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Abstract

In this paper, we systematically study the dynamic snap-through behavior of a pre-deformed elastic ribbon by
combining theoretical analysis, discrete numerical simulations, and experiments. By rotating one of its clamped
ends with controlled angular speed, we observe two snap-through transition paths among the multiple stable
configurations of a ribbon in three-dimensional (3D) space, which is different from the classical snap-through of
a two-dimensional (2D) bistable beam. Our theoretical model for the static bifurcation analysis is derived based
on the Kirchhoft equations, and dynamical numerical simulations are conducted using the Discrete Elastic Rods
(DER) algorithm. The planar beam model is also employed for the asymptotic analysis of dynamic snap-through
behaviors. The results show that, since the snap-through processes of both planar beams and 3D ribbons are
governed by the saddle-node bifurcation, the same scaling law for the delay applies. We further demonstrate that,
in elastic ribbons, by controlling the rotating velocity at the end, distinct snap-through pathways can be realized
by selectively skipping specific modes, moreover, particular final modes can be strategically achieved. Through a
parametric study using numerical simulations, we construct general phase diagrams for both mode skipping and
selection of snapping ribbons. The work serves as a benchmark for future investigations on dynamic snap-through
of thin elastic structures and provides guidelines for the novel design of intelligent mechanical systems.
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1. Introduction

Slender structures exist in both natural and industrial settings, taking on various forms such as blood vessels,
human hair, plant branches, thin films, and airplane wings. Characterized by their large slenderness ratio, i.e., the
cross-sectional dimensions are much smaller compared to their axial length (Simone}, 2007), slender structures are
often modeled as either one-dimensional (1D) elements like beams and rods (length L > width W ~ thickness )
or two-dimensional (2D) elements such as plates and shells (L ~ W > h). Ribbons, with three distinct scales (i.e.,
L > W > h), are also a type of slender structure. Slender structures often exhibit geometric non-linearities even if
the material properties remain linear, leading to structural instabilities including buckling, snapping, and folding,
under moderate external forces or simple boundary conditions (Audoly and Pomeau, 2010; Reis et al., 2018).
These instabilities normally result in dramatic shape changes and nonlinear mechanical responses (Radisson and
Kanso, |2023a)), benefiting the design of advanced metamaterials and intelligent systems (Hu and Burgueno, 2015}
Bertoldi et al., | 2017 [Faris and Nayfeh,[2007). Applications of such instability phenomena range from soft robotics
(Qin et al.,|2023; |Yang et al., 2023) to flexible electronics (Bo et al.,|2023) and biomedical devices (Zhang et al.,
2019). Thus, understanding the mechanics of slender structures is essential for uncovering pattern-formation
mechanisms in nature and developing innovative devices with advanced functionalities.

Among various nonlinear behaviors of slender structures, snap-through buckling represents a unique instability
phenomenon, where an elastic object suddenly ‘jumps’ from one equilibrium state to another, accompanied by
a sudden release of elastic energy (Pandey et al., 2014} Gomez et al.l [2017a}; |Cazzolli et al., 2020; (Cazzolli and!
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Dal Corso,2019). One typical example of this rapid transition observed in everyday experiences is the inversion of
umbrellas in strong winds. At the same time, nature also harnesses this effective mechanism to engineer biological
systems, such as Venus flytraps, which exploit this phenomenon to quickly release energy that has been stored,
thus enabling them to catch prey (Forterre et al., [2005). Taking inspiration from the natural world, a number of
engineering applications have sought to make use of snap-through instabilities of slender structures including,
but not limited to, shape-morphing structures with tunable surface topographies (Holmes and Crosbyl, 2007 and
geometry configurations (Liu et al.} 2023 |Yang et al., 2023)), snapping metamaterials with multi-stabilities caused
by periodic arrangement of snapping units (Lu et al.,|2023alb; [Rafsanjani et al., 2015;|Mao et al., 2022; Rodriguez
et al., 2023), soft actuators with application to soft robotics (Overvelde et al., 20155 Chen et al., 2018;|Wang et al.,
2023b)), and fluidic devices for flow control at both macro- (Gomez et al., 2017b) and nano-scales (Jiao and Liul,
2020).

Rational designs of engineering systems utilizing snap-through buckling depend on a deep understanding of
the mechanics of snap-through phenomena. While extensive existing researches have focused on identifying
the onset of snap-through in typical structures like beams, plates, and shells under varying loads or boundary
conditions (Camescasse et al., 2013} [Zhang et al., 2020; Ma et al., 2022; |[Keleshteri et al., 2018} |Q1ao et al.,
2020; Wan et al.| [2024), the dynamics of snap-through remains less studied. Previous studies have substantially
overestimated snap-through speed by considering the balance of elastic and inertial forces. For instance, the
timescale of leaf closure in Venus flytraps is theoretically estimated to be around 0.001 — 0.01 s, whereas the
actual observed motion takes approximately 0.1 — 1 s (Forterre et al., [2005). This discrepancy is often attributed
to the intrinsic energy dissipation mechanisms of the material, such as poroelasticity or viscoelasticity. Such
hypotheses have been particularly relevant in cases involving fluid-filled porous materials, where the internal fluid
flow takes time (Liu et al., 2019)), or the silicone-based elastomers, where viscoelasticity significantly influences
the dynamic behaviors, leading to phenomena like pseudo-bistability (Brinkmeyer et al.,[2012;/Gomez et al.,[2019j;
Chen et al., [2023)) or acquired bistability (Urbach and Efrati, [2020).

However, recent studies have demonstrated the occurrence of anomalous delayed snap-through in elastic struc-
tures in both experiments and simulations, even in the absence of dissipation mechanisms (Gomez et al.l |2017aj;
Sano and Wadal 2018)), in which the snap-through transition is slowed significantly by the dynamic effect. This
phenomenon is commonly referred to as the delayed instability. The intrinsic nature of this delay in the snap-
through transition can be understood in terms of a saddle-node (fold) bifurcation. In this scenario, as the control
parameter changes, the current equilibrium state of the system abruptly ceases to exist. This transition is critically
influenced by the proximity to the bifurcation point, where the net force acting on the structure is very small since
the various forces within the structure are balanced (as it represents an equilibrium solution). Consequently, the
movement of the structure slows down significantly (Gomez et al.|, |2017a; [Liu et al.|, |2021). Such delayed insta-
bility has been demonstrated in an elastic beam by considering the effect of the proximity to bifurcation on the
duration of snap-through for the case with fixed boundary, which is slightly away from the fold point (Gomez
et al.,|2017a)) and further extended by (Liu et al., 2021)) to consider the linear ramping of the bifurcation parameter.
The scaling laws for the delay of both cases are obtained through asymptotic analysis and validated by numerical
and experimental results.

It is noted that most of the previous works on snap-through dynamics are restricted to 2D circumstances
and, in particular, any twist along the centerline of the strip is ignored. Recently, the snapping and bifurcation
of pre-deformed ribbons in 3D space under stretching (Morigaki et al.| 2016), twisting (Sano and Wada, 2019),
shearing (Yu and Hanna, |2019; Huang et al.,|2020), and indentation (Huang et al.,|2021) have begun to be studied.
However, these studies mainly focus on the onset and the corresponding static features. It has been shown that the
stability and bifurcation behaviors of ribbons in 3D space are much more complex compared to those of beams in
2D space. In particular, by controlling the uniaxial compression and transverse shear applied to a simple ribbon
with clamping boundaries, four different stable configurations, referred to as different modes, exist and several
different transition paths connecting different modes can be achieved under different loading/boundary conditions
(Huang et al., 2020} [2021). While the static snap-through buckling behavior of elastic ribbons has been studied,
the dynamics associated with this phenomenon are still largely unexplored. The investigation on the dynamic
snap-through of elastic beams has indicated that the mode transition in multistable structures can be regulated
through applying dynamic boundary conditions (Liu et al.,|2021; Radisson and Kanso| [2023alb).

In this work, we focus on investigating the dynamical behaviors of snap-through buckling of narrow elastic
ribbons (i.e., L > W > h) through theoretical analysis, numerical simulations, and simple tabletop experiments.
Such understanding can be used to manipulate the transition between different modes as well as to select particular
modes. To capture the static bifurcation behaviors of narrow ribbons, we employ the anisotropic Kirchhoff rod
theory (Audoly and Pomeau, [2010), and the corresponding ordinary differential equations (ODEs) are solved by
using the continuation package AUTO 07P (Doedel, 2007). To investigate the dynamic snap-through buckling of
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ribbons, we adopt the numerical simulation method based on discrete differential geometry (DDG), in particular,
the Discrete Elastic Rods (DER) algorithm — a numerical approach to simulate 1D filament that has shown high
computational efficiency in the field of computer graphics as well as mechanical engineering (Bergou et al., 2008}
2010). In addition, we perform simple tabletop experiments to validate the model predictions of the configuration
and transition between different modes. Finally, we numerically demonstrate the tunability of the snap-through
paths and modes by changing the dynamical loading conditions.

This paper is organized as follows. Section 2 introduces the model setup. Section 3 reviews the standard
Kirchhoff rod theory and the discrete numerical framework. The simplified planar beam for asymptotic analysis
is followed up in Section 4. Section 5 and Section 6 delve into the static and dynamic snapping bifurcation
analysis of elastic ribbons, respectively. Section 7 discusses the concepts of mode skipping and selection. Finally,
concluding remarks are presented in Section 8.

2. Problem setup

We consider a narrow elastic ribbon subjected to both uniaxial compression (i.e. the end-shortening) and
transverse shear to form the buckled configuration in 3D space. We then rotate one end of the buckled ribbon with
constant angular speed to trigger the dynamic snap-through instability.

A Step 0: setup B Step 1: compress C Step 2: shear
z(1/2) 3 UySs
U -
<«
Compress
along x axis
AW -7 Shear
along y axis
Clamped-clamped ribbon Buckling Bifurcation
D Step 3: rotate E Mode 1 F Mode 2
Rotate L3 UsSs
about y axis

“T"*¢ Snapping Uu,s_-U_S, u,sS,-»U,S_-U.S,

Figure 1: Problem setup. (A) A naturally straight elastic ribbon with length L (in x direction), width W (in y direction), and thickness /4 (in z
direction). (B) The ribbon undergoes out-of-plane buckling to form mode U, (or U-) when subjected to compression AL in the x direction.
(C) The buckled ribbon undergoes supercritical pitchfork bifurcation to form mode U,.S _ or U..S ; by further applying shear AW to the right
end in y direction. (D) The snap-through buckling of the bifurcated ribbon can be triggered by rotating one end with angle « to achieve the
mode transition through two possible paths: (E) Path 1: U,S_ — U_S, and, (F) Path 2: U,S; — U;S_ — U_S .. (The nomenclatures are
based on the midpoint orientation of the ribbon.) Note that the green, single-headed arrows are used to depict the actions, e.g., compression,
shear, and rotation, that are applied at each step; red, double-headed arrows are used to represent the magnitudes of these actions, e.g., the
compressive or shear distance, and the rotational angle.

Figure[TJA shows a naturally straight ribbon with length L, width W, and thickness 4. In Step 1, we compress
the ribbon along x-axis to trigger the out-of-plane buckling (with compression AL) into a stable ‘U’-like shape,
donated as ‘U’ for z(1/2) > 0 or ‘U_" for z(1/2) < 0 (see Fig. |I[B). In Step 2, a transverse shear AW is applied to
one end along the y-direction. It is found that the ribbon exhibits a supercritical pitchfork bifurcation to form two
possible equilibrium configurations (mode ‘U, S .’ and ‘U, S_’, see Fig. Ep) depending on the shear displacement
(Yu and Hanna, 2019). Similar to the previous nomenclature, we use ‘S’ if m;(1/2) - e, > 0 and use ‘S_" if
m(1/2) - e, < 0, where m;(1/2) is the surface normal vector of the midpoint and e, = [0, 1, 0] is the unit vector
of the y axis. Note that there are also two mirror-symmetric equilibrium states, i.e., ‘U_S.” mode and ‘U_S_’
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Path 1: U,S_ = U_S,
T

Figure 2: Snapshots of the elastic ribbon (top view) during the snap-through transition process for: (A) Path 1: U,S_ — U_S; and, (B) Path
2: UsS+ — UsS— — U_S ., which include (i)-(iii) Experimental configurations and, (iv)-(vi) the corresponding simulated configurations.

mode, see Fig. Ep (not shown in Fig. Ep). Among them, some modes are symmetric (e.g., U.S, and U_S_)
and some are reverse-symmetric (e.g., U, S, and U,S_). The structural symmetry is discussed in Appendix A,
and the bifurcation phase diagram for different patterns is provided in Appendix B. In step 3 (see Fig. [ID), we
dynamically rotate one end of the ribbon with an angular speed @. The ribbon will transition from one mode to
another via snap-through buckling. Depending on its initial mode upon applying the shear displacement, there are
two transition paths: Path 1: U,S_ — U_S, (Fig.[IE), and Path 2: U,S, — U,S_ — U_S. (Fig.[IP). It is worth
noting that, for a system with multiple stable equilibrium configurations, the existence and stability of each of
these configurations is independent of the loading sequence. However, the specific configuration that is reached,
and the deformation path followed, after a particular loading sequence does depend on the loading sequence.

As shown in Fig. 2] the side-by-side comparisons between the tabletop experiments (i-iii) and the numerical
simulation results (iv-vi) for those paths are presented. The ribbons in experiments are fabricated using polyester
shim stock. Videos for the two snap-through paths from both tabletop experiments and numerical predictions are
available in Appendix C. Note that, as we rotate the left end, two mirror-symmetric paths will be triggered: (i)
U,Sy - U_S_and, (i) U-S; = U,S; — U_S _. In the following sections, we employ the rod theory, numerical
simulations, and experiments to investigate the dynamics of the rotation-induced snap-through of the ribbon, and
further explore the skipping and selection of different modes of the ribbon under different dynamic loading rates.

3. 3D rod model

In this section, we first review the Kirchhoff rod model for thin and narrow ribbons and then introduce the
discrete numerical model based on DER method.



3.1. Anisotropic rod model

We employ the Kirchhoff rod model to study the nonlinear mechanics of narrow ribbons (Antman and Jordan|
1975} Nizette and Goriely, [1999; Ameline et al.|[2017). The deformed configurations of 1D rod-like structures can
be accurately captured by Kirchhoff rod theory (Goyal et al., 2005} |Yu and Hannal [2019; |Sano and Wadal, 2019).
In this study, we consider a typical ribbon with L > W and W ~ O(10#h), such that the anisotropic rod model is
sufficiently accurate to perform the geometrically nonlinear mechanics in a narrow ribbon (Yu and Hanna, |2019;
Huang et al.,|2020; |Audoly and Neukirch} 2021)). The Kirchhoff rod model is summarized as follows.

Kinematic. Consider a thin elastic ribbon of length L, width W and thickness %, and made of isotropic and linearly
elastic material with Young’s modulus E, shear modulus G, and density p. The ribbon can be described by its
centerline r(s, ) and an associated right-handed orthonormal material frame {m; (s, f), my(s, ), ms(s, t)}, aligned
to the width, the surface normal, and the local tangent of the ribbon’s centerline, respectively. Here, s € (0, L)
corresponds to the arc-length of the centerline and will be used as a curvilinear coordinate to describe the dynamics
of the ribbon. Throughout the paper, ( )’ and () are used to represent the derivatives with respect to spatial
coordinate s and time ¢, respectively. We have m3 = r’/||r’|| and the local stretch of the centerline can be given as

e=|r'||-1, (1)
The rotation of the material frame along the centerline can be formulated as

m| =wXxmy,
m, = w X my, 2)

’
m; = wXms,
where w corresponds to the Darboux vector,
w = KM| + kpMp + 73, (3)

Here, k| and «, are the bending curvatures and 7 is the twisting curvature. The macroscopic strains for the 1D rod
include the axial stretch in Eq.(T)) and the curvatures in Eq.(3).

Constitutive law. A linear constitutive law between strains and forces/moments is given as,

N-= EAem3,
M = ELLkymy + ELkomy + GJtmg.

“4)

where EA is the stretching stiffness, EI; and EI, represent the two bending rigidities, and GJ corresponds to the
torsional stiffness. For a rod with a rectangular cross-section, the stretching, bending, and twisting stiffness are,

1 1
EA = EWh, EI = EEW%, EL = EEWh3, GJ = \AGWI. (5)

where A depends on the cross-section of the rod. It is noted that the stretching of the rod’s centerline is more
expensive than the bending and twisting because of its special geometry, e.g., L > W, so that the stretching
is almost zero everywhere and bending and twisting deformations dominate, i.e., the rod is inextensible and
unshareable, N = 0.

Equilibrium equations. The dynamic equilibrium equations are the statement of force and moment balance,

PAGF +vi) =N +f,,

o ’ ’ (6)
Q+vQ =M +m3xN +r,.

where v is the dimensionless damping coefficient, f, is the external force density per unit length, 7, is the external
torque density per unit length, and € is the angular momentum density per unit length. Note that the damping effect
considered here is anticipated to result from external factors such as air drag, which differs from the material’s
viscoelasticity. We excluded viscoelasticity because the material (polyester shim stock) used to fabricate the
ribbon exhibits nearly pure elasticity in our experiments. When materials behave viscoelastically, they may induce
’temporary bistability’ or ’pseudo-bistability’ during snap-through (Gomez et al.l|2019; [Urbach and Efrati| [2020)).
This additional complexity is beyond the scope of the current work.
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Boundary conditions. For a clamped-rotate strip subject to uniaxial compression, AL, transverse shear, AW, and
the rotational speed of one end &, the associated boundary conditions are,

r(0,r) =[0,0,0],

m, (0, 7) = [sin(ay + @1), 0, cos(ag + at)],

m;(0,7) = [0,-1,0],

m;3(0, 1) = [cos(ag + at), 0, — sin(ag + @1)],
r(L,t) = [L - AL,—AW,0],

m,(L,t) =[0,0,1],

my(L, 1) = [0,-1,0],

ms(L, 1) = [1,0,0].

(7

Continuation package AUTO 07P (Doedel,2007) is used to solve the static version of Eqs.@ and (i.e., pAF, Q
and @ are omitted) with a treated as a continuation parameter and material frames at the two ends implemented
through quaternions. AUTO solves the nonlinear boundary value problem through the collocation method and
keeps tracking bifurcations and limit points, and is able to switch onto the bifurcated branches (Doedel, [2007).

3.2. Discrete numerical model

Here, we adopt the well-established DER method to simulate the nonlinear dynamic behaviors of an elastic
ribbon, in which the assumptions based on Kirchhoff rod theory are adopted, and its accuracy for simulating
the mechanical behaviors of ribbon structures with thin and narrow geometries has been validated (Huang et al.|
2020, 2021). In the DER method, the centerline of the rod is discretized into N nodes and N — 1 edges. To follow
the convention of DER, we use subscripts to denote quantities associated with the nodes, e.g., X; for position of
the i-th node, and superscripts when associated with edges, e.g., ¢ for the i-th edge. A bar on top indicates the
evaluation of the undeformed configuration, e.g., ||€|| is the undeformed length of i-th edge. Each edge has an
orthonormal adapted reference frame {d’i, di, d‘3} and an orthonormal material frame {m’i, m), mg}; both frames
share the tangent as one of the directors,

d; =m) =¢'/|e]. (8)

The rotational angle between the reference frame and material frame is denoted as ¢, i.e.,

m’ = d’ cos¢ +dsiné’, ©

i i i i i i
m, = d; cos§ —d]siné'.

Nodal positions together with twist angles constitute 4N — 1 degrees of freedom (DOF) vector of a single rod
system,
q = (%0, 6. %1, X2, 647 x| (10)

An elastic rod is modeled as a mass-spring system, with a lumped mass (and angular mass) at each node (and
edge), and associated discrete stretching, bending, and twisting energies. The discrete elastic stretching, bending,
and twisting energies are given by (Bergou et al., 2008 2010)

=

-2

1 iN21=i
E, = ZO SEAEVIE],
N-1 1 N-1 1
Ey = ZO SEN G’ Al + ZO 5 EL(,)* Al (11)
N-1 1
E = 5GJ(n>2Ali,
i=0

where € is the discrete stretching strain associated with the i-th edge, «;; and k,; are the discrete bending cur-

vatures at the i-th node, 7; is the twist at the i-th node, and Al; = (IIéiII + ||éi+'||) /2 is the Voronoi length at i-th
vertex. As the structure considered here is naturally straight, the undeformed curvatures are zeros, e.g., k;; = 0.



The microscope strains, e.g., €, K1, K2, and 7;, can be expressed in terms of the 11 consecutive DOFs near i-th
o 5
n()de’ {Xi—liel » Xis 01,Xi+l}»

;e
|le]]
el x i (mé‘l + m’z)
K1 = - . - -
T lle - llef]] + et e Al
i—1 i (mi_1 +mi) (12)
€ X e 1 1
O T e v e e Ay
i i—1 ref
o (0 = 0" +miet)
l All ’

where mlr,ef is the reference twist associated with the reference frame (Bergou et al., 2008, 2010; Jawed et al.|
2018)). The elastic forces (associated with nodal positions) and elastic moments (associated with the twist angles)
are the negative gradients of total potentials,

F™ = —%(Es +E,+E). (13)

Finally, the implicit Euler method is adopted to update the DOF vector q from time step #; to #x+; = # + 0t (in
which 6t is the time step size):
M(ti1) = F*"(t1) = F™ (1) = 0,
q(tk+1) = () + Q141 14
A(tk+1) = 40 + Q1)

where M is the time-invariant mass matrix, and the damping force vector can be calculated as
FE% (1) = —vyMG(tee1) (15)

where v is the dimensionless damping coeflicient.

To achieve a specified the boundary conditions, in our numerical simulation, the first two nodes {X, X; } and the last
two nodes {Xy_», Xy-1}, as well as the first twisting angle 6, and the last twisting angle 6y_,, are constrained based
on the compression, shear, and rotation. All other nodes and edges are free to evolve according to the dynamic
equilibrium.

4. Reduced planar beam model

In this section, we reduce the 3D rod model presented in Section[3.1]into the planar beam theory for analysis.
We first assume an inextensible planar rod and obtain the dynamic elastica equation; then consider the small
deflection and small rotation scenario such that the theory converges to the classical Euler—Bernoulli beam model,
which will be used for the asymptotic analysis (Gomez et al.|[2017a; Liu et al., 2021}

4.1. Planar elastica

When the structure is planar and the associated transverse shear is zero (i.e., AW = 0), the ribbon model can
be reduced to a beam model, where the rotations along the m; and mj directors are forbidden, resulting in

k1(s,t) =0 and 7(s,1) = 0. (16)
The deformed centerline can then be expressed as
r = xe, + ze,, (17
and its target direction can be simplified as
r’ = cos ¢e, + sin ge,, (18)

where ¢ is the rotation of the beam centerline. Further, the dynamic governing equation can be reduced to that of
a planar beam as,
oh($ +vd) = EL¢" — n,sing + n, cos ¢, (19)
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where n, (and n,) is the component of the resultant force attached to the centreline,

n = n.e, + n.e,. (20)
The associated boundary conditions are
x(0,1) =0,
z(0,1) =0,
0,1) = ay + at,
#(0,1) = ao @1
x(L,t) = L— AL,
z(L,1) =0,
¢(L,1) = 0.

4.2. Quasi-linear approximation

When the deflection of the beam is small, we can use x rather than s as the independent variable as the
difference between the reference configuration and the deformed configuration is negligible. We follow |Gomez
et al.|(2017a); Liu et al.|(2021), vertical displacement, z(x, f), can be used to describe the deformation of an elastic
beam. Eq. (T9) can be reduced to
0z 0z 0%z 0%z

h—+Y—+B—+P.— =0, O0<x<l1, 22
Plon ™ “or "o T o ! @2)
where B = EI,/W is the bending stiffness, P, is the compressive force applied at the boundary, x is the normalized
arc-length (similar to the s in the 3D rod model), and T is the damping coefficient. The boundary conditions for
the beam equation can be written as,

20,7 =0,
0
a—Z(O, 1 =g+ at,
* (23)
(L, 1) =0,
0z
—(L,1)=0,
ax( )
and the imposed end-shortening constraint is
L 2
0
f (—Z) dx = 2AL. (24)
0 ox
To non-dimensionalize the problem, we let
X=x/L, Z=z/L-(AL/L)™'?, T =1/, (25)
where ¢* is the inertial time scale "
. (phL?
= . 26
) 26)
Introducing the scale parameters defined above, the beam equation Eq. (22) can be scaled as
0’z 0z 0‘Z ,°Z
— 4+ V =+ -——+0"— =0, 0<X<1, 27
ar2 Vot T axt 7 ax2 @7
where
2 L 28
= Pc_a
o B (28)
and s
TL
V= =y, (29)




where v = T/ph, which is consistent with the dimensionless damping coefficient introduced in our discrete nu-
merical simulations in Eq. (I5). The boundary conditions can also be scaled as

Z0,7)=0,
Z(1,T) =0,
0z
6_X(0’ T) =pu, (30)
0Z
—(1,7) =
ax( ,T)=0,
where
p=po+ AT 31)
and
Ho = (AL/L)™'?, p=a-1 - (AL/L)'?. (32)

Finally, the imposed end-shortening constraint becomes

1 2
fo (%Z() dx =2. (33)

4.3. Static behavior of the quasi-linear problem

Following [Gomez et al.|(2017a), the solution of the static beam equation Eq. (27) subjected to boundary con-
ditions Eq. (30) can be obtained as

Z(X) = oX(coso—1)+o[coso(l —X)—coso] —sincX —sino(1 — X) + sina-. (34)

o(2coso + osino —2)

To determine o in terms of the control parameter y, we substitute Eq. (34) into the end-shorting constraint Eq.
(33), ignore the time varying term 7', and obtain

' 80 (2cos o + o sino — 2)? (35)
K =5 o2(sin20 + 4 sin o) + 40(cos o — cos 207) + 2(sin20 — 2sin o)’

For each value of u, the allowed values of o(u) can be calculated numerically using MATLAB. The bifurcation
diagram can be expressed in terms of Z(1/2) and o as

tan(o/4
Z(1/2) = ,1%, (36)
o
which follows from Eq. (34). This result shows that the saddle-node (fold) bifurcation at the critical state of
Hiold = £1.7818, Z;qia(1/2) = ¥0.3476, o1o1a = 7.5864. 37

These analytical solutions of the fold point will be validated by discrete numerical simulations in the next sections.

4.4. Snap-through dynamics of the quasi-linear problem

Similar as|Liu et al.|(2021)), we rescale time as T = ™77 for some (currently unknown) exponent 77; the beam
equation Eq. (Z7) then becomes

P2 0 8T ,8Z

— V=t =+ =0, 0<X<1, 38
Foor "o Taxr T axe A %)



The boundary condition Eq. (30) becomes

2(0,7) =0,
Z(1,7) =0,
0z
x0T = pu(T) = o + ! 2
0X
oz
—(1,7) =0.
ax( )
The constraint condition Eq. (33)) is
Yoz
— | dX=2. (40)
f; (C”X )

The asymptotic expansion about the fold shape can be chosen as

Z(X,T)
a(T)

ZioaX) + (0 ZoX, T + 17 Zi(X, T) + ..., (41)
Trold + 17 oo(T) + 2 o1 (T) + ... (42)

Substituting Eq. (@) and Eq. @2)) into Eq. (38), we find that, since the fold shape Zg,4(X) is time-independent, the
time derivatives only enter in the higher order terms. Consequently, the first non-trivial problem, which involves
terms at O(|¢|”) in Eq. (38), is quasi-static. We refer to this as the leading-order problem, since it involves the
lowest-order perturbation (Zy, o) to the fold shape in Eq. 1)) and Eq. @2). We will show below that this problem
is, in fact, an eigenvalue problem for (Zy, o) for which the time dependence only enters via the solution amplitude.
It is only in the first-order problem, which occurs at O(|¢Z*”) in Eq. (38), that time-dependent terms appear. We
therefore impose a balance between the inertia term in Eq. (38) and the first-order perturbation (Z;, o;), which
gives, upon comparing exponents of |i, the relation

27 +7y = 2y. (43)

The resulting problem for Z; has the trivial solution Z; = 0 unless the ramping from the boundary condition (39)
enters at the same order, and so we have

2y=1-n. (44)
Solving @3)—@4), we find that
1 2
= -, = —. 45
=3 Y=3 (45)

It is interesting to note that, although the boundary condition of the system in this work is different from that in a
previous work (Liu et al.,2021), the basic dynamics remain the same. Following the asymptotic analysis in (Liu
et al.l [2021)), we can then obtain the scaling of the time delay for the underdamped case, where the inertia term
dominates the dynamic behavior, as
5, (46)
and correspondingly, the angle delay is

Ae=T, &~ ds. (47)
However, for the overdamped case, the damping term (characterized by A ~ vi~!/%) dominates the dynamic
behavior and the time delay scales as

Wit
Wl

Ty~ (C5AT ~ @ 3y3, (48)
and the angle delay is
2 2
3

Aa =T, &~ a@3v3, (49)

Our discrete numerical simulations in later Sections show that these scaling laws of the underlying physics of
delayed bifurcation indeed hold.
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5. Static bifurcation in beams and ribbons

In this section, we employ AUTO to obtain theoretical predictions of the static bifurcation diagram, and use
the dynamic relaxation method together with the discrete model to obtain the numerical solutions of the static
snap-through bifurcation of a pre-compressed beam with rotational boundary at one end in 2D space, and a ribbon
with transverse shear in 3D space. The geometric and material parameters of the ribbon considered here are as
follows: length L = 1.0 m, width W = 0.2 m (which is trivial and can be canceled out), thickness # = 0.01 m,
Young’s modulus £ = 100 MPa, density p = 1000 kg/m3, and EI, /EL, = 400.00, GJ/EI, = 1.4562. In the DER
simulations, we use N = 200 nodes and ¢¢ = 0.1 ms to avoid issues with convergence.

5.1. Snap-through bifurcation in beams

A planar beam experiences buckling instability upon axial compression, and the associated two stable equilib-
rium configurations would transition from one to the other if one end is rotated by a certain angle (see Fig. B]A),
known as snap-through buckling, similar to that in |(Gomez et al.| (2017a) and |Liu et al.| (2021} with different
boundary conditions. The bifurcation behavior is shown in Fig. 3B, in which the midpoint height of the ribbon
normalized by the ribbon length, z(1/2)/L, is plotted against the rotational angle, @. Five cases with different
pre-compressive distances, AL/L € {0.20, 0.25, 0.30, 0.35, 0.40}, are considered. The results show that a transition
occurs when the midpoint position suddenly jumps from the upper stable branch to the lower stable branch (from
the red curve to the blue curve in Fig.[BA) at a critical rotational angle a.. It is clear that the value of the critical
rotational angle @, depends on the pre-compression AL/L.

A B
AL/L =040
AL/L=0.35
A ~ / ’
g A AL/L=0.30
x — 4
=~ AL/L = 0.40 O AL/L=025
~ AL/L =0.35 '
3 / 5 O AL/L =020
! \&}/ A AL/L =0.30
a 0. O AL/L=025
€ > O AL/L =020
L—AL

Figure 3: Static bifurcation diagrams of an elastic beam. (A) A schematic diagram of the rotation-induced snap-through of beam. (B) The
normalized midpoint height, z(1/2)/L, as a function of the rotational angle, «, for a planner beam with different pre-compression, AL/L. (C)
The rescaled midpoint height, Z(1/2) = z(1/2)/L - (AL/L)~"/2, as a function of the rescaled rotational angle, u = @ - (AL/L)~'/?. The symbols
are from the discrete simulations and the lines from the theoretical solution. The fold points are marked as black dots.

According to the analysis based on the quasi-linear approximation in Sections and we re-scale the
horizontal and vertical axis as Z(1/2) = z(1/2)/L- (AL/L)""/? and u = @ - (AL/L)"/?, respectively. Fig.3[C shows
that results with different pre-compression collapse onto a single master curve, agreeing well with the predictions
of the quasi-linear model (Egs. (33), (36)) shown as black curves (the dashed branch is unstable). In addition,
we also observe that the jump from upper to lower brunch occurs at a critical value u = pgq, corresponding to
a saddle—node bifurcation (Thompson et al., [1990; [Liu et al.| [2021). The analytical solution of the bifurcation
point has been given in Section through quasi-linear analysis, which determines that pg)q = +1.7818 and
Zto1d(1/2) = 70.3476 (see Eq. (37)), agreeing with the position of the fold from the nonlinear bifurcation analysis
(Fig.[3B). This also indicates that the quasi-linear approach can be employed to study the dynamic problem. Also,
the relative error between the quasi-linear analysis and numerical results decreases for small AL/L, because small
deformation is assumed when deriving the theoretical solution in Eq. (37)).

5.2. Snap-through bifurcation in ribbons

We further consider the snap-through bifurcation of an elastic ribbon subjected to rotation at one end (see
Fig. [TD). The ribbon is first pre-compressed and laterally pre-sheared. As discussed in Section [2] depending on
whether the ribbon is in U,S_ mode or U,S,; mode upon shearing, there are two snap-through transition paths
to reach different static equilibrium configurations. The ribbon can transition directly from U,S_ to U_S ; upon
rotation at the left end (Fig.[IE, Fig.[2JA). Figure A shows the bifurcation diagram for this scenario, with results
from both the theoretical prediction by AUTO (solid line representing the stable brunch, and the dashed line for
the unstable brunch) and the numerical results from the discrete model (symbols). It is noted that the snap-through
is controlled by a single fold point, similar to the planar beam (see Fig.[3).
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If the ribbon is in the U..S ; mode, it first transitions from U,S ;. back to U.S_ upon rotation, then jumps to
U_S . at a larger rotational angle (Fig.[IFF and Fig.[2B). The bifurcation diagram associated with this snap-through
path is shown in Fig. B. In this case, there are two adjacent fold points, thus the ribbon experiences snap-through
transition twice when the end is rotated continuously, with the second one identical to the first scenario (i.e., from
U.,S_to U_S,). This type of bifurcation is nontrivial and, to our knowledge, has not been reported before. For
both cases, the pre-compression and pre-shear are fixed at AL/L = 0.4 and AW/L = 0.37, respectively, and the
left end is rotated as actuation input. However, the two mirror-symmetric configurations can be manipulated with
an input at the right end i.e., U,S , will switch directly to U_S _, while U,S_ will first change to U.S ., then
eventually to U_S _.

) 02 04 06 08 1.0 "0 02 04 06 08 1.0
(8] (8}

Figure 4: Static bifurcation diagrams of an elastic ribbon with pre-compression AL/L = 0.40 and pre-shear AW/L = 0.37. Snap-through
process for the (A) Path 1, U.S+ — U_S_, and, (B) Path 2, U,S_ — U,S+ — U_S_. The black solid lines (stable equilibrium) and grey
dashed line (unstable equilibrium) are from the theoretical solutions, and the blue symbols are from the discrete numerical simulations. The
fold points are marked as black dots.

Similar to the beam snapping case, the fold point for ribbons depends on the amount of pre-compression and
pre-shear. A parametric study is carried out to understand the dependence of the two fold points (corresponding to
the case with two snap-through transitions) on the compression and shear (see Fig.[3). For fixed shear AW/L = 0.37
and the pre-compression AL/L ranging from 0.35 to 0.39, the relationship between the normalized midpoint
height, z(1/2)/L, and the rotational angle, «, is plotted in Fig.[5]A. Note that there exist two fold points, resulting in
two critical angles o) and ;. In Fig. E]B, the critical angles, a.; and @, are plotted against the pre-compression,
AL/L, from the results using the discrete numerical simulations (symbols) and the theoretical analysis (solid lines).
They agree with each other well. For fixed pre-compression AL/L = 0.40 and a pre-shear ranging from 0.35 to
0.39, the relationship between the normalized midpoint height, z(1/2)/L, and the rotational angle, @, is shown in
Fig. Ep, and the dependence of the critical rotational angles, @, and @, on the pre-shear, AW/L, are given in
Fig. 5. Again, the theoretical predictions (solid lines) and the discrete simulation results (symbols) agree well.

6. Dynamic snap-through

In this section, we move to consider the dynamics of the snap-through instabilities, for both beams in 2D space
and ribbons in 3D space, where both inertia and damping effects are accounted for.

6.1. Dynamic snap-through of beams

The dynamic snap-through of a planar beam in 2D space is studied using the theoretical model and discrete
numerical simulations. A beam with pre-compression AL/L = 0.40 is considered. The snap-through behavior
triggered by rotating one end with constant angular speed &, i.e., ¢(0,1) = a(f) = @ + @t is investigated, where
ap = 0 and & correspond to the initial angle and the angular velocity of the rotating end, respectively. The
dynamic behavior of the snap-through instability of the beam is simulated with different damping coefficient, v,
and different rotating rate, d&.

Figures [(A and B show the normalized midpoint height of the ribbon, z(1/2)/L, as a function of the rotational
angle, @ = at, with different rotating rate @, for both the overdamping case (with damping coefficient v = 1e3)
and the underdamping case (with v = le — 3), respectively. The results show that there is significant delay in the
dynamic snap-through instability, i.e., the snap-through occurs at delayed positions (the value of @) away from
the fold point predicted by the quasi-static theory. In Fig. [f]A, the difference between the actual snap-through
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Figure 5: Parametric analysis for the static bifurcation diagrams of an elastic ribbon. (A) The normalized midpoint height, z(1/2)/L, as a
function of the rotational angle, @, for the ribbon with fixed pre-shear, AW/L = 0.37, and diftferent pre-compression, AL/L € [0.35,0.39]. (B)
The critical rotational angle, a., as a function of the pre-compression, AL/L. (C) The normalized midpoint height, z(1/2)/L, as a function of
the rotational angle, a, for the ribbon with fixed pre-compression, AL/L = 0.40, and different pre-shear, AW/L € [0.35,0.39]. (D) The critical
rotational angle, «., as a function of the pre-shear, AW/L. In (B) and (D), the solid lines are from the theoretical model, and the symbols are
obtained from the discrete simulation.

point and the quasi-static fold point is defined as the angle delay, Ae. The magnitude of this delay Aa decreases as
@ — 0 for both overdamped and underdamped cases. We further note that, for the overdamped case in Fig.[gA, the
transition between two stable equilibrium configurations is smooth; while for the underdamped case, significant
oscillations can be observed after the snap-through transition, as shown in Fig. [6B. In Figs.[6IC and D, we plot the
relationship between the normalized midpoint height, z(1/2)/L, and the loading time, #. The time delay during the
snap-through process (marked in Fig.[6IC) can be calculated by Ty = Ae/d, and it increases as ¢ — 0.

The delay of the dynamic snap-through A« is plotted as a function of the rotating rate & in Fig. for seven
different values of damping coefficient, v € [le — 3, 1e3]. The results all fall onto straight lines in a log-log plot,
indicating a power-law dependence between A« and ¢. The asymptotic analysis in Section [4.4]indicates that the
power exponents for the Aa — & relations for underdamped and overdamped limits should be 4/5 (Eq. (@6)) and
2/3 (Eq. (&7)), respectively, consistent with our numerical simulation results in Fig. [7]A. The asymptotic analysis
results in Eqs. @8) and (@9) dictates that the scalings for time delay Ty with respect to ¢ are —1/5 and —1/3 for
over- and underdamped cases, respectively, as demonstrated in Fig. [JB. Furthermore, the asymptotic analysis of
Sections suggests that these numerical data should collapse when rescaled by 7 ~ T - @'/ and plotted as a
function of the normalized damping coefficient A ~ v - ¢~'/5. Figure indeed shows the collapsed data points.
The two asymptotic regimes, where A < 1 and A > 1, are clearly demarcated by the dashed lines in the figure.

6.2. Dynamic snap-through of ribbons

For dynamic snap-through of ribbons, we focus on the case of pre-compression AL/L = 0.40 and pre-shear
AL/L = 0.37. We first consider the snap-through path, U,S_ — U_S . using the discrete numerical method, and
record the evolution of ribbon configuration for different rotational rate . Figs[S8JA and B show the dependence
of the normalized midpoint height, z(1/2)/L, on the rotational angle, @, for both overdamped (v = 1e3) and
underdamped (v = le —3) cases, respectively. Similar to the snap-through of beams, a significant delay is found in
the ribbon, and the smooth and oscillatory behaviors are present in the overdamped and underdamped cases. The
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Figure 6: Dynamic snap through of a planar beam with fixed pre-compression, AL/L = 0.4. The normalized midpoint height, z(1/2)/L, as
a function of the rotational angle, «, for: (A) Overdamping case, v = le3 and, (B) underdamping case, v = le — 3. The black dashed line
is from static analysis. The normalized midpoint height, z(1/2)/L, as a function of the time, ¢, for (C) Overdamping case (v = 1e3) and, (D)
underdamping case (v = le — 3). The angle delay, Ae, and the time delay, T, are marked in (A) and (C), respectively.
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Figure 7: Scaling of the delayed bifurcation in dynamic snap-through of an elastic beam. (A) Scaling law between the angle delay, Aa, and the

loading rate, &, for different damping coefficient, v. (B) Scaling law between the time delay, 7', and the loading rate, &, for different damping

coefficient, v. (C) Duration of the snap-through, 7 ~ T - &'/3, as a function of the damping ratio, A ~ v - ¢~/3

angle delay Aa for the ribbons with different damping coefficient v as a function of the rotation rate & is shown in
Fig.[BC. The linear relationship of all data points in the log-log plot indicates a power-law scaling between Aa and
& with the power exponents of 4/5 and 2/3 for underdamped and overdamped limits, respectively. These results
indicate that the introduction of pre-shear (from beam to ribbon) does not affect the intrinsic feature of the delay in
dynamic snap-through of elastic slender objects, be it a slender beam or a thin ribbon. Accordingly, the time delay
T, can be calculated and rescaled as 7 ~ T - &'/°, and plotted as a function of damping ratio A as in Fig. ,
again leading to a collapsed master curve with two asymptotic regimes (A < 1 and A > 1), similar to that of a
beam snap-through in Fig.[7C.

We then consider the dynamic snap-through of elastic ribbon of the nontrivial path, i.e., U,S+ = U,S_ —
U_S .. Since the second snap-through transition in this path (U,S_ — U_S ) is identical to the path considered
earlier, here we focus on the first transition, i.e., U,.S + — U.S _. Figures EIA and B show the normalized midpoint
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Figure 8: Dynamic snap-through of an elastic ribbon with pre-compression, AL/L = 0.40, and pre-shear, AW/L = 0.37, through the Path
U,S_ — U_S, for: (A) Overdamping case, v = le3 and, (B) Underdamping case, v = le — 3. The black dashed line is from the static
analysis. (C) Scaling law between the angle delay, A, and the loading rate, &, for different damping coefficient, v. (D) Duration of the
snap-through, 75 ~ T - @!/5, as a function of the damping ratio, A ~ v - a5

height of the ribbon, z(1/2)/L, versus the rotational angle, a, for both overdamped (v = 1e3) and underdamped
(v = le — 3) situations. This transition also shows significantly delayed under dynamic loading. Figure[9IC shows
the dependence of the angle delay, Aa, on the loading rate, &, for different damping coefficient, u € {le3, le — 3}.
The results show clear power-law scaling, with the power exponents of 4/5 and 2/3, respectively. Again, the
rescaled data in Fig. 0] D, not surprisingly, show collapse onto a master curve with asymptotic trends. These
results show that all snap-through transitions in both Path 1 and Path 2 are governed by the fold point bifurcation
and share the same intrinsic scaling laws.

7. Mode skipping and selection enabled by delayed bifurcation

The Path 2 transition discussed above (U,S, — U,S_ — U_S ), due to the existence of multiple fold points,
provides the possibility to manipulate the snap-through behavior of ribbons, e.g., to achieve skipping or selection
of particular transition modes, by controlling the dynamic loading conditions.

7.1. Mode skipping

Figure@A shows the normalized midpoint height of the elastic ribbon, z(1/2)/L, as a function of the rotational
angle, a, for a ribbon (with pre-compression AL/L = 0.40, pre-shear AW/L = 0.40, and low damping coefficient
v = 0.1) subjected to either low rotational rate of & = 0.01 rad/s, or high rotational rate of ¢ = 1.00 rad/s. As
expected, for low rotational rate (red line), there are two snap-through jumps during the loading process (from
U,S, to U,S_, and then to U_S,), agreeing with the prediction from the quasi-static analysis (dashed black
lines). At high rotational rate, however, the first snap-through jump (U.S, — U.S-) is skipped due to the delay
under dynamic loading (blue line). Under high damping (v = 10.0), Fig.[I0OB shows a similar behavior, while the
oscillations after the jump are significantly suppressed. This mode skipping phenomenon is the consequence of
sufficiently large delay in snap-through induced by high dynamic loading to jump over the gap between the first
and second transitions.
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Figure 9: Dynamic snap through of an elastic ribbon with pre-compression, AL/L = 0.40, and pre-shear, AW/L = 0.37, through the Path
U,S+ — U,S_ for: (A) Overdamping case, v = le3 and, (B) Underdamping case, v = le — 3. The black dashed line is from the static
analysis. (C) Scaling law between the angle delay, Ae and the loading rate, &, for different damping coefficientm v. (D) Duration of the

snap-through, 75 ~ T - &'/5, as a function of the damping ratio, A ~ v - a3

Furthermore, by reducing the pre-compression to AL/L = 0.35 while keeping the pre-shear as AW/L = 0.40,
we find a new type of mode skipping. For low damping (v = 0.3), Fig. [I0C shows that, under fast loading
(@ = 0.01 rad/s, blue curve), the ribbon still jumps from U,S; to U_S, directly. But the slow loading case
behaves differently. It goes beyond U..S ., passes through the U,.S - mode, and jumps to U_S . instead of stopping
at U,S _. This is because the elastic energy release during transition from U.S ; to U.S _ is sufficient to overcome
the energy barrier between U.,.S_ and U_S . At high damping v = 30.0, Fig. [I0D shows that part of the released
elastic energy is dissipated by the damping effect, and the U..S _ cannot be skipped (red line). Under fast loading,
e.g., @ = 1.00 rad/s (the blue line), a similar mode skipping phenomenon caused by the delay bifurcation exists.

The above analyses can be compiled into a comprehensive phase diagram of mode skipping behavior for a
ribbon with different geometries and damping coeflicients under different loading rates, as shown in Fig.[T1] Here,
the pre-shear is fixed as AW/L = 0.40, and the pre-compression varies as AL/L € {0.40,0.39,0.38,0.37,0.36, 0.35}
in Fig. [TTA to Fig. [ITF. The detailed analysis for the two extreme cases (i.e., AL/L = 0.40 and AL/L = 0.35)
are already presented in Fig.[T0] Figure [IT] generally indicates, for given AL/L and AW/L, in the & — v space, a
ribbon exhibits either the skipping behavior (red symbols) or no-skipping behavior (green symbols) with the black
solid line representing the phase boundary. For the skipping phase, two sub-phases indicating different types of
skipping mechanisms can be identified, i.e., the direct jump caused by the energy release referred to as Type 1
skipping (e.g., red curves in Fig. [I0[C), or the jump induced by the delay bifurcation referred to as Type 2 (e.g.,
blue curves in Fig. [I0JA). To determine the skipping type, we evaluate the location the first local minima in the
z(1/2)/L ~ a plot (Fig.[TO): if it is smaller than the second critical snap angle, a.», we refer it as “Type 1 skipping’
(red squares), otherwise, it is the ‘Type 2 skipping’ (red triangles). These sub-regions are separated by the dashed
line.

7.2. Mode selection

The static bifurcation diagram of the snap-through Path 2 (U, S, — U.S_- — U_S,, Fig. EI) indicates that
both U,S_ and U_S ; are stable equilibrium configurations when the rational angle « is between of the first and
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Figure 10: Mode skipping in dynamic snap-through of elastic ribbons with pre-shear AW/L = 0.40. The normalized midpoint height, z(1/2)/L,
as a function of the rotational angle, @, and different damping coefficients of (A) v = 0.1 and (B) v = 10.0 (with pre-compression AL/L = 0.40);
and (C) v = 0.3 and (D) v = 30.0 (with AL/L = 0.35). The fast and slow cases correspond to the rotational rate & = 1.00 and 0.01 rad/s,
respectively, for all cases. The black dashed line is from the static analysis.

the second fold points, @,; < @ < .. This feature allows the possibility of mode selection by controlling the
dynamic loading.

For a ribbon with fixed pre-compression AL/L = 0.40 and pre-shear AW/L = 0.40, we can dynamically rotate
one end and stop at agop = 0.36, between of a.; and a.,. The results are shown in Fig. @ At low damping
(v = 0.1), Figs. @A shows that, for small rotational rate, @ = 0.01 (the red line), the ribbon stays at the U,.S
mode (corresponding to z(1/2) > 0) due to the energy barrier between the two stable configurations. For high
rotational rate ¢ = 100 (blue line), however, the kinetic energy stored in the ribbon is sufficient to overcome the
energy barrier to result in a jump to the other stable equilibrium, U_S ;. (z(1/2) < 0), even though the rotational
angle is smaller than that of the second fold point. At high damping (v = 10.0), Fig.[I2B shows the kinetic energy
is dissipated and cannot help the system overcome the energy barrier. As a result, both low and high loading
rates lead to the upper equilibrium mode (U,S_). The physical process of the above cases are further clarified
in Fig. [I2IC and D, in which the rotational angle, & (representing the loading process), and the midpoint height,
z2(1/2)/L (representing the response), are plotted versus time, ¢, showing that the ribbon may reach either different
or the same configurations at the same final rotational angle with different loading rates.

However, with a different ribbon pre-compression AL/L = 0.35, the same pre-shear AW/L = 0.40, and the final
rotational angle @op = 0.27 (@1 < @sop < @c2), the U,S , mode jumps directly to U_S ; at low damping (v = 0.3)
for both high and low loading rates (& € {0.01, 1} rad/s), because the energy released during the first snap-through
(U4S + — U,S_) can overcome the energy barrier between the U,.S_ and U_S ., as shown in Fig. @A and C. On
the other hand, the ribbons may both remain in the U, S _ mode if the system has high damping (e.g., with v = 30),
as the energy during the first snap would dissipate and fail to overcome the barrier between the U,S_ and U_S .,
as shown in Figs.[T3B and D.

It is noted that the mode selection of elastic ribbons under dynamic loading is governed by both geometric and
materials’ parameters. Figure [T4] shows the 2D phase diagrams in the {¢ — v} space for two sets of parameters:
AL/L = 0.40, AW/L = 0.40, asp = 0.36 for Fig. @A; and AL/L = 0.35, AW/L = 0.40, agop = 0.27 for Fig. EIB
It shows that the mode selection is more sensitive to the loading rate for larger pre-compression (AL/L = 0.40,
Fig.[T4A), but more sensitive to damping for smaller pre-compression (AL/L = 0.35, Fig.[T4B).
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Figure 11: Phase diagram of mode skipping in the 2D space of (&, v) for elastic ribbons with fixed pre-shear AW/L = 0.40, and the pre-
compression is set as: (A) AL/L = 0.40, (B) AL/L = 0.39, (C) AL/L = 0.38, (D) AL/L = 0.37, (E) AL/L = 0.36, (F) AL/L = 0.35. The
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8. Conclusion

In this study, we examined the dynamic snap-through instabilities of pre-deformed elastic ribbons under dy-
namic rotational boundary conditions. Our approach combined theoretical modeling, discrete numerical simu-
lations, and tabletop experiments. The results show two distinct snap-through transition paths jumping through
four stable equilibrium configurations (modes). The first path involves a single snap-through transition, similar to
that of a planar beam. The second path features two nontrivial consecutive transitions that has not been reported
previously. Path 2 brings a wealth of opportunities for mode skipping and selection.

We generated static bifurcation diagrams using both theoretical methods by solving the Kirchhoff equations
with AUTO and discrete numerical simulations, finding good agreement between them. Under dynamic loading,
our results demonstrate delayed bifurcation in the snap-through process, revealing scaling trends in both time and
angle. Since all snap-through behaviors here are determined by the saddle-node bifurcation, our results show that
the delay scaling in the snap-through in ribbons mirrors that in beams. We quantified these scaling powers using
asymptotic analysis of the planar beam equation.

The insights into the delayed bifurcation of elastic ribbons allow us to manipulate the snap-through transition
paths by skipping particular modes. By precisely controlling dynamic loading, we can skip specific modes, driven
by either the bifurcation delay or the inertia effect. Moreover, dynamic loading conditions can be adjusted for
mode selection. Using our efficient, robust numerical tool, we carried out extensive parametric studies, producing
detailed phase diagrams for both mode skipping and mode selection. Importantly, besides the ribbon system
discussed here, dynamic loading can also affect the transformation mode in other multistable mechanical systems.
For example, in a simple beam snapping problem, a low loading rate has been shown to cause an asymmetric snap-
through mode, while at a sufficiently high loading rate symmetric snap-through is observed |Wang et al.| (2023a).
This work lays the groundwork for future dynamic snap-through studies in thin elastic structures and offers design
principles for intelligent mechanical systems like metamaterials, precision instruments, and soft robotics.
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Appendix A. Symmetry of pre-deformed ribbons

In this appendix, we discuss the symmetry of ribbon’s four static equilibria. When the uniaxial compression is
AL/L = 0.4 and the transverse shear is AW/L = 0.37, there are four static equilibrium configurations, referring to
Fig. [ID, and some of them are symmetric (e.g., U, and U_S_) and some of them are reverse symmetry (e.g.,
U.S. and U,S ). For a detailed comparison, in Fig.[AT5] the curvature distributions for all four configurations
are provided. On the one side, the curvatures would change of sign when U, becomes U_, which is known as
mirror symmetry; on the other side, the curvature distribution would inverse if S, varied to S_, which can be
regarded as reverse symmetry.

Appendix B. Ribbon phase diagram

In this appendix, we review the configuration evaluation of a symmetric clamped-clamped ribbon with uniaxial
compression AL and transverse shear AW. More detailed analysis and results can be found in (Huang et al., 2021).
In Fig. [B.16|A, we plot the normalized midpoint height, z(1/2)/L, as a function of the transverse shear, AW/L,
for a pre-compressed ribbon (with AL/L € {0.20,0.30,0.40,0.50}). Three different phases can be found in this
bifurcation diagram, U, US, and S. Next, a 2D parameter sweep, {AL/L, AW/L}, is performed to generate a phase
diagram, as shown in Fig. [B.T6B. The associated configurations are available in Fig. B-T6C-E. As expected, the
shape transition between U, and U_ would be similar to the classical 2D planar beam, while the snapping between
S, and S _ is impossible due to the inextensibility of the ribbon centerline. In this work, we mainly focus on the
shape morphing among U, S ., U,S_, U_S,,and U_S _.
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Figure 13: Mode selection in dynamic snap-through of an elastic ribbon with pre-compression AL/L = 0.35 and pre-shear AW/L = 0.40. The
normalized midpoint height, z(1/2)/L, as a function of the rotational angle, @, for different damping coefficients: (A) v = 0.3 and (B) v = 30.0
(the black dashed line is from static analysis). The normalized midpoint height, z(1/2)/L, and the rotational angle, @, as a function of the time,
t, for different damping coefficients: (C) v = 0.3 and (D) v = 30.0. The fast and slow cases correspond to the rotational rate ¢ = 1.00 and 0.01
rad/s, respectively, for all cases. The stopping position of the rotational angle is a@stop = 0.27.
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Appendix C. Video

We also provide four videos as supplementary material. Movie-S1 is the mode 1 snap-through process from
desktop experiments, Movie-S2 is the mode 1 snap-through process from our numerical simulation, Movie-S3 is
the mode 2 snap-through process from desktop experiments, and Movie-S4 is the mode 2 snap-through process
from our numerical simulation.
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