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Less is More Revisited

Association with Global Protocols and Multiparty Sessions

Ping Hou®*, Nobuko Yoshida?, Iona KuhnP

% Department of Computer Science, University of Ozford, United Kingdom
b Department of Computer Science, Saarland University, Germany

Abstract

Ensuring correctness of communication in distributed systems remains challenging. To address this, Multi-
party session types (MPST), initially introduced by Honda et al. [52, 53], offer a type discipline in which a
programmer or architect specifies an overall view of communication as a global protocol (global type), and
each distributed program is locally type-checked against its end-point projection. In practice, the MPST
framework has been integrated into over 25 programming languages or tools. Ten years after the emergence
of MPST, Scalas and Yoshida [84] discovered that existing proofs of type safety using end-point projection
with mergeability are flawed, where the mergeability operator enlarges the typability of MPST end-point
programs, admits easy implementation, and is more efficient than alternative approaches, including model
checking. Nevertheless, following the result in [84], the soundness of end-point projection (with mergeability)
has been interpreted in the literature as problematic. We clarify this concern by proposing a new general
proof technique for type soundness (subject reduction) of multiparty session m-calculus, which relies on an
association relation between the behavioural semantics of a global type and its end-point projection. With
this approach, behavioural properties, namely session fidelity, deadlock freedom, and liveness, are also guar-
anteed based on global types. Additionally, we provide detailed comparisons with existing MPST typing
systems and discuss their respective proof methods for type soundness.

Keywords: Mobile processes, Session types, Global types, End-point projection, Subject reduction, Type
soundness, Behavioural properties

1. Introduction

Distributed systems are built upon interactions between concurrent processes, implemented using message-
passing communication abstractions. In this model, an interaction between processes can be interpreted as
the exchange of messages, forming a protocol that consists of sending and receiving values, making choices
between multiple possible paths, and repeating or terminating the interaction. Such protocols are carried
out over communication transports used in web applications, ranging from request-response client-server
interactions via HTTP to full-duplex communication channels via the WebSocket protocol [37].

Multiparty session types (MPST) [52, 53] constitute a type formalism inspired by the Web Service
Choreography Description Language (WS-CDL) [47], originating as abstract choreographies or choreography
APIs that extract communication flows and message types while abstracting away from program-level con-
structs such as conditionals, assignments, and concrete values. This formalism facilitates the description,
specification, and verification of communication in concurrent and distributed systems based on multiparty
protocols. Intuitively, MPST describe structured multiparty interactions closely related to interaction-based
formalisms such as message sequence charts (MSCs) and choreographies; for instance, multiparty protocols
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Figure 1: Top-down methodology of multiparty session types

are commonly presented in an MSC-like form (e.g. [53, Figs. 1 and 2|), while additionally providing a typing
discipline and projection mechanism that support implementability and protocol compliance.

The methodology of MPST begins with specifying a protocol, called a global type, which describes a
sequence of communication actions, choices, and recursions between two or more participants. The global
type is then projected into a set of end-point local (session) types, each representing a participant’s view-
point. Well-typed end-point implementations (processes) that conform to a global type are guaranteed to
be correct by construction, ensuring safety, deadlock-freedom, and liveness of interactions. On the prac-
tical side, MPST are language-agnostic, i.e. specifications and end-point projection algorithms do not de-
pend on specific programming languages. The top-down approach has been implemented in a variety of
mainstream programming languages, including Java [55, 56, 64, 6], Go [16], Rust [27, 65, 54, 95], Type-
Script [68, 42], PureScript [62], Scala [82, 96, 24, 1, 36, 59|, OCaml [103, 57], MPI-C [74], F* [104], F4 [70],
Python [73, 72, 29|, Erlang [38, 71, 34|, C [75, 76], Cf [61], and domain-specific actor languages [17, 18, 48|.
These implementations adopt diverse styles, such as code generation, API generation, static type checking,
protocol compliance, and runtime monitoring, facilitating their application in real-world programs [98].

Figure 1 illustrates the MPST workflow. The design of multiparty protocols begins with a global type G
(top of Figure 1), and each participant’s implementation (process) P, (bottom) relies on its local (session)
type T, (middle), obtained via end-point projection of the global type G [p. The global and local types
capture the global and local communication behaviours, respectively. Since each process P, conforms to its
type 1'p, the resulting set of processes collectively makes progress according to the global type.

Top-Down Multiparty Session Types. In this paper, we demonstrate the rigour of the MPST top-down
approach by revisiting the work of Scalas and Yoshida [84]. That work proposed a general MPST framework,
known as the bottom-up approach, which does not require global types. Within the bottom-up framework,
process safety is enforced by directly verifying a relevant set of local types. Udomsrirungruang and Yoshida
[94] reveal that, compared with the top-down methodology, the bottom-up offers greater typability but incurs
higher computational cost, particularly for liveness checking and type inference. Moreover, as shown in [84],
in asynchronous MPST ~ where processes communicate via unbounded FIFO queues — type checking becomes
undecidable under the bottom-up approach, whereas decidability is preserved by the top-down procedure,
as type checking is performed with respect to end-point types obtained via a decidable projection of a well-
formed global type [52, 53|*. Intuitively, the global type fully characterises the communication structure
in advance, thereby reducing type checking to verifying local conformance rather than inferring global
compatibility among independently specified local behaviours.

The work in [84] also identified flaws in certain published type-safety proofs for top-down typing systems
based on projection with mergeability. In subsequent literature, this issue has been referred to as “broken
proofs" or “unsound results", as well as the claim that “several versions of classical projection with the full
merge are flawed", framed in terms of the “brittleness" of merging-based projection mechanisms and the
architectural limitations of existing MPST frameworks (e.g. [15, 58, 60, 85, 86]). In particular, this has led
to a characterisation of these proof flaws as “unsoundness under a specific formal definition" (e.g. [67]), and

1Type checking discussed here does not involve subtyping checks; in particular, asynchronous subtyping checking is generally
undecidable (e.g. [44]).
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to accounts emphasising the error-proneness of the theory (e.g. [58, 50]). Without careful qualification, such
assessments may be over-generalised into conclusions about the soundness of the top-down approach (with
mergeability), or even about global types being problematic in general.

In this paper, we show that a sound typing system can indeed be built using end-point projection with
mergeability. More importantly, we demonstrate that global types enable a clear and structured proof
method for type soundness. To clarify the statement in [84] precisely, we summarise global types, end-point
projections, and merging operators, following their chronological development in the literature.

End-point Projection with Plain Merging. Theories and implementations based on MPST require “correct by
construction" protocols that prevent deadlocks and type errors during the interaction of endpoint programs.
This is achieved by imposing a well-formedness condition on global types, known as projectability. A global
type G is projectable if a set of end-point types can be generated from it, following formal rules or algorithms.

The MPST framework with global types and end-point projection was first introduced by Honda et al.
[52], with linearity conditions ensuring both the well-formedness of global types annotated with type-level
channel declarations and the projectability of local types. Subsequently, Bettini et al. [5] proposed a simplified
MPST system without channel declarations, which has since been widely adopted in both theory and
practice; the global types used in this paper also follow this channel-less style. The end-point projection
defined in [52, 5] employs plain merging, which requires that, in a branching, the projections for uninvolved
roles yield identical local types across all branches.

To illustrate end-point projection (with plain merging), consider a simple global type involving three
participants: Alice, Bob, and Carol. In the initial choice, A sends to B either a request for addition or
subtraction (each carrying an integer). In both cases, B continues by forwarding the answer int to C, and
the session then ends. This protocol is specified by the following global type G:

(1)

G — AB: { add(int).B—C:forward(int).end }
P :

sub(int).B—~C:forward(int).end

Following [52, 5], the global type G, is projected onto three local types (one for each role A, B, C):
add(int).end add(int).C@forward(int).end .
T = B@{subgintg.end} Ts = A&{subgintg.C@forwardgint;.end} To= B&{forward(lnt).end}
(2)

Here, T, represents the interface of A in G: it must send (@) to B either add or sub. In the first case, B
receives the add message with &, performs an addition with some specific integer, forwards the result to C,
and the session ends. Otherwise, the message sub with & is received at B; after the subtraction at B, the
result is forwarded to C, and the session likewise ends.

We highlight the projection onto C: its local behaviour is determined by merging the two choices at
B. In this example, both branches deliver the same message forward to C, so the merge succeeds and the
projection is well-defined. If instead the messages or payload types differed, the merge would fail, illustrating
the constraint imposed by plain merging on the projectability of global types.

End-point Projection with Full Merging. We now modify G, to obtain the following global type Gy, where
the message sent from B to C depends on the choice made by A:

add(int).end

forward(int).end 3)
sub(int).end

forward(int).end

add(int).B—C:
Gy = A—B:
sub(int).B—C:

Under plain merging, G¢ is no longer projectable onto C, since the projections for C differ across branches.
However, if C prepares for all three message labels, add, sub and forward, its implementation will not

get stuck. That is, we should be able to merge not only a common label like forward, but also input

choice (branching) types from the same role with disjoint labels add and sub, into a single input type that

3
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offers both options. This motivates full merging, which generalises plain merging. Under the full merging
strategy, projection of the global type G yields the following local types T}, Ty, and Tg:

add(int).end
forward(int) .end}
sub(int).end

forward(int) .end}

add(int).end
Ti = B&{ sub(int).end
forward(int).end

add(int).end add(int) 'CEB{

/_ r_
Th= B@{sub(int).end} Ty = Ak

sub(int) .C@{

To enlarge the set of projectable global types, end-point projection with full merging was first introduced
by Yoshida et al. [99] and further developed in [31, 30, 19, 92]. Its aim is to broaden the typability of
processes by allowing more global types to be considered projectable (well-formed) than under the original,
more limited projection in [52]. Mergeability is implemented in the Scribble protocol description language
[51, 102, 103] and other related MPST tools. As illustrated by Gt (3), without full merging, a broad range
of global protocols, including those with branch-dependent continuations, are not projectable. We define
the projection and mergeability formally in Definition 3.1.

Subject Reduction Theorem. We now revisit the issue highlighted in [84]. While the top-down approach to
MPST guarantees type soundness, also known as subject reduction, a subtle problem arises in the proofs of
the Subject Reduction Theorem given in [99, 30, 19, 92]. These proofs rely on an invariance property that is
valid under projection with plain merging but invalid under full merging. Consequently, although both the
theorem and the projection algorithm under full merging remain correct, the existing proofs are unsound in
the general setting with full merging.

Intuitively, the Subject Reduction Theorem states that typed processes reduce only to typed processes
and, therefore, no (untypable) error state can be reached; i.e. “typed processes never go wrong”.

Formally, subject reduction is stated in terms of the typing judgement:

P> A

which asserts that the process P conforms to the standard typing context I' and the session typing context
A. Specifically, I' assigns base types to variables, while A is a collection of session types, recording for each
communication channel its current protocol state.

Typically, one expects a formulation of subject reduction similar to that of the simply typed A-calculus:

(SR1) Assume '+ P A. If P—P’, then we have T' = P/ > A.

However, this statement is too strong, since the session typing context A may change when P reduces to P’
due to communication. Session types are behavioural: channel types can evolve during interactions.
A weaker property is therefore:

(SR2) Assume T P A. If P— P’, then there exists A’ such that T - P/ > A/,

Unfortunately, this condition is too general (i.e., too weak) to ensure type safety, since A’ may be arbitrary.
To recover type safety, subject reduction must be strengthened by imposing an appropriate invariance
condition:

(SR3) Assume T+ P> A and A satisfies property @. If P— P', then there exists A" such that
P> A and A’ satisfies property .

The invariance condition required by (SR3) is introduced at the typing of session restriction. In top-
down MPST, a channel-restricted process (vs) P denotes a complete session s, where each participant playing
role p is typed by the projection G [p. Restricted processes are typed using the following rule:

A" ={s[p]: G [p}PEroles(G) sZ€ A TEP>AA e .
TF (vs:A)Po A TrvCrassiea] ()

This rule is crucial in subject reduction proofs, as it determines the initial session typing context A’ for a
newly created session s, and thereby fixes the invariance property required by (SR3) to hold initially.

4
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Problem: An Incorrect Invariant ¢ for the Type System with Projection Using Full Merging. In binary
session types, such an invariance property ¢ is known as balancedness [40], which requires the two endpoints
of a channel to carry dual types: one offering selection () while the other branching (&). For multiparty
session types, the challenge is therefore to identify an appropriate invariance property ¢ that supports a
sound subject reduction argument.

Following the intuition of balancedness, a natural attempt in the multiparty setting is to define the
invariance property ¢ as a form of duality between local types. The system in [5] introduced consistency
(also called coherence, cf. [31]) as a generalisation of binary duality: a global type G projects to consistent
local types if projecting G onto any two participants yields local types whose partial projections — capturing
their respective behaviours towards each other — are dual.

As an illustration, consider the local types T, Tz, and T¢ in (2), projected from G, in (1).

For the pair (A,B), the corresponding partial projections

B add(int).end B add(int).end
TwlB = G9{sub(int).end} and Ty [A = &{sub(int).end

are dual. The same holds for the remaining pairs; hence, the projections of G|, are consistent.

Under plain merging, consistency is sufficient to establish subject -reduction. Plain merging enforces

structural alignment of local types — sharing the same labels, payloads, and mergeable continuations — so

that projection yields consistent local types, which are preserved under reduction. However, this guarantee

does not extend to full merging: full merging admits inconsistent local types, thereby violating (SR3).
As a counterexample, consider the global type Gy, updated from G, in (1) as follows:

_ _ { add(int).B—C:add(int).C—A:forward(int).end }

Gw = A—B: . .

sub(int).B—C:forward(int).end

®)

The local types projected from Gy, using full merging are:

T — B add(int).C&forward(int) T _ add(int).Cdadd(int)
b sub(int) B sub(int).CHforward(int)
T e B&{add(mt) .A@forward(mt)}

forward(int)

(6)

The resulting local types fail to be consistent, since the partial projections T’ [C and T¢' [A are undefined.
Intuitively, the interaction between € and A is branch-dependent on B. Such inter-role dependencies are not
captured by the syntactic nature of projection and duality checks, and may therefore lead to inconsistency.

More specifically, the issue in the subject reduction proofs of [99, 31, 30, 19, 92] results from their reliance
on consistency as the underlying invariance assumption. Moreover, [31, p. 28] and [19, Prop. 2| explicitly
claim that projecting a global type with full merging yields a consistent typing context. Therefore, a broader
invariance condition is required for fully mergeable global types.

Solution: Association. In this paper, we prove the Subject Reduction Theorem under full merging by
applying an invariance notion, namely association, which captures compatibility between a global type and
its local types. Intuitively, association allows local types to safely conform to the global protocol, rather
than requiring them to be exact projections — a relaxation that is essential under full merging.

Formally, association relates a global type and a typing context for a given multiparty session via subtyp-
ing. The subtyping relation < on local types is typically used to enhance expressiveness by enabling more
flexible processes to be typed while preserving behavioural soundness.

For instance, consider the global type G (5) and its projection on B, T3 (6), where B branches on
inputs from A. Under our subtyping discipline, branching is contravariant: a subtype of T} may accept
additional labels, e.g. multiplus, beyond add and sub. A process implementing B can therefore support
extra operations, e.g. by offering a further branch labelled multiplus, and remains typable by Ty via
subsumption. In this way, subtyping permits such local refinements without altering the communication
pattern fixed by G ; association formalises precisely this flexibility.

5
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More precisely, a typing context A is associated with a global type G for a session s, written A Cg G, if
for every role p of GG, the endpoint s[p] in A has a type satisfying A(s[p]) < G | p, and all other endpoints of
that session are terminated (i.e. assigned end). Moreover, we say that A is associated if, for every session s
occurring in A, there exists a global type G such that Ag T, G, where A, denotes the restriction of A to s.

With association in place, we prove the following result:

(SR) Assume ' P> A and A is associated. If P — P’, then there exists A’ such that
'k P> A with A’ associated.

This is achieved by demonstrating a sound and complete operational correspondence between global and
local types with respect to association. Finally, by applying the standard subsumption rule, which allows
typing contexts to be widened, we conclude that the typing system equipped with rule (4) satisfies the
Subject Reduction Theorem.

Outline. §2 introduces a multiparty session m-calculus, including its syntax and operational semantics.
The calculus builds on that of [84], extended with values, expressions, and conditional statements.

83 presents a multiparty session type theory. §3.1 defines the syntax of global and local types, as well
as projection and subtyping. 8§3.2 and §3.3 provide the semantics of global types and typing contexts
(sets of local types), respectively. §3.4 introduces the association relation A Cg G, which relates a global
type G with a typing context A on a session s via projection and subtyping. The relation establishes an
operational correspondence between global types and typing contexts (Thms. 3.1 and 3.2). §3.5 motivates
the need for association through an illustrative example. §3.6 demonstrates that association ensures key
typing context properties — communication safety, deadlock-freedom, and liveness (Thm. 3.3). §3.7 clarifies
the relationships among these properties (Thm. 3.4).

84 develops a typing system for our multiparty session w-calculus. §4.1 formalises the typing rules. §4.2
establishes subject reduction: first with respect to association (Thm. 4.1), and subsequently using projec-
tion (Thm. 4.2), with type safety following as a corollary (Cor. 4.3). §4.3 demonstrates session fidelity, also
known as protocol conformance, i.e. that well-typed processes behave according to their session types, in an
analogous way: initially via association (Thm. 4.4), and thereafter by projection (Thm. 4.5). §4.4 shows
that process properties — deadlock-freedom and liveness — are guaranteed by construction (Thm. 4.6).

We discuss related work in §5 and conclude in §6. Detailed proofs are provided in the appendix.

Eztensions and Refinements of Yoshida and Hou [101]. This work extends Yoshida and Hou [101], which
introduced association as a proof technique for establishing type soundness in MPST. We advance this line
by clarifying certain misunderstandings and challenges surrounding type soundness proofs in the MPST
community, making these explicit in the Introduction. A dedicated section (§ 3.5) further illustrates the
necessity of association within the framework. On the technical side, we present a full multiparty session
m-calculus that extends [101] with constructs such as expressions and conditionals. Our system adopts a
distinct subtyping discipline and typing judgements, yielding a substantially different yet more expressive
type system. The definition of association is refined to align with the subtyping order, while the session
restriction rule ([T-G-v] in Fig. 8,§4) is reformulated to use projection directly rather than association. In
this setting, we formalise subject reduction and session fidelity through projection — results not developed
in [101] — in addition to the association-based theorems. Moreover, the definition of process liveness (Def. 4.2
in §4.4) is strengthened by incorporating an additional side condition. Finally, we include a comprehensive
discussion of related work (§5) and provide complete proofs.

Comparison with Scalas and Yoshida [84]. Since [84] serves as a key benchmark for this work, we
summarise below the differences between the two frameworks, providing a clear and quick reference.

e Top-down vs. bottom-up methodology: the main difference lies in the underlying paradigm. Scalas and
Yoshida [84] develop a bottom-up MPST theory that is independent of global types and instead founded
on a parametric safety invariant. In contrast, this work follows a top-down MPST approach, in which
correctness is ensured by construction through global types. This leads to distinct technical structures
and guarantees, as follows.
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— Global types and projection: the proposed framework provides explicit global types together with
their syntax and semantics, and supports end-point projection with full merging (§3.1 and 3.2); such
mechanisms are absent from the theory in [84].

— Core invariant: type soundness in this work (established via the subject reduction theorem, Thm. 4.1)
is based on a global-to-local association invariant induced by projection and subtyping, whereas [84]
relies on preserving a parametric typing-context safety invariant that is independent of global types
(|84, Theorem 4.6]).

— Behavioural property guarantees: in this framework, once a process is typed under a typing context
associated with a global type, key behavioural properties, such as session fidelity, communication safety,
deadlock-freedom, and liveness, follow by construction (§4.3 and 4.4). In contrast, the guarantees in [84],
established in [84, §5.1, 5.2 and 5.5], depend on the particular instantiations of the safety invariant ([84,
§5.3 and 5.4|). To support this approach, [84] provides a model-checking-based mechanism (|84, §6])
to verify specific invariant instantiations at the type level, from which the corresponding process-level
guarantees are derived.

e Technical correction: the definition of process liveness in [84, Def. 5.1] contains a subtle issue: it allows
the liveness condition to hold without requiring executable communication. We address this by refining
the definition (Def. 4.2) to include an explicit side condition and presenting a counterexample in §4.4.

e Minor differences (without impact on the theoretical results).

— Multiparty session m-calculus: the calculus presented in §2 is an extension of that in [84, §2.1], incor-
porating values, expressions, and conditional statements.

— Basic types: to support values and expressions, basic types are introduced in § 3.1, which are absent
in [84].

— Subtyping: the subtyping discipline formalised in Def. 3.2 follows the process-oriented approach [12, 28,
69, 21, 20], in which branching is contravariant and selection covariant. This contrasts with the channel-
oriented subtyping order of [84, Def. 2.5|, where the variance is reversed. A detailed comparison of
these two approaches is provided in [39]. Our association method is parametric in the chosen subtyping
discipline and applies to both.

— Typing contexts, judgements, and rules: the typing contexts (Def. 3.5) are extended to account for
expression variables and basic types; consequently, separate judgements (§4.1) are applied to the typing
of expressions and processes, with process typing formulated differently from that in [84]. The typing
rules (Fig. 8) are reformulated accordingly, resulting in a more expressive typing discipline.

— Typing context liveness: the notion of typing context liveness adopted here (Def. 3.11) is stronger than
the liveness condition in [84, Fig. 5] and is closer to liveness™.

— Synchronous vs. asynchronous MPST: Scalas and Yoshida [84] extend their theory to asynchronous
MPST and establish a corresponding subject reduction result ([84, §7]), whereas this work focuses on
the synchronous setting.

2. Multiparty Session w-Calculus

This section presents the syntax of the synchronous multiparty session mw-calculus, and provides a for-
malisation of its operational semantics.

Syntax of Processes in Multiparty Session m-Calculus. A session is a sequence of interactions, typically
including send and receive operations, performed by a set of roles (participants) in a communication protocol.
The multiparty session 7-calculus models the behaviour of processes that interact using multiparty channels.

We use the following basic notations: basic values, denoted by v,v’,v;,..., expressions, denoted by
e, e e;, ..., expression variables, denoted by x,z’,x;, ..., channels, denoted by ¢,c,c;, ..., channel vari-
ables, denoted by y,y’, v, . .., roles, denoted by p,p’,q,d’,p;,. - ., sessions, denoted by s,s’,s;, ..., message
labels, denoted by m,m’, m;, ..., processes, denoted by P, P, Q,Q’, P;,..., and process variables, denoted by
X, XY, Y. X,,...
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vlv succ(n) ) (n+1) neg(i)] (—i) —true] false —false| true

e1 v e v .
L 24 . . true if i1 <ia
11 < 19 \L

e1®es LV e1 ey LU
v v false otherwise

Figure 2: Expression evaluation.

Definition 2.1 (Syntax of Multiparty Session m-Calculus). The multiparty session m-calculus syntax
is defined as follows:

v = n | i } true | false | " | O | cee (natural number, integer, boolean, string, or unit, ...)
e :== x | v | succ(e) | neg(e) |

—-e | e®e | e<e | s (expression variable, basic value, or expression term)
c : Y ‘ s[p] (channel variable or channel for session s with role p)
Z = ‘ Y (expression variable or channel variable)
d == e | c (expression, channel variable, or channel with role)
w = e | S[p] (expression or channel with role)
U = v | s[p] (value or channel with role)

P,Q : 0 i (vs) P (inaction, restriction)

c[q] G}m(d) .P (selection towards role q)

C[q] &{mz (Zl) .Pi}ie] (branching from role q with an index set I # )

def X(z1,...,Zn,Y1,---,Ym) = Pin Q  (process definition)

X<617...,en,01,...,cm> (process call)

if ethen P else Q (conditional)

P | Q | err (parallel composition, error)

Restriction, branching, and process definitions and declarations act as binders, as expected. fc(P) denotes
the set of free channels with roles in P, fev(P) denotes the set of free expression variables in P, and fcv(P)
denotes the set of free channel variables in P. We adopt a form of Barendregt convention: bound sessions
and process variables are assumed pairwise distinct, and different from free ones. We write Il;c; P; for the
parallel composition of processes P;.

The syntax of our session 7-caleulus (Def. 2.1) is mostly standard [84], with extensions for expressions
and “if. . . then. . . else” statements. A basic value v can be a natural number n, an integer i, a boolean true or
false, a string "", a unit () (often omitted for brevity), or any other specific tailored value. An expression
e can be an expression variable z, a basic value v, or a term built from expressions by applying operators,
e.g. succ,neg, 7, ®; <. A channel ¢ can be either a channel variable y or a channel with role (a.k.a. session
endpoint) s[p], @ multiparty communication endpoint whose user plays role p in the session s.

A process acts as a communication agent within a session, representing the behaviour and actions of a
role in the session. Inaction 0 represents a terminated process (often omitted for brevity). Session restriction
(vs) P declares a new session s, with its scope restricted to the process P. Selection (a.k.a. internal choice)
cla]®m(d). P sends a message m with payload d to role q via endpoint ¢, where d may be either an expression
or a channel. Branching (a.k.a. external choice) c[q]&{m;(z;).P;}ic1 expects to receive a message m; (for
some ¢ € I) from role q via endpoint ¢, and then continues as P;.

The conditional process if ethen P else ) represents the internal choice between processes P and @, with
the selection of the branch determined by the evaluation of expression e (as explained later in the semantics).
Process definition def X (z1,...,Zn,Y1,--.,Ym) = P in Q and process call X{ey,...,en,C1,...,cy) capture
recursion: the call invokes X by expanding it into ) and replacing its formal parameters with the actual
arguments. Parallel composition P | Q) denotes two processes capable of concurrent execution and potential
communication. Finally, err represents the error process.

Operational Semantics of Multiparty Session w-Calculus. The value of an expression is computed as shown
in Fig. 2, where e | v denotes that an expression e evaluates to a value v. Note that Fig. 2 can be extended
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R-ae-v) slplla&{mi(z:). Pilicr | slallp]®mele).Q — Pelv/z} | Q kelandelo
[R-o&-D]  s[p]lal&{mi(z:). Pi}ier | slallpl@me(s'z]).Q — Pe{'ll/=} | Q@ kel

R-x] def X(z1,...,Zn,Y1,.--,Yym) = Pin (X(e1,...,en,s1[P1],- -+ 8mlPm)) | Q)
— def X(z1,...,2n,y1,--.,Ym) = Pin

(P{or/fen} - {onfan{o1l0)/n} - {ombPulfyn} | Q) Vie{l,...,n} e v
[R-Conp-T| ifethenPelse@Q — P el true
[R-Conp-F| if ethen Pelse@ — @ e ] false
[R-Crx] P — P’ implies C[P] — C[P’]
[R-Ere]  s[p][a]&{m;(2;). P;}ier | s[d][p]®m(w).QQ — err Viel :m;#m

R=] P =P—Q=@Q implies P — Q'
Figure 3: Operational semantics of multiparty session w-calculus.

PIQ=Q|P (PIQIR=P|(@Q|R) P|0=P (15)0=0
(v5) (ws') P = (') ws) P (v5) (P| Q) = PA(s)Q if sfe(P)
def Din0=0 def D in (vs) P = (vs)(def D in P) if s¢fc(D)
def Din (P|Q) = (def Din P) | Q if dpv(D)Nfpv(Q) =0

def D in (def D’ in P) = def D’ in (def D in P)
if (dpv(D) U fpv(D)) Ndpv(D’) = (dpv(D")U fpv(D’)) Ndpv(D) = 0

Figure 4: Standard structural congruence rules, where fpv(D) is the set of free process variables in D, and dpv(D) is the set
of declared process variables in D.

to include additional expressions. The successor operation succ is defined for natural numbers, negation
neg and comparison < for integers, and logical negation — for boolean values. The nondeterministic choice
e1 ® ey evaluates to either the value of ey or the value of es.

We provide the operational semantics of our multiparty session w-calculus in Def. 2.2, using a standard
structural congruence = defined in Fig. 4.

Definition 2.2 (Semantics of Multiparty Session m-Calculus). A reduction context C is defined as:
C = C|P| (vs)C | def DinC | []
The reduction relation —» on processes is inductively defined by the rules in Fig. 3. A process P is said to

have an error if P.= Clerr| for some reduction context C. A relation ~» on reduction contexts is defined
by C~»C' iff VP.C[P] — C'[P].

Our operational semantics for the multiparty session m-calculus retains the standard rules from [84],
while incorporating additional rules for conditionals and value exchange. A reduction context C denotes a
process with a single hole [], occurring in place of a subterm P. In addition, a relation ~» on reduction
contexts is introduced to capture context-level reductions that hold uniformly for all process instantiations;
it will be used in the definition of process liveness in §4.4. The reflexive-transitive closures of — and ~~ are
denoted by —* and ~~*, respectively.

Rules [R-@&-V] and [R-@&-D| describe communication on session s involving receiver p and sender q, where
a value or an endpoint is exchanged, respectively, provided that the transmitted message my is handled by
the receiver (k € I). In case of a message label mismatch, rule [R-Erg]| is invoked to trigger an error.

Rules [R-Conp-T] and [R-Conp-F| pertain to conditionals, which are self-explanatory. Rule [R-X| initiates
the expansion of process definitions when called. Additionally, rules [R-crx] and [R-=| facilitate the reduction
of processes under reduction contexts and modulo structural congruence (=), respectively.

9
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Example 2.1 (Syntax and Semantics of Session m-Calculus, adapted from [3]). Processes P and
Q@ below communicate over session s: P uses endpoint s[p] to send endpoint s[r] to role q, while @ uses
endpoint s[q] to receive it, and then sends a message to role p via s[r].

P = slp][q]@m’(s[r]).s[p|[r]&m(2).0 @ = s[q][p]&n’(2).2[p]Em(42).0
By Def. 2.2, successful reductions yield:

(vs) (P Q)
= (vs) (s[plla]®w’(s[z]).s[p][r]&m(2).0 | s[q][p]&n’ (). 2[p] ©m(42).0)
—  (vs) (s[p)[r]&m(2).0] s[r][p]@m(42).0) — (vs)(0|0)=0

Example 2.2 (OAuth Process, extended from [84]). The following process interacts on session s us-
ing channels with role s[s], s[c], s[a], corresponding respectively to roles s, c, and a. For brevity, irrelevant
message payloads are omitted.

P, = s[s][c]®cancel

P, — s[c][sl& login.s|c][a]®passwd("XYZ")
(vs)(Ps| P.| P,) where:q "¢ slells cancel.s[c][a]®quit, fail.s[c|[a]@fatal
_ passwd(z).s[a][s]Pauth("secret")
P = S[a][c]&{ quit, fatal
Here, (vs) (Ps | P. | P,) is the parallel composition of processes P., P., P, in the scope of session s. In P,
“s[s][c]®cancel” means using s[s| to send cancel to c. Process P, uses s[c] to receive login, cancel, or
fatal from s; then, in the first case, it uses s[c] to send passwd to a; in the second case, it uses s[c| to send
quit to a; in the third case, it uses s[c| to send fatal to a. By Def. 2.2, we have the reductions:

(vs) (Ps| P | Pa) — (vs) (0 | s[c]faj@quit | P.) — (vs)(0]0[0) = 0

3. Multiparty Session Types

This section introduces multiparty session types. In § 3.1, we provide an extensive exploration of global
and local types, including their syntax, projection, and subtyping. In §3.2, we establish a Labelled Transition
System (LTS) semantics for global types, and in § 3.3, for typing contexts. The operational relationship
between these semantics is explained in §3.4 via association. In §3.5, we show the necessity of association: an
example illustrates that projection alone does not preserve this operational correspondence. Finally, in §3.6,
we demonstrate that a typing context associated with a global type ensures safety, deadlock-freedom, and
liveness.

3.1. Global and Local Types

The Multiparty Session Type (MPST) theory utilises global types to provide a comprehensive overview
of communication between roles, such as p,q,s,t,..., belonging to a set R. In contrast, it employs local
types, derived via projection from a global type, to describe the communication of an individual role from
a local perspective. The syntax for global and local types is presented in Fig. 5, where most constructs are
standard [84].

Basic types, taken from a set B, describe the types of values, including natural numbers, integers, booleans,
strings, units, and others.

Global types, represented as G, G’,G,, ..., describe the high-level behaviour of all roles. The set of roles
in a global type G is denoted by roles(G). Each syntactic construct of global types is explained as follows:

e p—q:{m;(S;).G;}icr: a transmission of a message from role p to role g, consisting of a label m;, a
payload of type S; (either a basic or local type), and a continuation G;, where ¢ is taken from a
non-empty index set I. The labels m; must be pairwise distinct, and self receptions are excluded (i.e.

P #q)-

10
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B = nat | int | bool ’ str | unit | ... Basic types
S = Basic type or Session type
G = p—=q:{mi(S;).G;lier Transmission
| ut.G } t | end Recursion, Type variable, Termination
T == p&{m;i(S;).Ti};cr External choice
p®{mi(S:). Ti},e; Internal choice
ut. T’ | t | end Recursion, Type variable, Termination

Figure 5: Syntax of types.

e ut.G: a recursive global type, subject to contractive requirements [80, §21.8], meaning that each
recursion variable t is bound within a ut.. .. and is guarded.

e end: a terminated global type, omitted when unambiguous.

The set of free variables in G, denoted by fv(G), is defined as usual.
Local types (or session types), represented as T,U,T",T;,U’, U;, ..., describe the behaviour of a single
role. Each syntactic construct of local types is elucidated below:

e p®{m;(S;).T;},c; an internal choice (selection), indicating that the current role is expected to send
a message to role p.

o p&e{m;(S5;).Ti},c;: an external choice (branching), indicating that the current role is expected to
receive a message from role p.

o ut.T: a recursive local type, following a pattern analogous to recursive global types.
e end: a termination, omitted when unambiguous.

Similar to global types, we require pairwise-distinct, non-empty labels in local types.

Projection In the top-down approach of MPST, local types are obtained by projecting a global type onto
roles. Projection is a partial function that yields the local type associated with a participating role in a
global type. Specifically, it takes a global type GG and a role p, returning the corresponding local type. Our
definition of projection, provided in Def. 3.1 below, follows the standard approach [84].

Definition 3.1 (Global Type Projection). The projection of a global type G onto a role p, written
G Ip, is:
rd{mi(S;).(Gilp)te; ifp=q
(qr: {mi(S85).Gitier) [p = a&f{mi (i) .(Gip)}ie; i p=r

[lic: Gilp if p£qand p#r
[t (Glp) if p€roles(G) or fv(ut.G) # 0 tlp=t
(ut.G)Ip = {end otherwise end |p = end

where [] is the merge operator for session types (full merging), defined as:
p&{ms (8i) Ti}icr M pA{ms(S:). Ti}ier = pO{ms(Se)- (LN T} e,
pwt T Mot T = pt.(TNT') tMNt=t end end = end

T,NTy, ifkelndJ
p&{ml(Sz)TZ}leI [ p&{mJ(S])jg}]eJ = p&{mk(sk)'T]g}kGIUJ where Tlé/ = Tk if kel\J
T it ke J\TI

11
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Note that some global types cannot be projected onto all of their participants. This occurs when
certain global types describe inherently meaningless protocols, leading to undefined merging operations, as
illustrated in Ex. 3.2.

If a global type GG begins with a transmission from role p to role q, projecting it onto role p (resp.
q) results in an internal (resp. external) choice, provided that the continuation of each branching of G is
also projectable. When projecting GG onto other participants r (r # p and r # q), a merge operator, as
defined in Def. 3.1 and exemplified in Ex. 3.2, is used to ensure that the projections of all continuations are
“compatible”. If a global type G is a termination or a type variable, projecting it onto any role results in a
termination or type variable, respectively. Finally, the projection of a recursive global type ut.G preserves
its recursive structure when projected onto a role in G, or if ;t.G contains no free type variables; otherwise,
the projection yields termination.

Example 3.1 (Types of OAuth 2.0, from [84]). Consider a protocol from OAuth 2.0 [77]: the service
sends to the client either a request to login, or cancel; in the first case, c continues by sending passwd
(carrying a string) to the authorisation server, who in turn sends auth to s (with a boolean, telling whether
the client is authorised), and the session ends; in the second case, ¢ sends quit to a, and the session ends.
This protocol can be represented by the global type Gautn:
login.c—a:passwd(str).a—rs:auth(bool).end
Gauth = 8—c: .
cancel.c—a:quit.end

Following the MPST top-down methodology, G is projected onto three local types (one for each role s,
c, a):
T = 69{1ogin.a&auth(bool) T s&{login.a®pas§wd(str)}
cancel cancel.adquit
T = C&{pa§swd(str).s@auth(bool)}
quit
Here, T; represents the interface of s in(7,,,: it must send (@) to c either login or cancel; in the first
case, s must then receive (&) message auth(bool) from a, and the session ends; otherwise, in the second
case, the session just ends. Types T, and T, follow the same intuition.

Example 3.2 (Merge and Projection, originated from [68]). Two external choice (branching) types
from the same role with disjoint labels can be merged into a type carrying both labels, e.g.

A&greet(str) [ A&farewell(bool) = A& {greet(str), farewell(bool)}

However, this does not apply to internal choices (selections), e.g. Adgreet(str) M A@farewell(bool) is
undefined.

Two external choices from different roles cannot be merged. Same for internal choices; e.g. A@greet(str)n
Bdgreet(str) is undefined.

Furthermore, two external choices from the same role with same labels but different payloads cannot be
merged; e.g. A&kgreet(str) M A&greet(bool) is undefined. This also applies to internal choices.

Additionally, two local types with same prefixes but unmergeable continuations cannot be merged; e.g.
Adgreet(str) M Adgreet(str).B&farewell(bool) is undefined as end MB&farewell(bool) is not mergeable.

Consider a global type:

G — AsB: {greet(str) .C%A:farewell(bool)}
farewell(bool).C—A:greet(str)

G cannot be projected onto role C since:

GIC = C—A:farewell(bool)|C M C—A:greet(str)|C
= A®farewell(bool) M AGgreet(str) (undefined)

G| C is undefined because in G, depending on whether A and B transmit greet or farewell, C is expected
to send either farewell or greet to A. However, since C is not involved in the interactions between A and
B, C is not aware of which message to send; that is G does not provide a valid specification for C.

12
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Subtyping We introduce a subtyping relation < on local types, as defined in Def. 3.2. Intuitively, subtyping
captures safe substitutability: when a local type T is a subtype of T, the behaviour specified by T' and T”
is compatible; consequently, a process typed by T' can be safely used wherever one typed by 7" is expected,
without introducing communication errors.

Definition 3.2 (Subtyping). The session subtyping relation < is coinductively defined:

== [SuB-B] [SuB-&]
B<B P&{mi(si)‘ﬂ}ieluJ < p&{mi(sz,’)’j—‘i/}iel
Viel S/<S; T,<T!
——— |[SuB-end SuB-®
end < end [Sve-end] p®{m; (Si). Ti},er < pPAms(S)). T3 }ic 0y [Sun-@]
Tut.T/t) < T T < T'ut.T'/t]
————— [Su-ul] ———— [SuB-uR]
ut. T <T' T < pt. T’

Rule [sus-B] states that any basic type is its own subtype. Rule [sus-@| allows the subtype of an internal
choice to encompass a narrower range of message labels while permitting the sending of more generic pay-
loads. Conversely, rule [Sus-&] dictates that the subtype of an external choice must support a broader set of
input message labels and less generic payloads. Rule [Sus-end] specifies that the type end is its own subtype.
Finally, rules [Sus-uL] and [Sus-uR| define the relationship between recursive types up to their unfolding.

Example 3.3 (Subtyping). Recall the local types T, T¢, and T, from Ex. 3.1:

T. = co login.a&auth(bool) 70 sk 10g1n.a€9pas§wd(str)
cancel cancel.adquit
T = C&{pagswd(str).s@auth(bool)}
quit
Additionally, consider the following local types:
login.a®passwd(str)
T! = s[s] : ccancel T! = s[c] : s&( cancel.adbquit
fail.a®fatal

passwd(str).sdauth(bool)

T! =slal: c&( quit
fatal

It holds that T < Ts, because a subtype is allowed to offer fewer options in an internal choice, while T/ < T,
and T/ < T,, as a subtype in an external choice may accept more options.

8.2. Semantics of Global Types

We now present a Labelled Transition System (LTS) semantics for global types. First, we introduce the
transition labels in Def. 3.3, which are also used in the LTS semantics of typing contexts, discussed later
in §3.3.

Definition 3.3 (Transition Labels). Let a be a transition label of the form:

a == s[pl:q&m(S) (in session s, p receives m(S) from q)
s[p]:a®m(S) (in session s, p sends m(S) to q)
slp][a]m (in session s, message m is transmitted from p to q)

The subject(s) of a transition label, written subject(a), are defined as follows:

subject(s[p]:q&m(S)) subject(s[p:q®m(S5)) = {p}
subject(s[p][am) = {p,q}

13
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Glut.G/t] % G jeT
— @ o, [GRu , | CILYI
w.G5 G P {mi(5).Gllier —— G

[GR-®&]

Viel:G, %G subject(a) N {p,q} =0
p—q: {m; (8;).Gl}ier = p—q: {ms(S).GY Yier

[GR-Crx]
Figure 6: Global type transition rules.

The label s[p][qJm denotes a synchronising communication between p and q via a message label m; the
subject of this label includes both roles. The labels s[p]:q®m(S) and s[p]:q&m(S) describe sending and
receiving actions, respectively, and are specifically used in the typing context semantics in § 3.3.

We proceed to give a Labelled Transition System (LTS) semantics to a global type G in Def. 3.4.

Definition 3.4 (Global Type Semantics). The global type transition = is inductively defined by the
rules in Fig. 6. We use G — G if there exists o such that G % G’; we write G — if there exists G’ such that
G — @', and G+ for its negation (i.e. there is no G’ such that G — /). Finally, —* denotes the transitive
and reflexive closure of —.

Fig. 6 depicts the standard global type transition rules. [100]. Rule [GR-@&] models communication
between two roles, while rule [GR-u] addresses recursion. Finally, rule [GR-Crx] permits the transition of
a global type that is causally independent of its prefix; provided that all continuations can perform the
transition with that label. This causal independence is indicated by the subjects of the label being disjoint
from the prefix of the global type. For example, consider the global type G = p—qm; .r—umy.end. Given
that the subjects of the label s[r][u]m, are disjoint from p and q, i.e. subject(s[r][ulmz) N {p,q} = @, and

s[x]fums s[x]fulm

r—umy.end ——— end, rule [GR-Crx] allows G to perform the transition G ——— p—q:m; .end.

3.8. Semantics of Typing Context
Following the introduction of global type semantics, we present an LTS semantics for typing contexts,

which are collections of local types. The formal definition of a typing context is provided in Def. 3.5, with
its transition rules in Def. 3.6.

Definition 3.5 (Typing Contexts). I' denotes a partial mapping from expression variables to basic types,
and from process variables to sequences of basic types and session types, while A denotes a partial mapping
from channels to session types. Their syntax is defined as:
I == 0|, 2:B |, X:By,....B,,Th,....,Tn Au=0| Ac:T

The context composition A1, Ay is defined iff dom(A;)Ndom(Az) = 0. We write |, ; A; for the composition
of contexts A;. We write s € A iff Ip : s[p] € dom(A) (i.e. session s occurs in A). Conversely, we write
s A iff Vp : s[p]Zdom(A) (i.e. session s does not occur in A). We write dom(A) = {s} iff Ve € dom(A)
there exists p such that ¢ = s[p|] (i.e. A only contains session s). We write A <A’ iff dom(A) =dom(A)
and Veedom(A): A(c) < A’(e). We write Ag iff dom(Ay) = {s}, dom(Ay) Cdom(A), and Vs[p] € dom(A) :
A(s[p]) = As(s[p]) (i-e. restriction of A to session s).

Definition 3.6 (Typing Context Semantics). The typing context transition = is inductively defined

by the rules in Fig. 7. We write A = if there exists A’ such that A= A’. We define two reductions A —s; A/
and A — A/, as follows:

e A—, A’ holds iff A = A’ with a = s[p][q]m for any p,q € R (recall that R is the set of all roles): this
means that A can progress via message transmission on session s, involving any roles p and q. We
write A — iff A—3 A’ for some A’; and A for its negation (i.e. there is no A’ such that A —; A'),
and we denote —% as the reflexive and transitive closure of —;
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ke[u me(50) &l ké[[] e (S0) 8-
S|p|:qDmk S[P|:qéimyk
slp] 1 a®{mi(Si) Ti},e; ——— slp|: Tk s[p] : a&e{mi(Si). Ti},e; ———— slp]: T
s[pl:q®m(S) s[q]:p&m(S")
AN L) All Ay p4> A/Q S/<S (Ao S[p] :T{Ht-T/t} i) A/ Al A g> A/ ~
m a K o aE]
JANPWAY % AL A slp] s pt. T — A’ Ajc:T—= Ac:T

Figure 7: Typing context transition rules.

e A — A’ holds iff A —, A’ for some s: this means that A can progress via message transmission on
any session. We write A— iff A— A’ for some A’, and A/ for its negation, and we denote —* as the
reflexive and transitive closure of —.

Fig. 7 presents rules for typing context transitions, which are similar to those in [84]. Rule [a-@] (resp.
[A-&]) states that a typing context entry can execute an output (resp. input) transition. Rule [A-g&] ensures
synchronised matching of input and output transitions, with payload compatibility through subtyping;
consequently, the context progresses via a message transmission label s[p][q]m. Rule [A-x] handles recursion,
while rule [A-] lifts transitions to larger contexts.

3.4. Relating Semantics between Global Types and Typing Contexts

With the LTS semantics for global types (Def. 3.4) and typing contexts (Def. 3.6) defined, we estab-
lish a relationship between these semantics using the projection operator | (Def. 3.1) and the subtyping
relation < (Def. 3.2).

Definition 3.7 (Association of Global Types and Typing Contexts). A typing context A is associ-
ated with a global type G for a multiparty session s, written A C; G, iff A can be split into two disjoint
(possibly empty) sub-contexts A = A, Aena where:

g

< contains subtypes of projections of G: dom(A<) = {s[p]|p € roles(G)}, and Vp € roles(G) :
A(slp]) < Glp;

2. Aeng contains only terminated endpoints: either Agna = 0, or dom(Aena) = s and Vs[q] € dom(Aend) :
Aend(slq]) = end.

The association - C. - is a binary relation over typing contexts A and global types G, parameterised
by multiparty sessions s. The association relation requires that, for each role p in the global type, its
corresponding entry in the typing context (A(s[p])) must be a subtype (Def. 3.2) of the projection of the
global type onto that role (G |p).

Remark 3.1. Tt is evident that a typing context A = {s[p] : G [p}Peroles(G), which contains the projections
of all roles in G, is associated with the global type G for s. <

Example 3.4 (Association). Recall the global type G, and its projected local types Ty, Tc, T, from
Ex. 3.1, as well as the local types T7,T., T. from Ex. 3.3. Consider the typing context:

Aauuth = Aauthsv Aauthca Aa»uthzl
where A,uen, = s[s]: T2, Aauen, = s[s]: T2, and A,uen, = s[s] : To.

Intuitively, A,u¢n is associated with G.u¢h, as s sends only cancel, while ¢ and a expect to receive
additional messages fail and fatal, respectively. Indeed, the entries in A, adhere to the communication
behaviour patterns of each role of G 1, though with fewer output messages and more input ones.

We can formally verify the association of A,y with G,y for session s by:

o roles(Gautn) = {s,c,a} and dom(A.un) = {s[s], s[c], s[a]}
L4 Aauth(s[s]) = Tsl < Gauth fS = Ts
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® Aqum(sle]) =1T¢

c

N

Gauth fC =T,
o ALun(sla)) =T.

a

We demonstrate the operational correspondence between a global type and any associated typing context
through two main theorems: Thm. 3.1 shows that the transition behaviour of a global type corresponds to
that of its associated typing context, while Thm. 3.2 illustrates that each possible transition of a typing
context is reflected by an action in the transitions of the associated global type.

Theorem 3.1 (Soundness of Association). Given associated global type G and typing context A for session s:
AC,G. IfG% G where a = s[p|[d]m, then there existn’, o/, A', and G", such that o/ = s[p][q]n’, G == G",
AT, G", and A 25 A,

Proof. By induction on global type transitions (Def. 3.4). O

Theorem 3.2 (Completeness of Association). Given associated global type G and typing context A for
session s: A Cg G. If A %5 A’ where o = s[p|[q]m, then there exists G such that A' T, G' and G = G'.

Proof. By induction on typing context transitions (Def. 3.6). O

Example 3.5 (Soundness and Completeness of Association). Consider the associated global type
Gaun and typing context A,un in Ex. 3.4, We have the global type transition G, M, and,

by the soundness of association (Thm. 3.1), there exist ov = s{s][c]cancel, G/ ,,, and A/ ., such that

1 1
Gt s[s][c]cance G;uth — caquit and Aels s[s][c]cance A;uth _ A;uths,A;uthc,A;utha
where:
Alyn, = sls]:end Al o, = Slc] :adquit
Alyn, = sla]:c&{passwd(str).s@auth(bool),quit, fatal}
By Def. 3.7, it is straightforward to check that A/ ,, Ty G/ - Further, A/ ., admits the transition:
Al in "0 iy Al ., = s[s] s end, s[c] : end, s[a] : end

which, by the completeness of association (Thm. 3.2), relates to the transition: G/, lellelavis, end, with

Al Cs end.

Remark 3.2 (Sufficiency of Soundness Theorem). Inquisitive readers may question why we opted to
formulate a soundness theorem that does not directly mirror the completeness theorem, as in common
existing literature [32]. This decision stems from our use of the subtyping (particularly rule [Sus-@]). A
local type in the typing context may offer fewer branches for selection compared to the projected local type,
leading to transmission actions in the global type that remain uninhabited.

For example, consider the global type G..n and its associated typing context A,u¢n from Ex. 3.4.
While the global type Gauin can transition via s[s][c]login, no corresponding transition is available for the
associated typing context A,uth-

Importantly, the message m’ appearing in the soundness theorem is not arbitrary: it must correspond to a
branch enabled by the global type and realisable by the associated local types, although it need not coincide
with the particular label m. Consequently, soundness of association requires the existence of a compatible
typing context transition, rather than preservation of the identical message transmission.

Despite this formulation, the soundness theorem is sufficient to ensure the key properties guaranteed by
association, including safety, deadlock-freedom, and liveness, as demonstrated in § 3.6. |
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3.5. Association vs Projection: Necessity of Association

As introduced in § 1, the association defined in § 3.4 is applied as the invariant in the proof of subject
reduction, where typing contexts used to type processes are incrementally constructed along transitions
while maintaining the association. A natural question, therefore, concerns the necessity of association: why
cannot projection be used directly in its place?

The difficulty lies in the fact that projection is not preserved under transitions. More specifically, if the
conditions A Cy ¢ and A"Cy ¢/ in Thms. 3.1 and 3.2 are replaced with A = {s[r]: G[r}, o) and
A" = {s[r] : G' I}, ¢ 01e5(c)» SO that typing contexts are derived directly from projections, the operational
correspondence no longer holds. The following example illustrates this issue.

Consider the global type G:

add(int).end

2dd(int) B—C: forward(int).end

A—B: .
. | sub(int).end
sub(int).B—C: forward(int).end
and the typing context Ay:
. add(int).end
A& ' forward(int).end
add(int).end s[B] - A b(end).Ca sub(int).end
s[C] : B&{ sub(int).end sporend)- forward(int).end
forward(int).end

It is straightforward to verify that A, is a projeetion of Gy onto session s. There are two possible
transitions between A and B in G «: either add or sub. Since both cases are symmetrical, we focus on the
transition labeled add, i.e. o = s[A][B]add. Consequently, G« reduces to

N [ add(int).end
<N { forward(int).end

The typing context obtained through projection from G’ is:

A, = s[A] : efad, s[B] : C@{ add(int).end add(int).end }

forward(int).end }’ s(] B&{ forward(int).end
However, A, % Al does not hold. The only possible transition of A, with o = s[A][B]add leads to:
add(int).end

}, s[C] : B&{ sub(int).end
forward(int).end

" ) ) add(int).end
Ax = s[A]: end, s[B] 'C@{ forward(int).end
Thus, direct projection cannot, in general, be substituted for association in Thm. 3.1, and a similar
limitation arises in Thm. 3.2. Association therefore provides the required transition-preserving relation
between global types and typing contexts, acting as the intermediate invariant for subject reduction.

3.6. Typing Context Properties Guaranteed via Association

The design of multiparty session type theory provides substantial advantages in guaranteeing desirable
properties. Processes that adhere to the local types obtained from projections are inherently correct by
construction. This subsection highlights three key properties: communication safety, deadlock-freedom, and
liveness, which are ensured by typing contexts associated with global types.
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Communication Safety. We begin by introducing communication safety for typing contexts — a be-
havioural property that ensures each role exchanges compatible messages, preventing label mismatches.

Definition 3.8 (Typing Context Safety). Given a session s, we say that ¢ is an s-safety property of
typing contexts iff, whenever ¢(A), we have:

[S-B&] A—)p] ®n(S) nd A—>P&m (5") implies AS[P]
[S-u] A=A s[p]: ut.T implies (A, s[p]: T'{rt: T/t})7

[S-—s] A —5 A" implies @(A").

We say A is s-safe, written safe(s, A), if ¢(A) holds for some s-safety property ¢. We say A is safe, written
safe(A), if ¢(A) holds for some property ¢ which is s-safe for all sessions s occurring in dom(A).

Our safety property is derived from a fundamental feature of generalised MPST systems [84, Def. 4.1].
According to Def. 3.8, safety is a coinductive property [81]. This implies that, for a given a session s, s-safe
is the largest s-safety property, including the union of all s-safety properties. To demonstrate the s-safety
of a typing context A, we need to identify a property ¢ such that A € . and then prove that ¢ qualifies as
an s-safety property. Specifically, if such a ¢ exists, it can be formulated as a set containing A and all its
reductums (via reduction —%). We then verify whether all elements of ¢ satisfy each clause of Def. 3.8.

As specified by clause [s-@&], whenever two roles p and q attempt communication, the receiving role q
must accommodate all output messages of the sending role p with compatible payload types, ensuring the
feasibility of the communication. Clause [s-x] unfolds any recursive entry, while clause [s-—,] states that any
typing context A’ reachable from A through reduction on session s, must also belong to ¢, indicating that
A’ is s-safe as well. Note that any entry s[p]: end in A satisfies all clauses.

Example 3.6 (Typing Context Safety). Consider the typing context A, from Ex. 3.4. We show that
Aauth 1s s-safe by inspecting its transitions. Specifically, we have

"
Aauth Aaut

where each transition complies with all clauses of Def. 3.8.
The typing context A4 = s[p]: qbm;.rPms, s[q] : p&ma, s[r] : p&my is not s-safe. Any property ¢ con-

taining such a typing context is not a s-safety property, as it violates [s-@&] of Def. 3.8: Ay M nd

AAM, but Ax &) does not hold.
Finally, let’s consider the typing context Ap = s[p] : q®m(real), s[q] : p&m(int). Ap is not s- safe as any

Ap s[pl:q®m(real) and Ap s[q]:p&m(int)

s[s][c]cancel ) s[clla]quit

L = s[s] : end, s[c] : end, s[a] : end

property ¢ containing Ap contradicts [s-e&]: , but Ap —> is not

uphold due to int € real.

Deadlock-Freedom. The property of deadlock-freedom ensures that a typing context does not get “stuck”
during reduction — that is, it either always has a transition available or has reached a terminal state.

Definition 3.9 (Deadlock-Free Typing Contexts). Given a session s, a typing context A is s-deadlock-
free, written df(s, A), iff A—% A’/ implies Vs[p] € dom(A’) : A’(s[p]) = end.

Notably, a typing context that reduces infinitely adheres to deadlock-freedom, as it consistently undergoes
further reductions. Alternatively, when a terminal typing context is reached, all entries must successfully
terminate with end. Consequently, a deadlock-free typing context either continues to reduce perpetually or
terminates successfully.

Example 3.7 (Typing Context Deadlock-Freedom). The typing context A,u, from Ex. 3.4 is s-
deadlock-free, as any terminal typing context A/ .., reached from A,y via Aguen —%5 AL, 75, contains
only end entries, which can be easily verified.

The typing context A = s[p] : q®m; .r&ms, s[q] : rPmy.p&my, s[r] : pPms.q&ems is s-safe but not s-deadlock-
free, as its inputs and outputs, despite being dual, are arranged in the incorrect order. Specifically, there
are no possible reductions for A¢, i.e. Ac+, while none of the entries in Ao is a termination.

18



Journal Pre-proof

Finally, the typing context Ap = s[p] : q®{m;1.r®mo,m3}, s[q] : p&{m1,ma}, s[r] : p&my is s-deadlock-free
but not s-safe. While it consistently reaches a successful termination by transmitting my between p and q,
q is unable to receive the message m3 when p attempts to send it, due to a message mismatch.

Liveness. The liveness property ensures that every pending internal or external choice eventually gets
triggered through a message transmission. It relies on fairness — specifically, the strong fairness of compo-
nents [46, Fact 2] — to guarantee that every enabled message transmission is eventually executed. Definitions
of fair and live paths for typing contexts are provided in Def. 3.10, and these paths are used to formalise
the liveness for typing contexts in Def. 3.11.

Definition 3.10 (Fair, Live Paths). A path is a possibly infinite sequence of typing contexts (A )nen,
where N = {0,1,2,...} is a (finite or infinite) set of consecutive natural numbers, and, Vn,n + 1 € N,
An — AnJrl.

We say that a path (A, )nen is fair for session s iff, Vn€ N: Anm implies 3k, m’ such that N>k > n,

and Ag M Aky1.
We say that a path (A,)nen is live for session s iff, Vne N:

(L1) Anm implies 3k, m’ such that N 3 k > n and Ay shplla,

(L2) AnM) implies 3k, m’ such that N > k > n and Ay

Ak-}-l;
s[p][q]m Apir

A path is a (possibly infinite) sequence of transitions of a typing context. A path is fair for session s if,
along the path, every enabled message transmission is eventually performed on s. Similarly, a path is live
for session s if, along the path, every pending internal or external choice is eventually triggered on s.

Definition 3.11 (Live Typing Contexts). Given a session s, a typing context A is s-live, written live(s, A),
iff all paths starting with A that are fair for session s are also live for s.

A typing context A is s-live if it consistently generates a live path for s under fairness.

Example 3.8 (Fairness and Typing Context Liveness, originated from [44, 84]). Consider the typ-
ing context:
Ap = slp| : p'@®my; s[p’] - p&emy, s[q] : ptq.q'@my.tg, s[q'] : pty.qémy .ty
which is s-safe and s-deadlock-free. There is an infinite path starting with Ag, where q and q’ continue
communicating in session s, while p and p’ never trigger a transition to interact, i.e.
Ap s[al[qJm; Ap slal[qJm;

Such a path is not fair for s because although message transmission between p and p’ is enabled, it will never
occur. Alternatively, along any fair path of Ag, all inputs and outputs are eventually fired on s, indicating
that Ag is s-live.

Now consider another typing context:

Aly = sp] : ptp.q&{my . ty,mo.t, }, s[q] : g pB{my . tq, mo. TBmy tg }, s[r] : pbr.q&emy .ty
which is s-safe and s-deadlock-free. A’; has fair and live paths, where in s, mo is transmitted from q to p,
and then to r. However, there is also a fair path, where in s, m; is consistently transmitted from q to p:

slallplm: sl [plm:
A A

In this case, r indefinitely awaits an input (ms from q) that will never arrive. The path is fair, as the message
to r is not enabled — that is, the action s[q][r|m, is never selected, so its absence does not violate fairness.
Therefore, this path is fair for s but not live, meaning that A’ is not s-live.

Finally, consider the typing context A%, = s[p]: q®{m,mo}, s[q] : p&{my,m3}, which is s-live. There is
only one path starting from A%, i.e.

A 4>S[P] oo slp] : end, s[q] : end
which is fair and live for s; however it is not s-safe.
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Properties by Association. To conclude, Thm. 3.3 asserts that a typing context associated with a global
type is constructed to guarantee the properties of safety, deadlock-freedom, and liveness.

Theorem 3.3 (Safety, Deadlock-Freedom, and Liveness by Association). Let G be a global type, A a typing
context, and s a session. If A is associated with G for s: ATy G, then A is s-safe, s-deadlock-free, and
s-live.

Example 3.9 (Typing Context Properties Guaranteed by Association). The typing context A,y¢n,
described in Ex. 3.4, is associated with G, for session s, i.e. Auutn s Gautn. Consequently, A,uin pos-
sesses the desirable properties of being s-safe, s-deadlock-free (as demonstrated in Ex. 3.6 and Ex. 3.7,
respectively), and s-live.

3.7. Relationships Between Typing Context Properties

We now examine both the relationships between typing context properties, and how they relate to
association, as formalised in Thm. 3.4.

Theorem 3.4. For any typing context A and session s, the following statements are valid:

(1) df(s,A) = =5 safe(s, A); saie
(2) live(s,A) <= =4 safe(s,A); df
(8) live(s,A) == df(s,A); e
(4) 3G : ATy G <= = safe(s,A); ’ e
(5) 3G : ACy G == df(s,A);

(6) 3G : ACy G == live(s, A).

v

In the diagram, the “safe” set (resp. “df” set, “live” set ) contains all typing contexts that are
s-safe (resp. s-deadlock-free, s-live). The red set G encompasses all typing contexts associated with some
global type for s. The negated implications stated in Thm. 3.4 are illustrated in Ex. 3.7, Ex. 3.8, and
Ex. 3.10, respectively.

Example 3.10 (Non-Associated Typing Context, adapted from [4, 84]). The typing context
Ap = slp]:T,s[q] : p&m(T).end, with 7" = ut.q®m(t).end (from [4, Ex.1.2]), is s-safe, s-deadlock-free,
and s-live, but not associated with any global type for session s. This is due to the occurrence of the
recursion variable t as a payload in 7", which is not allowed by Def. 3.2 since the subtyping relation provides
no rules for recursion variables; consequently, the subtyping condition in Def. 3.7 is not satisfied.

4. Multiparty Session Typing System

This section presents a type system for the multiparty session m-calculus (defined in §2). In §4.1,
we introduce the typing rules. §4.2 and 4.3 demonstrate the main properties of typed processes: subject
reduction and session fidelity. Finally, § 4.4 shows how process properties such as deadlock-freedom and
liveness can be guaranteed by construction.

4.1. Typing Rules

Two kinds of typing contexts, as introduced in Def. 3.5, are used in our type system: I', which assigns a
sequence of basic types and session types to each process variable X, as well as a basic type to each expression
variable x; and A, which maps channels to session types. I' is utilised in judgements for expressions, while
both I' and A are jointly applied in judgements for processes. The typing judgements are formulated as:

I'te:B and T'FPp>A

The judgement for expressions is standard: given the expression variables and basic types in I, e is of basic
type B. For processes, based on the types assigned to expressions and process variables in I'; P uses its
channels linearly as specified by A.
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F'Fn:nat T'Fi:int T'F true:bool TI'F false:bool T'F"":str 'k ():unit TI'z:BFaz:B

T F e:nat T'Fe:int Tk e:bool I'kep:int I'key:int T'ke:B TI'key:B
I' - succ(e) :nat  I'Fneg(e):nat I'F —e:bool I't-e; < ey :bool '-e;®ex: B

Veedom(A) A(c) = end ond] end(A) o rEP>A ALA
end(A) Trosa ° TFPoA
Viel...n T'kFe;:B; end(A)

[,X:By,...,Bp,Th,..., T b X{ep,....en,c1y o csem) D Aer i Th, oo Cm s T

' X:By,....B,,Th,....,T,x1:B1,...;2n: By F Py Th, ooy Ym 2 T
F,X:Bl,...,Bn,Tl,...,Tm"QDA

I'Fdef X(z1:B1,...,Zn:Bnyy1: T,y Ym :T) = Pin Q> A
'EP>A; TEPy> A I'ke:bool THFP>A TEHQE>A

T- _
TED | PooAnA, ) TF ifcthen Pelse O A =il

[T-def]

viel F,Zi:Bl_PiDA7CZTi ifSi:B
! TP oA z:T,c:T, ifS =T

I'F cla]&{mi(2). Pitier > A, c: a&e{mi(S;). T},
I'be:B T'HFPrA,c:T 'EP>Ajc:T
[T-&-V] / / / ; [T-&-D]
'k clq)®mie). P> A c: qB{m(B).T} Lk clg@mn(c).P> A c:q@{n(T").T},: T

A = {s[p]: G [p}paoles(c) s¢A THPrAA
Lk (vs: A)P>A

[T-&]

[T-G-v]

Figure 8: Typing rules for expressions (top) and processes (bottom).

The typing system is defined inductively by the rules depicted in Fig. 8. The typing rules for expressions
are straightforward, while we focus on elaborating the rules for processes.

Rule [T-end] introduces a predicate end(-) on typing contexts, which denotes the termination of all end-
points (note that end(()) holds). This predicate is used in [T-0] to type an inactive process 0. Rule [T-Sus]
incorporates subtyping within typing contexts. Rules [T-Carr] and [T-def] handle recursive process calls and
declarations, respectively. Rule [T-|] divides the typing context linearly into two parts, each used to type one
of the sub-processes. Rule [T-1r] is used for typing conditionals. In rule |T-&|, we distinguish whether the
payload in each branch is a basic type or a session type. Similarly, for typing selections, we apply two rules,
[T-@-v] and [T-@-D|, to differentiate the payload types. Finally, rule |[T-G-v| uses a typing context derived
from a global type via projection to enforce session restriction. Note that association can be applied in place
of projection in this rule, as a more general approach.

Example 4.1 (Typed Process). Consider the processes P and @ from Ex. 2.1, along with a type context
Ap = slp]: Tn,, sld] : T, s[r]: Ty, where Ty, = qom' (T, ). r&m(int) .end, Ty, = p&n'(Ty,).end, Ty, =
p®m(int).end. The context Ay can type the process P | @ through the following derivation:

end(s[p] : end) o) end(s[q] : end, z : end) -0l
z:int - 0> s[p] : end OF42:int O+ 0> s[q]:end,z:end
0 s[p][r]&m(z).0 > s[p] : r&m(int).end e 0 F z[p|®m(42).0 > s[q] : end, z : Tx, el
OF P slpl:Th,,slr]: Th, el DFQo>slq:Th, T
0FP|Q>An "l

Moreover, since Ay is obtained by projecting a global type G = p—q:n’(p®m(int)).r—p:m(int).end onto
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roles in session s, i.e. Ay = {s[p]: G [P} e 0105(G ) 1t follows from [1-G-v] that the process P | Q is closed
under Ay, ie. OF (vs: Ag) P | Q> 0.

Example 4.2 (Typed Process of OAuth). Recall the typing contexts Auuth,, Aauth,, and Ayuen, from
Ex. 3.4, and the processes Ps, P., and P, from Ex. 2.2. These contexts enable the typing of the respective
processes. Therefore, the context A, (from Ex. 3.4) can type the process P | P. | P,.

Furthermore, the typing context s[s] : Ts, using the local type Ts from Ex. 3.1, can type the process Ps,
since Aautn, < 8[s]:Ts (as demonstrated in Ex. 3.4), and 0 b Ps > Agyen,. Similarly, s[c]: Tt and s[a]: T,
type P and P,, respectively. Thus, by [T-G-v|, Ps | P | P, is closed under {s[p] : Gautn rp}pEroles(Gauth) (where
Gautn 1s from Ex. 3.1).

4.2. Subject Reduction

Subject reduction (type soundness) ensures the preservation of well-typedness under reduction: if a
process P is typable and P — P’, then P’ remains typable. Consequently, no reduction sequence starting
from a well-typed process can reach an untypable state.

We present a subject reduction result in Thm. 4.1, where P is constructed from a global type via
association (Def. 3.7), i.e. it is typed by a context associated with the global type. Thm. 4.1 serves as the
fundamental technical result, establishing such a property as an invariant preserved throughout reduction.

Theorem 4.1 (Subject Reduction via Association). AssumeI = P> A where Vs € A : 3G, : Ay 5y G If
P—P', then 3A’ such that A—*A", T+ P' > A/, and Vs e A" : 3G, : Gs =" G, and A, Ty G,

Proof. By induction on the derivation of P— P’ (Def. 2.2). O

Furthermore, since a typing context obtained from a global type via projection is a supertype of the
context associated with it, and a process can be typed using a broader context, Thm. 4.2 — our key subject
reduction result — demonstrates that well-typedness is maintained for processes constructed from global
types via projection. This result recovers the standard projection-based form of subject reduction and
reinforces compatibility with global types as a behavioural invariant through reductions, ensuring correctness
by construction in alignment with the MPST top-down methodology.

Theorem 4.2 (Subject Reduction). Assume '+ P> A, whereVs € A : 3G : Ay = {s[p] : Gs [p}PErOles(Gs).
If P—P', then 3A" such that I' = P"e A', and Vs € A" : 3G, : Gy =" G and Ay = {s[p] : G [P} perotes(ar)-

Proof. By the definition of association (Def. 3.7), subject reduction via association (Thm. 4.1), and the
application of [T-Sus| as necessary. O

As a corollary of Thm. 4.2, well-typed processes communicate without errors.

Corollary 4.3 (Type Safety). Assume O = P> 0. If P—*P’, then P’ has no error.

Example 4.3 (Subject Reduction). Recall the typed process P | @, the typing context Ay, and the
global type G from Ex. 4.1. Using rule [R-@&-D], the process P | @ reduces to

P'| Q" = s[p|[r]&m(x).0 | s[r][p]Bm(42).0
The typing context Ap, with Ay T, G, transitions via rule [A-@&] to
Ay = s[p] : r&m(int).end, s[q] : end, s[r] : p@m(int).end
which types P’ | Q' and is associated with the global type G';; = r—p:m(int).end, obtained by the transition
Gy LLICLIN G’;. Moreover, the typing context A}, = {s[p]: Gy [p}pemles(ch) also types P’ | Q'.

Note that the typing context {s[p] : Gauth [p}paoles(Gmh) and the process Ps | P | P, from Ex. 4.2 also
adhere to subject reduction, thereby ensuring type safety.
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4.3. Session Fidelity

Session fidelity asserts the converse implication concerning subject reduction: if a process P is typed
by A, and A can reduce along session s, then P can replicate at least one of the reductions performed by
A (though not necessarily all, as A may over-approximate the behaviour of P).

However, this property does not hold universally for all well-typed processes. For example, a well-
typed process may diverge due to unguarded recursion (e.g. def X(...) = X in X), or may deadlock due to
intricate interleavings of communications across multiple sessions [26].

To address this, and in line with [84] and most existing work on session types, we establish session fidelity
specifically for processes featuring guarded recursion and implementing a single multiparty session, realised
as a parallel composition of one sub-process per role. The guarantees for process properties given in §4.4
are demonstrated under the same guarded-recursion, single-session assumption.

Note that alternative approaches exist for handling interleaved multiparty sessions with delegation |79,
26, 49, 22, 23|. For example, a decentralised analysis is proposed in [49] to ensure session fidelity and
deadlock freedom for implementations with interleaved and delegated multiparty sessions. In addition, the
type system introduced in [22, 23| guarantees termination of well-typed processes under fairness assumptions
in the presence of session chaining, nesting, interleaving, delegation, and dynamic session creation.

The formalisation of our session fidelity, as provided in Thms. 4.4 and 4.5 below, builds upon the concepts
introduced in Def. 4.1.

Definition 4.1 (from [84]). Assume ) - P > A. We say that P:

(1) has guarded definitions if and only if in each  process definition in P of the form
def X(z1:B1,...,&n B, ..;y1:T1, o, Ym : Tin) = Qin P’ for all ¢ € 1..m, a call Y{...,y;,...) can
only occur in @ as a subterm of y;[q]&{m;(z;).P;};cs or y;[q]®m(d).P"” (i.e. after using y; for input or
output);

(2) only plays role p in s, by A if and only if: (i) P has guarded definitions; (ii) fev(P)=0; (iii) fcv(P)=0;
(iv) A=Ay, s[p] : T with T'€ end and end(Ay); (v) for all subterms (vs': A") P' in P, end(A').

We say “P only plays role p in s” if 3A 0 =P A, and item (2) holds.

In Def. 4.1, item (1) formalises guarded recursion for processes, while item (2) defines a process that
plays exactly one role on one session. It is evident that an ensemble of such processes cannot deadlock by
waiting for each other across multiple sessions.

Example 4.4 (Playing Only Role). Consider the processes P, @, and the typing context A g from Ex. 4.1.
Observe that P does not ounly play either p or r in s. This is because P can only be typed by a context
of the form sp] : Ty, s[r] : T%., where neither end(s[p]: 7;) nor end(s[r]:7%:) holds, thus violating item (2)
of Def. 4.1. Conversely, @ only plays role q in s, by s[q] : Tf,, with all required conditions satisfied.

Additionally, the processes P, P., and P, from Ex. 4.2 only play roles s, c, and a, respectively, in s,
which can be easily verified.

We now formalise our session fidelity properties (Thms. 4.4 and 4.5). Similar to subject reduction in §4.2,
Thm. 4.4 utilises a typing context associated with a global type for a specific session s to type the process,
while Thm. 4.5, as a corollary, applies a typing context projected from a global type, with both asserting
that a process constructed from a global type preserves its structure after reductions.

Theorem 4.4 (Session Fidelity via Association). Assume 0P >A, with A Ty G, P = e Py, and A =
UpeI A, such that for each Py: (1) 0F Py > Ay, and (2) either P, = 0, or P, only plays p in s, by Ay. Then,

A = implies AN, G, P’ such that A—; A', G — G', P —*P', and ) P' > A’, with A" C, G/, P' = Tper Py,
and A = UpGI AL such that for each Py: (1) (Z)I—P; > AL, and (2) either Py =0, or Py only plays p in s,
by Ay

Proof. By induction on the derivation of A —, (Def. 3.6). O
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Theorem 4.5 (Session Fidelity). Assume OF P >{s[p]: G [p},c;, with roles(G) C I and P = per Py such
that for each P,: (1) OFPy > s[p|: G |p, and (2) either P, = 0, or P, only plays p in s, by s[p]: G [p.
Then, G — implies 3G', P such that G — G', P =" P', and OF P'>{s[p] : G' [p},c;, with roles(G') C I
and P' = My Py such that for each Py: (1) OF Py > s[p]: G' [p, and (2) either Py = 0, or P; only plays p
in s, by slp] : G' | p.

Proof. By the definition of association (Def. 3.7), the soundness of association (Thm. 3.1), and session
fidelity via association (Thm. 4.4). O

Example 4.5 (Guarded Definitions in Session Fidelity, from [84]). According to rule [T-def] in Fig. 8,
an unguarded definition X (y:7T) = X (y) can be typed with any T. Therefore, we have:

0+ def X(y:q@m) = X(y) in X(s[p]) | s[q][p]&m > s[p] : q®m, s[q] : p&m
The unguarded process above reduces vacuously by infinitely invoking X, without aligning with any typing
context reduction. This highlights the necessity of guarded definitions for session fidelity (Thms. 4.4 and 4.5).

Observe that the process P from Ex. 4.1 does not satisfy (2) of Def. 4.1, while @ does, as shown in Ex. 4.4.
However, as demonstrated in Ex. 4.1, P | @ adheres to session fidelity. Readers might question the necessity
of enforcing the strict condition in session fidelity that requires a process to play exactly one role in a single
session. The following example highlights its importance.

Example 4.6 (Playing Only Role in Session Fidelity). Take the processes P, = s[A][B]®mn.s[C][D]$m,
Q. = s[D][C]&m.s[B][A]&m, and the typing context A, = s[A]:BPm, s[B] : A&km, s[C] : Ddm, s[D] : C&m, which
can be obtained by projecting the global type GG, = A—Bm.C—D:m onto s. It is trivial to verify that neither
P, nor @, satisfies (2) of Def. 4.1. Moreover, it is evident that P, | . does not satisfy session fidelity, as
the process cannot reduce further, whereas A, remains reducible.

4.4. Properties of Typed Processes

We finalise this section by showcasing that processes constructed from global types guarantee desirable
run-time properties, including deadlock-freedom and liveness, as formalised in Def. 4.2. Deadlock-freedom
indicates that if a process cannot reduce, it consists only of inactive sub-processes (0), while liveness (a.k.a.
“lock-freedom" |63, 78]) ensures that every pending input or output action of a process can eventually engage
in communication, i.e. there exists a future execution in which it synchronises with the corresponding dual.

Definition 4.2 (Runtime Process Properties). We say P is:
(1) deadlock-free iff P—* P’ implies P’ = 0;
(2) live iff P—* P'=C[Q] implies:
(a) if Q = c[q]®m(w).Q’, then IC': C ~* C’" and P’ —* C'[Q'];
(b) if Q = c[a)&{m;(z;).Q}}ier, then IC' k € I, u: C~»* C' and P’ —* C'[Q}{%/xr}].

Remark 4.1 (Correction of Process Liveness in Scalas and Yoshida [84]). In [84, Def. 5.1], a pro-
cess P is defined to be live iff for every P’ such that P—* P'=C[Q)],

o if Q = c[q]®m(w).Q’, then 3C" : P" —* C'[Q'];

o if Q = c[q)&{m;(x;).Q}}icr, then 3C' k € I,u: P' —* C'[Q}{%/«x}].

In this formulation, the witness context C’ is unrestricted and need not be related to the original context
C. Consequently, the liveness condition may be satisfied by selecting an arbitrary context that enables the
desired reduction.

For example, consider the process P = s[p|[q]®mn(5).0, which is not live since no matching input action
exists. Under the above definition, however, one may take C' = [] | P to obtain P —* 0| P = C’[0], making
the liveness notion hold vacuously, despite the absence of any communication.

Def. 4.2 addresses this issue by requiring C ~* C’, thereby enforcing a structural relationship between C’
and C. This constraint ensures that, under this liveness formalisation, the execution of an output or input
action arises from reductions of the process itself, rather than from an arbitrarily extended environment.

Note that the process liveness property adopted in existing work (e.g. [65, 3, 7]) relies on the definition
in [84], and may therefore require corresponding revision. |

24



Journal Pre-proof

Finally, we illustrate how a process, typed with a typing context obtained from a global type via projec-
tion, ensures both deadlock-freedom and liveness.

Theorem 4.6 (Process Deadlock-Freedom, Liveness). Assume OF P >{s[p]: G [p} c o5y Where P =

Hperotes(c) Pp and for each Py, OF P, > s[p] : G [p. Further, assume that each P, is either O (up to =), or
only plays p in s, by s[p] : G Ip. Then, P is deadlock-free and live.

Example 4.7 (Typed Process Properties). The process Ps | P, | P, from Ex. 4.2 is both deadlock-free
and live, as can be easily verified by applying either Def. 4.2 or Thm. 4.6.

5. Related Work

In this section, we explore related work on multiparty session types (MPST). We begin by discussing top-
down frameworks, with emphasis on their proof methodologies for type soundness (subject reduction), while
also including work on the projectability and implementability of global types. We then cover developments
based on the bottom-up approach. Additionally, we discuss mechanisations of MPST, focusing on projection-
based settings. This overview is intended to trace the development of these approaches rather than to provide
an exhaustive survey, and therefore not all related work is included.

5.1. Top-Down Multiparty Session Types

The classic top-down MPST framework, with its notions of global types and projections, was first in-
troduced in Honda et al. [52] and fully developed in Honda et al. [53], where linearity conditions were
incorporated to ensure the well-formedness of global types and the projectability of local types. Subse-
quently, Bettini et al. [5] proposed a simplified MPST system without type-level channel declarations, which
has since been widely adopted in most works, both theoretical and practical, including ours. Later, Carbone
et al. [14, 13] and Caires and Pérez [10] investigated the logical foundations of MPST under restricted classes
of global types.

We now classify some related works according to their treatment of projection, consistency, and associ-
ation, as well as the correctness of their proofs for the subject reduction theorem.

Papers Projection | Consistency | Association | Subject Reduction
(a) [52, 53, 5, 14, 13, 25| < plain yes no correct
(b) [99, 31, 30, 19, 92| > full no no flawed
(c) [82, 93] full yes (required) no correct
(d) [1, 2, 101, 54] full no yes correct
(e) [33, 43, 10, 65| full no no correct

Row (a) lists works that use plain (or stricter) global type projection, which guarantees consistency.
Consequently, their proofs of type soundness, i.e. subject reduction, are correct, as they rely on consistency as
the invariant ¢ to be satisfied in (SR3) in §1. However, this plain projection is overly restrictive, excluding
many valid protocols — even a simple one such as Gy in §1 — at the cost of guaranteeing consistency.

Row (b) lists works that adopt full (or more flexible) global type projection, originally introduced
in Yoshida et al. [99] to support a wider range of protocols. These works overlook the consistency require-
ment, and, as shown in § 1, subject reduction proofs that rely on full projection (without consistency) are
flawed.

To “fix” these issues within MPST theory, the works in row (c) enforce consistency while keeping full
projection, which restricts typability and thus falls back into over-restriction. In contrast, our proposed
proof technique, based on the association relation under full projection, establishes subject reduction within
the top-down MPST framework without losing expressivity.

Row (d) specifies works that employ association relations similar to the one used in our work, thereby
guaranteeing subject reduction. The notion of association was first proposed in Barwell et al. [1] and further
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developed in Barwell et al. [2] within an MPST framework with crash-stop failures, and later extended
in Hou et al. [54] to incorporate time and failure handling. In these settings, the association relation is used
to establish a sound and complete operational correspondence between global and local semantics, ensuring
that key global type properties are preserved in local types through projection. Our work, however, develops
this idea into the foundation of a new invariant-based proof approach to subject reduction. Moreover, the
framework of [1, 2] is limited to a single-session type system with first-order session types (i.e. without
channel passing), and both [1, 2] and [54] assume asynchronous communication and adopt a channel-oriented
subtyping discipline. As a result, their association relations differ substantially from ours, which is formulated
for a synchronous model with a distinct subtyping direction and different applicability.

Additionally, there are several MPST works that fall within the top-down framework but are neither
based on the classic projection+consistency approach nor employ the association relation as in our work, as
shown in row (e). Dezani-Ciancaglini et al. [33], with a journal version in Ghilezan et al. [43], introduce a
single-session type system without channel passing, similar to that of Barwell et al. [1, 2]. Rooted in global
types and their projections, it does not require consistency. Such a system is strictly subsumed by our
framework, which, in contrast, supports higher-order types and multiple interleaved sessions. Moreover, their
subject reduction proof strategy proceeds by reasoning directly on global types and their semantics, whereas
ours relies on the operational correspondence between global types and typing contexts via association,
making explicit use of typing contexts in the proof.

Caires and Pérez [10] develop a theory of multiparty session types encoded into binary sessions, with
a type system based on linear logic from Caires and Pfenning [11] and Wadler [97]. A related multiparty-
to-binary session decomposition was later studied in Scalas et al. [82], with a crucial difference: in [82],
counsistency is a necessary requirement (formalised in their Theorem 6.3), whereas in [10] it is not, despite
supporting full projection and merging. This distinction arises because the decomposition in [10] introduces
a centralised medium process (similar to the arbiter in Carbone et al. [13]) that receives and forwards all
messages between processes playing different roles, whereas the decomposition in [82] preserves the peer-to-
peer nature of MPST interactions. This suggests that, when decomposing multiparty choreographies into
linear binary interactions, consistency is necessary if and only if no centralised medium process is introduced.
Our present work supports binary sessions as a special case, without requiring either consistency or medium
processes.

Finally, Lagaillardie et al. [65] present an MPST framework with affine communication channels and
implicit /explicit cancellation mechanisms, where subject reduction is formalised in the style of Scalas and
Yoshida [84], with typing-context safety as the key invariant. Since this property is guaranteed by projection,
it suffices to establish correctness. Our approach, by contrast, adopts a different invariant — association —
and explicitly incorporates both global types and projection into the theorem, aligning more closely with
the top-down formulation.

Projectability and Implementability of Global Types. A complementary line of top-down work focuses on the
projectability and implementability of global types, addressing the existence and behavioural correctness of
projections. In this setting, the implementability problem asks whether there exist local specifications for
all roles such that their composition is deadlock-free and generates exactly the executions specified by the
global type.

Stutz [85] establishes decidability of implementability for a class of MPSTs via a reduction to safe
realisability of globally cooperative high-level message sequence charts. Li et al. [66] introduce an automata-
theoretic projection framework that separates synthesis from implementability checking, yielding a practical
sound and complete projection operator for general MPSTs with a PSPACE decision procedure. Stutz and
D’Osualdo [86] further generalise this approach by extending the projection algorithm of [66] to Protocol
State Machines, a highly expressive formalism for global protocol specifications, and deriving Communicating
State Machines as local specifications.

In contrast, the works discussed earlier in this section that employ projection — including our own — do
not focus on completeness or decidability of projection. Instead, these approaches typically rely on syntactic
projection operators and study how type soundness can be ensured in the presence of a fixed projection.
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5.2. Bottom-Up Multiparty Session Types

The first attempt to develop a theory of MPST based on a bottom-up method, rather than the top-down
approach with global types and projections, was presented in Scalas and Yoshida [83]. Subsequently, Scalas
and Yoshida [84] introduced a general MPST typing system that does not rely on global types: it ensures
desired process properties by checking the corresponding properties of typing contexts. These properties
are specified in modal p-calculus formulae and verified using the mCRL2 checker from Bunte et al. [9].
Unlike the top-down approach, it is not constrained by the projectability or implementability of global
types, thereby capturing the full class of well-behaved processes while preserving type soundness. However,
Udomsrirungruang and Yoshida [94] observe that this gain in typability comes at a higher computational
cost. In asynchronous MPST with unbounded FIFO queues, the choice of methodology becomes even more
crucial: type checking is undecidable under the bottom-up approach, as shown by Scalas and Yoshida [84],
but remains decidable in the top-down approach we adopt, thanks to the decidability of end-point projection,
as presented in Honda et al. [52, 53] and Scalas and Yoshida [84].

Over time, this line of work has also inspired a number of extensions. For example, Harvey et al. [4§]
adapt the bottom-up approach to model actor systems with explicit connection types from Hu and Yoshida
[56]; Barwell et al. [3] apply it to account for crash-stop failures; Brun and Dardha [7] broaden it to address
a wider range of fault models; Brun et al. [8] extend it into a session-typed multiparty process calculus with
replication and first-class roles; and Giunti and Yoshida [45] develop it further with iso-recursion.

5.8. Mechanisations in Multiparty Session Types

Due to the complexity of MPST theories, numerous mechanisations have been developed across different
frameworks to ensure correctness rigorously. To focus the discussion, we restrict attention to works that
employ mechanised proofs in MPST frameworks involving projection.

Castro-Perez et al. [15] introduce Zooid, a domain-specific language embedded in Rocq for certified mul-
tiparty communication. Zooid formalises the syntaxes of global and local types inductively, together with
a coinductive tree-based representation supporting a semantic interpretation. By defining an unravelling
relation from types to trees and a projection operation from global to local specifications, they mechanise
the result that projection is preserved under unravelling. Moreover, Zooid provides mechanisation proofs
of sound and complete correspondence between the labelled transition systems of global and local types,
in terms of execution-trace equivalence, thereby ensuring properties such as deadlock-freedom and proto-
col compliance. Additionally, the syntax and semantics of processes, together with a typing system, are
formalised, and type preservation is mechanised.

Tirore et al. [89], with a journal version in Tirore et al. [91], define a computable projection function
from global types to local types and provide a Rocq mechanisation of its soundness and completeness with
respect to a coinductive tree semantics. Their work addresses limitations of existing computable projections
by introducing a function that is equally expressive as its coinductive, non-computable counterpart, while
remaining decidable. However, the mechanisation focuses on projection, independently of any process or
typing calculus; consequently, properties such as subject reduction, progress, and type safety for processes
are not addressed.

Jacobs et al. [58] extend earlier work on a compiler for a functional language with binary session types
by Tassarotti et al. [87], based on a simplified variant of the GV (“Good Variation”) system by Gay and
Vasconcelos [41], to MPGV, which enriches a linear lambda calculus with multiparty sessions and supports
participant redirection and dynamic thread spawning. Their type system incorporates both global and local
types, with projection operations similar to those of Castro-Perez et al. [15]. All guarantees for well-typed
processes in MPGYV are formally mechanised in Rocq, including type safety, session fidelity, global progress,
deadlock-freedom, and leak-freedom.

Additionally, several closely related mechanisation works address subject reduction. Tirore [88] provides
a Rocq formalisation of subject reduction for the multiparty session m-calculus of Honda et al. [52, 53],
including session initialisation and delegation. The type system is based on channel-explicit global and local
types, with projections derived from Tirore et al. [89, 91]. Channel-explicit types require additional linearity
checks to guarantee the projectability of global types. In follow-up work, Tirore et al. [90] extend these
results by formalising proofs of communication safety and safety preservation in Rocq.
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Ekici et al. [35] develop a Rocq mechanisation of subject reduction and progress for MPST using coin-
ductive reasoning over type trees derived from global and local types. Their approach exploits structural
properties of these trees to refine projection accuracy in the presence of the precise subtyping discipline
introduced by Ghilezan et al. [43], integrating subtyping into type checking and thereby extending the
expressiveness of the type system.

All the mechanisations discussed above rely on plain (or stricter) merging.

Finally, regarding the mechanisation of implementability of global protocols, Li and Wies [67] present
a Rocq formalisation of the precise implementability characterisation by Li et al. [66], discussed earlier
in § 5.1. Their work unifies distinct frameworks, simplifies existing proof arguments, and makes explicit
the construction of canonical implementations. The mechanisation further reveals a subtle issue in the
semantics of infinite behaviours and shows that the implementability characterisation extends to protocols
with infinitely many participants.

6. Conclusion

This paper addresses a recent concern in the multiparty session type community: namely, that the
top-down approach with mergeability is unsound, or more strongly. that global types themselves are in-
herently problematic, and thus correctness-by-construction cannot be achieved from them. To clarify this,
we introduce a new notion, association, which relates global types to sets of local types, and apply it to
develop a general proof technique for establishing type soundness in top-down MPST frameworks. With this
method, we show that a sound typing system can indeed be obtained via endpoint projection with merge-
ability, thereby demonstrating that global types provide a clear and principled foundation for proving type
soundness. Moreover, we establish that the top-down typing discipline, supported by endpoint projection,
guarantees type safety, deadlock-freedom, and liveness of session processes by construction.

Future work includes applying the association-based proof technique to MPST with alternative subtyping
disciplines and projection methods, as well as to extended variants such as those incorporating probabilistic
behaviour or more advanced fault-tolerant models. These directions will further evaluate the robustness and
generality of the association method, and provide a unified foundation for establishing type soundness across
a broader spectrum of MPST frameworks. In addition, we plan to verify the correctness of our approach
through mechanisation, particularly with respect to full merging.
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A. Proofs for §3

A.1. Roles

Definition A.1 (Roles in Global Types). The set of roles in a global type G, denoted by roles(G), is
defined inductively as:

icl

roles(p—q: {m;i(B;).G;}icr) = {p,q} U | roles(G;)
0 roles(pt.G) = roles(G{rt-G/t})

roles(end) = roles(t) =
A.2. Unfolding
Definition A.2 (Type Unfolding). The unfolding of a global type G, written unf(G), is defined as:
unf(pt.G) = G{#t-G/t} unf(G) =G if G # pt.G’

The unfolding of a local type T, written unf(T"), is defined similarly:
unf(pt.T) = T{nt-T/t} unf(T) =T if T # pt.1T”

Proposition A.1. For a closed, well-guarded global type G, unf(G) can only be of form end, or p—q: {---}.
For a closed, well-guarded local type T, unf(T) can only be of form end, p®{---}, or p&{---}.

Proof. t will not appear since we require closed types. pt.G'{#t-¢'/t} # ut.G’ since we require well-guarded
types (recursive types are contractive). Similar argument for local types. O

Proposition A.2. roles(G) = roles(unf(G)).

Proof. Follows directly from Defs. A.1 and A.2. O
A.8. Subtyping

Lemma A.3 (Subtyping is Reflexive). For any closed, well-guarded local type T, T < T holds.

Proof. We construct a relation R = {(T",T)}. Tt is trivial to show that R satisfies all clauses of Def. 3.2, and
hence, R C<. O

Lemma A.4 (Subtyping is Transitive). For any closed, well-guarded local types Ty, To, Ts, if T1 < To and
Ty < T3, then Ty < T3 holds.

Proof. By constructing a relation R = {(73,T53) | 3T, such that T3 < T and T» < T3}, and showing that
R C<. O

Lemma A.5 (Subtyping with Unfolding). For any closed, well-guarded local type T, (1) unf(T) < T, and
(2) T < unf(T).

Proof. (1) By {sus-ur] if T = pt.T’. Otherwise, by reflexivity (Lem. A.3).
(2) By [sus-pL] if T = pt. T’. Otherwise, by reflexivity (Lem. A.3). O
Lemma A.6 (Inversion of Subtyping).

1. If p@{ms(Si).Ti};c; < U, then unf(U) = p&{n’5(S5}).T}

J}jeJ’ and I C J, andVi€ I :m; =nw';, 5! < S;
and T; <TJ.

2. If p&{ms(5;).Ti};c; < U, thenunf(U) = p&{n’5(S}).T}}
and T; <TJ.

_L,andJC I, andVie J :m; =m'y, S; < 5!
jeJ i

3. If U < p®{mi(S;).Ti};cp, then unf(U) = p@{n';(S}). T}

J}jeJ’ and J C I, andVie€ Il :m =mu';,S; <S!
and T] < T;.
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4. If U < p&{ms(S;).T;},c;, then unf(U) = p&{n'5(S}). T} }
and T] < T;.

. ,andI CJ,andVie J:m; =m';, S, < S;
jeJ i

Proof. By Lem. A.5, the transitivity of subtyping (Lem. A.4), Prop. A.1, and the definition of subtyping
(Def. 3.2), in particular rules [Sus-&] and [Sus-&]. O

Lemma A.7. Given a collection of mergeable local types T; (i € I). For all j € I, [],c; T; < T} holds.
Proof. By constructing a relation R = {(|_|i€I T;,Tj) |j € I}, and showing that R C<. O

Lemma A.8. Given a collection of mergeable local types T; (i € 1). If for alli € I, T; < U for some local
type U, then [|,c; T; < U.

Proof. By constructing a relation R = {([7;,c; 73, U)}, and showing that R C<. O

il
Lemma A.9. Given a collection of mergeable local types T; (i € I). If for alli € I, U < T; for some local
type U, then U <[1,c; Ti.

Proof. By constructing a relation R = {(U, [Nicr T,)}, and showing that R C<. (As U < T; holds for all
i € I, U contains every needed external choice. For the external choices holds that they need to be the same
in all 7; and hence U has a subset of them.) O

Lemma A.10. Given two collections of mergeable local types S;,T; (i € I). If for alli € I, S; < T;, then
Hiez Si < |_|ieI T;.
Proof. By constructing a relation R = {([7;,c; Si,[1;c; 70) }, and showing that R C<. O

Lemma A.11 (Subtyping of Projection with Unfolding). For any closed, well-guarded global type G and
role p, unf(G) [p < G|p and G [p < unf(G) [p.

Proof. We proceed by cases on G.
e Case G # ut.G': by Def. A.2, unf(G) = G. The thesis follows by reflexivity of subtyping (Lem. A.3).

e Case G = ut.G’: by Def. A.2, unf(G) = G'{»t-&'/t}. The proof follows by induction on the structure
of G.
— Case G’ = end: by the definition of projection (Def. 3.1) and the subtyping rule [Sus-end].
— Case G’ = g—r:{m;(S;).G/ }icr: subcases are considered on p.

* Subcase p = q or p = r: by the definition of projection (Def. 3.1), the induction hypothesis,
and the definition of subtyping (Def. 3.2).

* p # qand p # r: by the definition of projection (Def. 3.1), the induction hypothesis, the
definition of subtyping (Def. 3.2), and Lem. A.10. O

A.4. Properties of Global Type and Typing Context Transitions
Lemma A.12. G 5 G iff unf(G) 5 G
Proof. By inverting or applying [GR-u] when necessary. O

Lemma A.13 (Progress of Global Types). If G # end (where G is a projectable global type), then there
exists G' such that G — G'.

Proof. By Lem. A.12, we only consider unfoldings.
e Case unf(G) = end: the premise does not hold;
e Case unf(G) = p—q: {mi (S;).G; }icr: apply [GR-@&] to reduce the global type. O
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Lemma A.14. Ifp ¢ roles(G), then G [p = end.
Proof. By induction on the structure of G:
e Case G = end: trivial as end [p = end.

e Case G =q—r:{m;i(S;).G;}icr: we have p#q, p# 1, and Vi € I : p ¢ roles(G;). The thesis holds by
Gp =[1l;c; Gip and the induction hypothesis that Vi € I : G; [p = end.

e Case G = pt.G': assume fv(ut.G’) # (. By induction hypothesis, G'[p = pt.G’ | p = pt.end, which is
an unguarded recursion — a contradiction. Therefore, the thesis holds directly, as pt.G' |p =end. O

Lemma A.15. If A % A’ then dom(A) = dom(A').
Proof. By induction on typing context transitions. O

Lemma A.16. If A = A’ and dom(A) = {s}, then for all s[p] € dom(A) with p ¢ subject(a), A(s[p]) =
A'(s[p))-

Proof. By induction on typing context transitions. O

Lemma A.17 (Inversion of Typing Context Transition).

1. IfA Sleladm(S), A’ then unf(A(s[p])) = a®{m; (S;):T;} keI, and A'(slp]) = Tk;

icl
2. If A slalpém(5h), A, then unf(A(s[q])) = p&e{ms (S:) . Ti},cp, k € 1, and A'(s[q]) = Ty
3. IfAN —— “lellale ——— A/, then unf(A(s[p])) = q@{mi (5,).7:},c;, unf(A(s[q])) = p&{m}(S}) T'} <o and there
exist k € I andl € J such that mj =mj =m, S} < Sy, with A'(s[p]) = T, and A’( [a) =1T1].

Proof. By applying and inverting [A-g], [A-&], and [A-u| (when necessary). O
Lemma A.18 (Determinism of Typing Context Transition). If A % A’ and A % A7, then A’ = A",
Proof. By induction on typing context transitions. O
Lemma A.19.

1. IfA Sleladm(Sv), A’ then for any channel with role ¢ € dom(A) with ¢ # s[p], Ac) = Al(e).

2. If A Slalgen@), A', then for any channel with role ¢ € dom(A) with ¢ # s[q], A(c) = A'(c).
3. IfA —— llge A/, then for any channel with role ¢ € dom(A) with ¢ # s[p] and ¢ # s[q], A(c) = A'(c).
Proof. By induction on typing context transitions. O

A.5. Properties of Association
Lemma A.20. T < G|p if and only if T < unf(G) [p

Proof. Follows directly from Lem. A.11 and transitivity of subtyping (Lem. A.4). O
Proposition A.21. A C; G if and only if A Cg unf(G).

Proof. Direct from Def. 3.7, Prop. A.2, and Lem. A.20. O
Lemma A.22 (Relating Terminations). If G = end and A C; G, then Vs[p| € dom(A) : A(s[p]) = end.
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Proof. By the definition of association (Def. 3.7), we know that A = Aq, Aend, where, by the hypothesis
G = end, dom(Ag) = (). Hence, A = Agna, which is the thesis. O

Lemma A.23 (Inversion of Projection). Given a local type T, which is a subtype of projection from a global
type G on a role p, i.e. T < G |p, then:

1. If wnf(T) = q©{m; (). Ti},c, then either
(a) unf(G) = p—q: {m}(S)).G;}icr, where I CI', and for alli € I :m; =m!, S. < S;, and T; < G; | p;
or,

(b) unf(G) = s—t: {m ).G;}jes, where for allj € J:T < G;|p, withp#s and p # t.
2. If unf(T) = q&{m;( i)'Ti}iel? then either
S; < 8]

i, and

= q—>p {m}(S!).G,}ierr, where I' C I, and for all ¢ € I' : m; = m),
< Gilp;
(b) unf( ) = s—t: {m ).G; }jej, where for all j € J: T < G |p, withp #s and p # t.

3. If unf(T) = end, then p ¢ roles(G).

Proof. By Lems. A.5 and A.20, transitivity of subtyping (Lem. A.4), and the definition of global type
projection (Def. 3.1). For the subcases (b) in items (1) and (2), apply Lem. A.7 additionally. O

Lemma A.24 (Matching Communication Under Projection). If two local types T,U are subtypes of an
internal choice and an external choice with matching roles, obtained via projection from a global type G,
i.e. unf(T) = q@{mi(Si).Ti}ielp < Glp and wni(U) = p&{m (85).17} < Glq, then I, C Iy, and

Viel, :m; =m'; and S] < S;.

J€ly

Proof. By induction on items (1) and (2) of Lem. A.23 simultaneously.

(a) We have unf(G) = p—q: {n}(S/).Gi}icr, I, €T C Iy, Vi € I, :m; = and S < S;, and Vi € I :
m/ =m'; and S} < S)'. We have I, C I, (by transitivity of C), and Vi € I, : m; = n’; (by transitivity of
=) and S} < S; (by transitivity of <).

(b) We have unf(G) = s—t: {mg’(Sg’ ).G}jes, whereforallj € J: T < G, lp, U< Gjlq, {p,a}N{s,t} =
(. Apply induction on T' < G, [p and U<GjlponanyjeJ. O

Lemma A.25 (Inversion of Association). Let A T, G.

1. If unf(A(slp]) = a®{mi(S;).Ti},c;, then either
(a) unf(G) = p—q: {m;i(S)).G; }icr, where I CI', and for alli € I :m; =m;, S. < S;, and T; < G, | p;

or,

(b) wnf(G) = s—t: {mj(S}).G; } e, where for all j € J: A(s[p]) < G; |p, withp # s and p # t.
2. If unf(A(s[p])) = q&e{mi(S;).Ti},c;, then either
q—)p {mi(S]).G,}icrr, where I' C I, and for all i € I' : m; = my, S; < SI, and

= s—t: {mJ ).G,}ies, where for all j € J : A(slp]) < G; | p, withp # s and p # t.
3. If unf(A(s[p])) = end, then p ¢ roles(G).

Proof. Follows directly from Def. 3.7 and Lem. A.23. O
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Lemma A.26 (Simultaneous Inversions of Association). Let A Ty G. If unf(A(s[p])) = a®{m;(S;).T;}
and unf(A(s[q])) = p&{mi(SZ{).T-’}ielq, then either

i€l

K3

1. wnf(G) = p—=q: {mi(S]").G; }icr, where I, CT CIg, Vie I, : S < S;,Viel: S, <S/' Viel,:T; <
Gilp, and Vi eI :T! <G, lq; or,

2. unf(G) = s—t: {ny(S}).G,}jcs, where for all j € J: A(s[p]) < G, Ip, A(s[q]) < Gjlq, and {p,q} N

{s,t} = 0.
Proof. By combining cases (1) and (2) from Lem. A.25. Note that case 1(a) is incompatible with case 2(b),
since 2(b) requires that p # s. Similarly, case 1(b) is incompatible with case 2(a). O

A.6. Completeness of Association

Theorem 3.2 (Completeness of Association). Given associated global type G and typing context A for
session s: A Ty G. If A% A’ where a = s[p|[q]m, then there exists G’ such that A' T, G’ and G %5 G'.

Proof. By induction on transitions of typing context A % A’. Since avis of the form s[p][q]m, we only need
to consider the following two cases.
e Case [A-a&]:

From the premise, we have:

AC, G (A1)
a = s[pl[qjm (A.2)
AED, A, (A.3)

Al s[pl:q@n(S) All (A4)

A, s[q]:p&m(S") AL (A.5)
A = Al A, (A.6)

By applying Lem. A.17 on (A.4) and (A.5), we have

unf(Aq (s[p])) = qo{ms(S;) Titye;, and  unf(As(s[q])) = p&e{ms(S)). 17 };c

Moreover, by inverting A M A', 3k € (I, N 1), such that m;; =m and S}, < Si.

We perform case analysis on Lem. A.26.

— Case 1 of Lem. A.26: we know unf(G) = p—q: {m;i(S!').G;}ier where I, C I C Iy, Vi e I, : S/ < S5;,
Viel:S <S8/ Viel,:T,<Glp,andViel: T <Glaq.
Since k € (I; N 1,) and I, C I, we have k € I. By applying [GR-@&] (with Prop. A.21), the result
becomes G..
We are left to show association. By Lems. A.17 and A.25, we have Aj(s[p]) = Tx < Gi[p and
Ab(sla]) = T}, < Gi Iq. For other roles r € roles(G), we have A(s[r]) = A’(s[r]) by Lem. A.16, and
Glr=[lic; (Gilr) < Gplr by Lem. A.7. Since A(s[r]) < G'[r, we can conclude that A’(s[r]) < Gy [r
by transitivity of subtyping. Additionally, for all other s[q'] € dom(A) where q' ¢ roles(G), we have
A(s[q']) = A(s[d]) = end by A C, G and (3) of Lem. A.19.

— Case 2 of Lem. A.26: we know unf(G) = s—t: {m;(57).G; } e, where for all j € J, A(s[p]) < G, [p
and A(s[q]) < G Iq, and {p,q} N {s,t} = 0.
Take an arbitrary index j € J, we construct a typing context A; such that A; M A; and A; &, Gj.
To construct A;, we consider sub-cases for all roles, and show that A; Ty G:
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* For role s, we know from A C, G that A(s[s]) < t@®{m;(S}).(G, [s)} jeg = = unf(G) |'s. By inverting

s
) = tEB{mJ S’” T”} where

J
[sve-@] (applying Lem. A.5 where necessary), we have unf(A(s[s] e

Js CJ,and Vj € Js : T < Gy Is.
To construct Aj, let Aj(s[s]) =T} if j € Js and A;(s[s]) = G [ s otherwise. In either case, we have
Aj(s[s]) < G, s, as required.

* For role t, we know from A C, G that A(s[t]) < s&{m;(S}).(G;
[Sus-&| (applying Lem. A.5 where necessary), we have unf(A(s[t]) = s&{m;y(S}").T}'} ien where
JCJy,and Vje J T < Gjlt.

To construct Aj, let A (s [ ]) =T}, and we have A;(s[t]) < G, [t, as required.

* For other roles r € roles(G) with r ¢ {s,t}, their typing context entry do not change, i.e. A;(sr]) =
A(s[r]). We have Aj(s[r]) = A(s[r]) < Gr =[];c; (G, Ir) < G;[r (applying Lem. A.7). Notice

s[p][q]m slellen, A

It)} . jes = unf(G) [ t. By inverting

that {p,q} € roles(G), so they are still able to perform the communication action A;

We apply inductive hypothesis on Aj, and obtain G sfellaln —— G and A T G

We can apply [GR-Crx] on s—t: {mJ ).G;}ies Shellale o {n; (S;-/).G;}jej.

We now show A’ T, G, where G’ = s—>t {mJ S” Nes }je].

For role s, we know that unf(A(s[s])) = t®{m;( S’” ). T}'} ey Where J; C J, and Vj € Js : T/ < Gjls
and 7 < S7'. Since s ¢ subject(s[p][qJm), we apply Lem A.16 on A and Aj for all j € J;. For all
j € Js, we have T = Aj(s[s]) = A)(s[s]) (from Lem. A.16) and A’(s[s]) < G’ [s (from inductive
hypothesis). Therefore, we have 77’ < G, [ s. We now apply Lem. A.16 on A, which gives unf(A(s[s])) =
unf(A’(s[s])) = t@{mj(Sé”).T]{’}jer We can nnow apply [Sus-@] to conclude A'(s[s]) < G’ [s.

For role t, we know that unf(A(s[t])) = s&{my(57").T}'}. e where J C Ji, and Vj € J : T <
Gjlt < T} and S}" < S7. Since t ¢ subject(s[p ][qjm) we apply Lem. A.16 on A and A; for all
j € J. Forall j € J, we have T}" = A;(s[t]) = A)(s[t]) (from Lem. A.16) and A(s[t]) < G’ [t
(from inductive hypothesis). Therefore, we have T} < G’ [t. We now apply Lem. A.16 on A, which
gives unf(A(s[t])) = unf(A'(s[t])) = s&{m;(S}") T”}
Al(s[t]) < ' T,

For other roles r € roles(G) (where r ¢ {s,t}), we need to show A’(s[r]) < G'|r. We know that
G'lr = |_|jeJ G’ [r. The inductive hypothesis gives A’(s[r]) < G, [r, and then we apply Lem. A.9
to obtain Al(s[r]) < [],., G [r = G'[r. Note that A]( [r ]) A(s[r]) by construction. We now

apply Lem. A 16.0n A, and all Aj, which gives A’(s[r]) = A;(s[r]) and A(s[r]) = A’(s[x]), thus
Al (s[r]) = A’(s[z]) for-all j. Therefore, we have A’(s[r]) < &

el We can now apply [Sus-&| to conclude

<

[r.
e Case [A-u| (possibly with [a-)]):
By inductive hypothesis and Prop. A.21. O

Corollary A.27. Assume that for any session s € A, there exists a global type G5 such that Ay Ty Gg. If
A — A/, then for any s € A/, there exists a global type G, such that G4 —* G, and A, T4 G,.

Proof. By Def. 3.6, we have that there exists a label s[p][q]m such that A ——— ol A’ and hence, by Lem. A.15,
dom(A) = dom(A’). We are left to show that for any A/, with s’ € A’, there exists a global type G, such
that Go —* G, and A, Cy G.,.
e Case AL: since A &) A’ it is trivial to have A, s[p][q]m A”. Moreover, by Ay C G5 and Thm. 3.2,
we have that there exists G, such that G, — G/, and A, Ty G, as desired.

e Case A/, with &' # s: we know from Lem. A.19 that for any s'[r] € dom(A’), A(unf(s'[x])) =
A’(unf(s’[r])). Then, along with Gy —* G4 and Ay Ty G, the thesis holds. O
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A.7. Soundness of Association

Theorem 3.1 (Soundness of Association). Given associated global type G and typing context A for session s:
AL, G. IfG% G where a = s[p[q]m, then there existm’, o/, A’, and G"', such that o/ = s[p][qjn’, G o G”,
A, G, and A %5 A

Proof. By induction on transitions of global type G = G.

e Case [GR-®&]:

From the premise, we have:

AC, G (A7)

G =p—q: {mi(S;).Gi}ier (A.8)
o = slpllqlns (A.9)

jel (A.10)

G' =G, (A.11)

By association (A.7), we have A(s[p]) < G [p = q®{m;(S;).(Gi[p)},c;r and

A(slq]) < Glq = p&{m;(S;).(Gilp)};c;- Then by Lem. A6 and Lem. A.24, we have A(s[p])
q®{w's (7). 17} ,¢p, and A(slq]) = p&e{n”s(S7). T} }ie,,, with [, € I C I, and for all i € I : m; =
m'; =n";, S; < S;, T{ <G;lp,and T}' < G [q.

Now let us choose some k € I, such that o/ = s[p][q]m; . Furthermore, we have G L G with G = Gp.
We are left to show that there exists A’ such that A M A’ and A’ T, G”.
We apply [A-@] on s[p] and [A-&] on s[q], which can be combined via [A-@&]. By applying [A-] and [A-,B]

when needed, we have A Slellalm, A’ with A'(slp]) =T}, A'(slq]) = T}/, and A'(s[r]) = A(s[z]) if r # p
and r # q.

Finally, we show that A’ T, G” = G.. For p, we have T} = A’(s[p]) < G} [p, and similar for q. For
r # p # q € roles(G), it follows that A(s[r]) = A'(s[r]) <[];c; Gilr = G[r. By Lem. A.7, A'(s[r]) <
[l;c; Gilr < Gy [r, and hence, A'(s[r]) < G} [r holds by the transitivity of <. For any p’ € roles(G)
where p’ ¢ roles(Gy), by Lem. A.14, G |p’ = end, implying that A’(s[p’]) = end. Additionally, for
all other s[q'] € dom(A) where ¢’ ¢ roles(G), we have A(s[q’]) = A’(s[d']) = end by A Ly G and (3)
of Lem. A.19.

o Case [GR-u:
By inductive hypothesis and [A-p].
e Case [GR-Crx]:

From the premise, we have:

AL, G (A.12)

G =p—q: {mi(5).Gitier (A.13)
Viel:Gi %G (A.14)
subject(a) N {p,q} =0 (A.15)
G’ =p—q: {mi(5:).Gilier (A.16)

Let a = s[r|[um with {r,u} N {p,q} = 0.

By (A.12) and (A.13), it follows that for any role t with t # p and t # q, A(s[t]) <[]
be arbitrary. By Lem. A.7 and transitivity of subtyping, we obtain A(st]) < G, [t.

e Gilt. Letjel
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We define a typing context A; by: Aj(s[p]) = G, [p, Aj(sla]) = G;q, Aj(s[t]) = A(s[t]) for any other
role t. It follows that A; C, G.

Since G; = G and Aj Cs G, by the induction hypothesis there exist o/ = s[r][ujm’ and A’ such that
Ay A

By inversion of typing context transition (Lem. A.17), together with A;(s[r]) = A(s[r]) and A;(s[u]) =
A(s[u]), we obtain that unf(A(s[r])) = u®{m’(S},). T} } . x and unf(A(s[u])) = r&{n1(S]").T}"}, ;. , where
there exist k € K and [ € L such that m, =n/ =mn’ and S} < 5.

Applying typing context transition rule [A-e&| (and [A-p], when necessary) to A, there exists A’ such that

A A
Finally, by completeness of association (Thm. 3.2), there exists G” such that G LN G" and A’ Cy G”, as
desired. O

A.8. Behavioural Properties Guaranteed by Association

A.8.1. Safety by Association
Lemma A.28. If A T, G, then A is s-safe.

Proof. Let o = {A"|3G": G—" G and A’ C4 G'}.

Take any A € ¢, we show that A satisfies all safety properties. By definition of ¢, there exists G’ with
G —* G and A E, G'. We only detail the case that G’ # end as if G’ = end, by Lem. A.22, we have that
A = Agna, which satisfies all clauses of Def. 3.8.

[s-@&] Since (by hypothesis) A PR, q AM, by Lem. A.17, we have unf(A(s[p])) =
q®{m; (S;). T}, Ik € I such that m =y, and unf(A(s[q])) = p&{m’j(Sé).T;}jeJ. Then we apply
Lem. A.24 on A(s[p]) < G'[p and A(s[q]) < G'Iqtoget I C J,and Vi € I :m; =n'; and S} < S;.

Consequently, along with m = my, by applying [A-e&] (and [A-4] as needed), AM), which is the

thesis.

[s-u] Let A’ be constructed from A with A’(s[p]) = T{#t-T/t}. By Lem. A.5, we know A’(s[p]) < A(s[p]),
and thus A’ < A. By Def. 3.7 and transitivity of subtyping, we have A’ C, G’, which means that
A € .

[S-—] Let A = A’ with @ = s[p][qm, meaning that A—;A’. By Thm. 3.2, there exists G with G’ = G
and A’ T G”. By definition of ¢, the typing context A’ after transition A on session s is in ¢. [

A.8.2. Deadlock-Freedom by Association
Lemma A.29. If A C; G, then A is s-deadlock-free.

Proof. By operational correspondence of global type G and typing context A (Thms. 3.1 and 3.2), there
exists a global type G’ such that G —* G’ /4, with associated typing contexts A —% A’/,. Since no further
reductions are possible for the global type G’, it must be in the form of end (Lem. A.13). Therefore, the
thesis holds by Lem. A.22. O

A.8.8. Liveness by Association
Lemma A.30. If A C; G, then A is s-live.

Proof. We want to show that any path starting with A which is fair for session s is also live for s. We
proceed by contradiction, assuming that there is a fair path for session s: (A, )neny where N ={0,1,2,...},
Ag=A,and Vn,n+ 1€ N : A, —sA,11, which is not live for s. We consider the following two cases.
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s[p]:q®m(S
e Case AjM with j € N, and for any k € N with &k > j, there does not exist m’ such that

Ag M Ajy1: by operational correspondence of global type G and typing context A (Thms. 3.1

and 3.2), there exists a global type G such that G —* G; and A; C; G;. Moreover, since AjM)

by Lems. A.17 and A.25, we have unf(A;(s[p])) = q®{m:i(S;).T;} and

i€l
— either unf(G;) = p—q: {m; (S}).G7 }icr/, where I C I’, and for all i € I : m; = m;, S, < S;, and
T; < G/ p. Tt follows directly that Aj(s[q]) < G;lq < unf(G;)[q = p&{m;(S}).G} [a},cpr-
Hence, we have A; M) with S’ < S, and therefore, A, M. With the fact that
(Ap)nen is a fair path for session s, we know that there exist some k and m’ such that k € N,

k> j, and Ag M) Apjy1, a desired contradiction.

— or unf(G;) = s—t: {m(S5]).G} }ier, where for all I € L : Aj(s[p]) < G/ [p, with p # s and
p # t. By the assumption that for any & € N with k > j, there does not exist m’ such that

Ay, el Apy1, unf(A;(slp])) = q®{m;(S;).Ti},.;, we know that transmission between p
and q will never occur from Aj;. By operational correspondence, we also conclude that such
transmission will never be triggered from G;. This is a desired contradiction, as by Lem. A.23,
each continuation G} of G; must involve transmission between p and q, and therefore, the previous
subcase scenario should inevitably occur.

p&mn(S
o Case AjM) with j € N, and for any k € NV with k& > j, there does not exist m" such that
Ay, M Ajy1: similar to the previous case. O]

Theorem 3.3 (Safety, Deadlock-Freedom, and Liveness by Association). Let G be a global type, A a typing
context, and s a session. If A is associated with G for s: A Cg G, then A is s-safe, s-deadlock-free, and
s-live.

Proof. Apply Lems. A.28 to A.30. O

A.9. Relating Typing Context Properties

Theorem 3.4. For any typing context A and session s, the following statements are valid:

Proof. The negated implications in the statement are demonstrated in Exs. 3.7, 3.8 and 3.10. Let’s now
consider the remaining implications.

(1) df(s,A) <= =~ safe(s, A); (‘safe
(2) live(s, A) <= =~ safe(s, A); [df
[Iivc

(8) live(s, A) == df(s,A);

(4) 3G : ATy G <~==— safe(s,A);
(5) 3G ALy G == df(s,A);
(6) AG : AC, G == live(s,A).

v

(3). Assume live(s, A). We need to prove df(s,A), i.e. for any path Ag =4 Ay =5 -+ =5 A, with n > 0,
Ap = A, and A, /s, it holds that Vs[p] € dom(A,,) : A, (s[p]) = end.
We first show that any such path Ag— A —- - —5 A, is fair for session s by contradiction, assuming
it is not fair for s. In this case, there exists k such that 0 < k < n and Akm, while for all j and
m with £ < j <n, Aj M) Aj11 does not occur in the path. Hence, by Lem. A.16, we have that
A, (s[p]) = Ak(slp]) and A, (s[q]) = Ak(s]q]). It follows directly that Anm, contradicting A,, /.
We proceed by contradiction again, assuming that there exists s[p] € dom(A,,) such that A, (s[p]) £
end, i.e. unf(A,(s[p])) = q&{m;(S;).Ti};c; or unf(A,(s[p])) = a®{mi(S:).Ti},c;-
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We now detail the case where unf(A,(s[p])) = q&{m;(S;).T;},.;, with the other case following simi-
larly.

Since unf (A, (s[p])) = a&{m;(5;).Ti};c;, we have A,

and Ag—s Ay — - -—5 A, is fair for s, there exist j and m" such that n < j <n and A, &)A]‘Jrl.
This follows A,, —, contradicting A, /.

R CONSERS € I. Given that Ag is s-live

(4). Straightforward from Lem. A.28.
(5). Straightforward from Lem. A.29.
(6). Straightforward from Lem. A.30. O

B. Subtyping Properties Regarding Association
Lemma B.1. I[f AC, G and A’ < A, then A’ C, G.

Proof. By the definition of association (Def. 3.7), the definition of A’ < A (Def. 3.5), and the transitivity
of subtyping (Lem. A.4). O

Lemma B.2. Assume that AT, G, A < A and A’ % A with a € {s[p][qJm| p,q€R}. Then, there is
A" such that A < A" and A" < A",

Proof. Since A’ LLILLNYNG , by applying and inverting [A-@&| (and [A-u] when necessary), and also us-
ing Lem. A.17, we have unf(A/(s[p])) = q®{m; (S):Ti}, ., unf(A’(s[q])) = p&e{n';(S}). T} } . er Jk:kel,
ke J m =n'y =mn A”(s[p]) = Tk, and A”(s[q}) = 7}. Furthermore, by Lems. A.15 and A .16, it also
holds that for all s[r] € dom(A’) = dom(A”) with r # p and r # q, A(s[r]) = A”(s[r]). Observe that
by A" < A, unf(A(s[p])) = q&{mi(5)') L' }ic, where I C I, and Vi € I : 57 < S; and T; < T}, and
unf(A(s[q])) = p&e{m’; (S;-”).T;”}jejq where J, C J and Vj € Jq: 5% <87 and T] < T}".

Now we apply Lem. A.24 on A C, G, unf(A(s[p])), and unf(A(s [q])) toget I C I, C Jy C J, and
Viel, :m =mn'; and S} < S/, Consequently, we have k € I, m; =m'y, =m, and 5}/ < S W, which follows

that there exists A" such that/Aw B2, A" A" (s[p]) =T}, A" (s[q]) = T}", and for all s[r] € dom(A) =
dom(A’) = dom(A”) = dom(A"”") with r # p and r # q, A(s[r]) = A" (s[r]).

We are left to show that A" < A’ which is straightforward from A”(s[p]) = Ty < T}/ = A" (s[p]),
A"(slq]) = T, < T} = A"(s[q]), and for all s[r] € dom(A"”) = dom(A”) with r # p and r # q,
A"(s[r]) = A'(s[r]) < Alslr]) = A" (s[x]). O

Lemma B.3. Assume that Vs € A : 3G, : A, Ty Gy, A < A and A" 2 A" with: o € {s[p][qm| p,q€R}.
Then, there is A such that A = A" and A" < A",

Proof. Apply Def. 3.5 and Lems. A.19 and B.2. O

Proposition B.4. Assume that AT, G , A" < A and A =5 o 2% A with: Vi € 1.n : o €
{s[p][a]m; | p,a€R}. Then, there is A" such that A =% ... 2% A" and A” A"

Qp

Proof. By induction on the number of transitions n in A’ % ... 2% A”. The base case (n = 0 transitions)
is immediate: we have A’ = A", hence we conclude by taking A’ " = A. In the inductive case withn = m+1

transitions, there is A” such that A 2L Sy Ay 2y A” By the induction hypothesis, there is A{’
such that A =% — A and Aj < AY. By AC,G, A% ... 27 A and applying completeness

of association (Thm. 3.2) m times, there exists some G’ such that A)’ C; G"’. Hence, by A C, G,
Al 2y AT A” Ag’, and Lem. B.2, there exists A"’ such that A}’ 2% A" and A” < A”'. Therefore, we
have A =5 .. 2% A and A” < A", which is the thesis. O
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C. Proofs for §4

C.1. Type System Properties
Lemma C.1 (Broadening). If T P> A and A <A/, thenT + P> A’.

Proof. By induction on the derivation of I'+ P> A, we obtain a derivation that concludes ' P> A’ by
inserting (possibly vacuous) instances of typing rule [T-sus| (Fig. 8). O

Lemma C.2 (Terminated Typing Context). If end(A), then either A =@ or Ve € dom(A) : A(c) = end.

Proof. By inversion of [T-end] and end((). O

Lemma C.3 (Typing Inversion). Assume I' = P> A’. Then there exists A < A’ such that
(1) P =0 implies end(A);
(2) P=def X(x1:By,...,2n:Bn,y1:T1,...,ym : Tr) = P’ in Q implies:

(Z) F,XZBl,...,Bn,Th...,Tm,CL'lZBl,...,ZL’nZBnl_PIDA,yllTl,...,ymle,
and

(i) T, X :Bi,...,Bp,Thy . T F Qb A;
(3) P=X{e1,...,en,C1,...,Cm) tmplies:
(i) A=A ci:Th,...,cm: T, and
(ii) TFey:By,...,en: By, and
(i1i) end(A");
(4) P=(vs:A") P implies:
(i) s A, and
(it) A" = {s[p] : G [P} e oles(cy for some G, and
(iii) T F P'> A, A"
(5) P = Py | Py implies:
(i) A=Ay, As such that
(Z’L) I+ P> Al, and
(ZZZ) ' P> AQ;
(6) P = clq]&{m;(2).P;}icr implies:
(i) A =A" c:q&{m;(S;). T;},c; such that

v . ) Doz BEP A" Ty if S;=DB | |
(Zl) Viel : { Fl_PiDAH,ZiZT,CIE ZszzT }’

(7) P = cl|q]®m(e). P’ implies:
(i) A=A" c:q®{n(B).T} such that
(i) T+e: B, and
(iii) TF P > A", ¢:T;
(8) P = clql®mn(c').P" implies:
(i) A=A c:q®{n(T").T},c : T such that
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(it) TP >Ae:T;
(9) P = if ethen Q; else Qo implies:

(i) T'F e:bool, and
(is) TH Q1> A, and
(iii) T F Qo > A.

Proof. By inverting [T-sue] and then applying induction on typing rules in Fig. 8. O

Lemma C.4 (Substitution).
e IfT,z:BFPrA and T Hwv: B, thenT'F P{v/a} > A.
o IfTHFPv>Ay:T, then T = P{sll/y} > A, slp]: T.

Proof. By induction on typing rules in Fig. 8. O

Lemma C.5 (Subject Congruence). Assume ' P> A and P =P'. Then, T+ P > A.

Proof. By analysing the cases where P = P’ holds, and by applying the inversion of the typing judgements
'PrAandTF P> A. O
Lemma C.6. If T'F P> A, A, end(A’), and A < A", then T+ P> A”.

Proof. By P = P|0 and Lem. C.5, we have ' - P | 0> A, A’. Inverting [T-0] and [T-|], we obtain T' - P > A.
Hence, the thesis follows by applying [T-Sus]. O

C.2. Subject Reduction

Theorem 4.1 (Subject Reduction via Association). Assume ' P> A where Vs € A: 3G, : Ay Ty Gg. If
P— P, then 3A’ such that A—* A/, TE P > A, andVs € A : 3G, : G5 =" G, and A, T, G

Proof. Let us recap the assumptions:

I'-PsA (C.1)
VseA:3G,: A, C, G, (C.2)
P—P (C.3)

The proof proceeds by induction of the derivation of P— P’, and when the reduction holds by rule [R-Crx],
with a further structural induction on the reduction context C. Most cases hold by inverting the typing
'k P> A (Lem: C.3), and applying the induction hypothesis along with Lem. C.1.

o Case [R-@&-V]:
P = slplla&e{mi(zi). Pitier | slallp]®mi(e).Q

P = PB{v/xu}|Q (kel,elw)
(by inversion of [R-o&-V]) (C.4)

Ag,As <A such that
I'F slp]lal&{m;(2;). Pi}ier > Ag
I'F s[q][p]|®mi(e).Q > Ag
(by (C.4) and Lem. C.3(5)) (C.5)
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Ay, s[p): q&e{m; (S;). Ti};cp < Ag  such that
Viel F,ZZBl_PIDAl,S[p]TZIfSIZB
! THP>Ay,z:T,s[p|: T it ;=T

(by (C.5) and Lem. C.3(6)) (C.6)

Ao, s[q] : pP{m(B).T} < Ag such that
F'Fe:BandTHQp Ay, s[q]: T

(by (C.5) and Lem. C.3(7))  (C.7)

Now, notice that:

Ay, s[p] :q&{mi(S’i).Ti}ieI,Ag,s[cﬂ :pP{m(B).T} = A" <A
(by (C.5), (C.6), and (C.7)) (C.8)

Vse A: A C, G, (by (C.2), (C.8), and Lem. B.1) (C.9)
kel and Sp<B (by (C.8), (C.9) and Lem. A.24) (C.10)
A" — AN = Ay, s[p]: Ty, Ao, s[q]: T (by (C.8), (C.10), and Def. 3.6) (C.11)
Vs e A: 3G, : Gy —" G and A, Ty G (by (C.9), (C.11) and Cor. A.27) (C.12)

We can now use A’ to type P’

T,zi:BF P> Ay, s[p]: Tk (by (C.10), and (C.6)) (C.13)
'+v:B (by (C.4) and (C.7)) (C.14)
T'F Po{v/z.} > Ay, slp] : Tk (by (C.13), (C.14) and Lem. C.4) (C.15)

'+ Pk{v/zk} > Al,s[p] 2Ty
Q> Ay s[q:T

I'-P oA

(by (C.15), (C.7), (C.11), (C.12), and (C.4)) (C.16)

We conclude this case by showing that there exists some A" that satisfies the statement:

A — A" and A" < A" (by (C.2), (C.8), (C.11), and Lem. B.3) (C.17)
't P oA (by (C.16) (C.17), and Lem. C.1) (C.18)
Vse A" :3GY Gy —" G and AV T, GV (by (C.2), (C.17), and Cor. A.27) (C.19)

e Case [R-®&-DI:

P = slpllg&{mi(zi).Pilier | slal[p]®mu(s’[x]).Q
Po= B/} | Q@ (kel)
(by inversion of [R-o&-D]) (C.20)

Ag,As <A such that
I'F slp]lal&{mi(z;). Pitier > Ag
[+ slq)fpl®me (s'[r]).Q > Ag
(by (C.20) and Lem. C.3(5)) (C.21)
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Ay, s[p): q&e{m; (S;). Ti};cp < Ag  such that
Viel F,ZZBl_PIDAl,S[p]TZIfSIZB
! THP>Ay,z:T,s[p|: T it ;=T

(by (C.21) and Lem. C.3(6)) (C.22)

A, s[q) i p@{m(Ty). T}, s'[r] : Ta < Ag such that
Q> Aq,s[q:T

(by (C.21) and Lem. C.3(8)) (C.23)
Now, notice that:
Ay, s[p] - q&c{mi (Si). Ti}cpn A2, sa] s p@{m(Ty). T}, s'[x] : Ty = A" < A
(by (C.21), (C.22), and (C.23)) (C.24)

VseA: Al C, Gy (by (C.2), (C.24) and Lem. B.1) (C.25)
kel and Sp <1y (by (C.24), (C.25) and Lem. A.24) (C.26)

A — A=Ay, s[p]: Ty, Ao, slq]: T, 8'[x] : Ty
(by (C.24), (C.26) and Def. 3.6) (C.27)

Vs e A:3G, : Gy —" G and AL T G, (by (C.27), (C.25) and Cor. A.27) (C.28)

We can now use A’ to type P’

'k P.> Ay, 2z Sk, s[p] : Tk (by (C.26), and (C.22)) (C.29)
Tk Py Ay, 2z Ty, slp : Tk (by (C.26), (C.29), and [T-Sus| ) (C.30)
Ay, slp): Ty, s'[x] : Ty defined (by (C.23), (C.22), and (C.21)) (C.31)
' P52} > Ay, slp] o T, 8'[x] : Ty (by (C.30), (C.31), and Lem. C.4) (C.32)

[+ P {s'lE/z) 0 Ay slp] : Ty, s'[x] : Ta
Q> Ay, s[q:T

I'-P oA

[T-1]
(by (C.32), (C.23), (C.27), (C.28), and (C.20)) (C.33)

We conclude this case by showing that there exists some A’ that satisfies the statement:

JA" A — A" and A" < A" (by (C.2), (C.24), (C.27), and Lem. B.3) (C.34)
TFP oA (by (C.33) (C.34), and Lem. C.1) (C.35)
Vse A" 3G Gy —* G and A T, G (by (C.2), (C.34), and Cor. A.27) (C.36)

e Case [R-Crx|: By inversion of the rule (Lem. C.3) and Def. 2.2, we have to prove the statement in the
following sub-cases:

1. P=Q|R and P =Q'|R and Q— Q'
2. P=(vs)Q and P'=(vs)Q and Q— Q'
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3. P=def Din@Q and P' =defDin@Q and Q — Q'
Cases 1 and 3 are easily proved using the induction hypothesis. Therefore, here we focus on case 2.

IA; < A, G such that Ay ={s'[p]: G [p}PEroleS(G), sZA;, and TH Q> Ay, Ag
(by 2 and Lem. C.3(4)) (C.37)

Ay Ty G (by (C.37), Def. 3.7, and Lem. A.3) (C.38)

s'& A

Al —* A3

AQ —* A4

Vs € Ay : 3G : Gy —* G and Asy Ty GV
A4 Es’ G/

'k Q/ > A37 A4

JAs3, Ay, G’ such that

(by (C.37), (C.38), and inductive hypothesis) (C.39)

JA; such that Ay = {s'[p] : G’ [P} e plen(cry 20d T'F Q' > Ag, Ag
(by (C.39), Def. 3.7, and Lem. C.6 ) (C.40)

As ={s'[p]: ' [Plyerores(cry S ED3 ITHQ > A5 As
P> Ay

[T-G-v|
(by (C.39), (C.40) and 2) (C.41)

Hence, we obtain the thesis by (C.37), (C.39) and (C.41), Lem. B.3, Lem. C.1, and Cor. A.27.
Case [R-x]: Follows from Lem. C.3(2), Lem. C.3(3), Lem. C.4, and Lem. C.1.

e Case [R-Err|: Trivial, as P is not typable.
e Case [R-=|: Follows directly from induction hypothesis and Lem. C.5
e Cases [R-Conp-T] and [R-Conp-F|: Follow directly from Lem. C.3(9) and Lem. C.1. O

Theorem 4.2 (Subject Reduction). AssumeI' = P> A, where Vs € A 3G, : Ay = {s[p] : G5 [P}yerotes(c.)-
If P—P', then IA! such that I't= P'> A', and Vs € A" 3G, : Gy =" G and Ay = {s[p] : G [P} perotes(cr)-

Proof. By Def. 3.7 and Lem. A.3, we have Vs € A : 3G, : Ay C, Gs. Then, by Thm. 4.1, it follows that JA’
such that A—*A", T'+ P > A’ and Vs € A’ : 3G, : Gy =" G, and A, T, G

Let A” be the typing context defined by Vs € A’ : A = {s[p] : G/, [p}pEmleS(G,s). It remains to show that
'+ P > A", which follows from I' = P’ > A/, Def. 3.7, and Lem. C.6. O

Corollary 4.3 (Type Safety). Assume ) = P> 0. If P—*P’, then P’ has no error.

Proof. From the hypothesis P —* P’, we know that P = Py— P, —---— P, = P’ (for some n). The proof
proceeds by induction on n.

The base case for n=0 is straightforward: we have P = P’, thus P’ is well-typed. Furthermore, since the
term err is not typeable, P’ cannot contain such a term.

In the inductive case for n = m+1, we already know (by the induction hypothesis) that P, is well-typed.
By applying Thm. 4.2, we can conclude that P,, 11 = P’ is also well-typed and does not contain any err
subterms. O
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C.3. Session Fidelity

Theorem 4.4 (Session Fidelity via Association). Assume 0P >A, with ATy G, P =y Py, and A =
Uper Ap such that for each By: (1) 0FFy > Ay, and (2) either P, = 0, or By, only plays p in s, by Ay. Then,
A =g dmplies AN, G', P" such that A—, A, G — G', P —=*P', and 0+ P' > A', with A" E, G', P' = per Py,
and A" = U,y Ay such that for each Py: (1) 0Py AL, and (2) either Py = 0, or P, only plays p in s,
by A.

Proof. The proof structure is based on induction on the derivation of the reduction of A. We infer the

contents of A, as well as the shape of P and its sub-processes F;, showing that they can mimic the reduction
of A. We focus on the case of A w) A’ while the other cases follow by applying the induction hypothesis.
e Case A —— slllale A’: in this case, the process P, playing role p in session s is a selection on s[p] towards q
(possibly within a process definition); while the process Py playing role g in session s is a branching on

slq] from p (possibly within a process definition). Therefore, by [R-@&-V| or [R-@&-D] in Fig. 3, P can
correspondingly reduce to P’ by transmitting either a value v or a channel endpoint s'[p’] from p to q

in session s (possibly after a finite number of transitions under rule [r-x1). The resulting continuation
process P’ is typed by A’. The assertion that there exists G’ such that G—G’ and A’ &, G’ follows

from A —— lellaln A’, AC, G, and Thm. 3.2. O

Prop. C.7 below states that if a process P satisfies the assumptions of session fidelity (Thm. 4.4), then
all its reductums will also satisfy these assumptions. In other words, if P enjoys session fidelity, so will all
of its reductums.

Proposition C.7. Assume 0P >A, where ATy G, P=1l,¢c1P,, and A = UpEI Ay such that, for each

P,, we have O P, > A,. Further, assume that each Py is either O (up to =), or only plays p in s, by Ay.

Then P— P zmplzes A, G such that A -5 A and O P oA with A"Cs G, P = Tlper Py, and
Upel A} such that, for each Py, we have (Z)I—Pé > AL furthermore, each Py is 0 (up to =), or only

plays pins, by Ap.

Proof. Straightforward from the proof of Thm. 4.1, which accounts for all possible transitions from P to P’,

and in all cases yields the desired properties for its typing context A’. O

Theorem 4.5 (Session Fidelity). Assume OF P >{s[p] : G'[p} ¢, with roles(G) C I and P = Ilyer P, such
that for each P,: (1) OFP, slp| G [p, and (2) either P, = 0, or P, only plays p in s, by s[p]: G |p.
Then, G — implies 3G', P such that G — G', P =" P', and 0+ P' >{s[p] : G' [ p} ¢, with roles(G') C I
and P' = My Py such that for each Py: (1) Ok Py > s[p]: G'[p, and (2) either Py = 0, or P, only plays p
in s, by slp]: G’ |p.

Proof. Let A = {s[p] : G [p},¢; withroles(G) C I. It follows directly that A = (J
Ap = s[p] : end if p ¢ roles(G). Then, by Def. 3.7, A C, G.

Since G —, by Thm. 3.1, A —,. Moreover, by the assumptions and Thm. 4.4, JA’ G’ P’ such that
A=A, G—G' P—=*P' and 0 P' >A', with A’ C, G’ P =Tler Py, and A" = J » such that for
each P: (1) OF Py > A}, and (2) either Py =0, or P, only plays p in s, by Ap.

We are left to show that:

e roles(G') C I: By A—; A" and Lem. A.15, dom(A') = dom(A) = {s[p]} ;. Moreover, since A’ T, ¢,

{s[P]} perotes(cry) € dom(A'), which implies that roles(G') C I.

o OF P o{s[p]: G'[p},e;r By A’y &', dom(A') = {s[p]} ¢/, and Lem. A.14, A" < {s[p]: G' [p} ;-
Moreover, by Ot P’ >A" and [1-sus], it follows that O P' >{s[p] : G [p} ;-

el Ag, where, by Lem. A.14,

pGI

o OFP; v s[p]: G'[p: Follows directly from A" = J,; AL < {s[p]: G’ [p} ;. OF Py > AL, and [T-sus].

e Either P, = 0, or P} only plays p in s, by s[p]: G’ [p: Follows directly from (FP; > s[p]: G’ [p,
A} < s[p| : G'[p, and the fact that either P, = 0, or P, only plays p in s, by A[. O
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C.4. Process Properties

Lemma C.8 (Process Deadlock-Freedom). Assume 0P >{s[p] : G [P} c,oles(c): where P = peroles(a) o

and for each Py, 0 P, > s[p] : G [p. Further, assume that each P, is either O (up to =), or only plays p in
s, by s[p] : G Ip. Then, P is deadlock-free.

Proof. Let A = {s[p] : G'[p},c,oles(c)- It follows directly that A = J
By Def. 3.7, A T, GG. Moreover, by Thm. 3.3, A is s-deadlock-free.
Consider any P’ such that P —* P'-A, with P = Py— P —---— P, = P'-4 (for some n), where each
reduction P;— P, 11 (i€0...n—1). By Prop. C.7, we know that each P; is well-typed and its typing context
A; satisfies A —% A;; moreover, P; adheres to the single-session requirements of Thm. 4.4. Now, observe
that since the process P, = P’ cannot reduce further, by the contrapositive of Thm. 4.4, we obtain A, /.
Furthermore, since A is s-deadlock-free, by Def. 3.9, we have Vs[p| € A,: A, (s[p]) = end. Therefore, by
[T-0], we have P’ = 0, which (by Def. 4.2(1)) is the statement. O

pEroles(G) Apa where Ap = S[p] :Gp.

Lemma C.9 (Process Liveness). Assume 0P >{s[p]: G P} c o1es(c): where P = Hpeoles(c)Pp and for
each Py, OF P, > s[p] : G |p. Further, assume that each P, is either O (up to =), or only plays p in s, by
slp] : Gp. Then, P is live.

Proof. Let A = {s[p] : G' [P} e o1es(c)- It follows directly that A = (J
By Def. 3.7, A C; GG. Moreover, by Thm. 3.3, A is s-live.

The proof proceeds by contradiction: assume that P is not live. Since (by hypothesis) each parallel
component of P only plays one role p in session s, there are P/, C,Q such that P = Py—P,—---— P, =
P’'=C|Q] where either:

p€roles(G) AP? where Ap = S[p] :G1p.

e @ = s[p]la]®m({w).Q’ (for some m, w, Q’), and AC": C ~* C" and P'—*C'[Q']. By Prop. C.7, we know
that each P; is well-typed and its typing context 4A; is such that A —% A;; moreover, each P; satisfies
the single-session requirements of Thm. 4.4. Therefore, P’ satisfies the single-session requirements of
Thm. 4.4, and is typed by some A’ such that A —% A’. Hence, by inversion of typing, @ is typed by
some A} (part of A’) where A[(s[p]) is'a (possibly recursive) internal choice towards q, including a

choice m(S) (where S types the message payload w). Therefore, we have A’ Slpl:98n(S),

Now, recall that (for the sake of the proof by contradiction) there is no C’ with C ~~* C’ such that a
reduction of P’ reaches C'[Q']; that is, the top-level selection of @ cannot be fired. Hence, there is at
least one fair path beginning with A’ that never fires a transmission label s[p][qm’ (for any m’). But
then, such a fair path starting from A’ is not live, and furthermore, (by Def. 3.11) we obtain that A
is not live, a desired contradiction;

e Q = sp|lal&{m;(x;).Q}ier (for some I, my, z;, Q}), and AC' keI, u: C~* C"and P' —* C'[Q) {1 }].
The proof is similar to the previous case, and reaches a similar contradiction. O

Theorem 4.6 (Process Deadlock-Freedom, Liveness). Assume OF P >{s[p]: G [p} c qjes(c)s Where P =
Hperoles(c) Pp and for each Py, 0P, > s[p] : G [p. Further, assume that each P, is either O (up to =), or
only plays p in s, by s[p] : G |p. Then, P is deadlock-free and live.

Proof. Directly from Lems. C.8 and C.9. O
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