and Enßlin & Frommert ( 2011 ). 
To date, ho we v er, dust maps hav e suffered from either artificial

nhomogenities known as ‘fingers of God’ (Marshall et al. 2006 ;
reen et al. 2018 ; Lallement et al. 2019 ), or have been resolution-

imited (Sale et al. 2014 ; Leike, Glatzle & Enßlin 2020 ; Rezaei Kh
t al. 2020 ). We propose a new method for creating three-dimensional
ust maps and use it to map Orion A. Orion A is a good testing
round for dust-mapping methods that might be used to map the
hole Galaxy. 
When making a three-dimensional dust map we wish to infer

he density, ρ( r ) or, equi v alently, the extinction, A ( r ), at an arbi-
rary point, r , given knowledge of the positions, r 1 , . . . , r n , and
xtinctions, A 1 , . . . , A n for some set of stars. In this paper we
reat the ISM as the realization of a random field, and compute
he best linear unbiased predictor (BLUP) of the extinction at a point
iv en e xtinctions for a set of stars in the re gion of that point. This
s equi v alent to forming the generalized least squares estimator of
he mean of the extinction and then performing a non-parameteric
t to the residuals. We then differentiate this predictor to give a
redictor of the density at the same point. Our method requires
inimal assumptions about the statistical properties of the ISM.

ndeed it requires us to know only the covariance of the densities of
he ISM and to have a model of its mean. It does not require us to
ssume a distribution for the dust density, and in particular it does not
equire us to assume a log-normal distribution, as is common in three-
imensional dust mapping. We follow Sale & Magorrian ( 2014 )
n using a physically moti v ated model of the covariance function
hat captures the turbulent structure of the ISM. The parameters of
his covariance model form the hyperparameters of our predictor of
xtinction, which we optimize using the method of leave-one out
ross validation. We make two maps of dust in the region of Orion A
ut to 500 pc: one using extinctions computed using the Rayleigh–
eans colour excess method, and one using extinctions from the
tarHorse catalague. The resulting maps display no fingers of God,
nd may be constructed at arbitrary resolution although the ef fecti ve
esolution is al w ays limited by the density of observed stars. 

Our method relies on knowledge of only the broadest statistical
roperties of the density field (i.e. its first and second moments) and
e begin, in Section 2 , by summarizing these. We then introduce

he BLUP, in Section 3 , testing it against simulated data in Section 4
efore using it to map Orion A, in Section 5 . Our maps broadly agree
NRAS 528, 5763–5782 (2024) 
ith those made by Rezaei Kh et al. ( 2020 ) and, like them, show a
oreground dust cloud at a distance of 350 pc. In Section 6 we discuss
he consequences of our assumptions about the statistical properties
f the density field and show that our method is insensitive to them
o long as they correctly account for the fractal nature of the ISM. 

 STATISTICS  O F  T H E  ISM  

he density of the ISM at a point, r , may be represented by the
andom variable, ρ( r ). The set of all such random variables forms
 random field, ρ : = ( ρ( r )) r ∈ R 3 , which represents the density of the
SM as a whole. Similarly, the extinction of light emitted by a source
t a point, r , may be represented by the random variable 

 ( r ) = 

∫ s 

0 
ρ( s ′ ˆ r ) d s ′ (1) 

here s : = | r | is the line-of-sight distance of the source and ˆ r is
he unit vector parallel to r . This gives another random field, A : =
 A ( r )) r ∈ R 3 , which represents the extinction that would be undergone
y light emitted at any point in space. The properties of these fields
re usefully summarized by their means and variances. Since the
 xpectation and co variance functions are both linear we immediately
nd that the expectation of A ( r ) is 

〈 A ( r ) 〉 = 

〈∫ s 

0 
ρ( s ′ ˆ r ) d s ′ 

〉
(2) 

= 

∫ s 

0 

〈
ρ( s ′ ˆ r ) 

〉
d s ′ (3) 

nd that the covariance of A ( r ) is 1 

cov ( A ( r i ) , A ( r j )) = cov 

(∫ s i 

0 
ρ( s ′ i ̂  r i ) d s 

′ 
i , 

∫ s j 

0 
ρ( s ′ j ̂  r j ) d s 

′ 
j , 

)
(4) 

= 

∫ s j 

0 

∫ s i 

0 
cov ( ρ( s ′ i ̂  r i ) , ρ( s ′ j ̂  r j )) d s 

′ 
i d s 

′ 
j , (5) 

here s i : = | r i | and s j : = | r j | are the line-of-sight distances of the
wo sources and ˆ r i and ˆ r j are the unit vectors parallel to r i and
r j . Although the ISM is a complicated multiphase medium, the

uctuation in its density, 

ρ : = ρ − 〈 ρ〉 , (6) 

an be approximated as being stationary and isotropic (Draine 2011 ).
n these circumstances, its first and second moments are invariant
nder translations and rotations. Consequently, the covariance of the
ensity fluctuations at two points, �ρ( r i ) and �ρ( r j ), is a function
f their separation, | r j − r i | , and is given by the autocovariance
unction of the density fluctuations, k �ρ , such that 

 �ρ( | r j − r i | ) = cov ( �ρ( r i ) , �ρ( r j )) . (7) 

y Bochner’s Theorem (Adler 1981 ) the Fourier transform of k �ρ

xists, and is related to the power spectrum of �ρ, denoted P �ρ , via
he equation 

 �ρ( | r j − r i | ) = 

∫ 

R 3 
e i k ·( r j −r i ) P �ρ( | k | ) d | k | , (8) 

here k is the three-dimensional wavenumber. 
It is common to assume that fluctuations in the density are

escribed by Kolmogorov’s theory of turbulence (Draine 2011 ), i.e.
hat its power spectrum is described by a power law, with index
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11/3, o v er a wide range of wavenumbers. 2 This power law must
ail at very small and very large wavenumbers. In the Kolmogorov 
heory of turbulence this happens at the boundaries of the inertial 
egime, i.e. at scales larger than the energy-injection scale, L 0 , or
maller than the dissipation scale. The energy-injection scale is that 
f stellar feedback, while the energy-dissipation scale is that of 
iscous forces. Although astronomical observations clearly probe 
he energy-injection scale, they do not probe the energy-dissipation 
cale, meaning that we need only worry about the failure of the
o wer-law po wer spectrum for small wavenumbers. Moti v ated by
his fact, Sale & Magorrian ( 2014 ) proposed a split-power law for
he power spectrum of �ρ, with the location of the break being
etermined by the energy-injection scale, L 0 . It is given by 

 �ρ( | k | ) = σ2 
�ρR 

( | k | L 0 ) 2 �

(1 + ( | k | L 0 ) 2 ) γ / 2 + �
(9) 

or positive numbers �, γ , and R , a normalizing constant defined
mplicitly by the equation 

1 

R 

= 4 π
∫ ∞ 

0 

| k | 2 ( | k | L 0 ) 2 �

(1 + ( | k | L 0 ) 2 ) γ / 2 + �
d | k | . (10) 

bo v e the wav elength associated with the energy-injection scale, 
 0 , the spectrum is a power-law with index −γ , and below that
avelength it is a power law with index �. Sale & Magorrian call

his power spectrum ‘Kolmogoro v-like’, re gardless of the value of
. 
The mean value of the density is in general unknown, but its

ovariance is equal to the covariance of the density fluctuations, 
ince 

cov ( ρ( r i ) , ρ( r j )) = 

〈
( ρ( r i ) − 〈 ρ( r i ) 〉 )( ρ( r j ) −

〈
ρ( r j ) 

〉
) 
〉

(11) 

= cov ( �ρ( r i ) , �ρ( r j )) . (12) 

he density, ρ, is often taken to be lognormal, meaning that the
xtinction at a point, A ( r ), is the integral of a lognormal field. This
as a probability density function (PDF) that cannot be expressed in 
losed form, but which is itself approximately lognormal (Ostriker, 
tone & Gammie 2001 ). 
If we assume that the density (as well as its fluctuations) 3 is

tationary and isotropic, with mean μρ and constant variance σ2 
ρ

hen the covariance of the densities at two points, ρ( r i ) and ρ( r j ),
s also a function of their separation, | r j − r i | , and is given by the
utocovariance function of the density, k ρ , such that 

 ρ( | r j − r i | ) = cov ( ρ( r i ) , ρ( r j )) . (13) 

he autocovariance of the density is then equal to the autocovariance 
f the density fluctuations, i.e. k ρ = k �ρ , and we have that 

〈 A ( r ) 〉 = μρs, (14) 

cov ( A ( r i ) , A ( r j )) = 

∫ s i 
∫ s j 

k �ρ( | s ′ i ̂  r i − s ′ j ̂  r j | ) d s ′ j d s ′ i (15) 

0 0 

 This is a remarkable fact since Kolmogorov’s theory of turbulence describes 
he behaviour of small-amplitude incompressible hydrodynamic systems, and 
he ISM is a large-amplitude compressible magnetohydrodynamic system 

Draine 2011 ). 
 Of course the density of the ISM decreases exponentially as Galactic radius 
ncreases. Moreo v er, at large scales, the ISM forms complex sheet-like and 
lamentary structures. At these large scales the assumptions of stationary 
ensity and stationary density fluctuations are poor. Ho we ver, at the small 
cales we consider in this paper both assumptions are reasonable. 

e
b
(  

a
J  

e
 

b  

p  

o  
here k �ρ is given by equations ( 8 ) and 9 . For each choice of
utocovariance function, we need only a model of the mean of the
xtinction, which has a single free parameter, μρ . Despite this sim-
lifying assumption, neither cov ( A ( r i ) , A ( r j )) nor cov ( ρ( r i ) , A ( r j ))
as closed form, and both must be computed numerically at some
 xpense. F or this reason we define the functions f and g such that 

 ( s 1 , s 2 , θ12 ) = cov ( ρ( r 1 ) , ρ( r 2 )) (16) 

( s 1 , s 2 , θ12 ) = cov ( A ( r 1 ) , A ( r 2 )) (17) 

here s 1 and s 2 are the line-of-sight distances to points r 1 and r 2 ,
nd θ12 is the angle subtended by them at the origin, which we
recompute on a regular lattice of arguments and e v aluate using linear
nterpolation. (We discuss these functions further in Appendix D .) 

 LI NEAR  PREDI CTI ON  A N D  M A P  M A K I N G  

hen making a three-dimensional dust map we wish to infer the
ensity or, equi v alently, the extinction at an arbitrary point given
nowledge of the extinctions and positions for some set of stars.
f course, neither the distance nor the extinction are observed 
irectly. Instead, they must themselves be inferred from other stellar 
roperties. For a limited number of stars (those for which we have
bservations in the infrared) we may estimate the extinction using the
ear-infrared colour excess (NICE) method of Lada et al. ( 1994 ) or
ts successors [the NICER method due to Lombardi & Alves ( 2001 ),
he NICEST method due to Lombardi ( 2009 ), and the Rayleigh–
eans colour excess method due to Maje wski, Zaso wski & Nide ver
 2011 )]. The Rayleigh–Jeans colour excess (RJCE) method, for 
 xample, e xploits the fact that all stars are well approximated as
lack bodies in the low-frequency limit (where their spectral radiance 
s described by the Rayleigh–Jeans law), meaning that their low- 
requency colours are approximately independent of spectral class. 

aje wski, Zaso wski & Nide ver ( 2011 ) sho wed that colours spanning
he NIR and MIR are approximately constant for a range of spectral
ypes, and that the colour H − [4.5 μ] exhibits especially little
ariation. They found, using the extinction law of Cardelli, Clayton & 

athis ( 1989 ), that the K s -band extinction in magnitudes is 

 K s = 0 . 918( H − [4 . 5 μ] − 0 . 08) (18) 

ith a scatter of 0.1 mag for F, G, and K stars, and 0.4 mag for B–M
xcluding late type dwarfs. Ho we ver, due to observ ational error, both
istances and extinctions estimated in this way may be unphysically 
e gativ e. 
Ho we ver, it is often necessary to infer the extinction and distance

f a star using Bayesian methods of the kind pioneered by Burnett &
inney ( 2010 ), Bailer-Jones ( 2011 ), and Binney et al. ( 2014 ). These
ethods assume that a star’s observed properties are parametrized 

y its intrinsic properties, and use Bayes’s theorem to compute 
he posterior PDF of the intrinsic properties given the observed 
roperties. We might wish to infer a single property or a tuple of
roperties, in which case we can find the marginal PDF of any
lement of that tuple. Several catalogues of stellar properties have 
een compiled in this way. They include the StarHorse catalogue 
Santiago et al. 2016 ; Queiroz et al. 2018 ; Anders et al. 2019 , 2021 ),
nd the catalogues of Bailer-Jones and his collaborators (Bailer- 
ones 2015 ; Astraatmadja & Bailer-Jones 2016a , b ; Bailer-Jones
t al. 2018 , 2021 ). 

The StarHorse catalogue takes the intrinsic properties of a star to
e mass, age, distance, and V -band extinction. It takes the observable
roperties of a star to be ef fecti ve temperature, surface gravity,
 v erall metallicity, magnitude, and parallax, as catalogued by Gaia ,
MNRAS 528, 5763–5782 (2024) 
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4 A similar method of prediction, known as ‘kriging’ is much used in the 
mining industry for mapping geological features (see e.g. Cressie 1993 ). 
5 Our expression for ˆ A ( r ) is identical to that used in Gaussian-process 
emulation, where it would be derived under the assumption that A ( r ) and A 

are drawn from an underlying Gaussian random field (e.g. Rasmussen 2006 ). 
Ho we ver this assumption of Gaussianity is unnecessary. The expression holds 
because the random field A is second order, not because A is Gaussian (which 
it need not be). 

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/528/4/5763/7592026 by guest on 02 August 2024
an-STARRS1, 2MASS, and AllWISE. The likelihood of these
bservable properties is assumed to be Gaussian with mean given
y a stellar model, and variance given by the observational errors.
t assumes as a prior PDF for distance a physically moti v ated four-
omponent model of the Galaxy (comprising the thin disc, thick
isc, bulge/bar, and halo). As a result, inferred distances are al w ays
ositive. In the first release of the StarHorse catalogue, using Gaia
R2 (Anders et al. 2019 ), the prior PDF for extinctions is assumed to
e uniform in the case of stars with low-noise parallax observations
signal-to-noise of five or greater) and a top hat, such that A V /mag ∈
 −0.3, 4], in the case of stars with high-noise parallax observations
signal-to-noise of less than five). In the second release, using Gaia
arly Data Release 3 (EDR3; Anders et al. 2021 ), the prior PDF for
xtinctions is assumed to be given by the maps of Green et al. ( 2019 )
r Drimmel, Cabrera-Lavers & L ́opez-Corredoira ( 2003 ) according
o co v erage. The full posterior PDF is not publicly a vailable, b ut
ather the 0.05, 0.16, 0.6, 0.84, and 0.95 quantiles. 

The catalogues of Bailer-Jones provide only distances. They take
he intrinsic property of a star to be distance, and its observable
roperty to be parallax. The most recent of these catalogues (Bailer-
ones et al. 2018 , 2021 ) assumes that the likelihood of the parallax
s Gaussian with mean given by the reciprocal distance and variance
iven by the observational errors, and that the prior PDF for distance
s that for a generalized gamma distribution. As a result, inferred
istances are again al w ays positive. Again, the full posterior PDF is
ot publicly a vailable, b ut rather the 0.05, 0.16, 0.6, 0.84, and 0.95
uantiles. 

.1 The BLUP 

or a list of directly computed or inferred extinctions A =
 A 1 , . . . , A n ) at locations r 1 , . . . , r n we wish to predict the extinc-
ion, A ( r ), or density, ρ( r ), at some arbitrary position, r , given the
ssumptions represented by equations ( 14 ) and 15 . To predict the
xtinction we will use the BLUP of A ( r ), which we will denote
ˆ 
 ( r ). This is a linear combination of extinctions A 1 , . . . , A n with

oefficients chosen so as to minimize the mean square error, 

MSE ( ˆ A ( r )) = 

〈
( A ( r ) − ˆ A ( r )) 2 

〉
(19) 

where angle brackets again indicate the expectation) subject to the
onstraint that ˆ A ( r ) be unbiased, i.e. subject to the constraint that
 

ˆ A ( r ) 〉 = 〈 A ( r ) 〉 . It is given by Goldberger ( 1962 ) as 

ˆ 
 ( r ) = γ ( r ) t A + σ( r ) t � 

−1 ( A − � 

t A ) (20) 

here the n × 1 vector-valued function γ is given by 

( r ) = � 

−1 � 

t ( � � 

−1 � 

t ) −1 s, (21) 

he n × 1 vector-valued function σ is given element-wise by [ σ( r )] i =
ov ( A ( r ) , A i ), the n × n matrix � has elements [ � ] ij = cov ( A j , A i ),
he n × n matrix � has columns [ � ] j = γ ( r j ), meaning that it has
lements [ � ] ij = [ γ ( r j )] i , and the n × 1 vector � has elements
 � ] i = s i . 

The expression for ˆ A ( r ) is the sum of two terms. The first of these,
( r ) t A , is the generalized least squares (GLS) estimator of the mean
f A ( r ), which we may rewrite as ˆ μρs, where 

ˆ ρ : = ( � 

t � 

−1 � ) −1 � � 

−1 A (22) 

s itself the GLS estimator of the mean of the density, μρ , and is
nbiased. Similarly, the expression � 

t A gives the GLS estimators of
he means of A 1 , . . . , A n . The second term in the expression for ˆ A ( r )
NRAS 528, 5763–5782 (2024) 
s then a weighted sum of the residuals of the observed values A and
he GLS of their means. 4 

To predict the density we will use the deri v ati ve of the BLUP of
 ( r ), 

ˆ ( r ) : = 

∂ ˆ A ( r ) 
∂ s 

, (23) 

hich is also unbiased, since 〈 ρ( r ) − ˆ ρ( r ) 〉 =
 ∂ ( A ( r ) − ˆ A ( r )) / ∂ s 〉 = ∂ 〈 A ( r ) − ˆ A ( r ) 〉 / ∂ s = 0. Because only γ
nd σ are functions of s it is easy to compute (see Appendix A for
etails). 
Note that to find ˆ A ( r ) and ˆ ρ( r ) we need only to know the

ovariance of ( A ( r ) , A ) and to assume that the expectation of A ( r )
s linear in s . We do not need to make any further assumptions about
he distribution of the ISM. In particular, we do not need to assume
hat its distribution is lognormal. 5 

.1.1 Computing the BLUP in practice 

hen using extinctions inferred with the RJCE method we can make
he decomposition A i = A ( r i ) + E i where A ( r i ) is the intrinsic
xtinction at r i and E i is the uncertainty in its value. In this case
he covariance matrix is 

 � ] ij = cov ( A ( r i ) + E i , A ( r j ) + E j ) (24) 

= cov ( A ( r i ) , A ( r j )) + var ( E i ) δij , (25) 

ssuming that A ( r i ) and E j are independent for i �= j , and 

 σ( r )] i = cov ( A ( r ) , A ( r i ) + E i ) (26) 

= cov ( A ( r ) , A ( r i )) , (27) 

ssuming that A ( r ) and E j are independent. When using extinctions
nferred by Bayesian techniques that make stronger assumptions
bout he stars’ neighbourhoods A i is the posterior prediction of
 source’s extinction, and both cov ( A i , A j ) and cov ( A ( r ) , A i ) are
roperties of the Bayesian model used to construct it. Since neither
s available as part of a catalogue we will approximate them by
quations ( 25 ) and ( 27 ), on the understanding that var ( E i ) δij no
onger represents an observational error but instead quantifies the
iscrepancy between our approximation of the covariance and its true
alue. We will take var ( E i ) to be equal to the variance of var ( A i ). 

To compute ˆ A ( r ) we must know the position of each star. Ho we ver,
s we have already noted, the distance to a star is inherently uncertain.
o circumvent this problem we may assume that the distance to a
tar is certain but that the uncertainty in the extinction is increased,
sing the fact that 

d A i = 

∂ A i 

∂ s i 
�s i . (28) 

n this case, the variance of A i is increased by d A 

2 
i . Under

his assumption the ij -th element covariance matrix, [ � ] ij , be-
omes [ � ] ij + d A 

2 
i δij , i.e. we add the square of the uncertainties,



Mapping dust in the GMC Orion A 5767 

d  

m

O  

t

3

A  

w  

A  

o
p  

c  

W  

c  

s
d  

t
t

w  

a  

d
m
H  

b
f

R

w  

e  

d  

v

3

W
m  

μ  

t
f
t
H  

a
e  

d
B  

b  

e
m  

f
p  

3  

t
s  

U  

i
t

3

T
b  

o  

i  

t  

C
o  

n
S
m  

c  

c
b  

p

4
S

W  

i  

R  

[  

a  

fi
e
s  

g
 

5  

t
a
1
i  

1  

l  

B

a

a  

w  

o  

o
d  

w
d  

 

c  

n
o  

u

6 The density field is then sampled at 1 pc intervals in s and 0.5 deg intervals 
in l and b . 
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 A 1 , . . . , d A n , to the diagonal elements of � . If d s i 	 L 0 then we
ay make the linear approximation, 

∂ A i 

∂ s i 
= 

A i 

s i 
. (29) 

f course, if the condition d s i 	 L 0 is not met then this additional
erm in the variance will be too great. 

.2 Validation 

lthough our statistical model of the ISM is physically moti v ated, we
ould still like reassurance that ˆ A ( r ) and ˆ ρ( r ) are good predictors of
 ( r ) and ρ( r ). In the case of extinction we may test the performance
f the BLUP using leave-one-out cross-validation (LOOCV). We 
artition A into a set containing a single element, A i , and another
ontaining n − 1 elements, A −i : = ( A 1 , . . . , A i−1 , A i+ 1 , . . . , A n ).
e then find ˆ A ( r i ), namely the BLUP of A ( r i ) based on A −i , and

ompute the residual, A i − ˆ A ( r i ). The behaviour of these n residuals
hould be consistent with the assumptions we have made about their 
istrib ution. Since we ha ve only assumed that the mean is linear and
hat we know the autocovariance function, we need only check that 
he residuals obey Chebyshev’s inequality, 

Pr ( | A ( r ) − ˆ A ( r ) | ≥ λ std ( A ( r ) − ˆ A ( r )) ≤ 1 

λ2 
(30) 

here std ( A ( r ) − ˆ A ( r )) is the standard deviation of the residuals
nd λ is a positive number, although we would hope for them to
o considerably better. They should be uniformly good across the 
apped region, and display no trend in distance, latitude or longitude. 
o we ver, we al w ays expect our predictors to underperform near the
oundaries of the mapped region, where they are constrained by 
ewer data. It is also useful to define the LOOCV score, 

 LOO : = 

1 

n 

n ∑ 

i= 1 

( A i − ˆ A ( r i )) 2 , (31) 

hich should be small compared to, say, the mean variance of the
lements of A . Since we are unable to validate the BLUP of the
ensity of the ISM in this way, we will take validation of ˆ A ( r ) to be
alidation of ˆ ρ( r ). 

.3 Choosing the model parameters 

e have observed that for a given autocovariance function, our 
odel of the mean of the extinction has a single free parameter,
ρ . Ho we ver, we do not in practice know the values of the parameter

uple that specifies the power spectrum, and hence the autocovariance 
unction. We will assume that γ = 11/3 (to ensure Kolmogorov 
urbulence in the inertial regime), and that � = 1 (arbitrarily). 
o we ver the v ariance of the density, σ2 

�ρ , and the length scale, L 0 ,
re less certain. We might wish to find their maximum-likelihood 
stimate. But this would require us to assume a model for the
istribution of the extinction, contrary to the assumptions of the 
LUP, so that by doing this we would lose one of the principal
enefits of the method. Moreo v er, in computing the BLUP of the
xtinction we are necessarily computing the GLS estimator of the 
ean, and we do not want a second estimate of it. Instead, we may

ollow a procedure much used in machine learning, and choose the 
air σ2 

�ρ and L 0 so as to minimize the LOOCV score, R LOO (equation
1 ). This does not allow us to formally estimate the parameter tuple in
he way the method of maximum likelihood does. We should, instead, 
ee it as a way of tuning the predictor so that it passes validation.
ltimately, our trust in the BLUP is justified only by its performance
n validation, and we may choose the power spectrum’s parameter 
uple arbitrarily, so long as the resulting predictors pass this test. 

.4 Computational expense 

he memory requirements for computing the BLUP are dominated 
y the storage of square matrices of size n × n and are therefore
f order O ( n 2 ). The computational complexity is dominated by the
nversion of the covariance matrix, � . For small data sets, like
hose needed to map the dust in Orion A, we may do this using
holesky decomposition, which has computational complexity of 
rder O ( n 3 ). Ho we ver, for significantly larger data sets, like those
eeded to create global dust maps, this complexity is prohibitive. 
uch scaling problems are common to all three-dimensional dust 
apping methods and a number of solutions are available. In our

ase it is best to use a low-rank or sparse approximation to the
ovariance matrix or to use the iterative inversion method described 
y Wang et al. ( 2019 ), which has complexity of order O ( n 2 ). We will
ursue this in future work. 

 M E T H O D O L O G I C A L  TESTS  USING  

YNTHETI C  DATA  

e will shortly use our method to map dust within Orion A and
ts environment. In fact, we will follow Rezaei Kh et al. ( 2020 ) and
ezaei Kh. & Kainulainen ( 2022 ) by mapping the region s /pc ∈

0, 500], l /deg ∈ [205, 216], b /deg ∈ [ −21, −15], which contains
pproximately 10 000 stars. We will do this using two data sets:
rst, extinctions computed using the RJCE method; and second, 
xtinctions reported by the StarHorse catalogue. But before doing 
o we will test our method using synthetic data that mimic those
enerated by the RJCE method. 
To generate our synthetic data we realize the density field, ρ, on a

01 × 101 × 45 regular lattice in s , l , and b , under the assumption
hat ρ is a stationary and isotropic lognormal random process having 
 Kolmogorov-like power spectrum (equation 9 ) with mean μρ = 

 × 10 −3 mag pc −1 , variance σ2 
�ρ = 1 × 10 −6 mag 2 pc −2 , energy- 

njection scale L 0 = 100 pc, and power-law indices � = 1 and γ =
1/3. 6 To do this, we note that the expectation and covariance of
n ( ρ( r )) are given by the well-known formulae (see e.g. Coles &
arrow 1987 ) 

〈 ln ( ρ( r )) 〉 = ln ( 〈 ρ( r ) 〉 ) − 1 

2 
var ( ln ( ρ( r ))) (32) 

nd 

cov ( ln ( ρ( r i )) , ln ( ρ( r j ))) = ln 

(
cov ( ρ( r i ) , ρ( r j )) 
〈 ρ( r i ) 〉 〈 ρ( r j ) 〉 + 1 

)
(33) 

nd generate a realization of a Gaussian random process, ln ( ρ),
hich we then e xponentiate, to giv e ρ. We then generate a realization
f A on the same 501 × 101 × 51 lattice by approximating the line-
f-sight integral using the trapezium rule, and choose a uniformly 
istributed random sample of this realization, size n = 10 000, to
hich we add normally distributed noise with zero mean and standard 
eviation of 0.1 mag. This forms a set of of synthetic observations,

A = ( A 1 , . . . , A n ) at locations r 1 , . . . , r n where we work in Galactic
oordinates such that r i = ( s i , l i , b i ). To each distance we add
ormally distributed noise with zero mean and standard deviation 
f 5 per cent. We then propagate errors from distance to extinction
nder the assumption that the linear approximation holds (Section 
MNRAS 528, 5763–5782 (2024) 
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Figure 1. Reco v ery of the parameters of the autoco variance function for 
the case of synthetic data. The parameters of the autocovariance function, 
σ2 

�ρ and L 0 (equations 9 and 5 ), may be chosen so as to minimize the 
LOOCV score, R LOO (equation 31 ). Here, a minimum in R LOO is found 
for σ2 

�ρ = 3 . 0 × 10 −6 mag 2 pc −2 and L 0 = 98 pc. The true values of the 

parameters are σ2 
�ρ = 1 × 10 −6 mag 2 pc −2 and L 0 = 100 pc. (See Section 4 

for discussion.) 
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Figure 2. Validation of the best linear predictor for the case of synthetic 
data. The standardized leave-one-out residuals of the predicted extinction 
may be used to validate our maps. Here, these standardized residuals are 
seen to have approximately unit standard deviation, and exhibit no trends in 
s , l , or b . Our maps therefore pass validation. (For the sake of clarity these 
plots show a sample of size 1000, uniformly distributed in volume.) (See 
Section 4 for discussion.) 
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7 This catalogue is not publically available. We w ould lik e to thank Sara 
Rezaei Kh. for her generosity in making it available to us. 
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.1.1 ). Since the mean and maximum errors on distances are 19 and
5 pc respectively this approximation holds marginally. 
We now map the entire area by e v aluating ˆ A and ˆ ρ for all points

n the lattice. To do this, we assume that � = 1 and γ = 11/3,
ut optimize our choice of the remaining autocovariance parameters,
2 
�ρ and L 0 , by minimizing the LOOCV score, R LOO (Section 3.3 ).
his is e xpensiv e, since it involv es the inv ersion of the matrix
 for every trial parameter pair. We therefore sample R LOO on
 25 × 25 logarithmically spaced rectangular lattice co v ering the
egion σ2 

�ρ/ mag 2 pc −2 ∈ [10 −8 , 10 −4 ] and L 0 /pc ∈ [10, 250]. Doing
his, we find that σ2 

�ρ = 3 . 0 × 10 −6 mag 2 pc −2 and L 0 = 98 pc
Fig. 1 ). These are close to the true values but we may not say
hey are consistent with the true values in any formal sense since we
ave no confidence region for them. 
We then perform LOOCV (Section 3.2 ) by inspecting the stan-

ardized leave-one-out residuals (Fig. 2 ). These have approximately
nit standard deviation, and exhibit no trends in s , l , or b . Accord-
ngly, we say that our predictors pass validation. Immediately, we
nd that the generalized least squares estimate of the density is

ˆ ρ = 1 . 2 × 10 −3 mag pc −1 with root mean square error (RMSE)
.36 × 10 −4 mag pc −1 (Appendix B ), consistent with the true value
f 1 × 10 −3 mag pc −1 . 
In Figs 3 –6 we show our predictions for the plane b = 3.5 deg,

nd in Fig. 7 our predictions for the line of sight l = 7 deg, b =
.5 deg. Note that we cannot expect the BLUP to reproduce features
n scales smaller than the mean stellar separation. Ho we ver, it is
arge fluctuations in the density on this interstellar scale that result in
he largest increases in extinction. These largest density fluctuations
annot be probed, and as a result the density map is smoothed
ut. None the less, the predictions for extinction and density are
verywhere consistent with their true values. Note that ˆ A is increasing
n s , even though we do not constrain it to be. Similarly, note that ˆ ρ

s non-ne gativ e for all r . These facts are most clearly seen in Fig. 7 .
he prediction interval for extinction increases with distance and is

nhomogeneous, just as the extinction is. The prediction interval for
ensity does not increase with distance and is homogeneous, just as
he density itself is. Note that predictions are even good close to the
oundary, and in particular within the region for which s < 200 pc,
here the predictor is most poorly constrained. 
NRAS 528, 5763–5782 (2024) 
 MAPPI NG  DUST  IN  O R I O N  A  

aving tested our map-making method in this way we can now use
t to create maps using each of our two data sets. 

.1 Application to colour-excess and Gaia data 

or our RJCE data we use the catalogue compiled by Rezaei Kh. &
ainulainen ( 2022 ). 7 This was generated using H -band observations
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Figure 3. Our synthetic extinction field, A (left), and the field recovered from 

a noisy sample of it using our method, ˆ A (right), in the plane b = 3.5 deg. 
(See Section 4 for discussion.) 

Figure 4. Synthetic data: RMSE, RMSE ( ̂  A ) = std ( A − ˆ A ), and standardized 
residuals of the predicted extinction for the plane b = 3.5 deg. (See Section 
4 for discussion.) 
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Figure 5. Our synthetic density field, ρ (left), and the field reco v ered from a 
sample of the extinction using our method, ˆ ρ (right), in the plane b = 3.5 deg. 
(See Section 4 for discussion.) 

Figure 6. Synthetic data: RMSE, RMSE ( ̂  ρ) = std ( ρ − ˆ ρ), and standardized 
residuals of the predicted density for the plane b = 3.5 deg. (See Section 4 
for discussion.) 
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rom 2MASS (Skrutskie et al. 2006 ) and [4.5 μ]-band (i.e. W2-
and) observations from WISE (Wright et al. 2010 ), these catalogues 
aving been cross-matched using the algorithm provided by the Gaia 
rchive. The resulting sample was then cleaned of large-extinction 
utliers by eliminating all sources lying below the main-sequence in 
he dereddened colour-magnitude diagram (see Rezaei Kh et al. 2018 , 
or details). These large extinctions are either artefacts resulting from 

he combining of two catalogues, or are associated with young stellar
bjects and are hence due to dusty circumstellar discs and envelopes, 
ot to the ISM itself. We account for the errors in H and [4.5 μ], which
e denote σ H and σ [4.5 μ] , by adding them in quadrature, so that the
ariance in A K s becomes 0 . 918 2 σ2 

H 

+ 0 . 918 2 σ2 
[4 . 5 μ] + 0 . 1 2 mag 2 .
he resulting mean error in extinction is 0.17 mag, and the standard
eviation of the error in extinction is 0.073 mag. 
We combine these extinction data with the line-of-sight distances 

nferred by Bailer-Jones et al. ( 2021 ) using Gaia EDR3 (Gaia
ollaboration 2016, 2021), again using the Gaia Archive cross- 
atching algorithm. We take for our distance prediction the median 

f the posterior distribution (which we expect to be close to the
ean of the predicted distance since the PDFs are unimodal and

pproximately symmetric at such small distances), and for our error 
alf the difference of the 0.16 and 0.84 quantiles. The mean error in
istance is 6.3 pc, and the standard deviation of the error in distance
s 11 pc. We propagate errors from distance to extinction under
he assumption that the linear approximation holds (Section 3.1.1 ). 
MNRAS 528, 5763–5782 (2024) 
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Figure 7. Our synthetic fields A (top) and ρ (bottom), along with the fields 
reco v ered using our method, along the line of sight l = 7 deg, b = 3.5 deg. 
In each case the synthetic field is shown as a dashed line, the reco v ered field 
is shown as a solid line, and the three-RMSE prediction interval shown as a 
shaded band. (See Section 4 for discussion.) 

Figure 8. The K s -band extinctions, computed using the RJCE method, for 
stars in the direction of the giant molecular cloud Orion A (note that the 
RJCE method permits unphysical ne gativ e e xtinctions). The principal stars 
of the Orion constellation ( ε Ori, ζ Ori, κ Ori, ι Ori) are marked. The head 
of Orion A is coincident with the Orion Nebula. Its tail extends south west 
(parallel to the Galactic plane) for several degrees, and is evident from the 
lack of observations in this region (due to high extinctions). The south- 
west extremity of the giant molecular cloud Orion B is coincident with the 
Flame Nebula. It extends north-west (perpendicular to the Galactic plane) for 
sev eral de grees, be yond the e xtent of the figure. It too is evident from a lack 
of observations. 
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Figure 9. Reco v ery of the parameters of the autocovariance function for the 
case of RJCE and Gaia data. The LOOCV, R LOO , is found to have a minimum 

for σ2 
�ρ = 6 . 2 × 10 −5 mag 2 pc −2 and L 0 = 98 pc. Contours are shown at 

intervals of 5 × 10 −5 mag 2 . (See Section 5 for discussion.) 
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he final sample contains 10 180 stars, having an average stellar
eparation of 3.9 pc. Of these sources, 1 434 hav e ne gativ e measured
xtinctions. We show all extinctions in Fig. 8 . 

We again map the entire region by e v aluating ˆ A and ˆ ρ at all
oints on a 501 × 501 × 45 regular lattice in s , l , and b , repeating
NRAS 528, 5763–5782 (2024) 
he analysis we performed using synthetic data. By minimizing the
OOCV score, R LOO , we find that that σ2 

�ρ = 6 . 2 × 10 −5 mag 2 pc −2 

nd L 0 = 98 pc (Fig. 9 ). (Note that the precision of these values is
imited by the size of the grid we use to search parameter space.)
he leave-one-out residuals have better than unit standard deviation,
nd again exhibit no trends in s , l , or b , so that we may again say
hat our predictors pass validation (Fig. C1 ). The GLS estimate of
he density is ˆ μρ = 3 . 8 × 10 −4 mag pc −1 with RMSE 2.75 × 10 −3 

ag pc −1 (see Appendix B for a discussion of our quoted errors). In
igs 10 and 11 we show our predictions for the plane b = −19.5 deg
corresponding to fig. 4 in the paper by Großschedl et al. 2019 ), and
n Fig. 12 we show our predictions for a sequence of on-sky regions
t increasing line-of-sight distances (corresponding to figs 2 and 5 in
he 2020 paper by Rezaei Kh et al.). Note that ˆ A is not increasing in s ,
nd that ˆ ρ is ne gativ e for some r . Nevertheless, prediction intervals
or ˆ A are consistent with its being increasing in s , and prediction
ntervals for ˆ ρ are consistent with its being non-ne gativ e for all r . 

Our maps clearly identify the head of Orion A (at s = 390 pc, l =
19.5 deg, b = 209 deg) and its tail, which extends to a distance of

 = 470 pc albeit varying in density along its length. They also clearly
dentify the foreground cloud first noted by Rezaei Kh et al. ( 2020 ).
n the plane b = −19.5 deg (Fig. 11 ) this appears as a chevron, the
pex of which is located at s = 350 pc, l = 210 deg. In the plane
 = 345 pc (Fig. 12 ) it is seen to have two lobes, one centred at l =
19.5 deg, b = 211 deg, and the other centred at l = 206.5 deg, b =

7 deg. The lower of these is located at the apex of the chevron, and
s bifurcated at smaller distances. Fig. 13 shows our predictions for
he lines of sight centred on these lobes (corresponding to fig. 3 in
he 2020 paper by Rezaei Kh et al.). 

Let us consider possible systematic errors in our predictions. These
ight arise from inadequate models of the mean and covariance of

he extinction field (equations 14 and 15 ) or from systematic errors
n the distance and extinction data that we use. Such errors might be
ssociated with stars of a particular spectral class, causing them to
ppear too close or too distant, too red or too blue. The distances to our
ources have been inferred using only parallax information so we do
ot expect there to be any systematic errors of this type in distance.
o we ver, the RJCE method for computing extinctions relies on a

inear fit to observed colours. This assumption of linearity is good
or a large range of spectral classes but could result in the extinctions
f very cool stars being underestimated and the extinctions of very
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Figure 10. Colour excess and Gaia data: Predicted extinction, ˆ A K s (left), and 
its RMSEs, RMSE ( ̂  A K s ) (right), for the plane b = −19.5 deg. (See Section 5 
for discussion.) 
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Figure 11. Colour excess and Gaia data: Predicted density, ˆ ρ (left), and its 
RMSEs, RMSE ( ̂  ρ) (right), for the plane b = −19.5 deg. The head of Orion 
A is seen at s = 390 pc and a foreground cloud at s = 350 pc. (See Section 5 
for discussion.) 
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ot stars being be o v erestimated. Systematic errors associated with 
pectral class should appear as o v erdensities in the joint distribution
f (i) spectral class and distance or (ii) spectral class and extinction,
nd such o v erdensities should alert us to the presence of systematic
rrors in the computed values of either quantity. We can use the
ereddened colour ( G − K s ) 0 (computed using using the exinction 
aw of Cardelli, Clayton & Mathis 1989 ) as a proxy for spectral
lass and inspect the histogram for each distribution (not shown). In
either case do we see o v erdensities associated with any particular
alue of colour. We therefore claim that our data are free of significant
ystematic errors relating to spectral class. 

.2 Application to StarHorse data 

he StarHorse catalogue includes quantiles for the inferred PDFs of 
 source’s extinction and distance, and therefore neatly provides 
igure 12. Colour excess and Gaia data: Predicted density, ˆ ρ, for a series of line
his figure matches fig. 2 in the paper by Rezaei Kh et al. ( 2020 ). The head of Orio

n the panel s = 345 pc. (See Section 5 for discussion.) 
ll the information we need to construct a dust map. We use
he first StarHorse catalogue (Anders et al. 2019 ) rather than the
econd (Anders et al. 2021 ) since this second catalogue begs
he question by assuming for a prior on extinction the maps of
reen et al. and Drimmel, Cabrera-Lavers & L ́opez-Corredoira. 
ach source in the StarHorse catalogue is associated with the 
ompound flags SH GAIAFLAG , which quantifies the quality of the
aia astrometry and photometry used, and SH OUTFLAG , which 
uantifies the quality of StarHorse’s inferences (Anders et al. 2019 ).
he SH GAIAFLAG flag consists of three digits flagging (1) high

enormalized unit weight error, warning of a spurious astrometric 
olution, (2) high colour excess f actor, w arning of spurious photom-
try, and (3) source variability. The SH OUTFLAG flag consists of
ve digits flagging (1) overall unreliability, warning of physically 

nconsistent inferred stellar properties, (2) large distance, warning 
MNRAS 528, 5763–5782 (2024) 

-of-sight distances, s , e v aluated on a regular lattice with spacing of 0.5 deg. 
n A is seen in panels s = 385 pc and s = 405 pc. A foreground cloud is seen 

uest on 02 August 2024
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Figure 13. Colour excess and Gaia data: Extinction, A K s (top), density, ρ
(bottom), and their predicted values, ˆ A K s and ˆ ρ, for the lines of sight l = 

206.5 deg, b = −17 deg and l = 210 deg, b = −19.5 deg. These pass through 
the two lobes of the foreground cloud. The three-RMSE prediction intervals 
are shown as shaded bands. (See Section 5 for discussion.) 
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Figure 14. Reco v ery of the parameters of the autocovariance function for the 
case of StarHorse data. The LOOCV score, R LOO , is found to have a minimum 

for σ2 
�ρ = 2 . 2 × 10 −5 mag 2 pc −2 and L 0 = 128 pc. The covariance matrix, 

� , is nearly singular for some parameter combinations (region shown blank) 
, meaning that R LOO cannot be computed. Contours are sho wn at interv als of 
1 × 10 −3 mag 2 . (See Section 5 for discussion.) 

Figure 15. StarHorse data: Predicted extinction, ˆ A V (left), and its RMSEs, 
RMSE ( ̂  A V ) (right), for the plane b = −19.5 deg. Cp. Fig. 15 . (See Section 5 
for discussion.) 
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f a spuriously large inferred distance, (3) unreliable extinction,
arning of a spuriously small or spuriously large inferred extinction,

4) large extinction uncertainty, warning of an inferred extinction
ncertainty of unit magnitude or greater, and (5) small uncertainty,
arning of spuriously small uncertainties in any inferred stellar
roperty. We use sources for which SH GAIAFLAG is 000 and
H OUTFLAG is 00000 , ensuring that potentially spurious statistics
f each kind are not included in our sample. 
For each source in this sample, we realize a sample of the posterior

xtinction by assuming its PDF to be uniform within quantiles. In
rder to do this, we assume a lower limit on A V of −0.3 mag, and
n upper limit of 4 mag, consistent with the StarHorse prior PDF
or extinctions with errors in distance greater that 20 per cent. We
ake the standard deviation of the posterior extinction to be half the
ifference of the 0.16 and 0.84 quantiles. The mean error in extinction
s then 0.17 mag, and the standard deviation of the error in extinction
s 0.011 mag. 

We again take for our distance prediction the median of the
osterior distribution, and for our error half the difference of the
.16 and 0.84 quantiles. The mean error in distance is then 13 pc,
nd the standard deviation of the error in distance is 9.7 pc.
g ain, we propag ate errors from distance to extinction under the

ssumption that the linear approximation holds (Section 3.1.1 ).
he final sample contains 12 719 stars, having an average stellar
eparation of approximately 3.7 pc. Of these sources, 1 434 have
e gativ e e xtinctions. 
NRAS 528, 5763–5782 (2024) 
By minimizing the LOOCV, R LOO , we find that that σ2 
�ρ = 2 . 2 ×

0 −5 mag 2 pc −2 , and L 0 = 128 pc (Fig. 14 ). Ho we v er, the leav e-
ne-out residuals have very high standard deviation of 4.5 mag 2 ,
lthough the y e xhibit no trends in s , l , or b (Fig. C2 ). As such, they
ail validation. This may be due to the presence of young stellar
bjects in the StarHorse catalogue, which we have made no attempt
o identify and remo v e, and which violate the assumptions of our
odel. Nevertheless, we find that GLS estimate of the density is

ˆ ρ = 6 . 2 × 10 −4 mag pc −1 with RMSE 1.94 × 10 −3 mag pc −1 and,
s before, we plot our predictions for the plane b = −19.5 deg (Figs 15
nd 16 ), a sequence of on-sk y re gions at increasing line-of-sight
istances (Fig. 17 ), and the lines of sight l = 206 deg, b = −17 deg,
nd l = 210 deg, b = −19.5 deg (Fig. 18 ). Note that StarHorse
 xtinctions are giv en for the V -band rather than K s -band, and that
ccording to the Cardelli, Clayton & Mathis ( 1989 ) extinction law,
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Figure 16. StarHorse data: Predicted density, ˆ ρ (left), and its RMSEs, 
RMSE ( ̂  ρ) (right), for the plane b = −19.5 deg. Cp. Fig. 11 . (See Section 
5 for discussion.) 
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 V /A K s = 8 . 8. Again, we note that ˆ A is not increasing in s , and
ˆ is ne gativ e for some r . Nevertheless, prediction intervals for ˆ A

re again consistent with its being increasing in s , and prediction
ntervals for ˆ ρ are again consistent with its being non-ne gativ e for
ll r . 

The head of Orion A (at s = 390 pc, l = 209 deg, b = −19.5 deg)
ppears only faintly in our maps, although the tail and foreground 
loud both appear clearly. In the plane b = −19.5 deg the foreground
loud is seen as a linear structure rather than chevron, though it is
gain seen to have two lobes in the plane s = 345 pc. Since these
aps do not pass validation we do not use them to make comment

n the distribution of dust in Orion A. In particular we do not use
hem to comment on the existence of a foreground cloud. 

Here we have used a single realization of the StarHorse posterior
 xtinctions. Alternativ e realizations of the posterior extinctions 
roduce similar results. We could instead have made multiple 
ealizations and generated an empirical distribution for the predictor 
ˆ 
 ( r ). In practice, ho we ver, we find that the mean and standard
eviation of the empirical distribution converge quickly, and that 
hey are in fact well approximated by a single sample. 

 DISCUSSION  

o make our maps we have used a physically moti v ated Kolmogorov-
ike autocovariance function to describe the density fluctuations of 
he ISM. When using the BLUP (equation 20 ) it is common to
se one of many off-the-shelf library functions that do not have 
irect physical moti v ation. F or e xample, it is v ery common to use a
owered-e xponential autoco variance function, k PE , given by 

 PE ( δ) = σ2 
PE exp 

(
−

(
δ

L PE 

)α)
(34) 

here σ2 
PE is the variance of the field, L PE is a characteristic length

cale, and where α ∈ (0, 2]. Particularly popular is the case of α =
, when k PE is known as the ‘squared-exponential autocovariance 
unction’. Autocovariance functions with compact support are also 
ttractiv e, since the y reduce the computational burden of computing 
nd inverting the covariance matrix, � . Indeed Rezaei Kh et al.
 2017 ) recommended the use of compactly supported functions for
ust mapping, and in their work use Gneiting’s function, k G (Gneiting
002 ), given by 

 G ( δ) = σ2 
G 

(
1 + 

(
δ

L G 

))−3 ( (
1 − δ

L G 

)
cos 

(
πδ

L G 

)

+ 

1 

π
sin 

(
πδ

L G 

))
(35) 

f δ/ L G ∈ [0, 1], and k G ( δ) = 0 otherwise, where σ2 
G is the variance

f the field and L G is a characteristic length scale for the field, abo v e
hich the autocovariance vanishes. 
Any such standard autocovariance function may be used 

ith our method by integrating it to give an approximation to
ov ( A ( r i ) , A ( r j )) according to equation ( 5 ). In turn, we can approx-
mate the functions f and g (equations 16 and 17 ). (See Appendix
 for plots of these approximations.) Although library functions of 

his kind have no direct physical moti v ation, we do require them to
ave properties consistent with the physics of the ISM. In particular
e require the random processes they define to be continuous, 
ndifferentiable and to have physically meaningful characteristic 
ength scales. We should be mindful of these properties when we
pecify the autocovariance function and when we interpret our 
redictions. A stationary and isotropic random field is continuous 
in the mean square) if its autocovariance function is continuous at
ero, and is differentiable (in the mean square) if its autocovariance 
unction is also twice differentiable at zero (i.e. a stationary random
eld is m -times dif ferentiable e verywhere if its autocovariance 
unction is 2 m -times differentiable at zero). The Kolmogorov-like 
utocovariance function is undifferentiable at zero, and hence defines 
n undifferentiable random field. This roughness is clear in our syn-
hetic dust maps (bottom panel of Fig. 7 ). Gneiting’s function is also
ndifferentiable at zero, and therefore also defines an undifferentiable 
andom field. The powered-exponential is differentiable only for α = 

, when it is infinitely differentiable, and hence defines an infinitely
ifferentiable random field. For α �= 2, however, it is undifferentiable, 
nd hence again defines an undifferentiable random field. Indeed, 
ealizations of the random field increase in roughness as α decreases. 

hereas Gneiting’s function is suitable for specifying the dust’s 
utoco variance, the squared-e xponential kernel is not. Using it will
esult in maps that lack sharpness and exhibit features that are ill-
efined. 
To find a physically meaningful interpretation of the characteristic 

ength scale we may use the integral length scale of a random
eld, which is much used in the study of turbulence (Tennekes
972 ). Suppose that k is a autocovariance function with variance
2 and characteristic length scale L . The integral length scale of the

tationary random field associated with k is 8 

( k ) = 

1 

σ2 

∫ ∞ 

0 
| k ( δ) | d δ. (36) 

n order to make explicit its dependence on σ 2 and L let us write k
s k ( · ; σ 2 , L ). We introduce the physical length scale , � , such that 

1 

σ2 

∫ ∞ 

0 
| k( δ; σ2 , L ) | d δ = 

1 

σ2 
�ρ

∫ ∞ 

0 
| k �ρ( δ; σ2 

�ρ, � ) | d δ, (37) 

oting that, whereas k is the autocovariance function of interest, k �ρ

s the autocovariance of the density fluctuations (equation 8 ) with
MNRAS 528, 5763–5782 (2024) 
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Figure 17. StarHorse data: Predicted density, ˆ ρ, for a series of line-of-sight distances, s . Cp. Fig. 12 . (See Section 5 for discussion.) 

Figure 18. StarHorse data: Extinction, A V (top), density, ρ (bottom), and 
their predicted values, ˆ A V and ˆ ρ, for the lines of sight l = 206.5 deg, b = 

−17 deg and l = 210 deg, b = −19.5 deg. The three-RMSE prediction 
interv als are sho wn as shaded bands. Cp. Fig. 13 . (See Section 5 for 
discussion.) 
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ower spectrum defined by Sale & Magorrian ( 2014 ) and given in
quation ( 9 ). This may be rewritten as 

L 

σ2 

∫ ∞ 

0 
| k( δ; σ2 , 1) | d δ = 

� 

σ2 
�ρ

∫ ∞ 

0 
| k �ρ( δ; σ2 

�ρ, 1) | d δ, (38) 
NRAS 528, 5763–5782 (2024) 
r, equi v alently, 

 = 

∫ ∞ 

0 | k( δ; 1 , 1) | d δ∫ ∞ 

0 | k �ρ( δ; 1 , 1) | d δL, (39) 

hich allows us to find the physical length scale associated
ith a giv en autoco variance function. It approximates the energy-

njection scale of the equi v alent Kolmogorov-like density field. The
olmogoro v-like, squared-e xponential, and Gneiting functions have
hysical length scales L 0 , 2.51 L PE , and 0.466 L G . 
We can illustrate the consequences of our choice of autocovariance

unction by making maps using the squared-exponential and Gneiting
unctions with the data of Rezaei Kh. & Kainulainen ( 2022 ) and
ailer-Jones et al. ( 2021 ; Section 5 ). For the squared-exponential

unction we find no minimum in the LOOCV score: for large regions
f parameter space inversion of � is numerically unstable (and hence
he LOOCV may not be computed), whereas elsewhere the LOOCV
core reduces monotonically as L PE approaches 10 pc (the lower
imit of the search region) for all values of σ2 

PE (Fig. 19 , top panel).
his reflects the fact that the autocovariance function is misspecified,
nd that the LOOCV score of the BLUP can only be reduced by its
 v erfitting the data. We may none the less choose the parameters
f our function arbitrarily. Suppose, then, that we choose σ2 

PE =
 × 10 −5 mag 2 and L PE = 40 pc, such that L PE is the characteristic
ength we would expect if � = 100 pc. In this case our predictors do
ass validation, and we are able to make the maps shown in Figs 20
nd 21 . Note that the features in our map (in particular, the head
nd tail of Orion A, as well as the foreground cloud) are no longer
esolved and that the map itself is much less sharp than before,
eflecting the fact that the squared-exponential function results in
mooth random fields that do not have the rough properties of the
SM, and that because of this its length scale cannot be given a
hysical interpretation. Moreo v er, our results are sensitiv e to our
hoice of length scale, meaning that a scaling of L PE will result in a
caling of the predicted features. With a characteristic length scale
f L PE = 15 pc our predictors again pass validation, and the features
n our map are resolved, but still lack sharpness. (We do not show
his effect in our figures.) 

For Gneiting’s function we find two minima in the LOOCV
core, at σ2 

G = 1 . 78 × 10 −5 mag 2 , L G = 13.1pc, and σ2 
G = 5 . 62 ×

0 −5 mag 2 , L G = 191pc (Fig. 19 , bottom panel). Both pairs of
arameters result in predictors that pass v alidation. Ho we ver, it is
he second pair that corresponds to the physical length scale we
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Figure 19. Top: Reco v ery of the parameters of squared-exponential au- 
tocovariance function (equation 34 ; α = 2). The LOOCV score, R LOO , 
is found to have no minimum. Bottom: Recovery of the parameters of 
Gneiting’s autocovariance function (equation 35 ). The LOOCV score, R LOO , 
is found to have a minimum for σ2 

�ρ = 1 . 78 × 10 −5 mag 2 , L 0 = 13.1 pc and 

σ2 
�ρ = 5 . 62 × 10 −5 mag 2 , L 0 = 191 pc. In both cases, the covariance matrix, 

� , is nearly singular for some parameter combinations (region shown blank), 
meaning that R LOO cannot be computed. (Cp. Fig. 9 .) Contours are shown at 
intervals of 5 × 10 −5 mag 2 . (See Section 6 for discussion.) 
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xpect, since in this case we find that � = 89 pc. Maps made
sing this second pair of parameters are shown in Figs 22 and
3 . They are all but indistinguishable from maps made using the
rst pair of parameters, indicating that our predictors are somewhat 
obust against misspecification of the length scale. Moreo v er, the y
re very similar to the maps made using the Kolmogorov-like 
utocovariance function (Figs 10 and 11 ), indicating that Gneiting’s 
unction provides a good approximation to the Kolmogorov-like 
unction. 

 C O N C L U S I O N  

e have made a three-dimensional dust map of the giant molecular 
loud Orion A by computing the BLUP (equation 20 ) of the extinc-
ion at every point on an arbitrarily dense lattice using extinctions for
 set of observed stars in the region of this lattice. The BLUP requires
s to make very few assumptions about the statistical properties of
he ISM. It requires only that we know the covariance of the density
t any two points, and that we have a model of the expected value
f the density at any one point. Beyond this knowledge of the first
nd second moments of the density, we need know nothing of its
istribution. 
In practice, ho we ver, we do not kno w the cov ariance of the
xtinctions at two points, and instead have a model of it, just as
e have a model for the expected value. Since we do not know the
istribution of the dust density we are not able to use the method
f maximum likelihood to optimize this model, but instead fit it to
he data by choosing the parameter tuple that minimizes the LOOCV
core. It is also convenient to assume that the density field is stationary
nd isotropic, and that it is described by Kolmogorov’s theory of
urbulence within the inertial range set by the energy-injection and 
nergy-dissipation scales. Moreo v er, by assuming that the density 
s isotropic and homogeneous our model of the mean density has
nly one free parameter, μρ , which we can reco v er in the course of
aking our predictions. 
This agnosticism is both a strength and a weakness of our method,

ince it does not allow us to encode the fact that density is al w ays
on-ne gativ e. None the less, in experiments using synthetic data
e find that predicted densities are, in practice, everywhere non- 
e gativ e. With observational data we find that predicted densities
re, in practice, everywhere consistent with being non-ne gativ e. Ne g-
tive predicted densities are the result of spuriously high predicted 
 xtinctions re gressing to the mean along the line of sight, meaning
hat, along a line of sight, the extinction field is not monotone.
bservational data also suffer from selection effects that cause the 

v erage observ ed e xtinction to decrease with distance (Sale 2015 ).
he more heavily extinguished a star is the fainter it is and hence the

ess chance it has of appearing in any magnitude-limited catalogue. 
hese ne gativ e densities are therefore due to either a lack of data or

o model mispecification. In the latter case, either our assumptions 
bout the statistics of the ISM fail to do it justice, or the data include
ources with extinctions that are not due e xclusiv ely to the dust of the
SM (for example, the extinctions of young stellar objects is partially
ue to their dusty circumstellar discs and envelopes). Such sources 
re likely to be present in any catalogue, especially in catalogues
ontaining nebulae like those of Orion A, even after cleaning. 

The choice of autocovariance function is crucial to the quality 
f any three-dimensional dust map. We have used the physically 
oti v ated Kolmogorov-like function defined by Sale & Magorrian 

 2014 ). Other autocovariance functions may be used as substitutes so
ong as they have the appropriate properties, i.e. so long as they define
 density field that is continuous and rough, in which case they seem
o adequately describe the fractal behaviour of the ISM. These re-
uirements exclude the popular squared-exponential autocovariance 
unction, which defines continuous but smooth random fields. The 
se of a squared-e xponential autoco variance function will result in
mooth maps, the features of which will be washed out. Nevertheless,
he Kolmogorov-like function has a physically meaningful parameter 
uple that library functions like the powered exponential and the 
neiting function do not. Ho we ver, by comparing the integral

ength scale of a substitute autocovariance function with that of the
olmogoro v-like autoco variance function we may find the physical 

ength scale that corresponds to its characteristic length scale. This 
hysical length scale approximates the energy-injection scale, and 
ence gives physical meaning to the characteristic length scale of the
ubstitute function. 

The maps we have made using RJCE extinction data combined 
ith line-of-sight distances inferred by Bailer-Jones et al. ( 2021 )
roadly agree with those of Rezaei Kh et al. ( 2020 ) and Rezaei
h. & Kainulainen ( 2022 ). In particular, they corroborate Rezaei
h’s claim that a foreground cloud exists at a distance of 350 kpc.
o we ver, the maps we have made using StarHorse data (Anders et al.
019 ) fail even to identify the head of Orion A. Crucially, these maps
ail validation, alerting us to the fact that they are untrustworthy.
MNRAS 528, 5763–5782 (2024) 
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Figure 20. Colour excess and Gaia data: Predicted extinctions, ˆ A K s , and 
their RMSEs, RMSE ( ̂  A K s ), computed using the squared-exponential function 
(equation 34 ), for the plane b = −19.5 deg. (See Section 6 for discussion. 
Cp. Fig. 10 , which shows predictions computed using the Kolmogorov-like 
function.) 

Figure 21. Colour excess and Gaia data: Predicted density, ˆ ρ, and their RM- 
SEs, RMSE ( ̂  ρ), computed using the squared-exponential function (equation 
34 ), for the plane b = −19.5 deg. (See Section 6 for discussion. Cp. Fig. 11 , 
which shows predictions computed using the Kolmogorov-like function.) 
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Figure 22. Colour excess and Gaia data: Predicted extinctions, ˆ A K s , and 
their RMSEs, RMSE ( ̂  A K s ), computed using the Gneiting function equation 
( 35 ), for the plane b = −19.5 deg. (See Section 6 for discussion. Cp. Fig. 10 , 
which shows predictions computed using the Kolmogorov-like function.) 

Figure 23. Colour excess and Gaia data: Predicted density, ˆ ρ, and their 
RMSEs, RMSE ( ̂  ρ), computed using the Gneiting function (equation 35 ), for 
the plane b = −19.5 deg. (See Section 6 for discussion. Cp. Fig. 11 , which 
shows predictions computed using the Kolmogorov-like function.) 
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he unfiltered StarHorse catalogues, though wonderful, must be
sed with care. They contain many sources, such as young stellar
bjects, that violate the assumptions of its methodology, and which
herefore have spurious extinction entries that are not flagged as
uch. 
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PPENDI X  A :  C O M P U T I N G  T H E  PREDICTED  

ENSITY  

ur predictor for the density at a point, ˆ ρ( r ) (equation 23 ), is the
eri v ati ve of the BLUP of the extinction at that point, ˆ A ( r ). To
ompute it, note that in equation ( 20 ) only γ and σ are functions of
 , so that 

ˆ ( r ) = 

∂ γ t 

∂ s 
A + 

∂ σt 

∂ s 
� 

−1 ( A − � 

t A ) (A1) 

here 

∂ γ

∂ s 
= � 

−1 � 

t ( � � 

−1 � 

t ) −1 (A2) 

nd [ ∂ σ/ ∂ s ] i = cov ( ρ( r ) , A ( r i )). Alternati vely, we may re write the
LUP of the extinction as ˆ A ( r ) = αt A where 

= ( I − � ) � 

−1 σ + γ , (A3) 

n which case our predictor of density may be rewritten as 

ˆ ( r ) = 

∂ αt 

∂ s 
A . (A4) 
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Figure C1. Colour excess and Gaia data: The standardized leave-one-out 
residuals of the predicted e xtinction. (F or the sake of clarity these plots show 

a sample of size 1000, uniformly distributed in volume.) 
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his involves the same partial deri v ati ve, ∂ α/ ∂ s, that is involved in
he expression for var ( ρ( r ) − ˆ ρ( r )) (equation B9 ). Note that 

∂ α

∂ s 
= ( I − � ) � 

−1 ∂ σ

∂ s 
+ 

∂ γ

∂ s 
, (A5) 

hich equips us with all the information we need to compute ˆ ρ( r )
nd its prediction interval (Appendix B ). 

PPENDIX  B:  PREDICTION  INTERVA LS  A N D  

H E  DISTR IBU TION  O F  T H E  BLUP  

 prediction interval for ˆ A ( r ) is 

 

ˆ A ( r ) − λA S A , ˆ A ( r ) + λA S A ] (B1) 

here 

 A : = 

√ 

var ( A ( r ) − ˆ A ( r )) (B2) 

nd λA is a critical value for the random variable A ( r ) − ˆ A ( r ).
ecause ˆ A ( r ) is unbiased the variance of A ( r ) − ˆ A ( r ) is equal to

he mean-square error of ˆ A ( r ) since 

MSE ( ˆ A ( r )) = var ( A ( r ) − ˆ A ( r )) + bias 2 ( ˆ A ( r )) (B3) 

= var ( A ( r ) − ˆ A ( r )) . (B4) 

his mean-square error is the quantity minimized by the BLUP of
he extinction, and is given by Goldberger ( 1962 ) as 

MSE ( ˆ A ( r )) = var ( A ( r )) − σt � 

−1 σ (B5) 

+ ( φ − � � 

−1 σ) t ( � � 

−1 � 

t ) −1 ( φ − � � 

−1 σ) . 

imilarly, a prediction interval for ˆ ρ( r ) is 

 ̂  ρ( r ) − λρS ρ, ˆ ρ( r ) + λρS ρ] (B6) 

here 

 ρ : = 

√ 

var ( ρ( r ) − ˆ ρ( r )) (B7) 

nd λρ is a critical value for the random variable ρ( r ) − ˆ ρ( r ). Using
quations ( 20 ) and ( 23 ) we find that this variance is 

var ( ρ( r ) − ˆ ρ( r )) = var ( ρ( r )) + var ( ̂  ρ( r )) 

− 2 cov ( ρ( r ) , ˆ ρ( r )) (B8) 

= σ2 
�ρ + 

∂ αt 

∂ s 
� 

∂ α

∂ s 
− 2 cov ( ρ( r ) , A ) 

∂ α

∂ s 
(B9) 

here the deri v ati ve ∂ α/ ∂ s is computed in Appendix A . A confi-
ence interval for μρ is 

 ̂  μρ − λμρ
S μρ

, ˆ μρ + λμρ
S μρ

] (B10) 

here 

 μρ
: = 

√ 

var ( ̂  μρ) (B11) 

nd λμρ
is a critical value for ˆ μρ . This variance is 

var ( ̂  μρ) = ( � 

t � 

−1 � ) −1 . (B12) 

To find the critical values λA , λρ , and λμρ
we must know the

istributions of A ( r ) − ˆ A ( r ), ρ( r ) − ˆ ρ( r ), and ˆ μρ respectively. But,
s we have observed, the BLUP requires us to have knowledge only
f the first and second moments of ( A ( r ) , A ). In fact, this is one of the
rincipal benefits of the method. If we do not know this distribution
hen we do not know the distributions of A ( r ) − ˆ A ( r ), ρ( r ) − ˆ ρ( r ),
NRAS 528, 5763–5782 (2024) 
nd ˆ μρ . Instead, we can find limits for the prediction intervals using
hebyshev’s inequality, which holds for all distributions. In this

ituation, the 68-95-99.7 rule for normal random variables does
ot hold. Instead, the confidence levels 0.68, 0.95, and 0.997 are
ssociated with upper limits on the critical values of 1.77, 4.47, and
8.3 rather than the usual values of 1, 2, and 3. 

PPENDI X  C :  VA LI DATI ON  O F  T H E  MAPS  

alidation of the BLUP is crucial, and the process of validation helps
eed out predictors that underperform. The predictors of extinction

hat we construct using RJCE extinction data combined with line-of-
ight distances inferred by Bailer-Jones et al. ( 2021 ) pass validation.
ut those that we construct using StarHorse data (Anders et al. 2019 )
o not. We plot the standardized leave-one-out residuals for these
redictors in Figs C1 and C2 . We do not expect the residuals to have
aussian distrib ution, b ut the y must obe y Chebyshev’s inequality

see Appendix B ). 
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igure C2. StarHorse data: The standardized leave-one-out residuals of the 
redicted e xtinction. (F or the sake of clarity these plots show a sample of size
000, uniformly distributed in volume.) 

PPEN D IX  D :  T H E  A  U TO C O  VA R I A N C E  

U N C T I O N S  

e have introduced the functions f and g (equations 16 and 17 ),
hich give the covariance of two points drawn from the density and

xtinction fields in terms of their line-of-sight distances and angular 
eparation. We plot these functions in Figs D1 –D5 for � = 1 and
= 11/3 under the assumption of unit variance, σ�ρ , and unit length
cale, L 0 . For a given angular separation, θ12 , the functions f and g are
oth symmetric in s 1 and s 2 . In the case that θ = 0 deg, the diagonals
ive the variance at a line-of-sight distance s 1 = s 2 , while in the case
f θ12 > 0 deg the origins give the variance, and the diagonals give
he covariance at a common distance. 

For all values of θ , the function f is peaked on the diagonal, and
pproximately zero far from it. For θ = 0 deg it is constant along the
iagonal, and for θ > 0 deg it decreases along the diagonal from a
aximum at the origin. The greater the angular separation, the faster

t decreases. This behaviour is seen most clearly seen in Fig. D3 ,
hich shows f for fixed s 1 and θ12 and variable s 2 . 
For θ = 0 deg, the function g is linear in s 1 and constant in s 2 

bo v e the diagonal. Below the diagonal it is constant in s 1 and linear
n s 2 . This is to say that, along a line of sight, the extinction at a
oint is strongly correlated with the extinction at a second point
ore distant since that extinction must be at least as great, and

ecreasingly correlated with the extinction at a point less distant, 
ince that extinction must be smaller. There is a smooth transition
cross the diagonal, most clearly seen in Fig. D4 , the width of
hich is approximately L 0 . This smooth transition is due to the

act that densities, and hence extinctions, are strongly correlated 
t distances of order L 0 or less, whether the second point is more
r less distant than the first. For θ > 0 deg, the function g abo v e
he diagonal is linear in s 1 up to some critical value and constant
n s 1 beyond that critical value, whilst being constant in s 2 . Below
he diagonal the function g is constant in s 1 , whilst being linear in
 2 up to the critical value and constant in s 2 beyond the critical
alue. The greater the angular separation, the smaller the linear 
egime. Along distinct lines of sight, the extinction at a point is
ess strongly correlated with the extinction at a second point more
istant since that extinction need not be as great and decreasingly
orrelated with the extinction at a point less distant since that
xtinction must again be zero at the origin. Again, there is a smooth
ransition across the diagonal, more clearly in Fig. D4 , due to the
act that extinctions are strongly correlated at distances of order L 0 

r less. 

1 Alternati v e co v ariance functions 

e have also discussed the use of autocovariance functions that have
o direct physical moti v ation, and in particular the use of the squared-
xponential and Gneiting functions (Section 6 ). In Fig. D6 we show
he graphs of these, alongside the Kolmogorov-like autocovariance 
unction, all for the case of unit variance and unit characteristic length
cale. 
MNRAS 528, 5763–5782 (2024) 
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Figure D1. Covariance of the density of the ISM at two points, r 1 and r 2 , as a function of the distances, s 1 and s 2 , and the angular separation, θ12 (the function 
f ; equation 16 ) for � = 1 and γ = 11/3. In each panel the angular separation is fixed, and the distances allowed to vary. The covariance is shown on an arcsinh 
scale with linear width 0.001. 

Figure D2. Covariance of the extinction at two points, r 1 and r 2 , as a function of the distances, s 1 and s 2 , and the angular separation, θ12 (the function g , 
equation 17 ) for � = 1 and γ = 11/3. In each panel the angular separation is fixed, and the distances allowed to vary. 
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Figure D3. Covariance of the density of the ISM at two points, r 1 and r 2 , as a function of the distances, s 1 and s 2 , and the angular separation, θ12 (the function 
f , equation 16 ) for � = 1 and γ = 11/3. In each panel the distance s 1 and the angular separation are fixed, and the distance s 2 allowed to vary. The covariance is 
shown on an arcsinh scale with linear width 0.001. 

Figure D4. Covariance of the extinction at two points, r 1 and r 2 , as a function of the distances, s 1 and s 2 , and the angular separation, θ12 (the function g , 
equation 17 ) for � = 1 and γ = 11/3. In each panel the distance s 1 and the angular separation are fixed, and the distance s 2 allowed to vary. 
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Figure D5. Covariance of the density of the ISM (top, the function f , equation 
16 ) and of the extinction (bottom, the function g , equation 17 ) for � = 1, 
γ = 11/3, and unit length scale, L 0 . See also Figs D1 , D3 , D2 , and D4 and 
their captions. In each panel the distances s 1 and s 2 are equal and the angular 
separation, θ12 , allowed to vary. 

Figure D6. The squared-exponential autocovariance function, k PE (equation 
34 ; α = 2), Gneiting autocovariance function, k G (equation 35 ), and 
Kolmogoro v-like autoco variance function, k �ρ (equations 8 and 9 ), for the 
case of unit variance and unit characteristic length scale. The Kolmogorov- 
like autocovariance function has power-law indices � = 1 and γ = 11/3. 
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